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Abstract
The main purpose of a wind turbine is to create electrical energy for the electrical grid.
When extracting energy from the wind, loads are exerted on the turbine blades, which
carry through to the drive-train, nacelle, tower, foundation, and at last to the ground. The
main purpose of the structure is to carry these loads and ensure that the structure does
not fail for any load case. Building a stronger turbine is often associated with a higher cost
and building the cheapest turbine that produces the most power is what makes a turbine
successful in the global market. Understanding the trade-off between the power vs. loads
vs. cost is, therefore, crucial to create the turbines with the lowest cost of energy.

This is the motivation behind the present thesis, which investigates the trade-off between
the power that the turbine produces, the loads that are exerted on the structure, and the
cost of the turbine. This is achieved through the creation of an optimization framework. It
is capable of finding the optimal rotor radius increase for a given set of load constraints
and aerodynamic input and cost-function inputs. The optimization framework consists of
an aerodynamic solver and an optimization methodology.

The aerodynamic solver is named the Radially Independent Actuator Disc model (RIAD),
and it is essentially a different parametrization of the commonly used Blade Element Mo-
mentum (BEM) theory equations. RIAD is found to perform better for load constrained
power optimization as it directly relates the loads and power. Furthermore, the model
provides an intuitive interpretation of aerodynamic losses, allowing for the magnitude of
each type of losses to be quantified with ease. As a result, RIAD can help assess the
preferred technological improvements to pursue in order to most efficiently lower aerody-
namic losses.

The optimization methodology is named Wind Turbine Rotor Optimization with Radial In-
dependence (WOwRI). WOwRI uses the key assumption of radially independent concen-
tric stream tubes to easily determine the optimal power, given load constraints. The result
is the Pareto optimal relationship between the power coefficient (CP ) and load coefficients
such as thrust (CT ) and blade-root-flap-bending moment (CFM ). The initial optimization
problem is power maximization with load constraints and a fixed radius increase, by opti-
mizing for the loading along the span. Using this solution for the Pareto optimal relation-
ship, the initial optimization problem reduces to a simple problem of optimizing for a set of
scalar values - one for each constraint, which is a significant simplification. Extending the
optimization with a cost function results in an optimization framework that can optimize for
the optimal rotor radius increase, for the best trade-off between power, loads, and cost.

The optimization framework can be used for parametrically investigating the impact of
the aerodynamic loss (power), the constraints (loads), and the cost-function (cost). It is
hereby possible to investigate the trade-off between the power, loads, and cost which
forms a guide for wind turbine rotor design. In particular, this applies to the initial design
where quantities such as rotor size, power rating, and design concept need to be decided
upon. The framework may also guide the development of new technologies by charting
out the areas of turbine design which will benefit the most from them.
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Dansk Resume
Hovedformålet med en vindmølle er at skabe elektrisk energi til elnettet. Når der udvindes
energi fra vinden, udøves belastninger på vindmøllen, der starter med belastningerne på
vingerne, som føres ned gennem tårnet og via fundamentet til sidst til jorden. Hovedfor-
målet med møllens struktur er at modstå belastninger og sikre, at strukturen ikke svigter.
At bygge en stærkere vindmølle er ofte forbundet med store omkostninger. Det der gør
en vindmølle succesfuld på det globale marked, er at bygge den billigste turbine, som
samtidigt producerer mest strøm. Det er derfor afgørende at forstå kompromiset mellem
elektrisk effekt vs. belastning vs. omkostninger for at bygge en mølle med den laveste
energipris.

Denne afhandling er derfor dedikeret til at undersøge dette kompromis mellem den elek-
triske effekt, som vindmøllen producerer, de belastninger, der udøves på strukturen, og
omkostningerne for at producere vindmøllen. Dette opnås via et optimeringsrammeværk-
tøj, der er i stand til at finde den optimale rotor radius-forøgelse for et givet sæt af be-
lastningsbegrænsninger og aerodynamiske input, samt omkostningsvariable. Optimer-
ingsrammeværktøjet består af en aerodynamisk løser og en optimeringsmetode.

Den aerodynamiske løser, der er navngivet Radially Independent Actuator Disc model
(RIAD), er i det væsentlige en anden parametrisering af ligningerne til den almindeligt an-
vendte Blade Element Momentum-teori (BEM). RIAD er bedre til effektoptimering med be-
lastningsbegrænsning, da det tager belastningen som input og returnerer den elektriske-
effekt. Desuden giver modellen en let fortolkning af de aerodynamiske tab, og hermed
er det også muligt at kvantificere størrelsen på hvert af tabene. Dette muliggøre un-
dersøgelsen af hvilke aerodynamiske tab, der ville være mest fordelagtige at reducere
gennem teknologiske forbedringer.

Optimeringsmetoden er navngivet Wind Turbine Rotor Optimization with Radial Inde-
pendence (WOwRI). WOwRI udnytter antagelsen om radialt uafhængige koncentriske
strømingsrør til let at finde den optimale effekt for en given værdi af en belastningsbegræn-
sning. Dette resulterer i det Pareto-optimale forhold mellem effektkoefficienten (CP ) og
belastningskoefficienter såsom thrust (CT ) og vinge-rod-bøjningsmoment (CFM ). Brug af
det optimale Pareto-forhold reducerer optimeringsproblemet til en effekt optimering med
belastnings begrænsninger for en fast radius forøgelse til et simpelt problemmed optimer-
ing af et sæt skalære værdier - en for hver last begrænsning. Udvidelse af optimeringen
med en omkostningsfunktion resulterer i et optimeringsrammeværktøj, der kan optimere
for den optimale forøgelse af rotor-radius ved at finde det optimale kompromis mellem
effekt, belastningsbegrænsninger og omkostninger.

Optimeringsrammeværktøjet kan bruges til parametrisk at undersøge påvirkningen af det
aerodynamiske tab (effekt), last begrænsningerne (belastningerne) og omkostningsfunk-
tionen (omkostning). Det er hermed muligt at undersøge afvejningen mellem effekt, be-
lastning og omkostning, der kan skabe overblik i forbindelse med design af vindmølle-
rotorer, især for design i den indledende fase, hvor elementer som rotorstørrelse, normeret
effekt, designkoncept osv. skal bestemmes. Det kan også bruges som en guide for,
hvilke dele af vindmøllen der ville få mest ud af forbedringer ved at ændre eller tilføje ny
teknologi.
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1 Introduction
As of June 2020, the market research and consulting company Grand View Research
reported that a compound annual growth rate of the wind power market of 5.2% until
2027 is expected [Research, 2020]. At the same time, the size of newly installed wind
turbines is growing from an average of 1.59MW in 2009 to 2.75MW in 2019 according to
the Global Wind Energy Council [GWEC, accessed on 09/09-2020]. This is an increase
in the size of 72% over 10 years or an annual increase of 5.6%. With the wind energy
market becoming increasingly competitive, the focus on the cost of energy becomes more
important. Understanding the important parameters that impact the cost of energy is
therefore of great importance.
Therefore, this thesis is dedicated to the exploration of wind turbine rotor design with a
special focus on the design trade-off between the power/energy, cost, and loading of the
turbine. This is important in the initial phase of wind turbine rotor design (sometimes called
preliminary rotor design phase) where the overall size and design concept needs to be
set.

The thesis presents methods for wind turbine rotor design optimization with a focus on the
speed, reliability, and flexibility of the methods while maintaining the fidelity of common
tools used for contemporary rotor design. Making the method fast allows for many design
evaluations and doing parametric investigations of changes to the input easy. The relia-
bility and stability of the methods to reach the true optimum are crucial for it to be used in
an industrial setting. The flexibility allows for the investigation into the impacts of different
design constraints. For example, if some more expensive technological improvements
allow some constraint to be relaxed. This could be investigated by these methods. The
flexibility also allows to change the fidelity level of the aerodynamic solver here by not
requiring as many inputs which is useful to set an upper bound for the potential improve-
ments even if multiple technology improvement is combined.

1.1 Background
The initial scope of the work presented in this report was to develop a wind turbine rotor
optimization framework which was based on high fidelity models, with a special focus on
the tip and root of the blade. The aim was to investigate how the computational time for
evaluating the impact of design changes to tip and root could be minimized. However,
before starting the high fidelity development, a theoretical study was conducted where
the impact of design changes was to be investigated. Doing these studies, it became
clear that optimizations with high fidelity models might not be the best approach in the
understating of the constraining factors for rotor design.

Using very simple models we were able to show that it is better to decrease the loading
and increase the rotor radius when the design is constrained by certain load limits, which
resulted in higher power production with the same load. Further to this, it was realized
that the method could be generalized. Even though investigations of high fidelity methods
used in the design process were intended, it was found that more interesting results could
be achieved using these lower fidelity models.

1.2 State-of-the art in Wind Turbine Rotor Optimization
In this section, an overview of the historical and current state-of-the-art for wind turbine
rotor optimization is given. The early theoretical work on maximizing power as well as
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the development to this day is presented. Also, optimization methods where the wind
turbine is considered as a holistic system, by combining the optimization from different
engineering disciplines are discussed. In the end, the work presented in this thesis is
discussed in relation to the current wind turbine optimization methods.

Some of the most important pieces of work regarding aerodynamic modeling and op-
timization are given by Glauert [Glauert, 1935], where he collected the work on Blade
Element Momentum theory (BEM). He also described a process for the optimization of a
rotor (chord and lift) to obtain the maximum power for a given rotor radius. This is often
referred to as power-coefficient (CP ) optimization and has been the subject of a consider-
able amount of research with a variety of different methods developed. Some of these are
described in [Wilson et al., 1976, sec. 3.1-2], [Manwell et al., 2010, sec. 3.9], [Sørensen,
2016, chap. 5] and [Jamieson, 2018, sec. 1.9].

As wind turbine development started to become an industry, it was realized that it is not
only the aerodynamic power extraction that matters but also the cost of the turbine is
important. Some of the first work in this regard is described by Fuglsang, Peter and
Aagaard Madsen [1995] where they used a numerical optimization tool with an aeroelastic
code that formed the basis for optimization of the cost performances through the annual
energy production and the cost of materials. This was further developed by Fuglsang
and Thomsen [2001] where the methodology was extended for site-specific optimization.
Similar approaches has been made by Maalawi and Badr [2003], Jureczko and Mezyk
[2005], Wang et al. [2009], Bak [2013].

As the computational capacity of computers has increased, the work around more sophis-
ticated computational optimization frameworks has increased. This has been described in
works like Bottasso et al. [2012], Dykes and Meadows [2012], Zahle et al. [2015], Perez-
Moreno et al. [2016], with the common approach of coupling simulation tools like aeroe-
lastic solvers, with structural Finite-Element-solvers, controllers, etc.

The work presented in this thesis takes a step back from these approaches and aims at
establishing a more analytical relationship between these different disciplines. This has to
some extent also been investigated by Chaviaropoulos and Sieros [2014] and Jamieson
[2020]. In the former, the consequence of reducing thrust to increase the rotor diameter
andmaintain the thrust was investigated. In the latter, the optimal axial-induction along the
span was investigated for different diameters of the rotor with a blade-root-flap-bending-
moment constraint. Something similar was done by Kelley [2017] where the maximum
blade-root-flap-bending-moment was fixed and the axial-induction along the span was
optimized for a given radius increase, resulting in a Low-Induction-Rotor. The work pre-
sented here can be seen as an extension of their work, where low fidelity models have
been developed in contrast to high fidelity models.

1.3 Thesis Outline
This thesis is divided into three parts, with Part I presenting the Aerodynamic Solver,
Part II presenting the Optimization Methodology and Part III is Applying the Optimization
Methodology.

Before presenting the main body of the work in the three parts, chapter 2 gives a con-
ceptual overview of the methodology presented in this thesis, as well as introducing the
cost-function that will be used through out this thesis.

In Part I, the aerodynamic solver named Radially Independent Actuator Disc model (RIAD)
is presented. Chapter 3 gives a high level introduction. Chapter 4 presents the model
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though a paper. Chapter 5 presents various details and extensions for the model. Chapter
6 presents the relationship between RIAD and Blade Element Momentum theory (BEM)
and shows how RIAD can be used as BEM-solver.

In Part II, the optimization methodology named Wind Turbine Rotor Optimization with
Radial Independence (WOwRI) is presented. In chapter 7 a high level introduction to
WOwRI is given. Chapter 8 presents the WOwRI optimization framework through a paper
for a specific set of constraints, where an example of applying the framework is also
given. Chapter 9 presents the generalization of the framework for an arbitrary number of
constraints and constraints types. Chapter 10 presets a list of possible constraints that
could be included within the optimization framework.

In Part III, the WOwRI optimization framework is applied for parametric investigations
of the optimal solution. Chapter 12 starts with the general condition for optimality, for
then to investigate the impact of the cost-function. Chapter 13 investigates the impact of
different constraints as well as the impact of the aerodynamic losses on the optimal rotor
size. Chapter 14 presents the results of solving the WOwRI optimization problem with
very simple aerodynamics. Chapter 15 discusses the possibility of realizing the optimal
power-curve, though the use of common wind turbine technology as well as the more
general conditions.

At the end in chapter 16 the main results are summarized in a conclusion and the potential
future improvements are discussed.
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2 Conceptual idea for preliminary wind
turbine rotor design

In this chapter, the conceptual idea used throughout this thesis for preliminary wind turbine
rotor design is presented. It is based on two components, namely the optimal power with
a load constraint and a simple cost function. The combination of the two can be used for
rotor size optimization through Power-per-Cost (PpC) optimization.

2.1 Load Constraint Power optimization using 1D model
This section is based on the work from the paper with the title: Optimal relationship be-
tween power and design-driving loads for wind turbine rotors using 1-D models [Loenbaek
et al., 2020a]. The full article can be found in appendix A.

2.1.1 Summary: Optimal relationship between power and design-driving
loads for wind turbine rotors using 1-D models (Paper)

The paper investigates the maximum power for a given load constraint (referred to as
a design-driving load constraint) using aerodynamic 1D-momentum theory. It introduces
the concept of power-capture, which is given as:

P̃ = CP R̃
2 =

1

2

(
1 +

√
1− CT

)
CT R̃

2 (2.1)

Where P̃ is the power-capture, CP the power coefficient, R̃ the relative rotor radius (R̃ =
R/R0, where R0 is a reference radius) and CT the thrust-coefficient. Where the equation
for CP is found by combining the classical 1D-momentum-theory equations for CP =
4a(1− a)2 and CT = 4a(1− a). Furthermore it is shown that the load constraints can be
generalized in a neat and compact form as:

X̃
(
CT , R̃

∣∣∣ Rexp

)
= CT R̃

Rexp ≤ CT,0 (2.2)

where X̃ is a generalized load and Rexp the radius scale exponent. Subscript zero (0)
refers to the constraint limit values. In this generalized notation, the most commonly
considered loads differ only by the radius scale exponent, as indicated in the following
table:

Thrust (X̃ = T̃ ) : Rexp = 2 (2.3)
Flap-moment (X̃ = M̃f ) : Rexp = 3 (2.4)
Tip-deflection (X̃ = δ̃tip) : Rexp = 5 (2.5)

The general optimization problem for maximum power can hereby be stated as:

max
R̃,CT

1

2

(
1 +

√
1− CT

)
CT R̃

2 (2.6)

subj. CT R̃
Rexp ≤ CT,0

⇓
P̃max (Rexp) (2.7)

4 Preliminary Wind Turbine Rotor Design



this is maximizing power-capture (P̃ ) with wrt. R̃, CT subject to a given load constraint
(X̃), resulting in the maximum power-capture (P̃max).

For this problem, the optimal value is achieved when the constraint is meet. Thus, the
constraint can be used to eliminate the radius from the power-capture and it can be ana-
lytically optimized for CT . This gives an equation for CT in terms ofRexp (equation (A.38)).
The resulting maximum power-capture and increase of radius are found to be:

Thrust (X̃ = T̃ , Rexp = 2) : ∆P̃max → 50%, ∆R̃→∞ (2.8)
Flap-moment (X̃ = M̃f , Rexp = 3) : ∆P̃max = 7.6%, ∆R̃ = 11.6% (2.9)
Tip-deflection (X̃ = δ̃tip, Rexp = 5) : ∆P̃max = 1.9%, ∆R̃ = 2.3% (2.10)

The approach is also applied for Annual Energy Production (AEP) optimization, but this
is not relevant for this conceptual overview and is therefore omitted here.

2.1.2 Optimal power for fixed radius radius increase
The optimization from the previous section assumes that the rotor radius is an optimization
variable, but this assumes that the radius increase is ”free” in terms of cost. To include
a cost function in the optimization, it is useful to find the optimal power for a given radius
increase with a given load constraint. This approach is presented here.

The general formulation for a load constraint power optimization with a fixed radius in-
crease can be stated as:

max
CT

P̃ (CT , R̃) =
1

2

(
1 +

√
1− CT

)
CT R̃

2 (2.11)

subj. CT R̃
Rexp ≤ CT,0

⇓

P̃opt

(
R̃
∣∣∣ Rexp, CT,0

)
=

1

2

(
1 +

√
1−

CT,0

R̃Rexp

)
CT,0

R̃Rexp−2
(2.12)

where P̃opt is the optimal power-capture for a given radius increase. P̃opt is plotted in
figure 2.1 for three different load constraints (thrust, flap-moment and tip-deflection) as
functions of the radius increase. The maximum power capture reported in Loenbaek et al.
[2020a] is highlighted. The optimal power capture for a given radius increase is fairly easy
to compute using 1D momentum theory. The optimization methodology presented later
essentially does the same, but with more degrees of freedom and more details. The basic
idea is the same, namely to establish the optimal power that satisfies the load constraints
for a given radius increase.

2.2 Cost Function
In addition to the optimization described by [Loenbaek et al., 2020a] and summarized
above, a cost function for wind turbine design is included in this section. This, however,
is not new and the fidelity of the suggested cost functions does also vary, ranging from
simple scaling laws to detailed cost functions for single components or details like the
specific fiber layup (this is further detailed by Fingersh et al. [2006]).

The cost function presented here will roughly estimate the mass increase associated with
the increase in rotor radius, with the underlying assumption that mass and cost scale
roughly in the same way. It is important to note that it is not the whole turbine and asso-
ciated components that need to be scaled with the change in rotor radius since the loads
are constrained in the optimization.
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Figure 2.1: Optimal relative power capture
(

P̃opt

CP,0

)
for a fixed radius as a function

of increasing radius (R̃). The maximum power capture is highlighted with dots.

The cost function (f̃cost) presented below in equation (2.13) falls into the category of scal-
ing laws. It is a generalization of the cost-function presented in Paper 3 [Loenbaek et al.,
2020c, sec. 2.4.1].

f̃cost

(
R̃
∣∣∣ Cfrac, cexp

)
= CfracR̃

cexp + (1− Cfrac) (2.13)

Where Cfrac is the Cost-Fraction and cexp is the Cost-Exponent.

The cost-fraction (Cfrac) is the fraction of the total turbine cost that is affected by the
changes in radius. For example, if the components that are being changed by a radius in-
crease are the blades, tower and foundation, the cost-fraction is found to Cfrac = 39% ac-
cording to Stehly [Stehly and Beiter, 2020, p.7 fig 1]. The cost-fraction can be changed us-
ing different constraints. For example, a constraint on the tower-bottom-bending-moment
would remove the dependence on the radius increase for the foundation. Yet, it would
lead to a more constrained design problem (i.e. Rexp = 3 oppose to Rexp = 2) which
could lead to a lower P̃opt and/or lower power per cost. So the user should carefully con-
sider whether the different factors of the design should be governed by the economics or
strict a-priori limits.

The cost-exponent (cexp) is the exponent for the change in mass associated with the com-
ponents. The cost-exponent is bounded in the range 1 − 3, as an exponent of 3 would
be for the case where the mass is increasing in all 3 dimensions and an exponent of 1 is
the case where the mass is only increased in 1 dimension. A cost-exponent of cexp = 3
would be the case without any constraints, which would lead to simple linear scaling in
all dimensions. A cost-exponent of cexp = 1 would be the case where the constraints
are such that the extension of the rotor radius only leads to the added mass of only the
extension. This could be achieved by keeping the blade design the same for the blade
until the extension and then using the same shape from the extension and outwards, like
extending an existing blade by putting on a tip-extension.

2.3 Power-per-Cost optimization
Combining the optimal power for a given radius increase and the cost function (equations:
(2.12) and (2.13) respectively) as the combined objective, an optimization problem for the
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rotor size (R̃) can be formed, by Power-per-Cost (PpC) optimization. Mathematically it
can be stated as:

max
R̃

PpC = max
R̃

P̃opt

(
R̃
∣∣∣ Rexp, CT,0

)
f̃cost

(
R̃
∣∣∣ Cfrac, cexp

) (2.14)

A plot of this PpC objective for increasing radius can be seen in figure 2.2 with a specific
cost-function, which for simplicity was taken to have Cfrac = 0.5, cexp = 2. It shows

Figure 2.2: Power-per-Cost (PpC) for increasing normalized rotor radius with a
specific cost-function of f̃cost(R̃) = 0.5R̃2 + 0.5.

that in all three cases an optimal radius is obtained, ∆Ropt = [0.8, 2.8, 7.6]% for a rotor
constraint for tip-deflection, flap-moment and thrust, respectively. It comes with a PpC
improvement of ∆PpCopt = [0.4, 1.2, 3.0]% respectively, and a power improvement of
∆P = [1.2, 4.0, 11.2]% respectively.

In this chapter, a conceptual idea to optimize a rotor was given. Here, the PpC optimiza-
tion, as well as the generalization to AEP-per-Cost (AEPpC) optimization, is the basic
tool for determining the rotor radius increase. The remainder of the thesis will focus on
the generalization of the rotor optimization methodology, such that the thrust-load is al-
lowed to vary along the span and more physical effects relating to the aerodynamics are
included. At the end of the thesis, the impact of the different parameters is investigated
in greater detail.
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3 Introduction to the aerodynamic solver
In this part, the formulation of an aerodynamic model to predict the rotor aerodynamics is
presented. It describes the loading and the power production for a wind turbine and their
relation. The model is named the Radially Independent Actuator Disc model but will be
referred to by its acronym RIAD.

This part starts by giving some high-level explanation of RIAD as well as some context for
why it is needed and where it fits into the aerodynamic solvers that already exist, ending
with a discussion of the assumptions and limitations. Then the main body of the RIAD
model is presented through a paper, followed by chapter 5 in which various extensions and
details regarding the model are discussed. Lastly in chapter 6, the relationship between
RIAD and BEM is presented, describing how it can be used as a BEM-solver.

What is the RIAD model?
The RIADmodel is an aerodynamic wind turbine rotor performancemodel that establishes
a direct relationship between the rotor loading and the power. As the name indicates, it
assumes radial independence, where the wind flowing through the rotor plane is assumed
to be split into concentric streamtubes as shown in figure 3.1 (Side view). These stream-
tubes are assumed to be independent of each other, meaning that the loading at one
streamtube (e.g. the orange streamtube) does not affect the flow state (e.g. wind speed
through the rotor plane) at the neighboring streamtubes (the green and blue), or any of
the other streamtubes for that matter. This is the same assumption made for the widely
used classical Blade Element Momentum theory (BEM) models [Sørensen, 2016, p. 99].
RIAD furthermore assumes azimuthally independent streamtubes as it is also depicted in
figure 3.1 (Rotor plane), where the radially concentric streamtubes are further divided into
sectors (pie-like pieces) with a similar assumption that the loading in one sector does not
affect the neighboring sectors. Whenever RIAD is applied for optimization, it is assumed
to be axisymmetric, which means that the loading and inflow conditions are the same for
each sector of the radially concentric streamtubes.

Why is RIAD needed?
The main reason to develop RIAD was to get a very fast rotor performance model with
as few input variables as possible, but without compromising the inclusion of any of the
physical effect for the well established BEM theory. BEM requires the following inputs for
each radial station: chord, twist, 2D-airfoil-polars, free-stream-wind-speed, and rotational-
speed. RIAD, on the other hand, requires: loading, free-stream-wind-speed, rotational-
speed, and design-glide-ratio (from the 2D airfoil polars). This is one input variable less for
RIAD. RIAD can be be viewed as a different parametrization of the BEM equations which
is better suited for optimization, whereas the classical parametrization is better suited
for evaluation of the rotor performance for a known blade planform. However, when the
optimal loading has been determined, there is a direct relationship between the RIAD
inputs and the blade chord and twist, so it is easy to create a blade geometry at the end
of the optimization.

RIAD makes an explicit relationship between the rotor loading and power, making it more
applicable for optimization as the desired gradients are easily calculated. Furthermore,
the change in parametrization reduces the optimization variables from 2 (chord and twist)
to 1 (loading), so that the optimization problem is simpler to solve and well-bounded within
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Figure 3.1: Side View: Solid black lines is the streamtube that confines the air
flow through the rotor plane. The light gray lines are concentric streamtubes that
are assumed to be radially independent (e.g. the loading at the orange streamtube
does not affect the flow state at the green or blue streamtube). Rotor Plane: Solid
black line is the outer surface of the confining streamtube for the flow through the
rotor plane. Light grey lines are the sector divided streamtube (pie-like pieces),
showing azimuthally independent streamtubes.

a fixed range. This is unlike BEM, where the chord is free to vary over a large range of
values.

For wind turbine rotor optimization it is common to include load constraints (e.g. thrust and
flap-moment), with the BEM parametrization this would require a post-processing step to
compute. Since the loading is an input for RIAD, these constraints are easily evaluated.
Thus, finding the optimal relationship between different loading constraints and power is
at the heart of the optimization methodology presented later.

In short, RIAD is developed explicitly for rotor optimization to make the evaluation faster
and better suited for optimization. That is not to say that it could not be done using the
common parametrization for BEM. However, using RIAD makes it faster and easier.

How is RIAD different from other aerodynamic wind turbine rotor models?
RIAD has a lot in common with BEM. As it is explained in the previous section they both
have the same assumption of radially independent streamtubes. In fact, there is a direct
relationship between the two, which is no surprise as they are derived from the same equa-
tions and assumptions. The major difference between the two is that RIAD establishes
a direct and explicit relationship between the rotor thrust-density and the rotor power-
density. With RIAD there is no need for solving or iterating a solution for the induced
velocities, as it is common for BEM. Prediction of the aerodynamic rotor performance
is made easier and faster which makes it well suited for optimization. This is achieved
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by sidestepping the need for inputs such as chord, twist, and lift, which are needed for
traditional BEM implementations. Eliminating the need for an iterative procedure, which
makes optimization through RIAD much faster. In preliminary wind turbine rotor design it
is often the loading and power that are of interest. There is a direct relationship between
the rotor loading, and the chord and twist, so the loading can be translated into rotor plan-
form design without the need to parameterize the chord and twist, which is common for
optimization using BEM.

RIAD also provides insights into different physical effects (e.g. wake-rotation-loss, viscous-
loss, and tip-loss) and how much these losses affect the rotor performance. This can be
used to illustrate the potential improvement one can expect if one or more of the losses
could beminimized. Furthermore, RIAD can provide insights into which kind of technology
improvements that would lead to the biggest power increase.

3.1 Assumptions and limitations
RIAD is developed for optimization and more specifically for preliminary wind turbine rotor
optimization, such that RIAD will predict the turbine performance in terms of power output
in a fast and easy way. In order to be fast and thereby allow for a large exploration of the
design space, it is necessary to make some simplifying assumptions. These will be given
here together with a discussion of the corresponding limitations.

The assumptions for RIAD are:

• Glauert’s relationship between the induced velocities

• Radially and Azimuthally independent streamtubes

• Steady state flow

• Engineering correction for tip-loss

Glauert’s relationship between the induced velocities is a relationship between the loading
as well as the axial- and tangentially-induced velocities. These are an implicit assumption
in most BEM solvers, and they form a set of closure equations for General Momentum
Theory for rotors [Sørensen, 2016, chapter 4]. This is further discussed in section 4.2.3.

The assumption of radially independent streamtubes is a core assumption that allows
for the development of the optimization methodology presented later. The assumption
of radially independent streamtubes has to the author’s knowledge neither been tested
nor investigated specifically. However, it has to a great extend been investigated in con-
junction with the assumption of Glauert’s relationship between induced velocities (Sharpe
[2004], Madsen et al. [2007], Branlard [2017], Hjort [2019]). It has lead to several cor-
rection models for the classical BEM theory where all of them break radial independence
by accounting for the rotating wake in the far-wake. These effects are not included in
RIAD but as it is noted by Madsen et al. [2007] the integral values seem to be similar. If
such effects should be included, it would require that the radial independence would be
maintained, but as it might intrinsically be an effect that is coupled radially and it is a clear
limitation of the model. Validating the results from RIAD in a higher fidelity model like CFD
would be a way to test the validity of the model.

The assumption of steady state flow is common for computing the power for a wind turbine
rotor, but in wind turbine designs it is often the extreme loads (e.g. gusts) that drive the
structural design. These extreme loads are not captured with the aerodynamic solver, and
it is a clear limitation for the optimizations that can be carried out using the RIAD model. It
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seems likely that if the steady state load is constrained the extreme loads might as well be
constrained as compared with the design where the steady state load is not constrained.
However, whether it will change proportionally is not clear. The design should be tested in
an aeroelastic solver, running all the load cases to see if the assumption of the connection
between steady state- and extreme-loads is valid. In the case that it in all likelihood is valid,
it might still be that the optimal design with steady state load constraints is not the optimal
design with extreme load constraints. However, for preliminary wind turbine rotor design it
might be close enough because the preliminary design should be anticipated as an initial
guess of a rotor design.

Using correction models for physical mechanisms like tip-loss (or the finite number of
blades as it is also called) means that geometrical details like blade centerline (sweep,
pre-bend) or the more detailed shape like the effect of the airfoil profile are not resolved.
The impact of such effects is considered to be very detailed, but it will affect the tip-loss.
The effect of tip-loss can have a significant impact on the overall rotor design. Therefore it
would be interesting to investigate such effects and how it impacts the design. However,
such investigations are out of scope for this thesis.
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4 The Radially Independent Actuator Disc
model (Paper)

In this chapter the RIAD model is described. This is done by presenting the manuscript
submitted to Wind Energy Science. Here, the mathematical derivation of the Radially
Independent Actuator Disc model (RIAD) is presented. The manuscript is formatted to
suit the format of the thesis.

K. Loenbaek, C. Bak, J. I Madsen, andM. K. McWilliam. AMethod for Preliminary Rotor
Design - Part 1: Radially Independent Actuator Disk model, Wind Energy Science,
Submitted: 18/08-2020

Licensed under Creative Commons Attribution 4.0 License
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Abstract
We present an analytical model for assessing the aerodynamic performance of a wind
turbine rotor through a different parametrization of the classical Blade Element Momen-
tum (BEM) model. The model is named the Radially Independent Actuator Disc model
(RIAD) and it establishes an analytical relationship between the local-thrust loading and
the local-power, known as the Local-Thrust-Coefficient and the Local-Power-Coefficient
respectively. The model has a direct physical interpretation, showing the contribution for
each of the 3 losses: wake-rotation-loss, tip-loss and viscous-loss. The gradients for RIAD
is found through the use of the Complex-step-method and power optimization is used to
show how easily the method can be used for rotor optimization. The main benefit of RIAD
is the ease at which it can be applied for rotor optimization, and especially load constraint
power optimization as it is described in Loenbaek et al. [2020c]. The relationship between
the RIAD input and the rotor chord and twist is established and it is validated against a
BEM solver.

4.1 Introduction
Wind turbine rotors are with their increasing size subject to continuous optimization with
the overall objective of reducing the cost of energy. Such optimizations are very com-
plex because both the aerodynamic and the structural performance need to be included
in the optimization setup. Combining both aerodynamics and structural performance has
shown very promising trends indicating that a further cost reduction is possible, see e.g.
Perez-Moreno et al. [2016], Zahle et al. [2015], Bottasso et al. [2012]. However, these
optimization studies build on existing aerodynamic and aeroelastic tools, include numer-
ous design variables and constraints, and can be very complex. Thus, it is challenging
to make a very general optimization study to map the design space. That is the reason
for investigating alternative methods and models to ease the exploration of optimal rotor
designs.

The development of aerodynamic models for wind turbines is closely linked to that of pro-
pellers and helicopters. The first theoretical model for predicting the aerodynamic perfor-
mance of a rotor was the so-called 1D momentum theory developed by Betz [Betz, 1926]
and Joukowsky, which resulted in the famous maximum power extraction limit of 59.3%
known as the Betz-Joukowsky-limit or often just as the Betz-limit [Okulov and van Kuik,
2012]. The model assumed constant loading along the rotor radius in the flow direction.

Later Glauert developed the Blade Element Momentum theory (BEM) (Glauert [1935],
Sørensen [2016]), which is an extension where momentum theory is used for radially in-
dependent stream-tubes. It also included correction models for tip-loss and highly loaded
rotors. The model has since then been extended with multiple correction models to ac-
count for yaw misalignment, shear profiles, turbulent inflow, etc.

In this paper, we present an aerodynamic rotor performance model which we refer to as
the Radially Independent Actuator Disc (RIAD) model. It establishes a direct analytical
relationship between the local-thrust loading and the local-power, which is a useful sim-
plification for rotor optimization. The model is equivalent to BEM but reduces the rotor
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design space to only two independent variables at each radial station, i.e. the Local-
Thrust-Coefficient (CLT ) and the glide-ratio (Cl/Cd) as well as the global tip-speed-ratio
(λ). The equivalent input for a BEM at each radial station is the design Lift-Coefficient (Cl),
the design Drag-Coefficient (Cd), and the Rotor-Solidity (σ) with the same global param-
eter. Most BEM formulations do not compute the local-power directly, which is often an
important optimization objective. At the same time, rotor optimization constraints are of-
ten formulated in terms of loading. Both the objective and constraints are outputs from the
BEM and their equations are usually fairly convoluted. Using RIAD, the local-thrust load-
ing (CLT ) is the independent design parameter and the local-power is computed explicitly
through a single equation. It makes it easy to recast the optimization problem, which gen-
erally requires a robust optimization algorithm, into a straightforward root finding problem,
which makes the optimization faster and more robust.

The paper starts by presenting the derivation of the RIAD model, which then leads into
computing the gradients for RIAD. These gradients are used for power optimization, lead-
ing to a simple optimization method. In the end, the relationship between RIAD inputs and
blade chord and twist is then established, and RIAD is validated against a BEM solver.
As this paper presents an aerodynamic model to be used for optimization, this paper is
Part 1 where the model is used for load constraint power optimization in Part 2 [Loenbaek
et al., 2020c].

4.2 The RIAD model
In the following the Radially Independent Actuator Disc (RIAD) model is presented which
start by establishing the relationship between global and local parameters for a wind tur-
bine rotor as well as introducing normalization. The relationship between the local forces
is then established, leading to an implicit equation for the local-power. A set of approx-
imate closure equations is then used to establish an explicit equation. The physical in-
terpretation of the different factors and terms is then presented and at the end, some
details regarding the tip-loss-factor and the exclusion of drag from the induced velocity is
discussed.

4.2.1 Relationship between global and local coefficients
Starting with the Fundamental theorem of calculus the following equation can be made
for the global values for thrust (T ) and power (P ):

T =

∫ R

0

∂T

∂r
dr (4.1)

P =

∫ R

0

∂P

∂r
dr (4.2)

Where ∂T
∂r is the thrust-loading-density and ∂P

∂r is the power-density.
Introducing the classical non-dimensional relations for thrust (CT ) and power (CP ) as
well as the local equivalent which is introduced as the Local-Thrust-Coefficient (CLT ) and
Local-Power-Coefficient (CLP ):

T =
1

2
ρ0V

2πR2CT (4.3)

P =
1

2
ρ0V

3πR2CP (4.4)

∂T

∂r
=

1

2
ρ2πrV 2CLT (4.5)

∂P

∂r
=

1

2
ρ2πrV 3CLP (4.6)
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Combining the equations the following equations can be found for CT and CP :

CT = 2

∫ 1

0
CLT r̃dr̃ (4.7)

CP = 2

∫ 1

0
CLP r̃dr̃ (4.8)

Where r̃ is the Normalized-Radius (r̃ = r/R). A sketch of the relationship between the
local and global coefficients can be seen in figure 4.1.

Figure 4.1: Sketch of the relationship between Local Coefficients (CLT , CLP ) and
Global Coefficients (CT , CP ).

4.2.2 Relationship between local coefficients
To establish a relationship between the local coefficients CLT and CLP the forces are
assumed to be aerodynamic forces where the lift force is orthogonal to the local flow and
where there is loss from viscous drag in the local flow direction. The force is assumed to
originate from a rotating wind turbine blades with rotational speed ω. The tangential force
density is then given as 1

ωr
∂P
∂r . Introducing the local lift density

∂L
∂r and drag density ∂D

∂r as
well as the local flow angle ϕ the following equations can be made:

∂T

∂r
=

∂L

∂r
cosϕ (4.9)

1

ωr

∂P

∂r
=

∂L

∂r
sinϕ− ∂D

∂r
cosϕ (4.10)

Where ∂D/∂r = 0 in equation 4.9 to exclude drag from induction. Using the common
normalization of ∂L/∂r and ∂D/∂r

∂L

∂r
=

1

2
ρBcV 2

relCl (4.11)

∂D

∂r
=

1

2
ρBcV 2

relCd (4.12)

together with equation 4.5 and 4.6 the following equations can be found:

CLT = σṼ 2
relCl cosϕ (4.13)

CLP

λr̃
= σṼ 2

relCl sinϕ− σṼ 2
relCd cosϕ (4.14)
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Where σ is the rotor solidity (σ = Bc/2πr) and Ṽrel the normalized relative velocity. A
sketch of the air-flow and forces can be seen in figure 4.2.

Figure 4.2: Sketch of the relationship between the air-flow and the forces at each
span location.

Combining equation 4.13 and 4.14 an equation for CLP can be found as:

CLP

(
CLT , r̃, λ,

Cd

Cl
, ϕ

)
= λr̃CLT tanϕ− λr̃

Cd

Cl
CLT (4.15)

This is a general equation for the relationship between the CLT and CLP , but it is implicit
since tanϕ depends on CLT .

4.2.3 Explicit equation for CLP (Closure relation between CLT and tanϕ)
The local flow angle ϕ is given from the induced velocities [Sørensen, 2016, p. 101, eq
7.3] as:

tanϕ =
1− a

λr̃ (1 + ap)
(4.16)

where a is the axial induction factor, ap is the tangential induction factor.
Equation 4.16 introduces two new variables (a, ap). In order to make an explicit equation
for tanϕ as a function of CLT two equations relating CLT to a and ap respectively are
needed. These are the closure equations.
There does not exist a general set of model closure equations, but different approximate
closures have been proposed. The most widely used set is referred to as the Glauert
closure, which is an implicit assumption made for most BEM’s. The closures are given
as:

CLT = 4a(1− a)F [Ning, 2014, p. 4 eq. 2] (4.17)
a(1− a) = λ2r̃2ap(1 + ap) [Sørensen, 2016, p. 50 eq. 4.36] (4.18)

Where F is the tip-loss factor, which is further described in section 4.2.5. For now F ∈]0, 1]
with F → 0 as r̃ → 1. Combining equation 4.17, 4.18 with equation 4.16 an explicit
equation for tanϕ in terms of CLT can be found. This leads to an explicit equation for
CLP :

CLP

(
CLT , r̃, λ,

Cd

Cl

)
=

1

2

(
1 +

√
1− CLT

F

)
CLT︸ ︷︷ ︸

1D power

· 2λr̃

λr̃ +
√
λ2r̃2 + CLT

F︸ ︷︷ ︸
wake rotation loss

−λr̃
Cd

Cl
CLT︸ ︷︷ ︸

viscous loss

(4.19)
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Equation 4.19 is the main result of this section. It states an explicit relationship between
the local power and the local loading.

4.2.4 Physical interpretation and input sensitivity
Equation 4.19 has a straightforward physical interpretation which is also highlighted through
under bracing of factors and terms, with an additional loss coming from the tip-loss factor
(F ). A sketch showing the impact of different losses for a specific input can be seen in
figure 4.3.

Figure 4.3: Sketch showing a graphical representation of the losses and the math-
ematical origin. The input is for span-wise constant local-thrust and glide-ratio.

The 1D power is the classical 1Dmomentum theory result by Betz and Joukowsky [Okulov
and van Kuik, 2012], but here applied for radially independent streamtubes(
1
2

(
1 +
√
1− CLT

)
CLT = 4a(1− a)2

)
.

TheWake rotation loss is the power loss that originates from the conservation of angular
momentum. When extracting power from the rotational motion, the force that is rotating
the blades leads to an opposing and equal magnitude force on the fluid, resulting in the
fluid rotating in the wake of the turbine. Since there needs to be conservation of power,
the potential power that can be extracted is lowered, leading to wake-rotation-loss. From
figure 4.3 the wake-rotation-loss is seen to affect the root region of turbine. This is further
investigated in figure 4.4, where the wake-rotation-loss-factor is plotted as a function of
the local tip-speed-ratio (λr̃) for different values of the local loading (CLT ). The effect
of changing the local loading, is seen to have a limited effect. From figure 4.4 b) the
wake-rotation-loss is seen to be insignificant for λr̃ > 5 which is approximately from the
mid-span and outwards for a modern utility scale turbine with λ ≈ 7 − 10. From the
example in figure 4.3 the wake-rotation-loss is seen to have the smallest impact on the
global power with ∆CP = −0.01.

The Tip loss is the power loss associated with the rotor having a finite number of blades
and not acting as an actuator disc with an infinite number of blades. This effect is captured
in the tip-loss-factor (F ) which is further described in section 4.2.5. The tip-loss model
that is used in this paper, captures the impact on the induced velocities in the rotor plane,
with the additionally induced velocities coming from the vorticity released at the tip of the
blade. The most important parameter for tip-loss, is the tip-speed-ratio (λ), with the tip-
loss getting smaller with increasing tip-speed-ratio. From figure 4.3 the tip-loss is seen
to affect the power at the tip as one might expect (hub or root loss was not included, but
easily could have been).
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Figure 4.4: Significance of wake-rotation-loss. a) wake-rotation-factor vs. local-
tip-speed-ratio (λr̃). Black dashed line is the limit at 1/2. b) difference between the
wake-rotation-factor and the limit at 1/2 vs. local-tip-speed-ratio (λr̃). Notice that
the y-axis is log-scale. Red dashed line is at 99% of the limit. Notice that the solid
lines are for different values of CLT . Higher CLT leads to higher wake-rotation-loss.

The Viscous loss is simply the loss associated with the viscous drag from the airfoil profile.
The viscous loss is found to be linear in inverse-glide-ratio (Cd/Cl), loading (CLT ) and
local-tip-speed-ratio (λr̃). With a larger value for each of them leading to a larger loss.
Opposed to both wake-rotation-loss and tip-loss a larger tip-speed-ratio is found to result
in larger losses. As a consequence, there will exist an optimal tip-speed-ratio since either
extreme (λ → 0, λ → ∞) will lead to 0 or negative power. This is further discussed in
section 4.3.3. From figure 4.3 the loss is seen to increase towards the tip since the local-
tip-speed-ratio (λr̃) is increasing. Viscous-loss is seen to be the most significant loss of
the 3, although it should be noted that a glide-ratio of Cl

Cd
= 40 is a fairly low value for a

realistic modern rotor design and is here chosen to make the loss easily visible for the
figure.

4.2.5 Tip-loss factor

The tip-loss factor is commonly implemented for BEM’s, and although some different tip-
correction has been proposed, the tip-loss model by Glauert is a common one to used
and it is also the one used here. It is given as:

F (ϕ, r̃, λ) =
2

π
cos−1 exp

(
−B(1/r̃ − 1)

2 sinϕ

)
[Sørensen, 2016, p. 132 eq. 8.29] (4.20)

Where B is the number of blades (which for simplicity is set to 3 thought out the paper).
The Glauert tip-loss model leads to a recursive problem due to the mutual dependence
between CLT , sinϕ and F . It is not possible to find an explicit equation for F in terms of
CLT , but it is possible to find a iterative scheme that can solve for F . The iterative scheme
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is given as:

sinϕi (CLT , r̃, λ, Fi) =
1 +

√
1− CLT

Fi√(
1 +

√
1− CLT

Fi

)2
+
(
λr̃ +

√
λ2r̃2 + CLT

Fi

)2 (4.21)

Fi+1 (CLT , r̃, λ, sinϕi) =
2

π
cos−1 exp

(
−B(1/r̃ − 1)

2 sinϕi

)
(4.22)

Where an acceptable tolerance for F is reached with at most 30 iterations (|Fi+1 − Fi| <
10−9) where a good initial guess for F would be 1.

The Glauert tip-loss model, breaks the explicit relationship betweenCLT andCLP in equa-
tion 4.19, since F needs to be solved through iterations. An explicit relationship could be
obtained by using the Prandtl tip-loss model instead, which is given as:

FPrandtl (r̃, λ) =
2

π
cos−1 exp

(
−B

2

√
1 + λ2 (1− r̃)

)
[Sørensen, 2016, p. 131, eq. 8.26]

(4.23)

Which does not depend on CLT . Using Prandtl’s tip-loss model, the effect on the tip-loss
is found to be larger compared to Glauert’s tip-loss model, but investigating it further here
is out of scope for this paper.

Although the Prandtl tip-loss model is much simpler and easier to implement, the Glauert
model is used throughout this paper as it is the one used for the BEM validation later in
section 4.4.2.

4.2.6 Blade loading without drag in induction
Whether or not to include drag when computing the thrust loading (including drag in equa-
tion 4.13) is still a standing question for the derivation of BEM, and excluding drag in the
derivation here should not be seen as an argument in favor of this approach, but merely as
a consequence that it makes the mathematical derivation simpler as well as the resulting
equation for local power (equation 4.19). If drag should be included for the computation of
the induced velocities it should be noted that it is not just a matter of including drag in equa-
tion 4.13, as the closure equation in equation 4.18 also needs an additional λr̃Cd

Cl
(a+ ap)

to be added on the right-hand-side, if it should be consistent with the BEM described in
Ning [2014].

A consequence of excluding drag from equation 4.13 there arises a difference between
the forces seen from the blade, and the forces seen by the air where equation 4.13 is
the thrust force as seen by the air and where equation 4.14 is the tangential force seen
by the blade. Often in optimization it is the thrust load at the blade that is of interest and
equation 4.24 shows the relationship between the two local-thrust loading’s:

CLT,blade

(
CLT , r̃, λ,

Cd

Cl

)
= CLT

1 +
Cd

Cl

1 +
√

1− CLT
F

λr̃ +
√
λ2r̃2 + CLT

F

 (4.24)

Where CLT is the local-thrust as seen by the air.

4.3 Gradients for RIAD and power optimization
In this section, a method for computing the gradients for RIAD is presented. The gradi-
ents are then used for power optimization. First, it is applied for loading optimization for
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maximum power and it is then further extended for optimization wrt. tip-speed-ratio and
loading. In the end, a discussion of how optimization with RIAD fits within the current state
of the art is given.

4.3.1 Gradients with complex step
The local power equation (equation 4.19) is an analytical expression (with some complica-
tions for the tip-loss-factor) and in principle, it is straightforward to compute the gradient for
any of the input variables. But it is tedious and error-prone and the tip-loss-factor makes
it fairly complicated. The Complex step method [Martins et al., 2000] is therefore found to
be an easier way to compute the gradients, without any loss of accuracy. It also has the
benefit that little additional work needs to be done when equations 4.19 is implemented
to compute the gradients. The conceptual idea behind the complex-step-method is fairly
simple and for the sake of making the reader familiar with it, it is summarized here. For a
proper description, the reader is referred to Martins et al. [2000].

The complex step method is based on the observation that the Taylor-series-expansion
of an analytical function with a complex step (or perturbation) gives the following (taking
equation 4.19 as an example with a step in CLT ):

CLP

(
CLT + ih, r̃, λ,

Cd

Cl

)
= CLP

(
CLT , r̃, λ,

Cd

Cl

)
+ ih

∂CLP

∂CLT

(
CLT , r̃, λ,

Cd

Cl

)
+O(h2)

(4.25)

Where i is the complex unit and h the step size. Taking the imaginary component of
equation 4.25 and dividing by the step size the approximate gradient can be found as:

∂CLP

∂CLT

(
CLT , r̃, λ,

Cd

Cl

)
=
I
[
CLP

(
CLT + ih, r̃, λ, Cd

Cl

)]
h

+O(h2) (4.26)

Equation 4.26 is seen to have some similarity to computing the gradient through finite
difference. But the key difference is that finite difference requires the difference between
two function evaluations, which leads to a rounding error. For finite difference there is
an optimal step size (h) where the combination of the truncation error (O(h2)) and the
rounding error is as small as possible. This is not the case for the complex-step-method,
where the rounding error is eliminated by not computing a difference between two function
evaluations and the step size can be arbitrarily small. Using a step size of h = 10−9 the
truncation error (O(h2) ≈ 10−18) is found to be smaller than machine precision (10−16)
and the gradient is therefore accurate to machine precision. This method applies to any
analytical expression, but special care should be taken with functions that might lead to
undesirable effects for complex numbers like the absolute value function or similar. This
is not of concern for equation 4.19.

4.3.2 Loading optimization for max power
The problem of maximizing CP w.r.t. CLT is a classic problem, that will be used here to
demonstrate how easily RIAD can solve this problem. It is thought to show the strength
of using RIAD for optimization as opposed to using a regular BEM since the solutions is
fairly easy to find.

The CP maximizing problem can be stated as:

max
CLT

[
CP

(
CLT , λ,

Cd

Cl

)]
(4.27)
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Where the bold-face signifies that it is a function/vector changing with span (r̃). Since
the model assumes radial independence the maximization can be moved within the inte-
gration for CP (equation 4.8) and the maximization can be made for CLP at each span
location (r̃) independently, which can be stated as:

max
CLT

[
CLP

(
CLT , r̃, λ,

Cd

Cl

)]
(4.28)

Since equation 4.19 is a smooth function the optimization problem can be simplified as
finding the root wrt. CLT for the following equation:

∂CLP

∂CLT

(
CLT , r̃, λ,

Cd

Cl

)
= 0 for CLT ∈

[
0,

8

9

]
(4.29)

⇓

CLP,opt

(
r̃, λ,

Cd

Cl

)
= CLP

(
CLT,opt, r̃, λ,

Cd

Cl

)
(4.30)

Where ∂CLP
∂CLT

is computed with equation 4.26, and the outcome from the optimization is
the CLT that maximizes CLP , which is referred to as CLT,opt and CLP,opt respectively. The
root for equation 4.29 can be found with common root solving algorithms like bisection or
Brent’s method, eliminating the need for an optimizer to solve the problem. It should be
noticed that to get the true gradient when including Glauert’s tip-loss-factor (described in
section 4.2.5), the complex step should be included when solving for the tip-loss-factor
(equations 4.21, 4.22) otherwise the effect of the tip-loss on the gradient will not be in-
cluded.

Applying the optimization with similar input as for figure 4.3
(
λ = 7, Cl

Cd
= 40

)
, the resulting

CLT,opt and CLP,opt is shown in figure 4.5. CLT,opt is seen to be mostly affected at the

Figure 4.5: Optimal local-thrust (CLT ) and optimal local-power (CLP ) vs. normal-
ized radius (r̃), with λ = 7 and span-wise constant Cl

Cd
= 40 as input.

root and tip of the rotor, compared to the Betz-Joukowsky optimum. At the root CLT,opt

is tending to a value of 3/4 and at the tip going towards 0. The mid-span is seen to
have a slightly decreasing slope. For CLP,opt the 3 losses (wake-rotation-loss, tip-loss,
viscous-loss) are highlighted as shaded region. CLP,opt is seen to have a local maximum
at r̃ = 0.31 from where viscous-loss and later tip-loss is seen to grow for increasing r̃. For
decreasing r̃ the wake-rotation-loss is seen to increase.
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4.3.3 Tip-speed-ratio optimization for maximum power
The Loading optimization in section 4.3.2 required two inputs

(
λ, Cl

Cd

)
to maximizeCP , but

in this section the optimization will be extended to also include the tip-speed-ratio as an
optimization parameter leaving only the glide-ratio as an input. The optimization problem
can be stated as:

max
λ,CLT

[
CP

(
CLT , λ,

Cd

Cl

)]
(4.31)

Using the same assumption as for the loading optimization the optimization for CLT can
be solved as it was described in section 4.3.2 assuming that CLT,opt is for a fixed λ. A
nested optimization can therefore be stated as:

max
λ

[
CP

(
CLT,opt, λ,

Cd

Cl

)]
(4.32)

The solution to the above optimization problem can be found by solving:

∂CP

∂λ

(
CLT,opt, λ,

Cd

Cl

)
= 0 λ ∈

[
0.2 ·

√(
Cl

Cd

)
min

,

√(
Cl

Cd

)
max

]
(4.33)

⇓

CP,opt

(
Cd

Cl

)
= CP

(
CLT,opt, λopt,

Cd

Cl

)
(4.34)

Where the bounding region is found from experience. The outcome from the optimization
is the tip-speed-ratio that maximizes the power coefficient. They are referred to as λopt

and CP,opt. To compute the gradient of CP , equation 4.8 is used and the complex step is
applied as follows:

∂CP

∂λ

(
CLT,opt, λ,

Cd

Cl

)
=

1

h
I
(
2

∫ 1

0
CLP

(
CLT,opt(r), λ+ ih,

Cd

Cl
(r)

)
r̃dr̃

)
(4.35)

Where for practical implementation the problem is discretized along the span and the
integration can be performed using the trapezoidal rule. As it was the case for loading
optimization the problem can be solved by the use of root-solving algorithms like bisection
or Brent’s method.

In figure 4.6 the result of solving the optimization problem for optimal tip-speed-ratio with
varying span-wise constant glide-ratio is shown. As expected, the optimal tip-speed-ratio
is seen to increase as the glide-ratio increase due to the balance between the viscous-
losses (increases with increasing λ) and wake-rotation-losses as well as tip-losses (de-
creases with increasing λ). It is interesting to notice the significant impact of including
tip-loss on λopt, with the inclusion of tip-loss leading to a larger λopt. 4 points along the
λopt curve in figure 4.6 is highlighted, showing sketches of the local-thrust and local-power
with the difference to the Betz-Joukowsky limit shown by shaded red region.

The associated CP,opt is shown in figure 4.7. The 3 power loss contributions are shown as
shaded regions and the viscous-loss is seen to be the most significant regardless of the
glide-ratio. Tip-loss is seen to be the second most significant loss, at least for Cl

Cd
> 25,

which anyway would be a very low values for amodern utility scale wind turbine. The slope
of CP,opt is seen to become flat for large values of the glide-ratio, and the improvement
in CP,opt from Cl

Cd
= 100 to Cl

Cd
= 150 is ∆CP,opt = 3.5% and that is with a glide-ratio

improvement of ∆ Cl
Cd

= 50%.
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Figure 4.6: Optimal tip-speed-ratio (λopt) vs. span-wise constant glide-ratio ( Cl
Cd
).

Both with and without tip-loss included in the optimization. For the case with tip-loss
included, 5 points are highlighted, showing sketches of the local-thrust (CLT ) and
the local-power (CLP .

Figure 4.7: Optimal power coefficient (CP,opt) vs. span-wise constant glide ratio
( Cl
Cd
). The same 5 points as in figure 4.6 is highlighted, but only the local-power

(CLP ) is show for the sketches with the addition of the point of max local-power
(CLP,max).

4.3.4 Compared to other work
The results of CP maximization presented in figure 4.5, 4.6 and 4.7 are not in itself novel
results. Similar results have been shown by [Wilson et al., 1976, sec. 3.1-2], [Manwell
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et al., 2010, sec. 3.9], [Sørensen, 2016, cap. 5] and [Jamieson, 2018, sec. 1.9]. The
novelty is the ease at which these results can be obtained and the generality at which this
method can be applied. In all of the mentioned works, the optimization method relies on
excluding mechanisms like rotational-effects, drag, or tip-loss to find a solution without the
use of an optimizer. Common to them all is the exclusion of drag for the induced velocity as
it was also done within this paper. However, the reason to exclude drag from the induced
velocity within this paper is for the derivation of RIAD to be simpler. Including drag in the
induced velocity will make equation 4.19 more complicated, but the optimization methods
presented in section 4.3.2 and 4.3.3 would still be applicable. A large part of why RIAD is
easy to use and implement for optimization is the use of the complex-step-method, which
is arguably not an invention of RIAD and it could as well be applied for a regular BEM, with
the same result, although the optimization would bemore convoluted. RIAD is established
on a better BEM parametrization dedicated to optimization when solving load-constrained
power optimizations as it is shown in Part 2 of this paper [Loenbaek et al., 2020c].

4.4 From RIAD to rotor blade planform
Section 4.2.3 presented the connection between inputs, such as local-thrust, tip-speed-
ratio and glide-ratio, for rotor power performance and sections 4.3.2 and 4.3.3 presented
the power optimization. But the presented methods only contains information about the
loading and power at the actuator disc, where this section establishes the connection
between the RIAD inputs and the blade planform, such as blade chord and twist. The
blade planform is then used as an input for a BEM solver to validate that RIAD and BEM
are equivalent formulations.

4.4.1 Equations for chord and twist
An equation for chord can be found from equation 4.13 while applying the closure equa-
tions (equations 4.17, 4.18) for cosϕ resulting in the following:

c (CLT , r̃, λ, Cl, R,B) =
8πr̃RCLT

BCl

1

λr̃ +
√
λ2r̃2 + CLT

F

1√(
1 +

√
1− CLT

F

)2

+

(
λr̃ +

√
λ2r̃2 + CLT

F

)2

(4.36)

To compute the chord it is seen that additional inputs are required such as lift-coefficient
(Cl), the number of blades (B), and rotor radius (R).

An equation for twist can be found in much the same way, by using equation 4.16 for tanϕ
and applying the closure equations. Combining it with: ϕ = α+θtwist+θpitch, the following
equation for the twist can be found:

θtwist (CLT , r̃, λ) = tan−1

 1 +
√

1− CLT
F

λr̃ +
√
λ2r̃2 + CLT

F


︸ ︷︷ ︸

ϕ

−α− θpitch (4.37)

4.4.2 Validation with BEM
To show that RIAD is an equivalent formulation of the BEM equations, a planform design
is created through equations 4.36 and 4.37 and evaluated with a BEM solver. The BEM
solver used for the validation is CCBlade [Ning, 2014].

Running CCBlade requires an airfoil polar (Cl, Cd vs. α) and to keep it as simple as
possible a single airfoil polar is used all along the blade span. The airfoil is taken to be
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FFA-W3-301 [Bjorck, 1990] with the aerodynamic data from Bak et al. [2013]. The design
point for the polar was for simplicity taken as the angle-of-attack with maximum glide-ratio,
resulting in the following:

Cl

Cd
= 92 (4.38)

α = 10.6◦ (4.39)
Cl = 1.52 (4.40)

Running the optimization for λopt as described in section 4.3.3, gave λopt = 8.4 which is
the tip-speed-ratio used for the design. To give the design some real dimensions, a rotor
radius of R = 50m is used.

The resulting planform design can be seen in figure 4.8. Using the planform design as

Figure 4.8: a) Blade chord b) Blade twist both as a function of radius. The number
of blades is assumed to be B = 3.

input for CCBlade as well as the other inputs, the resulting local-thrust and local-power
was found from CCBlade. A comparison between RIAD and CCBlade can be seen in
figure 4.9. a) shows the values for CLT and CLP for both the solvers. b) shows the
difference between RIAD and CCBlade for both CLT and CLP using a log-scale on the
y-axis. Both as a function of the normalized radius. In the root region the two methods is
seen to agree to machine precision, but with an error that is growing towards the tip and
reaching a difference of 10−4 (which is still 3 significant digits). The growing error is found
to disappear if tip-loss is excluded (agrees to machine precision) and the difference is also
seen to disappear if the drag is included for the induction as well as including the tip-loss.
The difference is therefore attributed to some small implementation difference regarding
the tip-loss, but as the difference is anyway insignificant the difference is not investigated
any further. It should be noted that for the comparison with CCBlade, it is CLT,blade that is
used, where CLT,blade was discussed in section 4.2.6.
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Figure 4.9: a) local-thrust (CLT ) and local-power (CLP ) for RIAD (line) and CCBlade
(dots). b) the difference between the two methods for local-thrust (∆CLT ) and local-
power (∆CLP ). The difference is seen to increase towards the tip, but the agreement
is still within 3 significant digits and is therefore thought to be insignificant. The
difference is likely a small implementation difference within tip-loss modeling.
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4.5 Conclusion
A rotor performance model called Radially-Independent-Actuator-Disc model (RIAD) was
presented. It is a different parametrization of the Blade-Element-Momentum (BEM) equa-
tions which is found to be better for wind turbine optimization. The model relates the local-
rotor-power output (Local-Power-Coefficient - CLP ) to the local-rotor-loading input (Local-
Thrust-Coefficient - CLT ) at a given radial station (r̃). The model is a simple equation,
shown in equation 4.19, from which different physical effects can easily be interpreted,
such as wake-rotation-loss, tip-loss and viscous-loss.

Amethod to computing gradients for RIADwas presented, through the use of the complex-
step-method, which allows to compute the gradient to machine precision with a minimum
of additional work required.

The gradients were used for classical power-coefficient (CP ) maximization, which was
first applied for loading optimization (CLT along the span) for a given tip-speed-ratio and
glide-ratio. The optimization was then extended for combined optimization of tip-speed-
ratio and loading, leading to a nested optimization for CP which only requires the glide-
ratio along the span as an input. Using span-wise constant glide-ratio it was shown that
viscous-loss is the most significant loss, regardless of the value of glide-ratio. The op-
timization results by themself have been done before, but the novel development is the
ease at which the optimal result can be achieved and the generality at which the method
can be applied. But the real strength of using RIAD for optimization is for load-constraint
rotor optimization as it is described in Part 2 [Loenbaek et al., 2020c].

The relationship between local-thrust along the span and the blade chord and twist was
presented and they were used to create the input for validation with a BEM solver [Ning,
2014]. The difference between the two methods was found to agree to 3 significant digits
with a likely small implementation difference for the tip-loss modeling. In this way, it was
shown that RIAD and BEM are equivalent, with the difference being the parametrization.

—————————————-
End of:

A Method for Preliminary Rotor Design - Part 1:
Radially Independent Actuator Disk model

—————————————-
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5 Extensions and details for RIAD

This section presents the following extensions and details for RIAD (as presented in the
paper given in chapter 4):

• inclusion of drag for the induced velocities

• non-uniform inflow

• comparing different gradient methods

• power optimization with drag for the induced velocities

• maximum local power for limiting cases

These extensions are presented in each of the following sections in turn.

5.1 Including drag for the induced velocity
The RIAD version presented in chapter 4 assumes that drag does not contribute to the
induced velocity. This assumption leads to a simpler equation for CLP and as it is briefly
discussed in section 4.2.6, it has been argued that it is correct in the derivation of the
BEM equations. However, for completeness, the version of RIAD where drag is included
is presented here.

To include drag for the induced velocities, equation (4.9) is modified, resulting in the ex-
pression:

CLT = σṼ 2
relCl cosϕ+ σṼ 2

relCd sinϕ (5.1)

Combining it with equation (4.10) results in the following equation for CLP :

CLP

(
CLT , λ, r̃,

Cd

Cl
, ϕ

)
=

CLTλr̃ tanϕ− CLTλr̃
Cd
Cl

1 + Cd
Cl

tanϕ
(5.2)

the numerator of equation (5.2) is similar to equation (4.15).

Establishing a closure for this equation could equally well be done through equations
(4.17) and (4.18), but validating the equation with the BEM described by Ning [2014]
a small difference was observed. Investigating this further it was found that equation
(4.18) requires an additional term to be equivalent to the formulation by Ning [2014]. The
corrected closure equation is given as:

a(1− a) = λ2r̃2ap(1 + ap) + λr̃
Cd

Cl
(a+ ap) (5.3)
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Equation (5.3) can be found through combining the following equations:

a =
κ

1 + κ
[Ning, 2014, eq. 3] (5.4)

κ =
σCn

4 sin2 ϕ
[Ning, 2014, eq. 4] (5.5)

ap =
κp

1 + κp
[Ning, 2014, eq. 10] (5.6)

κp =
σCt

4 sinϕ cosϕ
[Ning, 2014, eq. 11] (5.7)

Ct = Cl sinϕ− Cd cosϕ (5.8)
Cn = Cl cosϕ+ Cd sinϕ (5.9)

Combining the closure equations with equation (5.2) results in the following explicit equa-
tion for the local-power:

CLP

(
CLT , λ, r̃,

Cd

Cl

)
=

λr̃

(
1+

√
1−CLT

F

)
CLT

λr̃−Cd
Cl

+

√(
λr̃+

Cd
Cl

)2
+

CLT
F

−2

(
1−

√
1−CLT

F

)
λr̃

Cd
Cl

− CLTλr̃
Cd
Cl

1 + Cd
Cl

1+

√
1−CLT

F

λr̃−Cd
Cl

+

√(
λr̃+

Cd
Cl

)2
+

CLT
F

−2

(
1−

√
1−CLT

F

)
λr̃

Cd
Cl

(5.10)

Visually comparing equation (4.19) with (5.10), it is clear that including drag for the induced
velocity makes the equation more convoluted, and interpreting the different physical ef-
fects becomes less obvious. The numerator of equation (5.10) is seen to be similar to
equation (4.19), but with the addition of viscous effects from the closure equation within
the ”wake-rotation-loss”. The denominator is the effect of including drag for the induced
velocity, which decreases the power, as the term Cd

Cl
tanϕ is always positive for positive

local-thrust. For the outer part of the blade the effect of drag on the induced velocity
is small, as the rotation of the blades dominates the local-flow velocity (λr̃ ≫ 1) and
the flow-angle becomes small (tanϕ ≈ 1/λr̃). Since Cd/Cl is also small in this region
(Cd/Cl ≈ 1/100) the combined effect is often fairly small (Cd

Cl

1
λr̃ ≈

1
100

1
5 ≈ 10−3 ≪ 1).

Except for the more convoluted equation for the local-power, equation (5.10) can be used
in conjunction with the methods in chapter 4 by replacing the original local-power expres-
sion (i.e. equation (4.19)) with this one here. It has the additional benefit that there is no
difference between the forces as seen by the air and blade as it is discussed in section
4.2.6. Including drag for the induced velocity also alters the equations for chord and twist,
which is presented in the next section.

5.1.1 From RIAD to blade planform with drag for induced velocities
In section 4.4 the equations for chord and twist (equation (4.36) and (4.37), respectively),
were based on the assumption of drag having no effect on induced velocities. It this
section a set of similar equations is given with drag included for the induced velocities.
The equations are validated with CCBlade [Ning, 2014], as it was the case in section 4.4.

The equation for the chord starts from equation (5.1) and applies the closure equations
for Ṽrel, cosϕ and sinϕ. The twist equation is found by applying the closure equations
for tanϕ and using the relation ϕ = α+ θtwist + θpitch. Thus, if the drag is included in the
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prediction of the induced velocities the derivation of the planform takes the following form:

θtwist(CLT , λ, r̃, α, θpitch, Cl, Cd) = tan−1

 1 +
√
1− CLT

λr̃ − Cd
Cl

+

√(
λr̃ + Cd

Cl

)2
+ CLT − 2

(
1−
√
1− CLT

)
λr̃Cd

Cl


− θpitch − α (5.11)

c (CLT , λ, r̃, R,Cl, Cd) =
8πr̃RCLT

BCl

· 1

λr̃ − Cd
Cl
−
√(

λr̃ + Cd
Cl

)2
+ CLT − 2

(
1−
√
1− CLT

)
λr̃Cd

Cl

· 1√√√√(1 +√1− CLT

)2
+

(
λr̃ − Cd

Cl
−
√(

λr̃ + Cd
Cl

)2
+ CLT − 2

(
1−
√
1− CLT

)
λr̃Cd

Cl

)2

· 1

1 + 1+
√
1−CLT

λr̃−Cd
Cl

+

√(
λr̃+

Cd
Cl

)2
+CLT−2(1−

√
1−CLT )λr̃

Cd
Cl

Cd
Cl

(5.12)

Using the same input as in section 4.4.2 ( Cl
Cd

= 92, α = 10.6◦, Cl = 1.52, data for the DTU
10MW Reference Wind Turbine [Bak et al., 2013]) and running the optimization for CP,opt

with and without drag for the induced velocity, a plot for the difference between chord and
twist for the two designs was created. The plot can be seen in figure 5.1. The difference

Figure 5.1: Difference between the planform design for the CP,opt rotor with and
without drag for the induced velocity. The difference is in both cases less than 0.6%
showing that there is also a marginal difference for the planform between the two
methods.

between including drag or not for the induced velocity is seen to be small for the planform,
with a maximum difference of 0.6%. It is therefore concluded that the inclusion of drag for
the induced velocities is of little consequence for the final design.
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In 4.4.2 the chord and twist were validated with CCBlade, resulting in the conclusion that
there likely is a small implementation difference for the tip-loss-factor. Running the same
validation when including drag for the induced velocities resulted in the plot in figure 5.2.
In this case the two methods are seen to agree to machine precision.

Figure 5.2: a) local-thrust (CLT ) and local-power (CLP ) for RIAD (line) and CCBlade
(dots). b) the difference between the two methods for local-thrust (∆CLT ) and local-
power (∆CLP ). RIAD and CCBlade is seen to agree to machine precision.

5.2 Non-uniform inflow
RIAD as presented in chapter 4 assumes uniform in-flow (the inflow is not changing across
the rotor disc). Since wind turbine rotors, in general, operate in with shear inflow as well as
a density that is changing with height, it is important to be able to model the aerodynamic
rotor performance in these cases. RIAD is therefore extended for non-axis-symmetric
inflow, which is presented here. It leads to a more general relationship between the local-
and global-coefficients (replacing equations (4.7) and (4.8)).

As for the axis-symmetric case the basis is the Fundamental theorem of calculus but this
time in polar coordinates for the whole disc:

T =

∫ R

0

∫ 2π

0

∂2T

∂r∂(rβ)
rdβdr (5.13)

P =

∫ R

0

∫ 2π

0

∂2P

∂r∂(rβ)
rdβdr (5.14)

where ∂2T
∂r∂(rβ) is the trust-loading-density (Nm−2), ∂2P

∂r∂(rβ) is the power-density (Wm−2)
and β the azimuthal angle.
The normalization used in the axis-symmetric case is modified such that the global values
are normalized with the density and wind velocity at hub height (denoted by subscript
zero - ρ0, V0). The local values can change arbitrarily across the rotor disc, under the
constraint that the value at hub height needs to be the same as for the global values. The
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normalization is given as:

T =
1

2
ρ0V

2
0 πR

2CT (5.15)

P =
1

2
ρ0V

3
0 πR

2CP (5.16)

∂2T

∂r∂(rβ)
=

1

2
ρV 2CLT (5.17)

∂2P

∂r∂(rβ)
=

1

2
ρV 3CLP (5.18)

Inserting the normalization, the following relationship between the global- and local-coefficients
is found:

CT =
1

π

∫ 1

0

∫ 2π

0
ρ̃Ṽ 2CLT r̃dβdr̃ (5.19)

CP =
1

π

∫ 1

0

∫ 2π

0
ρ̃Ṽ 3CLP r̃dβdr̃ (5.20)

Here the following non-dimensional parameters have been introduced:

ρ̃ =
ρ

ρ0
(Normalized air density) (5.21)

Ṽ =
V

V0
(Normalized Undisturbed Wind Speed) (5.22)

where variations in density with height should be included in ρ and atmospheric-shear-
boundary-layer should be included in Ṽ . The atmospheric-shear-boundary-layer will also
lead to a tip-speed-ratio (λ) that is changing across the rotor plane, assuming that the
rotational speed is fixed.

Using this generalized relationship between the global- and local-coefficients for optimiza-
tion will likely result in loading distributions that are difficult to realize as the local-thrust
loading might change arbitrarily across the rotor plane. However, it will result in the op-
timal loading and as such, it is the upper limit of what is possible. If the discrepancy
between this ideal limit and a rotor using common rotor technology is significant, one
could investigate alternative technologies to get closer to the ideal optimum. This is the
same idea as the discussion about the realization of the ideal power-curve using common
rotor technology, which will be given later in section 8.3.4 and chapter 15.

5.3 Comparing methods for computing gradients
In this section three different methods for computing the gradient of the local-power wrt.
local-thrust are compared. The three different methods are Analytical, Finite Difference
and Complex-step, where the complex-step-method was described in section 4.3.1. This
section also presents the validation of the complex-step-method.

Using equation (4.19) without tip-loss the analytical gradient is given as (computed with
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the use of SymPy [Meurer et al., 2017]):

∂CLP

∂CLT

(
CLT , r̃, λ,

Cd

Cl

)
=−

CLTλr̃
(√

1−CLT
2 + 1

2

)
√
CLT + λr̃2

(
λr̃ +

√
CLT + λr̃2

)2
− CLTλr̃

2
√
1− CLT

(
λr̃ +

√
CLT + λr̃2

)
+

2λr̃
(√

1−CLT
2 + 1

2

)
λr̃ +

√
CLT + λr̃2

− Cd

Cl
λr̃ (5.23)

the forward-difference approximation is given as:

∂CLP

∂CLT

(
CLT , r̃, λ,

Cd

Cl

)
≈

CLP

(
CLT + h, r̃, λ, Cd

Cl

)
− CLP

(
CLT , r̃, λ,

Cd
Cl

)
h

(5.24)

and the complex-step-method is given as:

∂CLP

∂CLT

(
CLT , r̃, λ,

Cd

Cl

)
≈
I
[
CLP

(
CLT + ih, r̃, λ, Cd

Cl

)]
h

(5.25)

Where h is the step sized for the approximate gradients.

Figure 5.3 shows the result for varying step size (h) with CLT = 8/9, λr̃ = 7 and Cl/Cd =
40. The analytical result is taken as the true value. The complex-step-method is seen to

Figure 5.3: Gradient validation, comparing computing the gradient with forward-
difference and the complex-step-method. Complex-step-method is seen to be su-
perior with machine accuracy for h < 10−8 and a higher convergence rate.

be superior compared to the forward-difference, with machine-precision when the step-
size is h < 10−8 and a higher convergence rate for the truncation-error. The complex-
step-method is therefore as accurate as the analytical gradient as long as the step-size is
sufficiently small. As it is clear from equation (5.23), computing the gradients is possible,
but it is tedious and error-prone. Computing the gradient with the complex-step-method on
the other hand does not require additional work when the base equation is implemented.
It is therefore concluded that the complex-step-method is the best of the three methods
in this case.
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5.4 Power optimization with drag for the induced velocities
In sections 4.3.2 and 4.3.3 the gradients were applied for power maximization. At first it
was shown how they could be used for Loading Optimization (CLT,opt, CLP,opt) for a given
input of r̃, λ, Cl/Cd. Then the optimization was extended to Tip-speed-ratio optimization,
which is a nested optimization, where the gradient ∂CP

∂λ is computed for the optimal local-
thrust (CLT,opt) along the span. The solution for the tip-speed-ratio-optimization is referred
to as λopt, CP,opt and only requires the glide-ratio along the span as input.

The methods for loading- and tip-speed-ratio-optimization presented in sections 4.3.2 and
4.3.3 can equally be applied using equation (5.10) for the local-power, which includes the
drag for induced velocities. The difference between optimization with equation (4.19) or
(5.10) is shown in figure 5.4. From Cl/Cd > 25 the results are seen to be within 99% of

Figure 5.4: Comparison between the optimal power (CP,opt) results with- and
without-drag included for the induction. The difference between the two is given for
tip-speed-ratio , power- and thrust-coefficient (λopt, CP,opt, CT,opt). From Cl/Cd > 25
the results are seen to be within 99% of each other, and the effect of including drag
for the induced velocities is, therefore, minor for power optimization.

each other. The effect of including drag for the induced velocities is therefore minor for
power optimization and likely within the model accuracy. From this perspective, it might
not be worthwhile to use the more complicated local-power equation where the effect of
drag is included (equation (5.10)).

5.5 Maximum local-power for limiting cases
Even though the Loading-Optimization presented in section sections 4.3.2 is fairly general,
it requires a root-finding algorithm to find the optimum solution. In some limiting cases,
it is possible to find analytical solutions, with the two limits being the case where wake-
rotation-loss is insignificant and the case without viscous-loss. The case where wake-
rotation-loss is insignificant is thought to be useful for problems like airfoil optimization.
The case without viscous-loss is the ideal limit with conservation of angular momentum.
The formulation of power without these two mechanisms is given in the following sections.

5.5.1 Maximum local-power with no wake-rotation-loss
For equation (4.19) the limit where wake-rotation-loss is insignificant is for λr̃ > 5 as it
can be seen in figure 4.4. For modern utility scale wind turbines with λ ≈ 7−10 this is true
for the outer span of the rotor (r̃ ≈> 0.5). The approximate equation for the local-power
excluding tip-loss (F = 1) is given as:

CLP ≈
1

2

(
1 +

√
1− CLT

)
CLT − CLTλr̃

Cd

Cl
(5.26)
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Optimizing equation (5.26) wrt. local-thrust, yields:

CLT,opt

(
r̃, λ,

Cl

Cd

)
=

2

9

3−
(
1− λr̃

Cd

Cl

)2

+

(
1− λr̃

Cd

Cl

)√
3 +

(
1− λr̃

Cd

Cl

)2

(5.27)

CLP,opt

(
r̃, λ,

Cl

Cd

)
=

1

2

(
1 +

√
1− CLT,opt

)
CLT,opt − CLT,optλr̃

Cd

Cl
(5.28)

A plot of CLP,opt can be seen in figure 5.5 for three values of the local-tip-speed-ratio.
Equations (5.27) and (5.28) would be good simple objectives of airfoil optimization, as

Figure 5.5: Optimal local-power (CLP,opt) for increasing glide-ratio (Cl/Cd). 3 dif-
ferent local-tip-speed-ratio’s (λr̃) is shown, which for a rotor with λ = 10 would be
the r̃ = [0.5, 0.75, 1.0].

the expected improvements in power can be evaluated directly and the sensitivity of the
location along the span is captured as well.

5.5.2 Maximum local-power without viscous-loss
The case for both equation (4.19) and (5.10) with no viscous-loss (Cd/Cl = 0) and no
tip-loss (F = 1) results in:

CLP (CLT , r̃, λ) =
1

2

(
1 +

√
1− CLT

)
CLT

2λr̃

λr̃ +
√
λ2r̃2 + CLT

(5.29)

Maximizing this equation wrt. to local-thrust might look like something that could results in
a fairly simple analytical solution, but it results in a 4th-order polynomial. However, Schmitz
[Gasch and Twele, 2012, p. 198 eq. 5.67] found a simple solution for this problem using
the flow-angle for the BEM parametrization. The solution is given as:

ϕ1 (r̃, λ) = arctan
(

1

λr̃

)
(5.30)

CLT,opt (r̃, λ) = 2
sin2

(
2
3ϕ1

)
cos

(
2
3ϕ1

)
sin2 ϕ1

(5.31)

CLP,opt (r̃, λ) = 2λr̃
sin3

(
2
3ϕ1

)
sin2 (ϕ1)

(5.32)

This is also referred to as the Schmitz-limit. Applying the RIAD loading-optimization for
the same input is found to agree to machine precision.
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6 The RIAD parametrization as a BEM
solver

In this chapter, the RIAD parametrization is used to create a BEM solver. Even though
BEM solvers exist with other parametrization than the one used for RIAD for predicting
the aerodynamic rotor performance, it can be useful to have a BEM that is parameter-
ized in the same way as RIAD. A BEM solver can capture the effect of changes in the
operational conditions such as blade-pitch (θpitch) or tip-speed-ratio (λ) for a given blade-
planform (chord and twist - c, θtwist) as well as aerodynamic input such as lift and drag
(Cl(α), Cd(α)). The explicit relationship between the local-power and local-thrust (equa-
tions 4.19 and 5.10) shows that if the relationship between the local-thrust and the BEM
input can be found, the BEM equations can be solved for the local-thrust. It results in an
equation with one unknown that needs to be solved. This is much the same approach
that was taken to make the BEM solver CCBlade [Ning, 2014] where the BEM equations
were parametrized in one variable, namely the flow-angle (ϕ). Both approaches result in
a reduction of solving the BEM equations to a root solving problem in 1D, which leads to
a problem that converges quickly and most importantly in a stable way.

6.1 RIAD-BEM
In the following, it will be assumed that drag is not included when computing the induced
velocity so that the equation becomes simpler and easier to handle. The equivalent equa-
tion including drag for the induced velocity is shown in section 6.1.5.

6.1.1 Basic relation between local-thrust and BEM input
Starting from the prediction of the local-thrust as given in equation (4.13) and then applying
the closure equation (equations 4.17 and 4.18) for Ṽrel and cosϕ, the following equation
can be found:

CLT =
σ

4

(
λr̃ +

√
λ2r̃2 +

CLT

F

)
Cl(α)

·

√√√√(1 +√1− CLT

F

)2

+

(
λr̃ +

√
λ2r̃2 +

CLT

F

)2

(6.1)

where the angle-of-attack (α) can be computed as:

α (CLT , r̃, λ, θtwist, θpitch) = tan−1

 1 +
√
1− CLT

F

λr̃ +
√
λ2r̃2 + CLT

F

− θtwist − θpitch (6.2)

Equation 6.1 is the relationship between the BEM input and the local-thrust. Although it
is not an explicit equation for the local-thrust, solving for the local-thrust would solve the
BEM equations.
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6.1.2 Solving the BEM equation
To solve equation 6.1 the equation will be recast as a root-finding-problem by introducing
the right-hand-side of the equation:

frhs
(
CLT

∣∣σ, λ, r̃, θpitch, θtwist, Cl(α)
)
=
σ

4

(
λr̃ +

√
λ2r̃2 +

CLT

F

)
Cl

(
CLT

∣∣r̃, λ, θtwist, θpitch
)

·

√√√√(1 +√1− CLT

F

)2

+

(
λr̃ +

√
λ2r̃2 +

CLT

F

)2

(6.3)

The root-finding-problem can then be stated as:

f
(
CLT

∣∣σ, λ, r̃, θpitch, θtwist, Cl(α)
)
= CLT − frhs

(
CLT

∣∣σ, λ, r̃, θpitch, θtwist, Cl(α)
)
= 0 (6.4)

Finding the root for 6.4 can be donewith common root-solving-algorithms like the bisection-
method or Brent’s-method, implemented in many programming languages. An explicit
algorithm using bisection is given in section 6.2.

6.1.3 Extending the valid range for local-thrust
The equations presented with the closures from equations 4.17 and 4.18 can be found
to mathematically have a valid range of CLT =] − λ2r̃2F, F [. Outside this range, it will
result in the square root of a negative number. Furthermore, it is well known that BEM
breaks down for higher values of thrust-loading. Several High-load-correction-model has
therefore been proposed. The model used in CCBlade is derived and described by Buhl
Jr [2005] where the following equation is stated:

CLT =
8

9
+

(
4F − 40

9

)
a+

(
50

9
− 4F

)
a2 (6.5)

which is mathematically valid for a = [2/5,∞[ resulting in a valid range as CLT = [F ·
24/25,∞[ for the local-thrust. Equation 6.5 replaces equation 4.17 as a closure equation
for the local-thrust in this range. Showing the explicit equation for the resulting frhs leads
to a long a convoluted equation and is therefore omitted here, but it is possible.

For the case where CLT < −λ2r̃2F the tangentially-induced-velocity (ap) is negative and
special care should be taken when the induced velocity becomes larger than the rotational
speed. To ensure continuity the following conditional equations for the tangential-induced-
velocity are suggested:

ap =


1

2λr̃

(√
λ2r̃2 + CLT

F − λr̃

)
for CLT =]− λ2r̃2F, 2425F ]

− 1
2λr̃

(√
λ2r̃2 − CLT

F + λr̃

)
for CLT =]−∞,−λ2r̃2F ]

(6.6)

This operational case is rare for a wind turbine since it requires a fairly high negative local-
thrust in the inboard part of the rotor and is therefore unlikely to occur for optimization of
blades.

6.1.4 Root bracketing interval
Most of the root-solving-algorithm requires an interval that brackets the root, meaning
that the sign of f needs to be different for the edge of that interval. With the valid range
extensions from the previous section, the range for the root can in principle just be set
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large enough to ensure that the root is within the interval. But that would often lead to
slow convergence and a conditional update for the bracketing interval is therefore given
here.

The suggested conditional update for the interval is given as:

CLT =



[
0, 89
]

f(0) · f
(
8
9

)
< 0[

8
9 , 2
]

f
(
8
9

)
< 0 and f

(
8
9

)
· f(2) < 0

[2, 5] f (2) < 0[
−λ2r̃2, 0

]
f (0) > 0 and f

(
−λ2r̃2

)
· f(0) < 0[

−5λ2r̃2,−λ2r̃2
]

f
(
−λ2r̃2

)
> 0

(6.7)

where the update depends on the product of f at the edge of the interval as well as the sign
at one of the edges. The ranges containing 5 is an arbitrarily large value for CLT . In case
the solution lays outside of this range the validity of such a solution is highly questionable,
but the limit could in principle be set higher than 5.

6.1.5 Including drag for the induced velocity
As mentioned in the beginning of this section, the RIAD-BEM presented here assumed
that drag is not included for the induced velocity. Including drag for the induced velocity
leads to a change of frhs which can be found as:

frhs

(
CLT

∣∣σ, λ, r̃, θpitch, θtwist, Cl(α), Cd(α)
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√
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Cd
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·
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+

√(
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1− CLT
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λr̃Cd
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 (6.8)

The angle-of-attack can be computed as:

α
(
CLT

∣∣λ, r̃, θpitch, θtwist, Cl(α), Cd(α)
)
= −θpitch − θtwist

+ tan−1

 1 +
√
1− CLT

λr̃ − Cd
Cl

+

√(
λr̃ + Cd

Cl

)2
+ CLT − 2

(
1−
√
1− CLT

)
λr̃Cd

Cl

 (6.9)

6.1.6 Validating with another BEM solver
The RIAD-BEM implementation is validated against CCBlade [Ning, 2014] using the same
input as described in section 4.4.2, for the aerodynamic data (Cl(α), Cd(α)) from Bak et al.
[2013] for the FFA-W3-301 airfoil [Bjorck, 1990]. The blade chord and twist are the same
as in 4.8, and the tip-speed-ratio is set to λ = 8.4. To carry out the evaluation at a different
point than the design point the blade-pitch is set to θpitch = 5◦. Figure 6.1 shows the result
of not including drag for the induced velocities, and figure 6.2 shows the loading if drag is
included in the prediction of the induced velocities. Both are seen to agree to machine

Preliminary Wind Turbine Rotor Design 39



Figure 6.1: RIAD-BEM validation with CCBlade for the case of excluding drag from
the induced velocities.

Figure 6.2: RIAD-BEM validation with CCBlade for the case of including drag from
the induced velocities.

precision, but with a growing error for the case where drag is included for the induced
velocities in the root region. This is thought to be due to some growing rounding error for
this region, but since the error is still relatively small it was not investigated any further. It
is concluded that the mathematical equations for RIAD and CCBlade are equivalent.
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6.2 RIAD-BEM solver algorithm

Algorithm 1 Solution algorithm for solving a BEM with the RIAD formulation. To make the
algorithm explicit the root solving is given as a simple bisection algorithm. The algorithm
assumes that the f-equation (6.4) is implemented. The outcome from the algorithm is
the CLT that satisfies the input conditions. Notice that not all conditional updates for the
bracketing interval are included to limit the verbosity of the code.
Require: σ, λ, r̃, θpitch, θtwist, Cl, Cd, tol
# Find interval bracketing the root
CLT,a ← 0
CLT,b ← 8/9

fa ← f
(
CLT,a,

∣∣σ, λ, r̃, θpitch, θtwist, Cl, Cd

)
fb ← f

(
CLT,b

∣∣σ, λ, r̃, θpitch, θtwist, Cl, Cd

)
if fa · fb > 0 and fb < 0 then
CLT,a ← 8/9
CLT,b ← 2

else if fa · fb > 0 and fb > 0 then
CLT,a ← −λ2r̃2

CLT,b ← 0
end if
# Solve for CLT using bisection
fx ← tol + 1
while abs(fx) > tol or abs(fb) > tol do
CLT,x ← (CLT,a + CLT,b)/2

fx ← f
(
CLT,x,

∣∣σ, λ, r̃, θpitch, θtwist, Cl, Cd

)
if fa · fx ≤ 0 then

CLT,b ← CLT,x

fb ← fx
else

CLT,a ← CLT,x

fa ← fx
end if

end while
if abs(fb) < tol then
Output: CLT,b

else
Output: CLT,x

end if
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Part II

The Optimization Methodology



7 Introduction to the Optimization
Methodology

This part of the thesis will focus on presenting the formulation for a wind turbine rotor
optimization methodology. The optimization methodology is named Wind Turbine Rotor
Optimization with Radial Independence (WOwRI).

The part starts with a presentation of WOwRI from a high-level perspective, with the aim
to set WOwRI into context and describe what it is and what is new about it. The next
chapter presents the mathematical background for WOwRI through a paper where the
application is also shown. The next chapter generalizes WOwRI for an arbitrary number
of constraints and types of constraints. In the last chapter of this part, a list of constraints
is presented. The application of the methodology is left for Part III.

What is WOwRI?
WOwRI is an optimization methodology that is particularly good for preliminary wind tur-
bine rotor design. In particular good for design explorations where the overall design
specifications need to be set or investigating the impact of changing technology as well
as investigating different design concept. Within the methodology these can roughly be di-
vided into 3 groups as: Aerodynamic technology improvements, Rotor design constraints
and Cost improvements.

Aerodynamic technology improvements would to a large extent be improving the viscous
losses by designing airfoils with higher glide-ratio. It could also be designing a blade with
a lower tip-loss, which could be captured by a modified tip-loss-factor (equation (4.20)).

Rotor design constraints are structural, geometrical, transportation, or load constraints
that are set to ensure that the design is practically feasible to build. Alternatively, they
could be constraints set to ensure that the cost of a set of components is not changed.
Such constraints could be maximum stress/strain in the blade structure (structural), tip-
deflection/tower-clearance (geometrical), maximum chord (transportation) or maximum
tower-bottom-bending-moment (load and cost of foundation).

Cost improvements are the changes in cost associated with changing technology or de-
sign concept. This could, for example, be the impact on the cost from changing from glass
fiber to carbon fiber. Carbon fiber usually has a higher specific cost, but might lead to a
design that is lighter since the stiffness is higher.

The 3 groups are strongly connected, and the boundary between the different types might
therefore become blurry in some cases. For example, using thinner airfoils to improve the
glide-ratio will likely lead to a larger tip-deflection. In order to compensate for this, more
mass needs to be added, leading to increased costs. These effects cannot be captured
with the simple cost-modeling used within this thesis, but using a more refined cost-model
would make it possible.

What is new in WOwRI?
WOwRI uses the assumption of radial independence to establish an optimization prob-
lem that, through a single scalar input for each constraint, can find the optimal relationship
between the rotor power (CP ) and a constraint (i.e. the thrust coefficient CT , the flap mo-
ment coefficient CFM or the tip deflection coefficient CTip, see the nomenclature). The
results are the local-thrust loading along the span that maximizes the power for a given
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constraint value. This is called the Pareto-optimal relationship between power and con-
straints, and what makes these Pareto-optimal relationships so useful for wind turbine
rotor optimization is that any solution for a constrained rotor optimization problem will be
a solution on the Pareto front. It hereby reduces the general optimization problem for the
local-thrust along the span, to an optimization problem for a finite number of scalars with
the number of design variables being the same as the number of constraints. This is a
massive simplification of the original problem and it can easily be solved as the problem
is smooth and well behaved.

An additional advantage of WOwRI is the abstraction of only focusing on the loads that
the turbine rotor experiences, such as the local-thrust load (where RIAD can predict the
tangential-load from the local-thrust). As a consequence the blade chord, twist, and lift
do not need to be given as an input. The optimal rotor is therefore only dependent on a
single variable (the local-thrust) along the rotor span, which is a significant simplification.

Limitations
The biggest limitation of the WOwRI optimization methodology to be more generally ap-
plicable is the critical assumption of radial independence. This effectually rule out the
possibility of using 3D Computational Fluid Dynamics (CFD) for the aerodynamics or any
other kind of aerodynamic solver that is intrinsically radially coupled. This is a clear limita-
tion, which is also why the model is considered most suitable for preliminary wind turbine
rotor design.

Another limitation is the fact that constraints needs to be fixed at each evaluation. This
is particularly restrictive for a tip-deflection constraint where the stiffness along the span
needs to be specified. The stiffness dependence on the profile thickness which also af-
fect the glide-ratio, with both of them increasing with a large profile thickness. It would
therefore be desired to find the optimal profile thickness along the span, that maximizes
the power for a given tip-deflection constraint by varying both the profile thickness and
loading. This is not possible with WOwRI and it is also a clear limitation.

As WOwRI uses RIAD as an aerodynamic solver, the assumptions and limitations for
RIAD (discussed in section 3.1) does also apply for WOwRI. Besides the already men-
tioned limitations of radially independence, this also include the assumption of steady
state flow. As a consequence the constraining load cases are assumed to happen at
steady state conditions. However, this is often not the case as it is common to have the
design driving load case with dynamic in flow (i.e. guests). The underlying assumption
here therefore being that there is a relationship between the steady state load and the
dynamic inflow load. This assumption has not been tested or validate within this project
and it is a clear limitation.
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8 Wind Turbine Rotor Optimization with
Radial Independence (Paper)

In this chapter a method for wind turbine rotor optimization using the RIAD model is pre-
sented. It is a manuscript submitted to Wind Energy Science, where the mathematical
derivation for the optimization methodology named Wind Turbine Rotor Optimization with
Radial Independence (WOwRI) is presented. The manuscript is formatted to suit the for-
mat of the thesis.

K. Loenbaek, C. Bak, and M. K. McWilliam. A Method for Preliminary Rotor Design
- Part 2: Wind Turbine Rotor Optimization with Radial Independence, Wind Energy
Science, Submitted: 18/08-2020

Licensed under Creative Commons Attribution 4.0 License
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A Method for Preliminary Rotor Design - Part 2:
Wind Turbine Rotor Optimization with Radial Inde-
pendence
Kenneth Loenbaek1,2, Christian Bak2, and Michael McWilliam2

1 Suzlon Blade Science Center, Brendstrupgaardsvej 13, 8210 Aarhus, Denmark
2 Technical University of Denmark, Frederiksborgvej 399, 4000 Roskilde, Denmark

Abstract
A novel wind turbine rotor optimization methodology is presented. Using an assumption
of radial independence it is possible to obtain an optimal relationship between the global
power- (CP ) and load-coefficient (CT , CFM ) through the use of KKT-multipliers, leaving
an optimization problem that can be solved at each radial station independently. It allows
solving load constraint power and Annual-Energy-Production (AEP) optimization prob-
lems where the optimization variables are only the KKT-multipliers (scalars), one for each
of the constraints. For the paper two constraints, namely the thrust and blade-root-flap-
moment is used, leading to two optimization variables.

Applying the optimizationmethodology tomaximize power (P ) or Annual-Energy-Production
(AEP) for a given thrust and blade-root-flap-moment, but without a cost-function, leads to
the same overall result with the global optimum being unbounded in terms of rotor radius
(R̃) with a global optimum being at R̃ → ∞. The increase in power and AEP is in this
case ∆P = 50% and ∆AEP = 70%, with a baseline being the Betz-optimum rotor.
With a simple cost function and with the same setup of the problem a Power-per-Cost
(PpC) optimization resulted in a Power-per-Cost increase of ∆PpC = 4.2% with a ra-
dius increase of ∆R = 7.9% as well as a power increase of ∆P = 9.1%. This was ob-
tained while keeping the same flap-moment and reaching a lower thrust of ∆T = −3.8%.
The equivalent for AEP-per-Cost (AEPpC) optimization leads to increased cost-efficiency
of ∆AEPpC = 2.9% with a radius increase of ∆R = 17% and an AEP increase of
∆AEP = 13%, again with the same, maximum flap-moment, while the maximum thrust
is −9.0% lower than the baseline.

8.1 Introduction
Wind turbine design optimization has been an integral part of wind turbine design since
the start of the wind turbine industry. The target for such optimization has varied greatly
from pure aerodynamic optimization with the target to maximize the power extraction (see:
Manwell et al. [2010], Sørensen [2016], Jamieson [2018]), to a more holistic turbine de-
sign where the target is to minimize the cost of the turbine through modeling the physics
of the turbine components as well as their associated, see e.g. Fuglsang et al. [2002],
Hjort et al. [2009], Bottasso et al. [2012], Dykes and Meadows [2012], Perez-Moreno
et al. [2016]. Common to these approaches is connecting a set of simulations tools (e.g.
BEM-solver, structural-solver, controller, etc.) through a cost-function, leading to a fairly
complicated optimization problem, with a lot of design variables. As a consequence, the
computational time for each evaluation of the objective function might be infeasible for
exploring the design space and carrying out sensitivity studies considering the number of
design variables. Exploring the design space is especially important for the preliminary
design phase where e.g. the rotor size and rated power, need to be determined.

Lately, some research has been made within preliminary rotor design which seems to
have started with the concept of Low-Induction-Rotors [Chaviaropoulos and Voutsinas,
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2012] where they investigate the optimal constant axial-induction (a) with a flap-moment
constraint, arriving at an optimum of a = 0.2. A similar study was made by Buck and
Garvey [2015b] where they used a cost-function to find the most cost-effective rotor to
have a = 0.25. They alsomade a study [Buck andGarvey, 2015a] where they investigated
so-called thrust-clipping (limiting the maximum thrust) as a means to find the optimal cost-
effective rotor. This author recently made a study [Loenbaek et al., 2020a] where the
approach taken byChaviaropoulos Chaviaropoulos and Voutsinas [2012] was generalized
to include additional constraints (e.g. tip-deflection as well as constant mass). This study
investigated the impact on the power-curve, where thrust-clipping is found to be the design
concept that leads to the largest energy increase, as compared to the Low-Induction-Rotor
design concept.

Common to these studies is the assumption of constant axial-induction along the ro-
tor span. There have also been some studies to investigate the impact of allowing the
axial-induction to change along the rotor span. Kelley [2017] investigates the optimal
distribution of a, showing that keeping a fixed maximum bending moment the optimal a-
distribution is tapering towards the tip of the blade. Recently a study by Jamieson [2020]
extended the work of Chaviaropoulos and Voutsinas [2012] where they allow for variations
in a along the span, showing that it is possible to reach the same power increase, but with
a smaller radius increase. They also see a similar tapering a-distribution towards the tip
as Kelley [2017]. The current study builds on top of this works and it could be seen as an
extension of previous work by this author [Loenbaek et al., 2020a], where a variations in a
(or loading) along the rotor span is added, as well as including a simple cost-function. The
developed optimization methodology described in this paper is a part 2 of 2 part paper,
where part 1 [Loenbaek et al., 2020b] describes the aerodynamic model used thought out
this paper.

In this paper, an optimization methodology is presented which aims to maximized the
Power (P ) or Annual-Energy-Production (AEP) with a fixed radius increase. Since the
pure aerodynamic optimization leads to an unbounded optimum a simple cost-function is
introduced leading to Power-per-Cost (PpC) and AEP-per-Cost optimization. The aerodynamic-
and cost-modelling is kept at a fairly simple level with BEM-like aerodynamics and simple
radius dependent cost-functions. It allows for the optimization problem to be solved for
the global optimum within numerical accuracy. The crucial assumption made for this to be
possible is the assumption of radial independence which allows the optimization problem
to be made into a set of nested optimizations, each resulting in a well-behaved optimiza-
tion problem. A key innovation, is that the optimization is based on loading, not the design
variables (e.g. control points for chord and twist), which leads to a large reduction in the
number of design variables and a simplification of the optimization problem. Thus, in con-
trast to many methods used to optimize wind turbine rotors, this method is very simple.
Even though it is simple it is thought to be an important step for preliminary rotor design
where one would like to investigate the impact of changes in the cost-function or con-
straints. This is especially important where technology improvements should be targeted
in order to lead to the biggest improvements in PpC or AEPpC.

This paper is split into 2 sections, starting with the Optimization Methodology where the
optimization problem is presented and the process of solving the optimization problem
with the assumption of radial independence is then given. Then a Results and discus-
sion section, where the results from solving the optimization problem are presented and
discussed.
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8.2 Optimization Methodology
In this section, we will present an optimizationmethodology for wind turbine rotor optimiza-
tion. It is named Wind turbine rotor Optimization with Radially Independence (WOwRI).
Before presenting WOwRI a discussion of the assumptions as well as the terminology is
given ending with a short discussion of the aerodynamic solver used. ThenWOwRI is pre-
sented for power optimization with a fixed radius increase as well as wind speed. WOwRI
is then extended for AEP-optimization with a fixed radius increase and at last, WOwRI is
extended for optimization with a simple cost-function to determine optimal rotor size.

The core assumption for WOwRI is the assumption of radial independence and to ex-
plaining what it means the distinction between global- and local-rotor-variables is intro-
duced. Global-rotor-variables is a scalar value for the whole rotor (e.g. power, thrust,
..) whereas local-rotor-variables is a scalar at a given rotor-radius (r) location (e.g. lift,
drag, ..). With this definition, the assumption of radial independence is applied for the
local-rotor-variables meaning that changes in the loading (like lift) at one radial location
will not affect the flow state (flow through the rotor plane) at any other radial location. This
is the same assumption made for Blade-Element-Momentum theory [Sørensen, 2016, p.
99].

An assumption that is related to the radial independence is a direct relationship between
the local thrust loading and the local power at the same radial location. It means that if the
local thrust loading is given the local power can be computed. This is further discussed if
section 8.2.1.

Throughout this paper, the flow is assumed to be steady-state. As a consequence, when
optimization is made with load constraints (e.g. thrust and flap-moment) it is the steady
state load that is constrained. But for current utility scale wind turbine design it is common
that the design is driven by the dynamic extreme loads. It means that the underlying
assumption for this optimization methodology is that a constraint steady state load is in
some way connected with the dynamic extreme load. This assumption is however not
tested in this paper.

WOwRI is based on power (P ) optimization with a given set of load constraints. These
constraints can be (but not limited to): thrust, flap-moment, tip-deflection, andmax stress/s-
train. Where the key requirement for the constraint to be suited for WOwRI is that it sat-
isfies the radial independence requirement. A form that satisfied (but not limited to) this
requirement is:

Xcon =

∫ R

0

∂T

∂r
(r) · fX(r)dr (8.1)

Where Xcon is a global-rotor-variable (like thrust, T ), ∂T
∂r (r) is the thrust loading density

(loading per meter), fX(r) is a function that change the impact of thrust-loading-density
as each radial station. This is a rather abstract definition, but showing how an extensive
list of constraints is related to this definition is though to be out of scope for this paper
since the purpose is to present the optimization methodology. Instead, the focus will be
on two specific constraints, namely a thrust (T ) and blade-root-flap-bending-moment (Mf )
constraints. These two constraints are given as:

T =

∫ R

0

∂T

∂r
dr (thrust constraint, with: fX = 1) (8.2)

Mf =

∫ R

0

∂T

∂r
rdr (flap-moment constraint, with: fX = r) (8.3)
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Where the relationship with the generalized constraint form shown in equation (8.1) is
given in the parenthesis.

8.2.1 The Aerodynamic solver
The aerodynamic solver (Radially Independent Actuator Disc model - RIAD) used though
out this paper is further described inPart I and a brief overview is therefore only given here.
It makes an explicit relationship between the local-thrust-coefficient (CLT - normalized
∂T/∂r) and the local-power-coefficient (CLP - normalized ∂P/∂r) with given operational
conditions such as the global tip-speed-ratio (λ), the local glide-ratio (Cl/Cd) and may
include tip-loss as well. A sketch showing the relationship graphically can be seen in
figure 8.1

Figure 8.1: Sketch showing a diagram for the Radially Independent Actuator Disc
model (RIAD).

8.2.2 Power optimization
In this section, the optimization methodology that allows for the fast and very efficient
solution to the optimization is derived. It finds the optimal power for a fixed rotor increase.
In principle, the rotor radius could as well be an optimization parameter but as it is shown
later, the optimal global power turns out to be unbounded, and having the solution for fixed
rotor radius increase allows for optimization with a simple cost-function, which is further
explained later. The main outcome of this section is a function, that through solving an
optimization problem gives the optimal power for a given set of constraints with a fixed
radius increase and fixed wind speed (Popt(R, V )).
Problem formulation
The optimization problem is maximizing power (P ) with two constraints, the maximum
allowable thrust (T0) and a maximum allowable blade-root-flap-bending moment (Mf ) for
a fixed rotor radius and fixed wind speed. The design variable is the distributed thrust
loading along the span of the rotor

(
∂T
∂r

(r)
)
. It is important to notice that the distributed

load is a function of r or when discretized a vector.

Mathematically the problem can be stated as:

max
∂T
∂r

P

(
∂T

∂r

)
(8.4)

subj.
T
(
∂T
∂r

)
≤ T0

Mf

(
∂T
∂r

)
≤Mf,0

Where the bold-face ∂T
∂r

signifies that it is a function and not just a scalar. The zero-
subscript is denoting a constraint limit.
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Problem formulation in integral form and normalization
Using the same normalization as in Part 1 [Loenbaek et al., 2020b, sec. 2.1 eq. 3-6 ] the
power and constraints can be normalized as:

P̃ = R̃2Ṽ 3CP = R̃2Ṽ 32

∫ 1

0
CLP (CLT (r̃)) · r̃dr̃ (8.5)

T̃ = R̃2Ṽ 2CT = R̃2Ṽ 22

∫ 1

0
CLT (r̃) · r̃dr̃ (8.6)

M̃f = R̃3Ṽ 2CFM = R̃3Ṽ 23

∫ 1

0
CLT (r̃) · r̃2dr̃ (8.7)

Where R̃ = R
R0

and Ṽ = V /Vrated,0, with R0 being a reference radius and Vrated,0 the
rated wind speed for a reference turbine. Both are related to the constraint limit. The
optimization problem can therefore be reformulated as:

max
CLT

CP (CLT ) · R̃2Ṽ 3 (8.8)

subj. CT (CLT ) · R̃2Ṽ 2 ≤ T̃0

CFM (CLT ) · R̃3Ṽ 2 ≤ M̃f,0

Reformulating as a Lagrange objective function
The optimization problem stated in the previous sections has a solution that need to sat-
isfy the Karush-Kuhn-Tucker (KKT) [Kuhn and Tucker, 1951] theorem to be optimal. It
means that a solution to the original problem can also be found by solving the optimization
problem in Eq. (8.9), where the objective function has been reformulated as a Lagrange
objective function (L∗) (including the constraints in the objective function):

max
CLT ,W ∗

0 ,W
∗
1

L∗ = max
CLT ,W ∗

0 ,W
∗
1

[
CP (CLT ) · R̃2Ṽ 3 −W ∗

0

[
CT (CLT ) · R̃2Ṽ 2 − T̃0

]
−W ∗

1

[
CFM (CLT ) · R̃3Ṽ 2 − M̃f,0

] ]
(8.9)

Where W ∗
i are the so called KKT-multipliers with the property W ∗

i ≥ 0. These W ∗
i needs

to be adjusted for active constraints until the constraint is meet. For an inactive constraint
W ∗

i = 0.

The key point for rewriting the optimization as a Lagrange objective function is to be able
to solve the optimization of the CLT -distribution. To do this we will look at the case where
W ∗

0 ,W
∗
1 is constant input parameters. Since the location of the optimum dose not change

with scaling and a constant offset, a new Lagrange objective function can be written as:

max
CLT

L = max
CLT

[
CP (CLT )−W0CT (CLT )−W1CFM (CLT )

]
(8.10)

Where scaling in front of CT and CFM has be absorbed into W0 and W1 respectively
(notice the change fromW ∗

i toWi to stress that they has been rescaled between equation
(8.9) and (8.10)). Any solution for the Lagrange function (8.10) (in terms of CLT ) will also
be a solution to Lagrange function (8.9) and here by a solution for the optimization problem
(8.8), for some set of constraint limits. But which set of constraint is not known a-priori
to solving the optimization problem. Equation (8.10) is also sometimes referred to as the
Pareto-optimal problem for CP , CT , CFM , giving the maximum CP for a given value of CT ,
CFM or any combination of the two. By varying the Wi’s the location on the so-called
Pareto-optimal surface is changed.
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Solving for the optimal loading distribution
In this section wewill apply the assumption of radial independence to show that the optimal
solution for the trade-off between global power (CP ) and the loading (CT , CFM ) can be
found for each radial station independently. In integral form the optimization for the optimal
loading reads:

max
CLT

L = max
CLT

[
2

∫ 1

0
CLP (CLT (r)) · r̃dr̃ −W02

∫ 1

0
CLT (r) · r̃dr̃ −W13

∫ 1

0
CLT (r) · r̃2dr̃

]
(8.11)

The 3 integration’s can be combined into one sinceWi is independent on r̃. Then applying
the radial independence the maximization can be moved within the integration:

max
CLT

L =

∫ 1

0
max
CLT

[
2CLP (CLT )r̃ − 2W0CLT r̃ − 3W1CLT r̃

2

]
dr̃ (8.12)

The step between optimization problem (8.11) and (8.12) transform the optimization prob-
lem from a problem of finding a distribution for CLT to a problem of finding a scalar value
for CLT at each radial station (r̃), which is a significant simplification of the problem. This
is also signified by the drop of the bold-face CLT .

Introducing the local Lagrange objective function (LL) the optimization problem at each
radial station can be formulated as:

max
CLT

LL = max
CLT

[
2CLP (CLT )r̃ − 2W0CLT r̃ − 3W1CLT r̃

2

]
(8.13)

To solve this problem it is assumed that CLP is a well behaved function, like the function
presented in Part 1, which means that the problem can be solved as:

max
CLT

LL =⇒ ∂LL
∂CLT

= 2r̃
∂CLP

∂CLT
− 2W0r̃ − 3W1r̃

2 = 0 CLT ∈
[
−8

9
,
8

9

]
(8.14)

Where −8
9 lower limit is an arbitrary lower limit. By using ∂CLP

∂CLT
from Part 1, eq. XX

the optimization problem can be reduced to a root finding problem, which can be solved
though the use of a root finding algorithms like bisection or Brent’s method. From now on
it is assumed that the solution for the optimization problem in (8.14) can be solved for any
level of resolution in r̃ for a given input of W0,W1. It hereby makes a function that takes
W0,W1 as inputs and returns the optimal CLT -distribution, denoted by CLT,opt. As it was
mentioned before these CLT -distributions will also be a solutions to the original problem
as presented in (8.8) for a set of constraint limits. A flow-chart showing how CLT,opt is
found for a given set of inputs can be seen in figure 8.2.
The optimization problem with a function for optimal loading
With the CLT,opt function mapping the inputW0,W1 to an optimal CLT -distribution the opti-
mization problem presented in (8.8) can be changed from an optimization for a distribution
(CLT ) to an optimization in 2 scalars (W0,W1) which is a significant simplification of the
original problem:

max
W0,W1

CP (W0,W1) · R̃2Ṽ 3 (8.15)

subj. CT (W0,W1) · R̃2Ṽ 2 ≤ T̃0

CFM (W0,W1) · R̃3Ṽ 2 ≤ M̃f,0

⇓
P̃opt(Ṽ , R̃) (8.16)
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Figure 8.2: Flow-chart for the Loading Optimization with a given set of inputs.
(Aerodynamic input: λ,Cl/Cd and constraints input: T̃ ≤ T̃0 → W0, fX = 1,
M̃f ≤ M̃f,0 →W1, fX = r̃)

The optimization problem can be solved with most optimization algorithms capable of solv-
ing constraint optimizations problems. All the optimization problems solved in this paper
is solved with the use of the Python Scipy optimizer [Virtanen et al., 2020]. A flow-chart
showing the optimization process can be seen in figure 8.3. Notice that it dependence

Figure 8.3: Flow-chart for Power Optimization. Notice that the Loading Optimiza-
tion is nested within the optimization loop. The optimizer needs to adjust theW0,W1

for maximum power while the constraints are satisfied.

on the Loading Optimization, meaning that this is a nested optimization loop. The output
from the optimization is the optimal power (P̃opt) that satisfy the constraints for a fixed
rotor increase (R̃) and fixed wind speed (Ṽ ).

8.2.3 AEP optimization
The purpose of this section is to extend the optimization methodology to include optimiza-
tion for maximum Annual Energy Production (AEP) with load constraints across all wind
speeds as well as fixed rated power and a fixed radius increase.

AEP is computed as the average power over a year multiplied by the time of a year. The
average power can be computed from the wind distribution (fwei, i.e. the frequency that
a wind turbine is operating at a given wind speed) and the power-curve. Mathematically
it can be computed as:

AEP = Tyear

∫ VCO

VCI

P

(
V,

∂T

∂r
(V ), R

)
fweidV (8.17)

Where Tyear is the time of a year, P the power-curve function, VCI , and VCO it the Cut-In-
and Cut-Out-wind-speed respectively. The optimization problem for AEP optimization can
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be stated as:

max
∂T
∂r

(V )
Tyear

∫ VCO

VCI

P

(
V,

∂T

∂r
(V )

)
· fweidV (8.18)

subj.

T
(
V, ∂T

∂r
(V )

)
≤ T0

Mf

(
V, ∂T

∂r
(V )

)
≤Mf,0

P
(
V, ∂T

∂r
(V )

)
≤ Prated

 for all V

Where it should be noticed that the loading is allowed to change freely with changing wind
speed, which is indicated by the ∂T

∂r
(V ). Applying the same normalization as in section

8.2.2, where the normalization of the wind speed is the rated wind speed for the rotor with
R̃ = 1. The normalized optimization problem is given as:

max
CLT (Ṽ )

∫ ṼCO

ṼCI

CP

(
CLT (Ṽ )

)
· R̃2Ṽ 3fweidṼ (8.19)

subj.

CT

(
CLT (Ṽ )

)
· R̃2Ṽ 2 ≤ T̃0

CFM

(
CLT (Ṽ )

)
· R̃3Ṽ 2 ≤ M̃f,0

CP

(
CLT (Ṽ )

)
· R̃2Ṽ 3 ≤ P̃0

 for all Ṽ

Using the assumption thatCLT can change independently with wind speed the maximiza-
tion can be taken within the wind speed integration. Since the constraints is for all wind
speeds, the optimization problem is now a Power Optimization for each wind speed.∫ ṼCO

ṼCI

max
CLT

[
CP (CLT ) · R̃2Ṽ 3

]
fweidṼ (8.20)

subj.

CT

(
CLT (Ṽ )

)
· R̃2Ṽ 2 ≤ T̃0

CFM

(
CLT (Ṽ )

)
· R̃3Ṽ 2 ≤ M̃f,0

CP

(
CLT (Ṽ )

)
· R̃2Ṽ 3 ≤ P̃0

 for all Ṽ

⇓ (Power Optimization)∫ ṼCO

ṼCI

max
W0,W1

[
CP (W0,W1) · R̃2Ṽ 3

]
fweidṼ (8.21)

subj.
CT (W0,W1) · R̃2Ṽ 2 ≤ T̃0

CFM (W0,W1) · R̃3Ṽ 2 ≤ M̃f,0

CP (W0,W1) · R̃2Ṽ 3 ≤ P̃0

 for all Ṽ

Where the bold-face W0,W1 signifies that it is changing with wind speed.
It can be further simplified as:

˜AEP opt(R̃) =

∫ ṼCO

ṼCI

P̃opt(Ṽ , R̃)fweidṼ (8.22)

Where the function for the output from the Power Optimization (P̃opt) is used. It shows
that the AEP Optimization can be reduced to a Power Optimization for each wind speed
in the integration. A flow-chart for the AEP Optimization can be seen in figure 8.4. The
output from the optimization is denoted as ˜AEP opt.
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Figure 8.4: Flow-chart for theAEPOptimization. The optimization is simply aPower
Optimization for each wind speed in the power curve.

8.2.4 WOwRI optimization with a simple cost function
The optimizations presented so far have been for a fixed radius increase, but in this sec-
tion, the optimization for rotor radius will be presented. The Power Optimization and AEP
Optimization could in principle easily be extended for radius optimization as well by sim-
ply adding the rotor radius as a design variable but as it is discussed in section 8.3.1 the
optimization problem is unbounded with the global optimum at R̃ → ∞ which is clearly
not feasible for turbine design. To get a feasible rotor design, the optimization for rotor
size will also include a cost function.
Cost function
The current work focuses on preliminary wind turbine rotor design and detailed cost func-
tion like the one in Fingersh et al. [2006] is therefore thought to be out of scope. A simple
cost function that is purely a function of the rotor radius is therefore proposed here.

The cost function will roughly estimate the mass increase associated with the increase
in rotor radius, with the underlying assumption that mass and cost scales roughly in the
same way. It is important to notice here that it is not the whole turbine and associated
components that need to be scaled with the change in rotor radius, as the optimization is
a load constrained optimization, the loads do not change and the associated components,
therefore, do not need to be scaled.

The cost model is simply based on a cost-fraction which is the fraction of the cost that
is affected by changes in radius, as well as the cost-exponent which describes how the
cost (or mass) for this cost-fraction scale with with changes in radius. If the components
affected by the radius increase are assumed to be the blades, tower, and foundation the
cost-fraction is found to 39% (using the number from [Stehly and Beiter, 2020, p.7 fig 1]).
The cost-exponent is bound in the range 1− 3, as an exponent of 3 would be for the case
where the mass increase in all 3 dimensions, whereas 1 is the case where the mass is
only increasing in 1 dimension (e.g. tip-extension). With the load constraints it is definitely
less than 3 and a good estimate for the cost-exponent is therefore thought to be 1.5. The
suggested normalized cost function is given as:

f̃cost(R̃) = 0.39 · R̃1.5 + 0.61 (8.23)

It is important to notice that this is a rough estimate for a cost function andmore importantly
it has a great impact on the optimal rotor radius. But as the purpose of this paper is to
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present theWOwRI optimization methodology it is thought to be out of scope for this paper
to investigate it further here.
Rotor size optimization with cost function
The outcome from section 8.2.2 and 8.2.3 was the functions P̃opt(R̃) (assuming Ṽ = 1)
and ˜AEP opt(R̃) respectively. These functions computes the optimal power/AEP for a
given set of constraints at a fixed radius increase. Using these functions the following
optimization problems for the optimal radius increase can stated as:

max
R̃

P̃opt(R̃)

fcost(R̃)
(Power-per-Cost Optimization) (8.24)

max
R̃

˜AEP opt(R̃)

fcost(R̃)
(AEP-per-Cost Optimization) (8.25)

Where the impact of the constraints on the optimal design is implicitly captured in P̃opt and
˜AEP opt.

8.3 Results and discussion
In this section, the result of applying the WOwRI optimization methodology is presented.
At first, the result of pure power optimization at a single wind speed is presented and
discussed, then the result of including a cost-function for so-called Power-per-Cost op-
timization which leads to a turbine blade planform design is presented and discussed.
AEP-optimization is then presented and then at the end AEP-per-Cost optimization is
presented which leads to the optimal power-curve. At the very end, it is tested how close
it is possible to get to the optimal power-curve with common wind turbine technology.

8.3.1 Power optimization
This section shows the result of applying the optimization methodology described in sec-
tion 8.2.2 for increasing the rotor radius.

The input for the aerodynamic solver (Part 1, Loenbaek et al. [2020b]) is as simple as
possible with no viscous loss (Cd/Cl = 0) and without tip-loss for two different tip-speed-
ratios (λ→∞, λ = 5).

In figure 8.5 the optimization problem is solved for increasing values of R̃ and the power
is relative to the baseline power (P̃0) which is the power at R̃ = 1.

For the case of λ → ∞ (which means that there are no aerodynamic losses) it is seen
that P̃opt is increasing to a flat plateau (a saddle point) at R̃ = 1.34,∆P = 12%. This is
a similar result as found by [Jamieson, 2020, p. 810, sec. 3] (they parameterized axial
induction and included tip-loss) where the optimal solution is said to be at R̃ = 1.34 and
∆P = 12%. From this analysis (without aerodynamic loss) it is found that this point is a
saddle point, but including any aerodynamic loss (or non-optimal loading, like approximate
optimal induction) it is found that a local optimum is formed, as it can be seen for the case
with λ = 5 (wake-rotation-loss) where a local optimum is found at∆R = 23%,∆P = 11%.

Common to both cases is that the curve is seen to increase again beyond the saddle
point/local optimum, and the curves are seen to still increase at ∆R = 200%. The global
optimum is found to have an asymptotic limit as R̃ → ∞, with the optimal power going
towards the thrust constraint limit for the case without aerodynamic losses (P̃opt → T̃0,
∆P → 50%). Similar behavior is observed for the case with aerodynamic losses. This
author observed a similar behaviour using 1D momentum theory but only with a thrust
constraint [Loenbaek et al., 2020a, p.163, fig. 6], which was also observed by [Jamieson,
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Figure 8.5: Optimal Relative Power (P̃opt/P̃0) for increasing radius. The global
optimum is at R̃ →∞. As expected the loading (CLT ) is seen to taper towards the
tip and for large R̃ the loading at the tip becomes negative.

2020, p. 809]. To understand why this is also the case when the loading is allowed to
vary along the span with thrust and flap-moment constraints, it should be noted that the
loading at the tip is negative for large radius increases. The negative loading makes it
possible to find a set of load distributions where the flap-moment is zero (CFM = 0) but
crucially it can still have a positive power (CP > 0). This is all possible while making the
thrust loading arbitrary small (CT ← 0), which in turn means it is always possible to satisfy
the constraints for any rotor radius increase while having a positive power (P̃opt → T̃0).
Applying a similar argument for the case without a thrust constraint it can be found that
the power will grow unbounded (P̃opt → ∞) since the power coefficient remain finite for
increasing rotor radius (CFM = 0→ CP > 0).

The unbounded behaviour of Popt clearly leads to infeasible designs and for the coming
rotor design example a cost function is included to make a realistic rotor design.

8.3.2 Rotor design with cost function
This section will show the result of applyingWOwRI forPower-per-Cost (PpC) optimization
at a single wind speed (assumed to be Ṽ = 1).

For the rotor design, the aerodynamic losses will be included (i.e. wake-rotation-loss,
viscous-loss, tip-loss). To include viscous loss, the glide-ratio (Cl/Cd) needs to be given
as input, and to get a realistic input for the glide-ratio the DTU 10MW reference turbine
[Bak et al., 2013] is used as a basis, in particular the aerodynamic polars as well as
the relative airfoil profile thickness distribution along the span. The glide-ratio used for
this design can be seen in figure 8.6 d). Where the polars with relative airfoil thickness
th = [24, 30, 36, 48]% has been used and the design point for the polar is found as it
is described in [Bak, 2013, sec. 3.5] and then applying some smoothing, to insure the
design will be continues. The Cl and α in figure 8.6 are used for creating the chord and
twist distributions later.
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Figure 8.6: Aerodynamic input based on the polars from the 10MW DTU reference
turbine. a) Lift-coefficient (Cl), b) Drag-coefficient (Cd), c) Angle-of-attack (α) and
d) Glide-ratio (Cl/Cd) all as a function of normalized rotor radius (r̃).

With the glide ratio from figure 8.6 d) the optimal tip-speed-ratio (λ) can be found as it is
described (Part 1, sec XX). The optimal λ and the one used in this section is λ = 8.23.

A plot of the relative-Power-per-Cost
(

P̃opt

P̃0fcost

)
for increasing rotor radius can be seen

in figure 8.7. The optimum is found at a radius increase of ∆R = 7.9%, leading to an

Figure 8.7: relative Power-per-Cost (PpC) vs. radius (R̃). The cost optimized rotor
is found to have ∆R = +7.9% increase in rotor radius leading to a ∆PpC = +4.2%
increase.

increase in Power-per-Cost of ∆PPC = 4.2% and a power increase of ∆P = 9.0%.
From the plot it can also be seen that around R̃ ≈ 1.21 the impact of increasing the rotor
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radius leads to a lower power-per-cost relative to the baseline.

A comparison of the loading distribution is shown in figure 8.8. The plot shows that the
loading distribution tapers towards the tip for the optimal design relative to the baseline
design. Plot a) shows the thrust-loading-density (∂T/∂r) per blade (assuming 3 blades)
and plot b) the power-density (∂P/∂r) per blade as a function of the rotor radius (r). The
solid black line is the value for the PpC-optimized rotor and the difference to the baseline is
highlighted with shaded regions, where green indicates a positive impact and red indicates
a negative impact. The striking thing to see here is how large the decrease is (the shaded
green region) in plot a) and how little impact this lower loading has on the loss of power in
plot b) (shaded red region). This has all to do with the fact that operating at maximum CLP

a change in CLT will not lead to a proportional change in CLP , much like the observation
made by this author in [Loenbaek et al., 2020a, p.157 fig. 1] using only 1D momentum
theory. Another interesting thing is that it is only the Mf constraint that is active, which
means that this PpC-optimized rotor also comes with a lower thrust of ∆T = −3.8%.

Figure 8.8: a) Thrust-loading-density (∂T/∂r) b) Power-density (∂P/∂r) both as
a function of rotor radius (r). The green shaded regions shows a positive impact
relative to the baseline, red regions shows a negative impact. The thing to notice is
the significant decrease in the loading (plot a)) and how little impact the lower loading
has on the power (plot b)). This is due to the non-linear relationship between CLT

and CLP .

The rotor planform (blade chord and twist) can be found from the loading distribution (CLT ,
figure 8.7), the lift-coefficient and angle-of-attack (Cl, α, figure 8.6 a), c)), though equation
[Loenbaek et al., 2020b, sec. 4.1 eq. 36, 37]. A plot of the rotor planform can be seen
in figure 8.9. The figure shows chord and twist for the PpC-optimized rotor, the baseline
rotor (R̃ = 1) and DTU 10MW reference turbine. A clear thing to see from these plots
is that the optimization did not include a max chord constraint, with the max chord being
≈ 27m, which is much larger than the DTU 10MW ref. where the max chord is 6.2m.
Looking at figure 8.8, it is seen that the region from r < 35m has a similar loading as the
baseline. Thus the optimization is not exploiting the maximum chord for significant gains
and one can safely correct these aberrations after. For r > 35m the chord is seen to be
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Figure 8.9: a) Blade chord b) Blade twist, both as a function of rotor radius (r) for
the optimized rotor. In plot a) an insert is added showing the chord from 0− 30m. In
plot b) an insert is added which shows the difference in twist between the baseline
and the PpC-optimized rotor (∆θtwist = θPpCopt. − θBaseline).

smaller than the DTU 10MW ref. for both the baseline and the PpC-optimized rotor, with
the exception of the longer blade for the PpC-optimized rotor. Comparing the Baseline
and the PpC-optimized rotor, the chord is seen to be the same around r ≈ 60m with
the cost-optimized chord being slightly smaller from this point until the tip-loss start to
become significant (which is the reason that the chord is going to zero at the tip). The
smaller chord is an effect of the tapering CLT for the PpC-optimized rotor. Thus, the lower
loading distribution leads to a reduction in the chord. This may have structural implications
(i.e. reduced strength and stiffness) that are not accounted for in this optimization.

For the twist (figure 8.9 b)), the difference between baseline and PpC-optimized rotor is
relatively small with an almost constant off-set of 1.5◦ as it can be seen from the ∆θtwist

plot. The change is fairly small since the flow-angle is approximately ϕ = tan−1 1/λr̃ and
the change in CLT only has a small impact.

8.3.3 AEP optimization
In this section the result of solving for the optimal Annual-Energy-Production (AEP) is
shown, as it is explained in section 8.2.3 which resulted in ˜AEP opt (equation (8.22)). The
aerodynamic input is the same as for power optimization with no viscous-loss (Cd/Cl = 0),
no tip-loss, and no wake-rotation-loss (λ→∞), but also including a case with large wake-
rotation-loss (λ = 1.5) to show that a local optimum is formed when aerodynamic loss is
added.

When solving the optimization problem in equation (8.22) the wind speed integration was
discretized in 200 steps, which was found to make the discretization error insignificant.
The integration is then performed using the trapezoidal rule.

The solution for solving the AEP optimization problem can be seen in figure 8.10. The
AEP-optimization is seen to have similar behaviour as the power-optimization in figure

Manuscript submitted to Wind Energy Sciences 59



A Method for Preliminary Rotor Design - Part 2: Wind Turbine Rotor Optimization with Radial Independence

Figure 8.10: Optimal AEP ( ˜AEP opt) relative to the baseline (AEP0, AEP at R̃ = 1)
vs. relative radius increase (R̃). The vertical dashed line shows the point where the
thrust constraint start being active, below this line it is only the flap-moment con-
straint that is active. The power-, thrust- and flap-moment-curves are show for 4
selected points, which shows how these change for increasing R̃. An additional line
shows ˜AEP opt with λ = 1.5, showing that a local optimum is formed with aerody-
namic losses.

8.5 with an initial large slope, followed by a flatter region, then the AEP begins to improve
again. The AEP-optimization does not reach a saddle-point or local-maximum for the
case of λ → ∞, as it was the case for the power-optimization. The slope is always
positive. For the case of λ = 1.5 a local optimum is found, but the formation of this local
maximum required a significant amount of aerodynamic loss (λ = 1.5, which leads to
a large wake-rotation-loss) compared to the power-optimization where any aerodynamic
loss would lead to the formation of a local-maximum.

As it was the case for the power-optimization the global optimum for AEP-optimization is
found to be a similar asymptotic limit with the optimum as R̃→∞ (∆AEP → 70%). This is
the case both for λ→∞ and λ = 1.5. The global optimum for the AEP-optimization tends
to a power-curve which almost runs at rated power for all wind speeds, but the maximum
power for a given wind speed is P̃ = T̃0Ṽ and for a small region of the power-curve the
power will follow this limit before it reaches rated power. This limit is mostly of academic
since it is not feasible for practical turbine design, it is not investigated further here.

Turning to the power- and load-curves for the 4 highlighted point in figure 8.10. As ex-
pected, theBaseline is simply operating at max CP until rated power, creating the familiar
Ṽ 3 behaviour for the power and Ṽ 2 for the loads, where all the peak loads occur at rated
conditions. However, comparing the different optimal solutions along this curve reveals
different load profiles than typical modern turbines. Small increases in rotor radius, in-
crease the AEP by reaching rated power earlier. In all the extended rotor cases, the root
flap-wise bendingmoment constraint becomes active before rated conditions are reached.
Initially, this relaxes the thrust constraint. This bending moment constraint seems to limit
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the maximum achievable power over a greater range of the power curve. This seems to
impose a minimum wind speed that rated power can be achieved, furthermore increases
in AEP must be achieved at lower wind speeds. Finally, for very large rotors, it seems that
the moment constraint is active at all wind speeds and the optimization starts to become
further constrained by the thrust constraint. In general, the power-curve is found to fall
into 3 regimes in terms of wind speed (Ṽ ) which is:

• Max CP (no active constraints)

• Maximizing power with one or more active constraints

• Rated power

These are the same regimes as the author found in [Loenbaek et al., 2020a] using a much
simpler model.

8.3.4 Optimal Power Curve with cost function
In this section, the result of solving for the optimal AEP-per-Cost (AEPpC) is presented.
At first, the optimal power-curve is presented and at the end, common wind turbine tech-
nology is used to see how close it can get to the optimal power curve.

The optimization will use the same aerodynamic input as in section 8.3.2 (rotor design
with cost function), with λ = 8.23, glide-ratio as in figure 8.6 d) and including tip-loss.

AEPpC for increasing values of R̃ can be seen in figure 8.11, where the AEPpC optimal
power-curve is highlighted as well as the baseline. The optimal AEPpC is found to in-

Figure 8.11: Relative AEP-per-Cost (AEPpC) vs. relative radius increase (R̃). The
insert shows the cost-optimized power-curve with the shaded region showing the
difference to the baseline power-curve. The optimization is seen to reach a cost
improvement of ∆AEPpC = 2.9% with a radius increase of ∆R = 17% as well as
an AEP increase of ∆AEP = 13%.

crease by ∆AEPpC = 2.9%, with a fairly large radius increase of ∆R = 17% as well as
a fairly large AEP increase of ∆AEP = 13%. In figure 8.11 it is also possible to see the
power curve as well as the difference to the baseline. The increase in the power is seen
to also increase for increasing Ṽ until rated power.

Figure 8.12 shows this power curve, along with the loads and loading distribution in greater
detail. 3 operational regimes can be seen in figure 8.12, separated by vertical dashed

Manuscript submitted to Wind Energy Sciences 61



A Method for Preliminary Rotor Design - Part 2: Wind Turbine Rotor Optimization with Radial Independence

Figure 8.12: Normalized power (P̃ ), thrust (T̃ ) and flap-moment (M̃flap) vs. nor-
malized wind-speed (Ṽ ). The transition between the 3 different operational regimes
is indicated by the vertical dashed lines. In the region with the active constraint 4
points are selected showing the optimal loading distribution (CLT ) along the rotor
disc.

lines. The optimal power curve is seen to only have an active Mf constraint starting at
Ṽ ≈ 0.79 up until rated power at Ṽ ≈ 0.94. In this region, the thrust-curve is seen to change
the slope and become linear, but it does not reach the constraint limit (vertical dashed line).
The loading distribution (CLT ) for 4 selected points can also be seen. Starting from the
point just before theMf -constraint becomes active, the loading is the one that maximizes
CP as it has been all the way up until this point. CLT is then seen to progressively taper
towards the tip as the wind speed increases.

The presented optimal power curve can not be made into a blade design as was done in
section 8.3.2, since the loading distribution was varied independently at each wind speed.
The presented AEPpC-optimization can therefore be seen as the idealized power-curve
much like Betz-limit is the idealized maximum power a turbine can achieve. It is therefore
not possible, within the design constraints and aerodynamic modeling, to do any better
than this optimal power-curve. In the next section, it is investigated how close it is possible
to get to the optimal power-curve using common wind turbine technology.
Rotor design with common wind turbine technology
For current utility scale wind turbines, there are two common parameters for altering the
loading with changing wind-speed, namely the blade-pitch (θpitch) and the rotor rotational-
speed (ω).

To compute the aerodynamic performance for a turbine where the control parameters
are the blade-pitch and rotational-speed the classical Blade-Element-Momentum theory
(BEM) is well suited. As it is shown in Part 1 [Loenbaek et al., 2020b, sec. 4.2], there is
a direct relationship between RIAD and BEM, and the RIAD-BEM is used for the compu-
tation of the aerodynamic performance here. BEM requires additional inputs compared
to the AEPpC-optimization, namely aerodynamic airfoil polars at each location along the
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span as well as a chord and twist along the span. The airfoil polars are taken from the
DTU 10MW ref. turbine, which was the same airfoil polars used to create the glide-ratio
input in figure 8.6. The chord and twist are chosen to be the loading that maximizes CP

(the loading can be seen in figure 8.12 as the loading to the left). This is the same chord
and twist as the Baseline in figure 8.9, but with the chord linearly scaled for the radius
increase.

In order to directly compare the rotor design with the optimal power-curve the radius in-
crease is assumed to be the same as for the AEPpC optimized power curve (R̃ = 1.17)
and the target is then to solve a similar optimization problem as in equation (8.21) but
with the design variables blade-pitch and rotational-speed instead. Mathematically the
optimization can be stated as:∫ ṼCO

ṼCI

max
ω,θpitch

[
CP (ω,θpitch) · R̃2Ṽ 3

]
fweidṼ (8.26)

subj.
CT (ω,θpitch) · R̃2Ṽ 2 ≤ T̃0

CFM (ω,θpitch) · R̃3Ṽ 2 ≤ M̃f,0

CP (ω,θpitch) · R̃2Ṽ 3 ≤ P̃0

 for all Ṽ

Where the optimization problem is solved in the same manner shown in figure 8.4, by
maximizing the power while observing the constraints at each wind speed independently.

The result of the optimization can be seen in figure 8.13, which shows the power- and load-
curves as well as the pitch and rotational-speed traces. The striking thing to notice is how
little the difference is between the AEPpC-optimized rotor and the BEM-optimized rotor.
The difference between the two in terms of both AEP and AEPpC is seen to be 0.05%
which for all tense and purposes can be considered and insignificant difference. It means
that even with this common wind turbine technology it is possible to get close to the ide-
alized AEPpC-optimized rotor and it, therefore, seems that the optimization methodology
can almost directly be applied for rotor design. With that said, changes to the optimization
problem might lead to the agreement becoming worse if the region where the constraint
is active becomes larger or the limiting constraint is changed. This should be investigated
further.

The optimal BEM rotor design is seen to be achieved through a θpitch that is almost linearly
in the regime of the active Mf constraint. ω is seen to be almost constant after the Mf

constraint becomes active. At four points in the regime with the active Mf constraint the
loading is shown, where the difference between the AEPpC-optimized loading and the
BEM-optimized loading is shown with the shaded red area. The difference is seen to
get more significant for increasing wind-speeds, as one might expect. This is also the
reason that if the regime of an active constraint is increased the difference between the
AEPpC-optimized- and BEM-optimized-rotor will likely become bigger.
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Figure 8.13: Power- and load-curves (top curves) as well as blade-pitch (θpitch - left
y-axis) and rotor-rotational-speed (ω - right y-axis) as a function normalized wind-
speed (Ṽ ) for the BEM-optimized rotor. Rotor loading at four selected points is
shown, with the red region showing the difference to the AEPpC-optimized power-
curve load. The difference between the AEPpC- and BEM-optimized-rotor in terms
of AEPpC is seen to be insignificant with a difference of 0.05%.
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8.4 Conclusion
A novel wind turbine optimization methodology was presented. The crucial assumption
that allows for this nested optimization approach is the assumption of radial independence,
which is similar to the assumption made in the blade element momentum theory. It allows
solving the optimal relationship between the global power- (CP ) and load-coefficient (CT ,
CFM ) through the use of KKT-multipliers, leaving an optimization problem that can be
solved at each radial station independently. It allows for the original optimization problem
where the optimization variables are loading distribution CLT (r), to be changed into a
KKT-multipliers for each constraint (W0, W1, etc.).

Applying the optimizationmethodology for power (P ) or Annual-Energy-Production (AEP),
without a cost-function, leads to the same overall result with the global optimum being
unbounded in terms of rotor radius (R̃) with the global optimum being at R̃ → ∞ with an
increase in power or AEP of ∆P = 50% or ∆P = 70%, respectively.
With a simple cost function a Power-per-Cost (PpC) optimization resulted in a Power-
per-Cost increase of ∆PpC = 4.2% with a radius increase of ∆R = 7.9% as well as a
power increase of ∆P = 9.1%. This was obtained while keeping the same flap-moment
and reaching a lower thrust of ∆T = −3.8%. The equivalent for AEP-per-Cost (AEPpC)
optimization leads to increased cost-efficiency of∆AEPpC = 2.9%with a radius increase
of ∆R = 17% and an AEP increase of ∆AEP = 13%, again with the same, maximum
flap-moment, while the maximum thrust is lower than the baseline.

—————————————-
End of:

A Method for Preliminary Rotor Design - Part 2:
Wind Turbine Rotor Optimization with Radial Independence

—————————————-
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9 Generalizing WOwRI

The theoretical derivation of WOwRI given in chapter 8 assumed two specific constraints,
namely thrust and flap-moment, but WOwRI can be applied for a wide range of constraints
where examples are presented in chapter 10. In this chapter, the most general form of
the constraint form is presented, together with the implication for the optimization problem.
Then the result of having a slightly simplified form of the constraint is presented, which
turns out to be applicable for all the constraints that are presented in chapter 10, where
the formulation of several different kinds of constraints are presented.

9.1 Generalized constraints
The most general form for the constraints can be written as:

X

(
∂T

∂r

∣∣∣ R, V,fX

)
=

∫ R

0
fX

(
r,
∂T

∂r
(r)

)
dr (9.1)

where X is a scalar value for the constraint (i.e. thrust, flap-moment, tip-deflection), and
fX is a function that satisfies the radial independence for the local-thrust. It means that the
local-thrust at span location ri does not affect the loading at span location rj . Normalizing
the equation yields:

X̃
(
CLT

∣∣∣ R̃, Ṽ , f̃S , f̃X

)
= f̃S

(
R̃, Ṽ

)
· CX

(
CLT

∣∣∣ f̃X) (9.2)

CX

(
CLT

∣∣∣ f̃X) =

∫ 1

0
f̃X (r̃, CLT (r̃)) dr̃ (9.3)

where f̃S is a function for the scaling and it is independent of r̃ and can therefore be taken
out of the integral. To make this rather abstract formulation more clear, the relationship
with thrust and flap-moment constraints are given as:

Thrust (X̃ = T̃ , CX = CT ) : f̃S

(
R̃, Ṽ

)
= R̃2Ṽ 2, f̃X (r̃, CLT (r̃)) = 2r̃CLT (r̃)

(9.4)

Flap-moment (X̃ = M̃f , CX = CFM ) : f̃S

(
R̃, Ṽ

)
= R̃3Ṽ 2, f̃X (r̃, CLT (r̃)) = 3r̃2CLT (r̃)

(9.5)

The choice of scale for CX is arbitrary and in principle, it does not matter - the solution
to the problem is scaling invariant for CX . However, it could result in the range for KKT-
multipliers being quite different. To accommodate for this, the following choice of CX

normalization is suggested:

CX

(
CLT = 1

∣∣∣ f̃X) =

∫ 1

0
f̃X

(
r̃, CLT (r̃) = 1

)
dr̃ = 1 (9.6)

as it will insure that the KKT-multipliers are roughly in the range Wi ≈ 0 − 2. Thrust and
flap-moment are seen to adhere to this normalization.
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Using the general normalized constraint the optimization problem can be formulated as:

max
CLT

CP (CLT ) · R̃2Ṽ 3 (9.7)

subj.

C0
X (CLT ) · f̃0

S ≤ X̃0
0

C1
X (CLT ) · f̃1

S ≤ X̃1
0

...
CN
X (CLT ) · f̃N

S ≤ X̃N
0

where the superscript (i.e. Ci
X ) indicates the constraint number i. This is the generaliza-

tion of the optimization problem in equation (8.8) and solving the problem in the same way
through the use of KKT-multipliers results in a similar optimization problem as in equation
(8.15) given as:

max
W0,W1,··· ,WN

CP (W0,W1, · · · ,WN ) · R̃2Ṽ 3 (9.8)

subj.

C0
X (W0,W1, · · · ,WN ) · f̃0

S ≤ X̃0
0

C1
X (W0,W1, · · · ,WN ) · f̃1

S ≤ X̃1
0

...
CN
X (W0,W1, · · · ,WN ) · f̃N

S ≤ X̃N
0

⇓

P̃opt

(
R̃, Ṽ

∣∣∣ X̃0, X̃1, . . . , X̃N
)

(9.9)

The loading-optimization from equation (8.14) is changed to:

max
CLT

LL =⇒ ∂LL
∂CLT

= 2r̃
∂CLP

∂CLT
−

N∑
i=0

Wi
∂f̃ i

X

∂CLT
= 0 (9.10)

In much the same way, it can be extended for AEP optimization, resulting in:∫ ṼCO

ṼCI

max
W0,W1,...,WN

[
CP (W0,W1, . . . ,WN ) · R̃2Ṽ 3

]
fwei(Ṽ )dṼ (9.11)

subj.

C0
X (W0,W1, . . . ,WN ) · f̃0

S ≤ X̃0
0

C1
X (W0,W1, . . . ,WN ) · f̃1

S ≤ X̃1
0

...
CN
X (W0,W1, . . . ,WN ) · f̃N

S ≤ X̃N
0

CP (W0,W1, . . . ,WN ) · R̃2Ṽ 3 ≤ P̃0


for all Ṽ

⇓

˜AEP opt

(
R̃
∣∣∣ X̃0, X̃1, . . . , X̃N

)
=

∫ ṼCO

ṼCI

P̃opt(Ṽ , R̃)fwei(Ṽ )dṼ (9.12)

9.2 Linear local-thrust constraint
The previous section presented a general version for the constraint, but all the examples
of the constraints presented in chapter 10 follow a slightly simpler form because they are
all linear in the local-thrust. This is the same form that is presented in equation (8.1),
which is restated here:

X

(
∂T

∂r

∣∣∣ R, V,fX

)
=

∫ R

0

∂T

∂r
(r) · fX(r)dr
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Applying normalization, it reads:

X̃
(
CLT

∣∣∣ R, V, f̃X

)
= f̃S

(
R̃, Ṽ

)
CX

(
CLT

∣∣∣ f̃X) (9.13)

CX

(
CLT

∣∣∣ f̃X) =

∫ 1

0
r̃CLT (r̃) · f̃X(r)dr̃ (9.14)

Which for comparison means that thrust and flap-moment read:

Thrust (X̃ = T̃ , CX = CT ) : f̃S

(
R̃, Ṽ

)
= R̃2Ṽ 2, f̃X (r̃) = 2 (9.15)

Flap-moment (X̃ = M̃f , CX = CFM ) : f̃S

(
R̃, Ṽ

)
= R̃3Ṽ 2, f̃X (r̃) = 3r̃ (9.16)

This slightly simplifies the loading-optimization (equation (9.10)) as:

max
CLT

LL =⇒ ∂LL
∂CLT

= 2r̃
∂CLP

∂CLT
−

N∑
i=0

Wir̃f̃
i
X = 0 (9.17)

The remaining part of the optimization remains the same as in the previous section.

The suggested normalization for CX is in this case given as:

CX

(
CLT = 1

∣∣∣ f̃X) =

∫ 1

0
r̃f̃X(r)dr̃ = 1 (9.18)

In fact, using this constraint generalization an analytical result can be found using an
approximate aerodynamic model, which is further described in chapter 14. It turns out
that important integrals are given as:

IX2 =

∫ 1

0
r̃
(
f̃X(r)

)2
dr̃ (9.19)

IX3 =

∫ 1

0
r̃
(
f̃X(r)

)3
dr̃ (9.20)

where the integral values (IX2 , IX3) have a great impact on P̃opt, and the integral values
are a way to compare different constraints. This is investigated further in section 10.2.
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10 Constraints for Wind Turbine Rotor
Optimization

In chapter 8, WOwRI was presented for two specific constraints namely: thrust and flap-
moment. However, they do not reflect all existing design constraints for the current utility-
scale wind turbine designs. The optimization methodology can be extended to include
many different constraints, as long as they fulfill the assumptions made for the derivation
of the optimization methodology (e.g. radial independence). The following subsections
give a list of constraints that are commonly important in most rotor designs.

10.1 List of possible constraints
10.1.1 Thrust and Flap-moment
These two constraints have already been presented and are just shown here for com-
pleteness and later reference:

CT R̃
2Ṽ 2 ≤ T̃0 (10.1)

CFM R̃3Ṽ 2 ≤ M̃f,0 (10.2)

with:

CT =

∫ 1

0
CLT r̃dr̃ (10.3)

CFM =

∫ 1

0
CLT r̃

2dr̃ (10.4)

10.1.2 Tower bottom bending moment
The tower bottom bending moment is assumed to be a stiff rod (the tower) clamped at
one end with a point load at the other end (thrust). The tower height is given as: htower =
R + htgc where htgc is the height of the tip-ground-clearance, usually it is a value around
R.
The tower bottom bending moment can therefore be found as:

Mtb = T · htower =
1

2
ρπ
(
R3 +R2htgc

)
CTV

2 (10.5)

This can be made into a non-dimensional constraint by assuming that htgc is fixed and
thereby introducing the non-dimensional h̃tgc = htgc/R0, resulting in the following non-
dimensional constraint:

R̃3 + R̃2h̃tgc

1 + h̃tgc
CT Ṽ

2 ≤ M̃tb,0 (10.6)

where M̃tb,0 is often just taken to be CT,0. The tower bottom bending moment is seen to
be a more restrictive constraint compared to thrust since the scaling in R̃ is higher.

The tower bottom bending moment is important for designs where the foundation is a
large part of the cost, as it is very often the case with off-shore wind turbines.
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10.1.3 Tip-deflection
Tip-deflection is a common constraint for modern utility scale wind turbines. In this section
a way to include tip-deflection as a constraint suitable for the optimization methodology
is given. The mathematical details are given in section 10.3, with an overview of the
conceptual idea presented here. The method uses linear beam theory to establish a rela-
tionship between the blade deflection (δ) and the thrust-loading-density (∂T/∂r) through
the stiffness matrix (K), where EI is required as an input a long the span of the blade.
Through the use of the normalization δ = ρπV 2R5

EIr
δ̃, with EIr being a reference stiffness,

typically taken as the stiffness at the root, the following vector-matrix equation can be
used to compute the deflection of the blade at each radial station:

δ̃ = K̃
−1

CLT (10.7)

The last element of δ̃ is the tip-deflection (δ̃tip) which is the value of interest. The vector
product between the last row of K̃−1 as well as CLT will give the tip-deflection as:

δ̃tip =
N∑
i

K̃−1
N,iCLT,i (10.8)

In order to use the tip-deflection as a constraint, it would need to follow the shape of a linear
local-thrust constraint (equation (9.14)) hereby introducing the tip-deflection-coefficient
(Ctip), given as:

Ctip =

∫ 1

0
r̃f̃tipCLTdr̃ (10.9)

Using the trapezoidal-method for the integration a discrete relationship between K̃N,i and
f̃tipr̃ can be established:

r̃f̃tip =
K̃N,i

∆r̃
(10.10)

Here ∆r̃ is the spacing between nodes (assuming constant node spacing).
For Ctip the following equation for the tip-deflection is found:

δtip =
ρπV 2R5

EIr
Ctip (10.11)

This leads to the following non-dimensional constraint:

EIr,0
EIr

Ṽ 2R̃5Ctip ≤ δ̃tip,0 (10.12)

where δ̃tip,0 = Ctip,0 could be used, with Ctip,0 being the coefficient for the CP maximized
rotor.
The tip-deflection is seen to be a fairly restrictive constraint with a R̃5 scaling.

10.1.4 Maximum stress and strain
In this section constraints for the maximum allowable stress (σmax) and strain (smax) will
be given. For the sake of simplicity, the maximum stress/strain is assumed to occur at the
root of the blade. However, this is not always the case and a short discussion of how to
extend this method for computing the maximum stress/strain at an arbitrary r̃ location is
given at the end.
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The maximum stress at the root of the blade can be computed by combining the stress
for a Euler-Bernoulli-beam assuming a spar-cap structure as well a constant stiffness (E)
through the structure. The maximum stress can be found as:

σ =
zMflap

I

zmax =
H

2

 =⇒ σmax =
MflapH

2I
(10.13)

where I is the second-moment of inertia, which for a spar-cap structure can be approxi-
mated as I = H2Bh/2 (see appendix section A.2.2 for more detail). The variable defini-
tion (H,B, h) for the spar-cap can be seen in figure 10.1. z is the distance from the neutral-
axis to the point of evaluation orthogonal to the span direction. The maximum stress will
occur at the maximum z (zmax). From equation (10.13) it is seen that σmax ∝ Mflap and

Figure 10.1: Sketch of a spar-cap structure showing the variable definitions. H is
the total height of the spar-cap structure, h is the cap-thickness and B is the width
of the cap.

if the remaining parameters (H, I) are not changed with radius or loading, the constraint
is seen to be the same as an Mflap constraint. However, as it is discussed in the next
subsection employing a mass constraint could lead to a higher scaling with the radius.
A general normalized maximum-stress constraint can therefore be formulated as:

I0
I

H

H0
CFM R̃3 ≤ σ̃max,0 (10.14)

For maximum strain the stress-strain relation (σ = Es) can be used to find the maximum
strain as:

smax =
σmax
E

=
MflapH

2EI
(10.15)

Leading to the following non-dimensional constraint:

E0

E

I0
I

H

H0
CFM R̃3 ≤ s̃max,0 (10.16)

which is simply the multiplication of E0/E compared to the maximum stress constraint.

Preliminary Wind Turbine Rotor Design 71



The maximum stress/strain constraints are seen to be almost the same when the max-
imum is assumed to be at the root of the blade. However, in reality, they might not be
at the root nor at the same position along the blade span, since E and especially I will
change along the blade span. To find the location of the global maximum stress/strain it
would need to be computed at all locations along the blade. This would require computing
the so-called Over-Hanging moment (Moh), which can be computed as:

Moh =
1

2
πρV 2R33

∫ 1

r̃0

CLT r̃ (r̃ − r̃0) dr̃ (10.17)

where r̃0 is the point of evaluation. It is seen that the expression reduces toMflap if r̃0 = 0,
as expected. Introducing the Over-Hanging-moment-coefficient (COHM ) given as:

COHM = 3

∫ 1

r̃0

CLT r̃ (r̃ − r̃0) dr̃ (10.18)

a set of more general constraints can be made:

I0
I

H

H0
COHM R̃3 ≤ σ̃max,0 (10.19)

E0

E

I0
I

H

H0
COHM R̃3 ≤ s̃max,0 (10.20)

In principle, it would require a constraint to be added for each radial position (r̃0) of inter-
est, which could lead to a very large number of constraints. However, adding r0 as an
optimization parameter (like Wi) might be a way to do this in a general way, although this
has not been investigated further.

10.1.5 Simple mass constraint
When discussing the cost function it was assumed that cost ∝ mass and it, therefore,
seems like a natural thing to look for ways of constraining the mass of a component while
maintaining a given load constraint. Constraining the mass of a component it would follow
that Cfrac will be lowered since the component will not be part of the changes in cost.

In this section, the simple example of constraining the blade mass is given, with the as-
sumption that the main mass contribution for the blade is the load-carrying spar-cap struc-
ture, for which a sketch is shown in figure 10.1.
The mass of the spar-cap structure can be computed as:

mspar−cap = 2

∫ R

0
hr(r) ·B(r)dr (10.21)

In order for the mass to be constant the following needs to hold:∫ R

0
hr(r) ·B(r)dr =

∫ R0

0
hr,0(r) ·B0(r)dr (10.22)

Assuming thatB = B0 and introducing hr = hh̃r, where h is a reference cap-height, which
could be taken as the cap-height at the root. The quantity h̃ is a normalized cap-thickness
distribution that is assumed not to change, meaning that the cap-thickness scales only with
changes in h. Inserting these assumptions into equation (10.22) the following equation is
found to be sufficient for mass conservation:

h =
R0

R
h0 =

h0

R̃
(10.23)
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Using the approximate equations for a spar-cap structure with thin caps for the second-
moment of inertia (I ≈ H2Bh/2) the following equation can be found for I0/I with the
mass constraint:

I0
I

=
H2

0B0h0
H2Bh

= R̃ (10.24)

This mass constraint could be inserted into either of equation (10.12), (10.13) or (10.15),
hereby leading to a larger scaling wrt. the increase of radius(
tip+mass ∝ R̃6, stress+mass ∝ strain+mass ∝ R̃4

)
.

An interesting question to investigate in this regard is whether the PpC or AEPpC is
highest for the mass constrained design with a larger scaling in R̃ but a lower Cfrac, or if
the design without the mass constraint would be with a smaller R̃ but a higher Cfrac.

10.1.6 Maximum chord
The chord length of a wind turbine rotor is in real wind turbine designs often constrained
due to practical issues like transportation. It is therefore often desired to include a max-
imum chord constraint. In order to do this in the optimization methodology presented
here the constraint is implemented in a slightly different way compared to the previously
presented constraints.

Starting by solving the loading optimization (equation (9.10), or figure 8.2) without the
chord constraint. It results in optimal local-thrust (CLT,opt) from which the resulting chord
can be computed using the chord equation (4.36) where the Cl distribution along the
span is also needed. If any points along the span exceed the maximum chord constraint
the following equation would need to be solved for the local-thrust (CLT ) that satisfy the
maximum chord constraint:

cmax −
8πr̃RCLT

BCl

1

λr̃ +
√
λ2r̃2 + CLT

F

1√(
1 +

√
1− CLT

F

)2

+

(
λr̃ +

√
λ2r̃2 + CLT

F

)2
= 0

⇓
CLT,cmax (10.25)

with the resulting local-thrust denoted as CLT,cmax . Including the maximum chord con-
straint modifies the flow-chart diagram in figure 8.3, with the modified diagram shown in
figure 10.2. It show that the Maximum Chord constraint is added between the Loading

Figure 10.2: Flow-chart for Power Optimization with maximum chord.

Optimization and Power and Constraints Evaluation.
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10.2 Parametric constraint function
The constraints presented in section 10.1 all follow the Linear local-thrust constraint form
given in equation (9.14) (except the maximum chord). Later the impact of the constraints
on the optimal design is investigated. To avoid the need for additional inputs, such as
stiffness along the span for tip-deflection, the possibility of creating a parametric constraint
that only requires two inputs are investigated here.

It will start by presenting the parametric constraint model, and show how it is related to
thrust and flap-moment constraints. Then it is investigated as an approximate equation
for a tip-deflection constraint.

All the constraints presented in section 10.1 are seen to follow the form for radius and
velocity scaling as:

f̃S

(
R̃, Ṽ

)
= R̃Rexp Ṽ 2 (10.26)

where Rexp is the radius-scale-exponent, as it was also introduced in [Loenbaek et al.,
2020a, eq. 29]. A simple parametric model for a constraint can be formulated as:

X̃
(
CLT

∣∣∣ Rexp, rexp, R̃, Ṽ
)
= R̃Rexp Ṽ 2CX

(
CLT

∣∣∣ Rexp, rexp

)
(10.27)

CX

(
CLT

∣∣∣ Rexp, rexp

)
=

∫ 1

0
CLT (r̃) · r̃ · f̃X

(
r̃
∣∣∣ rexp) dr̃ (10.28)

f̃X

(
r̃
∣∣∣ rexp) = rexpr̃

rexp−2 (10.29)

It is seen to follow the normalization with CX(CLT = 1) = 1. For comparison thrust and
flap-moment with this parametric constraint, are given by:

Thrust (X̃ = T̃ , CX = CT ) : Rexp = 2, rexp = 2 (10.30)
Flap-moment (X̃ = M̃f , CX = CFM ) : Rexp = 3, rexp = 3 (10.31)

As it is presented in chapter 14 and briefly mentioned in section 9.2 important scalar
values for comparing constraints are given as:

IX2 =

∫ 1

0
r̃
(
f̃X(r)

)2
dr̃ =

r2exp
2rexp − 2

(10.32)

IX3 =

∫ 1

0
r̃
(
f̃X(r)

)3
dr̃ =

r3exp
3rexp − 4

(10.33)

where the integrals have been computed for the parametric constraint.

10.2.1 Approximation for tip-deflection constraint
To show that this parametric model captures some of the variations for real rotor design the
parametric model is tested for different tip-deflection constraints by varying the stiffness
along the span. The stiffness is assumed to follow the form:

EI

EIr

(
r̃
∣∣∣ EIr
EIt

, Eexp

)
=

1

1 +
(
EIr
EIt
− 1
)
r̃Eexp

(10.34)

where EIr and EIt are the stiffness’s at the root and tip respectively. Eexp is an exponent
that determines how the stiffness will change between EIr and EIt.
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The relationship between the linear-local-thrust constraint (equation (9.14)) and the tip-
deflection (equations (10.11) and (10.9)) is given as:

Tip-deflection(X̃ = δ̃, CX = Ctip) : f̃S

(
R̃, Ṽ

)
= R̃5Ṽ 2, f̃X

(
r̃
∣∣∣ EI(r̃)

)
=

1

r̃

∂K̃−1
tip

∂r̃
(r̃)

(10.35)

Here the important integral value IX2 can be computed from f̃X . With IX2 the value
rexp from the parametric constraint can be found such that it results in the same IX2 as
(inverting equation (10.32)):

rexp = IX2 +
√
IX2 (IX2 − 2) (10.36)

A test for three different stiffness distributions and the associated estimate for the para-
metric model can be seen in figure 10.3. The stiffness that is seen to decrease more

Figure 10.3: Top: Normalized stiffness ( EI
EIr

) vs. span (r̃). Bottom: Constraint load
sensitivity (f̃X ) vs. span. Solid lines are for the linear-beam solver, dashed lines
are the approximate parametric constraint function with the same IX2 .

towards the tip of the blade is seen to be more sensitive to changes in the loading, which
is signified by a larger value for f̃X at the tip - as it would be expected. This is seen
as an increase in IX2 as well as rexp, and it is a way to interpret the IX2 value, as a
large value signifies a constraint that is more tip-sensitive. The parametric constraint (the
dashed lines) is seen to fit the linear-beam results fairly well and the parametric constraint,
therefore, appears to be a good parametric model for the tip-deflection.

10.3 Details on tip-deflection constraint
In section 10.1.3 an overview of how a tip-deflection constraint can be formulated was
presented. The basis for the tip-deflection constraint is the matrix-vector equation δ̃ =
K̃−1CLT (equation (10.7)), which relates the local-thrust (CLT ) to the deflection (δ̃) along
the span. The target of this section is to show where this relationship comes from, through
the use of linear beam-theory.
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Figure 10.4: Sketch of how a beam with varying stiffness and local-thrust-loading
is modeled with linear beam theory

10.3.1 Basic linear beam theory
Using linear-beam-theory, the beam is discretized into a set of nodes along the span as
it can be seen in figure 10.4. Linear-beam-theory establishes a set of equations for the
relationship between the nodal-forces and the nodal-displacements [Steen Krenk, 2000,
sec. 2.6], which can be stated as:

KUU = F (10.37)

Here KU is the stiffness matrix but it is different from the stiffness matrix (K) in equation
(10.7) which is highlighted by the subscript U and further explained later. U is the nodal
displacement vector and F the nodal force vector, given as:

UT

2N×1
=

[
δ0,

∂δ0
∂r

, δ1,
∂δ1
∂r

, . . . , δN ,
∂δN
∂r

]
(10.38)

F T

2N×1
= [P0,M0, P1,M1, . . . , PN ,MN ] (10.39)

where δi is the deflection and ∂δi
∂r is the slope of the deflection at node i. Pi is the point

load and Mi the bending moment at node i.

The stiffness matrix (KU ), relates the forces and the displacement through the relation for
a beam-bending-element which is given by the 4 × 4 element matrix (kiU ) [Steen Krenk,
2000, eq. 2.67]:

ki
U =

EIi
∆r3


12 6∆r −12 6∆r
6∆r 4∆r2 −6∆r 2∆r2

−12 −6∆r 12 −6∆r
6∆r 2∆r2 −6∆r 4∆r2

 (10.40)

where ∆r is the spacing between nodes. KU is then constructed by placing these kiU
matrices along the diagonal of KU with the upper-left and lower-right 2 × 2 overlapping.
The boundary conditions with a clamped root (δ0 = 0, ∂δi∂r = 0) are imposed by setting the
first 2 rows and columns for KU equal to zero.

Assuming that the point-loads (Pi) and moments (Mi) are given, the deflection problem
can be solved as:

U = KU
−1F (10.41)
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Introducing a matrix that can return every second row, denoted byKδ, the following equa-
tion for the deflection can be found:

δ
N×1

= KδU = Kδ
N×2N

KU
−1

2N×2N
F

2N×1
(10.42)

10.3.2 Local-thrust to nodal-forces
In the previous section it has been assumed that the nodal-forces were given, but it is the
local-thrust loading that is known. To determine the nodal forces, the local-thrust density is
discretized and assumed to vary linearly between nodes. Using [Loenbaek et al., 2020b,
eq. 5] for the relationship between ∂T

∂r and CLT the following loading density between
nodes is found:

∂Ti

∂r
(s) = ρπV 2(ri + s ·∆r)(CLT,i + s ·∆CLT,i) (10.43)

Here s is a normalized element span variable (0 at the start of the element and 1 and the
end). Using the equation for the relationship between distributed and nodal forces [Steen
Krenk, 2000, eq. 2.76], the following relation for the local-thrust and the nodal forces can
be found:

Pi

Mi

Pi+1

Mi+1

 = ρπV 2∆r


7
20ri +

1
12∆r 3

20ri +
1
15∆r

1
20ri∆r + 1

60∆r2 1
30ri∆r + 1

60∆r2
3
20ri +

1
12∆r 7

20ri +
4
15∆r

− 1
30ri∆r − 1

60∆r2 − 1
20ri∆r − 1

30∆r2

[ CLT,i

CLT,i+1

]
(10.44)

By the use of a matrix of shape 2N ×N the following matrix equation can be made:

F
2N×1

= ρπV 2KCLT
2N×N

CLT
N×1

(10.45)

10.3.3 Net stiffness matrix and normalization
Combining equations (10.42) and (10.45) the deflection along the span can be found as:

δ
N×1

= ρπV 2 Kδ
N×2N

KU
−1

2N×2N
KCLT
2N×N

CLT
N×1

(10.46)

The matrices can be normalized as:

KδK̃CLT = R2KδKCLT (10.47)
K∂δK̃CLT = RK∂δKCLT (10.48)

K∂δŨ =
1

R
K∂δU (10.49)

K̃U Ũ =
EIr
R3

KUU (10.50)

where K∂δ is a similar matrix to Kδ just taking the slope instead. EIr is a reference
stiffness which could be taken as the stiffness at the root. Inserting these normalized
matrices results in the following normalized equation for the deflection:

δ̃ =
EIr

ρπV 2R5
δ = K̃−1CLT (10.51)

Here the resulting inverted stiffness matrix (K̃−1) is given as:

K−1

N×N
= Kδ

N×2N
K̃−1

U
2N×2N

K̃CLT
2N×N

(10.52)

Equation (10.51) is the same as equation (10.7), which was the intended outcome for this
section.
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10.3.4 Validation
To validate the implementation, the analytical result given in [Loenbaek et al., 2020a, eq.
20] is used as it allows for varying stiffness along the span. The stiffness variation is given
as:

EI(r̃) =
EIr

1 +
(
EIr
EIt
− 1
)
r̃

(10.53)

where EIr is the stiffness at the root, and EIt the stiffness at the tip. A plot of the con-
vergence for the linear beam solver can be seen in figure 10.5, where EIr/EIt = 10.
The plot shows the difference in deflection along the span for an increasing number of

Figure 10.5: Convergence for the linear beam model. Shows O(N−1) conver-
gence, confirming that the implementation is correct.

elements. The convergence is seen to be O(N−1) as it should for a linear beam solver.
It confirms that the implementation is correct.
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Part III

Applying the Optimization Methodology



11 Introduction to applying the
optimization methodology

The previous parts have focused on describing the RIAD model and the WOwRI opti-
mization methodology. In this part, these two are combined and applied for parametric
investigations for the input and the impact that it has on the optimal design.

At first, the impact of the cost function is investigated, which starts by examining the
general conditions for optimality. It leads to an approximate condition for optimality that
is independent of radius. Then the impact of the constraints and the aerodynamic losses
are investigated for both PpC and AEPpC. It is followed by an analytical result, which is
made possible by the use of an approximate solution for the local-power instead of RIAD.
The problem of realizing a blade design for optimal power is further discussed. This has
already been discussed in section 8.3.4 for the case with a flap-moment constraint, but
here it is extended for a tip-deflection constraint.
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12 Investigating the cost function
In this chapter the cost function that was presented in section 2.2, is investigated further
by changing the input for the cost function. Before presenting the result of the impact of
the cost-function on the optimal design as will be done in the coming section, the general
condition for optimality for Power-per-Cost (PpC) or AEP-per-Cost (AEPpC) is derived.
The general condition for optimality can be used to find an approximate equation for the
cost optimality that allows one to make a single plot from which the optimal rotor radius
or power can be read.

12.1 General condition for PpC/AEPpC optimality
The cost optimization for PpC is given as:

max
R̃

PpC
(
R̃
∣∣∣ X̃0, X̃1, . . . , X̃N , Cfrac, cexp

)
= max

R̃

P̃opt

(
R̃
∣∣∣ X̃0, X̃1, . . . , X̃N

)
f̃cost

(
R̃
∣∣∣ Cfrac, cexp

) (12.1)

where the result from WOwRI for P̃opt (equation (9.8)) is implicitly assumed. For AEPpC,
P̃opt is simply replaced by ˜AEP opt. For the situation where the the optimal point is at a
stationary point, the following equality needs to hold:

max
R̃

PpC =⇒ ∂PpC

∂R̃
= 0 (12.2)

⇓
∂P̃opt

∂R̃

P̃opt

=

∂f̃cost
∂R̃

f̃cost
(12.3)

showing that the relative derivative of the cost function needs to be the same as the
relative derivative of the power. These relative derivatives are therefore crucial when
investigating the impact of changes for the aerodynamics and constraints (P̃opt), as well
as for the cost-model (f̃cost).

To show the relationship between the two relative derivatives, a plot using the 1D-P̃opt

(equation (2.12)) for three different constraints (Rexp) and the cost-function with three dif-
ferent cost-exponent (cexp) is shown in figure 12.1. The optimal radius is at the intersection
between the green line and the gray line. The striking feature is how flat the relative cost
derivative (∂R̃f̃cost/f̃cost) is, especially in the region of interest, which is bounded by the
solid green line with Rexp = 2. This is investigated further in the coming section.

12.2 The impact of the cost-function
To investigate the flat relative derivative of the cost-function further, it is parametrically
investigated in figure 12.2. The figure contains 9 subplots, each with the cost-exponent
(cexp) fixed along the rows, and the cost-fraction (Cfrac) fixed along the columns. Each
sub-plot shows the relative-cost-derivative (∂R̃f̃cost/f̃cost) for increasing radius (R̃). The
range of both the x- and y-axis is the same for all plots. The range for the cost-function
input is chosen to almost span ∂R̃f̃cost/f̃cost ∈ [0, 2] which is the maximum range. The
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Figure 12.1: The relative derivative of power (∂R̃P̃opt/P̃opt, black lines) and the
relative derivative of cost (∂R̃f̃cost/f̃cost, gray lines) for increasing normalized rotor
radius (R̃). The P̃opt is for 1D-momentum theory.

Figure 12.2: Sensitivity study for the relative derivative for cost (∂R̃f̃cost/f̃cost) for
increasing rotor radius. Each row of the subplots has a fixed cost-exponent (cexp),
whereas each column has a fixed cost-fraction (Cfrac). The dashed line is for the
product Cfrac · cexp which is the value at R̃ = 1.

dashed line is the value at R̃ = 1 which can be found as:

∂f̃cost
∂R̃

f̃cost

∣∣∣∣∣∣
R̃=1

= Cfrac · cexp (12.4)

The dashed-line and the solid line in figure 12.2 are seen to be fairly close with the largest
difference observed for Cfrac = 0.2, cexp = 3.

82 Preliminary Wind Turbine Rotor Design



12.2.1 Approximate solution
To make the parametric investigations for the impact of the cost-function, the following
approximation is therefore suggested:

∂f̃cost
∂R̃

f̃cost
≈ Cfrac · cexp (12.5)

hereby reducing the impact of the cost function to a single parameter, for the location of
the optimum rotor radius (R̃opt). It allows one to make a single plot that can be used to
determine the optimal radius and power increase. An example of such a plot is shown
in figure 12.3. The top subplot shows the relative increase of power as a function of

Figure 12.3: Top subplot: relative power (P̃opt/P̃0), Bottom subplot: relative deriva-
tive of power (∂R̃P̃opt/P̃opt) both for increasing rotor radius. The approximate opti-
mal rotor radius increase (R̃opt) can be found for a given cost-input (Cfrac · cexp), i.e
Cfrac · cexp = 1 results in R̃opt = 1.08.

increasing the rotor radius. The lower subplot shows the relative power derivative for
increasing the rotor radius. Applying the approximation for the relative cost derivative
the y-scale on the lower subplot can be added. As an example, if the cost function is
Cfrac · cexp = 1 the optimal rotor radius with a thrust constraint (Rexp = 2) can be found
as ∆R ≈ 8% with an increased power of ∆P ≈ 11%, whereas the specific increase
in the PpC can only be determined for a specific values of Cfrac and cexp. If instead,
the constraint was flap-moment, the optimal increase of radius would be ∆R ≈ 3% with
increased power of∆P ≈ 5%. For the case where the impact of the cost-function is lower
with Cfrac · cexp = 0.5 the equivalent number would be ∆R ≈ 21%,∆P ≈ 22% for a thrust
constraint and ∆R ≈ 6%,∆P ≈ 6% for a flap constraint.

This plot is going to be used as the basis for presenting the impact of changing the input
for P̃opt as it gives a good and intuitive graphical representation of the solution to the
optimization problem.

12.2.2 Comparing the true solution with the approximation
To compare the approximate solution with the true solution the plot in figure 12.4 was
made. It shows the true solution for the case with a thrust constraint (Rexp = 2) while
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Figure 12.4: Comparing the solution for the optimal increase of radius (R̃opt) and
the relative PpC (PpC/P̃0) for a fixed input of Cfrac · cexp = 1 where Cfrac is varied.
P̃opt is the 1D-momentum result with Rexp = 2 as this would result in the largest
variation, since it has the largest increase of radius.

havingCfrac ·cexp = 1 for varying values ofCfrac, in a range such that the limits cexp ∈ [1, 3]
is maintained. The thrust constraint is chosen as it is the case where the impact of the
constraint would lead to the largest increase of radius. The increase of radius is seen to
vary 1.5%which is insignificant but is thought to be fair as a graphical representation. The
impact on PpC is seen to be very small.
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13 The impact of constraints and
aerodynamics losses

To investigate the impact of the constraints, the parametric constraint function presented
in section 10.2 will be used with the assumption that Rexp = rexp for the three constraints
thrust, flap-moment and tip-deflection. It is furthermore assumed that tip-deflection is
simply Rexp = rexp = 5, and the resulting constraints are given as:

Thrust (X̃ = T̃ , CX = CT ) : Rexp = rexp = 2 (13.1)
Flap-moment (X̃ = M̃f , CX = CFM ) : Rexp = rexp = 3 (13.2)
Tip-deflection (X̃ = δ̃tip, CX = CTip) : Rexp = rexp = 5 (13.3)

where the constraint (X̃) and coefficient (CX ) are given by:

X̃
(
CLT

∣∣∣ Rexp, R̃, Ṽ
)
= R̃Rexp Ṽ 2CX

(
CLT

∣∣∣ Rexp

)
(13.4)

CX

(
CLT

∣∣∣ Rexp

)
= Rexp

∫ 1

0
CLT (r̃) · r̃Rexp−1dr̃ (13.5)

Using this simple parametric model for the constraints allows one to vary the constraints
by only one parameter (Rexp) in much the same way as it is done using 1D-momentum-
theory in section 2.1. The optimization problem is given as:

max
W1

CP

(
W1

∣∣∣ λ, Cd

Cl

)
· R̃2 (13.6)

subj. CX

(
W1

∣∣∣ Rexp

)
· R̃Rexp ≤ X̃0

⇓

P̃opt

(
R̃
∣∣∣ Rexp, λ,

Cd

Cl

)
(13.7)

where λ and Cd/Cl are given parameters to capture the impact of aerodynamic losses.
For the range of interest it is not found to be the case that multiple constraints are active
at the same time and it is therefore the constraint with the larges Rexp that dominates.
The optimization for ˜AEP opt is done in a similar fashion but with only one constraint.

To compute the gradient of P̃opt and ˜AEP opt the optimization is solved for a range of
increases in radius, and then cubic-spline interpolation is used to make a smooth curve
where the gradient can easily be computed.

13.1 Power
13.1.1 The impact of the constraints
Solving the problem at first without any aerodynamic loss (λ → ∞, Cd/Cl = 0) results
in the figure 13.1. In this plot, the result from 1D momentum theory is also shown for
reference. For a thrust constraint (Rexp = 2) the result is seen to be the same as for 1D
momentum theory. For the other constraints, the full model is seen to reach more potential
increase and the difference becomes larger as the constraint becomes more restrictive
(Rexp = 5).
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Figure 13.1: Top subplot: relative power (P̃opt/P̃0), Bottom subplot: relative deriva-
tive of power (∂R̃P̃opt/P̃opt) both for increasing rotor radius. This is without any aero-
dynamic loss and the result from 1D-momentum theory is shown with gray lines for
reference. (Notice that for Rexp = 2 the black and gray line is on top of each other)

13.1.2 The impact of aerodynamic losses
Including aerodynamic losses is done with the following input:

λ = 5 (13.8)
Cl

Cd
= 50 (13.9)

This lead to the plot in figure 13.2. The losses are here applied in a cumulative fashion,
starting from No-loss, then wake-rotation-loss (Wake-rot) was added, followed by Tip-
loss and at the end viscous-losses (Vis.-loss) were added. The line with viscous-loss
therefore includes all losses for RIAD. The aero input (λ, Cd/Cl) is chosen to make the
losses significant, so it is possible to see the difference. These inputs do not represent
common inputs for turbine design.

From figure 13.2 it is seen that the impact of adding losses is largest for themost restrictive
tip-constraint (Rexp = 5), as the difference between the lines is bigger. But overall the
constraint is seen to be more impactful than the aerodynamic losses. An interesting thing
to notice is that adding aero-dynamic-loss leads to a higher relative gain in power (P̃opt/P̃0)
as well as optimal rotor radius (R̃opt) which is a consequence of the aero-dynamic losses
reducing with lower local-thrust loading.

13.2 AEP
A similar analysis to the one for power is made for AEP instead. The input in terms of
constraints and aerodynamic losses is the same as before.

13.2.1 The impact of the constraints
Running the optimization for ˜AEP opt gives the results in figure 13.3. The immediate thing
to notice is the change of the y-scale for the lower subplot. It changed from a range from
0− 2 for power optimization, to a range of 0− 1 for AEP optimization. The consequence
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Figure 13.2: The impact of added viscous loss for P̃opt. The impact is seen to be
largest for the most restrictive constraint (tip-deflection, Rexp).

Figure 13.3: Top subplot: relative AEP ( ˜AEP opt/ ˜AEP 0), Bottom subplot: relative
derivative for AEP (∂R̃ ˜AEP opt/ ˜AEP opt) both for increasing rotor radius. This is
without any aerodynamic loss. Notice the change of the range for the y-axis for the
bottom subplot compared to power optimization, which has a significant impact for
cost optimization.

of this is that AEP optimization is more restrictive than power optimization, in that the
maximum cost impact is [Cfrac·cexp]max = 0.93 (∂R̃f̃cost/f̃cost(R̃ = 1)) where the equivalent
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is [Cfrac · cexp]max = 2 for power optimization. This is a very significant change and to give
some perspective, the case with a cost-fraction of Cfrac = 0.5 would result in a maximum
cost-exponent of cexp = 1.86. Physically it means that the structure can only expand in
less than 2 dimensions as the radius increases. With cexp = 1.86 the optimal increase of
radius would be zero, and the cost-exponent, therefore, needs to be less to lead to an
increase of radius.

On the other hand, the impact of the constraints on the optimal increase of radius (R̃opt)
is less than compared to power-optimization, with the curves in the lower subplot in figure
13.3 having a lower slope. This could prompt the investigation into constraints that can
lower the impact of the cost-function, such as constraints with constant mass since that
could lead to a more cost-effective rotor. However, this is not investigated further here.

13.2.2 The impact of aerodynamic losses
Including aerodynamic losses is show in figure 13.4. It is seen to have much the same

Figure 13.4: The impact of added viscous loss for ˜AEP opt. The impact is seen to
be larges for the most restrictive constraint (tip-deflection, Rexp), but generally less
significant than for P̃opt.

effect as for power optimization, with the impact being more for the relatively more restric-
tive tip-deflection constraint. However, the impact is generally smaller than for the power
optimization, with the impact for a thrust constraint design being insignificant.

13.3 Summing up the findings from the parametric
investigations

A general condition for optimality was derived. From this condition, it was found that the
impact of the cost-function could approximately be reduced to a single scalar parameter
which was independent of radius. It allows for fairly simple parametric studies of the im-
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pact of different constraints and of the different aerodynamic losses. The constraints were
found to have the largest impact, with the tip-deflection constraint being the most restric-
tive of the ones tested. The impact of the aerodynamic losses is found to have a larger
impact the more restrictive the constraint, with the impact on tip-deflection again being
the largest. The difference between PpC and AEPpC generally shows that the impact of
the constraints and aerodynamic losses on AEPpC are less than for PpC, but with the
critical difference that the point where an increase of radius leads to a lower PpC/AEPpC
is much lower for AEPpC optimization. As a consequence, AEPpC optimization is more
sensitive to the cost-function, which has a higher impact on the optimum than compared
to PpC optimization.
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14 Analytical solution for WOwRI with very
simple aerodynamics

In this chapter, an analytical solution for WOwRI is presented, which uses a very sim-
ple aerodynamic model and the parametric constraint model presented in section 10.2.
Although the model is simple, it reveals some interesting insights to some important fea-
tures for the optimization such as the integral constraint values (IX2 , IX3), or the fact that
the global optimum is unbounded for any load constraint. All the algebraic computation is
done through Python SymPy [Meurer et al., 2017].

14.1 Problem formulation
The problem that will be solved is given as:

max
CLT

CP (CLT ) · R̃2Ṽ 3 (14.1)

subj. CX (CLT ) · R̃Rexp Ṽ 2 ≤ X̃0

Where CX is given by equation (9.14).

14.1.1 Very simple aerodynamic model
A simple mathematical model could be considered the result of using 1D-momentum the-
ory for radially independent stream-tubes given as:

CLP (CLT ) =
1

2

(
1 +

√
1− CLT

)
CLT (14.2)

which has an analytical solution for the local-Lagrange function (equation (9.17)) given
as:

CLT,opt

(
W1

∣∣∣ f̃X) =
2

9

(
3−

(
1−W1f̃X(r̃)

)2
+
(
1−W1f̃X(r̃)

)√
3 +

(
1−W1f̃X(r̃)

)2)
(14.3)

CLP,opt

(
W1

∣∣∣ f̃X) =
1

2

(
1 +

√
1− CLT,opt

)
CLT,opt (14.4)

But analytically computing CP by integrating CLP,opt turns out to be a very complicated
problem, and even if an analytical solution could be found, it would likely be long and
complicated.

As polynomials are easy to integrate a model is suggested as:

CLP (CLT ) = CLT −
27

64
C3
LT (14.5)

Which is the simplest polynomial equation that has similar properties as the 1D-momentum-
theory equation, which is important for this analysis. The maximum remains the same
(CLP,max(CLT = 8/9) = 16/27) and it goes through zero (CLP (0) = 0) while the slope is
one at zero (∂CLT

CLP (0) = 1). A comparison of the model with the 1D-momentum equa-
tion can be seen in figure 14.1. The models are seen to agree fairly well with a difference
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Figure 14.1: Comparison of the approximate local-power equation and the result
for 1D-momentum-theory. The two models are seen to agree to within 4%.

of less than 4%. The solution to the local-Lagrange problem is:

CLT,opt

(
W1

∣∣∣ f̃X) =
8

9

√
1−W1f̃x(r̃) ≈

8

9
− 4

9
W1f̃x(r̃) +O

(
W 2

1 f̃
2
x(r̃)

)
(14.6)

CLP,opt

(
W1

∣∣∣ f̃X) =
16

27
− 2

9
W 2

1 f̃
2
X +

1

27
W 3

1 f̃
3
X (14.7)

Where CLT,opt has been Taylor expanded to keep the solution simple.

14.2 Solving the optimization problem
Solving the optimization problem in (14.1) analytically requires three steps. At first, the
constraint- (CX ) and power-coefficient (CP ) in terms of the KKT-multiplier (W1) are found,
and then the constraint limit is enforced by finding the value for the KKT-multiplier that
meets the constraint limit. Finally, the optimal power (P̃opt) equation can be found.

14.2.1 Computing CX and CP

The constraint- and power-coefficient can be found by the following integration of CLT,opt

and CLP,opt:

CX

(
W1

∣∣∣ f̃X) =

∫ 1

0
r̃CLT,optf̃Xdr̃ =

8

9
− 4

9
W1IX2 (14.8)

CP

(
W1

∣∣∣ f̃X) = 2

∫ 1

0
r̃CLP,optdr̃ =

16

27
− 4

9
W 2

1 IX2 +
2

27
W 3

1 IX3 (14.9)

Where IX2 and IX3 are given as:

IX1

(
f̃X

)
=

∫ 1

0
r̃f̃Xdr̃ = 1 (14.10)

IX2

(
f̃X

)
=

∫ 1

0
r̃
(
f̃X

)2
dr̃ (14.11)

IX3

(
f̃X

)
=

∫ 1

0
r̃
(
f̃X

)3
dr̃ (14.12)

These integral values reduce the general shape (f̃X ) the constraints can have, to a set of
scalar values, which turns out to have a decreasing order of importance. Including more
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terms in the Taylor expansion for CLT,opt will result in higher-order terms, with the general
form of:

IXn

(
f̃X

)
=

∫ 1

0
r̃
(
f̃X

)n
dr̃ (14.13)

These integrals, therefore, seem to form a good mathematical basis to compare different
constraints.

14.2.2 Enforcing the constraint limit and Power equation
With the equation for the constraint-coefficient (equation (14.8)) the KKT-multiplier that
satisfy the constraint limit can be found as:

CX

(
W1

∣∣∣ f̃X) · R̃Rexp Ṽ 2 = X̃0 (14.14)

⇓

W1 =
2

IX2

− 9

4

X̃0

IX2R̃Rexp Ṽ 2
(14.15)

Inserting this value for the KKT-multiplier into the equation for CP the solution to the opti-
mization problem in (14.1) can be found as:

max
CLT

CP (CLT ) · R̃2Ṽ 3

subj. CX (CLT ) · R̃Rexp Ṽ 2 ≤ X̃0

⇓

P̃opt

(
R̃, Ṽ

∣∣∣ Rexp, IX2 , IX3

)
=R̃2Ṽ 3 16

27

(
1− 3

1

IX2

+
IX3

(IX2)3

)
+ X̃0

Ṽ

R̃Rexp−2

(
4

1

IX2

− 2
IX3

(IX2)3

)
+ X̃2

0

1

Ṽ R̃2Rexp−2

9

4

(
− 1

IX2

+
IX3

(IX2)3

)
− X̃3

0

1

Ṽ 3R̃3Rexp−2

27

32

IX3

(IX2)3
(14.16)

The immediate interpretation of this equation is not obvious, but the next section will dis-
cuss it further.

14.3 Analysis and comparison with RIAD aerodynamics
The interpretation of the analytical result for P̃opt will start by discussing the limiting be-
haviour as the radius tends to infinity, first for the case with a thrust constraint and then
for the more general case. The result is compared with the case of using RIAD for the
aerodynamics, and finally, the impact on the optimal solution is investigated.

14.3.1 Maximum power with thrust constraint
For the thrust constraint, it follows that:

Thrust (X̃ = T̃ , CX = CT ) : Rexp = 2, f̃X = 2, IX2 = 2, IX3 = 4 (14.17)

It significantly simplifies P̃opt to:

P̃opt

(
R̃, Ṽ

∣∣∣ Rexp = 2, IX2 = 2, IX3 = 4
)
= T̃0Ṽ −

27

64

T̃ 3
0

R̃4Ṽ 3
(14.18)
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Which has the limit:

lim
R̃→∞

[
P̃opt

(
R̃, Ṽ

∣∣∣ Rexp = 2, IX2 = 2, IX3 = 4
)]

= P̃max = T̃0Ṽ (14.19)

It shows that the limit only depends on the constraint-limit for the thrust constraint (T̃0)
and on the normalized free-stream-wind-speed (Ṽ ). This is also seen to be the global
maximum, as the radius dependent term is a loss term that decreases with increasing
radius. Despite the approximate model used here, this is also the limit using RIAD without
aerodynamic losses, as the limit is found to have CLT,opt → 0. Matching the slope of the
local-power (∂CLT

CLP,opt) at this limit is, therefore, crucial to reach the same limit. In fact,
including viscous-loss for CLP as:

CLP

(
CLT

∣∣∣ λ, r̃, Cd

Cl

)
= CLT

(
1− λr̃

Cd

Cl
(r̃)

)
− 27

64
C3
LT (14.20)

The limit is found to be:

lim
R̃→∞

[
P̃opt

(
R̃, Ṽ

∣∣∣ λ, Cd

Cl
, Rexp = 2, IX2 = 2, IX3 = 4

)]
= T̃0Ṽ

(
1− λ

∫ 1

0
r̃2

Cd

Cl
(r̃)dr̃

)
(14.21)

Showing that the limit is decreased by the introduction of viscous-loss. This is a direct
consequence of the slope at zero local-thrust for the local-power being decreased by the
viscous-loss.

14.3.2 Maximum power without thrust constraint
The maximum power for the general case is dominated by the leading term in equation
(14.16) which in the limit when the radius is large:

P̃opt

(
R̃≫ 1, Ṽ

∣∣∣ Rexp, IX2 , IX3

)
≈R̃2Ṽ 3 16

27

(
1− 3

1

IX2

+
IX3

(IX2)3

)
(14.22)

the case where the factor inside the brackets is positive leads to unbounded growth for.
The condition for this to be positive can be found as:

IX3 > (IX2)2 (3− IX2) (14.23)

Which is still a little abstract, but inserting the values for IX2 , IX3 from the parametric
constraint function (equations (10.32), (10.33)) the condition simplifies to:

rexp > 2 (14.24)

It shows that only the case with a thrust constraint leads to a finite value for the maximum
global power - otherwise the maximum global power is unbounded:

lim
R̃→∞

[
P̃opt

(
R̃, Ṽ

∣∣∣ Rexp, IX2 , IX3 > (IX2)2 (3− IX2)
)]
→∞ (14.25)

14.3.3 Comparing with solutions using RIAD aerodynamics
To compare the analytical solution with the solution by using RIAD for the aerodynamics,
figure 14.2 was made. It solves the same optimization problem, with no aerodynamic
losses (λ→∞, Cd/Cl = 0). The overall agreement between the two solutions is not that
great and as such, it can not be used as a good replacement for the model without losses.
Nevertheless, it manages to capture the overall trend of the curves and as such would
give a good indicative behavior for different constraints, without the need to solve the full
WOwRI.
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Figure 14.2: Comparing the analytical result with the result of using RIAD for the
aerodynamics. The agreement between the two is not great, but the overall shape
of the curve is captured by the analytical result.
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15 Realizing the optimal power curve with
blade design

In section 8.3.4 the problem of realizing the optimal power-curve from AEP optimization
was discussed. The problems arise from the fact the loading is allowed to change arbi-
trarily along the span with changing wind speed. In section 8.3.4 the power curve was
tested for the case of using common wind turbine technology, such as fixed chord and
twist, with the loading and power being controlled by pitch and rotational speed. For a
rotor constraint by flap-moment, it was found that both AEPpC and AEP agree within
∆AEPpC = −0.05% using this common wind turbine technology. It shows for this case
that there would not be much to gain from applying advanced turbine technology in order
to reach a better match for the optimal power-curve.

In this section, a similar approach is applied for the case with a tip-deflection constraint,
which shows a larger difference when applying common turbine technology. The more
general conditions for the optimal power-curve are therefore investigated, more specifi-
cally how the lift (Cl) would need to change with wind speed for the rotor design to achieve
the optimal power-curve.

15.1 Using known technology
The result of applying the same optimization as it is described in section 8.3.4 but with the
addition of a tip-deflection constraint can be seen in figure 15.1. The difference between
the performance of the rotor with common technology and the optimal power-curve in
terms of AEPpC is now seen to be ∆AEPpC = −0.5% which is significantly larger than
for the case with only a flap-moment constraint where it was ∆AEPpC = −0.05%. The
difference between the two power-curves (the red shaded region) is also seen to be visible
and the difference in the local-thrust loading is also seen to be bigger. Even though the
increase in radius is much less for the case with the tip-deflection constraint, the range
of wind-speeds where the constraint is active is seen to be larger. Furthermore, the tip-
deflection constrained rotor, using common technology is seen to reach the rated power at
higher wind speed, compared to the optimal power-curve, which is the region where most
of the power is lost. Interestingly, when comparing the pitch (θpitch) and rotational speed
(ω) between the design with a tip-deflection constraint and the one with a flap-moment
constraint, they are found to have the same overall shape, with the rotational speed having
almost a zero slope and the pitch linearly increasing in the range where the constraint is
active. This seems to suggest that using this common turbine technology, there is only
one optimal way to reach a local-thrust loading tapering towards the tip with increasing
wind-speeds. This tapering was seen to match well for the flap-moment constraint. The
hypothesis that there is only one optimal way to reach a tapering local-thrust loading is
further strengthened by the fact that the flap-moment is seen to have a slope of almost
zero.

Although a difference of ∆AEPpC = −0.5% is still not a large difference, it shows that
the difference becomes larger. Through the previous discussion, the difference will likely
be even larger with more restrictive constraints or designs with bigger active constraint
regions. The condition for the changes in the lift is therefore discussed further in the next
section.
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Figure 15.1: Top subplot: Power (P̃ ) and load curves (T̃ , M̃f , δ̃tip), bottom subplot:
Pitch (θpitch) and rotor rotational speed (ω), both as a function of normalized wind
speed (Ṽ = V /Vrated,0). The local-thrust distribution along the span is shown (in
blue) at four selected points in the region with an active constraint. The difference
to the optimal power-curve is shown in red.

15.2 General conditions
In this section, the general condition for the lift (Cl) in the range for an active constraint
is investigated. This is done with the assumption that the chord (c) and the tip-speed-
ratio (λ) remain constant. This is thought to give insights into which kind of technology is
required and how it would need to act in order to achieve the optimal power-curve.

For simplicity, drag will be excluded from the induced velocity and starting from equation
(6.1) the following equation for Cl can be found:

Cl

(
CLT (Ṽ )

∣∣∣ σ, λ, r̃) =
4CLT

σ

1

λr̃ +
√

λ2r̃2 + CLT
F

· 1√(
1 +

√
1− CLT

F

)2

+

(
λr̃ +

√
λ2r̃2 + CLT

F

)2
(15.1)

Where CLT (Ṽ ) is the local-thrust that changes with wind speed in the region of an active
constraint. Using the loading from the optimal power-curve, gives the result shown in
figure 15.2. The figure shows the rotor chord design which was found from the local-
thrust distribution with themaximum power coefficient (the loading before the tip-deflection
constraint becomes active). The change in Cl is shown for 4 selected points along the
span in the region of wind speeds where the tip-deflection constraint is active. In all four
cases the lift is seen to decrease linearly, and fitting a linear function for the slope (∂Cl/∂Ṽ )
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Figure 15.2: General condition for the change in the lift (Cl) to achieve the optimal
power-curve, for the case with a tip-deflection constraint. The rotor is assumed
to have a fixed chord distribution. The slope of the changes in the lift is seen to
progressively increase towards the tip of the blade.

a plot for this slope along the span is also shown. The slope is seen to progressively
become steeper, with the slope at in the inner part of the blade (r̃ < 0.4) being zero. With
the use of common technology, it was not possible to fully capture the optimal local-thrust
distribution. The results in figure 15.2 can be used as a basis for investigating alternative
technologies that are able to capture the optimal local-thrust loading. Examples of such
technologies could be bend-twist coupling or trailing edge flaps.
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16 Conclusion and Outlook

Conclusion
A wind turbine rotor optimization framework was presented. The framework is useful for
preliminary wind turbine rotor design as well as design space exploration. The framework
consists of an Aerodynamic Solver and an Optimization Methodology, which was named
Radially Independent Actuator Disc model (RIAD) and Wind Turbine Rotor Optimization
with Radial Independence (WOwRI), respectively.

The RIAD model is a different parametrization of the Blade-Element-Momentum (BEM)
equations which was found to be better for wind turbine rotor optimization. The model
relates the local-rotor-power output (Local-Power-Coefficient - CLP ) to the local-rotor-
loading input (Local-Thrust-Coefficient - CLT ) at a given radial station (r̃). The model
is a simple equation, shown in equation (4.19), from which different physical effects can
easily be interpreted, such as wake-rotation-loss, tip-loss, and viscous-loss.

Three different methods for computing the gradients for RIAD were compared, and the
complex-step-method was found to be the better of the three. The gradients were used
for classical power-coefficient (CP ) maximization, which was first applied for loading opti-
mization (CLT along the span) for a given tip-speed-ratio and glide-ratio. The real strength
of the gradients for RIAD is found when it is applied for load-constraint power optimization,
as it is done within WOwRI.

The relationship between the RIAD parametrization and the classical BEM parametriza-
tion was shown through the connection between the local-thrust and blade chord and
twist. The RIAD model and the BEM solver CCBlade [Ning, 2014] were found to agree to
a level where the mathematical formulations are equivalent. The RIAD parametrization
can also be used as a BEM-solver, and the process of extending the valid range was
presented.

The gradients from the RIAD model were used in WOwRI to create a novel wind turbine
optimization methodology. The crucial assumption that allows for this nested optimiza-
tion approach is the assumption of radial independence, which is similar to the assumption
made in the BEM theory. It allows for the optimal relationship between global power- (CP )
and load-coefficient (CT , CFM , CTip, ...) to be solved through the use of KKT-multipliers. It
gives the Pareto-optimal relationship between these power- and load-coefficients, thereby
leaving an optimization problem that can be solved at each radial station independently.
Consequently, the original optimization problemwhere the optimization variables are load-
ing distribution CLT (r), can be changed into a KKT-multiplier for each constraint (W0,W1,
etc.).

Also, a simple aerodynamic model was developed, resulting in an analytical solution for
the optimal power for a given increase of radius. It shows some important integral values
for the constraints and it shows that load constrained power optimization always leads to
an unbounded increase of radius (R̃ → ∞). Only in the case with a thrust-constraint will
the resulting power be finite. For other constraints, it will lead to an unbounded power
increase. Optimizing for maximum power is therefore not a well-posed problem.

To make an optimization problem that is well-posed, a cost-function which is a simple
function of the radius was introduced. It leads to optimization for Power-per-Cost (PpC)
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and AEP-per-Cost (AEPpC), which is a well-posed optimization problem. A general con-
dition for optimality was derived. From this condition it was found that the impact of the
cost-function could approximately be reduced to a single scalar parameter which was in-
dependent of radius. It allows for fairly simple parametric studies of the impact of different
constraints and of the different aerodynamic losses. The constraints were found to have
the largest impact, with the tip-deflection constraint being the most restrictive of the ones
tested. The impact of the aerodynamic losses is found to have a larger impact the more
restrictive the constraint, with the impact on tip-deflection again being the largest. The
difference between PpC and AEPpC generally shows that the impact of the constraints
and aerodynamic losses on AEPpC are less than for PpC, but with the critical difference
that the point where an increase of radius leads to a lower PpC/AEPpC is much lower
for AEPpC optimization. As a consequence, AEPpC optimization is more sensitive to the
cost-function, which has a higher impact on the optimum than compared to PpC optimiza-
tion.

The outcome from an AEPpC optimization is a fairly idealized optimum power curve where
the loading along the span in principle is allowed to change arbitrarily with varying wind
speed. The case of applying known turbine technology to get as close to this idealized
turbine was therefore tested. With a flap-moment constraint, it was found that the power-
curve could be reached within ∆AEP = 0.05%, which is an insignificant difference. Ap-
plying a similar optimization for tip-deflection constraint design showed a bigger difference
of ∆AEP = 0.5%, which is likely due to the limitation that the known turbine technology
can only create one kind of loading taper. The more general conditions for achieving this
optimal power-curve were investigated with the assumption that the chord was fixed. It
showed that the lift needs to change linearly with wind speed, yet with an increasing slope
towards the tip of the blade. This is thought to be useful information for investigating which
kind of technological improvements would lead to the most impact on power/AEP, without
violating the load constraints.

Outlook
The outcome from this project is not so much the specific results, but the optimization
framework that hopefully will be applied for wind turbine rotor design for the turbines of
tomorrow, as well as a tool to guide the future design concepts or technology improve-
ments.

A key assumption in this work is that it assumes steady-state conditions for the turbine.
However, it is well known that the design driving loads often happen with dynamic inflow
(i.e. gusts) and the underlying assumption that decreasing the steady-state load also
leads to a decrease in the loads with dynamic inflow. This assumption was not tested
or validated within this thesis, however, it should be investigated in future work. Firstly,
it should be investigated whether there is a connection between the steady-state load
and the dynamic loads, and then it should be investigated whether this connection is a
simple proportional or non-linear connection. If the connection is non-linear, it should
be investigated whether the steady-state constraints in some way can be changed to
accommodate for this difference.

RIADwas shown to bemathematically equivalent to BEM, but as it is well known that there
is some discrepancy between BEM and higher fidelity aerodynamic solvers such as Com-
putational Fluid Dynamics (CFD). As it was discussed in section 3.1 different corrections
to accommodate for this difference have been suggested and some of these alternative
suggestions should be tested as closure equations instead of the Glauert closures applied
throughout this thesis. Work was also started to make a model for the closure equations
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using 3D CFD with an actuator disc model based on equation (4.15). This equation sim-
ply requires the local-thrust (CLT ) along the span as well as the tip-speed-ratio (λ). The
actuator disc model can be used to compute the flow angle (ϕ) and thereby compute
the local-power (CLP ) at each radial station. Running parametric sets of these inputs,
a database could be created for points with solutions for these closure equations and a
model could be fitted thus creating a function for these closure equations. This would be
interesting to investigate further.
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Nomenclature
Rotor Global variables

λ Rotor tip-speed-ratio
(
λ = ωR

V

)
[-]

λopt Rotor tip-speed-ratio that maximized CP for a given Cl

Cd
[-]

ω Rotor rotational speed [1/s or rpm]

θpitch Blade pitch angle [deg]

f̃cost Normalized cost function (only a function of R̃) [-]

P̃ Normalized rotor power (CP R̃
2) [-]

R̃ Normalized rotor radius (R/R0) [-]

T̃ Normalized rotor thrust (CT R̃
2) [-]

Ṽ Normalized free stream wind speed (V /Vrated,0) [-]

ÃEP Normalized Annual Energy Production [-]

AEP Annual Energy Production [J]

AEPpC AEP-per-Cost (ÃEP/f̃cost) [-]

B Number of blades [-]

CP Rotor power coefficient [-]

CT Rotor thrust coefficient [-]

CFM Rotor flap-moment coefficient [-]

CP,opt Rotor power coefficient with λopt and CLT,opt [-]

Mf Rotor root-flap-bending moment [Nm]

P Rotor power [W]

PpC Power-per-Cost (P̃/f̃cost) [-]

R Rotor radius [m]

T Rotor thrust [N]

V Free stream wind speed [m/s]

Vrated Wind speed at which the rotor reaches rated power [m/s]

Wi KKT-multiplier (Optimization variable) [-]

W ∗
i KKT-multiplier (Non-scaled Lagrange problem) [-]

X Bold face global variables symbolizes function or vector changing
with wind-speed (Ṽ )
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Rotor Local variables

α Airfoil angle-of-attack [deg]
1
ωr

∂P
∂r Tangential loading density [N/m]

∂D
∂r Drag loading density [N/m]
∂L
∂r Lift loading density [N/m]
∂P
∂r Power loading density [W/m]
∂T
∂r Thrust loading density [N/m]
∂2P

∂r∂(rθ) Power loading density (polar coordinates) [W/m2]

∂2T
∂r∂(rθ) Thrust loading density (polar coordinates) [N/m2]

Cd
Cl

Inverse airfoil glide ratio [-]
Cl
Cd

Airfoil glide ratio [-]

ϕ Flow angle at the rotor plane [-]

σ Rotor solidity [-]

θtwist Blade twist [deg]

r̃ Normalized rotor radius variable (r̃ = r
R ) [-]

Ṽrel Normalized relative wind speed Ṽrel =
√
(1− a)2 + λ2r̃2 (1− ap)

2 [-]

a Axial induction factor [-]

ap Tangential induction factor [-]

c Blade chord [m]

Cd Drag coefficient [-]

Cl Lift coefficient [-]

CLP,opt Optimal local power coefficient for given λ and Cl
Cd

[-]

CLP Local power coefficient
(normalized ∂P/∂r, assumed to be a function of CLT ) [-]

CLT,blade Local thrust coefficient as seen by the blade (including drag) [-]

CLT,opt Local thrust coefficient that maximizes CLP for a given λ and Cl
Cd

[-]

CLT Local thrust coefficient (normalized ∂T/∂r) [-]

F Tip-loss factor [-]

r Rotor radius variable [0, R] [m]

Vrel Relative wind speed Vrel =
√

(V (1− a))2 + (ωr(1− ap))
2 [m/s]

x Bold face local variables symbolizes a function or vector changing
with the local rotor radius (r)
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Acronyms
AEP Annual Energy Production. 5, 67, 86, 87, 95, 108

AEPpC AEP-per-Cost. 7, 80, 81, 95

BEM Blade Element Momentum theory. 2, 3, 9–11, 29, 36–39

CFD Computational Fluid Dynamics. 44

PpC Power-per-Cost. 4, 7, 80, 81, 83, 84

RIAD Radially Independent Actuator Disc model. 2, 3, 9–11, 13, 29, 32, 36, 37, 39, 40,
44, 80, 86, 92, 93

WOwRI Wind Turbine Rotor Optimization with Radial Independence. 3, 43–45, 66, 69,
80, 81, 90, 93
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P =
1

2
ρV 3︸ ︷︷ ︸
Wind

· 1
2
πR2︸ ︷︷ ︸
Size

· 1

2
CP︸ ︷︷ ︸

Coefficient
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P =
1

2
ρV 3︸ ︷︷ ︸
Wind

·πR2︸︷︷︸
Size

· CP︸︷︷︸
Coefficient
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Abstract
We investigate the optimal relationship between the aerodynamic power, thrust loading,
and size of a wind turbine rotor when its design is constrained by a static aerodynamic
load. Based on 1D-axial momentum theory, the captured power P̃ for a uniformly loaded
rotor can be expressed in terms of the rotor radius R and the rotor thrust coefficient CT .
Common types of static Design Driving Load Constraints (DDLC), e.g. limits on the per-
missible root-bending moment or tip deflection, may be generalized into a form that also
depends on CT and R. The developed model is based on simple relations and make
explorations of overall parameters possible in the early stage of the rotor design process.
Using these relationships to maximize P̃ subject to a DDLC, shows that operating the
rotor at the Betz limit (maximum CP ) does not lead to the highest power-capture. Rather,
it is possible to improve performance with a larger rotor radius and lower CT without vio-
lating the DDLC. As an example, a rotor design driven by a tip-deflection constraint may
achieve 1.9% extra power-capture P̃ compared to the baseline (Betz limit) rotor.

The method is extended for optimization of rotors with respect to Annual Energy Produc-
tion (AEP ), where the thrust characteristics CT (V ) needs to be determined together with
R. This results in a much higher relative potential for improvements since the constraint
limit can be met over a larger range of wind speeds. For example, a relative gain in AEP
of +5.7% is possible for a rotor design constrained by tip deflections compared with a
rotor designed for optimal CP . The optimal solution for AEP leads to a thrust curve with
three distinct operational regimes and so-called thrust-clipping.

A.1 Introduction
From the inception of the wind energy industry, it has been a clear trend that rotor sizes are
increasing. However, as discussed in Sieros et al. [2012], increasing the rotor size is not
a clear way to decrease the Cost of Energy (CoE), since the rotor weight (closely related
to rotor cost) will always scale with a higher exponent than the increase in power does. It
is therefore argued that the lower CoE, that has taken place, is mostly due to technology
improvements. The structural design of the turbine is built to carry the loads coming from
the aerodynamics (steady or extreme) and the self-weight. Therefore lowering the loads
should lead to a lighter blade. The steady aerodynamic load is applied to extract power
and increasing the load leads to a higher power until the maximum power coefficient (max
CP ) is reached. Increasing the load should lead to a heavier blade but it also leads to
higher power production. It goes to show that understanding the relationship between
loading, power production and structural response is very important to get the most cost-
effective turbine. It follows a trend that has been in the recent years that wind turbine
optimization should include a more holistic approach with concepts like Multidisciplinary
Design Analysis andOptimization (MDAO) and SystemEngineering [Bottasso et al., 2012,
Zahle et al., 2015, Fleming et al., 2016, Perez-Moreno et al., 2016] here all the parts of the
turbine design that affect the cost should be taken into account with the overall objective
of minimizing CoE. Some of these related works focus more on how the rotor loading
affects the power and the structural response. One of the concepts that come out of it is
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the so-called Low-Induction-Rotor (LIR) where the velocity induction at the rotor plane is
lower than the value that maximizes the power coefficient. The concept was introduced
by Chaviaropoulos and Sieros [2014] where it comes out of optimizing Annual Energy
Production (AEP) by allowing the rotor to grow while constraining the flap root bending
moment to be the same as a baseline. They state that the method can increase the AEP
with 3.5% with a 10% increase in the rotor radius hereby showing that LIR can increase
AEP while keeping the same flap root bending moment. It agrees with Kelley [2017]
who allowed for a change in the radial loading resulting in an AEP increase of 5% with
a radius increase of 11%. It was also investigated by Bottasso et al. [2015] where they
both tested the potential of using LIR for AEP improvements with load constraint as well
as a cost-optimized rotor. They find the same as the previous two investigations that LIR
can improve AEP, but when they consider the CoE they find the LIR is not cost-effective,
meaning that the additional cost of extending the blade is not compensated by the increase
in power. This conclusion is opposed to the conclusion made by Buck and Garvey [2015b]
where they target to minimize the ratio between Capital Expenditures (CapEx) and AEP.
They arrive at LIR as the optimal solution for CapEx/AEP which is taken as a measure
for CoE. Overall it seems that LIR can increase AEP while keeping the same load as a
non-LIR baseline, but it is not clear if LIR is a cost-effective solution.

Another concept that is relevant in the context of this paper is Thrust-Clipping (also known
as peak-shaving or force-capping). For turbines, it is often the case that the maximum
thrust is reached just before rated power resulting in a so-called thrust peak. When using
thrust-clipping this peak is lowered at the cost of power. It is used for many contemporary
turbines for load alleviation, but is often added as a feature after the design process. Buck
and Garvey [2015a] made a design study where they found that lowering the maximum
thrust by 11% leads to 9% reduction in material content, at the cost of 0.1% lifetime energy,
resulting in an overall reduction of 0.2% in cost of energy. Which shows that including
thrust-clipping in the design process can lead to a lower CoE.

In this paper, we investigate the relationship between load, power and structural response
of wind turbine rotors. Simple analytical models, based on 1D-aerodynamic-momentum
theory and Euler-Bernoulli-Beam theory, are introduced to establish the first order relation-
ship between these responses. This provides a useful framework for initial rotor design,
e.g. when high level design parameters such as the rotor radius need to be fixed or to
understand how load/structural responses will change with rotor size. The effect on the
power curve and the related load/structural response with the variation in wind speeds is
also investigated, which is useful for initial design of the highly coupled Aero-Servo-Elastic
rotor design problem.

The relatively simple models used in this paper do not capture the full complexity needed
for detailed wind turbine rotor design and should be considered a tool for early stage
rotor design and overall exploration only. For example, the underlying theories (of 1D-
aerodynamic-momentum and Euler-Bernoulli beams) assume steady-state conditions,
while designs are often constrained by load cases that are linked with extreme, unsteady,
or non-normal operational events, e.g. extreme turbulence, gusts, emergency shutdowns,
subsystem faults, or parked conditions. This is a limitation of the developed model, but
if there is a relation between the steady-state loads and the extreme loads, which is very
likely, then the results are still valid.

As mentioned before, the overall target for current turbine design is to lower the CoE, but a
cost model is not used, which is also a limitation of this study. However, cost models relate
to several assumptions made in the design process such as the price of components in
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the design or composite lay-up of the blades, so a predicted cost will always be made
with some uncertainty. Instead, load constraints are considered, much like for the above-
mentioned Low-Induction-Rotor (LIR) example. As it was found by Bottasso et al. [2015],
a constrained load might not lead to a lower CoE. So to accommodate for this, a constraint
with fixed mass is made, which is thought to be a better approximation for a fixed cost.

This study is carried out to obtain an overview of how the rotor design more fundamentally
is influenced by different types of aerodynamic loading. Thus, an issue like the ”self-
weight” is important for modern turbines, but is not directly included in this study; especially
the static-mass-moment has an impact on contemporary turbines. It could be included,
but it was excluded to keep the study as simple as possible. Further discussion about the
limitations and possible improvements of the study is given later in section A.4.5.

A.2 Theory
This section will introduce the variables and the basic relationships used in this paper. It
is split into two subsections: where subsection A.2.1 introduces aerodynamic variables,
equations, as well as the baseline rotor, while the second subsection A.2.2 present scaling
laws used to formulate design driving load constraints relative to the baseline rotor.

A.2.1 Aerodynamics
The theory for this Aerodynamics section is found in Sørensen [2016].
For wind turbine aerodynamics non-dimensional coefficients are often introduced and
some of the common ones are for the rotor thrust (CT ) and power (CP ).

CT =
T

1
2ρV

2πR2
(A.1)

CP =
P

1
2ρV

3πR2
(A.2)

Where T and P are the rotor thrust and power respectively, ρ is the air density, V is the
undisturbed flow speed and R is the rotor radius.
These definitions can be applied for any wind turbine rotor, but in this paper, we will use a
simplified relationship between CT andCP , which is derived from classical 1D-momentum
theory. This implies an assumption of uniform aerodynamic loading across the rotor plane.
The classical equations are often given in terms of the axial induction (a), which is defined
as a = 1− Vrotor

V where Vrotor is the axial flow speed in the rotor plane. By combining the
two classical momentum theory expressions for CP (a) and CT (a) [Sørensen, 2016, p. 11
eq. 3.8], the following relationship between these coefficients is arrived at:

CT (a) = 4a(1− a)

CP (a) = 4a(1− a)2

}
=⇒ CP (CT ) = (1− a)CT =

1

2

(
1 +

√
1− CT

)
CT , CT ∈ [0, 1[

(A.3)

Where a(CT ) is found by inverting CT (a) and using the negative solution. A plot of CT

vs. CP can be seen in figure A.1. This CP (CT ) curve is monotonically decreasing in
slope and reaches a maximum CP = 16/27 corresponding to the well-known Betz-limit
at CT = 8/9. These monotonicity properties lead to the key observation that a reduction
in thrust (CT = 8/9 −∆CT ) will not lead to a proportional change in power (∆CP ). This
motivates this paper’s investigation of the trade-off between power and loads.
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Figure A.1: Relationship between normalized rotor load CT and power coefficient
CP from one-dimensional momentum theory. Notes that around Betz-limit a small
change in CT does not lead to a proportional change in CP , this is illustrated by
∆CT and ∆CP .

Power-capture and Annual Energy Production (AEP)
Oneway to understand the power yield of a rotor is to consider equation (A.2) as consisting
of three separate terms:

P =
1

2
ρV 3︸ ︷︷ ︸
Wind

·πR2︸︷︷︸
Size

· CP︸︷︷︸
Coefficient

(A.4)

Wind is the part of the equation that depends on the wind conditions, Size is the part of the
equation that depends on the rotor swept area, and Coefficient is the part of the equation
related to the power coefficient, representing the capability of the rotor to extract power
from the wind. The combination of equations (A.2) and (A.3) provides an expression that
captures the latter two terms, which are the only ones affected by the design of the turbine:

P̃ (CT , R̃) =
P

1
2ρV

3πR2
0

= CP R̃
2 =

1

2

(
1 +

√
1− CT

)
CT R̃

2 (A.5)

Where R̃ equals R/R0, with R0 being the radius of the baseline rotor. This equation will
be referred to as the Power-Capture equation. It shows that power can be changed by
changing either the loading (CT ) or the rotor radius (R). This will serve as the basic equa-
tion when the power-capture is optimized for a single design point.

When considering turbine design over the range of operational conditions, the Annual
Energy Production (AEP) is introduced as an integral metric stating the energy produced
per year given some wind speed frequency distribution. It can be computed as the power
production (P ) weighted by the probability density of wind speeds (PDFwind) multiplied
by the period of one year (Tyear):

AEP = Tyear
1

2
ρπR2

0

∫ VCO

VCI

P̃ (CT (V ), R̃) · V 3 · PDFwind(V )dV (A.6)
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The wind speed probability distribution PDFwind will be described with a Weibull distribu-
tion. VCI and VCO is the wind speed for Cut In and Cut Out for wind turbine operation.
Here they are taken to be VCI = 3ms−1 and VCO = 25ms−1, which is common numbers
for modern wind turbines.
In this paper, we will use a dimensionless measure for AEP which is equivalent to the
so-called capacity factor, defined as follows:

˜AEP (CT , R̃) =
AEP

TyearPrated
=

AEP

Tyear
1
2ρπR

2
0
16
27V

3
0

=
27

16

∫ ṼCO

ṼCI

P̃ (CT (Ṽ ), R̃) · Ṽ 3 · PDFwind(Ṽ )dṼ

(A.7)

Ṽ is a normalized wind speed given as V = Ṽ V0 where V0 is the wind speed at which
the turbine reach rated power. In all of this paper it is taken to be V0 = 10ms−1. It should
further be noted that PDFwinddV is dimensionless and non-dimensionalizing the AEP it
also follows that PDFwinddṼ is dimensionless. In all of this paper ˜AEP is computed by
discretization of the integral and computing the integral with the trapezoidal rule given as∫ ṼCO

ṼCI
f(Ṽ ;CT , R̃)dṼ ≈

∑N
i=1

f(Ṽi+1;CT ,R̃)+f(Ṽi;CT ,R̃))
2 ∆Ṽi where the discretization (N ) was

found to become insignificant with N = 200.
Baseline rotor

Figure A.2: Top: The dimensionless power and thrust for the baseline rotor as a
function of wind speed. Overlaid (in blue) the Weibull wind speed frequency dis-
tribution used throughout (IEC-class III: Vavg = 7.5, k = 2). Bottom: CT and CP

as a function of wind speed. These curves reflect how most turbines are operated
today, targeting maximum power coefficient below rated power, which leads to a
thrust peak just before rated power.

The work here aims at demonstrating improved rotor performance compared to a baseline
design. This baseline design is chosen to be a turbine operating at the Betz-limit below
rated wind speed and keeping a constant power above rated.

CT,0 =
8

9
≈ 0.889, CP,0 =

16

27
≈ 0.593 (A.8)
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This choice of baseline mimics the typical practice of designing wind turbines to target
operation with maximum CP below rated power. In reality, turbines will not achieve max-
imum CP at CT = 8/9 since losses alter the relationship between CT and CP , but this
does not change the fact that turbines are operated at the point of maximum CP . Figure
A.2 shows the power and thrust curves for the baseline rotor.

In this paper, all results presented as the change in performance relative to that of the
baseline rotor. For this reason, all the relevant variables will be normalized by the corre-
sponding baseline rotor values.

∆R =
R

R0
− 1 (A.9)

∆P̃ =
CPR

2

CP,0R2
0

− 1 (A.10)

∆L̃ =
CTR

Lexp

CT,0R
Lexp

0

− 1 (A.11)

∆ ˜AEP =
˜AEP
˜AEP 0

− 1 (A.12)

where L̃ as well as Lexp is a generalized load that is introduced in section A.4.1 (Effects
on loads) and it is written here for later reference.

A.2.2 Scale laws and constraints for Design Driving Loads
In this section, examples of static aerodynamic Design Driving Loads (DDL) will be pre-
sented. These examples are not meant to be exhaustive but include several of the key
considerations that constrain the practical design of wind turbine rotors. From the scaled
loads, Design Driving Load Constraints (DDLC) are introduced, which limit loads so that
these do not exceed the levels of the baseline rotor. Based on the DDL examples, it is
shown that DDLCs can be elegantly put in a generalized form.
Thrust (T )
Thrust typically does not limit the design of the rotor itself, but more likely is a constraint
imposed from the design of the tower and/or foundation. The thrust scaling and the as-
sociated DDLC is given by:

Scaling DDLC

T =
1

2
ρV 2

0 πR
2CT =⇒ DDLC(T ) = T

T0
=

CT

CT,0

(
R

R0

)2

≤ 1 (A.13)

Root flap bending moment (Mflap)
The root flap moment is the bending moment at the rotational center in the axial flow
direction. To compute Mflap, the 1D-momentum-theory relations for infinitesimal thrust
(dT ) and moment (dM ) are integrated:

dT =
1

2
ρV 2CT 2πrdr (A.14)

dMflap = rdT (A.15)

Where r is the radius location of the infinitesimal load (r ∈ [0, R]). The moment scaling
and DDLC can be found as:

Scaling DDLC

Mflap =

∫ R

0
dMflap =

1

3
ρV 2

0 CTπR
3 =⇒ DDLC(Mflap) =

Mflap

Mflap,0
=

CT

CT,0

(
R

R0

)3

≤ 1

(A.16)
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As it is seen Mflap scales with R3 so it grows faster than the power, which grows as R2.
Mflap is important for the blade design since the flap-wise aerodynamic loads need to be
transferred via the blade structure to the root of the blade.
Tip deflection (δtip)
Tip deflection is a common DDLC for contemporary utility-scale turbines, where tip clear-
ance between tower and blade may become critical because of relatively long and slender
blades. To get an idea for how tip-deflection scales with changes in loading and rotor ra-
dius, Euler-Bernoulli Beam Theory [Bauchau and Craig, 2009, p. 189 eq. 5.40] is used.
For the problem here it takes the form:

d2

dr2
EI

d2δ
dr2

=
dT
dr

=
1

2
ρV 2CT 2πr (A.17)

Where δ is the deflection in the flap-wise direction of the blade at location r. EI is the
stiffness of the blade at location r. For modern turbines the stiffness decrease towards
the tip of the blade. To get an estimate for the stiffness it is assumed that stiffness follows
the size of the chord (EI ∝ c). The chord is given by the equation in [Sørensen, 2016,
p. 68 eq. 5.26] with an approximation for the outer part of the blade it can be found that
c ∝ R/r which means that EI ∝ R/r. An approximate model for EI can be made that
have EI ∝ R/r:

EI(r) =
EIr

1 +
(
EIr
EIt
− 1
)

r
R

(A.18)

Where EIr is the stiffness at the root and EIt is the stiffness at the tip of the blade. As
mentioned above for wind turbines EIr > EIt.
With the equation for EI equation (A.17) can be solved by indefinite integration where the
integration constants are determined from the following boundary conditions:

δ(r = 0) = 0,
dδ
dr

(r = 0) = 0︸ ︷︷ ︸
Clamped root

d2δ
dr2

(r = R) = 0,
d3δ
dr3

(r = R) = 0︸ ︷︷ ︸
Free tip

(A.19)

The resulting displacement solution becomes:

δ =
11π

120

V 2ρ

EIr
CTR

5

(
2

33

(
EIr
EIt
− 1

)
r̃6 +

1

11
r̃5 − 5

11

(
EIr
EIt
− 1

)
r̃4 +

10

11

(
2

3

EIr
EIt
− 5

3

)
r̃3 +

20

11
r̃2
)

(A.20)

=
11π

120

V 2ρ

EIr
CTR

5δshape

(
r̃,

EIr
EIt

)
(A.21)

Where the normalized radius (r̃ ∈ [0, 1]) has been introduced so that r = R · r̃. The
maximum deflection occurs at the blade tip (r̃ = 1), which leads to the following scaling
relation and DDLC for tip deflection:

Scaling DDLC

δtip =
11π

120

V 2ρ

EIr
CTR

5δshape

(
r̃ = 1,

EIr
EIt

)
=⇒ DDLC(δtip) =

δtip
δtip,0

=
CT

CT,0

(
R

R0

)5

≤ 1

(A.22)
Where it has implicitly been assumed that any change in stiffness needs to follow:

EIr
EIt

=
EIr
EIr,0

(
EIr,0
EIt,0

+
26

7

)
− 26

7
(A.23)

With the simplest way to satisfy this relation being that EIr = EIr,0 which gives EIr
EIt

=
EIr,0
EIt,0

.
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Tip deflection with constant mass
The final example of a DDL is also based on tip deflection but includes a condition to
maintain a constant mass of the load-carrying structure of the blade. To this end the
stylized spar-cap layout depicted in figure A.3 is assumed. This layout consists of two
planks. The stiffness of a spar-cap structure with homogeneous Young’s-modulus (E)

Figure A.3: Assumed spar-cap structure with dimensions: H is the total build
height, h is the space between planks, and B is the plank width.

can be found from the stiffness of a rectangle and the parallel axis theorem (see figure
A.3 for variable definition):

Irect =
Bh3

12

EI = 2E

(
Irect +A

(
H − h

2

)2
)

A = Bh


EI = 2E

(
Bh3

12
+Bh

(
H − h

2

)2
)

=
H2Bh

2

(
h2

3H2
+

(
1− h

H

)2
)

(A.24)

For modern wind turbines h/H << 1 meaning that a common approximation is:

EI ≈ E
H2Bh

2
(A.25)

To compute the mass for such a structure it will be assumed that plank height h and the
plank width B is constant and that the change in EI comes from a decrease in building
height H. If then h is decreased when R is increased the following relationship needs to
be satisfied for the mass of the planks to have constant mass (assuming constant mass
density):

Rh = R0h0 (A.26)

From there it follows that changes in the radius of the rotor will change the stiffness as:

EI ≈ E
H2Bh

2
((A.25))

h =
R0h0
R

((10.22))

EI ≈ E
H2BR0h0

2R
(A.27)
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Combining the equation with the tip deflection equation ((A.21)) the following scaling and
DDLC can be found:

Scaling DDLC

δtip =
11π

120

V 2ρ

EIr
CTR

5δshape

(
r̃ = 1,

EIr
EIt

)
EI ≈ E

H2BR0h0
2R

 =⇒ DDLC(δtip+mass) =
CT

CT,0

EIr,0
EIr

(
R

R0

)5

=
CT

CT,0

(
R

R0

)6

≤ 1

(A.28)

Where it has been used that changing h by the same magnitude for the whole blade leads
to EIr

EIt
=

EIr,0
EIt,0

and hereby not affecting δshape. It should be noted that by choosing B to
change instead will lead to the same scaling, but with the difference being that changing
the plank thickness might lead to higher-order effects, although they are expected to be
insignificant.
Generalizing the constraint form
Considering the four DDLC examples presented above, there appears to be a pattern in
the scaling relations that may be written as follows:

CT

CT,0

(
R

R0

)Rexp

≤ 1 (A.29)

Where Rexp is the DDLC R-Exponent.
If the constraint limit is met the following relationship can be written as:

R = R0

(
CT,0

CT

) 1
Rexp

(A.30)

A.3 Formulation of rotor design problems
Based on the performance and constraint relationships outlined in the previous section,
this section will present the formulation for rotor design as optimization problems. Two
different classes of problems are introduced, namely: Power-Capture optimization and
AEP optimization, where the latter is a generalization of the former with the constraint
depending on wind speed.

A.3.1 Power-Capture optimization
The optimization problem can be stated as:

maximize
CT ,R̃

P̃ =
1

2

(
1 +

√
1− CT

)
CT R̃

2 (A.31)

subject to CT

CT,0
R̃Rexp ≤ 1 (A.32)

Where the definition of R̃ = R/R0 has been used for consistency . The solution for this
optimization problem is presented in the A.4.1 section.

It should be noted that this optimization problem is similar to the problem that is given
by Chaviaropoulos and Sieros [2014] where they optimize while keeping Mflap. So the
optimization problem in this paper is a generalization of their optimization problem.
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A.3.2 AEP optimization
In contrast to the above mentioned optimization of power-capture, optimization with re-
spect to AEP requires to determine CT (Ṽ ) so a function opposed to a scalar value. It is
also necessary to fix the rated power to a constant value, while the wind speed at which
rated power is reached is allowed to change. The problem can be formulated as:

maximize
CT (Ṽ ),R̃

˜AEP =
27

16

∫ ṼCO

ṼCI

P̃ (CT (Ṽ ), R̃) · Ṽ 3 · PDFwind(Ṽ )dṼ (A.33)

subject to
Ṽ 2CT (Ṽ )

CT,0
R̃Rexp ≤ 1, (DDLC)

27

16
P̃ (CT (Ṽ ), R̃)Ṽ 3 ≤ 1, (rated power)

(A.34)

Where the the wind speed scaling has been added to the DDLC.

A.4 Results and discussion
This section discusses the solutions to the rotor design optimization problems introduced
in the previous section.

A.4.1 Optimizing for power-capture
The constrained optimization problem to maximize power-capture, as stated in section
A.3, may be simplified based on the observation that optimum solutions will occur at the
DDL constraint limit. To understand this, consider that the power-capture of a rotor with
an inactive constraint may always be improved by growing the rotor until the constraint
is met. This is true irrespective of what DDLC that determines the rotor design. Hence,
an explicit relation R̃(CT ) can be used to reformulate from a constrained optimization
problem in two variables to an unconstrained optimization problem in one variable.

P̃ (CT , R̃) =
1

2

(
1 +

√
1− CT

)
CT R̃

2 ((A.5))

R̃ =

(
CT,0

CT

) 1
Rexp

((A.30))

 =⇒ P̃ (CT ) =
C

2 1
Rexp

T,0

2

(
1 +

√
1− CT

)
C

1−2 1
Rexp

T

(A.35)

With the optimization problem now being:

maximize
CT

P̃ =
C

2 1
Rexp

T,0

2

(
1 +

√
1− CT

)
C

1−2 1
Rexp

T (A.36)

By differentiating the objective function (A.35) with respect to CT and finding its root, the
optimal CT as a function of Rexp is arrived at:

dP̃ (CT )

dCT
= 0 =⇒ (A.37)

CT =
8
(
R2

exp − 3Rexp + 2
)

(3Rexp − 4)2
(A.38)

This unique solution is a maximum, which is apparent from the always positive signs of
∆P in figure A.4. This figure shows the optimal solution for CT and CP , as well as the
relative change in radius (∆R) and power (∆P ) compared to the baseline rotor. From the
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Figure A.4: Top left: Optimal CT as a function of the constraint R-exponent (Rexp).
Low left: Rexp vs. CP , notice that the optimal CP curve has a steeper slope and
hugs the baseline closer than CT . Top right: Rexp vs. relative change in radius ∆R.
Lower right: Rexp vs. relative change in power-capture (∆P̃ ). Despite the similar
shape of curves a difference between the two is that ∆P (Rexp → 2) = 50% where
∆R(Rexp → 2)→∞. The vertical lines represent each of the example constraints.
(*DDLC=Design Driving Load Constraint).

two left plots, CP is observed to approach the dashed baseline performance (Betz rotor)
much faster thanCT asRexp increases. This is a consequence of the relationship between
CT and CP (figure A.1). Especially around the Betz-limit, the gradient is very small, which
means that changes in CT do not lead to proportional changes in CP . Turning to the two
plots on the right in figure A.4, it is seen that the lower CP is more than compensated by
increasing R since the relative change in power (∆P ) is always positive.

When maximizing power-capture for a given thrust (Rexp = 2; blue dashed vertical line
in figure A.4), it is found that CT → 0 and ∆R → ∞ while ∆P → 50%, which was found
by investigating the limit value behavior when Rexp → 2. Since ∆R → ∞ is not of much
practical interest, further explanation is not given here. Alternatively, the maximum power
for a given flap root moment (Rexp = 3; orange line) may be achieved by increasing the
rotor radius by 11.6% compared to the baseline design (maximum CP ). The correspond-
ing relative increase in power ∆P is 7.6%. Finally, designs constrained by tip-deflection
(Rexp = 5; green line) allows the relative power ∆P to increase by 1.90% with a relative
change in radius ∆R of 2.30%. A table with the results for the the increase in power-
capture (∆P ) and radius (∆R) for 4 designs (Rexp = 2, 3, 5, 6) can be seen in figure A.6.
In conclusion, rotors with an active static aerodynamic DDLC should not be designed for
maximumCP as more power can be generated by rotors with lower CT and a larger radius
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R, without violating the relevant DDLC.

Effect on loads

Figure A.5: Relative change in different rotor load parameters (∆L̃) depending on
DDLC. The scaling of loads have the form L̃ = CTR

Lexp , e.g. Lexp = 2 scales as
the rotor thrust T and Lexp = 5 scales as the tip deflection δtip. Each curve depicts
how a load parameter would change depending on design driving constraint. As
an example consider a design limited by tip deflection DDLC(δtip), i.e. Rexp = 5
matching the dashed green line. Tip deflection meets requirements, while thrust
(T ) is lowered 6.6% and flap moment Mflap by 4.4%.

Even though meeting the constraint limits means that the chosen DDL will be the same
as the baseline, it is interesting to know what happens to the loads that scale differently
than the DDL. As an example, if the DDLC is Mflap (Rexp = 3) it is given that it will not
change relative to the baseline, but it could be interesting to know what happens to the T
and δtip.
To investigate it we will introduce a Generalized Load (L) as a measure of how a load
scale.

L = K0V
2
0 CTR

Lexp (A.39)

Where K0 is a scaling constant and Lexp is the Generalized Load Exponent. The Gener-
alized Load equation can be made non-dimensional as:

L̃ =
L

K0V 2
0 R

Lexp

0

= CT R̃
Lexp (A.40)

The difference between Lexp and Rexp is that Rexp results in a design, wheres Lexp is a
load for a design. As an example take a design made for tip-deflection (Rexp = 5) then
Lexp = 3 will describe the Mflap load for that design.
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An equation for the relative change ∆L̃ can be found in terms of the baseline rotor as:

L̃ = CT R̃
Lexp ((A.40))

R̃ =

(
CT,0

CT

) 1
Rexp

((A.30))

L̃0 = CT,0R̃
Lexp

0 = CT,0

 =⇒ ∆L̃ =
L̃

L̃0

− 1 =

(
CT

CT,0

)1−Lexp
Rexp

− 1 (A.41)

Since it is known that CT ≤ CT,0 the following can be concluded:

Lexp < Rexp The load is lower than the baseline level
Lexp = Rexp The load is identical to the baseline level
Lexp > Rexp The load is larger than the baseline level

This agrees with figure A.5, which illustrates the effect of design constraints (DDLC) on
different loads. For example, consider tip-deflection (Rexp = 5, DDLC(δtip), dashed green
line). Looking at the green solid line (Lexp = 5) it is seen that the relative change in L is
zero as expected. Now looking at the loads withLexp < Rexp, namely thrust (Lexp = 2) and
flap-moment (Lexp = 3) it is seen that ∆L is lower than the baseline with ∆T = −6.6%
and ∆Mflap = −4.4%. But the loads where Lexp > Rexp the loads are increased. If
there was a load that scaled like Lexp = 6 the load would be increased by ∆L(Lexp=6) =
+2.3%. Furthermore, figure A.5 shows that the relative decrease in load is always most
pronounced for the thrust (Lexp = 2), the biggest impact occurring around Rexp ≈ 2.5. All
the relative change curves have distinct minima, but at the same time are characterized by
large plateaus of relatively small change. Another observation is how quickly the curves
grows for Lexp > Rexp. As an example take DDLC(Mflap) in this case∆δtip = +24.5%and
∆L(Lexp=6) = +38.9%. The relative change in loads becomes smaller as Rexp increases.
A sketch with a zoomed view of the tip and a table with the values can be seen in figure
A.6.
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Figure A.6: Sketch of a turbine with the load/structural response outlined. The
zoomed figure shows the radius increase (∆R) and the change in tip-deflection
(∆δtip) for two different DDLCs (bold black line is the baseline). The table shows the
relative change in power, radius and load/structural response for different DDLCs.
Rexp = 2 is a thrust constraint design, Rexp = 3 is a flap moment constraint design,
Rexp = 5 is a tip-deflection constraint design and Rexp = 6 is tip-deflection+constant
mass constraint design.
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A.4.2 Low-Induction-Rotor
The concept was mentioned in the introduction since it has had some attention over the
recent years. The Low-Induction-Rotors (LIR) are rotors designed with lower axial induc-
tion a than the level that maximizes CP . The concept is to a certain degree analogous
with optimization of rotors for power-capture.

To investigate such an LIR design it is chosen to fix the CT value below rated power to be
the same as for the power-capture optimization for a given Rexp. If the radius was set to
the same value as for power-capture it will result in the constraint limit not being met since
the turbine reaches rated power earlier. Since CT is fixed and the constraint limit needs
to be met, then the wind speed at which the turbine reaches rated power (Ṽrated) can be
found. It is found through the normalized power (the integrant of equation (A.7) without
the PDFwind) and the constraint limit with wind speed scaling (equation (A.30) multiplied
with Ṽ 2):

27
16

1
2

(
1 +
√
1− CT

)
CT R̃

2Ṽ 3 = 1

Ṽ 2 CT
CT,0

R̃Rexp = 1

}
=⇒ Ṽrated =

(
16

27

2(
1 +
√
1− CT

)
CT

(
CT

CT,0

) 2
Rexp

) 1

3− 4
Rexp

(A.42)

With the rated wind speed the rotor radius can be found using the following steps:

1) CT =
8(R2

exp−3Rexp+2)
(3Rexp−4)2

((A.38))

2) Ṽrated =

(
16
27

2

(1+
√
1−CT )CT

(
CT
CT,0

) 2
Rexp

) 1

3− 4
Rexp ((A.42))

3) R̃ =
(

1
Ṽ 2
rated

CT,0

CT

) 1
Rexp (A.43)

With CT , Ṽrated and R̃, ˜AEP can be computed using equation (A.7).
The LIR is illustrated by the examples in figure A.7 and A.8 where the present analy-
sis framework has been applied with constraints pertaining to respectively flap moments
(Rexp = 3) and tip deflections (Rexp = 5).

In both cases, the resulting power curves are slightly above the equivalent baseline ones,
and the thrust peaks are reduced compared with the baseline. The relative change in
AEP results in a smaller change than the change in power at the design point. For the
case with DDLC(Mflap), ∆AEP = 6.0% while the power-capture increased by ∆P =
7.6%. The corresponding improvements for a tip deflection constrained rotor (DDLC(δtip))
are∆AEP = 1.2% and∆P = 1.9%. The lower relative improvement for the LIR is related
to the amount of the power that is produced below rated power. The results for LIR are
summarized in figure A.9 with a table and a sketch showing the relative changes in AEP ,
radius, thrust, root-flap-moment and tip-deflection for 4 different designs (Rexp = 2, 3, 5, 6).
From figure A.9 the thrust constraint design (DDLC. T ; Rexp = 2) is seen to have diverging
values for∆R,∆Mflap and∆δtip. As it was the case for power-capture optimization these
results are found from investigating the result in the limit where Rexp → 2. Even though
this result of ∆R → ∞ is interesting, the corresponding consequence of ∆Mflap → ∞
makes this infeasible for practical use, so this will not be studied further here.
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Figure A.7: Power and thrust curves for Low-Induction-Rotor (solid lines), designed
using the present method with DDLC exponent Rexp = 3, which corresponds to a
Mflap constraint. The dashed line is the baseline rotor optimized for max CP .

Figure A.8: Power and thrust curves for rotor with DDLC exponent Rexp = 5 (solid
lines), corresponding to a δtip constraint. The dashed line is the baseline rotor opti-
mized for max CP .
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Figure A.9: Sketch of a turbine with the load/structural response outlined. The
zoomed figure shows the radius increase (∆R) and the change in tip-deflection
(∆δtip) for two different DDLCs (bold black line is the baseline). The table shows the
relative change in power, radius and load/structural response for different DDLCs.
Rexp = 2 is a thrust constraint design, Rexp = 3 is a flap moment constraint design,
Rexp = 5 is a tip-deflection constraint design and Rexp = 6 is tip-deflection+constant
mass constraint design.
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A.4.3 AEP optimized rotor
As mentioned in section A.3, the variables considered for optimization of AEP are CT (Ṽ )
as well as R̃. In this formulation, CT can be adjusted independently for each wind speed,
which ideally can be achieved through blade pitch control. The relative radius R̃ couples
the rotor operation across all wind speeds, as it necessarily is constant. Based on ini-
tial studies, the optimizer targets solutions with three distinct operational ranges, which
ordered by wind speed are:

• Operation with maximum power coefficient (max CP )

• Operation at constraint limit (constant thrust T )

• Operation at rated power

this can be used to make CT a function of R̃ hereby decreasing the optimization problem
to an unconstrained optimization in one variable (R̃). The CT function is given as:

CT (Ṽ , R̃) =


8
9

8
9 ≤ Ṽ −2CT,0R̃

−Rexp (max CP )

Ṽ −2CT,0R̃
−Rexp 1 ≤ 27

16
1
2

(
1 +
√
1− CT

)
CT R̃

2Ṽ 3 (constraint limit)
1 = 27

16
1
2

(
1 +
√
1− CT

)
CT R̃

2Ṽ 3 1 > 27
16

1
2

(
1 +
√
1− CT

)
CT R̃

2Ṽ 3 (rated power)
(A.44)

Where the last equation needs to be solved to get CT , the solution is a third-order poly-
nomial, which is easier solved numerically.

The only free parameter that needs to be determined to find the optimal AEP is R̃. The
optimization problem can be reformulated as:

maximize
R̃

˜AEP =

∫ ṼCO

ṼCI

P̃ (CT (Ṽ , R̃), R̃) · Ṽ 3 · PDFwind(Ṽ )dṼ (A.45)

The problem can be solved with most optimization solvers since the AEP can be com-
puted explicitly if R̃ is given. The optimization problem was solved with the L-BFGS-B
algorithm described in Zhu et al. [1997] though the use of Scipy (Millman and Aivazis
[2011]).

Examples of the resultant power and thrust curves can be seen in figure A.10 and A.11,
for DDLC(Mflap) and DDLC(δtip) respectively. Looking at figure A.10 (Rexp = 3) it is
clear that the power and thrust curves have changed quite substantially, compared to
the baseline Betz-rotor (dashed curves). The thrust curve does not have a sharp peak
anymore, but a flat plateau. As mentioned in the introduction this is often referred to as
thrust-clipping. It comes from the DDLC equation (A.44) which shows that CT ∝ Ṽ −2,
and since thrust is proportional to T ∝ CT Ṽ

2 it means that the thrust is constant. As
mentioned, the region where the rotor is thrust-clipped is also where the DDLC is active,
so opposed to the baseline and LIR rotor the DDLC is active over a larger range of V . The
larger range of V is also part of why ∆R = 44.6% which is a huge increase. As a result,
it also leads to a large increase in ∆AEP = 19.9%. This is a very large change in R̃ and
the feasibility of such a design is doubtful. As it is shown later the change in maximum
loads (see figure A.13) shows a significant change in loads with Lexp > Rexp.

A more realistic design for modern turbines is found in figure A.11 (Rexp = 5). Here the
changes are less but still significant with ∆R = 10.7% and ∆AEP = 5.8%. It shows the
same shape with the thrust-clipped curve, but now it is over a smaller range of V . As
mentioned in the introduction thrust-clipping is also found by Buck and Garvey [2015a] to
be a beneficial way to lower CoE.
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Figure A.10: Power and thrust curve for AEP optimized rotor (solid lines) with DDLC
exponent is Rexp = 3 which is equivalent to a constraint on Mflap. The dashed line
is the baseline rotor optimized for max CP below rated power.

Figure A.11: Power and thrust curve for AEP optimized rotor (solid lines) with DDLC
exponent is Rexp = 5 which is equivalent to a constraint on δtip. The dashed line is
the baseline rotor optimized for max CP below rated power.

In figure A.12 the relative change in R and AEP can be see as a function of the DDLC R-
exponent. The plot both contains the result for the AEP -optimized rotor (AEP opt.; solid
black line) and the Low-Induction-Rotor (LIR opt.; dash-dotted gray line). The difference
between the two is significant especially for ∆AEP . The results for the AEP optimized
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Figure A.12: DDLC exponent (Rexp) vs. relative change in radius (upper graph,
∆R) and relative change in AEP (lower graph, ∆ ˜AEP ). The plot both contains the
changes for the case for Low-Induction-Rotor (LIR opt., black dashed-dot) and the
AEP optimized (AEP opt., black solid). The changes in both AEP and radius is
much larger for the AEP optimized rotor.

rotor are summarized in figure A.14 with a table and a sketch, that shows the relative
changes. As it was the case for power-capture optimization and LIR optimization some
values diverge when Rexp → 2 and the results are found by investigating this limit. But
since it has no practical value, further explanation is omitted here.
Effect on loads
In figure A.13 a plot of the relative change in maximum loads as a function of the DDLC
R-exponent. The relative max load (∆L̃max) is not comparing the loads at each Ṽ but the
max load for the baseline at Ṽ = 1 (rated wind speed) to the max load for the optimized
rotor for any Ṽ . The plot in figure A.13 is similar to the plot in figure A.5 with the difference
being that it is the relative change in maximum loads, independently of wind speed at
which it occurred. Comparing the two plots, one should note the range for the y-scale
in the two plots, with figure A.13 having the larger range. It also means that the relative
change in the loads for the AEP-optimized rotor experiencing a larger relative change.
But it also has the consequence that loads with Lexp > Rexp grows faster especially for
larger values of Rexp (> 5). A summary for the AEP optimized rotor can be seen in figure
A.14, where a table for 4 different design (Rexp = 2, 3, 5, 6) shows the relative change in
AEP , radius, thrust, root-flap-moment and tip-deflection.
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Figure A.13: DDLC R-exponent (Rexp) vs. relative maximum load (∆L̃max). The
plot looks similar to figure A.5 but ∆L̃max is the change in maximum loading. As
an example, when thrust (T ) is −30.8% for Rexp = 3 it means that the maximum
thrust (for any wind speed) is 30.8% lower than the maximum thrust for the baseline
(which happens just before rated wind speed). Notice that the range for the y-scale
is much larger it this plot than for the power-capture optimized rotor. The potential
reduction is more, but it comes with the consequence that Lexp > Rexp grows faster
even for high values of Rexp
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Figure A.14: Sketch of a turbine with the load/structural response outlined. The
zoomed figure shows the radius increase (∆R) and the change in tip-deflection
(∆δtip) for two different DDLCs (bold black line is the baseline). The table shows the
relative change in power, radius and load/structural response for different DDLCs.
Rexp = 2 is a thrust constraint design, Rexp = 3 is a flap moment constraint design,
Rexp = 5 is a tip-deflection constraint design and Rexp = 6 is tip-deflection+constant
mass constraint design.
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A.4.4 Summary of Findings
In table A.1 the tables shown in the figures A.6,A.9 and A.14 is summarized. It compares
the different optimization’s to each other.

Opt. PC Rexp ∆P ∆R
(Lexp=2)

∆T
(Lexp=3)

∆Mflap

(Lexp=5)

∆δtip
DDLC T 2 +50.0% ∞ 0.0% ∞ ∞
DDLC Mflap 3 +7.6% +11.6% -10.4% 0.0% +24.5%
DDLC δtip 5 +1.9% +2.3% -6.6% -4.4% 0.0%
DDLC δtip+mass 6 +1.2% +1.4% -5.5% -4.2% -1.4%

Opt. LIR Rexp ∆AEP ∆R
(Lexp=2)

∆T
(Lexp=3)

∆Mflap

(Lexp=5)

∆δtip
DDLC T 2 +49.7% ∞ 0.0% ∞ ∞
DDLC Mflap 3 +6.0% +14.9% -12.9% 0.0% +31.9%
DDLC δtip 5 +1.2% +2.6% -7.5% -5.1% 0.0%
DDLC δtip+mass 6 +0.7% +1.6% -6.2% -4.7% -1.6%

Opt. AEP Rexp ∆AEP ∆R
(Lexp=2)

∆T
(Lexp=3)

∆Mflap

(Lexp=5)

∆δtip
DDLC T 2 +69.7% ∞ 0.0% ∞ ∞
DDLC Mflap 3 +19.9% +44.6% -30.8% 0.0% +109.0%
DDLC δtip 5 +5.7% +10.6% -26.2% -18.3% 0.0%
DDLC δtip+mass 6 +3.9% +7.0% -23.8% -18.4% -6.6%

Table A.1: Overview of the optimization results from optimizing Power-Capture
(Opt. PC), Low-Induction-Rotor (Opt. LIR) and Annual Energy Production (Opt.
AEP)

As seen from the tables the largest increase in∆P/AEP is found using AEP-optimization,
which also leads to the largest increase in rotor radius (∆R). It also shows that using
thrust-clipping seems to be a better operational strategy than low-induction, as the design
driving constraint can be met over a larger range of wind speeds and low-induction is only
needed around maximum thrust and not at low wind speeds.

In all three optimization cases, the optimization of the design with thrust constraint (DDLC.
T; Rexp = 2) leads to divergent values for ∆R and the loads. In all cases the result are
found though investigating the limit value behavior when Rexp → 2. Since this is not
thought to be of much practical value, the details are not provided here.
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A.4.5 Limitation of the study and possible improvements
The study shows that for a rotor constraint by a static aerodynamic DDL there is a benefit
in lowering the loading and increasing the rotor size in terms of power/AEP. But as it was
found by Bottasso et al. [2015] having a rotor with the same load constraint and increasing
the radius does not mean that the cost is the same or that it is cost-optimal. They found
that the increase in AEP did not compensate for the added cost by increasing the rotor
radius. This problem of the cost-benefit is not directly addressed in this paper but by the
DDLC δtip+mass a constraint where the mass is kept constant. It is thought to be a better
approximation for a rotor with a fixed price - but this assumption needs to be tested.

Another issue that is not taken into account in this study is the influence of the turbines
”self-weight”. As was found by Sieros et al. [2012] the self-weight becomesmore important
for larger rotors. To accommodate for the added mass, a penalty could be added which
should scale as R̃ or R̃3 for ”top head mass” and ”static blade mass moment” respectively.
As discussed above there could also be implemented a constraint that will keep the mass
or the mass moment. Again this is a limitation of the study.

The fidelity of the models is also a limitation. Even though 1D-aerodynamic-momentum
theory is a common approximation to do for first-order studies in rotor design it is well
known that the constantly loaded rotor is not possible to realize and when losses are
included the constantly loaded rotor is not the optimal solution anymore. At the same
time if it was possible to decrease the load at the tip more than at the root it would lead to
less tip-deflection than a constantly loaded rotor with a similar CT . Extending the model
to be able to handle radial load distribution is one way of detailing the model that could
lead to even larger improvements. It could be done through the use of Blade Element
Momentum (BEM) theory.

For modern turbine design, it is often the case that the structural design is determined
by the aero-elastic extreme loads, such as extreme turbulence or gusts. With the sim-
plicity of the models in this study, this is not taken into consideration. But if the extreme
load happens in normal operation there will likely be a direct relationship between the
steady- and extreme loads, meaning that a decrease in steady loads will also lead to a
decrease in the extreme load. This is an assumption that should be tested in future work.
If the design driving load is happening in non-operational conditions, e.g. extreme wind
in parked conditions, grid loss, sub-component failure, etc. the analysis tool cannot be
directly applied.

A.5 Conclusion
A first-order model framework for analysis of wind turbine rotors was developed based
on aerodynamic 1D-momentum theory and Euler-Bernoulli-Beam theory. This framework
introduces the concept of Design Driving Load (DDL) for which a generalized form has
been developed where loads only differ by a scaling exponent Rexp, e.g. thrust scales
as Rexp = 2, root-flap-moment as Rexp = 3 and tip-deflection as Rexp = 5. Despite the
simplicity of the model, this study has shown important trends in how to design rotors for
maximum power-capture. It has been shown that the potential increase in power-capture
is very dependent on the relevant constraint, e.g. whether thrust is the constraining load
or the more restrictive tip-deflection. Furthermore, it was concluded that the best way
to design a rotor for increased power-capture using aero-elastic considerations is not to
maximize CP , but rather to relax CP and operate at lower loading (lower CT ). How much
one should relax CP depends on the chosen design driving constraint (Rexp). The results
for optimizing for power-capture are summarized in Table A.1 (Opt. PC).
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The optimization of power-capture determines the best possible design for a given wind
speed. By considering the Annual Energy Production (AEP ), an optimal design across
the range of operational wind speeds can be found for a given wind speed frequency
distribution. Optimal AEP was considered with two different approaches, namely Low-
Induction-Rotor (LIR) and fullAEP -optimization. For LIR, theCT value below rated power
was set to the value found from power-capture optimization for the chosen Rexp. Then the
radius was increased compared to the power-capture optimized rotor since it will reach
rated power earlier with the same rotor size. A summary of the results can be seen in
Table A.1 (Opt. LIR).

For the full AEP -optimization, CT was allowed to take on any positive value below the
Betz limit (0 ≤ CT ≤ 8/9) for all wind speeds. The optimal AEP is obtained for a rotor
that operates in three distinct operational regimes:

• Operation with maximum power coefficient (max CP )

• Operation at constraint limit (constant thrust T )

• Operation at rated power

The results from the optimization are summarized in Table A.1 (Opt. AEP). It shows signif-
icantly larger relative improvements in power/energy compared to power-capture and LIR
optimized rotors. This comes at the cost of a larger increase in rotor radius. In the range
where the optimum turbine operates at the constraint limit, the thrust curve is clipped (also
known as peak shaving or force-capping). This is a control feature used for many con-
temporary turbines, so it is interesting that this study, independently of this knowledge,
shows that thrust-clipping is a very efficient way to increase energy capture while observ-
ing certain load constraints. It is also the main reason behind the relatively large possible
improvements in AEP , as the constraint limit is met over a larger range of wind speeds.

In spite of relatively crude model assumptions made, this paper provides profound insight
into the trends of rotor design for maximum power/energy, e.g. the use of thrust clipping.
As wind turbine rotors continue to develop towards larger diameters with slender (more
flexible) blades, the type of design driving load constraints also evolves. With the present
model framework, the conceptual implications of this development become clearer where
an increase in AEP of up to 5.7% is possible compared to a traditional CP optimized
rotor - without changing technology, using bend-twist coupling or other advanced features.
Finally, this work has demonstrated an approach to formulate an optimization objective
that couples power and load/structural response though the power-capture optimization.
This approach may be extended into less crude model frameworks, e.g. by introducing
radial variations in rotor loading.

—————————————-
End of:

Optimal relationship between power and design driving loads
for wind turbine rotors using 1D models

—————————————-
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