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Abstract

Realising a platform for efficiently guiding and manipulating light at the single-
photon level lies at the heart of optical quantum information processing. In
this thesis we aid in the pursuit of this goal by analysing few-photon transport
properties in photonic devices while keeping in mind possible applications and
experimental challenges. We especially focus on single and two-photon transport
properties in one-dimensional waveguides coupled to (artificial) atoms modelled
as two and three-level emitters.

We begin by introducing key concepts relevant for this thesis and then explain
how to model such waveguide geometries. We show how directional-dependent
coupling between a waveguide and a localized quantum system can be modelled
from a chain of harmonic oscillators by allowing the system to couple to more
than one site.

Using the input-output formalism and scattering matrix theory we determine a
general form for the single and two-photon S-matrices for a waveguide coupled
to a two-level system. We also explain how to engineer a quantum optical Fano-
resonance waveguide geometry and calculate how this modifies the S-matrices,
the few-photon scattering probabilities, and the scattered output spectra. We
show that the nonlinear effects in such a system generates highly correlated
directional scattering probabilities.

We device a protocol that can generate maximal entanglement between two
spectrally distinct solid-state emitters by the use of multi-photon scattering.
The results also reveal a rich structure for multi-photon states interacting with
non-identical emitters.
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As a final investigation, we quantify how spectral diffusion in quantum dots
affects finite-width single and two-photon scattering. Single-photon scattering
probabilities are described by a simple convolution but this is not the case for
a two-photon state scattering off a two-level emitter. We show that the effect
of spectral wandering depletes the nonlinear scattering properties, but that it
affects co and counter-propagating output probabilities differently.



Resumé

At realisere en platform hvorpå enkelte fotoner kan guides og manipuleres er et
af hovedmålene indenfor optisk kvanteinformationsteknologi. I denne afhandling
bidrager vi til at opnå dette mål ved at analysere få-foton transportegenskaber
i fotoniske enheder, hvor vi har mulige anvendelser og eksperimentelle udfor-
dringer in mente. Vi fokuserer især på en- og to-foton transportegenskaber i
en-dimensionelle bølgeledere koblet til (kunstige) atomer, her modelleret som
to- og tre-niveau-systemer.

Vi starter med at introducere relevante nøglekoncepter, og vi forklarer, hvor-
dan førnævnte bølgeledergeometrier kan modelleres. Vi viser, hvordan ret-
ningsafhængig kobling mellem en bølgeleder og et lokaliseret kvantesystem kan
beskrives ved at modellere bølgelederen som en kæde af harmoniske oscillatorer,
og lade systemet koble til mere end én oscillator.

Fra input-output formalisme og spredningsmatrix-teori bestemmer vi en generel
form for en- og to-foton S-matricerne for en bølgeleder koblet til et to-niveau-
system. Vi forklarer også, hvordan man konstruerer en kvanteoptisk Fano-
resonansbølgeledergeometri, og vi beregner, hvordan dette ændrer S-matricerne,
få-foton-spredningssandsynligheder og spektrene for det spredte lys. Vi viser,
at de ikke-lineære effekter i sådan et system genererer stærkt korrelerede ret-
ningsafhængige spredningssandsynligheder.

Vi beskriver en protokol, der kan generere maksimal kvantemekanisk sammen-
filtring mellem to spektralt forskellige kunstige atomer ved hjælp af multifoton-
spredning. Resultaterne afslører også en rig struktur for multifotontilstande,
der interagerer med ikke-identiske kvantesystemer.
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Som en afsluttende undersøgelse kvantificerer vi, hvordan spektral diffusion i
kvanteprikker påvirker en- og to-fotonspredning for bølgepakker med endelig
spektral bredde. En-foton spredningssandsynligheder er beskrevet ved en sim-
pel foldning, hvorimod dette er ikke tilfældet for to-foton-spredning fra et to-
niveau-system. Vi viser, at effekten af spektral vandring reducerer de ikke-
lineære spredningsegenskaber, men at den påvirker med- og modpropagerende
sandsynligheder forskelligt.
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Chapter 1

Introduction

1.1 History

In the early 20th century, new fundamental principles of physics were hypothe-
sized, trying to explain a number of observed phenomena, including black-body
radiation, discovered in the century prior [1]. The theory of quantum mechan-
ics was born, and with it new and counter-intuitive properties were found for
light and matter such as the particle-wave duality, quantum superposition, and
quantum entanglement [2]. Initially, these new ideas were met with a lot of
scepticism, and some physicists, including Einstein, believed the theory to be
incomplete. Today, it is one of the most stringently tested theories in physics [3],
and within the quantum physicist community, only its interpretation is debated.

A few decades later, the rules dictated by quantum mechanics was used to en-
gineer devices such as the laser and transistor, which constitute the building
blocks that shape the technology of today. The period in which these tech-
nologies were created was later dubbed ’the first quantum revolution’ [4]. Now,
we have entered ’the second quantum revolution’, concerned with manipulating
and sensing single particles of light and matter. The ambition is to engineer
the quantum mechanical properties to be used for e.g. secure communication
and information processing [5, 6]. The latter example includes building a quan-
tum computer. Relative to a classical computer, a quantum computer promises
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computational speed-up for certain classes of problems including prime number
factorization and database search [7]. Other applications include efficient sim-
ulation of quantum systems. The importance of this is best explained by the
late Nobel laureate Richard P. Feynman: ”... nature isn’t classical, dammit,
and if you want to make a simulation of nature, you’d better make it quantum
mechanical, and by golly it’s a wonderful problem, because it doesn’t look so
easy.” [8]

In recent years, a lot of progress has been done towards the development of quan-
tum computers. In 2001, a quantum algorithm was implemented to factorize
the number 15 (= 3×5) [9]. In 2019, IBM made the first commercially available
quantum computer, and later that year, Google claimed that their quantum
computer had reached quantum supremacy [10] – a phrase popularized by John
Preskill to indicate the boundary at which a quantum computer can perform a
task (however useless) that a classical computer would not be able to do [11].
The technology of the future depends on whether this progress will continue or
plateau.

1.2 Motivation

Quantum information processing requires efficient encoding of information onto
quantum mechanical systems. Some of the potential candidates for experimen-
tally realising this in the near future includes using superconducting electronic
circuits (IBM [12] and Google [13]), majorana fermions (Microsoft [14]), and
qumodes (Xanadu [15]). Another potential route is by using semiconductor
quantum dots and single photons [16].

Photons are excellent carriers of information even at the quantum level owing to
their extremely long coherence times [17, 18]. By efficiently encoding quantum
information onto photons, an optical quantum computer can in principle be re-
alised using only passive linear elements (e.g. beam splitters and phase shifters)
and photon detection [19]. In the scheme described by Knill et al. in [19], known
as the KLM scheme, both the efficiency and footprint scales very poorly with
the number of qubits or quantum gate operations due to the number of ancil-
lary photons needed and the requirements for the photon sources and detector
efficiencies [20]. Another possible route to quantum information processing us-
ing photons, is to engineer efficient nonlinear photon interactions confined to a
single dimension [21]. For the same reason that photons are excellent carriers
of information, photon-photon interactions are practically non-existing at opti-
cal frequencies [21]. Nonlinear interactions between photons, however, can be
mediated by strong light-matter coupling. This give rise to a plethora of poten-
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tial applications operating at the single-photon level, including single-photon
switches, filters, gates, routers and transistors [21, 22]. These ideas motivate
us to analyse the limitations and possibilities of light-matter interactions at the
single-photon level by studying few-photon transport in photonic devices.

1.3 Elements of quantum mechanics

We briefly review some fundamental elements of quantum mechanics, which will
be used throughout this thesis. The first postulate of quantum mechanics is that
a closed physical system can be described in mathematical terms by a complex
vector space, a Hilbert space, and that the state of the system, |Ψ(t)〉, is a vector
that lives in that space at time t [23]. The temporal evolution of said vector is
governed by the Schrödinger equation

i~
d

dt
|Ψ(t)〉 = Ĥ |ψ〉 , (1.1)

where ~ = 1.055×10−34 J s is the reduced Planck constant, and Ĥ is the system
energy operator, or Hamiltonian.

The Hamiltonian must satisfy H = H†, i.e. it is identical to its Hermitian
conjugate. This requirement essentially means that energy does not leak out of
the system, assumed to be closed. As a consequence of this, the inner product of
the state |Ψ(t)〉 is conserved at all times. The physical interpretation of |Ψ(t)〉
is that it describes a complex probability distribution such that

〈Ψ(t)|Ψ(t)〉 = 1. (1.2)

This is the normalisation condition and it tells us, that the system always exists
in some state belonging to the Hilbert space.

Often, we don’t have knowledge of the true state vector which is the case in
open systems theory [24]. We can imagine that with some finite probability,
the state is perturbed, or we make a partial measurement on the system and
are ignorant of the outcome. In that case we can no longer describe the state
as a pure state. Instead, we use a density matrix formalism, and describe the
quantum state by ρ. We write

ρ =
∑
i

Pi |ψi〉〈ψi| ,
∑
i

Pi = 1, (1.3)

where Pi is the probability that the system is described by the state |ψi〉.
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1.3.1 Measurements

Measurements in quantum mechanics are described mathematically in terms of
positive operator-valued measures (POVM) [25]. We define a set of projection
operators defined as

π̂j = |φj〉〈φj | = (π̂j)
†
. (1.4)

The projection operators must be complete, i.e.∑
j

π̂j = 1, (1.5)

and orthonormal, i.e.

π̂j π̂i = π̂jδij . (1.6)

We illustrate the use of POVMs using a simple example with a single photon
being confined to only two modes, R and L. Immediately before a detection,
the state is in the superposition

|ψ〉 = ξR |R〉+ ξL |L〉 , |ξR|2 + |ξL|2 = 1. (1.7)

The state in Eq. (1.7) is called a qubit state as it is the quantum analogue
to a classical bit used in modern day computers [7]. We imagine that the
measurement device is a photon detector that measures whether the photon is
projected into the mode R or mode L. The set of POVMs are in this case

π̂R = |R〉〈R| , (1.8a)
π̂L = |L〉〈L| . (1.8b)

The probability that the detector projects the photon into mode R is found by

Pr(R) = Tr{π̂R |ψ〉〈ψ|} = |ξR|2, (1.9)

where Tr{·} is the trace operator. Similarly, the probability that the detector
projects the photon into mode L is |ξL|2.

1.3.2 Partial measurements

If the measurement device only detects a subspace of the total Hilbert space,
then we need to describe the post-measurement state. Consider the example
where the state describes a combined photon and two-level system, where the
photon is confined to the two modes R and L, and the emitter lives in the
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Hilbert space spanned by the vectors |↑〉 and |↓〉. The combined Hilbert space is
thus a four dimensional space written as H = Hph⊗He. The state immediately
before detection is written as

|ψ〉 =
∑

µ=R,L

∑
σ=↑,↓

ξµ,σ |µ〉 |σ〉 . (1.10)

We again imagine that the measurement device is a photon detector that mea-
sures whether the photon is projected into the mode R or mode L, such that the
POVMs are the same as in Eq. (1.8a)-(1.8b). The probability that the detector
projects the photon into mode R is

Pr(R) = Trph{π̂R |ψ〉〈ψ|} = |ξR,↑|2 + |ξR,↓|2. (1.11)

where we have defined Trph to be the partial trace operator that trace only over
the states that live in Hph. The post-measurement state in this case is

|ψ′
R〉 =

π̂R |ψ〉√
Pr(R)

=
ξR,↑ |R〉 |↑〉+ ξR,↑ |R〉 |↓〉√

|ξR,↑|2 + |ξR,↓|2
. (1.12)

In a real experiment, the detection destroys the photon, as it is absorbed by the
atoms in the detector and induces an electrical signal owing to the photoelectric
effect [26]. The state without the light is then found by trancing out the photon
degree of freedom, i.e.

ρ′R = Trph{|ψ′
R〉〈ψ′

R|} =
|ξR,↑|2 |↑〉〈↑|+ |ξR,↓|2 |↓〉〈↓|

|ξR,↑|2 + |ξR,↓|2
(1.13)

This state is normalised, since Tre{ρ′R} = 1. We also see, that this is not a pure
state, as we cannot write it in the compact form ρ′R = |φ〉〈φ|. These results also
apply if we replace R with L.

1.4 Quantum description of light

According to classical electromagnetism, the electric field, E(r, t), inside a cavity
with perfectly conducting walls is described by the wave equation [27]

∇2E(r, t) =
1

c2
∂2E(r, t)

∂t2
, (1.14)

where c is the speed of light, t it the time, and r is the spatial position in
three dimensions. Further more, the divergence of the electric field must vanish
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everywhere, i.e. ∇ · E(r, t) = 0, and must also vanish at the boundaries of the
cavity. The magnetic field is related to the electric field via

∇×E(r, t) = −∂B(r, t)

∂t
. (1.15)

The energy of the electromagnetic field inside the cavity is

H =
1

2

∫
V

[
ε0E

2(r, t) +
1

µ0
B2(r, t)

]
, (1.16)

where ε0 is the vacuum permittivity, µ0 is the vacuum permeability, and V is
the cavity volume. For a single cavity mode, the Eq. (1.16) can be expressed
as [28]

H =
1

2

(
p2 + ω2q2

)
, (1.17)

where q is the canonical position and p is the canonical momentum. In quan-
tum mechanics, both the position and momentum cannot be simultaneously
determined arbitrarily well, so we make the transformations

q −→ q̂, (1.18a)
p −→ p̂ = −i~∇. (1.18b)

The commutator, which we define below, of the two operators is [28]

[q̂, p̂] ≡ q̂p̂− p̂q̂ = i~. (1.19)

We then define two non-Hermitian operators as

â =
1√
2~ω

(ωq̂ + ip̂), (1.20)

â† =
1√
2~ω

(ωq̂ − ip̂), (1.21)

such that we can write the quantised version of Eq. (1.17) as

Ĥ = ~ω
(
â†â+

1

2

)
. (1.22)

This describes the well-known quantum harmonic oscillator. The eigen-energies
are En = ~ω(n+ 1/2), where n can be any non-negative integer. The operator
n̂ = â†â is called the number operator, as it satisfies the eigenvalue problem

n̂ |n〉 = n |n〉 . (1.23)
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The operators â and â†, are called the annihilation and creation operator, re-
spectively, as they change the number state in the cavity according to

â |n〉 =
√
n |n− 1〉 , (1.24)

â† |n〉 =
√
n+ 1 |n+ 1〉 . (1.25)

We can generalize these result to include multiple cavity modes. Eq. (1.22) then
becomes

Ĥ =
∑
β,λ

~ωβ

(
â†β,λâβ,λ +

1

2

)
, (1.26)

where we sum over all the wave vectors, β, and the polarisations, λ.

1.5 Quantum description of light-matter inter-
actions

Suppose the electromagnetic field interacts with an atom with a nucleus at
position R and a free electron at position r, the atom and field will interact via
an electrical dipole moment. The Hamiltonian is then [29]

Ĥ = Ĥa + Ĥf + Ĥa−f . (1.27)

The two first terms are the Hamiltonian contributions from the field and atom,
respectively. The last term is the atom-field interaction which is [30]

Ĥa−f = −er̂ · Ê(R), (1.28)

where e is the electron charge. We have here made the assumption that the
electric field varies little over the size of the atom such that it can be evaluated
at the position R. The is called the dipole approximation and is typically a
good approximation when describing the interaction between an atom and elec-
tromagnetic fields at optical wavelengths. For an atom, the typical dimensions
are a few ångströms, whereas the wavelength of optical light is a few hundred
nanometers [28].

The atom can in some cases be approximated as a two-level emitter (TLE),
where we consider only a ground state, |g〉, and an excited state, |e〉. The
Hamiltonian for the atom is then approximated to

Ĥa ≈ Ĥe = ~ωeσ̂
†σ̂, (1.29)
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where ~ωe is the energy separation between the two energy levels of the emitter.
The raising, σ̂, and lowering operator, σ̂†, are defined as

σ̂ = |g〉〈e| , (1.30a)
σ̂† = |e〉〈g| . (1.30b)

We can write the electric field operator in terms of the creation and annihilation
operators, and we can use appropriate selection rules to write the dipole operator
in terms of the raising and lowering operators. Eq. (1.28) then becomes

Ĥe−f = ~
(
gσ̂ + g∗σ̂†)(â+ â†

)
, (1.31)

where g is the light-matter interaction strength. In the rotating wave approxi-
mation, this becomes

Ĥe−f ≈ ~
(
gσ̂â† + g∗σ̂†â

)
. (1.32)

In the rotating wave approximation we discard fast oscillating terms that arise
from the products σ̂â and σ†a†. This is valid in the low coupling regime, i.e.
when g is much smaller compared to the field frequencies [30].

If we generalize this to multiple modes, The Hamiltonian in Eq. (1.27) can be
written as (after an appropriate renormalization [28])

Ĥ = ~ωeσ̂
†σ̂ +

∑
β,λ

~ωβâ
†
β,λâβ,λ +

∑
β,λ

gβ,λσ̂â
†
β,λ(κ) + h.c.

, (1.33)

where h.c. denotes the Hermitian conjugate of the previous term. For notational
convenience, we will drop the ’hat’ (’̂·’) notation in the following chapters.

1.6 Photonic waveguide geometries

Equation (1.33) describes the interaction between an effective TLE and light
in three dimensions. It is possible, however, to engineer structures that confine
the light to only one dimension, using e.g. optical nanowires or photonic crys-
tals [16]. In optical nanowires, light is confined to a single dimension due to
the principle of total internal reflection [31]. In photonic crystals, total internal
reflection confines the light in-plane, and interference from the periodic lattice
confines the light to a single dimension if a line defect has been engineered [32].

The advantage of confining light to a single dimension, i.e. a waveguide, is
that we can direct the flow of information. This also holds true even at the
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single-photon level. In this case, we can direct the flow of quantum information.
Strategic engineering of localized impurities can be used to control and direct
this information. These impurities can for example be semiconductor quantum
dots, for which coupling efficiencies up to 98% have been demonstrated [33]. For
quantum dots in photonic crystal waveguides, typical values for the emitter-
waveguide coupling rate are in the order of 109 s−1 to 1010 s−1 [34]. Optical
frequencies, on the other hand, are of the order 1015 s−1, and we therefore work
in the rotating wave approximation throughout this thesis. Photonic waveguide
geometries are highly scalable and thus offer a potential architecture for scal-
able on-chip quantum information processing and all-optical integrated circuits
operating at the single-photon level [16].

1.7 Outline

In this thesis we will investigate, from a theoretical perspective, the interac-
tion of few-photon states with localised quantum impurities confined to one
dimensional waveguides. We attempt to describe the underlying theory in way
that is both rigorous, instructive, generalizable, and pedagogical. We will use
our results and the results of others to discuss possible applications and limita-
tions to few-photon transport in photonic devices. The outline is as follows: In
Chap. 2 we describe the waveguide model and analyse single-photon transport
properties through the temporal evolution of both the photon and the localised
system. We explain how to model directional dependent coupling to the wave-
guide and how to account for dissipation. In Chap. 3 we introduce key concepts
within few-photon scattering theory and determine the single and two-photon
scattering matrices for a TLE in a waveguide. In Chap. 4 we use the con-
cepts introduced in the two previous chapters to describe a protocol capable of
deterministically generating maximal entanglement between two non-identical
emitters in a waveguide Mach-Zehnder interferometer. We describe and analyse
Fano-resonance waveguide geometries in Chap. 5, and discuss the possibility of
exploiting this effect for making a tunable Hong-Ou-Mandel switch. Experi-
mental considerations are quantitatively discussed in Chap. 6 as we calculate
the few-photon transport properties through quantum dots subject to spectral
wandering. Finally, in Chap. 7 we summarize our findings and conclude.
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Chapter 2

Single-photon transport in a
waveguide coupled to a

two-level emitter

2.1 Introduction

In this chapter we describe the interaction between a single photon and an
(artificial) atom, here modelled as a localized system with only two levels with
an energy separation ~ω. The waveguide geometry is sketched in Fig. 2.1(a).
This simple – yet rich – geometry has been studied extensively in a variety
of different contexts [35–47]. The three photons depicted in the waveguide
in Fig. 2.1(a) are used to illustrate a typical photon transport problem: A
single photon is seen entering from the left and interacts with the local system,
here a two-level emitter (TLE), that couples to the waveguide with coupling
rate Γ. After the interaction, the photon is partially transmitted and partially
reflected, illustrated by the two wavepackets travelling away from the system.
This type of interaction is the main topic for this thesis, which is why we in this
chapter introduce the most simple concepts and examples, before increasing the
complexity. First, a model for the waveguide geometry is introduced. Next,
we consider the dynamical interaction between a single photon and the emitter
for two special cases: (i) Single-photon emission from an initially excited two-
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level emitter (TLE), and (ii) single-photon transport from an initially right-
propagating photon as illustrated in Fig. 2.1(a). The aim is to use this relatively
simple example to gain physical intuition about few-photon transport, which
can be used in later chapters, where we introduce more complex systems and
increase the number of photons.

Figure 2.1: A waveguide coupled to a two-level emitter. (a) A sketch
of a photonic waveguide coupled to a TLE with a rate Γ. The TLE has
a ground state |g〉 and an exited state |e〉, with an energy separation
between the two levels of ~ωe. The photons illustrate a typical scattering
problem (see the main text). (b) A discreticed model of the geometry
sketched in (a). N identical and equidistant harmonic oscillators with
resonance energy ε are coupled to their nearest neighbours with strength
J . The harmonic oscillator in the centre is coupled to a TLE with
coupling strength K. The total length of the chain is L = Na, where a
is the distance between two oscillators. (c) The dispersion relation for
the discrete model in (b) as well as the linear approximations around
β = ±π/2a.

2.2 Hamiltonian description for a waveguide cou-
pled to a TLE

We start by modelling the waveguide geometry in Fig. 2.1(a) using a discrete
real space description similar to the work in [43–45]. The waveguide is modelled
using a chain of identical and equidistant harmonic oscillators that each couples
to its nearest neighbour, as shown in Fig. 2.1(b). We assume that a single
oscillator in the centre of the chain couples to the TLE. The corresponding
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Hamiltonian is [45]

H = ~ωeσ
†σ +

n∑
j=−n

εb†jbj +

n∑
j=−n

(
−Jb†jbj+1 + h.c.

)
+
(
Kσb†0 + h.c.

)
. (2.1)

The bare TLE is represented by the first term, where σ = |g〉〈e| is the two-level
lowering operator, and σ† = |e〉〈g| is the emitter raising operator. The second
term accounts for the bare oscillators with resonance energy ε. bj (b†j) is the
bosonic annihilation (creation) operator at point j satisfying the commutator
relation [bj , bj′ ] = δj,j′ . We have assumed a total of N = 2n + 1 oscillators.
The third term accounts for the nearest neighbour interaction, where J is the
hopping strength. For now we assume that J = J∗. The last term is the emitter-
waveguide coupling Hamiltonian in the rotating-wave approximation, where K
is the coupling strength to the chain at position j = 0.

We cast the real space Hamiltonian in Eq. (2.1) into a dimensionless wavenumber
description by inserting the Fourier transformed waveguide operators defined as

bj =
1√
2π

∫ π

−π

dκ b(κ)eiκj , (2.2)

where κ = βa is the dimensionless wavenumber, β is the physical wavenumber,
and a is the distance between two oscillators. The total length of the chain is
thus L = Na. The transformed operators satisfy [b(κ), b†(κ′)] = δ(κ − κ′) (see
appendix A). By inserting Eq. (2.2) in Eq. (2.1) and assuming N −→ ∞, the
Hamiltonian can be written as (see App. A for a derivation)

H = ~ωeσ
†σ +

∫ π

−π

dκ ~ω(κ)b†(κ)b(κ) +
(
K

∫ π

−π

dκ√
2π

σb†(κ) + h.c.

)
, (2.3)

where

~ω(κ) = ε− 2J cos(κ) ≈

{
ε− 2J(κ+ π/2), for κ0 = −π/2,
ε+ 2J(κ− π/2), for κ0 = π/2,

(2.4)

is the dispersion relation. The approximation is found by linearising cos(κ)
around the two points κ0 = ±π/2. In this thesis, we define a positive (negative)
wavenumber to correspond to right (left) propagating waves. The dispersion
relation as well as the linearisation at the two different points are shown in
Fig. 2.1(c). We see that the linear approximation to the dispersion relation is
good, provided all energies of interest are in the vicinity of ε, i.e. |(~ω−ε)/J | / 1.
In the regime where the linear dispersion relation is valid, we define the group
velocity to be vg = |2Ja|. We note that Eq. (2.3) is identical to Eq. (1.33) if
we take the continuum limit and substitute κ with the physical wavenumber, β.
We will throughout this thesis adopt the convention of working in normalized
units, such that ~ = 1, meaning energies and frequencies will have the same
units.
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2.3 Photon emission from an excited two-level
emitter

Given the state at an initial time ti, the evolution can be found, at least in
principle, from

|ψ(t)〉 = e−iH(t−ti) |ψ(ti)〉 , (2.5)

which is the solution to the Schrödinger equation (Eq. (1.1)). In practice, how-
ever, the solution above can only be used if the system is small, since compu-
tation time and required memory increase rapidly with the dimension of the
Hilbert space. As will be shown now, if we consider only a single excitation in
the waveguide geometry sketched in Fig. 2.1(b), we can compute the solution
using Eq. (2.5) within a reasonable amount of time.

The Hamiltonian in Eq. (2.1) has the property that it commutes with the exci-
tation number operator N̂ =

∑n
j=−n εb

†
jbj+σ

†σ, i.e. [H, N̂ ] = 0, which is easily
verified. An immediate consequence of this is that we can divide the dynamical
solutions into different manifolds of a fixed number of excitations [48–50]. For
example, the first well-defined manifold consists of a single excitation, corre-
sponding to the state vector expansion

∣∣∣ψ(1)(t)
〉
=

χ(t)σ† +

n∑
j=−n

ξj(t)b
†
j

 |∅〉 , (2.6)

where χ(t) is the complex emitter excitation coefficient, ξj(t) describes the
single-photon probability distribution in the waveguide, and |∅〉 is the vacuum
state. If the state at any point in time can be completely described in the form
of Eq. (2.6), the state will remain of this form for all times. The probability
of measuring the emitter in its excited state, |e〉, as a function of time is given
by |χ(t)|2. The probability of detecting a photon in the waveguide is given by∑n

j=−n |ξj |2. From energy conservation, we require that the total probability of
detecting a single excitation is conserved, that is |χ(t)|2 +

∑n
j=−n |ξj |2 = 1.

The solution to the expansion coefficients in Eq. (2.6) is found from

ψ(t) = e−iH(1)(t−t0)ψ(t0), (2.7)

where we have defined the state vector as

ψ =
(
ξ−n(t) ξ−n+1(t) . . . ξn(t) χ(t)

)T
. (2.8)



2.3 Photon emission from an excited two-level emitter 15

The matrix representation of the Hamiltonian is

H(1) = H(1)† =

N +1 elements︷ ︸︸ ︷ M L

L† ωe

 . (2.9)

Here, the submatrix M and vector L are calculated from

Mi,j = 〈xi|H|xj〉 = εδi,j − Jδi,j±1, (2.10)
Lj = 〈xj |H|e〉 = Kδj,0, (2.11)

where we have defined |xj〉 = b†j |∅〉. A similar matrix approach in calculating
the dynamical evolution of this geometry, albeit in Fourier domain, was used by
Nysteen in [51]. For the results presented in this chapter, however, we do not
initially assume a linear dispersion relation.

Assuming the emitter is initially excited at time ti = 0, the initial condition is
ξ(ti) = 1 and ξj(ti) = 0 for all j. As time increases, spontaneous emission will
result in the emitter decaying into its ground state while emitting a photon.
The emission of a photon into the waveguide is plotted in Fig. 2.2(a). At t = 0,
there are no photons in the waveguide. As time increases, a photon is seen
to propagate away from the emitter with equal probability of travelling to the
left and right. Due to the finite value of harmonic oscillators, the envelope
shape is seen to have small fringes and thus deviates from the ideal exponential
shape. In Fig. 2.2(b) we plot the expansion coefficients as a function of time.
The probability of finding the emitter in its excited state (black curve) is seen
to decay exponentially. At the same time, the probability of finding a photon
travelling to the right (red curve) increases, and reaches 50 percent in the long-
time limit. The probability of finding a photon travelling to the left follows the
same curve. All three probabilities add up to unity as required by conservation
of probability.

If we insert the definition of the Fourier transform from Eq. (2.2), we find∣∣∣ψ(1)(t)
〉
=

[
χ(t)σ† +

∫ π

−π

dκ ξ(κ)b†(κ)

]
|∅〉 . (2.12)

where

ξ(κ) =
1√
2π

n∑
j=−n

ξj(t)e
−iκj . (2.13)

The emission of a photon into the waveguide in Fourier domain is plotted in
Fig. 2.3(a). As expected, we see the emergence of two peaks centred around κ =
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(a) (b)

Figure 2.2: Single-photon emission from a TLE coupled to a wave-
guide. (a) Photon probability distribution in the waveguide (colour
scale) as a function of time. (b) The probability of finding the emitter
in its excited state (black line) and the probability of finding a right (red
line) or left propagating photon versus time. The results presented here
were obtained using the following parameters: J = 16, a = vg/(2J),
and N = 1263.

±π/2 corresponding to a photon travelling in both directions of the waveguide.
In Fig. 2.3(b) we plot the long-time limit envelope in energy domain using the
dispersion relation of Eq. (2.4). The spectral shapes for both the right and left
propagating part are Lorentzian with a full width at half maximum equal to Γ,
as expected for a linearly dispersive waveguide [45].

2.4 Scattering a single photon off a two-level
emitter

If a single, initially right propagating, photon enters the waveguide from the left
(as illustrated in Fig. 2.1(a)) it will interact with the emitter. In this example
the initial condition for the emitter excitation coefficient is χ(ti) = 0. We take
the photon envelope to be a Gaussian profile centred around xi � 0 and with
a standard deviation of σx = 0.68vg/Γ. In the continuum limit, this would
correspond to

ξ(x, ti) =

(
1

2πσ2
x

)1/4

e
−
(

x−xi
2σx

)2

eiβcx, (2.14)

where βc is the centre wavenumber after Fourier transforming the envelope.
For a right-propagating envelope, this value is positive. The propagation of
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(a) (b)

Figure 2.3: Single-photon emission from a TLE coupled to a wave-
guide. (a) Photon probability distribution in Fourier domain (colour
scale) versus time. (d) Steady state photon density in energy domain
for both the right and left propagating part. The results presented here
were obtained using the following parameters: J = 16, a = vg/(2J),
and N = 1263.

the photon in the waveguide is plotted in Fig. 2.4(a), where we have chosen
ti = xi/vg. The photon is seen to interact with the emitter at x = 0, after which
it scatters into a forward and backward propagating envelope with different
shapes. In Fig. 2.4(b) we plot the emitter excitation probability (black curve)
as well as the probabilities for detecting a right (red curve) and left (blue curve)
propagating photon versus time. Initially, the TLE is in its ground state. As the
photon envelope starts to overlap with the emitter, the probability of exciting
the emitter increases. A maximum value of |χ(t)|2 ≈ 0.4 occurs at around
t ≈ 1/Γ, after which the probability decays towards zero again. As the emitter
starts to be excited, the probability of reflection reaches finite values and the
probability of detecting a right propagating photon decreases. The small dip
in probability for the right-propagating part is due in part to the contribution
from spontaneous emission from the partly excited emitter. As in the example
with the photon emission process, the probabilities again add up to unity.

In Fig. 2.4(a) we plot the scattering process in the Fourier domain. We clearly
see the emergence of a left-propagating envelope around t ≈ 0. In Fig. 2.4(b)
we plot the input envelope (black line) and the long-time limit envelopes in
the energy domain using the dispersion relation in Eq. (2.4). At resonance,
ω = ωe, the transmitted part (red curve) is exactly zero. This is because a
photon accumulates a phase shift of π when travelling via the emitter and thus
destructively interferes with the direct-transmission path [52]. The envelope
shapes and scattering probabilities as a function of the spectral width will be
explored in more detail in Chap. 3. The results shown here are consistent with
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the results in [38] and [46].

(a) (b)

Figure 2.4: A single photon scattering off a TLE in a waveguide. (a)
Spatial photon probability distribution (colour scale) in the waveguide
as a function of time. (b) The probability of finding the emitter in its
excited state (black line), and the probability of finding a right (red line)
or left (blue) propagating photon versus time. The results presented here
were obtained using the following parameters: J = 10, a = vg/(2J), and
N = 801.

2.5 Direction-dependent system coupling

It is possible to engineer photonic waveguide-embedded quantum dots such that
a photon is preferentially emitted in only one direction [53]. This is made
possible by lifting the degeneracy of the quantum dot via an external magnetic
field. From the selection rules of the system, transitions between two energy
levels then become polarisation dependent. By placing the dipole slightly off-
axis in a non-symmetric waveguide, direction-dependent coupling is achieved.
For semiconductor quantum dots in photonic crystal waveguides, a directionality
efficiency of around 90% has been achieved [54].

In this section, we describe how to model direction-dependent coupling in wave-
guides by making a subtle tweak to the discrete harmonic oscillator model (see
Fig. 2.1(b)). The only difference is that we allow for the emitter to couple to
the chain of harmonic oscillators in two neighbouring points, j = 0 and j = 1.
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(a) (b)
input

Figure 2.5: A single photon scattering off a TLE in a waveguide. (a)
Photon probability distribution in Fourier domain (colour scale) versus
time. (b) Steady state photon density in energy domain for both the
right (red line) and the left (blue line) propagating part. The input
envelope is included for reference (black line). The results presented here
were obtained using the following parameters: J = 10, a = vg/(2J), and
N = 801.

The Hamiltonian is

H = ωeσ
†σ +

n∑
j=−n

εb†jbj +

n∑
j=−n

(
−Jb†jbj+1 + h.c.

)
+
([
K0b

†
0 +K1b

†
1

]
σ + h.c.

)
.

(2.15)

Inserting the Fourier transform (Eq. (2.2)) yields (see App. B)

H = ωeσ
†σ +

∫ π

−π

dκ ω(κ)b†(κ)b(κ) +

(∫ π

−π

dκ√
2π

(
K0 +K1e

−iκ
)
b†(κ)σ + h.c.

)
,

(2.16)

By choosing K0 =
√
ΓJe−iπ/4/

√
2 and K1 =

√
ΓJeiπ/4/

√
2, the term (K0 +

K1e
−iκ) is zero for κ = −π/2, corresponding to left-propagation, and non-zero

for κ = π/2, corresponding to right-propagation. In Fig. 2.6(a) and (b) we plot
the propagation of a Gaussian shaped single-photon wavepacket (Eq. (2.14))
with σx = 0.68vg/Γ in case it is initially right-propagating (Fig. 2.6(a)) and
initially left-propagating (Fig. 2.6(b)), respectively. In both cases, the envelope
does not change direction after interacting with the emitter. Only the right-
propagating envelope, however, is affected by the interaction because the emitter
is being partially excited and subsequently re-emits the photon. We plot the
emitter excitation probability versus time in Fig. 2.7(a). It is also clear from
the plot that the scattered photon is right-propagating. There is a small bump



20 Single-photon transport in a waveguide

at around t = 1/Γ for the left-propagating part because of the finite values for
N and J .

(a) (b)

Figure 2.6: Spatial photon probability distribution (colour scale) in
a waveguide one-way coupled to a TLE. In (a) the photon is right-
propagating and in (b) the photon is left-propagating. The results
presented here were obtained using the following parameters: J = 12,
a = vg/(2J), and N = 961.

The emission of a photon into the waveguide is plotted in Fig. 2.7(b) for the
direction-dependent coupling geometry. As with the two-way coupled geometry
(Fig. 2.1), the emitter decays exponentially with a lifetime of 1/Γ. The emit-
ted photon, however, propagates to the right only, further evidencing that the
emitter couples unidirectionally to the waveguide.

Fig. 2.8 shows that although the spatial envelope appears to be modified rel-
ative to the initial envelope (Fig. 2.8(a)), the envelope in energy domain does
not appear to significantly change relative to the initial envelope, as shown in
Fig. 2.8(b).

2.6 Analytical solutions

2.6.1 Symmetrically coupled emitter

So far we have solved the emitter and photon dynamics numerically. In this
section we determine an exact solution for the dynamics in the linear dispersion
regime. We insert the linear approximation to the dispersion relation and change
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(a) (b)

Figure 2.7: The probability of finding the emitter in its excited state
(black line), and the probability of finding a right (red line) or left (blue)
propagating photon versus time. In (a) the initial condition is a right-
propagating photon incident in the waveguide from the left. In (b) the
emitter start out in the excited state and emits a photon into the right
part of the waveguide. The results presented here were obtained using
the following parameters: J = 12, a = vg/(2J), and N = 961.

(a) (b)

Figure 2.8: Photon envelopes for a TLE one-way coupled to a wave-
guide in case of an initially right-propagating photon. In (a) the proba-
bility distributions for the photon in the waveguide at t = −10 (dashed
black) and at t = 10 (red). (b) Steady state photon density in energy
domain for the right (red line) propagating part. The spectral shape is
almost indistinguishable from the incident envelope (black). The results
presented here were obtained using the following parameters: J = 12,
a = vg/(2J), and N = 961.
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into a rotating frame described by the transformation [29]

H −→ THT † + i∂t{T}T †, (2.17)

using the unitary operator

T = e
iεt

(
σ†σ+

∫ π
−π

dκ b†(κ)b(κ)
)
. (2.18)

Effectively, this last step translates all photon frequencies and ωe such that they
are measured relative to ε. The Hamiltonian in Eq. (2.3) becomes (see App. A
for a derivation)

H = ωeσ
†σ +

∑
µ=L,R

[∫ ∞

−∞
dω ωb†µ(ω)bµ(ω) +

(∫ ∞

−∞
dω

√
Γ/2√
2π

σb†µ(ω) + h.c.

)]
,

(2.19)

where Γ = K2/J . The new waveguide operators have now been cast into an
energy description and satisfy [bµ(ω), b

†
ν(ω

′)] = δµ,νδ(ω − ω′). The subscripts
indicate the direction, i.e. the sign of κ. We use R(L) for Right (Left) to denote
positive (negative) valued wavenumbers. The subscript is also used to account
for dissipative channels representing coupling to the environment. Furthermore,
we have again assumed that all energies of interest are in the vicinity of ε such
that the integration limits can be replaced with ±∞. For notational convenience,
the absence of integration limits indicates integration from −∞ to ∞.

We again make a state vector expansion in the single-excitation manifold:

|ψ(t)〉 = χ(t)σ† |∅〉+
∫

dk ξR(k, t)b
†
R(k) |∅〉+

∫
dk ξL(k, t)b

†
L(k) |∅〉 . (2.20)

Note that we have changed notation such that k now represents frequencies, as
is convention within few-photon scattering problems [37]. Inserting in the time-
dependent Schrödinger equation (Eq. (1.1)), we find the following equations of
motion:

i∂tχ(t) = ωeχ(t) +

√
Γ/2√
2π

∫
dk [ξR(k, t) + ξL(k, t)], (2.21a)

i∂tξµ(k, t) = kξµ(k, t) +

√
Γ/2√
2π

χ(t). (2.21b)

The solution can be found analytically, and is shown below (for a derivation,
see the appendix in [36]). The emitter excitation coefficient is

χ(t) = χ(ti)e
−
[
Γ
2 +iωe

]
(t−ti) − i

√
Γ

2

∫
dk′√
2π

ξ̃i(t, k
′), (2.22)



2.6 Analytical solutions 23

with

ξ̃i(t, k
′) = (ξR(ti, k

′) + ξL(ti, k
′))e−ik′(t−ti)

1− e−
[
Γ
2 +i

(
ωe−k′)](t−ti)

Γ
2 + i(ωe − k′)

, (2.23)

The single-photon envelope coefficients are

ξµ(t, k) = ξµ(ti, k)e
−ik(t−ti) − i

√
Γ/2

2π

∫ t

ti

dt′ eik(t
′−t)χ(t′), µ = R,L. (2.24)

In case of photon emission from an excited TLE, i.e. with the initial condition
χ(0) = 1 and ξL(k, 0) = 0 for all k, the steady state solution can be found by
taking the limit tf −→ ∞. We find

χ(t) = e−
[
Γ
2 +iωe

]
t, (2.25)

and

ξµ(t, k) =
i
√

Γ/2
2π

i(k − ωe)− Γ/2
. (2.26)

As expected, the emitter excitation probability decays exponentially with a life-
time of 1/Γ, and the probability densities for the emitted photon are Lorentzian
and centred around ωe.

In case of a single photon, initially right-propagating, in a waveguide coupled
to an initially unexcited emitter, i.e. with the initial condition χ(ti) = 0 and
ξL(k, ti) = 0 for all k, we can again determine the steady state solution. As-
suming ti −→ −∞ and tf −→ ∞ we find

χ(tf ) = −i
√

Γ

2

∫
dk′√
2π

ξR(ti, k
′)e−ik′(tf−ti)

Γ
2 + i(ωe − k′)

. (2.27)

If we require that the state is normalised, i.e.
∫
dk |ξR(k, ti)|2 = 1, above

expression is necessarily zero, as we would expect. This is also clearly seen in
Fig. 2.2(b). Using χ(tf ) = 0 we then find

ξµ(tf , k) = [δµ,R + r(k)]ξR(ti, k)e
−ik(tf−ti), (2.28)

with

r(k) =
−iΓ2

(k − ωe) + iΓ2
. (2.29)
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We note that these results also apply if we interchange R and L. r is the
reflection coefficient. We also define a transmission coefficient

t(k) = 1 + r(k) =
(k − ωe)

(k − ωe) + iΓ2
. (2.30)

They satisfy |t(k)|2+ |r(k)|2 = 1 for all k as required by energy conservation. As
seen from Eq. (2.28), we can for any given input envelope determine the steady
state scattering envelopes without having to calculate the system dynamics.
The transmission and reflection coefficient found here are consistent with the
results in [37, 38].

2.6.2 Unidirectionally coupled emitter

The Hamiltonian for a waveguide one-way coupled (here assumed right) to a
TLE is similar to Eq. (2.19) with the difference that there are no term propor-
tional to σb†L(ω) (see App. B)

H = ωeσ
†σ +

∑
µ=L,R

∫ ∞

−∞
dω ωb†µ(ω)bµ(ω) +

(∫ ∞

−∞
dω

√
Γ√
2π

σb†R(ω) + h.c.

)
.

(2.31)

Making the appropriate substitutions in the derivation for the analytical solu-
tion, one finds the following transmission coefficient [37]

t(k) =
k − ωe − iΓ/2

k − ωe + iΓ/2
. (2.32)

The reflection coefficient is of course r(k) = 0.

2.7 Discussion

In this chapter we have calculated, both numerically and analytically, the dy-
namical properties for a single photon propagating in a one-dimensional wave-
guide coupled to a two-level emitter. We have demonstrated that the uni-
directional coupling Hamiltonian (Eq. (2.31)) can be derived using a discrete
harmonic oscillator model.

The advantage of using a chain of harmonic oscillators to model a waveguide
geometry is that we can easily model a number of qualitatively different wave-
guide geometries and simulate the single-photon dynamics. The disadvantage
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is that it scales poorly with photon number. If for instance we were to simulate
two-photon transport, the corresponding state vector expansion would be

∣∣∣ψ(2)(t)
〉
=

χ(t) n∑
j=−n

ξj(t)b
†
jσ

† +

n∑
j,j′=−n

ξj,j′(t)b
†
jb

†
j′

 |∅〉 . (2.33)

The first term accounts for having a single photon in the waveguide and the
emitter in its excited state, whereas the second term accounts for having a two-
photon state in the waveguide and the emitter in its ground state. Note that
because σ†σ† = 0, there is no term corresponding to finding two excitations in
the excited state. This state would result in a matrix representation for the
Hamiltonian of size N2 ×N2. In general, the size increases exponentially with
the number of excitations.

Using a linear approximation to the dispersion relation, the transmission and
reflection coefficients could be determined analytically. In the next chapter we
will introduce a more direct and convenient approach in order to determine
analytical expressions for two-photon scattering.
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Chapter 3

Few-photon scattering theory

3.1 Introduction

In a waveguide coupled to a TLE (Fig. 2.1(a)), the single-photon transmission
and reflection coefficients can be found analytically by solving for the dynamical
evolution of the photons, as we saw in the previous chapter. As more photons
are introduced, it is more convenient to approach the problem by determining
a scattering matrix. In this chapter we introduce a general way of determining
the scattering matrices and calculate the scattered output states for a given
input state. The outline of this chapter is as follows: First, we introduce the
input-output formalism and calculate the input-output relations for a TLE and a
cavity. Next, we introduce the scattering matrix or S-matrix. We then describe
the connection between the input-output theory and the S-matrix, as derived by
Fan et al. in [37], and use this connection to calculate the single and two-photon
S-matrices for a waveguide coupled to a TLE and a cavity. Finally, we use the
scattering matrices to analyse single and two-photon scattering for finite-width
photon envelopes. The results presented here are well-known [39, 42, 55], but
repeated here, as they are used in the following chapters of this thesis.
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3.2 Input-output formalism

A general input-output theory was first introduced by Gardiner and Collett [56,
57] in order to describe the response to a driving field in dissipative systems.
It is also often used in few-photon scattering problems as it relates the input
and output fields after an interaction with a localized system [58]. A set of
generalized input-output relations are derived below following a similar approach
as in [58]. The starting point is a time-independent Hamiltonian of the following
form

H = Hs +

∫
dk kb†(k)b(k) +

∫
dk

√
Γ√
2π

(
cb†(k) + c†b(k)

)
. (3.1)

The first term in Eq. (3.1) is the Hamiltonian for the localized system. The
second term is the Hamiltonian for a waveguide channel within the linear dis-
persion approximation (see Chap. 2). The interaction between the localized
system and the waveguide is contained in the last term. The interaction is de-
scribed within the rotating wave approximation. Here, c is a system operator,
assumed to commute with the waveguide operators. In general, it is assumed
that [c, b(k)] = [c, b†(k)] = 0 and [Hs, b(k)] = [Hs, b

†(k)] = 0 for all values of k.

The next step is to describe the evolution for the arbitrary operator A using
Heisenberg’s equation of motion, d

dtA(t) = −i[A(t),H]. For the choice A = b(k)
we find

d

dt
b(k, t) = −ikb(k, t)− i

√
Γ√
2π
c(t). (3.2)

From formal integration from a time tin to t > tin, we find

Φ(t) = bin(t)− i

√
Γ

2
c(t), (3.3)

where we have defined

Φ(t) =

∫
dk

dk√
2π
b(k, t), (3.4)

and

bin(t) =

∫
dk

dk√
2π
b(k, tin)e

ik(tin−t). (3.5)

Solving Eq. (3.2) by formal integration from t to a time tout > t instead, we find

Φ(t) = bout(t) + i

√
Γ

2
c(t), (3.6)
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with

bout(t) =

∫
dk

dk√
2π
b(k, tout)e

ik(tout−t). (3.7)

Equations (3.5) and (3.7) define the asymptotic input (bin(t)) and output (bout(t))
field operators, respectively. From Eq. (3.3) and Eq. (3.6), a relation between
the two field operators are found:

bout(t) = bin(t)− i
√
Γc(t). (3.8)

Eq. (3.8) constitutes the first input-output relation. The second input-output
relation is found using the Heisenberg equation of motion for the operator A,
assuming [A, b(k)] = [A, b†(k)] = 0. This yields

d

dt
A(t) = −i[A(t),Hs]− i

(√
Γb†in(t) + i

Γ

2
c†(t)

)
[A(t), c(t)]

− i
[
A(t), c†(t)

](√
Γbin(t)− i

Γ

2
c(t)

)
.

(3.9)

Below we provide the input-output relations for the waveguide geometries stud-
ied in this chapter.

3.2.1 Input-output relations for a waveguide coupled to a
TLE

The Hamiltonian in Eq. (2.31), describing a waveguide one-way coupled to a
TLE, is of the same form as Eq. (3.1) with Hs = ωeσ

†σ and c = σ. We provide
here a set of input-output relations for this case. The first input-output relation
(Eq. (3.8)) is

bout(t) = bin(t)− i
√
Γσ(t). (3.10)

The second input-output relation (Eq. (3.9)) for A = σ is

d

dt
σ(t) =

(
−iωe −

Γ

2

)
σ(t)− i

√
Γbin(t) + 2i

√
ΓNe(t)bin(t), (3.11)

Here, we have used [σ, σ†] = −σz = 1− 2Ne, where we have defined Ne = σ†σ,
which is the emitter excitation-number operator. We also determine Eq. (3.9)
for A = Ne:

d

dt
{Ne(t)} = −i

√
Γ
(
σ†(t)bin(t)− b†in(t)σ(t)

)
− ΓNe(t). (3.12)

We note that these results are consistent with [37].
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3.2.2 Input-output relations for a waveguide coupled to a
cavity

For a (linear) cavity one-way coupled to a waveguide, we simply make the re-
placement σ −→ a in Eq. (2.31) [49]. The annihilation (creation) operator a
(a†) satisfies the commutator relation [a, a†] = 1. The input-output relations
for this geometry are then

bout(t) = bin(t)− i
√
Γa(t), (3.13a)

d

dt
a(t) =

(
−iωe −

Γ

2

)
a(t)− i

√
Γbin(t), (3.13b)

d

dt
{Nc(t)} = −i

√
Γ
(
a†(t)bin(t)− b†in(t)a(t)

)
− ΓNc(t), (3.13c)

where we have defined Nc = a†a. The difference between the input-output
relations for a TLE and a cavity coupled to a waveguide, is the extra term in
Eq. (3.11). The physical interpretation of this term is that the strength of the
emitter-waveguide coupling depends on whether the emitter is excited or not,
as described by Ne. This makes the TLE an inherently nonlinear system. This
is not the case for the cavity owing to its linear energy-level structure. How
these features affects the scattering properties at the single-photon level will be
investigated later in this chapter.

3.2.3 Generalization to multi-channel waveguides

As a final example, we list the input-output relations for a TLE coupled to an
unspecified number of waveguide channels. The results presented here are found
in [36]. The Hamiltonian is

H =
∑
µ

∫
dk kb†µ(k)bµ(k) +Hs +Hs−wg, (3.14)

with

Hs = ωeσ
†σ, (3.15a)

Hs−wg =
∑
µ

∫
dk

κµσ
†

√
2π

bµ(k) + h.c.. (3.15b)
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The set of input-output equations (excluding the equation for the number op-
erator) are written here in matrix notation for convenience:

d

dt
σ(t) = Aσ(t) +Bbin(t) + f̂(t), (3.16a)

bout(t) = Cbin(t) +Dσ(t). (3.16b)

This form is also known as ABCD form [58]. The vector bin is defined as
[bin]µ = bin,µ. The scalar, vector, and matrix coefficients are

A = −iωeσ − 1

2
κ†κ, (3.17a)

B = −iκ†, (3.17b)
C = 1, (3.17c)
D = −iκ. (3.17d)

The operator that accounts for the anharmonic energy-levels of the emitter, f̂ ,
is defined as

f̂(t) = 2iσ†(t)σ(t)κ†bin(t). (3.18)

The reason for choosing an unspecified number of waveguide channels is that
we can then easily switch between unidirectional coupling, two-way coupling,
and include dissipation via channels to non-guided modes [59]. We note that
the nonlinear operator f̂ is zero for a linear cavity in place of the TLE.

3.3 The S-matrix

The S-matrix is an object within quantum field theory that relates the asymp-
totic output fields to the asymptotic input fields [60]. We introduce it below for
a general Hamiltonian, following a similar procedure as found in [61]. We start
by separating the Hamiltonian into two parts:

H = H0 +HI. (3.19)

The first term, H0, contains the freely evolving (non-interacting) part and is
often easy to solve, whereas the second, the interaction Hamiltonian, is difficult.
This distinction is mathematically arbitrary but often computationally and in-
tuitively convenient. In the interaction picture the Schrödinger equation for HI

is written as

i∂t |ψI(t)〉 = HI(t) |ψI(t)〉 , (3.20)
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where the state-vector and operators in the interaction picture are related to
the Schrödinger picture via

|ψI(t)〉 = eiH0t |ψs(t)〉 , (3.21)

and

AI(t) = eiH0tAs(t)e
−iH0t, (3.22)

respectively. We can then describe the time-evolution of |ψI(t)〉 from

|ψI(t)〉 = U(t) |ψI(0)〉 , (3.23)

where U is the time-evolution operator defined as

U(t) = eiH0te−iHt. (3.24)

Evolving a state from an initial time ti to a final time tf can then be expressed
as

|ψI(tf )〉 = U(tf )U
†(ti) |ψI(ti)〉 . (3.25)

Evolving a state from the distant past tf −→ −∞, long before any interactions
take place, to a distant future ti −→ ∞, long after all interactions have died
out, we can write Eq. (3.25) as∣∣ψout

I

〉
= S

∣∣ψin
I

〉
. (3.26)

The unitary operator S is called the S-matrix and is defined as

S = lim
ti−→−∞
tf−→∞

U(tf )U
†(ti) = Ω†

−Ω+, (3.27)

where Ω± are called the Møller wave operators [37].

3.4 Few-photon S-matrix derivation

A connection between the input-output relations and the few-photon S-matrix
was introduced by Fan et al. in [37]. In this section, following the approach
in [37] but including multiple waveguide channels, we derive the single and
two-photon S-matrices for a waveguide coupled to a TLE. First, we define the
scattering eigenstates in the single-excitation manifold:∣∣k+〉

ν
= b†in,ν(k) |∅〉 = Ω+ |k〉ν , (3.28a)∣∣p−〉

µ
= b†out,µ(p) |∅〉 = Ω− |p〉µ , (3.28b)
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where |∅〉 is the vacuum state and b†in(out),ν(k) is the Fourier transformed input
(output) field operator for the waveguide channel ν. The matrix elements of
the S-matrix gives the scattering coefficients. They are related to the scattering
eigenstates via

Sµ;ν
p;k = µ 〈p|S|k〉ν = µ

〈
p+
∣∣k−〉

ν
=
〈
∅
∣∣bout,µ(p)∣∣k−〉ν . (3.29)

The scattering coefficient describing how a photon in channel ν with frequency
k scatters into channel µ with frequency p, is then found by inserting the input-
output relations. For a waveguide coupled to a TLE, for example, we find

Sµ;ν
p;k =

〈
∅
∣∣bin,µ(p)− iκµσ

∣∣k−〉
ν
= δµ,νδ(p− k)− iκµ

〈
∅
∣∣σ∣∣k−〉

ν
. (3.30)

The last term on the right-hand side is found from the Fourier transformed
input-output relation governing the emitter dynamics (Eq. (3.16a)) and using
〈∅|f̂ = 0. We then find

Sµ;ν
p;k =

[
δµν − iκµκ

∗
ν

p− ωe +
i
2

∑
µ |κµ|2

]
δ(p− k). (3.31)

The delta function ensures energy conservation in the system. Later in this
chapter we use the single-photon scattering coefficient to calculate the scattered
single-photon output envelopes.

Next, we determine the two-photon S-matrix for a TLE coupled to a waveguide.
The two-photon scattering eigenstates are defined as [37]∣∣k1k+2 〉ν1ν2

= b†in,ν1
(k1)b

†
in,ν2

(k2) |∅〉 = Ω+ |k1k2〉ν1ν2
, (3.32a)∣∣p1p−2 〉µ1µ2

= b†out,µ1
(p1)b

†
out,µ2

(p2) |∅〉 = Ω− |p1p2〉µ1µ2
. (3.32b)

For localized systems with a unique ground state (e.g. the TLE), the S-matrix
can be shown to have the following form [62, 63]

Sµ1µ2;ν1ν2

p1p2;k1k2
= µ1ν2

〈
p1p

−
2

∣∣k1k+2 〉ν1ν2

= Sµ1;ν1

p1;k1
Sµ2;ν2

p2;k2
+ Sµ1;ν2

p1;k2
Sµ2;ν1

p2;k1
+ iTµ1µ2;ν1ν2

p1p2;k1k2
, (3.33)

where

iTµ1µ2;ν1ν2

p1p2;k1k2
= Mµ1µ2;ν1ν2

p1,p2,k1,k2
δ(p1 + p2 − k1 − k2). (3.34)

Assuming the TLE is symmetrically coupled to the waveguide, and dissipation
can be ignored, the Greek indices can be omitted. Using κL = κR =

√
Γ/2, we

find [36, 37]

M(p1, p2, k1, k2) =

√
Γ/2

π
G(p1)G(p2)[G(k1) + G(k2)], (3.35)
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with

G(k) =
−i
√
Γ/2

k − ωe + iΓ2
. (3.36)

We note that M = 0 for a cavity as f̂ = 0.

3.5 Scattering a few-photon state off a TLE

3.5.1 Single-photon scattering

The state corresponding to a single photon incident in waveguide channel ν is

|ψin〉 =
∫

dk ξν(k)b
†
ν(k) |∅〉 . (3.37)

The photon is characterized by its envelope, ξµ, which must satisfy the normali-
sation condition 〈ψin|ψin〉 = 1. This corresponds to the condition

∫
dk |ξν(k)|2 =

1. The single-photon probability distribution is thus determined by |ξν(k)|2.
The single-photon output state is found using the S-matrix. For the input state
in Eq. (3.37), the output state is

|ψout〉 =
∑
µ

∫
dp ξ′µ(p)b

†
µ(p) |∅〉 , (3.38)

where, from the definition of the S-matrix, the output envelopes are

ξ′µ(p) =

∫
dk Sµ;ν

p;k ξν(k). (3.39)

For a single photon, initially right-propagating with envelope ξR(k), incident in
a waveguide symmetrically coupled to a TLE (without dissipation), i.e. κR =
κL =

√
Γ/2, the reflected (i.e. left-propagating) and transmitted (i.e. right-

propagating) are

ξ′L(p) = r(p)ξR(p), (3.40a)
ξ′R(p) = t(p)ξR(p), (3.40b)

respectively. r(p) and t(p) are the reflection (Eq. (2.29)) and transmission coef-
ficients (Eq. (2.30)), respectively, found in Chap. 2. In Fig. 3.1, we analyse the
scattering behaviour in the case of a Gaussian envelope, i.e.

ξR(k) =

(
1

2πσ2

)1/4

e
−
(

k−kc
2σ

)2

, (3.41)



3.5 Scattering a few-photon state off a TLE 35

where kc is the centre frequency and σ is the spectral width. We will assume
in the following, that the envelope is centred around the emitter energy, i.e.
kc = ωe.

In Fig. 3.1(a) we plot the absolute squared single-photon transmission coeffi-
cient, |t(k)|2, together with an input envelope of spectral width σ = 0.77Γ,
for reference. The transmission coefficient has an inverse Lorentzian lineshape
centred around ωe. This means that photons far detuned from the emitter are
transmitted, whereas a photon resonant with the emitter is fully reflected. This
reflection is due to destructive interference from the two possible transmission
paths: (1) The direct path in the waveguide, and (2) the path via the emit-
ter [64]. For a photon with a finite spectral width, each frequency component is
scattered in proportion to the scattering coefficient. The input envelope illus-
trated in Fig. 3.1(a), for example, is scattered into both a transmitted and re-
flected part. In Fig. 3.1(b), we plot the transmission probability versus envelope
width. As the spectral width increases, a greater proportion of the frequency
components are transmitted, and thus the transmission probability increases
monotonically with the width. The transmission probability is calculated from

Prtrans =

∫
dp |ξ′R(p)|2 =

∫
dp |t(p)ξR(p)|2. (3.42)

Similarly, the reflection probability is calculated from

Prrefl =

∫
dp |ξ′L(p)|2 =

∫
dp |r(p)ξR(p)|2. (3.43)

In Fig. 3.1(c) we plot the maximum emitter excitation probability, |χmax|2, ver-
sus the width σ for the corresponding incident photon, using the expression
in Eq. (2.22). Both very narrow and very broad envelopes result in a very low
emitter excitation probability. The reason for the former is that a spectrally nar-
row envelope correspond to a temporally broad envelope much greater than the
emitter lifetime, 1/Γ. In the latter case, the majority of the wavepacket does not
interact with the emitter, and therefore can not excite it. The trade-off between
these two competing factors is minimized for σ = 0.77Γ (dashed vertical line
with the label ii) [46]. The output spectra corresponding to an input width of
(i) σ = 0.20Γ, (iii) 2.5Γ, and (iv) 10Γ (vertical line), are plotted in Fig. 3.1(d).
The plots clearly illustrate that the frequency components centred around the
emitter energy are preferentially reflected, and that the frequency components
far detuned from the emitter energy are preferentially transmitted. For both
very narrow and broad spectral widths, the scattered envelopes closely resemble
the shape of the input envelope.
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(c)

(a)

(b)

(d)

input

Figure 3.1: (a) Absolute squared transmission coefficient (red). The
grey shaded region shows the Gaussian input envelope with σ = 0.77Γ
for reference. (b) Transmission probability versus envelope width. (c)
Maximum emitter excitation probability versus input envelope width.
The input (black line), transmission (red) and reflection (blue) envelopes
are plotted in (d) for the input widths (i) σ = 0.20Γ, (iii) σ = 2.5Γ,
and (iv) σ = 10Γ, indicated by the full vertical lines in (b) and (d). The
dashed vertical line (ii) at σ = 0.77Γ indicates that the corresponding
scattering envelopes can be seen in Fig. 2.5(b).
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3.5.2 Two-photon scattering

In analysing two-photon scattering, we choose two different types of input states:
A co-propagating input state, and a counter-propagating input state, both states
having identical Gaussian envelopes (Eq. (3.41)). They are

|ψin,co〉 =
1√
2

∫
dk1

∫
dk2 ξR(k1)ξR(k2)b

†
R(k1)b

†
R(k2) |∅〉 , (3.44)

|ψin,count〉 =
∫

dk1

∫
dk2 ξL(k1)ξR(k2)b

†
L(k1)b

†
R(k2) |∅〉 , (3.45)

respectively. The scattered state can in both cases be written as

|ψout〉 =
∫

dp1 dp2

[
ξ′RR(p1, p2)b

†
R(p1)b

†
R(p2) + ξ′LL(p1, p2)b

†
L(p1)b

†
L(p2)

+ ξ′LR(p1, p2)b
†
L(p1)b

†
R(p2)

]
|∅〉 .

(3.46)

From the definition of the S-matrix, the output envelopes in the case of a
counter-propagating input state are

ξ′µ1,µ2
(p1, p2) =

∫
dk1 dk2 S

µ1µ2;LR
p1p2;k1k2

ξL(k1)ξR(k2). (3.47)

We write them explicitly below in the case of a waveguide symmetrically coupled
to a TLE:

ξ′RR(p1, p2) =
1

2

[
r(p1)t(p2)ξL(p1)ξR(p2) + t(p1)r(p2)ξL(p2)ξR(p1) + β(p1p2)

]
,

(3.48a)

ξ′LL(p1, p2) =
1

2

[
t(p1)r(p2)ξL(p1)ξR(p2) + r(p1)t(p2)ξL(p2)ξR(p1) + β(p1, p2)

]
,

(3.48b)
ξ′LR(p1, p2) = t(p1)t(p2)ξL(p1)ξR(p2) + r(p1)r(p2)ξL(p2)ξR(p1) + β(p1, p2).

(3.48c)

The scattering envelopes in the general case can be found in App. C. For all
three envelopes, the first two terms accounts for linear scattering events, i.e. the
envelopes are scattered according to the single-photon scattering event. The last
term, β, accounts for nonlinear interactions. It is given by

β(p1, p2) =

∫
dk M(p1, p2, k, p1 + p2 − k)ξL(k)ξR(p1 + p2 − k). (3.49)

β is the term responsible for directional correlations in the output probabili-
ties [42]. We will refer to it as the bound state term [41, 65]. For two initially
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co-propagating photons (Fig. 3.2(a)), we plot the corresponding scattering prob-
abilities versus envelope width in Fig. 3.2(b). We plot the scattering probabil-
ities both in case of a waveguide symmetrically coupled to a TLE (unbroken
lines) and for a cavity (dashed line). The latter simply corresponds to setting the
bound state term equal to zero. Similarly, for two initially counter-propagating
photons (Fig. 3.3(a)), we plot the corresponding scattering probabilities versus
envelope width in Fig. 3.3(b).

(a) (b)

Figure 3.2: (a) Probability density (colour scale) for a co-propagating
input state versus frequency. (b) The probability of detecting a counter-
propagating output state (orange), or a co-propagating output state
travelling either right (red) or left (blue), in case of a co-propagating
input state with spectral width σ. The dashed lines are the scattering
probabilities without accounting for the bound state term. The vertical
lines in (b) indicate the frequency for which we plot the output spectra
in Fig. 3.4 and Fig. 3.5, with and without the bound state contribution,
respectively. These widths are (i) σ = 0.20Γ, (ii) σ = 0.77Γ, and (iii)
σ = 2.5Γ

In Fig. 3.2(b) we clearly see that two initially right-propagating photons are
much more likely to transmit at least one photon when the localised system
in the waveguide is a TLE compared to a cavity. This difference is especially
pronounced at small spectral widths. We attribute this to a stimulated emission
process. One of the input photons partly excites the emitter and the other
causes it to decay as it cannot be excited twice. The cavity, however, can be
excited twice, and using a similar argument as for the single-photon case, we
can conclude that destructive interference will cause the light to reflect. This
also means that a two-photon state is much more likely to transmit compared
to two single-photon states. This effect has been verified experimentally using
a semiconductor quantum dot in a photonic crystal waveguide [66].
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(a) (b)

Figure 3.3: (a) Probability density (colour scale) for a counter-
propagating input state versus frequency. (b) The probability of de-
tecting a counter-propagating output state (yellow) or a co-propagating
output state travelling either to the left or right (red), in case of a
counter-propagating input state with spectral width σ. The dashed lines
are the scattering probabilities without accounting for the bound state
term. The vertical lines in (b) indicate the spectral widths for which we
plot the output spectra in Fig. C.1 and Fig. C.2 in App. C, with and
without the bound state contribution, respectively. These widths are
(i) σ = 0.20Γ, (ii) σ = 0.77Γ, and (iii) σ = 2.5Γ
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In Fig. 3.3(b) we see another interesting nonlinear phenomenon. The probabil-
ity that two counter-propagating photons will scatter into two co-propagating
photons reaches a minimum value of PrLR = 0.11 at around σ = 0.43Γ [36].
This effect is analogous to the Hong-Ou-Mandel interference effect in a beam
splitter [67, 68], and it is a property that could potentially be exploited in mak-
ing a tunable Hong-Ou-Mandel switch, as pointed out by Roulet et al. in [64].
This type of application will be revisited in Chap. 5. We note that for a cavity
(dashed line), this probability can only reach PrLR = 0.5 or above.

We end this section with a brief discussion of the two-photon output spectra
in case of two co-propagating input photons (initially right-propagating in this
example). In Fig. 3.4 the geometry is a waveguide symmetrically coupled to
a TLE, and in Fig. 3.5 we replace the TLE with a linear cavity. The rows
show three different envelope widths for the Gaussian shaped input photons:
(i) σ = 0.20Γ, (ii) 0.77Γ, (iii) 2.5Γ. An important difference between the
spectra with and without the bound state contribution, is clearly visible in
column (a). Frequency components equal to the emitter energy ωe now have a
finite probability of being transmitted. Another important difference between
the two figures are the clearly visible spectral correlations evident from the
highly asymmetric spectra in Fig. 3.4. These effects were analysed in detail
by Nysteen et al. in [39]. For completion, we plot the output spectra for a
counter-propagating input state in App. C.3.

3.6 Discussion

In this chapter we have introduced the input-output formalism and the S-matrix
as a way of analysing few-photon scattering in waveguide geometries. We have
calculated the single and two-photon S-matrices in the case of a waveguide cou-
pled to a TLE and a cavity. We have analysed single and two-photon scattering
with (TLE) and without (cavity) the contribution from the bound state term,
both for co and counter-propagating input photons with Gaussian shaped en-
velopes. Other commonly used envelopes are square function and Lorentzian
envelopes which gives qualitatively same results [42].

We have chosen to only include the example of a TLE in a waveguide. In [36]
we have generalized the results above for a coupled cavity and emitter in multi-
channel waveguide. Other localised systems commonly studied in a waveguide
include the Jaynes-Cummings system [69, 70], multiple emitters [65, 71–73],
multilevel systems [74], and Kerr-nonlinear cavities [49, 75].

The scattered output states were determined by calculating the S-matrix using
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(a) (b) (c)

Figure 3.4: Scattered output spectra (colour scale) versus frequency
in case of a co-propagating input state incident in a waveguide sym-
metrically coupled to a TLE. (a) Spectra for the co-propagating output
travelling to the right, (b) spectra for the co-propagating output trav-
elling to the left, and (c) spectra for the counter-propagating output.
Row 1, 2, and 3 corresponds to an input width of σ = 0.2Γ, σ = 0.77Γ,
and σ = 2.5Γ, respectively.
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(a) (b) (c)

Figure 3.5: Scattered output spectra (colour scale) versus frequency
in case of a co-propagating input state incident in a waveguide symmet-
rically coupled to a cavity. (a) Spectra for the co-propagating output
travelling to the right, (b) spectra for the co-propagating output trav-
elling to the left, and (c) spectra for the counter-propagating output.
Row 1, 2, and 3 corresponds to an input width of σ = 0.2Γ, σ = 0.77Γ,
and σ = 2.5Γ, respectively.
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the input-output formalism. Other approaches for determining the scattering
states include the path-integral techniques [76], Lippmann-Schwinger formal-
ism [77], and a Dyson series approach [78], but are beyond the scope of this the-
sis. In this thesis we consider only the single-and two-photon S-matrices. For
multi-photon S-matrices the terms needed to describe the interactions rapidly
increase in both number an complexity. A treatment of photon scattering be-
yond the two-photon S-matrix can be found in [72, 79, 80].

In the two following chapters, we will build on the results presented here, and
investigate possible applications involving few-photon scattering in waveguides.
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Chapter 4

Entanglement generation
using few-photon scattering

This chapter is in part based on the paper "Generating Maximal Entanglement
between Spectrally Distinct Solid-State Emitters", published in Physical Review
Letters, 2019 [81]. The paper was written by myself in collaboration with my
co-authors. This chapter, however, is written solely by me. Contents and figures
from the paper have been rephrased and adapted here, to avoid self-plagiarism
in accordance with DTU’s guidelines for avoiding scientific misconduct.

4.1 Introduction

Quantum entanglement is a property that describes the relation between two
or more degrees of freedom in a quantum system. If two quantum objects
are said to be entangled, a read-out of a measurement on one of the objects
instantly provides information about the state of the other, regardless of their
physical separation [82]. Back in 1935 Einstein, Podolsky, and Rosen believed
that quantum theory therefore had to be incomplete [83]. Today, however, it
has been experimentally demonstrated that entanglement does not violate the
laws of physics, including relativity. [84].
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Quantum entanglement is a fundamental resource within quantum communi-
cation [85], and quantum information processing [86]. Efficient generation of
entanglement between spatially separated solid-state emitters is a key compo-
nent in realizing a solid-state platform for scalable photonic quantum informa-
tion processing [87]. Unfortunately, solid-state emitters are likely to inherit
imperfections due to uncontrollable parameters in the growth process and are
therefore not likely to be perfectly spectrally matched, as required by previous
entanglement generation protocols [88–90]. Usually, two emitters can be tuned
into resonance, e.g. by Stark tuning for self-assembled InAs-GaAs QD [91–93].
This, however, generates a large footprint and experimental overhead if many
QDs are to be mutually spectrally matched. We describe here a protocol [81]
to overcome the need for spectrally aligned emitters in favour of optical state
optimisation.

The outline of this chapter is as follows: First, we briefly summarize the single-
photon entanglement generation protocol between identical emitters by Mah-
moodian et al. [90]. We then consider what happens if the emitters are not
identical. The protocol is then extended to two photons and we investigate
under what conditions maximal and deterministic entanglement generation is
possible. The entanglement generation protocol is then generalized to an arbi-
trary number of input photons. Finally, we conclude and discuss on our findings.

4.2 Quantum Entanglement

Entanglement between two qubits physically means that operations on one of
the qubits can influence the other. To illustrate this most simple, we consider
first the unentangled state

|Ψ〉 = 1

2
[|0〉A + |1〉A][|0〉B + |1〉B ]. (4.1)

Here, system A is in an equal superpostion of being in state |0〉A and |1〉A. The
same is true for system B with A −→ B. A measurement on e.g. system A
in the basis {|0〉A, |1〉A} would return with equal probability either 0A or 1A,
and leave system B in the state 1√

2
[|0〉B + |1〉B ], which again is in an equal

superpostion of being in state |0〉A and |1〉A. In other words, the measurement
outcome of system A does not affect system B.

On the other hand, consider one of the maximally entangled Bell states [25]∣∣Ψ+
〉
=

1√
2
[|0〉A |0〉B + |1〉A |1〉B ]. (4.2)
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A measurement on qubit A in the basis {|0〉A , |1〉A} would again return with
equal probability either 0A or 1A, but this time leave qubit B in the state |0〉B or
|1〉B , respectively. Because the state of system B depends on the measurement
outcome of system A, the two systems are intrinsically linked or entangled. A
system can also be partially entangled. This means that a read-out of one of
the systems will provide some information about the state of the other. The
degree of entanglement can be quantified by e.g. the concurrence figure of merit,
introduced below.

4.2.1 Concurrence

To quantify the degree of entanglement between a pure and normalized two-
qubit state |φ〉, we use here the concurrence defined as [94]

C(|φ〉) =
∣∣∣ 〈φ|σ(A)

y σ(B)
y |φ∗〉

∣∣∣, C ∈ [0, 1], (4.3)

where |φ∗〉 = |φ〉∗ is an arbitrary two-qubit state. σ(A)
y and σ

(B)
y are the Pauli

y-operators defined as −i |0〉〈1| + |1〉〈0|, acting on qubit A and B, respectively.
For a mixed two-qubit state ρ, the generalisation of the concurrence measure is
found via the eigenvalues of the matrix R given by [95]

R(ρ) =

√√
ρσ

(A)
y σ

(B)
y ρ∗σ

(A)
y σ

(B)
y

√
ρ. (4.4)

The four eigenvalues {λi} with i = 1, 2, 3, 4 for the matrix R(ρ) are arranged in
decreasing order. The concurrence is found from

C(ρ) = max(0, λ1 − λ2 − λ3 − λ4), C ∈ [0, 1]. (4.5)

From Eq. (4.3) one can easily verify that the state in Eq. (4.1) gives C = 0,
and the Bell state in Eq. (4.2) gives C = 1, corresponding to a completely
unentangled and maximally entangled state, respectively. The concurrence,
C, increases monotonically from 0 to 1 as a state becomes increasingly more
entangled.

4.2.2 Average concurrence

In protocols where light is scattered off two qubits in order to entangle them [81,
89, 90], the two-qubit state is inferred from the measurement outcome of the
scattered light. This can mean that a very high degree of entanglement is pos-
sible, but if that relies on a very specific measurement outcome with extremely
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low probability, it will scale very poorly and thus be undesirable for QIP. We
define a figure of merit that takes this into account by using a weighted average.
The average concurrence is [81]

Cavg =
∑
j

PrjC(ρj), Cavg ∈ [0, 1]. (4.6)

The probability for a measurement outcome j is Prj . This measurement heralds
a two-qubit state ρj for which we can calculate the concurrence, C(ρj). The
average concurrence, Cavg thus weighs the concurrence value with the associated
probability. If Cavg = 0, there is no detection outcome that heralds an (partially)
entangled two-qubit state. If Cavg = 1, all non-zero-probability measurement
outcomes heralds a maximally entangled two-qubit state.

4.3 Entanglement generation between identical
emitters

In this section we describe an entanglement generation protocol that generates
entanglement between two identical and initially separable (spatially and math-
ematically) two-qubit states, e.g. Eq. (4.1), by scattering a single photon off
them, followed by a single-photon detection [90]. We will refer to this protocol
as the single-photon protocol. In later chapters we investigate what happens
when we relax the criteria that the emitters are identical, and what happens
when we scatter multiple photons off the qubits. The set-up for the protocol
in [90] is illustrated in Fig. 4.1. Photons enter a waveguide Mach-Zehnder in-
terferometer from the left and propagate until they reach the output arms on
the right. In between are two beam splitters (BS) and two scattering elements.
If the photons and the scattering elements do not interact, the configuration is
simply the identity gate [23]. In this chapter we take the two scattering ele-
ments (red and blue circles) to be L-type emitters, as illustrated in Fig. 4.1(a),
i.e. two ground states, |↑〉 and |↓〉, and a single excited state, |e〉. A dipole tran-
sition couples the excited state to only one of the spin states, e.g. |↑〉 as used
here. They are assumed to couple unidirectionally to their respective waveguide
channel, as illustrated in Fig. 4.1(b). See also Chap. 2.5 for a discussion on this.
This means, that when the |↑〉 state is populated, a single photon scattering off
the system will pick up a phase determined by the scattering coefficient given
by [36, 59]

tj(k) =
(k − ωj)− i(Γj − γj)/2

(k − ωj) + i(Γj + γj)/2
, j = A,B. (4.7)
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The scattering coefficient is similar to Eq. (2.32), but where we have accounted
for dissipation, determined by γ. Eq. (4.7) can also be determined using the
expression for the S-matrix in Eq. (3.31).

(     )

(     )

(d)

(a) (b) (c)

Figure 4.1: Waveguide Mach-Zehnder interferometer used for the en-
tanglement generation protocol. (a) Sketch of an L-type emitter with
two ground states, |↑〉 and |↓〉, and one excited state |e〉. A transition to
the excited state is possible only via the |↑〉 state. This energy difference
corresponds to ωA. (b) The emitter is one-way coupled to a waveguide
with coupling rate ΓA, and coupled to non-guided modes with coupling
rate γA. (c) Sketch of the 50 : 50 beam splitter as well as the transfor-
mation used in the Mach-Zehnder interferometer sketched in (d). (d)
The Mach-Zehnder interferometer used for the entanglement generation
protocol presented here. n and m identical photons are incident in two
waveguide arms (left) and interfere on a 50 : 50 beam splitter. After-
wards, the photons scatter off two L-type emitters before interfering on
a second beam splitter. The photons are subsequently detected. p and q
are the number of photons detected by the two photon-number resolving
detectors, DA and DB , respectively.

The protocol by Mahmoodian et al. [90] for generating entanglement between
the two identical qubit systems, A and B, works as follows: First, we let a single
photon with frequency k enter in e.g. the upper (u) left input arm

|ψ〉 = u†(k) |∅〉 . (4.8)

After the first beam splitter the photon is now in a superposition of being in
the up and down (d) arm

|ψ〉 = 1√
2

(
u†(k) + d†(k)

)
|∅〉 . (4.9)
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The photon scatters off the two emitters, which we take to initially be in the
separable superposition state |φ〉 = 1/2(| ↑〉A + | ↓〉A)(| ↑〉B + | ↓〉B). After the
photon has scattered off the emitters, the combined emitter-photon state is

|Ψ〉 = 1

2
√
2
[tA(k) |↑〉A + |↓〉A][|↑〉B + |↓〉B ]u

†(k) |∅〉

+
1

2
√
2
[|↑〉A + |↓〉A][tB(k) |↑〉B + |↓〉B ]d

†(k) |∅〉 .
(4.10)

From Eq. (4.10) we see that a factor of tA has been picked up, when the photon
interacts with the emitter in the |↑〉 state of emitter A when the photon is in the
up arm. Similarly, a factor of tB has been picked up when the photon interacts
with the emitter in the |↑〉 state of emitter B when the photon is in the down
arm. After the photon has passed through the second BS, the state is

|Ψ〉 = 1

4
[tA(k) |↑〉A + |↓〉A][|↑〉B + |↓〉B ]

(
u†(k)− d†(k)

)
|∅〉

+
1

4
[|↑〉A + |↓〉A][tB(k) |↑〉B + |↓〉B ]

(
u†(k) + d†(k)

)
|∅〉 .

(4.11)

For notational convenience, we now omit the system subscripts, A and B, for
the spin states.

Assuming no dissipation and a single incident quasi-monochromatic photon reso-
nant with both the transition-allowed energy-level differences, i.e. k = ωA = ωB ,
the scattering coefficients are tA = tB = −1. Eq. (4.11) is then reduced to

|Ψ〉 = −1√
2
[|↑〉 |↑〉 − |↓〉 |↓〉] u

†
√
2
|∅〉+ 1√

2
[|↑〉 |↓〉 − |↓〉 |↑〉] d

†
√
2
|∅〉 . (4.12)

Measuring the photon now heralds the state of the emitters. We either measure
the photon in the upper (DA) or lower detector (DB), both with a probability
of Pr(1, 0) = Pr(0, 1) = 1/2. We say that the detection is indicated by a ’click’.
The projected state is then

|φ〉 =

{∣∣φ(1,0)〉 = −1√
2
[|↑〉 |↑〉 − |↓〉 |↓〉], if Detector A clicks,∣∣φ(0,1)〉 = 1√

2
[|↑〉 |↓〉 − |↓〉 |↑〉], if Detector B clicks.

(4.13)

The state is in both cases maximally entangled with C(1, 0) = C(0, 1) = 1. The
average concurrence is also unity, i.e.

Cavg = Pr(1, 0)C(ψ(1,0)) + Pr(0, 1)C(ψ(0,1)) = 1. (4.14)

In other words, for lossless and spectrally matched emitters, the single-photon
entanglement protocol generates both maximal and deterministic entanglement
between the two L-type emitters in the MZI.
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4.4 Single-photon entanglement generation pro-
tocol for spectrally distinct emitters

If the two emitters are spectrally distinct, i.e. ωA 6= ωB , then both tA and tB
cannot both be −1 simultaneously. For a finite emitter detuning, δ = ωB − ωA,
we use the state in Eq. (4.11) to infer the average concurrence, and plot the result
in Fig. 4.2(a) for three different values for the coupling rates, here assumed to
be identical, Γ ≡ ΓA = ΓB . For a relatively large coupling width, Γ/δ = 2, the
maximum average concurrence reaches Cavg = 0.8 when the photon frequency is
tuned to the average energy of the two emitters. For a relatively small coupling
width, Γ/δ = 0.66 the maximum concurrence is now lowered, due to the smaller
spectral overlap between the two emitters. Interestingly, however, the maximum
concurrence is reached, not at the average detuning frequency, but instead for
a photon frequency closer to either of the emitter. The reason is as follows:
The amount of entanglement generated depends on the values tA and tB which
ideally must both be as close to −1 as possible, corresponding to a phase shift of
π. If only one of the coefficients corresponded to a phase shift of π, which-path
information would be present, which deceases the amount of entanglement. This
trade-off, between erasing which-path information and inducing a significant
phase shift on the photon, means that when the emitter spectral overlap is small,
it is better to increase the phase shift on one of the scattered photons and thus
sacrificing which-path information. In Fig. 4.2(b) we see that the maximum
average concurrence decreases monotonically with the emitter detuning. The
effect of dissipation is to lower the degree of entanglement which is demonstrated
for γ ≡ γA = γB = 0.11Γ (dashed line).

4.5 Two-photon entanglement generation proto-
col

We now investigate to what degree increasing the photon number improves the
degree of entanglement between the two emitters. With the same waveguide
Mach-Zehnder interferometer as before (Fig. 4.1), we now take the input to be
a two-photon state, one photon in each arm i.e.

|ψ〉 = u†d† |∅〉 . (4.15)

After the first beam splitter, the photons will be grouped in pairs upon interfer-
ing on the beam splitter, due to the Hong-Ou-Mandel effect [67]. The photon
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(a) (b)

Figure 4.2: Average concurrence for the single-photon entanglement
generation protocol (photon input state:

(
u†
)1(

d†
)0|∅〉) (a) Average

concurrence, Cavg, versus photon frequency. The emitter detuning, δ,
is assumed finite. The identical emitter coupling rates are Γ/δ = 0.66
(blue), Γ/δ = 1 (red), and Γ/δ = 2 (purple). (b) Maximum average
concurrence versus emitter detuning. In both (a) and (b) the dashed
line indicate the results for a dissipation rate γ = 0.11Γ. The unbroken
lines are for γ = 0.

state is

|ψ〉 = 1

2

(
−
(
u†
)2

+
(
d†
)2) |∅〉 . (4.16)

The emitters are again assumed to initially be in the separable state |φ〉 =
1/2(| ↑〉+ | ↓〉)(| ↑〉+ | ↓〉). Upon scattering off the two emitters, the emitter-
photon state is

|Ψ〉 = −1

4

(
t2A |↑〉+ |↓〉

)
(|↑〉+ |↓〉)

(
u†
)2 |∅〉

+
1

4
(|↑〉+ |↓〉)

(
t2B |↑〉+ |↓〉

)(
d†
)2 |∅〉 .

(4.17)

After interfering on the second BS, the state is

|Ψ〉 = −1

8

(
t2A |↑〉+ |↓〉

)
(|↑〉+ |↓〉)

(
u† − d†

)2 |∅〉

+
1

8
(|↑〉+ |↓〉)

(
t2B |↑〉+ |↓〉

)(
u† + d†

)2 |∅〉 .
(4.18)



4.5 Two-photon entanglement generation protocol 53

In the case t2A = t2B = −1, Eq. (4.18) simplifies to

|Ψ〉 = 1√
2
(|↑〉 |↓〉 − |↓〉 |↑〉) 1

2
√
2

[(
u†
)2

+
(
d†
)2] |∅〉

− 1√
2
(|↑〉 |↑〉 − |↓〉 |↓〉) 1√

2
u†d† |∅〉 .

(4.19)

Measuring the photons now heralds the state of the emitters. We either measure
two photons in the upper (DA) or lower detector (DB), both with a probability
of Pr(2, 0) = Pr(0, 2) = 1/4, or both detectors measure a single photon with
probability Pr(1, 1) = 1/2. The projected states are

|φ〉 =

{∣∣φ(2,0)〉 = ∣∣φ(0,2)〉 = 1√
2
(|↑〉 |↓〉 − |↓〉 |↑〉), if DA or DB clicks,∣∣φ(1,1)〉 = 1√

2
(|↑〉 |↑〉 − |↓〉 |↓〉), if DA and DB clicks.

(4.20)

All three cases correspond to maximally entangled states and the average con-
currence is therefore Cavg = 1. The assumption that t2A = t2B = −1 in Eq. (4.18)
corresponds to both photons imparting a π/2 phase shift such that the combined
interaction gives a phase shift of π, exactly like the single-photon protocol by
Mahmoodian et al. [90].

In Fig. 4.3(a), we plot the average concurrence versus the photon frequency for
the two-photon entanglement generation protocol for a finite emitter separation.
The linewidths are the same as in Fig. 4.2(a). We see that when the photons are
tuned to either of the emitter energies the average concurrence is zero. If the
photons are resonant with e.g. emitter A, both photons in the upper arm will
accumulate a phase shift of π (tA = −1) and thus a combined phase shift of 2π
(t2A = 1) which will effectively maximize the which-path information and thus
not generate entanglement between the emitters. The average concurrence, Cavg
is exactly one when the two emitter coupling rates equal the emitter detuning.
In this case, the two emitters will spectrally overlap as to impart a phase shift
of π/2 on both photons in both the upper and lower MZI arm and therefore
t2A = t2B = −1.

In Fig. 4.3(b), we plot the maximum average concurrence versus emitter de-
tuning for the two-photon entanglement generation protocol. Unlike the single-
photon entanglement generation protol, the maximum average concurrence is
not monotonically decreasing with increased emitter detuning. For small de-
tunings, the maximum average concurrence is close to unity. As the detuning
approaches the emitter coupling ratio, Γ = ΓA = ΓB it starts to increase again
for the reasons explained above. After reaching unity for δ = Γ, it starts to ap-
proach zero. The effect of dissipation (dashed line) is again to lower the degree
og entanglement.
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(a) (b)

Figure 4.3: Average concurrence for the two-photon entanglement gen-
eration protocol (photon input state:

(
u†
)1(

d†
)1|∅〉) (a) Average con-

currence, Cavg, versus photon frequency. The emitter detuning, δ, is
assumed finite. The identical emitter coupling rates are Γ/δ = 0.66
(blue), Γ/δ = 1 (red), and Γ/δ = 2 (purple). (b) Maximum average
concurrence versus emitter detuning. The dashed line in (b) indicate
the results for a dissipation rate γ = 0.11Γ. The unbroken lines are for
γ = 0

4.6 N-photon entanglement generation protocol

The entanglement generation protocol described in Chap. 4.5 can be generalised
to an arbitrary number of input photons and is described in detail in the sup-
plementary material of [81]. Here we briefly summarize the protocol.

We take the initial photon state to consist ofN identical and quasi-monochromatic
photons; n photons in the ’up’ arm and m = N − n photons in the ’down’ arm:

|ψ〉 = 1√
n!

1√
m!

(
u†
)n(

d†
)m |∅〉 . (4.21)

After the photons interfere on the first BS, the photon state is

|ψ〉 = 1√
n!

1√
m!

1
√
2
N

(
u† + d†

)n(−u† + d†
)m |∅〉 . (4.22)

Using the binomial theorem [96] we can expand the expression. We find

|ψ〉 =
N∑

k=0

fN,n;k

(
u†
)k(

d†
)N−k |∅〉 , (4.23)
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where

fN,n;k =
1√
n!m!

(
1

2

)N/2 min(n,k)∑
k1=max(0,k+n−N)

(−1)k−k1

(
n

k1

)(
N − n

k − k1

)
. (4.24)

The binomial coefficient is defined as(
n

k

)
=

n!

k!(n− k)!
. (4.25)

These photons will scatter off the two emitters. Each photon in the upper (lower)
waveguide arm will accumulate a factor of tA (tB) when the |↑〉 is populated.
The state after interacting with the emitters is

|Ψ〉 =
N∑

k=0

1

2
fN,n;k

(
tkA |↑〉+ |↓〉

)(
tN−k
B |↑〉+ |↓〉

)(
u†
)k(

d†
)N−k

. (4.26)

After interfering on the second BS, we again use the binomial theorem. We find

|Ψ〉 =
N∑

k=0

1

2
fN,n;k

(
tkA |↑〉+ |↓〉

)(
tN−k
B |↑〉+ |↓〉

) N∑
p=0

gN,k;p

(
u†
)p(

d†
)N−p

, (4.27)

where

gN,k;p =

(
1

2

)N/2 min(k,p)∑
p1=max(0,p+k−N)

(−1)k−p1

(
k

p1

)(
N − k

p− p1

)
. (4.28)

From Eq. (4.27) we can calculate the probability that detector DA and DB will
detect p and q photons, respectively, and calculate the concurrence of the two-
qubit state that the detection heralds, as a function of the photon frequency
and also the ratio of the emitter coupling ratio. We plot the maximum aver-
age concurrence in Fig. 4.4 for the photon input states (a)

(
u†
)1(

d†
)0|∅〉,(b)(

u†
)1(

d†
)1|∅〉, (c)

(
u†
)3(

d†
)2|∅〉, and (d)

(
u†
)3(

d†
)3|∅〉.

In Fig. 4.4(a) we see that a large value for the maximum average concurrence
requires a low detuning relative to the emitter coupling rates. In Fig. 4.4(b)
we see that for the input state |1, 1〉, it is not enough to have a small detun-
ing in order to obtain high values for the average concurrence. An important
difference, however, is that maximal average concurrence can be reached for
any finite value for the detuning. In Fig. 4.4(c) and Fig. 4.4(d), we see a rich
structure from multi-photon scattering. The figures indicate, that increasing
the number of photons in the input arms increases the likelihood of being able
to generate entanglement between two spectrally distinct emitters. In the sup-
plemary material to [81] more colour maps for different input photon states can
be found.
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(d)(c)

(b)(a)(a) (b)

Figure 4.4: (a) Maximum average concurrence (colour scale) ver-
sus emitter detuning and coupling ratio. The input photon states
are (a)

(
u†
)1(

d†
)0|∅〉, (b)

(
u†
)1(

d†
)1|∅〉, (c)

(
u†
)3(

d†
)2|∅〉, and (d)(

u†
)3(

d†
)3|∅〉. The blue line in (a) at Γ1 = Γ2 corresponds to the

(unbroken) blue line in Fig. 4.2(b). The red line in (b) at Γ1 = Γ2

corresponds to the (unbroken) red line in Fig. 4.3(b).
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4.7 Discussion

In this chapter we have introduced the concept of entanglement. We have shown
that two spatially separated emitters can become entangled if we place them in
a Mach-Zehnder interferometer and scatter few-photon Fock states off of them.
We showed how increasing the number of photons relaxes the requirement for
having spectrally distinct emitters. This protocol therefore has the potential
to overcome the need for spectrally aligning solid-state emitters for quantum
information processing, and thereby reducing the footprint and experimental
overhead c.f. the introduction.

In our paper [81] we also calculate and discuss the effect of injecting photons
with finite spectral widths into the Mach-Zehnder interferometer. We showed
that the concurrence was relatively robust for envelope widths up to σ ≈ 0.1Γ,
and that quasi-monochromatic photons were always preferable for maximizing
the entanglement generation.

Although the detectors in Fig. 4.1 were said to be photon-number resolving,
this is only a requirement if three or more photons are injected into the Mach-
Zehnder interferometer. As we saw for the two-photon protocol in Chap. 4.5, we
can infer the detection of two photons if only one of the non-number resolving
detectors clicks. This of course only works if dissipation can be ignored. If not,
we would not be able to distinguish between having lost a photon and detecting
both photons on the same detector. Fast and high-efficient photon-number
resolving detectors are, however, actively developed today [97, 98].

As a final note, I would like to point out a small mistake in our paper [81] that I
found while writing this chapter. In Fig. 3 in [81], the x-axis should be scaled by
a factor of 0.66. The correct plots are shown here in Fig. 4.2(b) and Fig. 4.3(b).
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Chapter 5
Few-photon scattering in

Fano-resonance waveguide
geometries

Part of this chapter is based on the paper "Few-photon scattering in Fano-
resonance waveguide geometries" [36]. The paper was written by myself in
collaboration with my co-authors. This chapter, however, is written solely by
me. Contents and figures from the paper have been rephrased and adapted
here, to avoid self-plagiarism in accordance with DTU’s guidelines for avoiding
scientific misconduct.

5.1 Introduction

For the analysis of few-photon transport in waveguide geometries, the scattering
properties are almost always assumed to depend only on the localized system(s)
coupling to the waveguide, and not the waveguide properties itself. In classi-
cal waveguide scattering experiments, however, engineering the waveguide path,
e.g. by including a partially transmitting element (PTE) in a waveguide cou-
pled to a nonlinear cavity, has been demonstrated to improve optical signal
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switching, sensing, and pulse shaping [99–101]. This enhancement is due to
the Fano interference effect, named after Ugo Fano who analyzed this effect in
atomic absorption spectra [102]. Fano interference occurs when a set of discrete
states couple to a continuum of states, and is typically characterized by a highly
asymmetric lineshape in the scattering and absorption spectra [103, 104]. In a
quantum optical context, however, Fano-resonance waveguide geometries have
been given very little attention. A noteworthy exception is the recent work by
Xu and Fan [50] in which they analyse the Fano interference effect for one and
two monochromatic photons in a waveguide coupled to a TLE. In this chapter
and in [36], we further contribute to the analysis of such waveguide geometries
in the following ways: (i) We model a partially transmitting element and show
that the geometry in Fig. 5.1(a), from now on referred to as the Fano-waveguide
geometry, gives rise to Fano interference. (ii) We determine the dynamical evo-
lution of a photon in the Fano-waveguide geometry. (iii) We calculate the single
and two-photon scattering probabilities in case of incident photons with finite
width envelopes.

V

Figure 5.1: (a) A partially transmitting element in the mirror-
symmetry line of a waveguide coupled to a TLE. We refer to this geome-
try as the Fano-waveguide geometry. In the two smaller boxes, the geom-
etry is illustrated in two limiting cases for the PTE strength, V . A com-
pletely unblocked waveguide corresponds to V = 0 (see also Fig. 2.1(a)).
A completely blocked waveguide corresponds to V = 2. (b) Transmis-
sion coefficients versus frequency for the Fano-waveguide geometry in
(a) with V = 0 (dashed), V = 2 (dash-dotted), and V = 2/(1 +

√
2)

(unbroken). The latter corresponds to a balanced PTE, i.e. |t|2 −→ 1/2
for |ω − ωe| −→ ∞. The figure in (a) is adapted from [36]

The outline of this chapter is as follows: First, we use a classical transfer matrix
approach to model a PTE in a waveguide. Then, we attempt to determine a
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Hamiltonian term accounting for a PTE using the discrete harmonic oscillator
model introduced in Chap. 2. With the extra Hamiltonian term, we make appro-
priate corrections to the input-output relations and the single and two-photon
S-matrices. From the S-matrices we determine the few-photon scattering proba-
bilities and discuss the possibility of realising a tunable Hong-Ou-Mandel switch.
Finally, we conclude and discuss our findings.

5.2 Modelling a partially transmitting element
in a waveguide

For the Fano-waveguide geometry in Fig. 5.1(a), the PTE strength is character-
ized by V , such that V = 0 corresponds to the case of an unblocked waveguide
(identical to Fig. 2.1(a)). As will be shown later in this chapter, V = 2 cor-
responds to a fully blocked waveguide, where transmission is only possible via
interactions with the emitter. In the classical case, the Fano-waveguide geometry
(with a cavity in place of the TLE) would give rise to transmission coefficients
similar to the ones shown in Fig. 5.1(b), depending on the position and width
of the PTE [99]. For V = 0 and V = 2, i.e. an unblocked and fully blocked
waveguide, respectively, the transmission coefficients are simple Lorentzian line-
shapes. For a PTE strength in-between these two extremes, e.g. V = 2/(1+

√
2)

corresponding to a balanced PTE (to be shown later), the transmission coeffi-
cient is highly asymmetric, characteristic of a Fano lineshape.

In a photonic crystal waveguide, a PTE is created by etching air holes in the
waveguide path [99]. Although such a waveguide geometry can be investigated
numerically using finite difference time domain simulations [100], we here use
a simple 1D model for the waveguide with a PTE, which can be solved using
transfer matrix theory [105]. We take the waveguide material to have a constant
refractive index, nwg, and then model the air holes as slabs with refractive index
na and length Lair, separated from each other by a length Lwg, as sketched in
Fig. 5.2(a). This is equivalent to a distributed Bragg reflector (DBR) with a
period N equal to the number of air slabs [105]. In such a geometry, the transfer
matrix is used to relate the optical fields left of the DBR to the field right of
the DBR via (

bR,out

bL,in

)
= Tt

(
bR,in

bL,out

)
. (5.1)

Tt is the total transfer matrix, which depends on the two lengths, La and
Lwg, the refractive indices, na and nwg, the DBR period N , and the optical
wavelength λ.
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Figure 5.2: (a) Classical optics model of a distributed Bragg reflector
withN periods of alternating materials (illustrated here forN = 2). The
periods consist of the waveguide material with refractive index nwg and
length Lwg, and N layers of another material (e.g. air) with refractive
index na and length La. (b) Discretised model of the waveguide similar
to Fig. 2.1(a) but without a TLE. Instead, one of the coupling strengths,
J0, is different from the others.

From the transfer matrix, we can infer a scattering matrix which relates the
output field to the input field via [105](

bR,out

bL,out

)
= S

(
bR,in

bL,in

)
. (5.2)

This definition bears close resemblance to the S-matrix in Eq. (3.26) that relates
the quantised output fields to the input fields. Drawing inspiration from the
DBR in Fig. 5.2(a), we attempt to determine the quantum optical analogy to
the scattering matrix in Eq. (5.2) by revising the discrete chain of harmonic
oscillators introduced in Chap. 2 and model the DBR with a local perturbation
to the chain. As illustrated in Fig. 5.2(b) we modify one of the nearest neighbour
interaction strength parameters, J0, between two oscillators located at j = 0
and j = 1. The Hamiltonian for the waveguide is in this case

Hwg =

n∑
j=−n

εb†jbj −
n∑

j=−n

(
Jb†jbj+1 + h.c.

)
−
(
(J0 − J)b†0b1 + h.c.

)
. (5.3)

In the continuum limit and in the frequency domain, this corresponds to the
Hamiltonian [36, 50]

Hwg =
∑

µ=L,R

∫ ∞

−∞
dω ωb†µ(ω)bµ(ω) +

(
V

∫
dω√
2π

∫
dω′
√
2π
b†L(ω)bR(ω

′) + h.c.

)
,

(5.4)

where

V = 2
1− J0/J

1 + J0/J
, (5.5)
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is the PTE strength. Although this relation has not been derived analytically
(see App. D), the relation in Eq. (5.5) gives an exact fit when we compare single-
photon transmission in the waveguide using the two Hamiltonians in Eq. (5.3)
and Eq. (5.4) for the case where the photon frequencies, ω, of interest satisfy
|ω − ε| � J .

For the Hamiltonian in Eq. (5.4), the input-output relations are [36, 50]

C =

(
tB rB
rB tB

)
=

1

1 +
(
V
2

)2
(
1−

(
V
2

)2 −iV
−iV 1−

(
V
2

)2
)
. (5.6)

We see that |tB |2+|rB |2 = 1 as required by photon-number conservation through
the waveguide. We also see that if V ∈ [0; 2], both |tB |2 and |rB |2 are uniquely
contained in the interval [0, 1]. From Eq. (5.5), we see that V = 0 corresponds
to J0 = J , as is the case for the unblocked waveguide. Furthermore, V = 2
corresponds to J0 = 0, i.e. two disconnected chains of harmonic oscillators. For
V = 2/(1 +

√
2) we get a balanced PTE, i.e. |tB |2 = |rB |2 = 1/2.

Now that we have quantified the Hamiltonian for the PTE, we assume the
Hamiltonian for the Fano-waveguide geometry can be written as a sum of the
individual components, i.e. [36, 50]

H = ωeσ
†σ +Hwg +

 ∑
µ=L,R

∫
dk

√
Γ/2σ†
√
2π

bµ(k) + h.c.

. (5.7)

5.3 Dynamical evolution in a Fano-waveguide ge-
ometry

From the Hamiltonian in Eq. (5.7), we can determine the dynamical state evo-
lution in the single-excitation manifold. Using the vector expansion (Eq. (2.20))

|ψ(t)〉 = χ(t)σ† |∅〉+
∫

dk ξR(k, t)b
†
R(k) |∅〉+

∫
dk ξL(k, t)b

†
L(k) |∅〉 , (5.8)

we find the following set of differential equations:

iχ̇(t) = ωeχ(t) +

√
Γ/2√
2π

∫
dk [ξR(t, k) + ξL(t, k)], (5.9a)

iξ̇R(t, k) = kξR(t, k) +

√
Γ/2√
2π

χ(t) +
V

2π

∫
dk′ ξL(t, k

′), (5.9b)

iξ̇L(t, k) = kξL(t, k) +

√
Γ/2√
2π

χ(t) +
V

2π

∫
dk′ ξR(t, k

′). (5.9c)
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The solution to the emitter excitation coefficient, χ(t), is (see the appendix
of [36])

χ(t) = χ(ti)e
−
[

Γ̃
2 +iωe

]
(t−ti)

− i
Γ̃

2
√
πΓ

∫
dk′ ξ(ti, k

′)e−ik′(t−ti)
1− e

−
[

Γ̃
2 +i

(
ωe−k′)](t−ti)

Γ̃
2 + i(ωe − k′)

,
(5.10)

where we have defined the complex coupling rate

Γ̃ = Γ/

(
1 +

iVRL

2

)
. (5.11)

The two photon envelope coefficients corresponding to right and left propagating
envelopes, ξR and ξL, respectively, are defined via ξ(t, k) = ξR(t, k) + ξL(t, k).

5.3.1 Single-photon emission

With the initial condition ξR(ti, k) = ξL(ti, k) = 0 and χ(ti) = 1, i.e. the emitter
starts in the excited state, the solution in Eq. (5.10) is reduced to

χ(t) = e
−
[

Γ̃
2 +iωe

]
(t−ti), (5.12)

This shows that the emitter excitation decays exponentially even when we in-
clude a PTE in the mirror-symmetry line of the waveguide. The emitter lifetime,
however, is increased by a factor of 1 + (V/2)2. This effect is characteristic of a
change in the local density of states, in this case caused by the inclusion of the
PTE [16].

5.3.2 Single-photon scattering

Fig. 5.3 shows the photon probability distribution in the Fano-waveguide ge-
ometry for a balanced PTE, i.e. as a function of time in case of an initially
right-propagating single-photon input with a Gaussian envelope centred around
kc = ωe − 0.18Γ ≡ ω̃e and with spectral width σ = 0.62Γ. These parame-
ters have been chosen so as to reach a maximum emitter excitation coefficient
of |χ|2 = 0.4, as in the example without a PTE plotted in Fig. 2.4(a). Af-
ter scattering, the photon is with equal probability detected in the two wave-
guide ends. As seen in Fig. 2.4(b), the right and left-propagating wavepackets,
are completely antisymmetric around kc. This is expected, considering the
completely anti-symmetric transmission coefficient for such a waveguide geom-
etry(see Fig. 5.1(b)). In the next section we derive the transmission coefficient
for the Fano-waveguide geometry.
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(a) (b)

input

Figure 5.3: A single photon scattering off a TLE in a waveguide with
a PTE in the mirror-symmetry plane. (a) Spatial photon probability
distribution (colour scale) in the waveguide as a function of time. (b)
Steady state spectral density for both the right (red) and the left (blue)
propagating part versus energy. The input envelope is Gaussian with
centre frequency kc = ωe − 0.18Γ = ω̃e and with spectral width σ =
0.62Γ. The input envelope (black) is included for reference.

5.4 Changes to the input-output relations and
S-matrix

The input-output relations calculated from the Hamiltonian in Eq. (5.7) have
the same form as Eq. (3.16a) and Eq. (3.16b) [36]:

d

dt
σ(t) = Aσ(t) +Bbin(t) + f̂(t), (5.13a)

bout(t) = Cbin(t) +Dσ(t). (5.13b)

The presence of the PTE, however, modifies the ABCD coefficients such that

A = −iωe −
1

2
κ†G−1κ, (5.14a)

B = −iκ†G−1, (5.14b)

C = G∗G−1 =

(
tB rB
rB tB

)
, (5.14c)

D = −iG−1κ, (5.14d)
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with κ = (
√

Γ/2,
√
Γ/2)ᵀ. The nonlinear operator, f̂ , and the extra matrix G

are

f̂(t) = 2iκ†G−1σ†(t)σ(t)bin(t), (5.15a)

G =

(
1+

i

2
V

)
, V =

(
0 V
V 0

)
, (5.15b)

respectively. In the abscence of a PTE, i.e. V = 0, then G = 1, and the
coefficients are identical to Eq. (3.17a)–(3.17d).

The S-matrices for the Fano-waveguide geometry are also modified due to the
presence of the PTE. For the single-photon S-matrix we have [36]

Sµ;ν
p;k =

[
Cµν + i

DµBν

p− iA

]
δ(p− k). (5.16)

From the single-photon S-matrix we determine the transmission and reflection
coefficients:

t(p) = tB − iΓ̃2/2Γ

(p− ωe) + iΓ̃/2
, (5.17a)

r(p) = tB − iΓ̃2/2Γ

(p− ωe) + iΓ̃/2
, (5.17b)

where we have used Γ̃ as defined in Eq. (5.11). The transmission coefficients for
V = 0, V = 1/(1 +

√
2), and V = 2 are exactly those plotted in Fig. 5.1(b).

The two-photon S-matrix is again written as Eq. (3.33). For the symmetrically
coupled TLE, we find that [36]

Mp1,p2,k1,k2
=

1

π

Γ̃√
2Γ

G(p1)G(p2)[G(k1) + G(k2)], (5.18)

with

G(k) = Γ̃/
√
2Γ

k − ωe + i Γ̃2

. (5.19)

If there is no PTE in the waveguide then V = 0 and Γ̃ = Γ. Eq. (5.18) and
Eq. (5.19) then become identical to Eq. (3.35) and Eq. (3.36), respectively. In
the next section, we analyse how these seemingly subtle changes modify the
two-photon scattering probabilities.
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5.5 Few-photon scattering in a Fano-resonance
waveguide

For a balanced PTE, a single-photon input centred around the asymmetry-line
(kc = ωe − 0.18Γ) of the transmission coefficient, |t|2, will scatter into an equal
superposition of being right and left-propagating in the waveguide. This was
demonstrated in the specific case of a Gaussian envelope with spectral width
σ = 0.62Γ in Fig. 5.3. In analysing the two-photon scattering probabilities, we
take the input state to be two counter-propagating photons with identical Gaus-
sian envelopes centred around kc = ωe − 0.18Γ = ω̃e. The input spectrum is
sketched in Fig. 5.4(a). The corresponding output probabilities versus envelope
width σ are plotted in Fig. 5.4(b). For spectrally narrow and broad envelopes,
the photons only interact with the PTE, which results in Hong-Ou-Mandel in-
terference [67], i.e. the output is an equal superposition of two co-propagating
photons. For σ = 0.36Γ the probability that the two photons will be counter-
propagating when they exit the waveguide peaks at around 0.89. In terms of
probability, the output state is therefore preferentially scattered into the in-
put state. If we compare this to the result without the PTE (see Fig. 3.3),
these probabilities have now been inverted. Due to the non-linear interactions,
spectral correlations arise in the output spectrum, making the spectrum for the
counter-propagating output slightly elongated, as seen in Fig. 5.4.

5.5.1 Tunable Hong-Ou-Mandel switch

In the work by Roulet et al. [64], it was argued that a TLE in a waveguide
(Fig. 2.1) could be used as a tunable Hong-Ou-Mandel (HOM) switch, i.e. a
geometry where one could switch between scattering two counter-propagating
photons into two co-propagating photons, or remain co-propagating after the
scattering event. Using circulators and this tunable effect, a configurable inte-
grated on-chip circuit can potentially be realised. For two quasi-monochromatic
counter-propagating input photons, the HOM switch is realised by tuning the
emitter energy such that the scattered states can selectively be chosen to be
co-propagating or counter-propagating. In terms of the state vectors, we define
the switch as follows:

|LR〉 −→

{
|LR〉 switch-OFF,
1√
2
[|LL〉+ |RR〉] switch-ON,

(5.20)

Here, the states |RR〉, |LL〉, and |LR〉 refers to a co-propagating state travelling
to the right, a co-propagating state travelling to the left, and two counter-
propagating states, respectively.
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(a) (b)

Figure 5.4: (a) Probability density (colour scale) for a counter-
propagating input state with σ = 0.36Γ and kc = ω̃e versus frequency.
(b) Scattering probabilities versus spectral width in case of two counter-
propagating photons incident in a Fano-waveguide coupled to a TLE.
The probability of detecting a counter-propagating output state (or-
ange) and a co-propagating output state travelling either right or left
(red), are shown for both with (unbroken line) and without (dashed)
including the bound state contribution. The vertical dashed line at
σ = 0.36Γ indicate the spectral width for which we plot the input spec-
trum in (a) and the output spectra in Fig. 5.5.

(    )(a) (b)

Figure 5.5: Scattered output spectra (colour scale) versus frequency
in case of a counter-propagating input state with σ = 0.36Γ and kc =
ω̃e incident in a Fano-waveguide with a TLE. (a) Spectra for the co-
propagating output travelling to the right (or left). (b) spectra for the
counter-propagating output.
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In the absence of a PTE, i.e. V = 0, the ON-configuration is realised when
the emitter-photon detuning is zero and |t|2 = 0, as seen in Fig. 5.1(b) (dashed
line). The ON-configuration is realised when |t|2 = 1/2, i.e. when the emitter
detuning is |ω − ωe| = Γ/2 [64].

For this type of application, the Fano-waveguide geometry with a balanced
PTE provides a small advantage. Both |t|2 = 0 (switch-OFF) and |t|2 = 1/2
(switch-ON) can be realised at emitter-photon detunings where the slope of
the transmission coefficient is zero as seen in Fig. 5.1(b) (unbroken line). For
example, |t|2 = 0 when the emitter detuning is ω−ωe = ω̃e + (2+

√
2)Γ/8, and

|t|2 = 1/2 when the emitter detuning is large compared to the coupling rate,
i.e. |(ω − ωe)/Γ| −→ ∞ [36]. This means that the Fano-waveguide geometry is
more robust with respect to small perturbations in the emitter-photon detuning.
The price to pay, however, is that the switching requires large energy inefficient
emitter-photon detunings.

5.6 Discussion

We have analysed the Fano-interference effect in the context of few-photon scat-
tering by modifying the waveguide. We have determined analytical expressions
for the single-photon dynamics in the waveguide, and we have shown how this
modification changes the input-output relations and the one and two-photon
S-matrices. For two initially counter-propagating photons, we have calculated
the transmission properties for the Fano-waveguide geometry and discussed how
the Fano effect can be exploited in realising a tunable Hong-Ou-Mandel switch.

In this chapter, the Fano interference effect comes from including a frequency-
independent partially transmitting element in the mirror-symmetry line of the
waveguide. The Fano-resonance can also arise due to Fabry-Perot interference
from impedance mismatched boundaries between the waveguide and output
couplers [106]. In this case, it has been demonstrated that Fano interference
can be used to control the photon statistics, thereby making a tunable quantum
optical filter [106]. It has also recently been suggested how the Fano resonance
can be used to suppress phonon assisted photon emission thereby increasing the
photon indistinguishability in realistic single-photon emission processes [107].
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Chapter 6
Spectral wandering in

quantum dots

6.1 Introduction

There are many practical challenges in experimentally realising some of the
proposed scattering protocols covered in this thesis. For example, we have im-
plicitly made the assumption that the emitters have perfect energy-level struc-
tures. In reality, this is not always the case, especially not in experiments with
semiconductor quantum dots in photonic crystal waveguides [66, 106, 108, 109].
Semiconductor quantum dots (QD) are made up of around 105 atoms [16], and
all the electrons and nuclei within the QD interact with one another. This in-
evitably leads to noise when performing measurements. Charge and spin noise
in the QD leads to blinking and spectral diffusion [66, 110, 111]. The former
means that the QD cannot be considered an effective two-level emitter, as there
is a finite probability, Prdark, that the emitter is in an effective dark state. For
a quantum dot symmetrically coupled to a waveguide (Fig. 2.1(a)), blinking
modifies the single-photon transmission coefficient such that [108]

|t(k)|2 −→ (1− Prdark)|t(k)|2 + Prdark, (6.1)

In this chapter we ignore the effect of blinking, and consider only the effects
of spectral diffusion. Spectral diffusion causes the emitter energy levels to shift
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randomly with time, and is characterized by a spectrum that appears to wander.
This phenomenon is therefore referred to as spectral wandering. We can model
the effect of spectral wandering e.g. by assuming that the emitter energy level
is normally distributed around ωe, with a standard deviation ζ [108]. We will
refer to ζ as the wandering width. To the best of our knowledge, theoretically
calculating the effects of spectral wandering for few-photon scattering has not
previously been studied.

The outline of the chapter is as follows: First, we introduce an effective trans-
mission coefficient as we analyse how spectral wandering affects single-photon
transmission. Second, we extend the analysis to include two-photon scattering,
and we investigate to what degree spectral wandering will deplete the nonlinear
scattering effects in a waveguide coupled to a TLE. Third, we summarize and
discuss our findings.

6.2 Single-photon scattering for a spectrally wan-
dering TLE

For a single-photon scattering event in a waveguide symmetrically coupled to a
TLE with energy separation ωe + δ, the transmission probability is determined
from (Eq. (3.42))

Prtrans(δ) =

∫
dk |t(k − δ)ξ(k)|2, (6.2)

where ξ(k) is the single-photon input envelope. The argument in the trans-
mission coefficient t (Eq. (2.30)) is shifted by the stochastic variable δ, which
fluctuates around zero. It is assumed that the shift δ can be considered con-
stant within a scattering event, i.e. the noise fluctuations happen on a time
scale much slower than the emitter lifetime and temporal width of the incident
optical pulse. For realistic QD parameters, the QD lifetime is of the order hun-
dreds of ps to a few ns [106, 108, 112], whereas the timescale for the energy
fluctuations are milliseconds or higher [16]. For repeated scattering events, the
average transmission is

Prtr,avg(ζ) =

∫
dδ Gζ(δ)Prtrans(δ), (6.3)

where

Gζ(δ) =
1√
2πζ2

e
− δ2

2ζ2 , (6.4)
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describes the normally distributed energy shift. Rewriting Eq. (6.3) gives

Prtr,avg(ζ) =

∫
dk Tζ(k)|ξ(k)|2, (6.5)

where

Tζ(k) =

∫
dδ Gζ(δ)|t(k − δ)|2, (6.6)

is the effective transmission coefficient. We note that the effective reflection
coefficient, Rζ(k), is found by replacing t with r. It is easily verified that
Tζ(k) + Rζ(k) = 1, as required by photon number conservation. We plot
Tζ(k) for different values of ζ in Fig. 6.1(a). For ζ −→ 0 the normal distri-
bution Gζ(δ) approaches a delta function centred around 0, which means that
T0(k) = |t(k)|2. For increasing values of ζ, the effective transmission coefficient
is inhomogeneously broadened and the minimum value increases monotonically.
In Fig. 6.1(b) we see how the broadening affects the average transmission prob-
ability, Prtrans, for a Gaussian envelope (Eq. (3.41)) with spectral width σ and
centre frequency ωe.

(a) (b)

Figure 6.1: (a) Effective transmission coefficient Tζ versus frequency.
(b) Transmission probability for a single-photon input state. The pho-
ton envelope is Gaussian with centre frequency ωe and spectral width σ.
In both (a) and (b), the four lines are for different wandering widths,
ζ = {0, 0.25, 0.5, 1.0}Γ.

When accounting for spectral wandering for the single-photon transmission
probability, the effective transmission coefficient is found from a simple convolu-
tion between the normally distributed emitter energy Gζ and the norm squared
transmission coefficient |t(k)|2. When accounting for spectral wandering for the
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two-photon transmission probability, this relation is not so simple, owing to the
nonlinear relation between the input and output photons. In the next section,
we determine the spectral wandering effect in two-photon scattering.

6.3 Two-photon scattering for a spectrally wan-
dering TLE

In this section we consider the effects of spectral wandering in case of a co-
propagating two-photon state scattering off a TLE symmetrically coupled to a
waveguide. We take the input photons to have identical Gaussian envelopes.
We define the input state to be

|ψ〉 =
∫

dp1 dp2 ξRR(p1, p2)b
†
R(p1)b

†
R(p2) |∅〉 , (6.7)

with

ξRR(p1, p2) =
1√
2
ξR(p1)ξR(p2). (6.8)

If we account for spectral wandering, the scattered envelopes after a single scat-
tering realisation are (see App. C)

ξ′RR,δ(p1, p2) = t(p1 − δ)t(p2 − δ)ξRR(p1, p2) +
1

2
βδ(p1, p2), (6.9a)

ξ′LL,δ(p1, p2) = r(p1 − δ)r(p2 − δ)ξRR(p1, p2) +
1

2
βδ(p1, p2), (6.9b)

ξ′LR,δ(p1, p2) = 2r(p1 − δ)t(p2 − δ)ξRR(p1, p2) + βδ(p1, p2), (6.9c)

corresponding to the envelopes for two right-propagating photons, two left-
propagating photons, and two counter-propagating photons, respectively. The
term accounting for the nonlinear behaviour, βδ(p1, p2), is

βδ(p1, p2) =

∫
dk Mδ(p1, p2, k, p1 + p2 − k)ξRR(k, p1 + p2 − k), (6.10)

where Mδ is (Eq. (3.35))

Mδ(p1, p2, k1, k2) =

√
Γ/2

π
Gδ(p1)Gδ(p2)[Gδ(k1) + Gδ(k2)], (6.11)

with

Gδ(k) =
−i
√
Γ/2

k − (ωe + δ) + iΓ2
. (6.12)
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For a single scattering event, the probability of detecting two right-propagating
photons, two left-propagating photons, or two counter-propagating photons are,

PrRR(δ) = 2

∫
dp1 dp2 |ξ′RR,δ(p1, p2)|2, (6.13a)

PrLL(δ) = 2

∫
dp1 dp2 |ξ′LL,δ(p1, p2)|2, (6.13b)

PrLR(δ) =

∫
dp1 dp2 |ξ′LR,δ(p1, p2)|2, (6.13c)

respectively. For repeated scattering events, the expectation values for the prob-
abilities above are calculated from

Prµν,avg(ζ) =

∫
dδ Gζ(δ)Prµν(δ), µν ∈ (L,R). (6.14)

6.3.1 Nonlinearity reduction due to spectral wandering

In Fig. 6.2, we plot the probabilities in Eq. (6.13a)-(6.13c) versus the wandering
width ζ in case of an initially co-propagating two-photon state with Gaussian
envelopes and spectral width σ = 0.25Γ. This spectral width was chosen, as it
leads to the largest numerical difference between the probabilities obtained when
including and excluding the bound state contribution for ζ = 0 (see Fig. 3.2).

Figure 6.2: Transmission probability versus wandering width for a two-
photon co-propagating input state. The photon envelopes are Gaussian
with centre frequency ωe and spectral width σ = 0.25Γ. The dashed
lines are the scattering probabilities without accounting for the bound
state term.
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For ζ ≈ Γ we see that the probabilities for a counter-propagating output, with
and without taking into account the bound state contribution, converges to the
same value. Directional correlations are however still significant up to around
ζ ≈ 3Γ, as indicated by the co-propagating output probabilities. This suggest
that the effect of spectral wandering does not affect the scattering probabilities
equally. The reason for this is at present time not known.

6.4 Discussion

In this chapter we have shown how to account for spectral wandering in single-
photon scattering experiments and calculated how the average transmission
probability depends on the wandering width, i.e. the standard deviation for
the normally distributed emitter energy. We have extended this analysis to
two-photon scattering and discussed how spectral wandering depletes the non-
linear scattering properties.

Spectral wandering is currently one of the dominant sources of errors in exper-
iments with quantum dots in photonic crystal waveguides [109]. It has been
suggested that the effect can be suppressed by implementing electrical gates
over the quantum dots and active stabilisation [66, 111]. This, however, creates
a large experimental overhead. Understanding how spectral wandering affects
few-photon scattering in waveguides is therefore important in order to under-
stand the implications for potential quantum information processing devices.



Chapter 7

Conclusion

In this thesis we have analysed few-photon transport properties in photonic
devices. More specifically, we have looked at single and two-photon scattering
in a one-dimensional waveguide coupled to an (artificial) atom, here modelled
as a two or three-level system. Below we briefly summarize each chapter while
highlighting the main findings and original work.

In Chapter 1 we briefly motivated the reason for doing a three-year long
PhD program on few-photon transport properties in photonic devices.
We then gave a brief introduction to quantum mechanics, light-matter
interactions, and photonic waveguides.

The main focus of Chapter 2 was to introduce the physical system and
corresponding model for the waveguide geometry used throughout this
thesis. Furthermore, we tried to provide the reader with an intuitive
understanding of photon transport in waveguide geometries at the simplest
level. We then showed how the Hamiltonian for a direction-dependent
waveguide geometry could be derived from a discrete harmonic oscillator
model by allowing the localized system to couple to two neighbouring sites.

In Chapter 3 we introduced the input-output formalism and the S-matrix,
and we used the two concepts to calculate the well-known single and two-
photon S-matrix for a waveguide coupled to a two-level emitter, and for
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a waveguide coupled to a cavity. We generalised the results for the single-
photon S-matrix to describe an arbitrary direction-dependent waveguide
geometry with an arbitrary number of waveguide channels. Finally, we dis-
cussed the scattered output probabilities and spectra for a symmetrically
coupled TLE and for a symmetrically coupled cavity.

We introduced the concept of entanglement in Chapter 4, and described a
protocol to entangle two identical solid-state emitters. We then generalised
the protocol and explained how to entangle spectrally distinct solid-state
emitters using more complex few-photon states [81].

In Chapter 5 we introduced a quantum mechanical description of Fano-
resonance waveguide geometries. We modelled a partially transmitting
element and calculated a set of modified input-output relations and S-
matrices. From the S-matrices, we calculated the scattering probabilities
and output spectra for single- and two-photon input states with finite-
width envelopes. We then discussed the possibility of exploiting the Fano-
effect to engineer a tunable Hong-Ou-Mandel switch.

An important obstacle in experimental few-photon scattering in photonic
waveguide geometries is spectral wandering effects. In Chapter 6 we quan-
tified the effect on the single and two-photon scattering probabilities for
finite-width envelopes. We concluded that spectral wandering affects the
directional correlations for co and counter-propagating photons differently.

Another important result in this thesis is illustrating the incredible rich physics
with just a simple two-level emitter coupled to a linearly dispersive waveguide.
In [36] we analysed a Fano-waveguide geometry coupled to a combined emitter-
cavity system. This system have even more degrees of freedom, and perhaps this
is enough for some day realising a scalable platform for quantum information
processing.



Appendix A

Hamiltonian model: Chain of
identical harmonic oscillators

In this appendix we derive the Hamiltonian in Eq. (2.3). We start from the
Hamiltonian in Eq. (2.1) which we repeat below for easy reference (with ~ = 1):

H = ωeσ
†σ +

n∑
j=−n

εb†jbj +

n∑
j=−n

(
−Jb†jbj+1 + h.c.

)
+
(
Kσb†0 + h.c.

)
. (A.1)

We define the Fourier transformation as

bj =
1√
2π

∫ π

−π

dκ b(κ)eiκj . (A.2)

The inverse Fourier transform is

b(κ) =
1√
2π

n∑
j=−n

bje
−iκj . (A.3)
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We make a simple proof of Eq. (A.3) here by insertion. First, we verify that we
end up with bj after inserting Eq. (A.3) into the right-hand side of Eq. (A.2):

1√
2π

∫ π

−π

dκ b(κ)eiκj =
1√
2π

∫ π

−π

dκ
1√
2π

n∑
j′=−n

bj′e
−iκj′eiκj

=
1

2π

n∑
j′=−n

bj′

∫ π

−π

dκ e−iκ(j′−j) (A.4)

= bj .k (A.5)

In the last step we used that

δj,j′ =
1

2π

∫ π

−π

dκ eiκ(j−j′), (A.6)

Second, we verify that we end up with b(κ) after inserting Eq. (A.2) into the
right-hand side of Eq. (A.3):

1√
2π

n∑
j=−n

bje
−iκj =

1√
2π

n∑
j=−n

1√
2π

∫ π

−π

dκ′ b(κ′)eiκ
′je−iκj (A.7)

=
1

2π

∫ π

−π

dκ′ b(κ′)

n∑
j=−n

ei(κ
′−κ)j (A.8)

= b(κ). (A.9)

In the last step we used that

δ(κ− κ′) =
1

2π

n∑
j=−n

ei(κ−κ′)j , (A.10)

in the limit n −→ ∞. Using the expression in Eq. (A.2) we rewrite the Hamil-
tonian in Eq. (A.1):

H = ωeσ
†σ + ε

∫ π

−π

dκ

 1√
2π

n∑
j=−n

b†je
iκj

b(κ)
+

−J
∫ π

−π

dκ

 1√
2π

n∑
j=−n

b†je
iκj

b(κ)eiκ + h.c.


+

(
K

∫ π

−π

dκ√
2π

b†(κ)σ + h.c.

)
.

(A.11)

We insert the Hermitian conjugate of Eq. (A.3):

H = ωeσ
†σ +

∫ π

−π

dκ ω(κ)b†(κ)b(κ) +

(
K

∫ π

−π

dκ√
2π

b†(κ)σ + h.c.

)
, (A.12)
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where

ω(κ) = ε− Jeiκ − J∗e−iκ

= ε− 2J cos(κ), for J ∈ R

≈

{
ε− 2J(κ+ π/2), κ0 = −π/2,
ε+ 2J(κ− π/2), κ0 = π/2.

(A.13)

The approximation in the final step is found by linearising cos(κ) around κ0 =
±π/2. We rotate the Hamiltonian according to the transformation

H −→ THT † + i∂t{T}T †, (A.14)

using the unitary operator

T = e
iεt

(
σ†σ+

∫ π
−π

dκ b†(κ)b(κ)
)
. (A.15)

We divide into right and left propagating terms and move into the rotated frame
of reference using the unitary operator above. This basically means that we use
ωe −→ ωe − ε, i.e. the emitter energy level spacing is defined relative to the
bare waveguide energy. We define

ωL(κL) = −2J(κL + π/2), (A.16a)
ωR(κR) = 2J(κR − π/2). (A.16b)

We expand the Hamiltonian in Eq. (A.12) into terms of positive and negative
wavenumbers

H ≈ ωeσ
†σ +

∫ 0

−π

dκL ωL(κL)b
†(κL)b(κL) +

(
K

∫ 0

−π

dκL√
2π

b†(κL)σ + h.c.

)
+

∫ π

0

dκR ωR(κR)b
†(κR)b(κR) +

(
K

∫ π

0

dκR√
2π

b†(κR)σ + h.c.

)
.

(A.17)

We insert the linear approximation defined above:

H ≈ ωeσ
†σ +

∫ πJ

−πJ

dωL
ωL

2J
b†
(
−ωL − πJ

2J

)
b

(
−ωL − πJ

2J

)
+

∫ πJ

−πJ

dωR
ωR

2J
b†
(
ωL + πJ

2J

)
b

(
ωR + πJ

2J

)
+

(
K

2J

∫ πJ

−πJ

dωL√
2π

b†
(
−ωL − πJ

2J

)
σ + h.c.

)

+

(
K

2J

∫ πJ

−πJ

dωR√
2π

b†
(
ωR + πJ

2J

)
σ + h.c.

)
,

(A.18)
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In this step we have used the variable transformations dκL = −dωL /(2J) and
dκR = dωR /(2J). We then define new operators:

bL(ωL) =
1√
2J
b

(
−ωL − πJ

2J

)
, (A.19a)

bR(ωR) =
1√
2J
b

(
ωL + πJ

2J

)
, (A.19b)

such that [
bµ(ω), b

†
ν(ω

′)
]
= δµ,νδ(ω − ω′), (A.20)

with respect to the integral operator
∫ πJ

−πJ
dω {·}. Eq. (A.18)is then simplified

to

H ≈ ωeσ
†σ +

∫ πJ

−πJ

dω ω
(
b†L(ω)bL(ω) + b†R(ω)bR(ω)

)
+

(√
Γ

2

∫ πJ

−πJ

dω√
2π

(
b†L(ω) + b†R(ω)

)
σ + h.c.

)
.

(A.21)

where we have defined
√
Γ = K√

J
. If we assume J −→ ∞ we end up with

Eq. (2.19). This approximation is valid if we assume all energies of interest
are well within the interval [−πJ, πJ ]. This assumption is similar to the linear
approximation for the dispersion relation.
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Modelling
direction-dependent

emitter-waveguide coupling

To model direction-dependent emitter-waveguide coupling, the starting point is
a Hamiltonian almost identical to Eq. (A.1). The only difference is that we allow
for the emitter to couple to the chain of harmonic oscillators at to neighbouring
points. The Hamiltonian is

H = ωeσ
†σ +

n∑
j=−n

εb†jbj +

n∑
j=−n

(
−Jb†jbj+1 + h.c.

)
+
([
K0b

†
0 +K1b

†
1

]
σ + h.c.

)
.

(B.1)

Inserting the Fourier transform (Eq. (A.2)) yields (assuming J0 ∈ R)

H = ωeσ
†σ +

∫ π

−π

dκ ω(κ)b†(κ)b(κ) +

(∫ π

−π

dκ√
2π

(
K0 +K1e

−iκ
)
b†(κ)σ + h.c.

)
,

(B.2)

where ω(κ) is again given by Eq. (A.13). We use Eq. (A.14) and Eq. (A.15)
to rotate the Hamiltonian. After dividing the Hamiltonian up into right and
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left-propagating parts we find

H ≈ ωeσ
†σ +

∫ 0

−π

dκL ωL(κL)b
†(κL)b(κL) +

∫ π

0

dκR ωR(κR)b
†(κR)b(κR)

+

(∫ 0

−π

dκL√
2π

(
K0 +K1e

−iκL
)
b†(κL)σ + h.c.

)
+

(∫ π

0

dκR√
2π

(
K0 +K1e

−iκR
)
b†(κR)σ + h.c.

)
.

(B.3)

Inserting the linear approximations for the dispersion relation yields

H ≈ ωeσ
†σ +

∫ πJ

−πJ

dω ω
(
b†L(ω)bL(ω) + b†R(ω)bR(ω)

)
+

(∫ πJ

−πJ

dω
dω√
2π

(
K0 + iK1e

iω/J
)
b†L(ω) +

(
K0 − iK1e

−iω/J
)
b†R(ω)√

2J
σ + h.c.

)
.

(B.4)

If we choose J −→ ∞ then we can approximate the exponentials with e±iω/J =
1. We then find

H ≈ ωeσ
†σ +

∫ ∞

−∞
dω ω

(
b†L(ω)bL(ω) + b†R(ω)bR(ω)

)
+

(∫ ∞

−∞

dω√
2π

(
κLb

†
L(ω) + κRb

†
R(ω)

)
σ + h.c.

)
,

(B.5)

where we have defined

κL =
K0 + iK1√

2J
, (B.6a)

κR =
K0 − iK1√

2J
. (B.6b)

The two coefficients should not be mistaken for the dimensionless wavenum-
ber, κ (without a subscript). By choosing e.g. K0 =

√
ΓJe−iπ/4/

√
2 and

K1 =
√
ΓJeiπ/4/

√
2, we get κL = 0 and κR =

√
Γe−iπ/4. We can absorb

the complex exponential, e−iπ/4, into the operator b†R(ω), corresponding to the
transformation in Eq. (A.14) with T = eiπ/4

∫
dωb†R(ω)bR(ω). The Hamiltonian

for the waveguide one-way coupled to an emitter becomes (Eq. (2.31))

H ≈ ωeσ
†σ +

∫ ∞

−∞
dω ω

(
b†L(ω)bL(ω) + b†R(ω)bR(ω)

)
+

(∫ ∞

−∞
dω

√
Γ√
2π

b†R(ω)σ + h.c.

)
.

(B.7)



Appendix C

Calculating few-photon
spectra

C.1 Single-photon POVMs

We define a set of positive-operator valued measures (POVMs) and use them to
determine the spectrum of our envelopes [7]. Our single-photon projectors are

πL(ω) = b†L(ω) |∅〉〈∅| bL(ω), Detecting a left-propagating photon, (C.1)

πR(ω) = b†R(ω) |∅〉〈∅| bR(ω), Detecting a right-propagating photon. (C.2)

We can easily verify that this set of projection operators satisfy the POVM
requirements: (i) They are Hermitian, (ii) They are positive, (iii) they are com-
plete, i.e.

∑
j

∫
dω πj(ω) = 1, and (iv) they are orthonormal.

Say we want to measure the probability that our single photon state collapses
to a left-propagating photon with frequency ω and our general state is

|ψ〉 = |ξR〉R + |ξL〉L =

∫
dk ξR(k)b

†
R(k) |∅〉+

∫
dk ξL(k)b

†
L(k) |∅〉 . (C.3)
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For our pure state the probability is

P (L|ω) = 〈ψ|πL(ω)|ψ〉

=

∫
dk′ dk ξ∗L(k

′)ξL(k) 〈∅|bL(k′)b†L(ω)|∅〉 〈∅|bL(ω)b†L(k)|∅〉
(C.4)

= |ξL(ω)|2 ≥ 0, c.f. req. (ii). (C.5)

The probability that it collapses to a left-propagating photon but can have any
frequency is thus found by integrating out the frequency component

P (L) =

∫
dω |ξL(ω)|2. (C.6)

The probability that it collapses to either a left or a right-propagating photon
is

P (L or R) =
∫

dω |ξL(ω)|2 +
∫

dω |ξR(ω)|2 = 1, c.f. req. (iii). (C.7)

C.2 Two-photon POVMs

We now define our two-photon projectors. We measure one photon propagating
in one direction with frequency ω and another photon in possibly the same
direction with frequency ω′:

πRR(ω, ω
′) =

1

2
b†R(ω)b

†
R(ω

′) |∅〉〈∅| bR(ω)bR(ω′), (C.8)

πLL(ω, ω
′) =

1

2
b†L(ω)b

†
L(ω

′) |∅〉〈∅| bL(ω)bL(ω′), (C.9)

πLR(ω, ω
′) = b†L(ω)b

†
R(ω

′) |∅〉〈∅| bL(ω)bR(ω′). (C.10)

We shall soon see why the factor of 1/2 comes about on the co-propagating
terms. Our general two-photon input-state is

|ψ〉 = |ξRR〉RR + |ξLL〉LL + |ξLR〉LR (C.11)

=

∫
dp1 dp2 ξRR(p1, p2)b

†
R(p1)b

†
R(p2) |∅〉

+

∫
dp1 dp2 ξLL(p1, p2)b

†
L(p1)b

†
L(p2) |∅〉

+

∫
dp1 dp2 ξLR(p1, p2)b

†
L(p1)b

†
R(p2) |∅〉

(C.12)



C.2 Two-photon POVMs 87

The probability of measuring a left-propagating photon with frequency ω and
another left-propagating photon with frequency ω′ is

P (LL|ω, ω′) = 〈ψ|πLL(ω, ω
′)|ψ〉 (C.13)

=
1

2

∫
dp′1 dp

′
2 ξ

∗
LL(p

′
1, p

′
2) 〈∅|bL(p′1)bL(p′2)b

†
L(ω)b

†
L(ω

′)|∅〉

×
∫

dp1 dp2 ξLL(p1, p2) 〈∅|bL(ω)bL(ω′)b†L(p1)b
†
L(p2)|∅〉

(C.14)

We can show that

〈∅|bL(p′1)bL(p′2)b
†
L(ω)b

†
L(ω

′)|∅〉 = δ(p′2 − ω)δ(p′1 − ω′) + δ(p′2 − ω′)δ(p′1 − ω)
(C.15)

〈∅|bL(ω)bL(ω′)b†L(p1)b
†
L(p2)|∅〉 = δ(p2 − ω)δ(p1 − ω′) + δ(p2 − ω′)δ(p1 − ω),

(C.16)

so

P (LL|ω, ω′) =
1

2
|[ξLL(ω, ω

′) + ξLL(ω
′, ω)]|2. (C.17)

This is symmetric wrt. interchanging ω and ω′, as expected for co-propagating
photons. There is no "first" and "second" (unless we take into account temporal
displacement in out POVMs which we do not pursue here). The probability
that we measure two left-propagating photons with any frequency set is

P (LL) =
1

2

∫
dω dω′ |[ξLL(ω, ω

′) + ξLL(ω
′, ω)]|2. (C.18)

For two right-propagating photons the results look the same.

Next, we calculate the probability of measuring a left-propagating photon with
frequency ω and a right-propagating photon with frequency ω′.

P (LR|ω, ω′) = 〈ψ|πLR(ω, ω
′)|ψ〉 (C.19)

=

∫
dp′1 dp

′
2 ξ

∗
LR(p

′
1, p

′
2) 〈∅|bL(p′1)bR(p′2)b

†
L(ω)b

†
R(ω

′)|∅〉

×
∫

dp1 dp2 ξLR(p1, p2) 〈∅|bL(ω)bR(ω′)b†L(p1)b
†
R(p2)|∅〉

(C.20)

We use

〈∅|bL(p′1)bR(p′2)b
†
L(ω)b

†
R(ω

′)|∅〉 = δ(p′2 − ω′)δ(ω − p′1), (C.21)

〈∅|bL(ω)bR(ω′)b†L(p1)b
†
R(p2)|∅〉 = δ(p2 − ω′)δ(ω − p1). (C.22)
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We insert:

P (LR|ω, ω′) = |ξLR(ω, ω
′)|2. (C.23)

The probability of measuring a left and right-propagating photon with any fre-
quency is

P (LR) =

∫
dω dω′ |ξLR(ω, ω

′)|2. (C.24)

We see that the normalization requirement is fulfilled, i.e.

P (LL or RR or LR) = 1. (C.25)

C.2.1 Scattered output states

A general two-photon input state is

|ξin〉 = |ξRR〉RR + |ξLL〉LL + |ξLR〉LR (C.26)

=
∑

ν1≤ν2

∫
dk1 dk2 ξν1ν2

(k1, k2)b
†
ν1
(k1)b

†
ν2
(k2) |∅〉 , L < R, (C.27)

=

∫
dk1 dk2

[ co-propagating︷ ︸︸ ︷
ξRR(k1, k2)b

†
R(k1)b

†
R(k2) + ξLL(k1, k2)b

†
L(k1)b

†
L(k2)

+

counter-propagating︷ ︸︸ ︷
ξLR(k1, k2)b

†
L(k1)b

†
R(k2)

]
|∅〉

(C.28)

It is normalised such that

1 = 〈ξin|ξin〉 = RR 〈ξRR|ξRR〉RR + LL 〈ξLL|ξLL〉LL + LR 〈ξLR|ξLR〉LR (C.29)

=
1

2

∫
dk1 dk2

[
|ξRR(k1, k2) + ξRR(k2, k1)|2 + |ξLL(k1, k2) + ξLL(k2, k1)|2

]
+

∫
dk1 dk2 |ξLR(k1, k2)|2.

(C.30)
The general scattered state is

|ξout〉 = |ξ′RR〉RR + |ξ′LL〉LL + |ξ′LR〉LR (C.31)

=

∫
dp1 dp2

[ co-propagating︷ ︸︸ ︷
ξ′RR(p1, p2)b

†
R(p1)b

†
R(p2) + ξ′LL(p1, p2)b

†
L(p1)b

†
L(p2)

+

counter-propagating︷ ︸︸ ︷
ξ′LR(p1, p2)b

†
L(p1)b

†
R(p2)

]
|∅〉

(C.32)
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The input envelopes are transformed into the scattered envelopes according to

ξν1ν2
(k1, k2) −→ ξ′µ1,µ2

(p1, p2) =
∑

ν1≥ν2

∫
dk1 dk2 fµ1µ2

Sµ1µ2;ν1ν2

p1p2;k1k2
ξν1ν2

(k1, k2),

(C.33)

Here, fµ,ν takes into account the appropriate normalisation. It is defined as

fµ,ν =

{
1
2 , if µ=ν,
1, otherwise.

(C.34)

We write them explicitly for easy reference

ξ′RR(p1, p2) =
1

2

[
t(p1)t(p2)[ξRR(p1, p2) + ξRR(p2, p1)] + βRR;RR

p1p2

+ r′(p1)r
′(p2)[ξLL(p1, p2) + ξLL(p2, p1)] + βRR;LL

p1p2

+ r′(p1)t(p2)ξLR(p1, p2) + t(p1)r
′(p2)ξLR(p2, p1) + βRR;LR

p1p2

]
,

(C.35)

ξ′LL(p1, p2) =
1

2

[
r(p1)r(p2)[ξRR(p1, p2) + ξRR(p2, p1)] + βLL;RR

p1p2

+ t′(p1)t
′(p2)[ξLL(p1, p2) + ξLL(p2, p1)] + βLL;LL

p1p2

+ t′(p1)r(p2)ξLR(p1, p2) + r(p1)t
′(p2)ξLR(p2, p1) + βLL;LR

p1p2

]
,

(C.36)

ξ′LR(p1, p2) = r(p1)t(p2)[ξRR(p1, p2) + ξRR(p2, p1)] + βLR;RR
p1p2

+ t′(p1)r
′(p2)[ξLL(p1, p2) + ξLL(p2, p1)] + βLR;LL

p1p2

+ t′(p1)t(p2)ξLR(p1, p2) + r(p1)r
′(p2)ξLR(p2, p1) + βLR;LR

p1p2
,

(C.37)

The non-linear term, β, is given by

βµ1µ2;ν1ν2
p1p2

=

∫
dk Bµ1µ2;ν1ν2

p1p2
(k)ξν1ν2(k, p1 + p2 − k), (C.38)

We have assumed the S-matrix has the form

Sµ1µ2;ν1ν2

p1p2;k1k2
= Sµ1;ν1

p1;k1
Sµ2;ν2

p2;k2
+ Sµ1;ν2

p1;k2
Sµ2;ν1

p2;k1
+Bµ1µ2;ν1ν2

p1p2;k1k2
. (C.39)
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C.3 Two-photon output spectra for a counter-
propagating input state

The output spectra for a counter-propagating input state is plotted in Fig. C.1
and Fig. C.2 in case of a waveguide coupled to a TLE and a cavity, respectively.

(a) (b)(   )

Figure C.1: TLE counter-propagating input (a) σ = 0.2Γ, 0.77Γ, 2.5,
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(a) (b)(   )

Figure C.2: CAV counter-propagating input (a) σ = 0.2Γ, 0.77Γ, 2.5,
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Appendix D
Hamiltonian description for of

waveguide with a partially
transmitting element

In this appendix, we determine the Hamiltonian contribution to a partially
transmitting element. For simplicity, we ignore here any coupling to a localized
quantum system. The starting point is a Hamiltonian similar to Eq. (A.1). The
difference here (other than K = 0) is that we assume one of the nearest neigh-
bour interaction coefficients are different from the others (see this illustrated in
Fig. 5.2(b)). The Hamiltonian is

H =

n∑
j=−n

εb†jbj −
n∑

j=−n

(
Jb†jbj+1 + h.c.

)
−
(
(J0 − J)b†0b1 + h.c.

)
. (D.1)

The Transmission probability versus J0 is plotted in Fig. D.1.

We insert the Fourier description for the waveguide operators (Eq. (A.2)) and
find (assuming J ∈ R)

H =

∫ π

−π

dκ ω(κ)b†(κ)b(κ)− (J0 − J)

∫ π

−π

dκdκ′

2π
b†(κ)b(κ′)

(
eiκ

′
+ h.c.

)
.

(D.2)
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element

Figure D.1: Transmission probability versus PTE strength for the
chain of harmonic oscillators. The transmission probability has been
calculated for a Gaussian enveloped single-photon wavepacket.

We approximate this with

H =
∑

µ=L,R

∫ ∞

−∞
dω ωb†µ(ω)bµ(ω) +

(
V

∫
dω√
2π

∫
dω′
√
2π
b†L(ω)bR(ω

′) + h.c.

)
,

(D.3)

With this Hamiltonian, we know that the single-photon transmission probability
for a single photon is (Eq. (5.6))

Prtrans =
(1− (V/2)2)2

(1 + (V/2)2)2
. (D.4)

We can show numerically that the relation between V and J0 is∗

V = 2
1− J0/J

1 + J0/J
. (D.5)

∗If we plot Eq. (D.4) versus J0 we find an exact fit to the line in Fig. D.2. The analytical
proof is left as an exercise for the reader.
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