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The motion of a helical vortex and the movement of the fluid particles along its axis are analyzed. The same 14 
form of the helical axis of the vortex and the trajectory of the particles sometimes leads to a false assumption of equali-15 
ty of these two different motions. The correct identification of both motions, however, is essential when considering 16 
the helical vortices in the wakes of rotors, or the displacement of the core of helicoidal tornado, etc. Only the same 17 
helical shape is the vortex axis and the streamline of the fluid particles can mistakenly merge these two different mo-18 
tions as the identical travel. We describe an experiment that clearly separates these two motions for the case of a sta-19 
tionary helical vortex, along the axis of which the fluid particles intensively move. The result shows that the absolute 20 
velocity of fluid particles does not coincide with the motion of the helical vortex as a whole. 21 

Keywords: vortex dynamics, helical vortex. 22 

Introduction  23 

The development of the theory of helical vortices has a long history, starting with the fa-24 
mous work of Lord Kelvin of 1880 on spiral perturbations of a column-shaped vortex, for the 25 
first time considering a large-pitch helical vortex [1]. Helical vortices are one of the main states 26 
of swirling flows, so they are of fundamental importance for fluid mechanics. Examples of 27 
vortex structures with a helical shape are well known in the wakes of rotors, concentrated vor-28 
tices in vortex furnaces and burners, tornadoes, eddies in fluids, etc. It is necessary to correctly 29 
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predict the dynamics of such structures, since vortex motion contributes to the intensification 30 
of heat and mass transfer and affects the performance of rotary machines. In turn, their station-31 
ary position provides stable operating modes in vortex devices. Currently, there is an increased 32 
interest in studying the interaction of helical vortices in the wakes of multiple turbines, in wind 33 
and hydro farms [2, 3]. Determining the motion of helical vortices occupies an important place 34 
both in fluid mechanics and in aerodynamics and their applications, so many specialists 35 
in hydro-mechanics have been engaged in solving it (see, for example, works [4–8] and refe-36 
rences to original research therein). In addition, the study of motion of helical vortices, being 37 
a special case of three-dimensional concentrated vortex filaments, is of interest from the point 38 
of view of determining the fundamental laws of their dynamics. 39 

The derivation of the equation of motion of a three-dimensional vortex filament is associated 40 
with the work of Da Rios [9]. However, the authors of [10] show that the equations of motion in the 41 
special case of a helical vortex were also independently obtained by Joukowsky [4]. The result of 42 
both studies concludes that three-dimensional vortex filaments, including helical ones, move only 43 
in the binormal direction, while the tangential motion of particles along the vortex axis does not 44 
change the position in space of the vortex filaments. Subsequently, the derivation of the equations 45 
of dynamics of three-dimensional vortex filaments was repeated by many authors, and the proof of 46 
the binormal motion was presented in the book of Batchelor [11] (p.510). However, 50 years after 47 
the publication of this fundamental textbook, [12, 13] rejected the traditional description of the mo-48 
tion of helical vortices [4–11], but the classical description of [11] was explained again with differ-49 
ent velocity polygons for the motions of a helical vortex and particles along its axis in a flat repre-50 
sentation in Fig. 1 in [14].  51 

Our view is that [12] states without justification that "The velocity of a helical vortex is repre-52 
sented as the sum of either the circumferential and axial components or the tangential and binormal 53 
components". Further, the equations of motion of the helical vortex (2.8) and (2.9) in [12], uses the 54 
absolute motion including the tangential motion that does not change the spatial position of the vor-55 
tex, as indicated in [4]. The article [13], devoted to the motion of several helical vortices does not 56 
contain new ideas, since the well-known formula from [8] is used to estimate the contribution of 57 
additional vortices to the motion of the calculated vortex. Accordingly, [13] does not evoke new 58 
critical comments in addition to those mentioned above, except that it uses an erroneous formula 59 
from [12] associated with the speed of absolute movement of fluid particles, rather than with binor-60 
mal motion of the helical vortex, to describe the vortex motion. In this paper, we describe an exper-61 
iment to clearly demonstrate the difference between these two motions for the special case when the 62 
vortex is stationary, whereas the fluid particles along its axis have non-zero velocities. 63 

Experimental verification of the difference  64 
in the motion of vortex and particles 65 

The confusion in determining the velocity of a three-dimensional structurein [12, 13] is 66 
due to the fact that the absolute motion of particles along the axis and the binormal motion of 67 
the helix itself fix the same new position of the vortex axis in space (see Fig. 1 in [14]). The 68 
binormal displacement determines the shortest distance to the new axis position, and the abso-69 
lute displacement defines the new position of the fluid particle on the displaced axis. Both mo-70 
tions coincide only for a plane vortex, when the vortex motion in the plane coincides with the 71 
movement of the fluid particles on the axis. However, in the three-dimensional case, fluid par-72 
ticles can move freely along the axis of the vortex without altering its position and shape. This 73 
internal motion of particles that does not change the shape of the structure must be excluded; 74 
otherwise an incorrect conclusion about the motion of the structure itself may be made. This 75 
can be clearly demonstrated in the extreme case when the three-dimensional vortex is station-76 
ary (Fig. 1) as visualized in a hydraulic model of a vortex combustion chamber (Fig. 1a). The 77 
details of the chamber can be found in [15, 16]. A stationary helical vortex with significant 78 
motion of the fluid particles along its fixed axis is observed in the vortex chamber. In this case, 79 
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the tangential motion is directed only along the axis and no axis shift in space occurs, as there 80 
is no velocity component in the binormal direction (Fig. 1b). Since any curved vortex has a 81 
self-induced speed in the binormal direction, the existence of stationary helical vortices is ex-82 
plained by the presence of an additional velocity that is induced by the wall of the vortex 83 
chamber and compensates for the self-induced motion (Fig. 1c). At the same time, considera-84 
tion of the helical vortex in the z, -plane demonstrates that the possible displacement of the 85 
axis of the helical vortex is uniquely determined by the binormal motion. 86 

Next, we demonstrate that a stationary helical vortex (Fig. 1a) can exist with the signifi-87 
cant motion of vortex particles along its axis, i.e. their absolute velocity cannot be equated to 88 
that of the structure itself. For this purpose, in addition to visual observations [15, 16], the au-89 
thors measured the velocity fields using standard particle image velocimetry (PIV) techniques 90 
with the parameters given in [17]. Velocity fields were measured in several vertical planes that 91 
intersect the vortex axis. It is determined that the velocity of fluid particles at these points 92 
(Fig. 2b) coincides  with the tangential direction along the axis of the vortex (Fig. 2a), whose 93 
angle with the horizontal plane corresponds to the helical pitch, determined from visual obser-94 
vations. Additional measurements were conducted in several horizontal sections that intersect 95 
the axis at points A and B, as shown in Fig. 2a, to confirm the stationarity of the helical vortex. 96 
The position of the vortex axis  is unchanged  with time, including at the tested points A and B. 97 
This also follows from Fig. 3, showing the intersection points of the vortex axis with the hori-98 
zontal plane at the test points A and B (Fig. 2a) at different arbitrary moments of time. 99 

Analyzing data of Figs. 2 and 3, it can be concluded that the fluid particles move along 100 
the vortex axis with tangential, but no binormal velocity. Thus, the stationarity of the helical 101 
vortex (Fig. 1a) is explained by the absence of a binormal velocity in full accordance with the 102 
dynamics of three-dimensional vortex filament [11]. This means that the absolute motion of the 103 
vortex particles cannot indicate the motion of the helix. Only the velocity along the binormal 104 
direction, rather than the full absolute velocity, is responsible for this motion, and the tangen-105 
tial component for this description must be removed, as indicated by the authors of [4–11, 14]. 106 
The video presented in [12] as a proof of the need to consider the absolute velocity to describe 107 

 
 

Fig. 1. Visualization of a stationary helical vortex [15, 16] (a) diagram of absolute motion of particles 

along the vortex axis (thick line) preserves the stationarity (b) and cylindrical representation of 

the helical vortex with its imaginary position (dotted line) acquired through a self-induced shift sind 
a, 

which would take place in infinite space, and return to a stationary position (solid line) due to 

the compensating speed Ω0a, induced by the walls of the experimental chamber (c). 

a — radius of the helical vortex, h = 2 l — helical pitch,   — inclination angle of helical line relative to  

horizontal plane, (r, , z) — cylindrical coordinates; ub — self-induced velocity (directed along binormal);  

ua — absolute velocity of a fluid particle, coinciding for a stationary vortex with the tangential component ut. 
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the motion of helical vortices contains only the motion of fluid particles, for which the absolute 108 
helical motion along the axis of the vortex is natural, but this cannot be a proof of the motion 109 
of the vortex itself. The disadvantage of the works [12, 13] is that they associate the movement 110 
of particles with that of three-dimensional vortex filaments, which leads to an incorrect as-111 
sessment of the velocity of the filaments (Fig. 1c). The experiment conducted in this paper 112 
proves that the main assumption in [12, 13], expressed in the identification of the motion of 113 
helical vortices with that of fluid particles along their axis, is erroneous. 114 

On approximating the helical vortex velocity with the use  115 
of a velocity field induced by an infinitely thin filament  116 

The next important question is related to the possibility of approximating the velocity of 117 
helical vortices. It may seem that in [12, 13] a new algorithm was proposed for determining 118 
the axial and azimuthal velocities on the axis of the vortex of a finite section using a half-sum 119 
of velocities, induced by an infinitely thin vortex filament at diametrically opposite points on 120 
the surface of the vortex (equations 2.8 and 2.9 from [12]). When evaluating the novelty of this 121 
"proposal", it should be taken into account that this representation through the half -sum of 122 
velocities is well known and was previously studied for the binormal component of velocity 123 
(see, for example, [6–8]). In the cited works, the axial and azimuthal components and their 124 
half-sums were used, but only for calculating the regular remainder СН in the asymptotic ex-125 
pansion of the binormal velocity component in the vicinity of an infinitely thin vortex filament 126 
(see, for example, section 4.1 in [6]).  127 

As for the velocity of the vortex motion, in these works it was found after comparing 128 
the asymptotic representation for the induced binormal velocity at a distance  from the vortex 129 
axis with the formula for the self-induced velocity of the vortex with the core radius , proposed 130 
in [5]. Thus, the difference between the analysis of [12, 13] from that set out in [6–8], is 131 

 

Fig. 2. The vector velocity field in a vertical section passing through the axis of the vortex. 

а  measurement area and reference points on the vortex axis; b  vectors and contours of velocity (the direction of 

particle velocity is seen to coincide with the vortex axis). 
 

 

Fig. 3. Velocity field (color gradation) at different time moments in two different horizontal sections. 
А (a, b) and В (c, d)  points on the vortex axis that remain stationary  

within the measurement error (see figure 2). 
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as follows. In the first case, the half sum of the axial and azimuthal velocities in both points 132 
is found first, and then, for example, the binormal one is calculated. In the second case, 133 
the binormal velocity is presented in each point via axial and azimuthal velocities and then 134 
their half-sum is calculated. This obvious tautology, of course, gives a complete coincidence of 135 
the velocities of the solution (2.17) in [12] with the solution of [7] with constant СН for an infi-136 
nitely thin vortex filament. It should be noted that the "solution" from [12] for each component 137 
was written using the integral representation of Kapteyn series from [7], with separating 138 
the singularity and representing the regular remainder in an integral term, whose equivalence 139 
was exactly proved analytically. Further, the singularities in the Kapteyn series were also sepa-140 
rated out in the analytical form [18, 19]. In addition, in [20], the equivalence between represen-141 
tations of the solution via the Biot–Savart integral and Kapteyn series was analytically proved. 142 
Therefore, even if the tautology was derived due to a mistake in [12], the comparison with 143 
the exact solution for the СН from [7] is sufficient for its verification. Ref. [12] has a further 144 
unclear step, namely, numerical confirmation of the "solution".  145 

Despite the availability of highly accurate numerical data of [7] for the half-sum of velo-146 
cities induced by an infinitely thin filament (the case with СН), in [12] it was again numerically 147 
tested using several numerical approximations. These were the integral Helmholtz equation 148 
with discretization of the finite core by a hundred infinitely thin filaments, approximated 149 
by finite segments of broken curves, the approximation for the Biot–Savart law made by 150 
Rosenhead–Moore for the vortex ring (see, for example, [21]) with correction for the finite size 151 
of the vortex core, and direct numerical calculation of the Euler equations. All calculations 152 
demonstrated a varying difference from the tested solution (Fig. 4). The differences were not 153 
explained, and the results of the influence of the core discretization method, the selection of 154 
the adjusted parameter or the grid in the calculations were not given. On the basis of compari-155 
sons made after evaluating the velocity values at two diametrically opposite points on 156 
the boundary of the core, and calculation of their half-sum, it was concluded that the vortex 157 
velocity can be calculated for the case of a uniform distribution of vorticity in the vortex core. 158 

 

 

Fig. 4. Graphs of axial (a) and angular (b) displacements of a fluid particle along the axis of a helical 

vortex with a finite core of radius of 0.1, depending on the dimensionless pitch . 

The dimensionless values U* and * refer to the absolute velocity coordinates and are introduced 

through the ratio /4 a for translational velocity and through /4 a
2 for angular velocity; 

1 – calculation in the absolute coordinate system using formulas from [8], 2–5 are reproduced from work [12]; 

2 — calculation by half-sum at a distance of 0.1 from the singular filament; 

3  — calculation with discretization of a vortex with a finite core by singular filaments, 

4 — calculation using the approximate Rosenhead–Moore formula, 5 — numerical solution of Euler equations); 

6 — calculation in the moving coordinate system from [8]. 
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It was argued that it is how "the actual velocity of the fluid 159 
particles lying on the centreline, i.e. the velocity of the vortex" 160 
is found. But this conclusion, although to a much lesser extent 161 
than the first one, is also incorrect. [12] failed to set the differ-162 
ence between the solutions for the self-induced velocity of 163 
helical vortex with a finite core and the approximation of the 164 
solution by the half-sum of velocities, induced by a singular 165 
helical filament at finite distance from it equal to the core ra-166 
dius. However, the difference between the two solutions, alt-167 
hough not very significant, does exist. Previously, it was es-168 
tablished numerically in [6] and analytically in [7] to correspond to a difference of 1/4 between 169 
the regular СН and СMS remainders, where the latter is derived by the Moore–Saffman (MS) 170 
[21] procedure for a curved vortex with a uniform core. Both reminders were introduced after 171 
the same normalization and separation of summands corresponding to the pole and logarithm 172 
in the singular solution. It turns out that the calculations in [12], arising in that 24 years, were 173 
made with more errors than in [6] and the accurate solutions of [7] were also ignored. 174 

The invariance of motion in the inertial reference system  175 

The equivalence of motion of helical vortices in different inertial coordinate systems will 176 
be shown to justify the universality of the difference in these motions shown experimentally 177 
above. We do this by comparing the two curves on the right fragment of figure 5 in [12] (the 178 
red and green lines of this figure correspond to the red and pink lines in figure 4b of this work), 179 
the difference of which should supposedly indicate an error made in [8]. This comparison itself 180 
is the worst error of [12], since the curves were obtained in different coordinate systems. In 181 
[12] a helical vortex in a stationary system is considered, and on pages 328 and 335 in [8] it is 182 
indicated that a system consisting of N helical vortices of the same strength Γ translates with a 183 
fixed velocity ΓN/h where h is the vortex pitch as defined in figure 1(b). The choice of a moving 184 
coordinate system in [8] was associated with providing a fixed axis in the center of the vortex 185 
multiplet to ensure an adequate comparison with the Kelvin problem on instability of a poly-186 
gon of point vortices, where a fixed point was located in the center of the polygon. It is inter-187 
esting to compare the red and pink curves by switching to a single coordinate system. The full 188 
comparison of the curves is difficult, since the representation of motion through the absolute 189 
velocity of particles along the axis proposed in [12] does not directly fix the new position of 190 
the vortex, in contrast to the classical consideration based on binormal velocity through the 191 

common angle of helix . Therefore, we will correct the velocities at the point where the angle 192 
of the absolute velocity of the particles is known, i.e. when the particles move strictly in the 193 
axial direction (Fig. 5), which corresponds to zero in curve 2 in Fig. 4b. 194 

The zero in the red curve in the fragment of figure 5 from [12] and in figure 4b of this 195 
work corresponds to τ0  0.275. The value of the corresponding absolute velocity at this point 196 

is ua(τ0) = U
*
(τ0)  5.35 (see fig. 4a). The angular velocity from [8] (curve 6 in Fig. 4b) has 197 

a non-zero value of Ω
*
Ok(τ0)  0.554 at τ0 = 0.275. The coordinate system for a single vortex 198 

from [8] (p. 328, 335) translates with a fixed velocity Γ/(2πR τ0), which corresponds to the di-199 

mensionless value 2/τ0. 200 

 

Fig. 5. Sketch of helical vortex displacement in the presence  

of only axial motion (along the axis of the chamber)  

of fluid particles with velocity ua. 
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If we consider the motion of the coordinate system in the formula from [8], the axial ve-201 
locity is given by 202 

UOk = [Γ/(2πa) – a ΩOk(τ0)] /τ0. 203 

Hence, the dimensionless value U
*
Ok  (2 – 0.554) / 0.275 = 5.258, which is lower than 204 

the axial velocity of the fluid particles from [12], which is equal to 5.35. The slight difference 205 
is explained by the fact that [12] ignored integration over the vortex cross section, which would 206 
correct the solution from an infinitely thin helical vortex filament. This additional correction, 207 
using the difference between СН and СMS (СН – СMS = 1/4) in normalized form and the trian-208 

gles in Fig. 1c gives 0.25τ0 /(1 + τ0
2
)

3/2
 = 0.25·0.275/(1 + 0.075625)

3/2
  0.062. Thus 5.258 + 209 

0.062 = 5.32, which better agrees with U
*
(τ0) = 5.35 within the rounding errors in calculations. 210 

Thus, the conclusion [12, 13] about an error in the work [8] is an incorrect one made by 211 
comparing the values determined in different coordinate systems. Comparison in the same sys-212 
tem demonstrates their agreement. This fact can be considered as a confirmation of the general 213 
difference between the motions of the vortex and the fluid particles along the helical axis. This 214 
difference must be independent of the choice of inertial coordinate system and was established 215 
in the experiment described above. 216 

Conclusion  217 

The experimental study demonstrates the difference between the motion of a helical vor-218 
tex in space and fluid particles moving along its axis. This difference was formulated at 219 
the beginning of the last century [4] and was successfully used in the construction of vortex 220 
rotor theory [4, 10]. It is quite difficult to separate the two motions in the non-stationary case, 221 
since both relate to the same helical axis of the vortex. It has become possible to show 222 
the difference of these motions convincingly in the extreme case when the vortex motion was 223 
stopped in the experiment, while the fluid particles move significantly along the stationary vor-224 
tex axis. The present study was motivated by the improper identification of two different mo-225 
tions in recent publications [12, 13]. In short, the study has shown that 1) the velocity field of 226 
a non-moving helical vortex does not contain any bi-normal component; 2) the difference in 227 
the comparison in [12] of the induced velocity between the model of [8] and other models was 228 
based on a misinterpretation (moving vs non-moving frame of reference); 3) the technique for 229 
computing the core velocity of the helical vortex in [12] contains an error due to a missing 230 
term. Hence the study supports, in accordance with classical vortex theory but in disagreement 231 
with [12], that the motion of helical vortices is uniquely determined by the bi-normal compo-232 
nent of the velocity.  233 
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