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Abstract Atomically-thin materials have emerged as an excel-
lent material platform for nanophotonics owing to their ability to
host two-dimensional polaritons that can concentrate light on
extreme-subwavelength scales. Opening with a pedagogical dis-
cussion of plasmon-polaritons in graphene, this review explores
recent developments in hybrid graphene-metal nanostructures,
nonlinear graphene plasmonics, and strong plasmon-exciton
coupling in atomically-thin semiconductors, opening new fron-
tiers in nano-optics.

Strong Light–Matter Interactions Enabled by Polaritons in
Atomically-Thin Materials
P. A. D. Gonçalves1,2,3, Nicolas Stenger1,2, Joel D. Cox3,4, N. Asger Mortensen2,3,4,*, and
Sanshui Xiao1,2,*

Polaritons, formed when light hybridizes with polarization
charges formed at the boundaries between media with pos-
itive and negative dielectric response functions, can focus
light into regions much smaller than its associated free space
wavelength for a plethora of applications in nanophotonics,
ranging from biological sensing to photocatalysis to nonlin-
ear and quantum optics. In the two-dimensional (2D) limit
represented by atomically-thin and van der Waals (vdW)
materials of 2D layers bound by weak vdW attraction, po-
laritons are weakly-screened and thus characterized by ex-
tremely small wavelengths associated with extreme optical
confinement, and furthermore can exhibit long lifetimes,
electrical tunability, and extreme sensitivity to their dielec-
tric environment, among many other desirable qualities in
nano-optical device applications. This review summarizes
the fundamentals of polaritons in atomically-thin materials,
emphasizing plasmon and exciton polaritons, their strong
light–matter interactions and nonlinear plasmonics. More
specifically, the review opens with a pedagogical discussion
of plasmons in extended and nanostructured graphene, pro-
viding a classical electrodynamical model in a nonretarded
theoretical framework, and the ultraconfined acoustic plas-
mons supported by hybrid graphene-dielectric-metal struc-
tures, then nonlinear graphene plasmonics, to strong cou-
pling in layered transition metal dichalcogenides (TMDC).
These fundamental exploration of polaritonics enables many
interesting applications in optoelectronics and biomedical
technologies.

1. Introduction

Since the initial isolation in 2004(–2005) of single-layer
graphene by mechanical exfoliation [1, 2], a massive body
of research on graphene and other atomically-thin materi-
als beyond graphene has been growing rapidly, further cat-
alyzed by the novel physics and also by the steady progress
of nanofabrication technology. In particular, advanced fabri-
cation techniques now enable unprecedented control over
material growth, quality, and customization, facilitating both
the discovery of new 2D materials and their availability:
Nowadays, ultrafast epitaxial growth of large-scale single-
crystal graphene is achievable by situ modulation of the
vapour-phase reactants [3–5], compositionally modulated
MoS2–MoSe2 and WS2–WSe2 lateral heterostructures have
been reported [6], and correlated insulator behaviour has
been observed in stacked graphene sheets twisted by a magic
angle of 1.1◦ [7, 8]. Recent developments in vdW integra-
tion of 2D materials present alternative ways to create vdW
heterostructures with unique and desirable electronic and
optical properties that are unavailable in isolated 2D ma-
terials [9, 10]. All of these advances have triggered fun-
damental explorations of newly developed 2D and vdW
heterostructures, stimulating investigation of their potential
applications in energy harvesting [11–14], photonics and op-
toelectronics [15–22], and biomedical technologies [23–28].

Due to their atomic-scale thickness, light–matter inter-
actions in 2D materials are often very weak; the strong
light–matter interactions in 2D and vdW heterostructures
that have been observed are often fueled by polaritonic ex-
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Figure 1 Schematic of polaritons in atomically-thin materials. In the two-dimensional limit, polaritons are excited in the plane of an
atomically-thin crystal by light at frequencies where the imaginary part of the 2D optical conductivity σ2D and the dielectric permittivity
of the background medium εb are both positive. The polariton wavelength λp is much smaller than the impinging light wavelength λ0,
with the associated electric field confined within a distance ∼ λp/2π of the film; this concentrated near-field drives nonlinear optical
processes (e.g., harmonic generation) and can enable strong coupling with proximal quantum emitters.

citations [29–34]. These polaritonic waves normally have
extremely small in-plane wavelengths λp compared to their
associated free-space light wavelength λ0 (see Fig. 1). For
example, the light confinement factor λ0/λp can reach ∼ 50
for hyperbolic phonon polariton [35–37], and even ∼ 220
for plasmon polaritons in high-quality graphene encapsu-
lated by hexagonal boron nitride (hBN) and in graphene
moiré superlattices [38, 39]. The strong light concentra-
tion associated with 2D polaritons gives rise to an ex-
tremely large local density of electromagnetic states, re-
sulting in strong light–matter interactions. Very recently, the
anisotropic polariton propagation in a natural vdW material
α-MoO3 has been reported [40] to exhibit ultra low loss,
ten times smaller than that of graphene plasmon polaritons
at room temperature [38], strong optical 0field confinement,
with λo/λp ≈ 60. The realization of actively-tunable and
long-lived polaritons in 2D and vdW materials presents
a new frontier in nanophotonics to control light on length
scales well below the diffraction limits. This review presents
an overview of the fundamentals of polaritonic physics in
extended and structured 2D materials, with an emphasis
on plasmon and exciton polaritons, and their strong light–
matter interactions.

2. Graphene plasmon polaritons

The most prominent example of a 2D polariton in the lit-
erature is unarguably the graphene plasmon polariton [30,
41,42]. Doped graphene supports plasmon polaritons across
the terahertz (THz) and mid-infrared (mid-IR) spectral
ranges and it is often regarded as an excellent plasmonic
material [30, 38, 41–44]. Some of the enticing proper-
ties of graphene plasmons [30, 41, 42] are consequence
of graphene’s tantalizing electronic and optical proper-
ties [41, 45], while others are simply related to its two-
dimensionality [41, 46]. Nonetheless, the unique electronic
structure of graphene is of paramount importance for many

of its alluring polaritonic features [32, 41, 42]. In addition,
the mechanical stability of graphene [47] together with its
intrinsic atomic thickness makes it particularly appealing
also from a technological standpoint [48].

A key advantage of graphene plasmons—particularly
when compared with traditional surface plasmons sup-
ported by three-dimensional (3D) metals—is the ability
to actively control the frequency of plasmon resonances
in graphene simply by tuning its Fermi level [49], which
may be achieved by means of electrostatic gating [50–52]
or by chemical doping [53]. Another noteworthy advantage
of graphene plasmon polaritons is that they can propagate
while experiencing relatively low losses when compared
with traditional plasmonic materials (this is particularly true
for graphene encapsulated in hBN) [30, 38, 43].

In the following, we present an overview of the elemen-
tary physics governing plasmonic excitations in graphene.
We begin by considering propagating plasmon polaritons
supported by an extended, continuous graphene sheet, and
then move on to the theoretical description of localized plas-
mons in graphene nanostructures. Finally, it should be noted
that although here particular emphasis is given to plasmons
in graphene, the theoretical methodology introduced in this
section can be straightforwardly applied to other polaritonic
excitations [29, 30] in the ever-increasing number [54] of
2D and quasi-2D materials [55, 56].

2.1. Plasmons in extended graphene

We consider a graphene monolayer sandwiched between
two dielectric media, characterized by the relative permit-
tivities ε1 and ε2. The dispersion relation of transverse
magnetic (TM) plasmon polaritons propagating along the
graphene sheet is straightforwardly derived by matching
the fields on either side of the interface [41], similarly to
the derivation of the dispersion of surface plasmon polari-
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Figure 2 Dispersion relation of graphene plasmons in extended
graphene. The different curves represent the graphene plasmon’s
dispersion [cf. Eq. (1)], here plotted as h̄ω vs Req, calculated
using different models for the conductivity of graphene [41] (in
the zero-temperature limit), namely, the Drude-type conductivity
(gray dashed line), the local RPA result (green dashed line), and
the full nonlocal RPA conductivity of graphene (blue solid line) in
the relaxation-time approximation using Mermin’s prescription [41,
57]. The colormap in the background (here in logarithmic scale)
expresses the loss function via the imaginary part of the system’s
reflection coefficient for p-polarized waves, Imrp, obtained within
the full nonlocal RPA framework. Material parameters: ε1 = ε2 = 1,
EF = 0.4eV, and h̄γ = 8meV.

tons (SPPs) in dielectric–metal interfaces. The crucial dif-
ference here is that the presence of graphene is taken into
account by introducing a non-vanishing surface current den-
sity, J2D, which enters in the boundary conditions. For a
uniform graphene layer—i.e., unstrained, unpatterned, pris-
tine graphene—the induced surface current due to an electric
field is given by J2D = σE‖, where σ ≡ σ(q,ω) is the (in
general nonlocal) conductivity of graphene [41], and E‖ is
the total in-plane electric field evaluated at the position of
the graphene sheet. With the above-noted considerations,
the dispersion relation of graphene plasmons (GPs) stems
from the following implicit condition [41]:

ε1√
q2− k2

0ε1

+
ε2√

q2− k2
0ε2

+
iσ(q,ω)

ωε0
= 0, (1)

where q is the graphene plasmon’s wavevector and k0 = ω/c
is the wavevector of a photon with the same (angular) fre-
quency ω in free-space. In general, this dispersion relation
has to be solved by numerical means. Furthermore, from
Eq. (1) it is clear that confined TM graphene plasmons can
only exist in regions of the phase-space where Im{σ}> 0;
in the long-wavelength limit [i.e., where σ(q→ 0,ω) ≡
σ(ω)], this is fulfilled for energies h̄ω/EF . 1.667 [41].

The dispersion relation of plasmons in (doped) graphene
is shown in Fig. 2, where it has been calculated using three
different models for the conductivity of graphene. The sim-
plest of these is the Drude-like expression for the conduc-
tivity of graphene [41, 58–60], which predicts a square-
root-type dispersion, ωGP ∝

√
q, for graphene plasmons.

The next step in the complexity ladder is the inclusion of
both intraband and interband contributions for graphene’s
conductivity within the framework of the local-response
approximation (LRA), i.e., the q→ 0 limit, and the random-
phase approximation (RPA) [41,59, 60], hereafter dubbed
as local RPA. Lastly, we also show the dispersion of GPs
obtained by employing the more sophisticated full nonlo-
cal conductivity of graphene obtained within the formalism
of the nonlocal RPA [41, 61, 62] together with a particle-
conserving relaxation-time approximation [41,57]. The non-
local model imparts significant deviations of the GPs’ dis-
persion from its local prediction. Naturally, this deviation
is more pronounced for large wavevectors (and correspond-
ingly larger frequencies). Another important feature that can
only be rigorously described using the full nonlocal model
is the substantial change of the GPs’ dispersion when it
enters the region associated with interband Landau damp-
ing (h̄ω > h̄vFq∧ h̄ω > 2EF− h̄vFq), where GPs become
short-lived due to their ability to decay rapidly into electron-
hole pairs [41, 42]. The influence of this mechanism can be
clearly inferred from the disappearance of a well defined
plasmon branch in the color plot of Fig. 2, immediately after
entering the interband electron-hole continuum.

Moreover, owing to the extreme subwavelength con-
finement promoted by GPs [38, 41–43], the nonretarded
limit (defined by the absence of retardation effects) can
be taken without any loss of accuracy in nearly all the
relevant scenarios. In fact, treating plasmons in graphene
within a nonretarded approach often constitutes an ex-
cellent approximation, as demonstrated in a number of
works [38, 41–43, 63–67]. In this vein, we take the non-
retarded limit (i.e., q� k0) of Eq. (1), thereby obtaining the
nonretarded dispersion relation of graphene plasmons

q =
2iωε0ε̄

σ(q,ω)
, (2)

where we have introduced the quantity ε̄ = (ε1+ε2)/2 with-
out loss of generality [41]. We stress that, in general, Eq. (2)
remains an implicit condition for the GPs’ nonretarded spec-
trum, due to the explicit dependence of the conductivity on
both q and ω . In the local limit, and for low-loss, one can ob-
tain a closed-form expression for the (real part) of the GPs’
wavevector as a function of frequency, that is, q= 2ωε0 ε̄

Imσ(ω) At
this point, it is instructive to carry out an explicit calculation
by adopting the Drude-like expression for the conductiv-
ity of graphene, i.e., σD(ω) = ie2

π h̄
EF

h̄ω+ih̄γ
[41]: within these

approximations, the dispersion for graphene plasmons in
extended graphene becomes (for low-loss) [41]

ωGP =
1
h̄

√
2α

ε̄
EF h̄cq− i

γ

2
, (3)
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where α = e2

4πε0h̄c ' 1/137 denotes the fine-structure con-
stant. Chiefly, this result predicts that plasmons in graphene
exhibit a ωGP ∝

√
q dispersion in the local, intraband-

dominated conductivity regime. Incidentally, such square-
root dependence of the plasmon dispersion with wavevector
is a manifestation of the system’s two-dimensionality, as this
behavior is also observed in conventional 2D electron gases
with a parabolic band [41,46,68]. However, the dependence
of the plasmon energy with the carrier density is distinct
among graphene and traditional two-dimensional electron
gas (2DEG) in semiconductor heterostructures. In partic-
ular, graphene plasmon’s exhibit a ωGP ∝

√
qn1/4

e depen-
dence, whereas plasmons in a conventional 2DEG exhibit
a ω2DEG

plasmon ∝
√

qn1/2
e scaling instead1 [41]. Evidently, this

difference can be ascribed to the linear energy-momentum
dispersion that is characteristic of graphene’s massless Dirac
fermions.

Before moving on to the discussion of plasmons in
graphene nanostructures, it is instructive to obtain a rough
estimate of the maximum confinement of the electromag-
netic field that can be achieved using plasmons in extended,
continuous single-layer graphene. From Eq. (3), the ratio
between the GP’s wavelength, λGP = 2π/qGP, and that of
photon in free-space, λ0 = 2πc/ω , with the same frequency
ω , is found to be [41]

λGP

λ0
=

2α

ε̄

EF

h̄ω
. (4)

For graphene on a typical dielectric substrate, and for fre-
quencies near ω ≈ EF/h̄ (i.e., sufficiently away from in-
terband effects), which typically falls in the mid-IR, one
obtains λGP ≈ αλ0 ∼ 10−2λ0, that is, the GP’s wavelength
can be up to 100 times smaller than that of light propagating
in free-space.

1 As detailed in the text, the nonretarded dispersion relation for
plasmons supported by 2D electron systems can be generically
written as q = 2ωε0ε̄/ Imσ(ω), assuming negligible loss. Hence,
for a Drude-type 2D conductivity, this translates to

ω2D-plasmon =

√
D

2πε0ε̄
q,

where D is the so-called Drude weight. This quantity is de-
fined via the Drude conductivity for an arbitrary 2D elec-
tron system, i.e., σ(ω) = i

π

D
ω+iγ . Since the Drude weight of

graphene, DG = e2EF/h̄2 = e2vF
√

πne/h̄, is different than that of
a parabolic 2DEG, D2DEG = e2πne/m∗, this leads to 2D plasmons
whose dispersions exhibit different dependencies as a function of
the electronic density, namely

ω2D-plasmon =


CG q1/2n1/4

e , for plasmons in graphene

C2DEG q1/2n1/2
e , for plasmons in a 2DEG

,

where, for the sake of completeness, the constants in the previous

expressions are CG =
√

e2

2
√

πε0 ε̄
vF and C2DEG =

√
e2

2ε0 ε̄m∗ .

2.2. Plasmons in nanostructured graphene and
other 2D nanostructures

The studies carried out in Sect. 2.1 on the basic properties
of propagating graphene plasmons in extended graphene
systems have enabled us to establish the fundamental the-
ory and the elementary concepts underpinning plasmonic
excitations in graphene. Notwithstanding, the vibrant field
of graphene plasmonics [32, 41, 42] is considerably wealth-
ier, going well beyond the restricted subgroup of infinite,
extended graphene structures. Below, we shall expand our
previous considerations by discussing localized plasmons
in graphene nanostructures [41, 66]. These are typically
fabricated by patterning an otherwise continuous graphene
sheet, and arguably constitute the most abundant subset
of graphene-based plasmonic structures considered in the
scientific literature. A primary reason for this has to do
with the fact that plasmons in nanostructured graphene
can couple to light directly without the necessity to em-
ploy special coupling techniques (a feature that they share
with LSPs in finite-sized metal nanoparticles). Examples
of graphene nanostructures—considered either individually
or in periodic arrangements—that have been used in plas-
monics are graphene ribbons [23, 50, 69–76], disks [77–84],
rings [78,80], triangles [85,86], or anti-dots [82,87,88], just
to mention a few.

2.2.1. Nonretarded theoretical framework for 2D polaritons
in generic 2D nanostructures

The deeply subwavelength character of graphene plasmons
renders retardation effects negligible, and therefore a non-
retarded treatment provides an excellent description of
plasmons in graphene nanostructures in virtually all sit-
uations. Consequently, instead of solving the full vecto-
rial Maxwell’s equations, one can afford to solve the cor-
responding electrostatic problem, whereby plasmon ex-
citations are governed by the Poisson equation for the
(scalar) electric potential, i.e., ∇∇∇

2
Φ(r) = −ρ(r)

ε0 ε̄
. Both the

electrostatic potential and the charge density are herein
assumed to have a harmonic time dependence of the
form Φ(r, t) = Φ(r)e−iωt and ρ(r, t) = ρ(r)e−iωt . Addi-
tionally, the charge density is restricted to the 2D mate-
rial’s plane, say, the xy-plane, and thus one may write
ρ(r) = ρ2D(r‖)δ (z), where ρ2D is a surface charge density
and the in-plane vector r‖ is given by r‖ = x x̂+ y ŷ. Fur-
thermore, the induced surface charge density can be written
in terms of the in-plane electrostatic potential φ(r‖) [with
φ(r‖) ≡ Φ(r‖,z = 0)] by combining Ohm’s law together
with the continuity equation, yielding the following rela-
tion ρ2D(r‖) = iω−1σ(ω)∇∇∇‖ ·

[
f (r‖)∇∇∇‖φ(r‖)

]
where ∇∇∇‖ ≡

x̂ ∂

∂x + ŷ ∂

∂y is the in-plane 2D nabla operator and f (r‖) is
an envelope function that takes into account the geometry
of the 2D nanostructure [41, 42]. Specifically, it can be de-
fined through σ(r‖,ω)≡ σ(ω) f (r‖), where f (r‖) = 1 for
r‖ within 2D nanostructure and f (r‖) = 0 otherwise. Hence,
the nonretarded optical response can be determined in a

Copyright line will be provided by the publisher
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self-consistent fashion by solving Poisson equation together
with above-mentioned equation that relates the charge den-
sity ρ2D(r‖) with the in-plane potential φ(r‖). We can make
this more clear by considering Poisson’s equation in integral
form instead, namely

Φ(r)=
iσ(ω)

ωε0ε̄

∫
dr′‖G(r‖,r′‖;z,0)

{
∇∇∇
′
‖ ·
[

f (r′‖)∇∇∇
′
‖φ(r

′
‖)
]}

,

(5)
where G(r,r′) is the Green’s function defined via ∇∇∇

2G(r,r′)=
−δ (r−r′). Crucially, notice that the Eq. (5) tells us that the
potential in the entire space can be calculated provided that
the in-plane potential within the 2D nanostructure is known
[this is the only contribution since outside the material
f (r‖) = 0]. To that end, we now evaluate the previous equal-
ity at z = 0, thereby obtaining the ensuing self-consistent
integro-differential equation for the potential within the 2D
nanostructure:

φ(r‖) =
iσ(ω)

ωε0ε̄

∫
dr′‖ g(r‖,r′‖)

{
∇∇∇
′
‖ ·
[

f (r′‖)∇∇∇
′
‖φ(r

′
‖)
]}

,

(6)
with g(r‖,r′‖) ≡ G(r‖,r′‖;z = 0,z′ = 0). Equation (6) be-
comes particularly elucidative (and useful) when written
in terms of dimensionless variable: introducing r̃‖ = r‖/L
and ∇̃∇∇‖ = L∇∇∇‖, where L is some appropriate characteristic
length-scale of the structure under consideration, the above
equation can be recast as

Λφ(r̃‖) =−2
∫

dr̃′‖ g(r̃‖, r̃′‖)
{

∇̃∇∇
′
‖ ·
[

f (r̃′‖)∇̃∇∇
′
‖φ(r̃

′
‖)
]}

,

(7a)

where Λ =
2iωε0ε̄L

σ(ω)
, (7b)

which is now clearly scale-invariant. This is because the
integral has been stripped of any reference to the structure’s
size upon introducing the above-noted dimensionless spatial
variables. Moreover, there is no frequency or any material
dependencies left in the right-hand side of Eq. (7a), and thus
that term has a purely geometrical meaning. Consequently,
this formalism can in fact be applied to any 2D material
that is capable of supporting either plasmon polariton or
other collective modes, e.g., phonon polaritons or exciton
polaritons.

Naturally, the usefulness of the general scale-independent
integro-differential equation epitomized by Eq. (7a) hinges
upon one’s ability to solve it. In general, this cannot be
done analytically and therefore one has to rely on numer-
ical methods. In spite of this, it is still possible to solve
Eq. (7a) using semi-analytical techniques [41, 66]. Broadly
speaking, the idea behind such semi-analytical methods
is to expand the electric potential φ(r̃‖) using a suitable
set of basis functions. Here, we have chosen to base our
semi-analytical framework on an expansion using a basis
containing orthogonal polynomials [41, 63, 65, 89–94]. The
specific type of orthogonal polynomials [95] is intimately
related to the particular geometry of the nanostructure under

consideration (see, for instance, Ref. [41]). In any case, by
performing such an expansion of the potential appearing in
Eq. (7a) followed by the use of the appropriate orthogonality
relation [95], the integro-differential equation (7a) can be
transformed into a standard matrix eigenvalue problem

∞

∑
m=0

U (ν)
nm c(ν)m = Λν c(ν)n ⇒ Uν cν = Λν cν , (8)

where the index ν categorizes the polaritonic resonance.
Finally, the diagonalization of the square-matrix U(ν) yields
the system’s eigenfrequencies (polaritonic resonances) via

Λν(ων) = λν ⇔ 2iων ε0ε̄L
σ(ων)

= λν , (9)

where λν denotes the eigenvalues of U(ν). On the other
end, the corresponding eigenvectors allow the construc-
tion of the in-plane potential in the 2D nanostructure
and thus the mode profile associated with the polaritonic
eigenfrequency ων . From here, one can also compute
the induced charge density within the 2D material using
ρ2D(r‖) = iω−1σ(ω)∇∇∇‖ ·

[
f (r‖)∇∇∇‖φ(r‖)

]
, or to determine

the potential in the entire three-dimensional space through
Eq. (5) [the corresponding electric field then simply follows
from E(r) =−∇∇∇Φ(r)]. Notice that either one of those cal-
culations do not require a significant amount of labor, since
they only contain derivatives or integrals of functions involv-
ing polynomials and simple weighting functions (typically
either an exponential, a Gaussian or a polynomial).

Before applying this formalism to any particular 2D po-
laritonic structure, it is enlightening to substitute graphene’s
Drude conductivity in Eq. (9) and thereby establish an ex-
plicit connection between the eigenfrequencies ων and the
eigenvalues λν . Hence, assuming low-loss (i.e., ων � γ),
one finds the relation

ων '
1
h̄

√
2α

ε̄
EF h̄c

λν

L
− i

γ

2
, (10)

which bears close resemblance to the dispersion relation
of GPs in extended graphene [cf. Eq. (3)], where the role
previously played by the wavevector is now transferred to
λν L−1. Notably, this result formally validates the intuitively
expected behavior ω ∝

√
1/L, that here is now appropri-

ately weighted by the eigenvalue λν that accounts for the
particular geometry of the graphene nanostructure.

2.2.2. Plasmons in two-dimensional nanoribbons

In the context of graphene plasmonics, studies using the rib-
bon geometry proliferate in the literature [23,41,50,69–74],
thereby making it a prototypical system to study plasmons in
two dimensions. Below, we provide an economical overview
of the application of the nonretarded framework outlined
above (Sect. 2.2.1) to the specific case of the ribbon geome-
try.

In what follows, we consider a 2D nanoribbon of finite
width W = 2a (along the x-axis) and that is translational

Copyright line will be provided by the publisher
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λ
[n]
β

= cn
1β +

cn
2 + cn

3β

1+ cn
4β + cn

5β 2

n cn
1 cn

2 cn
3 cn

4 cn
5

0 0.8216 0 -12.397 233.56 -9.6187
1 0.8106 1.1541 0.2760 0.5905 1.5169
2 1 2.7402 0.1302 0.3411 0.1928
3 1 4.2980 0.2383 0.2633 0.0667
4 1 5.8731 0.2856 0.2069 0.0336
5 1 7.4389 0.3055 0.1683 0.0200
6 1 9.0120 0.3138 0.1413 0.0131
7 1 10.579 0.3151 0.1211 0.0092
8 1 12.152 0.3119 0.1057 0.0068
9 1 13.732 0.3044 0.0933 0.0052

Table 1 Fits to the eigenvalues describing the spectrum of plas-
mons in a 2D nanoribbon. Analytical fitting function (top row)
written as a linear term plus a Padé approximant of the form [1/2],
followed by the corresponding fitting constants obtained by fitting
the analytical formula to the calculated data presented in Fig. 3.

invariant along the y-direction. Hence, the electric potential
in such a system can be written as Φ(r) = Φ(x,z)eikyy [and
similarly for the charge density]; thus the wavevector par-
allel to the ribbon’s edges, ky, can be used to parameterize
the plasmon modes of the ribbon. Concretely, in the lan-
guage of Eq. (7), the in-plane potential φ(r̃‖) and the func-
tion g(r̃‖, r̃′‖) are found to be given by φ(r̃‖) = φ(x̃)eiβ ỹ

and g(x̃, x̃′) = (2π)−1K0(β |x̃− x̃′|) [41], where K0 is the
zero-th order modified Bessel function of the second kind,
and where we have introduced the dimensionless variables
(x̃, ỹ) = (x/a,y/a) and normalized wavevector β = kya.
Likewise, since we have assigned L ≡ a (i.e., half of the
ribbon’s width), the dimensionless parameter (7b) is then
Λ = 2iωε0ε̄a/σ(ω). Having specified all the ingredients
entering in the integro-differential equation (7), the next
step is to expand the potential φ(x̃) using a suitable basis
in terms of orthogonal polynomials. For the ribbon geome-
try, such an expansion takes the form φ(x̃) = ∑

∞
n=0 cnPn(x̃),

where Pn(x̃) denotes the Legendre polynomials. Finally, sub-
stituting the aforementioned expansion into Eq. (7a) and
exploiting the orthogonality relation of the Legendre poly-
nomials [95] yields an eigenproblem in the familiar form of
Eq. (8).

The plasmon spectrum of 2D nanoribbons calculated
using the method described in the previous paragraph is
shown in Fig. 3. As depicted in Fig. 3a, the eigenvalues
λβ = {λ [0]

β
,λ

[1]
β
,λ

[2]
β
, ...} are parameterized by β and form

a manifold of plasmon bands indexed by n, where n = 0
corresponds to the monopolar eigenmode, n = 1 to the dipo-
lar eigenmode, and so on. Each band therefore describes
a ribbon plasmon propagating along the y-direction with
(normalized) wavevector β and exhibiting quantization (for
n ≥ 1) across the ribbon’s width. In addition to our semi-
analytical results (shown as colored solid lines), we have
also superimposed analytical fits (represented by the black

Calculated

Fitted

Calculated

Plasmons in 2D Nanoribbons

(a) (b)

(c) (d)

(f)(e)

Figure 3 Plasmons in an individual 2D nanoribbon of width W =
2a. (a) Eigenvalues associated with plasmons of a 2D nanoribbon
calculated using the semi-analytical method described in the text
(colored solid lines) and corresponding fits (black dashed lines).
(b) Dispersion relation of the plasmonic eigenmodes supported
by 2D nanoribbons, obtained using the calculated eigenvalues
and assuming a Drude-type conductivity [see Eqs. (9) and (10)].

Here, we have defined ωa =
√

D
2πε0 ε̄

a−1, where D is the Drude

weight of the 2D electron system (DG = e2EF/h̄2 for graphene,
and D2DEG = e2πne/m∗ for a conventional 2DEG). (c–f) Spa-
tial profiles of the charge density across the ribbon associated
with the four lowest-frequency plasmon eigenmodes, for a fixed
β = kya = 1.5. The quantities in each panel are normalized with
respect to their absolute maxima. All results [(a–f)] were obtained
by truncating the eigensystem with N = 20 [cf. Eq. (8)], which
provides converged results for the depicted modes.

dashed lines) to the corresponding data, and whose fitting
parameters are listed in Table 1. Similarly, Fig. 3b shows
the same results, but where a Drude-like conductivity has
been assumed, thereby allowing us to write the plasmon

dispersion diagram as ω
[n]
β

= ωa

√
λ
[n]
β

[cf. Eq. (10)], where

ωa = h̄−1
√

(2α/ε̄)EF h̄ca−1 for the case of a graphene
nanoribbon.

Figures 3c–f portray the calculated charge density pro-
files that are associated with the four lowest-frequency eigen-
modes, and empirically endorse the standing-wave-like pic-
ture mentioned previously. Notwithstanding, in the limit
of large β = kya, the plasmon bands indicated in Figs. 3a–
b can be divided into two groups based on their asymp-
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totic behavior: one containing the two lowest-frequency
eigenmodes, characterized by λ

[n≤1]
β

, and another contain-

ing the modes defined by λ
[n≥2]
β

. In particular, the disper-
sion curves associated with the monopolar and dipolar rib-
bon eigenmodes become degenerate and asymptotically ap-
proach the dispersion of quasi-1D edge plasmons supported
by a half-sheet, specifically limβ→∞ λ

[n≤1]
β

= λhs β , where
λhs ≈ 0.8216 (which can also be obtained using the Wiener–
Hopf technique [96]). This observation can be intuitively
understood by noting that these two modes are highly—and
solely—confined to the ribbon’s edges. On the other hand,
the dispersion curves corresponding to eigenmodes affiliated
with the second group (containing the set of higher-order
modes with n≥ 2) pile-up at the line defined by λ

[n≥2]
β

= β ,
when β → ∞. As such, they acquire a successively more
bulk-like behavior with growing β , and their dispersion be-
comes ω

[n≥2]
β

→ ω
[n≥2]
ky

= h̄−1√(2α/ε̄)EF h̄cky, i.e., indis-
tinguishable from that of plasmons in an extended, infinite
graphene sheet [cf. Eq.(3)].

2.2.3. Plasmons in two-dimensional nanodisks

Like the ribbon, the disk geometry is also one of the most
prominent nanostructures for investigating plasmons in
nanostructured graphene, a fact that is reflected by the vast
number of works devoted to this configuration [41, 77–83].
In the following, we outline the key points for applying the
nonretarded formalism introduced in this section to describe
plasmon resonances supported by a conductive 2D nanodisk
(e.g., a doped graphene nanodisk).

Let us consider a single 2D disk of radius R made
from an atomically-thin material. In the present case, by
virtue of axial symmetry, we can express the potential as
Φ(r) = Φ(x,z)eilθ , where an analogous relation holds for
the corresponding induced charge density. Therefore, we
anticipate that the plasmon eigenmodes can be classified
in terms of their angular momentum l, each containing
a further subset of radial eigenindices n that allocate the
mode’s type of radial confinement. Moreover, since the nat-
ural length scale of a disk is its radius, we adopt L≡ R, so
that we have Λ = 2iωε0ε̄R/σ(ω) and the in-plane poten-
tial becomes φ(r̃‖) = φ(r̃)eilθ , where r̃ = r/R. Additionally,
the dimensionless function g(r̃‖, r̃′‖) admits a representation

of the form g(r̃, r̃′) = 1
2
∫

∞

0 d pJl(pr̃)Jl(pr̃′), where Jl is the
Bessel function of the first kind of order l. Next, we expand
the radial potential inside the disk—associated with an an-
gular momentum l—using a basis in terms of Jacobi polyno-
mials, that is, specifically, φ(r̃) = ∑

∞
n=0 cnr̃lP(l,0)

n (1−2r̃2),
where P(l,0)

n denotes the Jacobi polynomials. Lastly, using
the orthogonality relation of Jacobi polynomials [95], the
integro-differential equation for the potential (7) can be
converted into a standard eigenvalue problem as in Eq. (8).
Curiously—and perhaps rather surprisingly—in the present
case the matrix associated with this eigenproblem possesses
analytical matrix elements [97].

l=1

l=2

l=3

n=1 n=2 n=3nlc

Plasmons in 2D Nanodisks

(a) (b)

(c)

Figure 4 Plasmons in an individual 2D nanodisk of radius R. (a)
Eigenvalues for l ≥ 1 associated with plasmon resonances of a
2D nanodisk obtained using the nonretarded framework described
in the text (colored circles; the dashed lines connecting the cir-
cles are only for visual guidance). (b) Corresponding dispersion
curves in the case where the 2D material’s optical response is
well described by a conductivity of the Drude kind [see Eqs. (9)

and (10)]. Here, ωR =
√

D
2πε0 ε̄

R−1, where D is the Drude weight
of the 2D electron system. (c) Spatial profiles of the normalized
induced charge density for eigenmodes with different {l,n} pairs.
All results [(a–c)] were obtained by truncating the expansion to
N = 100.

The eigenvalues λ
[n]
l characterizing the spectrum of plas-

mon resonances in 2D nanodisks are depicted in Figs. 4a–b
as a function of the angular momentum l (where the l = 0
modes have been omitted, and where the color is used to in-
dicate eigenmodes with the same radial eigenindex n). Like
in the ribbon configuration, the spectrum shows a mani-
fold of eigenmodes whose energies increase with increasing
eigenindex n; however, and contrasting the ribbon geometry,
these do not form “bands”, courtesy of the azimuthal quan-
tization l that has no equivalent in the ribbon structure. The
nature of the disk’s eigenmodes with distinct combinations
of {l,n} pairs becomes readily apparent upon inspecting
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n = 1 n = 2 n = 3

λ
[n]
l=1 1.0978 4.9141 8.1338

λ
[n]
l=2 1.9943 6.2456 9.5456

λ
[n]
l=3 2.8557 7.5125 10.899

Table 2 Computed eigenvalues λ
[n]
l corresponding to different

{l,n} eigenmodes that classify the plasmon resonances in indi-
vidual 2D nanodisks (cf. Fig. 4).

the corresponding induced charge density profiles, as shown
in Fig. 4c. The associated eigenvalues λ

[n]
l are referenced

in Table 2 for the reader’s convenience. Unsurprisingly,
the charge density profiles are naturally reminiscent of the
displacement ascribed to the normal modes of a vibrating
circular membrane, where the “quantum numbers” l and
n classify the quantization along the azimuthal and radial
directions, respectively.

The disk’s eigenmodes of dipole character, i.e., with
l = 1, are of particular importance with respect to their
excitation and interaction with plane-waves, since they can
couple strongly to these. Evidently, in the nonretarded limit
the fundamental dipole mode {1,1} dominates the optical
response of the system under plane-wave illumination, and
whose absorption cross section has been shown to be quite
substantial [66, 98].

In passing, it should be noted that the theoretical frame-
work outlined above does not include edges effects per-
taining to the atomic termination of the 2D nanostructure’s
edges [79, 86, 99, 100] or quantum finite-sized effects [79]
associated with extremely small nanoislands containing a
few tens of atoms. In order to incorporate these effects,
fully atomistic calculations (e.g., the RPA with tight-binding
states or TDDFT methods) must necessarily be employed.

2.3. Ultraconfined acoustic plasmons in hybrid
graphene–dielectric–metal structures

The remarkable degree of field confinement brought about
by graphene plasmons makes them particularly well-suited
for studying and enhancing light–matter interactions, and,
from a practical viewpoint, can be regarded as an appeal-
ing platform for delivering miniaturized nanophotonic de-
vices. We have seen in Sect. 2.1 that plasmons in extended
graphene can attain wavelengths up to 100 – 300 times
smaller than that of a photon of the same frequency, and
that this already quite extraordinary confinement can be
pushed even further by patterning graphene into plasmonic
nanoresonator structures. Yet another route is to exploit the
lower frequency acoustic plasmon of double-layer graphene
formed by plasmon hybridization [41], since this mode
reaches increasingly larger wavevectors as the separation
between the graphene layers is decreased. Unfortunately,
this comes hand in hand with the difficulty of exciting such
graphene acoustic plasmons from the far-field owing to
(i) the deep subwavelength nature of the mode itself, and

(ii) to the symmetry of its field distribution (induced charges
in opposite graphene layers are in anti-phase [41]). Recently,
this adversity has been circumvented by using a vdW het-
erostructure [101]—composed of graphene encapsulated in
hBN—placed onto a metal gate [67,102,103]. Crucially, the
latter, besides enabling active control over the Fermi level
of graphene, also screens the collective charge oscillations
(plasmons) in the graphene monolayer that lies just above
the metal, thereby yielding graphene plasmons whose prop-
erties are reminiscent of acoustic plasmons in a graphene
double-layer [104].

In the following, we provide an overview of the electro-
dynamics governing these ultraconfined acoustic-like plas-
mons supported by a graphene monolayer lying at a small
distance d from a metal substrate. Most notably, their deeply
subwavelength nature makes them highly susceptible to non-
local effects, and thus the aforementioned modes may be
used to uncover the nonlocal response of the system and to
probe the quantum mechanical features of the graphene elec-
tron liquid [67] (and of the metal [104, 105]). We begin our
considerations first by analyzing quantum nonlocal effects
ascribed to the electrodynamics of graphene alone, and then
move on towards the general case where both the graphene
and the metal are treated beyond the local-response approxi-
mation.

2.3.1. Acoustic graphene plasmons: Nonlocal effects

The pioneering experimental works [67, 102] that have
reported the excitation and corresponding observation of
acoustic graphene plasmons (AGPs) used a setup that con-
sisted in hBN-encapsulated graphene deposited onto an
underlying metal gate (typically made of gold with a thin
titanium adhesion layer). For graphene–metal separations
d below the penetration length of the graphene plasmon’s
electric field, the screening exerted by the nearby metallic
gate gives rise to the above-noted AGPs, which exhibit an
approximately linear plasmon dispersion at low frequencies.
The spectral properties of AGPs can be measured using, for
instance, a scanning near-field optical microscope (SNOM),
either in scattering or in photocurrent mode [67, 102].

From a theoretical standpoint, the spectral properties of
AGPs can be determined by solving the associated electro-
dynamical problem or, alternatively, solving the quasi-static
Poisson equation since the nonretarded regime is a very
good approximation here. In particular, the dispersion of
these screened graphene plasmons can be identified from
the zeros of the RPA dielectric function [41]

ε
RPA(q,ω) = 1−V (q,ω)χτ

0 (q,ω), (11)

where χτ
0 (q,ω) is the Mermin-corrected noninteracting

density-density response function of graphene [41, 57] and
V (q,ω) describes the dressed Coulomb interaction akin to
the layered geometry.

As previously mentioned, due to the character of their
dispersion relation, AGPs have the potential to achieve ex-
tremely large wavevectors. At the same time, the correspond-
ing plasmon velocity, vp, can be tailored by controlling the
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vF

vp

metal

air
graphene

(a)

(b)

c)

d

(c)

Figure 5 Transition from the local to the nonlocal response regime by controlling the thickness d of the dielectric separating a graphene
layer from a metal substrate. (a) Pictorial representation of the graphene–dielectric–metal heterostructure under consideration. (b)
Plasmon velocity vp ≡ ∂ω/∂q as a function of the graphene–metal separation d (for a resonant frequency of ω/(2π) = 5THz).
(c) Dispersion curves of graphene plasmons supported by the graphene–dielectric–metal system for four different graphene–metal
separations (indicated in the plot). The dispersion of conventional (“unscreened”) graphene plasmons is shown by the solid black line to

facilitate the comparison and the interpretation of the results. Setup parameters: εd =
√

εhBN
x (0)εhBN

z (0)' 4.88 [67], ne = 1012 cm−2

(which roughly amounts to EF = 0.117eV, for vF = 106ms−1); as in Ref. [67], the metal is assumed to be well approximated by a
perfect electric conductor in the THz regime.

distance d between the graphene layer and the metallic
gate. Crucially, this can be done with atomic precision since
the distance d amounts to the thickness of the lower hBN
slab, and thus may in principle be chosen with single-atom
definiteness. This feature therefore makes the graphene–
dielectric–metal (GDM) system considered here a unique
playground to study nonlocal and quantum effects in con-
densed matter systems, whereby nonclassical effects can
be probed and subsequently inferred from the material’s
plasmonic response [67].

Figure 5 explicitly shows how the dispersion of AGPs
can be tailored by tuning the graphene–metal separation d
(the setup under consideration is portrayed in Fig. 5a). No-
tably, the plasmon velocity becomes increasingly slower as
the graphene–metal spacing is reduced (Fig. 5b), a feature
that is accompanied by a significant change of the plasmon
dispersion towards larger wavevectors (Fig. 5c). Further-
more, although the classical result qualitatively captures
the above-noted trends, it incurs in significant quantitative
deviations from the proper nonlocal plasmon dispersion.
Moreover, and perhaps more troubling, is the fact that,
when the graphene–metal separation is on the order of a
few nanometers, the classical theory predicts plasmon dis-
persion diagrams falling within the electron-hole continuum
and corresponding plasmon velocities that fall below the
Fermi velocity of electrons (or holes) in graphene. Clearly,

such behavior is prohibited by the full nonlocal theory, the
reason lying in the divergent feature of the density-density
correlation function χ0(q,ω) as q→ ω/vF .

The calculations of the AGPs spectral properties pre-
sented in Fig. 5 underscore the importance of employing an
adequate nonlocal description of plasmonic excitations in
such a graphene–metal configuration, particularly when the
separation between the metallic substrate and the graphene
sheet enters the few-nanometer regime. In what follows, we
exploit the tunability and flexibility of this heterostructure—
provided by the control over the separation d, but also over
the carrier density ne—to investigate the nonlocal response
of the metal below the graphene sheet.

2.3.2. Probing the nonlocal optical response of metals
using graphene plasmons

In our investigations so far we have treated the metal at
the bottom of the dielectric–graphene–dielectric–metal het-
erostructure within the LRA. The justification for doing so
has been that the dynamics affecting the graphene plasmons
in the considered system are dominated by the electrody-
namics of the graphene itself. Nevertheless, given the high
momenta attained by the AGPs studied here, at some point
the nonlocal response of the metal will need to be accounted
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for. In what follows, we consider nonlocal effects both in the
electrodynamic response of graphene and the metal. In latter
case, we incorporate nonlocality using the hydrodynamical
model (HDM) [104, 106].

In that spirit, we consider a graphene-dielectric-metal
vertical heterostructure as depicted in Fig. 6. The im-
plicit condition for the dispersion relation of acoustic-like
graphene plasmons supported by the aforementioned het-
erostructure, is then [104]

metal

Figure 6 Graphene—dielectric—metal heterostructure. The
graphene monolayer is located in the z = −d plane, and it is
sandwiched between two dielectric media with relative permit-
tivities ε1 and ε2. The metal is assumed to exhibit a nonlocal
response well modeled by the hydrodynamical model.

(
ε1

κ1
+

ε2

κ2
+

iσ
ωε0

)(
1+

εmκ2

ε2κm
+δnl

)
=

(
ε1

κ1
− ε2

κ2
+

iσ
ωε0

)(
−1+

εmκ2

ε2κm
−δnl

)
e−2κ2d , (12a)

where

δnl =
q2

κnlκm

εm− ε∞

ε∞

, (12b)

is a nonlocal correction. Crucially, the transcendental equa-
tion posed by the condition (12a) determines the dispersion
relation of AGPs in planar dielectric–graphene–dielectric–
metal structures2 (see Fig. 6) including nonlocal effects in
graphene as well as in the metal. In the former, these are
accounted for via a suitable expression for the material’s
surface conductivity, i.e., σ ≡ σ(q,ω), whereas in the latter
nonlocality enters within the scope of the HDM through the
nonlocal correction parameter δnl.

Before proceeding further, it is instructive to take a
closer look at Eq. (12). We note that the term on the left-hand
side is simply the multiplication of the ”bare” dispersion re-
lations of the uncoupled interfaces: that of graphene cladded

2 If the dielectric media that encapsulate the graphene sheet
are uniaxial

↔
εεε j = diag

[
εx

j ,ε
x
j ,ε

z
j

]
(like, for instance, hBN) the

corresponding AGPs’ dispersion relation is nevertheless readily
obtainable from Eq. (12) upon making the following replacements:
ε j→ εx

j and κ j→
√

(εx
j /ε

z
j)q

2− εx
j k2

0 for j ∈ {1,2}. This setting
is considered in Ref. [104], together with the hybridization of the
acoustic-like graphene plasmons with the optical phonons in hBN.

by two dielectric media with relative permittivities ε1 and
ε2 times that of a dielectric–metal interface. On the other
hand, the term figuring on the right-hand side of Eq. (12a)
mediates the interaction between the two interfaces. Clearly,
in the limit of large separations between the graphene and
the metal, or, more precisely, when κ2d→∞ (corresponding
to qd � 1 in the nonretarded regime), the two interfaces
effectively decouple.

Figure 7 shows the AGPs’ spectrum computed using
three different approaches: (i) both the graphene and the
metal are modeled within the LRA (this plays the role of
a “base-line”), (ii) the graphene electrodynamics are de-
scribed within the nonlocal RPA, whereas the metal’s op-
tical response is still treated within the LRA, and, finally,
(iii) the latter assumption is relaxed further and nonlocal-
ity in the metal is taken into account under the framework
of the HDM. The results unambiguously demonstrate that
the incorporation of nonlocality in the metal’s optical re-
sponse imparts an additional blueshift to the AGPs’ disper-
sion. In particular, the magnitude of the blueshift is pro-
portional to the velocity of the hydrodynamic plasma pres-
sure wave β =

√
3/5vF,m and inversely proportional to

the metal’s plasma frequency (not shown; see Ref. [104]).
Hence—and provided that all other parameters are well-
known experimentally—we envision that one could use the
theoretical framework outlined above in order to shed light
about the metal’s nonlocal response, e.g., deducing the value
of β by comparing the experimentally-measured and the the-
oretical spectra [103, 104, 107]. A perhaps more appropriate
reasoning, that squarely rests on the microscopic formalism
of the Feibelman d-parameters [108–110], is to establish a
connection between the value of β and the position of the
centroid of the induced charge density with respect to the
dielectric–metal interface (given by Red⊥, and where d⊥ is
the main Feibelman d-parameter).

Next, in Fig. 8 we examine the dependence of the non-
local hydrodynamic blueshift on the graphene–metal sepa-
ration d. For the parameters considered in the figure (well
within reach of current experimental capabilities [67, 103]),
the nonlocal response of the metal can lead to quite sig-
nificant blueshifts of the AGPs’ dispersion for d . 5nm.
This can be understood by realizing that AGPs attain in-
creasingly larger wavevectors—and therefore are more sen-
sitive to nonlocality in general—upon decreasing d. Fur-
thermore, for graphene–metal separations of only a few-
nanometers, d becomes comparable to the penetration length
of the electric field into the metal promoted by the smear-
ing of the electronic density and concomitant “inward spill”
of the screening charges due to nonlocality [111–116]. In
particular, this notion has been exploited to theoretically
describe plasmonic dimers by replacing the actual dimer
separation d0 (which plays a similar role to the graphene–
metal separation d in our geometry) by an “effective sep-
aration” deff 6= d0 in order to capture (albeit only qualita-
tively) the above-noted nonlocal shift of the induced surface
charges [103, 104, 113, 114].
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Figure 7 Nonlocal plasmonic response exhibited by acoustic-like
graphene plasmons sustained at a dielectric–graphene–dielectric–
metal heterostructure (cf. Fig. 6). The red solid line shows the
calculation of the AGPs’ spectrum in the scenario where nonlocal
effects are taken into account in the optical response of graphene
alone (via the nonlocal RPA with Mermin’s RTA) and the metal is
still treated within LRA. The blue dashed lines shows the AGPs’
dispersion computed using full nonlocal electrodynamics, that
is, where the optical response of the graphene and the metal
are described using the nonlocal RPA and the nonlocal HDM,
respectively. In the latter, we take β =

√
3/5vF,m with vF,m =

{1,1.5,2}× 106 m/s (where darker shades of blue correspond
to larger values of the Fermi velocity associated with the metal’s
conduction electrons). The opposite case, where both materials
are treated within the simplest LRA is represented by the gray
dot-dashed line (for the purpose of comparison). The hatched
region indicates the domain associated with intraband Landau
damping in the graphene. Setup parameters: ε1 = 1, ε2 = 4, and
d = 2nm; the graphene is modeled with the parameters EF =
0.4eV and h̄γ = 8meV; the metal is modeled in accordance with
εm = 1−ω2

p/(ω
2 + iωγm) with h̄ωp = 9eV, h̄γm = 20meV (and

β =
√

3/5vF,m for the HDM).

3. Nonlinear graphene plasmonics

Nonlinear optical phenomena enable the temporal and spec-
tral diversification of laser light required in a plethora of
modern photonic functionalities, yet are limited by the inher-
ently weak nonlinear response offered by conventional mate-
rials [117,118]. While this situation can be remedied in bulk
crystals by propagating light over a distance of many optical
wavelengths while meeting stringent phase-matching condi-
tions, the same strategy cannot be applied to nanophotonic
structures with inherently small light–matter interaction vol-
umes. For this reason, the ability of polaritons to concentrate
light on deep subwavelength scales, intensifying the elec-
tromagnetic near-fields upon which the nonlinear optical re-

d=
10

 n
m

d=
2 
nm

d=
5 

nm

d=0.7 nm

Figure 8 Dependence of the nonlocal plasmonic response of
acoustic-like graphene plasmons for varying graphene–metal sep-
arations d (indicated in the plot with matching colors). The re-
sponse of graphene is evaluated at the level of the nonlocal RPA
in all cases shown here. As for the metal’s optical response, we
consider two distinct models: the local response approximation
(solid lines) and nonlocal hydrodynamic model (dashed lines).
Setup parameters: same as in Fig. 7 but with fixed β =

√
3/5vF,m,

where vF,m = 1.4×106ms−1 (as in gold or silver).

sponse superlinearly depends, garners considerable attention
in nonlinear nano-optics. In this context, the extreme electric
field enhancement provided by plasmon polaritons in noble
metal nanostructures motivates intensive research efforts
in the field of nonlinear plasmonics [119], with plasmon
resonances providing substantial enhancements in the effec-
tive nonlinear optical response associated with all-optical
modulation [120, 121], wave-mixing [122–124], and har-
monic generation [125, 126], thereby facilitating the control
of light by light on the nanoscale.

The strong intrinsic field enhancement provided by the
long-lived and electrically-tunable plasmons of monolayer
graphene (cf. Sect. 2) has naturally launched explorations of
its ability to enhance nonlinear optical phenomena, stimulat-
ing fertile research efforts in nonlinear graphene plasmon-
ics [85, 127–149]. Fortuitously, the unique linear electronic
dispersion relation of graphene, giving rise to its universal
2.3% broadband light absorption and facile electrical tun-
ability, also endows this 2D material with an intrinsically
anharmonic response to external electromagnetic fields: low-
energy charge carriers within a single Dirac cone have en-
ergies εk = h̄vF|k|, where k is the electron wavevector and
vF ≈ c/300 is the Fermi velocity, endowing them with a
velocity of fixed magnitude that instantaneously changes
sign when crossing the Dirac point; an applied ac elec-
tric field E(t) = E0 cos(ωt) thus leads to a square-wave
surface current density J(t) = −envFsign{sin(ωt)} in the
E0→ ∞ limit that is weighted by the charge carrier density
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n and contains significant contributions from all odd har-
monics in its Fourier decomposition (see Fig. 9a) [150,151].
However, despite a large optical nonlinearity associated
with intraband charge carrier motion near the Dirac point,
most experiments in graphene nonlinear optics have only
probed the interband response linking vertical transitions
between Dirac cones [152–160], presumably due to the
availability of interband transitions at all photon ener-
gies that could potentially enhance nonlinear processes
involving multiple light frequencies, and the wider abun-
dance of high-powered lasers operating in the near-IR
and visible regimes that are routinely employed in non-
linear optical experiments. The initial report of a large op-
tical nonlinearity in graphene was demonstrated in a four-
wave-mixing experiment using intense near-IR/visible light
pulses [152], followed by explorations of harmonic gen-
eration [153, 156–158], the optical Kerr effect [154], and
other four-wave-mixing schemes [155], with reported val-
ues of the third-order nonlinear susceptibility χ(3) ranging
from ∼ 10−15–10−19 m2/V2 (∼ 10−7−10−11 esu in Gaus-
sian units) [161]. The ability to electrically modulate the
nonlinear optical response in graphene has recently been
demonstrated [159, 160], along with high-harmonic gen-
eration by the carbon monolayer when driven by intense
terahertz [162] and mid-IR [163, 164] light pulses.

Early theoretical ventures in nonlinear graphene plas-
monics employed perturbation theory to reveal large second-
harmonic [128] and Kerr-type optical nonlinearities [129]
associated with the highly-confined surface plasmon polari-
tons hosted by extended graphene, which however cannot
be directly launched by light from free space due to their
large momenta. Nonlinear optical wave-mixing was later
predicted to circumvent this limitation and enable the ex-
citation of graphene plasmons with visible light impinging
at angles such that a linear combinations of their frequency
and in-plane optical momentum coincides with the plasmon
dispersion curve lying well-below the light line [131, 132].
Further strengthening light-matter coupling to boost the
intrinsically-large graphene nonlinearity, localized plasmons
in graphene nanoresonators, concentrating light to volumes
millions of times smaller than its corresponding free-space
wavelength, are predicted to enable single-photon-level non-
linear optical interactions [130, 136, 147], optical bistabil-
ity [135], and intense nonlinear absorption [134,145]. These
exciting prospects were explored in classical electrodynamic
models of the nonlinear optical response associated with
plasmons in graphene nanostructures, characterizing the
optical response using the linear and nonlinear optical con-
ductivities of extended graphene; In parallel, atomistic sim-
ulations of plasmons in nanostructured graphene, with the
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dynamics of electrons in tight-binding (TB) states governed
by a single-particle density matrix in the self-consistent
field approximation—at the level of the RPA—reveal enor-
mous nonlinear polarizabilities associated with harmonic
generation [85] and wave-mixing [133] processes (orders of
magnitude above those produced by plasmons in similarly-
sized noble metal nanoparticles), confirming that the ex-
cellent nonlinear optical properties of graphene persist in
its nanostructured form, and identifying the thresholds at
which quantum finite-size effects emerge in structures with
lateral size below ∼ 10nm [139]. Time-domain simulations
based on the TB+RPA method, which go beyond pertur-
bation theory to enable the exploration of extreme nonlin-
ear optical processes driven by intense ultrashort optical
pulses, present further evidence of plasmonic enhancement
in high-harmonic generation produced by doped graphene
nanoribbons [127], as we show in Fig. 9(b). We refer the
interested reader to Ref. [149] for a review on the non-
linear TB+RPA approach in nanostructured graphene. For
larger 2D nanostructures, the nonlinear optical response can
be well-described by the theoretical description outlined
in the following subsection, designed to model localized
graphene plasmons but applicable to polaritons in other
atomically-thin materials characterized by 2D linear and
nonlinear optical conductivities. Going beyond perturbation
theory, we later discuss the regime of extreme nonlinear
plasmonics, where intense optical pulses resonantly drive
plasmon-enhanced saturable absorption and high-harmonic
generation.

3.1. Analytical description of plasmon-assisted
nonlinearity in graphene nanostructures

The nonlinear plasmonic response in graphene nanostruc-
tures of & 10nm lateral size, i.e., beyond the threshold
at which quantum finite-size effects play a non-negligible
role [79], can be described semi-analytically through the pro-
cedure introduced in Ref. [141], which constitutes an exten-
sion of the electrostatic eigenmode expansion for the linear
optical response outlined in Ref. [66] (in a way reminiscent
of the framework detailed in Sect. 2.2.1) to higher-order
processes. In this model (presented in this section in Gaus-
sian unit) the response associated with a nonlinear optical
process of order n and harmonic s (e.g., n = s = 3 for third
harmonic generation) to an external field Eexte−iωt + c.c.
polarized in the r‖ = (x,y) plane of the graphene nanostruc-
ture, with geometry defined by the filling function f (r‖), is
characterized by the induced dipole moment

pn,s =
i

sω

∫
dr‖ jn,s(r‖), (13)

where the total current

jn,s = jn,s
NL +σ

(1)
sω En,s, (14)

contains contributions from the intrinsic nonlinear current
jn,s

NL driven by the linear electric field

E1,1(r‖) = Eext +
iσ (1)

ω

ωε̄
∇∇∇‖

∫ dr′‖
|r‖− r′‖|

∇∇∇
′
‖ · f (r′‖)E

1,1(r′‖)

(15)
at the impinging light frequency ω and the current aris-
ing from the system’s linear response to the self-consistent
nonlinear field

En,s(r‖) =
i

sω
∇∇∇‖

∫ dr′‖
|r‖− r′‖|

∇∇∇
′
‖ · jn,s(r′‖) (16)

at the generated frequency sω , while the form of the intrin-
sic nonlinear current jn,s

NL depends on the particular nonlinear
process under consideration. For an inversion-symmetric
graphene nanostructure, third-order processes constitute the
leading contribution to the nonlinear response due to the in-
herent centrosymmetry of graphene’s hexagonal lattice; here
we limit our discussion to third-harmonic generation (THG)
and the optical Kerr nonlinearity, for which the associated
currents are written as

j3,3
NL = σ

(3)
3ω

E1,1(E1,1 ·E1,1), (17)

j3,1
NL = σ

(3)
ω

[
E1,−1 (E1,1 ·E1,1)+2E1,1|E1,1|2

]
, (18)

in terms of the local 2D nonlinear conductivities σ
(n)
sω calcu-

lated for extended graphene, obtained in the single-band
approximation by solving the semi-classical Boltzmann
transport equation [141,150,165] or in quantum-mechanical
approaches that incorporate effects both due to intraband
and interband electron motion [161, 166, 167].

For a given 2D morphology and specific nonlinear opti-
cal process, the self-consistent solution of Eq. (16) through
the eigenmode expansion procedure detailed in Ref. [141]
yields the nonlinear current jn,s entering the expression for
the induced dipole in Eq. (13). The analysis is simplified con-
siderably by retaining only the dominant lowest-order dipo-
lar plasmon mode in the expansion, choosing an inversion-
symmetric geometry that suppresses any even-ordered non-
linear optical response, and considering normally-impinging
light; under these conditions, the non-vanishing linear and
nonlinear polarizabilities for a structure of characteristic
size D are then given by

α
(1)
ω =

iD2

ω
σ
(1)
ω

ζ 2

1−η(ω)/η1
, (19)

α
(3)
3ω

=
iD2

3ω
σ
(3)
3ω

ξ 3,3

[1−η(ω)/η1]
3 , (20)

α
(3)
ω =

iD2

ω
σ
(3)
ω

ξ 3,1

[1−η(ω)/η1]
2 |1−η(ω)/η1|2

, (21)

where η(ω) = iσ (1)
ω /ε̄ωD contains the dependence on the

linear conductivity σ
(1)
ω and size, while the eigenvalue η1,

the linear dipole coupling parameter ζ , and the nonlinear
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coupling parameters ξ n,s are specific to the 2D geometry
under consideration, and have been tabulated for various
morphologies (e.g., disk, triangle, nanoribbon) in Ref. [141].

While the above formalism is graphene-centered, it is
important to recognize that the procedure is general to any
2D material characterized by isotropic, local conductivities.
In the case of graphene, the third-order conductivities asso-
ciated with purely intraband charge carrier motion can be
readily obtained from a perturbative solution of the Boltz-
mann transport equation in the local approximation as [141]

σ
(3)
3ω

=
3ie4vF

2

4π h̄2EF

1
(ω + iτ−1)(2ω + iτ−1)(3ω + iτ−1)

,

(22)

σ
(3)
ω =

−3ie4vF
2

4π h̄EF

1
(2ω + iτ−1)(ω2 + τ−2)

. (23)

Analytical corrections to the above conductivities in-
cluding interband contributions have been reported by
Mikhailov [167], and constitute an extension of the local
RPA description of graphene to third-order.

In Fig. 10 we employ the above procedure, incorpo-
rating the third-order local RPA conductivities reported in
Ref. [167], to study plasmon-assisted third-order nonlinear
optical processes in graphene nanoribbons characterized
by a width D = 40nm and EF = 1.0eV doping, contrast-
ing results of the analytical model (dashed curves) with
those predicted in rigorous atomistic simulations of the lin-
ear and nonlinear polarizabilities (solid curves). The four
parameters η1 = −0.06873, ζ = 0.9428, ξ 3,3 = −0.9415,
and ξ 3,1 = 3.093 associated with the lowest order ( j = 1)
dipolar plasmon mode of the nanoribbon geometry already
yield excellent agreement with the TB+RPA method, and
can be improved by including higher-order modes.

3.2. Extreme nonlinear plasmonics

The strong electromagnetic field concentration provided by
2D plasmons in graphene reduces the light-intensity thresh-
old for extreme nonlinear optical phenomena, arising when
strong optical fields produce highly out-of-equilibrium elec-
tron dynamics that cannot be understood within in a per-
tubative theoretical framework. High harmonic generation
(HHG) is one such process, predicted to be particularly ef-
fective in highly-doped, nanostructured graphene due to the
synergetic combination of plasmonic near-field enhance-
ment and anharmonic intraband charge carrier motion near
the Dirac point [127] (see Fig. 9b). Plasmon-assisted HHG
in graphene is however competing with its strong intrinsic
saturable absorption [168], which diminishes the in-plane
plasmonic near-field enhancement in the carbon layer; the
coherent saturable absorption is augmented by an incoher-
ent saturation originating in the optical heating of electrons,
which becomes substantial due to enhanced light absorption
at the plasmon resonance [143].

Several experimental investigations probing nonlinear
plasmonic phenomena in both extended and graphene and

structured resonators with intense pulsed laser fields are
highlighted in Fig. 11. In particular, the electronic heat-
ing associated with resonant excitation of plasmons consti-
tutes an incoherent but substantial source of optical non-
linearity that can be exploited to realize all-optical switch-
ing with relatively low-fluence pulses. This concept has
been studied experimentally for propagating plasmons in
extended graphene [169] and localized terahertz plasmons
in ribbons [138]. Intense optical nonlinearities associated
with wave-mixing have also been observed in experiments,
originally in extended graphene as a means to excite prop-
agating plasmons directly from free space [137], and later
for nanoribbons in the near- and mid-infrared [142]; these
studies also report a large effect attributed to the electronic
heating produced by intense illumination.

The appeal of highly-confined and actively-tunable plas-
mons in graphene is partially offset by their limitation to
mid-IR and lower frequencies, which presents a technologi-
cal challenge impeding its widespread application towards
nonlinear nano-optical devices. With plasmon resonance fre-
quencies in graphene nanostructures scaling as ω ∝

√
EF/D

and practical considerations limiting the graphene doping
level to EF ∼ 1eV, one possibility to boost plasmon reso-
nances to near-IR and visible frequencies consists in pat-
terning graphene on very small length scales, down to the
molecular plasmonics regime, where graphene nanoislands
are more akin to polycyclic aromatic hydrocarbons [170]. In-
terestingly, TB+RPA simulations for such graphene nanois-
lands down to sizes of only a few nanometers (in agreement
with more sophisticated quantum chemistry simulations
based on time-dependent density-functional theory) indicate
that a large plasmon-assisted optical nonlinearity is main-
tained despite a breakdown of the Dirac cone electronic dis-
persion relation into discrete states separated by large energy
gaps [149], suggesting molecular self-assembly [171, 172]
as a path towards mid-IR nonlinear plasmonic devices.
Graphene plasmons however constitute only one element
within the broader suite of 2D polaritons that can undergo
strong nonlinear optical interactions: As we discuss in the
following section, exciton polaritons in TMDCs exhibit res-
onance energies determined by the electronic band gap of
the material and electron-hole interaction, and their strong
coupling with proximal external plasmonic elements leads
to the formation of hybridized exciton polaritons that have
their own intrinsic optical nonlinearity.

4. Strong light–matter interactions in layered
transition metal dichalcogenides

The manipulation of light and matter is a foundational
theme in photonics and plasmonics that enables their appli-
cations in integrated light sources (conventional and quan-
tum) [173], information processing [173], as well as sensing
and metrology [174]. The traditional approach is to utilize a
photonic cavity to modify the electromagnetic environment
of quantum light emitters such as natural atoms [175] or ar-
tificial emitters such as quantum dots based on semiconduct-
ing materials [173]. Depending on the strength of the cou-
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ω }/c along with the nonlinear susceptibilities
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(b) third-harmonic generation (n = s = 3) and (c) the optical Kerr nonlinearity (n = 3, s = 1), comparing atomistic quantum-mechanical
(QM) simulations for zigzag-edge-terminated ribbons (solid curves) with the classical (CL) analytical theory (broken curves); in the
latter, dashed curves are obtained by limiting the modal expansion to the leading-order dipolar mode, while dash-dotted curves show
the response including up to the first three dipole-active modes. Reproduced with permission. [141] Copyright 2018, American Physical
Society.
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curve); In the right panel the experimental signature of this process is observed through differential reflection as a function of the
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pling between the two subsystems we can distinguish two
regimes, namely the weak and the strong-coupling regimes
as explained in Sect. 4.1 and illustrated in Fig. 12. In the for-

mer regime, the rate of energy exchange between the emitter
and the cavity is slower than any losses pertaining to the
system’s constituents, and thus the light and matter states
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Figure 12 Fundamentals of strong coupling in nanophotonics. (a) Plasmonic open cavity, e.g., a plasmonic resonator of some arbitrary
shape (here exemplified by a gold nanodisk for definiteness alone), characterized by a plasmon resonance of energy Epl and damping
Γpl, placed in the vicinity of a point-like emitter (e.g., a canonical two-level system) characterized by a transition energy Eex, intrinsic
linewidth Γex, and dipole moment µµµ . Here the coherent exchange of energy between the two systems is described by the coupling
strength g. (b) Same plasmonic open cavity as in (a) but now near an atomically-thin TMDC; the latter supports excitonic resonances
that play the role previously assigned to the two-level system. The coupling between the two entities is now described by an effective
coupling rate geff (that parameterizes the overall coupling due to an effective ensemble of excitons hosted by the 2D TMDC). (c)
Pictorial representation of the interaction-modified dynamics of the emitter (here a two-level system for simplicity). In the so-called
weak coupling regime, defined by QR < 1 (see text), the emitter decay rate is enhanced (Purcell enhancement) without a substantial
modification of the emitter (eigen)state. Conversely, in the strong-coupling regime, i.e., for QR > 1, the coupling is so large that it leads
to the formation of two new eigenstates exhibiting hybrid emitter-cavity character(s), with energy being exchanged coherently at a rate
governed by the Rabi frequency ΩR (which amounts to h̄ΩR ≈ 2g in the low-loss regime).

essentially remain as separate entities (albeit with modified
dynamics). In the weak coupling regime, the enhancement
of the electromagnetic local density of states (LDOS) and of
the field enhancement provided by the optical cavity can be
used to increase the emission rate of an emitter: this behav-
ior is known as the Purcell effect [176–179]. On the opposite
end, that is, in the strong-coupling regime—where the rate
of energy exchange between the emitter and the cavity is
faster than any losses—the light and matter states hybridize
to form new eigenstates simultaneously endowed with both
light-like and matter-like character [180]. The hybrid na-
ture of polaritons emerging in the strong-coupling regime
offers many exciting opportunities not only for fundamental
research [181] but also for quantum technologies such as
photon blockades [182], coherent quantum bit manipula-
tion [183], or new quantum light generation and threshold-
less polaritonic lasers [184]. However, in order to prevent
detrimental dephasing processes in both the cavity and in
the emitter, pioneering experimental works [185–187] have
been carried out under cryogenic conditions [186,187], thus
limiting the development of scalable, application-oriented
devices.

Over the last few years, there has been a growing inter-
est in studying the strong-coupling regime using organic
semiconductors [187–190] and, more recently, atomically-

thin and two-dimensional materials [34, 191–200] as ma-
terial platforms. Here, we give special emphasis to the
latter. In particular, 2D materials like TMDCs can host
excitons—electron-hole pairs bounded by the (screened)
Coulomb interaction—that are stable at room temperature,
thereby opening enticing prospects for exploring strong
light–matter interactions under ambient conditions. Strong
coupling at room temperature using dielectric cavities to-
gether with TMDCs [34] has been experimentally demon-
strated, while similar systems such as metallic microcav-
ities coupled to TMDCs [201] have also joined the race,
exhibiting polaritonic splittings as large as 100meV [202].
Futhermore, Rabi-like splittings in excess of 100meV have
been achieved in systems utilizing plasmonic lattices and
localized surface plasmons resonances (LSPRs) together
with single inorganic quantum dots [203–206] or organic
molecules [207] such as J-aggregates [208–211], and 2D
materials [193–200]. At the time of writing, most of the re-
views on strong coupling in nanophotonics [195, 212–215]
predominately cover previous works where the emitters are
either conventional quantum dots or (in)organic molecules.
Hence, herein we focus on reviewing the recent develop-
ments concerning strong light–matter interactions based on
plasmonic resonances jointly with atomically-thin materi-
als, like TMDCs, as a growing number of experimental
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works have demonstrated sizable Rabi-like energy split-
tings [193–200, 216] (e.g., as large as 175meV [199] and
190meV [217]) using architectures based on few-layer
and single-layer TMDCs. In the following, we provide an
overview of the elementary principles describing strong cou-
pling in a nanophotonics context. Next, we describe basic
optical properties of TMDCs and then review the most re-
cent experimental investigations of strong coupling between
excitons in atomically-thin TMDCs and plasmonic reso-
nances supported by metallic nanoparticles. In closing, we
identify and discuss potential avenues for future investiga-
tions in this emerging and enticing field.

4.1. The strong-coupling regime

Let us consider a plasmonic resonator—e.g., an individual
metallic nanoparticle supporting a LSPR—in close prox-
imity to an emitter such that there is significant overlap
between the near-fields of the plasmonic cavity and of the
emitter. If the emitter is well described by a point-like two-
level system (Fig. 12a), then the coupling energy follows
from g = µµµ ·E(r0), where µµµ is transition dipole moment
associated with the transition and E(r0) is the electric field
evaluated at the emitter’s position r0 [195, 212, 213, 215].
In this review, we shall consider that the ”emitter” is repre-
sented by an excitonic resonance ascribed to the 2D TMDC
(Fig. 12b); in such a case, the previous expression cannot be
employed and an explicit formula for the coupling energy
is in general a nontrivial and onerous task (for a discussion
about this predicament, see, for instance, Ref. [218] and ref-
erences therein). Notwithstanding, one may still in principle
define an effective coupling (g≡ geff herein) that could be
inferred from experimental data.

In what follows, we treat the plasmon-exciton interac-
tion semiclassically within the framework of the coupled-
oscillator model [34, 192, 215], wherein the coupling be-
tween the plasmon and the exciton is described by the non-
Hermitian HamiltonianEpl− i

Γpl

2
g

g Eex− i
Γex

2


α

β


±

= E±

α

β


±

, (24)

where Epl(ex) and Γpl(ex) are, respectively, the plasmon (ex-
citon) resonant energy and associated linewidth, g denotes
the coupling strength introduced above, and we introduce
the amplitudes α and β describing the hybrid polaritonic
states in terms of their plasmonic (α±) and excitonic (β±)
constituents. The system’s eigenmodes can be straighfor-
wardly calculated by diagonalizing the Hamiltonian (24),
which yields the following pair of eigenenergies:

E± =
1
2
(
Epl +Eex

)
− i

4
(
Γpl +Γex

)
± 1

2

√
4g2 +

[
δ − i

2
(
Γpl−Γex

)]2

, (25)

where δ = Epl−Eex is the plasmon-exciton detuning. The
eigenvalues E± give rise to an energy spectrum divided into
two branches: an upper-polariton branch (UPB; E+) and a
lower-polariton branch (LPB; E−). The Rabi-like splitting,
ER, is then defined as the energy difference between the
UPB and LPB at zero detuning [215], and reads

ER =

√
4g2−

(
Γpl−Γex

)2

4
. (26)

The criteria for strong coupling has been widely dis-
cussed in the literature [180, 195, 215, 219], and, broadly
speaking, it is defined when the rate of coherent energy
exchange exceeds any damping mechanisms (e.g., g �
Γpl,Γex). Although more than one criteria exists, a com-
mon approach to classify the strong coupling regime hinges
on the fulfillment of the condition ER > (Γpl +Γex)/2 [pro-
vided that (4g)2 > (Γpl−Γex)

2] [191, 194, 195, 199, 215].
An alternative approach—which is particularly useful in the
presence of large losses typical of plasmonic cavities—is
to make use of the formalism introduced in Ref. [220], and
define the following figure-of-merit (FOM):

QR =
2ER

Γpl +Γex
. (27)

As detailed in Ref. [220], this quantity is a quality factor
that essentially quantifies the number of temporal oscil-
lations in the occupation numbers of the new eigenstates.
As such, QR = 1 unambiguously marks the onset of the
strong-coupling regime: for QR < 1, that is, in the weak cou-
pling regime, the original character of the modes is retained
and the emitter population decays exponentially (Fig. 12c;
top row); on the other hand, in the strong coupling regime,
marked by QR > 1, the occupation numbers of the hybrid
eigenstates oscillate in time with a characteristic Rabi-like
frequency of ΩR = ER/h̄ (Fig. 12c; bottom row).

4.2. Excitons in atomically-thin semiconductors

In recent years, excitons—i.e., electron-hole pairs bounded
through their mutual Coulomb interaction—in 2D materials
like TMDCs have attracted a great deal of attention due
to their singular optical properties [221–223]. These, to a
great extent, reflect the presence of 2D excitons with large
binding energies (hundreds of meV), thereby making such
collective excitations stable even at room temperature. This
is in stark contrast with excitons in conventional bulk 3D
semiconductors which typically possess binding energies
of the order of kBT (where kBT ' 26meV at T = 300K).
The reason for this order-of-magnitude difference lies in
inherently reduced screening in two dimensions [221, 222,
224].

Furthermore, excitons in 2D TMDCs are not only stable
at room temperature, but also host large (effective) dipole
moments µµµ [193] oriented in-plane. Note that both of these
features are instrumental to achieve the strong-coupling
regime at room temperature.
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As the low-energy physics of atomically-thin TMDCs is
well-described by an effective Dirac-like Hamiltonian with
finite mass [225, 226], the valley degree of freedom can be
used to manipulate the spin polarization of electrons—due
to the sizable spin-orbit coupling exhibited by such ma-
terials [221]—using circularly polarized light [226–228].
Pioneering experiments have shown that it is possible to
inject excitons with highly polarized spins that could be
utilized for valleytronics [226–228]. Conversely, the val-
ley polarization of these materials could also be exploited
to coherently change the polarization state of the emitted
light [229] or to steer the propagation direction of surface
plasmon polaritons [230, 231].

Moreover, the intrinsic properties of 2D TMDCs can be
actively tuned by doping via electrostatic gating. Crucially,
this not only modifies the occupation number of electrons
(holes) in the conduction (valence) bands, but also strongly
influences the excitonic spectrum owing to the change in
the screening dynamics. Additionally, doped 2D TMDCs
can also host charged excitons (dubbed trions); these are
excitonic complexes formed when a neutral exciton binds
to another electron or hole, thereby forming a charged three-
particle state [221]. These charged excitons are expected
to play an important role in energy harvesting and in new
optoelectronic devices [232].

At low temperatures and for small doping, biexcitons
(four-body states) can be formed and contribute to the op-
tical response of 2D TMDCs [233–235]. Decaying biexci-
tons in TMDCs could be an interesting platform to gener-
ate entangled pairs of photons for quantum technologies
such as quantum networks and quantum cryptography. On
a more fundamental viewpoint, when the density of exci-
tons is very high, new states of electronic matter can be
emerge such as dropletons [236] or Bose–Einstein conden-
sates [181, 184, 237].

Most of the experimental works exploiting 2D TMDCs
as platforms for studying light–matter interactions in the
strong-coupling regime have predominantly involved MoS2,
WS2, or WSe2, presumably, because they are commercially
available, can be synthesized by CVD methods, and their
optical properties are stable under ambient conditions over
a long period of time. Nevertheless, with the advances in
nanofabrication methods [238] enabling the possibility to
realize new atomically-thin materials with new exotic prop-
erties, we anticipate the emergence of novel nanophotonic in
the form of van der Waals heterostructures [9, 101] devices
with functionalities going beyond the ones provided by the
individual layers.

All the above-mentioned properties explain why 2D
semiconducting TMDCs constitute exquisite architectures
for exploring the rich physics of the strong-coupling
regime (and, possibly, even in the ultrastrong-coupling
regime [239]).

4.3. Strong plasmon-exciton coupling with
plasmonic cavities and TMDCs

The formation of exciton polaritons created by exploiting
excitons in layered TMDCs in combination with photonic
or plasmonic cavities has now been demonstrated by many
groups [34, 191, 193–200, 209, 211, 241], signaling that the
field has now left its infant stage and has now reached
adolescence. To illustrate this, in Fig. 13 we provide a
cursory overview of a number of hybrid metal-TMDCs
systems exhibiting strong plasmon-exciton interactions. In
most cases, the experimental setup consists in hybrid sys-
tems composed by atomically-thin TMDCs in conjunction
with plasmonic resonators, such as metallic nanoparticles
with various shapes [193, 194, 197–199], nanoparticle-on-a-
mirror (NPoM) geometries [196, 217, 242], plasmonic crys-
tals [240, 243], as well as plasmonic lattices [202, 244–246].
A significant number of such plasmonic cavities are based
on chemically grown metallic nanoparticles [247, 248]; this
is motivated by the high-quality (up to the single-crystalline
level) and extremely low surface roughness presented by
these nanoparticles, which naturally yield plasmonic reso-
nances with smaller linewidths.

Typically, in order to reach the so-called strong-coupling
regime one tries to maximize the coupling strength g while
minimizing the overall damping mechanisms. As mentioned
above, the latter can be achieved by employing highly-
crystalline metal nanoparticles, whereas the former can be
engineered by maximizing the spatial overlap of the plas-
monic mode with the 2D material hosting the excitonic
resonance. Lastly, excitonic resonances exhibiting large os-
cillator strengths are naturally better candidates as platforms
for strong coupling (in this regard, WS2 seems to be partic-
ularly well-suited for that end [223]).

As portrayed in Fig. 13, substantial plasmon-exciton
coupling has been achieved by combining different 2D
TMDCs platforms with a plethora of plasmonic nanostruc-
tures such as nanorods, bipyramids, or nanodisks. Recently,
it has been shown that one could improve the coupling
strength (and thus obtain larger values of ER) by increasing
the number of layers of TMDCs involved in the coupling
process (Fig. 13d) [196, 198, 199]. Strikingly, the addition
of a few more layers does not seem to significantly affect
the excitonic resonance, despite modifying the material’s
bandstructure and creating an indirect band gap (instead
the direct one exhibited in monolayers) [249]. Hence, in
this spirit, varying the number of layers incrementally could
be a viable strategy to study the weak-to-strong coupling
transition.

In Table 3 we have summarized some of the latest works
exploring strong coupling in hybrid metal-TMDCs systems.
Even though the list is of course not exhaustive, it clearly
shows a vast breath of different metal-TMDCs platforms
suitable for investigating strong-coupling in nanophotonics.
In the table, we provide the key parameters that character-
ize the plasmon-exciton interaction in each device, e.g., the
amplitude of the measured Rabi-like splitting, along with
the linewidths associated with the (uncoupled) plasmon and
exciton resonances. These quantities then enable us to com-
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DTUDat Title

(d)

WSe2/Au 

bipyramides

(a)
(b)

WS2/Au nanorods

Particle on a mirror

(f)

Plasmonic Crystal

(e)

WS2/Au nanodisks

WS2/Ag Triangles

(c)

Figure 13 Overview of the different hybrid metal–TMDC strutures used in recent experiments. (a) Gold nanorods on WS2. Reproduced
with permission. [193] Copyright 2017, American Chemical Society. (b) Metallic spheres-on-a-mirror with mono- and multilayer WSe2 in
the gap. Adapted with permission. [196] Copyright 2017, Springer Nature. (c) Plasmonic modes in silver nanotriangles coupled to
excitons and trions in WS2. Reproduced with permission. [197] Copyright 2018, American Chemical Society. (d) Gold bypiramids on
mono- and multilayer WSe2. Adapted with permission. [198] Copyright 2018, American Chemical Society. (e) Ultrathin gold nanodisks
coupled to mono- and multilayer WS2. Reproduced with permission. [199] Copyright 2019, American Chemical Society. (f) Dielectrically
loaded plasmonic crystal in monocrystalline surfaces coupled to WSe2. Adapted with permission. [240] Copyright 2019, American
Chemical Society.

pute the FOM QR introduced in Eq. (27) that quantifies the
coupling strength. Firstly, notice that the energy splittings
can range from about 18meV [240] all the way up to values
well above 150meV [199, 217]. In spite of this, most de-
vices feature a FOM close to unity, i.e., QR ∼ 1, with many
satisfy the strong coupling criterion QR > 1 (even though
by a relatively small margin). Importantly, it is clear that the
FOM can increase significantly when considering few-layer
TMDCs (as opposed to its single-layer version) [198, 199].

For comparison purposes with other platforms capable
of achieving strong coupling at room temperature, we have
also included in Table 3 the different parameters reported
by Wersäll et al. [211] using LSPRs coupled to organic
molecules as the ”excitonic material”. Remarkably, they
reach a FOM of 3.2, which constitutes the highest value
reported so far for single plasmonic resonators coupled to
emitters. This exceptionally large value could be explained
by the fact that the J-aggregates used in this experiment cov-
ers the whole silver nanotriangles, therefore maximizing the
overlap of the plasmon mode with the exciton-supporting.
This is in contrast with the TMDCs-based setups that have
been explored so far, where the TMDCs layer interacts
mostly with only one fraction of the plasmon mode. Hence,
we speculate on the possibility of increasing the overall cou-
pling strengh by, say, encapsulating such metallic nanoparti-
cles with 2D TMDCs.

4.4. Perspectives on strong coupling

Since the first demonstration of strong coupling between
LSPRs in metallic nanoparticles and excitons in 2D TMDCs,
a growing number of experimental works have reported
signatures of plasmon-exciton strong coupling probed by
optical measurements. From the point of view of the char-
acterization methods, many of the aforementioned experi-
ments have used dark-field scattering spectroscopy meth-
ods [193, 194, 198, 199] for determining the amplitude of
the polariton anti-crossing and infer from it wether the inter-
action is in the weak or strong coupling regime. However,
as it has been recently pointed out by a number of theo-
retical [219, 250] and experimental [203] works, the sole
measurement of the scattering cross-section is not sufficient
to unambiguously conclude if the system is in within strong-
coupling regime. Indeed, the splitting observed in scattering
measurements could simply be a consequence of plasmon-
enhanced absorption or or more Fano-type physics [250].
Therefore, it is imperative to use other complementary char-
acterization methods that can provide further insight about
the plasmon-exciton coupling mechanism at work. For in-
stance, examples of such methods are photoluminescence
in the far- [203, 211, 217, 251, 252] and near-field [205, 206]
and/or spectroscopic methods enabling direct or indirect ac-
cess to the absorption cross-section [199, 250]. In addition,
plasmon-exciton polaritons have been observed using elec-
tron energy-loss-spectroscopy [200]; this technique opens
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References LSPR TMDC # of layers ER [meV] Γpl [meV] Γex [meV] QR Temp. [K]

[194] Ag nanorod WSe2 1 49.5 98 43 0.7 RT
[193] Au nanorods WS2 1 106 149 57 1.03 RT
[196] SoM WSe2 12 140 120 70 1.47 RT
[197] Ag nanotriangles WS2 1 120 190 20 1.14 RT/6K
[198] Au bipyramids WSe2 8 101 110 63 1.17 RT
[242] NCoM WS2 1 145 220 50 1.07 RT
[243] Au nanoholes WS2 1 162 380 60 0.74 RT
[199] Au nanodisks WS2 7 175 170 44 1.64 RT
[240] Ag DLPC WSe2 1 18.2 7 7.5 2.51 4K
[217] Au NCoM MoS2 1 190 280 50 1.15 RT

[211] Ag nanotriangles J-aggregates N. A. 400 150 100 3.2 RT

Table 3 Reported parameters from experimental works on individual localized surface plasmon resonances (LSPRs) interaction with
atomically-thin ransition metal dichalcogenides (TMDCs) and corresponding calculated figure-of-merit (FOM) QR. For comparison
parameters and FOM from the experimental work of Wersäll et al. [211] with silver nanotriangles coupled to organic molecules
are reported in the last columns. Abbreviations: sphere-on-a-Mirror (SoM), nanocube-on-a-mirror (NCoM), room-temperature (RT),
dielectrically loaded plasmonic cavity (DLPC).

enticing perspectives for probing plasmon-exciton interac-
tions at the true nanometer scale. Furthermore, recent exper-
imental works involving phololuminescence spectroscopy
of LSPR coupled to organic molecules [251] or excitons in
TMDCs [196, 217, 252] have reported that most of the spon-
taneously emitted light originates from the LPB, with very
little emission arising from the UPB. Nevertheless, more
investigations—e.g., using time-domain photoluminescence
spectroscopy—are needed in order to obtain a deeper under-
standing of the dynamics associated with the UPB and the
LPB in these systems.

Moreover, from the point of view of methods for fab-
ricating 2D materials, there are many prospective systems
waiting to be explored [238]. On the other hand, the re-
cent discovery of superconductivy in graphene by simply
twisting adjacent layers in bilayer graphene [7] hints at the
possibility of tailoring many-body interactions involved in
exciton formation by twisting TMDCs (dubbed ”Moiré exci-
tons”) [253–256]. This new degree of freedom, which is not
present in conventional semiconductors, opens the possibil-
ity to design novel exciton species that may in principle be
optimally tailored in order to maximize the coupling with
electromagnetic modes.

Finally, in order to be suitable for quantum-based appli-
cations, strong coupling achieved in hybrid metal-TMDC
systems must necessarily pass a few experimental tests and
demonstrate quantum coherence in the coupling between
plasmon and excitons. In this regards, direct measurement
in the time-domain of Rabi oscillations [257] would be a de-
cisive towards that end (though experimentally challenging
due to the fast rate of oscillation), as well as measuring the
statistics and correlation functions of the photons emitted
from these systems. Theoretical [258, 259] and experimen-
tal [260] works have paved the way in that direction for sys-
tems involving organic molecules interacting with LSPRs

and still need to be demonstrated for 2D material-based
devices.

5. Outlook

The advent of atomically-thin materials—initiated and spear-
headed by graphene—has opened enticing new routes for
nanophotonics in two dimensions and ensuing nanostruc-
tures. In this Review, we provide a hopefully representative
sample of a breadth of polaritons and related light–matter
interactions enabled by 2D polaritons (e.g., plasmon polari-
tons, exciton polaritons, phonon polaritons, etc). Despite
the fast-paced growth we have been witnessing over the last
couple of years, it is not unfathomable to think that research
in 2D nanophotonics has only scratched the surface, with
a plethora of exciting possibilities over the horizon. While
some of these possibilities are yet to be recognized, new av-
enues are already starting to be pursued. Examples of the lat-
ter are hyperbolic [36,261] and chiral polaritonics [231,262],
using 2D polaritons for controlling the dynamics of emitters
placed in the vicinity of a 2D material [263], or the engi-
neering of new flavors of polaritons [29, 30] (e.g., plasmon-
exciton polaritons, plasmon-phonon polaritons, etc). Other
alluring research directions are 2D material-based topolog-
ical photonics [264, 265], twist-polaritonics [266–268], as
well as transdimensional photonics [269] (i.e., the interme-
diate regime between the ”strictly 3D” and the ”strictly 2D”
regime).

The strong field confinement and high tunability pro-
vided by 2D polaritons makes them an outstanding tool to
control and study light–matter interactions at the nanoscale.
In the light of the continuously increasing library of 2D ma-
terials with many different properties, we anticipate that re-
search in ”flatland nanophotonics” will continue to blossom
in the coming years, potentially leading to novel nanoscale
optoelectronic devices.
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22 P. A. D. Gonçalves et al.: Strong Light–Matter Interactions Enabled by Polaritons in Atomically-Thin Materials

[24] D. Rodrigo, A. Tittl, O. Limaj, F. J. Garcı́a de Abajo,
V. Pruneri, and H. Altug. Light Sci. Appl. 2017, 6, e16277.

[25] N. Dontschuk, A. Stacey, A. Tadich, K. J. Rietwyk,
A. Schenk, M. T. Edmonds, O. Shimoni, C. I. Pakes,
S. Prawer, and J. Cervenka. Nat. Commun. 2015, 6, 6563.

[26] H. Hu, X. Yang, F. Zhai, D. Hu, R. Liu, K. Liu, Z. Sun, and
Q. Dai. Nat. Commun. 2016, 7, 12334.

[27] X. Chen, Y. J. Park, M. Kang, S.-K. Kang, J. Koo, S. M.
Shinde, J. Shin, S. Jeon, G. Park, Y. Yan, M. R. MacEwan,
W. Z. Ray, K.-M. Lee, J. A. Rogers, and J.-H. Ahn. Nat.
Commun. 2018, 9, 1690.

[28] H. Hu, X. Yang, X. Guo, K. Khaliji, S. R. Biswas, F. J.
Garcı́a de Abajo, T. Low, Z. Sun, and Q. Dai. Nat. Commun.
2019, 10, 1131.

[29] D. N. Basov, M. M. Fogler, and F. J. Garcı́a de Abajo.
Science 2016, 354, aag1992.

[30] T. Low, A. Chaves, J. D. Caldwell, A. Kumar, N. X. Fang,
P. Avouris, T. F. Heinz, F. Guinea, L. Martin-Moreno, and
F. Koppens. Nat. Mater. 2017, 16, 182.

[31] A. A. Balandin and D. L. Nika. Mater. Today 2012, 15, 266.
[32] F. H. L. Koppens, D. E. Chang, and F. J. Garcı́a de Abajo.

Nano Lett. 2011, 11, 3370.
[33] L. Britnell, R. M. Ribeiro, A. Eckmann, R. Jalil, B. D. Belle,

A. Mishchenko, Y.-J. Kim, R. V. Gorbachev, T. Georgiou,
S. V. Morozov, A. N. Grigorenko, A. K. Geim, C. Casiraghi,
A. H. Castro Neto, and K. S. Novoselov. Science 2013, 340,
1311.

[34] X. Liu, T. Galfsky, Z. Sun, F. Xia, E.-c. Lin, Y.-H. Lee,
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26 P. A. D. Gonçalves et al.: Strong Light–Matter Interactions Enabled by Polaritons in Atomically-Thin Materials

[231] T. Chervy, S. Azzini, E. Lorchat, S. Wang, Y. Gorodetski,
J. A. Hutchison, S. Berciaud, T. W. Ebbesen, and C. Genet.
ACS Photonics 2018, 5, 1281.

[232] J. S. Ross, P. Klement, A. M. Jones, N. J. Ghimire, J. Yan,
D. Mandrus, T. Taniguchi, K. Watanabe, K. Kitamura,
W. Yao, D. H. Cobden, and X. Xu. Nat. Nanotechnol. 2014,
9, 268.

[233] Y. You, X.-X. Zhang, T. C. Berkelbach, M. S. Hybertsen,
D. R. Reichman, and T. F. Heinz. Nature Phys. 2015, 11,
477.

[234] A. Steinhoff, M. Florian, A. Singh, K. Tran, M. Ko-
larczik, S. Helmrich, A. W. Achtstein, U. Woggon,
N. Owschimikow, F. Jahnke, and X. Li. Nat. Phys. 2018,
14, 1199.

[235] J. Pei, J. Yang, X. Wang, F. Wang, S. Mokkapati, T. Lu,
J.-C. Zheng, Q. Qin, D. Neshev, H. H. Tan, C. Jagadish, and
Y. Lu. ACS Nano 2017, 11, 7468.

[236] A. Almand-Hunter, H. Li, S. Cundiff, M. Mootz, M. Kira,
and S. W. Koch. Nature 2014, 506, 471.

[237] H. Deng, H. Haug, and Y. Yamamoto. Rev. Mod. Phys.
2010, 82, 1489.

[238] A. Shivayogimath, J. D. Thomsen, D. M. Mackenzie,
M. Geisler, R.-M. Stan, A. J. Holt, M. Bianchi, A. Crovetto,
P. R. Whelan, A. Carvalho, A. H. Castro Neto, P. Hofmann,
S. Stenger, P. Bøggild, and T. J. Booth. Nat. Commun. 2019,
10, 2957.

[239] A. F. Kockum, A. Miranowicz, S. D. Liberato, S. Savasta,
and F. Nori. Nat. Rev. Phys. 2019, 1, 19.

[240] A. M. Dibos, Y. Zhou, L. A. Jauregui, G. Scuri, D. S. Wild,
A. A. High, T. Taniguchi, K. Watanabe, M. D. Lukin, P. Kim,
and H. Park. Nano Lett. 2019, 19, 3543.

[241] L. C. Flatten, Z. He, D. M. Coles, A. A. P. Trichet, A. W.
Powell, R. A. Taylor, J. H. Warner, and J. M. Smith. Sci.
Rep. 2016, 6.

[242] X. Han, K. Wang, X. Xing, M. Wang, and P. Lu. ACS
Photonics 2018, 5, 3970.

[243] X. Chen, H. Wang, N.-S. Xu, H. Chen, and S. Deng. App.
Mater. Today 2019, 15, 145.

[244] B. Lee, J. Park, G. H. Han, H.-S. Ee, C. H. Naylor, W. Liu,
A. C. Johnson, and R. Agarwal. Nano Lett. 2015, 15, 3646.

[245] W. Liu, B. Lee, C. H. Naylor, H.-S. Ee, J. Park, A. T. C.
Johnson, and R. Agarwal. Nano Lett. 2016, 16, 1262.

[246] B. Lee, W. Liu, C. H. Naylor, J. Park, S. C. Malek, J. S.
Berger, A. T. C. Johnson, and R. Agarwal. Nano Lett. 2017,
17, 4541.

[247] X. Lu, M. Rycenga, S. E. Skrabalak, B. Wiley, and Y. Xia.
Annu. Rev. Phys. Chem. 2009, 60, 167.

[248] F. Qin, T. Zhao, R. Jiang, N. Jiang, Q. Ruan, J. Wang, L.-D.
Sun, C.-H. Yan, and H.-Q. Lin. Adv. Opt. Mater. 2016, 4,
76.

[249] H. Zeng, G.-B. Liu, J. Dai, Y. Yan, B. Zhu, R. He, L. Xie,
S. Xu, X. Chen, W. Yao, and X. Cui. Sci. Rep. 2013, 3,
1608.

[250] T. J. Antosiewicz, S. P. Apell, and T. Shegai. ACS Photonics
2014, 1, 454.

[251] M. Wersäll, B. Munkhbat, D. G. Baranov, F. Herrera, J. Cao,
T. J. Antosiewicz, and T. Shegai. ACS Photonics 2019, 6,
2570.

[252] L. Liu, L. Y. Tobing, X. Yu, J. Tong, B. Qiang, A. I.
Fernández-Domı́nguez, F. J. Garcia-Vidal, D. H. Zhang,
Q. J. Wang, and Y. Luo. Adv. Opt. Mater. 2019, 7, 1901002.

[253] K. Tran, G. Moody, F. Wu, X. Lu, J. Choi, K. Kim, A. Rai,
D. A. Sanchez, J. Quan, A. Singh, J. Embley, A. Zepeda,
M. Campbell, T. Autry, T. Taniguchi, K. Watanabe, N. Lu,
S. K. Banerjee, K. L. Silverman, S. Kim, E. Tutuc, L. Yang,
A. H. MacDonald, and X. Li. Nature 2019, 567, 71.

[254] K. L. Seyler, P. Rivera, H. Yu, N. P. Wilson, E. L. Ray, D. G.
Mandrus, J. Yan, W. Yao, and X. Xu. Nature 2019, 567, 66.

[255] C. Jin, E. C. Regan, A. Yan, M. I. B. Utama, D. Wang,
S. Zhao, Y. Qin, S. Yang, Z. Zheng, S. Shi, K. Watanabe,
T. Taniguchi, S. Tongay, A. Zettl, and F. Wang. Nature 2019,
567, 76.

[256] E. M. Alexeev, D. A. Ruiz-Tijerina, M. Danovich, M. J.
Hamer, D. J. Terry, P. K. Nayak, S. Ahn, S. Pak, J. Lee,
J. I. Sohn, M. R. Molas, M. Koperski, K. Watanabe,
T. Taniguchi, K. S. Novoselov, R. V. Gorbachev, H. S. Shin,
V. I. Fal’ko, and A. I. Tartakovskii. Nature 2019, 567, 81.

[257] P. Vasa, W. Wang, R. Pomraenke, M. Lammers, M. Maiuri,
C. Manzoni, G. Cerullo, and C. Lienau. Nat. Photonics
2013, 7, 128.

[258] A. I. Fernández-Domı́nguez, S. I. Bozhevolnyi, and N. A.
Mortensen. ACS Photonics 2018, 5, 3447.
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