
 
 
General rights 
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright 
owners and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights. 
 

 Users may download and print one copy of any publication from the public portal for the purpose of private study or research. 

 You may not further distribute the material or use it for any profit-making activity or commercial gain 

 You may freely distribute the URL identifying the publication in the public portal 
 
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately 
and investigate your claim. 
  
 

   

 

 

Downloaded from orbit.dtu.dk on: May 23, 2023

Wind turbine blade large deflections: A non-intrusive method for blade nonlinear
reduced order models

Gözcü, Mehmet Ozan

Link to article, DOI:
10.11581/dtu:00000082

Publication date:
2020

Document Version
Publisher's PDF, also known as Version of record

Link back to DTU Orbit

Citation (APA):
Gözcü, M. O. (2020). Wind turbine blade large deflections: A non-intrusive method for blade nonlinear reduced
order models. DTU Wind Energy. DTU Wind Energy PhD https://doi.org/10.11581/dtu:00000082

https://doi.org/10.11581/dtu:00000082
https://orbit.dtu.dk/en/publications/31d0b097-01fb-4443-9749-2d73e2b5b635
https://doi.org/10.11581/dtu:00000082


Wind turbine blade large deflections
A non-intrusive method for blade nonlinear
reduced order models
Mehmet Ozan Gözcü PhD Thesis

DTU Wind Energy
Department of Wind Energy





Wind turbine blade large deflections
A non-intrusive method for blade nonlinear reduced order models

by
Mehmet Ozan Gözcü

A thesis submitted in partial fulfillment of the requirements
for Ph.D. degree

in the

Department of Wind Energy
Technical University of Denmark

Supervisors:
Mathias Stolpe

Anders Melchior Hansen

April, 2020





Acknowledgements

Firstly, I would like to thank my main supervisor Mathias Stolpe for his sup-
port and his trust on me. I needed a new supervisor after my first supervisor
Morten Hansen Hartvig left DTU Wind Energy. Mathias accepted being my
main supervisor in my hard times. I will always be grateful for his support.

I want to thank my co-supervisor Anders Melchior Hansen for the time he al-
located for my project and his help on HAWC2. I am also grateful to my first
main supervisor Morten Hansen Hartvig for bringing the idea of this project. In
addition to my supervisors from DTU Wind Energy, I want to acknowledge my
gratitude to Paolo Tiso from George Haller’s nonlinear dynamics group at ETH
Zürich. He gave me very good ideas about my project.

My colleagues at DTU Wind Energy are all great people and they create a nice
friendly academic atmosphere in Risø. I would like to thank all my colleagues in
DTU Wind Energy, particularly LAC and AER sections for making research fun
and giving new perspectives to me. I would like to thank my colleagues Suguang
Dou, David Robert Verelst and Sergio González Horcas for their contributions
to my project.

I am really thankful to my wife, my parents and my brother for their endless sup-
port. Without their support I cannot be the person who I am now. Thanks to my
friends from all over the world, particularly those who live in Denmark, Turkey
and US, always fill my life with fun, creative discussions and good memories.





Abstract

The increasing length of the wind turbine blades has brought new challenges for
the wind turbine load analysis, such as lack of an effective method to model and
simulate large blade deflections. The effectiveness of a model can be measured by
its accuracy to capture the blade deflections and the computational resources it
requires. Although the existing geometrically nonlinear solvers are very accurate,
their computational costs are still beyond the desired level for the wind turbine
load analysis.

This thesis aims to develop an effective method for generating accurate geometri-
cally nonlinear blade models, which are computationally cheaper than the exist-
ing models used in the turbine load analysis. The research focuses on the blade
kinematics, nonlinear blade modelling effects on the turbine load simulations,
and nonlinear model reduction methods to obtain accurate and computationally
cheap blade models.

The presented turbine models show that the linear models cannot accurately es-
timate the large blade deflections occurred in normal operating conditions. The
linear models cause artificial elongation of the blade length, inaccurate deflection
and load estimations, especially in torsion direction when compared to the non-
linear blade models. The linear relation between deflections and force response
results in a constant coupling between different blade directions, which are a
function of deflections in nonlinear models. Some couplings causes significant
torsional deflection for very long and flexible blades, and thus it is essential to
capture coupling effects accurately in wind turbine load simulations. Therefore
in this thesis, a non-intrusive reduction method is proposed to generate reduced
order blade models, which use nonlinear relations between force response and de-
flections. Non-intrusive methods need a geometrically nonlinear structural solver
to compute deflections for the selected static load cases. The relations between
force response and deflections are calculated by using the static load results. The
selected load cases should result in realistic deflections that the structure goes
through in its operational life. The proposed method uses a reduction basis,
including bending mode shape and modal derivative vectors, which allow cap-
turing nonlinear effects such as torsional deflection due to the coupling between
flapwise and edgewise motions.

The effectiveness of the reduced order models generated by the proposed method
is evaluated for some test cases, including three turbine blades. The results show
that the reduced order models can estimate the deflections accurately compared
to the original high fidelity nonlinear models, and they require much less com-
putational time than the original models require.





Dansk resumé
I takt med at vindmøllevinger bliver længere, er nye udfordringer opstået i
forbindelse med analyse af vindmøllelaster. Dette kan eksempelvis ses ved man-
glen på en effektiv metode til at modellere og simulere store vingedeforma-
tioner. Effektiviteten af en model kan vurderes ved dens evne til at beregne
nøjagtige vingedeformationer sammenlignet med de nødvendige beregningsres-
sourcer. Selvom de eksisterende geometrisk ikke-lineære beregningsprogrammer
er meget nøjagtige, er deres nødvendige beregningsressourcer stadig højere end
hvad der er ønskværdigt for analyse af vindmøllelaster.

Målet med denne afhandling er at udvikle en effektiv metode til at generere
nøjagtige ikke-linære modeller, som kræver mindre beregningskraft end de ek-
sisterende modeller, der ofte benyttes i vindmølleanalyser. Studiet fokuserer på
emnerne; vingekinematik, effekten af ikke-lineær modellering på lastsimuleringer
samt ikke-lineære model-reduktions-metoder til at opnå nøjagtige dog beregn-
ingslette vingemodeller.

De præsenterede vindmøllemodeller viser, at lineære modeller ikke estimerer
vingedeformationer, der ses under normal vindmølledrift, med tilstrækkelig nø-
jagtighed. De lineære modeller forårsager kunstige forlængelser af vingerne
samt unøjagtige deformationer og laster. Dette ses især i torsionsretningen,
når der sammenlignes med ikke-lineære vingemodeller. Den lineære sammen-
hæng mellem deformationer og kraftrespons medfører en konstant kobling mellem
forskellige vingeretninger, hvilket i de ikke-lineære modeller er en funktion af
vingeudbøjningen. Nogle koblinger resulterer i en signifikant vingevridning ved
lange og fleksible vinger, hvilket gør en nøjagtig modellering af koblingen es-
sentiel i vindmøllelast-simuleringer. Af denne grund bliver der i denne afhan-
dling foreslået en non-intrusive reduktionsmetode til at generere reduced or-
der vingemodeller, der medregner den ikke-linelære forbindelse mellem kraftre-
spons og vingeudbøjning. For at benytte non-intrusive metoder er en geometrisk
ikke-lineær struktur-løser nødvendig for at beregne udbøjningerne for de valgte
statiske lasteksempler. De udvalgte lasteksempler skal resultere i realistiske ud-
bøjninger som vindmøllestrukturen udsættes for i løbet af dens operationelle
levetid. Forholdet mellem kraftrespons og udbøjning beregnes så ud fra de op-
nåede statiske lastresultater. Den foreslåede metode bruger et reduction basis
med modalformen for udbøjning samt modal derivative vectors. Dette muliggør
inklusion af ikke-lineære effekter såsom vridning grundet koblingen til vingens
flap- og kantvise bevægelser.

Effektiviteten af reduced order modellerne genereret af den beskrevne metode
evalueres gennem flere testeksempler, heraf tre med forskellige vindmøllevinger.
Resultatet viser at reduced order modellerne beregner vingeudbøjningerne med
høj nøjagtighed, sammenlignelige med de oprindelige high fidelity ikke-lineære
modeller, samtidig med at kræve markant mindre beregningstid.
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1 Introduction
1.1 Wind turbine technology
The Paris Agreement [1] aims to keep the rise in average global temperatures
well below 2 ◦C and ideally to limit to 1.5 ◦C in the present century, compared
to pre-industrial levels [2]. The ambitious goal of the Paris Agreement can be
achieved by a shift from climate-damaging fossil fuels towards clean, renewable
forms of energy. Renewable energy systems and electrification are one of the
most important steps to reduced energy-related carbon dioxide (CO2) emissions
immediately and substantially [3]. The world needs to generate more than 30 %
of its electricity by wind turbines in 2050 to keep the temperature increase less
than 1.5 ◦C [4]. This goal requires larger wind turbines in onshore and offshore
applications than the turbines available today, as shown in Figure 1.1.

Figure 1.1: The average size of offshore wind turbines from 2000 to 2030. Off-
shore wind turbines grew by a factor of 2.3 in less than 20 years.(Figure is inspired
by [4])

Today, the wind energy market is dominated by the conventional wind turbine
design, which is a three-bladed horizontal axis turbine with a tower and a nacelle
housing a low-speed shaft, a gearbox, a high-speed shaft, and a generator. Some
turbine designs do not have a gearbox and a high-speed shaft, and they are called
direct drive wind turbines [5]. The conventional and direct drive turbine designs
will be the backbone of the renewable energy market in the future [4]. In this
thesis, the wind turbine refers to the conventional or direct drive wind turbine
design unless it is defined differently.

1.2 Wind turbine load simulation
The wind turbine design process requires a wide range of different simulations,
including aerodynamic, structure, load and stability simulations and design op-
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timization [6]. Nevertheless, this thesis focuses on the wind turbine load simu-
lations and models used in those simulations. Wind turbine load analysis deals
with a coupled engineering problem between structural dynamics, aerodynamics,
hydrodynamics, soil mechanics, and turbine control discipline. Figure 1.2 illus-
trates a floating offshore turbine, the environmental effects, and resulting forces
on the turbine.

Figure 1.2: A floating offshore wind turbine, environmental effects and the forces
acting on the turbine (Figure is inspired by [7])

The purpose of wind turbine load simulation is to have an accurate load, re-
sponse, and performance estimations of wind turbines and their components in
certain environmental conditions. This goal requires full turbine models, includ-
ing aerodynamic, structural, hydrodynamic and controller properties, together
with the model of environmental effects. Blades are particularly crucial in load
simulations. As wind turbine blades convert the kinetic energy of wind flow into
mechanical energy, blades need to withstand to the aerodynamic loads due to
wind flow, inertia and cyclic gravity loads due to the rotation and servo loads due
to the controller. Blades deform under these loads, and the deflections change

2 Wind turbine blade large deflections



the aerodynamic characteristics of the blades. The new aerodynamic charac-
teristics result in new loads, and the blade deformations change again. This
process continues until it converges to an equilibrium state. When a blade is
short and very stiff, the deflections are small enough to use the linear assump-
tion where the principle of superposition holds, and large deflection effects are
ignored. Nevertheless, the modern wind turbine blades are long, very flexible
composite structures with complex geometry and go through large deflections
during their operational life. Hence, understanding the behavior of very long
and flexible blades is one of the key research topics mentioned in [8].

1.3 Motivation and research objectives
The large deflections of blades need to be computed accurately in load analysis
of large wind turbines, and geometrically nonlinear structural solvers are needed
to capture the large deflections in the analysis [9–11]. On the other hand, ge-
ometrically nonlinear solvers require more computational resources in terms of
central processor unit (CPU) time and memory than linear solvers require. The
high computational resource demand means high computational cost. The com-
putational cost difference between linear and nonlinear solvers can be huge for
thousands of load case simulations, which are defined in wind turbine design
standards [12]. Therefore, it is essential to have nonlinear blade models that are
accurate and not very expensive in terms of computational cost compared to the
linear models for load analysis of modern turbines.

Although researchers and engineers have used geometrically nonlinear blade
models for more than a decade, the effects of nonlinear blade models on com-
putational cost and the load results have not been studied systematically, yet.
Indeed, the literature does not include a comprehensive study on the effects of
large blade deflections on very flexible blade designs, which are longer than 90 m.
A comprehensive study on the geometric nonlinear blade modeling in load analy-
sis is needed to investigate the effects of the geometrically nonlinear blade models
on turbine load results and computational cost for modern turbines. Since the
computation cost becomes an issue for the nonlinear blade models, new nonlin-
ear modeling techniques are needed to obtain reduced order models, which are
computationally cheaper than the current models and still able to capture the
large deflections accurately compared to the existing nonlinear models.

The motivation of this thesis is to understand the kinematics of wind turbine
blade large deflections, investigate the effects of large blade deflection on turbine
loads and study for a model reduction method to generate accurate geometrically
nonlinear reduced order blade models. The answers to the research questions
listed below are sought for in the thesis.

• Do modern wind turbine blades have large deflections in their operational
life?
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• Can the large deflections of blades be represented by linear mode shapes?

• What are the kinematics of blade deflections?

• What are the effects of nonlinear blade modelling on turbine loads, turbine
response and CPU time of simulations?

• What reduction method can generate accurate reduced order blade models?

• How fast are reduced order blade models compared to the high fidelity
original model?

• Can the reduced order blade models be used in load simulations?

This thesis aims to develop an effective method for generating accurate geo-
metrically nonlinear blade models, which are computationally cheaper than the
existing models used in the turbine load analysis. To achieve this goal, the
objectives listed below are determined.

• Investigation of the geometrically nonlinear blade kinematics. This step
includes the projection of blade deflections occurring in normal operational
conditions onto a linear reduction basis to see which basis vectors are active
and to quantify the projection error.

• Investigation of the nonlinear blade modelling effects on accuracy and com-
putational cost of turbine load simulations in an augmented multibody
turbine analysis code. Fatigue, steady wind and stability load cases of two
10 MW wind turbine models are used in the investigation.

• Model reduction method to obtain geometrically nonlinear reduced order
blade models. The method explains the calculation of nonlinear relations
between response force and deflections and the selection of reduction basis
for nonlinear reduced order models.

1.4 Overview of the thesis
This thesis is structured in line with the three subtopics covering the geometri-
cally nonlinear blade kinematics, nonlinear blade modelling effects on the turbine
loads and computational time, and reduction method for geometrically nonlinear
reduced order blade models.

• The kinematics of large blade deflections occurring during the turbine op-
erational life are explained in Chapter 2. The chapter starts with geo-
metrically linear and nonlinear model definitions and continues with the
properties of existing blade models used in the widely used turbine load
analysis tools. The competence of the mode shape vectors to represent the
large blade responses in normal operating load cases is investigated in this
chapter and the publication given in Appendix A.1.
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• The multibody formulation used in wind turbine load analysis tool HAWC2
[13] and its capability to model large deflections are elucidated in Chap-
ter 3. The nonlinear blade modelling effects on the turbine loads, turbine
response and computation time are investigated in this chapter and the
publication given in Appendix A.2.

• The non-intrusive reduced order method for slender cantilever structures
like wind turbine blades is introduced in Chapter 4. The computation
of reduced order model coefficients, the selection of reduction basis and
the computation of new basis vectors are clarified in this chapter and the
publications given in Appendix A.3 and Appendix A.4.

• The limitations of this study are explained in Chapter 5.

• The main research findings of this thesis and recommendations for future
work are presented in Chapter 6.

• Four publications contributing to this thesis can be found in Appendix A.
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2 Geometrically nonlinear blade
kinematics

The nonlinear systems are the rule rather than the exception in nature. Wind
turbine blades are no exception to this rule. A nonlinear system is defined such
that the relation between input and output is not linear. For example, when
an applied force on a wind turbine blade is doubled, the displacement will not
be doubled due to the nonlinearities in the blade. Mathematically, a general
operator, A, is called linear when it satisfies the below condition [14].

A(αu+ βw) = αA(u) + βA(w) (2.1)

for any u and w in function domain DA and for any scalars α and β. Superpo-
sition method can be used in linear systems because of this property. Nonlinear
systems do not satisfy the linear condition. Hence, it is important to understand
linear system characteristics in order to understand the nonlinear systems.

The linear assumptions are used to solve many problems due to their simplic-
ity, and linear models generally require less computer memory and less central
processing unit (CPU) time compared to the nonlinear models. Although lin-
ear models can generally be considered less accurate than the nonlinear models,
the accuracy difference between the linear and nonlinear models depends on the
problem. If the nonlinear effects are not large, they can be ignored, and linear
models are accurate for these cases.

2.1 Geometric nonlinearities
Modern turbine blades go through large deflections compared to their span
length in a rotating frame that causes rotational and Coriolis accelerations.
The large deflections are part of geometric nonlinearity, where nonlinear strain-
displacement relations are defined. Apart from the large deflections, there are
other sources of nonlinearities [14–16] in blade structures such as material, in-
ertia and friction. The material nonlinearity occurs when the stresses are not
linear functions of strains; however, it is not significant in composite blades. The
inertia nonlinearity can be caused by the presence of concentrated or distributed
masses. Also, Coriolis and the rotational accelerations are examples of inertia
nonlinearity, and they are already considered by the modern wind turbine anal-
ysis tools such as FAST [17], FLEX [18, 19], HAWC2 [13] and Bladed [20]. This
thesis focuses on geometric nonlinearity arising from large deflections in blade
structures since its effects and new modelling methods have not investigated
comprehensively for modern turbines yet.
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Figure 2.1 shows rigid body rotation of a beam, which is a good example of
the nonlinear strain-displacement relations. The coordinate systems at initial
and rotated states are represented by superscript 1 and 2. Vector u1

1 and vector
u1
2 show the displacements written in initial coordinate system. Equation (2.2)

shows the normal (εij) and Green-Lagrange (Eij) strain definitions for 2D prob-
lems. The rigid body rotation does not result in any deformation or any strain
on the structure. The linear assumption gives the normal strain as cosθ − 1,
which depends on θ. On the other hand, the Green-Lagrange strain, which
uses a non-linear strain-displacement relation, gives zero strain result for rigid
body rotation case regardless of θ value. The error in linear strain increases as
the rotation angle gets larger. This also shows that the error due to the linear
assumption depends on the problem.

Figure 2.1: Rigid body rotation of a beam and its displacements defined in the
initial coordinate system.

ε11 =
∂u1
∂X1

ε22 =
∂u2
∂X2

E11 =
∂u1
∂X1

+
1

2

[
∂u1
∂X1

2

+
∂u2
∂X1

2]
E22 =

∂u2
∂X2

+
1

2

[
∂u2
∂X2

2

+
∂u1
∂X2

2] (2.2)

Since the normal strain equation results in a small error for only small rotations,
the linear models give unrealistic results for large displacements/rotations of
structures. Figure 2.2 shows the linear model and real case deflections for a
cantilever beam loaded by a tip moment M . In the real case, the beam bends
due to the tip moment, and the beam length does not change. Thus, the beam
tip has displacements in both lateral and axial directions to keep the beam
length constant. It also has shorter deflections in bending directions due to the
nonlinear effect called hardening. On the other hand, the beam length elongates
significantly for the linear model since it ignores the effect of bending moments
on the rotation of the neutral axis. Because of that, the structure length is
always measured in the undeformed geometry in a linear model.
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Figure 2.2: Cantilever beam with a tip moment M . The linear model and real
case deflections are shown in different colors.

The stiffness matrix of a linear model is independent of the displacements. How-
ever, the stiffness terms have different values in different deflection states. The
change in stiffness values can cause hardening and softening effects by diagonal
terms in the stiffness matrix. These effects result in shorter or larger deflec-
tions in the load directions (see Figure 2.2). The change in off-diagonal terms
affects the couplings between the motions in different directions. For example,
a straight, symmetric beam has no coupling between two lateral directions (x
and y directions in Figure 2.3) at the undeflected position. When it is loaded
in one of its lateral directions, torsional deflection occurs as a result of the joint
effect of the deflections in the two lateral directions. Figure 2.3 shows a straight
beam that is first loaded in x direction and then loaded in y direction. Since
the beam at the deformed state-1 has non-zero off-diagonal (coupling) terms in
its stiffness matrix, it has torsional deflection when a Fy load applied at the
deformed state-1. This effect cannot be observed by linear models.

Figure 2.3: A straight, symmetric cantilever beam at undeflected and deflected
states. First Fx load is applied and the beam reaches deformed state-1. Then
Fy load is applied at deformed state-1 and the beam reaches deformed state-2
where beam has torsional deflection.
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2.2 Wind turbine blade models

Assumptions, corrections and limitations of the blade models used in well-known
turbine analysis tools such as FAST [17], FLEX [18, 19], and HAWC2 [13] are
discussed in this section. Although all three codes use multibody formulations
with flexible elements, the implementation of the multibody algorithm and the
flexible models used in bodies are different for them. FLEX and FAST use an
embedded method [21–23] in their multibody formulation whereas HAWC2 uses
augmented method [21–23]. The embedded method uses independent coordi-
nates to solve the system. The augmented method uses generalized coordinates
together with constraints and Jacobian matrix of constraints [21, 22] to solve
the system. In other words, FAST and FLEX solutions are specialized for 3-
bladed wind turbine problems with certain constraint types between bodies, and
they solve the system for a smaller number of coordinates than generalized co-
ordinates. On the other hand, HAWC2 uses a general multibody formulation
in which other structures, rather than 3-bladed wind turbines, can be modelled.
However, it needs a constraint library and solves the system for generalized coor-
dinates and Lagrange multipliers [21, 22], which satisfies the constraints between
the bodies of the system.

FLEX and FAST uses assumed mode shape method or Rayleigh-Ritz approx-
imation [19, 21] to model the flexibility of structures. The blade deflections
are generally represented by 2 edgewise and 2 flapwise mode shapes in assumed
mode method [17, 24]. A torsion mode is also added in some models. Since
blades are rotating structures, FAST and FLEX models include geometric stiff-
ening effects due to centrifugal forces and corrections for axial motions of blades
due to large deflections (see Section 4.1). Therefore, these models cannot be
considered as linear models. However, they do not update the mode shapes and
stiffness matrices by deflections. Thus their structural models cannot capture
coupling effects at deformed states and hardening effects. The advantage of the
assumed mode method is computational speed, simplicity and small result files.
FAST also has an advanced module to model flexible structures, called BeamDyn
[25], which is based on the geometrically exact beam theory and is implemented
using Legendre spectral finite elements.

HAWC2 uses finite element formulation with linear Timoshenko beam elements
[26] to compute the deflections of bodies. Each beam element has two nodes, and
each node has six degrees of freedom. Although the beam elements are linear and
not able to model large displacements inside a body accurately, its augmented
formulation allows it to model large displacements/rotations by dividing the
structures into multiple sub-bodies. This approach is elaborated in Chapter 3.
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2.3 Blade mode shapes and large deflections
The publication in Appendix A.1 investigates the competence of the mode shapes
to represent the large blade responses in power production on normal turbulence
load cases according to IEC 61400 standard [27]. The responses of three reference
turbines, NREL5MW [28], DTU10MW [29] and IEA10MW [30] are computed
by HAWC2 version 12.6 for power production design load cases on normal tur-
bulence (DLC 1.2) [12]. The blade models have as many sub-bodies as the beam
elements in HAWC2; hence they can model large deflections. The blade de-
flections are projected onto a linear basis with a set of mode shape vectors in
order to understand the contribution of each mode to the blade response and
the accuracy of the linear modal space. The blade mode shapes are computed
by HAWCStab2 version 2.13 [31] at different deflected blade positions, which are
computed for the steady wind load cases. The wind speeds of these load cases
are selected according to the mean wind speed of turbulent cases. Then, the
projection basis for each turbulent case is selected according to the mean speed
of the turbulent wind.

The study shows that linear mode shapes cannot represent deflections of long,
flexible blades with good accuracy. Also, the results show that the couplings
between different mode shapes have a great impact on the response of the blades.
These couplings change significantly with the blade deflections, especially for long
flexible blades. However, the couplings in linear modal space do not change with
deflections and result in large errors in the projection. Although the mode shapes
were computed around deflected blade positions under steady wind speeds, the
projection errors are sufficiently large that the linearity assumption is no longer
valid even from the deflected states. The secondary effects such as axial motion
due to bending as depicted in Figure 2.2 and torsion motions due to coupling
between flapwise and edgewise directions as depicted in Figure 2.3 can not be
captured accurately by linear modal space. Therefore, the reduced order using
the linear modes without any corrections for nonlinear effects should be used
with caution in wind turbine load and response analysis.

The below figures are not included in the paper as they are given here. Hence
they give additional information about the investigation of the study. Figure 2.4
shows the projection residuals of the DTU10MW and IEA10MW turbine blade
deflections under the 12 m/s steady wind load without gravity. Each blade is
modelled by nonlinear and linear models in steady wind analysis in order to see
the large deflection effects. The projection bases have linear mode shape vectors
computed at undeflected blade position. Although both turbines are 10 MW,
the IEA turbine blade is longer and more flexible than the DTU10MW blade.
Both linear model residuals are very small compared to the nonlinear models,
and they decrease to a very small number by 5 modes. On the other hand, the
nonlinear deflections have higher residuals than linear models, and they have
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different values for different blades. Since the IEA blade is more flexible than
the DTU blade, its residual is much more than the DTU blade’s residual. The
nonlinear models have constant residuals up to the first axial mode since the
axial motions are not represented correctly by only bending modes. The effect
of bending modes is limited, and it reaches its limit at the 3rd bending mode,
which is the 2nd flapwise mode.
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Figure 2.4: The 2nd norm of DTU10MW and IEA10MW blade deflection pro-
jection residuals with respect to the number of modes. The blade deflections
are computed in HAWC2 for 12 m/s steady wind speed by linear and nonlinear
blade models. Blade mode shapes are computed at undeflected blade positions.

Figure 2.5 shows the 1st edgewise mode shape of the DTU10MW and IEA10MW
turbine blades over the blade span at the undeflected and deflected blade posi-
tions. The deflected blade positions are computed for 10 m/s steady wind speed
load without gravity. The edgewise mode shape at the undeflected blade state
causes some torsion motion due to the prebend in the blade designs. The red
circles indicate the torsion motion due to the first edgewise mode shape. The
IEA blade torsion motion reaches higher values than DTU blade since it has a
larger prebend than the DTU blade. As the blades deflect mainly in the flapwise
direction under the wind load, the torsion motion in the 1st edgewise mode shape
changes sign and amplitude as shown by blue circles in Figure 2.5. The flapwise
and edgewise motions are very similar at the undeflected and deflected posi-
tions (represented by triangle and square markers in the figure). The torsional
deflections due to the coupling between edgewise and torsion motions become
significant for long flexible blades like IEA10MW blade. Since the torsion is
related to the angle of attack, it is important to model it correctly in turbine
load analysis.
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Figure 2.5: Edgewise (EW), flapwise (FW), and torsion (T) motion amplitudes
of the 1st edgewise mode shape along the span of DTU10MW and IEA10MW
turbine blades. The mode shapes are computed at the undeflected (0 m/s) and
the deflected (10 m/s) blade states.
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3 Nonlinear blade modelling in
turbine load simulation

The relation between the blade structural response and aerodynamic loads can
have significant effects on the turbine load results. This relation and its effects on
the turbine loads have been investigated by many researchers [9, 10, 32–35]. The
typical outcome of these studies is that the effect of geometric nonlinear blade
modelling on the turbine loads becomes significant as the blade length, flexibility
and prebend increase. Therefore, turbine load analysis tools such as HAWC2,
Bladed [20] and FAST have the ability to model geometrically nonlinear blade
models in load simulations, as explained in Chapter 2. Even the more simple
blade models in FAST and FLEX have nonlinear corrections in their models as
elucidated in Section 4.1.

There are still some unanswered questions about the nonlinear blade model ef-
fects on the turbine loads. The existing studies generally focus on a very limited
number of load cases, smaller turbine models compared to the available large
models or the models in the design process and loads at the blades. The con-
troller response and turbine loads at other locations rather than blades have not
been investigated for many load cases yet. They also do not mention the extra
computational cost, such as central processing unit (CPU) time due to nonlinear
blade modelling. The answers to the research questions listed below are sought
for in this chapter and the paper given in Appendix A.2.

• What are the effects of nonlinear blade modelling on loads for a large
number of design load cases?

• How different are these effects for different large blade designs?

• What are the effects of nonlinear blade modelling on turbine performance,
controller, stability and overall turbine response?

• What is the CPU time difference between linear and nonlinear blade mod-
elling in load simulations?

The analyses were run in HAWC2, where the level of nonlinear model fidelity
can be controlled by the number of bodies defined for a continuous structure.
The multibody formulation of HAWC2 has not been published comprehensively.
The multibody formulation of HAWC2 needs to be understood to comprehend
its ability to model geometrically nonlinear models. Therefore, the multibody
formulation of HAWC2 is presented in this chapter to show the capabilities and
limitations of it to model large blade deflections.
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3.1 Multibody formulation in HAWC2
3.1.1 Notations
The notations used in the chapter is very similar to the notations given in [19].
A multibody system consists of b number of rigid or flexible bodies which are
connected to each other by constraints. Superscripts are used to indicate body
numbers. For example, ai denotes a scalar associated with body i in the multi-
body system, while ai and Ai denotes a vector and matrix associated with body
i, respectively. The index 0 is used for a fixed inertia frame. Subscript upper
case letters are used to define the position vector of a geometrical points. For
example rOP

i is the position vector of point P in body i from point O, and point
O is the origin fixed inertia system. The position vector of point P from the ori-
gin is shortened as riP , riOP and the position vector of the body origin of body
i is written ri , rOOi . The position vector of body point P from body origin is
shortened as ui

P , uOiP i . The transformation matrix from body j to the body
i is written Rij . The notation | is used to define the coordinate frame in which
a vector is defined. Vectors are assumed to be expressed in the reference inertia
frame by default, and body variables expressed in their body (local) frame are
written with bar symbol. For example, vector a is represented in local frame as
āi , ai|i = Ri0a

i|0 = Ri0a
i. The skew symmetric of a vector v is written ṽ.

3.1.2 One body dynamics
Figure 3.1 shows the body i at its undeformed and deformed configurations,
inertia frame, body frame, the position vectors of body origin Oi and body point
P . The body is represented as a beam since flexible bodies are represented as
beams in wind turbine analysis tools; however, it can be any shape.

Figure 3.1: The beam body i in its undeformed and deformed positions, inertia
frame, body frame and position vectors of body origin and body point P
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The position of point P of the body i in the inertia frame can be described
by eq. (3.1). The flexible displacement components (ūi

Pf
) and initial position

(ūi
P0

) of point P (ūi
P ) can be written as in eq. (3.2). The flexible displacements

are represented by shape function matrix Si and flexibility coordinates qif (t) in
HAWC2.

riP (t) = ri(t) +R0i(t)ū
i
P (t) (3.1)

ūi
P (t) = ūi

P0
+ ūi

Pf
(t) = ūi

P0
+ Siqif (t) (3.2)

The velocity of point P (ṙiP ) can be written as in eq. (3.3). The (t) is dropped
for following equations for simplicity.

ṙiP = ṙi + Ṙ0iū
i
P +R0iS

iq̇if (3.3)

The second term in eq. (3.3) with the time derivative of transformation matrix
R0i can be defined in terms of the rate of rotation angles (ω̄i) defined in body
coordinates as

Ṙ0iū
i
P = R0i(ω̄

i × ūi
P ) = R0i

˜̄ωiūi
P = −R0iū

i
P
˜̄ωi (3.4)

The operation ‘×’ stands for the cross product of two vectors. This term can
also be written in terms of Euler parameters by using a transformation matrix
(see Chapter 2 in [21]). The relation between Euler parameters (θ) and rotation
speed ω̄ is given as

ω̄ = Ḡθ̇

θ̇ = L̄θ
(3.5)

where

Ḡ = 2

−θ1 θ0 θ3 −θ2
−θ2 −θ3 θ0 θ1
−θ3 θ2 −θ1 θ0

 , L̄ =
1

2


0 −ω̄1 −ω̄2 −ω̄3

ω̄1 0 ω̄3 −ω̄2

ω̄2 −ω̄3 0 ω̄1

ω̄3 ω̄2 −ω̄1 0

 (3.6)

Equation (3.4) can be written in terms of time rate of Euler parameters θ̇i by
using equation eq. (3.6) as

Ṙ0iū
i
P = −R0iū

i
P
˜̄ωi = −R0i

˜̄ui
P Ḡθ̇ = Biθ̇i (3.7)

The matrix Bi gives the relation between Ṙ0iū
i
P and time rate of Euler param-

eters θ̇i. When eq. (3.7) is put into eq. (3.3), the velocity of point P can be
written in terms of translational velocities ṙi, rate of Euler parameters θ̇i and
velocities of deflection coordinates q̇if as

ṙiP =
[
I3 Bi R0iS

i
]  ṙi

θ̇i

q̇if

 (3.8)
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where I3 represents the identity matrix with size of 3 × 3. The accelerations
of point P (¨̄riP ) can be calculated by taking the time derivative of eq. (3.3).
The acceleration equation can be written in terms of translational acceleration
r̈i, angular acceleration ˙̄ωi, angular velocity ω̄, velocity of point P ˙̄ui

P and
acceleration of point P ¨̄ui

P as

¨̄riP =r̈i +R0i

(
ω̄ × (ω̄ × ūi

P ) + ˙̄ω × ūi
P + 2(ω̄ × ˙̄ui

P ) + ¨̄ui
P

)
(3.9)

Equation (3.9) can be represented by the accelerations of the generalized coordi-
nates, Coriolis acceleration 2(ω̄i× ˙̄ui

P ) and gyroscopic acceleration ω̄i×(ω̄i×ūi
P )

as

¨̄riP =
[
I3 −R0i

˜̄ui
P R0iS

i
] r̈i

˙̄ωi

q̈if

+

R0i

(
ω̄i × (ω̄i × ūi

P ) + 2(ω̄i × ˙̄ui
P )

) (3.10)

The angular accelerations ˙̄ωi can be replaced by the accelerations of Euler pa-
rameters as shown in eq. (3.11).

¨̄riP =
[
I3 Bi R0iS

i
]  r̈i

θ̈i

q̈if

+

R0i

(
ω̄i × (ω̄i × ūi

P ) + 2(ω̄i × ˙̄ui
P )

) (3.11)

Inertia forces
The virtual work done by inertia forces (δWI) can be calculated by

δWI =

∫
V i

δriP
T
ρir̈iPdV

i (3.12)

where ρi is the density of material points in the body i and V i is the volume of
body i. The virtual displacements are represented as

δriP = δri +Biδθi +R0iS
iδqif =

[
I3 Bi R0iS

i
] δri

δθi

δqif

 (3.13)

When eq. (3.10) and eq. (3.13) are inserted into eq. (3.12), the virtual work done
by inertia forces becomes

δWI =
[
δri

T
δθiT δqif

T
] ∫

V i

ρi

 I3

BiT

(R0iS
i)T

([
I3 Bi R0iS

i
]  r̈i

θ̈i

q̈if

+

R0i

(
ω̄i × (ω̄i × ūi

P ) + 2(ω̄i × ˙̄ui
P )

))
dV i

(3.14)
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The mass matrix (M i) and quadratic velocity force vector f i
v of the body i

can be determined from eq. (3.14). The quadratic velocities which include the
gyroscopic and Coriolis force components can be written as

f i
v =

∫
V i

ρi


R0i

(
ω̄i × (ω̄i × ūi

P ) + 2(ω̄i × ˙̄ui
P )˜̄ui

P

(
ω̄i × (ω̄i × ūi

P ) + 2(ω̄i × ˙̄ui
P )

SiT
(
ω̄i × (ω̄i × ūi

P ) + 2(ω̄i × ˙̄ui
P )

 dV i (3.15)

Mass matrix M i can be written as

M i =

∫
V i

ρi

 I3

BiT

(R0iS
i)T

 [
I3 Bi R0iS

i
]
dV i

=

∫
V i

ρi

 I3 Bi R0iS
i

BiTBi BiTR0iS
i

sym. SiTSi

 dV i

(3.16)

Matrix M i is a symmetric matrix and symmetric part of it is represented by
text ‘sym.’ in eq. (3.16). It can also be written with its sub-matrices regarding
different generalized coordinates as

M i =

mi
rr mi

rθ mi
rf

mi
θθ mi

θf

sym. mi
ff

 (3.17)

where
mi

rr =

∫
V i

ρiI3dV
i , mi

rθ =

∫
V i

ρiBidV i

mi
rf = R0i

∫
V i

ρiSidV i , mi
θθ =

∫
V i

ρiBiTBidV i

mi
θf =

∫
V i

ρiBiTR0iS
idV i , mi

ff =

∫
V i

ρiSiTSidV i

(3.18)

The sub-matrices mrr and mff do not include any time dependent variable,
hence they are independent of time. Other sub-matrices, however, include
R0i

(
θ(t)

)
and Bi

(
θ(t), qif (t)

)
which are function of θ(t) and qif (t). Hence, they

are implicit function of time and needed to be computed at each time step. The
mass matrix is nonlinear due to the matrices Bi and R0i. The time indepen-
dent part of the sub-matrices need to be computed once. Using eq. (3.5), the
submatrix mi

rθ can be written as

mi
rθ =

∫
V i

ρiBidV i =

∫
V i

ρiR0i
˜̄ui
P Ḡ

idV i = R0i

(∫
V i

ρi ˜̄ui
PdV

i

)
Ḡi (3.19)

Wind turbine blade large deflections 19



The integral in eq. (3.19) is independent of time and needs to be computed once.
The integral results in a skew symmetric matrix given by

∫
V i

ρi ˜̄ui
PdV

i =


0 −

∫
V i ρ

iūi3dV
i

∫
V i ρ

iūi2dV
i∫

V i ρ
iūi3dV

i 0 −
∫
V i ρ

iūi1dV
i

−
∫
V i ρ

iūi2dV
i

∫
V i ρ

iūi1dV
i 0

 (3.20)

where ūi
P =

[
ūi1 ū

i
2 ū

i
3

]T is the position vector point P in body reference co-
ordinates. The integrals on the right hand side of eq. (3.20) can be computed
by ∫

V i

ρiūi
PdV

i =

∫
V i

ρiūi
P0
dV i +

∫
V i

ρiSidV iqif = Ii
1 + Si

V q
i
f (3.21)

where Ii
1 and Si

V represents the two volume integrals by initial positions and
shape functions. These integrals are time independent and can be computed
once. Si

V is also required to compute mi
rf (see eq. (3.18)).

The integral to compute mi
θθ can be written as

mi
θθ =

∫
V i

ρiḠiT ˜̄ui
P

T
RT

0iR0i
˜̄ui
P Ḡ

idV i =

∫
V i

ρiḠiT ˜̄ui
P

T ˜̄ui
P Ḡ

idV i (3.22)

When the space-independent terms are put outside of the integral in eq. (3.22),
the below equation is obtained.

mi
θθ = ḠiT

∫
V i

ρi ˜̄ui
P

T ˜̄ui
PdV

iḠi = ḠiT Īi
θθḠ

i (3.23)

where Īi
θθ is the inertia tensor of the body i and it can also be represented as

Īi
θθ =

∫
V i

ρi


(ūi2)

2 + (ūi3)
2 −ūi2ū

i
1 −ūi3ū

i
1

(ūi1)
2 + (ūi3)

2 −ūi3ū
i
2

sym. (ūi1)
2 + (ūi2)

2

 dV i (3.24)

where ūij represents the components of ūi
P vector similar to eq. (3.20). Tensor

Īi
θθ is time dependent for a flexible body since qif (t) = 0 and ūi

P = ūi
P0

for a rigid
body. The following spacial integrals are required to compute Īi

θθ tensor:

Iikl =

∫ i

V
ρixikx

i
ldV

i

Īi
kl =

∫ i

V
ρixikS

i
ldV

i

S̄i
kl =

∫ i

V
ρiSi

k
T
Si
ldV

i

(3.25)
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where ūi
P0

=
[
xi1 x

i
2 x

i
3

]T , Si
k is the kth row of Si and k, l = 1, 2, 3. Matrices Īi

kl

and S̄i
kl are also required to compute mi

θf which can be written as

mi
θf = −

∫
V i

ρiḠiT ˜̄ui
P

T
RT

0iR0iS
idV i = ḠiT

∫
V i

ρi ˜̄ui
PS

idV i = ḠiT Īi
θf (3.26)

Īi
θf can be expressed in terms of Īi

kl and S̄i
kl as

Īi
θf =


qif

T
(S̄i

23 − S̄iT
23)

qif
T
(S̄i

31 − S̄iT
31)

qif
T
(S̄i

12 − S̄iT
12)

+

Ī
i
23 − Īi

32

Īi
31 − Īi

13

Īi
12 − Īi

21

 (3.27)

Submatrix mi
ff in eq. (3.18) can also be represented in terms of S̄i

kl as

mi
ff =

∫
V i

ρiSiTSidV i = S̄i
11 + S̄i

22 + S̄i
33 (3.28)

The above derivation can be extended for concentrated masses as done in HAWC2.
In the concentrated mass case, the integrals in eq. (3.17) becomes summations.
The displacement vector of the concentrated mass can contain a stiff connection
vector component from body i in HAWC2.
Flexible elements
HAWC2 uses linear Timoshenko beam elements [26, 36] to model the deflections
(ūi

Pf
in eq. (3.2)) in a body. Each beam element is described in its own element

coordinate system in which the z-axis (z′) is coinciding with the element center
line and x- and y-axes (x′ and y′) are rotated so that they are orientated in the
major axis directions of the element. The element coordinate is located on the
first node of each element. There are 6 DoFs at each node and 2 nodes for one
element.

The initial location of an element in body coordinate system (ūi
P0

in eq. (3.2))
is described by two vectors, r̄1 and r̄12 where r̄1 is the location of the first node
measured from the body origin and r̄12 is the vector from node 1 to node 2
located at (0,0,L) in the element coordinate system. The transformation matrix
from element coordinate system to the body coordinate system is described by
Rie. The position vector of point P in the body coordinates ūi

P0
can be written

as
ūi
P0

= r̄1 + r̄12
z′

L
+Rier̂xy (3.29)

where r̂xy = [x′ y′ 0]T and z′ is the center line position of point P . The shape
function matrix Si used in HAWC2 is given in [26] as

Si = RieNTNZR
T
ie4 (3.30)
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where

RT
ie4 =


Rie 0 0 0
0 Rie 0 0
0 0 Rie 0
0 0 0 Rie

 (3.31)

The transformation of nodal degrees of freedom (DoFs) from the body coordi-
nates to the element coordinates are done by the matrix RT

ie4 ∈ R12×12. The
center line deflections are calculated by matrix NZ ∈ R6×12, which is function
of z′, and the element nodal deflections qef ∈ R12. The center line deflection at
the point [0 0 z′] is [

ux′ uy′ uz′ θx′ θy′ θz′
]T

= NZR
T
ie4q

e
f (3.32)

The points located away from center line by x′ and y′ have also deflections
due to the cross-section rotations. These deflections are calculated by matrix
NT ∈ R3×6 given as

NT =

1 0 0 0 0 −y′

0 1 0 0 0 x′

0 0 1 y′ −x′ 0

 =
[
I3 r̂xy

]
(3.33)

When eq. (3.32) and eq. (3.33) are combined, the displacement of point P at
[x′ y′ z′]T due to the deflections in the element coordinate system can be written
as

ūe
Pf

= NTNZR
T
ie4q

e
f (3.34)

When these displacement are transformed to the body coordinates, one gets ūi
Pf

as
ūi
Pf

= RieNTNZR
T
ie4q

e
f (3.35)

Elastic forces
The virtual work done by the elastic forces in an element of body i can be written
as

δW e
F = −

∫
V e

σeT δεedV e (3.36)

where δW e
F is the virtual work done by elastic forces in an element, σe and εe

are the stress and strain vectors of the element in body i. The shear strains
are assumed to be multiplied by a factor of two to be consistent with vector
notations in eq. (3.36). The changes in generalized coordinates ri and θi do not
result in any strain since they result in rigid body motions of the body i. Then
the strain vector of the element can be written as

εe = Deūi
Pf

= DeSeqef (3.37)
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where

De =



∂

∂z′
0 0 0 −1 0

0
∂

∂z′
0 −1 0 0

0 0
∂

∂z′
0 0 0

0 0 0
∂

∂z′
0 0

0 0 0 0
∂

∂z′
0

0 0 0 0 0
∂

∂z′


(3.38)

where z′ is beam center line direction. The relation between stress and strain
vectors can be describes as

σe = Eeεe = EeDeSeqef (3.39)

where matrix Ee defines the elastic relation between stress and strain. When
eq. (3.39) is put into eq. (3.36), one gets

δW e
F = −qef

T

(∫
V e

DeTSeTEeDeSedV e

)
δqef = −qef

TKe
ffδq

e
f (3.40)

where Ke
ff is the stiffness matrix of an element in body i. The stiffness ma-

trix is a positive definite symmetric matrix and associated with only the elastic
coordinates.

The body stiffness matrix Ki
ff can be found by assembling all the element stiff-

ness matrices [37, 38]. The virtual work done by elastic forces in the body (W i
F )

can be written in terms of generalized coordinates as

δW i
F = −

[
ri

T
θiT qif

T
]0 0 0

0 0 0
0 0 Ki

ff

δri

δθi

δqif

 (3.41)

Distributed external forces
The generalized external force vector can be derived from the virtual external
work for one element δW e

E which is given by

δW e
E =

∫
Se

δriP
T
SextdS

e (3.42)

where Sext is the external stress vector on the element surface defined in global
coordinates, Se is the surface of the element. The total force vector of the body
can be found by a sum of all element load vectors. When eq. (3.13) is inserted
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into eq. (3.42) and the element surface integral is divided into an integration
along the element length and a cross-section integration, one gets

δW e
E =

[
δri

T
δθiT δqif

T
] ∫

L

∮
sec

 I3

BiT

(R0iS
i)T

Sextdsdz
′ (3.43)

The terms inside the integrals in eq. (3.43) defines the generalized external force
vector f i

ext due to the external stress vector Sext on the element.

f i
ext =

∫
L

∮
sec

 I3

BiT

(R0iS
i)T

Sextdsdz
′ =

f
i
r

f i
θ

f i
q

 (3.44)

When the external stress vector is defined in element coordinates as SE
ext, gen-

eralized external force vectors f i
r, f i

θ, f i
q can be written as

f i
r =

∫
L

∮
sec

Sextdsdz
′ = R0iRie

∫
L

∮
sec

SE
extdsdz

′

f i
θ =

∫
L

∮
sec

BiTSextdsdz
′ =

∫
L

∮
sec

BiTR0iRieS
E
extdsdz

′

f i
q =

∫
L

∮
sec

(R0iS
i)TSextdsdz

′ =

∫
L

∮
sec

(R0iS
i)TR0iRieS

E
extdsdz

′

(3.45)

where Rie is the transformation matrix from element coordinates to body coor-
dinates. By using Bi = −R0i

˜̄ui
P relation, f i

θ can be written as

f i
θ =

∫
L

∮
sec

˜̄ui
PRieS

E
extdsdz

′ =

∫
L

∮
sec

RieR̃T
ieū

i
PS

E
extdsdz

′ (3.46)

The position vector ūi
P can be defined by vectors r̄1, r̄12, r̂xy and qif . Then one

gets

f i
θ =

∫
L

∮
sec

Rie

(
skew

{
RT

ie

(
r̄1 + r̄12

z′

L

)
+ r̂xy + uE

}
+

skew
{(

I3 + θ̃E
)
r̂xy

})
SE
extdsdz

′
(3.47)

where skew{v} gives the skew symmetric matrix of vector v, so it is equivalent
of ṽ. The sectional force vector fE

ext and moment vector mE
ext can be defined as

fE
ext =

∮
sec

SE
extds

mE
ext =

∮
sec

skew
{(

I3 + θ̃E
)
r̂xy

}
SE
extds

(3.48)
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Then eq. (3.47) can be written in terms of fE
ext and mE

ext given by

f i
θ =

∫
L
Rie

(
skew

{
RT

ie

(
r̄1 + r̄12

z′

L

)
+ r̂xy + uE

}
fE
ext +mE

ext

)
dz′ (3.49)

When eq. (3.30) implemented into the equation for vector f i
q, one can get

f i
q =

∫
L

∮
sec

Rie4N
T
ZNT

T SE
extdsdz

′ =

∫
L
Rie4N

T
Z

[
fE
ext mE,q

ext

]T
dz′ (3.50)

where fE
ext is given in eq. (3.48) and mE,q

ext can be written as

mE,q
ext =

∮
sec

˜̂rxySE
extds (3.51)

The generalized forces due to applied forces are explained in Chapter-5 in [21].

3.1.3 Constraint equations
Bodies in an engineering problem do not generally float free in the space and
can only move in specified directions defined by constraints. Constraints can
be defined between different bodies or according to a point in the space. They
are written as a set of constraint equations that depends on the generalized
coordinates and possibly on time. The vector g ∈ RNc contains the all linearly
independent constraint functions as

g(q, t) = 0 (3.52)

where vector q contains the generalized coordinates and t is time. Constraints
can define a relative translation motion or rotation between bodies. For example,
a translation motion constraint which defines the distance between point P i on
body i and point P j on body j can be formulated as

rij = f(t) = ri +R0i(ū
i
P0

+ Siqif )− rj −R0j(ū
j
P0

+ Sjqjf ) (3.53)

where rij is the position vector measured from point P i to point P j , and it can
be a function of time. The rotational motion constraints between the points P i

and P j can be defined by using the unit vectors of the intermediate coordinate
systems attached to these points, as shown in Figure 3.2.

The transformation matrices Riv and Rjv are used to define the unit vectors
of the intermediate coordinate system in the body coordinate systems. So, the
vectors can be written in global coordinates as

vi
k = R0iRivv

i
k|int

vj
k = R0jRjvv

j
k|int

(3.54)
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Figure 3.2: Points Pi and Pj on bodies i and j have intermediate coordinate
systems in which the rotational constraint is defined.

where k = 1, 2, 3, vectors vi
k and vj

k are the kth unit vectors of the intermediate
coordinate systems defined in the global coordinates, and vectors vi

k|int and vj
k|int

are their counter parts defined in the intermediate coordinate systems. When
the bodies are allowed to rotate around unit first vectors with vi

1 = vj
1 condition,

the other two unit vectors must stay perpendicular to the vectors vi
1 and vj

1 at
any state of rotation. Hence the constraint equations can be written as

vi
1
T
vj
2 = 0, vi

1
T
vj
3 = 0 or

vj
1

T
vi
2 = 0, vj

1

T
vi
3 = 0

(3.55)

The two equations in the first or the second line of eq. (3.55) can be used to
define the rotational constraint between body i and j.

Jacobian of constraint equations with respect to the generalized coordinates q is
needed to solve the equation of motion. Since the constraint equations are lin-
early independent, the Jacobian matrix G has a full row rank. The terms inside
matrix G depend on constraint equations, generalized coordinates, and possibly
time. HAWC2 has a constraint library where equations for different constraints
are defined, and their derivative with respect to the generalized coordinates q
are computed.

G(q, t) =
∂g

∂q
(3.56)
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3.1.4 Equation of motion
The equation of motion for body i can be written [21] as

M iq̈i +Ciq̇i +Kiqi +GiTλi = f i
ext + f i

v = f i
e (3.57)

where M i and Ki are inertia and stiffness matrix of body i given in eq. (3.16)
and eq. (3.41), respectively. Matrix Ci is the Rayleigh damping [39] matrix of
body i which can be written as in eq. (3.58). The vectors qi, q̇i, q̈i are the
generalized coordinates, their first and second time derivative. The Jacobian
matrix of constraints with respect to qi is represented by Gi. Vector λi includes
Lagrange multipliers [22]. The total external force vector f i

e is the sum of external
force vector f i

ext given in eq. (3.44) and the quadratic velocity force vector f i
v

given in eq. (3.15).

Ci = αM i + βKi (3.58)

.

3.1.5 Time integration
HAWC2 uses Newmark-beta scheme for time integration [40] and solves for q
and λ at each time step and then computes velocities and accelerations from q.
The Newmark-beta scheme uses β and γ constants defining the relation between
the previous time step accelerations and the current time step displacements
and velocities. The time integration algorithm implemented in HAWC2 is given
below, and superscript i for body i is removed for simplicity.

1. Initial conditions: q0, q̇0, q̈0

2. Prediction step:
qp = qt + q̇t∆t+ (0.5− β)q̈t∆t2

q̇p = q̇t + (1− γ)q̈t∆t
(3.59)

where ∆t is the time step used in the analysis and the subscripts t repre-
sents the time step number.

3. First guess for time t+ 1:

q̈t+1 = q̈t

q̇t+1 = q̇p + γq̈t∆t

qt+1 = qt + q̇t∆t+ 0.5q̈t∆t2
(3.60)

4. Update body rotation matrices, then update matrices M , G and vectors
fext and fv in eq. (3.57) and g in eq. (3.52).
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5. Compute residuals

rq = Mq̈ +Cq̇ +Kq +GTλ(t)− fext − fv

rλ = g
(3.61)

6. Check the norms of residuals. If they are smaller than convergence criteria,
continue with next time step starting from step 2. Otherwise continue
computing the increments for current time step.

7. Compute the effective stiffness matrix Keff

Keff =
1

β∆t2
M +

γ

β∆t
C +K (3.62)

8. Compute increments

∆λ =
(
GKeffG

T
)−1(

GK−1
effrq − rλ

)
∆q = K−1

eff

(
rq −GT∆λ

) (3.63)

where ∆ sign represents the incremental difference for generalized coordi-
nates q and Lagrange multiplier vector λ.

9. Correct the state vectors

λt+1 = λ+∆λ

qt+1 = qt+1 +∆q

q̈t+1 =
qt+1 − qp
β∆t2

q̇t+1 = q̇p + γq̈t∆t

(3.64)

then go to step 4, update matrices and check residuals

HAWC2 users can determine Newmark-beta scheme constants β and γ from the
input file, and their default values are defined as 0.27 and 0.51 in HAWC2 [13],
respectively.

The sub-matrices of M in eq. (3.17) depending on the generalized coordinates
q and matrix G need to be computed at each iteration. If the system has any
time dependent constraint, matrix G also becomes explicitly time dependent.
The external force vector fext depends on time, positions q, velocities q̇ and
accelerations q̈, when it is computed for aerodynamic [41] and hydrodynamic
[42] forces.
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3.2 Large deflection modelling in HAWC2
A continuous structure can be modelled by multiple bodies, which are called as
sub-bodies. Sub-bodies have constraints in 6 DoFs satisfying the continuity of the
structure, whereas a body can have constraints in any direction. A body/sub-
body must have at least one beam element in HAWC2. Although the large
deflections cannot be captured by linear beam elements in bodies/sub-bodies,
the constraints between sub-bodies allow modelling large deflections. Figure 3.3
shows sub-body i and j, their elements, nodes and deflections. The constraints
satisfy the same position and rotations at the last node of the body i and the first
node of the body j. Hence, they allow modeling large rotations and displacements
of structures like in a co-rotational formulation [43, 44].

Figure 3.3: Sub-body i and j, their elements, nodes, deflections and the con-
straints between ni

3 (node 3 of sub-body i) and nj
1 (node 1 of sub-body j) are

shown. Vector ∆u
nj
1

r , ∆u
nj
2

r and ∆u
nj
2

f represents the rigid body displacement
vectors of nj

1 and nj
2, and the elastic displacement vector of nj

2, respectively.

The constraints between sub-body i and j can be formulated as

rij = ri +∆u
ni
3

f − rj = ∆u
ni
3

f −∆u
nj
1

r = 0

vi
1
T
vj
2 = 0, vi

2
T
vj
3 = 0, vi

1
T
vj
3 = 0

(3.65)

where vectors vi
k and vj

k with k = 1, 2, 3 are the unit vectors of intermediate
coordinates at ni

3 and nj
1. The equations at the first line of eq. (3.65) ensure the

same position, and the equations at the second line ensure the same rotations
for ni

3 and nj
1. Vector ∆u

ni
3

f is the elastic displacement vector of ni
3 which equals

to the rigid body motion of nj
1 (unj

1
r ) due to the constraints. The intermediate

coordinates are selected so that their unit vectors have the same direction at
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the beginning. The rotational constraints ensure that their unit vectors stay
orthogonal to each other at each time step.

The HAWC2 blade model with multiple sub-bodies was compared with HAWC-
Stab2 results, which is based on co-rotational formulation, and good agreement
is observed in [45]. The nonlinear modelling capabilities of HAWC2 were also
tested against BeamDyn, and HAWC2 results were found very accurate for very
large deflections in [46].

Since HAWC2 can model large deflections by sub-bodies, there is no need for
the nonlinear corrections in its beam element formulation, such as geometric
stiffening effect in FAST and FLEX [19, 47]. The nonlinear effects such as
geometric stiffening and axial motion due to bending can be captured, if multiple
sub-bodies are used in the HAWC2 model. The damping matrix Ci of body i in
eq. (3.57) becomes Ci = βKi when body i has multiple sub-bodies in HAWC2.

Sub-body modelling introduces new constraint equations and increases both the
size of constraint vector g and the sparsity of Jacobian matrix G. HAWC2 can
compute the term

(
GKeffG

T
)−1 in eq. (3.63) by using sparse matrix solver [48,

49]. The advantage of using sparse matrix solver rather than dense matrix solver
is discussed in the paper given in Appendix A.2.

3.3 Effects of nonlinear blade modelling on turbine
loads

The wind turbine blades are long, slender, composite structures with complex
geometries. The blade length in the wind turbine market has already exceeded
100 m [50]. Blades operate in a very dynamic environment, including rotation,
wind turbulence, and gusts, as depicted in Figure 1.2. The blade deflections can
reach up to 20 % of the blade length during the operational life of the turbine
[51]. Therefore accurate load and response analysis of the modern wind turbines
needs geometrically nonlinear blade models.

The blade deflections alter the response of the turbine and the turbine perfor-
mance; for example, the effective swept area of the turbine changes due to blade
deflections. Linear and nonlinear blade models can estimate different control
outputs due to the difference between the effective swept area computed by the
linear and nonlinear blade models. The coupling between torsion and edgewise
motions varies with the blade deflections, and it results in significant torsional
deflections in long flexible blades. Torsional deflections are particularly impor-
tant for the blade loads due to their effects on the angle of attack and pitch
bearing loads. The extreme and fatigue loads along the blade span are also quite
different for the linear and nonlinear models. The general expectation is that
the nonlinear models require longer CPU times than the linear models do. This
expectation can be correct for structural problems. However, turbine load anal-
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ysis is indeed a coupled analysis including aerodynamic, structural, control and
optionally soil mechanic and hydrodynamic disciplines.

HAWC2 has a strong coupling between its aerodynamic and structural solvers.
Hence, HAWC2 updates external load vector fext (Newmark-beta algorithm
step-4 in Section 3.1.5) with new aerodynamic loads at each sub-iteration of
the current time step. The only exception of the aerodynamic load update at
each sub-iteration is the induction factor, which is updated only once in each
time step by HAWC2 aerodynamic solver. The nonlinear blade models can re-
quire less number of iterations between structural and aerodynamic solver than
the linear blade models, and this can result in even a speed-up for the nonlin-
ear blade models compared to the linear models. The paper in Appendix A.2
investigates all these effects and shows the results for HAWC2 simulations of
DTU10MW and IEA10MW turbines.
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4 Geometrically nonlinear reduced
order models

A structure has an infinite number of points or degrees of freedom (DoFs) rather
than a finite number of beam elements and DoFs like in HAWC2 or any other
finite element (FE) solver. Finding an analytical solution for the structural
response of infinite DoFs is possible for only a very few cases. Thus, structures
are modelled by a finite number of points/elements in the FE approach, which
is suitable for almost all engineering problems. The response of the points apart
from the node positions can be calculated using shape functions, as explained in
Chapter 3. Since the engineering models use a finite number of DoFs, all of them
can be considered as reduced order models of the real structures. The reduced
order model definition is therefore relative, and it is meaningful when another
model is called high fidelity for a specific application.

The capabilities of models depend on their formulation. A model can include mil-
lions of DoFs, but if its formulation is linear, it can lead to inaccurate results for a
case where nonlinearities are significant. There are many nonlinearity resources
in nature, as explained in Chapter 2, and only the geometric nonlinearities are
considered in this study.

The focus of this research is the wind turbine blade models used in turbine load
analysis, such as HAWC2. The current HAWC2 models are assumed as high fi-
delity models, and the aim of the thesis is to obtain geometrically nonlinear blade
models with a reduced number of DoFs compared to the current HAWC2 models.
A modified non-intrusive method for reduced order blade models is presented in
this chapter. Although the non-intrusive method itself is not new, the method
explained in this thesis is developed particularly for cantilever structures, which
have not been modelled accurately yet in the existing research publications.

This chapter starts with a description of the linear reduced order models (ROMs)
and corrections done in these models for capturing some geometric nonlinear
effects. Then, it continues with the existing nonlinear reduced order methods
(intrusive and non-intrusive methods). The developed method is explained, and
test case results for a symmetric cantilever beam and reference turbine blades
are shown in the papers given at Appendix A.3 and Appendix A.4.

4.1 Linear reduced order models
Linear reduced order models are easy to obtain and require less computational
power than the nonlinear ROMs. A high fidelity model with N degrees of freedom
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(DoFs) is needed to generate a ROMs. Equation (4.1) shows the equation of
motion for a linear system with N DoFs.

Mü(t) +Cu̇(t) +Ku(t) = f(t) (4.1)

where M ∈ RN×N , C ∈ RN×N and K ∈ RN×N are the constant inertia, damp-
ing and linear stiffness matrices. The external force, displacements, velocities
and acceleration vectors are represented by f(t) ∈ RN , u ∈ RN , u̇ ∈ RN and
ü ∈ RN , and t is the time. The displacements can be separated to their spa-
tial and temporal components, and the spatial components consist of reduction
basis vectors. The temporal components are the amplitudes of the vectors in a
reduction basis. The actual displacements u ∈ RN in eq. (4.1) are approximated
by M number of vectors as

u(x, t) ≈
M∑
i=1

φi(x)qi(t) = Φ(x)q(t) (4.2)

where φi(x) ∈ RN is the ith reduction basis vector and qi(t) is its amplitude.
All M basis vectors are collected in the columns of matrix Φ ∈ RN×M and
the corresponding amplitudes in vector q ∈ RM . The aim of the reduction is
to represent N DoF system with a M DoF where M � N . The reduction
basis can consist of any vectors, but mode shape vectors are preferred for many
applications. The turbine load analysis codes FAST [17] and FLEX [10] also
have blade models represented by mode shapes as mentioned in Section 2.2. The
normal mode shapes (without damping) of the system given in eq. (4.1) are
calculated by

(K − ω2
iM)φi = 0 (4.3)

where ωi and φi are the ith natural frequency and its corresponding mode shape
vector. As M mode shape vectors are selected for the reduction, the dynamics
coming from N − M number of mode shapes are neglected. However, high
frequency mode shapes are generally considered not essential for wind turbine
blade problems. For example, FAST and FLEX use only the first two flapwise
and edgewise bending modes [10, 17]. The ability of the reduction basis can be
evaluated by the process defined in the paper given at Appendix A.1. The linear
blade model error becomes very small after the first four modes, which consist
of two flapwise and two edgewise modes for DTU10MW and IEA10MW turbine
blades in Figure 2.4.

As the reduction basis is selected, the N DoF system given in eq. (4.1) can also
be represented by reduction basis vectors and their amplitudes. When eq. (4.2)
is inserted into eq. (4.1), then eq. (4.4) is obtained.

MΦq̈(t) +CΦq̇(t) +KΦq(t) = f(t) (4.4)
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The reduced order matrices of the system can be obtained by Galerkin projection
as,

ΦTMΦq̈(t) +ΦTCΦq̇(t) +ΦTKΦq(t) = ΦTf(t)

M̂ = ΦTMΦ, Ĉ = ΦTCΦ, K̂ = ΦTKΦ

M̂q̈(t) + Ĉq̇(t) + K̂q(t) = f̂(t)

(4.5)

where M̂ ∈ RM×M , Ĉ ∈ RM×M and K̂ ∈ RM×M are the reduced inertia,
damping and stiffness matrices, and f̂ ∈ RM is the projected external force
vector. The last equation in eq. (4.5) is the equation of motion for the reduced
order system with M DoF for the full system given in the first line of eq. (4.1)
with N DoF.

4.1.1 Linear models with corrections
The stiffness matrix K in eq. (4.1) is constant, in other words it does not change
by deflections. Also, the external force vector is not projected onto the deflected
state of the structure. These two points are particularly important for modern
wind turbine blades since they go through large deflections, and they operate
under cyclic axial loads, which results in geometric stiffening in bending direc-
tions. The linear models also cause artificial elongation for the blades with large
deflections, as illustrated in Figure 2.2.

FAST and FLEX blade models have some corrections for geometric stiffening due
to axial loads [19, 47] and axial motion of the blades [24, 47]. Therefore, their
models cannot be considered as linear models given in eq. (4.5). An axial load
in the positive beam axis direction actually causes a restoring bending moment
since the deflections create a moment arm, as seen in Figure 4.1.

Figure 4.1: Euler-Bernoulli beam in undeflected and deflected position due to
the tip loads in transverse and axial directions. The positive axial load creates
a restoring moment force as shown in the second term of the My(z) equation.

This effect is particularly significant for the rotating beams, such as helicopter
blades and wind turbine blades, since the rotation creates centrifugal forces on
the blade structures. There is also a cyclic axial load on the blades since blade
weight changes its direction during the rotation. The geometric stiffening due to
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axial loads is generally added to the stiffness matrix as ‘geometrical stiffness ma-
trix’. The implementation of the geometrical stiffness matrix for Euler-Bernoulli
beam models in FLEX and FAST is explained in [19, 47].

The axial motions of the blades are due to the bending deflections are also
considered in FAST and FLEX models [24, 47]. Figure 4.2 shows the axial and
lateral displacements of a cantilever beam used in FAST and FLEX. The axial
displacement in the figure is not because of axial loads, but it is due to only the
bending displacements.

Figure 4.2: A cantilever beam and a beam segment with lateral and axial dis-
placements. The beam has no axial load and the beam length and beam segment
length are the same in the deflected and undeflected states.

FAST and FLEX compute the axial displacements of the segment shown in
Figure 4.2 by using the fact that the segment length does not change under the
bending loads. Equation (4.6) is obtained if the segment length is constant at
the undeformed and deformed conditions.(

∂ux
∂z

dz

)2

+

(
∂uz
∂z

dz

)2

+ 2dz

(
∂uz
∂z

dz

)
= 0 (4.6)

The term
(∂uz
∂z

)2 is assumed very small compared to the other terms in eq. (4.6).
When that term is ignored the relation between the axial displacement and lateral
displacements can be written as

duz = −1

2

(
∂ux
∂z

)2

dz (4.7)

As seen by eq. (4.7), the lateral displacements cause axial displacements without
any axial loads. The FAST and FLEX implementations of this correction include
the effects of lateral displacements in two directions as

uz(z, t) = −1

2

∫ z

0

(
∂ux(z1, t)

∂z1

)2

+

(
∂uy(z1, t)

∂z1

)2

dz1 (4.8)
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4.2 Geometrically nonlinear reduced order models
The geometrically nonlinear systems generally have an internal force vector as a
nonlinear function of displacement vector u and velocity vector u̇. This internal
force vector replaces the the force terms computed by Cu̇+Ku in eq. (4.1). The
internal force vectors are usually assumed as a function of only the displacements
in many reduced order model applications [52–54]. Equation (4.9) shows the
equation of motion of a nonlinear system with internal force vector f int(u) ∈ RN

which is a nonlinear function of the displacements u. The other terms used in
eq. (4.9) are same as the terms in eq. (4.1).

Mü(t) +Cu̇(t) + f int(u) = f(t) (4.9)

The nonlinear relation between displacements and internal forces can show hard-
ening or softening effects with deflections. In a hardening effect case, the deflec-
tions estimated by the linear model is generally larger than the nonlinear model
deflections for static cases and vise-versa for the softening effect case. There can
also be a nonlinear relation between the deflections in different directions. This
type of relation can be observed in wind turbine blades where torsion-edgewise
coupling changes by flapwise deflections (please see Figure-1 in the paper given
at Appendix A.4).

Although some corrections can improve the linear model results explained in
Section 4.1, the internal force vector is still defined as a linear function of deflec-
tions in FLEX and FAST blade models. The geometrical stiffening effects can
update the response force by the applied axial load, but it does not include all
nonlinear effects on the internal force vector f int due to deflections.

Nonlinear ROM generation requires a geometrical nonlinear formulation or solver
because the relation between the deflections and internal force vector is needed in
the reduction process. The internal force vector f int is defined by the reduction
basis amplitudes in nonlinear reduced order models. The internal force vector is
generally defined by quadratic and cubic functions of the displacements or the
reduction basis amplitudes [52]. The quadratic and cubic function coefficients
are required for a reduced order model. The coefficients can be obtained directly
from their counterparts in a nonlinear finite element (FE) formulation [53–55]
intrusively. However, coefficients in FE formulation are generally not available for
most of the commercial FE tools. It is also very hard to obtain these coefficients
for multibody or co-rotational formulation. In those cases, the ROM coefficients
can be computed by non-intrusive (indirect) methods [52, 56, 57], where the
coefficients are actually computed by fitting the deflection and force results of the
nonlinear solver. The non-intrusive methods allow using different geometrically
nonlinear solvers to compute ROM coefficients. In this study, HAWC2 is used
to generate blade reduced order models.
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4.2.1 Non-intrusive methods
Non-intrusive methods have been used to compute the response of aircraft pan-
els with clamped-clamped boundary conditions under thermo-acoustic effects
for supersonic or hypersonic aircraft designs [57–61]. The aircraft panels with
clamped-clamped conditions have different kinematics than the cantilever wind
turbine blades. There are very few studies focusing on reduced order models for
the cantilever structures by using the non-intrusive method [62, 63].

ROM coefficients can be computed by a force based approach or a displacement
based approach in non-intrusive methods. The displacement based approach
works very well for clamped-clamped structures, and it generally requires less
number of analyses than the force-based method [52]. However, it causes sta-
bility issues for cantilever structures, as observed in [62, 63]. Although some
methods were investigated to solve the stability problem, the solutions are case
specific and not easy to apply. The stability problem observed in cantilever
structures is derived from the unsuitable kinematics applied in the displacement
based method. Therefore, a force based method is adopted in this thesis for the
computation of nonlinear ROM coefficients.

A reduction basis is also needed to generate a reduced order model, as done in
Section 4.1. There are different reduction basis options in the literature, such as
bases with linear mode shape vectors [52], expansion vectors [64] and companion
vectors [56]. Two reduction bases have been investigated to obtain a fast and
accurate ROM of blades in this thesis. The first basis includes only linear mode
shape vectors, and expansion vectors are used to capture nonlinear effects in the
physical displacement computation step [64]. The second basis includes both
linear mode shape vectors together with selected modal derivative vectors [55].
The paper in Appendix A.4 explains the similarities and the differences between
these two reduction bases.

Two papers (in Appendix A.3 and Appendix A.4) explain the proposed method
and show some results for a symmetric beam and reference turbine blades. The
paper in Appendix A.3 presents the force based method and the reduction basis
with linear mode shape and modal derivative vectors. The computation of modal
derivative vectors is explained, and the vectors are visualized in the paper. There
are two test cases with a symmetric beam and NREL5MW turbine blade models.
The results show that the nonlinear ROMs generated by the proposed method
can capture large deflections of the beam and NREL5MW blade accurately.
NREL5MW ROM requires ten times less computational time than the original
HAWC2 model.

The second paper in appendix A.4 elaborates the force based method for can-
tilever structures and investigates the effects of modal derivative vectors when
used in a reduction basis. The similarities and differences between modal deriva-

38 Wind turbine blade large deflections



tive vectors and expansion vectors are pointed in the paper. Different internal
force vector function orders and the effects of the coupling terms between three
different modes on the accuracy of ROM results are also investigated in the pa-
per. Test cases include a symmetric beam, DTU10MW blade and IEA10MW
blade models. Results show that the proposed method works well for long tur-
bine blades, and nonlinear ROMs are at least ten times faster than the original
HAWC2 models.
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5 Limitations of the study
Every study has limitations due to the selected test cases and methods. Covering
all possible cases in the physical world with a limited number of test cases is an
impossible mission. Hence, the results shown in a study are valid only for tested
cases. Of course, similar cases are expected to have similar results, but one should
always be aware of each case is unique, and generalization of the conclusions can
be misleading. Methods have some assumptions which limit their application by
specific problems. Therefore it is important to understand all assumptions made
in a method.

The assumptions and test cases used in this study are explained in the previous
chapters and the papers given in Appendix A. This chapter aims to put an
emphasis on the limitations of this study. The important limitations are listed
below.

• Three reference turbines and some steady and turbulent wind load cases are
used in this study. Although the results can give a general idea about the
importance of blade large deflections in load analysis, the observations and
conclusions are valid only for the tested load cases and reference turbine
blades.

• The turbine and blade responses are computed by HAWC2, which uses an
augmented multibody formulation and strong coupling between the struc-
tural and the aerodynamic solver. The results and observations regarding
CPU time, the number of iterations, and the accuracy of the load results
are valid for HAWC2. Similar tests should be done for the solvers using
different formulation and coupling algorithms.

• HAWC2 uses linear prismatic beam elements in its bodies. The prismatic
beam models cannot capture taper effects in an element accurately. If there
is a significant taper in the elements, different modelling methods should
be considered for accurate analysis. This can be a problem for future blade
designs.
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6 Conclusions and future work
Large wind turbines have very long, composite blades with complex geometries
due to twist and prebend, and their blades go through large deflections in their
operational lives. Since blades behave differently in their undeflected and de-
flected states, large blade deflections need to be computed for accurate load
analysis. Therefore, load simulation tools need geometrically nonlinear struc-
tural models for blades. This thesis studied the kinematics of large blade deflec-
tions, the effects of geometrically nonlinear blade modelling on the load results,
turbine response and computational time for the simulations. The aim of the
study is to develop an effective method for generating accurate geometrically
nonlinear blade models, which are computationally cheaper than the existing
models used in the turbine load analysis. Nonlinear model reduction methods
were studied for obtaining accurate nonlinear blade reduced order models. The
important observations and conclusions of this thesis regarding the large blade
deflections and geometrically nonlinear reduced order blade models are listed
below.

• The kinematics of the large blade deflections that occur at normal operating
conditions are studied for three large reference turbines. It is found that
the blade deflections, from the deflected position under the mean wind
speed of the turbulent wind, are sufficiently large that the linear models
are not able to capture them accurately. Large blade deflections alter the
flapwise-axial coupling and the edgewise-torsion coupling of the blades.

• The effects of large blade deflections on the turbine loads and response
at operational conditions are studied for DTU10MW and IEA10MW refer-
ence turbines. The difference in the estimated loads by linear and nonlinear
blade models becomes prominent as the blades go through large deflections.
The maximum and fatigue life loads in blade flapwise and edgewise direc-
tions can be up to 30 % different for linear and nonlinear models. The
linear blade models underestimate the maximum blade torsion load almost
50 % compared to the nonlinear models. Significant discrepancies for blade
axial and torsional deflections are also observed between the linear and
nonlinear blade models for operational load cases.

• The computational cost in terms of central processing unit (CPU) time re-
quired by the linear and nonlinear blade models in turbine load simulations
are also investigated for HAWC2, which is a strongly coupled turbine load
tool based on augmented multibody formulation. The linear blade models
cause a higher number of iterations between the aerodynamic solver and
the structural solver than the nonlinear blade models do. The increased
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number of iterations in the load simulation with linear blade models can
cause higher CPU time than the simulations with the nonlinear models.

• Force based non-intrusive methods are studied to generate nonlinear re-
duced order models (ROMs) for slender cantilever structures like wind
turbine blades. Force based methods do not cause the instability problems
observed by displacement based methods for cantilever structures since it
does not enforce any kinematics as done in the displacement based meth-
ods.

• A force based method which uses a reduction basis with bending mode
shape vectors and their modal derivative vectors is improved for wind tur-
bine blade nonlinear ROMs. The effectiveness of the ROMs generated by
the improved method and Implicit Condensation Expansion (ICE) method
is investigated in terms of accuracy of deflection results and required CPU
time. It is found that the improved method and ICE can generate accurate
reduced order blade models which require at least eleven times less CPU
time compared to the original blade models in HAWC2.

The thesis shows the importance of using geometrically nonlinear blade models
in wind turbine load analysis. The outcome of this thesis is a reduction method,
which generates accurate and computationally cheap blade models compared to
the original HAWC2 models.

6.1 Recommendations for future work
One ambitious goal of this study is to obtain accurate and computationally cheap
load results compared to the existing models. These fast and accurate models use
nonlinear blade ROMs. They can be used in the optimization process, wind farm
load analysis, real-time simulations to optimize operational and maintenance cost
and real-time load tests. Although the results of the improved reduction method
look promising, there are some works to do before reaching the ambitious goal
of the study.

Future applications and investigations for the reduced order blade models gen-
erated by the proposed method should address:

• Geometric stiffening terms due to axial loads should be included in the
nonlinear reduced order models, and their effectiveness should be investi-
gated.

• HAWC2 should be modified to use blade ROMs in the aero-servo-elastic
analysis. The accuracy and required CPU time in load analysis with
ROMs should be investigated after the HAWC2 implementation of the
blade ROMs.
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• Future test cases for nonlinear ROMs should include new blade designs
such as 15MW reference wind turbine [65] and the design load cases rather
than normal production cases.

• An open-source data-set of the nonlinear ROMs will be established and
provided for some reference wind turbine blades, including DTU10MW,
IEA10MW and 15MW reference wind turbine.

• The new turbine models with nonlinear ROMs can be used in the opti-
mization of new turbine designs and wind farm load analysis.

• Blade reduced order models can be generated by using the finite ele-
ment models used in strain/stress analysis. It allows obtaining blade
strain/stress results directly from the load analysis without any interme-
diate steps between the load model and the finite element model.
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Abstract

The wind turbine industry is designing large MW size turbines with very long blades, which exhibit

large deflections during their operational life. These large deflections decrease the accuracy of

linear models such as linear finite element and modal-based models, in which the structure is

represented by linear mode shapes. The aim of this study is to investigate the competence of

the mode shapes to represent the large blade responses in normal operation load cases. For

this purpose, blade deflections are projected onto the linear modal space, swept by mode shape

vectors. The projection shows the contribution of each mode and the projection error. The blade

deflections are calculated by a nonlinear aero-servo-elastic solver for power production fatigue

load cases with normal turbulence. The mode shapes are calculated at the steady-state deflected

blade position computed at different wind speeds. Three reference turbine blades are used in

the study to evaluate the effects of various blade design parameters such as length, stiffness,

mass, and prebend. The results show that although the linear mode shapes can represent the

flapwise and edgewise deflections accurately, axial and torsional deflections cannot be captured

with good accuracy. The geometric nonlinear effects are more apparent in the latter directions.

The results indicate that the blade deflections occur beyond the linear assumptions.

KEYWORDS

geometric nonlinearity, structural dynamics, wind energy, wind turbine aeroelasticity, wind

turbine loads

1 INTRODUCTION

The wind turbine design process requires a wide range of different simulations including load and stability analysis and design optimization.

Although, some analyses need models with only one uncoupled turbine property such as aerodynamic and structure, others need coupled models

which have couplings between the structure, the aerodynamics, and the controller. Coupled turbine analyses generally use low fidelity models

because of the high computational cost and difficulties in the coupling process. For example, turbine load analyses are generally performed by

the blade element momentum (BEM)1 method for the aerodynamic part and beam solvers or reduced order models for the structural part. The

structural model can be geometrically linear or nonlinear depending on the solver capabilities and available computation resources. The focus of

this study is to assess the capabilities of using linear mode shapes in reduced order structural models in stability, aeroelastic, and load analysis of

modern turbines.

Linear modes constitute a simple and fundamental modeling alternative for most of the linear dynamic problems. Small size, cost effective, and

reliable reduced order models2-6 can be constructed by the mode shapes to calculate the structural response. It is also the key part of the stability

analysis. Therefore, reduced order models are also preferred in wind turbine load and stability analysis.7,8 Although, these models work very

well for the structures with small deflections, their accuracy decreases as the structure has large deflections and rotations.9 Most wind turbine

components, except from the blades, show small deflections in operations. However, modern large wind turbine blades exhibit large rotations

and deflections violating the linearity assumptions during their operational life.

Wind turbine blades exhibit various types of nonlinearities defined in the literature10,11 such as geometric nonlinearity due to large rotations,

inertia nonlinearity due to Coriolis and gyroscopic effects, and load nonlinearity due to follower aerodynamic loads. The effects of large blade

Wind Energy. 2020;1–14. wileyonlinelibrary.com/journal/we © 2020 John Wiley & Sons, Ltd. 1
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deflections and rotations on wind turbine stability and aeroelasticity have been studied by many researchers since the early 2000's. Larsen

et al12 addressed the importance of large blade deflections for load calculations, turbine performance, and aeroelastic response of blades. Their

study is one of the first on the effects of large blade deflections on wind turbine performance. They concluded that the effective blade length

varies with the flapwise and edgewise deflections, which should be taken account for an accurate turbine analysis. Manolas and colleagues13

studied the geometric nonlinear effects on the blade loads for the NREL 5 MW reference wind turbine14 and concluded that the large flapwise

deflections and bending-torsional coupling are the main nonlinear effects. The results of their study show that the difference between the linear

and the nonlinear blade models are prominent in the blade torsional loads and the pitch bearing loads. Riziotis et al15 identified various higher

order nonlinear structural couplings due to large deflections of blades and assessed their effects on the blade loads by comparing a first order

beam blade model with second-order beam model and HAWC2. Kallesøe16 investigated the effects of geometric nonlinearities on the aeroelastic

stability of NREL 5 MW reference wind turbine. He showed that the coupling between blade edgewise and torsional motion changes with the

blade flapwise deflection and the edgewise damping can be decreased by half due to large deflections. Rezaei et al17 also studied the effects of

geometric nonlinearities on loads and stability of NREL 5 MW reference turbine. They concluded that the geometric nonlinearities altered the

damping and the stiffness properties of the wind turbine system. These changes have effects on the loads and stability of the wind turbine.

The well-known wind turbine analysis codes, FAST,18 HAWC2,19 and Bladed,20 can take the large blade deflections and rotations together

with nonlinear inertia and load effects, into account for aero-servo-elastic turbine analysis. On the other hand, they also provide options to

compute the wind turbine responses with reduced order models, since none of the geometrically nonlinear beam solvers can match the reduced

order approach in terms of computational speed and cost. These reduced order models21 includes linear mode shapes, corrections to capture

moderate rotations, radial shortening, centrifugal stiffening, and other nonlinear force and inertia terms. In addition to the response analysis in

time domain, the stability analysis of the turbines is still performed by linear state-space models around an equilibrium point or initial position of

the turbine. In other words, linear modes are still an essential part of the stability analysis. Hence, it is important to understand the limits of the

linear modal space to model modern blade responses.

This study aims to investigate the contribution of each mode to the blade response and how well it can be represented by mode shapes

without performing load analysis with modal blade models. For this purpose, the blade responses in power production on normal turbulence

fatigue load cases were projected onto the modal space, which consists of the mode shapes calculated at the deflected blade positions from the

steady wind load cases with the mean wind speed of turbulent cases. The linear modal space is not used for load calculation and there is no load

comparison in the study. There are many studies in the literature on code to code comparisons,22-24 where loads were calculated by linear and

nonlinear blade models.

Most of the existing studies on geometrically nonlinear blade effects present results for a few particular load cases instead of normal operation

load cases with different turbulent seeds defined in wind turbine standards. The power production on normal turbulence load cases according to

IEC 61400 standard25 cover most of the fatigue life of a turbine. Hence, blade responses were calculated according to power production fatigue

load cases in IEC 61400. Besides, three different turbine blade responses were computed and projected onto modal space to evaluate the effects

of blade design parameters, such as stiffness and mass distribution, length, and prebend, on the nonlinearity.

This paper is organized as follows. Section 2 explains analysis steps of the study. Section 2.1 presents the projection method, linear mode

shapes, residual calculation, and the computational tools used in the study. The wind turbines, load cases, and modal spaces are introduced in

Section 2.2. There are four different projection spaces for each turbine with the combination of two static modes. Modal amplitude results and

residual results are presented in Section 3. Important outcomes of the results are pointed out in the conclusion section.

2 METHOD AND IMPLEMENTATION

There are four main calculation steps in the study. The first step is the simulation of blade responses in operational load cases. The analyses

include complete turbine model with tower, nacelle, hubs, blades, and controller. The second step is the mode shape calculation of blades,

deflected by steady wind load. These two steps were carried out by aero-servo-elastic wind turbine analysis codes. They are explained in detail

in Section 2.2 together with the properties of the reference turbines used in the study. The important point in these steps is that the analysis

codes are able to capture large blade deflections and take their effects into account during the aero-servo-elastic analysis.

In the third step, two static mode shapes were computed for the deflected blade positions. The calculation process is explained in Section 2.1.

Steady blade response results were needed to calculate static modes and they were computed by existing codes. The last step is to generate

modal spaces for each wind speed and projection of the operational blade responses onto these modal spaces according to the mean wind speed

of the load cases. This step has to be done for each analysis time step. The mean residuals and modal amplitude values were calculated for the

final results. Section 2.1 elaborates the methods of calculation steps and contains the general mathematical equations used in the study.

2.1 Method

The wind turbine components are modeled as beams in a finite element formulation. The large structural deflections are captured by the multibody

formulation26 implemented in HAWC2 and the co-rotational formulation27 implemented in HAWCStab2. The blade modes are calculated without

structural damping, aeroelastic damping, and aeroelastic stiffness effects since the reduced order models generally contains this type of modes.
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The mass and stiffness matrices are linearized around the deflected blade position under steady wind loads then the mode shapes and natural

frequencies were computed. In other words, each wind speed has its own mode shape matrix. The generalized eigenvalue problem which gives

the ith mode shape (𝝓i ∈ R
N ) and natural frequency 𝜔i of the blade with N degrees of freedoms (dofs).

(
Kj − 𝜔2

i Mj
)
𝝓i = 0. (1)

The mass (Mj ∈ R
N×N) and the stiffness matrices (Kj ∈ R

N×N) are calculated around an equilibrium point under the jth steady wind load case,

including the centrifugal stiffening but ignoring the gravity and aeroelastic stiffness and damping effects. Besides the mode shapes calculated by

Equation (1), two static mode shapes are used in the study; the first one is the slope of steady deflections with respect to the wind speed when

the positions are approximated as shown in Equation (2). These modes are called as wind static mode shapes (𝝓w ∈ R
N). The wind static mode

shapes were computed by nonlinear steady blade response results of HAWC2, where gravity and tower shadow effects were neglected. The 𝝓w

and cj in the equation are calculated for each wind speed using Equation (3).

uj = 𝝓wj
vj + cj + rj. (2)

The rj ∈ R
N vector is the residual vector between the simulated position vector uj ∈ R

N (computed by HAWC2) and the linear approximation of

the positions which is the first two terms (𝝓wj
vj + cj) on the right-hand side of Equation (2) for steady positions at wind speed vj. Equation (2)

defines the curve fitting of positions as a linear function of the wind speeds. The wind mode shapes (𝝓wj
) are actually the rate of deflections with

respect to the wind speed, and cj is the constant vector that appears in the curve fitting process. In HAWC2, structural models include all initial

curvatures. The (𝝓wj
) of each wind speed (vj) is computed by a least-square approach including two neighboring states (vj−1 and vj+1) as shown in

Equation (4). The least squares problem which is solved is

minimize
bj∈R2N

||dj − Pjbj||2
2, (3)

with

dj = Pjbj + e, dj =
⎡⎢⎢⎣

uj−1

uj

uj+1

⎤⎥⎥⎦ , Pj =
⎡⎢⎢⎣

I vj−1I
I vjI
I vj+1I

⎤⎥⎥⎦ , bj =

[
cj

𝝓wj

]
, and ej =

⎡⎢⎢⎣
rj−1

rj

rj+1

⎤⎥⎥⎦ . (4)

The wind static mode shapes are the lower part of the vector bj ∈ R
2N. Pj ∈ R

3N×2N represents the matrix for least square fitting of positions with

respect to the wind speed. I ∈ R
N×N is the unit matrix of dimensions N × N. The solution to the least squares problem in Equation (3) is given by

bj =
[

PT
j Pj

]−1

PT
j dj. (5)

Once the vector bj is determined, 𝝓wj
and cj can be determined from it. For the cut-in and cut-out wind speeds, only one neighboring calculation

point was used since there is no operational point before the cut-in and after the cut-out wind speeds. The blade deflections and wind speed

relation is actually nonlinear and the wind static mode shapes can be thought of as the linearized blade deflections to unit wind speed change at

each wind speed. Three deflection points (wind speeds) are used for the linearization. Hence, in case of no gravity, the static blade deflections

because of small wind speed change is represented very accurately by these mode shapes.

The second static mode shape type is the blade deflections from the top position to the horizontal blade position under a steady wind including

gravity effects without tower shadow effects. They are useful to represent gravity effects, therefore they are called as gravity static mode shapes

(𝝓g ∈ R
n). The calculation of gravity static mode shape 𝝓gj

for wind speed vj is provided by

𝝓gj
= u0◦

j − u90◦

j , (6)

where u0ř
j

represents blade position at vj with zero azimuth angle and u90ř
j

represents the blade position at vj with 90◦ azimuth angle. The static

mode shape vectors defined in the study are selected to reflect nonlinear deflections due to wind speed and gravity in the vicinity of the deflected

blade position. It is also possible to define any other linearly independent displacement vector and add them into the projection space. The blade

deflections u(tk) ∈ R
N computed at the kth time step of aero-servo-elastic turbine analyses under turbulent wind loads are approximated by

u(tk) =
n∑

i=1

𝝓iqi(tk) + r(tk) = Φq(tk) + r(tk) where Φ = [𝝓1 … 𝝓n] and q(tk) = [q1(tk) … qn(tk)]T . (7)

The matrix Φ ∈ R
N×n is composed of n projection basis vectors. In the study, basis vectors (𝝓i) are the mode shapes and static mode shapes

calculated at the equilibrium point under the mean steady wind speed load. The basis vector matrices used in the study are explained in Section

2.2. It is assumed that the the matrix Φ is full rank. The columns of the matrix Φ span the subspace in which the deflection vector u is constrained
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and the q(tk) ∈ R
n represent the vector whose elements are the time varying modal amplitudes of mode shapes. The modal amplitudes were

computed by solving the least squares problems

minimize
q(tk )∈Rn

‖u(tk) − Φq(tk)‖2
2 . (8)

The solution to the least squares problem in Equation (8) is explicitly written as

q(tk) = (ΦTΦ)−1ΦT u(tk). (9)

The projection residuals r(tk) ∈ R
N are the difference between computed and projected deflections and computed through

r(tk) = u(tk) − Φq(tk). (10)

Because of optimality of the least-squares problem, the residuals satisfy

ΦT u(tk) = ΦTΦq(tk) + ΦT r(tk) and ΦT r(tk) = 0. (11)

The projection error is thus perpendicular to the projection subspace, therefore multiplication of the error with the mode shape matrix gives zero

as shown in Equation (11). The blade deflections have six dofs at each node points of the beam model. The projection of the blade deflections can

be performed for all six dofs (three translations and three rotations). Since the least square method minimizes the total residual and the rotational

dof residuals are generally two orders of magnitude lower than translation dof residuals, the projections of rotational dofs are far from accurate.

To solve this accuracy issue in rotational dofs, projection was carried out only for translation dofs at the leading and trailing edges of each

cross-section. Torsional deformations were calculated by the deflection results of the cross-sectional edge points. The torsional deformation is

the most important rotational dof for load calculations since it directly alters the angle of attack and thereby the aerodynamic forces. Therefore,

only torsional deformations are calculated from the deflection of the leading and trailing edge points. Figure 1 depicts the cross-section. The

mode shape vector calculation at the leading edge point at the ith nodal point is given by

𝝓t
iLE

= 𝝓r
iEC

riLE
+ 𝝓t

iEC
where 𝝓r

iEC
riLE

= 𝝓r
iEC

× riLE
. (12)

The mode shapes were calculated with respect to the elastic center (EC) of the cross-sections. In HAWC2, the elastic center is selected as the

tension center, which is the cross-sectional point where an axial force does not induce any bending moment. In Equation (12), 𝝓t
iLE

represents the

translational dofs of the leading edge point in the ith mode shape vector (𝝓iEC
). 𝝓t

iEC
and 𝝓r

iEC
represent the translational and rotational dofs of the

mode shape vector 𝝓i, respectively. The terms in Equation (12) more explicitly become

⎡⎢⎢⎣
𝜙xi

𝜙yi

𝜙zi

⎤⎥⎥⎦
LE

=
⎡⎢⎢⎣

0 −𝜃zi
𝜃yi

𝜃zi
0 −𝜃xi

−𝜃yi
𝜃xi

0

⎤⎥⎥⎦
EC

⎡⎢⎢⎣
rxLE

ryLE

rzLE

⎤⎥⎥⎦ +
⎡⎢⎢⎣
𝜙xi

𝜙yi

𝜙zi

⎤⎥⎥⎦
EC

where 𝝓r
iEC

=
⎡⎢⎢⎣
𝜃xi

𝜃yi

𝜃zi

⎤⎥⎥⎦ . (13)

2.2 Implementation

The blade deflections and the mode shapes at the deflected blade positions were computed by the existing codes HAWC2 version 12.6 and

HAWCStab2 version 2.13.28 HAWC2 gives the geometrically nonlinear blade response whereas HAWCStab2 computes the mode shapes of the

blade at the steady-state deflected blade position for different steady wind speeds. HAWC2 steady wind results were also used to calculate

static mode shapes. HAWCStab2 was modified to write out six dof mode shape results.

HAWC2 is a nonlinear transient aero-servo-elastic wind turbine analysis code. The structural solver of HAWC2 is based on floating reference

frame formulation26 which is able to solve large deflections and rotations of beams by dividing the structures into sub-bodies. Although each

sub-body is linear in its own frame, the constraints at the joints enable to capture large deflections. A body or sub-body is composed of linear,

classical Timoshenko beam elements or linear, an-isotropic Timoshenko beam elements.29 The aerodynamic calculations are performed by a

BEM formulation30 including dynamic stall, dynamic inflow effects, shear effects on induction, tip loss, tower shadow, and effects of large blade

deflections. HAWC2 has an interface to work with wind turbine controllers which are used to set the pitch angle and the generator torque.

HAWCStab2 is an aero-servo-elastic modal analysis tool, suitable for open and closed loop aero-servo-elastic modal and stability analysis of

horizontal axis three-bladed wind turbines. It calculates the geometrically nonlinear deformed positions of the turbine by a co-rotational finite

FIGURE 1 The airfoil cross section and its elastic
center where mode shapes are calculated, leading
and trailing edge positions [Colour figure can be
viewed at wileyonlinelibrary.com]
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NREL 5 MW DTU 10 MW IEA 10 MW

Blade Length [m] 61.5 86.4 96.2

Hub Radius [m] 1.5 2.8 2.8

Hub Height [m] 90 119 119

Shaft Tilt [deg] 5 5 6

Rotor Precone [deg] 2.5 2.5 4.0

Rotor Mass [kg] 17 740 41 722 47 742

Nacelle Mass [kg] 240e3 446e5 446e5

Prebend at the Tip [m] 0.0 3.3 6.2

1st Flapwise frequency [Hz] 0.65 0.61 0.42

1st Edgewise frequency [Hz] 1.00 0.93 0.67

TABLE 1 General properties of the considered reference wind
turbines: NREL 5 MW, DTU 10 MW, and IEA 10 MW

element method. The HAWCStab2 aerodynamic solver is based on BEM, including the Beddoes-Leishman unsteady aerodynamic effects, shed

vorticity, and dynamic stall. Steady operational points are defined by steady wind speed, pitch angle, and rotor angular speed. It performs modal

analysis around a stationary deflected position of the blades with or without aerodynamic stiffness and damping terms.31 The normal (undamped)

blade mode shapes were calculated in HAWCStab2 for different steady conditions, including the load effects such as centrifugal stiffening and

without gravity, aerodynamic stiffness and aerodynamic damping effects. Verelst et al32 compared the aerodynamic solvers HAWCStab2 and

HAWC2 for DTU 10 MW reference wind turbine in steady wind conditions and the results showed a good agreement between the two solvers.

Before the projection analysis, the blade deflections under steady wind calculated by HAWC2 and HAWCStab2 were also compared and good

agreement was observed. Results show that DTU 10 MW turbine blade tip deflections calculated by the two codes have a difference around

4 mm as the maximum flapwise tip deflection is around 8.5 m at the rated wind speed.

The blade responses of three large reference turbines, NREL 5 MW,14 DTU 10 MW,33 and IEA 10 MW,34 were calculated and projected onto

the modal space. The reason of choosing these turbines is that they represent modern, large wind turbine designs with long blades. Besides,

their data are publicly available and they have different blade designs, which help to investigate the blade design effects on the results. The wind

turbine market already reached the 10-MW designs and next stop is 12 MW or more. Table 1 shows the general properties of these reference

turbines modeled in HAWC2.35 The blade response analysis was carried out for power production on normal turbulence load cases (Design

Load Cases 1.2)36 based on the third edition of the IEC 61400-1 standard. Design Load Cases (DLC) 1.2 are the most dominant fatigue cases by

covering more than 90% of the turbine fatigue life.37

DLC 1.2 defines the normal power production conditions via 216 turbulent load cases, where each load case simulation has 600 seconds

simulation time. Twelve different mean wind speeds from 4 to 26 m/s, three yaw errors (−10◦∕0◦∕10◦) are used. There are six different turbulent

seeds for each mean speed and yaw error. The simulation time step is set to 0.01 seconds, which gives blade deflections at 60 000 time points

for each load case. The projection and residual calculation were performed for each time step of each load case.

A convergence analysis was done with the steady wind load cases to determine the number of modes to be used in linear modal space and to

see the effects of large deflections on projection residual. Figure 2 shows how the Euclidean norm of DTU 10 MW wind turbine blade projection

residual varies with number of modes. The blade deflections computed by linear and nonlinear blade models in HAWC2 under 12 m/s steady

wind load, are projected on to the basis with modeshapes at initial (undeformed) blade position. Hence, the effect of geometric nonlinearities on

the projection residual can be investigated by the residual difference between linear and nonlinear blade model deflections. Figure 2 shows that

the geometric nonlinear effects because of large blade displacements cause nine times more projection residual than the linear blade model. This

indicates that the geometric nonlinearities are the main source of the projection residuals when large blade displacements are taken into account.

One source of the linear model residuals is nonlinear effects apart from the geometric nonlinearity such as inertia and force. Another source of

the linear model residuals is the fidelity difference between the HAWC2 model, which has 156 dof for DTU 10 MW blade and projection space

with 20 modes. However, the total residual of all nodes is very small compared with the total deflection for the linear blade model. The first two

modes are the first flapwise and edgewise modes, respectively. The eighth mode is the first torsion mode and mode 16 is the first axial mode.

The first 20 modes consist of nine flapwise, six edgewise, four torsion, and one axial modes. After the convergence analysis, it was decided to

use 20 modes in the modal projection space which has at least one axial mode. The other modes above the 20th mode are high-frequency mode

shapes, which we experience have very little effect on the projection residual.

The first 20 undamped mode shapes of the blades were calculated in HAWCStab2 at the deformed blade positions under 12 different steady

wind loads. Deflections of turbulent load cases are calculated with respect to the deflected blade positions under the mean turbulent speed of

the load case and the mode shapes of the regarding deflected shape are used for the projection of the deflections. The wind static modes and

g-static modes were also computed at each deformed blade position and added to the end of each corresponding wind speed mode shape matrix.

Table 2 shows the four different projection spaces swept by various mode shapes used in the study.

The mode shapes are calculated at deflected states relative to the blade root coordinate system. Blade models include all curvatures (initial

prebend, pre-twist, and deflection curvatures). The mode shapes are named according to the maximum vector direction among the flapwise,

edgewise, axial, and torsion dof. Mode shape vectors include six dofs at each node and it is common to see nonzero values in other directions

rather than the mode name direction in the vectors. These nonzero values cause a motion in other directions rather than the mode name and this
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FIGURE 2 The Euclidean norm of
DTU 10 MW blade projection
residuals with respect to the number
of modes. The blade deflections are
computed in HAWC2 by a linear and
a nonlinear blade model for 12 m/s
steady wind speed and the projection
basis is composed of undeflected
blade mode shapes [Colour figure can
be viewed at wileyonlinelibrary.com]

TABLE 2 The mode shape matrices (modal spaces)
used in the study in each analysis wind speed

Mode Shape Matrix I 20 modes Φ1 = [𝝓1 𝝓2 … 𝝓20]
Mode Shape Matrix II 19 modes + Wind static mode Φ2 = [𝝓1 𝝓2 … 𝝓19 𝝓w]
Mode Shape Matrix III 19 modes + Gravity static mode Φ3 = [𝝓1 𝝓2 … 𝝓19 𝝓g]
Mode Shape Matrix IV 18 modes + 2 static modes Φ4 = [𝝓1 𝝓2 … 𝝓18 𝝓w 𝝓g]

FIGURE 3 The first edgewise and torsion mode shapes in edgewise (EW), flapwise (FW), and torsion (T) directions along the span for undeflected
(wsp = 0 m/s) and deflected (wsp = 10 m/s) blade under 10 m/s steady wind speed [Colour figure can be viewed at wileyonlinelibrary.com]

effect is called mode coupling in the study. This couplings are state-dependent, in other words, the couplings changes with blade deflections.

Figure 3 shows the difference of the first edgewise and the torsion mode shapes at undeflected and deflected positions, respectively. The blade

positions are computed under the loads due to 10 m/s steady wind flow and rotational speed at that state. Torsion coupling changes sign in

the first edgewise mode shape as the blade deflects and coupling between edgewise, and the torsion dof is stronger in deflected position than

the undeflected blade. There is also small difference in flapwise and axial directions. The first torsion mode shape changes mainly in edgewise

direction. Actually, the maximum direction of the mode shape vector shifts to the edgewise direction from torsion direction. Hence, the maximum

torsion value of deflected position (blue curve) does not reach 1 at the tip but it is very close to 1. There is also difference in axial and flapwise

direction depending on the deflection of the blade, however these differences are not as large as the difference in the edgewise direction.

Figure 4 shows the difference between the wind static mode shape vector and the first flapwise mode, and the difference between the the

gravity mode shape vector and the first edgewise mode at 20 m/s wind speed. The flapwise deflection of wind static mode (deflection rate

with respect to the wind speed) is very similar to the first flapwise mode. The main difference occurs in torsion and axial directions, although

it is hard to see the axial direction differences from the plot. This indicates that the main deflection direction due to aerodynamic loads occurs

in flapwise direction and its torsional and axial effects are not captured accurately by the first flapwise mode. On the other hand, the main

deflection direction of the gravity forces is the edgewise direction. The gravity mode shape includes large flapwise deflection when there is pitch

motion (after the rated wind speed). However, the edgewise mode shape has smaller flapwise direction than the gravity mode shape and it is in

the opposite direction. The difference in torsion direction is also similar to the flapwise results. This indicates that although the gravity and the

first edgewise mode shapes have similar effects in edgewise direction, they are very different in other directions, especially after the rated wind

speed due to pitch.



GOZCU AND STOLPE 7

FIGURE 4 The left plot shows the first flapwise and wind static (𝜙w) mode shapes at 20 m/s wind speed. The right plot shows the first edgewise
and gravity static (𝜙g) mode shapes at 20 m/s wind speed [Colour figure can be viewed at wileyonlinelibrary.com]

3 RESULTS AND DISCUSSION

In this section, the residual and the modal amplitude results of each turbine are presented for power production on normal turbulence load cases.

The residuals of edgewise, flapwise, axial, and torsional degrees of freedom were computed at each time step of each load cases. Since the load

cases have turbulent wind flow, the residuals also fluctuate in time. Thus, the mean residuals are shown in the plots. There are 18 load cases for

each wind speed, therefore the residual results are given as mean value and standard deviation for each wind speed in the figures. The modal

amplitude results are given in terms of percentage. The mean value of the 10 modes having the highest modal amplitudes are presented for all

load cases. Residuals of four modal spaces (Φ1, Φ2, Φ3, Φ4) are shown together in the plots. Table 2 explains the modal spaces according to the

mode shape vectors.

resj =
Nn∑

k=1

resk

uk

100
Nn

where resk = 1
Nt

Nt∑
k=1

resk , uk = 1
Nt

Nt∑
k=1

uk. (14)

The calculation of the mean residual for load case ‘j’ (resj) is shown in Equation (14). uk and resk are deflections calculated in HAWC2 and

residuals at node k in six dofs. The deflections (uk) are computed with respect to steady deflected blade positions by mean turbulent wind speed

load case and relative to the blade root coordinate system. The mean of the deflections and the residuals along the blade span are represented

by uk and resk . Nn and Nt are the number of nodes and time steps in the analysis, respectively.

3.1 NREL 5 MW results

Figure 5 shows the residual results of the NREL 5 MW turbine blade in edgewise and flapwise directions. Edgewise direction has the lowest

residuals among the all directions. Both residuals reach maximum values around rated wind speed where the maximum flapwise deflection occurs

and pitch activity starts. The wind static mode shape (𝝓w) does not improve the residuals considerably in either directions when compared with the

mode shapes in Φ1. It decreases the flapwise residuals after 18 m/s wind speeds with 2%. The mode shape matrix Φ3 which includes the gravity

mode shape (𝝓g), gives better results than Φ1 and Φ2 in edgewise direction for all wind speeds. It also reduces the flapwise residuals around 2%

compared with Φ1 results in the wind speeds below 18 m/s. The lowest residuals are obtained when both static mode shape vectors are included

in modal space (Φ4). The highest residual drops from 3% to 2% in edgewise direction and becomes 8% compared with 14% in flapwise direction.

Figure 6 shows the axial and the torsion residuals. They are much higher than the edgewise and the flapwise directions. The axial residual

varies between 70% and 105% whereas the torsion residual starts at 110% and goes to 125% with the wind speed for mode shapes of Φ1.

The wind static mode shape in Φ2 does not change the general view of Φ1 residual results in axial directions. However, it decreases the torsion

residuals down to 50% after the rated wind speed and it hits up to 160% at 6 m/s wind speed, which is the highest residual value in torsion

direction. Φ3 and Φ4 results looks similar in axial direction. They increase linearly with wind speed, starting from 10% at 4 m/s and reaching to

80% at 26 m/s. Their residual values are the lowest in axial direction. Φ4 residuals are the lowest in torsion direction. They are generally lower

than 40%, whereas Φ3 residuals go up to 100% at the high wind speeds.

Table 3 shows the 10 blade modes with the highest average modal amplitudes in DLC 1.2 load cases for all four mode shape matrices. The

modal amplitude values are shown in terms of percentage. The first flapwise mode shape in Φ1 and Φ3 and wind static mode shape in Φ2 and Φ4

have the highest modal amplitudes. Since the main deflection in wind static mode shape also occurs in flapwise direction, it can be concluded

that the main direction of the blade deflection is in flapwise direction. The second and third torsion and second, third, and fifth flapwise mode

shapes appear together in all spaces. The reason of this correlation is the coupling between them. The coupling of two mode means that the

deflection shape of one mode has components from the other one. For example, the second torsion mode shape has some flapwise deflection

components similar to the second flapwise mode has. Since the frequency of these modes are much higher than the first flapwise and edgewise

modes, it can be considered as the high-frequency mode coupling. It indicates that the high-frequency modes contribution to the blade response
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FIGURE 5 NREL 5 MW turbine blade edgewise (left plot) and flapwise (right plot) residual results with respect to the mean wind speed in DLC
1.2 load cases [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 6 NREL 5 MW turbine blade axial (left plot) and torsion (right plot) residual results with respect to the mean wind speed in DLC 1.2 load
cases [Colour figure can be viewed at wileyonlinelibrary.com]

TABLE 3 The 10 blade modes with the highest modal amplitude averages [%] of NREL 5 MW turbine for DLC 1.2 load cases

Modal Space Φ1 Modal Space Φ2 Modal Space Φ3 Modal Space Φ4

Mode name Amplitude, % Mode name Amplitude, % Mode name Amplitude, % Mode name Amplitude, %

1st flapwise 46.87 Static 34.04 1st flapwise 32.43 Static 40.98

1st edgewise 11.77 1st flapwise 31.32 2nd torsion 16.33 1st flapwise 30.64

2nd torsion 11.62 1st edgewise 8.76 G-Static 11.83 G-Static 10.75

3rd torsion 10.57 2nd torsion 6.81 3rd torsion 10.81 2nd flapwise 5.02

2nd flapwise 4.48 3rd torsion 6.26 5th flapwise 4.16 1st edgewise 2.86

3rd flapwise 2.94 2nd flapwise 3.88 2nd flapwise 3.62 2nd torsion 2.73

5th flapwise 2.11 3rd flapwise 1.76 4th flapwise 3.27 1st torsion 1.96

1st torsion 1.54 5th flapwise 1.23 3rd flapwise 3.23 3rd torsion 0.81

6th flapwise 1.10 1st torsion 1.02 1st edgewise 2.42 1st axial 0.80

2nd edgewise 1.08 2nd edgewise 0.83 1st torsion 2.36 4th flapwise 0.67

is considerable in Φ1 or when there is no static mode and decreases as the static modes are included. The wind static mode dominates the

projection space together with the first flapwise mode in Φ2. Their modal amplitude sum is more than 65%. The gravity mode shape sets back

the first edgewise mode since they have similar effects. However, high frequency modes such as second and third torsion and second and fifth

flapwise modes, increase their modal amplitudes with gravity mode shape compared with Φ1. The high frequency mode contribution to the blade

response is higher in Φ3 than Φ2, because they are in flapwise and torsion directions rather than edgewise direction. In Φ4, the high frequency

mode effects are the lowest among the four mode shape matrices. The static modes improve the accuracy in axial direction. It means they

represent the couplings between the axial direction and the flapwise and edgewise directions.
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FIGURE 7 DTU 10 MW turbine blade edgewise (left plot) and flapwise (right plot) residual results with respect to the mean wind speed in DLC
1.2 load cases [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 8 DTU 10 MW turbine blade axial (left plot) and torsion (right plot) residual results with respect to the mean wind speed in DLC 1.2
load cases [Colour figure can be viewed at wileyonlinelibrary.com]

3.2 DTU 10 MW results

Figure 7 shows the residual results for the DTU 10 MW reference turbine blade in edgewise and flapwise directions. The flapwise direction has

the lowest residuals among the four directions unlike the NREL 5 MW reference blade which has the lowest residual values in the edgewise

direction. The general trend in both directions is that the residuals are reaching their maximum values (2.5%-3%) around rated wind speed and

are decreasing after rated wind speed. These residuals are quite low and it is hard to observe the effects of static mode shapes. Therefore, it

is logical to compare maximum residual values while comparing the various mode shape matrices. Φ1 residuals go up to 2.9% in the edgewise

direction and 2.6% in the flapwise direction. Φ2, with wind static mode shape, has a 1.5% maximum residual value in edgewise direction and 2.2%

in flapwise direction. Φ3, with gravity mode shape, reaches 2.5% residual value in edgewise direction and 2.3% in flapwise direction. The lowest

residuals are obtained by Φ4, which includes both static mode shapes. The highest residual values in edgewise and flapwise directions become

1.2% and 2.1% with Φ4.

Figure 8 shows that residuals in axial and torsion for the DTU 10 MW turbine are higher than for the NREL 5 MW turbine. This is in contrast

to the edgewise and the flapwise residuals. The axial residuals generally increase with wind speed. It starts from 100% and goes up to 150% with

Φ1 and Φ2 mode shape matrices. On the other hand, it starts from 25% and reaches 125% with Φ3 and Φ4 mode shape matrices. The lowest

residual results are obtained by Φ4. The torsion residuals of Φ1 has small fluctuations around 90%. Φ3 gives the lowest residual values especially

around the rated wind speeds. The lowest residual of Φ3 is 75% at mean wind speed of 10 m/s. Its residual trend looks similar to the trend of Φ1

residuals. Φ2 does not manage to decrease the torsion residuals compared with the Φ1 results. The highest residual is 175% and the lowest one

is 100%. Since Φ4 includes the wind static mode shape, its residual values are also higher than the Φ1 values. Its maximum residual is 140% and

the lowest one is 85%. Results and mode shape vectors show that the coupling between edgewise and torsion modes are much stronger for the

DTU 10 MW blade than for the NREL blade. It is because of the prebend, large flapwise deflection, and heavy blade weight.

Table 4 shows the 10 blade modes with the highest average modal amplitude for DTU 10 MW blade in DLC 1.2 load cases. The main direction

of the deflection is again in flapwise direction with first flapwise and wind static modal amplitude higher than 40% in all space. The coupling

between high frequency modes occurs between seventh flapwise, third torsion, fourth flapwise, and second torsion modes. The correlation
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TABLE 4 The 10 blade modes with the highest modal amplitude averages [%] of DTU 10 MW turbine for DLC 1.2 load cases

Modal Space Φ1 Modal Space Φ2 Modal Space Φ3 Modal Space Φ4

Mode name Amplitude, % Mode name Amplitude, % Mode name Amplitude, % Mode name Amplitude, %

1st flapwise 40.53 Static 42.42 1st flapwise 44.46 Static 41.72

1st edgewise 14.29 1st flapwise 32.72 G-Static 18.54 1st flapwise 29.62

1st torsion 9.54 1st edgewise 9.84 2nd flapwise 6.09 G-Static 13.30

7th flapwise 7.29 2nd flapwise 4.31 1st torsion 5.74 2nd flapwise 5.38

3rd torsion 5.85 1st torsion 2.20 1st edgewise 5.40 1st edgewise 3.65

2nd flapwise 5.38 7th flapwise 1.55 7th flapwise 3.92 1st torsion 1.34

4th flapwise 3.19 3rd torsion 1.29 3rd torsion 3.27 2nd edgewise 0.71

2nd edgewise 2.26 2nd edgewise 1.05 4th flapwise 2.37 2nd torsion 0.71

2nd torsion 2.09 4th flapwise 0.99 2nd torsion 1.77 3rd flapwise 0.67

3rd edgewise 2.09 3rd edgewise 0.68 2nd edgewise 1.32 7th flapwise 0.63

FIGURE 9 IEA 10 MW turbine blade edgewise (left plot) and flapwise (right plot) residual results with respect to the mean wind speed in DLC
1.2 load cases [Colour figure can be viewed at wileyonlinelibrary.com]

between their modal amplitudes can be seen in Table 4. The wind static mode dominates the projection space together with the first flapwise

mode, having more than 75% of total modal amplitudes in Φ2. The gravity mode shape sets back the first edgewise mode in Φ3. There is a coupling

between the first edgewise and first torsion mode of the blade because of prebend and the flapwise deflections. A similar coupling occurs

between the gravity static mode and first torsion mode. In Φ4, the high frequency modes almost vanish with lower than 1% modal amplitude.

The axial mode shape is not in the list of first 10 mode shapes with the highest modal amplitudes in Φ4 unlike the NREL 5 MW results.

3.3 IEA 10 MW results

The IEA 10 MW turbine blade is the longest and the most flexible blade among the three reference turbine blades. Figure 9 shows the edgewise

and the flapwise residuals of the blade for all four modal spaces. The residual values of this turbine blade are the highest among the three

reference turbine blades. The modal space Φ4 with two static mode shapes has extremely high residual values at 6, 8, 22, and 24 m/s wind

speeds. When these peak values are ignored, the highest residuals in both edgewise and flapwise directions become around 20% for all four

modal spaces. The edgewise residuals of Φ1 makes a peak around rated wind speed like in the other two turbine examples. On the other hand, this

peak trend is not observed in flapwise direction. Φ2 results are better than Φ1's results only around the rated wind speed. The lowest residuals

are obtained in Φ3 with the gravity mode shape. It gives maximum 10% and 16% residuals in the edgewise and the flapwise directions.

Figure 10 shows the residual results in axial and torsional directions, which is again the highest residual values among the three turbine blades.

The general trend in axial residual is an increase with increasing wind speed. Φ1 axial residuals start at 100% and go through 200%. Φ2 axial results

are similar to Φ1 results except around rated wind speeds and at 26 m/s wind speed. Φ3 and Φ4 have lower axial residuals than Φ1 and Φ2. There

are dramatic differences, up to 50%, between Φ4 and Φ3 in axial residuals. The highest axial residual of Φ3 is 150% whereas Φ4's highest residual

is 200%. The lowest axial residual values of both mode shape matrices are around 50%. The torsion residuals are the highest among the all

directions. They reach up to 380% in some wind speeds. However, Φ1 has almost a constant torsion residual with value of 100%. This is the lowest

residual value except the value at 8 m/s wind speed, where Φ3 has 75% residual. Φ2 and Φ4 torsion residual varies between 100% and 380%.

Table 5 shows the 10 blade modes with the highest average modal amplitude in DLC 1.2 load cases. The couplings between modes are much

stronger than other two turbines. The mode couplings are observed even in the low frequency modes. For example, there is a strong coupling

between the first flapwise and edgewise modes and between the first torsion and fourth edgewise modes. Another problem with the mode

couplings is that it is not easy to identify them as for the other turbines. One of the reason for hard identification of mode couplings is that the
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FIGURE 10 IEA 10 MW turbine blade axial (left plot) and torsion (right plot) residual results with respect to the mean wind speed in DLC 1.2
load cases [Colour figure can be viewed at wileyonlinelibrary.com]

TABLE 5 The 10 blade modes with the highest modal amplitude averages [%] of IEA 10 MW turbine for the DLC 1.2 load cases

Modal Space Φ1 Modal Space Φ2 Modal Space Φ3 Modal Space Φ4

Mode name Amplitude, % Mode name Amplitude, % Mode name Amplitude, % Mode name Amplitude, %

1st flapwise 24.95 Static 40.37 1st edgewise 35.11 Static 42.76

4th edgewise 13.60 1st flapwise 32.74 1st flapwise 15.05 1st edgewise 33.02

1st torsion 13.54 1st edgewise 5.69 G-Static 13.80 1st flapwise 5.48

1st edgewise 9.68 2nd flapwise 5.00 4th edgewise 6.20 3rd flapwise 5.11

6th flapwise 6.22 1st torsion 3.55 2nd flapwise 6.14 G-Static 4.53

5th edgewise 6.14 4th edgewise 3.33 3rd flapwise 5.44 4th flapwise 1.14

2nd torsion 4.55 5th edgewise 1.60 2nd edgewise 2.86 2nd flapwise 0.94

8th flapwise 3.82 6th flapwise 1.56 8th flapwise 2.82 5th edgewise 0.94

2nd flapwise 3.67 2nd torsion 1.15 5th edgewise 2.78 11th flapwise 0.91

5th flapwise 2.45 8th flapwise 1.04 4th flapwise 2.11 4th edgewise 0.73

couplings are strong and sensitive to wind speed. Another reason is that they are observed even in the low frequencies and it makes tracking of

mode couplings in high frequency modes much harder. This blade is more flexible and longer than other two turbines. It also has more complex

prebend than the others have. The result is lower frequencies, strong mode couplings which are also sensitive the blade deflections. The static

mode shapes also have couplings with other modes and this alters the modal amplitude results. The first flapwise (25%) and the wind static

mode (more than 40%) dominates the modal projection sub-spaces except the projection sub-space spanned by mode shapes of Φ3, where the

first edgewise mode has the highest modal amplitude with 35%. This is another unusual situation which is not observed in other two turbines.

In Φ1, the second mode with the highest modal amplitude is fourth edgewise (13.6%) and the first torsion mode comes after that with 13.5%

modal amplitude value. This is also a new thing not seen in the other blades. Although the effect of high frequency modes diminish with static

modes, they still have considerable contributions in the modal space. For example, the third flapwise has 5.11% contribution in Φ4 and fourth

edgewise mode has 13.6%, 3.33%, and 6.2% in Φ1, Φ2, and Φ3, respectively. The effect of gravity mode shape is also quite different from the

other two turbine examples. First edgewise mode amplitude becomes much higher than first flapwise mode amplitude in Φ3 and Φ4. In other

turbines, gravity mode sets back the first edgewise mode. The first edgewise mode amplitude has 35% and 33% whereas the first flapwise mode

amplitude has 15% and 5.5% in Φ3 and Φ4. This suggests that edgewise deflections and torsion deflections due to edgewise deflection become

significant for long and heavy blades like the IEA 10 MW reference blade.

3.4 Discussion

Results from the simulations with the NREL 5 MW and DTU 10 MW reference turbines show that the flapwise and edgewise deflections can

be captured with good accuracy by linear mode shapes. The static modes improve the results in flapwise and edgewise directions. The large

deflection effects can be seen in the axial and torsional residuals for all modal spaces. The axial deflections can be thought of as secondary effect

of deflections in other directions, especially flapwise deflection. The torsional deflections also include some couplings with other directions,

mainly in the edgewise direction and this coupling varies with blade deflections or wind speed. This coupling effect becomes more prominent in

large blades with prebend design since it introduces the coupling starting from the undeformed blade position and changes dramatically by the

deflections. That is why the axial and torsional directions have the highest residual values, almost two orders of magnitude higher than the flapwise

and edgewise directions. Although static mode shapes generally improve the results in axial directions, there is no guarantee for improvements

especially in torsion. Another important outcome is that the high frequency modes contribution to the blade response is considerable when the
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mode shape vectors (Φ1) are used. Different coupling mechanisms between high frequency modes are observed in the modal spaces. These

couplings are stronger in the DTU 10 MW blade than the NREL 5 MW blade since the latter has no prebend and is stiffer than the other one. The

static modes generally diminish the effect of high frequency modes and dominate the projection space. For example, the seventh flapwise mode

amplitude drops from 7.3% in Φ1 to 0.63% in Φ4 for DTU 10 MW turbine. The gravity static mode sets back the effect of first edgewise mode,

eg, first edgewise mode amplitude drops from 11.77% in Φ1 to 2.42% in Φ3 for NREL 5 MW turbine. The best residuals especially in axial and

torsion directions, are generally obtained by gravity static mode (Φ3). Its effect is clear at low wind speeds where the gravity has larger effects

on blade deflections than it has at the high wind speeds. The pitch activity also affects the residual, which is clear around rated wind speeds and

high pitch activity regions like wind speeds close to cut-out wind speed. The contribution of edgewise or gravity mode amplitude increases as the

blade weight and length increase. Gravity static mode amplitude contribution increases from 11.83% in NREL blade to 18.54% in DTU 10 MW

blade in Φ3 modal space.

Table 3 shows large amplitudes of some high frequency modes in the projection space. However, this picture can change dramatically for

a space with different number of modes. For example, it is possible to obtain slightly higher residual values, especially in edgewise direction,

without any significant high frequency mode contribution when 5 (first and second flapwise, edgewise modes and first torsion mode), 8 (including

high frequency flapwise modes), or 10 (including second and third torsion on top 8 mode case) modes are used. The main contribution of high

frequency modes are in edgewise direction and this effect is very limited for the NREL 5 MW blade. Figure 2 also shows similar trend in which

the new modes have little contribution to overall residual but they can alter the modal amplitudes results dramatically due to mode couplings.

The important point is that these modes are linear (independent of deflections, time or load) and they cannot represent the large rotations and

displacements of blade or other nonlinear effects. Since, they are not compatible for geometric nonlinear problems, the mode amplitude results

can include higher modes for some projection spaces (eg, 20 mode shape vector for NREL 5 MW). This does not mean that the all modes are

excited or important in a load simulation, but it means that the solution space is not compatible for the problem. Further studies related to

number of mode shapes and mode selection will be helpful to understand it comprehensively.

IEA 10 MW turbine results are quite different from the other two turbines results. The modal space of IEA 10 MW blade is also quite complex

compared to the other two turbines. First of all, the mode shape vectors are strongly coupled starting from low frequency modes. For example,

the first torsion mode has very strong coupling with the fourth edgewise mode which is a high frequency mode. Apart from it, the mode couplings

vary with blade deflections, in other words with wind speed. It makes it difficult to identify the major couplings between the modes. One of the

result of these couplings are the contribution of the high frequency modes with significant modal amplitude percentages in the modal spaces.

Unfortunately, this modal space is not able to capture the blade response with good accuracy even in the flapwise and edgewise directions.

Similar to other two turbine results, the axial and torsional residual values are much higher than the flapwise and edgewise directions. Once

again, gravity static mode shape gives the best results. Although static mode shapes diminish the effects of high frequency modes, this does

not guarantee a lower residual in modal spaces with static mode shapes. The results indicate that the gravity effects and mode couplings are

significant for long, heavy, and flexible blades with large prebend and linear modes are not able to represent response of these blades. There are

some extreme residual values in edgewise and flapwise directions of IEA 10 MW blade at certain wind speeds when both wind and gravity static

mode shapes are included. Although, there is a need of further studies to understand the real reason of these peaks, they might be related to the

couplings between the static modes and also the other dominant modes such as first edgewise and flapwise modes.

The projection residual effects on the turbine response and load results also needs further studies. The residuals cannot be used to estimate

the residuals of existing analysis tools such as FAST or FLEX, because these tools include nonlinear force and deflection effects, as mentioned in

Section 1. Hence, the effects which are not included in projection basis vectors should be identified and excluded in a new load analysis model

for the investigation of the residual effects. First, a new load model should not have corrections for moderate rotations and large deflections

such as radial shortening. Then, the gyroscopic, Coriolis forces and centrifugal stiffening effects need to be excluded to eliminate the nonlinear

force effects. After these effects are excluded from the model, the relation between projection residuals and load results of the new model can

be investigated.

Results shows that the main deflection directions are flapwise and edgewise and they have the least residuals. Torsion direction is specially

important for load calculation due to its direct effect on angle of attack. However, the torsion deflections are generally very small (at least for

current designs) and it is not the main parameter to determine the angle of attack at a blade position. Therefore, load results should not be

affected in the same order of torsion or axial residuals. On the other hand, since the blade deflections will be different for a linear reduced order

model, this will alter the blade and turbine design because of other constraint or design criteria such as tower clearance, controller or stability.

Again, further studies are needed to quantify these effects for future blade designs which will be very long and flexible.

4 CONCLUSION

In this paper, deflections of three different reference turbine blades were projected onto modal spaces in order to understand the contribution

of each mode to the blade response and the accuracy of the linear modal space. The blade deflections were calculated by an aero-servo-elastic

code, which is able to capture large deflections. In addition to the mode shape vectors calculated from the generalized eigenvalue problem,

the effects of two static mode shape vectors were also investigated. The DLC 1.2 power production on normal turbulence with total 216 load
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cases was selected, since it covers most of the fatigue lifetime of a turbine. The blades were used to investigate the blade design effects on the

projection and blade response because they have different length, mass and stiffness distribution, and geometry. Residuals of the projections

and modal amplitude results were presented for each turbine and each modal space.

The study shows that the deflections of long, flexible blades with strong mode couplings cannot be captured by the linear modal spaces

with good accuracy. One should remember that the mode shapes were computed around deflected blade positions under steady wind speeds.

However, blade deflections, from deformed position under the mean wind speed of the turbulent wind, are sufficiently large that the linearity

assumption is no longer valid. The nonlinear effects become more significant for long and heavy blades with prebend design due to varying mode

couplings. The prebend and large flapwise deflections of a long blade change the coupling between the torsion and edgewise motion and the

coupling between axial and flapwise motion, significantly. In both coupling mechanisms, the coupling changes sign after a certain point if the

blade has a prebend design. The residual values for the IEA 10 MW blade in edgewise and flapwise directions reach up to 20%, which cannot be

considered small. The residuals in axial and torsional values are even much higher reaching up to 150%. These high residuals in the projection of

calculated deflections can alter the loads and responses of the turbine when a reduced order blade model, composed of linear mode shapes, is

used in an aero-servo-elastic analysis. However, further studies are needed to quantify these effects. Therefore, it is concluded that the linear

modal basis can result in large errors in response analysis of modern turbine blades, which are long, flexible structures with prebend design. The

linear reduced order models without any corrections for nonlinear effects should therefore be used with caution in load analysis of large wind

turbines, since they can lead large errors in blade response due to significant geometric nonlinear effects.
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Abstract. Aero-servo-elastic analyses are required to determine the wind turbine loading for a wide range of
load cases as specified in certification standards. The floating reference frame (FRF) formulation can be used to
model the structural response of long and flexible wind turbine blades. Increasing the number of bodies in the
FRF formulation of the blade increases both the fidelity of the structural model and the size of the problem. How-
ever, the turbine load analysis is a coupled aero-servo-elastic analysis, and computation cost not only depends
on the size of the structural model, but also depends on the aerodynamic solver and the number of iterations
between the solvers. This study presents an investigation of the performance of the different fidelity levels as
measured by the computational cost and the turbine response (e.g., blade loads, tip clearance, tower-top acceler-
ations). The analysis is based on aeroelastic simulations for normal operation in turbulent inflow load cases as
defined in a design standard. Two 10 MW reference turbines are used. The results show that the turbine response
quickly approaches the results of the highest-fidelity model as the number of bodies increases. The increase in
computational costs to account for more bodies can almost entirely be compensated for by changing the type of
the matrix solver from dense to sparse.

1 Introduction

Modern wind turbine blades are large, slender and flexible
composite structures with a complex pre-bent and twisted
geometry. Over their operational life blades undergo large
deflections and rotations due to external loads (e.g., aerody-
namic, inertial and control actuator loads). An aero-servo-
elastic code or framework is used to accurately calculate
the complex dynamical response of wind turbines with large
and flexible blades. This has led to the implementation of
geometrically nonlinear structural solvers in wind-turbine-
specific aero-servo-elastic codes. For example, the structural
solver BeamDyn (Wang et al., 2017) was implemented in
FAST (Jonkman and Buhl Jr., 2005). It uses the geometri-
cally exact beam theory (Hodges, 1990) based on the Leg-
endre spectral finite element method. Another example is a
recent release of Bladed (DNV GL, 2018) that uses a multi-
body formulation (Shabana, 2013; Cardona and Géradin,
2001) to capture large structural deflections of the modeled
structures. BHawC (Rubak and Petersen, 2005) is another

nonlinear aeroelastic wind turbine simulation code which
uses a corotational formulation to resolve large deflections
accurately.

The effect of large blade deflections on the turbine re-
sponse has been studied since the early 2000s in megawatt-
sized turbines. Larsen et al. (2004) performed a turbine anal-
ysis with linear and nonlinear structural solvers to inves-
tigate the effects of large blade deflections on the turbine
performance. The authors concluded that the effective rotor
area changes due to large blade deflections, and this alters
the blade and turbine loading. In their review paper, Hansen
et al. (2006) addressed the importance of nonlinear struc-
tural dynamics when large displacements occur for various
wind turbines components (e.g blades, floating foundations,
mooring lines). Riziotis et al. (2008) compared the blade re-
sponse of first- and second-order beam models with HAWC2
(Larsen and Hansen, 2015) results. The authors concluded
that the bending–torsion coupling is the main nonlinear ef-
fect for the National Renewable Energy Laboratory (NREL)
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5 MW blade (Jonkman et al., 2009) and that a linear beam
model underpredicts the blade torsional loads. Zierath et al.
(2014) compared simulation results using different solvers
with measurements of a 2.05 MW prototype wind turbine.
The best agreement with measurements was obtained when
a multibody dynamic solver was used, since it is able to
include nonlinear effects due to large deflections. Manolas
et al. (2015) investigated the nonlinear geometric effects by
a comparison of different beam models of the NREL 5 MW.
The authors concluded that the effects of geometric nonlin-
earities are still small for the NREL 5 MW turbine, but they
also noted that the linear models are very close to their limit
(in terms of accurately predicting the relevant deflections).
Therefore, the authors recommended that future more flex-
ible blade designs should be studied with nonlinear struc-
tural models. Beardsell et al. (2016) investigated the effects
of large deflections on fatigue and extreme loads for four dif-
ferent wind turbines. They observed that the nonlinear ef-
fects are higher for more flexible blades and they suggested
that the NREL 5 MW turbine should no longer be consid-
ered a representative of the latest generation of commer-
cial blade designs in terms of length and flexibility. Guntur
et al. (2017) compared the analysis results of various solvers
with measurements of a Siemens 2.3 MW turbine. They per-
formed the analysis using BHawC, FAST–BeamDyn and
FAST–ElastoDyn. The results show that the nonlinear struc-
tural solvers (BHawC and BeamDyn), which can also model
curved structures, have good agreement with measurements,
while the linear solver (ElastoDyn) shows the largest discrep-
ancy. Large blade deflections also alter the aeroelastic sta-
bility of turbines. Kallesøe (2011) showed that the coupling
between the blade edgewise and torsional degree of freedom
(dof) varies as a function of blade deflection shape and that
the edgewise damping can decrease due to large blade deflec-
tions. Rezaei et al. (2018) showed that the blade deflections
alter the damping and stiffness of the NREL 5 MW wind tur-
bine. The authors observed that the linear models overesti-
mate the flutter speed of the turbine.

Literature shows that large blade deflections are impor-
tant to consider for a turbine response analysis, especially for
long and flexible blades. The focus of the existing studies is
generally limited to the blade response only, and considering
a small selection of load cases. However, what is lacking is a
full overview of the turbine response and a broad selection of
load cases when comparing linear and nonlinear blade mod-
els without mentioning the additional computational time
needed by nonlinear models. The aim of this study is to in-
vestigate the performance differences between various non-
linear blade modeling “fidelities” (in terms of number of bod-
ies in a floating reference frame) using HAWC2. The perfor-
mance of a model here is defined by its computational time
and how close the loads are compared to a reference case.
This is defined as the case with the highest blade model fi-
delity. The design load cases for power production under nor-
mal turbulence according to the International Electrotechni-

cal Commission (IEC) 61400 standard (IEC, 2005) are used
for model performance comparisons. The steady turbine re-
sponse of linear and nonlinear blade models is also com-
pared in terms of power, pitch and deflection. The effect of
nonlinear blade modeling on blade stability and flutter limit
is investigated by considering a rotor speed runaway case.
Additionally, the computational time of the two available
matrix solvers (dense and sparse) in HAWC2, which uses
augmented floating reference frame (FRF) formulation (Sha-
bana, 2010), is compared.

In this study the turbine responses of DTU10MW (Bak
et al., 2013) and IEA10MW (Bortolotti et al., 2019) are con-
sidered with different structural fidelity levels of the blades
for 432 load cases according to design load case (DLC)
1.2 (Hansen et al., 2015). Deterministic load cases (without
turbulent wind) are also considered to evaluate the turbine
steady-state response at various wind speeds. The loads at
different points on the turbine, controller activity and turbine
performance are compared. Section 2.1 introduces the solver
(HAWC2) and geometrically nonlinear structure modeling
in the multibody (FRF) formulation. Section 2.2 presents
the reference wind turbines, load cases and their models as
used for this study. Section 3 includes the calculation meth-
ods used when post-processing the results, the plots of the
computation time, steady-case results, DLC 1.2 blade results,
DLC 1.2 tower and performance results, stability results, and
a discussion of the results. The conclusions of this study are
given in Sect. 4.

2 Method and analysis

Evaluating the aero-servo-elastic response of large and flex-
ible wind turbines using time domain simulations under tur-
bulent inflow conditions requires rigorous analysis. Both
the aero-servo-elastic solver and the considered model and
load cases are therefore carefully outlined in the following
two sections. The applied analysis method presented here
is based on a numerical experiment of blades with varying
structural model fidelity levels.

2.1 Method

The turbine analyses for the presented work were performed
with HAWC2 version 12.6, which is a strongly coupled aero-
servo-elastic wind turbine simulation tool. The aerodynamic
solver of HAWC2 uses the blade element momentum for-
mulation (Madsen et al., 2020; De Vries, 1979; Wilson and
Lissaman, 1974) including effects of dynamic stall, dynamic
inflow, wind shear on induction, tip loss, tower shadow and
large blade deflections. A proportional–integral–derivative
(PID) controller algorithm is used to determine the set point
of the pitch bearing angle and generator torque. The servo
actuators are modeled as a second-order dynamical system
with an appropriate given frequency and damping. The struc-
tural dynamics of HAWC2 are based on a multibody for-
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Figure 1. Structural modeling of a cantilever beam in floating ref-
erence system with multiple bodies, in deflected and undeflected
states.

mulation using an augmented FRF method (Shabana, 2010).
Each structural element has two nodes with 6 degrees of free-
dom (dof) and is modeled as a linear classical isotropic or
anisotropic Timoshenko beam (Kim et al., 2013). A body,
defined in the FRF formulation, can be composed out of an
arbitrary number of elements. Bodies are attached to each
other with constraints in any of the 6 dof (three rotations and
three translations). The bodies are deflected linearly, but their
body reference coordinate system follows the translation and
rotation from the last node of the previous body in a contin-
uous structure model.

A general wind turbine structure can be built out of Ne el-
ements and Nb bodies with constraints, but Nb ≤Ne. The
constraints allow the user to capture the correct nonlinear
geometrical response of a collection of bodies in a contin-
uous structure as long as the deflections within one body are
small (Pavese et al., 2015). In the limit case where a con-
tinuous structure model has the same number of bodies as
elements (Nb =Ne), the solution is equivalent to the corota-
tional approach (Krenk, 2005; Verelst et al., 2016). For ex-
ample, Fig. 1 shows how the body discretization of a 2D
beam structure model captures the nonlinear effect on the
beam length as bending deflection occurs. The beam model
has nine linear beam elements. The round markers represent
the finite element nodes, and the square markers represent
the body discretization of the structure. As seen in the fig-
ure, the one-body model has linear deflections with fictitious
elongation due to lack of large rotations, while the three-body
model shows the large rotation effects due to constraints be-
tween the bodies.

HAWC2 constructs a system of differential equations rep-
resenting the equations of motion of the system with con-
straints (see Eq. 1) which is based on a given set of Ne el-
ements and Nb bodies (Shabana, 2013) for the ith time step
“ti”. M ∈ RN×N , C ∈ RN×N , and K ∈ RN×N are the inertia,
damping and stiffness matrices, and N is the number of gen-
eralized coordinates. The generalized coordinates and their
first and second time derivatives (velocities and accelera-
tions) are shown as u, u̇ and ü. Lagrange multipliers and con-
straint equations are represented by λ ∈ RNc and g ∈ RNc ,
where Nc is the number of constraints in the model. The Ja-
cobian of constraint equations with respect to the general-
ized coordinates is presented by Gu ∈ RNc×N . Generalized

external forces and quadratic velocity vectors, including gy-
roscopic and Coriolis force components, are shown as f and
f v. The solver computes u, u̇, ü and λ at each time step for
known external loads while satisfying the constraint equa-
tions. In HAWC2, the computed structural response (u, u̇, ü)
is sent to the aerodynamic solver. Based on these state vari-
ables, the aerodynamic solver computes the corresponding
aerodynamic loads which go into the external force vector
(f ). This load update procedure takes place at each iteration.
Hence, the generalized external forces and inertia matrix are
a function of time, deflections, velocities and accelerations.

M(u)ü(ti)+Cu̇(ti)+Ku(ti)+GT
u (u, ti)λ(ti)

= f (u, u̇, ti)+f v(u, u̇, ti)

g(u, ti)= 0,Gu(u, ti)=
∂g(u, ti)
∂u(ti)

(1)

As the reference–rigid body (ur) and elastic parts (ue)
of the generalized coordinates are separated, Eq. (1) can be
written as shown in Eq. (2) for body “j”. The stiffness and
damping matrices of the body have only elastic components
which are constant for linear elements. Similarly, Mee is also
constant and the constant matrices are computed once in a
FRF solution process. The rest of the M matrix needs to be
computed at each iteration together with g, Gu, f and f v
since they are state dependent.[
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ü
j
r

ü
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The main driving factors in computation time of the multi-
body solver are the simulation time, the size of the problem
(matrices) and the number of iterations. The vector ujr in-
cludes six variables to define the position and rotation of the
body “j” reference point. The size of uje depends on the num-
ber of elements in body “j”. As more bodies are defined in
a model, the number of generalized coordinates and state-
dependent parts of the matrices increase. For example, the
one-body case in Fig. 1 has 60 generalized coordinates (six
reference coordinates, 54 elastic coordinates), whereas the
three-body model has 72 generalized coordinates (18 refer-
ence coordinates, 54 elastic coordinates).

In HAWC2 the time integration is performed using the
Newmark algorithm (Newmark, 1959) with β and γ con-
stants. The updates of the current state are performed by 4u
and 4λ, computed according to Eq. (3). In Eq. (3) 4rq and
4rg are the force and constraint residuals at the current iter-
ation step. Keff is the effective tangent stiffness at the cur-
rent state, which is shown in Eq. (4). The sparsity of the
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Table 1. General properties of the reference wind turbines:
DTU10MW and IEA10MW.

DTU10MW IEA10MW

Blade length (m) 86.4 96.2
Hub radius (m) 2.8 2.8
Hub height (m) 119 119
Shaft tilt (◦) 5 6
Rotor precone (◦) 2.5 4.0
Blade mass (kg) 41 722 47 742
Nacelle mass (kg) 446e5 446e5
Prebend at the tip (m) 3.3 6.2
First flapwise frequency (Hz) 0.61 0.42
First edgewise frequency (Hz) 0.93 0.67

constraint Jacobian matrix (Gu) increases with the number
of constraints defined in the model. Different numerical ap-
proaches can be used when solving dense or sparse matrix
problems. HAWC2 can optionally utilize a sparse matrix so-
lution method in which 4λ from Eq. (3) is computed using
the PARDISO sparse matrix routines (Petra et al., 2014a, b).
Note that (GuK−1

eff GT
u ) is symmetric and positive definitive

for the considered HAWC2 models.

4λ= (GuK−1
eff GT

u )−1(GuK−1
eff4rq−4rg)

4u=K−1
eff (4rq−GT

u4λ) (3)

Keff =
1
βh2 M+

γ

βh
C+K (4)

2.2 Analysis

The approach in the study is based on numerical experi-
ments of two turbines: the DTU10MW (Bak et al., 2013) and
the IEA10MW (Bortolotti et al., 2019). The corresponding
HAWC2 input files used for this study can be found in Gözcü
and Verelst (2020). However, the versions of the DTU and
IEA10MW models used here are slightly different compared
to the original models: the DTU10MW has a small offset on
the blade twist distribution, and the IEA10MW has a differ-
ent drivetrain mass and inertia.

The properties of the blade models are shown in Table 1. It
should be noted that the IEA10MW rotor has more prebend
and lower blade frequencies (see Table 1), which implies
a more flexible blade structure and larger geometrical cou-
plings when compared to the DTU10MW. These differences
are relevant when considering the nonlinear geometrical re-
sponse of a wind turbine rotor.

It is practical to call the bodies used for a continuous struc-
ture or a component the main body, and the bodies defined
in a main body are called sub-bodies. A main body can be
attached to other bodies or boundaries by constraints in any
direction, whereas the constraints between the sub-bodies are
always in 6 dof to satisfy the continuity of the structure. In
the analyses the number of sub-bodies of the blade varied

Table 2. HAWC2 turbine models’ main bodies and number of ele-
ments and sub-bodies used in each main body.

Main body Number of Number of elements
name sub-bodies in main body

Tower 1 10
Tower top 1 1
Nacelle 1 4
Hub 1 1
Blade 1–30 30

from 1 (linear response) to 30 (one body for each element,
equivalent to a corotational approach). The rest of the tur-
bine model was kept the same for a coherent comparison. The
HAWC2 models of the considered turbines for this publica-
tion are composed of nine main bodies: tower, tower top, na-
celle, three hubs and three blades. Table 2 shows the number
of sub-bodies in the turbine models and the number of beam
elements in each body. The tower, tower top, nacelle and
hubs are modeled via one sub-body; in other words they are
modeled as linear structures. Blades are the only parts which
are modeled by multiple sub-bodies to capture large deflec-
tions. Both turbine models have 50 aerodynamic sections (or
calculation points) on each blade, and the open-source Basic
DTU Wind Energy controller (Hansen and Henriksen, 2013)
was used. The turbulence boxes were generated by the Mann
turbulence generator (Mann, 1994). A constant time step of
0.01 s was used for all considered cases. The computational
time was recorded for all cases, and both the sparse and dense
matrix solvers were considered.

The number of bodies in the model alters the problem
size since it changes the number of generalized coordinates
and constraints in the equations. The number of generalized
coordinates and constraint equations can be determined by
Eqs. (5)–(6). In the equations, Nmb is the number of main
bodies, and N i

el and N i
sb are the number of elements and

sub-bodies in the ith main body. The number of bodies in
each blade model varies from 1 to 30. The 30-sub-body blade
model (similar to the corotational model) is the most accurate
with the highest N and Nc, whereas the one sub-body blade
case is the linear blade case. Table 2 shows the element num-
bers at each main body in the turbine models. In all cases, the
blades dominate the problem sizes. For example, in the one-
body case the blades have 558 generalized coordinates and
18 constraint equations. For the 30-sub-body case, the three
blades have 1080 generalized coordinates and 540 constraint
equations. Although the problem size in the FRF formulation
changes with the number of bodies defined in the model, the
number of independent coordinates (N −Nc) is always 648
for this turbine model.

N =

Nmb∑
i=1

(N i
el+N

i
sb)× 6 (5)
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Nc =

Nmb∑
i=1

N i
sb× 6 (6)

The turbine analyses were carried out for steady, determin-
istic wind load cases, power production load cases according
to DLC 1.2 and stability load cases in overspeed conditions.
Steady-load cases include a full turbine model including con-
troller under a constant wind speed with wind shear and with-
out any yaw error. There are 23 wind speed cases starting
from 4 to 26 m s−1 with a 1 m s−1 wind step size. Load cases
according to DLC 1.2 include power production load cases
using the normal turbulence model according to the IEC stan-
dard. In DLC 1.2 the majority of the fatigue damage of the
turbine is procured over its lifetime. This can be illustrated by
considering the total number of operating hours per DLC and
the mean value of the respective 1 Hz equivalent loads (see
Table 4). Note that the number of operating hours for DLC
1.2 is significantly larger compared to the other cases. Since
the mean 1 Hz equivalent load is either similar or lower, it
is safe to assume that DLC 1.2 does indeed drive the life-
time fatigue load. Consequently, only DLC 1.2 is considered
for the current publication. Table 5 summarizes the simula-
tion setup for DLC 1.2 load cases. Note that, according to
the IEC standard, the use of six turbulent seeds is considered
sufficient for DLC 1.2. For the analysis here 12 seeds are
considered instead in order to increase the robustness of the
obtained fatigue damage (Tibaldi et al., 2014) for each case
with a different number of sub-bodies. In general terms fur-
ther attention should be paid when comparing results from
turbulent time domain simulations of nearly identical turbine
models. Extreme loads can vary significantly when a large
rotor is positioned slightly differently with respect to a spe-
cific temporal turbulent structure in the wind field (Natarajan
and Verelst, 2012). For this analysis it can cause, potentially,
large extreme load variations between the simulations of the
same wind speed and seed number but a different number
of sub-bodies. Such differences could be driven not by the
difference in modeling (1 to 30 sub-bodies for this investiga-
tion), but by small differences in rotor azimuthal position at
a specific time at which an extreme event occurs.

The stability analysis includes a turbine model which is
free to speed up without generator torque and has a fixed
blade pitch angle at 0◦ (Pirrung et al., 2014). A steady-state
rotor speed under zero aerodynamic torque is found close
the cut-in wind speed. From there, the wind speed is in-
creased following a shallow linear ramp. Consequently, the
rotor slowly accelerates. The instability is then determined
when significant blade vibrations are observed.

3 Results

The simulation results of the blade models with different
numbers of sub-bodies are compared to the blade with the
30-body case (highest fidelity). The loads and total number of

iterations are normalized with respect to the highest-fidelity
results, while the computation time is normalized with re-
spect to the lowest-fidelity model (one sub-body, linear case)
in combination with the dense matrix solver. The computa-
tion time and total iteration number are defined here as the
total central processing unit (CPU) time and the sum of iter-
ations for all load cases, respectively.

The activity of the pitch bearing is evaluated by integrat-
ing the pitch angle signal over time for all load cases; see
Eq. (7). The pitch angular speed of the j th blade at the ith
time step is shown by φ̇ji . There are Nt number of time steps
in all load cases. In addition to the total pitch angle change
φtotal, the power needed by the pitch actuator (P ji ) of the j th
blade at the ith time step is calculated by considering the
torsion moment at the blade root (Mj

i ) and angular speed of
the pitch bearing φ̇ji ; see Eq. (8). Note that the bearing fric-
tion is neglected in the equation. The max power needed by
the pitch actuator might determine the size of the component
(i.e., actuator, bearing).

φtotal =

3∑
j=1

Nt∑
i=1

φ̇
j

i−1+ φ̇
j
i

2
1ti (7)

P
j
i =M

j
i × φ̇

j
i at ith time step (8)

Figure 2 shows DLC 1.2 load cases’ computation time and
number of total iteration ratios of both turbines for dense and
sparse matrix solvers. The computation time ratio is calcu-
lated with respect to the linear (one sub-body) case using the
dense solver, and the ratio of the number of iterations is cal-
culated with respect to the 30-sub-body blade case, which
has the lowest number of iterations for both turbine mod-
els. The total number of iterations does not change for sparse
and dense matrix solver types; therefore there is only one
curve for the number of iterations. The dense matrix solver
CPU time results are given only for 1-, 2-, 6-, 15- and 30-
sub-body cases. The computation time is dependent on the
number of iterations observed in a simulation and the num-
ber of sub-bodies of the blade. Therefore, it is possible to ob-
serve a decrease in computation time as the number of dof’s
and constraint equations increases. The number of iterations
decreases until the 15-sub-body case, which also affects the
CPU time accordingly. After the 15-sub-body case, the num-
ber of iterations remains approximately constant, and corre-
spondingly the CPU time increases as the number of bodies
increases.

The maximum dense solver computation time is observed
for the 30-sub-body case. It is approximately 62% and
70 % (see Fig. 2) slower compared to the linear case for
DTU10MW and IEA10MW. Due to a sharp reduction in the
number of iterations between the one- and three-sub-body
cases, the computational time decreases as well, even though
the complexity of the model increases. Hence, the dense
solver computational cost due to the increase in model com-
plexity increases more slowly compared to the time gained
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Table 3. Number of generalized coordinates N and constraint equations Nc for the full turbine model. The number of sub-bodies refers to
the sub-bodies for the different blade models; it does not refer to the total number of sub-bodies of the entire turbine.

Blade 1 2 3 6 9 12 15 18 21 24 27 30
sub-bodies

N 702 720 738 792 846 900 954 1008 1062 1116 1170 1224
Nc 54 72 90 144 198 252 306 360 414 468 522 576

Figure 2. The total number of iterations is normalized by the result of the 30-sub-body case, and the total CPU time is normalized by the
one sub-body dense matrix solver case for the DTU10MW and IEA10MW turbines. The CPU time ratios are given for both dense and sparse
solvers.

Table 4. Qualitative breakdown of the fatigue load contributions of
various design load cases for the IEA10MW (based on the loads
reported in Bortolotti et al., 2019). Hour distribution is based on a
20-year lifetime.

DLC Hours Mean blade root flapwise
1 Hz DEL (m= 10)

DLC 1.2 158 605 21 787 N m
DLC 2.4 927 21 868 N m
DLC 3.1 1528 20163 N m
DLC 4.1 1528 17 782 N m
DLC 6.4 4081 13 482 N m

Table 5. Design load cases (DLC) 1.2 power production on normal
turbulence load case simulation setup.

Simulation Length: 600 s

Setup Wind: 4–26 m s−1 with steps of 2 m s−1

Yaw: −10/0/+ 10◦

Turbulence: 12 seeds per wind speed and yaw error
Shear: vertical and exponent of 0.2
Gust: none
Fault: none

Total no. of
simulations 432

by having fewer iterations. The number of iterations de-
creases only moderately between the three- and 15-sub-body
cases, which is followed by a modest increase in computa-
tional time. It is only after the 15-sub-body cases, for which
the total number of iterations is roughly constant, that a con-
tinuous increase in the computational time is observed as
function of the number of sub-bodies. It is further interesting
to note that there is no significant difference in terms of com-
putational cost between the one- and 15-sub-body cases due
to the fact that approximately 36% and 41% fewer iterations
were observed for DTU10MW and IEA10MW, respectively.

Since the sparsity of the matrices in Eq. (3) increases with
the number of bodies, the sparse matrix solver becomes com-
putationally more efficient for models with many constraints
or bodies (Dibold et al., 2007). Although not shown here, no
difference was observed between the results of the dense and
sparse matrix solvers. For the linear case, the CPU time is
almost the same for both solver types. The sparse solver is
significantly faster for the nonlinear (multibody) cases. The
computational speedup for the 15-sub-body case is about
11% and it is actually faster than the linear case with the
dense matrix solver. Obtaining the sparse solution of 30-sub-
body cases for the IEA turbine is about 36% faster than us-
ing dense matrix techniques. The highest-fidelity model with
a sparse matrix solver is just 9 % slower than the linear case
for the IEA turbine, and this number goes down to 4% for
DTU turbine.
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3.1 Steady-wind-case results

Turbine power, blade pitch, blade effective radius change
and blade tip torsion results are given for steady, determin-
istic wind speed conditions. Figure 3 shows the power, pitch
and blade effective radius change results of linear (one body)
and nonlinear (30 bodies) blade models for steady-wind-load
cases. The DTU10MW results are in panel (a), while the
IEA10MW results are shown in Fig. 3b. The difference be-
tween the linear and nonlinear blade models is smaller for
the DTU turbine than the IEA turbine. Power differences
are observed only at the below rated wind speeds, whereas
the pitch angles are different at the above rated wind speeds.
Blade effective radius shows the blade projected to the rota-
tion plane. Blade effective radius change differences between
linear and nonlinear models are the main reasons for the
pitch and power differences. The power difference reaches
up to 0.3 MW at 10 m s−1 wind speed where the blade ra-
dius difference is around 3 m for the IEA turbine. Since the
linear blade model gives longer blade effective radius, the
computed turbine power is higher for the linear blade model.
However, this difference does not affect the annual energy
production (AEP) significantly, because the power difference
is small and it occurs only at the below rated wind speeds
where the power is already low. The AEP difference is less
than 1 %, which is consistent with DLC 1.2 results mentioned
in Sect. 3.3. The pitch angle difference between linear and
nonlinear models reaches up to 0.24◦ at 11 m s−1 for the IEA
turbine when the nonlinear blade model pitch is 2.79◦.

Figure 4 shows blade torsion deformation results at 75 %
blade span and blade tip for the linear and nonlinear blade
models. Since the IEA blade is more flexible and longer than
the DTU blade, the IEA torsional deflections are up to 1◦

larger than DTU deflections. The blade torsion deflections
are large enough (up to 2.4◦ at IEA blade tip) to alter the tur-
bine loads and performance. The deflections become signif-
icant in particular after the rated wind speed where the pitch
activity is high. Although the torsional deformation curves of
the linear and nonlinear models with respect to wind speeds
look similar for the DTU10MW, the IEA10MW blade defor-
mation curves for the linear and nonlinear models look quite
different after the rated wind speed.

3.2 DLC 1.2 blade results

Turbine blade deflection, damage equivalent load, maximum
load and cross-section load results are given for the DLC 1.2
load cases. Figure 5 shows the normalized minimum blade
tip–tower clearance, maximum effective blade radius (blade
tip axial position according to blade root coordinate system)
and maximum edgewise deflections. The minimum tower
clearance is an important design criteria, and it mostly de-
pends on the flapwise deflection of the blades. The linear
case computes lower tower clearance (larger blade deflec-
tions) than nonlinear models, and a nice approaching trend

to the highest-fidelity results is observed with an increasing
number of bodies. After 15 sub-bodies the deviation from the
30-sub-body case becomes negligible. The maximum differ-
ence reaches about 5 m, which means 80% deviation from
the highest-fidelity case for the more flexible IEA turbine.
There is a faster approach to the highest-fidelity results in
the effective blade radius plot than the tower clearance. The
IEA turbine has again a larger difference between the lin-
ear and nonlinear blade models. The diameter difference can
reach up to 7 m for the IEA rotor and 1.7 m for the DTU ro-
tor. The linear model consequently has a longer blade length
than the nonlinear models due to the prebend in the blade de-
sign. The elastic part of inertia and stiffness matrices in the
linear case do not change as a function of blade deflection. In
other words, the linear model does not update the couplings
between the various dof’s as the blades deforms. The unde-
formed blade has a flapwise–axial displacement coupling in
which the positive flapwise displacements (in the flow direc-
tion) cause an increase in blade length according to the blade
root coordinate system. However, this coupling changes the
sign after a certain point for the nonlinear models. The edge-
wise deflections computed by the linear model differ by up
to 10% compared to the nonlinear case.

Figure 6 shows the lifetime damage equivalent load (DEL)
ratios between the linear (one sub-body) and nonlinear (30
sub-bodies) blade models over the normalized blade span
for the DTU10MW and the IEA10MW turbines. The IEA
turbine has a larger difference between linear and nonlinear
cases in edgewise and flapwise DEL moments than the DTU
turbine, but not so for the torsion DEL. A significant differ-
ence between the linear and nonlinear cases (30 sub-bodies)
of more than 20 % can be observed for certain outboard radial
stations. The flap- and edgewise DELs are consistently over-
estimated for the linear case, while the torsion DEL is under-
estimated with respect to the 30-sub-body nonlinear case.

Figure 7 shows flapwise, edgewise and torsion moment
DEL ratio variations by model fidelity (number of sub-bodies
in blade model) at blade stations where the maximum devia-
tions between linear and nonlinear cases occur for each load
component. The results are normalized with respect to the
highest-fidelity blade model. The maximum deviation of the
IEA turbine in flapwise deviation is 24%, and it increases to
26% for the edgewise direction. The DTU turbine has 9%
and 5% deviations in the flapwise and edgewise directions.
The results of both turbines in the flapwise and edgewise
directions have a similar trend, meaning that after 15 sub-
bodies the deviations become very small. The torsion DEL
has the largest deviations for both turbines, and only after the
nine-sub-body case can a consistent reduction in difference
between the linear and nonlinear cases be observed. The de-
viations become quite small for cases with 27 sub-bodies or
more.

Figure 8 shows the absolute maximum moment load re-
sult ratio between linear and nonlinear blade models over the
normalized blade spanwise locations. The IEA results gener-
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Figure 3. Linear and nonlinear blade model power, blade pitch (left axis in the figures) and effective blade radius change (right axis in the
figures) results with respect to wind speeds for steady-wind-load cases. Panel (a) shows the DTU10MW results and IEA results are given in
(b).

Figure 4. Linear and nonlinear blade model torsion deformations at 75 % blade span and blade tip with respect to wind speeds for steady-
wind-load cases. Panel (a) shows the DTU10MW results and IEA results are given in (b).

ally have larger deviations than the DTU results. The largest
difference occurs in torsion moments for both turbines. The
difference in the flapwise direction reaches up to 30 % for
the IEA turbine and 10 % for the DTU turbine. The edge-
wise deviations of both turbines reach up to 12 %. The tor-
sion moment deviation hits 50% in some blade regions for
the IEA turbine. The torsion moments are underestimated by
linear models, whereas the flapwise and edgewise moments
are generally overestimated by linear models.

Alternatively, the ultimate cross-sectional loads can be vi-
sualized by considering the load envelopes. The load en-
velopes are the convex boundaries of the flap- and edgewise
bending moment time traces considering all load cases. In
doing so, the absolute magnitude and corresponding angle of
the extreme loads are visualized. Figure 9 shows the cross-
section flapwise and edgewise moment envelopes at blade
stations where the largest deviations between linear and non-
linear cases are observed for the maximum flapwise moment
load (as can be determined from Fig. 8). The largest flapwise

moment deviation occurs at 43.6 and 51.1 m blade radius for
the DTU and the IEA turbines. Figure 9 shows the load en-
velopes for 1-, 2-, 6-, 15- and 30-sub-body cases. The linear
model is generally conservative with respect to the nonlin-
ear models, and the DTU turbine has a smaller difference
between linear and nonlinear blade models compared to the
IEA turbine.

3.3 DLC 1.2 tower and performance results

Turbine tower damage equivalent load, maximum and cross-
section load results are given for the DLC 1.2 load cases.
The turbine performance results are also mentioned here.
Figure 10 shows the normalized maximum tower-top (yaw-
bearing) torsion moments and maximum tower-top acceler-
ations. In the case of excessive tower-top accelerations, the
controller starts an emergency stop procedure. The differ-
ence in yaw-bearing torsion moment can reach up to 10%
for the IEA turbine. The results approach the highest-fidelity
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Figure 5. Normalized blade tip minimum tower clearance, maximum effective blade radius and blade edgewise deflection results. Values
are normalized with respect to the results of the 30-sub-body case.

Figure 6. Flapwise, edgewise and torsion moment DEL ratios between linear (one sub-body) and nonlinear (30 sub-bodies) blade model
over the normalized blade span for the DTU10MW and IEA10MW turbines.

results very fast, and after the nine-sub-body case the devia-
tions become very small compared to the 30-sub-body cases.
The difference in tower-top accelerations can be more than
4% between the linear and nonlinear cases.

Figure 11 shows the DELs of the fore–aft (moment force
vector perpendicular to wind direction) and side–side (mo-
ment force vector aligned with the wind direction) moments
at the tower-top position where the yaw actuator and bear-
ings are located. There is a negligible deviation between the
linear and nonlinear case for the side–side DEL moments for
both turbine models. However, the deviations in fore–aft and
torsion DELs exceed 4 % for the IEA turbine and reach 3%
for the DTU turbine. The results approach the highest fidelity
model results smoothly and the deviation becomes very small
after 15-sub-body cases for all channels. Figure 12 shows the
tower bottom side–side and fore–aft moment load envelopes
of the turbines for 1-, 2-, 6-, 15- and 30-sub-body cases. The
deviations between linear and nonlinear cases are more ex-
plicit in the IEA10MW turbine than the DTU10MW turbine.
In contrast to the blade moment envelopes, the linear case is

not always the more conservative approach compared to the
nonlinear cases.

Figure 13 shows the normalized blade pitch actuator DEL,
total pitch angle change of the turbines in all simulations
computed by Eq. (7) and maximum power at pitch actua-
tor computed via Eq. (8). The IEA turbine has a deviation
of about 3 % in cumulative pitch angle results. This indicates
that the controller activity is also affected by the fidelity of
blade modeling. The maximum pitch actuator power depends
on both blade root torsion moment and pitch angle speed. A
very large deviation is observed in the pitch power results,
which are 38 % and 34% for the DTU and IEA turbines, re-
spectively. The deviations in the IEA turbine results are gen-
erally higher than the DTU10MW turbine results; however
the DTU turbine has larger deviations in terms of percent-
age than the IEA turbine in pitch power results. Although
the highest-fidelity model causes slightly less pitch activity
compared to the linear model, the actuator power increases
significantly with the fidelity of the blade model. This is due

www.wind-energ-sci.net/5/1/2020/ Wind Energ. Sci., 5, 1–15, 2020



10 O. Gözcü and D. R. Verelst: The effects of blade structural model fidelity

Figure 7. Normalized flapwise, edgewise and torsion moment DEL ratio variations with respect to the number of blade model sub-bodies at
blade stations where the maximum deviations between linear and nonlinear cases occur.

Figure 8. Linear and nonlinear blade absolute maximum moment load result ratio variation in DTU10MW and IEA10MW turbines with
respect to blade span location.

to significantly increased blade torsional moments with in-
creasing blade model fidelity.

The difference in annual energy production (AEP) be-
tween the different blade models is well below 1.0%. This
difference is relatively small when compared to the loads
since the controller tracks the optimal operating conditions
below rated wind speed and maintains the rated power above
rated wind speed. Consequently, only in below rated condi-
tions can a very small difference in power output be observed
whereby the linear case results in small increase in power
output compared to the nonlinear 30-sub body case.

3.4 Stability results

The stability of DTU and IEA turbines is evaluated by con-
sidering the linear (one body) and nonlinear (30 bodies)
blade models. Blade tip torsion deformation depicts the blade
vibrations and instability (flutter) clearly. Figure 14 shows
the rotor speed and blade tip torsion results with respect
to the wind speed. Turbines have zero aerodynamic torque
at the initial wind speed, and wind speed acceleration is
0.0145 m s−2. Results show that the DTU turbine has much
higher flutter speeds than the IEA turbine for both blade mod-

els. The DTU blade linear model (blue curve) shows the flut-
ter instability at almost the same rpm’s with the nonlinear
model and 1 m s−1 higher wind speed compared to the non-
linear model (red curve). However, for the IEA linear model,
flutter occurs at a wind speed which is 3.6 m s−1 lower com-
pared to the nonlinear model. Furthermore, the rotational
speed difference between the linear and nonlinear models for
the flutter instability is more than 8 rpm for the IEA blade.
This shows that the linear models do not always overestimate
the flutter speeds.

4 Discussion and conclusion

The effects of blade structural model fidelity on the turbine
response, loads, stability and computation time are investi-
gated in this study. The blades are modeled by different num-
bers of sub-bodies in the multibody formulation of HAWC2.
The blade model geometric nonlinearity is changed from lin-
ear to the highest available fidelity level, which is equivalent
to a corotational formulation. The effects of blade geometric
nonlinearities are compared by exploring the results of two
different blade designs with otherwise identical tower and
shaft configuration. The normal power production load cases
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Figure 9. Cross-section flapwise and edgewise load envelopes at 43.6 m blade radius of the DTU turbine and 51.1 m blade radius of the IEA
turbine for 1-, 2-, 6-, 15- and 30-sub-body cases.

Figure 10. Normalized tower-top maximum torsion moments, side–side and fore–aft accelerations. Values are normalized with respect to
the results of the 30-sub-body case.

are selected according to the IEC 61400-1 standard (DLC1.2)
but considering 12 instead of six turbulent seeds. In addi-
tion, the computational speed of the dense and sparse matrix
solvers as used by HAWC2 is compared for different blade
model fidelities.

CPU time can decrease by increasing the number of bod-
ies, since the total number of aero-elastic iterations decreases
as the number of bodies increases. After the total number
of aero-elastic iterations becomes independent of the num-
ber of bodies, the CPU time increases by the number of
bodies explicitly. The linear models have larger deflections
compared to the nonlinear models and these large deflec-
tions cause larger changes in the aerodynamic forces. Conse-
quently, the cycle between the structural response and aero-
dynamic forces requires more iterations for linear models.
Since the sparsity of the matrices increases by the number
of bodies, the sparse solver becomes more effective than
the dense solver in terms of required CPU time for nonlin-
ear problems. The geometric nonlinear effects are the most

apparent in the blade responses. The effective blade length,
computed by linear and nonlinear blade models, is different
by up to 3 m for steady-load cases. Hence, they have differ-
ent turbine power at below rated wind speeds and different
pitch at above rated wind speeds. A significant difference in
blade tip–tower clearance of up to 5 m is observed, while the
maximum blade tip radius can be close to 4 % higher when
comparing the linear to the 30-sub-body model for DLC 1.2
load cases. The most significant differences are noted for
mid- and outboard blade sections and their maximum and
DEL bending moments. Depending on the blade model, the
linear 1 sub-body model overestimates flap- and edgewise
DELs by up to 30 %, while the torsional DEL moments are
underestimated by up to 25 %. A similar trend is shown for
the maximum loads: an overestimate of up to 30 % for the
flap-wise extreme bending moment and an underestimated
maximum torsional moment of almost 50 % when comparing
the one- and 30-sub-body cases. The tower loads, however,
are much less dependent on the number of blade sub-bodies.
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Figure 11. Normalized tower-top torsion, side–side and fore–aft DEL moment with respect to number of sub-bodies in blade model.

Figure 12. Tower bottom fore–aft and side–side load envelopes of the DTU and the IEA turbines for 1-, 2-, 6-, 15- and 30-sub-body cases.

For the tower top the largest noted differences are around
4 % for the yawing moment, but with one important distinc-
tion that fewer sub-bodies consistently underestimate rather
than overestimate the loading. Further investigation is needed
to understand the physical reason behind the yaw moment
difference between linear and nonlinear models. The tower
bottom loads are virtually unaffected as a function of blade
sub-bodies. The pitch actuator maximum power is signifi-
cantly underestimated by up to 30 %–40 % by the 1 sub-body
blade compared to 30. The performance parameters such as
power, AEP, rotational speed, thrust and shaft moment re-
mained virtually unaffected by blade model fidelity for both
steady-wind and DLC 1.2 cases. Finally, the flutter rotational
speed can differ by more than 8 rpm for the linear and non-
linear blade models. Also, the linear model does not always
overestimate the flutter speed.

Although there are significant differences between the lin-
ear and the nonlinear blade models (with 30 sub-bodies), the
results generally approach the highest-fidelity results fast as
the number of blade sub-bodies increases. In most of the
studied cases the deviations in results become insignificant

after 15 sub-bodies. This is also the point after which the
total number of iterations does not decrease any further sig-
nificantly with increasing number of sub-bodies.

The work outlined here confirms earlier studies that the
nonlinear geometrical effects are significant for wind turbine
blades, even more so for new turbine designs (DTU10MW
vs. IEA10MW). The geometrically nonlinear effects are
model dependent and are related to the size, prebend shape
and flexibility of the considered blade model. The authors
conclude that users are recommended to model blades with
as many sub-bodies as there are structural elements, while
also using a sparse matrix solver for models that have sym-
metric effective stiffness matrices in HAWC2. In doing so
within the context of HAWC2, no increase in CPU time is
noted while at the same time having the blade model with
the highest structural fidelity.

Data availability. The corresponding HAWC2 input files used for
this study can be found in Gözcü and Verelst (2020) in addition
to all the statistical properties of all channels and time series that
have been used to generate the figures in this publication. Due to

Wind Energ. Sci., 5, 1–15, 2020 www.wind-energ-sci.net/5/1/2020/



O. Gözcü and D. R. Verelst: The effects of blade structural model fidelity 13

Figure 13. Normalized blade pitch actuator (blade root torsion moment) DEL, total pitch angle change for all load cases and maximum
power at pitch actuator with respect to number of blade sub-bodies.

Figure 14. DTU10MW (a) and IEA (b) rotor speed and blade tip torsion deformation results with respect to wind speed. The flutter wind
speeds are shown in the figures.

the large number of simulations, and the corresponding data storage
requirements, the time series are not made available for redistribu-
tion. However, these can be reproduced using the given input files
in combination with HAWC2 version 12.6.
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Abstract. Non-intrusive nonlinear reduced order modeling (ROM) techniques have been
applied by researchers to obtain computationally cheap and yet accurate structural responses of
aircraft panels. However, its application to wind turbine blades is new and challenging due to
much larger deflections of wind turbine blades. This study improves a non-intrusive nonlinear
ROM method for wind turbine blades going through large deflections. In the nonlinear ROM, the
nonlinear stiffness is described by quadratic and cubic functions, and the large deflection effects
are included by using modal derivatives as additional reduction basis. The non-intrusive nature
of the method requires a geometrically nonlinear solver, and HAWC2 is chosen in this study
for the computation of nonlinear stiffness terms. Two examples including a cantilever beam
example and the NREL 5MW wind turbine blade model are used to evaluate the effectiveness
of the nonlinear ROMs. The cantilever beam example shows that the nonlinear ROM can
accurately capture the axial displacements due to large deflections reaching 20% of span length
as well as the torsion coupled with flapwise and edgewise motions. The NREL blade example
shows that the nonlinear ROM is accurate for the tip displacements more than 5.9 meters.
Because the size of the nonlinear ROM is much smaller than that of HAWC2 model, a speedup
factor of 10 is observed for the NREL blade example in a comparison of the computation times.

1. Introduction
This study aims to develop an effective non-intrusive method for nonlinear reduced order
modelling of long and flexible wind turbine blades with large deflections and nontrivial bend-
twist coupling. The study is carried out based on the load analysis tool for wind turbines
HAWC2 [1] developed at DTU Wind Energy.

Modern wind turbine blades can go through large deflections which are more than 20% of the
blade span length [2]. Large deflections alter the blade effective length as well as the coupling
between the blade flapwise/edgewise and torsion motion. Hence, large deflection effects need to
be included in an accurate load analysis for wind turbines with long and flexible blades. The load
analysis tool HAWC2 can capture large blade deflections by dividing the blades into several sub-
structures [3]. The blade models generally constitute more than 80% of the turbine structural
model degrees-of-freedom (DoFs) in HAWC2 [4]. As the model size expands in structural
analysis, the computation time and the required memory also increases. The motivation of
this study is to develop an alternative approach to capture large deflection effects with much
fewer DoFs compared to the current HAWC2 models to reduce the computational cost. One
promising way to achieve this is to incorporate a pre-computed nonlinear Reduced Order Model



(ROM) of the blade into the multi-body formulation [5]. However, nonlinear blade ROMs with
realistic blade deflections which have tip displacements up to 10% or more blade span length,
have not been investigated yet. The method introduced in this study is based on a non-intrusive
approach rather than the intrusive method used in [5] where a geometrically nonlinear finite
element code was modified to generate the ROM.

In a non-intrusive approach, any simulation solver capable of capturing large deflections can
be used to compute the nonlinear ROM stiffness parameters [6] without modifying the source
code. Although, the non-intrusive ROM techniques have been studied extensively for aircraft
panel structure in aero-thermo-elastic and aero-acoustic analysis [7, 8], studies on the non-
intrusive approach for slender, cantilever structures with complex geometries like wind turbine
blades are rarely reported. This may be due to the difficulties in identifying the nonlinear
stiffness terms for cantilever structures and numerical instabilities, see e.g. [9, 10].

In order to fill this gap, this study aims to develop a non-intrusive way to build the
nonlinear reduced order model (ROM) for wind turbine blades. In contrast to linear ROM,
the nonlinear ROM includes an extra set of bases and an extra set of coefficients that capture
the aforementioned nonlinear coupling effects such as torsional motion induced by blade edgewise
and flapwise motions, and longitudinal motion due to large deflections. Extra set of bases and
computation of non-linear stiffness terms are explained in Section 2. The proposed method is
applied to a straight beam and the NREL 5MW wind turbine blade [11] with dynamic loads in
flapwise, edgewise and torsion directions. The results and discussion are presented in Section 3.

2. Methodology
In this section, we first introduce the basic methodology for nonlinear reduced order model. Then
we present a modified non-intrusive approach to identify the quadratic and cubic coefficients that
are essential to describe the nonlinear stiffness in the nonlinear reduced order model. Finally,
we present the reduction basis and computation of the modal derivatives, which are essential to
capture the nontrivial bend-twist coupling effects induced by large deflections.

2.1. Nonlinear reduced order model
Assume that the nonlinear internal forces in a structure such as blade are quadratic and cubic
functions of displacements. Then the equation of motion of the structure can be written in a
compact form by using the entries of the related matrices as

Mprür + Cpru̇r +K(1)
pr ur +

∑
r,s

K(2)
prsurus +

∑
r,s,v

K(3)
prsvurusuv = fp(t) (1)

where p, r, s, v = 1, . . . , N with N denoting the number of DoFs. The associated matrices
M ∈ RN×N and C ∈ RN×N are the symmetric inertia and damping matrices, and f(t) ∈ RN is
the external force vector for N -DoFs system. The quantities of K(1) ∈ RN×N , K(2) ∈ RN×N×N
and K(3) ∈ RN×N×N×N stand for the linear, quadratic and cubic stiffness coefficients. The
displacements, velocities and accelerations are represented by u ∈ RN , u̇ ∈ RN and ü ∈ RN ,
and t is the time.

To obtain a reduced order model, the spatial and temporal components of the displacements
can be separated as

u(x, t) ≈
M∑
i=1

φi(x)qi(t) = Φ(x)q(t) =
[
ΦB(x) ΦE(x)

] [qB(t)
qE(t)

]
(2)

where φi(x) ∈ RN is the ith reduction basis vector and qi(t) is its amplitude. All basis vectors
are collected in the columns of the matrix Φ ∈ RN×Mand the corresponding amplitudes in the



vector q ∈ RM . The chosen bases in Φ include linear bending modes (ΦB) and the vectors of an
extra set of basis (ΦE) which are elaborated in Section 2.3. With the bases of bending modes
and extra set basis, the nonlinear ROM is obtained by substituting equation (2) into equation
(1) and multiplying by ΦT , which yields

M̂ij q̈j + Ĉij q̇j + K̂
(1)
ij qj + K̂

(2)
ijkqjqk + K̂

(3)
ijklqjqkql = f̂i(t) (3)

where i, j, k, l = 1, . . . ,M with M denoting the number of the generalized DoFs in ROM, and
p, r, s, v = 1, . . . , N . The reduced quantities are expressed as

M̂ = ΦTMΦ, Ĉ = ΦTCΦ, f̂(t) = ΦTf(t), K̂(1) = ΦTK(1)Φ,

K̂
(2)
ijk =

∑
p,r,s

K(2)
prsΦi(p) Φj(r) Φk(s), K̂

(3)
ijkl =

∑
p,r,s,v

K(3)
prsvΦi(p) Φj(r) Φk(s) Φl(v) (4)

Here the indices of Φi(p) mean an entry at column i and row p of the Φ matrix. The system
in equation (3) has M DoFs, while the system in equation (1) has N DoFs. In equation (3),

the quantities M̂ ∈ RM×M , Ĉ ∈ RM×M , K̂(1) ∈ RM×M and f̂ ∈ RM are computed from

their counterparts M , C, f and K(1). In contrast, the quadratic and cubic coefficients K̂
(2)
ijk

and K̂
(3)
ijkl are not computed from their counterparts which are generally unknown or difficult

to obtain. Instead, these quadratic and cubic coefficients are computed by the non-intrusive
method described in the following subsection.

2.2. Non-intrusive method for identification of nonlinear stiffness terms
In the literature, there are two types of non-intrusive method to identify the aforementioned
quadratic and cubic coefficients, including force-based non-intrusive method [12] and
displacement based method [6, 9, 10]. Force-based method is found more suitable to cantilever
structure than displacement-based method. A force based method is modified in this study to
suit its applications in wind turbine blades.

In the force based method, a high-fidelity solver is first called to generate a set of data
capturing the relation between applied force and output deflections. Then, the data are used to

approximate the quadratic and cubic coefficients K̂
(2)
ijk and K̂

(3)
ijkl. It is known that the static load

cases can be generated by K(1) and combination of chosen bending modal amplitudes by pairs.
Equation(5) shows the computation of the rth load case vector f r, where Φi

B is ith column of
ΦB, and qri is the ith modal amplitude of the rth load case.

f r = K(1)
[
Φi
Bq

r
i + Φj

Bq
r
j

]
(5)

To suit the applications of the force-based method in wind turbine blades, a zero-force
condition in torsion/axial loading is proposed in this study to modify the applied loading.
It means the applied loading only includes force components in main bending directions and
no force components in torsion or axial directions. Since the bending mode shapes can have
nonzero torsion and axial motions for pre-bend/twist structures, the above zero-force condition
is satisfied by putting zeros in the applied force at the entries corresponding to torsion and axial
directions.

After the static analyses, the corresponding modal amplitudes of load case deflections, i.e.
qj , qk, ql, are computed by least-square method and the applied force results are projected onto

the reduction basis to obtain f̂ ri . Equation(6) shows the rth static load case with linear and
non-linear stiffness terms, while the inertia and damping terms in equation (3) are dropped in
the static analyses.

K̂
(2)
ijkqjqk + K̂

(3)
ijklqjqkql = f̂ ri − K̂(1)

ij qj (6)



Here f̂ ri , K̂
(1)
ij , qj , qk and ql are known. The unknownNk number of stiffness terms and right hand

side of the equation (non-linear force vector) can be written as vectors and modal amplitude
multiplications on the left hand side can be written in a matrix form. By collecting all Ns

number of the load cases results in one modal amplitude matrix D(q) ∈ RNk×Ns , one unknown
vector k ∈ RNk and one force vector fnl ∈ RNs , the non-linear stiffness terms in k can be solved
by least-square method as shown in equation(7).

D(q)k = fnl −→ minimize
k∈RNk

‖fnl −D(q)k‖ (7)

The stiffness terms of triple-mode couplings involving three different modes are ignored,
because their contributions are generally very weak [6]. It is important to choose the load
cases according to the real-life deflections, which means large flapwise displacements (up to 20%
of blade span for very flexible blades) and edgewise displacements (up to 5% of blade span).
The hardening effects are defined by cubic stiffness terms and softening effects are defined
by quadratic stiffness terms. The quadratic terms are zeros for straight symmetric structures
whereas they are generally non-zero for asymmetric pre-bend structures. In this study, HAWC2
is used to compute large displacements/rotations of the structures. HAWC2’s structural part
uses a multi-body formulation with linear Timoshenko beam elements in bodies [13]. When a
continuous structure is modelled by same number of sub-bodies as beam elements, it is similar
to a co-rotational formulation [3].

2.3. Reduction basis and computation of modal derivatives
The nonlinear stiffness terms include the nonlinear force effects such as hardening/softening,
however additional displacement/rotation vectors apart from bending directions are needed to
capture the physical displacements accurately. As a structure goes through large deflections,
its motion occurs also in axial and torsional directions due to large deflections. The extra set
of basis is used to capture the motions in these directions. Since these motions are induced by
large deflections, the extra set of basis vectors and amplitudes are functions of them. There are
different schemes in literature to select the extra set of basis [6] such as ‘Expansion Modes’ and
‘Dual Modes’ [9]. In this study, ‘Modal Derivatives’ [5] are used as extra set of basis.

For an interpretation of the modal derivatives [5], they are linked to the second term in the
Taylor series expansion of displacements with respect to modal amplitudes as shown in (8).
They represent the secondary effects of large deflections such as axial and torsional motion of a
cantilever beam.

u(q) ≈ ∂u

∂q
· q +

1

2

(
∂2u

∂q∂q
· q
)
· q +O(‖q‖3) = Φ · q +

1

2

(
∂Φ

∂q
· q
)
· q +O(‖q‖3) (8)

Calculation of the modal derivatives starts by taking the derivative of the eigenvalue problem
as shown in equation(9), whereK,M are the stiffness and mass matrices and ωi is ith eigenvalue.
It is a common practice to neglect inertia effects in many applications, since their effects are much
smaller compared to the stiffness. The modal derivatives without inertia effects are called ‘Static
Modal Derivatives’ [14]. In this study, ‘Static Modal Derivatives’ are used and they are called as
‘Modal Derivatives’ thereafter. When the inertia effects are neglected, equation(10) is obtained
and static modal derivatives can be computed by numerical implementation of equation(10).

∂

∂qj

(
(K − ω2

iM)φi
)

=

(
∂K

∂qj
− ∂(ω2

iM)

∂qj

)
φi + (K − ω2

iM)
∂φi
∂qj

= 0 (9)

∂φi
∂qj

= −K−1∂K
∂qj

φi = −K−1∂K
∂u

φjφi = −K−1∂
2f int

∂u∂u
φjφi = −K−1 ∂

2f int

∂qj∂qi
(10)



Since the linear stiffness and inertia matrices are known, the only unknown in equation (10)
is the derivative of stiffness matrix with respect to the modal amplitudes. In this study, the
second-order derivative of internal forces (f int) with respect to modal amplitudes are computed
by central finite difference given in equation (11). In this study, displacement constraints in the
mode shape vector directions are applied in HAWC2 by amplitudes of δi and δj and the internal
force vector f int are obtained from HAWC2.

∂2f int

∂qj∂qi
=
f int(φiδi+φjδj)+f int(−φiδi−φjδj)−f int(−φiδi+φjδj)−f int(φiδi−φjδj)

4δiδj
(11)

As the reduction basis includes both the bending modes and the modal derivatives, the
coupling stiffness terms between them appears and must be computed for ROM. An alternative
method is to have a reduction basis without the modal derivatives or extra basis vectors and
use them in post processing through, e.g. Implicit Condensation Method [6]. This approach can
reduce the number of unknown stiffness terms, however a model without the modal derivatives
is not able to give reaction to the loads in the directions of modal derivatives i.e. axial and
torsion loads. Torsion loads and deflections are particularly important for wind turbine blades.
Therefore, modal derivative are included in to the reduction basis in this study.

3. Results
A straight beam and the NREL 5MW wind turbine blade models are used to evaluate the
accuracy and computational cost of the proposed nonlinear ROM method. HAWC2 model
results are used as reference solution and load cases for nonlinear ROM stiffness terms are run
in HAWC2 (ver. 12.8). Newmark time integration scheme is used for ROM analyses with values
of integration parameters γ = 0.51 and β = 0.27 same as the default values in HAWC2 [1]. The
ROM time integration is carried out in a Python 3.6 script and analysis time is recorded. The
modal based blade models used in FAST Elastodyn [15] and FLEX [16] have 2 flapwise and 1
or 2 edgewise modes. Hence, the ROMs have first 2 flapwise and 2 edgewise bending modes
together with the 4 static modal derivatives of first bending mode. The linear ROM also has the
same number of modes (including modal derivatives), however it does not include the nonlinear
stiffness terms in the nonlinear ROM.

3.1. Straight beam
To demonstrate the effectiveness of the nonlinear ROM to capture large deflections, it is first
applied to a cantilever beam model. The beam has loading in two lateral directions similar
to a wind turbine blade, which bears aerodynamic and gravity load. Figure 1 shows a straight
aluminium cantilever beam with applied loads in x- and y-direction. The beam model in HAWC2
has 10 sub-bodies and each body has one element. The force in x-direction Fx is constant,
whereas the force in y-direction Fy(t) is time varying. At each node the force Fx is 100 N and
the force Fy(t) is 132.435 N at 0.1667 Hz, corresponding to gravity load caused by a rotation
speed of 10 rpm. HAWC2 model has 60 DoFs, while both linear and nonlinear ROM models
merely have 8 DoFs including 4 bending modes and 4 modal derivative vectors. Although,
there are 10 modal derivative vectors for 4 linear bending modes in total, only the derivatives
of the first bending mode in x direction are included in the reduced order model, since the
large deflections occur in x-direction (flapwise in blade case) in the example structure. The
analysis was carried out for 2000 seconds with 0.05 seconds time step. The long simulation time
is selected due to the long period for damping out of initial vibrations. The results are shown
for last 20 seconds where the initial vibrations are damped out.

For an intuitive interpretation of the concept of modal derivatives, Figure 2 shows four modal
derivatives of the first bending mode shape of the straight beam model. The modal derivative of



Figure 1: The straight aluminium cantilever beam with applied loads, cross-section dimensions
and material properties.

first bending mode in x-direction with respect to its own modal amplitude q1, denoted as ∂φ1
∂q1

,
shows an axial motion. The modal derivative of the first bending mode φ with respect to the
amplitude of the first bending mode in y-direction, denoted as ∂φ1

∂q2
, shows a torsion motion. The

modal derivative of φ1 with respect to the amplitude of the second bending mode in x-direction,
denoted as ∂φ1

∂q3
, shows an axial motion similar to that of ∂φ1

∂q1
. The modal derivative of φ1 with

respect to the amplitude of the second bending mode in y-direction, denoted as ∂φ1
∂q3

, shows a

torsional motion similar to that of ∂φ1
∂q2

.

Figure 2: Four modal derivatives of the first bending mode of a straight beam

Figure 3 shows a comparison of the simulated dynamic responses obtained from HAWC2,
linear ROM and non-linear ROM, including the beam tip node position errors, tip deflections in
x and torsion directions and Power Spectrum Density (PSD) of the tip deflection x. The tip node
position error of linear model can reach up to 24 cm (11.77% of HAWC2 tip displacement), where
as the nonlinear ROM has around 1 cm position error (0.47% of HAWC2 tip displacement). The
most of the position error is due to axial motion which can reach up to 21 cm and is not considered
in linear model. Since there is no coupling between x and y motion in linear ROM, there is no
time variation in x-direction and torsion. However, both HAWC2 and non-linear ROM show the
coupling effect between x and y motions which causes more than 1.6 degree torsion and 4 cm
variation in x direction. The PSD of tip x displacement also shows the coupling effects at 0.33



Hz which is twice of the excitation frequency of 0.1667 Hz. On the other hand, the linear ROM
have one weak peak at first bending frequency (0.41 Hz) since very small oscillations remain on
the structure due to initial loading in x direction.
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Figure 3: Comparison of the three models for the straight cantilever beam example: HAWC2
model, linear ROM and nonlinear ROM. The figures show the time histories of the tip position
error of linear and nonlinear ROMs with respect to the HAWC2 model, the tip torsion deflections
and the tip x-deflection in three models, and the power spectrum density (PSD) of the tip x-
deflection in three models.

3.2. NREL 5MW wind turbine blade
NREL 5MW blade [11] is also modelled by linear and nonlinear ROM and the results are
compared to HAWC2 results. The blade model has 61.5 meters length. Although it is almost
a straight blade, the mode shapes are not in one direction and includes some motions in axial
and torsional directions as well. The blade is loaded with flapwise (y) and edgewise (x) forces
and torsion moments which are computed by HAWC2 for NREL 5MW turbine model under 11
m/s steady wind speed. Turbine model for load analysis has rigid structures except the blades.
The tower shadow effects are not included in aerodynamic load calculation. Figure 4 shows the
time history of blade loads at 77% of span where the maximum flapwise load occur, and the
load distribution over blade span when maximum flapwise load occurs. The flapwise load (in
thrust direction) is the largest and reaches its peak at 77% of span (at 1.36 seconds), whereas
the edgewise load is maximum at blade root since it is the heaviest region. The edgewise load
also includes the aerodynamic force component which generates torque on the shaft, however
this force is very small compared to the force due to gravity. The edgewise load oscillations
are because of change in gravity load as result of rotor rotation. The torsion moment is small
compared to the loads in other directions but it changes sign over the span unlie the others.

The response simulations have 50 seconds analysis time with 0.02 seconds time step and
the damping ratio of the blade model was increased by 10 times to damp out the initial blade
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Figure 4: NREL 5MW blade steady wind loads in edgewise, flapwise and torsion directions.
Left: the time history of loads at 77% of the blade span. Right: the distribution of blade loads
over the blade span when the maximum flapwise load occurs at 1.36 seconds.

vibration fast. Figure 5 shows the NREL 5MW wind turbine blade tip position error, tip
torsion deflections over time and flapwise, torsion deflections over the span at time 6.02 and 1.7
seconds, respectively. The linear ROM tip position error reaches 46.8 cm (7.94% of HAWC2
tip displacement) and fluctuates about 2.5 cm whereas the nonlinear ROM maximum error is
about 2.7 cm (0.47% of HAWC2 tip displacement) and minimum error is 0.7 cm. The flapwise
deflections over span plot shows the axial motion and overestimation of the linear ROM in
flapwise direction whereas the nonlinear ROM is very accurate in both directions. Since, the
blade has larger edgewise stiffness than flapwise stiffness and flapwise load is more than edgewise
load, the main deflection direction is in flapwise, which has maximum deflection about 5.87
meters. The edgewise tip deflection reaches up to 1.11 meters and maximum axial motion is
0.46 meters. The tip torsion deflection plots show that there is oscillates between 0.5◦ and
−0.97◦. The nonlinear ROM tip error is generally less than linear model except the minimum
tip torsion. The torsion deflections over span is plotted as maximum tip torsion error occurs.
The nonlinear ROM has a very good torsion estimation except the last 10 meters and it is better
than linear ROM in every blade location. Linear ROM error is more than 1◦ at tip regions and
it has different sign than HAWC2 model for last 20 meters of the blade.

4. Discussion
The test case results show that the nonlinear ROM is much more accurate than the linear ROM
for capturing the large deflections and their coupling effects in axial and torsion directions. The
main displacement error of linear ROM is due to axial motion but it is also less accurate in
bending directions than nonlinear ROM. It is also unable to capture the change in couplings
between edgewise and flapwise displacements due to large displacements, whereas nonlinear
ROM is able to update the stiffness and can capture the coupling effects accurately. This is
clearly seen in the straight beam example, particularly the PSD analyses.

NREL 5MW wind turbine blade has much more complex geometry than the straight beam
and goes through almost 6 meters tip deflection. The nonlinear ROM is again much more
accurate than the linear ROM in displacements. The blade loads include also torsion moments
unlike the straight beam example. The blade torsion results are not very accurate at tip regions,
however the nonlinear ROM still captures the torsion deflections more accurate than the linear
ROM. The tip torsion results can be misleading when it is considered without the rest of the
blade. Torsion results over blade span as the maximum torsion error occur, shows that the
nonlinear ROM accuracy is much better than the linear ROM. Further investigation with more
flexible blades needs to be carried out to evaluate the nonlinear ROM’s accuracy in torsion
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Figure 5: NREL 5MW blade steady wind results. The left column shows the time history of
the tip position error and the tip torsion. The right column shows the distribution of flapwise
deflection and torsion over blade span given seconds at 6.02 s and 1.7 s, respectively.

directions.
Table 1 shows the model sizes, speedup and maximum displacement error results of the

linear and nonlinear models compared to HAWC2 model. Since the linear model does not need
any iteration, it is the fastest model as expected. Although, the nonlinear ROM is 14 times
slower than the linear ROM, it is still faster than HAWC2 model by factor 5.35 and 10.74 for
the beam and the blade cases, respectively. Speed up ratio increases as the difference between
HAWC2 model and ROM sizes broadens. HAWC2 is written in FORTRAN and ROM analyses
were carried out in a Python 3.6 code and the Python code can still be improved for better
computational time. The maximum error results show that although the linear model is the
fastest model, it is much less accurate in displacements. The torsion deflections are also an
important accuracy criteria for wind turbine blades and nonlinear ROM is again much more
accurate in torsion direction than the linear ROM.

Table 1: A comparison of the computational efficiency and accuracy of the three models for the
straight beam and NREL 5MW wind turbine blade: HAWC2 model, nonlinear ROM and linear
ROM. The perfomance indices are the number of degrees of freedom (DoFs), the speedup factor
and the maximum displacement error results

Straight beam NREL 5MW
DoFs speedup max. error [%] DoFs speedup max. error [%]

HAWC2 model 60 1.00 0.00 108 1.00 0.00
Nonliear ROM 8 5.35 0.47 8 10.74 0.47

Linear ROM 8 73.32 11.77 8 145.55 7.94



5. Conclusions
In this study, a non-intrusive method is developed to build nonlinear ROMs for wind turbine
blades. The nonlinear ROM has nonlinear stiffness terms as quadratic and cubic functions of
modal amplitudes. The nonlinear stiffness terms are computed by a modified force based non-
intrusive method. HAWC2 is used as a high-fidelity geometric nonlinear solver in this study.
Although similar approaches exist in the literature, it is the first time this type of method is
improved and applied to wind turbine blades with large deflections up to 10% of blade span.
Case studies with a straight beam and NREL 5MW blade are carried out to demonstrate the
nonlinear ROM’s effectiveness to capture the large deflection effects. The reduction basis of
ROMs is composed of 4 lateral bending modes and 4 modal derivatives. The results show that
the proposed nonlinear ROM is much more accurate than the linear ROM and can capture the
coupling effects induced by large deflections. In terms of computation efficiency, a speedup factor
of 10 is achieved because the model size of ROMs is much smaller than the HAWC2 model. The
speedup factor can be further improved by optimizing the implementation.

Emerging designs for 15 – 20 MW wind turbines have flexible blades longer than 100
meters. Future work is to apply the proposed approach to more flexible wind turbine blades,
to investigate the effects of reduction basis size on accuracy and computation time, and to
incorporate the blade nonlinear ROM into multi-body formulation. The geometric stiffening
terms due to axial loads will also be added in the future.

The generated nonlinear ROMs for wind turbine blades are lightweight (i.e. small-size) models
that can be used in a range of applications. We will share these nonlinear ROMs for NREL
5MW and other reference wind turbine blades in gitlab.windenergy.dtu.dk in near future.
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Abstract. Non-intrusive nonlinear reduced order modeling (ROM) techniques have been applied in aero-thermo-elastic and

aero-acoustic analyses of aircraft panels with clamped-clamped boundary conditions. However, its application to slender can-

tilever structures like wind turbine blades going through large deflections is new and challenging. This study improves a stable

non-intrusive nonlinear ROM method for wind turbine blades. The nonlinear stiffness is described by quadratic and cubic

functions of reductio basis vector amplitudes, and Modal Derivatives (MD) in the reduction basis are allowed to capture the5

large deflections. The accuracy of Implicit Condensation Expansion (ICE) Method is also investigated for cantilever structures.

Computation of nonlinear stiffness terms non-intrusively requires a geometrically nonlinear solver, and HAWC2 is chosen in

this study. Three examples are used to evaluate the effectiveness of the nonlinear ROMs to capture large deflections, including

one cantilever beam and two wind turbine (DTU10MW and IEA10MW) blade models. The cantilever beam shows that the

nonlinear ROM can accurately capture the axial displacements and torsion motions due to large deflections reaching up to 27%10

of beam span. The wind turbine blade examples show that the nonlinear ROM is accurate for the deflection up to 16% of blade

span. Because the dimension of the nonlinear ROM is much smaller than that of HAWC2 model, a speedup factor larger than

11 in terms of computation time is observed for the blade ROMs in comparison with the corresponding HAWC2 models.

Keywords : Wind turbine blade, Non-intrusive method, Modal derivatives, Implicit condensation method, HAWC2

1 Introduction15

Nonlinear reduced order models have a wide range of applications in simulation and optimization of nonlinear systems, in-

cluding mechanical structures (Touzé et al., 2014; Kuether et al., 2015), MEMS (micro-electro-mechanical system) resonators

(Dou et al., 2015; Frangi and Gobat, 2019), fluid-structure interactions (Xiao et al., 2016), and aeroelatic systems (Wu et al.,

2018; Yang et al., 2020). This study aims to develop a non-intrusive method for geometrically nonlinear reduced order model-

ing of slender cantilever structures with complex three dimensional geometries like wind turbine blades. In the non-intrusive20

approach, any geometrically nonlinear solver which is able to capture the large deflections can be used to compute the non-

linear reduced order model (ROM) stiffness coefficients without modifying the source code. In this study, the wind turbine

load analysis tool HAWC2 developed at DTU Wind Energy is used as the geometrically nonlinear solver because of its wide

applications and its capability to capture large deflection effects (Larsen and Hansen, 2019).

Wind turbine blades are long and flexible structures going through large deflections during their operational life (Gözcü and25

Stolpe, 2020). Modern blades can be tested by deflections up to 20% of the blade span length in flapwise bending direction
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(Chen et al., 2014). The large deflections alter the coupling between edgewise and torsional motion in blades as well as the

effective blade span. Specifically, the coupling between edgewise and torsional motions due to prebend of the design can change

sign/direction because of the flapwise deflections, as depicted in figure 1. Further, since the effective blade span is measured

by the spanwise blade tip position with respect to the blade root coordinate system, it also varies with the large deflections of

blades. While the torsional motion alters the angle of attack and thus the computed aerodynamic loads, the effective blade span5

is an essential parameter for the turbine loads and performance. Hence, the large deflection effects are important in the analysis

of wind turbine loads and performance, and therefore need to be accurately modelled.

The load analysis tool HAWC2 can capture blade large deflections by dividing a blade into several sub-structures (Pavese

et al., 2015). As a result, the blade models can constitute more than 80% of the turbine structural model degrees-of-freedom

(DoFs) in HAWC2 (Gozcu and Verelst, 2019). The larger the model size becomes, the more computation time and memory10

it requires. The motivation of this study is to develop an nonintrusive method to obtain reduced-order geometrically nonlinear

blade models whose dimensions are much smaller than the corresponding HAWC2 models. In a previous work, Wu et al.

(2018) incorporated pre-computed nonlinear reduced order models (ROM) of blades into a multi-body formulation to achieve

this purpose.

This study focuses on non-intrusive approaches that are different from the intrusive method used in Wu et al. (2018) where15

a geometrically nonlinear finite element code was modified to generate the ROM. To the knowledge of the authors, there is

no well established non-intrusive ROM approaches for slender cantilever structures with complex geometries like the wind

turbine blades. Particularly, wind blade structures under realistic loads that causes deflections up to 20% or more of blade span

length have not been investigated yet.

The non-intrusive reduced order methods have been studied extensively for aircraft panels with clamped-clamped bound-20

ary conditions for aero-thermo-elastic and aero-acoustic analyses (Matney et al., 2012; Mignolet et al., 2003; Hollkamp and

Gordon, 2008; Hollkamp et al., 2005a; McEwan et al., 2001; Kim et al., 2013a). There are very few studies in the literature

about ROM of slender cantilever structures and the number of studies with non-intrusive method is much smaller than the

number of the studies with the intrusive method. Table 1 shows an overview of the studies where cantilever structure models

were used. Only the first two studies in the table applied the non-intrusive method and both of them used displacement based25

approaches to compute the nonlinear stiffness parameters. All studies with the intrusive method were based on von Karman

kinematics. However, Rutzmoser et al. (2017) concluded that although von Karman kinematics results in very accurate de-

flection estimations for the clamped-clamped structures, von Karman kinematics is not suitable to cantilever structures. This

problem is further discussed later in this paper, particularly in Fig. 2. Further, No studies have investigated torsional motions or

torsion/bending couplings, which are critical in load calculations of wind turbines. In the above studies, all examples focused30

on axial motion due to large bending deflections and the bending loads are generally applied in one direction rather than in two

bending directions. Additionally, the example structures in previous studies are generally assumed as symmetric structures, not

as complex as wind turbine blades. Among these studies, Wu et al. (2018) used a realistic blade structure under the loads in

two bending directions. However, they utilized an intrusive method with von Karman Kinematics, and the resulting deflections

in their examples are quite small compared to the real blade deflections.35
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Figure 1. Illustration of wind blade deflections in edgewise and flapwise directions and the resulting torsional motion due to the edge-

wise/torsion coupling at the deflected state. The flapwise, edgewise and spanwise directions are given in blade root coordinates. The effective

blade length is the projected length onto the root coordinate system in the spanwise direction. The edgewise/torsion coupling due to prebend

at the initial position has opposite direction compared to the coupling direction at the deflected blade position.

In a short summary, in the literature very few studies have addressed an effective nonlinear reduced order model of wind

turbine blades under realistic loading conditions. To fill the gap, this study aims to develop a force based non-intrusive method

to obtain nonlinear ROMs for wind turbine blades. The computation method for the nonlinear stiffness coefficients and the

reduction basis selection are explained in Section 2. In this study, a force based approach (Hollkamp et al., 2005a) is used rather

than the displacement based method used in the first two examples at table 1. This choice is further justified and explained5

later in Section 2.2. The proposed method and reduction basis are tested for three example models, including a 10 meters

long symmetric beam, DTU10MW wind turbine blade and IEA10MW wind turbine blade. The results are given in Section 3

together with discussions. Finally the important findings of the study and the future work are summarized in Section 4.

2 Methodology

This section introduces the methodology for non-intrusive reduced order models and reduction basis selection. It starts with10

the basics of the nonlinear reduced order models in Section 2.1 and the computation of nonlinear stiffness coefficients by a

forced based non-intrusive method in Section 2.2. Then, the reduction basis selection and its effects on nontrivial bend-twist

couplings are explained in Section 2.3. The process used in the study is explained step by step in Section 2.4.
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Table 1. Overview of the studies with cantilever structure models. The methods, reduction bases and example cantilever structures used in

the reference studies are given together with applied forces and maximum deflections in terms of span length.

Reference Method
Reduction

basis

Example

structure

Force

direction

Max.

deflection

Kim et al. (2009)

Displacement based

Non-intrusive with

von Karman kinematics

Bending modes +

Dual modes

2D symmetric

beam

1 bending

direction
50% of span

Wang et al. (2013)

Displacement based

Non-intrusive with

von Karman kinematics

Bending modes +

Dual modes

An unmanned

aircraft wing

1 bending

direction
25% of span

Jain et al. (2017)
Intrusive with

von Karman kinematics

Quadratic basis &

Modal derivatives
A wing model

1 bending

direction
2% of span

Rutzmoser et al. (2017)
Intrusive with

von Karman kinematics

Different quadratic

bases

2D symmetric

beam

1 bending

direction
30% of span

Wu et al. (2018)
Intrusive with

von Karman kinematics

Rubin basis +

Modal derivatives

NREL 5MW

blade

2 bending

direction
1% of span

this study

Force based

Non-intrusive with

multi-body formulation

Bending modes +

Modal derivatives

3D symmetric beam

+ DTU10MW &

IEA10MW blades

2 bending

direction
16% of blade

2.1 Nonlinear reduced order model

The model reduction aims to produce a model with M degree of freedom (DoFs) from a N DoFs model where N �M . The

equation of motion of N DoFs system with nonlinear internal forces is

Mü(t) +Cu̇(t) +K(1)u(t) +fnl(u(t)) = f(t) (1)

where M ∈ RN×N , C ∈ RN×N and K(1) ∈ RN×N are the symmetric inertia, damping and linear stiffness matrices, and5

f(t) ∈ RN is the external force vector for N DoFs system. The displacements, velocities and accelerations are represented

by u ∈ RN , u̇ ∈ RN and ü ∈ RN , and t is the time. The nonlinear internal forces represented by fnl(u) ∈ RN are generally

assumed as quadratic and cubic functions of displacements (Mignolet et al., 2013b; Hollkamp et al., 2005b) for geometrically

nonlinear reduced order models. Then the equation (1) can be written in a compact form by using the entries of the related

matrices as10

Mprür +Cpru̇r +K(1)
pr ur +

∑
r,s

K(2)
prsurus +

∑
r,s,v

K(3)
prsvurusuv = fp (2)
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where p,r,s,v = 1, . . . ,N for a N DoFs system. The quantities of K(2) ∈ RN×N×N and K(3) ∈ RN×N×N×N stand for the

quadratic and cubic stiffness coefficients. The last two terms on the left hand side of equation (2) represents the nonlinear

internal forces fnl(u) in equation (1). To obtain reduced order model of the system , the displacements can be separated to

spatial and temporal components as

u(x,t)≈
M∑
i=1

φi(x)qi(t) = Φ(x)q(t) (3)5

where φi(x) ∈ RN is the ith reduction basis vector consisting of M number of vectors and qi(t) is its amplitude. All basis

vectors are collected in the columns of the matrix Φ ∈ RN×M and the corresponding amplitudes in the vector q ∈ RM . The

nonlinear ROM is obtained by substituting equation (3) into equation (2) and multiplying by ΦT , which yields

M̂ij q̈j + Ĉij q̇j + K̂
(1)
ij qj + K̂

(2)
ijkqjqk + K̂

(3)
ijklqjqkql = f̂i(t) (4)

where i, j,k, l = 1, . . . ,M with M denoting the number of the generalized DoFs in ROM. The reduced quantities are expressed10

as

M̂ = ΦTMΦ, Ĉ = ΦTCΦ, f̂(t) = ΦTf(t), K̂(1) = ΦTK(1)Φ,

K̂
(2)
ijk =

∑
p,r,s

K(2)
prsΦi(p)Φj(r)Φk(s), K̂

(3)
ijkl =

∑
p,r,s,v

K(3)
prsvΦi(p)Φj(r)Φk(s)Φl(v)

(5)

Here the indices of Φi(p) mean an entry at column i and row p of the Φ matrix. In equation (4), the quantities M̂ ∈ RM×M ,

Ĉ ∈ RM×M , K̂(1) ∈ RM×M are the reduced-order inertia, damping and linear stiffness matrices. The reduced-order external

force vector is represented by f̂ ∈ RM . In computation, the reduced-order inertia, damping and linear stiffness matrices and15

the reduced-order external force vector are computed from their counterparts M , C, f and K(1). However, one may not be

able to compute the reduced-order quadratic and cubic stiffness coefficients K̂(2)
ijk and K̂(3)

ijkl from their counterparts which are

generally unknown or difficult to obtain. Instead, these quadratic and cubic coefficients can be computed by the non-intrusive

method as described in the following subsection.

The above part of this section provides a general procedure of the nonlinear reduced order modelling. Specifically, this study20

investigated two methods of the above procedure depending on the reduction basis selection and the post-processing of the

displacements. The two methods are briefly described here and their details are given in the following part of this section.

In the first method, the reduction basis includes linear bending modes and an extra set of basis vectors, which are chosen as

Modal Derivatives (MD) in this study. The reduction basis for the first method is written as

Φ(x) =
[
ΦB(x) ΦMD(x)

]
(6)25

As a result, the dimension of the resulting nonlinear reduced order model is MB +MMD, where MB and MMD denote the

dimension of ΦB(x) and ΦMD(x). After the dynamic simulation using the reduced order models, the displacements of the full

model are calculated as

u(x,t) = Φ(x)q(t) = ΦB(x)qB(t) + ΦMD(x)qMD(t) (7)
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where q(t), including qB(t) and qMD(t), is directly obtained from the dynamic simulation.

In the second method, the reduction basis only includes the linear bending modes, and thus it can be written as

Φ(x) = ΦB(x) (8)

Consequently, the dimension of the resulting nonlinear ROM is MB , which is smaller than the dimension of the nonlinear

ROM in the first method. After the dynamic simulation using the nonlinear reduced order model, the displacements of the full5

model are calculated as

u(x,t) = ΦB(x)qB(t) + ΦE(x) qE(qB(t)) (9)

where qB(t) is directly obtained from the dynamic simulation, i.e. qB(t) = qt, but qE(t) is calculated as a function of qB(t)

given later in the paper. In other words, the contribution of ΦE(x) is first ignored in the reduction basis and the resulting

nonlinear reduced order model, and then included into the calculation of the displacements of the full model as a correction10

term. For the convenience of communication, the vectors in ΦE(x) are referred to as correction vectors in the following part

of this paper.

The second method is known as Implicit Condensation Expansion Method (ICE) in the work of Hollkamp and Gordon

(2008). ICE method is generally used to capture axial motions of the structures in the literature (Spottswood et al., 2009;

Gordon and Hollkamp, 2011; Mignolet et al., 2013a). In this study, ICE method is also used to estimate the torsion motion due15

to edgewise coupling. Further two choices of ΦE(x) are compared and discussed, including the expansion modes and modal

derivatives.

2.2 Identification of nonlinear stiffness terms by non-intrusive method

There are two types of non-intrusive approaches to identify the quadratic and cubic stiffness coefficients: force-based (applied

load) approach (McEwan et al., 2001; Nash, 1977) and displacement-based (enforced displacements) approach (Mignolet et al.,20

2013a; Wang et al., 2013; Kim et al., 2009). Both approaches appear similar for clamped-clamped structures where the axial

(membrane) displacements directly related to axial strain. However, the difference between the two approaches is apparent in

cantilever application since the axial displacements can be as a result of large bending deflections without any strain in the axial

direction (see figure 2). In displacement-based approach, the axial displacements must be included explicitly by including basis

vectors in the axial direction (can be an axial mode shape or dual/companion mode). The method becomes more complex for25

unsymmetrical structures and in this case, it is not always possible to work with pure bending and axial mode shape vectors.

This problem is particularly important, especially for cantilever structures (Wang et al., 2013; Kim et al., 2009). The torsional

motion should also be considered for the turbine blade models and this would include more complexity to the displacement

based method for the blade applications.

On the other hand, the displacement results computed from applied-loads (force-based approach) contain both bending,30

axial and torsional components, naturally as shown in figure 2. Hence, the axial or torsional modes can be excluded in the

force-based approach, and it does not need separation or condensation of bending modes and axial/torsional modes as in

6



Figure 2. Displacements of a cantilever and a clamped-clamped beam under transverse loads F . The deflected beam length (Ldef ) is equal

to the undeflected length (Lundef ) for the cantilever beam, resulting in zero axial strain. The clamped-clamped beam has axial strain due to

elongation in beam length.

the displacement-based approach. Another difference between these two approaches is the number of required static analysis

cases to compute the unknown stiffness coefficients. The displacement-based approach generally requires much less number

of load cases to compute the stiffness coefficients than the force-based approach (Mignolet et al., 2013a; Nash, 1977) requires.

However, the computational cost of static load cases is not significant compared to the computational cost of thousands of wind

turbine load analyses. The whole methodology becomes much more simple when the force based approach is used rather than5

the displacement based approach. Hence, a force-based approach is used and further improved in this study to compute the

unknown stiffness coefficients for cantilever structures.

In the force based method, a high-fidelity geometrically nonlinear solver is first called to generate a set of deflection data

resulting from selected applied load cases. The deflection and applied force data are used to approximate the quadratic and

cubic coefficients K̂(2)
ijk and K̂(3)

ijkl in equation (4). The applied loads can be determined by K(1) and combination of chosen10

bending modal amplitudes. Equation(10) shows the computation of the rth load case vector fr, where Φi
B is ith column of

ΦB , and qri is the ith modal amplitude of the rth load case. The applied loads should be selected so that they result in realistic

large deflections at their maximum values.

fr =K(1)
[
Φi

Bq
r
i + Φj

Bq
r
j + Φk

Bq
r
k

]
(10)

The bending mode shape vectors of wind turbine blades generally contain axial/torsion components due to the unsymmetrical15

geometries resulting from pre-bend and pre-twist. To avoid undesired couplings between axial-bending and torsion-bending

modes, a zero-force condition in axial and torsional load components is proposed in this study. It means the applied loads only

include force components in main bending directions and no force components in torsion or axial directions. Since the bending

mode shapes can have nonzero axial and torsional motions for pre-bend/twist structures, the above zero-force condition is

satisfied by putting zeros in the applied force vectors at the entries corresponding to axial and torsional directions.20
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As the all static analyses results are obtained, the corresponding modal amplitudes of load case deflections, i.e. qj , qk, ql, are

computed by least-square method by equation (11) where columns of Φ are the reduction basis vectors, u and q are deflection

results from solver and corresponding modal amplitudes. The applied force results are also projected onto the reduction basis

to obtain f̂ri in equations (4).

Φq = u−→minimize
q∈RM

‖u−Φq‖ (11)5

Equation(12) shows the reduced linear and non-linear stiffness coefficients and projected applied load for the rth static load

case. The inertia and damping terms in equation (4) are dropped for the static analyses.

K̂
(2)
ijkqjqk + K̂

(3)
ijklqjqkql = f̂ri − K̂

(1)
ij qj (12)

Here the all right hand side terms (f̂ri , K̂(1)
ij , qj) and modal amplitudes qk and ql at the left hand side are known. After collecting

all Nf number of the load cases modal amplitude results in matrixD(q) ∈ RMf×Nk , all the unknown stiffness coefficients in10

vector k ∈ RNk and all nonlinear force components in vector fnl ∈ RMf where Mf =M ×Nf , the non-linear stiffness terms

in vector k can be solved by least-square method as shown in equation(13).

D(q)k = fnl −→minimize
k∈RNk

‖fnl−D(q)k‖ (13)

In the above static analyses, the maximum deflections due to the applied loads should represent the real-life deflections of

structures, which means the large flapwise displacements are up to 20% of blade span for very flexible blades and the edgewise15

displacements are up to 5% of blade span for wind turbine blades.

In this study, the deflection results of the structures are computed by HAWC2 (Larsen and Hansen, 2019) whose structural

part uses a multi-body formulation Shabana (2013) with linear Timoshenko beam elements in bodies Kim et al. (2013b).

Although the finite elements in bodies are linear, HAWC2 can capture large deflections by modeling continuous structures

with a multiple number of sub-bodies (Gozcu and Verelst, 2019). When the same number of sub-bodies as beam elements are20

used to model a continuous structure, HAWC2 becomes similar to a co-rotational formulation Pavese et al. (2015).

In the nonlinear stiffness terms, the terms involving three different modes are known as triple-mode couplings. In previous

studies, these terms are generally ignored in nonlinear ROMs because their contributions are generally very weak (Mignolet

et al., 2013a; Hollkamp et al., 2005a; Nash, 1977). In this study, the effects of the triple-mode coupling are investigated in

Section 3.1.25

2.3 Reduction basis

As aforementioned, there are two ways to choose the reduction basis, which lead to two methods in the study. In the first

method, the reduction basis can consist of bending modes and an extra set of basis vectors, which are modal derivatives. In

the second method, the reduction basis consists of only bending modes in the forward step to obtain the nonlinear ROMs.

However, the physical displacements are recovered by using an augmented basis, which consists of both bending modes and30

an extra set of modes such as expansion modes or modal derivatives. The second method is called Implicit Condensation and
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Expansion method in literature (Hollkamp and Gordon, 2008). In a general sense, both methods require an extra set of basis

vectors besides the bending modes to capture the large deflection effects.

In terms of computational efficiency, the second method is more advantageous than the first method , because it results in a

smaller-size model with fewer DoFs and fewer unknown stiffness coefficients compared to the first method. On the other hand,

the ROM in the second method can not capture the deflections due to the forces/moments in the axial/torsional directions since5

the reduction basis consists of only bending modes. This effect is illustrated for the straight beam model in section 3.1.

2.3.1 Modal derivatives with linear bending modes

The modal derivatives (MDs) are used as the extra set of basis vectors in the first method. Modal derivatives are used to capture

secondary effects that occur due to large deflections (geometric nonlinearities) (Idelsohn and Cardona, 1985; Wu and Tiso,

2014). When Taylor series expansion of the displacements around the undeflected position are written, the modal derivatives10

are the second term in Taylor series, as shown in equation (14).

u(q)≈ ∂u

∂q
· q+

1

2

(
∂2u

∂q∂q
· q
)
· q+O(‖q‖3) = Φ · q+

1

2

(
∂Φ

∂q
· q
)
· q+O(‖q‖3) (14)

The modal derivatives are calculated by taking the derivative of eigenvalue problem shown in equation (15) where K, M

are the stiffness and mass matrices and ωi, φi are the ith eigenvalue and corresponding eigenvector (mode shape vector). To

determine the derivative of φi and ωi with respect to the jth modal amplitude qj , we need another equation. This equation can15

be chosen as equation (16) where φi is the mass normalized mode shape vector.

∂

∂qj

(
(K −ω2

iM)φi

)
=

(
∂K

∂qj
− ∂ω2

i

∂qj
M

)
φi + (K −ω2

iM)
∂φi

∂qj
= 0 (15)

∂

∂qj
(φT

i Mφi) = 2(φT
i M

T ∂φi

∂qj
) = 0, where φT

i Mφi = 1 (16)

When the equation (15) and (16) are combined, the modal derivative of ith mode shape vector φi and natural frequency ωi20

with respect to the jth modal amplitude can be determined by equation (17).(K −ω2
iM) −Mφi

−(Mφi)
T 0



∂φi

∂qj

∂ω2
i

∂qj

=

−∂K∂qj φi

0

 (17)

The equation (17) gives the full solution of modal derivatives. On the other hand, the inertia effects are generally ignored since

their contribution to the modal derivatives is very limited. The vectors computed by ignoring the inertia effects are called ‘Static

Modal Derivatives (SMDs)’ (Rutzmoser et al., 2017). In this study, SMDs are used, and they are called ‘Modal Derivatives25

(MDs)’ hereafter. Equation (18) is obtained when the inertia terms in equation (15) are ignored. The derivative of the stiffness

matrix with respect to the modal amplitudes is needed to compute the modal derivatives. Stiffness matrix can be written as the
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derivative of internal forces with respect to the displacements, as done in equation (18).

∂φi

∂qj
=−K−1 ∂K

∂qj
φi =−K−1 ∂K

∂u
φjφi =−K−1 ∂

2f int

∂u∂u
φjφi =−K−1 ∂

2f int

∂qj∂qi
(18)

In this study, the second-order derivative of internal forces (f int) with respect to modal amplitudes are computed by central

finite difference given in equation (19). Displacement constraints in the mode shape vector directions are applied in HAWC2

by amplitudes of δi and δj , and the internal force vector f int are obtained from HAWC2.5

∂2f int

∂qj∂qi
=
f int(φiδi+φjδj)+f int(−φiδi−φjδj)−f int(−φiδi+φjδj)−f int(φiδi−φjδj)

4δiδj
(19)

The linear bending modes together with their modal derivatives are used to construct a reduction basis and the effects of MDs

in the reduction basis is investigated in Section 3.1. The modal derivative vectors can also be used together with a reduction

basis consisting of only the linear bending mode shapes. In this case the physical displacements are computed as done in

Section 2.3.2 with MDs instead of expansion vectors. The modal derivative vectors and expansion basis vectors are compared10

in Section 3.1. There are MMD number of modal derivatives for MB number of bending modes and their relations is

MMD =
MB(MB − 1)

2
(20)

2.3.2 Expansion modes and linear bending modes

In the second method, the reduction basis consists of only linear bending mode vectors. The expansion modes can be used

to predict the secondary effects such as axial/torsional motions, when the physical displacements are computed. This requires15

a relation between linear mode amplitudes and expansion mode amplitudes, and the expansion modes are also needed to be

computed from the deflection results of the static analyses. The physical displacements are computed as shown in equation (9),

where ΦB(x) and ΦE(x) are the matrices whose columns are the bending and expansion mode shape vectors. The expansion

mode amplitudes qE are quadratic functions of bending modes, which can be written as

qE =
[
q2B(1) qB(1)qB(2) . . . qB(1)qB(M) q2B(2) qB(2)qB(3) . . . qB(M−1)qB(M) q2B(M)

]
(21)20

where the qB(i) is the ith bending mode amplitude and there are M number of bending modes and ME number of extra vectors

in total. The only remaining unknown in equation (9) is the expansion mode shape vectors in ΦE . They are computed by the

static analyses results. The displacement results u, bending mode shape vectors ΦB are known for static analyses and the

corresponding modal amplitudes qB can be computed by least square method similar to the equation (11). Then, expansion

mode amplitudes qE are determined by equation (21). All static load case displacements and modal amplitude results can be25

collected in matrices U ∈ RN×Nk , QB ∈ RM×Nk and QE ∈ RME×Nk where the columns of the matrices are the each load

case displacement and modal amplitude results. The all load case results in matrix form can be written as,

U(x)≈ΦB(x)QB + ΦE(x)QE (22)

Then the expansion mode shapes can also be determined by least square method,

ΦEQE =U −ΦBQB −→ minimize
ΦE∈RN×ME

‖U −ΦBQB −ΦEQE‖ (23)30
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When the bending modes and the expansion modes are known, the physical displacements can be estimated by using equation

(9) in the post-processing of the simulation results of the corresponding ROM.

2.4 Numerical implementation

The reduced order models used in this study are generated by using the equations given in Section 2.2, 2.3 and 2.1. In this sec-

tion, the whole process is summarized and a step-by-step pseudo algorithm is provided to ease the numerical implementation.5

The number of unknown coefficients can be determined by,

Nk =
MB(3MB + 1)

2
(MB +MMD) =

MB(3MB + 1)

2
M (24)

where theMB ,MMD andM are the number of bending modes, modal derivatives and total mode vectors in the reduction basis,

respectively.Nk is the number of unknown coefficients shown in equation (13). Here, the triple coupling terms are assumed zero

since their effects are minimal compared to other stiffness coefficients, and they increase the number of unknowns significantly10

(Nash, 1977). Also, the stiffening effects due to axial-bending coupling or torsion-bending couplings in stiffness coefficients

are excluded. In other words, there is no stiffness term included to model the axial force stiffening effects on the bending

directions in this study. As seen by the equation (24), the number of unknown coefficients grows very fast by the number

of vectors in the reduction basis. For example, there are 14 unknown coefficients for a reduction basis, including only two

bending modes without any modal derivatives. This number becomes 104 for four bending modes without any MDs. Hence,15

the initial computation cost grows exponentially by the number of bending modes. On the other hand, the wind turbine load

tools which use assumed mode method (mode shapes) to represent the blade deflections such as FAST and FLEX generally

use four bending modes, including two flapwise and two edgewise bending modes (Jonkman and Buhl Jr, 2005; Hansen et al.,

2006). Therefore, four bending modes in ROM is a good starting point for turbine blades.

For the first method using modal derivatives in the reduction basis, a step-by-step algorithm to compute the nonlinear ROM20

in this study is provided as follows.

1. In a high-fidelity solver, (i) generate a high-fidelity model of the structure, (ii) obtain the mode shapes and corresponding

natural frequencies without inclusion of damping, (iii) obtain and save the inertia, damping and linear stiffness matrices

M , C andK(1) in equation (1) from the high-fidelity solver.

2. Select the linear bending modes for reduced order model. Compute modal derivatives of the selected linear bending25

modes by equation (19). Include the selected modal derivative vectors in to the reduction basis. Apply Gram-Schmidt

orthogonalization scheme to obtain orthogonal vectors of the reduction basis (Rutzmoser et al., 2017) if the reduction

vectors are not linearly independent.

3. Calculate the reduced inertia, damping and linear stiffness matrix, and reduced force vector by equation (5).

4. In a high-fidelity solver, generate the static load cases by equation (10), apply the static load cases to obtain the resulting30

deflections. Based on the resulting deflections, compute the corresponding modal amplitudes by least-square method

given in equation (11).
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5. Compute the nonlinear forces by equation (12). Compute the unknown stiffness coefficients through least square method

given in equation (13), where the unknown coefficients and nonlinear forces for all load cases are collected as vectors k

and fnl, and all corresponding modal amplitude multiplications are collected in a matrixD.

6. Perform static or dynamic simulation using the obtained nonlinear ROMs to obtain q(t). After the simulation, the phys-

ical displacements are calculated by using equation (7).5

In the second method, i.e. the ICE method, there are two different implementations. If the modal derivatives are used as

correction vectors, the following changes of the above steps are required:

2. Only bending modes are included in reduction basis. Modal derivatives are calculated, but they are not included in the

reduction basis.

6. The physical displacements are calculated with equation (9).10

In another implementation of the ICE method using the expansion modes, the changed steps are:

2. Only bending modes are included in reduction basis.

5. In this step, the expansion modes are calculated by equation (23) together with the nonlinear stiffness terms.

6. The physical displacements are calculated with equation (9).

3 Results & Discussion15

The accuracy and computational time of the reduced order models are investigated for three cantilever examples. The first

example is a symmetric beam example with different static and dynamic loads. The beam example results are divided into two

sections. The first subsection investigates the effects of nonlinear stiffness tensor order, the effects of triple mode coupling, and

the effect of different correction vectors (expansion and modal derivative vectors) on the accuracy of the reduced order models

by using implicit condensation method. The second subsection shows the effects of modal derivatives in the reduction basis20

for static and dynamic load cases. The second and third examples are the DTU10MW and the IEA10MW turbine blades under

11m/s steady wind load, respectively.

HAWC2 models are used as high fidelity models, and all ROMs are generated by HAWC2 results. The residual plots show

the total residual in translation and torsion directions. The residual is calculated by,

res=

nn∑
i=1

‖uH2
i −uROM

i ‖2 (25)25

where uH2
i and uROM

i are node i displacement result computed by HAWC2 and ROM, respectively, and nn is the number of

nodes in HAWC2 model.
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3.1 Symmetric beam

The first example is a symmetric cantilever beam with different static and dynamic load cases. Figure 3 shows the beam length,

its cross-section and material properties. HAWC2 model has 10 beam elements, as shown in the figure. The nodal loads in x−
and y−direction are represented by Fx and Fy , and nodal torsion moment is shown by Mz .

Figure 3. The straight, symmetric cantilever beam with the root coordinate system, beam length, cross-section dimensions and material

properties (Gözcü and Dou, 2020).

3.1.1 Implicit condensation method5

The beam reduced order models are generated by the ICE method. Expansion modes and modal derivative vectors are used in

the physical displacement computation to capture the secondary effects such as axial displacements and torsional motions. The

displacements are computed as

uICE

E (x,t)≈ΦB(x)qB(t) + ΦE(x)qE(qB)

uICE

MD (x,t)≈ΦB(x)qB(t) + ΦMD(x)qMD(qB)
(26)

where ΦE and ΦMD contain expansion mode vectors and modal derivative vectors, respectively. The reduction basis includes10

only the vectors of ΦB(x). ROM solution gives qB(t) for each time step. The expansion vector amplitudes qE(qB) are com-

puted as given in equation (21), and the modal derivative amplitudes qMD are computed by

qMD,ij =
1

2
qB,iqB,j (27)

where qMD,ij is the modal amplitude for the derivative of ith mode shape vector with respect to the jth modal amplitude, and

the modal amplitudes of bending mode i and j are represented by qB,i and qB,j , respectively.15

The order of internal force vector is investigated for one bending mode under x−direction force (Fx) with magnitudes from

25 N to 150 N with load step of 25 N. The internal force vector is computed by using

f̂ int =
n∑
1

Kiqi (28)

where n= 3, . . . ,7, Ki is stiffness tensor with order of i, and qi is the modal amplitude with power of i. Figure 4 shows

the residuals in x− and axial-directions for the internal force vectors with different stiffness tensor orders. The x−axis of20

the plots show the tip transverse displacements in terms of percentage of beam span length, and y−axis shows the total x−
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and z−direction displacement residuals. Even order numbers (4 and 6) are not shown in the figure since the even order terms

define the softening effects, and they are zero for a symmetric structure. As the displacements increase, the difference between
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Figure 4. Bending (x−direction) and axial (z−direction) displacement residuals for the beam model with different stiffness matrix orders

for linear and nonlinear models. The nonlinear models use expansion (E) and modal derivative vectors (MD). The load Fx varies between 25

N to 150N with load step of 25.

linear and nonlinear ROMs residual widens. There is no significant difference between the nonlinear models with different

order of terms in internal force vector. Both The MD and expansion vectors capture x−direction and axial displacements very

accurately compared to the linear model. There is no axial displacement in the linear ROM due to the linear assumption. The5

cubic stiffness approximation is sufficient in the nonlinear ROMs, and higher order terms than cubic order have no significant

effect on the residuals.

The triple mode coupling effects are generally neglected in the force based methods (McEwan et al., 2001; Nash, 1977;

Hollkamp et al., 2005b) since including them increases the ROM computation cost significantly. Therefore, their effects

are also investigated for the cantilever beam example. The first four bending mode shape vectors (two x−direction and two10

y−direction bending modes) are included in the reduction basis. The static load on the structure has two components in x−
and y−directions. The x−direction load Fx has magnitudes starting from 25 N to 150 N with load step of 25 N and Fy is

constant with 132.44 N magnitude. The residual results for different mode couplings are shown in figure 5.

The triple mode coupling effects are quite small for this example, and they are neglected in this study as done in other

studies. MD vectors capture axial displacements better than the expansion vectors. Although there is no torsion moment, the15

coupling between x− and y−direction displacements causes torsional deflections, and expansion mode vectors capture the

torsional motions better than the MD vectors. The linear model has again zero axial displacement and torsion deflection due to

the linearity assumption. Table 2 shows the torsion values at the tip node for HAWC2 and nonlinear ROMs with/without triple

mode couplings. The torsional motion is specifically important for wind turbine blade models used in the turbine load analysis

since it alters the angle of attack and aerodynamic loads. The torsion results show that the nonlinear ROMs can capture the tip20

torsion of the beam due to the coupling between x− and y−direction deflections with less than 0.13o error.
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Figure 5. Displacement and torsion residuals of the linear and nonlinear ROMs with (-3 mode) and without (-2 mode) triple couplings. The

MDs (MD-2, MD-3) and expansion (E-2, E-3) vectors are used as corrector vectors.

Table 2. The beam HAWC2 and nonlinear ROM tip torsion [deg] results for triple mode coupling effect load case.

Fy Fx HAWC2 MD-2 mode E-2 mode MD-3 mode E-3 mode

[N ] [N ] [deg] [deg] [deg] [deg] [deg]

132.4 25 0.38 0.34 0.37 0.34 0.37

132.4 50 0.75 0.68 0.70 0.68 0.74

132.4 75 1.11 1.01 1.10 1.01 1.10

132.4 100 1.44 1.34 1.46 1.34 1.45

132.4 125 1.75 1.67 1.81 1.67 1.80

132.4 150 2.03 1.98 2.16 2.00 2.15

The load case used to evaluate the effects of triple mode coupling is also used to investigate the effects of correction vectors

on the accuracy of axial displacement and torsion deflection. The load case which results in transverse displacement with

20% of the beam span, has 100 N constant Fx load and 132.44 N constant Fy load. Figure 6 shows the axial and torsional

residuals with different number of correction vectors. The triple mode couplings are neglected and modal derivatives (MD-2)
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and expansion (E-2) modes are used to capture secondary effects. The static load has 100 N Fx and 132.44 N Fy . The x−axis

shows the number of correction vectors used to compute physical displacements, and y−axis shows the total axial displacement

and torsion deflection residuals.
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Figure 6. Axial (z-) displacement and torsion residuals for the beam model with different number of expansion and modal derivative (MD)

vectors.

The cantilever beam results showed that cubic stiffness tensor has good accuracy compared to the higher order stiffness

tensors, the effects of triple mode coupling is insignificant, and MD and expansion vectors have similar effects for the cantilever5

beam example. The MD vectors are slightly better to estimate displacements than the expansion vectors. On the other hand the

expansion vectors give slightly better estimation for torsional deflections than MD vectors. Figure 7 shows the first two vectors

of modal derivatives and expansion modes for the beam example. The first expansion vector (E-1) is computed by using the

first bending mode amplitude, and it has similar effects with the derivative of the first mode with respect to its own amplitude

(MD− ∂φ1/∂q1). The second expansion vector (E-2) is computed by using the first and second mode amplitudes, and it has10

a torsion effect similar to the second modal derivative vector (MD− ∂φ1/∂q2). The axial displacement effects are captured

by the first expansion or modal derivative vector, whereas the torsion effects are captured by the second expansion or modal

derivative vector. The vector amplitudes in the figure were chosen very large to make the effects clear.

3.1.2 Reduction basis with modal derivatives

The proposed method with a reduction basis, including linear modes and modal derivative vectors, is tested against linear15

ROMs and nonlinear ROM generated by implicit condensation (ICE) method. The nonlinear ROM generated by ICE uses

expansion modes to capture secondary effects. The linear ROMs have two different reduction bases, one of the basis consists

of 4 linear bending mode shape vectors, and the other one consists of 4 linear bending mode vectors together with first 4 modal

derivative vectors. Two static load case and one dynamic load case are used to see the effects of modal derivative vectors in the

reduction basis.20
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Figure 7. The first two vectors of modal derivatives (MD−∂φ1/∂q1, MD−∂φ1/∂q2) and expansion modes (E-1, E-2) for the cantilever

symmetric beam model.

The first static load case has 132.44 N constant Fy and different Fx load amplitudes starting from 25 N to 150 N with a

25 N load step. Figure 8 shows the total axial displacement and torsion residual results of the load case for linear ROMs and

nonlinear ROMs. The x−axis of the plots show the transverse tip displacement in terms of the percentage of the beam span

length. Two linear (L-4 and L-8) and two nonlinear (MD-8 and ICE) results are plotted in the figure. The difference between

L-4 and L-8 is the reduction basis. There are four bending mode shape vectors in the reduction basis of L-4. The reduction5

basis of L-8 includes the first four modal derivative vectors and four bending mode shape vectors. The reduction basis of ICE

is the same as the reduction basis of L-4, and MD-8 has the same reduction basis as L-8. The implicit condensation method is

used with the first four expansion vectors in the ICE model.

The linear models cannot capture any axial displacement and torsional deflections due to the linearity assumption. The

residual results of the linear models overlap with each other. The nonlinear ROMs (MD-8 and ICE) residuals are very small10

compared to the linear ROMs (L-4 and L-8) up to the transverse displacement of 28% span length. When the first four modal

derivative vectors are included in the reduction basis as done in the MD-8 model, the axial displacement accuracy becomes

slightly better than the ICE model. Both nonlinear ROMs have very similar results for torsional deflections.

In the second static example, the load has the same Fx and Fy loads as the previous example, and it also includes a torsion

moment Mz with 25 Nm magnitude at each node. The purpose of this test is to see the effect of the torsion vector in the15
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Figure 8. Cantilever beam total axial displacement and torsion rotation residual results for linear ROMs and nonlinear ROMS. The linear

L-4 model uses a reduction basis same as the ICE model, and the reduction basis of L-8 is same as the MD-8 model.

reduction basis (see the second modal derivative vector in figure 7) for a load case with torsion moment. Figure 9 shows the

axial and torsional residual results of the load case for the linear and nonlinear ROMs in a similar way to the figure 8.
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Figure 9. Cantilever beam total axial displacement and torsion rotation residual results for linear and nonlinear ROMS. The applied load has

torsion component Mz together with Fx and Fy .

The axial residual plot is very similar to the results of the load case without torsion. The linear ROMs have the same residual

values in the axial direction, and the MD-8 model has slightly better axial results than the ICE model again. The difference

occurs in the torsion results where a shift between the models with different reduction basis can be seen. The reduction basis,5

including only the bending mode shapes (L-4 and ICE), causes larger residuals than the basis, including bending mode shapes

and modal derivative vectors in case there is a torsion moment. The reason is that the effect of the torsional moment cannot be

captured by the bending mode shapes. In contrast, two of the first four modal derivative vectors are in torsion direction, and

they allow the ROMs L-8 and MD-8 to respond to the torsion moments.
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The dynamic load consist of 100 N constant Fx load, 25 Nm constantMz and time varying Fy with the magnitude of 132.44

N and 0.1667 Hz frequency. Figure 10 shows the axial and torsional residuals over time. The x− and y−axis of the plots are

same as the axes in figure 9.
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Figure 10. Cantilever beam axial and torsional residuals of the linear and nonlinear ROMs over time. The load case has a time varying Fy

with 0.1667 Hz frequency.

The linear models have the same results for axial displacement; however, L-8 has lower residuals over time than L-4.

Although both of the nonlinear ROMs have small axial residuals, ICE has larger residuals than MD-8 due to the lack of a5

torsion vector in its reduction basis. The maximum beam tip displacement in x-, y- and z-direction reaches up to 1.93, 0.7 and

−0.2 meters, respectively, in HAWC2 analysis. The maximum tip torsion deflection is 2.52o.

3.2 Wind turbine blades

DTU10MW (Bak et al., 2013) and IEA10MW (Bortolotti et al., 2019) turbine blades are used to test nonlinear ROMs under

dynamic loads computed for 11m/s steady wind case in HAWC2. The purpose of the test is to see the accuracy of the nonlinear10

ROMs under directions. Hence, the axial loads are not included in the force vector, which causes geometric stiffening effects.

The blades are modelled by 30 elements and 30 sub-bodies in HAWC2. The general properties of the blades are given in

table 3. Although both blades were designed for 10MW wind turbines, the IEA10MW blade is longer, more flexible than the

DTU10MW blade. Hence, the IEA blade needs a larger prebend to keep the tower clearance.

The results are plotted for total displacement and torsion deflection residuals over time for different ROMs. The tip axial15

displacement results and the torsion deflection results around 75% of the blade span are also shown. The 75% of blade span is

chosen since it was used to check aeroelastic stability of wind turbine (Pirrung et al., 2014) and gas turbine blades (Eick and

Liu, 1998) in some aeroelastic studies. The results are given for three linear and three nonlinear ROMs. The models represented

by L-4, L-8, ICE and MD-8 are similar to the results given in section 3.1.2. The linear model L-4 and nonlinear model ICE

has the first four bending mode shape vectors on their reduction basis. The reduction basis of L-8 and MD-8 is the same, and it20

includes the first four bending mode shape vectors together with the first four modal derivative vectors. There are also results
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Table 3. General properties of the DTU10MW and the IEA10MW blades

DTU10MW IEA10MW

Blade Length [m] 86.4 96.2

Blade Mass [kg] 41,722 47,742

Prebend at the Tip [m] 3.3 6.2

1st Flapwise frequency [Hz] 0.613 0.427

1st Edgewise frequency [Hz] 0.933 0.688

for a reduction basis consisting of 4 bending mode shape vectors and 10 modal derivative vectors (L-14 and MD-14) to see

their effects on the torsional deflections, especially. Ten expansion vectors are used to compute physical displacements in all

ICE results for the blade models.

3.2.1 DTU10MW turbine blade

Figure 11 shows the total displacement and torsion residual results for different ROMs. The linear ROMs L-4, L-8 and L-145

have similar results for the displacements. The effect of torsion vectors in L-8 and L-14 is apparent in the torsion results where

L-14 has the best results among the linear ROMs, and L-8 is better than L-4. The nonlinear ROMs have very good displacement

and torsion results compared to the linear models. The difference between linear and nonlinear models is around 4.5 meters in

total displacement error along the blade, and the linear residual is mainly due to the axial displacement errors. Although the L-8

model has better torsion results similar to the dynamic beam results, MD-8 has higher residuals than ICE, unlike the dynamic10

beam results. As more MD vectors are added to the reduction basis, the torsion results are improved, as seen in MD-14 and L-

14 ROMs. The maximum tip displacement is about 9.6% of the blade span with more than 8.15 meters flapwise displacement,

and the tip torsion reaches up to −1.06o in the 11m/s steady wind loads.
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Figure 11. DTU10MW total displacement [m] and torsion deflection [deg] residual over time for linear and nonlinear ROMs.
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Figure 12 shows the axial tip displacements and torsional deflections at 76% span of the blade for different ROMs and

HAWC2. The linear ROMs have similar results for axial displacements and estimates about 0.5 meters higher blade length

than HAWC2 and nonlinear ROMs. The error of nonlinear ROMs in axial tip displacement is very small, and all four lines

representing HAWC2, ICE, MD-8 and MD-14 are on top of each other. However, all lines in the 76% span torsion plot are

separated from each other and distinguishable. One important difference between linear and nonlinear ROMs is that the linear5

ROMs have different phase than nonlinear ROMs and HAWC2. Again as the number of modes increases in the linear models,

the linear ROM results get closer to the HAWC2 results. On the other hand, this is not the case for nonlinear ROMs, and ICE

results are better than MD-8 results. MD-14 torsion results are the best, and its maximum error is about 0.1o, whereas ICE

and MD-8 have 0.3o and 0.35o, respectively. The maximum torsion error of L-4, L-8 and L-14 are 0.65o, 0.56o and 0.37o,

respectively. Although nonlinear ROMs have slightly better results than linear ROMs in the flapwise and edgewise directions,10

all ROM results can be considered as very close to the HAWC2 results.
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Figure 12. DTU10MW blade axial tip displacement and torsion deflection at 76% span computed by HAWC2 and ROMs.

3.2.2 IEA10MW turbine blade

Figure 13 shows the total displacement and torsion residual results for different ROMs. The displacement residual results look

similar to the DTU blade results. The linear ROMs have very large errors, and they are on top of each other. The nonlinear

ROMs have about 10 times lower residuals than the linear ROMs. The MD-14 model has the highest residuals among the15

nonlinear ROMs, and the MD-8 model has the lowest residual. But the difference between the nonlinear ROMs for displacement

residuals are very small. The linear ROMs displacement residuals are more than double of the DTU linear ROMs. The torsion

results look different than the DTU blade torsion results, and IEA linear ROMs and MD-8 have larger residual values than

DTU blade for torsion residual results. The linear ROM L-14 has the best results among the linear ROMs for torsion results,

and the other two linear ROMs L-4 and L-8 have very similar torsion results. Although the MD-8 results do not look better20

than linear ROMs, MD-14 and ICE results are much better than the linear ROM results. The maximum tip displacement is
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about 16.4% of the blade span with more than 15.78 meters flapwise displacement, and the tip torsional motion reaches up to

−2.3o.
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Figure 13. IEA10MW total displacement [m] and torsion deflection [deg] residual over time for linear and nonlinear ROMs.

Figure 14 shows the axial tip displacements and torsional deflections at 77% span of the blade for different ROMs and

HAWC2. The linear ROMs have similar results for axial displacements and estimate more than 2.3 meters larger blade length

than HAWC2. The errors of nonlinear ROMs obtained by ICE and MD-8 in axial tip displacement are very small, whereas the5

MD-14 axial tip displacement error can reach up to 0.26 meters. On the other hand, the 77% span torsion results of MD-14

is the most accurate among all ROMs. The difference between ICE and MD-8 is larger in the IEA blade than the DTU blade.

The maximum torsion error for ICE, MD-8 and MD-14 ROMs are 0.37o, 0.87o and 0.30o, respectively. The linear ROMs have

more than 1o maximum torsion error. All linear ROMs have different phase than HAWC2 and nonlinear ROMs. The maximum

error of linear ROMs are larger than 1o. The maximum flapwise and edgewise displacements at the blade tip are 15.8 and10

1.85 meters, respectively. The maximum flapwise errors of ICE, MD-8 and MD-14 are 0.15, 0.1 and 0.2 meters, respectively,

whereas the linear ROMs have more than 0.26 meters of maximum flapwise errors. The maximum edgewise errors of nonlinear

ROMs are less than 0.06 meters, whereas the linear ROMs have more than 0.17 meters maximum edgewise errors.

3.3 Discussion

The symmetric beam tests with static loads show that the cubic nonlinearity is good enough to capture hardening effects on15

the beam. The effect of triple mode coupling is also investigated, and its effect is negligible for the beam example. Hence

the tripe mode coupling terms are assumed zero in the study. Since the load based approach is used to compute the nonlinear

stiffness terms, the instability issues due to the displacement based method observed in (Kim et al., 2009; Wang et al., 2013)

are avoided. The expansion vectors and modal derivative vectors are similar, and they improve the accuracy of displacement

results when used by implicit condensation (ICE) method. However, the lack of torsion vectors on the reduction basis can be a20

problem for ICE method. The proposed method, which uses modal derivative vectors in the reduction basis, has more accurate
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Figure 14. IEA10MW blade axial tip displacement and torsion deflection at 77% span computed by HAWC2 and ROMs.

results than ICE method for beam example with the load case, including torsion moments. The dynamic beam results show

that even the first four modal derivative vectors and expansion vectors are enough to have accurate results.

The reference wind turbines DTU10MW and IEA10MW blades are also used to evaluate the accuracy of nonlinear ROMs.

The nonlinear ROMs are quite accurate to capture axial displacements. However, the reduction basis with only four modal

derivatives is not as accurate as ICE model for the blade models. When all modal derivatives are included in the reduction5

basis, the torsion accuracy can be increased at a small cost of displacement accuracy. Another interesting observation of the

blade examples is that the difference between L-4 and L-8 in torsion results is very small, and ICE torsion results are better

than MD-8. This can be due to the fact that the driving effect for torsion motion is the coupling between torsion and edgewise

deflection rather than the torsion moment. The torsion and edgewise coupling due to the prebend is also the reason for the

phase difference between linear ROMs and HAWC2. The coupling due to the prebend in linear models does not change by10

deflections; however, the coupling in HAWC2 and nonlinear ROMs changes its magnitude and even its sign by deflection.

Hence, HAWC2 and linear ROMs have a phase difference. Although both blades belong to 10MW turbines, their flexibility

and prebend are very different. The ICE blade has much larger deflections than the DTU blade, and its axial and torsional

results computed by ROMs are less accurate than the DTU blade.

When the number of vectors in a reduction basis is increased, the required central processing unit (CPU) time for the15

analysis also grows up. Table 4 shows the speed-up ratio of ROMs used in dynamic analysis of the beam, DTU10MW blade,

and IEA10MW blade. The beam HAWC2 model has 60 independent DoFs and its MD-8 ROM has 8 DoFs. On the other hand

blade HAWC2 models have 180 independent DoFs whereas their MD-14 ROMs have 14 DoFs. As the difference between the

number of DoFs in HAWC2 model and ROMs increases, the speed-up ratio also goes up. Therefore, the blade models have

larger speed-up values than the beam example. The linear models are the fastest, and MD-14 is the slowest. The MD-14 models20

still require 11 times less CPU time than the original HAWC2 models.

One should remember that HAWC2 sub-body modelling is able to capture geometric nonlinearities, not other types of

nonlinearities, and it uses prismatic elements in the bodies. The ROMs do not include geometric stiffening effects due to axial
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Table 4. CPU speed-up ratio results for the linear and nonlinear ROMs compare to HAWC2. The results are shown for the dynamic load

cases of three test structures.

Model L-4 L-8 L-14 ICE MD-8 MD-14

name speed-up speed-up speed-up speed-up speed-up speed-up

Beam 81.86 77.11 – 6.13 4.01 –

DTU10MW 274.98 252.61 199.40 21.81 18.66 11.55

IEA10MW 277.56 251.29 200.40 21.04 18.76 11.89

loads. Hence no axial load is applied to the structures in this study. The example structures and load cases do not cover all wind

turbine designs and all design load cases. The turbine design load cases include many different wind conditions and failure

scenarios. Some load cases can result in much larger deflections than the steady wind load cases used in this study. Another

important point is that each blade has a different design even the blades are designed for similar turbine size.

4 Conclusions5

A non-intrusive reduced order model method obtained by using modal derivative vectors in the reduction basis is proposed

for cantilever structures and tested against implicit condensation method with expansion vectors. The force based methods

used in this study work well for cantilever structures since it naturally captures the nonlinear effects without any constraint in

kinematics like in a displacement based method. The order of stiffness tensor to capture hardening effects is investigated. THe

cubic function as proposed in the literature is found good enough for the cantilever beam model. The effects of triple mode10

coupling is also investigated for the cantilever beam model and their effects is found negligible. The modal derivative vectors

are similar to the expansion vectors and they can be computed before the nonlinear stiffness terms are computed. Hence, they

are included in the reduction basis and ROMs generated by using the new method are tested against the ROMs generated by

the linear and the implicit condensation expansion (ICE) method in terms of accuracy and speed-up.

Three test structures are used in the study, including a symmetric beam, the DTU10MW and the IEA10MW blades. The15

results show that proposed method and ICE method works very well for the displacement results even for the DTU10MW and

the IEA10MW turbine models, which are prebended and twisted slender structures. The turbine blade loads are computed for

11m/s steady wind in HAWC2. The maximum axial displacements errors of nonlinear ROMs are almost 10 times smaller

than the linear ROMs for the IEA blade. The torsion responses of linear ROMs at the blade tip regions are out of phase with

HAWC2 due to prebend effect, whereas all nonlinear ROMs have the same phase with HAWC2 model. The torsion error of20

nonlinear ROMs can be 3 times smaller than the linear ROMs for the IEA blade. The accuracy of the proposed method can

be increased by including more modal derivatives in the reduction basis. Although, the nonlinear ROMs are slower than linear

ROMs in terms of CPU time, their accuracy is much higher than the linear ROMs. The slowest nonlinear ROM (MD-14) is still

11 times faster than HAWC2 yet still have very small errors in displacement and the best torsion results among the all ROMs.

As the blade flexibility and prebend increase, the difference between linear and nonlinear ROM error also widens.25
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The nonlinear ROMs work quite accurate for bending loads and torsion moment for the test structures and load cases. The

next step is to include the geometric stiffening effects due to axial loads in the nonlinear ROMs since it is very important

for rotating turbine blades. Then, HAWC2 will be modified in such a way that it can use blade ROMs in the load analysis.

Therefore, the effects of linear and nonlinear blade ROMs on the wind turbine loads and CPU time can be investigated.
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