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• Eq. (2.4.2) The first norm term should be ‖KH − Iij‖2L2(0,T ), i.e. (Ω) is

replaced with (0, T ).

• Eq. (4.1.1) The first norm term should be ‖KH − Ij‖2L2(0,T ), i.e. same
correction as above, and a power of two was missing. Note that i isn’t
missing here, the single index notation is explained in the paragraph below
Eq. (2.3.10) on page 12 in the Thesis.

• Page 31, last paragraph, ”safety maŕǵin” should correctly be ”safety mar-
gin”.

• Figure 5.1, the visualized realisations are 90 degrees clockwise rotated
relative to the later figures 5.2, 5.5. and 5.6. Hold up the page and rotate
it 90 degree counter-clockwise for the correct realisations.

• Figure 5.2, in the caption a space is missing in ”usedfor”.
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Summary (English)
How can you determine the internal structure of an object without breaking it apart?
The answer lies in the indirect imaging of tomography. Tomography is about determining
some physical property of an object by measuring the effect caused by said property.

In acousto-electric tomography the physical property in question is conductivity; a mea-
sure for the ease with which electric current flows. By running electrical currents through
the object and measuring the potentials generated at the surface of the object its conduc-
tivity can be estimated. However, due to the nature of electricity such estimates suffer
from blur. Here enters acoustics, which (somewhat unintuitively) can help mitigate the
blur through ultrasound.

Mathematical models describe the behaviour and interaction between electricity and
ultrasound waves and link the conductivity, controls and measurements. Such a model
works within certain constraints and in this project we develop theory and numerical
methods to explore those boundaries.

We ask the questions and attempt to answer: What happens if the electrical properties
of an object are less nicely behaved (mathematically)? How well do we need to know
the ultrasound wave to use the model? And can we still get an image if we can only
access a part of the surface of an object?
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Summary (Danish)
Hvordan kan man bestemme de indre strukturer af et objekt uden at skille det ad? Svaret
findes i de indirekte tomografiske afbilledeningsmetoder. Tomografi handler om bestem-
melsen af en karakteriserende fysisk egenskab for et objekt. Denne forsøges bestemt ved
at måle en effekt, der afhænger af egenskaben.

I akusto-elektrisk tomografi er den søgte egenskab ledningsevne; hvilket er et mål for,
hvor nemt en elektrisk strøm kan bevæge sig. Ved at lede strøm gennem objektet og
måle den spændingen, der genereres på overfladen, kan ledningsevnen beregnes. Grundet
elektricitets adfærd kommer en beregnet ledningsevne dog med en udglatning. Det er
her akustikken kommer in i billedet. Brug af ultralyd kan (omend det måske ikke er
helt intuitivt) hjælpe med at modvirke udglatningen.

Matematiske modeller beskriver opførslen og sammenhængen mellem elektricitet og ul-
tralydsbølger, og sammenkobler ledningsevnen, målingerne og de kontrollerede input.
Såden en model virker inden for bestemte rammer. I dette projekt udvikler vi teori og
beregningsmetoder til at udforske disse rammer.

We forsøger således at svare på spørgsmålene: Hvad sker der når et objekts elektriske
egenskaber opfører sig mindre (matematisk) pænt? Hvor præcist kendskab til ultralyds-
bølgen, har vi brug for? Og kan vi stadig opnå et tomogrfisk billede, hvis vi kun kan
tilgå en lille del af objektet overflade?



iv



Preface
This thesis was prepared at the department of Applied Mathematics and Computer
Science at the Technical University of Denmark in fulfillment of the requirements for
acquiring a PhD degree. The research covered in this thesis was performed between
January 2nd 2017 and March 31st 2020 in the Section for Scientific Computing under
principal supervisor Associate Professor Kim Knudsen and co-supervisors Postdoctoral
Fellow Bolaji James Adesokan and Associate Professor Martin Skovgaard Andersen.

This thesis covers the research on acousto-electric tomography performed during my
PhD programme. The aim is to summarize and present the work and results detailed
in published journal papers and unpublished manuscripts. The first Chapters 1–2 gives
an overview of the acousto-electric tomography problem, and Chapters 3–6 is each a
summary of the corresponding manuscripts referred to as Papers A–D; attached in Ap-
pendix A–D. Chapter 7 provides discussion and an outlook based on the work of the
thesis. Theoretical mathematical background content appear in Appendix E, and Ap-
pendix F covers the numerical code from the project.
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raphy with total variation regularization. In: Inverse Problems 35.3 (2019), pages
035008, 25. issn: 0266-5611. doi:10.1088/1361-6420/aaece5
© IOP Publishing. Reproduced with permission. All rights reserved.

(B) B. C. S. Jensen, A. Kirkeby and K. Knudsen. Feasibility of acousto-electric tomog-
raphy. Available from: https://arxiv.org/abs/1908.04215

(C) B. C. S. Jensen and K. Knudsen. Sound speed uncertainty in acousto-electric
tomography. https://arxiv.org/abs/2003.14114
Submitted to: SIAM/ASA Journal on Uncertainty Quantification

(D) B. C. S. Jensen and K. Knudsen. Reconstructability from power density data in
limited view. Unsubmitted manuscript.
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CHAPTER 1
Introduction

In this thesis we consider the problem of finding the conductivity σ in a domain Ω from
various measurements. Finding the conductivity of some material without full access
comes up in a variety of situations and, while generally a very hard problem, the difficulty
is dependent on the kinds of measurements available in the given situation. But why
are we interested in the conductivity and why may we not just measure it directly?

Conductivity is related to conductance, which is the reciprocal of resistance. Given a
material compound with attached wires, its resistance is a measure of how difficult it
is for an electrical current to pass through the compound. Conversely, the conductance
then denotes the ease with which an electrical current passes through.

The conductance thus denotes a property of the material compound. It relies on a
number of parameters such as the geometry of the material, placement of the wires and
material composition etc. Conductivity on the other hand is strictly a material property
independent of the geometrical setup. Consider for example a wire with a cross section
area A, length ℓ and made from a material with conductivity σ, then the conductance
if the wire is G = σA/ℓ.

Most materials are composite materials and thus if we can determine the distribution
of conductivity in said material, it is clear that we have immediately also obtained
structural information about the relative positions of different material constituents.
Say we have available look-up tables of conductivity values of different materials, and
we may have some idea of which possible parts our composite materials consists of, then
we may further determine exactly which materials exists where.

In the same way, abnormal observations in the conductivity distribution could be indica-
tive of problems in the material, for instance internal breaks and cracks visually invisible
to an external observer [32]. If measurements are done on a person an abnormal dis-
tributions of conductivity could be used to classify various things such as air trapping
and lung collapse [49], detection and classification of strokes [46, 51, 53] or inclusion
detection [24, 25], which could be used for indication of the presence of a tumor, e.g.
breast cancer [36, 59], given their relatively high conductivity [17, 31, 34].

These are just some of the potential applications from being able to determine the
conductivity of an object. There are various methods, which utilize a variety of different
measurements to get at the conductivity. We will study a method utilizing electricity



2 1 Introduction

and acoustic waves using a coupling phenomenon between them. Our problem is called
the acousto-electric tomography (AET) problem.

The word tomography comes from the Greek words tomos, ”slice”, and grapho, ”to write”.
It refers to the reproduction of slice images as seen in traditional CT- (or CAT-) scanners1

and is now ubiquitously present in the name of pretty much every imaging technique
which involves non-invasive interior observations on humans, animals or materials; in
other words ... non-invasive observations on pretty much anything, actually.

Returning to the AET problem, the general physical model to set this up comes, in
essence, from combining Ohm’s law j = σ∇u and Kirchhoff’s law ∇ · j = 0 to form the
partial differential equation (PDE)

−∇ · σ∇u = 0 in Ω.

Here u is the potential, therefore ∇u the electrical field, and j is the current density.
The imaged medium is represented by Ω. For a more general derivation stemming from
Maxwell’s equations we refer to [18, 55].

Assuming a Dirichlet boundary condition, u = g on ∂Ω, which we may control, and
measurements of the Neumann boundary condition f = σ∂νu corresponding to the
current flux at the boundary (or vice versa), we obtain the Cauchy data {(g, f)} thus
defining the map Λσ : g 7→ f . The question is: Given knowledge of the above described
map, are we able to determine the conductivity σ from Λσ?

This problem is what we call the electrical impedance tomography (EIT) problem, but
it is also sometimes to as the Calderón problem named after A. P. Calderón, who first
formulated the mathematical theory for the problem in 1980 [19].

The EIT problem has since Calderón been studied extensively in part due to its potential
medical uses. For more complete and in depth treatments of the topic we refer to the
survey and review articles [18, 21, 30, 54].

In practical application the EIT problem turns out to present certain difficulties. While
it is known to provide strong contrast in relevant applications, it also suffers from the
diffusive properties of the PDE resulting in a loss of resolution. In a pursuit to rectify
this hybridization of methods were introduced; one of which is AET.

In the AET problem the EIT framework is maintained, however, during measurements
the medium is perturbed by an ultrasound wave resulting in extra interior information.
The idea is then to first obtain a functional

H = σ|∇u|2,

called the power density, which will contain resolution information and help counteract
the diffusion inherent in EIT. The power density is a physical quantity expressing the

1CT is short for Computed Tomography, CAT for Computed Axial Tomography
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power per unit volume. It is a function which to each point in the medium connects the
energy consumption during the measurement process.

Truthfully one may obtain slightly more than just the power density. In fact it is possible
to obtain the functions

H̃ = σ∇u · ∇v,

where v (like u) is an electrical field from the former PDE related to a particular choice
of boundary condition. To the best of our knowledge, this quantity does not have any
direct physical interpretation unlike the power density, and when necessary we will refer
to it as a mixed power density. For the majority of the work in this thesis only the power
density itself is used.

From those above quantities the conductivity is sought. The problem is thus in two
steps: 1) recover the power density, 2) recover the conductivity. The second part of the
problem, where the power density data is assumed available, is by far the most prevalent
in the literature.

Like EIT the AET problem has seen a significant amount of study. To the best of our
knowledge the experiment performed in [57], based on the physics of acousto-electric
interaction described in the precursory [35, 44], is the first direct work in the direction
of AET. The idea was reintroduced in a theoretical framework in [6] and explored futher
in [20]. Uniqueness and stability results for the problem have been discussed extensively
in [9, 11, 12, 14, 42, 43, 47]. Reconstruction algorithms for the conductivity have been
considered in [3, 4, 15, 33]. Recovery of the interior data relies on knowledge and control
of the probing ultrasound wave. A method of synthesizing data corresponding to a
point-focused wave from more general spherical wave fronts was proposed in [41] and
stable algorithms based on this has been presented in [40]. Artifacts in reconstructions
as a result of propagation of singularities in AET was considered in [13].

The AET problem is part of a greater framework of problems called hybrid problems.
For a broader survey of these kinds of problems, the reader is referred to [7, 10, 39, 55].

The idea with AET is that the extra interior data will make it a less ill-posed prob-
lem compared to EIT. The concept of ill-posedness stems from its converse, the well-
posedness of a problem, which in mathematical literature is attributed to J. Hadamard
[29], who stated that only well-posed problems are of interest. He defined a problem as
well-posed when all of the following conditions, which we shall refer to as the Hadamard
conditions, holds for the problem.

1. A solution exists for the problem,

2. the solution to the problem is unique, and

3. the solution’s behavior changes continuously with the data.
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Thus an ill-posed problem is one for which at least one of the Hadamard conditions fail
to hold true.

Both EIT and AET belong to a class of problems called inverse problems, which are typ-
ically ill-posed problems. Inverse problems thus pose a strong contrast to Hadamard’s
statement. They often stemming from real world phenomenons, where they characterise
a cause and effect relationship, the aim being the determination of the “not-directly-
observable” cause from the measurable effect. For example in the EIT problem, without
opening (this would often be equivalent to damaging or destroying) the object the con-
ductivity is not directly measurable but it influences the observable relationship in the
measured Cauchy data. AET is the same, but with slightly more measured data. Thus,
in EIT, the contuctivity is the cause and the measured Cauchy data are the effect.

As a contrast to the well-posedness of a problem, one may discuss the degree of ill-
posedness inherent in an ill-posed problem, and as mentioned above, the hope for AET
is that it is less so than EIT. Quantifying this is not a trivial matter however, and
we shall not make an attempt at such in this thesis but simply state the above as a
motivation why AET has valid consideration. We will mention though that often the
degree of ill-posedness is quantified by considering the decay rate of the singular values
of the problem’s forward operator [48, Section 3.3.1]. For us it shall suffice to say that
the problem is ill-posed when breaking one (or more) of the Hadamard conditions.

Under different considered circumstances a problem might break any or all of the con-
ditions. Let us ponder this statement a bit.

As it turns out, under sufficiently nice assumptions the AET problem can be proven
to have a unique solution. It was already mentioned earlier that both uniqueness and
stability had been studied for the problem. First of all, reconstructing the power density
is possible if the ultrasound waves are known and can capture the features of the power
density properly. Secondly, from reconstructed mixed power densities it is possibly to
straight up construct a local inversion formula for the conductivity; under certain as-
sumptions. An important criteria for this is the Jacobian constraint, which in essence
asks that the electrical fields corresponding to different boundary conditions are inde-
pendent. In other words, it is possible to perform measurements which do not yield any
additional information. In practice, however, a lot of the nice assumptions required for
these results falls away, thus leaving us with “the hard problem”.

Consider the EIT problem of determining conductance from boundary measurements.
As we can perform the measurements surely the conductivity of the upon measured
object is a well-defined quantity, even if we do not know it, so the first Hadamard
condition must hold true? In principle, yes. However, consider the boundary potentials
and currents. While we say we control one and measure the other, in reality we can only
be so precise; both in control and measurement. So we obtain noisy data, which might
not actually be in the range of the model used to describe the physics, and so in that
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sense the first condition may be failing. Of course, in this respect AET is no different.
In fact, all conditions may fail simultaneously. Due to finite measurements and cloaking
phenomenons the second condition may fail, and by operator compactness of the model
the continuity of the inverse operator is unobtainable.

In consideration of the above, solving an inverse problems would seem almost futile.
Alas, we wish to solve them anyway.

In this thesis we pose — and attempt to give (at least partial) answers to — a number of
questions to the necessary assumptions above. These questions include: What happens
when the regularity assumptions for the conductivity are dropped? And if we don’t
know the ultrasound wave well enough, how does this affect the problem? If we cannot
access the entire boundary of the imaged medium, is it still possible to satisfy necessary
conditions, like the Jacobian constraint, to recover the conductivity?

1.1 Structure of the thesis
This thesis is structured in the following way. Chapter 1 is the introduction, which you
are currently reading, gives a fairly high level introduction to the central topic to this
thesis, namely acousto-electric tomography, and where it comes from. It then slowly
breaches into some topics more general to the broader picture of inverse problem while
relating them back to AET.

In the following Chapter 2 the more rigorous and technical description of acousto-electric
tomography is given starting with electrical impedance tomography, touching upon
the acousto-electrical coupling phenomenon and finally describing mathematically the
acousto-electric tomography problem and its natural problem decomposition.

Chapters 3–6 concerns themselves with the manuscripts written during this project and
aims to be a summary the main results and achievements in each article. For some,
additional results, which could not be fit into the manuscript, have been added.

Finally, Chapter 7 is a discussion with concluding remarks and an outlook perspective.

Appendix A–D contains the manuscripts produced during this project.

In Appendix E required theory beyond what may be expected from an introductory
course is laid out. It attempts to be sparse and introduce only the required additional
topics to the degree necessary for following the thesis. For more depth in these topics the
reader is recommended to follow the references in this section. In some places we have
taken the liberty to be more explicit in detail than necessary out of personal interest. It
is stated clearly when something can be skipped without any loss of coherency.

Notes on code from the project are covered to some extend in Appendix F. The code
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is aimed for running on the DTU Gbar cluster, and thus is mostly of interest for PhD
and master students at DTU.



CHAPTER 2
The acousto-electric
tomography model

In this chapter we deep dive into the topic of acousto-electric tomography. We start
with electrical impedance tomography and then go into acousto-electric coupling, which
are both combined to get there. Finally, we will consider the decomposition of the AET
problem into its two parts and discuss some choices on these further.

2.1 The electrical impedance tomography
problem

As we remarked upon in the Introduction in Chapter 1 the EIT problem consists of
seeking an unknown conductivity σ on an object Ω from Cauchy data corresponding to
boundary current-voltage measurements. There are of course many variations on this,
and we shall try to give a brief overview here.

Formally, we consider on a Lipschitz domain Ω ⊂ Rd, d ≥ 2, the partial differential
equation

−∇ · σ(x)∇u(x) = 0, for x ∈ Ω. (2.1.1)
Here the solution u(x) is the electrical potential at x ∈ Ω. The equation follows from
a series of approximations and simplifications applied to Maxwell’s equations [18, 55],
which in essence boils down to combining the continuous version of Ohm’s law j(x) =
σ(x)∇u(x) and Kirchhoff’s law ∇ · j(x) = 0, where j(x) is the current density vector.
Kirchhoff’s law comes in as the assumption that no electrical sources or sinks exist in
the body Ω. We remark that we here assume further that σ(x) is real-valued.

Assuming reasonable choices of boundary conditions, which we shall return to, the fol-
lowing condition guarantees the solvability of (2.1.1). We shall assume that σ(x) satisfies
the condition below.

Assumption There is λ ∈ (0, 1) such that for all ξ ∈ Rd the following holds:
λ∥ξ∥2 ≤ ⟨σ(x)ξ, ξ⟩ ≤ λ−1∥ξ∥2, a.e. x ∈ Ω. (2.1.2)
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Essentially σ(x) is bounded and bounded from below by a positive constant, which we
may physically interpret as the (seemingly) reasonable assumption that we are deal-
ing with neither perfect insulators nor superconductors in the medium. Note that we
are deliberate with our notation above, as in principle σ(x) may be a scalar-valued or
matrix-valued function. The latter allows the consideration of materials with anisotropic
conductivities. Generally we shall consider the former scenario, i.e. that σ(x) is scalar
valued. Observe that taking σ(x) = κ(x)I, where I is the d×d identity matrix and κ(x)
some scalar-valued function, shows the matrix-valued case to be the broader topic and
the scalar-valued scenario to be a special case.

One typically assumes either Dirichlet or Neumann boundary conditions for (2.1.1); then
measuring the other. While the Neumann condition is commonly the actual control in
physical devices, for analysis purposes the Dirichlet condition is often preferred as it
yields some easier handled function spaces. We touch upon both briefly.

Given (2.1.1) with the Dirichlet boundary condition u|∂Ω(x) = g(x), x ∈ ∂Ω, with
g ∈ H1/2(∂Ω), and the assumption (2.1.2), standard application of the Lax-Milgram
theorem (Theorem E.3.1) tells us that (2.1.1) has a unique weak solution u ∈ H1(Ω).
Assumptions of higher regularity on the domain Ω, the boundary condition g(x) and on
σ(x) naturally also leads to higher regularity of u(x) as can be found in any standard
textbook on the topic, see for instance [22, chp. 6.3] or [52, chp. 8.6]. As g(x) + c for
any constant c yields the same current flux at the boundary it is sensible to restrict to
consider only g ∈ H1/2

⋄ (∂Ω).

It is similar for the Neumann boundary condition, where (σ∇u)|∂Ω(x) · ν(x) = f(x),
x ∈ ∂Ω, with f ∈ H−1/2(∂Ω), and the assumption (2.1.2), leads to a unique weak
solution u ∈ H1

⋄ (Ω) for (2.1.1); i.e. the space of H1(Ω) functions with zero mean on
the boundary. Since for any solution u ∈ H1(Ω) to (2.1.1) with Neumann condition we
also have that u(x) + c is a solution, where c is any constant, in essence searching in
the subspace H1

⋄ (Ω) corresponds to fixing some part of the boundary to be grounded, i.e.
potential zero, which establishes the uniqueness.

We note the required compatibility condition ⟨f, 1⟩ = 0. Here the bracket ⟨·, ·⟩ denotes
the (H−1/2(∂Ω), H1/2(∂Ω))-dual pairing, and the condition follows from setting ϕ(x) = 1
in the weak formulation of (2.1.1), i.e. in

∫
Ω
σ(x)∇u(x) · ∇ϕ(x) dx =

∫
∂Ω

(σ(x)∇u(x) · ν(x))ϕ(x) dx︸ ︷︷ ︸
⟨f, ϕ⟩H−1/2,H1/2

, ϕ ∈ H1(Ω). (2.1.3)

In other words, in truth f ∈ H−1/2
⋄ (∂Ω), the space of H− 1

2 (∂Ω) functions with mean
zero. This corresponds to a conservation of the current in the system.

In either case the solution u ∈ H1(Ω) admits the existence of the other boundary condi-
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tion in the appropriate space, and it thus defines the Dirichlet-to-Neumann map

Λσ : H1/2
⋄ (∂Ω) → H−1/2

⋄ (∂Ω), g 7→ f, (2.1.4)

or conversely the Neumann-to-Dirichlet map

Rσ : H−1/2
⋄ (∂Ω) → H1/2

⋄ (∂Ω), f 7→ g. (2.1.5)

It is often sufficient and practical to restrict to the space L2
⋄(∂Ω) in which case the

operators becomes self-adjoint, e.g. see [18, 25]. The maps are clearly inverses of each
other, and full knowledge of a map corresponds physically to knowing every possible
measurement pair (g, f) at the boundary.

The classical electrical impedance tomography problem is to determine σ(x) assuming
knowledge of either the map Λσ or Rσ.

2.2 Acousto-electrical coupling
Acousto-electric coupling is roughly the physical phenomenon of sound modifying the
electrical properties of a medium under excitation. The effect is small, but quantifiable,
and in this section we shall attempt to explain the process of the phenomenon.

A sound is a pressure wave and thus sound may travel through any compressible material,
which is most materials as even those sometimes denoted “incompressible”, e.g. water,
are not completely so. So what happens when a pressure wave travels through such a
medium? As intuition would suggest, it is the same as in air; there will be localized
areas of higher and lower pressure.

Under the influence of a force, such as from pressure, a material will experience a de-
formation depending on its elastic properties. Assuming the deformation is sufficiently
small, elasticity will eliminate the deformation as the force disappears.

The relative change in pressure forces a compression or expansion of the material thus
altering distances between pats. Therefore intuitively, since conductivity is conductance
per unit area1, changes in distance will alter area; hence conductivity. This is what we
call the acousto-electric coupling effect. In reality the derivation is slightly more compli-
cated, see [35]. In essence though, assume a background pressure p0 and a perturbation
to this pressure δp, then the conductivity σ, observed under the background pressure,
will experience a perturbation δσ satisfying

δσ

σ
∝ δp. (2.2.1)

1Siemens per meter in 2d; assume working in a cross section of a infinitely long three dimensional
object homogeneous in the normal direction of the modelled 2d-plane.



10 2 The acousto-electric tomography model

Introducing the constant of proportionality η, denoted the coupling coefficient, we may
rewrite equation (2.2.1) as

σ + δσ = σ (1 + ηδp) . (2.2.2)

In application both the conductivity σ and the change in pressure δp are spatially de-
pendent functions. Furthermore, as the change in pressure is the result of a wave, this
is additionally time dependent. Denoting by σ∗ the perturbed conductivity σ + δσ, we
therefore write

σ∗(x, t) = σ(x)(1 + ηδp(x, t)), (2.2.3)

which is the form we shall be using onward.

2.3 The acousto-electric tomography
problem

As the name suggests acousto-electric tomography combines electrical measurements and
acoustics in an attempt to produce improved tomographic images. This was remarked
upon in the Introduction in Chapter 1 but we shall elaborate in a little further detail
here.

In AET we keep the setup of EIT while introducing an ultrasound wave p(x, t), which
traverses the object of interest thus perturbing the conductivity of the object due to the
acousto-electric coupling as discussed in Section 2.2. For modelling purposes we shall
assume that the wave p(x, t) is a solution of the scalar wave equation(∂2

t − c2(x)∆)p(x, t) = S(x, t), (x, t) ∈ Rd × R+,

p(x, 0) = ∂tp(x, 0) = 0, x ∈ Rd,
(2.3.1)

where c(x) is the wave speed and S(x, t) is the source term describing the one or several
transducers generating the wave. We will assume both to be smooth functions and
in general assume S(x, t) to be compactly supported in both the spatial and temporal
variable. For the purpose of clarity let us state that p(x, t) here plays the role of δp from
Section 2.2, expressing the change in pressure relative to the fixed background pressure,
which would typically be atmospheric. Thus traversing our object with conductivity
σ(x) the perturbed conductivity from Equation (2.2.3) is given by

σ∗(x, t) = σ(x)(1 + ηp(x, t)). (2.3.2)

While the speed of an ultrasound wave is fast, relative to the speed at which an electrical
system (without larger coils and capacitors) reaches its steady-state it is tremendously
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slow, and thus we may consider each time t ∈ R+ separately. We find that the perturbed
potential satisfies

−∇ · σ∗(x, t)∇u∗(x, t) = 0, for x ∈ Ω. (2.3.3)

Again we have the choice of boundary condition. Onward from here we shall, unless oth-
erwise stated, consider the Neumann boundary condition. Thus Equation (2.3.3) comes
with the boundary condition σ∗(x, t)∇u∗(x, t) ·ν(x) = f(x), where f(x) is controlled and
thus independent of the perturbing wave. On the other hand, the measured Dirichlet
data must then obviously be perturbed, g∗(x, t) = u∗|∂Ω(x, t).

Letting ϕ be a test-function, then the weak formulation of (2.3.3) is∫
Ω
σ∗(x, t)∇u∗(x, t) · ∇ϕ(x) dx =

∫
∂Ω
f(x)ϕ(x) dx. (2.3.4)

Where for EIT we had to consider the full Neumann-to-Dirichlet map, in AET, under
certain smoothness assumptions, a direct formula for the conductivity σ(x) (up to a
multiplicative constant) involving only a finite number of boundary conditions exists
in theory[5, 47, 12]. Thus a finite amount of boundary conditions should be sufficient;
we shall label them f1, f2, . . . , fn. Accordingly we label the corresponding (perturbed)
potentials u∗,1, u∗,2, . . . , u∗,n and their (perturbed) Dirichlet data g∗,1, g∗,2, . . . , g∗,n.

Consider two boundary conditions fi(x) and fj(x) and consider the corresponding per-
turbed and non-perturbed potentials u∗,i(x, t) and uj(x). Taking the former as a test-
function in Equation (2.1.3) and the latter as a test-function in Equation (2.3.4) we
obtain

⟨fj, g∗,i(·, t)⟩ =
∫

∂Ω
fj(x)u∗,i(x, t) dx =

∫
Ω
σ(x)∇uj(x) · ∇u∗,i(x, t) dx (2.3.5)

and

⟨fi, gj⟩ =
∫

∂Ω
fi(x)uj(x) dx =

∫
Ω
σ∗(x)∇u∗,i(x, t) · ∇uj(x) dx. (2.3.6)

By taking the difference of Equations (2.3.5) and (2.3.6) we form the quantity

Iij(t) = ⟨fj, g∗,i(·, t)⟩ − ⟨fi, gj⟩ =
∫

Ω
(σ(x) − σ∗(x, t))∇uj(x) · ∇u∗,i(x, t) dx,

= −η
∫

Ω
p(x, t)σ(x)∇u∗,i(x, t) · ∇uj(x) dx. (2.3.7)

The pairing ⟨fi, gj⟩ forms a product of current and potential and therefore when i = j it
represents the total power of the electrical system. Considering this the timeseries Iii(t)
is the difference between the power of the system under the influence of the ultrasound
wave p(x, t) and the power of the unperturbed state. See Figure 2.1 for a visualization
of Iii(t).



12 2 The acousto-electric tomography model

Figure 2.1: Example of the time series data Iii(t) (seen in the graph) corresponding to
a single wave passing through the domain of an object. The upper plots
are snapsnots of the wave in the domain corresponding to the indicated
times. For comparison: The gray is the time series response if the circular
inclusion in the conductivity was not present. This figure is reused from
Paper C.

Assuming the perturbation to the conductivity ηp(x, t)σ(x) is quite small, which it has
generally been observed to be, we may perform a linearization of u(x) at σ(x) thus
expressing u∗,i(x, t) as

u∗,i(x, t) = ui(x) + δui(x, t) + O((ηp(x, t)σ(x))1+δ), (2.3.8)

where δui(x, t) is the Fréchet derivative of u(x) with respect to σ(x). By definition it is
linear in ηp(x, t)σ(x).

With this in place we substitute Equation (2.3.8) into (2.3.7) and drop the higher order
terms to get

Iij(t) = ⟨fj, g∗,i(·, t)⟩ − ⟨fi, gj⟩ ≈ −η
∫

Ω
p(x, t)σ(x)∇ui(x) · ∇uj(x) dx. (2.3.9)

We denote the factor σ(x)∇ui(x) · ∇uj(x) from the integrant by

Hij(x) = σ(x)∇ui(x) · ∇uj(x). (2.3.10)

When i = j we write Hi(x) for Hii(x) and Ii(t) for Iii(t). We note that Hi(x) is called
the power density, which is a function describing the power per unit volume at each
point in our object Ω.

Assuming a scenario where only the power difference Ii(t) of the system may be ac-
quired, the mixed integration in (2.3.9) cannot be performed and thus only Hi can be
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obtained. It is, however, still possible to get at Hij(x) by obtaining first the power
densities σ(x)|∇(ui(x) ± uj(x))|2 from applying the corresponding boundary conditions
fi(x) ± fj(x), and then using the (real) polarization identity;

σ(x)∇ui(x) · ∇uj(x) = 1
4

(
σ(x)|∇(ui(x) + uj(x))|2 − σ(x)|ui(x) − uj(x)|2

)
.

In general, if the only regularity assumption on σ(x) is that it belongs to L∞
+ (Ω) then as

mentioned in Section 2.1 the solutions ui(x) and uj(x) belong to H1(Ω) and it becomes
clear that we cannot guarantee higher regularity for Hij(x) than L1(Ω). Assuming higher
regularity for σ(x), the boundary conditions fi(x) and fj(x) and the boundary of the
domain ∂Ω, then we may obtain the higher regularity Hij ∈ L2(Ω).

In either case, it is an easy calculation that if we consider a finite time-evolution (0, T )
then Iij ∈ L2(0, T ) given the smoothness and thus the boundedness of p(x, t).

2.3.1 Problem decomposition
From this point the acousto-electric tomography problem naturally splits into two parts.
The first problem is to obtain the interior data in the form of the power densities and
the related mixed versions. The second problem is then to use these formerly obtained
interior data to recover the conductivity.

Based on the right hand side of Equation (2.3.9) we define the integral operator

KHij(t) = −η
∫

Ω
p(x, t)Hij(x) dx. (2.3.11)

Assuming sufficient smoothness and a finite time-evolution then K : L2(Ω) → L2(0, T ).
The adjoint of K is given by

K∗φ(x) = −η
∫ T

0
p(x, t)φ(t) dt. (2.3.12)

The problem Iij(t) = KHij(t) is linear, due to the linearization performed in Equation
(2.3.9). However, it is also ill-posed. The recoverability of Hij(x) depends largely on
the properties of p(x, t). Ideally {p(·, t)}t∈(0,T ) should form a complete set over L2(Ω),
which would ensure no information is lost in the mapping. Since p ∈2 (Ω × (0, T )) the
operator K is compact by Lemma E.2.9; if an inverse exists it is therefore unbounded. A
common approach to solve such a problem would be as a regularized linear optimization
problem.

We note that all the problems Iij(t) = KHij(t) are independent of each other and thus
separately solvable.

After the various Hij(x) have been recovered, the second part is the crucial recovery
of σ(x) through Equation (2.3.10). As ui(x) and uj(x) both depend on σ(x), however,
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Hij(x) is non-linear in it’s dependence on σ(x). It is also ill-posed, for example Hij(x)
might not have been perfectly recovered and thus the data might be out of the range of
the operator; and if ∇ui(x) · ∇uj(x) happens to vanish anywhere information is lost.

2.4 Optimization formulation
The typical directions for handling problems like these are by formulating linear or non-
linear optimization problems or solving a linearized approximations of the problems.
This section will differ from the above a bit. It will be more subjective, reflecting some
of our particular choices taken when solving the AET problem numerically.

2.4.1 The power density optimization problem
For the first step of AET, when we want to reconstruct the power density, we may
consider for each index pair (i, j) an optimization problem of the form

arg min
H

F(KH − Iij) + R(H), (2.4.1)

where F measures the data fit and R imposes a regularization of the solution. Now the
choices of F and R are not necessarily trivial.

We will here mention the choices made in this thesis. A natural and consistent choice
for us here is F = ∥ · ∥2

L2(0,T ), since the data will exist in this space under not too strict
assumptions on the wave. As for R different choices have been made at different times
and for different reasons. We shall simply state them here and leave the reasoning for the
later parts, where the particular choice was employed. The choices R = β∥∇(·)∥2

L2(Ω)
and R = β∥ · ∥2

L2(Ω) have been made in respectively Paper B and Paper C.

Thus the optimization problem (2.4.1) becomes

arg min
H

∥KH − Iij∥2
L2(Ω) + β∥DH∥2

L2(Ω), (2.4.2)

where D is either ∇ or the identity operator. The operators and norms are then dis-
cretized by choosing basis functions for the spaces and considering a finite dimensional
subspace, thus resulting in a standard least squares problem.

2.4.2 The conductivity optimization problem
For the problem of reconstructing the conductivity from the interior power density data,
we consider an optimization formulation similar to (2.4.1), namely

arg min
σ

n∑
i,j=1

F(Hij(σ) − zij) + R(σ), (2.4.3)
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where zij denotes the power density data. Hij(·) denotes the map σ 7→ σ∇ui(σ) ·∇uj(σ),
where ui(σ) is the solution of (2.1.1) with coefficient σ and Neumann boundary condition
fi. Since the conductivity is a parameter in common for all the different power densities
we minimize jointly over all of them at the same time.

Depending on the assumptions on σ different choices of F and R are appropriate here.
As discussed in Paper A, under very weak regularity assumptions on σ one can at
best guarantee for Hij to be an L1(Ω) function, and thus appropriately the data fit
F = ∥ · ∥L1(Ω). This of course is in somewhat conflict to the former problem where we
penalized the reconstruction of Hij with the stronger regularity L2(Ω). The fact is that
while our conductivity is not regular everywhere, singularities are quite limited and thus
Hij will be very regular in most part of Ω. Perfectly capturing the singularities in Hij

is not possible, so we focus on penalizing “larger picture”.

Under sufficiently stronger regularity assumptions on σ we would be able to guarantee
that the power density is L2 or stronger, e.g. see [15]. As for R we will generally work
with piecewise discontinuous (or close to) conductivities and so we apply a total variation
regularization, R = β| · |TV.

Simulations use, unless otherwise stated, only data of the form Hi := Hii and typically
with 3 different boundary conditions. The choice here is in part a choice of practicality.
Initial work in Paper A considers just the interior data Hi given, and from these data
alone it isn’t possible to get the additional quantities Hij. The mixed terms are con-
sidered to have a stabilizing effect on the reconstructions; we included the third power
density for this purpose. While later the work could in principle have incorporated using
these extra mixed data terms, since the full reconstruction of the interior data was done
as well in these; this would have further scaled the already large problem.

Over the course of this project the approach to the above optimization problem, Equa-
tion (2.4.3), has developed a bit. The general heuristic used throughout has been to
linearize the power density operator, Hij(σ + κ) ≈ Hij(σ) + H ′

ij(σ)κ, and approximate
the problem by iteratively solving and updating a simpler problem. The simpler problem
has in general been to minimize a weighted quadratic functional. While the functionals
were very similar, slightly different choices in the formulation of the weights and in the
handling of the regularization term meant vast computational speed ups in the later
approach.
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CHAPTER 3
Total Variation regularized

AET
This chapter is based on and summarizes Paper A, Acousto-Electric Tomography with
Total Variation Regularization, in which numerical reconstruction of the acousto-electric
tomography problem is studied under the regularity assumption that the conductivity σ
is a function of bounded variation. This is a quite weak assumption for the conductivity
posing several difficulties for the problem, amongst them less guaranteed regularity for
the interior data resulting in an optimization problem which is neither linear nor convex,

min
σ

Jβ(σ) =
n∑

j=1
∥Hj(σ) − zj∥L1(Ω) + β|σ|TV. (3.0.1)

In the paper this optimization problem is studied through a functional analytic setting
by first detailing properties of the involved PDE solution maps and data map.

3.1 Properties of the forward map
Fix f ∈ H

− 1
2⋄ (∂Ω), put λ ∈ (0, 1), and define the admissible set

Sλ = {σ : λ ≤ σ ≤ λ−1 a.e. in Ω}.

Assuming σ ∈ Sλ guarantees the existence of a unique weak solution to the electrical
potential in H1

⋄ (Ω) given by Equation (2.1.1) together with the boundary condition
σ(x)∂νu(x) = f(x), where ν(x) denotes the outwards normal vector at the boundary. In
short, we have a solution map to the PDE u : Sλ → H1

⋄ (Ω) : σ 7→ u(σ). From this it is
easily observed that H(σ) = σ|∇u(σ)|2 ∈ L1(Ω). However, slightly better regularity for
u(σ) and H(σ) are obtainable.

Assuming r > 2 and f ∈ (W 1− 1
r

,r(∂Ω))′ there is a Q > 2 dependent on λ and the
dimension d such that for all q ∈ [2,min(Q, r))

∥u∥W 1,q(Ω) ≤ C∥f∥
(W 1− 1

q ,q(∂Ω))′
. (3.1.1)
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3.1.1 Continuity of the forward map
The extra regularity from Equation (3.1.1) ensures for instance that we get continuity
of the map u(σ). Under this assumptions each L1(Ω) convergent subsequence {σk}
in Sλ with limit σ∗ satisfy u(σk) → u(σ∗) in W 1,q(Ω). Without the added regularity,
f ∈ H

− 1
2⋄ (∂Ω) only immediately gets us a subsequence of {u(σk)} converging to u(σ∗) in

H1(Ω). We note that if σk → σ∗ in L∞(Ω) then u(σk) → u(σ) as will be obvious from
the differentiability discussed in the following section.

The fact that the slightly higher regularity on f yields convergence of u(σk) in W 1,q(Ω)
may then be applied to show that H(σk) → H(σ∗) in L q

2 (Ω) for q ∈ [2,min(Q, r)). This
demonstrates that under the small additional regularity of f , H(σ) is a continuous map.
These properties of u(σ) and H(σ) are summarized here.

Lemma 3.1.1. Assume f ∈ (W 1− 1
r

,r(Γ))′, r > 2, then for each q ∈ (2,min(Q, r)) we
have u : L∞

+ (Ω) → W 1,q(Ω) and H : L∞
+ (Ω) → L

q
2 (Ω) continuous on Sλ.

3.1.2 Differentiability of the forward map
To consider the differentiability of H(σ) we consider first the factor u(σ). Considering
a function κ ∈ L∞(Ω), u(σ) has a derivative u′(σ)κ at σ in direction κ, which may be
found as the solution to the partial differential equation{

−∇ · σ∇u′(σ)κ = ∇ · κ∇u(σ) in Ω,
σ∂νu

′(σ)κ = −κ∂νu(σ) on ∂Ω.
(3.1.2)

It is not hard to see that under similar conditions as for u(σ), u′(σ)κ is in H1
⋄ (Ω), and

that it is in fact a Fréchet derivative of u(σ) as a map from the set Sλ, when considered
with the topology inherited from L∞(Ω), to H1(Ω). Assuming the higher regularity
f ∈ (W 1− 1

r
,r(∂Ω))′ the regularity gain in u(σ) discussed in the former section transfers

to u′(σ)κ, which remains a Fréchet derivative between the appropriate spaces.

With this in place there is grounds for considering a derivative of H(σ) at σ in a given
direction κ. This turns out to take the following form

H ′(σ)κ = κ|∇u(σ)|2 + 2σ∇u(σ) · ∇u′(σ)κ. (3.1.3)

Then H ′(σ)κ ∈ L1(Ω) like H(σ) and for the increased regularity on f (as above) it
improves to L q

2 (Ω). H ′(σ) forms a linear operator from Sλ ⊂ L∞(Ω) to L1(Ω) and one
may consider its adjoint H ′(σ)∗ in the L2-sense,∫

Ω
ζH ′(σ)κ dx =

∫
Ω
κH ′(σ)∗ζ dx.

The adjoint is then given by

H ′(σ)∗ζ = |∇u(σ)|2ζ + 2∇u(σ) · ∇(V ζ), (3.1.4)
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where V : L∞(Ω) → H1
⋄ (Ω) is the linear solution operator for the PDE{

−∇ · σ∇(V ζ) = ∇ · ζσ∇u(σ) in Ω,
σ∂ν(V ζ) = −ζσ∂νu(σ) in ∂Ω.

(3.1.5)

To summarize:

Lemma 3.1.2. a) Suppose f ∈ H
− 1

2⋄ (Ω), then the solution map u : L∞
+ (Ω) → H1

⋄ (Ω) is
Fréchet differentiable everywhere in Sλ and its derivative is u′(σ) as defined by (3.1.2).

b) Assume f ∈ (W 1− 1
r

,r(Ω))′ for r > 2 and set q′ = min(Q, r), then for any q ∈ (2, q′)
and p > qq′

q′−q
(including p = ∞) the map u′(σ) : Lp(Ω) → W 1,q(Ω), as a solution operator

for (3.1.2), is well defined and bounded, and

lim
∥κ∥Lp(Ω)→0

{
∥u(σ + κ) − u(σ) − u′(σ)κ∥W 1,q(Ω)

∥κ∥Lp(Ω)
: σ + κ ∈ Sλ for some λ ∈ (0, 1)

}
= 0.

Remark 3.1.1. In Paper A case b), by an abuse of naming convention, calls u(σ)
Fréchet differentiable as a map from Sλ with the Lp-topology to W 1,q(Ω). We note here,
however, that the definition of the Fréchet derivative requires a map between Banach
spaces, which the described map is not. We could consider Sλ with Lp-topology as a
subset of L∞(Ω) considered with the Lp-topology, let us denote this by Wp. However,
though Wp is a normed vector space, it is not complete for any 1 ≤ p < ∞.

Paper A states that H(σ) has a directional derivative given by (3.1.3). This result is
sharpened here.

Theorem 3.1.1. Assume f ∈ H
− 1

2⋄ (Ω), then H : L∞
+ (Ω) → L1(Ω) is Fréchet differen-

tiable in Sλ with derivative H ′(σ) as given in (3.1.3).

Proof. Put w(σ, κ) = u(σ+κ)−u(σ)−u′(σ)κ. We consider g(σ, κ) = H(σ+κ)−H(σ)−
H ′(σ)κ and demonstrate that ∥g(σ, κ)∥L1/∥κ∥∞ → 0 as ∥κ∥∞ → 0. Indeed,

g(σ, κ) = (σ + κ)|∇u(σ + κ)|2 − σ|∇u(σ)|2 − κ|∇u(σ)|2 − 2σ∇u(σ) · ∇u′(σ)κ
= σ∇u(σ + κ) · ∇[u(σ + κ) − u(σ)] − σ∇u(σ) · ∇u′(σ)κ︸ ︷︷ ︸

(I)

+ σ∇u(σ) · ∇w(σ, κ)︸ ︷︷ ︸
(II)

+κ(|∇u(σ + κ)|2 − |∇u(σ)|2)︸ ︷︷ ︸
(III)

.

Then (I) and (III) satisfy

(I) = σ∇u(σ + κ) · ∇w(σ, κ) + σ∇[u(σ + κ) − u(σ)] · ∇u′(σ)κ,
(III) = κ∇[u(σ + κ) + u(σ)] · ∇[u(σ + κ) − u(σ)].
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Therefore
∥(I)∥L1 ≤ ∥σ∥∞∥u(σ + κ)∥H1∥w(σ, κ)∥H1 + ∥σ∥∞∥u(σ + κ) − u(σ)∥H1∥u′(σ)κ∥H1 ,

∥(II)∥L1 ≤ ∥σ∥∞∥u(σ)∥H1∥w(σ, κ)∥H1 ,

∥(III)∥L1 ≤ ∥κ∥∞∥u(σ + κ) + u(σ)∥H1∥u(σ + κ) − u(σ)∥H1 .

Since ∥u′(σ)κ∥H1 ≤ c∥κ∥∞ we thus have
∥g(σ, κ)∥L1

∥κ∥∞
≤ ∥(I)∥L1

∥κ∥∞
+ ∥(II)∥L1

∥κ∥∞
+ ∥(III)∥L1

∥κ∥∞

≤ ∥σ∥∞ (∥u(σ + κ)∥H1 + ∥u(σ)∥H1) ∥w(σ, κ)∥H1

∥κ∥∞

+ (c∥σ∥∞ + ∥u(σ + κ) + u(σ)∥H1) ∥u(σ + κ) − u(σ)∥H1 .

As ∥w(σ, κ)∥H1/∥κ∥∞ → 0, by the Fréchet differentiability of u(σ), and u(σ+κ) → u(σ)
in H1 by continuity as ∥κ∥∞ → 0, we find that ∥g(σ, κ)∥L1/∥κ∥∞ → 0.

3.1.3 Existence of solutions
Given the established results for the forward map it turns out that on the admissible
set A = BV (Ω) ∩ Sλ the optimization functional Jβ given in (3.0.1) is continuous on
A in the intermediate topology, as defined in Definition E.2.8, assuming the increased
regularity f ∈ (W 1− 1

r
,r(∂Ω))′, r > 2.

While proving continuity of Jβ required the additional regularity on f , guaranteeing a
minimizer does not require quite so much and in light of the above results the theorem
below follows.

Theorem 3.1.2. Assume f ∈ H− 1
2 (∂Ω), then there exists at least one minimizer to the

problem (3.0.1), when minimizing over the admissible set A.

Moreover, it holds that for a sequence of measurement data {zj} with vanishing error
as j → ∞ and σj a corresponding minimizer σj of Jβ, then {σj} contains a subsequence
convergent to a minimizer of Jβ with ideal data.

3.2 Numerical approach
While the existence of a minimizer of Jβ is guaranteed still the problem of locating it
remains. The non-convexity of Jβ poses a problem here, and in Paper A this problem
is tackled by a successive linearization and optimization approach.

First a classical ϵ-smoothing1 of | · | ≈
√

| · |2 + ϵ2 is employed to enable differentiability
and the first order linearization H(σ + κ) = H(σ) + H ′(σ)κ is substituted into (3.0.1).

1We put ϵ = 10−4 unless otherwise specified.
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The problem is then considered for κ with σ fixed. The resulting function is then
differentiated.

The derivative contains some problematic fractions involving κ in both numerator and
denominator. These are handled by a lagged-diffusivity approach by fixing the κ in the
denominator. The fixed denominators acts as weights for the norms. In this way the
problem is translated to the iterated weighted quadratic optimization problem

Jσ,w(κ) = 1
2

n∑
j=1

∥H ′
j(σ)κ− zσ,j∥2

L2
wj

(Ω) + β

2
∥∇(σ + κ)∥2

L2
w0 (Ω), (3.2.1)

where w = (w0, w1, . . . , wn) are the weights, which depend on σ and the fixed κ, and
zσ,j = zj −Hj(σ).

Successive optimization is performed; after some number of steps the weights are updated
and following this the point of linearization σ is updated. The above process is then
iterated. This is summarized in the following algorithm.

Algorithm 1: Minimize Jβ

Result: σ
1 Set initial σ0 and max iteration I,K ∈ N;
2 for k = 1, . . . , K do
3 Set κ = 0;
4 for i = 1, . . . , I do
5 Update w;
6 Minimize Jσ,w from (3.2.1) by conjugate gradient for κ.;
7 Check stopping criterion;
8 Update σk+1 = σk + κ;
9 Check stopping criterion;

We note that at Step 6 the conjugate gradient is initialized with the previously computed
κ scaled by a factor λ > 0, i.e. λκ, as the first starting guess. This is akin to the heavy-
ball method.

A plot of the value of Jβ at the iterates σk is shown in Figure 3.1. This illustrates a
reconstruction from data with 1% relative added noise with λ = 0.8 and β = 3.5 × 10−2.
The red dashed line in the graph illustrates the functional value at the true solution σ∗.
Due to the regularization this is not guaranteed to be the true minimum, so it is not
surprising that the blue line settles at a lower value.

The evolution of the error in σk compared to σ∗ is visualized in Figure 3.2, where the
L1-difference, the difference in total variation and their sum, the BV (Ω) distance dBV

as defined in Equation (E.2.7), are visualized. Notably the deviation in total variation is
the dominating, however, it is important to keep in mind that due to the regularization
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Figure 3.1: Plot illustrating the convergence behaviour of Jβ(σk) where σk are the
iterates in Algorithm 1. σ∗ is the true solution. The reconstruction is with
β = 3.5 × 10−2, λ = 0.8 and from data with 1% relative noise.

parameter β balancing the data fit relative to the total variation penalty, this is not the
dominating influence on the determination of the iterates.

Figure 3.2: A plot of the errors eL1 = ∥σk − σ∗∥L1(Ω), eTV = ||σk|TV − |σ∗|TV| and
edBV

= dBV (σk, σ
∗) for the 1% relative noise reconstruction; β = 3.5×10−2,

λ = 0.8. σ∗ is the true solution.

Figure 3.3 illustrates the reconstruction achieved for the iteration visualize in Figures 3.1
and 3.2. The reconstructed σ50 (right) is presented side-by-side with the true solution σ∗

(left) in the figure. The reconstruction presented uses 3 boundary conditions, f1(x, y) =
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Figure 3.3: The conductivity. The true conductivity σ∗ is seen on the left, and on
the right is the reconstructed σ50 corresponding the iteration data seen
in the former two figures; Figures 3.1 and 3.2. We reiterate that the
reconstruction is done from data, corresponding to 3 boundary conditions,
with 1% relative noise and parameters β = 3.5 × 10−2 and λ = 0.8..

x, f2(x, y) = y, and f3(x, y) = (x + y)/
√

2; and thus 3 internal data (H1, H2, H3)
correspondingly.

Partial data, where H(σ) is only available on a subdomain Ω′ ⊂ Ω, is a fairly straight
forward modification involving changing the domain of integration from Ω to Ω′. Exam-
ples of reconstructions with only partial data can be seen in Figure 3.4. Note that there
appear to be an overcompensatory clustering effect near parts of the boundary ∂Ω′ where
inclusions extend out of the domain Ω′. Due to this the color range was altered and
is therefore slightly different compared to Figure 3.3. However, we see that structures
within the data-domain are recovered quite nicely, whereas outside the initialization σ0
dominates. The red dashed line in the figure denotes the boundary ∂Ω′.
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Figure 3.4: The recovered conductivity from limited data in the regions defined by the
dashed red lines. The reconstructions are done from limited data with 1%
relative noise corresponding to 3 boundary conditions. The parameters are
β = 3.5 × 10−2 and λ = 0.8..



CHAPTER 4
Feasibility of AET

This chapter is based on and summarizes Paper B, Feasibility of Acousto-Electric Tomog-
raphy, in which the feasibility of acousto electric tomography is explored by performing
a full modelling of the problem and reconstructing first the power density and then the
conductivity from those reconstructed power density data. In this we consider in partic-
ular the sensitivity to the acousto-electric coupling coefficient, denoted by η in (2.2.3),
as little is known about this apart from it being a very small quantity.

As most literature on AET concerns itself with the recovery of the conductivity from
already known power density data, part of the novelty in Paper B is the complete
inversion framework presented here. We further attempt to do close to reality modelling
by the modelling of the acoustic waves through the scalar wave equation and by making
sure known physical quantities have the correct units and magnitudes. This latter part
is also what allows us to consider the sensitivity in the coupling parameter η.

If strictly considering relative additive noise of a level δ > 0 in the electrical measure-
ments is considered, one finds that the ratio

η

δ

is a significant quantity. Thus reconstructions remains of the same quality under varia-
tion of the parameters η and δ, if the ratio is maintained constant.

While this is the setting used in this manuscript, we point out that following this work,
we have become aware of the so-called Johnson–Nyquist noise, which is a thermal noise
present in any electrical system. This type of noise was formerly unknown to us and
was therefore not considered in the modeling here. This poses a somewhat significant
flaw in this work, from a practical point of view. Due to this we dedicate a section at
the end of the chapter to the discussion of this phenomenon.

4.1 Reconstruction approach
This section describes the approach for reconstruction. The effort is spent on describing
the details and choices for the reconstruction of the power density, as the reconstruction
of the conductivity pretty much uses the approach described in Chapter 3 and Paper A
with very light modification.
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As described in Section 2.4.1 we consider the optimization problem (2.4.2) with D = ∇,

arg min
H

∥KH − Ij∥L2(Ω) + β∥∇H∥2
L2(Ω). (4.1.1)

Remark 4.1.1. Note that in Paper B the coupling parameter η is considered as a scaling
factor in K, where it in the thesis here is part of the operator.

The particular choice of regularization was made for a variety of reasons. First of all,
we expected H to be smooth almost everywhere and thus it made sense to penalize for
a reasonably high regularity. We had also in early numerical experiments experienced
some rather nasty noise in the problem, which we couldn’t quite place. Later, after this
work was completed, it turned out this noise was due to some improper representation
of the basis for the discretized problem. We, however, switched to a different basis
representation during the work on this, and so it did not suffer from the issue. Finally,
the choice of basis made this particular regularization term extremely nice to implement.

The (normalized) Neumann eigenfunctions φn, the solutions to the following eigenvalue
problem {

−∆φn = λnφn, in Ω,
∂νφn = 0 on ∂Ω,

constitute a(n) (orthonormal) basis for L2(Ω), and these were used for discretizing the
power density and operator. A particularly nice feature of this is that, when represented
in this basis, the regularization term simplifies to ∥∇H∥2

L2(Ω) = ∑
n λnhn, where hn is

the n’th coefficient for H when expanded in the basis vectors φn.

Another benefit, compared to later used finite element representations, is that the size of
the matrix discretization K of the operator K is quite moderate and thus computations
with it are very fast. That is of course assuming the power density can be represented
accurately with a limited set of the basis functions. However, a fairly significant draw-
back is that computing the matrix coefficients of K is slow. It requires computing the
seemingly innocuous integral ∫

Ω
p(x, tk)φn(x) dx,

for each k and n. However, recall that each φn requires solving a PDE. A alleviating
fact is that on our specific domain Ω = BR, a ball of radius R, we may actually solve
for φn analytically. The solutions are Bessel functions of the first kind,

φn(r, θ) = wk,ℓJk(rj′
k,ℓ/R)hn(kθ),

where (k, ℓ) are indices depending on n, wk,ℓ are appropriate weights and hn is a sine
or cosine function. Jk is the Bessel function of the first kind of order k and j′

k,ℓ is the
ℓ’th zero of J ′

k; also λn = (j′
k,ℓ/R)2. This changes solving the PDE to just function
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evaluations, which helps some, but the process is still slow. On the other hand the
matrix only needs to be computed once.

Another feature worth pointing out here is that all the basis functions exhibit a van-
ishing outgoing derivative at the boundary of the domain Ω. Naturally, every function
represented by them will also carry this feature. The power density will in general not
have this behavior and so it is reasonable to question the choice of basis. Some level of
error should therefore be expected near the boundary. In practice, however, the effect
is negligible.

The singular values µn of the discretized operator K are visualized in a semilogy plot
in Figure 4.1. It demonstrates the exponential decay of the singular values, hence the
ill-posedness of the inverse problem.

Figure 4.1: The singular values of the matrix K displayed in a semilogy plot.

4.2 Model parameters and noise
The model parameters used in this study are based on a variety of sources. The sources
are reported in the Paper B manuscript and a parameter overview can be seen in Table
4.1. The domain is taken as a circular domain of radius R, Ω = BR.

The coupling constant is particularly important as little about it is known. It has been
measured experimentally as approximately 4.1×10−8Pa−1 in a rabbit heart and at about
10−9Pa−1 in a 0.9% NaCl solution. These give us some indication and expectation, that
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Parameter Symbol Values(s) Unit
Conductivity σ 0.1 − 1.5 S/m
Boundary current amplitude fmax 1 × 10−3 A
Acousto-electric coupling constant η {10−7, 10−8, 10−9} Pa−1

Max. acoustic pressure pmax 1.5 × 106 Pa
Acoustic wave speed c0 1500 m/s
Domain radius R 0.1 m
Noise level δ {0, 10−2, 10−1} %

Table 4.1: Table of parameter values and units.

the human body tissue have a similar behaviour. Hence the observations informed our
particular choices 10−7, 10−8 and 10−9 used in the simulations.

The boundary current and the acoustic pressures are both controlled quantities, but
also has safety restriction when applied to a human subject. Restrictions like these also
inform the transducer source by limiting the the allowed ultrasound frequencies.

For the simulation 9 different positions of transducer arrays are used equidistant along
the lower half of Ω. The arrays are line arrays tangent to the boundary of the domain.
Using a timing delay 3 different waves are steered from each position entering the domain
at different angles. Each wave is a single period sine-wave burst at a frequency of
19.2kHz.

The noise is modelled on the electrical measurements gj by adding a normally distributed
noise component ϵj with magnitude relative to gj and scaled by the noise level parameter
δ. Thus g̃j = gj + δϵj, and the power difference signal becomes

Ĩj = Ij + δ(fj, ϵj)L2(Ω), (4.2.1)

for some realization of ϵj. The noise levels were chosen based on observed best case noise
levels from EIT.

Remark 4.2.1. This noise model does not take into account the additive electric back-
ground noise from thermal effects. These were not considered in Paper B, and we refer
to Section 4.4 near the end of the chapter, where we outline this noise phenomenon a
bit and remark a bit upon why it should not be neglected in AET.

4.3 Numerical results
In this section we show the results of the simulations. The phantom conductivity used
for generating the data in the simulations is shown in Figure 4.2. It exhibits both smooth
and sharp features.
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Figure 4.2: The conductivity phantom used for simulating the data.

4.3.1 Reconstructions of the power density
Example reconstructions of the power density are shown in Figure 4.3. Since the true
conductivity is available, subfigure (a) shows the directly computed power density. In
subfigure (b) its projection onto the eigenfunction basis is illustrated for comparison.
The projected power density is also what the reconstructions are compared to, since
they are recovered on the same basis and they therefore cannot be expected to better.

Notably, the projected power density exhibits some features of the basis with small
oscillatory wave-patterns occuring. However, the features of the directly computed power
density are captured fairly well for the most parts. In particular the smooth areas are
very close, while the sharper peaks near edges do lose some amplitude.

In the lower row of subfigures (c)–(e) we see reconstructions done with varying levels
of noise. The reconstructions are done with the coupling parameter set at η = 10−8

and the boundary condition used for the data is f(x1, x2) = x2. The first subfigure (c)
has no added noise component, and as one would expect the reconstruction is almost
indistinguishable from the projection power density. As noise is added the quality de-
teriorates however. In subfigure (d) a noise level of 0.01% already fine details are lost
in the reconstruction, but the larger features are still reconstructed decently. The story
is similar for subfigure (e) which has a noise level of 0.1% and shows a more blurred
version of the former.

4.3.2 Reconstructions of the conductivity
Figure 4.4 shows reconstructions of conductivities corresponding to different noise levels
δ, increasing from top row to bottom row, and different coupling constants η, decreasing
from left column to right column. The reconstructions are done using 3 boundary condi-
tions, f(x1, x2) = x1, f(x1, x2) = x2 and f(x1, x2) = (x1+x2)/

√
2, and the corresponding

power density reconstructions, some of which where shown in Figure 4.3.
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(a) Directly computed H (b) Projected H

(c) Reconstructed H with δ =
0%, η = 10−8

(d) Reconstructed H with δ =
0.01%, η = 10−8

(e) Reconstructed H with δ =
0.1%, η = 10−8

Figure 4.3: Power density data, true and reconstructed, for the boundary condition
f(x1, x2) = x2.

As a first observation across all the reconstructions, the reconstruction struggles to
recover the correct value for the conductivity in the inclusions with high values. This
is attributed to the loss of sharp spikes in the reconstructed power densities, as seen in
Figure 4.3. Apart from this, the first column and first row are all recovered fairly well
with the major shapes, e.g. the kite shape, clearly distinguishable in the reconstruction.
The small square is best in the no noise–small η scenario, which is attributed to the
linearization error being smallest here. In the remaining reconstructions it is clear how
the signal-to-noise ratio rapidly take over and in our worst case noise level the inclusions
are nearly indistinguishable from the background in the reconstructions with small η.

In Paper B further experiments with a differently scaled conductivity phantom is per-
formed and additionally experiments with limited boundary. The interested reader is
referred to the paper itself for these.



4.4 Johnson-Nyquist noise 31

4.4 Johnson-Nyquist noise
The Johnson-Nyquist noise is an electrical noise present in any kind of electrical system
due to various stochastic effects. Consider at setup with a water solution with some
added concentration of salt, say NaCl, and two electrodes connected to a (sufficiently
precise) voltmeter. The salt dissolves in the solution as ions Na+ and Cl− of, respectively,
positive and negative charges.

Zooming in, these ions will not remain stationary, but move about in the water solution
in something of a Brownian motion. This is due to various effects such as thermal energy
and random collisions with other particles, but it could also be external influences such as
tiny changes in magnetic fields due to radio sources. These minuscule vibrations, thermal
or otherwise, gives rise to an electromotive force varying over time. The force drives
oscillatory currents in the system thus generating measurable potentials observable by
the attached voltmeter.

This signal passively generated in the system is quite small, and in most electrical
systems it is small enough to be disregarded. It is however additive in nature and
in general independent of most parameters within our control. Relative to the signal
strength in AET this could be significant. In systems measuring weak responses, which
would be highly susceptible to the passive noise, one technique is to cool the system to
very low temperatures, which reduces the particle vibrations due to thermal energy. In
general this is not an option in AET.

To get a sense of the gravity of the problem we attempt to give an estimate of what level
of noise one might expect. It is well known that the Johnson-Nyquist noise signal has a
root mean square (RMS) voltage1 given by

VRMS =
√

4kBT∆fR,

where kB is the Boltzmann constant, T the temperature (in Kelvin), R the resistance of
the system, and ∆f the measurement bandwidth2. Of course, this is an RMS voltage,
which is an averaging measure, so peaks in the voltage will be higher.

We are not aware of the exact values which should apply for the AET problem, and
it is very likely to depend on a lot of different factors, but let us attempt some rough
estimate. Consider a room temperature of say 22◦C, but let us round to T = 300K.
The EIT device ACT3 is mentioned in [21] to operate at 28.8kHz, so let us consider a
bandwidth with a reasonable safety maŕǵin of ∆f = 40kHz. Most of the resistance in
the human body is in the skin and it can vary greatly, 1–100kΩ, depending on the skins

1The RMS voltage is a quantity with alternating current (AC) signals. It is a value comparable to
an equivalent direct current (DC) voltage. If u is the (AC) voltage over time (some sine function), then
uRMS = ∥u∥L2([0,T ], dµ), where dµ = T −1 dt.

2A measurement device such as a voltmeter measures the electrical potential for a given bandwidth.
Thus too high or low frequency alternating currents are not measurable by the device.
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condition. Internally the resistance is less but it may all vary between individuals. An
experimental study [23] estimated the leg-to-leg resistance of water immersed shins at
332Ω, but let us take a much larger margin and set R = 10kΩ. Then we get a root mean
square voltage for the Johnson-Nyquist noise of VRMS ≈ 2.6µV, which, while small, is
still strong enough relative to the AET signal, that it poses some concern.

For further reading on the topic we refer to [26] for the mathematical physics foundation
describing the Markov processes for the phenomenon and [27] for the derivation of the
theory of electrical noise in a wire due to thermal motions of ions in a solution.

4.5 Revised discussion and conclusion
In Paper B a complete inversion framework for the AET problem is presented and the
conclusion there was mostly positive. Based on the noise model (4.2.1), where Ij is on
the order of η and the second summand is independent of η, it is clear that a critical
quantity is δ/η; i.e. each order of magnitude η decreases corresponds to an order of
magnitude increase in the noise level δ. The observed ratio was found to be just within
the limits of what we can use for reconstruction.

However, in light of the Johnson-Nyquist noise it is prudent to reconsider the work with
new eyes. The expected magnitude of the Johnson-Nyquist noise in the AET problem
is difficult to assert directly here, but it is safe to say that given the expected strength,
the additive nature and independence of the magnitude of the injected current fj, it
naturally poses a problematic constraint on the control of the noise.

In personal communication with H. Zhang, author of the pioneering experimental study
published in [57], he confirms that the problem is extremely difficult and the signal-
to-noise ratio is very critical. He is hesitant to rule AET as experimentally dead, but
outside the introduction of a novel technique to overcome the signal-to-noise issues it
will remain an extremely challenging discipline.

A thorough analysis of the underlying physics and the expected level of Johnson-Nyquist
noise in the AET will be interesting. This would have the potential to shed some light on
the what levels of improvements must happen before experimental AET will potentially
resurface.
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(a) (0%, 10−7 Pa−1) (b) (0%, 10−8 Pa−1) (c) (0%, 10−9 Pa−1)

(d) (0.01%, 10−7 Pa−1) (e) (0.01%, 10−8 Pa−1) (f) (0.01%, 10−9 Pa−1)

(g) (0.1%, 10−7 Pa−1) (h) (0.1%, 10−8 Pa−1) (i) (0.1%, 10−9 Pa−1)

Figure 4.4: Reconstructions of the conductivity from the reconstructed power density
data. Each is marked with its corresponding (δ, η) value pair.
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CHAPTER 5
Uncertain sound speeds in

AET
This chapter is based on and summarizes Paper C, Sound speed uncertainty in Acousto-
Electric Tomography. As elaborated upon in Section 2.3.1 acousto-electric tomography
decomposes into two parts typically solved sequentially. This chapter deals with the
first part. To perfectly solve this problem it is required that 1) the wave function p(x, t)
is known and 2) the waves are sufficiently expressive. Sufficiently expressive means that
the wave function as a kernel produces an integral operator where the power density
data Hij(x) do not have components in its null-space.

Here 2) will implicitly be assumed to hold and 1) be considered unsatisfied and the
consequences explored. The wave is assumed realized as a solution to the scalar wave
equation (2.3.1) with a known source term S(x, t) compactly supported in time and
space. Under these assumptions knowledge of the wave p(x, t) is only dependent on
knowledge of the sound speed c(x), and, as shall be seen, estimates on wave differences,
operators and data may be expressed in terms of a difference in the sound speed.

5.1 Sources of errors
Consider the inverse problem of finding H(x) from the equation

KH(t) = I(t), t ∈ (0, T ), (5.1.1)

obtained by combining (2.3.9) and (2.3.11). From the components and choices playing
into it derivation in Section 2.3 it should be clear that there are multiple possible sources
of errors. We shall name 3 primary sources here, but other phenomena could come into
play for a variety of reasons. First there is the measurement error exhibited in the
electrical measurements used to produce I(t), as discussed on the former chapter. Next
the linearization error introduced when higher order terms were dropped to obtain a
integral equation expression for I(t) in terms of H(x). Finally the model K could be
wrong, which could on its own be for a myriad of reasons.

The primary goal here is to investigate the influence of an erroneous model. In other
words measurement noise and linearization are deliberately cast aside; though comments
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on how inclusion of measurement noise might influence results occurs.

Model error could itself have various sources; but given our specific model K being an
integral operator with the kernel being a wave p(x, t) up to a scalar factor the source
here is the wave. Assuming the wave comes from the scalar wave equation (2.3.1) the
possible source of error would be the sound speed c(x) or the source term S(x, t). In
this case, as formerly mentioned the source term is considered known, so the scope is
limited to the sound speed.

5.2 Continuous sound speed dependence
To simplify the problem the admissible set of sound speeds bounded from above and
below by positive constants is introduced; let λ ∈ (0, 1) and m =

⌈
d+1

2

⌉
and define

Aλ :=
{
c ∈ C∞(Rd) : λ ≤ c ≤ λ−1; ∥c∥Ck(Rd) < λ−1, k ≤ m+ 1

}
.

With the sound speed in this set the operator ∂2
t − c2∆ is uniformly hyperbolic and we

have finite speed of propagation.

Let c, c̃ ∈ Aλ and p and p̃ be the corresponding wave solutions. Put h = c̃ − c and
consider the wave difference q = p̃− p satisfying

(∂2
t − c̃2∆)q = h(c̃+ c)∆p

with initial conditions q = ∂tq = 0 at t = 0.

Applying standard regularity estimates as found in e.g. [22] and that the Sobolev space
Hm is a Banach algebra for m > d/2 [2, page 4.39] leads to a bound in terms of the
sound speed difference. Moreover, the L (L2(Ω), L2(0, T )) integral operators K and K̃
have a similar bound.

Proposition 5.2.1. In the overarching notation of the section

∥p̃− p∥L∞(0,T ;Hm+1(B)) ≤ C∥c̃− c∥Hm(B), and
∥K̃ −K∥L(L2(Ω),L2(0,T )) ≤ C ′∥c̃− c∥Hm(B),

where C and C ′ do not depend on c̃. B is an open ball containing Ω depending only on
λ, T and S.

5.3 Reconstruction approach
We discuss in this section briefly the reconstruction approaches for the power density
and the conductivity. In particular, we demonstrate a regularization strategy for recon-
structing the power density when errors are present in the used forward model.
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5.3.1 Reconstructing the power density
To solve for the power density in (5.1.1) we formulate the problem as a least squares
minimization problem. Since K is a compact operator we stabilize the problem by
adding a Tikhonov regularization term. This yields

arg min
h∈L2(Ω)

1
2

∥Kh− I∥2
L2(0,T ) + β

2
∥h∥2

L2(Ω). (5.3.1)

By appropriate discretization this may be attacked numerically, and we get regularized
least-squares solutions Hβ depending on the regularization parameter β. Under idealized
conditions where the signal I contains no noise and K is a perfect model and has an
inverse, we would find that β → 0 yields the true solution Hβ → H∗; i.e. the optimal
regularization parameter is zero.

However, assuming a model error in K or noise in I there is an optimal choice β∗ =
arg minβ>0 ∥Hβ −H∗∥2

L2(Ω). Finding β∗ is in general not possible, since it requires knowl-
edge of the unknown true solution H∗. When doing reconstructions in simulations,
however, we have the privilege of knowing the true solution. To eliminate the effect of
poor regularization, which could otherwise make impossible any meaningful comparison
of reconstructions; we thus fidn the optimally regularized solution.

Minimizing (5.3.1) has a corresponding solution operator Rβ : L2(0, T ) → L2(Ω) given
by

Rβ = (K∗K + βI)−1K∗, (5.3.2)
where K∗ is the adjoint operator, such that Hβ = RβI. Assuming some model error,
say ∥K − K̄∥ < δ, where K̄ is the true model, then even with no noise in I and β → β∗

the quantity RβI is not guaranteed to approach the true power density. However, let us
parameterize Rβ by the model error δ also; i.e. Rβ,δ. It may then be guaranteed that
Rβ,δI → H∗ as β and δ both vanishes. In this sense Tikhonov regularization forms a
regularization strategy.

5.3.1.1 Regularization strategy
In E.2.2.2 definitions for a regularization strategy and its admissibility is outlined in the
classical sense. A slight generalization to the concept is defined here to admit noise not
only in the data but also in the operator. To be able to define this concept relative to
the classical regularization strategy it is denoted a regularization family. Similar to a
regularization strategy there is an admissibility condition for a regularization family.

Definition 5.3.1 (Regularization family). Consider a parameterized set of compact
operators {Kβ}β>0 such that Kβ → K in the operator norm as β → 0. A regularization
family is a parameterized set of linear and bounded operators {Rα,β}α,β>0 such that for
each β {Rα,β}α>0 is a regularization strategy for Kβ.
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Definition 5.3.2 (Admissibility of a regularization family). Let gδ be noisy data. A
regularization family α = α(δ, ε) is called admissible if

α(δ, ε) → 0, and sup

∥Rα(δ,ε)g
δ − f∥ :

∥Kε −K∥ ≤ ε and
∥Kf − gδ∥ ≤ δ

 → 0 as δ, ε → 0

for every f .

With these definitions the the following theorem states how the Tikhonov regularized
least squares optimization problem in (5.3.1) encoded by the operator Rβ in (5.3.2) forms
an admissible regularization family.

Corollary 5.3.1. Assume that m, c , c̃, K and K̃ are as in Section 5.2, that I = KH
and that H ∈ Ran(K∗). If β ∝ ∥c̃− c∥Hm(B) there is a constant C > 0 independent of c̃
and β such that

∥H −RβI∥L2(Ω) ≤ C∥c̃− c∥
1
2
Hm(B), (5.3.3)

where Rβ = (K̃∗K̃ + βI)−1K̃∗.

It is a fairly easy extension to also admit noise in I, however, say ε is the noise level for
I, then depending on the relative assymptotic rates at which ∥c̃−c∥Hm(B) and ε vanishes
the proportionality for β will change and the rate in (5.3.3) may get worse.

5.3.2 Reconstruction of the conductivity
For the problem of reconstructing the conductivity we use the heuristic described in
Section 2.4.2 of linearizing the power density functional and approximating the problem
with a weighted least squares problem, which we solve iteratively while updating the
weights. In this setup, however, the approximation is slightly different, which simplifies
to a preconditioned problem with a faster solver. The linearized approximated problem
is structurally the same as (3.1.1), though the weights differ slightly.

The discretized version of the problem has the following optimality condition, where the
regularization term has shifted to become a preconditioner and the remaining parameter
β has been taken to zero,

L−1WT MwWL−T κ̃ = L−1WT Mwzσ. (5.3.4)

Here W is the discretization of the first order linearization of the power density op-
erator and Mw is the weighted mass matrix. The matrix L is the Cholesky factor of
the weighted stiffness matrix corresponding to the TV-regularization term (which was
positively perturbed to ensure positive definiteness). It forms a preconditioner for the
problem encoding the regularization. The unknown is κ̃ = LT κ, where κ is the dis-
cretization of κ.
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The preconditioned conjugate gradient algorithm [16, p.15] is applied to (5.3.4); then
the weights are updated and the process repeats.

5.4 Numerical simulations
Through sampling of the sound speed c we may observe in practice how imprecise knowl-
edge of the sound speed realizes as different kinds of artifacts in the reconstruction of
H. To sample the sound speed a breast tissue model [50] was adapted for 2D and used
to generate structured variations. We start by outlining the model; we give it as an
algorithmic sequence of instructions.

After the model description we comment qualitatively on reconstructions, and finally
we outline here some observations on reconstruction artifacts due to both a limited
number of probing waves and wrong estimates for the background sound speed used in
the reconstruction. The final part extends beyond what is considered in Paper C.

5.4.1 Sampling
We describe here the sampling approach for the sound speed. In general the sound speed
samples will have the form

c(x) = (cbg + χD(x)(cincl − cbg))(1 + µs(x)), µ > 0, (5.4.1)

where s : dom(s) → (−1, 1) is a function encoding randomized structures, cbg is the
backgroud sound speed, cincl is the sound speed in the disc inclusion and χD is the
indicator function on the disc inclusion.

The function s is defined as the linear interpolation of the gridded values sjk = Qjk(β0, γ)−
Qjk(β1, γ), where Qjk is a random function. The evaluation of Qjk is somewhat involved
and takes quite the number of steps. The procedure is described in Algorithm 2 below,
however, for this algorithm we need a couple of auxiliary functions, which are introduced
first.

Given values for the positive constants c0, c1 and f0, consider the function in frequency
domain Vβ(ξ; θ), parameterized by the positive scalar β and the phase function θ(ξ),
given by

Vβ(ξ; θ) =


c0, |ξ| = 0,
c1|ξ|−β/2e−iθ(ξ), 0 < |ξ| < f0,

0, otherwise.
(5.4.2)

In practise Vβ is evaluated on a discrete grid and thus θ must be known on this grid.
The randomness in the sampling is introduced by sampling the phase θ in each grid
point as independent uniformly distributed variables; i.e. from the uniform distribution
U(−π, π).
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Given an index set J the function rJ ,γ(q), q = (qjk), parameterized by the positive
scalar γ, defines a truncation level such that the ratio between the values in q, with
indices in J , above and below r is as close to γ as possible. The function is given by

rJ ,γ(q) = arg min
α∈R

∣∣∣∣∣∣γ − 1
|J |

∑
(j,k)∈J

max(sign(α− qjk), 0)

∣∣∣∣∣∣ , q = (qjk)jk. (5.4.3)

With the auxiliary functions in place, the algorithm for evaluating Qjk(β, γ) is the fol-
lowing. We note that the set U in the algorithm encodes where the structures should
have the appropriate distribution; e.g. if the domain, which the sound speed is needed
on, is not rectangular.

Algorithm 2: Sample {Qjk(β, γ)}1≤j,k,≤N

Input: β, γ
Result: {Qjk(β,γ)}1≤j,k≤N

1 Initialize f0, ℓ, c0, c1 > 0, N ∈ N and U ⊆ [−ℓ, ℓ]2;
2 Compute ξj = ℓ

(
2 j−1

N−1 − 1
)
, 1 ≤ j ≤ N ;

3 Define N -by-N -grid ξjk = (ξj, ξk);
4 Draw a samples θjk ∼ U(−π, π), 1 ≤ j, k ≤ N ;
5 Define the matrix V by Vjk = Vβ(ξjk, θjk) via (5.4.2), 1 ≤ j, k ≤ N ;
6 Compute discrete inverse 2D Fourier transform Q = F−1

discreteV.;
7 Set qjk = |Qjk| and q = (qjk)1≤j,k,≤N ;
8 Define J = {(j, k) : ξjk ∈ U};

9 Evaluate q̂jk =

1 if qjk < rJ ,γ(q)
0 otherwise

, using r as defined in (5.4.3);

10 Return q̂jk;

Examples of realisation of s(x) based on the above can be seen in Figure 5.1.

5.4.2 Reconstructions
We see in Figure 5.2 reconstructions corresponding to different realizations of sampled
structure in the sound speed. The first column are reconstructions using the same model
for data generation and reconstruction. This is presented for comparison as we should
not expect to do better. In each other column the data is generated using a model where
the sound speed has added structure of magnitude µ = 0.05; i.e. 5% relative variation, so
from 0.95 to 1.05 corresponding to a bit above 10% variation from minimum to maximum.
The different columns are different realizations of structures, each corresponding to the
similarly organized structure realizations presented in Figure 5.1, and the different rows
are power densities corresponding to different boundary conditions, with the last row
being the reconstructed conductivity.
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Figure 5.1: Examples of realisations of the structure term s(x); ( , , ) = (1, 0,−1).

It is quite apparent from Figure 5.2 that the added structure in the sound speed creates
rather significant errors in the reconstructions where the structures are considered un-
known and thus not modelled. We note how the errors are not directly visually linkable
to the structures in the sound speed realizations, though there might be a small trend
of higher reconstructed power density near areas with increased sound speed; nothing
conclusive however.

While a lot of errors are generated, it is worth pointing out that the primary peaks and
valleys around the area of the inclusion are mostly maintained in the reconstructions;
even in the really bad ones. This appear to play a significant role when going on to
use the data for reconstruction of the conductivity. Looking at the conductivity in the
last row, the inclusion is quite clearly reconstructed for all, though it exhibits slight
variations in the exact position of its boundary.

5.4.3 Reconstruction artifacts
In this section we will discuss some of the artifacts that may occur in the reconstruction
of the power density. In particular two different phenomenons, which are very briefly
touched upon in Paper C, one being the effects of a low number of transducer positions,
that is positions where the waves are generated. The other being a poor estimate for
the background sound speed.

For examples of the structures observable under these phenomenons refer to Figures 5.3,
5.4, 5.5 and 5.6, where different variations are observable. In Figure 5.3 the effect of a
poor estimate for the background sound speed are observable across the rows, where the
sound speed vary from from 0.95c (top) to 1.05c (bottom) with c = cbg the background
sound speed used for data simulation. We note that the data used in these figures come
from a wave corresponding to a clean piecewise sound speed of cbg = 1500 and cincl =
1650 in the inclusion. Ring structures along the boundary are clearly observable here
with a low valued zone for underestimation and a high valued zone when overestimating.
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Figure 5.2: Reconstructions of power densities and conductivities corresponding to dif-
ferent realizations of sound speeds. Column 1 illustrates reconstructions
with the model usedfor the data generation. Each following column corre-
sponds to a particular realization, in particular from left to right the realiza-
tions shown in Figure 5.1 respectively. The rows 1–3 are power densities
corresponding to boundary conditions f(x1, x2) = x1, x2, (x1 + x2)/

√
2

respectively. Row 4 is the corresponding reconstructed conductivity.
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While we do not have theory in place that directly explain and quantify this phenomenon,
an intuition may be developed: In case of an underestimation of the sound speed as in
the first row of Figure 5.3, at the time t′, when the true wave front p is leaving the
domain and signal is waning, the estimated wave p̃ will not have reached the opposing
boundary yet. Since

∫
Ω p(x, t)H(x) dx, t > t′, is now vanishing, but our assumed non-

zero p̃ remains in the domain the reconstruction must try to compensate by eliminating
H(x) in the areas where p(·, t), t > t′ has support. Intuitively, to compensate for this
lack of energy close to the boundary, H(x) must then take higher values in the interior,
thus also explaining the slightly larger red areas in the inner part.

Conversely, the opposite situation is observed in the last row, where the sound speed
estimate for the reconstruction is too high. Here the estimated wave will leave the domain
before the true wave, and intuitively the tail of the wave is forced to contribute to the
signal thus enforcing high values close to the boundary. An interesting observation is
that for low wave counts (the first two columns) we see that at the transducer positions,
where the true wave and the estimated wave will coincide significantly due to the short
time frame, we don’t get the high values since other information suppresses it; a similar
phenomenon is visible in underestimated case. In the thirds column where we have a
high transducer density no singular positions can be suppressed like that so a full ring
forms.

An interesting question from these observations is reasonably if one could potentially
produce a good estimate of the background sound speed based on minimizing these ring
features. We hypothesise that this could be the case. As the features appear for all the
different wave counts, one might even consider estimating the background sound speed
using fewer waves to make the problem more tractable; for speed.

Also worth noting is Figure 5.5 in which the data comes from a wave corresponding to a
sound speed with 10% structured variation. These present worst case scenarios, where
the true sound speed has highly varying structures and the used homogeneous sound
speed in reconstruction is off by up to 10% in either direction; i.e. 0.90c (top row) or
1.10c (bottom row). The center row uses the sound speed 1.00c.

The observed ring structure phenomenon near the boundary persists in these reconstruc-
tions, though for the overestimation it is harder to observe. But also, when comparing
what the power density should look like (similar to the center row in Figure 5.3) to
the reconstructions with accurate background (center row in Figure 5.5) it is clear that
significant distortion is already occurring due the structures in the sound speed not
accounted for in the reconstruction.

An interesting observation is the robustness of the conductivity reconstructions seen
in Figure 5.4, reconstructed from the Figure 5.3 data. Even under massive under- or
overestimation of the background sound speed we observe quite clearly the inclusion;
even at very low wave counts, though the reconstruction is of course better for higher
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counts.

The picture is much more “muddy” in Figure 5.6 where we reconstruct from the data
in Figure 5.5. Clearly the significant variations in the sound speed poses a problem,
however, remarkably the inclusion is still observable; even in the extreme under- and
overestimation cases we see a pronounced bump in its position.

We pose the hypothesis that the induced errors in the reconstructed power densities due
to errors in the sound speed are in general non-physical in the sense that the induced
variations could not have been produced in power densities by any choice of conductiv-
ity. In this sense errors coming from a poor sound speed estimate might be much less
malignant compared to other possible sources of error in AET. Of course, the deeper
depth inspected by AET the larger the displacement in a wave due to a sound speed
mismatch, so the object size is of great importance.

As a funny side note to Figure 5.3, there is almost a Rorschach-like quality to the internal
structures observed in the power densities reconstructed at low wave counts with poor
estimates for the background sound speed. Of course this is also in part due to the axial
symmetries in the problem.

5.4.3.1 Captions for Figures 5.3 and 5.4
In Figures 5.3 and 5.4 we see reconstructions of the power density H(x) corresponding to
the Neumann boundary condition f(x1, x2) = x1 (Figure 5.3) and reconstructions of the
conductivity from the power density dataset of all the boundary conditions (Figure 5.4)
. The different columns and rows correspond to different numbers of waves and different
sound speeds used for reconstructions. Note that the reconstructed conductivity in a
particular column-row combination comes from the power density data seen in the same
position and that there are two more power densities, namely those corresponding to
Neumann conditions f(x1, x2) = x2 and f(x1, x2) = (x1 + x2)/

√
2, which we are not

showing here.

For the reconstructions the waves used to generate the data I(t) come from a sound
speed of cbg = 1500 and cincl = 1650 with no additional added structures. Each column
corresponds to a different number of used waves: In the first column 6 equidistant
transducers are used, in the second column 12 equidistant transducers are used, and in
the last column 36 equidistant transducers are used.

For reconstructions a set of waves generated from a homogeneous sound speed is used as
a “best guess”. The rows corresponds to different sound speeds used for reconstructions.
The top row corresponds to a used sound speed of 0.95c, the second row corresponds to
0.99c, the third row corresponds to 1.00c, the fourth row corresponds to 1.01c, and the
final row corresponds to 1.05c; where c = cbg. Note that the sound speed is thus always
wrong inside the inclusion.
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5.4.3.2 Captions for Figure 5.5 and 5.6
Figures 5.5 and 5.6 follow a similar pattern to the system explained in Section 5.4.3.1
above. The columns follow the same pattern of the first column being 6 used waves, the
second column 12 used waves and the last column 36 used waves.

The data the power densities are reconstructed from corresponds to a sound speed as
above but with 10% structured variations added. The structure s(x) added is the left-
most realisation displayed in Figure 5.1. Different from the Figures 5.3 and 5.4, the first
and last rows here are reconstructed using waves corresponding to a sound speeds of
0.90c and 1.10c respectively. The center row uses 1.00c like the other figures; c = cbg.

The Figures 5.5 and 5.6 are included to illustrate some extremely poor data cases, and
that some information actually still may be recovered.
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Figure 5.3: Power densities; related to Figure 5.4. For caption see Section 5.4.3.1.
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Figure 5.4: Conductivities; related to Figure 5.3. For caption see Section 5.4.3.1.
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Figure 5.5: Power densities; related to Figure 5.6. For caption see Section 5.4.3.2.
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Figure 5.6: Conductivities; related to Figure 5.5. For caption see Section 5.4.3.2.
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CHAPTER 6
Reconstructability in AET

with limited boundary
This chapter is based on and summarizes Paper D, Reconstructability from power density
data in limited view, which deal with the second part of the acousto-electric tomography
problem. We thus assume upfront that we already have power density data Hij available.

Under certain assumptions it can be demonstrated that the conductivity σ in (2.1.1) is
reconstructable up to a scaling constant [5, 14]. These assumptions include sufficient
smoothness of σ and the existence of solutions ui, 1 ≤ i ≤ d, such that the gradients
∇ui are linearly independent. Under these assumptions it is in fact a fairly elementary
derivation to give a reconstruction formula for σ.

The recovery formula hinges upon an inequality on the Jacobian for the vector of so-
lutions u = (u1, . . . , ud), which form a sufficient condition for the reconstruction. The
inequality, referred to as the Jacobian constraint, is

det ∇u = det

 ∇u1 · · · ∇ud

 ≥ c > 0. (6.0.1)

where c is some constant.

We demonstrate that the known recovery formulas apply and guarantee unique recon-
structability, up to a scalar constant, even under limited access to the boundary; i.e.
there is an open set Γ ⊂ ∂Ω on which we may control the boundary condition and
outside Γ a fixed zero Neumann condition is applied. In other words, we consider (2.1.1)
with a mixed boundary condition:

−∇ · σ∇u = 0 in Ω,
u = f on Γ,

σ∂νu = 0 on ∂Ω\Γ.
(6.0.2)

As it turns out, this works for Γ of any size and is based on using Runge approximation
to guarantee the Jacobian constraint everywhere in the interior.

The reconstruction formulas are given for d = 2, but we show that the Jacobian con-
straint may be satisfied also for d = 3. We consider only scalar-valued conductivities,
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but based on the literature [5, 12, 11] we expect that the result generalizes to anisotropic
conductivities as well.

6.1 Reconstruction formula
We consider the case d = 2 here. Observe that for f ∈ C1 and f > 0 we have the
identity f∇ log f = ∇f . Thus we may rewrite (2.1.1) as

0 = −∇ · σ∇u = −∇σ · ∇u− σ∆u = −σ∇ log σ · ∇u− σ∆u.

Therefore,

∇ log σ · ∇u = −∆u. (6.1.1)

Observe that if as assumed we have solutions u = (u1, u2) with ∇u1 and ∇u2 linearly
independent, then Jacobian ∇uT is invertible. Thus by considering (6.1.1) for each
solution ui and combining them into a matrix equation we obtain

∇ log σ = −(∇u)−T ∆u, (6.1.2)

where ∆u = (∆u1,∆u2). This demonstrates the reconstructability of σ, up to a scaling
constant since ∇ log(ασ) = ∇(logα+log σ) = ∇ log σ. Notably the formula is pointwise,
so at any point x, knowing ∆u(x) and ∇u(x) is sufficient to recover σ at x.

It is clear that the recovery formula (6.1.2) requires the invertibility of the Jacobian
matrix, which is guaranteed when the Jacobian constraint (6.0.1) is satisfied.

Notably we cannot in AET expect to know the solutions u1 and u2 as we do not know
the coefficient of the PDE, and we may at best measure their values on the boundary.
In AET, however, we assume to know the power densities Hij = σ∇ui ·∇uj, 1 ≤ i, j ≤ 2.
In this sense we here only consider the second step of AET.

From the power densities Hij it is possible to formulate a reconstruction formula analo-
gous to (6.1.2). We shall not show the details here, but simply note that one may from
the power densities first obtain the factors Ji =

√
σ∇ui, 1 ≤ i ≤ 2, which up to the

scaling factor
√
σ describe the current densities. With these the reconstruction formula

then is
∇ logw = (J J)−T (∇ · J J), (6.1.3)

where w =
√
σ and J = (J1, J2) and

J =
[
0 −1
1 0

]
.

This formula requires the invertibility of J J, which is also a straight forward consequence
of the Jacobian constraint.



6.2 Runge approximation 53

Thus the satisfaction of the Jacobian constraint is equivalent to the reconstructability
of the conductivity coefficient in AET. It is shown in general that for any σ (of sufficient
smoothness) there exists a finite set of boundary conditions such that the Jacobian con-
straint is satisfied. The goal in Paper D is to demonstrate that the Jacobian constraint
may likewise be satisfied with a finite set of boundary conditions on an open subset
Γ ⊆ ∂Ω.

6.2 Runge approximation
Runge approximation is a property that a PDE may satisfy. The property means that if
a local solution to the PDE, i.e. a function satisfying the PDE on some open subset in the
interior, then there exist a sequence of boundary conditions such that the corresponding
global solutions to the PDE converge in the open subset to the local solution. In other
words, even if there isn’t any boundary condition which gives a global solution coinciding
with the local solution, we may still get arbitrarily close.

We use this property to prove the existence of boundary conditions yielding the Jacobian
constraint.

Definition 6.2.1 (Runge approximation properties, [5, Sec. 7.3]). We say that L satis-
fies the weak Runge approximation property if for any Lipschitz simply connected domain
Ω′ ⋐ Ω and any u ∈ H1(Ω′) such that Lu = 0 in Ω′ there exists a sequence un ∈ H1(Ω)
such that (a) Lun = 0 in Ω, and (b) un|Ω′ → u in L2(Ω′).

Let α ∈ (0, 1). We say that L satisfies the strong Runge approximation property if for
any smooth simply connected domains Ω′′ ⋐ Ω′ ⋐ Ω and any u ∈ H1(Ω′) ∩C1,α(Ω′) such
that Lu = 0 in Ω′ there exists a sequence un ∈ H1(Ω) ∩ C1,α(Ω′) such that (a) Lun = 0
in Ω, and (b) un|Ω′′ → u|Ω′′ in C1,α(Ω′′).

Clearly, the strong Runge approximation property also yields the weak Runge approxi-
mation property. The PDE (6.0.2) satisfies the unique continuation property, i.e. that
if a solution on an open set on the boundary Γ′ is vanishing and with vanishing first
order derivative then the solution is the zero solution. This property directly yields the
weak Runge approximation property, and assuming a slightly higher regularity for the
coefficient σ the strong Runge approximation property follows.

Theorem 6.2.2. Let Ω ∈ Rd be a Lipschitz bounded domain and σ ∈ C0,α(Ω), α ∈ (0, 1),
then (6.0.2) satisfy the strong Runge approximation property.

Through a series of approximation results from classical elliptic regularity theory it is
possible to establish a radius r > 0 such that on any ball of radius r contained in Ω
there are d boundary conditions satisfying the Jacobian constraint (6.0.1) with c = 1

2 .
For any Ω′ ⋐ Ω we may then find a finite covering of Ω′ of balls of radius r all contained
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in Ω, and on each ball we take different boundary conditions to satisfy the constraint.
This is summarized in the following theorem, which is essentially [5, Thm. 7.11], but for
a different boundary condition.

Theorem 6.2.3. Take Ω′ ⋐ Ω and assume σ ∈ C0,1(Ω). Then there is N ∈ N and
r > 0 both depending on Ω,Ω′, λ and ∥σ∥C0,1(Ω), and x1, . . . , xN ∈ Ω′ and ϕi,j ∈ H

1
2 (Γ),

i = 1, . . . , d, j = 1, . . . , N such that

Ω′ ⊆
N∪

j=1
Bxj

(r) and det

 ∇u1,j · · · ∇ud,j

 ≥ 1
2

in Bxj
(r),

where uij ∈ H1(Ω) is the unique solution to (2.1.1) with f = ϕi,j.

In other words we maximally require Nd different boundary conditions to satisfy the
Jacobian constraint on any compact subset in the interior of Ω. Of course, N will depend
on the compact subset chosen.

While this gives us existence of the boundary conditions yielding reconstructability it
does not tell us what they look like or if they are realizable in practise. This is left for
future study.



CHAPTER 7
Discussion, concluding

remarks and outlook
This chapter provides a summarizing discussion and conclusion on the work covered
in the thesis, while at the same time providing an outlook and pointing in unexplored
directions, which could form ground for future research work.

In the preceding chapters various aspects of AET have been explored. This has lead to
a number of findings but the work has certainly sparked at least as many questions in
the meantime. Reflecting back there are branches where other paths could have been
taken and certainly many improvements are likely possible throughout the project.

A good part of the work has been computational and development of methods for solving
the different subproblems appearing in AET. Papers A–C reflects this work and the
optimizations the approach has gone through. While the method has improved over the
course of the project, experience and communications throughout have shown that there
are other likely equally valid approaches for solving these problems; most of which are
unexplored.

The optimization problem for obtaining the conductivity from the power density data is
nonlinear and non-convex leading to a particularly difficult task. The proposed method
in this thesis has shown through numerous numerical experiments that it appears stable
and the existence of solutions has been demonstrated. But convergence rates and similar
results remain elusive. The applied approach involving linearization and a number of
approximations do not lend themselves easily to this kind of analysis. While getting at
these properties is in general notoriously hard for nonlinear and non-convex problems,
there might exist other algorithms, which can be analyzed. For instance, work has been
done on non-convex proximal gradient methods and it is a relevant question if this could
be applied to the optimization problem here? and what other methods might apply?

The procedure in Paper A was extended to a limited data setting by means of a simple
change of integration domain; a limited data region one might say. This part was more
of a small extra thing, which was easy to also consider at the time. However, in light
of the way artifacts from uncertainty in the sound speed propagates, it actually attains
more meaning seeing as more trust should be placed in certain parts of the domain
for reconstructed (mixed) power density data; in particular when the sound speed used
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for reconstructions turns out to be severely wrong. This naturally poses a question if
this limited data region setting should not be explored further and not just remain an
afterthought?

A lot of modelling work has gone into the project and in particular in Paper B where a
full framework from electrical measurements to power density to conductivity is explored.
This provides a novel view into the reconstructability of the power density, in particularly
through the use of realistic ultrasound waves. This stands in contrast to the existing
theoretical studies, where the “closest” deals with spherical line arcs making the process
equivalent to the spherical Radon transform. This wave modelling also sparked the idea
for research on sound speed uncertainty presented in Paper C.

It is of course important to reflect on the shortcomings manifest in the proposed model
of Paper B. As discussed quite extensively in Chapter 4 the Johnson-Nyquist (JN) noise
was not considered in the modelling. This negligence was due to a lack of understanding
of electrical systems, and likely also due to virtually no experimentalists existing in the
small community working with AET.

However, considering the JN noise does place AET in a new light and highlights some
critical challenges in its practical applications. An incredibly rough back-of-the-envelope
estimate of the root mean square magnitude of the noise was proposed in the related
discussions in Chapter 4 and suggests that while the noise might not be impossible to
overcome, it proves critical relative to the signal strength of AET. Further research into
more accurate quantification of the JN noise could prove very useful and provide the
basis for a deeper study into the necessary improvements required for bringing AET into
a real world practise.

The study of uncertainty in the wave sparked by the former modelling is covered in
Paper C. The work models this by introducing uncertainty into the sound speed. It
demonstrates the continuous dependence of the wave and forward operator upon the
sound speed, and uses that to form a regularization strategy by considering model errors.

The initial work on this used a fairly limited number of probing waves, which lead
to a number of structural artifacts in the reconstructions. To avoid these effects the
number of waves used was increased as the study carried on. Furthermore, for the initial
computations it was not clear how to sample “interesting” sound speeds and so initial
simulations used all constant sound speeds and reconstructions with another constant,
but wrong, sound speed. As work continued the sampling process described in Paper
C and Chapter 5 was introduces and these initial simulations were abandoned; though
not permanently. While more of a byproduct, and thus not included in Paper C, the
particular structures of the artifacts from both low wave counts and wrong mean sound
speed reconstructions are quite interesting. As hypothesized in Chapter 5 it would be
exciting if the particular structures of the artifacts could be “abused” to estimate the
mean sound speed?



7 Discussion, concluding remarks and outlook 57

The study of the sound speed uncertainty shows that if the improvements are made
to the sound speed used for reconstruction, then the reconstruction is guaranteed to
improve accordingly. Alas, the theory does not provide a means of improving an initial
guess. In the above it was proposed that the artifact structures may be used to some
extend, however mainly for the average sound speed. The nonlinear dependence on the
sound speed and many degrees of freedom make it a difficult task, but further study into
how updates might be proposed could prove very useful.

While the sound speed uncertainty study primarily concerned itself with the problem of
reconstructing the power density, further reconstructions of the conductivity from the
wildly error-prone power densities were performed. A very curious observation here was
that even under quite severe errors in the power density reconstructions the conductivity
could still be recovered quite well. A hypothesis is that the errors introduced into the
reconstructed power densities from error in the sound speed is not physical in nature;
that is to say they can not be produced through the model by any choice of conductivity.
Hence only certain features of the power densities are the primary contributors in the
reconstruction of the conductivity. A deeper study into this would be quite interesting.

In a general setting, the varying sound speed wave can be considered as a standardized
constant sound speed wave equation living on a non-Euclidian manifold. What exactly
might be attained from such a formulation and how this would play into the broader
framework of AET is not entirely clear, however, it could prove fascinating to consider
further.

The final work in Paper D covers a small extension of existing theory proving that a
sufficient condition (the Jacobian constraint) for reconstructability of the conductivity
from power density data is satisfiable from limited access to the domain boundary. The
proof involves Runge approximations and is thus non-constructive in nature, which nat-
urally poses the question of how to practically select the proper boundary controls? It
is reasonable to ask if the necessary boundary controls are at all attainable in practise?
Further work in this direction could involve bringing a qualitative analysis into play
here.

A number variations could also be done on most of the work in this thesis. In particular
the complete electrode model is never involved at any point during this project, though
it was considered a number of times if it should come into play. The modelling in Paper
B posed an obvious place, where it would make a lot of sense to include. However, in the
interest of time existing computation frameworks were employed, which meant working
in a continuous boundary setting.

Similarly, while the theory in general didn’t restrict this, the domain has been a ball
throughout simulations and other geometrical shapes could pose interesting. For in-
stance, how having a non-Lipschitz boundary for the domain affects AET could be
worth asking.
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Abstract
We study the numerical reconstruction problem in acousto-electric tomography 
of recovering the conductivity distribution in a bounded domain from 
interior power density data. We propose a numerical method for recovering 
discontinuous conductivity distributions, by reformulating it as an optimization 
problem with L1 fitting and total variation penalty subject to PDE constraints. 
We establish continuity and differentiability results for the forward map, 
and the well-posedness of the optimization problem, and present an easy-to-
implement and robust numerical method based on successive linearization, 
smoothing and iterative reweighting. Extensive numerical experiments are 
presented to illustrate the feasibility of the proposed approach.

Keywords: acousto-electric tomography, reconstruction, total variation

(Some figures may appear in colour only in the online journal)

1. Introduction

Acousto-electric tomography (AET) is one promising hybrid data imaging modality that has 
received increasing interest in the last decade [5, 46, 47]. It exploits the acousto-electric effect 
[20, 32, 33], i.e. the occurrence of small, localized changes in conductivities in the interior 
of a body due to a focused ultrasonic wave generated in the exterior. When the ultrasound is 
induced in combination with electrical impedance tomography (EIT), one may reconstruct the 
interior power density data from EIT measurements [6], which can then be used for imaging 
the internal conductivity. The availability of internal data greatly improves the resolution and 
contrast in the reconstructions when compared with conventional EIT.
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Mathematically, AET can be formulated as follows. Let Ω ⊂ Rd , d = 2, 3, be an open 
bounded domain with a Lipschitz boundary Γ. The conductivity inside Ω is denoted by σ. 
Applying a current field fj, j = 1, . . . , n, to Γ induces an interior electric potential uj given as 
the solution to

{
−∇ · (σ∇uj) = 0, in Ω,

σ
∂uj

∂ν = fj, on Γ.

Here ν  denotes the unit outward normal vector on Γ. The AET forward problem is now to find 
the interior power density defined by Hj(σ) = σ|∇uj|2 from knowledge of σ, j = 1, . . . , n. 
The corresponding inverse problem is, from knowledge of Hj(σ) (and fj), to recover the con-
ductivity σ. The issues of unique recovery and stability have been extensively studied (see, e.g. 
[3, 9] and references therein). For example, in two spatial dimensions uniqueness is known 
for three properly chosen boundary conditions ensuring a non-vanishing Jacobian condition 
in the interior [3].

Various aspects of numerical reconstruction in AET have been considered [6, 11, 22,  
28, 34]. An algorithm for recovering the conductivity from multiple power densities was pro-
posed in [6]. It essentially relies on a perturbation approach and thus most suitable for small 
inclusions (relative to a known background). Two optimal control formulations for reconstruct-
ing the conductivity were proposed in [15], and extensive numerical results to illustrate their 
effectiveness were also given there. The work [12] proposed a Levenberg–Marquardt iteration 
for numerical inversion, analyzed the convergence and regularizing properties of the algorithm 
in a Hilbert space setting (i.e. Hs(Ω) with s  >  d/2), under the assumptions that the derivative of 
the forward operator is injective and the data is noise-free. The case of limited angle boundary 
data was considered in [29]. The explicit formulation of the reconstruction problems as a regular-
ized output least-squares problem was done in [2] and taken further to Perona–Malik type edge 
enhancing regularizers [41]. See also, e.g. [10, 39], for the case of anisotropic conductivities.

Total variation penalty is extremely popular for image processing. Since the seminal work 
[42] on image denoising, it has also been widely applied to solving inverse problems. There 
are several works on nonlinear parameter identifications for PDEs with total variation penalty, 
e.g. underground water flow [16], EIT [27] and quantitative photo-acoustic tomography [26], 
which have inspired the present work. Note that in these works, typically an L2(Ω) fitting term 
is employed, which is well suited for theoretical considerations and numerical computations.

The main focus of this work is to reconstruct conductivities that are mostly piecewise con-
stants using a PDE constrained optimal control formulation with a total variation penalty. Our 
main contributions are as follows. First, we provide a proper functional analytic setting for 
the reconstruction problem with discontinuous conductivity distributions. This is achieved by 
carefully analyzing the parameter-to-data map, e.g. continuity and differentiability in theorem 
3.2. The analysis relies crucially on the W1,q(Ω) regularity of the state variable u(σ) in theo-
rem 3.1. Second, we formulate the reconstruction problem as an optimization problem on an 
L1(Ω) fitting term and total variation penalty term:

min
σ

Jβ(σ) with Jβ(σ) =
n∑

j=1

‖Hj(σ)− zj‖L1(Ω) + β|σ|TV,

over a suitable admissible set, and analyze the well-posedness of the formulation, e.g. exis-
tence and stability of minimizers in theorems 4.1 and 4.2. Third, we describe an easy-to-
implement numerical algorithm based on recursive linearization, smoothing and iterative 
reweighting, see algorithm 1. Fourth, we present extensive numerical experiments with full 
and partial data to illustrate the effectiveness of the proposed approach. Further, we analyze 
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the convergence of the discrete approximations by the Galerkin finite element method for 
both nonlinear and linearized models using suitable W1,q(Ω) estimates on the finite element 
approximations in lemmas A.1 and A.3.

The paper is organized as follows. In section 2, we recall preliminary results on function 
spaces. Then in section 3, we discuss mapping properties of the solution operator and param-
eter-to-data map, e.g. continuity and differentiability. In section  4, we formulate the AET 
reconstruction into a PDE constrained optimization problem and analyze its analytic proper-
ties. In section 5, we describe an algorithm for the numerical solution of the optim ization 
problem. Last, in section  6, we present extensive numerical results to illustrate the effec-
tiveness of the reconstruction technique. In appendix, we give a finite element convergence 
analysis. Throughout, the notation C denotes a generic constant which may differ at each 
occurrence, but it is always independent of the mesh size h and other quantities under study.

2. Preliminaries on function spaces

This part reviews basic functional analytic tools and also fixes the notation.

2.1. Sobolev spaces

First, we recall Sobolev spaces, which will be used extensively below. For any multi-index 
α ∈ Nd, |α| denotes the sum of all components. Given a domain Ω ⊂ Rd  with a Lipschitz con-
tinuous boundary Γ, for any m ∈ N, 1 � p � ∞, we follow [1] and define the Sobolev space 
Wm,p(Ω) by

Wm,p(Ω) = {u ∈ L p(Ω) : Dαu ∈ L p(Ω) for 0 � |α| � m}.

It is equipped with the norm

‖u‖Wm,p(Ω) =





(
∑

0�|α|�m
‖Dαu‖ p

L p(Ω)

) 1
p

, if 1 � p < ∞,

max
0�|α|�m

‖Dαu‖L∞(Ω), if p = ∞.

The space Wm,p
0 (Ω) is the closure of C∞

c (Ω) in Wm,p(Ω). Its dual space is denoted by W−m,p′(Ω), 
with 1/p + 1/p′ = 1, i.e. p′ is the conjugate exponent of p. Also we use Hm(Ω) = Wm,2(Ω), 
and Hm

0 (Ω) = Wm,2
0 (Ω). We denote by (Wm,p(Ω))′ the dual space of Wm,p(Ω).

The bracket (·, ·) denotes the L2(Ω) inner product, (·, ·)L2(Γ) the L2(Γ) inner product, and 
〈·, ·〉 dual pairing. The space V ≡ H1

�(Ω) ⊂ H1(Ω) consists of functions with zero mean on 
the boundary, that is

H1
�(Ω) :=

{
u ∈ H1(Ω) :

∫

Γ

u ds = 0
}

� H1(Ω)/R.

We denote by H− 1
2 (Γ) the dual space of H

1
2 (Γ), and H− 1

2
� (Γ) := {v ∈ (H

1
2 (Γ))′ : 〈v, 1〉 = 0}. 

Functions in H1
�(Ω) satisfy the Poincaré type inequality

‖v‖H1(Ω) � C‖∇v‖L2(Ω), ∀v ∈ H1
�(Ω), (2.1)

which can be derived by standard compactness arguments (see, e.g. [8, section 5.4]).
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2.2. Space of bounded variation

Below we shall use the total variation penalty in the regularized reconstruction, for which the 
proper function space is the space of bounded variation BV(Ω). We only describe some basic 
properties, and refer interested readers to [4, 8, 19] for details. The space BV(Ω) consists of 
functions v ∈ L1(Ω) whose distributional derivative Dv is a Radon measure, i.e.

BV(Ω) = {v ∈ L1(Ω) : |v|TV < ∞},

where the total variation |v|TV is defined by

|v|TV =

∫

Ω

|Dv| = sup

{∫

Ω

v div ψ dx : ψ ∈ C1
c(Ω)

d, |ψ(x)| � 1
}

,

and | · | denotes the Euclidean norm of vectors in Rd. The space BV(Ω) is a Banach space 
when equipped with the norm

‖v‖BV(Ω) = ‖v‖L1(Ω) + |v|TV.

There are several different notions of convergence on the space BV(Ω). Besides the strong 
and the weak-∗ topology on BV(Ω), there is the intermediate topology (also known as strict 
convergence), which is in between the two and characterized by strong L1(Ω) convergence 
and convergence of | · |TV in R , i.e. a sequence {vn} ⊂ BV(Ω) converges in the intermediate 
sense to v ∈ BV(Ω) if vn → v in L1(Ω) and |vn|TV → |v|TV as n → ∞ [8, definition 10.1.3, 
p 374] [4, definition 3.14, p 125]. The intermediate convergence is very useful in practice, and 
we will equip BV(Ω) with this topology in the sequel.

The following results on BV(Ω) are very useful. The first assertion can be found at  
[8, theorem 10.1.4, p 378], the second at [19, theorem 5.2, p 199], and the third at [8, theorem 
10.1.2, p 375]. For Assertion (i), the domain Ω has to satisfy suitable regularity, e.g. Ω is an 
extension domain in the sense of [8, definition 3.20, p 130] (see, e.g. [4, theorem 3.23, p 132]). 
Any open set with a compact Lipschitz boundary is an extension domain [4, proposition 3.21, 
p 131].

Lemma 2.1. The following properties hold on the space BV(Ω).

 (i)  The space BV(Ω) embeds compactly into L p(Ω) for p < d
d−1.

 (ii)  The total variation is lower semi-continuous with respect to the convergence in L1(Ω), i.e. 
if {vn} ⊂ BV(Ω) and vn → v in L1(Ω), we have

|v|TV � lim inf
n→∞

|vn|TV.

 (iii)  The space C∞(Ω) is dense in BV(Ω) with respect to the intermediate topology.

3. Properties of the AET forward map

In this section we establish continuity and differentiability of the forward map in AET. For 
sufficiently regular conductivities, such results are well-known in the literature, but the issues 
become more delicate when non-smooth conductivities are considered.
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For a fixed λ ∈ (0, 1) we define the set

S = {σ : λ � σ � λ−1 a.e. in Ω} (A.1)

and we assume that σ ∈ S. This assumption is physically reasonable and in particular it 
implies that σ ∈ L∞(Ω). We write (S , τ) to denote the set endowed with a topology τ.

Given f ∈ H− 1
2

� (Γ) we consider the PDE problem
{
−∇ · (σ∇u) = 0, in Ω,

σ ∂u
∂ν = f , on Γ. (3.1)

The weak formulation of problem (3.1) is to find u ∈ V  such that

(σ∇u,∇ψ) = 〈 f ,ψ〉 ∀ψ ∈ V .

Clearly, f must satisfy the compatibility condition 〈 f , 1〉 = 0, which we shall assume 
throughout the rest of the paper independent of the space in which f is taken. By the Poincaré 
inequality (2.1), the Lax–Milgram theorem implies that (3.1) has a unique weak solution 
u = u(σ) ∈ V  and

‖u(σ)‖H1(Ω) � C‖f‖
H− 1

2 (Γ)
,

where the constant C depends on λ and the domain Ω but is independent of σ. For a fixed f, 
we shall suppress the dependence of the solution u on f, and only indicate its dependence on 
σ by writing u(σ). In passing, we note that as λ → 0+, problem (3.1) has a high-contrast con-
ductivity coefficient, which is notoriously challenging to accurately resolve, and specialized 
numerical techniques are needed.

Next we recall a W1,q(Ω) regularity result for elliptic problems; see [21] for a proof and 
also [13, 38] for closely related results. This result will play an important role in the analysis 
below.

Theorem 3.1. Let σ ∈ S and suppose g ∈ Lq(Ω), h ∈ Lq(Ω)d  and f ∈
(

W1− 1
q ,q(Γ)

)′
 with ∫

Γ
f ds +

∫
Ω

g dx = 0. Then there exists a constant Q > 2, such that for any q ∈ (2, Q), the 
problem

{
−∇ · (σ∇u) = g +∇ · h, in Ω,

σ ∂u
∂ν = f , on Γ,

has a unique weak solution u(σ) ∈ W1,q(Ω) satisfying

‖u‖W1,q(Ω) � C

(
‖f‖(

W
1− 1

q ,q
(Γ)

)′ + ‖g‖Lq(Ω) + ‖h‖Lq(Ω)d

)
.

The constant Q = Q(λ, d) depends only on the domain Ω, the spatial dimension d and the 
constant λ, and the constant C depends only on Ω, λ, d and q.

Remark 3.1. The parameter Q depends on the regularity of the domain Ω. If the domain Ω 
is of class C1, then Q(λ, d) → ∞ as λ → 1 [25]. For a general Lipschitz domain, e.g. poly-
hedrons, there also always exists some Q(λ, d) > 2 for any λ < 1 [25, section 5]. In the two-
dimensional case, the optimal exponent Q was discussed in [7, 40].
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3.1. The continuity and differentiability of the solution map

In order to analyze the forward map σ �→ H(σ), we first address the continuity of the solution 
operator σ �→ u(σ). This map is identical with that for EIT and has been extensively studied 
in various function spaces [16, 18, 31]. Hence, we only sketch the proof for the convenience 
of readers.

Lemma 3.1. Let {σk} ⊂ S  satisfy σk → σ∗ in L1(Ω). Then the following statements hold.

 (i)  If f ∈ H− 1
2

� (Γ), then there exists a subsequence of {u(σk)} convergent to u(σ∗) in H1(Ω).

 (ii)  If f ∈
(

W1− 1
r ,r(Γ)

)′

 for some r  >  2, then u(σk) → u(σ∗) in W1,q(Ω) for any 
q ∈ (2,min(Q, r)).

Proof. Denote uk ≡ u(σk) and u∗ ≡ u(σ∗), and let wk = uk − u∗. By the weak formulations 
for uk and u*, we have

(σk∇wk,∇φ) = ((σ∗ − σk)∇u∗,∇φ) ∀φ ∈ V . (3.2)

Now we discuss the two cases separately.
In case (i), letting φ = wk ∈ V  in (3.2) gives

(σk∇wk,∇wk) = ((σ∗ − σk)∇u∗,∇wk)

� ‖∇wk‖L2(Ω)‖(σk − σ∗)∇u∗‖L2(Ω).

By the standard measure theory, convergence in L p(Ω), p � 1, implies almost everywhere 
convergence up to a subsequence [19, theorem 1.21, p 29]. Thus, one can extract a subse-
quence of {σk}, still denoted by {σk}, that converges almost everywhere in Ω. This, the trivial 
inequality |σk − σ∗| � λ−1 a.e. for σk,σ∗ ∈ S and Lesbesgue’s dominated convergence theo-
rem [19] imply

lim
k→∞

‖(σk − σ∗)∇u∗‖L2(Ω) = 0.

This and the condition σk � λ give the desired assertion in (i).
In case (ii), by theorem 3.1, for any q ∈ (2,min(Q, r)), there holds

‖∇wk‖Lq(Ω) � C‖(σk − σ∗)∇u∗‖Lq(Ω).

Since q < min(Q, r), we can choose q′ ∈ (q,min(Q, r)) and by Hölder’s inequality, we obtain

‖(σk − σ∗)∇u∗‖Lq(Ω) � ‖σk − σ∗‖L p′ (Ω)‖∇u∗‖Lq′ (Ω),

where the exponent p′ satisfies q′−1 + p′−1 = q−1. Since σk,σ∗ ∈ S, we have |σk − σ∗| � λ−1 
and

‖σk − σ∗‖L p′ (Ω) � λ
1

p′ −1‖σk − σ∗‖
1

p′

L1(Ω)
,

from which it follows directly that

lim
k→∞

‖σk − σ∗‖L p′ (Ω) = 0.

This and the uniform bound on ‖∇u∗‖Lq′ (Ω) from theorem 3.1 imply that
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0 � lim
k→∞

‖∇wk‖Lq(Ω) � lim
k→∞

λ−1‖σk∇wk‖Lq(Ω)

� lim
k→∞

λ−1‖(σk − σ∗)∇u∗‖Lq(Ω) = 0.

This completes the proof of the lemma. □ 

Next we turn to the differentiability of the solution operator σ �→ u(σ) for a fixed f. These 
properties are important for deriving necessary optimality conditions and developing numer-
ical algorithms. However, one needs to be cautious: although the set S  has an interior point 
with respect to the L∞(Ω) norm, it does not have any interior point with respect to the L p(Ω) 
norm for any 1 � p < ∞. In the latter case, the results below have to be understood with 
respect to the relative topology. The next result gives the formula for the directional derivative 
u′(σ)[κ] of u(σ) at σ in the direction κ ∈ L∞(Ω).

Lemma 3.2. For σ ∈ S, the directional derivative u′(σ)[κ] satisfies
(
σ∇u′(σ)[κ],∇φ

)
= −(κ∇u(σ),∇φ) ∀φ ∈ V . (3.3)

If f ∈
(
W1− 1

r ,r(Γ)
)′

 for some r  >  2, then for any q ∈ (2,min(Q, r)) and p > q min(Q,r)
min(Q,r)−q, 

u′(σ)[·] : L p(Ω) → W1,q(Ω) is continuous, and u : (S , L p(Ω)) → W1,q(Ω) is Fréchet differ-
entiable.

Proof. The expression of the directional derivative follows from a direct computation. Spe-
cifically, let h(t) = 1

t (u(σ + tκ)− u(σ)), t  >  0. Assume that t is sufficiently small t so that 
λ/2 < λ− t‖κ‖L∞. Now recalling the weak formulation for u(σ + tκ) and u(σ) and appealing 
to the definition of h(t) yield

(σ∇h(t),∇φ) = −(κ∇u(σ + tκ),∇φ) ∀φ ∈ V . (3.4)

Letting φ = h(t) shows that h(t) is uniformly bounded in H1(Ω) as t → 0+. Further, we have 
‖(σ + tκ)− σ‖L p(Ω) = limt→0+ t‖κ‖L p(Ω) = 0, for any p  >  0. By lemma 3.1, we deduce that

lim
t→0+

‖u(σ + tκ)− u(σ)‖H1(Ω) = 0.

Thus letting t → 0+ in (3.4) yields the weak formulation for u′(σ)[κ].
Now if f ∈

(
W1− 1

r ,r(Γ)
)′

, by theorem 3.1, u(σ) ∈ W1,s(Ω) for any s ∈ [2,min(Q, r)). Thus, 
for any q ∈ [2,min(Q, r)), we can choose any q′ ∈ (q,min(Q, r)), and p′−1 + q′−1 = q−1, 
such that by Hölder’s inequality, there holds

‖κ∇u(σ)‖Lq(Ω) � ‖κ‖L p′ (Ω)‖∇u(σ)‖Lq′ (Ω).

Then by theorem 3.1, the solution u′(σ)[κ] to (3.4) belongs to W1,q(Ω) and

‖u′(σ)[κ]‖W1,q(Ω) � c‖κ‖L p′ (Ω)‖∇u(σ)‖Lq′ (Ω).

This shows the boundness of u′(σ)[κ] : L p(Ω) → W1,q(Ω). Since q′ can be made arbitrar-

ily close to min(Q, r), the desired continuity holds for any p > q min(Q,r)
min(Q,r)−q. Next we turn to 

Fréchet differentiability. Let w(σ,κ) = u(σ + κ)− u(σ)− u′(σ)[κ]. By the preceding argu-
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ment, for any q ∈ [2,min(Q, r)), the map u′(σ)[κ] : L p(Ω) → W1,q(Ω) is bounded for any 

p > q min(Q,r)
min(Q,r)−q. It suffices to show that

lim
‖κ‖L p(Ω)→0

‖w(σ,κ)‖W1,q(Ω)

‖κ‖L p(Ω)
= 0.

Next we take a sufficiently small κ (with σ + κ ∈ S). Then the residual w(σ,κ) satisfies

((σ + κ)∇w(σ,κ),∇φ) = (κ∇u′(σ)[κ],∇φ) ∀φ ∈ V . (3.5)

By the preceding argument, we have

‖u′(σ)[κ]‖W1,q′ (Ω) � c‖κ‖L p(Ω),

where the exponent q′ ∈ (q,min(Q, r)) is sufficiently close to q. Therefore, by choosing 
p′ � p large such that p′−1 + q′−1 = q−1 and Hölder’s inequality, there holds

‖κ∇u′(σ)[κ]‖Lq(Ω) � ‖κ‖L p′ (Ω)‖u′(σ)[κ]‖Lq′ (Ω) � c‖κ‖L p′ (Ω)‖κ‖L p(Ω).

This and theorem 3.1 imply

‖w(σ,κ)‖W1,q(Ω) � c‖κ∇u′(σ)[κ]‖Lq(Ω) � c‖κ‖L p′ (Ω)‖κ‖L p(Ω).

Now the desired assertion follows, in view of the inequality ‖κ‖L p′ (Γ) � λ
p

p′ −1‖κ‖
p

p′

L p(Ω). □ 

Remark 3.2. If f ∈ H− 1
2

� (Γ), the map u(σ) : L∞(Ω) → H1(Ω) is holomorphic [17, p 23].  

Lemma 3.2 gives a slightly stronger result on the first derivative under the condition 
f ∈

(
W1− 1

r ,r(Ω)
)′

. Our discussions have focused on the L p(Ω) spaces, which are suitable for 
low-regularity penalties, e.g. total variation and H1(Ω) penalties. More smoothing penalties, 
e.g. H2(Ω), are also adopted [12]. Generally, if Ω has a Ck+1-boundary Γ, σ,κ ∈ Ck

(
Ω
)
 and 

f ∈ Hk− 1
2 (Γ) with k > d

2, then u : Hk(Ω) → Hk+1(Ω) is also Fréchet differentiable. This can 
be proved similarly [12].

3.2. The continuity and differentiability of the forward map

The next result gives the continuity of the forward map H(σ). It follows directly from lemma 
3.1.

Lemma 3.3. Let {σk} ⊂ S  be convergent to σ∗ ∈ S  in L1(Ω). Then the following state-
ments hold.

 (i)  If f ∈ H− 1
2

� (Γ), then there exists a subsequence of {H(σk)} converging to H(σ∗) in 

L1(Ω).
 (ii)  If f ∈

(
W1− 1

r ,r(Γ)
)′

 for some r  >  2, then H(σk) → H(σ∗) in L
q
2 (Ω) for any 

q ∈ [2,min(Q, r)).

Proof. We split the difference H(σk)− H(σ∗) into

H(σk)− H(σ∗) = (σk − σ∗)|∇u∗|2 + σk(|∇uk|2 − |∇u∗|2), (3.6)
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and bound the two terms independently. We discuss case (i) and (ii) separately.
In case (i), by the L1(Ω) convergence, we deduce that there exists a subsequence of {σk}, 

still relabelled as {σk}, that converges almost everywhere to σ∗. Since |σk − σ∗| � λ−1, by 
Lebesgue’s dominated convergence theorem and the condition σk → σ∗ a.e. we deduce

lim
k→∞

‖(σk − σ∗)|∇u∗|2‖L1(Ω) = 0.

Meanwhile, by the triangle inequality and Hölder’s inequality, there holds

‖σk(|∇uk|2 − |∇u∗|2)‖L1(Ω) � λ−1‖(∇uk −∇u∗) · (∇uk +∇u∗)‖L1(Ω)

� λ−1(‖∇uk‖L2(Ω) + ‖∇u∗‖L2(Ω))‖∇(uk − u∗)‖L2(Ω).

The right hand side also tends to zero, in view of lemma 3.1(i) and the fact that ‖∇uk‖L2(Ω) and 
‖∇u∗‖L2(Ω) are uniformly bounded independent of k.

The proof for case (ii) is similar. In the splitting (3.6), for any q ∈ [2,min(Q, r)), the first 
term is now bounded using Hölder’s inequality

‖(σk − σ∗)|∇u∗|2‖
L

q
2 (Ω)

� ‖σk − σ∗‖L p′ (Ω)‖∇u∗‖Lq′ (Ω),

where the exponent q′ ∈ (q,min(Q, r)) and the exponent p′ = qq′

2(q′−q) < ∞. Now the asser-

tion follows from ‖σk − σ∗‖L p′ (Ω) � λ−1+1/p′‖σk − σ∗‖1/p′

L1(Ω)
, see the proof of lemma 3.1. 

Similarly, by the triangle inequality and Hölder’s inequality, the second term can be bounded 
by

‖σk(|∇uk|2 − |∇u∗|2)‖
L

q
2 (Ω)

� λ−1‖(∇uk −∇u∗) · (∇uk +∇u∗)‖
L

q
2 (Ω)

� λ−1(‖∇uk‖Lq(Ω) + ‖∇u∗‖Lq(Ω))‖∇(uk − u∗)‖Lq(Ω).

This and lemma 3.1(ii) complete the proof of the lemma. □ 

Last, we give the directional derivative H′(σ)[κ] of the forward map H(σ) and its adjoint 
H′(σ)∗ξ .

Theorem 3.2. The directional derivative H′(σ)[κ] is given by

H′(σ)[κ] = κ|∇u(σ)|2 + 2σ∇u(σ) · ∇u′(σ)[κ].

For any q ∈ [2, Q) and κ ∈ L∞(Ω), if f ∈ (W1− 1
q ,q(Γ))′, then H′(σ)[κ] ∈ L

q
2 (Ω), and the 

adjoint H′(σ)∗ζ  is given by

H′(σ)∗ζ = |∇u|2ζ + 2∇u · ∇v,

where v = v(ζ) solves the problem

(σ∇v,∇φ) = −(σζ∇u,∇φ) ∀φ ∈ V .

Proof. The formula for H′(σ)[κ] is direct to derive. By theorem 3.1, u(σ) ∈ W1,q(Ω). 
Thus, κ∇u(σ) ∈ Lq(Ω), and applying theorem 3.1 again gives u′(σ)[κ] ∈ W1,q(Ω). Then by 
Hölder’s inequality, we obtain the first assertion.
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To get the adjoint H′(σ)∗, we employ the weak formulations for u′(σ)[κ] and v, i.e.

(σ∇u′(σ)[κ],∇φ) = −(κ∇u(σ),∇φ) ∀ψ ∈ V ,
(σ∇v,∇φ) = −(ζσ∇u(σ),∇φ) ∀φ ∈ V .

Thus, by taking φ = v and φ = u′(σ)[κ], there holds (κ∇u(σ),∇v) = (ζσ∇u(σ),∇u′(σ)[κ]). 
Consequently,

(H′(σ)∗[ζ],κ) = (ζ, H′(σ)[κ])

= (ζ,κ|∇u(σ)|2 + 2σ∇u(σ) · ∇u′(σ)[κ])

= (ζ|∇u(σ)|2,κ) + 2(∇u(σ) · ∇v,κ).

By the definition of the adjoint, we obtain the formula for H′(σ)∗[ζ]. □ 

The next result gives the compactness of the forward map H(σ). Hence, the nonlinear 
inverse problem is indeed ill-posed, and regularization is needed for stable reconstruction.

Theorem 3.3. If f ∈
(
W1− 1

r ,r(Γ)
)′

 for some r  >  2, then the map H(σ) : (S , BV) → L1(Ω) 
is compact.

Proof. By lemma 2.1, the space BV(Ω) embeds compactly into L1(Ω). Then by lemma 3.3, 
the map σ �→ H(σ) is continuous from (S , L1(Ω)) to L1(Ω), under the given regularity on f. 
Hence, H(σ) : (S , BV(Ω)) → L1(Ω) is compact. □ 

4. Regularized problem

Now we discuss the well-posedness of the optimization problem arising in regularized recon-
struction by means of a total variation penalty. Like before, we focus our discussion on one 
single dataset, i.e. n  =  1, since the extension to multiple datasets is easy. Let z = H(σ∗) be 
the power density data corresponding to the true conductivity σ∗, possibly corrupted by noise. 
The optimization problem reads:

min
σ∈A

Jβ(σ) where Jβ(σ) = ‖H(σ)− z‖L1(Ω) + β|σ|TV (4.1)

where β > 0 is a regularization parameter controlling the tradeoff between the two terms. The 
admissible set A is given by

A := {σ ∈ BV(Ω) : λ � σ � λ−1 a.e. in Ω} ≡ BV(Ω) ∩ S.

In the model (4.1), the L1 fidelity is motivated by analytical consideration: for any σ ∈ A , 
the power density H(σ) is only ensured to be L1(Ω), but not the usual L2(Ω), see lemma 
3.3. Statistically speaking, L1 fitting is robust to outliers in the data, and popular for handling 
impulsive noise.

Now we prove that the functional Jβ is (sequentially) continuous with respect to the inter-
mediate topology and that there exists a minimizer to problem (4.1).

Lemma 4.1. Let f ∈
(
W1− 1

r ,r(Γ)
)′

 for some r  >  2, then Jβ is continuous on A in the inter-
mediate topology of BV(Ω).
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Proof. Let {σk} ⊂ A be a sequence convergent in the intermediate topology. Then by defini-
tion it converges in L1(Ω) and |σk|TV → |σ∗|TV. Meanwhile, by lemma 3.3, H(σk) → H(σ∗). 
Thus we obtain the desired continuity. □ 

Theorem 4.1. For any f ∈ H− 1
2

� (Γ), problem (4.1) has at least one minimizer.

Proof. Since Jβ is bounded from below by zero, there exists a minimizing sequence 
{σk} ⊂ A such that limk→∞ Jβ(σk) = infσ∈A Jβ(σ). This implies |σk|TV � C for some 
C  >  0. By the L∞(Ω) bound on the admissible set A and boundedness of Ω, we have 
‖σk‖BV(Ω) � C. By the uniform bound of σk in BV(Ω) and the compact embedding of BV(Ω) 
into L1(Ω) in lemma 2.1(i), there exists a subsequence, again relabeled as σk, convergent to 
some σ∗ in L1(Ω). Now by lemma 3.3(i), H(σk) → H(σ∗) in L1(Ω) (possibly by first pass-
ing to an a.e. pointwise convergent subsequence). The rest of the proof follows as lemma 4.1, 
except that we only obtain |σ∗|TV � lim infk→∞ |σk|TV. □ 

Remark 4.1. Note that the existence of a minimizer requires only f ∈ H− 1
2

� (Γ), when com-

pared with the sequential lower semi-continuity, since the proof does not require intermediate-
ly convergent subsequences in BV(Ω). Now we briefly mention the optimality conditions for 
problem (4.1). By means of the adjoint method, formally we derive the following optimality 

system: with ζ := σ|∇u|2−z
|σ|∇u|2−z| and u solving (3.1), the governing equation for σ reads

{
−∇ ·

(
|∇σ|−1∇σ

)
= −β−1H′(σ)∗[ζ] in Ω,

|∇σ|−1∂νσ = 0 on Γ.

This is a 1-Laplace equation for σ. It is known that a BV solution to such problems exist only 
under certain conditions on the source term and boundary condition [37].

In view of the lower semicontinuity of the functional, we have the following stability and 
consistency results; see [30, 43, 44] for a proof in the general case.

Theorem 4.2. The following statements hold.

 (i)  Let the sequence {zj} be convergent to z in L1(Ω), and {σj} the corresponding minimizer 
to the functional Jβ with zj in place of z. Then the sequence {σj} contains a subsequence 
convergent to a minimizer of Jβ in the intermediate topology in BV(Ω).

 (ii)  Let {δj} ⊂ R+ with δj → 0, {zj} be a sequence satisfying ‖zj − z∗‖L1(Ω) = δj for some  
exact data z∗, and σj be a minimizer to the functional Jβj with zj in place of z∗. If βjs 
satisfy

lim
j→∞

βj = 0 and lim
j→∞

δj

βj
= 0,

  then the sequence {σj} contains a subsequence convergent to an | · |TV-minimizing solu-
tion σ† in the intermediate topology BV(Ω).

Remark 4.2. The functional Jβ is generally not convex; this is similar to the quadratic fitting in 
[15]. Specifically, let j(σ) =

∫
Ω
|σ|∇u(σ)|2 − z| dx. Fix σ ∈ A, z and f such that σ|∇u(σ)|2 < z 

a.e. in Ω. Since u(ασ) = α−1u(σ), we have j(ασ) =
∫
Ω
(z − α−1σ|∇u(σ)|2) dx. Since 

α �→ α−1 is convex on R+, the map α �→ j(ασ) is concave, and thus, j is not convex in σ.
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5. Numerical algorithm

In this part, we describe an algorithm for problem (4.1). Problem (4.1) is numerically chal-
lenging to solve since it involves a nonlinear forward map H(σ), and Jβ is nonsmooth and 
nonconvex. We develop an easy-to-implement and robust algorithm using the following 
approximations at each outer iteration: recursively linearizing the operator H(σ), smooth-
ing the nonsmooth terms and approximating the L1-norms by quadratic terms. The resulting 
intermediate constrained quadratic optimization problems are then solved by the conjugate 
gradient method.

5.1. Derivation

First, we tackle the nonconvexity with the fitting term ‖H(σ)− z‖L1(Ω) by linearizing the for-
ward map H(σ). Consider a small change κ from a fixed σ (e.g. current approximation). Then 
by theorem 3.2, H(σ + κ) ≈ H(σ) + H′(σ)κ. Hence, for a fixed σ, we obtain a linearized 
functional Jσ,β(κ) defined by

Jβ(σ + κ) ≈ Jσ,β(κ) = ‖H′(σ)κ− dσ‖L1(Ω) + β|σ + κ|TV, (5.1)

with dσ = z − H(σ). Accordingly, we define a new admissible set Aσ by 
Aσ := {κ ∈ BV(Ω) : σ + κ ∈ A} to accommodate the box constraint on σ. This step gives 
rise to a nonsmooth but convex functional Jσ,β(κ) (in the increment κ), since both TV semi-
norm and L1(Ω) fitting are nondifferentiable. The nonsmoothness renders the numerical treat-
ment inconvenient, and there are several possible strategies to handle this. Below, we employ 
the commonly used smoothing:

|σ|TV,ε =

∫

Ω

|Dσ|ε, and ‖ · ‖ε =
∫

Ω

| · |ε dx, | · |ε =
√

| · |2 + ε2,

where ε > 0 controls the amount of smoothing, and denote by Jσ,β,ε(κ) the smoothed 
functional:

Jσ,β,ε(κ) = ‖H′(σ)κ− dσ‖ε + β|σ + κ|TV,ε.

The next result shows that a minimizer of Jσ,β,ε converges to a minimizer of Jσ,β as ε goes to 
zero.

Theorem 5.1. For any ε > 0, there exists at least one minimizer κε to the functional Jσ,β,ε, 
and any accumulation point of the set of minimizers {κε}ε>0 is a minimizer of Jσ,β, as ε → 0+.

Proof. The existence of a minimizer to Jσ,β,ε follows easily as theorem 4.1. Clearly, 
Jσ,β(κ) � Jσ,β,ε(κ) � Jσ,β(κ) + 2|Ω|ε. Let κ∗ minimize Jσ,β and κε minimize Jσ,β,ε. Then 
by the minimizing properties of κ∗ and κε to Jσ,β and Jσ,β,ε, respectively, there hold

Jσ,β(κ
∗) � Jσ,β(κε) � Jσ,β,ε(κε) � Jσ,β,ε(κ

∗) � Jσ,β(κ
∗) + 2|Ω|ε.

Thus any {κεk}k∈N ⊂ {κε}ε>0, εk → 0 as k → ∞, minimizes Jσ,β, and by repeating the argu-
ments in the proof of theorem 4.1, we deduce that every convergent subsequence converges to 
a global minimizer. □ 
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Next we derive a simple weighting scheme to facilitate the minimization of the functional 
Jσ,β,ε. Differentiating Jσ,β,ε with respect to κ yields

J′σ,β,ε(κ)η =

∫

Ω

H′(σ)κ− dσ

|H′(σ)κ− dσ|ε
H′(σ)η dx + β

∫

Ω

∇(σ + κ)

|∇(σ + κ)|ε
· ∇η dx.

This is a highly nonlinear equation in κ (or more precisely variational inequality, under the 
constraint κ ∈ Aσ). Then we freeze denominators of the integrands at some κ′ ∈ Aσ:

J′σ,β,ε,κ′(κ)η =

∫

Ω

H′(σ)κ− dσ
|H′(σ)κ′ − dσ|ε

H′(σ)η dx + β

∫

Ω

∇(σ + κ)

|∇(σ + κ′)|ε
· ∇η dx.

This corresponds to the gradient for the following weighted quadratic problem

Jσ,β,ε,κ′(κ) =
1
2

∫

Ω

w(σ,κ′)|H′(σ)κ− dσ|2 dx +
β

2

∫
w0(σ,κ′)|∇(σ + κ)|2 dx

=
1
2
‖H′(σ)κ− dσ‖2

L2
w(Ω) +

β

2
‖∇(σ + κ)‖2

L2
w0
(Ω),

 
(5.2)

with the weight functions w(σ,κ′) and w0(σ,κ) given by

w(σ,κ′) = |H′(σ)κ′ − dσ|−1
ε and w0(σ,κ′) = |∇(σ + κ′)|−1

ε . (5.3)

The reweighting step is repeated several times until a suitable stopping criterion is reached. 
This whole procedure for updating the increment κ is in the same spirit of lagged diffusivity 
for total variation denoising [45] or iteratively reweighted least-squares. Numerically, it is 
fairly robust to the initialization. Clearly, the procedure easily generalizes to multiple data 
sets.

5.2. Numerical algorithm

To compute the update κ from the functional Jσ,β,ε,κ′, we employ the conjugate gradient 
method. To this end, we first derive the matrix representation. Let {φi}, {ψi} and {ξi} be given 
bases for discretizing κ, σ and dσ, respectively. Let

κ(x) =
∑

i

κiφi(x), σ(x) =
∑

i

σiψi(x) and dσ(x) =
∑

i

(dσ)iξi(x).

In our implementation, we take the standard P1 finite element basis as the basis for all three 
functions; and we refer to appendix for a convergence analysis of the finite element approx-
imations. Next we define the corresponding stiffness and mass matrices respectively by

(Kw0)ij =

∫

Ω

w0∇ψi · ∇ψj dx, (L)ij =

∫

Ω

wH′
h(σ)φiH′

h(σ)φj dx, and (U)ij =

∫

Ω

wξiHh(σ)φj dx.

Note that due to the locality of the standard P1 finite element basis functions ψi, the (stiffness) 
matrix Kw0 is sparse. However, the (discrete) operator H′

h(σ) maps a localized basis φi to an 
almost everywhere nonzero function H′

h(σ)φi, the matrices L is generally not sparse. Then 
upon expansion and with the vector representation of the variables, problem (5.2) reads

min
κ

κT(L + βKw0)κ− 2(dT
σU − βσTKw0)κ = min

κ
κTHκ− 2hTκ,
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where H = L + βKw0 and h = UTdσ − βKw0σ, and the optimality condition simply becomes 
Hκ− h = 0. Since the matrix H is not sparse, it is costly to form and invert. Thus, in the 
implementation, rather than forming H explicitly, it is beneficial to access L only by matrix-
vector product, and then to solve the linear system iteratively. The conjugage gradient method 
is a natural choice since H is symmetric and positive definite. To improve the numerical stabil-
ity, one may add a small δI to H, which allows to compensate the potential non-positivity of 
the matrix H due to numerical errors.

Now we can present the detailed procedure in algorithm 1. There are two stopping criteria 
for the algorithm: one for the iteratively reweighted least-squares for updating the increment 
κ, and the other for the linearization at the outer iteration. Either can be based on the the rela-
tive change of the increment κ, and the second can be based on the magnitude of the deriva-
tive of Jβ at σ in direction κ′. For the conjugate gradient iteration at Step 6, we initialize the 
iteration with κ′, which can be fine tuned to be µκ′ for some µ > 0, if needed, in a manner 
similar to the heavy ball method. In our numerical experiments, this choice is a good warm 
starting strategy.

Algorithm 1. Numerical algorithm for problem (4.1).

 1: Set initial guess σ0 , ε > 0 and the maximum number of iterations I and K.
 2: for k = 1, . . . , K  do
 3:    Set κ′ = 0;
 4:    for i = 1, . . . , I  do
 5:    Compute weights w and w0 by (5.3);
 6:    Solve (5.2) by the conjugate gradient method;
 7:    Check stopping criterion;
 8:    Set κ′ = κ;
 9:    end for
10:    Update σk+1 = σk + κ′;
11:    Check stopping criterion;
12: end for

6. Numerical results and discussions

Now we present numerical experiments to illustrate the proposed reconstruction algorithm.

6.1. Experimental setting

The algorithm is implemented in Python using the DOLFIN 2017.2.0 (FEniCS) package  
[35, 36]. Operators involving solving PDE’s are formulated in the language of FEniCS and 
solved using standard solvers. The standard P1 finite elements are employed to approximate 
various functions. The meshes involved in generating simulated data and reconstruction are 
obtained from the public software package [24]. All meshes are generated from a circle shape, 
but with various refinement levels given by the characteristic length h (i.e. mesh size). An 
overview of the statistics of the used meshes is given in table 1. In the experiments, we con-
sider the following boundary data:

f1(x1, x2) = x1, f2(x1, x2) = x2, f3(x1, x2) =
x1 + x2√

2
, f4(x1, x2) =

x1 − x2√
2

.
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The simulated power density data H = (H1, H2, H3, H4) corresponding to the boundary fluxes 
F = ( f1, f2, f3, f4) are generated using a finer mesh M1, and the reconstructions are performed 
on the coarser mesh M2, in order to mitigate the so-called inverse crime. Generally, the fine 
mesh should accurately resolve the forward problem far below the data noise, and the coarse 
mesh can deliver an accuracy commensurate with the data noise.

We consider two different phantoms: the brain phantom in figure 1(a) and the geometrical 
shapes phantom in figure 1(b). The corresponding interior data are shown in figure 2. When 
implementing the algorithm, the maximum number I of inner iterations is fixed at I  =  3, and 
the number of conjugate gradient iterations is also fixed at 3. Our experiments indicate that 
increasing these numbers does not improve much the reconstruction quality, and hence we 
do not delve into fine tuning these parameters. Further, it is observed that the iterates stay 
nonnegative throughout the iteration, and hence the choice of the constant λ does not play a 
crucial role. Throughout, the regularization parameter β is determined in a trial-and-error way. 
The noisy data H̃ is generated componentwise according to

H̃ = H + δe
|H|
|e|

e

where e is a vector of appropriate size with each entry following a standard Gaussian distri-
bution, δe the relative noise level, and | · | denotes the Euclidean norm of a vector. It is worth 
noting that in hybrid data tomography, the data H̃ is often obtained from inverting the bound-
ary data, and thus physically realistic noise level is highly problem dependent. The choices of 
δe = 1% and δe = 5% below are typical for studying inversion algorithms.

6.2. Convergence of the algorithm

To gain insights into algorithm 1, we present some numerical results on the convergence 
behavior in figure 3. In figures 3(a) and (c), we show the evolution of the functional value 
Jβ(σk) during the first 50 outer iterations, where the thick dashed line denotes the functional 
Jβ(σ

∗) evaluated at the true conductivity σ∗ (interpolated at the reconstruction mesh). Due to 
regularization and discretization, it is not surprising that the true conductivity σ∗ is generally 
not a global minimizer to Jβ. It is observed that the functional value decreases steadily as the 
iteration proceeds for both exact and noisy data, which shows clearly the robustness of the 
algorithm, and for exact data, eventually, the functional value falls below Jβ(σ

∗).
In figures 3(b) and (d), we show the reconstruction errors in several metrics along the itera-

tion. Given the choice of the space BV(Ω), we use the L1(Ω)-norm and total variation differ-
ence and a metric related to the intermediate topology of BV(Ω):

dBV(σ, η) = ‖σ − η‖L1(Ω) + ||σ|TV − |η|TV| .

The peculiar jump in the plots at the beginning is related to the difference in total variation. 
This might be attributed to the fact that two functions with identical total variation can look 
anything alike. Thus it is mostly the tail of the plot, where the L1(Ω)-difference gets small, 
that is of significance. The error in total variation is dominating when compared with the 

Table 1. Mesh statistics.

Nodes Triangles h

M1 41 690 84 010 0.01
M2 6523 13 296 0.025
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 2. The power density data corresponding to fi, i = 1, . . . , 4 for each of the two 
phantoms. (a) H1 data. (b) H2 data. (c) H3 data. (d) H4 data. (e) H1 data. (f) H2 data. (g) 
H3 data. (h) H4 data.

(a) (b) (c)

(d) (e)

Figure 1. The two phantoms: (a) brain phantom and (b) geometric shapes, for simulated 
data and reconstruction, and (c) table of color-tissue correspondence.
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L1(Ω) error. The plot shows clearly that the convergence of the algorithm is quite steady for 
both exact and noisy data.

6.3. Numerical reconstructions for full data

The reconstructions at two noise levels and different combinations of interior data are pre-
sented in figure 4, where the parameters for the reconstructions are shown in the captions. It 
is observed when the noise level increases, some fine details disappear in the reconstructions. 
Note that some details, e.g. the upper left and right part of the skull in figure 4(f), can still be 
recovered by imposing less regularization, but at the cost of sacrificing the accuracy at the 
remaining part. The background in figure 4(c) appears slightly noisy, which is actually due to 
the discretization of the color-spectrum: 100 hues are used in the plots, but by changing it to 
99 or 101, it is nearly completely uniform.

For the cases with only two boundary measurements, certain directional features are 
favored by the specified boundary data. The pairs ( f1, f2) and ( f3, f4) yields artifact that are 
different from each other, showing the influence of the choice of boundary data. For a microlo-
cal analysis of the artifacts in the linearized model of AET, we refer interested readers to the 
recent work [11].

(a) (b)

(c) (d)

Figure 3. Convergence plots for the Shape phantom in figure  1(b) with exact data 
(top) and 1% noise (bottom). The parameters are taken to be β = 3.5 × 10−2 and 
ε = 10−4, λ = 0.8 and the data are H1, H2, H3. The red line in (a) and (c) refers to 
Jβ(σ

∗). Figures  (b) and (d) show three metrics of the error eL1 := ‖σk − σ∗‖L1(Ω), 
eTV = ||σk|TV − |σ∗|TV| and edBV = dBV(σk,σ∗). (a) Functional value Jβ(σk). (b) Errors. 
(c) Functional value Jβ(σk). (d) Errors.
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6.4. Numerical reconstructions for partial interior data

The variational formulation in section  4 extends straightforwardly to partial interior data, 
by restricting the integral in the fidelity term to a subdomain and with obvious modification, 
algorithm 1 extends easily. To illustrate this flexibility, we consider two different subdomains 
for the available interior power density data: one small concentric disc and one half-disc.  
The corresponding numerical results are presented in figure 5, where the dashed red lines 
mark the boundary between subdomains with data and without. Notably, the reconstructions 
within the data-domains are fairly accurate, whereas the exterior has no significant updates 
during the iteration, and it is dominated completely by the initial guess σ0 .

Note that the scale of the colorbar in these plots is slightly larger compared to the other 
plots. This is due to an interesting effect happening near the boundary of the data-subdomain. 
Note that the inclusions in the phantom are reconstructed quite accurately near the center of 
the data-subdomain. However, as the boundary is approached, the values deviate from the 

(a) (b) (c) (d)

(e) (f) (g) (h)

(i) (j) (k) (l)

Figure 4. Reconstructions with different levels of noise, different amounts of data and 
different phantoms. Parameters: λ = 0.8, ε = 10−4, and β = 3.5 × 10−2 for the 1% 
noise case, β = 0.7 for the 5% noise case. The colorbar scale is (0, 1.2). (a) 1% noise, 
H1, H2, H3. (b) 5% noise, H1, H2, H3. (c) 1% noise, H1, H2, H3. (d) 5% noise, H1, H2, H3. 
(e) 1% noise, H1, H2. (f) 5% noise, H1, H2. (g) 1% noise, H1, H2. (h) 5% noise, H1, H2. 
(i) 1% noise, H3, H4. (j) 5% noise, H3, H4. (k) 1% noise, H3, H4. (l) 5% noise, H3, H4.
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background, seemingly in an attempt to compensate for the missing conductivity reconstruc-
tion outside the data-domain. However, the precise mechanism for the phenomenon is to be 
ascertained.

7. Conclusion

In this paper we have studied the numerical reconstruction of acousto-electric tomography 
under very weak regularity assumptions on the conductivity. We have shown various continu-
ity and differentiability results on the solutions of the elliptic PDE and the parameter-to-data 
map. We proposed a reconstruction algorithm based on total variation penalty, and showed the 
existence of a minimizer and its stability. Further, we proposed an algorithm based on recur-
sively linearizing the forward map, smoothing and lagged diffusivity approximation, together 
with the conjugate gradient method for solving the resulting variational formulation. We have 
demonstrated the accuracy of the approach with extensive numerical experiments for both full 
and partial data.
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Appendix. Convergence of finite element approximations

In this appendix, we discuss the convergence of the finite element approximation of the func-
tional Jβ and its linearization Jβ,σ; see [23] for related analysis for EIT. Let T  be a quasi- 

(a) (b)

Figure 5. The reconstructions with data available on subdomains (the boundary is 
indicated by the dashed curves), obtained with 1% noise and three densities H1, H2 and 
H3 data. Parameters: λ = 0.8, ε = 10−4, β = 3.5 × 10−2. The colorbar scale is (0, 1.5). 
(a) Subdomain: inner disk. (b) Subdomain: right half-disc.
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uniform partition of the domain Ω into simplicial elements, and consider the standard con-
forming piecewise linear finite element space:

Xh = {χ ∈ C(Ω) : χ|T ∈ P1 ∀T ∈ Th},

where P1(T) denotes the space of linear functions on T, and Vh := Xh ∩ V . The space Vh is 
used to discretize the state and adjoint variables, and Xh the conductivity σ. We denote by 
Ih : C(Ω) → Xh the standard Lagrangian nodal interpolation operator, and Rh : V → Vh the 
Ritz projection:

(∇Rhv,∇φ) = (∇v,∇φ) ∀v ∈ V ,φ ∈ Vh.

The operators satisfy the following approximation properties:

lim
h→0

‖v − Ihv‖W1,p(Ω) = 0 ∀v ∈ W1,p(Ω), p > d,

lim
h→0

‖v − Rhv‖H1(Ω) = 0 ∀v ∈ V .
 (A.1)

Below we discuss the discretization of the functionals Jβ and Jβ,σ separately. Throughout the 
appendix, we assume f ∈

(
W1− 1

r ,r(Γ)
)′

, r  >  2.
First we discuss the functional Jβ. For any σh ∈ Ah ≡ A ∩ Xh, the discrete forward prob-

lem is to find uh ≡ uh(σh) ∈ Vh such that

(σh∇uh,∇χ) = ( f ,χ)L2(Γ) ∀χ ∈ Vh. (A.2)

Then with Hh(σh) = σh|∇uh(σh)|2, the discrete analogue Jβ,h of the functional Jβ is given by

Jβ,h(σh) = ‖Hh(σh)− z‖L1(Ω) + β|σh|TV,

which is to be minimized over the discrete admissible set Ah ≡ A ∩ Xh. It is easy to obtain the 
existence of a minimizer σ∗

h ∈ Ah.
The following discrete analogue of theorem 3.1 is useful.

Lemma A.1. For any σh ∈ Ah, there exist some q ∈ (2, r) and some constant C independ-
ent h such that the solution uh(σh) to problem (A.2) satisfies

‖uh(σh)‖W1,q(Ω) � C‖f‖(
W1− 1

r ,r(Γ)
)′ .

Proof. By the repeating the argument of [14, section 8.6] (the proof of proposition 8.6.2), 
there exist some C  >  0 and q  >  2 sufficiently close to 2 such that for all uh ∈ Vh, there holds

‖uh‖W1,q(Ω) � C sup
0 �=vh∈Vh

(σh∇uh,∇vh)

‖vh‖W1,q′ (Ω)

. (A.3)

Taking uh = uh(σh) in the inequality, (A.2) and Hölder’s inequality yield the desired assertion.
 □ 

We need a discrete analogue of lemma 3.3 on the discrete forward map σh �→ Hh(σh).

Lemma A.2. Let the sequence {σh}h>0 ⊂ Ah ⊂ A converge in Lr(Ω), r � 1, to some 
σ ∈ A  as h tends to zero. Then Hh(σh) converges to H(σ) in L1(Ω) as h → 0+.

Proof. By Lax–Milgram theorem, u and uh are uniformly bounded in H1(Ω) independent 
of h. Setting the test function χ = Rhu − uh ∈ Vh ⊂ V  in the weak formulations and then 
subtracting them give
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∫

Ω

σh|∇(u − uh)|2 dx =−
∫

Ω

(σ − σh)∇u · ∇(Rhu − uh) dx

+

∫

Ω

σh∇(u − uh) · ∇(u − Rhu) dx := I + II.

It suffices to estimate the two terms I and II. For the term I, Hölder’s inequality gives

|I| � ‖σ − σh‖L p(Ω)‖∇u‖Lq(Ω)‖∇(Rhu − uh)‖L2(Ω),

where the exponent q  >  2 is from theorem 3.1, and p−1 + q−1 = 2−1. Further, we note

‖∇(Rhu − uh)‖L2(Ω) � C(‖u‖H1(Ω) + ‖uh‖H1(Ω)) � C.

Thus, I → 0 as h → 0+, by the bound on σh  and the convergence σh → σ∗ in Lr(Ω). Further, 
by the bound on σh ,

|II| � ‖σh‖L∞(Ω)‖∇(u − uh)‖L2(Ω)‖∇(u − Rhu)‖L2(Ω)

� λ−1‖∇(u − uh)‖L2(Ω)‖∇(u − Rhu)‖L2(Ω),

which tends to zero, in view of (A.1). These two estimates imply uh → u in H1(Ω). Hence,

‖Hh(σh)− H(σ)‖L1(Ω) =

∫

Ω

|σh|∇uh(σh)|2 − σ|∇u(σ)|2| dx

�
∫

Ω

|σh − σ| |∇uh(σh)|2 dx +
∫

Ω

σ|(|∇uh(σh)|2 − |∇u(σ)|2)| dx := III + IV.

By lemma A.1 and the L∞(Ω) bound on Ah, limh→0+ III = 0. The term IV also tends to zero 
due to uh → u in H1(Ω). This completes the proof. □ 

The next result gives the convergence of the discrete minimizers σ∗
h .

Theorem A.1. The sequence {σ∗
h ∈ Xh}h>0 of minimizers to the discrete functionals 

Jβ,h(σh) contains a subsequence converging in L1(Ω) to a minimizer of Jβ(σ) as h → 0+.

Proof. Since σh ≡ 1 ∈ Ah for all h, the minimizing property of σ∗
h  shows that the sequence 

{Jβ,h(σ
∗
h )} is uniformly bounded. Thus {|σ∗

h |TV} is uniformly bounded, and there exists a 
subsequence, again denoted by {σ∗

h}, and some σ∗ ∈ A, such that σ∗
h → σ∗ weak * in BV(Ω). 

By lemma 2.1(i), σ∗
h → σ∗ in L1(Ω). Lemma 2.1(ii) implies |σ∗|TV � lim infh→0 |σ∗

h |TV. This 
and lemma A.2 imply

Jβ(σ
∗) � lim inf

h→0+
Jβ,h(σ

∗
h ). (A.4)

For any σ ∈ A , lemma 2.1(iii) implies the existence of a sequence {σε} ⊂ C∞(Ω) such that ∫
Ω
|σε − σ|dx < ε and 

∣∣∫
Ω
|∇σε|dx −

∫
Ω
|Dσ|

∣∣ < ε. Let σ̃ε = P[λ,λ−1]σ
ε, where P[λ,λ−1] de-

notes pointwise projection. Since ∇σ̃ε = ∇σεχΩε (with the set Ωε = {x ∈ Ω : λ � σε � λ−1}), 
which is uniformly bounded, and thus ̃σε ∈ A ∩ W1,∞(Ω). The minimizing property of σ∗

h ∈ Ah 
gives Jh(σ

∗
h ) � Jβ,h(Ihσ̃

ε) for any ε > 0. In view of (A.1), since σ̃ε ∈ W1,∞(Ω), we de-
duce limh→0+ Ihσ̃

ε = σ̃ε in W1,1(Ω). Letting h to zero, and lemma A.2 and (A.4) yield 
Jβ(σ

∗) � Jβ(σ̃
ε). Then, by the contraction property of P[λ,λ−1], there hold

B J Adesokan et alInverse Problems 35 (2019) 035008



22

∫

Ω

|∇σ̃ε| dx =

∫

Ωε

|∇σε| dx �
∫

Ω

|∇σε| dx �
∫

Ω

|Dσ|+ ε,
∫

Ω

|σ̃ε − σ| dx �
∫

Ω

|σε − σ| dx < ε.

Letting ε to zero and lemma 3.3 imply Jβ(σ
∗) � Jβ(σ) for any σ ∈ A , completing the proof.

 □ 

Next we discuss the discretization of the linearized problem (5.1) at some fixed σ0 ∈ A. 
With the approximation uh ≡ uh(σ0) defined by

(σ0∇uh,∇χ) = ( f ,χ)L2(Γ) ∀χ ∈ Vh.

Then, for any κh ∈ Aσ,h, find vh ≡ u′h(σ0)[κh] ∈ Vh such that

(σ0∇vh,∇χ) = −(κh∇uh,∇χ) ∀χ ∈ Vh.

Last, the discrete linearized functional Jβ,h of Jβ (by omitting the subscript σ0) reads

Jβ,h(κh) = ‖H′
h(σ0)[κh] + Hh(σ0)− z‖L1(Ω) + β|σ0 + κh|TV,

where the linearized parameter-to-data map H′
h(σ0)[κh] is given by

H′
h(σ0)[κh] = κh|∇uh(σ0)|2 + 2σ0∇uh(σ0) · ∇u′

h(σ0)[κh].

We need the following convergence result.

Lemma A.3. There exists some q  >  2 such that for any σ ∈ A , uh(σ) → u(σ) in W1,q(Ω) 
as h → 0+.

Proof. Let u = u(σ) and uh = uh(σ). Then for any vh ∈ Vh, by the triangle inequality, there 
holds

‖u − uh‖W1,q(Ω) � ‖u − vh‖W1,q(Ω) + ‖vh − uh‖W1,q(Ω).

It follows the inequality (A.3) and Galerkin orthogonality that with q−1 + q′−1 = 1

‖uh − vh‖W1,q(Ω) � C sup
0�=χ∈Vh

(σ∇(uh − vh),∇χ)

‖χ‖W1,q′ (Ω)

= C sup
0 �=χ∈Vh

(σ∇(u − vh),∇χ)

‖χ‖W1,q′ (Ω)

� C‖u − vh‖W1,q(Ω),

where the last inequality is due to Hölder’s inequality and the uniform bound on A. Since the 
choice of vh ∈ V  is arbitrary, combining the last two estimates gives

‖u − uh‖W1,q(Ω) � C inf
vh∈Vh

‖u − vh‖W1,q(Ω).

Now the desired assertion follows by the density of Vh in W1,q(Ω). □ 

We have the following convergence for the finite element approximation.

Lemma A.4. Let the sequence {κh}h>0 ⊂ Aσ0,h converge in Lr(Ω), r � 1, to some κ ∈ Aσ 
as h tends to zero. Then H′

h(σ0)[κh] + Hh(σ0) → H′(σ0)[κ] + H(σ0) in L1(Ω) as h → 0+.
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Proof. By lemma A.3, uh ≡ uh(σ0) → u(σ0) := u in W1,q(Ω) as h → 0+. Thus, Hh(σ0) = 
σ0|∇uh|2 → σ0|∇u|2 = H(σ0) in L1(Ω), and it suffices to show H′

h(σ0)[κh] → H′(σ0)[κ]. By 
the triangle inequality and the L∞(Ω) bound on Aσ0 and Aσ0,h,

‖H′
h(σ0)[κh]− H′(σ0)[κ]‖L1(Ω) � ‖κh|∇uh(σ0)|2 − κ|∇u(σ0)|2‖L1(Ω)

+ C‖∇uh(σ0) · ∇u′
h(σ0)[κh]−∇u(σ0) · ∇u′(σ0)[κ]‖L2(Ω) := I + II.

By Hölder’s inequality, the term I is bounded by (with q  >  2 from lemma A.1, and 
p−1 + 2q−1 = 1)

I � ‖κh − κ‖L p(Ω)‖∇uh(σ0)‖2
Lq(Ω) + ‖κ‖L∞(Ω)‖|∇uh(σ0)|2 − |∇u(σ0)|2‖L1(Ω),

where both terms tend to zero, since κh → κ in Lr(Ω) and by lemma A.3, uh(σ0) → u(σ0) in 
W1,q(Ω). Meanwhile, the term II is bounded by

II � C‖∇(uh(σ0)− u(σ0))‖L2(Ω)‖∇u′h(σ0)[κh]‖L2(Ω)

+ C‖∇u(σ0)‖L2(Ω)‖∇(u′h(σ0)[κh]− u′(σ0)[κ])‖L2(Ω) := III + IV.

By the uniform bound on κh, ‖u′
h(σ0)[κh]‖L2(Ω) � C  for some C independent of h, and thus 

the term III → 0 as h → 0+, in view of lemma A.3. To bound the term IV, let wh ∈ Vh satisfy

(σ0∇wh,∇χ) = (κ∇u(σ0),∇χ) ∀χ ∈ Vh.

By lemma A.3, there holds ‖∇wh −∇u′(σ0)[κ]‖L2(Ω) → 0. Further, vh = wh − u′
h(σ0)[κh] ∈ Vh 

satisfies

(σ0∇vh,∇χ) = (κh∇uh(σ0)− κ∇u(σ0),∇χ) ∀χ ∈ Vh.

Letting χ = vh and applying Cauchy–Schwarz inequality lead to

‖∇vh‖L2(Ω) � λ−1‖κh∇uh(σ0)− κ∇u(σ0)‖L2(Ω).

Meanwhile, by lemma A.3, the L∞(Ω) bound on κh and the fact κh → κ in L1(Ω),

‖κh∇uh(σ0)− κ∇u(σ0)‖L2(Ω) → 0. (A.5)

Combining these estimates shows IV → 0 as h → 0+, which completes the proof of the lem-
ma. □ 

Last, we state the convergence of the discrete approximations to the linearized functional 
Jβ. The proof is identical with that for theorem A.1, but with lemma A.4 in place of lemma A.2.

Theorem A.2. The sequence {κ∗
h ∈ Aσ0,h}h>0 of minimizers to the the discrete function-

als Jσ0,β,h(κh) contains a subsequence converging in L1(Ω) to a minimizer of the functional 
Jσ0,β(κ) as h → 0+.
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Abstract

In acousto-electric tomography the goal is to reconstruct the electric conductivity in a
domain from electrostatic boundary measurements of corresponding currents and voltages,
while the domain is penetrated by a time-dependent acoustic wave. We explicitly model the
phenomena, and we propose a complete inversion framework for acousto-electric tomogra-
phy in two steps: First the interior power density is obtained from boundary measurements
by solving a linear, ill-posed problem; second the interior conductivity is reconstructed from
the power density by solving a non-linear, fairly well-posed problem. We perform numer-
ical experiments on synthetic data with realistically chosen parameters. We investigate
how feasibility of reconstructing the electrical conductivity from boundary measurements
depends on the acousto-electric coupling constant and measurement noise. Our findings
are positive, and indicate that AET is indeed feasible for interesting applications in for
example medical imaging. Finally, we consider a limited angle setup and show that the
conductivity is well reconstructed near the measurement boundary.

Keywords: acousto-electric tomography, electrical impedance tomography, hybrid data
tomography, coupled physics imaging, inverse problems, medical imaging
MSC2000: 35R30; 65N21

1 Introduction

In a variety of applications in imaging science it is important to reliably image the electrical
conductivity in some domain. In medical imaging, for instance, the electric conductivity distri-
bution in the human body carries information about the health condition of the patient, i.e.,
location of tumours, lung function and brain function, and hence an image of the conductivity
is very useful for medical imaging [20]. In other application domains such as Electrical Brain
Stimulation it is important to have an accurate estimate of the brain’s conductivity in order to
compute the current density generated from the exterior. Electrical Impedance Tomography
(EIT) is a fairly novel technology for medical imaging that aims at reconstructing a 3D image
of a body’s electrical conductivity from surface measurements of current and voltages through
electrodes at the surface of the body. However, it is well-known that the inverse problem in
EIT is notoriously ill-posed thus giving rise to low resolution images [11]. In recent years new
ideas have been proposed that are often referred to as hybrid imaging. Broadly speaking, the
idea of hybrid imaging is to utilize and control two separate, but coupled, physical phenomenon
to obtain some extra information that makes the reconstruction problem more well-posed. One
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such method that has been subject to extensive research interest is acousto-electric tomography
(AET) [36,37]. In AET, one perturbs the electrical conductivity of the object by acoustic waves
while conducting EIT-measurements. The so-called acousto-electric effect allows one to recover
first the internal electric power density and second the conductivity distribution. AET has
not yet matured as a technology; it is questionable whether the measurable signals are strong
enough for reconstruction purpose. The main goal of this paper is to clarify, using realistic
models and parameters in a computational study, the feasibility of AET.

To formulate the problem mathematically we assume that the object of interest occupies
some bounded domain Ω ⊂ Rd, d = 2, 3, with smooth boundary ∂Ω. The object Ω has the
unknown electric conductivity σ ∈ L∞+ (Ω) (bounded from above and below by positive con-
stants). Through electrodes attached to the boundary, the normal current flux f is controlled,
and consequently an interior electric potential u is generated. When no interior sources or
sinks of charge are present inside Ω, the potential is characterized by the generalized Laplace
equation {

−∇ · (σ(x)∇u(x)) = 0, x ∈ Ω,

σ(x)∂νu(x) = f(x), x ∈ ∂Ω.
(1.1)

Here ν denotes the outward unit normal vector to the boundary ∂Ω. We require that f ∈
L2
�(∂Ω) = {v ∈ L2(∂Ω) :

∫
∂Ω
v ds = 0}. Then (1.1) has a solution, and if we ground the

potential by assuming g = u|∂Ω ∈ L2
�(∂Ω), u ∈ H1(Ω) is uniquely determined. In EIT the aim

is to reconstruct σ from several measurements of g = u|∂Ω corresponding to a set of different
input currents f.

In AET the object is, in addition to the EIT measurement setup, penetrated by an acoustic
wave that is generated by some source in the exterior of the body. Let p denote the acoustic
wave and S the source function. We model p by the scalar wave equation{

(∂2
t − c2(x)∆)p(x, t) = S(x, t), (x, t) ∈ Rd × R+,

p(x, 0) = ∂tp(x, 0) = 0, x ∈ Rd
(1.2)

equipped with reasonable decay conditions. The sound speed c and the source S is considered
fully known, and in that case p is also known. When the acoustic wave travels through a
material, the material is compressed and expanded. This results in a localized, time dependent
change in the electrical conductivity, known as the acousto-electric effect. We denote the
acoustically perturbed conductivity by σp(x, t). A reasonable, yet simple model for σp is the
following [3]:

σp(x, t) = σ(x)(1 + ηp(x, t)). (1.3)

Here, η ≥ 0 is the acousto-electric coupling parameter. We assume throughout that η is a
known constant.

Figure 1 illustrates the acousto-electric effect. The source S(x, t) is situated outside the
disk-shaped domain Ω and generates an acoustic wave. As the wave propagates through the
domain, the conductivity is perturbed; an instantaneous image of the perturbed conductivity
is seen to the right.

The perturbation of σ gives rise to a perturbation of the electric potential. We denote by
up(x, t) this potential that for fixed t ∈ R+ solves the equation{

−∇ · (σp(x, t)∇up(x, t)) = 0, x ∈ Ω,

σp(x, t)∂νup(x, t) = f(x), x ∈ ∂Ω
(1.4)

(again with the convention up|∂Ω ∈ L2(∂Ω).) The time-dependent perturbed electric measure-
ment is now gp = up|∂Ω, for t ∈ [0, T ] for some sufficiently large T.

In AET several boundary currents f and wave sources S are used, and the inverse problem
is then to reconstruct the conductivity σ from measurements of the corresponding voltages
g(x), gp(x, t), x ∈ ∂Ω, t ∈ [0, T ].
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Figure 1: Right: the phantom conductivity σ. Left: The perturbed conductivity σp.

The typical approach to AET consists of two steps: First the interior electric power density

H(x) = σ(x)|∇u(x)|2

is reconstructed from the boundary measurements. Second, the conductivity σ is obtained from
H; this is the quantitative step. In most literature on AET the first step is overlooked, and only
the second step is considered. A novelty in this paper is that we, based on a carefully designed
computational approach, consider both steps. We will see that the first step can be approached
through a fairly ill-posed linear integral equation, while the second step can be approached as a
(regularized) non-linear optimization problem. By numerical experiments we will demonstrate
that AET is a feasible method for approximating the electrical conductivity in a body, for values
of the electrical coupling constant in a range of values relevant for applications.

The feasibility of AET is critically linked to the magnitude of η, or rather the ratio of η
and the level of precision in the electrical measurements. This is due to the electrical noise
remaining at the scale of the electrical signal, while the power-difference – used to derive the
power density – will scale with η. We explore the significance of this in Sections 3 and 4, when
we model the noise and perform numerical experiments.

There is a vast literature on the mathematical and computational aspects of AET. The
fundamental modelling originates from [4]. In [24,25] idealistic wave modelling was considered
and an inversion scheme using the spherical Radon transform was derived. The reconstruction
problem was considered in [10] using an optimal control approach. Several different lineariza-
tion methods were compared in [19] giving rise to the analysis of artefacts in [6]. A numerical
reconstruction method based on the Levenberg-Marquardt iteration was developed in [7] and
methods using an explicit least squares optimization approach are found in [1, 2, 30]; the lim-
ited angle problem was considered in [21]. See also, e.g., [5, 29], for the case of anisotropic
conductivities.

The outline of the paper is as follows: In Section 2 we discuss the modelling of the inverse
problem, explain the two step inversion procedure and it’s numerical implementation. In Section
3 the careful choice of physical parameters for the computational phantom is described, and
noise modelling is considered. Numerical experiments are carried out in Section 4 before the
conclusion is drawn in Section 5.
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2 Inversion procedure and discretization

In this section we outline the procedure for the two-step inversion. Assuming knowledge of
the acoustic fields, we first propose a spectral discretization combined with a regularized least
squares method that approximates H(x). Next, we solve for σ(x) using a slightly improved
version of the method described in [1].

2.1 Step 1: From boundary measurements to power density

Multiplying (1.1) and (1.4) with up and u, respectively, we obtain by integrating by parts the
time series

I(t) = (f, gp − g)L2(∂Ω)

=

∫
∂Ω

f(x) (gp(x, t)− g(x)) dS = −η
∫

Ω

p(x, t)σ(x)∇u(x) · ∇up(x, t) dx. (2.1)

Physically, I(t) measures at time t the change in the required total electric power for maintaining
the current flux f at ∂Ω under the acoustic perturbation. Figure 2 illustrates how I may behave
as the acoustic wave travels through an object. Under the assumption that ηp is small, the
approximation up ≈ u is good (first order in η) and this yields the linear approximation

I(t) ≈ −η
∫

Ω

p(x, t)σ|∇u(x)|2 dx = −η
∫

Ω

p(x, t)H(x) dx. (2.2)

Allowing the source to be placed at different positions, denoted by S = Sj , j = 1, . . . , NS ,
results in different corresponding acoustic fields pj . In addition, allowing different boundary
currents f = fi, i = 1, . . . , Nf , gives rise to different boundary potentials denoted by g = gi
and gpj = gi,j , and correspondingly, different time series Ii,j . The first step in the reconstruction
method in then to solve for Hi the system of integral equations

Ii,j(t) = −η
∫

Ω

pj(x, t)Hi(x) dx, 1 ≤ i ≤ Nf , 1 ≤ j ≤ NS , t ∈ [0, T ]. (2.3)

The waves pj generally possess some degree of smoothness. As a consequence (2.3) constitutes
a system of Fredholm integral equations of the first kind that is in general ill-posed; the degree
of ill-posedness and general solvability depends on the exact smooothness of kernel pj of the
integral operators, see for example [23], but some regularization must be employed. The above
formulation emphasizes the key role of the acoustic field in the reconstruction of Hi(x). Ideally,
the fields {pj(·, t)}j should form a complete set in L2(Ω) for H to be determined from (2.3).

We expect H to be a fairly smooth field (in particular away from singularities in σ) and
therefore we propose to represent H(x) by finite linear combinations of smooth, global (on Ω)
basis functions, i.e. we approximate the integrals in (2.3) by a spectral quadrature method.

For a smooth domain Ω ⊂ R2, let ϕn be solutions to the Neumann eigenvalue problem

−∆ϕn = λnϕn in Ω, ∂νϕn = 0 on ∂Ω. (2.4)

It is well-known, see e.g. [14], that the set of (normalized) eigenfunctions are smooth and
constitute an orthonormal basis for L2(Ω). For some simple geometries, analytical expressions
for the eigenfunctions are known, and we will exploit that in the computational experiments
below. In the general case there exists effective methods for computing them [31]. We represent
Hi(x) in the form

Hi(x) =
∞∑
n=1

Ĥi,nϕn(x), (2.5)
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Figure 2: The top image contains the graph of the function I(t) for the phantom seen in Figure
1 corresponding to a particular propagating wave and the boundary condition f(x, y) = x. The
red vertical lines mark times corresponding to the three instant wave positions seen in the plots
below.

where Ĥi,n = (Hi, ϕn)L2(Ω), and then reconstruct the coefficients Hi,n from (2.3).

We compute Ii,j at discrete times tk ≡ kT/Nt, k = 1, 2, . . . , Nt. Substituting (2.5) into (2.3)
and truncating the series at n = Nϕ gives

Iki,j ≈ −η
Nϕ∑
n=1

Ĥi,n

∫
Ω

pj(x, t
k)ϕn(x)dx = η

Nϕ∑
n=1

Ĥi,nw
k
j,n (2.6)

with the quadrature weights

wkn,j = −
∫

Ω

pj(x, t
k)ϕn(x)dx. (2.7)

Thus by introducing

Ĥi = [Ĥi,1, ..., Ĥi,Nϕ
]T ∈ RNϕ , (2.8)

Ii = [I1
i,1, ..., I

Nt
i,1 , ..., I

1
i,NS

, ..., INt

Nf ,NS
]T ∈ RNfNSNt , (2.9)

K =



w1
1,1 w1

2,1 . . . w1
Nϕ,1

...
. . .

wNt
1,1 wNt

2,1 . . . wNt

Nϕ,1

w1
1,2 w1

2,2 . . . w1
Nϕ,2

...
. . .

wNt

1,NS
wNt

2,NS
. . . wNt

Nϕ,NS


∈ RNSNt×Nϕ (2.10)

we obtain the linear system
ηKĤi = Ii, for 1 ≤ i ≤ Nf . (2.11)

Depending on the number of measurements available, this system might be a square, under-
or overdetermined system of equations. It is well-known that a discretized Fredholm equation
inherits the ill-posedness of its continuous counterpart, and results in a ill-conditioned linear
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system. Hence, we propose a regularized least squares approach to approximate a solution
of (2.11): As a regularization term, we use ‖∇Hi(x)‖L2(Ω), a choice that is known to impose
smoothness [17]. Integration by parts yields a simple expression, where the eigenvalues appears
as weights on the coefficients:

‖∇Hi(x)‖2L2(Ω) = −
∫

Ω

∆Hi(x)Hi(x)dx =

Nϕ∑
n=1

λnĤ
2
i,n.

The discrete, regularized least squares problem now takes the form

Ĥi = minĤ∈RNϕ ‖ηKĤ − Ii‖22 + β

Nϕ∑
n=1

λnĤ
2
i,n (2.12)

where β is a regularization parameter that must be tuned to achieve a suitable solution to (2.12)

2.2 Step 2: From H to σ

The problem of reconstructing σ from the interior power density data Ĥ has been explored in
a variety of scenarios, see for example [4,6,16,19,25]. We approach this problem by minimizing
the functional

min
σ
J (σ) =

Nf∑
i=1

‖Hi(σ)− zi‖L1(Ω) + β|σ|TV, (2.13)

where zi(x) =
∑Nϕ

n=1 Ĥi,nϕn(x) is the reconstructed data from step 1. The L1 data-fidelity
terms depends on the assumptions on the regularity of σ. In particular, if σ has discontinu-
ities, standard regularity theory only guarantees L1-regularity of H; with L1+ε-regularity for
sufficiently small discontinuities, see [1].

For reconstruction we use the algorithm described in [1]. That is, we consider the following
weighted quadratic problem arising from a linearization of (2.13),

Jσ,κ′(κ) =
1

2

Nf∑
i=1

∫
Ω

wi(σ, κ
′)|H ′i(σ)[κ]− zi,σ|2 dx+

β

2

∫
Ω

w0(σ, κ′)|∇(σ + κ)|2 dx, (2.14)

where zi,σ = zi −Hi(σ) and the weights are

wi(σ, κ
′) = |H ′i(σ)[κ′]− zi,σ|−1

ε , for 1 ≤ i ≤ Nf , w0(σ, κ′) = |∇(σ + κ′)|−1
ε ,

with | · |ε ≡
√
| · |2 + ε2.

To solve (2.13) we initialize κ′ as zero, compute the weights wi, and successively do partial
minimization of (2.14) to update κ′ and thus the weights. After a few rounds of this we update
σ := σ + κ′ and restart the process.

As a small modification to the algorithm presented in [1] we have a slight smoothing on
the step. Inspired by [7, 21] we lift the step to a slightly higher regularity using the map E∗α,β ,

where Eα,β : H1
α,β(Ω)→ L2(Ω) is the embedding map and H1

α,β(Ω) is the Sobolev space H1(Ω)
equipped with the inner product (u, v)α,β = α(u, v)L2(Ω) + β(∇u,∇v)L2(Ω). The chosen values
are throughout α = 1, β = 10−3.

3 Model parameters, phantom and noise

In this section we describe the parameters and phantom we use in our numerical experiments.
We also briefly discuss our choice of noise model. Furthermore, we give a detailed description
of the modeling and numerical simulation of the acoustic sources and fields, and the electrical
potential and measurements.
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3.1 Parameters

We assume a domain Ω = {x ∈ R2 : |x| < R} with R = 0.1 m.

Electrical conductivity and boundary current density

Many authors have reported results on the electrical conductivity of human tissue, and from
[9, 18, 22] one infers that the electrical conductivity differs by a factor in the range 5 to 15
between healthy and cancerous breast tissue and experimental values for σ are reported to lie
in the range 0.01 to 1 S/m, see, e.g., [8,12,18,22]. In our experiments, we choose a high contrast
conductivity phantom taking values in the range 0.1 to 1.5 S/m and a low contrast conductivity
phantom with values in the range 0.1 to 0.3 S/m. Figure 3 shows the phantoms we choose for
the numerical experiments. They include both smooth and discontinuous inclusions of different
sizes, and the non-convex kite shaped inclusion. They differ in that the contrast between the
background and the inclusions is much lower in the second phantom.

Further, the maximum allowed input current is fmax = 1 mA [12]. We enforce this by
requiring that ∫

∂Ω

f+ds ≤ fmax, where f+(x) = max{f(x), 0}.

Acousto-electric coupling and acoustic pressure

The value of the acousto-electric coupling constant η is of great importance, since it determines
how much we can perturb the conductivity, and hence the potential by the acoustic pressure.
It is known that in general, a very small change in the conductivity takes place. In [26], η in a
rabbit heart is found to be approximately 0.041 MPa−1, i.e., η ≈ 4.1× 10−8 Pa−1, while in [33],
values η in 0.9% NaCl solution is reported to be of the magnitude 10−9 Pa−1. We could not find
measured values of η for breast tissue, but the mentioned values indicates a range of interest.
We thus perform our numerical experiments for η in the range 10−7 to 10−9 Pa−1.

We choose the maximal amplitude of the acoustic pressure p to be pmax = 1.5 MPa, in
accordance with clinical standards [13], and assume a constant wave speed of c0 = 1500 m/s [13].
Each of the point sources constituting the transducer excites one period of sine-wave with
a frequency of approximately 20 kHz. We use 9 different transducer positions, equidistantly
spaced around the boundary of the lower half of Ω, and at each position we point the wave in
three different directions. In Table 1, we summarize our parameter choices.

3.2 Noise modelling

Modelling the noise in AET there are a myriad of potential sources of stochasticity including,
but not limited to, the exactness of the applied boundary current, the precision of boundary

Parameter Symbol Values(s) Unit

Conductivity σ 0.1− 1.5 S/m
Boundary current amplitude fmax 1× 10−3 A
Acousto-electric coupling constant η {10−7, 10−8, 10−9} Pa−1

Max. acoustic pressure pmax 1.5× 106 Pa
Acoustic wave speed c0 1500 m/s
Domain radius R 0.1 m
Noise level δ {0, 10−2, 10−1} %

Table 1: Tabel
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Figure 3: Left: the high contrast phantom. Right: The low contrast version of the same
phantom.

potential measurements, the knowledge of the wave (could be related to precision of trans-
ducer positions, transducer timing, modelling limitations, wave speed, etc.) and exactness of
timestamps for measurements etc.

It is beyond the scope of this article to take everything into account here, so we will here
only consider noise in the time-dependent boundary measurements gki,j(x) = gi,j(x, t

k), which

transmits to become noise in the power signal Iki,j . We apply relative additive noise as follows:

We initialize a random vector ε ∼ N (0, I) on the mesh boundary nodes, where gki,j lives; let
ε : ∂Ω → R be the corresponding finite element function. We then compute a normalization
constant Cki,j = ‖gki.j‖L2(∂Ω)/‖ε‖L2(∂Ω) and denote ε̃ki,j = Cki,jε. Let δ denote the noise level,
then

Ĩki,j = Iki,j + δ(fi, ε̃
k
i,j)L2(∂Ω), (3.1)

where each ε̃ki,j is constructed from a unique realization of ε.

We stress the point that the first term in (3.1), Iki,j , scales with the coupling constant,

Iki,j ∼ O(η), and the second term is independent of η and scales with the noise level δ. Hence
the ratio η/δ, i.e., the ratio of the coupling constant and the noise level, is expected to be
crucial to the solvability of the problem. If the noise level δ is fixed and η decreases by a factor
10, the effective noise level seen in the measurement Ĩki,j increases by a factor 10. In Section 4,
we will see how this dependence manifests itself in numerical experiments. For noise levels we
consider δ = 0%, 10−2% and 10−1%. These scales of noise are based on the observed levels in
the experimental studies [15,28].

3.3 Simulation of the forward problem

Acoustic field and source terms

We simulate the acoustic field on a square finite difference grid containing Ω. k-Wave is a
Matlab package that uses a k−space pseudospectral method to effectively and accurately
solve the wave equation. To avoid the problem of having to prescribe boundary conditions on
the finite computational domain, k-Wave uses a so-called perfectly matched layer that absorbs
the wave at the domain boundary. For the source terms Sj of our acoustic field, we use a
simplified transducer model. We model the action of the transducer as a linear array of Np
time dependent volume point sources. We assign to the k-Wave source function a discrete set
of Np grid points on a line segment(see Figure 1) in the domain(a source mask), and the tone
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burst parameters, so that it emits one period of a sine wave at each mask point. Further, we
use the steering functionality to delay the individual point source signals and orient the wave
in various directions. See the k-Wave manual [35] for further details and explanations on this,
and on how k-Wave solves the wave equation.

We simulate acoustic fields with the above parameters on a 350 × 350 square finite differ-
ence grid of size 31 cm × 31 cm. In each position, the transducer consists of 41 grid points
on a straight line segment with a direction tangential to ∂Ω, and centered at coordinates
(RS cos(θ`), RS sin(θ`)), where RS = 10.6 cm and θ` = π+ ` π10 , 1 ≤ ` ≤ 9. In addition, we focus
the acoustic wave in three different steering angles 0.35π , 0 and −0.35π, where the wave at angle
0 is directed radially inwards. The tone burst frequency is 19.2 kHz and lasts for one period. This
gives NS = 27 acoustic fields in total. We sample the waves at Nt = 154 equidistant times in
the range 0 to 1.8×10−4 s. The acoustic fields {pj(x, tk) : 1 ≤ j ≤ NS = 27, 1 ≤ k ≤ Nt = 154}
are then interpolated on a triangulated mesh with 6311 nodes.

Electric potential measurements

The electric potentials are computed by solving the PDE (1.1) using the open source computing
framework FEniCS [27]. A triangulated mesh Ωh approximating Ω is produced using the
program gmsh and loaded into the FEniCS framework. The true phantom conductivity σ and
the acoustic fields pj are projected to σh and ph,j in a P1 FEM-basis on Ωh, Vh. Picking p
among ph,j all the perturbed conductivities σh,j ≡ σph,j

are computed on Ωh according to (1.3).
Using FEniCS to solve the PDE (1.1) over Vh we get uh,i and uh,i,j , corresponding to σh and
σh,j , where 1 ≤ i ≤ Nf . The number of boundary conditions is Nf = 3 with

f1(x, y) = x, f2(x, y) = y, and f3(x, y) =
x+ y√

2
.

We then compute the measurement functions Ikh,i,j on the polygonal boundary ∂Ωh according

to the expression (2.1) using gh,i = uh,i|∂Ωh
and gkh,i,j ≡ gh,i,j(x, t

k), where gh,i,j = uh,i,j |∂Ωh
,

corresponding to f = fi and p = ph,j . For the limited angle experiments we use the boundary

conditions f̃i(θ) = χ(−π,0)(θ) sin(2iθ), i = 1, 2, 3, where 0 ≤ θ < 2π is the polar coordinate angle
for the point on the disc boundary.

The measurements Iki,j are computed using FEniCS [27] by solving (1.1) and (1.4) and
computing the inner product on the left hand side in (2.1) on the mesh boundary. Noise is
then added according to (3.1) by generating normally distributed random coefficients for a P1

function and computing the boundary inner product.

4 Validation of the numerical method and feasibility of
AET

In this section we put the above theory and numerical methods to work on the measurements
generated by the phantoms in Section 3. We first demonstrate that we can reconstruct the
power density, and then apply our method to simulated measurements for a range of parameters
and measurement noise levels. We are especially interested in how the reconstruction quality
depends on the magnitude of the acousto-electric coupling parameter and the noise level.
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4.1 Reconstructing the power density

In the case of Ω = {x ∈ R2, |x| < R}, analytical expressions for the eigenfunctions can be found
by separation of variables [34]. The functions

ϕc
m,n(r, θ) = Wm,nJm(rj′m,n/R) cos(mθ), m ≥ 0, n ≥ 1, 0 ≤ r ≤ R, 0 ≤ θ ≤ 2π, (4.1)

ϕs
m,n(r, θ) = Wm,nJm(rj′m,n/R) sin(mθ), m, n ≥ 1, 0 ≤ r ≤ R, 0 ≤ θ ≤ 2π, (4.2)

Wm,n =


(
R
√
π|J0(j′m,n)|

)−1
, for m = 0,

√
2

(
R
√
π

(
1−

(
m
j′m,n

)2
)
|Jm(j′m,n)|

)−1

, for m ≥ 1,
(4.3)

expressed here in polar coordinates, both solve (2.4) with eigenvalue λm,n = (j′m,n/R)2, for
(m,n) ∈ N0 × N. The multiplicity of λm,n is 1 for m = 0 and 2 for m ≥ 1. Here Jm is the
Bessel function of the first kind and order m, and j′m,n is the n’th zero of J ′m(z). Expanding
Hi(x) we have

Hi(x) =
M∑
m=0

N∑
n=1

(
Ĥc
i,m,nϕ

c
m,n + Ĥs

i,m,nϕ
s
m,n

)
, (4.4)

where Ĥc
i,m,n and Ĥs

i,m,n are the coefficients associated with ϕc
m,n and ϕs

m,n, respectively. The
quadrature weights are given by

akj,m,n =

∫
Ω

pj(x, t
k)ϕc

m,n(x) dx, bkj,m,n =

∫
Ω

pj(x, t
k)ϕs

m,n(x) dx, (4.5)

and equation (2.6) takes the form

Iki,j ≈ −η
M∑
m=0

N∑
n=1

(
Ĥc
i,m,na

k
j,m,n + Ĥs

i,m,nb
k
j,m,n

)
.

We set M = 24 and N = 25 in (4.4), and hence use Nϕ = N + 2NM = 1225 basis functions to
represent our reconstructed H. The matrix K is formed according to (2.10), and the weights
in equation (2.7) is calculated using a P1-quadrature in FEniCS. The matrix K has NSNt =
154× 27 = 4158 rows and Nϕ = 1225 columns. Figure 4 shows a semi-log plot of the singular
values of K, showing a exponential decay. This behaviour certainly underpin the need for a
regularization when when approximately solving (2.11).

Figure 5(a) shows the true Hi computed from the high contrast phantom, with boundary
conditions f2(x, y) = y. The regularization parameter in the least-squares problem was chosen
optimally by computing the regularization-error curve and picking the minimum error choice.
This was done to ensure comparability of reconstruction quality. Note the spike-like features
around the edges of the inclusions. In Figure 5(b), we see the direct projection of Hi on the
basis functions as in (4.4), i.e., the best possible representation. We see that the smooth basis
functions capture the smoother features of Hi, but that the amplitude in the spike-like regions
are diminished. Figure 5(c) shows the reconstruction of Hi from Ii,j with no noise. Notably,
it captures the main features seen in the projection very well. In Figure 5(d), 0.01% noise is
added to the measurements. While the finer details of Hi are lost, most of the coarser features
of Hi are still clearly present in the reconstruction. In Figure 5(e) 0.1% noise is added to the
measurements and we clearly see the diminishing returns due to the signal to noise ratio. In
general, our ability to reconstruct Hi strongly depends on K, and hence on the acoustic fields.

4.2 Reconstructing the electrical conductivity

As observed in Section 3.2, when η is small then it is difficult to separate the signal and the
noise. To examine this correspondence systematically, we run our full inversion method on data
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Figure 4: Plot of (n, log(µ)), where µn is the n’th singular value of K.

(a) Directly computed H (b) Projected H

(c) Reconstructed H with
δ = 0%, η = 10−8

(d) Reconstructed H with
δ = 0.01%, η = 10−8

(e) Reconstructed H with
δ = 0.1%, η = 10−8

Figure 5: Power density data, boundary condition f(x, y) = y

obtained by perturbing our phantoms using three different values of η, and three different noise
levels.
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Figure 6 shows reconstructions of the high contrast phantom, for η = 10−7 Pa−1, 10−8 Pa−1

and 10−9 Pa−1 and noise levels 0%, 0.01% and 0.1%. The figure is organized such that η is
decreasing from left to right, while the noise is increasing from top to bottom. In the first
column, the reconstructions capture the features of the phantom quite well. The convex kite
inclusion is clearly reconstructed, but the edges of the small square inclusion are smoothed
out. The peak values of the inclusions are are slightly lower than in the phantoms. In the
second column, with η = 10−8 Pa−1, the situation is the same, except for the reconstruction
with 0.1% noise. Here, the shapes of the inclusions are severely blurred, and the small square is
almost invisible. The same is true in rightmost column (η = 10−9 Pa−1), but with 0.1% noise
the inclusions are barely visible. Last, we note that in the case of 0% noise, the small, square
inclusion is better reconstructed when η decreases. This is most likely due to the fact that the
error in the linearization leading to equation (2.3) decreases with η.

Figure 7 shows reconstructions of the low frequency phantom in Figure 3, again with η =
10−7 Pa−1, 10−8 Pa−1 and 10−9 Pa−1 and noise levels 0%, 0.01% and 0.1%. In the leftmost
column, with η = 10−7 Pa−1, we see that the noisefree and 0.01% noise measurements yield
good reconstructions both with respect to inclusion shapes and amplitudes. In particular,
the square is quite well reconstructed. However, with 0.1% noise, the quality has already
deteriorated quite a bit, and the reconstructions appears to be more blurred and contaminated
by noise. The same is true in the center column; smallest inclusion is barely visible in the
reconstruction with η = 10−8 and 0.1% noise. With 0.1% noise for η = 10−9 Pa−1, we have
clearly reached a limit with respect to the size of η and the noise level.

Also, note the diagonal pattern in both figures. From the consideration in Section 3.2,
reconstructions, where the ratio η/δ is constant, are expected to be of similar quality. This is
observed by comparing, e.g., the reconstruction with η = 10−8 Pa−1 and 0.1% noise and the
reconstruction with η = 10−9 Pa−1 and 0.01% noise.

Figure 8 shows reconstruction from a limited angle situation, where the induced currents
are supported on the lower half of the boundary, and measurements are taken on the same part
of the boundary. Such a situation could easily occur when one does not have access to the full
boundary of the object. In the experiments we use η = 10−8 Pa−1 and noise levels 0%, 0.01%
and 0.1%. Parts of the inclusions are visible, but the amplitude is substantially diminished.
Furthermore, the observation from [21], that objects closer to the measurement boundary are
better reconstructed in the case of limited angle measurements, is also observed here. The
small, quadratic inclusion is better reconstructed than the kite and the Gaussian.

5 Conclusions and further work

In this paper we have introduced a complete inversion framework for AET, motivated by an
ambition to investigate if AET can provide a modality for stable imaging of the electrical
conductivity in realistic, relevant situations. We tested our inversion method on simulated
data, with satisfactory results. Further, the results from the numerical investigations in Section
4 indicates that the answer to the questions regarding feasibility of AET depends critically on
the acousto-electric coupling constant and on the noise level. In producing our simulated data,
we sought to use values of both η and δ in a range that can realistic in applications. It then
appears (as a stroke of luck) that this indeed works. Had the noise been slightly higher or η
slightly lower, we would have seen very little.

Even though we have striven to make our simulated data realistic, there are still a number of
things that are idealized in our approach. Most notably, the assumption that we have accurate
knowledge of the internal pressure field. It remains to do a more detailed investigation of the
situation where a more realistic acoustic model is used and uncertainties in the acoustic fields
is modeled. Also, the assumption that the constant acousto-electric coupling parameter η is
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(a) (0%, 10−7 Pa−1) (b) (0%, 10−8 Pa−1) (c) (0%, 10−9 Pa−1)

(d) (0.01%, 10−7 Pa−1) (e) (0.01%, 10−8 Pa−1) (f) (0.01%, 10−9 Pa−1)

(g) (0.1%, 10−7 Pa−1) (h) (0.1%, 10−8 Pa−1) (i) (0.1%, 10−9 Pa−1)

Figure 6: Mixed high contrast phantom reconstructions. Each is marked with its corresponding
(δ, η) values.

known seems to be impractical. Also, the situation of limited boundary measurements should
be studied further, and a complete electrode model [32] can be introduced.
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Abstract

The goal in acousto-electric tomography (AET) is to reconstruct an image of the un-
known electric conductivity in an object from exterior electrostatic currents and voltages
that are measured on the boundary of the object while the object is penetrated by prop-
agating ultrasound waves. This problem is a coupled-physics inverse problem. Accurate
knowledge of the propagating ultrasound wave is usually assumed and required, but in
practice tracking the propagating wave is very hard, or potentially impossible, due inexact
knowledge of the object’s interior acoustic wave speed. In this work, we model uncertainty
in the wave speed, and formulate a suitable reconstruction method for the power density
and conductivity. We also establish theoretical error bounds, and show that the suggested
approach can be understood as a regularization scheme for the inverse problem. Finally,
we simulate the wave speed from a numerical breast tissue model, and computationally
explore the severity of the error in the reconstructions. Our results show that with reason-
able sound speed uncertainty, reliable reconstruction is possible.

Keywords: acousto-electric tomography, electrical impedance tomography, uncertainty
quantification, hybrid data tomography, variable sound speed, coupled physics imaging,
inverse problems, medical imaging
MSC2000: 35R30; 65N21

1 Introduction

Acousto-electric tomography (AET) is a hybrid imaging technique combining electro-static
boundary measurements as in electrical impedance tomography (EIT) [10, 12, 15] with an ul-
trasound component with the aim to provide tomographic images with much better contrast
and resolution compared to images produced by EIT alone. The ultrasound wave is emitted
into the object and passes through the object causing local contraction and expansion of the
medium due to the acoustic pressure. The changes produce slight local volume deformations
inducing a small change of conductivity and thus changing the measurements at the bound-
ary [18, 22]; this effect is refered to as acousto-electric interaction, acousto-electric modulation
or the acousto-electric effect. The inverse problem is then to obtain the conductivity from these
wave-dependent electro-static boundary measurements.

EIT is a well established technology in medical imaging, for instance for the bedside moni-
toring of lung function. EIT would also make sense for cancer detection due to high contrast in
the electric properties of cancerous tissue compared to healthy tissue, but the low of resolution
is a great concern. A remedy can be found in hybrid imaging modalities for instance AET.

∗bcsj@dtu.dk; https://orcid.org/0000-0002-4743-2631
†kiknu@dtu.dk; https://orcid.org/0000-0002-4875-3074
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Our work in this paper is inspired by the use of AET for breast cancer imaging. Our studies
are conceptual and computational rather than data driven, so specific parameter values are not
relevant.

AET requires complete knowledge of the waves that travel through the object. This, in
turn, requires complete knowledge of the object’s sound speed. However, in many applications,
the object’s sound speed is not fully known; only a rough estimate of the magnitude is provided
and can be used in the inversion framework. In breast tissue it is reasonable to model the sound
speed to be constant, with variations up to 10% [26].

In this paper we focus on the following question: To what extent can we trust power density
and conductivity reconstructions in AET, when the sound speed is known up to uncertainty due
to small variations. We model numerically the uncertainty in the sound speed. Inspired by
potential applications in breast cancer detection we adapt the tissue model in [27] to numerically
produce such sound speed variations. We then suggest a reconstruction framework based on
[17]. We show theoretically that our approach is consistent in the sense of inverse problem’s
regularization theory: in the limit of vanishing sound speed uncertainty we perfectly reconstruct
the conductivity. Moreover, our computational framework allows us to quantify the consequence
of sound speed uncertainty on the reconstructions.

AET has been studied before by a variety of authors. The method was considered experimen-
tally in [30]. The measurements in AET have, however, a low signal-to-noise ratio, and therefore
only limited experimental progress has been observed since. The problem is well-understood
theoretically [5, 7, 8, 11, 20, 21, 25]. Numerical algorithms have been discussed in [2, 3, 6, 23, 28],
and [16] studies the problem with limited boundary access. Also, for a survey of theory for
inverse problem pertaining to both AET and related problems, see the book [4]. While to the
best of our knowledge AET has not seen any study related to uncertainty quantification prior
to this work, we should mention that there is some work on the unknown sound speed prob-
lem [26, 29] for related hybrid problems photoacoustic tomography (PAT) and thermoacoustic
tomography (TAT) .

The outline of this paper is as follows. In Section 2 we describe the AET model, including the
sound speed modeling. In Section 3 we obtain continuity results for the AET data with respect
to the sound speed variations. In Section 4 we recall the optimization problem formulations of
the involved inverse problems; first recovery of the power density and from there recovery of the
conductivity. We go on to prove that our approach forms a proper regularization strategy for
the model error. In Section 5 we describe the numerical implementation of the forward models.
We also describe the procedure used for sampling random sound speed with structures for
our numerical computations. In section 6 we show reconstructions and describe the numerical
results, and Section 7 contains discussion and concluding remarks.

2 Modeling acousto-electric tomography

The modeling of AET follows [17]. In Rd, d = 2, 3, an ultrasound wave generated by a source
S(x, t) is modelled by the scalar wave equation{ (

∂2
t − c2∆

)
p = S in Rd × R+,

p|t=0 = ∂tp|t=0 = 0 on Rd,
(2.1)

where c(x) is the spatially dependent sound speed. We assume that the source S is fully known,
smooth and compactly supported, and that c ∈ C∞(Rd) is bounded, and bounded from below,
by a positive constant. Then (2.1) has a unique weak solution, see e.g. [13, Sec. 7.2].

The electric conductivity is modeled by a real-valued function σ in a bounded and open
subset Ω ⊂ Rd with smooth boundary ∂Ω. The function σ belongs to L∞(Ω) and is bounded
from below by a positive constant. When a current flux f is applied on ∂Ω, an electric potential
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u is generated in Ω, and assuming no interior sources or sinks of charge, the electrical potential
u satisfies the partial differential equation (PDE){

−∇ · σ∇u = 0 in Ω,

σ∂νu = f on ∂Ω.
(2.2)

The vector ν denotes the outward pointing unit normal on ∂Ω and σ∂νu = ν ·σ∇u is the normal
component of the current field J = σ∇u. The compatibility condition f ∈ L2

�(∂Ω) = {v ∈
L2(∂Ω) :

∫
∂Ω
v ds = 0} (corresponding to conservation of charge) guarantees that (2.2) has a

weak solution u ∈ H1(Ω) unique up to a constant, which is fixed by requiring g = u|∂Ω ∈ L2
�(∂Ω)

[13].
When the wave p propagates through Ω, the conductivity is perturbed due the acousto-

electric effect. The perturbed conductivity σ∗(x, t) is described by the first order model

σ∗ = σ(1 + ηp), (2.3)

where η > 0 is called the acousto-electric coupling constant and is assumed to be known.
Substituting σ∗ for σ in (2.2) yields the PDE{

−∇ · (σ∗∇u∗) = 0 in Ω,

σ∗∂νu∗ = f on ∂Ω.
(2.4)

characterizing for fixed t ∈ R+ the resulting time-dependent electrical potential u∗(x, t). For
uniqueness, we again fix the constant so g∗(·, t) = u∗|∂Ω(·, t) ∈ L2

�(∂Ω).
The inverse problem of AET is now to reconstruct σ from knowledge of several triplets

(f, g, g∗) corresponding to different choices of f . Integrating f and g∗ − g along the boundary
defines the time signal

I(t) =

∫
∂Ω

f(g∗(·, t)− g) dS

The function I(t) is the time evolution of the difference in power for the system under the
influence of the wave perturbation. We assume I(t) is known for t ∈ (0, T ) for some sufficiently
large T > 0. An example of I(t) is shown in Figure 1. The blue curve illustrates I(t) for the
depicted conductivity phantom with a circular inclusion. The gray curve is for reference I(t)
for a homogeneous conductivity. Using the function I, we can now pose the inverse problem of
AET as follows: Given I for several boundary conditions f and wave sources S, reconstruct the
conductivity σ. Note that, in the reduction of the different electric boundary signals (f, g, g∗)
to the time signal I, we could consider cross-terms by integrating f to a g − g∗ coming from a
different boundary current. This might stabilize the problem. Instead we use more boundary
conditions.

In solving the inverse problem, the crucial intermediate object is the interior power density
H(x), x ∈ Ω, for (2.2) given by

H = σ|∇u|2. (2.5)

where u = u[σ] is the solution of (2.2). The power density shows up by considering the weak
forms of (2.2) and (2.4), each with the solution of the other taken as a test function therein.
Taking their difference and approximating u∗ ≈ u gives

I = −η
∫

Ω

pσ∇u · ∇u∗ dx (2.6)

≈ −η
∫

Ω

p

H︷ ︸︸ ︷
σ|∇u|2 dx. (2.7)
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Figure 1: Upper plot shows the perturbed conductivity σ∗ due to propagating acoustic wave
at key times. The lower plot shows the time signal I(t) for the conductivity phantom with a
circular inclusion (blue) and for a homogeneous reference (gray).

We thus pose the linear inverse problem to find H from the equation

I = KH (2.8)

with K denoting the integral operator with kernel −ηp

KH(t) = −η
∫

Ω

p(x, t)H(x) dx. (2.9)

Since p ∈ L2(Ω× (0, T )), the operator K : L2(Ω)→ L2(0, T ) is compact.
The inverse problem is now first to recover the power density H by solving (2.8); then to

recover σ from several H corresponding to different choices of f .

Remark 2.1. Equations (2.8)–(2.9) illustrate the importance of p(x, t) in the reconstruction,
and how, ideally, {p(·, t)}t∈(0,T ) should constitute a complete set in L2(Ω) for H(x) to be fully
determined. In this sense, if the set is not complete, the best we may hope to reconstruct is the
projection of H(x) to the subspace of L2(Ω) spanned by the waves.

There are in general multiple possible sources of errors in AET. The most obvious include
measurement errors, linearization errors, and model errors. In this work we are interested in
exploring the effect of uncertainty in the sound speed c. We do so by considering the sound
speed to be unknown to us. Instead, we assume prior knowledge of the mean value of the sound
speed in the reconstruction approach. Using a wrong sound speed corresponds to having a
model error.

We consider sound speeds c and c̃, where the former represents the true sound speed and
the latter an approximation due to prior knowledge. Numerically, we model c by

c(x) = cbg + cvar(x),

where cvar, carries information about the uncertainty in c due to variations in tissue and due
to inclusions in the phantom. We take c̃ = cbg constant in our studies.
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3 Stability of the forward operator

In this section, we demonstrate that, under certain assumptions, the wave p and forward oper-
ator K are continuously dependent on the sound speed c. This guarantees that errors in the
data are controlled by errors in the sound speed. The results are likely well-known, but with
the lack of a proper reference, we indicate the overall ideas.

Let m =
⌈
d+1

2

⌉
. We define the admissible set of sound speeds as the set of smooth functions

bounded from above and below by positive constant λ ∈ (0, 1)

Aλ :=
{
c ∈ C∞(Rd) : λ ≤ c ≤ λ−1; ‖c‖Ck(Rd) < λ−1, k ≤ m+ 1

}
.

A positive lower bound on c ensures that ∂2
t − c2∆ is a uniformly hyperbolic operator. The

upper bound yields finite propagation speed for the wave p [13]; the bound on Ck norms allow
uniform estimates inside Aλ. We assume in the following that λ is fixed and that c, c̃ ∈ Aλ.

Put h = c̃− c and q = p̃− p. Clearly q solves the PDE{ (
∂2
t − c̃2∆

)
q = h(c̃+ c)∆p, in Rd × R+,

q|t=0 = ∂tq|t=0 = 0, on Rd.
(3.1)

Note that, due to the finite speed of propagation, supp {h(c̃+ c)∆p(·, t)} is compact and so is
the support of q. We denote by B ⊂ Rd a large ball that contains the support of both h(c̃+c)∆p
and q for all t ∈ (0, T ). For all m, the regularity of q can now be estimated [13, p.415] by

ess sup
0≤t≤T

m+1∑
j=0

∥∥∥∂jt q(·, t)∥∥∥
Hm+1−j(B)

≤ C
m∑
j=0

∥∥∥h(c̃+ c)∆∂jt p
∥∥∥
L2(0,T ;Hm−j(B))

, (3.2)

where C depends on the Cm+1-norm of c; thus by c ∈ Aλ it depends only on λ. This leads to:

Proposition 3.1.
‖p̃− p‖L∞(0,T ;Hm+1(B)) ≤ C‖c̃− c‖Hm(B), (3.3)

where C does not depend on c̃.

Proof. Observe that, for any positive index k, ‖ · ‖L2(0,T ;Hm−k(B)) ≤ ‖ · ‖L2(0,T ;Hm(B)), and
moreover that for m > d/2, Hm(ω) is a Banach algebra [1, 4.39]. Applying these observations
to (3.2) yield

‖p̃− p‖L∞(0,T ;Hm+1(B)) ≤ C‖c̃− c‖Hm(B)

m∑
k=0

‖(c̃+ c)∆∂kt p‖L2(0,T ;Hm(B)),

for some C > 0. Since c̃+ c ≤ 2λ−1 and p ∈ C∞ we get (3.3).

Remark 3.1. By boundedness of Ω we can without loss of generality assume Ω ⊆ B.

The established continuity for the wave upon the sound speed yields operator continuity for
the forward operator in the following sense.

Proposition 3.2. The operator difference K̃ −K : L2(Ω)→ L2(0, T ) is bounded by

‖K̃ −K‖ ≤ C‖c̃− c‖Hm(B),

where C does not depend on c̃.

Proof. By the Cauchy-inequality

‖(K̃ −K)H‖2L2(0,T )

‖H‖2L2(Ω)

=
η2
∫ T

0

[∫
Ω

(p̃− p)H dx
]2

dt

‖H‖2L2(Ω)

≤ η2T‖p̃− p‖2L∞(0,T ;L2(Ω)),

which shows ‖K̃ −K‖ ≤ η
√
T‖p̃− p‖L∞(0,T ;L2(Ω)). Proposition 3.1 now gives the estimate.
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4 Inversion procedure

In this section, we introduce the applied inversion procedure. The problem is dealt with in
two parts, both handled as regularized minimization problems. Firstly, the power densities are
reconstructed from the measured differences in power consumption I(t) by a standard least-
squares approach, and secondly, the conductivity is reconstructed from the recovered power
densities. We elaborate on the details in our approach below.

4.1 Reconstruction of the power density

As in [17], we invert equation (2.8) by a least squares approach. In particular we consider the
following Tikhonov-regularized problem, which we will discretize.

arg min
h∈L2(Ω)

1

2
‖Kh− I‖2L2(0,T ) +

β

2
‖h‖2L2(Ω). (4.1)

In contrast to [17], we discretize (4.1) using a finite element basis {φj}1≤j≤N . The regularization
term is then approximated by

‖LTv‖22 = ‖v‖2M ≈ ‖v‖2L2(Ω),

where M = LLT is the mass matrix for the finite element basis, L the Cholesky factor of M,
v is the coefficient vector for the finite element discretization of the continuous function v(x),
and ‖ · ‖2 is the usual Euclidean 2-norm. Thus, the finite dimensional regularized least squares
problem takes the form

ĥβ = arg min
h∈RN

1

2
‖Kh− I‖22 +

β

2
‖LTh‖22, (4.2)

where K is the discretization of the operator K in (2.8). K has the form

(K)ij = −η
∫

Ω

p(·, ti)φj dx,

with {ti}0≤i≤m a uniform time-discretization; i.e. 0 = t0 < t1 < · · · < tm = T and ti−ti−1 = ∆t
for all 1 ≤ i ≤ m. Because the time-discretizing is uniform we may neglect the scaling coefficient,
which would appear from discretizing the L2(0, T )-norm.

Remark 4.1. To eliminate effects not relevant to our study, here we will always use the optimal
β parameter in our simulations; i.e. we find an optimal ĥβ∗ by solving β∗ = arg minβ∈R+

‖ĥβ−
h∗‖M , where h∗ is the coefficient vector for the finite element discretization of the true H(x).

4.2 Reconstruction of the conductivity

To reconstruct the conductivity from the formerly reconstructed power density, here denoted
by z, we consider the following L1–TV optimization problem to be minimized

arg min
σ

‖H[σ]− z‖L1(Ω) + γ|σ|TV, (4.3)

with an L1(Ω) data fidelity term and total variation regularization. We denote the functional
in (4.3) by J (σ). For simplicity of the formulation, we consider the theory for only one power
density, however the problem extends naturally to multiple by summing separate data fidelity
terms. A minimizer is known to exist for this problem [2]. Our approach here will be simi-
lar to that of [2, 17], though we make certain small changes which allow us to speed up the
computational performance significantly; in particular we draw inspiration from [14].
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Take the linearization H[σ + κ] ≈ H[σ] + H ′[σ, κ], where H ′[σ, κ] = κ|∇u[σ]|2 + 2σ∇u[σ] ·
∇u′[σ, κ] and u′[σ, κ] is the Fréchet derivative of u[σ] in dirction κ (e.g. see [2]), and consider
the following weighted quadratic functional

Jσ(κ) =
1

2

∫
Ω

w[σ]|H ′[σ, κ]− zσ|2 dx+
γ

2

∫
Ω

w0[σ]|∇(σ + κ)|2 dx, (4.4)

where w[σ] = |H[σ]− z|−1, zσ = z −H[σ] and w0[σ] = |∇σ|−1 and the absolute values | · | are
smoothened close to zero, i.e. | · | ≈

√
| · |2 + τ2 for a small τ > 0. Essentially this originates

from considering J (σ+κ), substituting the linearization of H into (4.3) and approximating the
norms by weighted L2-norms. Instead of tackling (4.3), we take steps by iteratively minimizing
(4.4) and then updating σ and computing the new weights.

Discretizing (4.4), we obtain the quadratic

Jσ(κ) =
1

2
κT
(
WTMwW + γKw0

)
κ− κT

(
WTMwzσ − γKw0σ

)
+ constant, (4.5)

where, with {φj}1≤j≤n a finite element basis, (Mw)ij =
∫

Ω
w[σ]φiφj dx, (Kw0)ij =

∫
Ω
w0[σ]φiφj dx

and W is the discretization of the linear map κ 7→ H ′[σ, κ]. This discretization is given by
W = M−1

(
Mu − 2Wσ,uK

−1
σ Lu

)
, where

(M)ij =

∫
Ω

φiφj dx, (Mu)ij =

∫
Ω

|∇u[σ]|2φiφj dx, (Wσ,u)ij =

∫
Ω

φiσ∇u[σ] · ∇φj dx,

(Kσ)ij =

∫
Ω

σ∇φi · φj dx, and (Lu)ij =

∫
Ω

φj∇u[σ] · ∇φi dx.

The minimization of (4.5) has the first order optimality condition(
WTMwW + γKw0

)
κ = WTMwzσ − γKw0

σ.

Following the idea in [14], we consider the approximation Kw0 ≈ Kw0 + εI for a small ε > 0
allowing the Cholesky factorization Kw0 = L0L

T
0 , thus yielding(

L−1
0 WTMwWL−T0 + γI

)
κ̃ = L−1

0 WTMwzσ − γLT0 σ,

where κ̃ = LT0 κ. Setting γ = 0 we obtain the preconditioned linear problem

L−1
0 WTMwWL−T0 κ̃ = L−1

0 WTMwzσ. (4.6)

We thus minimize (4.5) by solving (4.6), with a preconditioned conjugate gradient algorithm [9,
p.15]. With this we need only the evaluation of Kw0

= L0L
T
0 , so in practice we will neither

need to compute the Cholesky factor nor the inverse of said factor.

4.3 Regularization strategy

Our aim is to solve (4.1), but since we don’t have access to the true operator K but rather an
approximate operator Kδ, we wish to consider a regularization strategy for the power density
reconstruction such that the regularized solution approaches the true solution appropriately as
the error vanishes. The novelty in our approach below compared to traditional sources on the
topic, like [19, Sec. 2], is that in our considerations here the error appears in the operator rather
than as noise in the measurements.

Let V and W be Hilbert spaces and K,Kδ : W → V operators. Suppose I = KH, where
K corresponds to some true sound speed c and consider Kδ coming from an approximate
sound speed cδ, such that ‖K −Kδ‖ < δ. We first note that ‖((Kδ)∗Kδ + βI)−1‖ ≤ β−1, i.e
independent of δ, by

β‖w‖2W ≤ β‖w‖2W + ‖Kδw‖2V = 〈w, ((Kδ)∗Kδ + βI)w〉W ≤ ‖w‖W ‖((Kδ)∗Kδ + βI)w‖W .
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Define Rδβ = ((Kδ)∗Kδ + βI)−1(Kδ)∗ and let wδ = ((Kδ)∗Kδ + βI)−1z, then

‖(Rδβ)∗z‖2V =
〈
Kδ
[
((Kδ)∗Kδ + βI)−1

]∗
z,Kδ

[
((Kδ)∗Kδ + βI)−1

]∗
z
〉
V

= 〈wδ, (Kδ)∗Kδwδ〉W

≤ 〈wδ, (Kδ)∗Kδwδ〉W + β〈wδ, wδ〉W = 〈wδ, z〉W ≤ ‖wδ‖W ‖z‖W ≤ β−1‖z‖2W ,

thus ‖(Rδβ)∗‖ = ‖Rδβ‖ ≤ β−
1
2 . Assume there is a w satisfying K∗w = H then

‖H −RδβI‖W = ‖H − ((Kδ)∗Kδ + βI)−1(Kδ)∗KH‖W
= ‖((Kδ)∗Kδ + βI)−1

[
(Kδ)∗Kδ + βI − (Kδ)∗K

]
H‖W

= ‖Rδβ [Kδ −K]H + β((Kδ)∗Kδ + βI)−1H‖W
= ‖Rδβ [Kδ −K]H + β((Kδ)∗Kδ + βI)−1((Kδ)∗ +K∗ − (Kδ)∗)w‖W
= ‖Rδβ [Kδ −K]H + βRδβw + β((Kδ)∗Kδ + βI)−1(K∗ − (Kδ)∗)w‖W
≤ ‖Rδβ‖ ‖KδH −KH‖V︸ ︷︷ ︸

≤‖Kδ−K‖‖H‖W<δ‖H‖W

+β‖Rδβ‖‖w‖V + β ‖((Kδ)∗Kδ + βI)−1(K∗ − (Kδ)∗)w‖W︸ ︷︷ ︸
≤β−1‖K∗−(Kδ)∗‖‖w‖V ≤β−1δ‖w‖V

≤ δ√
β
‖H‖W +

√
β‖w‖V + δ‖w‖V .

Thus Hβ,δ ≡ RδβI → H as β → 0 and δ → 0 together. It is an easy extension to also consider
noise in I. We summarize in the following theorem.

Theorem 4.1. Let K and Kδ satisfy ‖K −Kδ‖ < δ and I = KH with ‖I − Iε‖ < ε. If there
exists w satisfying K∗w = H and δ/

√
β(δ, ε)→ 0, ε/

√
β(δ, ε)→ 0 and β(δ, ε)→ 0 as δ, ε→ 0,

then
‖H −RδβIε‖W → 0 as δ, ε→ 0,

where Rδβ = ((Kδ)∗Kδ + βI)−1(Kδ)∗; i.e. Rδβ is a regularization strategy.

Remark 4.2. Assume for instance that δ ∝ εα, α > 0, assymptotically as they vanish, then
β(δ, ε) = δaεb, where 0 < a, b < 2 solves 2−a

b > α and α > a
2−b , works. For simplicity, taking

a = b = 1
k all k > α+1

2 are solutions.

The following corollary is a direct consequence of combining the above derivations with
Propositions 3.1 and 3.2 from Section 3.

Corollary 4.1. Assume that m, c , c̃, K and K̃ are as in Section 3, that I = KH and that
H ∈ Ran(K∗). If β ∝ ‖c̃− c‖Hm(B) there is a constant C > 0 independent of c̃ and β such that

‖H −RβI‖L2(Ω) ≤ C‖c̃− c‖
1
2

Hm(B),

where Rβ = (K̃∗K̃ + βI)−1K̃∗.

This demonstrates that, as the sound speed c̃ converges to c, and the regularization vanishes
appropriately relative to each other, the solution of (4.1), with operator K̃, converges to the
true solution H.

5 Numerical implementation and uncertainty modeling

Simulations are done in 2d. In general we follow the approach in [17, Sec. 3.3] though with
some deviations. In the subsections we sketch our approach.

8



Figure 2: Reconstruction of H(x) for boundary condition
f(x, y) = y and 12 uniformly distributed wave sources.
This reconstruction is done using a forward model with
a homogeneous sound speed c from data generated with
a homogeneous sound speed c̃ = 1.05c. This illustrates
star-like shape artifacts resulting from having few waves,
and the low-energy band close to the boundary resulting
from the severely wrong mean sound speed assumption
(here too low).

Figure 3: The true conductivity σtrue(x) on the left and the directly computed power density
H(x) corresponding to the boundary condition f(x1, x2) = x1.

5.1 Forward models

We solve the wave equation (2.1) using the k-Wave package for Matlab. This is done on a
regular square grid in a domain [−L,L]2 ⊂ R2 and, to simulate the full domain R2, an absorbing
boundary layer is added such that from within the subdomain [−L′, L′]2 ⊂ [−L,L]2 the solution
is an approximation to the problem in the full space. Note that the domain of our electrical
measurements Ω is contained in [−L′, L′]2.

The sound speed c is generated based on a breast tissue model [27]. The model along with
the changes introduced to accommodate our problem are outlined in Section 5.2. The wave
speed for generating the data has the form

c(x) = (cbg + χD(x)(cincl − cbg))(1 + µs(x)), (5.1)

where s(x) is a sampled structured perturbation and µ is a small scaling factor; we take µ = 0.05
in our simulations unless otherwise specified. cbg = 1500 and cincl = 1650 are the background
and inclusion sound speeds respectively. χD(x) denotes the indicator function onD = B 1

4

(
0, 3

8

)
.

We use 36 uniformly distributed wave-source positions in order to eliminate artifacts related
to a limited number of waves; see Figure 2. Each transducer source consists of a sequence of
point sources on the arc of ∂Ω, whereas in [17] the point sources lie on a straight line tangential
to ∂Ω; we note that the choice, when consistent in the modeling, is not significant. Also, at
each transducer source position, we have only one steering angle directed radially inwards.

The generated acoustics fields, all captured in p(x, t), are interpolated on an unstructured
triangulated mesh M with 20100 nodes.

The electrical potentials are computed as in [17] using FEniCS [24] with a P1 finite element
basis on the mesh M. To ensure no other sources of uncertainty than the unknown sound
speed, no noise components are added at this step. Moreover, we avoid the linearization error
(2.6)–(2.7) by generating our time series data directly by first forming the power density H,
and then by integrating numerically in the linear expression (2.7).
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The conductivity phantom is σtrue(x) = 1+ 1
2χD(x). Figure 3 illustrates σ together with the

directly computed power density H(x) corresponding to the boundary condition f(x1, x2) = x1.
We show the power density to illustrate what would be the ideal reconstruction from the first
step.

5.2 Noise sampling scheme

We sample different structures for the sound speed c and generate data to observe the influence
on the reconstructions. The sound speed is sampled as follows: We consider a slightly modified
2D version of the breast tissue model proposed in [27]. Our approach is summarized here to
make apparent the different choices.

Firstly, we define constants f0 = 20, ` = 25, c0 = 0.5, c1 = 1 and an N × N -grid with

points ξjk := (ξj , ξk) ∈ [−`, `]2, 1 ≤ j, k ≤ N , ξj = `
(

2 j−1
N−1 − 1

)
. Secondly, we draw uniformly

distributed phase samples for each node in the grid, θjk ∼ U(−π, π). We define the function
Vβ(ξ; θ), as

Vβ(ξ; θ) =


c0, |ξ| = 0,

c1|ξ|−
β
2 e−iθ, 0 < |ξ| < f0,

0, otherwise,

(5.2)

and evaluate at each grid point, vjk = Vβ(ξjk; θjk). We take the discrete inverse 2D Fourier
transform of vjk, thus defining qjk = |F−1

discretevjk|. Define a region U ⊆ [−`, `]2, where we want
to control the structures, and let J = {(j, k) : (ξj , ξk) ∈ U} and

r(γ) := arg min
r∈R

∣∣∣∣∣∣γ − 1

|J |
∑

(j,k)∈J

max(sign(r − qjk), 0)

∣∣∣∣∣∣ .
That is, r(γ) is the height at which to make a cut such that the ratio of grid points in U
with values less than r(γ) compared to the total amount of grid points in U is as close to γ as
possible. We then put

q̂jk =

{
1 if qjk < r(γ),

0 otherwise.

We thus have a random (due to sampling of θij) map (β, γ) 7→ Q̂jk(β, γ) := q̂jk. From here we
take some liberties in constructing our random structured sound speed. We proceed as follows:
Define β0 = 3.3, β1 = 2.8 and γ = 0.35 (we comment on the choice of U in Remark 5.2) and let

sjk := Qjk(β0, γ)−Qjk(β1, γ).

Figure 4: Examples of draws from s(x; θ); ( , , ) = (1, 0,−1).
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Note that sjk takes only the discrete values -1, 0 and 1. We define s(x; θ) as the linear grid
interpolation of sjk. With the stochastic quantity s in place, c(x) = c(x; θ) in (5.1) is now a
random function.

Remark 5.1. Note that a sampled c(x; θ) may have a mean speed in its domain slightly different
from cbg. Since the range of sjk is discrete, c(x; θ) may have very steep areas depending on the
grid. A smoothed version may be obtained by convolution with a mollifier.

Remark 5.2. We choose U ⊂ Ω slightly away from the boundary of Ω, U is here a disc
with radius 0.8 times the radius of Ω, to ensure that the primary amount of variations will be
exhibited in the central part of Ω.

Remark 5.3. Furthermore, we scale the domain on which c(x; θ) is defined to coincide with
the square domain we have for wave equation. In this sense, the choice of value for ` in the
sampling scheme is arbitrary and we could scale everything relative to a different choice; e.g.
let α > 0 and consider a new ` → α`, then we should use f0 → αf0 and scale |ξ| → |ξ/α| in
Vβ(ξ; θ) to compensate.

5.3 Sampling statistics

By sampling from c(x; θ) and applying the modeling sequence to compute p(x, t; θ) via (2.1),
σ∗(x, t; θ) via (2.3) and u∗(x, t; θ) via (2.4), by (2.6) we end up with the simulated data samples
I(t; θ).

Sampling I(t; θ) let Xj(θ) = I(tj ; θ) and x1
j , x

2
j , . . . , x

n
j be samples from Xj and x̄j and xσj be

respectively the average and the standard deviation of those samples. The covariance and cor-
relation matrices are (Γcov)ij = cov(Xi, Xj) and (Γcorr)ij = corr(Xi, Xj) = (xσi x

σ
j )−1(Γcov)ij .

The covariance matrix may be approximated by the sampled covariance matrix,

cov(Xi, Xj) ≈ (Γcov,samp)ij =
1

n− 1

n∑
k=1

(xki − x̄i)(xkj − x̄j).

As can be seen in Figures 5 and 6 clearly there is a lot of structure to the (sampled) correlation
matrix.

Figure 5: The (sampled) correlation matrix Γcorr for I(ti; θ); 150 samples. From left to right:
left) The full correlation matrix, center) the upper left 4-by-4 blocks corresponding to 4 different
wave sources, and right) the upper left first block corresponding to a single wave’s correlation
with itself.
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Figure 6: Rows of the (sampled) correlation matrix Γcorr (150 samples) cut up at the points
between different wave sources and stacked on top of each other. S# here means source number.
Row 2890 corresponds to the same relative time point of the wave as row 30, just for a different
source, so it is natural that the second column has structures similar to those in the first column,
simply “up-shifted”.

6 Numerical results

Figure 7 illustrates reconstructions of power densities for different boundary conditions (rows
1-3) and the conductivity (row 4). The power densities are reconstructed by solving (4.2) and
then the conductivity is found by solving (4.6). Rows 1–3 are power densities corresponding to
boundary conditions f(x1, x2) = x1, x2, (x1 + x2)/

√
2 respectively. The first column contains

(for comparison) reconstructions of the best possible case with no uncertainty, i.e. the correct
sound speed is used for solving the inverse problem.

Looking at columns 2 through 4 in Figure 7, we clearly see the propagation of the model
error to the power density, H(x), reconstructions, though, due to the complexity of the error
propagation, we remark how the error features have no obvious resemblance to the structures
introduced in the sound speed for the data generation; we refer back to Figure 4. A number
of these error features seemingly disappear again when moving on to the reconstruction of the
conductivity, σ(x), though clearly the background variations are notable, and in particular near
the boundary we find artifacts. The latter should not be surprising, as the mean sound speed
might be slightly different from the constant cbg used in recovery, which, during this study,
has been observed to cause structural errors close to the boundary. The inclusion, however,
stands out quite clearly, which we attribute to the high and low peaks around the inclusion area
present in all the power density reconstructions. Similar encircling high-low peak structures do
not appear elsewhere attributing to the non-presence of other inclusions introduced by model
errors.

We illustrate in Figure 8 the change in the reconstructed power density relative to the
level of difference in sound speed. In the figure progressing from left to right, the scale of the
structured variation, controlled by µ, is scaled up. In the left-most reconstruction µ = 0, thus
the only error in the sound speed is within the inclusion. The third reconstruction has µ = 0.05
and we note that this is the same reconstruction as row 1–column 2 in Figure 7. This image
demonstrates quite nicely the theory developed in the preceding sections. We note that, for the
leftmost reconstruction, the used β-parameter was not optimal. The optimal β is very small,
and finding it is too computationally expensive without any visual improvement, so a β-value

12



Figure 7: Reconstructions of power densities and conductivities corresponding to different real-
izations of sound speeds. Rows 1–3 are power densities corresponding to boundary conditions
f(x1, x2) = x1, x2, (x1 + x2)/

√
2 respectively. Row 4 is the corresponding reconstructed con-

ductivity from the three power densities above. Column 1 contains the optimal solution with
no uncertainty. Columns 2–4 correspond to the particular sound speed realizations shown in
Figure 4.

Figure 8: Reconstructions of power densities corresponding to different values of µ. The power
density is the one corresponding to the boundary condition f(x1, x2) = x1 and the sound speed
structure used is the left-most in Figure 4. The values used for µ are (left-to-right) 0.00, 0.01,
0.05 and 0.10.
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close to 10−8 (where the search algorithm terminated) was used.
We present in Figure 9 the mean and standard deviations, taken point-wise, of the power

density and conductivity reconstructions from multiple realization samples. The means illus-
trate that our sampling does not appear to be biased in promoting non-existing features, which
is to be expected but also nice to verify. The standard deviations also highlight some expected
features, for example it sky-rockets near the boundary, which is in correspondence with our
observations above. This is due to the increasing misalignment between the true wave p and
the wave p̃ used for reconstruction as time increases.

In a simplified scenario, if the true sound speed is slightly higher, p will have left the domain
before p̃ and the reconstruction algorithm will see no signal as p̃ traverses the last stretch
towards the boundary. Thus, the reconstructed power density will exhibit a low-valued zone.
On the other hand, if the true sound speed is slightly lower, a reverse phenomenon happens
and the reconstructed power density exhibits high values in the area. This phenomenon is very
obvious when the error in p̃ is exacerbated by deliberately shifting the used sound speed by
some constant.

Also, the boundary of the conductivity inclusion exhibits moderately higher standard de-
viation, which is not surprising when looking at the conductivity reconstructions in Figure 7;
here the inclusion boundary shifts a bit from one to the other. We note that 150 samples were
used for computing the means and standard deviations.

7 Discussion and conclusion

As proposed, in this paper we have explored the effect of uncertainty in the wave. In Propo-
sitions 3.1 and 3.2 we have established bounds for the deviation of the wave and the operator
based on variations in the sound speed coefficient. This guarantees that, for sufficiently small
variations in the sound speed, the deviations scale accordingly. Considering how the error in
the wave propagates to the operator, we demonstrated in Theorem 4.1 a regularization strategy
for model error and used the formerly established propositions to show in Corollary 4.1 the
applicability to the AET problem.

In numerical simulations we found that the theory matches observations quite nicely, in
particular as illustrated in Figure 8, where we observe directly how the reconstruction improves
as the difference between the real and estimated waves decreases. It is of course important
to point out that, as mentioned in Remark 4.1, in this study we choose the regularization
parameter β in (4.2) optimally. In truth, this is a bit artificial, but it is necessary to be able
to compare the different end-result reconstructions. Also, while we do not give the optimal
values for β here, for the reconstructions in Figure 8 they start at about 10−5 (right-most) and
decrease with µ towards zero; the leftmost having an optimal β < 10−8.

We saw in Figure 7 how the variations in realizations of the sound speed can influence the
reconstructed power density quite heavily, propagating the operator error to the reconstruction.
It is, however, notable how little of this error continues into the reconstructed conductivity,
where the inclusion is quite convincingly reconstructed. We conjecture that this kind of error
in the reconstructed power density is not too significant, probably because the features across
all the power densities corresponding to the different boundary conditions are not collectively
producible by the model H[σ] from a single conductivity.

We believe that these results are quite promising for AET showing that, even if the wave
is not known exactly, this will not necessarily pose a huge problem for the final recovery of the
conductivity, though it might produce irregular and artificial structures in the reconstructed
power densities.
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Figure 9: Node-wise means and standard deviations of sampled reconstructions. The upper row
contains, left to right, the mean power densities for the boundary conditions f(x1, x2) = x1,
x2, (x1 +x2)/

√
2 respectively. The second row contains the corresponding standard deviations,

and finally the last row has the mean conductivity on the left and standard deviation on the
right. 150 samples were used.
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Abstract

In this brief manuscript we demonstrate the extension of existing reconstructability
results for the conductivity equation from power density data to a setup with only limited
control on the boundary. This is done by showing that the Runge approximation property
holds true for the conductivity problem even when the potential may only be controlled
in a subset of the boundary. The final reconstructability result from this key observation
follows the existing theory.

Keywords: acousto-electric tomography, electrical impedance tomography, hybrid data
tomography, coupled physics imaging, inverse problems, medical imaging
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1 Introduction

It this note we demonstrate using Runge approximation the theoretical possibility of recovery of
the conductivity, up to a scalar factor, in the interior of a domain given only limited boundary
access and only finitely many measurements. This will be a slight generalization to recovery
under similar assumptions but with control as explored in [3]. We shall demonstrate that
recovery is possible from access to any small open set on the boundary, though we note that
as the set grows small the required boundary conditions are likely to grow impractical for
application.

In essence, the recovery relies on the satisfaction of a particular constraint, which we will
show can be satisfied by a finite amount of boundary conditions.

We do not consider here anisotropic conductivities, but simply note as a hypothesis that
the results on recovery of anisotropic conductivities [2, 4, 5], which require a similar condition,
may be generalized in a similar fashion.

Let Ω ⊂ Rd, d = 2, 3, be a Lipschitz domain and Γ ⊂ ∂Ω any nonempty open set on its
boundary. Assume σ ∈ L∞+ (Ω), i.e. there exists λ > 1 such that λ−1 ≤ σ ≤ λ a.e in Ω, and if
d = 3 assume further that σ ∈W 1,∞(Ω). Consider the partial differential equation

Lu = −∇ · σ∇u = 0 in Ω,

u = f on Γ,

Lνu = σ∂νu = 0 on ∂Ω\Γ.

(1.1) {eq:u}{eq:u}

For each f ∈ H 1
2 (Γ) := {v|Γ : v ∈ H1(Ω)} there is a unique weak solution u ∈ H1(Ω). Consider

d solutions u = (u1, . . . , ud), where ui is the solution to (1.1) with the boundary condition fi,

∗bcsj@dtu.dk; https://orcid.org/0000-0002-4743-2631
†kiknu@dtu.dk; https://orcid.org/0000-0002-4875-3074
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1 ≤ i ≤ d, then the Jacobian constraint is the condition that

det

[
∇u1 · · · ∇ud

]
≥ c > 0, (1.2) {eq:jac-constr}{eq:jac-constr}

i.e. the Jacobian matrix ∇u is invertible.
Assuming there are solutions u = (u1, . . . , ud) such that (1.2) holds and that σ is sufficiently

smooth, then it is an easy exercise to manipulate the PDE (1.1) and see that σ may be recovered
up to a scalar from the equation

∇ log σ = −(∇u)−T∆u. (1.3) {eq:s-rec-u}{eq:s-rec-u}

This would require knowing u, which we cannot expect to. However, given interior information
of the form

Hij = σ∇ui · ∇uj ,

as available in acousto-electric tomography, one may (without knowing the ui’s explicitly) find
a similar reconstruction formula [3]. For d = 2 the formula is of the form:

∇ logw = (J J)−T (∇ · J J), w =
√
σ,

where J and J are a particular matrix and vector pair. For completeness we give the derivation
of this in Section 4.

This different approach too hinges upon the condition that (1.2) is satisfied.

Statement of main result We demonstrate that there under some assumptions of smooth-
ness in σ is a finite M and boundary conditions {fi}Mi=1 such that Jacobian constraint (1.2) is
satisfied everywhere in Ω by the solutions to the PDE (1.1) corresponding to those boundary
conditions.

The novelty in this work is Theorem 2.2 and the main consequence is Theorem 3.1, which
contains the above result.

Outline In Section 2 the Runge approximation is introduced and it is proven that the PDE
satisfy the property.

Section 3 gives the reconstructability result proving the Jacobian constraint may be satisfied.
In Section 4 we derive the reconstruction formula for σ from the Hij data for the case

d = 2 [3]. Due to the length of the construction for d = 3 we refer to [3] for that.

2 The Runge approximation property
{sec:runge}

Our first step is to demonstrate that the PDE (1.1) satisfy the properties of Runge approx-
imation and unique continuation. The following two definition(s) and lemma may be found
in [2, Sec. 7.3].

{def:runge-apprx}
Definition 2.1 (Runge approximation properties). We say that L satisfies the weak Runge
approximation property if for any Lipschitz simply connected domain Ω′ b Ω and any u ∈
H1(Ω′) such that Lu = 0 in Ω′ there exists a sequence un ∈ H1(Ω) such that (a) Lun = 0 in
Ω, and (b) un|Ω′ → u in L2(Ω′).

Let α ∈ (0, 1). We say that L satisfies the strong Runge approximation property if for
any smooth simply connected domains Ω′′ b Ω′ b Ω and any u ∈ H1(Ω′) ∩ C1,α(Ω′) such that
Lu = 0 in Ω′ there exists a sequence un ∈ H1(Ω) ∩ C1,α(Ω′) such that (a) Lun = 0 in Ω, and
(b) un|Ω′′ → u|Ω′′ in C1,α(Ω′′).
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{lem:unique-cont}
Lemma 2.1 (Unique continuation property). Let Ω ⊂ Rd be a Lipschitz connected bounded
domain, Σ ⊆ ∂Ω be an open non-empty subset of ∂Ω, and consider L and Lν as defined in
Equation (1.1). Let u ∈ H1(Ω) be a solution to Lu = 0 in Ω. If u = 0 and Lνu = 0 on Σ, then
u = 0 in Ω.

By satisfying the unique continuation property we get that L satisfies the the Runge ap-
proximation property. The proof of the following theorem is essentially the proof of [2, Thm.
7.7] with slight modifications to accommodate the changes in the boundary conditions.

{thm:L-runge-approx-weak}
Theorem 2.2. Let Ω ⊂ Rd be a Lipschitz bounded domain, L and Lν as defined in (1.1). Then
L with the restriction imposed by Lν satisfies the weak Runge approximation property.

Proof of Theorem 2.2. Assume without loss of generality that Ω is connected. Take Ω′ b Ω as
in Definition 2.1 and u ∈ H1(Ω′) such that

Lu = 0 in Ω′.

Set F := {v|Ω′ : v ∈ H1(Ω), Lv = 0 in Ω, Lνv = 0 on ∂Ω\Γ}. Suppose by contradiction that
the Runge approximation property does not hold. By the Hahn-Banach theorem there exists a
functional g ∈ L2(Ω′)∗ such that g(u) 6= 0 and g(v) = 0 for v ∈ F . In other words, there exists
g ∈ L2(Ω′) such thath (g, u)L2(Ω′) 6= 0 and (g, v)L2(Ω′) = 0 for all v ∈ F .

Consider now the extension by zero of g to Ω, which by an abuse of notation is still denoted
by g. Let V := {φ|Γ : φ ∈ H 1

2 (∂Ω)} and fix φ ∈ V . Let w, v ∈ H1(Ω) be the unique solutions
to 

Lw = g in Ω,

w = 0 on Γ,

Lνw = 0 on ∂Ω\Γ,
and


Lv = 0 in Ω,

v = φ on Γ,

Lνv = 0 on ∂Ω\Γ.

By definition of g there holds (g, v)L2(Ω) = 0. Thus, integration by parts shows

0 = −(v, g)L2(Ω) = (Lv,w)L2(Ω) − (v, Lw)L2(Ω) =

∫
Γ

(Lνw)φdσ.

Since the above holds for all φ ∈ H
1
2 (Γ) we obtain Lνw = 0 on Γ. Observe now that w is

solution to Lw = 0 in Ω\Ω′ such that w = 0 and Lνw = 0 on Γ. In view of Lemma 2.1 we have
w = 0 in Ω\Ω′, therefore w = 0 and Lνw = 0 on ∂Ω′. As a result, by integrating by parts we
obtain∫

Ω′
gudx =

∫
Ω′

(Lw)udx =

∫
Ω′

(Lu)︸︷︷︸
=0

w dx+

∫
∂Ω′

(Lνw)︸ ︷︷ ︸
=0

uds+

∫
∂Ω′

(Lνu) w︸︷︷︸
=0

ds = 0

where the last identity follows from the definition of u. This contradicts the assumptions on g,
since (g, u)L2(Ω′) 6= 0 and the proof is complete.

The following corollary is analogous in statement and proof to [2, Cor. 7.9].
{cor:L-runge-approx-strong}

Corollary 2.1. Take assumptions as in Theorem 2.2 and assume further that σ ∈ C0,α(Ω) for
α ∈ (0, 1), then L satisfies the strong Runge approximation property.

3 Satisfying the Jacobian constraint
{sec:jac-constr}

For completeness the following section summarizes the important steps for showing that the
Jacobian constraint may be satisfied by a finite collection of boundary conditions. The proofs
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of the lemma and theorem may be found in [2, Sec. 7.3] but applying as necessary the slightly
more general Theorem 2.2 in place of the analogous result found in the book.

Under the assumptions of Corollary 2.1 the assumed Hölder continuity of σ is sufficient that
for an open ball Bx0(δ) ⊂ Ω, δ > 0, we may consider Lx0 = −σ(x0)∆, and approximate (in the
ball) a solution u0 of Lx0

u0 = 0 by solution u to Lu = 0. This result follows from the strong
Runge approximation property and classic elliptic regularity theory.

Lemma 3.1. Let assumptions be as in Corollary 2.1 and take δ > 0, Ω′ b Ω and u0 ∈ C1,α(Ω).
There exists r > 0 depending on Ω,Ω′, α, λ, ‖σ‖C0,α(Ω), ‖u0‖C1,α(Ω) and δ such that for any x0 ∈
Ω′ if Lx0

u0 = 0 in Bx0
(r) then there exists φx0,δ ∈ H

1
2 (Γ) such that ‖ux0,δ −u0‖C1(Bx0 (r))

≤ δ,
where ux0,δ is the solution of (1.1) with f = φx0,δ.

With this we are ready to state our main result. The principle is quite simple relying upon
the existence of a finite covering of compact sets. Selecting a covering of sufficiently fine ball
then allows us to successively apply the above theory to obtain solutions closely approximating
simple gradient-orthogonal functions like fi(x) = xi by the Runge approximation.

{thm:jac-constr-satisf}
Theorem 3.1. Take Ω′ b Ω and assume σ ∈ C0,1(Ω). Then there is N ∈ N and r > 0 both

depending on Ω,Ω′, λ and ‖σ‖C0,1(Ω), and x1, . . . , xN ∈ Ω′ and φi,j ∈ H
1
2 (Γ), i = 1, . . . , d,

j = 1, . . . , N such that

Ω′ ⊆
N⋃
j=1

Bxj (r) and det

[
∇u1,j · · · ∇ud,j

]
≥ 1

2
in Bxj (r),

where uij ∈ H1(Ω) is the unique solution to (1.1) with f = φi,j.

The result is essentially [2, Thm. 7.11] but applied to a slightly different PDE problem. The
proof, however, by applying our derived results above in place of those in the reference carries
over without modification.

4 Reconstruction formula
{sec:recon}

We consider the case d = 2. This exposition comes from [3]; for d = 3 we refer to the same
source. The aim in the first step is to obtain Ji =

√
σ∇ui, i = 1, 2, from Hij . Ji is the current

density up to a factor of
√
σ; i.e. the current density is

√
σJi. Abusing the name we call the

first step the “current density step”.
The second step is the recover an equation for σ akin to Equation (1.3) but using Ji in place

of ui. We call this the “conductivity step”.
We shall need to use the following matrix

J =

[
0 −1
1 0

]
.

Current density step To this end consider the matrices J =
[
J1 J2

]
and H = (Hij)1≤i,j≤2;

the latter obviously symmetric. Under the assumed positive lower bound on σ and the Jacobian
constraint (1.2) it is easy to see that for any x = (x1, x2) 6= 0, xTHx = σ|q1 + q2|2 > 0, where

qi = xi∇ui 6= 0 and q1 6= −q2. Hence H is positive definite and we denote by T = H−
1
2 the

inverse of the unique symmetric positive definite matrix root of H.
We make a few observations now. Note that JTJ = H and therefore det J = (det H)

1
2 .

Also, detT = det H−
1
2 = (det H)−

1
2 . Consider the matrix R = JT, then it is easy from the

4



above that RTR = TTJTJT = I and R is orthogonal. Moreover, det R = det J det T = 1.
Put together these demonstrate that R is a rotation matrix of the form

R(θ) =

[
cos θ − sin θ
sin θ cos θ

]
,

dependent only on a single parameter θ. Defining T = (tij)1≤i,j≤2 and T−1 = (tij)1≤i,j≤2, and
letting Vij = ∇(ti,1)t1,j + ∇(ti,2)t2,j , then θ is determined by the following equation [3, Eq.
(41)]

∇θ =
1

2

(
V12 − V21 −

1

2
J∇ log det H

)
.

Determining θ thus determines R and therefore J = RT−1.

Conductivity step Let ω =
√
σ and note first that ∇ · J∇ui = 0, and observe therefore

0 = ∇ · J∇ui = ∇ · ω−1J Ji = ∇(ω−1) · J Ji + ω−1∇ · J Ji.

Multiply by ω and rearrange to obtain

ω∇(ω−1) · J Ji = −∇ · J Ji.

By −∇ log s−1 = ∇ log s = s−1∇s we rewrite the above as

∇ logω · J Ji = ∇ · J Ji.

Using both Ji we may bundle the equations as

(J J)T∇ logω = ∇ · J J =⇒ ∇ logω = (J J)−T (∇ · J J),

assuming invertibility, which is satisfied as J J = ωJ∇u is invertible by the Jacobian constraint
(1.2) and ω > 0. Thus we have a reconstruction formula.

5 Discussion and further work

The results here are not constructive and thus immediately prompts the question of how to
choose the boundary conditions to satisfy the Jacobian constraint. There is also a question of
deterioration of information with distance from the active part of the boundary as observed
in [7] and [6]; given the zero flux condition outside Γ the electrical field on the boundary must
be tangential, hence the constraint can never be satisfied on the boundary. For this reason with
a continuous gradient, clearly satisfying the constraint will get harder with proximity to the
boundary.

The result here itself guarantees a limited number of required boudary conditions, however,
it is not clear how large that number may be. For 2d it has been proven, under sufficient
regularity, that there is a boundary condition pair, which always work everywhere. However
in 3d it is known that for any given boundary condition triplet there exists for any point a
conductivity invalidating the Jacobian constraint for that triplet [1].

Another interesting question is the behaviour of the boundary conditions under the Runge
approximation. What does the potentials look like? What is the required energy of the system.
The Runge approximation has recently been studied qualitatively in [8] giving estimates, which
could be used to investigate this further.
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[3] G. Bal, E. Bonnetier, F. Monard, and F. Triki. Inverse diffusion from knowledge of power
densities. Inverse Probl. Imaging, 7(2):353–375, 2013.

[4] G. Bal, C. Guo, and F. Monard. Imaging of anisotropic conductivities from current densities
in two dimensions. SIAM J. Imaging Sci., 7(4):2538–2557, 2014.

[5] G. Bal, C. Guo, and F. Monard. Inverse anisotropic conductivity from internal current
densities. Inverse Problems, 30(2):025001, 21, 2014.

[6] M. D. Cristo and L. Rondi. Interior decay of solutions to elliptic equations with respect to
frequencies at the boundary, 2019.

[7] S. Hubmer, K. Knudsen, C. Li, and E. Sherina. Limited-angle Acousto-Electrical Tomog-
raphy. Inverse Problems in Science and Engineering, pages 1–20, 2018.
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APPENDIX E
Preliminaries

In this appendix we shall attempt an overview of the relevant mathematical theory
sufficient to read and understand this thesis. We shall assume some basics are in place
already and then cherry-pick the relevant parts of the theory. At times though, we may
indulge ourselves in details a bit beyond the necessary. In these cases we aim to present
the relevant result first and note what may be skipped.

E.1 Preliminaries
In this section we introduce some of the special concepts one might not have seen before
in introductory courses but will be relevant in the following sections.

We start with multi-index notation, which is simply a clever way to write a lot of
information very compactly. Let α be a multi-index, i.e α = (α1, . . . , αd) ∈ Nd

0. Moreover,
let x = (x1, . . . , xd) ∈ Rd, U ⊆ Rd be open and f : U → R be sufficiently differentiable,
then

|α| = α1 + · · · + αd, xα = xα1
1 · · ·xαd

d and ∂αf(x) = ∂α1
1 · · · ∂αd

d f(x1, . . . , xd),

where ∂i = ∂/∂xi.

Multi-indices have a partial order. If β ∈ Nd
0 then α ≤ β if αi ≤ βi for all 1 ≤ i ≤ d.

α + β is elementswise, thus the sum is also a multi-index and if β ≥ α then β − α is a
multi-index too. So for β ≥ α we may write ∂βf(x) = ∂α∂β−αf(x) = ∂β−α∂αf(x).

Lemma E.1.1. Assume α, β ∈ Nn
0 satisfy |α| = |β| = k and α ̸= β, then there is

1 ≤ i ≤ n such that αi > βi.

Proof. The proof is by contradiction. Indeed, if not we should have αi ≤ βi for all i, but
by α ̸= β, αj < βj for some j. However, then

k =
∑

i

αi =
∑
i ̸=j

αi + αj ≤
∑
i ̸=j

βi + αj <
∑

i

βi = k,

which is a contradiction.

We further require the notion of a Lipschitz domain.
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Definition E.1.1. Let Ω ⊂ Rd be a bounded domain, we say that Ω is Lipschitz if there
is a finite open covering {Ui} of ∂Ω, coordinate transformations γi : Ui → Bd−1 ×R and
Lipschitz functions fi : Bd−1 → R such that γi(∂Ω ∩Ui) is the graph of fi. Here Bd−1 is
the open unit ball in Rd−1.

E.2 Functional Analysis
In this section we shall briefly look into relevant functional analysis topics. We start
by introducing the relevant spaces, then dig into mappings and operators and finally
discuss singular value decomposition in Hilbert spaces.

First introduced are the Sobolev spaces and form them the trace operator and the gen-
eralized Poincaré inequality. We state for completeness the Sobolev embedding theorem
and when a Sobolev space is a Banach algebra. We then introduce the total variation
and the space of functions of bounded variation along with a number of properties per-
taining to them. The proof of the generalized Poincaré inequality at the end may be
skipped.

For maps we discuss some properties of integral operators. Then we briefly touch upon
the definition of a regularization strategy relevant for inversion and its admissiblity, and
finally we state the definition of the Fréchet derivative.

The section on singular value decomposition in Hilbert spaces may be skipped. It con-
tains a derivation of the existence of the singular value decomposition for compact opera-
tors between Hilbert spaces and relates it to the generalized singular value decomposition
for matrices.

E.2.1 Function spaces
Let Ω ⊆ Rd be open. We assume the reader is familiar with the classical normed Banach
spaces Lp(Ω) and Lp

loc(Ω), 1 ≤ p ≤ ∞. We denote by C∞
0 (Ω) the space of all C∞(Ω)

functions compactly supported in Ω. We shall from these define the Sobolev spaces and
the space of bounded variation.

We use the notation L(X,Y ) for the space of bounded linear operators from a space X
into the space Y . Out of convenience Hilbert spaces are considered to be separable.

E.2.1.1 Sobolev spaces
To this end we define first the weak derivative, which derives from the partial integration
identity.
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Definition E.2.1 (Weak derivative). Let f, g ∈ L1
loc(Ω) and α ∈ Nd

0. We say that g is
the α’th weak derivative of f if∫

Ω
gϕ dx = (−1)|α|

∫
Ω
f∂αϕ dx, for all ϕ ∈ C∞

0 (Ω).

In an abuse of notation we shall write g as ∂αf .

Having defined this we may construct the Sobolev spaces, which are natural spaces to
consider when working with solutions to PDEs.

Definition E.2.2 (Sobolev spaces). We define W k,p(Ω) ⊂ Lp(Ω) as the subspace of all
Lp(Ω) functions with up to (and including) k’th order weak derivatives as functions in
Lp(Ω); i.e. all w ∈ Lp(Ω) satisfying ∂αw ∈ Lp(Ω) for all |α| ≤ k. The (k, p)-Sobolev
seminorm is

[w]pW k,p(Ω) =
∑

|α|=k

∥∂αw∥p
Lp(Ω) =

∫
Ω

∑
|α|=k

|∂αw|p dx, (E.2.1)

and the norm on W k,p(Ω) then satisfies

∥w∥p
W k,p(Ω) = ∥w∥p

W k−1,p(Ω) + [w]pW k,p(Ω), k ≥ 1, (E.2.2)

where W 0,p(Ω) ≡ Lp(Ω). If p = 2 we write Hk(Ω) for W k,2(Ω).

Clearly W k′,p(Ω) ⊂ W k,p(Ω) for k′ > k. If Ω is bounded the closure of C∞
0 (Ω) in W k,p(Ω)

is denoted by W k,p
0 (Ω) and it is natural to think of w ∈ W k,p

0 (Ω) as satisfying ∂αw = 0
on ∂Ω for |α| < k. If p = 2 we write Hk

0 (Ω) for W k,2
0 (Ω).

For differential equations conditions are often stated on the boundary, so it makes sense
to require some notion of what the behaviour of a function w ∈ W k,p(Ω) is on the
boundary of Ω. The following theorem, which we shall not prove but may be found in
some variation in for instance [22] or [28], gives us that.

Theorem E.2.3 (Trace operator). Assuming Ω is bounded and ∂Ω is C1. Then there
exists a bounded linear operator γ : W 1,p(Ω) → Lp(∂Ω) such that

γ(w) = w|∂Ω if w ∈ W 1,p(Ω) ∩ C(Ω).

We call γ the trace operator.

In an abuse of notation we often write w|∂Ω where we mean the trace γ(w). Similarly,
if we write an integral of a function w ∈ W 1,p(Ω) over ∂Ω the trace is implied, e.g.∫

∂Ω
w ds ≡

∫
∂Ω
γ(w) ds.

For Sobolev spaces the following inequality, which we prove in Section E.2.1.3, exists.
This version is a slight variation of [56, Theorem 7.7].
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Lemma E.2.1 (Generalized Poincaré inequality). Let Ω ⊂ Rd be bounded with Lipschitz
boundary Γ and pick any n− 1-dimensional-measurable subset Γ1 ⊂ Γ. Then there is a
constant C > 0 independent of y such that

∥y∥p
W k,p(Ω) ≤ C

[y]pW k,p(Ω) +
∑

|α|<k

∣∣∣∣∫
Γ1
∂αy ds

∣∣∣∣p
 . (E.2.3)

As a corollary the Poincaré inequality, which implies that [·]W 1,p(Ω) defines a norm on
W 1,p(Ω), comes out.

Corollary E.2.1. Assume w ∈ W 1,p
0 (Ω), then ∥w∥Lp(Ω) ≤ C[w]W 1,p(Ω).

We state also here the Sobolev embedding theorem. This presentation of it is borrowed
from [2, page 4.12], but simplified slightly by taking stronger assumptions.

Theorem E.2.4 (Sobolev embedding theorem). Let Ω ⊂ Rd be a bounded Lipschitz
domain, j ≥ 0 and m ≥ 1 be integers and 1 ≤ p < ∞.

A) If mp > d, or m = d and p = 1, then W j+m,p(Ω) ↪→ Cj(Ω).

B) If mp = d, then W j+m,p(Ω) ↪→ W j,q(Ω) for p ≤ q < ∞.

C) If mp < d, then W j+m,p(Ω) ↪→ W j,q(Ω) for p ≤ q ≤ p∗, where p∗ = p
d−mp

.

Remark E.2.1. Note that the notation X ↪→ Y implies that X ⊆ Y with the property
that there is C > 0 such that ∥x∥Y ≤ C∥x∥X for all x ∈ X.

Assuming enough regularity a Sobolev space is in fact a Banach algebra; see for instance
[2, page 4.39]. This yields a strong property, which is useful for establishing bounds
when sufficient regularity is assumed. Since the important thing here is the property in
Equation (E.2.4), we shall not bother to state the definition of a Banach algebra; for
more on Banach algebras see for instance [58].

Theorem E.2.5. Let Ω ⊂ Rd be a bounded Lipschitz domain, if mp ≤ d, or p = 1 and
m ≥ d, then there is a constant C > 0 depending on m, p, d and Ω such that

∥w1w2∥W k,p(Ω) ≤ C∥w1∥W k,p(Ω)∥w2∥W k,p(Ω). (E.2.4)

Equipped with the scaled norm ∥ · ∥∗ ≡ C∥ · ∥W k,p(Ω), W k,p(Ω) is a Banach algebra.
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E.2.1.2 The spaceBV (Ω)
In this section we introduce the space of functions of bounded variation and fill in the
relevant theory on the topic. To talk about bounded variation, however, it is necessary
to know what precisely is meant when we say variation.

Definition E.2.6 (Total variation). Given a function f ∈ L1(Ω), the total variation of
f is

|f |TV(Ω) = sup
{∫

Ω
f div ϕ dx : ϕ ∈ C1

0(Ω;Rd), ∥ϕ∥∞ ≤ 1
}
.

We note how, if f ∈ C1(Ω), this is equivalent to
∫

Ω |∇f | dx, thus the variation is a
measure for the change a function exhibits over its domain. Of course, f ∈ L1(Ω) will
not always be differentiable in the traditional sense, but an L1(Ω) function always has
a distributional derivative, satisfying

⟨∂αf, ϕ⟩ = (−1)|α|⟨f, ∂αϕ⟩, for all ϕ ∈ C∞
0 (Ω),

where ⟨f, ϕ⟩ ≡
∫

Ω fϕ dx whenever f ∈ L1
loc(Ω) and ⟨µ, ϕ⟩ ≡

∫
Ω ϕ dµ(x) whenever µ is a

Radon measure. Note that in general the set of all distributions D′(Ω) is the dual space
of C∞

0 (Ω). For further information on distributions we refer to [28]. Note how this is
like the weak derivative introduced in Definition E.2.1. In this sense, the total variation
has an equivalent form

|f |TV(Ω) =
∫

Ω
|Df |, (E.2.5)

where Df is a measure satisfying ⟨Df, ϕ⟩ = −⟨f, div ϕ⟩ for all ϕ ∈ C∞
0 (Ω). In an abuse of

notation we often write
∫

Ω |∇f | dx for
∫

Ω |Df |, even in cases where f is not differentiable
in the traditional sense.

With this in place we define the space of functions of bounded variation.

Definition E.2.7 (The space BV (Ω)). The space of functions of bounded variation is
the subspace of all L1(Ω) functions with a finite total variation, i.e.

BV (Ω) := {f ∈ L1(Ω) : |f |TV(Ω) < ∞}. (E.2.6)

Moreover, the BV -norm is given by ∥ · ∥BV (Ω) := ∥ · ∥L1(Ω) + | · |TV(Ω).

The following lemma is easily observable.

Lemma E.2.2. The total variation map f 7→ |f |TV(Ω) is a seminorm on BV (Ω).

For a much more in depth treatment of the space BV (Ω) we refer the reader to [8] from
which the content to follow is a summary.
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It turns out that the convergence introduced by the weak topology on BV (Ω) is a little
bit too weak for some purposes. Thus a slightly stronger topology called the intermediate
topology has been defined in terms of its convergence properties. Convergence with
respect to this new topology is creatively called intermediate convergence and is still
weaker than the strong convergence.

Definition E.2.8. A sequence (fn) ⊂ BV (Ω) is called intermediately convergent to
f ∈ BV (Ω) if

fn → f strongly in L1(Ω) and |fn|TV(Ω) → |f |TV(Ω) in R.

Intermediate convergence admits a distance metric dBV on BV (Ω), namely

dBV (f, g) = ∥f − g∥L1(Ω) + ||f |TV(Ω) − |g|TV(Ω)|. (E.2.7)

The following lemma, which is Lemma 2.1 in Paper A and is lifted from various places
in [8], describes a number of relevant properties for BV (Ω).

Lemma E.2.3. The following properties hold on the space BV (Ω).

(i) The space BV (Ω) embeds compactly into Lp(Ω) for p < d
d−1 .

(ii) The total variation is lower semi-continuous with respect to the convergence in
L1(Ω), i.e. if {fn} ⊂ BV (Ω) and fn → f in L1(Ω) we have

|f |TV(Ω) ≤ lim inf
n→∞

|fn|TV(Ω).

(iii) The space C∞(Ω) is dense in BV (Ω) with respect to the convergence in the inter-
mediate sense.

E.2.1.3 Proof of Lemma E.2.1
This section strictly deals with the proof of Lemma E.2.1 and may be skipped without
loss of coherency.

Lemma E.2.4. Assume α, β ∈ Nd
0 satisfy |α| = |β| = k and α ̸= β, then ∂αxβ = 0.

Proof. By Lemma E.1.1 αi > βi for some i, thus the factor ∂αi
i x

βi
i = 0.

Lemma E.2.5. Let f ∈ C∞(Ω) and assume ∂αf = 0 for all |α| = k, then f is a
polynomial of at most degree k − 1.
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Proof. The proof is by induction. Consider k = 1, then ∂if = 0 for all 1 ≤ i ≤ n and
f(x) = c is constant; i.e. polynomial of degree 0.

Assume the theorem holds for some k, consider ∂αf = 0 for all |α| = k + 1. Fix
|β| = k, then ∂i∂

βf = 0 for all i, thus by the above ∂βf = cβ is a constant. Define
g = f−∑

|β|=k cβx
β then by Lemma E.2.4 ∂β′

g = 0 for all |β′| = k and by the hypothesis
g is a polynomial of at most degree k − 1. Thus f = g + ∑

|β|=k cβx
β is a polynomial of

at most degree k.

Lemma E.2.6. Let w ∈ W k,p(Ω) and assume ∂αw = 0 for all |α| = k, then w is a
polynomial of degree k − 1.

Proof. Let β > α and consider the weak derivative ∂βw,∫
Ω
(∂βw)ϕ dx = (−1)|β|−|α|

∫
Ω
(∂αw)(∂β−αϕ) dx = 0, for all ϕ ∈ C∞

0 (Ω),

demonstrating that ∂βw = 0, thus w ∈ ∩
k W

k,p(Ω). By the Sobolev embedding
w ∈ C∞(Ω). As w is C∞(Ω) with vanishing k’th derivative, by Lemma E.2.5 w is
a polynomial.

Lemma E.2.7. Let (wn) ⊂ W k,p(Ω) be a sequence satisfying wn → w in W k−1,p(Ω) and
[wn]W k,p(Ω) → 0, then w is a polynomial of degree k − 1.

Proof. Let ϵ > 0 and consider

∥wn − wm∥p
W k,p(Ω) = ∥wn − wm∥p

W k−1,p(Ω) + [wn − wm]pW k,p(Ω). (E.2.8)

By convergence in W k−1,p(Ω) we may find N ∈ N such that ∥wn −wm∥p
W k−1,p(Ω) <

ϵp

2 for
all n,m ≥ N , and by [wn − wm]W k,p(Ω) ≤ [wn]W k,p(Ω) + [wm]W k,p(Ω) and their individual
convergence to zero, there is N ′ ∈ N such that [wn − wm]pW k,p(Ω) <

ϵp

2 . In conclusion,
(wn) is a Cauchy sequence in W k,p(Ω) and thus convergent.

We know that

∥wn∥p
W k,p(Ω) = ∥wn∥p

W k−1,p(Ω) + [wn]pW k,p(Ω) → ∥w∥p
W k−1,p(Ω), (E.2.9)

thus ∥wn∥W k,p(Ω) → ∥w∥W k,p(Ω) = ∥w∥W k−1,p(Ω) and w has vanishing k’th derivative. By
Lemma E.2.6 w is a polynomial.

Proof of Lemma E.2.1. Suppose the lemma does not hold, then there is a sequence (yn)
such that

∥yn∥p
W k,p(Ω) > n

[yn]pW k,p(Ω) +
∑

|α|<k

∣∣∣∣∫
Γ1
∂αyn ds

∣∣∣∣p
 (E.2.10)
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for all n ∈ N. By scaling we may assume without loss of generality that ∥yn∥W k,p(Ω) = 1.
From this observe the following:

[yn]W k,p(Ω) → 0, hence ∂αyn → 0 in Lp(Ω) for all |α| = k. (E.2.11)

Note that W k,p(Ω) ⋐ W k−1,p(Ω), hence a bounded sequence like (yn) has a subsequence
convergent in W k−1,p(Ω), say wn → w. By Lemma E.2.7 w is a polynomial of at most
degree k − 1.

By construction of the initial sequence (yn) we find that

lim
n→∞

∑
|α|=k−1

∣∣∣∣∫
Γ1
∂αwn ds

∣∣∣∣p =
∑

|α|=k−1

∣∣∣∣∫
Γ1
∂αw ds

∣∣∣∣p = 0 (E.2.12)

and since w was a polynomial of degree ≤ k − 1, each ∂αw, |α| = k − 1, is a constant
and by the limit in (E.2.12) they are zero. Thus deg(w) < k− 2. Repeating this process
we finally find w = 0 which is a contradiction,

1 = lim
n→∞

∥wn∥W k,p(Ω) = ∥w∥W k,p(Ω) = 0.

E.2.2 Maps on vector spaces
In this section we shall briefly summarize some information on maps on vector spaces.
I particular we will consider some linear operators and refresh the memory on differ-
entiation of more general maps, which is crucial when performing linearization and for
optimization.

We let Ω,Ξ ⊆ Rd be open sets in the following.

E.2.2.1 Integral operators
Consider a function k ∈ L2(Ω × Ξ) and define an integral operator

K : L2(Ξ) → L2(Ω), f 7→
∫

Ξ
k(·, y)f(y) dy. (E.2.13)

We say that k is the kernel of the operator K. Clearly, K is bounded. Let {ϕn}
and {ψm} be orthonormal bases in L2(Ω) and L2(Ξ) respectively. As L2(Ω × Ξ) is
isomorphic to the tensor product L2(Ω) ⊗ L2(Ξ)[37, Example 2.6.11], where {ϕn ⊗ ψm}
forms an orthonormal basis, we may write k = ∑∞

n,m=1 αn,mϕn ⊗ ψm, where αn,m =
(k, ϕn ⊗ ψm)L2(Ω)⊗L2(Ξ). Define now

KNf(x) =
N∑

n,m=1
αn,m

∫
Ξ
(ϕn ⊗ ψm)(x, y)f(y) dy,
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then ∥KN −K∥ → 0 as N → ∞.

By the following lemma a functional on a component of a tensor product of Hilbert
spaces may act on only the relevant components of the elements.

Lemma E.2.8. Let X and Y be Hilbert spaces, then there is a map γ : X ′ → L(X⊗Y, Y )
such that for f ∈ X ′ we have γ(f)(ϕ1 ⊗ψ1 +ϕ2 ⊗ψ2) = f(ϕ1)ψ1 + f(ϕ2)ψ2 for ϕi ⊗ψi ∈
X ⊗ Y . Moreover, γ is injective.

A proof of the lemma is given at the end of the section, it may be skipped. As (·, f)L2(Ξ)
is identifiable as an element of (L2(Ξ))′, we may write KN as

KNf(x) =
N∑

n,m=1
αn,m(ψm, f)L2(Ξ)ϕn(x).

Therefore KN is a finite rank operator, and as K is the limit of a sequence of finite rank
operators K is thus a compact operator.

Lemma E.2.9. An integral operator as defined in Equation (E.2.13) is a compact
bounded linear operator.

Let g, ξ ∈ L2(Ω). We consider now the problem of finding f ∈ L2(Ξ) satisfying

Kf = g.

However, in practice we rarely have g but rather some quantity g + ξ, where ξ denote
some measurement noise. In this case what we would find is then fξ ∈ L2(Ξ) satisfying

Kfξ = g + ξ. (E.2.14)

We already demonstrated that K is a compact operator, hence it cannot have a bounded
inverse. In practical applications this is problematic as g is the true observed value but
due to the imprecise measurement device the right hand side quantity g+ ξ is observed;
ξ models noise. By the unboundedness of K−1 (should it exist) for any δ > 0 and C > 0
there is a ξ satisfying ∥ξ∥L2(Ω) < δ and ∥K−1ξ∥L2(Ξ) > C.

First of all though, we want to say something about when K−1 exists at all. If K−1 does
not exist then kerK ̸= 0. We look at this in terms of the kernel k. Thinking about k as
continuous in its first parameter, for each x ∈ Ω, (k(x, ·), ·)L2(Ξ) is a linear functional.

Definition E.2.9 (Complete set). We say that a set of linear functionals A ⊂ X ′ on a
vector space X is a complete set or total set if they satisfy the condition

If f(x) = 0 for all f ∈ A, then x = 0.
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So if {k(x, ·)}x∈Ω form a complete set, in the sense that the corresponding functionals
(k(x, ·), ·)L2(Ξ) form a complete set, then we guarantee that kerK = 0.

As slightly weaker condition we may require that there exists w ∈ L2(Ω) satisfying
K∗w = f ; i.e. f is in the range of K∗. Since R(K∗)⊥ = kerK this is equivalent to
requiring that f has no components in the kernel of K. In other words, we then require
that no information about f is lost to the null-space of K. The requirement is used in
the derivation of a regularization strategy in Paper C.

Here ends the section. What remains is the proof of Lemma E.2.8, which may be skipped.

Proof of Lemma E.2.8. We may define γ as in the lemma. Clearly it defines a map on a
simple element of the form ϕ⊗ ψ. Consider now a general φ ∈ X ⊗ Y . We must ensure
that for any f ∈ X ′, γ(f)(φ) has unqiue meaning in Y .

Let {ϕn} and {ψm} be orthonormal bases for X and Y respectively. Then there is a
unqiue sequence α ∈ ℓ2(N2) such that SN = ∑N

n,m=1 αn,mϕn ⊗ ψm → φ as N → ∞ and
∥α∥ℓ2(N2) = ∥φ∥X⊗Y . Define formally ΦN

m ≡ ∑N
n=1 αn,mϕn. We note that

γ(f)(SN) =
N∑

n,m=1
αn,mf(ϕn)ψm =

N∑
m=1

f(ΦN
m)ψm.

Therefore ∥γ(f)(SN)∥2
Y = ∑N

m=1 |f(ΦN
m)|2, and |f(ΦN

m)|2 ≤ C∥ΦN
m∥2

X = C
∑N

n=1 |αn,m|2,
where C = ∥f∥2, hence

∥γ(f)(SN)∥2
Y ≤ C

N∑
n,m=1

|αn,m|2 ≤ C∥ϕ∥X⊗Y .

Thus γ(f)(SN) is uniformly bounded in Y for all N . It is a bit technical but not hard
to see that γ(f)(SN) is a Cauchy sequence. Define the following index sets

AN,M := {(n,m) ∈ N2 : n,m ≤ M and either n > N or m > N},

Note that when we write ∑
AN,M

the summation indices are assumed to be (n,m). As-
suming without loss of generality M ≥ N

γ(f)(SM − SN) =
∑

AN,M

f(αn,mϕn)ψm =
N∑

m=1
f(ΦM

m − ΦN
m)ψm +

M∑
m=N+1

f(ΦM
m )ψm,

hence
∥γ(f)(SM − SN)∥2

Y =
N∑

m=1
|f(ΦM

m − ΦN
m)|2 +

M∑
m=N+1

|f(ΦM
m )|2.

The second sum is less than C ∑M
m=N+1

∑M
n=1 |αn,m|2. Similarly, the first sum is less than

C
∑N

m=1
∑M

n=N+1 |αn,m|2 and thus

∥γ(f)(SM − SN)∥2
Y ≤ C

M−1∑
k=N+1

∑
Ak,k+1

|αn,m|2 ≤ C
∞∑

k=N+1

∑
Ak,k+1

|αn,m|2,
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which is the tail of the series ∥α∥2
ℓ2(N2) and therefore goes to zero as N → ∞, hence

γ(f)(SN) is Cauchy in Y . And so we define γ(f)(φ) as the limit of γ(f)(SN).

Assume f, g ∈ X ′ and γ(f)(φ) = γ(g)(φ) in Y for all φ ∈ X⊗Y . Let φ = ∑
n,m αn,mϕn ⊗

ψm, then αn,mf(ϕn)ψm = αn,mg(ϕn)ψm for all n,m ∈ N and we conclude that f(ϕn) =
g(ϕn) for all n ∈ N implying f = g in X ′. Hence γ is injective.

E.2.2.2 Regularization strategy
We shall define here what a regularization strategy is and its admissibility. These defi-
nitions are taken from [38, Definition 2.1 and 2.3], but has been tweaked or simplified
slightly to fit our context here. Let X and Y be Hilbert spaces.

Definition E.2.10 (Regularization strategy). Consider a compact operator K : X → Y .
A regularization strategy is a family of linear and bounded operators {Rα}α>0, Rα : Y →
X, such that limα→0 RαKf = f for all f ∈ X, i.e. the operators RαK converge pointwise
to the identity.

Definition E.2.11 (Admissibility of a regularization strategy). Let gδ be noisy data. A
regulization strategy α = α(δ) is called admissible if

α(δ) → 0 and sup{∥Rα(δ)g
δ − f∥X : ∥Kf − gδ∥Y ≤ δ} → 0 as δ → 0

for every f ∈ X.

In other words, we consider if we can determine a rate to have both α → 0 and δ → 0
simultaneously such that Rαy

δ → f . If we can find such an approach α(δ), then that
rate is admissible.

In Paper C we expand slightly on this definition to demonstrate a regularization strategy
for a scenario where the operator itself K might contain noise or errors.

E.2.2.3 The Fréchet derivative
In this section we shall introduce the Fréchet derivative and briefly give a couple of
examples to illustrate. The Fréchet derivative generalizes the classical derivative of a
function f : R → R to higher dimensional spaces.

Consider the normed vector spaces X and Y and a map F : X → Y . The Fréchet
derivative of F is an operator F ′ : X → L(X,Y ) satisfying

lim
∥h∥X→0

∥F (x+ h) − F (x) − F ′(x)h∥Y

∥h∥X

= 0.

F ′(x), if it exists, is then a bounded linear operator and it is called the Fréchet derivative
of F at x. Like the gradient it acts on an element h ∈ X to produce the derivative in
that particular direction.
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As an example, let X and Y be Hilbert spaces, and consider a linear operator A :
X → Y and a least square problem F (x) = 1

2∥Ax − b∥2
Y . Say we want to minimize

F , then we are interested in its derivative. It is a fairly trivial calculation to see that
the derivative is F ′(x)h = (Ax − b, Ah)Y = (A∗(Ax − b), h)X , and so we might write
F ′(x) = (A∗(Ax− b), ·)X or simply F ′(x) = A∗(A− b).

Much more interestingly, F could be the solution operator to some PDE mapping a
parameter x from the parameter space X to the corresponding solution for the PDE in
the solution space Y . In this case F ′(x) may itself be the solution operator for another
PDE in which the solution depends linearly on the variation h of the parameter x. For
an example, see Paper A.

E.2.3 Singular value decomposition in Hilbert spaces
This section may be skipped as the theory here does not pertain directly to any of
the articles. The section explores singular value decompositions in Hilbert spaces, in
particular the scenario where the decomposed map is not into the same Hilbert space
itself. The section is based on a note written when trying to make sense of the singular
value decomposition of a discrete map originating from a Hilbert space setting. While
this theory is not directly applied in the articles, it was employed in inspection and to
help understanding observations during simulations.

E.2.3.1 Generalized singular value decomposition
Consider a matrix A ∈ Rn×m. The standard singular value decomposition decomposes
A = USV T , where S is a diagonal matrix containing the singular values and U (resp.
V ) contain the left (resp. right) singular vectors and satisfy UTU = V TV = I.

A generalization of this is the weighted generalized singular value decomposition in
which A is decomposed, again, as A = USV T , but where UTWU = V TMV = I for
given positive definite matrices W and M . In essence, the singular vectors are now
orthogonal in the vector spaces X = (Rn, ⟨·, ·⟩W ) and Y = (Rm, ⟨·, ·⟩M) respectively,
which makes a lot of sense if A maps from Y to X.

This might in particular be important if A is a discretization of an operator on an infinite
dimensional Hilbert space, in which case Y and X are finite dimensional subspaces
inheriting their inner product from their larger ambient spaces. More on this in Section
E.2.3.2

How to compute Here we describe an approach for computing the generalized sin-
gular value decomposition by means of the Cholesky factorization. It is a rewrite of an
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approach using matrix roots observed in [1, Chp. 34]1, as matrix roots are in general
harder to compute than Cholesky factors.

Given A ∈ Rn×m, W ∈ Rn×n and M ∈ Rm×m, let W = RRT and M = LLT be Cholesky
factorizations and define

A = RTAL ⇐⇒ A = R−TAL−1.

Compute now a standard singular value decomposition of A = USV
T and set U = R−TU

and V = L−TV . Clearly,

UTWU = (UT
R−1)(RRT )(R−TU) = U

T
U = I,

and analogously for V . Also,

A = R−TAL−1 = R−TUSV
T
L−1 = (R−TU)S(L−TV )T = USV T .

E.2.3.2 Singular value decomposition for compact operators
The derivation in this section is largely based on [45, Section 30.1] but generalizes the
source material to operators between two different Hilbert spaces.

Let X and Y be Hilbert spaces over C and let T : X → Y be a compact operator. By
Riesz lemma we may define T ∗ : Y → X, hence T ∗T : X → X and TT ∗ : Y → Y .

T ∗T is a nonnegative, self-adjoint operator and therefore has a uniquely determined
nonnegative self-adjoint square root A = (T ∗T ) 1

2 : X → X by functional calculus;
analogous B = (TT ∗) 1

2 : Y → Y .

Since for any h ∈ X

∥Th∥2
Y = (Th, Th)Y = (h, T ∗Th)X = (h,A2h)X = (Ah,Ah)X = ∥Ah∥2

X , (E.2.15)

we have Ah1 = Ah2 iff Th1 = Th2, thus we may define a map U from the range of A,
R(A), to Y such that U : Ah 7→ Th. Analogously we can find a map V : R(B) → X
defined by V : Bk 7→ T ∗k.

U is an isometry on R(A) by eq. (E.2.15). Defining Un = 0 for n ∈ R(A)⊥, one may
find that U∗Uw = w for all w ∈ R(A). Analogous considerations for V holds.

This all goes to show that we have factorizations T = UA, T ∗ = V B. From here, also
T = (T ∗)∗ = (V B)∗ = BV ∗.

1The particular chapter is available through the authors website
https://personal.utdallas.edu/~herve/Abdi-SVD2007-pretty.pdf
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As A is a compact operator on X there exists orthonormal sequences {fn}n∈N and
{gn}n∈N in X and a sequence of positive numbers λ1, λ2, . . . with limit zero such that

A =
∞∑

n=1
λn(fn, ·)Xgn.

Similarly for B. Since zero is the only accumulation point we may assume the ordering
λ1 ≥ λ2 ≥ · · · .

Thus we find that

T =
∞∑

n=1
λn(fn, ·)XUgn =

∞∑
n=1

µn(V hn, ·)Xℓn,

where the latter sum comes from the analogous expansion for B. A reasonable question
is if these two expansions are the same?

Assuming µn ̸= 0, our first observation is that since necessarily ℓn ∈ R(T ) ≡ R(U)
we may find gn in R(A) (recall that U maps R(A)⊥ to zero by construction) such that
Ugn = ℓn. Since U is unitary on R(A), (ℓn, ℓm)Y = (Ugn, Ugm)Y = (gn, gm)X , thus
{ℓn}n∈N is orthogonal iff. {gn}n∈N is orthogonal.

If µn = 0 for some n ∈ N, let N ∈ N be the smallest natural number such that µN = 0,
then we must have µn = 0 for all n ≥ N , and thus the expansion for B simply becomes
finite, i.e B is a finite rank operator and so is T .

Thus we may write

T =
∞∑

n=1
µn(V hn, ·)XUgn. (E.2.16)

To elaborate on the expansion, we find that T = U◦SV
∗

◦ , where

V ∗
◦ : X → ℓ2 (N) , h 7→ {(V hn, h)X}n∈N ,

S : ℓ2 (N) → ℓ2 (N) , {ξn}n∈N 7→ {µnξn}n∈N ,

U◦ : ℓ2 (N) → Y, {ξn}n∈N 7→
∞∑

n=1
ξnUgn.

The operator V ∗
◦ is completely characterized by the orthonormal system {vn}n∈N in X,

vn ≡ V hn, onto which it projects. The vectors in this system are the right singular
vectors of T . In the same way U◦ is characterized completely by the orthonormal system
{un}n∈N in Y , un ≡ Ugn. These vectors are called the left singular vectors of T . Finally,
S is characterized by the decreasing sequence µn, for which we call the numbers the
singular values of T .
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E.3 Partial Differential Equations
In this section we cover a bit of basic theory on partial differential equations and existence
of solutions. When we say solutions, we will often mean simply weak solutions, which
we shall get back to.

E.3.1 Weak forms and weak solutions
We follow here in part the treatment in [22] and define by L the linear second-order
partial differential operator

Lu = −∇ · A∇u+ b · ∇u+ cu, (E.3.1)

where A = (aij)1≤i,j≤d, b = (b1, . . . , bd) and c are the coefficients; they may be functions.
The form in Equation (E.3.1) is called divergence form. The alternative is the nondiver-
gence form, but we shall not consider that here. Unless otherwise specified the matrix A
is assumed symmetric. and positive definite, i.e. there is α > 0 such that (Aξ) ·ξ ≥ α|ξ|2
for all non-zero ξ ∈ Rd; we say that L is elliptic.

Given L we may consider a bilinear form B. To motivate the form consider a test
function v ∈ H1(Ω) multiplied to Lu and taking the integral over Ω. Then∫

Ω
(Lu)v dx =

∫
Ω
(A∇u) · ∇v + (b · ∇u)v + cuv dx−

∫
∂Ω

(A∇u · ν)v ds.

If u or v is restricted to H1
0 (Ω), say a Dirichlet problem where u = 0 on ∂Ω is considered,

the boundary integral disappears. If a Neumann problem is considered, then typically
A∇u · ν will be of a fixed shape. Thus we consider the bilinear form

B(u, v) =
∫

Ω
(A∇u) · ∇v + (b · ∇u)v + cuv dx.

Given a problem, say, of the form{
Lu = g in Ω,

A∇u · ν = f in ∂Ω.
(E.3.2)

Then we may consider the variational problem of finding u ∈ H1(Ω) satisfying

B(u, v) = F (v) for all v ∈ H1(Ω), (E.3.3)

where F (v) =
∫

Ω gv dx +
∫

∂Ω fv ds. We say that Equation (E.3.3) is the weak form of
the PDE (E.3.2). It is not hard to see that any classical solution of (E.3.2) will also
solve (E.3.3) and thus we say that a solution u to (E.3.3) is a weak solution to the PDE
(E.3.2). So if there is a unique weak solution then any traditional solution would have
to be the same.

A powerful result to determine the existence of weak solutions to PDE problems such
as (E.3.2) is the Lax-Milgram theorem. It gives conditions on a bilinear form B which
are sufficient to guarantee the existence of a unique solution to the variational problem.
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Theorem E.3.1 (Lax-Milgram, [22, Sec. 6.2.1]). Let V be a Hilbert space and B a
bilinear form on V . Assume there are α, β > 0 such that |B(u, v)| ≤ α∥u∥V ∥v∥V and
B(u, u) ≥ β∥u∥2

V ; i.e. B is bounded and coercive. Then for any f ∈ V ′, there is
a unique solution u ∈ V to the equation B(u, v) = f(v) for all v ∈ V . Moreover,
∥u∥V ≤ β−1∥f∥V ′.

The following section demonstrates an application of the Lax-Milgram theorem.

E.3.1.1 Solvability of a mixed boundary problem
In the section we show the existence of a unique solution for a PDE relevant to Paper
D. This PDE is 

Lu = g in Ω,
u = f on Γ,

A∇u · ν = h on ∂Ω\Γ,
(E.3.4)

where Γ ⊂ ∂Ω is an open subset. We further set the coefficients b = 0, and set |c| and
∥A∥ to be bounded; i.e.

Lu = −∇ · A∇u+ cu.

To prove the existence of a solution we first consider the problem with the Dirichlet part
of the boundary condition taken to be zero; i.e.

Lu = g in Ω,
u = 0 on Γ,

A∇u · ν = h on ∂Ω\Γ.
(E.3.5)

To find a solution to (E.3.5) we start by restricting ourselves to the subspace V ⊂ H1(Ω),
where V is defined as V := {ϕ ∈ H1(Ω) : ϕ|Γ = 0}, with the norm inherited from
H1(Ω). Integrating against test functions taken in V we obtain the variational problem
B(u, ϕ) = F (ϕ) where

B(u, ϕ) =
∫

Ω
A∇u · ∇ϕ dx+

∫
Ω
cuϕ dx, and F (ϕ) =

∫
Ω
gϕ dx+

∫
∂Ω\Γ

hϕ ds.

The binomial form is then a map B : V × V → R and functional similarly F : V → R.

By the assumptions on the coefficients in L we find easily that B is bounded, i.e.
|B(u, ϕ)| ≤ C∥u∥V ∥ϕ∥V , and the following inequality holds

B(u, u) ≥ α∥∇u∥2
L2(Ω).

By Lemma E.2.1 there is a constant C(Γ) > 0 such that ∥u∥2
H1(Ω) ≤ C(Γ)∥∇u∥2

L2(Ω),
thus

B(u, u) ≥ C∥u∥2
V .
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for some C > 0.

We may thus apply the Lax-Milgram theorem (Theorem E.3.1) and find that B(u, ϕ) =
F (ϕ) for all ϕ ∈ V has a unique solution u for each F ∈ V ′. Thus PDE (E.3.5) has a
unique weak solution.

Existence of solutions We consider PDE (E.3.4) again and show now that there
must be at least one solution to it.

To this end define W := {w|Γ : w ∈ H1(Ω)} and let f ∈ W . Then, by construction,
there exists a (not necessarily unique) w ∈ H1(Ω) such that w|Γ = f . Consider the PDE
problem 

Lv = g − Lw in Ω,
v = 0 on Γ,

A∇v · ν = h− A∇w · ν on ∂Ω\Γ.

This is a problem of the same form as (E.3.5), with the weak form defined by

B(v, ϕ) = Fw(ϕ) := F (ϕ) −B(w, ϕ).

and thus we just showed that this has a unique weak solution v ∈ V . Put now u = v+w,
then u must solve (E.3.4).

Uniqueness of solutions Since there may be multiple functions in H1(Ω) equal to f
on Γ we now demonstrate that any choice of such a w ultimately leads to the same u.

Consider two different w,w′ ∈ H1(Ω) such that w|Γ = w′|Γ = f and let v, v′ ∈ V be the
corresponding solutions by the process above. Consider h = (v + w) − (v′ + w′) ∈ V ,
which then satisfy B(h, ϕ) = 0 whence h = 0 by applying the Lax-Milgram theorem
(Theorem E.3.1). Thus v + w = v′ + w′ and we have uniqueness of the produced u.
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APPENDIX F
Notes for code

This appendix contains notes for the code developed during this project. Parts of this
relates directly to the setup on the DTU Gbar servers, and thus is meant mostly as a
tool for fellow DTU PhD and master students, who might want to do computations.

Most code is available on the DTU GitLab server at:

https://gitlab.gbar.dtu.dk/bcsj/

The appendix is organized as follows. First section covers getting up and running on
the server; module and package requirements. The second section cover the key python
module laet and its content; plus some code examples. The third section briefly touches
upon the aet-pipeline repository where work code can be found.

Finally we cover a little bit of theory describing how the space H1
⋄ (Ω) is dealt with

numerically.

F.1 Getting up and running
To run the code on the server it is necessary to load the proper modules. The setup
used for the code will be covered here, but it is possible that newer versions of different
programs might exist on the server. If that is the case feel free to try running the code
on the newer versions, but know that it has not been tested on those versions.

F.1.1 Running Python3 and ipython3
First note is that all newer versions of FEniCS are written for Python3. The reader
is recommended to install ipython3 for any interactive python sessions. To do this run
the following commands in the terminal on the Gbar server:

module load python3/3.6.2
pip3 install --user ipython

and add the following line of code to ~/.bashrc

alias ipython3="~/.local/bin/ipython3"
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The last part will let you run ipython for Python3 using simply the command ipython3.

F.1.2 Required modules
The code is written to run with the following loaded modules and installed packages:

FEniCS 2018.1 This module loads in FEniCS version 2018 with a number of partic-
ular definitions. The the advanced note below might not make sense immediately and
hopefully should not matter in the beginning, but upon using FEniCS for a while it
might become relevant.

module load FEniCS/2018.1.0-with-petsc-and-slepc-and-scotch-and-newmpi

Advanced note An important observation to make, in case one considers switching to
a different FEniCS version, is that node orderings in finite element meshes might change
with differently compiled versions. Hence computation on mixed elements, where one
extracts the solution on a subelement by indexing into the coefficient vectors for a
speedy executions, can go particularly awry if not checking the indices for the particular
subelement of interest ahead of time.

SciPy This loads in the SciPy module, which has a number of built in routines
for sparse matrices. In the modules described in this appendix there are methods for
transforming FEniCS’s sparse matrices into SciPy matrices and back.

module load scipy/0.19.1-python-3.6.2

Matplotlib This loads the matplotlib module, which FEniCS also uses.

module load matplotlib/2.0.2-python-3.6.2

Numba The numba package is required for just-in-time compilation of a particular
index-function used for a fast linear interpolation method.

module load numba/0.35.0-python-3.6.2

SciKit Sparse The SciKit Sparse package provides a Cholmod wrapper, which
implements a sparse Cholesky factorization.

pip3 install --user scikit-sparse

Warning It should be noted that something appears slightly bugged and it might be
necessary to preload the SciKit Cholmod method in the main script lest errors could
appear for apparently no reason.
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Matlab Matlab provides an interface for Python and since the k-Wave package
for efficient wave computations exist for Matlab it is used in the code for simulations.

To setup the Matlab interfacing do the following: load the Python3 module and run
the following commands in the terminal.

cd /appl/matlab/940/extern/engines/python
mkdir /tmp/\$USER
python3 setup.py build --build-base=/tmp/\$USER install --user
rm -rf /tmp/\$USER
cd

GPU code execution To run the k-Wave package on the GPUs, which is highly rec-
ommended as the speedup is tenfold, run the command sxm2sh to get into the interactive
GPU server node. Check the current GPU load with the command nvidia-smi.

F.2 The laet module
The laet (Linear (A)lgebra Acousto Electric Tomography) package is a python pack-
age for AET computations built on top of FEniCS 2018.1.0 with PETSc package. It
contains a number of functions meant to make it easy to quickly setup and perform fast
computations on the AET problem.

The package contains three submodules laet.aet, laet.fem and laet.utils, which
each contain smaller more specialed subsubmodules.

F.2.1 laet.aet submodule
The laet.aet submodule contains a number of methods specifically related to the AET
problem. It supplies a number of optimization functionals J_XX_YY. It also supplies
the method simulate_data which given a wave-perturbed conductivity σ∗(x, tk) (and a
number of other inputs) computes the corresponding data I(tk); with or without noise
as specified.

The package furthermore supplies the methods potential and power_density which
given a conductivity input and boundary input computes the potential u and power
density H respectively.

The final methods createR_XX and createAb_XX returns methods for computing the
matrix products related to the optimization problem. The former is for the regularization
matrix and the latter the data fidelity matrix. The XX denotes the particular norm
choices.
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F.2.2 laet.fem submodule
The laet.fem submodule supplies a number of finite element specific methods of a more
general kind.

The methods V, Vs and Vq produce FEniCS finite element function spaces. The space V
is a finite element approximation of the space H1(Ω) ⊕R used for solving the Neumann
boundary conditioned PDE for the electrical potential, as outlined in Section F.4. The
space Vs is a finite element approximation for H1(Ω), it forms a subspace of V. The
space Vq is special and used strictly for computing gradients efficiently.

The method VsVInjector produces a sparse matrix which when multiplied to a Vs
coefficient vector produces a coefficient vector for the corresponding V function. Its
transpose will project the other way.

The methods norm2, normp and TVseminorm computes the corresponding norms for the
coefficient vectors.

The methods MassMatrixV, MassMatrixVs, StiffnessMatrixV, StiffnessMatrixVs,
MixedMatrixV, MixedMatrixVs and BdryMassMatrixV are all for computing different
matrices corresponding to different integrals and for the spaces V and Vs respectively.

In the following w : Ω → R is a weight function and ϕi and ϕj finite element basis
functions. The mass matrix is the matrix (M)ij =

∫
Ω wϕiϕj dx; the boundary (bdry)

mass matrix is (Mb)ij =
∫

∂Ω wϕiϕj dx; the stiffness matrix is (K)ij =
∫

Ω w∇ϕi · ∇ϕj dx;
and the mixed matrix is (W)ij =

∫
Ω wϕi∇f · ∇ϕj dx, where f is some given function. If

not otherwise specified w = 1 no function calls.

The method GradientSolver returns a method for computing gradients which takes a
Vs function coefficient and returns the gradient of it as two coefficient vectors dx and
dy.

The method Solver returns a PETSc LU-solver for the given system matrix.

The method Vector returns an all zero coefficient vector for the given function space.

F.2.3 laet.utils submodule
The laet.utils submodule is broken into a number of different submodules providing
different utility methods for simplifying setup tasks.

The submodule laet.utils.boundary provides a method std returning the right hand
side vectors for the discretized PDE corresponding to the boundary conditions f(x1, x2) =
x1, f(x1, x2) = x2 and f(x1, x2) = (x1 + x2)/

√
2.
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The submodule laet.utils.conductivity provides a number of conductivity phan-
toms. mix is the phantom used in Paper B (high constrast version) and disc is the
phantom used in Paper C. The method headmodel illustrates how to load in and con-
vert a png image to a phantom.

The submodule laet.utils.mesh provides the UnitCircleMesh method which gener-
ates a finite element mesh on the unit circle of a given refinement level.

The submodule laet.utils.misc provides the linear grid interpolation method glinterp,
which is a highly optimized method for linear interpolation of gridded xyz-data.

Finally the submodule laet.utils.dolfin_la provides some extended linear algebra
methods for FEniCS matrices. In particular it provides the methods ToScipy and
FromScipy, which respectively transforms a FEniCS matrix to and from the SciPy
sparse matrix format. There are other fundamental methods like transpose, zeroVector
and eye (identity matrix). It also supplies conjugate gradient cg and preconditioned
conjugate gradient cgp methods implemented for FEniCS matrices.

Through SciKit Cholmod the submodule laet.utils.dolfin_la also provides a
sparse Cholesky factorization method Cholesky. As mentioned in Section F.1.2 there
appears to be some kind of bug with this however causing scripts using the Cholesky
factorization to crash unless the module is preloaded initially in the main script.

F.2.4 Example code
In this section example code is provided.

General initialization and computing the electrical potential
1 import laet.fem as fem
2 import laet.utils.mesh as msh
3 import laet.utils.boundary as bdry
4 import laet.utils.conductivity as cond
5

6 # Mesh
7 m = msh.UnitCircleMesh(50)
8

9 # Function spaces
10 V = fem.V(m,1)
11 Vs = fem.Vs(m,1)
12

13 # Conductivity & boundary
14 f = bdry.std(V) # list of bdry conditions
15 s = cond.disc(Vs)
16

17 # ===--- ( 1 ) ---=== === ===
18 # Electrical potential PDE
19 S = fem.fem.Function(Vs,s)
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20 K = fem.StiffnessMatrixVs(Vs,w=S)
21

22 # PDE solver
23 pde = fem.Solver(K)
24 tmpV = fem.Vector(V)
25 pde.solve(tmpV,f[0]) # bdry f(x1,x2)=x1
26

27 # Project solution to Vs-space
28 P = fem.VsVInjector(Vs,V)
29 tmpVs = fem.Vector(Vs)
30 P.transpmult(tmpV,tmpVs)
31 u0 = tmpVs.copy()
32

33 # ===--- ( 2 ) ---=== === ===
34 # Or just ...
35 import laet.aet as aet
36 u = aet.potential(s,f,V,Vs) # list of electric potentials

Listing F.1: Example #1: Initialization.

Computing gradients. In this u0 is a FEniCS function u0 on Vs, e.g. the electrical
potential computed in the former example; Example F.1. dx and dy are the coefficient
vectors representing ∂xu0 and ∂yu0.

1 # Gradient function space
2 Vq = fem.Vq(m,1)
3

4 # Gradient solver
5 gradSolver = fem.GradientSolver(Vq,Vs)
6 dx, dy = gradSolver(u0)
7

8 # Assuming u0 is the electrical potential:
9 # Fast (with small interpolation error) computation of the power density

10 du2 = dx*dx + dy*dy
11 h = s*du2

Listing F.2: Example #2: Gradients.

Generate the system matrix for the linearized L1–TV optimization problem and running
the preconditioned conjugate gradient algorithm.

1 import laet.utils.dolfin_la as dla
2 # 'z' is a list with the power density coefficient vectors
3 eps = 1e-4 # smoothing parameter
4 delta = 1e-6 # perturbation to get positive definiteness
5

6 # Mass matrix, massSolver computes its inverse action
7 M = fem.MassMatrixVs(Vs)
8 massSolver = fem.Solver(M)
9

10 # System matrix and right hand side
11 A,b = aet.createAb_L1(s,f,z,V,Vs,gradSolver ,massSolver ,P,eps)
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12

13 # Preconditioner matrix
14 R = aet.createR_TV(s,Vs,gradSolver ,eps)
15

16 # --- Perturbation for positive definiteness
17 TVw = dla.ToScipy(R)
18 EYE = dla.ToScipy(dla.eye(R.size(0)))
19 TVmat = dla.FromScipy(TVw + delta*EYE)
20

21 # --- Method for computing the inverse action
22 precondSolver = fem.Solver(TVmat)
23

24 # Trick to make the operation act like a FEniCS matrix
25 def precondMat(v,w):
26 precondSolver.solve(w,v)
27 precondMat.mult = lambda v,w: precondMat(v,w)
28

29 # Preconditioned conjugate gradient algorithm
30 x = dla.cgp(A,precondMat ,b,N=25,callback=None)
31

32 # The callback parameter may be set as a function; see doc:
33 # callback: function called at end of each looping
34 # callback(i,[x0,..],[r0,..],[p0,..])
35 # parameters:
36 # i, ........ iteration number
37 # [x0,..], .. list of solution approximations
38 # [r0,..], .. list of residuals
39 # [p0,..], .. list of basis vectors

Listing F.3: Example #3: Optimization.

Some plotting technique is demonstrated here.
1 from dolfin import plot
2 import matplotlib.pyplot as plt
3 import numpy as np
4 # 'u' is assumed to be a FEniCS coefficient vector on space Vs
5

6 plt.ion() # For interactive plotting
7 fig = plt.figure(1) # select a figure to plot in
8

9 # plotting properties
10 param1 = {
11 'cmap' : plt.get_cmap('bwr') # color map
12 'levels': np.linspace(0, 10, 100), # contour range
13 'extend': 'both', # extend color axis
14 }
15 param2 = {
16 'levels': np.linspace(0, 10, 21),
17 'mode' : 'contour',
18 'antialiased': True,
19 'alpha': .75,
20 'colors': ['0', '0.5', '0.5', '0.5', '0.5'],
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21 'linewidth': [0.75, 0.4, 0.4, 0.4, 0.4],
22 }
23

24 # Get FEniCs function object
25 U = fem.fem.Function(Vs,u)
26

27 # Contour plot with added lines and colorbar
28 p1 = dlf.plot(U,**param1)
29 cb = plt.colorbar(p1)
30 p2 = dlf.plot(U,**param2)
31 cb.add_lines(p2)
32

33 # Save plot
34 fig.save_fig('test.png',dpi=300)

Listing F.4: Example #4: Plotting.

F.3 The aet-pipeline repository
The aet-pipeline repository is a work repository for the coding work done in the final
part of my project. It contains branches with ready to execute code for generation of
various plots for posters and articles.

It implements the Matlab interface for using k-Wave for wave computations in case
one wants to generate data. The repository also contains the Matlab code for the
sampling algorithm from Paper C.

As this repository is a ready to run script rather than a structured module, we simply
mention its existence here and encourage the reader to look into the code in the repository
for inspiration.

F.4 ImplementingH1
⋄(Ω)

When looking for a solution to the Neumann problem{
−∇ · σ∇u = 0, in Ω,

σ∂νu = f on ∂Ω,
(F.4.1)

which has the weak formulation∫
Ω
σ∇u · ∇v dx =

∫
∂Ω
fv ds for all v ∈ H1(Ω), (F.4.2)

it is clear that for a solution u ∈ H1(Ω) adding any constant c ∈ R to the solution
generates a new H1(Ω)-function, which also solves the problem. Hence uniqueness of
the solution is lost.
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To handle that problem it is classical to remove the constant subspace of H1(Ω) by some
means, i.e. consider instead some variation of the quotient space H1(Ω)/R. In our case
we consider the of zero mean on the boundary of Ω, i.e. the space

H1
⋄ (Ω) :=

{
v ∈ H1(Ω) :

∫
∂Ω
v ds = 0

}
.

An alternative option could be to consider the solution with zero mean on all of Ω, how-
ever, given our problem physically is considered to be limited to access on the boundary,
it is sensible to restrict ourselves to H1

⋄ (Ω). It is not hard to see that each equiva-
lence class in H1(Ω)/R has a unique member in H1

⋄ (Ω) and thus that the spaces are
isomorphic.

It is common in finite element analysis to approximate H1(Ω) by the finite dimensional
space Vh consisting of P1-basis functions on a mesh Ωh forming an approximating trian-
gulation of Ω. In principle we could enforce the constraint of H1

⋄ (Ω) on the proper basis
coefficients in Vh to form a subspace of Vh with zero mean on the boundary, however, that
quickly becomes technical. Instead we shall consider an extension of the space H1(Ω),
easily approximable by an extension of Vh, together with an extension of the variational
problem (F.4.2) to this space, such that a solution to the new problem naturally has the
property that it belongs to H1

⋄ (Ω).

Proposition F.4.1. A solution (u, c) ∈ H1(Ω) ⊕ R to the variational problem∫
Ω
σ∇u·∇v dx+

∫
∂Ω
cv ds+

∫
∂Ω
du ds =

∫
∂Ω
fv ds, for all (v, d) ∈ H1(Ω) ⊕ R, (F.4.3)

has the property that c = 0, u ∈ H1
⋄ (Ω) and u will satisfy (F.4.2).

Proof. Indeed, assume (u, c) ∈ H1(Ω) ⊕ R is a solution and take v = 0, then (F.4.3)
simplifies to d

∫
∂Ω u ds = 0 for all d ∈ R, which implies

∫
∂Ω u ds = 0 hence u ∈ H1

⋄ (Ω).
Moreover, if v ̸= 0 is constant, then (F.4.3) becomes c

∫
∂Ω v ds =

∫
∂Ω fv ds thus c =

|∂Ω|−1 ∫
∂Ω f ds = 0 since f has mean zero (this is clear from inserting a nonzero constant

v into (F.4.2)).

A solution (u, c) ∈ H1(Ω)⊕R of the variational problem (F.4.3) thus satisfies u ∈ H1
⋄ (Ω),

c = 0, and therefore, by inserting into (F.4.3), we get that the left hand side boundary
integral terms vanish and we are left with u satisfying (F.4.2).

We may thus consider a finite element discretization of H1(Ω) ⊕ R, which is easily
described by Vh ⊕R, where R is modelled by a single free node external to the mesh Ωh

used for defining Vh.
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