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Abstract

The wind turbine industry are designing large MW size turbines with very long
blades which exhibit large deflections during their operational life. These large
deflections decrease the accuracy of linear models such as linear finite element and
modal based models, in which the structure is represented by linear mode shapes.
The aim of this study is to investigate the competence of the mode shapes to repre-
sent the large blade responses in normal operation load cases. For this purpose, blade
deflections are projected onto the linear modal space, swept by mode shape vectors.
The projection shows the contribution of the each mode and the projection error. The
blade deflections are calculated by a nonlinear aero-servo-elastic solver for power
production fatigue load cases with normal turbulence. The mode shapes are calcu-
lated at the steady-state deflected blade position computed at different wind speeds.
Three reference turbine blades are used in the study to evaluate the effects of vari-
ous blade design parameters such as length, stiffness, mass, and prebend. The results
show that although the linear mode shapes can represent the flapwise and edgewise
deflections accurately, axial and torsional deflections cannot be captured with good
accuracy. The geometric nonlinear effects are more apparent in the latter directions.
The results indicate that the blade deflections occur beyond the linear assumptions.
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1 INTRODUCTION

The wind turbine design process requires a wide range of different simulations including load and stability analysis and design
optimization. Although, some analyses need models with only one uncoupled turbine property such as aerodynamic and struc-
ture, others need coupled models which have couplings between the structure, the aerodynamics, and the controller. Coupled
turbine analyses generally use low fidelity models because of the high computational cost and difficulties in the coupling process.
For example, turbine load analyses are generally performed by the blade element momentum (BEM)1 method for the aerody-
namic part and beam solvers or reduced order models for the structural part. The structural model can be geometrically linear
or nonlinear depending on the solver capabilities and available computation resources. The focus of this study is to assess the
capabilities of using linear mode shapes in reduced order structural models in stability, aeroelastic, and load analysis of modern
turbines.
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Linear modes constitute a simple and fundamental modelling alternative for most of the linear dynamic problems. Small
size, cost effective and reliable reduced order models2,3,4,5,6 can be constructed by the mode shapes to calculate the structural
response. It is also the key part of the stability analysis. Therefore, reduced order models are also preferred in wind turbine
load and stability analysis7,8. Although, these models work very well for the structures with small deflections, their accuracy
decreases as the structure has large deflections and rotations9. Most wind turbine components, except from the blades, show
small deflections in operations. However, modern large wind turbine blades exhibit large rotations and deflections violating the
linearity assumptions during their operational life.
Wind turbine blades exhibit various types of nonlinearities defined in the literature10,11 such as geometric nonlinearity due

to large rotations, inertia nonlinearity due to Coriolis and gyroscopic effects and load nonlinearity due to follower aerodynamic
loads. The effects of large blade deflections and rotations on wind turbine stability and aeroelasticity have been studied by many
researchers since the early 2000’s. Larsen et al.12 addressed the importance of large blade deflections for load calculations,
turbine performance, and aeroelastic response of blades. Their study is one of the first on the effects of large blade deflections
on wind turbine performance. They concluded that the effective blade length varies with the flapwise and edgewise deflections,
which should be taken account for an accurate turbine analysis. Manolas and colleagues13 studied the geometric nonlinear
effects on the blade loads for the NREL 5 MW reference wind turbine14 and concluded that the large flapwise deflections
and bending-torsional coupling are the main nonlinear effects. The results of their study show that the difference between the
linear and the nonlinear blade models are prominent in the blade torsional loads and the pitch bearing loads. Riziotis et al.15
identified various higher order nonlinear structural couplings due to large deflections of blades and assessed their effects on the
blade loads by comparing a first order beam blade model with second order beam model and HAWC2. Kallesøe16 investigated
the effects of geometric nonlinearities on the aeroelastic stability of NREL 5 MW reference wind turbine. He showed that the
coupling between blade edgewise and torsional motion changes with the blade flapwise deflection and the edgewise damping
can be decreased by half due to large deflections. Rezaei et al.17 also studied the effects of geometric nonlinearities on loads
and stability of NREL 5 MW reference turbine. They concluded that the geometric nonlinearities altered the damping and the
stiffness properties of the wind turbine system. These changes have effects on the loads and stability of the wind turbine.
The well-known wind turbine analysis codes, FAST18, HAWC219, and Bladed20, can take the large blade deflections and

rotations together with nonlinear inertia and load effects, into account for aero-servo-elastic turbine analysis. On the other hand,
they also provide options to compute the wind turbine responses with reduced order models, since none of the geometrically
nonlinear beam solvers can match the reduced order approach in terms of computational speed and cost. These reduced order
models21 includes linear mode shapes, corrections to capture moderate rotations, radial shortening, centrifugal stiffening and
other nonlinear force and inertia terms. In addition to the response analysis in time domain, the stability analysis of the turbines
is still performed by linear state-space models around an equilibrium point or initial position of the turbine. In other words,
linear modes are still an essential part of the stability analysis. Hence, it is important to understand the limits of the linear modal
space to model modern blade responses.
This study aims to investigate the contribution of each mode to the blade response and how well it can be represented by mode

shapes without performing load analysis with modal blade models. For this purpose, the blade responses in power production
on normal turbulence fatigue load cases were projected onto the modal space, which consists of the mode shapes calculated at
the deflected blade positions from the steady wind load cases with the mean wind speed of turbulent cases. The linear modal
space is not used for load calculation and there is no load comparison in the study. There are many studies in the literature on
code to code comparisons22,23,24, where loads were calculated by linear and nonlinear blade models.
Most of the existing studies on geometrically nonlinear blade effects present results for a few particular load cases instead of

normal operation load cases with different turbulent seeds defined in wind turbine standards. The power production on normal
turbulence load cases according to IEC 61400 standard25 cover most of the fatigue life of a turbine. Hence, blade responses
were calculated according to power production fatigue load cases in IEC 61400. Besides, three different turbine blade responses
were computed and projected onto modal space to evaluate the effects of blade design parameters such as stiffness and mass
distribution, length and prebend, on the nonlinearity.
This paper is organized as follows. Section 2 explains analysis steps of the study. Section 2.1 presents the projection method,

linear mode shapes, residual calculation and the computational tools used in the study. The wind turbines, load cases and modal
spaces are introduced in Section 2.2. There are four different projection spaces for each turbine with the combination of two
static modes. Modal amplitude results and residual results are presented in Section 3. Important outcomes of the results are
pointed out in the conclusion section.



Ozan Gözcü ET AL 3

2 METHOD AND IMPLEMENTATION

There are four main calculation steps in the study. The first step is the simulation of blade responses in operational load cases.
The analyses include complete turbine model with tower, nacelle, hubs, blades and controller. The second step is the mode
shape calculation of blades, deflected by steady wind load. These two steps were carried out by aero-servo-elastic wind turbine
analysis codes. They are explained in detail in Section 2.2 together with the properties of the reference turbines used in the study.
The important point in these steps is that the analysis codes are able to capture large blade deflections and take their effects into
account during the aero-servo-elastic analysis.
In the third step, two static mode shapes were computed for the deflected blade positions. The calculation process is explained

in Section 2.1. Steady blade response results were needed to calculate static modes and they were computed by existing codes.
The last step is to generate modal spaces for each wind speed and projection of the operational blade responses onto these modal
spaces according to the mean wind speed of the load cases. This step has to be done for each analysis time step. The mean
residuals and modal amplitude values were calculated for the final results. Section 2.1 elaborates the methods of calculation
steps and contains the general mathematical equations used in the study.

2.1 Method
Thewind turbine components are modelled as beams in a finite element formulation. The large structural deflections are captured
by the multibody formulation26 implemented in HAWC2 and the co-rotational formulation27 implemented in HAWCStab2. The
blade modes are calculated without structural damping, aeroelastic damping and aeroelastic stiffness effects since the reduced
order models generally contains this type of modes. The mass and stiffness matrices are linearized around the deflected blade
position under steady wind loads then the mode shapes and natural frequencies were computed. In other words, each wind speed
has its own mode shape matrix. The generalized eigenvalue problem which gives the itℎ mode shape (�i ∈ ℝN ) and natural
frequency !i of the blade withN degrees of freedoms (dofs).

(Kj − !2
iMj)�i = 0 (1)

The mass (Mj ∈ ℝN×N ) and the stiffness matrices (Kj ∈ ℝN×N ) are calculated around an equilibrium point under the jtℎ
steady wind load case, including the centrifugal stiffening but ignoring the gravity and aeroelastic stiffness and damping effects.
Besides the mode shapes calculated by Equation (1), two static mode shapes are used in the study; the first one is the slope of
steady deflections with respect to the wind speed when the positions are approximated as shown in Equation (2). These modes
are called as ‘wind static mode shapes’ (�w ∈ ℝN ). The wind static mode shapes were computed by nonlinear steady blade
response results of HAWC2where gravity and tower shadow effects were neglected. The�w and cj in the equation are calculated
for each wind speed using Equation (3).

uj = �wj
vj + cj + rj (2)

The rj ∈ ℝN vector is the residual vector between the simulated position vector uj ∈ ℝN (computed by HAWC2) and the
linear approximation of the positions which is the first two terms (�wj

vj + cj) on the right-hand side of Equation (2) for steady
positions at wind speed vj . Equation (2) defines the curve fitting of positions as a linear function of the wind speeds. The wind
mode shapes (�wj

) are actually the rate of deflections with respect to the wind speed and cj is the constant vector appears in the
curve fitting process. In HAWC2, structural models include all initial curvatures. The (�wj

) of each wind speed (vj) is computed
by a least-square approach including two neighboring states (vj−1 and vj+1) as shown in Equation (4). The least-squares problem
which is solved is

minimize
bj∈ℝ2N

‖dj − Pjbj‖22 (3)
with

dj = Pjbj + e,dj =
⎡
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⎦
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⎡
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[

cj
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]

, and ej =
⎡

⎢

⎢

⎣

rj−1
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⎤

⎥

⎥

⎦

(4)

The wind static mode shapes are the lower part of the vector bj ∈ ℝ2N . Pj ∈ ℝ3N×2N represents the matrix for least square
fitting of positions with respect to the wind speed. I ∈ ℝN×N is the unit matrix of dimensions N × N . The solution to the
least-squares problem in Equation (3) is given by

bj = [PjTPj]−1PjTdj (5)
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Once the vector bj is determined, �wj
and cj can be determined from it. For the cut-in and cut-out wind speeds only one

neighboring calculation point was used since there is no operational point before the cut-in and after the cut-out wind speeds.
The blade deflections and wind speed relation is actually nonlinear and the wind static mode shapes can be thought of as the
linearized blade deflections to unit wind speed change at each wind speed. Three deflection points (wind speeds) are used for
the linearization. Hence, in case of no gravity, the static blade deflections due to small wind speed change is represented very
accurately by these mode shapes.
The second static mode shape type is the blade deflections from the top position to the horizontal blade position under a steady

wind including gravity effects without tower shadow effects. They are useful to represent gravity effects, therefore they are called
as ‘gravity static mode shapes’ (�g ∈ ℝn). The calculation of gravity static mode shape �gj for wind speed vj is provided by

�gj = u
0◦
j − u90◦j (6)

where u0◦j represents blade position at vj with zero azimuth angle and u90◦j represents the blade position at vj with ninety degree
azimuth angle. The static mode shape vectors defined in the study are selected to reflect nonlinear deflections due to wind speed
and gravity in the vicinity of the deflected blade position. It is also possible to define any other linearly independent displacement
vector and add them into the projection space. The blade deflections u(tk) ∈ ℝN computed at ktℎ time step of aero-servo-elastic
turbine analyses under turbulent wind loads are approximated by

u(tk) =
n
∑

i=1
�iqi(tk) + r(tk) = �q(tk) + r(tk) where� = [�1...�n] and q(tk) = [q1(tk)...qn(tk)]T (7)

The matrix � ∈ ℝN×n is composed of n projection basis vectors. In the study, basis vectors (�i) are the mode shapes and
static mode shapes calculated at the equilibrium point under the mean steady wind speed load. The basis vector matrices used
in the study are explained in section 2.2. It is assumed that the the matrix� is full rank. The columns of the matrix� span the
subspace in which the deflection vector u is constrained and the q(tk) ∈ ℝn represent the vector whose elements are the time
varying modal amplitudes of mode shapes. The modal amplitudes were computed by solving the least squares problems

minimize
q(tk)∈ℝn

‖u(tk) −�q(tk)‖22 (8)

The solution to the least squares problem in Equation (8) is explicitly written as

q(tk) = (�T�)−1�T u(tk) (9)

The projection residuals r(tk) ∈ ℝN are the difference between computed and projected deflections and computed through

r(tk) = u(tk) −�q(tk) (10)

Due to optimality of the least-squares problem the residuals satisfy

�T u(tk) = �T�q(tk) +�T r(tk) and�T r(tk) = 0 (11)

The projection error is thus perpendicular to the projection subspace, therefore multiplication of the error with the mode shape
matrix gives zero as shown in Equation (11). The blade deflections have 6 dofs at each node points of the beam model. The
projection of the blade deflections can be performed for all six dofs (3 translations and 3 rotations). Since the least square method
minimizes the total residual and the rotational dof residuals are generally two orders of magnitude lower than translation dof
residuals, the projections of rotational dofs are far from accurate. To solve this accuracy issue in rotational dofs, projection
was carried out only for translation dofs at the leading and trailing edges of each cross-section. Torsional deformations were
calculated by the deflection results of the cross-sectional edge points. The torsional deformation is the most important rotational
dof for load calculations since it directly alters the angle of attack and thereby the aerodynamic forces. Therefore, only torsional
deformations are calculated from the deflection of the leading and trailing edge points. Figure 1 depicts the cross-section. The

Leading
Edge

Trailing
Edge

Elastic

Center

FIGURE 1 The airfoil cross-section and its elastic center where mode shapes are calculated, leading and trailing edge positions
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mode shape vector calculation at the leading edge point at the itℎ nodal point is given by

�tiLE = �̃riEC riLE + �tiEC where �̃riEC riLE = �riEC × riLE (12)

The mode shapes were calculated with respect to the elastic center (EC) of the cross-sections. In HAWC2, the elastic center
is selected as the tension center, which is the cross-sectional point where an axial force does not induce any bending moment.
In Equation (12), �tiLE represents the translational dofs of the leading edge point in the itℎ mode shape vector (�iEC ). �

t
iEC

and
�riEC represent the translational and rotational dofs of the mode shape vector �i, respectively. The terms in Equation (12) more
explicitly become

⎡
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where �riEC =
⎡

⎢

⎢

⎣

�xi
�yi
�zi

⎤

⎥

⎥

⎦

(13)

2.2 Implementation
The blade deflections and the mode shapes at the deflected blade positions were computed by the existing codes HAWC2 version
12.6 andHAWCStab2 version 2.1328. HAWC2 gives the geometrically nonlinear blade responsewhereas HAWCStab2 computes
the mode shapes of the blade at the steady-state deflected blade position for different steady wind speeds. HAWC2 steady wind
results were also used to calculate static mode shapes. HAWCStab2 was modified to write out 6-dof mode shape results.
HAWC2 is a nonlinear transient aero-servo-elastic wind turbine analysis code. The structural solver of HAWC2 is based on

floating reference frame formulation26 which is able to solve large deflections and rotations of beams by dividing the structures
into sub-bodies. Although each sub-body is linear in its own frame, the constraints at the joints enables to capture large deflec-
tions. A body or sub-body is composed of linear, classical Timoshenko beam elements or linear, an-isotropic Timoshenko beam
elements29. The aerodynamic calculations are performed by a BEM formulation30 including dynamic stall, dynamic inflow
effects, shear effects on induction, tip loss, tower shadow and effects of large blade deflections. HAWC2 has an interface to work
with wind turbine controllers which are used to set the pitch angle and the generator torque.
HAWCStab2 is an aero-servo-elastic modal analysis tool, suitable for open and closed loop aero-servo-elastic modal and

stability analysis of horizontal axis three bladed wind turbines. It calculates the geometrically nonlinear deformed positions
of the turbine by a co-rotational finite element method. The HAWCStab2 aerodynamic solver is based on BEM including the
Beddoes-Leishman unsteady aerodynamic effects, shed vorticity and dynamic stall. Steady operational points are defined by
steady wind speed, pitch angle and rotor angular speed. It performs modal analysis around a stationary deflected position of the
blades with or without aerodynamic stiffness and damping terms31. The normal (undamped) blade mode shapes were calculated
in HAWCStab2 for different steady conditions, including the load effects such as centrifugal stiffening and without gravity,
aerodynamic stiffness and aerodynamic damping effects. Verelst et al.32 compared the aerodynamic solvers HAWCStab2 and
HAWC2 for DTU 10 MW reference wind turbine in steady wind conditions and results showed a good agreement between the
two solvers. Before the projection analysis, the blade deflections under steady wind calculated by HAWC2 and HAWCStab2
were also compared and good agreement was observed. Results show that DTU 10 MW turbine blade tip deflections calculated
by the two codes has a difference around 4 mm as the maximum flapwise tip deflection is around 8.5 m at the rated wind speed.
The blade responses of three large reference turbines, NREL 5MW14, DTU 10MW33 and IEA 10MW34, were calculated and

projected onto the modal space. The reason of choosing these turbines is that they represent modern, large wind turbine designs
with long blades. Besides, their data are publicly available and they have different blade designs which help to investigate the
blade design effects on the results. The wind turbine market already reached the 10 MW designs and next stop is 12 MW or
more. Table 1 shows the general properties of these reference turbines modelled in HAWC235. The blade response analysis was
carried out for power production on normal turbulence load cases (Design Load Cases 1.2)36 based on the third edition of the
IEC 61400-1 standard. Design Load Cases (DLC) 1.2 is the most dominant fatigue case by covering the more than 90 % of the
turbine fatigue life37.
DLC 1.2 defines the normal power production conditions via 216 turbulent load cases, where each load case simulation has

600 seconds simulation time. 12 different mean wind speeds from 4 m/s to 26 m/s, three yaw errors (−10◦∕0◦∕10◦) are used.
There are 6 different turbulent seeds for each mean speed and yaw error. The simulation time step is set to 0.01 seconds which
gives blade deflections at 60000 time points for each load case. The projection and residual calculation were performed for each
time step of each load case.
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TABLE 1 General properties of the considered reference wind turbines; NREL 5 MW, DTU 10 MW and IEA 10 MW

NREL 5 MW DTU 10 MW IEA 10 MW
Blade Length [m] 61.5 86.4 96.2
Hub Radius [m] 1.5 2.8 2.8
Hub Height [m] 90 119 119
Shaft Tilt [deg] 5 5 6
Rotor Precone [deg] 2.5 2.5 4.0
Rotor Mass [kg] 17,740 41,722 47,742
Nacelle Mass [kg] 240e3 446e5 446e5
Prebend at the Tip [m] 0.0 3.3 6.2
1st Flapwise frequency [Hz] 0.65 0.61 0.42
1st Edgewise frequency [Hz] 1.00 0.93 0.67
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FIGURE 2 The Euclidean norm of DTU 10 MW blade projection residuals with respect to the number of modes. The blade
deflections are computed in HAWC2 by a linear and a nonlinear blade model for 12 m/s steady wind speed and the projection
basis is composed of undeflected blade mode shapes.

A convergence analysis was done with the steady wind load cases to determine the number of modes to be used in linear
modal space and to see the effects of large deflections on projection residual. Figure 2 shows how the Euclidean norm of DTU
10 MW wind turbine blade projection residual varies with number of modes. The blade deflections computed by linear and
nonlinear blade models in HAWC2 under 12 m/s steady wind load, are projected on to the basis with modeshapes at initial
(undeformed) blade position. Hence, the effect of geometric nonlinearities on the projection residual can be investigated by the
residual difference between linear and nonlinear blade model deflections. Figure 2 shows that the geometric nonlinear effects
due to large blade displacements, cause 9 times more projection residual than the linear blade model. This indicates that the
geometric nonlinearities are the main source of the projection residuals when large blade displacements are taken into account.
One source of the linear model residuals is nonlinear effects apart from the geometric nonlinearity such as inertia and force.
Another source of the linear model residuals is the fidelity difference between the HAWC2 model, which has 156 degree of
freedom (dof) for DTU 10 MW blade, and projection space with 20 modes. However, the total residual of all nodes is very
small compared to the total deflection for the linear blade model. The first two modes are the first flapwise and edgewise modes,
respectively. The eighth mode is the first torsion mode and mode sixteen is the first axial mode. The first 20 modes consist of
nine flapwise, six edgewise, four torsion, and one axial modes. After the convergence analysis, it was decided to use 20 modes
in the modal projection space which has at least one axial mode. The other modes above the twentieth mode are high frequency
mode shapes, which we experience have very little effect on the projection residual.
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TABLE 2 The mode shape matrices (modal spaces) used in the study in each analysis wind speed

Mode Shape Matrix I 20 modes �1 =
[

�1 �2 … �20
]

Mode Shape Matrix II 19 modes + Wind static mode �2 =
[

�1 �2 … �19 �w
]

Mode Shape Matrix III 19 modes + Gravity static mode �3 =
[

�1 �2 … �19 �g
]

Mode Shape Matrix IV 18 modes + 2 static modes �4 =
[

�1 �2 … �18 �w �g
]

The first 20 undamped mode shapes of the blades were calculated in HAWCStab2 at the deformed blade positions under 12
different steady wind loads. Deflections of turbulent load cases are calculated with respect to the deflected blade positions under
the mean turbulent speed of the load case and the mode shapes of the regarding deflected shape are used for the projection of
the deflections. The wind static modes and g-static modes were also computed at each deformed blade position and added to the
end of each corresponding wind speed mode shape matrix. Table 2 shows the four different projection spaces swept by various
mode shapes used in the study.
The mode shapes are calculated at deflected states relative to the blade root coordinate system. Blade models include all

curvatures (initial prebend, pre-twist, and deflection curvatures). The mode shapes are named according to the maximum vector
direction among the flapwise, edgewise, axial and torsion dof. Mode shape vectors include 6 dof at each node and it is common
to see non-zero values in other direction rather than the mode name direction in the vectors. These non-zero values cause a
motion in other directions rather than the mode name and this effect is called mode coupling in the study. This couplings are state
dependent, in other words the couplings changes with blade deflections. Figure 3 shows the difference of the 1st edgewise and
the torsion mode shapes at undeflected and deflected positions, respectively. The blade positions are computed under the loads
due to 10 m/s steady wind flow and rotational speed at that state. Torsion coupling changes sign in the 1st edgewise modeshape
as the blade deflects and coupling between edgewise and torsion dof is stronger in deflected position than the undeflected blade.
There is also small difference in flapwise and axial directions. The first torsionmode shape changes mainly in edgewise direction.
Actually, the maximum direction of the mode shape vector shifts to the edgewise direction from torsion direction. Hence, the
maximum torsion value of deflected position (blue curve) does not reach 1 at the tip but it is very close to 1. There is also
difference in axial and flapwise direction depending on the deflection of the blade, however these differences are not as large as
the difference in edgewise direction.
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FIGURE 3 The 1st edgewise and torsion mode shapes in edgewise (EW), flapwise (FW) and torsion (T) directions along the
span for undeflected (wsp = 0 m/s) and deflected (wsp = 10 m/s) blade under 10 m/s steady wind speed

Figure 4 shows the difference between the wind static mode shape vector and the 1st flapwise mode and the difference between
the the gravity mode shape vector and the 1st edgewise mode at 20m/s wind speed. The flapwise deflection of wind static mode
(deflection rate with respect to the wind speed) is very similar to the 1st flapwise mode. The main difference occurs in torsion



8 Ozan Gözcü ET AL

and axial directions, although it is hard to see the axial direction differences from the plot. This indicates that the main deflection
direction due to aerodynamic loads occurs in flapwise direction and its torsional and axial effects are not captured accurately by
the 1st flapwise mode. On the other hand, the main deflection direction of the gravity forces is the edgewise direction. The gravity
mode shape includes large flapwise deflection when there is pitch motion (after the rated wind speed). However, the edgewise
mode shape has smaller flapwise direction than the gravity mode shape and it is in the opposite direction. The difference in
torsion direction is also similar to the flapwise results. This indicates that although the gravity and the 1st edgewise mode shapes
have similar effects in edgewise direction, they are very different in other directions, especially after the rated wind speed due
to pitch.
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FIGURE 4 The left plot shows the 1st flapwise and wind static (�w) mode shapes at 20 m/s wind speed. The right plot shows
the 1st edgewise and gravity static (�g) mode shapes at 20 m/s wind speed.

3 RESULTS AND DISCUSSION

In this section, the residual and the modal amplitude results of each turbine are presented for power production on normal
turbulence load cases. The residuals of edgewise, flapwise, axial and torsional degree of freedoms were computed at each time
step of each load cases. Since the load cases have turbulent wind flow, the residuals also fluctuate in time. Thus, the mean
residuals are shown in the plots. There are 18 load cases for each wind speed, therefore the residual results are given as mean
value and standard deviation for each wind speed in the figures. The modal amplitude results are given in terms of percentage.
The mean value of the 10 modes having the highest modal amplitudes are presented for all load cases. Residuals of four modal
spaces (�1,�2,�3,�4) are shown together in the plots. Table 2 explains the modal spaces according to the mode shape vectors.

resj =
Nn
∑

k=1

resk
uk

100
Nn

wℎere resk =
1
Nt

Nt
∑

k=1
resk , uk =

1
Nt

Nt
∑

k=1
uk (14)

The calculation of the mean residual for load case ‘j’ (resj) is shown in Equation (14). uk and resk are deflections calculated
in HAWC2 and residuals at node k in 6 dofs. The deflections (uk) are computed with respect to steady deflected blade positions
by mean turbulent wind speed load case and relative to the blade root coordinate system. The mean of the deflections and the
residuals along the blade span are represented by uk and resk.Nn andNt are the number of nodes and time steps in the analysis,
respectively.
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FIGURE 5 NREL 5 MW turbine blade edgewise (left plot) and flapwise (right plot) residual results with respect to the mean
wind speed in DLC 1.2 load cases

3.1 NREL 5 MW Results
Figure 5 shows the residual results of the NREL 5 MW turbine blade in edgewise and flapwise directions. Edgewise direction
has the lowest residuals among the all directions. Both residuals reach maximum values around rated wind speed where the
maximum flapwise deflection occurs and pitch activity starts. The wind static mode shape (�w) does not improve the residuals
considerably in either directions when compared to the mode shapes in�1. It decreases the flapwise residuals after 18m/s wind
speeds with 2 %. The mode shape matrix �3 which includes the gravity mode shape (�g), gives better results than �1 and �2
in edgewise direction for all wind speeds. It also reduces the flapwise residuals around 2 % compared to�1 results, in the wind
speeds below 18 m/s. The lowest residuals are obtained when both static mode shape vectors are included in modal space (�4).
The highest residual drops from 3 % to 2 % in edgewise direction and becomes 8 % compared to 14 % in flapwise direction.
Figure 6 shows the axial and the torsion residuals. They are much higher than the edgewise and the flapwise directions. The

axial residual varies between 70 and 105 % whereas the torsion residual starts at 110 and goes to 125 % with the wind speed
for mode shapes of �1. The wind static mode shape in �2 does not change the general view of �1 residual results in axial
directions. However, it decreases the torsion residuals down to 50 % after the rated wind speed and it hits up to 160 % at 6 m/s
wind speed, which is the highest residual value in torsion direction. �3 and �4 results looks similar in axial direction. They
increase linearly with wind speed, starting from 10 % at 4m/s and reaching to 80 % at 26m/s. Their residual values are the lowest
in axial direction.�4 residuals are the lowest in torsion direction. They are generally lower than 40 % whereas�3 residuals go
up to 100 % at the high wind speeds.
Table 3 shows the 10 blade modes with the highest average modal amplitudes in DLC 1.2 load cases for all four mode shape

matrices. The modal amplitude values are shown in terms of percentage. The 1st flapwise mode shape in �1 and �3 and wind
static mode shape in �2 and �4 have the highest modal amplitudes. Since the main deflection in wind static mode shape also
occurs in flapwise direction, it can be concluded that the main direction of the blade deflection is in flapwise direction. The 2nd ,
3rd torsion, and 2nd , 3rd , 5tℎ flapwise mode shapes appear together in all spaces. The reason of this correlation is the coupling
between them. The coupling of two mode means that the deflection shape of one mode has components from the other one. For
example, the 2nd torsion mode shape has some flapwise deflection components similar to the 2nd flapwise mode has. Since the
frequency of these modes are much higher than the first flapwise, edgewise modes, it can be considered as the high frequency
mode coupling. It indicates that the high frequency modes contribution to the blade response is considerable in �1 or when
there is no static mode and decreases as the static modes are included. The wind static mode dominates the projection space
together with the 1st flapwise mode in�2. Their modal amplitude sum is more than 65%. The gravity mode shape sets back the
1st edgewise mode since they have similar effects. However, high frequency modes such as 2nd , 3rd torsion and 2nd , 5tℎ flapwise
modes, increase their modal amplitudes with gravity mode shape compared to�1. The high frequency mode contribution to the
blade response is higher in �3 than �2, because they are in flapwise and torsion directions rather than edgewise direction. In
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FIGURE 6 NREL 5 MW turbine blade axial (left plot) and torsion (right plot) residual results with respect to the mean wind
speed in DLC 1.2 load cases

TABLE 3 The 10 blade modes with the highest modal amplitude averages [%] of NREL 5 MW turbine for DLC 1.2 load cases

Modal Space�1 Modal Space�2 Modal Space�3 Modal Space�4
Mode Amplitude Mode Amplitude Mode Amplitude Mode Amplitude
name [%] name [%] name [%] name [%]

1stFlapwise 46.87 Static 34.04 1stFlapwise 32.43 Static 40.98
1stEdgewise 11.77 1stFlapwise 31.32 2ndTorsion 16.33 1stFlapwise 30.64
2ndTorsion 11.62 1stEdgewise 8.76 G-Static 11.83 G-Static 10.75
3rdTorsion 10.57 2ndTorsion 6.81 3rdTorsion 10.81 2ndFlapwise 5.02
2ndFlapwise 4.48 3rdTorsion 6.26 5tℎFlapwise 4.16 1stEdgewise 2.86
3rdFlapwise 2.94 2ndFlapwise 3.88 2ndFlapwise 3.62 2ndTorsion 2.73
5tℎFlapwise 2.11 3rdFlapwise 1.76 4tℎFlapwise 3.27 1stTorsion 1.96
1stTorsion 1.54 5tℎFlapwise 1.23 3rdFlapwise 3.23 3rdTorsion 0.81
6tℎFlapwise 1.10 1stTorsion 1.02 1stEdgewise 2.42 1stAxial 0.80
2ndEdgewise 1.08 2ndEdgewise 0.83 1stTorsion 2.36 4tℎFlapwise 0.67

�4, the high frequency mode effects are the lowest among the four mode shape matrices. The static modes improve the accuracy
in axial direction. It means they represent the couplings between the axial direction and the flapwise, edgewise directions.

3.2 DTU 10 MW Results
Figure 7 shows the residual results for the DTU 10MW reference turbine blade in edgewise and flapwise directions. The flapwise
direction has the lowest residuals among the four directions unlike the NREL 5 MW reference blade which has the lowest
residual values in the edgewise direction. The general trend in both directions is that the residuals are reaching their maximum
values (2.5% − 3%) around rated wind speed and are decreasing after rated wind speed. These residuals are quite low and it is
hard to observe the effects of static mode shapes. Therefore, it is logical to compare maximum residual values while comparing
the various mode shape matrices. �1 residuals go up to 2.9% in the edgewise direction and 2.6% in the flapwise direction. �2
with wind static mode shape, has a 1.5%maximum residual value in edgewise direction and 2.2% in flapwise direction.�3 with
gravity mode shape reaches 2.5% residual value in edgewise direction and 2.3% in flapwise direction. The lowest residuals are
obtained by�4 which includes both static mode shapes. The highest residual values in edgewise and flapwise directions become
1.2% and 2.1% with�4.



Ozan Gözcü ET AL 11

4 6 8 10 12 14 16 18 20 22 24 26
Mean Wind Speed [m/s]

0.0

0.5

1.0

1.5

2.0

2.5

3.0
E
d
ge
w
is
e
R
es
id
u
al

[%
]

Φ1

Φ2

Φ3

Φ4

4 6 8 10 12 14 16 18 20 22 24 26
Mean Wind Speed [m/s]

0.0

0.5

1.0

1.5

2.0

2.5
F
lapw

ise
R
esid

u
al

[%
]

FIGURE 7 DTU 10 MW turbine blade edgewise (left plot) and flapwise (right plot) residual results with respect to the mean
wind speed in DLC 1.2 load cases
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FIGURE 8 DTU 10 MW turbine blade axial (left plot) and torsion (right plot) residual results with respect to the mean wind
speed in DLC 1.2 load cases

Figure 8 shows that residuals in axial and torsion for the DTU 10 MW turbine are higher than for the NREL 5 MW turbine.
This is in contrast to the edgewise and the flapwise residuals. The axial residuals generally increase with wind speed. It starts
from 100% and goes up to 150% with�1 and�2 mode shape matrices. On the other hand, it starts from 25% and reaches 125%
with �3 and �4 mode shape matrices. The lowest residual results are obtained by �4. The torsion residuals of �1 has small
fluctuations around 90%.�3 gives the lowest residual values especially around the rated wind speeds. The lowest residual of�3
is 75% at mean wind speed of 10m/s. Its residual trend looks similar to the trend of�1 residuals.�2 does not manage to decrease
the torsion residuals compared to the �1 results. The highest residual is 175% and the lowest one is 100%. Since �4 includes
the wind static mode shape, its residual values are also higher than the�1 values. Its maximum residual is 140% and the lowest
one is 85%. Results and mode shape vectors show that the coupling between edgewise and torsion modes are much stronger for
the DTU 10 MW blade than for the NREL blade. It is due to the prebend, large flapwise deflection, and heavy blade weight.
Table 4 shows the 10 blade modes with the highest average modal amplitude for DTU 10 MW blade in DLC 1.2 load cases.

The main direction of the deflection is again in flapwise direction with 1st flapwise and wind static modal amplitude higher than
40% in all space. The coupling between high frequency modes occurs between 7tℎ flapwise, 3rd torsion, 4tℎ flapwise and 2nd
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TABLE 4 The 10 blade modes with the highest modal amplitude averages [%] of DTU 10 MW turbine for DLC 1.2 load cases

Modal Space�1 Modal Space�2 Modal Space�3 Modal Space�4
Mode Amplitude Mode Amplitude Mode Amplitude Mode Amplitude
name [%] name [%] name [%] name [%]

1stFlapwise 40.53 Static 42.42 1stFlapwise 44.46 Static 41.72
1stEdgewise 14.29 1stFlapwise 32.72 G-Static 18.54 1stFlapwise 29.62
1stTorsion 9.54 1stEdgewise 9.84 2ndFlapwise 6.09 G-Static 13.30
7tℎFlapwise 7.29 2ndFlapwise 4.31 1stTorsion 5.74 2ndFlapwise 5.38
3rdTorsion 5.85 1stTorsion 2.20 1stEdgewise 5.40 1stEdgewise 3.65
2ndFlapwise 5.38 7tℎFlapwise 1.55 7tℎFlapwise 3.92 1stTorsion 1.34
4tℎFlapwise 3.19 3rdTorsion 1.29 3rdTorsion 3.27 2ndEdgewise 0.71
2ndEdgewise 2.26 2ndEdgewise 1.05 4tℎFlapwise 2.37 2ndTorsion 0.71
2ndTorsion 2.09 4tℎFlapwise 0.99 2ndTorsion 1.77 3rdFlapwise 0.67
3rdEdgewise 2.09 3rdEdgewise 0.68 2ndEdgewise 1.32 7tℎFlapwise 0.63

torsion modes. The correlation between their modal amplitudes can be seen in Table 4. The wind static mode dominates the
projection space together with 1st flapwise mode, having more than 75% of total modal amplitudes, in �2. The gravity mode
shape sets back the 1st edgewise mode in �3. There is a coupling between 1st edgewise and 1st torsion mode of the blade due
to prebend and the flapwise deflections. A similar coupling occurs between the gravity static mode and 1st torsion mode. In�4,
the high frequency modes almost vanish with lower than 1% modal amplitude. The axial mode shape is not in the list of first 10
mode shapes with the highest modal amplitudes in�4 unlike the NREL 5 MW results.

3.3 IEA 10 MW Results
The IEA 10 MW turbine blade is the longest and the most flexible blade among the three reference turbine blades. Figure 9
shows the edgewise and the flapwise residuals of the blade for all four modal spaces. The residual values of this turbine blade
are the highest among the three reference turbine blades. The modal space �4 with two static mode shapes has extremely high
residual values at 6, 8, 22, and 24 m/s wind speeds. When these peak values are ignored, the highest residuals in both edgewise
and flapwise directions become around 20% for all four modal spaces. The edgewise residuals of�1 makes a peak around rated
wind speed like in the other two turbine examples. On the other hand, this peak trend is not observed in flapwise direction. �2
results are better than �1’s results only around the rated wind speed. The lowest residuals are obtained in �3 with the gravity
mode shape. It gives maximum 10% and 16% residuals in the edgewise and the flapwise directions.
Figure 10 shows the residual results in axial and torsional directions, which is again the highest residual values among the

three turbine blades. The general trend in axial residual is an increase with increasing wind speed. �1 axial residuals start at
100% and go through 200%.�2 axial results are similar to�1 results except around rated wind speeds and at 26m/s wind speed.
�3 and �4 have lower axial residuals than �1 and �2. There are dramatic differences, up to 50%, between �4 and �3 in axial
residuals. The highest axial residual of �3 is 150% whereas �4’s highest residual is 200%. The lowest axial residual values of
both mode shape matrices are around 50%. The torsion residuals are the highest among the all directions. They reach up to 380%
in some wind speeds. However,�1 has almost a constant torsion residual with value of 100%. This is the lowest residual value
except the value at 8 m/s wind speed, where�3 has 75% residual.�2 and�4 torsion residual varies between 100% and 380%.
Table 5 shows the 10 blade modes with the highest average modal amplitude in DLC 1.2 load cases. The couplings between

modes are much stronger than other two turbines. The mode couplings are observed even in the low frequency modes. For
example, there is a strong coupling between the 1st flapwise and edgewise modes and between the 1st torsion and 4tℎ edgewise
modes. Another problem with the mode couplings is that it is not easy to identify them as for the other turbines. One of the
reason for hard identification of mode couplings is that the couplings are strong and sensitive to wind speed. Another reason
is that they are observed even in the low frequencies and it makes tracking of mode couplings in high frequency modes much
harder. This blade is more flexible and longer than other two turbines. It also has more complex prebend than the others have.
The result is lower frequencies, strong mode couplings which are also sensitive the blade deflections. The static mode shapes
also have couplings with other modes and this alters the modal amplitude results. The 1st flapwise (25%) and the wind static
mode (more than 40%) dominates the modal projection sub-spaces except the projection sub-space spanned by mode shapes
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FIGURE 9 IEA 10 MW turbine blade edgewise (left plot) and flapwise (right plot) residual results with respect to the mean
wind speed in DLC 1.2 load cases
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FIGURE 10 IEA 10 MW turbine blade axial (left plot) and torsion (right plot) residual results with respect to the mean wind
speed in DLC 1.2 load cases

of �3, where the 1st edgewise mode has the highest modal amplitude with 35%. This is another unusual situation which is not
observed in other two turbines. In �1, the second mode with the highest modal amplitude is 4tℎ edgewise (13.6%) and the 1st
torsion mode comes after that with 13.5%modal amplitude value. This is also a new thing not seen in the other blades. Although
the effect of high frequency modes diminish with static modes, they still have considerable contributions in the modal space.
For example, 3rd flapwise has 5.11% contribution in�4 and 4tℎ edgewise mode has 13.6%, 3.33% and 6.2% in�1,�2 and�3,
respectively. The effect of gravity mode shape is also quite different from the other two turbine examples. First edgewise mode
amplitude becomes much higher than first flapwise mode amplitude in�3 and�4. In other turbines, gravity mode sets back the
1st edgewise mode. The 1st edgewise mode amplitude has 35% and 33%whereas 1st flapwise mode amplitude has 15% and 5.5%
in�3 and�4. This suggests that edgewise deflections and torsion deflections due to edgewise deflection become significant for
long and heavy blades like the IEA 10 MW reference blade.
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TABLE 5 The 10 blade modes with the highest modal amplitude averages [%] of IEA 10MW turbine for the DLC 1.2 load cases

Modal Space�1 Modal Space�2 Modal Space�3 Modal Space�4
Mode Amplitude Mode Amplitude Mode Amplitude Mode Amplitude
name [%] name [%] name [%] name [%]

1stFlapwise 24.95 Static 40.37 1stEdgewise 35.11 Static 42.76
4tℎEdgewise 13.60 1stFlapwise 32.74 1stFlapwise 15.05 1stEdgewise 33.02
1stTorsion 13.54 1stEdgewise 5.69 G-Static 13.80 1stFlapwise 5.48
1stEdgewise 9.68 2ndFlapwise 5.00 4tℎEdgewise 6.20 3rdFlapwise 5.11
6tℎFlapwise 6.22 1stTorsion 3.55 2ndFlapwise 6.14 G-Static 4.53
5tℎEdgewise 6.14 4tℎEdgewise 3.33 3rdFlapwise 5.44 4tℎFlapwise 1.14
2ndTorsion 4.55 5tℎEdgewise 1.60 2ndEdgewise 2.86 2ndFlapwise 0.94
8tℎFlapwise 3.82 6tℎFlapwise 1.56 8tℎFlapwise 2.82 5tℎEdgewise 0.94
2ndFlapwise 3.67 2ndTorsion 1.15 5tℎEdgewise 2.78 11tℎFlapwise 0.91
5tℎFlapwise 2.45 8tℎFlapwise 1.04 4tℎFlapwise 2.11 4tℎEdgewise 0.73

3.4 Discussion
Results from the simulations with the NREL 5 MW and DTU 10 MW reference turbines show that the flapwise and edgewise
deflections can be captured with good accuracy by linear mode shapes. The static modes improve the results in flapwise and
edgewise directions. The large deflection effects can be seen in the axial and torsional residuals for all modal spaces. The axial
deflections can be thought of as secondary effect of deflections in other directions, especially flapwise deflection. The torsional
deflections also include some couplings with other directions, mainly in the edgewise direction and this coupling varies with
blade deflections or wind speed. This coupling effect becomes more prominent in large blades with prebend design since it
introduces the coupling starting from the undeformed blade position and changes dramatically by the deflections. That is why
the axial and torsional directions have the highest residual values, almost two orders of magnitude higher than the flapwise
and edgewise directions. Although static mode shapes generally improve the results in axial directions, there is no guarantee
for improvements especially in torsion. Another important outcome is that the high frequency modes contribution to the blade
response is considerable when the mode shape vectors (�1) are used. Different coupling mechanisms between high frequency
modes are observed in the modal spaces. These couplings are stronger in the DTU 10 MW blade than the NREL 5 MW blade
since the latter has no prebend and is stiffer than the other one. The static modes generally diminish the effect of high frequency
modes and dominate the projection space. For example, the 7tℎ flapwise mode amplitude drops from 7.3% in�1 to 0.63% in�4
for DTU 10 MW turbine. The gravity static mode sets back the effect of first edgewise mode, e.g. 1st edgewise mode amplitude
drops from 11.77% in�1 to 2.42% in�3 for NREL 5 MW turbine. The best residuals especially in axial and torsion directions,
are generally obtained by gravity static mode (�3). Its effect is clear at low wind speeds where the gravity has larger effects on
blade deflections than it has at the high wind speeds. The pitch activity also affects the residual, which is clear around rated wind
speeds and high pitch activity regions like wind speeds close to cut-out wind speed. The contribution of edgewise or gravity
mode amplitude increases as the blade weight and length increase. Gravity static mode amplitude contribution increases from
11.83% in NREL blade to 18.54% in DTU 10 MW blade in�3 modal space.
Table 3 shows large amplitudes of some high frequency modes in the projection space. However, this picture can change

dramatically for a space with different number of modes. For example, it is possible to obtain slightly higher residual values,
especially in edgewise direction, without any significant high frequency mode contribution when 5 (1st and 2nd flapwise, edge-
wise modes and 1st torsion mode), 8 (including high frequency flapwise modes), or 10 (including 2nd and 3rd torsion on top 8
mode case) modes are used. The main contribution of high frequency modes are in edgewise direction and this effect is very
limited for the NREL 5 MW blade. Figure 2 also shows similar trend in which the new modes have little contribution to overall
residual but they can alter the modal amplitudes results dramatically due to mode couplings. The important point is that these
modes are linear (independent of deflections, time or load) and they cannot represent the large rotations and displacements of
blade or other nonlinear effects. Since, they are not compatible for geometric nonlinear problems, the mode amplitude results
can include higher modes for some projection spaces (e.g. 20mode shape vector for NREL 5 MW). This does not mean that the
all modes are excited or important in a load simulation, but it means that the solution space is not compatible for the problem.
Further studies related to number of mode shapes and mode selection will be helpful to understand it comprehensively.
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IEA 10 MW turbine results are quite different from the other two turbines results. The modal space of IEA 10 MW blade is
also quite complex compared to the other two turbines. First of all, the mode shape vectors are strongly coupled starting from
low frequency modes. For example, the 1st torsion mode has very strong coupling with the 4tℎ edgewise mode which is a high
frequency mode. Apart from it, the mode couplings vary with blade deflections, in other words with wind speed. It makes it
difficult to identify the major couplings between the modes. One of the result of these couplings are the contribution of the
high frequency modes with significant modal amplitude percentages in the modal spaces. Unfortunately, this modal space is
not able to capture the blade response with good accuracy even in the flapwise and edgewise directions. Similar to other two
turbine results, the axial and torsional residual values are much higher than the flapwise and edgewise directions. Once again,
gravity static mode shape gives the best results. Although static mode shapes diminish the effects of high frequency modes, this
does not guarantee a lower residual in modal spaces with static mode shapes. The results indicate that the gravity effects and
mode couplings are significant for long, heavy, and flexible blades with large prebend and linear modes are not able to represent
response of these blades. There are some extreme residual values in edgewise and flapwise directions of IEA 10 MW blade at
certain wind speeds when both wind and gravity static mode shapes are included. Although, there is a need of further studies
to understand the real reason of these peaks, they might be related to the couplings between the static modes and also the other
dominant modes such as 1st edgewise and flapwise modes.
The projection residual effects on the turbine response and load results also needs further studies. The residuals cannot be

used to estimate the residuals of existing analysis tools such as FAST or FLEX, because these tools include nonlinear force and
deflection effects, as mentioned in Section 1. Hence, the effects which are not included in projection basis vectors should be
identified and excluded in a new load analysis model for the investigation of the residual effects. First, a new load model should
not have corrections for moderate rotations and large deflections such as radial shortening. Then, the gyroscopic, Coriolis forces
and centrifugal stiffening effects need to be excluded to eliminate the nonlinear force effects. After these effects are excluded
from the model, the relation between projection residuals and load results of the new model can be investigated.
Results shows that the main deflection directions are flapwise and edgewise and they have the least residuals. Torsion direction

is specially important for load calculation due to its direct effect on angle of attack. However, the torsion deflections are generally
very small (at least for current designs) and it is not the main parameter to determine the angle of attack at a blade position.
Therefore, load results should not be affected in the same order of torsion or axial residuals. On the other hand, since the blade
deflections will be different for a linear reduced order model, this will alter the blade and turbine design due to other constraint
or design criteria such as tower clearance, controller or stability. Again, further studies are needed to quantify these effects for
future blade designs which will be very long and flexible.

4 CONCLUSION

In this paper, deflections of three different reference turbine blades were projected onto modal spaces in order to understand the
contribution of eachmode to the blade response and the accuracy of the linear modal space. The blade deflections were calculated
by an aero-servo-elastic code, which is able to capture large deflections. In addition to the mode shape vectors calculated from
the generalized eigenvalue problem, the effects of two static mode shape vectors were also investigated. The DLC 1.2 power
production on normal turbulence with total 216 load cases was selected, since it covers most of the fatigue lifetime of a turbine.
The blades were used to investigate the blade design effects on the projection and blade response because they have different
length, mass and stiffness distribution, and geometry. Residuals of the projections and modal amplitude results were presented
for each turbine and each modal space.
The study shows that the deflections of long, flexible blades with strong mode couplings cannot be captured by the linear

modal spaces with good accuracy. One should remember that the mode shapes were computed around deflected blade positions
under steady wind speeds. However, blade deflections, from deformed position under the mean wind speed of the turbulent wind,
are sufficiently large that the linearity assumption is no longer valid. The nonlinear effects become more significant for long and
heavy blades with prebend design due to varying mode couplings. The prebend and large flapwise deflections of a long blade
change the coupling between the torsion and edgewise motion and the coupling between axial and flapwise motion, significantly.
In both coupling mechanisms, the coupling changes sign after a certain point if the blade has a prebend design. The residual
values for the IEA 10 MW blade in edgewise and flapwise directions reach up to 20%, which cannot be considered small. The
residuals in axial and torsional values are even much higher reaching up to 150%. These high residuals in the projection of
calculated deflections can alter the loads and responses of the turbine when a reduced order blade model, composed of linear
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mode shapes, is used in an aero-servo-elastic analysis. However, further studies are needed to quantify these effects. Therefore, it
is concluded that the linear modal basis can result in large errors in response analysis of modern turbine blades, which are long,
flexible structures with prebend design. The linear reduced order models without any corrections for nonlinear effects should
therefore be used with caution in load analysis of large wind turbines, since they can lead large errors in blade response due to
significant geometric nonlinear effects.
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