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Summary
X-ray spectroscopic techniques are of vast interest in different areas of science, such
as physics, biology and, of course, chemistry. These techniques study the interaction
between x-rays and matter, which is different depending on the material, and hence
ideal for chemical characterisation. Indeed, from looking at x-ray spectra, one might
be able to determine what chemical species is under study.

However, the x-ray spectra hide much more information for chemists. By studying
how the systems behave when interacting with x-rays, they can obtain information
about the electronic structure of the material, that is, information about the electrons
in it, such as their energy or their position in space. From the understanding of the
electronic structure, chemists can predict different properties of the system.

Because of their huge potential for research of new materials and drug design,
x-ray techniques have been largely developed in the last years. This development has
led to the construction of modern synchrotrons and x-ray free electron laser (XFEL)
facilities, which make it possible to perform experiments so sophisticated that were
barely imaginable a few years ago. As these experiments become more and more
complex, so does their interpretation. In fact, the experimental spectra obtained
nowadays at these installations are of little or no use without the corresponding theo-
retically calculated spectra that enable their interpretation. Therefore, the advances
seen on the experimental side need to go together with advances on the theoretical
one to be of any use for the scientific community. It is thus paramount to develop
new and accurate methods that can keep up with the experimental progress.

It is precisely the intention of this thesis to contribute to the progress of x-ray
theory by developing new coupled-cluster methods, considered to be among the most
accurate in quantum chemistry.

In this regard, this thesis presents a new method to simulate different x-ray spec-
troscopic techniques named frozen-core core-valence separation equation-of-motion
coupled-cluster. Among the various x-ray techniques, this work focuses primarily on
K-edge and L-edge near-edge x-ray absorption fine structure (NEXAFS) and x-ray
photo-electron spectroscopy (XPS), and their time-resolved (TR) variants.
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Resumé
Røntgenspektroskopiske teknikker er af stor interesse i forskellige videnskabelige om-
råder som fysik, biologi og selvfølgelig kemi. Disse teknikker studerer interaktionen
mellem røntgen og stof, som er forskelig afhængig af materielet, og derfor ideal for
kemisk karakterisering. Ganske vist med at kigge på røntgenspektrer, kan man vide
hvilket kemisk stof som er under undersøgelse.

Imidlertid gemmer røntgenspektret meget mere information for kemikere. Ved
at studere hvordan systemet opføre sig når det interagere med røntgenstråler, kan
de få information om den elektroniske struktur, det betyder informationen om elek-
troner i det, som deres energi eller deres position i rummet. Fra forståelsen af den
elektroniske struktur, kan de forudsige forskellige egenskaber af systemet.

På grund af deres store potentiale for forskning i nye materialer og lægemid-
deldesign, har røntgenteknikker været under megen udvikling i de sidste år. Denne
udvikling har ledt til konstruktionen af moderne synkrotroner og “x-ray free electron
laser” (XFEL) faciliteter, som muliggører at udføre eksperimenter så sofistikerede
som var knap tænkelige for få år siden. I takt med at disse eksperimenter bliver
mere og mere komplicerede, gør deres fortolkning også. Faktisk er de opnåede eksper-
imentale spektre i dag i disse anlæg af lille eller ingen gavn uden de tilsvarende teo-
retiske spektrer som muliggører deres fortolkning. Derfor, skal fremskridtene på den
eksperimentale side komme sammen med fremskridtene på den teoretiske for at være
brugbare for det videnskabelig samfund. Det er dermed altafgørende at udvikle nye
og nøjagtige metoder som kan følge med de eksperimentale fremskridt.

Det er præcis hensigten med denne afhandling at bidrage til fremskridt af rønt-
genteori ved at udvikle nye “coupled-cluster” metoder, der betragtes som en af de
mest nøjagtige i kvantekemi.

I denne henseende præsentere denne afhandling en ny metode for at simulere
forskellige røntgenspektroskopiske teknikker, bygget på eksiterende teorier og nemlig
“frozen-core core-valence-separation equation-of-motion coupled-cluster.” Blandt disse
teknikker, fokuserer dette studie primært på “K-edge” og “L-edge near-edge x-ray
absorption fine structure” (NEXAFS) og “x-ray photo-electron spectroscopy” (XPS),
og deres “time-resolved” (TR) varianter.
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Erwin with his psi can do
Calculations quite a few.

But one thing has not been seen:
Just what does psi really mean?

Erich Hückel

Translated by Felix Bloch in:
“Heisenberg and the early days of quantum mechanics”

Physics Today, 1976, 29, 12, 23
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CHAPTER1
Introduction

“The fundamental equations of Nature are only approximations. It is
the job of scientists to find ever-better approximations to the truth,

which always lies tantalisingly beyond their reach.”

The Strangest Man: The Hidden Life of Paul Dirac, Quantum Genius

Graham Farmelo

Chemistry is generally thought to be an experimental science and it was indeed
the case for hundreds of years. During the 20th century, however, chemistry saw the
birth of quantum chemistry, which is now the core of theoretical chemistry, changing
not only our understanding of the subject, but also the way we do chemistry today.

The birth of quantum chemistry was triggered by the revolution that physics went
through at the very beginning of the 20th century: the establishment of quantum
mechanics. When physics was thought to be almost completely understood, and
that the laws of moving bodies were uniquely governed by classical mechanics, Max
Planck, tackling the blackbody radiation problem, suggested in 1900 that energy,
earlier thought to be continuous, could actually come in small packages which he
named ‘quanta’ [1]. This discovery prompted a chain of experiments, theories and
discoveries that would set the grounds of an entire new field in physics, baptised as
quantum mechanics.

Quantum mechanics is now a fundamental theory of physics which describes na-
ture at a very small scale: the atomic scale. If chemistry studies the properties of
atoms and molecules, it is then natural to think that this theory will play a key role in
it. However, it took some extra years for quantum theory to be applied to chemistry.
According to Paldus [2], the dawn of quantum chemistry can be traced back to 1927
to the study of the hydrogen molecule by Heitler and London [3]. After this first suc-
cessful attempt, more were the adventurous chemists (or more often physicists) that
decided to embark in this new field. Over the past century, the grounds of quantum
chemistry theory were set by many who contributed to its development. However,
these theories required the computation of very large calculations, tedious to carry
out by hand even for the simplest systems and never-ending for only slightly larger
systems.



2 1 Introduction

Therefore, it was only the computational revolution that came at the end of the
previous century and which we are still witnessing to date, that made possible to
apply the newly quantum chemistry theory to realistic systems. Nowadays, computa-
tional chemistry occupies an important place in the study of everyday chemistry and
quantum chemistry is a well-established theory.

Nevertheless, even if the computing power has increased almost exponentially
over the last decades, the theoretical equations can not be solved analytically for
any system bigger than the hydrogen atom. Theoretical chemistry, rather than an
exact theory, is a collection of approximations. It is, thus, the work of theoretical
chemists to find better approximations to get either more accurate, faster or original
results. This is exactly the aim of the thesis: getting new results in an efficient way,
without compromising (too much) accuracy. In particular, this thesis introduces a
new method to simulate x-ray spectroscopy.

The interest in the simulation of x-ray based techniques has been increasing in
the last years as a results of the construction of modern synchrotron light-sources
and x-ray free electron laser (XFEL) facilities. These installations opened up new
frontiers in the study of chemistry by shedding light on the geometrical structure of
molecular systems, the oxidation state of transition metals or even probing chemical
reactions in real time [4–6], to name a few. However, these brand-new experiments
need theoretical calculations to aid in their interpretation and analysis to be under-
stood. There is thus an emerging necessity for the development of new methods and
theories that can be used to this purpose [7, 8].

This thesis presents the frozen-core (fc) core-valence-separation (CVS) equation-of-
motion (EOM) coupled-cluster (CC), or all together fc-CVS-EOM-CC, that enables
the simulation of cutting-edge x-ray techniques, necessary for the advancement of the
field.

The outline of the thesis is given hereafter:

• Chapter 2 sets the necessary theoretical background in electronic structure the-
ory.

• Chapter 3 introduces x-ray radiation and the different techniques studied in the
thesis.

• Chapter 4 is the backbone of the thesis, as it presents the development of the
fc-CVS-EOM-CC method.

• Chapter 5 shows some of the preliminary applications of the method.

• Chapter 6 comments on different benchmarks where it has been used.

• Chapter 7 concludes the thesis by summarising the main achievements and by
giving an outlook.

Finally, the manuscripts included in the thesis can be found in Chapter 8.



CHAPTER2
Electronic Structure

Theory
“The methods of theoretical physics should be applicable to all those

branches of thought in which the essential features are expressible with
numbers.”

Speech at the Nobel Banquet in Stockholm, December 10, 1933
Paul A. M. Dirac

This chapter is devoted to the theory and methods of electronic structure theory
relevant for the thesis. Section 2.1 introduces the many-body problem, Section 2.2
describes the core theory of quantum chemistry: Hartree-Fock theory, Section 2.3
describes the improved configuration interaction method, Section 2.4 presents the
coupled-cluster theory, central in this thesis, Section 2.5 extends CC to the study of
excited sates in the equation-of-motion CC formalism, Section 2.6 gives insights into
what chemists call orbitals and, finally, Section 2.7 describes the basis sets used in
this work.

2.1 The Many-Body Problem

In non-relativistic chemistry, a quantum system is governed by a multidimensional
differential equation, named the Schrödinger equation (SE) [9]. The solution of the
SE yields the energy of the system under study and its wave function, that is, the
mathematical function that associates a wave to a system. These quantities are in-
accessible through experiment, however, from these one can obtain other quantities
of interest, such as thermochemical information, geometrical structures, electric and
magnetic properties, vibrational frequencies and their spectroscopic signature, rel-
evant for their characterisation, determination of their macroscopic properties and
reactivity [1]. In its time-independent variant the Schrödinger equation takes the
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following simple and elegant form:

ĤΨ = EΨ (2.1)

where Ψ, E and Ĥ are the wave function, the energy and the Hamiltonian of the
system, respectively. The Hamiltonian is the energy operator which, for a system of
M nuclei (N) and N electrons (e), can be written as:

Ĥ =T̂e + T̂N + V̂NN + V̂eN + V̂ee (2.2)

where the terms T refer to the kinetic energy and the terms V to the Coulomb
interaction, and can thus be expanded as:

Ĥ = − h̄2

2

M∑
A

1
MA

∇2
A − h̄2

2me

N∑
i

∇2
i +

M∑
A<B

ZAZB

4πϵ0rAB
−

M,N∑
i,A

ZAe

4πϵ0riA
+

N∑
i<j

e2

4πϵ0rij

(2.3)

where MA and ZA are the mass and the charge of the nucleus A, me and e the
mass and the charge of an electron, h̄ the reduced Planck’s constant, ϵ0 the vacuum
permittivity, r the distance between electrons and/or nuclei and ∇2 the Laplacian
operator. This expression can be simplified by the introduction of atomic units (see
Appendix A) which will be used throughout the thesis, to yield:

Ĥ = − 1
2

M∑
A

1
MA

∇2
A − 1

2

N∑
i

∇2
i +

M∑
A<B

ZAZB

rAB
−

M,N∑
i,A

ZA

riA
+

N∑
i<j

1
rij

(2.4)

With this expression of the Hamiltonian, (2.1) does not look so simple anymore,
and, as a matter of fact, it makes unfortunately the SE insoluble for any many-body
system.

The exact solution being hence hopeless for any proper chemical system, the goal
of quantum chemistry is to find instead approximate solutions to the SE.

The first step one can take towards seeking an approximate solution for (2.1)
is to invoke the Born-Oppenheimer (BO) approximation [10]. Exploiting the fact
that nuclei are much heavier than electrons and thus, that they move much slower,
Born and Oppenheimer stated that it is reasonable to start solving the Schrödinger
equation for fixed positions of the nuclei. The SE equation is thus solved in a two-
step process. In the first step, the nuclear kinetic energy (TN ) can be neglected and
the nuclear Coulombic repulsion (VNN ) can be considered constant, leading to the
electronic SE:

ĤeΨe = EeΨe (2.5)

where the electronic Hamiltonian contains only the electronic terms:

Ĥe =T̂e + V̂eN + V̂ee (2.6)
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and the electronic wave function and electronic energy depend on the coordinates of
the nuclei only parametrically, meaning that for different nuclear coordinates, the
wave function is a different function of the electronic coordinates. If (2.5) is solved,
one can proceed to the second step, the resolution of the nuclear SE. However, the
electronic SE presents enough challenges, although luckily also very valuable infor-
mation, on itself. This will be thus the main focus of this thesis: the resolution of
the electronic Schrödinger equation. The subindex e from the Hamiltonian will be
dropped in the rest of the thesis and the following sections of this chapter will hence
be devoted to present these challenges and some of the methods that currently exist
to tackle them, showing thus how to overcome the many-electron problem.

2.2 Hartree-Fock Theory

The Hartree-Fock (HF) theory [11–15] was maybe the first successful attempt to
solve the Schrödinger equation within the BO approximation and whereas it does not
provide an approximation good enough for the accurate study of chemical properties,
it is a good starting point for more advanced methods. It is the basis of the molecular
orbital (MO) picture, which associates a single-particle function (spin orbital) to each
electron of the system with no explicit dependency on the instantaneous motion of
the other electrons. The HF method still constitutes thus a very useful model and it
is also the ground of most of the more advanced methods used in quantum chemistry
nowadays, such as coupled-cluster theory. An overview of HF theory will therefore be
given in this section, for further details see [16], source of inspiration for this section.

2.2.1 Slater Determinants

The HF theory is based on the independent-particle model and relies on the approxi-
mation that the wave function of the system can be approximated by a single Slater
determinant; an anti-symmetrised product of orthogonal spin orbitals, each spin or-
bital being a product of a spatial orbital and a spin function describing an electron.
For a system with N electrons, a Slater determinant adopts the general form:

Ψ(x1,x2, . . . ,xN ) = 1√
N !

∣∣∣∣∣∣∣∣
ψi(x1) ψj(x1) . . . ψk(x1)
ψi(x2) ψj(x2) . . . ψk(x2)
. . . . . . . . . . . .

ψi(xN ) ψj(xN ) . . . ψk(xN )

∣∣∣∣∣∣∣∣ (2.7)

where 1√
N ! corresponds to the normalisation factor and ψi(xn) denotes electron n

in spin orbital i, which can also be written as the product of a spatial and a spin
function: ψi(xn) = ϕi(rn)σi(sn). The rows of a Slater determinant correspond thus
to the coordinates of the electrons. It is important to note that swapping two rows,
which corresponds to interchanging the coordinates of two electrons, will change the
sign of the wave function, satisfying thus the anti-symmetry principle. In addition,
if two electrons occupy the same spin orbital, the wave function will go to zero,
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satisfying this time the Pauli exclusion principle, which states that two electrons can
not occupy the same quantum state of a system.
For convenience of notation, a SD can also be written as its diagonal:

Ψ(x1,x2, . . . ,xN ) = |ψi(x1)ψj(x2) . . . ψk(xN )⟩ (2.8)

2.2.2 The Variation Principle

After writing the wave function as a Slater determinant, the HF method invokes the
variation principle. This principle states that the wave function that best describes
a system is the one that yields the lowest possible energy:

E0 = ⟨Ψ0|Ĥ|Ψ0⟩ (2.9)

where here Ĥ refers to the electronic Hamiltonian. Hence, the best wave function can
be found by minimising the energy E0 with respect to the spin orbitals in the SD.
These spin orbitals are found solving the HF equations, a set of integro-differencial
eigenvalue equations that read:

f̂iψ(xi) = ϵψ(xi) (2.10)

where f̂i is the one-electron Fock operator:

f̂i = ĥ(i) + vHF(i) = −1
2

N∑
i

∇2
i −

N∑
A

ZA

riA
+ vHF(i) (2.11)

where ĥ(i) is the one-electron Hamiltonian operator, vHF(i) is the average electronic
repulsion felt by the i-th electon. It is in this quantity that the essence of the HF
approximation relies on; instead of solving a many-electron problem, the problem
is reduced to a one-electron problem in which the electronic repulsion is treated
in an averaged way. However, this potential depends on the spin orbitals of the
other electrons, which are also its eigenfunctions. The HF equation (2.10) needs
thus to be solved in a self-consistent field (SCF) manner. Starting with a (preferably
educated) initial guess of spin orbitals, the SCF procedure is used to yield a set of
orthonormal HF spin orbitals {ψk} with associated orbital energies {ϵk}. To ensure
that the spin orbitals remain orthonormal, they are optimised using the Lagrange’s
method of undetermined multipliers. The N lowest spin orbitals are the occupied
ones, whereas the rest are called virtual, which from now on shall be referred to
with the letters i, j, k, . . . and a, b, c, . . . respectively, leaving the indices p, q, r, . . . for
general (occupied or virtual) orbitals. The ground-state HF energy will be then given
by the following expression:

E0 =
N∑
i

hii + 1
2

N∑
ij

(Jij −Kij) (2.12)
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The first term of (2.12) is the one-electron integral containing the electronic kinetic
energy and the electron-nucleus Coulomb interaction:

hii =
∫
ψ∗

i (x1)

(
− 1

2m
∇2

i −
M∑
A

ZA

r1A

)
ψi(x1)dx1 (2.13)

the second term can be interpreted as the Coulomb repulsion between electron 1 in
spin orbital i and electron 2 in spin orbital j, and is therefore called the Coulomb
integral:

Jij =
∫ ∫

ψ∗
i (x1)ψ∗

j (x2)
(

− 1
r12

)
ψj(x2)ψi(x1)dx2dx1 (2.14)

The last term has instead no simple classical interpretation. It arises from the anti-
symmetry of the wave function and has only a non-trivial value for electrons with the
same spin. Because when comparing this term to the Coulomb term, electron 1 and
2 have been exchanged among spin orbitals i and j on the right side of the operator,
this term is named the exchange integral:

Kij =
∫ ∫

ψ∗
i (x1)ψ∗

j (x2)
(

− 1
r12

)
ψi(x2)ψj(x1)dx2dx1 (2.15)

2.2.3 Basis Set Expansion

The HF differential equations can be solved numerically or by introducing a basis set.
In the latter, most common in chemistry, the spatial part of the molecular orbitals
{ϕi} are expanded in a basis set of K functions χµ such as:

ϕi =
K∑

µ=1
ciµχµ (2.16)

where {χµ} are a set of known functions. If the set was complete the expansion
would be exact; in practice, however, a finite set of K spatial basis functions must be
introduced {χµ(r)|µ = 1, 2, . . . ,K}. The spatial part of the spin orbitals will then be
expanded in the terms of the set {χµ(r)} to yield 2K spin orbitals, where N will be
occupied and 2K − N virtual. The SD formed by the N lowest spin orbitals found
will represent the wave function of the ground state of the system.

If the known set is chosen to be the atomic orbitals, this expansion is called linear
combination of atomic orbitals (LCAO), where the atomic orbitals are determined for
each different atom, and the molecular orbitals are then linear combinations of the
AOs given by the expansion coefficients {ciµ}. The LCAO method is based on the
observation that in the limit where the atoms are split apart and near the nuclei, the
MOs must converge smoothly into the AOs.

In the limit of a complete basis set, the orbitals obtained from LCAO converge to
those obtained by the rigorous HF method, a complete basis set is however impossible
in practice. It is worth mentioning here that the larger the set of basis functions (or
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basis set) used, the better the wave function and the lower the energy, converging to
a limit called the HF limit. Basis sets will be further detailed in Section 2.7.

The expansion of the MOs was further developed by Roothaan [17], who showed
that by introducing a basis, the HF equations can be reformulated using a matrix
formalism, which makes the solution accessible through matrix algebra techniques.
The HF equations in matrix formulation, named the Roothaan equations,1 are given
by:

FC = SCϵ (2.17)

where F is the matrix representation of the Fock operator, S is the overlap among
basis functions, C is the matrix containing the expansion coefficients and finally ϵ
is a diagonal matrix containing the orbital energies. Equation (2.17) can be solved
(iteratively) by matrix diagonalisation.

2.2.4 Electron Correlation

In general, the Hartree-Fock method gives a very good approximation to the total
energy of the system. Unfortunately, total energies are not so useful in chemistry,
but it is rather energy differences that will give valuable information and these can
accumulate large errors with the HF approximation.

As stated above, the error introduced in HF comes from the approximation in
the treatment of the electron repulsion, where each electron feels only an average
potential due to the presence of the other electrons, rather than the instantaneous
electrostatic repulsion. This translates into a term in the HF energy, but, except for
the fact that two electrons can not be occupying the same spin orbital, the movement
of one electron is not affected by the presence of the other electrons since there is
only one SD that remains unchanged, that is, the movement of the electrons is not
correlated. The error in the energy introduced by this approximation is called electron
correlation and is defined as the difference between the exact (non-relativistic) energy
and the HF energy within a given basis set:

Ecorr = Eexact − EHF (2.18)

It should be noted that this correlation energy does not include all electron correlation,
as the Fermi correlation, only between electrons of the same spin, is already taken
into account through the use of SD. It is the Coulomb correlation that is not described
by HF.

It is useful to further classify the Coulomb correlation into dynamic and static
correlation. As stated earlier, HF generally provides a good approximation to the
total energy, this is because the system can be described by a single SD in a good
approximation, with only some small corrections needed to account for the instan-
taneous Coulomb interaction. This is known as dynamic correlation. In some other

1This idea is sometimes also attributed to Hall [18] the method is then given the name Roothaan-
Hall.
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cases, however, the system cannot be rather well described by only one electron con-
figuration and hence neither by only one determinant. This is the case for systems
with quasi-degenerate SDs, which description needs the combination of several of
them. This is called static correlation.

Since dynamic and non-dynamic correlation account for a different underlying
physics, the methods to tackle them are also different. This thesis focuses on the
treatment of dynamic, rather than static correlation. Some of the methods to include
dynamic correlation will therefore be described in the following sections, such as
configuration interaction (CI) and notably coupled-cluster. The methods to treat
non-dynamical correlation are instead out of the scope of this thesis. It is, however,
worth mentioning that these methods are called multi-configurational methods and
account for the different electron configurations of these systems by using different
determinants with similar weight.

2.3 Configuration Interaction

As seen in the previous section, the assumption that the wave function of the system
can be approximated by only one SD is in fact equivalent to the assumption that each
electron moves independently of all others except that it feels the Coulomb repulsion
due to the average positions of all electrons. This suggests that the missing electron
correlation could thus be recovered by representing the wave function as multiple SDs.
This is exactly the essence of the configuration interaction (CI) method. Starting from
a given reference determinant (|Φ0⟩), one can include configurations that differ from
it by one, two, three, . . . and up to N electrons. By analogy to the excitation of
electrons, these are also called single (S), double (D), triple (T), . . . , N excitations.
The CI wave function can thus be expressed as a linear combination of all these
determinants:

ΨCI = c0|Φ0⟩ +
∑

i

∑
a

ca
i |Φa

i ⟩ +
∑
i<j

∑
a<b

cab
ij |Φab

ij ⟩ +
∑

i<j<k

∑
a<b<c

cabc
ijk |Φabc

ijk⟩ + . . . (2.19)

where |Φa
i ⟩ corresponds to the determinant |Φ0⟩, but with spin orbital i replaced by

spin orbital a. The diagonalisation of the Hamiltonian matrix constructed using this
wave function will give as lowest eigenvalue the exact non-relativistic ground-state
energy from (2.18) within a given basis set and within the BO approximation. This
method is called full CI (FCI). Unfortunately, this scheme is impractical because of
the impossible large amount of configurations entering the CI wave function (2.19) in
any medium-size system, and needs thus to be truncated. The most logical way to
do so is to start with the Hartree-Fock reference, since it is the best SD to describe
the system, and then include the configurations that differ by only a few spin orbitals.
The probably most common CI approximation is to truncate the CI wave function
after single and double excitations, named CISD. The CISD wave function can be
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written as:
ΦCISD = c0|Φ0⟩ +

∑
i

∑
a

ca
i |Φa

i ⟩ +
∑
i<j

∑
a<b

cab
ij |Φab

ij ⟩ (2.20)

which includes the HF determinant, but also all determinants differing by one or two
spin orbitals. This truncated CI method improves the description of the system with
respect to HF, by lowering its energy. However, it has a major drawback: the lack of
size-consistency.

Size-consistency was first defined by Pople and co-workers as [19]:

“[...] application to an ensemble of isolated molecules should give results
which are additive for the energy and other properties.”

In other words, size-consistency is defined as the requirement that the energy of a
many-particle system needs to be proportional to the number of particles N in the
limit N → ∞. Considering the simpler case of 2 non-interacting systems A and B.
The energy of the system formed by A and B when they do not interact, i.e. when
the distance between the two system (RAB) goes to infinity, needs to be equal to the
sum of the energies calculated on the two systems apart:

lim
RAB→+∞

E(A+B) = E(A) + E(B) (2.21)

Looking back at the CISD wave function, if (2.20) is applied to systems A and
B separately, it can reach double excitations in both systems. However, when it is
applied to the total non-interacting system (A + B), these are not accounted for in
both systems at the same time and hence, (2.21) will not be satisfied.

This property is highly desirable for quantum chemical methods to ensure the
consistency of the energy with the size of the system. For this reason, truncated CI
approaches are usually not the method of choice in theoretical chemistry.

2.4 Coupled-Cluster Theory

In this section, coupled-cluster (CC) theory, which is the core of this thesis, will be
described. The origins of CC theory can be traced back to 1958, when Coester first
proposed a new form of the wave function [20] and later developed this formalism
with the help of Kümmel [21] in the field of nuclear physics. However, it was Čížek
who introduced it and formalised it within electronic structure theory [22, 23] and
rederived it later together with Paldus [24] within the quantum chemistry language.
This section has been adapted from [25–29].

2.4.1 The Exponential Ansatz: The Coupled-Cluster Wave Function

Coupled-cluster theory is conceptually very close to CI; both theories represent the
‘exact’ wave function as a combination of Slater determinants. The difference being
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that, in CC, the wave function is not simply a linear combination of SD, but is given
by the following exponential ansatz:

|ΨCC⟩ = eT̂ |Φ0⟩ (2.22)

The operator T̂ is called the cluster operator and it is a linear operator of the form:

T̂ = T̂1 + T̂2 + · · · + T̂N (2.23)

with T̂n:

T̂n|Φ0⟩ =
(

1
n!

)2∑
ij...

∑
ab...

tab...
ij... τ̂

ab...
ij... |Φ0⟩ =

(
1
n!

)2∑
ij...

∑
ab...

tab...
ij... |Φab...

ij... ⟩ (2.24)

where t are called amplitudes and τ̂ are excitation operators.
The exponential operator is defined in terms of its Taylor series:

eT̂ =
∞∑
n

T̂ n

n!
= 1 + T̂ + 1

2
T̂ 2 + 1

3!
T̂ 3 + · · · + 1

n!
T̂ n (2.25)

Hence, applying the exponential ansatz to a reference determinant to form the excited
determinants recasts the FCI solution, and hence the ‘exact’ wave function,

As in the case of CI above, the excitation operator needs to be truncated in practice
and the most common truncation is after single (S) and double (D) excitations leading
to the CCSD method. In this case the wave function can be expressed as:

|ΨCCSD⟩ = eT̂1+T̂2 |Φ0⟩ = (1 + T̂1 + T̂2 + 1
2

T̂ 2
1 + T̂1T̂2 + 1

2
T̂ 2

2 + . . . )|Ψ0⟩ (2.26)

The exponential expansion yields thus more terms than the linear expansion for the
same level of truncation. In particular, it generates also products of T̂ operators,
called disconnected terms. These terms recover the size-consistency lost in CISD and
therefore, CCSD is generally preferred in quantum chemistry.

2.4.2 Formal Coupled-Cluster: The Coupled-Cluster Equations

To obtain the CC equations, one might start by introducing the CC wave function
(2.22) to the SE (2.1):

ĤeT̂ |Φ0⟩ = EeT̂ |Φ0⟩ (2.27)

apply e−T̂ on the left:
e−T̂ ĤeT̂ |Φ0⟩ = Ee−T̂ eT̂ |Φ0⟩ (2.28)

and introduce the similarity transformed2 Hamiltonian H̄ ≡ e−T̂ ĤeT̂ , which yields
the eigenvalue problem:

H̄|Φ0⟩ = ECC|Φ0⟩ (2.29)
2In linear algebra, the similarity transformation is the transformation of a matrix to a similar

matrix. Similar matrices have some common properties; among them, the same eigenvalues.
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Finally, by projecting the reference Φ0 onto the eigenvalue equation and using the fact
that {⟨Φµ|} are orthonormal (⟨Φµ|Φν⟩ = δµν), one may obtain the first CC equation
yielding the CC energy and thus, named the CC energy expression:

⟨Φ0|H̄|Φ0⟩ = E⟨Φ0|Φ0⟩ = ECC (2.30)

The second CC equation, named the amplitudes equation, is obtained using the
same projection technique and orthonormality condition. In this case, projecting
the µ−excited determinant ⟨Φµ| onto the SE:

⟨Φµ|H̄|Φ0⟩ = ⟨Φµ|E|Φ0⟩ = E⟨Φµ|Φ0⟩ = 0 (2.31)

This will produce an equation for the specific amplitude tµ coupled to other ampli-
tudes, from which the method takes the name.

2.4.3 Derivation of the Coupled-Cluster Equations

This section attempts to show how the coupled-cluster equations can be derived. For
this purpose, it is convenient to first go over the formalism of second quantisation
and normal-ordering. It is not intended to give an extensive description of them, but
just an overview of the important concepts.

2.4.3.1 Second Quantisation

The second quantisation formalism was conceived by Dirac in the frame of quantum
field theory and was later extended to the treatment of fermions [30, 31]. Slater
determinants are the basic building blocks of the second quantisation space, called
Fock space. These are represented by occupation number vectors (ONVs), which are
particular vectors with as many entries as spin orbitals, each symbolised by a 1 if
the spin orbital is occupied or a 0 otherwise. Hence, a SD in the Fock space can be
written as the vector [29]:

|n⟩ = |n1n2 . . . nM ⟩ ≡ |ϕiϕj . . . ϕk⟩ (2.32)

where M is the number of spin orbitals and ni = 0, 1. By definition, the ONVs are
orthonormal:

⟨nl|nm⟩ = δlm (2.33)

A special vector of the Fock space is the vacuum ONV with only zeroes as occupation
numbers:

|⟩ = |0, 0, . . . , 0⟩ (2.34)

which is normalised by definition:

⟨ | ⟩ = 1 (2.35)
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To modify ONVs in the Fock space, the creation and annihilation operators need to
be defined. The creation operator â†

p creates an electron, whereas the annihilation
operator âp annihilates an electron:

â†
p| ⟩ = |ϕp⟩ (2.36)

âp|ϕp⟩ = | ⟩ (2.37)

or in a more general manner:

â†
p|n⟩ = δnp,0(−1)

(∑
i<p

ni

)
|n1, n2, . . . , np = 1, . . . , nM ⟩ (2.38)

âp|n⟩ = δnp,1(−1)
(∑

i<p
ni

)
|n1, n2, . . . , np = 0, . . . , nM ⟩ (2.39)

where the Kronecker delta is to satisfy the Pauli exclusion principle and the sign
depends on the number of occupied orbitals before p; an odd number gives a negative
sign, whereas an even number gives a positive sign. It can be demonstrated that the
creation and annihilation operators obey the following anti-commutation relations:

[âp, âq]+ = 0 (2.40)
[â†

p, â
†
q]+ = 0 (2.41)

[â†
p, âq]+ = [âp, â

†
q]+ = δpq (2.42)

(2.43)

In second quantisation, any arbitrary one electron operator can be expressed as:

Ô1 =
∑
pq

⟨ϕp|Ô1|ϕq⟩â†
pâq =

∑
pq

Opqâ
†
pâq (2.44)

In a similar manner, any two-electron operator can be written as:

Ô2 = 1
4
∑
pqrs

(
⟨ϕpϕq| 1

r12
|ϕrϕs⟩ − ⟨ϕpϕq| 1

r12
|ϕsϕr⟩

)
â†

pâ
†
qâsâr (2.45)

= 1
4
∑
pqrs

⟨ϕpϕq||ϕrϕs⟩â†
pâ

†
qâsâr (2.46)

Hence, using (2.44) and (2.45), the Hamiltonian operator can be rewritten, in a
general form, as:

Ĥ =
∑
pq

hpqâ
†
pâq + 1

4
∑
pqrs

⟨ϕpϕq||ϕrϕs⟩â†
pâ

†
qâsâr (2.47)

To efficiently evaluate matrix elements in second quantisation, the concept of normal-
ordering was introduced. A string of creation and annihilation operators is considered
to be in normal order with respect to the vacuum if all creation operators are on the
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left and all annihilators are on the right. A normal-ordered product with respect to
the vacuum is then defined as:

{. . . âpâ
†
qâr . . . }v = (−1)p . . . â†

qâpâr . . . (2.48)

where p is the number of permutations between operators needed to sort the string
into normal order. The power of normal-ordering resides in the fact that its vacuum
expectation value is zero:

⟨ |{. . . âpâ
†
qâr . . . }v| ⟩ = 0 (2.49)

In contrast, an empty string will not vanish:

⟨ |{}v| ⟩ = 1 (2.50)

In post-HF methods, rather than the normal-ordering with respect to the vacuum, it
is wiser to use normal-ordering with respect to the SD given by HF. This requires a
new definition of normal-ordering:

• creation operators acting on occupied orbitals to right

• creation operators acting on virtual orbitals to left

• annihilation operators acting on occupied orbitals to left

• annihilation operators acting on virtual orbitals to right

Using this new definition, a normal-ordered product with respect to a reference state
is defined as:

{. . . âaâ
†
bâiâ

†
j . . . } = (−1)p . . . â†

bâiâ
†
j âa . . . (2.51)

where, as above, p refers to the number of permutation of operators, and this time,
it is the following expectation value that vanishes:

⟨Φ0|{. . . âaâ
†
bâiâ

†
j . . . }|Φ0⟩ = 0 (2.52)

whereas for empty strings:
⟨Φ0|{}|Φ0⟩ = 1 (2.53)

In order to evaluate strings of operators, Wick proposed the following theorem, now
known as Wick’s theorem, which in its time-independent form can be rephrased
as [32]:

A product of creation and annihilation operators can be transformed into
a sum of normal products with all possible contractions.
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Hence, for any creation or annihilator operator b̂ and ĉ:

b̂ĉd̂ê · · · ={b̂ĉd̂ê . . . }

+
∑

singles
{b̂ĉd̂ê . . . }

+
∑

doubles
{b̂ĉd̂ê . . . } + . . . (2.54)

where contractions have been introduced, and are defined as the product of a pair of
creation and annihilation operators minus their normal-ordered product:

b̂ĉ ≡ b̂ĉ− {b̂ĉ} (2.55)

Contractions have a (−1)p pre-factor, where p is the number of operators between
the two ends of the contraction. Wick’s theorem is particularly useful to evaluate
expectation values, because only fully-contracted strings will give non-vanishing con-
tributions. Making use of Wick’ theorem, the Hamiltonian can be written as:

Ĥ = E0 +
∑
pq

fpq{â†
pâp} + 1

4
∑
pqrs

⟨ϕpϕq||ϕqϕs⟩{â†
pâ

†
râsâq} (2.56)

where fpq is the element of the Fock matrix: fpq = ⟨ϕp|F̂ |ϕq⟩.
By subtracting the energy of the reference in (2.56), one obtains the normal-

ordered Hamiltonian:

ĤN = Ĥ − E0 (2.57)

=
∑
pq

fpq{â†
pâp} + 1

4
∑
pqrs

⟨ϕpϕq||ϕqϕs⟩{â†
pâ

†
râsâq} = F̂N + V̂N (2.58)

This thesis focuses on the CCSD variant [33], which expressions can now be derived,
corresponding to the formal equations (2.30) and (2.31), taking the CCSD cluster
operator T̂ = T̂1 + T̂2 and inserting it into the similarity-transformed normal-ordered
Hamiltonian H̄ = e−̂T Ĥe−̂T . The latter can be expressed using the Baker-Campbell-
Hausdorff (BCH) expansion:

H̄ =ĤN + [ĤN , T̂ ] + 1
2!

[[ĤN , T̂ ], T̂ ]

+ 1
3!

[[[ĤN , T̂ ], T̂ ], T̂ ] + 1
4!

[[[ĤN , T̂ ], T̂ ], T̂ ], T̂ ] + . . . (2.59)

Although it might not seem apparent, this expression simplifies the coupled-cluster
equations, as the infinite series terminates naturally with the four-fold commutator
and because, from Wick’s theorem, it follows that only the terms in which ĤN has
at least one contraction with every cluster operator T̂n on the right will be non-
trivial [27]. Therefore, only the connected form of ĤN with T̂n on the right will need
to be evaluated.
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2.4.3.2 Diagrammatic Techniques

“Double bubble, pair bubble, particles and holes in system bubble.”
A Guide to Feynman Diagrams in the Many-Body Problem

Richard D. Mattuck

This chapter introduces diagrams, which allow to derive the coupled-cluster equa-
tions in a systematic, less tedious, and more elegant manner. The diagrammatic
approach was first introduced into quantum field theory by Feynman in 1949 [34,
35], but only applied to molecular systems using a basis set until almost 30 years
later [36, 37]. The diagrams used here differ from Feynman’s original ones; they
are anti-symmetrised Brandow diagrams [38], more suitable for coupled-cluster meth-
ods [39].

With the time axis is running vertical, in the particle-hole formalism, one starts
from a Slater determinant Φ0.

• Downward- and upward-directed lines represent the orbitals that differ from
the reference. A downward-directed line (a) refers to a hole state (an originally
occupied orbital in Φ0), whereas an upward-directed (b) line refers to a particle
state (an originally empty virtual orbital in Φ0). Hence, by combining them (c)
one can construct a singly excited determinant.

i

(a) Hole

a

(b) Particle

a i

(c) Excited determinant

• Operators are represented by horizontal (interaction) lines, from which upwards
and downwards directed lines enter and exit, representing the normal-ordered
strings of creation and annihilation operators. The Hamiltonian components
will be represented by dashed lines, whereas solid lines will represent excitation
operators. Below each diagram, it is indicated the corresponding excitation
level: number of quasi (q)-creation lines (lines above the interaction line) minus
number of q-annihilation lines (below the operator line) divided by two. The ex-
citation level corresponds to the number of different orbitals from the reference
wave function.

– The one-electron component of the Hamiltonian F̂N =
∑

pq fpq{â†
pâp} is

depicted as a horizontal dashed interaction line capped by an ’X’ corre-
sponding to fpq with one in- and one out-going line corresponding to the
creation and annihilation operators. It can thus be split into four contri-
butions as:
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X

i

j

(a) 0

X

b

a

X

a
X

i

j

a

(b) −1

X

b

a
X

i

i

(c) +1

X

b

a

(d) 0

F̂N =
∑

ij

fij{â†
i âj}+

∑
ia

fia{â†
i âa}+

∑
ai

fai{â†
aâi}+

∑
ab

fab{â†
aâb} (2.60)

– The two-electron part of the Hamiltonian is depicted as a dashed interac-
tion line with two in- and two out-going lines, two at each end. It can be
split in a similar manner:

i

k l

j

(a) 0

a

ib

j

(b) 0

c

a b

d

(c) 0

i

c

a b

d

i

(d) +1

c

a

b

a j

i

(e) −1 (f) +1

(g) −1 (h) +2 (i) −2

V̂N = 1
4
∑
ijkl

⟨ij||kl⟩{â†
i â

†
j âlâk} +

∑
iabj

⟨ia||bj⟩{â†
i â

†
aâj âb} + 1

4
∑
abcd

⟨ab||cd⟩{â†
aâ

†
bâdâc}

+ 1
2
∑
abci

⟨ab||ci⟩{â†
aâ

†
bâiâc} + 1

2
∑
aibc

⟨ai||bc⟩{â†
aâ

†
i âcâb} + 1

2
∑
iajk

⟨ia||jk⟩{â†
i â

†
aâkâj}

+ 1
2
∑
ijka

⟨ij||ka⟩{â†
i â

†
j âaâk} + 1

4
∑
abij

⟨ab||ij⟩{â†
aâ

†
bâj âi} + 1

4
∑
ijab

⟨ij||ab⟩{â†
i â

†
j âbâa}

(2.61)
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– The cluster operator is depicted by a solid interaction line with pairs of
q-creation strings (an in- and an out-going line above the horizontal line):

(a) +1 (b) +2

T̂ =
∑
ia

tai {â†
aâi} + 1

4
∑
ijab

tab
ij {â†

i â
†
j âbâa} (2.62)

• Diagrams should be interpreted from bottom to top, as matrix elements of
operators between determinants from right to left.

• A sum runs over all internal (not open) lines (particle internal lines are denoted
as e, f, . . . and hole internal lines as m,n, . . . ).

• The sign of the diagram is (−1)hi+l, where hi is the number of internal hole
lines and l the number of loops.3

• A pre-factor of ( 1
2 )(n+m) must be added, where n is the number of pairs of

equivalent lines4 and m is the number of pairs of operators connected in the
same way.

• An anti-symmetric operator must be added over permutation of pairs of non-
equivalent open lines, defined as:

P−(qr)S(. . . pqrs . . . ) ≡ S(. . . pqrs . . . ) − S(. . . prqs . . . ) (2.63)

The Energy Expression

The CCSD correlation energy expression reads:

∆ECCSD = ECCSD − E0 = ⟨Φ0|(ĤN e
T̂ )c|Φ0⟩

= ⟨Φ0|ĤN + (ĤN T̂1 + ĤN T̂2 + 1
2

ĤN T̂ 2
1 + . . . )c|Φ0⟩ (2.64)

where the subindex c stands for connected.
3A loop is formed when one can go from one endpoint of an interaction line along the direction

of an arrow and end up at the same point without crossing an interaction line.
4Two lines are considered equivalent if they are connected to the two same operators in the same

manner.



2.4 Coupled-Cluster Theory 19

In (2.64) both bra and ket are the reference determinant; the diagrams associated
to this equation do not contain hence q-particle lines neither above the top nor below
the bottom interaction lines. Thus, by taking all possible combinations, term by term,
one arrives at the diagrammatic energy expression:

m e

X

(a)

m ne f

(b)

m ne f

(c)

∆ECCSD = temf
m
e + 1

4
tef
mnV

mn
ef + 1

2
temt

f
nV

mn
ef (2.65)

where Einstein’s summation convention5 has been used, and fp
q = fpq and V pq

rs = ⟨pq||rs⟩6

have been introduced for ease of notation.

The Amplitudes Expressions

The amplitudes expressions can be derived following the same strategy.
For the singles expression, one needs to consider the reference determinant on the

right and the excited determinant ⟨Φa
i | on the left:

0 = ⟨Φa
i |(ĤN e

T̂ )c|Φ0⟩ (2.66)

Therefore, the corresponding diagrams need to have an interaction line at the bottom
without q-particle lines below, but need, at the top, two open lines: a hole i and
a particle a one, which correspond to excitation level +1. Proceeding in the same
fashion as before, taking term, by term, one may arrive at the following algebraic
expression:

0 = ⟨Φa
i |(ĤN e

T̂ )c|Φ0⟩

= fa
i − tamf

m
i + teif

a
e + temV

ma
ei + tae

imf
m
e − 1

2
tae
mnV

mn
ie + 1

2
tef
imV

am
ef

− teif
m
e tam − tamt

e
nV

mn
ie + tei t

f
mV

am
ef + tae

imt
f
nV

mn
ef − 1

2
tei t

af
mnV

mn
ef

− 1
2
tef
in t

a
mV

mn
ef − tei t

a
mt

f
nV

mn
ef (2.67)

5Einstein’s summation convention implies a sum over all repeated indices.
6This notation is visually easier to understand, as it corresponds to fout

in and V out
in where ’in’

and ’out’ correspond to the in- and out-going lines from the operator.
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Analogously, the diagrams associated to the doubles expression need to have ex-
citation level +2, which lead to the following equation:

0 = ⟨Φab
ij |(ĤN e

T̂ )c|Φ0⟩
= V ab

ij + P−(ij)teiV ab
ej − P−(ab)tamV mb

ij + P−(ab)teb
ij f

a
e − P−(ij)tab

mjf
m
i

+ 1
2
tef
ij V

ab
ef + P−(ab)P−(ij)tae

imV
mb

ej + 1
2
tab
mnV

mn
ij + 1

2
P−(ij)tei t

f
j V

ab
ef

− P−(ab)P−(ij)tei tbmV am
ej + 1

2
P−(ab)tamtbnV mn

ij − P−(ab)teb
ij t

a
mf

m
e

− P−(ij)tei tab
mjf

m
e − P−(ij)tfntab

mjV
mn

if + P−(ab)teb
ij t

f
mV

am
ef

− 1
2

P−(ab)tef
ij t

b
mV

am
ef + 1

2
P−(ij)tab

mnt
e
jV

mn
ie − P−(ab)P−(ij)tamteb

njV
mn

ie

+ P−(ab)P−(ij)tei t
fb
mjV

am
ef − 1

2
P−(ab)P−(ij)tei t

f
j t

b
mV

am
ef

+ 1
2

P−(ab)P−(ij)tamtbntejV mn
ie − 1

2
P−(ij)tef

in t
ab
mjV

mn
ef

− 1
2

P−(ab)teb
ij t

af
mnV

mn
ef + 1

2
P−(ab)P−(ij)tae

imt
bf
jnV

mn
ef + 1

4
tef
ij t

ab
mnV

mn
ef

− P−(ij)tfntei tab
mjV

mn
ef − P−(ab)tfntamteb

ijV
mn

ef + 1
4

P−(ij)tei t
f
j t

ab
mnV

mn
ef

+ 1
4

P−(ab)tef
ij t

a
mt

b
nV

mn
ef − P−(ab)P−(ij)tei tamt

fb
njV

mn
ef

+ 1
4

P−(ab)P−(ij)tei t
f
j t

a
mt

b
nV

mn
ef (2.68)

These equations can be solved using an iterative solver, typically used in conjunc-
tion with the direct inversion in the iterative subspace (DIIS) [40, 41] acceleration
method [26].

2.5 Equation-of-Motion Coupled-Cluster

Coupled-cluster is nowadays one of the most successful methods in quantum chem-
istry, partly because it describes the dynamical correlation while giving coherent
size-extensive results. Unfortunately, CC gives only a good description of the system
when this can be well approximated by a single SD, but can not deal with degenera-
cies nor describe excited states. However, building upon CC, different methods have
been developed to allow the description of static correlation or to extend CC to the
study of excited states.

The EOM-CC [42] extends the applicability of the CC model to cases where the
convergence of regular CC is problematic. The basic idea of EOM-CC is to take a
reference state which can be well approximated by a SD, solve the CC equations for
the well-balanced system and apply an operator to it to transform it to the prob-
lematic target state to be studied. The EOM-CC can be used to describe (some)
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multi-configurational states (with the advantage that it does not rely on the selec-
tion of the active space in contrast to typical multi-reference methods), but it is also
particularly suited for the study of excited and ionised states [43–45].

The main focus of this thesis is the description of excited and ionised states, and
thus the EOM-CC methods discussed below address primarly EOM for excitation
energies (EOM-EE) [42] and EOM for ionisation potentials (EOM-IP) [46].

2.5.1 The EOM-CC Ansatz

Considering an initial |Ψi⟩ and a final state |Ψf ⟩, both eigenstates of the Hamiltonian
of the system Ĥ [47]:

Ĥ|Ψi⟩ = Ei|Ψi⟩; Ĥ|Ψf ⟩ = Ef |Ψf ⟩ (2.69)

The initial state is described at the CC level:

|Ψi⟩ = eT̂ |Φ0⟩ (2.70)

If the initial state is obtained by applying the exponential operator to the reference
Slater determinant |Φ0⟩, the final one is obtained, in turn, by applying a linear oper-
ator to this initial state:

|Ψf ⟩ = R̂|Ψi⟩ = R̂eT̂ |Ψ0⟩ (2.71)

Substituting this into the Schrödinger equation of the final state (2.69), gives:

ĤR̂eT̂ |Φ0⟩ = Ef R̂eT̂ |Φ0⟩ (2.72)

Now, applying e−T̂ on the left:

e−T̂ ĤR̂eT̂ |Φ0⟩ = e−T̂ Ef R̂eT̂ |Φ0⟩ (2.73)

Exploiting the fact that R̂ and T̂ commute, the last equation can be rewritten as:

e−T̂ ĤeT̂ R̂|Φ0⟩ = e−T̂ eT̂ Ef R̂|Φ0⟩ = Ef R̂|Φ0⟩ (2.74)

Finally, introducing the already defined similarity transformed Hamiltonian H̄ ≡
e−T̂ ĤeT̂ yields the final eigenvalue problem:

H̄R̂|Φ0⟩ = Ef R̂|Φ0⟩ (2.75)

which eigenvalue is the energy of the final state f .
The eigenvalue equation can be rewritten, so it gives directly the excitation energy.
This can be achieved by taking the similarity transformed SE of the initial state:

H̄|Φ0⟩ = Ei|Φ0⟩ (2.76)
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and applying R̂ on the left:
R̂H̄|Φ0⟩ = EiR̂|Φ0⟩ (2.77)

Now, subtracting this equation from the final state SE:(
H̄R̂ − R̂H̄

)
|Φ0⟩ = (Ef − Ei)R̂|Φ0⟩ (2.78)

[Ĥ, R̂]|Ψi⟩ = ωf R̂|Ψi⟩ (2.79)

The solution of equation (2.75) gives hence the difference in energy between final and
initial state (ωf = Ef − Ei) directly.

Further expanding the commutator:

H̄R̂|Φ0⟩ − R̂H̄|Φ0⟩ = ωf R̂|Φ0⟩ (2.80)

Inserting the resolution of the identity (1 =
∑

µ|Φµ⟩⟨Φµ|):

H̄R̂|Φ0⟩ − R̂
∑

µ

|Φµ⟩⟨Φµ|H̄|Φ0⟩ = ωf R̂|Φ0⟩ (2.81)

Splitting the sum:

H̄R̂|Φ0⟩ − R̂|Φ0⟩⟨Φ0|H̄|Φ0⟩ − R̂
∑
µ>0

|Φµ⟩⟨Φµ|H̄|Φ0⟩ = ωf R̂|Φ0⟩ (2.82)

Using the CC equations ⟨Φµ|H̄|Φ0⟩ = 0:

H̄R̂|Φ0⟩ − R̂|Φ0⟩⟨Φ0|H̄|Φ0⟩ = ωf R̂|Φ0⟩ (2.83)

Rearranging: (
H̄ − ⟨Φ0|H̄|Φ0⟩

)
R̂|Φ0⟩ = ωf R̂|Φ0⟩ (2.84)

Finally, introducing the normal-ordered Hamiltonian H̄N = H̄ − ⟨Φ0|H̄|Φ0⟩, one
obtains:

H̄N R̂|Φ0⟩ = ωf R̂|Φ0⟩ (2.85)
For a matrix representation of this equation, more suitable for computer implemen-
tation, one can project the eigenvalue equation onto the excited determinants:

⟨Φµ|H̄N R̂|Φ0⟩ = ωf ⟨Φµ|R̂|Φ0⟩ (2.86)

Making use again of the resolution of the identity, one arrives at the final matrix
expression: ∑

ν

⟨Φµ|H̄N |Φν⟩⟨Φν |R̂|Φ0⟩ = ωf ⟨Φµ|R̂|Φ0⟩ (2.87)

H̄R = ωf R (2.88)

From this matrix formulation of the eigenvalue equation, one may obtain algebraic
expressions, that can be solved with a numerical algorithm, to be detailed in the
following.
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2.5.2 The R̂ operator

The linear operator R̂ has the general form:

R̂ = R̂0 + R̂1 + R̂2 + · · · + R̂n; R̂n =
∑

µ

r(n)
µ Ω(n)

µ (2.89)

where r(n)
µ are the R̂-amplitudes and Ω(n)

µ is a string of creation and annihilation
operators. The form of the operator will determine the EOM method.

In the EOM-EE case [42], R̂ adopts the following form of an excitation operator:7

R̂EE = r0 +
∑

i

∑
a

ra
i {â†

aâi} +
∑
i<j

∑
a<b

rab
ij {â†

aâiâ
†
bâj} + . . . (2.90)

H̄ is however not Hermitian, thus, also the left eigenfunctions {⟨Φ0|L̂}, with same
eigenvalues as the corresponding {R̂|Φ0⟩}, need to be defined:

⟨Φ0|L̂f H̄ = ⟨Φ0|L̂fEf (2.91)

If R̂ is an excitation operator, L̂ is in turn a de-excitation operator:

L̂EE = l0 +
∑

i

∑
a

lia{â†
i âa} +

∑
i<j

,
∑
a<b

lijab{â†
i âaâ

†
j âb} + . . . (2.92)

These two sets of eigenfunctions, although not adjoints of each other, satisfy the
biorthogonality condition and can be normalised to satisfy the following equation:

⟨Φ0|L̂kR̂l|Φ0⟩ = δkl (2.93)

As anticipated, the EOM formalism can also describe ionisation processes. In this
case, the R̂ operator needs to be modified such that it reduces the number of electrons,
for a one-electron ionisation, it can be written as [46, 49]:

R̂IP =
∑

i

riâi +
∑
i<j

∑
a

ra
ij{â†

aâiâj} + . . . (2.94)

Finally, the last variant discussed in the thesis is the EOM spin-flip (SF) [48], which
is analogous to EOM-EE, but as the noun suggests it flips the spin of an electron.
Thus, the corresponding R̂ (∆Ms = −1) operator can be written as:

R̂SF =
∑
iα

∑
aβ

r
aβ

iα
{â†

aβ
âiα

} +
∑

iα<jα

∑
a<b

r
aβbα

iαjα
{â†

aβ
âiα

â†
bα
âjα

}

+
∑
iαjβ

∑
a<b

r
aβbβ

iαjβ
{â†

aβ
âiα

â†
bβ
âjβ

} + . . . (2.95)

7The r0 term is a constant, which accounts for the contribution of the reference determinant [48].
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The EOM-SF variant is particularly useful to study bond breaking, diradicals and
triradicals problems [48].

The further modification of the R̂ operator yields other EOM approaches. For
instance, if R̂, instead of removing, attaches one electron, it corresponds to the coun-
terpart of EOM-IP, named EOM for electron attachment (EA); or if not only one, but
two electrons are removed, it allows the study of double ionisation processes (EOM-
DIP) [43]. These have not been studied herein, and will therefore not be further
discussed.

As the T̂ operator before, R̂ and L̂ also need to be truncated in practice. Although,
they do not necessarily need to be truncated at the same level, the truncation at the
same order gives the most balanced result [50]. This has thus been the approach
chosen in this thesis, where all three operators have been truncated after singles and
doubles, yielding the EOM-CCSD method.

2.5.3 Calculation of properties

In CC, there are two main approaches to calculate the dynamic properties of the
system; using response theory or calculating the property via the expectation value
of the associated operator [51].

In response theory [52–55], a perturbation is applied to the system and it is by
studying the response of the system to the perturbation, that one can calculate its
properties. The second approach corresponds to calculating the expectation value
of the property from the reduced density matrices (DMs) of the system [42]. Both
approaches yield the same results for exact states, but in practice it is generally not the
case [51]. Both have advantages and disadvantages: response theory may be subject
to singularities in the case of degenerate states. On the other hand, the properties
obtained via contraction of the operator with the reduced DMs are not size-intensive,
whereas linear-response gives transition properties which are consistent with the size
of the system. Nevertheless, the differences found between the two methods are
nearly insignificant in practical calculations [56], being thus only a small flaw for
EOM. Typically, EOM obtains properties with the latter approach and this is hence
the one that will be described in this thesis.

In EOM-CC, the expectation value of an arbitrary linear operator Ô is given by:

⟨Ô⟩ = ⟨Ψ(f)
L |Ô|Ψ(i)

R ⟩ = ⟨Φ0|L̂fe
−T̂ ÔeT̂ R̂i|Φ0⟩ (2.96)

where i and f may refer to the same state, yielding single-state properties or to two
different EOM states yielding instead transition properties.
For one-electron operators, the expectation value can be evaluated tracing the oper-
ator matrix with the one-electron density matrix:

⟨Ô⟩ = tr(γO) = Opqγqp (2.97)

with γ being the one-particle reduced density matrix, given by:

γi→f
pq = ⟨Ψf

L|â†
pâq|Ψi

R⟩ (2.98)
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as before, i and f may refer to different states and then γ would correspond to the
transition density matrix (TDM) between state i and f . However, due to the non-
Hermitian nature of EOM-CC, transition moments are not well defined. Fortunately,
it is the square of these quantities that represent experimental observables and this
is unambigously defined by [42]:

|O|2 = ⟨Ψ(i)
L |Ô|Ψ(f)

R ⟩ × ⟨Ψ(f)
L |Ô|Ψ(i)

R ⟩ = tr(γf→iO)tr(γi→f O) (2.99)

The main focus of the thesis is the study of spectroscopic signals, therefore the main
quantity of interest that can be obtained in this fashion is the electric dipole moment
µ, that will hence be given by:

µf→i
α =

∑
pq

µα
pqγ

f→i
qp ; µi→f

α =
∑
rs

µα
rsγ

i→f
sr (2.100)

where α correspond to the Cartesian coordinates x, y and z. The dipole moment can
be related to the oscillator strength, giving the intensity of the excitation from i to f
with respective energies Ei and Ef :8

f(i → f) = 2
3

(Ef − Ei)
∑

α=x,y,z

µi→f
α µf→i

α (2.101)

Two-particle properties can be obtained in the same manner, but using the two-
particle density matrix instead. These are however beyond the scope of this thesis, so
only the general expression will be given hereafter, but will not be further discussed.

Γi→f
pqrs = ⟨Ψf

L|â†
pâ

†
qâsâr|Ψi

R⟩ (2.102)

2.5.4 Derivation of the EOM-CCSD Equations

The EOM-CC equations can be derived, as the ground-state CC equations, using
diagrammatic techniques.

The effective Hamiltonian can be written as [42, 47]:

H̄ =
∑
pq

Fp
q {â†

pâq} + 1
4
∑
pqrs

Wpq
rs {â†

pâ
†
qâsâr} + . . . (2.103)

where F and W are the one- and two-body amplitudes:

Fp
q = ⟨ϕp|H̄|ϕq⟩ (2.104)

Wpq
rs = ⟨ϕpϕq|H̄|ϕrϕs⟩ (2.105)

8This will be further clarified in the next chapter.
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By connecting the operators in the Hamiltonian with the T amplitudes and exploiting
the coupled-cluster amplitudes equations, one arrives at the following expressions:

F a
i = 0 (2.106)

F i
j = f i

j + tejf
i
e + temV

im
je + 1

2
τef

jmV
im

ef (2.107)

F a
b = fa

b − tamf
m
b + temV

ma
eb − 1

2
τae

mnV
mn

be (2.108)

F i
a = f i

a + temV
im

ae (2.109)

W ab
ij = 0 (2.110)

W kl
ij = V kl

ij + P−(ij)tejV kl
ie + 1

2
τef

ij V
kl

ef (2.111)

W cd
ab = V cd

ab − P−(cd)tdmV cm
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2
τ cd

mnV
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ab (2.112)

W aj
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a
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W jk
ia = V jk

ia + teiV
jk

ea (2.117)
W ij

ab = V ij
ab (2.118)

where the quantity τab
ij ≡ tab

ij + tai t
b
j − taj t

b
i has been defined for ease of notation.

The diagrammatic representation of the one and two-body amplitudes is analogous
to the Fock matrix and the repulsion integrals respectively, but using a square and
a rectangle block instead of the interaction line.9 For illustrative purposes, F i

j and
Wij

kl are shown hereafter.

9Other symbols can be found in the literature.
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2.5.4.1 EOMEE-CCSD

The R̂EE operator, being an excitation operator, is represented as the cluster operator
T̂ , but using a bold horizontal interaction line instead:
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The corresponding L̂EE operator, being a de-excitation operator is depicted in the
same manner, but upside-down:
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Following the same strategy as for the CC equations, one can construct the dia-
grams corresponding to H̄R and LH̄ which will lead to the EOMEE-CCSD equations:
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Reduced Density Matrices

The reduced density matrices can also be obtained using diagrams, corresponding to
the expressions [25]:

γp
q = ⟨Φ0|L̂eT †

â†
pâqe

T †
R̂|Φ0⟩C (2.123)

(γN )p
q = ⟨Φ0|L̂eT †

{â†
pâq}eT †

R̂|Φ0⟩C (2.124)

The expressions (2.123) and (2.124) only differ for the hole-hole elements of the state
density matrix:

(γN )i
j = γi

j − δij (2.125)

To evaluate (2.124), one needs to contract the annihilation and creation operators
with the operators in the expansion of the left at the top and the right at the bottom
with the •−− vertex in between, forming thus closed diagrams that yield the following
algebraic expressions:
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2.5.4.2 EOMIP-CCSD

One can construct the EOM-IP equations in the same manner using the appropriate
terms of the operator R̂IP:
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which will yield the following EOMIP-CCSD expressions:
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Reduced Density Matrices

Analogously, the expressions for the one-electron density matrices can also be obtained
using diagrammatic techniques. One should however note that the sign is obtained
by drawing the missing line between R̂ and L̂ operators, when both present.
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2.6 Orbitals

Orbitals are mathematical functions that describe no more than two electrons; the
orbital of a one-electron system is its wave function, but the more complex the sys-
tem, the more blurry orbitals become. Hence, the orbitals of a hydrogen-like atom
correspond to its electronic states, whereas the orbitals of a molecule are functions of-
ten depicted as LCAO, as earlier stated, although, the inclusion of correlation makes
them more difficult to be defined [57].

Nonetheless, orbitals give a very powerful tool to chemists to qualitatively under-
stand and predict chemical reactions. For this reason, they have been extended to
the description of excited and ionised states.

2.6.1 Natural Transition Orbitals

Natural transition orbitals (NTOs) [58–60] provide a way to analyse and characterise
electronic transitions in terms of orbitals. The key quantity is the transition density
matrix (2.98) between an initial i and final f state, which defines the transition
density [57]:

ρif (r) =
∑
pq

γi→f
pq ϕp(r)ϕq(r) (2.138)

The NTOs are then obtained by applying a singular value decomposition (SVD) to
the transition matrices, as:

γi→f = VΣU† (2.139)

where Σ is a diagonal matrix containing the singular values (σk) and the matrices V
and U define the hole (h) and particle (p) NTOs, as:

ψh
k (r) =

∑
q

Vqkϕq(r); ψp
k(r) =

∑
q

Uqkϕq(r) (2.140)

These allows to rewrite the transition density:

ρif (xp,xh) =
∑

k

σkψ
p
k(xp)ψh

k (xh) (2.141)

where x refers to the (spin and spatial) coordinates of an electron. Typically, only a
few σk are non-negligeable and their squares can be interpreted as the weights of the
corresponding NTO pair.

2.6.2 Dyson Orbitals

In ionisation processes, Dyson orbitals (DOs), which have actually their origins in
quantum electrodynamics (QED) [61], can be defined in a somehow analogous manner
as the NTOs for excitations. Formally, the DO of an electron detachment from an
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initial N electron state to a final N−1 electron state by the following expressions [62,
63]:10

ϕDyson
if (x1) =

√
N

∫
Ψ∗N

i (x1,x2, . . . ,xN )ΨN−1
f (x2, . . . ,xN )dx2 . . . dxN (2.142)

where xi are again the spin and space coordinates of electron i. Because ΨN
i and

ΨN−1
f do not have the same number of electrons, the integral on (2.142) yields, not

a number, but a function, namely a Dyson orbital. These quantities are particularly
useful for the simulation of ionisation processes, in particular their norms, which have
been given no less than three names, testifying thus to their importance. The norms
of the DOs can be called pole strengths, intensity factors, or yet probability factors.
They can take values between 0 and 1 and can be expressed as:

Pif =
∫

|ϕDyson
if (x)|2dx (2.143)

The importance of these comes from the fact that they are proportional to the tran-
sition intensities.

The Dyson orbitals can also be expressed as a function of the one-electron reduced
density expanded over the set of molecular orbitals {ϕp}:

ϕDyson
if (x) =

∑
p

γi→f
p ϕp(x1) (2.144)

where the coefficients γ, or Dyson amplitudes, are the already defined transition
density matrices, but in this case between states with a different number of electrons:

γi→f
p = ⟨ΨN−1

f |âp|ΨN
i ⟩ (2.145)

The DOs can hence be used to obtain the intensity of a given ionisation, while at
the same time providing a very useful tool to visualise the electronic state that the
ejected electron was occupying in the system.

2.7 Basis Sets

As anticipated, quantum chemists usually represent the molecular orbitals as an ex-
pansion of a set of basis functions {χµ}, inspired by the orbitals of the respective
atoms and thus often called atomic orbitals.

Although these resemble more Slater type orbitals (STOs), it is more convenient
to use Gaussian type orbitals (GTOs) [64], which can be written in terms of polar
coordinates as [65]:

χζ,n,l,m(r, θ, ϕ) = NYl,m(θ, ϕ)r3n−2−le−ζr2
(2.146)

10Dyson orbitals can also be defined for electron attachment processes.
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where N is a normalisation constant, Yl,m are the spherical harmonic functions and n,
l and m refer to the energy, angular momentum and magnetic momentum quantum
numbers, respectively. The ζ (Zeta) exponent will determine if it is a diffuse (far from
the nucleus) or a tight (close to the nucleus) function.

To improve the description, it is often necessary to linearly combine these primitive
(P) GTOs to give contracted (C) basis functions [65]:

χ(CGTO) =
∑

i

ciχi(PGTO) (2.147)

The optimal basis sets are then obtained optimizing the coefficients ci and the
exponents ζ. The choice of the basis set is crucial, as it defines the accuracy of
the calculation. The basis sets currently used in quantum chemistry are typically
defined in hierarchies, that allow to control the accuracy, by increasing the number of
functions and thus, the flexibility of the basis. For instance, a minimal basis set uses
only one function per orbital, double zeta (DZ) bases double the number of functions,
which can be further extended to triple zeta (TZ), quadruple zeta (QZ) and so on.
Further improvements are the inclusion of polarisation or diffuse functions; the former
allow the description of polarisation effects by including functions with higher angular
momentum, whereas the latter are useful for loosely bound electrons that are farther
from the nuclei.11 Nowadays, there are many different basis sets, some especially
designed for specific calculations. Hereafter, only those employed in the thesis will
be described.

2.7.1 Pople’s Basis Sets

Pople and co-workers developed a series of Gaussian-based basis sets, which can be
generally written as: 6-311(k+, l+)G(m,n) [66, 67]. These are triple split valence
basis, where the core orbitals are a contraction of 6 primitive GTOs and the valence
is split into three functions represented by 3, 1 and 1 primitive GTOs. To this basis,
one can add k (l) diffuse functions to heavy (light) atoms and, analogously, m (n)
polarisation functions on heavy (light) atoms.

2.7.2 Dunning’s Basis Sets

Dunning’s correlation-consistent polarised (cc-p) basis sets [68–70] were specially de-
signed for post-HF calculations, which describe correlation effects. They can be
represented as: (aug)-cc-p(C)VXZ, where V refers to Valence, X can be D (double),
T (triple), . . . - ζ (Z), aug refers to augmented with diffuse functions and C refers to
functions designed to describe core correlation.

11Loosely bound electron are typically found in anions or excited states.
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2.7.3 Rydberg Basis Sets

Occasionally, it is needed to add extra diffuse functions to describe the Rydberg series,
which will be further expounded in the next chapter. The Rydberg orbitals, closely
related to the bound-state solutions of a hydrogen-like system, cover a very large
region in space and are characterised by a great number of nodes. They are, hence,
challenging to render by an expansions of nodeless GTOs. To this purpose, extra
diffuse functions developed by Kaufmann and co-workers [71] can be added to the
basis set.
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CHAPTER3
X-Ray Spectroscopy

“Darkness cannot drive out darkness; only light can do that.”

A Testament of Hope: The Essential Writings and Speeches

Martin Luther King, Jr.

When scientists want to shed light on a material, this is precisely what they do:
they shed light on it. Indeed, by studying how matter and light interact it is possible
to predict the properties of a system. Light, electromagnetic radiation or, what is
yet the same, photons, interact with the electrons of the material, which, as Planck
discovered, are quantised. Only some photons with a particular energy will interact
with the system and hence, by tuning the light energy range, one can understand its
electronic structure which can be used to discern the material properties.

This chapter describes x-ray radiation and how it can be used to this purpose, in
particular how it is used in x-ray absorption spectroscopy (XAS) and x-ray photolec-
tron spectroscopy (XPS). Section 3.1 introduces x-ray radiation, Section 3.2 details
XAS whereas Section 3.3 focuses on XPS, and Section 3.4 covers their time-resolved
counterparts.

3.1 Introduction

At the end of the 19th century, the physicist Wilhem Röntgen, while working in his
laboratory, produced a strange high-energy radiation hitherto unknown. Precisely
because they were unknown, he termed these mysterious rays ‘x-rays’. It would be
later discovered that x-rays were not really a new kind of radiation at the time since
they are electromagnetic radiation, just like visible light, but much more energetic.
Their wavelength range from 10 pm to 10 nm corresponding to energies between 100
eV and 200 keV and they are typically subdivided into soft (100-1000 eV) and hard
(1-200 keV) x-ray. Figure 3.1 shows the electromagnetic spectrum and its given name
depending on the approximate wavelength and energy.

In atoms and molecules, the energy of the electrons closer to the nuclei, namely
the core electrons, ranges precisely in this region. Therefore, the interaction between
x-rays and matter results in an alteration of these inner-shell high-energy electrons;
typically, their excitation or ionisation. This thesis focuses on the theoretical descrip-
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Figure 3.1: Electromagnetic spectrum.

tion of these phenomena and more in particular, in XAS and XPS. In XAS, the core
electrons absorb the incoming photon, that is, they gain this energy, which makes
them ‘jump’ from the core orbital they were originally occupying to a higher-energy
outer orbital. In XPS, the incoming photon has enough energy to ‘detach’ the electron
from the system, in other words to ionise it. These spectroscopies can be classified
according to the shell the hit electron is in, as K-, L-, M-,. . . edge. An illustration of
the processes exploited by these techniques is shown in Figure 3.2.

Figure 3.2: Schematic representation of the excitation and ionisation of core elec-
trons exploited in XAS and XPS, as well as the different edges.

The localised nature of these inner-shell electrons makes them very sensitive to
their local environment, which makes x-ray spectroscopy a reliable tool to determine
and understand the structural and electronic configuration of atomic and molecular
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systems.

3.2 X-Ray Absorption Spectroscopy

This section, based on [72], describes XAS and, in particular, near edge x-ray ab-
sorption fine spectroscopy (NEXAFS), also known as x-ray absorption near edge
spectroscopy (XANES), which refers to the fine structure close to an absorption edge.
This technique is element specific because each element absorbs at different edges well
separated in energy and it is also very sensitive to the bonding environment of the
specific atom. These characteristics make NEXAFS a powerful technique for the de-
termination and characterisation of atoms and molecules. It can be used, for instance,
to probe chemical bonds, local coordination environment or oxidation states [5, 72].

3.2.1 Cross Section

X-ray absorption spectroscopy studies matter by observing how the system absorbs
photons in the x-ray region. For this purpose, a spectrum is registered which shows
the intensity of photons absorbed depending on their energy. The XAS spectrum
is given by the x-ray absorption cross section σ, defined as the number of electrons
excited per unit of time divided by the number of incident photons per unit of time
and per unit of area [72]:

σ = Pif

Fph
(3.1)

where Fph is the photon flux and Pif is the probability of the transition from an initial
state |Ψi⟩ to a final state |Ψf ⟩ per unit of time, subject to a harmonic time-dependent
perturbation V (t) = V̄ eiωt. The transition probability can be obtained from Fermi’s
golden rule [73]:

Pif = 2π
h̄

|⟨Ψf |V̄ |Ψi⟩|2ρf (E) (3.2)

where ρf (E) is the energy density of final states, which depends on the normalisation
of the wave functions; bound states are typically normalised to unity and continuum
states to a Dirac delta function in the kinetic energy of the photoelectron. The
perturbation corresponds here to the x-ray electromagnetic wave with electric field
vector E and vector potential A.

Considering the one-electron Hamiltonian:

H0 = p2

2m
+ V (r) (3.3)

where V (r) is here the energy potential and p the electron momentum. To find the
coupling between particles and fields, one may employ the principle of minimal elec-
tromagnetic coupling [74], given by the following transformation of the momentum:

p → p − qA (3.4)
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where q is the charge of the particle.
In the Coulomb gauge,1

V (t) = e

mc
A · p (3.5)

where c is the speed of light and the vector potential can be expressed as:

A(r, t) = eA0cos(k · r − ωt) = eA0

2
(ei(k·r−ωt) + e−i(k·r−ωt)) (3.6)

for the unit vector e, frequency ω and wave vector k; the magnitude of which is
related to the photon energy (h̄ω) or wavelength (λ), such as: |k| = h̄ω/h̄c = 2π/λ.

Because only the time-dependent term e−iωt can cause transitions that absorb
energy,2 the transition probability can be rewritten as:

Pif = πe2

2h̄m2c2A
2
0|⟨Ψf |eik·re · p|Ψi⟩|2ρf (E) (3.7)

which can be simplified by invoking the dipole approximation. This approximation
assumes that k · r << 1 (i.e. |r| << λ/2π), where λ is the wavelength of the
incident ray, and hence that only the first term in the expansion of the exponential
(eik·r = 1+ik·r+. . . ) needs to be retained. Within the electric dipole approximation,
equation (3.7) becomes:

Pif = πe2

2h̄m2c2A
2
0|⟨Ψf |e · p|Ψi⟩|2ρf (E) (3.8)

The photon flux can be expressed as:

Fph = A2
0ω

8πh̄c
(3.9)

which combined with equation (3.8), allows to rewrite the cross section as:

σ = 4π2h̄2

m2
e2

h̄c

1
h̄ω

|⟨Ψf |e · p|Ψi⟩|2ρf (E) (3.10)

3.2.2 Spectral Intensity and Dipole Selection Rules

For the study of XAS, it is useful to introduce the oscillator strength f :

f = 2
mh̄ω

|⟨Ψf |e · p|Ψi⟩|2 (3.11)

such that the cross section takes the simpler form:

σ = 2π2h̄e2

mc
fρf (E) (3.12)

1In Coulomb gauge, the divergence of the vector potential (∇ · A) is set to zero.
2The other term corresponds to emission.
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The oscillator strength corresponds to the area of the peak and it is a number inferior
to 1. According to the Thomas-Reiche-Kuhn (TKR) sum rule [75–77], the sum of the
oscillator strengths of all possible transitions is unity for a given electron.

In a chemical system, the x-ray cross section needs to be averaged over the three
spatial components. Assuming that x-rays are linearly polarised along e and that the
molecules are oriented randomly:

σ̄ = 4π2h̄e2

m2c

ρf (E)
h̄ω

1
3
(
|⟨Ψf |px|Ψi⟩|2 + |⟨Ψf |py|Ψi⟩|2 + |⟨Ψf |pz|Ψi⟩|2

)
(3.13)

(3.14)

The momentum p matrix can be expressed as [78]:

⟨Ψf |p|Ψi⟩ = im(Ef − Ei)
h̄

⟨Ψf |r|Ψi⟩ (3.15)

Therefore, the intensity I of the transition is proportional to the electric dipole (µ)
matrix element:

Iif ∝ |⟨Ψf |e · r|Ψi⟩|2 (3.16)

Hence, if this matrix element is zero, so will be the intensity of the transition, from
which one can deduce the dipole selection rules. The dipole selection rules can be
stated as follows:

• Since the dipole operator is a vector with components (x, y, z) the dipole transi-
tion will be allowed if the direct product of the irreducible representation of the
initial and final state is or contains the irreducible representation to which x, y
or z belong. [79]

• The transition must be of ungerade symmetry because the dipole moment is
ungerade.

• The total spin is conserved during excitation because the dipole operator doesn’t
act on spin.

It is then possible to predict if a given transition will be bright or dark by making use
of group theory. The irreducible representation contains all the symmetry information
for a specific point group; by looking at the representation of the initial state and the
final state, one can know if the transition will take place or not.

3.2.3 Nature of Core-Excited States

Although conceptually core and valence excited states are the same, they present
some differences due to their different energy range. In this section, the nature of
core-excited states is described, which will evince the necessary requirements for their
accurate description.
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3.2.3.1 Orbital Relaxation

The orbital relaxation is the process of adaptation of the orbitals not directly involved
in the transition to the new electronic configuration. This is particularly important
for core-excited states: the hole left in the core has indeed a big impact on the other
electrons, which see the electronic screening reduced and are hence polarised in a
larger extent by the nucleus. This results in a contraction of the outer orbitals; it is
actually the valence orbitals that will suffer major changes because, effectively, they
feel an increased charged of one atomic unit in the nucleus. Orbital relaxation is also
observed in valence excited states, however, its magnitude is small and its description
can sometimes be neglected without a critical loss of accuracy, which is not the case
for the core space. In addition to the relaxation caused by the core hole, one needs
to account for the polarisation of the charge density created by the excited electron
occupying now an orbital in the outer shell. This will likely be more important in core
excitations since in valence excitations the electron was already in the outer shell [7].

3.2.3.2 Rydberg States

The core-excited states are generally classified into two categories according to their
energy: low-lying states and high-energy lying states, named Rydberg states, which
are close to the ionisation potential. In fact, as the excitation energy approaches the
ionisation potential (IP), the bound state cross section merges into the continuum
cross section through ever closer-spaced Rydberg states. Although there is no clear-
cut distinction, a Rydberg state roughly follows the formula [80]:

En = IP −R

(n− δ)2 (3.17)

where En is the energy of the n-th quantum number level, R is the Rydberg constant
(R = 109.737 cm−1) and δ the quantum defect (a correction to the energy levels
predicted by the hydrogen wave function). These states are relatively far from the
atom and need thus large (diffuse) functions to be described correctly.

3.2.3.3 Convolution Functions

In spectroscopic experiments one does not see a single peak by excitation, but rather
a broad band. The width of the spectral features depends on the lifetime of the
excited state. Core-excited states are typically short-lived [7], which translates into
a larger broadening in the spectrum. Although, each excited state has a different
lifetime, in practice it is difficult, and often unnecessary, to account for the individual
lifetimes of each state. Instead, one can consider the lifetime of all excited states to
be the same, then the spectrum can be obtained from the excitation energies and the
oscillator strengths by using a convolution function. In addition, the spectral features
are also broaden by other reasons, such as the underlying ro-vibrational structure of
molecules or due to collisional dynamics occurring in gas or condensed phase [81].
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The ro-vibrational structure of each peak corresponding to an electronic excitation
can actually be calculated, but this has not been done in this thesis and therefore will
not be described here, the interest reader is referred, for example, to [82]. Instead, in
this thesis a more straightforward approach has been employed, the density of states
is replaced by a convolution function, taking into account all these factors at once in
a somehow loose manner. This function is centered at ωif (excitation energy from i
to f) and it is normalised to unity over the given absorption band. The most widely
used functions for this purpose are the Gaussian and the Lorentzian, which have as
parameters the line position, the maximum height and the half-width or full width
at half maximum (FWHM).

A Gaussian convolution function is usually employed to describe inhomogenous
broadening and can be written as [81]:

Gif (ω) = 2
γ

√
2π
e−2(ω−ωif )2/γ2

(3.18)

with maximum at G(ω)if = 2/(γ
√

2π) and FWHM= γ
√

2 ln 2. A Lorentzian function
accounts for homogenous broadening and has the following form:

Lif (ω) = 1
π

γ/2
(ω − ωif )2 + (γ/2)2 (3.19)

with maximum at L(ω)if = 2/(πγ) and FWHM = γ. Another common convolution
function is a Voigt function, which is actually a combination of both Gaussian and
Lorentzian functions, but this has not been employed and is thus left out.

3.2.3.4 Relativistic Effects

Although the theory of relativity is not generally associated with chemistry, Ein-
stein’s special relativity has an impact on this subject and despite what was originally
thought [83], it can actually have huge consequences on chemical systems. This is
particularly true for core electrons and hence core spectroscopy. The reason is that
these electrons are closer to the nuclei and hence, move at higher speeds than the
valence ones. As discovered by Einstein, relativistic effects arise in the vicinity of the
speed of light, thus these high-speed electrons often need to be described within a
relativistic quantum chemical theory.

As one goes down in the periodic table, the mass of the nuclei increases, and
so does the speed of inner electrons; as their speed increases it also approaches the
speed of light and the relativistic effects become thus apparent. Relativistic effects in
chemistry can be classified into two categories: scalar and spin-orbit effects [84]. The
first, which arise from the fact that the speed of light is finite, are due to the increase
of the relativistic mass, which have as consequence the compression of orbitals s and
p. The compression of these orbitals results in an increased electronic screening for
the electrons in orbitals that feel a larger centrifugal potential, and hence do not
come close to the nuclei. This potential is proportional to the quantum number l,
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thus the orbitals with a larger l, such as d and f , will undergo an indirect expansion.
These scalar effects are relatively easy to account for in spectroscopy because their
result in the spectrum is simply a rigid shift in the energy. Therefore, non-relativistic
approaches can still give a qualitatively correct spectrum for K-edge spectroscopy,
that suffers only of scalar relativistic effects.

The second, spin-orbit coupling (SOC), which arises from the coupling between
the magnetic moment associated with the spin of the electron with the magnetic field
created from charged particles, the electrons and the nuclei, in relative motion [85],
has instead more severe consequences on the spectra. On one hand, SOC leads to the
mixing of states with different multiplicity, that would not interact in a non-relativistic
picture. On the other, and maybe even more important for x-ray spectroscopy, is
the splitting of orbitals with l > 0, such as p, d, f , . . . , into two, corresponding
to j = l ± s, where here s, l and j are the spin, orbital angular momentum and
total angular momentum quantum numbers, respectively. Figure 3.3 illustrates the
splitting of the atomic p, d and f orbitals due to SOC; this interaction breaks the
degeneracy of these orbitals, which are now characterised by their quantum number
j.

p
p1/2

p3/2

d
d 3/2

d 5/2

 f
f 5/2

f 7/2

Figure 3.3: Schematic splitting of the p, d and f orbitals due to spin-orbit coupling.

It is clear from this picture that SOC will considerably modify the spectra aiming
at these orbitals, thus, to simulate L- and higher edges, relativistic effects are imper-
ative, whereas for K-edge the non-relativistic spectra are still qualitatively correct.
The target systems of this thesis being composed of light elements, relativistic effects
have only been taken into account for the description of L-edge spectroscopy, as it
will be expounded in Section 4.4.

3.3 X-Ray Photoelectron Spectroscopy

X-ray photoelectron spectroscopy, also known as electron spectroscopy for chemical
analysis (ESCA), was developed in the early 1960s, mainly by Siegbahn, Turner and
Price [86]. XPS has the ability of identifying and quantifying the element composition
and revealing the element chemical environment, being at the same time easy from
the point of view of sample preparation [87]. This technique, as XAS, studies core
electrons by bombardment of monochromatic photons in the x-ray region. However,
if XAS focuses on the excitation process, XPS studies the ejection of the electron,



3.4 Time-Resolved Spectroscopy 43

i.e. ionisation. The ejected electron is called photoelectron and gives hence name to
the technique. The electron is hit by a photon with higher energy than its ionisation
potential, the surplus of energy is transformed to kinetic energy. Thus, knowing
the wavelength of the incoming ray and the kinetic energy of the outgoing electron,
one can calculate the ionisation energy (IE), or binding energy, from the energy
conservation law:

IE = h̄ω − 1
2
mv2 (3.20)

where m is the mass of the electron and v its speed. As for XAS, the intensity of the
peaks in the spectra is given by Fermi’s golden rule (3.2) and the final cross section
is given by (3.10).

The core-ionised states, as the core-excited states, also exhibit pronounced orbital
relaxation and relativistic effects, especially in the case of heavy elements. The same
convolution functions presented for the case of XAS can be used for XPS as well.

3.4 Time-Resolved Spectroscopy

The advances in the development of synchrotron light sources and x-ray free electron
lasers have made possible experiments operating in the time-resolved (TR) domain.
These transient experiments are particularly appealing because they extend the use
of x-rays to the study of dynamical processes, such as monitoring reactions.

These experiments are typically carried out in a two-step procedure: a pump and a
probe. In the first, the system is excited to a valence-excited state. In the second, the
excited system is probed by x-rays. Two different TR experiments have been studied
in this thesis: TR-XAS and TR-XPS. In TR-XAS, the already valence-excited state
is re-excited to a core-excited state, whereas in TR-XPS, the prepared excited state
is core-ionised. These techniques are schematically represented in Figure 3.4.

Ideally, the spectra of the valence-excited state will be different from the ones from
the ground state, which will both be yet different from the ones from other excited
states. Thus, by recording the spectra at different time delays, one can follow the
relaxation path after excitation. This is particularly important for the study of photo-
induced processes, i.e. processes triggered by light. A photon excites the system to a
valence-excited state that upon relaxation can undergo an internal conversion, leaving
a final state that structurally differs from the initial one after simple light stimulation.
Examples of these processes studied by TR techniques are cis-trans isomerisation,
ring-opening reactions or photo-dissociation among others [88–91].
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Figure 3.4: Schematic representation of TR-XAS and TR-XPS.



CHAPTER4
Development

“A theory is something nobody believes, except the person who made it.
An experiment is something everybody believes, except the person who

made it.”

Albert Einstein

This chapter describes the theoretical development of the fc-CVS-EOM-CCmethod
and mainly summarises Manuscripts I, II and III, all reprinted in Chapter 8. It is
therefore not intended to re-discuss them in detail, but only to highlight the main
achievements. In particular, computational details, redundant results or in-depth
analysis will not be discussed herein; the interested reader is referred to the corre-
sponding articles.

This chapter is organised as follows: Section 4.1 introduces the fc-CVS-EOM-CC
model, Section 4.2 and Section 4.3 describe the simulation of K-edge XAS and XPS,
covering Manuscript I and II respectively, whereas Section 4.4 explains the modelling
of L-edge spectroscopy, which corresponds to Manuscript III. Finally, Section 4.5
shortly comments on the extension of the theory to simulate x-ray emission spec-
troscopy (XES) and resonant inelastic x-ray scatering (RIXS).

4.1 Introduction

As discussed in the previous chapter, x-ray spectroscopy is conceptually similar to
UV-Vis spectroscopy as they both boil down to study the processes related to exci-
tation and de-excitation or ionisation of electrons. The main difference is the energy
scale; UV-Vis radiation typically aims at the outer-shell low-energy valence electrons,
whereas x-ray targets inner-shell high-energy core electrons. Nevertheless, in practice,
one can not directly apply the theoretical methods that have been developed for va-
lence spectroscopy to the core, as they display some intrinsic differences with valence
counterparts that need particular consideration [7].

Core-targeted states exhibit strong relaxation effects: the core hole polarises the
charge density towards the nuclei, pulling the outer electrons in, which results in
considerable changes in the outer orbitals that need to adapt (or relax) to this new
environment. Therefore, the method of choice needs to show enough flexibility to be
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able to catch these changes upon excitation or ionisation. The EOM-CC method [42]
is a versatile method suited to study excited and ionised states with open-shell char-
acter and has the ability of describing orbital relaxation [43]. Unfortunately, this
electronic-structure tool was developed for the study of valence states and the algo-
rithms typically used seek the solutions starting from the lowest-lying states, which is
clearly a poor strategy to use if one is interested in high-energy lying states. Another
complication arising when targeting these core-level states is that they are embedded
in a continuum of valence excited and ionised states, and hence the convergence to
the desired solutions is hindered by this sea of states. A solution to both of these
problems is given by the core-valence separation (CVS) suggested by Cederbaum,
Domcke and Schirmer in 1980 [92].

Before proceeding it is worthwhile noting that this is far from being the first
attempt to develop of a coupled-cluster based method to study core-spectroscopy.
Already in 1995, a method was suggested to study core-excitation based on EOM
for electron attachment (EA) [93]. However, it was not until two decades later, that
the use of coupled-cluster to study core-level states was revived. In 2012, an im-
plementation of the damped coupled-cluster linear response function based on an
asymmetric Lanczos chain algorithm to simulate NEXAFS was reported [94, 95] as
well as a multi-reference (MR) CC for calculating core-level excitation [96]. The same
year, an EOM-CC based method was proposed to calculate the x-ray emission spec-
troscopy [97]. Later, in 2015, the implementation of an energy-specific non-Hermitian
eigensolver enabled to obtain XAS spectra within EOM-CCSD [98], and it would
also be that year, when the very first implementation of CVS within linear-response
coupled-cluster was published [99]. These successful attempts, together with the ad-
vances on the experimental side, prompted the development of several other new CC
methods to study a variety of x-ray techniques [100–109], including time-resolved
experiments [90].

4.1.1 Core-Valence Separation

The CVS approximation [110] states that, based on the energetic difference between
core and valence orbitals, one can decouple valence and core excitations and thus
solve the equations directly for the core electrons. It gives hence a straightforward
recipe to extend already existing valence methods to the study of core states. The
CVS scheme had been successfully applied to different wave function methods [110–
112] and, as mentioned, also within CC [99], at the time the here presented approach
was implemented. CVS can however be applied in different flavours and manners; the
focus of this thesis is mainly the frozen-core (fc) CVS-EOM-CC method which will
be detailed in the following section.

4.1.2 The fc-CVS-EOM-CC model

The frozen-core core-valence-separation equation-of-motion coupled-cluster method
allows the study of core-level states at the EOM-CC level by exploiting not only CVS,
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but combining it with the frozen-core approximation. Although the idea of freezing
the core electrons to study precisely the core electrons might sound counter-intuitive,
this approximation is closely related to CVS. If it is true that the core correlation is
not properly accounted for by this theory, it provides a more efficient method, on top
of some advantages on a more technical side for an analytical implementation. The
method is based on the EOM-CC theory described in Section 2.5. In the following,
the main differences between the fc-CVS-EOM-CC and its parent theory will be
summarised, for further details the reader is referred to the Manuscript I (Section 8.1).

In this approach, the ground state is described at the coupled-cluster level, as
described in Section 2.4.2, but the CC equations (2.30) and (2.31) are solved exploiting
the frozen-core approximation. This means that the core electrons are not correlated
with the other electrons. Within this model, the core orbitals are defined depending
on the edge one is aiming at, as all the orbitals with equal or lower energy than
that one is interested in. Hence, the amplitude equation (2.31) is solved only for the
valence orbitals, defined as all higher in energy, while the t amplitudes involving at
least one core electron are zero. This can be translated in the CC wave function
ansatz as:

|Ψfc-CC⟩ = eT̂fc |Φ0⟩ (4.1)

The EOM target state is then obtained as the linear parametrisation depicted in
(2.71), but with the restriction that it must contain at least one core orbital. Using
the same definition as above, the highest core electrons will be the ones for which
the solution is sought. By illustrating this core restriction with the subindex C, the
CVS-EOM-CC ansatz can be written as:

|Ψfc-CVS-EOM⟩ = R̂C |Ψfc-CC⟩ (4.2)

from which the EOM-CC equations will be solved uniquely in the core space. This
leads to the CVS eigenvalue problem:

H̄R̂CΨfc-CC = EKΨfc-CVS-EOM (4.3)

(H̄ − Efc-CC)R̂CΨfc-CC = ωKΨfc-CVS-EOM (4.4)

which eigenvalues will yield the energies of the core-level states. In the CCSD case,
H̄ is the effective Hamiltonian in the space of single and double excited determinants,
which can be expressed in matrix formulation as:

H̄ =

Efc-CC H̄OS H̄OD
0 H̄SS H̄SD
0 H̄DS H̄DD

 (4.5)

and, hence, the eigenvalue problem can be rewritten as:(
H̄SS − Efc-CC H̄SD

H̄DS H̄DD − Efc-CC

)(
RC1

RC2

)
= ωK

(
RC1

RC2

)
(4.6)
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This eigenvalue equation is solved iteratively using a generalised Davidson’s iterative
diagonalisation procedure [113–115] which requires the computation of the right Rσ
trial vectors:

Rσ1 = ([H̄SS − Efc-CC]RC1)1 + (H̄SDRC2)1 (4.7)
Rσ2 = (H̄DSRC1)2 + ([H̄DD − Efc-CC]RC2)2 (4.8)

To illustrate the fc-CVS-EOM-CC strategy, the expressions for Rσ1 and Rσ2 are
shown in Appendix B. The eigenvalues of this problem correspond hence to the differ-
ence in energy of the core-level states and the ground state. As stated in Section 2.5,
the calculation of properties needs the resolution of a different eigenvalue problem,
involving the core-restricted left operators, which gives rise to the left eigenvalue
problem in matrix formulation:

(
LC1 LC2

)(H̄SS − Efc-CC H̄SD
H̄DS H̄DD − Efc-CC

)
= ωK

(
LC1 LC2

)
(4.9)

with same eigenvalues as its right counterpart and their resolution requires the com-
putation of the left Lσ trial vectors:

Lσ1 = (LC1 [H̄SS − Efc-CC])1 + (LC2H̄DS)1 (4.10)

Lσ2 = (LC1H̄SD)2 + ([LC2H̄DD − Efc-CC])2 (4.11)

which programmable expressions can also be found in Appendix B.

4.2 X-Ray Absorption Spectroscopy

This section summarises the work presented in Manuscript I (Section 8.1) on the
simulation of XAS. In order to simulate near-edge x-ray absorption spectra one needs
to first obtain the energy of the core-excited states. In this work, this has been done
by solving the fc-CVS-EOM-CCSD right eigenvalue equation (4.6) with the following
EE core-restricted operator:

R̂C = r0 +
∑
I,a

ra
I {â†

aâI} +
∑

I<J,a<b

rab
IJ{â†

aâI â
†
bâJ} +

∑
Ijv,a<b

rab
Ijv

{â†
aâI â

†
bâjv

} (4.12)

where capital letters refer to core orbitals, whereas valence orbitals have been denoted
with a subscript v. Once the core-excitation energy ωK of the K core-excited state
is known, one needs to find the oscillator strength associated to its excitation. This
requires the solution of the left eigenvalue equation, using the following de-excitation
operator:

L̂C = l0 +
∑
I,a

lIa{â†
I âa} +

∑
I<J,a<b

lIJ
ab {â†

I âaâ
†
J âb} +

∑
Ijv,a<b

lIjv

ab {â†
I âaâ

†
jv
âb} (4.13)
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so the one-particle transition density matrices between ground and excited states can
be calculated:

γ0→K
pq = ⟨ΨK

L |â†
pâq|Ψ0

R⟩ ; γK→0
pq = ⟨Ψ0

L|â†
pâq|ΨK

R ⟩ (4.14)

which will be used to calculate the electric dipole moment µ associated to this tran-
sition:

µ0→K
α =

∑
pq

µα
pqγ

0→K
pq ; µK→0

α =
∑
rs

µα
rsγ

K→0
rs (4.15)

which can be related to the oscillator strength, giving the intensity of the excitation:

f(0 → K) = 2
3
ωK

∑
α=x,y,z

µ0→K
α µK→0

α (4.16)

Figure 4.1 illustrates the performance of the method showing the NEXAFS spec-
trum of neon, obtained using three different basis sets (Pople’s basis set 6-311++G**
and Dunning’s bases aug-cc-pVTZ and aug-cc-pCVTZ, all supplemented with extra
diffuse Rydberg-type functions) and plotted together with and earlier (less-efficient)
CVS-CCSD implementation based on linear response (LR) theory [99] obtained with
the aug-cc-pCVTZ basis, as well as the experimental spectrum [116].

6-311++G** + Ryd. ( -0.84 eV)
aug-cc-pVTZ + Ryd. ( -0.43 eV)
aug-cc-pCVTZ + Ryd. ( 0.19 eV)
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Figure 4.1: X-ray absorption spectra at the K-edge of neon. Reproduced from
Manuscript I.

One can see that, after alignment with the experimental spectrum, all the features
are well reproduced by the theory. This is true for all three basis sets, which also show
that the better the basis set, the smaller is the shift. The shift is also considerably



50 4 Development

reduced with respect to the earlier implementation of CVS within LR-CCSD. A small
benchmark study considering several small to medium-size organic molecules can be
found in the corresponding manuscript, showing a similar satisfactory result.

Due to its biochemical relevance, the nucleobase adenine was selected as a case
study and will be discussed hereafter. Figure 4.2 displays the NEXAFS spectra of
adenine at two different geometries (a planar and a non-planar one) compared with
the experimental one [117]. From these results, the planar geometry seems to better
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Figure 4.2: X-ray absorption spectra at the carbon K-edge of adenine. Reproduced
from Manuscript I.

reproduce the features of the experimental spectrum, although the assignment is the
same for both structures. This can easily be seen by looking at the (NTOs), displayed
in Table 4.1, which allow to visualise the transitions and thus to straightforwardly
characterise them. For instance, in this case, one can see that the first five excitations
in adenine correspond to transitions from the five different 1s carbon atoms to five
different delocalised valence orbitals.

This implementation allows not only the study of the XAS of the systems in their
ground state, but also in their excited states, by enabling the simulation of time-
resolved (TR) NEXAFS. To illustrate the methodology, another nucleobase, this time
uracil, was studied. In particular, the focus was on whether or not the valence excited
states of uracil could be probed using x-ray. The two first excited states of uracil,
shown in Table 4.2, are an nOπ

∗ dark state (S1) and a ππ∗ bright state (S2).
If these two states are distinguishable by XAS spectroscopy, one could monitor

the relaxation path after excitation. For this purpose, the XAS spectra of uracil
were computed at the three different K-edges (carbon, nitrogen and oxygen) for the



4.2 X-Ray Absorption Spectroscopy 51

Table 4.1: NTOs of the first 5 core-excited states of adenine at the C K-edge.
Reproduced from Manuscript I.

State Hole σ2
K Particle

A 0.81

B 0.71

C 0.71

D 0.82

E 0.81

Table 4.2: NTOs of the first 2 valence excited states of uracil. Reproduced from
Manuscript I.

Excitation Hole σ2
K Particle

nOπ
∗ 0.81

ππ∗ 0.75

1sOnO 0.45

ground state and the two first excited states. The results obtained are displayed in
Figure 4.3, which shows the different spectra at the N and O K-edges.
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Figure 4.3: Nitrogen (left) and oxygen (right) K-edge of the ground state (S0), and
two first excited states (S1 and S2) of uracil. Reproduced from Manuscript I.

One can see that at the N K-edge, only the S2 state gives a signal in the pre-edge
region of the ground state, whereas it is precisely the opposite at the O K-edge; only
the S1 state gives a signal in this region. Therefore, it can be concluded that the two
first excited states can indeed be tracked by x-rays.

4.3 X-Ray Photoelectron Spectrocopy

In this section, the fc-CVS-EOM-CCSD method is applied to the study of x-ray
photoelectron spectroscopy (XPS). The theory and the results presented herein are
mainly from Manuscript II, reprinted in Section 8.2.

Analogously to XAS, to simulate XPS spectra, one needs to first obtain the core-
ionisation energies, which can be calculated using the fc-CVS-EOM-CCSD IP opera-
tor:

R̂C =
∑

I

rI âI +
∑

I<J,a

ra
IJ{â†

aâI âJ} +
∑

Ijv,a

ra
Ijv

{â†
aâI âjv

} (4.17)

To calculate the intensity associated to each ionisation process, one needs to solve
also the left eigenvalue problem, using the corresponding left operator:

L̂C =
∑

I

lI â†
I +

∑
I<J,a

lIJ
a {â†

I âaâ
†
J} +

∑
Ijv,a

lIjv
a {â†

I âaâ
†
jv

} (4.18)

This allows the computation of the one-particle transition density matrices between
ground and ionised states:

γ0→K
p = ⟨ΨK

L |âp|Ψ0
R⟩ ; γK→0

p = ⟨Ψ0
L|â†

p|ΨK
R ⟩ (4.19)

which correspond to the expansion coefficients of the Dyson orbitals. As mentioned
in Section 2.6.2, one can approximate the spectral strength of a given transition by
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the squared norm of the corresponding DO, which can be obtained as follows:

||ϕDyson||2 =
∑

q

γ2
q (4.20)

More exactly, in EOM-CC theory, is given by the geometric average [42]:

||ϕDyson||2 = ||ϕDyson
L || × ||ϕDyson

R || (4.21)

To illustrate this methodology, the simulated nitrogen K-edge XPS spectrum of
adenine is shown in Figure 4.4. The theoretical spectrum agrees well with the exper-
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Figure 4.4: XPS spectra of adenine at the nitrogen K-edge. Reproduced from
Manuscript II.

imental [117] one, after aligning the two first peaks with an absolute shift of -0.9 eV,
corresponding to a relative value of roughly ∼0.2% of the respective ionisation energy.
The assignment of the three main bands that can be seen in the spectra is illustrated
in Table 4.3 with help of the Dyson orbitals associated to the ionisations.

This analysis reveals that the first large band originates from the ionisation of the
three different nitrogen atoms which are involved in double bonds, the second band
corresponds to the single ionisation of the N atom forming an amino group and the
third peak is due to the ionisation of the 1s orbital of the remaining nitrogen.

Dyson orbitals are thus key quantities in the study of XPS, since they not only
give the spectral strengths, but they also provide an easy way to assign and visualise
the ionisation transition.

Time-resolve experiments are still in their toddle years, therefore TR-XPS is not
a very developed technique yet. It should however be possible to simulate these
experiments in the same fashion as TR-XAS. This idea is investigated hereafter using
as test case the already familiar uracil molecule and its two first valence-excited states,
shown previously in Table 4.2.
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Table 4.3: Dyson orbitals of adenine at the nitrogen K-edge. Reproduced from
Manuscript II.

IE (eV) ||ϕDyson||2 Dyson orbital Exp. IE (eV) [117]

405.37 0.872

404.4405.55 0.870

405.89 0.873

406.70 0.882 405.7

407.71 0.878 406.7

In principle, it is possible to model TR-XPS in the same manner as XAS in the
previous section, that is, by computing both the valence-excited and the core-ionised
states and calculate the interaction between the two, given by the transition density
matrix. In the absorption case, the first core-excited state of the already valence-
excite state would also be a core-excited state of the ground state, however, this is no
longer the case for core ionisation. Indeed, the core ionisation of the valence-excited
state does not correspond to a single electron ionisation from the ground state, but
to a simultaneous ionisation and excitation process. This process is called 2-hole
1-particle (2h1p) transition or shake-up. These transitions are actually accessible by
EOM-CC, unfortunately CCSD cannot describe the associated orbital relaxation and
these states are, consequently, poorly described at this level of theory. Hence, there
is a need to find another strategy.

A possible solution is to use a high-spin reference state to emulate the valence-
excited state and calculate its XPS spectrum. Using this approach, the reference
will have the same orbital occupation as the valence-excited state, and the resulting
states from its core ionisation, the one from the originally desired target states. This
scheme is not exempt of errors either, as the multiplicity of the states is incorrect.
However, relying on error cancellation, the error introduced by this mismatch of spin
is not expected to be very large. To have a qualitative estimate of this error, one can
calculate both α and β ionisations, the latter being expected to have a better error
compensation, as both the reference and target states are spin complete.

The spectra were thus simulated using this strategy at the three different edges
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corresponding to the 1s orbitals of the atoms carbon, nitrogen and oxygen. After a
first erroneous attempt, the XPS spectra of the first two excited states of uracil at
the carbon and nitrogen seemed to be overlapping with the ground-state XPS. This
leads to the disappointing conclusion that it does not seem to be possible to track
the S1 and S2 states of uracil by TR-XPS at these edges. The spectra are thus left
out here, but are visible in the correction to the original manuscript, also reprinted in
Section 8.2. However, the third K-edge, aiming at the oxygen 1s orbitals does show a
more encouraging picture. The XPS spectra of the ground and excited states at the
oxygen K-edge are visible in Figure 4.5.
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Figure 4.5: X-ray photoelectron spectra of the ground state, first excited state (S1),
and second excited state (S2) of uracil, corresponding to the ejection of either an α
or a β electron. Reproduced from the correction to Manuscript II.

In contrast to the carbon and nitrogen spectra, the oxygen spectra does present
three distinct spectra for the three states.

The ground-state XPS is composed of a single band despite resulting from the
ionisation of the two O 1s. Due to the chemically similar environment of the two
oxygen atoms, the two IP energies are close, which gives two overlapping bands in the
spectrum. The bottom spectra, corresponding to the S2 state, show two O 1s orbitals
that are slightly blue-shifted compared to the ground state and slightly farther apart
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from each other. More importantly, the spectra of the nπ∗ state show two different
peaks quite far apart, with an energy difference of 4 eV.

These results testify thus that TR-XPS is a promising tool to investigate photoin-
duced processes.

4.4 L-edge spectroscopy

The scope has been limited so far to targeting only the first K-edge shell electrons,
that is, the 1s orbitals. In this section, which summarises Manuscript III, reprinted in
Section 8.3, the fc-CVS-EOM-CCSD method is extended to the study of other edges,
with a particular focus on the L-edge.

Figure 4.6 illustrates the splitting of the atomic 2p orbitals due to spin-orbit
coupling (SOC), which are all three degenerate in the non-relativistic case. The spin-
orbit interaction leads however to a very different picture, where one of the orbitals is
stabilised, whereas two are destabilised. These no-longer degenerate orbitals are now
characterised by their quantum number j, which is equal to 1

2 for the lowest energetic
one and equal to 3

2 for the two higher in energy. It is clear from this picture that
SOC will considerably modify the L-edge spectra, which will be split into two: an L2-
and an L3-edge.

2p
2p3/2

2p1/2

Figure 4.6: Schematic splitting of the 2p atomic orbitals due to spin-orbit coupling.
Adapted from Manuscript III.

As mentioned in Section 3.2.3.4, because the focus of this thesis is in rather light
elements, only SOC effects will be included, whereas scalar relativistic effects will
not be taken into account. The former will be treated in a perturbative, or state
interaction, manner [118–122], which is not as computational demanding as more
rigorous approaches [123], such as four [124–126] or even two-component Hamilto-
nians [127–136]. This procedure can be safely used for systems composed of atoms
belonging to the lower rows [137]. It is a two-step approach, where, in the first step,
the non-relativistic states are calculated as described earlier in this thesis and, in the
second step, the spin-orbit effects are calculated by letting the states interact through
a spin-orbit (SO) Hamiltonian.
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Hence, for the simulation of XPS, the first step requires the calculation of the
ionised states using the EOM-IP method described in the previous section.

In the second step, SOCs are calculated as the matrix elements of the spin-orbit
part of the Breit-Pauli Hamiltonian, making use of the spin-orbit mean-field (SOMF)
approximation [138]. The spin−orbit matrix elements over all the multiplet compo-
nents are computed using a single one-particle reduced density matrix as a result of
the Wigner−Eckart theorem [139, 140], as described in [141]. To obtain the SO-split
states, the SOMF Hamiltonian matrix is thus constructed in the basis of zeroth-order
states:

HSOMF = ⟨Ψ(s,ms)|ĤSOMF|Ψ′(s′,m′
s)⟩ (4.22)

where Ψ(s,ms) corresponds to the non-relativistic state Ψ with spin quantum number
s and spin projection ms. The diagonal elements correspond to the energy of the
{Ψ(s,ms)} states.

The diagonalisation of the SOMF Hamiltonian matrix yields the target SO-coupled
states, and the eigenvalues correspond thus to the energies of the SO-split states.

The XPS intensities are then obtained by applying the unitary transformation U
that diagonalises HSOMF:

γ̃2 = U†γLγRU (4.23)

In the corresponding article the IPs for a series of small organic molecules have
been calculated. Hereafter only the H2S results will be discussed. Figure 4.7 displays
the L-edge XPS spectra of H2S before (dashed red) and after (solid blue) applying
the relativistic correction, together with the experimental spectrum [142].
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Figure 4.7: L-edge XPS spectra of H2S.
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It is apparent from this picture how the zeroth-order spectrum, composed of a
single band, completely fails in reproducing the experimental one. In contrast, the SO-
corrected spectrum splits this band into two, with an intensity ratio 2:1, accurately
reproducing the two features of the experimental spectrum that correspond to the
orbitals 2p3/2 and 2p1/2, respectively.

This transformation corresponds to the transformation in the Dyson orbitals dis-
played in Figure 4.8, where the non-relativistic DOs, which essentially correspond to
the px, py and pz orbitals, are transformed into complex-valued orbitals (right).

α          β

SOC
3/2

1/2

Figure 4.8: Non-relativistic (left) and SO-corrected (right) Dyson orbitals of H2S.
Adapted from Manuscript III.

The XAS spectra are obtained in a similar two-step approach, where the zeroth-
order states are first obtained using the EOM-EE (EOM for excitation energies)
to compute singlet excited states, and EOM-SF (EOM spin-flip) to compute triplet
excited states (with spin projectionms = −1). Both are needed to calculate all the SO
matrix elements of the SO Hamiltonian matrix, which is then built and diagonalised,
as previously. In the same manner, the eigenvalues give the SO-corrected energies
and the eigenvectors give the unitary transformation that is subsequently applied to
the electric dipole matrices:

µ̃2
α = U†µ0→K

α µK→0
α U (4.24)

which give the oscillator strengths for the transitions between the ground state and
the target SO-coupled states K̃:

f(0 → K̃) = 2
3
ωK̃

∑
α=x,y,z

µ̃2
α (4.25)

where α denotes the Cartesian components x, y, and z.
In Figure 4.9, the spectrum of thiophene (C4H4S) is shown together with the

experimental spectrum digitised from [143].
This two-step approach provides thus an efficient way to include SO effects, al-

lowing thus the simulation of L-edge spectra.
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Figure 4.9: L-edge XAS of thiophene (C4H4S). Reproduced from Manuscript III.

4.5 RIXS/XES

“How to stay out of trouble in RIXS calculations within equation-of-motion coupled-
cluster damped response theory? Safe hitchhiking in the excitation manifold by means
of core–valence separation”
K. Nanda, M. L. Vidal, R. Faber, S. Coriani and A. Krylov
Phys. Chem. Chem. Phys., 2020, 22, 2629-2641
DOI: 10.1039/C9CP03688A

In this thesis, only XAS and XPS have been extensively studied, however the EOM-
CC method allows the study of many other spectroscopic techniques; among them,
x-ray emission spectroscopy (XES) and resonant inelastic x-ray scattering (RIXS).
XES can be seen as the opposite of XAS, as it exploits the process of relaxation of a
valence electron to fill a hole in a core orbital, whereas RIXS can be thought of as the
combination of XAS and XES. In more detail, RIXS is a two-photon spectroscopy,
where a first photon excites a core electron and a second photon is emitted upon
relaxation of a valence electron to fill the hole left in the core. The measure of
the energy and momentum change between the incident and the emitted photons,
thus, provides information on the electronic structure of the material under study.
Figure 4.10 illustrates XAS, XES and RIXS.

https://doi.org/10.1039/C9CP03688A
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Figure 4.10: Schematic representation of XAS, XES and RIXS.

The work above (not included in the thesis) extends the fc-CVS-EOM-CCSD
method to the study of XES and RIXS. In it, the XES signal is obtained exploiting
transitions between two ions, in contrast to earlier implementations of this technique
within EOM-CCSD [97]. The implementation of RIXS and XES within fc-CVS-EOM-
CCSD follows instead the approach proposed in [104].



CHAPTER5
Applications

“The most obvious characteristic of science is its application: the fact
that, as a consequence of science, one has a power to do things.”

The Meaning of It All: Thoughts of a Citizen Scientist

Richard P. Feynman

This chapter focuses on the works where the fc-CVS-EOM-CC method has been
employed, other than the development articles presented in the previous chapter,
and it is thus devoted to illustrate in more detail the capabilities of the method.
Section 5.1 shows the capacity of XAS to study the electronic structure of molecular
systems. The remaining sections briefly mention further applications of the method
not explicitly included in the thesis; in particular, the application of TR-NEXAFS to
follow nuclear dynamics (Section 5.2) and the use of RIXS to give insights into the
hydroxyl radical (Section 5.3).

5.1 XAS

This section discusses the simulation of XAS to study the neutral and the cationic
benzene in detail and, subsequently, other open-shell systems more shallowly.

5.1.1 Benzene

This section covers Manuscript IV, reprinted in Section 8.4. This work uses the fc-
CVS-EOMEE-CCSD method to shed light on the neutral benzene molecule (Bz) and,
more in depth, its cation (Bz+). This is achieved by studying the K-edge XAS spectra
of Bz and Bz+, comparing experiment and theory.

The first goal of the study was to see if this technique can be used to study
the Jahn-Teller (JT) distortion [144],1 that benzene undergoes after ionisation. To
study this phenomenon, the first step is to understand the electronic structure of
neutral benzene. Figure 5.1 displays the MO diagram of benzene with the orbital

1The Jahn-Teller effect corresponds to a geometrical distortion caused by a breaking in the
degeneracy of electronic states.
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shapes and their corresponding symmetry according to D2h group (the largest Abelian
subgroup of D6h),2 where one can see that there are actually two highest occupied
molecular orbitals (HOMOs) with character b2g and b3g. Therefore, the first ionisation
of benzene can lead to a B2g or a B3g state depending on which of the two orbitals is
ionised. The MOs will then adapt to the new configuration and so will the geometry.
Thus, the first ionisation of benzene can lead to two different geometries: a compressed
(B2g) or an elongated (B3g) hexagon, as depicted in Figure 5.2, corresponding hence
to a JT effect.

1ag

1b3u 1b2u

2ag 1b1g

2b3u

3ag

3b3u 2b2u

4ag 2b1g

5ag

4b3u

3b2u

5b3u 4b2u

1b1u

6ag

1b2g 1b3g

3b1g

Figure 5.1: Molecular orbital diagram of benzene. Adapted from Manuscript IV.

2The symmetry labels follow Q-Chem’s notation, which corresponds to non-Mulliken symmetry
convention. See http://iopenshell.usc.edu/howto/symmetry/ for details.

http://iopenshell.usc.edu/howto/symmetry/
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Figure 5.2: Optimised structures of neutral benzene (center) and of the ionised
states 2B3g (left) and 2B2g (right). Distances are given in Å and angles in degrees.
Adapted from Manuscript IV.

The theoretical and experimental XAS spectra of neutral benzene are shown in
Figure 5.3 and are in very good agreement. The detailed NTO analysis can be found in
the corresponding article. It assigns the first and most intense peak to two degenerate
core → π∗ transitions, as the two lowest unoccupied molecular orbitals (LUMOs) π∗

mimic the degeneracy of the two HOMOs. The bands higher in energy correspond to
Rydberg-type excitations.
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Figure 5.3: XAS spectrua of neutral benzene (top panel: theory, bottom panel:
experiment). The inset shows the molecular orbital diagram illustrating the nature
of the transitions. Reproduced from Manuscript IV.

Figure 5.4 shows the theoretical and experimental spectra of the cation; the latter
at different time delays. These spectra are in relative good agreement to each other,
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but significantly differ from the neutral ones. First, there is a new peak (E) which
corresponds to the transition from the core to the now single occupied molecular
orbital (SOMO) π, which makes thus the cation easy to identify. Second, the peak
corresponding to the earlier degenerate transitions is now split giving two visible
bands (F and G) in the spectra. One could at first glance think that this splitting is
due to the JT effect; nevertheless, an in-depth analysis of the underlying electronic
structure shows otherwise. Indeed, the structural difference would amount for at
most only 0.2 eV, which rules out the hypothesis of the two peaks arising from two
different geometries. Moreover, the energy difference due to structural changes is due
to the loss of degeneracy of the two π∗ virtual orbitals, which takes place in both
structures, making thus the two geometries indistinguishable by x-rays. Instead, this
splitting is the result of spin-spin coupling between the three unpaired electrons upon
excitation from the core. The increased amount of peaks is also due to new allowed
transitions due to a distorted symmetry. The detailed NTO analysis can be found
in the supporting information (SI) of the corresponding manuscript (not included in
the thesis).
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Figure 5.4: XAS of benzene cation (top panel: theory, bottom panel: experiment).
Reproduced from Manuscript IV.

Experimental details

“Table-top x-ray spectroscopy of benzene radical cation”
M. Epshtein, V. Scutelnic, Z. Yang, T. Xue, M. L. Vidal, A. I. Krylov, S. Coriani,
and S. R. Leone
J. Phys. Chem. A (accepted)
DOI: 10.1021/acs.jpca.0c08736

https://doi.org/10.1021/acs.jpca.0c08736
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The details of the study presented above from an experimental point of view can
be found in this companion article.

5.1.2 Open-Shell Systems

“EOM-CC study of the x-ray absorption spectra of open-shell molecules”
T. Moitra, M. L. Vidal, P. Decleva, M. Kállay, A. I. Krylov and S. Coriani
(in preparation)

After the successful benzene case, this work investigates the applicability of the
fc-CVS-EOM-CC to more general open-shell systems. The study is still ongoing at
the time of writing this thesis, showing some mixed preliminary results.

5.2 TR-NEXAFS

“Time-resolved near-edge x-ray absorption fine structure of pyrazine from electronic
structure and nuclear wave packet dynamics simulations”
S. Tsuru, M. L. Vidal, M. Pápai, A. I. Krylov, K. B. Møller and S. Coriani
J. Chem. Phys., 2019, 151, 124114
DOI: 10.1063/1.5115154

As anticipated, the fc-CVS-EOM-CC method can be used to follow the nuclear
dynamics that a system undergoes after excitation. This section briefly presents the
work in this direction by means of TR-NEXAFS.

This study combines the multi-configuration time-dependent Hartree (MCTDH) [145]
method to study the wave packet propagation and the fc-CVS-EOM-CCSD approach
to analyse the electronic structure. It shows how, from the analysis of the elec-
tronic structure, one can extract information on the nuclear dynamics following the
excitation to the first bright state of pyrazine, demonstrating thus the potential of
TR-NEXAFS to study photo-chemical processes.

5.3 RIXS

“Resonant inelastic x-ray scattering reveals hidden local transitions of the aqueous
OH radical”
L. Kjellsson, K. D. Nanda, J.-E. Rubensson, G. Doumy, S. H. Southworth, P. J. Ho,
A. M. March, A. Al Haddad, Y. Kumagai, M.-F. Tu, R. Schaller, T. Debnath, M. S.
Bin Mohd Yusof, C.Arnold, W. F. Schlotter, S. Moeller, G. Coslovich, J. D. Koralek,
M. P. Minitti, M. L. Vidal, M. Simon, R. Santra, Z.-H. Loh, S. Coriani, A. I. Krylov
and L. Young
Phys. Rev. Lett., 2020, 124, 236001
DOI: 10.1103/PhysRevLett.124.236001

https://doi.org/10.1063/1.5115154
https://doi.org/10.1103/PhysRevLett.124.236001
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In this study, the implementation of RIXS within fc-CVS-EOM-CCSD is used for
interpreting an experiment carried out at an XFEL installation.

In the reported experiment, femtosecond x-rays are used to probe the short-lived
hydroxyl radical in water, which assignment was achieved by employing fc-CVS-EOM-
CCSD calculations. This joint experimental and theoretical study testifies thus to the
ability of RIXS to track ultrafast reactions in complex environments, but also to how
cutting-edge experiment and theory complement each other.



CHAPTER6
Benchmarks

“It is a capital mistake to theorise before one has data. Insensibly one
begins to twist facts to suit theories, instead of theories to suit facts.”

The Adventures of Scherlock Holmes

Sir Arthur Conan Doyle

This chapter succinctly presents some benchmark studies where fc-CVS-EOM-
CCSD has been used. These range from studies on the choice of the basis set (Sec-
tion 6.1) or the TR-NEXAFS approach (Section 6.2) to a benchmark of different
methods to study XAS (Section 6.3).

6.1 Basis Set Selection

“On the basis set selection for calculations of core-level states: different strategies to
balance cost and accuracy”
R. Sarangi, M. L. Vidal, S. Coriani and A. I. Krylov
Mol. Phys., 2020, 0, e1769872
DOI: 10.1080/00268976.2020.1769872

In general, the study of core-level states require of larger basis sets than the study
at the valence-level. This had been usually tackled by supplementing, in particular,
the core with contracted functions. However, inspired by [146], this study investigates
the performance of a different strategy: uncontracting the GTOs in the core region.

This study evaluates the results obtained by different basis sets when computing
core ionisation. It confirms that, in general, core-level states have higher basis sets
requirements than their valence analogous. Nevertheless, it shows that using fully
or even only core uncontracted bases is a much more efficient technique to converge
to the basis set limit. The basis sets investigated comprise a set of uncontracted
Pople’s bases, which are compared to Dunning’s bases. Furthermore, other cost-
saving schemes are examined, such as the use of single precision [147], the frozen
natural orbitals (FNO) approach [148, 149] or simply using mixed basis sets.

https://doi.org/10.1080/00268976.2020.1769872
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6.2 TR-NEXAFS Strategies

“An assessment of different electronic structure approaches for modeling time-resolved
x-ray absorption spectroscopy”
S. Tsuru, M. L. Vidal, M. Pápai, A. I. Krylov, K. B. Møller and S. Coriani
(in preparation)

This study investigates the performance of different methods to simulate TR-
NEXAFS. It compares two different approaches to calculate these TR spectra using
fc-CVS-EOM-CC, namely regular and maximum overlap method (MOM) [150]. The
former refers to the one described earlier in the thesis through transitions between
excited states, whereas the latter enforces the CC wave function to converge to the
desired excited state to be studied, to which EOM-CC is to be subsequently applied.
Moreover, both CC-based approaches are compared to other electronic structure
methods such as the algebraic diagrammatic construction (ADC) [151–153] and time-
dependent density functional theory (TDDFT) [154]. Among the different schemes,
the MOM version of fc-CVS-EOM-CC seems to yield the most accurate results. How-
ever, MOM-TDDFT yielding reasonable results, stands also as an attractive not so
computationally demanding alternative.

6.3 XAS Methods

“XABOOM: An x-ray absorption benchmark of organic molecules based on carbon,
nitrogen, and oxygen 1s → π∗ transitions”
T. Fransson, I. E. Brumboiu, M. L. Vidal, P. Norman, S. Coriani and A. Dreuw
DOI: 10.26434/chemrxiv.13090124.v1 (submitted)

In this work, the fc-CVS-EOM-CCSD method, together with CVS-ADC(2)-x, is
used to assess the performance of other ADC and CC based methods as well as DFT
approaches for the study of XAS.

In greater detail, the benchmark study compares the results of CC2, ADC(2),
ADC(3/2) and the density-based methods TD-DFT and transition potential (TP)
DFT [155] using a plethora of exchange-correlation functionals, to the aforemen-
tioned fc-CVS-EOM-CCSD and CVS-ADC(2)-x methods. Focusing on their preci-
sion, rather than their accuracy, to reproduce the 1s → π∗ transitions of a set of
small to medium-size organic molecules, this works provides an assessment of the
currently available single-reference methods to study XAS.

https://doi.org/10.26434/chemrxiv.13090124.v1


CHAPTER7
Conclusions

“If we knew what it was we were doing, it would not be called research,
would it?”

Albert Einstein

This thesis has presented the theory, the implementation and several applications
of the frozen-core core-valence separation equation-of-motion coupled-cluster method.
By combining different approximations, this method enables the calculation of core-
level states trying to find an optimal compromise between accuracy and efficiency.
In this line, this method attempts to provide coupled-cluster level accuracy at an
affordable computational cost.

It allows the simulation of a series of x-ray based spectroscopic techniques, such as
NEXAFS, XPS, XES and RIXS. All these techniques exploit the localised nature of
core orbitals and their element-specificity to probe their local chemical environment.
Nevertheless, each of them provides different types of insights into the electronic
structure of materials, thus, complementing each other.

These methods have subsequently been applied to a range of atoms and molecules,
showing a great potential to explore chemical systems.

In particular, NEXAFS and XPS have been extensively studied in this thesis.
X-ray absorption spectroscopy exploits the excitation from core electrons to non-
occupied valence orbitals, whereas x-ray photoelectron spectroscopy, measures the
binding energy of the core electrons. Both approaches have been applied to several
atoms and small organic molecules, as well as nucleobases. In more detail, XAS has
been used to disentangle different phenomena in the benzene cation. This methodol-
ogy is now available to shed light on both closed and open-shell systems.

Particularly interesting are the time-resolved counterparts of these methods as, by
studying the electronic structure, they allow to study also the nuclear one. Indeed,
by tracking the electronic structure after excitation one can follow the relaxation
path of the system, giving thus a potentially very powerful tool to monitor photo-
chemical processes. Both TR-NEXAFS and TR-XPS have been used to showcase
that it should be possible to probe the population and excited state dynamics of
uracil’s first excited states. Further studies of the applications and the methodology
to perform TR-NEXAFS calculations have been briefly discussed.

An implementation including spin-orbit coupling has also been reported, which
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allows the extension of these techniques to shells other than the K-edge. This im-
plementation has been shown to give a good description of spin-orbit interaction at
an affordable computational cost. However, it has only been tested on the L-edge
of small organic molecules, it would thus be interesting to further investigate its ap-
plicability to other systems, such as metal complexes, or to other edges, such as the
M-edge.

Furthermore, this method allows the simulation of other x-ray based techniques,
such as XES and RIXS. For instance, the latter has been used to shed light on
experiments carried out using femtosecond x-rays produced at an x-ray free-electron
laser facility.

Finally, some method-related benchmarks have been shortly presented, comment-
ing on the choice of basis set for core-level states, the best strategy to simulate
TR-NEXAFS, as well as the accuracy of different methods to simulate XAS.

Therefore, this thesis has demonstrated that the fc-CVS-EOM-CCSD method
allows the description of several x-ray based techniques and sets the grounds to extend
it to many others. Thus, this opens the door to the description of new chemical
systems and new scientific phenomena hitherto unknown or poorly understood.



CHAPTER8
Manuscripts

8.1 Manuscript I

Reprinted with permission from:
“New and efficient equation-of-motion coupled-cluster framework for core-excited and
core-ionized states.”
M. L. Vidal, X. Feng, E. Epifanovsky, A. I. Krylov and S. Coriani
J. Chem. Theory Comput., 2019, 15, 3117–3133
https://doi.org/10.1021/acs.jctc.9b00039
Copyright © 2019 American Chemical Society

https://doi.org/10.1021/acs.jctc.9b00039
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Abstract

We present a fully analytical implementation of the core-valence separation (CVS)

scheme for the equation-of-motion (EOM) coupled-cluster singles and doubles (CCSD)

method for calculations of core-level states. Inspired by the CVS idea as originally

formulated by Cederbaum, Domcke and Schirmer, pure valence excitations are ex-

cluded from the EOM target space and the frozen-core approximation is imposed on

the reference-state amplitudes and multipliers. This yields an efficient, robust, prac-

tical, and numerically balanced EOM-CCSD framework for calculations of excitation
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and ionization energies as well as state and transition properties (e.g., spectral intensi-

ties, natural transition and Dyson orbitals) from both the ground state and an excited

state. The errors in absolute excitation/ionization energies relative to the experimen-

tal reference data are of the order of 0.2–3.0 eV, depending on the K-edge considered

and on the basis set used, and the shifts are systematic for each edge. Compared to

a previously proposed CVS scheme where CVS was applied as a posteriori projection

only during the solution of the EOM eigenvalue equations, the new scheme is computa-

tionally cheaper. It also achieves better cancellation of errors, yielding similar spectral

profiles but with absolute core excitation and ionization energies that are systemati-

cally closer to the corresponding experimental data. Among the presented results are

calculations of transient-state X-ray absorption spectra, relevant for the interpretation

of UV-pump/X-ray probe experiments.

1 Introduction

By providing tunable high-energy radiation, advanced light sources, such as X-ray free elec-

tron laser (X-FEL) and synchrotron installations, enable a variety of X-ray based spectro-

scopies.1–3 Recent advances in beam quality greatly expanded possible applications of X-rays,

giving rise to a proliferation of techniques, including those operating in time-resolved and

non-linear regimes.1–5 Fundamentally, these spectroscopies exploit electronic transitions in-

volving core orbitals. Since core-level binding energies are characteristic of a species, X-ray

absorption and X-ray photo-electron spectroscopies (XAS and XPS, respectively) are power-

ful techniques for probing electronic structure of atoms and molecules.6 The localized nature

of core orbitals makes X-ray-based spectroscopies sensitive to local environment. However,

just as in the case of VUV-based techniques,7 theoretical modeling is required to unam-

biguously assign spectral features and to relate experimental measurements to molecular

structures. The experimental advances over the past decade have been driving the interest

in developing highly accurate theoretical methods for X-ray spectroscopy and, in particular,
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for time-resolved XAS, which is proving to be a powerful mean to investigate molecular

dynamics.5,8–10

Owing to its low computational cost relative to ab initio methods, time-dependent (TD)

density functional theory (DFT) has been among the most commonly used techniques for

modeling absorption spectra, including X-ray absorption.11 However, TDDFT often fails to

deliver an accurate description of spectroscopic properties. TDDFT core excitations com-

puted with conventional exchange–correlation functionals, for instance, are grossly underes-

timated with MAE of the order of 20 eV,11 and time-independent DFT-based procedures

like ∆KS, transition-potential DFT (TP-DFT)12,13 and orthogonality constrained DFT (OC-

DFT)14,15 are found to perform better than TDDFT for X-ray absorption.

Thus, there is an evident need for reliable wave-function-based methods for calculations

of XAS spectra of both ground and excited states. Although more expensive, these methods

can be systematically improved, thereby yielding to results of controlled accuracy.16 The

focus of this contribution is on extending coupled-cluster (CC) approaches,17–24 which are

among the most successful ab initio methods for molecular properties and electronic spectra

in the UV-Vis region, to absorption and ionization phenomena in the X-ray domain.8,25–28

Although ionization or excitations of core electrons superficially appear to be similar to

valence transitions, the numerical experiments have shown that direct application of standard

approaches to core-level transitions leads to unsatisfactory results,5 due to the following

essential features of core-ionized and core-excited states. First, these states have open-shell

character.29 Second, the core-level states lie very high in energy (hundreds of electron volts,

depending on the edge). Third, orbital relaxation effects are much more important for core

states than for valence states because the outer orbitals are more delocalized and better

shielded from the nuclear charge than the tight and localized core orbitals. Fourth, these

transitions appear to be much more sensitive to the effect of the environment.30,31 Fifth,

these high-lying states are metastable with respect to electron ejection,32,33 i.e., they are

Feshbach resonances that can autoionize via two-electron transitions in which one valence
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electron fills the core hole and a second valence electron is ejected. Thus, they are embedded

in the ionization continuum and their description within Hermitian quantum mechanics is

problematic.

Multistate methods, such as equation-of-motion Coupled Cluster (EOM-CC),17,18,20,22–24,34

can effectively describe multiconfigurational wavefunctions, tackle open-shell character and

orbital relaxation effects in one computational scheme. The effect of the environment can

be included by using a variety of implicit or explicit solvent models. However, dealing with

high-energy interior states, especially with those embedded in autodetaching continuum, is

more problematic. Although the Davidson procedure can be modified to solve for the eigen-

states dominated by the desired transition (MOM-like35) or lying within the desired energy

range,26,36 the convergence and numerical stability are strongly affected by the presence of

the continuum. An attempt to compute such states often produces pseudo-continuum states

in which one electron occupies the most diffuse orbital.37 Because in Hermitian quantum

mechanics, the resonances are not represented by a single state, but rather by an increased

density of states in the continuum,38 it is not possible to obtain converged results by sys-

tematically improving the basis set — resonances simply dissolve in the continuum. In mod-

erate bases, resonances appear as isolated states, but their representation in a discretized

continuum is inherently prone to numeric instabilities. Although the EOM-CC methods

can describe resonances by using complex-scaled and CAP-augmented approaches,33 such

calculations are much more expensive than regular bound-state calculations. Here we focus

on alternative, less expensive approximate methods for modeling spectroscopic properties of

the core-level states.

Our strategy for tackling issues due to the continuum nature of the core levels is based on

employing the core-valence separation (CVS) approximation proposed by Cederbaum et al.

in 1980.39 In essence, within the CVS scheme the continuum is projected out, such that

core-level states become artificially stabilized (bound). By decoupling the core excitations

from the rest of the configurational space, the CVS allows one to extend standard methods
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for excited and ionized states to the core-level states.28,40–42 This separation of full space

into the bound part and the continuum is reminiscent of the Feshbach-Fano treatment of

resonances.43,44 Effectively, CVS results in a decoupling of the highly excited core states from

the continuum of valence excitations; it also leads to a significant reduction of the computa-

tional costs. The core states can also be decoupled from the continuum by excluding double

excitations from the configurational space and treating them perturbatively.30 Although nu-

merically stable, this approach suffers from insufficient description of orbital relaxation.30

Because the CVS scheme admits selected double excitations that are crucial for describing

orbital relaxation, the CVS-EOM/(or, similarly, the CVS variant of linear response CCSD,

LR-CCSD)28 ansatz retains sufficient flexibility, resulting in accuracy comparable to that

of regular EOM-CCSD/LR-CCSD,25,27,45 for those (small) cases where full EOM-CCSD or

LR-CCSD calculations are feasible.28

The analogy with the Feshbach-Fano formalism43,44 makes it clear that the CVS ansätze

are not approximations to the full parent ansätze — rather, they should be thought of

as the diabatized versions of the full methods. For example, CVS-EOM-CCSD is not an

approximation to EOM-CCSD, but a diabatized version of it in which the continuum part

of the spectra is projected out. Consequently, hierarchical inclusion of higher excitations

would ultimately converge to CVS-FCI (full configuration interaction), which is a diabatized

representation of the FCI solution. One can recover exact position of the core states (and

also their lifetimes) by solving non-Hermitian effective Hamiltonian43 obtained using Löwdin

projection formalism,46 but this is beyond the standard CVS scheme, which has been shown

to yield sufficiently reliable estimates of energies of core-level states within this diabatic

picture. Just as in the practical implementations of the Feshbach-Fano approach,47 one

needs to define projectors separating the bound part of the spectra from the continuum.

This step involves certain arbitrariness: it disappears in the exact limit,43,46 but the results

for the diabatized states depend on the choice of the projector. As explained below, the

present version of CVS-EOM-CCSD employs a slightly different projector than the original
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one.28

An implementation of the CVS within EOM-CC and LR-CC theories has been reported

by Coriani and Koch.28 In their work, the CVS was deployed as an a posteriori projection

applied at each iteration of the solution of the EOM/LR-CC equations to eliminate excita-

tions that do not involve at least one core electron, whereas the ground state amplitudes and

Lagrangian multipliers retained all possible types of excitations. Here, a different strategy

is presented: the zero-order wave-function parameters are computed within the frozen-core

(fc) approximation and the subsequent EOM/LR-CC equations are solved imposing the

core-valence separation analytically. The respective state and transition properties such

as oscillator strengths, natural transition orbitals (NTOs), Dyson orbitals, exciton descrip-

tors, and so on are obtained from the appropriate densities between different target-state

manifolds. Specifically, transition properties can be computed between the ground state

and a core-excited state, as well as between a valence-excited and a core-excited state. This

yields an efficient scheme for simulating, e.g., near-edge absorption fine structure (NEXAFS)

spectra of both ground and excited states. The latter is required to simulate UV-pump/X-

ray-probe experiments and to obtain core-ionization potentials and Dyson orbitals for XPS

spectra of medium-size molecules. We report illustrative results for NEXAFS and core IEs

of all K-edges in neon, water, ammonia, ethylene, vinylfluoride, ozone, adenine, as well as

the transient (time-resolved) NEXAFS spectrum of uracil.

2 Theory

2.1 EOM-CCSD

In the EOM-CC approach, the target-state wave functions are parameterized using the fol-

lowing ansatz:18,20,22,48

〈ΨL| = 〈Φ0|Le−T ; |ΨR〉 = eTR|Φ0〉 (1)
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where |Φ0〉 is a reference Slater determinant and T, R and L† are excitation operators.

The excitation operator T is the cluster operator:49

T =
∑
µ

tµτµ = T1 + T2 + · · ·+ TN

T1 =
∑
ia

tai a
†
aai, T2 =

1

4

∑
ijab

tabij a
†
aaia

†
baj, . . .

(2)

with τµ being the excitation operator and tµ the corresponding cluster amplitudes determined

by the CC equations for the reference state:

〈Φµ|H̄ − ECC|Φ0〉 = 0 ; ECC = 〈Φ0|H̄|Φ0〉 (3)

where 〈Φµ|’s represent µ-tuple excited determinants and H̄ is the similarity transformed

Hamiltonian:

H̄ = e−THeT . (4)

The operator R is a general excitation operator:

R = R0 +R1 + · · ·+Rn ≡
∑
µ

rµτµ (5)

and L is a de-excitation operator:

L = L0 + L1 + · · ·+ Ln ≡
∑
µ

lµτ
†
µ (6)

The choice of the reference state and the exact form of R and L depend on the EOM method

to be used.20,22 Furthermore, in practical calculations the excitation and de-excitation oper-

ators must be truncated to some tractable level of excitation. In this work, we focus on the

EOM-CCSD family of methods in which the cluster operator T is truncated after single (S)

and double (D) excitations, and so are the excitation R and de-excitation L operators.
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One of the most obvious applications of EOM theory is the calculation of electronically

excited states.18,48 In this approach, referred to as EOM-EE (EOM for excitation energies),

the optimal reference state is usually the closed-shell ground-state Hartree-Fock determinant

and the R and L operators conserve the number of electrons and their spin, taking the

following forms:

REE = r0 +
∑
ia

rai a
†
aai +

1

4

∑
ijab

rabij a
†
aaia

†
baj + . . . (7)

LEE =
∑
ia

lai a
†
iaa +

1

4

∑
ijab

labij a
†
iaaa

†
jab + . . . (8)

Another common use of EOM is calculations of ionization energies by the EOM-IP (EOM for

ionization potentials) method.50–52 In this case, the excitation operator changes the number

of electrons in the system, assuming the following form:

RIP =
∑
i

riai +
1

4

∑
ija

raija
†
aajai + . . . (9)

The EOM amplitudes rµ and lµ are found as stationary points of the EOM functional:

E =
〈ΨL|H|ΨR〉
〈ΨL|ΨR〉

(10)

By applying the bi-variational principle,53,54 one arrives to the non-symmetric eigenvalue

problem:

〈Φµ|H̄ − E|RΦ0〉 = 0 ; 〈Φ0L|H̄ − E|Φµ〉 = 0, (11)

where the eigenvectors of the Hamiltonian form a biorthogonal set:18

〈Φ0Li|RjΦ0〉 = δij (12)

Thus, the implementation of EOM-CCSD method boils down to the diagonalization of

the effective Hamiltonian H̄ in the basis of the reference and singly and doubly excited
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determinants, which can be written in matrix form as:

H̄ =


ECC H̄OS H̄OD

0 H̄SS H̄SD

0 H̄DS H̄DD

 (13)

giving rise to the EOM-CCSD right and left eigenvalue equations:

H̄SS − ECC H̄SD

H̄DS H̄DD − ECC


R1

R2

 = ω

R1

R2

 (14)

(
L1 L2

)H̄SS − ECC H̄SD

H̄DS H̄DD − ECC

 = ω

(
L1 L2

)
(15)

where ω is the energy difference with respect to the reference state.

In practice, Eqs. (14) and (15) are solved iteratively using a generalized Davidson’s

iterative diagonalization procedure55–57 which requires the computation of the right σ and

left σ̃ trial vectors:

σ1 = ([H̄SS − ECC ]R1)1 + (H̄SDR2)1 (16)

σ2 = (H̄DSR1)2 + ([H̄DD − ECC ]R2)2 (17)

σ̃1 = (L1[H̄SS − ECC ])1 + (L2H̄DS)1 (18)

σ̃2 = (L1H̄SD)2 + ([L2H̄DD − ECC ])2 (19)

In EOM-CC, molecular properties are often calculated as expectation values,18,54 using un-

relaxed one-particle density matrices like

γpq = 〈ΨL|a†paq|ΨR〉 . (20)
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In the present study, we focus on transition properties involving core states, specifically,

the oscillator strengths f between the ground state and the core-excited states, and between

valence-excited and core-excited states. These can be formulated via contractions of property

integral matrices and transition density matrices between state i and j, for instance,

f(i→ j) =
2

3
(ωj − ωi)

∑
α=x,y,z

µi→jα µj→iα (21)

where

µi→jα =
∑
pq

µαpqγ
i→j
pq ; µj→iα =

∑
rs

µαrsγ
j→i
rs (22)

Above, µα refers to a specific Cartesian component of the electric dipole operator and the

state i can be either the ground state or an excited state.

The transition density matrices γi→jpq and γj→ipq are generalizations of Eq. (20), and their

specific form in the fc-CVS-EOM-CCSD framework is discussed in the next sections. We

here used the unrelaxed EOM transition densities, which differ from the density matrices

derived within the LR-CC formalism in that they do not contain terms originating from

the amplitudes’ response to the external perturbation. In the framework of EOM-CC, the

amplitude-response terms can also be included by using, for example, a Lagrangian approach,

giving rise to the relaxed state and transition density matrices, which are identical to those in

the LR-CC formalism.17,50,58–61 Furthermore, orbital relaxation to the external perturbation

is also omitted, as typically done within coupled-cluster response theory.19

Transition density matrices describe the changes in electron density upon excitation and

can be interpreted as exciton wavefunction62–65 when expressed in coordinate space:

χ(re, rh) =
∑
pq

γpqφp(re)φq(rh), (23)

where re and rh denote particle (electron) and hole coordinates, respectively (using re =

rp = r, χ is reduced to the transition density). Properties of the exciton can be quantified
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by various expectation values, i.e., exciton size, hole-particle separation and correlation, and

so on. These exciton descriptors help to assign state characters.64–66 Applying a singular

value decomposition (SVD) to the transition matrices yields the NTOs,64–69 which can be

used to describe the electronic excitations in terms of hole-particle excitons:

χ(re, rh) =
∑
K

σK φ̃
e
K(re)φ̃

h
K(rh), (24)

where φ̃eK and φ̃hK are particle and hole orbitals obtained by SVD of γ and σK are the

corresponding singular values. Usually, only a few σK are non-zero, giving rise to simple

interpretation of excited-state characters in terms of one-electron excitations. Note that the

sum of σ2
K is equal to the squared norm of γ, which provides a simple metric quantifying the

one-electron character of the transition, i.e., for pure single excitations, ||γ||=1.

2.2 The fc-CVS-EOM-CCSD method

The essence of CVS is the separation between the bound and continuum parts of the spec-

trum, which allows one to compute the bound part of core-level states. The separation

depends on the choice of a projector, which is not uniquely defined. This arbitrariness is

akin to the inherent arbitrariness of diabatic representation of the electronic Hamiltonian:

the diabatic states are not uniquely defined, but if the full problem is solved exactly, then the

final answer does not depend on a specific choice of diabatic basis. Different flavors of CVS

can be defined by different choices of the projectors, and one way to assess the relative merit

of a particular choice is by judging the numeric performance of the resulting methods with

respect to a chosen reference, either theoretical or experimental. In discussing diabatization

schemes, for instance, the magnitude of the coupling elements is often used as a guideline, so

better choices of diabatic states yield smaller couplings. The discussion about various CVS

schemes has been commonly framed in the literature in terms of the analysis of the matrix

elements of the Hamiltonian that couple core-level and valence states and/or core orbitals

11

82 8 Manuscripts



and valence orbitals. In the discussion below, we follow the second line of reasoning and

analyze the difference between different CVS schemes in terms of the Coulomb integrals that

are set to zero.

Different variants of separation between core and valence excitations have been realized

for a variety of approximate wavefunction methods as well as for TDDFT, and we refer the

interested reader to Ref. 5 for a recent overview. As mentioned in the Introduction, within

the CVS-CC framework of Ref. 28, an effective core-valence separation was introduced (as a

projection) in the solution of the CC eigenvalue equations since, physically, the core-excited

states are energetically far away from the valence excited states.

Already in 1980, Cederbaum et al. 39 suggested that, since core orbitals are strongly local-

ized in space and energetically are well separated from the valence orbitals, one can decouple

core and valence orbitals by zeroing out the respective blocks of the model Hamiltonian, such

that the solutions of the Schrödinger equation can be separated into the core and valence

domains. In 1985, Barth and Schirmer 40 implemented this idea within the second-order

algebraic diagrammatic construction method ADC(2)70,71 by observing that, in view of neg-

ligible coupling between core and valence orbitals, all the following two-electron Coulomb

integrals are negligible

〈Ip|qr〉 = 〈pI|qr〉 = 〈pq|Ir〉 = 〈pq|rI〉 ≈ 0 (25)

〈IJ |pq〉 = 〈pq|IJ〉 ≈ 0

〈IJ |Kp〉 = 〈IJ |pK〉 = 〈Ip|JK〉 = 〈pI|JK〉 ≈ 0 ,

where small letters indicate general valence orbitals, and capital letters core orbitals. As

a consequence, one can omit the blocks of the ADC propagator matrix M involving these

integrals and therefore decouple pure valence excitations from excitations involving core elec-

trons. This idea was later extended to all other members of the ADC family of propagator

methods.41,71–73 Since MP2 is an underlying wave-function for the ADC propagator,71 omit-
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ting the integrals in Eq. (25) immediately corresponds to using the frozen-core approximation

for the MP2 ground state energy.

If the above criterion of negligible Coulomb integrals is applied within the CCSD ansatz

in the canonical basis,74 the resulting CCSD energy and the amplitude equations for the

“valence-only” amplitudes taiv and tabivjv are identical to those obtained within the frozen-core

approximation—that is, assuming that all ground-state amplitudes and multipliers where at

least one occupied index refers to a core orbital are zero.

Inspired by this observation, we here propose to use the frozen core approximation during

the determination of the ground-state amplitudes tµ and Lagrangian multipliers λµ while

constraining the excitation/ionization operators R and L to involve at least one core orbital,

which introduces restrictions on the left and right EOM equations, and on the respective

density matrices. We name the resulting approach as fc-CVS-EOM-CCSD method.

The programmable expressions for obtaining the right and left excitation vectors within

the fc-CVS-EOM-CCSD methods have been derived from Ref. 54 and for the density ma-

trices from Ref. 60 and can be found in the Supplementary Information.

As an illustrative example, we show below how the expression of the right linearly trans-

formed vector elements σai is modified for the fc-CVS case. The general expression for σai

is54

σai =
∑
b

Fabr
b
i −

∑
j

Fijr
a
j −

∑
jb

I1ibjar
b
j +
∑
jb

Fjbr
ab
ij −

1

2

∑
jkb

I6jkibr
ab
jk −

1

2

∑
jbc

I7jabcr
bc
ij (26)
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with

Fia = fia +
∑
jb

tbj〈ij||ab〉

Fij = fij +
∑
a

tai fja +
∑
ka

tak〈jk||ia〉+
∑
kab

tai t
b
k〈jk||ab〉+

1

2

∑
kbc

tacjk〈jk||bc〉

Fab = fab −
∑
i

tai fja −
∑
ic

tci〈ia||bc〉+
∑
ijc

tci t
a
j 〈ij||bc〉 −

1

2

∑
jkc

tacjk〈jk||bc〉 (27)

I1iajb = 〈ia||jb〉 −
∑
k

tbk〈jk||ia〉 −
∑
c

tci〈jb||ac〉+
∑
kc

tci t
b
k〈jk||ac〉 −

∑
kc

tbcik〈jk||ac〉

I6ijka = 〈ij||ka〉 −
∑
c

tck〈ij||ac〉

I7iabc = 〈ia||bc〉 −
∑
j

taj 〈ij||bc〉

It is convenient to further split the occupied orbitals (i, j, k, l, . . .) into the two sub-blocks:

occupied valence labeled with an additional v subindex, (iv, jv, kv, lv, . . .), and occupied core

orbitals denoted by a capital letter (I, J,K, L, . . .). Our fc-CVS scheme then entails: (i)

reducing the set of occupied orbitals to only the core ones in the excitation process and, (ii)

freezing the core orbitals in optimization of the ground state CC wavefunction parameters

(amplitudes and multipliers). Hence, by restricting the EOM excitations to core excitations

only, all terms involving only valence excitations disappear in the equations above. The

frozen-core approximation further simplifies the equations since the terms in Eqs. (27) in-

volving ground-state amplitudes vanish for the core orbitals, or, in other words, only ground

state amplitudes with valence occupied orbitals are retained in the fc-CVS case.

The fc-CVS expression for the linearly transformed trial vector in Eq. (26) thus reads as

follows:

σaI =
∑
b

Fabr
b
I −

∑
J

FIJr
a
J −

∑
Jb

I1IbJar
b
J +

∑
Jb

FJbr
ab
IJ +

∑
jvb

Fjvbr
ab
Ijv

−
∑
Jkvb

〈Jkv||Ib〉rabJkv −
1

2

∑
JKb

〈JK||Ib〉rabJK −
1

2

∑
Jbc

I7Jabcr
bc
IJ −

1

2

∑
jvbc

I7jvabcr
bc
Ijv

(28)
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with

FIa = fIa +
∑
jvb

tbjv〈Ijv||ab〉

FIJ = fIJ +
∑
kva

takv〈Jkv||Ia〉

Fiva = fiva +
∑
jvb

tbjv〈ivjv||ab〉 (29)

I1IaJb = 〈Ia||Jb〉 −
∑
kv

tbkv〈Jkv||Ia〉

I7Iabc = 〈Ia||bc〉 −
∑
jv

tajv〈Ijv||bc〉

We followed the same strategy to derive the expressions for other linearly transformed vector

blocks and for the (transition) density matrices; all programmable expressions are given in

the Supplementary Information.

We emphasize that we only used the integral screening as per Eq. (25) to justify the use

of the frozen-core approximation in the determination of the ground-state CC wavefunction

parameters and to write the effective Hamiltonian as given in Eq. (13). The linearly trans-

formed vectors used to determine the target state energies and the transition properties

are derived only invoking the frozen-core condition on the ground state parameters while

restricting the EOM excitations to core excitations (the latter referred to as the CVS con-

dition28). Therefore, some terms in the intermediates still contain such integrals. Although

small, these terms are found to further slightly improve the flexibility of our ansatz to ad-

dress, via correlation, the relaxation effects that follow core excitation. Strictly speaking,

the complete neglect of the integrals in Eq. 25 defines yet another variant of a CVS scheme,

which will not be discussed in the present study.

We conclude this section by discussing size-extensivity of our fc-CVS-EOM-CCSD model.

As explained, for instance, in Refs. 75 and 76, size-extensivity of the total energy and size-

intensivity of the excitation energies is guaranteed if the singles and doubles block of the first
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column of the matrix representation of the effective Hamiltonian H̄ are zero, as per Eq. (13).

The blocks in question contain the amplitude-constraint terms

Ωµ = 〈Φµ| exp(−T )H exp(T )|Φ0〉 , (30)

where, for CCSD, 〈Φµ| is either a single or a double-excitation determinant with respect to

the reference Slater determinant |Φ0〉, see Eq. (3).

Obviously, in fc-CVS-EOM-CCSD

Ωa
iv = 〈Φa

iv | exp(−T )H exp(T )|Φ0〉 = 0 (31)

Ωab
ivjv = 〈Φab

ivjv | exp(−T )H exp(T )|Φ0〉 = 0 (32)

since these terms are identical to the valence-only amplitude equations obtained by appli-

cation of the frozen-core approximation. As for the remaining terms, in which the occupied

indices are either a core I, a core J or both, let us consider, for instance, the elements Ωa
I .

In the frozen-core approximation, they become:

Ωa
I = 〈Φa

I | exp(−T )H exp(T )|Φ0〉

= faI −
∑
kv

fkvIt
a
kv +

∑
kvc

〈kva||cI〉tckv −
1

2

∑
kvlvc

〈kvlv||cI〉tcakvlv −
∑
kvlvc

〈kvlv||cI〉tckvt
a
lv

(33)

In the canonical basis, the respective Fock-matrix terms are zero. If one invokes the negli-

gible integrals conditions as per Eq. (25), these blocks would become exactly zero. Similar

arguments apply for the blocks Ωab
Ijv

and Ωab
IJ . We note in passing that one can alternatively

consider the Ωa
I , Ωab

Ijv
and Ωab

IJ blocks when only the negligible integral conditions are applied,

set them equal to zero and solve for the amplitudes taI , t
ab
IJ and tabIjv . It is then straightforward

to prove that the frozen-core conditions taI = 0, tabIJ = 0 and tabIjv = 0 are trivial solutions to

the equations Ωa
I = 0, Ωab

Ij = 0 and Ωab
IJ = 0.

However, since we defined our method by only invoking the frozen-core approximation
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during the optimization of the ground state, we ensure that the fc-CVS-EOM-CCSD ap-

proach remains size extensive (i.e., size-intensive for the core excitation energies) by setting

per construction the above-mentioned blocks of H̄ to zero. The negligible integrals condition

suggests in any case that they will be small and can therefore be neglected with some degree

of confidence.

Numerical evidence of size-intensivity is shown in Table S3 of the SI, where we report

core-excitation energies computed for a cluster of Ne and H2O separated by R=100 bohr,

as well as for each system alone. Exactly the same core-excitation energies are obtained in

both cases.

3 Computational details

We implemented the fc-CVS-EOM-CC method in the Q-Chem electronic structure pack-

age77,78 using the libtensor library.79 The geometries of H2O, NH3, CO, C2H4, C2H3F and

O3 were optimized at the fc-CCSD(T)/cc-pVQZ level using CFOUR.80 For 9H-adenine, we

considered both planar and non-planar structures taken from the literature. The non-planar

structure was optimized at the fc-RI-MP2/cc-pVTZ level,81 whereas the planar structure

was optimized at the B3LYP/cc-pVTZ level.82 In the TR-NEXAFS simulations of uracil,

we used different structures: an optimized MP2/cc-pVTZ ground-state structure, a ground-

state structure and an S1 minimum both optimized at the SF-BH&HLYP/6-31+G** level

from Ref. 83, and two stationary-point (i.e., zero-gradient) structures for the S1 and S2 ex-

cited states obtained at the EOM-CCSD/aug-cc-pVDZ level of theory. All structures were

planar or almost planar.

In the (TR-)NEXAFS calculations, we considered several different basis sets, and results

are here reported for Pople’s 6-311++G** (pure d functions) and Dunning’s aug-cc-pVTZ

and aug-cc-pCVTZ sets. In selected cases, the basis sets were further augmented with

uncontracted Rydberg-type functions whose exponents were computed according to the pre-

17

88 8 Manuscripts



scription of Kaufmann et al. 84 Using such system-specific Rydberg functions affords a more

compact description of Rydberg states than an alternative brute-force strategy of adding

additional diffuse sets with even-tempered exponents.85

To analyze the EOM states (i.e., the extent of Rydberg character), we considered, for a

few selected cases, the spatial extent of the respective wavefunctions as well as the size of

the particle NTO of a transition.69 Both approaches deliver similar information, however,

when using the former, one needs to consider the difference between the expectation value

of the second moment of charges 〈r2〉 of the target EOM state and the CCSD reference85

because the size of the electronic wave function depends on the system size.

Experimental data were taken from: Ref. 86 for adenine, Ref. 87 for Neon, Ref. 88 for

H2O and NH3, Ref. 89 and 90 for CO, Ref. 91 for C2H4 and C2H3F and Ref. 92 for O3. The

experimental NEXAFS spectrum of uracil is from Ref. 93. All experimental spectra were

digitized from the original references using WebPlotDigitizer.94 The spectra were generated

using a Python script and NTOs were visualized using MOLDEN.95 The CVS-LR-CCSD

results we compare with were obtained using a development version of Dalton.96

4 Results and discussion

4.1 Near-Edge Absorption Spectroscopy and core ionization en-

ergies

To test the performance of our method, we first considered the neon atom. Table S4 reports

the computed excitation energies, oscillator strengths and IEs with three different basis sets,

all supplemented with Rydberg-type functions (with n=2.5–4.5); the corresponding spectra

are shown in Fig. 1. As the atomic NEXAFS spectra are due to transitions from the 1s

orbital to Rydberg states,6 the inclusion of Rydberg-type functions (or, alternative, a large

set of diffuse functions) is mandatory in order to reproduce the Rydberg progression of peaks

in the experimental spectrum.27 The extent of Rydberg character in Neon is quantified in
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Table S5. Table S4 and Fig. 1 also show the results obtained with the CVS-LR-CCSD

method in the largest of the three selected basis sets.

The NEXAFS spectra have been shifted, along with the IEs, to align with the first peak

of the experimental NEXAFS spectrum (estimated to be at 867.10 eV). After the shift, the

computed peaks match the experimental ones almost perfectly. Of the three sets, Dunning’s

aug-cc-pCVTZ (+Rydberg) yields the smallest absolute shift from experiment (+0.19 eV),

followed by −0.43 eV of the aug-cc-pVTZ (+Rydberg) set, versus −0.84 eV of Pople’s 6-

311+G**(+Rydberg). The spectral profiles in the two Dunning sets overlap completely after

the alignment.

With respect to previously reported CCSD results,27 obtained in the aug-cc-pCVTZ

basis supplemented with Rydberg functions using the Lanczos algorithm with all electrons

correlated (i.e., no CVS), the absolute shift from experiment in the fc-CVS-EOM-CCSD

method is lower and has an opposite sign (+0.19 eV versus −1.1 eV). The shift is also

smaller than the one obtained using the CVS-LR-CCSD approach of Ref. 28, whereas the

spectral profiles are practically the same, as it can be appreciated from both the results in

Table S4 and in Fig. 1. We also draw the reader’s attention to Table S2, where the fc-CVS-

EOMEE-CCSD results for Neon, as well as for a few molecular systems, are compared with

the corresponding CVS-LR-CCSD results taken from Ref. 28.
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Figure 1: Neon. fc-CVS-EOMEE-CCSD X-ray absorption spectra obtained by convolution of
the computed excitation energies and oscillator strengths with a Lorentzian function (FWHM
= 0.4 eV). The experimental spectrum was digitized from Ref. 87. The vertical dashed lines
correspond to the core ionization energies. The experimental IE is 870.17 eV. The energy
shifts required to align the NEXAFS profiles in each basis set with the experimental one are
indicated in parenthesis. The computed IEs have been shifted by the same amount as used
to align the NEXAFS profiles. The (shifted) NEXAFS spectrum and IE obtained using the
CVS-LR-CCSD method28 for one basis set are also shown.

The NEXAFS and IE values of H2O are reported in Table S6, with the corresponding

spectra shown in Fig. 2. The upper panel of Fig. 2 shows the spectra for the chosen basis sets

without Rydberg-type functions, whereas the two middle panel show those obtained including

the Rydberg-type functions. The third panel in particular compares the spectra and IEs

yielded by our fc-EOM-CCSD method and the CVS-LR-CCSD method. Besides an overall

shift (taking the value 534.0 eV as reference for the experimental first peak maximum, which

varies slightly for the three bases, the separation between the two first peaks is practically

the same, whereas huge differences are observed for the other bands known to have Rydberg
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character. Both relative intensity and position of the third band and the following ones are

strongly overestimated in the bases without Rydberg functions. Table S5 shows the sizes

of particle NTOs and the 〈r2〉 values (i.e., the second moments of charge density), clearly

revealing Rydberg character of certain transitions.

Also for H2O, the energy shifts required to realign with the experimental spectrum are

smaller than those obtained using CVS-LR-CCSD,28 see third panel of Fig. 2, as well as

Table ?? and Table S2 in the SI. The spectral profiles, on the other hand, are basically

identical.

Remarkably, in the aug-cc-pCVTZ basis the shift is smaller that in the aug-cc-pVTZ

basis, whereas the reverse trend has been observed using the CVS-LR approach of Ref. 28.

Thus, the current approach shows a systematic improvement (in terms of deviation from

experiment) of the results with respect to the basis set increase.

21

92 8 Manuscripts



6-311++G** ( -1.22 eV)
aug-cc-pVTZ ( -0.86 eV)
aug-cc-pCVTZ ( -0.43 eV)

6-311++G** + Ryd. ( -1.22 eV)
aug-cc-pVTZ + Ryd. ( -0.86 eV)

aug-cc-pCVTZ+Ryd. (-0.43 eV)
aug-cc-pCVTZ+Ryd./CVS-LR-CCSD (-1.68 eV)

533 534 535 536 537 538 539 540
Excitation energy (eV)

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
 In

te
ns

ity
 (a

rb
. u

ni
ts

)

Experiment

Figure 2: Water. fc-CVS-EOMEE-CCSD O K-edge X-ray absorption spectra obtained by
convolution of the spectral data in Table S6 with a Lorentzian function (FWHM = 0.4 eV).
The experimental spectrum (0.12 eV resolution) was digitized from Ref. 88. Dashed vertical
lines correspond to the IEs. The energy shifts required to align the NEXAFS profiles in each
basis set with the experimental one are indicated in parenthesis. The computed IEs have
been shifted by the same amount as used to align the NEXAFS profiles.

Another system whose gas-phase NEXAFS is dominated by Rydberg states is NH3. Fig. 3

shows the computed spectra; the raw data are in Table S7. The spectra were aligned with

respect to the peak maximum of the first experimental band, estimated at 400.53 eV. As for

the previous systems, the Dunning basis shows a smaller shift compared to the experimental

peaks (−0.68 eV vs −1.04 eV). Neither Pople’s 6-311++G** nor Dunning’s aug-cc-pVTZ can

correctly reproduce the third and higher bands without the inclusion of additional diffuse

functions. Rydberg character of these bands is clearly revealed by the data in Table S5.

As in the previous two cases, the overall shift of the fc-CVS-EOMEE-CCSD spectra from

the experimental one is smaller than obtained with the CVS-LR-CCSD scheme,28 see also
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Table S2.
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Figure 3: Ammonia. fc-CVS-EOMEE-CCSD N K-edge X-ray absorption spectra obtained
from convolution of the spectral data in Table S7 with a Lorentzian function (FWHM =
0.4 eV). The experimental spectrum (0.2 eV resolution) was digitized from Ref. 88. Dashed
vertical lines indicate the IEs. The energy shifts required to align the NEXAFS profiles in
each basis set with the experimental one are indicated in parenthesis. The computed IEs
have been shifted by the same amount as used to align the NEXAFS profiles.

Table S9 presents the spectral data for C and O edges of carbon monoxide and the

corresponding spectra are shown in Fig. 4. The two upper panels in the figure show the

main NEXAFS bands, experimentally observed in between 286.5 and 289.0 eV for carbon

and in between 533 and 537 eV for oxygen. The middle and bottom panels of Fig. 4 show

the (much weaker) peaks observed at higher frequencies below the ionization limit.

The position of the dominant C K-edge 1s→ π∗ band is blue-shifted by 0.50 eV in the 6-

311++G** + Rydberg basis set, and red-shifted by 0.05 eV in the aug-cc-pVTZ + Rydberg
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basis. The O K-edge 1s → π∗ band is blue-shifted by about 1.16 eV in Pople’s set, and by

0.66 eV in Dunning’s basis. The additional features of the main experimental bands are due

to the vibronic progression, which is not included in our calculations. The overall shifts are

significantly smaller than obtained with the CVS-LR-CCSD scheme,28 see also Table S2.

Upon alignment of the computed spectra with the main peak of the experimental ones,

the Rydberg transitions are still slightly misaligned, see mid panels of Fig. 4. Nonetheless,

all weaker 3sσ, 3pπ, 3pσ, 3dπ, 4sσ, and 4sπ transitions can be identified in the computed

spectra of each edge, although once again without their finer vibronic progressions. The

assignments can be verified by realignment of the first peak of the first progression, as shown

in the bottom panels of Fig. 4.
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C K-edge O K-edge

Figure 4: Carbon monoxide. fc-CVS-EOMEE-CCSD C K-edge (left) and O K-edge (right)
X-ray absorption spectra, obtained by convolution of the computed excitation energies and
oscillator strengths with a Lorentzian function (FWHM = 0.2 eV). The upper panels show
the main 1s → π∗ band, the mid and bottom panels the band progressions of the weaker
1s→ 3sσ, 3pπ, 3dπ, 4sσ, and 4sπ transitions. The experimental spectra (0.03 eV resolution
at the C K-edge and 0.07 eV resolution at the O K-edge) were digitized from Ref. 89. Vertical
dashed lines correspond to the IEs.
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Fig. 5 reports the computed spectra of ethylene obtained by convolution of the spectral

data in Table S10. In this case, the Rydberg functions also improve the description of the

higher energy region approaching the ionization limit (third experimental band91). The

second band in the experimental spectrum corresponds to three excitations in the computed

spectra. The overall shift is 0.44 eV in the aug-cc-pVTZ(+Rydberg) set and 0.90 eV for

Pople’s 6-311++G**(+Rydberg) set. The overall shifts are smaller than obtained with the

CVS-LR-CCSD scheme 28, see also Table S2. Upon realignment with respect to the 1s→ π∗

absorption energy, the IE obtained with Pople’s set is slightly underestimated compared to

the experimental IEs.
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Figure 5: Ethylene. fc-CVS-EOMEE-CCSD X-ray absorption spectra by Lorentzian broad-
ening (FWHM = 0.4 eV) of the computed excitation energies and oscillator strengths. The
experimental spectrum (0.6 eV resolution) was digitized from Ref. 91. The vertical dashed
lines correspond to the IEs. The energy shifts required to align the NEXAFS profiles in each
basis set with the experimental one are indicated in parenthesis. The computed IEs have
been shifted by the same amount as used to align the NEXAFS profiles.
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Fig. 6 shows the computed X-ray spectra at the C edge in vinylfluoride (CH2CHF); the

raw data are given in Table S11. The computed spectra were shifted to align them to the

first experimental peak,91 whose position we estimated to be at 285 eV. The applied shift

is −0.44 eV for Dunning’s set, and −0.91 eV for Pople’s set. Inclusion of Rydberg-type

functions in the basis set has a more modest effect than in the case of ethylene.

NTOs of the most intense core excitations obtained with the 6-311++G** basis set are

shown in Table 1, allowing us to identify from which of the two C atoms they originate from

and the character of the transition. The Valence/Rydberg character of these intense core

excitations is quantified in Table 2.

The X-ray absorption spectra obtained at the fluorine edge of CH2CHF are shown in

Fig. 7; the raw data are given in Table S12. In the experimental spectrum, digitized from Ref.

91, only two peaks are clearly discernible, with absolute energies assigned at (689.2±2.0) eV

and (690.6±2.0) eV (1sF → σ∗ (C-F)). In the experimental study, the first peak is assigned to

a 1sF → π∗(C=C) transition, and the second one to a 1sF → σ∗ (C-F) transition. Inspection

of the results in Table S12 and of the NTOs in Table 3 indicates that the first band results

from two almost degenerate transitions, 1sF → σ∗ (C–F) and 1sF → π∗(C=C). The third

excitation (second experimental band) also appears to be of 1sF → σ∗ (C-F) character.

The experimental IE is at 693.26 eV.97 The computed spectra in the Pople set (with and

without Rydberg functions) are shifted by −1.98 eV, and those for the Dunning basis by

−1.58 eV.
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Figure 6: Vinyl fluoride. fc-CVS-EOMEE-CCSD X-ray absorption spectra at the C K-edge
obtained by convolution of the computed energies and oscillator strengths with a Lorentzian
function (FWHM = 0.4 eV). The experimental spectrum (0.6 eV resolution) was digitized
from Ref. 91. The dashed vertical lines correspond to the IEs of the 1s electron on the
carbon atom of the CH2 group. The IEs of the 1s electron of CCHF atom are outside the
displayed frequency range (experimental IE 293.48 eV). The energy shifts required to align
the NEXAFS profiles in each basis set with the experimental one are indicated in parenthesis.
The computed IEs have been shifted by the same amount as used to align the NEXAFS
profiles.
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Table 1: Vinylfluoride. fc-CVS-EOM-CCSD/6-311++G** NTOs of 5 selected core-excited
states at the C edge (NTO isosurface is 0.05).

State Hole σ2
K Particle

A 0.78

B 0.79

C 0.82

D

0.62

0.19

E 0.82
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Table 2: Vinylfluoride. Changes in the second moments of charge density (in Å2) and electron
and hole size components (in Å) for selected core-excited states at the C K-edge.

State ∆〈x2〉 ∆〈y2〉 ∆〈z2〉 ∆〈r2〉 xe ye ze re xh yh zh rh
A -0.35 -0.05 0.36 -0.05 1.92 0.68 0.81 1.40 0.10 0.10 0.10 0.17
B 0.36 -0.17 0.38 0.57 0.92 0.67 0.81 1.39 0.10 0.10 0.10 0.17
C 1.57 5.80 1.11 8.49 1.42 2.39 1.22 3.03 0.10 0.10 0.10 0.17
D 2.16 3.86 1.50 7.52 1.81 1.78 1.36 2.88 0.51 0.29 0.10 0.59
E 1.24 2.43 0.73 4.40 1.50 1.58 1.03 2.40 0.10 0.10 0.10 0.17
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Figure 7: Vinylfluoride. fc-CVS-EOMEE-CCSD X-ray absorption spectra at the fluorine
K edge, obtained by convolution of the computed energies and oscillator strengths with a
Lorentzian function (FWHM = 0.4 eV). The experimental spectrum was digitized from Ref.
91. The dashed vertical lines correspond to the IEs. The energy shifts required to align the
NEXAFS profiles in each basis set with the experimental one are indicated in parenthesis.
The computed IEs have been shifted by the same amount as used to align the NEXAFS
profiles. The shift was computed based on the experimentally derived maximum at 689.2
eV.
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Table 3: Vinylfluoride. fc-CVS-EOMEE-CCSD/6-311++G** NTOs of 3 selected core-
excited states at the F edge. NTO isosurface is 0.05.

State Hole σ2
K Particle

A 0.84

B 0.79

C 0.83
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Fig. 8 shows the fc-CVS-EOMEE-CCSD NEXAFS spectra of O3, based on the spectral

data in Table S13. This molecule displays the largest overall shift relative to the experimental

spectrum,92 −2.35 eV in the Pople set, and −1.96 eV with Dunning’s set. Apart from this,

our calculations confirm the assignment in Ref. 92: the first spectral feature is due to the

terminal oxygens’ 1s → π?, whereas the second (broad) band is due to both the central

oxygens 1s → π? and the terminal oxygens’ 1s → σ? excitations, see also the NTOs in

Table 4. The shoulder at 530.7 eV in the experimental spectrum is known to be due to the

O1s→ σ? transition of a small amount of O2 present in the sample.92
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Figure 8: Ozone. fc-CVS-EOMEE-CCSD X-ray absorption spectra obtained from convo-
lution with a Lorentzian function (FWHM = 0.4 eV) of the computed excitation energies
and oscillator strengths. The experimental spectrum High-Resolution Inner-Shell (0.05 eV
resolution) was digitized from Ref. 92. The dashed vertical lines correspond to the ionization
energy of the terminal O atom. The central oxygen’s IE was omitted in figures as it lies
above 545 eV.
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Table 4: Ozone. fc-CVS-EOMEE-CCSD/6-311++G** NTOs of the first 3 core-excited
states. NTO isosurface is 0.05

State Hole σ2
K Particle

A 0.70

B 0.72

C

0.63

0.19

The final system considered here is adenine, whose NEXAFS and XPS spectra were

experimentally recorded in gas-phase by Plekan et al. 86 We considered both carbon and

nitrogen edges. Due to the relatively large size of this system, we only carried out calcu-

lations in the 6-311++G** basis set. The upper and lower panels of Figure 9 show the

C and N K-edge spectra, respectively. The raw data are given in Table S14. The C K-

edge spectra were shifted by −1.10(non-planar)/−1.14(planar) eV, and the N K-edge one

by −1.43(non-planar)/−1.45(planar) eV, and one can expect an even smaller shift had the

larger aug-cc-pVTZ basis set been used. The experimental features are, once again, quite
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well reproduced. The agreement for the higher-energy peaks could probably be further im-

proved by inclusion of Rydberg functions. Remarkably, the C K-edge spectrum obtained

from the planar geometry is more similar to the experimental spectrum, primarily due to

the larger splitting between the 4th and 5th excitations in the non-planar structure. The

spectral assignment for both structures is, nonetheless, identical. This is best appreciated

looking at the NTOs for the first 5 excitations shown in Table 5. We also note that in this

case, as in other examples, NTOs reveal that the electronic transitions have rather simple

character and can be described by a single NTO pair. In contrast, the EOM wavefunctions

often show multiple amplitudes with comparable weights, giving a misleading impression of

the character of the transition.
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Figure 9: Adenine. C K-edge (upper panels) and N K-edge (lower panels) fc-CVS-EOMEE-
CCSD/6-311++G** X-ray absorption spectra for two different molecular structures, ob-
tained by convolution of the computed energies and oscillator strengths with a Lorentzian
function (FWHM = 0.4 eV). The rigid shifts applied are indicated in parenthesis in the
legends. They were determined with respect to the first experimental peak position in each
spectrum, estimated to be at 286.4 eV for C and 399.4 eV for N. The vertical dashed line
correspond to the first IE. The computed IEs have been shifted by the same amount as used
to align the NEXAFS profiles. The experimental spectra (0.57 eV resolution at the C K-edge
and 0.59 eV resolution at the N K-edge) were digitized from Ref. 86.
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Table 5: Adenine. fc-CVS-EOMEE-CCSD/6-311++G** NTOs of the first 5 core-excited
states at the C K-edge at the non-planar RI-MP2/cc-pVTZ geometry (left) and planar
B3LYP/cc-pVTZ geometry (right). NTO isosurface is 0.05.

Non-planar Planar
State Hole σ2

K Particle Hole σ2
K Particle

A 0.81 0.81

B 0.79 0.71

C 0.77 0.71

D 0.75 0.82

E 0.81 0.81
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Table 6: Adenine. fc-CVS-EOMEE-CCSD/6-311++G** NTOs of the first 3 core-excited
states at the N K-edge at the non-planar RI-MP2/cc-pVTZ geometry (left) and planar
B3LYP/cc-pVTZ geometry. NTO isosurface is 0.05.

Non-planar Planar
State Hole σ2

K Particle Hole σ2
K Particle

A 0.78 0.78

B 0.78 0.78

C 0.79 0.79

4.2 Core-level transient absorption spectroscopy

The advances in X-ray Free-Electron Lasers in the last decade have boosted the interest in

computational methodologies to simulate of Time-Resolved X-ray Absorption (TR-XAS or

TR-NEXAFS).8,9,98,99 Typically, in TR-NEXAFS pump-probe experiments, the sample is

first brought to a valence excited state by a UV pulse, and then probed, at different time

delays, with X-ray radiation. To simulate these processes, methods to compute the intensity

of valence-to-core transitions are needed. An EOM-CCSD/CC3 methodology, based on the

CVS approach of Ref. 28, has been devised and used, for instance, to simulate and interpret

TR-NEXAFS experiments in thymine.8 The study aimed at assessing the ability of K-edge

resonant absorption spectroscopy to probe ultrafast ππ?/nπ? internal conversion in organic
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chromophores. Other methodologies have also been devised within the ADC,100–102 (MOM)-

TDDFT99 and TP-DFT13 frameworks.

We have extended the fc-CVS-EOMEE-CCSD formalism to the computation of the tran-

sition density matrices between two excited states, from which the transient X-ray absorption

spectra can then be obtained. As illustrative example, we have considered the valence-to-

core spectra of uracil at the O, C and N edges. TR-NEXAFS spectra of uracil have not been

experimentally measured yet, but they are expected to bear strong similarities with those

of thymine, whose O K-edge TR-NEXAFS was measured in Ref. 8. Two valence excited

states were considered, the first bright ππ∗ state (S2 at FC geometry) and the first dark nOπ
∗

(S1 at FC geometry) state. The NTOs of these two states, obtained at the Franck-Condon

geometry, are shown in Table 7.

Table 7: Uracil. EOMEE-CCSD/6-311++G** NTOs of the first 2 valence excited states
and fc-CVS-EOMEE-CCSD/6-311++G** NTO of the core excitation from the S1 valence
excited state. NTO isosurface is 0.05.

Excitation Hole σ2
K Particle

nOπ
∗ 0.81

ππ∗ 0.75

1sOnO 0.45

Given the localized nature of the nOπ
∗ (S1) state on one of the two oxygen nuclei, and

38

8.1 Manuscript I 109



similar to what has been observed for thymine,8 one can expect that the TR-NEXAFS

measurements at the O K-edge are the best to probe the population of the nOπ
∗ due to

ultrafast internal conversion. Indeed, we show in Figs. 10 and 11 the X-ray absorption

spectra obtained at the O edge for both the ground and the two excited states at different

optimized geometries for the ground and the two valence excited states. In all cases, core

excitation from the nOπ
∗ state results in the emergence of a relatively strong and distinctive

signal at around 526.0-526.5 eV, similar to what has been observed for thymine.8 The NTO

of this excitation, labeled 1sOnO, is also shown in Table 7, clearly illustrating that the core

electron fills the vacancy in the nOπ
∗ excited state.
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Figure 10: O K-edge of uracil. Upper panel: fc-CVS-EOMEE-CCSD/6-311++G** ground
and excited-state core absorption spectra at the DFT Franck-Condon geometry of Ref.
83. Lower panel: fc-CVS-EOMEE-CCSD/6-311++G** ground and excited-state core-
absorption spectra, at the Franck-Condon geometry for both the ground state (S0) and
the ππ∗ (S2) state, and at the TD-DFT optimized S1 geometry of Ref. 83 for S1. In both
cases, a Lorentzian convolution function (FWHM = 0.4 eV) was used. The excited-state
spectra have not been scaled to account for the population of the initial excited state.

39

110 8 Manuscripts



S0
S1 (n *)
S2 ( *)

x = -1.86 eV

524 526 528 530 532 534 536 538
Excitation energy (eV)

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
   

   
   

 In
te

ns
ity

 (a
rb

. u
ni

ts
)

Experiment

Figure 11: O K-edge of uracil. Upper panel: fc-CVS-EOMEE-CCSD/6-311++G** ground
and excited-state core-absorption spectra at the optimized MP2/cc-pVTZ Franck-Condon
geometry. Lower panel: fc-CVS-EOMEE-CCSD/6-311++G** ground and excited-state
core-absorption spectra at planar optimized geometries for each state, i.e., MP2/cc-pVTZ for
the ground state, and EOM-CCSD/aug-cc-pVDZ for the two valence excited states. In both
cases, a Lorentzian convolution function (FWHM = 0.4 eV) was used. The excited-state
spectra have not been scaled to account for the population of the initial excited state.

To conclude this section, we have also considered the transient state spectra that one

could expect to observe if probing at the C and N K-edges after the initial pump, along with

the computed ground state NEXAFS spectra and their experimental counterparts. Fig. 12

shows that at the C K-edge the valence-to-core spectra are rather weak, and that, opposite

to the O K-edge case, the most intense features at this edge originate from the ππ∗ excited

state. At the N K-edge (see Fig. 13) the intensities of the transient absorption spectra are

higher than at the C K-edge and, as in the C K-edge case, the dominant features are from

the ππ∗ excited state.
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Figure 12: C K-edge of uracil. fc-CVS-EOMEE-CCSD/6-311++G** ground and excited-
state core-absorption spectra at different geometries. On the left, DFT geometries of Ref.
83; at the Franck-Condon DFT geometry for all states on the upper panel, and the Franck-
Condon DFT geometry for S0 and S2 and the TD-DFT optimized S1 geometry for S1 on the
middle panel. On the right, the planar MP2/cc-pVTZ Franck-Condon geometry for all states
on the upper panel, and the MP2 optimized geometry for S0 and planar optimized EOM-
CCSD/aug-cc-pVDZ for both S1 and S2 on the middle panel. The excited-state spectra have
not been scaled to account for the population of the initial excited state.
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Figure 13: N K-edge of uracil. fc-CVS-EOMEE-CCSD/6-311++G** ground and excited-
state core-absorption spectra at different geometries: the Franck-Condon DFT geometry
of Ref. 83 for all states on left upper panel; the Franck-Condon DFT geometry of Ref.
83 for S0 and S2 and the TD-DFT optimized S1 geometry for S1 on left lower panel; the
planar MP2/cc-pVTZ Franck-Condon geometry for all states on right upper panel; the MP2
optimized geometry for S0 and planar optimized EOM-CCSD/aug-cc-pVDZ geometry for
both S1 and S2 on the bottom right panel. The excited-state spectra have not been scaled
to account for the population of the initial excited state.
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5 Conclusions

We have presented a new, fully-analytic core-valence separated equation-of-motion approach,

named fc-CVS-EOM-CCSD, for calculating spectral descriptors of X-ray absorption spectro-

scopies, specifically near-edge absorption fine structure, core-ionization energies and transient-

state (time-resolved) X-ray absorption. The approach exploits the large energy separation of

the core and valence orbitals both in the determination of the amplitudes of both coupled-

cluster ground-state wavefunction (via the frozen-core condition) and of the EOM target-

state wavefunctions (via CVS). By decoupling core-level states from the high-lying valence

states that are embedded in the ionization continuum, CVS addresses the most challenging

issue in modeling core states, that is, complications due to their autoionizing nature. In

contrast to full EOM-CCSD, fc-CVS-EOM-CCSD features a robust numeric performance

and reduced computational costs. Yet, it retains sufficient correlation, necessary to describe

orbital relaxation effects, and is size intensive by construction.

We benchmarked the method using a number of atomic and molecular systems, comparing

the results with both a previously proposed CVS-CCSD scheme28 and with experimental

data. The shape of computed NEXAFS spectra agrees very well with the experimental

one in terms of the relative heights of the individual peaks and the distance between them.

However, the computed spectra are shifted with respect to the experiment. The magnitude

of the shifts required for the alignment varies between 0.2 eV and 3 eV, depending on the

edge and basis set considered. In all cases, the shifts are smaller than those obtained with the

previously presented CVS-CCSD approach based on the energy separation between core and

valence excited states,28 whereas the spectral profiles are essentially the same. Importantly,

for all examples, we observed a systematic decrease of the shift upon a basis set increase.

The reduced absolute shifts from experiments compared to the previously presented

CVS-CCSD approach28 are most likely due to effective error cancellation between the neglect

of core correlation in the ground state, its inclusion in the excited states and the neglect of

higher-order correlation and excitation effects in the (EOM-)CCSD method. Even if one
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can argue that triple and higher excitation effects (as well as relativistic effects) are required

to attain fully quantitative agreement with experiment,103,104 we believe that the results

reported here give plenty of evidence that our ab initio approach is a useful addition to the

toolbox of computational spectroscopy: it offers a robust, black-box, and reliable scheme for

the interpretation of modern X-ray experiments, at a lower computational cost and more

efficiently than the previously proposed CVS scheme,28 thanks to the combination of a fully

analytical implementation of the CVS condition instead of a projection technique, and the

use of the frozen core approximation in the ground-state calculation.

Simulations of the transient-state NEXAFS spectra of uracil at all three edges supports

the ability to probe the ultrafast internal conversion of this RNA basis by TR-NEXAFS,

similar to what has been recently verified experimentally and computationally for the DNA

basis thymine.8
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(46) Löwdin, P.-O. J. Math. Phys. 1962, 3, 969–982.

(47) Averbukh, V.; Cederbaum, L. J. Chem. Phys. 2005, 123, 204107.

(48) Sekino, H.; Bartlett, R. J. Int. J. Quant. Chem. 1984, 26, 255–265.

(49) We use the standard convention that i,j,k,l,... refer to occupied orbitals, a,b,c,d,...

represent virtual ones, while p,q,r,s,... denote generic orbitals, either occupied or un-

occupied.

(50) Stanton, J.; Gauss, J. J. Chem. Phys. 1994, 101, 8938–8944.

(51) Stanton, J.; Gauss, J. Adv. Chem. Phys. 2003, 125, 101–146.

(52) Pieniazek, P. A.; Bradforth, S. E.; Krylov, A. I. J. Chem. Phys. 2008, 129, 074104.
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(66) Plasser, F.; Bäppler, S.; Wormit, M.; Dreuw, A. J. Chem. Phys. 2014, 141, 024107–12.

(67) Martin, R. J. Chem. Phys. 2003, 118, 4775–4777.
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(79) Epifanovsky, E.; Wormit, M.; Kuś, T.; Landau, A.; Zuev, D.; Khistyaev, K.;

Manohar, P. U.; Kaliman, I.; Dreuw, A.; Krylov, A. I. J. Comput. Chem. 2013,

34, 2293–2309.

(80) Stanton, J. F.; Gauss, J.; Cheng, L.; Harding, M. E.; Matthews, D. A.; Szalay, P. G.

CFOUR, Coupled-Cluster techniques for Computational Chemistry, a quantum-

chemical program package. With contributions from A.A. Auer, R.J. Bartlett, U.

Benedikt, C. Berger, D.E. Bernholdt, Y.J. Bomble, O. Christiansen, F. Engel, R.

Faber, M. Heckert, O. Heun, M. Hilgenberg, C. Huber, T.-C. Jagau, D. Jonsson,
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Abstract

We report on the implementation of Dyson orbitals within the recently introduced

frozen-core (fc) core-valence separated (CVS) equation-of-motion (EOM) coupled-cluster

singles and doubles (CCSD) method, which enables efficient and reliable characteriza-

tion of core-level states. The ionization potential (IP) variant of fc-CVS-EOM-CCSD,

in which the EOM target states have one electron less than the reference, gives access to

core-ionized states thus enabling modeling of X-ray photoelectron spectra (XPS) and

its time-resolved variant (TR-XPS). Dyson orbitals are reduced quantities that can be

interpreted as correlated states of the ejected/attached electron; they enter the expres-

sions of various experimentally relevant quantities. In the context of photoelectron

spectroscopy, Dyson orbitals can be used to estimate the strengths of photoionization
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transitions. We illustrate the utility of Dyson orbitals and fc-CVS-EOM-IP-CCSD by

calculating XPS of the ground state of adenine and TR-XPS of the excited states of

uracil.

1 Introduction

X-ray spectroscopy is a powerful element-specific technique for investigating the elementary

composition, electronic and geometric structure of matter. The uses of X-ray based tech-

niques are rapidly expanding and the field is undergoing vigorous development. Thanks

to last generation synchrotron radiation sources, X-ray free electron lasers (X-FELs) and

high-harmonic generation (HHG) lasers, new disciplines such as X-ray femtochemistry, dy-

namic X-ray Raman spectroscopy, and femtoscale diffraction scattering have emerged; their

applications to essential problems in materials and life sciences are gaining momentum.1–3

Pump-probe techniques exploiting, for example, a UV-pump to promote the system to a

valence electronically excited/ionized state, and an X-ray probe to excite or ionize a core

electron, enable probing local electronic and structural dynamics of matter on the femtosec-

ond time-scale.1,4

These experimental advances have stimulated the concomitant development of theory

and simulation technology to assist in the interpretation of experimental results and in the

design of new experiments. Theory can also facilitate screening of suitable candidates for

investigation by means of these novel experimental techniques.

Of the many ab initio methods currently available, coupled-cluster (CC) and equation-

of-motion coupled-cluster (EOM-CC) methods are considered among the most accurate and

versatile tools for modeling ground-state properties and various spectroscopies.5–10 In re-

cent years, the scope of the applicability of the CC/EOM methods has been extended to

inner-shell spectroscopies,4,11–19 with significant advances due to the introduction of the core-

valence separation (CVS)20 as an effective way to target core-level states within conventional

solver implementations. Recently,21 we reported the implementation of the frozen-core (fc)

2
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core-valence separation (CVS) EOM-CC method with singles and doubles, fc-CVS-EOM-

CCSD. In our illustrative calculations,21,22 we focused on the variant of the theory for ex-

citation energies, fc-CVS-EOM-EE-CCSD, and demonstrated its ability to reliably model

X-ray absorption spectra (XAS) of molecules in their ground and excited states. Whereas

conventional XAS probes unoccupied valence orbitals by core-electron excitation, other core-

level spectroscopies afford access to other states. For example, X-ray emission (XES) probes

occupied valence states, resonant inelastic X-ray scattering (RIXS) probes both occupied and

unoccupied valence states, and X-ray photoelectron spectroscopy (XPS) enables the study

of ionized states. The focus of this study is on the XPS and its time-resolved (TR) variant,

TR-XPS. The underlying excitation/ionization mechanisms in XAS, XPS, and TR-XPS are

illustrated in Figure 1. XAS corresponds to the excitation of a core electron to the unoccupied

space, XPS detects the electrons produced by ionization of a core orbital in the ground state,

and TR-XPS detects the core-ionized electrons from a precursory valence excited state. XPS

XAS XPS TR-XPS

Icore IE

LUMO

HOMO

HOMO-1

1s

pump

probe

Figure 1: Schematic representation of excitation/ionization processes exploited in XAS, XPS
and TR-XPS.

is thus an extension of UV-VIS photoionization spectroscopy23 into the X-ray domain and

has many attractive features. Since ionization is always an allowed process, photoelectron

spectroscopy can probe states that are dark in excitation-based approaches. This is partic-

3
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ularly useful for interrogation of dynamics by detecting reaction intermediates that may be

optically dark. Even more importantly, charged-particle detection affords high sensitivity,

which enables detection of transient species present at low concentrations. Various ingenious

experimental setups deliver detailed information about the energy levels and wave-functions

from the analysis of the outgoing electron (from its kinetic energy and angular distribution)

and of the newly formed ion. In this study, we present the extension of the fc-CVS-EOM-

CCSD framework to the calculation of ionization energies and Dyson orbitals for core-ionized

states. Dyson orbitals are reduced quantities that can be interpreted as correlated states of

the ejected/attached electron; thus, they provide a basis for a rigorous extension of molecular

orbital theory to many-body correlated wave functions.24–26 Dyson orbitals also enter the

expressions of various experimental observables, such as photoionization cross sections; thus,

they are necessary for modeling photoelectron spectra.24–30 Here we illustrate the utility of

Dyson orbitals for computing and interpreting the XPS spectra of ground-state and elec-

tronically excited molecules. By using uracil as an example, we illustrate the sensitivity of

XPS spectra to the electronic state of the system. We envision that this type of calculations

might serve as a guide for the design of future UV-pump/XPS-probe experiments.31

2 Theory

2.1 fc-CVS-EOM-CCSD

The equation-of-motion coupled-cluster method6,7,32,33 was originally introduced for calcu-

lating excited states. In this variant of the theory, the ground state is treated at the CC

level; hence, its wave function is given by the exponential ansatz acting on the reference

state |Φ0〉, typically taken as the Hartree-Fock Slater determinant:

|ΨCC〉 = eT̂ |Φ0〉. (1)

4

128 8 Manuscripts



T̂ is the cluster operator, T̂ =
∑

µ tµτ̂µ, where τ̂µ are the excitation operators and tµ are the

corresponding cluster amplitudes defined by the CC equations:

〈Φµ|H̄ − ECC|Φ0〉 = 0 ; ECC = 〈Φ0|H̄|Φ0〉. (2)

Here 〈Φµ|’s denote µ-tuple excited determinants and H̄ = e−T̂ ĤeT̂ is the similarity trans-

formed Hamiltonian. In the fc-CVS-EOM-CCSD method,21 the CC equations are solved

using the frozen-core approximation, which corresponds to setting the ground-state ampli-

tudes (and multipliers) with occupied indices referring to a core orbital to zero (thus omitting

core-core and core-valence correlation in the ground state). The excited states are then ac-

cessed by applying an excitation operator R̂ =
∑

µ rµτ̂µ to the ground-state wave function:

|ΨR〉 = R̂eT̂ |Φ0〉. (3)

The amplitudes of the target EOM states are found by diagonalizing the similarity trans-

formed Hamiltonian within a particular sector of Fock space,6–8 which is determined by the

type of the target states sought and by the method. The choice of the sector in Fock space

determines the many-electron basis in which the EOM-CC wavefunctions are represented.

For example, in EOM-EE-CCSD this basis comprises the reference, singly, and doubly ex-

cited determinants. In fc-CVS-EOM-EE-CCSD,21 the many-electron basis includes only the

subset of the determinants in which at least one occupied index corresponds to the core

orbital.

Because the operator H̄ is non-Hermitian, its left and right eigenstates are distinct

〈L| = 〈Φ0|L̂ ; |R〉 = R̂|Φ0〉, (4)

5
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one needs to solve two eigenproblems:

H̄|Rµ〉 = Eµ|Rµ〉 ; 〈Lµ|H̄ = Eµ〈Lµ|. (5)

Thus, in contrast to Hermitian theories, EOM eigenvectors R and L are not adjoints of each

other. For properties calculations, it is convenient to normalize them such that they form a

biorthogonal set:33

〈Φ0Lµ|RνΦ0〉 = δµν (6)

By using different types of the excitation operator R̂, one can access different sectors of

Fock space. In this way, EOM-CC can describe other types of target states, for example,

ionized states, which are the focus of this work. In the EOM-IP (EOM for ionization po-

tentials) method,34–36 the excitation operator changes the number of electrons in the target

state relative to the reference state and hence has the following form:

R̂IP =
∑
i

riâi +
1

4

∑
ija

raij â
†
aâj âi + . . . , (7)

which allows access to the ionized states:

|ΨN−1
R 〉 = R̂IPeT̂ |Φ0〉 (8)

Here we consider the EOM-CCSD family of methods in which the cluster operator T̂ is

truncated to single (S) and double (D) excitations, and so are the R̂ and L̂ operators. To

describe core-ionized states, the operators R̂ and L̂ in fc-CVS-EOM-IP-CCSD are restricted

such that they act on at least one core orbital, as prescribed by the core-valence separation

scheme.15,20,21 Although core correlation is omitted in the ground state, fc-CVS-EOM-EE/IP-

CCSD ansätze describe correlation of the core hole (or core relaxation) at the EOM level,

which is essential for a proper description of the target states. The working equations for

the fc-CVS-EOM-IP-CCSD σ-vectors can be found in our earlier work.21

6
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2.2 Dyson Orbitals

Dyson orbitals are defined as the overlap between an initial N -electron and final N ± 1-

electron states. In first quantization, the Dyson orbitals are:

φDyson
if (x1) =

√
N

∫
ΨN
i (x1, x2, . . . , xN)ΨN−1

f (x2, . . . , xN)dx2 . . . dxN . (9)

This definition does not assume any particular ansatz — Dyson orbitals can be obtained for

any pair of wavefunctions, ranging from the exact (full configuration interaction) to pseudo-

non-interacting electrons ansätze. Within the Hartree-Fock and Koopmans approximations,

Dyson orbitals are equal to canonical Hartree-Fock orbitals. When computed for many-body

wave functions (e.g., within the CC/EOM formalism), Dyson orbitals include the effect of

electron correlation. Thus, they afford rigorous extension of molecular orbital theory to

correlated many-body states. As per Eq. (9), the norm of a Dyson orbital can be anything

between zero (i.e., as for the two states that are not connected by one-electron ionization) and

one (as for the two states that differ by exactly one molecular orbital). Within the Hartree-

Fock/Koopmans approximation, the norms of Dyson orbitals are exactly one. Inclusion of

correlation leads to smaller values.

Dyson orbitals can be represented as an expansion over the set of molecular orbitals {φp}:

φDyson
if (x1) =

∑
p

γpφp(x1). (10)

In the second quantization formalism, the coefficients of the expansion (also known as Dyson

amplitudes) can be written as:

γRp = 〈ΨN |a†p|ΨN−1〉, (11)

γLp = 〈ΨN−1|ap|ΨN〉, (12)

where superscripts R and L denote right and left Dyson orbitals, respectively. In Hermitian

7
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theories, left and right Dyson orbitals are simply (complex) conjugates of each other, but

within the EOM-CC framework they are different. General expressions for the EOM-CC

Dyson orbitals have been reported before.37 Here we extend the formalism to the fc-CVS-

EOM-CCSD ansatz, which enables description of core-ionized states. The programmable

expressions for the fc-CVS-EOM-CCSD Dyson orbitals are given in the ESI. To derive the

equations from the general expressions, we followed the same strategy as for the derivation

of the amplitude equations, i.e., we split each set of molecular orbital coefficients into three

blocks: virtual, occupied valence (denoted with a v subindex), and occupied core (denoted

with a capital later), and retained only those terms that do not vanish due to the frozen core

or the CVS constraint. We implemented the resulting expressions in the Q-Chem package38,39

using the libtensor library40 and the fc-CVS-EOM-IP-CCSD wavefunctions.21

Dyson orbitals enter the expressions of the photoionization/photodetachment cross sec-

tions30,41 as photoelectron matrix element, Dif
k :

Dif
k ≡ u〈φDyson

if |r|Ψel
k 〉, (13)

where r is the dipole moment operator, u is a unit vector in the direction of polarization

of light, and Ψel
k is the wave function of the ejected electron with wave vector k. Thus,

for quantitative calculations of total and differential cross sections, one needs both Dyson

orbitals and Ψel
k . The latter can be approximated by plane or Coulomb waves, which often

yields good agreement with the experimental cross sections.25,30 Alternatively, the Dyson

orbital can be coupled with continuum functions obtained at the density functional theory

level with a multicenter basis of B-spline functions.42,43 Once Dyson orbitals are obtained,

cross sections calculations can be carried out using, for instance, the ezDyson code.41 Since

the probability of photoionization is proportional to the matrix elements between the raw,

not normalized Dyson orbitals, Eq. (9), and the free-electron state, the norm of the Dyson

orbital, which quantifies the extent of the Koopmans character of the transition, can be used

8
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as a crude bound of the intensity.26 That is why the squared norms of Dyson orbitals defined

as

||φDyson||2 =
∑
q

γ2q = RF (14)

are often called spectral strength (or pole strength, or spectroscopic factor) of the ΨN →

ΨN−1 transition. Although more quantitative calculations are possible,41,42 the Dyson norms

can be used for a quick estimate of the ionization intensities in simulations of XPS spectra,29

in the same fashion as in valence photoionization studies.26 Because of the non-hermiticity

of the similarity transformed Hamiltonian, the norms of the EOM-CC right and left Dyson

orbitals are not uniquely defined. A possible solution, suggested by the full expressions of

the cross sections,25,30,41 is to take a geometric average

||φDyson||2 = ||φDyson
L || × ||φDyson

R || (15)

as EOM-CC pole strengths. This is consistent with the definition of other inter-state prop-

erties within the EOM-CC theory.33

3 Computational details

All calculations were carried out with the Q-Chem electronic structure package.38,39 The

ionized states were characterized by fc-CVS-EOM-IP-CCSD21 and the respective Dyson or-

bitals. The calculations for 9H-adenine were performed at the planar geometry optimized at

the B3LYP/cc-pVTZ level taken from Ref. 44. For uracil, we considered several geometries,

all planar. For the ground state, the geometry was optimized at the MP2/cc-pVTZ, whereas

the structures for the S1 and S2 excited states correspond to two stationary points obtained

at the EOM-CCSD/aug-cc-pVDZ level of theory.

The choice of a basis set for calculations of core-level states requires some care. The

largest effect of the removal of a core electron is the collapse of valence orbitals toward

9
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the nucleus: from the perspective of a valence electron, the removal of a 1s electron is

roughly equivalent to adding a proton to the nucleus. To describe such collapse, the basis

set must have significant radial flexibility; angular flexibility is much less important. The

(radial) collapse of the core orbitals is also significant. To derive a basis set with sufficient

flexibility to describe strong orbital relaxation effects, we employed Pople’s triple-zeta basis

(6-311G**)45,46 augmented by 2 sets of diffuse functions46 on heavier atoms (C, N, O) and

one on light atoms (H), and with the core functions uncontracted, following the strategy

used by Gill and co-workers.47 All fc-CVS-EOM-CC calculations reported here employed

this 6-311(2+,+)G** basis set with uncontracted core, as detailed below. For adenine, the

basis set was uncontracted on carbon or nitrogen atoms according to the edge of interest,

to slightly reduce the computational cost. Table S3 and Figure S3 in the ESI compares the

results at the C K-edge in adenine obtained using the uncontracted core on both C and

N, as well as the Dunning basis sets aug-cc-pVTZ and aug-cc-pCVTZ on the relevant edge

atoms and aug-cc-pVDZ on the remaining atoms. We note that Pople’s set has fewer basis

functions compared to the two combinations of Dunning’s sets; therefore, it affords a more

favorable computational cost. For uracil, the basis set was uncontracted on carbon, nitrogen,

and oxygen atoms for all edges.

The (ground-state) XPS experimental data were taken from Ref. 48 for adenine and

from Ref. 49 for uracil. All experimental spectra were digitized from the original references

using WebPlotDigitizer.50 The theoretical X-ray photoelectron spectra were obtained by

convolution of the computed ionization energies and Dyson norms, as per Eq. (14), with

a Lorentzian function (FWHM = 0.4 eV). The computed spectra were shifted for the best

alignment with the experimental spectra. No experimental data are yet available for the

TR-XPS.

The natural transition orbitals (NTOs) and Dyson orbitals were visualized using MOLDEN.51
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4 Results and discussion

4.1 X-ray Photoelectron Spectra of Adenine

Figures 2 and 3 show the X-ray photoelectron spectra of adenine computed at the carbon

and nitrogen K-edges, respectively.

4.1.1 Carbon K-edge XPS
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Figure 2: Adenine. Carbon K-edge fc-CVS-EOM-CCSD/6-311(2+,+)G** (uncontracted on
C) X-ray photoelectron (XPS) spectra obtained by convolution of the computed ionization
energies and Dyson norms with a Lorentzian function (FWHM = 0.4 eV). The uniform shift
applied is given in parenthesis in the legend. The shift was determined with respect to the
first experimental peak position, reported to be at 291.0 eV. The experimental spectrum was
digitized from Ref. 48.

Figure 2 shows the theoretical (top panel) and the experimental48 (bottom panel) carbon

K-edge XPS spectra of adenine. The computed spectrum has been uniformly shifted by

−0.5 eV to align it with the first experimental peak at 291.0 eV. (With reference to the

11
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Table 1: Adenine. Carbon K-edge ionization energies (IE, eV) and Dyson orbitals obtained
at the fc-CVS-EOM-CCSD/6-311(2+,+)G** (uncontracted on C) level of theory

IE ||φDyson||2 Dyson orbitals Exp.48

291.50 0.873 291.0

292.94 0.875 18*292.5

293.11 0.877

293.38 0.871

293.76 0.876

basis set analysis in the ESI (see Table S3 and Figure S3), the two uncontracted Pople

sets yield the results nearly identical to each other and to those obtained with the aug-cc-

pVTZ/aug-pVDZ basis, and with a slightly larger uniform shift compared to those obtained

with aug-cc-pCVTZ/aug-pVDZ.)

The experimental spectrum exhibits two main peaks that are well reproduced by the

theoretical spectrum. The analysis of Dyson orbitals reveals that the first feature is due to

the ionization of one of the carbon atoms, whereas the second band arises from the ionization

of the four other carbon atoms. The Dyson orbitals corresponding to the ionization of the five

carbon atoms are displayed in Table 1, along with the ionization energies and pole strengths,

and clearly reveal from which atom the 1s electron is being ionized at each photon energy.

As expected for core-level states, the shapes of the Dyson orbitals are close to the shapes of
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the canonical Hartree-Fock orbitals and their norms are relatively uniform, ranging between

0.7–0.8. Thus, in this example, the main impact of electron correlation is on the ionization

energies. To illustrate the impact of electron correlation, Figure S2 in the ESI compares the C

K-edge XPS spectra computed with fc-EOM-IP-CCSD and within Hartree-Fock/Koopmans

approximation. We note, in particular, the large difference in the uniform shift required to

align the computed spectra to match the experiment: −0.5 eV for fc-CVS-EOM-CCSD versus

−15.32 eV for Hartree-Fock/Koopmans. Our assignments of the peaks in XPS agrees with

the assignment given in Ref. 48 on the basis of ADC calculations. Plekan and coworkers48

also reported a theoretical spectrum computed at the ADC(4)/6-31G level of theory. The

two methods are in good agreement with each other, however, the overall shift is smaller

in the present study. A slight difference, arising from the spanning of the peaks, is the

appearance of a shoulder on the high-energy part of the second band, whereas the ADC

spectrum shows a shoulder in the low-energy part, and none can be seen in the experiment.

4.1.2 Nitrogen K-edge XPS

The simulated nitrogen K-edge XPS spectrum of adenine, shown in Figure 3, agrees well with

the experimental one, after aligning the two first peaks with a shift of -0.9 eV. Although the

absolute value of the shift is twice as large as the shift for the carbon K-edge spectrum, the

relative value is about the same, i.e., roughly ∼0.2% of the respective ionization energy. One

can identify three main bands; the first one originates from the ionization of three different

nitrogen atoms resulting in the most intense one. The two other N atoms, being farther in

energy, give rise to two distinct peaks. The Dyson orbitals and the tabulated data for these

ionizations are given in Table 2. Hence, the first band is due to the ionization of the three

1s orbitals of the nitrogen atoms with double bonds, whereas the second and third peak

correspond to the amino group and the remaining N respectively. As in the case of C 1s

ionizations, our assignment of the nitrogen edge spectrum agrees with Ref. 48.
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Figure 3: Adenine. Nitrogen K-edge fc-CVS-EOM-CCSD/6-311(2+,+)G** (uncontracted
on N) X-ray photoelectron spectra obtained by convolution of the computed ionization ener-
gies and Dyson norms with a Lorentzian function (FWHM = 0.4 eV). The rigid shift applied
is indicated in parenthesis in the legend. It was determined with respect to the first experi-
mental peak position, estimated to be at 404.4 eV. The experimental spectrum was digitized
from Ref. 48.

4.2 TR-XPS: Uracil

In the previous section we focused on ground-state XPS. However, XPS can, in principle, also

be used to study excited states by means of time-resolved experiments. In this section, we

illustrate this idea by calculating photoelectron spectra obtained by ionizing core electrons

of the two lowest excited states of uracil. The excited-state dynamics in this system has

been investigated by several groups with a variety of approaches.52–58 We consider two lowest

valence excited states, which are involved in photoinduced dynamics: the first nπ∗ dark state

(labeled S1) and the first ππ∗ bright state (labeled S2); their respective NTOs are shown in

Table 3. To compute Dyson orbitals corresponding to ionization of excited states, one needs

to compute matrix elements between the initial excited state (which can be described by
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Table 2: Adenine. Nitrogen K-edge ionization energies (IE, eV) and Dyson orbitals obtained
at the fc-CVS-EOM-CCSD/6-311(2+,+)G** (uncontracted on N) level of theory

.

IE ||φDyson||2 Dyson orbital Exp.48

405.37 0.872 12*404.4

405.55 0.870

405.89 0.873

406.70 0.882 405.7

407.71 0.878 406.7

EOM-EE using ground state closed-shell reference) and the target ionized state. In the case

of valence ionization, i.e., removing an electron from n, π, or π∗, the target ionized states can

be described by EOM-IP-CCSD from the same closed-shell reference as the excited states.

For example, ionization from π or π∗ yields . . . (n)2(π)1(π∗)0 electronic configuration, which

corresponds to one-electron ionization of the closed-shell reference.

However, in the case of core-level ionization, the resulting target states correspond to

shake-up excitations, i.e., states that have doubly excited character (2-hole-1-particle) with

respect to the closed-shell reference. For example, removing a 1s electron from S1 yields

(1s)1 . . . (n)1(π∗)1 configuration. Consequently, the description of these states at the EOM-

CCSD level is poor because triple excitations, which are essential for proper description of

the correlation (and orbital relaxation), are absent in the EOM-CCSD ansatz. Nevertheless,
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Table 3: Uracil. fc-EOMEE-CCSD/6-311(2+,+)G** (uncontracted) NTOs of the first two
valence excited states. NTO isosurface is 0.05.

Excitation Hole σ2
K Particle

S1 (nOπ
∗) 0.81

S2 (ππ∗) 0.75

we computed these states with EOM-CCSD, in order to assess its performance. The results

(shown in ESI, see Figure S1 and Table S1) confirm that these shake-up states appear too

high in energy, are heavily mixed with other configurations, and are, overall, very poorly

described at the CCSD level.

To circumvent this problem, we use the same strategy we explored in connection with sim-

ulations of time-resolved x-ray absorption (TR-XAS) of pyrazine.22 Specifically, we simulate

TR-XPS by carrying out fc-CVS-EOM-IP-CCSD calculations from the high-spin reference

state that has the same orbital occupation as the respective valence excited state (shown in

Figure 4). The resulting target states have correct orbital occupation: (1s)1 . . . (π)2(n)1(π∗)1

and (1s)1 . . . (π)1(n)2(π∗)1. Their multiplicities, however, are incorrect: ionization of the

core electron from the singlet excited state produces a doublet state, whereas ionization

of β electron from the αα triplet state produces a quartet (removing α electron yields a

spin-contaminated doublet). The energy difference between the valence triplet and singlet

states of the same orbital occupation is large, however, since the electronic configuration

in the valence shell in the reference triplet and the target quartet states is the same, we

expect that this energy difference will cancel out, yielding a reasonable estimate of core ion-

ization energies. Detailed configuration analysis of the relevant electronic states is given in

the Appendix: the analysis suggests that the leading character of the Dyson orbitals should

be reproduced reasonably well by this procedure. Here we report the results obtained by

16

140 8 Manuscripts



ionizing either an α or a β electron. In the latter case, both the reference and the target

states are spin complete, hence, we expect a better error cancellation of the triplet part in

the valence shell for the ionization of β electron. However, we consider both choices to be

reasonable, leading to qualitatively similar results.

HOMO-1

HOMO

S1

LUMO

LUMO+1

HOMO-1

HOMO

S2

LUMO

LUMO+1

Figure 4: Schematic representation of the frontier molecular orbitals of the two lowest lying
valence excited states of uracil S1 and S2.

Figures 5, 6, and 7 show the results at the carbon, nitrogen, and oxygen K-edges, respec-

tively. In particular, in the upper panels are the spectra for the ground state at its optimized

Franck-Condon (FC) geometry, in the middle panels are those for the S1 states at both the

FC (light color) and the S1 optimized geometry (dark color) corresponding to the ionization

of either the α or β electron as indicated on the left-hand side, and similarly for S2 in the

lower panels. Each feature in the spectra has its corresponding Dyson orbital assigned on

top, these not changing depending on the geometry used. The raw data are summarized in

Tables 4, 5, and 6 for ground, first, and second excited state.
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Table 4: Uracil. Ionization energies (IE, eV) and squared norms of Dyson orbitals for the
ground state (S0).

K edge IE ||φDyson||2 Exp.49

Carbon 291.65 0.872 291.0
293.79 0.874 292.8
295.39 0.883 294.4
296.46 0.886 295.4

Nitrogen 407.58 0.880 406.5
408.06 0.881 406.9

Oxygen 539.06 0.879
539.24 0.881

Table 5: Uracil. Ionization energies (IE, eV) and squared norms of Dyson orbitals for the
first excited state (S1). The results are reported at the Franck-Condon geometry (no label)
and at state-specific zero-gradient, stationary point (label sp) geometry.

S1 S1(sp)

K-edge IE ||φDyson||2 IE ||φDyson||2
α β α β α β α β

Carbon 293.63 293.51 0.875 0.876 293.83 293.77 0.877 0.877
295.49 295.47 0.877 0.877 295.95 295.89 0.872 0.869
298.00 297.99 0.895 0.895 298.04 298.04 0.896 0.896
298.51 298.61 0.884 0.883 298.24 298.31 0.879 0.878

Nitrogen 409.41 409.38 0.883 0.884 409.63 409.58 0.881 0.881
410.26 410.12 0.888 0.889 410.32 410.24 0.889 0.890

Oxygen 540.66 540.65 0.887 0.887 540.65 540.64 0.887 0.888
547.02 545.93 0.882 0.896 546.83 545.59 0.880 0.894

4.2.1 Carbon K-edge

The carbon K-edge XPS spectrum of uracil in the ground state (S0), shown in the upper

panel of Figure 5, features four peaks of similar intensity. The two higher-energy peaks

correspond to the ionization of the carbonyls’ 1s carbon orbitals. In the XPS spectra of S2,

see the two lowest panels of Figure 5, the four peaks are squeezed and blue-shifted relative

to S0, but each of them still corresponds to the ionization from the same 1sC orbital as in

S0. The trend can be rationalized in terms of the stabilization of all core electrons in the

excited state due to reduced screening that results in higher energy needed to ionize the core

electron (see also Figure 3). Similarly, the first two peaks in the XPS spectra of S1 (second

and third panel in Figure 5) correspond to the first two in the ground state, apart from the
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Figure 5: Uracil. C K-edge fc-CVS-EOM-CCSD/6-311(2+,+)G** (uncontracted) X-ray
photoelectron spectra of the ground state, first excited state (S1) and second excited state
(S2) corresponding to the ejection of either an α or a β electron, obtained by convolution of
the computed ionization energies and Dyson norms with a Lorentzian function (FWHM =
0.4 eV).

blue shift. However, peak C is blue-shifted to a larger extent than peak D, becoming the

highest in energy. This differential shift results in the two features (C and D), originating

from the ionization of the two carbonyl groups, coming closer. At the relaxed geometry of S1,

they practically merge into a single peak of combined higher intensity relative to the same

peak in the S0 spectrum. The NTOs in Table 3 show that the change in electron density

in S1 is localized near the same carbonyl group; therefore, such a change in the ionization

energy is expected.

4.2.2 Nitrogen K-edge

The XPS spectra and Dyson orbitals of the ground and excited states of uracil at the nitrogen

K-edge are shown in Figure 6. At the first glance, the most significant difference in the spectra
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Figure 6: Uracil. N K-edge fc-CVS-EOM-CCSD/6-311(2+,+)G** (uncontracted) X-ray
photoelectron spectra of the ground state, first (S1, nπ∗) and second (S2, ππ

∗) excited state
corresponding to the ejection of either an α or a β electron, obtained by convolution of the
computed ionization energies and Dyson norms with a Lorentzian function (FWHM = 0.4
eV).

of the valence excited states relative to the ground state are blue shifts and larger splittings

between the peaks. However, the inspection of the Dyson orbitals reveals that peaks A and

B are swapped in the S1 state with respect to the other two states. This indicates that in the

S1 excited state there is a larger stabilization of the core electron whose ionization gives rise

to peak A than of the electron responsible for peak B. The larger splitting between peaks A

and B in the S2 spectrum indicates a larger stabilization of the 1sN electron corresponding

to peak B relative to the 1sN electron corresponding to peak A.

4.2.3 Oxygen K-edge

Figure 7 displays the XPS spectra of the ground and excited states at the oxygen K-edge.

In this case, there are significant differences between the spectra of the three states. In the
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Table 6: Uracil. Ionization energies (IE, eV) and squared norms of the second excited state
(S2). The results are reported at the Franck-Condon geometry (no label) and at state-specific
zero-gradient, stationary point (label sp) geometry.

S2 S2(sp)

K-edge IE ||φDyson||2 IE ||φDyson||2
α β α β α β α β

Carbon 295.39 294.83 0.873 0.875 295.74 295.10 0.868 0.871
295.92 296.08 0.868 0.872 296.62 296.74 0.868 0.870
297.28 297.49 0.883 0.888 297.31 297.64 0.877 0.884
298.24 298.42 0.889 0.893 298.24 298.32 0.890 0.892

Nitrogen 409.24 409.27 0.883 0.884 409.39 409.41 0.883 0.884
411.20 410.68 0.878 0.879 410.92 410.57 0.876 0.878

Oxygen 541.56 541.36 0.884 0.885 541.13 541.07 0.880 0.882
541.58 541.39 0.885 0.885 542.15 541.76 0.892 0.897

ground state there is only one band, originating from the ionization of the two O 1s that are

very close in energy, in accordance to their chemical similarities. The spectrum of the nπ∗

state shows that the two O 1s orbitals are no longer nearly degenerate — their ionization

energies now differ by more than 6 eV. This is consistent with the observation that the S1 state

is derived by excitation of the electron in the lone pair of oxygen A, so it is quite localized.

The reduced screening of this oxygen atom leads to the increased Coulomb attraction of

other electrons, including the 1s core electron, resulting in lowering the respective energies

(increased IEs). In the S2 state, on the other hand, we observe (Table 3) changes of electron

density on both oxygens, with oxygen A slightly more de-shielded than oxygen B, which

results in larger stabilization of the core electron corresponding to peak A relative to the

electron corresponding to peak B.

5 Conclusions

We presented the implementation of the Dyson orbitals within the recently developed fc-

CVS-EOM-CCSD framework. The fc-EOM-IP-CCSD method enables calculations of core-

ionized states, providing a computational tool for modeling XPS and TR-XPS. Dyson orbitals

provide a rigorous extension of molecular orbital theory to many-body wave functions; they
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Figure 7: Uracil. O K-edge fc-CVS-EOM-CCSD/6-311(2+,+)G** (uncontracted) X-ray
photoelectron spectra of the ground state, first excited state (S1), and second excited state
(S2) corresponding to the ejection of either an α or a β electron, obtained by convolution of
the computed ionization energies and Dyson norms with a Lorentzian function (FWHM =
0.4 eV).

can be interpreted as correlated states of the ejected electron. Qualitatively, Dyson orbitals

can be used for spectral assignments of the features in photoelectron spectra. Quantitatively,

they are necessary elements for computing photoelectron cross sections (their norms provide

a rough estimate of the intensities). In contrast to valence ionization spectroscopy, the

shapes of Dyson orbitals corresponding to 1s core-ionized states appear to be very similar to

the respective canonical Hartree-Fock orbitals. However, the differences between the Dyson

orbitals and canonical Hartree-Fock orbitals may be larger for L-edge and below, and also for

systems with extensive electronic degeneracies, where correlation can mix the Hartree-Fock

orbitals. The reported implementation provides a basis for future work investigating these

effects.

To illustrate the possible uses of the developed methodology, we computed the XPS
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spectra of the ground state of adenine, and of the ground and excited states of uracil. For

the latter the calculations reveal significant differences in the computed core-level spectra,

suggesting that excited-state dynamics of uracil and similar molecules can be investigated by

UV-pump/XPS-probe. As of today, no time-resolved experiments as the ones proposed in

this study have been reported.31 We hope that our results will stimulate future experimental

and theoretical efforts in this direction.
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Appendix: Configuration analysis of the initial and tar-

get states in excited-state ionization

We consider a 4-electrons-in-3-orbitals model to analyze a possible impact of using high-spin

triplet reference on Dyson orbitals. Fig. 8 shows electronic configurations of the high-spin
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Figure 8: Spin-adapted wave functions for 4-electrons-in-3-orbitals (only configurations with
positive spin projection are shown).

triplet state and the Ms = 0 singlet and triplet states. All three wave functions have the same

orbital occupation, representing valence excited states. The lowest orbital represents the core

orbital, φc. Ionization of the core orbital can produce open-shell quartet and doublet states.

The resulting spin-adapted 3-electrons-in-3-orbitals wave functions are shown in Fig. 9 (the

complete set of configurations for 3-electrons-in-3-orbitals can be found, for example, in Ref.

59). Ionization of the triplet can produce the quartet and doublets, whereas ionization of

the singlet can only result in a doublet. Further analysis of configurations in Fig. 9 makes it

evident that one-electron ionization of the triplets can produce (a)-(c), whereas the ionization

of the singlet can only yield (d). As expected, the Dyson orbital in all cases equals φc. Thus,

it is reasonable to assume that the leading contributions to the Dyson orbital for ionizing

singlet and triplet excited states with the same orbital occupation would be similar.

Let us now analyze whether our computational scheme of calculating Dyson orbitals

from a high-spin triplet state suffers from spin contamination. Ionization of the β-electron

from the high-spin reference yields high-spin quartet, configuration (a) from Fig. 9; in

this calculation both the initial and the target states are spin complete and the Dyson

orbital equals φc. Ionization of α-electron yields the third configuration of quartet (b) or

the first configuration of doublet (c). It is obvious that the target states would be spin-
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addition to computational effectiveness and simplicity, this
scheme yields reliable and accurate energy differences and
describes equilibrium properties of all the diradical or triradical
states with an accuracy comparable to that of the traditional
methods when applied to well behaved molecules. All the SF
models are implemented in the Q-CHEM ab initio package.21
Analytic gradients are available for the SF-CIS, SF-DFT, and
SF-CCSD22 wave functions.

3. Ground-State Multiplicity and Excited States
Ordering: Aufbau vs Hund
The relative ordering of electronic states from Figure 3

determines properties of triradicals and, consequently, their

practical applications. For example, ground-state multiplicity
and energy gaps between high-spin and low-spin states is
important for the design of novel magnetic materials.2 Moreover,
the ground-state multiplicity and the quartet-doublet splitting
represent a measure of the stabilizing or destabilizing interac-
tions between the unpaired electrons within a finite size
molecule. Indeed, a chemical bond is produced by a pair of
electrons with antiparallel spins, whereas a system of nonin-
teracting electrons would not show any preference for either
high-spin or low-spin states.
From the electronic structure perspective, the type of interac-

tion between the unpaired electrons is derived from the character
of the MOs that host these electrons. In many di- and
polyradicals, the nominally nonbonding MOs (NBMOs) interact
either by direct spatial overlap (through-space interaction) or
by overlap with intervening σ and σ* orbitals (through-bond
interaction23,24). The bonding interaction lifts the degeneracy
between these orbitals, and when the MO splitting exceeds the
electron repulsion, a pair of electrons occupies a bonding orbital
(as dictated by the aufbau principle), thus producing a partial
bond. However, when NBMOs are exactly degenerate, the
aufbau principle, which is based on one-electron considerations
only, predicts no energy difference between different electron
arrangements. In this limiting case, the ground-state electronic
configuration is determined by the electron repulsion that is
minimal for the same spin electrons. Thus, for degenerate
NBMOs the extension of Hund’s first rule25 to molecules
predicts that the lowest energy state is the one with the highest
multiplicity, i.e., triplet, quartet, quintet, etc. However, violations
of this rule occur when the singly occupied NBMOs are
disjoint,26-28 i.e., localized on different parts of the molecule.
In this case, the exchange interactions between these orbitals
are small, and low-spin and high-spin states with the same spatial
configuration are nearly degenerate. In some cases, mixing with
certain singly excited configurations can lower the energy of
the low-spin state, but not that of the high-spin state, and the
former falls below the latter. This mechanism of reversing the
singlet-triplet ordering has been termed dynamic spin polariza-
tion.29,30

Although these guiding rules (the aufbau principle and
extended Hund’s rule) have proved to be extremely useful in
predicting the ground-state multiplicity, it is often unclear which
one would prevail. Indeed, there is no quantitative criterion of
separating the aufbau and Hund’s domains, and the decisive
word belongs to either an experiment or predictive electronic
structure calculations. Moreover, these simple models do not
predict relative order of other low-lying states and fail in the
case of substituted species, especially when charge is intro-
duced.31,32

We have calculated and analyzed relative state ordering in
several prototypical triradicals from Figure 1, i.e., in tridehy-
drobenzene (TDB) isomers (1,2,3-, 1,2,4-, and 1,3,5-C6H3),7,8
1,3,5-trimethylenebenzene (TMB),11 and dehydro-m-xylylene
(DMX) isomers (5-DMX and 2-DMX).9,11

3.1. Low-Lying Electronic States in C6H3 Isomers. Mo-
lecular orbitals of the C6H3, or TDB isomers are shown in Figure
4. The three σ orbitals derived from the three sp2-hybridized
orbitals of the dehydrocarbons are between the bonding and
antibonding π-orbitals, which are similar to these of benzene.
If three σ-orbitals were all exactly degenerate, the ground

state of the molecule would be a quartet, according to Hund’s
rule. If the orbitals are well separated in energy, however, the
aufbau principle would predict a doublet ground state, in which

Figure 3. Triradical wave functions that are eigenstates of Ŝz and Ŝ2.
The symmetry of the orbitals determines if these configurations can
interact and further mix with each other. All doublets (c)-(j) and the
low-spin component of quartet (b) are multiconfigurational, and the
high-spin component of quartet state (a) is singly determinantal.

10640 J. Phys. Chem. A, Vol. 109, No. 47, 2005 Krylov

Figure 9: Spin-adapted wave functions for 3-electrons-in-3-orbitals in which each orbital is
singly occupied (only configurations with positive spin projection are shown). Configurations
(a) and (b) are quartets; configurations (c) and (d) are doublets. Reproduced with permission
from Ref. 59.

contaminated, as the two other configurations present in (b) and (c) would be missing. This

spin-incompleteness may affect the energies of the target states. However, the effect is likely

to be small because of the small exchange integral between the core and valence orbitals.

Most importantly, the spin-incompleteness of the target states has no effect on the Dyson

orbital, since the missing configurations are connected to the initial state (a) by a three-

electron operator involving flipping the spin of the core electron. In the model example

with three orbitals, the resulting Dyson orbital equals φc, just as in the case of properly

spin-adapted states. Of course, in systems with more electrons, some spin-contamination

will likely be present, however, the leading contributions to the Dyson orbital should be

captured by this scheme reasonably well. To estimate the numeric consequences of spin-

incompleteness, one can compare the IEs and the square norms of Dyson orbitals computed

by ionizing α or β electrons from the high-spin αα reference. The results in Tables 5 and 6

(and the corresponding figures) confirm that the differences in IEs are relatively small. The

differences in the norms of the Dyson orbitals are in the third digit, which confirms that,

as far as Dyson orbitals are concerned, the calculations of ionized states using high-spin
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triplet reference do not introduce gross errors due to the lack of spin adaptation. Of course,

spin-incompletness is unsatisfactory from the formal point of view and it may pose numeric

problems in some particular cases. Therefore, further development of theory is necessary to

address this issue.
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Abstract

Correction for ‘Dyson Orbitals within the fc-CVS-EOM-CCSD Framework: Theory

and Application to X-ray Photoelectron Spectroscopy of Ground and Excited States’

by M.L. Vidal et al., Phys. Chem. Chem. Phys., 2020, doi:10.1039/C9CP03695D

An error was detected, and it is hereby corrected, in the computation of the photoelectron

spectra obtained by ionizing core electrons of the two lowest excited states of uracil. A re-

examination of the Hartree-Fock molecular orbitals in the 6-311(2+,+)G** (uncontracted)

basis (which was used in the calculations) has revealed that the SCF procedure did not

converge to the desired lowest triplet states of nπ∗ and ππ∗ characters, but instead found

nRy and πRy solutions. While the character of the hole orbital in these states is the same
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as in the S1 and S2 states, the character of the particle orbital is different. Thus, the

XPS reported in Ref. 1 do not correspond to the XPS of the S1 and S2 excited states.

This unfortunate problem occurred because of using non-standard basis set (uncontracted),

which affected the default guess in the SCF procedure. Because of multiple diffuse functions

present in the basis, the SCF calculation of the lowest triplet inadvertently converged to a

Rydberg state instead of the valence state. This problem can be easily corrected by using

molecular orbitals from the ground-state calculation together with the correct user-defined

orbital occupation and the MOM algorithm.

The results of the calculations of the spectra with the correct orbital occupations are

reported below. Figures 1, 2, and 3 show the amended spectra at the carbon, nitrogen, and

oxygen K-edges, respectively. They replace Figures 5, 6 and 7 in the original article. Tables 1

and 2 summarize the raw data (ionization energies and squared Dyson orbital norms) for

the S1 and S1 excited states, and amend the results in Tables 5 and 6 in the original article.

Below we present the amended discussion of the computed spectra. Importantly, the

main conclusion of Ref. 1 remains valid: The XPS spectroscopy on the oxygen edge can be

used to distinguish different electronic states in uracil.

Table 1: Uracil. Ionization energies (IE, eV) and squared norms of Dyson orbitals for the
first excited state (S1). The results are reported at the Franck-Condon geometry (no label)
and at state-specific zero-gradient, stationary point (label sp) geometry.

S1 S1(sp)
K-edge IE ||φDyson||2 IE ||φDyson||2

α β α β α β α β

Carbon 291.47 291.68 0.876 0.882 291.68 291.96 0.878 0.883
292.42 291.93 0.884 0.883 292.83 292.26 0.881 0.882
294.37 293.87 0.879 0.877 294.53 294.04 0.877 0.875
296.10 296.11 0.885 0.885 296.10 296.11 0.885 0.885

Nitrogen 407.15 407.08 0.880 0.881 407.34 407.28 0.879 0.880
407.63 407.48 0.877 0.879 407.59 407.48 0.877 0.879

Oxygen 538.88 538.86 0.880 0.880 538.82 538.81 0.881 0.880
544.00 542.82 0.878 0.890 544.04 542.75 0.876 0.886

At all three edges, the XPS spectra of the two excited states are now found significantly

closer to that of the ground state. In most cases, the binding energies of the core electrons
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Figure 1: Uracil. C K-edge fc-CVS-EOM-CCSD/6-311(2+,+)G** (uncontracted) X-ray
photoelectron spectra of the ground state (S0), first (S1, nπ∗) and second (S2, ππ

∗) excited
state corresponding to the ejection of either an α or a β electron, obtained by convolution
of the computed ionization energies and Dyson norms with a Lorentzian function (FWHM
= 0.4 eV).

Table 2: Uracil. Ionization energies (IE, eV) and squared norms of the second excited state
(S2). The results are reported at the Franck-Condon geometry (no label) and at state-specific
zero-gradient, stationary point (label sp) geometry.

S2 S2(sp)
K-edge IE ||φDyson||2 IE ||φDyson||2

α β α β α β α β

Carbon 292.98 292.34 0.883 0.886 293.12 292.48 0.878 0.881
293.27 292.60 0.879 0.883 293.58 292.94 0.870 0.875
294.94 295.04 0.879 0.880 295.08 295.24 0.872 0.875
296.35 296.37 0.883 0.883 296.30 296.32 0.882 0.881

Nitrogen 407.28 407.27 0.880 0.881 407.45 407.44 0.878 0.879
408.13 407.99 0.870 0.874 407.82 407.66 0.870 0.873

Oxygen 539.32 539.27 0.877 0.878 539.11 539.11 0.878 0.877
539.57 539.29 0.882 0.885 539.64 539.64 0.888 0.888

are slightly red-shifted relative to the corresponding S0 values, indicating a destabilization

of the core electrons in the excited states.

At the C K-edge, see Figure 1, the ordering of the A and B bands is reversed in the S2
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Figure 2: Uracil. N K-edge fc-CVS-EOM-CCSD/6-311(2+,+)G** (uncontracted) X-ray
photoelectron spectra of the ground state (S0), first (S1, nπ∗) and second (S2, ππ

∗) excited
state corresponding to the ejection of either an α or a β electron, obtained by convolution
of the computed ionization energies and Dyson norms with a Lorentzian function (FWHM
= 0.4 eV).

state, indicating the stabilization (higher binding energy) of the 1s electron of the C atom

at position A and destabilization of the 1s electron of the C atom at position B.

At the N K-edge (cf. Figure 2), the ordering of A and B bands changes in the S1 state,

primarily due to a larger destabilization of the 1s core electron of the N atom at position B

than for the one at position A.

The significant overlap of the C and N K-edge spectra corresponding to the two excited

states makes them less attractive probes since no specific spectral signature region emerges.

At the oxygen K-edge, see Figure 3, substantial differences between the spectra of the

three states (ground state, S1 and S2) are found. In line with the localized nature of the

nπ∗ state (see Table 3 in Ref. 1), the 1s electron of the oxygen in A position is strongly

stabilized in the S1 state, versus a very modest destabilization of the one in B position, with
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Figure 3: Uracil. O K-edge fc-CVS-EOM-CCSD/6-311(2+,+)G** (uncontracted) X-ray
photoelectron spectra of the ground state (S0), first excited state (S1), and second excited
state (S2) corresponding to the ejection of either an α or a β electron, obtained by convolution
of the computed ionization energies and Dyson norms with a Lorentzian function (FWHM
= 0.4 eV).

a separation between the two IEs of 4-5 eV. This confirms our previous conclusion1 that

the oxygen K-edge region would be the most interesting edge for probing the excited-state

dynamics of the S1 state by UV-pump/XPS-probe spectroscopy.
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Abstract

We present an extension of the equation-of-motion coupled-cluster singles and dou-

bles (EOM-CCSD) theory for computing x-ray L-edge spectra, both in the absorption

(XAS) and photoelectron (XPS) regimes. The approach is based on the perturba-

tive evaluation of spin-orbit couplings using the Breit-Pauli Hamiltonian and non-

relativistic wave-functions described by the fc-CVS-EOM-CCSD ansatz (EOM-CCSD

within the frozen-core core-valence separated (fc-CVS) scheme). The formalism is

based on spinless one-particle density matrices. The approach is illustrated by mod-

eling XAS and XPS of several model systems ranging from Ar to small molecules

containing sulfur and silicon.
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Spectroscopic techniques exploiting x-ray radiation have a long history. Two of the most

popular ones, x-ray absorption and x-ray photoemission, also known as x-ray photoelectron

or electron spectroscopy for chemical analysis, enable investigation of the local electronic

structure in molecules and materials. Today’s light sources, which range from synchrotron

and x-ray free-electron lasers to table-top x-ray instruments based on high harmonic gener-

ation, facilitate exciting new experiments, which were merely hypothetical just a few years

back. These advances have triggered an explosion of interest of the molecular and material

sciences community in x-ray based techniques.1–3 These advances in the experimental tools

have been accompanied by a burst of activity in the development of theoretical methods for

simulating and interpreting experimental spectra.4

Conceptually, x-ray spectroscopy is similar to UV-Vis spectroscopy, the main difference

being the energy scale and, consequently, the type of electronic transitions that are probed.

UV-Vis radiation induces transitions involving the outer-shell valence electrons, whereas x-

ray radiation induces transitions involving inner-shell core electrons. Despite this similarity,

the theoretical methods developed for valence spectroscopy are not directly applicable to

core-level spectroscopies.4 Similarly to their valence counterparts, core-level states often have

open-shell character, but they also exhibit strong orbital relaxation. Thus, their description

requires sufficiently flexible basis sets5,6 and many-body ansätze that are capable of tackling

static and dynamic correlation as well as orbital relaxation.

The equation-of-motion (EOM) coupled-cluster (CC) framework7–12 is a versatile plat-

form for treating excited and ionized states with open-shell character. Even at the lowest

level of correlation treatment, when only single and double excitations are included in the

ansatz, the method has the ability to tackle both dynamic correlation and orbital relaxation

quite well. Originally, EOM-CC was developed to study valence states; thus, typical im-

plementations seek the solutions corresponding to the lowest states, which is obviously not

suitable for high-energy core-level states. Another complication arises from the fact that

the core-level states are embedded in a continuum of valence excited and ionized states,

2
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which leads to poor convergence and erratic results.13,14 The core-valence separation (CVS)

scheme,15 which decouples the valence and core sectors of the Fock space on the basis of the

large energy gap between the core and valence orbitals, provides a simple yet effective recipe

for extending valence-state methods into the core-level domain and overcoming the conver-

gence issues. CVS has been implemented within various electronic structure methods,16–21

including the EOM-CC family.22–24 The resulting methods have been successfully applied to

model a variety of x-ray spectroscopic experiments such as absorption (XAS),22,23,25,26 photo-

electron (XPS),24,27,28 x-ray emission (XES), and resonant inelastic scattering (RIXS).14,29–31

At the CC level, the applications have been so far limited to the study of 1s electrons of

light elements (that is, the K-edge), due to yet another obstacle towards the quantitative

simulation of x-ray spectra—the need to include relativistic effects.

Relativistic effects, which become more pronounced at higher energies, can be classified

into two categories: scalar and spin-orbit.32 The first type is not critically important in

the context of K-edge spectroscopy, because it results in a constant energy shift of the en-

tire spectrum.5,27,33 Because K-edge states are mostly affected by scalar relativistic effects,

non-relativistic calculations yield qualitatively correct K-edge spectra. The second type,

spin-orbit coupling (SOC), which arises from the coupling between the magnetic moment

associated with the spin of the electron and the magnetic field created by the relative motion

of charged particles (electrons and nuclei),34 has a greater impact on the spectra at lower

edges. SOC mixes states with different multiplicity, which do not interact in a non-relativistic

framework. It also causes energy splittings of orbitals with nonzero orbital angular momen-

tum (l > 0). Fig. 1 shows the SO splitting of the atomic 2p orbitals, illustrating that SOC

affects the L-edge spectra by splitting them into two edges: L2 (or LII) and L3 (or LIII).

3
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2p
2p3/2

2p1/2

Figure 1: Splitting of the 2p orbitals due to spin-orbit coupling.

These effects can be fully accounted for within a fully relativistic treatment with a 4-

component Hamiltonian,35–37 but such treatments come with a substantial increase of the

computational cost. Various flavors of two-component methods, such as the zeroth-order

regular approximation (ZORA)38–41 and its infinite-order variant (IORA),42 the Douglas-

Kroll-Hess method,43–45 or the exact 2-component (X2C) approach,46,47 are less demanding;

however, these calculations still increase the computational cost by an order of magnitude

relative to the non-relativistic calculation.48 Furthermore, a variational treatment of the

SOC (i.e., when the spin-orbit operator is included at the wave-function optimization step)

may lead to an imbalanced description of electronic states with different spin projections,

resulting in the violation of Kramers’ theorem and momentum contamination.49

Fortunately, in molecules composed of atoms from the first few rows of the periodic table,

so-called perturbative treatment of SOC, which entails calculation of the matrix elements

of the Breit-Pauli Hamiltonian using non-relativistic wave-functions, is sufficiently accurate

while being computationally affordable.50 This strategy, which has been successfully used

within EOM-CC framework,48,51–55 has not yet been extended to core-level spectroscopy,

which is the focus of this communication. Building upon our previous work,23,24,54–56 we

implemented calculations of SOC within the frozen core (fc) CVS-EOM-CCSD method,

thus extending the EOM-CC framework to modeling x-ray absorption and photoelectron

spectroscopy at the L and higher (i.e., lower in energy domain) edges.

In this approach, the final states and their properties (energies and transition strengths)

4
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are obtained in a two-step procedure. In the first step, the non-relativistic states are com-

puted using the fc-CVS-EOM-CCSD ansatz:

|Ψfc-CVS-EOM〉 = R̂CVSe
T̂fc|Φ0〉; T̂fc =

∑
µv

tµv τ̂µv ; R̂CVS =
∑
µc

rµc τ̂µc , (1)

where T̂ and R̂ are the cluster and the EOM excitation operators, and the sub-indices v and

c refer to the valence and core orbital spaces, respectively. The exact form of the R̂ operator

depends on the target-state manifold, giving rise to different flavors of EOM-CC methods.9

Here, we use EOM-IP (EOM for ionization potentials) to compute ionized states, EOM-

EE (EOM for excitation energies) to compute singlet excited states, and EOM-SF (EOM

spin-flip) to compute triplet excited states (with spin projection ms = −1). For closed-shell

systems, such as those studied here, these calculations employ closed-shell reference states.

In the second step, SOCs are calculated as the matrix elements of the spin-orbit part of

the Breit-Pauli Hamiltonian, given in atomic units by:57

ĤSO =
1

2c2

(∑
i

hSO(i) · s(i)−
∑
i 6= j

hSO(i, j) · (s(i) + 2s(j))

)
, (2)

where hSO(i) and hSO(i, j) are the one- and two-electron operators58

hSO(i) =
∑
K

ZK(ri −RK)× pi
|ri −RK |3

=
∑
K

ZK
r3iK

(riK × pi) =
∑
K

ZK
r3iK

liK , (3)

hSO(i, j) =
(ri − rj)× pi
|ri − rj|3

=
1

r3ij
rij × pi =

1

r3ij
lij, (4)

ri, pi and li are the coordinates and the (linear and angular) momenta, respectively, of elec-

tron i, and RK and ZK are the coordinates and charge of nucleus K. In second quantization,

Eq. (2) assumes the following form:54

ĤSO =
1

2c2

(∑
pq

Ipqâ
†
pâq +

1

2

∑
pqrs

Jpqrsâ
†
pâ
†
qâsâr

)
, (5)
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where I and J refer to the one- and two-electron spin-orbit integrals:

Ipq = 〈φp(1)|hSO(1) · s(1)|φq(1)〉, (6)

Jpqrs = −〈φp(1)φq(2)|hSO(1, 2) · [s(1) + 2s(2)]|φr(1)φs(2)〉. (7)

Matrix elements of this operator can be computed by contracting the spin-orbit integrals

with the corresponding one- and two-electron transition density matrices (TDM):

〈Ψ(s,ms)|ĤSO|Ψ′(s′,m′s)〉 =
∑
pq

Ipqγpq +
1

2

∑
pqrs

JpqrsΓpqrs , (8)

where

γpq = 〈Ψ(s,ms)|â†pâq|Ψ′(s′,m′s)〉 , (9)

Γpqrs = 〈Ψ(s,ms)|â†pâ†qâsâr|Ψ′(s′,m′s)〉 . (10)

The calculation of the SOCs, as defined by Eq. (2), entails the computationally demanding

two-electron part of ĤSO. Fortunately, the two-electron contributions can be effectively

evaluated in a mean-field manner. Within this approximation, called spin-orbit mean-field

(SOMF),59 the calculation of SOC requires only the one-electron TDM

〈Ψ(s,ms)|ĤSOMF|Ψ′(s′,m′s)〉 =
∑
pq

HSOMF
pq γpq, (11)

with the effective one-electron operator ĤSOMF:51,52,54

HSOMF
pq = Ipq +

1

2

∑
rs

ρrs (Jprqs − Jprsq − Jrpqs) (12)

where ρ is the state density matrix of the reference determinant. The SOMF approximation

simply entails neglecting the non-separable part of two-electron transition density matrix.54

By converting these equations into the atomic orbital basis, one can evaluate the SOMF

6
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integrals using efficient algorithms, such as those used for the Fock-matrix builds. The

SOMF Hamiltonian can be used as a starting point for more drastic approximations, such as

atomic mean-field approximation in which only the diagonal blocks of ρ (in the AO basis) are

retained, and introducing one-center approximations for the one and two-electron integrals.60

In our implementation, we used the SOMF scheme without further approximations.

To obtain the SO-split states, we then construct the SOMF Hamiltonian matrix in the

basis of zeroth-order states

HSOMF = 〈Ψ(s,ms)|ĤSOMF|Ψ′(s′,m′s)〉, (13)

and diagonalize it. (Here and below we use bold font to denote the matrix representa-

tions of the operators expressed in the basis of EOM states). The diagonal elements of

the SOMF matrix contain the zeroth-order energies (i.e., non-relativistic EOM-CC ener-

gies) and the off-diagonal elements between two different states Ψ(s,ms) and Ψ′(s′,m′s)

are 〈Ψ(s,ms)|ĤSOMF|Ψ′(s′,m′s)〉, which are computed as described in Ref. 55. The states

entering these expressions are the ionized states (s = 1/2,ms = ±1/2) when we calculate ion-

ization energies, and the singlet (s = 0,ms = 0) and triplet (s = 1,ms = −1, 0,+1) excited

states when we calculate excitation energies. The diagonalization of the SOMF Hamiltonian

matrix yields the target SO-coupled states, whose eigenvalues are the energies of the SO-split

states. To compute oscillator strengths for the transitions involving the SO-split states, as

needed for the simulation of L-edge NEXAFS, we first construct the (non-Hermitian) electric

dipole matrices between the ground state Ψ0 and the zeroth-order target states Ψ(s,ms):

µf←0
α = 〈Ψf (s,ms)|µ̂α|Ψ0〉; µ0←f

α = 〈Ψ0|µ̂α|Ψf (s,ms)〉, (14)

where α denotes the Cartesian components x, y, and z. These transition matrices are then

transformed into the new basis of the SO-split states by applying the transformation obtained
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from the diagonalization of HSOMF:

µ̃2
α = U†µf←0

α µ0←f
α U, (15)

where the matrix U contains the eigenvectors of HSOMF. (Due to non-Hermiticity of the

EOM theory, the geometric averaging of the estimates from Eq. (15) does not necessarily

yield a real positive number; however, for the systems considered here, only very few non-

positive values were observed and their magnitude was negligible.) Finally, the oscillator

strengths for the transitions between the ground state and the target SO-coupled state f̃ are

computed as:

f(f̃ ← 0) =
2

3
ωf̃

∑
α=x,y,z

µ̃2
α. (16)

In a similar fashion, the XPS intensities can be estimated from the squared norm of the

Dyson orbitals, defined as overlap of the initial N -electron wavefunction of the neutral and

the final (N − 1)-electron wavefunction of the cation. For the XPS of ground-state species,

the initial wavefunction is Ψ0 and the final (SO-split) wavefunction is Ψf̃ . Since in CC theory

the bra and ket states are not Hermitian conjugates of each other, we use an additional index

L or R to mark left and right wavefunctions and the respective Dyson orbitals24,61–63

φd,R
f̃

=
∑
p

γ̃R,f̃p φp ; φd,L
f̃

=
∑
p

γ̃L,f̃p φp (17)

where

γ̃R,f̃p = 〈ΨL
0 |â†p|ΨR

f̃
〉 ; γ̃L,f̃p = 〈ΨL

f̃
|âp|ΨR

0 〉 (18)

are the expansion coefficients (or amplitudes) of the left (L) and right (R) Dyson orbitals

corresponding to the SO-mixed states on the molecular orbital basis {φp}. The target SO-
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split state Ψf̃ is the linear combination of the non-relativistic cationic states Ψj

ΨR
f̃

=
∑
j

ΨR
j Ujf̃ ; ΨL

f̃
=
∑
j

U∗
f̃ j

ΨL
j (19)

so that the left and right Dyson orbitals for the SO-split target state Ψf̃ become

φd,R
f̃

=
∑
j,p

〈ΨL
0 |â†p|ΨR

j 〉Ujf̃ φp =
∑
p

(∑
j

γR,jp Ujf̃

)
φp =

∑
p

γ̃R,f̃p φp =
∑
ν

γ̃R,f̃ν χν (20)

φd,L
f̃

=
∑
j,p

U∗
f̃ j
〈ΨL

j |âp|ΨR
0 〉 φp =

∑
p

(∑
j

U∗
f̃ j
γL,jp

)
φp =

∑
p

γ̃L,f̃p φp =
∑
ν

γ̃L,f̃ν χν . (21)

where we introduced the amplitudes of the Dyson orbitals of the original non-relativistic

EOM states24,61

γR,jp = 〈ΨL
0 |â†p|ΨR

j 〉 ; γL,jp = 〈ΨL
j |âp|ΨR

0 〉 . (22)

In the last equality of Eqs. (20) and (21), the Dyson orbitals are expressed on the atomic

orbital basis {χν}. The Dyson orbitals of the SO-split states are complex-valued. Complex

orbitals can be visualized in different ways, from simply representing their real and imag-

inary components separately, to more sophisticated representations that take their phases

into account.64,65 To visualize the complex Dyson orbitals, we use here the QSimulate-QM

program,66 that implements the algorithm proposed in Ref. 65.

Fig. 2 shows zero-order and SO-coupled right Dyson orbitals for H2S, illustrating the effect

of the SOC on the ionized states. SOC mixes the non-relativistic states and changes orbital

shapes, i.e, 2p1/2 and 2p3/2 orbitals are rotated relative to the original px, py, and pz, and also

scrambles spin and space degrees of freedom. The SO-mixed orbitals transform by a different

symmetry group (double point group), because the relativistic treatment necessitates using

different symmetry groups, as described, for example, in Ref. 67,68. For a C2v molecule

(such as H2S), the relativistic states belong to the C̄2v double group, which is a non-Abelian

group with four one-dimensional irreps of the bosonic type and one two-dimensional irrep

9
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Figure 2: H2S. Left: right Dyson orbitals for the non-relativistic EOM-IP states (α and β
spin-orbitals have different signs, consistent with the phase treatment in Wigner–Eckart’s
theorem). Right: spin-integrated right Dyson orbitals of the SO-mixed states, represented
as isosurfaces of their (complex) norm.65

of the fermionic type. Wave functions with odd and even number of electrons transform

according to the fermionic and bosonic representations, respectively. The Dyson orbital

spinors (Fig. 2) have the representation E×A1 = E. This is a two-dimensional irrep, which

corresponds to a Kramers doublet in the full symmetry group (with time-reversal operation).

Thus, the apparent shape of the orbital depends on how the basis is selected in this irrep. In

the SI, we present an alternative, symmetrized, rendering of the SO-mixed Dyson orbitals,

together with the transformation matrix used to generate it, as well as the unconstrained

transformation matrix U.

These SO-mixed Dyson orbitals illustrate the effect of the SOC on the ionized states, in

the same fashion as the analysis of the SO-mixed transition density matrices from Ref. 69

illustrates the effect of SOC on the excited states. We note that this analysis is based on

the SO-mixed adiabatic states, in contrast to the SOC NTO analysis presented in Ref. 56,

which is formulated in terms of the non-relativistic (diabatic) states.

The mixing also affects transition strengths, in the same fashion as it affects oscillator

strengths. For example, the relative XPS intensities for the transitions involving the SO-split

10
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states are approximated as

γ̃2 = U†γLγRU. (23)

The SOC-CVS-EOM-CCSD approach has been implemented in the Q-Chem electronic

structure package.70,71 The implementation included the extension of the fc-CVS-EOM-

CCSD framework to the SF states, in addition to the previously implemented23,24 IP and

EE variants. For the XPS calculations, we used the 6-311+G(3df) basis set with uncon-

tracted core functions, denoted as uC-6-311+G(3df), following the recommendation of a

recent benchmark study.6 Because we focus on L-edges, we only uncontracted the core or-

bitals, roughly corresponding to n = 2, i.e., the second contracted s-function (leaving the ’6’

contracted core function untouched) and the two most contracted p-functions. For the XAS

calculations, we used uC-6-311(2+,+)G(p, d) augmented with additional Rydberg-type func-

tions whose exponents were generated according to the prescription of Kaufmann et al.,72

and quantum number n = 2.5, . . . , 5. Uncontracted bases were used for the active edge

only, whereas all other atoms were described by the standard variants of these basis sets.

All basis sets are given in the SI. The number of states included in the SOMF Hamiltonian

varies depending on the system, the exact number of states for each system can be found in

SI.

To illustrate the capabilities of the method, we considered several systems for which

experimental data are available. These systems are listed in Table S1 in the SI, along with

their structural parameters. In most cases, we used structures optimized at the CCSD(T)/cc-

pCVQZ level of theory, taken from Ref. 73. For thiophene, we used an MP2/cc-pVTZ

optimized structure. All Cartesian coordinates are given in the SI.
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Table 1: L-edge IEs (eV)a and SO splitting (cm−1) for H2S, OCS, SO2, CS2, and C4H4S2.

System Ass. IE (eV) ∆E (cm−1) Exp. IE (eV)
H2S 2p−13/2 169.405 0.00

170.37
169.495 726.54

2p−11/2 170.648 10025.40 171.57

OCS 2p−13/2 169.996 0.00
170.72

170.108 901.43
2p−11/2 171.254 10145.25 171.93

SO2 2p−13/2 174.341 0.00
174.78

174.410 559.04
2p−11/2 175.575 9949.94 175.99

CS2 2p−13/2 169.618 0.00

169.98169.618 0.06
169.708 724.46
169.708 727.00

2p−11/2 170.860 10018.78
171.0

170.860 10020.21
C4H4S 2p−13/2 169.390 0.00 169.89

169.458 546.15 170.00
2p−11/2 170.620 9913.76 171.14

a Theory: fc-CVS-EOMIP-CCSD/uC-6-311+G(3df). Experimental values are from Ref. 74
(H2S, OCS, SO2, CS2) and Ref. 75 (C4H4S2).

Table 1 shows the first three core-ionization energies (IEs) for H2S, OCS, SO2, CS2, and

C4H4S2 computed with SOC-CVS-EOMIP-CCSD/uC-6-311+G(3df) and compares them

with the experimental values. The table also shows the energy difference with respect to

the first IE (∆E). The corresponding zeroth-order energies, calculated at the non-relativistic

fc-CVS-EOMIP-CCSD/uC-6-311+G(3df) level of theory, are given in Table S2 in the SI.

The energies are assigned to the ionization of the electrons from the 2p orbitals of the atom

marked in bold. The results show how spin-orbit coupling splits the nearly degenerate 2p or-

bitals into two sets: one 2p1/2 orbital and two near-degenerate 2p3/2 orbitals, as explained in

Fig. 1 and illustrated in Fig. 2. The gap between these two sets is due to the SOC, whereas

the small energy difference between the 2p3/2 orbitals arises from non-spherically symmetric

molecular environment (this splitting is called molecular field splitting). Depending on the

system, the absolute deviations of the computed IEs relative to the experimental values are

12

176 8 Manuscripts



of the order of 0.1− 1.0 eV, which corresponds to relative errors of the order of 0.05− 0.5 %.

Fig. 3 shows the computed XPS spectra of the thiophene molecule, illustrating the spectro-

scopic signatures of the SOC. At the non-relativistic level, the 2p orbitals, although already

slightly non-degenerate due to the molecular field, are still close enough so that the spectrum

has only one peak. The inclusion of the SOC splits this peak into two, with the intensity

ratio 2:1, corresponding to the ionization of two 2p3/2 and the one 2p1/2. After a shift of

+0.5 eV the SO-corrected spectrum agrees well with the experiment, both in terms of the

intensity ratio and the energy splitting.

Theory ( x = 0.50 eV)
NR
SO

169.0 169.5 170.0 170.5 171.0 171.5 172.0
Ionization energy (eV)

Experiment

In
te

ns
ity

 (a
rb

. u
ni

ts
)

Figure 3: Thiophene (C4H4S) L-edge XPS. The theoretical spectra were obtained using a
Gaussian convolution function (σ = 0.15 eV) and an energy shift of +0.5 eV, estimated by
aligning to the first intense experimental peaks. The experimental spectrum was digitized
from Ref. 76.

Fig. 4 compares the computed L-edge NEXAFS for SiH4, SO2, C4H4S, and Ar with

the experimental spectra. The raw theoretical data (energies and oscillator strengths) are

provided in the SI.

Fig. 4a shows the L-edge spectra of silane with and without SOCs. As in the XPS example

above, the first peak is split into two upon inclusion of the SOC and agrees well with the

experiment. The shifted IEs are also in good agreement with the experiment. However, our
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(b) Ar
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(d) Thiophene, C4H4S

Figure 4: L-edge XAS of SiH4 (4a), Ar (4b), SO2 (4c), and C4H4S (4d). The theoretical
spectra were obtained using a Gaussian convolution function (σ = 0.15 eV) and an energy
shift (∆x) for a better fit with experiment. The experimental spectra were digitized from Ref.
77 for SiH4, Ref. 78 for Ar, Ref. 79 for SO2 and Ref. 75 for thiophene. The vertical dotted
lines correspond to the L2 and L3 ionization energies. The label NR denotes non-relativistic
calculations without inclusion of the SOC.

convoluted spectrum does not reproduce the highly structured set of bands above 104.4 eV

observed in the experiment, possibly due to using the same empirical Gaussian broadening

function for all computed states, regardless of their actual lifetime.
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Fig. 4b shows the spectra for the argon atom. Theory and experiment agree well, after a

small shift of +0.7 eV is applied. The first band at around 244.5 eV is due to the 2p3/2 → 4s

transition, whereas the second band at around 246.5 eV corresponds to the 2p1/2 → 4s

transition. The third and forth bands contain contributions from the 2p3/2 → 5s, 3d and

2p1/2 → 5s, 3d transitions, respectively. In the case of sulfur dioxide (see Fig. 4c) the

agreement between theory and experiment is also quite good for the first peaks (zoomed-in

region), after a shift of −0.6 eV is applied. The agreement deteriorates slightly at higher

energies.

Finally, Fig. 4d illustrates the spectra for a larger molecule, thiophene. In this case, the

theoretical spectrum is in excellent agreement with the experimental one in the entire energy

range and without an energy shift.

In conclusion, we have presented the first implementation of the perturbative inclusion

of spin-orbit effects within coupled-cluster theory to describe core-level spectroscopy. This

has been achieved by utilizing a general framework for calculating the SOCs from spinless

one-particle density matrices computed for the fc-CVS-EOM-CCSD wave functions. This

methodological advance enables the calculation of SO-corrected ionization and excitation

energies by a simple two-step procedure. In the first step, the non-relativistic states are

computed using appropriate variants of the EOM-CC family of methods; the choice of the

method is determined by the target states, i.e., EOM-IP for ionized states and EOM-EE/SF

for excited states. In the second step, these zeroth-order states are mixed by the perturbation

due to the SO part of the Breit-Pauli Hamiltonian, giving rise to the SO-corrected energies

and intensities. The examples illustrate the capabilities of the new method to accurately

and efficiently simulate L-edge XAS and XPS.
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Abstract

We report a theoretical investigation and elucidation of the x-ray absorption spectra

of neutral benzene and of the benzene cation. The generation of the cation by multi-

photon ultraviolet (UV) ionization as well as the measurement of the carbon K-edge

spectra of both species using a table-top high-harmonic generation (HHG) source are

described in the companion experimental paper [M. Epshtein et al., J. Phys. Chem.

A, submitted] see https://doi.org/10.26434/chemrxiv.12799922.v1]. We show that the
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1sC → π transition serves as a sensitive signature of the transient cation formation,

as it occurs outside of the spectral window of the parent neutral species. Moreover,

the presence of the unpaired (spectator) electron in the π-subshell of the cation and

the high symmetry of the system result in significant differences relative to neutral

benzene in the spectral features associated with the 1sC → π∗ transitions. High-level

calculations using equation-of-motion coupled-cluster theory provide the interpretation

of the experimental spectra and insight into the electronic structure of benzene and its

cation. The prominent split structure of the 1sC → π∗ band of the cation is attributed

to the interplay between the coupling of the core → π∗ excitation with the unpaired

electron in the π-subshell and the Jahn-Teller distortion. The calculations attribute

most of the splitting (∼1-1.2 eV) to the spin coupling, which is visible already at the

Franck-Condon structure, and estimate the additional splitting due to structural re-

laxation to be around ∼0.1-0.2 eV. These results suggest that x-ray absorption with

increased resolution might be able to disentangle electronic and structural aspects of

the Jahn-Teller effect in benzene cation.

Introduction

Special features of core orbitals, such as elemental specificity, local character, and sensitivity

to the environment, endow x-ray spectroscopies with unique capabilities.1–7 The scope of

applications of various flavors of core-level spectroscopies rapidly expands, thanks to the

advances in light sources, delivering brighter x-ray radiation, and in theoretical methods,

enabling robust modeling of core-level states.8,9

A combination of core and valence spectroscopies can be used to study processes involving

valence states by utilizing transitions involving core states as a probe.10–17 Nowadays, this

type of experimental setup is commonly used to track chemical dynamics on femtosecond and

attosecond timescales.5,17–20 For example, it has been applied to study fundamental molecu-

lar processes, such as ultrafast internal conversion and intersystem crossing in nucleobases17
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and other organic molecules,19 metal-to-ligand and metal-to-metal charge transfer, ring open-

ing,21,22 hydrogen-bonding networks in solvated species,23 and ultrafast proton transfer.20

Core-valence transitions can also be exploited to probe transient species in minute amounts

and in the presence of parent closed-shell species, as recently demonstrated by detecting OH

produced in the radiolysis of water.20,24

The development of table-top high-harmonic generation (HHG) sources reaching up to

300 eV further expands the scope of time-resolved pump-probe applications,7,25–34 by en-

abling experiments combining near-infrared/ultraviolet excitation and soft x-rays probing at

the carbon K-edge. The capabilities of such approaches have been demonstrated in several

recent studies.6,7,19,21,22,35–37 For example, the wide spectral range of the HHG flux enabled

studying light-induced chemical transformations in CF +
4 and SF +

6 molecules at the carbon

K-edge and sulfur L-edge; this study characterized the reaction paths and the effects of

symmetry breaking through the splitting of absorption bands and Rydberg-valence mixing

induced by the geometry changes.35 Other chemically relevant examples include characteri-

zation of the pericyclic minimum leading to the ultrafast ring-opening (or the ground-state

reformation) in 1,3-cyclohexadiene21 and in furfural,22 as well as inter-system crossing in

acetylacetone.19 These studies exploited the sensitivity of the transitions involving 1sC elec-

trons to the structural changes in the course of dynamics. This sensitivity of core-level tran-

sitions could be exploited in other areas of spectroscopy, for example, by probing splitting of

degenerate orbitals due to Jahn-Teller (JT) structural relaxation induced by photoionization.

Being the archetypal aromatic molecule, benzene is the favorite model system for illus-

trating various types of spectroscopic techniques38–44 as well as a benchmark for theoretical

methods.13,14,45–50 Its high symmetry provides additional complexity, making its electronic

structure truly fascinating. The lowest ionized (and some of the excited) states of benzene

are subject to JT distortions, which have been investigated in numerous studies.47–49,51–59

Here we present theoretical characterization of the electronic structure of the benzene cation

produced by valence photoionization of the parent molecule and probed via x-ray absorption.
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As described in the companion paper,60 the cations generated via two-photon ionization of

benzene with 267 nm (4.64 eV) radiation are probed via x-ray absorption at the carbon

K-edge. The experimental spectra clearly show signatures of the cations that are distinct

from the parent neutral species. In particular, the presence of the cations is revealed by the

lower-energy XAS (x-ray absorption spectrum) peak corresponding to transitions filling the

valence hole (core → π) and by splitting of the core → π∗ peak. The transitions to unoc-

cupied valence orbitals (such as π∗ orbitals) are degenerate in neutral benzene, but split in

the cation due to the presence of the unpaired electron (or spectator hole) in the π orbitals.

This is attributed to the different possible spin couplings of the three unpaired electrons —

in very simplistic terms, 2(core) × 1(ππ∗) versus 2(core) × 3(ππ∗) — yielding final doublet

spin states of core-ππ∗ character. Analogous splittings have recently been observed in the

N+
2 , CO+ and NH+

3 cations;61–63 they also bear conceptual similarities with the splitting ob-

served in the 1s shake-up spectrum of neon.64 In addition, JT relaxation lifts the degeneracy

of the π∗ orbitals, further increasing the splitting. High-level electronic structure calcula-

tions using equation-of-motion coupled-cluster (EOM-CC) theory65–67 adapted to describe

core-level states10,68,69 facilitate the interpretation and assignment of the experimental spec-

tra and provide additional insight into the nature of the spin coupling and the JT effect in

benzene cation. In contrast to many previous studies,48,51,55,57,58 which focused on under-

standing the JT effect in the occupied orbital domain, our work investigates the JT effect in

both the occupied and the virtual orbital domain, highlighting additional complexity arising

due to the presence of the three unpaired electrons. In addition, this contribution is the first

quantitative characterization of the core-level transitions in benzene cation.

Theoretical Methods and Computational Details

The valence states were described by EOM-IP-CCSD (equation of motion coupled cluster

singles and doubles for ionization potentials) with frozen core. The core states were described
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by fc-CVS-EOM-IP-CCSD10 (frozen-core core-valence-separated coupled cluster singles and

doubles for ionization potentials). Fig. 1 shows optimized structures of the neutral benzene

and benzene cation.
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Figure 1: Optimized structures of neutral benzene (center, RI-MP2/cc-pVTZ) and the two
lowest states of the cation (EOM-IP-CCSD/cc-pVTZ); distances in Å; angles in degrees.
The structure on the left corresponds to the optimization of the 2B3g state and the structure
on the right corresponds to the optimization of the 2B2g state. The two structures are nearly
degenerate, with the elongated minimum being 0.002 eV below the compressed one. The
Cartesian geometries are given in the SI.

The XAS transitions for neutral benzene were computed with fc-CVS-EOM-EE-CCSD,

at the geometry optimized with RI-MP2/cc-pVTZ. In addition, we computed the XAS spec-

trum of the neutral at the two distorted geometries corresponding to the elongated and

compressed minima of the cation. The XAS spectrum of the cation was computed using the

fc-CVS-EOM-EE-CCSD method with ROHF open-shell reference at the EOM-IP-CCSD/cc-

pVTZ optimized geometry (elongated structure). Additional calculations of the cation XAS

were carried out using EOM-EE-CCSDT/STO-3G. The spectra were generated from the

computed energies and oscillator strengths using a Gaussian convolution function. The 6-

311G(2+,+)G** basis set with uncontracted core was used in all calculations.70 The orbital

character of the XAS transitions was analyzed using natural transition orbitals (NTOs)

computed with the libwfa module71 and Dyson orbitals;15,16,72 they were visualized using

MOLDEN.73 All calculations were carried out using the Q-Chem electronic structure pack-

age,74,75 except for some test EOM-CCSDT calculations, which were carried out using a
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modified version of the MRCC76 code (courtesy of M. Kállay).

Results and Discussion

Molecular Orbital Framework and Symmetry Analysis

1ag

1b3u 1b2u

2ag 1b1g

2b3u

3ag

3b3u 2b2u

4ag 2b1g

5ag

4b3u

3b2u

5b3u 4b2u

1b1u

6ag

1b2g 1b3g

3b1g

Figure 2: Benzene. Occupied molecular orbital diagram at the Franck-Condon ge-
ometry. Symmetry labels correspond to the D2h group (the largest Abelian subgroup
of D6h). Using D6h symmetry labels, the ground-state electronic configuration is:
(core)12(2a1g)

2(2e1u)4(2e2g)
4(3a1g)

2(2b1u)2(1b2u)2(3e1u)4(1a2u)2(3e2g)
4(1e1g)

4, where core is:
(1a1g)

2(1e1u)4(1e2g)
4(1b1u)2. The respective correlated ionization energies are given in the SI

(Table S1). Isovalue is 0.05.
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We begin with a brief overview of the molecular orbitals (MOs) of benzene and symmetry

analysis of the relevant electronic states and the transitions between them. Figure 2 shows

the MO diagram of benzene. Benzene belongs to the D6h point group, which is a non-

Abelian group. Because most of the quantum-chemistry packages use Abelian subgroups, the

symmetry labels of the electronic states and MOs used throughout the manuscript correspond

to the D2h group, both at the symmetric D6h and at the JT distorted D2h geometries. In this

section we provide proper Abelian labels of the MOs and discuss selection rules for relevant

electronic transitions.

The ground-state electronic configuration of the neutral benzene (shown in Fig. 2) is:

X1A1g = (core)12(2a1g)
2(2e1u)4(2e2g)

4(3a1g)
2(2b1u)2(1b2u)2(3e1u)4(1a2u)2(3e2g)

4(1e1g)
4, (1)

with core being:

(1a1g)
2(1e1u)4(1e2g)

4(1b1u)2. (2)

The symmetry of the π HOMO is e1g and the symmetry of π∗ LUMO is e2u. Allowed

transitions correspond to A2u (z) and E1u (x, y) irreps (irreducible representations).

In the neutral benzene, π → π∗ excitation gives rise to the electronic states:

e1g × e2u = B1u +B2u + E1u, (3)

of which two are degenerate. The one-photon allowed states are degenerate E1u states

(transition dipole in xy plane). Among many core→ π∗ transitions, only one transition from

the e2g pair can carry oscillator strength:

e2g × e2u = A1u + A2u + E2u, (4)

giving rise to a non-degenerate A2u state (with transition dipole along z-axis). Excitation

energies and oscillator strengths for the valence excited states in neutral benzene are given
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in the SI (Table S3),

In the benzene cation, one needs to consider not only the initial and target MOs, but

also the partially filled degenerate sub-shell. Considering all possible transitions from the

core to π∗ orbitals, in presence of the π spectator (e1g):

(a1g × e2u)× e1g = e2u × e1g = B1u +B2u + E1u (5)

(e2g × e2u)× e1g = (a1u + a2u + e2u)× e1g = 3E1u +B1u +B2u (6)

(b1u × e2u)× e1g = e1g × e1g = A1g + A2g + E2g (7)

(e1u × e2u)× e1g = (b1g + b2g + e1g)× e1g = 3E2g + A1g + A2g. (8)

Thus, four pairs of degenerate optically allowed states (of E1u symmetry) can be produced

(with dipole transition moment along z), each having two independent spin doublets obtained

by coupling three unpaired spins with same orbital occupation. This is different from the

neutral, where only one allowed transition of core→ π∗ is possible. In other words, the

presence of the unpaired electron in the degenerate π orbital leads to the appearance of

several distinct allowed transitions in the cation, even at the Franck-Condon structure, where

both π and π∗ are degenerate. As far as orbital character is concerned, one set of potentially

bright transitions corresponds to the transitions from the same pair of orbitals as in the

neutral (e2g). However, the transitions from the lowest core orbital (1ag), which are dipole

forbidden in the neutral, may become possible. The analysis of the computed transitions,

discussed below, shows that all allowed core→ π∗ transitions in the cation correspond to the

same type as in the neutral (e2g → e2u).

Jahn-Teller Distortion in Benzene Cation

Fig. 3 summarizes essential features of the JT effect in benzene cation: it shows the MO

diagram and the electronic configurations for the two lowest states of the cation. The π-

type HOMO of benzene is doubly degenerate at the symmetric D6h geometry of the neutral
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Figure 3: Molecular orbital diagram and electronic configurations of the two lowest electronic
states of the cation illustrating JT effect in benzene cation. At the FC (symmetric) struc-
ture, the π-type HOMO of benzene (and, consequently, the ground state of the cation) are
doubly degenerate. The relaxation of the cation results in the ring deformation, lifting the
degeneracy between the two π orbitals and, consequently, between the two lowest electronic
states of the cation. The energies of the bright core-valence transitions are also nearly the
same at the two JT minima; however, the transitions corresponding to the symmetric (FC)
structure are red-shifted by 0.33 eV. Light-colored lines schematically show the energies of
the π∗ orbitals (LUMO) along the JT distortion. Vertical black lines with arrows show the
core-valence transitions in the cation involving partially occupied π orbitals. The energies
(in eV) are computed with (CVS-)EOM-IP-CCSD/uC-6-311(2+,+)G**.

(Fig. 2). The ionization creates two degenerate states (2E1g or, using the largest Abelian

subgroup notations, 2B3g and 2B2g),
77 which undergo strong JT distortion.51,55,58 Note that

virtual levels (such as doubly degenerate π∗ LUMO) mirror the behavior of the occupied

levels (π HOMO) along the JT displacement. The relaxation of the 2B3g state gives rise

to the elongated (or acute) structure and the relaxation of the 2B2g state gives rise to the
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compressed (or obtuse) structure;78 the structures are shown in Fig. 1.

ρ
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Figure 4: PES of the two lowest states of benzene cation along two JT coordinates (amplitude
ρ and pseudorotation angle φ). At the FC (symmetric) structure, the two cationic states
are degenerate. The relaxation of the cation breaks the degeneracy of the two states (hence,
lower and upper adiabats). The symmetry is lowered, giving rise to two sets of three-fold
symmetry equivalent minima on the lower PES (elongated and compressed structures). The
pseudorotation coordinate connects the minima (note that the electronic character of the
lowest adiabatic state changes along this coordinate). See Fig. 3 for molecular orbital
diagram and electronic configurations.

The geometric relaxation involves in-plane CCC deformation, along the doubly degener-

ate ν6 vibrational mode.51,55,57 These stretching and compressing deformations lead to two

sets of three-fold degenerate minima corresponding to the elongated and compressed struc-

tures.55,57,58 The motion connecting these minima is called pseudorotation. Following the

standard formalism,79,80 the JT displacement is described by polar coordinates: the ampli-

tude ρ, characterizing the magnitude of the displacement from the symmetric structure, and

the pseudorotation phase φ. The degeneracy between the two lowest states of the cation is

lifted linearly along ρ, giving rise to the two split adiabats forming a familiar Mexican hat

pattern when rendered using ρ and φ; these potential energy surfaces (PES) are shown in

Fig. 4 (these PES were generated following Eq. (3) from Ref. 51 using their experimentally

derived values for the linear (k = 0.88) and quadratic (g = 0.02) vibronic couplings). The
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character (and symmetry) of the electronic wave-functions changes as one circles around the

symmetric (FC) structure, giving rise to the geometric phase effect and complex structure

of the vibronic states.51 In benzene cation, the energy profile along the pseudorotation is

nearly flat and the zero-point level is above the small barrier separating the six minima;51

thus, dynamically, benzene cation behaves as a symmetric molecule,51 but without electronic

degeneracies (i.e., both π and π∗ pairs are split).

Quantitative description of the photoelectron spectrum38 of benzene requires calculations

of the vibronic states of the benzene cation accounting for the geometric phase effect, arising

due the changes of the symmetry of the lowest adiabatic electronic state along pseudorotation

motion. As illustrated, for example, by Babikov et al.81 for N3 example (and also discussed

in Ref. 82), this effect imparts additional nodal structure to the vibrational wave functions.

Köppel and co-workers48,49 carried out state-of-the-art calculations of vibronic states of ben-

zene cation using an ab initio parameterized vibronic Hamiltonian and multi-configurational

time-dependent Hartree-Fock calculations of nuclear wave-functions; they were able to fully

explain the vibrationally resolved photoelectron spectrum38 of benzene. Such calculations,

utilizing proper vibronic states of the cation, would be desirable for modeling high-resolution

XAS spectra of the cation; however, they are not needed for understanding the main features

of the present spectra, which do not have fine vibrational resolution.

Energetically, the JT relaxation amounts to a 0.27 eV decrease of the lowest adiabat

and the energy splitting between the upper and lower PES at the relaxed geometry is about

0.45 eV (theoretical values). The two minima are nearly degenerate, with the elongated one

being 0.002 eV lower in energy (EOM-IP-CCSD/cc-pVTZ). As pointed out before,51 because

the barriers separating these minima are far below the zero-point vibrational level, neither

one represents the benzene cation and their relative energies are irrelevant. Rather, benzene

cation should be thought of as a product of averaged structures along the pseudorotation

coordinate (with a proper account of the geometric phase).

In the experiment we interpret here,60 described in the companion experimental paper,60
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the cation is produced by two-photon ionization using 267 nm (4.64 eV), which amounts

to a total energy of 9.29 eV. Comparison of this value with the vertical ionization energy

of benzene, 9.22 eV (theory) or 9.243 eV (experiment41), reveals that the cation is formed

relatively cold, as discussed in detail in the companion experimental paper,60 with only

(0.05± 0.05) eV excess energy (∼0.07 eV according to theory) above the FC point.

XAS of Neutral Benzene

Before considering the spectrum of the cation, let us briefly discuss the XAS spectrum of the

neutral, shown in Fig. 5. The spectrum, recorded on a table-top system for the first time,60
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Figure 5: XAS of neutral benzene (top panel: theory, bottom: experiment). The inset
shows the molecular orbital diagram illustrating the nature of the transitions; see Fig. 6 for
assignments. Vertical dashed line show the ionization energy (IE). The theoretical spectrum
was obtained applying a Gaussian convolution function (σ = 0.3 eV) to mirror the typical
experimental spectrum performed with the table top system and a systematic energy shift
(to the spectrum and the IE) of −0.7 eV to match the experiment.

is very similar to the previously reported spectra.39,43,83–88 The spectrum features four main
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peaks, labeled A-D. The transitions involve six nearly degenerate core orbitals (all within

0.08 eV) and virtual valence and Rydberg orbitals.

The high symmetry of benzene leads to the rich underlying structure of the spectrum,13

i.e., although the core orbitals are very close in energy, different core orbitals are active

in different peaks. Since the peak assignment has been controversial,84,87,88 here we briefly

analyze the character of the main spectral features in terms of the underlying natural tran-

sition orbitals (NTOs). Fig. 6 shows leading NTOs for each peak and the respective weights

In SI, give full table with all energies and osc str. Chceck Peak C3!
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Table 8: Bz. fc-CVS-EOM-CCSD/6-311(2+,+)G**(uC) NTOs of the relevant core excited states
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Figure 4 shows the GS and excited state XAS spectra at FC geometry (TS-NEXAFS). The red
curve is the ground state, the light green is the transient spectrum of the first 1B2u state (dark),
the blue is the transient spectrum of 1B1u state (bright), and the dark green is the combined
spectrum of the 2B2u and 2B3u (degenerate) states (bright). See Table 3 for the valence excited
states considered. The figure is based on the data tabulated in Table 9.
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Table 6: Bz. fc-CVS-EOM-CCSD/6-311(2+,+)G**(uC) NTOs of the relevant core excited states.
NTO isosurface is 0.005.
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Figure 6: NTOs for peaks A-D in the XAS spectrum of neutral benzene. Energies are in
eV; the squares of the respective singular values are shown for each pair. The dashed lines
separate the degenerate components of the transitions. Orbitals in boxes show alternative
viewpoints. CVS-EOM-EE-CCSD/uC-6-311(2+,+)G**; the cutoff value for the electron
density contour (isovalue) was 0.05 for peak A and 0.005 for the rest.

(squares of singular values) for each pair. The dominant spectral feature, peak A at 285.2 eV

(experimental value), is an excitation to the degenerate valence π∗ orbitals; the rest of the

transitions are of Rydberg character. Although peak A corresponds to one non-degenerate

target electronic state (see section for symmetry analysis), it comprises transitions between

two pairs of NTOs due to symmetry (this aspect was overlooked in previous studies). Peak
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B at 287.2 eV corresponds to a doubly degenerate transition; the NTOs reveal a dominant

pair with the s-like target Rydberg orbital and a secondary pair with a p-like target Rydberg

orbital. Peak C at 288.2 eV covers three distinct electronic transitions (marked C1-C3 in

Fig. 6). States giving rise to the doubly degenerate peak C1 correspond to the transition

to Ry(p) orbitals lying in the molecular plane. The doubly degenerate peak C2 corresponds

to the transition to the Ry(p) (in plane) and Ry(dz2)-like orbitals. Peak C3 is the transi-

tion to a Ry(p) (out-of-plane) orbital. Finally, peak D at 289.2 eV corresponds to doubly

degenerate transitions to Ry(s) and Ry(p) character and not to higher π∗ orbitals, as was

stated previously.87,88 We note that the target orbitals show an extra node relative to the p

orbitals in peaks B and C, suggestive of a higher principal quantum number (i.e., 4 versus 3).

Our results indicate that the previous assignment87,88 of peaks B and C to the transitions

to σ∗–like orbitals may be an artifact of the computational protocol and orbital analysis.

Tables with transition energies, oscillator strengths, and NTOs for all spectral features are

given in the SI.

XAS of Benzene Cation

The XAS spectrum of the cation is expected to have several distinct features. First, a

new peak corresponding to the transition filling the valence π hole should appear at an

energy below peak A of the neutral. Second, the unpaired electron in the degenerate π

sub-shell changes the selection rules for the transitions relative to the closed-shell case; this

is an interesting consequence of a non-Abelian symmetry group. On the basis of symmetry

analysis (see Section ), four pairs of degenerate states corresponding to core→ π∗ transitions

(each having two independent spin doublets obtained by coupling three unpaired spins with

same orbital occupation) become dipole-allowed, which should lead to a splitting of peak A.

Third, different possible spin couplings between the three unpaired electrons result in the

splitting of the transition corresponding to the final states of the same orbital character (i.e.,

core-ππ∗). Fourth, as illustrated in Fig. 3, JT distortion in the cation lifts the degeneracy
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between the pairs of degenerate MOs, i.e., both the π HOMO and the π∗ LUMO are split

at the relaxed structures, which can also affect the shift and splitting of peak A and other

transitions. Fifth, because of symmetry lowering, some other transitions, which are dark in

D6h symmetry, can gain oscillator strength.

The Effect of Spin Coupling versus Structural Relaxation on the Core-Level

Transitions in Benzene Cation

In order to disentangle the effect of the structural relaxation on the main spectral transitions

from the electronic effects (due to spin coupling of the three unpaired electrons), we first

consider the effect of the structure on the XAS transitions in neutral benzene. Fig. 7 shows

the effect that JT distortion would have on the XAS transitions in the neutral. The shift of

the main transitions relative to the symmetric structure is rather small (less than 0.1 eV),

but, as anticipated, some peaks split due to lower symmetry. In particular, peak A is split by

0.19 eV at both the elongated and the compressed structures. The origin of this splitting can

be easily rationalized by the NTO analysis (Fig. 6): the particle orbitals giving rise to peak A

are the two π∗ orbitals that are split by JT distortion. The magnitude of the splitting can be

attributed to the energy splitting of the virtual levels, as the energy of core orbitals changes

very little (∼0.01 eV, Tables S1 and S2 in the SI) upon the displacement. The splittings

of other XAS transitions are smaller (e.g., 0.01 eV for peak B), which can be explained by

the diffuse character of the particle NTOs, which makes them less sensitive to the structural

displacements. These spectral changes give a rough estimate of the magnitude of the spectral

shifts in the cation due to structural relaxation. We also note that the positions of the peaks

are nearly the same at both minima (difference of 0.05 eV for the first bright transition),

suggesting that the spectra of the cation can be represented by just one structure (we choose

the 2B3g minimum).
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Figure 7: XAS of neutral benzene at the symmetric FC structure and at the two JT minima.
The spectra were obtained applying a Gaussian convolution function (σ = 0.05 eV).

Theory versus Experiment

Fig. 8 shows the experimental60 and theoretical XAS spectra of the benzene cation. The

experimental spectrum was obtained60 as the logarithmic difference of absorption of the

sample with and without UV pulse. The two experimental spectra60 taken at 0-50 fs and

1,000 fs delays between the pump and probe beams have similar structure but the peak

positions shift slightly, as indicated by black arrows in the bottom panel. The theoretical

spectrum agrees reasonably well with the experimental one after a shift of −0.7 eV is applied.
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Figure 8: XAS of benzene cation (top panel: theory, bottom: experiment). The insets in the
top panel show the molecular orbital picture of the transitions giving rise to the three sets
of peaks. The theoretical spectrum was computed for the elongated structure and obtained
using a Gaussian convolution function (σ = 0.3 eV) and an energy shift of −0.7 eV. The
black and red spectra in the bottom panel correspond to two different time delays between
the pump and probe beams. The small black arrows above peaks E, F, G highlight the
direction of the shifts at longer time delay.

The main difference from the XAS spectrum of the neutral (Fig. 5) is the presence of the

low-energy peak (peak E at 281.3 eV) and a clear splitting of the dominant feature (peak A

in the neutral, marked as peaks F and G in the cation), accompanied by red and blue shifts

of the split peaks relative to peak A in the neutral. Inspection of the NTOs (given in the SI)

reveals that peak E is derived from the 1sC → π transition, peaks F and G correspond to the

transitions to the two π∗ orbitals (as in peak A of the neutral). Peak H’ has the same orbital

character as peak B in the neutral. The splitting of the core → π∗ transition in the cation

is expected (and observed theoretically) already at the symmetric FC structure, when the
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two π∗ orbitals are still exactly degenerate; thus, it arises due to the spin coupling via the

presence of the unpaired electron in the π-subshell (the JT distortion will further modulate

the splitting). Using theoretical values, peak G (G’) is blue-shifted by 0.4 eV relative to

peak A (A’) in the neutral, while peak H’ is blue-shifted by 2.9 eV relative to peak B (B’)

in the neutral. A larger shift of the latter can be attributed to the Rydberg character of

this transition: the compact valence orbitals are stabilized more than the Rydberg orbitals

by the positive charge of the cation. The computed splitting between peaks F and G is

1.1 eV, which agrees well with the experimental60 value of 1 eV. This value is also close to

the singlet-triplet gap in the neutral benzene (1.22 eV, computed with EOM-EE-CCSD/6-

311(2+,+)G** at the FC structure). Because both splittings are attributed to different spin

coupling of the π and π∗ electrons, their magnitude should be roughly equal to the exchange

integral between the respective orbitals. Thus, close agreement between the splitting of the

core → π∗ transition in the cation and the singlet-triplet gap (between the two lowest ππ∗

states) in the neutral confirms their origin as due to spin coupling.

In addition to illustrating electronic signatures of the cation (manifested by the new low-

energy peak and by the splitting of peak A), the experimental spectra60 (Fig. 8, bottom

panel) also reveal dynamics of the structural relaxation of the cation manifested by shifts in

the positions of the 3 main peaks. At longer time delays in the experiment, peaks E and G

move to higher energy (∼0.2 eV) and peak F moves to lower energy (∼0.3 eV), as indicated

by the arrows in the bottom panel of Fig. 8. The signs of the shifts follow the expectations

from the MO diagram (Fig. 3): at the JT displaced structure, the half-occupied π-orbital

moves to higher energy and the two π∗ orbitals split to lower and higher energy relative to

their position in the FC region. The computed XAS spectra (shown in Fig. S2 in the SI)

of the cation at the FC and JT-relaxed structures show similar trends. As noted in the

experimental paper,60 while the experimental time resolution is insufficient to capture the

timescale due to a possible JT shift accurately, the effect of possible shifts in time is evident

in the spectrum. An additional effect that could cause the shifts is vibrational structure,
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discussed further in the companion experimental paper.60

Comparing the calculations at the symmetric FC structure and the relaxed JT minimum

(Fig. S2 of the SI), we observe relatively small differences: peak E is blue-shifted (0.31

eV), the relative intensity of peaks F and G changes slightly, and the splitting between the

lowest transition under peak F and the transition under peak G increases by about 0.1 eV,

consistent with the magnitude of the splitting computed for band A of the neutral (Fig. 7).

Thus, the prominent doublet structure at 285 eV in the cation spectra arises due to the

effect of the unpaired electron on the transition (∼1-1.2 eV), while the structural relaxation

leading to the splitting of π∗ orbitals has a much smaller effect (∼0.1-0.2 eV). As in the case

of the computed XAS spectrum of the neutral, the energy changes of the transitions due to

the structural relaxation can be attributed to the energy change of the valence (occupied

or virtual) MOs, because the energies of the core orbitals are much less sensitive to the

structure.

We note that due to the use of an open-shell reference in EOM-CC, the computed target

excited states (which should be pure doublet states) are afflicted by spin contamination,

which affects their computed positions and intensities. Spin contamination is significantly

reduced upon inclusion of triple excitations in the ansatz.89,90 Therefore, we carried out

exploratory calculations at the CCSDT level in a minimal basis set and the results show a

reduction of the energy separation and intensity redistribution of some lines, for instance the

second stick line under the F band, which is the spin counterpart of the main transition of

peak G. Importantly, these preliminary CCSDT calculations confirm the split nature of the

1s → π∗ band, and some dynamic shift of peak E and increase of splitting of bands F and

G due to the JT distortion.
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Conclusion

To conclude, we report theoretical calculations and the interpretation of experimental60 XAS

spectra of the neutral benzene and its cation. The cation shows a unique low-energy peak and

large splitting of the brightest peak A due to the electronic and structural effects of ionization.

The calculations provide the MO picture of the main spectral features and attribute most of

the splitting (∼1-1.2 eV) to the spin coupling, with relatively minor contribution (∼0.1-0.2

eV) from structural relaxation. Because the splitting of the two π and two π∗ orbitals and the

position of the main peaks are different at the FC and relaxed structures, it may be possible,

in principle, to monitor the dynamics of JT relaxation by following these transitions. The

spectroscopic signatures of structural relaxation are seen even at the relatively low temporal

resolution used in the present experiments.60 However, the splitting between the main XAS

transitions due to the electronic effect (spin coupling of the three unpaired electrons) is

considerably larger than the smaller shifts due to structural relaxation (i.e., 1-1.2 eV versus

0.1-0.2 eV). Our study highlights the current capabilities of table-top x-ray spectroscopy

and the need for future experiments with better temporal and spectral resolution and more

sophisticated theoretical treatment of open-shell electronic structure and dynamics.
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APPENDIXA
Atomic Units

The atomic units (a.u.) are a system of units that largely simplify quantum mechanics
equations and calculations. Here are summarised the fundamental physical constants
which take unity as value in the atomic system.

Physical Quantity Conversion factor (SI)
length Bohr radius a0 = 5.2918 × 10−11 m
mass electron mass me = 9.1095 × 10−31 kg
charge electron charge e = 1.6022 × 10−19 C
energy Hartree ϵa = 4.3598 × 10−18 J

angular momentum reduced Planck constant h̄ = 1.0546 × 10−34 J

Table A.1: Conversion of atomic units (a.u.) to the international system (SI) of
units.
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APPENDIXB
Programmable

Expressions
Notation

- I, J , ... = occupied core orbitals
- iv, jv, ... = occupied valence orbitals
- a, b, ... = virtual orbitals

The expressions as given in the main text are not suitable for a direct implementation,
as they do not yield an efficient computational scheme. In practical implementations,
it is necessary to choose some intermediates that yield a more optimal program.
Hence, the expressions below do not follow the same notation as the main text, but
follow instead the notation proposed in [48, 156], as it corresponds to the one of the
implementation in Q-Chem.

B.1 fc-CVS-EOMEE-CCSD

B.1.1 Right transformation

Rσa
I =

∑
b

rb
IFab −

∑
J

ra
JFIJ −

∑
Jb

rb
JI

1
IbJa

+
∑
Jb

rab
IJFJb +

∑
jvb

rab
Ijv
Fjvb −

∑
Jkvb

rab
Jkv

⟨Jkv||Ib⟩

− 1
2
∑
JKb

rab
JK⟨JK||Ib⟩ − 1

2
∑
Jbc

rbc
IJI

7
Jabc − 1

2
∑
jvbc

rbc
Ijv
I7

jvabc (B.1)
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Rσab
IJ = − P−(ab)

∑
K

I2
IJKbr

a
K − P−(IJ)

∑
c

I3
Jcabr

c
I

+ P−(IJ)(
∑
K

rab
JKFIK +

∑
kv

rab
Jkv

FIkv ) + P−(ab)
∑

c

rac
IJFbc

+ P−(IJ)P−(ab)(
∑
Kc

rac
JKI

1
IcKb +

∑
kvc

rac
Jkv

I1
Ickvb)

+ 1
2
∑
KL

rab
KL⟨IJ ||KL⟩ +

∑
Klv

rab
Klv

⟨IJ ||Klv⟩ + 1
2
∑
cd

rcd
IJI

5
abcd (B.2)

Rσab
Ijv

=P−(ab)
∑
K

ra
KI

2
jvIKb −

∑
c

rc
II

3
jvcab +

∑
lv

T̃ 1
Ilv
tab
jvlv

+
∑
K

rab
jvKFIK −

∑
K

rab
IKFjvK −

∑
kv

rab
Ikv

Fjvkv

+ P−(ab)
∑

c

rac
Ijv
Fbc − P−(ab)

∑
kvc

rac
Ikv

I1
jvckvb

− P−(ab)
∑
Kc

(rbc
jvKI

1
IcKa + rac

IKI
1
jvcKb)

− 1
2
∑
KL

rab
KLI

4
jvIKL +

∑
Klv

rab
Klv

I4
jvIlvK + 1

2
∑
cd

rcd
Ijv
I5

abcd +
∑
lv

T̃ 3
Ilv
tab
jvlv

(B.3)
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B.1.2 Left transformation

Lσa
I =

∑
b

lbIFba −
∑

J

laJFJI −
∑
Jb

lbJI
1
JaIb +

∑
Jkvb

lab
Jkv

I2
kvJIb

− 1
2
∑
JKb

lab
JKI

2
JKIb − 1

2
∑
Jbc

lbc
IJI

3
Jabc − 1

2
∑
jvbc

lbc
Ijv
I3

jvabc −
∑
kvL

T̃ 5
kvL⟨kvI||La⟩

(B.4)

Lσab
IJ =P−(IJ)P−(ab)laIFJb + P−(ab)

∑
K

lbK⟨IJ ||Ka⟩ + P−(IJ)
∑

c

lcJI
7
Icab

+ P−(IJ)

(∑
K

lab
JKFKI +

∑
kv

lab
Jkv

FkvI

)
+ P−(ab)

∑
c

lac
IJFcb

+ 1
2
∑
KL

lab
KL⟨KL||IJ⟩ −

∑
Klv

lab
Klv

I4
lvKIJ + 1

2
∑
cd

lcd
IJI

5
cdab

− P−(IJ)P−(ab)

(∑
Kc

lac
IKI

1
KbJc −

∑
kvc

lac
Ikv

I1
kvbJc

)
− P−(IJ)

∑
kv

T̃ 5
kvI⟨kvJ ||ab⟩

(B.5)

Lσab
Ijv

=P−(ab)laIFjvb + P−(ab)
∑
K

lbK⟨jvI||Ka⟩ −
∑

c

lcII
7
jvcab

+
∑
K

(lab
jvKFKI − lab

IKFKjv ) −
∑
kv

lab
Ikv

Fkvjv + P−(ab)
∑

c

lac
Ijv
Fcb

− 1
2
∑
KL

lab
KL⟨jvI||KL⟩ +

∑
Klv

lab
Klv

I4
lvKjvI + 1

2
∑
cd

lcd
Ijv
I5

cdab

− P−(ab)
∑
Kc

(lac
IKI

1
Kbjvc + lac

jvKI
1
KbIc) − P−(ab)

∑
kvc

lac
Ikv

I1
kvbjvc

+
∑
kv

T̃ 5
kvI⟨jvkv||ab⟩ (B.6)
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Table B.1: Intermediates.
FIJ = fIJ +

∑
kva t

a
kv

⟨Jkv||Ia⟩
FIjv

= fIjv
+
∑

kva t
a
kv

⟨jvkv||Ia⟩
FivJ = fivJ +

∑
a t

a
iv
fJa +

∑
kva t

a
kv

⟨Jkv||iva⟩ +
∑

kvab t
a
iv
tbkv

⟨Jkv||ab⟩
+ 1

2
∑

kvbc t
bc
ivkv

⟨Jkv||bc⟩
Fivjv

= fivjv
+
∑

a t
a
iv
fjva +

∑
kva t

a
kv

⟨jvkv||iva⟩ +
∑

kvab t
a
iv
tbkv

⟨jvkv||ab⟩
+ 1

2
∑

kvbc t
bc
ivkv

⟨jvkv||bc⟩
FIa = fIa +

∑
jvb t

b
jv

⟨Ijv||ab⟩
Fiva = fiva +

∑
jvb t

b
jv

⟨ivjv||ab⟩
Fab = fab −

∑
iv
taiv
fivb +

∑
ivjvc t

c
iv
tajv

⟨ivjv||bc⟩
I1

IaJb = ⟨Ia||Jb⟩ −
∑

k t
b
kv

⟨Jkv||Ia⟩
I1

Iajvb = ⟨Ia||jvb⟩ −
∑

k t
b
kv

⟨jvkv||Ia⟩
I1

ivaJb = ⟨iva||Jb⟩ −
∑

kv
tbkv

⟨Jkv||iva⟩ −
∑

c t
c
iv

⟨Jb||ac⟩ +
∑

kvc t
c
iv
tbkv

⟨Jkv||ac⟩
−
∑

kvc t
bc
ivkv

⟨Jkv||ac⟩
I1

ivajvb = ⟨iva||jvb⟩ −
∑

kv
tbkv

⟨jvkv||iva⟩ −
∑

c t
c
iv

⟨jvb||ac⟩ +
∑

kvc t
c
iv
tbkv

⟨jvkv||ac⟩
−
∑

kvc t
bc
ivkv

⟨jvkv||ac⟩
I2

IJKa = ⟨IJ ||Ka⟩ −
∑

lv
talv

⟨IJ ||Klv⟩
I2

ivJKa = ⟨ivJ ||Ka⟩ +
∑

lv
talv
I4

ivJlvK −
∑

b t
b
iv

⟨Jb||Ka⟩ −
∑

lvc t
ac
ivlv

⟨Jc||Klv⟩
I3

Iabc = ⟨Ia||bc⟩ + 1
2
∑

jvkv
tbc
jvkv

⟨jvkv||Ia⟩ + P−(bc)(
∑

jv
tcjv

(⟨jvb||Ia⟩
− 1

2
∑

kv
tbkv

⟨jvkv||Ia⟩))
I3

ivabc = ⟨iva||bc⟩ −
∑

d t
d
iv
I5

bcad + 1
2
∑

jvkv
tbc
jvkv

⟨jvkv||iva⟩ −
∑

kv
tbc
ivkv

(
∑

jvd t
d
jv

⟨kvjv||ad⟩)
-
∑

kv
tbc
ivkv

fkva + P−(bc)(
∑

jv
(tcjv

(⟨jvb||iva⟩ − 1
2
∑

kv
tbkv

⟨jvkv||iva⟩
-
∑

kvd t
bd
ivkv

⟨jvkv||ad⟩)) −
∑

kvd t
bd
ivkv

⟨kvc||ad⟩)
I4

ivJKL = ⟨ivJ ||KL⟩ −
∑

a t
a
iv

⟨KL||Ja⟩
I4

ivJkvL = ⟨ivJ ||kvL⟩ −
∑

a t
a
iv

⟨kvL||Ja⟩
I5

abcd = ⟨ab||cd⟩ + 1
2
∑

ivjv
(tab

ivjv
+ P−(ab)P−(ij) 1

2 t
a
iv
tbjv

)⟨ivjv||cd⟩ − P−(ab)
∑

iv
taiv

⟨ivb||cd⟩
I6

IJkva = ⟨IJ ||kva⟩ −
∑

c t
c
kv

⟨IJ ||ac⟩
I6

ivJkva = ⟨ivJ ||kva⟩ −
∑

c t
c
kv

⟨ivJ ||ac⟩
I7

Iabc = ⟨Ia||bc⟩ −
∑

jv
tajv

⟨Ijv||bc⟩
I7

ivabc = ⟨iva||bc⟩ −
∑

jv
tajv

⟨ivjv||bc⟩

T̃ 1
Ijv

=
∑

Kc r
c
K⟨jvK||Ic⟩

T̃ 3
Ijv

= 1
2
(∑

Kcd r
cd
IK⟨jvK||cd⟩ +

∑
kvcd r

cd
Ikv

⟨jvkv||cd⟩
)

T̃ 5
ivJ = 1

2
∑

kvab l
ab
Jkv

tab
ivkv

r0 = 1
ω

[∑
Ia r

a
I f

a
I +

∑
Ijvab r

a
I t

b
jv

⟨Ijv||ab⟩ + 1
2
∑

Ijvab r
ab
Ijv

⟨Ijv||ab⟩ + 1
4
∑

IJab r
ab
IJ⟨IJ ||ab⟩

]
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B.2 fc-CVS-EOMIP-CCSD

B.2.1 Right transformation

RσI = −
∑

J

FIJrJ +
∑
Jb

FJbr
b
IJ +

∑
jvb

Fjvbr
b
Ijv

− 1
2
∑
JKb

⟨JK||Ib⟩rb
JK −

∑
Jkvb

⟨Jkv||Ib⟩rb
Jkv

(B.7)

Rσa
IJ = −

∑
K

rKI
2
IJKa +

∑
b

rb
IJFab

+ P−(IJ)

(∑
K

ra
JKFIK +

∑
kv

ra
Jkv

FIkv

)

− P−(IJ)

(∑
Kb

I1
JbKar

b
IK +

∑
kvb

I1
Jbkvar

b
Ikv

)

+ 1
2
∑
KL

⟨IJ ||KL⟩ra
KL +

∑
Klv

⟨IJ ||Klv⟩ra
Klv

(B.8)

Rσa
Ijv

=
∑
K

rKI
2
jvIKa +

∑
b

rb
Ijv
Fab

+
∑
K

ra
jvKFIK −

∑
K

ra
IKFjvK −

∑
kv

ra
Ikv

Fjvkv

−
∑
Kb

I1
jvbKar

b
IK −

∑
kvb

I1
jvbkvar

b
Ikv

+
∑
Kb

I1
IbKar

b
jvK

− 1
2
∑
KL

I4
jvIKLr

a
KL +

∑
Klv

I4
jvIlvKr

a
Klv

(B.9)
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B.2.2 Left transformation

LσI = −
∑

J

FJI lJ − 1
2
∑
JKb

I2
JKIbl

b
JK +

∑
Jkvb

I2
kvJIbl

b
Jkv

(B.10)

Lσa
IJ =P−(IJ)lIFJa −

∑
K

lK⟨IJ ||Ka⟩ +
∑

b

lbIJFba

+ P−(IJ)

(∑
K

laJKFKI +
∑
kv

laJkv
FkvI

)

+ 1
2
∑
KL

⟨KL||IJ⟩laKL −
∑
Klv

I4
lvKIJ l

a
Klv

− P−(IJ)

(∑
Kb

I1
KaJbl

b
IK +

∑
kvb

I1
kvaJbl

b
Ikv

)
(B.11)

Lσa
Ijv

=lIFjva −
∑
K

lK⟨Ijv||Ka⟩ +
∑

b

lbIjv
Fba

+
∑
K

lajvKFKI −
∑
K

laIKFKjv −
∑
kv

laIkv
Fkvjv

+ 1
2
∑
KL

⟨KL||Ijv⟩laKL +
∑
Klv

I4
lvKjvI l

a
Klv

−
∑
Kb

I1
Kajvbl

b
IK −

∑
kvb

I1
kvajvbl

b
Ikv

+
∑
Kb

I1
KaIbl

b
jvK (B.12)
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