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Abstract 

The applicability of Irwin’s estimate to metals containing particles becomes dubious when the plastic zone (PZ) size 

is comparable to the particle spacing. Therefore, a multiscale model is used to investigate the crack tip plasticity in a 

cyclically loaded elastic-perfectly plastic matrix containing a realistic distribution of spherical particles. 

Homogenization and dimensional analysis demonstrate that the PZ shape differs from what is expected based on von 

Mises plasticity. The scaling of the PZ size with the square of the stress intensity factor is confirmed, but the 

proportionality coefficient is strongly affected by the particle volume fraction. Consequently, a new compact formula 

for the PZ size is proposed, which holds for material properties ranging from metal matrix composites to cast irons 

and is robust to minor particle deviations from the spherical shape. 
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Nomenclature 

 Mean distance between centers of neighboring particles 

 Particle center-to-center distance to the nearest neighbor 

 Geometrical parameter of the compact tension specimen  

 Area of the cyclic plastic zone 

 Thickness of the micro-scale resolved model 
, 	 4x4 matrix containing the displacement and its derivatives at the corners of patch (i, j) 
, 	 (k,m) component of matrix ,  

 Particle diameter 

 Cartesian unit vector along the i-axis 

 Young’s modulus 

 Yield function 

 Particle volume fraction 

,  Functions of the model parameters  

 Cubic Hermite interpolant 

 Kinematic hardening parameter 

 Mode I stress intensity factor 

 Maximum value of  over one cycle 

 Length of the Hermite interpolation interval 

,  Number of patches along the X- and Z-axis 

 Mean number of particles per unit volume 

 Force per unit thickness applied to the loading pin 

,  Forward plastic zone extent in the crack plane   

,  Monotonic plastic zone extent in the crack plane   

 Load ratio 

 0.2 % proof stress 

 Deviatoric part of the Cauchy stress tensor 

 Coordinate of the Hermite interpolant 

,  Patch with indices (i, j)  

 Surface traction vector 

 Displacement vector 

 Interpolation of the displacement vector  

, , 	 Displacement components along the X-, Y- and Z-axis. 

,  Normalized cyclic plastic work per unit volume 

,  Mean value of ,  through the micro-scale model thickness  

 Plastic work per unit volume for monotonic loading up to  

 Geometrical parameter of the compact tension specimen 

 Position vector 

, ,  Cartesian coordinates  

 Crack tip coordinate along the X-axis 

 Back-stress tensor 

 Kinematic hardening parameter 



3 

 

 Thickness of the layer near the model boundaries 

 Plastic strain tensor 

 ̅ Effective uniaxial strain 

 Component (i, j) of the strain tensor  

 Dimensionless threshold for plasticity detection 

 Plastic multiplier 

 Poisson’s ratio 

 Normalized coordinate of the Hermite interpolant 

Ξ Set of parameters characterizing the particle spatial distribution  

 Cauchy stress tensor 

 Effective uniaxial stress  

 Yield stress 

 Dimensionless function approximating  

 Dimensionless function of the dimensionless model parameter groups 

Ω , Ω 		 Micro-scale model face with normal pointing in the negative (resp. positive) Y-axis direction 

	 Quantity refers to the macroscopic scale 

 Quantity refers to the matrix 

 Quantity refers to the particles 

CSR Complete spatial randomness 
PZ Plastic zone 

RVE Representative volume element 
SGI Spheroidal graphite iron 

 

 

1 Introduction 

The extent of the plastic zone at the crack tip is a parameter that plays a crucial role in the context of fatigue crack 

propagation. Indeed, the plastic zone corresponds to the region where irreversible processes take place and its size, 

relative to the characteristic microstructural dimension, determines the degree of microstructural sensitivity of the 

crack propagation process [1]. At the same time, the extent of the plastic zone is the key parameter to distinguish 

mechanically “long” from mechanically “short” cracks. Propagation of the former can be analyzed using linear elastic 

fracture mechanics concepts, whereas more advanced techniques are required to cope with the latter [2]. Reliable 

knowledge of the plastic zone size is thus essential both to understand the nature of the crack propagation as well as 

to select the most appropriate analysis approach.  

Notable theoretical analyses of crack tip plasticity were conducted by Irwin [3] and Dugdale [4] in the early ‘60s and 

delivered closed-form approximations of the plastic zone size ahead of long cracks in homogeneous and isotropic non-
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hardening metals subjected to monotonic loading. For plane strain, the well-known expression proposed by Irwin 

reads 

 
,

1
3

	 (1) 

where ,  denotes the extent of the plastic zone in the direction along the crack,  is the mode I stress intensity factor 

and  is the 0.2% proof stress [5]. 

Under cyclic loading, which is the situation relevant to fatigue, the shape and extent of the plastic zone vary within 

each cycle [6]. In the published literature, two plastic zones are normally considered: the forward and reverse plastic 

zones, formed as the stress intensity factor approaches its maximum and minimum values, respectively. For constant 

amplitude cycling, load ratio R > 0 and plane strain, numerical analyses have shown that a reasonable estimate of the 

size of the forward plastic zone is 

 
, 0.1 	 (2) 

where  is the maximum value of  over one cycle and the factor 0.1 is taken as an average of the published data 

[7]. It is worth noting that since 0.1 ≈ 1/3π, the formula above is essentially equivalent to the Irwin’s estimate, provided 

that  is replaced by .  

While the applicability of the estimate (2) to most metallic materials is well accepted, its appropriateness becomes 

debatable for heterogeneous materials containing particles of the size comparable to the plastic zone size, e.g. metals 

containing elastic particles with dimensions in the range 1 µm – 1 mm. These may be either artificially added to 

improve the mechanical properties, like in metal-matrix composites, or generated from the melt during the 

solidification process, like in cast irons. The concern around Eq. (2) stems from two factors. First, the homogeneity 

assumption breaks down when the plastic zone size is comparable to the particle spacing, which is not a rare situation 

for the two material classes mentioned above. Indeed, if a nodular cast iron with center-to-center particle spacing 100 

µm and yield stress 250 MPa is loaded at R = 0.1 near its fatigue threshold of 9 MPa⸱m0.5, the plastic zone is expected 

to extend for ,  ≈ 160 µm. Second, there is experimental and numerical evidence that plasticity driven by the von 

Mises stress, which forms the backbone of the derivation of Eqs. (1) and (2), is not optimal to describe the inelastic 

deformation of metals containing particles [8,9].  
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Despite the dubious applicability of Eq. (2) to metals containing particles, only a few studies addressing this topic are 

available in the literature. Kassam et al. [10] pointed out the need to determine the elasto-plastic crack tip stress field 

in metal-matrix composites in the context of understanding fatigue life. They simulated the interaction between a crack 

and a cluster of particles and concluded that the particle spatial configuration can significantly affect the extent of 

plasticity in the nearby matrix. Miserez et al. [11] experimentally verified the scaling of the plastic zone size with  

during monotonic loading of Al-matrix composites, although they remarked that the definition of the elastic-plastic 

boundary in their study was somewhat arbitrary. Yi et al. [12] studied the interaction of a small crack with an elastic 

circular inclusion using a generalized Irwin approach, assuming monotonic loading. They concluded that the plastic 

zone size is smaller compared to the homogenous case when the inclusion is a rigid body, whereas it is larger when 

the inclusion is a void. A similar approach was used by Fan et al. [13] to investigate the behavior of a small Zener-

Stroh crack nucleated in the matrix of a fiber-reinforced composite. The study confirmed the primary role of the fiber 

stiffness relative to the matrix in controlling the plastic zone size. The fiber volume fraction was found to have an 

impact as well, although less pronounced than that of the fiber elastic stiffness. Concerning the shape of the plastic 

zone, Bouiadjra et al. [14] showed that the spatial distribution of the plastic strain at the tip of a crack in a homogeneous 

metal can differ significantly from that in a metal containing inclusions of the size comparable to the plastic zone. 

This finding was confirmed by Paul [15,16], who conducted finite element analyses of a compact tension specimen 

under cyclic loading to determine the size and shape of the forward and reverse plastic zones in the presence of a 

limited number of soft and hard inclusions. In this regard, a vast body of literature is dedicated to investigating the 

impact of inclusions and voids on the fracture toughness of metals, e.g. [17–19]. Nevertheless, to the authors’ best 

knowledge, most of these studies have a different focus and the features of the plastic zone have not been discussed 

in detail. 

In summary, it appears that a systematic analysis of the applicability of Eq. (2) to metals containing particles has never 

been attempted. The present work aims at filling this gap by comparing the prediction of Eq. (2) to the output of a 

microstructure-resolved finite element model of a compact tension specimen. In contrast to the work of Paul [16] a 

large number of particles is considered here, sufficient to cover the full plastic region developing around the crack tip. 

A new formula to estimate the cyclic plastic zone size will be proposed to overcome the shortcomings of Eq. (2) that 

will be pinpointed throughout the analysis. 



6 

 

2 Material definition  

The material considered in this work is an idealized two-phase composite formed by an elastic-perfectly plastic 

metallic matrix containing a distribution of spherical elastic particles. The next sections describe the method used to 

generate the particles, the constituents’ mechanical behavior and the homogenization procedure used to determine the 

effective properties of the composite. 

2.1 Microstructure 

A distribution of spherical particles was generated based on the microstructure of a nodular cast iron – also called 

spheroidal graphite iron (SGI) – similar to those considered by the authors in previous studies [20,21]. Following the 

procedure described in ref. [20], X-ray tomography was used to reconstruct the graphite morphology within a volume 

with dimensions 500x1600x1600 µm3. In total, 924 graphite nodules were identified, corresponding to a volume 

fraction  = 11.0%. Next, each nodule was associated with a spherical particle having the same volume and centroid 

location. Figure 1 (a) shows the resulting size distribution, in terms of diameter . It can be seen that the particles have 

diameters ranging from 15 µm to 140 µm, with an average value of 51 µm. To characterize their spatial distribution, 

the center-to-center distance to the nearest neighbor  was computed for each particle. Figure 1 (b) compares the 

computed cumulative distribution function of  with the theoretical expectation based on the hypothesis of complete 

spatial randomness (CSR) [22]. The comparison reveals that the values of  for the present set of particles are 

somewhat larger than what would be expected according to the CSR hypothesis. The discrepancy cannot be attributed 

to edge effects, as the situation does not change by discarding the values of   associated with the particles near the 

volume boundaries. Qualitatively, values of  smaller than under CSR indicate clustering, whereas the opposite 

indicates regularity [22]. Therefore, the data of Figure 1 (b) suggest that the present particles are rather regularly 

spaced instead of randomly distributed, which is not surprising in light of the mechanism by which the graphite nodules 

form [23].  
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(a) (b) 

Figure 1 – (a) Distribution of the generated particle diameter. (b) Cumulative distribution of the generated particle 

center-to-center distance to the nearest neighbor. 

2.2   Constituent material models 

The constituent material models were selected based on the behavior of ductile metals containing elastic-brittle 

particles with minimum particle size greater than 1 micron, e.g. common metal-matrix composites and cast irons. In 

addition, simple models were preferred over more involved ones in order to keep the overall number of parameters as 

low as possible and therefore simplify the sensitivity analysis that will be presented in Section 4.3. Accordingly, the 

matrix was modelled as isotropic linear elastic-perfectly plastic, with the flow behavior described by the standard J2 

(von Mises) plasticity theory. The spherical particles were assumed isotropic linear elastic with an infinite bond 

strength of the particle-matrix interface. 

Two sets of elastic and plastic parameters were considered, representative of the behavior of SGI [24] and Al 

reinforced with SiC [25]. For both sets, the parameter values are reported in Table 1, where  and  denote the 

Young’s modulus and Poisson’s ratio of the matrix, respectively,  and  denote the same quantities for the 

particles and  is the matrix yield stress. As this latter quantity can vary significantly within both the SGI and Al-

SiC families, representative average values are reported in Table 1. In the subsequent analysis, however, the matrix 

yield stress will be varied during parameter sensitivity studies to cover the full range of realistic values. 
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 Table 1 – Assumed elastic and plastic parameters of the matrix and the particles.  

  [GPa]   [GPa]   [MPa] 

SGI 205.0 0.290 15.0 0.3 500.0 

Al-SiC 75.0 0.330 410.0 0.2 200.0 

 

2.3 Effective behavior 

Knowledge of the homogenized (effective) behavior of the composite is needed for two reasons: to estimate the size 

of its cyclic plastic zone by means of Eq. (2) and to simulate the material elastic response far from the crack tip in the 

model described in Section 0. The effective behavior was determined by subjecting a Representative Volume Element 

(RVE) of the composite microstructure to virtual uniaxial testing. The RVE, shown in figure 2 (a), corresponds to a 

450x450x450 µm3 sub-region of the volume considered in Section 2.1 and contains 74 spherical particles.  

A geometrically linear finite element model of the RVE was created in ABAQUS and meshed with ≈ 300000 4-node 

hybrid displacement-pressure elements, using a minimum element size of ≈ 10 µm. Periodic boundary conditions were 

imposed on the non-periodic mesh of the model following the approach of Nguyen et al. [26], using Lagrange 

polynomials of degree 9. The macroscopic effective uniaxial stress  and strain  ̅were determined as the volume 

averages of the corresponding microscopic local quantities using the simplified formulas reported in ref. [27]. 

Negligible differences in terms of the computed effective properties were found by comparing the results of uniaxial 

tests simulated along different directions, indicating the isotropy of the effective RVE response. In addition, variations 

below 0.5% were detected by halving the mesh element size. Therefore, both the RVE and the mesh size were 

considered appropriate.  

Figure 2 (b) shows a few uniaxial tension-compression curves computed with the RVE model using SGI material 

properties (see Table 1). The reported data correspond to five loading cycles at prescribed strain amplitude of 0.5%, 

1.0%, 3.0% and 5.0%. It is evident that a stabilization of the RVE response is achieved already after the first loading 

cycle. Furthermore, the cycles are symmetric with respect to the origin, i.e. the uniaxial responses in tension and in 

compression coincide, indicating negligible influence of the residual stresses. The same conclusions hold for the Al-

SiC material parameters.  

The effective parameters of the composite were determined by fitting the uniaxial response of the RVE model. The 

values are listed in Table 2, where ,  and  are the Young’s modulus, Poisson’s ratio and 0.2% proof stress, 
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respectively;  is the computed plastic work per unit volume for the monotonic loading up to . The reported 

values of the effective Young’s modulus and proof stress of Al-SiC and the effective Young’s modulus of SGI 

compare well with the measured values [25,28]. By contrast, the effective proof stress of SGI appears overestimated 

by 5 to 10 % [29]. A possible reason is the strong matrix-particle interface assumed in the model, which does not 

allow accounting for the gradual particle-matrix debonding that takes place in reality during actual tensile loading of 

SGI [20]. 

Table 2 – Effective parameters of the composite.  

  [GPa]   [MPa]  [MPa] 

SGI 172.2 0.280 443.0 0.858 

Al-SiC 90.9 0.314 231.3 0.445 

 
 

 
 

(a) (b) 

Figure 2 – (a) Representative volume element (RVE) used to determine the effective mechanical behavior of the 

composite. (b) Simulated uniaxial tension-compression curves for prescribed strain amplitudes of 0.5% (red), 1.0% 

(green), 3.0% (blue) and 5.0% (black). The data correspond to 5 loading cycles and were obtained using the RVE 

with the material properties of SGI, see Table 1. 
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3 Model of the compact tension specimen 

A multiscale approach was used to investigate the cyclic plastic zone in a virtual compact tension specimen made of 

the composite material described in the previous section. The approach is based on two finite element models (see 

figure 3): a 2D macro-scale model that represents the entire specimen and a 3D micro-scale resolved model that is 

limited to the region surrounding the crack tip. The purpose of the macro-scale model is to determine the displacement 

field at a sufficient distance from the crack tip, assuming the material homogeneous. This displacement field is then 

used to prescribe the boundary conditions on the micro-scale model, where the microstructure is fully resolved.  

It is worth noting that the need for the macroscale model could be avoided by imposing the standard K-field solution 

directly on the boundary of the micro-scale model [5]. This would be equivalent to assuming that the boundary is 

located within the K-field dominated zone. However, this assumption would be hard to fulfill over a range of different 

loads and material properties without changing the geometry of the micro-scale model. Therefore, the multiscale 

approach was deemed more appropriate in the present case. 

 

 

Figure 3 – Multiscale modelling approach used to investigate the cyclic plastic zone in a compact tension specimen 

made of the composite material described in Section 2. Dimensions are in mm. 
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3.1 Macro-scale model 

The geometry of the compact tension specimen is shown in figure 3. The specimen fulfills the requirements of the 

ASTM standard E647 [30] and features a pre-crack 4.5 mm long which extends from the notch in the direction of the 

Z-axis. Due to symmetry, only the top half of the specimen was meshed in ABAQUS, as shown in figure 4 (a), 

resulting in ≈ 6000 quadratic quadrilateral elements. Accordingly, the symmetry condition was imposed at the bottom 

of the model, i.e. along the symmetry line. The generalized plane strain condition was assumed. The crack was 

modelled perfectly sharp, as generally recommended in linear kinematic analyses [5], and was inserted in the model 

by leaving the mesh nodes along the cracked section of the specimen unconstrained. Due to the positive R-values 

considered in the present work, any mechanical interaction (e.g. contact) between the crack faces was ignored. The 

loading pin was modelled as a circular rigid surface subjected to a prescribed force per unit thickness P acting along 

the X-axis. A surface-to-surface frictionless contact condition was applied between the pin and the specimen’s 

material, enforced via an augmented Lagrange technique. 

The constitutive behavior of the macro-scale model mimics the effective response of the composite described in 

Section 2. Therefore, it was assumed homogeneous and isotropic, with elastic response dictated by either of the two 

sets of elastic parameters listed in Table 2. To model plastic yielding near the crack tip, the following von Mises-type 

yield function was used: 

 
3
2

: 	 (3) 

where  is the deviatoric part of the Cauchy stress ,  is the back-stress and  is the effective proof stress of the 

composite. Rate-independent plastic flow was assumed to occur according to the associated flow rule 

  (4) 

with ,  and the operator 	  representing the plastic strain, the plastic multiplier and an infinitesimal increment, 

respectively. The evolution of the back-stress was described by the relations: 

 , 		 	 (5) 
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where the parameters  and  describe the kinematic hardening and were determined by fitting the uniaxial 

response of the RVE, see Figure 2 (b). The fitted values are listed in Table 3. It must be emphasized that the simple 

model presented above is not meant to describe accurately the effective plastic behavior of the composite material. Its 

primary aim is only to account for some release of the elastic energy near the crack tip. In this context, an accurate 

plastic model is not essential. Indeed, the discrepancy between the present plastic model and the real plastic behavior 

of the material is most likely much smaller than the discrepancy between the present model and a fully elastic solution. 

In this respect, it was verified that by neglecting the plastic flow completely the variation of the plastic zone size 

computed inside the microstructure resolved model (see Section 4) was never larger than 4%. 

Constant force amplitude loading of the specimen was simulated by prescribing the time-variation of the force P on 

the loading pin. As the plastic zone size never exceeded 0.75 mm (which is the dimension of the inner region of the 

micro-scale resolved model, see Section 3.2), the standard relationship between the stress intensity factor  and the 

force P was assumed to apply [30]:   

 
√

2
1 / 0.886 4.64 13.32 14.72 5.6 	 (6) 

where / , with  and  defined in figure 3. For prescribed values of the maximum stress intensity factor 

 and load ratio R, the model was subjected to five loading cycles in order to obtain a stabilization of the 

mechanical fields. After that, the displacement data corresponding to the last cycle was extracted and passed on to the 

micro-scale resolved model, discussed in the next section. 

Table 3 – Parameters of the plastic model used to describe the plastic flow of the composite material near the crack tip.  

  [GPa]   [GPa]  

SGI 0.21 0.01 3.16 36.3 

Al-SiC 2.05 0.31 2.02 0.30 
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(a) (b) 

Figure 4 – Meshes of the finite element models. (a) Macro-scale model. (b) Micro-scale resolved model, with close-up 

of the inner region. 

3.2 Micro-scale resolved model 

The micro-scale resolved model corresponds to a 3200x450x3200 µm3 sub-volume of the compact tension specimen 

(see figure 3), which has its center located 150 µm ahead of the crack tip and its faces aligned with the coordinate 

axes. The model features a cylindrical inner region where the microstructure is fully resolved and a homogenized outer 

region that represents the effective behavior of the composite. The microstructure in the inner region consists of the 

metallic matrix with 698 spherical particles, generated based on the diameter and centroid location data presented in 

Section 2.1. The constitutive behavior of the particles, the matrix and the interface is as described in Section 2.2, 

whereas the outer region has the same material mechanical behavior of the macro-scale model.  

Both the inner and outer regions were meshed in ABAQUS with ≈ 7 million 4-node hybrid displacement-pressure 

elements, using a minimum element size of ≈ 10 µm. The finite element mesh is visualized in figure 4 (b). Since the 

computed size of the plastic zone – which is the main focus of the present work – was always at least ten times larger 

than the crack opening displacement, the linear kinematic framework was deemed sufficient [5]. The stationary crack 

was implemented via duplication of the mesh nodes along the crack faces. 

It must be emphasized that the thickness of the micro-scale model represents only a fraction of the thickness of the 

compact tension specimen. Therefore, periodic boundary conditions were applied on the model faces perpendicular to 

the Y-axis to account for the effect of the surrounding material. That is, for the corresponding points  and  lying 

on opposite faces, the following conditions were imposed [31]: 
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(7) 

  

where  is the displacement vector,  is the surface traction, , i = 1, 2, 3 are the Cartesian unit vectors along the 

coordinate axes,  = 450 µm is the model thickness and the , i, j = 1, 2, 3  are the components of the macroscopic 

strain tensor. The implementation of the boundary conditions (7) on a non-periodic mesh and in the presence of a 

crack required the development of a special procedure. The procedure, which is based on interpolating the boundary 

displacement using bicubic Hermite patches, is described in the Appendix.  

With regard to the other model faces, i.e. those perpendicular to the X- and Z-axis, the displacement component  

was left unconstrained and the displacement components  and  were prescribed based on the displacement data 

from the 2D macro-scale model. Specifically,  and  were set as follows: 

 
,

| |, 			if			
			 | |, 			if			

 

, | |, 																													

(8) 

where  is the crack tip coordinate along the X-axis and 	  and  denote the components of the displacement 

computed in the macro-scale model. It is noted that the above expression, whose implementation is also discussed in 

the Appendix, imposes a restriction on the components of the macroscopic strain tensor. Indeed, for two corresponding 

points  and  located at the edges of the Y-orthogonal faces, both Eq. (7) and Eq. (8) apply. Then, since Eq. (8) 

states that the two points must have the same values of  and , consistency requires that 0 in Eq. (7). 

No restriction is placed on , whose value was left unconstrained in the simulations in order to mimic the situation 

of generalized plane strain assumed in the macro-scale model.  

Upon loading the model, a satisfactory stabilization of the micro-mechanical fields was achieved already with the 2nd 

cycle, due to the simple constitutive assumptions used for the matrix and the particles and the elastic stress state in the 

outer region. The plastic zone developing in the inner region of the model was identified based on the normalized 

cyclic plastic work per unit volume , . This quantity was computed as: 

 ,
1

: 	 (9) 
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where the integral was evaluated over the 2nd loading cycle. A point in the matrix was considered “plastic” if ,  was 

greater than a threshold  set to 10-5. The definition of the plastic state based on ,  rather than on the fulfillment of 

the von Mises criterion has the advantage of revealing the location and magnitude of the so-called active plastic areas 

[7]. Indeed, attaining the limit of elasticity neither means entry into the plastic regime nor can it indicate the plastic 

flow intensity.  

4 Results  

4.1 Shape of the plastic zone 

Figure 5 (a) and (b) show contours of ,  within two X-Z sections 100 µm apart. The data refer to cyclic loading at 

 = 22 MPa⸱m0.5 and R = 0.1, using the material parameters of SGI. To provide a direct comparison with the size 

of the microstructure, the figure axes, whose origin is at the crack tip, are normalized by the mean distance  between 

centers of neighboring particles [32]: 

 1/√ 	 (10) 

where  indicates the mean number of particles per unit volume. The contours reveal that the local particle distribution 

affects to a large extent the plastic zone around the crack tip. In each cross-section, plasticity spreads from the crack 

tip by linking neighboring particles. This preferential propagation of plasticity along chains of neighboring particles 

corresponds to experimental observations for different types of monotonic loading [33,34]. The impact of the particle 

spatial arrangement on the local features of the plastic zone is less pronounced when the properties of Al-SiC are 

considered, altough it remains non-negligible, see figure 5 (c) and (d). 

To obtain a more compact 2D representation of the plasticity distribution in the microstructure, the mean value of ,  

through the model thickness is computed as: 

 , ,
1
2 , , , 	 (11) 

where the parameter  = 30 µm is introduced to avoid possible spurious effects near the model boundaries. As before, 

a point on the X-Z plane is considered plastic if the value of ,  is greater than . Figure 6 shows the contour of ,  

for both sets of the material parameters. It can be seen that the shape of the plastic region is very irregular. 
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Nevertheless, as a whole, the plastic pattern appears symmetric with respect to the crack plane (parallel to the Z-axis), 

in agreement with the symmetry of the loading and the specimen geometry. This suggests that, with respect to the 

averaging process of Eq. (11), the thickness of the micro-scale model is sufficient to even out the local variations in 

the plastic morphology evidenced in Figure 5.   

The averaging process described by Eq. (11) facilitates the comparison with predictions based on homogenized 

material models. In this regard, the model calculations were repeated after replacing the microstructure in the inner 

region with the corresponding homogenized material properties (the same used in the outer region). The boundary of 

the contour of ,  computed based on these new calculations is shown with a solid magenta line in figure 6 (a) and 

(b) and reveals that the homogenized material model noticeably underpredicts the extent of plasticity near the crack. 

This might relate to the abovementioned tendency of plasticity to propagate preferentially along chains of neighboring 

particles. Especially in front of the crack, the size of the plastic zone in the microstructure resolved model is 

substantially larger. This is particularly evident when the parameters of SGI are considered. 
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(a) (b) 

(c) (d) 

Figure 5 – Contours of the normalized cyclic plastic work per unit volume ,  (Eq. (9)) within two X-Z sections 

of the micro-scale model. The dashed red circle and the solid black line denote the boundary of the inner region 

and the crack, respectively. (a), (b) Using the parameters of SGI under cyclic loading at  = 22 MPa⸱m0.5 and 

R = 0.1. (c), (d) Using the parameters of Al-SiC under cyclic loading at  = 11 MPa⸱m0.5 and R = 0.1. Note that 

the values of ,  closest to the crack tip are not reliable, due to the linear kinematic framework. 
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(a) (b) 

Figure 6 – Contour of the normalized cyclic plastic work averaged through the thickness of the micro-scale resolved 

model ,  (Eq. (11)). The dashed red circle and the solid black line denote the boundary of the inner region and the 

crack, respectively. The solid magenta line represents the boundary of the cyclic plastic zone computed by replacing 

the inner region with the corresponding homogenized material parameters. (a) SGI,  = 22 MPa⸱m0.5, R = 0.1. 

(b) Al-SiC,  = 11 MPa⸱m0.5, R = 0.1. 

4.2 Size of the plastic zone 

The contours of ,  reported in figure 6 can be used to define the size of the plastic zone for the composite material 

under investigation. As mentioned in the introduction, it is common to express the plastic zone size in terms of the 

distance along the crack growth direction from the crack tip to the plastic boundary. However, the very irregular shape 

of the plastic zones, as shown in Figure 6, makes this definition ambiguous in the present case. Therefore, it is proposed 

to use the square root of the plastic zone area as a measure of the plastic zone size. This definition is more robust with 

respect to the type of data shown in figure 6 and appears physically meaningful due to the relatively small aspect ratio 

of the plastic zone. On the other hand, it requires modifying Eq. (2) to enable a consistent comparison with the present 

definition. The simplest way to estimate the area  of the plastic zone associated with Eq. (2) is by assuming the 

latter to be a circle with diameter , . This assumption is relatively common in the literature, see e.g. [35], and leads 

to the formula 
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√π
20

	 (12) 

Alternatively, it can be assumed that the shape of the plastic zone is irregular, but such that its area is given by , . 

This provides 

 
1
10

	 (13) 

which is slightly larger than the estimate (12). At this point, it is worth remarking that a well-known expression for 

the plastic zone shape in a homogeneous material under plane strain is available for monotonic loading [5]. However, 

such expression is not applicable in the present case, as the plastic zone shape under cyclic loading is different from 

that under monotonic loading. This is discussed in e.g. Toribio and Kharin [7] and can be appreciated by comparing 

the plastic zone boundaries shown in Figure 6 with those reported in Anderson [5] for the monotonic case. 

The comparison between the plastic zone size predicted via the multiscale model of the compact tension specimen 

with the SGI material parameters and provided by the analytical estimates presented above is given in figure 7. The 

data is normalized by the mean distance  and is plotted over a realistic range of  values. The first aspect to note 

is that the model prediction scales linearly with , in agreement with both Eqs. (12) and (13) and with previous 

computational studies on homogeneous materials [7]. This could not be taken for granted, given the presence of the 

particles and therefore of an intrinsic length scale in the heterogeneous material considered. A possible justification is 

that the particles are distributed quite regularly in the microstructure (see Section 2.1) and therefore the thickness of 

the model is sufficient to make the effect of the averaging formula (11) equivalent to that of a homogenization 

procedure.  

Figure 7 also shows that, despite the same type of linear dependence on , the plastic zone size computed with the 

model is almost three times larger than that estimated with either Eq. (12) or Eq. (13). In this respect, it is worth noting 

that the generalized plane strain assumption tends to increase the plastic zone size compared to the pure plane strain 

case by allowing a uniform contraction of compact tension specimen in the thickness direction that decreases the level 

of plastic constraint [36]. However, the specimen remains elastic for the most part during loading and the uniform 

contraction in the thickness direction is therefore limited. Accordingly, the model prediction does not change 

appreciably by repeating the calculations under the assumption of pure plane strain – which is at the basis of Eqs. (12) 
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and (13). On the other hand, a parameter that affects significantly the results of figure 7 is the threshold  (see the 

definition in Section 3.2). Figure 8 indicates that by increasing  the plastic zone sizes computed with the model and 

estimated with the Eqs. (12) and (13) can be made to coincide. However, this happens when  is about 1x10-2. This 

value is physically unrealistic, as it would imply that a point in the elastic domain just outside the plastic zone would 

experience, after as few as 100 cycles, a plastic work equivalent to . Therefore, although the choice of  does 

play a role, it is not sufficient to justify the discrepancy. In the light of these considerations, it can be concluded that 

the analytical expressions (12) and (13), which are based on Eq. (2), are not optimal to estimate the plastic zone size 

in a material like the composite considered here.  

It is also worth examining the comparison with the plastic zone size predicted by the compact tension specimen model 

upon replacement of the microstructure with the homogenized material. Figure 7 reveals that such a fully homogenized 

model underestimates the plastic zone size by approx. 40% compared to the microstructure resolved model, thus 

confirming the impression gained from figure 6. The poor performance of the homogenized model may stem from 

several factors. One is its inability to capture the shape of the plastic zone in front of the crack – see the previous 

section and Figure 6 – which supports the claims mentioned in the introduction that the associated von Mises plasticity 

is not the best choice for metals containing particles [8,9]. Another factor is the continuous yielding behavior of the 

composite, well-known for similar materials [11,20], which is in contrast with the common modelling assumption of 

a sharp threshold for plastic flow.  

Compared to the microstructure resolved model, the prediction of the homogenized model lies relatively closer to the 

analytical estimates (12) and (13). This is not surprising, as both assume material homogeneity and plastic flow driven 

by the von Mises stress. In this context, the discrepancy between the homogenized model and the former analytical 

estimates is likely to arise from the assumptions on the plastic zone shape introduced to derive Eqs. (12) and (13). 

Strain hardening of the homogenized material and the threshold  can also play a role by affecting the prediction of 

the homogenized model. However, the use of a finite threshold for plasticity detection is expected to lead to an 

underestimation of the plastic zone size. Similarly, strain hardening should limit the extent of the plastic flow, as the 

material can carry higher stresses close to the crack tip. On the contrary, Figure 7 shows that the estimate of the plastic 

zone size based on the homogenized model is actually larger than the analytical prediction. Therefore, the main cause 

of the discrepancy can be neither the strain hardening nor the finite threshold , but rather the assumption on the 

plastic zone shape. 
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Figure 7 – Plastic zone size as a function of the maximum stress intensity factor during cylic loading. The values 

based on the multiscale model of the compact tension specimen with resolved microstructure are compared to the 

analytical estimates (12) and (13) as well as to the prediction of the model with the microstructure replaced by 

homogenized material. The data refer to the properties of SGI and R = 0.1. 

 

 

Figure 8 – Effect of the threshold  on the plastic zone size computed with the multiscale model with resolved 

microstructure. The material properties of SGI are used, combined with loading at R = 0.1 and  = 18 MPa⸱m0.5. 
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4.3 Sensitivity to the model parameters 

The framework of dimensional analysis [37] is employed to analyze the results discussed in the previous section and 

in particular the dependence of the computed plastic zone size on the choice of the model parameters. Accordingly, 

the plastic zone size is written as a generic function of the model parameters: 

 , , , , , , , , ,Ξ  (14) 

In this expression, the first five quantities are associated with the constitutive behavior of the matrix and the particles, 

 and 	  relate to the loading and the remaining quantities describe the topology of the microstructure. In 

particular, Ξ characterizes the particle size and spatial distribution and can be thought of as a set of coefficients that 

provide the location and diameter of the particles near the crack.  

In Eq. (14), the dependence on  is inconvenient, as this quantity can vary significantly within the same material 

family and is often difficult to measure. Therefore, it is advantageous to replace  with , the proof stress of the 

entire composite, which can be easily measured experimentally (or obtained numerically by virtual testing on an RVE). 

This can be done because, for the material investigated here, a monotonic relationship exists between these two 

quantities. Consequently, Eq. (14) can be re-written as: 

 ′ , , , , , , , , 	
(15) 

where the dependence on Ξ  has been dropped since the possibility of modifying the particle size and spatial 

distributions was not explored in the present work.  

The expression (15) involves ten quantities and two independent dimensions: length and stress. Therefore, according 

to the Buckingham’s pi-theorem, it can be re-formulated in terms of eight dimensionless groups, which must be chosen 

such that they form a basis of the null space of the corresponding dimension matrix [37]. Here, the following choice 

is made: 

 Ψ , , , , , 	, 	 (16) 

This equation shows that the sensitivity to the model parameters can be investigated simply by assessing the 

dependence of the data in figure 7 on the variation of the other dimensionless groups appearing as arguments of Ψ. In 
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this regard, figure 9 demonstrates that neither an increase of R, nor variations of the ratio /  within a realistic 

range have significant impact on the computed size of the plastic zone. That is, the function Ψ is essentially insensitive 

to the values of these two dimensionless groups. On the other hand, figure 10 (a) reveals that the particle volume 

fraction – which was varied in the model by modifying the diameter of all the particles by the same relative amount – 

has a strong effect on the extent of plasticity. In particular, for the same effective proof stress and loading conditions, 

the larger the particle volume fraction, the larger the size of the plastic zone. This fact is independent of the choice of 

the elastic and plastic parameters, as figure 10 (b) demonstrates that the same effect is seen when the properties of Al-

SiC are considered. It can also be observed that, for the considered range of particle volume fractions, the discrepancy 

with the analytical estimates (12) and (13) becomes larger, resp. smaller, as the particle volume fraction increases, 

resp. decreases. In particular, the discrepancy is minimal when the matrix material alone is considered (  = 0%), 

which is to be expected as this situation corresponds to the hypotheses of homogeneity and von Mises based plastic 

flow used to obtain Eqs. (12) and (13).  

The comparison between figure 10 (a) and figure 10 (b) also reveals that the plastic zone size can vary by up ≈ 15% 

when the values of the dimensionless groups that control the elastic response of the particles and the matrix are 

changed from those corresponding to SGI to those corresponding to Al-SiC. Considering the large difference between 

the parameters of these two materials ( /  ≈ 7.3x10-2 for SGI and /  ≈ 5.5 for Al-SiC, see Table 1) it is 

remarkable that its effect on the values of Ψ is rather small. 

In addition to the parameters just discussed, the influence of minor deviations of the particle geometry from the 

spherical shape was evaluated. To this purpose, a model similar to the one described in Section 0 was developed where 

each particle was modelled as an ellipsoid of revolution. The length and orientation of the ellipsoid’s axes were set 

based on the requirements of achieving normalized second central moments equal to those of the graphite nodule 

obtained from the X-ray tomography data (see Section 2.1). A Matlab function was used to this purpose [38], which 

produced ellipsoids having a mean value of the ratio between the lengths of the maximum and minimum axes equal 

to 1.34. To facilitate the meshing of the model, a volume fraction of 6 % instead of 11 % was used. Figure 11 compares 

the plastic zone sizes predicted by the multiscale microstructure resolved model with either spherical or ellipsoidal 

particles. Only minor differences can be detected, indicating that the previous findings are robust with respect to minor 

deviations from the spherical shape.  
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(a) (b) 

Figure 9 – Effect of the model parameters on the relationship between the plastic zone size and maximum stress 

intensity factor obtained using the microstructure resolved multiscale model. (a) Effect of the load ratio R. (b) Effect 

of the ratio between the matrix Young’s modulus  and the composite proof stress .  

 

  

(a) (b) 

Figure 10 – Effect of the particle volume fraction on the relationship between the plastic zone size and maximum 

stress intensity factor obtained using the microstructure resolved multiscale model. (a) Material properties of SGI. 

(b) Material properties of Al-SiC. R = 0.1 is considered. 
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Figure 11 – Comparison between the plastic zone sizes computed assuming either spherical or ellipsoidal shape of 

the particles in the microstructure resolved multiscale model. The data refer to the properties of SGI, R = 0.1 and 

 = 6 %.  

5 Simplified formula to estimate the plastic zone size 

The previous section has shown that the plastic zone size computed with the multiscale model can be substantially 

larger compared to the analytical estimates (12) and (13). To compensate for this, an improved formula is proposed 

here that accounts for the effect of the particle volume fraction while retaining the simple structure of the former 

expressions. 

The starting point is to note is that the plots in Figure 9 - Figure 11 indicate that the relationship between the plastic 

zone size normalized by the mean particle distance /  and /  remains approximately linear for all 

investigated choices of the model parameters. This means that the dependence on  can be neglected in Eq. (15) and, 

consequently, Eq. (16) can be rewritten as 

 , , , , 	, 	 (17) 

Furthermore, the sensitivity analysis of Section 4.3 shows that the dependence on  and /  is negligible. Also, 

the effect of / ,  and  is minor in comparison to that of . Based on these considerations, Eq. (17) can be 

simplified to 
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 	 (18) 

Finally, an expression for  can be obtained by computing the mean slope of the curve /  vs. /  

in the considered interval [0, 25] (see Figure 10) for several values of . The outcome is plotted in figure 12, where 

the interval bars correspond to the difference in material properties of SGI (upper limit) and Al-SiC (lower limit). 

Based on the data in the figure, the following second order polynomial is used to approximate the function	 : 

 2.63 1.30 0.146	 (19) 

Expression (18), combined with Eq. (19), provides an estimate of the size of the crack tip plastic zone during mode I 

constant amplitude loading within the range of the considered parameters of the idealized composite material described 

in Section 2.  

As anticipated, the structure of Eq. (18) is similar to that of the well-known estimate (2), which is based on Irwin’s 

analysis. However, two important differences exist. First, the size of the plastic zone in Eq. (18) is expressed in terms 

of the square root of the plastic area instead of the distance between the crack tip and the plastic boundary in front of 

it. Second, the proportionality factor between the plastic zone size and /  is not a constant but depends on 

the particle volume fraction. This point is crucial, as failure to account for the effect of the volume fraction may result 

in a significant underestimation of the plastic zone size, as discussed in Section 4.  

The appeal of Eq. (18) is enhanced by the poor performance of the model with microstructure replaced by 

homogenized material discussed previously. Such a model, which rests on the simplifying hypotheses of homogeneity, 

von Mises-based associated plastic flow and sharp yield threshold, is unable to account for the strong effect played by 

the particle volume fraction. More advanced plasticity models would probably be able to capture the effect better, but 

they would inevitably require an additional time investment. 

At this point, a few remarks regarding the applicability of Eq. (18) to real materials are needed. Based on the composite 

material definition in Section 2, the formula (18) is applicable to metals containing spherical elastic particles, although 

minor deviations from the spherical shape are allowed. Metal hardening, limited interface strength and presence of 

residual stresses were all neglected in the present analysis, even though the normalization by 	at least partially 

accounts for these effects and thus the applicability range of the present findings is possibly broader than stated here. 

In addition, the particle size and spatial distribution considered in this work were representative of SGI. The analysis 
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to a metal matrix composite was ad-hoc extended by merely replacing the material properties. However, the 

microstructure of cast iron has already been used in the literature as a model for metal matrix composites [39], thus 

suggesting the applicability of Eq. (18) to at least these two material classes. Concerning the particle volume fraction, 

the non-linearity of the function  discourages the direct extrapolation of Eq. (18) for values of  outside the 

interval considered in figure 12. Negative values of R must be avoided as well, as the interaction between the crack 

faces was neglected in the model. Finally, the size of the particles must be relatively large (in any case larger than 1 

micron) such that the matrix-particle interface energy remains negligible, dislocation-related size effects are not 

triggered and the hypothesis of isotropic behavior of the matrix is fulfilled. Future experimental studies based on, for 

example, direct measurements of the dislocation density near the crack tip [40] could help further elucidate the 

accuracy and applicability of the present results. 

 

 

Figure 12 – Mean slope of the /  vs. /  curves computed with the microstructure resolved 

multiscale model as a function of the particle volume fraction. The interval bars correspond to the variation due to 

considering either the material properties of SGI (upper limit) or those of Al-SiC (lower limit).  
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6 Conclusions 

The multiscale model with resolved microstructure shows that the presence of the particles modifies the shape and 

increases the size of the cyclic plastic zone compared to what is expected based on the hypotheses of material 

homogeneity and associated von Mises plasticity. The scaling of the plastic zone size with the square of the maximum 

stress intensity factor is confirmed, but the proportionality coefficient is strongly affected by the particle volume 

fraction. In particular, for the same effective proof stress and loading conditions, a higher particle volume fraction 

results in a larger cyclic plastic zone. The well-known Irwin’s formula cannot account for this effect and therefore, it 

may underestimate the extent of plasticity by as much as a factor of 3 for a particle volume fraction of ≈ 20%. To 

compensate for this, a new compact formula is proposed that provides an estimate of the size of the cyclic plastic zone 

in metals containing small to medium volume fractions of elastic particles. The formula, which is based on a number 

of numerical simulations, holds for material properties ranging from metal matrix composites to cast irons and is 

robust to minor particle deviations from the idealized spherical shape. 
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Appendix: Implementation of the boundary conditions for the micro-

scale resolved model 

There are two challenges associated with the implementation of the boundary conditions specified by Eqs. (7) and (8) 

in the micro-scale resolved model. The first is that the finite element mesh is not symmetric. This means that it is not 

possible to establish a one-to-one correspondence between the nodes lying on opposite faces of the model, which 

would greatly simplify the imposition of the periodic conditions (7). Some methods exist to overcome this issue, which 

are typically based on interpolating the boundary displacement via proper interpolants and then using the latter to 

enforce periodicity. For instance, Nguyen et al. [26] proposed to interpolate the displacement on a given face via a 

bilinearly blended Coons patch of polynomials defined along the face edges. However, this technique is not applicable 
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in the presence of discontinuities such as cracks, which is the second challenge in the present case. The method of 

Akpoyomare et al. [27], which is based on decomposing a face into triangles over which linear interpolants are defined, 

does not suffer from this limitation. On the other hand, to decrease the impact of the non-smooth transition at the edges 

of the triangles, a high number of triangles should be used, thus increasing the computational complexity. To obtain 

an interpolation that is smooth and allows for the presence of discontinuities, bicubic Hermite patches were used in 

the present work. This approach is explained in the following. 

First, the model face whose outward normal points in the negative direction of the Y-axis, denoted by Ω , is 

subdivided into a 	collection of rectangular patches. While doing so, care is taken to make sure that the crack 

runs in between the patches, without crossing any of them. The boundary displacement inside each rectangular domain 

, , ⊂ Ω  that corresponds to the patch ,  is then interpolated as: 

 , ,

,

	 (A.1) 

The functions  appearing in the last expression are standard cubic Hermite interpolants, which are defined over 

the generic interval ,  as: 
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(A.2) 

with  and / . Concerning the terms , , they correspond to the values of the displacement 

and displacement derivatives at the corners of the patch and can be represented by the following 4x4 matrix 
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where the following notation has been adopted: 
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Expression (A.1) defines a bicubic Hermite patch. The notable feature of interpolating the boundary displacement in 

terms of a collection of bicubic Hermite patches is that the interpolated displacement, its first derivatives and the 

mixed 2nd-order derivative are all continuous across adjacent patches. In addition, the discontinuity associated with 

the crack can be easily handled by “duplicating” the patch vertices along the crack path, as usually done with standard 

finite element meshes.  

With the displacement interpolation ,  at hand, the boundary condition (7) can be written as: 

 
, 																						if					 ∈ Ω
, 				if					 ∈ Ω

 (A.5) 

The implementation of Eq. (A.5) in the micro-scale model involves constraining the displacement of each mesh node 

on Ω  and on Ω  to the relevant degrees of freedom of ,  – which are the values of the displacement and 

its derivatives at the patch vertices, see Eq. (A.3). The procedure is analogous to that discussed in ref. [27] for a piece-

wise linear interpolant and, for the sake of brevity, is not repeated here. 

The boundary condition (8) can also be implemented by means of the ,  interpolant. Indeed, since the 

displacement components  and  on the model faces perpendicular to the X- and Z-axis are assumed independent 

of the y-coordinate, they can be expressed in terms of ,  evaluated along the edges of Ω . Again, this involves 

constraining the displacement of the mesh nodes to the relevant degrees of freedom of , . Next, to enforce Eq. 

(8), the degrees of freedom of ,  that control  and  along the edges of Ω  are prescribed based on  and 

, i.e. the components of the displacement in the macro-scale model. 
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