
 
 
General rights 
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright 
owners and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights. 
 

 Users may download and print one copy of any publication from the public portal for the purpose of private study or research. 

 You may not further distribute the material or use it for any profit-making activity or commercial gain 

 You may freely distribute the URL identifying the publication in the public portal 
 
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately 
and investigate your claim. 
  
 

   

 

 

Downloaded from orbit.dtu.dk on: May 23, 2023

Experimental Studies of Wave Load Distribution on a Vertical, Circular Cylinder

Vested, Malene Hovgaard

Publication date:
2019

Document Version
Publisher's PDF, also known as Version of record

Link back to DTU Orbit

Citation (APA):
Vested, M. H. (2019). Experimental Studies of Wave Load Distribution on a Vertical, Circular Cylinder. Technical
University of Denmark.

https://orbit.dtu.dk/en/publications/e6238032-75d3-4f06-95eb-e37ae2c83875


 
EXPERIMENTAL STUDIES OF WAVE LOAD 

DISTRIBUTION ON A VERTICAL, CIRCULAR CYLINDER 

 

Malene Hovgaard Vested 
 

 

DTU Mechanical Engineering 
Section of Fluid Mechanics, Coastal and Maritime Engineering 

Technical University of Denmark 
 

 

July 12, 2019 

 

 

 

 

 

 

 

 

 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 

 
‘Making Waves’ - From artist Isabella Martin’s studio, 2019 

 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 

Preface 

This thesis is submitted in partial fulfillment of the requirements for a PhD degree from the 
Technical University of Denmark.  
 
The thesis is written in the form of a monograph and was prepared at the section for Fluid 
Mechanics, Coastal and Maritime Engineering (formerly ISVA), at the Department of 
Mechanical Engineering, Technical University of Denmark. It lays out the research 
conducted in the period September 2015 to July 2019 under the supervision of Professor 
Erik Damgaard Christensen (principal supervisor), Associate Professor Stefan Carstensen 
(co-supervisor) and senior researcher Martin Dixen (external supervisor, DHI). 
 
The PhD study was part of the DeRisk project with grant number 4106-00038B. The PhD 
study was funded in part by Innovationsfonden and DHI.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Kongens Lyngby, July 12, 2019 
 

Malene Hovgaard Vested 
 

 

 

 

 

 

 

Experimental Studies of Wave Load Distribution on a Vertical, Circular Cylinder i



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

ii Experimental Studies of Wave Load Distribution on a Vertical, Circular Cylinder 



 

Abstract 

The continued expansion of offshore wind energy to deeper waters require extended 
knowledge on wave loads in these wave environments, including wave load imposed by 
steep and breaking waves. While many studies have investigated the total force on vertical, 
circular cylinders, only few have investigated the local force and the force distribution. The 
following thesis explores the force distribution on a vertical, circular cylinder exposed to 
steep and breaking waves. An experimental set-up was designed which enabled the 
measurement of local wave loads on a cylinder. In the analysis, special care was given the 
local force near the free surface. Furthermore, measurements of wave loads were 
accompanied by measurements of wave kinematics with Particle Image Velocimetry (PIV). 
The experimental setup was applied to two different wave configurations: 1) steep, regular 
waves and 2) a spilling breaker. Local force coefficients were established from the measured 
kinematics and forces. A good correspondence with global force coefficients reported in the 
literature was seen, for both the steep, regular waves and the spilling breaker. For the steep, 
regular waves, the local force harmonics were examined. It was found that near the free 
surface, the local force was dominated by higher harmonics. In fact, in shallower water 
(𝑘𝑘ℎ ≤ 0.65), the second force harmonic had the same magnitude as the first harmonic. 
Further, the magnitude of the third force harmonic increased rapidly with wave steepness at 
the section closest to the free surface at these water depths. Investigations of the local forces 
also showed that the local maximum force occurred later at the section exposed to the free 
surface. For smaller Ursell numbers (Ur<20), the maximum force occurred 0.2T later near 
the free surface than at the bottom. For larger Ursell numbers, the time difference was 
smaller, as the maximum force at the vicinity of the free surface occurred 0.06T later than 
near the bed. For the spilling breaker, the same analysis showed that maximum force 
occurred 0.08T later near the free surface than near the bed. This suggests that assuming a 
simultaneous maximum force is a good approximation for highly non-linear waves, while 
the approximation does not hold for waves with smaller Ursell numbers. For the spilling 
breaker, the influence of the breaking point relative to the cylinder was investigated. The 
largest total force was found when the wave broke immediately in front of the cylinder. 
Likewise, the largest local force was also found at this breaking location and was near the 
free surface. The influence of air entrainment was also explored. The breaking wave carried 
a roller, which was studied in detail by designated data treatment. For the local force 
imposed by the roller, a simple force model was tested. In a separate, idealized setup, the 
influence of air fraction on wave loads was investigated, by measuring the loads on a 
cylinder oscillating in a water tank with air bubbles. In the idealized setup, it was found that 
the inertia coefficient could be corrected by accounting for the effective density of the water-
air mix. The application of this result to the roller of the spilling breaker showed promising 
first results. 
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Dansk Resumé 

Hvor vindmøller til havs førhen var forbeholdt smult vande, ses der i disse år en voksende 
interesse for at udbygge kapaciteten og i den forbindelse opføre vindmøller på dybere vand. 
Dette kræver en udvidet forståelse for de bølgelaster, som forekommer eksempelvis når 
vindmøllen udsættes for dønninger på dybere, oprørt vand. Mens mange forskningsstudier 
har beskæftiget sig med den samlede kraft på vertikale, cirkulære cylindre, har kun få 
undersøgt de lokale kræfter og dermed kraftfordelingen på sådanne cylindre. Nærværende 
afhandling omhandler kraftfordelingen på en vertikal, cirkulær cylinder udsat for brydende 
og ikke-brydende bølger. Dette er undersøgt ved en forsøgsopstilling, der muliggjorde 
målingen af lokale bølgelaster. Særlig opmærksomhed blev givet forholdene omkring den 
frie vandoverflade. Derudover blev bølgekinematikken målt ved hjælp af Particle Image 
Velocimetry (PIV). Forsøgsopstillingen blev anvendt på to forskellige bølgeforhold: 1) 
stejle, regulære bølger og 2) en topbrydende bølge. For begge bølgeforhold blev lokale 
kraftkoefficienter bestemt, og disse viste en god overensstemmelse med litteraturen. For 
forsøget over stejle, regulære bølger blev lokale kraftharmonics undersøgt. Her viste det sig 
at lokalkraften tæt ved den fri overflade var domineret af højere harmonics. Faktisk var den 
anden harmonic for fladvandsbølger (her 𝑘𝑘ℎ ≤ 0.65) af samme størrelse som den første 
harmonic. Desuden voksede bidraget fra den tredje harmonic voldsomt med bølgestejlheden 
for lokalkraften ved den fri overflade.  Undersøgelser af den lokale maksimalkraft viste at 
maksimalkraften optrådte senere ved den frie overflade end tæt ved bunden. Effekten var 
størst for små Urselltal (Ur<20), hvor maksimalkraften indtraf 0.2T senere i toppen end i 
bunden af vandsøjlen. For større Urselltal indtraf maksimalkraften 0.06T senere ved 
vandoverfladen end nær ved bunden. En tilsvarende analyse for topbrydende bølge viste at 
den lokale maksimalkraft indtraf 0.08T senere i toppen af bølgen end i bunden. Dette tyder 
på at det kan approksimeres at for stærkt ikke-lineære bølger optræder kraften simultant i 
hele vandsøjlen, mens dette ikke gælder for bølger med små Urselltal. For den topbrydende 
bølge blev indflydelsen af brydningspunkt i forhold til cylinderens placering undersøgt. Den 
største totalkraft optrådte når bølgen brød lige inden cylinderen. Ligeledes var den største 
lokalkraft når bølgen brød lige inden cylinderen. Effekten af luftindblanding blev også 
undersøgt og en simpel kraftmodel for lokalkraften påtrykt af rolleren blev testet. I et 
separat, idealiseret forsøg blev indflydelsen af luftindhold på bølgekræfter undersøgt ved at 
måle kræfterne på en cylinder, der oscillerede i et bassin med luftbobler. I den idealiserede 
opstilling viste det sig, at inertikoefficienten kunne korrigeres ved at tage højde for den 
effektive densitet af luft-vand-blandingen. Anvendelsen af dette resultat på luftindholdet i 
den brydende bølge viste sig lovende ved de indledende undersøgelser.  
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Publications 
The research conducted during the PhD project resulted in two conference papers, which are 
both peer reviewed. The two conference papers were accepted and published before the end 
of this project. 

• Vested, Malene H, Carstensen, Stefan and Christensen, Erik Damgaard. 2018. 
“Experimental Study of Wave Force Distributions on a Monopile Structure.” 
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Engineering, Vol 7b. 

• Vested, Malene H, Ergin, Gökhan F., Carstensen, Stefan and Christensen, Erik 
Damgaard. 2018. “High-Resolution Planar Two-Component PTV Measurements 
in a Breaking Wave.” 19th International Symposium on the Application of Laser 
and Imaging Techniques to Fluid Mechanics. 
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Wave Loads. Outlook and First Results.“ Energy Procedia, 94, 379–87. 

 
Finally, a journal paper was submitted to Coastal Engineering with the following title 

• Vested, Malene H, Carstensen, Stefan and Christensen, Erik Damgaard. 2019. 
“Experimental Study of Wave Kinematics and Wave Load Distribution on a 
Vertical Circular Cylinder.” Submitted to Coastal Engineering.  
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Nomenclature 
 
a amplitude of particle motion 
A  area 
c wave celerity 
𝐶𝐶𝐷𝐷 drag coefficient 
𝐶𝐶𝑀𝑀 inertia coefficient 
𝐶𝐶𝑟𝑟 roller coefficient 
𝐶𝐶𝑠𝑠 slamming coefficient 
𝑑𝑑 distance 
D cylinder diameter 
f frequency 
𝑓𝑓𝑝𝑝 peak frequency  
F force 
𝐹𝐹𝐷𝐷 drag force 
𝐹𝐹𝑀𝑀 inertia force 
𝐹𝐹𝑖𝑖 local force 
𝐹𝐹𝐼𝐼 impact force 
Fr Froude number 
FFT Fast Fourier Transform 
𝐹𝐹𝑡𝑡𝑡𝑡𝑡𝑡 total force 
𝑔𝑔 gravitational acceleration 
ℎ water depth 
ℎ𝑐𝑐 water depth at cylinder location  
𝑘𝑘 wave number 
𝐾𝐾𝐶𝐶 Keulegan-Carpenter number 
L wave length 
LDV Laser Doppler Velocimetry 
𝐿𝐿0 deep water wave length 
𝐿𝐿𝑟𝑟𝑡𝑡𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 length of section affected by roller  
𝐿𝐿𝑤𝑤𝑟𝑟𝑡𝑡 wetted length of section 
LS height of cylindrical section 
H wave height 
𝐻𝐻0 breaking wave height 
𝐻𝐻0 deep water wave height 
𝐻𝐻𝑠𝑠 significant wave height 
m bottom slope, tan(𝛼𝛼) 
MWL mean water level 
PD piston displacement 
PIV Particle Image Velocimetry 
R radius of cylinder 
Re Reynolds number 
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p probability 
Q air flow 
s wave steepness H/L 
S wave spectrum 
𝑆𝑆𝑖𝑖 local cylindrical section 
𝑆𝑆0 piston stroke 
SWL still water level 
t time 
𝑡𝑡𝐹𝐹𝑚𝑚𝑚𝑚𝑚𝑚   time of maximum positive force 
𝑡𝑡𝐹𝐹𝑚𝑚𝑚𝑚𝑚𝑚   time of maximum negative force 
T wave period 
𝑇𝑇𝑝𝑝 peak period 
u velocity 
U mean velocity 
Ur Ursell number 
𝑉𝑉𝑎𝑎𝑖𝑖𝑟𝑟 air fraction 
𝑉𝑉𝑖𝑖 local shear stress 
𝑊𝑊𝑊𝑊 wave gauge 
𝑥𝑥 first coordinate 
𝑋𝑋 breaker location relative to cylinder 
𝑦𝑦 second coordinate 
�̇�𝑢 acceleration 
𝛼𝛼 bottom slope, or parameter in JONSWAP spectrum 
𝛽𝛽 parameter in JONSWAP spectrum 
𝛿𝛿 correction factor 
Δ𝑡𝑡 time increment 
Δ𝑧𝑧1 gap between bed and cylinder 
Δ𝑧𝑧2 gap between cylindrical sections 
ϵi phase shift 
𝛾𝛾 peak enhancement factor 
𝜎𝜎 parameter in JONSWAP spectrum 

 𝜌𝜌 density 
𝜉𝜉  parameter in JONSWAP spectrum 

 𝜉𝜉0 surf similarity parameter 
 𝜂𝜂 surface elevation 
 𝜈𝜈 kinematic viscosity 
 𝜔𝜔 wave frequency 
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Chapter 1:  Introduction 

Over the recent years, renewable energy sources have received substantial investments, in 
part due to a growing concern of the effect that fossil fuels have on climate change. In 
coastal regions, wind is a favorable source of renewable energy, and thus Denmark, the 
Netherlands and northern Germany are among the places in Europe in which both onshore 
and offshore wind turbines contribute to the electricity production. In Denmark, research in 
wind energy has received continuous attention for decades with the first onshore wind 
turbines designed for electricity production in the 1970’s. The world’s first offshore 
windfarm, Vindeby, was set in operation off the coast of the Danish island Lolland in 1991. 
In 2017, Vindeby was decommissioned and thus has served as an important case for a full 
life-cycle of an offshore wind farm. During its entire lifetime, the eleven wind turbines of 
Vindeby produced 243GWh of power, the equivalent of what seven of the largest modern 
offshore wind turbines can generate in one year, Wind Power Monthly (2017). Today, wind 
energy is a key contributor to power production in Denmark, with wind energy comprising 
43.2% of the electricity consumption in 2017, Danish Energy Agency (2017).     
 
The advantage of offshore wind energy over its onshore counterpart is the undisturbed wind 
source, due to the free passage of the wind over the ocean. Furthermore, the noise and visual 
disturbance from the passage of the blades is diminished. On the flipside, the installation of 
foundations, cable work etc. during erection and the increased maintenance costs during 
operation make offshore wind energy a costly affair. For this reason, one of the main 
challenges for the continuing expansion of offshore wind is the large investment costs. To 
drive down the cost of offshore wind energy, the wind turbine foundations have been subject 
for attention, since they often account for half the prize of the total structure.  
 
During a storm when the wind turbine is parked, the wave loads have a substantial impact on 
the wind turbine foundations. Consequently, the wind turbine foundation must accommodate 
for the wave loads to ensure the stability and safety of the wind turbine. However, a too 
conservative estimate of the wave loads leads to unnecessary additional costs. It is therefore 
necessary to extend the knowledge on wave loads on offshore wind turbine structures to 
reduce the cost. This is the main goal of the DeRisk project, of which this PhD project is 
part, Bredmose et al. (2016).  
 
In its most simple form, the foundation of an offshore wind turbine can be described as a 
vertical, circular cylinder. Wave loads on vertical cylinders have been studied extensively in 
the past, but most focus has been on total wave loads. This work therefore addresses the 
local wave loads along the vertical length of a vertical, circular cylinder, in order to 
investigate the force distribution on a cylinder.  
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Wave loads on slender piles are often modelled through Morison’s equation, in which the 
force coefficients are established from measurements of wave kinematics. To establish local 
force coefficients, the wave kinematics was therefore measured.   
 
For an offshore wind turbine, the local wave loads near and above the free surface are of 
particular importance, since vital substructures are mounted here. The substructures count 
for instance external access platforms and boat-landings used for supervision of the wind 
turbine and for maintenance. During a storm, these substructures may be subject to damage 
caused by large local wave loads, see Fig 1. The local wave loads close to the free surface 
can be substantial, especially for steep and breaking waves. During wave breaking, the wave 
rolls over and air entrains into the water. One of the mechanisms that remains to be fully 
understood is the effect that the air-water mixture has on the local wave loads. This work 
addresses part of this problem as well. 
 
The present work is an experimental investigation of local wave loads on vertical cylinders, 
in which both non-breaking and breaking waves were investigated. The wave loads were 
measured at individual sections on a vertical cylinder, allowing for assessment of the vertical 
force distribution along the cylinder. The wave kinematics was measured with Particle 
Image Velocimetry (PIV) at a high sample rate. Lastly, the effect of air bubbles on wave 
loads was studied in an idealized experimental set-up. Even though the effect of air bubbles 
proved challenging to quantify, the experiment is included herein and can act as a starting 
point for further investigations. The results from the idealized setup was applied to the roller 
region of a spilling breaker and may serve as a simple first estimate of the local force 
imposed by the roller. 
 

 
Fig 1. Breaking wave on wind turbine foundation at Horns Rev, Nielsen et al. (2008).  
 

1.1 OBJECTIVES AND METHODOLOGY 

The objective of the present PhD project has been to investigate the wave load distribution 
on a vertical, circular cylinder by model experiments in a wave flume. The following was 
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investigated: 1) The measurement of local wave loads on a model cylinder. Local wave loads 
were measured by dividing a model cylinder into individual sections, on which the local 
forces were measured with force transducers. 2) Combined measurements of local wave 
loads and wave kinematics, using Particle Image Velocimetry (PIV) at a high sample rate. 
Accelerations were assessed from the obtained velocities. The kinematics and wave loads 
facilitated local force coefficients to be determined. 3) The effect of air fraction on wave 
loads was studied. Investigations were carried out both in an idealized setup with controlled 
air entrainment into a water tank, and by measurements of the roller in a spilling breaker. In 
the idealized setup, a vertical, square cylinder oscillated in a water tank and the associated 
load was measured as air was entrained into the tank from below. A relationship between the 
inertia coefficient and the air fraction was established. Subsequently, the wave loads 
associated with the roller of a spilling breaker were investigated to establish a similar 
relationship. 
 
The aim of this work was to develop an experimental setup that allowed local forces to be 
measured on a vertical, circular cylinder and to supplement the wave loads with 
measurements of wave kinematics.  
 

1.2 THESIS OUTLINE 

This chapter outlines the motivation and context of the research and the contribution of the 
current work. Chapter 2 describes the background of the wave phenomena studied and acts 
as a literature review. In Chapter 3, the methodology is explained in detail, including the two 
model cylinders and the PIV system used for measuring wave kinematics. Chapter 4 lays out 
the experiment on steep, regular waves. In Chapter 5, the effect of air fraction on wave loads 
is presented based on tests in an idealized set-up. In Chapter 6, local wave loads and wave 
kinematics of a spilling breaker are presented. Finally, Chapter 7 presents the conclusions 
and suggestions for future work.  
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Chapter 2: Background and literature review  

This chapter outlines the background and literature of the topics covered in this work. The 
first section 2.1 introduces the theoretical framework for the description of ocean waves, 
including both non-breaking and breaking waves. Section 2.2 outlines the estimation of wave 
loads on vertical cylinders and lists previous experimental studies of local wave loads. In 
section 2.3, measurements of wave kinematics are described, for both non-breaking and 
breaking waves, including assessment of particle velocities and accelerations. Section 2.4 
briefly outlines the findings from previous experimental studies on air entrainment in 
breaking waves. Finally, section 2.5 discusses the characteristics of a rough sea and outlines 
joint probabilities of wave height and wave steepness as well distribution of surf parameter. 
These ideas are investigated for the North Sea in Section 2.6, which presents new results 
based on a simple analysis of extrapolated storm scenarios in the North Sea.  
 

2.1 OCEAN WAVES 

This section outlines the literature and background on regular waves, including linear theory 
and stream function theory in section 2.1.1, irregular wave description and the JONSWAP 
spectrum in section 2.1.2 and finally wave breaking is introduced in section 2.1.3. 
 

2.1.1 Regular waves 

The simplest theory to describe propagating gravity waves is linear wave theory, also called 
Airy wave theory or Stokes first order theory, which is derived for wave height much smaller 
than wave length and water depth. The surface elevation described by linear theory for a 
single horizontal dimension reads 
 

η = H
2

cos (ωt − kx)     (2.1.1) 
 
in which H is the wave height, ω is the wave frequency, k is the wave number, and t and x 
are time and space coordinates, respectively. The surface wave propagates from left to right 
and the x-axis points in the direction of travel. The wave frequency and wave number relate 
to the wave period T and wave length L as  
 

𝜔𝜔 = 2𝜋𝜋/𝑇𝑇       (2.1.2) 
𝑘𝑘 = 2𝜋𝜋/𝐿𝐿.       (2.1.3) 

 
The wave frequency and wave number are related through the dispersion relation, which 
reads  
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𝜔𝜔2 = 𝑔𝑔𝑘𝑘 tanh(𝑘𝑘ℎ)      (2.1.4) 
 
in which h is the water depth. The value of kh is often used to characterize the water depth, 
such that shallow water is defined as 𝑘𝑘ℎ → 0 and deep water as 𝑘𝑘ℎ → ∞. In practical 
applications, 𝑘𝑘ℎ < 0.3 characterizes shallow water and 𝑘𝑘ℎ > 𝜋𝜋 characterizes deep water, 
while values in between the two limits characterize intermediate water, Dean and Dalrymple 
(1984). The speed of the propagating wave, the wave celerity, is defined as  
 

𝑐𝑐 ≡ 𝐿𝐿
𝑇𝑇

= 𝜔𝜔
𝑘𝑘

.       (2.1.5) 

 
The horizontal and vertical velocities according to linear theory are described by 
 

𝑢𝑢(𝑥𝑥,𝑦𝑦, 𝑡𝑡) = 𝜔𝜔𝜔𝜔
2

cosh[𝑘𝑘(𝑦𝑦+ℎ)]
sinh (𝑘𝑘ℎ)

cos (𝜔𝜔𝑡𝑡 − 𝑘𝑘𝑥𝑥)   (2.1.6) 

𝑣𝑣(𝑥𝑥,𝑦𝑦, 𝑡𝑡) = −𝜔𝜔𝜔𝜔
2

sinh[𝑘𝑘(𝑦𝑦+ℎ)]
sinh (𝑘𝑘ℎ)

sin(𝜔𝜔𝑡𝑡 − 𝑘𝑘𝑥𝑥).    (2.1.7) 

 
in which the wave kinematics is defined from the sea bed to the still water level y=0. Higher 
order Stokes theories have been derived and provide analytical solutions but with higher and 
higher complexity, which make them cumbersome to use in practice. 
 
The stream function theory, e.g. Dean (1965), Chaplin (1979), Rienecker and Fenton (1981), 
Fenton (1990) is a numerically exact solution to the full potential flow problem for periodic 
waves moving with constant speed. The following introduction to streamfunction theory 
follows the one outlined in Dean and Dalrymple (1984). The streamfunction is defined as the 
line integral of the velocity component perpendicular to the line element in two dimensions 
 

Ψ = ∫ 𝒖𝒖 ∙ 𝒏𝒏 |𝑑𝑑𝒍𝒍|𝑃𝑃1
𝑃𝑃0

     (2.1.8) 

 
in which the streamfunction Ψ represents the amount of fluid crossing the integration line 
between the points 𝑃𝑃0 and 𝑃𝑃1. The unit vector 𝒏𝒏 is perpendicular to the line of integration. It 
can be shown that the equation (2.1.8) can be written 
 

Ψ = ∫ (−𝑢𝑢 𝑑𝑑𝑧𝑧 + 𝑣𝑣 𝑑𝑑𝑥𝑥)𝑃𝑃1
𝑃𝑃0

    (2.1.9) 

 
It is now assumed that the integral is independent of the chosen path between P1 and P2, 
meaning that the integrand must be an exact differential 𝑑𝑑Ψ. This requires that the stream 
function Ψ relates to the velocities as  
 

𝑢𝑢 = 𝜕𝜕Ψ
𝜕𝜕𝑦𝑦

,        𝑣𝑣 = −𝜕𝜕Ψ
𝜕𝜕𝜕𝜕

 .   (2.1.10) 

 
The potential flow problem for progressive water waves with boundary conditions is in 
stream function form 

Experimental Studies of Wave Load Distribution on a Vertical, Circular Cylinder 21



 

 
The Laplace equation, throughout the fluid:  
 

∇2Ψ = 0     (2.1.11) 
 

The dynamic boundary condition at the free surface 𝑦𝑦 = 𝜂𝜂(𝑥𝑥), in which Q is a constant: 
 

 1
2
��𝜕𝜕Ψ

𝜕𝜕𝑦𝑦
�
2

+ �𝜕𝜕Ψ
𝜕𝜕𝜕𝜕
�
2
� + 𝑔𝑔𝜂𝜂 = 𝑄𝑄    (2.1.12) 

 
The kinematic boundary condition at the free surface, 𝑦𝑦 = 𝜂𝜂(𝑥𝑥):  
 

𝜕𝜕Ψ
𝜕𝜕𝜕𝜕

= −𝜕𝜕Ψ
𝜕𝜕𝑦𝑦

𝜕𝜕η
𝜕𝜕𝜕𝜕

      (2.1.13) 

 
The bottom boundary condition, 𝑦𝑦 = −ℎ: 
 

𝜕𝜕Ψ
𝜕𝜕𝜕𝜕

= 0.     (2.1.14) 

 
Lastly, the lateral boundary condition, in which L is the length of the domain: 
 

Ψ(x, y) = Ψ(𝑥𝑥 + 𝐿𝐿,𝑦𝑦)     (2.1.15) 
 

Using the stream function formulation, the kinematic boundary condition is satisfied by 
definition, meaning that the free surface is a streamline. We now assume a periodic solution 
such that the Nth-order stream function has the form: 
 

Ψ(𝑥𝑥,𝑦𝑦) = 𝑐𝑐𝑦𝑦 + � 𝑎𝑎𝑛𝑛 sinh[𝑛𝑛𝑘𝑘(𝑦𝑦 + ℎ)] cos(𝑛𝑛𝑘𝑘𝑥𝑥)𝑁𝑁
𝑛𝑛=1   (2.1.16) 

 
in which N is the order of the wave theory and c is the wave celerity, The numerical problem 
of applying the wave theory is then to determine the amplitudes 𝑎𝑎1, 𝑎𝑎2,…𝑎𝑎𝑛𝑛, such that the 
boundary conditions are satisfied as closely as possible for a given wave height and water 
depth. With the assumed periodic solution in (2.1.16), the only boundary condition not 
satisfied is the dynamic free surface boundary condition in (2.1.12). Solving the 
streamfunction problem in a given domain, the dynamic free surface boundary conditions is 
therefore sought satisfied at I discrete points along the wave profile, on which each point is 
denoted by i. The procedure is iterative and is repeated until a desired, small error is 
obtained. 
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Fig 2. Diagram of wave theories, Dean (1965), Dean (1974). 

 

The wave theory needed to describe the kinematics can be read from Fig 2. The wave 
theories are mapped such that errors in maximum velocity and acceleration are less than 1%. 
The upper limit of wave theories is set when the waves begin to break. In deep water, the 
wave breaking limit is  
 

𝜔𝜔𝑏𝑏
𝐿𝐿𝑏𝑏

=  0.142      (2.1.11) 

 
Where subscript b refer to the wave breaking limit, Michell (1893). In shallow water, the 
wave breaking limit of Miche (1944) reads  
 

𝜔𝜔𝑏𝑏
𝐿𝐿𝑏𝑏

=  0.142 tanh𝑘𝑘𝑏𝑏ℎ𝑏𝑏     (2.1.12) 

 
Note that for the deep water condition tanh𝑘𝑘ℎ → 1 for 𝑘𝑘ℎ → ∞ and therefore the breaking 
limit in shallow water approaches the Michell limit in deep water. Commonly, the limit of 
wave height is taken as 0.78h in shallow water, DNV-RP-C205 (2014), as in  Fig 2. Under 
idealized conditions, depth-limited breaking occurs when ratio of wave height over water 
depth is larger than 0.55 according to Nelson (1994), who collected a pool of wave data from 
both laboratory and field studies on a horizontal bed. When the bottom slope increases, the 
maximum value of H/h increases to around 0.8, Gourlay (1994).  
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2.1.2 Irregular waves 

Ocean waves are irregular in height, period and direction, and therefore a real sea state is 
best described by a random wave model. Commonly, the time series of the surface elevation 
is approximated as a superposition of linear wave components with random phase, 𝜖𝜖𝑖𝑖.  
 

𝜂𝜂 = ∑𝜔𝜔𝑚𝑚
2

cos (𝜔𝜔𝑖𝑖𝑡𝑡 − 𝑘𝑘𝑖𝑖𝑥𝑥 + 𝜖𝜖𝑖𝑖)    (2.1.13) 
 
As the waves propagate from deep water to shallow water, the height and period are altered 
due to shoaling and refraction, Sarpkaya and Isaacson (1981). The influence of limited water 
depth on the waves is called shoaling. For waves which propagate towards shallower waters 
at an angle other than normal, the difference in water depth over the wave length affects the 
waves, an effect called refraction. Other conditions such as currents, wind-wave interaction, 
ripples at the sea bed and wave-wave interactions also influence ocean waves in the field. 
 
Apart from analyzing the waves as a time series, analysis can be carried out in the frequency 
space in the form of a wave spectrum. In the North Sea, the wave spectrum is best described 
by the JONSWAP spectrum, see e.g. DNV-RP-C205 (2014). The JONSWAP spectrum is 
formulated as 
 

S = αHs
2fp4f−5γβe−5/4�

fp
f �

4

   (2.1.14) 
 
In which 𝐻𝐻𝑆𝑆 is the significant wave height and peak frequency 𝑓𝑓𝑝𝑝 relates to the peak period 
as 𝑓𝑓𝑝𝑝 = 1/𝑇𝑇𝑝𝑝. The constants 𝛼𝛼 and 𝛽𝛽 are defined as 
 

α = 0.0624

0.23∙0.0336γ−0.185
1.9+γ

    (2.1.15) 

β = exp �−�f−fp�
2

2σ2fp2
�.    (2.1.16) 

 
in which the peak enhancement factor is commonly 𝛾𝛾 = 3.3 and σ depends on the frequency 
f as follows 
 

σ = �
0.07      for f ≤ fp
0.09      for f > fp

     (2.1.17) 

 
The Jonswap spectrum is characterized by the relation between the significant wave height 
Hs and the zeroth moment m0 = ∫ 𝑆𝑆(𝑓𝑓) 𝑑𝑑𝑓𝑓∞

0  which is Hs ≅ 4�m0 . 
 
The wave kinematics according to Stokes first order theory is defined from the seabed to the 
still water level. It is commonly used in engineering practice to stretch the solution to the 
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free surface according to a stretching method by Wheeler (1970). The method is simple and 
introduces a modification of the vertical coordinate y as follows: 
 

𝑦𝑦 = 𝑦𝑦′−𝜂𝜂
1+𝜂𝜂/ℎ

 ,  −ℎ < 𝑦𝑦 < 0 , −ℎ < 𝑦𝑦′ < 𝜂𝜂   (2.1.18) 

 
where 𝜂𝜂 is the surface elevation, h is the water depth and y’ is the modified vertical 
coordinate. For an irregular wave train, the kinematics is computed for each frequency 
component and for each time step the vertical coordinate is stretched according to (2.1.18). It 
is important to note that Wheeler stretching is not a physical modification, but an empirical 
correction. The Wheeler stretching method is simple, which enables fast calculations, and in 
addition the method is applicable for irregular wave trains of any length. As an engineering 
practice, Wheeler stretching is widely used in the industry, see e.g. industry guidelines 
DNV-RP-C205 (2014). When Wheeler’s method is used with a measured or second-order 
surface elevation input, velocities are predicted fairly well at the free surface, but are 
underpredicted around the still water level and below, according to Stansberg, Gudmestad, 
and Haver (2008).  
 
Gravesen et al. (2003) found that in the design of offshore wind turbines, the wave loads 
from extreme waves were not estimated accurately by linear wave theory combined with 
Wheeler stretching. The same year, Camp et al. (2003) found that the nonlinear wave 
loading is important for the extreme design. They found that the largest wave loads 
measured at Blyth offshore wind farm exceeded those predicted by the applied theoretical 
estimates. The deficiency was partly attributed the occurrence of breaking waves. Later, it 
was noted by Frandsen et al. (2006) that an investigation was needed to determine when the 
engineering models for the wave loads are sufficiently accurate and when more advanced 
models are necessary. The aim of this work, however, was not to determine the engineering 
models needed, but to provide high-quality data to lay the foundation for such an 
investigation.  
 

2.1.3 Breaking waves 

One of the most intriguing characteristics of ocean waves is the phenomenon of wave 
breaking. Wave breaking is a surface instability, which happens when the velocity in the top 
of the wave exceeds the speed of the wave. The wave breaking process may result in various 
forms of wave breaking, which were categorized by Galvin (1968) with the descriptions 
listed in Tab 1. The four breaker types spilling, plunging, collapsing and surging are depicted 
in Fig 3. The breaker types most relevant for offshore wind turbines are the spilling and 
plunging breakers. 
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Tab 1. Breaker types after Galvin (1968) 
Breaker type Description 
Spilling Bubbles and turbulent water spill down front face of 

wave. The upper 25% of the front face may become 
vertical before breaking. 

Well-developed plunging/Plunging Crest curls over a large air pocket. Smooth splash-up 
usually follows. / Crest curls less and air pocket smaller 
than for ‘Well-developed plunging’ 

Collapsing Breaking occurs over lower half of wave. Minimal air 
pocket and usually no splash-up. 

Surging Wave slides up beach with little or no bubble production. 
Water surface remains almost plane except where ripples 
may be produced on the beach face during runback. 

 

In the plunging breaker, the crest curls over and forms a jet which protrudes ahead of the 
wave front. The crest curls around an air pocket, and the water jet impinges the water surface 
in front of the wave crest. In the spilling breaker, the crest curls over less violently and a 
recirculating water volume entrains air into the top part of the wave. The recirculating water 
volume, which is carried with the front of the wave, is termed the roller, or the surface roller. 
The transition between the breaker types is smooth. For instance, the protruding jet which is 
characteristic for the plunging breaker, appears in a less violent way in the spilling breaker 
and is of smaller height relative to the crest. The velocity of the jet is approximately 1.5C for 
plunging breakers and 1.0C for spilling breakers, Wu and Nepf (2002). 
 

 
Fig 3. Breaker types: spilling, plunging, collapsing and surging, Sørensen (1993) 
 
Galvin (1968) performed an experimental study on breaker type classification on three 
different bottom slopes and used the parameter 𝐻𝐻0/(𝐿𝐿0𝛼𝛼2) as a means of establishing the 
breaker type based on wave steepness and bottom slope. In the parameter suggested by 
Galvin, 𝛼𝛼 is the angle between horizontal and the bottom slope, 𝐻𝐻0 is the deep water wave 
height and 𝐿𝐿0 is the deep water wave length. Later, a slightly different breaker type 
parameter was introduced by Battjes (1974) reading 
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𝜉𝜉0 = tan(𝛼𝛼)

�𝜔𝜔0/𝐿𝐿0
,     (2.1.18) 

 
in which the ratio 𝐻𝐻0/𝐿𝐿0 represents the deep water steepness. Battjes named 𝜉𝜉0 the surf 
similarity parameter, often referred to as the surf parameter. The type of breaker was 
determined empirically as follows 
 

breaker type = �
spilling

plunging
collapsing or surging    

if 𝜉𝜉0 < 0.5
           if 0.5 < 𝜉𝜉0 < 3.3

if 𝜉𝜉0 > 3.3
      (2.1.19) 

 
The deep water wave length and wave period is typically determined from linear shoaling, in 
which the wave height 𝐻𝐻0 is given by 
 

𝐻𝐻0 = 𝜔𝜔
�1/((1+𝐺𝐺)tanh (𝑘𝑘ℎ))

    (2.1.20) 

 
where 
 

𝑊𝑊 = 2𝑘𝑘ℎ
sinh (2𝑘𝑘ℎ)

     (2.1.21) 

 
and the deep water wave length 𝐿𝐿0 is computed from the period T as  
 

𝐿𝐿0 = 𝑔𝑔𝑇𝑇2

2𝜋𝜋
.     (2.1.22) 

 
The breaker type limits were further investigated by Camenen and Larson (2007) who found 
the following breaker type limits 
 

breaker type = �
spilling

plunging
collapsing or surging

     
if 𝜉𝜉0 < 0.2

            if 0.2 < 𝜉𝜉0 < 0.8
 if 𝜉𝜉0 > 0.8

  (2.1.23) 

 
The surf parameter as a breaker type criterion is challenging to test in the field, one reason 
being that the breaker type is determined from visual inspection. A study was carried out by 
Weishar and Byrne (1978), however, in which the surf parameter as a breaker type 
characterization was investigated in the field. The wave height and wave period for the wave 
spectrum were found through a zero-downcross analysis of the surface elevation and it was 
assumed that each individual wave kept its shape. In order to obtain the deep water wave 
height and wave length, linear shoaling was used for each individual wave. Weishar and 
Byrne (1978) reported both spilling and plunging breakers in the range from 𝜉𝜉 ≅ 0.06 to 𝜉𝜉 ≅
1.3 with no apparent preference of breaker type within the original regimes suggested by 
Battjes. This conclusion indicates that using the surf parameter as a breaker classification 
indeed should be done with care. Nevertheless, the surf parameter is used in engineering 
applications, e.g. to estimate the significant value of wave run-up on coastal structures, 
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Mase, Miyahira, and Hedges (2004). Other examples of the use of surf parameter are given 
in e.g. Silvester and Hsu (1997) and Kim, Y. C. (2009). 
 

2.2 WAVE LOADS ON VERTICAL CYLINDERS 

In the design of offshore structures, it is necessary to have good estimates of the wave loads 
to ensure stability and safety. For slender structures, a Morison force model is often used to 
estimate the wave forces. A structure is considered slender when the diameter of the 
structure, D, is small compared to the wave length L, meaning that diffraction effects are 
negligible. It is generally accepted that the criterion is met when D/L < 0.2, Isaacson (1979). 
Following Morison’s equation, the wave load on a circular cylinder is computed as the sum 
of drag forces and inertia forces, Morison et al. (1950),  
 

𝐹𝐹 = 1
2
𝜌𝜌𝐶𝐶𝐷𝐷𝐷𝐷𝑢𝑢|u| + 𝜌𝜌𝐶𝐶𝑀𝑀𝐴𝐴�̇�𝑢      (2.2.1) 

 
where 𝜌𝜌 is the density of water, D is the diameter of the cylinder, u is the horizontal fluid 
velocity, A is the cross-sectional area of the cylinder, �̇�𝑢 is the fluid acceleration and 𝐶𝐶𝐷𝐷 and 
𝐶𝐶𝑀𝑀 are the drag and inertia coefficients, respectively. The total wave force is found by 
integrating over the water column from the bed to the surface elevation: 
 

𝐹𝐹𝑡𝑡𝑡𝑡𝑡𝑡 = � 1
2
𝜌𝜌𝐶𝐶𝐷𝐷𝐷𝐷𝑢𝑢|u|dy

𝜂𝜂(𝑡𝑡)

−ℎ
+ ∫ 𝜌𝜌𝐶𝐶𝑀𝑀𝐴𝐴�̇�𝑢 𝑑𝑑𝑦𝑦𝜂𝜂(𝑡𝑡)

−ℎ .   (2.2.2) 

 
As seen from Eq. (2.2.2), the velocity and acceleration in the water column must be known 
in order to determine the wave forces. The force coefficients may be determined empirically 
from measured forces and kinematics by for instance the method of least squares. The 
method seeks to minimize the difference between the measured forces and forces predicted 
through Morison’s equation, as described in e.g. Sarpkaya (1976a) and Sarpkaya (1976b). 
 
Many laboratory studies have successfully determined the force coefficients including 
Sarpkaya (1976a), Sarpkaya (1976b) and Justesen (1989) for various wave conditions. 
Common for these classical studies on force coefficients is that they were conducted for 
plane oscillatory flow. Surface waves are different from a plane oscillatory flow, as for 
instance the trajectories of the fluid particles under real waves are elliptic. The influence of 
the elliptic motion has been studied through wave flume measurements, in which the force 
on a vertical cylinder was measured, Chakrabarti (1980),  Stansby, Bullock, and Short 
(1983) and Bearman et al. (1985a). The studies indicate that the total inline force is 
practically indifferent from the oscillatory flow results, and therefore that the ellipticity of 
the orbital motion has negligible influence. Only when the particle trajectory is close to 
circular an effect was seen for small Reynolds numbers, 𝑅𝑅𝑅𝑅 = 0.4 − 1.9 ∙ 104, as the total 
in-line force was reduced by 20-30%. The particle trajectories for regular waves propagating 
on a sloping bed have been studied by Chen, Y.-Y. et al. (2012) in a wave flume with a 
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bottom slope of 1/10. The particle trajectories were studied by photos of neutrally buoyant 
particles. They found that the particle trajectories under spilling and plunging breakers close 
to the breaking point exhibited different behavior through the water column. Close to the 
bottom, the particles follow elliptic orbits, with same inclination as the bottom slope. 
Conversely, close to the free surface, the particles do not move in closed orbits, and each 
particle advances a larger horizontal movement. The shape of the followed path varied 
somewhat with the breaker type. It is therefore relevant to investigate further the influence of 
the free water surface on local wave forces. 
 
In the original force equation by Morison, the acceleration was defined as the local fluid 
acceleration �̇�𝑢 = 𝜕𝜕𝑢𝑢 𝜕𝜕𝑡𝑡⁄ , while later nonlinear wave load theories (Rainey (1995), Manners 
and Rainey (1992), Faltinsen, Newman, and Vinje (1995)) include convective terms such 
that the horizontal acceleration �̇�𝑢 is interpreted as the material derivative 𝐷𝐷𝑢𝑢 𝐷𝐷𝑡𝑡⁄ :  
 

�̇�𝑢 = 𝐷𝐷𝑢𝑢
𝐷𝐷𝑡𝑡 = 𝜕𝜕𝑢𝑢

𝜕𝜕𝑡𝑡 + 𝑢𝑢 𝜕𝜕𝑢𝑢
𝜕𝜕𝑥𝑥 + 𝑣𝑣 𝜕𝜕𝑢𝑢𝜕𝜕𝑦𝑦     (2.2.3) 

 
in which the first term is the local acceleration and the second and third term are the 
convective terms. The relative importance of the local acceleration to the convective 
acceleration has been studied. Swan, Bashir, and Gudmestad (2002) studied the acceleration 
under extreme waves with particular attention on the convective acceleration (𝑢𝑢𝜕𝜕𝑢𝑢 𝜕𝜕𝑥𝑥⁄ +
𝑣𝑣𝜕𝜕𝑢𝑢 𝜕𝜕𝑦𝑦⁄  and 𝑢𝑢𝜕𝜕𝑣𝑣 𝜕𝜕𝑥𝑥⁄ + 𝑣𝑣𝜕𝜕𝑣𝑣 𝜕𝜕𝑦𝑦⁄ ). Measured fluid velocities were compared to a time-
stepping procedure originally proposed by Fenton and Rienecker (1980) with good 
agreement, and subsequently the time-stepping solution was used to estimate the local 
acceleration and the convectice acceleration. Investigating the inertia force in Morison’s 
equation, they found that the contribution due to convectice acceleration was very small 
compared to the contribution from the local acceleration see Fig 4. Further, the convectice 
acceleration was out of phase with about 𝜋𝜋/2, which means that the contribution to the 
maximum inertia force was negligible. They therefore concluded that the maximum inertia 
force is primarily dependent on local fluid accelerations, and they place particular emphasis 
on the large non-linear contributions arising close to the free surface. 
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Fig 4. Contributions to Morison’s inertia force, Swan, Bashir, and Gudmestad (2002). Full 

line: unsteady acceleration, 𝜕𝜕𝑢𝑢/𝜕𝜕𝑡𝑡, dashed line: convective acceleration, 𝑢𝑢𝜕𝜕𝑢𝑢 𝜕𝜕𝑥𝑥⁄ +
𝑣𝑣𝜕𝜕𝑢𝑢 𝜕𝜕𝑦𝑦⁄ . 

 
In a laboratory study by Jensen et al. (2007), the fluid velocities were measured under 
irregular waves and the accelerations were assessed by a two-camera PIV system. The 
authors studied the vertical particle acceleration, and investigated both the local and 
convectice contribution. They found that the convectoive acceleration was of the same 
magnitude as the local acceleration, but with opposite sign. They therefore concluded that in 
terms of the vertical acceleration, the contribution from convective acceleration cannot be 
neglected.  
 
Lastly, Jung et al. (2009) performed a laboratory study of the local and convective 
accelerations underneath the wave crest for regular waves and rogue waves in an irregular 
wave train. They used PIV to determine the time and spatial derivatives of velocities. They 
concluded that the magnitude of convective acceleration for regular waves was negligibly 
small comparing to that of local acceleration. For waves with larger wave slope, the 
magnitude of convective acceleration under the wave crest considerably increased near the 
wave crest. For the rogue waves, the horizontal convective acceleration was negligible up to 
the still water level, and rapidly increased above the still water level. Near the free surface, 
the convectice acceleration was of the same order of magnitude as the local acceleration. It is 
important to note that these conclusions are valid for the wave crest, which is not associated 
with the largest wave loads. 
 
It has been demonstrated that Morison’s equation combined with linear theory generally 
predicts maximum forces well for nonbreaking events, provided that the wave steepness is 
mild. For breaking and post-breaking waves, however, Morison’s equation based on linear 
theory as well as stream function theory tend to underestimate the total forces. This has been 
shown in several studies, including Kriebel, David L (1998), Luck and Benoit (2004) and 
Stansby, Devaney, and Stallard (2013).  
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The Keulegan-Carpenter number, more often termed the KC number, relates the length of a 
fluid particle track a to the diameter of the structure D  
 

𝐾𝐾𝐶𝐶 = 2𝜋𝜋𝑎𝑎
𝐷𝐷

.     (2.2.4) 
 

The KC number is often defined using the maximum velocity, 𝑈𝑈𝑚𝑚, as 
 

𝐾𝐾𝐶𝐶 = 𝑈𝑈𝑚𝑚𝑇𝑇
𝐷𝐷

.     (2.2.5) 
 
For small KC numbers 0 < 𝐾𝐾𝐶𝐶 ≪ 20 − 30, wave loads are inertia dominated, while for 
wave loads 𝐾𝐾𝐶𝐶 > 20 − 30 wave loads are drag dominated, e.g. Sumer and Fredsøe (2006). 
 
For offshore structures that are not slender, the diffraction effect must be taken into account. 
The theory developed by MacCamy and Fuchs (1954) was derived by applying potential 
theory. The theory is linear and exact to first order. Second order effects due to diffraction 
are discussed by Sarpkaya and Isaacson (1981), Kriebel, D.L. (1990) among others.  
 
For higher order contributions to the wave load, long wave approximations may be applied, 
see e.g. Faltinsen, Newman, and Vinje (1995), Rainey (1995) and Krokstad et al. (1998). 
Faltinsen, Newman, and Vinje (1995) introduced the FNV theory, which calculates the wave 
forces based on theoretical considerations for the wave kinematics. Later, the FNV theory 
was generalized to finite water depth, Kristiansen and Faltinsen (2017). In the FNV theory, 
the non-dimensional cylinder radius D/L and the linear incident wave slope are considered 
small. The total potential is expressed as  
 

𝜙𝜙 =  𝜙𝜙𝐼𝐼  +  𝜙𝜙𝑠𝑠  + 𝜙𝜙3     (2.2.6) 
 
where 𝜙𝜙𝐷𝐷  =  𝜙𝜙𝐼𝐼  +  𝜙𝜙𝑠𝑠 is a diffraction potential satisfying the two-dimensional Laplace 
equation in which 𝜙𝜙𝐼𝐼 represents the incident wave potential. The last term, 𝜙𝜙3 is a third-
order potential which is required to satisfy the three-dimensional Laplace equation and the 
approximate free-surface boundary conditions. The horizontal force due to 𝜙𝜙𝐷𝐷 is expressed 
 

𝐹𝐹′(𝑦𝑦, 𝑡𝑡) = 𝜌𝜌𝐴𝐴 �𝜕𝜕𝜕𝜕
𝜕𝜕𝑡𝑡

+ 𝑢𝑢 𝜕𝜕𝜕𝜕
𝑑𝑑𝜕𝜕

+ 𝑣𝑣 𝜕𝜕𝜕𝜕
𝑑𝑑𝑦𝑦
� + 𝑎𝑎11 �

𝜕𝜕𝜕𝜕
𝑑𝑑𝑡𝑡

+ 𝑣𝑣 𝜕𝜕𝜕𝜕
𝑑𝑑𝑦𝑦
�  for ℎ ≤ 𝑦𝑦 ≤ 𝜂𝜂𝐼𝐼  (2.2.7) 

  
in which 𝑎𝑎11 = 𝜌𝜌𝐴𝐴 is the two-dimensional added mass in surge and 𝜂𝜂𝐼𝐼 is the surface 
elevation of the incident wave. The horizontal force due to 𝜙𝜙3 is 
 

𝐹𝐹𝜙𝜙3 = 𝜌𝜌𝜋𝜋𝐷𝐷2 4
𝑔𝑔
𝑢𝑢2  𝜕𝜕𝜕𝜕

𝜕𝜕𝑡𝑡
      (2.2.8) 

 
And the total force is obtained by integrating 𝐹𝐹′(𝑦𝑦, 𝑡𝑡) along the water column and adding 
𝐹𝐹𝜙𝜙3, as 
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𝐹𝐹𝐹𝐹𝑁𝑁𝐹𝐹 = ∫ 𝐹𝐹′(𝑦𝑦, 𝑡𝑡)𝑑𝑑𝑦𝑦𝜂𝜂𝐼𝐼
−ℎ + 𝐹𝐹𝜙𝜙3.    (2.2.9) 

 
For a circular cross-section, the expression for the hydrodynamic force in eq. (2.2.7) agrees 
with Rainey (1995). The model by Rainey (1995) does not account for the added term at the 
surface expressed by 𝐹𝐹𝜙𝜙3. Neglecting the spatial derivaties in (2.2.6), the expression 
simplifies to  
 

𝐹𝐹′(𝑦𝑦, 𝑡𝑡) = 2𝜌𝜌𝐴𝐴 𝜕𝜕𝜕𝜕
𝜕𝜕𝑡𝑡

     (2.2.10) 
 
which is consistent with Morison’s formula for 𝐶𝐶𝑀𝑀 = 2. 
 

2.2.1 Wave loads induced by breaking waves 

In the case of wave breaking, parts of the structure that are near the water surface are 
susceptible to large forces when the structural part is submerged. This short duration impact 
force is termed slamming and happens due to a sudden retardation of a volume of fluid, 
DNV-RP-C205 (2014). The retardation causes a considerable force to act on the structure. 
For an offshore wind turbine, slamming may introduce high accelerations in the transition 
piece located in the free surface zone where waves impact the structure, Paulsen et al. 
(2019).  
 
The impact force 𝐹𝐹𝐼𝐼 may be included in Morison’s equation as an additional contribution to 
the wave force: 
 

𝐹𝐹 = 𝐹𝐹𝐷𝐷 + 𝐹𝐹𝑀𝑀 + 𝐹𝐹𝐼𝐼,     (2.2.5) 
 
where 𝐹𝐹𝐷𝐷 denotes the drag force and 𝐹𝐹𝑀𝑀 denotes the inertia force. The impact force is 
described using the slamming coefficient 𝐶𝐶𝑠𝑠: 
 

𝐹𝐹𝐼𝐼 = 𝐶𝐶𝑠𝑠 ∙ 𝜌𝜌 ∙ 𝑅𝑅 ∙ 𝑈𝑈2      (2.2.6) 
 

in which 𝜌𝜌 is the fluid density, R is the radius of the cylinder, U is the fluid velocity and the 
slamming coefficient 𝐶𝐶𝑠𝑠 can be found theoretically as 𝐶𝐶𝑠𝑠 = 𝜋𝜋 according to von Karman 
(1929) and  𝐶𝐶𝑠𝑠 = 2𝜋𝜋 according to Wagner (1932). The theoretical values for the slamming 
coefficient are only valid at the beginning of the impact. In an experimental study, Wienke 
and Oumeraci (2005) found that the impact started with the first contact between the cylinder 
and the impinging mass of water and was completed when the front side of the cylinder was 
entirely immersed. They showed that the total duration T of the impact was given by the 
following equation: 
 

𝑇𝑇 = 13
32

𝑅𝑅
𝐹𝐹

      (2.2.7) 
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in which V is the velocity of the water hitting the contact point and R is the radius of the 
cylinder. In the empirical study by Wienke and Oumeraci (2005), the authors compare the 
experimental results against a model for the impact force in which the maximum impact 
force is 
 

𝐹𝐹𝐼𝐼 = 2𝜋𝜋 ∙ 𝜌𝜌 ∙ 𝑅𝑅 ∙ 𝑉𝑉2    (2.2.8) 
 
corresponding to the result 𝐶𝐶𝑠𝑠 = 2𝜋𝜋 as found by Wagner. Further, they suggested a model 
for the time-dependent force which showed good comparison to the experimental results. 
 
The location of the breaker relative to the vertical cylinder has a great influence on the 
maximum force. The maximum force by a plunging breaker is when the wave breaks just in 
front of the cylinder, Chan, Cheong, and Tan (1995), Wienke and Oumeraci (2005). Kamath 
et al. (2016). Sawaragi and Nochino (1984) studied the case of a vertical cylinder for both 
spilling and plunging waves. The former gave smaller peaks in most cases.  
 

2.2.2 Force harmonics 

A steep, non-linear wave impacting an offshore structure may carry a higher-harmonic 
frequency which excites the structure at its natural frequency. This has been observed for oil- 
and gas platforms and is generally termed as ‘ringing’.  Especially the third harmonic is 
suspected to induce ringing on offshore platforms in deep water, which has sparked 
considerable research attention in the 1990’s. Faltinsen, Newman, and Vinje (1995) are 
among the contributors to these investigations.  
 
As the higher-harmonics have caused ringing on platforms in deep water, it is plausible that 
offshore wind turbines exhibit similar behaviour when exposed to extreme waves. Especially 
since wind turbines operate in shallow or intermediate water depth, in which the wave 
nonlinearity is stronger. This was investigated by Paulsen et al. (2014), who studied the 
higher-harmonic loads and the associated ringing on offshore wind turbines. They found that 
higher-harmonic forces were stronger in intermediate water, which might lead to ringing for 
offshore wind turbines. For instance, they found that the magnitude of the second- and third-
harmonic force increased for decreasing water depth. Further, they found that the magnitude 
of the third-harmonic force was over-estimated by the Morison formulation at intermediate 
water depth, but was captured well by the extended Morison formulation of Rainey (1995), 
independent of the wave steepness. Higher force harmonics were studied based on a very 
large data set by Kristiansen and Faltinsen (2017) and comparisons were made to the FNV 
theory. A direct method of evaluating the integrals together with the Stokes fifth-order wave 
theory gave a better agreement with the measurements compared to a purely third order 
methodology. This indicates that accurate wave kinematics and its treatment is important for 
the accuracy of the wave force predictions.  
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The wave kinematics may be linear near the bottom but more non-linear close to the free 
surface. For instance, the pressure under undisturbed waves was measured by Arntsen (1998) 
at a location close to the bed. Arntsen (1998) noted that the pressure variation at the bottom 
was much more linearized even when the surface elevation was quite non-linear. The non-
linearity of the wave kinematics imposes a non-linear forcing when exerted on a structure. 
For offshore structures, high-order non-linear wave loading may be significant. Chen, L. F. 
et al. (2018) investigated the force harmonics on a bottom-fixed, vertical cylinder and found 
that for certain wave cases, linear loading contributed less than 40% of the wave load with 
higher harmonics contributing more than 60%.  
 
Riise et al. (2018) investigated the high frequency response induced by irregular waves 
impacting a monopile in deep water. They found that the nonlinear response became 
important for increasing wave slope, wave number and resonance frequency ratio. Extreme 
wave response events were found when KC>5, and similarly when Froude number Fr>0.4. 
The authors identified a number of contributors to the higher force harmonics, including 
wave slamming due to both non-breaking and breaking wave events and the presence of a 
secondary load cycle, which is often linked to ringing. Furthermore, the motion of the 
monopile itself contributed to the large response events. The motion of the monopile was 
also studied by Marino, Lugni, and Borri (2013), who investigated the interaction of 
nonlinear waves and a bottom-fixed offshore wind turbine, and compared the system 
behavior during power production and in parked condition. They found that in the parked 
configuration, the nonlinear wave kinematics could induce more violent internal stresses and 
resonant vibrations of the monopile.  
 

2.2.3 Local wave loads and vertical distribution of wave load 

A few studies have measured the local force on vertical cylinders exposed to breaking 
waves. Sawaragi and Nochino (1984) measured the impact forces from breaking waves on a 
vertical cylinder. Regular waves shoaled on a laboratory slope of 1/15 and 1/30 and forces 
were measured locally at five load cells along the length of the cylinder. They studied wave 
forces from both a spilling and a plunging breaker of which the former gave smaller peak 
pressures. Similarly, Tanimoto et al. (1986) measured the wave loads on a vertical cylinder 
from irregular waves shoaling on a slope of 1/30. The wave loads were measured locally on 
the cylinder by strain gauges pasted on individual sections both above and below still water 
level. Also Tørum (1989) measured the load distribution on a cylinder exposed to regular 
waves in the KC range of 10-55. The cylinder was equipped with force transducers and local 
forces were analyzed. More recently, Manjula, Sannasiraj, and Palanichamy (2013) 
measured the vertical distribution of pressure on a vertical cylinder exposed to phase-focused 
breaking waves on a flat bed.  
 
The wave load on the top part of the cylinder has been explored in other studies. Kyte and 
Tørum (1996) measured the local force above the still water level in a set-up similar to that 
of Tanimoto et al. (1986). Stansberg et al. (2012) measured the pressure impact for a 
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breaking wave in a square panel above the still water level. The measured pressure from the 
slamming event was accompanied by measurements of wave kinematics by PIV. Another 
study by Roos, Swan, and Haver (2010) investigated wave forces on a vertical, circular 
cylinder by placing force sensors vertically along the top part of the cylinder. They 
emphasize the importance of wave steepness, but also conclude that the largest loads are 
often not caused by the tallest or steepest waves. The pressure impulse, according to Cooker 
and Peregrine (1995), is defined as the local pressure integrated over the duration of the 
impact: 
 

𝑃𝑃(𝑥𝑥) = ∫ 𝑝𝑝(𝑥𝑥, 𝑡𝑡)𝑑𝑑𝑡𝑡𝑡𝑡2
𝑡𝑡1

     (2.2.9) 

 
In which 𝑡𝑡1 and 𝑡𝑡2 are the times immediately before and after the impact, respectively. 
Cooker and Peregrine (1995) note that even though the peak pressure during a given impact 
period can vary considerably from measurement to measurement, the pressure impulse is 
approximately constant. The pressure impulse is more easily modelled than the peak 
pressure, which should be treated as a stochastic variable, as also discussed by Lugni, 
Brocchini, and Faltinsen (2006).   
 

2.3 EXPERIMENTAL STUDIES ON WAVE KINEMATICS  

The wave kinematics is essential for reliable estimates of wave loads. This section briefly 
introduces the measurement techniques and the main findings. Firstly, in section 2.3.1 the 
two most common measurement techniques for measurement of wave kinematics are briefly 
introduced, Laser Doppler Velocimetry (LDV), and Particle Image Velocimetry, (PIV). 
Secondly, in section 2.3.2 the main findings from experimental studies on wave kinematics 
are outlined. Focus is on steep and breaking waves. Lastly, in section 2.3.3 laboratory studies 
on air entrainment in breaking waves are presented. A design guideline for hydrodynamic 
model tests is found in DNV-RP-C205 (2014) Chapter 10, including recommendations for 
measurements of wave loads and slamming. 
 

2.3.1 Measurement techniques 

The two most common measurement techniques for wave kinematics are Laser Doppler 
Velocimetry (LDV), earlier often called LDA, and Particle Image Velocimetry, (PIV), 
though other experimental techniques have been employed as well.  
 
Measurements by use of LDV provides velocities in a small area, practically equivalent to a 
point-wise measurement. Therefore, to obtain a profile of the kinematics in the water 
column, the experiment is typically repeated with the measurement point shifted vertically. 
The clear advantage of LDV is the high sample rates available. Since assessment of 
acceleration requires high sample rates, such studies have most often employed LDV. 
Studies of accelerations include a study of deep water waves by Easson and Greated (1985), 
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a study of breaking waves on various slopes by Griffiths, Easson, and Greated (1992) and a 
study of phase-focused waves by Kim, C. and Randall (1992). Kim, C. and Randall (1992) 
computed the acceleration field from measured velocity field in which a forward difference 
technique was used to evaluate the time derivative. The authors note that the uncertainty of 
the accelerations was about 10%. The technique was used to construct velocity field and 
acceleration field under a phase-focused wave propagating on a flat bed by repeated LDV 
measurements sampled at 50Hz. Similarly, the acceleration under irregular waves on a flat 
bed was investigated by Zelt, Gudmestad, and Skjelbreia (1995). They estimated the 
accelerations from velocities measured by the use of LDV at a sample rate of 40Hz. 
 
Since the early 1990’es, wave kinematics has furthermore been studied through PIV 
measurements. The advantage of the PIV technique is that it provides the velocity field 
rather than point-wise velocities. This allows for the study of flow structures such as 
vortices, swirls etc. Among the first reports of wave velocities measured by PIV were 
Greated, Skyner, and Bruce (1992), Perlin, He, and Bernal (1996), Chang, K. A. and Liu 
(1998), Chang, K. et al. (1999) and Emarat et al. (2000). Although the application of PIV in 
wave measurements has been successful, most of the early studies have presented the 
instantaneous velocity information with only a few snap shots at sample rates of about 2Hz. 
Only in recent years has the PIV technique been available at higher sample rates of up to 
100Hz. Assessments of turbulence quantities, accelerations and other measures requiring 
high sample rates have therefore largely been carried out by LDV measurements. A few of 
the early PIV studies have assessed accelerations by employing more cameras to compensate 
for the low sample rates available at the time. Early examples of measurements of 
acceleration using PIV include Jakobsen, Dewhirst, and Greated (1997), Jensen et al. (2001) 
and Jensen and Pedersen (2004). The method presented by  Jakobsen, Dewhirst, and Greated 
(1997) involved a set of four cameras, while Jensen et al. (2001) and Jensen and Pedersen 
(2004) used a set of two cameras.  
 
Common for both PIV and LDV methods for assessment of accelerations is that the 
accelerations are commonly computed by a forward difference scheme based on the 
measured velocities. For instance, Jensen et al. (2001) obtained the local accelerations by a 
simple forward difference scheme as 
 

𝜕𝜕𝜕𝜕
𝜕𝜕𝑡𝑡

= 𝜕𝜕(𝜕𝜕,𝑦𝑦,𝑡𝑡2)−𝜕𝜕(𝜕𝜕,𝑦𝑦,𝑡𝑡1)
𝑡𝑡2−𝑡𝑡1

     (2.3.1) 

 
in which 𝑡𝑡1 and 𝑡𝑡2 denote the time instants at which the velocities are available. Later, 
Jensen and Pedersen (2004), Jensen et al. (2007) determined the convective accelerations 
with a two-camera PIV system. Convective accelerations were also assessed by Jung et al. 
(2009), whos used a one-camera PIV system and obtained convective terms from the 
measured velocity fields. Due to a low sampling frequency of 8Hz, the experiment was 
repeated to obtain a time difference of Δ𝑡𝑡 = 75ms between subsequent velocity fields. A 
centered difference scheme was applied for obtaining the spatial derivatives with Δ𝑥𝑥 and 
Δ𝑦𝑦 = 6 − 8mm for the convective accelerations.  
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2.3.2 Experimental studies on steep and breaking waves 

The following section summarizes the current knowledge on wave kinematics of steep and 
breaking waves achieved by laboratory measurements. Most of the studies investigated 
regular waves with a few exceptions of phase-focused waves and irregular waves.  
 
Selected studies on velocities and accelerations associated with breaking waves are listed 
chronologically in Tab 2. A great variety of maximum velocities are reported. This is due to 
both a variety in breaker type and laboratory set-up, but probably also because the 
measurement techniques are hard to apply in the vicinity of the surface in the crest, where 
the velocities are maximum. As the measurement techniques improve over time, the most 
recent studies might account for this bias. Generally, it is difficult to obtain kinematics of 
breaking waves, especially close to the free surface. In PIV measurements, the moving 
surface and the air entrainment typically cause reflections which lead to oversaturated 
images. In LDV, air entrainment distorts the signal and leads to drop-outs in the data. 
Nevertheless, a number of studies on breaking wave kinematics have been carried out and 
the findings included in the following. 
 
Tab 2. Experimental studies on kinematics of steep and breaking waves. 

Study What was measured  Maximum 
velocity 

Maximum 
Acceleration 

Nadaoka, Hino, and 
Koyano (1989) 

Spilling breaker on slope 
1/20. Water phase. 

0.41c - 

Easson and Greated 
(1985) 

Breaking waves on flat bed Close to c 1g 

Griffiths, Easson, and 
Greated (1992) 

Breaking waves on slope 
1/15, 1/30 and 1/50 

Close to c - 
 

Kim, C. and Randall 
(1992) 

Phase-focused wave on 
flat bed. 

Around 1 m/s - 
 

Perlin, He, and Bernal 
(1996) 

Plunging breaker on flat 
bed 

1.3c - 

Chang, K. A. and Liu 
(1998), Chang, K. et al. 
(1999) 

Breaking wave on flat bed 1.7C (overturning 
jet) and C/2 below 
aerated region 

1.1g (overturning 
jet) 

Grue and Jensen (2006) Breaking wave on flat bed 1.25m/s 1g 

 
Stansby and Feng (2005) measured the velocities of two weakly plunging breakers on a 
1/20-slope. Velocities were measured by LDV. For the steeper wave, the velocity increased 
all the way to the crest. The gentler wave showed decreased velocity in the vicinity of the 
crest. Streamline topography of the same experiment was presented in Stansby and Feng 
(2005). A similar experiment was conducted by Kimmoun, Branger, and Zucchini (2004), 
Kimmoun and Branger (2007) in which the wave kinematics of a spilling breaker evolving 
on a laboratory slope of 1/15 was measured by use of PIV. In the region around the incipient 
breaking point, the velocities were similar to the ones found by Stansby and Feng (2005). 
The measurement area covered the area from incipient breaking to the swash zone by 
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patching 14 velocity fields sampled at different locations. By the use of a trigger system and 
great repeatability of the wave, the combined images represented an instantaneous 
representation of the velocity field in the full region from incipient breaking to the swash 
zone. 
 
Nadaoka, Hino, and Koyano (1989) measured the velocity under a spilling breaker on a 
laboratory slope of 1/20 by the use of LDV. The breaking event took place on a plateau just 
after the slope. The velocity was measured just above the still water level, and maximum 
velocity was 0.41c, where c is the wave celerity. Griffiths, Easson, and Greated (1992) also 
measured the kinematics of wave propagating on a slope and found maximum velocity close 
to c. They found that low-order theories underpredicted the velocities close to the crest by as 
much as 50%. Kim, C. and Randall (1992) measured the velocities under various phase-
focused waves by LDV, and found that Stokes 3rd order theory underestimated the 
horizontal velocity at the crest by 25-40%. 
 
The most extreme velocities are found at the breaking point, as found by Griffiths, Easson, 
and Greated (1992), who concluded that using the velocity profiles at the breaking is 
conservative for design purposes. That is, the most severe force event happens when a 
breaking wave impacts the structure while the wave front is vertical. 
 
The velocity in the water column below the crest of the breaking wave approaches the wave 
celerity. This was shown by Griffiths, Easson, and Greated (1992), who used LDV to 
measure particle velocities under breaking waves on three different bed slopes, 1/15, 1/30 
and 1/50 as well as on flat bed. A similar result was found by Easson and Greated (1985), 
who measured the velocity and acceleration under breaking waves on a flat bed in deep 
water using PIV. 
 
Laboratory measurements of the overturning jet in breaking waves have shown that the 
overturning jet exceeds the wave celerity and is between 1.3C and 1.7C. Perlin, He, and 
Bernal (1996) studied a plunging breaker in deep water by PIV and found that the largest 
particle velocity was about 1.3c, while Chang, K. A. and Liu (1998) and Chang, K. et al. 
(1999) found velocities of 1.7c in the jet. They further found that the velocity underneath the 
aerated region was less than C/2. This suggests that the ‘roller’ assumption may be realistic, 
since the velocity above the water surface is significantly higher than below the water 
surface. Fig 5 shows the velocities assessed under the roller, with the air-water mixture 
rolling on top of the water body.  
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(a) Velocity field at t=3.790                            (b) Velocity field at t=3.898 

Fig 5. The phase-averaged velocity of breaking wave on flat bed, Chang, K. et al. (1999). 
 
The acceleration of the jet is at the order of the gravitational acceleration, Easson and 
Greated (1985), Chang, K. A. and Liu (1998), Chang, K. et al. (1999) and Grue and Jensen 
(2006). Chang, K. A. and Liu (1998) found that the overturning jet enters the water surface 
with an acceleration 1.1g at an angle of 88degress downward. Fig 6 shows the velocity field 
and the overturning jet, for which velocity fields are similar to those obtained by Grue and 
Jensen (2006). 

 
(a) Velocity field at t=1.388s                            (b) Overturning jet at t=1.555s 

Fig 6. Velocity field under breaking wave on flat bed measured by PIV, Chang, K. A. and 
Liu (1998). 
 
Numerical studies have demonstrated that the maximum velocity near the tip of an 
overturning jet is around 1.5c to 2c, including Longuet-Higgins and Cokelet (1976), Vinje 
and Brevig (1981) and New, McIver, and Peregrine (1985). Vinje and Brevig (1981) 
quantitatively validated the numerical model against measurements of a plunging breaker 
generated in a wave flume. The maximum velocity was about 1.5 times the phase velocity. 
The numerical model was a potential flow solver based on the work by Longuet-Higgins and 
Cokelet (1976) but introducing finite depth. They determined the maximum acceleration of 
the wave as about 3 times the gravitational acceleration, g, while the acceleration of the jet 
itself was around g and directed vertically downwards, which means that the jet was under 
free fall, see Fig 7. The potential flow model by Longuet-Higgins and Cokelet (1976) also 
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formed the basis of a numerical study by New, McIver, and Peregrine (1985) in which 
overturning waves were studied. In a study by Emarat et al. (2012), the dynamics of a 
plunging breaker was investigated using PIV. The results were compared to a numerical 
model which solved the Navier Stokes equations using a Finite Volume method based on the 
scheme by Mayer, Garapon, and Sørensen (1998). The numerical model showed good 
correspondence with experimental results. In the numerical model, large velocities of up to 
2c were seen at the crest of the plunging tip.  
 

 
Fig 7. Numerical investigation of kinematics associated with a plunging breaker, Vinje and 
Brevig (1981). Time instant is 0.15T after the wave front has become vertical. (a) Velocity 
field in the crest region. (b) Acceleration field in the crest region. (c) Overturning jet in the 
wave flume for comparison. 
 

2.3.3 Air entrainment in breaking waves 

During wave breaking, air is entrained into the water at the wave crest. The ratio of air to 
total volume, the air fraction, is essential for the flow properties that involve the fluid density 
and thus the air fraction influences the wave loads on an offshore structure. The air fraction 
is seldom modelled and the effect of air entrainment on wave loads is yet to be completely 
understood, e.g. Kiger and Duncan (2012). Further, the effect of air entrainment is extremely 
difficult to investigate experimentally. Firstly, because of difficulty of measurement in the 
highly turbulent air-water region, and secondly because air bubbles are subject to severe 
scale effects. Scaling effects arise because the shape and size of air bubbles are governed by 
the surface tension, which is the same in full scale and model scale, meaning that bubble size 
is the same in full scale and model scale. The scale effects are further discussed in Section 
5.4.3. The laboratory experiments listed in the following are all small-scale experiments, 
which means that extrapolating to full scale must be done with extreme care. 
 
Measurements of the air fraction in highly aerated breaking waves either employ camera 
methods or intrusive probes. Mori and Kakuno (2008) used a dual-tip resistance type probe 
and acoustic Doppler velocimetry to measure the air fraction and velocity under depth-
limited breaking waves in the laboratory. The air content in a roller was also studied by 
Lamarre and Melville (1991), Lamarre and Melville (1992) and Lamarre (1993). Close to the 
surface, the air fraction in plunging breakers is reported to be as high as 0.29–0.37, 
according to Rojas and Loewen (2010) or 0.57, 0.49, and 0.32 at the first, second, and third 
splash-ups, respectively, Lim et al. (2015). 
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The air entrainment depends on the type of breaking and thus differs for spilling and 
plunging breakers. In a plunging breaker, the top crest of the wave forms a water jet which 
projects ahead of the wave face. As the water jet impacts the water surface ahead of the wave 
front, air entrains into the water. In a spilling breaker, the jet is less pronounced, and the air 
bubbles travel as a roller on the water surface, meaning that air entrains less deep into the 
water column for spilling breakers, see Fig 8. Underneath the breaking wave, the air bubbles 
injected into the water are rapidly dispersed,  Garrett, Li, and Farmer (2000). These tiny air 
bubbles are not always visible, but may influence the flow underneath the wave. Hoque and 
Aoki (2005), Lin and Hwung (1992) and Stanton and Thornton (2000) found that the air 
fraction caused by these tiny bubbles decays exponentially with the depth.  Hoque and Aoki 
(2005) measured the air fraction associated with plunging and spilling breakers. They found 
that the maximum air fraction was around 20% near the still water level for plunging breaker 
and around 16% for the spilling breaker about half a meter after the breaking point. Air 
fractions were measured at the still water level and below. Similar results were found by Lin 
and Hwung (1992).  
 

 
Fig 8. (a) air fraction in roller region of spilling breaker (b) plunging breaker with air 
entrainment of water jet impinging into water column. Figure from Hoque and Aoki (2005). 
 
To measure the kinematics of aerated flows, Ryu, Chang, and Lim (2005) introduced the 
bubble image velocimetry (BIV) technique. Chuang, Chang, and Mercier (2018) used this 
method to investigate the kinematics of green water on fixed platforms in a wave basin. The 
aerated flow velocity was measured using bubble image velocimetry. The air fraction was 
measured using fiber optic reflectometry and impact pressure was measured as well. They 
found that the peak pressures were proportional to the aeration levels.  
 

2.4 JOINT DISTRIBUTIONS OF WAVE PARAMETERS 

Wave loads on offshore structures depend on several factors, such as the wave height, the 
fluid kinematics, the steepness of the wave, whether the wave is breaking and more. There is 
also evidence that the type of breaking has an influence on the wave forces, with research 
suggesting that plunging breakers cause larger impact loads and more often leads to 
slamming.  
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In this section, we investigate different means of qualifying what characterizes a rough sea 
state. In section 2.4.1, joint distributions of wave height and wave steepness are introduced, 
while section 2.4.2 introduces distributions of surf parameter. 
 

2.4.1 Joint distributions of wave height and wave steepness 

Joint distributions of wave height and wave steepness can serve as a first approximation as to 
whether a sea state is likely to cause damage to a given offshore structure. A joint 
distribution of wave height and wave steepness can therefore serve as a tool in the design of 
offshore wind turbines and other marine structures. The probability of occurrence of steep 
asymmetric waves and breaking waves in deep water was investigated for the sea at the 
Norwegian continental shelf by Myrhaug and Kjeldsen (1984). The study was motivated by 
the more than twenty Norwegian vessels that capsized due to large breaking waves in the 
1970’es, or were lost during bad weather with reason being unknown. Myrhaug and 
Kjeldsen (1984) established a joint probability of wave height H and wave steepness 𝑠𝑠 =
𝐻𝐻/𝐿𝐿. Further, acknowledging that a given wave steepness can represent waves with very 
different steepness of wave crest, they established a joint distribution of wave height and 
wave front steepness, 𝜖𝜖, as defined in Kjeldsen and Myrhaug (1978). They defined an 
extreme wave as 
  

𝐻𝐻 ≥ 𝐻𝐻𝑐𝑐 and 𝜖𝜖 ≥ 𝜖𝜖𝑐𝑐      (2.4.1) 
or 

𝐻𝐻 ≥ 𝐻𝐻𝑐𝑐 and 𝑠𝑠 ≥ 𝑠𝑠𝑐𝑐      (2.4.2) 
 
where the subscript c denotes a critical limit, which depends on the application (for smaller 
vessels: 𝐻𝐻𝑐𝑐 = 5𝑚𝑚, 𝜖𝜖𝑐𝑐 = 0.25 and 𝑠𝑠𝑐𝑐 = 0.1). The parametric models were established from 
zero-downcross analysis of wave recordings at sea on the Norwegian continental shelf. For 
the joint distribution of wave height and wave steepness s, they found that the log-normal 
distribution gave a reasonable fit to the data for the distribution of s for the whole range of 
H.  
 
The distributions of wave parameters depend on the site, and thus the water depth, 
bathymetry, wave direction and spreading are important parameters. A number of 
researchers have contributed to the investigations on wave conditions that characterize 
various sites, of which a few contributions are mentioned here. Wave conditions along the 
Norwegian coastline have been studied by Myrhaug and Rue (2009), who established 
statistical values of the wave steepness for individual waves within a sea state. More 
investigations of wave statistics and extreme sea states at the Norwegian continental shelf 
were carried out by Myrhaug (2018). For the North Atlantic, Guedes Soares, Bitner-
Gregersen, and Antão (2001) carried out a statistical analysis of ship loss at sea. They found 
that areas with high mean wave steepness coincided with areas with many accidents. Also 
for the North Atlantic, Bitner-Gregersen and Guedes Soares (2007) studied the uncertainty 
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of predicting the wave steepness from joint distributions of significant wave height 𝐻𝐻𝑠𝑠 and 
the mean zero-crossing wave period, 𝑇𝑇𝑧𝑧, based on five databases of wave records. In the 
Baltic sea, the probability of damage on marine structures due to extreme local steepness 
was studied by Antão and Guedes Soares (2014). Extreme wave events in the Baltic were 
also investigated by Antão (2018) from deep water wave records. Statistics of wave 
steepness in the North Sea was studied by Linfoot, Stansell, and Wolfram (2000) and 
Stansell, Wolfram, and Zachary (2003). Both studies were based on deep water field data 
collected at oil platforms during storm events in the northern North Sea. The probability of 
wave steepness conditional of the wave height was explored in both studies.  
 

2.4.2 Distribution of surf parameter  

The surf parameter can be used to estimate the breaker type given the bed slope and the deep 
water wave height and wave length. Various studies concern the distribution of surf 
parameter, among these Myrhaug and Fouques (2012) and Tayfun (2006). Joint distributions 
of surf parameter were studied by Myrhaug and Rue (2009) and Myrhaug and Leira (2011). 
Estimates on the probability of spilling breakers and plunging breakers on different slopes 
was carried out by  Myrhaug and Leira (2011), using wave parameters corresponding to 
typical field conditions of the Norwegian coastline. They considered the distribution of surf 
parameter on rather steep slopes, m = 1/10, 1/7.5, 1/5, and 1/1.5. The probability of e.g. a 
spilling breaker was then found by the area under the distribution corresponding to 𝜉𝜉0 < 0.5. 
They concluded that the probability of a spilling breaker was largest for the mildest slope of 
𝑚𝑚 = 1/10 and decreased as the slope increased. They further studied the probability of two 
successive spilling breakers and two successive plunging breakers, with the latter being most 
probable for the slopes investigated.  
 
Tayfun (2006) suggested a log-normal distribution with modified parameters to describe the 
distribution of surf parameter. The parameters in the modified log-normal distribution µξ and 
σξ
2 were determined from the spectrum via 

 
µξ = ln �2m

√κ
� ,        σξ

2 ln �4
π
�    (2.4.3) 

 
in which the parameter κ was defined 
 

κ = �2m0

g
� 2π
Tmean

�    (2.4.4) 

 
where m0 is the zeroth moment of the spectrum, g is the gravitational acceleration, and 
Tmean is the mean wave period, as described by Tayfun (2006).  
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2.5 IMPLICATIONS IN THE NORTH SEA - ANALYSIS 

This section discusses the wave environment in the North Sea and outlines analyses carried 
out in this work, which extends the findings from the previous section to conditions in the 
North Sea. This section therefore presents novel work, but is placed in this chapter since it 
acts as a background for parts of the work presented later. 
 
In section 2.5.1, the focus is on statistical distributions of wave steepness. A rough sea is 
characterized by both large wave heights and at the same time large wave steepness and 
asymmetry. Large wave steepness combined with small wave heights describe a choppy sea, 
which is not disastrous to offshore structures. On the other hand, large wave heights and 
large wave steepness describe a heavy swell, which can cause damage to offshore structures. 
Therefore, joint distributions of wave height and wave steepness are established in this 
section.  
 
In section 2.5.2, the distribution of surf parameter is investigated. Recent years have seen a 
substantial part of research on breaking waves focusing on plunging breakers (this can be 
easily be found by a quick search on e.g. Google Scholar or Scopus, which gives about twice 
as many hits with the words “plunging breaker” than for “spilling breaker”). The reason for 
the large interest in plunging breakers is that they are expected to impose larger wave loads 
and increase the risk of slamming. However, in many coastal areas, plunging breakers do not 
appear as frequently as spilling breakers, and the influence of spilling breakers therefore 
deserves to be investigated more fully, Duncan (2001). The following analysis serves as an 
argument for why the occurrence of spilling breakers is much more determining for the wave 
climates in the North Sea. The argument is based on investigations on the surf parameter 
typically associated with the offshore conditions in the North Sea. The probability of spilling 
breakers is thus estimated through the distribution of surf parameter with the application of 
breaker type limits established in the literature. 
 

2.5.1 Joint distribution of wave height and wave steepness 

A joint distribution of wave height and wave steepness can serve as a first approximation as 
to whether a sea state is likely to cause damage to a given offshore structure. In lack of field 
data, surface elevations were generated from sea spectra that are representative of storm 
scenarios in the North Sea. The selected sea states are part of a larger number of extreme sea 
states extrapolated from field data in the North Sea, and were used in several studies under 
the DeRisk project, see e.g. Bredmose et al. (2016), Ghadirian, Bredmose, and Dixen (2016) 
and Schløer, Bredmose, and Ghadirian (2017). The twelve sea states selected here represent 
storms with return periods of 10, 100 and 1000 years on water depth of 20m and 33m, and 
for this analysis were assumed to be without directional spreading for simplicity. The twelve 
sea states are selected to represent storms during which the ultimate limit state is met. They 
do not constitute a specific design situation, but rather represent extremely severe storm 
events in the North Sea. The sea states are described by a JONSWAP spectrum as 
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formulated in section 2.1.2 with a peak enhancement factor of 𝛾𝛾 = 3.3. The storm scenarios 
are tabulated in Tab 3, which reads the water depth, return period, significant wave height, 
peak period, and water depth kh. 
 
Tab 3. Storm scenarios at water depths 20m and 33m in the North Sea. 

Test no. h 
[m] 

Return period 
[years] 

𝐻𝐻𝑠𝑠 
[m] 

𝑇𝑇𝑝𝑝 
[s] 

kh 
[-] 

1 20 10 5.8 12.0 0.82 
2 20 10 5.8 15.0 0.63 
3 20 100 6.8 12.0 0.82 
4 20 100 6.8 15.0 0.63 
5 20 1000 7.5 15.0 0.63 
6 20 1000 5.8 9.0 1.19 
7 33 10 7.5 12.0 1.13 
8 33 10 7.5 15.0 0.85 
9 33 100 8.5 13.5 0.97 
10 33 100 9.5 12.0 1.13 
11 33 1000 9.5 15.0 0.85 
12 33 1000 11.0 15.0 0.85 

 
A time series of surface elevation was generated by a superposition of linear components 
corresponding to 3h duration wave data. Subsequently, individual wave periods and wave 
heights were determined through a zero-downcross analysis. The total number of zero-
downcross waves was 12386 in total for the twelve sea states. Fig 9 shows a 2D PDF of non-
dimensional wave height H/h and wave steepness H/L for all twelve sea states combined. A 
breaker criterion of H/L = 0.14 was imposed, omitting waves above this limit. The density of 
waves is largest in the areas around moderate wave heights of H/h = 0.1 and wave steepness 
smaller than 0.05.  
 

 

 
Fig 9. PDF of wave height and wave steepness.  
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The joint probability distribution of two parameters x and y is denoted p(x, y). The joint 
distribution is determined by 
 

𝑝𝑝(𝑥𝑥,𝑦𝑦) = 𝑝𝑝(𝑥𝑥|y) ∙ 𝑝𝑝(𝑦𝑦)    (2.5.1) 
 
where 𝑝𝑝(𝑥𝑥|y) denotes the conditional distribution of x given y, and 𝑝𝑝(𝑦𝑦) denotes the 
marginal distribution of y. The joint distribution 𝑝𝑝(𝑥𝑥,𝑦𝑦) is found by first fitting the 
conditional distribution of x given y and then fitting the marginal distribution 𝑝𝑝(𝑦𝑦), see e.g. 
the procedure of Myrhaug and Kjeldsen (1984). From the joint probability distribution, the 
probability that a wave exceeds a critical steepness sc and a critical wave height Hc can be 
determined from 
 

P(s > sc, H > Hc) = ∫ ∫ p(s| H) ∙ p(H) ds dH∞
Hc

∞
sc

.   (2.5.2) 

 
The joint distribution of wave height and wave steepness 𝑝𝑝(𝑠𝑠,𝐻𝐻) was thus found by first 
fitting the conditional distribution of wave steepness given the non-dimensional wave height 
H/h and then fitting the marginal distribution of wave height 𝑝𝑝(𝐻𝐻/ℎ). The distribution of 
wave height follows the Rayleigh distribution 
 

p(𝐻𝐻′) = 2H′

ρ2
exp �− �H

′

ρ
�
2
�,    (2.5.3) 

 
where 𝐻𝐻′ = 𝐻𝐻/ℎ is the ratio of wave height to water depth and the parameter ρ = 0.16 was 
determined by a best fit to the data. 
 
Fig 10 shows six PDFs (probability density functions) of the wave steepness given the wave 
height. The PDFs were constructed on the basis of all twelve sea states. A log-normal PDF 
and a two-parameter Weibull distribution were fitted to each PDF.  The taller the waves, the 
less information we have about them, therefore the distribution becomes more uncertain. 
Bins of wave height with fewer than 15 entries were omitted before estimating the relation 
between the log-normal parameters and the wave height, and the Weibull parameters and the 
wave height, respectively. The log-normal PDF of wave steepness 𝑠𝑠 = 𝐻𝐻/𝐿𝐿 for a given wave 
height H’ reads  
 

p(s|H′) = 1
√2πσ𝑠𝑠𝑠𝑠

exp �− (ln(𝑠𝑠)−µ𝑠𝑠)
2𝜎𝜎𝑠𝑠2

2
�   (2.5.4) 

 
In which µ𝑠𝑠 and σ𝑠𝑠2 denote the mean and variance of ln (𝑠𝑠), respectively. The two-parameter 
Weibull distribution reads 
 

p(𝑠𝑠|H′) = β s𝛽𝛽−1

ρβ
exp �− �s

ρ
�
β
�   (2.5.5) 
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where β and ρ are Weibull parameters determined by a best fit to the data. (When the 
parameter β = 2, the distribution corresponds to the Rayleigh distribution). The log-normal 
PDF describes the distribution of wave steepness rather well, while the two-parameter 
Weibull distribution largely fails to capture the distribution of wave steepness. Fig 11 shows 
the computed parameters for the log-normal and two-parameter Weibull distribution as a 
function of wave height. 
 

 
Fig 10. Conditional distribution 𝑝𝑝(𝑠𝑠|𝐻𝐻′) of wave steepness s=H/L given the non-
dimensional wave height H’=H/h for 6 wave heights from H/h 0.1 to 0.35 m based on a zero-
downcross analysis of twelve storm scenarios in the North Sea. Wave data was generated 
from the respective spectra by a superposition of linear wave components. Fitted 
distributions are included, counting the two-parameter Weibull distribution (full line) and 
log-normal PDF (dashed line). 
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a) Log-normal parameters 𝜎𝜎𝑠𝑠 and 𝜇𝜇𝑠𝑠          (b) Two-parameter Weibull parameters 𝜌𝜌 and 𝛽𝛽 

Fig 11. Circles represent computed parameters of the candidate distributions as a function 
of wave height. The full lines represent second and third order polynomial fit to the 
computed parameters, for log-normal and Weibull distributions, respectively. 
 

The conditional distribution of wave steepness s given the wave height H is therefore 
described by a log-normal distribution expressed as 
 

𝑝𝑝(𝑠𝑠| 𝐻𝐻′) = 1
√2πσss

 exp �− (ln(s)−µs)
2σs

2
� ,      𝑠𝑠 ≥ 0   (2.5.6) 

 
with the fitted log-normal parameters described by a second order polynomial as  
 

𝜎𝜎𝑠𝑠(𝐻𝐻′) = 5.68𝐻𝐻′2 − 4.08𝐻𝐻′ + 0.91,   (2.5.7) 
𝜇𝜇𝑠𝑠(𝐻𝐻′) = −68.36𝐻𝐻′3 + 51.16𝐻𝐻′2 − 8.41𝐻𝐻′ − 3.24.  (2.5.8) 

 
in which H’ is the non-dimensional wave height H/h, and the application range is for 0 <
𝐻𝐻′ ≤ 0.4. As an example, the probability that the wave height exceeds 𝐻𝐻𝑐𝑐 = 5m at water 
depth 33m (H/h=0.15) while the steepness at the same time exceeds sc = 0.08 can be 
estimated as p(s > 0.08, H/h > 0.15) = 0.2%, according to the established joint probability 
distribution. This joint distribution of wave height and wave steepness can serve as a tool for 
determining whether a certain sea state is a threat for the offshore application. 
 

2.5.2 Distribution of surf parameter in the North Sea 

In the following, the occurrence of spilling versus plunging breakers is investigated through 
distributions of surf parameter. The North Sea is characterized as a flat marginal sea with 
average slope of 1/600. Slightly increased values (1/200-1/300) define the Dogger Bank, the 
Elbe Urstromtal and the northern North Sea. The steepest bed slopes (1/30-1/40) identify the 
areas around the Shetlands, the Norwegian Trench as well as the continental slope, Schlüter 
and Jerosch (2009). The west coast of Denmark has gradual slopes about the average of 
1/600. 
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Distributions of surf parameter were established for the sea states presented in Tab 1. The 
deep water wave height and wave length were computed for each zero-downcross wave from 
linear shoaling. Subsequently, the surf parameter was determined for each of the zero-
downcross waves. Since the distribution of surf parameter only depends on the distribution 
of 𝐻𝐻0/𝐿𝐿0, the distribution is the same for every bottom slope. The PDF of surf parameter 
was fitted against the two-parameter Weibull distribution, the log-normal distribution 
described by Myrhaug and Kjeldsen (1984) and the log-normal distribution with modified 
parameters as described in Tayfun (2006).  
 
Fig 12 shows a PDF of surf parameter for four of the sea states at a bed slope of 1/10. For 
the chosen wave spectrum, the log-normal distribution followed the trend of the PDF rather 
closely. It was therefore concluded that the log-normal PDF is suitable to describe the 
distribution of surf parameter, regardless of the bed slope. 
 

 
Fig 12. PDF of surf parameter for four different JONSWAP spectra with h = 33m on slope 
1/10. Three different distributions were fitted to the data: log-normal PDF (full line), two-
parameter Weibull distribution (dashed line) and a modified log-normal PDF (dashed-
dotted line) with parameters according to Tayfun (2006).  
 
The probability that all the breaking waves are spilling breakers can be determined from 
imposing the breaker type limits. The limits by Camenen and Larson (2007) were used, since 
they are more conservative than the original limits and predict spilling breakers for ξ0 < 0.2 
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(as opposed to the original limit of ξ0 < 0.5). The probability of all breaking waves falling in 
the regime of spilling is then estimated through the formulation 
 

𝑃𝑃(𝜉𝜉0 < 0.2) = ∫ 𝑝𝑝(𝜉𝜉0)𝑑𝑑𝜉𝜉0
0.2
0     (2.5.9) 

 
in which the distribution p(ξ0)is computed through the log-normal probability distribution 
 

p(ξ0) = 1
√2π σξ0ξ0

exp �−
�ln(ξ0)−µξ0�

2

2σ ξ0
2 �   (2.5.10) 

 
with µξ0 and σ ξ0

2  computed from the mean and variance of ln(ξ0), respectively.  
 
Fig 13 shows the surf parameter distribution of a JONSWAP spectrum for three different bed 
slopes of m=1/10, 1/20 and 1/100. For the three distributions of surf parameter, the 
probability P(ξ0 < 0.2) is 0, 0.03, and 1, for the bed slopes of m=1/10, 1/20 and 1/100, 
respectively. The probabilities are consistent with Myrhaug and Leira (2011).  
 

 
Fig 13. Distribution of surf parameter for h = 33m, Tp = 12s, Hs = 7.5m, gamma= 3.3, 
represented by a log-normal PDF with bed slopes of m = 1/10, 1/20 and 1/100. 
 
Fig 14a shows the probability 𝑃𝑃(ξ0 < 0.2) as a function of bed slope for the six storm events 
at 20m water depth. When the probability that the breaking waves are in the regime ξ0 < 0.2 
is 1, it corresponds to no occurrence of plunging breakers. Therefore, according to the 
breaker limits, all the breaking waves are spilling. For the six storm events presented in Fig 
14b, the probability 𝑃𝑃(ξ0 < 0.2) = 1 for bed slopes smaller than 1/80. Conversely, at bed 
slopes steeper than 1/10 the probability 𝑃𝑃(ξ0 < 0.2) is zero for all six storm events. In the 
range of bed slopes between 1/10 and 1/80, the probability depends on the significant wave 
height and peak period of the sea state.  
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Fig 14. Probability of surf similarity parameter 𝑃𝑃(𝜉𝜉0 < 0.2) corresponding to purely 
spilling breakers as a function of bed slope for selected storm scenarios in the North Sea. 
Left panel) water depth 20m. Right panel) water depth 33m 
 
Based on the findings presented in Fig 14, the breaking waves all fall in the regime of purely 
spilling breakers at bed slopes milder than 1/80 (on 20m water depth) and bed slopes milder 
than 1/70 (on 33m water depth). Since the bed slopes in the North Sea are 1/600 on average, 
the analysis shows that all the breaking waves in the twelve sea states are in the regime of 
spilling breakers.  
 
This analysis is a simplification of a much more complex problem, of course. The effects not 
taken into account include, but are not limited to, non-linearities, wind effects, directional 
spreading, crossing seas and local bathymetry effects. Further, the bed sediment introduces a 
roughness, which adds friction with the bed. When the wave direction is not perpendicular to 
the slope, the waves are subject to refraction, and further the directional spreading implies a 
variation in the wave direction. Breaking waves in themselves are a surface instability, 
which is a chaotic and highly non-linear phenomenon. To fully describe the behavior of 
breaking waves and the characteristics of the breaking event, such as the breaker type, 
nonlinearities must be taken into account. The analysis performed here is thus a 
simplification of the problem, and it is inherently assumed that the waves are sufficiently 
described by a superposition of linear components.  Presence of offshore wind has been 
shown to promote plunging breakers, while onshore wind enhanced occurrence of spilling 
breakers, Galloway, Collins and Moran (1989) and King and Baker (1996). Presence of wind 
was also shown to affects the breaking point of the waves. The characteristics of the 
bathymetry can influence breaking, for instance due to the presence of sand dunes or large 
scale ripples, which implies a steeper bed slope locally. Furthermore, freak waves have been 
observed in deep seas. Famously measured at the Draupner offshore oil platform of 
Draupner, the New Years Wave was measured on the night of the 1st of January 1995, 
sparking a great number of research papers on the freak event, Haver and Andersen (2000), 
Haver (2004), Walker, Taylor, and Taylor (2004) and many more. One of the mechanisms 
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behind the freak event might be crossings seas, in which waves trains from different 
directions interact, Adcock et al. (2011). 
 
In summary, it is important to note that this simple analysis does not aim at ruling out the 
probability of plunging breakers completely. Plunging breakers may still occur due to effects 
not taken into account in this analysis, due to combined effects of the topics listed above. 
Nevertheless, the analysis shows that it is very relevant indeed to extend the knowledge on 
spilling breakers when designing offshore structures in the North Sea. There are good 
reasons supporting that spilling breakers are the most common breaking type in the North 
Sea, even though it may not the only breaking type as this analysis shows. In chapter 6, the 
wave loads of a spilling breaker are therefore investigated.  
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Chapter 3: Methodology – Measurements of 
wave loads and wave kinematics 

In the following chapter, the methodology used in this work is introduced. The first section 
3.1 briefly outlines the wave flume and wave generation in the experiments. Section 3.2 
details the two circular model cylinder used in the experiments. Validation tests are 
explained in section 3.3. Section 3.4 outlines the measurement of wave kinematics by use of 
Particle Image Velocimetry (PIV), followed by validation experiments by comparison to 
LDV measurements in section 3.5.  
 

3.1 WAVE FLUME AND WAVE PADDLE 

The wave experiments were conducted in a wave-current flume at the Hydraulic Laboratory 
of the Technical University of Denmark. The flume had a length of 28.0m, width of 0.60m 
and a depth of 0.80m. Waves were generated by a piston-type wave paddle located at the end 
of the wave flume, and the wave paddle was equipped with a wave maker system provided 
by DHI. The maximum displacement of the wave maker was 0.48 m, while the maximum 
velocity was 1 m/s.  
 
The piston stroke 𝑆𝑆0 was determined from the first-order wave maker solution by 
 

 𝜔𝜔
𝑆𝑆0

= 4 sinh2(𝑘𝑘ℎ)
sinh(2𝑘𝑘ℎ)+𝑘𝑘ℎ

     (3.1.1) 

 
in which H is the desired wave height, h is the water depth and k is the desired wave number. 
The piston stroke 𝑆𝑆0 was thus computed 
 

𝑆𝑆0 = (sinh(2𝑘𝑘ℎ)+𝑘𝑘ℎ)𝜔𝜔
4sinh2(𝑘𝑘ℎ)

    (3.1.2) 

 
and the associated piston displacement PD was determined as  
 

𝑃𝑃𝐷𝐷 =  𝑆𝑆0/2.           (3.1.3) 
 

3.2 VERTICAL, CIRCULAR MODEL CYLINDERS 

Two different model cylinders were used in the measurements. They both consisted of a 
number of cylindrical sections each attached to a load cell, which allowed for the 
measurement of local wave loads. The cylindrical sections were transparent, acrylic 
(PMMA)-tubes with an outer diameter 80mm, wall thickness 5.6mm and height 80mm 
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In model cylinder A, the cylindrical sections were connected by load cells and the combined 
model structure had a natural frequency of around 41Hz. Cylinder A was used during the 
measurements of regular, non-breaking waves.  
 
Model cylinder B had a metal rod through the centreline to obtain a higher natural frequency. 
Each load cell was connected to the metal rod and to a cylindrical section. The natural 
frequency of cylinder B was around 64Hz. Cylinder B was used in the measurements of 
spilling breakers. 
 
On both cylinder models, the cylindrical sections were spaced 1-2mm apart to ensure that no 
forces were transferred between the sections. In the measurements of a spilling breaker on 
flat bed, a gap between the bed and the bottom section was present as well. Because of the 
gaps, water entered the cylinder and caused a water column inside the cylinder. During wave 
passage, the water column rose and fell. The variation in surface elevation of the water 
column inside the cylinder was more pronounced in the experiments with the spilling 
breaker. A number of tests showed that the uncertainty on the local forces introduced by the 
gaps were smaller than the error on the repeatability of the wave in the case of spilling 
breakers. In Chapter 6, the tests which investigated the influence of the gaps are described in 
detail.  

 

3.2.1 Vertical, circular cylinder A 

The circular cylinder A consisted of seven cylindrical sections, as shown in the sketch in Fig 
15a. Each two sections were connected by a load cell, and the top and bottom sections were 
fixed to a steel structure, which was clamped to the flume. Fig 15b shows how each load cell 
was connected to two neighboring cylindrical sections by solid PMMA blocks. The load 
cells were positioned at the centerline of the cylinder sections. The cylinder sections did not 
touch and were able to move independent of each other, however the model cylinder as a 
whole was rigid, as shown by a hammer test, which is described later in the section.   
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a)                                                                                    b)  

Fig 15. (a) Sketch of Cylinder A. Cylindrical sections were connected by load cells and the 
local forces F1 through F5 were measured. (b) Each load cell was connected to two 
neighbouring cylinder sections. The load cell was connected to the cylinder sections by solid 
PMMA blocks. 

 
a)                                                                           b)  

Fig 16. a) A beam which is subject to a concentrated load Q at a given arbitrary point 
results in a shear force 𝑉𝑉1 and 𝑉𝑉2 in opposite directions. b) A constant distributed load q 
results in a linear shear force distribution as indicated. 
 
Each of the six load cells measured the shear force between the two neighboring cylindrical 
sections. The load principle is explained in the following. The model cylinder can be 
regarded as a beam subject to a load, see Fig 16. The applied load Q causes a deformation of 
the beam with corresponding shear forces V. For a concentrated load, the corresponding 
shear forces 𝑉𝑉1 and 𝑉𝑉2 relate to the applied load Q as  
 

𝑄𝑄 = 𝑉𝑉1 − 𝑉𝑉2         (3.2.1)  
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in order to sustain a force equilibrium. Likewise, the measured force at both ends of a 
cylinder section can be used to determine the concentrated force on the section. For a 
distributed load q, the equivalent point load Q can be determined from the integral of q over 
the length of the beam.  
 
Based on the considerations described above, the local force on a cylinder section, Fi, can be 
obtained through the relation 
 

Fi = Vi − Vi+1     (3.2.2) 
 
in which  Vi and Vi+1 are measured forces on the neighboring load cells. From the six load 
cells, the set-up thus facilitated five force measurement points, which are denoted F1 through 
F5 in the following. The total force Ftot was found by the sum of the local forces 
 

Ftot = ∑ FiN
i=1      (3.2.3) 

 
For simplicity it is assumed that the force acts at the midpoint of each cylinder section. In the 
case of a cylinder section only partly wetted, the force is assumed to be at the midpoint of 
the wetted length.  
 
A photograph of the cylinder is shown in Fig 17. When used with the bed slope installed, a 
circular hole allowed for the cylinder to be fixed to a steel structure below the bed. In order 
for the cylinder to move free from the sloping bed, the diameter of the hole was 2mm larger 
than the outer diameter of the cylinder, and furthermore, the bottom of the first section was 
raised 2.5 mm above the bed at the centerline of the cylinder. 
 

 
Fig 17. Photograph of Cylinder A installed in the wave flume during measurements on 
sloping bed.  
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A hammer test was conducted to identify the natural frequency of the cylinder when installed 
in the flume. The water level was 0.205m during the hammer test. During the test, either 
section 3, 4 or 5 was tapped once with a screwdriver and the response on all sections was 
measured. When one section was tapped, a response was measured on the remaining 
sections. This shows that the structure was rigidly coupled. Fig 18 shows the measured force 
on each section when section 4 was tapped. The first natural frequency was 41Hz, most 
easily read from the response on section 1, 2 and 3, which were submerged. 
 

 
Fig 18. Hammer test of Cylinder A (sample rate of 1000Hz). Response from hammer test in 
wet conditions. Section 4 was hit by a hammer and the response was measured on all 
sections. The first natural frequency for the submerged part of the cylinder is read from the 
response on sections 1, 2 and 3, and was around 41Hz. 
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3.2.2 Vertical, circular cylinder B 

The vertical, circular cylinder B consisted of eight cylindrical sections with a metal rod 
through the centreline. The metal rod ensured a more rigid structure with a higher natural 
frequency, which was important for measurements of breaking waves which carry high 
frequencies. Each of the cylinders was connected to the metal rod by a load cell. This way, 
the force on each section was measured. The cylindrical sections had an outer diameter of 
0.08m and a height of 0.08m. A spacing of 2 mm between the sections ensured independent 
movement of the sections. The metal rod was fixed at both ends.  
 

              
Fig 19. (a) Sketch of the vertical, circular cylinder B with a metal rod through the centreline. 
(b) Photo of cylinder B as installed in the wave flume. 
 
A hammer test was performed to determine the natural frequency of the cylinder structure. 
Fig 20 shows the measured response on all sections for a hammer test during which section 6 
was hit. Sections 1 through 7 are shown, since section 8 acted as a dummy section, which 
did not pick up any loads during the measurements, because it was elevated high above the 
still water level. Section 8 was included to ensure a smooth run-up along the cylinder. The 
water level was h = 0.33m during the hammer test. As section 6 was impacted, the remaining 
load cells measured a force response, since the cylinder structure was rigidly coupled. The 
force spectrum is shown next to the force time series of each load cell. The first natural 
frequency was 64Hz for all sections. The submerged sections 1 through 4 were damped by 
the water. The damped, free vibrations from a structure in an otherwise still fluid is known as 
fluid damping, Sumer and Fredsøe (2006), and is attributed the drag force and added mass of 
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the fluid. The fluid damping is reflected in the force spectrum, with the second natural 
frequency shifted to higher frequency for the sections above water, sections 5 through 7.  

 
Fig 20. Hammer test of Cylinder B (sample rate of 800 Hz). Left column) Response from 
hammer test in wet conditions. Section 6 was hit by a hammer and the response was 
measured on all sections.  Right column) Force spectrum from the hammer test. The first 
natural frequency was around 64Hz under wet conditions. 
 

3.3 VALIDATION OF FORCE MEASUREMENTS 

The force measurements of both cylinders were validated in a static load test, in which a 
known load was applied to each section after turn. The static load tests are described in 
sections 3.3.1 and 3.3.2. In section 3.3.3, the water column inside the cylinder is described in 
more detail. 
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3.3.1 Static load test - Cylinder A 

In order to validate the cylinder set-up, static load tests were conducted. Each cylindrical 
section was pulled by a string attached to a mass and thus represent a known load. A low-
friction pulley facilitated a horizontal pull.  
 
Fig 21a shows a photograph of the static test setup and Fig 21b shows a sketch of the static 
test. Fig 22a shows the measured shear force Vi on each load cell as a function of height 
above the bed during loading of section one (closest to the bed). The associated local forces, 
Fi,  were computed through Eq. (3.2.2) and are shown in Fig 22b. Likewise, Fig 23a shows 
the measured shear stress and associated local force when section three was loaded. The 
static loads were measured with an accuracy of 1-3%. 
 

     
Fig 21 (a) Photograph from the validation with a load on all five sections (b) Sketch of 
validation test with a load on one section.  
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Fig 22. Static load test. A weight of 0.1kg applied to section one (bottom section). Measured 
shear force (left) and associated local force (right).  
 

 
Fig 23. Static load test. A weight of 0.1kg applied to section three. Measured shear force 
(left) and associated local force (right). 
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3.3.2 Static load test - Cylinder B 

The cylinder B was subjected to a series of static load tests with loads of 3N and 5N applied. 
The static load tests were conducted in the same manner as for cylinder A. Fig 24 shows a 
sketch of the static load test and a photo from the test. In the static load test, the error on the 
measured forces was less than 1% error of the applied load.  
 

 
Fig 24. (a) Static load test by application of known loads (b) Photo from the static load test. 
 

3.3.3 Open vs sealed cylinder gaps 

Between each two cylindrical sections was a gap of around 2 mm, which allowed for the 
sections to move independently. Furthermore, for the tests on flat bed, there was a gap 
between the bed and the bottom of section 1. The gaps allowed water to enter the cylinder. 
Consequently, a water column inside the cylinder rose and fell as waves passed the cylinder. 
The motion of the water column was out of phase with the wave passage. That is, the peak 
height of the water column appeared after the passage of the crest. 
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Fig 25. Water column inside cylinder. The red line indicates the height of the water column. 
Top row) Open gaps. Water column rose and fell with the wave passage. Bottom row) gaps 
were sealed. Water column inside the cylinder stationary. 
 
To confirm that the water column inside the cylinder did not affect the wave loads, tests 
were made in which the gaps were sealed off while the wave loads were measured. This was 
done by sealing the gaps with rubber tubes. Fig 25 shows a comparison of the water column 
inside the cylinder as a wave passed by the un-sealed cylinder (top row) and the cylinder 
with sealed-off gaps and bottom (bottom row). The surface of the water column is marked by 
a red line for clarity. When water could flow through the cylinder, the water column rose and 
fell as the wave passed. When the gaps and the bottom were sealed off, the water column 
inside the cylinder remained constant and unaffected by passing waves. The test results are 
described in detail in Chapter 6. Here it suffices to say that the error caused by the water 
column was negligible, for the tested wave cases, the difference between the forces 
measured on the ‘open’ and the sealed cylinder was less than the error on the repeatability of 
the wave.  
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3.4 PARTICLE IMAGE VELOCIMETRY (PIV) 

Particle Image Velocimetry (PIV) was employed to measure wave kinematics. The Dantec 
Dynamics PIV measurement system consisted of a 4Mpix camera and a dual-cavity 
ND:YAG laser emitted green light of 532nm. The camera had a 50mm lens and a pixel 
resolution of 2320×1726. The glass wall of the flume allowed for the camera to record the 
flow from outside the flume. Double frame pictures were sampled at 96Hz, which was the 
maximum sample rate of the system. An overview of the PIV system specifications is 
provided in Tab 4, while Fig 26 shows the laser set-up in the flume. 
 

Tab 4. PIV system specifications 
Parameter Description 
Camera SpeedSense 1040 4Mpix 
Laser Dual-cavity Nd:YAG 
Laser wavelength 532nm green laser 
Trigger rate 96 Hz 
Mode Double frame mode 
Image resolution  2320 x 1726 pixels 

 
A vertical laser sheet was achieved by reflection of the laser upon a 45° tilted mirror. During 
measurements with sloping bed, the mirror was placed on the flume bed and a glass window 
allowed the laser sheet to illuminate the water from below. Fig 27 shows a cross-sectional 
sketch of the flume and the PIV measurement setup during the measurements with a sloping 
bed, while Fig 27 show a cross sectional sketch of the PIV set-up and a photo of the set-up. 
During measurements on flat bed, the mirror was placed on the floor under the flume and a 
glass section of the flume bed allowed for the laser to pass. Fig 28 show two photographs of 
the vertical laser sheet in the water column. 
 
The algorithms used to assess the velocities were optimized for the specific measurements 
and are described under the relevant sections. Local accelerations were computed from the 
measured velocity through a right-sided finite difference scheme: 
 

𝜕𝜕𝜕𝜕𝑚𝑚(𝜕𝜕,𝑦𝑦,𝑡𝑡𝑚𝑚)
𝜕𝜕𝑡𝑡

≅ 𝜕𝜕(𝜕𝜕,𝑦𝑦,𝑡𝑡𝑚𝑚+1)−𝜕𝜕(𝜕𝜕,𝑦𝑦,𝑡𝑡𝑚𝑚)
∆𝑡𝑡

    (3.4.1) 

 
in which ∆𝑡𝑡 is the time between samples, which for this set-up corresponded to about 0.01s. 
Spatial derivatives were computed through a second order central difference scheme: 
 

𝜕𝜕𝜕𝜕𝑚𝑚(𝜕𝜕𝑚𝑚,𝑦𝑦,𝑡𝑡)
𝜕𝜕𝜕𝜕

≅ 𝜕𝜕(𝜕𝜕𝑚𝑚+1,𝑦𝑦,𝑡𝑡)−𝜕𝜕(𝜕𝜕𝑚𝑚,𝑦𝑦,𝑡𝑡)
2∆𝜕𝜕

    (3.4.2) 
𝜕𝜕𝜕𝜕𝑚𝑚(𝜕𝜕,𝑦𝑦𝑚𝑚,𝑡𝑡)

𝜕𝜕𝑦𝑦
≅ 𝜕𝜕(𝜕𝜕,𝑦𝑦𝑚𝑚+1,𝑡𝑡)−𝜕𝜕(𝜕𝜕,𝑦𝑦𝑚𝑚,𝑡𝑡)

2∆𝑦𝑦
    (3.4.3) 

 
in which ∆𝑥𝑥 and ∆𝑦𝑦 are the spatial distance of measurent points in the PIV window and 
depend on the spatial resolution of the velocity field.  
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Fig 26. Sketch of the vertical laser sheet as installed on the sloping bed. (Courtesy of Rune O 
Just) 
 

 
Fig 27. a) Cross-sectional view of the wave flume at the PIV measurement area. The laser 
sheet reflected by a mirror at the bottom of the flume and passed through a window in the 
inclined, smooth laboratory bed. b) Photograph of the PIV setup. Note that the wave gauge 
is located behind the vertical laser sheet. 
 

      
Fig 28. Front view and side view of the laser sheet during measurements 
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3.5 VALIDATION OF PIV MEASUREMENTS 

To validate the PIV measurements, the velocities obtained from PIV were compared to LDV 
measurements. Regular waves on sloping bed were used for the validation, corresponding to 
the set-up for the experiment in Chapter 4. Water depth through the centerline of the PIV 
window was 0.205, and the kinematics of subsequent waves were measured. 
 
For the PIV measurements, the flow was seeded with silver coated hollow glass spheres, 
which ensured a high reflection. The laser sheet had a thickness of 2-2.8mm. The PIV was 
sampled at 96 Hz and with 5ms between two frames. Velocities were obtained through an 
adaptive correlation algorithm, which applied three refinements of interrogation area with an 
overlap of 75%. The final interrogation size was 64x64 pixels and velocities were obtained 
with a resolution of 2.2 x 2.2mm. Detected outlier vectors were substituted by the local 
median in the neighborhood of 3x3 vectors. Replacement ratio was less than 5% in the area 
under the water surface.  
 
The LDV measurements were performed using a one-component Dantec Dynamics LDV 
system in backward scatter mode with a 514.5nm laser. The LDV probe was mounted on a 
traverse system that allowed for vertical traverse movements with an accuracy of 0.1mm. 
After each measurement, the measurement volume was moved vertically. Measurements 
were made for 50s at 9 vertical positions between the laboratory bed and the wave trough at 
0.005m, 0.025m, 0.045m, 0.065m, 0.085m, 0.105m, 0.125m, 0.0145m and 0.165m. After 
data collection, the LDV measurements were resampled to a temporal resolution of 300Hz to 
obtain equidistant time.  
 
Fig 29 and Fig 30 compare the profile of horizontal velocity from LDV and from PIV from 
the bed to 0.02m below still water level at eight phases of the wave period for two different 
wave conditions, with wave period T = 1.0s and wave heights H = 0.033m and H = 0.100m 
shoaling on 1/25-bed. The comparison shows a high level of agreement between PIV and 
LDV measurements. 
 
Local accelerations were obtained from the measured velocities for both PIV and LDV, 
respectively. In the PIV measurement, the velocities were sampled at 96Hz, and thus the 
time increment was ∆t ≅ 0.01s. The velocity from the PIV measurements was filtered at 
5Hz before computing the acceleration to obtain a smooth acceleration signal. The time 
difference in the LDV measurements was ∆t ≅ 1 300⁄ 𝑠𝑠. 
 
Fig 31 and Fig 32 show profiles of local horizontal acceleration for two different wave 
conditions with wave period T = 1.0s and wave heights H = 0.033m and H = 0.100m 
shoaling on 1/25-bed. A good agreement between PIV and LDV results is found. The 
comparison between the local acceleration measured through PIV and LDV indicate that the 
PIV sampled at 96Hz was adequate for obtaining accelerations.  
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Fig 29. Profiles of horizontal velocity u measured from PIV (grey) and LDV (black) from the 
bed to 0.02m below SWL. Water depth 0.205m, wave period T = 1.0s, wave height H = 
0.033m. The standard deviation of the PIV profiles are marked as shaded area, while the 
standard deviation of the LDV results are marked with error bars. 
 

 
Fig 30. Profiles of horizontal velocity u measured from PIV (grey) and LDV (black) from the 
bed to 0.02m below SWL. Water depth 0.205m, wave period T = 1.0s, wave height H = 
0.100m. The standard deviation of the PIV profiles are marked as shaded area, while the 
standard deviation of the LDV results are marked with error bars 
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Fig 31. Profiles of local horizontal acceleration, 𝜕𝜕𝑢𝑢/𝜕𝜕𝑡𝑡, measured by PIV (grey) and LDV 
(black) from the bed to 0.02m below SWL. Wave period T = 1.0s, wave height H = 0.033m. 
The shaded areas represent individual PIV runs. The error bars on the LDV results 
represent the standard deviation.  
 

 
Fig 32. Profiles of local horizontal acceleration, 𝜕𝜕𝑢𝑢/𝜕𝜕𝑡𝑡, measured by PIV (grey) and LDV 
(black) from the bed to 0.02m below SWL. Wave period T = 1.0s, wave height H = 0.100m. 
The shaded areas represent individual PIV runs. The error bars on the LDV results 
represent the standard deviation. 
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Chapter 4: Regular, non-breaking waves  

4.1 INTRODUCTION 

This chapter presents measurements of force distribution on a vertical, circular cylinder 
exposed to shoaling, regular waves. Throughout the experiments described in this chapter, 
Cylinder A was used. The cylinder was divided into individual sections on which the wave 
loads were measured. Furthermore, the wave kinematics was measured with Particle Image 
Velocimetry (PIV) and with Laser Doppler Velocimetry (LDV) in a few reference cases. The 
force distribution was measured for twenty regular wave conditions. 
 
The wave load distribution was studied at specific phases of the wave period and compared 
to Morisons force model using stream function kinematics. Further, the wave load 
distribution at the time instant of maximum total force was investigated. 
 
Force harmonics were investigated for both the total force and the local forces in each test 
case. It was found that the local maximum force occurred later near the free surface than 
near the bed. To investigate this further, the time of local maximum force was related to the 
Ursell number to study the influence of non-linear effects.  
 
Finally, the local force coefficients were determined based on the measured force and wave 
kinematics for the individual sections of the cylinder through a method of least squares.  
 

4.2 EXPERIMENTAL SET-UP 

A series of regular waves were generated in the flume by a piston-type wave paddle. The 
water depth at the wave paddle was ℎ𝐴𝐴  = 0.515m. In order to investigate steep and near-
breaking waves, an inclined, smooth seabed of slope 1/25 was installed in the wave flume. 
Cylinder A was located on the sloping bed 19.8m from the wave paddle. The still water 
depth at the cylinder was ℎ𝐶𝐶  = 0.205m. During the measurements of wave kinematics, the 
cylinder was removed and the undisturbed wave was studied.  
 
Fig 33 shows the experimental setup for the measurements of wave loads, Fig 33a, and of 
wave kinematics, Fig 33b.  
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Fig 33. Schematics of the wave flume. Waves were generated by a wave paddle to the left 
and waves travelled on flat bed for 12.7m before shoaling along a 1/25-slope. Six wave 
gauges measured the surface elevation. (a) wave flume with Cylinder A positioned 19.8m 
from the wave paddle at a still water depth of ℎ𝐶𝐶  = 0.205m. (b) wave flume with the PIV 
window centred 19.8m from the wave paddle at a still water depth of ℎ𝐶𝐶  = 0.205m.  
 
The surface elevation was measured relative to the MWL at six positions in the flume with 
resistance wave gauges with an accuracy of 1 mm. Four wave gauges were placed upstream 
of the cylinder at positions -5m, -3.5m, -1.5m and -0.5m relative to position C at the cylinder 
(or center of PIV window), one wave gauge was positioned at C and one wave gauge was 
positioned 0.5m downstream of position C. All wave gauges were located at the centerline of 
the flume, except the one at position C, which was positioned with equal distance to the 
sidewall and the cylinder or PIV window. 
 
Cylinder A was used in the experiments, and briefly consisted of seven cylindrical sections 
with an outer diameter 80mm, wall thickness 5.6mm and height 80mm. Each two sections 
were connected by a load cell, and the top and bottom sections were fixed to a rigid steel 
structure, which was clamped to the flume. Details of cylinder A is given in section 3.2.1. 
The cylinder set-up facilitated five force measurement points, of which only four of them 
were in use with the water depth used in this set-up. The four sections are denoted F1 
through F4 in the following, counting from the bottom up. The two lower sections, sections 
1 and 2, were constantly submerged in all wave conditions, while sections 3 and 4 were 
submerged depending on the surface elevation 𝜂𝜂(𝑡𝑡). The surface elevation was defined 
relative to the MWL, as set-up and set-down took place along the slope. Fig 34 shows a 
photograph of the cylinder mounted in the wave flume. In the sloping bed, a circular hole 
allowed the cylinder to be fixed to a steel structure below the bed. In order for the cylinder to 
move free from the bed, the diameter of the hole was 2mm larger than the diameter of the 
pile, and furthermore, the bottom of the first section was raised 2.5 mm above the bed.   
 

70 Experimental Studies of Wave Load Distribution on a Vertical, Circular Cylinder 



 

 

Fig 34. Photograph of the Cylinder A as installed in the wave flume for measurements of 
shoaling, regular waves.  
 
Surface elevation and forces were sampled at 1000 Hz. Subsequently, the force signal was 
filtered with a Hamming filter with a cut-off frequency of 10 Hz, which was well below the 
natural frequency of 41Hz and below the grids mains frequency of 50Hz. The high sampling 
rate collecting raw data at 1000 Hz might seem unnecessary, but does not cause any 
problems to the acquisition systems and it was considered safe to be far from the filtering 
frequency. 
 
The two bottom sections were submerged at all times, while section three was exposed to the 
free surface. For larger waves, section four was also exposed to the free surface. For the 
section exposed to the free surface, the wetted length of the section Li(t) is described by 
 

𝐿𝐿𝑖𝑖(𝑡𝑡) = ℎ𝐶𝐶 + 𝑀𝑀𝑊𝑊𝐿𝐿 + 𝜂𝜂(𝑡𝑡) − Δ𝑧𝑧1 − (𝑖𝑖 − 1) ∙ (𝐿𝐿𝑆𝑆 + Δ𝑧𝑧2)  (4.2.1) 
 
where i is the section number exposed to the free surface, ℎ𝐶𝐶  is the still water depth, MWL is 
the mean water level at WG5, 𝜂𝜂(𝑡𝑡) is the surface elevation,Δ𝑧𝑧1 is the gap between the bed 
and the cylinder, LS is the length of each section and Δ𝑧𝑧2 is the gap between each two 
sections. The surface elevation 𝜂𝜂(𝑡𝑡) was defined relative to the mean water level, since the 
mean water level depended on the wave test and a set-down was present at the cylinder for 
all the wave tests. The points of attack of the local wave loads, 𝑦𝑦𝑖𝑖,𝑝𝑝𝑎𝑎(𝑡𝑡), were assumed to be 
at the midpoint of the wetted lengths  
 

𝑦𝑦𝑖𝑖,𝑝𝑝𝑎𝑎(𝑡𝑡) = 1
𝑠𝑠
𝐿𝐿𝑖𝑖(𝑡𝑡) + (𝑖𝑖 − 1)(𝐿𝐿𝑆𝑆 + Δ𝑧𝑧2) + Δz1 − (ℎ𝐶𝐶 + 𝑀𝑀𝑊𝑊𝐿𝐿).  (4.2.2) 
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Where 𝑦𝑦𝑖𝑖(𝑡𝑡) is the distance from the MWL to the point of attack, see Fig 35. 
 

 
Fig 35. Details of Cylinder A as installed on the sloping bed. The water depth at still water 
level was ℎ𝐶𝐶 = 0.205𝑚𝑚, the spacing between the bed and the first section was 𝛥𝛥𝑧𝑧1 =
2.5𝑚𝑚𝑚𝑚, the distance between the sections was 𝛥𝛥𝑧𝑧2 = 1.0𝑚𝑚𝑚𝑚. Each section had the length 
LS=0.08m. The point of attack for section three, 𝑦𝑦3,𝑝𝑝𝑎𝑎(𝑡𝑡), is defined as being at the height of 
half the wetted length of section 3. The surface elevation is defined relative to the mean 
water level MWL.  
 

4.3 WAVE CONDITIONS 

This subchapter introduces the governing parameters for the local wave loads on a cylinder 
placed on a sloping bed. Since the local KC number is one of them, a detailed discussion of a 
suitable local KC number is discussed as well, before introducing the twenty regular wave 
tests and the experimental procedure.  
 
In section 4.3.1, the results of a dimensional analysis of the force is presented, which 
investigates the governing parameters for the local force. In section 4.3.2, a suitable 
definition of local KC number is discussed. Section 4.3.3 presents the twenty wave 
conditions measured in this experiment. Finally in section 4.3.4, the experimental procedure 
is presented. 
 

4.3.1 Dimensional analyses 

This section presents the results of a dimensional analysis of the force. Dimensional analyses 
indicated that the force could be written as function of 6 parameters: 
 

𝐹𝐹
𝜌𝜌𝑔𝑔𝐷𝐷3

=  𝑓𝑓 �𝐾𝐾𝐶𝐶, 𝐷𝐷
𝐿𝐿

,𝑘𝑘ℎ,𝑅𝑅𝑅𝑅,𝑚𝑚�    (4.3.1) 
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where 𝐾𝐾𝐶𝐶 is the Keulegan-Carpenter number found as  
 

𝐾𝐾𝐶𝐶 = 𝜋𝜋𝜔𝜔
𝐷𝐷

coth(𝑘𝑘ℎ)      (4.3.2) 
 
from first order Stokes theory at the mean water level. 𝐷𝐷/𝐿𝐿 is the ratio between the diameter 
and the wave length, that is important for diffraction effects. The parameter kh represents the 
ratio of depth over wave length. This parameter is connected to a dimensionless angular 
frequency, 𝜔𝜔2ℎ/𝑔𝑔 through the dispersion relation. 𝑅𝑅𝑅𝑅 is the Reynolds number and 𝑚𝑚 the 
slope of the bed. The Reynolds number was defined as 
 

𝑅𝑅𝑅𝑅 = 𝑈𝑈𝑚𝑚𝐷𝐷
𝜈𝜈

     (4.3.3) 
 
in which 𝑈𝑈𝑚𝑚 is the maximum velocity. The range of 𝐷𝐷/𝐿𝐿 was small in all the proposed cases, 
indicating that diffraction effects were small. Disregarding Reynolds number effects and 
variation of the slope, as these parameters were not studied in detail, the relationship was 
formulated as follows 
  

𝐹𝐹
𝜌𝜌𝑔𝑔𝐷𝐷3

=  𝑓𝑓(𝐾𝐾𝐶𝐶,𝑘𝑘𝐷𝐷,𝑘𝑘ℎ)    (4.3.4) 

 
𝐾𝐾𝐶𝐶 number is, as outlined in Eq. (4.3.2), also a measure of the ratio of wave height over 
diameter. In deep water, the 𝐾𝐾𝐶𝐶 number at mean water level reduces to 𝐾𝐾𝐶𝐶 = 𝜋𝜋𝐻𝐻 𝐷𝐷⁄  as 
coth(kh) → 1 for ℎ → ∞. The diffraction parameter 𝐷𝐷/𝐿𝐿 was reformulated to kD.  
 
Another relevant parameter is the Ursell parameter, attributed to Ursell (1953)  
 

𝑈𝑈𝑈𝑈 = 𝜔𝜔
𝐿𝐿
�𝐿𝐿
ℎ
�
3
.     (4.3.5) 

 
Following Le Méhauté (1976), the Ursell number can be derived by considering the velocity 
potential at a second order approximation 
 

𝜙𝜙 = −𝜔𝜔
2
𝜔𝜔
𝑘𝑘
cosh(𝑘𝑘[ℎ+𝑦𝑦])
sinh(𝑘𝑘ℎ) sin(𝜔𝜔𝑡𝑡 − 𝑘𝑘𝑥𝑥) − 3

8
�𝜔𝜔
2
�
2 𝜔𝜔
𝑘𝑘
cosh(2𝑘𝑘[ℎ+𝑦𝑦])
sinh4(𝑘𝑘ℎ) sin(2[𝜔𝜔𝑡𝑡 − 𝑘𝑘𝑥𝑥])  (4.3.6) 

 
and considering the ratio of the amplitude of the second order term to the amplitude of the 
first order term, i.e. the term in 𝐻𝐻2 relative to the term in H, while assuming that 𝑘𝑘ℎ → 0, 
corresponding to a wave in shallow water. This implies cosh (𝑘𝑘ℎ) → 1 and sinh (𝑘𝑘ℎ) → 𝑘𝑘ℎ. 
This yields 
 

3
16

1
(2𝜋𝜋)2

𝜔𝜔
𝐿𝐿

 �𝐿𝐿
ℎ
�
3

 for 𝑘𝑘ℎ → 0.    (4.3.7) 

 
which is proportional to the Ursell number defined in Eq. (4.3.5).  
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When the Ursell number is small, the small amplitude wave theory is valid. Rewriting the 
Ursell number in terms of already defined dimensionless variables: 
 

𝑈𝑈𝑈𝑈 = 𝜔𝜔
𝐿𝐿
�𝐿𝐿
ℎ
�
3

= 𝜔𝜔/ℎ
�ℎ 𝐿𝐿� � 2

      (4.3.8) 

 
we see that the Ursell number can be interpreted as a measure of non-dimensional wave 
height, 𝐻𝐻/ℎ, relative to non-dimensional water depth, 𝑘𝑘ℎ ∝ ℎ

𝐿𝐿� . High values of 𝑈𝑈𝑈𝑈 indicate 
long waves in shallow water, calling for the use of nonlinear wave theory. Fig 36 shows a 
diagram of the limit of validity for three values of Ursell number and wave theories. It shows 
that for higher Ursell numbers, a higher order wave theory is needed. It should be noted, 
however, that the Ursell number only works as an indicator of the non-linearity and does not 
in itself uncover all the aspects of wave non-linearity. 
 

 
Fig 36. Limits of validity for various values of Ursell numbers and wave theories, Le 
Méhauté (1976).  
 
In this chapter, forces are non-dimensionalized with 𝐹𝐹 𝜌𝜌𝑔𝑔𝐷𝐷3⁄ . In some cases it was found 
convenient to present the force as 𝐹𝐹 𝜌𝜌𝑔𝑔𝐻𝐻𝐷𝐷2⁄  instead of 𝐹𝐹 𝜌𝜌𝑔𝑔𝐷𝐷3⁄  where the wave height has 
been used as well as the diameter. Velocities were non-dimensionalized with 𝜔𝜔𝐻𝐻/2 and 
accelerations with 𝜔𝜔2𝐻𝐻/2. Surface elevations and vertical coordinates were non-
dimensionalized with the water depth h.  
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4.3.2 Local KC number expression 

In the following we discuss two different expressions of the KC-number that could be used 
in the analyses: 

𝐾𝐾𝐶𝐶 = 𝑈𝑈𝑚𝑚 𝑇𝑇
𝐷𝐷

      (4.3.6) 

𝐾𝐾𝐶𝐶𝑎𝑎 = 2𝜋𝜋𝑎𝑎
𝐷𝐷

      (4.3.7) 

 
where 𝑈𝑈𝑚𝑚 is the maximum velocity, 𝑇𝑇 the wave period (or oscillation period), 𝐷𝐷 the 
diameter of the circular cylinder, and a the amplitude of the particle motion. The Eq. (4.3.6) 
is the definition of the KC number while Eq. (4.3.7) is a rearrangement based on sinusoidal 
motion. Local KC numbers at the surface and at the sea bed are discussed. 
 
The KC number is typically defined from the maximum velocity in a sinusoidal oscillation, 
as shown in Eq. (4.3.6). In an oscillation that is not sinusoidal, this definition might not be 
the best choice. A non-linear wave top is shorter than the wave trough. This leads to higher 
velocities under the wave top for a shorter period, and smaller velocities under the wave 
trough for a longer period than half the wave period. Just using the maximum non-linear 
velocity would increase the KC number compared to the maximum velocity from first order 
Stokes theory. Eq. (4.37) finds the KC-number from the amplitude of the particle motion. 
First order Stokes theory results in the same KC number for the two formulations. This is not 
the case for non-sinusoidal motion and therefore not the case under non-linear waves. The 
effect of the oscillating motion has often been related to the development of vortices and 
vortex shedding on the lee side of the circular cylinder. The vortex development is related to 
the length of the particle track. For instance, separation starts to occur for 𝐾𝐾𝐶𝐶 ~ 6 − 7, which 
corresponds to 𝑎𝑎/𝐷𝐷 =  1. 
 
Fig 37a shows the KC-number at the still water level as a function of wave steepness H/L 
determined by four different methods. Firstly KC number was determined from first order 
Stokes theory. Secondly, KC number was determined from maximum and minimum 
velocities at the surface estimated with stream function theory, 𝐾𝐾𝐶𝐶𝑆𝑆𝐹𝐹,𝑚𝑚𝑎𝑎𝜕𝜕 and 𝐾𝐾𝐶𝐶𝑆𝑆𝐹𝐹,𝑚𝑚𝑖𝑖𝑛𝑛. 
Finally, it was found by the average of 𝐾𝐾𝐶𝐶𝑆𝑆𝐹𝐹,𝑚𝑚𝑎𝑎𝜕𝜕 and 𝐾𝐾𝐶𝐶𝑆𝑆𝐹𝐹,𝑚𝑚𝑖𝑖𝑛𝑛, 𝐾𝐾𝐶𝐶𝑆𝑆𝐹𝐹,𝑎𝑎𝑎𝑎𝑟𝑟. As expected, the 
KC-number from stream function theory for maximum velocity increased more with wave 
steepness than the first order theory, while using the minimum velocity gave a smaller 
increase. The average of the two estimates from stream function theory increased slightly 
more with 𝐻𝐻/𝐿𝐿 than the first order theory.  
 
Fig 37b explores KC number determined by integration of the horizontal particle track. If the 
integration followed the particle we find 𝐾𝐾𝐶𝐶𝑎𝑎,𝑡𝑡𝑡𝑡𝑡𝑡 and if the integration only uses the local 
horizontal velocity at the centre-line we find 𝐾𝐾𝐶𝐶𝑎𝑎,𝑟𝑟𝑡𝑡𝑐𝑐. The average of the two is denoted 
𝐾𝐾𝐶𝐶𝑎𝑎,𝑎𝑎𝑎𝑎𝑟𝑟in the figure. Comparison is made to first order Stokes theory. Following the particle, 
𝐾𝐾𝐶𝐶𝑎𝑎,𝑡𝑡𝑡𝑡𝑡𝑡, resulted in larger KC compared to first order theory as the velocity follows the wave 
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and therefore the velocity tends to be positive for a longer time. Integration of the local 
velocity, 𝐾𝐾𝐶𝐶𝑎𝑎,𝑟𝑟𝑡𝑡𝑐𝑐, gave a smaller KC than found from first order theory. As it could be 
argued that it is a combination of the two that forms the vortex on the lee side of the 
structure, the average of the two, 𝐾𝐾𝐶𝐶𝑎𝑎,𝑎𝑎𝑎𝑎𝑟𝑟, is also shown. This gave a slightly higher KC 
number as a function of wave steepness than first order wave theory.  
 
In conclusion, just using the maximum velocity and the full wave period gave a KC number 
that could be twice the KC number found from first order theory at a given wave steepness. 
Average values from both approaches gave a KC number that was close to that found by first 
order theory. 
 

 
Fig 37. Estimation of KC as function of the wave steepness H/L at the still water level. Left 
panel: KC number found from first order Stokes theory and maximum and minimum 
velocities at the surface from stream function theory. Right panel: KC number based on 
horizontal particle path. kh =0.65, h/D=2.56. 
 

 
Fig 38. Estimation of KC as function of the wave steepness H/L at the sea bed. Left panel: 
KC number found from first order Stokes theory and maximum and minimum velocities at 
the bed from stream function theory. Right panel: KC number based on horizontal particle 
path. kh =0.65, h/D=2.56. 
 
Fig 38 shows a similar analyses for KC number at the sea bed. Here, first order theory gave 
higher KC-numbers compared to stream function theory. First order wave components gave 
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larger contribution to the velocity at the bed, and when the wave was expected to be 
represented by only the first component, the velocities were consequently larger at the sea 
bed.  
 
Based on the analysis at the SWL, presented in Fig 37, the KC number based on linear 
theory is not very different from 𝐾𝐾𝐶𝐶𝑎𝑎𝑎𝑎𝑟𝑟. Therefore, at the SWL it is reasonable to represent 
the KC number as the first order 𝐾𝐾𝐶𝐶1𝑠𝑠𝑡𝑡. At the seabed, the first order KC is overestimated 
relative to 𝐾𝐾𝐶𝐶𝑎𝑎𝑎𝑎𝑟𝑟  for higher wave steepness H/L. Therefore it could be argued that 𝐾𝐾𝐶𝐶𝑎𝑎𝑎𝑎𝑟𝑟 
represents the physics better at the seabed. Since the first order KC number is more 
commonly used, however, it was decided to use first order KC. In summary, we found that 
the KC-numbers based on first order theory gave a reasonable representation of the physics 
at the SWL, which is the part of the water column that is of interest in this work. At the 
seabed, it could be argued that 𝐾𝐾𝐶𝐶𝑎𝑎𝑎𝑎𝑟𝑟 should be used. In the following it was decided that the 
local KC number in this chapter will be represented by first order theory at the specific 
location in the water column. 
 

4.3.3 Wave conditions 

Wave loads were measured for the wave conditions listed in Tab 5. The table additionally 
lists experiments that were repeated to measure the undisturbed wave kinematics. The 
sloping bed allowed the generation of steep, non-breaking waves at the cylinder. Effect of 
breaking waves was not the focus of the study, but we still targeted also steep waves to 
assess the effect of non-linear waves. Steep, periodic non-breaking waves at the position of 
cylinder could be achieved by introducing a slope. At the cylinder, a set-down was measured 
and thus the mean water level differed from the still water level. The mean water level at 
WG5, MWL, is included in Tab 5 for all twenty tests. 
 
The KC numbers in Tab 5 were computed from linear theory, following the discussion in 
section 4.3.2. The Reynolds numbers were computed from 15th order stream function, as the 
waves mostly group in the stream function regime, as shown in Fig 39, which presents the 
twenty wave tests relative to the wave theory regimes, Dean (1965), Dean (1974). One wave, 
test case 12, was breaking and is marked with a red dot in the figure. The breaking event is 
in agreement with the indicated breaking limit. 
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Tab 5. Regular wave conditions for the measurement of local wave loads on a vertical, 
circular cylinder. The parameters 𝜔𝜔2ℎ/𝑔𝑔 and H/h are dimensionless time scale and wave 
height, respectively. Selected wave conditions, marked by X, were repeated and the 
undisturbed wave kinematics was measured by use of PIV.  

Case T  
[s] 

H  
[m] 

MWL 
[m] 

𝜔𝜔2ℎ/𝑔𝑔 
[-] 

H/h 
[-] 

kh 
 [-] 

kD 
[-] 

H/L 
 [-] 

KC  
[-] 

Ur 
[-] 

Re/103 
[-] 

PIV 
 

1 1 0.033 -0.001 0.82 0.16 1.05 0.41 0.027 1.7 5.9 11 X 
2 1 0.068 -0.001 0.82 0.33 1.05 0.41 0.056 3.4 11.6 21  
3 1 0.086 -0.001 0.82 0.42 1.05 0.41 0.070 4.3 14.7 27  
4 1 0.100 -0.002 0.82 0.49 1.05 0.41 0.082 5.0 17 34 X 
5 1.2 0.039 -0.003 0.57 0.19 0.84 0.33 0.025 2.2 10.7 11 X 
6 1.2 0.074 -0.003 0.57 0.36 0.84 0.33 0.048 4.2 20.6 22  
7 1.2 0.102 -0.003 0.57 0.50 0.84 0.33 0.066 5.9 27.4 30 X 
8 1.2 0.119 -0.002 0.57 0.58 0.84 0.33 0.077 6.8 32.7 38  
9 1.5 0.038 -0.003 0.37 0.19 0.65 0.25 0.019 2.6 17.6 13 X 
10 1.5 0.062 -0.004 0.37 0.30 0.65 0.25 0.031 4.3 29.1 20  
11 1.5 0.104 -0.004 0.37 0.51 0.65 0.25 0.052 7.2 48.5 34  
12 1.5 0.170 -0.004 0.37 0.83 0.65 0.25 0.085 11.7 76.3 55  
13 2 0.035 -0.003 0.21 0.17 0.47 0.18 0.013 3.1 29.6 10  
14 2 0.046 -0.003 0.21 0.22 0.47 0.18 0.017 4.1 40 14  
15 2 0.083 -0.003 0.21 0.41 0.47 0.18 0.030 7.4 73 27  
16 2 0.115 -0.003 0.21 0.56 0.47 0.18 0.042 10.3 99.1 32  
17 2.5 0.029 -0.002 0.13 0.14 0.37 0.14 0.008 3.2 40.4 9  
18 2.5 0.057 -0.003 0.13 0.28 0.37 0.14 0.016 6.3 79.5 19  
19 2.5 0.104 -0.003 0.13 0.51 0.37 0.14 0.030 11.5 143.6 15  
20 2.5 0.152 -0.004 0.13 0.74 0.37 0.14 0.044 16.8 213.3 17  

 

78 Experimental Studies of Wave Load Distribution on a Vertical, Circular Cylinder 



 

 
Fig 39. The twenty wave tests relative to the wave theory regimes, Dean (1965), Dean 
(1974). Breaking was observed for one of the test cases (test 12, marked with red), in 
agreement with the indicated breaking limit. 
 

4.3.4 Experimental procedure 

The experimental procedure included three steps. Firstly, regular waves were generated for a 
minimum of 20 minutes, following the procedure of Ting and Kirby (1994), after which the 
wave conditions in the flume were considered as steady state. The reason for the long ramp-
up time was to a steady state to form in the flume, as a balance between multiple components 
such as run-up, set-up or set-down and breaking point. A set-down was apparent for all the 
twenty wave cases due to the shoaling along the slope. It was found that the set-down level 
changed less than 5% after a period of 20 minutes ramp up time. Secondly, the measurement 
of wave loads had a duration of about 5 minutes, depending on the wave period in the test. 
Thirdly, after the wave paddle stopped, a stabilization phase of 20 minutes allowed for the 
water surface to come to rest before the next experiment was conducted. During all three 
steps, the surface elevation and the loads on the cylinder were measured. The wave gauges 
were calibrated before and after the experiment, such that any changes in calibration 
constants were discovered. The reader is referred to Fig 33 for a sketch of the wave gauge 
positions.  
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For the data analysis, 40 consecutive waves were analysed. It was found that 40 consecutive 
waves provided stable standard deviation of the wave height of consecutive waves. As we 
did not measure wave forces and undisturbed wave kinematics at the same time we had to 
assume that it was possible to repeat the same wave conditions. The assumption of 
repeatability of the wave paddle, and therefore the wave conditions, was tested by 
comparison of two runs with the same signal given to the wave paddle. Fig 40 shows the 
surface elevation for two runs with same input parameters to the wave paddle without 
Cylinder A installed on the slope. Note the steepening of the wave due to the shoaling on the 
slope. The overlap between the surface elevations indicates a high repeatability of the wave 
conditions. The wave gauge just before the slope at x = 11.8m, WG1, shows a difference in 
wave height of around 1% between the two runs. As the waves propagated up the slope, the 
difference between the two runs increased such that at WG5, the difference in wave height 
between the two runs was around 5%. The reason for the increased difference could be due 
to increased turbulence levels during shoaling or/and due to minor reflections form the slope. 
The reflections might be affected by the turbulence which induces variations.  
 

 
Fig 40. Surface elevation measured at WG1 trough WG6. The reader is referred to Fig 33 
for a sketch of the wave gauge positions. Black line and grey line represent two runs with the 
same input parameters at the wave paddle. Difference in mean wave height at WG1 was 1%. 
Difference in mean wave height at WG5 was 5%. Test 4. 
 

  
Fig 41. Surface elevation measured at WG1 trough WG6 with cylinder installed in the flume 
(black) and without cylinder (grey). The reader is referred to Fig 33 for a sketch of the wave 
gauge positions. Difference in mean wave height at WG1 is 4%. Difference in mean wave 
height at WG5 was 10%.  Test 4. 
 
Fig 41 compares two runs for which the one is with Cylinder A installed and the other 
without the cylinder. A larger difference between the two runs was now observed, especially 
at wave gauges WG3, WG4 and WG5, which were located in the immediate neighbourhood 
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of the cylinder. In particular, the trough was affected by the cylinder and a diffraction pattern 
formed. The difference between the two runs increased to around 10% at WG5. The figures 
thus show that the difference between two runs with same input parameter to the wave 
paddle waves increased when the cylinder was included in one of the runs. This show that 
the difference was related to interaction between the waves and the cylinder and not caused 
by lack of repeatability by the wave paddle. 
 

4.4 MEASUREMENTS OF WAVE KINEMATICS 

Wave kinematics was measured by PIV. To capture the entire water column, each 
experiment was conducted twice with two different window positions, labelled window A 
and window B, as sketched in Fig 42. Each window covered 0.30×0.22 m. 
 

 
Fig 42. Field of view of the PIV measurement area with the two overlapping PIV windows, 
labelled window A and window B. 
 
The thickness of the vertical laser sheet ranged from 2 mm to 2.8 mm in the measurement 
area. The water was seeded with silver-coated hollow glass spheres with a neutral buoyancy 
and a mean diameter of 10 µm. The silver coating on the seeding particles ensured a high 
reflection. The specifications of the PIV measurements in this setup are listed in Tab 6. 
 

Tab 6. PIV parameters during measurements of regular, shoaling waves 
Parameter Description 
Time between pulses 0.005s (5ms) 
Size of PIV image  0.30 x 0.22 m  
Seeding Silver coated hollow glass spheres of diameter 10 µm 
Thickness of laser sheet 2mm-2.8mm 
Velocity resolution 2.2 x 2.2 mm 
Measurement duration 1 min 
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Velocities were obtained from the PIV images by an Adaptive Correlation algorithm 
supplied by Dantec Dynamics. The algorithm applied three refinements of interrogation area 
and an overlap of 75%. The final interrogation size was 64x64 pixels. Velocities were 
obtained with a resolution of 2.2 x 2.2mm. Detected outlier vectors were substituted by the 
local median in the neighborhood of 3x3 vectors. Replacement ratio was less than 5% in the 
area under the water surface. In each PIV measurement, the measurement duration was 1 
minute, yielding more than 5,000 acquired double-frame images for each measurement. Fig 
43 shows examples of instantaneous velocity fields for three wave conditions. The left panel 
corresponds approximately to time of the passing wave top, while the right panels are at the 
time of passing wave trough.  
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a) Test 1, wave period T = 1.0 s, wave height H = 0.033 m. 

   
b )Test 4, wave period T = 1.0 s, wave height H = 0.100 m 
 

  
c) Test 8, wave period T = 1.2 s, wave height H = 0.119 m. 
 

 
Fig 43. Velocity field approximately under crest (left panel) and trough (right panel). The 
reference vector in top right corner is 0.2m/s. One in every five vectors is plotted. (a) Test 1, 
wave period T = 1.0 s, wave height H = 0.033 m. (b) Test 4, wave period T = 1.0 s, wave 
height H = 0.100 m. c) Test 8, wave period T = 1.2 s, wave height H = 0.119 m. 
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4.5 RESULTS 

Section 4.5.1 presents time series of wave loads, section 4.5.2 presents wave load 
distributions. In section 4.5.3, measured profiles of kinematics are presented. 
  

4.5.1 Time series of wave loads  

The wave loads were measured at four sections of Cylinder A and the total load was 
obtained from the sum of local contributions. Fig 45 shows the surface elevation and the 
total wave load for test conditions 1 and 4. The wave period was T = 1.0 s in both tests, 
while the wave height was H = 0.033 m and H = 0.100 m in test 1 and test 4, respectively. 
Test 4 therefore represents a steeper wave condition relative to test 1.  
 
The surface elevation in test 1 appears close to sinusoidal in shape, while test 4 has a wider 
trough and narrower crest as well as a steeper wave front. The maximum total wave load was 
1.4N in test 1 and 4.7N in test 4. In both wave conditions, the maximum wave load appeared 
when the gradient of the surface elevation was about maximum.  
 
The force obtained from Morison’s equation using 15th order stream function theory is 
included for comparison. Note that stream function does not account for the sloping bed in 
the set-up, as stream function assumes a horizontal bottom. The stream function estimate is 
thus included for illustrative purposes. The stream function wave load was estimated through 
force coefficients from Sarpkaya (1976b), 𝐶𝐶𝑀𝑀 = 2 and 𝐶𝐶𝐷𝐷 = 1 for both of the tests cases. For 
test 1, the stream function estimate of total wave load agrees well with the measured wave 
loads. For test 4, stream function theory overestimates the maximum load but still succeeds 
in capturing the shape of the load time series to some extent. Further, linear theory combined 
with Morison’s equation is included, for comparison to the simplest theoretical estimate, and 
shows good agreement in test 1, and substantial discrepancy in test 4. The same force 
coefficients were used as for the stream function estimate. Linear theory does not account for 
the sloping bed and is included for illustrative purposes. The reason for the difference 
between the measured force signal and the stream function estimate can largely be attributed 
to the sloping bed, which leads to an increased wave steepness not accounted for in the 
stream function estimate.  
 
In Fig 45, the theoretical force estimates from Morison’s equation based on stream function 
and linear theory are split up in drag and inertia forces. For both test 1 and test 4 it shows 
that inertia forces are dominant, which is expected as the KC numbers are in the inertia 
dominated regime. In the remaining part of Chapter 4, only stream function is included for 
comparison to the data.  
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a) Test 1                                b) Test 4 

Fig 44. Surface elevation and total wave load. Black full line: Measured data, thin line: 
Stream function, dashed blue line: linear theory. (a) Test 1, wave period T = 1.0 s, wave 
height H = 0.033 m. (b) Test 4, wave period T = 1.0 s, wave height H = 0.100 m. 
 

 
a) Test 1                                b) Test 4 

Fig 45. Total wave load with comparison to drag and inertia contribution computed from 
stream function and linear theory. Black full line: Measured data. Top row: drag (dashed 
line) and inertia (full line) according to stream function theory. Bottom row: drag (dashed 
line) and inertia (full line) according to linear theory. (a) Test 1, wave period T = 1.0 s, 
wave height H = 0.033 m. (b) Test 4, wave period T = 1.0 s, wave height H = 0.100 m. 
 
Fig 46a and Fig 46b show the surface elevation and the time series of wave loads on 
individual sections for test 1 and test 4. The incoming waves induced wave loads on the 
three lower sections. For both wave conditions, the cylinder section 4 was unaffected by the 
waves except for during the passage of the crest in test 4, which is apparent as a very small 
positive load.  
 
In test 1, shown in Fig 46a, the shape of the wave load measured at section 1 and 2 appeared 
close to sinusoidal. On contrary, the wave load at section 3 did not appear sinusoidal. 
Furthermore, the time at which the wave load was maximum at section 3 came later relative 
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to section 1. Conversely, the local force minimum was leading at section 3 relative to section 
1.  
 
Fig 46b shows the measured local wave loads for test 4, which had the same wave period as 
test 1 but a larger wave height. During this wave test, only the wave load at section 1 
appeared close to sinusoidally shaped, while at sections 2 and 3 the wave loads were not 
sinusoidally shaped. The reason for the difference between the wave loads at individual 
sections can be attributed to higher order contributions to the wave kinematics, which are 
expected to be more pronounced close to the free surface and smaller close to the bed. 
Stream function estimates of surface elevation and local wave loads are included for 
comparison. A good agreement is seen except for at section 3 in test 4, in which the stream 
function force overestimates the maximum force.  
 

 
a) Test 1                                b) Test 4 

Fig 46. Time series of surface elevation and measured wave load at section 1, 2, 3 and 4. (a) 
Time series of wave test 1, wave period T = 1.0s and wave height H = 0.033m (b) Time 
series of wave test 4, wave period T = 1.0s and wave height H = 0.100m. 
 

4.5.2 Wave load distribution 

Measured wave load distributions are presented in the following. To be able to compare the 
force at each section directly, the forces were adjusted for the wetted height of the cylindrical 
sections.  
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𝐹𝐹𝑖𝑖,𝑚𝑚𝑡𝑡𝑑𝑑 = Δ𝑧𝑧𝑡𝑡𝑡𝑡𝑡𝑡

Δ𝑧𝑧𝑤𝑤𝑤𝑤𝑡𝑡
𝐹𝐹𝑖𝑖,𝑚𝑚𝑟𝑟𝑎𝑎𝑠𝑠     (4.5.1) 

 
where 𝐹𝐹𝑖𝑖,𝑚𝑚𝑡𝑡𝑑𝑑 is the modified force for section 𝑖𝑖, Δ𝑧𝑧𝑡𝑡𝑡𝑡𝑡𝑡 is the total height of the section, Δ𝑧𝑧𝑤𝑤𝑟𝑟𝑡𝑡 
is the height of the wetted part of the section, and 𝐹𝐹𝑖𝑖,𝑚𝑚𝑟𝑟𝑎𝑎𝑠𝑠 is the measured force for section 𝑖𝑖. 
The analyses included data where at least 1 cm of the 8 cm high sections was wet, since the 
uncertainty increased the smaller the wetted section was. The first two sections from the 
bottom were wet in all cases, while typically half of section 3 was wetted at maximum force.  
 
 Fig 47 shows the force distribution of wave test 1 for eight phases of the wave cycle. Each 
marker in the phase plot represents the mean force of 40 consecutive waves. The standard 
deviation of the wave load for the 40 consecutive waves is smaller than the marker size for 
the wave conditions in test 1. Observing the force distribution at ωt = 2π/8 through 4π/8 
the force is negative before crossing zero around ωt = 4π/8 from when the force is positive 
until ωt = 14π/8 when it again becomes negative. The total force is maximum around ωt =
10π/8. The measured force distribution is compared to stream function theory with constant 
force coefficients from Sarpkaya (1976b), 𝐶𝐶𝑀𝑀 = 2 and 𝐶𝐶𝐷𝐷 = 1. Observing the force at 
section 1 and 2, the measured wave loads agree well with the stream function result. At 
section 3, the measured wave load is out of phase with the stream function result. This is 
especially evident as the total wave force increases at ωt = 6π/8 through ωt = 8π/8.  
 
Similarly, Fig 48 shows the force distribution for test 4 for eight phases of the wave cycle. 
The wave period was T = 1.0s and the wave height was H = 0.100 m. The stream function 
wave load captures the measured wave load to some extent at section 1 and 2. At section 3, 
however, the stream function distribution largely fails to represent the measured force. At the 
maximum force around ωt = 10π/8, however, the agreement between the measured force 
distribution and the stream function estimate is rather good. Again, the measured force 
distribution is compared to stream function theory with constant force coefficients from 
Sarpkaya (1976b), 𝐶𝐶𝑀𝑀 = 2 and 𝐶𝐶𝐷𝐷 = 1.  
 
The figure shows that the force at section three tends to be out of phase with the force at the 
two lower sections. This is especially clear when observing the times 12𝜋𝜋/8, 14𝜋𝜋/8 and  
16𝜋𝜋/8 where the force at the top section lags behind the two bottom sections. A similar 
observation was made by Tørum (1989), who studied the wave loads on a cylinder, and 
investigated the force distribution. The pile was subject to a series of regular waves and KC 
numbers were in the range 10-55, (in our experiment the KC range was 2-17). He noted that 
maximum force generally occured before the wave crest passed, while at the uppermost 
force transducer, the maximum force occured almost at the timepoint when the crest passes 
the cylinder. This means that the maximum force occured later at the topmost force 
transducer than further down in the water column, which is consistent with our observations. 
Tørum (1989), attributed this to the presence of the free surface, which induces a run-up at 
the front of the cylinder and a draw-down at the back of the cylinder. He thus presented 
some approximate measures of the quasistatic hydrodynamic pressure difference at the front 
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and back of the cylinder. Considering again our results, we believe a similar explanation 
holds true, but is not the only reason. We speculate that higher-order contributions to the 
flow kinematics contribute to the phase difference. A further analysis of the time of 
maximum wave load is presented in Section 4.6.2. 
 

 
Fig 47. Force distribution, wave period T = 1.0s and wave height H = 0.033m (test 1). Black 
circles: Measured forces, Full line: Stream function + Morison force. The horizontal line 
shows the level of the surface elevation at the given phase. 
 

 
Fig 48. Force distribution, wave period T = 1.0s and wave height H = 0.100m (test 4). Black 
circles: Measured forces, Full line: Stream function + Morison force. The horizontal line 
shows the level of the surface elevation at the given phase. 
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Fig 49 shows the force distribution of four tests with kh =1.05 when the total force was 
maximum. The wave steepness in the four tests ranged from H/L = 0.03 to H/L = 0.08. The 
figure shows that the force increased towards the free surface. The steeper the wave, the 
larger the difference in wave load between bottom and top. The measured force distribution 
is compared to a stream function distribution computed from Morisons equation with force 
coefficients from Sarpkaya (1976b). The stream function distributions tend to overestimate 
the wave load at section 3 regardless of the wave steepness.  
 

 
Fig 49. Force distribution at maximum total force for four wave cases with kh = 1.05. Full 
line: Stream function + Morison force. Blue, horizontal line shows the water surface at the 
time instant when the total force is maximum. 
 

4.5.3 Kinematics 

The undisturbed wave kinematics of five selected wave tests was investigated through high 
sample PIV measurements. Fig 50 and Fig 51 show the measured horizontal velocity profile 
of test 1 and test 4. The velocity profile is shown at eight phases of the wave period along 
with stream function velocity. A good agreement between the measured velocity and stream 
function counterpart is observed, except for at the top part of the wave. Fig 52 and Fig 53 
show the horizontal acceleration, 𝐷𝐷𝑢𝑢/𝐷𝐷𝑡𝑡 = ∂u/ ∂t + u ∂u ∕ ∂x + v ∂u/ ∂y for test 1 and test 
4. Local accelerations were computed from the measured velocity through a right-sided 
finite difference scheme: 
 

𝜕𝜕𝜕𝜕𝑚𝑚(𝜕𝜕,𝑦𝑦,𝑡𝑡𝑚𝑚)
𝜕𝜕𝑡𝑡

≅ 𝜕𝜕(𝜕𝜕,𝑦𝑦,𝑡𝑡𝑚𝑚+1)−𝜕𝜕(𝜕𝜕,𝑦𝑦,𝑡𝑡𝑚𝑚)
∆𝑡𝑡

    (4.5.2) 

 
in which ∆𝑡𝑡 = 0.01𝑠𝑠 is the time between samples. Spatial derivatives were computed 
through a second order central difference scheme: 
 

𝜕𝜕𝜕𝜕𝑚𝑚(𝜕𝜕𝑚𝑚,𝑦𝑦,𝑡𝑡)
𝜕𝜕𝜕𝜕

≅ 𝜕𝜕(𝜕𝜕𝑚𝑚+1,𝑦𝑦,𝑡𝑡)−𝜕𝜕(𝜕𝜕𝑚𝑚,𝑦𝑦,𝑡𝑡)
2∆𝜕𝜕

    (4.5.3) 
𝜕𝜕𝜕𝜕𝑚𝑚(𝜕𝜕,𝑦𝑦𝑚𝑚,𝑡𝑡)

𝜕𝜕𝑦𝑦
≅ 𝜕𝜕(𝜕𝜕,𝑦𝑦𝑚𝑚+1,𝑡𝑡)−𝜕𝜕(𝜕𝜕,𝑦𝑦𝑚𝑚,𝑡𝑡)

2∆𝑦𝑦
    (4.5.4) 
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in which ∆𝑥𝑥 = 2.2mm and ∆𝑦𝑦 = 2.2mm are the spatial distance of measurent points in the 
PIV window. As is the case for the velocities, the agreement between the measured 
kinematics and the stream function is rather good, except at the top part of the wave. 
 

 
Fig 50. Profiles of horizontal velocity u measured by PIV. Wave period T = 1.0s, wave 
height H = 0.033m (test 1). Blue and red lines represent PIV measurements at window A and 
B, respectively, while black dashed line represents stream function theory. 
 
 

 
Fig 51. Profiles of horizontal velocity u measured by PIV. Wave period T = 1.0s, wave 
height H = 0.100m (test 4). Blue and red lines represent PIV measurements at window A and 
B, respectively, while black dashed line represents stream function theory. 
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Fig 52. Profiles of horizontal acceleration 𝐷𝐷𝑢𝑢/𝐷𝐷𝑡𝑡 from PIV measurements. Wave period T = 
1.0s, wave height H = 0.033m (test 1). Blue and red lines represent PIV measurements at 
window A and B, respectively, while black dashed line represents stream function theory.  
 
 

 
Fig 53. Profiles of horizontal acceleration 𝐷𝐷𝑢𝑢/𝐷𝐷𝑡𝑡 from PIV measurements. Wave period T = 
1.0s, wave height H = 0.100m (test 4). Blue and red lines represent PIV measurements at 
window A and B, respectively, while black dashed line represents stream function theory.  
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4.6 ANALYSIS 

The first section in this subchapter presents analysis of the force harmonics, both for the 
measured total and local forces. In section 4.6.2, the time of local maximum force is 
explored. Section 4.6.3 and 4.6.4 investigates the local force coefficients, based on the 
measured local force and wave kinematics.  
 

4.6.1 Force harmonics 

The force harmonics of both total force and local force is presented in the following. The 
measured force was decomposed into force harmonics. The decomposition was made 
directly from an overdetermined system as: 
 

𝐹𝐹𝑖𝑖(𝑡𝑡) = � 𝐴𝐴𝑗𝑗 cos(𝑗𝑗𝜔𝜔𝑡𝑡) +
𝑚𝑚

𝑗𝑗=1
 𝐵𝐵𝑗𝑗 sin(𝑗𝑗𝜔𝜔𝑡𝑡)   (4.6.1) 

 
where 𝐹𝐹𝑖𝑖(𝑡𝑡) is the force on cylinder section 𝑖𝑖, at time t. The angular frequency, 𝜔𝜔, is already 
known from Tab 5, m is the number of components included in the force harmonics 
analyses. 𝐴𝐴𝑗𝑗 and 𝐵𝐵𝑖𝑖  are amplitudes for harmonic 𝑗𝑗. The numerical size of each harmonic is: 
 

𝐹𝐹𝑚𝑚𝑎𝑎𝜕𝜕,𝑖𝑖 = �𝐴𝐴𝑗𝑗2 + 𝐵𝐵𝑗𝑗2     (4.6.2) 

 
As we test the system for the first four harmonics, 𝑚𝑚 = 4, the number of unknowns is 8. 
Since the number of measured time steps is much larger than the number of unknowns, we 
get an overdetermined system that is straight forward to solve with a method of least squares.  
 
The analysis included only force measurements found at time steps with at least 1 cm wet 
cylinder section. This means that sections at the free surface had fewer time steps included in 
the analyses.  The use of the above method showed to be robust even for sections that shifted 
between wet and dry. Alternatively the harmonics can be found from narrow-band filters 
around each frequency as used in for instance Stansberg (1997) and Kristiansen and 
Faltinsen (2017), which works well as long as either the total force or forces on fully wet 
sections are analysed.  
 
Fig 54 and Fig 55 show the first four spectral amplitudes computed from a method of least 
squares as explained above and compared to an FFT analysis of the force signal for test 1 
and test 4, respectively. The results are effectively identical at sections 1 and 2, while the 
FFT analysis gives different results at section 3 due to the changing water surface. Fig 54 
shows the amplitudes of the harmonics of the measured force at each section in test 1. At 
sections 1 and 2, the spectra were largely dominated by the first harmonics, while at section 
3 the second harmonic was about half of the first harmonics peak.  
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The same spectrum analysis on test 4 is shown in Fig 55. At sections 1 and 2, the first order 
contribution was still dominant and the peak height of second and third harmonics are less 
than 15% of the first harmonics. At section 3, however, the second harmonics was more than 
1/3 of the first harmonics. Therefore, second order harmonics are important when describing 
the wave loads close to the free surface for the wave conditions in test 4. The spectrum 
analysis also shows that the higher order contributions entrained further down into the water 
column in test 4 relative to test 1, since at section 2 the higher harmonics is 10-15% of the 
first harmonics.  
 

 
Fig 54. First four spectral amplitudes of force harmonics for section 1 through 3 for test 1. 
Vertical peaks represent the results of an FFT analysis, circles represent the amplitudes 
obtained through Eq. (4.6.1) and Eq. (4.6.2). 
 

 
Fig 55. First four spectral amplitudes of force harmonics for section 1 through 3 for test 4. 
Vertical peaks represent the results of an FFT analysis, circles represent the amplitudes 
obtained through Eq. (4.6.1) and Eq. (4.6.2). 
 
Fig 56 shows the contribution of first, second and third harmonics to the measured wave 
load. The contribution from each harmonic was estimated from the overdetermined system 
above. The figure shows that the second and third harmonics are rather strong in test 4 at the 
third section. 
  

1 2 3 4 5
10 -3

10
-2

10
-1

10 0
F1

1 2 3 4 5
10 -3

10
-2

10
-1

10 0
F2

1 2 3 4 5
10 -3

10
-2

10
-1

10 0
F3

1 2 3 4 5
10 -3

10
-2

10
-1

10 0
F1

1 2 3 4 5
10 -3

10
-2

10
-1

10 0
F2

1 2 3 4 5
10 -3

10
-2

10
-1

10 0
F3

Experimental Studies of Wave Load Distribution on a Vertical, Circular Cylinder 93



 

  
Fig 56. First, second and third harmonics of the wave loads at section 1, 2 and 3. Dashed 
line is first harmonics, dashed-dotted line is second harmonics, full line is third harmonics. 
(a) test 1 (b) test 4. 
 

 
Fig 57. Reconstructed force signal using the first four harmonics along with measured foce 
at section 1, 2 and 3. Full, black line: Measured force. Green line: Reconstructed signal 
using eq. (4.6.1)-(4.6.2). Red line: Reconstructed signal using FFT. (a) test 1 (b) test 4. 
 
Fig 57 shows the reconstructed force signal at section one, two and three using the first four 
harmonics by the method of FFT and of the least mean square method described in Eq. 
(4.6.1)-(4.6.2). The measured force signal is plotted as well. The force signal is well captured 
by both reconstructions at section one and two closer two the bed, and appear to give the 
same result. At section three, some deviation is seen between the reconstructed signals. Most 
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pronounced is the discrepancy in test 4, in which section three is sometimes submerged less 
than 1cm. In this case, the associated part of the force signal is omitted due to large errors or 
zero force. The measured force amplitude is better reconstructed by the first four harmonics 
from the least mean square method than by the FFT method. Since the method of least 
squares gives similar results as the FFT method at section one and two, while better captures 
the force at section three, the method of least squares was used in the following analysis. 
 
The decomposition of the forces into force harmonics was conducted for all 20 test cases for 
both the total force as well as forces on individual cylinder sections. Fig 58 shows the first 
three force harmonics of the decomposition for the total force. Kristiansen and Faltinsen 
(2017) presented a comprehensive study on force harmonics derived from time series of 
wave forces on a vertical circular cylinder.  In their study, the total load signal on a vertical 
circular cylinder was also decomposed into harmonic contributions. The relationship 
between the force harmonics and wave steepness found in this work is very similar to 
Kristiansen and Faltinsen (2017). The results presented by Kristiansen and Faltinsen (2017) 
show that for the breaking waves, the amplitude of the three first force harmonics show an 
increasing discrepancy from higher order wave theories that are included for comparison. 
The discrepancy arises from the experiments showing a decline in force amplitude with 
increasing wave steepness for the breaking waves, more specifically for wave steepness 
𝐻𝐻 ℎ⁄ ~ 0.5 𝑡𝑡𝑡𝑡 0.6. In our experiment, the waves propagated on a 1/25 slope and reached 
larger wave steepness before breaking. Further, wave breaking took place downstream of the 
cylinder. We expect this explains why we do not see the same decline in force amplitude.  
 
A quantitative comparison between the findings in this work and the results presented in 
Kristiansen and Faltinsen (2017) can be made for their case with ℎ/𝑎𝑎 = 5.51 on a horizontal 
bottom. In our experiments the ratio ℎ/𝑎𝑎 was 5.13 with sloping bed of 1/25. Despite the 
differences with the sloping bed, the two sets of data show approximately the same 
behaviour. For instance Kristiansen and Faltinsen (2017) present a case with 𝑘𝑘𝑎𝑎 = 0.182 
corresponding to 𝑘𝑘ℎ = 1.00 which is close to first row of panels in Fig 58. For a wave 

steepness of 𝐻𝐻 𝐿𝐿⁄ = 0.05 their first two harmonics were approximately 𝐹𝐹𝑚𝑚
(𝜔𝜔)

𝜌𝜌𝑔𝑔𝐷𝐷3
= 0.5, and  

𝐹𝐹𝑚𝑚
(2𝜔𝜔)

𝜌𝜌𝑔𝑔𝐷𝐷3
= 0.1, while ours were 𝐹𝐹𝑚𝑚

(𝜔𝜔)

𝜌𝜌𝑔𝑔𝐷𝐷3
= 0.44, and 𝐹𝐹𝑚𝑚

(2𝜔𝜔)

𝜌𝜌𝑔𝑔𝐷𝐷3
= 0.11. The differences for the first 

order harmonic can be related to different relative water depth ℎ/𝑎𝑎. This effect appears to be 
linear for the first order harmonic. Multiplying our result with the ratio between the relative 

water depth of 1.075 we get 1.075 𝐹𝐹𝑚𝑚
(𝜔𝜔)

𝜌𝜌𝑔𝑔𝐷𝐷3
= 0.47. With the differences in the experimental set 

up in mind, this indicates the same level.   
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Fig 58. First three force harmonics for the total force as a function of wave steepness H/L 

 
Fig 59 shows the local force measurements decomposed into force harmonics for each of the 
first three sections. The data available for the fourth section from the sloping bottom was too 
scarce to include in the analyses. For the largest wave number, 𝑘𝑘ℎ = 1.05, we find that the 
first force harmonic contribution dominated for all three sections. At the third section, the 
first harmonic increased slightly non-linearly with the wave steepness, while at section 1 and 
2, increase is close to linear. For decreasing wave number, 𝑘𝑘ℎ, from 1.05 towards 0.37 we 
saw second force harmonics become more pronounced in the contribution to the force. This 
was also clear from Fig 58, where the contribution from the second force harmonics was of 
approximately same size as the contributions from the first force harmonic. The contribution 
from the second and third harmonics increased rapidly with the wave steepness, particularly 
at section three, which was exposed to the free surface. As the kh value decreases, the 
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contribution of the third harmonic increased substantially at the third section. Here the 
contribution to the third section was up 5 times larger than on the first section. At kh value of 
0.65, the trend of increasing second harmonics at section three is interrupted for the highest 
steepness. This might be explained by the fact that this particular wave broke around the 
passage of the vertical circular cylinder. These results indicate the non-linear effects taking 
place around the free surface. 
  

 
Fig 59. First three force harmonics as a function of wave steepness H/L for the three bottom 
sections of the cylinder. Section 1:●, section 2:○, section 3: ●. 
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4.6.2 Time of local maximum force 

In Section 4.5.1 it was shown that the time of local maximum force was different at the 
individual sections in two of the wave conditions. In this section, we describe the time of 
local maximum force on the individual sections, hereafter denoted tFmax, for all the wave 
cases in more detail. One aspect of the time of maximum force may be explained by the free 
surface, which affects the section exposed to the surface by a difference in hydrostatic 
pressure at the front and back of the cylinder. Another possible explanation is the 
nonlinearity of the wave force signal, which increases the closer to the free surface the 
section is positioned. As analyzed in Section 4.6.1, the the higher harmonics are increased at 
section three relative to the section at the bottom. Since tFmax depended on the shape of the 
force time series, we also studied the dependence on the Ursell number, which indicates the 
nonlinearity of the force. This analysis is described in the following. 
 
Fig 60 shows the time of maximum local force tFmax for each section relative to the wave 
period T as a function of Ursell number. The figure shows that tFmax increased with the 
Ursell number. This implies that the maximum load appeared later the more dominant the 
higher order contributions were. Furthermore, we observe that  tFmax increased from section 
1 to section 2 and so forth. That is, the closer to the water surface, the later the maximum 
force.  
 
Another result is that the difference in time of maximum force between the sections 
decreased with the Ursell number. Thus, for larger Ursell number, the sections experienced 
maximum force almost at the same time. For instance, for smaller Ursell numbers, Ur ≤ 50, 
the difference in tFmax between section 1 and section 4 was around 0.15 while for Ur ≈ 200, 
the difference was around 0.06. Largest difference was around 0.2T around Ur ≈ 20 This 
may be explained by the difference in wave form with Ursell number. A large Ursell number 
will describe a wave condition with a narrow crest and wide trough. Therefore, for larger 
Ursell numbers, the time span for which maximum force occurs is more narrow. The finding 
that steep waves induce local maximum force at nearly the same time on all height in the 
water column follows the measurements of Tanimoto et al. (1986), Sawaragi and Nochino 
(1984) and Manjula, Sannasiraj, and Palanichamy (2013). 

 

98 Experimental Studies of Wave Load Distribution on a Vertical, Circular Cylinder 



 

 
Fig 60. Time of maximum load 𝑡𝑡𝐹𝐹𝑚𝑚𝑎𝑎𝜕𝜕 at individual sections.  
 

 
Fig 61. Time of maximum negative force 𝑡𝑡𝐹𝐹𝑚𝑚𝑖𝑖𝑛𝑛 at individual sections.  
 
In Fig 61, the time tFmin at which the wave load was maximum in negative direction is 
shown. Note that only the three lower sections, 1, 2 and 3, experienced the maximum 
negative force. The measured values of tFmin show that the maximum negative force arrived 
earlier as the Ursell number increased. A large degree of scatter is seen for all the sections. 
Therefore no general trend in tFmin between the sections is observed.  
 
Overall, these results show that the time of local maximum force is almost simultaneous for 
wave conditions with high Ursell number. For wave conditions with small Ursell number, 
however, the maximum force occurs later at the section close to the free surface than at the 
section closer to the bed.  
 

4.6.3 Estimate of local force coefficients 

To determine the force coefficients from our measurements, the method of least squares was 
used, following Sumer and Fredsøe (2006) Chapter 4 pp 140-141. The method minimizes the 
mean squared difference between the measured forces and forces predicted through 
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Morison’s equation. The measured in-line force is denoted 𝐹𝐹𝑟𝑟𝜕𝜕𝑝𝑝(𝑡𝑡) and the predicted in-line 
force as determined by the Morison equation is denoted 𝐹𝐹𝑝𝑝(𝑡𝑡), and reads 
 

𝐹𝐹𝑝𝑝(𝑡𝑡) = 𝑓𝑓𝑑𝑑𝑈𝑈(𝑡𝑡)|𝑈𝑈(𝑡𝑡)| + 𝑓𝑓𝑚𝑚�̇�𝑈(𝑡𝑡)   (4.6.1) 
 
in which the drag and inertia coefficients are inherent in the quantities 𝑓𝑓𝑑𝑑 and 𝑓𝑓𝑚𝑚: 
 

𝑓𝑓𝑑𝑑 = 1
2
𝜌𝜌𝐶𝐶𝐷𝐷𝐷𝐷,    and       𝑓𝑓𝑚𝑚 =  𝜌𝜌𝐶𝐶𝑀𝑀𝐴𝐴.     (4.6.2) 

 
Now the idea is to consider the squared sum of the difference between the measured force 
and the predicted force: 
 

𝜖𝜖2 = ∑�𝐹𝐹𝑝𝑝(𝑡𝑡) − 𝐹𝐹𝑟𝑟𝜕𝜕𝑝𝑝(𝑡𝑡)�
2
    (4.6.3) 

     = ∑�𝑓𝑓𝑑𝑑𝑈𝑈(𝑡𝑡)|𝑈𝑈(𝑡𝑡)| + 𝑓𝑓𝑚𝑚�̇�𝑈(𝑡𝑡) − 𝐹𝐹𝑟𝑟𝜕𝜕𝑝𝑝(𝑡𝑡)�
2
  

  
and seek the solution for which the squared sum of the difference is minimum, i.e. 
 

𝜕𝜕𝜖𝜖2

𝜕𝜕𝑓𝑓𝑑𝑑
= 0 , 𝜕𝜕𝜖𝜖2

𝜕𝜕𝑓𝑓𝑚𝑚
= 0     (4.6.4) 

 
which leads to two equations with two unknowns, 𝑓𝑓𝑑𝑑 and 𝑓𝑓𝑚𝑚: 
 

𝑓𝑓𝑑𝑑(�𝑈𝑈4(𝑡𝑡)) + 𝑓𝑓𝑚𝑚��𝑈𝑈(𝑡𝑡)|𝑈𝑈(𝑡𝑡)|�̇�𝑈(𝑡𝑡)� = �𝑈𝑈(𝑡𝑡)|𝑈𝑈(𝑡𝑡)|𝐹𝐹𝑟𝑟𝜕𝜕𝑝𝑝(𝑡𝑡)   (4.6.5) 
 

𝑓𝑓𝑑𝑑��𝑈𝑈(𝑡𝑡)|𝑈𝑈(𝑡𝑡)|�̇�𝑈(𝑡𝑡)� + 𝑓𝑓𝑚𝑚���̇�𝑈(𝑡𝑡)2� = ��̇�𝑈(𝑡𝑡)𝐹𝐹𝑟𝑟𝜕𝜕𝑝𝑝(𝑡𝑡).   (4.6.6) 
 
In the Eq. (4.6.5) and (4.6.6), the summation is taken over the entire measurement record. 
When the two-equation system is solved for 𝑓𝑓𝑑𝑑 and 𝑓𝑓𝑚𝑚, the force coefficients are established 
as  
 

𝐶𝐶𝐷𝐷 = 2𝑓𝑓𝑑𝑑/𝜌𝜌𝐷𝐷,    and       𝐶𝐶𝑀𝑀 =  𝑓𝑓𝑚𝑚/ 𝜌𝜌𝐴𝐴.    (4.6.7) 
 
In the context of our work, the measured force 𝐹𝐹𝑟𝑟𝜕𝜕𝑝𝑝(𝑡𝑡) is the force 𝐹𝐹𝑖𝑖 on one section divided 
by the wetted length 𝐿𝐿𝑖𝑖 of that section. For the section exposed to the free surface the wetted 
length of the section 𝐿𝐿𝑖𝑖(𝑡𝑡) is described by Eq. (4.2.1). The velocity 𝑈𝑈𝑖𝑖 and acceleration 
�̇�𝑈𝑖𝑖(𝑡𝑡)  are local quantities, determined through: 
 

𝑈𝑈𝑖𝑖 =  1
𝑦𝑦𝑚𝑚+1−𝑦𝑦𝑚𝑚

∫ 𝑈𝑈𝑦𝑦𝑚𝑚+1
𝑦𝑦𝑚𝑚

𝑑𝑑𝑦𝑦,   and     �̇�𝑈𝑖𝑖(𝑡𝑡) =  1
𝑦𝑦𝑚𝑚+1−𝑦𝑦𝑚𝑚

∫ �̇�𝑈(𝑡𝑡)𝑦𝑦𝑚𝑚+1
𝑦𝑦𝑚𝑚

𝑑𝑑𝑦𝑦   (4.6.8) 

 
where 𝑦𝑦𝑖𝑖 is the lower position of the section, 𝑦𝑦𝑖𝑖+1is the upper position of the section or the 
level of the free surface when the section is only partly submerged. The acceleration �̇�𝑈(𝑡𝑡) is 
the sum of local acceleration and convective terms, �̇�𝑈(𝑡𝑡) = 𝐷𝐷𝑈𝑈/𝐷𝐷𝑡𝑡. 
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4.6.4 Local force coefficients 

The force coefficients on the individual sections were determined from the measured wave 
kinematics and wave loads by a method of least squares. As the KC number was smaller 
than 10 we focused on comparisons of the inertia force coefficient because the contribution 
from the drag part was in general very small.  
 

 
a) 𝐶𝐶𝑀𝑀 determined from experiments   b) Estimated 𝐶𝐶𝑀𝑀 from stream function 

kinematics 
 

Fig 62. Inertia coefficients for the individual sections on the vertical cylinder as a function 
of KC number for test cases 1, 3, 5, 8, 9. The dashed line indicates asymptotic theory. Data 
from literature for 𝑅𝑅𝑅𝑅 =  1.7 ∙ 104 comprise of ×: Sarpkaya (1976b), o, : Bearman et al. 
(1985b).  
 
In Fig 62a and Fig 62b, the force coefficients on the individual sections are presented as a 
function of local KC number for the given section. The KC numbers were in the range of 1 
to 6, while the Reynolds number was between 1.1 ∙ 104 and 3.4 ∙ 104. Fig 62a shows the 
inertia coefficient 𝐶𝐶𝑀𝑀 for the individual sections based on measured wave kinematics.  
Asymptotic theory is included for KC<10, and represents the limit of small KC numbers and 
large Reynolds number for which the load is inertia dominated. Between KC = 1 and KC=4, 
the inertia coefficients determined from experiments group around  𝐶𝐶𝑀𝑀 = 2.1. Following 
asymptotic theory, the theoretical inertia coefficient is 𝐶𝐶𝑀𝑀 = 2. The cylinder was influenced 
by a degree of diffraction with D/L between 0.02 and 0.07 for the tested wave conditions. 
According to Sumer and Fredsøe (2006) , the inertia coefficient is slightly larger than the 
asymptotic value under diffraction. The diffraction effect might explain why the inertia 
coefficients determined from experiments group around 𝐶𝐶𝑀𝑀 = 2.1 and not around the 
asymptotic value of 𝐶𝐶𝑀𝑀 = 2.  For KC> 5 the inertia coefficient deviate from asymptotic 
theory and drops to about 𝐶𝐶𝑀𝑀 = 1.8. The inertia coefficients determined from experiments 
match well with data from the literature for Re = 1.7e4, Sarpkaya (1976b) and Bearman et al. 
(1985b). Interestingly, the inertia coefficient did not appear to depend on the section. This 
suggests that a global inertia coefficient 𝐶𝐶𝑀𝑀 = 2.1 ± 0.1 is appropriate for all sections of the 
cylinder at these KC numbers. Fig 62b shows the same test cases using wave kinematics 
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estimated from stream function theory. The inertia force coefficient was slightly smaller for 
KC in the range from 2-3 compared to the coefficients based on measured wave kinematics. 
 

 
Fig 63. Inertia coefficients from stream function kinematics for the individual sections on the 
vertical cylinder as a function of KC number. The dashed line indicates asymptotic theory. 
The dashed line indicates asymptotic theory. Data from literature for 𝑅𝑅𝑅𝑅 =  1.7 ∙ 104 
comprise of ×: Sarpkaya (1976b), o, : Bearman et al. (1985b). 
 
Fig 63 shows the inertia coefficient determined from stream function kinematics and the 
measured force coefficients for all wave tests except the breaking test (test 12). Only section 
1 and 2 were used for this analysis, since agreement with stream function was better here. 
The inertia coefficient did not follow the trend found for purely oscillating tests, as the 
abrupt decline at KC number close to 10 is not observed for the measured wave conditions. 
This observation is qualitatively in line with findings presented in Stansby, Bullock, and 
Short (1983) and Bearman et al. (1985b). This indicates the importance of using the correct 
wave kinematics in force estimations. The results clearly showed that the choice of 
methodology for estimation of wave kinematics even in moderate wave conditions can have 
some influence on force estimations.  
 

4.7 CONCLUSIONS 

This chapter investigated the force distribution on a vertical, circular cylinder by measuring 
wave loads on individual sections of a vertical, circular cylinder (Cylinder A). The wave 
loads were induced by twenty different regular wave conditions. Furthermore, undisturbed 
wave kinematics was measured for five of the wave conditions using Particle Image 
Velocimetry (PIV). The force distribution was compared to forces estimated by Morison’s 
equation from stream function theory with force coefficients from Sarpkaya (1976b). From 
the measured wave kinematics and wave loads, force coefficients on individual sections of 
the cylinder were determined. From the study, the following conclusions are drawn. 
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The time series of local forces revealed large variation in shape between the section closer to 
the bed and the section exposed to the free surface. For all the wave tests, the steepness of 
the wave load was more moderate for the section close to the bed compared to the section at 
the free surface. For a given wave conditions, the time at which the wave load was maximum 
differed at the individual sections. The wave load close to the free surface experienced 
maximum local force later than the section close to the bed. Motivated by the difference in 
time 𝑡𝑡𝐹𝐹𝑚𝑚𝑎𝑎𝜕𝜕 at which the individual sections measured maximum force, a relation between 
𝑡𝑡𝐹𝐹𝑚𝑚𝑎𝑎𝜕𝜕 and the Ursell number was established. We concluded from this study that (i) 𝑡𝑡𝐹𝐹𝑚𝑚𝑎𝑎𝜕𝜕 
increased with Ursell number (ii) the closer to the free surface, the larger was 𝑡𝑡𝐹𝐹𝑚𝑚𝑎𝑎𝜕𝜕. Largest 
time difference was found for smaller Ursell numbers of around 20, for which maximum 
local force occurred 0.2T later at the top section than at the bottom section. 
 
Force harmonics for the total force were obtained and agreed with findings in Kristiansen 
and Faltinsen (2017). The experimental set-up with a slope made it possible to analyse 
higher wave steepness, H/L, without a fundamental change in the force harmonics. Force 
harmonics for the individual sections were derived from an overdetermined system of 
sinusoidal components that turned out to be a robust method even for sections only partly 
submerged. The first harmonic followed approximately the same trend for all three sections 
with increasing H/L. However, the upper third section the force harmonic experienced a 
slightly non-linear increase with increasing H/L. For kh = 1.05 and kh = 0.84 the second 
harmonic was significantly larger at the surface section than on the other two lower sections. 
In the case with kh = 0.65, the second harmonic dramatically increased for H/L> 0.05. This 
increase related to nearly breaking or breaking waves at the vertical cylinder. The third force 
harmonic increased rapidly with increasing wave steepness H/L. Still the upper third section 
experienced the largest force harmonic for all cases. 
 
The wave load distribution was investigated at specific phases of the wave period. For all 
wave tests, the local force at the two lower sections were comparable to forces estimated 
with Morison’s equation based on stream function theory with force coefficients from 
Sarpkaya (1976b). The measured maximum load on the section exposed to the free surface 
was generally smaller than the force estimated with Morison’s equation with stream function 
theory.  
 
For five test cases, wave kinematics was established from PIV measurements. This included 
velocity and acceleration fields. Inertia coefficients were derived on each local section based 
on the measured wave loads and wave kinematics. The local KC numbers were in the range 
1<KC<6 and the Reynolds number was in the range 1.1 ∙ 104 < 𝑅𝑅𝑅𝑅 < 3.4 ∙ 104. We 
concluded that in the range 1<KC<4 the inertia coefficient was 𝐶𝐶𝑀𝑀 = 2.1 ± 0.1 while for KC 
> 4; 𝐶𝐶𝑀𝑀 = 1.8 ± 0.1. Interestingly, the individual sections exposed the same trend of inertia 
coefficient as a function of KC number, when using the measured wave kinematics. When 
inertia coefficients were derived from stream function theory they were slightly smaller. 
When all 20 test cases were used in the estimation of inertia coefficients from stream 
function theory they showed same tendencies as in the literature Bearman et al. (1985b); 
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Stansby, Bullock, and Short (1983), with a gradual decrease from around 2  to around 1.5 in 
the KC-range from 1 to 16.  
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Chapter 5: An attempt to study the effect of air 
fraction on wave loads 

5.1 INTRODUCTION 

As outlined in section 2.4, air bubbles entrain into the water during wave breaking. The 
impact of the aerated region on forces has been studied only briefly by other researchers, due 
to difficulties of measurements. The air entrainment might be important to include in e.g. 
numerical models of wave kinematics. Including air entrainment in force estimates is 
complex, however, since it is extremely difficult to isolate the effect of air entrainment in 
breaking waves and thus to evaluate the effects. 
 
The following experiment is a preliminary study, which attempts to quantify the influence of 
air bubbles on wave loads. The experiment is not by any means a thorough investigation, but 
is included because it suggests an interesting view of the effect of air-water mix on wave 
loads. We have not come across any similar experimental setups or investigations, which is 
another reason why the study is included here, even though the results are somewhat rough 
and preliminary. 
 
The experimental set-up allowed for controlled air entrainment into a water tank and a 
simple means to quantify the air content. Forces on the cylinder were measured during 
oscillations under influence of increased air content. From the measured loads, the force 
coefficients 𝐶𝐶𝐷𝐷 and 𝐶𝐶𝑀𝑀 in Morison’s equation were established. This gave rise to a correction 
factor for the forces as a function of air content. The results from this idealized set-up is 
discussed for the wave loads associated with the air-water region of a breaking wave in 
Chapter 6.  
 

5.2 EXPERIMENTAL SET-UP 

The experiment was conducted in a water tank of 0.6m width, 1.25m length and with a depth 
of 0.8m. A vertical, square cylinder was fixed to a carriage mounted on top of the tank. The 
carriage and cylinder system was oscillated by movement of a piston attached to the 
carriage, see Fig 64a. The forces on the cylinder were measured by use of two force 
transducers, that measured transverse and inline force, detailed in Section 5.2.1. Air bubbles 
were entrained into the water tank and the effect of increasing the air content was 
investigated by measuring the corresponding loads. Air was entrained by three air diffusers 
placed at the bottom of the water tank, detailed in Section 5.2.2. To account for local 
variations in the bubble distribution, three different locations of the cylinder was measured, 
see Fig 64b. 
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Fig 64. a) Side view of water basin with oscillating cylinder. The vertical cylinder was fixed 
to an oscillating carriage driven by a piston. Air bubbles entrained into the water tank from 
diffusers placed at the bottom of the tank. b) Top view of water tank with cylinder locations 
of 0.125m, 0.210m and 0.295m from sidewall. 
 

5.2.1 Vertical, square cylinder 

Forces on a vertical, square cylinder were measured. The cross-section of the cylinder was 
quadratic with sharp edges and measured 0.04m by 0.04m, see Fig 65a. The upper 0.32m 
part of the cylinder was made from aluminium while the lower 0.15 m part was made from 
transparent polycarbonate. The total length of the cylinder without load cells was 0.47m. The 
two load cells were connected in series with one load cell twisted 90 degrees, see Fig 65b, 
which facilitated assessment of both inline and transverse forces. Only the inline forces are 
analysed here. The load cell at the top was fixed to an aluminium profile mounted on the 
carriage. A hammer test was performed with the cylinder embedded in water and the natural 
frequency of the vertical cylinder was found to be around 16Hz. The loads were sampled at 
120Hz and filtered at 4.9Hz.  
 

   
Fig 65. a) Conceptual sketch of squared cylinder b) Two load cells in serial connection, 
upper part of the square cylinder is visible to the left in the photo (photo by Kasper Pagh). 
 
The cylinder oscillated by driving a piston attached to the carriage. The motion of the 
carriage, i.e. the stroke of the piston, was monitored by a draw-wire. The draw wire was 
calibrated by measuring the voltage output for known distances. The KC number was 
computed through 
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KC = UmaxT
D

      (5.2.1) 
 

in which 𝑈𝑈𝑚𝑚𝑎𝑎𝜕𝜕 is the maximum velocity of the cylinder, T is the period of the oscillation and 
D is the side length of the cylinder. The KC number was varied by changing the stroke 
length of the piston while keeping the period of the stroke constant. The period of the piston 
stroke was kept at T = 1s, which was found to give a minimum of noise. The velocity 𝑈𝑈 was 
determined from the distance d measured by the draw-wire by the expression 
 

𝑈𝑈 = 𝑑𝑑𝑚𝑚+1−𝑑𝑑𝑚𝑚
∆𝑡𝑡

     (5.2.2) 
 

Where 𝑑𝑑𝑖𝑖+1 and 𝑑𝑑𝑖𝑖 are time-dependent distances from the draw-wire to the cylinder and ∆t is 
the time between the samples. 
 

5.2.2 Controlled air entrainment  

The experiment was conducted in a water tank of 0.6m width, 1.25m length and with a depth 
of 0.8m. Air was entrained into the water tank by blowing air through three UD1000 
diffusers at the bottom of the tank, Fig 66a. The air content was adjusted by opening of a 
nozzle in the air blower, Fig 66b.  
 

  

 
Fig 66. (a) Three air diffusers placed in the tank. (b) Air pump entraining air through the 
diffusers (c) Perforated metal plate placed above the diffusers. Photos by Jonas Klejn 
Mortensen. 
 
Bubble columns in a tank are known to meander, see e.g. Deen, Solberg, and Hjertager 
(2001). Meandering mixes the flow, therefor bubble columns are often used to mix fluids, 
e.g. at water cleaning plants. Different means were applied to suppress the meandering and 
enforce a more homogenous distribution of bubbles inside the tank. Firstly, a perforated 
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plate was placed above the diffusers. The perforated plate had a porosity of 64% with holes 
of 10x10mm. Secondly, two of the tank walls were padded with blue HMF aquarium filter of 
thickness 150mm. The meandering could not be suppressed completely, but the homogeneity 
was improved with these installations. To further diminish the effect of local variations in 
the bubble flow, the measurements were repeated with the cylinder located with distance to 
the sidewall of 125mm, 210mm and 295mm. Fig 66c shows the experimental setup with the 
filter sidewalls and perforated plate in place.  
 
When air was entrained into the tank, the volume of water in the tank increased, see Fig 67. 
The difference in water level ∆ℎ  was used to estimate the air content Vair through the 
formula 
 

𝑉𝑉𝑎𝑎𝑖𝑖𝑟𝑟 = ∆ℎ
ℎ

     (5.2.3) 

 
in which ∆ℎ is the change of water level and h is water depth without air bubbles. The water 
depth h was measured from the top of the diffusers to the still water level. The difference in 
water level ∆ℎ was read on a 5mm grid paper glued to the sidewall of the tank. The surface 
level was recorded by a camera at 120 frames per second, and the mean water level was 
determined from a 30s record. The water surface was interpreted as the line immediately 
below the bubble white-cap forming on the surface.  
 

 
Fig 67. Water tank before and during air injection. The change in water level ∆ℎ was used 
to determine the air fraction in the water tank. 

 

5.3 WAVE CONDITIONS 

The force on the cylinder was measured for air contents of 0%, 2%, 5%, 10%, 14% and 17%  
for KC numbers ranging from 2 to 15. Three different cylinder locations in the tank were 
investigated to limit the effect of local variations in the tank. The test conditions are 
tabulated in Tab 7.  
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Tab 7. Test conditions for experiments on the effect of air content on wave loads 
Test 
 

Distance to side-wall 
[m] 

Air content 
[%] 

1 0.125 0 
2 0.125 5 
3 0.125 10 
4 0.125 14 
5 0.125 17 
6 0.210 0 
7 0.210 2 
8 0.210 5 
9 0.210 10 
10 0.210 14 
11 0.210 17 
12 0.295 0 
13 0.295 2 
14 0.295 5 
15 0.295 10 
16 0.295 14 
17 0.295 17 

 
The Reynolds number was defined 
 

𝑅𝑅𝑅𝑅 = 𝐷𝐷𝑈𝑈𝑚𝑚𝑚𝑚𝑚𝑚
𝜈𝜈

     (5.3.1) 
 
in which 𝜈𝜈 = 1.004 ∙ 10−6m2/𝑠𝑠 is the kinematic viscosity of water. The Reynolds number 
was in the range 1.6 ∙ 103 < 𝑅𝑅𝑅𝑅 < 2.1 ∙ 104. The effect of Reynolds number was not 
investigated. For this range of Reynolds-numbers, however, the Strouhal number (indicating 
the vortex shedding frequency) is hardy influenced for a square cylinder, Blevins (1977).  
 

5.4 VALIDATION 

Validation test for the force measurements and for the air fraction are presented in the 
following.  
 

5.4.1 Validation of force measurements 

To validate the experimental set-up, the force measurement with no air entrainment was 
compared to results from the literature. Fig 68 shows the measured force with a comparison 
to studies by Bearman et al. (1984) and Tanaka, Ikeda, and Nishino (1982), in which the 
force coefficients for square cylinders were investigated. Bearman et al. (1984) used a 
modified area, which represents the circle within the square. The 𝐶𝐶𝑀𝑀 values from Bearman et 
al. were therefore multiplied by 𝜋𝜋/4 to allow for direct comparison. Bearman et al. (1984)  
performed the experiments in a U-tube while, Tanaka, Ikeda, and Nishino (1982) oscillated a 
cylinder in a water tank with a free surface. This might explain the difference apparent 
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for 𝐶𝐶𝑀𝑀 in the range of KC 8-10. A good correspondence between the present experiment and 
results from Bearman et al. (1984) and Tanaka, Ikeda, and Nishino (1982) was found.  
 

 

Fig 68. Validation experiment. Comparison with results by Bearman et al. (1984) and with 
Tanaka, Ikeda, and Nishino (1982).  
 

5.4.2 Validation of air content estimate 

The measured air content was compared to a theoretical estimate. The theoretical rise of the 
surface elevation is estimated from the velocity of the entrained air 𝑢𝑢𝑎𝑎𝑖𝑖𝑟𝑟 multiplied by the 
time that the bubbles spend in the water column, 𝑡𝑡𝑏𝑏, thus 
 

∆ℎ = 𝑢𝑢𝑎𝑎𝑖𝑖𝑟𝑟 ∙ 𝑡𝑡𝑏𝑏.      (5.4.1) 
 
The velocity of the entrained air is given by  
 

𝑢𝑢𝑎𝑎𝑖𝑖𝑟𝑟 = 𝑄𝑄
𝐴𝐴

      (5.4.2) 
 
in which Q is the air flow into the flume and A is the cross-sectional area of the tank. The 
time 𝑡𝑡𝑏𝑏 that the air bubbles spend in the water column reads 
 

𝑡𝑡𝑏𝑏 = ℎ
𝜕𝜕𝑏𝑏

      (5.4.3) 

 
in which 𝑢𝑢𝑏𝑏 is the velocity of the air bubbles as they rise through the water column. Finally, 
the estimated air content is given by  
 

𝑉𝑉𝑎𝑎𝑖𝑖𝑟𝑟,𝑟𝑟𝑠𝑠𝑡𝑡𝑖𝑖𝑚𝑚𝑎𝑎𝑡𝑡𝑟𝑟𝑑𝑑 = ∆ℎ
ℎ

= 𝑄𝑄
𝐴𝐴∙𝜕𝜕𝑏𝑏

    (5.4.4) 

 
in which Q is the air flow, A is the cross-sectional area of the tank and 𝑢𝑢𝑏𝑏 is the velocity of 
the rising air bubbles in the water column. The velocity of the air bubbles was computed by 
the empirical formula for the terminal velocity of a single gas bubble in a liquid, Talaia 
(2007) 
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𝑢𝑢𝑏𝑏 = �0.289 gd∆𝜌𝜌
𝜌𝜌𝑙𝑙

+ 877.193 µlg1/2

𝜌𝜌𝑙𝑙d1/2�
1/2

   (5.4.5) 

 
in which g is the gravitational acceleration, d is the bubble diameter, 𝜌𝜌𝑟𝑟 is the liquid density, 
∆𝜌𝜌 is the apparent density ∆𝜌𝜌 = 𝜌𝜌𝑟𝑟 − 𝜌𝜌𝑔𝑔, in which 𝜌𝜌𝑔𝑔 is the gas density, and µl is the 
dynamic viscosity of the liquid. The dynamic viscosity of water is µl = 1.15 ∙ 10−3Ns/m2 
and the densities of water and air are 𝜌𝜌𝑟𝑟 = 999.0kg/m3 and 𝜌𝜌𝑔𝑔 = 1.2kg/m3, which yields 
an apparent density of ∆𝜌𝜌 = 997.8. The formula is valid for bubble size 3.1 ≤ 𝑑𝑑 ≤ 10.34 
mm and 0.6 ∙ 103 ≤ 𝑅𝑅𝑅𝑅 ≤ 3.4 ∙ 104. The average bubble diameter in this setup was 
estimated from video snapshots of the bubble flow and was d = 4 ± 1mm. The validity 
range for the bubble velocity in Eq. (5.4.5) therefore corresponds well to the parameters in 
this setup. It was assumed that the bubbles rose independently with no bubble sheltering, 
bubble merging or other effects that might hinder terminal velocity.  
 
Fig 69 shows the measured air content as a function of air flow Q. The figure shows a 
reasonable correspondence between the measured air content and the theoretically estimated 
air content. The error on the air content measurement was within 2%. 
 

 
Fig 69. Measured air content as a function of air flow Q. The air content is compared to a 
theoretical estimate based on considerations of the terminal velocity of a rising gas bubble 
in a liquid, Talaia (2007). 
 

5.4.3 Challenges and limitations of the experiment 

The experimental set-up carries a number of challenges, of which some might cause a 
limitation to the applicability of the results. The challenges are elaborated in this section. 
 

• Circulations in the tank: The air flow into the water tank introduced air bubbles in 
the water column as desired. Apart from introducing air bubbles, however, the 
large air flow caused meandering, Deen, Solberg, and Hjertager (2001). Various 
efforts were made to suppress the meandering. The perforated plate placed on top 
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of the diffusers as well as the filter sponge on the side walls are examples of these 
efforts. In the end, however, it was not possible to suppress the meandering 
completely. Furthermore, it was a challenge to qualify the meandering yet indeed 
to quantify it.  
 

• Scaling of air bubbles to full scale: It is important to stress that this experiment is 
of fundamental character, and that the extrapolation to full scale should be careful. 
The size of air bubbles in water depends on the surface tension, which is not 
governed by Froude scaling. The bubbles in the experiments had a diameter of 
around 4mm, while the diameter of the cylinder was 4cm. The ratio of bubble size 
to cylinder diameter was thus 1 to 10, which does not represent realistic conditions 
if the results should be extrapolated to the dimensions of offshore monopiles. 
Additionally, the bubble size in salty water is smaller than in fresh water, which 
makes the scaling even more troublesome. See also Bullock et al. (2001) and 
Deane and Stokes (2002) for a discussion on scale effects and air bubbles. 

 
• Dimensioning might not depend on air content but rather on bubble size or bubble 

velocity: We have related the measured force and force coefficients to the air 
content in the water. The assumption is that the effects that the air entrainment has 
on the wave forces depend on the amount of air in the water body. However, the 
dimensioning parameter might be the bubble size or the bubble rise velocity. This 
could be investigated by keeping the air content constant and varying the bubble 
size. An investigation of the bubble size dependence was not possible in this 
experimental set-up, which produced the same bubble size through all tests.  

 
• Reynolds number dependence: The potential dependence on the Reynolds number 

was not investigated. This could have been done through investigations on 
differences in the flow features for varying Reynolds number and constant KC 
number. The choice of performing all experiments with the piston motion at 1Hz 
was due to larger noise levels at other frequencies. This was a limitation in the 
piston ability for the experiment. The flow features were influenced by the air 
bubbles, and these might change with the Reynolds number. Most likely, the 
dissipation increased with the turbulence entrained into the air with the bubbles. 
The flow features might be investigated through measurements of the pressure 
distribution on the circumference of the cylinder. Pressure gradients on the 
circumference would indicate the direction of the bubbles due to circulations in 
the tank. With this in mind, however, the separation points on the square cylinder 
tend to be on the corners of the cylinder, and therefore the Reynolds number 
dependence is diminished in comparison to a circular cylinder. 
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5.5 RESULTS AND ANALYSIS 

The force coefficients 𝐶𝐶𝐷𝐷 and 𝐶𝐶𝑀𝑀 were established from the experiments by a method of 
least squares as described in Section 4.6.3. Fig 70, Fig 71 and Fig 72 show the force 
coefficients as a function of KC-number and increasing air content for the cylinder 
oscillating 0.125m, 0.210m and 0.295m from the side wall, respectively. Only results for 
KC-numbers larger than 5 are included, since the error on smaller KC-numbers was large 
when air was entrained into the water tank.  
 

 
Fig 70. Force coefficients 𝐶𝐶𝐷𝐷 and 𝐶𝐶𝑀𝑀 for cylinder oscillating 0.125m from sidewall.  

 
Fig 71. Force coefficients 𝐶𝐶𝐷𝐷 and 𝐶𝐶𝑀𝑀 for cylinder oscillating 0.210m from sidewall.  

 
Fig 72. Force coefficients 𝐶𝐶𝐷𝐷 and 𝐶𝐶𝑀𝑀 for cylinder oscillating 0.295m from sidewall.  
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Fig 73a shows the inertia coefficient at all three cylinder distances from the sidewall, 
0.125m, 0.210m and 0.295m, which limits the effect of local variations in the tank. Trend 
lines are included to show the combined trend. It is clearly seen that the inertia coefficient 
for each air content is largely constant in this KC range. The inertia coefficient decreases 
with air content from 𝐶𝐶𝑀𝑀= 2.5 for no air content to 𝐶𝐶𝑀𝑀 = 1.9 for 17% air content.  
 
The measured force coefficients were corrected by accounting for the effective density of the 
air-water mix. The force coefficients were multiplied by the correction 𝛿𝛿, computed from 
 

𝛿𝛿 = 𝜌𝜌𝑤𝑤𝑚𝑚𝑡𝑡𝑤𝑤𝑤𝑤
𝜌𝜌𝑤𝑤𝑚𝑚𝑡𝑡𝑤𝑤𝑤𝑤(1−𝐹𝐹𝑚𝑚𝑚𝑚𝑤𝑤)+𝐹𝐹𝑚𝑚𝑚𝑚𝑤𝑤∙𝜌𝜌𝑚𝑚𝑚𝑚𝑤𝑤

    (5.5.1) 

 
where 𝛿𝛿 represents the ratio between the density of water and the effective density and 𝑉𝑉𝑎𝑎𝑖𝑖𝑟𝑟 
is the air content. Fig 73b shows the inertia coefficients corrected for the effective density. 
Note that the trend line representing 5% air content (yellow line) is hidden behind the trend 
line representing 10% (purple line). The inertia coefficients largely collapse onto the same 
line around 𝐶𝐶𝑀𝑀 = 2.5 ± 1. This means that the correction factor δ successfully accounts for 
the difference caused by entrained air. 
 

 
a)  Measured 𝐶𝐶𝑀𝑀          b) 𝛿𝛿 ∙ 𝐶𝐶𝑀𝑀  

Fig 73. Measured inertia coefficients for the cylinder positions 0.125m, 0.210m and 0.295m 
from the sidewall. Trend lines are fitted to the data.  
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a) Measured 𝐶𝐶𝐷𝐷          b) 𝛿𝛿 ∙ 𝐶𝐶𝐷𝐷   

Fig 74. Measured drag coefficients for the cylinder positions 0.125m, 0.210m and 0.295m 
from the sidewall. Trend lines are fitted to the data.  
 
Fig 74a shows the drag coefficients at all three cylinder distances from the sidewall, 0.125m, 
0.210m and 0.295m. Trend lines are included to show the combined trend. The drag 
coefficient decreased with KC number for all air contents. For KC number of 5, the drag 
coefficient is 2.3 without air entrainment and around 2.9 for the entrained air situations. At 
KC=10, the drag coefficient was around 2 for all the test situations, regardless of air content. 
Correcting for the density, see Fig 74b, the drag coefficients increased for the test situations 
with entrained air, causing a greater spreading in the drag coefficients. The correction factor 
δ therefore did not account for the difference caused by entrained air. 
 
In this range of KC numbers the forces are inertia dominated, therefore the 𝐶𝐶𝑀𝑀 coefficient is 
of more  importance than the 𝐶𝐶𝐷𝐷 coefficient. With this aspect in mind, it is an interesting 
result that the correction factor δ largely accounts for the entrained air by use of the effective 
density. 
 
The reason why the correction factor does not collapse the drag coefficients into one line is 
perhaps that the drag depends on the boundary layer around the circumference of the 
cylinder. The bubbles can be regarded as a ‘roughness’ added to the surface of the cylinder. 
It has been shown for circular cylinders that the drag coefficient increases with increasing 
surface roughness, because flow separation happens earlier, Justesen (1989), Sarpkaya 
(1976c). Perhaps the bubble flow can be regarded as a roughness layer, intriguing a different 
separation pattern on the square cylinder as well, though it would most likely be less 
sensitive than a circular cylinder. With this in mind, the effect of air bubble size possibly has 
a considerable impact on the drag forces. Further, as discussed in section 5.4.3, scaling of 
bubble size from model scale to full scale is not straight-forward, since the  size of air 
bubbles in water depends on the surface tension. Consequently, the dimension of air bubbles 
is the same in model scale and in full scale, which makes it hard to extrapolate results to full 
scale. This is one of the reasons why experiments on air bubble effects are scarce in the 
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literature. As it was not possible to alter the bubble size in this experimental setup, the effect 
of air bubble size on the drag force was not investigated.  
 

5.6 CONCLUSIONS 

This experiment sought to isolate the effect of air content on wave loads, by entraining air 
bubbles into a water tank and measuring the loads on an oscillating, vertical square cylinder. 
The loads on the cylinder was measured for air contents of 0%, 2%, 5%, 10%, 14% and 
17%. The inertia and drag coefficients were established. A correction factor was introduced, 
which accounted for the effective density with air content in the water tank. The experiment 
showed that the inertia coefficient could successfully be corrected for effective density. The 
drag coefficient did not adjust well by correcting for the effective density. Nevertheless, 
since the flow is in the inertia dominated regime, the only adjustment needed is that of the 
inertia coefficient. We can therefore (with some care) speculate that the force coefficient in a 
roller can be adjusted likewise, by accounting for the effective density associated with the air 
content in the roller region. This is attempted in Chapter 6. 
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Chapter 6: Spilling breaker 

6.1 INTRODUCTION 

This experiment sought to map out the forces associated with a spilling breaker. The spilling 
breaker was chosen because it is the most common breaker type in the North Sea, as 
discussed in Section 2.5. The spilling breaker was obtained by a focused event on flat bed in 
the wave flume. Several aspects of the interaction with a vertical, circular cylinder were 
investigated. Firstly, the local wave loads were measured and the force distribution imposed 
by the spilling breaker was investigated. Particularly, the research questions posed were: 
 

• What is the wave load distribution on a cylinder exposed to a spilling breaker?  
• When does the local maximum force occur? 

 
This was investigated by examining the local force along the vertical of the cylinder and 
assessing the time of local maximum force, as was done in the analysis of the regular, steep 
waves in Chapter 4. Additionally, the breaking point relative to the cylinder was 
investigated, in order to map out the configuration that imposed the largest total and local 
forces.  
 
To study the influence of the entrained air in the roller, the kinematics of the roller was 
measured in order to answer the following question:  
 

• What is the velocity distribution in the roller of a spilling breaker? 
 

We examined the velocity distribution within the roller with PIV. The velocities in the water 
phase under the roller were also measured and accelerations assessed.  
 
Thirdly, the local force coefficients were established based on the measured forces and 
kinematics. In the water phase, the local force coefficients were established through a 
method of least squares. For the roller region, a simple force model was tested and the 
associated force coefficient established. The research question was:  
 

• What are the local force coefficients on the cylinder in the water phase?  
• Can a simple force model describe the local force in the roller region? 

 
The obtained force coefficients for the roller were corrected for the effective density by the 
correction factor introduced in Chapter 5 for the idealized set-up.  
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6.2 EXPERIMENTAL SET-UP 

The experiment was conducted in a wave flume of 28 meters in length, 0.60m in width and 
0.8m in depth. Waves were generated by a piston-type wave paddle and the water depth was 
0.40m. Forces were measured on cylinder B located 19.8m from the wave paddle at location 
B, as sketched in Fig 75. Briefly, cylinder B consisted of 8 cylindrical sections mounted on a 
metal rod and the natural frequency was 64Hz. Wave forces were sampled at 1 kHz and 
subsequently filtered at 10Hz by a Hamming filter. The surface elevation was measured by 
seven wave gauges at selected locations in the flume and denoted WG1-WG7 counting from 
the wave paddle. WG1 was positioned such that the distance to the breaking point was 
always 9m. The remaining wave gauges were fixed in place. Measuring the height of a 
breaking wave is difficult when the air fraction is high, as e.g. when a surface roller is 
carried with the wave. This is because the resistance type wave gauge used in this work only 
measure the length of the metal rod in fully submerged, which may lead to the surface 
elevation to be underestimated. This is a known challenge, also mentioned by Lim et al. 
(2015). 
 
The surface elevations were sampled at 1 kHz and filtered at 40Hz by a Hamming filter. The 
wave kinematics was measured by Particle Image Velocimetry (PIV) at a sample rate of 96 
Hz.  
  

 
Fig 75. Wave flume with cylinder B installed 19.8m from the wave paddle.  
 
As in the experiment with regular waves, a water column inside the cylinder oscillated up 
and down. In the experiment with regular waves, the water column was investigated by 
video recordings, and was seen to oscillate moderately, perhaps because the cylinder opening 
was below the sloping bed. In the experiment on flat bed, the cylinder was open near the bed, 
and furthermore, as opposed to the experiment with regular waves, the interior of the 
cylinder was not symmetric.  
 
We did not observe any non-horizontal surface by inspecting samples of video recordings, 
but we suspected that these effects might not be visible. Therefore, the experiment was 
conducted twice: Once with open cylinder gaps, which allowed the water column inside the 
cylinder to oscillate up and down, and once with the cylinder gaps sealed off with rubber 
tubes, which secured a stationary water column inside the cylinder. Further, the opening at 
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the bed was closed off by fixing the rod to a circular foundation, which was glued to the 
laboratory bed. The rubber tubes carried 2-3% force between the sections, shown by a static 
load test under dry conditions, as explained in section 3.3. Force was primarily carried from 
one section to its neighbour below, rather than to the neighbour above, due to the placement 
of the force transducers. The force carried by the rubber tubes did not affect the total force, 
except for at the bottom section, which was sealed with rubber tube as well. Due to the 
rubber tube between the bottom section and the circular foundation, the force on section 1 
was 2-3% below the applied force in the static load test. This naturally reflected in slightly 
lower total force. Results from tests with both open and sealed gaps are presented in section 
6.6 
 
Fig 76 shows the oscillating water column with and without sealing during the passage of a 
focused wave event. The sealing hindered the oscillation of the water column inside the 
cylinder, forcing a stationary surface inside the cylinder, as shown in section 3.3.3. Photos of 
the sealed cylinder are not included here, since the sealing  obstructed the view of the water 
column suitable for photos. 
 

   
Fig 76. Oscillating water column inside the cylinder during wave passage, water level inside 
cylinder marked with red line. Open gaps between sections. 
 

6.3 WAVE CONDITIONS 

The spilling breaker was obtained by phase focusing the wave components in an irregular 
wave train. Section 6.3.1 outlines different methods of wave focusing, while section 6.3.2 
describes the focusing technique applied here. In Section 6.3.3., the investigated focused 
wave and the wave conditions are presented. 

 

6.3.1 Background of wave focusing  

Wave focusing is used extensively to generate extreme waves in the laboratory. The idea is 
to generate an extreme event by aligning the wave components in an irregular wave train in a 
focal point to create constructive interference between the wave crests. The surface elevation 
of each wave component is given by 
 

𝜂𝜂𝑖𝑖 = 𝑎𝑎𝑖𝑖 cos(𝑘𝑘𝑖𝑖𝑥𝑥 − 𝜔𝜔𝑖𝑖𝑡𝑡 + 𝜖𝜖𝑖𝑖)    (6.3.1) 
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Where 𝑎𝑎𝑖𝑖 is the amplitude 𝑎𝑎𝑖𝑖 = 𝐻𝐻𝑖𝑖/2 of the wave component, 𝑘𝑘𝑖𝑖 is the wave number, 𝜔𝜔𝑖𝑖 is 
the wave frequency and 𝜖𝜖𝑖𝑖 is a phase shift. In the studies by Rapp and Melville (1990), 
Baldock, Swan, and Taylor (1996) and Ma et al. (2009) the phases of the wave components 
are such that all wave crests are at the focal point. In the study by Ma et al. (2009), the 
focused wave-amplitude 𝐴𝐴𝐹𝐹   is defined as the input parameter, hence 𝑎𝑎𝑖𝑖  and 𝐴𝐴𝐹𝐹  satisfy 
 

𝐴𝐴𝐹𝐹 = ∑ 𝑎𝑎𝑖𝑖𝑁𝑁
𝑖𝑖=1       (6.3.2) 

 
And 𝑎𝑎𝑖𝑖 is computed from the spectrum S by 
 

𝑎𝑎𝑖𝑖 = 𝐴𝐴𝐹𝐹𝑆𝑆𝑚𝑚(𝑓𝑓)Δ𝑓𝑓𝑚𝑚
∑ 𝑆𝑆𝑚𝑚(𝑓𝑓)Δ𝑓𝑓𝑁𝑁
𝑚𝑚=1

     (6.3.3) 

 
where 𝑆𝑆𝑖𝑖 is the wave spectrum and Δ𝑓𝑓𝑖𝑖 is the frequency spacing. Another approach was 
presented by Tromans, Anaturk, and Hagemeijer (1991), who suggested a method to arrive 
at an extreme wave in a given sea state by focusing the wave components in time and space, 
a method now known as New Wave theory. By reformulating Eq. (6.3.1) with deterministic 
amplitudes and phases, the most probable wave of a given height in a given sea state was 
obtained theoretically. They arrived at a formulation for surface elevation at the point 𝑥𝑥1 at 
time 𝑡𝑡1 as 
 

 𝜂𝜂(𝑥𝑥, 𝑡𝑡) = 𝜂𝜂𝑐𝑐𝑤𝑤𝑤𝑤𝑠𝑠𝑡𝑡
𝑚𝑚0

∑ 𝑆𝑆(𝜔𝜔𝑛𝑛)Δ𝜔𝜔 cos (𝑘𝑘𝑛𝑛(𝑥𝑥 − 𝑥𝑥1) − 𝜔𝜔𝑛𝑛(𝑡𝑡 − 𝑡𝑡1))𝑛𝑛    (6.3.4) 

 
where 𝜂𝜂𝑐𝑐𝑟𝑟𝑟𝑟𝑠𝑠𝑡𝑡 is the crest elevation, 𝑚𝑚0 is the standard deviation of the spectrum, 𝑆𝑆(𝜔𝜔𝑛𝑛) is the 
wave spectrum, 𝑘𝑘𝑛𝑛 is the wave number and 𝜔𝜔𝑛𝑛 is the wave frequency.  
 

6.3.2 Current study: Phase-focusing by alignment of zero-downcross 

In this thesis, an alternative principle of wave focusing was used, since the aim was to obtain 
a spilling breaker. They main idea was to phase shift all wave components in an irregular sea 
state to one of two extremes, either (1) all wave components have zero-downcross in the 
same target point, or (2) all wave components reach their crest in the same target point. We 
speculate that these two alignments of wave components give the steepest and the tallest 
wave theoretically possible, respectively.  
 
While both alignments create an extreme wave, we have found empirically that the 
alignment of zero-downcross results in a spilling breaker while alignment of crest results in a 
plunging breaker. A phase focused spilling breaker of this sort was reported in Tomaselli 
(2016). A similar laboratory investigation of focused wave events produced by a summation 
of zero-upcrossing points was performed by Swan, Bashir, and Gudmestad (2002). They 
found that a summation of zero-upcrossing points resulted in a steeper wave than summation 
of wave crests. The difference between the focusing event in our work and that by Swan, 
Bashir, and Gudmestad (2002) is that the latter used a relatively narrow-banded spectrum 
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consisting of fifty wave components of equal wave amplitude equally spaced in the period 
range  0.8 ≤ 𝑇𝑇 ≤ 1.2s, while in our work we used eighty wave components from the 
JONSWAP spectrum. The procedure of the phase focusing used in the work at hand is 
detailed in the following. 
 
The surface elevation of the irregular wave times series is described as a sum of linear wave 
components 
 

𝜂𝜂 = ∑ 𝑎𝑎𝑖𝑖cos (𝜔𝜔𝑖𝑖𝑡𝑡 − 𝑘𝑘𝑖𝑖𝑥𝑥 + 𝜖𝜖𝑖𝑖 )𝑁𝑁
𝑖𝑖=1     (6.3.5) 

 
where 𝜔𝜔𝑖𝑖 is the angular frequency, 𝑘𝑘𝑖𝑖 is the wave number determined from the dispersion 
relation, 𝜖𝜖𝑖𝑖 is a phase shift and 𝑎𝑎𝑖𝑖 = 𝐻𝐻𝑖𝑖/2 is the amplitude of each wave component 
determined from the spectrum S as 
 

𝑎𝑎𝑖𝑖 = �2𝑆𝑆𝜂𝜂,𝑖𝑖𝛥𝛥𝑓𝑓,     (6.3.6) 
 
with 𝛥𝛥𝑓𝑓 = 𝑓𝑓𝑖𝑖+1 − 𝑓𝑓𝑖𝑖. The phase shift 𝜖𝜖𝑖𝑖 of each component is computed  
 

𝜖𝜖𝑖𝑖 = Δ𝑥𝑥𝑖𝑖𝑘𝑘𝑖𝑖,     (6.3.7) 
 
where Δ𝑥𝑥𝑖𝑖 is the desired displacement in the direction of travel, and 𝑘𝑘𝑖𝑖 = 2𝜋𝜋/𝐿𝐿𝑖𝑖 is the wave 
number determined from the dispersion relation. The displacement Δ𝑥𝑥𝑖𝑖 depends on the 
desired alignment. To align all wave components such that the individual wave components 
have zero-downcross at the target point, 𝑥𝑥𝑡𝑡𝑎𝑎𝑟𝑟𝑔𝑔𝑟𝑟𝑡𝑡, the displacement is  
 

Δ𝑥𝑥𝑖𝑖 = 𝑥𝑥𝑍𝑍𝐷𝐷,𝑖𝑖 − 𝑥𝑥𝑡𝑡𝑎𝑎𝑟𝑟𝑔𝑔𝑟𝑟𝑡𝑡    (6.3.8) 
 
where 𝑥𝑥𝑍𝑍𝐷𝐷,𝑖𝑖 is the location of the first zero-downcross of that wave component. Fig 77 shows 
a theoretical example of the surface elevation for 80 linear wave components aligned after 
zero-downcross at a target 11.7m from the wave paddle with the resulting superposed wave. 
To align all wave components after crest, the displacement Δ𝑥𝑥𝑖𝑖 is 
 

Δ𝑥𝑥𝑖𝑖 = 𝑥𝑥𝑐𝑐𝑟𝑟𝑟𝑟𝑠𝑠𝑡𝑡,𝑖𝑖 − 𝑥𝑥𝑡𝑡𝑎𝑎𝑟𝑟𝑔𝑔𝑟𝑟𝑡𝑡   (6.3.9) 
 
In which 𝑥𝑥𝑐𝑐𝑟𝑟𝑟𝑟𝑠𝑠𝑡𝑡,𝑖𝑖 is the location of the first crest. Fig 78 shows a theoretical example of the 
surface elevation for 80 linear wave components aligned after crest at a target 11.7m from 
the wave paddle with the resulting superposed wave. 
 
First order wave maker theory was used to generate the wave, such that the piston 
displacement for each wave component was computed 
 

𝑃𝑃𝐷𝐷𝑖𝑖 = 𝐴𝐴𝑖𝑖
sinh(2𝑘𝑘ℎ)+𝑘𝑘ℎ 
4 sinh2(𝑘𝑘ℎ) cos(𝑘𝑘𝑖𝑖𝑥𝑥 − 𝜔𝜔𝑖𝑖𝑡𝑡 + 𝜖𝜖𝑖𝑖)   (6.3.10) 
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And the superposed piston displacement was 
 

PDtot = ∑ 𝑃𝑃𝐷𝐷𝑖𝑖𝑁𝑁
𝑖𝑖=1 .     (6.3.11) 

 
 

 
Fig 77. Example of alignment of all wave components to zero-downcross in the same 
location x=11.7m from the wave paddle. Surface elevation of individual wave components 
(top) and of superposed wave (bottom) for 80 linear components. 
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Fig 78. Example of alignment of all wave components to have crest in the same location 
x=11.7m from the wave paddle. Surface elevation of individual wave components (top) and 
of superposed wave (bottom) for 80 linear components. 
 

6.3.3 Investigated focused wave event 

A spilling breaker was obtained by phase focusing of an irregular wave train by the 
procedure explained in the previous section 6.3.2, by phase focusing an irregular wave train 
such that the zero-downcross of all components was in the same target point by use of Eq. 
(6.3.5)-(6.3.8). The phase focused wave packet was derived from an irregular wave times 
series described by a JONSWAP spectrum (Eq. 2.1.12-2.1.15), repeated here for 
convenience,  
 

𝑆𝑆 = �
0.0624

0.230 + 0.0336𝛾𝛾 − 0.185
1.9 + 𝛾𝛾

�𝐻𝐻𝑠𝑠2𝑓𝑓𝑝𝑝4𝑓𝑓−5𝛾𝛾𝜉𝜉 exp �−
5
4
�
𝑓𝑓𝑝𝑝
𝑓𝑓
�
4

� 

 
where 
 

𝜉𝜉 = exp [− �𝑓𝑓−𝑓𝑓𝑝𝑝�
2

2𝜎𝜎2𝑓𝑓𝑝𝑝2
] with 𝜎𝜎 =  �

0.07 𝑖𝑖𝑓𝑓 𝑓𝑓 ≤ 𝑓𝑓𝑝𝑝 
0.09  𝑖𝑖𝑓𝑓 𝑓𝑓 > 𝑓𝑓𝑝𝑝

 

 
The peak enhancement factor 𝛾𝛾, the significant wave height 𝐻𝐻𝑠𝑠 and the peak period 𝑇𝑇𝑝𝑝 =
1/𝑓𝑓𝑝𝑝 are presented in Tab 8.  
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The wave time series was discretised in N = 80 linear components with frequency 𝑓𝑓𝑖𝑖 =
𝜔𝜔𝑖𝑖/2𝜋𝜋. The breaking target was set at 19.8m, which was the distance from the wave paddle 
to the cylinder. In practice, the linearly predicted focal point deviates from the desired 
breaking target due to e.g. non-linear wave-wave interaction. Therefore, an empirical 
procedure of adjusting the amplification factor on the wave machine was performed. It was 
found that an amplification factor of 0.85 yielded a focal point at the desired target and the 
amplification factor was used throughout.  
 

Tab 8. Input parameters of the employed JONSWAP spectrum (lab scale). 
𝛾𝛾 [−] Hs[m] Tp [m] 

3.3 0.116 1.7 
 
From visual inspection, the breaking event characterized as a spilling breaker, which 
sometimes developed a small jet at the incipient breaking. From a record of the surface 
elevation at the breaking point, the period of the breaking wave was 𝑇𝑇𝑏𝑏𝑟𝑟 =1.75s from zero-
downcross to zero-downcross and the height of the breaking wave was 𝐻𝐻𝑏𝑏𝑟𝑟 =0.18m. This 
corresponds to a breaking limit height of 𝐻𝐻𝑏𝑏𝑟𝑟/ℎ =  0.45. Wave celerity c was 1.8ms/s, as 
determined by 𝑐𝑐 ≡ 𝜔𝜔/𝑘𝑘, in which 𝜔𝜔 was determined from 𝜔𝜔 = 2𝜋𝜋𝑇𝑇𝑏𝑏𝑟𝑟 and k was determined 
from the dispersion relation.  
 
The breaking location relative to the cylinder was changed by application of eight different 
targets at which the zero-downcross of the wave components was aligned. Good agreement 
between target and actual focal point was found when using an amplification factor at the 
wave machine of 0.85. The surface elevation and the loads on the cylinder were measured in 
each test. Tab 9 lists the eight breaking positioned examined, with X denoting the breaking 
point relative to the cylinder. X<0 denotes breaking in the upstream of the cylinder, X>0 
denotes breaking in the downstream of the cylinder. For six selected breaking locations, the 
kinematics in the water phase was measured by use of PIV. Additionally, in two test cases 
the kinematics in the roller was measured. A zero-downcross analysis was performed on the 
surface elevation record measured at the wave gauge next to the cylinder, WG6. The phase 
focused event was identified and was defined from zero-downcross to zero-downcross. 
Based on the measured wave height and wave period, the KC number, Re number Ursell 
number were defined. KC number was computed via first order theory through Eq. (4.3.2), 
Reynolds number was determined through Eq. (4.3.3) using 15th order stream theory, and 
Ursell number was obtained from Eq. (4.3.5).  
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Tab 9. Spilling breaker wave conditions at the cylinder location B. X [m] denotes the 
location of the breaking point relative to the cylinder (X<0 denotes breaking in the upstream 
of the cylinder, X>0 denotes breaking in the downstream of the cylinder). 

Case X 
[m] 

H 
[m] 

T 
[s] 

H/h 
[-] 

H/L 
[-] 

kh 
[-] 

KC 
[-] 

Re/103 
[-] 

Ur 
[-] 

PIV  
(water) 

PIV  
(roller) 

1 -1.2 0.130 1.80 0.32 0.0396 0.77 7.9 37 21.8   
2 -0.9 0.138 1.80 0.35 0.0422 0.77 8.4 43 23.1 X X 
3 -0.7 0.161 1.80 0.40 0.0465 0.77 9.8 49 25.7 X X 
4 -0.5 0.175 1.76 0.44 0.0478 0.79 10.4 55 25.2 X  
5 -0.2 0.180 1.75 0.45 0.0566 0.79 10.7 57 28.6 X  
6 0.1 0.178 1.75 0.45 0.0584 0.80 10.7 56 27.9 X  
7 0.3 0.180 1.75 0.46 0.0574 0.79 11.1 57 28.7 X  
8 0.6 0.184 1.79 0.45 0.0579 0.78 10.6 59 30.2   

 
Each wave condition was repeated ten times in order to establish reliable mean values of 
wave height and maximum total force. It was found that after 6-8 repetitions, the mean wave 
height and maximum total force were stable and changed less than 1%. After each 
measurement, a stabilization phase of 10 minutes allowed for the water surface to come to 
rest before the next experiment was conducted. Fig 79 shows the surface elevation measured 
at WG6 for the eight different breaking points investigated.  
 

 
Fig 79. Surface elevation measured at WG6 for the eight breaking points investigated. 
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To validate that the breaking event was identical but just moved in space, the wave gauge 
WG1 closest to the wave paddle was moved according to the breaking point, such that the 
distance from WG1 to the breaking point was 9m. Fig 80 shows the measured surface 
elevation at WG1 for tests 1-8. The wave signal is very accurately the same, despite the fact 
that the breaker position changed. This shows that the breaker characteristics were 
unchanged even though the target was moved. The wave height of the largest wave in the 
packet measured at WG1 was 0.158m±0.003m, the standard deviation was less than 2%.   
 

 
Fig 80. Measured surface elevation at WG1 located 9m upstream of the breaking point for 
all eight breaking points. The black line indicates the mean, with the standard deviation 
marked as a shaded grey area.  
 

6.4 MEASUREMENTS OF WAVE KINEMATICS 

Section 6.4.1 details the PIV setup for the experiment, while section 6.4.2 and 6.4.3 covers 
the details for the water phase and the roller region, respectively.  
 

6.4.1 PIV set-up 

The kinematics of the waves was measured with PIV. The kinematics was measured with the 
cylinder in place, with the vertical laser sheet positioned in front of the cylinder with 0.12m 
distance to the sidewall. Fig 81 shows a sketch of the flume as seen from above. The vertical 
laser sheet was obtained by reflecting the laser upon a 45° angled mirror placed on the floor 
under the flume, which was installed with a transparent glass bottom.  

 
Tab 10. Parameters for the PIV system during measurements of spilling breaker 

Parameter Description 
Time between pulses 0.002s (2ms) 
Size of PIV image  0.53 x 0.40 m  
Thickness of laser sheet 2mm-2.8mm 
Measurement duration 10 s 
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Fig 81. Flume observed from above with laser sheet 0.12m from the flume wall. Square 
indicates the position of WG6 positioned next to the cylinder. 
 
The parameters for the PIV system in this experiment are listed in Tab 10. The time between 
pulses was 2ms, which allowed for fast fluid particles to be captured. The PIV image 
covered about 0.53 x 0.40 m and was located such that the crest and the run-up on the 
cylinder were captured, but the flow close to the bed was not. Measurement was running for 
10 s as the focused event passed the cylinder. 
 
The velocities in the water and in the roller were determined through designated approaches, 
which are described in the following. 
 

6.4.2 PIV parameters in water phase 

For capturing the velocities in the water phase, the water was seeded with silver coated 
hollow glass spheres in the neighbourhood of the measurement area. Velocities were 
computed via Adaptive PIV in Dynamic Studio with a grid step size of 16x16 pixels and 
minimum interrogation area size 32x32, corresponding to 50% overlap. The velocity 
resolution was 4 x 4 mm. The parameters are listed in Tab 11. 
 
Tab 11. PIV parameters in the water phase of the focused wave 
Parameter Description 
Seeding Silver coated hollow glass spheres of diameter 10 µm 
Algorithm Adaptive PIV 
Velocity resolution 4 x 4 mm 
 
For tests 2, 3 and 4, the roller introduced reflections of the laser in an area under the roller. 
The reflections hindered the assessment of particle velocities in this area, and ‘drop-outs’ i.e. 
zero-velocities resulted here. Fig 82 shows the velocity field in the water phase for four time 
instants for test case 3. 
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Fig 82. Velocity field from adaptive PIV, test 5. Time between velocity fields 0.06s. 1 in 
every 5 vectors is presented. 
 

6.4.3 Procedure for air-water phase in the roller region 

For the measurements of the roller kinematics, the flow was not seeded, as an unseeded flow 
made the roller stand out clear in the PIV image. An adaptive PIV algorithm was employed 
to obtain the velocities in the roller region. The appropriate interrogation area size depends 
on the size of the features in the roller, which were around 1-2cm. The interrogation area size 
was adapted to particle density, which in this context means that the interrogation area was 
adapted to the recognisable pattern, not to individual particles. Tab 12 lists the parameters 
for the measurement of kinematics in the roller. 
 

Tab 12. PIV parameters in the roller of the focused wave 
Parameter Description 
Seeding None 
Algorithm Adaptive PIV 
Velocity resolution 6 x 6 mm 

 
Fig 83a shows a raw image zoomed in on the roller region. Fig 83b shows the velocity field 
obtained from adaptive PIV. 
 

U=1.000000, V=0.000000 U=1.000000, V=0.000000

U=1.000000, V=0.000000 U=1.000000, V=0.000000
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Fig 83. (a) raw image of roller (b) velocity field obtained from adaptive PIV. 
 
Fig 84 shows the same raw image zoomed in on the roller front with a 32x32 pixels grid on 
top. The figure shows frame 1 and frame 2 with 2ms between the two frames. The figure 
shows that features are common in the two frames, recognisable to the human eye.  
 

                                                    
Fig 84. Close up of the roller front. The grid illustrates 32x32 pixels corresponding to 8x8 
mm. Time between frames was 2ms. Patterns are conserved for interrogation areas of 64x64 
pixels corresponding to 16x16 mm. (a) frame 1 (b) frame 2.  
 
Fig 86 shows the normalized cross-correlation map associated with the red square marked on 
Fig 85. The correlation map is representative for the roller region however serves as an 
example rather than a statistical feature. The signal to noise ratio in this interrogation area 
wass 5.01, which indicates that the noise level was quite high. Nevertheless, a distinct peak 
of height 0.37 is seen at the position (-16,-1) pixels, corresponding to a velocity of (2.0 m/s, 
0.1 m/s).  
 

 
Fig 86. Normalized cross correlation map for the 64x64 pixel interrogation area shown in 
previous figure. The peak height is 0.37 and the signal to noise ratio is 5.01. The peak 
position is around (-16,-1) pixels, corresponding to a velocity of about (2.0, 0.1) m/s. The 
correlation map is representative for the roller region.  
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Two different peak validation schemes were used simultaneously. If either peak validation 
failed, the corresponding vector was rejected and substituted at a later step in the algorithm 
procedure. The peak validation requirements were as follows i) The ratio between the two 
highest correlation peaks was 1.15 at minimum, which ensured that one single peak stood 
out from the remaining peaks correlation map in each interrogation area. iii) To eliminate 
areas with only noise, the signal to noise ratio was minimum 4.0. If the result did not 
converge after 10 iterations, the vector was rejected. After the iteration process, the universal 
outlier detection was applied. This validation techniques was first presented by Westerweel 
and Scarano (2005) and has become a standard for validation of PIV. The universal outlier 
detection validates vectors in a neighbourhood of 5x5 vectors while accounting for vectors 
placed near corners and ignoring previously rejected vectors. Rejected vectors were 
substituted by the median of neighbouring vectors.  
 

6.5 RESULTS 

This section presents observations of the breaking event i section 6.5.1, followed by 
investigations of the roller shape in section 6.5.2. Section 6.5.3 shows results from the 
measured total force and local wave loads.  
 

6.5.1 Breaking process 

An example of the breaking process as captured by the PIV camera is shown in Fig 87. The 
images are from test 5, with breaking point 0.2m in front of the cylinder. In the first frame, 
the spill over is visible as a miniature jet protruding in front of the wave crest. The roller 
develops in the subsequent frames. Fig 86 shows close-ups of the same four frames, to show 
the roller formation from the first wave overtopping and the early stages of the roller 
development. 
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Fig 87. Raw images for one run of Test 5 with breaking immediately in front of the cylinder. 
Breaking point defined as the time when the wave front first becomes vertical. Time between 
images 0.06s. 
 

  
 

  
Fig 88. Close up of jet. Time between images 0.06s.  
  
Fig 89 shows the breaking incident as captured by the PIV camera for a different test run of 
the same breaking event, measured on a different test day. That is, the same input file and the 
same water depth of 0.40m. Comparing the breaking event to the one depicted in Fig 87, it is 
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clear that breaking point varies between the two runs. There are multiple reasons for the 
variation in breaking position. Firstly, the breaking event is a surface instability which is 
very sensitive to small differences in the initial conditions. That is, minor variations in water 
depth, temperature and not least, vibrations from machinery in the laboratory, which are all 
factors that might vary from day to day. Secondly, variations can occur in the wave paddle 
motion, even when the same input file is used to generate the waves. This is because the 
wave maker has a build-in feedback system, which might be affected by small variations in 
the water depth measured at the wave paddle. However small the mentioned variations in 
initial conditions are, they contribute to variation in breaker position.  
 

 
Fig 89. Raw images for one run of test 5. Breaking point defined as the time when the wave 
front first becomes vertical. Time between images 0.06s. 
 
Fig 90 shows the surface elevation measured at WG6 for ten individual runs of the same 
wave input measured on the same day for test 4. It is seen that there is a variation 
particularly as the surface elevation steepens.  
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Fig 90. Surface elevation at WG6, test 4. Ten realizations plotted on top. 
 

6.5.2 Roller shape 

The shape of the roller was investigated by using the image editing technique called Phase 
Boundary Detection in Dynamic Studio. This was done to make the roller stand out clear 
from the image to observe the formation of the roller. The Phase Boundary Detection applied 
a pixel threshold to the raw image, as shown in Fig 91.  
 

 
Fig 91. Left panel) original image. Middle panel) threshold. Right panel) resulting image 
 
Fig 92 shows the roller formation for test 4, which broke 0.5m before reaching the cylinder. 
Fig 93 shows the formation of the roller for test case 3, while Fig 94 shows the roller shape 
for test case 2. The further from the breaking point, the more dispersed is the bubble cloud. 
Similarities are seen to Lim et al. (2015), who described the formation of a primary roller, 
followed by a secondary roller with the possibility of more rollers taking form. The breaking 
event described by Lim et al. (2015) was plunging, which lead to stronger momentum 
exchange when the roller interacted with the wave front. Thus, in our wave example, only 
few circulations were visible.  
 

 
Fig 92. Roller shape, test 4. Time between images 0.03s. 
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Fig 93. Roller shape, test 3. Time between images 0.03s. 
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Fig 94. Roller shape, test 2. Time between images 0.03s. 
 

6.5.3 Wave loads  

The measured total wave loads and local wave loads are presented in the following. Fig 95 
and Fig 96 shows the measured surface elevation next to the cylinder and total force for each 
of the eight breaking locations. The measured forces are compared to the Morison force 
based on an FFT analysis of the surface elevation and with the wave kinematics modelled as 
a sum of linear contributions. Wheeler stretching was used to stretch each component to the 
surface before taking the sum. In the present work, the Wheeler stretching method is 
included for comparison. Not because it is expected to give the best correspondence with the 
data, but because it represents a commonly applied design procedure. The acceleration in 
Morison’s equation is taken as the local acceleration 𝜕𝜕𝑢𝑢/𝑑𝑑𝑡𝑡 only, i.e. convective terms are 
ignored in correspondence with linear theory. The applied inertia coefficients were in the 
range 1.78 < 𝐶𝐶𝑀𝑀 < 1.98 and the drag coefficient was in the range 0.85 < 𝐶𝐶𝐷𝐷 < 1.05, 
following Sarpkaya (1976b) and Justesen (1989) for this range of Reynolds number and KC 
numbers. The standard deviation of the wave height next to the cylinder was 0.5-2% and the 
standard deviation on the maximum total force was within 2-4%. Morison captured force 
rather well for all test cases.  
 
In the trough of the measured force, a secondary load cycle is observed. Grue, Bjørshol, and 
Strand (1994) first reported observations of a secondary load cycle, which were observed to 
appear when the Froude number 𝐹𝐹𝑈𝑈 = 𝑢𝑢/𝑔𝑔𝐷𝐷 > 0.4, where u is the particle velocity below 
the crest, g is the gravitational acceleration and D is the cylinder diameter. They reported 
that these oscillations occurred about one quarter of the wave period after the main peak in 
the loading and had a period of up to 15% of the wave period, with an amplitude of about 
10% of the peak-to-peak amplitude of the total force.  
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The Froude number in this experiment was in the range 0.59<Fr<0.93, and thus all the waves 
were in the range of expected secondary load cycles. The secondary load cycle was most 
pronounced in test 3-8 where the wave forcing was strongest and the Froude number was 
Fr≥0.78. 

 

 

 

Fig 95. Surface elevation and total force with comparison to Morison force based on 
Wheeler stretched superposition of linear components, test 1 through 4.  
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Fig 96. Surface elevation and total force with comparison to Morison force based on 
Wheeler stretched superposition of linear components, test 5 through 8. 
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Test 1      b) test 2 

Fig 97. Mean surface elevation, total force and local force on sections 1 through 7. The 
quantities are non-dimensionalized and aligned after the time of maximum total force.  
 
The local force was measured for eight different breaking locations of the spilling breaker. 
Fig 97-Fig 100 show the measured time series of surface elevation, total force and local 
force on each section. The time series are aligned such that the maximum total force is at t = 
0, and all forces are non-dimensionalized by 𝜌𝜌𝑔𝑔𝐻𝐻𝑏𝑏𝑟𝑟𝐷𝐷2, where 𝐻𝐻𝑏𝑏𝑟𝑟 = 0.18𝑚𝑚 is the breaking 
wave height. The equivalent results for the sealed cylinder is shown in Appendix A, and 
showed close agreement between the sealed and the un-sealed cylinder. This indicated that 
the water column inside the cylinder did not affect the force measurements significantly.  
 
Observing the force at the sections close to the bottom is more sinusoidal in shape, 
corresponding to the results from the regular wave tests in Chapter 4. For the sections above 
the still water level, the short-duration force is more triangular in shape.  
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Observing the local force, the secondary load cycle is visible on sections 4 and 5. The effect 
of the secondary load cycle appears to reach a depth of the fourth section. This is in 
correspondence with Grue, Bjørshol, and Strand (1994), who characterized the secondary 
load cycle as a local surface phenomenon, which is limited to a suction region one cylinder 
diameter below the still water level. This depth corresponds well to our findings, where the 
still water level is at section 6.  
 

    
a) Test 3         b) Test 4    

Fig 98. Mean surface elevation, total force and local force on sections 1 through 7. The 
quantities are non-dimensionalized and aligned after the time of maximum total force.  
 
The Ursell number was in the range of 25<Ur<30 for the eight test cases. The time of 
maximum force on each section was in the range of 0.75 < 𝑡𝑡𝐹𝐹𝑚𝑚𝑎𝑎𝜕𝜕/𝑇𝑇 < 0.85. The maximum 
force happened later at the top section, with a delay of around 0.08T. The time of maximum 
negative force was around 𝑡𝑡𝐹𝐹𝑚𝑚𝑖𝑖𝑛𝑛 = 0,  which means that the maximum negative force was 
around the zero-downcross of the surface elevation. The findings correspond well to the 
results for regular, non-breaking waves reported in Chapter 5. For the regular, non-breaking 
waves it was found that wave conditions with a high Ursell number that the maximum force 
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occurred only 0.06T later at the top section than at the bottom section. The difference in time 
of maximum force therefore showed to be small when the wave were more non-linear. For 
the spilling waves investigated here, the wave kinematics is highly nonlinear, and the surface 
elevation is characterized by a rather long trough followed by a short crest. The maximum 
force occurs almost simultaneously in this situation. 
   

 
a) Test 5         b) Test 6 

Fig 99. Mean surface elevation, total force and local force on sections 1 through 7. The 
quantities are non-dimensionalized and aligned after the time of maximum total force. 
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a) Test 7         b) Test 8 

Fig 100. Mean surface elevation, total force and local force on sections 1 through 7. The 
quantities are non-dimensionalized and aligned after the time of maximum total force.  
 

6.6 ANALYSIS 

Section 6.6.1 presents the force distribution, while section 6.6.2 presents the effect of the 
breaker location on the wave forces. Profiles of wave kinematics are presented in section 
6.6.3 along with the force distribution around the time of maximum total force. 
 

6.6.1 Force distribution 

The force distribution when the total force is maximum is presented in the following. As for 
the measurements of regular, non-breaking waves presented in Chapter 4, the forces were 
adjusted for the wetted height of the cylindrical sections: 
 

𝐹𝐹𝑖𝑖,𝑚𝑚𝑡𝑡𝑑𝑑 = Δ𝑧𝑧𝑡𝑡𝑡𝑡𝑡𝑡
Δ𝑧𝑧𝑤𝑤𝑤𝑤𝑡𝑡

𝐹𝐹𝑖𝑖,𝑚𝑚𝑟𝑟𝑎𝑎𝑠𝑠       
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where 𝐹𝐹𝑖𝑖,𝑚𝑚𝑡𝑡𝑑𝑑 is the modified force for section 𝑖𝑖, Δ𝑧𝑧𝑡𝑡𝑡𝑡𝑡𝑡 is the total height of the section, Δ𝑧𝑧𝑤𝑤𝑟𝑟𝑡𝑡 
is the height of the wetted part of the section, and 𝐹𝐹𝑖𝑖,𝑚𝑚𝑟𝑟𝑎𝑎𝑠𝑠 is the measured force for section 𝑖𝑖. 
As for the experiment on regular waves, the analyses included data where at least 1 cm of the 
8 cm high sections was wet, since the uncertainty increases the smaller the wetted section is. 
The first four sections from the bottom were wet in all cases, while sections five, six and 
seven only were affected during passage of a large wave.  
 
Fig 101 shows the force distribution at maximum total force for the eight breaker locations. 
For all tests, six cylinders were submerged at maximum total force. Special attention was 
paid to the section closest to the free surface, which measured the largest local forces. The 
largest difference between top and bottom section occurred when the cylinder was close to 
the breaking point (test 5). When the wave broke downstream of the cylinder, the local force 
close to the free surface remained high (test 6, 7 and 8). Comparison is made to Morison 
force equation based on stream function theory and on Wheeler stretched superposition of 
linear components. In the Wheeler method, the acceleration is taken as the local acceleration 
𝜕𝜕𝑢𝑢/𝑑𝑑𝑡𝑡 only, i.e. convective terms are ignored in correspondence with linear theory. The 
stream function solution is for the focused wave only. This means that a zero-downcross 
analysis is made on the surface elevation and the largest wave is identified. The wave height 
and wave length are used as input to the stream function solution. For wave test 1, which 
broke 1.2 m before the cylinder, the stream function describes the force distribution 
reasonably well. As the breaking point approaches the cylinder, stream function captures the 
force distribution for the sections one to five, but underestimates the force at section 6, 
which is closest to the free surface. The underestimation is particularly strong when the wave 
broke close to the cylinder and downstream of the cylinder. Wheeler stretched superposition 
of linear components better captures the local force at section 6 when the wave broke close 
to the cylinder in test cases 3-8. However, the force is overestimated in test 1, and 
underestimated in test 2.  
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Fig 101. Force distribution at the time when the total force is maximum. Cylinder with open 
gaps. Test 1, 2, 3, 4, 5, 6, 7, 8. Full line: Stream function theory + Morison. Dashed line: 
Linear superposition of wave components + Morison. 
 
Fig 102 shows the same result for the measurements repeated with sealed gaps. A good 
resemblance is seen to the results for the open cylinder, which had an oscillating water 
column inside the cylinder. We thus conclude that the oscillating cylinder did not affect the 
force measurements considerably. In the Appendix A, the local and total forces on the sealed 
cylinder are presented. 
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Fig 102. Force distribution at the time when the total force is maximum. Cylinder with 
sealed gaps. Test 1, 2, 3, 4, 5, 6, 7, 8. Full line: Stream function theory + Morison. Dashed 
line: Linear superposition of wave components with Wheeler stretching + Morison.  
 

6.6.2 Breaker location 

The influence of the breaking point relative to the cylinder was investigated. Fig 103 shows 
the maximum positive total force as a function of breaker location. The total force increased 
around the breaking point and remained large, even when the breaking point was 
downstream of the cylinder. When the wave broke 1.2m in front of the cylinder, the total 
force was 5.0N, while wave breaking just in front of the cylinder imposed a force more than 
twice as large with total force close to 12N.  
 

 
Fig 103. Maximum total force as a function of breaker location relative to the cylinder. The 
largest total force was for the breaking point just in front of the cylinder.  
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Fig 104. Maximum local force as a function of breaker location relative to the cylinder for 
the four lower sections (left) and the three sections above still water level (right). The largest 
local force is at section six and occurs when the wave breaks immediately in front of the 
cylinder.  
 
Fig 104 shows the maximum local force as a function of the breaker location relative to the 
cylinder. The left column shows the four sections below SWL, while the right column shows 
the four sections above SWL. The force on the sections below SWL was not very affected by 
the breaker location, though it seemed that the force on section 4 increased when the cylinder 
was in the proximity of the breaking point. The sections above SWL show a dramatic 
increase in the proximity of the breaking point. Especially the force measured at sections 6 
and 7 saw an increase of about 4 times from breaker location -1.2m to breaking immediately 
in front of the cylinder. 

 

6.6.3 Profiles of wave kinematics and force distribution 

In the following, profiles of measured velocity, acceleration and force distribution are 
presented for five phases of the wave period. The signals are aligned such that the maximum 
total force is at 𝑡𝑡 = 0.0𝑠𝑠. Specifically, we investigated the kinematics and forces around the 
maximum force, with the time instants 𝑡𝑡 = −0.1𝑠𝑠, 𝑡𝑡 = −0.05𝑠𝑠, 𝑡𝑡 = 0.0𝑠𝑠, 𝑡𝑡 = 0.05𝑠𝑠 and 𝑡𝑡 =
0.1𝑠𝑠. Accelerations were computed from the measured velocities through 
 

𝜕𝜕𝑢𝑢𝑖𝑖(𝑥𝑥,𝑦𝑦, 𝑡𝑡𝑖𝑖)
𝜕𝜕𝑡𝑡

=
𝑢𝑢(𝑥𝑥, 𝑦𝑦, 𝑡𝑡𝑖𝑖+1) − 𝑢𝑢(𝑥𝑥,𝑦𝑦, 𝑡𝑡𝑖𝑖)

𝑡𝑡𝑖𝑖+1 − 𝑡𝑡𝑖𝑖
 

 
in which 𝑡𝑡𝑖𝑖 and 𝑡𝑡𝑖𝑖+1 are subsequent sample times.   
 
Fig 105 through Fig 110 show profiles of horizontal velocity, horizontal acceleration and 
force distribution for the test cases 2, 3, 4, 5, 6 and 7. The velocity profiles were assessed in 
the water phase through the centerline of the cylinder. In test 2 and 3, the wave carried a 
well-developed roller when it reached the PIV camera. Therefore it was possible to 
investigate the kinematics of the roller in these two test cases. From the velocity fields of the 
roller, a vertical profile of velocity were assessed through the centerline of the cylinder. 
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Fig 105 shows profiles of test 2 including the kinematics of the roller. The top row shows the 
velocity profile. As the roller caused reflections on the PIV image, the velocity in the water 
column (grey) was not captured all the way to the free surface. Below the roller, the 
maximum velocity at the time of maximum total force is 0.3c. Further, the surface elevation 
appears to be underestimated, as the horizontal line indicating the surface level at the given 
time cuts below the top of the roller. This is a known challenge, as the wave gauges only 
measure the wetted length of the wave gauge, and this is disturbed by the entrained air in the 
roller. Despite these challenges, the shape of the velocity profile can be observed from the 
figure.  
 
Fig 106 shows the same profiles for test 3, including profiles of roller kinematics. The 
profile of roller velocity appears more parabolic in shape than for test 2, which may be 
because the roller was les dispersed in this test compared to test 2, see Fig 93 and Fig 94. 
The maximum velocity of the roller was 1.3c, with maximum velocity in the water under the 
roller of 0.3c as in test 2. 
 
Fig 107 - Fig 110 show the kinematics profiles and force distribution around the maximum 
total force for test 4, 5, 6 and 7. Though a young roller had developed in test case 4, see Fig 
92, the roller kinematics was not investigated here as the information was too sparse at this 
early point after the breaking. Due to reflections from the roller, erroneous velocities and 
accelerations were seen close to free surface for this test. In test 6, reflections were also 
present in the vicinity of the surface. In section 6.7, the measured kinematics and local forces 
are used to obtain the local force coefficients. Further, a simple model for the force in the 
roller region is explored. 
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Fig 105. Test 2. Profiles trough centerline of cylinder. Time instants around the maximum 
total force t=0, dashed horizontal line indicates the surface elevation measured next to the 
cylinder at the given time instant. Top row: Horizontal velocity in the roller region (red) and 
in the water phase (grey), with standard deviation marked as a shaded area. Middle row: 
Horizontal acceleration in the roller region (red) and water phase (grey). Bottom row: 
Force distribution. 
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Fig 106. Test 3. Profiles through centreline of cylinder. Time instants around the maximum 
total force t=0. Top row: Horizontal velocity in the roller region (red) and in the water 
phase (grey), with standard deviation marked as a shaded area. Middle row: Horizontal 
acceleration in the roller region (red) and water phase (grey), with standard deviation 
marked as a shaded area. Bottom row: Force distribution. 
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Fig 107. Test 4. Profiles at centreline of cylinder. Time instants around the maximum total 
force t=0. Top row: Horizontal velocity in the water phase (grey), with standard deviation 
marked as a shaded area. Middle row: Horizontal acceleration in the water phase (grey), 
with standard deviation marked as a shaded area. Bottom row: Force distribution. 
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Fig 108. Test 5. Profiles at centreline of cylinder. Time instants around the maximum total 
force t=0. Top row: Horizontal velocity in the water phase (grey), with standard deviation 
marked as a shaded area. Middle row: Horizontal acceleration in the water phase (grey), 
with standard deviation marked as a shaded area. Bottom row: Force distribution. 
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Fig 109. Test 6. Profiles at centreline of cylinder. Time instants around the maximum total 
force t=0. Top row: Horizontal velocity in the water phase (grey), with standard deviation 
marked as a shaded area. Middle row: Horizontal acceleration. Bottom row: Force 
distribution. 
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Fig 110. Test 7. Profiles at centreline of cylinder. Time instants around the maximum total 
force t=0. Top row: Horizontal velocity in the water phase (grey), with standard deviation 
marked as a shaded area. Middle row: Horizontal acceleration. Bottom row: Force 
distribution. 
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a)    Test 5            b) Test 7 

Fig 111. Distribution of velocity, local acceleration and force at time of maximum total force 
(t=0) and shortly after (t=0.05s). Measured data along with Wheeler stretched sum of linear 
components based on FFT of surface elevation.  
 
Fig 111 shows a comparison of the measured distribution of kinematics and forces against a 
Wheeler stretched superposition of linear components obtained through an FFT analysis of 
the measured surface elevation. Only two test cases with a few examples are included here 
for illustration of the Wheeler strongpoints and drawbacks. Wheeler is included here because 
it is a commonly used engineering approach, not because it provides the best agreement with 
data. The velocity, local acceleration 𝜕𝜕𝑢𝑢/𝜕𝜕𝑡𝑡 and the force distribution are shown. The local 
acceleration rather than the full acceleration is plotted here, following the standard procedure 
in the Wheeler stretching method. Comparison between measured data and distribution 
based on a superposition of linear components used together with Wheeler stretching shows 
that the Wheeler stretching at the time of maximum total force (t=0s) provides a good first 
estimate of the force distribution for both test 5 and test 7. Shortly after the maximum total 
force, at t=0.05s, the force distribution estimated by Wheeler is reasonable below still water 
level, while the Wheeler method overestimates the force above the still water level. 
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6.7 DISCUSSION 

The local force coefficients were determined in the water phase, section 6.7.1 and in the 
roller, section 6.7.2. 

 

6.7.1 Local force coefficients in the water phase 

The force coefficients in the water phase were determined from the measured local force and 
wave kinematics by a method of least squares, as outlined in Section 4.6.3. The local 
kinematics were obtained from the PIV measurements. The two-equation system is repeated 
here in general form for convenience 
 

𝑓𝑓𝑑𝑑(∑𝑈𝑈4(𝑡𝑡)) + 𝑓𝑓𝑖𝑖𝑛𝑛�∑𝑈𝑈(𝑡𝑡)|𝑈𝑈(𝑡𝑡)| �̇�𝑈(𝑡𝑡)� = ∑𝑈𝑈(𝑡𝑡)|𝑈𝑈(𝑡𝑡)|𝐹𝐹𝑚𝑚(𝑡𝑡)  (6.7.1) 
 

𝑓𝑓𝑑𝑑�∑𝑈𝑈(𝑡𝑡)|𝑈𝑈(𝑡𝑡)|�̇�𝑈(𝑡𝑡)� + 𝑓𝑓𝑖𝑖𝑛𝑛�∑ �̇�𝑈(𝑡𝑡)2� = ∑ �̇�𝑈(𝑡𝑡)𝐹𝐹𝑚𝑚(𝑡𝑡)   (6.7.2) 
 
with drag and lift forces defined as 𝑓𝑓𝑑𝑑 = 1

2
𝜌𝜌𝐶𝐶𝐷𝐷𝐷𝐷 and 𝑓𝑓𝑖𝑖𝑛𝑛 =  𝜌𝜌𝐶𝐶𝑀𝑀𝐴𝐴. The summations are 

taken over an extract of the measurement record around the cresr of the focused wave and 
𝐹𝐹𝑚𝑚 denote the associated measured force. The acceleration is the sum of local acceleration 
and convectivcve acceleration �̇�𝑈(𝑡𝑡) = 𝐷𝐷𝑈𝑈/𝐷𝐷𝑡𝑡. 
 
It was the goal to estimate the local force coefficients associated with the focused wave, and 
therefore an extract of the measurement record around the focused wave was used in the 
analysis. The extract was taken from 0.4s before the crest of the focused wave to 0.4s after 
the crest, i.e. −0.4𝑠𝑠 < 𝑡𝑡 < 0.4𝑠𝑠. The measured force on each section 𝐹𝐹𝑚𝑚,𝑖𝑖 is the force 𝐹𝐹𝑖𝑖 on 
an individual section divided by the wetted length 𝐿𝐿𝑖𝑖 of that section. Only sections number 
four and five were analyzed, since the kinematics data was of higher quality here. For both 
section four and five, the section was completely submerged during the passage of the crest, 
during time −0.4𝑠𝑠 < 𝑡𝑡 < 0.4𝑠𝑠, and therefore  the wetted length was constantly equal to the 
length of the section. The time series of mean kinematics on each section, 𝑈𝑈𝑖𝑖(𝑡𝑡) and �̇�𝑈(𝑡𝑡), 
were obtained as follows: The measured kinematics was integrated over the section to obtain 
a mean value of the section  
 

𝑈𝑈𝑖𝑖(𝑡𝑡) =  1
𝑦𝑦𝑚𝑚+1−𝑦𝑦𝑚𝑚

∫ 𝑈𝑈(𝑡𝑡)𝑦𝑦𝑚𝑚+1
𝑦𝑦𝑚𝑚

𝑑𝑑𝑦𝑦,   and     �̇�𝑈(𝑡𝑡) =  1
𝑦𝑦𝑚𝑚+1−𝑦𝑦𝑚𝑚

∫ �̇�𝑈(𝑡𝑡)𝑦𝑦𝑚𝑚+1
𝑦𝑦𝑚𝑚

𝑑𝑑𝑦𝑦   (6.7.3) 

 
Further, each wave test was repeated ten times, and the mean kinematics time series was 
used in the analysis along with the mean local force. 
 
The obtained drag and inertia coefficients from the method of least squares are tabulated in 
Tab 13, which also tabulates the KC number, determined as 
 

𝐾𝐾𝐶𝐶 = 𝑈𝑈𝑚𝑚,𝑚𝑚𝑚𝑚𝑚𝑚𝑇𝑇
𝐷𝐷

      (6.7.4) 
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where 𝑈𝑈𝑖𝑖,𝑚𝑚𝑎𝑎𝜕𝜕 is the maximum of the mean velocity at the section i, T is the wave period and 
D is the cylinder diameter. In test case 2 and 3, reflections under the roller hindered reliable 
velocity measurements on section 5. Fig 112 shows the measured force coefficients as a 
function of KC number for the spilling breaker. A good correspondence is seen with results 
from the literature, despite that the Reynolds number in this experiment was larger than 
Re =  1.7 ∙ 104.  
 

Tab 13. Local force coefficients obtained from experiments with the cylinder exposed to 
spilling breakers. 

Case Sect 
 

KC 𝐶𝐶𝑀𝑀 
 

𝐶𝐶𝐷𝐷 
 

2 4 7.5 1.51 1.83 
 5 - - - 

3 4 7.8 1.48 1.94 
 5 - - - 

 4 4 8.3 1.45 2.23 
 5 11.3 1.07 2.25 

5 4 8.7 1.39 2.12 
 5 12.2 0.79 1.94 

6 4 8.8 1.42 2.47 
 5 11.7 1.02 2.52 

7 4 9.0 1.39 2.19 
 5 12.5 1.02 1.98 

 

  

Fig 112. Measured local force coefficients at section 4 and 5 for the spilling breaker. The 
dashed line indicates asymptotic theory. Data from literature for 𝑅𝑅𝑅𝑅 =  1.7 ∙ 104 comprise 
of ×: Sarpkaya (1976b), o, : Bearman et al. (1985b).  
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6.7.2 Force coefficient in the roller region 

In the roller region, a different approach is taken, in which the time instant of maximum total 
force is explored, rather than using a method of least squares. A simple model for the force 
in the roller region, 𝐹𝐹𝑟𝑟𝑡𝑡𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟, can be formulated as 
 

𝐹𝐹𝑟𝑟𝑡𝑡𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟  =  ½ 𝜌𝜌 𝐶𝐶𝑟𝑟𝐷𝐷𝑈𝑈𝑟𝑟2𝐿𝐿𝑟𝑟𝑡𝑡𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟     (6.7.3) 
 
In which 𝜌𝜌 is the density of water, 𝐶𝐶𝑟𝑟 is the force coefficient, D is the diameter of the 
cylinder, 𝑈𝑈𝑟𝑟 is the mean velocity in the roller region and 𝐿𝐿𝑟𝑟𝑡𝑡𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 is the length of the section 
covered by the roller.  
 
Test case 2 and 3 were selected for the analysis, since the roller was most pronounced here. 
The time when the total force was maximum was used in the analysis, rather than the full 
time series, since the analysis required manual inspection of the PIV raw images to detect the 
height of the roller.  
 

 
Fig 113. a) Section 7 covered partly by the roller. b) Section 6 partly covered by water, 
partly by the roller. 
 
In test case 3, the roller reached up to section 7, and the force from the roller was therefore 
directly measured on this section, see Fig 113a. The height of the roller, 𝐿𝐿𝑟𝑟𝑡𝑡𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟, was 
determined from visual inspection of the roller in the raw PIV image at the time when the 
total force was maximum. As each test case was repeated ten times, the height of the roller, 
𝐿𝐿𝑟𝑟𝑡𝑡𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟, was determined manually for each of the runs. For test case 3, section 7, the spilling 
coefficient was then found from:  

 
𝐶𝐶𝑟𝑟  = 𝐹𝐹7

½ 𝜌𝜌 𝐷𝐷𝑈𝑈𝑤𝑤2𝐿𝐿𝑤𝑤𝑡𝑡𝑙𝑙𝑙𝑙𝑤𝑤𝑤𝑤
      (6.7.4) 

 
where 𝐹𝐹7 is the force measured on section 7, L is the length of the section, 𝐿𝐿𝑟𝑟 is the height of 
the section submerged by the roller (see Fig 113a) and 𝑈𝑈𝑟𝑟 is the mean velocity in the roller, 
found by the expression: 
 

𝑈𝑈𝑟𝑟 =  1
𝐿𝐿𝑤𝑤𝑡𝑡𝑙𝑙𝑙𝑙𝑤𝑤𝑤𝑤

∫ 𝑢𝑢𝑟𝑟𝐿𝐿𝑤𝑤𝑡𝑡𝑙𝑙𝑙𝑙𝑤𝑤𝑤𝑤
𝑑𝑑𝑦𝑦     (6.7.5) 
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where 𝑢𝑢𝑟𝑟 and 𝐿𝐿𝑟𝑟𝑡𝑡𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 are properties at the centreline of the cylinder at the time of maximum 
total force. In test case 2, section 7 was also affected, but the affected height of the section 
was too small to use this test for estimation of the spilling coefficient. 
 
In test case 2 and 3, section 6 was partly covered by water and partly by the air-water 
mixture of the roller, see Fig 113b. To estimate the force contribution from the roller, 𝐹𝐹𝑟𝑟𝑡𝑡𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟, 
the approximation was used 
 

𝐹𝐹𝑟𝑟𝑡𝑡𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 = 𝐹𝐹𝑚𝑚𝑟𝑟𝑎𝑎𝑠𝑠 − 𝐹𝐹𝑤𝑤𝑎𝑎𝑡𝑡𝑟𝑟𝑟𝑟     (6.7.6) 
 
where 𝐹𝐹𝑚𝑚𝑟𝑟𝑎𝑎𝑠𝑠 is the measured force on the section when the total force is maximum and 
𝐹𝐹𝑤𝑤𝑎𝑎𝑡𝑡𝑟𝑟𝑟𝑟 is the force contribution from the part of the section covered by the water phase. The 
contribution from the water is estimated through the Morison equation as  
 

𝐹𝐹𝑤𝑤𝑎𝑎𝑡𝑡𝑟𝑟𝑟𝑟 = � 1
2
𝜌𝜌𝐶𝐶𝐷𝐷𝐷𝐷𝑈𝑈|𝑈𝑈| + 𝜌𝜌𝐶𝐶𝑀𝑀𝐴𝐴

𝜕𝜕𝑈𝑈
𝜕𝜕𝑡𝑡
� 𝐿𝐿𝑤𝑤𝑎𝑎𝑡𝑡𝑟𝑟𝑟𝑟     (6.7.7) 

 
Where 𝜌𝜌 is the density of water, 𝐿𝐿𝑤𝑤𝑎𝑎𝑡𝑡𝑟𝑟𝑟𝑟 is the height of the section covered by water and the 
mean velocity and mean acceleration were obtained from the PIV measurements by the 
formulations 
 

𝑈𝑈𝑤𝑤 =  1
𝐿𝐿𝑤𝑤𝑚𝑚𝑡𝑡𝑤𝑤𝑤𝑤

∫ 𝑢𝑢𝑤𝑤𝐿𝐿𝑤𝑤𝑚𝑚𝑡𝑡𝑤𝑤𝑤𝑤
𝑑𝑑𝑦𝑦     and     

𝜕𝜕𝑈𝑈𝑤𝑤(𝑡𝑡)
𝜕𝜕𝑡𝑡

=  1
𝐿𝐿𝑤𝑤𝑚𝑚𝑡𝑡𝑤𝑤𝑤𝑤

∫ 𝜕𝜕𝜕𝜕𝑤𝑤(𝑡𝑡)
𝜕𝜕𝑡𝑡𝐿𝐿𝑤𝑤𝑚𝑚𝑡𝑡𝑤𝑤𝑤𝑤

𝑑𝑑𝑦𝑦. 
 

in which 𝑢𝑢𝑤𝑤 is the velocity of the water. The mean velocity and mean acceleration in the 
water phase were determined for the time instant when the total force was maximum. The 
force coefficients in Eq. (6.7.5) were taken as 𝐶𝐶𝑀𝑀 = 1.0 and 𝐶𝐶𝐷𝐷 = 1.9 following Sarpkaya 
(1976b) for KC = 10.  
 
The spilling coefficient was then found from:  
 

 𝐶𝐶𝑟𝑟  = 𝐹𝐹𝑚𝑚𝑤𝑤𝑚𝑚𝑠𝑠−𝐹𝐹𝑤𝑤𝑚𝑚𝑡𝑡𝑤𝑤𝑤𝑤
½ 𝜌𝜌 𝐷𝐷𝑈𝑈𝑤𝑤2𝐿𝐿𝑤𝑤𝑡𝑡𝑙𝑙𝑙𝑙𝑤𝑤𝑤𝑤

      (6.7.8) 

 
And the KC number of the roller was computed from the mean velocity in the roller by the 
formulation 
 

𝐾𝐾𝐶𝐶𝑟𝑟 = 𝑈𝑈𝑤𝑤𝑇𝑇
𝐷𝐷

      (6.7.9) 
 
Where T is the period of the wave and D is the diameter of the cylinder.  
 
Kinematics was difficult to assess in the water phase under the roller, due to reflections. 
Therefore the following approximation was made to get reliable velocity and acceleration in 
the vicinity of the roller. The velocity and acceleration profiles were obtained at the forefront 
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of the cylinder, where reflections were less severe. The profile was thus a distance R from 
the the centreline of the cylinder. Subsequently, the profiles were shifted in time by 
assuming that the wave propagated with velocity c over this small distance. The profile at the 
forefront was assigned an alternate time t’ as  
 

𝑡𝑡′ = 𝑡𝑡 − 𝑐𝑐/𝑅𝑅.      (6.7.10) 
 
Fig 114 shows the kinematics profiles at the time of maximum total force, used for 
determining the roller coefficient in test 4. The level of the section is indicated by horizontal 
lines in each panel, with the dashed line indicating the limit between water and roller 
(determined by visual inspection). The first panel shows the velocity profile at the centreline 
and at the forefront of the cylinder. A good agreement is seen from -0.4h to -0.1h, and the 
profile at the forefront is seen to stretch further towards the free surface. The mean velocity 
𝑈𝑈𝑤𝑤 was obtained by extrapolating the profile to the centre of the submerged part of the 
section. The extrapolated mean velocity 𝑈𝑈𝑤𝑤 is marked with a cross in the figure. Likewise, 
the profile of acceleration is shown in the second panel with the mean acceleration 𝜕𝜕𝑈𝑈𝑤𝑤(𝑡𝑡)

𝜕𝜕𝑡𝑡
 

which shows good correspondence with the profile measured at the centreline, but stretches 
further towards the free surface. As for the mean velocity, the mean acceleration �̇�𝑈𝑤𝑤 was 
obtained by extrapolating the profile and �̇�𝑈𝑤𝑤 is marked with a cross in the figure. The third 
panel shows the roller profile through the centreline of the cylinder with the mean roller 
velocity 𝑈𝑈𝑟𝑟 found by Eq. (6.7.5) and marked with a cross. Finally the last panel shows the 
force distribution at the time of maximum total force. 

 
Fig 114. Kinematics profiles and force distribution at the time of maximum total force, test 
2. Velocity and acceleration in the water column, velocity in the roller region and force 
distribution. Profiles at centreline of cylinder (blue) and at forefront of cylinder (red) time 
shifted according to Eq. (6.7.10). Mean properties used in Eq. (6.7.8) are marked with a 
cross. Horizontal lines mark section 6 
 
The measured force coefficient for the roller is tabulated in Tab 14. The KC number for the 
roller region was between 22 and 32, and the roller coefficient was between just below 1. 
The associated Reynolds number was defined from the mean velocity in the roller as 
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 𝑅𝑅𝑅𝑅 = 𝑈𝑈𝑤𝑤𝐷𝐷
 𝜈𝜈

      (6.7.11) 
 

with 𝜈𝜈 as the kinematic viscosity in water. 
 
Correcting for the altered density of the air-water mixture can be done by using the result of 
Chapter 6, which corrected the inertia coefficient for the effective density by multiplying 
with the correction factor 𝛿𝛿, defined as in Eq, (5.5.1) and repeated here 
 

𝛿𝛿 = 𝜌𝜌𝑤𝑤𝑚𝑚𝑡𝑡𝑤𝑤𝑤𝑤
𝜌𝜌𝑤𝑤𝑚𝑚𝑡𝑡𝑤𝑤𝑤𝑤(1−𝐹𝐹𝑚𝑚𝑚𝑚𝑤𝑤)+𝐹𝐹𝑚𝑚𝑚𝑚𝑤𝑤∙𝜌𝜌𝑚𝑚𝑚𝑚𝑤𝑤

   (5.5.1) 

 
The correction factor 𝛿𝛿 represents the ratio between the density of water and the effective 
density of the air-water mixture. Using the same approach here and assuming an air content 
of 0.4±0.1, which corresponds to the findings of Lim et al. (2015) and Rojas and Loewen 
(2010), the roller coefficient was found to be between 1.3 and 1.6 with an uncertainty due to 
the air content of ±0.3.  
 
Tab 14. Parameters for determining the roller coefficient 𝐶𝐶𝑟𝑟  

Case Time 
[s] 

Section L𝑟𝑟𝑡𝑡𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟  
[m] 

𝑈𝑈𝑟𝑟  
[m/s] 

𝐹𝐹𝑟𝑟𝑡𝑡𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟  
[N] 

KC 
[-] 

Re 
[-] 

𝐶𝐶𝑟𝑟 
[-] 

𝛿𝛿 ∙ 𝐶𝐶𝑟𝑟 
[-] 

2 t = 0 6 0.029 0.98 1.07 22.0 0.8 ∙ 105 0.96 1.6 ± 0.3 
3 t = 0 6 0.035 1.41 2.01 30.0 1.1 ∙ 105 0.81 1.3 ± 0.3 
3 t = 0 7 0.021 1.36 1.45 30.7 1.1 ∙ 105 0.92 1.5 ± 0.3 

 
Fig 115 shows the obtained roller coefficient 𝐶𝐶𝑟𝑟 corrected for the effective density as a 
function of KC number. The correction factor 𝛿𝛿 was determined assuming an air fraction of 
0.4±0.1. The uncertainty of the air content is represented with error bars in the figure. The 
roller coefficient is plotted along with drag coefficients from the literature with Reynolds 
number Re =  1.7 ∙ 104 shows a good correspondence. This result indicates that a simple 
drag model can be used as a first estimate of the forces on a cylinder associated with a roller 
impact. 
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Fig 115. Measured roller coefficient from a simple drag model for the roller of a spilling 
breaker, corrected for the effective density, assuming air fraction 𝑉𝑉𝑎𝑎𝑖𝑖𝑟𝑟 = 0.4 ± 0.1. 
Comparison to drag coefficient from literature for 𝑅𝑅𝑅𝑅 =  1.7 ∙ 104 comprise of ×: Sarpkaya 
(1976b), o, : Bearman et al. (1985b).  
 

6.8 CONCLUSIONS 

• Local force and force distribution: The local force close to the bed is more 
sinuoidal in shape, while the force near the free surface is more influenced by 
higher harmonics, as was found for steep, regular waves. The force distribution is 
rather well captured by a Morison model with  kinematics based on a 
superposition of linear components Wheeler stretched to the free surface. The 
maximum force occurs almost simultaneously on all sections, with time between 
maximum force at bottom and top of around 0.06T.  
 

• Kinematics of water and roller region: For the test cases with a roller, the velocity 
in the roller region was 1.1c-1.3c, which was multiple times larger than in the 
water phase below, supporting the concept of the roller being carried with the 
wave. The velocity distribution in the roller was close to parabolic. The shape of 
the measured accelerations was somewhat inconclusive. It is not clear whether this 
is due to the nature of the flow, or if it is due to a sample rate too low to capture 
the accelerations in this region.   
 

• Force coefficients (water phase): The local force coefficients for the sections 
embedded in water lined up well with results from Sarpkaya (1976b), Bearman et 
al. (1985b) and the present work for regular, non-breaking waves. 

 
• Force coefficients (roller): A simple drag model for the force in the roller region 

was suggested, Eq. (6.7.3) and explored on three test examples. Obtained roller 
coefficients were just below 1 for KC numbers in the range 22-30. Correcting for 
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the effective density increases the roller coefficient dependened on the air content 
in the roller. Assuming an air content of 40%, the correction yields effective roller 
coefficient of 1.3-1.6 for the test examples presented here. This result suggests that 
a simple drag model can be used as a first estimate of the forces on a cylinder 
associated with a roller impact. 

 
• Breaking point relative to the cylinder: Largest total force was when the wave 

breaks immediately in front on the cylinder. The total force stays large even when 
the wave breaks downstream of the cylinder. Likewise, the maximum force at the 
sections above the still water were increased when the wave broke close to the 
cylinder. Below the still water level, the maximum force at the three sections 
closest to the bed was almost indifferent to the shift in breaking point investigate 
here. For the two sections around the still water level, the maximum force 
increased as the breaking point moved closer to the cylinder, and continued to 
increase even when the breaking point was downstream of the cylinder. 
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Chapter 7: Conclusions 

7.1 CONCLUSIONS 

This thesis explored the following topics applicable to wave loads on vertical, circular 
cylinders. 1) The measurement of wave load distribution in the vertical. 2) Combined 
measurements of local wave loads and wave kinematics, using Particle Image Velocimetry 
(PIV) at high sample rate to obtain both fluid velocity and acceleration. 3) The effect of air 
fraction on wave loads. 
 
Measurements of wave load distributions were obtained by the development of a model 
cylinder divided into individual sections, on which the local wave loads were measured by 
load cells. Two different model cylinders were tested and presented herein. The two 
cylinders, A and B, were constructed differently. Cylinder A connected the individual 
sections by load cells, which then measured the shear stress between individual sections. The 
main challenge of this set-up was to ensure that the cylinder was rigid, and the rigidity 
somewhat depended on the tightness of the connecting screws. A hammer test showed a 
natural frequency of 41Hz of the system. Cylinder B was equipped with a metal rod through 
the centreline of the cylinder sections. Each individual section was connected to the metal 
rod by a load cell. In this set-up, each load cell measured the local force, and the natural 
frequency of the system was 64Hz as found by a hammer test. From static load tests, both 
model cylinders measured forces within 1-2% of the applied force, and enabled 
measurements of local wave loads. 
 
The measurements of wave loads were accompanied by measurements of wave kinematics. 
The fluid velocities were measured by a PIV system with a sample rate of 96Hz. 
Accelerations were assessed from the obtained velocities by a simple forward difference 
scheme. Comparisons of the velocities and accelerations to LDV measurements showed a 
good agreement.  
 
Finally, an attempt to measure the effect of air fraction on wave loads was carried out in an 
idealized set-up. The motivation was to, indirectly, isolate the effect that air fraction plays 
during the air entrainment associated with breaking waves. In the idealized set-up, a vertical, 
square cylinder oscillated in a water tank and the associated load were measured as air was 
entrained into the tank from below. Air was entrained from three air diffusers at the bottom 
of the tank and the air fraction varied in steps from 0% to 17% (controlled by a valve in the 
pump system). The idealized set-up showed that the inertia coefficient could be corrected by 
accounting for the air fraction using an effective fluid density.  
 
The experimental set-up outlined above, which enabled detailed investigations of wave loads 
and wave kinematics, was applied to two different wave conditions. 1) Measurements of 
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steep, non-breaking regular waves. To increase wave steepness, the waves propagated on a 
slope of 1/25, which induced wave steepness ranging from H/L=0.01 till near-breaking of 
around 0.08. In total, local force was measured for twenty different wave conditions. In five 
selected cases, the wave kinematics was measured as well. 2) Measurements of a spilling 
breaker on flat bed (a focused wave event). Wave loads were measured and accompanied by 
measurements of wave kinematics. The influence of the breaking point relative to the 
cylinder was investigated as well, and eight different breaking locations were measured. The 
roller kinematics was studied by PIV.  
 
The measurements of steep, regular waves showed that while in many cases the total force 
was well captured by Morison equation (based on stream function theory), the local force 
was underestimated near the free surface and slightly overestimated in most of the remaining 
water column. Studies of the first, second and third local force harmonics showed that in 
shallow water (here, 𝑘𝑘ℎ ≤ 0.65), the second force harmonic was the same magnitude as the 
first harmonic. Further, the third force harmonic increased rapidly with wave steepness at the 
section closest to the free surface. Investigations of the local force showed that the local 
maximum occured later at the top section, which was exposed to the free surface than near 
the bed. Investigating the time of maximum force, it was observed that the maximum force 
occurred later at the section close to the free surface. The time of maximum force showed a 
dependency on the Ursell number, and thus may be linked to the non-linearity of the waves. 
For high Ursell numbers (Ur>100), the maximum force was almost simultaneous along the 
vertical of the cylinder. For smaller Ursell numbers (Ur<20), the variation between top and 
bottom sections increased, such that the maximum force at the top section arrived about 0.2T 
later than at the bottom section.  Similar results were found for the spilling breaker, for 
which the maximum force at the top section occurred 0.08T later at the top section.  
 
The measurements of a spilling breaker, obtained by a focused wave event on flat bed, 
showed that the largest total force occurred when the wave broke immediately in front of the 
cylinder. The largest local force event was also found at this breaking location. Comparison 
to Morison’s force model with kinematics computed through a Wheeler stretched 
superposition of linear components, show a reasonable agreement, both in total force and in 
force distribution. A simple model for the local force associated with the roller was tested 
and yielded good first results. The force coefficient obtained for the roller was adjusted by 
using the effective density as for the idealized setup, and good correspondence with drag 
coefficients were obtained. This suggests that a first estimate of the local force imposed by 
the roller can be found by assuming a drag dominated flow and using drag coefficients from 
the literature, as long as the effective density is used. More designated experiments are 
needed to fully investigate this topic. 
 
Local force coefficients were determined for both regular, non-breaking waves and for the 
spilling breaker. Good agreement was found with measurements in the literature. It was 
found that for small KC numbers, one global set of force coefficients are adequate for all the 
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local forces. For the spilling breaker, the local KC numbers were larger and the force 
coefficients had a greater local variation.  

7.2 FUTURE WORK 

For future work, it is recommended to use some of the results here to test current numerical 
wave load models, including common CFD models such as OpenFoam. A successful 
numerical model should be able to model the phenomena described in this work, including 
the following observations  

 
• Local forces were dominated by first harmonics near the bed, while the part of the 

cylinder exposed to the free surface was influenced by higher harmonics. The 
influence of third harmonic increased rapidly with the wave steepness H/L.  
 

• Time of maximum force occurred later at the part of the cylinder which was in the 
vicinity of the free surface relative to the section close to the bed. The time 
difference was small for highly non-linear waves (<0.08 T) and large for waves 
dominated by first harmonics (0.2T). 
 

Future work should also involve more detailed measurements of the roller kinematics and 
associated forces, by an experimental setup with a finer resolution of measured forces above 
the still water level. For the measurement of roller kinematics, it is also recommended to 
increase the number of repeated events to more than ten, to get even more reliable data for 
this chaotic process. Further, the experimental setup would ideally include measurements of 
air fraction to supplement the measurement of forces and kinematics. With this data, the 
simple drag model for the roller region suggested in this work can be tested more fully, 
which would serve as an interesting and powerful first estimate of wave forces near the 
surface.  
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Appendix 

Appendix A 
Sealed vs open cylinder 

 
The following appendix presents the time series of surface elevation, total force and local 
force measured at the wave gauge next to the cylinder (WG6). The time series compare the 
forces measured on the cylinder with open gaps between sections (full line) and with sealed 
gaps (dashed line). When the cylinder was sealed, the height of the bottom section was 
reduced to make space for a circular foundation to be glued to the bed. The height of section 
one was 0.06m (25% less than the remaining sections). This accounts for most of the 
difference between the force measured on section one in the two cylinder conditions. 
Towards the end of the measurement campaign with sealed cylinder, it was noticed that the 
sealing was somewhat broken at section one. This might influence the validity of the least 
two experiments (test 4 and 9). 
The presented time series are mean values of ten individual measurements. Some variation 
was present in the surface elevation, since the wave output varied from test day to test day, 
even with the exact same input and e.g. care was taken to ensure a constant water depth in 
the flume. The difference that the oscillating water column introduces appeared smaller than 
the error on the repeatability of the wave.  
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Fig 116. Left) Test 1, right) Test 2. Full line: open. Dashed line: sealed. 
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Fig 117. Left) Test 3, right) Test 4.  Full line: open. Dashed line: sealed. 
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Fig 118. Left) Test 5, right) Test 6.  Full line: open. Dashed line: sealed. 
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Fig 119. Left) Test 7, right) Test 8.  Full line: open. Dashed line: sealed. 
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