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• Systematic investigation of stiffness,
yield and buckling strength of 3D peri-
odic microstructures.

• Provided two-term interpolation
schemes for stiffness and strength
show significant improvement com-
pared to existing one-term schemes
at moderate volume fractions.

• A case study shows interplay between
structure and microarchitecture playing
the key role in designing ultimate load
carrying structures.
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Advances in manufacturing techniques may now realize virtually any imaginable microstructures, paving the
way for architected materials with properties beyond those found in nature. This has lead to a quest for closing
gaps in property-space by carefully designed metamaterials. Development of mechanical metamaterials has
gone from open truss lattice structures to closed plate lattice structures with stiffness close to theoretical bounds.
However, the quest for optimally stiff and strong materials is complex. Plate lattice structures have higher stiff-
ness and (yield) strength but are prone to buckling at low volume fractions. Hence here, truss lattice structures
may still be optimal. To make things more complicated, hollow trusses or structural hierarchy bring closed-
walled microstructures back in the competition. Based on analytical and numerical studies of common micro-
structures from the literature, we provide higher order interpolation schemes for their effective stiffness and
(buckling) strength. Furthermore, we provide a case study based on multi-property Ashby charts for weight-
optimal porous beams under bending, that demonstrates the intricate interplay between structure and
microarchitecture that plays the key role in the design of ultimate load carrying structures. The provided interpo-
lation schemesmay also be used to account formicrostructural yield and buckling inmultiscale design optimiza-
tion schemes.

© 2020 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).
1. troduction

Stiffness measures a structure's ability to resist deformation when
subjected to external load. Strengthmeasures the ultimate load carrying
capability of a structure. A structure can be stiff but have low strength,
such as a longitudinally compressed slender steel rod that is initially
stiff but looses stability even for small loads. Oppositely, a structure
.
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can have high strength but low stiffness, such as a grass straw swaying
in thewind. Engineering structuresmust be both stiff and strong. Bridge
decks or airplanewings are only allowed to deflect a certain amount and
at the same time they must be able to withstand substantial forces. An-
other engineering goal is tominimize structural mass andmaterial con-
sumption, partly to save weight and thereby fuel consumption in
moving structures, and partly to save money and natural resources in
the manufacturing process. Structural optimization can be performed
on the macro-scale based on available materials or it can be performed
on nano- or micro-scale by looking for improved material alloys or by
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taking existing base materials and tailoring their microstructures to ob-
tain certain functionalities. The latter constitutes a very hot research
topic and goes under many names, such as architected materials, meta-
materials, tailored materials, microstructured materials, etc. and is the
subject of the present work.

A” stiff competition” [1] for architected materials has been going on
for decades. Already in the 1980's, applied mathematicians found that
microstructures meeting the upper Hashin-Shtrikman bounds [2] can
be realized by so-called rank-n laminates [3–5]. These, however, are
physically unrealistic since they require laminations at up to n = 6
widely differing length-scales, although they in the low volume fraction
case can be simplified to one length scale [6]. Importantly, these opti-
mally stiff microstructures are closed-walled, from now on denoted
plate lattice structures (PLS). For intermediate volume fractions, PLS
that are optimal in the low volume fraction limit may be thickness-
scaled to yield practically realizable microstructures with Young's mod-
uli within 10% of the theoretically achievable values [7–9]. If for reasons
like manufacturability or permeability, one is restricted to open truss
lattice structures (TLS), this comes at the cost of an up to three-fold de-
crease in attainable stiffnesses [6–8,10].

The advent of advanced manufacturing techniques at micro- and
nano-scale has also resulted in a” strength competition”. Partly due to
manufacturing challenges, contestants have mainly been open-walled
TLS or hollow truss lattice structures (hTLS) [11–13]. Here, the saying”
smaller is stronger” becomes relevant as base material yield strength
grows with decreasing scale due to less chances of defects at the
nano-scale [14,15]. Hence, microstructures with remarkable strength
and resilience have been realized, culminating with recent PLS nano-
structures making use of compressive ultimate strength of up to 7 GPa
[16] attainable by sub-micro scale beamsmade from Pyrolyzed Carbon.
Very few research groups, however, have considered strength optimiza-
tion in terms of first onset of microstructural stability or buckling. Two
recent exceptions report high buckling strength for PLS at higher vol-
ume fractions [16,17].

Considering the recent reports on high strength and stiffness [16,17]
of plate lattice structures (PLS), it may be tempting to conclude that the
combined competition for stiffness and strength is over and the winner
is PLS. However, this is not the case. PLS are only optimal under certain
conditions as we will demonstrate. For lower volume fractions, the
walls in PLS become thin and unstable and thicker and more stable
truss lattice structures (TLS or hTLS) take over. This conclusion, how-
ever, cannot be drawn from simple studies of (specific) stiffness-
strength diagrams but requires case studies. Here we will draw such
conclusions based on a simple square cross-sectioned beam in bending.
Other case studiesmay lead to other conclusions. For example, we show
that if the beam has variable width and fixed height, no microstructure
is ever optimal. Here, the solid beam always provides the stiffest and
strongest solution.

Previously, macroscopic and microscopic instabilities have been in-
vestigated in 2D for random and periodic porous elastomers under
large deformation [18,19]. Macroscopic instability of 3D random porous
elastomers has been studied using second order homogenization as-
suming linear comparison composites, where macroscopic instability
is identified by the loss of strong ellipticity of the homogenized consti-
tutive model. [20,21]. A systematic study of microscopic buckling for
3D architected materials, has to our knowledge, not been performed
before.

In this study, we focus on elastic microstructures and do not account
formaterial non-linearities but identifymicrostructural strength by first
onset of local yield or elastic instability - whichever happens first. We
only study stretch-dominated microstructures, which are known to
provide optimal or near-optimal stiffness. However, discussions; devel-
oped interpolation schemes; as well as methods for determining opti-
mality for certain applications; are general and apply to any other
microstructures, albeit with lower obtainable stiffnesses. Also, we limit
ourselves to cubic symmetric or isotropic microstructures due to their
2

general applicability and stability to varying load situations, although
we know that anisotropic microstructures like transverse honeycombs
may perform much better for specific and well-defined load scenarios
[10,22]. Again, however, methods and conclusions developed will also
apply to any anisotropic materials.

Apart from providing new insights in stiffness and strength of
extremal microstructures, the results of our study has a number of
other potential applications and implications. First, the computed effec-
tive stiffness and strength propertiesmay directly be used in themodel-
ling and evaluation of lattice and infill structures realized by additive
manufacturing techniques. Describing the implicit CAD geometry of pe-
riodic lattice structures is a tedious task and subsequent meshing
quickly results in huge and unmanageable finite element models.
Therefore, simple material interpolation laws that provide stiffness as
well as strength estimates for specificmicrostructures as function of fill-
ing fraction are in high demand and have yet to be performed. Second,
the same interpolation schemes may directly be used as material inter-
polation functions in multiscale structural topology optimization prob-
lems [23]. Hitherto, such multiscale topology optimization approaches
have almost entirely focussed on pure linear stiffness optimization ig-
noring possible microstructural failure mechanisms. Our results pave
the way for including both yield and local stability constraints in such
schemes with manageable computational overhead.

The paper is composed as follows. First we list and discuss existing
theoretical bounds on microstructural stiffness and yield strength.
Next, we propose to use two-term interpolation schemes for material
stiffness, buckling and yield strength to improve on existing one-term
schemes for up to moderate volume fractions and discuss their exten-
sions to hierarchical microstructures. For a number of commonly used
isotropic and cubic symmetric microstructures from the literature we
perform analytical and extensive numerical evaluations to provide coef-
ficients for their associated two-term stiffness and strength interpola-
tion schemes. Finally, we provide a beam example that demonstrates
the use of our material interpolation laws and highlights how truss
and plate lattice structures take turns in being optimal, depending on
beam span and basematerial properties, even for this simple case study.

2. Theoretical bounds

Hashin-Shtrikman (HS) bounds provide upper limits on attainable
Young's moduli for porous microstructures [2]. These are rather com-
plex expressions given in terms of base material properties: Poisson's
ratio ν0 and Young's modulus E0, as well as volume fraction f (see Ap-
pendix A). However, variability in terms of Poisson's ratio is small in
the range of usual (compressible) base material values ν0 ∈ [0, 1/2[,
hence selecting a value of ν0= 1/3 atmost gives an error of 1% in afore-
mentioned interval. With this assumption, HS bounds for isotropic and
cubic symmetric materials simply become

EuIso ¼
f

2−f
E0, and EuCubic ¼

5f
7−2f

E0: ð1Þ

From these two bounds and their graphs in Fig. 1, it is clear that re-
quiring isotropy over simpler cubic symmetry deteriorates attainable
stiffness with up to a factor of 10/7 (43%) for low volume fractions.

An expression for a yield strength bound for uni-axial loading of iso-
tropic microstructures was derived by Castañeda [24] (however, often
attributed to Suquet [25]) and only depends on the volume fraction
and yield (or ultimate) stress limit of the base material σ0, i.e.

σu
y ¼ 2fffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4þ 11=3 1−fð Þp σ0 ¼ 6fffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
69−33f

p σ0: ð2Þ

An assumption behind the Castañeda bound is that it ignores stress
concentrations and hence approaches the solid material yield strength
σ0 as volume fraction approaches one. At first thought, this may seem
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Fig. 1. Plot of Hashin-Shtrikman bounds given by (1) for isotropic and cubic symmetric
microstructures and their first and second order approximations.

Table 1
Analytically and numerically derived coefficients for two-term polynomial interpolation
schemes proposed in Section 3. Coefficients given as fractions are based on analytical stud-
ies in the low volume fraction limit. Other coefficients are based on numerical studies.

Polynomial material interpolation coefficients

eE n0 eσ c eσy

Iso-PLS a0 = 1/2 = 0.5 3 b0 = 0.200 c0 ¼ 16
ffiffiffiffiffiffi
111

p
333 ≈0:506

a1 = 0.228 b1 = 0.184 c1 = 0.252
Iso-TLS a0 = 1/6 ≈ 0.167 2 b0 ¼ π

90≈0:035 c0 = 1/6 ≈ 0.167
a1 = 0.464 b1 = 0.143 c1 = 0.284

Iso-hTLS a0 = 1/6 ≈ 0.167 3/2 b0 ¼
ffiffiffiffiffiffiffiffiffi
0:45π

p
30
ffiffiffiffiffiffiffi
0:964p ≈0:040 c0 = 1/6 ≈ 0.167

a1 = 0.589 b1 = 0.089 c1 = 0.345
SC-PLS a0 = 5/7 ≈ 0.714 3 b0 = 0.350 c0 ¼ 10

ffiffiffiffi
21

p
63 ≈0:727

a1 = 0.147 b1 = 0.229 c1 = 0.117
SC-TLS a0 = 1/3 ≈ 0.333 2 b0 ¼ 6

108≈0:056 c0 = 1/3 ≈ 0.333

a1 = 0.517 b1 = 0.196 c1 = 0.400
SC-hTLS a0 = 1/3 ≈ 0.333 5/3 b0 ¼ 1

6
ffiffi
53

p ≈0:098 c0 = 1/3 ≈ 0.333

a1 = 0.663 b1 = 0.043 c1 = 0.520
Bounds
(isotropic)

a0 = 1/2 = 0.5 – – c0 ¼ 2
ffiffiffiffi
69

p
23 ≈0:722
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logical but this is actually not physically possible. As volume fraction ap-
proaches one, voids approach zero size. Any small void will cause stress
concentrations and hence yield strength of the porous material will not
approach that of the solid for vanishing hole size but actually be lower
by some stress concentration factor. For a small spherical void, this
stress concentration factor is 2 for uni-axial loading. Hence, the yield
bound is not optimal in the sense that there exist no physical micro-
structures that can achieve it. This is especially pronounced for higher
volume fractions. Hence, a simplified bound that takes some of this
stress concentration at higher volume fractions into account could be

the linear function σu
y ¼ ∂σu

y

∂f

���
f¼0

fσ0 ¼ 2
ffiffiffiffi
69

p
23 fσ0≈ 13

18 fσ0.

3. Material interpolation schemes

Literature often reports derived, computed or measured porousma-
terial properties in terms of simple, single order polynomials [26]. These
may be sufficiently accurate in the very low volume fraction limit or for
smaller subintervals. However, first order polynomials are insufficient
for larger volume fractions and more general studies. As will be shown
later, errors can be huge even for quite low volume fractions. Inferiority
of one-order v.s. two-order polynomial expansions of theHSbounds are
for now already visible in Fig. 1. Hence, we here compute and list all ma-
terial properties as two-term polynomials that make them valid up to
volume fractions of 0.5.

Assuming stretching-dominatedmicrostructures, two-term polyno-
mials approximations for effective Young's modulus, buckling and yield
strength are

Ef ¼ E fð Þ ¼ eE fð Þ E0 ¼ a 0 f þ a1 f
2

� �
E0, ð3Þ

σ c, f ¼ σ c fð Þ ¼ eσ c fð ÞE0 ¼ b0f
n0 þ b1f

n0þ1
� �

E0, ð4Þ

σy, f ¼ σy fð Þ ¼ eσy fð Þσ0 ¼ c0 f þ c1 f
2

� �
σ0 ð5Þ

where all coefficients (0 < (ai,bi,ci) < 1) and exponent n0 are esti-
mated from analytical and/or numerical studies (see Table 1 for num-
bers for specific microstructures and Section 5 for numerical details
1 For a fixed beam length or plate dimensions, beam buckling depends on cross-
sectional area (and hence volume fraction) squared and plate buckling depends on thick-
ness (and hence volume fraction) cubed.

3

of their derivation). As it will turn out, n0 = 2 for TLS and n0 = 3
for PLS, which means that the buckling strengths of the two kinds
of microstructures are notably different in terms of volume fraction
dependence.1 These exponents will later be shown to be decisive fac-
tors when looking for the optimal microstructural material morphol-
ogy for a given application.

We define the effective strength of a porousmaterial in compression
as theminimumof buckling strength σc, f (4) and yield strengthσy, f (5).
Since polynomial order of the former always is higher than for the latter,
buckling strengthwill always be the decisive one for lower volume frac-
tions as also intuitively expected. The transition to yield controlled fail-
ure depends on considered micro-architecture.

3.1. Interpolation schemes for hierarchical microstructures

Lakes (1993) derived expressions for Young's modulus and buck-
ling strength of n’th order architected microstructures based on the
commonly used one-term polynomial material interpolation func-
tions. Assuming self-similar hierarchy, i.e. each level has the same mi-
crostructure and volume fraction, the interpolation functions for
Young's modulus, buckling and yield strengths of an n’th order
stretch-dominated hierarchical microstructure are

E f ,n ¼ En fð Þ ¼ a n
0 fE0, ð6Þ

σ c,f ,n ¼ σ c,n fð Þ ¼ b0an−1
0 f 1þ

n0−1
n E0, ð7Þ

σy,f ¼ σy fð Þ ¼ c n
0 fσ0, n∈Zþ: ð8Þ

Note here that Lakes' paper used n instead of n− 1 for the exponent
on a0 in (7), which is a typo. (Re)derivations for all three expressions as
well extension to the more practical two-term scheme (3)–(5) as well
as fully general interpolation schemes can be found in Appendix B.

There are two important remarks to these expressions. First, we note
that a0, b0 and c0 in (3)–(5) always are (sometimes significantly)
smaller than one and hence hierarchy (n > 1) will inevitably decrease
performance of all material properties for a given volume fraction f.
For the buckling strength case, however, hierarchical order higher
than onemay still be an advantage if the volume fraction is low enough.
In particular, if the volume fraction is lower than

f lim ¼ a
n

n0−1

0 for n≥2: ð9Þ



Fig. 2. Buckling strength of microstructures. Illustrations of considered geometries for volume fraction f≈ 0.2. A: Iso-PLS, B: Iso-TLS, C: Iso-hTLS, D: SC-PLS, E: SC-TLS, F: SC-hTLS and G: a
second order hierarchical version of D. Right half shows lowest buckling value band over the edges of the irreducible Brillouin zone and associated worst case buckling modes for the
considered microstructures. Each band is based on 33 unique evaluation points, except for the second order hierarchical SC-PLS, G, which is based on 6 unique evaluation points.
Points marked by circles indicate worst case critical buckling stress for each microstructure.
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For TLS (n0 = 2), this means that second order hierarchical micro-
structure is advantageous with respect to buckling strength for volume
fractions smaller than a0

2. Similarly, for PLS (n0 = 3), second order hier-
archy is advantageous for volume fractions smaller than a0, i.e. for
higher volume fraction than for TLS.

Second, we note that for TLS (n0= 2), the volume fraction exponent
in (7) is 1þ n0−1

n ¼ 1þ 1
n. This means that strength depends on the vol-

ume fraction to the 3/2 power for a second order hierarchical structure.
Hence, the dependence is not first order as sometimes claimed in the lit-
erature. Only in the limit of infinite order does the dependence converge
to first order. However, at the same time the factor a0n−1 in (7) would go
to zero and thus nothingwould be gained from this linear dependence!
For PLS, (n0 = 3), the volume fraction exponent in (7) is
1þ n0−1

n ¼ 1þ 2
n. Hence here, strength dependence on volume fraction

is raised to power 2 for a second order hierarchical structure, which
makes it depend on f the same way as the first order hierarchical TLS,
at the cost of a buckling strength reduction factor of a0. When, as it
turns out, a0 is much bigger for PLS than TLS, this suddenly makes the
second order hierarchical PLS very attractive compared to the first
order TLS (see actual numbers later).

4. Microstructures

As representatives of near-optimal, isotropic and cubic symmetric
truss (TLS) and plate (PLS) elastic microstructures, we choose the six il-
lustrated in Fig. 2A-F. We consider three simple cubic (SC) microstruc-
tures composed of flat plates (D: SC-PLS), bars with square cross
sections (E: SC-TLS) and its hollow bar counterpart (F: SC-hTLS), respec-
tively. Similarly, we consider three isotropic microstructures synthe-
sized by combination of SC and body-centered cubic lattice with
thickness ratio between SC and BCC plates fixed to tSC=tBCC ¼ 8

ffiffiffi
3

p
=92

and the area ratio between the two circular bar groups of the corre-
sponding TLS fixed to ASC=ABCC ¼ 4=3

ffiffiffi
3

p
. These three isotropic lattice

structures, are hereafter referred to as (A: Iso-PLS), (B: Iso-TLS) and
2 The thickness changes to tSC=tBCC ¼
ffiffiffi
3

p
for higher volume fractions to maintain isot-

ropy [8].

4

the hollow version (C: Iso-hTLS), respectively. The Iso-PLS has near op-
timal Young's modulus ([8,17,27]), only a few percent inferior to the
bound (1) for moderate volume fractions. The six micro architectures
are color-coded as SC-TLS (red), SC-hTLS (dash-dotted red), SC-PLS
(magenta), Iso-TLS (green), Iso-hTLS (dash-dotted green) and Iso-PLS
(blue). This color scheme will be used also for coloring of graphs
throughout this work with hierarchical versions using same colors but
dashed curves instead of solid.

The hollow versions of the two TLS, are inspired by [28], how-
ever with the material inside bar crossings maintained for simplic-
ity, stiffness and stability. Considering microstructures with hollow
crossings will significantly deteriorate stiffness and are hence left
out of this study. The thicknesses of the hollow bars are tailored to
avoid wall-buckling [29] within the volume fraction range of interest,
f ∈ [10−4,0.5] and hence to maintain the similar critical buckling
modes as their solid counterparts. Detailed expressions for the hollow
cross-section dimensions are listed in Appendix C.

Fig. 2G also shows a hierarchical (n=2) version of the SC-PLS struc-
ture to be discussed later.
5. Modelling

Effective properties of the consideredmicrostructures are computed
using analytical studies as well as numerical homogenization and finite
element analyses. PLS are discretized by shell elements in the low vol-
ume fraction range (f<10−2), while TLS aremodelled analytically. Con-
tinuum elements are used for both cases at higher volume fractions up
to 0.5. In this work, microstructural failure is defined as the onset of
yielding or buckling and hencewe do not investigate large deformation,
crushing or other non-linear behaviour. Furthermore, the microstruc-
tures are modelled as ideal, i.e. with no imperfections and the base ma-
terial is linear elastic, homogenous and isotropic. Yield strength is
computed as the product of the applied macroscopic stress and the
ratio between the yield stress of the base material and the maximum
von Mises stress for the cell. The maximum von Mises stress is com-
puted at the center of plates or struts making up the microstructures
and thus does not take local stress concentrations into account.
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The numerical computation of buckling strength is quite elaborate
andhas to our knowledge not been performedbefore for 3Dmicrostruc-
tures. The same macroscopic stress state as used for calculating yield
strength forms the basis for a linear buckling analysis based on
Floquet-Bloch wave theory ([30–32]). By searching over the wave-
vector space spanned by the edges of the irreducible Brillouin zone,
we identify the most critical load value over all possible wavelengths
and mode directions. Herein, a small or large wavelength, compared
to the unit cell size, corresponds tomicroscopic ormacroscopic instabil-
ity, respectively. Hence, we identify the most critical mode amongst all
modes ranging from local to global.

A resulting band diagram for the considered microstructures for
f ≈ 0.2 is shown in Fig. 2, where smallest value over all wave-vectors
for each microstructure represents its critical buckling stress. Here it is
clearly seen how the isotropic microstructures (blue PLS and green
TLS and hTLS) have almost direction and wavelength independent crit-
ical buckling spectra but, at least for the PLS and TLS, inferior buckling
strengths. On the other hand, the cubic symmetricmicrostructures (ma-
genta PLS and red TLS andhTLS) havemore anisotropic but nevertheless
superior buckling responses. Inserts in circles show the most critical
buckling modes for each microstructure. Critical modes for the SC-TLS
and hTLS microstructures are global shear failure modes (just right of
the Γ point), whereas critical modes for all other microstructures are
local, either cell-periodic or cell anti-periodic. Buckling instability for
the second order hierarchical SC-PLS (magenta dashed curve) is inde-
pendent on wave number and is associated with cell wall buckling at
the lower hierarchical level.

The best performing solid microstructure with respect to buck-
ling strength for f ≈ 0.2 is the red SC-TLS with its worst case
global shear mode, right next to the Γ-point exhibiting the highest
critical stress value over the solid microstructures (red SC-TLS and
magenta -PLS, green Iso-TLS and blue -PLS). This latter case corre-
sponds well to analytical studies from the literature, c.f. [33,34]. The
plot also shows that the hollow microstructures red dash-dotted SC-
hTLS and green dash-dotted Iso-hTLS, as well as the magenta dashed
hierarchical microstructure, perform better than their solid counter-
parts. More discussions follow later and numerical details are given
in Appendix D.

Following these extensive analytical and numerical analyses, mate-
rial interpolation coefficients a0, b0 and c0 for the interpolations schemes
proposed in Section 3 are determined from analytical add-up models
(checkedwith truss FEmodel) for TLS and numerically using shell finite
elements for PLS in the low volume fraction range (see Appendix B for
details). The second order terms a1, b1 and c1 are determined from
curve fits of remaining data points (a total of 16 volume fractions for
each microstructure provide the basis for the interpolations) based on
a continuum FE model. The resulting coefficients are listed in Table 1.
All numbers given as fractions are analytically obtained values. The jus-
tification for a two-term interpolation function can be trivially verified
by inserting data from Table 1 into (3)–(5). The difference between
one-term and two-term scales linearly with volume fraction. For exam-
ple, using data for the Iso-TLS structure and volume fraction f=0.2, the
usual one-term interpolation scheme underestimates stiffness with

e ¼ eEf a0, a1ð Þ−eEf a0ð Þ
� �

=eEf a0ð Þ ¼ 56% and analogously for buckling

stress, an underestimation of 82%.
Table 2
Base material properties and associated material indices. Bold font indicates best property. Nu

Material- properties and indices

E0 (GPa) σ0 (MPa) ρ0 (kg/m3) ρ0=E
1
2
0 (⋅103)

Pyrolytic Carbon [16] 62 2750 (7000) 1400 5.6
Steel 215 395 7800 16.8
Epoxy 3.08 72 1400 25.2
TPU 0.012 4.0 1190 344

5

A lot can be learned from studying Table 1 in detail. First we, as ex-
pected, observe that PLS reach the upper bounds on Young's modulus
for isotropic and simple cubic microstructures for low volume fractions.
The same two microstructures have stresses very close to the yield
bound (2). On the other hand, the PLS are, at least for lower volume frac-
tions, suboptimal with respect to buckling stability, since their power
n0 = 3 is higher than the TLS (n0 = 2). Interestingly, the hTLS also
beat the TLS with isotropic and cubic symmetric stability exponents of
n0 = 3/2 and 5/3, respectively. These observations will be discussed
deeper later.

Using Epoxy as basematerial (see Table 2 formaterial properties) for
isotropic first and second order hierarchical microstructures as well as
hTLS, obtainable properties are plotted in strength-stiffness and specific
strength-stiffness Ashby plots in Fig. 3. Full and dashed blue lines indi-
cate PLS properties for varying volume fractions for first and second
order hierarchy, respectively. Green lines indicate the same for TLS
properties. Finally, the dash-dotted green line indicates properties of
the hTLS. Colored crosses indicate points for specific volume fractions,
starting with red at f = 0.5 and descending to blue at f = 0.001. Kinks
in property lines indicate transition points from yield controlled (higher
volume fractions) to buckling controlled (lower volume fractions).
Black curves indicate the properties of the “idealmicrostructure” that si-
multaneously attains the stiffness and yield bounds. Again, colored
markers indicate volume fractions. Without the availability of cross-
property bounds that relate strength and stiffness, the tightest property
bounds for a given volume fraction are given by horizontal or vertical
lines, extending from the colored volume fraction markers. From both
strength-stiffness as well as specific strength-stiffness plots, it is clear
that one cannot beat the material properties of the base material (here
Epoxy), no matter what microstructure or hierarchical level is used.
Hence, from these graphs it is not obvious why one would consider
using porous microstructure at all. One needs to study specific applica-
tions to come up with an answer to this question.

6. Beam model

We seek a simple engineering design problem thatmay benefit from
high stiffness, high strength microstructures and illustrates the role of
different microstructural effects and properties. The simplest imagin-
able structure for this purpose is the mass minimization of a beam in
bending.

A simply supported Bernoulli-Euler beam with rectangular cross-
section and widthw, height h and length L is subject to equal but oppo-
sitely oriented bending moments V at both ends, hence its moment
distribution is constant and shear stresses are zero. Mass, mid-span dis-
placement and maximum stress of the beam are

m ¼ fρ0Lwh, δ ¼ 3
2

VL2

Efwh3
and σmax ¼ 6V

wh2
: ð10Þ

Now we want to minimize the mass of this beam subject to a dis-
placement constraint δ ∗ and avoidance of yield and microstructural
buckling. From now on, we assume a variable square cross-section
(w = h) but variable width or height cases as well as details on their
derivations are included in Appendix E and discussed later.
mbers in parentheses denote values that only work in compression.

ρ0=σ
2
3
0 (⋅103) ρ0=E

1
3
0 ρ0=σ

1
2
0

ρ0/E0 (⋅106) ρ0/σ0 (⋅106)

0.71 (0.38) 0.35 0.027 (0.017) 0.023 0.51 (0.20)
14.5 1.30 0.39 0.036 19.7
8.10 0.96 0.17 0.45 19.5
47.2 5.20 0.60 99.2 298



Fig. 3. Strength versus stiffness for selectedmicrostructures. Strength-Stiffness (left) and Specific Strength-Stiffness (right) plots for isotropic first and second order hierarchical as well as
the isotropic hollow hTLS. Blue lines indicate PLS and green TLS. Solid lines indicate simple and dashed second order hierarchical microstructures. The dash-dotted green lines indicate the
hTLS microstructure and the ideal material performance (reaching both stiffness and yield bounds) is indicated by the black curves. The colored markers indicate volume fractions
according to the color bar. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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The minimal mass of the beam subject to a displacement constraint
δ ∗ is

mδ ¼
ffiffiffi
3
2

r ffiffiffiffiffi
V
δ∗

r
L2

1
M2

, M2 ¼
ffiffiffiffiffi
Ef

p
fρ0

¼ ψδ
B

ffiffiffiffiffi
E0

p
ρ0

, ψδ
B ¼

ffiffiffiffiffieEfq
f

, ð11Þ
Fig. 4.Ashbymulti-objective chart for Iso-PLS (blue), Iso-TLS (green), SC-PLS (magenta) and SC-
order and dashed lines second order hierarchical microstructures and dash-dotted green and
fractions according to the color bar. Black dotted lines indicate coupling lines as discussed
discussed in the text and illustated in Fig. 5. The right vertical axis indicates the weight s
references to color in this figure legend, the reader is referred to the web version of this article

6

where M2 is the material stiffness index and ψB
δ is the microscopic shape

factor for elastic bending ([35]) to be maximized in order to decrease
beam mass (see further details in Appendix E).

The mass subject to yield or buckling failure constraints is given by
the maximum of the masses subject to either local microscale buckling
constraint
TLS (red) square cross-sectioned beamsbuilt fromEpoxy. Solid colored curves indicatefirst
red curves indicate first order hTLS microstructures. The colored markers indicate volume
in the text and black circles indicate reference points for the specific beam examples
aving factor compared to the solid Epoxy referencee beam. (For interpretation of the
.)
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mc ¼ 6Vð Þ23L 1
M1

, M1 ¼
σ

2
3
c,f

fρ0
¼ ψc

B
E

2
3
0

ρ0
, ψc

B ¼ eσ c,f
2
3

f
ð12Þ

or yield constraint

my ¼ 6Vð Þ23L 1
M1

, M1 ¼
σ

2
3
y,f

fρ0
¼ ψy

B
σ

2
3
0

ρ0
, ψy

B ¼
eσ 2

3
y,f

f
, ð13Þ

whereM1 is thematerial strength index andψB
c andψB

y are themicroscopic
shape factors for failure in bending for buckling and yield, respectively.

The microscopic shape factors ψB
δ, ψB

c and ψB
y determine the optimal

design. If these are smaller than one, there is no gain in introducingmi-
crostructure and the optimal volume fraction is f=1, i.e. a solid beam. If
larger than one, mass is reduced by this factor by introducing micro-
structure. Assuming a one-term polynomial interpolation function, say
~E f � f p , microstructure is favourable with respect to elastic bending
(11) when p < 2. Similarly, microstructure is favourable with respect
to strength (both yield and buckling) if p < 3/2 for those cases. This
shows that a too high exponent (i.e. bad material performance at low
densities) makes the solid beam preferable. Oppositely, low exponents,
i.e. efficient materials, favor low volume fractions taking advantage of
their optimal performance. Depending on exponents between stiffness
and strength cases, intermediate volume fractionsmay becomeoptimal.
For the stretch-dominated microstructures considered here, the stiff-
ness exponent is always one and hence microstructure is always
favourable with regards to minimizing mass with a displacement con-
straint. For the strength case it is less simple.

For interpolation functions composed of two-term polynomials,
both exponents should be below the numbers given above to favor po-
rous material. If the lowest exponent is above, solid is preferred. If only
the first exponent is below, porous material is preferred at least for
lower volume fractions and solid may be preferred for higher volume
fractions depending on the second multiplier.
Fig. 5. Plots of deformed beams and stresses for various cases of optimal isotropic microstruc
structures for same length and higher density PLS for shorter lengths. Performance of each of t

7

The minimum mass beam satisfying both displacement and stress
constraints, following [35], is found by defining a coupling constant C
by equating (11) and (13) and solving forM2

M2 ¼ 384−1
6

L6

V δ∗ð Þ3
 !1

6

M1 ¼ CM1, C ¼ 384−
1
6

L6

V δ∗ð Þ3
 !1

6

: ð14Þ

By plotting material stiffness index M2 versus material strength
index M1 for various microstructures and hierarchical levels, one can
identify the optimal beam composition for given beam dimensions, dis-
placement constraint and loading as defined by a linewith slope C in the
corresponding Ashby plot.

The same study as above can be done for beams with fixed width
and variable height or vise versa. For the former case, microscopic

shape factors become ψδ
B ¼ eE1

3
f =f , ψ

c
B ¼ eσ 1

2
c,f =f and ψy

B ¼ eσ 1
2
y,f =f , respec-

tively (see Appendix E for derivations). In this case, the simple expo-
nents determining advantage of porous microstructure are 3 and 2 for
the displacement and strength cases, respectively. This means that
worse performing microstructures (higher exponents) than in the
square cross section case are still advantageous compared to the solid
beam. Naturally, mass of the optimal beam will hence also be lower
than for the square cross section case. For the fixed height, variable

width case microscopic shape factors become ψδ
B ¼ eEf =f , ψc

B ¼ eσ c,f =f

and ψy
B ¼ eσy,f =f , respectively (see Appendix E for derivations). In this

case, the simple exponents determining advantage of porous micro-
structure are 1 for both displacement and strength cases. This means
that it is never advantageous to introduce porosity in the variable
width case! Actually, it is a disadvantage because ψ values always are
below one for all microstructures (refer to a0, b0 and c0 coefficients in
Table 1).

Considering simple tension/compression of a bar, microscopic shape
factors are similar to the variable width problem, meaning that micro-
structure is never advantageous. Including stability for a square cross-
tures. Compared to a solid Epoxy beam, large savings can be obtained by low density TLS
he five cases are identified by black circles in Fig. 4.
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sectioned column results in an added microscopic shape factor

ψgc
B ¼ eE1

2

f =f , which may or may not make microstructure favourable de-
pending on slenderness ratio of the column.

7. Example

Based on above derivations we proceed to a practical example. As a
test case we consider an Epoxy beam of length L0 = 1m. As a baseline
design, we give it cross-sectional dimensions w0 = h0 = 0.012m. For
the solid beam, this results in displacement δ0 = 0.0235m, mass
m0 = 0.202kg and maximum stress σmax = 3.47 MPa, i.e. well below
the yield limit of Epoxywhich is 72MPa (c.f. Table 2). The displacement
constraint is now selected as δ ∗ = δ0 = 0.0235m for the remainder of
the study.

Fig. 4 shows the Ashbymulti-objective plot for the Epoxy beambuilt
from Iso-PLS (blue solid line), Iso-TLS (green solid line), SC-PLS (ma-
genta solid line) and SC-TLS (red solid line) microstructures, respec-
tively. Dashed lines indicate second order hierarchical versions and
dash-dotted green and red curves denote hTLS. The graph includes
three black dotted lines with the left most one corresponding to the
coupling line for the reference beam (C = 2.418 [Pa−1/6]) obtained
from inserting physical values in (14). The optimal beam is obtained
for the microstructure curve that crosses the coupling line furthest to
the north-east. The resulting weight saving can be read from the right
y-axis. First considering isotropic microstructures, this happens for vol-
ume fraction f= 0.0778 andm= 0.0781kg (i.e. a mass saving factor of
2.6 with respect to the reference design) for the Iso-PLS case (solid blue
curve) and f= 0.0212 andm= 0.0699kg (i.e. a 2.9 mass saving factor)
for the Iso-TLS case (solid green curve). Hence here, the TLS provides the
most efficient beam beating the plate lattice structure! Shortening the
beam span to L0/2 (with everything else the same as before), which cor-
responds to halving C (center black dashed line), the resulting saving
Fig. 6. Ashby multi-objective chart for Iso-PLS (blue) and Iso-TLS (green) beams built from E
hierarchical microstructures. The dash-dotted green line refers to first order Iso-hTLS. The colo
created by GRANTA EduPack software, Granta Design Limited, Cambridge, UK, 2020 (www.gr
in this figure legend, the reader is referred to the web version of this article.)
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factors are 2.1 for Iso-PLS and 2.0 for Iso-TLS, respectively. Further short-
ening to L0/4, corresponding to coupling factor C/4 (rightmost black dot-
ted line), the resulting factors are 1.7 and 1.5 where the latter is
determined by yield, as opposed to buckling aswas the case in all previ-
ous cases. It is thereby demonstrated that depending on beam geome-
try, PLS or TLS may be preferred. PLS are desirable for the short span
cases. Oppositely, TLS are desirable for long span beams. In both cases,
it is buckling and not yield that controls dimensions. Only if making
the beams even shorter than L0/4 would yield become the controlling
factor. Similar conclusions can be drawn for the simple cubic plate and
truss lattice structures indicated by magenta and red solid lines in
Fig. 4, respectively. Relaxing microstructure symmetry requirements
from isotropy to cubic symmetry results in further weight savings and
here the TLS (red) line again turns out as winner for the longer span
cases. However, it should be remarked that the SC-TLS has very low
shear stiffness and hence would fail for beam bending cases that have
non-zero shear forces.

Above discussions seem to indicate a tie in the competition between
truss and plate lattice structures. However, allowing for secondorder hi-
erarchy changes the situation entirely. The dashed blue line in Fig. 4,
corresponding to a second order hierarchical Iso-PLS structure, turns
out to outperform all the other cases for both long and short beam
lengths. The explanation for this is partly due to its volume fraction de-
pendency on buckling which is a power of 2, corresponding to that of
the simple TLS structures as discussed earlier. Partly, it comes from its
a0 factor (c.f. (4) and Table 1), which is much larger than for the TLS
structures.

Finally, the hollow Iso-hTLS (dash-dotted green curve) beat all other
microstructures for the long span beam with a weight saving factor ex-
ceeding 10. For shorter beam spans, the hollow simple cubic hTLS
(dash-dotted red curve) provides the largest weight saving factor but
as before for the SC-TLS, it is not applicable to general beam bending
problems.
poxy, TPU and PC. Solid lines indicate first order and dashed lines indicate second order
red markers indicate volume fractions according to the color bar. The background plot is
antadesign.com), a subsidiary of ANSYS, Inc. (For interpretation of the references to color

http://www.grantadesign.com


Fig. 7. Hollow truss geometry. Dimensions of the box section in the SC-hTLS (left) and the tube in the Iso-hTLS (right).
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Sticking to simple isotropic microstructures (blue and green) and
solid bars or plates (solid lines), the competition between TLS and PLS
thus ends in a tie and depends on the structural application considered.
Allowing for hierarchical structures, plate lattice structures turn out to
be the optimal microstructures over the whole beam length range. Fi-
nally, if one is able to manufacture the hTLS, with material inside cross-
ings, those structures end up as the overall winners. Seen in the latter
view, the competition is closed and turns out in favor of hollow truss
structures hTLS, if one has the right manufacturing capabilities.

Fig. 5 gives a geometrical interpretation of above discussions, ex-
cluding the advanced hollow and hierarchical microstructures. By
substituting solid Epoxy of the reference beam(left) with porous isotro-
pic microstructure, long spans favor TLS and shorter spans favor PLS.
Even more extreme weight savings of up to 4.9 can be obtained from
a second order hierarchical PLS. Weight saving factors for each case
are given in the table and corresponding performance points are indi-
cated with black circles in Fig. 4.

Fig. 6 shows collected results for beams built from first and second
order isotropic truss and plate microstructures as well as hTLS realized
in Epoxy, TPU and Pyrolyzed Carbon (PC) on top of commonly encoun-
teredmaterial property families. Remark here that the remarkable com-
pressive yield strength of 7 GPa reported for nano-scale Iso-PLS PC
microstructures by [16] is not applicable here since beam bending inev-
itably involves both compression and tension. Hence, we use their
Fig. 8. Illustration of the irreducible Brillouin zone for uni-axial stress for microstructures
with cubic symmetry. Irreducible Brillouin zone: the region enclosed by the red lines. (For
interpretation of the references to color in this figure legend, the reader is referred to the
web version of this article.)
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reported yield strength value of σ0 = 2.75 GPa for PC instead. Although
transition points between TLS and PLS optimality vary slightly for differ-
ent material choices due to varying ratios between base material stiff-
ness and yield strengths, main observations from the simple Epoxy
discussion still hold. However, it is remarkable that a weight saving fac-
tor approaching 20 compared to the solid Epoxy reference beamwill be
possible when technology allows to build large scale structures com-
posed of Pyrolytic Carbon truss nano-lattice structures and even beyond
25 the day secondorder hierarchical plate nano-lattice structures can be
realized in the same material. Having manufacturing capability to real-
ize hTLS, one may obtain weight saving factors as high as 80 for a vol-
ume fraction of around 0.0005 in PC. On the other hand, TPU will
never be a good material for beams and would potentially result in a
beam more than 3 times heavier than the solid Epoxy beam for the
same stiffness and strength requirements, even when using the highly
efficient hTLS microarchitecture.
8. Conclusions

A” stiff and strong competition”has been going onwithin architected
materials for decades, especially between open truss lattice structures
andclosed-walledplate latticestructures.Bysystematicstudiesofanum-
ber of high-performance candidate microstructures from the literature
we conclude that there is no clear winner - at least not between simple
truss and plate lattice structures. Depending on structural loading sce-
nario one or the other type of microstructures may be preferred. For
more complex hierarchical architectures, plate lattice structures beat
truss lattice structures. However, if one is able to batch fabricate partially
hollowtruss latticestructures, thesemaybeat all others for specificappli-
cationswithin beambending.

Despite the extensive studies presented here, the search for ulti-
mately stiff and strong microstructures is not over yet. One may con-
sider using systematic topology optimization approaches that account
for both microstructural stiffness as well as buckling response. Such a
study was already performed in 2D [32] and resulted in intricate semi-
hierarchical microstructures with much improved mechanical proper-
ties. Similarly, a systematic study in 3D may result in structures that
are even stiffer and stronger than the “standard” geometries considered
here. In this endeavour, onemay consider includingmanufacturing con-
straints that reflect the manufacturing process at hand. An example is
the topology optimization of multiscale graded structures as an exten-
sion of earlier pure stiffness design studies [23]. Instead of the uniform
beam structures discussed there, highly improved structures can be
envisioned where, apart from varying local volume fractions, one
could also locally identify the optimal microstructure depending on
local stress state and hence always selected closedwalled and optimally
stiff PLS in tension regions and let the findings of the present study
guide the choice of microstructure in the compression regions. The
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interpolation schemes provided heremay hence pave theway for a new
generation of multiscale design procedures that includes microstruc-
tural failure modes in the optimization process. We also expect that
our findings can shed light on the appearances of open versus closed
wall microstructures in natural structures. An obvious example being
bone structures that often is open-celled and hence not optimalwith re-
spect to simple stiffness objectives in the low volume fraction limit. The
reason for open-celled bonemicrostructuremay be governed by length-
scale effects, requirements to flow of nutrients, microstructural stability
as studied here, or even by other driving goals.
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Appendix A. Hashin-Shtrikman bounds

The upper Hashin-Shtrikman bounds [2] on Young's modulus for
isotropic and cubic symmetric microstructures are

EuIso ¼
2f 7−5νð Þ

15ν2
0 þ 2ν0−13

� �
f−15ν2

0−12ν0 þ 27
and

EuCubic ¼
2f 2−ν0ð Þ

ν2
0 þ ν0−2

� �
f−3ν2

0−3ν0 þ 6
: ð15Þ

Inserting ν0 = 1/3 in these expressions results in the simplified ver-
sions given in (1).

Appendix B. Discussion on Interpolations for hierarchical
microstructures

This appendix,first repeats (and corrects a typo in) Lakes derivations
formaterial properties of hierarchicalmicrostructures based on the sim-
ple one-termmaterial interpolation scheme. Then it extends the deriva-
tions to the recommended two-term interpolation scheme and a fully
general interpolation scheme.

B.1. One-term interpolation derivation

Lakes [36] based his derivations on the one-term interpolation
scheme for Young's modulus

E1 ¼ a0f
m0E0 ð16Þ

where m0 is the general exponent governing the density response. In
this paper we use m0 = 1 for stretch-dominated microstructures but
in this appendix we keep m0 as an open parameter for generality. The
Young'smodulus of ann’th order hierarchicalmicrostructure is found as

En ¼ an0 ρn=ρn−1ð Þm0 . . . ρ1=ρ0ð Þm0E0 ¼ an0 ρn=ρ0ð Þm0E0 ¼ an0f
m0E0 ð17Þ
10
The buckling strength of a first order hierarchical microstructure is
interpolated by

σ c,1 ¼ b0f
n0E0 ð18Þ

Following the same idea, the strength of an n’th order hierarchical
microstructure is found as

σ c,n ¼ b0
ρn

ρn−1

� 	n0
En−1 ð19Þ

Assuming a self-similar hierarchy, i.e. the same volume fraction and

microstructure at each level, one obtains ρn
ρn−1

¼ f
1
n. The strength of an

n’th order hierarchical microstructure is thus

σ c,n ¼ b0
ρn

ρn−1

� 	n0
En−1 ¼ b0f

n0
n an−1

0 f
m0 n−1ð Þ

n E0 ¼ b0an−1
0 f m0þn0−m0

n E0 ð20Þ

Note here that Lakes' paper used n instead of n− 1 for the exponent
on a0, which is a typo.

The yield strength of a first order hierarchical microstructure is in-
terpolated by

σy,1 ¼ c0f
p0σ0 ð21Þ

For an n’th order microstructure, the relation between the yield
strength in the n-level (global level) and the n − 1 level becomes

σy,n ¼ c0
ρn

ρn−1

� 	p0
σy,n−1 ð22Þ

With this, the yield strength for the n’th order microstructure is

σy,n ¼ c0
ρn

ρn−1

� 	p0
σn−1

¼ c0
ρn

ρn−1

� 	p0
c0

ρn−1

ρn−2

� 	p0
. . . c0

ρ1

ρ0

� 	p0
σ0 ¼ cn0f

p0σ0 ð23Þ

B.2. Two-term interpolation

Using the proposed two-term material interpolation scheme, the
Young's modulus follows

E1 ¼ a0f
m0 þ a1f

m0þ1
� �

E0 ð24Þ

Assuming the same volume fraction at each level, the Young's mod-
ulus of an n’th order hierarchical microstructure is interpolated by

En ¼ a0
ρn

ρn−1

� 	m0

þ a1
ρn

ρn−1

� 	m0þ1
 !

En−1 ¼ a0 þ a1f
1
n

� �n
f m0E0 ð25Þ

The buckling strength of a first order hierarchical microstructure is
interpolated by

σ c,1 ¼ b0f
n0 þ b1f

n0þ1
� �

E0 ð26Þ

The buckling strength of an n’th order hierarchical microstructure is

σ c,n ¼ b0
ρn

ρn−1

� 	n0
þ b1

ρn

ρn−1

� 	n0þ1
 !

En−1

¼ b0 þ b1f
1
n

� �
f
n0
n a0 þ a1f

1
n

� �n−1
f
m0 n−1ð Þ

n E0

¼ b0 þ b1f
1
n

� �
a0 þ a1f

1
n

� �n−1
f m0þn0−m0

n E0

ð27Þ
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The yield strength for a first order microstructure follows:

σy,1 ¼ c0f
p0 þ c1f

p0þ1
� �

σ0 ð28Þ

For an n’th order microstructure, the relation between the yield
strengths in the n-level (global level) and the n− 1 level is as following

σy,n ¼ c0
ρn

ρn−1

� 	p0
þ c1

ρn

ρn−1

� 	p0þ1
 !

σy,n−1

¼ c0f
p0
n þ c1f

p0þ1
n

� 	
σy,n−1 ð29Þ

Hence the yield strength for the n’th order microstructure is

σy,n ¼ c0f
p0
n þ c1f

p0þ1
n

� 	
σy,n−1 ¼ c0f

p0
n þ c1f

p0þ1
n

� 	n

σ0

¼ c0 þ c1f
1
n

� �n
f p0σ0 ð30Þ

B.3. General form

Finally, and for completeness, we consider a fully general form of in-
terpolation function

E1 ¼ eE fð ÞE0, σ c,1 ¼ eσ c fð ÞE0, σy,1 ¼ eσy fð Þσ0 ð31Þ

where eE fð Þ, eσ c fð Þ and eσy fð Þ are functionsmapping the volume fraction
to the relative material property for stiffness, buckling and yield
strength, respectively. For example eE fð Þ ¼ a0f

m0 for the one-term poly-
nomial interpolation functions discussed above.

Again assuming a self-similar hierarchical structure (same micro-
structure and volume fraction at each level), the Young's modulus of
the n’th order hierarchical microstructure using the general form is

En ¼ eE f
1
n

� �� �n
E0 ð32Þ

The buckling strength of the n’th order hierarchicalmicrostructure is

σ c,n ¼ eσ c f
1
n

� � eE f
1
n

� �� �n−1
E0 ð33Þ

and the yield strength is

σy,n ¼ eσy f
1
n

� �� �n
σ0 ð34Þ

Appendix C. Analytical buckling studies

This appendix summarizes analytical expressions for buckling re-
sponse of truss lattice structures. The same expressions are used to
come up with shell thickness to strut cross-sectional dimensions ratio
that prevents wall-buckling in the suggest hollow truss lattice
structures.

C.1. SC-TLS

Based on the simple add up model [6,37], the volume fraction of the
SC-TLS is calculated as

f ¼ 3A=l2 ð35Þ

withA being the cross-sectional area and l being themicrostructure size.
The effective Young's modulus is
11
E ¼ 1
3
fE0 ð36Þ

The maximum von Mises stress under uni-axial compression ofσ0 = [σ1,0,0,0,0,0]T is simply

σvm ¼ 3σ1

f
ð37Þ

Hence, the corresponding yield strength is

σy ¼ 1
3
fσ0 ð38Þ

Following [38], the critical buckling strength of the SC-TLS under
uni-axial compression due to a global shear failure is

σ c ¼ 6E0Ib
l4

ð39Þ

where Ib is the secondmoment of area. If the bars are solidwith a square
cross-section, i.e., Ib=A2/12, the corresponding buckling strength of the
SC-TLS is

σ c ¼ 6
108

f 2E0 ≈ 0:0556f 2E0 ð40Þ

If the bars are hollow with a thin box cross-section with the dimen-
sion of h and a uniform thickness of t, and ignoring higher order contri-
butions of t, the corresponding cross-sectional area and secondmoment
of area are calculated as A=4ht and Ib =2h3t/3. The buckling strength
of SC-hTLS due to the global shear failure, σb, and the buckling strength
due to local wall buckling failure [29], σl, are expressed as

σb ¼ 6E0Ib
l4

¼ h2E0f

3l2
ð41Þ

σ l ¼
f
3
3:6E0t2

h2
¼ E0f

3l4

120h4
ð42Þ

The critical buckling strength of SC-hTLS is determined by

σ c ¼ min σb,σ lð Þ ð43Þ

The optimum is obtained when σb = σl [29], where the characteris-
tic dimensions of the optimal thin box-section are obtained by solving
σb = σl, written as

h ¼
ffiffiffi
f3

pffiffiffiffiffiffi
406

p l, t ¼
ffiffiffiffiffiffi
406

p ffiffiffiffiffiffi
f 2

3
q

12
l ð44Þ

The corresponding second moment of area is written as

Ib ¼ 2h3t
3

¼ 1
36

ffiffiffi
53

p f
5
3l4 ð45Þ

By inserting h in Eq. (44) into Eq. (41), one obtains

σ c ¼ σb ¼ 1
6
ffiffiffi
53

p f
5
3E0 ≈ 0:0975f

5
3E0 ð46Þ

If the bars are hollowwith a thick box cross-section, the correspond-
ing area and second moment of area are A = hout

2 − hin
2 and Ib =

(hout4 − hin
4 )/12, where hout and hin are the outer and inner dimensions,

respectively. The corresponding buckling strength is determined by
the global shear failure, given as
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σb,c ¼
6E0Ib
l4

¼
E0 h4out−h4in
� �

2l4
¼

h2out þ h2in
� �

6l2
fE0 ð47Þ

Now, we select the dimensions of the thick box cross-section for SC-
hTLSwith a higher volume fraction such that its secondmoment of area
follows the same function of f as the thin wall box cross-section,

i.e., Ib ¼ 1
36
ffiffi
53

p f
5
3l4 (see Eq. (45)). Togetherwith the volume fraction equa-

tion, f=3A/l2=3(hout2 − hin
2 )/l2, the dimensions of the thick box section

are obtained as

3 h2out−h2in
� �

¼ fl2

h4out−h4in
� �

=12 ¼ 1
36

ffiffiffi
53

p f
5
3l4

⇒

hout ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f
6
þ

ffiffiffiffiffiffi
f 2

3
q
2
ffiffiffi
53

p

vuut
l

hin ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f 2

3
q
2
ffiffiffi
53

p −
f
6

vuut
l

8>>>>>>><>>>>>>>:

8>>>>>>><>>>>>>>:
ð48Þ

The dimensions of the thick box section in SC-hTLS are shown as in
Fig. 7.

C.2. Iso-TLS

Based on the simple add up model [6,37], the volume fraction of the
Iso-TLS is calculated by

f ¼ 15A=l2 ð49Þ

where A is the cross-sectional area of the SC bars. The effective Young's
modulus is written as

E ¼ 1
6
fE0 ð50Þ

The maximum von Mises stress under uni-axial compression ofσ0 = [σ1,0,0,0,0,0]T is stated

σvm ¼ 6σ1

f
ð51Þ

Hence, the corresponding yield strength is

σy ¼ 1
6
fσ0 ð52Þ

The critical buckling for the Iso-TLS under uni-axial compression is
dominated by buckling of the SC bars with clamped-clamped bound-
aries. The critical buckling strength of the Iso-TLS is written as

σ c ¼ f
6
σ l ¼

10π2E0Isc
l4

ð53Þ

whereσl is the buckling strength of the SC bars, and Isc is the secondmo-
ment of area of the SC bars. If all the bars are solid with circular cross-
section, i.e., Isc = A2/(4π), the corresponding buckling strength is

σ c ¼ π
90

E0f
2 ≈ 0:0349f 2E0 ð54Þ

If all the bars are thin tubes, the radius and thickness of the SC bars
are r and t, respectively. Ignoringhigher order contributions of t, the cor-
responding cross-sectional area and second moment of area are A =
2πrt and It = πr3t. The buckling strength of the Iso-hTLS due to global
buckling failure and the buckling strengthdue to localwall buckling fail-
ure [39] are written as

σh ¼ 10π2E0It
l4

¼ π2r2f

3l2
E0, ð55Þ
12
σ l ¼
f
6

αffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 1−ν2

0

� �q E0
t
r

264
375E0 ¼ αf 2l2

180π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 1−ν2

0

� �q
r2

E0 ð56Þ

where ν0= 1/3 is the Poisson's ratio of the basematerial. Different from
the local wall buckling of bars with a thin box cross-section in Eq. (42),
the critical stress of ä thin tube due to the local wall buckling failure ac-
tually developed is usually only 40–60% of the theoretical value [39].
Hence a knock down factor, α, is contained in Eq. (56). Based on numer-
ical buckling simulations, the knock down factor is here chosen as
α = 0.45 for the Iso-hTLS. The critical buckling strength of the Iso-
hTLS is thus

σ c ¼ min σh,σ lð Þ ð57Þ

The optimal buckling strength is obtained by σh=σl [29], where the
characteristic dimensions of the optimal thin tube are obtained by solv-
ing σh = σl, written as

r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

αf

100
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1:08 1−ν2

0

� �q
π3

4

vuut l≈ 0:110
ffiffiffi
f4

p
l,

t ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1:08 1−ν2

0

� �
f 68

q
3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
100απ4

p l≈ 0:096
ffiffiffiffiffiffi
f 3

4
q

l ð58Þ

The corresponding second moment of area is written as

It ¼ πr3t ¼
ffiffiffiffi
α

p

300
ffiffiffiffiffiffi
π3

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1:08 1−ν2

0

� �
4
q f 1:5l4 ≈tc0:00040f 1:5l4 ð59Þ

By inserting r in Eq. (58) into Eq. (55), we obtain

σ c ¼ σh ¼
ffiffiffiffiffiffi
απ

p

30
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1:08 1−ν2

0

� �
4
q f 1:5E0 ≈ 0:040f 1:5E0 ð60Þ

If all the bars are thick tubes, the cross-sectional area of the SC bars is
A= π(rout2 − rin

2 ), where rout and rin are the outer and inner radii, respec-
tively. The corresponding second moment of area is It = π/4(rout4 − rin

4 ).
The critical buckling strength of the Iso-hTLS consisting of thick tubes is
given as

σh,c ¼
10π2E0It

l4
¼ π2 r2out þ r2in

� �
6l2

fE0 ð61Þ

As in the SC-hTLS case, we select the dimensions of the thick tube in
the Iso-hTLSwith a higher volume fraction such that its secondmoment
of area follows the same function of f as the thin tube, i.e., It =
0.00040f1.5l4 (see Eq. (59)). Togetherwith the volume fraction equation,
f=15A/l2 = 15π(rout2 − rin

2 )/l2, the dimensions of the thick tube section
are obtained as,

15π r2out−r2in
� � ¼ fl2

π r4out−r4in
� �

=4 ¼ 0:00040f 1:5l4
⇒

rout ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:012

ffiffiffi
f

p
þ f
30π

r
l

rin ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:012

ffiffiffi
f

p
−

f
30π

r
l

8>>><>>>:
8>>><>>>: ð62Þ

The dimensions of the thick tube section in the Iso-hTLS are shown
as in Fig. 7.

Appendix D. Numerical calculations

All the FE calculations in the study are conducted usingCOMSOL. The
effective material properties are calculated using the homogenization
method [40]. The effective elasticity matrix, D, is calculated as.
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Dij ¼ 1
∣Y ∣

∑
N

e¼1

Z
Ye
eεi−Beχe

i

� �TDe eεj−Beχe
j

� �
dY, ð63Þ

where the sum represents a finite element assembly operation over N
elements, Be is the strain-displacement matrix of element e, De is the
elasticity matrix of the material in element e, which is the elasticity ma-
trix of the base material in this study, i.e., De = D0, eεj ¼ δij denotes the 6
independent unit strainfields, andχj is the perturbation field induced by
the j’th unit strain field under periodic boundary conditions, solved by.

K0χj ¼ fj, j ¼ 1, 2, 3, 4, 5, 6: ð64Þ

The initial stiffness matrix, K0 and the equivalent load vectors fj are
given by:

K0 ¼ ∑
N

e¼1

Z
Ye

Be� �TDeBedY , fj ¼ ∑
N

e¼1

Z
Ye

Be� �TDeeεjdY, ð65Þ

The effective Young's modulus is calculated using the effective elas-
ticity matrix D.

For a prescribed macroscopic stress state, σ0, the effective elasticity
matrix is used to transform the macroscopic stress σ0 to macroscopic
strain ε0, then to the prestress of element e, σ0

e, given as.

σe
0 ¼ Deε0 ¼ DeD

−1σ0: ð66Þ

The stress distribution in the microstructure under the macroscopic
stress state σ0 is calculated by employing the prestress state, σ0

e with
periodic boundary conditions in COMSOL.

Based on the stress distribution in the microstructure, the yield
strength under an uni-axial compression of σ0 = [σ1,0,0,0,0,0]T is de-
fined as.

σy ¼ σ0

σvm
σ1 ð67Þ

where σ0 is the yield stress of the base material, and σvm is the maxi-
mum von Mises stress in the microstructure, which is here approxi-
mated by the von Mises stress at the middle of the plate/truss
members. Thus, it does not account for stress concentrations in the
microstructure.

Subsequently, linear buckling analysis is performed to evaluate the
material buckling strength. Both short- and long-wavelength instabil-
ities are captured by employing Floquet-Bloch boundary conditions in
the linear buckling analysis [30–32]. The material buckling strength of
a unit cell is calculated by.

K0 þ λjKσ

 �ϕj ¼ 0,

ϕj x¼1 ¼ eik1ϕj

��� ���
x¼0

, ϕj y¼1 ¼ eik2ϕj

��� ���
y¼0

, ϕj z¼1 ¼ eik3ϕj

��� ���
z¼0

,
ð68Þ

where Kσ is the stress stiffness matrix, the smallest eigenvalue, λ1, is
the critical buckling strength for the given k-vector, k= [k1,k2,k3]T,
i ¼

ffiffiffiffiffiffiffiffi
−1

p
is the imaginary unit and ϕ1 is the associated eigenvector. The

material buckling strength, σc, is determined by the smallest eigenvalue
for all the possible wave-vectors, located in the first Brillouin zone, λmin,
i.e., σc= λminσ1. The critical bucklingmode is defined as the eigenvector
associatedwith λmin. The first Brillouin zone is the primitive cell in recip-
rocal space. For a cubicmicrostructure of unit size, the first Brillouin zone
spans over kj ∈ [−π, π], j = 1,2,3. The first Brillouin zone is further re-
duced to the irreducible Brillouin zone by the symmetries shared by
the microstructure geometry and the macroscopic stress state. Fig. 8 il-
lustrates the irreducible Brillouin zone for uni-axial stress state formicro-
structures with cubic symmetry. Numerical results show that for the
considered microstructures, the critical buckling modes lie on the edges
of the irreducible Brillouin zone. Fig. 2 shows the buckling strength of all
13
the considered microstructures under the uni-axial stress for the k-
vectors along the irreducible Brillouin zone edge. The smallest value for
each microstructure represents its buckling strength.

Plate microstructures with volume fractions of f ∈ [10−4,10−2] are
modelled using 3D shell elements in COMSOL, while truss microstruc-
tures are modelled analytically in the low volume fraction limit. Higher
volume fraction microstructures are analysed using 3D solid elements
in COMSOL. In the two-term interpolation scheme, the first coefficient
term is obtained by the slope of the data points from the aforemen-
tioned low volume fraction studies. The coefficient of the second term
is obtained by curve fitting inMATLAB byfitting the properties ofmicro-
structures with f ∈ [10−4, 0.5].

Appendix E. Beam model

This Appendix derives the performance equations for the considered
beammodel for the case of variable height and variablewidth instead of
square cross section discussed in the main text.

Variable height (w fixed).
The mass of the fixed-width beam subject to displacement con-

straint can be found from (10).

mδ ¼ 3
2

� 	1
3 VL2

wδ∗

 !1
3

wL
fρ0

E
1
3
f

¼ 3
2

� 	1
3 VL2

wδ∗

 !1
3

wL
1
7
M2,

M2 ¼
E

1
3
f

fρ0
¼ ψδ

B
E0

1
3

ρ0
, ψδ

B ¼
eE1

3
f

f
: ð69Þ

Similarly, the mass of the beam constrained by microstructural
buckling failure can also be found from (10).
mc ¼ 6Vwð Þ12L fρ0

σ
1
2
c,f

¼ 6Vwð Þ12L 1
M1

, M1 ¼
σ

1
2
c,f

fρ0
¼ ψc

B
E

1
2
0

ρ0
,

ψc
B ¼ eσ c,f

1
2

f
, ð70Þ

and microstructural yield.

my ¼ 6Vwð Þ12L fρ0

σ
1
2
y,f

¼ 6Vwð Þ12L 1
M1

, M1 ¼
σ

1
2
y,f

fρ0
¼ ψy

B
σ

1
2
0

ρ0
,

ψy
B ¼

eσ 1
2
y,f

f
: ð71Þ

In this case, the simple exponents determining advantage of porous
microstructure are 3 and 2 for the displacement and failure cases, re-
spectively. This means that worse performing microstructures (higher

exponents) than in the square cross section case are advantageous com-
pared to the solid beam. Naturally, mass of the optimal beamwill hence
also be lower than for the square cross section case.

The coupling factor is found as.

M2 ¼ 96−1
6

w
1
6L

2
3

V
1
6 δ∗ð Þ13

M1 ¼ 96−1
6

wL4

V δ∗ð Þ2
 !1

6

M1 ¼ CM1,

C ¼ 96−
1
6

wL4

V δ∗ð Þ2
 !1

6

: ð72Þ

Variable width (h fixed).
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The mass of the fixed-height beam subject to displacement con-
straint can be found from (10).

mδ ¼ 3
2

VL3

h2δ∗

 !
fρ0

Ef
¼ 3

2
VL3

h2δ∗

 !
1
M2

, M2 ¼ Ef
fρ0

¼ ψδ
B
E0
ρ0

,

ψδ
B ¼

eEf
f
: ð73Þ

Similarly, the mass of the beam constrained by microstructural

buckling failure can also be found from (10).

mc ¼ 6VL
h

fρ0

σ c, f
¼ 6VL

h
1
M1

, M1 ¼ σ c, f

fρ0
¼ ψc

B
E0
ρ0

, ψc
B ¼ eσ c, f

f
, ð74Þ

and microstructural yield.

my ¼ 6VL
h

fρ0

σy, f
¼ 6VL

h
1
M1

, M1 ¼ σy, f

fρ0
¼ ψy

B
σ0

ρ0
, ψy

B ¼ eσy, f

f
ð75Þ

In this case, the simple exponents determining advantage of porous
microstructure are 1 for both displacement and failure cases. This
means that it is never advantageous to introduce porosity in the variable
width case. Actually, it is a disadvantage becauseψ valueswill always be
below one for isotropic or cubic symmetric material microstructures.

The coupling factor is found from.

M2 ¼ 1
4
L2

hδ∗
M1 ¼ CM1, C ¼ 1

4
L2

hδ∗
: ð76Þ

E.1. Column case

For a column subject to (longitudinal) displacement, buckling and
yield constraint, the displacement, stress and buckling load equations
are as follows.

δ ¼ PL
Ef A

, σmax ¼ P
A
, Pk ¼ π2 EI

L2
: ð77Þ

For a square cross section w = h, these expressions become.

δ ¼ PL
Efw2 , σmax ¼ P

w2 , Pk ¼
π2

12
Ew4

L2
: ð78Þ

Nowwe can proceed to findmasses for the four cases. Displacement
constraint.

mδ ¼ PL2fρ0

δ∗Ef
¼ PL2

δ∗
1
M2

, M2 ¼ Ef
fρ0

¼ ψδ E0
ρ0

, ψδ ¼
eEf
f
: ð79Þ

Global buckling constraint.

mgc ¼ 2
ffiffiffi
3

p

π
L2ρ0f

ffiffiffi
P

pffiffiffiffiffi
Ef

p ¼ 2
ffiffiffi
3

p ffiffiffi
P

p
L2

π
1
M1

, M1 ¼
ffiffiffiffiffi
Ef

p
fρ0

¼ ψc
ffiffiffiffiffi
E0

p
ρ0

,

ψc ¼
ffiffiffiffiffieEfq
f

: ð80Þ

Yield constraint.
my ¼ Pfρ0L
σy,f

¼ PL
1
M1

, M1 ¼ σy,f

fρ0
¼ ψy σ0

ρ0
, ψy ¼ eσy

f
: ð81Þ

Local buckling constraint.

mc ¼ Pfρ0L
σ c,f

¼ PL
1
M1

, M1 ¼ σ c,f

fρ0
¼ ψc E0

ρ0
, ψc ¼ eσ c

f
: ð82Þ
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Appendix F. Supplementary data

Supplementary data to this article can be found online at https://doi.
org/10.1016/j.matdes.2020.109356.
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