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Abstract
Water Resource Recovery Facilities (WRRF) hold an important responsibility. They use
a significant amount of the worlds electrical energy to remove large quantities of nutrients
from wastewater before it can be discharged back into environment. Hence WRRFs must
ensure that water is treated satisfactory while not using more energy than necessary, as
the use of electricity is both costly for operation and related to emissions of Greenhouse
Gasses (GHG). In addition, the biological treatment emits nitrous oxide, a strong GHG,
and the discharge of nutrients is taxed, adding to the costs. Consequently, the control of
WRRFs is an important topic for optimization as it impacts both the operational costs and
carbon footprint of a plant.

This thesis aims to optimize the aeration in the biological treatment step of a WRRF by
suggesting new control strategies. The found strategies builds on a new modelling frame-
work forWRRFs. This framework is based on stochastic differential equations andmodels
ammonium, nitrate and phosphorus concentrations using online data to update the model
parameters. This makes it possible to predict concentrations up to 24 hours ahead with a
root mean squared error lower than 0.6 mg-N/L. The key is that the model builds on a sim-
ple version of well established models of the biology. To account for the simple structure,
it is frequently updated, meaning that parameters can adapt to changes in the plant. The
model is used for estimating future nutrient concentrations in a Model Predictive Control
(MPC) strategy. In this strategy different objectives where investigated. First, total costs
estimated as nutrient tax and electricity costs using variable electricity prices from the
day-ahead market was investigated. This led to savings of 9-45% compared to currently
installed rule-based control strategies. However, when comparing the cost minimizing
strategy with a strategy that minimized electricity consumption, the savings where rang-
ing from 1-4 %. This was increased by including additional electricity markets, such as
the regulating and special regulating markets, reaching cost savings up to 27.3 %. While
these strategies created economic savings, it turned out that in some cases they led to
increased GHG-emissions. Hence an objective that reduced GHG-emissions related to
electricity consumption and nitrous oxide from the process was suggested. This function
could reduce GHG emissions by 35% compared with the current, rule-based control, and
40.9 % compared to optimizing costs. However, the GHG savings resulted in 19.% in-
creased costs and thereby a marginal cost of 0.4 DKK/kg − CO2 − eq. The framework
has been tested full-scale on 4 different plants and qualitative investigations imply that
it is working. However more run-time and further investigations are needed to evaluate
on benefits and savings. In conclusion it is possible to improve the different objectives
and switch between them depending on the goals of the utility company, to the benefit of
operators, managers, and local environments in future smart societies.
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Sammenfatning
Rensningsanlæg bærer et vigtigt ansvar i moderne samfund. De bruger en betydelig del
af verdens elektriske energi til at fjerne store mængder af næringsstoffer fra spildevand
før det kan blive ledt tilbage ud i lokalmiljøet. Derfor er det vigtigt at rensningsanlæg sikrer
at vandet er tilstrækkeligt renset uden at bruge mere elektricitet end nødvendigt, da elek-
tricitet både er dyrt for driften og bidrager til udledning af drivhusgasser. Desuden udleder
den biologiske rensning lattergas, en kraftig drivhusgas, og udledningen af næringssalte
er afgiftsbelagt. Det betyder, at det er vigtigt at optimere styringen af rensningsanlæg, da
denne påvirker både anlæggets driftsudgifter og klimaaftryk.

Målet med denne afhandling er at optimere beluftningen i det biologiske trin på ren-
sningsanlæg ved at udvikle nye styringsstrategier. The fundne strategier bygger på et nyt
modelleringsframework for rensningsanlæg. Dette framework bruger stokastiske differen-
tial ligninger til at modellere ammonium, nitrat og fosforkoncentrationer ved brug af online
målinger til at estimere parametre. Derved er det muligt at forudsige koncentrationer op til
24 timer frem, med en kvadreret fejl som er mindre end 0.6mg-N/L. Nøglen er, at modellen
bygger på en simpel version af anerkendte modeller af biologien. For at kompensere for
den simple struktur, bliver parametrene jævnligt opdateret hvilket betyder, at parametrene
kan tilpasse sig løbende til ændringer på anlægget. Modellen bliver brugt til at estimere
fremtidige næringssaltskoncetrationer i en prædiktiv styringsstrategi. I denne strategi er
forskellige styringsmål blevet undersøgt. Først er totale omkostinger estimeret som udløb-
safgifter og elektricitet ved brug af variable elpriser fra day-ahead markedet. Dette førte til
besparelser på 9-45% sammenlignet med den nuværende regelbaserede styring. Desu-
den førte en sammenligning med strategier som minimerer elforbruget til besparelser på
1-4%. Besparelsen kunne øges op til 27.3% ved at inkludere flere elmarkeder såsom
regulerkraftmarkedet. Disse strategier førte dog til øgede drivhusgasudledninger. Derfor
blev en ny strategi som forsøgte at reducere drivhusgasudledninger fra elforbrug og lat-
tergas fra processer og udløb designet. Denne strategi kunne reducere drivhusgasudled-
ningerne med 35% sammenlignet med den nuværende regelbaserede styring, og 41%
sammenlignet med den kostoptimerende styring. Men, det kostede 19% mere at styre
på denne måde, og den marginale omkostning blev fundet til 0.4 DKK/kg − CO2 − eq.
Strategierne er testet på fire forskellige anlæg, og kvalitative analyser viser, at det virker.
Det er dog vigtigt at understrege, at mere kørselstid og yderligere undersøgelser er nød-
vendige for at evaluere og kvantificere potentielle effekter. Dette ses derfor som et skridt
på vej mod forbedring af beluftningsstyringer gennem et framework som gør det nemt at
sifte mellem strategier, til fordel for operatører, managere og udledningsmiljøet i fremti-
dens smarte byer.
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1 Introduction
1.1 Motivation
Water Resource Recovery Facilities (WRRF) are the most important step in reduction
of aqueous pollutants and promotion of water environmental quality. Hence they are in-
dispensable for securing several of the Sustainable Development Goals (UN General As-
sembly, 2015,SDG) such as number 6 - ”clean water and sanitation” and number 14 - ”Life
Below Water”. These goals require, among other, a prevention and significant reduction
of nutrient loads to water environments. To obtain this, the WRRFs must use significant
amounts of both electricity and chemicals for the various treatment steps. At the same
time they must comply with goal 7 -”Affordable and Clean Energy” and the Paris agree-
ment which aims to reduce GHG-emissions globally. This implies that they must enhance
their energy efficiency and reduce their Greenhouse Gas (GHG) emissions significantly.

2-3% of the worlds electrical energy is used for water supply and sanitation, and within
urban areas this ranges from 1-18% (Olsson, 2015). This implies that the carbon footprint
of the urban water cycle is relatively high. As example, it is found that in California the
emissions are 372 kgCO2/person/year corresponding to approximately 4% of total per
capita emissions (Escriva-Bou et al., 2018). For WRRFs specifically, it is found that they
use approximately 1% of a country’s total electricity consumption (Haberkern et al., 2008;
Pabi et al., 2013; Shi, 2011). This includes all the different treatment steps such as de-
sanding, recirculation, aeration, sludge pumping etc. Different studies have investigated
this further, all reaching the same conclusion; that the most energy demanding process
is the aeration which accounts for 40-75% of the total consumption at a WRRF (Gu et al.,
2017; Longo et al., 2016; Plappally and Lienhard V, 2012; Rosso et al., 2008). Studies that
analyze the specific impacts find that the consumption ranges from 15-86 kWh/PE/year
(Mamais et al., 2015) and that electricity is costly for operation as it constitutes 25-50% of
operational costs (Huang et al., 2013). Furthermore the Greenhouse Gas (GHG) emis-
sions related to the process and energy usage equate 61-161 kgCO2/PE/year (Mamais
et al., 2015).

As indicated, it is of great importance to optimize the processes at a WRRF. This is
both from an economical- and environmental perspective. Hence several detailed models
(Henze et al., 1987; Henze et al., 2000; Henze et al., 1995) and corresponding benchmark
models (Gernaey, 2014; Gernaey et al., 2004; Vrecko et al., 2006) of the bio-chemical
processes and the equipment at a WRRF have been developed as these can be used
to evaluate, understand and design the processes (e.g. Flores-Alsina et al., 2014; Jia
et al., 2020; Pisa et al., 2019). In general these estimations use non-linear ordinary dif-
ferential equations to describe the transformations of nitrogen, phosphorus, oxygen and
carbon from one state to another using mass-balances and Monod kinetics. To repre-
sent all the elements on different forms, many states and parameters are included. This
is necessary to get accurate descriptions, but the trade-off is that parameter tuning be-
comes more complex, and typically lab-scale experiments will be needed (Petersen et al.,
2002). In addition, many of the parameters are correlated (Sharifi et al., 2014) and the
available online sensor data is uncertain and can be faulty (Olsson, 2012; Sharifi et al.,
2014). Consequently, the models are not fit for use in an online setup where parameters
should be estimated directly from online data.

Some simplifications that aim at making more parsimonious models have been suggested
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(e.g. Cadet, 2014; Mulas et al., 2007; Stare et al., 2006). However, these do not account
for the uncertainty in the data and consequently parameters can still be difficult to estimate.
Approaches to make procedures/models that can be estimated using an automatised opti-
mization approach with online sensor data have been suggested (Sin et al., 2008) but with
some challenges in long simulation times. It has also been suggested to use Stochastic
Differential Equations (SDE) for modelling Activated Sludge Processes (ASP) (Bechmann
et al., 2002; Carstensen, 1994; Carstensen et al., 1995; Halvgaard et al., 2017). The idea
is that by simplifying the process equations and lump part of the model in the noise term,
it becomes possible to reduce the number of parameters significantly. However the de-
veloped models have not been implemented/developed for making good predictions of
both nitrogen and phosphorus, and hence further development is needed. Furthermore
the uncertainty description has not been formalized to be used with predictive control.

The aeration process has received a lot of attention as it consumes the most energy and
is crucial for reducing the release of nutrients. Hence several controls are suggested that
reduce the electricity consumption and costs. A group of control strategies, known as
alternating, regulate the processes by shifting aeration on and off in cycles. These are
Rule-Based Controls (RBC) that decide the length of the aeration cycles as a function of
online nutrient measurements (Kim et al., 2014; Nielsen and Önnerth, 1995; Zhao et al.,
2004). One challenge with RBC is that it relies heavily on the quality of the measurements
and that accounting for delayed responses can be difficult. Hence model based control
such as Model Predictive Control (MPC) has been a research topic for WRRFs since the
1990s (Åmand et al., 2013). The MPC uses a model of the process and an optimization
algorithm to find the best control actions given an objective function and constraints. Some
implementations include the use of black-box models (O’Brien et al., 2011) and more
recently neural networks (Bernardelli et al., 2020; Foscoliano et al., 2016; Goldar et al.,
2016; Han and Qiao, 2014) to control dissolved oxygen (DO) level and reduce effluent
nitrogen. Other implementations include the use of deterministic models (Holenda et al.,
2008; Mulas et al., 2015; Stare et al., 2006) that use a simplified, sometimes linearized,
version of the detailed non-linear models of the activated sludge process (ASP). However,
no MPC strategies that use SDEs which adaptively update with online measurements are
developed prior to this study. Furthermore no MPC strategies for alternating ASPs are
known to the author.

The end-goal of WRRF aeration control is to decrease nutrient discharges at a low costs
in terms of power consumption (e.g. Longo et al., 2020; Yuan et al., 2019) or with the ad-
dition of a weighted cost on nutrient discharges (Yamanaka et al., 2006). RBC strategies
have been suggested that consider variable tariffs on electricity consumption (Aymerich
et al., 2015). In addition it has been concluded that wastewater transport and treatment
can provide flexibility in their power demand (Kirchem et al., 2018; Lisk and Long, 2013;
Reinhofer-Gubisch and Pucker, 2014). This is particularly interesting for the grid opera-
tion. In example, billions of dollars in the Pennsylvania-New Jersey-Maryland intercon-
nection Regional Transmission authority, serving 60 million customers could be saved, as
it was shown that small shifts of 1% in peak power demand would result in savings of 3.9%
(Spees and Lave, 2008). Furthermore, the share of renewable sources increase steadily
(Ren21, 2020) and integration of these sourcesmight create structural challenges in some
areas (Ueckerdt et al., 2015). Hence flexible control of the integrated urban drainage sys-
tem have been suggested (Evald Bjerg et al., 2015; Stentoft et al., 2020). However, no
MPC nor RBC strategies that consider online power prices have been suggested for di-
rect control of WRRF aeration, and hence it is not yet possible to incorporate changes in
energy production/demand without including upstream storage.
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New methods to forecast the GHG-emissions related to the electricity mix have been
developed (Leerbeck, Bacher, Junker, Goranović, et al., 2020). This makes it possible
to make controls that aim at minimizing the environmental impacts of a consumer which,
for example is suggested for controlling heat-pumps (Leerbeck, Bacher, Junker, Tveit,
et al., 2020). WRRFs emit a significant amount of GHGs, not just related to electricity
consumption but also because of process nitrous oxide (N2O) emissions which is a strong
GHG (Bartram et al., 2019). This is particularly linked to the process control as varying
oxygen conditions, especially low DO levels, can promote direct N2O emissions (Blum et
al., 2018; Domingo-Félez and Smets, 2019) and hence significantly increase the carbon
footprint of the WRRF (Delre et al., 2019). Estimation of theN2O emissions from the ASP
exists. These are based on deterministic models (Corominas et al., 2012; Domingo Felez
and Smets, 2016; Guo and Vanrolleghem, 2014) and correlations with ammonia removal
(e.g. Blum et al., 2018). However, to the authors knowledge, no MPC strategy that links
process emissions and emissions from electricity consumption together inWRRF aeration
exists.

The mentioned research gaps in SDE based modelling of the ASP, aswell as in control
optimization with respect to both costs and GHG-emissions of WRRF aeration, are all
investigated here with the aim to develop a new MPC strategy. The strategy adapts to
online measurements and inputs to the benefit of both effluent, costs and GHG-emissions
in future smart societies.

1.2 Research objectives
To develop an overall adaptive MPC strategy as described in the previous section, the
following sub objectives are identified;

i Develop an adaptive model of the nutrient changes in a WRRF as a function of
aeration based on stochastic differential equations. This should bridge recognised
modelling frameworks and adaptive, data driven methods. Ultimately it should be
able to forecast nutrient concentrations reliably up to 24 hours ahead and estimate
parameters, unsupervised and in an online setup

ii Develop a control optimization setup that can use the adaptive model found in i. The
setup should use the model to forecast the process and based on this model find
the optimal aeration control sequence. Furthermore it must be executable within a
limited time frame to make it compliant with an online MPC setup.

iii Develop different objective functions to be optimized in the MPC algorithm in ii. The
objective functions should consider costs in terms of effluent taxes and electric-
ity costs (as evaluated in different markets). Additionally another objective func-
tion should consider environmental impact in terms of GHG-emissions and possibly
other.

iv Implement the strategy full-scale through the Aquavista platform. This should be
done on different plants to demonstrate the versatility of the model and control.

1.3 Thesis structure
The thesis is structured in five chapters with respect to the overall objective. That is, to
develop a model predictive control strategy.

1. The first chapter motivates the thesis and thesis objectives by introducing the re-
search field and identifying research gaps. Finally, the thesis structure is presented.
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2. The second chapter sets the context of the thesis by describing the background
of the predictive control, including wastewater treatment in a Danish context, the
electricity markets as well as a short introduction to stochastic differential equations
and optimization.

3. The third chapter describes the model development from the first models developed
in Paper A and E to the model described in paper H that is currently preferred.
The models are also compared and different aspects are investigated. This is to
investigate objective i.

4. The fourth chapter describes the predictive control algorithms that are developed in
paper B and G to investigate objective ii. Furthermore different objective functions
are described and compared using examples and some quantitative simulations as
in paper B, C, E, F, and G. This is in order to investigate objective iii. Finally, the
chapter describes the implementation of the MPC strategy in G on two different
plants including some examples. This is to answer objective iv.

5. The last, fifth, chapter concludes the research by summarizing findings with respect
to the research objectives. Furthermore it gives suggestions for future research.
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2 Context and Background
This chapter, 2, sets the context and the background of the thesis. In Section 2.1 the
wastewater treatment system is briefly described with a focus on the biological treatment
and control. This is followed by a brief description of the Danish/Scandinavian Electricity
prices in Section 2.2. Last, an introduction to Stochastic differential equations and control
is given in Section 2.3

2.1 Wastewater treatment
In modern cities wastewater is disposed through sewage systems where from it is led into
municipal Water Resource Recovery Facilities (WRRFs). These facilities can be designed
in countless different ways depending on considerations such as volume, requirements,
available space, wastewater composition etc. However, they typically have the following
basic treatment functions;

i Pretreatment which includes grates, desanding and grease trap. All designed to
mechanically remove solids and grease from the wastewater

ii Biological treatment which is designed to remove nutrients from the wastewater
by the addition of air

iii Secondary clarifer and sludge where the wastewater is separated into treated
wastewater and sludge using physical principles.

The second step, biological treatment, is the step that is being investigated in this thesis,
and hence the others will not be introduced further. Removal of nutrients in the biological
treatment in a cost efficient way is typically secured by the Activated Sludge Process
(ASP). This process governs how N, P and C are removed from the wastewater by the
addition of air (Oxygen, O). With reference to Henze et al., 1995 the conceptual and
stoichiometric equations for C and N removal can be described by nitrification in (2.1) and
(2.2), and denitrification in (2.3) and (2.4)

ammonium+ oxygen → nitrate+ acid+ water (2.1)

NH+
4 + 2O2 → NO−

3 + 2H+ +H2O (2.2)

organicmatter+nitrate+water → carbondioxide+nitrogen+ammonium+base (2.3)

C5H7O2N + 4NO−
3 +H2O → 2CO2 + 2N2 +NH+

4 + 2OH− (2.4)

Several factors influence the reaction times of the process in wastewater treatment. These
include concentration of ammonium (NH4), Nitrate (NO−

3 ), organic matter (C5H7O2N )
and Oxygen, the available biomass and the temperature. It is noted from the equations
that nitrogen and carbon is removed from the water, as both N2 and CO2 are gasses.
Furthermore phosphorus can be removed biologically when air is present in the wastew-
ater. This is managed through biological phosphorus removal where microbes absorb P
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given the right conditions. This absorbed P is then removed as the biomass is taken out
of the plant as sludge which is then sent to gas production, landfills, sludge drying beds
or to agriculture.

2.1.1 Deterministic modelling of wastewater treatment biology
The ASP is well described by the family of activated sludge models (ASM). Several stud-
ies exist, which suggest detailed models based on deterministic ordinary differential equa-
tions (Henze et al., 1987; Henze et al., 2000). The first of the ASMs, the Activated Sludge
Model number 1 (ASM1) by Henze et al., 1987, describes process kinetics and stochiom-
etry for carbon oxidation, nitrification and denitrification. It will be briefly repeated here,
as it serves as the foundation for the models developed later. The model consist of eight
processes (ρ);

ρi Aerobic growth of heterotrophs

ρii Anoxic growth of heterotrophs

ρiii Decay of autotrophs

ρiv Aerobic growth of autotrophs

ρv Decay of heterotrophs

ρvi Ammonification of soluble organic nitrogen

ρvii Hydrolysis of entrapped organics

ρviii Hydrolysis of entrapped organic nitrogen

The ASM is based on ordinary differential equations that describe the development using
a mass balance for carbon and nitrogen. This is modelled through 13 components/states
and 19 parameters. In this study the aim is to model nitrogen changes as a function of
control. Therefore the main focus will be on the states SNH4 , SNO3 and SO2 which are
the states that model the dynamics of ammonium, nitrate and oxygen respectively. These
states are given in Henze et al., 1987 and repeated in (2.5), (2.6) and (2.7). Note that
the general notation framework for ASMs from Corominas et al., 2010 is used instead
of the original notation. In addition to modelling nitrogen dynamics, models of biological
phosphorus removal are developed in this study. However, as these are not developed by
starting from the available deterministic models for PO4 dynamics, these are not repeated
here. However, for reference on the models, see Henze et al., 1995.

S′
NH4

=− iN,CODρi − iN,CODρii − (iN,COD +
1

YANO
)ρiii + ρV i

=− iN,COD(µ̂OHO,Max(
SB

KSB
+ SB

)(
SO2

KO2,OHO + SO2

)XOHO)

− iN,COD(µ̂OHO,Max(
SB

KSB
+ SB

)(
KO2,OHO

KO2,OHO + SO2

)(
SNO3

KNO3,OHO + SNO3

)

ηµOHO,AxXOHO)

− (iN,COD +
1

YANO
)(µ̂ANO,Max(

SNH4

KNH4,ANO + SNH4

)(
SO2

KO2,ANO + SO2

)XANO)

+ kamSB,Org,NXOHO

(2.5)
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S′
NO3

=− 1− YOHO

2.86YOHO
ρii +

1

YANO
ρiii

=− 1− YOHO

2.86YOHO
(µ̂OHO,Max(

SB

KSB
+ SB

)(
KO2,OHO

KO2,OHO + SO2

)(
SNO3

KNO3,OHO + SNO3

)

ηµOHO,AxXOHO)

+
1

YANO
µ̂ANO,Max(

SNH4

KNH4,ANO + SNH4

)(
SO2

KO2,ANO + SO2

)XANO

(2.6)

S′
O2

=− 1− YOHO

YOHO
ρi −

4.57− YANO

YANO
)ρiii

=− 1− YOHO

YOHO
(µ̂OHO,Max(

SB

KSB
+ SB

)(
SO2

KO2,OHO + SO2

)XOHO)

− 4.57− YANO

YANO
)(µ̂ANO,Max(

SNH4

KNH4,ANO + SNH4

)(
SO2

KO2,ANO + SO2

)XANO)

(2.7)

Where the parameters are described with typical value ranges in Henze et al., 1987.

2.1.2 Incoming water and aeration
The effect of aeration systems can be expressed using detailed models as is suggested
for design of new plants (e.g. Schraa et al., 2017). However, for simpler models, the two
film theory originally presented by Lewis and Whitman, 1924 is preferred. It describes the
oxygen transfer rate (OTR) as a function of the liquid-side mass transfer coefficient, kLa,
the dissolved oxygen in water at saturation (DOsat), the dissolved oxygen in water (DO)
and the water volume, V . The equation is shown in

OTR = kLa(DOsat −DO)V (2.8)

The OTR is the actual mass of oxygen transferred over time and it is the key process vari-
able for design of the aeration system in the nitrification tanks. kLa is typically a function
of the aeration system and the tank geometry, and will therefore vary between WRRFs.
The DO saturation concentration is the concentration of dissolved oxygen at saturation
with no reactions in the liquid, and includes the impact of hydrostatic pressure. This will,
like the liquid-side mass transfer coefficient, vary between WRRFs due to the difference
in wastewater compositions.

The wastewater creation (and consequently inflow to a WRRF) typically follows a diurnal
variation as both industries and households tends to use water at approximately the same
hours within each day. Hence wastewater flow and loads to a WRRF can be estimated
using periodic functions (Langergraber et al., 2008) or historic data to generate distribu-
tions (Vezzaro et al., 2020). As an example, the flow to a WRRF, Qin, can be estimated
as a second order Fourier series as shown in (2.9)

Qin = Σ2
i=1cc2i−1sin(i2πt/p) + cc2icos(i2πt/p) (2.9)

Where the parameters cci are constants to be estimated from data and p is the period that
is 24 hours (for estimating a diurnal variation).
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2.1.3 Wastewater aeration control
All the different steps/processes at a WRRF and in the urban drainage system are sub-
ject to some degree of control. This includes control of wastewater pumping in the catch-
ment, return sludge (to control sludge blanket in secondary clarifier), and aeration. One
advanced aeration control strategy that secures the removal of ammonium, nitrate and
phosphorusus is developed by Krüger A/S over two centuries (Isaacs and Thornberg,
1998; Kim et al., 2014; Nielsen and Önnerth, 1995; Zhao et al., 2004). First in the soft-
ware STAR utility solutions TM (Nielsen and Önnerth, 1995) and more recently through the
software AQUAVISTA Plant TM. The software controls (among other processes) Nitrifica-
tion (N) and Denitrification (DN) by shifting aeration on and off as a function of ammonium
and nitrate concentrations measured in the Nitrification tank. This control is an example of
the so-called ”Alternating” ASP, which basically implies that aeration is turned on and off
in specialized cycles to create shifting aerobic and anaeroic conditions. The function that
decides on/off times is typically tuned manually for each plant and requires considerations
of both plant design, load and legal effluent requirements.

Figure 2.1: Example of data from Nørre Snede WRRF. The black points are sensor mea-
surements and the background indicate whether aeration is on (blue) or off (grey). The
period includes measurements of good quality. Figure is taken from paper H.

Besides the criteria functions, constraints on on/off times are given for the different phases.
This means that the nitrification and denitrification phases are bounded by an upper and
a lower limit. These vary between different plants and are typically in the ranges 40-120
minutes (upper) and 6-60 minutes (lower). When the quality of the nitrate or ammonium
measurements is bad, some different fallback strategies take over to secure that wastew-
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ater is treated sufficiently. An example of the alternating ASP controlled by STAR is shown
in Figure 2.1.

In addition to deciding when aeration is switched on/off, the control also specifies a set-
point for when aeration is on (when it is off, the setpoint is 0 mg-O/L). When aeration is on,
i.e. during the nitrification phase, the efficiency of the blowers is determined based on the
ammonium concentration in the tank. In general higher ammonium concentrations results
in higher oxygen setpoints. This is to secure, that all the oxygen added to the system is
used to nitrification rather than evaporation, and hence save power.

2.1.4 Operational costs
The operational costs at WRRFs include maintenance, power consumption, chemicals
and (in some cases) effluent taxes. The effluent tax in Denmark is politically determined
in the sewage tax act. The taxes for 2020 are given in Act no. 1323 of November 11th,
2016 on the taxation of wastewater (danish name: ”Lovbekendtgørelse nr. 1323 af 11.
november 2016 om afgift af spildevand” (Skatteministeriet, 2016)) and the current level is
summarized in Table 2.1.

Table 2.1: Extract from the sewage tax act Skatteministeriet, 2016. The Table shows the
cost for the Danish WRRFs related to their effluent loads.

Abbreviation Charge [DKK/kg]
TotalN 30.00
TotalP 165.00
BOD5 16.50

The electricity consumption is costly for WRRF operation, and it is found that in some
cases it corresponds to 25-50% of operational costs (Huang et al., 2013). It is depen-
dent on the design of the plant, the requirements and the load, and as such the treatment
efficiency can vary much. As an example, Tchobanoglous et al., 2004 reported that typ-
ically, WRRF efficiency ranges from 0.3 up to 0.7 kwh/m3 wastewater. Another more
resent data set gathered by Longo et al., 2016 finds values ranging from 0.05 to 1.47
kwh/m3 among 414 very different European WRRFs. Different studies have investigated
the electricity consumption of WRRFs and concluded that the process with the highest
power demand is the aeration process, constituting 40-75 % of the total power consump-
tion (Gu et al., 2017; Longo et al., 2016; Plappally and Lienhard V, 2012; Rosso et al.,
2008). It should though be noted that this is when looking only at the electricity consump-
tion at the WRRF. If the total urban drainage system is investigated, pumping activity in
the catchment will in some cases require equal amounts of electricity (e.g. this is the case
in the Kolding Catchment (Stentoft et al., 2020)).

To summarize the section, turning aeration ”on” increases nitrification as more oxygen
becomes available. This increases costs (depending on the electricity price) as electricity
is consumed. Turning aeration ”off” decreases nitrification and might also increase costs
if it leads to higher effluent nutrient concentrations. Thereby the best way to control the
plant is to find a balance that satisfies requirements while keeping both effluent taxes and
electricity costs low.

2.1.5 Water Resource Recovery facilities
Five different plants are mentioned in this study. A brief summary of the plants is supplied
in Table 2.2. All the plants are controlled using the before mentioned control developed
by Krüger A/S for aeration. However Nørre Snede is controlling aeration using Star utility
solutions TM while the other four use Aquavista Plant TM.

Stochastic Modelling and Predictive Control of Wastewater Treatment Processes 9



Table 2.2: Summary of the different plants which are mentioned in this study. ”Rec.” refers
to recirculating and Biodenpho/Biodenitro refers to the construction in Bundgaard et al.,
1989.
Plant Christiansfeld Kolding Melby Nørre Snede Vamdrup
Capacity [PE] 10.000 170.000 30.000 9.700 12.000
Type Rec. Biodenipho Rec. Rec. Biodenitro

2.2 Electricity
2.2.1 Markets
In Northern Europe, electricity is traded in a common market called ”Nord Pool” which
consists of 15 interconnected price areas. Two of these, ”DK1” and ”DK2”, are active in
Denmark. Within each price area, three different markets with different scopes exist;

DAM Day-ahead market trades electricity for the upcoming day. The market closes at 12
noon.

IDM Intra-day market trades electricity when the DAM closes. Here electricity can be
traded until 45 minutes prior to the operating hour. As this market is not oject to any
of the controls developed in this study, it will not be described further.

BM Balancing market is used as one of several tools of the Transmission System Op-
erators (TSOs) to overcome the challenge of maintaining grid stability (EnergiNet,
2016). Here market participants have the option to make a bid that defines how
much a participant is willing to change their production- or consumption schedule in
a given operating hour. The balancing market also closes 45 minutes prior to the
operating hour.

To specify the BM, three different scenarios can be offered by the TSO;

(↑) If the imbalance is negative, a deficit of electricity is present in the price area and
hence an increase in the production or a decrease in the consumption is needed.
This is called up regulation.

(↓) If the imbalance is positive, a surplus of electricity is present in the price area and
hence a decrease in the production or an in the consumption is needed. This is
called down regulation.

(−) If the imbalance is too small or the duration is too short, the imbalance is not offered
in the BM.

In a situation with up regulation, electricity is sold while in the situation with down regu-
lation, electricity is purchased. The structure of the BM requires that the up regulation
price is greater than the day-ahead price while the down regulation price is lower than the
day-ahead price. Special regulation is imbalances that are handled by trading volumes
across the outer boarders of the Nord Pool price areas. As example, during the last three
years, one of the main sources of special down regulation in DK1 has been excessive
wind power production in Northern Germany. For instance, 1.312GWh of special down
regulation volume was activated in Denmark in 2019 due to special regulation from the
German TSO, TenneT. To specify, this implies that large amounts of German wind power
was used in DK1 during the periods of activation. In Figure 2.2 an example that highlights
the day-ahead market and the balancing market from Nord Pool price area DK1 is shown.

The plot also shows the share of the total production that comes from wind turbines. It
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Figure 2.2: Example period with electricity day-ahead prices and balancing prices (up and
down regulation) from April 2018. Figure is taken from paper C.

is noted that this is a source of energy which is very difficult to predict and hence one
of the primary reasons for imbalances. For instance it is suggested in Parbo, 2014 that
approximately 65% of the total imbalances are due to forecast errors of the wind power
production.

2.2.2 Day-ahead prices and production emissions
As is indicated in Figure 2.2 the wind power production seems to effect the amount of
special regulation and to some extent the day-ahead prices. Furthermore, the share of
wind-power effects the Greenhouse Gas emissions (GHG) related to the electricity mix.
In Figure 2.3 the day-ahead prices for 50 days from 2019-2020 are shown. The Figure
also shows the GHG for the same days related to the electricity mix at each 5 min time
interval. The GHG-emissions are estimated by Energinet, 2020.

In Figure 2.3 it is clear that both the day-ahead prices and the corresponding GHG emis-
sions have both day to day and within day variations. However, while the diurnal variation
seems to be significant for the day-ahead prices, there is no clear diurnal variation in the
GHG-emissions.

2.3 Stochastic Differential Equations and Control
2.3.1 Stochastic Differential Equations
It is, generally, only possible to observe continuous time processes in discrete time.
Therefore, let yk ⊂ Rl denote observations in discrete time with steps tk(k ∈ {0, ..., N}).
Now, following Øksendal, 2013, a discretely observed Stochastic Differential Equation
(SDE) can be written on state-space form as

dxt =f(xt, ut, t, θ)dt+ σ(ut, t, σ)dω

yk =h(xk, uk, tk, θ) + ek
(2.10)

Where the states xt are described with a drift term f(xt, ut, t, θ) and a stochastic, diffu-
sion, term, σ(ut, t, σ). The observations are linked to xt through the observation equa-
tion h(xk, uk, tk, θ). It is noted that the residual error is split in two terms, σ(ut, t, σ) and
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Figure 2.3: 51 days of electricity prices (left) and emissions (right) from 2019 and 2020.
The data is chosen starting from the example day, January 14th, and then every 8th day
50 days ahead. This is to secure that different weekdays and seasons are shown in the
dataset. The Figure is from paper G.

measurement noise, ek. This implies that noise related to model approximations and un-
described disturbances is separated from noise related to the observation of the system
(i.e. because of the sensors).

SDEs have been used to model many different chemical/physical/biological phenomena,
including examples from environmental engineering. Examples include rainfall-runoff flow
and volume (Löwe et al., 2016; Thordarson et al., 2012) and to model phytoplankton
growth (Møller et al., 2011). SDEs have also been used to model nitrogen conversion
using sensor data from the biological treatment in a WRRF. This has first been done in
the mid 1990s by Carstensen, 1994; Carstensen et al., 1995 using simple SDEs with short
data series. A more recent version is suggested in Halvgaard et al., 2017.

2.3.2 CTSMr
The stochastic model presented in Equation (2.10) fits the general model structure for
continuous-discrete stochastic state space models, i.e. a model of the state variables in
continuous time and discrete time samples measurements of some of the states. The R-
package CTSMr (Juhl et al., 2016; N. R. Kristensen and Madsen, 2003; N. R. Kristensen
et al., 2004) can manage this kind of system, and is therefore used to estimate parameters
and predict control in one of the implementations. This section provides a summary of
how the package works as the methodology is used in several of the implementations of
the study. For further information on the package, see Juhl et al., 2016.

2.3.3 Filtering
To estimate the process taking the different types of noise into account, an Extended
Kalman Filter (EKF) is used. More specifically it is a continuous-discrete time version of
the EKF with initial conditions for the model values and variance estimate, x̂1|0 and P1|0.
The filter is implemented similarly to the description in Jazwinski, 1970 though with the
additional ability to manage missing observations in yk. To manage these effectively, the
permutation matrix E is introduced. E is constructed from a unit matrix by eliminating the
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rows that corresponds to missing values in yk (as described in Juhl et al., 2016). This
implies that the alternative filter equations becomes

yk =E(h(xk, uk, tk, θ) + ek)

ŷk|k−1 =Eh(xk, uk, tk, θ)

Rk|k−1 =ECPk|k−1C
TET + ESkE

T

ϵk =yk − ŷk|k−1

Kk =Pk|k−1C
T
KET (Rk|k−1)

−1

(2.11)

Where the system is updated as

x̂k|k =x̂k|k−1 +Kkϵk

Pk|k =Pk|k−1 −KkRk|k−1K
T
k

(2.12)

x is here the state estimates from (2.10). The state are prediction equations given as

dx̂t|k

dt
= f(x̂k|k−1, ut, t, θ), t ∈ [tk, tk+1] (2.13)

dP̂t|tk
dt

= A(t)P̂t|tk + P̂t|tkA(t)T + σ(t)σ(t)T , t ∈ [tk, tk+1] (2.14)

Where A is the Jacobian of the drift term fi. This Jacobian is calculated using a method
based on Speelpenning, 1980. In calculations of the Jacobian we assume that x =
x̂k|k−1, u = uk, t = tk and the parameters, θ are known. The ODEs are solved by numer-
ical integration schemes suggested by Hindmarsch, 1983 cited in N. R. Kristensen and
Madsen, 2003 p. 17. This is to ensure an intelligent re-evaluation of A and σ. Further-
more, this implementation of the filter means that initial state estimates (x0) are necessary,
and that the approximation only holds when nonlinearities are not too strong.

2.3.4 Parameter estimation
The parameter estimates are based on a maximum likelihood method, by assuming gaus-
sian distributed conditional probability densities. The parameter estimates are obtained
by minimizing the negative likelihood function as

θ̂ = argmin
θ

(−ln(L(θ;YN |y0))) (2.15)

where the negative log-likelihood function, −ln(L(θ;YN |y0)) is

−ln(p(θ|yN , y0)) =0.5
N∑
k=1

(ln(det(Rk|k−1)) + vik

+0.5((

N∑
k=1

l) + p)ln(2π)

+0.5(ln(det(Σθ)) + 0.5ϵTθ Σ
−1
θ ϵθ

(2.16)
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where ϵt = yt − ŷt|t−1 (ŷt|t−1 = E(yt|yt−1, θ)) and Rt|t−1 = V (yt|yt−1, θ). ϵt and Rt|t−1 are
computed by means of the EKF shown in (2.11) and (2.12). Note that the quadratic term,
vik, is calculated using an alternative form (because of the handling of missing observa-
tions). This is given as (2.17)

vik = (ϵik)
T (R

i
t|t−1)

−1ϵik (2.17)

2.3.5 Model Predictive Control
The task of Model Predictive Control (MPC) is to find the best control based on an op-
timization over future scenarios with respect to some objective function, J , inputs u and
constraints b on a function of the inputs f . Typically this is setup as a minimization prob-
lem, and can generally be expressed as

min J(u)

s.t. fi(u) ≤ bi, i = 1,…,m
(2.18)

If either the objective function, J , or the constraint, f, is a nonlinear function, the problem
becomes a nonlinear optimization problem. This is generally more difficult to handle as
compared to a linear or convex optimization, and thereby it allows for fewer optimization
variables. However, non-linear models have the major advantage that they can embrace
non-linear system dynamics. The challenge in non-linear optimization is that the objective
can have arbitrarily many local optima. This requires optimization algorithms that can
explore the parameter-space in a meaningful way, or the use of good initial parameter
guesses.

Several descriptions of model predictive control exists, as it has been a widespread use
within control since the 1980s. For reference on MPC within urban drainage systems, see
e.g. Lund et al., 2018.

2.3.6 Optimization algorithms
For the nonlinear optimizations related to control and parameter estimation in the SDEs,
different optimization algorithms are used. These are briefly summarized here

genoud Is an optimization algorithm from the evolutionary algorithms (EA) family. These al-
gorithms manages all sorts (nonlinear, mixed integer etc.) of optimization problems
by simulating a number of solutions and choosing the best. The best solutions are
then transformed by following some heuristic rules in an effort to get better solutions
than its predecessor on average. This is similar to a natural selection and thus the
name ”evolutionary”. The name genound is short for ”genetic optimization using
derivatives” because it has the option that besides heuristic rules, gradient-based
optimization (such as BFGS) can be used on the most promising solutions in each
generation. The algorithm is available through the R-package called rgenoud. The
package is well described in W. R. J. Mebane and Jasjeet, 2011; W. R. Mebane and
Jasjeet, 2015 and thus it will not be repeated here.

SCE Is another optimization algorithm from the EA family. It is short for Shuffled Complex
Evolution as it generates multiple acceptable solutions and divide them into smaller
clusters. Within each cluster, a simplex optimization is performed, and the best solu-
tions from each cluster (including the optima found from the simplex) are then mixed

14 Stochastic Modelling and Predictive Control of Wastewater Treatment Processes



with new solutions for a specified number of times. The algorithm was discovered in
Duan et al., 1993 and has since been used in many different applications including
within hydrological modelling (Barati et al., 2014).

nlminb Is a gradient-based optimization that can can perform both unconstrained and box-
constrained optimization problems. It is developed in Gay, 1990 and is now a stan-
dard function in basic R (R Core Team, 2014).

BFGS is, like nlminb, a gradient-based optimization algorithm that can perform uncon-
strained optimization. It was developed simultaneously by four different scientists
(Broyden, Fletcher, Goldfarb and Shanno, hence the name BFGS) but for reference
see e.g. Broyden, 1970. It is available as a function in base R through the optim
function (R Core Team, 2014).

Optimization algos and objective function
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3 Model Development
This chapter presents the model development, the ”M” in MPC. Three different models
have been developed and improved to fit the purpose. Ordered from oldest to newest,
these are listed here;

SASM1 Stochastic ASM number 1. A model based on SDEs which describe the develop-
ment of ammonium and nitrate concentrations in an ASP. The model is described
in Paper A and is inspired by Henze et al., 1987.

SBP Stochastic Biological phosphorus removal model. Model inspired by SASM1 that
uses Monod Kinetics and real-time data to model and predict phosphorus concen-
trations. The model is described in Paper D.

SASM2 Stochastic ASM number 2. A model based on SASM1 and SBP, which that models
both nitrogen and phosphorus removal in alternating activated sludge processes.
It contains a new internal model of the oxygen that allows for direct estimation of
delay. It is described in Paper H.

The notation throughout the chapter related to activated sludge modelling follow the no-
tation suggested by Corominas et al., 2010. Furthermore the notation used to describe
SDEs follow Section 2.3.

3.1 Development of SASM1 and SBP
To predict the ASP and the effect of control, a stochastic ASM is identified and suggested
in Stentoft et al., 2019. The overall objective of this thesis is to develop and test a model
predictive control method for control of N-removal in the biological state of the WRRF. It
is therefore necessary to identify a suitable model that can predict the effect of N-removal
processes with reasonable accuracy. ASM1 gives a good understanding of these pro-
cesses Henze et al., 1987 without being too complex, and it is therefore used as a foun-
dation for identifying and rationalizing a new model.

3.1.1 Inspiration from ASM1
In (2.5), (2.6) and (2.7) the description given in ASM1 of the ASP development in Oxygen
and nitrogen (in the form of NH4 and NO3) is given. The complexity of these equations
is considered an obstacle for use in a real-time setting where parameters should be esti-
mated unsupervised. This is because many of the variables and states are unmeasured
and ideally require an estimation based on lab-scale experiments. Hence five simplifica-
tions are assumed to get a more parsimonious model that can be estimated. Thus the
very general assumption is, that since the model is updated frequently, many terms will
be constant and/or unimportant (and therefore left out). These unimportant terms will be
manifest as noise in the model (described in section 3.1.3). In the following bullets the
simplifications are listed and argued (rewritten from paper A).

1 The ammonification rate ka is usually small compared to the process rates of ammo-
nium and nitrate. Hence this means that ammonification of soluble organic nitrogen
can be neglected. This is also argued by Cadet, 2014.

2 Ss is considered constant (cSs) during a usual diurnal variation. In practice it will
probably follow a diurnal pattern similar to that of SNH , but because Ss is unmea-
sured these will be difficult to distinguish.
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3 The active Heterotrophic and Autotrophic biomasses XB,H and XB,A can be con-
sidered constant on a daily basis. This is considered reasonable as the biomass is
known to change over longer periods of time.

4 The relative ammount of N/COD in biomass, iXB can be neglected. By following a
stoichiometric calculation by Henze et al., 1987 (assuming a typical cell formation,
C5H7O2N ) it is found that iXB is 0.086. This is very small compared to 1/YA which
is approximately 4.2, and consequently it will be difficult to estimate considering that
some noise is related to the measuring equipment.

5 The half velocity constants KO,H and KO,A for oxygen utilisation are considered
identical (KO,H = KO,A) as it is argued by Henze et al., 1987 that typically the dif-
ference is modest.

These assumptions are applied to Equation (2.5), (2.6) and (2.7) which gives a simplified
model. Because the change in oxygen is fast compared to the changes in nutrient con-
centrations, the exact oxygen level is difficult to model correctly. This also implies that it is
hard to distinguish SO and KO, and consequently these are unified to one variable. This
suggests that the oxygen concentration is not directly modelled (i.e. as a separate state
describing oxygen concentration). Instead the contribution to the nitrogen-processes from
the oxygen dependent Monod expression, SO/(KO + SO) is modelled. In the following
this state is referred to as SMO,O. By gathering constants and adjusting the states by
applying assumptions, (2.5), (2.6) and (2.7) can be simplified to

S′
NH4

=− θ1
SNH4

KNH4,ANO + SNH4

SMO,O

S′
NO3

=θ1
SNH4

KNH4 + SNH4

SMO,O − θ2
SNO3

KNO3,OHO + SNO3

(1− SMO,O)

S′
MO,O =− (θ3 + θ4

SCNH4,ANO

KNH2 + SNH4

)SMO,O

(3.1)

This implies that only seven parameters are needed to model the process. These are θi,
KNO3,OHO, KCNH4,ANO, KNH4,ANO. The new parameters θ1, θ2, θ3 and θ4 are related to
the original ASM1 parameters as

θ1 =
1

YANO
µ̂ANO,MaxXANO

θ2 =
1− YOHO

2.86YOHO
µOHO,Max(

SB

KSB
+ SB

)ηµOHO,AxXOHO

θ3 =
1− YOHO

YOHO
µOHO,Max(

SB

KSB
+ SB

)XOHOC1

θ4 =
4.57− YANO

YANO
ηANO,MaxXANOC2

(3.2)

Where C1 and C2 are factors that account for the state being SMO,O instead of SO2 .

3.1.2 Adding Influences: Aeration and inflow
A simple ASM model that can estimate the nitrification and denitrification processes in
the process tank under steady conditions is now given in (3.1) (with reference to pa-
per A). However, as the model does not yet include the physical actions that influence
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on the changes in concentrations it is not yet suitable for real-time modelling of WR-
RFs. It is therefore assumed that there are two main actions that that influence on the
N-concentrations and the oxygen. These are;

i Influent wastewater which contains a higher ammonium concentration and thereby
increases concentration in the tank. It also contains a lower nitrate concentration
which dilutes the concentration.

ii Aeration (On/Off) increases oxygen concentrations in the tank when on, and thereby
it increases SMO,O which activates the nitrification process.

These effects are added to the simplified model, (3.1), so that i) leads to changes in N
concentrations described by k1 and k2 and ii) leads to an increase in oxygen described
by Air. In (3.3) these effects are added to the functions of the simplified ASM ASMNH ,
ASMNO and ASMMO,O described in

S′
NH4

=k1(...) +ASMNH4

S′
NO3

=k2(...) +ASMNO3

S′
MO,O =Air(...) +ASMMO,O

(3.3)

where the functions k1, k2 and Air are specified as

k1(...) =κ(f(µNH4 , c1, c2, s1, s2, t)− SNH4)

k2(...) =κ(µNO3 − SNO3)

f(µNH , c1, c2, s1, s2, t) =µNH +Σn=2
i=1 sisin(iwt) + cicos(iwt)

κ =(Cre + ρ ∗Q)

(3.4)

The rate, κ, is estimated as Cre + ρ∗Q. The rate can be seen as the water flowing in from
the previous steps/tanks. This flow will be the sum of the re-circulated wastewater, Cre,
and the wastewater flowing through the treatment plant Q. The mean of the processes is
the N-concentrations present in the denitrification tank. For nitrate this will be assumed
constant, µNO and close to zero during normal operation. For ammonium this will depend
on the amount of wastewater coming in, and the concentrations. Like the flow, the am-
monium concentrations also follow a diurnal variation, and a 2nd order Fourier series is
used to describe this pattern as suggested in Langergraber et al., 2008, and hence it is
fitted to the model in Section 2.1.2.

When oxygen is added to the water, another process is describing the development in the
state SMO,O

Air(...) = k1Ot(SO,MOmax − SMO,O) (3.5)

This influence is inspired by the two films theory by Lewis and Whitman, 1924 presented
in Section 2.1.2. In the version applied here, the effect on the state SMO,O is modelled.
Hence the mean, SO,MOmax, of the process is set to 1 which is the maximal theoretical
value of the Monod term. This is correct if the oxygen saturation point of the water is
infinite. However, in practice the saturation point depends on the wastewater composition,
but will be much larger than KO2,ANO (Henze et al., 1987). The rate of the process, κ is
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given as κ = k1 ∗ O. This is the oxygen signal, O, multiplied with a transfer constant, k1,
which is related to the type and size of the actuator. For reference it is noted that this
transfer constant will be correlated with the liquid side mass transfer coefficient kLa (used
in Lewis and Whitman, 1924).

Adding these three new dynamics to the equations of the ASM it is now possible to de-
scribe the process tank as a dynamic system with inputs for flow and aeration (in the form
of oxygen signal, O). The system contains a total of 16 parameters - 7 related to the ASM
and 9 related to the influences.

3.1.3 Stochastic ASM
A deterministic model of the physical system that can describe the dynamics in the process
tank during normal operation is now suggested. However, to account for noise processes
related to the observation and dynamics of the system, stochastic diffusion terms are
added as

dSNH4 =k1(Ot, Qt)dt+ASMNH4dt+ σ11dw1 = fNH4(...)dt+ σ1(...)dw1

dSNO3 =k2(Ot, Qt)dt+ASMNO3dt+ σ22dw2 = fNO3(...)dt+ σ2(...)dw2

dSMO,O =Air(Ot, Qt)dt+ASMMO,Odt+ σ33dw3 = fMO,O(...)dt+ σ3(...)dw3

(3.6)

To avoid negative diffusion parameters and to make estimation of small noise processes
easier, the diffusion terms are estimated in the log-domain;

σii = exp(sii), i ∈ [1, 2, 3] (3.7)

The ammonium (MsNH) and nitrate (MsNO) measurements relate to the state estimates
as

MsNH = SNH + exp(s1NH)et,NH

MsNO = SNO + exp(s2NO)et,NO
(3.8)

Where et,NH and et,NO are N(0, 1) and iid, i.e. the residuals of the measurements are
normally distributed with zero mean and exp(s1NH)/exp(s2NO) standard deviation. The
changes in the states dSNH , dSNO and dSMO,O are given as state variables where w1, w2

and w3 are 1-dimensional standard Wiener processes. exp(s11), exp(s22) and exp(s33)
represent the noise of the system.

These added noise processes account for known sensor measurement noise, noise re-
lated to variations in influent concentrations and noise caused by the simplifications. This
system of stochastic differential equations describes the physical system and how it is ob-
served. The stochastic processes accounts for a total of 5 new parameters and thereby
a total of 21 parameters to estimate (potentially 24 if initial state values are unknown) are
present.

The stochastic model presented in (3.6) with observations (3.8) fits the general model
structure for continuous-discrete stochastic state space models in (2.10), i.e. a model of
the state variables in continuous time and discrete time samples measurements of some
of the states. The R-package CTSMr can manage this kind of system, and is used in this
implementation to estimate parameters and predict control.
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3.1.4 Stochastic modelling of biological phosphorus removal
A model based on SDEs for biological phosphorus removal is suggested in Lindstrøm
Sørensen et al., 2019. Like the described SASM1 it is based on a mixture of physical
dynamics (i.e. Monod-kinetics and mass balances) and stochastic behaviour. The model
was developed using an iterative process where a very simple model was used as a
basis and then additional terms where added. This was continued until residuals looked
”satisfactory”. The resulting model is

dSPO4 =θP,1(µ1, t− SPO4,t)dt−
θP,2SP,t

θP,2k1 + SPO4,t
SO2,tdt+ σ1dw1,t

dSO2 =θP,3kOt(1− SO2,t)dt− θP,3
θP,2SPO4,t

θP,2k1 + SPO4,t
SO2,tdt+ σ2dw2

dµ1 =σ3dw3,t

(3.9)

Where the system in (3.9) is directly observed with measurements MsPO from online
phosphate sensors as given in (3.10)

MsPO =SPO4,t + exp(s1PO) (3.10)

Similar to (3.6) and (3.7) the noise terms are estimated as exponential parameters. Fur-
thermore the parameters are estimated using the R-package CTSMr similar to how pa-
rameters are estimated for (3.6). This package is also used for simulation and numerical
integration of the system.

3.2 SASM2: Motivation and development
SASM that is presented in (3.6) (and in paper A) have the advantage that parameters can
be estimated directly from data, and good predictions can bemade on short time horizons.
However, when implementing the model online and testing it with data sets with different
levels of noise, delay (i.e. from aeration is shifting until response (Stentoft et al., 2017))
and influences not described in the deterministic model, some problems where identified
and hence a new upgraded framework was developed in paper H.

3.2.1 Motivation for SASM2
The summarized issues with SASM were;

i Estimation of parameters was difficult without good initial parameter guesses. Hence
bad parameter guesses would sometimes be obtained leading to poor performance

ii Estimation of delay which was handled with a separate algorithm (described in
Stentoft et al., 2017) was not sufficiently robust when changes in delay where ex-
perienced.

iii The parameter estimation procedure was too slow to run effectively in an online
setting where it should be executable in less than 90 seconds (in the AQUAVISTA
platform). With the CTSMr implementation it was seen to take 10-20 minutes (and
sometimes even more) when using 1-2 days of data.

iv Some problems in the EKF and the numerical algorithms within the CTSMr package
caused unexpected behaviour in the estimation procedure (specifically, this lead to
error codes 90 and 30).
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Consequently, a new version of SASM, SASM2, was developed in Paper H. The new
SASM2 aims at solving issues i-iv by the implementation of several new ideas. The ex-
panded methodology is described here.

3.2.2 Additions to the dynamics of SASM
Similar to SASM1 the SASM2 model is inspired by the physical, chemical and biological
processes presented in Activated SludgeModel number 2 presented in Henze et al., 2000.
Furthermore SASM2 is a further development of a framework hat is inspired by SASM1.
Both in terms of the model itself but also in terms of the estimation (which for SASM1 is
managed in CTSMr).

The coupled SDEs that constitute the new model, SASM2, are pressented in (3.11). To
make it easily distinguishable from (3.6) and (3.9) the states in SASM2 are marked with
∗, (even though the notation does not follow Corominas et al., 2010).

dS∗
NH4

=ASM∗
NH4

= −θ1O1(t)
S∗
NH4

θ1K∗
NH4

+ S∗
NH4

+mNH4

dt

dS∗
NO3

=ASM∗
NO3

= θ1O2(t)
S∗
NH4

(θ1K∗
NH + S∗

NH4
+mNH4

dt

− θ2(1−O2(t))
S∗
NO3

(θ2K∗
NO + S∗

NO3
+mNO3

dt

dS∗
PO4

=ASM∗
PO4

= −θP,1O3(t)
SPO

θP,1K∗
PO + S∗

NO3
+mPO4

dt

(3.11)

The presented system looks similar to (3.1) and (3.9), however a few differences should
be noted. First, the state for relative amount of air, SMO,O, is substituted with the input
Oj(t) which is specified in the next section. Second, additional parameters mNH4 , mNO3

andmPO4 have been added to the Monod expressions to allow for a potential offset in the
measurements or the process. Last, the parameters θ1, θ2 and θP,1 are multiplied with the
Monod growth pars Kx. This is to reduce the correlation between the parameters.

It is noted, that the phosphorus model is similar to the model for ammonium removal. It
should though be stressed that in most cases the estimated parameters for phosphorus
and ammonium will be quite different as the removal efficiencies and the concentrations
of NH4 and PO4 in incoming water varies between the two nutrients.

3.2.3 New model of influences
Like with SASM, influences needs to be added tomake themodel in (3.11) useful for online
applications. Hence, the equations f and O are added to model the incoming nutrient
loads and the delayed effect of aeration respectively. The estimation of incoming loads
is inspired by a simple diurnal variation as suggested by Langergraber et al., 2008. The
delayed aeration signal is modelled using a sum of Sigmoid-functions with the parameters
τ governing the aeration start and stopping times. The equations are

fk(t) =Σ2
i=1cc2i−1,ksin(i2πt/p) + cc2i,kcos(i2πt/p)

Oj(t, τ) =

n∑
i=0

1

(1 + eα1)κ3(1 + eα2)−κ3

α1 =− κ4(t− τ2i−1 −Dj)

α2 =t− τ2i −Dj

(3.12)
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dS∗
µ,x = κ1(S

∗
µ + fk(t)− S∗

x) (3.13)

Here the parameters cci,k are describing harmonic oscillations with period p. It is noted
that fk as described here has zero mean, which is obviously not the case for the incoming
water. This is because the mean is modelled as an additional, separate, state as shown
in (3.13) (and already implemented in the first PO4 model in (3.9)). The reasoning is to get
a better representation of the stochastic behaviour that is related to the incoming wastew-
ater. The algebraic equation, Oj , is a parameterized control signal. The parameters, τi,
are parameters which should not be estimated. Instead these are found by rewriting the
control that is executed (Ot in (3.5)) into input parameters, τi, indicating the time points
where aeration has been switched (on/off). This makes it possible to estimate a delayed
response to aeration directly from the parameterDj . Furthermore the parameters κ and α
of the generalized sigmoid function make it possible to model different types of dynamics
in the observed response (due to e.g. mixing) to aeration.

3.2.4 SASM2 - the final model
The influences and ASM dynamics are now defined in (3.11), (3.12) and (3.13). Now, by
adding the mean states, S∗

µ,NH4
and S∗

µ,PO4
, and adding diffusion terms, a new system of

coupled SDEs is formed as

dS∗
NH4

=κN,1(S
∗
µ,NH4

+ f1(t)− S∗
NH4

)dt− θ1O1(t)
S∗
NH4

θ1,NK∗
NH4

+ S∗
NH4

+mNH4

dt+ σ1dω1

dS∗
NO3

=κN,1(µNO3 − S∗
NO3

)dt+ θ1O2(t)
S∗
NH4

(θ1,NK∗
NH + S∗

NH4
+mNH4

dt

− θ2(1−O2(t))
S∗
NO3

(θ2,NK∗
NO + S∗

NO3
+mNO3

+ σ2dω2dt

dS∗
PO4

=κP,1(Sµ,PO4 + f2(t)− S∗
PO4

)− θP,1O3(t)
SPO

θP,1K∗
PO + S∗

NO3
+mPO4

dt+ σ3dω3

dS∗
µ,NH4

=κN,2(S
∗
µ,NH4

+ fk(t)− S∗
NH4

)dt+ σ4dω4

dS∗
µ,PO4

=κP,2(S
∗
µ,PO4

+ fk(t)− S∗
PO4

)dt+ σ5dω5

(3.14)

Note that the system can be split into two separate systems which is practical when sim-
ulating dynamics or estimating parameters. This is because the states S∗

PO4
and S∗

µ,PO4

are not included in estimation of the remaining three states and vice versa. For reference
on the different parameters, a brief description is given in Table 3.1.

3.2.5 Parameter estimation in SASM2
For easier estimation of the parameters, regarding correlations and magnitudes, some
parameters are transformed and/or rewritten as a function of other parameters or kept
constant (only µNO). In Table 3.1 the parameters are summarized with a note on how
they are estimated.

The parameters are found using an optimization algorithm to minimize the Maximum A
Posteriori (MAP) function in (2.16). The algorithm uses a combination of Genetic opti-
mization to initially find promising parameter guesses and a gradient based optimization
on the best parameter sets to approach the local minimas. The genetic optimization that is
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Table 3.1: Parameter descriptions and transposes used in the estimation procedure in
SASM2. The Table is from Paper H.
Par Description Estimated as x
κ1,x Rate for incoming WW x
κ2,x Rate for change in incoming NH4/PO4 exp(xµin)
θ1,x Nitrification rate for N/P exp(x)
θ2,N Denitrification rate for N xθ1,N
mx minimum observable conc. of x x
Kx Monod growth pars x
µin Mean incoming NH4/PO4 conc. x
µNO3 Mean incoming NO3 conc. Fixed to 0.01
σi Model Noise par. exp(x)

Incoming series, fj
cci Pars of the Fourier series xµin

Oxygen, Oj

κ3 Parameter of the generalized sigmoid function x
κ4 Parameter of the generalized sigmoid function x
Dj The ”delay” of observations x
τi The parameterized control signal Input

used is Shuffled Complex Evolution (SCE) Duan et al., 1993 (introduced in section 2.3.6)
which has proven useful for many different nonlinear models, including hydrological (e.g.
Barati et al., 2014). When good initial guesses are found using a specified number of
iterations in the SCE, local, deterministic optimization is found on the top n best parame-
ter sets. Here gradient-based optimization is used to approach the local minima. In this
implementation the inbuilt R optimizer, nlminb, is used. This implies, that for fast and ro-
bust optimization, the gradients of (2.16) must be found. In this implementation, these are
found by using automatic differentiation which is handled through the R-package TMB K.
Kristensen et al., 2016. This package applies automatic differentiation on a cpp function
using the cppAD library.

3.3 Modelling Examples
In the following section, different examples are shown. The examples use both the first
models (ASM1 and SBP) presented in (3.6) and (3.9) but also the further developed ver-
sion (SASM2) in (3.14). Note that the predictions (parameter estimation and filtering) in
this section are based on training data where the control described in section 2.1.3 has
been active.

3.3.1 phosphorus predictions on Kolding WRRF
The biological phosphorus removal on Kolding is predicted and controlled in paper E using
(3.9) and the ctsmr package. An example prediction from the paper is shown in Figure
3.1. In this figure the mean of the prediction together with the mean plus two standard
deviations are shown. It is seen, that in this case the 24 hour prediction seems reasonable.
Even the special dynamics during morning hours in Kolding (i.e. from 06:00 to 10:00)
where very short aeration cycles are executed are predicted decently.
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Figure 3.1: Out of sample predictions for the model described by equation (3.9), using
data from Kolding WRRF measured between 4th of November and 6th of November of
2018. 2 standard deviations are added (green) as a measure of uncertainty, as only the
upper limit is relevant for control suggested later. The black vertical line indicates the
transition between training set and data unknown to the model. The figure is from paper
E.

3.3.2 Nitrogen predictions on Nørre Snede WRRF

In Figure 3.2 and 3.3 two hours predictions using data from Nørre Snede WRRF of ni-
trogen (ammonium and nitrate) and oxygen are shown respectively. These are created
using (3.6) and the ctsmr package.

In Figure 3.2 it is evident that under normal operation, the modeled ammonium concentra-
tion follows the same dynamics as the data. In periods when no new data is received (i.e.
calibration of the ammonium sensor from 17:30 to 18:30), the model continues to provide
reliable estimates. The nitrate concentrations also follow dynamics similar to those in the
data. However, some dynamic starting at 06:00 does not follow the behavior shown by
the sensor measurements. This period contains a relatively long timespan without aer-
ation which will normally mean denitrification, however in this case it is seen that nitrate
increases. This could be due to some unmodelled dynamics, problems with a drifting
nitrate sensor or a large unusual load of nitrate in the influent coming from e.g. industry.
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Figure 3.2: 2-hour predictions (60 timesteps of 2 mins) of the ammonium concentration in
the aeration tank (SNH4) with measured concentration (upper) and of the nitrate concen-
tration in the aeration tank (SNO3) with measured concentration (lower). Note that the
y-axis differs because there is more variation in the nitrate observations. Figure is from
paper A.

Figure 3.3: Upper: The input, O. Middle: the estimated Monod oxygen state, SO,MO. Bot-
tom: the measured oxygen in the aeration tank (black) and the binary signal for aeration
on/off (blue).Figure is from paper A
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Figure 3.3 shows the estimates of the unmeasured state, SO,MO. It is plotted together with
the measured dissolved oxygen (DO) concentrations and the setpoint of the actuator, O.
The comparison between the aeration status and the measured oxygen concentrations
highlight that short periods of aeration are not registered in measurements. This is caused
by the location of the sensor, which is located opposite of the aeration grid in Nørre Snede
WRRF. This supports the choice of not including the measured DO as input/state in the
model. Therefore the actuator signal is considered superior as it reports all periods of
added oxygen and furthermore it does not have any response time from when air is added
until it is observed in the tank. It is also seen that in some cases there is a delayed
response from when aeration is turned on until oxygen concentration increases.

3.3.3 Example predictions using SASM2
In Figure 3.5 the SASM2 presented in (3.14) is used to predict nitrogen on both Nørre
Snede- and Melby WRRF. In Figure 3.4 the same model is used to predict phosphour
concentrations on Nørre Snede WRRF (Melby WRRF does not have an available phos-
phorus sensor where the model is run.

Noteworthy points from investigating the ammonium, nitrate and phosphorus predictions
in Figure 3.5 and 3.4 as well as the parameter estimates in Table 3.2 include;

i There is a difference in the delayed effect of aeration which means that it takes
longer time before aeration is started/stopped until the effect is noted at Melby
WWTP compared to Nørre Snede WWTP.

ii From Figure 3.5 it is clear that the uncertainty on the nitrate forecasts is larger on
Melby compared to Nørre Snede. This is seen as the spand of the dark- and light
grey areas (+ 1 and 2 standard deviations) are wider on Melby.

iii Denitrification seems to be more effective on Nørre Snede WWTP as nitrate de-
creases more during periods without aeration. This could be caused by differences
in available carbon, differences in the biomass or an offset in the nitrate sensor on
Nørre Snede WRRF.

iv phosphorus predictions seem to have some potential for improvement, as not all pe-
riods without aeration seem to increase concentrations (as predicted by the model).
Hence further developments could possibly improve the model.

Figure 3.4: 3 hours forecast of phosphorus on Nørre Snede WRRF. The dashed red
line indicate end of estimation period and start of prediction period. The blue line is the
estimated aeration function,O(t, τ) presented in (3.12). Figure is from paper H.
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Figure 3.5: 3 hour forecast of ammonium (red) and nitrate (green) on Melby (left) and
Nørre Snede (right) WRRFs. The dashed red line indicates the end of estimation period
and start of prediction period The blue line is the estimated aeration function,O(t, τ) pre-
sented in (3.12). Note that the y-axes are scaled differently on Melby and Nørre Snede.
The grey areas are uncertainty bands, indicating 1 standard deviation (dark grey) and 2
standard deviations (light grey). Figure is from paper H.

3.3.4 Example parameters
In Table 3.2 the parameter estimates used to predict in Figure 3.5 and 3.4 are shown.
From the table it is seen that the parameterD is 4 times larger in Melby WRRF compared
to both phosphorus and nitrogen on Nørre Snede WRRF. This implies that it takes longer
time from aeration is started until a decrease in ammonium is registered onMelby. It is also
seen that Σ2 which is estimated in the log-domain (as exp(x)) is smaller on Nørre Snede
indicating that future development in nitrate concentrations is more uncertain. There is
also a large difference in the parameter governing the denitrification, θ2,N . On Melby it
is noted that it is <1 indicating that it is lower than the nitrification rate, θ1,N . However
the effective removal of nitrate (in SASM2) depends also on the value of S∗

NO3
, mNO3

and KNO3 . Similar offsets are estimated for nitrate and ammonium in the two plants as
estimated from mNH4 and mNO3 . But, in other plants with other types of sensors, this
is expected to vary more. Last it is noted that the parameters reveal differences in the
estimated diurnal variations in incoming wastewater as given by cci and µin. This could
be because the diurnal variations are in these cases not very pronounced (as compared
to other plants), or simply because they are difficult to estimate correctly.

3.4 Model Investigations and Comparisons
In the following the SASM2 is compared with the models SASM and SBP. Furthermore
the parameter changes and estimation procedures of SASM2 are investigated. This is
summarized from paper H.

28 Stochastic Modelling and Predictive Control of Wastewater Treatment Processes



Table 3.2: Parameters estimated over 24 hours from Melby and Nørre Snede WRRFs.
The parameter estimates are shown in the original state, i.e. not as they are optimized.
Table data is from paper H.

Model Nitrogen Nitrogen Phosphorus
Plant Melby Nørre Snede Nørre Snede
µin 67.94 100.00 60
cc1 -6.79 0.00 0.6
cc2 -2.04 3.00 -6.0
cc3 3.40 -10.0 6.0
cc4 -4.76 0.00 6.0
κ1 6.63 0.27 0.0
κ2 0.00057 0.00012 0.00000031
κ3 0.93 3.00 NA
κ4 0.10 0.19 0.04
D 8.30 1.89 2.01

Mu0 0.29 0.96 1.30
Ni 0.090 0.048 0.57

Dni 0.066 0.11 NA
KNH 0.75 1.81 NA
KNO 2.53 1.97 NA
KPO NA NA 0.0
mNH 0.16 0.14 NA
mNO 0.91 1.07 NA
mPO NA NA 0.10

σ1 0.018 0.0086 0.018
σ2 0.086 0.038 0.000045
σ3 0.00016 0.014 NA
σ4 0.00063 0.000045 NA

3.4.1 Model Comparison
In Paper H, the different models suggested for ammonium, nitrate and phosphorus are
used to predict ahead based on 14 different days at Nørre Snede WRRF. The models
are fitted to 24 hours of data before a random starting time (i.e. random time of the day).
After making the predictions, the Root Mean Squared Error (RMSE) and the Continuous
Ranked Probability Density Function (CRPS) (Gneiting and Raftery, 2007) are calculated.
These skill scores are compared and summarized in this section and Tables 3.3 and 3.4.

In Table 3.3, the general picture is that SASM2 results in lower RMSE as compared to
SASM and SBP. More specifically, on short horizons (1-30 minutes predictions) SASM2
is 34.1%, 19.7% and 43% lower for ammonium, nitrate and phosphorus respectively. On
longer horizons (1-24 hours predictions), the RMSEs for SASM2 are 34.4%, 54% and
20% lower respectively. Another note on the RMSEs is that in all cases, the predictions
are more accurate on short horizons. This is expected as longer horizons give more
time to potential unmodelled influences. On the short horizons it is also seen that the
most accurate predictions are, in order, phosphor, ammonium and nitrate. However this
is because phosphorus in general has lower concentrations and hence the relative error
(i.e. RMSE divided by the mean concentration) is higher. Looking at longer horizons
nitrate becomes the most accurate nutrient prediction which is because of the dynamics
at Nørre SnedeWRRF where nitrate does not vary much. This is seen in e.g. the example
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Table 3.3: Comparison of Root mean squared error (RMSE) using the different models
on data from Nørre Snede WRRF. The ranges in parenthesis indicate prediction horizons.
Table is a summary of numbers in paper H.
Model Nutrient RMSE (1-30 min) RMSE (1-24 hours)
SASM Ammonium 0.065 0.73
SASM Nitrate 0.13 0.31
SBP Phosphate 0.050 0.31
SASM2 Ammonium 0.042 0.54
SASM2 Nitrate 0.11 0.20
SASM2 Phosphate 0.035 0.26

in Figure 3.5. Last it should be commented that the paper Stentoft et al., 2019 finds lower
root mean absolute errors than found in Table 3.3. This is because the data set is different
(but still from Nørre Snede WRRF) and possibly because the parameter estimation is not
done in the same setting (i.e. initial guesses and training data is not the same).

To investigate the differences in the predicted distribution of the models, the CRPS is
investigated. The CRPS is divided into groupings similar to the RMSE. In each grouping
the CRPS is compared between SASM2 and SASM/SBP for nitrogen and phosphor. In
Table 3.4 the relative difference in CRPS is found as 1 - SASM2/(SASM/SBP), and hence
it reflects the relative change (i.e. 0.3 corresponds to SASM2 being 30% ”better”).

Table 3.4: Comparison between the models presented in (3.14) and the models in (3.6)
and (3.9). The number refer to the relative difference in CRPS between the empirical
models and the new based on 14 forecasts 24 hours ahead. Figure is from paper H.

Period [mins] 0-30 30-120 120-360 360-1440
Ammonium 0.30 0.20 0.34 0.33
Nitrate 0.21 0.27 0.35 0.62
phosphorus 0.48 0.25 0.29 0.26

It is noted that in general the SASM2 performs better on all horizons. The improvement is
probably due to better predictions of the mean, but also because of better predictions of
the full distribution. The comparison also gives an indication that the improvement on short
horizons is largest for phosphor, whereas on longer horizons the improvement is largest
for nitrate. However this could be specific for Nørre Snede WRRF, and consequently it is
recommended that all models are investigated on other plants.

3.4.2 Parameter estimation
The models are designed to make forecasts in an online setting, and hence it is important
that the estimation/simulation time is kept low while minimizing the negative log likelihood
(estimating parameters) sufficiently. To illustrate the effectiveness of the optimization pro-
cedure in Section 3.2.5, three different optimization setups are used for SASM2 and com-
pared by estimating parameters 10 times on the same 24 hours of data from Nørre Snede
WRRF. The 3 setups are:

i Optimization using randomly drawn initial parameters with a gradient-based opti-
mization algorithm (nlminb). This is similar to the optimization procedure used in
the frameworks SASM and SBP.

ii Optimization using SCE and gradient-based optimization with maximum number of
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function evaluations in SCE set to 200 and gradient based-optimizations set to one
(i.e. gradient-based optimization only on the best parameters from SCE)

iii Optimization using SCE and gradient-based optimization with maximum number of
function evaluations in SCE set to 2000 and gradient based-optimizations set to
three

In Table 3.5 a comparison between the optimization setups i-iii is shown

Table 3.5: Summary of the objective function values (log likelihood) when performing
10 optimizations using the setups i-iii on the same data set. The threshold -658.8 is an
approximation of the rounded minimum. Table is from paper H.

Setup i ii iii
Mean 169.68 -629.57 -658.84
Variance 1.149e+6 6.656e+04 1.678e-07
≤ -658.8 50% 80% 100%

As setup iii seems to perform good in this case, it is further investigated. This is done by
estimating the parameters 100 times using the same data as was used for the setups in
Table 3.5. In Figure 3.6 the difference in the found minimal negative log likelihood from
the 100 estimations is shown together with the estimation time.

Figure 3.6: Histogram of the objective function minimum and the time in seconds after
100 estimations using the SCE and the gradient based optimization. The dashed blue
line is the mean and the dashed red line is the median. Figure is from paper H.

From Figure 3.6 it is seen that the mean difference from the minimal negative log likeli-
hood is approximately 10−3. The actual value of the negative log likelihood function was
approximately -658.84 and hence this indicates, that the 100 estimations result in almost
identical solutions. Estimating the parameters took an average of 69.9s with the median
being 57.8 seconds. It is though noted that 12 of the 100 parameter estimations took more
than 100 seconds and one of the estimations took 196.3 seconds to converge. This could
potentially be troublesome in online implementations. The large variations in optimization
time are caused by the stochastic optimizer (SCE), and hence in an online implementation
a long simulation time (>90 seconds) could e.g. be stopped and retried.
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3.4.3 Parameter Changes
The parameter changes of SASM2 are investigated to judge the suitability for use in on-
line settings. This is because in this setting, the model should be frequently updated to
accomodate changes over time. In Figure 3.7 the SASM2 is updated by estimating pa-
rameters using 24 hours of data. This is done every 12 hours on a dataset from Nørre
Snede WRRF consisting of 21 days of data. The set contains a period with some pre-
cipitation. This is occuring after approximately 8 days until 11 days in the data set. The
tracks of some selected parameters are shown in Figure 3.7.

Figure 3.7: Parameter tracks of selected parameters as they are estimated from data as
described in Table 3.1. Note that the rates DNi (denitrification, θN,2) and Ni (nitrification ,
θN,1), as well as the diffusion parameters, σ1 (related to the state S∗

NH4
) and σ2 (related

to the state S∗
NO3

) are plotted with a logarithmic y-axis. The figure is from paper H.

The parameters develop over time when estimated from new data. This might be caused
by a natural development in the biological processes, changes in weather or technical
causes related to the plant operation. In the following the parameters are briefly discussed
starting from the top plot (which highlights inflow parameter, µin,NH4 for the nitrate model).

1. The parameter governing the average inflow to the plant, µin,NH4 , is dropping after
9 days to return to the same level after 13 days. This could be caused by rain which
causes large amounts of diluted wastewater to enter the plant. A future model could
include meteorological predictions or flow measurements upstream to model some
of these effects. It is also noted that in some amount of the time, the parameter is at
the upper bound which is 100 mgN/L (which was chosen as it is considered a very
high concentration for domestic wastewater Tchobanoglous et al., 2004).
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2. The delay parameter,D, changes between 2 minutes and up to 5 minutes. It seems
to be lower when µin,NH4 is lowwhich again could be caused by increased inflow due
to rain. It would physically make sense that the delay is reduced in these periods,
however further investigations should be made to clarify how this interacts.

3. The rates for nitrification and denitrification seem to be correlated. For instance they
both increase between day 9 and 10. However, they still have some variation among
them. This could be caused by changes in biological performance not included in the
model. This could be investigated further in order to improve parameter estimation
for the model (i.e. by rewriting/transforming parameters to reduce correlation).

4. The uncertainty on the different states as estimated by the diffusion parameter σ is
generally lower for ammonium compared to nitrate. However, this changes for one
estimation around 9 days in. It is noted that this could again be caused by more
uncertainty in the incoming ammonium due to rain (which is not modelled).

5. The offset, mNH4 and mNO3 , is zero (which is the lower bound) most of the time
for ammonium (mNH4). Thus indicating that for Nørre Snede, this parameter could
be fixed as it is not important. For nitrate there is some change in the offset. In
example the parameter is changing quickly after 13 days which could be caused by
the sensor being calibrated or a change in the biomass.

Stochastic Modelling and Predictive Control of Wastewater Treatment Processes 33



34 Stochastic Modelling and Predictive Control of Wastewater Treatment Processes



4 Predictive Control
This chapter presents the control problem for optimizing wastewater treatment aeration
and it compares some of the tradeoffs/benefits. First the optimization setup suggested
in Paper B was developed. However due to problems with reliability and optimization
time, additional setups were developed in Paper C and G. This chapter describes the
different solutions to implementation of constraints, optimization and objective functions.
Furthermore it shows some examples from various papers and quantifies some effects of
implementing control. Last, some notes on the full-scale implementation are presented.

4.1 Objective Functions
First thing to decide for optimizing aeration using MPC is a suitable objective function. In
Table 4.1 the different objectives that are investigated are summarized with corresponding
references.

Table 4.1: Objectives that are developed and investigated in this study. Note that i was
developed prior to this study (in 1995) but is included as it is used for comparisons.
Ref Objective (min) Reference
i Mixed (RBC) Nielsen and Önnerth, 1995
ii Electricity Consumption Paper G
iii Effluent Paper G
iv Costs (N/P, disc. aeration) Paper B and E
v Costs (N, cont. aeration) Paper G
vi Costs (N, balancing market) Paper G and C
vii Environmental Impact Paper D
viii GHG-emissions Paper G
ix Mixed objective Paper G

A more thorough description of i to ix is given in the following;

i Rule-based Control which is widely implemented through Aquavista (as described
in Section 2.1.3)

ii A special case of the cost optimization in

iii A special case of the cost optimization in

iv Minimize effluent tax and electricity costs with day-ahead prices

v Minimize effluent tax and electricity costs with day-ahead prices using a more effi-
cient methodology (compared to iv)

vi Minimize effluent tax and electricity costs with both day-ahead prices and balancing
market

vii Minimize Eutrophication and GHG emissions related to process and electricity con-
sumption

viii Minimize Nitrous-oxide from process and CO2-eq related to electricity production

ix Minimizes a weighed sum of different objectives
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These can then be reorganized into three overall categories; Single objective optimiza-
tions (ii and iii), Cost optimizations (iv - vi) and Environmental impacts (vii and viii).

4.1.1 Formulations
The most simple optimizations are the single objective optimizations in ii and iii. These
can both be formulated as a special case of the cost optimization, but for reference these
are presented here. First, the electricity minimization can be defined as

j(ii)(θ) =

t0+x∫
t=t0

Airon(θ, t)dt (4.1)

where the function Airon(θ, t) is an indicator function which is one if aeration is on at time
t and zero otherwise. Optimizing effluent (total-N) concentrations can be managed by
using the formulation in (4.2)

j(iii)(θ) =

t0+x∫
t=t0

S∗
NH4,t + S∗

NO3,tdt (4.2)

Where the sum of SNH,t and SNO,t is considered as an estimation of total-N. It is noted
that by excluding the term SNO,t in (4.2) only total ammonium-N is minimized which would
correspond to maximizing aeration (given typical parameter values).

Considering total costs, several factors should be included in the optimization. The first
version was presented in Paper B (and in Table 4.1 as iv). This version considers the
Danish effluent tax and the electricity consumption, but it is computed as a sum of costs
and hence it is similar to (4.4).

j(iv)(θ) =

n=x∑
t=1

Ep(t)Airon(θ, i)Ec+Qt(SNH4,t + SNO3,t)TN (4.3)

whereEp(t) is the electricity price at time t,Ec is the electricity consumption when aeration
is on, Qt is the flow through the plant at discrete times t, and TN is the Danish tax on
Nitrogen which is presented in Table 2.1. This objective is developed both for minimizing
costs related to nitrogen removal and biological phosphorus removal. Hence for biological
phosphorus removal (in paper E), the tax TP should be used on the term SPO4,t instead.

Another version using the setup suggested in Paper G can be formulated as

j(v)(θ) =

t0+x∫
t=t0

Ep(t)Airon(θ, t)Ec+Qt(S
∗
NH4,t + S∗

NO3,t)TNdt (4.4)

The formulation in (4.4) can be seen as a combination of (4.1) and (4.2) as it contains
both terms weighed with the effluent tax and a time-varying electricity price in the form of
Ep(t).
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To further reduce operational costs, another cost function which contains both the day-
ahead market and the balancing markets as described in section 2.2.1 (and in Paper C)
is considered. A simplified formulation is presented in

j(vi)(θ) =
N∑
k=1

pk

t0+x∫
t=t0

Epk(t)Airon(θ, t)Ec+Qt(SNH,k,t + SNO,k,t)TNdt (4.5)

In this implementation the objective function becomes a sum over probable scenarios
(i.e. scenarios with either up, down or no regulation). The scenarios have probability
pk of being activated. The electricity price Epk(t) is now describing the additional price
as compared to what is already bought in the day-ahead market. This implies that in
the no regulation scenario, the prices will be zero in periods where aeration is already
planned (and electricity is thereby bought). Furthermore it implies that accurate forecasts
of balancing prices and activation probabilities are needed.

Optimizing environmental impact directly in the control of aeration is suggested in Paper
E. Here the objective function contains an estimate of both GHG-emissions related to
electricity consumption and Nitrous Oxide (N2O) and eutrophication related to effluent
nitrogen concentrations. The objective function is shown in

j(vii)(θ) =

t0+x∫
t=t0

(Ee(t)Airon(θ, t)Ec− PN2OSNH,tCN2O)C1

+Qt(SNH,tCNH4 + SNO,t)C2dt

(4.6)

In this implementation, the objective is ”normalized” environmental impact. It is calcu-
lated by normalizing GHG-emissions with constant C1 related to electricity consumption
and nitrous oxide emissions and eutrophication related to NH4 andNO3 effluent concen-
trations with constant C2. The constants are suggested in Stranddorf et al., 2005. The
calculation of total GWP considers a forecast by Energinet, 2020 of the CO2-equivalents
from the electricity production mix at time t, Ee(t). It should be noted that the forecast
can be made from other sources (e.g. Leerbeck, Bacher, Junker, Goranović, et al., 2020)
Furthermore the nitrous oxide emissions are estimated as a percentage, PN2O, of the total
removed ammonium. To compare it with CO2 emissions, a conversion factor, CN2O, of
298 g − CO2 − eq/g − N2O is used as suggested in Bartram et al., 2019. Note that this
implementation was originally developed using CTSMr as opposed to the other implemen-
tations that are developed in the TMB framework.

In addition, an implementation that considers only GHG emissions is suggested. This
implementation is shown in

j(viii)(θ) =

t0+x∫
t=t0

RNH,N2O(rNH(t, θ)) + (Ee(t)Airon(θ, t)Ec

+Qt(SNH,tCNH4 + SNO,t)EffN2O)CN2O)dt

(4.7)
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Here the GHG emissions from electricity use are calculated in the same way as in (4.6).
However, the calculation of nitrous oxide is more detailed as it considers N2O-emissions
related to effluent concentrations with factor, EffN2O (as suggested in Bartram et al.,
2019). Furthermore the calculation of process N2O - emissions is now based on a corre-
lation between ammonium removal rate, rNH and N2O production as suggested in Blum
et al., 2018. The removal rate is easily estimated using the parameter estimates from the
SDEs in (3.11) and the ammonium state, SNH . For reference the rate, rNH,t, is specified
as

rNH,t = Ni
O1(t, θ)SNH

NiKNH + SNH,t +mNH
(4.8)

In Blum et al., 2018 it is found that the correlation,RNH,N2O(rNH,t(t, θ)) changes as a func-
tion of removal rates with a threshold value at approximately 5mgNH−N ∗gV SS−1L−1;

RNH,N2O =

{
0.01rNH,t ; rNH,t ≤ 5mg −NH −N ∗ gV SS−1L−1

0.09rNH,t ; rNH,t > 5mg −NH −N ∗ gV SS−1L−1
(4.9)

Finally, a mixed objective function that combines costs and GHG-emissions is suggested
for investigating marginal costs and, ultimately, to make balances in WRRF controls. The
function is given in (4.10)

j(ix)(θ) = αj(viii)(θ) + (1− α)j(v)(θ) (4.10)

Where the parameter α serves as a switch between prioritizing the minimization of GHG-
emissions (α = 1) and the minimization of costs (α = 0). The objectives, j included in the
function can in principle be arbitrarily chosen among the suggested function, however the
specific combination showed here is the only one that is investigated.

4.1.2 Input values and tuning
A summary of the parameters and typical values used in the objective functions in (4.1)
to (4.10) are given in Table 4.2.

Choosing the right parameters should be done carefully as these will effect the found
control. The parameters (and ranges) listed here are suggested from papers G and E.
The taxes are set for the Danish system (repeated from Table 2.1). The N2O conversion
factors (PN2O, CN2O and EffN2O) are listed in Bartram et al., 2019. In addition, Delre,
2018 also investigates PN2O and finds values that are higher than IPCC. The conversion
factors for calculating the comparable environmental impact are taken from the Danish
Environmental Authority in Stranddorf et al., 2005. The remaining parameters, Ec, t0 and
x will need to be decided for the specific control problem. Ec will require knowledge about
the plant and t0 will change whenever the MPC algorithm is run. x is, in the context of this
thesis, typically 1440 (24 hours) as the requirements for Danish WRRFs are a 24 hour
mean concentration. However, x could easily be changed to speed up optimization or
meet other requirements. In fact, in one full-scale implementation on Melby mentioned in
Section 4.7, x is set to 2-3 hours.
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Table 4.2: Summary of parameters and values used in the different objective functions in
(4.1) to (4.10). Table is loosely inspired by paper G and E.
Parameter Short description Value
Ec Aeration equipment electricity consumption [MW] 0.001 - 5
TN Tax on effluent nitrogen [DKK/kg-N] 30
TP Tax on effluent phosphorus [DKK/kg-P] 165
PN2O Removed NH4 converted to N2O [%] 0.0035 - 5.2
C1 Conversion factor from CO2 − eq to comparable

Environmental Impact [T − CO2 − eq/pers/year] 9.135-9.744
C2 Conversion factor from NO3 − eq to comparable

Environmental Impact [kg −NO3 − eq/pers/year] 120.65-399.32
CN2O Conversion factor for N2O [g − CO2 − eq/g −N2O] 298
EffN2O N2O released from effluent N [g −N2O/g −N ] 0.005
α weighting parameter [] 0-1
x length of period to optimize control [min] 60-1440
t0 Start time (implemented as minute of the day) [min] 1-1440

4.2 Parameterization of aeration
All the presented objective functions require an input signal for aeration, (referred to as
Air(θ, t)). It is difficult to optimize the aeration signal directly as setpoints related to each
time step because of two reasons: i) it would require hundreds of parameters to optimize
for e.g. a horizon of 24 hours. This is considered unfeasible for the nonlinear problem.
And, ii) some constraints on the aeration on/off time exists which would be difficult to
implement. Instead the signal, Air(θ, t), is parameterized using different formulations as
specified in the following section.

4.2.1 Discrete aeration signal
In this parameterization the aeration signal consists of 1 set point for each 2 min timestep.
It is created as each aeration cycle is divided into three parameters and fourth parameter
which describes the continuation of the cycle setup is added. These parameters are
illustrated in Figure 4.1 and further described in paper B.

P1

P2

P3

P1

P2

P3

P1

P2

P3

P4

Figure 4.1: The aeration signal, Os (blue) for a period with length P4. Illustrated as a
function of the four parameters. Figure is from paper B.
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The parameter vector θ can be described as

θ = [P1,1, P1,2, P1,3, P1,4, P2,1, P2,2..., PN,3, PN,4] (4.11)

Where N is a number introduced to create aeration signals that span over different aer-
ation phase cycles as this makes it possible to have several sequences that are created
and repeated. Thus it is noted that this increases the number of parameters to optimize
by four for each time the phase cycle should change. The values of the vector can be
specified as;

P1 N-time (Aeration on) is an integer that indicates the number of timesteps in each
N-time period

P2 DN-time (Aeration off) is an integer that indicates the number of timesteps in each
DN-time period

P3 Set point is a real number that indicates the aeration set point during N-time

P4 Setup length is an integer that indicates how many timesteps this cycle setup is
continuing

4.2.2 A continuous aeration signal
The parameterization in Section 4.2.1 gives some challenges, including long optimization
times for the resulting discrete optimization. Hence a continuous aeration parameteriza-
tion is suggested in Paper C and Paper G.

In this parameterization, the new aeration signal suggested for SASM2 in (3.12) is ex-
ploited. The trick is, that SASM2 already includes aeration in the model as a sequence of
starting and stopping times (referred to in the modelling as τ ). Here the aeration is mod-
elled as a sum of sigmoid functions. Now, let θ be a vector of start and stopping times
and t be the specific time point where the aeration signal is evaluated. Then the aeration
is given as in (4.12).

Air(t, θ) =

n∑
i=0

1

(1 + eα1)κ3(1 + eα2)−κ3

α1 =− κ4(t− θ2i−1 −Dj)

α2 =t− θ2i −Dj

(4.12)

Where the parameters κ3, κ4 and Dj (for reference see Table 3.1) are estimated when
fitting the model to data. It should though be noted that in the implementations in Paper
C, E and F, a version of the sigmoid function where some parameters are kept constant
is used (κ3 = 1 and κ4 = 10).

4.3 Constraints and optimization
To summarize, two different parameterizations of aeration where presented. For each of
these, the same constraints apply, but they are implemented differently. In the following
section, these various MPC implementations are presented.
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4.3.1 Problem generalization
To make the MPC usable in real case scenarios some constraints are needed. More
specifically two sets of constraints are implemented;

1. Constraints on the aeration cycle lengths. This is to secure that realistic cycles are
kept by setting max/min on/off times. These are described in Table 4.3 as θmin,on,
θmax,on, θmin,off and θmax,off .

2. Constraints on the ammonium, nitrate and phosphorus concentrations. In Denmark
these are constraints on the 24 hour mean effluent concentration, however these
are generally implemented so they can reflect means over arbitrary periods. These
are described in Table 4.3 as LN , LNH4 and LP .

Table 4.3: Summary of the constraints and the values used for the MPC implementations.
Parameter Short description Value
LN Limit on total-N [mg-N/L/24hours] 0.5-15
LNH4 Limit on ammonium [mg-N/L/24hours] 0.2-10
LP Limit on total-P [mg-P/L/24hours] 0.05-5
Z large number governing the weight on soft constraints [] 10000
θmin,on min aeration (nitrification) phase [min] 2-60
θmax,on max aeration (nitrification) phase [min] 40-120
θmin,off min no-aeration (denitrification) phase [min] 2-80
θmax,off max no-aeration (denitrification) phase [min] 40-120
θmin,sp min aeration setpoint [mg-O/L] 0.5-1
θmax,sp max aeration setpoint [mg-O/L] 2-3

To ensure that the 2. set of constraints (on the states of the stochastic process) are
fulfilled, they are implemented as constraints on a percentile of the distribution rather
than the mean. This implies that the full distribution is necessary to estimate to evaluate
constraints.

Furthermore it will be assumed that total-N is equivalent to the sum of ammonium and
nitrate, thus ignoring organic bound N. This implies that total-N is defined as

SN = SNH4 + SNO3

σN =
√

σ2
NH4

+ σ2
NO3

+ 2COV (SNH4 , SNO3)
(4.13)

4.3.2 A Lexicographic minimization
The first implementation of constraints and optimization (from paper B) uses the param-
eterization of aeration described in Section 4.2.1. In this setup, the constraints can be
implemented directly on the parameters P as

θmin,on ≤ P1 ≤ θmax,on

θmin,off ≤ P2 ≤ θmax,off

θmin,sp ≤ P3 ≤ θmax,sp

θmax,on + θmax,off ≤ P4 ≤ 10(θmax,on + θmax,off )

(4.14)

Note that the constraints on P4 can also be specified as new parameters.
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The constraints on the states are implemented by considering the distribution that is es-
timated in CTSMr, and described in Section 2.3.3. Now, let σx be the standard deviation
on the state x. The predicted percentile at time t = t0 + h, Px,t0+h|t0 , of the average over
a mean period mp ≥ h of state Sx is now given as (4.15)

Px,t0+h|t0 =

t0∫
t=t0+h−mp

wtSx,tdt+
t0+h∫
t=t0

wt(Sx,t +Quan(p)σx,t)dt

mp
(4.15)

where Quan(p) is the pth quantile of a normal distribution and wt is a weight input that
determined as the normalized flow through the plant. Using this formulation, the state
constraints, SC, at prediction horizon k are formulated in (4.16)

SCi(k) =

{
0 ;PNH4,t+k|t(α) ≤ LNH4

PNH,t+k|t(α) ;PNH,t+k|t(α) > LNH4

SCii(k) =

{
0 ;PN,t+k|t(α) ≤ LN

PN,t+k|t(α) ;PN,t+k|t(α) > LN

SCi,P (k) =

{
0 ;PPO4,t+k|t(α) ≤ LP

PPO4,t+k|t(α) ;PP,t+k|t(α) > LP

(4.16)

In addition to the constraints on the mean, a constraint on the end state is also imple-
mented for SPO4 and SNH4 . This is to secure that the system does not end in a state
which potentially makes it difficult to satisfy constraints in next optimization. This is pre-
sented in (4.17)

SCiii =

{
0 ;SNH4,t+x ≤ lNH

SNH4,t+x ;SNH4,t+x > lNH

SCP,ii =

{
0 ;SPO4,t+x ≤ lP

SPO4,t+x ;SPO4,t+x > lP

(4.17)

The reasoning in (4.17) and (4.16) is similar. The constraint is zero if it is fulfilled and equal
to the value of the constraint otherwise. This is to secure that different solutions can be
distinguished if constraints are not fulfilled. To apply these constraints, a lexicographic
minimization as described in e.g. Ehrgott, 2005 is implemented through the rgenoud
package. This minimization implies that several objectives are minimized in order (left to
right in (4.18)). Only when the first objective performs equally good for two solutions, the
second objective is compared. Two of such optimizations are designed, for PO4 and N
removal, and showed in

lexmin
θ∈Θ

(
x∑

k=1

SCi(k),
x∑

k=1

SCii(k), SCiii, J(θ))

lexmin
θ∈Θ

(
x∑

k=1

SCPO4,i(k), SCPO4,ii, J(θ))

(4.18)
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where the parameter vector to optimize, θ, refer to a set of parameters consisting of the
parameterized aeration signal, θ, in (4.11). Θ refers to the constraints in Table 4.3 and
(4.14). This implementation secures that the objective of the control, J(θ) described in
Section 4.1, is only relevant to optimize if all the constraints, SC, are zero and thereby
fulfilled. From an operational point of view this makes sense, as satisfying effluent con-
straints should always be prioritized above e.g. minimizing costs (Olsson, 2012).

4.3.3 An efficient optimization
The second control optimization (e.g. presented in paper G) uses the aeration parameter-
ization described in Section 4.2.2. Using this formulation, the constraints on the aeration
signal can be implemented as differences on the parameters as

θmin,on ≤ θ2i − θ2i−1 ≤ θmax,on

θmin,off ≤ θ2i+1 − θ2i ≤ θmax,off

(4.19)

This formulation is efficient for short prediction horizons where few shifts in aeration are
possible (and hence few parameters to optimize). The challenge arise when the horizon
is long and more parameters are required to find good solutions. In this case the many
parameters become heavily correlated because of the structure where parameters de-
pend on previous parameters. Furthermore, keeping a fixed horizon, of e.g. 24 hours, is
difficult as parameters that model the behaviour outside of the horizon will not have any
effect on the objective function. Consequently their gradient will be zero and they will be-
come ”dead” in the sense that they will not be used even though they might be required to
find optimum in a later iteration. To overcome this for longer horizons a parameterization
of θ is designed as

θ2i =θ2i−1 + θmin,on +
θmax,on − θmin,on

1 + eSp(kon)

θ2i+1 =θ2i + θmin,off +
θmax,off − θmin,off

1 + eSp(koff)

(4.20)

Here the function Sp(..) is a natural, periodic, spline function where the input vectors kon
and koff are input vectors to optimize (instead of theta). Hence the number of splines
govern the number of parameters to optimize for the control. This number of splines
should be chosen so that the control can adapt reasonably to the changes in the diurnal
variation in inflow and electricity prices (if the cost objective is used). In the following
implementations a total of 14 parameters are used for 24 hours control horizon. to specify
that implies that the length of both kon and koff vectors is 7.

The process constraints on the states are implemented by introducing additional states
that model the 24 hour means, Sµ24h,NH4

, Sµ24h,N
and Sµ24h,PO4

, as presented in (4.21).
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Sµ24h,NH4
=

t∫
t−24h

SNH4,tdt

24h

Sµ24h,N
=

t∫
t−24h

SNH4,t + SNO3,tdt

24h

Sµ24h,PO4
=

t∫
t−24h

SPO4,tdt

24h

(4.21)

This integration should be performed for each time step in the prediction horizon to secure
that the constraints are fulfilled in every 24 hour period. This is not efficient as marginal
change in mean is only dependent on the new observations and the observation 24 hours
ago. Hence the means can be implemented as Delay Differential Equations (DDEs) for-
mulated in (4.22).

dSµ24h,NH4
=
S∗
NH4,t

− S∗
NH4,t−24h

24h
dt

dSµ24h,N
=
S∗
NH4,t

+ S∗
NO3,t

− SNH4,t−24h − SNO3,t−24h

24h
dt

dSµ24h,PO4
=
S∗
PO4,t

− S∗
PO4,t−24h

24h
dt

(4.22)

Because the system is solved numerically (in discrete time using Euler discretization) and
only over a fixed horizon of up to 24 hours, the past state values, S∗

NH4,t−24h, S∗
NO3,t−24h

and S∗
PO4,t−24h can be treated as inputs which are found by evaluating (3.11) for t ∈

[t−24h, t]. Hence the DDE (4.22) become a system of ODEs. By adding a small ( 10−10),
constant diffusion term to the ODEs, these can be treated as SDEs and added directly
to the system of SDEs in e.g. (3.14) as additional states. This has the added benefit
that the uncertainty on the prediction of the means is estimated directly from the exist-
ing framework in Section 2.3.3 (as the variance, σ2, will be given in the diagonal of the
variance-covariancematrix in (2.14)). The constraints are implemented as soft constraints
shown in

SCNH4 =
Ze

Sµ24h,NH4
+Quan(p)σSµ24h,NH4

−LNH4

1 + e
−Z(Sµ24h,NH

+Quan(p)σSµ24h,NH4
−LNH4

)

SCN =
Ze

Sµ24h,N
+Quan(p)σSµ24h,N

−LN

1 + e
−Z(Sµ24h,N

+Quan(p)σSµ24h,N
−LN )

SCPO4 =
Ze

Sµ24h,PO4
+Quan(p)σSµ24h,PO4

−LP

1 + e
−Z(Sµ24h,PO4

+Quan(p)σSµ24h,PO4
−LP )

(4.23)

Because Z is a large number, these equations go quickly towards zero when the con-
straints, L, are satisfied. When not satisfied they go towards the exponential of the differ-
ence between the constraint and the actual value. This is to secure that a gradient exists.
The constraints are implemented as shown in (4.24).

44 Stochastic Modelling and Predictive Control of Wastewater Treatment Processes



min
θ∈Θ

J(θ) +

t0+x∫
t=t0

SCNH4 + SCN + SCPO4dt (4.24)

Where J(θ) is an objective function as presented in Section 4.1.

In practice, the implementation of this optimization setup is done using the TMB package
for R. Here the objective function and the numerical integration of the SDEs (following
Section 2.3.3) are build in C++ and interfaced to R through TMB. This has the added
advantage that automatic differentiation can be applied easily to the objective function
and hence gradients can be calculated efficiently. Depending on the horizon and setup, a
combination of SCE and gradient based optimization (nlminb) can now be used to perform
the minimization in (4.24).

4.4 Example controls and dynamics
In the following section, qualitative examples using different objective functions and opti-
mization procedures are shown and the differences are discussed.

4.4.1 Constant price vs. variable day-ahead prices
To illustrate the dynamics of the implementation that use the discrete aeration and lexico-
graphic minimization described in Section 4.3.2, two example optimizations of ammonium
and nitrate from paper B are shown. These are both run using the objective function in
(4.4) and are characterized by;

• ”Constant” electricity price optimization of costs. This is shown in Figure 4.2

• ”Variable” electricity price optimization of costs. This is shown in Figure 4.3 where
the effective price is the mean of the scenarios shown in the middle plot

In Figure 4.2 it is seen, that the relative amount of aeration used is reduced by 50 % in
periods where electricity is more expensive compared to the constant price scenario in
4.3 where aeration is more equally distributed. However, when comparing the costs of
the two optimizations, the optimization that uses the variable prices (Figure 4.3) and the
one that uses constant, averaged price (Figure 4.2) are similar. This is probably because
of; 1) the price average over the scenarios (in Figure 4.3, middle) does not vary much
on average, and thereby create little potential for difference between the two. And, 2)
because the optimization setup is not sufficiently efficient in distributing aeration among
the low price periods. Also it is seen that the aeration cycles changes in ”subsets”. This
is due to the parameterization of the aeration signal described in Section 4.2.1.
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Figure 4.2: Upper: predicted concentrations. Middle: Electricity prices used in optimiza-
tion, here a constant level. Lower: The normalized cumulative amount of air added com-
pared with constant, uniform aeration. From paper B.
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Figure 4.3: Upper: predicted concentrations. Middle: Electricity prices used in optimiza-
tion, the effective price is the mean in each time-step. Lower: The normalized cumulative
amount of air added compared with constant, uniform aeration. From paper B.
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4.4.2 Controlling phosphorus concentrations
Phosphate can be controlled as described in paper E and in Section 4.3.2, using the
phosphorus version of the objective function (4.3). This is shown using a model estimated
with data from Kolding WRRF in Figure 4.4.
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Figure 4.4: Resulting plots from 1 day of simulating the stochastic MPC strategy using
the Nord Pool spot prices (left column) and the artificial prices (right column). Hourly
aeration % is defined as the percentage of time spent aerating, measured every hour.
Measurements of phosphorusous were simulated using an Euler scheme with ∆t = 1

1000 .
From paper E.

Like in the nitrogen example in Section 4.4, it is seen in Figure 4.4 that when electricity
is more expensive, less aeration is used (here resulting in increasing phosphate concen-
trations). In addition, the example also shows the effective discharge of phosphorus to
the receiving environment (bottom plot). It is noted that in general there is a correlation
between the flow through the plant and the discharged phosphorus. However this is also
because the concentrations in these periods are lower (which again is caused by lower
electricity prices).
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4.4.3 Comparison of different example controls
The framework for optimizing control presented in Section 4.3.3 qith continuous aeration,
is applied with different objective functions on data from Nørre Snede WRRF. The chosen
objective functions are;

Figure 4.5: Different control strategies for optimizing control 24 hours ahead (from 14-
01-2019 00:00) of ammonium and nitrate, depending on control objective. Given the
electricity prices and CO2-eqs from electricity production shown as the example day in
Figure 2.3. The background indicates aeration on (blue) and off (grey). From paper G.

(A) Minimization of Costs by using j(v)(θ) as described in (4.4)

(B) Minimization of electricity consumption by using j(v)(θ) as described in (4.1)

(C) Minimization of GHG-emissions by using j(viii)(θ) as described in (4.7)

(D) Minimization of effluent concentrations by using j(v)(θ) as described in (4.2)
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RBC The rule-based control described in Nielsen and Önnerth, 1995 and described in
Section 2.1.3

The inputs to (A) and (C) (day-ahead prices and CO2 − eq from electricity mix respec-
tively) are presented as the example day shown in Figure 2.3. The resulting controls and
summarized findings of optimizing 24 hours ahead are shown in Figure 4.5 and in Table
4.4 where the objectives are highlighted using frames.

Table 4.4: Results from optimizing the different scenarios in Figure 4.5. The minimized
objective function is highlighted using bold and a frame. *RBC refers to the control de-
scribed in Section 2.1.3. From paper G.
Objective (minimize): (A) (B) (C ) (D) RBC*
Effluent NH4 [mgN/L] 1.33 1.36 0.69 0.52 1.25
Effluent NO3 [mgN/L] 1.41 1.36 1.35 1.39 1.30
Effluent total-N [mgN/L] 2.74 2.72 2.04 1.91 2.55
Total Cost [DKK] 247.7 279.4 324.2 377.2 307.7
Electricity cost [DKK] 165.2 197.8 263.0 319.7 231.2
Tax [DKK] 82.4 81.6 61.2 57.5 76.5
Rel. Aeration [% “on”-time] 39.5 33.3 44.6 53.7 37.1
Avg. Price used E. [DKK/MWh] 174.2 247.5 245.7 248.0 259.8
Avg. GWP used E. [kg-CO2-eq/MWh] 102.7 114.0 113.1 112.6 115.6
GWP, N2O [kg-CO2-eq] 227.9 282.4 64.7 69.2 219.6
GWP, Power [kg-CO2-eq] 96.8 91.1 121.0 145.2 102.9
GWP [kg-CO2-eq] 324.6 373.5 185.7 214.4 322.5

In Figure 4.5 it is obvious that there is a difference in the development in concentrations
and aeration signals among the different optimization scenarios. The scenario that differs
the most is probably (a) which considers costs. In this case it is prioritized to aerate more
in the beginning where electricity prices are low (negative) and then save aeration later
as electricity becomes more expensive. The objectives (c) and (d) look similar at first.
However it is noticed that ammonium concentrations are slightly higher in (c) which also
implies that less aeration is used. The ammonium concentrations are generally further
increased in (b) where electricity is minimized by keeping ammonium as high as possible
within constraints to get the highest possible removal rates. Last, it should be noted that
the variations in the aeration cycles are now changing between each cycle as compared
to the example in Figure 4.3. This is because of the different parameterization of the aer-
ation signal used in the strategy optimization. Table 4.4 quantifies the differences in the
optimization examples. Obviously, the strategies perform best within their design objec-
tives (marked with frames). Comparing the total costs, strategy (A) is 11.3 % cheaper
as compared to optimizing electricity consumption. Furthermore it is 23.6%, 34.3% and
19.5% cheaper compared to (C), (D) and the RBC respectively. This difference is partly
because it uses less electricity (compared to (C) and (D)), and partly because it gets elec-
tricity at a more favourable cost which is approximately 30% lower on average. The GWP
in (C) is 13.4% lower than optimizing effluent (D). This is mainly because less electricity
is used to maintain low N2O emissions, as the average GWP from electricity is similar
between the strategies. Compared with the other strategies, (A), (B) and the RBC the dif-
ferences are 42.8%, 50.3% and 42.4% respectively. This difference is mainly caused by
the differences in N2O emissions, as (C) succeeds in maintaining the lower rates which
is not the case for the other strategies.

To highlight these described differences in the dynamics, some aspects of the controls
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are investigated as a function of time. These are the constraints on ammonium-N and
total-N in Figure 4.6 and the cumulative total costs and nitrous oxide emissions in Figure
4.7

Figure 4.6: The 95th-percentile prediction of the 24 hour mean concentration of ammo-
nium (upper left) and total-N (upper right). All optimizations are expected to satisfy con-
straints (red lines) as the 95th-percentiles are below at all times. The means are found
using the distributions modelled from (4.22).

Figure 4.6 indicates that the constraints are fulfilled at all times during the four scenarios
(as all the dashed black lines are below the red line). It is noticed that ammonium is
decreased more in (A) compared to (D) in the beginning. However, later it increases
more and ends closer to the limit. The lowest total-N at all times is (D) which is expected
as this is the objective of this strategy (see (4.2)). Last it is noticed that (A) and (B) aims
at approaching the effluent limits while (C) and (D) aims at minimizing the effluent. This is
interesting as it indicates that optimizing for low nitrogen in effluent is closer to minimizing
GHG emissions and hence many plants that use this strategy might already have lower
GWP than comparable plants.

Figure 4.7: Cumulative electricity costs (left) and N2O emissions from process (right).
From paper G.

50 Stochastic Modelling and Predictive Control of Wastewater Treatment Processes



Figure 4.7 shows the dynamic of the cumulative electricity costs and N2O emissions from
the four strategies. It is noted that (A) exploits the negative prices, and actually the first
8 hours result in a cumulative electricity price that is negative. Furthermore the slope on
the cumulative-cost curve is less steep compared to (C) and (D). Because of the heavy
aeration in the first hours in (A) it also manages to keep ammonium removal rates (in
(4.8)) sufficiently low to avoid large N2O emissions. However, the strategy (C) does this
over the entire horizon by balancing ammonium concentration at a sufficiently low level
(below the threshold in (4.9)) which keeps the removal rate low. Thereby the cumulative
N2O emissions are lower as compared to (A) and (B).

4.4.4 Example of stochastic control

The MPC strategy suggested in (4.5) which aims to incorporate the balancing markets
in reducing costs uses the aeration parameterization in (4.12). Here it is illustrated by
a synthetic optimization with a model that is estimated with data from Melby WRRF and
fictive forecasts of the electricity balancing prices. In this implementation (which is from
paper C) no soft constraints or splines are used in the optimization. This implies that
the parameters are directly optimized using a gradient based method. The result is seen
in Figure 4.8 as a baseline optimization where no special regulation is activated. Here
electricity is bought at a constant price, and hence the control of ammonium (x1) and
nitrate (x2) is not changing dynamics (the aeration cycle lengths do not change).

Figure 4.8: Baseline simulation showing the optimal control given constant electricity price
and no regulation. Note that regime refers to the aeration state (on/off). From paper C.

In Figure 4.9 the difference between this nominal strategy and the up- (↑) and downregu-
lation (↓) strategies (given they are activated) are shown.
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Figure 4.9: Scenarios where regulation is expected and activated vs the nominal strategy
as shown in Figure 4.8. From paper C.

From Figure 4.9 it is seen that for both scenarios it is a long term beneficial strategy to
participate in the balancing market. This is seen as the total cost relative to the baseline
strategy in Figure 4.8 (dashed lines) after 800 minutes are negative (right y-axis, Figure
4.9, top). It is also noted that after the initial activation, the strategies re-prioritize reducing
the total concentration of the nutrients and that thereby concentrations converge towards
the result of the nominal strategy.

4.5 Sensitivity and trade-offs
In this section the trade-off in prioritizing GWP rather than costs is investigated by using
the special, mixed objective function in (4.10). In addition the effect of effluent constraints
on various objective functions are investigated. Furthermore the effect of increased bal-
ancing prices and the related flexibility is investigated. Finally the sensitivity of tuning
parameters when optimizing environmental impact with (4.6) is investigated.

4.5.1 Trade-off between objectives
An objective function where a custom balance between different objectives can be priori-
tized is suggested in (4.10). In Figure 4.10 this function is used to investigate the marginal
changes in prioritizing GWP and costs by changing the parameter α.

In the example case in Figure 4.10 the cost is roughly increased by 100 DKK (20%) when
the GWP is reduced by 250 kg −CO2 − eq (42%). This result in a price of approximately
0.4 DKK/kg−CO2− eq which requires a weight of approximately α = 0.65 (65% weight
on GWP) to obtain. It is seen that changing α does not result in a linear trade-off between
GWP and costs. Hence it highlights the importance of investigating the marginal costs as
in some cases the marginal CO2 price might be higher and consequently it is not worth
exploiting. For instance the last increases in costs (α >0.8) do not reduce the GWP,
however it still increases the price from roughly 630 to 665 DKK. So in this case α should
not be set above 0.8. This is probably because the low N2O emissions rate is obtained in
both cases and hence GWP is kept low. Arguably a good weight would be one that leads
to low N2O emission rates while still leaving some flexibility to allow for exploitation of low
prices.
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Figure 4.10: Global warming potential and total costs using an objective function that
considers both. The objective function is the sum of costs multiplied by (1-α) and envi-
ronmental impact multiplied by α. From paper G.

4.5.2 Impact of different effluent constraints
The constraint on effluent ammonium is investigated by changing effluent limit, LNH4 ,
between 0.5 and 2.0mgN/L/24h in the setup in Section 4.3.3. This is done for the same
setup as in Figure 4.5 and using the same objective functions. The result is shown Figure
4.11.

In Figure 4.11 It is seen that at strict effluent requirements (i.e <0.8 mgN/L/24h) all ob-
jectives perform similarly in terms of costs and GWP. This is because the goal in all cases
becomes to satisfy effluent limits (i.e. by minimizing the penalty of the soft constraint in
(4.23)). When the limit is increased, it becomes feasible to prioritize aeration in different
periods as the constraint is satisfied, and hence the optimizations get different outcomes.
At this time it is seen, that the total costs of controlling with respect to (C) and (D) is re-
duced until a point at approximately 1.25mg−N/L. Total costs of (A) are further reduced,
and it seems that the cost would decrease further, albeit little, if the limit was increased to
more than 2mg−N/L. Surprisingly, the cost of (B) starts to increase at some point, and
thereby the difference between (A) and (B) increases after 1.5mg−N/L. This is probably
because the tax increases more as compared to the savings in electricity consumption.
A similar picture is seen for GWP where (C) and (D), again, stabilize after 1.25 mgN/L.
(A) and (B) increase GWP until roughly 1.4 mgN/L and afterwards they decrease slowly.
This is due to the fact that N2O emissions are increasing as much as GHG from electric-
ity consumption decreases. This highlights the interesting finding that if the objective of
control is either (A) or (B) then lowering the effluent criteria does not necessarily lead to
better treatment in terms of GWP.

4.5.3 Impact of special regulation prices
The dynamics of the flexibility and the regulating price relative to the day-ahead price are
investigated to show the effect of different regulation levels. In Figure 4.12 a flexibility
diagram is shown as found in Paper C using the setup in Section 4.3.3. The diagram
is made by running 100 optimizations with changing price levels of regulation (and both
up/down regulation). Consequently the diagram shows how much flexibility the control
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Figure 4.11: Investigation on the effect of the constraint on effluent NH4. The effect on
total costs (left) and the effect on GWP (right). The data used is from the example day,
and the black line shows the limit used for this day in Figure 4.5. From paper G.

strategy prioritize to build into the system for different up and down regulation price levels.
The diagram also shows how these price levels affect the total costs in the cases where the
WRRF is activated and not activated in the regulating power market. The total flexibility
is defined as the amount of time the WRRF is willing to change its baseline schedule (as
shown in Figure 4.8) given an up- or down regulation price. Hence, it defines the available
flexibility in the system. The flexibility diagram is generated based on probabilities. To
specify, the probability of both up and down regulation is here 10% and thus the probability
of no regulation is 80%.

Figure 4.12: Energy flexibility diagram showing the effects of changing the up and down
regulation prices using the objective function that include balancing markets in (4.5). Price
level 10.0 corresponds to no up or down regulation. The strategies shown in Figure 4
correspond to the price levels at 0.0 and 20.0. From paper C.

From Figure 4.12, it is observed that the largest savings are expected as the regulating
power prices become more attractive. Furthermore it is seen that the nominal cost is
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flat thus with increased sensitivity towards down regulation. This asymmetric structure
in the flexibility is due to starting point used in this calculation; i.e. that the WRRF is
initialized with the aeration system being in the denitrification phase (aeration switched
”off”). Initializing the WRRF in a nitrification phase flips the structure observed in the
flexibility diagram.

4.5.4 Environmental impact - Sensitivity to inputs
The objective function in (4.6) that estimates environmental impact is not illustrated in
any of the example runs in Section 4.4. However, in paper D the sensitivity of the func-
tion is investigated by running scenarios using different tuning constants within the range
found in litterature (see Table 4.2). Two different scenarios, S1 and S2, that use different
constants are investigated for use with the objective function in (4.6):

S1 Higher weight on CO2 − eq from N2O, assuming that 1% of N is transformed into
N2O (PN2O = 1%). Eutrophication potential is calculated using C2 = 399.32 kg −
NO3 − eq/pers/year meaning that it is weighted less

S2 Lower weight on CO2-eq from N2O, assuming that 0.035% of N is transformed into
N2O (PN2O = 0.035%). Eutrophication potential is calculated using C2 = 120.65
kg −NO3 − eq/pers/year meaning that it is weighted more

In both scenarios a GWP conversion, C1 = 9.44 tonnes− CO2− eq/pers/year, is used.

Figure 4.13 shows the results of the two control scenarios resulting in minimal environ-
mental impacts. The results are subdivided into the components of the objective function
in (4.6) to highlight differences.

Figure 4.13: The optimal control with respect to S1 and S2 divided into the components
of the objective function (4.6). GWPCO2 is the GWP related to CO2 − eq emissions from
electricity consumption,GWPN2O is the GWP related to processN2O emissions andEUT
is the euthrophication potential related to effluent nutrients. Note that there are large
differences in the contributions of Eutrophication and GWP (related to nitrous oxide) in
the two scenarios. From paper D.

In Figure 4.13 it is seen that the magnitude of the different components of the objec-
tive function varies heavily depending on the assumptions regarding normalization and
production of N2O. The totals of the objective functions are found to 0.0513 for S1 and
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0.0794 for S2. While the contribution to the objective function from GWP from electricity
production, GWPCO2 , is similar in the two optimizations, the eutrophication andN2O con-
tributions are different. This is strongly impacted by the assumptions of the values of C1

and C2, which should be carefully considered, when making these types of optimization
and evaluations. Hence it indicates that different environmental impacts can be prioritized
in the control of an ASP by choosing weights and constants adequately to the case.

4.6 Quantification of strategies

While the previous section gave many quantitative examples using only one day of data
(to illustrate dynamics), this section use larger sets of data (i.e. several days/periods).
Hence the aim of this section is to quantify the benefits/tradeoffs of the suggested MPC
strategies.

4.6.1 Comparison between rule-based control and MPCs using
Day-ahead market data

The rule-based control described in Section 2.1.3 has been object to some comparisons
as it is the control strategy that is currently used on many Danish plants. A comparison
has been made between both the nitrogen optimizing MPC strategies in paper B and G
and the phosphorus optimizing MPC in paper E. The findings are summarized in Table
4.5.

Table 4.5: Summary of comparisons between the RBC presented in Section 2.1.3 and
the cost optimizing MPC for phosphorus and nitrogen that use the framework in Section
4.3.2.
Nutrient Plant Relative to RBC Reference
Nitrogen Nørre Snede -9-21% Paper B and G
phosphorus Kolding -45% Paper E

The main reason for the difference between this RBC and MPC is that the MPC manages
to find the optimal trade-off between paying effluent taxes and electricity. Furthermore the
MPC manages to plan aeration in low-price periods. It should though be noted, that the
full optimization of aeration should include taxes (see Table 2.1) on both N, P and C in the
within the same optimization strategy.

The comparison between RBC and the MPC for nitrogen is based on evaluation of 59
days of electricity prices, and the result is shown in Figure 4.14.

56 Stochastic Modelling and Predictive Control of Wastewater Treatment Processes



Figure 4.14: Comparison of RBC and MPC. Upper: Histogram of total costs for 59 price
realizations using the strategy and the implemented rule-based control. Lower: cumu-
lative plot of the total costs showing P (cost ≤ COST ). ”Variable” refers to MPC with
Variable electricity price and Rule-based to the RBC in Section 2.1.3. From B.

From Figure 4.14 it is noted, that both the mean value and the variation in the daily costs
is lower for the MPC that uses variable prices (black in Figure). However to further inves-
tigate the savings, it is suggested to compare these using a full, deterministic model as
suggested in Gernaey et al., 2004, or to run the MPC and the RBC on two different Lines
in a WRRF with two or more comparable treatment lines (e.g. in Kolding WRRF).

4.6.2 Differences in objectives
The differences in the objectives (A) - costs (given in (4.4)), (B) - Electricity consumption
(given in (4.1)), (C) - Global warming potential (given in (4.6)) and (D) - Effluent (given
in (4.2)) are quantified by using the same MPC setups (different objective functions) but
with different data. The data input data this used is shown in Figure 2.3, and represents
51 days of electricity prices and corresponding GHG-emissions.

The different objectives each perform best in their designed goals as was also shown in
Table 4.4. However, some interesting findings are noted. First it is seen that the mean
when optimizing costs is 3.4% cheaper compared to optimizing electricity consumption.
This is lower than the example case (which was found to 13.4%). It is though a significant
price difference, and hence the cost optimization should be prioritized rather than elec-
tricity consumption. In addition it is seen that optimizing costs is 19.2%, 29.6% and 9.2%
cheaper compared to (C), (D) and the RBC respectively. Comparing the extreme values
of the two, the cheapest optimization is, again (A) as expected. However, it might be
surprising that the second and third are (D) and (C). This is because of a day (December
16th 2019) where a total of 12 hours had negative prices. Hence using more electricity did
both lower the tax and ”earn” money. Optimizing (C) performs best, as expected, when
considering total GWP. The second best is (D) which on average is 13.9 % higher. This
is also not surprising because as was seen from the example in Figure 4.5 the dynamics
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Figure 4.15: Summary boxplots of optimizations over 51 different days of input data (as
shown in Figure Figure 2.3) using the objective functions that optimize costs (a) and GWP
(b) to evaluate performance. The RBC is the currently used control on Nørre Snede
WRRF that is briefly described in Section 2.5. The boxplots show max/min (whiskers),
+/- 2 standard deviations (coloured space) and the mean (horizontal black lines). From
paper G.

of (C) and (D) are similar, and this leads to low rates which again leads to lower N2O
emissions (as is also seen in Figure 4.7). As (A), (B) and the RBC do not manage to keep
ammonium removal rates low, these emission significantly moreN2O and hence their total
GWP is 40.9%, 42.5%, and 34.9% higher than (C) respectively. Considering the variation
between the different scenarios, the span (+/- 2 standard deviations, highlighted as the
box in Figure 4.15) is largest for (C) and (D). This is because these use most electricity,
and hence are most exposed to day-day variations in GWP in the electricity mix. This
is also the reason why the maximum values for (C) and (D) are very high as compared
to the others. In fact, these occurred when optimizing May 21st, 2019 where electricity
emissions ranged from 259-439 kg − CO2 − eq/MWh.

The difference in cost between (A) and (B) and the difference in GWP between (C) and
(D) are investigated for a potential trend between the feasibility of the different strategies
and within day maximum price/GWP difference. Result is shown in Figure 4.16.

The difference in costs between (A) and (B) is relatively small during most of the of the
days. However, as is seen in Figure 4.16, the days with large within day hourly price
differences leads to a larger difference. There seem to be a trend, however it is difficult
to conclude whether it is linear or exponential. It is though indicated that besides from
the trend, the variance also increases with the price difference. This is interesting as
future electricity prices might vary even more due to increasing amounts of renewables
and/or implementation of varying, CO2-dependent taxes/tariffs. It is also possible that
if the effluent tax increases, it will be feasible to reduce nutrient concentrations further
and hence the difference will be larger. The difference in GWP between (C) and (D)
also increases with increasing within day difference in GHG emissions from electricity
production. However, the trend seems to have a larger variation as compared to costs.
In both cases, part of the variation can probably be explained by the fact that the actual
locations of “highs” and “lows” within the series are important for the actual potential for
exploitation.
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Figure 4.16: The difference between optimizing for cost (A) and optimizing for electricity
consumption (B) as a function of max - min within day prices (left). The difference between
optimizing for GWP (C) and effluent N concentration (D) as a function max – min GHG
from electricity production (right). The example case (as shown in Figure 4.5) is marked
with red. From paper G.

4.6.3 Backtest in different markets
This section presents the results from backtesting the control strategy in (4.6) that exploits
the different markets. It is used with the setup described in Section 4.3.3, but without soft-
constraints and the splines. It uses Nord Pool market data from 2019 (Januar-December),
which is thoroughly described in paper F. The method is tested on four different price
models;

1. A constant price model where it is assumed that the plant get the average day-ahead
price for 2019 which was 38.5 EUR/MWh.

2. A day-ahead based model where it is assumed that the plant gets the day-ahead
price i.e. it is a price-taker

3. A balancing market model where the plant gets the regulating power price

4. A mixed model where the plant gets the regulating power price but is activated for
the special down regulation prices (described in Section 2.2.1) whenever these are
available

The solution to the optimal control problem with a constant power price (1.) is used as
benchmark for evaluating the value of the WRRF flexibility. In order to make this back-
test computationally tractable the MPC principle has been used, i.e. the optimal control
problem is solved for 48 hours ahead, and the first 24 hours are implemented. This has
then been repeated for the entire 2019 dataset. It is assumed that the dynamical model is
exact and hence the dynamical model in (3.11) is also used to estimate the nutrient con-
centrations 24 hours ahead. It should be noted that for real-life applications, the prices
(day-ahead and balancing) will be subject to forecasting.

Figure 4.17 shows the savings of pricemodel 2., 3. and 4. relative to the constant scenario
in 1. The following findings are observed:

• The time-varying price models with no activation for special down regulation (2. and
3.) perform worse than the constant price model in the first quarter of 2019. This

Stochastic Modelling and Predictive Control of Wastewater Treatment Processes 59



ja
n.

fe
b.

m
ar

.

ap
r.

m
ay

.

ju
n. ju
l.

au
g.

se
p.

oc
t.

no
v.

de
c.

−20

0

20

40

60

80

Sa
vi

ng
s R

el
at

iv
e 

to
 C

on
st

an
t P

ow
er

 P
ric

es
%

Day-Ahead Price Model Regulating Power Price Model Regulating Power & Special Regulating Price Model

Figure 4.17: Cummulative relative savings for the 2019 backtest. The relative savings
are calculated by comparing with a constant pricing model. From paper F.

is probably due to the prices being higher than the yearly average in this period. It
should though be noted that buying constant prices for a year in a future contract
will probably be more expensive.

• The price model with activation for special down regulation (4.) consistently results
in larger savings as compared to 2. and 3. Furthermore 4. reduces costs by 27.32%
in 2019 as compared to the constant price model (1.).

• The regulating power price models (3. and 4.) obtain significantly larger savings
compared to the day-ahead price model (1.).

4.7 Notes on Full-scale implementation
The prediction and control algorithms developed in this project have been tested full-scale
on different WRRFs. These include

4.7.1 Overview of Runtime and plant settings
Full scale tests of MPC have been carried out on 4 different plants;

1. Nørre Snede Where MPC has controlled aeration for a limited amount of time ( 30
hours). This was performed using the cost optimizing objective function, (4.3), that
use discrete aeration signal (Section 4.2.1).

2. VamdrupWhere MPC has controlled aeration in two different tanks in a Biodenipho
setup (Bundgaard et al., 1989). The algorithm optimizes costs, (4.4), using a con-
tinuous aeration signal. It has run for 500+ hours, including a period of 11 days.

3. Christiansfeld Where MPC has controlled aeration using the cost minimizing ob-
jective, (4.4), and continuous aeration description. It has controlled with respect
to limits on both ammonium, total-N and phosphorus (using the SASM2 in (3.14)).
However, it has run for less than 50 hours, and needs more testing.

4. Melby where MPC has controlled aeration in a recirculating WRRF using the cost
minimizing, (4.4), and the continuous implementation of aeration. The control has
tried to satisfy some difficult effluent limits, and hence the optimization has been
more concerned about the soft constraints. It has run for 300+ hours.
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A majority of the runtime (>75%) has been carried out on Melby and Vamdrup WRRF. The
tests have varried in length from 1 hour up to 264 hours (on Vamdrup). The settings used
in the MPC setup on these plants are summarized in Table 4.6.

Table 4.6: Description of the settings used when testing the MPC algorithms on Melby
and Vamndrup WRRF. Note that for some parameters an interval is pressented. This is
to reflect that tests have been carried out whith different values within the interval. The
table has not been published elsewhere.

Melby Vamdrup
Minimum Aeration on time [min] 20 20
Minimum Aeration off time [min] 20 20
Maximum Aeration on time [min] 60-120 80
Maximum Aeration off time [min] 60-100 80
NH4-N limit [min] 3-5 0.9-1.5
total-N limit [min] 8-10 4-8
Prediction horizon [min] 120-240 1440
Frequency for updating parameters [min] 60-240 240-1440
Frequency for updating control [min] 2 10-40
Probability of satisfying constraints [%] 95 95

Note that in addition to the MPC strategy, the stochastic ASM in (3.11) has run on several
additional plants where parameters have been estimated and the model has been used
to predict 10-30 minutes ahead to aid the rule-based control. However this setup will not
be further explained in this thesis.

4.7.2 Example runs
The full-scale tests are not designed to give quantitative results on e.g. the potential for
savings or satisfaction of requirements. However some qualitative examples highlighting
how the control works have been derived. Two examples are presented in Figure 4.18
and 4.19.

In Figure 4.18 it is seen how the MPC strategy has run on Vamdrup WRRF. An interesting
detail is the period from approximately 23:00 12/12 until 07:00 13/12 where the ammonium
concentrations are kept relatively low. This is because the concentrations 24 hours earlier
(right before 08:00 AM 12/12), where also relatively low. Hence, to maintain a satisfactory
treatment where the requirement of 1 mg NH4−N/L/24hour is satisfied, concentrations
must be lowered. In the following day, the concentrations are evened out. Finally, the
MPC is stopped because rain is starting to affect the NH4 concentrations, and hence the
MPC is stopped (because at this point an effective management of rain events was not
implemented with the MPC strategy).

In Figure 4.19 an example of a full-scale run on Melby WRRF is shown. In this case it is
difficult for the algorithm to fullfill the ammonium and nitrate requirements, and hence the
ammonium concentrations are close to the limit. It is also seen, that at 07:00 AM 05/13
the morning ”flush” comes in, and the ammonium concentrations increase to large levels.
This results in aeration being intensified as can be seen from the longer aeration phases
around 08:00 AM 05/13.
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Figure 4.18: Full-scale control on Vamdrup WRRF. Example shows how the MPC man-
ages to keep effluent criteria satisfied. The Figure has not been published elsewhere.

Figure 4.19: Full-scale control example fromMelbyWRRF.Melby has difficulties satisfying
the criteria (here set to 4 mg NH-N/L and 8 mg-N/L). The MPC aerates a substantial
amount of the time to keep ammonium low, however it finds a balance that also keeps
nitrate concentrations low. The Figure has not been published elsewhere.
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5 Conclusion
In this thesis, amodel predictive control strategy for operating the aeration in an alternating
activated sludge process in a Water Resource Recovery Facility (WRRF) is developed.
The model of the strategy uses stochastic differential equations and online data to esti-
mate nutrient removing processes. The model is used as the foundation for optimizing
control with respect to different objectives such as costs and greenhouse gas emissions.
The contributions and future research perspectives are presented in the following.

5.1 Contributions
The summarized contributions with respect to the objectives in the introduction are:

• Several new, state-of-the-art models based on stochastic differential equations have
been developed. The models have proven successful in predicting both nitrogen, in
the form of ammonium and nitrate, and phosphate on different WRRFs. On Nørre
Snede WRRF, the models have predicted up to 24 hours ahead with root mean
squared errors lower than 0.6 mg/L for all nutrients. Furthermore the framework
allowed for fast and reliable use, as parameters were estimated in less than 60
seconds on average. Hence, these are considered among the first activated sludge
models that are suitable for unsupervised online implementations

• A new control optimization is suggested that optimizes aeration up to 24 hours
ahead. The procedure handles constraints on both specific effluent requirements
and on the aeration equipment. The strategy is executable andmanages to optimize
control in different scenarios.

• Different objective functions for optimizingWRRF aeration costs are suggested. Op-
timization of taxes and electricity consumption as one objective resulted in a reduc-
tion in costs of 9-21% and 45% as compared to the currently implemented rule-
based control for nitrogen and phosphor respectively. Furthermore it was seen that
the variable electricity prices resulted in electricity demand being moved from high-
price to low price periods. In addition, simulations indicated that WRRFs can, by
participating in different electricity markets, gain up to 27.3 % reduction of costs as
compared to getting a constant price.

• An objective function that minimized greenhouse gas emissions in terms of nitrous
oxide from the processes and effluent nitrogen and GHG emissions related to the
electricity consumption was designed. Comparison of this objective with minimizing
costs indicated that GHG emissions can be reduced by 40.9% if prioritized. However
this is at an additional cost of 30.9% because electricity consumption increases.

• The suggested control algorithms have been running on four different plants for
periods of up to 11 days. Qualitative investigations of the online measurements have
shown that the strategy acts correctly and satisfies constraints. However additional
run-time is needed to make quantitative conclusions.

The research is currently being implemented in online software that will, hopefully, become
widespread to the benefit of WRRF operators and managers. Consequently this research
is considered a step towards a new family of grey-box model predictive control algorithms
that optimize WRRF aeration with respect to directly chosen objectives, to the benefit of
operators, managers, and local environments in future smart societies.
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5.2 Future research
The developed predictive control strategy could be improved by several new additions to
the model and the framework. These include:

• Expansion of the model to include new states such as nitrogen in the form of nitrous
oxide in the water phase. This could be done by using empirical models from litera-
ture in combination with implementing an online nitrous oxide sensor at a test site to
expand the stochastic differential equations. Furthermore an input for precipitation
chemical would be beneficial for the accurate modelling of phosphate concentra-
tions.

• Additions to the control framework should be considered, such as inclusion of precip-
itation chemicals for improved phosphorus control and inclusion of weather and/or
inflow forecasts. These should, ideally, be in combination with a model of the sec-
ondary clarifier that estimates and predicts the hydraulic capacity of the plant.

• In a Danish context, a full strategy that considers both taxes on N, P and C should
be designed as all are influenced by aeration and hence all will contribute to the
optimal cost-balance (i.e. the balance between taxes and aeration cost)

• The potential benefits should be more convincingly documented. This could be
done by running the control algorithms on the well established benchmark models
(Gernaey, 2014) and evaluate results. In addition it could be evaluated by testing
the control full-scale on one line in a plant with multiple, parallel, lines. This would
make it possible to compare control between lines and thereby quantify effects
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ammonium and nitrate removal by using a stochastic ASM
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Henrik Madsen, Peter Steen Mikkelsen and Jan Kloppenborg Møller

ABSTRACT

Online model predictive control (MPC) of water resource recovery facilities (WRRFs) requires simple

and fast models to improve the operation of energy-demanding processes, such as aeration for

nitrogen removal. Selected elements of the activated sludge model number 1 modelling framework

for ammonium and nitrate removal were included in discretely observed stochastic differential

equations in which online data are assimilated to update the model states. This allows us to produce

model-based predictions including uncertainty in real time while it also reduces the number of

parameters compared to many detailed models. It introduces only a small residual error when used

to predict ammonium and nitrate concentrations in a small recirculating WRRF facility. The error

when predicting 2 min ahead corresponds to the uncertainty from the sensors. When predicting 24

hours ahead the mean relative residual error increases to ∼10% and ∼20% for ammonium and nitrate

concentrations respectively. Consequently this is considered a first step towards stochastic MPC of

the aeration process. Ultimately this can reduce electricity demand and cost for water resource

recovery, allowing the prioritization of aeration during periods of cheaper electricity.
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INTRODUCTION

Mathematical modelling of water resource recovery facilities
(WRRFs) is a widely established discipline for research,

plant design, optimization, simulation of process control
strategies, etc. For these purposes there are many models
to choose between, such as the activated sludge models
(ASM), the anaerobic digestion models (ADM), the Univer-

sity of Cape Town (UCT) model or the TU Delft
phosphorous removal model (Wentzel et al. ; Henze
et al. ; Batstone et al. ; Gernaey et al. ;

Meijer ; Hu et al. ). These complex models have
differences in focus and as a result, in their structure.
Hence choosing a model structure is, as with all modelling

tasks, crucial to the outcome of the project. One important
thing to include in the choice of a suitable model is the
number of states and parameters. On the one hand more
states and parameters leads to a more detailed model.

However, on the other hand more details introduce
more inputs that need to be distinguished and therefore esti-
mated, measured or, if this is not possible, guessed at

(Vanrolleghem et al. ). Furthermore, numerically solving
large models with many states leads to long simulation times

which can be demanding for data-driven optimizations,
which need to be run at short time intervals (seconds to
minutes). Although not yet used in the online operation of
WWRFs, models can also be used to forecast future variables

of interest for use in model predictive control (MPC), which
means they should be fast and adaptable to online data.

The activated sludge model number 1 (ASM1) (Henze

et al. ) describes organic matter degradation, nitrification
and denitrification in activated sludge bioreactors. The model
contains 13 states variables and 19 parameters. One of the

most important challenges in using ASM1 is arguably attribut-
ing the many stoichiometric and kinetic parameters (Gernaey
et al. ). The information needed for the characterization
of these can come from three sources (Petersen et al. ):
(1) default values from the literature, (2) full-scale plant data
such as those collected by online sensors, and (3) information
obtained from laboratory-scale experiments. The type of data
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and calibration framework to use is highly dependent on the

intended use (e.g. Petersen et al. ). While (1) might be
good for educational purposes or comparison of control strat-
egies (e.g. Gernaey et al. ), optimization of processes with

respect to a specific plant requires (2) and/or (3) (Petersen
et al. ).

MPC aims to predict processes as a function of poten-
tial control actions and then choose the best control

scenario based on the optimization of some objective func-
tion. In WRRFs this can translate to real-time modelling
and forecasting of plant performance based on aeration

control, optimizing electricity costs and effluent. When it
comes to the selection of a suitable model for WRRF
MPC strategies, the structure of states and parameters

becomes particularly important. This is for the following
two reasons: firstly, because parameters should be statisti-
cally identifiable from online data to take proper
advantage of the real-time setting and secondly, because

the computational requirements should be sufficiently
low to allow for real-time, recursive simulation of several
control scenarios. This means that a good online model

should not have strong correlations between parameters,
which is the case for parameters of ASM1 (Sharifi et al.
). Furthermore, the calibration should only depend

on online data to avoid delays in updating the model, and
hence the recalibration routine should not depend on infor-
mation obtained from laboratory-scale experiments.

ASM1 has already been simplified to a linearized ver-
sion to provide faster and yet reliable predictions (Smets
et al. ). Furthermore, ASM1 has been reduced in an
effort to make more parsimonious models (e.g. Mulas

et al. ; Cadet ). However, the focus of these
models is not online operations, i.e. to be updated with
online data only. Online model applications are here mana-

ged by the use of stochastic, data-driven modelling (DDM)
techniques. Many DDM methods exist, depending on the
purpose and data availability (e.g. Dürrenmatt & Gujer

) and they are generally good alternatives when mechan-
istic models are not available or not valid (Gernaey et al.
). Since the detailed mechanistic understanding of the

activated sludge process (ASP) already exists, the use of
DDMs would ignore all the existing empirical process
knowledge of nonlinearities and correlations.

Discretely observed stochastic differential equation

(SDE) based models are often referred to as stochastic
‘grey-box’ (GB) models because the structure of the
models represents both the physical/chemical/biological,

deterministic (‘white-box’) understanding of the processes
and the statistical, stochastic (‘black-box’) information

indicated by data. Parameter calibration can be managed

in the SDE-GB model by e.g. combining extended
Kalman filtering (EKF) techniques and maximum likelihood
estimation. This can be done statistically directly from online

data by using e.g. the frameworks suggested by Kristensen
et al. (), Tullekin () or Jazwinski (). Further-
more, the EKF allows for optimal state estimation and
handles additive noise effectively. Thordarson et al. (),
Del Giudice et al. () and Carstensen () concluded
that in terms of process prediction and control, SDE-GB
models of the wastewater processes perform significantly

better than traditional black-box models, such as ARMAX
models, and also used them to statistically identify Monod-
kinetic parameters from online measurements in an ASP

(Carstensen et al. ). SDE-GB models have also been
used to model incoming ammonium loads and first-flush
phenomena (Bechmann et al. ; Halvgaard et al. ),
and to forecast rainfall-runoff flow and volume in sewer sys-

tems for use in real-time optimization (Thordarson et al.
; Löwe et al. ).

In this paper we show that ASM1 can be rewritten as a

simpler SDE-GB model that is applicable to online MPC
purposes by treating state variables that show only slow
and minor changes over short time horizons as model par-

ameters that are kept fixed or intermittently re-estimated
using online data. Thus, changes that occur slowly over
weeks or months, such as changes in biomass, temperature,

maintenance, wastewater composition etc., will be included in
the parameters that are re-estimated intermittently with data
from the previous few days. The small error introduced by
this simplification is estimated by a stochastic diffusion process

and consequently it can be managed in the control setup. Fol-
lowing this methodology it is possible to create a stochastic
ASM with only three states representing ammonium concen-

tration, nitrate concentration and available oxygen. This
model can then be used to optimize the ammonium and
nitrate removal process within an MPC approach.

This article presents a simple ASM based on SDEs,
which uses flow and aeration data as input and assimilates
online measurements of ammonium and nitrate to update

model states and thus prepare for providing the best possible
forecasts at each time step. The model gives reliable online
forecasts of the ammonium and nitrate removal process
from a few minutes to up to 24 hours ahead and considers

measurement errors. It was developed and tested with
data from a small recirculation WRRF with alternating oper-
ation. The simplicity of the model makes it a general tool

that can be useful in recirculation facilities with different
configurations without changing the model setup.
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CASE STUDY: NØRRE SNEDE WRRF

The model is developed and tested with data from

Nørre Snede WRRF, which is located in central Jutland,
Denmark. The plant is designed to handle a maximum
capacity of 9,700 population equivalent (PE) and the current
load is approximately 4,000 PE.

Operation and design

The WRRF includes several typical treatment processes
that the wastewater goes through before discharge. Listed
in order from when the wastewater enters the process,

these are pretreatment, grit removal and grease trap,
chemical dosage, nitrification/denitrification and secondary
treatment. The nitrification/denitrification in the Nørre

Snede plant happens in a process tank with a total volume
of 3,500 m3. The tank is divided into three smaller chambers
operating under different conditions. This is illustrated in

Figure 1, which also shows that the aeration tank is
equipped with nutrient sensors, aeration equipment, a recir-
culation pump and rotors that control the flow direction/

velocity (direction shown with arrows in the figure; rotors
are located at the bridge).

The facility is currently operated with a rule-based con-
trol strategy, as described by Isaacs & Thornberg (),

Zhao et al. () and Kim et al. (), for example. In
this case the control switches aeration on/off as a function
of online ammonium and nitrate concentration measure-

ments. Therefore the conditions switch between anoxic
and aerobic and the cycle lengths depend on the conditions

in the process tanks. This is managed in the control platform

STAR Utility Solutions™ (Sørensen et al. ; Nielsen &
Önnerth ).

Data

The current control of the plant (i.e. actuator settings con-
trolling aeration and inlet flow) is updated every 2 min

and as result, aeration and inflow data are available every
2 min. The control rules are based on ammonium and
nitrate signals, which are only sampled every 5 min directly

in the aeration tank, meaning that observations are sampled
at a different frequency to the control sampling. Calibration
of sensors happens automatically two to four times per day,

resulting in 30–60 min with no new observations. There is a
response time from when aeration starts/stops until this is
observed by the sensors. This is due to hydraulics in the

tank and processing time in the sensors (Rieger et al.
). This response time is estimated using the method
suggested by Stentoft et al. (): an estimate from the
point at which conditions are shifting to the point at

which a change in the trend in measurements is observed.
Flow data are available at the outlet (after the settler) and
change between 0 and ∼45 m3/h because of a pumping

scheme. To account for this scheme, flow data are filtered
by a second-order Fourier series. The available data used
in this study are summarized in Table 1.

THEORY AND METHODOLOGY

This section includes a description of the SDE-GB model, a
simplification of the ASM1 model with noise terms added,

the inclusion of aeration control and inflow as input. Finally,
the parameter estimation is briefly described.

Figure 1 | Overview of the process tank at Nørre Snede WRRF with important features

labelled.

Table 1 | Overview of online data used in this study

Symbol Description
Sample
frequency Unit Uncertainty

Q Effluent Flow 2 min m3/L Unknown

O Actuator setting 2 min mgO2/L 0

MsNH Measured
ammonium

5 min mgN/L ±3%

MsNO Measured
nitrate

5 min mgN/L ±5%

The uncertainty is based on the information available from the sensor manuals (HACH

Lange Aps 2013, 2014).
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Stochastic grey-box model

A discretely observed stochastic grey-box model can be writ-
ten on the state-space form as

dxt ¼ f(xt, ut, t, θ)dtþ σ(ut, t, θ)dω

yk ¼ h(xk, uk, tk, θ)þ ek

where the description of the dynamics of the states xt are
divided into a (deterministic) drift term f(xt, ut, t, θ)dt and
a (stochastic) diffusion term σ(ut, t, θ)dω. The system is

observed only through yk which is linked to xt via the
observation equation h(xk, uk, tk, θ). The residual error is
separated in to two terms.Diffusion, σ(ut, t, θ)dω represents

model approximations and undescribed noise disturbances,
i.e. changes in biomass efficiency, unmodelled inflow, uncer-
tainty of input variables (ut), or true stochastic behaviour in
the processes. Measurement noise, ek represents the noise

occurring due to imperfect accuracy of the measuring equip-
ment, i.e. measurement uncertainty in the ammonium and
nitrate sensors.

Simplification of ASM1

Following the notation proposed by Corominas et al. ()
the ordinary differential equations that govern ammonium,
nitrate and oxygen in ASM1 can be written in a Gujer
matrix, as presented in the Supplement (available with the
online version of this paper), together with a brief description

of ASM1 parameters and state variables. The complexity of
these equations is considered an obstacle for use in a real-
time setting since many of the variables are unmeasured and

consequently constants would be difficult to distinguish. We
therefore make simplifications to obtain a more suitable
model. The main assumption in this simplification is that

the model parameters will be re-estimated frequently, and
therefore several state variables of ASM1 will become con-
stant and some parameters will become unimportant.

• The rate, ρ4, which governs ammonification of soluble
organic nitrogen can be ignored. This is considered

reasonable as the ammonification rate parameter kam is
typically small compared to the process rates of nitrifica-
tion and denitrification (Henze et al. ).

• The state variable SB is constant throughout the day. In

practice it will follow a diurnal pattern similar to that of
SNH4, but since SB is not measured these will be difficult
to distinguish.

• The state variables governing active heterotrophic and
autotrophic biomasses XOHO and XANO can be considered

constant on a daily basis, and hence can be treated as par-

ameters. This is considered reasonable as the biomass is
known to only change over longer periods of time.

• The parameter for the relative amounts of N/COD in

biomass, iN_COD, can be ignored. A stoichiometric calcu-
lation by Henze et al. () (assuming a typical cell
formation, C5H7O2N) indicates that iN_COD is 0.086.
This is very small compared to 1/YANO which is approxi-

mately 4.2, and therefore it will be difficult to estimate.

• The half-velocity parameters KO2,OHO and KO2,ANO

for oxygen use are considered to be equal (KO2,OHO¼
K

O2,ANO
¼KO2), as Henze et al. () argue that they are

not, quantitatively, that different.

Applying these assumptions, the new, simple model of
the ASP can be identified. The shorthand notations αNH4,

αNO3 and αO2 refer to the changes in concentration of
ammonium, nitrate and relative oxygen respectively.

S0NH4
≈ αNH4 ¼ �θ1

SNH4

KNH4,ANO þ SNH4

� �
SO,MO

S0NO3
≈ αNO3 ¼ θ1

SNH4

KNH4,ANO þ SNH4

� �
SO,MO

� θ2
SNO3

KNO3,OHO þ SNO3

� �
(1� SO,MO)

S0O,MO ≈ αO2 ¼ � θ3 þ θ4
SNH4

KCNH4,ANO þ SNH4

� �� �
SO,MO

The half-saturation constant KcNH4,ANO is introduced
because the state SO,MO is the Monod term indicating how
quickly the process is running relative to the maximum rate

SO,MO ¼ SO2

KO þ SO2

� �

The seven new parameters to estimate online are there-
fore θi, KNO3,OHO, KNH4,ANO and KcNH4,ANO where θi relates

to the original ASM1 parameters as

θ1 ¼ 1
YANO

μANO,MaxXANO

θ2 ¼ 1� YOHO

2:86YOHO
μOHO,Max

SB
KSB þ SB

� �
ημOHO,AxXOHO

θ3 ¼ 1� YOHO

YOHO
μOHO,Max

SB
KSB þ SB

� �
XOHOC1

θ4 ¼ 4:57� YANO

YANO
μANO,MaxXANOC2
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where C1 and C2 are correction factors that are introduced

because SMO,O is the relative amount of oxygen.

Aeration control and inflow

For the purpose of using the model for MPC of N-removal, it
is necessary to include the effect of aeration and incoming
wastewater as external inputs in the model. The signal

determining the intensity of aeration and measurements
of incoming wastewater flow are available online and
consequently the control should be a function of these, i.e.
C_(O,Q) is a function that describes the effect of inflow and

aeration control on the given state. These functions are here
determined from the literature. More specifically, the two-
films theory (Lewis & Whitman ) and diurnal variations

in ammonium concentration and constant (low) nitrate con-
centrations in the incoming wastewater (Henze & Comeau
). This means that CNH4(O,Q) and CNO3(O,Q) are given as

CNH4 (O, Q) ¼ (rc þ ρQ)(μNH4,in þ Σn¼2
i¼1 [si sin (iwt)

þ ci cos (iwt)]� SNH4 )CNO3 (O, Q) ¼ (rc þ ρQ)(μNO3,in � SNO3 )

where μNH4,in, μNO3,in, si and ci are parameters relating to the
inflow. Note that μNO3,in is typically ∼0 (e.g. Henze & Comeau

). The parameters rc and ρ are related to the recirculation
to and the volume of the aeration tank (see Figure 1). The con-
trol of the aeration is given as

CO,MO(O, Q) ¼ k1O(SO,MOmax � SO,MO)

where k1 is a transfer constant (Lewis & Whitman )

related to the size and efficiency of the aeration equipment.
The maximum value of the relative oxygen state is 1, and
hence SO,MOmax is set to 1 and should not be estimated.

Stochastic ASM

A three-state grey-box model governing the ammonium and

nitrate concentrations in the aeration tank can be written as

dSNH4 ¼ fNH4(::)dtþ σ(ut, t, θ)dω1

¼ αNH4dtþ CNH4 (Ot, Qt)dtþ σ11dω1

dSNO3 ¼ fNO3(::)dt þ σ(ut, t, θ)dω2

¼ αNO3dtþ CNO3 (Ot, Qt)dtþ σ22dω2

dSO,MO ¼ fO,MO(::)dt þ σ(ut, t, θ)dω3

¼ αO2dtþ CO,MO(Ot, Qt)dtþ σ33dω3

where the deterministic terms α and C govern the ASP, the

aeration and the inflow as described in previous sections.
To avoid negative noise and to make estimation of small
noise processes easier, the diffusion terms are estimated as

exponential parameters (i.e. σii ¼ exp (sii), i ∈ [1, 2, 3]). The
system is discretely observed through ammonium and nitrate
sensors in the aeration tank. The measurements (MsNH and
MsNO) from these relate to the system as

MsNH ¼ SNH4 þ exp (s1,NH4)ϵNH4

MsNO ¼ SNO3 þ exp (s1,NO3)ϵNO3

where ϵNH4 and ϵNO3 are independent and identically

distributed (i.i.d.) Ɲ(0, 1), i.e. the residuals of the mea-
surements are normally distributed with zero mean and exp
(s1,NH4), exp(s2,NO3) standard deviation. The changes in the

states dSNH4, dSNO3 and dSMO,O are given as state variables
where ɷ1, ɷ2 and ɷ3 are 1-dimensional standard Wiener pro-
cesses and exp(s11), exp(s22) and exp(s33) represent the
deviation of these processes.

Online parameter estimation in stochastic ASM

The stochastic model presented fits the general model struc-

ture for continuous-discrete stochastic state space models,
i.e. a model of the state variables in continuous time and
measurements of some of the states at discrete times. The
R-package CTSM-R (Kristensen et al. ; Juhl et al. )
can manage just this kind of system, and is therefore used
to estimate parameters and predict the effect of control.
This paper provides only a brief summary of how the pack-

age works and how it is used here. For further information
on this, see CTSM-R ().

The parameter estimates are based on a maximum

likelihood method, by assuming Gaussian-distributed con-
ditional probability densities.

L(θ; YN) ¼
YN
t¼1

exp (�0:5ϵTt R
�1
tjt�1ϵt)ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

det (Rtjt�1)2π
p p(y0jθ)

where ϵt¼ yt – ŷt|t-1 (yt̂|t-1¼E(yt|yt-1, θ)) and Rt|t-1¼V(yt|yt-1, θ).
ϵt and Rt|t-1 are computed by means of a version of the EKF
(e.g. Jazwinski ). The likelihood function can be simpli-
fied to a simpler log-likelihood function by conditioning on

y0 and taking the negative logarithm. However, this rewrit-
ing is omitted here. The parameter estimates are then
obtained by minimizing this log-likelihood.

The EKF mentioned above is a continuous-discrete time
version of the EKF. With initial conditions for the model
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values and variance estimate (x̂1|0 and P1|0) the filter

approximations of the output predictions are given as

ŷkjk�1 ¼ h(x̂kjk�1, uk, tk, θ) Rkjk�1 ¼ CPkjk�1CT þ Sk

which here translates to

ŷkjk�1 ¼ ŝNH4kjk�1

ŝNO3kjk�1

(
Rkjk�1 ¼ 1 0 0

0 1 0

� � p11 p12 p13
p21 p22 p23
p31 p32 p33

2
64

3
75

1 0

0 1

0 0

2
64

3
75þ s1,NH4 0

0 s1,NO3

� �
¼ p11 þ s1,NH4 p12

p21 p22 þ s1,NO3

� �

Here C is the Jacobian of the observation equation, h.
The innovation given by

ϵk ¼ yk � ŷkjk�1

The Kalman gain, Kk, for the EKF is then calculated as

Kk ¼ Pkjk�1CT
k (Rkjk�1)

�1

and the system is updated

x̂kjk ¼ x̂kjk�1 þKkϵk

Pkjk ¼ Pkjk�1 � KkRkjk�1KT
k

x̂ is the state estimates (SNH4, SNO3 and SO,MO). The state
prediction is done numerically by

dx̂tjk
dt

¼ f(x̂kjk�1, ut, t, θ), t ∈ [tk, tkþ1]

dPtjtk
dt

¼ A(t)Ptjtk þ PtjtkA(t)T þ σ(t)σ(t)T , t ∈ [tk, tkþ1]

where A(t) is the Jacobian of the drift term fi(t,…). This
Jacobian is calculated using a method based on Speelpen-
ning (). In calculations of the Jacobian it is assumed

that x¼ x̂k|k-1, u¼ uk, t¼ tk and the parameters, θ, are
known. The ordinary differential equations (ODEs) are
solved by numerical integration schemes suggested by
Hindmarsch () (cited in Kristensen & Madsen ,

p. 17). This is to ensure an intelligent re-evaluation of A
and σ. From this construction we see that the approximation
is only good when nonlinearities are not too strong.

The estimation setup implies that initial state and
parameter estimates are necessary in the parameter
estimation procedure. These can be supplied either as

prior distributions or simply as estimates with some maxi-

mum and minimum boundaries. For most parameters
these initial estimates are based on the literature (e.g.
Henze et al. ; Henze & Comeau ). However, a

few parameters are unnecessary or cannot be estimated.
The initial state values SNH4,0, SNO3,0 and SO,MO,0 can
easily be estimated directly from data, as ammonium and
nitrate are directly measured and the oxygen signal is

known, and hence these are considered unnecessary to
estimate. Furthermore, the parameters KNO3,OHO, θ3 and
θ4 show very small deviations and notably correlation

with other parameters. It is also argued by Henze et al.
() that KNO3,OHO does not need estimating. For these
reasons these are kept constant here at [KNO3,OHO, θ3,

θ4]¼ [3.0, 5.0E� 6, 1.0], thereby reducing the number of
parameters to estimate.

RESULTS AND DISCUSSION

Firstly the model is qualitatively evaluated by comparing
the model predictions with data and discussing par-

ameter estimates. Secondly, the model is quantitatively
evaluated by running it for 1 month and discussing the
statistics of the residuals. We stress that the model is
run ‘online’ in the sense that parameters are estimated

only by minimizing the objective function described in
the previous section. Furthermore, the states SNH4, SNO3

and SO,MO, are updated using the EKF whenever a new

measurement becomes available. Figure 2 shows an
example of one prediction of ammonium at a given
inlet flow and aeration signal. The state, SNH4, is updated

with present data and then predicted 2 hours ahead.
Clearly, uncertainty increases with increasing forecast
horizon.

Model dynamics

Parameters are estimated with data from a period at the
beginning of October 2016, chosen arbitrarily among

periods without rain. The length of the parameter esti-
mation period is 4 days and 4 hours (corresponding to
3,000 time steps of 2 min). These parameters are used to
predict the concentrations of ammonium and nitrate in

the aeration tank. Figures 3 and 4 show predictions of
the ASP 60 time steps ahead corresponding to 2 hours,
given the aeration signal. This is done for 24 hours, mean-

ing that each time a new measurement becomes available a
prediction similar to Figure 2 is made and compared with
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data. This is done during normal operation of the plant i.e.
no rain and no (known) problems.

In Figure 3 it is evident that under normal operation,

the modelled ammonium concentration follows the same
dynamics as the data. During the aeration phase the
ammonium concentration decreases, and when aeration is
switched off, NH4 increases. In periods when no new data

are received (i.e. calibration of the ammonium sensor from
17:30 to 18:30), the model continues to provide reliable esti-
mates. The nitrate concentrations estimated in Figure 3 also

follow dynamics similar to those in the data. It is noted that
when aeration is off, nitrate decreases and when it is on, it

increases. However, a dynamic starting at 06:00 does not
follow the behavior shown by the sensor measurements.
This period contains a relatively long timespan without aera-

tion that would normally mean denitrification, but in this
case we see that nitrate increases. This could be due to
some unmodelled dynamics, problems with a drifting nitrate
sensor or an unusually large load of nitrate in the influent

from industry, for example. Overall, the results show that
the uncertainty of the nitrate predictions is greater than
the uncertainty of the ammonium predictions, and hence

larger deviations from the modelled concentrations are
expected. Figure 4 shows the estimates of the unmeasured

Figure 2 | An example of a 2-hour prediction of ammonium concentrations (which is run every 2 min in the online setup). The uncertainty increases further into the future, as estimated by

the SDE.

Figure 3 | 2-hour predictions (60 timesteps of 2 mins) of the ammonium concentration in the aeration tank (SNH4) with the measured concentrations (top) and of the nitrate concentration

in the aeration tank (SNO3) with the measured concentrations (bottom). Note that the y-axes differ because there is more variation in the nitrate observations.
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state, SO,MO. It is plotted together with the measured dis-
solved oxygen (DO) concentrations and the setpoint of the

actuator, O. It is clear that when the setpoint is lower, it
takes a longer time for SO,MO to reach the maximum level.
The comparison between the aeration status and the

measured oxygen concentrations highlight that short
periods of aeration are not registered in the measurements.
This is caused by the location of the sensor, which is oppo-

site the aeration grid (see Figure 1). This supports the choice
of not including the measured DO as input/state in the
model. Therefore the actuator signal is considered superior

as it reports all periods of added oxygen and furthermore,
it does not have any response time from when air is added
until it is observed in the tank.

Parameter estimates

The parameters that are estimated in the period mentioned
previously are presented in Table 2.

Some parameters are difficult to evaluate as they represent
some catchment/plant-specific information. Nonetheless,

parameters are discussed here and in some cases compared
with the literature:

• The residual errors (which are split into diffusion and

measurement noise) are found to be similar to what is
estimated for ammonium in the aeration tank by Halv-
gaard et al. () in another plant with similar sensors

and configuration. However, the uncertainty of the
measuring equipment is much smaller compared to
what is stated by the sensor manufacturer (see Table 1

footnote).

• The Monod kinetics parameter, KNH4,ANO, is found to be
similar to what is statistically estimated by Carstensen

et al. (). Here it was found to be between 0.44 and
0.76 among different plants and catchments. However,
it is lower than ∼1, which is what is suggested by
Henze et al. ().

• The mean incoming concentrations of ammonium, μNH4,in

and nitrate, μNO3,in seem reasonable as these are similar
to what is typically found in a ‘catchment with little

industrial activity’ according to Henze & Comeau
(). The diurnal variations in ammonium, s1, s2, c1

Figure 4 | Top: the input, O. Middle: the estimated Monod oxygen state, SO,MO. Bottom: the measured oxygen in the aeration tank (solid line) and the binary signal for aeration on/off

(dotted line).

58 P. A. Stentoft et al. | Online predictions of ammonium and nitrate removal in an ASP Water Science & Technology | 79.1 | 2019

Downloaded from https://iwaponline.com/wst/article-pdf/79/1/51/663690/wst079010051.pdf
by DANMARKS TECHNICAL INFORMATION user
on 20 August 2020



and c2 are catchment specific. However, these are con-

sidered reasonable as they produce a variation that is
comparable with the one presented in Henze &
Comeau (), i.e. a similar shape with peaks in the

morning and afternoon.

• The new parameters θ1 and θ2 are difficult to compare

with the literature as they depend on many parameters
and the states XANO and XOHO. However, following the
typical parameter suggestions from Henze et al. (),
these should be 3.33 XANO and 0.82 XOHO respectively.

• The parameters related to the incoming water, rc and ρ,
are estimated to be 7.21 × 10�4 and 1.08 × 10�5 respect-
ively. Summing these and multiplying the mean flow

with ρ we get 1.11 × 10�3. This is slightly more than the
expected value of 3.43 × 10�4 which is found by dividing
mean flow with the volume of the process tank. This

difference can be due to the recirculation that happens
between the nitrification and denitrification tanks.

• The relative oxygen transfer rate k1 depends on many fac-

tors such as tank design (e.g. reactor geometry, aeration
design), physico-chemical properties (e.g. liquid compo-
sition, viscosity, temperature) and the presence of
biomass (e.g. Pittoors et al. ). Therefore it is difficult

to determine empirically as it varies between facilities
and over time.

Model performance

The model’s predictive ability is tested by re-estimating par-
ameters every hour for a period of 1 month and 1 week,
starting late September 2016. The model is then used to pre-

dict concentrations of ammonium and nitrate 1, 60 and 720
time steps ahead (corresponding to 2 min, 2 hours and 1
day, respectively). The predictions are compared with data

and a 24-hour running mean absolute residual is calculated.
Figure 5 illustrates how this changes over time for predic-
tions 2 hours ahead (60 time steps). Table 3 shows the

statistics of the mean absolute residual for all the different
prediction horizons.

Table 2 | Parameter estimates and standard deviations

Parameter Estimate Standard deviation

Simplified ASM

KNH4,ANO [mgN/L] 4.80 × 10�1 1.80 × 10�1

KCNH4,ANO [mgN/L] 1.05 × 10�3 6.99 × 10�4

θ1 [mgN/L] 5.00 × 10�2 5.39 × 10�3

θ2 [mgN/L] 2.47 × 10�1 1.59 × 10�2

Aeration control and inflow

s1 [mgN/L] 1.14 6.63 × 10�1

s2 [mgN/L] �5.63 × 10�1 3.73 × 10�1

c1[mgN/L] 4.25 × 10�1 3.24 × 10�1

c2 [mgN/L] �5.82 × 10�2 1.75 × 10�1

μNH4,in [mgN/L] 1.35 × 10�1 6.76

μNO3,in [mgN/L] 1.10 × 10�2 2.01 × 10�2

K1 [L/mgO] 1.12 × 10�1 6.48 × 10�3

ρ[] 1.08 × 10�5 1.64 × 10�5

rc [] 7.21 × 10�4 4.31 × 10�4

Noise and diffusion terms

s11 [log(mgN/L)] �4.79 7.65 × 10�2

s22 [log(mgN/L)] �3.20 2.06 × 10�2

s33 [] �2.86 2.16 × 10�1

s1,NH [log(mgN/L)] �8.66 1.26 × 10�1

s1,NO [log(mgN/L)] �1.80 × 10�1 2.56 × 10�1

Parameters are calculated using 3,000 timesteps of data corresponding to 4 days and 4

hours. The period is from the beginning of October 2016.

Figure 5 | Mean absolute error for the 2-hour (60 timesteps of 2 mins) prediction of ammonium and nitrate. Plotted with daily precipitation data from DMI (2018).
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In Figure 5 it is evident that during some periods (i.e.
October 2nd, October 15th and October 22nd) the uncer-
tainty increases. Comparison with rain data supplied by the

Danish Meteorological Institute (DMI ) shows that
many of these periods are characterized by wet weather.
This is also indicated in Table 3 where the general picture

is that uncertainty increases during wet weather. In Table 3
it is also clear that the relative 2 min uncertainty is ∼2% for
ammonium and ∼6% for nitrate. This is comparable with

the sensor uncertainty listed in Table 1 and indicates that
the 2 min predictions cannot be further improved even
with a more detailed deterministic model. The 2-hour and

24-hour predictions perform worse than the sensor uncer-
tainty. This can, on the one hand, indicate that there is
room for improvement, but can, on the other hand, also
mean that there is some stochastic behavior (e.g. incoming

nutrients or biomass efficiency) which is more pronounced
when predicting further ahead from the EKF state update.
It should be added that the treatment requirements for

Nørre Snede WRRF state that during a 24-hour period,
the ammonium concentration should be <2 mgN/L and
total N should be <8 mgN/L in the outlet. Consequently

this means that accurately predicting ammonium is more
important because nitrate only affects total N. The relative
uncertainties of ammonium and nitrate of <10% and

<20% respectively (in dry weather, 24 hours ahead) are
considered sufficient for stochastic MPC.

Towards MPC – simplified and full ASM models

The results in Table 3 are difficult to compare with full ASM
models, as to our knowledge there is no framework for

making the full ASM models online adaptive to data. How-

ever, our results can be compared with data-driven model
parameter estimations of full ASMs (i.e. other methods
that rely only on data from online ammonium/nitrate sen-

sors). One example of such an approach is provided by
Sin et al. (), where the parameters of an ASM2d
model were estimated using only frequently sampled
online ammonium, nitrate and oxygen measurements

(sampled every 5 min, similar to this study) in the 50,000
PE Haaren WRRF in the Netherlands with alternating con-
trol of aeration. Parameters were calibrated using Monte

Carlo simulations to minimize a weighted sum of squared
errors (WSSE) based on a calibration period of 16,117
measurements (56 days). Model performance was compared

with data in a validation period of 9,217 measurements (32
days). The results showed a mean absolute error (MAE) for
ammonium of 1.39 mgN/L and 0.98 mgN/L in the cali-
bration and validation periods, respectively. For nitrate

concentrations an MAE of 2.56 mgN/L and 2.31 mgN/L
were found. These error values are 10 times larger than
what we found in this study, cf. Figure 3. Also, the frame-

work presented in Sin et al. () differs from this study
in that the model states are not updated when new data
become available and hence short time predictions in the

validation period (up to 24 hours ahead) are not based
on all the information available in an online situation.
Additionally it is noted that the framework by Sin et al.
() required some computation time (45 min per
simulation (in 2008) on a PC, and 500 Monte Carlo simu-
lations where used to obtain a model), which makes it
non-ideal for online applications.

The development of tools for online performance optim-
ization of WRRFs using models is crucial for exploiting the
full potential of digitalization. Hence, the development of

robust approaches to online identifiable ASMs for improved
short horizon predictions is needed. These models should
also include additional processes, such as biological removal

of COD and P, to achieve an overall improvement of all the
removal processes in the plant. This paper provides a first
step in this direction with online predictions of ammonium

and nitrogen removal.

CONCLUSION

Grey-box models based on SDEs are efficient tools as they
can estimate both processes and noise from real-time data.

A stochastic model of an aeration tank is proposed here.
The model contains a deterministic term consisting of both

Table 3 | Summary statistics of the residuals of the model predictions, based on residuals

obtained from using the model with data from Nørre Snede WRRF for a period of

1 month in September/October 2016

Precipitationa

Prediction

Mean absolute
error [mgN/L]

Relative absolute
error [–]

– No Yes No Yes

Ammonium 2 min 0.0264 0.0278 0.0212 0.0223
2 hours 0.0884 0.1065 0.0709 0.0855
24 hours 0.0925 0.129 0.0855 0.104

Nitrate 2 min 0.0804 0.081 0.0594 0.0598
2 hours 0.212 0.2399 0.157 0.177
24 hours 0.246 0.374 0.1815 0.276

‘Precipitation’ indicates whether only dry weather periods (No) or all periods are con-

sidered (Yes).
aWet weather periods are as follows: 28 September to 2 October, 15–19 October, 22–23

October.
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a simplified ASM and input functions determining the influ-

ence of control and inflow. The model is used to predict the
nitrification/denitrification in Nørre Snede WRRF in Den-
mark as a function of aeration and inflow.

The results show that despite the simple structure of the
proposed model, the dynamics of the nutrient concen-
trations are captured. Quantitative investigations show that
the processes are predicted accurately, i.e. 24-hour predic-

tions of the ammonium and nitrate concentrations in the
aeration tank are predicted with relative errors of <10%
and <20% respectively. Consequently this is considered to

be a step towards stochastic MPC of water resource recovery
processes.
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Abstract: Wastewater treatment is an essential process to ensure the good chemical and
environmental status of natural water bodies. The energy consumption for wastewater treatment
represents an important cost for water utilities. Meanwhile has the increasing fraction of
renewable energy sources in the electricity market created the possibility of exploiting cheaper
(and greener) electricity. This paper proposes model predictive control driven by stochastic
differential equations and genetic optimization to prioritize aeration in periods with low
electricity prices thereby reducing costs and empowering smart use of green electricity. This
is without violation of legislation and equipment constraints. The method is tested with real
plant data and electricity market prices to demonstrate efficiency and feasibility.

Keywords: Predictive Control, Stochastic Systems, Genetic Algorithms, Process Control,
Wastewater Treatment, Smart Power Applications

1. INTRODUCTION

Wastewater treatment plants (WWTP) play a vital role
in modern societies. They treat polluted water from do-
mestic and industrial sources before it is discharged to the
environment. Thereby they protect recipients from large
nutrient loads and reduce human health hazards related to
exposure to faecal matter. Unfortunately, this treatment
comes at a high cost. Municipal wastewater treatment
accounts for 0.8% of total electricity consumption in the
US (Pabi et al., 2013) and a similar picture is drawn in
many other countries (Longo et al., 2016). This implies;
(1) a large economical cost for water utilities and (2) an
environmental cost in terms of air pollution and green
house gas emissions related to the electricity production
method. Consequently, we need to balance between relaxed
treatment of wastewater before discharge and increased
costs related to electricity consumption.

A key energy demanding process in a typical WWTP is
the aeration. Aeration is used to reduce nutrient concen-
trations such as nitrogen, N , by up to 95% before treated
water is discharged. Nitrogen removal requires in fact
different species of specialized bacteria living in different
conditions. Aerobic conditions (O2 present) are needed
to reduce ammonium (NH4) to nitrate (NO3, nitrifica-
tion) while anoxic conditions (O2 absent) are needed to
reduce nitrate to nitrogen gas (N2, denitrification). This
is the Alternating Activated Sludge Process (ASP). In

WWTPs it is operated in large engineered tanks with
aeration equipment that is turned on and off in specially
designed/controlled cycles to secure good treatment (e.g.

(Zhao et al., 2004; Nielsen and Önnerth, 1995)). Typically
50-60% of the electricity used by a WWTP is aeration
(Longo et al., 2016). Electricity is though not the only cost
related to aeration as the discharge of nutrients is object
to taxation, e.g., 30 DKK/kg discharged N in Denmark.

The wastewater treatment processes can be predicted
online as a function of aeration signals as suggested
by Stentoft et al. (2018) or Halvgaard et al. (2017).
These methods build on Stochastic Differential Equations
(SDEs) derived from well established, deterministic Acti-
vated Sludge Models (ASM) (Henze et al., 2000, 1987).
The process being predictable suggests that nonlinear
Model Predictive Control (MPC) can be implemented to
optimize aeration 24 hours ahead with respect to legisla-
tional effluent requirements, equipment constraints, taxes,
and electricity prices/sources. However, this is not trivial
as the aeration signal contains integers and real numbers
and the ASP is affected by uncertainty of the nonlinear,
bio-chemical processes.

One way to deal with complex control problems is by
the application of Evolutionary Algorithms (EA) for the
optimization (Fleming and Purshouse, 2002). Here we
suggest a setup that uses a genetic optimization algorithm
suggested by Mebane and Sekhon (2011) to find a good



solution to the predictive control problem. The solution
satisfies constraints given uncertainty and prioritizes cheap
(typically green) electricity. It also avoids periods with
expensive electricity such as in the evening. The strategy is
data-driven with respect to online data from the WWTP
and data from electricity market. Ultimately, this strategy
can help WWTPs to enhance the use of green electricity
from, e.g., wind turbines while saving operational costs.

2. CASE SITE: NØRRE SNEDE WWTP

2.1 Plant and data

The WWTP of Nørre Snede serves a catchment with
a population of about 4000 Inhabitant Equivalents (IE)
and two small industries producing about 500 IE. The
plant contains the standard treatment steps including
pretreatment, desanding, grease trap, aeration tank and
secondary clarifer. The aeration tank is 3500 m3 and
water coming into the tank has a residence time of 2-3
days in dry weather. The aeration is currently controlled
with a rule-based control strategy where aeration set
points are determined from newest ammonium and nitrate
measurements as described in Zhao et al. (2004); Nielsen

and Önnerth (1995).

The control is designed to fulfill two sets of constraints;
(i) Equipment/Process constraints and (ii) Legislational
constraints. These constraints affect the aeration set point,
Os, that describes how much air should be released into
the water.

(i) Equipment/Process constraints are related to the
performance limits of the equipment (actuators and blow-
ers) and good conditions for the biological removal pro-
cesses. This results in bounds on the actuator settings
and bounded N-time (aeration on, nitrification-time) and
DN-time (aeration off, Denitrification-time). Ultimately,
these constraints govern whether a sequence of aeration
setpoints is valid for control, i.e., whether a sequence can
actually be executed. The constraints for Nørre Snede
WWTP are shown in Table 1 where it is indicated, that
setpoint values, Os, should be 0 during DN-time and
between 1 and 3 during N-time.

Table 1. Constraints on the aeration control
signal. N-time refers to nitrification-time and

DN-time refers to denitrification-time.

Process Time [min] Setpoint, Os [mgO/L]

min max min max
N-time 6 60 1 3
DN-time 20 120 0 (Aer. off) 0 (Aer. off)

(ii) Legislational constraints are related to the accept-
able effluent concentrations decided by authorities. Hence,
these dictate the maximum acceptable concentrations
measured on a 24-hour weighted average for NH4 and
total-N concentrations in the effluent. These must be below
2 and 8 mg-N/L respectively where the weighted average is
weighted with the waste water flow through the plant. This
means that a control sequence of setpoints Os must result
in average concentrations that are below these limits.

The plant is well equipped with sensors and computers
that log data into a database. Hence, historic and real-

time data is available online. The data consists of online
sensor measurements of ammonium (MsNH) and nitrate
(MsNO) taken directly in the aeration tank every 5
minutes. Furthermore the aeration signal, Os, is logged
every two minutes and inflow to the plant is measured by
a flow meter every two minutes.

2.2 Aeration costs: electricity and tax

The plant (and wastewater aeration in general) has two
cost components that are related to the specific design
of a control sequence, namely taxation and electricity
costs. In Denmark, the tax is decided by authorities and
it covers the price of discharging different nutrients to
the environment. Currently (2018), the tax for Nitrogen,
Ntax, is 30 DKK/kg-N. The total amount is calculated by
multiplying the discharged Nitrogen, Nt, with the tax and
the flow through the plant, Qt, as shown in (1)

Tax(Nt, Qt, Ntax) = NtQtNtax (1)

The electricity cost, Et, is the electricity used for aeration
at the WWTP. It is calculated as a linear function of the
set point, Ost, the electricity price, Ept and a correction
factor β which is related to the size and type of aeration
equipment installed at the plant. For Nørre Snede WWTP
this parameter is approximately 1.4. This cost is shown in
(2).

Et(Ost, β, Ept) = βOstEpt (2)

As it can be seen from the equations, a rule of thumb is
that increased aeration leads to increased electricity cost
but a reduced tax as more nutrients are removed. How-
ever, due to the nonlinear dynamics of the bio-chemical
processes this will not always hold.

2.3 Electricity price data

Electricity prices are available from the North European
electricity market (Nordpool, 2018). This data consists of
hourly electricity prices from the first 5 months of 2018
for Scandinavia and the Baltics. Nørre Snede WWTP is
located in the market ”DK1” which covers the western
part of Denmark (Jutland and Funen). Like in real control,
we do not know future prices and account for this by
creating price ”scenarios”, S, which take different price
developments (but with similar overall patterns) into ac-
count. A price scenario is here defined as 5 ensembles
that each describe the price development over 24 hours as
given by data. The ensembles are all chosen from the same
weekday. Consequently, to create a scenario, we choose a
start date, and sample the four remaining ensembles by
shifting the start time 1, 2, 3 and 4 weeks ahead. The
generated scenarios are:

S1 Contains the minimum price in the period, Sundays
starting from 28-1-18

S2 Arbitrarily chosen, Wednesdays starting from 14-02-
18

For a more quantitative evaluation of the strategy, we
sample all Tuesdays, Wednesdays and Thursdays in the
Nordpool dataset. This supplies a total of 59 ensembles



(24 hours of hourly prices) which is shown in Figure 1
together with the two scenarios.
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Fig. 1. The five price ensembles of the two different
electricity price scenarios (”S1” and ”S2”) as given by
data from the Nordpool market and (”All prices”) 59
electricity price ensembles corresponding to the actual
prices for all Tuesdays, Wednesdays and Thursdays in
the Nordpool DK1 market in the first 20 weeks of 2018
(Nordpool, 2018).

3. METHODOLOGY

3.1 Prediction Model

The ASP is well described by the family of Activated
Sludge Models (ASM) (e.g. (Henze et al., 2000)). The
ASMs consist of at least 13 nonlinear Ordinary Differential
Equations (ODE) based on Monod-kinetics and mass-
balances. Based on the ASMs, a stochastic ASM (SASM)
(Stentoft et al., 2018) is developed to predict nitrogen re-
moval based on online measurements. The SASM contains
3 coupled Stochastic Differential Equations (SDE) which
estimate ammonium (SNH), nitrate (SNO) and available
oxygen (SMO,O) in the aeration tank as a function of the
aeration control signal. The parameters of the SASM are
estimated with 4 days of online measurements of ammo-
nium and nitrate and the realised control signal. The esti-
mation of parameters in the SDEs is done by maximizing a
likelihood function. The noise on the online measurements
and the model noise are split in two terms and managed
by an Extended Kalman Filter (EKF). The predictions
are performed following a numerical integration scheme.
This methodology is specified in Juhl et al. (2016) and
Kristensen et al. (2004) and the implementation is more
thoroughly described in Stentoft et al. (2018).

From this model, we can also define the mean and standard
deviation of total-N, SN and σN . As we exclude organic-N
in the estimate of total-N, this becomes (3).

SN = SNH + SNO

σN =
√
σ2
NH + σ2

NO + 2COV (SNH , SNO)
(3)

To make sure, that a control sequence leads to satisfaction
of the legislational constraints, the outputs from the SDEs

must be evaluated with respect to the 24 hour average.
This implies, we have to evaluate (4)

E[SNH,t] =
t∑

i=t−720
WiSNH,i t ∈ [tx−24h, tx]

E[SN,t] =
t∑

i=t−720
WiSN,i t ∈ [tx−24h, tx]

Wi =
Qt−720+i

Σ720
j=1Qj

(4)

In this case, E[SNH,t] and E[SN,t] refer to the weighted
average over 720 time steps (which corresponds to 24 hours
in this setup), at time t. This average is calculated as a
weighted average with weights, Wt, that are based on the
normalized flow.

When we wish to predict future expected values, say
x steps ahead, we need to extend Equation (4) with
the uncertainty terms. Here the uncertainty is calculated
as the fraction, α, of a standard normal distribution
multiplied with the standard deviation related to the
nutrient estimates from the SDEs. The uncertainty on the
output estimate of the SDEs is described in Juhl et al.
(2016) and Kristensen et al. (2004). The predicted average
fractions, PNH,t+x|t(α) and PN,t+x|t(α) are presented in
Equation (5).

PNH,t+x|t(α) =E[SNH,t+x] +

t+x∑
j=t+1

[Wj(Z(α)σNH,j)]

PN,t+x|t(α) =E[SN,t+x] +
t+x∑

j=t+1

[Wj(Z(α)σN,j)]

(5)

In the results and further investigation, α is set to 0.95 in
all optimizations.

3.2 Objective functions

The optimization is performed on a lexicographic objective
function as shown in (6).

lexmin
Ost,t∈[0;720]

(E[Ci], E[Cii], E[Ciii], Cost) (6)

Where the notation lexmin(...) refers to lexicographic
minimization of the objectives in order left to right. The
four objectives, Ci, Cii, Ciii and Cost are presented in (7).

The first and most important objective, Ci, is the ammo-
nium requirement. If an aeration control strategy results
in too large ammonium effluent concentrations, the other
objectives are downgraded until this is reduced to an
acceptable level (which for Nørre Snede WWTP is below
2 mgN/L on a 24 hour average).

The second objective, Cii is the total-N requirement. This
is similar to the ammonium requirement but considers
total-N instead (which for Nørre Snede is 8mgN/L on a
24 hour average).



The third objective, Ciii, is the ammonium endpoint re-
quirement. This is securing that we do not consider aer-
ation strategies that result in large ammonium concen-
trations after the optimization period (24 hours). This is
because an increase in ammonium towards the end might
fulfill legislation, but it will at the same time make it
more difficult (if not impossible) to fulfill legislation in the
following day if the concentration starts out very high.

The last objective, Costt, is only optimized if the other
three objectives are equally good (in practice they should
all be zero). This objective represents the operational
costs. The cost at time t ∈ [0; 720], Costt is given in (7).

Ci =

{
0 ;PNH,t+i|t(α) ≤ 2mgN/L

PNH,t+i|t(α) ;PNH,t+i|t(α) > 2mgN/L

Cii =

{
0 ;PN,t+i|t(α) ≤ 8mgN/L

PN,t+i|t(α) ;PN,t+i|t(α) > 8mgN/L

Ciii =

{
0 ;SNH,t+720 ≤ 2mgN/L

SNH,t+x ;SNH,t+720 > 2mgN/L

Costt = Taxt(SN,t, Qt, Ntax) + Et(Ost, β, Ept)

(7)

Where i ∈ [0, 720]. The tax, Taxt(..) and electricity cost
Et(...) from aeration are given in (1) and (2). However, to
account for the uncertainty in the electricity price forecasts
we rewrite (2) to use more price ensembles in the cost
calculation. The electricity cost at time t now becomes Et

calculated as (8)

Et(Ost, Ept,i) =
S∑

i=1

αOstEpt,isi

S∑
i=1

si = 1

(8)

Where Ept,i is the electricity price at time t in ensemble i ∈
S which has probability si of realization. This corresponds
to optimizing with respect to the weighted mean electricity
price in each time step.

3.3 Genetic optimization

We wish to optimize the four objectives with respect to
aeration set points, Os. The aeration signal consists of
one set point for each 2 min timestep and, consequently,
determining future control 24 hours ahead requires 720
setpoints to optimize. However, it is noted that many set-
points will be determined due to constraints (i.e. when DN-
time starts, the aeration must be off for atleast 20 minutes
and hence the next 10 setpoints must be 0). Therefore,
a parametrization of the oxygen signal is preferable as
this will help to avoid calculation times for infeasible so-
lutions without compromises regarding the solution. Here,
we choose a simple parametrization where we divide each
aeration cycle into three parameters and add a fourth
parameter which describes the continuation of the cycle
setup. This is illustrated in Figure 2.

P1

P2

P3

P1

P2

P3

P1

P2

P3

P4

Fig. 2. The aeration signal, Os (blue) for a period with
length P4. Illustrated as a function of the four pa-
rameters.

The parameters are:

P1 N-time (Aeration on) is an integer that indicates the
number of timesteps in each N-time period

P2 DN-time (Aeration off) is an integer that indicates
the number of timesteps in each DN-time period

P3 Set point is a real number that indicates the aeration
set point during N-time

P4 Setup length is an integer that indicates how many
timesteps this cycle setup is continuing

By using this parameterization, we reduce the number of
required parameters to a minimum of four parameters.
For optimization over 24 hours this parameterization is
repeated multiple times to ensure that the cycle designs
can change during the day. Furthermore, this parameteri-
zation allows us to directly apply the bounds from Table
1 as bounds on P1, P2 and P3 and hence we have the
constraints in (9)

3 ≤ P1 ≤ 30

10 ≤ P2 ≤ 60

1 ≤ P3 ≤ 3

P1 ∈ Z
P2 ∈ Z
P3 ∈ R

(9)

The minimization problem in 6 can now be solved using
the parameterization of aeration and the bounds in (9).
The last parameter, P4, is set to (10)

P1 + P2 ≤ P4 ≤ 15(P1 + P2)

P4 ∈ Z (10)

We allow up to 8 different cycle-setups in the 24-hour
optimization, and hence we have 4 × 8 = 32 parameters
to optimize. For this task we use a genetic optimization
algorithm suggested by Mebane and Sekhon (2011). This
algorithm is implemented in the R-package ”Genetic Op-
timization Using Derivatives” (rgenoud). This is to en-
sure an optimization that manages the non-differentiable,
mixed integer aeration signal in a robust way and making
use of multiobjective optimization. The algorithm creates
a new generation of parameters by using 8 different heuris-
tic methods for generating new parameter sets. These
are; Cloning, Uniform mutation, Boundary mutation, Non-
uniform mutation, Polytype crossover, Simple crossover,



Whole non-uniform mutation, and Heuristic crossover.
The operators are thoroughly described in Sekhon and
Mebane (1998) and hence will not be repeated here. For
this study all operators are weighted equally during the
optimization. The population (i.e. the number of parame-
ter sets in each generation) is set to 5000 which is consid-
ered sufficient for a good optimization. The optimization
is considered as an integer optimization as three of the
four parameters are integers. To account for the third
parameter being a real number, we simply optimize the
integer 100 ≤ P3int ≤ 300 which is P3int ≈ 100P3.
The termination criterion is set to 10 generations without
improvement of at least 0.001 DKK/day.

4. RESULTS AND DISCUSSION

The results are generated using R version 3.2.2 (2015-08-
14). The CPU is an Intel Core i7-6600 with 2.60 GHz. This
results in a runtime of the genetic optimizations of 40-60
minutes (20-30 generations) before genetic convergence is
reached.

4.1 Example: Optimizing scenario 1 prices

To illustrate the dynamics of the strategy we optimize dif-
ferent situations based on electricity prices from scenario
1 (Figure 1). We run 4 optimizations with different price
inputs described below as Variable, Reverse, Constant and
Unaware. For comparison we include Rule-based which
is the currently implemented rule-based control strategy.
The results are summarized in Table 2 and a control
example is shown in Figure 3.

• ”Variable” Optimization based on the scenario 1
data with probability si = 0.2. This is shown in
Figure 3
• ”Reverse” Optimization based on the reverse sce-

nario 1 data with probability si = 0.2.
• ”Constant” Optimization based on the mean price

from scenario 1 data.
• ”Unaware” Price estimate found by not paying at-

tention to electricity prices in control optimization
(electricity prices equal 0 in optimization) and evalu-
ation with scenario 1 prices
• ”Rule-Based” Price estimate based on the imple-

mented rule-based control and evaluation with sce-
nario 1 prices

Table 2. Comparison between the optimization
of aeration for different electricity inputs. All
fulfill legislational requirements. The cost is
the mean of results from four identical GA
optimizations. The interval gives the max and

min of these results.

Simulation Cost [DKK/24h] Interval [DKK/24h]

Variable 227.37 [227.11;227.83]
Reverse 226.06 [224.95;227.16]
Constant 228.23 [227.66;228.42]
Unaware 278.82 [277.69;279.79]
Rule-Based 269.54 -

In Figure 3, we see that the relative amount of aeration
used is reduced by about 50 % in periods where electricity
is more expensive compared to the mean (which also
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Fig. 3. ”Variable”; Upper: predicted concentrations. Mid-
dle: Electricity prices used in optimization. Lower:
The normalized cumulative amount of air added com-
pared with constant, uniform aeration.

corresponds to the constant price scenario). In Table 2, we
see that the variable prices and the constant averaged price
are similar. However the unaware MPC is 22.6 % more
expensive than the MPC with variable electricity price.
Likewise the Rule-based control is 18.6 % more expensive.
This is because these do not necessarily find the optimal
balance between electricity consumption and taxation for
which the price aware predictive controls aims.

4.2 Investigation of multiple price realizations

To get a quantitative measure of the efficiency of the
strategy compared with the currently implemented rule-
based control, we estimate the best control given price
scenario 2. This control is then used to estimate costs given
the true electricity price turned out to be one of the 59
prices in Figure 1. This is repeated for all ensembles, and
the statistics of the costs are compared. In Figure 4, a
histogram and a cumulative plot show the total costs. In
Table 3 a summary of the 59 estimates is shown.

Table 3. Summary statistics of the costs for
the stochastic MPC with ”variable” electric-
ity prices and the currently implemented rule-
based control. The ”difference” is the statistics
of ”Variable” subtracted from ”Rule-based”
results for the same price realization. All num-

bers are in DKK/day.

Mean Std. Dev. Min Max

Variable 255.41 27.57 183.87 300.08
Rule-based 308.82 42.40 201.22 376.60
Difference 53.41 15.04 17.35 76.94

In Table 3 is is noted that the rule-based control is on
average 20.9% more expensive than the variable (MPC).
Furthermore, the standard deviation is larger indicating
that it is more uncertain how the total costs will turn out.
From Figure 4 it can be seen that it is more likely to get
a cheaper total cost using the variable strategy.
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5. CONCLUSION

A MPC strategy for smart electricity use in municipal
wastewater treatment aeration is developed. The summa-
rized results are:

• The strategy uses a genetic optimization algorithm
to optimize a parameterized aeration signal 24 hours
ahead with respect to weighted mean of multiple
electricity price outcomes
• The strategy performs well in prioritizing electricity

consumption in timeslots with cheap electricity and
deprioritize when electricity is expensive
• Comparison with rule-based control shows a reduc-

tion in cost on Nørre Snede Wastewater treatment
plant for 59 price realizations based on real electricity
market data

Consequently, we consider this a step towards integrat-
ing wastewater treatment in the electricity markets. Ulti-
mately, our approach can help wastewater treatment op-
eration adjust to changes in electricity supply/prices and
thereby make them more resilient to increasing amounts
of renewables in electricity grids.

Last, it should be noted that the strategy is only estimated
for dry weather periods. During wet weather periods it is
expected that the predictions from the model will be more
uncertain, and hence it will be more difficult to use the
flexibility in the processes. Consequently, wet-weather will
probably lead to lower cost reductions. On the other hand,
the strategy might perform better in satisfying legislation
compared to the rule-based control. However, wet weather
scenarios should be investigated to determine this. Other
nutrients such as phosphor, P should also be included in
the model, as P is also influenced by aeration and is also
target of taxation and legislative requirements.
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Abstract: With increasing fluctuations in electricity production due to prioritization of
renewable energy sources, new applications that can adjust quickly to changes in demand/supply
will be needed. Wastewater treatment use a significant amount of electricity to reduce nutrients
in wastewater before discharge. The treatment process demands electricity in some selected
periods which can be controlled, and hence the time of consumption is changeable. Here we
suggest a novel predictive control strategy which enhances the flexibility in electricity demand
by accounting for electricity price and probability of up or down regulation. The strategy is
demonstrated in simulation experiments, where the concept is illustrated and the potential
savings are estimated. Furthermore flexibility is investigated as a function of regulating prices,
and it is shown that when difference between electricity price and regulating price increases, so
does flexibility of the system.

Keywords: Wastewater Treatment, Stochastic Model Predictive Control, Smart Energy
Application, Balancing Market, Day-ahead market, Optimization, Price-based control

INTRODUCTION

Advancements in wind turbines and solar panels coupled
with societal requests, declines in cost and favourable reg-
ulation have all contributed to a rapid increase in renew-
ables in electricity grids (Ueckerdt et al., 2015). While this
is an obligatory development to reach the desired fossil-free
energy system (Jacobson and Delucchi, 2011), fluctuating
renewable energy sources impose a challenge in securing
sufficient supply to cover demand at all times. According
to the EU, adaptation to the increasing amount of renew-
ables requires massive development in smart energy sys-
tems. Hence, building heat, vehicle charging and industrial
cooling (e.g. (Zemtsov et al., 2018)) have received attention
in their ability to smartly prioritize electricity consump-
tion in selected periods without significant loss of utility
for the users. However, as more renewables penetrate the
electricity grids, more smart applications will be needed
to maintain a stable system (Morales et al., 2014).

Wastewater treatment plants (WWTP) use approximately
1% of a country’s total electricity consumption (Shi, 2011)
meaning that e.g. Germany and USA spend 4.4 and 30.2
TWh/yr on wastewater treatment respectively (Haberk-
ern et al., 2008; Pabi et al., 2013). From this follows
(i) that electricity is a major economic issue for plant
operation corresponding to 25-50% of maintenance costs
(e.g. (Huang et al., 2013)) and (ii) that the greenhouse
gas emissions (GHG) related to wastewater treatment are
noteworthy (Mizuta and Shimada, 2010).

The most electricity consuming process on a WWTP is
aeration which accounts for 40-75% of total electricity
demand of a WWTP (Rosso et al., 2008). Aeration is
typically carried out in large, engineered tanks where spe-
cialized bacteria need aerobic conditions (oxygen present)
to convert ammonium from e.g. urine to nitrate. Then
other bacteria convert nitrate to nitrogen gas under anoxic
conditions (oxygen not present) and hence nitrogen is re-
moved from the water. This implies, that the ideal process
requires both aerobic and anoxic periods or areas in the
tank. Hence advanced control of wastewater treatment
aims at turning aeration on and off in feedback loops to
secure good treatment (Zhao et al., 2004).

In this paper we suggest a novel stochastic Model Pre-
dictive Control (MPC) strategy which controls aeration
with respect to both the biochemical processes and elec-
tricity market. In other words we satisfy the wastewater
treatment requirements regarding treatment and equip-
ment constraints while we control electricity demand in
a flexible way that allows for trading electricity. Last, we
show through an example study that the control leaves
satisfactory effluent concentrations of the investigated nu-
trients, and that flexibility in power usage can be envoked.
Finally we show how different regulating prices influence
the flexibility and costs.

THEORY AND METHODS

We briefly describe how wastewater treatment can be
modelled using Stochastic Differential Equations (SDE).
Furthermore we resume the Nordpool electricity market



as an example case. Then, with respect to the market
design, the optimal control problem is defined, and finally
the numerical implementation is briefly mentioned.

Wasterwater Treatment: Applied SDE Modelling

SDEs are used in a wide range of applications. A general
form of an SDE is

x(t) = x0 +

∫ t

0

f(x(τ), u(τ)) dτ +

∫ t

0

g(x(τ), u(τ)) dω(τ),

or in short

dx(t) = f(x(t), u(t)) dt+ g(x(t), u(t)) dω(t), (1)

where x : R→Rnx denotes the states, x0 is the initial
distribution of the states, u : R→Rnu is the input variables
and ω : R→Rnω denotes a standard (possibly multivariate)
Brownian motion. Brownian motion is defined by its
independent increments which satisfy that for each s, t ∈
R, ω(t)−ω(s) is normally distributed with zero mean and
covariance I(t − s). f : Rnx×Rnu→Rnx is often referred
to as the drift function while g : Rnx×Rnu→Rnx×Rnω is
called the diffusion function.

SDEs provide a powerful stochastic continuous-time mod-
elling framework which can be used for both parame-
ter and state estimation (Kristensen et al., 2004). This
framework has been applied to wastewater treatment in
Halvgaard et al. (2017); Stentoft et al. (2018) where the
activated sludge model in Henze et al. (2000) is reduced
to a lower-order SDE model. Here, we use the model

dx1(t) = a1(a2 − x1(t)) dt

− u(t)a3
x1(t)

a4 + x1(t)
dt+ σ1 dω1(t),

dx2(t) = a1(a5 − x1(t)) dt+ a3u(t)
x1(t)

a4 + x1(t)
dt

− (1− u(t))a6
x2(t)

a7 + x2(t)
dt+ σ2 dω2(t),

(2)

Table 1. Example parameters of (2).

Shorthand Description Value Units

x1(0) Initial ammoinum conc. 1.12 mgN/L
x2(0) Initial nitrate conc. 0.87 mgN/L
a1 Incoming wastewater rate 0.00067 -
a2 Mean incoming ammonium 36.9 mgN/L
a3 Nitrification rate 0.073 mgN/L
a4 Monod kinetic constant 0.1 mgN/L
a5 Mean incoming nitrate 2.00 mgN/L
a6 Denitrification rate 0.300 mgN/L
a7 Monod Kinetic constant 7.84 mgN/L
σ1 Ammonium noise parameter 0.0085 mgN/L
σ2 Nitrate noise parameter 0.026 mgN/L

where the parameters are estimated from online measure-
ments from a WWTP using the estimation method given
in Kristensen et al. (2004) and applied to wastewater treat-
ment in Stentoft et al. (2018). The parameter estimates
and a short description are presented in Table 1.

The input function, u, in (2) is a binary-valued function,
which is 1 if the aeration system is activated and 0 oth-
erwise. This means that the system may be characterized
as a switched dynamical system where the optimal control
is related to control of switching times between the two
systems (Egerstedt et al., 2003).

The initial values, x(0) = (x1(0), x2(0))>, will in an online
implementation be estimated when new measurements
become available. However, in the simulations carried out
in the later case-study, these values will constitute the
initial values in the open-loop control problem.

The Nordic Electricity Market

In Northern Europe, electricity is traded in a common mar-
ket called Nord Pool which consists of 15 interconnected
price areas. The market which trades with the largest
volume is called the day-ahead market. Here, electricity is
purchased and sold for the upcoming day. When the day-
ahead market closes, the intra-day market opens. In this
market, electricity can be traded until 45 minutes prior to
the operating hour.

One of the primary challenges when operating transmis-
sion systems is to guarantee grid stability. The Nordic
Transmission System Operators (TSOs) have many meth-
ods for dealing with this challenge - one of them being
a common balancing market (EnergiNet, 2016). In the
balancing market, market participants have the option to
make a bid that defines how much a participant is willing
to change their production- or consumption schedule in a
given operating hour. The balancing market also closes
45 minutes prior to the operating hour. Hence, when
approaching the operating hour, the TSO has the pos-
sibility to activate balancing bids ahead of time and avoid
possible imbalances. Three scenarios can take place in the
balancing market:

(↑) If the imbalance is negative, there is a deficit of
electricity in the price area and hence an increase in
the production or a decrease in the consumption is
needed. This is called up regulation.

(↓) If the imbalance is positive, there is a surplus of
electricity in the price and hence a decrease in the
production or an in the consumption is needed. This
is called down regulation.

(−) If the imbalance is too small or the duration is too
short, the imbalance is not offered in the balancing
market.

In a situation with up regulation, electricity is sold while
in the situation with down regulation, electricity is pur-
chased. The structure of the balancing market requires
that the up regulation price is greater than the day-ahead
price while the down regulation price is lower than the day-
ahead price. Let p(t) denote the day-ahead price, p(↑)(t)
the up regulation price and p(↓)(t) the down regulation
price. We then have that

p(↓)(t) ≤ p(t) ≤ p(↑)(t). (3)

In Fig. 1 a Nord Pool price example of these prices is
shown. In the price area DK1, a large share of the total
production comes from wind turbines - this is a source of
energy which is very difficult to predict and hence one of
the primary reasons to imbalances - in Parbo (2014) it is
suggested that approximately 65% of the total imbalances
are due to forecast errors of the wind power production.

The Optimal Control Problem

In this section we define an optimization problem, which
can compute the optimal input signal, u. We will assume



Fig. 1. Nord Pool price example for DK1 for the first five
days of April 2018.

that u can be parameterized by

τ = {(τoff,k, τon,k)}Nk=0 , (4)

such that

u(t; τ) =

{
1, t ∈ [τon,k−1, τoff,k[, k = 1, ..., N
0, t ∈ [τoff,k, τon,k+1[, k = 0, ..., N − 1

, (5)

where we impose the cycle structure that we start with
the aeration being deactivated (i.e. that τoff,0 = 0). The
cycle parameters are ordered such that

τon,k ≤ τoff,k, k = 0, ..., N, (6a)

τon,k+1 ≥ τoff,k, k = 0, ..., N − 1. (6b)

The main objective of a WWTP is to remove nutrients
from incoming wastewater before discharging it back to
environment at a sustainable level at minimum operational
cost. A sustainable level is arguably depending on the
vulnerability of the environment where the wastewater
is discharged, and hence it is typical for a WWTP to
implement hard constraints on ammonium- and total-
N concentrations (here x1 and x1 + x2) in the effluent.
In this study hard constraints on concentrations are not
imposed, but rather, we define a cost on the discharge of
total-nitrogen to the environment which means that large
concentrations are preferably avoided. This is similar to
the current Danish legislation where discharge of total-N
is taxed by 30 DKK/kg-N. In addition to the cost related
to total-N, the cost of electricity related to the aeration
process is considered in the minimization of total cost
where we assume that the WWTP has the possibility to
bid (and be activated) in the balancing market.

To contain all of this into a univariate function, we propose
a scenario-based structure, consisting of:

• an up regulation scenario,
• a down regulation scenario,
• a neutral scenario, where no regulation is activated,

where each of the scenarios contain a set of cycle parame-
ters: τ (↑), τ (↓) and τ , respictively. In Fig. 2 we have made
a schematic overview of these cycle parameters.

Invariant of which scenario is active, the WWTP has to
trade electricity such that a nominal operation strategy
can be deployed. We define this nominal strategy as
the decision relating to the neutral scenario. Hence, the
electricity cost for each of the scenarios may be defined as

Fig. 2. Schematic overview of the cycle parameters, τ , τ (↑)

and τ (↓).

c
(0)
p (τ) =

N∑
k=1

∫ τoff,k

τon,k−1

p(t) dt, (7a)

c
(↑)
p

(
τ, τ (↑)

)
=

N∑
k=0

[∫ τ
(↑)
on,k

τon,k

p(↑)(t) dt+

∫ τoff,k

τ
(↑)
off,k

p(↑)(t) dt

]
, (7b)

c
(↓)
p

(
τ, τ (↓)

)
=

N∑
k=0

[∫ τon,k

τ
(↓)
on,k

p(↓)(t) dt+

∫ τ
(↓)
off,k

τoff,k

p(↓)(t) dt

]
, (7c)

where c
(0)
p (τ) denotes the electricity cost for the nominal

strategy, c
(↑)
p

(
τ, τ (↑)

)
denotes the electricity cost in the up

regulation scenario and c
(↓)
p

(
τ, τ (↓)

)
denotes the electricity

cost in the down regulation scenario. Hence, the expected
cost, cp, when participating in the balancing market is

cp

(
τ, τ (↑), τ (↓)

)
= c(0)p (τ)− θ(↑)c(↑)p

(
τ, τ (↑)

)
+ θ(↓)c(↓)p

(
τ, τ (↓)

)
,

(8)

where θ(↑) and θ(↓) denote the probability of the up- and
down regulation scenarios, respectively. Note that we have,

with probability one, to pay the cost c
(0)
p (τ) for the nom-

inal strategy, since this defines the consumption schedule
from which we can participate in the balancing market.

Note also that the minus sign in front of c
(↑)
p

(
τ, τ (↑)

)
is

due to the fact that this is electricity we sell. Similarly, we
define the taxation cost for the scenarios as

c
(0)
t (τ) =

∫ τon,N

τoff,1

(
x
(0)
1 (t) + x

(0)
2 (t)

)
dt (9a)

c
(↑)
t

(
τ, τ (↑)

)
=

∫ τ
(↑)
on,N

τ
(↑)
off,1

(
x
(↑)
1 (t) + x

(↑)
2 (t)

)
dt (9b)

c
(↓)
t

(
τ, τ (↓)

)
=

∫ τ
(↓)
on,N

τ
(↓)
off,1

(
x
(↓)
1 (t) + x

(↓)
2 (t)

)
dt, (9c)

where c
(0)
t (τ) denotes the taxation cost for the nominal

strategy, c
(↑)
p

(
τ, τ (↑)

)
denotes the taxation cost in the up

regulation scenario and c
(↓)
p

(
τ, τ (↓)

)
denotes the taxation

cost in the down regulation scenario. Note that this
formulation of the taxation amount assumes that the flow
of the incoming/outgoing water is constant over time. The
expected taxation cost is then given by

ct

(
τ, τ (↑), τ (↓)

)
=
(

1− θ(↑) − θ(↓)
)
c
(0)
t (τ)

+ θ(↑)c
(↑)
t

(
τ, τ (↑)

)
+ θ(↓)c

(↓)
t

(
τ, τ (↓)

)
,

(10)



where we for the taxation cost can’t be guaranteed to pay
the taxation cost for the nominal strategy (we might be
activated for up or down regulation) hence the multiplica-
tion with the probability, 1 − θ(↑) − θ(↓). Thus, the total
cost of operating the WWTP can be modelled as

c
(
τ, τ (↑), τ (↓)

)
= ct

(
τ, τ (↑), τ (↓)

)
+ cp

(
τ, τ (↑), τ (↓)

)
.

(11)

However, from an optimization perspective, c, is not a
suitable choice for objective function; c will prefer cycle
parameters which are as small as possible to minimize the
optimization horizon. To eliminate this preference, we con-
sider the time-averaged analogues of (7a)-(7c) and (9a)-
(9c). We define these time-averaged versions according to

ĉ(0)p (τ) =
c
(0)
t (τ)

τon,N
, (12a)

ĉ(↑)p

(
τ, τ (↑)

)
=
c
(↑)
p

(
τ, τ (↑)

)
τ
(↑)
on,N

, (12b)

ĉ(↓)p

(
τ, τ (↓)

)
=
c
(↓)
p

(
τ, τ (↓)

)
τ
(↓)
on,N

, (12c)

and

ĉ
(0)
t (τ) =

c
(0)
t (τ)

τon,N
, (13a)

ĉ
(↑)
t

(
τ, τ (↑)

)
=
c
(↑)
t

(
τ, τ (↑)

)
τ
(↑)
on,N

, (13b)

ĉ
(↓)
t

(
τ, τ (↓)

)
=
c
(↓)
t

(
τ, τ (↓)

)
τ
(↓)
on,N

. (13c)

Thus, we can define the optimal control problem as

min
τ,τ(↑),τ(↓)

ĉ
(
τ, τ (↑), τ (↓)

)
, (14a)

subject to(
τ, τ (↑), τ (↓)

)
∈ T , (14b)

ẋ(0)(t) = f
(
x(0)(t), u (t; τ)

)
, t ∈ [0, τon,N ], (14c)

ẋ(↑)(t) = f
(
x(0)(t), u

(
t; τ (↑)

))
, t ∈

[
0, τ

(↑)
on,N

]
, (14d)

ẋ(↓)(t) = f
(
x(0)(t), u

(
t; τ (↓)

))
, t ∈

[
0, τ

(↓)
on,N

]
, (14e)

where T defines the set of permissible cycle structures,
which might be constraints such as minimum- and max-
imum cycle length and minimum- and maximum levels
of flexibility bid to the balancing market via τ (↑) and
τ (↓). f is the system model which is given from (2). In
an actual application of the framework presented above
we would need to apply the principle of Nonlinear Model
Predictive Control as described in Brok et al. (2018) to
obtain a closed-loop control system, where we would solve
an optimization problem of the form (14a)-(14e) each time
we receive new measurements from the WWTP.

Numerical Implementation

The optimization problem (14a)-(14e) has been solved
in julia using ipopt (Bezanson et al., 2017; Wächter
and Biegler, 2006). ipopt is a gradient-based optimiza-
tion method - hence, the derivatives of the optimization

problem (14a)-(14e) have to be provided. The dynamical
systems (14c)-(14e) are switched dynamical systems which
implies that the gradient of the objective function can
be computed using the adjoint equations of the optimal
control problem (14a)-(14e) (Egerstedt et al., 2003). The
numerical method we have implemented is in the literature
often referred to as a single shooting method (Bock and
Plitt, 1984).

EXAMPLES AND DISCUSSION

The control strategy is tested with respect to the model
presented in (2) and parameters in Table 1. We assume
that T in (14b) is defined as the set containing the cycle
parameters satisfying the constraints defined in Table 2.
Note that these constraints are also implemented across
scenarios. We also assume that the following data is given:

(1) the day-ahead electricity price, p(t),
(2) up regulation price and probability, p(↑) and θ(↑),
(3) down regulation price and probability, p(↓) and θ(↓).

Table 2. Cycle parameter constraints.

Constraint Description Value

Minimum aeration length 6.0
Minimum no-aeration length 20.0
Maximum aeration length 60.0
Maximum no-aeration length 120.0

We will in the following simulation study assume that p is a
constant function of time with value 10 price units. Hence
we optimize costs with known prices and probabilities of
up- or down regulation. We also assume that it is only
the first cycle shift from on to off and the second cycle
shift from off to on that can be bid to the balancing
market. This means that T also imposes the constraints

τon,k = τ
(↑)
on,k = τ

(↓)
on,k for k ∈ {0, 1, 3, ..., N} and

τoff,k = τ
(↑)
off,k = τ

(↓)
off,k for k ∈ {0, 2, 3, ..., N}.

Nominal Control Strategy

In this, first, simulation, we assume that θ(↑) = θ(↓) = 0.
The resulting simulation is shown in Fig. 3. We observe
that when the aeration is on, the ammonium concentra-
tion, x1, decreases while the nitrate concentration, x2,
increases and vice versa when the aeration is off. From
3 we also observe that the accumulated cost is increasing
steadily over time with approximately 70% of the total cost
associated with the price of electricity. Finally, we note
that after the first cycle, the aeration cycles are repeated

Fig. 3. Baseline simulation showing the optimal control
given constant electricity price and no regulation.
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Fig. 4. Scenarios where regulation is expected and acti-
vated vs the nominal strategy as shown before.

with almost the same period. This is expected since the
price of electricity and the flow-rate are constant.

Up- and Down Regulation Scenarios

In the following simulations, we have two different scenar-
ios:

(↑) A scenario where the probability of being activated
for up regulation is θ(↑) = 1/10 at an up regulation
price of p(↑)(t) = 2p(t) = 20.

(↓) A scenario where the probability of being activated
for down regulation is θ(↓) = 1/10 at an up regulation
price of p(↓)(t) = 0p(t) = 0.

Note that for the (↓)-scenario, there is a small probability
that the WWTP can consume electricity for free.

From Fig. 4 we see that for both scenarios it is a long
term beneficial strategy to participate in the balancing
market (given that you are activated). We observe that
the total cost, relative to the nominal strategy shown in
Fig. 3, is ≈ 50 price units less than the nominal cost for the
nominal strategy without probability of activation. From
Fig. 4 we can also note that after the initial activation, the
strategies re-prioritize reducing the total concentration of
the nutrients and that the concentrations converge towards
the result of the nominal strategy. In Fig. 5 we see that
the nominal strategies with balancing market participation
have a total cost which is very close to the cost of the
nominal strategy with no participation. This is a desired
property, since we don’t want to impose a risk of huge total
cost of the nominal strategies which primarily will define
the state of operation.

Flexibility Diagram

To illustrate how flexibility can be invoked in the control,
the effect of different up- and down regulation prices
is investigated. In Fig. 6 we have shown a flexibility
diagram. This diagram shows how much flexibility the
method builds into the system for different up- and down
regulation prices and how these additional strategies affect
the nominal cost, expected cost and regulating cost. The
flexibility diagram is generated based on:

(↑) In the up regulation region, the probability of being
activated for up regulation is θ(↑) = 1/10.

(↓) In the down regulation region, the probability of being
activated for down regulation is θ(↓) = 1/10.
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Fig. 5. Scenarios where regulation is expected but not
activated vs the nominal strategy as shown before.

We observe in fig. 6 that larger savings are expected as the
regulation prices becomes more favorable (relative to the
fixed day-ahead price) and that the nominal cost is flat
with increased sensitivity towards down regulation.

The flexibility diagram depends on the parameters used
in the prediction model in (2) and the probabilities and
prices used. Thus in an online application, parameters are
expected to be frequently updated and hence the flexibility
diagram will also change. Also, the framework presented
in this paper assumes that the scenario probabilities are
invariant over time, this is however by no means a neces-
sary assumption. Hence, we imagine that these could be
generated from forecasts of the balancing market (even
though this is a very difficult market to predict). For
closed-loop strategies, where we rely on feedback to get
efficient operation, we imagine that flexibility diagrams
might be key tool in aggregation of multiple WWTPs
where the total consumption and flexibility is traded in
the day-ahead, intra-day and balancing markets. In appli-
cations of the optimization method, we would also need to
consider how to realistically mimic the market structure
of the Nordic electricity markets.

Lastly, we remark that the presented optimization method
only considers biological nitrogen removal. An extension to
include biological phosphorous removal would be useful for
many WWTPs. Furthermore, legislation in many countries
requires that ammonium and total-nitrogen are kept below
a certain limit (i.e. hard constraints on x1 and x1 + x2).
For improved applicability this should also be included in
future implementations.

Fig. 6. Flexibility diagram showing the effect of changing
the up- and down regulation price. Price level 10.0
corresponds to no regulation (or regulation price equal
zero)



CONCLUSION

In this paper we presented a novel stochastic model
predictive control strategy of wastewater aeration for
cost-efficient and sustainable treatment. The optimization
model trade-off taxation cost of nutrients discharged into
the environment with the cost of operating the WWTP.

The output from the optimization model is a nominal
strategy and strategies for up- and down regulation, re-
spectively. We show via a simulation study, that by allow-
ing the optimization model to utilize the balancing market,
the operational costs can be decreased compared to only
considering a nominal strategy with no participation in the
balancing market. The simulation study also shows that
after the activation period, the regulation-based strategies
converges (over time) to the nominal strategy. We fur-
thermore suggest a flexibility diagram which shows how
different up and down regulation price levels influence the
operational costs and flexibility. Furthermore it is sug-
gested that this can be a tool for aggregation of multiple
WWTPs.

Finally we consider this paper as a step towards in-
tegrating wastewater treatment in the balancing mar-
ket(s). Ultimately, our approach can help wastewater
treatment operation adjust to rapid changes in electricity
supply/prices and thereby make them more resilient to
increasing amounts of renewables in the transmission grid.
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Abstract: The environmental impact related to alternating activated sludge processes 

(ASP) includes both global warming potential (GWP) and eutrophication. Here we present 

a model predictive control approach which minimizes this impact, calculated as CO2-

emissions related to electricity production, nitrous oxide emissions from the ASP and 

eutrophication related to discharge of ammonium and nitrate. We compare solutions for 

two different set of assumptions regarding released nitrous oxide and eutrophication 

impact. This results in controls with different resulting emissions and hence we show that 

the strategy can be used to prioritize environmental impacts.  

Keywords: Model predictive control; Optimization; Activated Sludge Process; Environmental impact  

Introduction 

The activated sludge process (ASP) is widely applied for biological removal of 

nitrogen from wastewater. Aerobic processes require oxygen as electron acceptor, 

which is transferred to wastewater through aeration processes. Thanks to the 

nitrification-denitrification processes, nitrogen is transferred from wastewater (where 

it is mostly in the ammonium form) to the atmosphere (mainly as N2) or sequestered 

into the biomass. This is an important part of municipal wastewater treatment because 

the reduction of large nutrient-loads protects recipients against eutrophication.  

However, a fraction of the nitrogen released to atmosphere is Nitrous Oxide (N2O) 

(IPCC, 2006) which is a strong greenhouse gas (GHG) with approximately 300 times 

the global warming potential (GWP) greater than CO2. Furthermore, the aeration 

process, adding air to the wastewater, requires large amounts of electricity. Depending 

on the electricity production mix (wind, coal, hydro, etc.), this process results in 

different GHG-emission ranges, as shown in Table 1.   

As one of the overall goals for wastewater treatment is to protect the environment, an 

optimal control of the ASP should not only consider the water compartment, but it 

should aim at reducing emissions to different environmental compartments and 

various impact categories. In this contribution we suggest a predictive optimization 

method which takes both eutrophication and GWP into account for minimizing the 

environmental impact related to alternating control of ASP-based plants. 

Table 1: Summary of GHG emissions from electricity production in Denmark from 2018-08-28 to 201

9-02-18. The unit is g-CO2-eq/kWh as an average over 5 minutes. Source Energinet (2019) 

 Min Mean Median Max 

CO2-emission [g-CO2-eq/kWh] 38 181 166 461 
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Methodology 

“Green MPC” is here a short term that refers to a Model Predictive Control (MPC) 

strategy which considers environmental impact rather than costs. Hence to execute 

such a strategy in an alternating ASP, a prediction model that estimates the effect of 

aeration control and an objective function that defines desirability of control are 

needed. In the following these are described. 

Ammonium and nitrate concentrations in an alternating ASP can be predicted by 

using Stochastic Differential Equations (SDE) with the structure suggested by Stentoft 

et al. (2018). Here changes in ammonium (NH4), nitrate (NO3) and available oxygen 

are modelled as three coupled differential equations. The signal controlling aeration 

(𝑶) goes into the oxygen state. The system of SDEs is showed in Equation (1) to (3) 

 

𝑑𝑆𝑁𝐻4
≈ −𝜃1 (

𝑆𝑁𝐻4

𝐾𝑁𝐻4,𝐴𝑁𝑂+𝑆𝑁𝐻4

) 𝑆𝑂,𝑀𝑂𝑑𝑡 + (𝑟𝑐 + 𝜌𝑄)(𝜇𝑁𝐻4,𝑖𝑛 + Σ𝑖=1
𝑛=2[𝑠𝑖 sin(𝑖𝑤𝑡) +

𝑐𝑖 cos(𝑖𝑤𝑡)] − 𝑆𝑁𝐻4
)𝑑𝑡 +  𝜎11𝑑𝜔1   (1) 

𝑑𝑆𝑁𝑂3
≈  𝜃1 (

𝑆𝑁𝐻4

𝐾𝑁𝐻4,𝐴𝑁𝑂+𝑆𝑁𝐻4

) 𝑆𝑂,𝑀𝑂𝑑𝑡 − 𝜃2 (
𝑆𝑁𝑂3

𝐾𝑁𝑂3,𝑂𝐻𝑂+𝑆𝑁𝑂3

) (1 − 𝑆𝑂,𝑀𝑂)𝑑𝑡 + (𝑟𝑐 +

𝜌𝑄)(𝜇𝑁𝑂3,𝑖𝑛 − 𝑆𝑁𝑂3
)𝑑𝑡 +  𝜎22𝑑𝜔2   (2) 

𝑑𝑆𝑂,𝑀𝑂 ≈  − (𝜃3 + 𝜃4 (
𝑆𝑁𝐻4

𝐾𝐶𝑁𝐻4,𝐴𝑁𝑂+𝑆𝑁𝐻4

)) 𝑆𝑂,𝑀𝑂𝑑𝑡 + 𝑘1𝑂(𝑆𝑂,𝑀𝑂𝑚𝑎𝑥 − 𝑆𝑂,𝑀𝑂)𝑑𝑡 +

𝜎33𝑑𝜔3  (3) 

 

The equations represent a simplified version of ASM1 (Henze et al 1987) and hence 

they can be interpreted as a combination of nitrogen mass-balances and Monod 

kinetics governing the N-removal. Incoming Nitrogen is modelled by as flow to the 

tank arriving with rate 𝑟𝑐 + 𝜌𝑄. Uncertainty is managed by the derivative of Brownian 

motion (𝑑𝜔𝑖) which is also referred to as a Wiener process. Several frameworks for 

estimating parameters in such a model. Here we use a framework which allows for 

fast updates and hence utilizes the online setting (with real time data). The framework 

is described by Kristensen et al. (2004) It uses an objective function that is based on 

maximum likelihood where the conditional probability of observing the parameters 

(given observations) is calculated from both model noise and measurement noise. The 

updating of the model with new observations is managed by an extended Kalman 

filter. The implementation is managed using the R-package; CTSM (2018) and it is 

described in Stentoft et al. (2018) where the implementation related to this specific 

model (in (1) to (3)) is presented. 

The above stochastic ASM is previously used for predictive control in Stentoft et al., 

(2019) and a similar version is used in Brok et al. (2019). In these studies costs in 

terms of aeration electricity consumption and effluent nitrogen taxation are minimized 

with respect to a parameterized aeration signal. Here the aeration signal is 

parameterized similar to Brok et al. (2019) where sigmoid functions describe aeration 

starting and stopping times (to accommodate alternating operation of the ASP 

aeration needs to be switched “on” and “off”). The parameterized aeration can be 

described as presented in (4) 
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O(t|τi,j) = ∑  
1

(1+𝑒
−𝑘(𝑡−𝜏𝑖,1)

)(1+𝑒
𝑘(𝑡−𝜏𝑖,2)

)

𝑁
𝑖=1     (4) 

This parameterization is the sum of the product of two sigmoid functions. When 

setting the parameter k sufficiently large, this implies that O(t|τi,j)is 1 when 𝑡 > 𝜏𝑖,1 

and 𝑡 < 𝜏𝑖,2 and 0 elsewhere. The summing over N cycles allows for more switching 

on and off and hence longer optimization horizons. To secure feasible control signals 

where aeration is turned on and off within reasonable time limits, we constrain the 

length of aeration periods and periods without aeration as presented in (5) to (6)  

Aon,min   ≤ τi,2 − τi,1 ≤  Aon,max   (5) 

Aoff,min   ≤ τi+1,1 − τi,2 ≤  Aoff,max   (6) 

Now the effect of control on the ASP in terms of changing τi,j can be estimated by 

inserting O(t|τi,j) into (3) and thus an arbitrary MPC objective function can be 

evaluated.  

Here the purpose is to minimize environmental impact of the ASP by using predictive 

control. Hence we define environmental impact of the ASP as eutrophication potential 

and GWP. We note, that this is a limitation which ignores some impacts, including 

acidification. Furthermore, we only consider nitrogen in the following forms: 

ammonium (NH4), Nitrate (NO3) and Nitrous Oxide (N2O). Hence the control with 

minimal environmental impact is found as the solution to (7) with respect to the soft 

constraints in (8) and the hard constraints in (5) and (6). 

 

min𝜏𝑖𝑗
∫ [GWPCO2(O(t|τi,j), ECO2

)/C1 + GWPN2O(NH4(O(t|τi,j)), PN2O, CN2O)/
t0+x

t0

C1 + Eut(NH4(O(t|τi,j)), NO3(O(t|τi,j)), CNH4
)/C2]dt  (7) 

Subject to 

 𝐸[𝑁𝐻4]24ℎ ≤ 𝐿1 ,    E[NH4 + NO3]24h ≤ L2 (8) 

Where the components are further described and presented in Table 2. This 

formulation implies that the optimal aeration signal can be found by predicting 

ammonium and nitrate as a function of τi,j concentrations with an adequate solver. 

Table 2: Components used in the optimization of environmental impact 

Name Short description Value range 

C1 Conversion factor from CO2-eq to comparable environmental 

impact as given by Miljøministeriet (2005)  

[9.135;9.744]tonnes-

CO2-eq/pers/year 

C2 Conversion factor from NO3-eq to comparable environmental 

impact as given by Miljøministeriet (2005) 

[120.65;399.32] kg-

NO3-eq/pers/year 

CN2O Conversion factor from released N2O to CO2-eq 310 CO2-eq/N2O 

CNH4 Conversion factor from released NH4 to NO3-eq 3.64 NO3-eq/NH4 

ECO2 The GWP related to electricity production as given by Energinet 

(2019)  

[38;461]CO2-

eq/kWh 

Eut Calculation of eutrophication potential of released NH4 and NO3   

𝐸[𝑁𝐻4]24ℎ The mean value of effluent ammonium over 24 hours  
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𝐸[𝑁𝐻4

+ 𝑁𝑂3]24ℎ 

The mean value of effluent ammonium plus nitrate over 24 hours  

GWPCO2 Linear conversion of a given control sequence to the related GWP  

GWPN2O Linear conversion of removed NH4 to released N2O and 

conversion to corresponding CO2-eq 

 

L1 The legislational requirement for effluent ammonium [1; 4]mgN/L 

L2 The legislational requirement for total – N [6; 10]mgN/L 

NH4,NO3 Predictions of ammonium and nitrate as a function of O.  [0;10] mgN/L 

O The decision on when to turn aeration on and off during the 

optimization period.  

0: aeration off 

1: aeration on 

PN2O Percentage of removed NH4 that is converted to N2O as given by 

IPCC (2006) and Delre (2018) 

[0.035; 5.2] % 

x Length of period to optimize control 24 hours 

 

To illustrate how different constants and electricity production GWP effect how 

optimal control looks, We use data from a medium sized (30.000 PE) recirculation 

plant with alternating operation. Online measurements (ammonium and nitrate 

concentrations, aeration signal) provide the data background for fitting a model of the 

plant as described in Stentoft et al (2018).  

we look at two different scenarios, S1 and S2: 

 S1 puts a higher weight on CO2-eq from N2O, assuming that 1% of N is 

transformed into N2O (PN2O = 1%). Eutrophication potential is calculated 

using C2 = 399.32 kg-NO3-eq/pers/year  meaning that it is weighted less 

 S2 puts a lower weight on CO2-eq from N2O, assuming that 0.035% of N is 

transformed into N2O (PN2O = 0.035%). Eutrophication potential is calculated 

using C2 = 120.65 kg-NO3-eq/pers/year meaning that it is weighted more 

In both scenarios a GWP conversion, C1 = 9.44 tonnes-CO2-eq/pers/year, is used. 

Results and Discussion  

Figure 1 shows the results of the control scenarios resulting in minimal environmental 

impacts under scenario S1 and S2, subdivided into the components of the objective 

function (eq. 1). It is seen that the magnitude of the different components of the varies 

heavily depending on the assumptions regarding normalization and production of 

nitrous oxide. The totals are found to 0.0513 for S1 and 0.0794 for S2. In Table 3 we 

calculate the relative difference between the resulting control of the two 

minimizations by assuming the same constants govern the eutrophication and nitrous 

oxide production.  

In Table 3 we see the relative difference between S1 and S2. S1 prioritizes GWP more 

and hence CO2 emissions related to electricity consumption and nitrous oxide 

emissions are lower in S1. On the other hand, eutrophication potential is lower in S2 

as expected because of the difference in C2. This indicates that the optimization is 

driven towards minimizing the effluent concentration and hence minimizing the 

environmental impact caused by eutrophication. 
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Figure 1 The optimal control with respect to S1 and S2 divided into the components of the objective 

function (1). Note that there are large differences in the contributions of Eutrophication and GWP 

(related to nitrous oxide) in the two scenarios. 

Table 3 Summary of differences between S1 and S2. Percentages are S1 relative to S2. 

Difference in CO2-eq emissions related to GWPCO2 -5% 

Difference in N2O emissions as calculated in GWPN2O -1.2% 

Difference in Eutrophication in NO3-eq +13% 

 

However, this is strongly impacted by the assumptions of the value of C2, which 

should be carefully considered, when making these types of optimization and 

evaluations. Hence it indicates that different environmental impacts can be prioritized 

in the control of an ASP by choosing weights and constants adequately to the case. 

We remark that some components are not included or simplified in this optimization 

and thereby leaving space for further development. This includes acidification related 

to effluent ammonia and GWP related to methane and CO2 emissions from the ASP. 

Furthermore nitrous oxide emissions are estimated using a fixed rate, and hence the 

dynamics of nitrous oxide production are not caught. This implies that for improved 

model predictive control, states governing released N2O should be included in the 

SASM. Lastly, comparisons with an economic MPC would benefit a discussion of 

“optimal control” as it would highlight the related costs.   

Conclusions  

A predictive control strategy that optimizes environmental impact from activated 

sludge processes (ASP) is developed. The strategy is tested with two different 

assumptions regarding nitrous oxide emissions and eutrophication. Comparison shows 

a difference in global warming potential and eutrophication potential, and hence this 

is considered a step towards prioritizing different environmental impacts in the ASP. 
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Abstract: This study is a proof-of-concept of a stochastic Model Predictive Control (MPC) strategy for effluent 

phosphorus concentration in municipal wastewater treatment. Firstly, a simple data-driven model providing adequate 

predictions of phosphorus was created and demonstrated using grey-box modelling tools. Secondly, the model was used 

to find the optimal aeration control upholding legal requirements within a fixed amount of computation time. The 

optimal control is here considered the cheapest control in terms of electricity costs with variable electricity prices and 

effluent taxes on phosphorus. Tests of the stochastic MPC revealed that variable pricing yielded reductions in 

operational costs of ~ 20 %, compared to a fixed mean price scenario. Furthermore, results showed significant 

reductions (~ 45 %) in operational costs compared with a rule-based control. 

Keywords: Stochastic MPC; Aeration control; Wastewater treatment; Activated Sludge Process. 

Introduction 

Wastewater treatment is a vital process in modern societies and uses a significant amount of 

resources for the sufficient treatment of incoming water. It is estimated that up to 4 % of the total 

electricity produced is used to power Wastewater Treatment Plants (WWTPs) (Longo et al. 2016), 

whereof up to 70 % is used to power aeration equipment in the biological treatment step (Longo et 

al. 2016). Treatment plants described and modelled in this study utilise alternating operation to 

satisfy the Biological Oxygen Demand (BOD) of microorganisms in the Activated Sludge Process 

(ASP) (Henze et al., 1990; Kayser, 2008). Currently, methods for controlling aeration equipment 

are primarily focused on keeping the contents of nutrients at constant low levels (e.g. Nielsen and 

Onnerth, 1995), which may be suboptimal in terms of costs and exploitation of green energy. 

Furthermore, a stochastic Model Predictive Control (MPC) strategy for nitrogen has been developed 

(Stentoft et al., 2019), however, this does not include phosphorus, and consequently an important 

nutrient is missing in the optimisation. Complex models such as the Activated Sludge Models 

(ASM 1 and 2) (Henze, 1986; Gujer et al., 1995) and Anaerobic Digestion Model 1 (ADM 1) 

(Batstone et al., 2002) describe these interactions in detail, but are unsuitable for direct 

implementation. Instead, a simple model describing the essential processes governing phosphorus 

content during the ASP will be developed. Hence, this study suggests (i) a stochastic and adaptive 

model for accurate predictions of effluent phosphorus and (ii) a stochastic MPC strategy used with 

forecasts of electricity prices, to plan aeration accordingly. Due to the dynamic nature of wastewater 

treatment, the stochastic MPC should be updated sufficiently frequent to maintain the desired 

behaviour. To this end, optimising model parameters and planning aeration control will be 

accomplished within a 10-minute time frame, using consumer grade hardware. Ultimately, it will be 

demonstrated how the strategy allows phosphorus concentrations to vary, while constraints ensure 

that effluent phosphorus is always kept within required limits.  

Material and Methods 

This study employs a stochastic grey-box modelling approach to construct a model for use in 

stochastic MPC. The data used for constructing the model originates from the Nørre Snede WWTP 

in central Jutland, and includes online sensor measurements of phosphorus concentrations, the 

oxygen setpoint used for aeration, and measurements of the inflow rate. The plant is controlled with 

alternating operation of the ASP as described by Nielsen and Onnerth (1995). These measurements 



were taken over a 2-month time span from September to November of 2016. Furthermore, hourly 

electricity prices from Nord Pool A/S during this time period were used (Nord Pool A/S, 2019). 

The model was built using data analysis tools, i.e. hypothesis tests, residual analysis etc., as well as 

by drawing inspiration from physical, deterministic models, such as the ASM 2 and similar 

stochastic models for ammonium and nitrate suggested by Stentoft et al. (2018). A forward 

selection strategy was employed in the modelling process to gradually expand on the initial model, 

chosen to be a one-dimensional Ornstein-Uhlenbeck process (Thygesen, 2016). This type of model 

was chosen as it is easy to identify the rate and mean parameters of the process, and this structure 

was preserved throughout the modelling process. 

To utilise some of the features of the ASM 2, such as Monod kinetics, some assumptions were 

made during the modelling procedure: 

 

 The influence from temperature and alkalinity is assumed constant/negligible. Seasonal 

variations, particularly regarding temperature, may have some influence, but is not 

traditionally included in models governing the ASP (Gujer et al, 1995; Henze, 1986). Rapid 

changes in alkalinity may occur during rainfall, but periods with rainfall have been excluded 

from data. 

 The change in active Phosphorus Accumulating Organisms (PAO) and other heterotrophic 

organisms is sufficiently slow to be considered constant (Henze, 1986). Slow processes are 

further accounted for indirectly, by frequently updating model parameters. 

 Other nutrients, such as nitrate and ammonium, do not influence phosphorus content. 

 

The phosphorus concentration is exclusively described by oxygen content and inflow in this study.  

The proposed model consists of three states described by coupled Stochastic Differential Equations 

(SDEs). To fit this model to the data, the Extended Kalman Filter (EKF) is used, which provides 

predictions for each state, and the parameter values are estimated by approximate Maximum 

Likelihood (Jazwinski, 1970). This is accomplished through the “CTSM-R” package for R (CTSM-

R Development team, 2018). We propose a model relating the oxygen control input to phosphorus 

concentration using a hidden state representing oxygen saturation. The primary focus during 

development was on relating oxygen supply (the controlled variable) with phosphorus 

concentration, by using the oxygen setpoint for constructing the artificial oxygen state. Therefore, 

the impact of other treatment methods than the biological, such as chemical precipitation, is not 

investigated or incorporated into the model in this study but provides a basis for further studies. 

Predictions for future phosphorus concentrations are based on the model, and optimal control of 

aeration is planned from these predictions. This poses a constrained optimisation problem, with 

constraints given by aeration equipment and legislation related to phosphorus content in the 

effluent. Aeration during the ASP is then optimised based on the following factors: the outflow rate, 

the electricity price, and the phosphorus emission tax. This optimisation problem is solved by using 

a Genetic Algorithm (GA) available in the “rgenoud” package in R (Mebane et al, 2011).   

The stochastic MPC was tested in a simulation study, by simulating new measurements 

corresponding to the adaptively optimised aeration control. 

Results and Discussion  

Using standard notation for SDEs (Øksendal, 2007), the model developed for the study is given by 

𝑑𝑆𝑃𝑂4,𝑡 = (𝜃1(𝜇1,𝑡 − 𝑆𝑃𝑂4,𝑡) −
𝜃2𝑆𝑃𝑂4,𝑡

𝜃2𝑘1 + 𝑆𝑃𝑂4,𝑡
𝑆𝑂2,𝑡) 𝑑𝑡 + 𝜎1𝑑𝑊1,𝑡 

𝑑𝑆𝑂2,𝑡 = (𝜃3 (𝑘𝑂𝑡(1 − 𝑆𝑂2,𝑡) −
𝜃2𝑆𝑃𝑂4,𝑡

𝜃2𝑘1 + 𝑆𝑃𝑂4,𝑡
𝑆𝑂2,𝑡)) 𝑑𝑡 + 𝜎2𝑑𝑊2,𝑡 

𝑑𝜇1,𝑡 = 𝜎3𝑑𝑊3,𝑡 



 

Here 𝑆𝑃𝑂4,𝑡 describes the concentration of phosphorus during wastewater treatment, and 𝑆𝑂2,𝑡 

describes the oxygen saturation of the water, ranging from 0 to 1 effectively. 𝑂𝑡 is the binary 

aeration signal; 0 represents no aeration and 1 indicates some degree of output from the aeration 

compressors. All 𝑊𝑖,𝑡 are standard Brownian Motions. 

Parameters 𝜃1, 𝜃3, and 𝑘, can be interpreted as rate parameters determining the speed of some of the 

processes during treatment. 𝜃1 determines the accumulation speed of phosphorus as it converges 

towards the mean inflow level 𝜇1,𝑡. The 𝑘 and 𝜃3 parameters should be examined in conjunction, as 

𝜃3 specifies the convergence speed towards an oxygen deficient state (when 𝑂𝑡 = 0), and 𝜃3𝑘 

describes the build-up rate of oxygen. As such, 𝑘 indicates the effectiveness of the aeration 

equipment, relative to the consumption of oxygen in the ASP. The Monod term present in both the 

phosphorus and oxygen state acts as a switch, which constitutes the inverse relation between them. 

Parameters 𝜃2 and 𝑘1 determine the cut-off of the switch, and 𝜃2𝑆𝑂2,𝑡 is the gain. Because oxygen 

content is restricted between 0 and 1, this factor is simply a down-scaling of 𝜃2. If no aeration is 

performed, 𝑆𝑂2,𝑡 simply converges towards 0, and phosphorus content converges towards the inflow 

𝜇1,𝑡. 𝜇1,𝑡 is modelled as random walk, because the deterministic diurnal pattern of inflow did not 

have an apparent effect on the phosphorus content at the WWTP in question. Introducing some 

random variation in the inflow proved fruitful, leading to the described model. Naturally, inflow is 

expected to have an effect in WWTPs in general, and further studies should determine how to 

incorporate inflow appropriately in the model. 

 

To demonstrate the performance of the model, a plot of out-of-sample predictions can be seen in 

figure 1. It is seen that the model is able to capture the general variation in the data, only 

underestimating the phosphorus concentration during peaks slightly. As such the system of SDEs is 

able to describe variation in phosphorus during wastewater treatment, under normal conditions, by 

using a relatively simple model. Predictions from the model will thus form a basis for reliably 

planning aeration control with reasonable precision, up to a day ahead. 

 
Figure 1: Out-of-sample predictions up to one day ahead by using the described model. The black vertical line indicates 

the transition from training set to out of sample measurements. 

 

To ensure that the proposed model is generally applicable, performance is verified using data from a 

WWTP in Kolding. This WWTP is much larger in size, load, and inflow rate, than the WWTP in 

Nørre Snede, thus facing different challenges. The alternating control strategy is also different, as it 



has a diurnal pattern with rapid aeration cycles during the morning. Furthermore, phosphorus 

content exhibits a stronger dependence on the volumetric inflow to the aeration tank than was seen 

in the original data. 

 

 
Figure 2: Out-of-sample predictions up to one day ahead by using the described model on data from the WWTP in 

Kolding. The black vertical line indicates the transition from training set to out of sample measurements. 

  

As was the case for Nørre Snede, the model is able to describe the overall variation in data. 

However, the model struggles slightly when predicting concentrations during the morning, where 

aeration control is performed much more rapidly. 

 

Based on the predictions, an aeration control signal for the following day can be constructed by 

using the GA on the constrained optimisation problem posed by aeration. This optimisation 

problem can be summarized by the following equations, with �̂�𝑡 describing the phosphorus 

concentration in the wastewater, 𝑈1,𝑡 as the aeration control signal, and 𝑈2,𝑡 as the (volumetric) 

outflow. 

 

min
𝑈1,𝑡

𝐶1(𝑈1,𝑡+𝑀) + 𝐶2(�̂�𝑡+𝑀, 𝑈2,𝑡+𝑀)     

𝑠. 𝑡.    𝑈1,𝑡+𝑀 ∈ 𝐼 

        ∑ �̂�𝑡+𝑖

𝑀

𝑖=1

< 𝑝 

where 𝑈𝑡+𝑀 = [𝑢𝑡+1, 𝑢𝑡+2, . . . , 𝑢𝑡+𝑀]and �̂�𝑡+𝑀 = [�̂�𝑡+1|𝑡, �̂�𝑡+2|𝑡 , . . . , �̂�𝑡+𝑀|𝑡]. Here M is the 

prediction horizon, in this study chosen to correspond to 24 hours of data points. 𝐶1() and 𝐶2() are 

cost functions associated with electricity consumption and phosphorus emission respectively. The 

constraints for proper equipment handling are defined by I, and p is the legal limit on the daily 

average phosphorus emission.  

In the implementation of this constrained problem, the legal limit is incorporated in the form of a 

(very large) penalty term in the objective function. Alternatively, the penalty term could be altered 

to represent the costs associated with the chemical precipitation required to reduce phosphate 

content to a satisfactory level. 



To present the performance of the stochastic MPC, several tests were designed to provide a realistic 

perspective into the performance for situations with little time between updates to aeration control. 

The tests consisted of a day of continually refitting the model to incoming data, planning aeration 

control by solving the constrained optimisation problem, and simulating data from the model. The 

cost associated with phosphorus emission was set to 165 DKK/kg PO4 (the emission tax in 

Denmark), and forecasts of outflow were based on a diurnal (sinusoidal) pattern. Furthermore, two 

different electricity price scenarios were used during testing. Firstly, the actual electricity prices at 

the time of data recording were used, taken from the Nord Pool A/S database. Secondly, an artificial 

price scenario was generated to assess the performance of the MPC during extreme price variations. 

Both of these scenarios were also tested against an equivalent fixed price scenario, where the 

electricity price was set to the mean price of the given scenario. 

 
Figure 3: Resulting plots from 1 day of testing the stochastic MPC strategy using the Nord Pool spot prices (left 

column) and the artificial prices (right column). Hourly aeration percentage is defined as the percentage of time spent 

aerating, measured every hour. Measurements of phosphorus were simulated using an Euler scheme with 𝛥𝑡 =
1

1000
 

(Iacus, 2008). 

The outflow in the WWTP is identical for both tests on the stochastic MPC; hence the price of 

electricity is the only varying factor when comparing the two. The difference in price range between 



the two scenarios has some interesting implications for the stochastic MPC strategy. Most notably, 

it means that emitting phosphorus is comparably cheaper when using the artificial price scenario 

rather than the real (Nord Pool) prices. It is also noted that the Nord Pool prices follow a very 

similar diurnal pattern to the outflow, as demand for electricity increases when the general 

population is awake. 

Examining the aeration percentages, it is seen that the variance is much higher for the artificial 

prices, as a direct result of the generally larger variation in price. For the Nord Pool prices, very 

little aeration is performed during the first 6 hours of testing, during which the electricity prices 

peak. Aeration is performed much more frequently in the period with low prices but is only 

decreased slightly in the period of mid-high prices. This behaviour is a result of a period of high 

outflow, where costs can be reduced further by reducing phosphorus concentration through aeration. 

The reduced emission is visible as well, and the peak in phosphorus emission/concentration is much 

less distinct than what is expected from the outflow curve. Generally, the discharged phosphorus 

graph has a very similar behaviour to the electricity price scenario, and only deviates slightly in the 

aforementioned time span.  

In the artificial price scenario, aeration seems to be more dependent on the electricity price. The 

hourly aeration percentage remains quite high during periods of low electricity price, even when the 

outflow is low, as it is affordable. During the peak in electricity price aeration is kept at a minimum, 

and as a result, phosphorus concentration increases rapidly.  

These tests, along with the corresponding fixed price tests can be seen in table 1. 

 
Table 1: Table of measures for the tests on variable pricing and corresponding fixed price tests. The tests were 

performed on a computer with an i7-3770 CPU and 8 GB DDR3 RAM. 

Pricing Cost 

(DKK) 

Aeration 

time (min) 

Phosphoru

s emitted 

(g/day) 

Average 

comp. time 

(s) 

Max comp. 

time (s) 

Artificial 125.25 596 62.79 363.4 1027 

Fixed 

Mean 

157.89 492 118.9 324.2 525.0 

Nord Pool 

A/S 

62.05 452 82.42 308.3 529.3 

Fixed 

Mean 

74.63 464 150.1 269.6 391.0 

 

The cost of using variable compared to fixed pricing, is significantly lower in both scenarios. For 

the artificial pricing signal, the reduction in cost is approximately 20 %, and using real-life variable 

prices yielded a reduction of around 16 %. The total aeration time using the artificial variable 

pricing is much higher than the fixed price test, which in addition to the significantly lower 

phosphorus emission, shows how powerful the MPC strategy can be with variable prices. While not 

as pronounced, similar results are seen in for the price scenario from Nord Pool A/S. Here, similar 

aeration times with significantly lower phosphorus emission illustrates the MPC's ability to adapt to 

changes in the outflow rate as well. 

Regarding computation times, it was seen that the 10-minute time frame was exceeded, but only in 

6 out of the 144 iterations of the MPC, and only for the artificial variable pricing. Furthermore, it 

should be noted that tests were performed on older consumer-grade hardware, and much faster 

computation times are expected from industrial hardware. Thus, overall the results show that 



variable pricing performs favourably compared to fixed pricing, and results in lower operational 

costs, albeit slightly longer computation times. 

 

Comparisons between the MPC and the currently in use Rule Based Control scheme (RBC) 

(Nielsen & Onnerth, 1995) are also performed, by upscaling the variable prices to include tariff 

costs, as seen in Table 2. 
 

Table 2: Table showing comparison of cost, aeration time, and phosphorus emission for the variable priced MPC and 

the current fixed price controls.  

Control Cost (DKK) Aeration time (min) Phosphorus emitted (g/day) 

MPC 117.64 452 82.42 

RBC 216.13 502 92.92 

 

This comparison is not entirely fair, given that the measurements used for the MPC are simulated 

from the model itself. Furthermore, the RBC is based on other nutrients besides phosphorus. 

Nonetheless, the results clearly show that combining the MPC approach with variable pricing on 

electricity has the potential to greatly reduce the operational costs for a WWTP. The similar 

aeration time and phosphorus emitted, achieved at a substantially lower cost, also shows the 

strength of the MPC approach. Being able to keep phosphorus emissions low during periods of high 

inflow and utilising the, at times, lower electricity prices, can reduce operational costs significantly.  

Conclusions 

The study finds that even by using relatively simple stochastic models for describing the 

concentration of phosphorus during wastewater treatment, sufficiently accurate predictions on 

phosphorus can be made. By combining the model with an adaptive approach for fitting and 

optimising, it is possible to plan aeration up to a day ahead by using these predictions, while 

upholding requirements on phosphorus content in the effluent. As such, the study proves the 

concept of using a stochastic MPC approach for regulating phosphorus during treatment. 

Furthermore, it is shown that the MPC allows for easy planning of aeration by variable electricity 

prices, and that substantial reductions in operational costs can be made. Throughout the study, 

reductions of up to 20 % could be achieved when using variable pricing compared to fixed prices 

and using the MPC approach yielded reductions of 45 % compared to RBC methods. Hence, we see 

this as a step towards cost-optimal aeration control that utilises smart power flexibility in the 

processes. 
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Abstract

To accommodate the increasing amount of renewable energy sources in electricity grids it is crucial to utilize the flexibility
of all electricity consumers. Municipal wastewater treatment plants consume approximately 1 % of the electricity
consumption of a country’s total electricity consumption, to reduce nutrient concentrations from the incoming wastewater
before discharging the water back into the environment. In this paper, a novel economic optimal control strategy is
proposed for unlocking the available energy flexibility in wastewater treatment. The strategy suggests that the power
consumption in wastewater treatment can be flexible since the water is treated in large tanks with long retention times
where specialized aeration equipment is repeatedly switched on and off. By controlling these switching times with respect
to nutrient concentrations, electricity consumption can be predicted and shifted in time and hence provide short-term
demand side flexibility. The proposed principle is used to reduce the operating costs of a wastewater treatment plant
by enabling the flexibility to distribute the aeration load to periods with less expensive power prices. The performance
of the proposed method is demonstrated for the operation of a single wastewater treatment plant and the strategy is
backtested on Nord Pool market data from 2019. This shows modest savings of 1.15 % if only the day-ahead market is
considered. However, if the regulating and special regulating power prices are included in the optimization the realized
savings are in the magnitude of 7.23 % and 27.32 %, respectively. Thus the study is considered a step towards exploiting
flexibility for the benefit of both the grid and wastewater treatment economy.

Keywords: Smart Energy Application, Energy Flexibility, Optimal Control, Wastewater Treatment, Optimization,
Balancing Market, Price-based Control

Introduction

Advancements in wind turbines and solar panels, cou-
pled with societal demand for low carbon energy, declines
in cost and favourable regulation, have all contributed to
an increase in power production based on fluctuating re-
newable energy resources in power grids [1]. While this is
a natural development to reach the desired fossil-free en-
ergy system, sustainable integration of these power sources
requires a paradigm shift in electricity demand [2]. This
means a transition from electricity demand independent
of production towards a demand side which adapts to the
weather driven power production, without significant loss
of utility for the users. Such adaptation is suggested and
quantified for several applications, including buildings that
can maintain a constrained temperature by optimally ex-
ploiting electricity prices [3] or by exploiting local photo-
voltaics [4], and electric vehicles that optimize their charg-
ing schedules using photovoltaic power [5]. However, as
more fluctuating and intermittent energy sources are in-
troduced, more flexible applications will be needed to effi-
ciently utilize these renewable energy sources [6].

Municipal Wastewater Treatment Plants (WWTPs) use

electricity in various processes including pumping, aera-
tion, mixing, and desanding. In total, WWTPs are re-
sponsible for approximately 1 % of a country’s total elec-
tricity consumption [7], meaning that Germany and the
USA spend 4.4 and 30.2 TWh each year on wastewater
treatment, respectively [8, 9]. Furthermore it has been
found that electricity is costly for plant operation, with
cases of electricity costs corresponding to 25-50 % of op-
erating costs [10]. Different studies have investigated the
electricity consumption of WWTPs and concluded that
the process with the highest power demand is the aera-
tion process, constituting 40-75 % of the total power con-
sumption [11, 12]. Aeration of the wastewater is carried
out in large, engineered tanks in which specialized bac-
teria need aerobic conditions (oxygen present) to convert
ammonium from e.g. urine to nitrate. Other bacteria
then convert nitrate to nitrogen gas under anoxic condi-
tions (oxygen not present) and hence nitrogen is removed
from the water. These processes can be modelled using
activated sludge models [13] and predicted using real-time
data and process knowledge [14]. The biochemical process
requires both aerobic and anoxic periods or areas in the
tank in order to reduce nutrient concentrations. To secure
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this, some advanced aeration controls aim at turning aer-
ation on and off in feedback loops to achieve the desired
effluent concentrations [15].

Model Predictive Control (MPC) is an advanced con-
trol method that aims to find the optimal control strategy
by predicting the effect of different control sequences and
then choosing the sequence that minimizes some objec-
tive/cost function. Using the MPC principle, it is possi-
ble to incorporate time-varying signals (e.g. time-varying
power prices) into the optimal control problem and use
these signals directly in decision making. Hence, this can
be seen as an alternative to using a battery and then have
”constant”, averaged prices. To the authors’ knowledge,
the idea of including electricity prices in control and op-
eration of WWTPs was first mentioned three decades ago
in [16]. Since then, several studies have concluded that
wastewater transport and treatment can provide flexibility
in their power demand [17, 18, 19]. [20] minimized aeration
costs with respect to varying energy tariffs using a bench-
mark model of a WWTP [21]. [22] used an MPC approach
to minimize total costs in terms of tax payment on effluent
nitrogen and time-varying power prices for a small Dan-
ish WWTP. In [23] the pumps that direct wastewater to
the WWTP from upstream sewage storage were controlled
using MPC with respect to time-varying power prices.

Paper contribution

The existing literature contains (to the knowledge of
the authors) very limited work on predictive optimization
of the power consumption at municipal WWTPs with si-
multaneous consideration of a spot market and balanc-
ing power market. This paper presents an optimal con-
trol strategy for optimal control of the aeration equipment
at WWTPs. In [24], this control strategy is defined in
more details, however, in this paper the performance of
the strategy is tested extensive on a full year of market
data.

Due to time-varying power prices, WWTPs can shift
the aeration process schedule such that it favors less ex-
pensive power prices and thereby unlocking the energy
flexibility available within the biochemical process in the
wastewater aeration tanks. Such strategies yield poten-
tial within energy balancing [25] as well as solving an-
cillary service problems in future smart grids [26]. The
optimal control strategy proposed in this paper optimally
balances costs associated with the nonlinear biochemical
process (tax on the effluent total nitrogen concentration)
and the power consumption. The cost associated with the
power consumption will be subject to four different pric-
ing assumptions. The main contribution of this paper is
to demonstrate how WWTPs can optimize their opera-
tional costs by shifting their power consumption to oper-
ating hours with favorable power prices and discuss the
potential of using this flexibility in power consumption in
multiple electricity markets. The performance of the op-
timal control strategy is backtested on Nord Pool market
data from 2019 and the benefit of utilizing time-varying

power prices is shown. To make the backtest computa-
tional tractable the MPC principle has been applied such
that the optimal control strategy is solved repeatedly two
days ahead with only the first 24 hours being implemented.

The Northern European Electricity Market

In Northern Europe, electricity is traded in a com-
mon market which consist of 15 interconnected price areas
where electricity can be purchased and sold in a range
of markets. On the NASDAQ Commodities Exchange
financial derivatives are traded and market participants
can hedge against e.g. grid congestion and general price
volatility. These financial derivatives are in general traded
with a long horizon - prices can be hedged for the com-
ing week, month or year. The Nord Pool Exchange is
responsible for operating two power markets in Northern
Europe: the day-ahead market and the intra-day market.
The day-ahead market has the largest trading volume and
electricity can be purchased and sold for the up-coming
day. Bidding to the day-ahead market closes at 12pm on
the day prior to the day of operation, and hence the plan-
ning horizon is 12-36 hours. The day-ahead price is settled
as the intersection between the ordered bids of power pur-
chases and sales constrained by the physical limitations of
the power grid. The intra-day market is open for trading
when the day-ahead market closes. This market has tra-
ditionally been used to eliminate imbalances between the
expected power production/consumption and the power
production/consumption plans traded in the day-ahead
market. The trading volume in the intra-day market is
significantly smaller than the trading volume in the day-
ahead market. The intra-day market closes 45 minutes
prior to the hour of operation but is open for trading up
until then. Simultaneously with the closure of the intra-
day market, bidding to the regulating power market also
closes. The regulating power market is a market oper-
ated and settled by the Transmission System Operators
(TSOs) in the Nordic countries and all regulating power
bids are aggregated within the Nordic Operational Infor-
mation System (NOIS). The regulating power market is
one (of many) mechanism the TSOs use to maintain grid
stability. The regulating power market comes into play
if the grid imbalance is expected to be of significant vol-
ume and duration. Given that the system imbalance is
expected to be significant, the sign of the imbalance de-
fine:

(↑) If the imbalance is negative, there is a deficit of elec-
tricity - an increase of the production or a decrease
in the consumption is needed. This is called up reg-
ulation.

(↓) If the imbalance is positive, there is a surplus of elec-
tricity - a decrease of the production or an increase
in the consumption is needed. This is called down
regulation.
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The TSO works as an intermediary in the regulating power
market. The TSO sell electricity when there is up regu-
lation and buy electricity when there is down regulation.
The counter parties responsible for the these imbalances
are settled in the balancing power market. In this market
the TSO also functions as an intermediary. The balancing
power market is settled after the operating hour when the
actual meter measurements have been made. Thus, the
regulating power market works as a neutralization mecha-
nism to alleviate imbalances and the balancing power mar-
ket is a physical market which holds the responsible parties
accountable for their grid imbalances.

The regulating power market functions similarly to the
day-ahead market across the 15 interconnected price areas.
The regulating power price might differ between price ar-
eas but is always settled as the intersection between the
ordered bids of down- and up regulation and the activated
regulating power volume. Hence, all activated bids are ac-
tivated at the same price. The day-ahead price is used as
the basis for the regulating- and balancing power pricing
procedures:

• The down regulation price is less than or equal to
the day-ahead price.

• The up regulation price is greater than or equal to
the day-ahead price.

• Consumption imbalances with an opposite sign of
the system imbalance is settled at the regulation
power price in the balancing power market. Produc-
tion imbalances with an opposite sign of the system
imbalance is settled at the day-ahead price.

• Imbalances with the same sign as the system imbal-
ance is settled at the regulating power price in the
balancing power market.

This structure implies that consumption imbalances are
settled at the regulating power prices in the balancing
power market while production imbalances always are set-
tled at the highest price of the regulating power price and
the day-ahead price. This settlement structure for produc-
tion imbalances imply a net profit for the TSO, which is
used to partially finance the reserve capacity and thereby
implicitly lowering the system tariff.

In recent years there has been a rapid development of
the activated volumes of a market feature called special
regulation in the Western Danish price area, DK1. Spe-
cial regulation can occur as both down- and up regulation.
Special regulation is in effect when the TSO skips the nor-
mal pricing procedure and in the event of special regula-
tion, the activated bids are paid as bid. During the last
three years, one of the main sources of special down regu-
lation in DK1 has been excessive wind power production
in Northern Germany. In Table 1 the total special down
regulation volumes activated in Denmark due to special
regulation from the German TSO, TenneT, is shown. This

table shows that in 2019 a total of 1,312 GWh was acti-
vated for special down regulation in Denmark due to un-
foreseen large (positive) imbalances in Northern Germany.
This table also shows that in 2019, 32 % of the special
regulation was handled by curtailment of wind turbines
in Denmark. Energinet (Danish TSO) is only allowed to
publish yearly average prices - in 2019 the average special
down regulation price was -12.3 EUR/MWh. In general
Table 1 shows that the need for special down regulation
in DK1 is increasing with corresponding power prices being
vary attractive for consumers. Thus, there is a great po-
tential for flexible consumers to participate in this market
and ideally eliminate the need of curtailing Danish wind
turbines.

Table 1: GWh of Special down regulation received from
the German TSO, TenneT, for 2017-2019. The activated
volumes are activated volumes for Danish participants and
the average price is in EUR/MWh.

2019 2018 2017
Special down regulation 1,312 1,114 781
Thermal power plants 46 % 53 % 64 %
Electric boilers 22 % 21 % 22 %
Wind turbines 32 % 26 % 14 %
Average price -12.3 -9.3 -7.7

In Fig. 1 a comparison between the market volumes
in the day-ahead market, intra-day market and the reg-
ulating power market are shown. The left y-axis shows
the weekly volumes in the day-ahead market and intra-
day market and the right y-axis shows the weekly volumes
in the regulating power market. This figure clearly shows
that the day-ahead market has the largest trading volume
and that demand for special down regulation is signifi-
cantly larger than the demand for regular down regula-
tion. In Fig. 2 a monthly comparison between the day-
ahead prices and the regulating power prices are shown
(measured on the left y-axis). The solid black line (mea-
sured on the right y-axis) represents the monthly average
price difference (the monthly average day-ahead price mi-
nus the monthly average regulating power price). This fig-
ure shows a tendency towards cheaper average regulating
power prices. This figure also shows that the power prices
were the most expensive in the first quarter of 2019. Sim-
ilarly to Fig. 2, Fig. 3 shows the hourly price differences
between the day-ahead prices and the regulating power
prices. As expected, during the morning peak hours (07-
10) and the evening peak hours (17-21) the power prices
tends to be more expensive compared to the nightly power
prices. This figure also shows that the regulating power
prices on average are 1-3 EUR/MWh less expensive than
the day-ahead prices leading up to these peak hours. In
general the power prices (both the day-ahead prices and
the regulating power prices) exhibit large, systematic vari-
ations implying a great potential for optimizing according
to time-varying power prices.
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The aeration equipment at municipal WWTPs use a
significant amount of electricity when it is switched on.
However, operators of such plants are able to schedule this
aeration process such that it favors less expensive power
prices. This paper will focus on four different power price
assumptions where the WWTP is price-taker of:

• a constant power price,

• a time-varying power price equal to the day-ahead
price,

• a time-varying power price equal to the regulating
power price,

• and a time-varying power price equal to the regulat-
ing power price, but where the WWTP also can bid
for the attractive special down regulation prices.

It will be assumed that these prices are fully known to the
WWTP when scheduling the aeration equipment. This
also means that the WWTP is assumed to be a price-taker
of all the prices available. This is usually what happens in
real-life application; consumers deal with an intermediary
(e.g. an aggregator) which manages the power trading. In
this paper it is assumed that this intermediary has perfect
market information and makes the actual prices available
to the WWTP. In reality the prices will be subject to un-
certainty and the intermediary will typically charge a fee
and take a margin to manage the power trading.

Wasterwater Treatment Modelling and Optimiza-
tion

For real-time applications, models that are suitable for
learning from all available/relevant data and sensors are
needed. This section briefly describes how concentrations
of selected nutrients in wastewater can be modelled us-
ing Stochastic Differential Equations (SDEs). This section
also describes an optimal control strategy for optimally
balancing the tax of nutrient concentrations in the efflu-
ent wastewater and the power cost associated with the
wastewater aeration process. A similar model and opti-
mization strategy is introduced and implemented in [24].

Wastewater Treatment: Applied SDE Modelling

Physical systems can be represented using SDEs which
provide a natural method to represent how mean and vari-
ance of a phenomenon evolves in continuous time. As op-
posed to discrete time models, prior knowledge about the
differential equations governing the system dynamics can
be included, and the estimated parameters do not depend
on the sampling time. Using the same notation as [24], a
general form of an SDE written in integral form is

x(t) = x0 +

∫ t

0

f(x(τ), u(τ)) dτ +

∫ t

0

g(x(τ), u(τ)) dω(τ),

or in short

dx(t) = f(x(t), u(t)) dt+ g(x(t), u(t)) dω(t), (1)

where x : R→Rnx denotes the states, x0 is the initial value
of the states, u : R→Rnu is the input variables and ω : R→Rnω

denotes a standard (possibly multivariate) Brownian mo-
tion. Brownian motion is defined by its independent in-
crements which satisfy that for each s, t ∈ R, ω(t) − ω(s)
is normally distributed with zero mean and covariance
I|t − s|. f : Rnx×Rnu→Rnx is often referred to as the
drift function, while g : Rnx×Rnu→Rnx×Rnω is called the
diffusion function. For further reading the authors refer
to [27, 28] which represent the foundation for this use.
Thereby, SDEs can provide a continuous time stochastic
modelling framework which can be suitable for both pa-
rameter and state estimation [29, 28]. This framework
has previously been applied to wastewater treatment in
[30, 14, 24], where the activated sludge model in [31] is
reduced to a low-order (number of states are reduced from
13 to 2) SDE model. This paper applies the reduced order
SDE model described in [24] and repeated here

dx1(t) = a1(a2 − x1(t)) dt

− u(t)a3
x1(t)

a4 + x1(t)
dt+ σ1 dω1(t),

dx2(t) = a1(a5 − x2(t)) dt+ a3u(t)
x1(t)

a4 + x1(t)
dt

− (1− u(t))a6
x2(t)

a7 + x2(t)
dt+ σ2 dω2(t),

(2)

in the optimal control problem (described later). In the
model (2), x1 represents the ammonium concentration and
x2 represents the nitrate concentration of the wastewater.
The parameters are estimated from online measurements
from a WWTP using the estimation method in [29] and ap-
plied in [14]. This methodology has previously been used
to model predict plant performance up to 24 hours ahead
with good performance [14]. The same model has been
used as basis for comparing different control strategies in
[22]. The parameter estimates used in this paper are given
in Table 2. The input function, u, in (2) is a binary-valued
function, which is 1 if the aeration system is activated and
0 otherwise. This means that the system may be charac-
terized as a switched dynamical system, where the optimal
control is related to control of switching times between the
two regimes [32]. In an online implementation, the initial
state values, x(0) = (x1(0), x2(0))′, will be estimated when
new measurements become available. In the backtest con-
ducted later, these values will be assumed to be known
and it will be assumed that the model used in optimal
control problem is exact. Hence, no filtering techniques or
re-estimation of parameters are needed.

The Optimal Control Problem

This section defines the optimal control problem that
is used to compute the optimal aeration cycles for the
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Figure 1: Weekly day-ahead, intra-day and regulating power volumes in 2019.
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Figure 4: This figure shows a schematic overview of the components in the optimal control problem and how the energy
flexibility is unlocked by a coupling to electricity markets. NOIS represents participation in the regulation power market.

Table 2: Values and description of the parameters for
the model given in (2). The units are in milligrams of
nitrogen per liter (except for the rates which are unit-
less). The parameters are estimated from real data in
[24].

Shorthand Description Value
x1(0) Initial ammonium conc. 1.12
x2(0) Initial nitrate conc. 0.87
a1 Incoming wastewater rate 0.00067
a2 Mean incoming ammonium 36.9
a3 Nitrification rate 0.073
a4 Monod kinetic constant 0.1
a5 Mean incoming nitrate 2.00
a6 Denitrification rate 0.300
a7 Monod Kinetic constant 7.84
σ1 Ammonium noise parameter 0.0085
σ2 Nitrate noise parameter 0.026

WWTP. The notation used and the structure in the op-
timal control problem is inspired by [24]. The aeration
function, u, will be parameterized by

τ = {(τoff,k, τon,k)}Nk=0 , (3)

such that

u(t; τ) =

{
1, t ∈ [τon,k−1, τoff,k[, k = 1, ..., N
0, t ∈ [τoff,k, τon,k+1[, k = 0, ..., N − 1

. (4)

In (4), N defines the number of aeration cycles, and this is
an integer value that defines the number of decision vari-
ables of the optimal control problem. Hence, different val-
ues of N will lead to different optimal aeration cycles. A
real-life WWTP often has policies restricting the minimum
and maximum length of the aeration cycles and the time
between these cycles. This is to reduce strain of the aer-
ation equipment and to avoid sludge settling. To accom-

modate cycle length constraints, the aeration parameters
in (3) are ordered according to

τon,k ≤ τoff,k, k = 1, ..., N, (5a)

τon,k+1 ≥ τoff,k, k = 0, ..., N − 1, (5b)

This will enable the definition of cycle policies by the
WWTP. There is no start-up cost for initiating/ending
an aeration cycle. There is a natural dynamical delay un-
til the aeration equipment has distributed the air in the
entire tank, however, this is delay is captured by the SDE
model (2) [14].

The main objective of a WWTP is to reduce nutri-
ents from the incoming wastewater to a sustainable level
before discharging the water back into the environment.
A sustainable level arguably depends on the vulnerability
of the local environment into which the wastewater is dis-
charged, and hence it is typical for a WWTP to implement
constraints on ammonium and the total nitrogen concen-
trations in the effluent. These concentrations can be com-
puted according to x1 and x1 + x2, respectively. In this
study, hard constraints on concentrations are not imposed,
but rather a cost is imposed for the total discharged nitro-
gen concentration. This means that large concentrations
are penalized in the objective function. This is similar to
the current Danish legislation, where the total discharged
nitrogen concentration is taxed. In addition to the cost
related to the total discharged nitrogen concentration, the
cost of electricity related to the aeration process is consid-
ered. Fig. 4 shows a schematic overview of the components
of the wastewater treatment considered in the optimal con-
trol problem. It will be assumed that the WWTP receives
a single price signal, p (from e.g. a retailer). This input
function will be subject to various price model assump-
tions (as described earlier). The special regulating price
will be subject to a qualitative assumptions relating to the
average prices listed in Table 1.
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The objective function used in the optimal control prob-
lem will consider a monetary cost of the total discharged
nitrogen and a monetary cost of the power consumption
related to the aeration cycles. The monetary cost related
to power consumption will be based on a single price sig-
nal, p, which the WWTP receives from e.g. a retailer. In
the backtest conducted later, this price signal will be sub-
ject to different pricing assumptions. The optimal control
problem can be defined as

min
τ

kp

N−1∑
k=0

∫ τoff,k+1

τon,k

p(t) dt− kt
∫ T

0

(x1(t) + x2(t)) dt.

subject to

τ∈ T , (6a)

ẋ(t) = f (x(t), u (t; τ)), t ∈ [0, T ], (6b)

x(0) = x0. (6c)

In (6a), T defines the set of permissible cycle structures.
This might include constraints such as minimum and max-
imum cycle length. In (6b) f is the system model which
is given from (2) with the parameters given in Table 2.
T > 0 denotes the optimization horizon and bounds all
the decision variables, τ . kp > 0 is the power used when
the aeration equipment is in operation and hence the first
term of the objective function defines the integration cost
of the power consumption. kt > 0 is the taxation fac-
tor which models the monetary cost of the accumulated
effluent flow. This construction implies that as the inte-
grated flow through the plant increases, the total tax paid
increases similarly. This works as a penalty that favors
low nutrient concentrations. x0 is the initial condition.
The initial condition to initiate the backtest is given in
Table 2. Note that as ammonium concentrations (x1) and
nitrate concentration (x2) are typically observed as mil-
ligram nitrogen (N) per liter (including in this study), no
stoichiometric weights are required to estimate the total N
concentration.

Gradient Calculations and Numerical Implementation

To enable efficient numerical solution of the optimal
control problem (6), gradient information has to be made
available to the optimization algorithm. The numerical
method used in this paper is a single-shooting method
[33, 34], where the optimization algorithm solves the dy-
namical equations (6b) internally. Hence, the only con-
straints implemented in the optimization are the aeration
cycle constraints (6a). The constraints defined in (6a) are
linear and hence the derivatives are trivial. However, the
derivatives of the objective function in (6) are non-trivial
to compute. As stated earlier in this paper, the system
considered is a switched dynamical system. In [32] it is
derived how the derivatives of the objective function with
respect to the switching times can be computed using the
adjoint (or co-state) equations of the optimal control prob-
lem (6). The optimal control problem (6) has been solved

in C++ using odeint [35] to integrate the dynamical equa-
tions in (6b), CppAD [36] to compute the derivatives of the
control problem, and ipopt [37] is used as the nonlinear
optimizer.

Results: 2019 Backtest

This section presents the results from backtesting the
optimal control strategy in (6) on Nord Pool market data
from 2019. The method is tested on the four price models
described earlier. The constant price model will assume
that p is equal to the average power price in 2019. The av-
erage power price in DK1 in 2019 was approximately 38.5
EUR/MWh. Most municipal WWTPs in Denmark have
a constant price agreement. The solution to the optimal
control problem with a constant power price will there-
fore be used as benchmark for evaluating the value of the
WWTP flexibility. kp = 1 and kt = 1/2 are split such
that the electricity cost corresponds to approximately 70
% of the total cost and the taxation to approximately 30
% of the total cost for the constant price model. In order
to make the backtest computationally tractable the MPC
principle has been used:

• the optimal control problem is solved for 48 hours
ahead, and

• the first 24 hours are implemented.

The structure is repeated for the entire 2019. It is assumed
that the dynamical model is exact and hence the dynami-
cal model in (6b) is also used to simulate the biochemical
process 24 hours ahead.

The constant price model is used as the benchmark
for evaluating the performance and value of the WWTP
flexibility for the remaining three price models. The three
time-varying price models follow the assumptions:

• For the day-ahead price model, it is assumed that
the WWTP is price-taker of the day-ahead price.
p is equal to the day-ahead price 0-48 hours ahead.

• For the regulating power price model, it is assumed
that the WWTP is price-taker of the regulating power
price. p is equal to the regulating power price 0-48
hours ahead.

• For the regulating power price model with special
regulating, it is assumed that the WWTP is price-
taker of the regulating power price but is activated
for special down regulation. p is equal to ps ∈ R
if there is demand for special regulation and every-
where else equal to regulating power price.

For real-life applications, these assumptions are not valid
and these prices will to be subject to forecasting. In this
paper, a 48h optimization horizon (or prediction horizon)
is used. However, this horizon parameter could probably
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Figure 5: Relative savings for the 2019 backtest. The constant pricing model is used as the benchmark for the relative
savings.

Table 3: Relative savings for the 2019 backtest. The constant price model is used as the benchmark for the relative
savings.

Strategy Taxation Cost Electricity Cost Total Cost
Constant price model 0.31 0.69 1.00
Day-ahead price model 0.33 (4.67 % ) 0.66 (-3.79 % ) 0.99 (-1.15 % )
Regulating power price model 0.34 (8.34 % ) 0.59 (-14.32 % ) 0.93 (-7.23 % )
Regulating power price model w. ps=0 EUR/MWh 0.34 (9.79 % ) 0.38 (-44.22 % ) 0.73 (-27.32 % )
Regulating power price model w. ps=-5 EUR/MWh 0.35 (11.29 % ) 0.34 (-49.92 % ) 0.69 (-30.77 % )
Regulating power price model w. ps=-10 EUR/MWh 0.36 (13.70 % ) 0.30 (-56.93 % ) 0.65 (-34.83 % )
Regulating power price model w. ps=-15 EUR/MWh 0.36 (16.24 % ) 0.24 (-64.76 % ) 0.61 (-39.41 % )

be chosen to be shorter. But, further investigations of this
is outside the scope of this paper.

Fig. 5 shows the relative savings of the three price mod-
els. It is assumed that ps=0 EUR/MWh for the regulating
power price model with activation for special regulation
shown in Fig. 5. In Table 3 the performance metrics for
the entire 2019 is shown. The costs are normalized by
the total cost in 2019 for the constant price model. From
Fig. 5 and Table 3 the following is observed:

• The constant price model yields the lowest taxation
cost, but the highest electricity cost.

• The time-varying price models with no activation for
special down regulation underperform the constant
price model in the first quarter of 2019.

• The price model with activation for special down
regulation consistently outperforms the price mod-
els with no activation for special down regulation.
The most conservative of these price models (ps=0
EUR/MWh) outperforms the constant price model
and reduces the total costs by 27.32 % in 2019. How-
ever, this model increases the taxation cost by 9.79 %.

• The regulating power price models exhibit signif-
icantly larger savings than day-ahead price model
with a limited added taxation cost of the effluent.

In Fig. 6 the operation on the 20th of March 2019 is shown
as an example. The optimal aeration cycles have been
computed using the regulation power price model with ac-
tivation for special regulation with ps=0 EUR/MWh. It is
clearly observed that the aeration cycles condense around
the demand for special regulation (when the WWTP can
use electricity for free) and the aeration equipment is in
general switched on when the regulating power price is
low. The effluent total nitrogen concentrations exhibit are
clearly burst when the aeration cycles condense - this hap-
pens at around 08:00 AM. Similarly, the ammonium ef-
fluent concentrations peak when aeration is turned off for
longer periods of time. This is the case at around 7:00
AM. The figure also shows the baseline scenario where the
on/off switching is controlled with respect to constant elec-
tricity prices. In this case it is noted that the control signal
follows the same cycle-pattern during the 24 hour period.
The average effluent concentrations during this period are
1.19 and 1.37 mgN/L for ammonium and nitrate respec-
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tively in the constant electricity price scenario. This is 7.6
% and 2.1 % lower than the effluent concentrations in the
other scenario. However, this increase in effluent results in
a decrease in total costs (savings) of 22.5% while helping
the grid with regulating power. Whether this is a fea-
sible trade-off will require some holistic considerations of
the receiving environment, and possibly constraints on the
effluent. This is further discussed in the following section.

Discussion and Future Work

The presented control strategy demonstrates that flex-
ibility in power consumption can be enabled for the aera-
tion process at a WWTP. This section discusses some of
the important factors that influence the operational costs
of applying the control strategy, and ideas for enabling
more flexibility are suggested.

Flexibility in aeration equipment control

The results presented in the previous section are sub-
ject to multiple key assumptions that may be too simplis-
tic. The parameters used in the model are in this paper
kept constant. In an online application, parameters are ex-
pected to be frequently updated as suggested in [14]. This
means that the plant can be more flexible in some peri-
ods (e.g. periods with low incoming nutrient loads which
cause a decreased demand for aeration) and less flexible
in other periods (e.g. during rain events that increase the
demand for aeration by sending more wastewater to the
plant). This could be accommodated by forecasting in-
coming ammonium loads and/or the weather.

The aeration control sequence is limited by hard con-
straints concerning the time the equipment can be switched
on and off. This implies that the constraints govern how
often changes can be made in the aeration control and
thereby in the electricity consumption. These constraints
will vary among different WWTPs, and hence some plants
may have different potential in unlocking their flexibility.

The control strategy only considers biological nitrogen
removal, meaning that the biological phosphorous removal
is neglected. However, this would be useful to include for
many WWTPs, as phosphate is a nutrient often managed
in the biological treatment (i.e. by controlling the aeration
equipment). This could be added by inclusion of phos-
phate in the prediction model and in the optimal control
problem, as suggested in [38]. This might reduce the flexi-
bility potential, but further investigations should be made
to show this effect. It is noted that phosphate can also
be managed by using chemical precipitation if aeration is
insufficient.

The legislation in many places requires that ammonium
and nitrogen concentrations are kept below a certain limit
(i.e. hard state constraints). For improved applicability,
this should also be investigated in a future implementa-
tion. This would likely add an upper bound to the flexibil-
ity, as priority would be given to satisfy legislation rather

than costs of electricity consumption. This could be im-
plemented by penalizing high nutrient concentrations in
the objective function, as suggested in [22]. For increased
flexibility in the urban water system additional processes
of the WWTP and drainage system could be included and
aggregated. This might increase the amount of flexibil-
ity of the combined drainage system can deliver, but also
enable the combined drainage system to shift more power
demand in time. E.g. by integrating pumping stations
and basins in the sewer system as demonstrated in [39].
Alternatively, this could be obtained by using biogas for
producing electricity in some scenarios, thereby exploiting
that larger WWTPs are prosumers.

Market price forecasting

The control strategy defined in this study utilizes the
multi-market structure of the Nordic electricity market
and assumes perfect information about the market prices
48 hours ahead. This means that the results presented in
this paper will work as an upper bound for the cost reduc-
tions feasible in real-life applications. There is primarily
two limiting assumptions for the feasibility of the results
presented in the previous section:

• the perfect forecast assumption of the regulating power
prices 48 hours ahead, and

• the assumption about recurrent activation for special
down regulation at the predefined price, ps.

The regulating power price is (almost by definition) very
difficult to forecast multiple hours ahead. In the West-
ern Danish price area, DK1, grid imbalances are often
related prediction errors in power production originating
from wind turbines. One extension that would consider
this is to consider a stochastic optimization problem where
the price input consists of a set of realistic price scenarios
of the regulating power price. For the regulating power
price models with activation for special regulation, it is
assumed that the WWTP can choose when it is favor-
able to take the price ps and define how much and which
part of the corresponding hour that will be subject to aer-
ation and hence subject to a power consumption. This
might be difficult to achieve for a single WWTP as it is
not given when demand for special regulation occurs, and
the TSO might be very precise concerning when the ac-
tivation must happen. However, an aggregator with mul-
tiple WWTPs might be more adequate for participation
with special regulation as it will be less constraining to
distribute activation for special regulation across multiple
plants. This aggregator approach might be solved using a
similar optimal control method as described in this study
by augmenting the dynamical equations with the individ-
ual plants in the aggregator portfolio. A second approach
could be to utilize the method described in [40] where a
penalty signal (e.g. a price input) is used to model the
dynamical response to the power load.
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The bottom plot shows the savings relative to the constant price model.

In this study it is assumed that the WWTP is price-
taker of different price models. An extension to this would
be to also allow the WWTP to bid in the day-ahead and
the intra-day markets while also being a price-taker of a
given price model (e.g. the regulating power price model).
The day-ahead market could then be used to leverage the
volume that would be subject to activation in the regulat-
ing power market. This would increase the cost reduction

potential but also increasing the risk associated with par-
ticipating in the electricity market. This approach will
naturally be bound by the forecasting potential of e.g. the
regulating power market.

One practical issue with the implementation of efficient
power consumption strategies (e.g. in Denmark), is that
the electricity price only constitutes a small part (around
15% in Denmark) of the total electricity bill - whereas
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time-invariant and constant tariffs and taxes constitute
the rest. However, the control strategy proposed in this
paper can easily be extended to also consider varying tar-
iffs and taxes (e.g. a time-varying price relating to the
CO2-emissions of the power consumption). Thereby the
outlined method might lead to even larger potential sav-
ings.

Conclusion

This paper presents an optimal control problem for op-
timal distribution of aeration cycles across a day of opera-
tion. The potential of the proposed method is tested under
different price model assumptions with an objective func-
tion that balance the taxation cost of nutrients discharged
into the environment with the cost associated with oper-
ating the aeration equipment of a Municipal Wastewater
Treatment Plant (WWTP). The summarized findings are:

• A constant price model is not a suitable price model
for Municipal WWTPs as these plants have the op-
portunity of shifting their consumption in time to
match less expensive power prices, and hence unlock-
ing their energy flexibility. Thus, the inherent dy-
namics of WWTPs favors time-varying power prices.

• The operational costs related to wastewater treat-
ment aeration can be reduced significantly by par-
ticipating in the regulating power market. These
costs can be reduced even further by also bidding
for special down regulating.

• In the backtest for 2019 it is observed that the regu-
lating power market exhibits greater potential than
the day-ahead market for reducing operational costs
at Municipal WWTPs.

• Further development should be made to fully exploit
the flexibility in control of aeration equipment and
to make the strategy widely applicable at different
wastewater treatment plants (and potentially aggre-
gate multiple WWTPs).
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Abstract:  
This study presents a general model predictive control (MPC) algorithm for optimizing wastewater 

aeration in Water Resource Recovery Facilities (WRRF) under different management objectives. The 

flexibility of the MPC is demonstrated by controlling a WRRF under four management objectives, 

aiming at minimizing: (A) total operations costs (sum electricity costs and discharge effluent tax), (B) 

electricity consumption, (C) global warming potential (direct and indirect nitrous oxide emissions, and 

indirect from electricity production) or (D) effluent concentrations. The MPC is tested with data from 

the alternating WRRF in Nørre Snede (Denmark) and from the Danish electricity grid. Results showed 

how the four control objectives resulted in important differences in aeration patterns and in the 

concentration dynamics over a day. Controls A and B showed similarities when looking at total costs, 

while similarities in global warming potential for controls C and D suggest that improving effluent 

quality also reduced greenhouse gases emissions. The MPC flexibility in handling different objectives 

is shown by using a combined objective function, optimizing both cost and greenhouse emissions. This 

shows the trade-off between the two objectives, enabling the calculation of marginal costs and thus 

allowing WRRF operators to carefully evaluate prioritization of management objectives. The long-term 

MPC performance is evaluated over 51 days covering seasonal and inter-weekly variations. On a daily 

basis, control A was 9-30% cheaper on average compared to controls C, D and to the current rule-based 

control. Similarly, control C resulted on average in 35-43% lower greenhouse gasses daily emission 

compared to the other controls. Difference between control performance increased for days with 

greater inter-diurnal variations in electricity price or greenhouse emissions from electricity production, 

i.e. when MPC has greater possibilities for exploiting input variations. The flexibility of the proposed 

MPC can easily accommodate for additional control objectives, allowing WRRF operators to quickly 

adapt the plant operation to new management objectives and to face new performance requirements. 

 

 

Keywords: Activated Sludge, N2O emissions, Nonlinear MPC, Economic MPC 

 
 

1. Introduction 

Automatic control strategies have been applied in Water Resource Recovery Facilities 

(WRRFs) for decades, mainly focusing on improving effluent quality, responding to 

variations in the inlet pollutant loads, and reducing chemical consumption and energy 

demand (Yuan et al., 2019). The latter control objective has recently gained 

increasing attention, as water supply and sanitation uses 2-3% of the worlds electrical 

energy, with ranges around 1-18% in specific urban areas (Olsson, 2015). 

Specifically, WRRFs are not negligible, using approximately 1% of a country’s total 

electricity consumption (Cao, 2011). This also implies a noticeable carbon footprint 

for urban water cycles: for example, this is estimated to be 372 kg-CO2/person/year in 

California, corresponding to 4% of total per capita emissions (Escriva-Bou et al. 

2018).  



 

 

The diffusion of smart grids, favoured by the diffusion of solar and wind electricity 

sources, have triggered several studies which investigated the possibility of moving 

WRRF peak consumption in time, thereby decreasing their carbon footprint. Lisk and 

Long  (2013) and Kirchem et al. (2018) concluded that both wastewater transport and 

treatment can provide substantial flexibility in electricity consumption. Further 

investigations of the WRRF electricity consumption have identified aeration as the 

most demanding step, accounting for about 50% of total consumption (Longo et al. 

2016). Aeration control is thus essential for the plant economy, carbon footprint and 

for reducing peak electricity consumption. 

Maximizing efficiency in aeration control is a task involving a trade-off of different 

objectives which might vary over time. Several studies have defined aeration 

efficiency in terms of energy usage, i.e. to minimize electricity consumption while 

satisfying effluent limits (Longo et al., 2020, Yuan et al., 2019). This definition 

assumes that lower electricity consumption would linearly lead to reductions in 

operational costs and/or in greenhouse gas (GHG) emissions related to the electricity 

production. Other studies considered effluent quality/cost by introducing weights on 

concentrations and electricity consumption (Yamanaka et al. 2006). However, the 

current development in electricity supply, going towards a higher penetration of 

renewable energy sources (Ren21, 2020), undermines this assumption of a direct 

correlation between electricity consumption and costs/emissions.  

Using Denmark as example, the hourly electricity prices varied between -112.18 

DKK/MWh and 385.59 DKK/MWh on the 14
th

 of January 2019 (Nordpool, 2020), 

while the related GHG emissions varied between 42 kg-CO2-eq/MWh and 162 kg-

CO2-eq/MWh (Energinet, 2020). This example shows how a minimal electricity 

consumption does not necessarily lead to minimal GHG emissions nor minimal 

operational costs,  since a low and constant electricity consumption would not exploit 

the negative price.  

An additional operational cost in Denmark is represented by the effluent tax, aiming 

at reducing N emissions from WRRFs, and set to 30 DKK/kg-N (Danish Ministry of 

Taxation, 2020). Minimizing aeration can therefore reduce N removal and thereby 

lead to an increase in total costs. Furthermore, controls varying oxygen conditions 

may promote direct GHG emissions as N2O, especially at low DO levels (Domingo 

Félez & Smets, 2019). This can considerably affect the carbon footprint of municipal 

WRRFs (Delre et al., 2019).  

WRRF operators need flexible control strategies capable of operating at the highest 

level of the control hierarchy, i.e. they should be able to quickly accommodate for 

different management objectives (effluent quality, operational costs, electricity 

consumption, GHG-emissions). Model Predictive Control (MPC) fulfils these 

demands thanks to the possibility of using objective functions considering multiple 

targets. MPC uses a model of the controlled system to evaluate the effect of different 

control actions based on an ad-hoc objective function, choosing the one ensuring the 

best outcome. For computational reasons, MPC typically employs simple models. An 

advantage of MPC is that the control becomes a direct optimization problem where 

the design of the objective function decides the effective control. Hence, changing the 

objective function leads to new optima and thereby new control actions. This becomes 

particularly advantageous when objectives have variable inputs (see e.g. Lund et al. 

2018). 



 

 

Several examples of MPC for WRRF aeration exists in literature, such as MPC based 

on process models (e.g. Holenda et al., 2008, Mulas et al., 2015), or black-box models 

using neural networks which learn from data (e.g. Foscolliano et al. 2016, Bernardelli 

et al. 2020). However, these examples do not consider varying electricity prices or 

GHG emissions, and therefore they will not adapt to smart grid systems, characterized 

by price variations or by varying tariffs (as in the example from Aymerich et al. 

2015).  

Varying prices can be known in advance due to the market mechanics, as in the case 

of the Nordpool market covering Northern Europe. If variable tariffs are present as in 

Spain (Aymerich et al. 2015) a price model of the tariffs can supply price variations 

ahead in time. Furthermore, GHG-emissions from electricity production can be 

forecasted using different techniques such as machine-learning (Leerbeck et al. 

2020a), creating new opportunities for MPC, which can consider these future 

variations in the control evaluation. This approach has been tested for integrated 

control of pumping from sewer system basins to WRRFs (Stentoft et al. 2020a). To 

the knowledge of the authors, two strategies for predictive control of aeration using 

electricity price data are found in literature (Stentoft et al. 2019a, Brok et al. 2019). 

However, these approaches face challenges with long optimization times (Stentoft et 

al. 2019a) or no direct handling of effluent limits (Brok et al. 2019). Varying GHG 

emissions in electricity mix have been investigated in the control of heat pumps for 

district heating systems (Leerbeck et al. 2020b), but not for WRRF aeration. In 

addition, the trade-off between operation costs and GHG-emissions will become 

increasingly important in case a CO2 tax is introduced. However, to the authors 

knowledge this has not been investigated for WRRFs aeration control. 

This paper presents a general MPC setup using stochastic differential equations (SDE) 

which allows WRRF operators to balance between different management of 

objectives without developing a new control strategy, i.e. by simply switching the 

objective function to optimize e.g. aeration costs, GHG emissions, effluent, and/or 

electricity consumption. The setup is tested on a small Danish alternating WRRF 

(Nørre Snede) by using four objectives (minimization of operational costs, electricity 

consumption, GHG emissions, effluent N levels). The MPC is evaluated by analysing 

the changes in the aeration set-points defined by the control and the impacts on the 

plant daily performance and over long term. Furthermore, a combined objective 

function is assessed, showing how operator can quickly modify plant operations 

according to different management of objectives. 

 

2. Materials and Methods 

 

2.1 Data-driven Activated Sludge Model for nitrogen removal  
There are several data-driven models simulating nitrogen removal processes based on 

stochastic differential equations, including those developed in the 1990s (Carstensen 

et al. 1995) and recent developments (Stentoft et al. 2019b). Here, an adapted version 

of Stentoft et al. (2019b) that is also described in Stentoft et al. 2020b is used. The 

model is derived from the ASM1s process description and it is described by the 

following set of equations: 

 
𝑑𝑆𝑁𝐻 = 𝜅1(𝑆𝜇 + 𝑓 (𝑡) − 𝑆𝑁𝐻)𝑑𝑡 − 𝑟𝑁𝑖

𝑂1(𝑡)𝑆𝑁𝐻

𝑟𝑁𝑖𝐾𝑁𝐻 + 𝑆𝑁𝐻 + 𝑚𝑁𝐻
𝑑𝑡

+ 𝜎1𝑑𝜔1 
 

(1) 



 

 

 
𝑑𝑆𝑁𝑂 = 𝜅1(𝜇𝑖𝑛,𝑁𝑂 − 𝑆𝑁𝐻)𝑑𝑡 + 𝑟𝑁𝑖

𝑂2(𝑡)𝑆𝑁𝐻

𝑟𝑁𝑖𝐾𝑁𝐻 + 𝑆𝑁𝐻 + 𝑚𝑁𝐻
𝑑𝑡

−
𝑟𝐷𝑛𝑖(1 − 𝑂2(𝑡))𝑆𝑁𝑂

𝑟𝐷𝑛𝑖𝐾𝑁𝑂 + 𝑆𝑁𝑂 + 𝑚𝑁𝑂
𝑑𝑡 + 𝜎2𝑑𝜔2 

 

(2) 

  𝑑𝑆𝜇 = 𝜅2(𝜇𝑖𝑛,𝑁𝐻 − 𝑆𝜇)𝑑𝑡 +  𝜎3𝑑𝜔3 

 

(3) 

   

Where parameters and state variables are listed in Table 1.  

 

Table 1 List of parameters and state variables of the data-driven Activated Sludge Model for nitrogen removal. 
The last column shows the estimate obtained using using 24 hours of ammonium and nitrate measurements from 
Nørre Snede WRRF on the example day (2019/01/14). 

Parameter Description Unit Estimate for 
example day 

𝜅1 Rate for incoming WW [] 0.27 
𝜅2 Rate for change in incoming NH4 [] 0.62 

𝑟𝑁𝑖  Nitrification rate mgNL-1min-1 0.05 
𝑟𝐷𝑛𝑖  Denitrification rate mgNL-1min-1 0.11 
𝑚𝑁𝐻 minimum observable NH4 conc. mgNL-1 0.14 
𝑚𝑁𝑂 minimum observable NO3 conc. mgNL-1 0.92 
𝐾𝑁𝐻 Monod inspired affinity coefficient for NH4. min 1.81 
𝐾𝑁𝑂 Monod inspired affinity coefficient for NO3. min 1.97 

𝜇𝑖𝑛,𝑁𝐻 Mean incoming NH4 conc. mgNL-1 67.9 
𝜇𝑖𝑛,𝑁𝑂 Mean incoming NO3 conc. mgNL-1 0.01 (fixed) 

𝜎1 Model noise parameter related to 𝑆𝑁𝐻 mgNL-1 0.02 
𝜎2 Model noise parameter related to 𝑆𝑁𝑂 mgNL-1 0.04 
𝜎3 Model noise parameter related to 𝑆𝜇  mgNL-1 0.06 

Aeration term, Oj  (eq. 5) 

𝜅3 Rate for skewness in the oxygen signal [] 3.00 
𝜅4 Rate for increase in oxygen after start [] 0.19 
𝐷𝑗  The "delay" of observations min 1.89 

𝜏𝑜𝑛,𝑖 The switch aeration “on” times  min Input 
𝜏𝑜𝑓𝑓,𝑖 The switch aeration “off” times min Input 

State variables, 𝑆𝑥 
𝑆𝑁𝐻 Ammonium concentration in tank mgNL-1 variable 
𝑆𝑁𝑂 Nitrate concentration in tank mgNL-1 variable 
𝑆𝜇  Inlet flux of incoming ammonium mgNL-1 variable 

 

  



 

 

 

The term f(t) provides an estimate of the diurnal variation in the incoming ammonium 

load at the biological treatment, inspired by the harmonic formulation suggested by 

Langergraber et al. (2008).  

 

 
𝑓 (𝑡) = Σ𝑖=1

2 𝑐𝑐2𝑖−1 sin (
𝑖𝜋𝑡

𝑝
) + 𝑐𝑐2𝑖cos (

𝑖𝜋𝑡

𝑝
) 

 

(4) 

 

where t is the input time [minutes], p is the period of the harmonic functions (1440 

minutes for a diurnal variation), and the parameters ccx  define the shape of the 

harmonic profiles.  

 

The term O1(t) and O2(t) in eq. 1-2  represent a formulation of the alternating aeration 

signal with different delay for ammonium and nitrate.  Here the aeration is modelled 

as a sum of sigmoid-functions which allows for direct estimation of the delay D1, D2 

in the system. This should here be seen as a late response from when aeration 

starts/stops (𝜏𝑜𝑛/𝜏𝑜𝑓𝑓) to the moment when there are observable changes in 

ammonium/nitrate concentrations, as also described in Stentoft et al. (2017):   

 

𝑂𝑗(𝑡, 𝜏𝑜𝑛, 𝜏𝑜𝑓𝑓) = ∑
1

(1+𝑒𝛼1)𝜅3(1+𝑒𝛼2)−𝜅3

𝑛
𝑖=0  (5a) 

𝛼1 = −𝜅4(𝑡 − 𝜏𝑜𝑛,𝑖 − 𝐷𝑗) (5b) 

𝛼2 = 𝑡 − 𝜏𝑜𝑓𝑓,𝑖 − 𝐷𝑗  (5c) 

 

Parameter estimation can be performed automatically, without the need for manual 

interventions. This is done by minimizing a maximum likelihood function with 

respect to the last 24 hours of data using the setup described in Stentoft et al. (2019b).  

 

2.2 Nonlinear Model Predictive Control of Activated Sludge Processes 

Model Predictive Control (MPC) finds the best control action based on an 

optimization over future objectives with respect to some objective function, J, inputs 

u and constraints b on a function, l of the inputs. Typically this is set up as a 

minimization problem, and it can generally be expressed as 

𝑚𝑖𝑛 𝐽(𝑢) (6a) 

𝑠. 𝑡. 𝑙𝑖(𝑢) ≤ 𝑏𝑖, 𝑖 = 1, … , 𝑚 (6b) 

If either the objective function, J(u), or the constraint function, li(u), is a nonlinear 

function, the problem becomes a nonlinear optimization problem. This is more 

difficult to handle compared to a linear or convex optimization, and thereby it allows 

for fewer optimization variables. However, it has the major advantage that it can 

embrace non-linear system dynamics. The challenge in nonlinear optimization is that 

the objective can have several local optima, requiring good initial parameter guesses 

or optimization algorithms that can efficiently explore the parameter space (Lund et 

al. 2018). This is further elaborated for this application in Section 2.4.  

In this MPC implementation, the goal is to find the best aeration strategy that 

minimizes different objectives with respect to constraints on the process and on the 

aeration signal itself. This can be expressed using simple, linear constraints as: 



 

 

𝜏𝑜𝑛,𝑖 − 𝜏𝑜𝑓𝑓,𝑖 ≤ 𝜏𝑚𝑎𝑥,𝑜𝑛 (7a) 

𝜏𝑜𝑛,𝑖 − 𝜏𝑜𝑓𝑓,𝑖 ≥ 𝜏𝑚𝑖𝑛,𝑜𝑛 (7b) 

𝜏𝑜𝑓𝑓,𝑖 − 𝜏𝑜𝑛,𝑖+1 ≤ 𝜏𝑚𝑎𝑥,𝑜𝑓𝑓 (7c) 

𝜏𝑜𝑓𝑓,𝑖 − 𝜏𝑜𝑛,𝑖+1 ≥ 𝜏𝑚𝑖𝑛,𝑜𝑓𝑓 (7d) 

 

where the difference, 𝜏𝑜𝑛,𝑖 − 𝜏𝑜𝑓𝑓,𝑖, represents the time interval when aeration is active 

(“on”), and 𝜏𝑜𝑓𝑓,𝑖 −  𝜏𝑜𝑛,𝑖+1 the period when aeration is off. These time differences 

have also a lower (𝜏𝑚𝑖𝑛,𝑜𝑛,  𝜏𝑚𝑖𝑛,𝑜𝑓𝑓) and an upper (𝜏𝑚𝑎𝑥,𝑜𝑛, 𝜏𝑚𝑎𝑥,𝑜𝑓𝑓) constraint. 

Biology tanks are assumed to be completely mixed reactors, i.e. effluent concentration 

limits for ammonium (𝐿𝑁𝐻) and total nitrogen (𝐿𝑁) can be added as constrains:  

𝐸24ℎ[𝑆𝑁𝐻] ≤ 𝐿𝑁𝐻  (8a) 

𝐸24ℎ[𝑆𝑁𝑂 + 𝑆𝑁𝐻] ≤ 𝐿𝑁  (8b) 

where 𝐸24ℎ[Sx] are the 24-hour average effluent concentrations, which according to 

the Danish legislation need to comply with effluent discharge limits. 

 

2.3 Flexible control of management objectives 

To investigate the response of a WRRF controlled by the presented MPC, four 

different management objectives are investigated:  

 

 Objective A: Total operational costs optimization, considering electricity 

consumption and effluent taxes; 

 Objective B: Electricity consumption optimization, considering only aeration on-

time; 

 Objective C: Global Warming Potential (GWP) optimization, considering N2O 

direct emissions from nitrogen removal and indirect from N discharged in the 

effluent, as well as indirect greenhouse gas emissions (GHG) related to electricity 

production; 

 Objective D: Effluent total-N optimization, considering only the mean effluent 

concentration of ammonium and nitrate. 

 

The optimization of total operational costs (A) minimizes the objective function JA 

similar to the one used by Stentoft et al. (2019a), which expresses the total cost in 

Danish Krone (DKK). This considers both the effluent discharge tax on total-N (TN 

[DKK/gN]) and the hourly electricity price (from the day-ahead market) at the j-th 

hour (Epj [DKK/MW]): 

 
𝐽(𝐴)(𝜏𝑜𝑛, 𝜏𝑜𝑓𝑓) = ∫ (𝐸𝑝𝑗𝐴𝑖𝑟𝑜𝑛(𝜏𝑜𝑛, 𝜏𝑜𝑓𝑓 , 𝑡)𝐸𝑐

24ℎ

𝑡=0

+ (𝑆𝑁𝐻(𝑡) + 𝑆𝑁𝑂(𝑡))𝑇𝑁)  𝑑𝑡 

 

 

(9) 

 

 



 

 

where the term 𝐴𝑖𝑟𝑜𝑛(𝜏𝑜𝑛, 𝜏𝑜𝑓𝑓, 𝑡) [-] is an indicator function tracking the aeration 

status (set to 1 if aeration is on at time t and 0 otherwise), and the constant Ec [MW] 

is the electricity consumption of the aeration equipment. 

 

The optimization of electricity consumption (B) minimizes the objective function JB 

similar to the first term in eq. 9. The function estimates the total time aeration is 

activated during the integration horizon of 24 hours [min]: 

 
𝐽(𝐵)(𝜏𝑜𝑛, 𝜏𝑜𝑓𝑓) = ∫ 𝐴𝑖𝑟𝑜𝑛(𝜏𝑜𝑛, 𝜏𝑜𝑓𝑓, 𝑡)

24ℎ

𝑡=0

𝑑𝑡 

 

 

(10) 

 

The optimization of global warming potential (C) minimizes the objective function JC 

which consider the total GHG emissions as CO2 equivalent [kg-CO2-eq]:  

 
𝐽(𝐶)(𝜏𝑜𝑛, 𝜏𝑜𝑓𝑓) = ∫ (𝑅𝑁2𝑂 (𝑟𝑁𝐻(𝑡, 𝜏𝑜𝑛, 𝜏𝑜𝑓𝑓)) 𝐶𝑁2𝑂,𝐶𝑂2

24ℎ

𝑡=0

+ (𝑆𝑁𝐻(𝑡) + 𝑆𝑁𝑂(𝑡))𝐸𝑓𝑓𝑁2𝑂𝐶𝑁2𝑂,𝐶𝑂2

+ 𝐺𝐻𝐺𝐸𝑙,𝑘𝐴𝑖𝑟𝑜𝑛(𝜏𝑜𝑛, 𝜏𝑜𝑓𝑓 , 𝑡))  𝑑𝑡 

 

 

(11) 

where the term 𝑅𝑁2𝑂 is the effective rate at which N2O is created as a function of the  

ammonium removal rate 𝑟𝑁𝐻. This can be estimated as the term from (1): 

 
𝑟𝑁𝐻 = 𝑟𝑁𝑖

𝑂1(𝑡, 𝜃)𝑆𝑁𝐻

𝑟𝑁𝑖𝐾𝑁𝐻 + 𝑆𝑁𝐻 + 𝑚𝑁𝐻
𝑑𝑡 

 

 

(12) 

This objective function thus considers N2O production as a function of ammonia 

removal rate, modelled according to two correlations found in Blum et al. (2018). 

This model considers N2O emissions by nitrifying nitrification pathway, which is 

dominant in several plant configurations working with ammonia based aeration 

control when nitrification capacity is limited (e.g., winter time; Ahn et al., 2010, Porro 

et al., 2017, Bellandi et al., 2020). In addition, indirect N2O emissions due to nitrogen 

discharged in the effluent are estimated as a fraction of effluent total nitrogen (EffN2O) 

that is calculated based on IPCC guidelines (Bartram et al., 2019). Indirect GHG 

emissions from electricity production in the Danish market (𝐺𝐻𝐺𝐸𝑙,𝑘) are calculated 

based on data from Danish electricity network operator, presented in section 2.5 

(Energinet, 2020). 

 

The optimization of effluent total-N (D) minimizes the sum of ammonium and nitrate 

in the effluent over the prediction horizon.  

 

 
𝐽(𝐷)(𝜏𝑜𝑛, 𝜏𝑜𝑓𝑓) = ∫ (𝑆𝑁𝐻(𝑡) + 𝑆𝑁𝑂(𝑡))

24ℎ

𝑡=0

𝑑𝑡 

 

 

(13) 

 

To illustrate how the MPC can combine different management objectives, a combined 

objective function  𝐽(𝐴,𝐶)(𝜏𝑜𝑛, 𝜏𝑜𝑓𝑓) is used, where a weight α  [-]  is used to prioritize 

among the different objectives:   



 

 

 𝐽(𝐴,𝐶)(𝜏𝑜𝑛, 𝜏𝑜𝑓𝑓) = 𝛼𝐽(𝐶)(𝜏𝑜𝑛, 𝜏𝑜𝑓𝑓) + (1 − 𝛼)𝐽(𝐴)(𝜏𝑜𝑛, 𝜏𝑜𝑓𝑓) 

 

(14) 𝐽(𝐴,𝐵,𝐶,𝐷)(𝜏𝑜𝑛, 𝜏𝑜𝑓𝑓)

= 𝛼𝑖𝐽(𝐴)(𝜏𝑜𝑛, 𝜏𝑜𝑓𝑓) + 𝛼𝑖𝑖𝐽(𝐵)(𝜏𝑜𝑛, 𝜏𝑜𝑓𝑓)

+ 𝛼𝑖𝑖𝑖𝐽(𝐶)(𝜏𝑜𝑛, 𝜏𝑜𝑓𝑓) + 𝛼𝑖𝑣𝐽(𝐶)(𝜏𝑜𝑛, 𝜏𝑜𝑓𝑓) 

 

 

(14) 

Where α ranges between 0, giving full priority to costs minimization, and 1, giving 

full priority to minimizing GHG emissions. 

 

2.4 Simplifications for implementation in an online setup 

All the considered objective functions are non-linear. Since the number of switching 

times increase with the length of horizon, the optimization can become difficult for 

long horizons. Hence, simplifications are needed to speed up the calculation time and 

to reduce the number of parameters to be estimated, thereby enabling the application 

of the proposed MPC in an online setup. 

 

The calculations of the constrains on the 24 hour effluent concentrations (eq. 8a,b) are 

implemented by adding two state variables to those listed in eq. 1-3: average 

ammonium, 𝑆𝜇,24ℎ,𝑁𝐻, and average total-N,  𝑆𝜇,24ℎ,𝑁. 

𝑆𝜇,24ℎ,𝑁𝐻 =
∫ 𝑆𝑁𝐻

24ℎ
𝑡=0

𝑑𝑡

24ℎ
 (15a) 

𝑆𝜇,24ℎ,𝑁 = 𝑆𝜇,24ℎ,𝑁𝐻 +
∫ 𝑆𝑁𝑂

24ℎ

𝑡=0
𝑑𝑡

24ℎ
 (15b) 

In case of very low discharge limits or extraordinarily high incoming nutrient loads, 

the MPC might fail to satisfy the constraints on the effluent 24h average concentration 

(eq. 8a,b). Nevertheless, the optimizer should still be capable of providing an 

acceptable solution with respect to eq. 8, disregarding the objective function J. From a 

MPC point of view, this implies that eq. 8 should be implemented as soft constraints 

directly in the objective function. Hence two additional terms are added to the 

objective functions  JA-D.  

 
𝑃𝑁𝐻 =

𝑧𝑒𝑆𝜇,24ℎ,𝑁𝐻

1 + 𝑒−100(𝑆𝜇,24ℎ,𝑁𝐻−𝐿𝑁𝐻)
 

𝑃𝑁 =
𝑧𝑒𝑆𝜇,24ℎ,𝑁

1 + 𝑒−100(𝑆𝜇,24ℎ,𝑁−𝐿𝑁)
 

 

 

(16a) 

 

(16b) 

Where the constant z is a sufficiently large number which secures that the penalties 

𝑃𝑁𝐻 and 𝑃𝑁 are prioritized over other terms in the objective function when 𝑆𝜇,24ℎ,𝑁𝐻 

and 𝑆𝜇,24ℎ,𝑁 are larger than LNH and LN respectively.  

 

The number of parameters to optimize is reduced by parameterizing the vectors of 

switching times, 𝜏𝑜𝑛 /𝜏𝑜𝑓𝑓. Here the parameterization of 𝜏𝑜𝑛,𝑖 /𝜏𝑜𝑓𝑓,𝑖 also includes the 

constraints on the aeration equipment (eq. 7). 

 

 𝜏𝑜𝑛,𝑖(𝑘𝑜𝑛, 𝜏𝑚𝑎𝑥,𝑜𝑛, 𝜏𝑚𝑖𝑛,𝑜𝑛, 𝜏𝑜𝑛,𝑖−1)

= 𝜏𝑜𝑛,𝑖−1 + 𝜏𝑚𝑖𝑛,𝑜𝑛 +
𝜏𝑚𝑎𝑥,𝑜𝑛 − 𝜏𝑚𝑖𝑛,𝑜𝑛

1 + 𝑒𝑆𝑝(𝑘𝑜𝑛)
  

𝜏𝑜𝑓𝑓,𝑖(𝑘𝑜𝑓𝑓 , 𝜏𝑚𝑎𝑥,𝑜𝑓𝑓 , 𝜏𝑚𝑖𝑛,𝑜𝑓𝑓, 𝜏𝑜𝑓𝑓,𝑖−1)

= 𝜏𝑜𝑓𝑓,𝑖−1 + 𝜏𝑚𝑖𝑛,𝑜𝑓𝑓 +
𝜏𝑚𝑎𝑥,𝑜𝑓𝑓 − 𝜏𝑚𝑖𝑛,𝑜𝑓𝑓

1 + 𝑒𝑆𝑝(𝑘𝑜𝑓𝑓)
  

(17a) 

 

 

(17b) 



 

 

 

 

 

Where the function 𝑠𝑝(. . ) is a periodic spline function with coefficients described by 

the input vectors 𝑘𝑜𝑛 and 𝑘𝑜𝑓𝑓. This implementation allows choosing how many 

splines and thus how many parameters, 𝑘𝑜𝑛, 𝑘𝑜𝑓𝑓, are needed for the optimization. 

Generally, a greater number of parameters allows for a more detailed optimization of 

the controlled process, but results in a greater number of local minima, thus becoming 

more difficult to optimize. Here a total of 12 parameters are used, found to be 

sufficient considering the dynamics and inputs. 

 

The relatively low number of optimization variables, combined with the fast 

evaluation of the objective function, allows for the use of global optimization 

algorithms to minimize the objective function. In this study, the Shuffled Complex 

Evolution (SCE) algorithm (Duan et al., 1993) is used. SCE is run with a maximum of 

5000 function evaluations, taking approximately 60 seconds to run on a normal PC 

(CPU is an Intel Core i7-6600 with 2.60 GHz), And, generally, ensuring convergence 

to the global optimum. The model and optimization are implemented in R and C
++

, 

using the TMB package for R (Kristensen et al. 2016). This package compiles the 

model written in C
++

 and supplies the objective function as an R-object for easy use 

with various optimization algorithms. 

 

2.5 Case study 

The presented MPC setup is tested by using data from the Nørre Snede WRRF 

(Denmark). This is a small alternating plant with a biological treatment volume of 

3500m
3
 and an average daily inlet volume of 1.000m

3
. The plant is further described 

in Stentoft et al. (2019b). Volatile suspended solids are assumed to be 3g-VSS/L, 

typical for activated sludge systems (Tchobanoglous et al. 2004). The different 

constants related to the objectives listed in section 2.3 are summarized for Nørre 

Snede WRRF in Table 1. 

 

Table 2 Parameter of the objective functions used in the optimization of the Nørre Snede WRRF. 

Parameter Description Value 

𝐸𝑐 Equipment consumption [MW] 0.1 
𝑇𝑁 Effluent tax [DKK/kg-N] 30.0 

𝐿𝑁𝐻 Ammonium limit [mg-N/L/24h] 1.5 
𝐿𝑁 Total-N limit [mg-N/L/24h] 2.9 

𝜏𝑚𝑖𝑛,𝑜𝑛 Min duration of aeration phase [min] 10 
𝜏𝑚𝑎𝑥,𝑜𝑛 Max duration of aeration phase [min] 80 
𝜏𝑚𝑖𝑛,𝑜𝑓𝑓 Min duration of no-aeration phase [min] 30 

𝜏𝑚𝑎𝑥,𝑜𝑓𝑓 Max duration of no-aeration phase [min] 80 

𝐶𝑁2𝑂,𝐶𝑂2
 N2O GWP-contribution [kg-CO2-eq/kg-

N2O] 
298 

𝐸𝑓𝑓𝑁2𝑂 N2O produced due to effluent N  0.005 

𝑟𝑁2𝑂,𝑙𝑜𝑤 N2O emission  𝑟𝑁𝐻<5mg TAN/(g-VSS*h) [] 0.01 

𝑟𝑁2𝑂,ℎ𝑖𝑔ℎ N2O emission 𝑟𝑁𝐻>5mg TAN/(g-VSS*h) [] 0.09 

Z Large number for the soft constraints 10000 



 

 

VSS Volatile suspended solids [g/L] 3 

 

Intermittent aeration at Nørre Snede WRRF is currently controlled using an advanced 

Rule-Based Control (RBC) strategy, which switches aeration on and off as a function 

of current ammonium and nitrate measurements. This control is thoroughly described 

in previous papers (e.g., Isaacs and Thornberg, 1998).  

Hourly electricity prices, 𝐸𝑝𝑗 for the Denmark West market were retrieved from the 

public online databases of the European power exchange Nord Pool (Nordpool, 

2020). Similarly, 5-minute GHG emissions from electricity production (𝐺𝐻𝐺𝐸𝑙,𝑘)  

were retrieved from public databases of the Danish electricity grid operator 

(Energinet, 2020).  

 

Figure 1 shows daily prices and GHG emissions for 51 days in the period from 

2019/01/14 to 2020/02/18, highlighting both inter- and intra-daily variations. The first 

day (2019/01/14) is chosen as example to illustrate the MPC response to daily 

variation. The subsequent 51 days are chosen at a 8-day interval in order to obtain a 

dataset that is equally distributed among different weekdays and covers all year 

seasons.  

 

 
Figure 1 Electricity prices for the Denmark West market (Nordpool, 2020) and (b) GHG emissions from 

electricity production (Energinet, 2020) for the Nordic electricity market, for the 51 days in the period from 

2019/01/14 to 2020/02/18. The example day (2019/01/14) is highlighted.  

 

 

2.6 MPC Evaluation 

The performance and verification of the presented MPC is investigated by looking at 

different aspects  

 

WRRF daily performance under different management objectives  

To qualitatively verify the MPC implementation and to compare the effects on the 

WRRF performance of the four management objectives listed in section 2.3, a first 

analysis is performed on aggregated daily values, followed by a comparison of the 

plant outlet over the 24-hr period covering the example day (2019/01/14). The plant 



 

 

performance is evaluated using different performance indicators, reflecting the 

different management objectives, and compared against the existing control (RBC): 

 Effluent quality, expressed by NH4, NO3 and total-N effluent concentrations, 

to evaluate performance in nutrient removal; 

 Operational costs, calculated as total costs, electricity costs and effluent 

taxation costs, to evaluate financial performance; 

 Efficiency indicators, expressed by relative aeration on-time, average 

electricity consumption and average electricity GWP emissions. This is to 

evaluate the control prioritizes with respect to the inputs 

 GWP indicators, expressed as total GHG emissions, N2O-emissions and 

indirect GHG emissions, from electricity consumption, to evaluate climate 

performance. 

The MPC evaluation uses the model parameters listed in Table 1, and the electricity 

prices and GHG emissions highlighted in Figure 1.  

The MPC response to dynamics in electricity costs and GHG emissions is investigated 

by looking at the cumulative functions of total costs and GHG emissions over the 

optimization horizon. 

 

MPC response to varying effluent limits  

To verify the correct implementation of soft constrains and to evaluate the MPC 

response to different discharge limits, 30 different optimizations are run for each 

management objective by increasing the limit LNH in steps of 0.05 from 0.5 to 2 

mgN/L.  

 

Multiple objectives and marginal costs 

To verify eq. 14, The function and trade-off are evaluated by using a sequence of 

values for 𝛼, ranging from 0 to 1. Furthermore, this objective function makes it 

possible to investigate the marginal costs of preferring GWP compared to total costs.  

 

Long term performance evaluation  

The proposed MPC is used to control WRRF operation over the 51 days shown in 

Figure 1: given four different objectives, this yields to 204 optimizations in total. 

Potential correlations between intra-diurnal differences in costs, 𝑖𝑑𝑐𝑜𝑠𝑡, and GHG 

emissions, 𝑖𝑑𝐺𝐻𝐺 , in the optimized objective function values are investigated using 

these 204 optimizations.  

 

 𝑖𝑑𝑐𝑜𝑠𝑡 = 𝐽(𝐵) −  𝐽(𝐴) 

𝑖𝑑𝐺𝑊𝑃 = 𝐽(𝐷) −  𝐽(𝐶) 

 

(18a) 

(18b) 

 

3. RESULTS AND DISCUSSION 

 

3.1 Model implementation 

The estimated model parameters from Nørre Snede WRRF for the example day are 

listed in Table 1 with a description. An example of model fit with a 3 hour prediction 

is shown in Figure 2.  

 



 

 

 
Figure 2 Model fitted to ammonium and nitrate data from Nørre Snede WRRF for the example day (2019/01/14), 

including a prediction 3 hours ahead from 19:00 (“now”). The estimated parameters related to this fit are shown in 

Table 1. The grey areas highlight the uncertainty of the model predictions.  

 

Figure 2 shows how the model captures the dynamics of the alternating control as the 

concentrations increase/decrease as expected when aeration is turned on/off. In 

addition, the uncertainty of the model seems reasonable as it increases with the 

prediction horizon, which during the estimation period is only until next available 

observation. This model is used in the following as basis for the predictive control.  

 

 

3.2 WRRF daily performance under different management objectives  

Figure 3 shows the optimal control obtained in the four management objectives for 

the example day (Figure 1). 

 



 

 

 
Figure 3. Ammonium and nitrate concentration and aeration controls obtained with different control scenarios 24 

hours ahead (example day - starting from 2019/01/14 00:00): (a) optimization of total operational costs, (b) 

optimization of electricity consumption, (c), optimization of global warming potential, (d) optimization of effluent 

total-N, and (e) current rule-based control. Aeration phases are shown by the different background colors: on 

(blue) and off (grey). 

 

Table 3. Performance indicators from application of the four different management objectives (A-D) and the 
current control (RBC) on the example day (Figure 1). The indicator targeting the goal of the objective functions is 
highlighted in bold and a frame. Effluent concentrations are estimated as average over 24 hours. Average 
electricity price/GWP are the obtained values over the 24 hours with variable inputs. N2O emissions cover both the 
direct and indirect N2O.   

 A B C D RBC* 

Effluent NH4 [mgN/L] 1.33 1.36 0.69 0.52 1.25 
Effluent NO3 [mgN/L] 1.41 1.36 1.35 1.39 1.30 



 

 

Effluent total-N [mgN/L] 2.74 2.72 2.04 1.91 2.55 

Total Cost [DKK] 247.7 279.4 324.2 377.2 307.7 

Electricity cost [DKK] 165.2 197.8 263.0 319.7 231.2 
Effluent tax [DKK] 82.4 81.6 61.2 57.5 76.5 

Relative Aeration [% “on”-time] 39.5 33.3 44.6 53.7 37.1 

Average price of consumed 
electricity [DKK/MWh] 

174.2 247.5 245.7 248.0 259.8 

Average electricity GWP [kg-
CO2-eq/MWh] 

102.7 114.0 113.1 112.6 115.6 

GWP, N2O contribution[kg-CO2-
eq] 

227.9 282.4 64.7 69.2 219.6 

GWP from electricity 
production [kg-CO2-eq] 

96.8 91.1 121.0 145.2 102.9 

GWP, total [kg-CO2-eq] 324.6 373.5 185.7 214.4 322.5 

 

The dynamics seen in Figure 3 and the WRRF performance indicators for the whole 

day (Table 3) highlight some interesting findings. 

 

Effluent quality 

The differences in the concentration values and dynamics under the different 

optimization objectives are clearly shown. All objectives comply with the soft 

constraints in (eq. 16). The greatest difference is noted when using function 𝐽(𝐴) 

(Figure 3a), which has longer aeration phases and short non-aerated intervals in the 

early morning and minimizes aeration in the afternoon. This is a direct response to the 

negative electricity prices between 00:00 and 05:00 (Figure 1a), which are exploited 

by the MPC. The effluent concentrations under objective C and D show similar 

patterns, but ammonium concentrations are slightly higher in objective C, meaning 

that less aeration is used. This is the consequence of the minimization of carbon 

footprint derived from energy used for aeration. The ammonium concentrations are 

generally increased for  objective B, where electricity is minimized. Here ammonium 

is kept as high as possible within constraints (1.5 mgN/l).  

 

 

Operational costs  

The average price of consumed electricity (i.e. the price when electricity is used) is 

30% lower for objective A compared to the others, while smaller differences are 

observed among the other objectives. The electricity cost for RBC is slightly higher, 

due to a long non-aerated phase during the negative price period. The lowest 

electricity cost is (A), even though it uses more electricity compared to both (C) and 

the RBC. However, the difference in electricity costs of (B), (C), (D) and the RBC are 

characterized by their differences in relative amount of aeration.  

The low average electricity price is also the reason why objective A leads to 13.9% 

lower total costs, even though it requires 6.2% more aeration compared to objective 

B. It should also be noted that optimizing costs and electricity consumption are 19.5% 

and 9.2% cheaper than the current RBC, respectively. This is because of a 

combination of lower electricity prices (for objective A), and a better balance between 

taxes and electricity consumption found by going closer to discharge limits (for A and 

B). 

 



 

 

GWP  

The average GWP from electricity consumption is similar for all the strategies, 

indicating that this factor does not significantly affect the optimal control actions. 

However, the N2O emissions are 3-4 times lower in Objective C and D compared to 

A, B and the RBC. This corresponds to a reduction in GWP of 42.8%, 50.3% and 

42.4% lower in Objective C compared to A, B, and the RBC, respectively. This is 

interesting as it indicates that optimizing for low effluent nitrogen concentration is 

closer to minimizing GHG emissions and hence plants operated with this management 

objective might already have lower GWP than plants focusing on other objectives. 

Comparing Objective A against B results in a 13.1% lower GWP, suggesting that 

Objective A, despite higher electricity consumption, is better in terms of both costs 

and GWP compared to a objectives focusing only on optimizing electricity 

consumption. This difference is explained by is the difference in N2O emissions, 

which is investigated further in the next section. Finally, it should be noted that 

Objective C, optimizing GWP, costs 30.9 % more compared to Objective A, 

indicating that a trade-off between operational costs and GWP need to be made by 

WRRF operators. This picture may change if a CO2 tax on WRRF GHG-emissions is 

imposed. 

 

 

 

3.3 Objective function dynamics  

Figure 4 shows the dynamics of the different strategies in terms of cumulated 

electricity costs and N2O emissions over the simulated example day.  

 

 
Figure 4 (a) Cumulative electricity costs  nd (b) N2O emissions from process for the four control scenarios over 

the example day.   

 

Figure 4 illustrates how the MPC in Objective A exploits better the negative prices, as 

after the first 8 hours the cumulative cost is still negative. Furthermore the slope on 

the cumulative curve is less steep compared those of Objectives C and D, resulting in 

an overall cost reduction. Because of the heavy aeration in the first 10 hours (where 

electricity prices where low), Objective A also manages to keep ammonium 

concentrations and therefore it keeps removal rates, sufficiently low to avoid large 

N2O emissions during this period. However, Objective C manages to achieve low 



 

 

N2O emission over the entire horizon by balancing ammonium concentration at a 

sufficiently low level which keeps the ammonium removal rates (eq. 12) low.  

 

3.4 MPC response to varying effluent limits   

The sensitivity on the effluent ammonium limits is shown in Figure 5. 

 

 
Figure 5 Effect of different constraints on effluent NH4 concentration on (a) total costs and (b) GWP for different 

control scenarios on the example day. The black line shows the limit used for the results shown in Figure 2 and 3. 

 

At low effluent requirements (i.e. ammonium <0.8 mgN/L) MPC perform similarly 

for all objectives. This is because the main MPC goal becomes to satisfy effluent limit 

in all cases. When the effluent limit is increased, it becomes possible for the MPC to 

prioritize aeration in different periods and hence different outcomes between 

objectives are observed. This verifies the effect of the soft-constraint, which 

dominates the MPC decisions when discharge requirements are not satisfied.  

The total operational costs are reduced in all cases until Objective C and D stabilize 

around 1.25 mg-N/L. This suggests that the effluent requirements are not important 

for Objectives C and D, which already tend to minimize effluent nitrogen emissions. 

In the case of Objective A and B, total costs are further reduced, and it is likely that 

for (A) the cost would decrease further, albeit little, if the limit was increased more 

than 2 mg-N/L. Surprisingly, the cost of Objective B starts to increase at some point, 

and thereby the difference between Objective A and B increases above approximately 

1.5 mg-N/L. This is because the contribution of the effluent tax to the total costs 

overcomes the additional savings in electricity consumption.  

For GWP, Objective C and D stabilize above 1.25 mg-N/L, suggesting that, as for 

total costs, effluent requirements become unimportant for MPC. Objective A and B 

increase GWP until roughly 1.4 mg-N/L, after which they decrease slowly. The initial 

increase is caused by the higher N2O-emissions as consequence of the lower aeration, 

which result in higher ammonium removal rates (aeration time is reduced, but DO set-

point is kept constant and thus ammonia oxidation rates increase due to ammonia 

accumulation). The later decrease in GWP is caused by the fact that the frequency and 

duration of aeration is so low that the effective aeration time and thus total emissions 

are reduced, even though the emission rate is high during aeration. 

This highlights that with the management objectives from Objective A or B, lower 

discharge limits do not necessarily lead to better performance in terms of GWP. 

Furthermore it highlights that indirect N2O emissions related to total-N in the effluent 

are comparably much lower than direct emissions from the WRRF. 



 

 

 

3.5 Multiple objectives and Marginal Costs 

Figure 6 compares the operational costs and GWP for the optimization performed by 

using the combined objective function (eq. 18), showing the trade-off between the two 

management objectives.   

 

 
Figure 6 Trade-off between total costs and global warming potential using a combined objective function (eq. 18) 

for the different values of 𝛼 (α=0 corresponds to cost prioritization only,  α=1 corresponds to GWP prioritization 

only). 

 

For example, a reduction of GWP by 125 kg-CO2-eq (42%) results in an increase in 

costs of about 50 DKK (20%), corresponding to a marginal cost of 0.4 DKK/kg-CO2-

eq. This is obtained with a weight α around 0.65 (i.e. MPC puts a 65% weight on 

GWP and 35% on costs). Figure 6 shows how the trade-off does not follow a linear 

trend, highlighting how optimization of GWP and total costs require different control 

actions. Therefore, the marginal cost depends on the chosen weight, and the definition 

of α thus requires a careful analysis. For instance, high prioritization of GWP (𝛼 >0.8) 

does not lead to important reduction of GWP, but it increases costs from roughly 300 

to 335 DKK. Arguably WRRF managers should define a weight that balances GHG 

emission (especially N2O emission rates) while still leaving the MPC flexibility to 

exploit the opportunities offered by low electricity prices.  

 

3.6 Long term performance  

Figure 7 shows a summary of the results for the four optimization objectives 

performed over the 51 days shown in Figure 1 in terms of operational costs and GWP 

indicators. 

 



 

 

 
Figure 7 Boxplots showing (a) total costs and (b) global warming potential obtained for the 51 simulated days 

(shown in Figure 2) by using the four control scenarios (A-D) and the current rule-based control (RBC). The 

boxplots show max/min (whiskers), +/- 2 standard deviations (coloured space) and the mean (horizontal black 

lines). 

 

 
Figure 8 (a) Difference in total daily cost between Objective A and B as a function of inter-diurnal price variations 

(max – min) (b) Difference in GWP between objectives C and D as a function of inter-diurnal variations in GHG 

emission from electricity production (min-max). Results are shown for the 51 simulated days, while the example 

day is marked in red.   

 

Clearly, better performance is obtained for indicators specifically targeted by the 

optimization objective. Objective A and B, focusing on reduction of operational costs 

and electricity, show average costs that are not significantly different (using a 95% 

confidence level), with only a 3.4% difference (it is though noted that the difference is 

significantly larger than zero). However, when looking at single days (Figure 8a), 

significant differences appear between the two objectives for days with high inter-

diurnal variations, while the difference is relatively small for most of the simulated 

days. It is difficult to conclude whether the relationship is linear or exponential, but it 

can be observed that the variance also increases with increasing inter-diurnal 

variations. This trend is interesting when considering that future electricity prices 

might show even greater inter-diurnal variations due to increasing amounts of 

renewables (REN21, 2020) and/or implementation of varying CO2-dependent 

taxes/tariffs. 

Compared to the other objectives, optimizing total costs is significantly cheaper 

compared to Objective C, D and the baseline RBC, with 19.2%, 29.6% and 9.2% 



 

 

lower costs, respectively. Surprisingly, Objective A, C and D obtain the three lowest 

minimum costs, as indicated by the bottom of the whiskers in Figure 7. These values 

are all found in a day with 12 hours of negative prices (2019/12/16) when Objectives 

C and D, which prioritize to higher aeration, “earns” money during half of the day 

while still reducing the effluent tax.  

 

The GWP is reduced when directly targeted by the objective function (Objective C) or 

when minimizing N in the effluent (Objective D). Objective C has a mean GWP 

40.9%, 42.5%, and 34.9% lower than A, B, and RBC, respectively. When compared 

to Objective D, the mean is not significantly lower (13.9%) due to the relatively large 

variances (but, the difference is significantly larger than zero). As for total costs, 

significant differences between Objective C and D appear when looking at individual 

days (Figure 8b), with greater divergences in days with greater inter-diurnal variations 

in GHG emissions from electricity production. However, the trend has a larger 

variance compared to the one observed for costs, due to the contribution of N2O 

emissions, which are independent from the electricity source. In both cases, part of the 

variation can also be explained by the fact that the distribution of highs and lows 

within the electricity- price/GHG series are important for the actual potential for 

exploitation. Hence some days are simply easier to distribute aeration in “smart” than 

others. 

The minimum GWP obtained in Objective A is relatively lower compared to those 

obtained for B and RBC. This is because the low price periods which are exploited by 

A have the added benefit that ammonium removal rates become smaller, hence less 

N2O is created (as also observed for the example day in Figure 4b). Furthermore, low 

price periods typically correspond to lower indirect GHG emissions, thanks to the 

Danish electricity mix. The high extreme value obtained for Objective D (the whisker 

in Figure 7b) is caused by a day with very high electricity GHG-emissions 

(2019/05/21, ranging from 259 – 439 kg-CO2-eq/MWh).  

 

3.7 Future Outlook 

The proposed management objectives can be expanded to enhance the plant 

performance both in terms of total operational costs and GWP. For example, total 

costs can be further reduced by including other electricity markets in the objective 

function. While in this study only the “day-ahead market” is considered, the balancing 

market (demand-response) seems to be particularly interesting for wastewater 

treatment (Brok et al., 2019). This expansion would require a stochastic MPC strategy 

where both upregulation (use less electricity on a short notice) and downregulation 

(use more electricity on a short notice) are built into the objective function. Variable 

tariffs which are present in some areas in order to promote peak shaping should also 

be investigated (Aymerich et al. 2015). Thus, it is noted that the generality of the cost 

function allows for adding this when creating the future price input. The Danish 

legislation also taxes phosphorus and organic carbon emissions, creating the 

possibility for further extension of the objective function. Including these substances 

would require an additional model using stochastic differential equations (Lindstrøm 

et al., 2019) which, ideally, should also include predictive control of chemical dosing. 

 

The calculation of N2O is based on empirical findings on laboratory scale partial 

nitritation Anammox reactor, where emissions were driven by nitrifying nitrification 

pathway (Blum et al., 2018a). We note, however, that heterotrophic and nitrifying 

denitrification pathways may also contribute to the overall emissions (Chen et al., 



 

 

2019) and should be considered for more reliable optimization. There is relatively 

extensive literature on different statistical models relating different operational 

parameters and nitrous oxide emissions, which could be applied for the objective 

function (Vasilaki et al., 2018, Bellandi et al., 2020). Furthermore, these correlations 

could be re-calibrated with soluble N2O online data (where available). Additionally, 

several studies have suggested different ratios and more detailed models, accounting 

for all pathways contributing to N2O emissions from activated sludge processes 

(Domingo Félez and Smets, 2016). This shows how the prediction of N2O emissions 

is affected by a large level of uncertainty, which can be overcome by including N2O 

as a state in the system of coupled SDEs. This new state should ideally be calibrated 

with online N2O measurements to accommodate changes in plant due to seasonality 

(i.e., temperature), solid retention time, dissolved oxygen, pH or other crucial 

parameters (Daelman et al., 2015, Blum et al., 2018b). Finally, objective functions 

that also consider the hydraulic capacity of plants, including secondary clarifiers and 

return sludge, could be designed. This would be particularly useful for handling 

increased inlet flow during wet-weather events.  

 

   4. Conclusion 

A flexible model predictive control (MPC) framework for optimizing aeration in 

WRRF was presented, allowing WRRF operators to optimize plant controls control 

according to different management objectives over a 24 hour prediction horizon. The 

framework was tested with data from the Danish electricity grid and the Nørre Snede 

WRRF. Four different objective functions were investigated and evaluated with a 

objective analysis using different data inputs. The four objectives minimize total 

operational costs, electricity consumption, global warming potential (GWP), and 

effluent total-N.  

The study revealed how the four controls resulted in quite different in terms of the 

resulting aeration patterns, and hence dynamics of ammonium/nitrate concentrations 

in the biology tanks and in the effluent.  

Controls optimizing total costs and electricity consumption both prioritized to aerate 

less. Controls focusing on effluent quality and GWP both resulted in lower effluent 

concentrations, showing how a management objective optimizing effluent quality can 

also be optimizing GWP.  

The trade-off between costs and GWP was evaluated using a combined objective 

function. This analysis revealed that the marginal costs of an example day when 

prioritizing GWP over costs was ~0.4 DKK/kg-CO2-eq.  

MPC performance was investigated over 51 days, showing how the control 

optimizing costs was 19.2%, 29.6% and 9.2% cheaper compared to controls 

optimizing for GWP, effluent N-concentrations, or the currently implemented rule 

based control strategy (RBC). Similarly, the control optimizing GWP resulted in 

40.9%, 42.5%, 13.9% and 34.9% lower emissions than the other controls optimizing 

for costs, electricity consumption, effluent quality, and RBC respectively.  

Comparison between objectives revealed a correlation between inter-diurnal 

difference in prices/GHG-emissions and the potential savings, where larger difference 

generally led to larger savings. This indicates that the current potentials might 

increase in a future energy objective with more fluctuating energy sources. Finally, it 

is concluded that as the different objectives led to contrasting dynamics and 

performance, it is important to actively consider the choice of objective.  

Overall, this study demonstrates the flexibility of the chosen MPC framework, which 

can easily accommodate for additional terms in the objective functions, allowing 



 

 

WRRF operators to quickly adapt the plant operation to new management objectives 

and to face new performance requirements. 
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Abstract: Mathematical description of activated sludge processes in biological wastewater
treatment using detailed nonlinear models has been widely applied since the 1980s. However, the
current frameworks are not suitable for online forecasting and predictive control, as unsupervised
parameter estimation and state updates are not supported. Hence a framework based on
Stochastic Differential Equations is suggested in a new simplified model of N and P removal.
The model is specifically designed to forecast up to 24 hours ahead and to run adequately fast to
be used online in predictive controls. In addition it is designed to manage missing and extreme
data for robustness. The model is tested full-scale with data from two different plants, where
differences in parameters and dynamics are highlighted. Quantitatively the model is evaluated
using different skill-scores and results shows that it is able to predict concentrations, with root
mean squared error lower than 0.11 mgN/L on short horizons up to 30 minutes and lower than
0.55 mgN/L on horizons up to 24 hours. The framework is compared with other similar models,
and performs better as evaluated in both continuous ranked probability score and root mean
squared error. Hence the framework is concluded to be a unified framework in a step towards
new predictive controls of wastewater treatment aeration.

Keywords: Wastewater Treatment, Stochastic differential equations, CRPS

INTRODUCTION

Deterministic models based on coupled ordinary differ-
ential equations (ODEs) are popular tools for describing
many of the processes at Wastewater Treatment Plants
(WWTP). One of these processes which has received a
lot of attention is the Activated Sludge Process (ASP).
This process specifies how nutrients and organic matter
are biologically converted by the addition of oxygen. The
Activated Sludge Models (ASM) (Henze et al., 2000, 1987)
represent a widely acknowledged framework which uses
Monod kinetics and mass-balances to describe the ASP
dynamics. These models have gained a lot trust since the
first ASM (Henze et al., 1987) was presented in 1987 and
now several versions and additions exist such as ASM3 by
Gujer et al. (1999), the EAWAG bio-P module by Siegrist
et al. (2002) or, more recently, an extension to model
greenhouse gases in ASMG1 by Guo and Vanrolleghem
(2014). These models are popular to use in process/plant
design, control evaluation, teaching and research (Henze
et al., 2000).

The first ASM, ASM1, contains 13 states and 19 param-
eters (Henze et al., 1987) which can be identified using
different methodologies. Petersen et al. (2002) lists three
typical ways to obtain parameter estimates for an ASM; (i)
default literature values, (ii) full-scale plant data and (iii)
lab-scale experiments. In this context it is noted that for
process optimization on a specific plant (ii) and/or (iii)
are required for sufficient results (Petersen et al., 2002).
Hence, as (iii) are typically expensive and troublesome,
different frameworks for identifying parameters from time
series of (ii) have been developed (e.g. Sharifi et al. (2014);
Sin et al. (2008)). These methods face some challenges,
including long computation times, autocorrelated residuals
(Sin et al., 2008), correlated parameters in ASM1 (Sharifi
et al., 2014) and uncertain/faulty sensor data (Olsson,
2012; Sharifi et al., 2014). Models to use for real-time
control applications such as adaptive model predictive
control are particularly vulnerable to these issues as they
should update automatically to new, incoming online mea-
surements without the need for supervision by engineers
(Olsson, 2012).



ODEs with stochastic inputs of internal randomness are
referred to as Stochastic Differential Equations (SDEs)
(e.g. (Øksendal, 2013)). These internal perturbations can,
to some extent, indirectly capture system dynamics that
are not implicitly given in the formulation of the model. In
fact, SDEs are sometimes referred to as stochastic grey-box
models because, they contain a ”white”, drift term and a
stochastic, ”black”, diffusion term. This implies that the
model itself, and not just observations/data, is uncertain.
Thereby, the residual error is separated in two parts,
typically referred to as, σ and ε. The first represent model
approximations, undescribed noise disturbances and, sim-
ply, true stochastic behaviour in the process. The second
describe measurement noise. By including both types of
uncertainty in the filtering, autocorrelation in residuals
can be modelled as stochastic perturbations that work
within the model. This means that the model can be
updated with each new measurement (e.g. by using an Ex-
tended Kalman Filter (Jazwinski, 1970)) and ultimately a
better description of the process is obtained. Furthermore,
this supplies a description of model uncertainty which can
be useful for different applications, including control.

SDEs have proven useful for modelling many real-world
phenomena, including forecast of rainfall-runoff flow and
volume (Breinholt et al., 2012; Löwe et al., 2016; Thor-
darson et al., 2012) and to model phytoplankton growth
(Møller et al., 2011). SDEs have also been used to model
nitrogen conversion using sensor data from the biological
treatment in a wastewater treatment plant (WWTP). This
has to the authors knowledge first been done in the mid
1990s by Carstensen et al. (1995); Carstensen (1994) using
simple SDEs with short data series. More recently the
ASM1 has been rewritten to simpler (but still non-linear)
versions by Halvgaard et al. (2017); Stentoft et al. (2019).
These implementations deal with some of the issues in
using the ASMs for real-time control. However, they still
lack a reliable and fast routine for parameter estimation
and handling of the delay in the processes and measuring
equipment.

In this paper an improved version of the stochastic ASM
(SASM) (Stentoft et al., 2019) and the stochastic biological
phosphorus, P, model by Lindstrøm Sørensen et al. (2019)
is presented and discussed. The new version incorporates
some known problems such as delay and off-set in sensor
signals. In addition, the parameter estimation is improved
by using a combination of genetic algorithms and gradient-
based optimization. This is made possible by using auto-
matic differentiation and rewriting parts of the system,
which enables a significant speedup. This paper presents
how the model is implemented through examples and
investigation of parameter changes and a comparison with
two former models is evaluated by different skill scores.
Finally, the applicability to online predictive control is
discussed and the paper is concluded.

FILTERING AND PARAMETER ESTIMATION OF
STOCHASTIC DIFFERENTIAL EQUATIONS

State-space model formulation

A continuous time process, e.g. the state variable xt ∈
X ⊂ Rn, can be described with ODEs as

dxt = f(xt, ut, t, θ)dt (1)

This description implies a deterministic process where the
evolution in time is solely linked to evaluating the function
f(xt, ut, t, θ). It is, generally, only possible to observe
continuous time processes in discrete time. Therefore, let
yk ⊂ Rl denote observations in discrete time with steps
tk(k ∈ {0, ..., N}). In addition, let ut denote some input,
and θ parameters. The observations are linked to the states
xt through an observation equation h(xk, uk, tk, θ). Now,
a discretely observed stochastic differential equation can
be written on state-space form as

dxt =f(xt, ut, t, θ)dt+ σ(ut, t, σ)dωt
yk =h(xk, uk, tk, θ) + ek

(2)

Where the derivatives dxt of the states xt are described
using the drift term f(xt, ut, t, θ) and a stochastic, diffu-
sion, term, σ(ut, t, σ) multiplied. ωt is an n-dimensional
standard wiener process which implies that increments
follow a normal distribution, i.e. ωt+k−ωt ∼ N (0, k). This
notation and definition is used throughout the following
sections.

Maximum a Posteriori

In SDEs, parameters can be estimated directly from data
by minimizing an objective function with respect to pa-
rameters. Assuming gaussian distributed conditional prob-
ability densities, the maximum a posteriori (MAP) objec-
tive function can be used. It can be written as

p(θ|yN ) =p(yN |θ)p(θ)
yN =[y1, y2, ...., yN ]

(3)

where p(θ) is the prior probability density function, θ
the parameters and yN the observations. Under suitable
assumptions, (3) can be approximated by

p(yN |θ) =
N∏
t=1

exp(−0.5εTkR
−1
t|t−1εk)√

det(Rt|t−1)(
√

2π)l
p(y0|θ)

p(θ) =
exp(−0.5εTθ Σ−1

θ εθ)√
det(Σθ)(

√
2π)p

(4)

where εk is the residual calculated from one step predic-
tions as yk − ŷk|k−1 (ŷk|k−1 = E(yk|yk−1) and Rk|k−1 is
the variance (Rk|k−1 = V (yk|yk−1)). When conditioning
on y0 and taking the negative logarithm, (4) becomes

−ln(p(θ|yN , y0)) =0.5

N∑
k=1

(ln(det(Rk|k−1)) + εTkR
−1
t|t−1εk)

+0.5((

N∑
k=1

l) + p)ln(2π)

+0.5(ln(det(Σθ)) + 0.5εTθ Σ−1
θ εθ

(5)



Robust Statistics

The observations can in some cases become very large
or zero due to various issues with the sensor. Hence
it is practical to implement an upper limit, c, on the
contribution to the log-likelihood that one measurement
can give. Hence, consider the quadratic term

vik = (εik)T (Rit|t−1)−1εik (6)

and define

ρk(vik) =

{
1− (1− 4vik/c

2)3 if vik ≤ c2
1 if vik > c2

(7)

With derivative ρ́k = 6ψ(vik)/c2, where

ψk(vik) = 2
√
vik(1− 4vik

c2
)2I{vi

k
≤c2} (8)

Here I is the indicator function. As I is not differentiable
for all vik, this function will be troublesome for gradient
based optimization and in particular for automatic differ-
entiation (AD). Hence we use that vik ≥ 0 to rewrite it to
the differentiable form

I∗(vik, c) =
1

(1 + exp(d(vik − c2)))
(9)

by defining d as a sufficiently large number, this ensures
that an observation can not contribute by more than c
standard deviations to the MAP and thereby the estima-
tion is more robust against outliers and observations of
poor quality. Furthermore the revision makes the estima-
tor differentiable for vik ∈ R.

Missing observations

To filter observations and model noise an Extended
Kalman Filter (EKF) is used. The filter is implemented
similarly to the description in (Jazwinski, 1970). Though
with the additional ability to manage missing observations
in yk. To manage these effectively, the permutation matrix
E is introduced similarly to the implementation in (Juhl
et al., 2016). E is constructed from a unit matrix by
eliminating the rows that corresponds to missing values in
yk. This implies that we get the alternative filter equations

yk =E(h(xk, uk, tk, θ) + ek)

ŷk|k−1 =Eh(xk, uk, tk, θ)

Rk|k−1 =ECPk|k−1C
TET + ESkE

T

εk =yk − ŷk|k−1

Kk =Pk|k−1C
T
KE

T (Rk|k−1)−1

(10)

Where the system is alternatively updated as

x̂k|k =x̂k|k−1 +Kkεk

Pk|k =Pk|k−1 −KkRk|k−1K
T

k

(11)

Finally the alternative quadratic term is given as

vik = (εik)T (R
i

t|t−1)−1εik (12)

And the MAP estimate becomes

−ln(p(θ|yN , y0)) =0.5

N∑
k=1

(ln(det(Rk|k−1)) + ψk(vik)

+0.5((

N∑
k=1

l) + p)ln(2π)

+0.5(ln(det(Σθ)) + 0.5εTθ Σ−1
θ εθ

(13)

Numerical Integration

An Euler-scheme is implemented to numerically integrate
the system

xt+dt =xt + f(xt, ut, t, θ)dt

Pt+dt =Pt + (A(t)Pt + PtA(t)T + σ(t)σ(t)T )dt
(14)

where dt is a small increment which is greater than
zero. This integration is not very accurate compared to
higher order methods. However, it is fast, robust and
differentiable with respect to θ (as opposed to methods
with variable stepsize).

Optimization and implementation

An optimization algorithm is used for estimating parame-
ters by minimizing the nonlinear MAP function in

θ̂ = argmin
θ∈Θ

{−ln(p(θ|yN , x0)} (15)

The algorithm uses a of Genetic optimization to initially
find promising parameter guesses and a gradient based
optimization on the best parameter sets to approach
the local minima. This is similar to what is suggested
in Genetic Optimization Using Derivatives (GENOUD)
(Mebane and Sekhon, 2011). The genetic optimization
used here is (unlike in GENOUD), shuffled complex evolu-
tion (SCE) (Duan et al., 1993) which has proven useful for
many different nonlinear models, including hydrological
(e.g. Barati et al. (2014)). The SCE algorithm is a form
of differential evolution as it uses geometric operations
to find possible good solutions in the parameter space.
This is a global optimization algorithm and builds on a
combination of deterministic and probabilistic approaches.
The full algorithm is not described here, but we refer to
(Duan et al., 1993) for full description.

The local, deterministic optimization is performed on the
top N best parameter sets. Here gradient-based optimiza-
tion is used to approach the local minima. In this im-
plementation the inbuilt R optimizer, NLminB, is used.
This implies, that for fast and robust optimization, the
gradients of (13) must be found. In this implementation,
these are found through automatic differentiation which is
handled through the R-package TMB (Kristensen et al.,
2016). This package applies automatic differentiation on a
cpp function using the cppAD library.



Skill scores

The performance of the predicted distributions is evalu-
ated and compared with the models presented in (Stentoft
et al., 2019) and Lindstrøm Sørensen et al. (2019) using
Continuous Ranked Probability Score (CRPS) (Gneiting
and Raftery, 2007). Now, let X be a random variable and
let F be the cumulative distribution function (CDF) of
Y (i.e. so that F (x) = P [y ≤ x]). The CRPS of an
observation y and F is now defined as

CRPS(F, y) =

∫ ∞
−∞

(F (x)− (x− y))2dy (16)

In this comparison, different forecast horizons are investi-
gated. Four different time intervals are chosen to compare
the models. These are 0-30 minutes, 0.5-2 hours, 2-6 hours
and 6-24 hours. For each of the intervals the score, S, that
is calculated and compared is the sum of all CRPSs within
the given time interval G

Si =
∑
j∈Gi

CRPS(F, yj)

The mean of the predicted distribution is evaluated using
the Root Mean Squared Error (RMSE). Again, let yj be
one of n observations, and ŷj the mean of the predicted
distribution. Hence the RMSE is given as

RMSE =

√
1

n
Σnj=1[(yj − ŷj)2]

MODEL SETUP

Nitrogen and phosphorus removal in municipal wastewater
treatment

The most important nutrient removing process in munici-
pal wastewater treatment is the Activated Sludge Process
(ASP). The process describes how carbonaceus biological
matter and nitrogenous matter is oxidized. The latter is
primarily ammonium from urine (NH4 − N) and nitro-
gen in biological matter e.g from faeces. Furthermore it
describes how phosphorus is removed by biological uptake
during aeration. In Figure 1 an example period with real-
time measurements of ammonium, nitrate and phosphorus
is shown. The Figure highlights that during aeration pe-
riods ammonium decreases, nitrate increases, and phos-
phorus decreases. During periods without aeration, the
opposite is the case. These processes are typically modelled
by Monod Kinetics and mass balances as described in
the well-established Activated Sludge Models Henze et al.
(2000).

In Figure 1 it can be seen that there is a small delay
from when aeration starts/ends until the concentrations
change as expected. This can be more pronounced in other
plants depending on the sensor type (because of analyzing
time) and the design of the tanks and aeration equipment
Stentoft et al. (2017).

Fig. 1. Example of measured ammonium, nitrate and phos-
phate concentration over 320 minutes. Background
indicates wether aeration is on (blue) or off (grey).
The measurements are taken by online sensors at
Nørre Snede WWTP. Note that the phosphate sensor
measures more frequently as compared to the other
sensors.

Model

The models are based on discretely observed stochastic
differential equations as e.q. presented in Øksendal (2013).
Furthermore they are inspired by the physical, chemical
and biological processes presented in Activated Sludge
Model number 2 presented in Henze et al. (2000).

dSNH =κ1(Sµ + f1(t)− SNH)dt

−NiO1(t)SNH/(NiKNH + SNH +mNH)dt

+σ1dω1

dSNO =κ1(µNO − SNO)dt

+NiO2(t)SNH/(NiKNH + SNH +mNH)

−Dni(1−O2(t))SNO/(DniKNO + SNO +mNO)dt

+σ2dω2

dSµ =κ2(µin − Sµ)dt+ σ3dω3

(17)

Similar to nitrogen, the development in phosphorus con-
centration can be modelled as given in

dSPO =κ1(Sµ + f2(t)− SPO)dt

−NiO3(t)SPO/(NiKPO + SPO +mNH)dt

+σ1dω1

dSµ =κ2(µin − Sµ)dt+ σ3dω3

(18)

It is noted, that the phosphorus model is similar to
the model for ammonium removal. It should though be
stressed that in most cases the estimated parameters for
phosphorus and ammonium will be quite different as the



removal processes and the concentrations in incoming wa-
ter are different between the two nutrients. The equations
f and O are modelling the incoming nutrient loads and the
delayed effect of aeration respectively. The estimation of
incoming loads is inspired by a simple diurnal variation as
suggested by Langergraber et al. (2008). The delayed aer-
ation signal is modelled using a sum of Sigmoid-functions
with the parameter vectors τon = [τon,1, τon,2, ..., τon,n] and
τoff = [τoff,1, τoff,2, ..., τoff,n] governing the times when
the aeration is switched ”on”, τon, and ”off” τoff . The
equations are given by

f1(t) =Σ2
i=1cc2i−1sin(i2πt/p) + cc2icos(i2πt/p)

Oj(t, θ) =

n∑
i=0

1

(1 + eα1)κ3 (1 + eα2)−κ3

α1 =− κ4(t− τon,i −Dj)

α2 =t− τoff,i −Dj

(19)

For easier estimation of the parameters, regarding corre-
lations and magnitudes, some parameters are transformed
and/or rewritten as a function of other parameters. These
transforms are presented with a short description of their
physical interpretation in the non-transposed form in Ta-
ble 1. Some parameters are not estimated by maximizing
the likelihood function. These parameters are the incoming
nitrate, µNO, which is ∼ 0 in a typical drainage system,
and the ”on”/”off” switching times of the aeration system,
τon/τoff , which are found by evaluating the executed con-
trol sequence into input parameters. i.e. if this sequence is
a time series off setpoints, the times when setpoints change
from zero to non-zero values are τon and vice versa are
τoff .

Table 1. Parameter descriptions and transposes used
in the estimation procedure. The transform column
indicates how parameters are transformed prior to

estimation.

Par Description Transform

κ1 Rate for incoming WW x
κ2 Rate for change in incoming NH4 exp(xµin)
Ni Nitrification rate exp(x)
Dni Denitrification rate xNi
mx minimum observable conc. of x x
Kx Monod inspired affinity coefficient x
µin Mean incoming NH4/PO4 conc. x
µNO Mean incoming NO3 conc. Fixed to 0.01
σi Model Noise par. exp(x)

Incoming series, fj
cci Parameters of the Fourier series xµin
Oxygen, Oj

κ3 Rate for skewness in the oxygen signal x
κ4 Rate for increase in oxygen after start x
Dj The ”delay” of observations x
τon Times when aeration is switched on Input
τoff Times when aeration is switched off Input

Data

The model is tested with data from two different WWTPs.
In Table 2 a short summary of the plants is given.

The WWTPs are both operated with alternating aeration
control as described in Nielsen and Önnerth (1995). This

Table 2. Summary of WWTPs used in this study.

Plant Melby WWTP Nørre Snede WWTP

Capacity [PE] 30.000 9400
Tanks in series 11 3
Available sensors ammonium, ammonium,

nitrate nitrate,
phosphorus

control implies that aeration is switched on/off as a func-
tion of the newest ammonium and nitrate measurements.
The two plants are different in their size and number of
tanks. Melby is designed with 11 tanks where the sensors
used here are located in tank 10. Aeration equipment is
available in tank 6-11. Nørre Snede is designed with 3 tanks
in series that are increasing in size. The 3rd and largest
tank is where the aeration equipment and all sensors are
installed.

RESULTS AND DISCUSSION

The developed model and the parameter estimation ap-
proach are investigated. This is done by minimizing the
likelihood many times on the same case study. Further-
more a qualitative discussion is followed by fitting and
predicting nutrients on two WWTPs with different designs
and sizes as summarized in Table 2. To efficiency of op-
timization, result and computation times are compared.
This is done on a normal PC (The CPU is an Intel Core
i7-6600 with 2.60 GHz). Finally, the models are compared
with other state-of-the-art models from literature (i.e.
Lindstrøm Sørensen et al. (2019); Stentoft et al. (2019))
which are different as they do not model delay in aeration
and do not use a combined genetic and gradient based
estimation procedure.

Example estimates

The model is tested with data from Melby and Nørre Snede
WWTPs and the results are seen for Nitrogen in Figure 2
and phosphorus in Figure 3. Unfortunately, Melby WWTP
did not have a phosphorus sensor available in the data
set, and hence phosphorus is only shown for Nørre Snede
WWTP. In Table 3 the estimated parameters are shown.

Noteworthy points from investigating the ammonium, ni-
trate and phosphorus predictions in Figure 2 and 3 as well
as the parameter estimates in Table 3 are

(1) There is a difference in the delayed effect of aeration
which means that it takes longer time before aeration
is started/stopped until the effect is noted at Melby
WWTP compared to Nørre Snede WWTP. This is
also evident in the parameters as the parameter D is
4 times larger in Melby WWTP compared to both
phosphorus and nitrogen on Nørre Snede WWTP.

(2) From Figure 2 it is clear that the uncertainty on
the nitrate forecasts is larger on Melby compared to
Nørre Snede. This is also evident as σ2 is smaller on
Nørre Snede meaning that future development more
uncertain.

(3) Denitrification seems to be more effective on Nørre
Snede WWTP. This is also evident as the Dni pa-
rameter is larger at this plant. This could be caused
by differences in available carbon or differences in the
biomass.



Fig. 2. 3 hour forecast of ammonium (red) and nitrate (green) on Melby (left) and Nørre Snede (right) WWTPs. The
dashed red line indicate end of estimation period and start of prediction period The blue line is the estimated
aeration function,O(t, θ) presented in (19). Note that the y-axes are scaled differently on Melby and Nørre Snede.
The grey areas are uncertainty bands, indicating 1 standard deviation (dark grey) and 2 standard deviations (light
grey).

Fig. 3. 3 hours forecast of phosphorus on Nørre Snede WWTPs. The dashed red line indicate end of estimation period
and start of prediction period. The blue line is the estimated aeration function,O(t, θ) presented in (19). The grey
areas are uncertainty bands, indicating 1 standard deviation (dark grey) and 2 standard deviations (light grey)

(4) Differences in the estimated diurnal variations in
incoming water as given by cci and µin. This could
be because the diurnal variations are in these cases
not very pronounced (as compared to other plants),
or simply because they are difficult to estimate. It is
though noted that the parameters where estimated to
similar values in the 100 estimations in Figure 4.

(5) The offsets, mNH and mNO, are estimated to similar
values for nitrate and ammonium in the two plants.

However in other plants with other types of sensors
and dynamics, this is expected to vary more.

(6) phosphorus predictions seem to have some potential
for improvement, as not all periods without aeration
seem to increase concentrations (as predicted by the
model). Hence further developments could possibly
improve the model.



Table 3. Parameters estimated over 24 hours from
Melby and Nørre Snede WWTPs. The parameter
estimates are shown in the original state, i.e. not as

they are optimized.

Model Nitrogen Nitrogen Phosphorus

Plant Melby Nørre Snede Nørre Snede

µin 67.94 100.00 60
cc1 -6.79 0.00 0.6
cc2 -2.04 3.00 -6.0
cc3 3.40 -10.0 6.0
cc4 -4.76 0.00 6.0
κ1 6.63 0.27 0.0
κ2 0.00057 0.00012 0.00000031
κ3 0.93 3.00 NA
κ4 0.10 0.19 0.04
D 8.30 1.89 2.01

Mu0 0.29 0.96 1.30
Ni 0.090 0.048 0.57
Dni 0.066 0.11 NA
KNH 0.75 1.81 NA
KNO 2.53 1.97 NA
KPO NA NA 0.0
mNH 0.16 0.14 NA
mNO 0.91 1.07 NA
mPO NA NA 0.10
σ1 0.018 0.0086 0.018
σ2 0.086 0.038 0.000045
σ3 0.00016 0.014 NA
σ4 0.00063 0.000045 NA

Parameter estimation

To illustrate the effectiveness of the optimization pro-
cedure, 3 different optimization setups are compared by
estimating parameters 10 times on the same 24 hours of
data from Nørre Snede WWTP. The 3 setups are:

i Optimization using randomly drawn initial param-
eters with a gradient-based optimization algorithm
(nlminb from R Core Team (2014)). This is similar
to the optimization procedure used in Stentoft et al.
(2019) and Lindstrøm Sørensen et al. (2019)

ii Optimization using SCE and gradient-based opti-
mization with maximum number of function eval-
uations in SCE set to 200 and gradient based-
optimizations set to one (i.e. gradient-based optimiza-
tion only on the best parameters from SCE)

iii Optimization using SCE and gradient-based opti-
mization with maximum number of function eval-
uations in SCE set to 2000 and gradient based-
optimizations set to three

In Table 4 a comparison between the optimizations is
shown

Table 4. Summary of the objective function values (log
likelihood, (13)) when performing 10 optimizations

using the setups i-iii on the same data set.

Setup i ii iii

Mean 169.68 -629.57 -658.84
Variance 1.149e+6 6.656e+04 1.678e-07
≤ -658.8 50% 80% 100%

To further investigate the setup in iii, the parameters
are estimated 100 times with the same data as described
above. In Figure 4 the difference in the found minimal

negative log likelihood from the 100 estimations is shown
together with the estimation time.

Fig. 4. Histogram of the objective function minimum and
the time in seconds after 100 estimations using the
SCE and the gradient based optimization. The blue
line is the mean and the red line is the median.

From Figure 4 we see, that the mean difference from
the minimal log likelihood is approximately 10−3. The
actual value of the minimal log likelihood function was
approximately -658.84 and hence this indicates, that the
100 estimations results in almost identical solutions. Es-
timating the parameters took an average of 69.9s with
the median being 57.8 seconds. It is though noted that
12 of the 100 parameter estimations took more than 100
seconds and one of the estimations took 196.3 seconds to
converge. This could potentially be troublesome in online
implementations.

Parameter development

In online settings, the model should be frequently updated
to accomodate changes over time. In Figure 5 the model is
updated by estimating parameters using 24 hours of data.
This is done every 12 hours on a dataset from Nørre Snede
WWTP consisting of 21 days of data. The set contains
a rainy period occuring after approximately 8 days until
11 days. The tracks of selected parameters are shown in
Figure 5.

The parameters develop over time when estimated from
new data. This might be caused by a natural development
in the biological processes, changes in weather or technical
causes related to the plant operation. In the following the
parameters are briefly discussed starting from the top plot

(1) The parameter governing the average inflow to the
plant, is dropping after 9 days to return the same level
after 13 days. This case is caused by rain which causes
large amounts of diluted wastewater to enter the
plant. A future model could include meteorological
predictions or flow measurements upstream to model
some of these effect.

(2) The delay parameter changes between 2 minutes and
up to 5 minutes. It seems to be lower when µin is
low which again could be caused by increased inflow
due to rain. This would physically make sense that
the delay is reduced in these periods. However, more
estimates should be done to validate this.

(3) The rates for nitrification and denitrification seem to
have different levels of variation. Ni varies less as



Fig. 5. Parameter tracks of selected parameters. From top,
the figure shows; the inflow parameter, µin, the delay
parameter D, the rates Dni and Ni, the diffusion
parameters, σ1 (NH) and σ2 (NO), and the offsets
mNH and mNO. Note that they are estimated in the
transposed form shown in Table 1, but here they are
shown in their normal form.

compared to Dni. The variation could be caused by
changes in biological performance not included in the
model.

(4) The uncertainty on the models as estimated by σ is
generally lower for ammonium compared to nitrate.
However, this changes for one estimation around 9
days in. It is noted that this could again be caused
by more uncertainty in the incoming ammonium due
to rain (which is not modelled).

(5) The offset on the measurements is zero most of
the time for ammonium which indicates, that for
Nørre Snede, this parameter could maybe be fixed.
For nitrate there is some change in the offset. E.g.
the parameter is changing fast after 13 days. This
can either be caused by an offset in the sensor,
or be related to a correlation with the biological
parameters.

Comparison with similar models

The forecasts and the estimation times are compared with
the Nitrogen model suggested by Stentoft et al. (2019) and
the phosphorus model suggested by Lindstrøm Sørensen
et al. (2019). This comparison is performed by using 14
days of data from Nørre Snede WWTP. Each of the models
are fitted to the data, and the forecasted distributions
are evaluated with the observed ammonium, nitrate and
phosphorus concentrations. The forecasts are evaluated in
CRPS and RMSE.

The RMSE for ammonium and nitrate are found to 0.042
and 0.11 respectively on short horizon predictions (1-30
minutes ahead). This is 34.1% and 19.7% lower compared

to the model suggested in Stentoft et al. (2019) which
finds RMSEs of 0.065 and 0.13 when forecasting the
same periods. Looking at the full prediction horizon of
24 hours, RMSEs are found to 0.54 and 0.20 which is an
improvement of the RMSE of 34.4% and 54% respectively.
The predictions from the phosphorus model has a RMSE of
0.035 and 0.26 30 minutes and 24 hours ahead respectively.
This is an improvement compared to the phosphorus
model in Lindstrøm Sørensen et al. (2019) of 43% and
20% respectively.

To investigate if the predicted distribution is improved, the
CRPS is investigated. The CRPS is divided into groupings.
In each grouping the CRPS is compared between the new
model suggested here and the old model. In Table 5 the
relative difference is found as 1 - newCRPS/oldCRPS,
and hence it reflects the relative improvement (i.e. 0.3
corresponds to 30% better than the old model).

Table 5. Comparison between the models (i) presented
in (17) and (18) and the models (ii) from Stentoft
et al. (2019) and Lindstrøm Sørensen et al. (2019).
The number refer to the relative difference in CRPS
between (ii) and (i) based on 14 forecasts 24 hours

ahead on Nørre Snede WWTP.

Period [mins] 0-30 30-120 120-360 360-1440

Ammonium 0.30 0.20 0.34 0.33
Nitrate 0.21 0.27 0.35 0.62
phosphorus 0.48 0.25 0.29 0.26

It is noted that in general the new model performs better
on all horizons. The improvement is probably due to
better predictions of the mean, but also because of better
predictions of the full distribution.

The model is designed to make forecasts in an on-
line setting, and hence it is important that the estima-
tion/simulation time is kept low. Estimating the param-
eters of the nitrogen model took an average of 73.3 sec-
onds which is similar to what is found in Figure 4. The
methodology suggested in Stentoft et al. (2019) took an
average of 529.8 seconds and hence, estimating param-
eters is approximately 7 times faster. For phosphorus,
estimating parameters took an average of 42.8 seconds as
compared to an average of 161.3 seconds using the model
from Lindstrøm Sørensen et al. (2019). This is a speedup
of approximately 4 times. The speedup is probably due
to the automatic differentiation which is both faster and
more accurate as compared to the numeric gradients that
are calculated when running the old models. Furthermore
the new method uses a simpler, yet faster numerical inte-
gration scheme which also contributes to the speedup.

Furthermore it is noted that the old model is not very
robust against bad initial parameter guesses. Hence when
starting with completely random initial guesses, the model
will not converge, and consequently this implementation is
more robust to run in an unsupervised setting.

CONCLUSION

A new model based on discretely observed stochastic
differential equations is developed for forecasting nutrient
concentrations and related uncertainty in activated sludge
processes. Parameter estimation is handled by the use of



shuffled complex evolution combined with gradient based
optimization to minimize a log likelihood function. The
methodology is investigated with data from two different
WWTPs. The summarized findings are

(1) The estimated parameters adapt to the different
plants and predictions are reliable

(2) Parameters are reliably estimated without initial
guesses which is beneficial in unsupervised systems

(3) Comparison with similar models showed an improve-
ment in both continuous ranked probability score and
root mean squared error

(4) Parameter estimation was faster and more robust as
extreme and missing observation are handled directly
in the framework

With fast and robust parameter estimation and very fast
opdating of the model, together with reliable predictions,
this is considered a step towards using online models ac-
tively in the operation of the modern, digitized Wastewater
treatment plant.
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The water we use in modern societies is disposed through the sewer system where from it is led to
water resource recovery facilities. These facilities are extremely important structures as they protect
local ecosystems from large nutrient loads and reduce human health risks related to exposure to
fecal matter. However the operation of a water resource recovery facility is very resource demand-
ing in terms of electricity, chemicals, maintenance etc. and thus control is essential. In addition the
use of electricity and the biological processes at the plant are related to large amounts of green-
house gas emissions. The most electricity demanding process at a plant is the aeration. Aeration,
or ”adding air”, happens in the biological stage of a water resource recovery facility. The reason is
that adding air activates some special biological processes which in return removes nutrients from
the water phase.
This thesis investigates new ways of modelling and controlling the aeration process. The idea behind
is that using online data from the various nutrient sensors and machinery at a plant, models that use
both physical knowledge and adapts by using data can be useful in predicting plant performance.
Now, using these predictions, future control of aeration can be planned in an optimal way to minimize
different objectives. One possibility is to plan aeration using online electricity prices and thereby aim
to minimize costs. Another possibility is to use forecasts of greenhouse gas emissions related to the
electricity mix and thereby try to minimize emissions. In the thesis different models and objectives
are investigated both qualitatively to show the dynamics and quantitatively using data from Danish
plants and electricity markets. Results show, a potential for reducing costs by 9-45% compared to
current control, and approximately 35% of greenhouse gas emissions if this is prioritized. Finally
the strategies are tested full-scale on different plants and some initial results are discussed. Con-
sequently this study is considered a large step towards better wastewater treatment for future smart
societies.
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