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Abstract 

Solid reinforced concrete structures such as pile caps are generally designed using simple hand 
calculation methods originally developed for two-dimensional problems. These methods are not 
necessarily suited for the design of three-dimensional structures, and validation can be both cumbersome 
and give solutions with excessive material consumption. Non-linear finite element programs, such as 
DIANA, can be used to give better solutions. However, the use of these programs requires a specialist 
and is time-consuming. Recently, Finite Element Limit Analysis (FELA) has emerged as a powerful 
tool in studying the collapse of reinforced concrete structures subject to in-plane forces in the ultimate 
limit state. Recent research has paved the way for industrial use for plane problems. Computational 
capacity and available numerical solvers have previously impeded the research and use of FELA for 
three-dimensional structures with full triaxial stress state. However, this has changed with the power of 
modern computers and advances in the field of convex optimization. The current study aims to test the 
capability of FELA with a smeared reinforcement material model in the modelling of pile caps. The 
numerical results are compared with experimental results from literature. 

Keywords: Reinforced Concrete, Ultimate Limit State (ULS), Finite Element Limit Analysis (FELA), 
Solid Structures, Pile Caps.  

1. Introduction 

The design of solid reinforced concrete structures is usually performed using hand calculation methods 
originally developed for plane problems. These methods can be time-consuming, and therefore 
structures are often designed using conservative envelopes of forces. The resulting structures are not 
optimised and have excessive material consumption. Furthermore, the hand calculations are dependent 
on both load and geometry in a way which means that even small changes may require the validation to 
be undertaken again. 

Finite Element Limit Analysis (FELA) is an analysis framework which combines the domain 
discretisation of the Finite Element Method (FEM) with rigid-plastic limit analysis. The method was 
first proposed by Anderheggen & Knöpfel (1972). FELA for reinforced concrete has reached a mature 
state and is now being used in practice for plane problems but has not yet been applied for solid 
reinforced concrete structures, possibly due to the inherent problem size of solid modelling. However, 
recent studies have shown the possibility of modelling pier heads (Vincent et al., 2018) and joints with 
discrete reinforcement (Andersen, Poulsen, & Olesen, 2019), signalling a change in this aspect. 

 The current study uses a FELA framework for solid reinforced concrete with smeared reinforcement 
to create a numerical model of four-pile cap experiments performed by Suzuki, Otsuki, & Tsubata 
(1998). The pile caps were double symmetric with a width of 800mm and height of 200-300mm and 
were reinforced either by grid reinforcement or by bunched reinforcement over the piles. The results of 



 

the models are compared to the test results and the stress distributions, as well as failure mechanisms, 
are discussed.  

2. Analysis framework 

2.1. Finite Element Limit Analysis for solids 

Finite Element Limit Analysis (FELA) is a combination of the domain discretisation of the finite element 
method, with limit analysis using the extremum principles as postulated by Gvozdev (1960). FELA can 
be based on either the upper- or lower bound theorem. In this paper, the lower bound theorem is used.  

A statically admissible stress state, σ, is ensured by an equilibrium matrix, H, which is made up of 
stress based finite elements. Loading is applied by a constant loading term, R0, and a scalable loading 
term, Rλ, where the so-called load factor, λ, is the optimisation parameter. Besides the equilibrium 
constraint, the stress state in the elements also must abide by a yield criterion, fi(σi), where i is the stress 
point number. The analysis is set up as a convex optimisation problem in the form: 

maximise 𝜆𝜆
subject to 𝑯𝑯𝑯𝑯 = 𝑹𝑹0 + 𝑹𝑹𝜆𝜆

 𝑓𝑓𝑖𝑖(𝑯𝑯𝑖𝑖) ≤ 0,   𝑖𝑖 = 1, … ,𝑛𝑛 
 (1) 

where n is the number of stress points. The method is described in detail in, e.g., (Poulsen & Damkilde, 
2000) and (Andersen, Poulsen, & Olesen, 2019). 

2.2. Constant stress tetrahedron 

This study utilizes a simple constant stress element in the shape of a tetrahedron. The element has four 
nodes, one in each corner, and a single stress point with six stress parameters, which corresponds to a 
triaxial stress state, see Figure 1. The element stresses are given as the vectoral representation of the 
Cauchy stress tensor: 

𝑯𝑯𝑒𝑒𝑒𝑒𝑇𝑇 = [𝜎𝜎𝑥𝑥𝑥𝑥 𝜎𝜎𝑦𝑦𝑦𝑦 𝜎𝜎𝑧𝑧𝑧𝑧 𝜎𝜎𝑥𝑥𝑦𝑦 𝜎𝜎𝑥𝑥𝑧𝑧 𝜎𝜎𝑦𝑦𝑧𝑧] (2) 

The element is of the mixed-formulation type and converges from above. Equilibrium between adjacent 
elements is ensured by force equilibrium in the corner nodes. The element is described in detail in 
Andersen, Poulsen, & Olesen, (2019) and Andersen & Koch, (2018). 

 

 
Figure 1. Element with the normal vector of surface 1 shown as well as the force components of node 1. 

Surfaces are named after their opposing node. 

2.2.1. Equilibrium matrix 

Equilibrium is enforced in corner nodes, and an expression which transforms tractions into corner forces 
is needed: 

𝑯𝑯𝒏𝒏𝑠𝑠 = 𝑷𝑷𝑠𝑠𝑯𝑯𝑒𝑒𝑒𝑒 ,    𝑷𝑷𝑠𝑠 = �
𝑛𝑛𝑠𝑠,𝑥𝑥 0 0 𝑛𝑛𝑠𝑠,𝑦𝑦 𝑛𝑛𝑠𝑠,𝑧𝑧 0

0 𝑛𝑛𝑠𝑠,𝑦𝑦 0 𝑛𝑛𝑠𝑠,𝑥𝑥 0 𝑛𝑛𝑠𝑠,𝑧𝑧
0 0 𝑛𝑛𝑠𝑠,𝑧𝑧 0 𝑛𝑛𝑠𝑠,𝑥𝑥 𝑛𝑛𝑠𝑠,𝑦𝑦

� (3) 

The above equation defines the stress to traction matrix, Ps, where σ is the Cauchy stress tensor and ns 
is the normal vector for surface s. Since the state of stress in the element is constant, the tractions are 
also constant, and they are distributed evenly into corner nodes scaled by the surface area: 



 

𝒒𝒒𝑖𝑖 =
𝐴𝐴𝑠𝑠
3
𝑷𝑷𝑠𝑠𝑯𝑯𝑒𝑒𝑒𝑒 = 𝑷𝑷�𝑠𝑠𝑯𝑯𝑒𝑒𝑒𝑒 (4) 

where As is the surface area, qi is the force contribution of surface i to each node, and 𝑷𝑷�𝑠𝑠 is the traction 
to node-force vector. With the surfaces enumerated by the opposite node, the equilibrium for the entire 
element is then given by: 

 𝒒𝒒𝑒𝑒𝑒𝑒 =

⎣
⎢
⎢
⎢
⎡𝑷𝑷
�2 + 𝑷𝑷�3 + 𝑷𝑷�4
𝑷𝑷�1 + 𝑷𝑷�3 + 𝑷𝑷�4
𝑷𝑷�1 + 𝑷𝑷�2 + 𝑷𝑷�4
𝑷𝑷�1 + 𝑷𝑷�2 + 𝑷𝑷�3⎦

⎥
⎥
⎥
⎤
𝑯𝑯𝑒𝑒𝑒𝑒 = 𝒉𝒉𝑒𝑒𝑒𝑒𝑯𝑯𝑒𝑒𝑒𝑒 (5) 

where the element equilibrium matrix hel is implicitly defined. 

2.3. Material model: Concrete with smeared reinforcement 

The concrete is modelled using the modified Mohr-Coulomb criterion while the smeared reinforcement 
is modelled using simple uniaxial linear constraints. To model the two materials using different criteria, 
the stresses are split into concrete stresses and reinforcement stresses: 

𝑯𝑯 = 𝑯𝑯𝑐𝑐 + 𝑯𝑯𝑠𝑠𝝆𝝆𝑠𝑠 = �
𝜎𝜎𝑐𝑐,𝑥𝑥𝑥𝑥 𝜎𝜎𝑐𝑐,𝑥𝑥𝑦𝑦 𝜎𝜎𝑐𝑐,𝑥𝑥𝑧𝑧
𝜎𝜎𝑐𝑐,𝑦𝑦𝑥𝑥 𝜎𝜎𝑐𝑐,𝑦𝑦𝑦𝑦 𝜎𝜎𝑐𝑐,𝑦𝑦𝑧𝑧
𝜎𝜎𝑐𝑐,𝑧𝑧𝑥𝑥 𝜎𝜎𝑐𝑐,𝑧𝑧𝑦𝑦 𝜎𝜎𝑐𝑐,𝑧𝑧𝑧𝑧

� + �
𝜎𝜎𝑠𝑠,𝑥𝑥𝑥𝑥 0 0

0 𝜎𝜎𝑠𝑠,𝑦𝑦𝑦𝑦 0
0 0 𝜎𝜎𝑠𝑠,𝑧𝑧𝑧𝑧

� �
𝜌𝜌𝑠𝑠,𝑥𝑥
𝜌𝜌𝑠𝑠,𝑦𝑦
𝜌𝜌𝑠𝑠,𝑧𝑧

� (6) 

where σ is the total stress tensor, σc is the concrete stress tensor, σs is the reinforcement stress tensor, 
and ρs is a vector containing the reinforcement ratio in each of the three principal directions. The 
reinforcement is assumed only to carry normal forces.  

2.3.1. Modified Mohr-Coulomb yield criterion 

The modified Mohr-Coulomb yield criterion is commonly used for concrete. The yield criterion in 
principal stresses (σ1≥σ2≥σ3) is given by (Nielsen & Hoang, 2016): 

𝜎𝜎1 ≤ 𝜈𝜈𝑡𝑡𝑓𝑓𝑡𝑡, 𝑘𝑘𝜎𝜎1 − 𝜎𝜎3 ≤ 𝜈𝜈𝑓𝑓𝑐𝑐 (7) 

where ft is the uniaxial tensile strength, fc is the uniaxial compressive strength, and k is the frictional 
parameter, which for concrete is normally taken to be 4, corresponding to a friction angle of 37°. The 
factors, νt and ν, are the tensile and compressive effectiveness factors. For flexural problems, ν is close 
to unity while νt is close to zero. In this study, ν = 1.0 is assumed.    

The yield criteria (7) can be cast as a set of semidefinite constraints with the help of two additional 
auxiliary variables, see, e.g. (Larsen, 2010): 

𝑯𝑯𝑐𝑐 + (𝑘𝑘𝛼𝛼1)𝑰𝑰 ≼ 0 
𝑯𝑯𝑐𝑐 − 𝛼𝛼2𝑰𝑰 ≽ 0 
𝛼𝛼1 ≤  𝜈𝜈𝑡𝑡𝑓𝑓𝑡𝑡 

𝛼𝛼1 + 𝛼𝛼2 ≤  𝜈𝜈𝑓𝑓𝑐𝑐/𝑘𝑘  

(8) 

where σc is the Cauchy stress tensor for the concrete stresses, I is the third order identity matrix, and α1 
and α2 are auxiliary variables. The symbols ≼ and ≽ represent negative semidefinite and positive 
semidefinite, respectively. 

2.3.2. Smeared reinforcement 

Since the reinforcement is assumed only to carry normal forces, the constraint becomes a simple linear 
constraint: 

−𝜒𝜒𝑓𝑓𝑠𝑠 ≤ 𝜎𝜎𝑠𝑠,𝑥𝑥𝑥𝑥 ≤ 𝑓𝑓𝑠𝑠 
−𝜒𝜒𝑓𝑓𝑠𝑠 ≤ 𝜎𝜎𝑠𝑠,𝑦𝑦𝑦𝑦 ≤ 𝑓𝑓𝑠𝑠 
−𝜒𝜒𝑓𝑓𝑠𝑠 ≤ 𝜎𝜎𝑠𝑠,𝑧𝑧𝑧𝑧 ≤ 𝑓𝑓𝑠𝑠 

(9) 



 

where fs is the strength of the reinforcement and χ is a reduction factor for compression. In design, the 
compressive strength of the reinforcement is often neglected due to the risk of buckling. In this paper, 
no reduction is used, i.e., χ=1. 

2.4. Code and software used 

A program utilising the above principles have been created using Matlab. Meshing has been performed 
using the freeware program GMSH and 3D visualisation has been created using ParaView. The 
simulations presented in Section 3 have been performed using the distributed computing environment 
HPC at DTU. 

3. Modelling of four-pile caps 

To test the ability of the framework for modelling of solid reinforced concrete structures, a number of 
four-pile caps are analysed. The pile caps have test data available, and the computed solutions are 
compared to the experimental results. 

3.1. Presentation of test specimens 

Test specimens from experiments performed by Suzuki, Otsuki, & Tsubata (1998) are chosen for 
simulation. The test series involved 12 pairwise identical four-pile caps. Characteristics of the specimens 
are summarised in Figure 2 and Table 1. The specimens vary in depth, column size, reinforcement 
amount, and reinforcement layout. The reinforcement yield strength, fy, was 405MPa and reinforcement 
ultimate strength, fu, was 592MPa, for all test specimens. The reinforcement had hooked ends and can 
therefore be considered fully anchored and thus fully effective in their full length. The specimens were 
reported to fail in both pure bending, a combination of bending with subsequent corner shear failure, 
and pure corner shear failure. 

 
Table 1. Test specimens from (Suzuki, Otsuki, & Tsubata, 1998). Failure mode abbreviations: f; flexural 

failure, s; Corner shear failure, and, f-s; yielding of reinforcement with subsequent corner shear failure. All 
reinforcement bars are Ø10mm, however, with a nominal steel area of only 71.3mm2. * average values for the 

two specimens. 

Specimen Size 
lx×ly 

Depth,  
(eff.depth) 

h (hd) 

Column 
size 

b 

Reinforce- 
ment 

Arrange- 
ment 

Comp. 
Str.* 

fc 

Maximum 
load* 
Ptest 

Failure 
Mode* 

  [cm×cm] [cm] [cm×cm]     [MPa] [kN]   
BP-20-30-1,2 80×80 20(15) 30×30 6Ø10c120 Grid 28.9 483 f-s 

BPC-20-30-1,2 80×80 20(15) 30×30 6Ø10c40 Bunched 29.8 498 f 
BP-30-30-1,2 80×80 30(25) 30×30 8Ø10c90 Grid 27.9 912 s / f-s 

BPC-30-30-1,2 80×80 30(25) 30×30 8Ø10c40 Bunched 29.9 1034 f-s 
BP-30-25-1,2 80×80 30(25) 25×25 8Ø10c90 Grid 28.6 760 s / f-s 

BPC-30-25-1,2 80×80 30(25) 25×25 8Ø10c40 Bunched 29.2 863 f-s 
 

 
Figure 2. a) Reinforcement layout, and b) dimensions and utilised symmetry. 



 

3.2. Model and mesh 

The specimens were loaded with a uniform compressive force in each of the four piles by steel loading 
plates, the load from hydraulic jacks went through a spherical support and rollers in both principal 
directions, providing the loading plate the ability of both rotation and displacement. In the numerical 
model, this was achieved by transferring the load to the structure through a uniformly loaded steel plate. 
In the test setup, the column was connected to the head of the testing machine, therefore the top of the 
column was assumed to be fixed. Since both the geometry and loading in the test setup were symmetric, 
symmetry was utilised in the numerical model, by symmetry boundary conditions, see Figure 2b. 

  The size of zones with smeared reinforcement was determined from the reinforcement arrangement 
and the rebar diameter, Ø. The height of the smeared reinforcement zone was given by: 

ℎ𝑠𝑠𝑠𝑠𝑒𝑒𝑠𝑠𝑠𝑠 = 𝜂𝜂Ø (10) 

where η may be called the smear multiplier. The distribution in the x- and y-direction encompasses the 
entire plane for grid reinforcement, and for bunched reinforcement was determined by the formula: 
 

𝑙𝑙𝑠𝑠𝑠𝑠𝑒𝑒𝑠𝑠𝑠𝑠 = 𝑛𝑛𝑎𝑎𝑠𝑠 + 2𝜂𝜂Ø (11) 

where n is the amount of bunched reinforcement bars in either direction and as is the distance between 
the bars. 

The discretisation of the mesh was controlled by a characteristic length, lc, which corresponds to the 
element side length, which the mesh algorithm aims at achieving. Some areas of the domain are of 
greater importance for the failure mechanism, and the mesh is made finer in these areas. 

3.2.1. Convergence analysis 

Two specimens, one with grid and one with bunched reinforcement were subjected to a convergence 
analysis to determine the validity of the solution. A plot showing the relationship between the number 
of elements, nel, and the capacity can be seen in Figure 3. The solution is seen to be adequately 
converged for the meshes with roughly half a million elements, which correspond to a characteristic 
length of about 5mm. For this characteristic length, the computational time of each analysis was about: 
2½ hours on a Huawei XH620 V3 node with 2.2GHz processor and 256GB memory.  

 

 
Figure 3. The convergence of the solutions for specimen BP-20-30 and BPC-20-30 with νt ft=fc/1000 and 

χ=2. 

 
Figure 4. Capacity as a function of the effective 

tensile strength,νt ft, for η=2. 

 
Figure 5. Capacity as a function of the smear 

multiplier, η, for νt ft=fc/1000. 



 

3.2.2. Sensitivity to the effective concrete tensile strength and smear multiplier 

To determine the influence of the effective concrete tensile strength, νt ft, and the smear multiplier, χ, 
some calculations were performed varying these parameters. It can be seen in Figure 4 that for a 
sufficiently high effective tensile strength, the capacity starts to increase rapidly. For reason of numerical 
stability, it is desirable to have a small effective tensile strength without influencing the capacity. The 
tensile capacity, νt ft=fc/1000, is used in the following calculations to reflect the fact that νt is close to 
zero in flexural problems.  

In Figure 5, it is seen that the smear multiplier, χ, has very little influence on the capacity. A value 
of χ=2 is chosen for further calculations. 

3.3. Results 

3.3.1. Comparison with experimental results 

The numerical capacities, Pnum, are compared to the experimental capacities, Ptest, for the six different 
four-pile caps. The analysis is performed with lc=5mm, νt ft=fc/1000, and η=2 as described in the 
previous section. The comparison can be seen in Figure 6. The calculations in the left plot use the steel 
yield strength as the reinforcement strength. Here the capacity is underestimated by 17.3%, when 
comparing the mean value. The right plot is calculated using the ultimate strength of the reinforcement, 
and here the capacity is overestimated by 14.0%. For the middle plot, the average value between the 
yield strength and ultimate strength is used, and here the numerical and experimental capacities are an 
almost perfect fit.  

The failure mechanism and load-deflection plots, as reported by Suzuki, Otsuki, & Tsubata (1998) 
was quite ductile. It is therefore reasonable to assume that some strain hardening took place in the 
reinforcement before the maximum load was reached, which can explain the trend shown in Figure 6.  

 

 
Figure 6. Comparison between FELA results and experimental results for different values of the steel 

strength with mean and standard deviation of the ratio, Pnum/ Ptest.  

3.3.2. Stress distribution 

Figure 7 and Figure 8 shows the first and second principal stress vectors for specimen BP-20-30 (grid 
reinforcement) and BPC-20-30 (bunched reinforcement), respectively. In both cases, the strut going 
from the pile towards the column is visible. A zone of confinement is visible where the strut reaches the 
column and, the loaded area is rather small. At the pile, the strut is wide, probably to better activate the 
smeared reinforcement. For the specimen with grid reinforcement, a zone of compression is present in 
the reinforcement layer, located at the symmetry boundary condition. This compression is necessary to 
activate the smeared reinforcement in regions away from the pile. For the specimen with bunched 
reinforcement, the inclination of the strut seems to be a little less steep, and reinforcement on the outside 
of the pile is activated to pull the forces towards the column. The concrete below the column is in both 
cases sparingly utilized. In general, the bunched reinforcement localises the activation of the structure, 
whereas the grid reinforcement requires activation of a larger part of the structure. 



 

 

 
Figure 7. First and third principal stress vectors, σ1 and σ3, for the BP-20-30 (grid) specimen with: fs=fy, 

νtft=fc/1000, and χ=2. The left image shows a 3D view, the top right a plan view seen from above, and the 
bottom right is a projection view on the diagonal plane. 

 
Figure 8. First and third principal stress vectors, σ1 and σ3, for the BPC-20-30 (bunched) specimen with: 

fs=fy, νtft=fc/1000, and χ=2. The left image shows a 3D-view, the top right a plan view seen from above, and 
the bottom right is a projection view on the diagonal plane. 

   
Figure 9 Failure mechanism of specimen BP-20-30 (left) and BPC-20-30 (right) in 3D. The surfaces 

show the value of the first equivalent principal strain. 



 

3.3.3. Failure mechanism 

The failure mechanism of specimen BP-20-30 and BPC-20-30 is shown in Figure 9 with surfaces 
showing the value of the first principal equivalent strain. The failure appears to be flexural for both 
specimens. The first equivalent principal strain shows elements where large separation is present. 
Interestingly the strains are more localised in the specimen with grid reinforcement than the specimen 
with bunched reinforcement. The failure mechanisms of the other four specimen types are also flexural, 
which is not in line with the experimental observations. In the experimental data, some of the specimens 
were reported to have a corner shear failure. However, since the FELA calculation only gives results for 
the ultimate limit state, it is possible than the collapse would exhibit a shear-like failure after yielding 
of the reinforcement.  

4. Conclusion 

A Finite Element Limit Analysis of four-pile caps with solid modelling has been presented. The analysis 
utilized constant stress elements, where concrete and reinforcement stresses were modelled separately. 
The material model used semidefinite programming to model the Mohr-Coulomb yield-criterion for 
concrete and has additional linear constraints to limit the reinforcement stresses. 

The capacity of the pile caps was underestimated by an average of 17.3% when using the 
reinforcement yield stress, fs=fy, however, it was argued that a higher value should be used to account 
for strain hardening, and with fs=½(fy+fu) the numerical capacity was in line with the experimental 
capacity. Furthermore, the stress distribution and failure mechanism of two pile caps were studied. The 
stress distributions showed clear load paths and the failure mechanism generally was the same as 
reported in the experimental study. 
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