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Abstract
The new era of the smart world is coming, with urgent requirements for advanced
information sensing technologies for applications ranging from intelligent manufac-
turing, autonomous vehicles and environment monitoring to disease diagnostic and
smart home. Sensing technology using light, especially with the mid-infrared wave-
lengths from 2 µm to 10 µm which overlaps the spectral signature of the majority
chemical bonds, can provide real-time and precise detection and analysis of the ob-
jects, including the chemical components or the dynamic positions. Many applications
involving optical sensing, like spectroscopy or imaging, require coherent and broad-
band light sources. One way of generating a broadband spectrum is supercontinuum
generation (SC). A supercontinuum is generated by the extreme nonlinear interac-
tions between a pump laser and the nonlinear medium, it is known as a white laser
because of its broad spectral bandwidth, high coherence and high intensity. While
supercontinuum generation has been intensively researched in bulk media and fibers
for many years, the generation of a supercontinuum in waveguides on a chip may be
preferred in many applications for the sake of low cost, small instrument volume and
low power consumption. However, although many on-chip nonlinear waveguides have
been developed for supercontinuum generation, most of them are operating in the
near infrared wavelengths, and it is still challenging to extend the source to the mid-
infrared (MIR). This challenge is mostly because of the lack of a versatile nonlinear
waveguide platform, which can confine light enough at long wavelengths and have low
loss.

This thesis presents a study of supercontinuum generation in on-chip waveguides.
The main focus is spectral broadening towards the MIR beyond 3 µm, while pump-
ing at near infrared (NIR) wavelengths. Supercontinuum in waveguides with both
quadratic and cubic nonlinearity has been explored. A single-mode nonlinear analyti-
cal envelope equation (NAEE) in a quasi-phase-matched (QPM) waveguide has been
derived as the mathematical model of spectral broadening by cascading quadratic
nonlinearity joint with cubic nonlinearities. The supercontinuum generation, with
solitons formed in the normal dispersion regime by a negative total Kerr-like non-
linearity, phase matching to four-wave-mixing (FWM), as well as three-wave-mixing
(TWM) dispersive waves (DW), is presented, with experimental and numerical re-
sults in on-chip periodically poled lithium niobate (PPLN) waveguides. By poling
the waveguides with different periods, several different quasi-phase-matching (QPM)
conditions have been explored and different-frequency-generation (DFG) dispersive
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waves have been achieved in MIR from 4 to 4.6 µm, when pumped with a commercial
mode-locked fiber laser. Additionally, numerical investigations on the supercontin-
uum generated with the cascading quadratic nonlinearity find DFG DWs to have low
noise. The tunability and high coherence of the DFG DW makes it a good candidate
for various applications.

We have also achieved and investigated supercontinuum generation in nano-fabricated
TiO2 waveguides with both all-normal dispersion (ANDi) and anomalous dispersion
for a broad wavelength range around the pump wavelength (1550 nm). One octave-
spanning supercontinuum has been realized in both cases. In the all-normal-dispersion
waveguides, a supercontinuum with very flat spectrum has been observed. Further-
more, since the spectral broadening is caused by purely coherent self-phase modu-
lation (SPM) and optical wave breaking (OWB), the supercontinuum generated in
the ANDi waveguides shows high coherence and intensity stability. With the results
demonstrated in this thesis, it is envisioned that, if fabrication breakthrough could
enable stronger confinement at MIR wavelengths, this TiO2 nonlinear waveguide plat-
form could generate on-chip supercontinuum above 3 µm and find applications in the
areas mentioned in the head of this abstract.

Hopefully, this thesis can inspire future work on on-chip, high quality supercontin-
uum generation covering the MIR, by using advanced cascading nonlinear effects and
novel or improved nonlinear waveguide platforms.



Dansk resumé
En ny æra af smart verdens teknologi er på vej, og det medfører et pressende krav på
advancerede information sensor teknologi, med anvendelser lige fra intelligent fabrika-
tion, selvkørerende biler og miljø overvågning til sygdoms diagnostisering og smart
hjem. Sensor teknologi der bruger lys, specielt mid infrarøde bølgelængder fra 2 µm
to 10 µm, som overlapper med de spektrale signaturer af størstedelen af de kemiske
bindinger, kan muliggøre realtid præcisions måling og analyse of objekter, inklusiv
dets kemiske komponenter eller dynamiske position. Mange anvendelser som bruger
optiske sensorer, såsom spektroskopi eller billeddannelser, kræver en koherent og bred-
båndet lyskilde. En måde at generere et bredbånds spektrum på er superkontinuum
generation. Et superkontinuum bliver dannet ved ekstremt ikke lineære interaktioner,
mellem en pumpe laser og det ikke lineære medium, dette er også kendt som en hvid
laser, pågrund af dens bredde spektrale båndbredde, højre koherens og høje intensitet.
Selvom superkontinuum generation har været forsket i intents i bulk medium eller
fiber i mange år, kan superkontinuum i en bølgeleder på en chip være at foretrække
i mange anvendelser, pågrund af lave priser, lille instrument størrelse og lav energi
forbrug. Selvom mange på chip ikke lineære bølgeleder er blevet udviklet til superkon-
tinuum generation, opererer de fleste af dem i de nær infrarøde bølgelængder. Det
er stadig udfordrene at udvidede lyskilde til det mid infrarøde. Denne udfordring er
hovedsageligt pågrund af en manglende alsidig ikke lineære bølgeleder platform, som
kan fastholde lys ved lange nok bølgelængder have et lavt tab.

I denne afhandling præsenteres et studie af superkontinuum generation i bølgeleder
på chip. Hoved fokuset er spektralt forbredning imod mid infrarøds region over 3 µm,
imens der pumpes i nør infrarøds regionen. Superkontinuum is bølgelederer med både
kvadratisk og kubisk ikke lineæritet blev undersøgt. En enkelt tilstand ikke lineære
analytisk konvolut ligning i en næsten fase tilpassede bølgeleder er blevet udledt
som matematisk model for den spektrale forbredning, ved brug af kvadratisk ikke
lineæritet sammensat med kubisk ikke lineæritet. Superkontinuum generation, med
solitoner som er formet i det normale sprednings regime, på grund af en negativ total
Kerr lignende ikke lineæritet, og fase tilpasning til fire bølgeblandning såvel som tre
bølgeblandings spredende bølger er presenteret, med eksperimentiel og numeriske re-
sultater i på chip periodiske polet lithium niobate bølgelederer. Ved at pole bølgeled-
erne med forskellige perioder, kan flere forskellige næsten fase tilpassede tilstande
undersøges, og difference frekvens generation (DFG) spredningsbølger er opnået i det
mid infrarøde fra 4 til 4.6 µm, når der pumpes med en kommerciel tilstandslåst fiber
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laser. Udover dette, viser numeriske undersøgelser at superkontinuum genereret med
kaskadende kvadratisk ikke lineæritet at DFG spredningsbølger har lav støj. Juster-
barheden og deres gode koherens gør DFG spredningsbølger til en god kandidat for
forskellige anvendelser.

Vi har desuden lavet bredt superkontinuum i nano fabrikerede TiO2 bølgeleder,
med både total normal spredning og uregelmæssig spredning, der er pumpet med
en laser bølgelængde på 1550 nm. Et oktav udspændende superkontinuum er blevet
realiseret i begge situationer. I den totalt normale sprednings bølgeleder, observeres
et superkontinuum med et meget fladt spektrum. Desuden, da den spektrale forbred-
ning er forårsaget af fuldstændigt koherent selv fase modulering og optisk bølge bryd-
ning, viser disse bølgelederer høj koherens og intensitets stabilitet. Med resultateterne
fra denne afhandling, er det visionen, at der med tilstrækkelige gennembrud indefor
fremstilling af bølgelederne, der muliggøre fastholdelsen af bølgelængder i det mid
infrarøde, kan denne TiO2 ikke lineære bølgeleder platform genererer superkontin-
uum over µm and få anvendelser i områderne som er nævnt i starten af resumet.
Håber er at denne afhandling vil inspirerer til fremtidigt at arbejde med chip baseret
høj kvalitet superkontinuum der dækker det mid infrarøde, ved hjælp af avancerede
kaskede ikke lineære effekt og nye eller forbedrede ikke lineære bølgeleder platforme.
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Glossary
ANDi All-Normal Dispersion.

Cr chromium.
CWE Coupled Wave Equation.

DFG Difference Frequency Generation.
DTU Technical University of Denmark.
DW Dispersive Wave.

FDTD Finite difference time domain.
FEMTO-ST Franche-Comté Electronics Mechanics Thermal

Science and Optics – Sciences and Technologies.
FW Fundamental Wave.
FWM Four Wave Mixing.

GNLSE Generalized Nonlinear Schröedinger Equation.
GVD Group Velocity Dispersion.

HOM High Order Mode.
HWP Half-wave Plate.

ICP inductively coupled plasma.
IR Infrared.

LN Lithium Niobate.
LT Lithium Tantalate.

MI Modulation Instability.
MIR Mid-Infrared.

NAEE Nonlinear Analytical Envelope Equation.
ND Neutral Density Filter.
NIR Mid-Infrared.
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NLS-like equation Nonlinear Schrödinger like Equation.
NLSE Nonlinear Schröedinger Equation.

O2, Oxygen.
OCT Optical Coherence Tomography.
OPA Optical Parametric Amplifiers.
OPO Optical Parametric Oscillator.
OSA Optical Spectrum Analyzers.
OWB Optical Wave Breaking.

Ph.D. Doctor of Philosophy.
PM parabolic mirror.
PPLN Periodically Poled Lithium Niobate.
PSD Power Spectral Density.

QN Quantum Noise.
QPM Quasi Phase Matching.

RIN Relative Intensity Noise.
RR Resonance Radiation.

SC Supercontinuum.
SCG Supercontinuum Generation.
SEM scanning electron microscope.
SEWA Slowly-evolving wave approximation.
SFG Sum Frequency Generation.
SH Second Harmonic.
SHG Second Harmonic Generation.
SNR Signal to Noise Ratio.
SOI Silicon on insulator.
SPM Self Phase Modulation.
SRS Stimulated Raman Scattering.
SVEA Slowly Varying Envelope Approximation.
SVSAA Slowly Varying Spectral Amplitude Approxima-

tion.

TiO2 Titanium dioxide.
TUT Tampere University of Technology.
TWM Three Wave Mixing.

UPPE Unidirectional Pulse Propagation Equation.
UV Ultraviolet.

WDM Wavelength Division Multiplexing.
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CHAPTER1
Introduction

1.1 Thesis motivation
Beyond the visible range, the electromagnetic wave with longer wavelength than red
but shorter than microwaves are called infrared (IR) light, which was firstly discovered
by Sir Fredrick William Herschel in 1800, when he was measuring heat of different
colors [1]. Specifically, infrared light are radiations with wavelength in the range of
0.7 nm to 1 mm. The IR spectrum can be divided into three parts as a commonly
used sub-division: the near-infrared (NIR) range from 0.7 nm to 3 µm, mid-infrared
(MIR) 3 µm to 8 µm, and far-infrared (8 µm to 1000 µm) [2].

Gradually, with the study insights into light-matter interactions, it was observed
that within the wavelength range from 2 to 10 µm, many important organic and
inorganic chemicals show clear characteristic fingerprint absorption spectrum [3, 4].
For example, stretching vibration spectra of C-O, H-H, O-H and N-H bonds are
presenting in the range of 2.5 µm to 3.5 µm [5–7] , while C = C, C ≡ C, and
other functional groups like -NH3 -COH and -COOH have unique signatures in the
range of 4 to 10 µm, where the bending modes show up as spectral lines [8–12]. This
characteristics enables the chemical components to be recognized. Therefore, objects
can be detected by MIR light covers from simple gases like NO, CO2 to complex
biological tissues and components like lipids, protein and even DNA with various
spectroscopy techniques [13–18].

Meanwhile, MIR light also can be used in advanced imaging techniques. Even
though MIR light has longer wavelength, which will reduce the lateral resolution of the
optical imaging system than visible light or UV light, it has better penetration ability
in many materials, making it possible to take image deeper inside of tissues, that
can also be used in reflecting imaging technique [19]. For example, optical coherence
tomography (OCT), which was invented for retina detection and now has been widely
used in real-time, non-invasive, and non-contact detection, with mid-IR light source,
can be used in more occasions [20, 21], like highly scattering samples such as fibre
reinforced polymers and ceramics [22]. Moreover, MIR light in the range of 3 to 5 µm
has good transmission through the earth atmosphere, indicating high environmental
adaptability, promoting the applications in extreme weather conditions or in offshore
works [23–25].

With the same light source, those MIR optical imaging system combining with the
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precise spectroscopy technique mentioned before can achieve a multi-modal measure-
ment system accruing material components information and 3D spatial distribution
at the same time [26].

Thus, MIR light has large potential in scientific research from monitoring chemical
reaction and biological behavior [27–30] to outer space exploring [31, 32], as well
as defense techniques like submarine tracking or anti-missile system [33–36], civilian
activities from environment monitoring [37], agriculture [38, 39], food industry [40,
41], pharmaceutical industry [42, 43], artwork authenticating [44, 45] to archaeology
study [46].

In recent years, with the requirement of intelligent industrial fabrication, smart
lab, early disease diagnosis, the efficient on-chip gas, molecule and bio-agent detec-
tion gained more and more attention. Combining with advanced techniques including
data processing and Internet of Things (IoT), many new exciting applications can
be realized with compact MIR devices, like high sensitiveness and fast responding
atmospheric monitoring in factories [47], smart farms [48], smart home facilities [49,
50] and cheap and remote health monitor with detection of bio-markers in early stage
of disease [51, 52].

However, those MIR applications are limited because of lack of key integrated
building blocks like light sources, modulators, and detectors and restricts on materials
[53]. For example, to excite the vibration modes of chemical compounds, coherent,
ultra broadband, high intensity light source is required.

Supercontinuum generation (SCG) is an important way to realize broadband and
coherent light source, which is produced due to extreme nonlinear process of incident
light in propagating material. Due to the sufficient bandwidth and good pulse-to-
pulse coherence, supercontinuum laser sources can be widely applicable for spec-
troscopy [54, 55], optical meteorology [56], biomedical sensing [57, 58], fluorescence
microscopy [59], optical coherence tomography [60], photoacoustic microscopy [61]
etc.

SCG was first reported by Alfano and Shapiro, who generated spectrum covering
whole visible spectra by the interaction of picosecond pulse with bulk BK7 glass [62].
Later on, various studies on the physics behind this phenomena have been investi-
gated, and many applications of SC generated with bulk media had been carried out
[63]. However, SC generation in bulk media is a complex process, requiring the cou-
pling between time and spatial and avoiding filamentation [64]. Thus, driven by the
development of telecommunications in the 90s, the study of supercontinuum moved
to nonlinear, low-loss optical fibers, in which SC generation is a simpler process that
only involves temporal reaction of confined modes, thus much easier comparing to
bulk media. Meanwhile, optical fibers can provide longer interaction length since the
diffraction is limited and stronger nonlinear interactions because of smaller mode area,
making them to require much lower power level [65]. In the last thirty years, super-
continuum generation with optical fibers have been intensively studied and utilized in
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many applications, especially that in photonic crystal fibers. The physics behind the
process, such as self phase modulation (SPM), soliton fission, dispersive wave (DW)
generation, modulation instability (MI) and stimulated Raman shift (SRS), have also
been experimentally verified and modeled [64].

In recent years, with the development of integrated photonics, especially the Silicon
on insulator (SOI) integrated photonic platforms, efficient, chip-level supercontinuum
devices gain more and more attention [66]. Comparing to optical fibers, chip-level
waveguides, which are normally in micro or sub-micro meter scale, provide stronger
confinement of optical modes, which enhances the nonlinear interactions by the en-
largement of the field intensity. Meanwhile, in this size, the group velocity dispersion
(GVD) of the waveguide turns to be very sensitive to waveguide cross sections, sup-
porting tailored supercontinuum generation. Therefore, the low pump peak power
requirement, smaller effective mode area, higher nonlinearity and flexibility in disper-
sion engineering of chip-waveguide make it applicable in on-chip frequency meteorol-
ogy [67], integrated spectroscopy [68, 69], optical signal processing [70], etc.

However, when the spectrum extends to MIR, the small dimension of those nano-
fabricated waveguides limits the confinement of optical mode for longer wavelength,
restricting the energy conversion to MIR in on-chip waveguides. Besides, the conven-
tional optical materials like silicon, oxide glasses or polymers exhibit high losses in
the MIR region, MIR waveguides are usually made by materials like hard-fabricated
germanium [71], high-cost and toxic iii−v materials and chalcogenides [72], or halide
crystals [73]. Meanwhile, since MIR lights have lower photon energy, the MIR lasers
are usually more thermally sensitive than lasers in NIR or visible range. Therefore,
there is still a lack of stable, pulsed MIR laser sources at room temperature [74–76]
to generate SC directly in MIR range. Thus accessing the mid-IR region using stan-
dard telecommunication pump sources turns to be an economic and convenient choice.
Recent attempts of generating SC to MIR by 1550-nm laser in optical fibers with in-
amplifier and cascaded pumping have been easily achieved, because of the high power
threshold, low propagation loss inside the fibers and low coupling loss between two
fibers [77–79]. However, this technique is restricted for on-chip waveguides because
of the low damage threshold and difficulties to hybrid passive waveguides with active
devices. Therefore, it is still a big challenge for mid-IR SCG with direct NIR pumping
in chip-scale waveguides.

1.2 Project background
In the 1970s, spectral broadening has been observed in quadratic nonlinear crys-
tals without strict phase matching conditions [80]. Traditionally, quadratic nonlinear
crystals are always used in three wave mixing (TWM) frequency conversions, such as
second harmonic generation (SHG) [81], or sum frequency generation (SFG) and dif-
ference frequency generation (DFG). Furthermore they are also essential components
of optical parametric oscillators (OPO) and optical parametric amplifiers (OPA) [82],
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where a tunable emission over a broad wavelength range can be obtained by tuning
crystal angle to get strict phase matched and adjusting the distance of resonator. Since
different frequencies have different propagation constants and the phase of newly gen-
erated frequencies are only dependent on the phase of pump photons, those paramet-
ric processes require critical phase matching condition [83] or quasi phase matching
(QPM) condition [84] to ensure the phase of newly generated photons are consistent
with the interacting fields, thereby preventing energy back conversion from newly
generated frequencies [85].

When the second harmonic (SH) frequency is phase-mismatched from fundamen-
tal wave (FW) frequency, during the propagation, SH photons are produced from
FW continuously and propagating with a different propagation constant from FW.
The newly generated SH photons carry same phase with the ’mother’ FW at that
moment. When the phase difference between newly generated SH photons and the
old generated SH photons reaches π after propagating some distance, the currently
generated SH wave experiences destructive interference with the SHG waves gener-
ated previously with an energy transferring back to the fundamental wave. Therefore,
rather than continuously converting to new frequencies, the power transfers from
the pump frequency to its SH back and forth periodically during propagation under
phase mismatching condition. In this process of energy back-converting to FW, the
back-converted FW signal originating from the old generated second harmonic expe-
riences a different propagation constant (the propagation constant of SH frequency),
thus carrying a different phase from the unconverted pump, and bring a small phase
shift relative to the pump. As a result, when the newly generated pump photons com-
bine with the unconverted pump photons coherently, the phase of the pump becomes
slightly modified. The increase or decrease of the phase is dependent on the sign of
the phase mismatch parameter. If the propagation distance of the SHG conversion in
this process is small compared to the device length (the case of large phase mismatch),
the energy convertion process between FW and SH repeats periodically, therefore,it
is called the cascaded process [86], resulting a linearly accumulation of phase shift
along the propagation.

The phase modulation from cascaded processes is also linearly dependent with peak
power, showing similar characteristics as self-phase modulation from the Kerr effect.
Therefore, it is also called Kerr-like effect [87]. And due to the phase modulation,
new frequencies can be generated, broadening the spectrum of incident pump laser
[88]. Thus, in materials with both χ(2) and χ(3) nonlinearities, the effective nonlinear
self-phase modulation is the joint effect of cascaded quadratic nonlinearity and con-
ventional four-wave-mixing (FWM) Kerr effect. More importantly, the strength and
sign of cascading quadratic nonlinearity can be tuned by the phase mismatching pa-
rameter [89]. When the phase mismatching parameter is negative, the Kerr-effect will
be enhanced by the positive cascaded quadratic nonlinearity. But, when the phase
mismatching parameter is positive, cascading quadratic nonlinearity turns to be neg-
ative. When it can counterbalance with the conventional cubic Kerr effect nonlinear
strength, the effective Kerr nonlinearity will be a negative value, which means that
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the refractive index including the nonlinear index has a negative relation with in-
tensity spatial distribution n(x, y) = n0 − |n2|I(x, y). Therefore, on the contrary of
beam self focusing induced by Kerr effect that refractive index has positive relation
n(x, y) = n0 + n2I(x, y), the incident beam shows self-defocusing with the negative
total nonlinearity.

Later on, the study of cascaded quadratic nonlinearity is mainly promoted by ultra
fast pulse compression [90–98] and all optical signal processing for WDM because of
the lower noise of DFG [99, 100]. During the study of pulse compression with cascading
nonlinearity, the surprisingly broadening of spectra has been observed [101–103].

In fact, the above mentioned tunability of the total nonlinearity is a big advantage
of supercontinuum generation with cascading quadratic nonlinearity. When the Kerr
effect is enhanced by positive cascaded quadratic nonlinearity, the peak power re-
quirement is lower because of the higher nonlinear strength. When total nonlinearity
is negative, the self-defocusing phenomena can reduce the risk of filamentary damage,
which happens when the incident local intensity is extremely high and ionized the
nonlinear material [104].

Meanwhile, like soliton generation with SPM in anomalous dispersion regime, soli-
tons with self-defocusing nonlinearity also can be generated in normal dispersion
regime in quadratic nonlinear crystals. The SPM-induced spectral broadening in early
stage of soliton formation and the interaction between solitons after soliton fission, as
well as the SPM resonance radiation (RR) waves when the broadening extend cross
the zero dispersion wavelength (ZDW), give rise to efficient and broadband SCG [105].

In bulk media, SC with cascaded quadratic nonlinearity has been successfully gen-
erated in KDP and BBO [101, 106]. In the study of SC generation in BBO, researchers
realized that, except the spectrum copy at shorter wavelength by SHG, soliton gen-
erated in normal dispersion range also leak its energies to SPM dispersive wave in
anomalous dispersion regime, which is in longer wavelength normally, permitting the
spectrum broaden to MIR. Subsequently, a supercontinuum spanning from 0.9 µm
to 4 µm has been achieved in LN crystal in DTU but with an expensive solid-state
OPA pumped with extreme high peak power [107].

For Lithium Niobate (LN) material, periodically poled technique is usually em-
ployed to achieve quasi-phase-matching (QPM) for SH or sum-and different frequency
generation [108]. This technique has also been found to tune the sign or strength of the
cascading nonlinearity by modifying the effective phase mismatching parameter [95,
109]. More importantly, in quadratic media, QPM can be used to control the three-
wave-mixing (TWM) dispersive waves (DW). In [110], tunable SFG dispersive wave
between pump and SH and DFG dispersive wave in the range of 4.2 µm to 5.5 µm
have been experimentally achieved in PPLN crystal and explained by phase-matching
conditions.

In the mean time, to conquer the spatial diffraction in quadratic crystals and reduce
the power requirement, a series of study on supercontinuum generation and frequency



6 1 Introduction

comb in quadratic nonlinear waveguides have been applied [111–114]. In contrast to
high power solid-state lasers using in SCG in bulk media, commercial mode lock laser
or even continuous pump can be used here because the confinement of modes rises
nonlinear interactions.

However, neither the annealed proton exchange (APE) LN waveguides [114], non
the reverse proton exchange (RPE) [111] could confine optical mode beyond 2.5 µm,
the potential of LN in MIR cannot be released. Therefore, Lithium Niobate waveguide
fabricated by wafer bonding technique has been utilized and 3 µm DFG has been
realized in [115].

With the ongoing of this project, SC has been generated and MIR DFG dispersive
waves also have been observed in this LN/LT wafer bonding waveguide [116], However,
because of the small index contrast between LN ridge and LT substrate(∆n < 0.2),
waveguides with LN directly bonded on LT usually have very large cross sections(>
12 µm) to avoid mode leak to substrate in longer wavelength. Thus the dispersion
engineering with this structure is limited. Nowadays, the commerical LN waveguides
are fabricated by LN-glass-metal-Si wafer [117, 118]. The high index contrast between
LN (around 2 at 4.5 µm) and SiO2 (around 1.4 at 4.5 µm) substrate can still con-
fine optical modes above 4.5 µm, while Si bottom provide the support of the whole
structure. The metal layer between SiO2 and Si substrate is used to combine this
two material together, also providing a forbidden layer for optical modes. This is be-
cause even though the MIR light is leaked to SiO2 substrate, it still can propagate as
plasmonic mode on the interface of SiO2 and metal.

Additionally, during this project, thin-film LN-on-Insulate achieved a big break-
through of etching. After conquering the residual problem on side walls, with the
advanced dry etching technique, the ridge waveguides on SiO2 substrate have been
successfully fabricated with very low loss (3 dB/m) in NIR [119]. SC generation in
this thin-film waveguides are also studied in Harvard and Yale groups [120–123]. The
very recent work by M. Yu veryfied that SC spanning from 0.35 µm to 4.1 µm can
be generated by thin-film waveguides. However, the optical modes in MIR still have
large propagation loss because of the large mode ratio in lossy SiO2 substrates.

Similar to LN, the wafer-bonding idea can also be used in other mid-IR nonlinear
crystals, which are transparent in major parts of the mid-IR until 9 µm and can be
used in similar way when it is pumped in the mid-IR. For example, a bulk LiInS2
mid-IR crystal has generated a SC from 2-6 µm [124] and could be used for on-chip
MIR SC generation.

1.3 Project overview
Therefore, based on above motivation and backgrounds, we propose the project ”On-
chip supercontinuum generation towards MIR”. The idea is to transplant the expe-
rience of generating SC in PPLN bulk media to PPLN ridge waveguides, which can
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provide confinement of optical modes to 5 µm with higher index contrast, aiming of
SC generation to MIR and tunable DFG beyond the range of spectral broadening in
the range of 4 to 5 µm.

Since the PPLN waveguides have very large cross section and are not sensitive to
dispersion engineering by waveguide dimension, the study also include an exploration
of SC generation in amorphous TiO2 waveguide, which is an advanced CMOS com-
patible nano-fabricated waveguides. In this waveguide, SC with different scheme has
been studied.

Apart from the spectral broadening, in order to utilize the generated supercontin-
uum in optical sensors, the coherence and spectral intensity stability are the important
considerations for spectroscopy or imaging. Therefore, the quantum noise (QN) and
relative intensity noise (RIN) of the broadened spectra are also numerically studied
and analyzed.

The project which lead to this thesis has received funding from the European
Union’s Horizon 2020 research and innovation program under the Marie Skłodowska-
Curie grant “SUPUVIR” with the grant agreement No 722380.

According to the proposal (ID 722380) submitted to the European Commission,
the abstract of the project is

“SUPercontinuum broadband light sources covering UV to IR applications
(SUPUVIR) will combine the efforts of 6 academic and 4 non-academic
beneficiaries to train 15 ESRs for the growing industry within SC broad-
band light sources, giving them extensive knowledge in silica and soft-glass
chemistry, preform design and fibre drawing, linear and nonlinear fibre and
waveguide characterisation, nonlinear fibre optics, SC modelling, SC sys-
tem design, patent protection, and in-depth knowledge of a broad range
of the main applications of SC high-power broadband light sources. The
strong blend of academic and non-academic sectors in the consortium will
give the ESRs a unique chance to develop a wide set of technical and
transferrable skills, thus preparing them for long-time employment in the
sector (academic or industry).

Scientifically, SUPUVIR aims at solving current challenges preventing SC
light sources from taking over key market shares or from being used for
cutting-edge research. Specifically, the objectives are to reduce noise and
increase pulse energy of SC modules, as well as investigate SC generation
in emerging wavelength regimes (UV and mid-IR) including fabrication
of novel fibres and waveguides, and finally using SC sources for appli-
cations as to gain valuable knowledge of application requirements. This
research and development will give improved SC sources and SC spectra
enabling new science and applications for optical imaging, spectroscopy,
sensing and control, e.g. optical coherence tomography, IR multimodal
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spectroscopy, confocal and fluorescence microscopy, photoacoustic imag-
ing and food quality control.”[125]

Within the framework of the SUPUVIR project, the objectives of the current thesis
are:

∗ To generate mid-IR SC by exploiting negative nonlinearity solitons (“negatons”)
in mid-IR transparent quadratic nonlinear waveguides, especially LN.

∗ To investigate the customized spectrum generation with quasi-phase matching
(QPM).

The majority of the work carried out during this thesis was conducted at DTU Fo-
tonik, Department of Photonics Engineering at the Technical University of Denmark
in Lyngby, in collaboration with FEMTO-ST (partner organisation) in Besancon,
France and Tampere University of Technology (partner organisation) in Tampere.
The details of the secondments are given below:

∗ FEMTO-ST, France
Supervisors: Thibaut Sylvestre
Duration: 25-02-2019 to 10-03-2019
Activity: Pump the PPLN waveguides by ps laser, no significant
broadening was observed.

∗ Tampere University of Technology, Finland
Supervisors: Goery Genty
Duration: 14-01-2019 to 27-01-2019
Activity:Pump the PPLN waveguides by 350fs OPA, the pulse broad-
ening of 700 nm has been achieved with 80 kW peak power incidence.

1.4 Thesis outline
The thesis consists of the main results obtained during this Ph.D. study. The thesis
is primarily divided into five chapters.

∗ Chapter 1 presents the motivation of the current thesis, the background of χ(2)

cascading nonlinearity study, the overview of the project which secured funding
for this thesis, the outline of the thesis, as well as the dissemination activities,
resulted during the course of this Ph.D. study.

∗ Chapter 2 is specifically aimed to provide the necessary theoretical concepts of
the current thesis and detailed introduction of the mathematical model about
the SC generation phenomena that has been experimentally achieved in the
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latter parts of the thesis. The chapter, therefore, summarises waveguide theory,
mathematical models of pulse propagation in waveguides with both quadratic
and cubic nonlinearity and soliton generation.

∗ Chapter 3 details the SC generation in a series of PPLN waveguides with fs
laser. Generation of different part of the spectra has been theoretically analyzed
and experimentally approved. Also the stability of the generated SC has been
numerically studied.

∗ Chapter 4 describes the generation and characterisation of SC in nanofabri-
cated waveguides in two different schemes, namely: soliton with dispersive wave
generation; and pure SPM broadening. Followed by the experimental explo-
ration and numerical study of waveguides with different dispersion character,
including the numerical noise study of SC generation in these two ways has been
illustrated.

∗ Chapter 5 gives the conclusions of the work presented in this thesis, followed
by an outlook on the different possibilities that could generate low noise, tun-
able supercontinuum towards MIR based on some advanced nano-fabrication
techniques.

1.5 Dissemination activities in the scope of the thesis
The work carried out during the course of this Ph.D. project has resulted in several
peer-reviewed journal publications and conference contributions (both peer-reviewed
proceedings and presentations).

Peer-reviewed journal publications

I. Gaoyuan Li, Yi Zheng, and Xiaowei Guan. ”TiO2 microring resonators with
high Q and compact footprint fabricated by a bottom-up method.” Optics Let-
ters, 45(18), 5012-5015, 2020.
DOI: 10.1364/OL.400644

Peer-reviewed conference proceedings

I. Meicheng Fu, Gaoyuan Li, Yi Zheng, and Xiaowei Guan. ”TiO2 Integrated Non-
linear Photonics” Invited paper for ACP/IPOC2020, 2020.
Paper T4D.3

Conference contribution
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I. Gaoyuan Li, Yi Zheng, Meicheng Fu, Peter Uhd Jepsen, Lars Hagedorn Frand-
sen, and Xiaowei Guan.”Supercontinuum generation in amorphous TiO2 waveg-
uides.” In 2019 SPIE/COS Photonics Asia. 2019.

Publications in progress

I. Gaoyuan Li, Morten Bache, and Ole Bang. ”Noise study of supercontinuum
generation in quadratic nonlinear waveguide”.

II. Gaoyuan Li, Yi Zheng, Hao Hu, Minhao Pu, Leif K.Oxenløwe, Morten Bache,
Peter Uhd Jepsen, Ole Bang and Xiaowei Guan. ”Octave spanning supercontin-
uum generation in amorphous TiO2 waveguides with anormalous or all-normal
dispersion”.



CHAPTER2
Numerical models

2.1 Introduction
In this chapter, several models for pulse propagation inside waveguides have been in-
troduced. Conventionally, supercontinuum generation in nonlinear fiber and other
waveguides with cubic nonlinearity are simulated using the generalized nonlinear
Schrödinger equation (GNLSE), which has been derived in detail in [126] and modi-
fied with better accuracy in [127]. However, even though GNLSE can simulate various
nonlinear effects including Kerr effect and Raman effect and has been regarded as a
standard tool to predict the spectrum broadening of a pulse propagating in nonlinear
waveguides, it is restricted when simulating supercontinuum generation in waveg-
uides with quadratic nonlinearity, or when the spectral broadening extends to higher
harmonics [128].

That is because, firstly, GNLSE is generated under slowly varying envelope approx-
imation (SVEA), where the spectral extension should be much smaller than the center
frequency [129]. Secondly, quadratic nonlinear effects, namely second harmonic gen-
eration (SHG), sum frequency generation (SFG) and difference frequency generation
(DFG) are not included. The exact nonlinear effects can be simulated by high resolu-
tion Maxwell’s equations with detailed material response model [130], which usually
takes Finite difference time domain (FDTD) [131–133] method and is computational
expensive [134]. Therefore, to express the pulse propagation in highly nonlinear waveg-
uides when it extends to higher harmonics, unidirectional pulse propagation equation
(UPPE) [135] with analytical envelope under slowly varying spectral amplitude ap-
proximation (SVSAA) [136] has been developed to simulate pulse evolution when it
compressed to a single cycle pulse. A good review of this model based on nonlinear
envelope can be referred to [137].

In the early years of 2010s, the nonlinear envelope equation for analytical signal
from UPPE has been derived in bulk media with quadratic and cubic nonlinearities
respectively in [138, 139]. Later, a generalized model to simulate ultra-broad band
spectrum in waveguide with analytical signal is also developed and experimentally
validated in quasi-phase-matched (QPM) waveguides, with multiple guided modes
and both quadratic and cubic nonlinearities by Phillips et al. [111].

In this chapter, we followed the standard techniques to derive nonlinear analytical
envelope equation (NAEE) model in waveguide with quadratic and cubic nonlinear-
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ities of a single mode by evaluating the main steps and pointing out the major ap-
proximations in this model. We start from forward propagation equation of a single
mode in waveguide with χ(2) and χ(3) nonlinearities in frequency domain. Then the
nonlinear polarizations for second and third order nonlinearities of a single mode in
waveguide are derived with corresponding nonlinear mode overlaps, which indicate
where the effective mode areas in NAEE equation come from. Later on, the nonlinear
envelope of analytical signal is introduced and applied on electric fields and nonlinear
polarization. Under the concept of analytical envelope, the scalar nonlinear analytical
envelope equation including quadratic and cubic nonlinearities can thus be derived.
The NAEE model also includes quasi-phase-matching (QPM) grating on quadratic
nonlinearity, and it has been used later on simulating pulse propagation in periodic
poled Lithium niobate (PPLN) waveguides.

Based on NAEE, when we only include the Kerr term and Raman effect, the well
known nonlinear Schrödinger equation (NLSE) can be derived for pulse envelope
propagation in waveguides with cubic nonlinearities but under SEWA, which has
been used to simulate SC generation in TiO2 waveguides.

Apart from NAEE model, for waveguide with both χ(2) and χ(3) nonlinearities,
coupled wave equation (CWE) between fundamental wave (FW) and second harmonic
generation (SHG) can also picture the pulse propagation based on certain assumptions.
At last, under the cascading limit, CWE degenerate into a nonlinear Schrödinger like
equation (NLS-like equation), which has been used to describe the generation of
cascading quadratic solitons and three wave mixing dispersive wave generation.

2.2 Waveguide model

2.2.1 Waveguide structure
Lithium niobate, as one of the most frequently used quadratic nonlinear materials,
is a birefringent crystal [81, 140, 141]. By cutting from different orientation of the
crystal, there are X-cut, Y-cut and Z-cut type wafers, meaning that TE modes and
TM modes of a LN waveguide can experience different material indexes for different
cut waveguides. Meanwhile, nonlinearity can be different for different χ(2) processes.
Detailed explanations about the birefringence character can be checked in Appendix
A.1. In this work, we build the model over a Z-cut LN waveguide, in which TE modes
will experience ordinary polarization, while TM modes are extraordinarily polarized.
The sketch of crystalline directions and the index ellipsoid of a Z-cut waveguide is
shown in figure 2.1.

Figure (a) in 2.1 shows a Z-cut wafer, which means that the Lithium niobate wafer
is cutting perpendicularly to the crystal optic axis c, aligned to the z-axis of the
built principle axes, which is defined to disparate the refractive index of ordinary
wave and extraordinary wave. The index ellipsoid under this principle axes is shown
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in figure (b) in 2.1. In this uniaxial crystal, the refractive index along two principle
dielectric axes(x axis and y axis) perpendicular to the optic axis(z/c axis) are equal
as the ordinary index no, while the refractive index of light polarized along z axis is
ne. Therefore, as it is shown in figure (c), in a Z-cut ridge LN waveguide, TE modes,
which are linear polarizing in ordinary plane, experience the material index as no,
while the TM modes which are polarized vertically along the optic axis has material
index as ne.

Figure 2.1: (a) Sketch of the crystalline direction of a Z-cut wafer, (b) Sketch of
index ellipsoid of LiNbO3, (c) Corresponding polarization of TE and
TM mode in a Z-cut LN waveguide .

The work is specified on extra-ordinary polarization to utilize the largest quadratic
susceptibility d33 in LN. Therefore, TM mode is studied and the SH generation process
is a type-0 (e;ee) interaction.

2.2.2 Waveguide mode
In a waveguide, the electric field that propagate along the waveguide can be expanded
to a series of orthogonal eigen-modes, i.e. Etot(x, y, z, t) =

∑
j Ej(x, y, z, t), in which

j is the order of the mode. In this work, we build the model over one single transverse
mode (TM00), neglecting the coupling to higher order modes (HOM) or lossy cladding
modes. Therefore, in time domain, with a short pulse incidence, the electric field of
generated optical mode can be expressed as:

E(x, y, z, t) = 1
2

U(x, y, z, t) exp(−iω0t + iβ(ω0)z) + c.c., (2.1)

in which U(x, y, z, t) is the complex envelope function, ω0 is a reference frequency,
and β(ω0) is the corresponding propagation constant. Here, the electric field is real
valued in time domain.

After applying the Fourier transform on E(x, y, z, t), in frequency domain, the
electric field of a transverse mode can be expressed as a 3D spatial complex envelope
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with a carrier wave:

Ê(x, y, z, ω) = 1
2

[Û(x, y, z, ω −ω0) exp(iβ(ω0)z)+ Û∗(x, y, z, −ω −ω0) exp(−iβ(ω0)z],
(2.2)

where β(ω0) is the propagation constant and U(x, y, z, ω) is the 3D spatial complex
envelope, which contends the transverse mode profile F (x, y, ω) and propagation en-
velope B̂(z, ω), expressed as:

Û(x, y, z, ω − ω0) = F (x, y, ω)B̂(z, ω − ω0) (2.3)

For a transverse mode, F (x, y, ω) is real inside waveguide ridge and imaginary-valued
out the range of waveguide ridge [142]. And the Fourier transformation rules are
indicated in Appendix B. 5.2.3.

2.2.3 Group-Velocity Dispersion
The propagation constant of a mode in waveguide is a frequency dependent value
β(ω). The effect of dispersion can be expressed by a Taylor expansion of β(ω) around
center frequency ω0 [143]:

β(ω) = β0 + β1(ω − ω0) + 1
2

β2(ω − ω0)2 + ... + 1
m!

βm(ω − ω0)m (2.4)

For a pulse with finite spectral bandwidth, the envelope of the pulse can be regarded
as a wave packet with group velocity: υg = 1/β1. The differential of group velocity
over frequency is β2, which represents group velocity dispersion (GVD). When β2 > 0,
the dispersion is said to be normal dispersion, which means that with the increase of
frequency, group velocity of the corresponding higher frequency is decreased, i.e. the
shorter wavelength is propagating slower than the longer wavelength. When β2 < 0,
the dispersion is said to be anomalous, where shorter wavelength light propagates
faster than the longer wavelength light. At the wavelength of β2 = 0, known as the
zero dispersion wavelength (ZDW), is where the material dispersion canceled with
waveguide dispersion.

During propagation, the impact of the dispersion is shown as the stretch of pulse in
time domain because different frequency components propagate with different speed
and are separating from each other. To describe how much the pulse is expended in
time, dispersion length LD is defined as:

LD = T 2
0

|β2|
, (2.5)

which measures the propagation distance when the pulse duration T0 broaden to
√

2
times of T0.
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2.3 Nonlinear analytical envelope equation model

2.3.1 Forward field propagation equation in waveguide
From Maxwell’s equations, with the assumptions of no free charge and zero currents,
non-magnetic medium, constant and scalar dielectric permittivity ϵ over the cross-
section of the waveguide and single linearly polarized field, the scalar wave propaga-
tion equation in nonlinear media can be obtained:

∇2E − 1
c2

∂2E

∂t2 − µ0
∂2P

∂t2 = 0 (2.6)

By taking Fourier transform Ê(ω) =
∫ ∞

−∞ E(t) exp(iωt)dt, the electric field propaga-
tion equation in frequency domain can be obtained:

∇2Ê + ω2

c2 Ê + ω2µ0P̂ = 0 (2.7)

By taking nonlinear polarization as small perturbations, we can separate linear and
nonlinear polarizations

∇2Ê + k(ω)2Ê + ω2µ0P̂NL = 0, (2.8)

in which k(ω) = ω/c
√

ε̂r is the spatial wavenumber and ε̂r(ω) = 1 + χ̂(1)(ω) is the
relative permittivity.

The electric field of a transverse optical mode is expressed in Eq. 2.2 in frequency
domain. We can see that the wave has been separated into forward propagation (first
term of RHS) and backward propagation parts (second term of RHS). The induced lin-
ear and nonlinear polarizations also have forward and back propagation parts. Here we
only consider the forward propagation Ê(x, y, z, ω) = Û(x, y, z, ω) exp(iβ(ω)z) and ne-
glecting the backward propagated waves Ê(x, y, z, ω) = Û∗(x, y, z, −ω) exp(−iβ(ω)z).
Then the nonlinear forward propagation equation in frequency domain can be ob-
tained by substituting forward propagating Ê and P̂ into Eq. 2.8 as(

∂2

∂x2 + ∂2

∂y2 + ∂2

∂z2 + k2(ω) − β2(ω)
)

Û · exp(iβ(ω)z)

+ 2iβ(ω) exp(iβ(ω)z)∂Û

∂z
+ ω2µ0P̂NL = 0

(2.9)

For an eigen-mode in waveguide, the transverse field can be separated from the de-
pendence of longitudinal propagation [144]. Therefore, we have

∂2

∂x2 + ∂2

∂y2 + k2(ω) − β2(ω) = 0 (2.10)

and
∂2

∂z2 Û + 2iβ(ω)∂Û

∂z
+ ω2µ0P̂NL exp(−iβ(ω)z) = 0 (2.11)
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for transverse part and propagation part respectively. By applying slowly varying
spectral amplitude approximation (SVSAA) [145], i.e.

∣∣∣ ∂Û
∂z

∣∣∣ ≪ |β(ω)Û |, thus
∣∣∣ ∂2Û

∂z2

∣∣∣ ≪
| ∂

∂z β(ω)Û | to Eq. 2.11, we can remove the first term and write the electric field forward
propagation equation in waveguide:

i
∂Ê(x, y, z, ω)

∂z
+ β(ω)Ê(x, y, z, ω) = − ω

2ε0cn(ω)
P̂NL(x, y, z, ω), (2.12)

In this equation, the electric field and nonlinear polarization carry both transverse
mode and longitudinal propagation parts, as shown in Eq. 2.3. Since the we only
deal with one linear polarization mode, the transverse spatial distribution can be
degenerated by applying an integration over the cross section of waveguide. Therefore,
the forward propagation envelope equation can be written as

(i ∂

∂z
+ β(ω))B̂(z, ω)

∫∫ ∞

−∞
|F (x, y, ω)|2 dxdy

= − ω

2cn(ω)

∫∫ ∞

−∞
F ∗(x, y, ω)P̂NL(x, y, z, ω)dxdy (2.13)

which is a special type of so-called unidirectional pulse propagation equation (UPPE)
in waveguide. A more detailed derivation and comparison with other mathematical
models can be referred to [135]. For a material with both χ(2) and χ(3) nonlinearities,
the nonlinear polarization has two parts

P̂NL(x, y, z, ω) = P̂
(2)
NL(x, y, z, ω) + P̂

(3)
NL(x, y, z, ω) (2.14)

2.3.2 Analytical envelope
In this model, since E(x, y, z, t) is a real signal in time domain, the positive and nega-
tive frequencies of its Fourier transform Ê(x, y, z, ω) = Û(x, y, z, ω − ω0) exp(iβ(ω0)z)
carry same information. Here we only take the positive frequency part of the field,
which is the analytical signal defined in time domain as

EA(x, y, z, t) = 1
π

∫ ∞

0
Ê(x, y, z, ω) exp(−iwt)dω, (2.15)

while in frequency domain, the analytical signal is defined as

EA(x, y, z, ω) =

2Ê(x, y, z, ω), ω > 0
Ê(x, y, z, 0) ω = 0

0 ω < 0
(2.16)

Therefore, the connection between analytical signal and real signal are shown as

Ê(x, y, z, ω) = 1
2

(EA(x, y, z, ω) + E∗
A(x, y, z, ω)) (2.17)
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and

E(x, y, z, t) = 1
2

(EA(x, y, z, t) + E∗
A(x, y, z, t)) (2.18)

respectively.
Based on the analytical electric field, the complex analytical envelope is defined as:

A(x, y, z, t) = EA(x, y, z, t) exp(−iβ(ω0)z + iω0t) (2.19)

Since the frequency range of analytical field EA(x, y, z, t) is [0, +∞), from Eq. 2.19
we can see that the frequency range of the complex analytical envelope A is shifted
towards lower frequency to [−ω0, +∞). Therefore, the analytical envelope in frequency
domain is actually the envelope of frequency detuning Â(x, y, z, Ω),

Â(x, y, z, Ω) = ÊA(x, y, z, Ω) exp(−iβ(ω0)z) (2.20)

where Ω = ω − ω0.
It is not only because in realistic experiments, only the positive frequencies can be

detected, but also because analytical envelope is not restricted to the slowly varying
envelope approximation, under which it requires |Ω| = |ω − ω0| << ω0. Since there
is no limitation on analytical envelope and negative frequencies have been removed,
this analytical envelope can be used to simulate arbitrary broad spectral extension
during the propagation of a pulse [139]. A comparison of a Gaussian pulse envelope
and analytical pulse envelope in time domain is shown in figure 2.2 (a) and (b),while
in frequency domain they are shown in figure 2.2 (c) and (d) respectively.

As shown in figure 2.2, E(z, t) is the normalized field of a super broad band pulse
with a 1/e bandwidth of ∆ω = 0.3ω0. The slowly varying Gaussian envelope of
this pulse is U(z, t) = exp(−t2/2T 2

0 ), in which T0 =
√

(2)/∆ω is the full-width-
half-maximum pulse duration of the intensity of the pulse. The envelope with fast
oscillation exp(−iω0t) part is shown with the cyan circles in figure 2.2 (a), from which
we can see that the field can be described by the separation of Gaussian envelope with
the rapidly varying part very well. Meanwhile, the corresponding field Ê(z, ω) and
envelope Û(z, ω − ω0) and Û(z, ω + ω0) in frequency domain are shown in figure
2.2 (c), with black line and blue lines respectively. Since E(z, t) is a real signal, the
Fourier transform of it has both positive and negative frequencies, carrying with same
information. The relation of Ê(z, ω) and positive and negative frequency envelopes
can be found in Eq. 2.2.

However, since the envelope here always carries positive and negative frequencies
together, the nonlinear interactions between positive and negative frequencies will be
messed with the original frequencies that can not be distinguished and captured by
this envelope. Therefore, the analytical field EA(t) and analytical envelope A(t) in
time domain, which are defined in Eq. 2.15 and Eq. 2.19 perceptively, are shown in
figure 2.2 (b), in red circle line and magenta dash line correspondingly.
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Figure 2.2: (a): real electric field E(t) of a short pulse (black line), the Gaussian
envelope of the pulse U(t) = exp(−t2/2T 2

0 ) (blue dash line), and field
under SVEA exp(−t2/2T 2

0 ) exp(−iωot) (marked with cyan circle); (b):
real electric field E(t) of the short pulse (black line), the real part of
analytical field EA(t) (marked with red circle), and the real part of
analytical envelope A(t) = EA(t) exp(iωot)); (c): real electric field Ê(ω)
when t = 0 and z = 0, Gaussian envelope in frequency domain under
SVEA Û(ω − ω0) in positive frequencies and Û(ω + ω0) in negative
frequencies respectively, the relation of Ê(ω) and Û(ω) can be found in
Eq. 2.2; (d): real electric field Ê(ω) when t = 0 and z = 0 and the real
part of analytical envelope Â(ω) when z = 0, which only contains the
positive frequency part and shifted toward the lower frequency by ω0 .
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Comparing to Gaussian envelope U(t), who lost the fast oscillation part of the
field, the analytical envelope A(t) is heavily modulated and still carry the frequency
information for E(t).

It can be seen more clearly in Fig. 2.2 (d) in frequency domain. E(ω) is the field with
both positive and negative frequencies, while A(ω) = FT [E(z, t)]+ exp (−iΦ) is the
analytical envelope in frequency domain when z = 0. We can see that the analytical
envelope A(ω) contains only positive frequency part but complete information of all
the frequencies. Since the positive frequency and negative frequency parts have been
clearly divided, the analytical envelope can pick up the nonlinear interactions coming
from the coupling between the positive and negative frequencies. Meanwhile, the
signal is shifted by ω0, therefore it is the frequency detuning that has been calculated,
which varies from −ω0 to ∞, showing unlimited bandwidth [139].

For the nonlinear polarizations, the analytical nonlinear envelope can be defined in
the same way:

ANL(x, y, z, t) = PNL,A(x, y, z, t) exp(−iβ(ω0)z + iω0t)
ÂNL(x, y, z, Ω) = P̂NL,A(x, y, z, Ω) exp(−iβ(ω0)z)

(2.21)

2.3.3 Nonlinear analytical envelope equation
The nonlinear analytical envelope equation in frequency domain can be obtained
by replacing the electric field and nonlinear polarization in Eq. 2.12 with analytical
envelopes and Taylor-expansion of β(ω) at ω0:

i
∂Â(x, y, z, Ω)

∂z
+

[ ∞∑
m=1

βm(ω0)
m!

Ωm

]
Â(x, y, z, Ω) = − ω

2ε0cn(ω)
ÂNL(x, y, z, Ω),

(2.22)
Even though the reference frequency ω0 is introduced for the carrier wave, it is only
for the convenience rather than any restriction on the complex envelope. However, to
obtain the time domain equation, we have to make some assumption on the frequency
dependence of ω

n(ω) . For an ultra broad band spectral, we expand ω
n(ω) around ω0 to

the second order and assume that∣∣∣∣∂n(ω)
∂ω

∣∣∣∣
ω=ω0

≪ n(ω0)
ω0

, (2.23)

which is equivalent to expand the frequency dependent propagation constant to the
second order like:

Ê(x, y, z, ω) = Û(x, y, z, ω) exp(iβ(ω)z)
≈ U(x, y, z, ω) exp(i(β(ω0) + β1(ω − ω0))z)

(2.24)

This assumption, i.e.
∣∣∣ β0−ω0β1

β0

∣∣∣ ≪ 1, as part of the slowly-evolving-wave approxi-
mation (SEWA), has been used to derive NEE in [136], inherited in UPPE in [135]
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and specified by M.Conforti in [138]. Therefore, after inverse Fourier transform, the
propagation equation in time domain can be obtained:

i
∂A(x, y, z, t)

∂z
+

[ ∞∑
m=1

βm(ω0)
m!

(i∂/∂t)m

]
A(x, y, z, t)+

+ ω0

2ε0cn(ω0)
(1 + i

ω0

∂

∂t
)ANL(x, y, z, t) = 0

(2.25)

in which Ŝt = 1 + i
ω0

∂
∂t is the conventional self-steepening operator. The detailed

derivation in this step can be found in Appendix B.2.
After the inverse Fourier transform, equation 2.25 can be written in time domain

in moving frame τ = t − z/vg, which is a coordinate system that moves with group
velocity vg. Under this frame, β1(ω0) in the second term of LHS of Eq. 2.25 is removed,
leaving dispersion term D̂τ =

∑∞
m=2

(i)mβm(ω)
m! ( ∂

∂τ )m in:

i
∂A(x, y, z, τ)

∂z
+ D̂τ A(x, y, z, τ) + ω0

2ε0cn(ω0)
Ŝτ ANL(x, y, z, τ) = 0 (2.26)

2.3.4 Nonlinear χ(2) polarization
The χ(2) nonlinear polarization in frequency domain of one single mode is expressed
as:

P̂
(2)
NL(x, y, z, ω) = ε0

∫ ∞

−∞
χ(2)(x, y, ω, ω′, ω − ω′)Ê(x, y, z, ω′)Ê(x, y, z, ω − ω′)dω′

(2.27)
In our case, since waveguide mode is tightly confined in LN ridge, the distribution of
χ(2)(x, y) and χ(3)(x, y) is uniform, while χ(2)(x, y) and χ(3)(x, y) are negligible out
the range of waveguide ridge. Here we have also restricted the nonlinear interaction
to just a single mode, which simplifies the representation and avoids solving coupled
nonlinear equations. In most cases this simplification is well justified, mainly because
the mode overlap area to higher-order modes quickly becomes very large.

In time domain, the nonlinear polarization can be derived with analytical envelope
A(x, y, z, t) as

P
(2)
NL(x, y, z, t) = FT −1[P̂ (2)

NL(x, y, z, ω)] = FT −1[ε0χ(2) ∗ E(x, y, z, t) ∗ E(x, y, z, t)]

= ε0χ(2)E(x, y, z, t)2 = ε0χ(2)(1
2

A(x, y, z, t) exp(iβ(ω0)z − iω0t) + c.c.)2

= ε0χ(2)

4
[A2 exp(2iβ(ω0)z − 2iω0t) + A∗2 exp(−2iβ(ω0)z + 2iω0t) + 2|A|2]

(2.28)

Here the frequency dependence of nonlinearity susceptibilities are neglected, and the
mode distribution is regarded as slowly varying comparing to envelope.
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In our case, the waveguide has a periodically poling structure with a period of Λ
to achieve quasi-phase matching (QPM). As a consequence, the effective quadratic
nonlinearity is modulated along the propagation direction by applying a QPM grating
gQP M (z). With a QPM poling when the duty cycle is 50%, the square grating in
Fourier series can be expressed as

gQP M (z) = 2
π

∞∑
l=0

−i

2l + 1
exp(i(2l + 1)kQP M z) (2.29)

in which kQP M = 2π/Λ is the wavevector of this QPM grating.

Note that even though P
(2)
NL(x, y, z, t) is written with analytical envelope, it is still

a real time signal and contain both positive and negative frequencies. To obtain the
analytical nonlinear polarization envelope A

(2)
NL(x, y, z, t) for P

(2)
NL(x, y, z, t), similar

steps to obtain complex envelope A(x, y, z, t) are followed:
1) Filter the positive frequencies out

In this step, A∗2 exp(−2iβ(ω0)z + 2iω0t) term should be removed since it is a
purely negative frequency component. Meanwhile, |A|2 term, which is responsible for
difference frequency generation, should only have positive frequencies remained.
2) Double the signal

In this step, since the negative frequencies containing half of the energy have been
removed, the left frequencies should be doubled to keep energy conservation.

P̂
(2)
NL,A(x, y, z, ω) =

2P̂ (x, y, z, ω), ω > 0
P̂ (x, y, z, 0) ω = 0

0 ω < 0
(2.30)

3) Get envelope
In this step, the envelope finally obtained by multiply the conjugate of carrier wave

phase exp (−iΦ), in which Φ = β(ω0)z − ω0t is the phase of reference wave fast
oscillations, to remove the influence of reference frequency.

Therefore, the analytical nonlinear polarization envelopes can be written as

A
(2)
NL(x, y, z, t) = ε0gQP M (z)χ(2)

2
[A2 exp (iΦ) + 2|A|2 exp (−iΦ)]+ (2.31)

In moving frame τ = t − z/vg, it can be written as

A
(2)
NL(x, y, z, τ) = ε0gQP M (z)χ(2)

2
[A2 exp(−iω0τ − i∆pgz)

+2|A|2 exp(iω0τ + i∆pgz)]+,

(2.32)

in which the parameter
∆pg = ω0β1(ω0) − β(ω0) (2.33)
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is the mismatch between the phase and the group velocities.

2.3.5 Nonlinear χ(3) polarization
For cubic nonlinearities, there are mainly instantaneous electronic response χ

(3)
E and

Raman response χ
(3)
R . The third order nonlinear polarization of instantaneous elec-

tronic responds can be expressed as:

P
(3)
NL,E(x, y, z, t) = ε0χ

(3)
E E(x, y, z, t)3

= ε0χ
(3)
E (1

2
A(x, y, z, t) exp(iβ(ω0)z − iω0t) + c.c.)3

=
ε0χ

(3)
E

8
[A3 exp(3iΦ) + A∗3 exp(−3iΦ) + ...

+ 3|A|2A exp (iΦ) + 3|A|2A∗ exp (−iΦ)]

(2.34)

and for Raman part

P
(3)
NL,R(x, y, z, t) = ε0E(x, y, z, t) · χ

(3)
R ∗ E(x, y, z, t)2

= ε0(1
2

A(x, y, z, t) exp (iΦ) + c.c.)·

χ
(3)
R ∗ (1

2
A(x, y, z, t) exp (iΦ) + c.c.)2

= ε0

8
(A(x, y, z, t) exp (iΦ) + c.c.)·

χ
(3)
R ∗ [A2 exp(2iΦ) + A∗2 exp(−2iΦ) + 2|A|2]

(2.35)

The obtaining of P
(3)
NL,R(x, y, z, t) has been explained in [146]. The total cubic nonlin-

ear polarization is composed by certain ratio of instantaneous response and Raman
response, expressed with a total response like

R(t) = (1 − fR)δ(t) + fRhR(t) (2.36)

in which δ(t) is the instantaneous responds, fR is fraction of Raman responds and
hR(t) is the Raman response function. Detailed derivation to obtain fR can be referred
to [147]. The model of hR(t) as a damped harmonic oscillator is provided by [148, 149].
Therefore, P

(3)
NL can be written as

P
(3)
NL = 3ε0χ(3)

8
·[

(1 − fR)
{

1
3

A3 exp(3iΦ) + 1
3

A∗3 exp(−3iΦ) + |A|2A exp (iΦ) + |A|2A∗ exp (−iΦ)
}

+ fR

{
1
2

[A exp (iΦ) + c.c.] · hR(t) ∗ [A2 exp(2iΦ) + A∗2 exp(−2iΦ) + 2|A|2]
}

]

(2.37)
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To obtain analytical signal, A∗3 exp(−3iΦ) term in P
(3)
NL,E and A∗ exp (−iΦ)χ(3)

R ∗
A∗2 exp (−2iΦ) in P

(3)
NL,R have been removed as well as the negative frequencies in

other terms. After doubling the positive frequency components, multiplying with car-
rier wave phase conjugate exp (−iΦ) and putting in moving frame, the χ(3) nonlinear
polarization envelope is expressed as

A
(3)
NL(x, y, z, τ) = 3ε0χ(3)

4
·

[(1 − fR)
{

1
3

A3 exp (2iΦτ ) + |A|2A + |A|2A∗ exp (−2iΦτ )
}

+ fR

{
[ 1
2

A · hR(τ) ∗ A∗2 exp(−2iΦτ )]

+[(A + A∗ exp(−2iΦτ )) · hR(τ) ∗ (1
2

A2 exp(2iΦτ ) + |A|2)]
}

]+ ,

(2.38)

in which Φτ = −ω0τ − ∆pgz is the reference carrier wave phase in moving frame.

2.3.6 Normalized NAEE in time domain
By substituting Eq.2.32 and Eq.2.38 into Eq.2.26, NAEE in time domain can be ob-
tained, which is expressed by 3D complex analytical envelope A(x, y, z, t). Since the
transverse mode spatial distribution F (x, y) is independent from the propagation en-
velope B(z, τ), it can be degenerated by putting a spatial integral on NAEE equation
as∫∫

F ∗Fdxdy · (i ∂

∂z
+ D̂τ )B = −ω0gQP M (z)χ(2)

2cn(ω0)
Ŝτ ·∫∫ {

[ 1
2

F ∗F 2B2 exp(iΦτ ) + F ∗|F |2|B|2 exp(−iΦτ )]+
}

dxdy

− 3χ(3)ω0

8cn(ω0)
Ŝτ [(1 − fR) ·∫∫ {

1
3

F ∗F 3B3 exp (2iΦτ ) + |F |4|B|2B + F ∗3F |B|2B∗ exp (−2iΦτ )
}

dxdy

+ fR

∫∫ {
[ 1
2

FF ∗3B · hR(τ) ∗ B∗2 exp(−2iΦτ )]

+[(|F |2B + F 2∗B∗ exp(−2iΦτ )) · hR(t) ∗ (1
2

F 2B2 exp(2iΦ) + |F |2|B|2)]
}

dxdy ]+
(2.39)

where as before the field has been split into B(z, t), the propagation field, and
F (x, y, ω), the transverse mode.
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The transverse mode enters the definition of the nonlinear coefficients below. The
dispersion operator and self-steepening operator are expressed as

D̂τ =
∞∑

m=2

(i)mβm(ω)
m!

( ∂

∂τ
)m (2.40)

and
Ŝτ = 1 + i

ω0

∂

∂τ
(2.41)

respectively.
Until now, the pulse envelope amplitude B is in units of electric field (V/m). For the

convenience of comparing with experiments, we convert B to |B′|2 representing the
optical power in Watts: |B′|2 = 1/2ϵ0nc

∫∫ ∞
−∞ |F (x, y, ω0)|2 dxdy|B|2. Then together

with propagation loss P (z) = P0 exp(−αz), in which α is the usual propagation loss
coefficient, which comes from the imaginary part of complex propagation constant β.
the nonlinear analytical envelope equation can be finally derived as follows

i
∂

∂z
B′(z, τ) + ( 1

2 α + D̂τ )B′ + κ
(2)
NAEEŜτ [ 1

2
B′2 exp(−iω0τ − i∆pgz)+

|B′|2 exp(iω0τ + i∆pgz)]+ + κ
(3)
NAEEŜτ [(1 − fR)(|B′|2 B′+

|B′|2 B′∗ exp(i2ω0τ + i2∆pgz)+
1
3

B′3 exp(−i2ω0τ − i2∆pgz)) + FR]+ = 0

(2.42)

with the Raman response part:

FR = fR[ 1
2

B′(z, τ)×∫ ∞

−∞
dτ

′
hR(τ − τ

′
) exp(i2ω0τ

′
+ i2∆pgz)B′∗2(z, τ

′
)+

(B′(z, τ) + B′∗(z, τ) exp(i2ω0τ + i2∆pgz))×∫ ∞

−∞
dτ

′
hR(τ − τ

′
)(1

2
B′2(z, τ

′
) exp(−i2ω0τ

′
− i2∆pgz)+∣∣∣B′(z, τ

′
)
∣∣∣2

)]

(2.43)

The quadratic nonlinear parameter is defined as

κ
(2)
NAEE = ω0gQP M (z)χ(2)

(2ε0n3(ω0)c3) 1
2

∫∫
|F (x, y, ω0)|2 F (x, y, ω0)dxdy

(
∫∫

|F (x, y, ω0)|2 dxdy) 3
2

(2.44)

where the subscript ”WG” in the numerator integral over the transverse mode F indi-
cates that it should only integrate over the nonlinear part of the waveguide structure
(core ridge) and not into the cladding section.
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The cubic nonlinear coefficient is

κ
(3)
NAEE = 3ω0χ(3)

4ε0n2(ω0)c2

∫∫
W G

|F (x, y, ω0)|4 dxdy

(
∫∫

|F (x, y, ω0)|2 dxdy)2
(2.45)

Now since the Kerr nonlinear refractive index is

n2,SP M = 3χ(3)

4ε0cn2(ω0)
(2.46)

and the so-called effective mode area is defined as

Aeff =
(
∫∫

|F (x, y, ω0)|2 dxdy)2∫∫
W G

|F (x, y, ω0)|4 dxdy
(2.47)

accordingly,
κ

(3)
NAEE = n2,SP M ω0

cAeff
(2.48)

Thus, κ
(3)
NAEE is equivalent to the γ coefficient from the nonlinear fiber optics litera-

ture.
Note that the nonlinear coefficients in Eq. 2.44 and Eq. 2.45 are here simplified

to neglect the mode dispersion. In the numerical simulations the mode dispersion
is included by defining the nonlinear coefficients in frequency domain together with
appropriate substitutions (see, e.g. Chapter 3 in [65]). Additionally, the nonlinear
coefficients are simplified to the case where F ≃ F ∗, i.e. that F is predominantly real,
which makes the overlap integrals identical for quadratic and cubic nonlinearities,
respectively. This is a good approximation when the waveguide mode can be solved
by a scalar model (as opposed to a vectorial model) and when only core modes are
considered (as cladding modes often can have a significant imaginary component). If
this assumption breaks down, then a single nonlinear coefficient for each nonlinearity
(quadratic and cubic) cannot be defined because each nonlinear term (A2, |A|2, etc.)
would have different overlap integrals [150].

Since the maximum of envelope B′(z, t) has been normalized so |B′|2 gives the
instantaneous power. The power spectral density (units W/m) is

PSD(λ) = c

λ2 |B̂′(λ)|2frep (2.49)

In equation 2.3.3, the analytical envelope, which actually describes the analytical
electric field, has been calculated. Therefore, NAEE model includes all type of χ(2)

and χ(3) processe, including SHG, DFG, SFG, SPM, THG, Raman, to name a few.
NAEE model has been mathematically simulated with split-step Fourier method with
Runge-Kutta algorithm (ODE solver) in MATLAB.
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2.3.7 Nonlinear Schrödinger equation
When we keep only Kerr effect in Eq.2.42, getting ride of quadratic nonlinearity and
oscillations faster than the carrier frequency, i.e. the terms with exp(±2iΦτ ), which
are hardly phase matched with carrier frequency, the nonlinear Schrödinger equation
with analytical envelope in time domain in moving frame τ = t − z/vg is obtained

i
∂

∂z
B′(z, τ) + ( 1

2 α + D̂τ )B′+

γ(ω0)Ŝτ [(1 − fR) |B′|2 B′ + fRB′(z, τ)
∫ ∞

−∞
dτ

′
hR(τ − τ

′
)
∣∣∣B′(z, τ

′
)
∣∣∣2

] = 0
(2.50)

Here γ is the nonlinear parameter, which is corresponding to κ
(3)
NAEE in Eq. 2.42.

Note that the definition of pulse envelope is different from the conventional GNLSE
in [126], which is defined by pulse envelope B̂(z, ω) = B̂(z, Ω) exp(−iβ(ω0)z) under
slowly varying envelope assumption (SVEA) conditions that spectral bandwidth is
much smaller than central frequency, i.e. |ω − ω0| << ω0. Here we use β(ω) instead
of β(ω0) and filter out the negative frequencies, therefore, there is no limitation on
the bandwidth and pulse duration.

2.4 Coupled wave equation
By splitting mode envelope A into fundamental wave (FW) A1 and second harmonic
wave (SH) A2, neglecting self-steepening and Raman effect, the propagation of FW
and SH can be simplified to time domain coupled wave equation for FW and SHG:

i
∂

∂z
A1(z, τ) + D̂1A1 + κ

(2)
CW E(ω0)A∗

1A2 exp(i∆kz)+

κ
(3)
CW E(ω0)A1|A1|2 = 0

(2.51)

i
∂

∂z
A2(z, τ) − id12

∂

∂τ
A2 + D̂2A2+

κ
(2)
CW E(2ω0)1

2
A2

1 exp(−i∆kz) + κ
(3)
CW E(2ω0)2A2|A1|2 = 0

(2.52)

in which ∆k = β(2ω0) − 2β(ω0) is the phase mismatch parameter between FW and
SH, while d12 = β1(ω0) − β1(2ω0) is the group velocity mismatch parameter, which
indicates the walk off of SH wave over time.
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The nonlinear parameters with nonlinear mode overlaps are shown in equation 2.53
[150].

κ
(2)
CW E(ω0) = ω0gQP M (z)χ(2)

2n(ω0)c

[∫∫
|F (x, y, ω0)|2 F (x, y, 2ω0)dxdy∫∫

|F (x, y, ω0)|2 dxdy

]

κ
(3)
CW E(ω0) = 3ω0χ(3)

8n(ω0)c

[∫∫
|F (x, y, ω0)|4 dxdy∫∫
|F (x, y, ω0)|2 dxdy

]

κ
(2)
CW E(2ω0) = 2ω0gQP M (z)χ(2)

2n(2ω0)c

[∫∫
|F (x, y, ω0)|2 F (x, y, 2ω0)dxdy∫∫

|F (x, y, 2ω0)|2 dxdy

]

κ
(3)
CW E(2ω0) = 3(2ω0)χ(3)

8n(2ω0)c

[∫∫
|F (x, y, ω0)|2 |F (x, y, 2ω0)|2 dxdy∫∫

|F (x, y, 2ω0)|2 dxdy

]
(2.53)

Note that in this coupled wave equation, A1 and A2 are electric fields, with unit of
V/m.

2.5 Nonlinear Schrödinger like Equation
When the phase is heavily mismatched (∆kL >> 2π ), the energy conversion between
FW to SH will be very weak and happens back and forth periodically. This is called
the cascading SH generation process, which has been sufficiently studied theoretically
and verified experimentally in [86, 151, 152]. Under such condition, A1 in equation
2.52 can be regarded as undepleted during cascading process. And since the SH wave
is very weak, A2|A1|2 in eq. 2.52, which is the cross phase modulation between FW
and SH, can be neglected. Therefore, the A2 of eq. 2.52 can be solved as slaved from
A1:

A2 = −κ(2)(2ω0)
2∆k

A1
2 exp(−i∆kz) (2.54)

By substituting A2 in eq. 2.54 into eq. 2.51, the evolution of A1 in cascading process
can be obtained:

i
∂

∂z
A1(z, τ) + D̂1A1 + (−κ

(2)
CW E(ω0)κ(2)

CW E(2ω0)
2∆k

A1|A1|2) + κ
(3)
CW E(ω0)A1|A1|2 = 0

(2.55)
This equation also shows a physical picture that the cascading process can be regarded
as a phase modulation that is similar to Kerr effect. Like it is shown in figure 2.3
below, the black wave stands for fundamental signal, while the red wave presents for
SH signal. Along the propagation, since it is in heavily phase mismatching condition,
the intensity of generated SH shows periodic pattern with a period of 2lcoh, which is
two times of the so-called coherence length. In the first coherence length lcoh, the SH
generated by sum-frequency generation of two fundamental waves. However, because
of the phase mismatching, in the second coherence length, the new generated SH
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signal from the contemporary fundamental wave will add destructively with the SH
signal generated previously, showing decreasing intensity, causing back conversion to
the fundamental wave. We can see that each time when the SH photons converse
back, since SH experience a different group velocity during propagation, the phase of
the photons will be different from the fundamental wave. This phase difference ∆ϕ
is accumulated during the propagation. Therefore, the phase of fundamental wave is
modulated gradually.

Figure 2.3: Up: The phase difference accumulating process when the SH photon
converts back to two FW photons in one period; Down: Power flows
between FW and SH along the propagation .

Until now, the pulse amplitude A1 is still in units of electric field (V/m). Based on
this equation, by adding propagation loss and normalizing the amplitude into power
to A′

1, the NLS-like equation can be derived:

i
∂

∂z
A′

1(z, τ) + D̂1A′
1(z, τ) + γtot|A′

1|2A′
1 = 0 (2.56)

in which the nonlinearity strengths are defined as the combination of cascading non-
linearity and Kerr nonlinearity:

γtot = γcasc + γSP M (2.57)

The Kerr nonlinear part are the same to the conventional NLS equations:

γSP M = ω0n2,SP M

cAeff,SP M
(2.58)

with

n2,SP M =
3χ

(3)
eff

4ε0cn2(ω0)
(2.59)
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and

Aeff,SP M =
(
∫∫

|F (x, y, ω0)|2 dxdy)2∫∫
|F (x, y, ω0)|4

(2.60)

When the cascading nonlinear strength is written in a consistent way, it can also
be defined as the function of nonlinear index and effective mode area like

γcasc(Λ) = ω0n2,casc(Λ)
cAeff,SHG

(2.61)

In our case, SH is generated by fundamental TM mode of this Z-cut LN wafer. There-
fore, the χ(2) nonlinearity is deff = d33 = χ(2)

z,zz

2 . Meanwhile, for a standard square
QPM grating, based on the calculation from [153], the exact cascading nonlinearity
can be expressed as
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( 2
π

)2[ π2
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− π

2∆k2 kΛtan(π

2
∆k

kΛ
)], kΛ = 2π

Λ
(2.62)

The effective mode area, which comes from the nonlinear mode overlap between FW
and SH with the normalization of amplitude into power, can be expressed as:

Aeff,SHG =
(
∫∫

|F (x, y, ω0)|2 dxdy)2 ∫∫
|F (x, y, 2ω0)|2 dxdy

(
∫∫

|F (x, y, ω0)|2 F (x, y, 2ω0)dxdy)2
(2.63)

Therefore, the total nonlinearity strength is

γtot(Λ) = ω0n2,SP M

cAeff,SP M
+ ω0n2,casc(Λ)

cAeff,SHG
(2.64)

From here, we can see the big advantage of applying of QPM in quadratic material.
For a waveguide with fixed dimensions, the sign and strength of cascading nonlinearity
still can be tuned with QPM grating length Λ. Therefore, the SPM can either be
enhanced, or reduced with positive or negative cascading nonlinearity.

2.6 Cascading Solitons
From equation 2.56 we can see that, the nonlinear phase shift of pusle envelope
comes from both cascading nonlinearity and SPM. As referred in 2.5, the cascading
nonlinearity also brings a nonlinear phase modulation to the pulse, inducing frequency
chirp. Analog to the SPM nonlinear phase shift ϕNL,SP M ∝ n2,SP M I(t) , cascading
nonlinear phase shift can be written as: ϕNL,casc ∝ n2,cascI(t).

Since the sign of n2,casc can be tuned from positive to negative by phase mismatch-
ing parameter and QPM pitch, after counterbalancing with Kerr nonlinear phase
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Figure 2.4: The nonlinear phase shift with positive nonlinearity (a) and negative
nonlinearity (b) and frequency chirping with positive nonlinearity (c)
and negative nonlinearity (d).

shift, we could turn the positive nonlinear phase shift to negative. A comparison of
nonlinear phase shift and frequency chirp of the pulse between positive and negative
nonlinearity is shown in figure 2.4.

When γeff is positive, the nonlinear phase(blue curve in (a)) shows a positive cor-
relation with pulse intensity (black dashed line).Since the pulse has highest intensity
in the center, the modified index n = n0 + n2I has largest value in the center. Pulse
shows self-focusing in the waveguide. The frequency chirp δω(t) = − ∂ϕNL

∂t , showing
as red curve in (c), indicating that new frequencies are generated in the SPM process.
It is a positive nonlinear chirp, which means that higher frequencies are generated in
the trailing edge(t > 0) and lower frequencies are generated in the leading edge(t < 0).
When it is pumped in anomalous dispersion region, where the group velocity disper-
sion is negative, which means that the higher frequencies have higher group velocity
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than the lower frequencies, the trailing edge is catching the leading edge of the pulse
in time, resulting a reduction of the pulse time width. When the decreasing of pulse
time width can balance the pulse broadening by group velocity dispersion, solitons
are formed.

The case is completely inverse When γeff is negative. Pulse shows self-defocusing
in the waveguide. From figure 2.4 (b), we can see that with a negative nonlinearity,
the nonlinear phase shift(blue line) is opposite to intensity distribution(dashed black
curve). Therefore, as shown in figure (d) in2.4, a negative frequency chirp(red curve)
is obtained, which means a blue shift in leading edge with a red shift in trailing
edge. In this case, soliton can also be generated if it is pumped in normal dispersion
range, where higher frequencies propagate slower than the lower frequencies, by the
balancing of pulse broadening induced from group velocity dispersion (GVD) and
pulse compression from nonlinear phase shift.

If we neglect higher order dispersion (HOD) in equation 2.56, dispersion length,
which measures how fast is the pulse expansion along the propagation, can be obtained
from GVD:

LD = T 2
0

|β2|
(2.65)

Nonlinear length then can also be defined as:

Ltot
NL = 1

γeff P0
(2.66)

When the sign of β2 and γtot are opposite to each other, optical solitons can be
obatined by the counterbalance of GVD and nonlinear phase shift induce chirp. When
the total soliton order is larger than 1, the total soliton order can be calculated as:

N2
tot = LD

Ltot
NL

= T 2
0

|β2|
ω0

c
( n2,SP M

Aeff,SP M
+ n2,casc

Aeff,SHG
)P0 (2.67)

The solution of the NLSE when it only includes GVD is expressed as:

i
∂

∂z
A′

1(z, τ) − 1
2

β2
∂2

∂τ2 A′
1(z, τ) + γtot|A′

1|2A′
1 = 0 (2.68)

and follows soliton ansatz:

A′
sol(z, τ) = sech(Ntot

t

T0
) exp(iqsolz) (2.69)

where qsol is the soliton wavenumber, counting for the nonlinear phase shift:

qsol = γtotP0 (2.70)
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2.7 Summary
In this chapter, few models have been introduced to describe the pulse behavior
in nonlinear waveguide. NLSE is the classical mathematical model to simulate the
pulse propagation with Kerr nonlinearity. However, the bandwidth of NLSE is limited
(|ω − ω0| << ω0) because of the SEVA condition. Therefore, NAEE in waveguide,
employing complex analytical envelope, is then introduced here to simulate broadband
pulse with unlimited bandwidth or pulse duration. NAEE model includes both χ(2)

and χ(3) nonlinearities, being able to simulate also SFG, DFG and SHG, as well as
SPM, XPM and THG, even Raman effect. When we keep only Kerr effect and remove
the faster oscillations in the equation, GNLSE can be obtained.

If we only consider the pulse bandwidth to the second harmonic, a more clear
physical image can be shown with coupled wave equation between FW and SH. Later
on, in heavily phase mismatching case, since the generated SH is slaved by FW, the
coupled wave equation can be further simplified to a NLS-like equation, where the χ(2)

nonlinearity is degenerated to a Kerr-like cascading nonlinerarity. In this condition,
the phase modulation is attributed by the competing (n2,casc < 0) or cooperation
(n2,casc > 0) of cascading nonlinearity and Kerr nonlinearity. Solitons can also be
formed when the nonlinear chirp is balanced by the GVD.

Meanwhile, with the participating of QPM, the sign of the nonlinearity can be tuned
by the QPM pitch. Therefore, with the dispersion engineer and tunable nonlinearity,
supercontinuum can be generated with different schemes, by focusing or de-focusing
soliton generation or SPM and optical wave breaking with enhanced nonlinearity.



CHAPTER3
Supercontinuum

generated in PPLN
waveguides

3.1 Introduction

Before this project, an octave spanning supercontinuum had been generated in a few-
mm-long PPLN crystal by B. Zhou, M. Bache etc. with short pulse (50 fs) at extremely
high peak power in the level of GW [107, 124]. Self-defocusing solitons with cascading
nonlinearity and soliton induced dispersive waves in quadratic bulk materials have
also been sufficiently studied experimentally and in theory[105, 110, 154, 155]. Later
on, to increase the energy efficiency by limiting the diffraction in bulk media, SC
generation in reverse-proton-exchanged (RPE) PPLN waveguides with and without
QPM poling [114, 156] was studied. However, limited by the confinement ability of
RPE LN waveguides in MIR, the maximum spectrum generated by fs lasers was only
up to 2 µm.

In 2018, NIST published a paper of MIR supercontinuum generation in PPLN
waveguides [116]. These waveguides have a PPLN ridge and LiTaO3 substrate. The
small index difference between waveguide ridge and LiTaO3 substrate and a huge
waveguide cross section (12.6 µm × 12 µm) provide good confinement of MIR up to
5.5 µm, but it limited the dispersion engineering of the waveguide. In 2018, Cheng
Wang in Harvard University proposed nano-fabricated thin film LN waveguides on
SiO2 substrate [119]. However, because of the rigidness of LN crystal, the etch process
is very tough. Therefore, maximum 500-nm-high ridge can be fabricated, which limits
the confinement of MIR light up to 4µm.

In this thesis we used a commercial PPLN ridge waveguide with a SiO2 substrate,
the dimensions were 8 µm height and several different widths, pumping with a com-
mercial mode-locked fiber laser, to study the supercontinuum generation with self-
defocusing solitons.
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In this chapter, supercontinuum is generated in periodically poled lithium niobate
(PPLN) waveguides by pumping with a fs laser in the normal dispersion range with a
total negative nonlinearity. By utilising specifically designed waveguides, one octave
of spectral broadening around pump wavelength was achieved. Difference frequency
generated (DFG) dispersive waves (DW) in the MIR at 4 micrometer was also ob-
served.

Furthermore, the tunablity of the dispersive waves using the quasi-phase matching
(QPM) technique is experimentally verified. Numerical simulations based on a NAEE
model was used to explain the spectral broadening process. At last, the noise char-
acteristics of the generated supercontinuum was numerically studied to identify the
stability and coherence of SC generation with different soliton orders, QPM pitches
and at different parts of the spectra.

3.2 Waveguide Design
The waveguide is fabricated by Femto-ST in France and the details of fabrication
can be found in [118]. Due to the larger index difference between LN and SiO2, the
waveguide cross section is smaller compared to the waveguides in [116], which is
fabricated by LN ridge bonded on LT substrate. This structure therefore provides a
smaller effective mode area, resulting in a larger nonlinear effect, so a lower incident
power can be used. Additionally, the tighter confinement adds flexibility for dispersion
engineering. The waveguide wafer structure is shown in Fig. 3.1 (a).

A metal layer has been used to bond a PPLN ridge with a SiO2 layer on the Si
substrate. The waveguide wafer is then diced with a blade at the poling region to
fabricate the PPLN ridge. The cross section of the diced waveguide is shown in Fig.
3.1 (c).

Based on the model (3.1 (b)) built in Lumerical MODE Solution, the TM00 mode
has been solved with the extraordinary material index. The TM00 mode profile at
1.55 µm and 5 µm are shown in Fig. 3.1 (d) and (e) respectively, indicating a good
confinement until 5µm with this waveguide structure.

For a waveguide with the cross section of 8 µm × 8 µm, the effective index of TM00
mode and the group index are shown in Fig. 3.2 (a), with blue dot marked line and
black line respectively, while the calculated dispersion curve (with Lumerical MODE
Solution) and propagation loss (with COMSOL) are shown in Fig. 3.2 (b). The blue
line in Fig. 3.2 (b) shows the group velocity dispersion (GVD) β2, while the black
vertical dashed line shows the zero dispersion wavelength (ZDW) of the waveguide
with the cross section of 8 µm × 8 µm. The arrow in figure (b) points to 1550 nm,
which is the pump wavelength of the laser. The black line marked with dot is the
propagation loss of TM00 mode, while the orange line shows the material absorption
of congruent LN material. The material parameters used in this calculation can be
found in Appendix A.1.
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Figure 3.1: (a): Z-cut PPLN on SiO2 wafer bonded on Si substrate with a metal
buffer layer from YAMAJU Ceramics; (b): designed 8 µm × 8 µm PPLN
ridge waveguide; (c): SEM image of the diced waveguide in FEMTO-
ST; (d): numerical solution of the TM00 mode profile at 1.55 µm; (e):
numerical solution of the TM00 mode profile at 5 µm.

GVD curve shown in Figure 3.2 (b) indicates that the waveguide has normal disper-
sion when pumped at 1550 nm. According to the soliton theory explained in section
2.6, a negative nonlinearity is required to generate solitons in normal dispersion. For a
given waveguide structure, the phase mismatch parameter ∆k is fixed (unlike in bulk
crystals, where angle tuning may change ∆k), as are Aeff,SHG and γSP M . However,
since the effective phase mismatching parameter can be modified with the poling pe-
riod as ∆keff = ∆k − 2π/Λ, the total nonlinearity can still be tuned by varying the
QPM pitch Λ.

Therefore, at 1550 nm, when it is poled with different QPM periods, with the
cross section of 8 µm × 8 µm, the sign and strength of total nonlinearity of the
waveguide varies with different QPM periods. The calculated total nonlinearities of
the waveguide with different QPM and corresponding soliton orders with a 125-fs
pulse duration and 10-kW peak power incidence are shown in Fig. 3.3 with blue stars
and orange stars respectively.
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Figure 3.2: (a): Calculated effective index (blue dots) and group index (black line)
of an 8 µm × 8 µm LN waveguide, (b) Calculated GVD (blue line) of
the ridge LN waveguide with a cross section of 8 µm × 8 µm and the
simulated propagation loss (black star line) with original material loss
of congruent LN (orange line).

The two grey patched zones in Fig. 3.3 stand for the poling periods Λ that fulfills:
∆k − 2π/Λ < 20π/L for the first order QPM and ∆k − 6π/Λ < 20π/L for the second
order QPM, under which condition that the SH is close to quasi phase matched with
FW. Meanwhile, the white zones in Fig. 3.3 indicate the cascading region, where the
QPM pitches fulfill the heavily phase mismatching condition that ∆keff > 20π/L.
Here the propagation distance L = 20mm.

In Fig. 3.3, when QPM pitch Λ = 0, i.e. without any poling, the LN ridge waveguide
in this structure naturally has negative nonlinearity at 1550 nm, with d33 = 21pm/V

at 1550 nm for congruent Lithium Niobate material and n2,kerr at 53 × 10−20m2/W
with a raman fraction fR of 0.35. The calculated total nonlinearity is γtot,Λ=0 = -
2.31 1/(kWm). After a QPM is applied, the quadratic nonlinearity is reduced with a
prefactor of 2/π. Therefore, the sign of total nonlinearity turn to positive immediately
because Kerr nonlinearity is dominating in the beginning with small QPM pitch, as
shown in the first white zone with the blue line marked with stars. With the increase of
QPM pitch, i.e. approaching to the first order second harmonic quasi phase matching
point (∆k = 2π/Λ), the cascading nonlinearity continuous to be a positive value
because of a negative effective phase mismatching parameter ∆keff = ∆k − 2π/Λ
and increases sharply as |∆keff | is reduced. From here we can see that the total
nonlinearity can be enhanced to 4 times of origin Kerr nonlinearity by intervention
of QPM.

In the second white zone, the effective phase mismatch parameter ∆keff turns to
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Figure 3.3: White zones are QPM pitch fulfilling the heavily phase mismatching con-
dition when the waveguide length is 20 mm ((∆k−2π/Λ)L > 20π), while
the grey patched zones are poling periods that SH quasi-phase matches
or nearly quasi-phase matches with FW. Blue dots are calculated total
nonlinearity γtot with different poling periods Λ for a 8 µm×8 µm ridge
waveguide pumped at 1550 nm. Orange dots are the corresponding total
soliton orders Ntot with 10-kW peak power and 125-fs pulse duration in
Gaussian shape, with a positive γtot. Red circles on blue line are the non-
linearities, γtot = -47.5, -39.2, -33.1 and -28.5 1/(kWm), with designed
poling periods: 23, 24, 25 and 26 µm respectively, the corresponding
Ntot are shown with blue circles on the orange line. Blue horizontal line
stands for the total nonlinearity of zero, when the cascading nonlinearity
is balanced by the Kerr nonlinearity γSP M = 29.8 1/(kW m). Black dot
line shows the total nonlinearity when QPM is not applied, which is a
small, negative value γtot,Λ=0 = -2.31 1/(kWm).
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be a positive value when the QPM pitch is longer than the first order QPM point
where ∆k = 2π/Λ, thus negative cascading nonlinearity γcasc(Λ) is obtained. When
heading from first order quasi phase matching pitch to a larger QPM pitch value,
the strength of cascading nonlinearity reduces gradually. When the poling pitch is
gradually further away from the pitch required to achieve first-order quasi-phase-
matching to a larger value, the cascading nonlinearity is still negative but weaker, as
well as the total nonlinearity since γtot(Λ) = −|γcasc(Λ)| + γSP M . Therefore, Kerr
nonlinearity goes back to dominating and the total nonlinearity turns back to be
positive until the poling period fulfills to the second-order quasi-phase matching.

Here in this experiment, we designed four different QPM pitches: 23, 24, 25 and 26
µm, marked with circles in figure 3.3, corresponding to the nonlinearities of γtot =
-47.5, -39.2, -33.1 and -28.5 (kWm)−1. Those QPM pitches are chosen not only because
the nonlinearities are significantly higher than the non-poled case(γtot(Λ = 0) = -
2.31 (kWm)−1), but also because with these quasi-phase-matching conditions, DFG
dispersive waves will be generated in MIR, which are explained in detail later in
section 3.3.3.

With this design, supercontinuum with soliton generation at normal dispersion
range and dispersive waves in MIR are expected to be generated when pumped with
a 1550 nm fs pulsed laser.

3.3 Supercontinuum Generation
In this section, an experimental investigation of supercontinuum generation using
solitons in the normal dispersion range is performed on a series of PPLN ridge waveg-
uides. The waveguides are fabricated in FEMTO-st in Besancon, France. Because the
uneven LN layer of the wafer, the height of a fabricated waveguide varies 1 µm along
the 3 cm of lengths. Because of the low accuracy of the dicing technique, the fabri-
cated PPLN ridge widths are about 300 nm smaller than the designed widths, with
a 200-nm variation. A microscope image of the waveguides with different designed
width of 8 µm, 11 µm, 13 µm and 14 µm are shown in Fig. 3.4.

In this experiment, the effect of QPM pitch is studied with PPLN waveguides
with a cross section of 8 µm × 8 µm, poled with 23, 24, 25 and 26 µm QPM pitch,
corresponding to the total nonlinearities of -47.5,-39.2,-33.1 and -28.5 1/(kWm) at
1550 nm. Self-defocusing solitons can be formed at 1550 nm in the normal dispersion
range. Meanwhile, the effect of group velocity dispersion under different dimensions is
also studied with waveguides with the same height of 8 µm, but different widths: 8, 11,
13 and 14 µm. Furthermore, several chirped poled waveguides are also fabricated and
tested. The chirped poled waveguides have different QPM pitch along the waveguide,
providing a variant total nonlinearity during the pulse propagation in the waveguide.

To verify the transmission characteristics of the fabricated waveguides, a trans-
parency experiment was completed. The confinement of light from NIR to MIR was
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Figure 3.4: Microscope image of fabricated waveguides and measured waveguide
width with designed values of 8 µm, 11 µm, 13 µm and 14 µm, the scale
bars shown in the figures are 20 µm.

measured by pumping the waveguide with a supercontinuum source like shown in
Fig. 3.5 (a). The SuperK source from NKT spans from 800 to 5000 nm. The beam is
focused into waveguide by an aspherical lens. The output light from the waveguide
is then collimated and focused into an InF3 multimode fiber. Then the transmitted
spectrum is checked with the optical spectro analyzer (OSA). The reference spectrum
is the transmitted spectrum of the whole system without the waveguide. In Fig. 3.5
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(b), we can see that the waveguide is glowing with the incidence of this NIR to MIR
supercontinuum light. It could be induced by the second harmonic generation (SHG)
of NIR light from the SuperK source.

Figure 3.5: (a): The schematic diagram of transparency measurement; (b): The im-
age of glowing waveguide by pumping with NIR to MIR supercontin-
uum.

The measured transmission spectra of the waveguides and reference are shown in
Fig. 3.6 (a), with colored lines and black line respectively. From the transmitted
spectra we can deduce that all the waveguides with designed dimensions transmit
light until at least 4.5 µm. However, the signals longer than 4.5 µm are weaker and
buried in noise flow. It is reasonable since the material loss of LN as well as SiO2
turns to be significant beyond 4.5 µm, meanwhile the transparency window of the
InF3 fiber also extends up to 4.5 µm. But it does not mean that the mode can not be
confined at even longer wavelengths. In fact, the simulated effective index at 5 µm is
1.965, still higher than the substrate SiO2 material index, indicating the confinement
of a mode but with high propagation loss.

Figure 3.6 (b) shows the insertion loss of the waveguides. We can see that at some
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Figure 3.6: Upper panel: the transmitted spectra of fabricated waveguides and ref-
erence spectrum in black. Lower panel: the insertion loss of waveguides
from 800 nm to 5000 nm.

parts of the spectrum, like in NIR part around 1250 and 2500 nm, the insertion
loss is negative, indicating that the signal has gained at this wavelength range. This
is induced by second harmonic generation under the quasi phase matching poling.
Meanwhile, we can clearly see that the insertion loss in MIR (beyond 3µm) is increased
gradually from 5dB to 10dB because of the increased material loss and confinement
loss, which is consistent with the calculated propagation loss as shown in Fig. 3.2.

3.3.1 Self-defocusing soliton generation
The schematic figure of experimental set-up to generate SC in PPLN waveguides is
shown in Fig. 3.7. The Toptica laser source is a mode-locked fiber laser, the output
pulse train has a repetition rate of frep = 90 MHz. The pulses are centered at 1550
nm with a duration of 125 fs. The maximum output power is around 300 mW. A
neutral density (ND) filter is used to reduce the incident power if necessary. A half
wave plate (HWP) is also applied to rotate the polarization of laser output, which
is already linearly polarized, to excite TM mode. The laser is then coupled into
PPLN ridge waveguides by an aspherical lens, while the output beam is collected
with a sapphire ball lens, whose transparency window spans from visible to MIR.
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Then the collimated output light is coupled into a InF3 multimode fiber via a fiber
collimator, with an internal parabolic mirror (PM). Since the waveguide is a heavily
multi-moded waveguide, an Ando OSA has been used to optimize the coupling into
fundamental TM00 mode by monitoring the broadest expansion of the spectrum. After
the optimization of coupling light into the waveguide at 2400 nm, the output spectrum
is checked and recorded by Spectro320, which can detect light from UV to MIR.

The image of fs laser pumped waveguide is also shown in Fig. 3.7. Strong green light,
which comes from the sum frequency generation of SH and FW, at the wavelength of
third harmonic generation (THG), can be observed in the beginning. Later on, with
higher order harmonic generation in visible range as the copy of broadened spectrum,
the light turns to yellow and then to white. With an average input power of 280 mW,

Figure 3.7: Upper panel: the schematic graph of pumping fs laser into PPLN ridge
waveguide, in which NDF is the neural density filter, HWP is λ/2 plate,
PM is a parabolic mirror, OSA is the optical spectral analyzer. Lower
panel: the image of the glowing waveguide pumped by a 1550-nm 125-fs
pulsed laser.

an output power around 35 mW is obtained. Since this waveguide is heavily multi-
moded because of the high confinement and large dimensions, we estimate that half
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of the power has been lost to coupling into higher-order modes. At the waveguide
exit, neglecting the output mode mismatching between fundamental mode and the
ball lens, the output loss only comes from the reflection on waveguide-air and two
air-lens interfaces, counting to be 2 dB loss in total. With the propagation loss of 2
dB at pump wavelength, the incident peak power is estimated to be 3.77 kW.

The self-defocusing soliton formation and supercontinuum generation is also sim-
ulated with the NAEE model with a PPLN waveguide poled with a 24 µm period,
whose dimensions are 7.5 µm×7.5 µm, to be consistent with the fabricated dimensions
in reality. It is pumped by a Gaussian pulse with a duration of 125 fs with a repetition
rate of 90 MHz, centered at 1550 nm. The total nonlinearity γtot is calculated to be
−46.9 m−1kW

−1 with d33 = 21 pm/V at 1550 nm for congruent Lithium Niobate
material and n2,kerr at 53 × 10−20 m2/W with a Raman fraction fR of 0.35 [110].
With the injection energy of 0.5 nJ, the corresponding peak power is 3.77 kW for
a pulse in Gaussian shape, which can generate self-defocusing soliton with the total
soliton order of 3.62. The simulated and measured output spectrum and spectrum
broadening along propagation is shown in Fig. 3.8 (a).

The simulation (red line) shown in Fig. 3.8 includes a gradually increasing loss
beyond 2.4 µm with the increase of wavelength. For such a broadband spectrum, the
output measurement system is optimized at 2.4 µm. Therefore, a 15 dB loss here is
applied at 4.5 µm in the numerical result (black line) to simulate the output coupling
loss because of the chromatic aberration induced by the output coupling lens system
and the propagation loss in InF3 fiber.

With 0.5 nJ incidence, one octave broadening from 1.3 µm to 2.6 µm is obtained for
-30 dB bandwidth. Dashed black vertical line in Fig. 3.8 (a) shows the zero dispersion
wavelength (ZDW) at 1.8 µm. Since the soliton is generated in the normal dispersion
range with a negative total nonlinearity, the spectrum broadens to the red side of
ZDW and generates soliton-induced SPM dispersive waves in longer wavelength range.
Meanwhile, the NAEE model also simulates harmonics in NIR and visible range,
as well as difference frequency generation (DFG) in MIR. Spectral broadening and
harmonics in the simulation shows consistency with the experimental results.

The simulated spectral evolution is also shown in Fig. 3.8 (a). The spectrum broad-
ens gradually by self phase modulation, which has contributions from cascading non-
linearity and Kerr self-phase modulation. Second harmonic (SH) and third harmonic
(TH) are also generated immediately and shown as copies of the broadened pump
pulse during propagation.

For a more clear view of self-defocusing soliton generation in PPLN waveguides, the
spectrogram evolution with propagation is shown in Fig. 3.8 (b). The dashed black
line in Fig. 3.8 (b) indicates the ZDW, while the black line is the pulse temporal walk-
off ∆t(ω) = (β1(ω) − β(ω0))z, indicating the time delay of corresponding frequency
components from the center frequency. After the incidence of pump pulse, the SH
generated spontaneously, consisting of a free-wave and a driven (slaved) wave [157],
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Figure 3.8: Numerical simulation of supercontinuum generation in PPLN waveguide
with 24 µm pitch. (a): (top): the simulated (red line) and measured
output spectrum (black line) with an incident 125-fs Gaussian pulse
(red dashed line) at 1550 nm with a 90-MHz repetition rate and 3.77
kW peak power; (bottom): the spectrum broadening during propagation;
(b): pulse spectrogram evolution at different propagation distances, the
black dashed line indicates ZDW of the waveguide, while the balck line
gives the walk-off time for each frequency component from the center
frequency.
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shown in Fig. 3.8 (b) when z = 0.83 mm. The free SH travels with SH group veloc-
ity, while the slaved SH, which is generated by cascading process in equation 2.54,
propagates together with FW, inducing a nonlinear phase shift [158]. This nonlinear
phase shift together with Kerr self phase modulation generates new frequencies, ex-
panding the spectrogram vertically. Meanwhile, pumping in normal dispersion range,
the dispersion also stretch the spectrogram horizontally. However, in this case, since
LD > LN , the temporal shape is mostly maintained. Therefore, we can see when
z = 15 mm, the spectrogram of pulse is tilted, as well as the SH. The slope is shown
with the white dashed line. With the accumulating of nonlinear phase shift, the pat-
tern of the pulse turn to vertical, like shown in figure 3.8 (b) when z = 30 mm,
indicating a maximum broadening and pulse compression.

3.3.2 SPM dispersive wave
After the spectrum broadens across the ZDW at 1.8 µm, a peak around 2.5 µm be-
comes visible. This is the traditional dispersive wave generated by SPM when the
soliton is disturbed by higher order dispersion (HOD) [159]. The self-defocusing soli-
ton wave is obtained in equation 2.69. As the GVD is balanced by the nonlinear phase
shift, the soliton is regarded as dispersion free and the phase of the soliton can be
expressed as

ϕsol = i(β(ωsol) + qsol)z − iωst (3.1)

For another frequency ω, which is generated from the spectrum broadening because
of SPM, when the phase of this frequency fulfills the phase matching condition: ϕ0 =
ϕsol, energy can be transferred from soliton to this frequency parametrically. Thus
the SPM dispersive wave can be generated at this frequency.

Therefore, it requires

ϕDW = iβ(ωDW )z − iωDW t = i(β(ωsol) + qsol)z − iωst (3.2)

i.e.

β(ωDW ) = β(ωsol) + (ωDW − ωs)/νg + qsol (3.3)

Then the wave vector mismatch or the HOD of dispersive wave is

D̂ωsol
(ωDW ) = β(ωDW ) − β(ωsol) − (ωDW − ωsol)/νg = qsol (3.4)

Here since qsol = γtotP0 is in the level of 0.1 mm−1, which is much smaller than
the propagation constants, can be neglected in further calculations. From equation
3.4, we can conclude that the position of dispersive wave is determined by the soliton
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Figure 3.9: (left): Group velocity dispersion curve around zero dispersion wave-
length of waveguides with different widths; (right): SPM RR dispersive
curve of waveguides with different widths.

Figure 3.10: SC generated in waveguides with various widths, designed at 8 µm, 11
µm, 13 µm and 14 µm, fabricated to be 7.5 µm, 10.5 µm, 12.5 µm and
13.5 µm respectively, pumped by a 1550-nm, 125-fs pulse with 90-MHz
repetition rate and 280 mW averaged power.
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frequencies. For soliton of order Ntot > 1, several fundamental solitons are generated
after soliton fission with different ωsol, forming a broadband dispersive wave [66].

In this experiment, ridge waveguides with several width: 8 µm, 11 µm, 13 µm and
14 µm, have been designed, corresponding to 7.5 µm, 10.5 µm, 12.5 µm and 13.5 µm
respectively after fabrication. With increase of width, ZDW is red-shifted, as well as
the dispersive wave phase matching point, which are shown in left and right in Fig.
3.9 respectively. However, because of the large dimension, the waveguide dispersion
is mainly dominated by material dispersion, as shown in right of Fig. 3.9. Therefore,
ZDW can only be tuned from 1800 nm (8 µm×7.5 µm) to 1830 nm (8 µm×13.5 µm).
The output broadened spectra from each waveguide are shown in Fig. 3.10. A red shift
of SPM dispersive waves can be observed from 2.4 µm to 2.6 µm from the output of
waveguide with 8 µm×7.5 µm and 8 µm×10.5 µm respectively. For waveguide widths
larger than 10.5 µm, the red shift is not very clear in this experiment because of the
large dimension of the waveguide, as shown in Fig. 3.10.

3.3.3 TWM dispersive wave
Except the quasi phase matching between SH and FW, the QPM condition also can
be used to generate sum frequency and different frequencies. With the spectral broad-
ening of a pulse when it propagates in PPLN waveguide, two frequencies (ωa and ωb)
of the side bands of the broadened spectrum can also generate sum frequencies (SFG)
or difference frequencies (DFG) when it fulfills the three wave mixing (TWM) phase
matching condition. The three wave mixing dispersive waves or resonance radiation
have been observed and numerically studied in PPLN crystal, as detailed explained
in [110].

For SFG resonance radiation (RR) wave, the propagation constant and participat-
ing frequencies should satisfy the conditions below

β(ωSF G−RR) = βsol(ωa) + βsol(ωb) + kQP M , ωa + ωb = ωSF G−RR, (3.5)

while for DFG resonance radition wave, the phase matching condition is

β(ωDF G−RR) = βsol(ωa) − βsol(ωb) − kQP M , ωa − ωb = ωDF G−RR. (3.6)

Since the HOD has been balanced by the nonlinear phase shift, the dispersion relation
of soliton can be expressed with

βsol(ω) = β0(ωsol) + (ωT W M−RR − ωsol)/vg + qsol (3.7)

Therefore, the dispersion of TWM RR can be written as

D̂ωsol
(ωSF G) = β0(ωsol) − ωs/νg + 2qsol + kQP M (3.8)

and
D̂ωsol

(ωDF G) = −(β0(ωsol) − ωs/νg) − kQP M (3.9)
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by expansion the propagation constant around soliton frequency. When the phase
matching condition is fulfilled, the TWM RR waves propagate with the same speed
as the solitons (vph(ωT W M−RR) = vg(ωsol)), getting parametrically amplified from
solitons.

Figure 3.11: (Up): calculated phase matching condition and measured spectrum
with different QPM of 23 µm, 24 µm, 25 µm and 26 µm, (down):
SC generated in waveguides with different QPM pitch values, pumped
by a 1550-nm, 125-fs pulse with 90-MHz repetition rate and 280 mW
averaged power.

Since the DFG DW and SFG DW generation have to fulfill the TWM quasi phase
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matching condition, the wavelength of the dispersive waves can be tuned by QPM
pitch. This has been verified by the SC generated in PPLN waveguides with different
poling periods but with a fixed cross section of 8 µm × 8 µm. The calculated phase
matching condition and measured spectrum with different QPM of 23 µm, 24 µm, 25
µm and 26 µm are shown in Fig. 3.11 up and down with blue, orange, yellow and
magenta respectively. In Fig. 3.11, we can see that the SFG RR are generated in NIR,
while the DFG RR are generated in MIR and can be tuned from 4 to 4.6 µm with
the decrease of QPM pitch from 26 µm to 23 µm.

3.3.4 Higher harmonic generation
Except the SFG-RR waves around 1000 nm, higher harmonics and higher order quasi-
phase-matched harmonics are also generated, covering the spectrum from UV (387.5
nm) to NIR (1033 nm). The measured spectrum with angular frequency of SC gener-
ated in waveguides with different QPM pitches of 23 µm, 24 µm, 25 µm and 26 µm
are shown in Fig. 3.12 with blue, orange, yellow and magenta respectively.

Figure 3.12: Higher order harmonic generation in visible and UV with different
QPM pitches of 23 µm, 24 µm, 25 µm and 26 µm, pumped by a 1550-
nm, 125-fs pulse with 90-MHz repetition rate and 280 mW averaged
power.
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For higher order QPM second harmonic generation, the phase matching condition
is

β(2ω) = 2β(ω) + mkQP M (3.10)

in which m = 2l + 1 as shown in equation 2.29. As shown in Fig. 3.12, the frequency
of higher order QPM second harmonic generations are related to the QPM pitch.

3.3.5 SC generation with chirped poled waveguides
In this work, a series of chirped poled LN waveguides are also designed to study SC
generation in a waveguide with varying nonlinearity and changing QPM conditions
along propagation. The idea was, along propagation, with gradually reduced QPM
pitch, the pulse will experience a gradually enhanced nonlinearity to compensate the
reduced peak power from propagation loss, temporal stretch and energy coupling to
dispersive waves. Therefore, a more broadened spectrum is expected, as well as a
more broadband TWM dispersive waves since various QPM condition will be fulfilled
during propagation. However, this is not clearly shown in the experimental results
shown in Fig. 3.13.

In this experiment, four different chirped poled waveguides are designed and tested.
Chirped poled waveguides are the waveguides that the poling periods are linearly
changing from one end to the other end. The poling periods decrease linearly along
the waveguide from A: 33 to 23 µm, B: 29 to 23 µm, C: 29 to 26 µm and D: 26
to 23 µm respectively. In the experiment, the four waveguides have been pumped
from longer poling period side to shorter poling period side, shown with blue, orange,
magenta and green lines in Fig. 3.13 respectively. Meanwhile, waveguide B and D are
also pumped reversely from shorter QPM pitch side to longer QPM pitch side. The
measured output spectrum are shown in yellow and cyan lines in Fig. 3.13.

As the designed chirped poled waveguides have longer poling periods (26 to 33
µm) than the uniformly poled waveguides (23 to 26 µm), the total nonlinearity of
the chirped poled waveguides are generally smaller than the waveguides with linear
poling at 23 µm. Therefore, We did not observe more broadening than the uniform
poled waveguides as shown in Fig. 3.11. Still, comparing to pumping from shorter-
poling-period side, SC generated by pumping from larger QPM pitch, which means
that the incident pulse has experienced gradually increased nonlinearity, shows larger
broadening. This can be seen by the output spectrum of waveguide B, shown with
orange (pumping from longer pitch but lower nonlinearity side) and yellow (pumping
from shorter pitch but higher nonlinearity side) line in Fig. 3.11, also by the output
spectrum of waveguide D, presented by green and cyan lines.

Meanwhile, the broadband DFG RR could not be observed. From Fig. 3.11, only
DFG RR generated by QPM pitch at the end side of waveguides can be observed, like
DFG RR generated at 4.6 µm for waveguide B and D when the poling period ends at
23 µm, which are shown with orange line and green line, respectively; and DFG RR
generated at 3.2 µm and 3.7 µm when pumping waveguide B and D reversely, shown
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Figure 3.13: Supercontituum generation in chirped poled waveguides, pumped by a
1550-nm, 125-fs pulse with 90-MHz repetition rate and 280 mW aver-
aged power .
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with yellow and cyan line separately. That can be explained by the very late pulse
compression under low incident power, like the spectrum broadening with propagation
shown in the bottom figure in Fig. 3.8 (a).

3.4 Noise study of SC generated with self-defocusing
soliton

Since supercontinuum is used as light source for many applications in optical sensing,
telecommunications and imaging, the coherence character, which measures the phase
and amplitude stability of the SC, is a very important factor for the spectral quality.
Light source with a fixed phase is the fundamental of material detection based on
interference, phase modulation in high speed data transmission and spatial position-
ing in optical imaging. Meanwhile, relative intensity noise (RIN), which is defined as
the ratio between the noise of power spectral density and the averaged power den-
sity, is also preferred to be a low value for high signal-to-noise-ratio (SNR) optical
modulators, transceivers and receivers in WDM system, stable frequency combs and
absorption spectroscopy.

The noise of SC comes both from the pump laser noise and incoherent spectrum
broadening process like modulation instability or Raman scattering, which are de-
pressed in this work since the SC is generated by short fs pulse. Due to the uncertainty
and probability distribution of the quantum vacuum state in phase space, pump pulse
lasers have Gaussian white noise with zero mean and standard deviation of half pho-
ton, which corresponds to the quantum vacuum state of the Wigner representation
[160, 161]. Besides of the quantum noise, noise contributions from the random ampli-
tude fluctuation of the pump laser become significant when the broadening mechanism
itself is coherent.

In this section, the relative intensity noise (RIN) and coherence of the SC gener-
ated by cascading nonlinearity are studied, analyzed and compared with SC generated
with Kerr solitons in optical fibers. The stability of supercontinuum generated with
self-defocusing solitons is also studied under different cascading nonlinearities by tun-
ing the QPM parameter. At last, the noise character of TWM-RR is also compared
with SPM-RR. The numerical studies under the guidance of Professor Ole Bang and
Associate Professor Morten Bache are in progress to be published.

3.4.1 Noise characterisation
The first order spectral coherence gives the similarity of two field and is expressed
with [162]

g
(1)
12 (ω) =

∣∣〈E∗
p(ω)Eq(ω)

〉∣∣√〈
|Ep(ω)|2

〉 〈
|Eq(ω)|2

〉 , p ̸= q (3.11)
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where Ep and Eq are two spectral shots at different moments in general. In this
simulation work, Ep and Eq are computed broadened spectra from NAEE model
with different initial noise conditions. The input noise typically consists of a half-
photon-per-mode random phase ( hω

2∆ω eiϕrand , where h is the Plank constant, ω is the
angular frequency, ∆ω is the frequency resolution dependent by the simulation time
window and ϕrand is a random phase between 0 ∼ 2π) in the initial incident pulse in
time domain [124]. In this study, we also consider the stability of incident power. For
a typical mode-locked laser, the peak power and pulse duration are anti-correlated
with a fixed pulse energy (Epulse = P0T0). Therefore, a fluctuation of peak power
with anti-correlated pulse duration is also included in further calculations [163]. In
practice, we performed 20 independent simulations. In Eq. 3.11, p and q marks the
simulations shots, while the angled bracket indicates the averaging over the 20 noise
realizations.

The averaged coherence over whole spectrum with the weight of power spectral
density (PSD) is also calculated with

⟨|g12|⟩ =

∫ ω2
ω1

|g12(ω)|
〈

|Ap(ω)|2
〉

dω∫ ω2
ω1

〈
|Ap(ω)|2

〉
dω

(3.12)

which quantifies the overall coherence across a range of spectrum [ω1 ω2].
Besides the spectral coherence g12, relative intensity noise (RIN), neglecting the

change of field phase and focusing on the variation of intensity, is another engineer
factor to characterize the stability of spectrum. RIN of each frequency component is
defined with the standard deviation of power and normalized to the averaged power
density. [164]

RIN(ω) =

√〈
(|A(ω)|2 −

〈
|Aq(ω)|2

〉
)2

〉
〈

|Ap(ω)|2
〉 (3.13)

For most applications of SC, relative intensity noise (RIN) is one of the most im-
portant factors. It limits the sensitivity of OCT [165], the speed of photoacoustic
microscopy [166], the signal to noise ratio (SNR) of hyperspectral microscopy [167],
and the stability of any high-precision metrology [168]. The average of RIN over a
certain range of spectrum with the weight of PSD at each frequency component is
calculated to be [169]

⟨RIN⟩ =

∫ ω2
ω1

|RIN(ω)|
〈

|Ap(ω)|2
〉

dω∫ ω2
ω1

〈
|Ap(ω)|2

〉
dω

(3.14)
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3.4.2 Influence of pump noise character

In what follows, simulations are used to show how the pump noise character affects the
soliton-generated SC in the quadratic nonlinear waveguides, studying first a quantum-
noise seeded input pulse, followed by a pump pulse with an additional 1% RIN.

Initially, the noise evolution along the propagation direction is investigated with
soliton generation pumping at normal dispersion range when there is only quantum
noise included. This is shown in Fig. 3.14. This numerical study of noise is applied
on a PPLN waveguide with a cross section of 8 µm × 8 µm and poled with a QPM
pitch of 26 µm, pumped by a 125 fs pulse with a center wavelength of 1550 nm with
90 MHz. Different soliton numbers are induced by different peak power level. When
the incident peak power P0 = 3.77 kW, low soliton order N = 4 is obtained with
the total nonlinearity balanced by the cascading nonlinearity and kerr nonlinearity.
When the peak power is increased to 23.58 kW, soliton number turns to be N = 10.
In this study, the calculated RIN after 20-mm propagation at output, RIN evolution
of each frequency component, power spectral density (PSD), spectral coherence and
the spectral coherence at output are compared with soliton numbers and are shown
in Fig. 3.14.

For spectrum generated with low soliton order, the spectrum shows good coherence
and low RIN along the propagation, which can be seen from figures in the second and
fourth row on the left side of Fig. 3.14. In the case of high soliton number, low noise
is also shown before soliton fission. However, after soliton fission at z = 6 mm, most
part of the spectrum lost coherence and stability, as shown in figures in the second
and fourth row on the right side of Fig. 3.14. It can be seen more clearly by the
spectra and noise characters at output when the propagation distance z = 20 mm
from the first and last row figures in Fig. 3.14, where the blue line shows the power
spectral density of broadened spectra, while the orange lines indicates calculated RIN
and coherence g12 in first and last row of figures respectively. We can see that with
low soliton number, the output spectra shows high coherence and low RIN in majority
part of the spectrum, while with high soliton number, high coherence and low RIN
only maintained in pump part, higher order harmonics and DFG part of the spectrum.

Next, the case where the pump pulse has an additional power fluctuation of 1% is
analyzed, which is motivated by observed instabilities in the lab due to mode locking.
The additional noise was added as an initial relative intensity noise on the input field.
A comparison of noise evolution along propagation with low soliton order N = 4 and
high soliton order N = 10 pumping at normal dispersion range when both quantum
noise and RIN are included is shown in Fig. 3.15, which shows that the spectra turn
to be more noisy after adding the power fluctuation. Still, the spectrum generated
with low soliton orders shows more stable and higher coherence than the high soliton
number generated spectrum.

The averaged coherence and RIN over whole spectrum from the broadened third
harmonic at 500 nm to 5 µm are also calculated. The evolution of the averaged noise
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Figure 3.14: Simulation study of noise characteristics using only quantum noise.
The simulations are with low soliton number (left, Ntot = 4) and high
soliton number (right, Ntot = 10). From up to down: the spectrum (in
blue) and RIN (in orange) for each wavelength after 20 mm propaga-
tion; RIN revolution along propagation; the spectra broadening; the
coherence g12 of broadened spectrum (in orange) and the spectrum at
output (in blue).
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Figure 3.15: Same as Fig. 3.14 but with additional 1% RIN added to input pulse.

with propagation for low soliton (in blue) order and high soliton order (in orange) are
also compared when the incident power has extra 1% RIN (circle marked)and purely
quantum noise (dashed line) case in Fig. 3.16. The adaptation of averaged coherence
(left) and averaged relative intensity noise (right) for low soliton orders (blue lines) are
compared with SC generated with high soliton order (orange lines), with or without
incident power fluctuation, shown with circle marked line and dashed line respectively.
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Figure 3.16: The averaged coherence (a) and averaged RIN (b) over whole spectrum
evolution of SC generated with low soliton number (blue line) and high
soliton number (orange line) in the case of only phase noise included
(dashed line) and incident power fluctuation (circle line).

From Fig. 3.16, we can see that before soliton fission, the overall spectrum shows high
coherence and low RIN for both cases. In this state, pump laser intensity noise plays
an important role, as shown in both figures in Fig. 3.16, in which the calculated noise
when the pump also contains 1% RIN (circle marked lines) is clearly higher than the
noise with only quantum noise. For SC generated with high soliton number, after
soliton fission, the broadened spectrum quickly turns to incoherent. In this state, the
influence from fluctuation of pump power is not so significant.

The noise evolution along propagation change with different incident peak power
level has also been studied. The averaged coherence and averaged RIN evolution of
the broadened spectrum with different peak power or soliton number are shown in Fig.
3.17. It has been observed that SC generated by solitons in an optical fiber pumped by
a fs laser (i.e. pumped in the anomalous dispersion regime) starts to be significantly
noisy when soliton number N is larger than 10 [64]. We have similar conclusion after
10-mm propagation.
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Figure 3.17: (a): Averaged RIN evolution with propagation under different peak
power/total soliton number with only quantum noise; (b): averaged
coherence evolution when only quantum noise included; (c): averaged
RIN evolution with 1% power fluctuation; (d): averaged coherence evo-
lution with 1% power fluctuation.
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3.4.3 Influence of soliton orders and QPM pitch values
As shown in Fig. 3.3, the total nonlinearity can be modified by tuning the cascading
nonlinearity with different QPM conditions. A study of how the cascading nonlin-
earity effects the noise character of generated supercontinuum is applied on PPLN
waveguides with a cross section of 8 µm × 8 µm with poling period at 23, 24 and 26
µm, with corresponding total nonlinearity of γtot = -47.5, -39.2 and -28.5 (kWm)−1

respectively. The averaged noise of the broadened spectrum after 20-mm’s propaga-
tion are shown in Fig. 3.18, in which (a) and (c) show averaged RIN and coherence
of SC generated with different QPM periods and with soliton orders, while the aver-
aged noise of SC generated by PPLN waveguides with different QPM pitch plotting
with incident peak power are shown in Fig. 3.18 (b) and (d). The solid lines are the
calculated noise when the incident power with 1% RIN is applied on the pump pulse,
while the dashed lines indicate noise character of only phase noise included. For both
cases, SC generated with higher cascading nonlinearity shows lower noise and higher
coherence then the ones generated with lower nonlinearity for soliton numbers from
low to high.

This is different to what we normally understood. SC generated by solitons in PCF
fibers pumped by fs lasers in anomalous dispersion range usually has higher noise
and lower coherence for higher soliton orders since the noise are coming from the
uncertainty in soliton fission process. However, from Fig. 3.18 (b) and (d), we can see
that with same incident pulse, SC generated with higher nonlinearity has lower noise
even though the soliton number is higher.

This phenomena might can be explained by the cascading theory. With shorter
QPM pitch, the effective phase mismatching parameter ∆keff = ∆k − 2π/Λ is also
smaller. Therefore, the three wave mixing interaction length, which is the propagation
distance that energy flows from FW to SH and flows back to FW, is longer, leading
to less exchange between FW and SH. Since noise of SH will be enhanced because
it is produced by two FW photons, less communication between FW and SH could
reduce the noise converted back to the FW.

To figure out from when the SC generated with lower nonlinearity obtains more
noise, a comparison between averaged noise of generated SC with QPM pitched at
23 µm and 26 µm and spectra broadening are shown in Fig. 3.19 and Fig. 3.20
correspondingly. From Fig. 3.19, we can see that both averaged RIN and averaged
coherence show that noise increases much quicker for SC generated in waveguide
with 26 µm QPM than with 23 µm QPM. In Fig. 3.20, it is shown that for both
cases, the incident pulse spectrum starts to broaden by SPM with a SH generated
immediately. However, since SFG-RR and DFG-RR can be generated as long as the
phase matching condition is fulfilled and solitary wave is not a necessary requirement,
the dispersive waves generated much earlier in waveguide with 26 µm QPM pitch
(z = 1.6 mm) than that in 23 µm QPM pitched waveguide (z = 6.4 mm), resulting
in energy leaking from the pump. Therefore, a perturbation in the pulse compression
part has already happened in this stage. Meanwhile, in the waveguide with 23 µm
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Figure 3.18: Averaged RIN and coherence for different QPM pitches studied with
different soliton orders ((a) and (c)) and peak power ((b) and (d)).
QPM pitches of 23, 24 and 26 µm are corresponding to the total non-
linearities of γtot = -47.5, -39.2 and -28.5 (kWm)−1 respectively, which
means that lower QPM pitch has higher nonlinerity. Meanwhile, the
black line in (a) and (b) stands for the averaged RIN valued at 35%,
below this value indicates good stability, while the black line in (c) and
(d) indicates the averaged coherence g12 at 0.6, higher values suggest
good coherence.
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Figure 3.19: The evolution of averaged RIN and g12 over the whole broaden spectra
(from 500 nm to 5 µm) with 1% power fluctuation (circles) and purely
phase noise (dashed lines). The incident peak power is 9.96 kW, when
Λ is 23 µm, γtot=-0.475 W −1m−1, Ntot = 7.52, while when Λ is 26 µm,
γtot=-0.285 W −1m−1, Ntot = 6.50 .

Figure 3.20: The spectral broadening with propagation in waveguides with 23 µm
QPM pitch (left) and 26 µm QPM pitch (right).
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QPM pitch, more broadening is required to fulfill three wave mixing phase matching
conditions. Therefore, larger nonlinear phase shift will be induced, leading to a more
compressed pulse in time, broader spectra and less perturbed soliton fission process.

Another sharper increase of noise, which can be seen in Fig. 3.19, happens after
14-mm-propagation in 26 µm-QPM-pitched waveguide. We can also get a clue from
spectrum broadening shown in Fig. 3.20. Comparing to the broadened spectrum in
23 µm-QPM-pitched waveguide, the wavelenths of SFG-RR and DFG-RR waves are
closer to the broadened wavelength region. The interaction between the broaden spec-
tra and the dispersive waves could also include more noise.

However, the simulation results are not sufficient to support the statements before.
To have a more detailed explanation about the SC generated with higher cascading
nonlinearity and higher soliton numbers shows lower noise, SC generation with QPM
pitches shorter than 23 µm should be applied to get ride of the influence from DFG
RR waves.

3.4.4 Noise study of different parts of the spectrum
According to the discussions above in section 3.3, the spectra can be mainly separated
into four parts: pump broadening part, SPM-RR part, SHG and SFG RR (first order
quasi phase matching SHG) part and DFG RR part, as shown in Fig. 3.21.

Figure 3.21: Four parts of SC generated in PPLN waveguide with 26 µm pitch, peak
power is 9.96 kW, the color shows PSD of the spectrum in dBm.

The DFG RR part, which is generated by TWM process, is expected to have lower
noise than the SPM RR, which is generated by a FWM process. Therefore, a study
of averaged RIN and averaged coherence over the four parts of the spectra has been
applied. The evolution of the noise character along propagation with power fluctuation
and purely phase noise has been calculated when QPM is 26 µm.

The averaged coherence of the four parts of spectra, which are broadening around
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Figure 3.22: The evolution of averaged coherence and PSD (left) and averaged RIN
and PSD (right) for four parts of broaden spectra with 1% power fluc-
tuation (circles) and purely phase noise (stars).The blue solid circles
are actually the blue stars coincide with the blue circles because of the
similar calculated PSD with (stars) or without (circles) the 1% power
fluctuation. From up to down, the four parts of broaden spectra are
pump (1.2 µm ∼ 2 µm), SHG dispersive wave (0.7 µm∼1.2 µm), SPM
dispersive wave (2 µm∼3.5 µm), and DFG dispersive wave (3.5 µm∼5
µm). The incident pulse duration is 125 fs and the peak power is 9.96
kW, Λ = 26 µm, γtot = −0.285W −1m−1, Ntot=6.50.
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pump (1.2 µm ∼ 2 µm), SPM dispersive wave (2 µm∼ 3.5 µm), DFG dispersive
wave (3.5 µm ∼ 5 µm) and SHG dispersive wave (0.7 µm ∼ 1.2 µm) are shown in
Fig. 3.22: the blue line is the averaged PSD over the bandwidth of each spectral
part, while orange lines are the weighted averaged coherence in this spectral range.
Star lines are the calculated averaged PSD (blue) and averaged g12 (orange) when
the initial pulse only include phase noise, while lines marked with circles indicates
the values calculated with 1% power fluctuation. For the broaden part around pump
wavelength, the spectra shows good coherence along 20-mm propagation because the
soliton number is low. The SHG is generated immediately after the incidence of
pump and has high coherence because it is just the copy of broaden FW. After 5-
mm’s propagation, with the broadening of the pulse, SPM, SFG and DFG dispersive
waves start to generate. With more and more power coupled into dispersive waves, the
pulse compression is disturbed and soliton fission happens, which leads to a significant
coherence degradation.

In our case of short pulse incidence (125 fs) and spectrum broadening with soliton
and dispersive wave generation mechanism, during the soliton fission process, the in-
put quantum noise will induce the variation of center frequencies of each fundamental
soliton and the fluctuation of each soliton amplitude. Then the noise is amplified by
the interference of the solitons and phase matched dispersive waves through cross
phase modulation [170]. From Fig. 3.22, we can see that DFG-RR shows better coher-
ence than SHG and SPM-RR. This can be explained by the phase matching condition
shown in section 3.3.3. For DFG RR wave, the center frequency should fulfill the phase
matching condition shown in Eq. 3.15

β(ωDF G) − ωDF G/νg = −kQP M (3.15)

which is irrelevant to soliton center frequency. Therefore, the DFG RR has even better
coherence than the broadened part around pump wavelength. Meanwhile, for SPM
RR and SFG RR waves, the phase matching conditions, which are shown in Eq. 3.16
and Eq. 3.17 respectively, are strongly dependent on the soliton center frequencies.

β(ωSP M ) − β0(ωsol) − (ωSP M − ωsol)/νg = qsol (3.16)

β(ωSF G) − β0(ωsol) − (ωSP M − ωsol)/νg = β0 − ωsol/νg(ωsol) + 2qsol + kQP M (3.17)

As to SFG-RR, since it is generated by A2 (the first part in RHS of equation 2.28),
is influenced more from the phase noise by the squaring of the phase then SPM-RR
part, which is generated by |A|2A (the last part in RHS of equation 2.34).

Except the averaged coherence, the evolution of averaged RIN of the four parts
along propagation are shown in right figures in Fig. 3.22. Data marked with circles
are calculated averaged RIN when 1% fluctuation of incident power is included, while
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the star lines stands for that value includes only quantum noise. Both of them shows
that SPM RR has larger RIN than the SHG and DFG RR. That is also reasonable
since SPM RR is generated by four wave mixing process from the term |A|2A, so the
fluctuation of amplitude is cubed, while SHG, SFG RR and DFG RR are generated
by three wave mixing processes, in which the fluctuation of amplitude is squared.

Both RIN and coherence verify that DFG RR in MIR shows less noise than the
SPM RR.

3.5 Summary
As a summary, in this chapter, we discussed the supercontinuum generation in PPLN
waveguides, which can provide good confinement of TM modes from UV to MIR. The
dispersion curve of TM00 mode can be engineered by different dimension of waveguide
cross sections. The sign and strength of total nonlinearity can also be tuned by poling
customized QPM pitch.

By choosing the correct poling period, self-defocusing soliton can be generated
in normal dispersion range with negative total nonlinearity. SPM dispersive wave
can be generated across the ZDW at 1.8 µm in MIR (2 to 3.5 µm). Meanwhile, if
the QPM pitch fulfills the phase matching conditions, three wave mixing dispersive
waves, mainly DFG RR and SFG RR also can be generated even far away from the
broadened spectrum around the pump wavelength. The position of the dispersive
waves relies on the QPM pitch. Therefore, they can be tuned by poling period.

We experimentally investigated SC generation with fs mode locked fiber laser in
a series of waveguides with different dimension or QPM pitch. SC is generated with
estimated 3 ∼ 4 kW peak power coupled into fundamental wave, corresponding to
300 ∼ 400 pJ. With this power, it seems that self-defocusing soliton fission happened
at the end of the waveguide after 30-mm’s propagation. SPM dispersive wave on the
red side of ZDW (1.8 µm) and tunable DFG RR from 4 to 4.7 µm also have been
observed.

We also numerically studied the noise character of SC generated with cascading
quadratic nonlinearity. The averaged noise over spectrum from 500 nm to 5 µm has
been calculated under a series of power levels from low to high. For SC generated
with low soliton orders, most part of the spectrum shows good coherence and low
RIN, while in high soliton number case, the whole spectrum lost the power stability,
with coherent remaining in narrow region around pump and DFG part the spectrum.
The results indicate similar conclusion as in [64]. When the soliton number is low,
N < 7, the spectrum shows good coherence and low RIN after 20 mm’s propagation.
When the soliton number is larger than 10, the noise increases significantly.

Moreover, we also studied the noise character for the waveguides with different
cascading nonlinearities by tuning QPM pitch. Even though the results look as if, with
higher cascading nonlinearity, the spectrum shows more stable and higher coherence
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than the one generated with lower nonlinearity, it is also influenced by the wavelength
of TWM dispersive waves and from when the TWM dispersive waves starts to disturb
the pulse compression. The result is not complete yet and require further studies.

At last, the noise character of different parts of broadened spectrum is also studied.
DFG RR shows better coherence than SPM RR and SFG RR. TWM dispersive waves
have better power stability than four wave mixing dispersive waves. Therefore, DFG
RR, with lower noise than SPM RR, tunable by QPM pitch, can be used as a good
source for sensors or imaging in MIR.



CHAPTER4
Supercontinuum

generation with TiO2
waveguides

4.1 Introduction

The previously used PPLN waveguides have huge cross sections, therefore the disper-
sion of those waveguides are not sensitive the the waveguide dimensions even with the
large refractive index between LN and SiO2 subtract. In this chapter, supercontinuum
generation with nano-fabricated amorphous Titanium dioxide (TiO2) waveguides is
introduced. The transparency window of TiO2 extends from the visible (400 nm) to
the MIR (4500 nm). The material also has both higher linear refractive index (> 2.2)
and nonlinear refractive index (2.3 - 3.6 × 1018 m2/W ) than silicon and silicon nitride
[171], making it a promising material for integrated nonlinear optics, especially for
supercontinuum generation with low power consumption.

Recently, both amorphous and anatase TiO2 waveguides have been demonstrated
and nonlinear effects like the four-wave mixing, self-phase modulation, third-harmonic
generation, etc, have been observed. Specifically, SCG has been also achieved in the
anatase TiO2 waveguides [172]. Generally, amorphous TiO2 is preferred for nonlinear
applications due to the lower loss by avoiding the polycrystalline scatters inside the
TiO2 with anatase phase.

Here we report a study of supercontinuum generation in amorphous TiO2 ridge
waveguides with a total thickness of 460 nm, whose dispersion can be tailored from
being anomalous to all normal at 1550 nm. An erbium-doped femtosecond fiber laser
(125 fs) with a center wavelength of 1550 nm and repetition rate at 90 MHz is used
to pump the waveguide. Supercontinuum generation has been realized in both cases.
Tunable dispersive waves have been achieved by dispersion engineering, while super
flat supercontinuum is realized with all-normal dispersion waveguide with the incident
pulse energy of 0.15 nJ.
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At last, a numerical noise study also has been conducted on supercontinuum gen-
erated in waveguides with different dispersion characters. The results indicates that,
with the same power level, SC generated within all-normal dispersion waveguides have
much lower noise than the broadened spectrum in waveguides pumped at anomalous
dispersion regime.

4.2 Waveguide characters and the SCG experimental
setup

Equation 2.50 indicates that, in order to generate SC in a waveguide, group velocity
dispersion (GVD), propagation loss and nonlinearity of the waveguide are the key
factors.

The TiO2 waveguides are fabricated with a 460-nm-thick TiO2 film, which is de-
posited on a 2.2-µm-thick oxide layer on a silicon wafer by an ion-beam deposition
method. Details of the deposition can be found in the previous work [171]. Waveguide
patterns are firstly defined by electron beam lithography on the ZEP520A e-beam re-
sist then transferred to an 80-nm thick chromium (Cr) layer by inductively coupled
plasma (ICP) etching with the gas mixture of oxygen (O2,, 15 sccm) and chlorine
(Cl2, 65 sccm) with a platen power of 20 W. Then a gas mixture of Cl2 (30 sccm) and
boron trichloride (BCl3, 12 sccm) is used in the same ICP machine to etch the TiO2
with Cr as the mask and a platen power of 100 W. After stripping the residual Cr,
the TiO2 waveguides are formed with air as the cladding. Compared to the etching
recipe used previously [171], this optimized fabrication process results in smoother
and vertical sidewalls by etching the TiO2 with chlorine contained chemicals instead
of fluorine contained chemicals.

Figure 4.1: (left): SEM image of a fabricated TiO2 waveguide; (right): Measured
propagation loss of TiO2 waveguides with different widths with cut-back
method.
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Figure 4.1 (left) shows the Scanning Electron Microscope (SEM) image of the
cross-section of the fabricated TiO2 waveguide with a width of 1450 nm, a rib height
of 450 nm, and a slab height of 10 nm with SiO2 substrate on a Si wafer. The smooth
sidewalls provide low propagation loss between 3 to 5 dB/cm (shown in figure 4.1
(right)) for waveguides with different widths. The propagation loss shown in figure
4.1 (right) are obtained with the cut-back method [173] with waveguides with a series
of length at 5 mm, 10 mm, 15 mm and 20 mm. The propagation loss in a waveguide
can be described by such a model:

αprop = αconf + AW G

Atotal
αmat, (4.1)

in which αconf is the confinement losses, which are the losses arising from the leaky
nature of the optical modes and the non-perfect structure of the waveguide, while αmat

is the material loss including absorption and scattering. AW G

Atotal
is the mode ration in

waveguide or the core of a fiber. The results shown in figure 4.1 (right) indicates
that, with the increase of waveguide width from 950 nm to 1150 nm, the measured
corresponding propagation loss getting decrease, which is reasonable since the wider
waveguide has better confinement ability, reducing the confinement loss and scattering
from the imperfect side walls, i.e., αconf in Eq. 4.1, resulting in lower propagation loss.
However, when the waveguide width enlarges to 1450 nm, higher-order modes (HOMs)
can also be confined. HOMs have larger mode area, thus larger confinement loss.
Meanwhile, except part of light has coupled into higher-order modes, the fundamental
mode in the 1450-nm-width waveguide has been confined more tightly inside of the
waveguide, i.e., larger AW G

Atotal
in Eq. 4.1. Therefore, the absorption and scattering of

the waveguide material have more impact on the propagation loss. The contribution
of higher confinement modes of HOM and larger mode ratio in the waveguide of
fundamental wave results in higher propagation loss for the widest waveguide in this
work.

Thanks to the high refractive index contrast between TiO2 core and SiO2 buffer
layer, the dispersion profile of the fabricated waveguides can be effectively engineered
by adjusting the waveguide widths. In our experiments, we have designed waveguides
with same height (460 nm) but different widths from 950 nm to 1450 nm. Based on
the measured material index, the GVD of TE00 mode in waveguides with different
dimensions has been calculated by Lumerical Mode solution, as shown in Fig. 4.2
left. Waveguides with a width of 950, 1050 and 1150 nm have anomalous dispersion
at pump wavelength, which is critical to form solitons and dispersive waves beside
the two zero dispersion wavelength (ZDW). The wavelength location of the dispersive
waves can be calculated by equation 3.4, shown in Fig. 4.2 right.

For a wider waveguide to the width of 1450 nm, the dispersion turns to be all
normal overall the transparency window, and also near zero in the range of 1.2 to 2.0
µm. Spectral broadening is induced by self phase modulation and optical wave break
in this case, generating a low noise and flat supercontinuum. The ability of dispersion
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Figure 4.2: left: Different GVD profiles of TiO2 waveguides with different dimen-
sions; right: Phase matching condition for SPM resonance radiation
waves with different waveguide dimensions.

engineering has been experimentally verified and the results are presented in section
4.3.

In this experiment, a 125 fs laser (Toptica mode-locked laser with 90 MHz repetition
rate) was used to pump the waveguides at 1550 nm. The pulse has been coupled into
the waveguide through an aspherical lens. A neutral density filter (ND) and a half-
wave plate (HWP) were used to control incident power and tune the polarizations
separately. The generated supercontinuum is collimated by another aspherical lens,
which is then coupled into a multimode fiber, that connects with several optical
spectrum analyzers (OSAs), including the Ando OSA from 350 nm to 1700 nm and a
Yokogawa OSA for the range of 1200 nm to 2400 nm. The scheme of setup is shown
in Fig. 4.3 (a).

With the fs laser pumping, we can see glowing along the 15-mm-long waveguide.
In the beginning, green light, which is the third harmonic of pump laser, is generated
immediately. Gradually, with the broadening of the pulse, more colors can be observed
by the naked eye.

One advantage of amorphous materials is the minimization of cluster formations.
Those small clusters in anatase material will induce high scattering like Rayleigh
scattering. In [174], the third harmonic generation of supercontinuum can also be
observed in anatase TiO2 waveguide but in very short propagation distance, because
of the high loss in the visible range.
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Figure 4.3: (a) Schematic drawing of the setup for SC generation in TiO2 waveg-
uides with a fs laser, NDF is the neutral density filter; HWP stands
for half-wave plate; PM represents parabolic mirror; OSA is the optical
spectral analyzer; (b) Photograph of the illuminated waveguide via the
fs pulse.

4.3 SC generation pumped at anomalous dispersion
range

Thanks to the advanced etching technique, the thickness of waveguide ridge can be
as high as 450 nm. With this ridge thickness, anomalous dispersion can be achieved
at 1550 nm with a large range of waveguide width from 700 to 1300 nm, realizing
soliton formation and providing a large flexibility of phase matching for dispersive
wave generation, and therefore a robust spectrum tailoring by dispersion engineering.

In this work, we experimentally studied SC generation in the waveguides with
widths of 950, 1050 and 1150 nm respectively. By pumping around 220 pJ energy
into waveguides with different width at 1550 nm, which is in the anomalous dispersion
range for these waveguides according to the calculated GVD shown in figure 4.2 left.
With the negative GVD at pump wavelength, solitons can be formed with the positive
Kerr nonlinearity. Meanwhile, soliton-induced dispersive waves in shorter wavelengths
and longer wavelengths are also observed outside of two ZDWs. Figure 4.4 shows the
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Figure 4.4: (a): Simulated spectra broadening after 5-mm-propagation of waveg-
uides with 950 -, 1050 - and 1150-nm width; (b), (c) and (d): Measured
spectra broadening of waveguides with 950 -, 1050 - and 1150 - nm width
after 5-mm, 10-mm and 15-mm-propagation distance respectively. The
spectra are taken by two OSAs in different wavelength range, i.e. Ando
AQ6315E (marked with circle) for 350 nm to 1750 nm and Yokogawa
AQ6375B (solid line) for 1200 nm to 2400 nm respectively and calibrated
at 1550 nm.

blue dispersive wave peaks appear at 736, 788 and 854 nm for waveguides with width
of 950, 1050 and 1150 nm respectively, while the red dispersive wave peaks can be
observed at 2230, 2349 and above 2400 nm (limited by the working range of OSA)
individually. The experimental results are also verified by the numerical simulation
shown in Figure 4.4 (a). With the increase of waveguide width, both of the two
dispersive waves shift to longer wavelength, corresponding to the red shift of the
ZDWs.

Figure 4.4 also shows the spectra evolution along waveguides with different propaga-
tion distances at 5 mm, 10 mm and 15 mm in (b), (c) and (d) respectively. Figure 4.4
(b) shows a very smooth broadening of spectrum and clear dispersive wave peaks in
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shorter and longer wavelengths, indicating that soliton fission just happen at around
5mm’s propagation. Figure 4.4 (c) and (d) are spectra measured with 10 and 15-mm-
long waveguides, showing that the dispersive waves are enhanced and getting broader.
However, longer wavelength part of the spectrum is suppressed gradually with propa-
gation because of higher loss of this waveguide including the absorption loss and the
leakage loss.

4.4 SC generation in all-normal dispersion waveguide
When the width of the TiO2 ridge waveguide is larger than 1250 nm, an all-normal
dispersion waveguide is obtained. Recently, the all normal dispersion(ANDi) fiber
based SC, which is only broadened by self phase modulation and optical wave break-
ing [175], has been found to exhibit a very flat spectrum, extremely high coherence
and even lower relative intensity noise fluctuation than the pumped pulse [176], which
makes it the ideal light source for broadband telecommunication and optical comput-
ing applications, like wavelength-division multiplexing (WDM) technology, optical
signal switch and Kerr combs. However, this character is seldom studied in on-chip
waveguides.

In previous studies of pulse spectral broadening in ANDi fibers, people find that
the bandwidth of broadening by SPM and OWB is independent on incident pulse
duration and given by [177]

∆ωcoh ∝

√
γP0

β2
, (4.2)

from which we can conclude that, with fixed nonlinearity and incident power, the
broadest bandwidth can be obtained when the GVD is small. In this work, we also
tested the waveguide with 1450 nm’s width, whose GVD is all normal and near zero
in the wavelength range from 1000 nm to 2100 nm, supporting one octave coherent
broadening.

In this work, supercontinuum generation in the all-normal dispersion TiO2 waveg-
uides with various incident power has been studied. The input pump power has been
increased gradually from 16 mW to 280 mW by reducing the neutral density filter.
Total insertion loss is measured as 18.5 dB. By subtracting the propagation loss (2
dB) for 5-mm-long waveguide, Fresnel loss (1.4 dB) at two waveguide facets and
the truncation loss (3.6 dB) calculated by coupling output mode with the second
aspherical lens, the incident coupling loss is estimated to be 11.4 dB, with neglecting
coupling to higher order modes. Therefore, the maximum peak power that coupled
into waveguide is estimated to be around 1.67 kW, with a pulse energy of 0.22 nJ.

As it is shown in Fig. 4.5, the spectra broadens gradually and smoothly with the in-
crease of incident power. One octave broadening can be obtained with more than 0.15
nJ incidence, which is lower than the recorded one-octave spanning SC in the anatase
TiO2 and most of the SiN platforms. Meanwhile, comparing to the spectrum shown
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Figure 4.5: Measured spectra in an all-normal dispersion waveguide with various
incident pump power of 0.07 nJ, 0.09 nJ, 0.15 nJ and 0.22 nJ, the dark
blue curve indicates the input coming from the pump laser.

Figure 4.6: (a) Simulated spectrum evolution along 15-mm-long all-normal disper-
sion waveguide; (b) measured spectra (colors) and simulated spectra
(grey) after propagating 5, 10 and 15 mm.



4.5 Noise study of the generated spectrum 75

in Fig. 4.4, SC generated by all normal dispersion waveguides shows very flat spectra,
with a continues 30-dB bandwidth more than one micrometer from 1050 nm to 2300
nm. In some part of the spectrum, like 1100 nm to 1350 nm and 1800 nm to 2300 nm,
the fluctuation of spectrum is less than 10 dB. The strong fluctuations around pump
wavelength could be attributed from the interference between fundamental mode and
higher order mode.

Simulated spectra evolution is shown in Fig. 4.6 (a) with the dispersion curve calcu-
lated from Lumerical Mode solution. This spectrum evolution indicates a broadening
by self phase modulation in the beginning. Later on, optical wave breaking promotes
further broadening along the waveguide. The measured and simulated spectra cut
at 5 mm, 10 mm and 15 mm are shown in Fig. 4.6 (b). The simulated curves fit
very well in shorter wavelength range, while the longer wavelengths are not agreeing
so well with experimental results. This discrepancy could come from a not precisely
predicted dispersion relation above 1800 nm, since the material index in MIR is fitted
by the data measured in visible and NIR range with a Sellmeier equation. The details
of this the material character can be find in Appendix A.2. The experimental results
verified that within 10-mm-long propagation in this amorphous TiO2 waveguide, the
pulse can be broadened more than one octave. As a comparison, in [174], a 22-mm-
long waveguide is needed to generate one-octave supercontinuum in anatase TiO2
waveguide.

4.5 Noise study of the generated spectrum
In previous sections, we can see that supercontinuum have been successfully gener-
ated in TiO2 waveguides both with all-normal dispersion and anomalous dispersion
at pump wavelength. Therefore, in this section, the noise character of generated SC
have been conducted numerically. The incident pump pulse is assumed to contain
both quantum noise and a relative intensity noise (RIN). The phase of pump pulse
is assumed to contain a half-photon-per-mode noise figure ( hω

2∆ω eiϕrand) as explained
before in section 3.4.1. Meanwhile, the peak power of pump pulse is also assumed to
have a 1% fluctuation, which is anti-correlated with pulse duration, resulting a fixed
total energy [163]. The field coherence g12, which is an important factor for SC ap-
plications in frequency metrology, frequency comb synthesis and wavelength division
multiplexing (WDM), and relative intensity noise (RIN), which is the main consid-
eration of SC as light source for spectroscopy, OCT and other imaging techniques,
have been studied on supercontinuum generated in waveguides with both dispersion
characters.

The simulations have been applied on two waveguides with different width, specif-
ically, a broad one with width of 1450 nm, and a narrow one with a width of 950 nm.
As shown before, the waveguide with a width of 1450 nm shows all-normal disper-
sion character over the whole spectrum, while the waveguide with 950-nm-width has
anomalous dispersion at 1550 nm, which is the center wavelength of the incident pulse
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in this simulation. With the input pulse energy of 150 pJ with a 90 MHz repetition
rate and 125 fs averaged pulse duration, the soliton number of the waveguide with
950 nm width is around 29.6. In this simulation, 20 assembles of SC generated in
each waveguide with randomly generated phase and peak power have been recorded.
The length of the two waveguides are assumed to be 15-mm-long.

With the same incident power, the pulse broadening process, coherence and RIN
evolution in this two waveguides have been compared. The results are shown in Fig.
4.7, (left) for the narrow waveguide and (right) for the all-normal dispersion waveg-
uide respectively. From up to down, the spectrum broadening with the intensity
fluctuation of each wavelength at output, the RIN evolution along pulse propagation,
spectrum broadening evolution, coherence development and coherence at output with
spectral density have been shown respectively.

From Fig. 4.7 left figures, we can see that when the waveguide is pumped in anoma-
lous dispersion regime at 1550 nm with a very high peak power (P0 = 1.13 kW), soliton
fission happens immediately with such high soliton number, as indicated by the PSD
evolution shown in the middle figure in Fig. 4.7 (left) . Most part of the broadened
spectrum lost coherence and turn to be very noisy, as shown in RIN evolution and g

(1)
12

evolution in Fig. 4.7 (left) respectively, because of the inherent modulation instability
and soliton collisions [178]. Only the regions where two dispersive waves generated
maintained low RIN and high coherence as shown in the top figure and bottom figure
in Fig. 4.7 (left). Meanwhile, with same power incidence P0 = 1.13 kW, the spectrum
broadening in an all-normal dispersion waveguide shows flat and smooth broaden-
ing(shown in the middle figure in 4.7 (right)), also has good coherence (g(1)

12 (ω) > 0.9)
and extremely low noise (RIN < 10%) all along the propagation, shown in the sec-
ond figure and the fourth figure in Fig. 4.7 (right) respectively. This is because the
broadening is dominated by coherent self-phase modulation (SPM) and optical wave
breaking (WB) [179].

Another series of simulations with incident pulse only has quantum noise has also
been applied to the two waveguides. The results are also compared with the noise
of SC generated in both waveguides when the pump pulse contains both phase noise
and power fluctuation. The calculated spectral averaged coherence and RIN with
propagation are shown in Fig. 4.8 (a) and (b), respectively. The orange lines in Fig.
4.8 shows the averaged noise evolution with the propagation of SC generated in the
wider waveguide with all-normal dispersion character. In contrast, the blue lines stand
for the noise character of SC generated in the narrow waveguide with soliton formation
and dispersive wave generation.

From the figure 4.8, we can see that the SC generated in all-normal dispersion TiO2
waveguide shows outstanding coherence and spectrum power stability in general, com-
paring to the broadening with soliton generation mechanism in the narrow waveguide
with anomalous dispersion, no matter with or without input power fluctuation noise.
Meanwhile, from figure 4.8 (a), we can see that the power fluctuation reduces the
phase coherence in both of the waveguides. However, it only affects the RIN of SC
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Figure 4.7: RIN and g12 evolution of whole spectrum along propagation for a SC
generated from anomalous dispersion with soliton number of 29.6 (left)
and with all-normal dispersion (right). From up to down: the spectrum
and RIN for each wavelength components at output; RIN revolution
along propagation; the spectra broadening; the spectrum and spectral
coherence at output.
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Figure 4.8: Averaged coherence (a) and averaged RIN (b) over whole spectrum along
propagation of all normal dispersion waveguide and pump at anomalous
waveguide with 150 pJ 125 fs pulse.

generated in all-normal dispersion waveguide because the values are so low, which
can be seen from figure 4.8 (b). Therefore, to have a remarkably coherent spectral
broadening, the input pulse RIN should also be controlled.

4.6 Summary
This chapter investigated amorphous TiO2 waveguides as an advanced integrated non-
linear platform for supercontinuum generation. Dispersion engineer has been applied
to the nano-fabricated waveguides, realizing dispersion variation from anomalous to
all-normal, supporting various customized supercontinuum. By pumping with a fs
laser, more than one-octave spanning supercontinuum has been generated with 220
pJ input energy in both cases, namely the soliton fission and dispersive wave gener-
ation scheme in the case of anomalous dispersion, and the SPM and OWB scheme
in the case of all-normal dispersion. For the case of SC generation by pumping with
anomalous dispersion waveguide, the position of dispersive waves can be tuned by
adjusting the waveguide width to have different dispersion profiles. On the other
hand, SC generated in all-normal dispersion waveguide shows super flat broadening
and extremely low noise and high coherence along propagation, that can be used for
telecommunications, optical computing, spectroscopy, etc.



CHAPTER5
Conclusions and

Outlook
5.1 Conclusions

In this thesis, we have investigated the Ph.D. project on-chip supercontinuum gen-
eration towards mid-infrared. The project mainly explores the utilization of cas-
caded second harmonic nonlinearity in supercontinuum generation in waveguides with
quadratic and cubic nonlinearity.

To simulate the linear and nonlinear effect when a femtosecond pulse propagates
through a waveguide, nonlinear analytical envelope equation model including nonlin-
ear mode overlaps has been derived. Since this model simulates the field interactions
with analytical envelope, harmonic generations, SFG, DFG, SPM, XPM and even
Raman response are included in the simulation.

In this project, commercial PPLN ridge waveguides with specifically designed poling
periods are proposed to achieve good confinement for optical modes in MIR up to
5 µm. By carefully choosing the poling period, a large SPM nonlinearity with the
co-action of cascading quadratic nonlinearity and cubic Kerr nonlinearity can be
obtained. Since the waveguide has normal dispersion at NIR telecommunication band
at 1550 nm, the QPM pitch to produce negative total nonlinearity has been designed
here to generate solitons at pump wavelength, with SPM dispersive waves naturally
sprouting out in longer wavelength across the ZDW. Meanwhile, with the designed
poling periods, DFG dispersive waves are generated in MIR and can be tuned from 4
to 5 µm. The experimental work shows good agreement with the prediction with the
NAEE model, verifying the accuracy of the mathematical model and the possibility
of generating SC extending to MIR in quadratic crystal waveguides.

With the NAEE model, a series of numerical studies of SC phase coherence and
spectral intensity stability have also been applied. The noise of SC generated with
solitons in normal dispersion range shows similar trend of Kerr effect soliton gener-
ation in photonic crystal fibers. With low soliton number |Ntot| < 7, the broadened
spectra are coherent and stable, while with increasing soliton number, the SC lost the
coherence and stability. Both the quantum noise and relative intensity noise are high
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with high soliton numbers when it is over than 10. Meanwhile, the noise character of
different parts of the generated SC have also been studied. It turns out that the DFG
resonance radiation wave part has lowest extra noise and can be a good candidate of
the light source for spectroscopy or imaging. A series of applications with this super
coherent broadband laser source are looking promising to be achieved.

Additionally, during this project, we noticed that the on-chip supercontinuum gen-
eration studies are gradually moving to nano-fabricated waveguides, which are more
compact, lower power required and dispersion-sensitive to the waveguide dimension.
Therefore, we also explored supercontinuum generation towards MIR in amorphous
TiO2 waveguides. All normal dispersion waveguides and waveguides with anomalous
dispersion at pump wavelength have been designed and fabricated in DTU. Both of
the two types of waveguides can generate one-octave-spanning supercontinuum from
NIR to 2.5 µm, close to the cut-off wavelength of the waveguide. Numerical noise
study shows that supercontinuum generated in all normal dispersion waveguide has
significantly better coherence and spectral intensity stability with the same incidence
power, because of the coherent SPM broadening process and optical wave breaking,
avoiding the noise generated from soliton collisions after fission and the wavelength
shift of SPM resonance radiation wave. Experimental works are planned to verify
this theory. Based on this idea, here we propose the SC generation with purely SPM
in suspended MIR PPLN waveguides pumping at anomalous dispersion range with
negative total nonlinearity in outlook.

5.2 Outlook

5.2.1 Introduction
To achieve the on-chip MIR supercontinuum generation, the key is to confine MIR
light effectively in an optical waveguide. Meanwhile, the compact footprint solutions
also requires high nonlinearity and low power requirement. Furthermore, the tradi-
tional silica substrate is not valid in MIR since it possess a large loss from about 3
µm. In this chapter, new nonlinear waveguide structures are proposed, showing the
future possibilities of on-chip SC generation towards MIR.

5.2.2 Suspended PPLN wavguides
During this project, we noticed that current thin film PPLN waveguides have been
successfully fabricated with extremely low propagation loss at 3 dB/m [119] and have
been utilized in optical modulator [180], octave spanning supercontinuum generation
[120] from visible to NIR range and on-chip self-referencing system [122]. The on-chip
waveguides have PPLN ridge in dimensions of micrometer width and few hundred
nanometer height with a SiO2 substrate. However, limited by the small cross section,
those waveguides lose the confinement ability of longer wavelength in MIR, and have
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Figure 5.1: (a): Scheme of suspended waveguide structure; (b): SEM image of fabri-
cated suspended Si waveguide structure; (c): Suspended LN waveguide
material refractive index (n) at 5.5 µm; (d): Calculated TE00 mode at
5.5 µm, |E| is the normalized electric field.
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high propagation loss since large mode ratio in lossy SiO2 substrate. Therefore, a
suspended waveguide structure is proposed here to improve the confinement of MIR
light and reduce the propagation loss by etching off the SiO2 substrate beneath the LN
slab, which is a mature technique in integrated Si photonics [181]. The idea is making
series of holes on the side of waveguide ridge and release HF solution through the holes.
Therefore, the SiO2 around the holes is etched off, leaving a space below the ridge, as
shown in Fig. 5.1 (a). The yellow part is a ridge waveguide with a slab, while the square
holes have been etched through to release the solving solutions with high selectivity
of the material beneath. In our group, we have successfully fabricated the suspended
silicon waveguides and have characterized their MIR performances. The SEM image
of the suspended silicon waveguide is shown in Fig. 5.1 (b). And the propagation
loss is measured as low as 3 to 5 dB/cm. This paves a new way for fabricating and
characterizing the PPLN suspended waveguides. With this structure of a cross section
of an isosceles trapezoid on a 200-nm-thick LN slab, good confinement until 5.5 µm
can be realized because of the large index difference of waveguide ridge (LN) and air,
as shown in Fig. 5.1 (c), while the calculated mode profile for 5.5 µm is shown in Fig.
5.1 (d).

Figure 5.2: (a): Calculated GVD of suspended waveguide. The the waveguide ridge
is a trapezoidal with top width of 3 µm and bottom width of 3.5 µm and
a height of 500 nm with an extra 200-nm thick slab; (b): total nonlinear
strength of the PPLN waveguide pumped at 2 µm, including cascading
nonlinearity and Kerr effect as function of poling pitch.

The calculated dispersion of the PPLN suspended waveguide is shown in Fig. 5.2
(a). According to the calculated GVD curve, we can see that PPLN waveguide in
this structure shows near zero anomalous dispersion from 1.3 µm to 3 µm. The local
oscillations in shorter wavelength comes from the avoided crossings with higher or-
der modes, since it turns to be a multi-mode waveguide in shorter wavelengths [182].
Those regional GVD oscillations will produce bright resonances according to [183].



5.2 Outlook 83

Meanwhile, by tuning the QPM pitch, the total nonlinearity when it is pumped at 2
µm can be tuned from positive to negative, as shown in Fig. 5.2 (b). With positive
total nonlinearity, solitons can be generated at pump wavelength. SPM dispersive
waves are expecting out sides of two ZDWs in visible and MIR range. The TWM
dispersive waves are also expected in MIR beyond 4 µm. With a negative total non-
linearity, the pulse broadening are mainly driven by the purely coherent SPM and
optical wave breaking. Therefore, high coherent, low noise supercontinuum extends
to MIR is expected.

Therefore, with the suspended PPLN waveguide, MIR light can be confined in a
sub-wavelength structure until the upper threshold of transparency window of LN, 5.5
µm. QPM controlled nonlinearity engineering can also be applied here to generate
customized MIR supercontinuum by tuning the sign and strength of total nonlinearity.

5.2.3 Bottom-up TiO2 waveguide
During this work, we also proposed a CMOS-compatible bottom-up method to fabri-
cate waveguides in nano-to-micro scale with the potential of MIR capability. In short,
with this method, a pedestal table on Si wafer has been firstly etched out. The leg
of the table should be materials with lower refractive index, like SiO2, to provide
confinement of optical modes above the table. Then the waveguide material can be
directly deposit on the table, forming a rectangular shape on this pedestal table with-
out the complicated and extra-loss-induced dry-etching process [184]. If the material
of the table and the deposited waveguide material are MIR transparent, it can be
used for MIR devices since the waveguide core sitting on the T-shaped platform can
provide high confinement in the MIR. A simulation of the mode profile at 4.5 µm is
shown in Fig. 5.3.

Figure 5.3 (a) indicates the material index of different components in this structure
at 4.5 µm. The Si wafer is shown as red on the bottom since it has the highest material
index, while the SiO2 pedestal is represented by the sapphire-blue because it has the
lowest material index. The material of pedestal table is Si3N4, shown as cyan as the
material index is slightly smaller than TiO2, which is shown as green on top of the
pedestal table. The solved fundamental TE mode is shown in Fig. 5.3 (b), from which
we can see that the mode is still confined in the head of this T-shape structure.

With this method, the etching and depositing processes also provide the flexibility
of dispersion engineering. With an increase of the TiO2 thickness and reduction of the
width, the group velocity dispersion changes from all normal to anomalous, supporting
soliton and SPM dispersive wave generation. An example of dispersion engineering
is shown in Fig. 5.4, in which (a) gives a table of the calculated dimension of all-
normal dispersion waveguide and anomalous dispersion waveguide, while (b) shows
the corresponding dispersion curve. The referenced material properties are listed in
Appendix A.2.

Since the waveguide in this structure has been verified experimentally in NIR and
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Figure 5.3: (a): Waveguide structure in T-shaped platform made by bottom-up
method and corresponding material index n at 4.5 µm; (b): Calculated
TE00 mode at 4.5 µm, the color shows the normalized electric field |E|.

Figure 5.4: (a): The table of the structure dimensions of an all-normal dispersion
waveguide and a waveguide with two zero dispersion wavelengths; (b):
Calculated group velocity dispersion curve from visible to MIR for
waveguides with different dimension.
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has theoretically proved great potentials in MIR, the future research over this field is
on schedule.

The value of the bottom-up method is the large material captivity, including the
quadratic crystals like LiInS2, which are well-known for the hardness of cutting, indi-
cating a new way to make chip-scale crystal waveguides.

We are looking forward to more applications based on the on-chip mid-infrared
supercontinuum with advanced nonlinear platforms.
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Appendix A
A. Material parameters
The purpose of this appendix is to provide exact parameters of materials that have
been used in this thesis, mainly congruent Lithium Niobate and amorphous TiO2.

A.1 Lithium niobate crystal susceptibilities
Crystallographic point group: 3m
Transparency window: 0.35 - 5.5 µm

Figure 1: Index ellipsoid build with prin-
ciple axis of LN material.

When we build the index ellipsoid under the principle axis frame, by which means
that the linear susceptibility tenser reduces to a diagonal matrix, the fundamental
permittivities reflecting refractive index along different direction is defined as:

εr = 1 + χ(1) =

εxx 0 0
0 εyy 0
0 0 εzz

 =

n2
o 0 0

0 n2
o 0

0 0 n2
e

 (1)

Lithium niobate crystal is a negative uniaxial crystal, as shown in Figure 1 , ne <
no.



102 Appendix A

The frequency dependence of ne and no are described by Sellmeier equation [185]:

n2
e = 1 + 2.9804λ2

λ2 − 0.02047
+ 0.5981λ2

λ2 − 0.0666
+ 8.9543λ2

λ2 − 416.08
(2)

and

n2
o = 1 + 2.6734λ2

λ2 − 0.01764
+ 1.2290λ2

λ2 − 0.05914
+ 12.614λ2

λ2 − 474.60
(3)

The material absorption used in the model is cited from [186].

The quadratic nonlinear susceptibility matrix χ(2) is usually expressed as dij tensor
under Kleinman law:

P
(2)
NL,x

P
(2)
NL,y

P
(2)
NL,z

 = 2ϵ0

 0 0 0 0 2d15 −2d22
−d22 d22 0 2d15 0 0
d31 d31 d33 0 0 0




ExEx

EyEy

EzEz

EyEz

ExEz

ExEy

 (4)

For each dij , i indicates the target generated electric filed component, Ex,Ey and Ez,
while j indicates six types of the interacted two electric field components that are
shown on the RHS of Eq. 4.

Typical values for the nonlinear coefficients at 1064 nm [187]:

d22 = 2.1pm/V ; (5)
d31 = d15 = 4.6pm/V ; (6)
d33 = 25.2pm/V ; (7)

For strongest quadratic nonlinear reaction, d33 = 1
2 χ

(2)
z;zz is usually used in LN ma-

terial. In our case of a Z-cut waveguide, TM modes contain most of Ez components,
while in X-cut waveguide, TE modes are the Ez components.
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Cubic nonlinear susceptibility matrix:

P
(3)
NL,x

P
(3)
NL,y

P
(3)
NL,z

 = ϵ0

c11 0 0 0 3c15 c11 −3c15 3c18 0 0
0 c11 0 c11 0 0 0 0 3c18 −6c15

c15 0 c33 0 3c18 −3c15 3c18 0 0 0





ExExEx

EyEyEy

EzEzEz

ExExEy

ExExEz

EyEyEx

EyEyEz

EzEzEx

EzEzEy

ExEyEz


(8)

In this work, since the TM mode has been excited, c33 = χ
(3)
z;zzz. The cubic nonlinear

refractive index at 1550 nm is calculated as

n2,cubic = 3χ
(3)
z;zzz

4ε0cn2(ω0)
= 53 × 10−20 m2

W
(9)

Since the cubic nonlinearity has been separated into Kerr effect part and Ra-
man response part, with Raman fraction fR = 0.35, n2,kerr = (1 − fR)n2,cubic =
34 × 10−20m2/W at 1550 nm.

The wavelength dependence of higher order susceptibilities and the relation of
higher order susceptibilities with first order susceptibility can be described by Miller’s
rule [85, 188, 189].

A.2 Isotropic material parameters
The refractive index n and extinction coefficient κ of TiO2 we used in Chapter 4 are
measured values by ellipsometer in DTU Danchip from UV (210.73 nm) to NIR (1689
nm). With those data, the refractive index with wavelength can be fitted by Sellmeier
equation:

n2(λ) = A + Bλ2

λ2 − λ2
UV

+ Cλ2

λ2 − λ2
IR

(10)

Therefore, the refractive index above 1689 nm is predicted by the fitted Sellmeier
equation for TiO2:

n2(λ) = 5.2 + 0.1852
λ2 − λ2

4624
, (11)

while the extinction coefficients are referenced from [190] measured by Thomas Siefke
[191].
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In Chapter 5.2.3, since the fitted Sellmeier equation is not very accurate in MIR,
the refractive index and extinction coefficients are referenced from [191].

The Sellmeier equation of SiO2 wafer used in this work is also fitted from measured
value in UV an NIR range:

n(λ)2 = 2.107 + 0.009807
λ2 + 0.000074

λ4 − λ2

83.79
, (12)

while the absorption of the glass layer is referenced from [192].



Appendix B
B. Signal analysis
Different mathematical notations have been used in different literatures when dealing
with the signals. In this appendix, we show the Fourier transformation rules taken by
in this thesis, then the detailed derivation steps to get NAEE model in time domain
by inverse Fourier transform of nonlinear analytical equation in frequency domain.

B.1 Useful Fourier transformation rules
f(t) is a general signal in time domain. To translate the signal forth and back between
time domain and frequency domain we use the Fourier transformation:

f̂(ω) =
∫ ∞

−∞
f(t) exp(iωt)dω, (13)

with the inverse relation:

f(t) = 1
2π

∫ ∞

−∞
f̂(ω) exp(−iωt)dω, (14)

Therefore, the Fourier transformation under differentiation is

dnf(t)
dtn

↔ (−iω)nf̂(ω) (15)

The carrier wave in time domain shows shift of frequency axis

f(t) exp(−iω0t) ↔ f̂(ω − ω0) (16)

Fourier transformation of signals convolution in time domain

f(t) ∗ f(t) ↔ f̂(ω) · f̂(ω) (17)
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B.2 Inverse Fourier transformation of NAEE
Nonlinear analytical equation in frequency domain:

i
∂Â(x, y, z, Ω)

∂z
+

[ ∞∑
m=1

βm(ω0)
m!

Ωm

]
Â(x, y, z, Ω) = − ω

2ε0cn(ω)
Âp(x, y, z, Ω), (18)

To obtain the equation in time domain, we have to neglect the dispersion character of
n(ω). For the ultra broad band spectrum, ω

n(ω) can be simplified to the second order
of Taylor expansion with the assumption∣∣∣∣∂n(ω)

∂ω

∣∣∣∣
ω=ω0

≪ n(ω0)
ω0

, (19)

which is fulfilled in our case when LN waveguide is pumped at 1550 nm. We choose the
reference frequency at central frequency of the 1550 nm pulse, where ng(ω0) = 2.1869
and n(ω0) = 2.1332, as shown in Fig. 3.2, which means that∣∣∣∣∂n(ω)

∂ω

∣∣∣∣
ω=ω0

= |ng(ω0) − n(ω0)|
ω0

≪ n(ω0)
ω0

(20)

Therefore, we have

ω

n(ω)
= ω0

n(ω0)
+

d ω
n(ω)

dω
|ω=ω0(ω − ω0)

= ω0

n(ω0)
+ [ 1

n(ω)
dω

dω
+ ω

dn(ω)−1

dω
]ω=ω0(ω − ω0)

= ω0

n(ω0)
+ [ 1

n(ω0)
+ ω

dn(ω)−1

dn(ω)
· dn(ω)

dω
|ω=ω0 ](ω − ω0)

= ω0

n(ω0)
+ [ 1

n(ω0)
− ω0

1
n(ω0)2 · dn(ω)

dω
|ω=ω0 ](ω − ω0)

(21)

Finally, ω
n(ω) can be simplified to

ω

n(ω)
≈ ω0

n(ω0)
+ Ω

n(ω0)
= ω0

n(ω0)
(1 + Ω

ω0
), (22)

in which Ω = ω − ω0 is the frequency detuning from reference carrier frequency.
After substituting Eq. 22 into Eq. 23, applying the inverse Fourier transform operator

dn

(−i)ndtn = indn

dtn ↔ (ω)n of Eq. 23 is

i
∂A(x, y, z, t)

∂z
+

[ ∞∑
m=1

βm(ω0)
m!

(i∂/∂t)m

]
Â(x, y, z, t) =

− ω0

2ε0cn(ω0)
(1 + i

ω0

∂

∂t
)ANL(x, y, z, t) = 0

(23)
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