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Abstract

Thermal stress is an important design factor that will influence structural responses and cause lo-
cal warping deformations. In this paper, such temperature variation effect is considered in the
structural optimization and the shape preserving design approach is extended into thermo-elastic
problems to prevent local thermal damages. Based on the weak-coupled thermo-elastic system,
nonlinear structural responses at large thermo-mechanical loads are accurately analyzed. The
complementary elastic work is minimized to obtain a reasonable rigid structure. Corresponding
integrated deformation energy is utilized to calculate the warping deformation accumulated in the
incremental thermo-mechanical loading process. Shape preserving effect is then achieved by an
additional constraint on the local deformation energy. Through the adjoint method, sensitivity
analysis is derived in the coupled field with design-dependent heat conduction and geometrical
nonlinearity. In the numerical implementation, an energy interpolation scheme is applied to cir-
cumvent numerical instability in low stiffness regions and further modified for multi-material de-
sign. Optimization results show that local distortions in thermo-elastic structures are effectively
eliminated by the proposed shape preserving design approach.

Keywords: Shape preserving design, Geometrically non-linear topology optimization,
Thermo-elastic problem, Integrated deformation energy

1. Introduction

Structural design using topology optimization is experiencing great popularity in recent years [1–
3]. Especially in the aerospace industry, the topology optimization method shows its innovative
and valuable applicability for weight savings and performance improvements [4–6]. In the struc-
tural design of hypersonic flight, the aircraft is subjected to aerodynamical heating caused by the
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boundary layer friction. This process generates heat and consequently, all external surfaces on
the aircraft are heated. This, in turn, leads to non-uniform temperature distributions that produce
thermal stresses and deformations. Likewise, spacecraft structures are subjected to aerodynamical
heating during launch and reentry phases, in addition to intensive solar radiation while operating
in space. Thus, in such practical engineering design of thermo-elastic structures, thermal issues
are significant and local functional components must be prevented from thermal damages, as il-
lustrated in Figure 1.

The thermal effect on the topology design was introduced and investigated by Rodrigues and
Fernandes [7] for the first time. Since then, lots of relevant researches and developments have been
made. Existing literature considering thermal influences in topology optimization can be divided
into several categories as follows.

• One is to take the thermal force into account. A linear thermal force is defined with a
temperature change. Combined with the mechanical force, the mean compliance is assigned
as the objective function to take care of both the static or dynamic stiffness and thermal
loading effect. This can be seen as a stiffness design, such as Refs. [8–10] in linear statics
and Refs. [11, 12] in dynamics.

• Another one is to focus on the thermal stress effect. Thermally induced stress is limited and
stress-constrained large-scale problems are resolved with computationally efficient design
methods. In these frameworks, the min-max stress is set as the objective function or the max
stress is constrained with a minimum volume. This can be seen as a strength design, such
as Refs [13–15]. In the work of Deng and Suresh [16] and Wu et al. [17], the thermal stress
influence on the structural buckling performance is further studied.

• The last one is a compliant mechanism design, such as Refs [18–21]. As broadly applied in
Micro-Electro Mechanical Systems (MEMS), advanced structures and actuators involving
multiple physics and multiple materials are performed using topology optimization.

From an overview of the research work mentioned above, two key points should be noted.

• Firstly, in most cases, geometrically nonlinear effects are neglected for simplification in anal-
ysis and design optimization. However, in practical designs with increasing requirements,
the nonlinearity cannot be neglected. Deaton and Grandhi [22] investigates the thermo-
elastic response of characteristic aerospace structures by comparison of linear and nonlinear
analysis results. Results indicate that geometrical nonlinearity manifests as stress stiffen-
ing behavior and deformation-dependent load contributions. Hence, nonlinearity plays a
significant factor in properly predicting the structural response in an elevated temperature
environment. Also in the design of compliant actuator, Sigmund [18] proves that the use of
geometrically nonlinear modeling is extremely important when buckling parts appear.

• Secondly, as mostly exists, the temperature field is assumed to be a uniform distribution.
The varying temperature distribution or design-dependent thermal condition is seldom con-
sidered, except in Refs [18, 19] and [23, 24]. The thermo-elastic design with a constant
temperature change is relatively simple in academic research but has many limitations for

2



engineering problems. Variant coupling parts between the mechanical load and the ther-
mal load cause difficulties in acquiring converged solutions and fine results. Thus to reduce
complexity, one possibility is suggested in [7] to model the problem as a multi-load prob-
lem [25] where the thermal load will be just one of the different load cases. As presented
in [10, 26], purely mechanical and thermal loads are considered as two separate load cases.
The objective function is the minimum compliance in the pure mechanical load case and the
performance in the thermal environment is constrained.

In this work, a thermo-elastic coupling problem with the geometrical nonlinear analysis is
considered to ensure structural functionality. The thermal field is a design-dependent temperature
result of steady-state heat conduction. Furthermore, a shape preserving design [26–28] of thermo-
elastic structures is considered to eliminate local warping deformation caused by the thermal stress
and then to maintain the normal operation. Until now, shape preserving design has only been
developed in pure mechanical situations. As earlier stated, it is more critical to remove the thermal
damage in local regions considering temperature effects. The extension of thermo-elastic structural
design is important and nontrivial for practical thermal issues.

The remainder of this paper is organized as follows. Section 2 describes the nonlinear anal-
ysis of the thermo-elastic structures considering geometrical nonlinearity. Section 3 presents the
definition of the thermo-elastic shape preserving problem. Section 4 introduces the numerical
implementations of the design and optimization methods along with the sensitivity analysis. Sec-
tion 5 presents examples to verify the effectiveness. Conclusions are drawn in Section 6.
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Figure 1: The SpaceX’s spacecraft Dragon capsule with a heat shield to withstand extremely high reentry temperatures
(picture source from [29])

2. Formulations of the thermo-elastic problem

In this section, basic formulations of the finite element model considering nonlinear thermo-
elasticity are briefly presented. The total Lagrangian approach is employed for the discretized
finite element analysis of the static equilibrium. A hyperelastic material model modified with
an energy interpolation scheme is further utilized to establish the constitutive relation. For more
details, the readers are referred to standard textbooks on finite element methods and continuum
mechanics, e.g. Refs. [30–34].
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2.1. Non-linear finite element analysis of the thermo-elastic structure
In the present work, a geometrically non-linear thermo-elastic problem is considered. To this

end, the total Lagrangian finite element formulation is applied to derive the kinematics of the
thermo-elastic deformation.

Under a thermo-mechanical loading, the initial position of a material particle denoted as X is
assumed to be mapped to the current one denoted as x after a deformation displacement u with
x = X + u. The relation from the undeformed configuration, S0, to the deformed one, S, can be
addressed by a total deformation gradient tensor F = ∂x/∂X.

Then, the total Green-Lagrange strain for large displacements is given in tensor form as

E =
1
2

(
FT
· F − I

)
, (1)

where I is the identity tensor and the superscript T indicates the transpose. For thermally isotropic
materials, the elastic or mechanical strain can be derived as [18, 35]

Em = E − α(T − T0)I , (2)

where T and T0 are the current temperature and reference one for the coefficient of thermal expan-
sion α (CTE), respectively. In this paper, the reference temperature is set as T0 = 273.15 K = 0 ◦C,
and CTE is restricted to a constant in the temperature range of interest (below 500 ◦C) [18]. There-
fore, it is assumed that a thermal strain part is a linear form of the temperature while the mechanical
one is still nonlinear and dependent on the displacement and temperature.

The separation method of thermal and mechanical strains in Eq. (2) is simple to implement
and well adopted in solving thermo-elastic problems undergoing large deformations and small
strains [18, 35]. It is an approximation that is only valid in small thermal strains. For a more
general and precise analysis method in nonlinear thermo-elasticity considering both material non-
linearity (large thermal strains) and geometrical nonlinearity (large mechanical displacements),
readers are suggested to a multiplicative decomposition method [36–40].

The second Piola–Kirchhoff stress tensor Sm, which is the work conjugate of Em, is computed
as

Sm =
∂φ(Em)
∂Em , (3)

where φ denotes a strain energy density function that describes the material behavior. A specific
material model will be chosen in the next section.

Using a standard finite element discretization, the discretized nonlinear thermo-elastic system
can be governed by two finite element equations such that{

rth = Q − KthT = 0 , (4a)
rm = f ext − f int = 0 , (4b)

where rth and rm are the residual vectors of the structural equilibriums for thermal and mechanical
analyses, respectively. In Eq. (4a), Q is the external thermal load vector (e.g. heat flux), Kth

is the symmetric heat conductivity matrix, which is independent on the nodal temperature and
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displacement. T is the nodal temperature vector. The thermal field is assumed as a linear steady-
state heat conduction problem without heat convection or radiation. For nonlinear heat conduction
problems, where material properties are temperature-dependent, readers are suggested to Ref. [41].
In Eq. (4b), f ext is the external mechanical load vector and f int is the internal nodal force vector
given by

f int =
∑

e

∂
∫

Ωe
φ(u) dΩe

∂ue
, (5)

where ue is the nodal displacement vector of element e. All the external forces are assumed to
be design-independent. The linear equilibrium, Eq. (4a), can be directly solved and the nonlinear
equilibrium, Eq. (4b), is solved using the Newton-Raphson method with the iterative equation
given as

Ktan∆u = rm , (6)

where Ktan is the tangent stiffness matrix defined as

Ktan = −
∂rm

∂u
. (7)

In solving the above thermo-mechanical coupling problems, it is assumed that temperatures
will influence the mechanical behaviour while conversely, geometrical variations do not influence
conduction properties. In such weakly coupled thermal-structural analysis procedure, discrete
temperature distribution result is firstly obtained from heat conduction Eq. (4a) and then applied
to the structural model to determine its thermo-elastic response. For each temperature distribution,
a separate structural analysis of Eq. (4b) is performed based on the temperature. As discussed
in [22], this procedure is appropriate for the majority of applications and well adopted in most
analyses and designs for coupling problems (see e.g. [18–20, 42–44]).

Note that, during the incremental analysis of Eq. (4b), both of the external thermal and me-
chanical loads should be simultaneously loaded with the same incremental steps. In the case of
pure thermal loading, where a prescribed temperature T is uniformly distributed, only Eq. (4b) is
solved to determine the response of the structure.

2.2. Hyperelastic constitutive model of the thermo-elastic structure
To exactly describe the material behavior with finite-strain thermo-elasticity, constitutive equa-

tions are needed. Formulations and derivations in the previous section assumed an arbitrary elastic
material model. In the examples section, the isotropic Saint-Venant-Kirchhoff strain energy den-
sity function, as the simplest hyperelastic material formulation, is utilized to model the stress-strain
relation. For 2D problems, plane stress assumption is adopted. The stored elastic energy density in
the Saint-Venant-Kirchhoff model is solely determined as a function of the elastic strain Em [33].
It is given by

φH =
1
2
λ(tr Em)2 + µEm : Em , (8)

where λ and µ are the Lamé parameters. For simplicity, all the elastic material moduli including
Young’s modulus E and Poisson’s ratio ν are assumed to be temperature-independent. Formulas
of the relations among these parameters are given as λ = νE/(1 − ν2), µ = E/(2(1 + ν)).
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When modeling weak regions generated by a topology optimization process, ill-posedness
of the tangent stiffness matrix will arise from the geometrically nonlinear analysis and result in
non-convergence of the non-linear finite element solver [45–47]. Such numerical instabilities
are induced by excessive deformations in fictitious low stiffness elements. To solve such crucial
issues, the effective energy interpolation scheme proposed by Wang et al. [47] is implemented in
the hyperelastic model to further perform topology optimization. This energy interpolation form
for element e is expressed as

φ(ue) = φH(γeue) − φL(γeue) + φL(ue) , (9)

where ue is the elemental nodal displacement vector. φH(·) refers to the hyperelastic strain energy
density and φL(·) is the linear one under small deformation. The interpolation factor γe is defined
as a threshold using a smoothed Heaviside projection function stated as

γe =
tanh(β0ρ0) + tanh

(
β0(ρpm

e − ρ0)
)

tanh(β0ρ0) + tanh
(
β0(1 − ρ0)

) , (10)

where γe is 1 for the element with ρpm

e > ρ0 and 0 for ρpm

e < ρ0. ρpm

e is the elemental physical
density powered by the penalty (to be defined in Sec. 4.1) and indicates the element stiffness. The
control parameters in Eq. (10) are fixed to be ρ0 = 0.01 and β0 = 500 for all examples as suggested
in [47].

With the application of the energy interpolation method, the strain energy density in a solid or
intermediate density element corresponds to the nonlinear one, whereas the strain energy density
in a weak element simply corresponds to the linear one. As a special case of linearization, the
stored elastic strain energy density under small deformation is given as

φL =
1
2
εm : CL : εm , (11)

where CL is a rank four tensor whose components are linear elastic moduli. Followed by the
Duhamel-Neumann postulate of linear thermo-mechanics [37], the infinitesimal effective strain
tensor εm [37] is defined as

εm = ε − α(T − T0)I , (12)

where ε is the infinitesimal strain tensor. With the scheme (9) implemented in the strain energy
density function of Eq. (5), the nodal internal force vector of element e is further interpolated as

f int
e (Ee, γe) =

∂
∫

Ωe
φ(ue) dΩe

∂ue
= γe f int

eH − γ
2
e f int

eL + f int
eL = Ee f int

e0 (1, γe) , (13)

where f int
eH is the nonlinear elemental nodal force as a result of the nonlinear energy density and

f int
eL is similarly the linear one. f int

e0 is the internal force interpolation result with unit Young’s
modulus of element e. The elemental Young’s modulus Ee will further be interpolated for topology
optimization, which will be discussed in Sec. 4.1. Note that, in the interpolation polynomials of
Eq. (9) and Eq. (13), it is assumed that the Young’s modulus is separable from the energy function
and the strain energy depends linearly on the Young’s modulus.
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Potentially, it is straight forward to substitute the simple material model (8) used in this pa-
per with other more advanced hyperelastic material laws (e.g. neo-Hookean [48]), but this is not
expected to change the present optimization results in any significant way as discussed in [47].
Despite large deformations, strains in load carrying solid regions stay small. Hence, alternative
material models only influence algorithmic convergence in low stiffness elements and not struc-
tural performance.

3. Shape preserving design problem considering geometrically nonlinear thermo-elasticity

As illustrated in Figure 2, sub-regions are defined as shape preserving domains Ωs, where lo-
cal warping deformations under mechanical and heat loads are concerned. Based on the previous
work [28] in a pure mechanical loading case, the shape preserving design of thermo-elastic struc-
tures can be further developed by incorporating the thermo-elastic analysis as stated in Sec. 2.1
into the optimization system. As follows, the design functions and model used in this work are
expressed, specific instructions on the formulations considering thermo-elasticity are pointed out.
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Figure 2: Definition of shape preserving domains subject to heat and mechanical loads

3.1. Design functions
In design optimization considering linear thermo-elasticity, the structural mean compliance or

elastic strain energy is typically set as the objective function. The differences in the above two
functions and design effects are comparatively investigated in Refs. [49–51]. In the linear case, an
equivalent thermal force f th is defined and separable from the internal force f int.

However, as analyzed in Sec. 2, the thermal force is not available in the present nonlinear
thermo-elastic problem. Thus, the objective function of the present work is assigned as the com-
plementary elastic work, i.e.

Wc
Ω =

∫ f ext

0
(u( f ))T d f ≈ ∆ f T

 n−1∑
i=1

ui +
1
2

un

 , (14)

where n is the number of load increments, ∆ f is the increment size determined by ∆ f = f ext/n. un

is the final displacement vector from the incremental loading process and ui is the corresponding
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displacement vector at the i-th load increment. Using this goal, the optimization will result in a
stable and stiff structure, where the accumulated structural deformation is minimized within the
incremental history up to the given thermo-mechanical loads.

To measure the warpage of the shape preserving domain, the integrated deformation energy
function proposed by Li et al. [28] is implemented. The global and local deformation energies are
calculated as

ΦΩ =

∫
Ω

∫ un

0

(
∂φ(u)
∂u

)T

dudΩ =

∫ un

0

(
f int(u)

)T
du , (15)

ΦΩs =

∫
Ωs

∫ un

0

(
∂φH(u)
∂u

)T

dudΩs =

∫ un

0

(
f int
ΩsH(u)

)T
du , (16)

where the global deformation energy is calculated with the interpolated strain energy density and
the local deformation energy is based on the original hyperelastic one. Note that the integrated de-
formation energy is defined to calculate the stored energy during the whole loading process, which
has no relevance to the strain energy function. A refined criterion for the normalized warpage func-
tion is given as

Φ̂Ωs =
ΦΩs

EΩs

E1 , (17)

where EΩs is the Young’s modulus in the shape preserving domain and E1 is the Young’s modulus
of the base material in the general design domain. This criterion yields a stiffness independent
measure of the geometrical distortion, as discussed in [28].

Note that, the deformation energy considering thermo-elasticity is zero when the local domain
is freely expanded. Thus, the thermo-elastic shape preserving effect is a local stress-free design,
which prevents the local substructure from failure.

3.2. Design model
The optimization problem solved in this paper is written as

find ρ = (ρ1, ρ2, ..., ρne)
T , (18a)

min Wc
Ω(ρ) , (18b)

s.t. rth(ρ,T) = 0 , (18c)
rm(ρ,T,u) = 0 , (18d)
V(ρ) ≤ V∗ , (18e)

Φ̂Ωs(ρ)/VΩs

ΦΩ(ρ)/V∗
≤ εsp , (18f)

WcA
Ω (ρ) ≤ WcA

Ω

∗
, (18g)

0 ≤ ρe ≤ 1 e = 1, ..., ne . (18h)

Here, ρ is the design variable vector containing ne element–based design variables ρe in the design
domain. Wc

Ω
is the complementary elastic work of external forces in the total domain Ω. As dis-

cussed in Sec. 2.1, in the weakly coupled thermal and mechanical systems of Eqs. (18c) and (18e),
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the thermal problem is assumed independent on the displacement u. ΦΩ is the integrated de-
formation energy over the load history and Φ̂Ωs is the normalized one in the shape preserving
domain Ωs [28]. V and V∗ are the material volumes of the design domain and its prescribed upper
bound, respectively. VΩs is the volume of the shape preserving domain. εsp is the shape preserving
constraint value. WcA

Ω
and WcA

Ω

∗ are the structural complementary elastic work analyzed in an
additional load case and its upper bound, respectively, introduced to avoid isolation of the shape
preserving domain in specific cases [28]. For all the complex thermo-elastic problems consid-
ered in this paper, the isolation issue is not observed and hence the additional constraint function
Eq. (18g) is inactive. For more detailed descriptions and discussions on the shape preserving
design model, readers are referred to Refs. [26, 28].

4. Numerical implementations

4.1. Material interpolation scheme
4.1.1. Single material

Using a modified SIMP interpolation scheme [52], the Young’s modulus is related to the phys-
ical density of element e, ρe, in the following expression

Ee = E(ρe) = E0 + ρpm

e (E1 − E0) , (19)

where E1 is the Young’s modulus of the solid material in the design domain and E0 is the Young’s
modulus of void, which is non-zero to avoid the singularity of the tangent stiffness matrix (here
Evoid = 10−9Esolid). pm is the penalty factor used in the mechanical field. The elemental heat
conductivity is also interpolated by the above power-law approach as

Kth
e = Kth(ρe) = Kth

0 + ρpth

e (Kth
1 − Kth

0 ) , (20)

where pth is the penalty factor used in the thermal field and similarly the heat conductivity of void
is set as Kth

0 = 10−9Kth
1 .

In principle, the power values could take different ones for each physical property. However,
for simplicity both penalty factors are set as equal, normally pm = pth = 3 [18].

4.1.2. Multiple materials
As an extension, the introduction of multiple materials in the design domain may increase the

performance and functionality of the structure, which has been demonstrated for designs of multi-
physical actuators [19], thermo-elastic materials [53, 54] and for metamaterial structures [55–57].
Thus, to further promote the structural performance, as well as the shape preserving effect, the
material design space can be further extended into multiple material one.

Multiple materials composed of two solids and void are considered here. The three-phase
design is achieved by introducing two design variables per element, such as

find ρ = (ρ1, ρ2)T . (21)
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where design variable ρ1 determines whether there is material in the element or not and ρ2 deter-
mines the kind of material in the element. Based on the modified SIMP method, multi-material
interpolation scheme can be extended as

De = D(ρe) = D0 + ρ
pm

e1
[
ρ

pm

e2 (D1 − D0) + (1 − ρpm

e2 )(D2 − D0)
]
, (22)

where De is the elemental interpolated elastic matrix. D0 is the elastic matrix of void, D1 and D2 are
the elastic matrixes of solid material 1 and 2, respectively. For any isotropic material m , its elastic
matrix Dm under plane stress assumption is

Dm =
Em

1 − ν2
m

 1 νm 0
νm 1 0
0 0 1−νm

2

 , (23)

where Em and νm are the Young’s modulus and Poisson’s ratio, respectively. The design materials
in element e decided by the corresponding physical densities are depicted as

ρe1 = 1, ρe2 = 1 Solid material 1 in element e
ρe1 = 1, ρe2 = 0 Solid material 2 in element e
ρe1 = 0 Void material in element e

. (24)

In a similar way of using a simple artificial mixture assumption, the heat conductivity and
CTE in element e can be written as

Kth
e = Kth(ρe) = Kth

0 + ρ
pth

e1
[
ρ

pth

e2 (Kth
1 − Kth

0 ) + (1 − ρpth

e2 )(Kth
2 − Kth

0 )
]
, (25)

αe = α(ρe) = ρe2α1 + (1 − ρe2)α2 . (26)

It should be noted that the interpolation of CTE depends only on ρe2, i.e. the material type [53].
The material physical density (ρe1) does not change the CTE . Considering the energy interpolation
scheme (9) used in the geometrically nonlinear analysis, the interpolation factor γe for multi-
material design can be further modified as

γe =
tanh(β0ρ0) + tanh

(
β0(ρpm

e1 − ρ0)
)

tanh(β0ρ0) + tanh
(
β0(1 − ρ0)

) . (27)

Thus, the energy interpolation for multiple materials is determined only by the current material
stiffness other than the material type.

4.2. Projection filtering
To promote discrete final designs, the physical density is represented by a smoothed Heaviside

projection function based on the hyperbolic tangent function [52, 58], stated as

ρe =
tanh(βη) + tanh

(
β(ρ̃e − η)

)
tanh(βη) + tanh

(
β(1 − η)

) , (28)
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where ρ̃e is the filtered density of element e. β controls the sharpness of the projection and η is the
threshold value between 0 to 1. When β→ ∞, designs (ρe) are forced towards pure 0—1 solution.
The filtered density is calculated as

ρ̃e =

∑
k∈Ne

we(xk)vkρk∑
k∈Ne

we(xk)vk
, (29)

where xk are the center coordinates of element k. vk and ρk are the corresponding volume and
design variable value of element k, respectively. Ne is the neighborhood of element e within a
certain filter radius specified by Ne = {k| ‖xk − xe‖ ≤ r}, and we(xk) = r − ‖xk − xe‖.

In all examples in this paper, the radius r in the density filter and the threshold value η are set
to 3.5 times the average element size and 0.5, respectively.

4.3. Continuation strategy
Since the topology optimization problem is highly non-convex, design results may easily con-

verge to local optima. However, by using a continuation approach, the algorithm could pro-
duce consistent designs independent on starting guesses and ensure stable finite element conver-
gences [18, 45]. A continuation scheme proposed in [47] is applied to both penalization parameters
pm and pth. pm and pth are together raised in steps of 0.05 from 1.0 to 3.0, every 2 iterations when
pm < 2.0 and every 5 iterations when pm ≥ 2.0. To obtain a better 0–1 convergence, a continuation
scheme is also employed to increase β in Eq. (28) after pm = 3.0. β is set to 4 at first and updated
every 10 iterations to βmax = 128 using β = 2 × β.

During the continuation process of the penalty parameters, material interpolations of Eqs. (19)
and (20) in mechanical and thermal fields are not always feasible. Low penalty values (e.g. pth < 2)
could result in non-physical material data. As suggested in [18], the Hashin-Shtrikman bounds
should be satisfied for each of the physical properties. However, it is not always easy to find
the Hashin-Shtrikman bounds, especially for multi-physical and multi-material design problems.
Because the optimization will end with a near 0–1 topology, the final results will satisfy the bounds.
Essential for geometrically nonlinear problems, a smoothly converging optimization history is the
main focuse in the present research work. It should be mentioned that drawbacks in the absence
of physical meanings could change the intermediate optimization path, especially noted for multi-
material interpolations [19, 59, 60].

4.4. Sensitivity analysis
To solve the optimization problems (18), the sensitivities of the structural response to changes

in the design variables must be determined. Firstly, the efficient adjoint method is utilized for com-
puting the gradients of all structural functions F with respect to the elemental physical density ρe.
F is a summation function of Fi calculated at every load increment and in each incremental load
step, it is augmented with two adjoint vectors, i.e.

F =

n∑
i=1

[
Fi(ρ,Ti,ui) + (λth

i )
Trth

i (ρ,Ti) + (λm
i )Trm

i (ρ,Ti,ui)
]
, (30)
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where λth
i and λm

i are the adjoint variable vectors in the i-th incremental thermal and mechanical
load steps, respectively. rth

i and rm
i are the nodal residual force vectors in the thermal and me-

chanical fields, respectively. Ti and ui are the corresponding nodal temperature and displacement
vectors at the i-th converged solution, respectively.

Thus, all the derivations will also be summation results related to thermal and mechanical load
increments, i.e.

dF
dρe

=

n∑
i=1

[ (
∂Fi

∂ρe
+
∂Fi

∂Ti

∂Ti

∂ρe
+
∂Fi

∂ui

∂ui

∂ρe

)
+

(λth
i )

T
(
∂rth

i

∂ρe
+
∂rth

i

∂Ti

∂Ti

∂ρe

)
+ (λm

i )T
(
∂rm

i

∂ρe
+
∂rm

i

∂Ti

∂Ti

∂ρe
+
∂rm

i

∂ui

∂ui

∂ρe

) ]
=

n∑
i=1

[
∂Fi

∂ρe
+ (λth

i )
T∂rth

i

∂ρe
+ (λm

i )T∂rm
i

∂ρe
+(

∂Fi

∂Ti
− (λth

i )
TKth

i + (λm
i )T∂rm

i

∂Ti

)
∂Ti

∂ρe
+

(
∂Fi

∂ui
− (λm

i )TKtan
i

)
∂ui

∂ρe

]
,

(31)

where Kth
i is the linear heat conductivity matrix and Ktan

i is the symmetric tangent stiffness at the
i-th converged solution. To eliminate the unknown terms of ∂Ti/∂ρe and ∂ui/∂ρe, λth

i and λm
i are

chosen such that

Kth
i λ

th
i =

(
∂Fi(ρ,Ti,ui)

∂Ti

)T

+

(
∂rm

i (ρ,Ti,ui)
∂Ti

)T

λm
i , Ktan

i λ
m
i =

(
∂Fi(ρ,Ti,ui)

∂ui

)T

. (32)

By solving the above linear systems, the sensitivity of F with respect to the physical variable ρe is
expressed as

dF
dρe

=

n∑
i=1

[
∂Fi

∂ρe
+ (λth

i )
T∂rth

i

∂ρe
+ (λm

i )T∂rm
i

∂ρe

]
. (33)

Considering the energy interpolation scheme used in Eq. (13), ∂rm
i /∂ρe is further calculated as

∂rm
i

∂ρe
= −

(
∂ f int

i

∂ρe
+
∂ f int

i

∂γe

∂γe

∂ρe

)
, (34)

where f int
i is the internal nodal force vector in the i-th incremental load step.

Finally, the sensitivity of F with respect to the design variable ρe is calculated following the
chain rule , i.e.

dF
dρe

=
∑
k∈Ne

dFk

dρk

dρk

dρ̃k

dρ̃k

dρe
, (35)

where Fk is the elemental design function of element k. Based on the sensitivity analyses, the
structure is iteratively updated using the Method of Moving Asymptotes (MMA) [61].
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5. Examples

This section presents two numerical examples to demonstrate the effectiveness of the proposed
thermo-elastic shape preserving design method. In the first example, a long beam in a uniform
temperature field is considered to theoretically study the thermal influence on the design result with
geometrical nonlinearity. In the second example, a more realistic design problem of a sandwich
panel in a varying temperature field is solved, where the design-depended temperature distribution
adds more complexities to the analysis and optimization process.

Shape preserving design domains are considered as non-designable solid regions. The con-
straint value of the material volume in the design domain is set as 40 %. The optimization proce-
dure is implemented in a MATLAB platform. Numerical solutions are obtained using 10 equally
sized load increments. Newton-Rapson iteration is terminated when the maximum relative resid-
ual change is less than 10−8 and the number of Newton-Rapson iteration steps per load increment
is mostly below 6. The optimization loop is terminated when the maximum absolute difference be-
tween two consecutive designs (in terms of design variables) is less than 0.01. The external move
limit for updating the design variables in MMA is set as 0.05. CPU time per optimization iteration
is around 60 seconds. The starting design guess is a uniform density distribution satisfying the
volume constraint in the design domain.

For clear visualizations, only elements with the physical density larger than 0.5 are presented
in the design results. Due to the projection approach, very few elements with intermediate den-
sities remain in the optimized results anyway. All the deformed results are shown with a scaling
parameter of 1:1.

5.1. Double clamped beam with single material
As shown in Figure 3, a long beam with an aspect ratio of 5 is clamped at both ends and

subjected to an external force of f = 400 kN downwards at the midpoint of the upper edge.
Four rectangular shape preserving domains are located evenly along the centre of the beam. The
geometric dimensions of the structure are also shown in Figure 3. The global structure is uniformly
heated with a temperature variation ∆T . Accordingly, temperature-induced reaction forces will be
created at both ends.
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Figure 3: A double clamped beam embedded with four shape preserving domains

The beam structure is discretized using 8000 4-node plane elements with a thickness of 0.1
m. The material properties in the design domain is Young’s modulus E1 = 3 GPa, Poisson’s
ratio ν1 = 0.4 and CTE α1 = 20 × 10−6/◦C. The material property in the four shape preserving
domains is Esp = 0.1E1 = 0.3 GPa, νsp = ν = 0.4 and αsp = 15 × 10−6/◦C.
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To provide reference results to be compared with those obtained by considering thermo-elasticity,
pure mechanical problems minimizing the global complementary elastic work without and with
the shape preserving constraint are solved first without temperature change, i.e. ∆T = 0 ◦C. The
corresponding (deformed) optimized designs are shown in Figure 4. The optimized objective func-
tion and local normalized deformation energy are also stated. In the standard design result without
the shape preserving constraint, the objective function Wc

Ω
is optimized as 9.134 kJ, while the total

normalized warping energy Φ̂Ωs in the shape preserving domains is calculated as 7.459 kJ (cor-
responding to a relative warping measure of 302 %, cf. Eq. (18f)). The deformed configurations
(symmetric) of the shape preserving domains are compared to their original shapes indicated by
red lines. The normalized deformation energy distribution is also illustrated in the local deforma-
tion plots, which further illustrates the effect of the shape preserving measure. It is clearly shown
that the sub-domains are undergoing large warping deformations which result in distorted appear-
ances. Under the shape preserving constraint value of εsp = 30 %, the shape preserving design is
generated to largely eliminate such undesired deformations. The normalized deformation energy
in shape preserving domains is then suppressed to Φ̂Ωs = 0.795 kJ with a small increase of the
objective function.

εsp Structural deformation Local deformation

—

Wc
Ω

= 9.134 kJ, Φ̂Ωs = 7.459 kJ 0 15 30 45 60 75

Elemental deformation energy (J)

30 %

Wc
Ω

= 9.879 kJ, Φ̂Ωs = 0.795 kJ 0 15 30 45 60 75

Elemental deformation energy (J)

Figure 4: Comparison of design results with single material and a temperature change of ∆T = 0 ◦C

Now the structural thermo-elastic performance is examined here by introducing a uniform
temperature change. Both standard design and shape preserving design with different temperature
changes (∆T = 50, 100 ◦C) are conducted and corresponding results are compared in Figure 5
and 6, respectively. As illustrated in the shape preserving design results and in contrast to the pure
mechanical case, mechanically compressed members (especially the lower bars near the ends) ap-
peared when the temperature change increased. In the elevated temperature condition, contraction
stress was added to the compressive parts in the design domain and a stress relaxation was added
to the tension parts. Thus, the thermal effect on the structural deformation is manipulated through
optimization. Such thermal effect that counteracts the mechanical loading will be further indicated
by a multi-material design.

In the standard design results, the local warping deformation was aggravated as well as the
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temperature increased. Local thermal stresses were caused in the connected corners because of
different CTEs between the design material and the local one. However, in the shape preserving
design result as shown in Figure 6, the local warping deformation is suppressed efficiently by
adjusting the configurations according to the benefit of the thermal effect.

εsp Structural deformation Local deformation

—

Wc
Ω

= 8.874 kJ, Φ̂Ωs = 4.726 kJ 0 9 18 27 36 45

Elemental deformation energy (J)

30 %

Wc
Ω

= 10.046 kJ, Φ̂Ωs = 0.811 kJ 0 9 18 27 36 45

Elemental deformation energy (J)

Figure 5: Comparison of thermo-elastic design results with single material and a temperature change of ∆T = 50 ◦C

εsp Structural deformation Local deformation
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Wc
Ω

= 8.767 kJ, Φ̂Ωs = 5.188 kJ 0 10 20 30 40 50

Elemental deformation energy (J)

30 %

Wc
Ω

= 9.215 kJ, Φ̂Ωs = 0.801 kJ 0 10 20 30 40 50

Elemental deformation energy (J)

Figure 6: Comparison of thermo-elastic design results with single material and a temperature change of ∆T = 100 ◦C

To demonstrate the nonlinear thermal-mechanical coupling effect, standard topology optimiza-
tions for the temperature changes of ∆T = 50, 100 ◦C are redesigned using linear solutions, respec-
tively. As shown in Figure 7, the linear optimized thermo-elastic layouts are much distinguished
from the nonlinear design results. To compare the linear and nonlinear designs, the optimized
structures obtained by the linear thermo-elastic topology optimization are analyzed by using the
nonlinear thermo-elastic finite element method as also shown in Figure 7. It turns out that the
results of the nonlinear responses of the linear layouts are much higher than those of the nonlinear
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layouts, which means the linear design results will generate larger structural deflections and lo-
cal deformations subject to the same thermo-elastic loads. Although the mechanical nonlinearity
is small in the current case, nonlinear thermoelasticity is often significant. Strong deviations of
the displacements and deformation energies between the linear and nonlinear designs are shown.
Thus, for design accuracy and taking care of possible structural instability such as buckling, non-
linear thermo-elastic consideration is necessary for further shape preserving designs.

∆T Linear standard design results Nonlinear analysis responses

50 ◦C Wc
Ω

= 9.410 kJ, Φ̂Ωs = 7.398 kJ

100 ◦C Wc
Ω

= 9.425 kJ, Φ̂Ωs = 7.764 kJ

Figure 7: Linear optimized thermo-elastic designs and corresponding nonlinear analysis responses

Next, the decreased temperature change is further studied, which means that the variation
of the temperature is negative. As mostly discussed in thermo-elastic researches [7–9, 62], the
temperature change is always positive and the mean compliance is set as the objective function to
take into account such thermal loading effect. In fact, the temperature change could be negative, as
well. For example, an aircraft rises from the ground. Such negative thermal stress has been studied
in a design-dependent temperature field in [63], where the thermo-elastic structure is induced by
an initial prestress.

The long beam is optimized again with a temperature change of ∆T = −100 ◦C and the com-
pared design results are presented in Figure 8. In the design results with a negative ∆T , the tension
constructed members are highly strengthened so that the cooling effect could shorten the member
and hence ”pulls up” the structure against the direction of the mechanical load. As similarly ob-
served in [44], the thermally induced deformation always counteracts the mechanically induced
displacement in such loading conditions. For the shape preserving design effect, the local defor-
mation is greatly eliminated by modifying the substructures around the sub-domains.

As shown in Figure 9, the optimality performances of the shape preserving design results are
checked with different temperature changes. For each of the optimized structure, the objective
function and constraint value are reanalyzed, respectively. As expected, taking the case of ∆T =

−100 ◦C for example, it is seen that the optimized design with this temperature change (represented
by N) generates optimal performances among the three structures. Thus, shape preserving design
result has been prevented to local optima by the continuation strategy as discussed in Sec. 4.3.

To further demonstrate the shape preserving effect in large deformations, the optimized struc-
tures designed with ∆T = 100,−100 ◦C are reanalyzed with a larger external force ( f = 2 f = 800
kN). The structural and local deformations of standard design and shape preserving design are
compared in Figure 10 and 11, respectively. In the standard design results (a), local deforma-
tions are dramatically increased and more geometric distortions are generated in the local regions.
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εsp Structural deformation Local deformation

—

Wc
Ω

= 8.664 kJ, Φ̂Ωs = 6.957 kJ 0 15 30 45 60 75

Elemental deformation energy (J)

30 %

Wc
Ω

= 9.439 kJ, Φ̂Ωs = 0.815 kJ 0 15 30 45 60 75

Elemental deformation energy (J)

Figure 8: Comparison of thermo-elastic design results with single material and a temperature change of ∆T =

−100 ◦C,

While in the shape preserving design results (b), larger external force results in larger displace-
ments but the local shapes are still well preserved. Although some stresses concentrated in the
connecting corners, the deformation energies are effectively suppressed in the overall shape pre-
serving domains.

5.2. Double clamped beam with multiple materials
In Sec. 5.1, it is presented that the local thermo-elastic warping deformations can be efficiently

suppressed by the proposed shape preserving design method using only one material in the design
domain. Here, the topology optimization method of multiple materials is further implemented to
improve the shape preserving design effect.

The two solid materials used in the multi-material design can be distributed in the design
domain with a total volume constraint of 40 %. In order to focus on the thermal influence, the
mechanical properties of both solids are the same while only the thermal properties are different,
i.e. CTE: α1 = 20 × 10−6/◦C, α2 = 10 × 10−6/◦C. For different temperature changes of ∆T =

50, 100,−100 ◦C, the multi-material shape preserving design results of the long beam are listed in
Figure 12.

As expected, the overall configurations are the same as the results with one material but with
better performances. While for different temperature changes, the specific volume fraction of each
material (noted as v f 1 (red), v f 2 (blue)) are different. Making full use of the material layout under
the thermal effect, the designs can manipulate the design material space and the geometrical non-
linearity. Thus, the multi-material topology optimization considering nonlinear thermo-elasticity
could further promote capacities for controlling large deformations in the shape preserving design.

5.3. Planar sandwich panel
As shown in Figure 13, a planar sandwich panel is considered here. This simplified MBB-

like design model is always employed in the elastic supports for thermo-elastic structures [51] and
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Figure 9: Reanalysis results with different ∆T for the optimized structures of the shape preserving design

thermal protection system (TPS) [64, 65]. For a structure under thermo-mechanical loads, coupled
performances of load bearing and thermal protection are of practical importance. The sandwich
panel is covered by two layers of non-designable skins Ωnd on the top and bottom sides. The
skins are functioning sealing and withstanding certain external thermo-mechanical loads, such as
hot exhaust gases [10, 13, 15, 66]. The core layer is the design domain Ωd, where a reasonable-
designed configuration serves with multiple functions, such as supporting and heat insulation [67].

A rectangular component is embedded in the center of the core layer and set as the shape pre-
serving domain Ωs. The geometric dimensions are marked in Figure 13 and the material properties
in different domains are given in Table 1. The height of the skin layer is 1.5 mm and the thickness
of the structure is 5 mm. The panel is subject to a mechanical pressure p evenly distributed at the
top boundary (blue line) and a heat flux q at the bottom boundary (red line). The temperature on
the top boundary is fixed at 0 ◦C. The structure is discretized using a mesh of 160 × 40 4-node
plane elements.

Table 1: Material properties in different domains of the planar problem model (data source from [68])

Material E (GPa) ν α (10−6/◦C) Kth (W/(m·◦C))

Aluminum (Ωd) 70 0.30 23.4 233
Copper (Ωnd) 120 0.34 16.5 400

Alumina Porcelain (Ωs) 15 0.30 5.5 10

Firstly, the influence of non-uniform temperature field on the structural design is investigated
under the mechanical pressure of p = 4 MPa. The heat flux is given as q = 4 kW/m2 and the
value of the shape preserving constraint is εsp = 5.0 %. To compare the shape preserving effect,
both of the standard design and shape preserving design are solved. Corresponding design results
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Structural deformation Local deformation

a

Wc
Ω

= 40.512 kJ, Φ̂Ωs = 25.577 kJ 0 50 100 150 200 250

Elemental deformation energy (J)

b

Wc
Ω

= 40.928 kJ, Φ̂Ωs = 3.855 kJ 0 50 100 150 200 250

Elemental deformation energy (J)

Figure 10: Reanalysis results of optimized structures with a larger force (∆T = 100 ◦C case)

and final temperature fields are presented in Figure 14 and the evolution process of the shape
preserving design is plotted in Figure 15 with a stable optimization convergence.

For the shape preserving domain in the standard design result, external mechanical loads can
be mostly sustained by the main constructions so that the local deformation is not very notable
from its geometric shape. However, the elemental deformation energy distribution shows that the
standard design result generates large local deformations. It is the significant thermal stress causes
this unfavorable behavior. Thus, in the shape preserving design of thermo-elastic structures, im-
proving thermal performances becomes more crucial. The primary factor to be prevented in the
shape preserving design, turns into the thermal damage instead of pure mechanical fracture. As
shown in the shape preserving design result, more conductive branches are located in the bottom,
which efficiently transfers the heat flow away from the local region to the cooler sides. In the
thermal field contour plot, the elemental temperature is calculated by the average value of 4 nodal
temperatures. Local temperature distribution results are compared and calculated in Figure 16.
Nodal temperature difference is measured by the standard deviation (SDT ) with the mean temper-
ature (Tmean). It is seen that the shape preserving design generates less heat in the shape preserving
domain. To further characterize the conductive performance in the thermal field, the global ther-
mal compliance function Cth

Ω
and the maximum nodal temperature Tmax are commonly used [69].

Here in consistence with the objective function, Cth
Ω

is calculated as

Cth
Ω =

1
2

QTT . (36)

Comparing the temperature results of the two designs, the shape preserving design results in a
less efficient heat-conductive structure, which means a better heat insulation effect and contributes
potentialities in the design of TPS.

Secondly, shape preserving designs are resolved with increased heat flux values of p = 6, 8
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Structural deformation Local deformation

a

Wc
Ω

= 37.949 kJ, Φ̂Ωs = 25.624 kJ 0 50 100 150 200 250

Elemental deformation energy (J)

b
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= 40.748 kJ, Φ̂Ωs = 2.947 kJ 0 50 100 150 200 250

Elemental deformation energy (J)

Figure 11: Reanalysis results of optimized structures with a larger force (∆T = −100 ◦C case)

kW/m2, respectively. The corresponding design results are shown in Figure 17. Evident shape
preserving design effects are achieved with low local deformation energies. As the heat is intensi-
fied, conductive supporting substructures are also enhanced. A thin straight bar is added underside
the shape preserving domain so as to counteracting the bending distortion.

In the case of q = 8 kW/m2, the maximum nodal temperature in the final temperature result
is significantly raised up to 325.5 ◦C. In this design problem, increased heat flux or thermal effect
caused larger deformations. In engineering circumstances, a limited temperature range is often
required for normal operation [70]. Thus, the maximum temperature could be further considered
in the design process, while the objective function (18b) only concerns the mechanical stiffness.
For the possible consideration of thermal conductivity and reducing localized high temperature, a
multi-objective design could be applied with

min (1 − w)Wc
Ω + wCth

Ω , (37)

where w is the weight factor between the mechanical and thermal performances. According to the
requirement, a thermo-elastic shape preserving design with the multi-objective function will be
concurrently optimized for load carrying and temperature cooling.

The same shape preserving design case in Figure 14 is tested here with a multi-objective func-
tion and the weight factor is selected as w = 20 %. As shown in Figure 18, the maximum nodal
temperature falls down in the multi-objective design result. And meanwhile, local deformations
are eliminated under the shape preserving constraint. Interestingly, the final objective value of the
multi-objective design result is better than the one shown in Figure 14. As the thermal conditions
strongly influence the coupled thermal-mechanical performance, the optimization process for such
a complex thermo-elastic structure seems to be improved by considering both performances. Two
thermo-elastic designs in Figure 14 and 18 may not be directly comparable due to different design
conditions, i.e. temperature distributions and local deformations.
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∆T Structural deformation

50 ◦C

Wc
Ω

= 9.922 kJ, Φ̂Ωs = 0.791 kJ, v f 1 = 0.177, v f 2 = 0.223

100 ◦C

Wc
Ω

= 8.996 kJ, Φ̂Ωs = 0.776 kJ, v f 1 = 0.190, v f 2 = 0.210

−100 ◦C

Wc
Ω

= 9.149 kJ, Φ̂Ωs = 0.789 kJ, v f 1 = 0.225, v f 2 = 0.175

Figure 12: Multi-material shape preserving design results with different temperature changes and a constraint value
εsp=30 %
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Figure 13: A planar sandwich panel with a rectangular shape preserving domain subject to a mechanical pressure p
and a heat flux q

At last, to further exhibit the robustness of the proposed shape preserving design method,
the geometrical nonlinearity is increased by a mechanical pressure of p = 6 MPa. Corresponding
design results are shown in Figure 19. Compared with the results in Figure 14, stronger layouts are
distributed to support the upper skin undergoing larger loads. The local deformation energy gets
larger, but the shape preserving design is still fulfilled with a converged solution in the coupling
field.
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5.0 %

0 8 16 24 32 40

Elemental deformation energy (J)
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= 25.312 kJ, Φ̂Ωs = 0.978 kJ Cth
Ω

= 55.228 kJ, Tmax = 202.2 ◦C

Figure 14: Comparison of thermo-elastic design results for the sandwich panel with a mechanical pressure of p=4
MPa and a heat flux of q=4 kW/m2

2.0 %

4.0 %

6.0 %

8.0 %

10.0 %

12.0 %

14.0 %

10

20

30

40

0 50 100 150 200 250 300

S
h
ap

e 
p
re

se
rv

in
g
 c

o
n
st

ra
in

t

O
b
je

ct
iv

e 
fu

n
ct

io
n
 (

k
J)

Iteration numbers

Objective function Shape preserving constraint

Figure 15: The evolution process of the design functions of shape preserving design result in Figure 14
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Temperature distribution in shape preserving domain

Standard design

0 30 60 90 120 150

Elemental average temperature (°C)

SDT = 23.04,Tmean = 62.8 ◦C

Shape preserving design
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Elemental average temperature (°C)

SDT = 22.52,Tmean = 53.5 ◦C

Figure 16: Comparison of the local temperature distribution of thermo-elastic design results
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Figure 17: Shape preserving design results for the sandwich panel with different heat flux values under a mechanical
pressure of p=4 MPa and a constraint value εsp=5.0 %
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w Structural deformation Temperature result
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Figure 18: Multi-objective design result for the sandwich panel with a mechanical pressure of p=4 MPa and a heat
flux of q=4 kW/m2
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Figure 19: Comparison of thermo-elastic design results for the sandwich panel with a mechanical pressure of p=6
MPa and a heat flux of q=4 kW/m2
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6. Conclusions

In this paper, the shape preserving design approach has been extended to the design of thermo-
elastic structures. Assuming a linear thermal strain, the elastic Green-Lagrange strain is isolated
from the total one and derived for large thermo-elastic displacements. Comparing to the existing
literature, the nonlinear structural analysis improves the computational accuracy and the design
space for practical thermo-elastic problems. Structural complementary elastic work is assigned as
the objective function and the integrated deformation energy function is adopted to quantitatively
calculate the geometrical distortion over the whole incremental loading process. To avoid thermal
damage or warping deformation in shape preserving domains, shape preserving constraint on the
local deformation energy is added with a proper relative control value.

In the first example, thermal effects are investigated with a uniform temperature field. It is
seen that for the considered loading cases, the thermal deformation is manipulated by the design
result, which always counteracts the mechanical loading in both cases of positive and negative
temperature changes. And then, the geometrical nonlinearity of the thermo-mechanical coupling
structure is also influenced. In the shape preserving design result, local warping deformation is
effectively eliminated by the proposed method. To further illustrate the thermal effect and promote
the deformation performance, the shape preserving design with multiple materials is carried out
with a corresponding modified energy interpolation scheme.

In the second example, a varying temperature field produced by the heat conduction is con-
sidered. For such complicated thermo-mechanical conditions, shape preserving design results are
well achieved and show some certain thermal insulation effects. A multi-objective design is further
tested to reduce hyperthermia in the shape preserving design process.

Above all, the effectiveness of the proposed method is validated. Shape preserving design has
demonstrated its capabilities in solving multi-physical and multi-material problems, and possibil-
ities for future extensions and applications.

7. Replication of results

For the replication of results, a major program written by MATLAB codes is provided as the
supplementary materials of this paper. The codes can be used to reproduce the results of shape
preserving designs in Examples section. Several important comments and descriptions are marked
as well. Considering the readability and length of the whole codes, some sub-functions, such as
the FEA program and MMA subroutines, are not included, which are very common and can be
easily implemented by the readers.
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