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Empirically driven orthonormal bases for
functional data analysis

Hiba Nassar and Krzysztof Podgórski

Abstract In implementations of the functional data methods, the effect of the initial
choice of an orthonormal basis has not been properly studied. Typically, several
standard bases such as Fourier, wavelets, splines, etc. are considered to transform
observed functional data and a choice is made without any formal criteria indicating
which of the bases is preferable for the initial transformation of the data. In an
attempt to address this issue, we propose a strictly data-drivenmethod of orthonormal
basis selection. The method uses B-splines and utilizes recently introduced efficient
orthornormal bases called the splinets. The algorithm learns from the data in the
machine learning style to efficiently place knots. The optimality criterion is based
on the average (per functional data point) mean square error and is utilized both in
the learning algorithms and in comparison studies. The latter indicate efficiency that
could be used to analyze responses to a complex physical system.

1 Introduction
Functional data analysis (FDA) is the field in statistics that studies the analysis and
theory of data that are in the form of functions, images, and shapes, etc, see [3]. The
FD may come as a dynamical response from a physical system subject to stochastic
excitation that can be written in a generic form as

H(y(n), . . . , y′′, y′, y, x; θ) = F(t), (1)
where F(t) is a realization of stochastic forcing of the system whose response is
given by H that involves some physical parameters given in θ. Often the response
from such a system is stochastic not only because of random excitation F but also
due to randomness in the parameter θ of the system. As a result, the responses yi(t)
from such a system can be conceptually treated as FD depending both on θi and
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Fi(t). The goal is to obtain an efficient treatment of these functional observations in
order to infer about θ as well as about the functional structure of y.

FD are not observed as continuous objects, but rather as discrete data. High-
frequency sampling and mathematical efficiency allow these data to be seen as sam-
ples of curves, surfaces or anything else varying over a continuum. The fundamental
step in FDA is to convert this discrete recorded data to a functional form, which
gives each function the possibility to be evaluated for all values of t. To utilize the
topology of such data for the dimension reduction one performs the data conversion.
One of the methods used is to represent a functional object as a linear combination
of coefficients and a number of suitable basis functions. For the purpose, one of the
standard bases such as trigonometric, wavelet, or polynomial is typically chosen.

The efficiency is accomplished by using smoothing through regression or rough-
ness penalty for estimating the coefficients of the basis expansions. However, all
such analyses are preceded by the initial choice of a functional basis used to analyze
data, which is hardly objective and often driven by mathematical convenience. On
the other hand, it is both theoretically and practically observed that the choice of the
basis affects efficiency in retrieving the functional structure of a studied model. This
motivated us to investigate this problem more thoroughly.

In the spirit of the main data analysis paradigm, for a given FD set it may be
computationally effective to work with a data-driven basis. Consider, for example,
the classical smoothing problem, where for a given data we want to fit a smooth
function. Using the B-splines together with a regularization method, for example
the Lasso method, one may selectively choose a subspace of the spline space by
shrinking parameters to zero, see [4]. Such a basis can be chosen for each FD sample
but a choice valid for all samples is not obvious.

We acknowledge the value of splines in FDA but we proceed differently by utiliz-
ing freedom in knots placement to algorithmically search for efficient knots patterns
and utilize them in the orthonormal basis construction. In the process, we imple-
ment machine learning algorithms for the choice of basis reducing the mean square
error (MSE) uniformly for all samples and study its efficiency against other choices
of the basis. The optimality criterion is utilized, both in the learning algorithms
and in comparison studies. This criterion allows for comparison performances of
different bases in a given problem. After efficiently learning from the data about
knot placements, we utilize the new construction of the orthonormal spline bases,
termed splinets and introduced in [9]. There, it is demonstrated that the splinets are
characterized by optimality properties that bring further benefits to our approach.

2 FD and their representations
Discrete observations of a single function x(t), t ∈ [0,1], at times tj result in

yj = x(tj) + εj, j = 1, . . . , p
where εj is an error term in the data. To account on topological features assumed to
be present in x(t), the function is assumed to be smooth. One of the most common
ways of representing it efficiently is by using the basis function expansion, i.e. by
decomposing linearly the function x(t) in terms of a chosen basis system φk(t)
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consisting of K ≤ ∞ basis functions

x(t) =
K∑
k=1

ckφk(t). (2)

The most commonly used basis functions φk(t) are Fourier, polynomial, splines and
wavelets. It is typically assumed that the observations xk(t) are random elements of
L2[0,1]. In this Hilbert space, we use inner product 〈·, ·〉 for an integral of the product
of its two functional elements and which generates the norm ‖ · ‖. We call L2-valued
data functional observations. We use upper case and lower case letters in the context
of FD in a similar manner as in the classical statistical convention, i.e. X is yet
not observable random element, while x = x(·) stands for its particular observed
functional realization, i.e. a functional outcome of random experiment carried out
according to the probability model for X .

All random functions are assumed to be square integrable, i.e. E ‖X ‖2 < ∞. In
this context, one have to point to a classical result, the Karhunen-Loève expansion,
see [8], which shows that the basis associated with this expansion has the optimality
in the average mean square error sense, for more details see [6]:

X(t) =
∞∑
k=0

√
λkZk ek(t),

where λk is a square summable sequence of non-negative numbers, ek, k ∈ N0 is
an orthonormal (non-random) basis in L2[0,1] and Zk is a sequence of zero-mean
variance-one uncorrelated random variables. In the Gaussian case, Zk are indepen-
dent standard normal variables. The desired optimality of the basis (ek) is mostly
of theoretical value since except for Brownian motion (λk = (πk − π/2)−2, ek(t) =√

2 sin ((πk − π/2)t)) and Brownian bridge (λk = (πk)−2, ek(t) =
√

2 sin (πkt)), the
actual form of the optimal basis is not available. It is the central problem of the
FDA to find the approximation of ek for any specific problem. To do this one has to
decompose the original data using some basis of convenience.

The most popular decomposition of a function is by the Fourier basis

{
√

2 sin(2πnt); n ∈ N} ∪ {
√

2 cos(2πnt); n ∈ N} ∪ {1}.
Fourier basis functions form an orthogonal basis and have good computational
properties. A Fourier series is especially useful for extremely stable functions where
there are no strong local features and the same curvature order everywhere. However,
they are improper for data where discontinuities in the function itself or in low order
derivatives are known or suspected [11, page 48]. In Fig. 2, the graphs in the second
column illustrate a 40-dimensional Fourier approximation of functional signals.

Spline functions are a natural choice for approximating non-periodic FD. Splines
combine the fast computation of polynomials with substantially greater flexibility.
We explain some essential background of the B-splines, for more details we refer
the reader to standard texts such as [2, 12].

A B-spline is a smooth function that consists of polynomial pieces that have the
same degree, connected smoothly at join points ξ0 < ξ1 < · · · < ξn+1, referred to as
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Fig. 1 Splinets for the data driven knots placement for two examples of Sect. 5

knots. The B-splines are sensitive to the choice of the knots’ position, which is behind
our main idea of the basis selection since the choice of the knots can be data-driven.
Once the knots are set, B-splines can be effectively evaluated in a recursive way
for any degree using the Cox-de Boor formula [2]. The B-splines have interesting
properties that characterize it. Namely, all B-splines are positive, differentiable up
to a certain level (the spline order) and have minimal compact intervals for their
supports. But except for the case of order zero, the B-splines are not orthogonal.
Different orthogonalization methods appeared in the literature but we are using
our structured orthogonalization that creates basis systems for which we coined the
term splinet. The splinet is prioritized over other orthonormal spline systems as it
preserves locality and computational efficiencies of the original splines. For a more
detailed explanation, we refer the reader to [9]. In Fig. 2, the graphs in the last column
illustrate 40-dimensional, third-order B-spline decomposition of functional signals.

3 Data driven choice of the knots
The degree of a polynomial and the placement of knots defines the spline basis.
We propose machine learning style techniques for the placement of the knots. The
chosen knots are used to build splines basis functions φk(t) that are used in basis
function expansion to convert the data from discrete recorded data into a functional
one. The method of adding knots is based on the mean square error effectiveness
of approximating the FD. The method is iterative and resembles the regression tree
building by which it was inspired, see [5, Chapter 9].

For any FD set X = {xi ∈ L2, i = 1, . . . n}, the set of best least square constant
predictors is a set of functions

x(0)i = 〈xi,1〉1 =
∫

xi · 1.

The constant functions over the entire domain [0,1] can be viewed as 0-order splines
with no internal knot points, and its one dimensional basis is given by the constant
function 1. We set the initial set of knots to an empty set, i.e. K (0) = ∅, the initial
basis B(0) = {1}, and the projection to the space spanned by B(0) is given by P(0)x =
〈x,1〉1. The average mean square error (AMSE) per function of the approximations
of xi’s by the optimal constant functions is given by
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Fig. 2 Left: Ten samples of FD obtained from two different random functional of Brownian bridge.
Middle-Left: Fourier approximations of the FD based on 30 Fourier basis functions. Middle-Right:
Piecewise constant orthonormal basis approximations of the FD based on 30 basis functions. Right:
Smooth splinet basis approximations of the FD based on 30 basis functions.

AMSE(Y,B(0)) =
1
n

n∑
i=1
‖ xi − P(0)xi ‖2 =

1
n

n∑
i=1
‖ xi − 〈xi,1〉1‖2.

The method at the first step, s = 1, finds a knot ξ ∈ [0,1] such that the optimal
approximation of x by a linear combination of the 0-order splines with the set of
knots K (1) = K (0) ∪ {ξ} yields the smallest AMSE between the FD xi . In other
words, denote by B(1)(ξ) the orthonormal basis of piecewise constant functions over
the intervals given by the knots in K (1)(ξ). The new knot ξnew is chosen as

ξnew = argmin
ξ ∈(0,1]

AMSE(Y,B(s)(ξ)). (3)

Then the new, enlarged by one function, basis B(1) = B(1)(ξnew) is uniquely defined
by the new set of knots K (1) = K (1)(ξnew). In the recurrent process, at the step s,
we start with a sequence of knots K (s−1) and search for a new knot ξnew using (3)
with K (s)(ξ) = K (s−1) ∪ {ξ} and the corresponding orthonormal basis of piecewise
constant functions B(s)(ξ).

The algorithm benefits from the locality and orthogonality piecewise constant
bases so that each new knot requires a removal only one base function (the constant
over interval that includes the new knot) and replaces it by two new functions that
remain orthonormal to all the other basis functions from the previous step. The
outcome of the zero-order spline decomposition of the FD is shown in Fig. 2, the
third column.

4 Application – efficient analysis of the quarter vehicle model
Themodel of a damped harmonic oscillator can be utilized in studies of the durability
of vehicle components in the vehicle response to the road profile, see [10] and [7]
for further details on the model. The road profile roughness is often quantified using
the response of a quarter-vehicle model traveling at a constant velocity through road
profiles, see Figure 3. Such a simplification of a physical vehicle cannot be expected
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Parameter Mean Unit

ms 3400 kg
ks 270 000 N/m
cs 6000 Ns/m
mt 350 kg
kt 950000 N/m
ct 300 Ns/m

Fig. 3 Quarter vehicle model and examples of its parameters.

to predict loads exactly, but it will highlight the most important road characteristics
as far as durability is concerned.

It is desirable to have a model of load environment that is vehicle independent
and which may consist of many components, like driving habits, encountered road
roughness, hilliness, curve radius, cargo loading, and others. The force acting on the
sprung mass ms (total mass of the vehicle) that is randomly distributed around some
specific mean value is chosen as the response y(t) from the tire which then is used
to compute suitable indexes to classify the severity of road roughness.

In a linear simplification of the problem, the entire system has the following
components. The road elevation R(t) that, under constant speed v of the vehicle,
linearly drives two damped harmonic oscillators, one representing the tire and the
other the wheel suspension system

mt Üu + ct Ûu + ktu = Ft, ms Üy + cs Ûy + ksy = Fs .

The parameters in the model can be set to mimic heavy vehicle dynamics as,
for example, developed in SCANIA, see Fig. 3. They have the following physical
interpretation: properties of the tire are described by kt , ct , which relate to stiffness
and damping of the tire, while properties of the suspension are given by correspond-
ing ks , cs . Modeling of true loads acting on components is difficult since tires filter
nonlinearly the road profile and the filter parameters depend on very uncertain fac-
tors, e.g. tire’s pressure, wear, etc. One way to account for the later and simplify the
former is to assume that some of the parameters are random and represent properties
of the tire in a concrete vehicle on a given trip.

In further simplification, the condition of the trip can be modeled by a Brownian
bridge B filtered by a certain kernel r . Here the Brownian bridge model reflects small
roughness of the road at the beginning and at the end of a trip and an increase of
it when the vehicle enters tougher terrain in the middle of the trip. The smoothing
kernel r represents road specific properties so that R(t) = r ∗ dBB(t) is the road
surface elevation at location t. In the literature, many models for the power spectral
density SR of road profiles have been proposed, see [1] for a review. Here, the kernel
r relates to the SR through the Bochner theorem r ∗ r̃(t) = 2

∫
cos(ωt)SR(ω) dω.

Often one chooses the force acting on the sprung mass as the response y(t) which
then is used to compute suitable indexes to classify the severity of road roughness.
In the above simplification, this response is linearly driven by the road profile, as it
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Fig. 4 The boxplots of AMSE’s obtained from 20Monte Carlo simulations for the two models used
in Figure 2 as a function of the base size, which ranges from 4 to 40. For each model, 10 FD were
simulated and the orthonormal basis decomposition was run through these FD with an increasing
number of basis elements. In each of the two cases grouped in five plots each, in the first and the
fourth plot (blue) a new basis is selected anew for each MC sample, while in the second and the
fifth (red) a basis is selected only for the original sample and then used for every new MC sample.
The first two pictures in each group, correspond to the piecewise constant data-driven basis, the last
two to the spline basis, the plots in the middle (black and white) corresponds to the Fourier basis
applied to the MC data.

is also the displacement x(t) of the center of the wheel from the road. Their transfer
functions, i.e. the Fourier responses to Dirac’s delta, are explicit functions of the
transfer functions of the two harmonic oscillators

Ht (ω) = −mt ω
2 + iω ct + kt, Hs(ω) = −ms ω

2 + iω cs + ks .

To recap, themodel is completely defined by the vehicle related parameters: the speed
of the vehicle v, the mass of the vehicle ms , the undamped angular frequencies ωs

andωt , and the road related parameters, that describe SR. All these parameters can be
collectively described as θ. Some of these parameters can be considered as random
and each observed journey of a vehicle produces a response yi(t), t ∈ [0,1], with
stochastic response driven by samples of Brownian bridge Bi and random sample θi
of the parameters, i = 1, . . . ,n, where n is the number of trips.

5 Simulation studies
We illustrate, through simulations, how using a data-driven orthonormal basis can
improve efficiency in representing FD. The setting of Monte Carlo experiment mim-
ics, in a simplifiedmanner, physical systems similar to the quarter vehicle model. The
data are not truly sampled from such a model since it would require more extensive
study not fitting the format of this note. Instead, we use FD obtained by sampling
parameters of the model to which we also inject samples of Brownian bridge

yi(t) = F(t; Bi(·), θi), i = 1, . . . ,n.

Ten samples of FD from two such models are presented in Figure 2 (Left).
We performed orthogonal projections to the three ON bases: Fourier, piecewise

constant, and the splinets. In Figure 2, we show approximations of the functions
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seen in the left column that uses N = 30 basis functions. A Monte Carlo study of
the dependence of the average mean square error on the number basis elements is
shown in Figure 4. Monte Carlo samples of size 10 were drawn from the two models
used in Figure 2. For each of these sample approximations with the number of basis
elements used increasing from 4 to 50 were evaluated and their average mean square
error (AMSE) over all 10 elements of the data evaluated. This procedure has been
repeated independently 20 times resulting in 20 AMSE’s for each size of the Fourier
base used. Boxplots of these data for each model and each the Fourier base size are
presented in Figure 4.

Conclusions

The proposed method of the data-driven orthonormal basis decomposition has
been tested in through numerical simulations. The Monte Carlo simulations
show clear advantages over the Fourier based method, in particular, when
smoothed splines are used. The accuracy is not only exhibited in smaller errors
but also in the reduced variability of the error. The improvement is greater,
as expected, for the data that shows some local detail. The obtained results
suggest that the method may have a great potential to improve the functional
analysis of the data coming from the physical systems with random excitation
and involving random parameters. This has to be confirmed by further model
specific studies.
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