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Abstract

A wide range of engineering structures are held together by bolted joints. Bolted
connections become an increasing problem when pushing the limits of size, efficiency,
and reliability of structures. The confidence in bolt tension needs to improve to help
allow for new strides in optimized engineering structures and lower maintenance
costs. Current technologies and procedures are not very accurate, and considerable
efforts and means are employed to ensure the proper bolt tension and to prevent
failures. Critical bolted joints are especially of interest. Failures of these are inad-
missible, as they may lead to dangerous situations, even structural collapse, which
can result in significant loss in revenue and potential personnel and environmental
damages.

The sound from a bolt struck by a hammer is different if it is tight than when
it is loose. The sound difference indicates that the dynamics of the bolt-structure
system changes with bolt tension. This thesis investigates the possibility of using a
vibration-based approach to estimate bolt tension more accurately, easier, and at a
lower cost than by using conventional tools. The work is split into three levels of
complexity; one bolt, two bolts, and multiple bolts, all undergoing thorough testing,
modeling, and analysis. This division follows throughout the thesis.

Transverse natural frequencies of a tensioned beam depend on tension. The first
part of the project presents different beam models, designed to gain insight into ten-
sion’s relation to natural frequencies. A single bolt can be simplified and modeled
as a beam in tension, with general stiffness boundary conditions. Expanding to a
two-beam model, representing two adjoining bolts, can provide insights into poten-
tial inter-bolt coupling phenomena. For an alternative perspective, simulations of
a real structure are conducted with a FEM model, from the commercial software
COMSOL Multiphysics.

The second and crucial part is the experimental investigations. Dynamic test-
ing of different bolts is conducted applying several excitation techniques, different
post-processing, and substantial repetition to investigate reproducibility. The ex-
perimental investigations establish which features are useful for vibration-based bolt
tension estimation. The models are fitted to measurements data, obtaining good
agreement.

The third part presents two techniques for bolt tension estimation. The first
provides rough estimates of bolt tension but is easy to apply. The second method
combines nonlinear regression with a new smart vibration test procedure, providing
accurate estimates of bolt tension and boundary stiffness.

The final part applies the proposed methods to real measurements on tightened
bolts, and estimate the bolt tension. The analysis and proposed methods lend
confidence in the applicability of a vibration-based estimation technique.
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Resumé

En lang række tekniske konstruktioner holdes sammen af boltesamlinger. Boltsam-
linger kan udgøre et stigende problem, n̊ar man skubber grænserne for størrelse,
effektivitet og styrke af konstruktioner. Tilliden til boltspænding skal forbedres,
hvis man vil hjælpe udviklingen af optimerede konstruktioner og lavere vedligehold-
elsesomkostninger.

Nuværende teknologier og procedurer er ikke særlig nøjagtige, og betydelige anstren-
gelser og midler er nødvendige for at sikre den rette boltspænding og forhindre
driftssvigt. Kritiske boltesamlinger er især af interesse. Det er uacceptabelt at disse
svigter, da det kan føre til farlige situationer, for eksempel nedstyrtninger, hvilke
kan resultere i store indtægtstab og potentielt personale- og miljøskader.

En korrekt fastspændt bolt lyder anderledes, hvis man rammer den med en ham-
mer, end en løs bolt gør. Lydforskellen betyder indirekte at dynamikken i boltstruk-
turen ændres n̊ar bolten strammes. Denne afhandling undersøger muligheden for at
anvende en vibrationsbaseret tilgang til at estimere boltspænding, mere nøjagtigt,
lettere og med færre omkostninger end ved at bruge konventionelle værktøjer. Ar-
bejdet er opdelt i tre niveauer af kompleksitet; en bolt, to bolte og flere bolte, der
testes, modelleres og analyseres. Dette er en gennemg̊aende opdeling i hele afhan-
dlingen.

Transversale egenfrekvenser for en bjælke i træk afhænger af trækkraften. En
forenklet model af en bolt er en bjælke i træk med generelle stivhedsrandbetingelser.
Den første del af projektet præsenterer forskellige bjælkemodeller, designet til at f̊a
indsigt i forholdet mellem egenfrekvenser og bolttilspænding. En dobbelt bjælke-
model, der repræsenterer to tilstødende bolte, giver indsigt i potentielle inter-bolt-
koblingsfænomener. Et alternativt perspektiv opn̊as ved at analysere FEM-model-
resultater af en reel struktur, udført i den kommercielle software COMSOL Multi-
physics.

Den anden og afgørende del er de eksperimentelle undersøgelser. Her udføres dy-
namiske test af forskellige bolte, hvor der anvendes forskellige excitationsteknikker
og databehandling, samt omfattende repetition for at undersøge reproducerbarhe-
den. De eksperimentelle undersøgelser fastlægger, hvilke egenskaber der er nyttige
til vibrationsbaseret estimering af boltspænding.

Den tredje del præsenterer to teknikker til estimering af boltspænding. Den
første giver grove estimater af boltspænding, men er let at anvende. Den anden
metode kombinerer ikke-lineær regression med en ny smart vibrationstestprocedure,
der giver nøjagtige estimater af boltspænding og randstivhed.

Den sidste del anvender de foresl̊aede metoder til at estimere boltspænding, med
rigtige vibrationsm̊alinger fra bolte. Gode estimater opn̊as med den anden metode,
hvilket giver tillid til anvendeligheden af en vibrationsbaseret estimeringsteknik for
boltspænding.
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1. Introduction

Wind turbine towers, oil rigs, kilometers of gas pipelines, large steel structures, and
many other engineering structures have at least one thing in common: Bolted joints
often connect the structural parts (Figure 1.1). The more the limits of engineering
structures are pushed, to improve size, reliability, and efficiency, bolted connections
become an issue, often by being the weakest or least well-modeled part of the struc-
ture. Especially the uncertainty in final bolt tension is problematic. Optimizing
and improving structures to be more lightweight or maintenance-free requires that
the nominally optimal tension in a bolt can be implemented with high certainty
in applications. However, this is not currently the case. Control of bolt tension
is extremely difficult and poses a considerable expense for the offshore industry to
maintain and control. Advances in bolt tension estimation and control are necessary
to remove that uncertainty. It is well known among experienced assemblers of bolted
joints that listening to the sound when giving a bolt a small knock can reveal if the
bolt is loose. A very loose bolt will make a dull sound. A tighter bolt will ring. The
dullness and ringing qualitatively convey that the dynamics in a bolt is different
with different bolt tensions. The dull sound could, for example, be attributed to
clearance or friction at contact interfaces between the bolt head, washer, nut, and
structure, and the ringing sound could be due to weakly damped high-frequency
resonance vibrations in the bolt. Determining the origin of the dullness and ringing
is the starting point of this thesis.

Figure 1.1 Examples of structures with bolted joints. From external sources [1] and [3].
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1.1 Critical bolted joints

Estimating bolt tension is of particular interest for critical bolted joints. Critical
bolted joints carry significant loads, and if they fail, it can have extensive conse-
quences. A wide range of industrial applications has critical connections (Figure 1.2).
Several parts in a wind turbine have critical connections - the tower, wings, nacelle
- but critical bolted joints are also found in oil rigs, pressurized pipelines, large ma-
chinery, and in aero-and-space industry. All these different types of critical bolted
joints share the characteristics of being designed to hold a particular axial tension,
and significant efforts are also made to maintain that tension. In many applications,
the joints are hard and expensive to access after a given structure or machinery is
put in operation; for offshore structures, it is expensive to transport personnel to
the sites, and the work requires high safety measures, which furthermore prolongs
execution time.

An example of a costly and dangerous failure is the collapse of a wind turbine
tower in Sweden, in 2015, in the Lemnhult wind park. The governmental accident
report revealed that the collapse was due to loose bolts [2]. The report states that
low pretension arose from several inadequacies. Rainy weather made the bolts and
nuts wet, changing the lubrication, and increasing friction in the contact surfaces.
Furthermore, the tools had not been maintained according to manufacturer stan-
dards, and the assemblers performing the tightening had no previous experience and
manufacturer’s training in such work. The example clearly shows several probable
issues arising with bolted structures. For one, tightening is a difficult task with
many pitfalls. Overall, the existing tools are inaccurate and sensitive to factors
such as lubrication and friction, which makes it hard to tighten bolts adequately.
Furthermore, the proper tightening procedure is important, and in practice, it is
challenging to complete it correctly. Hence, it is likely that the final bolt tension
will not be the targeted tension, which necessitates frequent maintenance.

A wider perspective on bolt tension is its influence on the dynamics of the entire
structure. Dynamics of bolted structures is a vast and active research field [16, 23].
Bolted structures often exhibit nonlinear vibrations, due to frictional interfaces and
local motion at the interfaces, and are prone to wear over time. These phenomena
make it challenging to model and predict the vibrational behavior in such structures.
Also, the uncertainty and variability from bolt tensions [10] must be taken into
account, making accurate modeling predictions even less feasible. Better control
of bolt tension can eliminate or reduce that particular uncertainty when predicting
vibrational responses of bolted structures.

1.2 Existing tightening and tension estimation techniques

In different structures and applications, the bolt tightening procedures and the later
maintenance of bolt tension varies. The procedure varies both between applications
and individual manufacturers. E.g., each specific type of wind turbine tower has
an individual maintenance guide. In some applications, there are legal demands to
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Figure 1.2 Examples of critical bolted joints. Upper: oil and gas pipelines; Lower: wind
turbine wings and connecting bolts. From external source [1].

uphold certain levels of control and maintenance to prevent failure.

In structures with multiple bolts, such as a bolted flange, the tightening order
and number of tightening steps are important [15]. The final bolt tensions should
be checked after all bolts in an assembly have been tightened, as the bolt tensions
change during the process. Self-loosening of bolts can occur over time as an effect
of structural vibrations, wind, and weather. Self-loosening is less prone to happen
when tightening bolts close to yield stress [29]. Depending on the material and the
type of structure, bolts are often tightened to 70− 80 % of yield stress.

There are two categories in bolt tension tools: the tightening tools, which only
provide indications of the obtained final bolt tension, and the pure tension estimation
tools. Two common types of tightening tools are torque wrenches and hydraulic ten-
sioners (Figure 1.3). A torque wrench has an accuracy of ± 30 % [9]. A study [5] of
torque wrenches for dentistry application (bolt tension can also be an issue in small-
scale structures), found that the torque wrenches all obtained different tensions,
and none of them achieved the targeted torque. A hydraulic tensioner elongates
the bolt so that the nut can be turned, and when the pressure is released, the bolt
tension will drop. The extent of the drop depends on bolt slenderness, geometry,
lubrication, and the specific equipment [30], a rough estimate of the accuracy is ±
20 %.

Estimation tools are still in a development stage and are not widely used in
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large scale maintenance. Different versions of ultrasonic devices exists (Figure 1.3).
They work by sending an acoustic wave through the bolt and measuring the transit
time. The transit time is the time it takes the wave to go through the bolt and
return. Increasing the mechanical stress in the bolt decreases the velocity of the
wave, which implies an increase in transit time. The change in transit time can be
employed to determine the bolt’s elongation, which can be related to the bolt stress
[11, 31, 32, 20, 25]. Ultrasonic devices can employ two different principles, either
the mono-wave or bi-wave method. The mono-wave employs longitudinal waves,
and the bi-wave method used a velocity ratio between longitudinal and transverse
waves. A benefit of the bi-wave method is that no reference measurement of transit
time for an unstressed bolt is needed. A bi-wave-based technique is reported to have
an accuracy of ± 10 % [11]. All of the bolt tightening and tension checking methods
have advantages, but also several disadvantages [41], leaving room for improvement
in bolt tension technologies.

Figure 1.3 Examples of tightening of bolted joints. Upper left: hydraulic tensioning of
a flange connection; Upper right: offshore maintenance; Lower left: an ultrasonic device;
Lower right: torque tightening. From external source [1].
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1.3 Project objective and thesis outline

A well-tightened bolt sounds different than a loose bolt when struck by a ham-
mer, which qualitatively convey that the dynamic properties of the system changes
with changing bolt tension. This project investigates how to apply such changes
for checking the state of critical bolted joints quicker, cheaper, with better accuracy
and significantly less physical effort than by using conventional tools. The objective
of this project is to quantify the change in select dynamic features, and develop
methods for using the changes as a means of estimating bolt tension. The primary
investigations concern a bolt’s transverse natural frequencies, as these are known to
increase with increasing tension. The project attacks the issue from four different
perspectives: with advanced mathematical modeling and analysis, from controlled
laboratory experiments and relevant signal processing, from real vibration measure-
ments in more complex bolted joints, and by comparisons to 3D numerical models.

The thesis comprises a summary, five journal papers [[P1]-[P5], and two conference
papers [C1]-[C2]. The summary consists of six chapters, of which this is the first.
A majority of the chapters are divided into three levels of complexity: single-bolt,
two-bolt, and multi-bolt problems, which has also been the approach during the
PhD work. First, investigations into a single-bolt vibrations provide insights and
knowledge into basic bolt mechanisms. By performing analysis and experiments
with controlled and simple setups of a single bolt, the bolt’s vibrational features can
be isolated. After sufficient insights, the project has carried on with tests and models
for a two-bolt system to investigate how inter-bolt coupling can play a part in the
measured vibrations. As this project has a clear application perspective, the next
step has been to make tests on more complex bolted joints to track similarities with
the simpler systems and identify unavoidable additional obstacles. Throughout, the
summary we present several additional investigations, which did not yet fit into
a publication, and new parallels between the publications, to give the reader a
comprehensive overview of the work.

An independent problem is considered in [P5], investigating the behavior of local
dynamics in a bolted lap joint. The paper is enclosed in the thesis as it provides
another perspective on the uncertainties arising when working with bolts.

The organization of the summary is the following: In the second chapter we
present different mathematical models developed to describe the vibrational response
of bolts at the different levels of complexity. In the third chapter key experimental
procedures and results are introduced. Two new bolt tension estimation methods
based on measured vibrations are presented in the fourth chapter. In the fifth
chapter, bolt tension is estimated based on the real measurement data with the
proposed techniques. Finally, in chapter six we connect the work of the previous
chapters and draw conclusions to the overall project objective.
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2. Mathematical bolt modeling

Mathematical beam modeling representing a bolt’s bending vibrations can provide
insights into different parameters’ sensitivity to tension and is useful in interaction
with experimental observations.

A bolted structure often has a clearance for the bolt so that the bolt is only
touching the structure at the bolt head and the nut. In that case, the bolt can be
expected to be able to vibrate transversely, thus have transverse natural frequencies.
Figure 2.1a shows a standard drawing of such a bolted joint. The simplest assump-
tion is to consider the bolt to be effectively clamped at the bolt head and nut, as
the interpretation in Figure 2.1b. With increasing tension, the natural frequency
increases. Figure 2.2 shows the increase in the first transverse natural frequency
when it is tensioned to 70% of yield strength, as a function of slenderness ratio.
The more slender a beam, the more tension contributes to the overall transversal
stiffness (the primary contribution to transversal stiffness in a beam is the bending
stiffness). However, the assumption of clamped-clamped boundary conditions will
not hold for a slightly looser bolt. Consequently, more advanced models are needed
to predict transverse natural frequencies for different levels of bolt tension.

(a)

bolted structure

bolt
tension

transverse
vibrations

(b)

Figure 2.1 (a) Principle drawing of a bolted joint. From external source [3]. (b) A
clamped-clamped beam model interpretation of a bolted joint. From [P2].

In this section we present different versions of tensioned Euler-Bernoulli beams
governing transverse vibrations in bolts, developed in [P2, P3, P4]. The models
are set up to try to investigate basic mechanisms, by simple modeling, thus ignor-
ing shear deformation, rotary inertia, and nonlinear effects. We derive the model

7
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Figure 2.2 Relative change in the first natural frequency as a function of slenderness
ratio, for a clamped-clamped steel beam with pre-tension (ωtight is for σ/σy = 0.7, and ω0

is for σ = 0).

equations in this chapter, and in Chapter 3 the model results are presented and
compared to experimental data.

2.1 Single-bolt beam model

A Bernoulli-Euler beam model can aid the understanding of transverse vibrations
of lower modes for slender bolts. A simplified model of a single bolt is a beam
with general stiffness boundary conditions, as Figure 2.3 illustrates. This model is
identical to that in [P4]. Later work [P1] makes a significant update to the model,
in which the boundary conditions also include the mass and rotary inertia of actual
mass, from the head, nut, washers, and protruding end of the bolt. Figure 2.4
illustrates the updated bolt beam model. Another significant difference between the
two models is the length of the beam. The first model, shown in Figure 2.3, applies
the full length l of the bolt, whereas the second model, shown in Figure 2.4, applies
the clamped length of the bolt, thus the inside length from the head to the nut
(denoted leff in the figure to emphasize the difference).

As the equations of the second model are identical to those of the first if boundary
mass is zero (m1−2 = 0 and J1−2 = 0), the solution procedure is presented only
once, where l represents either the full length or the inside length leff, depending on
the model. For reference, in [P1] a similar derivation with one boundary mass is
presented. Both versions of the beam model have a uniform mass density ρ, area
moment of inertia I, Young’s modulus E, and cross-sectional area A. The beam’s
transverse vibrations are described by U(X, t), where X ∈ [0;l] is the axial coordinate
and t the time. The beam curvature is approximated by ∂2U/∂X2, and the tension
N is assumed constant in time. First, we introduce nondimensional quantities:

x =
X

l
, u(x, τ) =

U(X, t)

l
, τ = ω0t, ω0 =

√
EI

ρAl4
, p =

Nl2

EI
=
σs2

E
,

k1−2 =
K1−2l

3

EI
, k3−4 =

K3−4l

EI
, m1−2 =

M1−2

ρAl
, J1−2 =

J̃1−2

ρAl3
, s =

l√
I/A

,

(2.1)
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N

N
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U(X, t)

K3

0 l
X

ρA, E, I K4

Figure 2.3 Model 1: Illustration of beam in tension with boundary springs. Model
applied in [P4].

N
N

K1 K2

U(X, t)

K3

0 leff

X

ρA, E, I

M
2

J̃2

K4

M1

J̃1

Figure 2.4 Model 2: Illustration of beam in tension with boundary springs, and boundary
masses with a local rotational mass moment of inertia. Model applied in [P1,P3,C2].

where s defines the slenderness ratio, and k1−4 are the four nondimensional bound-
ary stiffness parameters. Note, the nondimensional tension p has a limit value py.
The limit depends on the yield stress σy, which is material dependent. The range
of the slenderness ratio is for many steel bolts and beams s = 30− 80, which corre-
sponds to py = 3− 20.

The nondimensional Euler-Bernoulli’s equation of motion for deflections u(x, τ)
is, (overdots and primes denotes differentiation w.r.t. nondimensional time and po-
sition, respectively):

ü+ u′′′′ − pu′′ = 0. (2.2)

The same differential equation as derived in [21] and [P4], but with different bound-
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ary conditions:

u′′′(0, τ) = pu′(0, τ)− k1u(0, τ)−m1ü(1, τ), (2.3)

u′′(0, τ) = k3u
′(0, τ) + J1ü

′(1, τ), (2.4)

u′′′(1, τ) = pu′(1, τ) + k2u(1, τ) +m2ü(1, τ), (2.5)

u′′(1, τ) = −k4u
′(1, τ)− J2ü

′(1, τ). (2.6)

Without boundary mass (m1−2 = 0 and J1−2 = 0) these boundary conditions rep-
resent the beam model in Figure 2.3. By superposition of eigen-solutions, equation
(2.2) is solved:

u(x, τ) = ϕ(x)eiωτ . (2.7)

Inserting the solution into (2.2)-(2.6) gives

ϕ′′′′−pϕ′′ − ω2ϕ = 0, (2.8)

ϕ′′′(0) = pϕ′(0)− (k1 −m1ω
2)ϕ(0), (2.9)

ϕ′′(0) = (k3 − J1ω
2)ϕ′(0), (2.10)

ϕ′′′(1) = pϕ′(1) + (k2 −m2ω
2)ϕ(1), (2.11)

ϕ′′(1) = −(k4 − J2ω
2)ϕ′(1). (2.12)

The solution for the mode shapes ϕ to (2.8) is [14]:

ϕ(x) = b1 cos(α1x) + b2 sin(α1x) + b3 cosh(α2x) + b4 sinh(α2x), (2.13)

with the coefficients:

α1 =

√
−p

2
+

√(p
2

)2

+ ω2, α2 =

√
p

2
+

√(p
2

)2

+ ω2. (2.14)

Equation (2.13) and (2.14) are inserted into the boundary conditions (2.9)-(2.12),
which gives:

Aq = 0, (2.15)

where q = {b1 b2 b3 b4}T holds the unknown coefficients of (2.13), and

A =


−k̃1 α1α

2
2 −k̃1 −α2

1α2

k̃2c1 − α1α
2
2s1 k̃2s1 + α1α

2
2c1 k̃2c2 − α2

1α2s2 k̃2s2 − α2
1α2c2

−α2
1 −k̃3α1 α2

2 −k̃3α2

−α2
1c1 − k̃4α1s1 −α2

1s1 + k̃4α1c1 α2
2c2 + k̃4α2s2 α2

2s2 + k̃4α2c2

 , (2.16)

with
s1 = sinα1, s2 = sinα2, c1 = cosα1, c2 = cosα2,

k̃1−2 = k1−2 − ω2m1−2, k̃3−4 = k3−4 − ω2J1−2.
(2.17)

Notably, the effective spring stiffness k̃1−2 and k̃3−4 are lowered in effect of the added
mass and rotary inertia.
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Equation (2.15) has a nonzero solution when the determinant of A is zero:

|A| = kTBa = 0, (2.18)

with k, a, and B defined as:

k =



1

k̃1 + k̃2

k̃3 + k̃4

k̃1k̃2

k̃3k̃4

k̃1k̃3 + k̃2k̃4

k̃1k̃4 + k̃2k̃3

k̃1k̃2(k̃2 + k̃4)

k̃3k̃4(k̃1 + k̃2)

k̃1k̃2k̃3k̃4



, a =


1

sinα1 coshα2

sinα1 sinhα2

cosα1 coshα2

cosα1 sinhα2

 , (2.19)

and

B =



−2α2
1α

5
2 0 −α2

2α
2
1(α6

1 − α6
2) 2α5

1α
5
2 0

0 α4
1α2(α2

1 + α2
2) 0 0 −α4

2α1(α2
1 + α2

2)
0 α2

1α
5
2(α2

1 + α2
2) 0 0 α5

1α
2
2(α2

1 + α2
2)

0 0 −(α2
1 + α2

2)2 0 0
0 0 α2

1α
2
2(α2

1 + α2
2)2 0 0

−2α3
1α

3
2 0 α2

1α
2
2(α2

1 − α2
2) −α1α2(α4

1 + α4
2) 0

0 0 0 −α1α2(α2
1 + α2

2)2 0
0 −α2(α2

1 + α2
2) 0 0 α1(α2

1 + α2
2)

0 −α2
1α2(α2

1 + α2
2) 0 0 −α2

2α1(α2
1 + α2

2)
−2α1α2 0 α2

1 − α2
2 2α1α2 0


.

(2.20)

Equation (2.18) implicitly defines the natural frequency ω as a function of tension
p and boundary stiffness parameters k1−4, since α1, α2 and k̃1−4 are functions of p
and ω. Newton-Raphson iteration can be used to solve for ω’s with initial values
obtained from a zero-sweep. The procedure is identical to that used in [21], except
that the effective stiffness k̃1−4 are not constant, but functions of ω.

In Section 2.3 a model relating stiffness to bolt tension is presented, which allows
for fitting the boundary stiffness k1−4, such that predicted natural frequencies will
be in agreement with measured natural frequencies. We present and compare the
model results with experimental measurements in Section 3.2.3.

2.1.1 Why not Timoshenko beam theory?

Euler-Bernoulli beam theory (EB) can provide accurate natural frequency estimates
for slender beams and the first few eigenmodes [24]. When the wavelength ap-
proaches the thickness of the beam, EB beam theory will be insufficient. Timo-
shenko beam theory (TBT) includes shear deformation and rotary inertia [39] and
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is a more accurate model than EB for short beams and higher eigenmodes [AP1].
However, with the additional terms, it is also significantly more complicated and
troublesome to apply, so if the difference is negligible, it is preferable to use the EB
beam theory. Figure 2.5 shows a comparison between TBT and EB for the first three
transverse natural frequencies, as a function of tension (expressed as stress over the
bolt yield strength), for two extremes of bolt slenderness (s = 33) and (s = 75).
The TBT test calculations are based on [4] for two extremes of boundary conditions
for a bolt: clamped-clamped and pinned-pinned boundary conditions. The two ex-
tremes of boundary conditions are chosen based on experimental observations (see
Section 3.2.3), which indicate that it is especially the torsional boundary stiffness
that increases with increasing bolt tension. The translational boundary stiffness
effectively corresponds to pinned boundaries, even at low bolt tension.

First of all, Figure 2.5 that bolt tension is insignificant w.r.t. to the deviations
between TBT and EB. Secondly, up to and including the third mode, the difference
in predictions is less than 3.5% for a slender bolt (s = 75). For a non-slender bolt
(s = 33), the difference in predictions is strongly dependent on the mode number and
the boundary conditions; the third mode predictions deviate from EB beam theory
between 7-15 %, depending on the rotational boundary stiffness. In conclusion,
applying EB beam theory for predicting transverse natural frequencies in a bolt has
to be done with care, and under the right circumstances: Shear deformation and
rotary inertia is only negligible for the lowest modes, and generally for slender bolts.

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0-3.5

-3.0

-2.5

-2.0

-1.5

-1.0

-0.5

0.0

0.5

(a)

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0-15

-10

-5.0

0.0

(b)

Figure 2.5 Relative deviation between natural frequency prediction by EB and TBT
theory as a function of relative stress in the bolt, ( ): pinned-pinned boundary conditions.
( ): clamped-clamped boundary conditions, ( , , ): range of the deviations for first,
second, and third natural frequencies, (a) Long bolt (s = 75), (b) Short bolt (s = 33).
From [C2].
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2.1.2 Why not a nonlinear beam model?

The contact interface surfaces of a bolt head, nut, and the structure consist of
numerous asperities. When the interfaces are in contact, this could potentially
lead to nonlinear boundary stiffness. However, experimental investigations agree
well with the linear models (see Section 3.2.3). In [37], an attempt to explain the
apparently linear behavior is made, with the tentative conclusion that the collective
of nonlinear boundary stiffness from local asperities may result in effectively linear
boundary conditions. In principle, the boundary stiffness could be modeled with
an additional nonlinear spring, complicating the solution procedure significantly.
Likewise, nonlinear dampers can be added to the boundary. However, keeping the
purpose of the models in mind: a model is a tremendous simplification of a real
system, made to help explain some driving mechanism in a system. If the model is
overly complicated, it stops serving its’ purpose. A 3D finite element model would
be better to use for a detailed analysis. It is a balance between making the simplest
models and capturing the most important features of the system.

2.2 Two-bolt beam model

A two-bolt beam model is an expansion of the single-bolt beam model. The purpose
of a two-bolt beam model is to investigate how dynamic interaction between two
bolts can occur, and provide insights into what parameters drive such vibrational
interactions. Principal questions to be answered are: 1) can a bolt tightened in a
structure, with other similar bolts be considered an independent dynamic system,
with it’s own natural frequencies, 2) if it can not be considered independent w.r.t. the
other bolts, how to use bending vibrations in spite of this for bolt tension estimation.
The experimental investigations in Chapter 3 try to answer these questions, with
support from the two-bolt model predictions.

For reference, it is a known fact that a fundamental 2-dof system of two weakly
coupled oscillators will behave as two independent mass-spring systems when the
two systems have different natural frequencies. In contrast, with equal or close to
equal natural frequencies, the weakly coupled oscillators will be effectively coupled
with in- and out-of-phase modes [22]. A two-beam model is a much more complex
model, with more parameters that can influence the coupling, but fundamentally
the interaction is similar to two weakly coupled oscillators.

The model is set up as two single bolt models, which are connected with trans-
lational and rotational coupling springs Ku,c and Kθ,c, as shown in Figure 2.6. The
coupling springs represent the potential vibrational transfer path between the bolts.
Boundary symmetry is assumed to limit the number of unknown boundary stiff-
ness parameters. The derivation of the beam model’s determinant is similar to the
single-bolt derivation, but with eight boundary conditions, which makes the equa-
tions more complicated to manage. For reference, the following derivations are as
in [P3].

As shown in Figure 2.6, the two coupled beams in tension have boundary masses
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Figure 2.6 Illustration of two beams in tension with springs, masses and local mass
moments of inertia. Model applied in [P3].

Mi,j with rotational mass moments of inertia of J̃i,j, where i is the beam number,
and j is the left/right beam end. The masses represent the bolts’ head, nut, and
protruding end.

The two beams (i = 1, 2) are identical; with length l, uniform mass density ρ,
Young’s modulus E, area moment of inertia I and cross-sectional area A. Transverse
vibrations in the beams are given by Ui(X, t), where X ∈ [0;l] is the axial coordinate
and t the time. The beams curvatures are approximated by ∂2U/∂X2, and the
tensions Ni are assumed constant. Nondimensional quantities are introduced:

ui =
Ui
l
, ω0 =

√
EI

ρAl4
, pi =

Nil
2

EI
, mij =

Mij

ρAl
, Jij =

J̃ij
ρAl3

,

ku,i =
KU,il

3

EI
, kθ,i =

Kθ,il

EI
, ku,c =

KU,cl
3

EI
, kθ,c =

Kθ,cl

EI
, i = 1, 2, j = 1, 2,

(2.21)

Nondimensional time τ and position x is still as defined in (2.1). The nondimensional
equation motion, describing u1(x, τ) and u2(x, τ) is:

üi + u′′′′i − piu′′i = 0, i = 1, 2. (2.22)

We apply a matrix notation:

ü + u′′′′ −Pu′′ = 0 (2.23)
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for which u = {u1 u2}T and P = diag(p1, p2). There are eight boundary conditions
(four for each beam):

u′′′i (0, τ) = piu
′
i(0, τ)− ku,iui(0, τ) + (−1)ikc1∆u(0, τ) +mi,1üi(0, τ), (2.24)

u′′i (0, τ) = kθ,iu
′(0, τ) + (−1)ikc3∆u′(0, τ)− Ji,1ü′(1, τ), (2.25)

u′′′i (1, τ) = piu
′
i(1, τ) + ku,iui(1, τ)− (−1)ikc2∆u(1, τ) +mi,2üi(1, τ), (2.26)

u′′i (1, τ) = −kθ,iu′i(1, τ)− (−1)ikc4∆u′(1, τ)− Ji,2ü′i(1, τ), i = 1, 2. (2.27)

with
∆u = u1 − u2, ∆u′ = u′1 − u′2. (2.28)

By superposition of eigen-solutions we solve equation (2.23):

u(x, t) = ϕ(x)eiωτ (2.29)

with ϕ = {ϕ1 ϕ2}T. By inserting into (2.23)-(2.27):

ϕ′′′′i − pϕ′′i − ω2ϕi = 0, i = 1, 2, (2.30)

ϕ′′′i (0) = piϕ
′
i(0)− (ku,i −mi,1ω

2))ϕi(0) + (−1)ikc1∆ϕ(0), (2.31)

ϕ′′i (0) = (kθ,i − Ji,1)ϕ′i(0) + (−1)ikc4∆ϕ′(0), (2.32)

ϕ′′′i (1) = piϕ
′
i(1) + (ku,i −mi,2ω

2)ϕi(1)− (−1)ikc1∆ϕ(0), (2.33)

ϕ′′i (1) = −(kθ,i − Ji,2ω2)ϕ′i(1)− (−1)ikc4∆ϕ′(1). (2.34)

where
∆ϕ = ϕ1 − ϕ2, ∆ϕ′ = ϕ′1 − ϕ′2. (2.35)

and mode shapes are:

ϕi(x) = bi1 cos(αi1x) + bi2 sin(αi1x) + bi3 cosh(αi2x) + bi4 sinh(αi2x), (2.36)

with the coefficients:

αi1 =

√
−pi

2
+

√(pi
2

)2

+ ω2, αi2 =

√
pi
2

+

√(pi
2

)2

+ ω2. (2.37)

A matrix equation is obtained as we insert (2.36) and (2.37) into (2.31)-(2.34):

Aq = 0, (2.38)

for which A is an 8 × 8 matrix with a substantial number of terms, why it is not
displayed. For the same reason, the determinant of A is too large to display at
all, and is only determined computationally. As for the single bolt problem, the
determinant equation implicitly defines the natural frequency ω of the two-bolt
system as a function of tension p and boundary stiffness parameters k1−4. Newton-
Raphson iteration can again be used to solve for ω’s with initial values obtained
from a zero-sweep.



16 Chapter 2. Mathematical bolt modeling

For the two-beam model, it is of interest to consider the mode shapes, to be
able to understand the modal interaction of such a system. To be able to generate a
frequency response and determine the mode shapes, damping and forcing is included,

ü + u′′′′ + ζu̇−Pu′′ = f(x, τ), (2.39)

and a mode shape expansion is applied. Assuming that

u(x, τ) =
N∑
j=1

qj(τ)ϕj(x), (2.40)

and inserting in (2.39), multiplying by ϕi(x), and integrating over length of the
beam gives:

Mq̈ + Cq̇ + (K−N)q = F(τ), (2.41)

where M, C, K, N, F and q are

Mij =

∫ 1

0

ϕT
i ϕjdx, Cij =

∫ 1

0

ϕT
i ζϕjdx, Kij =

∫ 1

0

ϕT
i ϕ
′′′′
j dx, (2.42)

Nij =

∫ 1

0

ϕT
i Pϕ′′′′j dx, Fi =

∫ 1

0

ϕT
i fdx, q = {q1 q2 .. qN}T . (2.43)

In the analysis in Section 3.3.3 a four mode expansion is applied.

2.3 Boundary stiffness versus tension model

In [P4] an analytical expression for the rotational and translational stiffness as a
function of tension is developed. The basis of the work is that the stiffness, intro-
duced between the two surfaces tightened together, depends on the surface rough-
ness. To a certain extent, any real surface is rough, as the perspectival work in [P5]
revealed, even micro-scale roughness can have a significant effect on dynamics. In
[P4], the roughness is presented as a distribution of tiny asperities at a micro-scale
level. In [12], it is found that normal (interfacial) stiffness increases with increasing
contact pressure. An exact relationship between contact pressure and normal stiff-
ness does not exist. However, in [P4], by applying the same concept as Greenwood
and Williamson introduce [19], a statistical model describing the contact between
a rough and a plane surface is used. As that model only gives implicit relations
between tension and stiffness an approximating analytical function is introduced:

kni =
z1 tanh(z2pi)

1 + z3 exp−z4pi
, (2.44)

where, kn is the normal/tangential stiffness, and p is nondimensional tension of bolt
i. This model assumes symmetry in boundary stiffness

k1−2 = zukn, k3−4 = zθkn, (2.45)
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with the following constant parameters:

zθ =
1(R2

w + r2
w)

4l2
, zu =

π(1− ν)

2(2− ν)
, (2.46)

where Rw and rw are outer and inner nut radius, and ν is the Poisson ratio. Equa-
tion (2.44) has four unknown parameters z1−4 that needs to be determined by fitting
to experimental data. The model is a great simplification from the first-mentioned
micro-scale asperities. However, if the bending vibrations are experimentally ob-
served to appear effectively linear and the model can fit measurements, it is useful,
despite it being a simplification. The fit of the unknown parameters z1−4 depends
on the applied beam model (i.e., individual fits for the models shown in Figure 2.3
and Figure 2.4).

The same fit of (2.44) can be used for the two-bolt model, as for the second
single-bolt model (see Figure 2.4).

2.4 Coupling boundary stiffness

The two bolt model has an additional set of unknown coupling springs ku,c and
kθ,c. The coupling springs represent the potential vibrational transfer path between
the bolts; these can not be translated into a single physical feature, but represent
the sum of coupling contributions. Coupling contributions are assumed to come
only from small zones of contact; for example, energy can transfer from one bolt to
another through the surrounding structure, from contact between the structure and
the bolt head interface.

To illustrate the effect of coupling springs Figure 2.7 shows the ratio between two
bolts maximum mode shape amplitude, as a function of bolt tension ratio p1/p2 and
coupling strength kθ,c/kθ,1. Three scenarios have been singled out and the mode
shapes are shown. In figure (a) the fit of the tension-stiffness relation (2.44) is the
same for both bolts, in figure (b), the boundary stiffness parameter z1 is increased
30 % for the second bolt. The figures show that for close to equal boundary stiffness
in the bolts and with p1 ≈ p2, only the slightest coupling stiffness is needed to
transfer energy from one bolt into the other. However, if the two bolts have different
boundary stiffness, but p1 ≈ p2, it is the coupling spring that controls how much
energy transfers into the other bolt. Two strongly coupled bolts have an in-phase
(IP) and out-of-phase (OP) mode, for which the magnitude of deflection is equal
for both bolts. A case of weak coupling, either from unequal tension (p1 6= p2),
or from different boundary stiffness in the two bolts (i.e. in (2.44), kn2 6= kn2 for
p1 = p2), will give mode shapes that primarily represent bending in each of the bolts
separately.

That two bolts can potentially be coupled, in IP and OP modes, is significant, as
that means that it may be necessary to consider not only the measured frequencies,
but also the mode shapes.
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Figure 2.7 Ratio of maximum mode shape amplitude for two coupled bolts as function
of tension ratio p1/p2 and the coupling factor kθ,c/kθ,1 for p1 = 5. (a) Equation (2.44) is
equally tuned for p1 and p2, with z1 = 2.8 × 104, z2 = 0.45, z3 = 0.1 and z4 = 0.8. (b)
Equation (2.44) is differently tuned for each bolt: For p2, z1 = 2.8 × 104, while for p1,
z̃1 = 1.3z1. The remaining parameters are the same for both bolts: z2 = 0.45, z3 = 0.1
and z4 = 0.8. From [P3].

2.5 Numerical 3D finite element modelling

Commercial Finite element programs, such as COMSOL, can provide another per-
spective than experiments and simple mathematical models. Particularly, a 3D
model is a good tool for visualizations of how vibrational modes potentially look.
As a 3D model is an opportunity to replicate the specific experimental setup, it
does not provide general insights, as a simple beam model does, but it can help the
understanding of the observed experimental results and support or question beam
model predictions.

Figure 2.8a shows the geometry of the actual two-bolt setup (results are presented
in Section 3.3). The setup consists of two bolts in a aluminum cylinder. Below the
bolt heads are force washers, measuring the actual tension. Each bolt is modeled
with three contact interfaces; bolt head - force washer, force washer - structure, and
structure - nut. The COMSOL model results are obtained by performing three study
steps; first COMSOL’s bolt pretension study, a stationary step calculating the stress
in the system with an assigned preload of the bolts, the second step is an ordinary
stationary study calculating the contact pressure in the three contact interfaces, and
the overall stress distribution in the system. Finally, an eigenfrequency study cal-
culates natural frequencies and mode shapes of the pretensioned bolts, and stressed
structure. At the contact interface the model applies COMSOL’s thin elastic layer,
which imposes a normal stiffness between the two parts. The boundary stiffness-
tension model from Section 2.3, Equation (2.44), is applied. Results are presented,
and compared to the two-bolt model and experimental results in Chapter 3.
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(a) (b)

Figure 2.8 (a) 3D model geometry of the two-bolt setup (see Section 3.3). (b) Illustration
of the contact surfaces for a case of equal tension in two bolts inducing contact pressure
in the contact surfaces. From [P3].

2.6 Summary

In this chapter we have presented different models to explain transverse bending
vibrations in bolts. The first two models represent a single bolt, where the second
model is an update to the first, taking the mass of the bolt head, nut, and protruding
end into account. An analytical function relating bolt tension to boundary stiffness
makes it possible to fit both beam models to measured natural frequencies. In
Section 3.2 such a comparison is made.

A two-bolt beam model has been presented to provide insights into possible inter-
bolt coupling of vibrations. Investigations of the two-beam model show that theo-
retically, strong inter-bolt coupling only occurs under certain conditions. 1) With
close to equal tension in the two bolts (with the same boundary stiffness for the
bolts). 2) If the boundary stiffness is different for the two bolts with the same ten-
sion, the coupling occurs in the situation when the boundary stiffness is close to
equal for the two bolts. 3) With stiff coupling springs, coupled bending modes can
occur even with very different boundary stiffness and tension for two bolts. These
theoretical observations are compared to measured data of a real two-bolt system
in Section 3.3.3. The 3D COMSOL model can provide a different perspective to the
two-bolt problem, and model results are also presented and compared to measure-
ments in Section 3.3.3.
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3. Experimental procedures and
results

The project aims to estimate bolt tension from vibrations, by quantifying how select
dynamic features change with tension. The primary investigation revolves around
transverse natural frequencies, as these are expected to increase systematically with
increasing bolt tension. It is necessary to consider how to excite, measure, and
analyze vibrations from tightened bolts. In this chapter we present essential exper-
imental findings and insights obtained from thorough experimental investigations.
The experimental investigations are divided into three levels of complexity: single-
bolt, two-bolt and multi-bolt tests. First, general experimental considerations are
presented, which are independent of the number of bolts in the structure; experi-
mental results are then presented separately for each of the three levels of system
complexity.

3.1 Overview of experimental procedures

The publications [P2, P3, P4, C1, C2] provide comprehensive explanations of the
measurement procedures, equipment and data processing. In this section we present
key experimental considerations, especially emphasizing advantages and disadvan-
tages of procedures and equipment.

3.1.1 Excitation techniques

It is possible to excite vibrations in a bolt with many types of equipment. In this
work, tests have been made with a hammer, shaker, and piezoelectric actuator.
An advantage of an impact hammer is the straightforwardness in using it. Even
a longitudinal impact can induce transverse vibrations [36]. Hence, the direction
of the hit is not important for exciting transverse vibrations. A disadvantage is
the bandwidth of the excitation. It is challenging to induce high-frequency energy
into the bolt. A standard impact hammer (B&K 8206) can provide a range up 20
kHz when hitting typical steels, but the input energy will be low in the high end
of the frequency spectrum [13]. Another disadvantage is the broadband input. A
significant amount of post-processing is required to get, e.g., damping ratios for a
transverse mode. So, for less slender bolts, with high natural frequencies, it is not
ideal. To be able to reproduce impact force and point of attack of hammer impacts,
a specialized pendulum hammer was designed, shown in Figure 3.1e.

21
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a) Long test rig

d) Short test rig

b) Hydraulic
tensioner

c) Accelerometers

e) Pendulum
hammer

Figure 3.1 Experimental devices. From [P2].

A shaker is not preferable to use, as it is heavy and it needs a grounded mounting,
which is not possible in most non-laboratory applications, e.g., a bolt in the top of
a wind turbine tower.

A piezoelectric actuator (PA) has the advantage of being small, light, and suitable
for high-frequency excitation. It is also much cheaper than a vibro-impact hammer.
It is not ideal for very low-frequency excitation; it depends on the properties of
the specific PA, but it is unsuitable for applications roughly below 2 kHz. Another
advantage is that it is possible to choose which input signal to feed the PA; it can
be everything from a single sine signal, a broadband sweep to a high-resolution
narrow-band sweep. The free choice of excitation signal allows for a step-wise iden-
tification of a bolt-system. For example, first, perform a rough sweep to identify
resonant frequency peaks, and then improve the accuracy of the measurement by
sweeping in a narrow band with a high resolution around the frequency of interest.
A clear disadvantage is mounting. A PA needs to be rigidly connected to the bolt
to transfer energy into it. In the laboratory tests, the PA is glued on the bolt head,
see the middle of Figure 3.2; for real applications, it would be necessary to design a
detachable clamping mechanism.

3.1.2 Measurement techniques

Accelerometers can measure accelerations in a bolt, and they are small and light,
and have very high sensitivity, but are also expensive. Although expensive, it is
preferable to use a 3D accelerometer, as it can measure accelerations in all three
spatial directions. A bolt is cross-sectionally symmetric, so transverse natural fre-
quencies come in pairs, one in each transverse direction, which makes it helpful
to have measurements in both transverse directions. Figure 3.1c shows an experi-
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Figure 3.2 Experimental two-bolt setup, with Bolt 1 and 2 (B1,B2), accelerometers (A),
force transducers (F), and piezoelectric plate actuator (P). In a special measurement a
mass (M) is mounted on Bolt 1 as part of the tension estimation procedure described in
Section 4.2. From [P3].

mental setup with three one-directional accelerometers mounted on the bolt head.
Figure 3.2 shows a two-bolt setup mounted with 3D accelerometers on the protrud-
ing bolt ends. For real applications, a future investigation could with advantage
study if a PA can be used, not only for excitation but also for measuring vibrations.
A drop in voltage at a resonant frequency could potentially work as an alternative
for determining natural frequencies. Such a study requires significant investigation
to determine robustness and sensitivity.

3.1.3 Other experimental considerations

An essential assumption in using transverse natural frequencies is that the bolt is
free to vibrate transversely, meaning that the bolt does not touch the surrounding
structure at the shaft, between the head and the nut. In some applications, a bolt
might be mounted in a rubber seal, which would not be the ideal application for
using transverse natural frequencies as a bolt tension estimation feature; the rubber
would most likely damp the natural frequencies significantly. However, linear natural
frequencies are not sensitive to light damping, as the damped natural frequency
ωζ = ω

√
1− ζ2. E.g., with a damping ratio as high as 10%, the natural frequency

only changes by 0.5%. If it is possible to excite and measure a damped natural
frequency in such a system, it would be insignificantly different from the undamped
natural frequency.

Another consideration is the access to the bolt: theoretically exciting and mea-
suring on the outside clamped end of a bolt should only introduce little input energy
in the bolt, giving a bad signal-to-noise ratio in the output signal, as deformations
are small at the clamped ends. However, there is a difference between theory and
reality. Bolts are never fully clamped (as will be evident from the results in the
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following section), and resonance phenomena are very susceptible to input energy.
The slightest input energy will excite natural frequencies. In combination with ac-
celerometers being highly sensitive, measuring transverse natural frequencies from
the bolt ends is possible.

Bolt tightening is not trivial. Figure 3.1b shows a hydraulic tensioner (SKF
Hydrocam HTS 9 M12×1.75) used for bolt tightening. As mentioned in the intro-
duction, different tightening tools exist. A hydraulic tensioner is the most accurate,
and it is possible to adjust the tensions in small steps to make vibrations tests at
different bolt tension levels. The hydraulic tensioner still only has an accuracy of
±20%, so to have a reliable reference value, all the controlled laboratory setups are
mounted with a force washer (HBM KMR 100 kN) beneath the bolt head, as appears
from pictures of the setups in Figure 3.1(a) and (d), and the right of Figure 3.2.
The multi-bolt tests are blind tests, in the sense that there are no force washers,
and thus the final bolt tensions are unknown.

3.2 Single-bolt tests

To understand vibrations in a single bolt, a quite extensive measurement procedure
has been carried out. In this section we present the essential results and post-
processing from [P2, P4, C1], as well as some new results and considerations.

3.2.1 Mode shapes

It is an assumption in Chapter 2 that the bolt can vibrate transversely and overall
exhibits beam-like bending modes. Mode shape measurements can validate this
assumption [C1]. With a scanning laser Doppler vibrometer (SLDV), the velocity
is measured at forty points on a bolt, as Figure 3.3 shows. This possible due to the
narrow gap in the designed structure. The measured modes in Figure 3.4 reveals
that the first three modes, which fit with expected transverse natural frequencies,
also exhibit a bending mode shape, supporting and encouraging the use of transverse
natural frequencies and the ability to excite such modes. For comparison, the mode
shape of a free-free beam and clamped-clamped beam are shown underneath the
measured modes. The resolution of the measured modes is not high, and with only
a few point near the bolt’s boundaries, the conclusions should only be qualitative. A
qualitative assessment is that the bolt is not fully clamped-clamped, not even when
it is tightened to 65 % of bolt yield strength, as the third mode shows significant
deformation at the boundaries.

Figure 3.3 SLDV measurement points (red/green dots) for an M12×250 bolt. From [C1].
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bolt length (m)bolt length (m)
0 l/4 l/2 3l/4 l0 l/4 l/2 3l/4 l

Figure 3.4 The first three mode shapes of the long bolt for different tension levels. Left:
SLDV measured modes ( ) for a weakly tightened bolt (σ/σy = 0.03), and theoretical
free-free beam modes ( ); Right: SLDV measured modes ( , , ) for a bolt tightened to
σ/σy = [0.19, 0.34, 0.65], and theoretical clamped-clamped beam modes ( ). From [C1].
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Figure 3.5 Example of Fourier transformed acceleration signals. ( ): unfiltered signal;
( ): filtered around 1st natural frequency; ( ): filtered around 2nd natural frequency;
Box insert: zoom of the double peaks, 5 Hz apart. From [P2].
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3.2.2 Natural frequencies and damping ratios

Obtaining transverse natural frequencies from measured accelerations after a ham-
mer impact, requires appropriate signal processing. The transverse natural fre-
quencies can be obtained by identifying resonant peaks from frequency response
functions, as shown in Figure 3.5. Due to near-axis symmetry, each frequency peak
is a double peak. From 3D accelerometer measurements, it is evident that the
peak with the largest magnitude is in the direction of impact. The smaller peak
represents the perpendicular bending mode. Figure 3.6 shows the first measured
transverse natural frequencies for two different bolt lengths, and three test series
(the setup is disassembled in between tests), and different hammer impact forces.
For reference, Figure 3.1 shows the long and the short bolt setup, and the two bolts
are size M12×250, and M12×140.
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Figure 3.6 Measured 1st natural frequency as a function of tension. (a) Long bolt (b)
Short bolt. Independent test series are indicated by , , . The increasing marker size
indicate increasing impact force [70, 100, 170, 400] N. From [P2].

It is a challenge to make a robust estimation of the damping ratio, normal methods
include, e.g., the 3dB method, but such a method assumes a 1-dof system. With the
double peak phenomena, caused by the cross-sectional symmetry in the bolt, the two
peaks cannot be separated in frequency responses. By applying measurements from
two accelerometers, mounted in a 90-degree angle (or preferably a 3D accelerometer),
this can be partly overcome. First, the two acceleration signals are filtered around
the frequency of interest. The damping ratio is calculated by making an average
envelope:

A =
√
A2

1 + A2
2, (3.1)

which Figure 3.7 illustrates as the solid black line. To find a decay rate, an expo-
nential function, the yellow dashed line, is fitted to the average envelope:

x(t) = A0e
−βt, (3.2)



3.2 Single-bolt tests 27

with the initial acceleration amplitude A0, and decay rate β = ζω, where ω is the
transverse natural frequency of the relevant mode and ζ the corresponding damping
ratio. With this procedure, the obtained damping ratios are much more reproducible
than by using a 3dB method. Several methods exist for obtaining instantaneous
damping ratios. Commonly applied methods include Short Time Fourier Transform
[27], Random Decrement [38], but other curve-fitting methods can also be applied
[17, 18].

Figure 3.8 shows the damping ratio corresponding to the first natural frequency,
for the long and short bolt setup, obtained by this procedure. The damping ratio
decreases strongly with tension, for low bolt tensions. The significant drop in damp-
ing can be due to less friction in the contact interfaces. When a hammer strikes a
loose bolt, it makes a dull and short-lived sound. The strongly damped bending
modes will die out quickly and will only be able to contribute briefly to sound after
the stroke.
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Figure 3.7 Example of filtered acceleration time signal, around 1st natural frequency,
measured in two directions and envelopes. ( ) : direction of hit; ( ) : perpendicular to
hit direction; ( ): A1 and A2; ( ): A; ( ): Exponential fit, see Eq. (3.2). Illustration
of principle for determining a time-dependent damping ratio with exponential fits xi and
xi+1 fitted for the time span tspan starting at ti and ti+1. From [P2].

3.2.3 Comparison to beam model predictions

Figure 3.9 shows the measured transverse natural frequencies for the long and short
bolt. The third mode of the long bolt is strongly damped and not included in the
analysis, so the fourth natural frequency is shown instead. The dashed-dotted and
dashed lines are of the first and second beam model from Section 2.1. The models
are fitted to experimental data by the stiffness-tension model in Eq. (2.44).

The dashed-dotted line is a reproduction of the fit from [P4], based on the first
model from Section 2.1. In [P4], the length of the beam is tuned slightly for each
mode to improve the fits. In this case, the same full length is used for all three
modes (l = 253.5mm). The full length of the bolt is from the outside of the bolt
head to the very end. The first beam model does not include boundary mass (see
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Figure 3.8 Damping ratio ζ as a function of tension. (a) Long bolt (b) Short bolt.
Markings as for Figure 3.6. From [P2].

Figure 2.3). The dashed line is a fit of the second beam model, which applies the
inside length of the bolt (l = 225mm), from head to nut. The second beam model
includes the bolt’s boundary mass (see Figure 2.4).

Figure 3.10 shows the predicted rotational and transnational boundary stiffness
corresponding to the fit of the second model. The model from [P4] has stiffness
values that reach effectively clamped-clamped boundary conditions already below
0.2 σ/σy, so it is not shown.

First, considering the long bolt: Figure 3.9a shows that both beam models appear
to agree reasonably well with measured natural frequencies, for the first two modes.
Only the second model (dashed line) agrees with the measured fourth natural fre-
quency. The first model does not fit. The reason is simple: assuming that the length
of vibration is the full length of the bolt, the first model predicts higher boundary
stiffness than the second model (the longer the bolt, the lower the frequency, the
higher the stiffness, the higher the frequency). However, when boundary stiffness
reaches a level effectively representing clamped-clamped boundaries, the natural fre-
quency can not increase any further (only by increasing tension). For example, with
l = 253.5mm, clamped-clamped boundaries, and tension in the bolt corresponding
to 80% of yield strength, it will give a natural frequency of approximately 7900 Hz.
In contrast, the measured natural frequencies are approximately 8200 Hz.

Next, considering the short bolt: Figure 3.9b shows that the two-beam models
appear to agree reasonably well with measured frequencies for the first two modes.
The third mode predictions only agree well with the second model. In this case,
the first model overestimates the natural frequencies significantly. The model pre-
dicts a much too high boundary stiffness. The short bolt is actually not at all
close to clamped-clamped boundary conditions, according to the second model (see
Figure 3.10).
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Figure 3.9 Natural frequency as function of bolt tension. (a) Long bolt: 1st, 2nd and
4th natural frequency, (b) Short bolt: 1st, 2nd and 3rd natural frequency. ( , , ):
Independent measurements series. ( ): Model 1 (see Figure 2.3 & [P4]). Long bolt:
l = 253.5mm. Short bolt: l = 127mm. ( ): Model 2 (see Figure 2.4). Long bolt:
l = 225mm, M1=15g, M2=40g. Short bolt: l = 105mm, M1=15g, M2=26g.
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Figure 3.10 Boundary stiffness as function of tension fitted for Model 2 (see Figure 2.4).
( ): Long bolt, z1 = 2.8 × 104, z2 = 0.45, z3 = 0.1 and z4 = 0.8. ( ): Short bolt,
z1 = 2.45 × 104, z2 = 1.5, z3 = 9.9, and z4 = 0.11. ( ): Effectively clamped-clamped
boundary conditions. (a) Translational stiffness (b) Rotational stiffness. From [C2].
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The experimental data shows that including the mass of the bolt’s head, nut, and
protruding end significantly improves the quality of the fit. The second model makes
a reasonable prediction for several modes, without changing the model parameters
(z1−4) for each mode.

Another way of considering how well the model predictions fit the measurements
is by looking at the ratio between the natural frequencies. From Figure 3.9 alone,
it is hard to see if model predictions slightly overestimate or underestimate the
natural frequencies. In Figure 3.11 this is apparent. For the long bolt, only the
second model agrees with the measured ω1/ω2 ratio. The ω1/ω4, and ω2/ω4 ratios
fit well in both cases, but it should be remembered that the first model predictions
of the fourth natural frequency are not in agreement with the measurements. The
short bolt ratios in Figure 3.11b, clearly show the superiority of the second model.
Especially the ratios ω1/ω3 and ω2/ω3 agree very well with experiments, even at low
bolt tension.
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Figure 3.11 Ratio between natural frequencies. (a) Long bolt: ω1/ω2, ω1/ω4, and ω2/ω4,
(b) Short bolt: ω1/ω2, ω1/ω3, and ω2/ω3. Markings and lines are as for Figure 3.9.

The attention to these details is very important if the beam models in Section 2.1
are to be used for tension estimation purposes. A good and useful model should
fit several natural frequencies with the same model parameters (z1−4). Chapter 4
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presents an estimation technique where the accuracy of the beam model is essential
for obtaining accurate bolt tension estimates.

3.2.4 Investigating the strength of nonlinearity

Nonlinearity can come from many sources and have a wide range of effects on a
system’s dynamic response. It is common to think of nonlinearity when working
with assembled structures, such as bolted joints. It is important to distinguish
between the dynamic response of a bolted system and the response of a bolt itself.
In [P5], a beam with a bolted lap joint exhibits a nonlinear behavior, which is very
sensitive to the surface roughness of the bolted interfaces. However, this is not
the same as the bolts’ bending vibrations in this assembly would exhibit nonlinear
behavior. One way to identify nonlinearity is to consider the instantaneous natural
frequency, which is natural frequency as a function of vibration amplitude. In the
nonlinear dynamics field the graph of this parameter relation is called a backbone
curve. For linear systems, the backbone curve is not usually mentioned, as it is
simply a straight vertical line. Figure 3.12 shows the instantaneous first transverse
natural frequency as a function of acceleration amplitude, for different levels of bolt
tension for the long and short bolt. The lines are almost straight, with only small
fluctuations (±2%) at low bolt tensions, or close to zero amplitude. In conclusion,
the first transverse natural frequency effectively as for a linear system.
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Figure 3.12 Instantaneous natural frequency f(tj)/f as function of normalized acceler-
ation amplitude. (a) Long bolt (b) Short bolt. From [P2].

Besides stiffness nonlinearity, there is also nonlinearity in dissipation. Damping
ratios of a bolt’s bending vibrations are much more likely to be nonlinear (i.e. func-
tions of system state), as significant damping is introduced from the friction at the
contact interfaces, e.g., between the bolt head and the surrounding structure. Fig-
ure 3.8 shows a time-dependent damping ratio. Each marker represents a damping
ratio calculated from fitting a smaller piece of the average envelope with Eq. (3.2).
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Figure 3.7 shows the principle of the piece-wise fitting method. The time-dependent
damping ratio in Figure 3.8 decreases with acceleration amplitude. The decrease is
largest at low bolt tension, and larger for the short bolt compared to the the long.
From this, a linear damping ratio must be considered a rough description of the
energy dissipation for the first transverse natural frequency. The hammer impact
force should be kept constant to improve the reproducibility of damping ratios.
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Figure 3.13 Time-dependent damping ratio ζ(ti)/ζ as function of normalized acceleration
amplitude. (a) Long bolt (b) Short bolt. From [P2].

3.2.5 Other features sensitive to tension

When striking a bolt with a hammer and recording accelerations, one obtains enor-
mous amounts of information. The first few transverse natural frequencies and
damping ratios are definitely not the only usable information w.r.t to bolt tension
sensitivity. In this work, a range of brief investigations has been conducted to deter-
mine what other potential features could be used and discussed why these are not
as useful as the transverse natural frequency and corresponding damping ratio.
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Figure 3.14 Measured frequency response functions. ( ): Bolt tightened to 11% of bolt
yield strength, ( ): 40%, ( ): 78%.
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The frequency response function based on measured accelerations after a hammer
hit appears qualitatively different for different bolt tension, see Figure 3.14. For
one, the natural frequency peaks shift upwards in the frequency spectrum as ten-
sion is increased, but some peaks also disappear while others become less damped.
Other natural frequencies that can be measured are for longitudinal and torsional
vibrations. Two simple model interpretations of such frequencies are shown in Fig-
ure 3.15.

Figure 3.15 Simple models of longitudinal (left) and torsional (right) vibrations.

Longitudinal natural frequencies ωL,n of a bar, clamped in one end with a longi-
tudinal spring in the other, as shown in Figure 3.15, are defined as [33]:

ωL,n =
αnc

l
, n = 1, 2, 3.., , c =

√
E

ρ
. (3.3)

The parameter α is determined from solving the frequency equation:

α tanα = −γ, α =
ωl

c
, γ =

mω2

k
. (3.4)

The stiffer the longitudinal spring k, the larger the αn. If k → ∞ then αn →
nπ, corresponding clamped-clamped boundary conditions, with natural frequency
ωL,n = nπc/l. This simple representation of longitudinal frequencies in a bolt sug-
gests that these frequencies also increase with bolt tension: The more a bolt is
tightened, the stiffer it will be clamped in the longitudinal direction.

The slope of the longitudinal natural frequency versus tension is much flatter
than for transverse natural frequencies. Even at low bolt tension, the longitudinal
frequencies are close correspond to effectively a clamped-clamped bar. The longi-
tudinal frequencies are also high, and it is not easy to excite frequencies beyond
15 kHz with a hammer impact. Figure 3.16 show the first longitudinal frequency
as function of tension. The first longitudinal frequency is very close to the fifth
transverse natural frequency. The distinction between the two is hard to make, but
the transverse frequency increases the most with tension (a 1500 Hz increase from
0-80 % of yield strength). In comparison, the longitudinal frequency is constant
(increase only approximately 300 Hz). The longitudinal frequency is thus not an
ideal feature for bolt tension estimation. In terms of the simple interpretation model
in Figure 3.15, it corresponds to k being very stiff, even for low bolt tension, and
thus k is not an ideal feature to use for bolt tension estimation.

Similarly, torsional vibrations in a shaft, clamped in one end with a torsional
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spring in the other, as shown in Figure 3.15, are given by [34]:

ωT,n =
αnπc

l
, , n = 1, 2, 3.., , c =

√
G

ρ
, (3.5)

where G is the shear modulus, and for isotropic materials G = E/2(ν + 1). The
parameter α is determined from solving the frequency equation:

α tanα = −β, α =
ωl

c
, β =

ω2ρJl

kt
, (3.6)

where J is the polar moment of inertia of the cross section of the shaft. The stiffer
the torsional spring kt, the larger the αn. If kt →∞ then αn → nπ, corresponding
clamped-clamped boundary conditions, with natural frequency ωT,n = nπc/l. The
torsional natural frequencies are hard to excite. A hammer impact on the bolt
head will be close to the center axis, and torsional vibrations are best excited by an
off-center impact.

Figure 3.16 show the first torsional natural frequency as function of tension. Com-
pared to the fourth transverse natural frequency, which is in the same order, shown in
Figure 3.9a, the absolute increase in frequency is approximately three times smaller
(300 Hz increase versus 1000 Hz). In terms of the simple interpretation model in
Figure 3.15, it corresponds to kt being very stiff, even for low bolt tension. Fur-
thermore, the first torsional frequency is strongly damped and hard to identify in a
frequency response, thus not ideal to use as a feature for bolt tension estimation.
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Figure 3.16 Long bolt: Natural frequencies as function of bolt tensions; longitudinal
(left) and torsional (right). ( , , ): Independent measurements series.

Another possible feature that changes with bolt tension is the beat frequencies. A
bolt is cross-sectionally axis-symmetric (as it is circular), which means that there will
be identical transverse frequencies if the boundary conditions in both principal axes
are the same. As a bolt boundary is an intricate connection between two surfaces,
with many asperities, the normal stiffness is often not evenly distributed, making
the two natural frequencies slightly different. The beat frequency is the difference
in the frequencies of vibrations in the two directions. As a bolt is tightened, the
beat frequency decreases as the normal stiffness become more evenly distributed.
Figure 3.17 shows beat frequencies for the long and short bolt (only measurable for
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the first transverse frequency for the short bolt). The beat frequency decreases with
increasing bolt tension, but like the damping ratio, the decrease is the largest for low
bolt tensions. In between disassemblies, the beat frequencies are only qualitatively
reproducible. In conclusion, beat frequencies are not an ideal feature for estimating
bolt tension.

σ/σy [-]

B
ea
t
fr
eq
u
en
cy

[H
z]

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
0

2

4

6

8

10

12

14

16

18

σ/σy [-]

B
ea
t
fr
eq
u
en
cy

[H
z]

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
0

5

10

15

20

25

30

35

40

45

(a)

σ/σy [-]

B
ea
t
fr
eq
u
en
cy

[H
z]

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
0

20

40

60

80

100

120

140

160

180

(b)

Figure 3.17 Beat frequencies as a function of relative stress. Independent test series are
indicated by , , . (a) Long bolt; first and second natural frequency beats. (b) Short
bolt; first natural frequency beats.

3.3 Two-bolt tests

The two-bolt tests are similar to the single-bolt tests, but going from one to two
bolts complicates both testing and data processing significantly. A set of tests has
been conducted, with different combinations of tension in the two bolts. The focus
has been on investigating if the features observed for one bolt are still valid for two
bolts, and if some are not, determine under which conditions that occur, and what
to do instead. This chapter presents an excerpt of results from [P3].
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Table 3.1 First two pairs of measured natural frequencies and damping ratios, and sec-
ond mode pair amplitude and frequency ratios. The amplitude ratio is calculated from
acceleration amplitudes measured from time signals, as depicted in Figure 3.18. The ratio
is A2/A1 for Bolt 1 vibrations, and A1/A2 for Bolt 2 vibrations. From [P3].

Case Tension [kN] Bolt no. ω1 [Hz] ζ1 [%] ω2 [Hz] ζ2 [%] Aratio[-] ω2,2/ω2,1

Low N1=11.2 1 972 0.077 2662 0.081 0.37
1.10

Low N2=11.4 2 898 0.059 2423 0.079 0.20

Medium N1=24.7
1 & 2

943 OP 0.050 2521 OP 0.039 0.87
1.02

Medium N2=24.6 976 IP 0.047 2565 IP 0.045 0.87

High N1=40.6
1 & 2

995 OP 0.035 2604 OP 0.026 1.25
1.02

High N2=40.3 1036 IP 0.033 2646 IP 0.037 0.97

High N1=39.7 1 1074 0.045 2811 0.040 0.47
1.10

Medium N2=28.1 2 980 0.038 2560 0.035 0.26

High N1=39.9 1 1082 0.034 2833 0.037 0.38
1.17

Low N2=12.0 2 900 0.080 2428 0.065 0.23
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Figure 3.18 Measured acceleration time signals. ( ): Bolt 1; ( ): Bolt 2. (a) High-High
tension (see Table 3.1). Top: OP motion with excitation at 2604 Hz. Bottom: IP motion
with excitation at 2646 Hz. (b) High-Medium tension. Top: B2 motion with excitation
at 2560 Hz. Bottom: B1 motion with excitation at 2811 Hz. From [P3].

3.3.1 Natural frequencies, damping ratios, and inter-bolt coupling

Table 3.1 shows the lowest two measured natural frequency pairs, and corresponding
damping ratios, for five different combinations of bolt tension. The three levels of
bolt tightness - Low - Medium - High correspond to 20, 45, and 75 % of the bolt yield
strength. The results are obtained with PA excitation, and with 3D accelerometers
on the bolt ends, see Figure 3.2.

In the two cases of equal bolt tension in the two bolts, the bolts are strongly
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coupled with in and out-of-phase modes, (IP) and (OP), respectively. The strong
coupling is determined by analyzing single-sine accelerations time signals, see Fig-
ure 3.18a. The measured accelerations show that bolts have close to equal amplitude
when exciting at each of the natural frequencies and that the two bolts’ signals are
either IP or OP at each frequency, respectively.

Figure 3.19 shows the second pair of transverse natural frequencies in a case of
Medium-Medium tension, repeated eight times, and the setup is disassembled in-
between measurements. IP and OP modes are found to be sensitive to assembly
and do not occur every time the setup is reassembled. The frequencies cluster in
two different groups; cluster (a) gives pairs of closely spaced frequencies, where both
bolts have the same acceleration amplitude at both frequencies. Cluster (b) gives
frequency pairs that are significantly different (200-300 Hz in between). For each
frequency, one bolt has a significantly larger acceleration amplitude than the other
(i.e., the co-vibrating bolt has an amplitude of less than half of the primary bolt).
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Figure 3.19 Medium-Medium tension tests with reassembly in between each test. Sec-
ond mode pair versus measured amplitude ratio. The ratio is calculated from measured
acceleration amplitudes such as depicted in Figure 3.18. Each pair of markers indicate an
independent test. From [P3].

3.3.2 Comparison to single-bolt measurements

The primary question is if a structure containing two bolts can be interpreted as
two single bolt setups. In Figure 3.20, the measured two-bolt natural frequencies,
and damping ratios are compared to the single bolt results. The two-bolt results are
overall in agreement with the single bolt results. However, there are some instances
where one frequency is higher than the single-bolt trend; this corresponds to the
trend seen for cluster (b) Figure 3.19. This means that frequencies can not just be
uncritically and directly applied as a measure for bolt tension.
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Figure 3.20 Natural frequencies and damping ratios as function of tension. Larger color
markers: Two-bolt data (see Table 3.1). Small black markers: Experimental results from
[P2, P4]. ( ): Fitted stiffness model (2.44) for a single bolt with parameters z1 = 2.8×104,
z2 = 0.45, z3 = 0.1 and z4 = 0.8. From [P3].

3.3.3 Comparison to model predictions

An excerpt from the conclusions from [P3] when comparing the model predictions
to the measurements of the real two-bolt setup is given here.

Figure 3.21 shows the predictions of the COMSOL model and the two-bolt model
presented in Chapter 2, for a case of equal tension in the two bolts, with tensions
corresponding to the measured High-High case. In the measurements, the OP mode
has a lower frequency than the IP mode. The COMSOL model predicts the same
order, but the two-beam model predicts it oppositely. The reason may be that the
two-beam model models the boundary spring to be attached to the ground. In con-
trast, the COMSOL model predicts the boundary spring stiffness between the bolt
and the structure, where the structure is unsupported (imitating the experiment,
where the structure is lying freely on a polymeric foam). Because the structure is
free, it can entail a slight increase in stiffness of the OP mode, as that mode also
makes the structure move slightly, whereas the IP mode pacifies the stiffness of the
structure, as two bolts pull in opposite directions. In the beam model, the OP mode
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will always be higher than the IP, as the coupling springs are activated in the IP
mode, making the boundary stiffer. Besides the mode order, the model frequencies
generally align with measurements, within 1% for the two-bolt model. The COM-
SOL model underestimates the frequencies by 3−5%. However, the normal stiffness
is also applied directly as a thin elastic layer between the contact surfaces. The con-
version to rotational and translational stiffness is computed internally in COMSOL;
with that in mind, the agreement is excellent.

1001 Hz 1027 Hz

2617 Hz 2674 Hz

(a) (b)

Figure 3.21 Predicted mode shapes for High-High tension case (see Table 5.3), with
model parameters for (2.44): z1 = 2.8 × 104, z2 = 0.45, z3 = 0.1 and z4 = 0.8. (a)
Two-beam model, kθ,c = 0.14kθ. ( ): Bolt 1; ( ): Bolt 2. (b) Numerical COMSOL
model. Light green indicates no deformation, purple large deformation. From [P3].

(a)
987 Hz 1082 Hz 2615 Hz 2814 Hz

(b)

Figure 3.22 Predicted mode shapes for High-Medium tension case (see Table 5.3), with
increased boundary stiffness for Bolt 1. Model parameters for (2.44): z2 = 0.45, z3 = 0.1,
z4 = 0.8, and z1 = 2.8 × 104 for Bolt 2, and z1 = 5.6 × 104 for Bolt 1. (a) Numerical
COMSOL model. Light green indicates no deformation, purple large deformation. (b)
Two-beam model, kθ,c = 0.3kθ. ( ): Bolt 1; ( ): Bolt 2. From [P3].

Another significant conclusion is a possible explanation of why the natural fre-
quencies are above the single-bolt trend in Figure 3.20. The hypothesis in [P3] was
that this would be due to coupling modes (IP and OP). However, it is found that
one bolt may have a higher boundary stiffness than the other. It is surprising, as
the initial concern was that the coupling of modes would be problematic, instead
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it appears as if tightening more bolts, in a not entirely symmetric structure, can
produce different boundary stiffness for each bolt. That boundary stiffness may
change from assembly to assembly. Figure 3.22 shows model predictions for the case
of High-Medium tension. In the measurements, one of the measured frequencies was
above the single-bolt trend (see Figure 3.20). At the same time, the acceleration
amplitudes in each bolt indicated that the bolts did not move in IP and OP, but
rather that each frequency primary evoked bending vibrations in one bolt. So, to
replicate the frequency jump, without increasing the coupling stiffness, one bolt has
to be stiffer than the other. In Figure 3.22 the model parameter z1 is doubled in
value for the Bolt 1 compared to Bolt 2. This gives mode shapes and frequencies for
the two-bolt model and the COMSOL model that agrees with measurements. The
error is within 2% for the two-bolt model. The COMSOL model underestimates
the frequencies by 5%, but the ratio between the frequencies is in agreement with
measurements.

In conclusion, the COMSOL and two-bolt beam model can provide accurate nat-
ural frequency and mode shape predictions. The models have provided the insight
that rather than coupling being an issue, boundary stiffness is potentially different
in two similar bolts in the same structure. That can affect natural frequencies, and
needs to be considered if applying natural frequencies as a feature for bolt tension
estimation.

Figure 3.23 Picture of multibolt structure. From [P2].

3.4 Blind multi-bolt tests

The purpose of the blind multi-bolt test is to reveal possible obstacles, when going
outside the laboratory environment, but also investigate the potential of using vi-
brations for estimating tension in reality. One essential difference from the previous
setups is that there is no force washer mounted. It is not possible to control how
much the bolts are tightened.
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The selected structure consists of four M16 × 190 bolts, clamping three piping
parts (the structure have previously been used for flowmeter measurements). Fig-
ure 3.23 shows the test rig. The tightening is performed with a standard torque
wrench, tightening to three levels of bolt torque. Table 3.2 shows the first trans-
verse frequency for each bolt at each torque level, identified from frequency response
functions, these are shown in Figure 3.24. The assumption for making the table is
that each bolt can be considered a separate entity, exhibiting bending vibrations
with a distinct frequency. However, looking at Figure 3.24, it is evident that the
identification of frequency peak corresponding to the bolt in question is not trivial.
The principle for choosing the peaks is that the peak with the largest magnitude is
that corresponding to primary bending vibrations in the hammer impacted bolt.

As for the single-bolt and two-bolt setup, the frequencies increase when bolt
tightness increases, and the damping ratios decrease. In Chapter 5 estimates of the
four bolts’ tensions are made based on these measurements.
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Figure 3.24 Frequency response functions for the four bolts in the multi-bolt structure.
( ): 100 Nm, ( ): 150 Nm, ( ): 200 Nm.

Table 3.2 Natural frequencies and damping ratios for the four bolts. From [P2].

Bolt 1 Bolt 2 Bolt 3 Bolt 4

1st natural
frequency [Hz]

Hand tight 2131 1741 1968 2266
100 Nm 2296 2318 2245 2351
150 Nm 2367 2413 2322 2409
200 Nm 2582 2465 2403 2426

Damping
ratio [%]

Hand tight 0.53 0.70 0.53 0.58
100 Nm 0.24 0.16 0.42 0.15
150 Nm 0.19 0.11 0.27 0.11
200 Nm 0.14 0.10 0.14 0.11
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3.5 Summary

This chapter has presented the major experimental findings with the following pri-
mary conclusions:

The transverse natural frequencies are sensitive to bolt tension and highly repro-
ducible for single-bolt tests. The second beam model from Chapter 2 can predict
measured natural frequencies in agreement with measurements, at least up to the
forth transverse natural frequency. The damping ratio is less reproducible, and de-
creases most strongly with increasing tension, for low bolt tensions. None of the
other investigated features are as sensitive to tension nor as reproducible as the
transverse natural frequencies.

The two-bolt tests reveal that strong inter-bolt coupling is not a major obstacle;
the measured frequencies generally agree with single-bolt measurements. Instead,
together, the models and measurements provided the insight that boundary stiffness
in two similar bolts in a structure is not necessarily the same, and boundary stiffness
is sensitive to the mounting procedure. This means that using transverse natural
frequencies directly, without considering the boundary stiffness is not ideal.

Lastly, tests on a multi-bolt structure with unknown bolt tensions, showed that
it possible to excite and measure transverse natural frequencies. The measured
transverse natural frequencies also increased with increasing bolt tension, lending
confidence in applying these for bolt tension estimation.
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The results from the experimental investigations in Chapter 3 show that several
measurable features are sensitive to tension, supporting the development of tension
estimation procedures based on measured vibrations in a bolt. High accuracy of a
bolt tension estimate is mainly needed when the bolt is close to being nominally
tightened (e.g., 70-80% of bolt yield strength). Unfortunately, many of the features
are mostly sensitive to tension at low-level bolt tensions, as vibrations in loose bolts
are affected by friction at the contact interfaces (manifested by the dull sound after a
hammer impact), which strongly influences the dynamics of a bolt-structure system.
The objective is to develop robust estimation procedures, applying features for bolt
tension estimation that change the most at high tension and are reproducible. If a
bolt tension estimation procedure is to be used in industrial applications, reliability
and robustness are key factors.

In the works [P2] and [P3] we suggest and apply a simple procedure for making
rough estimates of bolt tension based on natural frequencies and damping ratios. In
[P1], a new method is developed, combining an optimized measurement technique
with nonlinear regression, applied to the single-bolt beam model from Section 2.1.
In this chapters both methods are discussed, with emphasis on their strengths and
weaknesses.

4.1 Assessing tension from natural frequencies and damping ratios

Natural frequencies and damping ratios depend on tension. In union, these can
be used to make rough bolt tension estimates. An option suggested in [P2] is to
plot natural frequency as a function of damping. In a double logarithmic scale,
normalized with respect to natural frequency and damping ratio for a tight bolt,
different bolt lengths appear to follow the same trend, see Figure 4.1, where a
roughly straight line trend can be observed. That the two different bolts follow
the same trend, when normalized could indicate that this trend is a general quality
across different bolt sizes. The colors in Figure 4.1 indicate the measured tension,
with red - yellow - green corresponding to low - medium - high bolt tension. The
figure can work as a reference chart for bolt tension. A measured natural frequency
and damping ratio from a random bolt can be plotted in the reference figure, and
the reference value’s color at that point will provide a rough assessment of tension.
As the damping ratio is not decreasing much for high tension, this method cannot
give exact tension estimates.

43
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Figure 4.1 Natural frequency as a function of damping ratio, normalized w.r.t. a tight
bolt (ωtight, ζtight), corresponding to 75% of bolt yield strength. Long bolt tests . Short
bolt tests . Tension indicated by color and marker size. From [P2].

In some situations of bolt tension checking, there may not be reference values
for the specific tight bolt (ωtight, ζtight). In that case, a theoretical estimate can
be applied instead. The natural frequency of a tight bolt can, as the most conser-
vative guess, be assumed to correspond to clamped-clamped boundary conditions,
tightened to, e.g., 75 % of yield stress. Assuming clamped-clamped conditions is
the most conservative guess as it gives the highest natural frequencies, which will
prevent an overestimation of bolt tension. The jth natural frequency is [P2]:

ωj =
λ2
j

ls

√√√√E

ρ

(
1 +

σ

E

(
Kjs

λ2
j

)2
)
, s = l

√
A/I, (4.1)

where λj is an eigenvalue for mode j, and Kj is a mode shape dependent constant.
However, the most conservative guess can lead to a bolt’s over-tightening, which may
break the bolt. Damping in a bolt is expected to be dominated by dry friction from
the contact interfaces [P2]. From derivations in [P2] the equivalent linear damping
ratio can be calculated as:

ζ =
ceq

2ρAlω
, (4.2)

the equivalent damping coefficient ceq is unknown, but assumed constant for different
bolt tensions. For a given test, the measured natural frequency and damping ratio
can be inserted in (4.2), and an estimate of ceq can be obtained. Equation (4.2)
can then be used to estimate the damping ratio ζtight, by inserting the theoretical
ωtight and the estimate of ceq. With a theoretical estimate of ωtight and ζtight, the
measured data can be placed in a reference plot as Figure 4.1, and the color of the
reference data indicates the level of bolt tension.
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The method has the advantage of being simple, but a disadvantage is in the limited
robustness and accuracy of bolt tension estimations, especially due to damping
ratios’ low sensitivity to tension, for higher tensions. By combining the method for
several modes, a more robust estimate can be achieved. The method is applied to
the two-bolt, and multi-bolt measured natural frequencies and damping ratios in
Chapter 5, and rough assessments of bolt tension are made.

4.2 Estimating tension and boundary stiffness from natural frequencies

In [P1] and patent application [A1] a method is presented that applies the measured
natural frequencies, not only to estimate bolt tension, but also to estimate boundary
stiffness. It is a general method, applicable for all beam-like structures, with gen-
eral boundary conditions (possibly tensioned). The idea arises from [21], in which
boundary parameters are estimated by using nonlinear regression to fit parameters
to measured natural frequencies. However, that method requires many measured
modes, and in some cases, also mode shape measurements. For bolt tension applica-
tions, obtaining up to, e.g., the first eight natural frequencies is unfeasible, making
the method ill-suited for bolts. Other methods for estimating boundary parame-
ters exist. Within the application of civil structures, several methods [28, 40, 35]
apply vibration data to estimated boundary parameters, but these require multiple
measurement points along the beam length.

In this method, the novel concept is to attach a small mass at the protruding
end of the bolt and repeat measurements. As is evident from the beam model
derivations in Chapter 2, adding a boundary mass with rotary inertia lowers the
system’s effective boundary stiffness (see Equation (2.17)). With this procedure,
two independent sets of measurements for the bolt system can be obtained, without
imposing new unknown parameters, allowing for using fewer natural frequencies, but
still, retrieve enough information about the beam system to make reliable estimates.

4.2.1 Natural frequencies sensitivity to boundary parameters

To understand how natural frequencies can reveal information about boundary stiff-
ness and tension, it is necessary to investigate how natural frequencies depend on
these, and how additional boundary mass effects the frequencies.

A general beam model (as Figure 2.3), with no boundary masses or tension,
depends on boundary stiffness, as shown in Figure 4.2. The figure is normalized
w.r.t. to clamped-clamped boundary conditions. Notably, there are plateaus for
both first and second bending modes (indicated by the solid blue lines). A case of
high rotational and translation boundary stiffness will give natural frequencies that
correspond to the frequency predictions for clamped-clamped boundary conditions.
Increasing the boundary stiffness further will not increase the natural frequency any
further, as the frequency has reached a limit value. A case with only translational
stiffness will enforce effectively pinned-pinned boundary conditions. In between the
plateaus, the boundaries are flexible, and a slight change in boundary stiffness has
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Figure 4.2 Natural frequency (normalized w.r.t. the clamped-clamped frequency) as a
function of rotational and translational stiffness, for symmetric boundaries (k1 = k2,
k3 = k4) and no tension (p = 0). (a) ω1 (b) ω2. From [P1].

a large influence on natural frequencies.

The novelty of the method lies especially in the adding of boundary mass. Fig-
ure 4.3 shows how adding a mass, with rotary inertia to a beam, affects the natural
frequencies. Due to the relation in Eq. (2.17), the added mass lowers the effective
boundary stiffness of a beam, lowering the natural frequencies. With clamped-
clamped boundary conditions, a boundary mass does not affect the natural fre-
quency, as the boundary cannot move, and placing a mass at the boundary will
make no difference. However, this is not a problem for estimation purposes, because
no change in natural frequency is just as useful information as a large change. No
change in measured natural frequencies directly reveals that the bolt or beam is
clamped at the boundaries.

For bolts, the tension estimate is the most important. Figure 4.4 shows the first
natural frequency’s sensitivity to nondimensional tension p, for different boundary
stiffness. The frequency is normalized w.r.t. to the natural frequency at zero tension
for the given boundary stiffness, i.e. ω1,p=0(k2) and ω1,p=0(k4). The normalization
implies that more vertical contour lines indicate a stronger sensitivity of frequency
to tension. Within the dashed lines, the boundary stiffness is the most sensitive
parameter w.r.t. natural frequency. Outside the dashed lines, tension is more sensi-
tive to frequency than boundary stiffness, and accurate tension estimates are easier
to obtain. Overall, for some combinations of tension and boundary stiffness, it is
harder to obtain accurate tension estimates.

4.2.2 Maximum a posteriori estimation

Natural frequencies depend on boundary stiffness and tension, and adding bound-
ary mass can provide an additional independent set of measured natural frequencies
associated with the slightly perturbed beam system. The measured natural frequen-
cies, both with and without the addition of mass, are used to make an estimate.
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Figure 4.3 Natural frequencies ω1−3 as a function of right-end boundary stiffness (k2,
k4), where k1, k3 → ∞ and p = 0. ( ): m = J = 0; ( ): m = 0.25, J = 0.0208. (a)
ω(k2), k4 →∞, (b) ω(k4), k2 →∞. From [P1].
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Figure 4.4 Contour of the first natural frequency ω1 as a function of right-end boundary
stiffness (k2, k4) and tension, normalized w.r.t. the frequency at zero tension, with k1, k3 →
∞. The least sensitive regime, with respect to tension, is in between the dashed lines;
outside of these, the natural frequency is more sensitive to tension.(a) ω1(k2)/ω1,p=0(k2),
k4 →∞, (b) ω(k4)/ω1,p=0(k4), k2 →∞. From [P1].

First an error function [21, 8] is defined:

S(p̂s) = (ω − ω̂(p̂s))
T W (ω − ω̂(p̂s)) + (p̃s − p̂s)

TU(p̃s − p̂s). (4.3)

The error function is a maximum a posteriori estimator. The first term represents
the deviation between n measured natural frequencies ω ∈ Rn and estimated natural
frequencies ω̂ ∈ Rn. The measured frequencies is a vector containing both the
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natural frequencies with and without the additional boundary mass. The second
term is the a posteriori part. Without that term, function (4.3) would be a maximum
likelihood estimator. The a posteriori estimate p̃s is a best initial guess on the
unknown parameters (to be estimated). The term represents the difference between
the a posteriori and the new estimate p̂s = { p̂ k̂1 k̂2 k̂3 k̂4 }T. The weight
matrices W and U are symmetric, expressing the confidence in measured natural
frequencies, and the a posteriori estimate p̃s, respectively.

The objective is to minimize S, as that provides a minimum difference between
measured frequencies/a posteriori guess, and estimated frequencies/parameters. How-
ever, minimizing S requires applying nonlinear regression to the error function S.
The nonlinearity is not in terms of the beam model in Chapter 2; the Euler-Bernoulli
model has linear variables describing beam deformation. However, the unknown
parameters (boundary stiffness and tension) are nonlinearly dependent on natural
frequencies (the dependent variable), as is evident from Figure 4.2; if stiffness de-
pended linearly on natural frequencies, it would have been a plane surface and not
present complex shape.

A common method for minimizing nonlinear functions is by Gauss method of
minimization [42, 26] (in some literature known as Gauss-Newton [6]). By setting
the gradient to zero, gives the Gauss linearisation equation [8]:

p̂s,k+1 = p̂s,k + hkH(p̂s,k)
−1h(p̂s,k), (4.4)

where H ∈ R5×5, h ∈ R5, k + 1 is the number of performed iterations, and hk is a
step size control parameter:

H(p̂s,k) =
∂ω̂T

k

∂p̂s
W

∂ω̂T
k

∂p̂s
+ U, (4.5)

h(p̂s,k) =
∂ω̂T

k

∂p̂s
(ω − ω̂k) + U(p̃s − p̂s,k). (4.6)

The estimated frequencies for the k-iteration are in ω̂k with tension and boundary
parameters p̂s,k. The iterative process is the repeated use of (4.4); at each update
the estimate p̂s is improved. The minimization procedure follows [21], but without
including mode shapes. The derivative of ω̂ is:

∂ω̂T

∂p̂s
=


∂ω̂1/∂p̂s

...
∂ω̂n/∂p̂s

 . (4.7)

Equation (4.7) can be split into a calculation for each frequency. Differentiating
(2.18) w.r.t to p̂s, and solving for ∂ω̂j/∂p̂s gives:

∂ω̂j
∂p̂s

=
rT ∂k

∂p̂s
+ kT ∂r

∂p̂
∂p̂
∂p̂s

kT ∂r
∂ω̂j

, (4.8)
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where k is given by (2.19), ∂p̂/∂p̂s = {1 0 0 0 0}, and r = Baeα2 (cf. (2.18)). The
derivatives of r are calculated as

∂r

∂ω̂j
=

∂r

∂α1,j

∂α1,j

∂ω̂j
+

∂r

∂α2,j

∂α2,j

∂ω̂j
,

∂r

∂p̂j
=

∂r

∂α1,j

∂α1,j

∂p̂
+

∂r

∂α2,j

∂α2,j

∂p̂j
, (4.9)

where the derivatives of α1,j and α2,j are calculated by differentiating (2.14).

The Gauss-method of minimzation is one method for minizing a function such as
(4.3). Other methods include Levenberg-Marquardt methods [8, 6], and the nonlin-
ear conjugate gradient method [7]. For an optimization method to be applicable to
the present problem it must work for problems that are nonlinear in parameters, and
designed for multi-response modeling (as there are several natural frequencies)[42].

4.2.3 Implementation

The method needs to be implemented with specific values for p̃s, U, W, and con-
vergence criteria to make an actual estimation. A detailed description is given in
[P1]. Here is a brief outline of key parameters:

The first and most important step is to choose an a posteriori estimate p̃s. In
[P1], a procedure based on the difference in frequencies, with and without mass, is
applied. As mentioned in Section 4.2.1, the difference in natural frequencies with
and without additional mass directly reveals information on the boundary stiffness.
The a posteriori stiffness estimates are based on the principle in Figure 4.5 and
Table 4.1. The change in natural frequencies ∆ωj = ωj,m/ωj, and the ratio ω1/ω2

decide which range the a posteriori estimate should be chosen randomly within.

A stop criterion for the iterative process is needed. Defining three criteria to be
fulfilled: 1) requiring convergence of the estimated parameters and 2) convergence
of the estimated frequencies and 3) a one-time update of the a posteriori estimate
when deviations between measured and estimated natural frequencies are small:

|p̂ik+1 − p̂ik|
|p̂ik|+ δ1

< δ,
|ω̂ik+1 − ω̂ki |
|ω̂ik|+ δ1

< δω̂,
|ω̂ik+1 − ωi|
|ωi|+ δ1

< δω ⇒ p̃s = p̂s,k+1. (4.10)

To avoid the denominator approaching zero δ1 = 10−30. The values of the conver-
gence thresholds δ, δω̂, δω have be chosen for the specific case. A careful choice of
the δω-value is especially necessary; the deviations between estimated and measured
natural frequencies depend strongly on the error in measured frequencies. In the
subsequent numerical validation, the simulated data impose an error as a normal
distribution, with a standard deviation of ±0.5%, to match this, the threshold is set
to δω = 0.008 (±0.8%). With real data, the error is unknown, but the δω should
be as small as possible, without hindering convergence. The error function (4.3)
is a compromise between minimizing natural frequency differences and minimizing
parameter differences. For each iteration, S gets smaller. However, as the difference
in frequencies decreases, an inaccurate p̃s will have increasing influence and pull
the estimates in the wrong direction. The update of the a posteriori estimate will
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therefore be helpful as the first a posteriori estimate is a rough guess based on the
ranges in Table 4.1, and an updated a posteriori estimate will match frequencies
better.
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Figure 4.5 Contour plot of ∆ωj for j = 1 − 3 and ω1/ω2 as a function of rotational
(k3 = k4) and translational stiffness (k1 = k2) at tension p = 10. ( ): ∆ωj < 5% and
ω1/ω2 < 40%; ( ): 5% < ∆ωj < 20% and ω1/ω2 > 40%; ( ): ∆ωj > 20%. From [P1].

Table 4.1 a posteriori boundary stiffness estimates based on color-fields from Figure 4.5,
where khigh = [103 − 104], kmid = [102 − 103] and klow = [101 − 102]. From [P1].

ω1/ω2 ∆ω2 ∆ω3 k1, k2 k3, k4

green green - high mid
yellow yellow - mid low
green yellow - high low

yellow - yellow mid mid

4.2.4 Numerical validation

We validate the model by applying the method to simulate measured natural fre-
quencies. The simulated measured natural frequencies are generated by using the
beam model in Section 2.1, and by choosing a set of model parameters (p, k1−4). To
imitate an experiment, we then introduce an error on the simulated natural frequen-
cies; the error is chosen from a normal distribution of σω = 10−2. We then ’forget’
the chosen model parameters (p, k1−4), and apply the method on the simulated
measured natural frequencies to estimate p and k1−4.

Four different scenarios are tested with 1000 Monte Carlo repetitions (From [P1]).
The four scenarios have different boundary conditions, allowing different degrees of
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rotation and translation, see Figure 4.6. The simulated data for each scenario apply
the first three natural frequencies, both without mass, and with two different sizes of
boundary mass (nondimensionalized mass m = 1/4 and 1/6, from Eq. (2.1)). Table
4.2 shows the mean estimates over 1000 Monto Carlo simulations. The standard
deviation for the tension estimate is the smallest for Scenario 4, which is not unex-
pected as the boundaries are clamped; increasing the stiffness values any further will
not affect the natural frequencies. The only way the estimated natural frequencies
can converge toward the measured natural frequencies is by increasing the tension.

Scenario 1 Scenario 2

Scenario 3 Scenario 4

Figure 4.6 Illustration of tensioned beam models: Scenario 1) Flexible in translation
and rotation; 2) Clamped in translation, flexible in rotation; 3) Flexible in translation,
clamped in rotation; and 4) Clamped in translation and rotation. From [P1].

Table 4.2 Mean estimate and standard deviation of tension and boundary stiffness for
four scenarios, with error on normal distributed error on simulated frequency of σω = 10−2

(estimates based on 1000 sample Monte Carlo simulation). From [P1].

Scenario 1 Scenario 2 Scenario 3 Scenario 4

p̂s True Estimate± std True Estimate ± std True Estimate± std True Estimate ± std

p̂ 10 9.8 ± 1.2 10 9.8 ± 0.7 10 10.2 ± 0.6 10 10.1 ± 0.3

k̂1 500 506.3 ± 46.3 10000 10578 ± 2843 500 501.2 ± 12.5 10000 10116 ± 1764

k̂2 1000 994.8 ± 54.9 10000 9963 ± 2983 1000 996.5 ± 15.0 10000 10465 ± 1385

k̂3 50 60.2 ± 22.8 50 63.8 ± 25.9 1000 1118 ± 547 1000 1164 ± 560

k̂4 20 20.2 ± 1.7 20 20.0 ± 0.2 1000 1075 ± 560 1000 1226 ± 550

Several combinations of tension and stiffness for the three other scenarios can give
relatively accurate predictions of the measured frequencies. For example, in Scenario
1, the rotational stiffness is very low, and within the range for which frequency is
highly sensitive to it (see Figure 4.4b); estimated natural frequencies may converge
to the measured natural frequencies, but with a set of estimated parameters that
underestimate the tension and overestimate the rotational stiffness. A way to avoid
this is to put further restrictions on the a posteriori guess of the rotational boundary
stiffness. In these scenarios, the ranges are large, to illustrate that a reasonable
estimate can be made, even with light restrictions. In real application situations,
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one could perhaps predict the physically probable ranges better, decreasing the
standard deviation of the estimates.
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Figure 4.7 Example of iteration process for the estimated natural frequencies (Scenario
4). The y-axis is normalized w.r.t. the measured frequency without added mass. ( ): true
frequencies; ( ): simulated ’measured’ frequencies with error; (� ): estimated frequencies,
increasing marker size indicates increasing mass size (m = 0, 1/6, 1/4). From [P1].
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Figure 4.8 Example of iteration process for the estimation of parameters (Scenario 4).
( ): a posteriori estimate with update; ( ): true values; (� ): estimated parameters.
From [P1].

Figure 4.7 and Figure 4.8 show an example of the iterative process of estimated
natural frequencies and estimated parameters for Scenario 4. It appears that for
each iteration, the estimated natural frequencies come closer to the measured values.
The estimated parameters also converge, in most cases, towards the true simulated
parameters. However, the rotational boundary stiffness does not significantly change
from the initial a posteriori value. As appears from Figure 4.3b, an a posteriori
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rotational stiffness value in the order ∼ 103 corresponds to the bolt being clamped
in rotation. Even a significant change (e.g., a 50% decrease) in rotational boundary
stiffness will not affect the natural frequencies; for that reason, the initial values do
not change during the iteration process.

In [P1], additional simulations of the same type, but varying the number of masses
and the number of natural frequencies, show that the higher the mode included, the
better the estimate, but it is possible with as few as six input frequencies to obtain
reliable estimates. Adding many masses is not as good as including higher modes
(as rotational boundary stiffness has an increasing influence on natural frequencies
and mode shapes with higher the modes).

4.2.5 Simplifications and refinements of the method

The numerical validation of the new method for estimating boundary parameters
shows that reliable estimates can be obtained. A way to simplify the method is by
assuming symmetric boundaries (k1 = k2, k3 = k4). With only three parameters
to estimate, the algorithm is simplified, which also allows for reducing the number
of measured frequencies. Applying a symmetric assumption will probably reduce
the accuracy for low bolt tension estimates, especially as a loose bolt is more prone
to have uneven tangential stiffness, which can induce asymmetric rotational and
translational boundary stiffness. Alternatively, if the bolt is tightened in a very
asymmetric structure, symmetric boundary stiffness can also be an inappropriate
assumption.

A possible optimization of the method is to refine the procedure for choosing the
a posteriori estimate. The more accurately the a posteriori estimate can be chosen,
the smaller the variation in the estimates.

A bolt is cross-sectionally symmetric, introducing almost identical transverse nat-
ural frequencies for perpendicular planes. An alternative analysis could include es-
timating both k1−4,x and k1−4,y and only one p valid for both directions. Usually,
hammer-impacting a bolt, excites the natural frequencies in both directions, making
it possible to apply both sets of frequencies for estimation.

In Chapter 5 the method from [P1] is applied directly to real bolt measurements.
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5. Estimating bolt tension from
experimental data

In this chapter we present vibration-based bolt tension estimation, from vibration
measurements of both single-bolt, two-bolt and multi-bolt systems, applying the
two methods presented in Chapter 4. The first method assesses bolt tension from
measured natural frequencies and damping ratios. The second method is more com-
plex. It estimates both bolt tension and boundary stiffness, by applying nonlinear
regression to minimize the difference between measured and estimated transverse
natural frequencies.

5.1 Single-bolt system

Accurate estimation of tension for a single bolt can be done by applying the second
method described in Section 4.2. The following results come from [P1]. To apply
the method to the specific long bolt setup described in [P2] (and Section 3.2) it is
necessary to choose an a posteriori estimate. It is chosen randomly within a defined
range, based on Figure 5.1, following the procedure described in [P1]. On this basis
the ranges are defined to be k1−2 ∈ [0.8 − 3] × 104 and k3−4 ∈ [8 − 18]. The upper
limits are based on the assumption that the stiffness parameters cannot be so large
that these give frequencies that are significantly higher than the highest measured
frequency (Table 5.1). The a posteriori guess is chosen uniformly randomly from
those ranges.

Table 5.1 shows the measured natural frequencies, for four different bolt tension
levels, without additional mass, and with three different sizes of boundary mass,
attached to the protruding bolt end. It appears that at low bolt tension, 11 % of
bolted yield strength, the frequencies drop when adding mass. The drop is up to 5 Hz
and 50 Hz for the largest mass, for first and second natural frequency, corresponding
to a decrease of 0.5 % and 2.5 %. At high bolt tension (75 %) the frequencies do
not drop nearly as much, the first frequencies don’t drop at all, and the second only
drops up to 1.4 %. From these observations alone it is clear that the bolt tension
must be different in those two cases. The table also shows the estimated frequencies,
these deviate less than 1% from measured frequencies in all cases.

55
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Figure 5.1 Contour plot of ∆ω1−2 and ω1/ω2 as a function of symmetrical rotational and
translational stiffness, p = 10. ( ): ∆ω1−2 < 1.5% and ω1/ω2 < 40%; ( ): 8% > ∆ω1−3 >
1.5% and ω1/ω2 > 40%; ( ): ∆ω2 > 8%. From [P1].

Table 5.1 First and second measured natural frequency ω and estimated ω̂ of the bolt
(in Hz), at different levels of tightness pexp. ∆: the deviations between estimated and
measured frequencies (in %). From [P1].

Added mass,
rotary inertia

m = 0,
J = 0

m = 0.15,
J = 2.3e−4

m = 0.195,
J = 2.9e−4

m = 0.262,
J = 3.9e−4

Bolt tension ω ω̂ ∆ [%] ω ω̂ ∆ [%] ω ω̂ ∆ [%] ω ω̂ ∆ [%]

11% of σy 838.8 837.3 -0.17 833.8 835.1 0.15 834.3 834.8 0.15 - - -

(pexp=1.6) 2370 2372 0.06 2342 2352 -0.42 2341 2339 -0.12 2319 2332 0.59

41% of σy 943.4 942.7 -0.08 942.4 941.8 -0.06 942.4 941.7 -0.07 939.6 941.5 0.20

(pexp=5.8) 2539 2541 0.11 2532 2528 -0.18 2528 2526 -0.07 2519 2523 0.14

57% of σy 963.2 963.4 0.02 962.5 962.5 0.00 962.5 962.4 -0.01 962.3 962.2 -0.01

(pexp=8.0) 2566 2566 0.01 2550 2552 0.08 2550 2550 0.00 2549 2547 -0.08

75% of σy 1072 1073 0.05 1073 1072 -0.04 1072 1072 -0.01 1072 1072 0.04

(pexp=10.5) 2806 2798 -0.25 2805 2790 -0.53 2790 2789 -0.04 2767 2787 0.73

Table 5.2 shows the estimated boundary parameters. The bolt tension estimates
p̂ are in agreement with force washer measurements pexp. The column indicated by
p̃s-eff express the sensitivity of the estimates w.r.t. the choice of a posteriori guess.
The estimations have been repeated 100 times. Each time the a posteriori guess is
chosen randomly (within a uniform distribution) from the defined ranges. There is
large variation in translational boundary stiffness, because the values are close to
correspond to effectively pinned-pinned boundaries. As discussed in Section 4.2.1,
when boundary stiffness reaches limit values, the exact stiffness value are unimpor-
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Table 5.2 Estimated parameters for four different experiments of the tightened bolt,
repeated 100 times with random a posteriori guess. From [P1].

pexp 1.6 p̃s-eff. 5.8 p̃s-eff. 8.0 p̃s-eff. 10.5 p̃s-eff.

p̂ 1.5 ± 0.3 6.2 ± 0.7 8.3 ± 0.5 10.3 ± 0.3

k̂1 16461 ± 9444 18456 ± 6090 16225 ± 5690 31067 ± 7511

k̂2 12688 ± 8399 17395 ± 5829 16743 ± 5666 30893 ± 7400

k̂3 20.7 ± 2.6 13.5 ± 2.0 13.0 ± 1.4 38.2 ± 6.9

k̂4 5.8 ± 0.5 15.2 ± 1.3 14.6 ± 0.9 25.8 ± 3.5

tant, as the frequencies will be unaffected. In comparison, the tension and rotational
stiffness is not very sensitive to the choice of a posteriori guess, as these are not close
to limit values.

The method provides reliable bolt tension and boundary stiffness estimate. The
tension estimates are in agreement with force washer measurements, and the stiffness
parameters align with the theoretical stiffness value predicted by the second beam
model (see Figure 3.10). In [P1] some possible limitations of the method is discussed,
e.g., the applicability for shorter bolts, with high frequencies (> 15 kHz). Despite
possible limitations, the accurate estimates lend confidence in applying this method
for real multi-bolt structures.

5.2 Two-bolt system

The following estimations are results from [P3].

5.2.1 Assessing tension from natural frequencies and damping ratios

Following the first estimation method, described in Section 4.1, the natural frequen-
cies and damping ratios measured for the two-bolt system, can be used to make a
rough assessment of bolt tension. Figure 5.2 shows the two-bolt results atop the
single-bolt reference values for the first two natural frequencies and damping ratios.
The lines indicate ranges of bolt tension. A bolt tightened to 75% of bolt yield
strength should intersect (0,0) in the figure.

In some cases, the frequency is higher than expected (due to higher boundary
stiffness), which gives a misleading idea of the bolt tension. The damping ratio does,
however, reveal that the bolt is not as tight as first expected from the frequency.
E.g., consider the red left-pointing triangles (the Low-Low test case): one of the
frequencies is high, but the large damping ratio reveals that the bolt is tightened to
less than 25 % of bolt yield strength.

The method does not take into account the possibility that a bolt may have
higher boundary stiffness than the single-bolt reference. Therefore, the procedure
can only provide a rough assessment of bolt tension, with a risk of not detecting
over-tightening (an overly tightened bolt can break, which is just as unsafe as a loose
bolt).
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Figure 5.2 Natural frequencies versus damping ratios, normalized with ωtight, ζtight.
Larger color markers: Two-bolt data (see Table 3.1). Small black markers: Single-bolt
results [P2,P4]. Figure from [P3].

Figure 5.3 Picture of mass on bolt end.

5.2.2 Estimating bolt tension and boundary stiffness

Similar to the single bolt tests, vibration tests are conducted with added boundary
mass. Table 5.3 shows the measured and estimated natural frequencies, without
mass, and with three different sizes of boundary mass, for three different combi-
nations of tension in the two bolts. Table 5.4 shows the estimated parameters.
Figure 5.3 shows an example of a mass mounted on one a bolt end.

The results in Table 5.4 show that it is possible to estimate tension in a bolt,
even when two similar bolts are tightened in the same structure. Accurate tension
and boundary stiffness estimations are made, both in cases with strong inter-bolt
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coupling (Medium-Medium), and cases with weak coupling (High-Low).

Despite the increased complexity of the two-bolt vibrational modes, it is possible
to consider one bolt in a structure as having distinct natural frequencies. This
is a major advantage. The concerns raised in [P1] about applying this method
for shorter bolts, with higher frequencies, and the ability to excite such transverse
natural frequencies, are still valid. However it is possible to apply frequencies,
obtained from a structure with two similar bolts, to estimate bolt tension. This
supports the further advancement of this method.

Table 5.3 First and second measured natural frequency ω and estimated ω̂ of the bolt
(in Hz), at different levels of Bolt 1 tightness p1,exp. ∆: the deviations between estimated
and measured frequencies. From [P3].

Added mass,
rotary inertia

m = 0,
J = 0

m = 0.16,
J = 2.2× 10−4

m = 0.18,
J = 3.0× 10−4

m = 0.26,
J = 5.2× 10−4

Bolt 1 tension ω ω̂ ∆ [%] ω ω̂ ∆ [%] ω ω̂ ∆ [%] ω ω̂ ∆ [%]

75% of σy 1074.3 1076.0 0.16 1075.0 1075.8 0.08 1075.0 1075.8 0.07 1074.9 1075.6 0.07

(p1,exp=10.3) 2811 2809 -0.07 2812 2806 -0.19 2811 2806 -0.19 2810 2803 0.23

75% of σy 1081.5 1083.4 0.17 1081.8 1083.3 0.13 1081.8 1083.2 0.13 1081.8 1083.1 0.12

(p1,exp=10.3) 2833 2828 -0.19 2833 2826 -0.27 2832.5 2825 -0.27 2830.8 2823 -0.29

45% of σy 965.5 965.7 0.03 965.5 965.4 -0.01 965.5 965.3 -0.02 965.3 965.0 -0.03

(p1,exp=6.4) 2575 2579 0.16 2573 2574 0.03 2572 2572 0.00 2570 2567 -0.13

Table 5.4 Estimates of stiffness and tension in Bolt 1, obtained by following the procedure
in [P1] and applying the measured natural frequencies of Table 5.1. Standard deviations
after 100 repetitions of a random a posteriori guess are listed (chosen within the ranges
ku ∈ [2− 3]× 104 and kθ ∈ [10− 20]). From [P3].

High-Medium High-Low Medium-Medium
p1,exp = 10.3 p1,exp = 10.3 p1,exp = 6.4

p1 10.0 ± 0.3 10.0 ± 0.3 6.4 ± 0.6
ku,1,left 3.2e4 ± 3.4e3 3.4e4 ± 3.5e3 1.4e4 ± 6.4e3
ku,1,right 3.3e4 ± 3.2e3 3.5e4 ± 3.4e3 1.5e4 ± 6.4e3
kθ,1,left 32.7 ± 4.4 35.0 ± 4.3 17.0 ± 1.6
kθ,1,right 33.4 ± 4.2 37.5 ± 4.2 17.6 ± 1.9

5.3 Blind multi-bolt system

5.3.1 Assessing tension from natural frequencies and damping ratios

In Section 5.1 and Section 5.2 above, a force washer has given a reference value for
the bolt tension, which the estimated tension could be compared to, and the quality
of the estimates could be assessed. For real structures, there is no force washer. The
tension estimates need to be based on the measured vibrations alone.



60 Chapter 5. Estimating bolt tension from experimental data

The simple estimation procedure from Section 4.1 can be applied. First a theoret-
ical estimate of the tight-bolt conditions is made ( ωtight and ζtight). The measured
frequencies, at the four levels of bolt torque, displayed in Table 3.2, can then be
normalized and plotted in the single-bolt reference plot (Figure 4.1).

log(ω/ωtight)
−0.20 −0.15 −0.10 −0.05 0.0

Bolt 1
Bolt 2
Bolt 3
Bolt 4

σ>50%

 σ < 20% 

σ > 20%

σ >35%

Figure 5.4 Natural frequency as function of damping ratio, normalized w.r.t. a tight bolt
(ωtight, ζtight). The four real bolts: ( , , , ); Long and short bolt tests: small grey
markers ◦, �. From [P1].

Figure 5.4 shows the result. A set of dashed lines indicate ranges of bolt tension
based on the long and short bolt tension measurements. Notably, the four-bolt data
also aligns with the linear trend (in a double logarithmic scale). The procedure
indicates that Bolt 1 and Bolt 2 are tightened to more than 50 % for the highest
bolt torque (200 Nm). Bolt 3 and Bolt 4 are only tightened to at least 35 % of bolt
yield strength. Between 150 Nm and 200 Nm the frequency and damping of Bolt
4 do not change, which indicate that the bolt is not tightened any further. When
tightening the bolt it was also harder to turn. It appears that the nut and bolt
thread interface has a higher friction coefficient than the other bolts: all the force
from the torque wrench may go to friction rather than to turn the nut. For reference,
the bolt torques 100, 150, and 200 Nm should correspond to 20-40, 30-50, 45-80 %
of bolt yield strength [9]. The bolt torque conversion to bolt tension depends on a
chosen nut factor, which is surface finish and lubrication dependent. According to
the assessment, which can be made from Figure 5.4, only two out of four bolts are
with bolt torque 200Nm, tightened to the targeted bolt tension level.

5.3.2 The potential of tension and boundary stiffness estimation

The second method for applying mass is still in its preliminary stage for multi-
bolt structures. We have established that by adding a mass, the frequency shifts
slightly, as intended. Figure 3.24 shows frequency response function measured from
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hammer impacting each of the four bolts, with and without a mass. For reference,
Figure 5.5 shows the mass and how it is mounted on the bolts. From Figure 5.6, it is
evident that when adding mass to one bolt, the largest frequency peak, for each bolt
measurement, shifts a few Hertz down. Table 5.5 shows the specific changes. The
remaining smaller peaks in the frequency response are only insignificantly affected.
For this reason, adding a mass can be an aid in the identification of which FRF peak
belongs to which bolt’s transverse vibrations.

Figure 5.5 Pictures of a small mass added to the bolt end.
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Figure 5.6 Frequency response functions for multi-bolt system.( ): without mass. ( ):
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It is necessary to use at least the first two natural frequencies to make a reliable
estimate of both bolt tension and boundary stiffness. Especially the rotational
boundary stiffness affects the second mode more much, see Figure 4.3. With only the
first mode it is not possible to estimate the rotational stiffness accurately. Hammer
impacting is not the ideal excitation tool for high-frequency excitation. Instead, a
better option is to design a clamping mechanism for a piezoelectric actuator (PA).
A preliminary test, where a PA is glued to a magnet, which is then put on the
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bolt, proved successful. However, the magnet-bolt connect is not very stiff, so the
S/N-ratio is not satisfactory.

There are no significant obstacles in obtaining higher natural frequencies, adding
several different masses, and making estimates based on the measurements. Nonethe-
less, it does require a set of practical considerations to conduct the experiments. The
next natural steps towards the general application of this method are 1) an engineer-
ing task in optimizing the excitation of higher-frequency modes, e.g., by developing
a detachable PA device, and 2) testing with many different real bolts structures, e.g.,
lap-joints and flange connections. The results so far lend confidence to the method,
and with further testing and refinements, vibration-based bolt tension estimation
appears to have great potential.

Table 5.5 Natural frequencies with and without extra mass, for 200Nm bolt torque.

Bolt 1 ( ) Bolt 2 ( ) Bolt 3 ( ) Bolt 4 ( )

Without mass [Hz] 2428 2378 2330 2470
With mass [Hz] 2425 2377 2320 2470

Change [%] -0.12 -0.04 -0.43 -0.00



6. Conclusions

A qualitative difference in sound can be observed when striking a loose bolt with
a hammer in comparison to a tight bolt. This thesis’s objective is to quantify
changes in select dynamic bolt features as the bolt is tightened. The purpose is to
investigate the potential of vibration-based bolt tension estimation and to develop
methods based on the measurable features.

A loose bolt emits a dull and short-lived sound when struck by a hammer. Ex-
perimental investigations have identified damping ratios of bolt bending modes to
decrease with increasing bolt tension. At low bolt tension, strong damping can arise
from friction at the contact surfaces. When increasing the tightness, it is harder
for the contact interfaces to move relative to each other, decreasing the damping
significantly. It is a practical feature, as it is audible to a trained ear and directly
signifies a loose bolt. However, for higher tensions, bolt bending vibrations are only
weakly damped, and only slightly dependent on tension. Thus, damping ratios are
not a good feature for identifying that a bolt is tight enough.

The primary investigation concerns a bolt’s transverse natural frequencies, as
these are already known to increase with increasing bolt tension. The experimental
investigation revealed them to be highly reproducible. The increase in frequency is
strongest at low bolt tensions. For slender bolts, the relative change, when going
from loose to tight conditions, is in the order of 30− 40%. Less slender bolts have a
smaller relative change, but as the frequencies are much higher, the absolute change
is larger. The first natural frequency measured for a less slender bolt (s ≈ 30)
changed more than 700 Hz (25%) from loose to tight conditions.

A set of beam models has been developed to help provide insights into the driving
mechanism of tensioned bolts bending vibrations. The beam models are simple,
designed only to capture basic mechanisms. The first model from [P4] describes
bending modes insufficiently. The model does not agree with several measured
natural frequencies with the same model parameters. However, the model helped
lead the way for the second model, as it naturally raises the question of which
important features the model neglects. The boundary mass of the bolt head, nut,
and protruding end might not be large in absolute values, but the shorter the bolt,
the larger a percentage it makes up of the total bolt mass. The second model
revealed that the extra mass is indeed significant to include. By including the mass
in the model (and applying the actual length of vibration), predictions improve
significantly. The new model agrees with measurements up to at least the fourth
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bending mode. The excellent agreement makes the model useful for more than
gaining insights; it becomes applicable for estimation [P1] .

A novel method for bolt tension estimation is presented in [P1] . The novelty of
the method is especially the adding of a boundary mass to the bolt end. In practice,
it can be screwed on the bolt’s protruding threaded end. The small boundary mass
slightly perturbs the bolt system, providing a new dynamic system, with distinct
modal parameters. It is possible to make robust estimations by combining the new
measurements with measurements without a mass. The method applies nonlinear
regression to minimize the difference between measured and estimated natural fre-
quencies. The estimated frequencies are calculated by the second bolt beam model,
which includes the bolt head and nut mass. The method allows for using only the
first few transverse natural frequencies for estimation. The concept can potentially
be applicable for other purposes than bolt tension estimation. It is theoretically
applicable for estimating boundary parameters in all beam-like structures with un-
known general boundary stiffness conditions.

Hammer impacting has been the initial excitation technique in this project. Vibro-
impact hammers are easy to use, and the sound from the bolt directly reveals if a
bolt is very loose. However, short or thick bolts have high natural frequencies, often
beyond the input energy range from a hammer impact. In [P3] and [C2], basic tests
with a piezoelectric actuator gave promising results. For one, piezoelectric actuators
are suitable for high frequencies, but also the possibility of making narrow frequency
sweeps is very advantageous. The bolt tension estimation method from [P1] relies on
accurate measurements since a small mass only shifts frequencies slightly. The more
accurately the shift can be detected, the better the estimates. From an industrial
application perspective, a piezoelectric actuator is not ideal; it is fragile and requires
careful mounting. However, as found in [P1-P4], transverse natural frequencies are
easy to excite, it is even possible with longitudinal excitation [36]. The explanation
lies in the resonance phenomenon. A resonant frequency is an internal property, and
per definition, even the slightest input energy will excite the structure at that given
frequency. Nonetheless, the development of a device combining mass and piezo-
technique is needed to make the [P1] method a solution applicable for industry.

In conclusion, the present thesis explores and presents a survey of basic vibra-
tional mechanisms in bolts, investigating how these depend on bolt tension. Several
features have been quantified, and all depend strongest on bolt tension at low bolt
tension. The most significant changes in the dynamic system occur at the initial
level of tightening. However, the tighter the bolt, the better linear modal parame-
ters are for describing bolt vibrations. Transverse natural frequencies increase with
increasing bolt tension and are highly reproducible for single-bolt setups. However,
for multi-bolt setups, the transverse natural frequencies for one bolt can be higher
than for another bolt with the same bolt tension. Thus, it is necessary not only
to consider bolt tension, but also the boundary stiffness. The boundary stiffness
can be problematic, as it depends on the tightening procedure and the surrounding
structure. With multiple equally tightened bolts, the boundary stiffness can vary
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between the bolts and that needs to be considered. Another concern has been inter-
bolt coupling. Theoretical and experimental investigations into two-bolt structures
indicate that strong inter-bolt coupling only occurs under certain conditions, which
rarely occurs in real bolt setups. Thus, for vibration-based tension estimation, it
makes sense to consider each bolt as an isolated dynamic system, decoupled from the
other bolts, despite potential interaction through the rigid bolt-carrying structure.
Using added boundary mass and nonlinear regression, a novel method presented in
this work can estimate both bolt tension and boundary stiffness, from transverse
natural frequencies. By also estimating the boundary stiffness, the method over-
comes the multi-bolt obstacle that two equally tightened bolts can have different
boundary stiffness. The method produces promising results and evokes confidence
in the applicability of vibration-based bolt tension estimation.
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Vibrations-based estimation of boundary stiffness and axial
tension in beams using added mass

Marie Brøns1, Jon Juel Thomsen1

Abstract

Boundary stiffness and axial tension for a uniform Bernoulli-Euler beam model can be esti-
mated by applying non-linear Gauss regression to measured natural frequencies. However,
there are two major drawbacks in this method: it requires many measured natural frequencies
to obtain reliable estimates, and for a lengthwise uniform beam cross section, the boundary
stiffness parameters may converge to swapped boundaries without mode shape measurements.
This work suggests a simple novel concept to overcome these shortcomings: By attaching an
external boundary mass with rotational inertia to one of the beam ends, the natural frequen-
cies will change without changing the boundary stiffness and axial tension. Combined with
measurements without additional mass, this provides additional information to be used in a
regression model, without imposing more unknown parameters: The mass adds a known asym-
metry, permitting distinction between left and right, and for each added mass the number of
measured natural frequencies needed to obtain a reliable estimate is roughly halved. Estimation
of boundary stiffness and axial tension can be of interest in, e.g., bolted joints. A tightened
bolt can be modeled as a beam, with unknown boundary parameters, where the main interest
often would be to estimate the axial tension. Previously, an estimation method would be hard
to apply in practice, as bolts are often mounted in complex structures with many interacting
modes, which makes it difficult to measure many transverse natural frequencies of the bolt it-
self. By adding a mass the method has potential to be applicable for estimating tension in bolted
joints. The proposed method is validated using simulated noisy measurement data and tested
with experimental measurements obtained for a real bolt tightened in a structure.

Keywords: beam theory, boundary conditions, axial tension, structural parameter estimation,
bolt tension

1. Introduction

Beam structures can often be mathematically modelled with ideally clamped or pinned
boundaries, however; in reality these ideal boundary conditions do not occur. A more realistic
representation would be a set of unknown boundary springs, both translational and rotational.
In many practical applications it might be attempted to obtain, e.g., clamped-clamped condi-5

tions, but the exact stiffness and axial tension is never completely controllable, why it can be
of interest to be able estimate the real outcome of the boundary parameters after setup. An
estimate could help to avoid failures induced by wrongly fastened beams in structures or in-
sufficiently tightened bolts. A way to estimate these boundary parameters is to measure the
transverse vibrations of the beam, as natural frequencies depend strongly on boundary stiffness.10
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This work presents a novel technique for estimating both boundary stiffness and axial ten-
sion in a beam (or beam-behaving structure such as a slender bolt) by measuring only the first
few transverse natural frequencies and feeding the measurements to a nonlinear Gauss regres-
sion to estimate the unknown parameters. The parameter estimation method used in this work
draws on previous work reported by Hermansen and Thomsen [1]. In [1] the first eight trans-15

verse natural frequencies are used to estimate tension and boundary stiffness. However, for
a lengthwise uniform beam there is no distinction between left and right end and therefore
the boundary parameters may converge to swapped boundaries, which is an undesirable effect.
From an application perspective it is also challenging to obtain as many as eight transverse
natural frequencies, both because it can be hard to excite higher modes, and because at higher20

frequencies, frequencies from transverse mode become increasingly hard to separate from lon-
gitudinal and torsional modes.

The key novelty in this work is to add an external boundary mass with rotary inertia and
measure the frequencies again (this can be repeated for a number of different masses). In this
way additional information is obtained, without changing the boundary stiffness and axial ten-25

sion. The advantage in this is twofold: An external mass with rotary inertia adds a known
asymmetry, permitting distinction between the left and right boundary, and for each added mass
the needed number of measured natural frequencies is roughly halved. These two improvements
provides for a method with real application potential.

Several methods exist for estimating tension in beams or bolts [2, 3, 4, 5], but typically they30

also rely on mode shapes and do not estimate boundary stiffness. There are also methods using
least square minimzation on experimental data, but for specific cases of boundary conditions
[6, 7]. Within a general scope of estimation of boundary parameters, methods are reported for
estimating axial tension in beams with uncertain boundary conditions [8] by using vibration
data from five sensors along the beam. In [9] a method is presented for estimating axial tension35

in a beam by static beam bending combined with measurements from sensors also distributed
along the beam. In [10] measurements of a single natural frequency with amplitudes of the cor-
responding mode shape measured in five points along the beam are used for the same purpose.
The suggested applications of [8, 9, 10] are within civil structures, such as tie-bars, diagonal
braces, short thick cables, and struts, structures of which variation in axial tension indicate40

structural degradation. The three methods all require multiple measurement points along the
beam length, whereas the method proposed in this paper only requires a single sensor, mounted
where it is the most convenient; instead a few repetitions of measurements are required, adding
boundary mass in between tests.

Another possible field of application for this method is in tension estimation of bolts. Dy-45

namics of bolted joints is a vast research area [11, 12]. One issue is the reproducibility and
sensitivity of the clamping force [11, 13]. With varying clamping force, different dynamic
responses of the surrounding structure will be obtained, which is inconvenient for most applica-
tions. Furthermore, self-loosening of bolts is a major structural problem [14], which can cause
significant damage, and considerable maintenance efforts are made to avoid such failures. With50

high tension, self-loosening is less prone to occur [14] why bolts are often tightened close to the
yield stress (70-80 % of yield stress [15]). Tightening to such high levels is not straightforward;
it requires heavy equipment, and appropriate training is needed. In multi-bolt structures such
as pipeline flanges, the order of tightening, and the number of tightening steps is important for
the final torque [16]. Existing methods for tightening and estimating tension in bolts are torque55

wrenches and hydraulic tensioners [15]. The accuracy of a torque wrench depends on lubrica-
tion, tightening procedure, and the specific equipment itself, e.g., within dentistry applications,

2



a report revealed that different torque wrenches induced different torque levels, and none of
them provided the targeted torque [17]. For tension estimation without tightening, methods in-
clude ultrasonic devices [4], a piezo-electric sensing method (mounted on the structure, not the60

bolt, to be used for structural health monitoring [18]), and force washers (mostly for testing and
control of tension, not mounted on every single bolt in industrial applications). None of these
methods are very accurate, and some are both time-consuming and require heavy lifting [15].

To apply this new method for estimation of tension in tightened bolts it is essential that
transverse natural frequencies can actually be measured, and that these are not significantly65

amplitude dependent (as that would be a nonlinear feature and the applied beam model is linear).
In [19] the first two bending natural frequencies are measured for two different bolt setups, and
in [20] it is shown that the measured frequencies are not significantly amplitude dependent.
Thus, the prerequisites are there for applying the new method on such type of problem.

Section 2 presents the mathematical beam and boundary model, and the procedure for calcu-70

lating natural frequencies. Section 3 investigates the effect of boundary parameters and tension
on natural frequencies, and Section 4 describes the parameter estimation method. Section 5
presents a numerical validation of the technique, by testing four different scenarios, and inves-
tigating the effect of varying mass size as well as varying the number of modes. To illustrate
that this technique has application potential, experiments are made with a slender bolt clamped75

with different levels of tension in a structure. Finally, Section 7 concludes on the validity of the
technique.

2. Mathematical beam model and natural frequencies

Figure 1 shows a beam in axial tension with translational and rotational boundary springs,
and additional mass M with a mass moment of inertia of J at the right boundary. The beam has

N

N

K1 K2

U(X, t)

K3

0 l
X

ρA, E, I

M
J̃

K4

Figure 1: Beam in tension with springs and boundary mass with a local rotational mass moment of
inertia.

the length l, uniform mass density ρ, Young’s modulus E, area moment of inertia I, and cross
sectional area A. Transverse vibrations in the beam are described by U(X, t), where X ∈ [0;l]
is the axial coordinate and t the time. The beam curvature is approximated by ∂2U/∂X2, and
the tension N is axially uniform and assumed constant in time. Introducing nondimensional
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quantities:

x =
X
l
, u(x, τ) =

U(X, t)
l

, τ = ω0t, ω0 =

√
EI
ρAl4 , p =

Nl2

EI
=
σs2

E
, (1)

k1,2 =
K1,2l3

EI
, k3,4 =

K3,4l
EI

, m =
M
ρAl

, J =
J̃

ρAl3 , s =
l√
I/A

,

where s is the slenderness ratio. Note, unlike the boundary stiffness, the nondimensional tension
p has a limit value py, which depends on the yield stress σy, which in turn is material depen-
dent. For many steel bolts and beams the slenderness ratio is in the range s = 30 − 80 which
corresponds to py = 3 − 20. In the subsequent analysis, the value of p is within this range. The
nondimensional Euler-Bernoulli’s equation of motion for deflections u(x, τ) is, (with overdots
and primes denoting differentiation w.r.t. nondimensional time and position):

ü + u′′′′ − pu′′ = 0, (2)

which is the same differential equation as derived in [1], but with different boundary conditions:

u′′′(0, τ) = pu′(0, τ) − k1u(0, τ), (3)
u′′(0, τ) = k3u′(0, τ), (4)
u′′′(1, τ) = pu′(1, τ) + k2u(1, τ) + mü(1, τ), (5)
u′′(1, τ) = −k4u′(1, τ) − Jü′(1, τ). (6)

Without boundary mass (m = 0 and J = 0) these boundary conditions are the same as in [1].
Equation (2) is solved by superposition of eigen-solutions

u(x, τ) = ϕ(x)eiωτ (7)

which inserted into (2)-(6) gives

ϕ′′′′−pϕ′′ − ω2ϕ = 0, (8)
ϕ′′′(0) = pϕ′(0) − k1ϕ(0), (9)
ϕ′′(0) = k3ϕ

′(0), (10)

ϕ′′′(1) = pϕ′(1) + (k2 − mω2)ϕ(1), (11)

ϕ′′(1) = −(k4 − Jω2)ϕ′(1). (12)

The solution to (8) for the mode shapes ϕ is [21]:

ϕ(x) = b1 cos(α1x) + b2 sin(α1x) + b3 cosh(α2x) + b4 sinh(α2x), (13)

where

α1 =

√
− p

2
+

√( p
2

)2
+ ω2, α2 =

√
p
2

+

√( p
2

)2
+ ω2. (14)

Inserting (13) and (14) into boundary conditions 9-(12) gives:

Aq = 0, (15)
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where q = {b1 b2 b3 b4}T holds the unknown coefficients of (13),

A =


−k1 α1α

2
2 −k1 −α2

1α2

k̃2c1 − α1α
2
2s1 k̃2s1 + α1α

2
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−α2
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2 −k3α2
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2s2 + k̃4α2c2

 , (16)

and

s1 = sinα1, s2 = sinα2 c1 = cosα1, c2 = cosα2, k̃2 = k2 − ω2m, k̃4 = k4 − ω2J. (17)

In (17) it is evident that the effective spring stiffness k̃2 and k̃4 is lowered in effect of the added
mass and rotary inertia. Condition (15) defines q as an eigenvector of A, requiring zero deter-
minant:

|A| = kTBa = 0, (18)

where

k =



1
k1 + k̃2

k3 + k̃4

k1k̃2

k3k̃4

k1k3 + k̃2k̃4
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, a =


1

sinα1 coshα2

sinα1 sinhα2

cosα1 coshα2

cosα1 sinhα2


, (19)

and
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. (20)

Hyperbolic terms are normalized by multiplying (18) with e−α2 , so that

kT Bae−α2 = 0, (21)

As α1, α2, k̃2, k̃4 are functions of p and ω this equation implicitly defines the natural frequency
ω as a function of tension p and boundary stiffness parameters k1−4. Newton-Raphson iteration80

can be used to solve for ω’s with initial values obtained from a zero-sweep. The procedure is
identical to that used in [1], except that the effective stiffness k̃2 and k̃4 are functions of ω, and
not constant.
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3. Dependencies between boundary parameters and natural frequencies

For the intended application, the beam model has five unknown boundary parameters (p, k1−4),85

in addition to the known boundary mass and rotary inertia. These parameters are of interest to
hold up against the first, second, and third natural frequency. It is not possible to make or show
a full study of all these parameter dependencies. Instead, this section shows an excerpt of the
most critical parameters and their effect on natural frequency.

Figure 2 shows the first two transverse natural frequencies normalized w.r.t. the natural90

frequency of a clamped-clamped beam as a function of rotational and translational boundary
stiffness. The boundaries are, in this case, symmetrical, and the tension is zero. Both natural
frequencies can be split into nine scenarios, of which four are ”plateau” states, insensitive to
changes in stiffness. For very low boundary stiffness, the first natural frequency is for a rigid
body motion, and the second natural frequency is for the first free-free bending mode. Increased95

translational stiffness will gradually enforce a simply supported beam, and by further increasing
the rotational stiffness it will gradually enforce a clamped-clamped beam. Only increasing
rotational stiffness and not translational will enforce no-rotation, but the first rigid body motion
does not rotate, so the first natural frequency remains zero. As appears, the exact stiffness value
is, in many cases, unimportant for the natural frequencies. Only for certain transition intervals100

does the stiffness change the frequencies significantly (e.g. the first natural frequency increases
more than 50 % in the transition from simply supported to clamped-clamped).

105

0.2

105

0.4

k
1
, k

2
k

3
, k

4

0.6

0.8

100
100

1.0

first rigid
body motion

simply
supported

effectively
clamped-clamped

(a)

105

0.2

105

0.4

k
1
, k

2
k

3
, k

4

0.6

0.8

100
100

1.0

simply 
supported

no rotation

effectively
clamped-clamped

free-free

(b)

Figure 2: Natural frequency (normalized w.r.t. the clamped-clamped frequency) as function of rotational
and translational stiffness, for symmetric boundaries (k1 = k2, k3 = k4) and no tension (p = 0); (a) ω1
(b) ω2

Figure 3 illustrates how boundary mass and rotary inertia can affect the natural frequencies.
Figure 3a and 3b show the first three natural frequencies, with and without boundary mass
and rotary inertia (m = 0.25 and J = 0.0208), as function of right-end translational spring105

stiffness k2 and rotational spring stiffness k4, respectively. The left-end boundary is clamped,
thus k1, k3 → ∞, and k4 → ∞ in figure (a), while k2 → ∞ in figure (b). The tension p is
zero. As appears from (17), the effective rotational stiffness k̃4 is only affected by boundary
rotary inertia, and translational stiffness k̃2 only by boundary mass. For that reason, figure (a)
shows the isolated effect of m and figure (b) the isolated effect of J. It appears from figure (a)110

that a boundary mass lowers the natural frequencies for low stiffness and that it requires more
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stiffness to obtain effectively clamped-clamped natural frequencies. Likewise, in figure (b), the
boundary rotary inertia also lowers the natural frequencies, but unlike the mass’s effect in (a),
the higher the mode, the bigger the influence.

3
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Figure 3: Natural frequencies ω1−3 as function of right-end boundary stiffness (k2,k4), where k1, k3 → ∞
and p = 0. Solid line: m = J = 0; Dashed line: m = 0.25, J = 0.0208. (a) ω(k2), k4 → ∞, (b) ω(k4),
k2 → ∞
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Figure 4: Contour of the first natural frequency ω1 as function of right-end boundary stiffness (k2, k4)
and tension, normalised w.r.t to the frequency at zero tension, with k1, k3 → ∞. The least sensitive
regime, with respect to tension, is in between the dashed lines; outside of these, the natural frequency is
the most sensitive to tension. (a) ω1(k2)/ω10(k2), k4 → ∞, (b) ω(k4)/ω10(k4), k2 → ∞

Figure 4 illustrates how tension p can affect natural frequencies. Figure 4a and 4b show the115

contour of the first natural frequency ω1 as function of p, and k2 and k4, respectively. As in
Figure 3 the left-end boundary is clamped. The frequency is normalized w.r.t. to the frequency
at zero tension (p = 0) for each particular stiffness, i.e. ω10(k2) and ω10(k4). Change in color
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indicates a change in frequency: white is no increase, and red is a large increase in frequency.
Due to the normalization, more vertical contour lines indicate a stronger sensitivity of frequency120

to tension. From figure (a), it appears that the contour lines deviate markedly from being vertical
in the range k2 ≈ 2 − 1000 (in between the dashed lines), which shows that the translational
stiffness is the dominating factor within this range. From figure (b), it appears that for higher p
the contour lines deviate from being vertical in the range k4 ≈ 1 − 30 (in between the dashed
lines); thus, the rotational stiffness has the most influence in that range. Overall, it can be125

concluded that for some values of boundary stiffness it is harder to estimate p, as its influence
on the frequency is insignificant compared to the stiffness’. The tension p is the easiest to
estimate when it has the most influence on frequency, which is outside the regions indicated by
the dashed lines in Figure 4.

4. Estimation of tension and boundary stiffness from natural frequencies130

This method estimates tension and boundary stiffness using nonlinear regression [22] to fit
parameters to measured natural frequencies. Based on the principle of maximum a posteriori
(MAP) estimation [22] an error function to be minimized is defined [1]:

S (p̂s) = (ω − ω̂(p̂s))
T W (ω − ω̂(p̂s)) + (p̃s − p̂s)TU(p̃s − p̂s), (22)

where the first term represents deviations between the n measured natural frequencies in the
vector ω ∈ Rn, and the model predicted undamped natural frequencies ω̂ ∈ Rn. Damping is
not included in the beam model as it has an insignificant effect on natural frequency (e.g., a
damping ratio as high as 10% only changes the natural frequency 0.5%). The second term
represents deviations between an a posteriori guess of parameters p̃s and a new estimate p̂s =135 {

p̂ k̂1 k̂2 k̂3 k̂4

}T
. An a posteriori estimate p̃s is the best initial guess on the parameters that

are to be estimated. Both W and U are symmetric weighting matrices, defined in Section 4.1,
where W express confidence in the measured natural frequencies, and U confidence in the a
posteriori estimate p̃s.

Placing MAP estimation within a wider context, it can been seen as an extension to maxi-140

mum likelihood (ML) estimation [22]. Without the second term in (22) the error function would
be an ML estimator. The error function could include other aspects as well, e.g., a term rep-
resenting the difference between an a posteriori left/right-end stiffness ratio and the estimated
ratio (useful if near-symmetry is expected).

To minimize the error function in (22) is a nonlinear regression problem. The dependent145

variable ω̂ in (22) is nonlinear in the unknown parameters p̂s, which introduces significant
complexity compared to linear regression. Although the beam model and the boundary con-
ditions are linear in the variables describing deformation, the unknown parameters describing
stiffness and tension are nonlinearly related to the natural frequencies (the dependent variable),
as is evident directly from Figure 2: Linearity would have entailed a plane, instead of the present150

complex shape expressing frequency as a function of stiffness. The error function is deliberately
chosen; the minimizing solution would diverge or end up at local minima representing unphys-
ical values without the second term in (22), due to this nonlinearity in terms of parameters.

To set up the MAP problem and minimize (22), the following set of steps are taken, where
several decisions have to be made:155

• Setting weight matrices and a posteriori estimates

• Implementing Gauss method of minimization (a linearization method)
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• Stop criteria and a posteriori estimates update

• Choosing new a posteriori estimates, if estimated parameters turns unphysical or do not
converge160

The subsequent subsections elaborate on these steps.

4.1. Setting weight matrices and a posteriori estimate
The optimally chosen weight matrices are the inverse covariances of measurements [22],

i.e. W = (cov(ω))−1 and U = (cov(p̃s))−1. For W it is the confidence in the measured natural
frequencies, which can be defined as W = σ2

ωdiag(ω−2
1 , ..., ω

−2
n ), where n is the number of mea-165

sured natural frequencies and σ2
ω is the expected variance. The confidence in the a posteriori

estimate can be defined as U = σ2
p̃s

diag(p̃−2, k̃−2
1 , k̃−2

2 , k̃−2
3 , k̃−2

4 ), where σ2
p̃s

can be seen as the
inverse confidence in the a posteriori estimate; therefore σ2

p̃s
should be a significantly larger

number than σ2
ω, as the confidence in the a posteriori guess is much smaller than in the mea-

sured frequencies. However, the relationship between the norm of W and U cannot be too big.170

If ‖W‖ is much larger than ‖U‖ it can cause numerical problems when solving, and the benefit
of having an a posteriori estimate in the first place is missed. The weight matrix U is a chal-
lenge to set to appropriate values, as the a posteriori estimate is not a measurable quantity with
an associated variance, but a qualified guess. The more accurate the procedure for setting the a
posteriori estimate the smaller σ2

p̃s
should be. The following suggests a method for choosing an175

a posteriori estimate based on measurement data.
A first impression might be, that for the application of interest there is no prior knowledge

to base a posteriori estimates on, however, a posteriori estimates can be based on the measured
natural frequencies. Consider for example these four measurable values: The change in the first
three natural frequencies ( j = 1 − 3) when adding a known boundary mass with rotary inertia,180

∆ω j = ω j,m/ω j, and the ratio ω1/ω2 (without added boundary mass and rotary inertia). These
four values are boundary stiffness dependent, and combined they give a strong indication of
which range the stiffness parameters k1−4 are in. Figure 5 shows these four values as function
of translational and rotational stiffness, assuming boundary symmetry, where m = 0.25 and
J = 0.0208 with color-fields indicating different degrees of change in frequency. The bordering185

values for the color-fields (in this case 5 % and 20 % for ∆ω j, and 40% for ω1/ω2) should be
based on how large the added mass is; the larger the mass, the more the frequencies decrease.

The a posteriori guess of boundary stiffness parameters is chosen randomly from a uniform
distribution within a range based on which color-fields (of all four sub-figures) a set of mea-
surements lands in. In this case, the boundary stiffness ranges are based on the color-fields in190

Figure 5 and given in Table 1. This procedure for choosing the range of a posteriori guess is

Table 1: a posteriori boundary stiffness estimates based on color-fields from Figure 5, where khigh =

[103 − 104], kmid = [102 − 103] and klow = [101 − 102].

ω1/ω2 ∆ω2 ∆ω3 k1, k2 k3, k4

green green - high mid
yellow yellow - mid low
green yellow - high low

yellow - yellow mid mid

9



k3, k4k3, k4

k
1
,

k
2

k
1
,

k
2

ω1/ω2[%]∆ω3[%]

∆ω2[%]∆ω1[%]

101 102 103

101 102 103 101 102 103

101 102 103
102

103

104

102

103

104

102

103

104

102

103

104

Figure 5: Contour plot of ∆ω j for j = 1−3 andω1/ω2 as function of rotational (k3 = k4) and translational
stiffness (k1 = k2) at tension p = 10. Green: ∆ω j < 5% and ω1/ω2 < 40%; yellow: 5% < ∆ω j < 20%
and ω1/ω2 > 40%; red: ∆ω j > 20%

designed for cases where it is expected that the boundaries show some degree of symmetry, thus
not designed for a cantilever-like scenario, as the color-fields in Figure 5 are for symmetrical
boundaries. However, as the ranges in Table 1 are very large, where the a posteriori guess is
randomly chosen for each boundary parameter separately, the a posteriori guess can still be195

quite asymmetrical, as will be evident in Section 5. Figure 5 is based on p = 10, however as
∆ω j and ω1/ω2 are ratios which are both tension dependent, the effect of p is almost insignifi-
cant. Furthermore, the ranges in Table 1 are very roughly set anyway. Finally, the confidence U
is of importance; if the confidence is low, it is not significant that the a posteriori guess is not
very accurate.200

A guess for the tension p also needs to be set. In typical real tensioned structures, there
will be a correlation between boundary stiffness and tension in, for example, a tightened bolt
[19]. This can potentially be added as another piece of information when setting the a posteriori
guess for the tension p. In the numerical validation in Section 5 no such measure is included,
to show that the algorithm can make reasonable estimates without it. The physical range of p205

is much smaller than k1−4, so it is easier to make a reasonable guess, e.g., for the real tightened
bolt tested in Section 6 the yield tension is py = 14, so a qualified guess would be between
p = 1 and p = 11.

4.2. Implementing Gauss method of minimization
The error function S is minimized by setting its gradient to zero, giving the Gauss lineari-

sation equation [22]:
p̂s,k+1 = p̂s,k + hkH(p̂s,k)−1h(p̂s,k), (23)

where H ∈ R5×5, h ∈ R5, k+1 is the number of performed iterations, and hk is a step size control
parameter:

H(p̂s,k) =
∂ω̂T

k

∂p̂s
W
∂ω̂T

k

∂p̂s
+ U, (24)
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h(p̂s,k) =
∂ω̂T

k

∂p̂s
(ω − ω̂k) + U(p̃s − p̂s,k), (25)

where ω̂k holds the estimated frequencies for the k-iteration with tension and boundary parame-
ters p̂s,k. The iterative process lies in the repeated use of (23), where at each update the estimate
p̂s is improved. The minimization procedure is as in [1], but without the term in [1] including
mode shapes. The derivative of ω̂ is:

∂ω̂T

∂p̂s
=


∂ω̂1/∂p̂s

...
∂ω̂n/∂p̂s

 . (26)

Consequently, (26) can be split into a calculation for each frequency. Differentiating (21) w.r.t
to p̂s and solving for ∂ω̂ j/∂p̂s gives

∂ω̂ j

∂p̂s
=

rT ∂k
∂p̂s

+ kT ∂r
∂ p̂

∂ p̂
∂p̂s

kT ∂r
∂ω̂ j

, (27)

where k is given by (19), ∂ p̂/∂p̂s = {1 0 0 0 0}, and r = Baeα2 (cf. (21)). The derivatives of r
are calculated as

∂r
∂ω̂ j

=
∂r
∂α1, j

∂α1, j

∂ω̂ j
+

∂r
∂α2, j

∂α2, j

∂ω̂ j
,

∂r
∂ p̂ j

=
∂r
∂α1, j

∂α1, j

∂ p̂
+

∂r
∂α2, j

∂α2, j

∂ p̂ j
, (28)

where the derivatives of α1, j and α2, j are calculated by differentiating (14).210

The step-size parameter hk is set initially set to unity, but a simple adaptive procedure is
adopted to decrease the number of iterations. At each iteration the value of S is calculated from
(22). If S decreases five iterations in a row, the algorithm increases the step-size hk five percent.
However, if S has increased compared to the previous iteration, the algorithm decreases hk five
percent (with a minimum limit of hk = 0.5). If the a posteriori guess is updated, hk is set back215

to one.
Gauss method of minimization (also known as the Gauss-Newton method [23]) is a basic

and commonly used method for locating extremes of functions similar to (22) [22, 23, 24,
25]. Alternatives include Levenberg-Marquardt methods [22, 23] and the nonlinear conjugate
gradient method [26] (good for solving large systems of nonlinear equations). An indispensable220

criterion is that the method works for problems nonlinear in parameters and for multi-response
models [24] (Equation (22) is matrix-based, representing data of multiple measured natural
frequencies).

4.3. Stop criteria and a posteriori estimate update
A stop criterion is needed, so that the algorithm will stop iterating when a good estimate

is reached. To take as much as possible of the available information into account three criteria
to ensure that are set: 1) the estimated parameters have converged, 2) the estimated frequen-
cies have converged, 3) the a posteriori guess has been updated, when the deviations between
measured and estimated frequencies are small. These criteria are defined as [22]:

| p̂i
k+1 − p̂i

k|
| p̂i

k| + δ1
< δ and

|ω̂i
k+1 − ω̂k

i |
|ω̂i

k| + δ1
< δω and

|ω̂i
k+1 − ωi|
|ωi| + δ1

< δω̂ ⇒ p̃s = p̂s,k+1 (29)
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where δ, δω̂, δω are chosen convergence thresholds, and to avoid the denominator from going225

to zero δ1 = 10−200. In this work δ = 10−6 and δω̂ = 10−3. The third criterion is upheld
as a one time update, once it has been fulfilled it is not reconsidered. This is done as the
error function (22) is a compromise between minimizing deviations between measured and
estimated natural frequencies, and minimizing deviations between a posteriori estimates and
estimated parameters, thus as p̃s is rough it should not prevent the deviations of between natural230

frequencies to go down, but merely push the estimation iteration in the right direction. Updating
p̃s to something which gives small deviations between measured and estimated frequencies is
therefore helpful. The value of δω should be chosen carefully, as deviations between estimated
and measured frequencies strongly depend on the error in the measured frequencies. For the
numerical simulations in Section 5 the threshold is δω = 8× 10−3, corresponding to an expected235

error of less than ±0.8%. The value 8 × 10−3 is chosen, as it is bigger than the error imposed in
the simulated data, which is a normal distribution with a standard deviation of ±0.5%. In reality
the error is not known, so δω has to be tuned to be as small as possible, without it hindering the
algorithm in stopping.

4.4. Changing a posteriori estimate during iteration240

If the a posteriori guess turns out to be far from parameters producing good agreement
between measured and estimated natural frequencies, the algorithm will not converge, as the
a posteriori guess and the measured natural frequencies are pulling in opposite directions. To
overcome this, if the deviation between any of measured and estimated natural frequencies are
still above a certain value δω,restart after 25 iterations, the algorithm restarts and chooses new a245

posteriori estimates following the procedure in Section 4.1. For the scenarios simulated in this
work, δω,restart = 0.03, (3% error), but δω,restart should be chosen w.r.t. to the anticipated error in
the measurements. If the confidence in measurements is small, the error can also be larger. The
same procedure is performed if the estimated values are negative, as this is physically infeasible.

5. Numerical Validation250

This section presents numerical simulations, applying the parameter estimation method de-
scribed in Section 4 for a set of different scenarios. In Section 2 it was shown that the natural
frequencies are only sensitive to boundary stiffness parameters in a certain transitional ranges.
In this paper, it is for application purpose especially of interest to be able to estimate axial
tension accurately; it is not as important to obtain accurate stiffness estimates. However, these255

simulations serve to check the robustness of the estimated tension, even when the stiffness’s are
not very accurately estimated.

Four scenarios with different boundary stiffness are simulated, as illustrated in Figure 6 and
described in the caption. In these scenarios the first three natural frequencies are used, without
added mass, and with two added masses of m = 1/4 and m = 1/6, with J = 0.0208 and260

J = 0.0093, respectively. This gives a total 9 measured natural frequencies and 5 parameters to
estimate. The a posteriori estimate is chosen by following the procedure in Section 4.1, for all
scenarios the a posteriori of the tension is p̃ = 6, while for the confidence matrices, σω = 0.005
(±0.5%), and σp̃s = 1.

As tension p is set to the same for all scenarios there is no enforced relation between bound-265

ary stiffness and tension; in many real applications that would however be the case. Often a
clamping effect will cause tension in the element. In [19] an analytical expression relating axial
stiffness to tension is used for describing a tightened bolt’s relation between boundary stiffness
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Scenario 1 Scenario 2

Scenario 3 Scenario 4

Figure 6: Tensioned beam models: Scenario 1) Flexible in translation and rotation; 2) Clamped in trans-
lation, flexible in rotation; 3) Flexible in translation, clamped in rotation; and 4) Clamped in translation
and rotation.

and tension. Thus, the variance in the estimates can be made smaller if a rough relation between
stiffness and tension is taken into account when setting the a posteriori guess. This is not done270

here so as to show that the procedure works regardless.
Table 2 shows the estimated parameters for the four scenarios. The values are given as

the average plus/minus the standard deviation for a 1000 sample Monte Carlo simulation. In
the simulations an error is imposed on the frequencies, chosen from a normal distribution of
µ ± 2σ = 0 ± 0.5%. In Scenario 4, when the beam is effectively clamped-clamped, the mean275

axial tension p̂ is estimated very accurately and the standard deviation is small. This is because
increasing the tension estimate closer to the true value is the only way for the estimated frequen-
cies to fit the measured (as increasing stiffness further has no effect on the frequencies), whereas
for the other scenarios increasing either stiffness or tension can make the estimated frequencies
fit the measured, which makes it generally harder to obtain a correct estimate (unless there is no280

error in the measured data at all). The standard deviation of 0.3 of 10 for p̂ corresponds to an
accuracy in estimation of ±3%.

Table 2: Mean estimate and standard deviation of tension and boundary stiffness for four scenarios,
with error on normal distributed error on simulated frequency of σω = 10−2 (estimates based on a 1000
sample Monte Carlo simulation).

Scenario 1 Scenario 2 Scenario 3 Scenario 4

p̂s True Estimate± std True Estimate ± std True Estimate± std True Estimate ± std

p̂ 10 9.8 ± 1.2 10 9.8 ± 0.7 10 10.2 ± 0.6 10 10.1 ± 0.3
k̂1 500 506.3 ± 46.3 10000 10578 ± 2843 500 501.2 ± 12.5 10000 10116 ± 1764
k̂2 1000 994.8 ± 54.9 10000 9963 ± 2983 1000 996.5 ± 15.0 10000 10465 ± 1385
k̂3 50 60.2 ± 22.8 50 63.8 ± 25.9 1000 1118 ± 547 1000 1164 ± 560
k̂4 20 20.2 ± 1.7 20 20.0 ± 0.2 1000 1075 ± 560 1000 1226 ± 550

For illustration, Figure 7 shows an example of the iteration process for the estimated fre-
quencies ω̂. For each iteration the estimated frequencies get closer to the measured. Figure 8
shows, for the same example, the iterative process for the estimation of parameters. For each285

iteration these get closer to the true values (not actually known for a real case with experimen-
tally obtained frequencies). When the error in estimated frequencies is below the set threshold,
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the a posteriori guess is updated to be the estimated values of that iteration step (cf. Section
4.3), to ensure that the a posteriori guess, which is only roughly chosen, does not prevent es-
timated frequencies in converging towards the measured natural frequencies. As appears, the290

rotational stiffness k3 and k4 are not very accurately estimated, and barely move away from the
a posteriori estimate, this is because changing the rotational stiffness in this range of stiffness
will not change the estimated frequency.
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Figure 7: Example of iteration process for the estimated natural frequencies (Scenario 4). The y-axis
is normalized w.r.t. to the measured frequency without added mass. Dashed black lines: true frequen-
cies; green solid line: simulated ’measured’ frequencies with error; blue circle marker lines: estimated
frequencies, increasing marker size indicates increasing mass size (m = 0, 1/6, 1/4).

Iterations

k
4

Iterations

k
3

k
2

k
1p

0 2 4 6 8 10

0 2 4 6 8 10 0 2 4 6 8 10

0 2 4 6 8 10

0 2 4 6 8 10

102

103

5x103

103

104

5x104

103

104

5x104

102

103

5x103

0

5

10

15

Figure 8: Example of iteration process for the estimation of parameters (Scenario 4). Green solid line:
a posteriori estimate with update; dashed black line: true values; blue circle marker line: estimated
parameters.

5.1. Effect of varying the number of masses and measured frequencies
Scenario 1 and 2 are simulated again. The number of masses and natural frequencies are295

varied to check how this affects the quality of the estimates. The parameter estimation method
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is as described in Section 4 and the settings the same as in the previous simulations in Section 5,
except that the number of masses and natural frequencies are varied. Table 3 shows the results
for different combinations of masses and natural frequencies. The mean estimates are based on
a 500 sample Monte Carlo simulation, and as in the previous simulations an error is imposed on300

the frequencies from a normal distribution of µ ± 2σ = 0 ± 0.5%. It can be concluded that the
higher the mode included, the better the estimate, but also that even with as few as six measured
input frequencies, it is possible to obtain reasonably accurate estimations.

Table 3: Tension and boundary stiffness mean estimates over a 500 sample Monte Carlo simulation with
± standard deviations for a different number of added boundary masses m and number of frequencies ω j.
The mass m is 1/4, 1/6 and 1/8 of ρAl, with rotary inertia values J of 0.0208, 0.0093 0.0052 (included in
analysis in that order). The first column of estimated values is a reproduction of the estimates in Table 2.

.

2 × m, ω1−3 2 × m, ω1−2 3 × m, ω1−2 1 × m, ω1−4 2 × m, ω1−4

p̂s True = 9 inputs = 6 inputs = 8 inputs = 8 inputs = 12 inputs

p̂ 10 9.8 ± 1.2 9.4 ± 1.2 9.4 ± 1.2 9.9 ± 1.0 10.0 ± 1.1
k̂1 500 506.3 ± 46.3 506.0 ± 27.7 503.4 ± 23.5 500.8 ± 14.4 499.6 ± 14.2
k̂2 1000 994.8 ± 54.9 1009.2 ± 102.3 1013.8 ± 84.7 999.4 ± 11.1 1000.2 ± 11.1
k̂3 50 60.2 ± 22.8 71.3 ± 25.7 72.5 ± 25.2 56.0 ± 18.1 55.5 ± 19.7
k̂4 20 20.2 ± 1.7 20.0 ± 0.3 20.0 ± 0.3 20.0 ± 0.2 20.0 ± 0.1

p̂ 10 9.8 ± 0.7 9.3 ± 0.6 9.3± 0.6 10.0 ± 0.6 10.0 ± 0.5
k̂1 10000 10578 ± 2843 9053 ± 2883 9053 ± 3238 10029 ± 1204 10094 ± 1245
k̂2 10000 9963 ± 2983 9217 ± 3245 9094 ± 3051 10117 ± 759 10086 ± 700
k̂3 50 63.8 ± 25.9 71.3 ± 25.7 72.5 ± 32.1 52.7 ± 12.4 52.2 ± 11.1
k̂4 20 20.0 ± 0.2 20.0 ± 0.2 20.0 ± 0.2 20.0 ± 0.2 20.0 ± 0.2

6. Application example: Estimating tension in a real tightened bolt

This section investigates whether the presented method has application potential also for305

real systems and measurements. The method is tested with a real M12 steel bolt tightened in
a structure, with the purpose of estimating bolt tension. Experiments are made with the bolt
tightened to four different levels of tension. The setup and equipment is as in [19] and [20],
where the experimental details can be found. The setup has a force washer mounted between
the bolt head and the structure. This gives the advantage of knowing (to some accuracy at least)310

the tension to be estimated. In that way it can be tested if the method’s tension estimate is close
to the measured value.

Figure 9 illustrates the setup. There is an oversized hole in the aluminum structure, and the
force washer is not clamping the bolt transversely; thus, the bolt shaft can freely bend in the
transverse direction from head to nut. The bolt in the setup is not a perfect beam, like Figure 1,315

and the parameter estimation will only work if the model is reasonably close to reality. To make
the beam model correspond better to the experimental bolt setup, the mass of the bolt head, the
protruding end, nut and washers are included in the analysis as existing boundary mass in both
ends, in the same way as the added boundary mass is in Section 2. The length l in the model is
then taken as the inside length from bolt head to nut (leff = 0.225 m).320

The first two transverse natural frequencies are used in the analysis, and three masses are
added (as specified in Table 4). Based on the simulated results in Table 3, three masses do
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Figure 9: Experimental bolt setup

not provide a better tension estimation than two mass: the standard deviation in the estimate
of tension for Scenario 2 (a scenario similar to the bolt) remains the same with an additional
third small mass (1/8 of ρAl). However, this application example also serves to illustrate that it is325

actually possible to measure different shifts in frequency when applying different masses, which
can be properly tested with three masses. Additional higher mode natural frequencies could also
be have been used, which would increase the robustness of estimation. However, with higher
modes come three challenges: 1) The surrounding structure also has natural frequencies, and
the bolt has torsional and longitudinal modes too. Since the boundary conditions of the bolt are330

unknown, it is a challenge to distinguish and identify for higher modes, which frequency peak
from a measured frequency response correspond to the transverse natural frequency of the bolt,
and which are other mode vibrations. However, it can be noted that the method can skip a mode
in the estimation procedure, e.g., using only the 1st, 2nd and 4th transverse natural frequency
for estimation, which can be useful if other mode vibrations interfere with bending modes of the335

bolt. In this case, mode three could not be included in analysis, as it was heavily damped, and
not measurable with the accelerometer. 2) Due to increasing influence of shear deformation and
rotary inertia, the Euler-Bernoulli model becomes less and less accurate the higher the mode,
making the estimation less accurate. An algorithm using Timoshenko beam theory would be
needed [27, 28] to overcome this. For the slenderness ratio of this bolt, the unaccounted effects340

become rather significant after the third mode. Test calculations following [29] of the deviation
between Euler-Bernoulli and Timoshenko theory results in more than 4 % deviation for mode
4. For that reason, the fourth mode, which was measurable, is not included in the analysis.
3) Exciting transverse natural frequencies with a hammer impact above 15 kHz is difficult, as
most impact hammers cannot introduce that high energy in a system. To overcome this in future345

applications, excitation with a piezo-electric element is a possibility.
The range from which the a posteriori estimate is randomly chosen is based on Figure 10.

The principle is the same as presented in Section 4.1 and Figure 5 . The ratio ω1/ω2 are for
all four test less than 40 % (green area). The change of ω2 when adding mass is ∆ω2 < 1.5%
for all four cases (green area). On this basis the ranges are set to k1, k2 ∈ [8 × 103 − 3 × 104]350

and k3, k4 ∈ [8 × 100 − 1.8 × 101]. The upper limits are based on the fact that, even with
no tension, the stiffness parameters cannot be so large that these produce significantly higher
estimated frequencies than the measured frequencies for the tightest test. It can be noted, that
fitting the contact-stiffness model used in [19] to this case, with p as function of stiffness, gives
the same ranges of stiffness over tension for the bolt, as these ranges. The tension guesses are355

p = [1, 4, 6, 8.5]. The a posteriori guess is chosen randomly within a uniform distribution of the
ranges. To test the robustness of this, the estimation is repeated 100 times, so as to ensure that
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Figure 10: Contour plot of ∆ω1−2 and ω1/ω2 as function of symmetrical rotational and translational
stiffness, p = 10. Green: ∆ω1−2 < 1.5% and ω1/ω2 < 40%; yellow: 8% > ∆ω1−3 > 1.5% and
ω1/ω2 > 40%; red: ∆ω2 > 8%.

the estimated values are not just a fortunate coincidence. It can not be interpreted as standard
deviations of the estimates, as these depend on many parameters.

Table 4 gives the measured natural frequencies along with those estimated by the parameter360

estimation method. The deviations are in all cases less than 1 %, and in most less than 0.2
%. The measured frequencies decrease slightly when adding the boundary mass. The higher
the mode, the larger the decrease in frequency. Furthermore, the less tightened the bolt, the
larger the change in frequency. Both of this is in accordance with Figure 3 in Section 3. The
estimated parameters corresponding to the predicted frequencies in Table 4, are given in Table365

5. The estimated tension p̂ is close to that measured by the force washer (pexp) for all four
tests. The translational stiffness k1, k2 is estimated to be overall symmetrical, except for the
loose case (pexp = 1.6), where there is some asymmetry (right is more stiff than left). The
rotational stiffness k3, k4 is also asymmetrical, for the loosest case. It is not unreasonable to
expect that a loose bolt will not be not equally stiff, transversely, in each end. The column370

indicated by p̃s-eff express the deviations in estimates between different a posteriori guess. The
large variation in the estimates of translational stiffness k1 and k2 is due to their high value.
Considering Figure 3a, it is evident that for lower modes translational stiffness in the order of
104 corresponds to pinned boundary conditions, i.e. with no end translation. The exact value
of stiffness is therefore insignificant w.r.t to natural frequencies, which in turn reflects in the375

results of the algorithm, producing large stiffness estimates but with significant variation. To
obtain translational stiffness estimates that are more exact, a stricter scheme for choosing the a
posteriori guess than the one developed in Section 4 is needed. However, it can be noted from
Table 5 that the exact values of translational stiffness (all estimates effectively correspond to
pinned boundaries) are unimportant for obtaining accurate estimates of rotational stiffness and380

tension for the bolt.
In the scope of application for bolted joints, the axial tension is of interest while the bound-

ary stiffness is less important. For the four tested levels of bolt tightness, the deviation between
the tension measured by the force washer and the estimated tension as the bolt is tightened.
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Table 4: First and second measured natural frequency ω and estimated ω̂ of the bolt (in Hz), at different
levels of tightness pexp. ∆: the deviations between estimated and measured frequencies (in %)

Added mass,
rotary inertia

m = 0,
J = 0

m = 0.15,
J = 2.3e−4

m = 0.195,
J = 2.9e−4

m = 0.262,
J = 3.9e−4

Bolt tension ω ω̂ ∆ [%] ω ω̂ ∆ [%] ω ω̂ ∆ [%] ω ω̂ ∆ [%]

11% of σy 838.8 837.3 -0.17 833.8 835.1 0.15 834.3 834.8 0.15 - - -
(pexp=1.6) 2370 2372 0.06 2342 2352 -0.42 2341 2339 -0.12 2319 2332 0.59

41% of σy 943.4 942.7 -0.08 942.4 941.8 -0.06 942.4 941.7 -0.07 939.6 941.5 0.20
(pexp=5.8) 2539 2541 0.11 2532 2528 -0.18 2528 2526 -0.07 2519 2523 0.14

57% of σy 963.2 963.4 0.02 962.5 962.5 0.00 962.5 962.4 -0.01 962.3 962.2 -0.01
(pexp=8.0) 2566 2566 0.01 2550 2552 0.08 2550 2550 0.00 2549 2547 -0.08

75% of σy 1072 1073 0.05 1073 1072 -0.04 1072 1072 -0.01 1072 1072 0.04
(pexp=10.5) 2806 2798 -0.25 2805 2790 -0.53 2790 2789 -0.04 2767 2787 0.73

Table 5: Estimated parameters for four different experiments of the tightened bolt, repeated 100 times
with random a posteriori guess.

pexp 1.6 p̃s-eff. 5.8 p̃s-eff. 8.0 p̃s-eff. 10.5 p̃s-eff.

p̂ 1.5 ± 0.3 6.2 ± 0.7 8.3 ± 0.5 10.3 ± 0.3
k̂1 16461 ± 9444 18456 ± 6090 16225 ± 5690 31067 ± 7511
k̂2 12688 ± 8399 17395 ± 5829 16743 ± 5666 30893 ± 7400
k̂3 20.7 ± 2.6 13.5 ± 2.0 13.0 ± 1.4 38.2 ± 6.9
k̂4 5.8 ± 0.5 15.2 ± 1.3 14.6 ± 0.9 25.8 ± 3.5

For pexp = 10.5, corresponding to 75 % of yield stress, which is a nominal tension level for385

real industrial applications [15], the error in estimation is below 2 %. For comparison, a torque
wrench has an accuracy of ±30 % [15]. A hydraulic tensioner elongates the bolt, where after
the nut can be turned and the bolt tightened; when the pressure is released the bolt tension will
drop, to an extend depending strongly on bolt slenderness and the specific equipment [30]. In
[30] a table provides approximate drops in tension for different slenderness ratios; for a bolt 5390

times longer than its diameter the tension drop can be up to 20 %; on top of this, variation due
to structure geometry and lubrication can further increase the uncertainty in the final tension. In
[31] an ultrasonic bi-wave technique is reported to have an accuracy of ±10 %. On conclusion,
other methods exist, and there are advantages and disadvantages for each of them. This method
has the advantage of potentially providing the most accurate estimates, and provides informa-395

tion on boundary stiffness; however it can only be used in cases where transverse vibrations can
be excited, measured and accurately modeled.

The first two transverse bending vibration modes can be accurately represented by Euler-
Bernoulli theory if the slenderness ratio s is above 30: In test calculations following [29],
Timoshenko theory predict second mode natural frequencies to be up to 3-7 % lower, depending400

on the level of rotational boundary stiffness. Applications with bolts of s > 30 can, for example,
be found in flanges for pipelines and ship structures. The limitations w.r.t. slenderness ratio is a
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disadvantage if this method should be used for tension estimation. However, the method should
be compared to other methods, and these are very inaccurate. A further investigation for bolts
s < 30 is needed to determine the accuracy of the method, when the Euler-Bernoulli model is405

not adequate. The other challenge is to excite such transverse vibrations, especially if the bolt is
only accessible at the end. However, in [32] it was found rather easy to excite transverse natural
frequencies even from a longitudinal hammer impact, and tests on different clamped bolts have
been carried out in [19] and [20], successfully obtaining transverse natural frequencies. To
explore further the potential in transverse vibration-based tension estimation, it is necessary410

to conduct tests with a wide range of joints, including lap-joints and flange-connections, with
different sizes of bolts. As previously mentioned, it can be challenging to distinguish higher
transverse bending modes in a measured frequency response from other modes of vibrations
(e.g. longitudinal and torsional modes, and surrounding structure modes). The addition of mass
helps in this regard, as a small mass lowers the frequency of the transverse bending modes;415

the shift in frequency can be an aid in the identification of resonance peaks. By considering
other excitation techniques, some of the challenges of the method can possibly be overcome.
Preliminary experiments by the authors indicate that excitation with a piezo-electric element
could advantageously improve the S/N-ratio of frequency responses for shorter bolts with higher
frequencies, as well as increase the frequency resolution, by performing narrow-band frequency420

sweeps around resonances.

7. Conclusions

A novel method has been presented for estimating boundary stiffness and tension in beam-
like tensioned structures, by applying mathematical modeling and nonlinear Gauss regression
to measured natural frequencies. The novelty lies in the addition of a boundary mass with rotary425

inertia to one beam end. This changes the natural frequencies of the beam, without changing
the boundary stiffness and axial tension. In that way, more information can be obtained without
adding more unknowns. The addition of mass allows for using fewer natural frequencies for
the estimation. Another feature of this method is that it helps to avoid convergence toward
boundary stiffness estimates where the beam ends are swapped, since the problem is made430

asymmetrical with the added mass. The method is numerically validated by using simulated
noisy measurement data. The results showed that the method is robust, producing estimates
close to the true values with small standard deviations. It also showed that for some scenarios
the method is better than for others. A real test structure with a clamped bolt was excited,
frequencies measured, and mass added. The application example produced tension estimates435

very close to those measured by a force washer, lending confidence in the potential practical
applicability of the method.
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Abstract

Monitoring and control of tension in bolted joints is a difficult task that has received long-time attention. A
newly proposed technique is to hammer-impact the bolts and estimate the tension based on the vibration
response. This present work conducts a thorough experimental investigation of two different bolted struc-
tures to identify the potentials of the technique, particularly examining damping ratios and nonlinearity by
appropriate signal processing. The applicability of the method is checked by conducting tests with a real
multi-bolt structure. For higher tensions, the squared first bending natural frequency of a bolt increases
approximately linearly with bolt tension. This study investigates the sensitivity of that feature with respect
to impact force, i.e. the nonlinearity in the bolt’s frequency response. The damping ratio is estimated and
observed to decrease with tension, and is overall reproducible for the tested impact forces, though with
significant variation at low bolt tension. A time-frequency analysis provides insights into the variations
observed in the measured linear damping ratios and natural frequencies. The time-dependent damping ra-
tios generally depend on acceleration amplitude, especially for small amplitudes and low bolt tension. In
contrast, the instantaneous natural frequencies are found to be practically independent of amplitude. The
absence of significant nonlinearity is encouraging for the potential of a hammer impact-based technique for
estimating bolt tension.

Keywords: bolted joints, tension estimation, damping ratio, nonlinearity, time-frequency analysis

1. Introduction

Bolted joints are used in many engineering structures to connect components, but it is difficult to assem-
ble, tighten, and maintain the proper tension in bolts. Loosening of a bolt can occur due to various reasons,
e.g., external vibrations, thermal changes, or improper assembly, and eventually lead to failure [1]. Many
resources are spent on maintenance and tightening of large bolts or multi-bolt structures to avoid this. The5

wind turbine industry carries out maintenance of bolted joints in wind turbines to prevent failures ([2] in
2015, a tower collapsed due to loose bolts at the Lemnhult Wind farm in Sweden. Knowledge of bolt tension
is, therefore, very important for safe operation. Bolt tightening is a complicated and expensive procedure,
especially on multi-bolt structures such as wind turbines. The maintenance is often done as a precaution;
frequently the procedure was unnecessary, as, in fact, the bolt was not loose.10

There are several methods for estimating tension in bolts. The most used is torque control, due to the
simplicity of the method. Tightening is done by a simple torque wrench, and the method employs an
estimated relation between the applied torque and the resulting bolt tension. However, the torque-tension
relation also depends on unknown factors, such as plastic deformation of the threads, and friction between
bolt and structure, which result in variations up to 30 % [1]. A similar method is turn control, which15

relates the applied torque to the rotation angle of the nut. A problem here is that the torque-angle relation
only becomes linear after the angle reaches a certain magnitude, and that varies from bolt to bolt and also
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depends on the assembled structure [1]. Another approach is the ultrasonic method, based on measuring
the transit time for an acoustic wave i.e. the time it takes the wave to travel through the bolt and back.
The ultrasonic wave velocity decreases when mechanical stress is applied to the bolt, which increases the20

transit time. From the change in transit time, the elongation is obtained and related to the stress state in
the bolt [3, 4]. There are two ways to employ this: the mono-wave and the bi-wave method. The most used
in industry is the mono-wave method that employs longitudinal waves. Efforts in research have been made
to use a velocity ratio between longitudinal and transverse waves: the bi-wave method [5]. The benefit of
this refinement is that the transit time for an unstressed bolt is not needed as a reference, as it is for the25

mono-wave method. The ultrasonic method is more accurate than torque control [6]. However, the method
is sensitive to temperature [7], and if the bolt’s end is uneven, the results can vary depending on where
on the surface the wave is initiated. Vibration-based techniques for detecting failures in bolted joints have
been researched too, where the vibration response of the bolted structure is analyzed; e.g., Todd et al. [8]
observed that the structural modal properties are relatively insensitive to changes in clamping force and30

thus not ideal for estimating bolt tension. Also, the effect of bolted joints on modal properties of structures
has been researched, and simplified models for effective joint stiffness and damping proposed [9, 10]

This work is based on analyzing the vibration response of the bolt itself. Experiments are performed
with two bolts of different lengths, transversely hammer impacted (it is also possible to excite transverse
vibrations by a longitudinal impact [11]). Previous work [12] shows that for higher tensions, the squared35

first bending natural frequency of a bolt increases approximately linearly with bolt tension. The objectives in
this present work are to investigate the sensitivity of this feature to impact force, and to include a damping
ratio analysis to examine how damping relates to tension, and if it can be used to quantify bolt tension.
A thorough experimental investigation is carried out, testing different impact forces and tensions levels, as
well as checking for repeatability after disassembly of the setup. Besides classical modal analysis, time-40

frequency signal analysis is applied to closely examine if the bolt’s natural frequencies and damping ratios
are significantly dependent on acceleration amplitude; that is, if the tightened bolt must be considered as a
non-linear system. To investigate the applicability of the promising results obtained from the controlled lab
setup, a set of four bolts in a real structure are tested and compared to the lab results. On account of the
lab results, it is possible to estimate the tension in the four real bolts, based on their vibrational response45

(frequency and damping ratio).
Section 2 describes and discusses the experimental setup while signal processing and scaling properties

of damping ratios are described in Section 3. Section 4 presents the processed results and the associated
variability. Section 5 discusses the potential of the estimation technique based on the results obtained from
the multi-bolt structure. Section 6 concludes on the experimental results, and assesses the applicability and50

challenges in this emerging technique for estimating tension in bolted joints.

2. Experimental setup and procedure

2.1. Single bolt experiments
2.1.1. Setup

Figure 1 shows an example of the applied experimental setups, consisting of a single bolt tightened55

with a nut to a solid aluminum structure with washers on the outside. The force washer is placed beneath
the bolt head, along with two protective washers. The structure is placed on a foam bed to isolate the
setup mechanically. A transverse hammer impact on the protruding bolt end induces transverse vibrations,
measured by uni-axial accelerometers (B&K 4394) mounted in both transverse directions with beeswax on
the bolt head. To decrease variation in hammer hits, the threaded bolt end is filed flat to make the hitting60

surface smooth. For the experiment, a special force pendulum hammer (force transducer B&K 8230), with
a release mechanism to control the impact force, is designed to improve repeatability (also used in [12]).
The accelerometers and force transducer are connected to a signal conditioner and A/D converter (B&K
3160-A-4/2) that connects to a computer. The pendulum hammer is mounted in a plane roller bearing
to ensure that it falls with no twisting. The release mechanism is a plastic tube with a steel pin that the65

hammer is suspended from. When pulling the pin back through the tube, the hammer drops, ensuring the
same initial angle every time. The whole setup makes it possible to repeat hits at the same location and
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with the same force magnitude and direction. Figure 2 shows the real lab devices: the two test rigs for two
bolts of different length, the hydraulic tightening process, how the accelerometers are mounted, and the
pendulum hammer.70

A consideration is the natural frequencies of the supporting structure. They are measured to be well
above the first three bending natural frequencies of the free bolt, so in this frequency range, the structure
can be considered a rigid body, compared to the bolt. As the bolt is tightened, the boundary conditions
will gradually change, until the bolt effectively resembles a clamped-clamped beam, with an effective length
from nut to head. This setup is somewhat idealized and would not be found in real applications, as a bolt75

per default would clamp at least two structural parts together, and often more bolts are in the same jointed
connection. However, the idea of this setup is to investigate how tension affects the first transverse natural
frequency of the bolt itself and its corresponding damping ratio. Therefore, an important common feature
this setup has with many real bolted joints is that the bolt is free to vibrate between the nut and the head,
so that contributions to damping and stiffness only enter from the boundary (cf. Figure 3).

force washer

protective washers

nut

bolt

bolt head

acc 1

alu structurewasher

impact

acc 2

foam

hammer force tranducer

bolt

z

y

x
y

point

voltmeter strain gauge
amplifier

signal cond.

computer

A/D-conv.

Figure 1: Experimental setup
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Figure 2: Experimental devices
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2.1.2. Choice of test bolts80

A tightened slender bolt can, for the lower vibration modes, roughly be modeled as a clamped-clamped
axially uniform Bernoulli-Euler beam exposed to axial tension. Figure 3 illustrates this interpretation. The
surrounding structure is assumed to touch the bolt only at the boundaries and is therefore considered to
contribute to the transverse vibrations only as boundary stiffness and damping. The j’th transverse natural
frequency can then be calculated as (cf. Section 3.3):

ωj =
λ2j
ls

√√√√√E

ρ

1 +
σ

E

(
Kjs

λ2j

)2
, s = l

√
A/I, (1)

where E is Young’s modulus, σ the applied axial stress, ρ the density, l the bolt length, λj an eigenvalue for
mode j (depends on the boundary conditions), s is the slenderness ratio, where A is the cross-sectional area
of the bolt and I the area moment of inertia, and Kj is a mode shape dependent constant. Equation (1)
shows that the squared natural frequencies increase linearly with axial stress, with a proportion depending
on the slenderness s of the bolt; the more slender a bolt, the bigger the influence of the axial stress term in85

(1). The choice of bolt lengths is based on Figure 4. It shows the relative change in lowest natural frequency

bolted structure

bolt
tension

transverse
vibrations

Figure 3: Beam model interpretation

as a function of length for an M12 bolt when it has a relative pre-stress of σ/σy = 0.7, where σy = 640
MPa is bolt yield stress. Dashed lines indicate the two chosen bolts; they represent a ’long’ and ’short’ bolt,
respectively. As the figure shows, the chosen ’short’ bolt is five times less influenced by tension than the
chosen ’long’ bolt. The two test cases serve to illustrate the applicability and challenges in using vibrations90

as a measure of tension across dimensional properties. The properties of the two bolts are given in Table 1,
where l is the full length (head included), le is the effective length (the fixed part of the bolt, from head to
nut), r is the bolt radius, m is the mass, and ρ the density.

Table 1: Properties of the test bolts (the bolts are modified to fit the test rig and shortened 10 mm.)

Nominal Type l (mm) le (mm) r (mm) m (kg) E (GPa) ρ (kg/m3)

M12×260 8×8 258 225 5.9 0.218 ≈ 207 ≈ 7850
M12×140 8×8 140 100 5.9 0.120
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Figure 4: Solid line: relative change in lowest natural frequency as a function of length, for a clamped-clamped beam
with pre-tension (ωT is for σ/σy = 0.7 and ω0 is for σ = 0); Dashed lines: chosen bolts.

2.1.3. Tensioning procedure
In this work, a hydraulic tensioner (SKF Hydrocam HTS 9 M12×1.75) is used instead of a torque wrench

to improve control over the tension. The tensioner works by applying pressure to a cylinder clasping the
bolt. When pressure is applied, the bolt elongates, and the nut can be tightened by hand or by a tommy
bar. As the pressure is removed, the bolt slips back, and the tension is transferred to the bolted joint. To
determine the final tension, a force washer (HBM KMR 100 kN) is mounted, measuring the force F applied
to the bolt, which translates to stress σ by

σ =
F

As
, (2)

where As is the stressed cross-section of the bolt [1]. The force washer is connected to a strain gauge95

amplifier (HBM AE301S7) that is connected to a voltmeter; the readings from it can be converted to force
by using a preceding calibration.

2.1.4. Test plan
Each test series is a set of measurements where the bolt is tightened to various ratios of yield strength

(ten load steps). A single measurement consists of the decaying accelerations in time after a hammer impact100

measured in all three spatial directions. At each tension level the bolt is hit with four different impact
forces, ≈ [70, 100, 170, 400] N, and each measurement is repeated three times. Three test series for each
bolt is made, giving a total of 720 measurements. The quite extensive measurement plan is chosen to test
repeatability on two levels: The variability in immediate repetitions with no changes in the setup, and the
general variability in between each test series. If the variability of the dynamic properties in between series105

is of the same order of magnitude as the change due to different tension levels in a single series, it could be
problematic, this is illustrated in Section 4.

2.2. Multibolt setup
To illustrate the applicability of the results obtained in the controlled lab setup and make a vibration-

based estimate of tension, tests are also made with a real bolted structure. Figure 5 shows the setup, which110

is a four M16×190 bolt structure used for flowmeter measurements. A standard torque wrench is used for
tightening, and in this case, there is no force washer mounted to measure the tension. The four bolts are
tightened to [100, 150, 200] Nm, which, depending on the chosen nut factor [1], correspond to [20-40, 30-
60, 45-80] % of yield stress. The four bolts are mounted symmetrically, and when tightening to each level,
the tightening is performed diagonally and in three steps to try to make the four bolts equally tightened.115

An accelerometer is mounted transversely to the bolt shaft, and the hammer impact is made transversely
at the center of the bolt. In Section 4.6, the measured natural frequencies, and damping ratios are used to
estimate the tension of the four bolts.
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Figure 5: Multibolt structure for validation tests

3. Signal processing and analysis

The standard procedure for extracting modal parameters in linear systems is to calculate and process fre-120

quency response functions. Non-linear systems with amplitude-dependent natural frequencies and damping
ratios cannot uncritically be analyzed in that way. The dynamics of a tightened bolt may be strongly non-
linear due to, e.g., boundary friction and stiffness; this needs to be uncovered by making relevant signal
processing. To illustrate, this section treats, as an example, a single transient acceleration time series for
a test bolt in response to a hammer hit (σ/σy = 0.43, impact force 170 N). By the use of digital signal125

processing the first natural frequency and corresponding damping ratio are determined, both as fixed modal
parameters and as time/acceleration amplitude-dependent parameters. This procedure is performed for all
measurements, and the full results are presented in Section 4.

3.1. Filtering and beat frequencies
The measured acceleration signals, in both transverse directions, are filtered with a fourth order But-130

terworth bandpass filter. Figure 6 shows the Fourier transform of the original signal in the direction of the
hit, as well as the signal filtered around the first and second transverse natural frequency, respectively. The
passband encloses the peak with 200 Hz on each side.

Figure 7 shows the measured acceleration signals, in both directions, filtered around the first natural
frequency. Initially, the filter affects the signals (could be avoided by reversing the time series before applying
the filter [13]), so the initial time is neglected in the analysis. As appears, the signals are beating, i.e. the
acceleration amplitudes are slowly modulated. The beats are a result of the transverse near-symmetry
in the setup, giving close to identical natural frequencies for bending vibrations in the xy, xz-plane (cf.
Figure 1). The near-symmetry prevents the option of using, e.g., the 3 dB method for determining the
damping ratio because of the double peaks that can be seen in the insert in Figure 6. The 3 dB method
is based on a single-degree-of-freedom interpretation, and this is actually a two-degree-of-freedom case.
The modulation frequency is the difference in frequency of the two directions [14]. The beat frequency
arises from asymmetric boundary conditions: it is unlikely that the same boundary stiffness is obtained in
both planes, as the bolt is tightened, especially for low tension. The higher the tension, the lower the beat
frequency. Tamora [15] reports the same difficulty with determining damping for double peaks, which were
overcome by the Multi-mode Random Decrement method. Here the envelope is smoothed out by calculating
the total acceleration amplitude:

A =
√
A2

1 +A2
2, (3)
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Figure 6: Fourier Transformed acceleration signals. Solid line: unfiltered signal; Dashed line: filtered around 1st natural
frequency; Dotted line: filtered around 2nd natural frequency; Box insert: zoom of the double peaks, 5 Hz apart.

where A1 and A2 is the acceleration amplitude in each transverse direction, which Figure 7 also shows, as
well as the total envelope determined from (3). This procedure eliminates the beating, allowing a reasonable135

exponential envelope fit, and thus it is possible to obtain a meaningful decay rate. The purpose of this
procedure is to get a robust measure for the energy dissipation. In Section 4.3, it is shown how well it works
by looking at correlation coefficients of the exponential fit. The envelopes of the signals are computed using
MATLAB’s function envelope, with the setting analytic. The function determines the envelope by using
the magnitude of the analytic signal. The analytic signal is computed by filtering the input signal with a140

Hilbert finite impulse response filter of the length 5000 (0.04 of the sampling frequency). The computed
envelopes in Section 4 are referred to as the function x̃(t).

In regards to the first transverse natural frequency, the beat does not cause a problem. In Section 4, the
frequency in the direction of the hit is used, and it is singled out as the largest peak of the double peak in
Figure 6. Furthermore, the beat frequency is so low that it would not make a significant difference for the145

analysis if the perpendicular transverse natural frequency is used instead.

3.2. Damping ratio estimation
Section 2.1.4 describes how the tests are made with different, but always controlled, impact forces. Two

questions are then relevant: How dependent is the damping ratio on the initial impact force, and how much
does it change when the acceleration amplitude decreases over the measured time?150

The first approach, in this work, is to assume the system to be linear over the full time of vibration and
fit a single exponential decay to the envelope obtained by (3). Figure 7 also shows such a fit with the form:

x(t) = A0e
−βt, (4)

where A0 is the initial acceleration amplitude and β = ζω, where ω is the transverse natural frequency of
the relevant mode and ζ the corresponding damping ratio.

The second approach is to evaluate the exponential decay within a sliding time window to see how
dependent the decay rate is on time or acceleration amplitude. A window of length tspan will give a fit xi:

xi(t) = A0e
−βit, t ∈ [ti; ti + tspan], (5)

and provide a decay rate βi as a function of ti. This gives a piece-wise linear damping ratio valid for
t ∈ [ti; ti + tspan]. For that reason, it is referred to, in Section 4.5, as time-dependent, and not instantaneous.
The function in (4) has two parameters to fit, A0 and βi. The initial acceleration amplitude after a hammer155

impact is known, and thus A0 is not reasonable to consider a fitting parameter. Therefore, in the procedure
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Figure 7: Filtered acceleration time signal, around 1st natural frequency, measured in two directions and envelopes.
Dark/blue: direction of hit; Light/grey: perpendicular to hit direction; Dashed line: A1 and A2; Solid line: A;
Thick/yellow dashed line: Exponential fit (cf. (4)) to A. Illustration of principle for determining a time-dependent
damping ratio with exponential fits xi and xi+1 fitted for the time span tspan starting at ti and ti+1.

with the sliding window, the initial amplitude A0 is kept the same, so the piece-wise fits only estimate the
decay rate βi.

Figure 7 illustrates the principle of the fitting process with a sliding time window. A fit xi is made for
each ti. For the analysis of the short and long bolt, the window length is tspan = 1/3 s, the sliding step is160

1/20 of the window length. With those settings, the damping ratio is evaluated at 40 points (i = 1, 2..40)
over the 1 s of measurement.

Figure 8 shows an example of the piece-wise linear damping ratio as a function of time ti. Each dot
represents the damping ratio evaluated for a fit xi (cf. Figure 7) and the last dot is evaluated for the last
1/3 of the sampling time. The oscillating character of the damping ratio over time is due to the remainder165

of beats in the envelope, which transmits to the exponential fits. For this example, the variation over time
is not very large, less than 5 %, but that depends on the tension level (cf. Section 4.5). As appears, the
damping ratio generally decreases over time.

Other works consider the concept of instantaneous or time-dependent damping ratios: Kuether and
Brake [16] applies Short Time Fourier Transform, Goyder et al. [13, 17] a curve-fitting process, with a170

decaying oscillator equation as the fit function, and Tamura [15] applies a range of methods, including a
Random Decrement-based method. What they all have in common is that they observe the same tendency,
the damping ratio is time or amplitude-dependent, despite the experimental setups being widely different.

The time-dependent damping ratio is only meaningful as long as the bolt is still vibrating. For the
heavily damped cases, the bolt stops vibrating within one-tenth of a second. To accommodate that, ζ(ti) is175

only evaluated for times ti, where the acceleration amplitude has not yet reached zero. For those cases, the
window length tspan is 1/3 of the vibration time (i.e. not the full sampling time) and the sliding step is still
1/20 of the window length, thus the time-dependent damping ratio is always evaluated in 40 points in time.

3.3. Scaling properties of the equivalent damping ratio
The contributions to damping can come from many sources [18, 19]. In this section, three of these are180

considered, so as to roughly estimate how the effect of each scales with bolt properties: dry friction at the
boundary, and external and internal beam damping. Each type is considered separately, as the dominating
contribution to damping. The results are used in Section 4.2 to estimate the main source of damping at
different tension levels. A detailed study of the damping mechanisms involved is beyond the scope of the
present work; thus very crude modeling is employed, with the limited purpose of just providing hypotheses185
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Figure 8: Damping ratio evaluated over time. Solid line: constant damping ratio ζ from single fit; Dots: damping ratio
ζ over time ti.

on how the equivalent linear damping ratio could scale with bolt properties, for different mechanisms of
damping.

First, consider dry friction at the boundaries as the main contribution to damping. The hammer impact
will excite many vibrations modes, but considering the lowest as dominant, its amplitude will be roughly
governed by the linear oscillator equation:

q̈ +
ceq

m
q̇ + ω2q = 0, (6)

where ω is the first transverse natural frequency of the bolt, m = ρAl is the first-mode modal mass (assuming
unit-normalized mode shapes) and the equivalent viscous damping constant, assuming a permanent sliding
in the friction contact, is: [20]:

ceq =
4µN

πωX
, (7)

where µN is the friction force, ω is the vibration frequency and X is the interface displacement amplitude.
The equivalent linear damping ratio is obtained by letting ceq/m = 2ζω in (6), and using (7):

ζ =
ceq

2ρAlω
=

2µN

πρAla0
, (8)

where a0 = ω2X is a rough estimate (assuming insignificant motion of the surrounding structure) of the
acceleration amplitude just after hammer impact. Comparing the damping ratios ζl and ζL of two bolts with
lengths l and L, it follows from (7)-(8) that

ζl
ζL

=
ρLALL

ρlAll

(µN)la0,L
(µN)La0,l

. (9)

For the particular case of the two bolts in the experiments, where it is assumed that the boundary conditions,
the friction force µN , and a0 (evident from the experimental results in Section 4) are the same for the two
bolts, and also given that the two bolts have the same cross-sectional area and density, the following relation
can then be deduced:

ζll = ζLL (dry friction), (10)

predicting that, for otherwise similar bolts, damping ratio scales inversely with length if dry friction is the
dominating contribution to damping.
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Next consider internal and external beam damping. The equation of motion for a damped Bernoulli-Euler
beam in tension, but otherwise unforced can be written [21]:

ρAü+
EI

l4
u′′′′ + c1u̇+ c2u̇

′′′′ − Aσ

l2
u′′ = 0, (11)

where u = u(x, t) is the transverse deflection at time t, x ∈ [0, 1] is the length-normalized axial coordinate,
EI the bending stiffness, σ the axial stress, and c1 and c2 are the coefficients of external and internal
damping, respectively. A single-mode approximation can be written

u(x, t) = ϕ(x)q(t), (12)

where ϕ(x) is an assumed mode that satisfies the boundary conditions and is normalized so that
∫ 1

0
ϕ(x)2dx =

1, and the modal amplitude q is governed by

q̈ + 2ζωq̇ + ω2q = 0. (13)

Here the natural frequency ω corresponding to the mode ϕ is

ω =
λ2

ls

√√√√E

ρ

(
1 +

σ

E

(
Ks

λ2

)2
)
, (14)

where s = l/
√
I/A is the slenderness ratio, and K and λ are mode shape dependent dimensionless and

length-independent constants:

K2 =

∫ 1

0

(ϕ′)2dx, λ4 =

∫ 1

0

(ϕ′′)2dx, (15)

and the damping ratio ζ is:

ζ =
c1

2ρAω
+

c2λ
4

2ρAω
(16)

The inverse scaling of damping ratio ζ with frequency ω appears to agree with [19, 22] for the case where
material damping is dominant. However, this supposes the constant c2 (here just an arbitrary constant
of proportionality in the differential equation (11)) is really a material constant, i.e. independent of bolt
geometry. To estimate c2 from primary physical quantities we may correlate the second term in (16) with
the expression for the loss factor η associated with transverse heat flow accompanying bending vibrations
[19, 22]:

η =
α2ET

cv

f/f0

1 + (f/f0)
2 , (17)

where α is the thermal expansion coefficient, E the elastic modulus, T the temperature, cv the volumetric
heat capacity (specific heat times density), f the frequency of oscillation, and f0 the relaxation frequency (in
Hz):

f0 =
π

2

κ

cvh2
, (18)

where κ is the thermal conductivity and h the specimen thickness. Many kinds of linear and nonlinear
damping mechanisms can be involved in material damping, but the estimate provided by (17) alone was
shown in [19] to provide for most of the loss factor experimentally measured for aluminium cantilever
beams vibrating in bending at room temperature in the frequency range f/f0 ∈[0.1; 100]. For steel at room
temperature (T = 293 K) typical material parameters are α = 12×10−6 K−1, E = 2.1×1011 Pa, κ = 45
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W/mK, cv = 3.8×106 J/m3K, and the relaxation frequency is of the order f0 = 0.5 Hz for the M12 bolts (h
≈ 6×10−3 m) tested in this study. Thus, with the lowest bolt natural frequencies involved of the order f
= 600 Hz, the ratio f/f0 is very large, so that the second fraction in (17) is well approximated by just f0/f.
Recognizing that for effectively linear damping ζ = η/2 at resonance [20], and using (17) with (18), the
dominating part of the expected linear damping ratio associated with bending becomes approximately, for
f/f0 � 1:

ζ =
α2ET

2cv

f0
f

=
πκET

f

(
α

2cvh

)2

. (19)

Equating this to the internal damping term in (16) and solving for c2 gives:

c2 = π3κETρ

(
α

cvλ2

)2

, (20)

where ω = 2πf, h = r, and A = πr2 are inserted. Thus the damping coefficient c2, estimated this way, is190

independent of bolt dimensions; the physical specimen configuration is involved only in λ, which depends
on the boundary conditions (and also grows with mode number), but does not depend on bolt configuration
(cf. (15)). Again we emphasize the necessarily rough modeling underlying this reasoning; in particular we
use the model (17)-(18) for frequency ratios f/f0 exceeding the experimentally validated 4-decade range
0.1-100 with at least a single decade.195

As for external beam damping, i.e. the c1-term in (16), its origin would be mainly the viscosity of the
surrounding air; thus the damping coefficient c1 generally depends on bolt geometry, which in turn also
affects the natural frequency ω in the denominator of the c1-term. This means that external beam damping
likely does not trivially scale with inverse frequency. However, though air damping could be of significance
or even dominating in case of a flexible structure in large-amplitude motion, the transverse deformations200

(and velocities) associated with bolt vibrations in our experiments are so small that supposedly little energy
is dissipated from moving air, as compared to what is dissipated first and foremost by boundary damping,
and then by viscoelastic beam bending (the c2-term already considered above).

3.4. Instantaneous frequency
The instantaneous frequency of the narrowband filtered monocomponent signal (cf. Figure 7) can be

determined by the method of zero-crossings. The time signal is discrete, so the zero-crossing point is de-
termined by linear interpolation between the two points closest to zero on each side of zero. The time
between two zero-crossings is a half-period, so to determine the frequency, the time between three crossings
is considered. The frequency becomes a function of time by:

f(tj) =
1

tj+2 − tj
, j = 1, 2.. (21)

where tj is the time of the jth zero crossing. Figure 9 shows the instantaneous frequency for the example205

introduced in Section 3. The beginning of the signal is not reliable, as end effects from the filter influence
the signal. The fluctuations increase with time as the acceleration amplitude decreases, and the S/N-ratio
decreases. Slow fluctuations are seen in this case, which is the observed beat frequency of 5 Hz, meaning
that f(tj) alternates between two close natural frequencies in two near symmetric planes, corresponding
to first mode bending oscillations. The beat frequency exists because of asymmetric boundary conditions,210

which occurs when the tightening procedure has not enforced the same boundary stiffness in both transverse
directions of the bolt. There are no signs of a significant tendency over time, which implies that the frequency
is virtually independent of vibration amplitude.

There are other methods to determine instantaneous frequency, such as the Hilbert Transform [23] and
Short Time Fourier Transform [16]. They were tested and showed the same: the frequency is virtually215

independent of vibration amplitude.
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As mentioned, all the acceleration measurements are one second long. However, the instantaneous
frequency is only meaningful as long as the bolt is still vibrating - the smaller the acceleration amplitude,
the larger noise and thus error. For the heavily damped cases, vibrations end long before one second has
passed. Therefore Figure 9 can be shown conveniently with acceleration amplitude rather than time as the220

independent variable. In that case, potential noise will cluster at very small amplitudes. A figure for each of
the 720 measurements is too many to show, so Section 4.5 shows selected time series, for different levels of
tension, to give a general picture of the natural frequencies dependency on vibration amplitude.

Time (s)

F
re

q
u
e
n
cy

(H
z
)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

930

940

950

960

Figure 9: Solid line: instantaneous frequency f(tj) of 1st mode; Dashed line: constant frequency f estimated from FRF.

4. Results

4.1. Natural frequency225

Figure 10a and 10b show the first transverse natural frequency as a function of tension for the long and
short bolt, respectively. The nominal tension for a typical bolted joint is σ/σy ≈ 0.7 [1]. An approximately
linear relation between tension and the squared natural frequency begins around σ/σy = 0.25 for both
bolts. At that point, the boundary stiffness imposed by the tension is so high that the bolt mechanically
behaves effectively as a clamped-clamped beam. Below σ/σy = 0.25, the strong increase in frequency with230

increased tension is due to the changing boundary conditions. The figures are in agreement with [12] and
are thoroughly explained there. Below σ/σy = 0.25 the frequencies in Figure 10 are dependent on the
impact force (indicated by symbol marker size), especially for the short bolt, which shows as scattering
in the data points within the same tension level. Especially for the strongest impact force (largest marker
symbols) the estimated frequencies vary. Due to asymmetry in the boundary stiffness in the two planes235

at low tension, a double peak appears in the frequency response function (cf. Section 3.1). However, as
accelerometers are mounted in both transverse directions, the natural frequency in the direction of hit is
singled out as the one with the largest magnitude (Figure 10).

4.2. Damping ratio
For each transient measurement a corresponding decay rate is determined by employing the digital signal240

processing explained in Section 3. The effective linear damping ratio ζ can then be calculated as β/ω. Figure
11 shows the damping ratio as function of tension for the long and the short bolt. As appears, the damping
ratio decreases with tension. For the range below σ/σy = 0.25, there is a significant variation between
the estimated damping ratios for different impact forces, and the damping ratio is much larger than for the
more tightened bolt. The confidence in the exact damping values for that range is therefore not high, but245

the measurements stand out to such a degree that just by listening to the dull sound from the impact, it
is evident that the bolt is not strongly tightened. The variations are generally found between the different
impact forces, not when the same impact force is repeated. Overall a stronger impact gives larger estimated
damping ratios. A similar damping-tension relation exists for the second mode but the decrease in damping
ratio is less strong.250
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Figure 10: Measured 1st natural frequency as a function of tension. (a) long bolt (b) short bolt. Each test series
indicated by ◦, �, �. The increasing impact force [70, 100, 170, 400] N is indicated by increasing marker size. For every
strength there are three measurements.

As it appears from Figure 11, the damping ratio of the well-tightened bolt, σ/σy ≈ 0.7, is significantly
larger for the short bolt than for the long one. The two bolts have the same properties except for length
(cf. Table 1). Figure 11a and 11b are joined in Figure 12, where the damping ratio further is scaled with
the slenderness ratio s. In this case, the slenderness is only a scaling with the effective length le, as the
radii of the bolts are the same. The figure shows that the scaled damping ratio for the long and short bolt is255

of the same magnitude, as was the hypothesis in Section 3.3 for damping dominated by dry friction at the
boundary (cf. (10)). To confirm this scaling hypothesis, more bolts with different lengths need to be tested.

Also, the observed larger damping ratios for stronger impacts agree with the general tendency for damp-
ing to increase with mechanical stress amplitude [18], which has also been observed for bolted joints
[9, 10]. Considering which type of damping could be dominant (cf. Section 3.2), it appears that dry260

friction/boundary damping is dominating through the full range of tension (and thus frequency) values:
For internal beam damping to be dominant, the damping ratio should decrease in inverse proportion to
frequency (cf. (19)); however the short bolt (with the highest) frequency displays much higher damping
ratios than the long bolt. Also, though for each bolt the damping ratio decreases with tension (and thus
frequency), it does so at a rate much higher than the ω−1-rate predicted for internal damping; the observed265

decrease rather scales as ω−8 (cf. Section 4.6)). Finally, the observed damping ratios are orders of magni-
tude too high for being explainable by mainly internal material damping: Inserting actual parameter values
for steel (Section 3.2) in (19) gives ζ ≈ 6×10−4/f, or for the range of 1st mode natural frequencies f ∈
[600; 3600] Hz relevant for the M12 test bolts in this study, expected damping ratios of the order 10−5-10−4

%. This is at least a factor of 103-104 smaller than the damping ratios actually measured. On this basis, we270

suggest material damping to be negligible for the bolts tested, as compared to other sources. Rather, the
observed dependency of damping ratio with bolt length and tension for the two bolts could be understood
as a consequence of gradually restricted boundary movement towards clamped conditions, as tension is
increased: At low tension the bolt boundaries are far from effectively fixed, allowing significant microslip
and thus boundary friction; with increased tension the boundaries become increasingly fixed, allowing less275

microslip and thus decreased boundary damping. In the limit of ideally fixed boundaries, damping would
be dominated by material damping in the bolt shaft, but apparently, even the long bolt is not near this limit.
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Figure 11: Damping ratio ζ as a function of tension. (a) long bolt (b) short bolt. Markings as for Figure 10.
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Figure 12: Slenderness scaled damping ratio ζs as a function of tension. Long and short bolt tests: ◦, �. The impact
force [70, 100, 170, 400] N is indicated by increasing marker size. For every strength there are three measurements.

4.3. Correlation coefficient of exponential fit
Figure 13 shows how well the exponential decay model fits the acceleration envelope (cf. Section 3.1)

by plotting the coefficient of determination (R2) for each fit. The closer R2 is to unity, the smaller the sum280

of squared errors. Generally, the R2-values are close to unity (R2 > 0.99) for both bolts, but there are some
outliers (R2 < 0.99). The outliers can be attributed to measurements errors. By inspecting the acceleration
envelopes of the cases with R2 < 0.99, it was found that either one of the accelerometers was loose or one
was not mounted 90 degrees to the other. A non-right angle will offset the phase between the measured
accelerations. Both issues will entail that the total acceleration envelope (3) is still effected by beatings.285

However, when the beatings are successfully removed by the procedure in Section 3, the exponential fit
always has a R2-value higher than 0.99. Conclusively, the figure shows that a simple exponential decay
is a sufficient model for the envelope of measured transient vibrations. This implies the damping to be
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effectively linear over the range of tension and impact forces used, with a weak dependency on vibration
amplitude for the smallest vibration levels.
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Figure 13: Coefficient of determination R2. (a) long bolt (b) short bolt. Markings as for Figure 10.

290

4.4. Impact force and initial acceleration amplitude
At each tension level, the bolt is impacted with three different impact forces. It is checked how large the

initial accelerations are at the same measurement location for a given impact force. Figure 14 shows the
magnitude of maximal measured acceleration amplitude (the root of summed squares for two directions).
In that way, if either hit or the mounted accelerometers are a little off-angle, the acceleration value will295

still reflect all the energy imposed in the bolt. It shows all the impacts for both the short and long bolt. As
mentioned in Section 2.1.4, the impact forces are attempted to approximately take on the values [70, 100,
170, 400] N, why there are four corresponding clusters in the figure. Significantly, the clusters for the two
bolts are atop each other, with only a small bias (on average, the accelerations of the long bolt are slightly
larger than for the short bolt). Thus, the initially measured acceleration amplitude is roughly the same for300

both bolts, i.e. independent of length. This is significant as it provides an additional common feature for the
bolts, and it is used in Section 3.3 as an assumption for predicting how the damping ratio could scale with
bolt length if dry friction is dominating.

4.5. Instantaneous frequency and time-dependent damping ratio
Figure 15 shows the natural frequency’s relation to vibration amplitude for different tension levels, for305

an excerpt of the 720 measured time series. The instantaneous natural frequency f(tj) (cf. Section 3.4) is
normalized by the corresponding regular natural frequency f (Figure 10) and is given as a function of nor-
malized acceleration amplitude x̃(tj)/x̃(t1). The instantaneous acceleration amplitude x̃(tj) is estimated as
the magnitude of the analytic envelope (cf. Section 3.1) at time tj , and normalized by x̃(t1), the acceleration
amplitude at the first estimated zero-crossing’s frequency f(t1). The figure shows three different levels of310

tension (low, medium, high) for the strongest applied impact force (potential amplitude dependency should
be most pronounced with strong impacts). As appears, there are small fluctuations in the instantaneous fre-
quency (2%) for the long bolt (Figure (a)) when the tension is low, and the amplitude is small, when more
tightened (medium, high), the variations are less than 0.25 %. For the short bolt (Figure (b)) the measure-
ment time of one second is enough for the vibration amplitude to effectively reach zero, which decreases315

the S/N-ratio, and explains the sudden frequency variations when x̃(tj)/x̃(t1) approaches zero. When more
tightened (medium, high), the long bolt’s vibrations do not settle down completely during the measurement
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Figure 14: Total magnitude of the initial acceleration amplitude (root summed squares for two transverse directions)
as a function of impact force. Long and short bolt tests: ◦, �. Insert of the smallest impact forces = [60:120] N.

time, why the same is not seen. The remaining time series (not shown in the figure) give similar results:
the natural frequency does not change when the vibration amplitude decreases. In conclusion, the natural
frequency is effectively linear for the tested range of tension and independent of the applied impact forces.320
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Figure 15: Instantaneous natural frequency f(tj)/f as function of normalized acceleration amplitude. (a) long bolt (b)
short bolt.

Figure 16 shows the estimated time-dependent damping ratio’s relation to vibration amplitude for se-
lected levels of tension. The time dependent damping ratio ζ(ti) (cf. Section 3.2) is normalized by the
corresponding regular damping ratio ζ (Figure 11) and it is given as a function of normalized acceleration
amplitude x̃(ti)/x̃(t1). The acceleration amplitude x̃(ti) is estimated as the magnitude of the analytic enve-
lope (cf. Section 3.1) at time ti, and it is normalized by x̃(t1), the amplitude at the initial time for the first325

estimated damping ratio ζ(t1). The figure shows results from the same time series as Figure 15. As appears,
the damping ratio is somewhat amplitude dependent. The amplitude dependency is most significant for
small amplitudes, while for larger amplitudes the damping ratio is almost constant. The amplitude depen-
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dency also decreases as the bolt is tightened, most pronouncedly for the long bolt, e.g., if considering the
amplitude range x̃(ti)/x̃(t1) ∈ [0.2; 0.4] the slope of ζ(ti)/ζ significantly decreases with tension. The remain-330

ing time series show similar results: the damping ratio is significantly amplitude dependent. The results
correspond well with Figure 11, where a stronger impact force gives larger damping ratio. In conclusion, if
one wants to apply a linear damping ratio estimated from a single exponential fit, the impact force has to be
the same every time, for the damping ratio to be reproducible.
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Figure 16: Time-dependent damping ratio ζ(ti)/ζ as function of normalized acceleration amplitude. (a) long bolt (b)
short bolt.

4.6. Illustration of estimation technique by comparison to tests on a real bolted structure335

This section shows how the dynamic features presented above can be used to estimate tension. One
way of estimating the tension is by plotting the damping ratio as a function of (e.g., the lowest) natural
frequency, normalizing both with respect to a tight bolt. The normalisation values (ωtight, ζtight) for each
bolt are taken from Figure 10 and 11 at σ/σy = 0.8. For the short and long bolt, this leads to Figure 17a,
where a red-yellow-green color-coding indicates the stages loose-medium-tight bolt. As appears, the short340

and long bolt follow the same trend.
Table 2 shows the results for damping ratios and natural frequencies for the multi-bolt structure tightened

to four levels of torque. It is seen that increasing the torque for all four bolts decreases the damping ratio
and increases the frequency, but that the four bolts do not obtain the same values.

Figure 17b show these multi-bolt results atop the lab-results from Figure 17a. The normalization value345

ωtight for the multi-bolt structure is based on a tight bolt; i.e. a theoretically clamped-clamped beam with
an estimated effective length from head to nut (cf. (1)). The damping is expected to be dominated by dry
friction, as the other bolts indicate to be. The normalisation ζtight for the multi-bolts is estimated from (8),
by inserting the data set of Bolt 2 (0.10% and 2465 Hz) from Table 2 and estimating an approximate ceq
(Bolt 2 is chosen as it has the lowest damping ratio; then the estimated ceq is expected to be closest to the350

case when ζ = ζtight). To determine an approximate ζtight, equation (8) is used again, now inserting the
estimated ceq and ωtight. By this normalisation the real bolts follow the same trend as the two lab bolts
(Figure b).

Figure 17b and Table 2 suggest that the four bolts are not equally tightened, despite the efforts to do
so. Only Bolt 1 and 2 are tightened as much as the predicted and attempted 45-80 % of yield stress. Bolt 4355

changes only insignificantly in frequency and damping ratio between 150 and 200 Nm. When performing the
hand tightening, it was noticed that the nut of Bolt 4 was very dry and the turn resistance high. When using
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a torque wrench, a significant amount of the torque can merely go to the resistance in the thread without
the bolt actually being tensioned properly. This problem is revealed by using vibrations for estimation.

In the lab setup (short and long bolt) many precautions were taken to try to isolate the effect of tension:360

The bolt is clamped in a single structure, which behaves as a rigid body in the frequency range of interest,
the impact force is controlled, and the direction of hit is controlled. In the real structure, none of this
is controlled, but despite this, the behavior is roughly the same. The tests on the four-bolt structure also
underline the need for tension estimation, as the torque wrench appears highly inaccurate.

Except for the lowest frequencies (and thus lowest bolt tension values), the data for all bolts in Figure365

17 tend to roughly follow a straight line of slope −8 in the log-log diagram, i.e., independent on the scaling
values ζtight and ωtight, the damping ratios tend to decrease in inverse proportion to ωn, where n≈8. This
is very far from the n=1 rate predicted if material damping of the form considered in Section 3.3 should be
dominating (cf. (19)). Though we cannot explain this particular scaling, at least it again suggests material
damping of the type considered in Section 3.3 to be overruled by other mechanisms, even for high tension370

values (higher frequencies).

Table 2: Natural frequencies and damping ratios of the four bolts

Bolt 1 Bolt 2 Bolt 3 Bolt 4

1st natural
frequency [Hz]

Hand tight 2131 1741 1968 2266
100 Nm 2296 2318 2245 2351
150 Nm 2367 2413 2322 2409
200 Nm 2582 2465 2403 2426

Damping
ratio [%]

Hand tight 0.53 0.70 0.53 0.58
100 Nm 0.24 0.16 0.42 0.15
150 Nm 0.19 0.11 0.27 0.11
200 Nm 0.14 0.10 0.14 0.11
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Figure 17: Natural frequency as function of damping ratio, normalized w.r.t. a tight bolt (ωtight, ζtight): (a) Long and
short bolt tests: ◦, �. Tension indicated by color and marker size. (b) The four real bolts: Big color markers ◦, �, 4,/;
Long and short bolt tests: small grey markers ◦, �.
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5. Discussion

In Section 4.6, it was shown that by using measured natural frequencies and damping ratios, it is possible
to estimate the tension level in a real multi-bolt assemblage, and it demonstrated that a torque wrench is
a highly inaccurate tool. Also, the correlation between tension, natural frequencies, and damping ratios in375

the multi-bolt system is similar to the correlations found for the long and short bolt lab setups. The quality
and robustness of this estimation still need to be uncovered. One important factor is the quality of the
normalisation values (ωtight, ζtight). For the lab setup, measured values were used; for the real four-bolt
structure, the normalization is based on theory. It would be more accurate if it were based on a measurement
for an optimally tightened bolt, for the specific case.380

Another factor is the damping ratio. As Figure 11 shows, the decrease in damping ratio is most sig-
nificant at low tension, while at higher tension, the decrease is almost at a level where it is comparable
with measurement inaccuracies. Considering Figure 17a this leads to quite a broad band of measurement
points, because of this inability to get a more reproducible damping ratio. The lack of reproducibility may
be the behavior of damping ratios; small and sensitive to friction, thus not the same every time the setup is385

mounted. Another explanation can be that a linear damping ratio is a simplification, as the time-dependent
analysis of damping shows it to be for small amplitudes. To obtain better estimates, it could be necessary to
consider impact force and at which amplitude levels to evaluate the damping ratio.

As the damping ratio cannot be determined very accurately, another option is to use the second natural
frequency and damping ratio as well. This could increase the robustness, as the tension estimation would390

be based on four measured values instead of two.
Above 25 % of yield stress, for both the long and short bolt, the squared natural frequency increases

approximately linearly with tension and is independent of impact force. The damping ratio only decreases
weakly with tension above 25 % of yield stress, and especially for the long bolt, the time-dependent damping
ratio is also almost independent of vibration amplitude. For these two reasons, the bending vibrations in the395

bolt-structure system can be regarded as effectively linear for tensions above 25 % of yield stress. To be able
to consider the system as linear is advantageous, as linear models are easier to apply than nonlinear models.

The tests on the four-bolt structure are only preliminary. To properly know the potential in vibration-
based tension estimation, tests should be made on a wide range of joints: lap-joints and flange-connections,
with many different sizes of bolts. In that way, the scaling hypothesis in Section 3.3 can also be explored400

further.
All the results in Section 4 contributes to the application purpose of estimating tension in a bolt from a

hammer impact. Besides the option of plotting damping ratio as function of frequency, as done in Section
4.6, there are other possibilities: 1) A single impact on a bolt can show if the bolt is so weakly tensioned
that it is unsafe, as the damping ratio will be strikingly large; it is a good measure for discovering a weakly405

tightened bolt without much effort (and is actually a quantitative parallel to the long-time used approach
of detecting, by ear, loosened bolts, by tapping they tend to sound dull). 2) During initial mounting, three
successive hits can be applied, tightening the bolt in between; if the damping ratio stops decreasing between
the second and third impact, the bolt should be tight enough. 3) If the difference in the time-dependent
damping ratio and the regular damping ratio is small, it could indicate that the bolt is tightened sufficiently.410

4) the absence of significant nonlinear influence at the lowest bending natural frequency strengthen this as
a feature for estimating tension. Combination of these, and possibly other features, can potentially give an
even better indication of the tightness of the bolt.

6. Conclusions

The main conclusions from the experiments, and signal processing hereof, are:415

• The fundamental natural frequencies of the tested bolts are neither dependent on vibration amplitude
nor on initial impact force.
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• The damping ratio is dependent on the vibration amplitude, especially for low amplitudes, and thus
also slightly dependent on the initial impact force. The higher the tension, the less amplitude depen-
dency, especially for the long bolt. It is possible to reproduce the damping-tension curve with use of420

only the constant damping parameter if the impact force is kept constant. The damping ratio decreases
with increasing tension, strongly for low tension, weakly for high tension.

• The bolt-structure system can be regarded as effectively linear when the bolt is tightened more than
25 % of yield stress, due to the two previous bullet points.

• Amplitude modulations due to near-identical natural frequencies for vibrations in orthogonal planes425

is an issue that needs to be addressed when estimating damping ratios. The corresponding beat
frequencies generally decrease with tension, implying more symmetrical boundary conditions in the
two planes with increased fixation of the boundaries.

• There are indications that bolts with different dimensions follow the same scaled damping-tension
curve, if the damping ratio is scaled with the slenderness ratio. A possible explanation could be that430

dry friction at the boundary is the dominating contribution to damping. Tests with other bolts and
more elaborate damping models are needed to support this hypothesis.

• Tests on a real multi-bolt structure showed that, qualitatively, the correlation between tension, natural
frequencies and damping ratios is similar to the lab setup. An estimation of tension based on measured
natural frequencies and damping ratios was carried out, indicating also that a torque wrench is a highly435

inaccurate tool.

In conclusion, the measured transient vibrations of the bolt are clearly dependent on the bolt tension,
and importantly, they are not significantly influenced by nonlinearity. By using linear natural frequencies
and damping ratios an estimation of tension in a multi-bolt structure has proven possible. Some issues
remain for further investigation, in particular the accuracy of the determined damping ratio, the quality of440

the normalisation values for damping ratio and natural frequency, and further testing on a wide range of
different bolted joints.
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Abstract

Recent work on different single-bolt experimental setups has shown promising results for ap-
plying a vibration-based procedure for bolt tension estimation. This work investigates the appli-
cability of the approach when a structure consists of more than one bolt. The principal question
is if the vibrational response, obtained from excitation of a specific bolt mounted in a struc-
ture with other similar bolts, can still be used to estimate bolt tension, or if the presence of the
other bolts affects the vibrational response in an undesirable way. The investigation is based on
analysis of a two-bolt problem, modeled both with a coupled two-beam Euler-Bernoulli model
and numerically with a FEM software, as well as through experimental testing of two real bolts
mounted in the same structure. It is found that strongly coupled bending vibrations, with in-and
out-of-phase modes, only occur when tension and boundary stiffness in the two bolts are very
close to identical. When the bolts have different boundary parameters the coupling is weak,
and the two bolts can roughly be treated as two independent single-bolt systems. In both situ-
ations, it is possible to make bolt tension and boundary stiffness estimation based on measured
transverse natural frequencies.

Keywords: two-beam theory, boundary conditions, axial tension, boundary mass, coupled
vibrations, piezoelectric excitation

1. Introduction

Critical bolted joints most often contain many bolts of the same type and dimensions, such as
with a bolted flange. Critical implies that the wrong tension can lead to serious failures, such as
wind turbine collapse or oil spill, which is both inadmissible from an economic, environmental,
and personal safety point of view. For that reason, it is of interest to be able to monitor and5

control tension in such joints. However, critical bolted joints are often hard and expensive to
access, so any process that can decrease the time spent on bolt tightening maintenance and
provide more reliable tension estimations will be helpful. Self-loosening of bolt make up a
significant structural problem [1, 2]. When bolts are clamped to a high level of tension (70-
80 % of yield stress [1]), self-loosening is less prone to set in [2]. Existing methods for bolt10

tightening include torque wrenches and hydraulic tensioners [1]. The accuracy of both tools
depends on lubrication, tightening procedure, and the specific equipment. Methods solely used
for estimation of bolt tension include ultrasonic devices and force washers (primarily useful for
random checks and lab tests, and not suitable to mount on many bolts). An ultrasonic device

1Technical University of Denmark, Department of Mechanical Engineering
2Karlsruhe Insitute of Technology, Institute of Engineering Mechanics
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applies the transit time for an acoustic wave sent through the bolt and back. The velocity of15

an ultrasonic wave decreases when applying mechanical stress to the bolt, increasing the transit
time. The bolt elongation can be obtained from the change of transit time and related to the
stress in the bolt [3, 4, 5].

Recent work has suggested to actively excite transverse bending vibrations in a bolt of in-
terest and use the response to estimate tension [6, 7]. The results from single-bolt experiments20

have provided confidence is using transverse natural frequencies of a bolt for tension estimation.
For example, in [8], a new method applying nonlinear regression can make accurate estimates
of both bolt tension and boundary stiffness based on measured frequencies. So far, the work has
been focused on experiments and models of a single isolated bolt. In real applications, there
are generally many identical bolts in a structure, often mounted close together, e.g., in a flange.25

Identical bolts with almost identical tension can also have very similar boundary conditions and
consequently very similar transverse natural frequencies. In cases with very low damping in
the system, this could potentially lead to coupling of bending vibrations of several bolts. The
principal question in this work, is to determine if it is possible to excite vibrations in a single
bolt, which is mounted in a multi-bolt structure together with other similar bolts, and measure30

transverse natural frequencies distinctly expressing resonant vibrations of that particular bolt
alone. To answers this question, a two-bolt system is considered, both from the perspective
of a representative two-beam Euler-Bernoulli model, a 3D numerical FEM model, and from
experiments conducted on a real two-bolt system. Specifically, experiments using piezoelectric
excitation is carried out, testing at different levels of bolt tension. Piezoelectric-excitation is35

also used to excite a single resonance frequency at a time to determine how the two bolts move
relative to each other.

For subsequent reference, Section 2 presents a coupled two-beam model and investigates
which parameters drive beam coupling. A 3D numerical model from COMSOL is presented to
set the beam-model in perspective, and the significant differences between the two models are40

established. Section 3 presents the experimental setup and key experimental results. The results
are placed in a wider context by comparing to the models’ predictions and prior experimental
results obtained from a single-bolt system. In Section 4, new bolt tensions estimates are made
based on the obtained transverse natural frequencies applying two different techniques. Based
on the efficacy of the estimates, the potential in vibration-based bolt tension estimation for45

multi-bolt structures is discussed. Section 5 provides conclusions on the principal research
question.

2. Mathematical beam model of a two-bolt system

Two adjoining bolts clamping a structure can roughly be modeled as two beams connected
at the boundaries (through the structure the bolts are clamping). A beam model can provide in-50

sights into how two bolts can possibly affect each other dynamically, and reveal how a potential
dynamic interaction of two bolts depend on each bolt’s stiffness and tension. To gain insights
into basic mechanisms, nonlinear effects are ignored, as is shear deformation, and axial and
rotary inertia of the beams cross sections.

There are numerous theoretical investigations of two-beam or double-beam Euler-Bernoulli55

models, for different application purposes. Different approaches to determine eigensolutions
have been proposed. In the work of [9], two clamped-clamped beams, connected with a spring-
mass system are analyzed. In [10], two pinned-pinned beams connected with a spring and
damper subjected to a moving force are considered. Another study [11] presents an exact
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method for solving vibrations of a double-beam system (a double-beam is connected with60

springs along the full length of the beam). The applications for two-beam models are wide
spanned. Within the composite materials field, a tensioned double-beam with translational
boundary springs is presented in [12] as an approximating model of a sandwich structure.
A completely different application is within nanostructure modeling; a study [13] models a
double-beam, representing a coupled carbon nanotube, and investigates coupling effects. The65

purpose of this present work is not to introduce new solution procedures, but to apply a two-
beam model as a representation of two adjoining bolts, and investigate which parameters domi-
nate the coupling of modes and values of frequencies when the model is tuned to represent two
tightened bolts.

Figure 1 shows two end-coupled beams in tension with symmetric translational and rota-
tional boundary springs, boundary masses Mi j with rotational mass moments of inertia of J̃i j,
where i is the beam number, and j = 1, 2 is left/right end. The boundary masses represent
the mass of the head, nut and protruding end of the bolt. The coupling of the beams consists
of translational and rotational springs at both ends, representing the vibrational transfer path
between the two bolts (described further in Section 2.2). The two beams (i = 1, 2) are iden-
tical, having length l, uniform mass density ρ, Young’s modulus E, area moment of inertia I,
and cross sectional area A. Transverse vibrations are described by Ui(X, t), where X ∈ [0;l] is
the axial coordinate and t the time. Beams curvatures are approximated by ∂2U/∂x2, and the
tensions Ni are approximately constant. Introducing nondimensional quantities:

N1 N1

KU,1 KU,1

U1(x, t)

Kθ,1 Kθ,1

0 l
x

N2

N2

U2(x, t)

KU,2

Kθ,2

KU,2

Kθ,2

M
22

J̃22

M21

J̃21

Kθ,c KU,c Kθ,cKU,c

M11

J̃11

M
12

J̃12

ρA, E, I

ρA, E,I

Figure 1: Representation of two adjoining bolts: Two beams in tension with springs, masses and local
mass moments of inertia.
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x =
X
l
, ui =

Ui

l
, τ = ω0t, ω0 =

√
EI
ρAl4 , pi =

Nil2

EI
, mi j =

Mi j

ρAl
, (1)

Ji j =
J̃i j

ρAl3 , ku,i =
KU,il3

EI
, kθ,i =

Kθ,il
EI

, ku,c =
KU,cl3

EI
, kθ,c =

Kθ,cl
EI

, i = 1, 2, j = 1, 2, (2)

the nondimensional Euler-Bernoulli equation of motion for deflections u1(x, τ) and u2(x, τ) is
(with overdots and primes denoting differentiation w.r.t. nondimensional time and position):

üi + u′′′′i − piu′′i = 0, i = 1, 2. (3)

To solve these two equations, a matrix notation is applied:

ü + u′′′′ − Pu′′ = 0 (4)

where u = {u1 u2}
T and P = diag(p1, p2), with the eight boundary conditions (two sets of four

for each beam i = 1, 2):

u′′′i (0, τ) = piu′i(0, τ) − ku,iui(0, τ) + (−1)iku,c∆u(0, τ) + mi,1üi(0, τ), (5)

u′′i (0, τ) = kθ,iu′(0, τ) + (−1)ikθ,c∆u′(0, τ) − Ji,1ü′(1, τ), (6)

u′′′i (1, τ) = piu′i(1, τ) + ku,iui(1, τ) − (−1)iku,c∆u(1, τ) + mi,2üi(1, τ), (7)

u′′i (1, τ) = −kθ,iu′i(1, τ) − (−1)ikθ,c∆u′(1, τ) − Ji,2ü′i(1, τ), i = 1, 2. (8)

where
∆u = u1 − u2, ∆u′ = u′1 − u′2. (9)

Equation (4) is solved by superposition of eigen-solutions:

u(x, t) = ϕ(x)eiωt, (10)

where ϕ = {ϕ1 ϕ2}
T, which inserted into (4)-(8) gives

ϕ′′′′i − pϕ′′i − ω
2ϕi = 0, i = 1, 2, (11)

ϕ′′′i (0) = piϕ
′
i(0) − (ku,i − mi,1ω

2))ϕi(0) + (−1)iku,c∆ϕ(0), (12)

ϕ′′i (0) = (kθ,i − Ji,1)ϕ′i(0) + (−1)ikθ,c∆ϕ′(0), (13)

ϕ′′′i (1) = piϕ
′
i(1) + (ku,i − mi,2ω

2)ϕi(1) − (−1)iku,c∆ϕ(0), (14)

ϕ′′i (1) = −(kθ,i − Ji,2ω
2)ϕ′i(1) − (−1)ikθ,c∆ϕ′(1). (15)

with
∆ϕ = ϕ1 − ϕ2, ∆ϕ′ = ϕ′1 − ϕ

′
2. (16)

with mode shapes

ϕi(x) = bi1 cos(αi1x) + bi2 sin(αi1x) + bi3 cosh(αi2x) + bi4 sinh(αi2x), (17)

where

αi1 =

√
−

pi

2
+

√( pi

2

)2
+ ω2, αi2 =

√
pi

2
+

√( pi

2

)2
+ ω2. (18)
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Inserting (17) and (18) into boundary conditions (12)-(15) gives:

Aq = 0, (19)

where A is an 8×8 matrix with a significant number of nonzero terms, and q is a vector holding70

the unknown coefficients bi1...4, i = 1, 2. Condition (19) defines q as an eigenvector of A,
requiring zero determinant. The determinant is too large an expression to display, but Newton-
Raphson iteration can be used to solve for the natural frequencies ω with initial values obtained
from a zero-sweep.

2.1. Mode shape expansion - frequency response75

To generate a frequency response function and the mode shapes for the two bolt system,
linear damping and forcing is included in the model equation:

ü + u′′′′ + ζu̇ − Pu′′ = f(x, τ). (20)

A mode shape expansion is adopted:

u(x, τ) =

N∑
j=1

q j(τ)ϕ j(x), (21)

which inserted in (20) gives, when multiplying by ϕi(x) and integrating over the beam length:

Mq̈ + Cq̇ + (K − N)q = F(τ), (22)

where the components of M, C, K, N, F and q are:

Mi j =

∫ 1

0
ϕT

i ϕ jdx, Ci j =

∫ 1

0
ϕT

i ζϕ jdx, Ki j =

∫ 1

0
ϕT

i ϕ
′′′′
j dx, (23)

Ni j =

∫ 1

0
ϕT

i Pϕ′′′′j dx, Fi =

∫ 1

0
ϕT

i fdx, q = {q1 q2 .. qN}
T (24)

In the following analysis a four-mode expansion (N = 4) of (21) is used.

2.2. Boundary tension-stiffness relation and beam coupling stiffness
There is no exact relationship between bolt contact pressure and normal stiffness at the

bolt end. In [14] it is found that normal (interfacial) stiffness increases with increasing contact
pressure. In [6], an approximating analytical expression for normal stiffness as a function of
tension in a bolt is presented. The analytical function is a fit to a statistical model, introduced in
[15], describing the contact between a rough and a plane surface. The model was found capable
in predicting stiffness and track natural frequencies for a single-bolt setup. The expression from
[6] is directly applied, i.e. the normal stiffness is calculated as

kin =
z1 tanh(z2 pi)

1 + z3 exp−z4 pi
, (25)

where pi is the nondimensional tension of bolt i, and z1−4 are fitting parameters. The normal
stiffness is related to translational and rotational stiffness (the parameters in the beam model)
by

ki1−2 = zukin, ki3−4 = zθkin, (26)
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where the constants of proportionality are:

zθ =
1(R2

w + r2
w)

4l2 , zu =
π(1 − ν)
2(2 − ν)

, (27)

where Rw is the outer nut radius, rw the inner nut radius, and ν the Poisson ratio. Equation
(26) provides stiffness values for the boundary springs in each of the bolts given values of bolt
tension pi. In [6], (25) is fitted to transverse natural frequencies for a single M12×250 mm bolt.80

The beam model in [6] does not take boundary mass and rotary inertia forom the bolt head, nut,
and protruding end into account. It also uses the full length of the bolt l = 250 mm, instead of
the shorter length, between the head and nut, which is the part expected to exhibit a vibrational
bending mode (225 mm). For that reason, in [6] two different fits of (25) are used to predict
the first and second natural frequency as a function of tension. In this present work, (25) is85

refitted to the single-bolt data from [6] using a beam model with l = 225 mm and including the
actual mass and inertia of the bolt head, nut and protruding end (M1 = 0.015 kg, M2 = 0.04 kg,
J̃1 = 2.3 × 10−10 kgm2, J̃2 = 4.3 × 10−8 kgm2). The new fit predicts both the first and second
natural frequencies well with z1 = 2.8 × 104, z2 = 0.45, z3 = 0.1 and z4 = 0.8. The model
predictions can be found in Section 3.4.90

The coupling springs kθ,c and ku,c represent the vibrational transfer path between the two
bolts. In Section 3.1, an experimental example tests two bolts mounted in the same solid alu-
minum structure. It is assumed that the bolts are only strongly connected to the surrounding
structure at end boundaries, so that energy exchange only occurs in a small zone around the
bolt ends and underneath the nut and washer. In that case, the coupling springs represent the95

stiffness in the interfacial contact between the nut/head and structure, as well as the stiffness
of the aluminum structure itself. Thus, the coupling springs can not be translated to a single
physical entity but represents the total contribution to coupling. In the following analysis the
coupling springs are varied in strength, so as to illustrate their effect on natural frequencies and
mode shapes.100

2.3. Model relationship between natural frequencies, mode shapes and boundary parameters
The mode shapes corresponding to the first two natural frequencies can be very different

depending on the coupling springs. The applied fit of (25) implies that the bolts, even for
lower tension, are effectively pinned in translational stiffness, so it is the rotational stiffness
kθ,i that dominates. For the same reason, the value of the coupling translational stiffness ku,c105

is insignificant (further stiffness will not change frequencies, as both bolts are already pinned).
The coupling rotational spring kθ,c is very important for the model predictions.

In the subsequent analysis, the first two mode shapes are given two sets of names, depending
on the situation, to make the description representative for the motion. For cases with very
strong rotational coupling or close to equal boundary stiffness and tension in the bolts, the110

mode shapes for the first two frequencies will be an in-phase mode (denoted as IP) and an
out-of-phase mode (OP), as illustrated in the top row of Figure 2. The deflection of the two
bolts is equal in magnitude in both cases. The other extreme is a case of weak coupling and
different tension and stiffness in the two bolts. In that case, the first two natural frequencies
represent primarily bending in each of the bolts separately, denoted as B1 and B2, cf. bottom115

row in Figure 2. Mode shapes will be between these two extremes, depending on the strength of
the coupling and the ratio p1/p2 (thus indirectly k1n/k2n). In the following analysis, the modes
corresponding to the first two natural frequencies are denoted as the first vibrational mode pair
and the third and fourth natural frequency, the second vibrational mode pair.
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k ,c

Mode 2 OP Mode 1 IP 

Mode 2 B2 Mode 1 B1 

|p1-p2|-1
,

Figure 2: Two lowest mode shapes predicted by the two-beam model for two extremes of coupling
strength kθ,c and |p1 − p2|. left/right: mode 1/2; top/bottom: high/low inter-bolt coupling; solid/dashed
line: bolt 1/2; IP/OP: in/out of phase Bj: bolt j bending.

Figure 3 illustrates how coupling strength and tension ratio affects the mode shapes and120

frequencies. Figure (a) shows the ratio between the maximum amplitude of each bolt, for
the first bending mode, as a function of tension ratio p1/p2 and a coupling factor defined as
kθ,c = factor × kθ,1. A values of unity means the two bolts have equal maximum deflection,
while less than unity means that one bolt moves more than the other. The tension in Bolt 1 is
p1 = 5, corresponding to a bolt tightened to 35 % of yield bolt stress. Three data points have125

been singled out with illustrations of mode shapes to provide insight into the different situations.
Figure (b) shows the ratio between the first and second natural frequency as a function of tension
ratio of p1/p2 and coupling factor.

Considering Figure (a), when the tension in the two bolts are equal, and both bolts are
tuned the same w.r.t. to equation (25), only the slightest coupling is needed for the two bolts130

to move in-phase with equal vibration magnitude. The in-phase motion is not unexpected: The
bolts, as two decoupled systems with equal stiffness and tension, would have the same natural
frequency, lightly coupled the bolts move together, as they have the same mode shape and
frequency. Exciting one bolt will excite the other; it is a resonance phenomenon. However,
strong coupling springs are required to force the two bolts to move together if the bolt tensions135

are not equal. From figure (b), it appears that with a stronger coupling spring, the overall
stiffness in the bolts increases, causing a frequency jump between the IP and OP mode. With
low coupling, there is no significant jump. A frequency jump can also occur if Equation (25) is
tuned differently (other values of z1−4) for each of the two bolts; this can theoretically give the
same jump and predicted frequencies, however, the mode shapes will not be coupled as IP and140

OP modes. In conclusion, IP and OP modes are controlled by the coupling stiffness between
the bolts, and most strongly by the ratio of bolt tension. Moreover, strong coupling enforces a
frequency jump between the IP and OP mode.

Figure 4 illustrates an example, where the boundary stiffness parameter z1 of (25) of the
second bolt is increased 30 %. It is found that the modes are fully coupled in IP and OP when145

the stiffness is equal (rather than the tension). Furthermore, when p1/p2 = 1, the modes are
only lightly coupled, but even with a weak coupling factor, a significant frequency jump occurs
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Figure 3: (a) Ratio of maximum mode shape amplitude for the two bolts. (b) Ratio between first and
second natural frequency. Both are functions of tension ratio p1/p2, the coupling factor kθ,c/kθ,1, and
p1 = 5. Equation (25) is tuned the same for p1 and p2, with z1 = 2.8 × 104, z2 = 0.45, z3 = 0.1 and
z4 = 0.8.

(figure (b)). This analysis reveals that natural frequencies have to be considered together with
mode shapes. With weak coupling springs, fully coupled IP and OP modes only occur if the
bolts’ boundary stiffness is very close to equal. In Section 3 analysis of two-bolt experimental150

results are carried out to validate these beam model predictions.

2.4. 3D numerical model
To understand which features may be lost by the simplifications in the two-beam model,

a 3D model with the geometry of the experimental setup (Section 3.1) is set up in COMSOL
Multiphysics. Figure 5(a) shows the geometry of the actual experimental setup. It consists of155

two bolts mounted in an asymmetric aluminum cylinder( further details in Section 3.1). Under
each bolt head a force washer measures the tension. Two special washers protect the force
washer, but the three parts are modeled as a single solid piece. The model applies interfacial-
normal stiffness (defined as a thin elastic layer in COMSOL) between the head - force washer,
force washer - structure and nut - structure, with (25) describing the relation between normal160

stiffness and tension, and applying the same fitted parameters as for the simple beam model
(z1 = 2.8 × 104, z2 = 0.45, z3 = 0.1, z4 = 0.8).

In the simple beam model, coupling of the two bolts occurs through a set of coupling bound-
ary springs. In the 3D model there is no explicit coupling term; the coupling occurs through the
structure and the contact interface and cannot be tuned. Only in small zones of contact around165

the bolt ends can energy be exchanged. The 3D model also takes the geometry into account, and
the fact that the structure is not clamped but lies freely on polymeric foam. Another significant
difference between the simple model and the COMSOL model is the dimensionsionality: The
3D model can predict natural frequencies for modes in all spatial directions, whereas the beam
model is one-dimensional. With the differences, especially in how the coupling is defined, the170

3D model can provide new insights into how strong the coupling is and under which conditions
it occurs.

The simulations are made in 3 steps: First COMSOL’s bolt pretension study step is used,
where after a stationary analysis calculates the contact pressure between the three contact in-
terfaces (head - force washer, force washer - structure, and structure - nut), as well as the total175
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Figure 4: (a) Ratio of maximum mode shape amplitude for the two bolts. (b) Ratio between first and
second natural frequency. Both are functions of tension ratio p1/p2, and the coupling factor kθ,c/kθ,1, and
p1 = 5, Equation (25) is tuned differently for each bolt: For p2, z1 = 2.8 × 104, while for p1, z̃1 = 1.3z1.
The remaining parameters are the same for both bolts: z2 = 0.45, z3 = 0.1 and z4 = 0.8.

(a) (b)

Figure 5: (a) 3D model geometry of the two-bolt setup (cf. Section 3.1). (b) Illustration of the contact
surfaces for an example of equal tension in two bolts inducing contact pressure in the contact surfaces.

stress distribution in the model. Subsequently an eigenfrequency analysis is conducted, calcu-
lating natural frequencies and mode shapes of the stressed and tensioned bolt model.

In Figure 5(b), the structure and force washer has been hidden to illustrate the three contact
interfaces for each bolt and the bolt stress, for a case with equal tension in the bolts. The
inter-bolt coupling only occurs through these contact surfaces.180

The model is too computationally heavy for producing a fine-meshed analysis, as was done
in Section 2.3 for the two-beam model. Instead, a selection of bolt tension ratios p1/p2 are
tested. The results, with the same parameter values in (25) for both bolts, are comparable with
the results of the beam model in Figure 3 for the case of a low coupling factor. This indicates
that inter-bolt coupling arising through the three contact surfaces is not strong, and only of185

significance when the two bolts have the same natural frequencies, so that the coupling occurs
as a resonance phenomenon. In Section 3 experimental tests are described for validating both
the COMSOL and beam model results, with Section 3.5 presenting COMSOL-predicted mode
shapes computed with parameters corresponding to specific experimental test cases.
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3. Experimental validation190

3.1. Experimental setup
Two M12 × 250 bolts (grade 8.8 steel) are mounted in a solid aluminum 110 mm diameter

cylinder with holes (16 mm in diameter) for the bolts. The bolts only touch the structure at the
ends and are free to vibrate along the shaft. The cylinder is asymmetric, with a 31 mm broad
and 58 mm deep gap in the structure. Each bolt is mounted with a force washer (HBM KMR195

100 kN) in one end to measure the tension. Triaxial accelerometers (PCB 356A01) on the free
protruding end of the bolts measure the vibrational response, either after a hammer impact or
with stationary excitation from a piezoelectric plate. The accelerometers are connected to a
B%K DAQ type 3560-D, and the signals are recorded in the B%K PULSE Labshop software.
A power amplifier (B&K 2706) amplifies the piezoelectric output signal. Figure 6 shows the200

experimental setup from different angles.

Figure 6: Experimental two-bolt setup, with Bolt 1 and 2 (B1,B2), with accelerometers (A), force
transducers (F), and piezoelectric plate actuator (P). For a special test for the bolt tension estimation
procedure in Section 4.2 a mass (M) is mounted on Bolt 1.

Only the center bolt (Bolt 1) is hit with the hammer or excited with the piezoelectric actua-
tor. The accelerations measured in the top bolt (Bolt 2) are always a secondary effect. Tests are
performed for 5 different cases, with different combinations of tension in the two bolts; Low-
Low, Medium-Medium, High-High, High-Low, and High-Medium. The three levels correspond205

to approximately 20, 45, and 75 % of yield stress. The bolts are tightened with a hydraulic
tensioner (SKF HTS 9 M12 × 1.75); more details on the tightening procedure can be found
in [7]. A 15 × 15 × 2 mm piezoelectric plate actuator (CTS Corp, model NAC2023) is glued
on the head of the center bolt with epoxy (the soldering and gluing follow the manufacturer’s
recommendations). With this setup, the primary direction of excitation for the NAC2023 piezo-210

electric actuator is longitudinal w.r.t. to the bolt vibrations. Ideally, the piezoelectric actuator
should be mounted transversely on the bolt to obtain the largest transverse accelerations, but it
is too big to attach on the size of the bolt head. Also, a study [16] has shown that even with a
longitudinal hammer impact transverse natural frequencies are easily excited due to geometrical
and loading imperfections. Preliminary experimental investigations with a smaller piezoelectric215

actuator (NA2013 5× 5× 2 mm) show that mounting the actuator on the head (exciting primar-
ily transversely) will provide a higher acceleration response. However, a smaller piezoelectric
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actuator also has a lower maximum blocking force. Ideally, the highest acceleration amplitude
is the optimal compromise between the size of the actuator (controlling the maximum input
force) and the excitation direction (where it is mounted). Despite the less than ideal setup, the220

piezoelectric actuator can excite transverse resonance frequencies in the bolt well; in measured
frequency responses, resonances peaks are clearly visible and well above the noise floor. The
piezoelectric actuator has the advantage that the input frequencies can be controlled. Broad
frequency sweeps are conducted first, followed by pure sinusoidal inputs, exciting the bolt at
identified resonance frequencies.225

3.2. Natural frequencies, damping ratios and modal interaction
Table 1 shows the lowest two measured natural frequency pairs and corresponding damping

ratios, obtained from frequency sweeps with the piezoelectric plate as the excitation source.

Table 1: First two pairs of measured natural frequencies and damping ratios, and second mode pair
amplitude and frequency ratios. The amplitude ratio is calculated from acceleration amplitudes measured
from time signals, as depicted in Figure 7. The ratio is A2/A1 for Bolt 1 vibrations, and A1/A2 for Bolt 2
vibrations.

Case Tension [kN] Bolt no. ω1 [Hz] ζ1 [%] ω2 [Hz] ζ2 [%] Aratio[-] ω2,2/ω2,1

Low N1=11.2 1 972 0.077 2662 0.081 0.37
1.10

Low N2=11.4 2 898 0.059 2423 0.079 0.20

Medium N1=24.7
1 & 2

943 OP 0.050 2521 OP 0.039 0.87
1.02

Medium N2=24.6 976 IP 0.047 2565 IP 0.045 0.87

High N1=40.6
1 & 2

995 OP 0.035 2604 OP 0.026 1.25
1.02

High N2=40.3 1036 IP 0.033 2646 IP 0.037 0.97

High N1=39.7 1 1074 0.045 2811 0.040 0.47
1.10

Medium N2=28.1 2 980 0.038 2560 0.035 0.26

High N1=39.9 1 1082 0.034 2833 0.037 0.38
1.17

Low N2=12.0 2 900 0.080 2428 0.065 0.23

The vibration amplitude ratio shown in the second to last column is based on measurements
from a single sinusoidal input by the piezoelectric plate at the identified second mode pair230

resonance frequencies. Figure 7 shows examples of the measured acceleration time series. The
ratio is between the maximum vibration amplitude measured at each accelerometer (mounted
at the end of each bolt). The piezoelectric actuator is, in all cases, mounted on Bolt 1.

From the acceleration time series in Figure 7, it can also be determined if the two bolts
vibrate in-phase or out-of-phase. In Figure 7(a) for example, it can be seen that for High-High235

tension, the lowest natural frequency (2604 Hz) induce an OP motion in the bolts, and an IP
motion at the highest frequency (2646 Hz). In contrast, for the High-Medium tension case in
Figure 7(b), each mode primarily induce vibrations in one of the bolts (B1 and B2 modes),
while IP motion is not observed.

Both for Medium-Medium and High-High the two bolts move together, in two modes; OP240

and IP. The vibration amplitude is approximately equal for both OP and IP, despite that the
excitation source is only at Bolt 1. The ratio between the IP and OP frequencies is 1.02 in both
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Figure 7: Measured acceleration time signals. Solid line: Bolt 1; dashed line: Bolt 2. (a) High-High
tension (cf. Table 1). Top: OP motion with excitation at 2604 Hz. Bottom: IP motion with excitation at
2646 Hz. (b) High-Medium tension. Top: B2 motion with excitation at 2560 Hz. Bottom: B1 motion
with excitation at 2811 Hz.

cases. Relating this to the two-beam model predictions in Figure 3, this indicates weak coupling
stiffness; otherwise there should have been a larger frequency jump.

The Low-Low case does not exhibit strongly coupled modes (the amplitude ratios are < 0.4).245

Instead, there is a frequency jump between each of the bolt’s frequencies. As this jump is not due
to coupled IP/OP-modes, Bolt 1 may have higher boundary stiffness than Bolt 2, corresponding
to model predictions in Figure 4. A possible difference in boundary stiffness for each bolt can
be due to stiffness depending on the geometry of the surrounding structure, and perhaps the
tightening process and the level of bolt tension (significant variations in stiffness is a reasonable250

assumption for loose bolts).
The two cases with different tension in the bolts, High-Medium and High-Low, exhibit be-

havior similar to the Low-Low case, where each mode is primarily vibrations in one of the bolts,
where the other bolt moves in phase, but at a much lower amplitude. A frequency jump is also
observed. However, as the bolts have different tensions, it is expected to measure different inde-255

pendent natural frequencies for each bolt, e.g., for the High-Low case, Bolt 1 has a 17 % higher
frequency than Bolt 2, due to the much higher bolt tension.

3.3. Checking reproducibility for the Medium-Medium test case
Reproducibility is essential to investigate, especially when two bolts have almost the same

tension. An investigation has been conducted, testing the Medium-Medium case eight times,260

taking the setup apart in between tests to make them independent, and exciting with sinusoidal
inputs at identified resonance frequencies to observe the amplitudes of vibrations in each bolt.
It is found that the coupling of modes (IP/OP mode shapes) is a sensitive feature that does not
occur every time the structure is assembled. The specific connection between bolt and structure
(how the local asperities touch) appears to have a great influence on the inter-bolt coupling.265

To illustrate, Figure 8 shows the amplitude ratio versus the second natural frequency pair
for the eight independent tests. The measurements gather in two clusters. For the two cases
in cluster (a), the second natural frequency pair has an equal amplitude in the two bolts, and
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there is no significant frequency jump (only approximately 50 Hz). Inspection of the pure sine-
excitation times series reveals the vibrations are OP and IP. For the six cases in cluster (b), a270

frequency jump between 200-300 Hz can be observed, but the bolt vibrations are not strongly
coupled (the amplitude ratio is less than 0.4). The frequency jump indicates that the boundary
stiffness is higher at Bolt 1 than at Bolt 2. In conclusion, the particular case of strongly coupled
motion of the two bolts with IP/OP modes is a sensitive feature, and only occurs if both stiffness
and tension are close to equal, as predicted by the beam model in Section 2.3.
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Figure 8: Medium-Medium tension tests with reassembly in between each test. Second mode pair
versus measured amplitude ratio. The ratio is calculated from measured acceleration amplitudes such as
depicted in Figure 7. Each pair of marker type indicate an independent test.

275

3.4. Comparison to single-bolt experimental results
In [6, 7] thorough tests with a single-bolt setup with a similar M12 bolt is presented. Com-

paring the single-bolt results to the two-bolt results can give insights into the extent to which
the single-bolt results can be generalized.

Figure 9 shows the first and second transverse natural frequency of a single bolt tightened in280

an aluminum cylinder as a function of relative bolt tension. A tight bolt (i.e., a High test case)
is at approximately 75 % of bolt yield stress. The measurements for the single bolt are obtained
from [7]. The dashed line is the frequencies predicted by using equation (25) for a single bolt.
Atop this data are the measured two-bolt natural frequencies (cf. Table 1). Identical markers
indicate each pair of measured natural frequencies.285

There is a clear jump in frequency in some cases, compared to the natural frequency mea-
sured for the single bolt. The jump is apparent for both the first and second natural frequency.
From the results in Section 3.2, the jump indicates that one bolt has a higher stiffness than
the other. Notably, for the two cases with OP-motion (High-High and Medium-Medium), the
frequencies agree with the single-bolt results, indicating that coupled modes do not affect fre-290

quencies and do not prevent the option of using vibrations for bolt tension estimation. Overall,
the two-bolt measured frequencies are similar to those of the single-bolt tests.
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Figure 9 also shows the damping ratio from the two-bolt and single-bolt experiment. The
two-bolt damping ratio is in agreement with single-bolt damping ratio. The bolts are the same
type, but the structure in which the bolts are mounted is not identical in the two setups. There-295

fore, friction in the contact between nut/structure and head/force washer (similar interface in
both cases) appears to dominate the damping ratio, rather than the overall geometry.
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Figure 9: Natural frequencies and damping ratios as function of tension. Larger color markers: Two-bolt
data (cf. Table 1). Small black markers: Experimental results from [6, 7]. Dashed line: Fitted stiffness
model (25) for a single bolt with parameters z1 = 2.8 × 104, z2 = 0.45, z3 = 0.1 and z4 = 0.8.

3.5. Comparison model predictions
Two test cases are highlighted to illustrate the two models capabilities to fit experimental

data. The High-High test case with IP/OP mode shapes is modeled by the beam model and the300

numerical model. The force washer measured tensions are applied (cf. Table 1) with the single-
bolt fit of (25), with z1 = 2.8 × 104, z2 = 0.45, z3 = 0.1 and z4 = 0.8, and for the beam model,
the coupling springs are kθ,c = 0.14kθ (there is equal stiffness in the bolts; kθ = kθ,1 = kθ,2).
Figure 10 shows the mode shapes and frequencies with this fit. The two-beam model predicted
natural frequencies fit the measured frequencies for all four modes within 1 %. The mode305

shapes are fully coupled in IP and OP, as observed in the experiment. The numerical model
slightly underestimates the frequencies; all the predictions are 3-5 % lower than the measured
frequencies.
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It should be noted that COMSOL applies the normal stiffness relation (25) directly on the
interface surfaces (between head/force washer, force washer/structure, and structure/nut); with310

that in mind, it is quite impressive that the agreement is that good.
The 3D predicted mode shapes differ from the two-beam mode shapes in three ways. Firstly,

the two bolts are less coupled for the second natural frequency pair, whereas the two-bolt model
is fully coupled. Secondly, with the inclusion of the geometry, the COMSOL model predicts, in
some cases, significant motion around the force washer. Thirdly, the order of IP and OP modes315

is opposite to the two-beam model, but in agreement with experimental observations. The two-
beam model predicts the modes in the wrong order probably because the boundary springs are
fastened to the ground, whereas the real bolts are clamped to the structure lying freely on foam
(also modeled in COMSOL this way). That the structure is free can entail an increased stiffness
of the IP mode, as the mode has to set the free structure slightly into motion. In contrast, the OP320

mode is unaffected by the stiffness of the structure, as the two bolts pull in opposite directions.
The COMSOL model is in 3D; it also predicts transverse bending modes in the perpendicular
plane. These also match well with experimental observations.

1001 Hz 1027 Hz

2617 Hz 2674 Hz

(a) (b)

Figure 10: Predicted mode shapes for High-High tension case (cf. Table 1), with model parameters for
(25): z1 = 2.8 × 104, z2 = 0.45, z3 = 0.1 and z4 = 0.8. (a) Two-beam model, kθ,c = 0.14kθ. Solid
line: Bolt 1; Dashed line: Bolt 2. (b) Numerical COMSOL model. Light green indicate no deformation,
purple large deformation.

(a)
975 Hz 1038 Hz 2582 Hz 2709 Hz

(b)

Figure 11: Fit 1: Predicted mode shapes for the High-Medium tension case (cf. Table 1), with model
parameters for (25): z1 = 2.8 × 104, z2 = 0.45, z3 = 0.1 and z4 = 0.8. (a) Numerical COMSOL model.
Light green indicate no deformation, purple large deformation. (b) Two-beam model, kθ,c = 0.3kθ. Solid
line: Bolt 1; Dashed line: Bolt 2.
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(a)
987 Hz 1082 Hz 2615 Hz 2814 Hz

(b)

Figure 12: Fit 2: Predicted mode shapes for High-Medium tension case (cf. Table 1), with increased
boundary stiffness for Bolt 1. Model parameters for (25): z2 = 0.45, z3 = 0.1, z4 = 0.8, and z1 = 2.8×104

for Bolt 2, and z1 = 5.6 × 104 for Bolt 1. (a) Numerical COMSOL model. Light green indicate no
deformation, purple large deformation. (b) Two-beam model, kθ,c = 0.3kθ. Solid line: Bolt 1; Dashed
line: Bolt 2.

The second comparison is made for the High-Medium test case. modeled with the two-
beam model and the numerical model. The measured tension is applied (cf. Table 1) with the325

single-bolt fit of (25), with z1 = 2.8 × 104, z2 = 0.45, z3 = 0.1 and z4 = 0.8, and for the beam
model, the coupling springs is kθ,c = 0.3kθ (equal stiffness in the bolts; kθ = kθ,1 = kθ,2). Figure
11 shows the mode shapes and natural frequencies of this fit. Table 2 shows the amplitude ratio
and the ratio of the second mode pair predicted by both models. With equal boundary stiffness
in both bolts, neither COMSOL nor the two-beam model captures the observed experimental330

frequency jump (10 % increase). The ratio between the natural frequencies is not accurate, and
natural frequency 2 and 4 are more than 3 % too low in the two-beam model case, and 7-9 %
for the COMSOL model.

Table 2: Amplitude ratio and second frequency pair ratio of High-Medium experiment, two-beam model
and numerical COMSOL model predictions, for two different fits of (25) (cf. Figure 11 and Figure 12).
Fit 1: z1 = 2.8 × 104, z2 = 0.45, z3 = 0.1 and z4 = 0.8. Fit 2: z1 = 5.6 × 104 (Bolt 2), z̃1 = 2z1 (Bolt 1),
z2 = 0.45, z3 = 0.1 and z4 = 0.8.

High-Medium tension

Exp
Beam model COMSOL
Fit 1 Fit 2 Fit 1 Fit 2

Aratio [-]
0.26 0.65 0.20 0.32 0.16
0.47 0.65 0.20 0.30 0.18

ω2,2/ω2,1 [-] 1.098 1.049 1.076 1.051 1.095

The results so far suggest that Bolt 1 has a higher stiffness than Bolt 2. A second fit is made
with the value of z1 doubled to check the effect of increased stiffness. Figure 12 shows the mode335

shapes and natural frequencies for this fit. With increased stiffness, the frequency predictions
improve significantly; the error decrease to 2 % for the two-beam model and less than 5 % for
COMSOL. As for the High-High case, COMSOL slightly underestimates the stiffness, but with
Fit 2, the second frequency ratio is in agreement with experimental results (cf. Table 2). The
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amplitude ratio comparisons in Table 2 can only be made qualitatively. The experimentally340

obtained ratio is based on measured acceleration amplitudes from the accelerometers mounted
at the end of the bolts. The model ratios are based on the maximum amplitudes in the mode
shape, e.g., for the first mode, the deflections at the center of the bolts are compared. The
coupling of the bolts decreases with increased stiffness in the models. The Aratio predictions for
Fit 2 are roughly in agreement with the experiment for Fit 2. In conclusion, both the two-beam345

model and the numerical model can provide accurate frequency and mode shape predictions.
Furthermore, the models suggest that Bolt 1 has a higher boundary stiffness (requiring another
fit of (25)) than Bolt 2.

4. Discussion of procedures for estimation of tension in a multi-bolt system.

4.1. Tension estimated from both natural frequencies and damping350

The work in [8] presents a rough method for estimation of tension in a single bolt based on
natural frequencies and damping ratios. Figure 13 shows a double logarithmic plot of natural
frequency versus damping ratio, normalized w.r.t ωtight and ζtight. A bolt tightened to 75 %
will intersect at (0, 0) in the figure. The small black markers are data points from single-bolt
measurements[6, 7], and the large color markers are the two-bolt results from Table 1. A tight355

bolt will be weakly damped and has higher frequencies, which will give a data point in the lower
right corner, both for the first and second mode. The method does not take frequency jumps into
special consideration; those cases will have a higher frequency than expected (log

(
ω/ωtight

)
<

0). However, the low tension case (left-pointing triangles) with jumps in high frequencies (972
Hz and 2662 Hz) also exhibit strong damping, and thus the criteria for a tight bolt is not met.360

In conclusion, even for a two-bolt system, this procedure can provide reasonable estimates of
tension.
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Figure 13: Natural frequencies versus damping ratio, normalized withωtight, ζtight. Larger color markers:
Two-bolt data (cf. Table 1). Small black markers: Experimental results from [6, 7].
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4.2. Tension estimated along with boundary stiffness
A method based on nonlinear regression for estimating axial tension and boundary stiffness

for a single beam with general boundary conditions is presented in [8]. The work presents an
example with a single bolt mounted in a structure. The same procedure and settings are used
to make estimates based on the two-bolt data. The method aims to minimize the error function
[17]:

S (p̂s) = (ω − ω̂(p̂s))
T W (ω − ω̂(p̂s)) + (p̃s − p̂s)TU(p̃s − p̂s). (28)

The first term represents the deviations between n measured natural frequencies in the vector ω
∈ Rn, and model predicted natural frequencies ω̂ ∈ Rn. The second term represents the devia-365

tions between an a posteriori guess of parameters p̃s and a new estimate p̂s =
{

p̂ k̂1 k̂2 k̂3 k̂4

}T
.

An a posteriori estimate p̃s is the best initial guess on the parameters that are to be estimated.
Both W and U are symmetric weighting matrices, where W expresses confidence in the mea-
sured natural frequencies, and U confidence in the a posteriori estimate p̃s.

The function is minimized by Gauss method of minimization [18, 19]. The procedure for370

estimating boundary stiffness and tension requires placing a number of small known masses a
an end of the bolt. This provides more information (additional natural frequencies) about the
system, without introducing more unknowns (the masses are known). The applied beam model
consists only of Bolt 1 in Figure 1, thus there are no coupling springs, and also no assumption
of symmetric boundaries; the translational and rotational springs can be different at each end.375

The technique is applied to three test cases, where small steel masses are screwed on the Bolt
1 protruding end (cf. Figure 6), and measurements are repeated. The measured frequencies for
each mass-test are given in Table 3. Table 4 shows bolt tension and boundary stiffness estimates.
Every second column express the deviations in estimates with different start a posteriori guesses.
The estimations are for Bolt 1. The tension estimates deviate less than 3 % from the bolt380

tensions measured by the force washer. The analysis of models and experimental results in the
previous sections indicate that Bolt 1 is, in some cases, stiffer than Bolt 2. For comparison, with
Fit 2 (double z1 value), in the case of High-Medium tension, the two-beam model predictions
includes stiffness values of kθ,1 = 32, and kθ,2 = 16. These values are in agreement with the
converged estimations in Table 4. The slight coupling of modes does not significantly change385

frequencies, and each bolt behaves effectively as an isolated single-beam system.
In conclusion, the method presented in [8] provides accurate estimates for the two-bolt prob-

lem, both in cases with strong inter-bolt coupling and weak inter-bolt coupling. The accurate
estimates inspire confidence in the application potential of the method. However, as discussed
in [8], tests on real structures, such as lap-joints and flanges, with different bolt dimensions are390

needed to determine the application potential of the method properly.
The primary question in this work is if it is possible to excite vibrations in a single bolt,

mounted in a multi-bolt structure with other similar bolts, and measure transverse natural fre-
quencies distinctly expressing resonant vibrations of that particular bolt alone. The analysis of
model and experimental results suggests that the coupling of vibrations is not actually a prob-395

lem. If two bolts vibrate together, the frequencies are still as for a single bolt. However, the
investigations revealed another issue, which is more problematic. The boundary stiffness can
vary, and it seems to be sensitive to the geometry of the surrounding structure, mounting order,
and procedure. Unfortunately, a universal fit of (25) cannot be made; it varies from setup to
setup. For simple methods, as the one presented first in this section, which is based primar-400

ily on frequencies, this is a significant obstacle. A high frequency can be misleading, as high
frequencies do not necessarily express high tension, but can also be due to high boundary stiff-
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Table 3: First and second measured natural frequency ω and estimated ω̂ of the bolt (in Hz), at different
levels of Bolt 1 tightness p1,exp. ∆: the deviations between estimated and measured frequencies.

Added mass,
rotary inertia

m = 0,
J = 0

m = 0.16,
J = 2.2 × 10−4

m = 0.18,
J = 3.0 × 10−4

m = 0.26,
J = 5.2 × 10−4

Bolt 1 tension ω ω̂ ∆ [%] ω ω̂ ∆ [%] ω ω̂ ∆ [%] ω ω̂ ∆ [%]

75% of σy 1074.3 1076.0 0.16 1075.0 1075.8 0.08 1075.0 1075.8 0.07 1074.9 1075.6 0.07
(p1,exp=10.3) 2811 2809 -0.07 2812 2806 -0.19 2811 2806 -0.19 2810 2803 0.23

75% of σy 1081.5 1083.4 0.17 1081.8 1083.3 0.13 1081.8 1083.2 0.13 1081.8 1083.1 0.12
(p1,exp=10.3) 2833 2828 -0.19 2833 2826 -0.27 2832.5 2825 -0.27 2830.8 2823 -0.29

45% of σy 965.5 965.7 0.03 965.5 965.4 -0.01 965.5 965.3 -0.02 965.3 965.0 -0.03
(p1,exp=6.4) 2575 2579 0.16 2573 2574 0.03 2572 2572 0.00 2570 2567 -0.13

Table 4: Estimates of stiffness and tension in Bolt 1, obtained by following the procedure in [8] and
applying the measured natural frequencies of Table 3. Standard deviations after 100 repetitions of a
random a posteriori guess are listed (chosen within the ranges ku ∈ [2 − 3] × 104 and kθ ∈ [10 − 20]).
The procdure for choosing a posteriori ranges is described in [8].

High-Medium High-Low Medium-Medium
p1,exp = 10.3 p1,exp = 10.3 p1,exp = 6.4

p1 10.0 ± 0.3 10.0 ± 0.3 6.4 ± 0.6
ku,1,left 3.2e4 ± 3.4e3 3.4e4 ± 3.5e3 1.4e4 ± 6.4e3
ku,1,right 3.3e4 ± 3.2e3 3.5e4 ± 3.4e3 1.5e4 ± 6.4e3
kθ,1,left 32.7 ± 4.4 35.0 ± 4.3 17.0 ± 1.6
kθ,1,right 33.4 ± 4.2 37.5 ± 4.2 17.6 ± 1.9

ness. The method suggested in [8] overcomes this problem, since estimating both tension and
boundary stiffness from vibration data.

5. Conclusion405

A coupled two-beam mathematical model representing two adjoining bolts, governing the
transverse vibrations in the bolts, has been presented. The model provides insights into how
inter-bolt coupling affects natural frequencies and mode shapes. An experimental investiga-
tion with a two-bolt setup shows that the two-beam model can reproduce measured frequency
responses accurately when an appropriate fitting of boundary stiffness and coupling terms is ap-410

plied. The experimental investigation also reveals that strong inter-bolt coupling, leading to in-
and out-of-phase modes, is a sensitive feature, only occurring under the particular conditions
of equal tension and boundary stiffness in the bolts. For the same setup, with reassembly in
between, it even occurs only occasionally, as the boundary stiffness is sensitive to the tighten-
ing procedure. The purpose of the mathematical model and experiments is to identify which415

challenges emerge when progressing from a single-bolt system to systems with multiple bolts,
in regards to using a vibration-based bolt tension estimation method.

Comparison between two-bolt and single-bolt measured frequencies shows that despite cou-
pling and the lack of reproducibility of the coupling feature, the frequencies overall follows the
single bolt’s tension-frequency relation. The experiments revealed that rather than coupling be-420
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ing an obstacle, boundary stiffness could be an obstacle if natural frequencies are considered
alone. In some cases, the measured two-bolt natural frequencies were higher than the single-bolt
frequencies, due to increased stiffness in one of the bolts. For tension estimation, considering
only the natural frequencies pose a problem and can cause an incorrect bolt tension estimation.
However, by applying a recently presented nonlinear regression procedure, it is found possible425

to estimate bolt tension and stiffness accurately, regardless of how strong the inter-bolt coupling
is.
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a b s t r a c t

Structural health monitoring techniques based on vibration measurements have been receiv-

ing large attention in the last decades, including techniques for estimating bolted joint tight-

ness and detecting loosened bolts. Due to the exposure of bolted joints to external forces, the

bolts may loosen and therefore affect healthy functioning of the bolted structure. In this work

a technique is proposed to estimate the level of bolt tightness and to quantify the tension

based on the measured natural frequencies of the bolt, in particular the first transverse natu-

ral frequency. An experiment is performed on two structure specimens each clamped with a

bolt of different length. The bolts bending vibrations are excited by impacting the bolts head

along the transverse direction. The excited transverse natural frequencies are then recorded

as the bolts are gradually tightened. The measured frequencies trends are explained by mod-

eling the bolt as a pre-stressed one dimensional beam with elastic supports at both ends. The

experimental results are reproduced using an analytical function that expresses the bound-

aries stiffness in terms of the bolt tension. The sensitivity of the measured bolt first transverse

natural frequency demonstrates the potential of this frequency-based technique in estimating

bolt tightness.

© 2018 Published by Elsevier Ltd.

1. Introduction

Bolted joints are widely used in engineering structures and machine design, like wind turbines, drilling rigs, bridges and

engines, just to name a few. When a structure with bolted joints is exposed to dynamic loads in the form of shock, vibration

or cyclic thermal loading, the fasteners may turn loose [1]. In the case of vibration loading, when the external force overcomes

the clamping friction between the bolt and nut, this leads to a relative movement between these two surfaces to occur which

results in loosening of the fastener [2]. Such loosening may lead to structural failures if not discovered in time, which can be

catastrophic in safety critical applications. In 2015 a 119 m tall wind turbine located in the Lemnhult wind farm near Vetlanda,

Sweden collapsed. The cause was attributed to insufficient clamping forces in the joints, which was overcome by the wind forces.

Therefore, a regular checking and documentation of proper bolt tightness is essential for certification and safe operation.

Several methods can be used to estimate bolt tension. These include torque control, angle control, stretch control and the

ultrasonic method. Torque control utilizes the torque-tension relation, which is an estimate of how torque provided by the

torque wrench is converted into bolt tension [3]. Uncertainties as unknown plastic deformation of the threads, torsion and fric-

tion between bolt-head/nut and surface entail a variation in the torque-tension relation of up to 30% [3]. However due to the
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Nomenclature

Dimensional variables

fi ith transverse natural frequency the bolt/beam,

Hz

fi,cc ith transverse natural frequency of the

clamped-clamped beam, Hz

k̃u translational stiffness at beam ends, N/m

k̃𝜃 rotational stiffness at beam ends, N m

N tensile axial force (bolt tension, clamping

force), N

x̃ longitudinal coordinate, m

t̃ time, s

ũ beam transverse deflection, m

l length of the beam, m

E Young’s modulus, N/m2

I second moment of area of the beam’s

cross-section, m4

E I bending stiffness, N m2

𝜌 density of the beam, kg/m3

A cross-sectional area, m2

𝜌A mass per unit length, kg/m

w0 characteristic frequency of the beam, rad/s

𝜂 asperity density

𝛽 asperity radius of curvature, m

E∗ composite modulus of elasticity of the material

of the two surfaces, N/m2

𝜎 composite standard deviation of asperity

height distributions, m

d distance between the two surfaces, m

𝛿n denotes the deformation induced by the force

N, m

k̃n normal stiffness

da infinitesimal area of the ring, m

(𝜌,𝜙) polar coordinates of da in the ring surface

r inner radius of the bolt-head/nut, m

R outer radius of the bolt-head/nut, m

𝛿𝜃 deformation induced by tilting of the ring, m

K̃n normal stiffness density, N/m2

M total torque about the axis of abscissas, N m

𝜈 Poisson ratio

Dimensionless variables

x longitudinal coordinate

t time

u beam transverse deflection

p nondimensional tensile axial force

w beam transverse frequency

𝜆, 𝛾 eigenvalues of the full model

𝜆cc, 𝛾cc eigenvalues of the clamped-clamped beam

𝜆pcc, 𝛾pcc eigenvalues of the pre-stressed

clamped-clamped beam

h normalized gap between the two surfaces

(c1, c2, c3, c4) fitting parameters for the normal

stiffness

c𝜃 coefficient for the rotational stiffness

cu coefficient for the translational stiffness

simplicity of the torque wrench, this is still the most used method. The angle control method [4] uses the linear relationship

between the rotation angle and axial force in an elastic region; however, it is hard to find the elastic region in an actual exper-

iment. Strain gauges are used in stretch control to determine the elongation during bolt tightening and hereby estimate the

bolt tension [3]. The accuracy of the strain gauge is high, however due to the requirement of installing these strain gauges, this

method may not be practical in bolted assemblies with many fasteners. A discussion on the various bolt-tightening verification

techniques can be found in Ref. [5].

The ultrasonic method utilizes the relationship between acoustic wave velocity and length of the bolt combined with the

stress state in bolt [6–8]. A transducer emits an ultrasound impulse from one end of the bolt, and the travel time back and forth

of the impulse is then recorded to estimate the tension in the bolt [9]. Most ultrasonic devices in industry use the longitudinal

waves to determine bolt tension (mono-wave method); however researchers have been working in using also transverse waves

(bi-wave method): A velocity ratio approach, which uses a velocity ratio between the longitudinal and the transverse waves that

have different acoustoelastic coefficients, was suggested to estimate the tightening force of a bolt [10]. With this method, the

time of flight measurement in the unstressed state is not needed. Ultrasonic techniques have also been used to study contact

pressure distribution at the clamped interface of bolted joints [11,12]. It was further shown that ultrasonic reflections from the

clamped interface could be used to estimate the progress of relaxation in bolted joints [13]. The ultrasonic method provides a

better accuracy compared to the torque wrench, and also determines bolt tension without any impact on the joint stiffness, as

opposed to strain gauges. However, besides stress, the method is also influenced by temperature and by plastic elongation of

the bolt [14]. There are also some requirements for the method to be used, e.g. the bolt ends must be flat, parallel and have a

reasonable surface finish, and bolts with short effective lengths are not suitable.

In recent years, a continuous interest was placed on improving and developing other techniques to assess the loosen-

ing/tightening health state of bolted joints. Among these techniques are those based on vibration measurements, where the

structural vibration response is analyzed for detecting failure in bolted joints. Todd et al. [15] investigated the effectiveness of

monitoring changes in structural frequencies and mode shapes, and found that these properties may not be ideal to track joint

functionality loss. Meyer and Adams [16] investigated an impact modulation testing method to identify loose bolts within a

structure. They developed a modulation index based on the amplitudes of the side-bands in the response spectrum, and showed

that this index increased as the bolt torque decreased. Other methods also exploited the nonlinear dynamics of bolted joints:

Amerini et al. [17] investigated a vibro-acoustic modulation method, where two indices were developed to assess the health

state of bolted joint; A hyperbolic tangent function was proposed to approximate the experimental data with excellent corre-
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Fig. 1. a,b) Test specimens. c) Bolts. d) Impact pendulum.

lation. Milanese et a [18]. developed a method that uses output-only vibration data. They showed that the bolted joint exhibits

linear behavior when it is tight, while nonlinearly when loose. This nonlinearity was attributed to nonlinear boundaries stiff-

ness of the composite beam. Paez et al. [19] experimentally found the natural frequency of a bolted joint to exhibits a nonlinear

dependency on the boundary stiffness, and tending to an asymptotic value for larger stiffness.

With the above-mentioned methods, the assessment of the bolted joint tightness is based on the vibration response of the

structure. In this work, by contrast a technique based on the vibration response of the bolt itself, specifically its transverse

natural frequency, is presented. This frequency-based technique has two objectives: assess the bolt tightness level (i.e.loose or

tight), and quantify the bolt tension. Experimental and theoretical studies are performed to test and support the reliability of

this technique. Two bolts of different lengths are considered in the experiment, where each bolt is used to clamp a test structure.

The bending vibration of the bolt is excited by impacting the bolt-head along the transverse direction. The transverse natural

frequencies of the bolt are then measured as the bolt is gradually tightened up to 70% of its yield force, i.e.to about nominal

tightness. The measured frequencies trends for the two bolts are then theoretically investigated by considering a simple model

that consists of a pre-stressed one dimensional beam with elastic supports at both ends. The boundaries stiffness of the beam

are expressed analytically as function of the bolt tension. This theoretical model helps understand the measured frequencies

trends and shows that the bolt tension can be quantified from the measured frequency. Section 2 introduces the experimental

set up and presents the measured data. Section 3 investigates theoretically the obtained experimental data. Section 4 combines

the results of the two previous sections and discusses them, and Section 5 presents conclusions.

2. Experimental observations

2.1. Test rigs and signal instrumentation

The two test specimens Ø100 × 100 mm (semi-cylindrical) and Ø100 × 200 mm (cylindrical) (Fig. 1a and b) were man-

ufactured from alimunium (Young’s modulus 70 GPa, density 2700 kg/m3) with a bore for a bolt in each one. Two steel bolts

(Young’s modulus 207 GPa, density 7850 kg/m3) of grade 8.8 were used (Fig. 1c): M12 × 260 mm for the long test rig and

M12 × 140 mm for the short one. The diameter of the clearance holes in the test rigs was 14 mm to avoid contact between the

test rigs and mounted bolts. The clearance considered here corresponds to a fit between normal and loose, [20]. Each test rig

was designed such that its first transverse natural frequency was larger than the two first transverse natural frequencies of their

respective bolt. The combined test rig and bolt system was put on a foam to approximate free-free boundary conditions.

A force sensor washer (Type KMR Ø12 mm from HBM), placed underneath the bolt head, was used to measure the axial

force between bolt-head and the structure flange. Two hardened washers were placed at both sides of the force washer to help

distribute the clamping force all over its surface (Fig. 2b). The force washer was connected to an amplifier (Type AE301S7 from

HBM) and the amplifier to a voltmeter to read off the voltage. The force washer was calibrated using a tension test machine

(Instron 8502 testing system) for 5 V output to equal 60 kN of load. The relationship between applied load and the output
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Fig. 2. Schematic impact pendulum (a) and bolted structure (b).

voltage was found to be linear in the range of relevance, which was up to 70% of the bolt yield force [3]. In the rest of the paper,

the clamping force between bolt-head/nut and structure flanges, and the bolt tension have the same meaning, while load refers

to the pre-load applied by the tightening device.

An impact pendulum was designed (Figs. 1d and 2a) to impact the bolt-head along the transverse direction of the bolt in a

controllable manner through a steel tip. A force transducer (B&K Type 8206) was mounted between the tip and the pendulum

arm to measure the applied impacting force. On the bolt-head an accelerometer (B&K Type 4397) was glued in the transverse

direction using a thin layer of beeswax (Fig. 2b). The accelerometer and the force transducer were connected to B&K DAQ LAN-Xi

module Type 3150.

2.2. Test procedure

The two bolts, the long M12 × 260 mm and the short M12 × 140 mm, were gradually tightened up to 70% of their yield

force, around 40 kN, using a hydraulic tensioner (SKF) [21]. The hydraulic tensioner was chosen over the torque wrench to avoid

deforming the threads and to minimize the friction between the nut and the bolt threads. This way the same geometric and

material properties of the bolt were retained through the continuous loading-unloading cycles, and therefore the variability,

usually caused by the torque wrench, was eliminated. During the tightening process the tensioner was hand pump pressurized,

and while the bolt was elongated, the nut was finger tightened. The pressure was then released and hereby the test rig flanges

compressed against the bolt-head/nut surfaces [22]. Once certain tension level was reached, an impact modal testing was per-

formed. Then the bolt was loosened using the hydraulic tension and again tightened with a higher tension level for another

impact testing.

The bolt was excited along the transverse direction by means of the impact pendulum. The resulting transverse vibrations

response was sensed using the accelerometer mounted on the bolt-head. The excitation and response signals were recorded

simultaneously using B&K PULSE Labshop software, and then processed with a frequency span and resolution of 13.1 kHz and

1 Hz, respectively. At each level of tension the bolt was impacted three times and the results were averaged to obtain one

frequency response function (FRF). The transverse natural frequencies were determined by localizing peaks in the FRF. These

frequencies can be considered as accurate measures of the undamped ones, since the damping is so low (<1%). This procedure

was repeated for each tension level until reaching 70% of the bolt yield force, and the data collected was referred to as a Test.

Two Tests were performed, and in each one, the tension level was increased until reaching approximately 40 kN. The first two

tension levels in each Test were reached using hand tightening to obtain very low values of tension levels.

Fig. 3 shows an example of FRF and coherence plot for a bolt tension (26 kN), where the first two peaks correspond to the

bolts first two natural transverse frequencies. The good coherence, close to unity, in the frequency range including the first two

natural frequencies indicates the response is mainly due to the impact, and that the relationship between input and output is

linear with a good signal to noise ratio.

2.3. Test results

Fig. 4 shows the squared transverse natural frequencies for the two bolts as a function of bolt tension. The measured frequen-

cies for the first two modes, f1 and f2, are normalized by the respective theoretical frequencies for a corresponding clamped-

clamped uniform beam, f1,cc and f2,cc, with fi,cc = 1∕(2𝜋)
√
𝜆4

i,cc
EI∕(l4 𝜌A), and where EI is the bending stiffness, 𝜌A the mass

per unit length and l the corresponding effective length for each bolt, and (𝜆1,cc ≈ 4.73, 𝜆2,cc ≈ 7.85). The tension, which cor-

responds to the clamping force between the test rig flanges and the bolt-head/nut surfaces, is normalized by the transverse

stiffness EI∕l2 for each bolt.

In the case of the long bolt, as shown in Fig. 4a, at low tension the squared first transverse natural frequency changes non-

linearly with tension. As the bolt is gradually tightened the squared frequency starts changing linearly with tension. This lin-
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Fig. 3. Measured FRF (top) and coherence (bottom) with transverse impact for the M12 × 260 mm bolt at tension (26 kN).

Fig. 4. Measured first and second nondimensional squared transverse natural frequency of the long bolt M12 × 260 (a,c) and short bolt M12 × 140 (b,d) as function of

nondimenisonal tension p. (a,b) first mode, (c,d) second mode.

ear behavior starts approximately when the ratio f1∕f1,cc = 1 indicating that the pre-stressed bolt starts behaving as if it has

clamped-clamped boundary conditions. The nonlinear-to-linear change was also observed by other authors who analyzed the

vibration response of a structure, e.g. Refs. [18,23]; the nonlinear behavior was attributed to the nonlinear boundaries stiffness

[18].

For the second vibration mode, the squared frequency shows the same trend as for the first mode, see Fig. 4c. However, the

change in the squared frequency is less sensitive to the tension. This suggests that the first transverse mode is a better indicator

of the bolt tightness than the second. Therefore the frequency-based method presented in this work relies on the measured first

transverse natural frequency of the bolt, and the forthcoming analytical investigation aims primarily to recover and explain the

experimental frequency trends of the first mode.

For the short bolt, the same remarks can be noted as in the case of the long bolt, see Fig. 4b,d. However the transverse natural

frequency of the short bolt is less sensitive to tension than the long bolt. Also the tension pcc at which the ratio f1∕f1,cc = 1,

i.e.where the bolt starts behaving as a pre-stressed clamped-clamped beam, differs between the long and short bolts. The bolt
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tension value corresponding to pcc is lower for the long bolt (≈10 kN) compared to the one for the short bolt (≈20 kN), indicat-

ing that the long bolt becomes effectively clamped at lower tension than the short bolt. An explanation of this observation is

provided in the theoretical analysis.

The nonlinearity, in the squared natural frequency versus tension relation, observed for both bolts is attributed to the bound-

aries, specifically in the contact between the structure flanges and the bolt-head/nut surfaces. When the clamping force at the

interfaces is low and the bolt is struck, both the bolt-head and the nut move against the structure which induce friction, how-

ever the effect of the boundary damping on the frequency is minimal. Therefore the dominant effect of the boundaries on the

transverse frequency comes from the stiffness. In the next section, the effect of the boundaries stiffness on the frequency is

theoretically investigated for low and high tension.

3. Theory

Here we suggest a theory to help explain the behavior of the bolt frequencies trends for low as well as high tensions (Fig. 4).

It was shown in the previous section that at high tension the bolt behaves as if clamped at both ends; this suggests the bolt

can be modeled as an axially pre-stressed clamped-clamped beam, i.e.where the boundary stiffness is infinite. For low tension,

a model of one-dimensional beam with finite values of boundary stiffness is considered to explain the experimental data. The

predictions of this model should approach the data at high tension, namely pre-stressed clamped-clamped beam, when the

boundaries stiffness become infinite. Hereby the theoretical model “full model” can cover all tension levels, and explain data

from low to high tensions. The tightened bolt is modeled as a beam having translational k̃u and rotational k̃𝜃 stiffness at both

ends, and subjected to a tensile axial force N, see Fig. 5. Although for bolts the bending stiffness has the main effect on the

transverse vibrations of the beam, the boundary stiffness as characterized by the three parameters k̃u, k̃𝜃 and N are expected to

also have some effect. The equation of motion of the beam transverse deflection ũ(̃x, t̃) is obtained using Bernoulli-Euler theory,

where x̃ and t̃ denote the longitudinal coordinate and the time, respectively.

3.1. Equation of motion

The Bernoulli-Euler equation for the pre-stressed beam has the nondimensional form [24,25]:

ü + u⁗ − p u″ = 0, (1)

where u = u(x, t) is the transverse deflection at time t and x ∈ [0, 1] is the axial coordinate. The boundary conditions are:

−u‴(0, t) + p u′(0, t) = ku u(0, t), (2)

u″(0, t) = k𝜃 u′(0, t), (3)

−u‴(1, t) + p u′(1, t) = −ku u(1, t), (4)

u″(1, t) = −k𝜃 u′(1, t), (5)

and all parameters and variables are nondimensional:

x = x̃

l
, t = w0 t̃, u = ũ

l
,

p = N l2

EI
, ku = k̃u l3

E I
, k𝜃 = k̃𝜃 l

EI
. (6)

In Eqs. (1)–(5) dots and primes denote differentiation w.r.t. to t and x, respectively, subscripts u and 𝜃 denote “translational”

and “rotational”, respectively. The axial coordinate x and transverse deflection u are nondimensionalized by the beam length l,

Fig. 5. Simple bolt model - a tensioned slender beam with finite boundary stiffness.
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which models the effective length of the bolt. Time t is nondimensionalized by the characteristic frequency w0 =
√

EI∕𝜌A l4. A

solution form u(x, t) = 𝜙(x) cos(wt) inserted in Eqs. (1)–(5) gives

𝜙⁗(x) − p𝜙″(x) − w2 𝜙(x) = 0, (7)

−𝜙‴(0) + p𝜙′(0, t) = ku 𝜙(0), (8)

𝜙″(0) = k𝜃 𝜙
′(0), (9)

−𝜙‴(1) + p𝜙′(1) = −ku 𝜙(1), (10)

𝜙″(1) = −k𝜃 𝜙
′(1). (11)

The general solution of Eq. (7) can be written:

𝜙(x) = C1 cos𝜆 x + C2 sin𝜆 x + C3 cosh 𝛾 x + C4 sinh 𝛾 x, (12)

where 𝜆 and 𝛾 are given by

𝜆 =

√√(
p

2

)2

+ w2 − p

2
and 𝛾 =

√√(
p

2

)2

+ w2 + p

2
, (13)

satisfying

𝛾 =
√
𝜆2 + p, (14)

and where C1, C2, C3andC4 are constants to be determined from the boundary conditions Eqs.(8)–(11). Inserting Eq. (12) into

Eqs.(8)-(11) and solving for non-zero 𝐂 = {C1 C2 C3 C4}T , by requiring the determinant to vanish, the frequency equation is

obtained:

[(4 w2 + p2)(w2 k2
𝜃
+ k2

u) + p w2 (3 w2 + p2) − 2 ku k𝜃 p w2 − k2
u k2

𝜃
p] sin𝜆 sinh 𝛾

+ [(w2 − ku k𝜃)2 − 2 ku k𝜃 (2 w2 + p2)] cos𝜆 cosh 𝛾

1√
2

√√
4 w2 + p2 + p (

√
4 w2 + p2 [k𝜃 p w2 + ku (2 w2 + p) + ku k𝜃 (ku p − 2 ku)]

+ (4 w2 + p2) (k𝜃 w2 − ku p − k2
𝜃

ku)) sin𝜆 cosh 𝛾

− 1√
2

√√
4 w2 + p2 + p (

√
4 w2 + p2 [k𝜃 p w2 + ku (2 w2 + p) + ku k𝜃 (ku p − 2 ku)]

− (4 w2 + p2) (k𝜃 w2 − ku p − k2
𝜃

ku)) cos𝜆 sinh 𝛾 − 2 w (w2 + ku k𝜃) = 0. (15)

The frequency equation can be reduced to that of a pre-stressed clamped-clamped beam [26] by dividing Eq. (15) by k2
𝜃

k2
u

and letting k𝜃 and ku approach infinity, which gives:

2 w cos𝜆 cosh 𝛾 − p sin𝜆 sinh 𝛾 − 2 w = 0, (16)

where 𝜆, in this case, slightly changes with tension p, resulting in a linear dependency of the squared frequency on tension. The

expression of the frequency is given by combining Eqs. (13) and (14) such that:

w2 = 𝜆4 (1 + p∕𝜆2). (17)

The frequency w is obtained by solving Eq. (15), which is function of the tension p, and the rotational and translational

stiffness, k𝜃 and ku respectively. In this study, the tension p is provided by the force washer underneath the bolt-head, while the

boundary stiffness is theoretically investigated in the following.
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Fig. 6. Contact between structure flange and bolt-head/nut surface.

Fig. 7. Normal stiffness, Eq. (19), vs.clamping force, Eq. (18) with physical parameters taken from Ref. [29].

3.2. Boundary stiffness vs. tension

In this section analytical expressions for the rotational k𝜃 and translational ku stiffness are investigated. The boundary stiff-

ness expressions are sought on the fact that real engineering surfaces are to some extent rough. This roughness is manifested as

a distribution of tiny asperities at a micro-scale level. Fig. 6 shows a schematic of the bolt-head/nut and the structure surfaces

clamped together. The asperity interactions of the interface can be thought of as springs connecting the mating surfaces, as

shown in Fig. 6b. Drinkwater et al. [27] observed, using a spring model, that the normal (interfacial) stiffness increases as the

contact pressure is increased. No exact relationship exists between normal stiffness and contact pressure; however Greenwood

and Williamson [28] introduced a statistical model for the contact between a rough and plane surfaces. They derived an expres-

sion for the contact force assuming the asperities summit to be spherical with constant radius and their heights following a

Gaussian distribution:

N = 4

3
E∗ 𝜂 𝛽1∕2 𝜎3∕2 ∫

∞

h

(s − h)3∕2 𝜙(s) ds, (18)

where 𝜂 is the asperity density, 𝛽 the asperity radius of curvature, E∗ the composite modulus of elasticity of the material of the

two surfaces, 𝜎 the composite standard deviation of asperity height distributions and h = d∕𝜎 the normalized gap d between

the two surfaces. The height distribution𝜙(s) = exp(−s2∕2) is scaled so that its standard deviation is unity. The contact (clamp-

ing) force N in Eq. (18) corresponds to the tensile force N in the beam (cf. Fig. 5), which models the bolt tension. The normal

stiffness can be deduced from Eq. (18), since:

k̃n =
|||| dN

d𝛿n

|||| = 1

𝜎

dN

dh
= 2 E∗ 𝜂 𝛽1∕2 𝜎1∕2 ∫

∞

h

(s − h)1∕2 𝜙(s)ds, (19)

where 𝛿n denotes the deformation induced by the contact force N. Eq. (19) shows that the stiffness is dependent on the surface

topography through the parameters 𝜂, 𝛽 and 𝜎. It was theoretically shown [29] that these parameters have an important effect

on the normal stiffness. Fig. 7 shows the normal stiffness k̃n as function of the contact force N obtained by Eqs. (18) and (19),

using numerical integration.
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Fig. 8. a) Tilted mating surfaces. b) Bolt-head/Nut surface geometry.

The bending vibration of the bolt causes an uneven contact force distribution along the contacting surfaces between the

bolt-head/nut and structure flanges, which results in these surfaces being titled with respect to each other, Fig. 8a. Therefore

the normal stiffness induces also a rotational stiffness at the bolt ends (bolt-head and nut). Assuming that the normal stiffness

is homogeneously distributed over the contact ring in Fig. 8b, which models the bolt-head/nut surfaces, the normal force dN on

an area infinitesimal da is:

dN = K̃n 𝛿𝜃 da = k̃n

𝜋 (R2 − r2)
𝜌 sin𝜙 sin𝜃 da, (20)

where (𝜌,𝜙) are the polar coordinates of da in the ring surface, and r and R the inner and outer radius of the bolt-head/nut,

respectively, (cf. Fig. 8b). The term 𝛿𝜃 = 𝜌 sin 𝜙 sin 𝛼 denotes the deformation induced by tilting the ring by an angle 𝜃, and

K̃n = k̃n∕𝜋 (R2 − r2) the normal stiffness density. The torque about the axis of abscissas in Fig. 8b is:

dM = dN 𝜌 sin𝜙 = k̃n

𝜋 (R2 − r2)
𝜌2 sin2𝜙 sin𝜃 da. (21)

Integrating over the surface of the ring, we obtain the total torque M about the axis of abscissas:

M = ∫
R

r ∫
2 𝜋

0

dM = ∫
R

r ∫
2 𝜋

0

k̃n

𝜋 (R2 − r2)
𝜌2 sin2𝜙 sin 𝜃 𝜌d𝜌d𝜙 (22)

= sin𝜃

4
(R2 + r2) k̃n, (23)

and differentiating with respect to 𝜃 gives the rotational stiffness:

k̃𝜃 = dM

d𝜃
= cos𝜃

4
(R2 + r2) k̃n. (24)

The translational stiffness on the other hand can be calculated as [30]:

k̃u = C (1 − 𝜈)
(2 − 𝜈)

k̃n, (25)

where 𝜈 is the Poisson ratio and C = 𝜋∕2. Eq. (25) was obtained by relating the elastic tangential displacement of an asperity to

a tangential force, and to the radius of the contact area of an asperity, and then integrating for all asperities assuming a Gaussian

distribution. The tangential stiffness can result from the contact of an asperity shoulder with an another asperity shoulder on

the opposite surface. Other expressions similar to Eq. (25) were derived by other authors [31,32] with the only difference the

value of the factor C.

Eqs. (24) and (25) show that the rotational and the translational stiffness are both proportional to the normal stiffness k̃n

with factors that depend on the geometry and the material properties of the mating surfaces. In what follows, the data repre-

sented in Fig. 4 are analytically investigated using the expressions of k̃𝜃 and k̃u given in Eqs. (24) and (25), together with the

nondimensionlized tension p which is related to N (cf. Eq. (6)).

3.3. Natural frequency vs. tension

The effect of tension and boundary stiffness on the transverse natural frequencies of the beam can be investigated by first

rewriting Eq. (15) such that it is function of 𝜆, k𝜃 , ku and p, using Eqs. (14) and (17):

g(𝜆, p, k𝜃, ku) = 0, (26)

solving numerically for the roots 𝜆, and then using Eq. (17) to obtain the squared natural frequency w2. Furthermore, Eqs.

(18), (19), (24) and (25) provide an implicit relation between k𝜃 , ku and p; however a closed form expression relating the stiffenss

to the tension is desired to better perceive and understand the effect of boundary stiffness on natural frequencies. Based on the
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Fig. 9. The two lowest roots 𝜆 (blue solid line) of the frequency Eq. (30) for finite boundary stiffness, and the roots (red dashed line) of the frequency Eq. (16) for clamped-

clamped boundaries 𝜆pcc . With parameters E = 207 GPa, 𝜌 = 7850 kg/m3, R = 9 mm, r = 6 mm, 𝜈 = 0.3, cos𝜃 = 1, c1 = 2105, c2 = 0.35, c3 = 20, c4 = 0.8; with

l = 253.5 mm (1st mode) and l = 251 mm (2nd mode). (For interpretation of the references to colour in this figure legend, the reader is referred to the Web version of

this article.)

analytical expressions, Eqs. (18) and (19), Fig. 7, and experimental observations (e.g. Refs. [27,33]), an approximating function

for the normal stiffness kn is proposed:

kn = c1 tanh(c2p)
1 + c3 e−c4p

(27)

where c1, c2, c3 and c4 are positive constants with no physical meaning. The function tanh(c2p) tracks the nonlinear behavior of

the stiffness as the tension p is changing at low tension values, and also ensures the condition of zero stiffness at zero tension,

while the constant c1 controls the behavior at the limit for high tension. The term c3exp(−c4p) controls the transition of the

stiffness behavior between low and high tension. The rotational and translational stiffness in Eqs. (24) and (25) then become:

k𝜃 = c𝜃 kn and ku = cu kn, (28)

where

c𝜃 = cos 𝜃
4

(R2 + r2)
l2

, cu = C (1 − 𝜈)
(2 − 𝜈)

. (29)

Eq. (26) then becomes:

g(𝜆, p, c𝜃, cu, c1, c2, c3, c4) = 0, (30)

where the parameters c1, c2, c3 and c4 are to be obtained by fitting the squared frequency to the experimental data. The 𝜆’s

are obtained by numerically solving Eq. (30) for a set of values of (c1, c2, c3, c4), and the corresponding frequency solutions,

w = w(p), are deduced using Eq. (17), and then compared to the measured frequencies wj = 2𝜋f j for every value of the mea-

sured bolt tension pj, where the subscript j denotes a specific tension level. The parameters (c1, c2, c3, c4) are obtained so as to

minimize the difference between the solution w(p) and the measured frequencies wj. The parameter c1 controls the limit at high

tension, c2 the behavior at low tension, and c3 and c4 control the transition from low to high tension.

The fitted parameters are used to produce Fig. 9, which shows the roots 𝜆 for the first two modes of the frequency Eq.

(30) (blue solid line) in the case of the long bolt M12 × 260. Fig. 9 also shows the roots for the first two modes of the pre-

stressed clamped-clamped beam 𝜆pcc (red dashed line), Eq. (16), which for zero tension (p = 0) reduce to the clamped-clamped

beam case (𝜆cc ≈ 4.73, 7.85). For zero tension, the 𝜆’s of Eq. (30) emanate from the zero solution (𝜆 = 0) of the equation

cos𝜆cosh𝜆 = 1, which corresponds to rigid body motion of the beam. This is caused by the link between tension and boundary

stiffness, which implies zero boundary stiffness for zero tension, with corresponding unrestricted rigid body modes. As the

tension p increases, the roots start changing nonlinearly with p; however as the value of the tension further increases, the roots

start changing close to linearly, in particular the 𝜆’s approach the ones for the pre-stressed clamped-clamped beam 𝜆pcc.

Fig. 10 shows the rotational and translational stiffness k𝜃 and ku calculated using Eq. (28) with fitting parameters

(c1, c2, c3, c4) obtained for the first transverse mode of M12 × 260 bolt. The rotational and translational stiffness increase as the

tension increases. The frequency solution (blue solid line) is produced and plotted against the measured frequencies (markers),

as shown in Fig. 11, for the first two transverse modes of the two bolts M12 × 260 and M12 × 140.

The frequency solution with fitted parameters (blue solid line) for the first mode agrees excellently with the measured fre-

quencies (markers) at all tensions, Fig. 11a and b. As the tension exceeds the value corresponding to f∕fcc = 1 the full model
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Fig. 10. Rotational boundary stiffness (blue dashed line) and translational boundary stiffness (red solid line), Eq. (28), with the same parameters used for the 1st mode in

Fig. 9. (For interpretation of the references to colour in this figure legend, the reader is referred to the Web version of this article.)

Fig. 11. Nondimensional transverse natural frequency of the large bolt M12 × 260 (a,c) and the short bolt M12 × 140 (c,d) as function of nondimenisonal tension: Experi-

mental data (markers). Frequency solution to Eq. (30) (blue solid line); frequency solution to Eq. (16) (red dashed line); (a,b) first mode; (c,b) second mode. With param-

eters: E = 207 GPa, 𝜌 = 7850 kg/m3, R = 9 mm, r = 6 mm, 𝜈 = 0.3, cos𝜃 = 1; (a,c) c1 = 2105, c2 = 0.35, c3 = 20, c4 = 0.8; (b,d) c1 = 2105, c2 = 0.3, c3 = 20,

c4 = 0.6; (a) l = 253.5 mm; (b) l = 127 mm; (c) l = 251 mm; (d) l = 121 mm. (For interpretation of the references to colour in this figure legend, the reader is referred

to the Web version of this article.)

(blue solid line) approaches the behavior of a pre-stressed clamped-clamped beam (red dashed line), as it was shown by calcu-

lating the roots in Fig. 9. The frequency for the pre-stressed clamped-clamped beam (red dashed line) is obtained by substituting

the numerically obtained roots of Eq. (16) into Eq. (17).

For the second mode, Fig. 11c and d shows a good agreement, in particular for the long bolt M12 × 260, Fig. 11c. However

for the short bolt M12 × 140 the model only qualitatively captures the nonlinear behavior of the measured frequencies at low

tension, Fig. 11d. The discrepancy in the second mode of the short bolt, Fig. 11d, between the experimental results (markers)

and the theoretical model (blue solid line), can be explained by the small characteristic wavelength of the second mode, which

means that the shear deformation becomes important, and thus the frequency of the second mode obtained from Bernoulli-
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Fig. 12. Eigenvalue ratio of the full model Eq. (30) to the pre-stressed clamped-clamped beam Eq. (16) versus bolt tension for the long and short bolt’s first mode, with the

same parameters used in Fig. 11a and b.

Euler theory becomes less accurate compared to the first mode. The effective length of each bolt used to produce the blue and

the red-dashed lines for the second mode, Fig. 11c and d, differs from the one used for the first mode, Fig. 11a and b.

Fig. 12 shows the eigenvalue ratio of the full model to the pre-stressed clamped-clamped beam versus the bolt tension N for

each bolt’s first mode. The parameters used to produce Fig. 12 are the same as the ones used in Fig. 11a and b. As mentioned in

Subsection 2.3, Fig. 12 shows that the long bolt becomes effectively clamped 𝜆∕𝜆pcc = 1 at lower tension than the short bolt.

Although the bolt tension in each bolt is the same which leads to a same normal stiffness, the effect of the normal stiffness is

different for each bolt due the difference in the characteristic wavelength - the effect of the boundaries stiffness becomes more

complex and dominant in the case of short bolt, as the boundaries and the bolt can be seen as one whole elastic body, whereas

for the long bolt the boundaries stiffness can be isolated from the bolt and thus considered as true boundaries to the bolt.

The excellent agreement for the first transverse mode shows that the model consisting of a one-dimensional beam, Eqs.

(1)–(5), and boundary stiffness, Eq. (28), is useful for explaining the frequency trends of the bolt for the whole range of tension,

low and high.

4. Summary and discussion

Fig. 11 supports the hypothesis that the main cause of the nonlinear squared frequency trend in Fig. 4 is the increase in

boundary stiffness accompanying increased bolt tension, i.e.bolt tightening. This increase of boundary stiffness with tension in

the experiment, which is modeled by Eqs. (27)–(29), is complex for it depends on the geometric and material properties of the

mating surfaces. In the nonlinear region (f∕fcc < 1) the bolt ends (head/nut) are neither free nor clamped, they are taking dif-

ferent finite values of stiffness that increase as the contact area between the mating surfaces increases, mostly in a non-uniform

fashion depending on the asperity distribution pattern in the depth direction and the shape, with the increased pressure. As

the pressure, correspondingly the bolt tension, increases, the contact area covers all the mating surfaces and consequently the

“infinite” value of the boundary stiffness saturates (cf. Fig. 10). Fig. 11 also supports the claim that at high tension the pre-

stressed bolt behaves as if it is clamped at both ends (head and nut), which results in a linear trend of the squared frequency as

the tension is further increased beyond the value corresponding to f∕fcc = 1.

The above results suggest that the bolt first transverse natural frequency can be used as an estimation means to assess

in-service bolt tightness. Once the material and geometrical properties of the bolt are known, a simple impact and response

measurement on the bolt can give an idea about its loosening/tightening health state. The first transverse natural frequency

can also serve to quantify the tension level of an in-service bolt, by using the pre-stressed beam model with the analytical

expressions, Eqs. (27)–(29), for the boundary stiffness.

This technique can also be used to estimate bolt tightness during mounting and tightening. A test can be carried out such

that three successive tightening loads are applied, then the square of the measured frequency is recorded for each load level, if

the three data points form a straight line this means the bolt is well tightened. Otherwise, an extra higher load is applied and the

last three data points are checked. This process can be continued until the last three data points form a straight line, indicating

the well tightness of the bolt.

5. Conclusion

An experiment with two test specimens each clamped with one bolt, has been conducted. Impact modal analysis was per-

formed for the bolt as its tension was increased. The natural frequencies of the two first transverse modes for each bolt was
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recorded, and results showed that the first mode was more sensitive to the change in bolt tension compared to the second

mode. The squared natural frequency trends were shown to exhibit nonlinear and linear behaviors depending on the bolt ten-

sion level. A simple model was considered, with an analytical stiffness function proposed to theoretically describe these two

behaviors. The analytical results gave an excellent agreement with the measured first mode frequencies, hereby showing that

at low tension the nonlinear behavior of the squared frequency versus tension curve can be explained by boundary stiffness

depending nonlinearly on tension, and also suggesting that the linear behavior at high tension was due to the bolt being effec-

tively clamped at its both ends (bolt-head/nut).

The sensitivity of the bolt first transverse natural frequency to tension suggests that the squared frequency can be used

in assessing the level of bolt tightness. Furthermore, the excellent agreement of the analytical model with the measured data

suggests that the bolt tension can be quantified for the whole range of tension, low and high. An extension of this bolt frequency-

based technique, would be to test it for a structure with more than one bolt and for a joint when two structures are clamped

together with one or more bolts.
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ABSTRACT
The dynamics of structures with joints commonly show nonlinearity in their responses. This nonlinear be-

haviour can arise from the local dynamics of the contact interfaces. The nonlinear mechanisms at an interface are
complicated to study due to the lack of observability within the contact interface itself. In this work, Digital Image
Correlation (DIC) is used in combination with a high-speed camera to observe the local motion at the edge of the
interface of a bolted lap joint. Results demonstrate that it is possible to use this technique to monitor the localised
motion of an interface successfully. It is observed that the two beam parts of the studied lap joint separate when
undergoing bending vibrations, and that there is a clear asymmetry in the response of the left and the right end of
the interface. Profilometry indicates that the asymmetry in the response is due to the mesoscale topography of the
contact interface, highlighting the importance of accounting for surface features in order to model the nonlinearities
of a contact interface accurately.

1 Introduction
The accuracy of structural dynamic models is often limited to the least representative part, especially if that part is in the

mechanical load path (such as joints). Furthermore, validation of such models is typically made against a global response,
since there is scarce knowledge of the local response of a joint. While accurate dynamic models of structural components are
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becoming commonplace, accurate modeling of the component-to-component interactions is still challenging. One common
shortcoming of predictive models of joints is the lack of understanding of the mechanisms underlying the observed nonlinear
behaviors (such as resonance shifts, change in dissipation, harmonics, etc.) that exist even in simple joints.

Various nonlinear joint models can be constructed and implemented for different contact cases [1, 2], but without sup-
porting data or experimental validation, these models are generally unreliable. Some methods try to circumvent this problem
by calibrating joint models with experimental data; either by measuring or optimizing joint parameters [3–5], or by including
the implicit macro effects of the joints in the component models [6]. However, using measurement data is, by definition,
non-predictive and thus requires expensive prototypes. Furthermore, the use of noisy measurement data results in large un-
certainty bands [7]. An alternative approach is to model the joint in (relatively) high fidelity to predict the nonlinear behavior,
such as in [8, 9] where high fidelity contact models of interfaces in aeroturbine assemblies are used to make predictions of
vibration amplitudes and contact forces, or in [10] where the mesoscale features of the interface are used to make blind
predictions of the dynamics of a structure with a lap joint.

In most cases, bolted joints introduce a strong damping nonlinearity and a weak stiffness nonlinearity to a structure
[11–13]. Because the weak stiffness noninearity is often amenable to the assumption that modes shapes do not change and
that there is little modal coupling, much research has focused on developing constitutive models to represent the hysteretic
behavior of an interface [14–17].

In many structures damping is beneficial [15,18] (e.g., in built-up structures, damping can prevent unwanted vibrations),
and is often caused by energy dissipation arising from micro-slip internal to frictional interfaces. Therefore, it is of great
interest to be able to predict and model such micro-slip accurately, which requires further insight in the local dynamics of a
joint.

Measurements or observations of a joint can enhance the understanding of the physical mechanisms that cause nonlinear
behaviors, such as sticking, slipping (micro- or macro-), and separation (partial or full). Once these mechanisms are under-
stood, the physics included in nonlinear models can be improved based on the experimental observations, creating a new
basis for future joint studies. This requires that the following apply:

1. The measurements can capture the different interface contact effects: sticking, slipping, and separation; the relative dis-
placements are above the measurement noise floor (sensitivity); and different effects are distinguishable (observability).

2. The measurements are repeatable. Any measured change throughout multiple measurements of a nominally identical
setup should be negligible when compared to the measured contact effects. If this is not the case, no conclusion can be
made on the correlation between cause (mechanisms) and effect (behavior).

Various techniques have been applied in order to capture these effects, the majority of which use a force excitation to impose
joint displacements that are then directly or indirectly measured. One direct technique is to use accelerometers on or near the
interface [3]. However, the physical nature of interfaces, and the fact that the sensors change the dynamic properties of the
system, limits the practical use of this technique. Laser Doppler Vibrometers (LDVs) can circumvent these problems as they
add no significant physical effects and are non-contact based measurement techniques. In [19], a method is presented that
compares the overall dynamics of a bolted structure to that of an unbolted, but otherwise similar one. The LDV measurements
indicate the presence of non-proportional damping and non-linear effects in the bolted structure due to microimpacts of the
connected beams at the bolted joint. However, to measure the required in-plane motion, a typically expensive 3D scanning
LDV (SLDV) is needed. In [20], two SLDVs were used on a flange joint undergoing bending vibration, and the local motion
at the joint was monitored. It was found that the nonlinear mechanism, here especially the damping, was different for
different flange geometries. Furthermore, an LDV measures only a single point at a time; to obtain a high-spatial resolution,
the interface has to be excited for a prolonged time, which may result in wear [21].

Recently, digital image correlation (DIC), in conjunction with a high-speed camera, has been used to observe physical
effects in structures [22]. The same technique has also been used to investigate the shock and vibration of the electronic
assemblies, where accurate, full-field measurements have been obtained as a method to monitor in-situ health of electronic
assemblies [23]. For single-lap, bonded joints, local strains were successfully measured using DIC to gain insights into crack
formation and growth [24, 25]. With this technique, the in-plane displacements of various pixel-groups in the images can
be tracked in a single measurement, ensuring a relatively high-spatial resolution. However, since this technique measures
displacements rather than accelerations, it is limited to a low-frequency bandwidth1.

In this work, high-speed DIC is used to observe the contact motion effects of a bolted lap joint in an altered version of
an academic testing structure [26]. Together with the subsequent work in [27], this research presents a novel combination
of high-speed DIC and detection of sources of nonlinearity in jointed structures. The technique is applied successfully to a

1A force-controlled shaker’s input is proportional to the acceleration and not the displacement. The ratio between displacement and acceleration
amplitudes diminish by two orders per decade and thus, at higher frequencies, the displacement amplitudes are immeasurably low, for most measurement
techniques
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bolted lap joint, revealing its potential in being a new way to experimentally investigate sources of nonlinearity in many types
of joints and structural connections as it allows for nonintrusive testing. The Brake-Reuß beam (BRB) benchmark [13, 26]
is specifically designed to show nonlinear effects at relatively low natural frequencies. A longer version is used for this
research, creating larger deflections on the interface at even lower natural frequencies, making it an appropriate case for DIC.
The BRB has been used in the past to observe nonlinear mechanisms at the contact interface. In [26,28,29], different shapes
and geometry of the beam have been used to analyze the effect of interface geometry on natural frequencies and damping,
and in [30] electronic pressure films and sensors have been used to locate the high- and low-pressure regions at the interface
to monitor the dynamic pressure levels during a vibration cycle. Electronic pressure film sensors give great insights into joint
behavior, but are an intrusive technique and may change the behavior of the joint. Notably, one of the main observations
of [30] was that in measuring the contact pressure during dynamic excitation, there was evidence of significant separation in
the interface near the edges of the interface. The finding led to the hypothesis that there are significant local kinematics (i.e.,
clapping and separation) within the interfaces of the bolted joints. This research seeks to test this hypothesis through direct
optical measurements of the local joint motion during bending vibrations in a lap joint.

The objective of this work is to obtain experimental measurements of the nonlinear mechanisms of an excited structure
containing a jointed surface. To do this, DIC, together with high-speed videography, is used to capture the vibrations
along the interface edge of the joint. Section 2 explains the experimental setup in detail, along with the essential practical
considerations. The various methodology choices that are made for the high-speed camera and DIC procedure are elaborated
in Section 3. The results obtained with these procedures in the proposed test-cases are highlighted in Section 4. The
observations are critically discussed in Section 5, and conclusions are given in Section 6.

2 Experimental Setup
2.1 Test specimen & setup

The Brake-Reuß Beam (BRB) system is a benchmark structure for studying joint-based nonlinear behavior [13,26]. An
altered version of the nominal BRB is used as a test-case; both sides of the beam are 180 mm longer than the nominal beam
(described in [26]), but the interface geometry is the same. The altered beam is displayed graphically in Figure 1. This
alteration ensures larger interface displacements at lower natural frequencies as compared to the nominal BRB, which is a
useful characteristic for the DIC study – since displacements are measured as opposed to accelerations. The BRB consists of
two stainless steel 304 alloy beams, each with a square cross section of 25.4 mm (1 inch) side length. The beams have been
manufactured by wire electrical discharge machining. The surfaces have been ground to at least an 8 µm finish. In inspecting
these beams before testing, the surface finish was measured to have mean roughness of approximately 1 µm. These beams
are connected via a bolted lap joint, using three grade 5 5/16”-24 bolts as seen in Figure 1. In the follow on work [27],
experiments are performed on other non-flat interfaces (concave and convex shapes).

In order to satisfy the repeatability condition in the experiment, the bolts are tightened using a procedure explained
in [26]: The beams are mated, aligned against two flat surfaces, and clamped such that they do not move while tightening.
To ensure that the axial alignment is consistent, a shim with a fixed thickness (0.2 mm) is used while tightening, as shown in
Figure 1. First, the center bolt is tightened to 70 % of the final bolt torque value, then each of the outside bolts are tightened
to the same level. When all three bolts have been tightened to this intermediate level, they are subsequently tightened to
the final torque, in the same order. Three different bolt torque levels are tested; 5, 10, and 20 Nm, which corresponds to
approximately 15, 30, and 60 % of the bolts’ yield strength. However, the stress percentages are rough estimates, as the bolt
torque relation to preload is controlled by a nut factor, which is very sensitive to the material coatings and lubrication [31].
Nonetheless, it indicates how close the applied tightening is to industrial tightening levels. No lubrication was used in the
experiments, thus the nut factor is specified as 0.2. US grade 5 bolts are used, with the yield strength of 634 MPa and a
stressed area of 31.8 mm2 [31]. For industrial applications, it is common to tighten bolts to around 70-80% of their yield
strength [31]; this has purposely been avoided in these experiments to prevent too much wear on the beam surfaces, as the
setup was re-tightened numerous times.

As shown in Figure 2a, a small shaker (15 N) is used to excite the structure at resonance for the different modes of
the beam. The shaker is placed away from the joint, to avoid potential disturbance from the shaker at the joint, and also
away from first bending mode nodal points. The shaker is force-controlled at different levels of force to study the effect
of excitation level on the interface motion. To assess the influence of the shaker location, a series of control tests were
conducted in which, the shaker was placed on the other side of the beam, and below instead of above the beam (in all tests,
the shaker was located at the same distance from the interface to not change the level of modal excitation). Neither of these
configurations significantly affected the results, which demonstrated that the shaker position is not influencing the observed
bending vibrations of the beam. A uni-axial accelerometer is positioned at the other side of the beam to capture the response
of the system (Fig. 1, 2). As shown in Figure 2, the entire setup (BRB and shaker) is suspended with fishing lines to mimic
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Fig. 1. A sketch of the extended Brake-Reuß beam used for the measurements. The bolt tightening order is shown. A gap of 0.2 mm is
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Fig. 2. (a) Real experimental setup. (b) scheme of the two configurations, in plane bending (y direction) and out-of-plane bending (z
direction), with the beam and shaker suspended with fishing line.

free-free boundary conditions.

2.2 High-speed camera
A PHOTRON FASTCAM SA2 high-speed camera is used to capture the response of the first in plane bending mode (near

80 Hz, the y direction bending mode cf. top scheme in Figure 2b) and the first out-of-plane bending mode (near 104 Hz, the
z-direction bending mode, cf. bottom scheme in Figure 2b) of the structure. The camera can produce 1000 frames per second
(fps) with a resolution of 2048×2048 pixels, with higher fps resulting in lower resolution images.

To inspect the interface in detail, the camera acquired images at 2000 fps at a resolution of 2048×1080 pixels. The
main criterion for useful analysis is a decent time resolution and image size to enable the precise analysis of the first bending
mode. To further increase the spatial resolution a NIKON AF-S MICRO-NIKKOR 105 mm lens is used to zoom-in at specific
parts of the interface (cf. Figure 3 with zoom-in at areas C1, C2 and C3).

Water based white spray paint is sprayed on the beam surface near the interface surface to create a speckle-pattern with a
desired speckle-size ranging from 3 to 5 pixels [32]. Subsequently, the interface surfaces were thoroughly cleaned to remove
any ingress of paint. As a consequence of the high rate of image capturing, the amount of light captured by the camera per
frame is reduced (the exposure time was 145 µs at 2000 fps). Therefore, the camera’s field of view is illuminated using two
high intensity LED lights as shown in Figure 2a.

2.3 Experimental Procedure
The BRB is excited with shaker excitation at the natural frequency of the investigated mode. To identify the desired

excitation frequency, a hammer-impact test is first performed. Since the natural frequencies can shift slightly for each
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Fig. 3. A sample frame from the high-speed camera. The three different areas of interest (C1, C2, C3) are shown. The relative displacements
of the interfaces (defined by the subsets in the red and blue line along the contact-line) will be measured. A zoom-in of a typical 61×61 pixel
subset and the principle of subsets, step size and overlap is also shown.

assembly, a frequency sweep with a bandwidth of 5 Hz around the expected natural frequency is performed in order to find
the assembly-specific natural frequency. Afterwards, the BRB is excited at this frequency for a 10 s period during which
the camera is manually triggered. The camera captures 2589 images during the measuring time of 1.3 s, resulting in 103
vibration cycles of the first bending mode. Steady state conditions allow for a subset of 100 frames. As the primary mode
of investigation is the first bending mode near 80 Hz, 100 frames spans four cycles of vibration. For those tests, the shaker
is vertically suspended (cf. top scheme in Figure 2b). In the follow on work [27], experiments are performed both the first
and second in-plane bending modes for a similar system with a lap joint. For another comparison, the out-of-plane bending
mode (near 104 Hz) is tested in this work, and for these tests the setup is rotated 90 degrees so that the shaker excites in the
z direction (cf. bottom scheme in Figure 2b). The experiments test both the influence of bolt-tightening and excitation level
on contact behavior of the structure. The resolution is increased significantly by zooming in on the individual areas C1, C2
and C3 (see Figure 3) instead of recording the entire joint.

3 Methods
3.1 Digital Image Correlation

DICE (Digital Image Correlation engine) [33] is a free to use DIC software package from Sandia National Laboratories.
Here, it is used in this project to extract the displacements of several points along the beam’s interfaces from the high-speed
camera images. In order to find the displacements of the pixel subsets, DICE requires a reference image to compare every
frame to. In this case, the first image of the extracted set is used as the reference; since the extraction is arbitrary, the
reference image is generally not of an equilibrium position. Therefore, the equilibrium position needs to be found in the
post-processing.

Instead of analyzing the whole image – which would take a considerable amount of time – a line of pixel subsets is
created on both sides of the interface (cf. the red and blue lines in Figure 3). There are two parameters to be chosen for the
DIC measurements: the subset size and the step size of that subset. Both concepts are illustrated in Figure 4b. A brief study
is conducted on the effect of subset-size to the standard deviation of the displacement measurement, shown in Figure 4a. An
approximately reciprocal relationship between subset size and DIC processing error (as quantified by the standard deviation)
is evident. It must be noted that even though – when looking at DIC error – a larger subset size is always better, it is not
always preferable: a larger subset size diminishes spatial resolution (amount of subsets along the line) and masks the flexible
motion of the beams. Based on this study, a subset size of 61×61 pixels is selected, with a step size of 41 pixels; this ensures
66 % subset overlap, which agrees with the recommendations in [34]. These settings ensures both a minimal displacement
noise and a sufficient spatial resolution (43 subsets along the C1 interface edge). An overlap prevents the search algorithms
from diverging, provides a high spatial resolution, and allows a dependent correlation with other subsets to speed up the DIC
processing analysis. A gradient-based optimization technique is used as the search algorithm with initialization based on its
previous field values (i.e. displacement) at each step. It is the most common in the literature and is recommended for cases
without large rotations, initial guess instabilities, or costly iterations due to large deformations [35]. This DIC procedure
results in a quick and accurate analysis, allowing for a set of 100 images to be analyzed in a matter of seconds. For every
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Fig. 4. (a) The standard deviation of the relative displacement measurement for different subset sizes. (b) Illustration of relation between
subset size, step size and overlap.

single image, it obtains the displacements in the x−y plane of each pixel subset (dots in Fig. 3) related to a reference image.
The parameters for the DIC setup are summarized in Table 1.

Table 1. DIC-Setup

Camera Type-1 PHOTRON FASTCAM SA2

Image Size 2,048 x 1,080 pixels

Framerate 2,000 frames/s

Exposure 145 µs

Lens NIKON AF-S MICRO-NIKKOR 105 mm

DIC Software DICE

Avg. Speckle Size 5×5 pixels

Subset Size 61×61 pixels

Step Size 41 pixels

Correlation Algorithm gradient-based [36]

Interpolation Keys fourth-order [37]

3.2 Post processing
The displacement data obtained in DICE is post processed in MATLAB to investigate the local dynamics of the interface.

The main captured motion is the the global bending motion. It has four cycles within the 100 frames and there is no rigid
body motion. The joint is located near an anti node of the first mode, and the amplitude is in the order of 60 µm-250 µm
(depending on the level of the forcing).

To investigate the local behavior at the interface, a relative displacement:

∆ui(t) = uL
i (t)−uU

i (t) (1)

is computed for each subset (denoted as i, see Figure 3), where uL(t) and uU(t) are the displacement on the lower and upper
beam at time t respectively, which allows the global bending mode of the beam to be removed in order to focus on the relative
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Fig. 5. a) Illustration of the first bending mode of the beam. b) Frequency response functions measured by low level hammer impact around
the first bending natural frequency at different bolt torque levels

motion between the two interfaces. Eq. (1) defines the relative displacements in any chosen direction. This work compares
displacements in the direction of beam bending (shaker excitation direction), which corresponds to the y direction for the
first bending mode and the z direction for the out-of-plane bending mode, cf. Figure 2b.

Since the reference image used in DIC is the first frame of the measurement time, it is not necessarily an equilibrium
position. The relative displacement difference will always be equal to zero at t = 0, since both uL and uU are zero at t = 0
(the displacement between the first picture and itself is obviously zero); therefore, a reference frame shift is required.

The reference frame is fixed by calculating the mean (i.e. the DC component) of the displacement vectors uL and uU

over time. The displacement vector at the frame in time closest to the mean is used as the displacement reference, and is thus
subtracted from all other frames, effectively centering the global motion around zero. The relative difference can be found
by using the corrected uL and uU in Eq. (1), which is then plotted in what follows.

4 Results
In some cases, it may be assumed that two beams connected with a lap-joint vibrate as one solid beam, thus the relative

displacements between the two beam parts would be zero. The first bending mode in the y direction would then, under
free-free conditions, look as illustrated in Figure 5a. In that case, there is no relative displacement at the interface. The
upper and lower beam are completely clamped together. However, this assumption does not apply in this case. Figure 5b
shows frequency response functions measured by an accelerometer for three levels of bolt torque, measured around the first
bending mode, for a low-level impulse hammer impact. As the torque is increased the first natural frequency increases
(approximately 2 Hz from 5 Nm to 20 Nm). Prior experimental work on the same system [26], also shows that the natural
frequency increases with increasing bolt torque and that it decreases with excitation amplitude. For a surface finish of
0.02 µm, and with bolt torques of 5 Nm or higher, the natural frequency converges to a linear natural frequency with similar
stiffness nonlinearities (i.e., for bolt torques higher than 5 Nm the natural frequency changes approximately to the same extent
with response amplitude). Hammer tests must be analyzed with care due to their broad band excitation; however, in [38,39],
the efficacy of hammer testing versus shaker ringdown testing (where the shaker is decoupled from the system after driving
it to resonance) has shown that hammer testing yields similar results as single-mode shaker excitation and ringdown testing.

Figure 6 shows an example of the relative difference in y displacement between the upper and lower beam, ∆y, for all
three interfaces, C1, C2 and C3. The ranges of ∆y are different for each of the sub-figures to make it more clear to see how
each interface moves. For each part of Figure 6a, the beam is driven at the first bending mode by a 4 N shaker forcing,
and the bolts are tightened to 20 Nm. In Figure 6, the displacement of the horizontal interface at C1 shows that a relative
displacement exists and that it periodic at the same frequency as the excitation frequency. The symmetry indicates that the
two interfaces do not touch at any time during the vibration cycle, suggesting that an initial gap must exist, that never closes
with the applied excitation amplitude. Separation in micrometer range can be seen with increasing distance from the bolt,
with a maximum relative displacement at the edge of the interface. This is in contrast to the behavior of the other side of
the interface: a closing contact can be observed at C3 in Figure 6b, where the absolute minimum is nearly zero, and the
magnitude of separation is about five times smaller compared to C1 (cf. Figure 6a). The recorded data is repeatable across
multiple experiments.
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Fig. 6. Relative y displacement field of the horizontal interfaces. at a) C1, b) C3, and c) C2.

Figure 6c shows the relative displacement in the y direction at C2, which represents the region containing the bolts.
Cyclic motion is not observed for C2 when subtracting the displacements of the upper and lower beam parts. No systematic
separation can be seen, and the relative displacements are beneath the noise floor. To capture the whole C2 interface (cf.
Figure 3) the resolution is lower than at C1 and C3, which makes the noise floor higher in this case. Another indicator that
the measured relative displacement is noise is that the few spikes of 2 µm are constant in time. Based on Figure 6c, it is
assumed that at C2 the beam is effectively rigidly connected, with no relative normal motion. No further analysis of the C2
interface is performed.

By calculating the relative displacement in the longitudinal direction (x direction), it is also possible to determine a
potential sliding of the interfaces when the beam bends in the y direction. There is no measurable sliding in the region
containing the bolts (C2), but for C1 and C3, there is sliding. The maximum sliding is in the same order of magnitude at
C1 and C3, approximately ±2 µm. The sliding at C1 and C3 exhibit the same motion. There is no asymmetry, such as seen
for the separation in the y direction (cf. Figure 6). Bolt torque does not influence the magnitude of sliding, but stronger
excitation gives slightly more sliding of the interfaces. These initial results show that high-speed videography combined
with DIC is a very good technique for detecting local motion as small as a single micron. In the following, the technique is
used to explore how the relative displacements at the interface depend on forcing and bolt torque levels.
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Fig. 7. Maximum relative displacement for different forcing magnitudes, with 20 Nm bolt torque. Blue lines: Upper bending mode position
(cf. Figure 5a). Black lines: Lower bending mode position (half a vibration cycle later). a) Interface C1. b) Interface C3.

4.1 Influence of forcing magnitude
When the first bending mode is at its maximum response amplitude (globally), the local relative motion also exhibits

maximum relative displacement. The local coordinate system is defined such that the edge of the interface is at position
zero, and the first bolt is located at approximately 30 mm (cf Figure 3). In Figure 6a, four cycles of vibrations are measured.
From the envelopes of this vibration, the maximum and minimum relative displacements are calculated. The four maximums
and the four minimums that correspond to the peak amplitude of the response envelope are then averaged to obtain a single
maximum and minimum curve as depicted in Figure 7a, independent of time. This implicitly assumes that the relative motion
is harmonic and that all cycles are steady state. This assumption was validated by comparing the average values calculated
for one set of 100 frames against those from a different set of 100 frames (out of the total sampled 2300 frames per data
set) for several of the reported measurements. The differences found between the average values from the different sets of
100 frames was beneath the noise floor of the measurements. Figure 7a shows the maximum separation at interface C1 for
different levels of vibration amplitude for the case of 20 Nm bolt torque. Note, as appeared in the time-dependent Figure 6a,
the motion is symmetric in the y direction, indicating that an initial gap exists, which with the applied excitation amplitudes
never closes. When increasing the input force, the separation increases at the edge away from the bolt; whereas near the bolt,
there is no separation for any of the forcing levels. As the maximum and minimum relative displacement are mirrored for all
three force levels, it can be assumed that the static gap size at interface C1 must be a least 9 µm at the edge, corresponding to
the largest measured displacement occurring at the edge of the interface (cf. Figure 7a).

At interface C3 the separation is not symmetric in y direction: an opening and closing of the contact interface can be
observed (cf. Figure 6b). The measured response at interface C3 is not symmetric (as observed for the response at C1).
Instead, what appears to occur is a distinct impact event with each period of vibration (see Figure 6b). Two maxima per
vibration cycle, instead of a maximum and a minimum per vibration cycle (as at C1), supports the occurrence of an impact
event. The two maxima indicate that at the time of zero relative displacements, the upper and lower beam is in contact, as
no significant negative relative displacements can be observed at any time at C3 (in contrast to C1). The impact event can
be interpreted to be the moment when the relative displacement is zero, and the maximum separation in the next half period
(with maximum relative displacement at the -10 mm position) is an effect of the impact event. The moment of contact is
observed to occur over 500 µs to 1 ms, which would introduce a resonance peak in the range 1000-5000 Hz in a measured
frequency response of the beam. Previous measurements of frequency response functions of the same system observe an
1100 Hz resonance peak that is not attributable to a mode of vibration [26], which could be attributed to an impact event. This
asymmetric behavior is further highlighted in Figure 7b, in which the amplitude of the response of interface C3 is shown.
Here, the black curves indicate the maximum separation when the beam is in the lower bending position, and the blue curves
indicate the response of the interface half of a period later. The 1N excitation is not included as the displacements are below
the noise floor and the cyclic behavior cannot be observed. Compared to Figure 7a, the relative displacements are more
than five times smaller. Features such as this impact event are not observable in the quasi-static modeling of this system [5],
which partially explains why quasi-static analyses of this and similar systems are unable to account for modal interactions
like those observed in dynamic models of the same system (based on the extended periodic motion concept [40]), as well as
measurements of similar systems (such as in [38]).
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Fig. 8. Maximum relative displacement for different bolt torques, with 2 N forcing magnitude. Blue lines: Upper bending mode position (cf.
Figure 5a). Black lines: Lower bending mode position (half a vibration cycle later).

The large difference in the results at C1 and C3 suggests that the beams may not be as flat (with features on the order
of 10s of µms) as expected. The local height variations (i.e., the micro-structure of the interface) may have a significant
influence on the dynamics. This could possibly explain the difference in results at C1 and C3, as the surfaces at C1 and C3
can have a significantly different micro-scale topography; this is further investigated in Section 4.4.

4.2 Influence of bolt torque
Figure 8 shows the maximum separation at interface C1 for three different levels of bolt torque (5, 10 and 20 Nm), all

with a shaker force of 2 N. Compared to the influence of the vibration amplitude, the bolt torque does not influence the
relative normal displacement along C1 significantly. Only for the 20 Nm bolt torque measurements the maximum separation
is slightly larger than for the two lower torques. This implies that while the bolt torque in this particular case affects the
interfacial stiffness [26] (the frequency shifts 2 Hz from 5 to 20 Nm bolt torque, cf. Figure 5b), it has only a small effect on
the local kinematics for this specific interface. The separation observed at the exterior edge (i.e., the portion of the interface
furthest from the bolts) is likely due to receding contact [41]: since the contact pressure in the interfaces is concentrated near
the bolts, the beams away from the bolts recede from each other due to Poisson strains.

The effect of bolt torque on the local kinematics at C3 is insignificant (which is why a figure is not included). The
relative displacement is ten times smaller than at C1 and closer to the noise-floor, so if there is a small effect of bolt torque,
it cannot be detected with this resolution. A stronger excitation could potentially increase the separation, enabling the effect
of bolt torque to be determined, but that would risk wear on the surface. At a 2 N excitation, the separation is effectively the
same magnitude as seen in Figure 7b for the different bolt torque levels.

4.3 Pressure cone comparison
For many applications, a standard theoretical pressure cone is applied to model the expected pressure introduced in a

clamped structure by a tightened bolt [42]. A standard angle is 30◦ for two perfectly flat surfaces [42]. The separation
observed in this work is compared to the pressure cone to see if the standard model comes close to the experimentally
observed behavior. Figure 9 is the qualitative comparison between the theoretical pressure cone and the separation measured
at C1 for a 20 Nm bolt torque. The separation is magnified 500 times to visualize how the pressure cone of 30◦ overestimates
the clamped area for this specific interface. There is separation in the interface within the pressure cone. At C3, the pressure
cone underestimates the clamped area, as shown in Figure 7b. Here a separation was only measured at the last 8mm of
the interface. A possible explanation to the discrepancy again points towards the interface geometry, as the pressure cone
assumes perfectly flat interfaces. The comparison is a further indication that two seemingly identical interfaces, C1 and C3,
can have completely different effectiveness from the bolt clamping and, in turn, the interface behavior.

4.4 Interface Topography
To provide further insight into the observed asymmetric behavior of the joint, surface scans are performed on the con-

necting surfaces of the interfaces at C1 and C3, as sketched in Figure 10. A Polytec TMS100 optical surface profilometer
with a resolution of 20 nm is used. The surface scans are visualized in Figure 11. Blue color indicates a rise and red a recess
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Fig. 9. Illustration of the theoretical pressure cone compared to the separation at interface C1.

Fig. 10. Scanned surfaces at C1 and C3 after opening of the beam.

in the surface.
The averages over the width of the surfaces (z direction) are calculated (with the holes removed from the analysis) to

better compare the upper and lower surfaces and are shown in the bottom of Figure 11 for C1 and C3. At C1 (Figure 11e),
the top beam surface has an average surface recess around 30 µm at the right side (where the bolt is mounted). The beams
have been manufactured to have a mean surface roughness of approximately 1 µm. The recess indicates that either the
manufacturing tolerances have not been met or that the testing has worn the surfaces, which is common in real applications.

The bottom beam is, on average, much smoother and varies by only 3 µm over the length. However, the full surface
(Figure 11c) should be considered as the lower beam has a recess in the lower left corner, which is smoothed out in the
average. If these two surfaces are clamped together, there should be zero or very little gap at the bolt hole, meaning that the
blue and black lines in Figure 11e would touch at the right side (i.e., at the bolt hole), which will enforce an initial gap at the
exterior edge.

The surface scans at C3 show no visible rise/recess and are clearly smoother than at C1. By inspection of the average
surface heights, variations of less than 3 µm can be seen. The difference in the figures of the average height variation for C1
and C3 are pronounced: the top surface at C1 has a strong rise (roughly 30 µm) preventing the two surfaces from joining
close together when the bolt is tightened. In Figure 7a symmetric deflections of 9 µm are observed, this is likely due to
the initial gap of at least 20 µm coming from the uneven interface. In comparison, the surfaces at C3 are smooth, and
there is no significant initial gap, which can be an explanation for the asymmetrical gap openings observed in Figure 7b.
The asymmetrical gap opening over a vibration cycle is the surfaces going apart and then closing back together. This can
occur because the surfaces are almost smooth. Taken together with the results of Sections 4.1 through 4.5, it is evident that
knowledge of the interface’s macro-scale geometry is necessary to have an accurate understanding of the local kinematics
and contact patch (and subsequently wear) within an interface. Such understanding of the surface profile and local kinematics
is necessary knowledge for modeling the interfacial behavior of the joint correctly; however, the ramifications of the results
of Section 4.2 are that this is not enough. The contact and/or gap between the two surfaces is influenced by the surface
topography, local kinematics, and mechanics. In Section 4.2, it was shown that higher preloads lead to larger gaps between
the surfaces at the edges of the joints. This is explained by a Poisson effect. Consider a thin beam on a rigid (or elastic)
half plane. As a point load is applied, Poisson stresses in the beam cause it to peel away from the half plane at its edges.
This Poisson contraction is evident here too: larger bolt preloads result in greater Poisson contractions, causing larger gaps
between the edges of the interface.
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Fig. 11. Raw surface scans of C1 ((a) and (c)) and C3 ((b) and (d)) for the top ((a) and (b)) and bottom ((c) and (d)) surfaces. Average height
variation of the top and bottom beams aligned for (e) C1 (f) C3.

4.5 Out-of-plane bending mode
To study the lateral dynamics of the system, the excitation source is rotated such that the beam is excited in the plane

orthogonal to the previously measured y displacements. The shaker is remounted to excite the out-of-plane bending mode of
104 Hz (i.e., in the z direction), which is a slightly stiffer mode than that of the in-plane mode (80 Hz). In these measurements,
the camera is moved to look down on the x− z plane and the DIC technique is used on the images captured in that plane. It
must be noted that in this case, the camera does not see the interface edge directly, it will only detect changes in the overlap,
∆z, as the beam vibrates. As for the previous measurements, the global bending motion (in this case out-of-plane bending in
the z direction) is canceled out when subtracting the displacements of each beam part, leaving the relative displacement ∆z
as illustrated in Figure 12a. The relative displacement ∆z of the x− z plane between the two beam parts is therefore constant
over the width of the cross-section.

The larger the relative displacement, the more the upper free end of the lap joint moves compared to the lower part when
undergoing out-of-plane bending vibrations, as is illustrated in Figure 12a. Figure 12b shows this for both C1 and C3 at two
different levels of excitation. At C1, the relative displacement ∆z is approximately five times larger than at C3. Increasing
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Fig. 12. Out-of-plane displacement of beam x,z-plane. a) Illustration of relative displacement ∆z with a picture of the camera view from the
top of the beam, marked with the DIC subsets (red and blue dots). b) Relative displacement ∆z for different forcing at C1 and C3.

the forcing magnifies the relative displacement at C1 and C3 with roughly the same percentage.
These measurements support the results of the previous experiments. The bolted lap-joint undergoing bending vibra-

tions, whether it is in the in-plane or out-of-plane direction, exhibit significant local motion, which is also strongly asym-
metric. For both directions of bending (i.e., the y and z directions), C1 has the largest magnitude of local motion compared
to C3. This is most likely due to the geometrical difference at the two ends of the bolted joint.

5 Discussion
This work had two objectives: first, to investigate if high-speed camera measurements along with DIC could be used to

monitor localized motion of an interface, and second, to use the technique to understand the interface mechanisms and how
it moves under different operational conditions.

The first objective proved to be possible. By comparing the overall measured bending motion of the upper and lower
beams, the local motion at the interface could be extracted. The range of the measured displacement amplitudes of the overall
bending motion when undergoing excitation of 1 - 4 N is between 0.06-0.25 mm. In all excitation cases, it has been possible
to capture relative displacements as small as 0.5 µm. The speed of the camera and DIC post-processing gave limitations in
the resolution of the results. However, the effects of the local motion were still very clear: The two beam parts separate
at the free ends and do not behave as a single, homogeneous beam. The exterior edges of the joint move independently,
whereas the middle part, between the bolts, is stuck at all times. The exterior edges open and close during a vibration cycle,
which can lead to changes in stiffness depending on the excitation amplitude. It was even possible to detect asymmetry in
the local interface behavior at the left and right end of the beam interface (C1 and C3, respectively). At the left end, the two
beams never touch, and there is a cyclic local bending motion of multiple microns amplitude. The local motion at the right
end is both qualitatively and quantitatively different. Here, an opening and closing of the contact interface is observed with
a distinct impact event during each period of oscillation. The two beams separate over half of a vibration cycle and then
close together, causing the impact event and opening the interface again. It was possible to measure this cyclic behavior,
even though the amplitude was less than one micron. Thus, contrary to assumptions in most joint modeling approaches, the
behavior of this geometrically symmetric interface is asymmetric due to micro-scale surface features. This highlights the
importance of incorporating the microscale topography of a jointed interface into predictive models.

Further, the static gap confirms previous work on the BRB. In [4] it was found necessary to add a gap in the model to
calibrate the numerical predictions to the experimental measurements. Likewise, in [29] measurements with pressure film
revealed that the interfaces were not flat (at the micro-scale), and a gap was seen in both ends. This work, together with
previous results, suggests that jointed interfaces should be redesigned with robustness to manufacturing tolerances in mind
in order to make them more repeatable [13].

The second objective was to understand the interface dynamics and which features could affect it. By increasing the
forcing, the amplitude of the local motion increased as well. For both the left and right ends, this is approximately linear:
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doubling the amplitude of excitation roughly doubled the size of the gap opening, indicating local linear dynamic behavior.
Increasing the bolt torque did not significantly change the amplitude of the local gap openings. As it is hard to control bolt
torque (torque wrenches introduces a variability in bolt preload up to 30% [31]), it is encouraging that bolt torque does not
significantly affect the interface kinematics.

In most models, flat surfaces are assumed, leading to simple pressure distributions. A pressure cone gives us a fixed
pattern, but this work showed that there was a mismatch between the expected contact area [42] and the experimentally
measured contact area. Furthermore, surface scans showed significant variation in micro-scale topography. In numerical
modeling, the implications of this are significant since the real joint has different contact areas, different normal load con-
tributions, and previous results [4] have shown that explicit joint models are particularly sensitive towards these parameters.
This is further confirmed by the numerical modeling of non-flat interfaces in [10], in which the numerical predictions showed
dramatically different pressure distributions for surfaces with micro-scale topography compared to flat surfaces.

Finally, the analysis of the two separate sides of the interface together with the follow on work performed on a sepa-
rate beam [27], shows that local motion is extremely dependent on interface geometry. Consequently, the assumption of a
perfectly flat and symmetric interface is an oversimplification that would be incompatible with predictive modeling frame-
works.. To gain insights into how often and how much micro-scale topography influences dynamics of jointed structures
in general, further studies are needed. From these experiments, and those of [27], it is evident that even small variations
in micro-scale topography can have a large impact on the local motion. The beam used in these experiments was profes-
sionally machined to have a mean roughness of approximately 1 µm, yet the machining tolerances were significant enough
to yield qualitatively different behaviors on opposite sides of the interface. For mass production and commercial/industrial
applications, it is unrealistic to obtain perfectly flat surfaces. Additionally, wear will also change the interface geometry
over time [21]. Consequently, to be able to predict dynamic behavior of an interface, either the interface must be measured
accurately before testing, or, the design of the interfaces should be changed so that they are more robust (More robust in the
sense that small variability in micro-scale surface topography does not completely change the dynamic behavior).

6 Conclusion
In this work, the efficacy of digital image correlation (DIC) has been studied for measuring the local kinematics of

a jointed structure. The experimental technique had a resolution of the relative displacements of the interface of 0.5 µm
during dynamic excitation of the first bending mode of the system (located near 80 Hz). This experimental technique has
revealed that there are significant local kinematics within the jointed interface that previous modeling efforts had assumed
to be inconsequential. The behavior of the interface was found to be strongly dependent upon the local topography of the
interface. On one side of the interface of the system studied, due to the curvature unintentionally imparted by the machining
process, the two sides of the beam never fully close a 20 µm gap during the experiments performed for this work. On the
other side, a distinct impact event appears to occur during each period of oscillation. Additional studies in this work focused
on the role of bolt torque and the out-of-plane bending modes. Specific conclusions from this work include:

• The local kinematics of bolted lap joints are significant, and modeling efforts should include these physics in order to
model lap joints accurately. This is in direct contradiction to the assumptions behind many common joint modeling
techniques.

• The lap joint studied in this work exhibited Poisson effects: as the bolt torque for the joint was increased, the separation
between the edges of the interface likewise increased.

• The local topography of the interface (specifically the micro-scale curvature) was strongly influential on determining
the dynamic behavior of the lap joint. As the two sides of the interface studied had different micro-scale features,
significantly different dynamics were observed for each side of the interface.

One ramification of this work is that the variability observed in most lap joints is likely due to the topography of the interface
as this can lead to dynamics that are qualitatively (and quantitatively) different for nominally identical surfaces (i.e. surfaces
that are manufactured within machining tolerances). In order to make lap joints more predictable, methods to either reduce
the variability in the local topography or to make the system more robust to the effects of the local topography are needed.
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Abstract
The tension level in a bolt is difficult to determine and control. Based on simple hammer impacts, a novel
technique is proposed to quantify the level of bolt tightness by analyzing natural frequencies and damping
ratios of the bolt. The technique is investigated experimentally by testing two different bolts (short and long)
and measuring accelerations in the transverse directions. At low tension the squared natural frequency of the
first bending mode increases strongly with tension. As the bolt is gradually tightened, the squared frequency
starts changing more weakly and approximately linearly with tension. By signal processing the transient
response from the hammer impact, and treating problems of beat-frequencies due to the near cross sectional
symmetry in the bolt, the corresponding effective linear damping ratios can also be obtained. Further, a
scanning laser Doppler vibrometer (SLDV) is used to measure the mode shapes of the long bolt and it is
studied how these change with tension.

1 Introduction

Bolts are used in numerous engineering structures and the tightness of a bolted joint is of high importance,
especially if the joint secure e.g. wind turbine blades or large machinery elements, where failure is unsafe
and unacceptable. If the tightness of a bolted joint could be estimated by analysing measured accelerations
from a single impulse hammer impact, it could reduce maintenance costs and allow a way to check the health
of a bolted joint without using heavy equipment such as hydraulic tensioners.

Various techniques are used to estimate bolt tension, most commonly torque control [1], turn control [1], and
ultrasonic methods [2, 3, 4]. Here the potential in estimating bolt tension from transient bolt vibrations is
studied, by analysing a set of experiments. Signal analysis of a transient response in a bolt, when impulse
hammer impacted, is used to examine the first transverse natural frequency and corresponding damping
ratio. To see how these dynamic properties relate to tension, it is studied how these change when subjected
to different levels of tension. Furthermore a scanning laser Doppler vibrometer (SLDV) is used to measure
mode shapes of a bolt when tightened to different levels of tension, to reveal how the boundary conditions
effectively change as the bolt is tightened.

2 Experimental setup

Figure 1 shows the experimental setup. A single bolt is tightened with a nut to a solid aluminium structure
with washers on the outside, and uni-axial accelerometers (B&K 4397) are mounted on the bolt head to



measure vibrations. A force washer (HBM KMR 100kN) is placed beneath the bolt head to measure the
tension. The setup is isolated mechanically as it is placed on a foam block. The hit surface is filed flat, and
the impact is applied by a pendulum hammer to decrease variations between hits.
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Figure 1: Experimental setup

Tests are made on two bolts with the same properties except for the length: one is referred to as short
(M12×140) the other as long (M12×250). The bolts are tightened in ten load steps between σ/σy = 0.05
and σ/σy = 0.79, where σy = 640 MPa is the bolt material yield stress, and σ the actual axial stress. The
nominal tension in a bolt is typically σ/σy ≈ 0.7 [1]. The tightening is done with a hydraulic tensioner
(HBM model HTS 9 M12×1.75). The force F applied by the tensioner translates to stress σ by σ = F/As,
whereAs is the stressed cross section of the bolt [1]. After ten load steps the bolted structure is disassembled
and reassembled before the test is repeated (3 tests for each bolt).

A long narrow gap in the aluminium structure enables the SLDV (Polytec PSV-500 [6]) to measure vibrations
along the bolt length so the mode shapes can be obtained. Figure 2 shows the scanning points on the long
bolt. There are fourty points along the bolt length. A hammer impact is applied, and the SLDV measures
one point, then a new impact is applied, and the next point is measured, and so on. The boundaries are of
most interest because they are expected to change with tension [5]. However, near the bolt ends, vibrations
can only be measured on nut and force washer, and not directly on the bolt shaft, which will unavoidably
introduce some error in the extracted mode shapes. Despite this obstacle, the end points are still relevant,
because it is expected that if vibrations are measured on the nut and force washer then the bolt must be
vibrating too.

Figure 2: SLDV measurement points (red/green dots) for the long bolt.



3 Theoretical natural frequencies for an axially stressed clamped-
clamped beam

A simple model is to consider a bolt as a Bernoulli-Euler beam exposed to axial tension. The j’th transverse
natural frequency can then be calculated as [7]:

ωj =
λ2j
ls

√√√√√E

ρ

1 +
σ

E

(
Kjs

λ2j

)2
, (1)

where λj is an eigenvalue for mode j (depends on the boundary conditions), l the bolt length, E Young’s
modulus, ρ the density, σ the applied axial stress, Kj a mode shape dependent constant, s = l

√
A/I the

slenderness ratio, where A is the cross-sectional area of the bolt and I the area moment of inertia. The
squared natural frequencies increase linearly with axial stress σ in Eq.(1), with a proportion depending on
the slenderness s of the bolt; the more slender a bolt, the bigger the influence of the axial stress term on
natural frequency. In the particular case of a clamped-clamped beam λ1 = 4.73, λ2 = 7.85, K2

1 = 12.3026,
and K2

2 = 46.05. In Section 5.1 Eq. (1) is compared to the experimental data for varying σ.

4 Signal processing

At each level of tension the accelerations of freely decaying vibrations measured at the bolt head are signal
processed to obtain the dynamic properties. Figure 3 shows a typical acceleration time history after an
impulse hammer impact, prior to signal processing. Figure 4 shows this signal filtered with a 4th order
Butterworth passband filter, so that it only contains energy from the first transverse natural frequency ω.
Figure 5 shows the Fourier transforms of the unfiltered signal, and also the signal filtered around each of the
first two transverse natural frequencies. As wanted, the first filtered signal only has a significant magnitude
at the first natural frequency peak, and likewise for the second natural frequency.
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Figure 3: Free decay of acceleration (stress σ/σy=0.43).
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Figure 4: Filtered acceleration signal, 1st natural frequency.
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Figure 5: Fourier Transforms of accelerations. Solid line: unfiltered signal; Dashed line: filtered around 1st
natural frequency; Dotted line: filtered around 2nd natural frequency; Box insert: zoom of the double peaks,
5 Hz apart.

The equivalent linear damping ratio ζ of the first transverse mode can be estimated by fitting an exponential
decay envelope to the filtered signal in Figure 4. The exponential fit function has the form A0e

−βt, where
A0 is the initial amplitude, and β = ζω the decay rate. However, the signal in Figure 4 is beating, i.e. the
amplitude is slowly modulated, due to the near-symmetry in the bolts. The two transverse frequencies in the
xy and xz plane (cf. Figure 1) are almost identical. In this example they are 5 Hz apart, which also shows
as a double peak in the box insert on Figure 5. To overcome this problem, the accelerations measured by
the accelerometer perpendicular to the impact directions are also used, and the total vibration amplitude is
calculated as:

A =
√
A2

1 +A2
2 (2)

where A1 and A2 is the vibration amplitude in each transverse direction. Figure 6 shows the filtered signals,
in both directions, of mode 1, and the corresponding envelope, and also the total envelope determined from
(2). Using the total amplitude eliminates the beating, and a reasonable exponential envelope fit and a mean-
ingful decay rate β can be obtained. In this way, the effective linear damping ratio ζ can be estimated for the
bolts at each tension level.
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Figure 6: Filtered time signal of 1st natural frequency in two directions and envelopes. Dark/blue: direction
of hit; Light/grey: perpendicular to hit direction; Dashed line: A1 and A2; Solid line: A.



5 Results

5.1 Natural Frequency

Figure 7a and 7b shows the squared first transverse natural frequency as a function of tension for the long
and short bolt, respectively. The dashed line is the squared frequency as a function of axial stress σ for a
clamped-clamped beam (cf. Eq. (1)). The model fits the data well for the long bolt (Fig.(a)), when the bolt
is tightened more than about σ/σy = 0.2, suggesting that the boundaries are effectively clamped. In [5] Sah
sets up a model that explains the frequency increase for the whole tension range by a beam model with linear
springs at the boundaries, whose stiffness increase with tension. For the short bolt (Fig.(b)) the gradient of
the linear beam model does not fit as good as for the long bolt. This can partially be attributed to the bolt’s
short length: for very short bolts the Bernoulli-Euler beam model is insufficient, as rotary inertia and shear
deformation significantly influence beam vibrations which the model does not account for. For every tension
level there are three successive hammer hits, but as the measured frequency is the same for all hits it does not
show on the figure. The three test series (given by different markers), with full axial unloading in between,
follow the same frequency-tension relation. Conclusively, the estimated natural frequencies are reproducible
for the setup, both in case of immediate repetition, and when the setup has been reassembled.
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Figure 7: Measured 1st natural frequency squared as a function of tension. (a) long bolt (b) short bolt. Each
test series indicated by ◦, �, �. For every tension level there are three measurements. Dashed line: squared
natural frequency for a clamped-clamped beam as a function of axial tension (cf. (1))

5.2 Damping ratio

Figure 8 shows the estimated linear damping ratio as function of tension for the two bolts. As appears, the
damping ratio decreases with tension for both bolts. For tension below about σ/σy = 0.2 the damping ratio
is significantly larger than for the more tightened bolt. While measuring, one can by listening to the dull
sound from the hammer impact hear that the bolt is weakly tightened. The short bolt’s first mode is much
more damped than the long bolt, possibly ascribed to the fact that the boundaries make up a larger part of
the bolt, thus the boundary friction influence more. A similar damping-tension relation (not shown) exists
for the second mode, but the decrease in damping with tension is less pronounced.



For every tension level there are three successive hammer hits. For the lowest tension level the estimated
damping ratio vary slightly between hits, but for higher tension there is only insignificant variation between
hits. The three test series (given by different markers) generally follow the same damping ratio-tension
relation, although there is more variation than for the natural frequencies (cf. Figure 7). Conclusively, the
estimated damping ratios are generally reproducible for the setup, both in case of immediate repetition, and
when the setup has been reassembled.

Tension σ/σy (-)

ζ
(%

)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
0

0.05

0.1

0.15

0.2

0.25

(a)

Tension σ/σy (-)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
0

0.2

0.4

0.6

0.8

1

(b)

Figure 8: Damping ζ as a function of tension. (a) long bolt (b) short bolt. Markings as for Figure 7.

5.3 Mode shapes

The lowest mode shapes for the long bolt are measured with the SLDV. Figure 9 shows the first three trans-
verse bending modes. The measured modes to the left are of a weakly tightened bolt, along with the theo-
retical mode shapes for a free-free Bernoulli-Euler beam. The right shows the modes for three higher levels
of tension together with the corresponding theoretical mode shape for a clamped-clamped Bernoulli-Euler
beam. For the weakly tightened bolt the S/N-ratio for the first mode is small, why the emphasis in this case is
on the second and third mode. Here there are deformations and slopes at the boundaries, however not to the
degree of the free-free beam model, thus indicating that the small tension in the bolt induces at least some
elastic stiffness at the boundaries. Beside this, the curvature at the boundaries is small, also indicating that
the boundaries are not completely free, but weakly elastic. As soon as the bolt is tightened to σ/σy = 0.19 no
significant deformations at the boundaries are observed, and the slope of the mode shapes approaches zero at
the boundaries, supporting the theory of the well-tightened bolt effectively behaving as a clamped-clamped
beam (cf. the dashed line in Figure 7a).
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Figure 9: The first three mode shapes of the long bolt for different tension levels. Left: Measured modes
(filled circle markers) for a weakly tightened bolt (σ/σy = 0.03), and theoretical free-free beam modes
(solid line); Right: Measured modes ([black, grey, white] circle markers) for a stronger tightened bolt (σ/σy
= [0.19, 0.34, 0.65]), and theoretical clamped-clamped beam modes (solid line).

6 Conclusions

The mode shape tests are not applicable for estimating tension, as bolts are can be hidden inside structures,
but the tests support the theory of bolts gradually approaching an effectively clamped-clamped beam as tight-
ened. The mode shapes show that there is less and less translation and rotation movement at the boundaries
when the bolt is tightened. Therefore it is expected that the boundary friction decreases, which seems to also
be the case, as the experimentally estimated damping ratio decreases with tension.

If a bolt is so weakly tensioned that it is unsafe, a single hammer hit could reveal it, as the damping ratio
will be strikingly large; it is a good measure for discovering a not strongly tightened bolt without much
effort. During initial mounting, one could carry out three successive hits, tightening the bolt in between; if
the damping ratio stops decreasing between the second and third impact, the bolt could be considered tight
enough. Along with the measured first bending natural frequency, this can give an indication of the tightness
of the bolt so far.

The tests show that the measured vibrations depend on bolt tension, and the results contributes insights into
a vibration based estimation of bolt tension. Future tests could be to study the effect of impact strength,
amplitude level, other bolt dimensions, and multi-bolt structures, as well as in-situ tests of real structures, to
see how robust these changes are.



Acknowledgements

This work is financially supported by the Danish Council for Independent Research, grant DFF-6111-00385.

References

[1] J. H. Bickford, Introduction to the Design and Behavior of Bolted Joints, Non-Gasketed Joints (Fourth
Ed.), CRC Press (2007).

[2] E. Persson, A. Roloff, Ultrasonic tightening control of a screw joint : A comparison of the clamp force
accuracy from different tightening methods, in Proceedings of the Institution of Mechanical Engineers
Part C-Journal of Mechanical Engineering Science (2016), 230 (15), pp. 2595-2602.

[3] S. A. Nassar, A. B. Veeram, Ultrasonic control of fastener tightening using varying wave speed. Journal
of Pressure Vessel Technology-Transactions of the Asme, Vol. 128, No.3, (2006), pp.427-432.

[4] S. G. Joshi, R. G. Pathare, Ultrasonic Instrument Bolt Stress, Ultrasonics, Vol. 22, No.6,(1984), pp.270-
274.

[5] S. M. Sah, J. J. Thomsen, M. Brøns, A. Fidlin, D. Tcherniak, Estimating bolt tightness using transverse
natural frequencies, Journal of Sound and Vibration (accepted for publication).

[6] M.Brøns, J. J. Thomsen, Scanning Laser Vibrometry for Vibration Analysis [abstract], in Proceedings
of the 1st International Symposium on Multi-Scale Experimental Mechanics - ISMEM 1, DTU Risø
Campus, Roskilde, October 5, (2016), 2 pp.

[7] J. J. Thomsen, Vibrations and Stability : Advanced Theory, Analysis, and Tools, Springer-Verlag (2003).



C2

Using piezoelectrically excited transverse vibrations

for bolt tension estimation

Marie Brøns, Kristian Ladefoged Ebbehøj,

Jon Juel Thomsen and Dmitri Tcherniak

To be submitted after minor revisions to

The International Conference

on Noise and Vibration Engineering (ISMA2020),

September 7-9, 2020, Leuven, Belgium





Using piezoelectrically excited transverse vibrations for
bolt tension estimation

M. Brøns 1, K.L. Ebbehøj 1, D. Tcherniak 2, J. J. Thomsen 1

1 Technical University of Denmark, Department of Mechanical Engineering,
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Abstract
Recent work suggests using transverse natural frequencies of a bolt as a measure for bolt tension. Until now,
transverse hammer impacts have been suggested as the tool for obtaining the desired natural frequencies. In
this work, as a continuation, it is suggested to use piezoelectric excitation instead. A piezoelectric actuator
permits control of the input force. A COMSOL model of a beam with a piezoelectric actuator is used to
test simple hypotheses for obtaining the best amplitude response in a beam. Experimental testing of the
hypothesizes on a real bolt, clamped in a structure, reveals that significant acceleration response amplitude
can be obtained without substantial effort, lending confidence in this as a tool for exciting frequencies for
tension estimation. Comparisons to results from hammer impacting show that the piezoelectric excitation
can capture higher natural frequencies better. With narrow sweeps, the beat frequency (difference in natural
frequency between two perpendicular bending modes) can also be measured with a high resolution. The
piezoelectric excitation is less effective at low frequency and requires gentle and careful mounting, despite
these disadvantages, piezoelectric excitation has application potential, especially for short bolts, with high
frequencies.

1 Introduction

Many real structures are held together by critical bolted joints, from wind turbines to pipelines. Critical
implies that failure of the joint could lead to dangerous situations, from as severe as a collapse of the entire
structure or risks of smaller damages from the loose components. Repairs of such damages are costly,
so it is of interest to monitor and control the tension better and carry out the control as fast as possible.
However, that is not an easy task; the current technologies are torque wrenches and hydraulic tensioners.
These work as tightening tools; thus, the only way to check tension with these tools is to retighten the bolts,
which takes a significant amount of time, and can also lead to failure, as bolts must not be overtightened.
Analyisis of dynamic behaviour in bolted structures is a vast research field [1], and the uncertainty in the final
bolt tightness can introduce additional undesired nonlinear behavior in bolted structures [2]. Recent works
suggest using vibrations to estimate bolt tension [3, 4], e.g., by hammer impacting the bolt and analyzing
the vibrational response. As a continuation of this, we now suggest using piezoelectric excitation instead.
This makes the technique possible to apply for shorter bolts with higher transverse natural frequencies, as a
piezoelectric actuator can produce a much higher frequency range than a hammer. Furthermore, it permits
experimenting with different types of excitation signals to obtain the best resolution of the frequencies of
interest; this can include rough sweeping, chirping, and local high-resolution sweeps.

Torque wrenches have an accuracy of ± 30 % [5]. The accuracy depends on lubrication, tightening pro-
cedure, and the specific equipment. A study testing torque wrenches for dentistry applications found that
different torque wrenches provided different torque levels, and none induced the targeted torque level [6].
The accuracy of hydraulic tensioners depends on the slenderness ratio of the bolt[7], but a rough range is
± 20 %. Another technique for estimating tension is based on ultrasonic technology. An ultrasonic device



sends an acoustic way into the bolt and measures the transit time (the time it takes the wave to return). Ap-
plying mechanical stress to the bolt will decrease the velocity of the ultrasonic wave and increase the transit
time. From the transit time, the bolt elongation can be obtained and related to stress in the bolt [8].

The subsequent analysis is organized as follows; Section 2 presents the FEM model of a beam with piezo-
electric actuation and poses relevant hypotheses and Section 3 presents the experimental setup. Section 4
presents a Euler-Bernoulli beam model representing a tightened bolt, which includes the additional mass
from the bolt head and nut. A stiffness-tension model from [3] is applied and a new fit is made w.r.t to
presented beam model, with experimental results from [4]. In Section 5, experimental results with the piezo-
electric excitation are presented, and qualitatively compared to results obtained from hammer impacting.
Section 6 concludes on the advantages and disadvantages of applying piezoelectric excitation for exciting
transverse natural frequencies in a bolt.

2 Numerical model

A 3D numerical model of a simple, linearly elastic beam excited by a piezoelectric actuator (PA) is im-
plemented in the commercial FEM software, COMSOL Multiphysics, using the Piezoelectric module. The
numerical model aims to provide results, from which qualitative hypotheses, regarding PA excitation and the
amplification of the corresponding transverse frequency response can be formulated.

The beam has a length of 225mm, a square cross-section with a sidelength of 12mm, and structural steel
properties. With these particular dimensions, the numerical model resembles the M12 bolt, which constitutes
the beam to be tested in the laboratory. The beam is clamped at both ends. In COMSOL, this is achieved by
clamping the circumference of the beam at both ends. Isotropic loss factor damping (η = 0.0001) is applied
to the beam. The specified level of damping chosen, as it prevents sharp resonance peaks in the numerical
simulations, which is essential when assessing the response magnitude. A PA is rigidly mounted in one end
of the beam in three different configurations. A diagram of the model shown in Figure 1.

In one configuration the PA is mounted, such that its primary direction of excitation is transverse (y-
direction). In the two other configurations, the PA is mounted with its the primary direction being longi-
tudinal (z-direction), but in two different positions: Centered (d1 = 0), i.e., the center of the PA coincides
with the neutral bending axis of the beam, and off-centered (d1 = 2.4mm). The transversely exciting PA
is mounted at distance d2 = 12mm from the bolt end. In an additional configuration, mass per area (with
no thickness) is added to the top side transversely exciting PA, as shown in Figure 1. The total mass added
corresponds to 1, 2, 3 and 4 times the PA mass. This configuration is to test the effect of the back force, i.e.
the additional inertial load, supplied by the added mass.

Figure 1: Top: Diagram of beam showing the position of two PAs exciting transversely and longitudinally (off-
centered). Only one PA is present for each configuration tested. The arrows indicate the primary direction of excitation
for each PA. Bottom: COMSOL-model, here with the longitudinally exciting PA is in centered position, d1 = 0



The PA is simulated as a block of piezoelectric-material (PZT-4) with two electrodes covering the top and
bottom sides. The bottom side, sharing interface with the beam, acts as an electrical ground and the top side
is set to have an electrical potential of 100V.

The discretization of the numerical model is achieved with the COMSOL meshing settings: physics-controlled
with an extra fine element size. An eigenfrequency analysis of the structure is performed initially for each
configuration, identifying the natural frequencies of the beam up to the first longitudinal mode. The Fre-
quency Domain Study is used for computing the FRF for each configuration. A frequency resolution of 1 Hz
outside resonance and 0.01 Hz near resonance is used.

The COMSOL simulations give rise to the following hypotheses:

(1) Placing the longitudinally exciting PA off-center amplifies the corresponding transverse response con-
siderably compared to the centered configuration.

(2) Exciting transversely has a considerable amplifying effect, and larger compared to (1)

(3) Adding masses to the free end of the PA has a negligible effect.

3 Experimental setup

Figure 2 shows the laboratory test setup, which consists of a cylindrical 100× 200mm aluminum specimen
(Young’s modulus 70GPa, density 2700 kg/m3) with a center bore in which a grade 8.8 steel M12 bolt
is mounted with a clearance of 2mm [3]. The bolt is tightened using a hydraulic tensioner (SKF HTS 9
M12X1.75) and the bolt tension is measured using a force washer (HBM KMR 100 kN). The acceleration
response of the bolt is measured by a 3D accelerometer (PCB 356A01), which is mounted to the end of the
bolt using beeswax. The accelerometer is connected to a B&K DAQ system (Type 3560-D) and the signals
are recorded and processed in B&K LabShop software. Three 5 × 5 × 2mm PAs (Noliac NAC2013) are
mounted onto the bolt head with epoxy glue as seen on Figure 2. The excitation signal is generated by the
B&K front-end and is sent through a power amplifier (B&K Type 2706) to one of the three PAs. Only one
PA is active at a time. In one configuration, a mass approximately 3 times larger to that of the PA is fixed to
the free end of the active PA with beeswax, as shown in Figure 3.

Figure 2: Left: Diagram of laboratory test setup Right: Position of three PAs: One excites primarily in transverse
direction (dark grey), two excites primarily in longitudinal direction, where one is centered on the bolt head (grey) and
one is placed off center (light grey).

4 Mathematical beam model

A bolt can be modeled as an axially uniform beam, with boundary masses M1−2 and rotary inertia J̃1−2
representing the bolt head, nut and protruding end. Tightening the bolt will enforce axial tension N , transla-
tional boundary stiffness K1−2 and rotational boundary stiffness K3−4. Figure 4 illustrates the beam model.



Figure 3: Piezoelectric actuators mounted on bolt head. LC, LOC, TR: Longitudinally (centered), longitudinally
(off-centered) and transversely exciting PAs. Right: with mass on center PA.

The length l is defined as the inside clamped length of the bolt; from head to nut. Introducing nondimensional
quantities:

x =
X

l
, u(x, τ) =

U(X, t)

l
, τ = ω0t, ω0 =

√
EI

ρAl4
, p =

Nl2

EI
, (1)

k1−2 =
K1−2l

3

EI
, k3−4 =

K3−4l

EI
, m1−2 =

M1−2
ρAl

, J1−2 =
J̃1−2
ρAl3

,

The equation describing transverse vibrations u in the bolt can be defined as:

ü+ u′′′′ − pu′′ = 0, (2)

with overdots and primes denoting differentiation w.r.t. to nondimensional time and position. The same
differential equation is derived in [3, 9, 10], but with different boundary conditions:

u′′′(0, τ) = pu′(0, τ)− k1u(0, τ)−m1ü(1, τ), (3)
u′′(0, τ) = k3u

′(0, τ) + J1ü
′(1, τ), (4)

u′′′(1, τ) = pu′(1, τ) + k2u(1, τ) +m2ü(1, τ), (5)
u′′(1, τ) = −k4u′(1, τ)− J2ü′(1, τ). (6)

Solutions to (2) are:

u(x, τ) = ϕ(x)eiωτ . (7)

Inserting (7) into (2)-(6) gives

ϕ′′′′−pϕ′′ − ω2ϕ = 0, (8)

ϕ′′′(0) = pϕ′(0)− (k1 −m1ω
2)ϕ(0), (9)

ϕ′′(0) = (k3 − J1ω2)ϕ′(0), (10)

ϕ′′′(1) = pϕ′(1) + (k2 −m2ω
2)ϕ(1), (11)

ϕ′′(1) = −(k4 − J2ω2)ϕ′(1). (12)

The solution to (8) for the mode shapes ϕ is [11]:

ϕ(x) = b1 cos(α1x) + b2 sin(α1x) + b3 cosh(α2x) + b4 sinh(α2x), (13)
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2

)2
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√
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2
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2

)2
+ ω2. (14)

By inserting (13) and (14) into boundary conditions (9)-(12) it is found that:

Aq = 0, (15)

with q = {b1 b2 b3 b4}T holding the unknown coefficients of (13), and

A =


−k̃1 α1α

2
2 −k̃1 −α2

1α2

k̃2c1 − α1α
2
2s1 k̃2s1 + α1α

2
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−α2
1 −k̃3α1 α2
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1c1 − k̃4α1s1 −α2

1s1 + k̃4α1c1 α2
2c2 + k̃4α2s2 α2

2s2 + k̃4α2c2

 , (16)

with

s1 = sinα1, s2 = sinα2, c1 = cosα1, c2 = cosα2, (17)

k̃1−2 = k1−2 − ω2m1−2, k̃3−4 = k3−4 − ω2J1−2. (18)

Nonzero solutions to (15) require a zero determinant, i.e. the natural frequencies ω can be obtained by
finding solutions to |A| = 0. The Newton-Raphson iteration scheme can appropriately be used, with initial
conditions obtained from a zero-crossing-sweep.

4.1 Relating stiffness to tension

When the bolt is tightened, both the nondimensional axial tension p increases, as wells as the boundary
stiffness k1−4. There is no exact relations between contact pressure and tangential stiffness. However, in [3]
an approximating analytical function is introduced:

kn =
z1 tanh(z2p)

1 + z3 exp−z4p
(19)

where, kn is the normal/tangential stiffness and p is nondimensional tension. This model assumes symmetry
in boundary stiffness, thus k1 = k2 and k3 = k4, which for at least moderately tightened bolts is a reasonable



assumption. The tangential stiffness is then related to rotational and translational stiffness by:

k1−2 =
1(R2

w + r2w)

4l2
kn, k3−4 =

π(1− ν)
2(2− ν)

kn, (20)

where Rw and rw are inner and outer nut radius, and ν is the Poisson ratio. The approximating function
is directly applied in this work. Further details on the model can be found in [3]. It is necessary to fit the
unknown parameters z1−4 of the analytical function (19) to get good estimates. In [3], the beam model
does not take the boundary mass (representing the head, nut, and protruding bolt end) into account. For
that reason, the model is refitted here to match this updated model. The fit is based on data obtained in
the experimental work of [4] for two setups, a long bolt (M12×250mm), and a short bolt (M12×140mm),
with an effective length, between the head and nut of 225mm and 105mm, respectively. Measurements are
obtained by hammer impacting the bolt transversely.
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Figure 5: Natural frequency as function of bolt tension. Markers: experimental measurement data obtained in the
work of [4]. ( ): Beam model predicts, (a) Long bolt: 1st, 2nd and 4th natural frequency, z1 = 2.8×104, z2 = 0.45,
z3 = 0.1 and z4 = 0.8. (b) Short bolt: 1st, 2nd and 3rd natural frequency, z1 = 2.45×104, z2 = 1.5, z3 = 9.9 and
z4 = 0.11.

Figure 5a shows the first, second, and fourth transverse natural frequency of the long bolt (the third mode
was heavily damped and thus excluded from analysis) as a function of tension. The dashed lines show the
new fit of (19). This model-update is a significant improvement from [3]. In that case, the model could not
fit several natural frequencies with the same model parameter values. In this case, the model fits well, even
up to the fourth natural frequency, without changing any model parameters. Notably, the variations in the
measured fourth natural frequency are significant. This may be due to the excitation type. A hammer impact
gives a broad spectral input force, but the input energy is low at higher the frequencies.

Figure 5b shows the first, second, and third transverse natural frequency of the short bolt as a function
of tension, also fitted to (19). The third mode was only measurable in two out of three test series. This



may either due to low energy from the hammer impact at very high frequencies (ω3 > 11 kHz), or due
to intercepting frequencies damping out each other; above 11 kHz, there can be torsional and longitudinal
modes, and modes from the surrounding structure affecting the vibrational response. The fit for the second
and third mode does not agree as well as the first.
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Figure 6: Model stiffness: Equation (19) as function of tension. ( ): Long bolt, z1 = 2.8×104, z2 = 0.45, z3 = 0.1
and z4 = 0.8. ( ): Short bolt, z1 = 2.45×104, z2 = 1.5 and z3 = 9.9. ( ): Clamped-clamped conditions. (a)
Translational stiffness (b) Rotational stiffness.

Figure 6 shows the translational and rotational stiffness as function of bolt tension for the fits presented in
Figure 5. The updated model applies the inside bolt length (l = 225mm and 105mm), instead of the total
bolt length, and includes the additional end masses of the bolt. Figure 6 shows that the beam model does
not predict fully clamped boundary conditions, not even at high tension (which could be expected). The
upper limits in the figure, marked with red dashed lines, indicate values of stiffness, which impose effec-
tively clamped-clamped conditions. It is especially noticeable that the rotational stiffness does correspond to
clamped boundary conditions at any level of bolt tension. The fit for the short bolt also indicates that it has a
much lower boundary stiffness than the long bolt.

The beam model described by (2) is a Euler-Bernoulli model, which does not take rotary inertia and shear
deformation into account. For shorter bolts and higher modes, these effects influence natural frequencies
increaseingly more. Test-calculations with Timoshenko beam theory, based on [12], are made to investigate
the difference between the two models, to understand if Euler-Bernoulli theory is sufficient for predicting
natural frequencies in bolts.

The results in Figure 5 illustrates, as is well known, that BE predictions are better for the long bolt and the
lowest modes. Figure 7 shows the theoretical deviation between Timoshenko and Euler-Bernoulli theory, for
the first three modes, for lengths corresponding to the short and long bolt (l = 225mm and 105mm). The
predicted deviations are made for two different sets of boundary conditions; pinned-pinned and clamped-
clamped. The choice of boundaries is based on Figure 6, as that indicates that bolts are not clamped in
rotation, but close to be pinned in translation. Figure 7 shows that the deviations for longer bolts (l =
225mm), are less than 5% for the first three modes. For shorter bolts (105mm) the deviation increase
strongly with higher modes, and with increasing rotational stiffness. For pinned-pined boundary conditions,
the error is below 7%. In all cases, the bolt tension level is insignificant w.r.t. deviations between the model
predictions.

5 Results

5.1 Optimizing the use of a piezoelectric actuator

Table 1 sums up the results from the numerical simulations carried out in COMSOL, and the experimental
tests performed in the laboratory. The table presents normalized FRF peak values for the second transverse
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Figure 7: Relative deviation between Euler-Bernoulli and Timoshenko theory predictions. Green, blue, red: First,
second and third mode frequencies as function of relative stress in the bolt. ( ): Pinned-Pinned boundary conditions.
( ): clamped-clamped boundary conditions. Color patches: range within the error for a bolt can be expected to be.
(a) Long bolt (225mm); (b) Short bolt (105mm).

natural frequency. The values are normalized w.r.t. the largest measured peak value. The FRFs for the
numerical simulations are obtained by dividing the acceleration response by the electrical potential over the
PA, i.e., a measure for the input force. In the case of the laboratory results, the FRFs are computed by
dividing the acceleration response by the corresponding pre-amplified input signal for the PA.

Table 1: FRF peak values at the second natural frequency, normalized by the largest peak value (bold font). COMSOL
and laboratory results can only be compared qualitatively.

Bolt tension Direction
Longitudinal Longitudinal

Transverse
centered off-centered

COMSOL
- x 0.01 0.24 0.64
- y 0.00 0.69 1.00

Laboratory

0.20σy
x 0.13 0.03 0.17
y 0.06 0.04 0.32

0.50σy
x 0.30 0.08 0.33
y 0.14 0.06 0.65

0.75σy
x 0.46 0.08 0.30
y 0.10 0.12 1.00

Inspecting the numerically simulated results shown in Table 1 it appears that the FRF peak value for fre-
quency response of the longitudinally exciting and centered (LC) PA corresponds to only 1% of the largest
response obtained for the transversely exciting (TR) PA. Theoretically, the LC PA should not be able to ex-
cite any linear transverse vibrations as the model is perfectly symmetric. However, a slight asymmetry in the
mesh could be the cause of the negligible transverse coupling. The longitudinal and off-centered (LOC) PA
provides a response, which is up to 69% of the maximum value achieved by the TR PA.

The simulated results cannot be interpreted to signify that transverse excitation is better than asymmetric lon-
gitudinal excitation in general. However, it suggests that the PA position and orientation have a considerable
effect on the magnitude of transverse vibrations.

Simulations are also made with additional mass on the PA. The total mass added corresponds to 1, 2, 3, and 4



times the PA mass. Adding mass up to 4 times the mass of the PA increases the magnitude of the response for
the second natural frequency up to 1.7%, i.e., approximately 0.4% increase per added PA mass equivalent,
suggesting that adding mass to the PA has an insignificant effect.

Figure 8 shows FRFs obtained from the laboratory tests around the second transverse natural frequency. It
should be noted that the centered longitudinal excitation, primarily excites the transverse natural frequencies
in x-direction, whereas the other two PAs primarily excites the transverse natural frequencies in y-direction.
The comparisons in Figure 8 presents the direction for which the largest response is obtained. The figure
and Table 1 shows that the magnitude at the second mode resonance is the largest for transverse excitation,
followed by the centered, and the off-centered longitudinal excitation. This order partly agrees with the
predictions from the numerical simulations. For TR PA excitation, a considerably larger peak value can
be observed than for LC PA excitation. On the other hand, the numerically simulated results give a larger
transverse response for the LOC PA compared to that of the LC PA, which is not the case for the experimental
results. An explanation might be, that the PA in the laboratory experiment is placed so much off-center, that
a considerable part of the PA is positioned on the bolt head overhang, i.e., the part of the bolt head with a
larger diameter than the threaded part of the bolt. This could cause a less direct path for the vibrations to
propagate through.

It also appears from Figure 8 that the FRF peak values increase with bolt tension. Increasing bolt tension
lowers the damping level, e.g., decreasing the friction in the bolted interface. This is in agreement with prior
observations [4]. The FRF peak values for other modes (the first and third natural frequency) show a similar
tendency.

Adding mass onto the PA did not have any considerable effect in any of the laboratory tests, which is in
agreement with the numerical simulations. This suggests that the back force effect of the added mass does
not dictate the effectiveness of piezoelectric excitation for the present inertial type of application. The inves-

(a) (b) (c)

Figure 8: FRFs in vicinity of second natural frequency for different excitation types and bolt tensions. The shown FRFs
are based on responses in the most well-excited direction, as specified in parentheses: ( ), ( ), ( ): Longitudinal
and centered (x-direction), longitudinal and off-centered (y-direction), transverse (y-direction) PA configuration. (a),
(b), (c): Tests performed at bolt tension levels 20% (low), 50% (medium), 75% (high) of yield stress, respectively.

tigations show that even with far from the ideal mounting of a PA, it is possible to excite transverse natural
frequencies. This opens up for more options if designing a tool for bolt excitation. In industrial applications,
the side of the bolt head may be hard to access. E.g., if bolts are mounted closely together in a flange, in
such a case, it could be preferable if the excitation device can be mounted on the bolt end in the longitudinal
direction.

5.2 Comparison of piezoelectric and hammer excitation

The piezoelectric excitation provides new post-processing opportunities compared to a hammer impact exci-
tation. For one, narrow-band frequency sweeps can be conducted. This allows for sending significant energy



into the bolt at the frequencies of interest. Figure 9 shows measured frequency responses for three levels
of bolt tension, both with a hammer and PA excitation. As appears, the FRF from the hammer impact has
a very low S/N-ratio beyond 20 kHz. The FRF for the PA excitation has a high S/N-ratio, for frequencies
higher than 2kHz. For reference, the corresponding coherence functions support this. It is also apparent that
a frequency response after a hammer impact does not look the same as one generated from PA excitation.
A hammer sends significant energy into the bolt for a very short time. A PA sends much less energy for a
longer time. This can affect which resonant frequencies of the bolt-structure system will be excited. E.g.,
with piezoelectric excitation, the third transverse mode could be obtained with PA excitation (frequency peak
near 5 kHz), with a hammer impact; this is strongly damped.
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Figure 9: Frequency response functions for Low - Medium - High tension. Top: Hammer impact; ( ): 11% of bolt
yield strength, ( ): 40%, ( ): 78%. Bottom: Longitudinal PA excitation: ( ): 20%, ( ): 50%, ( ): 75%.
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Figure 10: Beat frequencies as function of relative stress in the bolt. Each marker type indicates a tests series, disas-
sembly in between series. Left: First mode, Right: Second mode.

A way to illustrate the improved resolution of natural frequencies is by considering the beat frequencies. A
bolt is cross-sectionally symmetric, which with the same boundary conditions for the two transverse planes,



will introduce vibrations with the same transverse frequency for each direction. The boundary stiffness is not
actually completely the same in the two directions. Instead, there will be two natural frequencies very close
together. The beat frequency is the difference in frequency between the perpendicular transverse modes.
With broadband hammer impacting, it is not possible to accurately determine the beat frequency, especially
not when it is small (<2 Hz). Figure 10 shows the fist and second mode beat frequency for the long bolt.
The beat frequency decreases with tension (as stiffness becomes more evenly distributed when the bolt is
tightened). The beat frequency is only qualitatively reproducible when obtained from measurements with a
hammer impact.

Figure 11 shows a zoom around the second transverse natural frequency, for three levels of bolt tension, with
hammer excitation and PA excitation. The PA and Hammer test are only qualitatively comparable as it is not
the same test assembly. The hammer impact tests are from [4]. It appears that with PA excitation, the double
peak is captured much better than with a hammer impact.
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Figure 11: Frequency response function showing capability of capturing double peak at second bending mode. (a),
(b), (c): Tests performed for Low - Medium - High bolt tension.Top: Hammer excitation, bolt tensions 11%, 45%,
78%. Bottom: Longitudinal center PA, bolt tensions 20%, 50%, 75%. ( ): x-direction, ( ): y-direction.

The work in [10] presents a new method for estimating axial tension and boundary stiffness in a bolt. The
method applies measured transverse natural frequencies for a bolt, by nonlinear regression for minimizing
a difference between estimated and measured frequencies. The higher the mode that can be measured and
used (not considering the Timoshenko effects), the better the method works. The piezoelectric excitation can
aid in this regard, as it improves the acccuracy of measured frequencies. However, the error introduced by
neglecting shear deformation and rotary inertia should still be considered. The higher the bending mode, the
more significant the error is, which will not be overcome by changing the source of excitation.

6 Conclusion

In this work piezoelectric actuators are applied for exciting transverse natural frequencies in bolts. Transverse
natural frequency can be used for bolt tension estimation. A COMSOL model was employed to investigate
the theoretical difference in mounting the piezoelectric actuator transversely compared to longitudinally.
As expected, the model suggests a significantly larger response will be obtained with transverse excitation.
However, in some applications, it could be advantageous to mount the piezoelectric actuator on the bolt end,
rather than on the top. Here, COMSOL predicted that off-centering would significantly increase acceleration



amplitude; however, experimentally, that was not the case. The experiments showed that even this very small
piezoelectric actuator could, no matter of mounting direction, excite transverse natural frequencies in the
bolt, and more effectively, the higher the mode. Comparisons to previous results for hammer impacts show
the disadvantages of impact testing. High frequencies are not well excited, and energy cannot be concentrated
to be around one mode. The resolutions of beat frequencies illustrate the accuracy in piezoelectric excitation
measurement compared to hammer impacting. The disadvantage of piezoelectric excitation is the need for
careful mounting. The development of a device with a built-in piezoelectric actuator, screwed on the bolt,
could be a potential implementation of piezoelectric excitation for bolt tension estimation purposes.
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