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Ear-canal reflectance is useful for quantifying the conductive status of the middle ear because it can

be measured non-invasively at a distance from the tympanic membrane. Deriving the ear-canal

reflectance requires decomposing the total acoustic pressure into its forward- and reverse-

propagating components. This decomposition is conveniently achieved using formulas that involve

the input and characteristic impedances of the ear canal. The characteristic impedance is defined

as the ratio of sound pressure to volume flow of a propagating wave and, for uniform waveguides,

the plane-wave characteristic impedance is a real-valued constant. However, in non-uniform wave-

guides, the characteristic impedances are complex-valued quantities, depend on the direction of

propagation, and more accurately characterize a propagating wave in a non-uniform ear canal. In

this paper, relevant properties of the plane-wave and spherical-wave characteristic impedances are

reviewed. In addition, the utility of the plane-wave and spherical-wave reflectances in representing

the reflection occurring due to the middle ear, calibrating stimulus levels, and characterizing the

emitted pressure in simulated non-uniform ear canals is investigated and compared.
VC 2019 Acoustical Society of America. https://doi.org/10.1121/1.5124000

[ICB] Pages: 1464–1474

I. INTRODUCTION

Although the acoustic impedance of the tympanic mem-

brane characterizes the conductive status of the middle ear,

it is difficult to measure in human ears. A more practical

alternative measure for representing essentially the same

physical information is the ear-canal reflectance, which has

the virtue that its magnitude is independent of the distance

between the measurement location and the tympanic mem-

brane in a uniform ear canal. The ear-canal reflectance has

proved useful for identifying conductive hearing disorders

(Ellison et al., 2012; Feeney and Keefe, 2001; Keefe et al.,
2000; Keefe et al., 2012; Merchant et al., 2014; Piskorski

et al., 1999), calibrating stimulus levels (Lewis et al., 2009;

McCreery et al., 2009; Scheperle et al., 2011, 2008; Souza

et al., 2014; Withnell et al., 2009), and estimating the emit-

ted pressure from the ear in the form of otoacoustic emis-

sions (OAEs) (Charaziak and Shera, 2017). The pressure

reflectance is defined as the ratio of reverse- to forward-

propagating pressure waves and its measurement therefore

requires decomposing the total acoustic pressure into these

components. In practice, the reflectance is easily calculated

from the input impedance and the characteristic impedances.

The characteristic impedance is defined as the ratio of

sound pressure to volume flow of a propagating wave. In a

lossless uniform waveguide, the plane-wave characteristic

impedance is a frequency-independent real-valued quantity

and has convenient time-domain properties that allow it to

be estimated in situ from the measured input impedance

(Keefe et al., 1992; Nørgaard et al., 2017; Rasetshwane and

Neely, 2011). By contrast, the characteristic impedances of

non-uniform waveguides are complex-valued, depend both

on frequency and on the direction of propagation, and have

time-domain properties that differ considerably from the

plane-wave characteristic impedance (e.g., Agull�o et al.,
1988). The characteristic impedances of certain acoustic horns,

governed by the Webster horn equation (Webster, 1919), with

independently propagating waves can be found analytically.

However, characteristic impedances can also be formulated for

arbitrary geometries using the WKB (Wentzel-Kramers-

Brillouin) approximation (Keefe and Barjau, 1999), although

propagating waves cannot be assumed to exist at all locations

or frequencies.

In ear canals, the plane-wave reflectance is usually

calculated from the input impedance—measured using an ear

probe (e.g., Keefe et al., 1992; Voss and Allen, 1994)—and

estimates of the ear canal’s plane-wave characteristic imped-

ance. Farmer-Fedor and Rabbitt (2002) noted that, because ear

canals are inherently non-uniform, the assumption of a plane-

wave sound field may not always be valid. Consequently, the

forward- and reverse-propagating pressure- and volume-flow

components are more accurately related by such non-planar

characteristic impedances. However, Farmer-Fedor and Rabbitt

(2002) did not clarify how the ear-canal reflectance should be

calculated from the measured ear-canal impedance in a practi-

cal setup if not using the plane-wave characteristic impedance.
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In this paper, we assess the application of spherical-wave

characteristic impedances for calculating the ear-canal reflec-

tance and investigate whether they provide an improvement

in quantifying reflections from the middle ear. For this, we

compute reflectances in simulated non-uniform ear canals

based on representative measurements of ear-canal geometry

reported by Egolf et al. (1993). The analyses are carried out

based on simulations that, as far as possible, represent what

could be measured in a real ear canal using existing measure-

ment methods. In addition, we investigate whether the

spherical-wave ear-canal reflectance provides a basis for

improving the in-situ calibration of stimulus levels and quan-

tifying the emitted pressure during OAE measurements.

II. BACKGROUND

A. Pressure reflectance

Assuming the existence of one-dimensional propagating

waves, the pressure reflection coefficient, or reflectance,

C(x, x),1 as a function of the angular frequency x at any

point x along a one-dimensional transmission line is defined

as the ratio of reverse-propagating p�(x, x) to forward-

propagating pþ(x, x) pressure components,

Cðx; xÞ ¼ p�ðx; xÞ
pþðx; xÞ

: (1)

The total acoustic pressure is p(x, x)¼ pþ(x, x) þ p�(x, x).

The forward and reverse characteristic impedances Z6(x, x)

are defined as the ratios of forward- and reverse-propagating

pressure p6(x, x) to volume flow u6(x, x) components,

Z6ðx; xÞ ¼ 6
p6ðx; xÞ
u6ðx; xÞ

: (2)

The input impedance Zin(x, x) of the transmission line is

Zinðx; xÞ ¼
pðx; xÞ
uðx; xÞ ¼

pþðx; xÞ þ p�ðx; xÞ
uþðx; xÞ þ u�ðx; xÞ

: (3)

The total acoustic volume flow is u(x, x)¼ uþ(x, x)

þ u�(x, x).2 By combining Eqs. (1)–(3), the reflectance

C(x, x) can be expressed in terms of the input impedance

Zin(x, x) and the characteristic impedances Z6(x, x),

Cðx; xÞ ¼ Zinðx; xÞ=Zþðx; xÞ � 1

Zinðx; xÞ=Z�ðx; xÞ þ 1
: (4)

B. The Webster horn equation and characteristic
impedances

The characteristic impedances Z6(x, x) of certain types

of horns can be obtained analytically using the Webster horn

equation (Webster, 1919), which governs one-dimensional

pressure waves p(x, x) of varying equipotential area A(x)

along the longitudinal coordinate x,

p00ðx; xÞ þ log AðxÞ½ �0p0ðx; xÞ þ k2ðxÞpðx; xÞ ¼ 0: (5)

The primes denote differentiation with respect to x and the

free-field wavenumber k(x)¼x/c, where c is the speed of

sound. Salmon (1946a) showed that exact solutions to Eq.

(5) exist consisting of freely propagating waves for certain

area functions A(x), namely conical, catenoidal, exponential,

and hyperbolic.3 By assuming planar wavefronts [i.e., by

taking A(x) to be the planar cross-sectional area of the physi-

cal conduit], Salmon (1946b) showed that Eq. (5) can be

used to predict the acoustic behavior of non-uniform wave-

guides. Salmon (1946b) also formulated the reduced horn

equation by including the inverse magnitude dependency of

a spherical wave from its source in the variable wðx; xÞ
¼ pðx; xÞ

ffiffiffiffiffiffiffiffiffi
AðxÞ

p
,

w00ðx; xÞ þ j2ðx; xÞwðx; xÞ ¼ 0: (6)

Here, j2(x, x)¼ k2(x) – U(x) and

UðxÞ ¼ r00ðxÞ
rðxÞ ; (7)

is called the horn function with the effective radius r(x) such

that A(x)¼ r2(x)p. Benade and Jansson (1974) showed that

the horn function U(x) depends strongly on whether the

waves inside the horn are assumed to be planar versus spher-

ical, resulting in substantially different solutions to the

acoustic pressure. Agull�o et al. (1999) extended the analysis

by introducing the curvilinear horn equation using a curvilin-

ear coordinate system on axisymmetrical horns. Generally, if

the area function A(x) is understood to characterize the equi-

potential surfaces of the wavefronts rather than the geometri-

cal cross-sectional area, Eq. (5) is not limited to wavefronts

of any particular geometry (Putland, 1993). Among the dif-

ferent horn profiles that satisfy Eq. (5), we consider planar

and conical cases in this paper.

The plane-wave characteristic impedance Z0 character-

izes a propagating plane wave and, at any given point along

a lossless uniform transmission line, it can be represented

in terms of the air density q, speed of sound c, and constant

planar cross-sectional area Apl,

Zpl
6ðx; xÞ � Z0 ¼

qc

Apl
; (8)

independent of location and direction, where the pl super-

script denotes plane waves. The real-valued frequency-inde-

pendent nature of the plane-wave characteristic impedance

Z0 results in conveniently localized features at t¼ 0 in the

time-domain plane-wave characteristic impedance z0(t),

zpl
6ðt; xÞ � z0ðtÞ ¼ F�1 Z0½ � ¼ Z0dðtÞ: (9)

Here, F�1½�� is the inverse Fourier transform, d(�) is the

Dirac delta function, and the dot denotes an arbitrary

argument.

For spherical waves propagating in a conical waveguide,

the spherical-wave characteristic impedances are complex-

valued frequency-dependent quantities that depend on loca-

tion and direction of propagation. The forward and reverse

spherical-wave characteristic impedances Zsph
6 ðx; xÞ were

reported by Benade (1988),
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Zsph
6 ðx; xÞ ¼ Z0ðxÞ k 6jxLðxÞ; (10)

where the sph superscript denotes spherical waves, k denotes

the parallel coupling, the inertance LðxÞ ¼ 2q=½AsphðxÞ�0,4
and the local plane-wave characteristic impedance

Z0ðxÞ ¼
qc

AsphðxÞ ; (11)

corresponding to the spherical-cap area Asph(x).

The representation of the spherical-wave characteristic

impedances in the time domain is associated with a number

of problems that make them unfit for some practical applica-

tions. Previous authors (Agull�o et al., 1988; Mart�ınez and

Agull�o, 1988; Mart�ınez et al., 1988) studied reflections

between conical waveguides of different taper and noted that

the time-domain spherical-wave characteristic impedances

zsph
6 ðt; xÞ take the form

zsph
6 ðt;xÞ¼L�1 Zsph

6 ðs;xÞ
h i

¼Z0ðxÞ dðtÞ7e7t=sðxÞ

sðxÞ hðtÞ
 !

;

(12)

with the inverse unilateral Laplace transform L�1½��, the

complex frequency s¼ a þ jx, the time constant s(x)¼ L(x)/

Z0(x), and the Heaviside step function h(�). Agull�o et al.
(1990) and Gilbert et al. (1990) pointed out the growing-

exponential form of the time-domain apical spherical-wave

characteristic impedance zsph
6 ðt; xÞ for LðxÞ90 (i.e., looking

toward the apex of the horn). This problematic behavior

occurs due to the physical impossibility of an anechoic con-

tracting conical waveguide; in any physical horn, the grow-

ing exponential is quickly quenched by reflections at the

apex. They also noted that evaluating the time-domain apical

spherical-wave characteristic impedance using the inverse

Fourier transform F�1½�� results is a non-causal function due

to the time-reversal property of the complex conjugate,

Zsph
6 ðx; xÞ ¼ ½Z

sph
7 ðx; xÞ�

�
, and the Fourier transform,

zsph
6 ðt; xÞ ¼ F�1 Zsph

6 ðx; xÞ
h i

¼ Z0ðxÞ dðtÞ � e7t=sðxÞ

sðxÞ hð6tÞ
 !

; (13)

because the Fourier transform of a growing exponential does

not exist. Gilbert et al. (1990) argued that the difference

between time-domain spherical-wave characteristic impedan-

ces zsph
6 ðt; xÞ evident between Eqs. (12) and (13) occurs due to

the different assumptions imposed onto the time-domain sig-

nal by the inverse unilateral Laplace and Fourier transforms.

The unilateral Laplace transform assumes a causal function

and can handle systems that are not bounded-input bounded-

output stable in the time domain. Conversely, the Fourier

transform is undefined for unstable signals but imposes no

assumption of causality.5 The non-causality arising due to the

inverse Fourier transform in Eq. (13) has implications on

time-domain analysis of the ear-canal reflectance because the

inverse Laplace transform cannot be evaluated numerically.

Keefe and Barjau (1999) derived the WKB approxima-

tion for the reduced horn equation [Eq. (6)] and showed that

the corresponding WKB characteristic impedances are iden-

tical to those of spherical waves [Eq. (10)]. However, near

turning points (Farmer-Fedor and Rabbitt, 2002), which

occur at critical frequencies

xcðxÞ ¼
c
ffiffiffiffiffiffiffiffiffiffi
UðxÞ

p
for UðxÞ � 0; (14)

0 for UðxÞ < 0; (15)

8<
:

the pressure waves transition from propagating to evanescent

at a given location and the accuracy of the WKB approxima-

tion may be limited.

C. Ear-canal reflectance

In ear canals, the sound field is often assumed to consist

of plane waves. When this approximation is valid, the char-

acteristic impedance is independent of direction of propaga-

tion and the plane-wave reflectance Cpl(x, x), calculated

from the input impedance Zin(x, x), takes the well-known

form

Cplðx; xÞ ¼ Zinðx; xÞ � Z0ðxÞ
Zinðx; xÞ þ Z0ðxÞ

; (16)

Farmer-Fedor and Rabbitt (2002) noted that, because ear

canals are inherently non-uniform, the plane-wave reflec-

tance Cpl(x, x) does not represent the reflectance of any

realistic ear canal. Assuming a local spherical-wave sound

field (or the WKB approximation), where the characteristic

impedances depend on direction, the spherical-wave reflec-

tance is

Csphðx; xÞ ¼ Zinðx; xÞ=Zsph
þ ðx; xÞ � 1

Zinðx; xÞ=Zsph
� ðx; xÞ þ 1

: (17)

More generally, decomposing the total pressure into its

forward- and reverse-propagating components in a conical

horn requires the forward and reverse spherical-wave charac-

teristic impedances. Because ear canals can have compli-

cated non-uniform geometries, it is reasonable to expect that

the spherical-wave characteristic impedances provide a more

accurate decomposition of the total pressure.6

As previously mentioned, analytical characteristic impe-

dances can be found for any area function that provides a

solution to the Webster horn equation consisting of indepen-

dent wave components, including Salmon’s family of horns

(Salmon, 1946a). With the exceptions of the uniform and

conical horns, the characteristic impedances corresponding

to these remaining horns have a cut-off frequency below

which the characteristic impedances become imaginary, the

independent waves evanescent, and the reflectance magni-

tude no longer constant throughout the horn. For these rea-

sons, we have not considered these additional characteristic

impedances of Salmon’s family of horns in the present anal-

ysis. A general expression for the characteristic impedances

for Salmon’s family of horns was reported by Leach (1996).
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Note that the cut-off frequency is equivalent to the critical

frequency xc(x) [Eq. (14)] when the horn function U(x) [Eq.

(7)] is a positive constant so that the transition from propa-

gating to evanescent waves occurs at the same frequency

throughout the horn.

III. METHODS

A. Ear-canal modeling

We modeled analytical one-dimensional ear canals of

axial length lpl¼ 1.6 cm using N¼ 160 concatenated coni-

cal horn segments, terminated by a tympanic-membrane

impedance Ztm(x) as illustrated in Fig. 1. We chose this

subdivision arbitrarily to obtain a constant axial segment

spacing of hpl¼ 0.1 mm such that the wavelengths at all

considered frequencies up to 20 kHz were much larger

than the spacing k� hpl. Note that for variables with spa-

tial dependency, we replaced the longitudinal variable x
with the segment-number subscript n for our methods

and results; for practical reasons, the first segment was

n¼ 0. Using the two-port transfer-matrix elements aij,n(x)

of the ear canal as seen from the nth segment, the input

impedance

Zin;nðxÞ ¼
a11;nðxÞZtmðxÞ þ a12;nðxÞ
a21;nðxÞZtmðxÞ þ a22;nðxÞ

: (18)

From the transfer-matrix elements of each individual mth

segment aij,m(x),

a11;nðxÞ a12;nðxÞ
a21;nðxÞ a22;nðxÞ

" #
¼
YN�1

m¼n

a11;mðxÞ a12;mðxÞ
a21;mðxÞ a22;mðxÞ

" #
: (19)

Analytical expressions for the transfer-matrix elements of a

conical horn segment were reported by Causs�e et al. (1984)

and Benade (1988). They are given here in terms of the pla-

nar radii rpl
m (rather than apical distances) such that the planar

radius at the end of each horn segment is identical to the pla-

nar radius at the entrance of the next segment,

a11;mðxÞ ¼
rpl

mþ1

rpl
m

cos kðxÞhsph
m �

rpl
mþ1 � rpl

m

kðxÞrpl
m hsph

m

sin kðxÞhsph
m ; (20)

a12;mðxÞ ¼
rpl

m

rpl
mþ1

jZ0;m sin kðxÞhsph
m ; (21)

a21;mðxÞ ¼
j

Z0;m

rpl
mþ1

rpl
m

þ
rpl

mþ1 � rpl
m

kðxÞrpl
m hsph

m

 !2
2
4

3
5sin kðxÞhsph

m �
hsph

m

kðxÞ
rpl

mþ1 � rpl
m

rpl
mþ1hsph

m

 !2

cos kðxÞhsph
m

8<
:

9=
;; (22)

a22;mðxÞ ¼
rpl

m

rpl
mþ1

cos kðxÞhsph
m þ

rpl
mþ1 � rpl

m

kðxÞrpl
mþ1hsph

m

sin kðxÞhsph
m (23)

with the radial conical-segment spacing

hsph
m ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hplð Þ2 þ rpl

mþ1 � rpl
m

� �2
r

: (24)

The plane-wave characteristic impedances

Z0;m ¼
qc

Asph
m

; (25)

were calculated from the corresponding spherical-cap areas

Asph
m ¼ ðrsph

m Þ
2p; (26)

at the input of each segment with equivalent spherical-cap

radii

rsph
m ¼ rpl

m

ffiffiffiffiffiffi
Fm

p
: (27)

Here, Fm is the ratio of spherical-cap Asph
m to planar Apl

m areas

(Benade, 1988),

Fm ¼
Asph

m

Apl
m

¼ 2
1� cos /m

sin2/m

¼ 2

1þ hpl=hsph
m

; (28)

and /m is the taper angle of the mth segment. Figure 2 shows

a sketch of the concatenated conical-horn model.

We calculated the ear-canal impedances Zin,n(x) [Eq.

(18)] at five equally spaced axial locations (n¼ 0, 40, 80,

120, and 159 with corresponding axial residual ear-canal

lengths lpl � nhpl¼ 1.6, 1.2, 0.8, 0.4, and 0.1 mm, respectively)
FIG. 1. The combined transmission-line and Th�evenin-equivalent models

used for simulating the ear canals and tympanic membrane, respectively.
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and calculated the spherical-wave characteristic impedances at

each location Zsph
þ;nðxÞ and Zsph

�;nðxÞ using Eq. (10). For this pur-

pose, the spherical-wave area gradient

Asph
n

� �0¼ 2pFnrpl
n rpl

nþ1 � rpl
n

� �
hpl

(29)

was calculated from the finite-difference gradient of the planar

radii rpl
nþ1 and rpl

n , and Fn because it represents the rate of

change in area within the same segment and not including the

jump in spherical-cap area between segments. Similar to Eqs.

(16) and (17), we then calculated the plane-wave reflectances

Cpl
n ðxÞ ¼

Zin;nðxÞ � Z0;n

Zin;nðxÞ þ Z0;n
(30)

and spherical-wave reflectances

Csph
n ðxÞ ¼

Zin;nðxÞ=Zsph
þ;nðxÞ � 1

Zin;nðxÞ=Zsph
�;nðxÞ þ 1

; (31)

respectively. The corresponding time-domain reflectances

cpl
n ðtÞ and csph

n ðtÞ were calculated using the inverse Fourier

transform cnðtÞ ¼ F�1½CnðxÞwðxÞejxsrt;n �, filtered by the

one-sided low-pass half-width Blackman window w(x)

(Rasetshwane and Neely, 2011) and shifted by the radial

round-trip time delay to the termination

srt;n ¼
2

c

XN�1

m¼n

hsph
m ; (32)

to align features resulting from the reflection at the termina-

tion in the time domain at t¼ 0. Time-domain impedances

z(t) were computed similarly, though without the time shift,

zðtÞ ¼ F�1½ZðxÞwðxÞ�. We calculated the various quantities

for two different cases.

(1) A simulated ear canal based on 17 points of normative

planar ear-mold data reported by Egolf et al. (1993) with

1-mm spacing, but synthesized to obtain a smooth

function by adding a Blackman window wN,n of length N
to a linear function and assuming axisymmetry to gener-

ate the planar radius function

rpl
n ¼ rpl

0 þ n
rpl

N � rpl
0

N
þ hwwN;n; (33)

where rpl
0 ¼ 4 mm; rpl

N ¼ 3:35 mm, and hw¼ 0.9 mm is

the window height.

(2) A simple conical horn (i.e., the same linear function with-

out the Blackman window) to generate the radius function

rpl
n ¼ rpl

0 þ n
rpl

N � rpl
0

N
: (34)

The axial length lpl¼ 1.6 cm was chosen since the data

reported by Egolf et al. (1993) beyond this point from the

ear-canal apex are largely uniform. We calculated the horn

function Un [Eq. (7)] using the discrete spherical-cap radius

function rsph
n by taking the finite-difference gradient twice,

Un ¼
rsph

nþ1 � 2rsph
n þ rsph

n�1

hsph
n�1hsph

n rsph
n

: (35)

Finally, for the simulated ear-canal geometry [Eq. (33)], we

estimated the tympanic-membrane impedances Ẑ tm;nðxÞ at

each location assuming a uniform transmission-line model,

Ẑ tm;nðxÞ ¼ Z0;n
jZ0;n tan kðxÞðlpl � nhplÞ � Zin;nðxÞ
jZin;nðxÞ tan kðxÞðlpl � nhplÞ � Z0;n

;

(36)

where the hat operator denotes an estimated quantity. This

approach allowed us to assess the influence of approximating

the residual ear canal as uniform when estimating the

tympanic-membrane impedance Ẑ tm;nðxÞ at a distance from

the tympanic membrane.

B. Tympanic-membrane impedance

To represent an acoustic load similar to the adult ear canal,

we modeled the impedance of the tympanic membrane Ztm(x)

(see Fig. 1) as the parallel coupling of two RLC circuits,

ZtmðxÞ ¼ R1þ jxL1þ
1

jxC1

� �				 R2þ jxL2þ
1

jxC2

� �
:

(37)

The acoustic resistances Ri, inertances Li, and compliances Ci

were adjusted so that Ztm(x) approximated the plane-wave

reflectance as measured in a Type 4157 uniform occluded-ear

simulator (Br€uel & Kjær Sound & Vibration A/S, Nærum,

Denmark) of radius r¼ 3.75 mm. The quantities of each

RLC circuit along with the corresponding natural frequencies

fn;i ¼ 1= 2p
ffiffiffiffiffiffiffiffiffi
LiCi

p
 �
are listed in Table I.

C. Stimulus-level estimation

We investigated the utility of the plane-wave versus

spherical-wave reflectances for calibrating stimulus levels,

FIG. 2. A sketch illustrating the impedance and dimensional variables of the

concatenated conical-horn ear-canal model, including the planar rpl
n and

spherical rsph
n [Eq. (27)] input radii and impedances Zin,n(x) [Eq. (18)] of the

nth of N segments, the planar hpl and radial hsph
n [Eq. (24)] segment spacings,

and the tympanic-membrane impedance Ztm(x) [Eq. (37)].
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as often practiced in OAE measurements, using our analyti-

cal ear-canal models. From the total acoustic pressure at

some location in the ear canal pec;nðxÞ ¼ pþ;nðxÞ þ p�;nðxÞ,
Souza et al. (2014) calculated the forward and reverse pres-

sure components

pþ;nðxÞ ¼
pec;nðxÞ

1þ CnðxÞ
; (38)

p�;nðxÞ ¼
pec;nðxÞCnðxÞ

1þ CnðxÞ
; (39)

respectively. We estimated the pressure at the tympanic

membrane as the integrated pressure (Lewis et al., 2009)

pint;nðxÞ ¼ jpþ;nðxÞj þ jp�;nðxÞj: (40)

We referenced the plane-wave and spherical-wave integrated

pressures with respect to the total sound pressure at the tym-

panic membrane

ptm;nðxÞ ¼ pec;nðxÞHþ;nðxÞ; (41)

where the analytical forward pressure transfer function of

the ear canal

Hþ;nðxÞ ¼
ptm;nðxÞ
pec;nðxÞ

¼ ZtmðxÞ
a11;nðxÞZtmðxÞ þ a12;nðxÞ

:

(42)

We evaluated these quantities at the five locations in the sim-

ulated ear canals. Although Souza et al. (2014) found that

the forward pressure pþ,n(x) provides superior performance

for reproducing behavioral auditory thresholds, this quantity

cannot be physically measured at the tympanic membrane.

For the purpose of evaluating errors in stimulus-level cali-

bration, the integrated pressure has previously been used as

an estimate for the sound pressure at the tympanic membrane

(Siegel et al., 2018), although it is only analytically correct

for a rigid termination [because pþ,N(x) and p–,N(x) are in

phase when Ztm(x) ! 1] in a uniform waveguide. For our

tympanic-membrane impedance, we found that the error due

to a non-rigid termination resulted in errors in the integrated

pressure representing the tympanic-membrane pressure of

0.1 dB in a uniform ear canal. Thus, larger variations repre-

sent those of the non-uniform ear canal and the utilized char-

acteristic impedances.

D. Emitted pressure

Finally, we investigated the utility of the spherical-wave

characteristic impedances for computing the emitted

pressure (Charaziak and Shera, 2017) from the ear. Ideally,

the emitted pressure represents the sound pressure emitted

from the tympanic membrane (e.g., an OAE) into an

anechoic uniform ear canal. Because non-uniformities in the

ear-canal geometry introduce a spatial dependence to the

plane-wave emitted pressure, its calculation at different dis-

tances from the tympanic membrane may potentially be

improved by using spherical-wave pressure components and

terminating the ear canal using an anechoic tangent conical

waveguide, i.e., the anechoic conical horn corresponding to

the local cross-sectional area and area gradient. We calcu-

lated the emitted pressure pepl,n(x) at the five locations in the

ear canal and modeled the middle and inner ear as a

Th�evenin-equivalent pressure source ps,tm(x) (see Fig. 1).

When a lossless transmission line is operated in reverse,

a11,n(x) $ a22,n(x). We calculated the reverse radiation

impedance Zrad,n(x) as seen from the tympanic membrane,

terminated by the plane-wave or reverse-spherical-wave

characteristic impedance Z–,n(x) at the given locations,

Zrad;nðxÞ ¼
a22;nðxÞZ�;nðxÞ þ a12;nðxÞ
a21;nðxÞZ�;nðxÞ þ a11;nðxÞ

: (43)

We then calculated the pressure at the tympanic membrane

ptm,n(x) as the voltage division of ps,tm(x) between Ztm(x)

and Zrad,n(x),

ptm;nðxÞ ¼ ps;tmðxÞ
Zrad;nðxÞ

ZtmðxÞ þ Zrad;nðxÞ
; (44)

and transformed it to the emitted pressure pepl,n(x) at a given

location using the reverse pressure transfer function H–,n(x)

between the tympanic membrane and the given locations,

pepl;nðxÞ ¼ ptm;nðxÞH�;nðxÞ; (45)

where

H�;nðxÞ¼
pepl;nðxÞ
ptm;nðxÞ

¼ Z�;nðxÞ
a22;nðxÞZ�;nðxÞþa12;nðxÞ

: (46)

We referenced pepl,n(x) against the emitted pressure pepl,ref(x)

looking into a uniform waveguide of radius r¼ 3.75 mm

[identical to the occluded-ear simulator used for deriving the

tympanic-membrane impedance Ztm(x)]. Ideally, the emitted

pressure would represent that into the plane-wave characteris-

tic impedance of a uniform ear canal, but this approach allows

us to simulate the variation that occurs due to the presence of

a non-uniform ear canal and by employing the plane-wave

and spherical-wave characteristic impedances for quantifying

the emitted pressure.

IV. NUMERICAL RESULTS

A. Ear-canal reflectance

Figures 3(a) and 3(b) show the planar radius functions

rpl
n [Eqs. (33) and (34)] and corresponding horn functions Un

[Eq. (35)], respectively, for both the simulated ear canal and

conical waveguide. In addition, Fig. 3(a) shows the segment

TABLE I. The resistances Ri, inertances Li, compliances Ci, and correspond-

ing natural frequencies fn,i of the parallel RLC circuits for modeling the

tympanic-membrane impedance Ztm(x) [Eq. (37)].

i Ri [Pa s/m3] Li [kg/m4] Ci [m5/N] fn,I [Hz]

1 6.8	 107 1.56	 104 1.45	 10�12 1058.2

2 3.35	 107 890 2.48	 10�12 3392.1
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of discrete data points reported by Egolf et al. (1993) on

which the ear-canal model was based. For the locations 1–5

marked in Fig. 3(a), the plane-wave Cpl
n ðxÞ [Eq. (30)] and

spherical-wave Csph
n ðxÞ [Eq. (31)] reflectances, and corre-

sponding time-domain reflectances cpl
n ðtÞ and csph

n ðtÞ were

calculated, each color in Figs. 3(c)–3(h) representing the

location color and number marked in Fig. 3(a). For the simu-

lated ear canal, Figs. 3(c) and 3(d) show the magnitude and

phase of the estimated Ẑ tm;nðxÞ [Eq. (36), i.e., locations 1–4]

and actual Ztm(x) [Eq. (37), i.e., location 5] tympanic-

membrane impedances, and the corresponding time-domain

impedances ẑtm;nðtÞ and ztm(t), respectively. These plots indi-

cate the expected error when estimating the tympanic-

membrane impedance using a uniform transmission-line model

and show that the model may be inadequate at higher frequen-

cies. The step at ztm(t¼ 0) is a result of the low-frequency

compliant behavior in Ztm(x). Un varies substantially along the

canal because of the complex geometry of the simulated ear

FIG. 3. (Color online) The (a) planar radius functions rpl
n [Eqs. (33) and (34)] and (b) horn functions Un [Eq. (35)] of the simulated ear canal, based on ear-mold

data from Egolf et al. (1993), and conical waveguide, (c) magnitude and phase of the estimated Ẑ tm;nðxÞ [Eq. (36)] and actual Ztm(x) [Eq. (37)] tympanic-

membrane impedances, and (d) corresponding time-domain impedances ẑ tm;nðtÞ and ztm(t) in the ear canal. The (e),(g) plane-wave jCpl
n ðxÞj [Eq. (30)] and

spherical-wave jCsph
n ðxÞj [Eq. (31)] reflectance magnitudes, and (f),(h) corresponding time-domain reflectances cpl

n ðtÞ and csph
n ðtÞ of the (e),(f) ear canal and (g),(h)

conical horn. Each color in (c)–(h) corresponds to locations 1–5 marked in (a), although we show Ztm(x) and ztm(t) for location 5 in (c) and (d), respectively.
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canal and is sometimes negative. At frequencies below the crit-

ical frequency xc [Eqs. (14) and (15)], pressure waves become

evanescent and non-propagating. As expected, Un¼ 0 through-

out the conical horn.

For the simulated ear canal, Fig. 3(e) shows jCpl
n ðxÞj

and jCsph
n ðxÞj and Fig. 3(f) shows cpl

n ðtÞ and csph
n ðtÞ for the

five locations. The plots show that both jCsph
n ðxÞj and csph

n ðtÞ
depend sensitively on n due to the influence of the area-

function gradient on the spherical-wave characteristic impe-

dances Zsph
6;nðxÞ [Eq. (10)]. The plane-wave reflectances

jCpl
n ðxÞj and cpl

n ðtÞ are less sensitive to location, and cpl
n ðtÞ

more accurately represent the overall features in ztm(t). The

figures reveal how csph
n ðtÞ are affected by causal or non-

causal exponential components due to the time-domain

spherical-wave characteristic impedances zsph
6;nðtÞ [Eq. (13)],

represented as the apparent exponential decays in csph
n ðtÞ.

These exponential components, which substantially limit

time-domain analysis of the spherical-wave reflectance, arise

due to the large changes in wavefront shape along the ear

canal relative to the wavefront shape in an equivalent

anechoic conical horn corresponding to the local wavefront-

area gradient. Aside from these exponential components, the

time-domain spherical-wave reflectances csph
n ðtÞ largely

resemble the time-domain plane-wave reflectances cpl
n ðtÞ. In

the frequency domain, the reflection from the termination is

contaminated by the local area gradient in jCsph
n ðxÞj and is

therefore more consistently represented in jCpl
n ðxÞj. Note that

the results at location 5 may not represent the desired plane-

wave reflectance of the tympanic membrane. Because of the

oblique angle of the tympanic membrane relative to the ear

canal, the ear-canal cross-sectional area closer to the tym-

panic membrane decreases, although the surface of the tym-

panic membrane is larger [see Fig. 8 of Egolf et al. (1993)].

For the conical horn, Fig. 3(g) shows jCpl
n ðxÞj and

jCsph
n ðxÞj, and Fig. 3(h) shows cpl

n ðtÞ and csph
n ðtÞ for the five

locations. From these results, the virtues of the spherical-

wave characteristic impedances can be appreciated since

jCsph
n ðxÞj and csph

n ðtÞ are now insensitive to location, while

jCpl
n ðxÞj decreases systematically with distance and cpl

n ðtÞ
changes only marginally. Although the termination contrib-

utes similarly to cpl
n ðtÞ and csph

n ðtÞ; jCpl
n ðxÞj and jCsph

n ðxÞj dif-

fer substantially and jCsph
n ðxÞj do generally not characterize

the plane-wave reflectance of the termination (location 5).

B. Stimulus- and emitted-pressure-level estimation

For the five locations in the simulated ear canal and

conical horn, Figs. 4(a) and 4(b), respectively, show the

magnitude of pressures at the tympanic membrane ptm,n(x)

[Eq. (41)], referenced to the integrated pressures ppl
int;nðxÞ

and psph
int;nðxÞ [Eq. (40)] computed using the plane-wave

Cpl
n ðxÞ [Eq. (30)] and spherical-wave Csph

n ðxÞ [Eq. (31)]

reflectances, respectively. The ratio jptm;nðxÞ=pint;nðxÞj can

then directly be interpreted as a stimulus error [we find a

qualitatively similar pattern of errors when using the ratio

jptm;nðxÞ=pþ;nðxÞj]. While ppl
int;nðxÞ approach ptm,n(x) at low

frequencies as expected, psph
int;nðxÞ deviate substantially and

do not consistently approximate the sound pressure at the

tympanic membrane throughout the canal. This is because

the spherical-wave characteristic impedances Zsph
6;nðxÞ [Eq.

(10)] have small magnitudes (due to the parallel inertance)

FIG. 4. (Color online) (a),(b) The pressures at the tympanic membrane ptm,n(x) [Eq. (41)] referenced against the integrated pressures ppl
int;nðxÞ and psph

int;nðxÞ
[Eq. (40)] computed using the plane-wave Cpl

n ðxÞ [Eq. (30)] and spherical-wave Csph
n ðxÞ [Eq. (31)] reflectances, respectively. (c),(d) The emitted pressures

ppl
epl;nðxÞ and psph

epl;nðxÞ [Eq. (44)] computed using the reverse plane-wave Zpl
�;nðxÞ ¼ Z0;n [Eq. (25)] and spherical-wave Zsph

�;nðxÞ [Eq. (10)] characteristic impe-

dances, respectively, referenced against the emitted pressure pepl,ref(x) into a uniform waveguide of radius r¼ 3.75 mm. Results are shown for the five loca-

tions marked in Fig. 3(a) for the simulated (a),(c) ear canal and (b),(d) conical horn.
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and opposite phases at low frequencies, which cause the for-

ward pþ,n(x) and reverse p–,n(x) pressures to have large

magnitudes and opposite phases. In addition, the forward

and reverse pressures of a spherical wave are not in phase at

the termination, which is an assumption made when per-

forming in-situ calibrations using the integrated pressure.

The consequence of this in OAE measurements would be a

substantial under stimulation. In the conical horn, psph
int;nðxÞ

are vertically offset from another at the various locations,

indicating that they differ by a constant factor. This discrep-

ancy arises because the integrated pressure does not take

into account the inverse magnitude dependency of the pres-

sure propagating in the horn. At high frequencies, ppl
int;nðxÞ

and psph
int;nðxÞ perform similarly because Zsph

6;nðxÞ approach

Z0,n.

For the five locations in the simulated ear canal and con-

ical horn, Figs. 4(c) and 4(d), respectively, show the emitted

pressures ppl
epl;nðxÞ and psph

epl;nðxÞ [Eq. (44)] computed using

the reverse plane-wave Zpl
�;nðxÞ ¼ Z0;n and spherical-wave

Zsph
�;nðxÞ characteristic impedances, respectively. The results

are normalized by the emitted pressure pepl,ref(x) obtained in

a uniform waveguide of radius r¼ 3.75 mm. Recall here that

the virtue of the emitted pressure is an independence of loca-

tion in the ear canal rather than constancy of absolute level.

The general deviation of psph
epl;nðxÞ from pepl,ref(x) is, similar

to the integrated pressure, a result of the parallel inertance in

Zsph
�;nðxÞ. Despite this, ppl

epl;nðxÞ does vary less than psph
epl;nðxÞ

at low frequencies in the simulated ear canal. However, in

the conical waveguide, there is no variation in psph
epl;nðxÞ

between the various locations except for that due to the

inverse magnitude dependency.

V. DISCUSSION

Although the spherical-wave characteristic impedances

can be useful for analyzing conical horns, they possess prop-

erties that limit their application in the practical case of ear-

canal reflectance. The tangent conical horn at the location of

a large taper in the simulated ear canal provides a poor repre-

sentation of the remaining ear-canal geometry and the insta-

bility of the spherical-wave characteristic impedances limits

their utility for analyzing results in the time domain using

the inverse Fourier transform. These properties also have

negative implications for calibrating stimulus levels and esti-

mating the emitted pressure using existing methods, which

are largely based on the assumption of plane waves. Existing

plane-wave ear-canal-reflectance measurement methods

require estimating the plane-wave characteristic impedance

of the ear canal in situ. Practical application of the spherical-

wave reflectance in ear canals is thus further complicated by

the need to estimate the inertance representing the inverse

wavefront area gradient.

The Blackman window and time delay applied to the

time-domain reflectances introduce some degree of non-

causality into the synthesized time-domain signals. However,

these and the non-causality due to the spherical-wave

characteristic impedances do not affect the validity of the

frequency-domain results because they are solely artifacts

resulting from the inverse Fourier transform and represent

what Nørgaard et al. (2018) refer to as a signal non-causality,

rather than a physical non-causality. Thus, the reported time-

domain quantities satisfying causality cannot be interpreted

as a condition for the validity of the remaining frequency-

domain quantities. Causal time-domain reflectances might be

obtained using a time-domain model as the starting point.

The horn functions indicate whether propagating waves

exist at a given location and frequency. For frequencies

below and around the critical frequency, the solutions to the

reduced horn equation transition from propagating to evanes-

cent waves. In these regions, the concept of reverse- and

forward-propagating pressure components lose their intuitive

meaning, and the characteristic impedances used for separat-

ing these components may ultimately come down to choice.

In the considered analytical examples, the spherical-wave

characteristic impedances arguably yield the correct ear-

canal reflectance in its formal definition (the ratio of reverse-

to forward-propagating pressures) because the simulated

ear canals were constructed from concatenated conical horn

segments. However, since the sound wavelength is much lon-

ger than each horn segment, the results are practically identi-

cal to those of a continuous area function. Note that the horn

function depends on the second derivative of the area func-

tion whereas the inertance in the spherical-wave characteris-

tic impedances depends on its first derivative. For locations

corresponding to an area-gradient extremum, the spherical-

wave reflectance represents the true ratio of independently

propagating pressure components despite providing the poor-

est representation of the reflection from the tympanic

membrane.

Contributions to the reflectance due to area variations

along a non-uniform lossless waveguide are caused by devia-

tions in the wavefront area from the geometry implicitly

assumed by the characteristic impedances (e.g., of the tangent

anechoic conical horn corresponding to the local wavefront-

area gradient). Employing the spherical-wave characteristic

impedances at the location of a large area gradient results in

exponentially decaying components along the simulated ear

canal in the time-domain reflectance (because the overall

geometry of the canal is poorly represented by the local gra-

dient). Were the ear canal approximately conical in its overall

shape, the spherical-wave reflectance might constitute an

improvement. However, the reflection of incident plane and

spherical waves on the same tympanic-membrane impedance

still differs substantially and the latter contributes with expo-

nential reflection components. This greatly contaminates the

representation of reflections from the tympanic membrane

and, consequently, the spherical-wave reflectance provides

no improvement in characterizing the sound reflected from

the middle ear. Due to the time-domain representation of the

plane-wave characteristic impedance [Eq. (9)], the various

features of the time-domain tympanic-membrane impedance

are directly represented in the time-domain plane-wave

reflectance. Our results show that if one wishes to character-

ize the plane-wave reflectance of the tympanic membrane at

a distance, one is better off utilizing the plane-wave charac-

teristic impedance for calculating the reflectance. An
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unavoidable consequence, however, is that non-uniformities

between the measurement location and the tympanic mem-

brane contribute to the plane-wave reflectance. Avoiding

these contributions requires compensating for the non-

uniform ear canal [e.g., using a transmission-line model to

obtain the impedance at or closer to the tympanic membrane

(Lewis and Neely, 2015)], for which accurate knowledge of

ear-canal geometry is needed. Our results show that the

assumption of a uniform ear canal is often inaccurate for this

application.

In recent years, reflectance-based methods for calibrat-

ing acoustic stimuli have been used extensively in research

for calibrating stimulus levels. The forward pressure is the

most frequently used quantity, mostly as a result of the study

by Souza et al. (2014), which showed that this quantity

performs well for minimizing the variation in behavioral

auditory thresholds. Of course, with knowledge of ear-canal

geometry, the pressure at the measurement location could be

transformed into sound pressure at the tympanic membrane

using the ear-canal transmission-line matrix. Even in this

case, however, the sound pressure at the tympanic membrane

may not accurately predict the stimulation of the cochlea.

VI. CONCLUSION

In this paper, we have investigated the application of the

spherical-wave characteristic impedances for calculating the

ear-canal reflectance, characterizing the conductive status of

the middle ear, calibrating stimulus levels, and estimating

the emitted pressure from the ear. Relevant properties of the

spherical-wave characteristic impedances have been

reviewed and, despite certain virtues, they were found to

limit both the frequency- and time-domain analysis of the

spherical-wave ear-canal reflectance. The application of the

spherical-wave characteristic impedances, identical to those

of the WKB approximation, was investigated in analytical

loads similar to the human ear canal. Although the spherical-

wave characteristic impedances provide the most accurate

decomposition of the total acoustic pressure into its forward-

and reverse-propagating components, time-domain exponen-

tial reflection components obscure the reflections from the

tympanic membrane. To best characterize the plane-wave

reflectance of the tympanic membrane in the ear canal, one

should evidently utilize the plane-wave characteristic imped-

ance, with the caveat that the plane-wave reflectance will

include contributions from the non-uniform ear canal.
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