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Abstract

For decades, engineers have assessed and analysed steel frames using simple joints between beams and columns. These
joints are often based on oversimplified assumptions using hinges or a direct transfer of beam displacements without any
relative displacements. More seldom is the use of spring models that allow relative beam and column displacements at the
joints. This despite the standardised component method approach, which can be used to determine the rotational spring
stiffness of the relative rotation in a joint. This paper gives a background overview of essential developments in joint
modelling and generalised thin-walled beam modelling, including torsional, distortional and related warping effects. For
particular situations, some recent proposals for joint models can be applied to joints between thin-walled beams. On this
basis, this paper presents a novel idea and a generic methodology that allows the interface between an extended number
of generalised beam displacement modes and joints that are modelled using shell elements. The main novelty is the
idea to transform from standard degrees of freedom of the interface into a reduced number of beam displacement mode
related degrees of freedom. Thus, the number of degrees of freedom of the joint can be reduced to the corresponding total
sum of beam modes that have been chosen for the modelling of each of the connected beam elements. The total number
of degrees of freedom used for modelling the complete framework will depend on the selected number of modes in each
beam element and on the number of extra internal modes chosen in the joint models. For enhanced structural analysis
with advanced beam elements and joints that allow relevant distortions and built-in refined connection components, it is
believed that this methodology will enable the full detailed analysis of large steel frameworks with a reasonable number
of degrees of freedom.

Keywords: Steel frames, beam theories, joint analysis, mode-based formulation

1. Introduction

Steel frameworks have been used for decades in a broad
range of engineering fields; maritime, aerospace, offshore,
civil and mechanical engineering. In the construction in-
dustry, steel is commonly used in larger frame and truss
structures such as sports arenas, power plants, cranes,
high rise buildings and bridges. This paper focus on the
analysis of steel frameworks using advanced generalised
thin-walled beams with an expanded number of displace-
ment modes and the interface to shell joint models. Thus,
achieving a more detailed assessment of the steel frame-
work with a much-improved beam and joint modelling. In
fact, this paper presents the general idea of a novel generic
methodology to model joints interfacing between beams
and columns. The proposed methodology extends the us-
ability of mode-based beam elements to model frames.

The daily practice in the design of structural steel frame-
works is to use the simplified approach of assuming the
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joints to be either ideally pinned or fully rigid. This prac-
tice happens despite that design codes, such as Eurocode
3 [1], allows engineers to consider a semi-rigid behaviour
of steel joints through the ’Component Method’ and also
despite that studies have indicated savings in the range
of 7 % − 26 % considering semi-rigid behaviours [2, 3, 4].
The simplified approach is often chosen to keep the anal-
ysis as simple as possible even though connections seldom
fulfil such behaviours [5]. Usually a joint should be cate-
gorised as semi-rigid, reflecting a behaviour where relative
rotations occur when transmitting bending moments be-
tween adjacent members. Furthermore, considering such
a simplified approach, valuable knowledge regarding joint
behaviour is lost. Especially in thin-walled structures in
which effects such as warping becomes an essential issue
[6].

Consequently, the structural designer is left with the
choice to perform quite costly experimental investigations
or numerical investigations by consulting sophisticated fi-
nite element computer software, which requires a time-
consuming process of data input and result interpreta-
tion. Furthermore, such finite element assessment is pro-
hibited for routine applications in frame analysis. Thus,
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dedicated methods for frame analysis with enhanced thin-
walled beam modelling and enhanced joint modelling are
in demand. It has been shown in [7] that advanced anal-
ysis of thin-walled beam members can be achieved with
a reduced number of degrees of freedom by considering
a displacement-based mode formulation where judiciously
chosen deformation modes are selected and thereby only
25 % of the degrees of freedom are needed compared to
commercial finite element software using shell elements.
However, by using only one advanced thin-walled beam
element between joints in linear analysis, this reduction is
believed to be even higher depending on the number of
beam modes taken into account.

The following subsections give a background overview
of some of the crucial developments in joint modelling and
generalised thin-walled beam modelling.

1.1. Semi-rigid connections

The very first reported investigations on the rigidity of
joints in steel structures was assessed by Wilson & Moore
in 1917 [8] regarding experiments on riveted connections.
Later, around the mid-1930s, a more general elaboration
on the rigidity of joints was given considering the relation-
ship between the moment and rotation occurring at the
joint as well as the overall influence on the global struc-
ture, see e.g. [9]. Modifications have been implemented in
theories, such as rotational springs between beam-ends to
reflect the joint stiffness [10]. In such cases, the joint is
represented by a finite stiffness, and improved structural
response is achieved. However, the task of establishing an
adequate spring stiffness is difficult. In a review given by
Diaz et al. [11] referring 180 papers a broad range of mod-
els and procedures are given on how to implement and take
advantage of the semi-rigid joint design. It is concluded
that the most accurate prediction is through experiments
yielding a true non-linear behaviour between moment and
rotation as shown in Figure 1, which illustrates the ide-
alised moment-rotation curves of different joint configura-
tions. Furthermore, Diaz et al. states that one of the most
used methods is the mechanical model also adopted in the
Eurocode 3 [1, 12] namely the ’Component Method’.

The Component Method is an idealisation of a joint
into a mechanical model including linear springs and rigid
links. As an example of mechanical modelling see the sim-
ple beam-to-column connection in Figure 2. This connec-
tion is exposed to a bending moment M that will cause
a relative rotation φ that will induce tension, compres-
sion and shear within the connection. Hence, the Compo-
nent Method represents these effects through mechanical
components. For this purpose, the joint is divided into
components each represented by a spring stiffness. In the
simplified case illustrated in Figure 2 these are: k1 column
web panel in shear, k2 column web in transverse compres-
sion, and k3 column web in transverse tension. The linear
spring stiffness/behaviour of each component is derived
depending on the geometrical joint configurations. This

derivation is to a great extent based on empirical equa-
tions, e.g. [13]. The method is, however, limited to asses
joints exposed to bending moments and not able to take
shear and normal forces into account [1]. Recently, modi-
fications have been presented by Bayo et al. [14, 15]. They
use a ’joint element’ to which beams and columns are at-
tached. The stiffness of this joint element is then found
using the same component stiffness’s as in the Component
Method, but with this method, eccentricities are incorpo-
rated right away while several iterations are avoided com-
pared to the classic Component Method. Another vari-
ation in the Component Method is given by Silva et al.
[16] presenting a bi-linear spring model to achieve more
accurate results covering the plastification of the joint. A
special spring model is developed and gives an idealised
bi-linear behaviour of each component. Hence, each com-
ponent may be represented by a linear elastic part followed
by a linear plastic strain hardening zone (see Figure 2c2).
A ’Generalized Component Method’ was presented by Zhu
et al. [17] adopting Silva’s approach. Zhu and co-workers
consider a tri-linear model to include both elastic, plastic
and post yielding behaviours. See Figure 2c3.

1.2. Torsional effects in thin-walled beams
In the second half of the twentieth century, the interest

in using thin-walled steel components increased heavily.
This increase was highly due to its excellent stiffness-to-
weight ratio and its strength-to-width ratio with the main
purpose of lightening engineering structures by saving ma-
terials. Some of the pronounced pioneers with respect
to thin-walled structures were Timoshenko [18, 19, 20],
Flügge & Marguerre [21], Vlasov [22], and Kollbrunner
& Hajdin [23]. They realised that non-negligible normal
stresses were developed leading to warping deformations
not included in the beam theories at that time. Therefore
a demand for new theories was born. Accordingly, theo-
ries, such as Vlasov’s ’Thin-Walled Elastic Beams’, were
implemented considering an extra seventh degree of free-
dom representing the warping effect based on torsion and
the sectorial coordinate also introduced by Vlasov.
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Figure 1: Idealised moment-rotation curves
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Figure 2: The Component Method: a) A welded beam-to-column connection consisting of two I-beams exposed to a
bending moment M , b) idealisation of the connection (k1, k2, k3 being spring stiffness’s and φ the relative rotation),
and c) spring behaviours of different approaches; c1) the classic Component Method [1], c2) proposed by Silva et al. [16]
having a bi-linear behaviour, and c3) used by Zhu et al. [17] with a tri-linear behaviour

Examples on approaches adopting the seventh degree of
freedom are Krajcinovic [24] and Barsoum & Gallagher
[25] who investigated stability and dynamics, and torsion
and lateral stability of thin-walled beams, respectively.
They introduced finite beam elements with the seventh
degree of freedom reflecting Vlasov’s theory. With the pro-
posed finite beam elements it is possible to analyse frames
more accurately by taking warping into account. However,
depending on the joint configuration, the amount of warp-
ing being transmitted is restrained and a Vlasov beam
element yield erroneous results due to inadequate warp-
ing restraint and transmission. Thus, with the recognition
of warping’s presence, the transmission of local warping,
as well as rotation and warping from torsion occurring at
beam-ends, became the main task to include when con-
necting non-aligned beams, for example at frame corners.
However, a proposal to avoid this was given by Baigent &
Hancock [26] connecting non-aligned open channel profiles
with flat plates. More regular joint configurations were
assessed by Vacharajittiphan & Trahair [27] investigating
the warping restraint stiffness in non-aligned doubly sym-
metric I-sections in four different joint configurations be-
ing: unstiffened, partially stiffened with a single diagonal
stiffener, box stiffened, and fully stiffened with three stiff-
ening plates, see Figure 3a1 to 3d1. Similar investigations
on warping transmission through joints were carried out
by Morrell et al. [28] considering the relationship between
end section torsional rotations in orthogonal plain open
channel section members, or Sharman [29] and Krenk &
Damkilde [30] who dealt with warping transmission of ar-
bitrarily oriented members both assessing I-sections and
open channel sections. Different joint configurations were
assessed where the member webs were laying in the same
plane. Lastly, Masarira [31] deduced coefficients approxi-
mating the joint effect on lateral torsional buckling load of
steel frames based on a shell finite element analysis con-
cluding that the warping effect profoundly influences the
stability.

To this end, it seems that warping torsion is a significant

effect and should be incorporated in the analysis of the
structural response assessing open thin-walled members.
However, methods taking this into account in frame analy-
sis often fail. Yang & McGuire proposed a ’warping indica-
tor’ adjusting the restriction of warping at each beam-end
[32] (a warping spring to characterise warping). Another
approach was given by Tong et al. [33] presenting a warp-
ing transmission model for beam-to-column rigid joints
with diagonal stiffeners. A third approach to be mentioned
modelling joints in thin-walled frames have been given by
Shayan & Rasmussen [34] introducing a ’joint element’ in
a beam finite element environment. Here, beam-ends are
connected by the use of springs and linear constraint equa-
tions, which are derived beforehand based on a shell finite
element discretisation and assessment of the joint element.
Nevertheless, the mentioned approaches are all limited to
seven degrees of freedom not considering detailed cross-
section investigations able to include distortional effects.

1.3. Distortional effects in thin-walled beams
The cross-sections of thin-walled beams do not keep

their shape during deformation – they distort. A small
infinitesimal cut-out of a wall element has to be in equi-
librium and to establish this equilibrium the cross-section
deforms. Furthermore, instability effects will also induce
local and distortional buckling. Thus, beams and columns
with thin-walled cross-sections are prone to non-rigid in-
plane deformations.

A well-known beam theory that handles this effect is
the one Schardt introduced in 1966. Namely, the ’Gener-
alised Beam Theory’, (GBT). He introduced it in Germany
as ’Verallgemeinerte Technische Biegetheorie’ (VTB) as-
sessing open thin-walled cross-sections, [35, 36]. Later, he
modified it to include closed cross-sections as well. The
theory is essentially based on a folded plate theory and
the idea of expanding the displacements as a sum of dis-
placement modes. To explain, this theory is a mode-based
beam theory relying on orthogonal cross-section displace-
ment fields with associated axial variations. All modes
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Figure 3: Frame corners with different stiffness configurations connecting two in-plane I-beams or two open channel
sections, respectively. a) to d) having web continuity and a) unstiffened, b) diagonal stiffened, c) box stiffened, d) box
and diagonal stiffened, whereas e) unstiffened with flange continuity

are linearly combined with varying intensities yielding the
final deformation response. That is, a deformation is de-
composed into a number of known displacement modes.
Another proposal to a thin-walled beam theory taking dis-
tortion into account was given by Kollbrunner & Hajdin.
They extended their thin-walled theory to include distor-
tional in-plane deformations as well, even considering both
open and closed cross-sections [37]. British investigators
on cold-formed steel members adopted the Generalised
Beam Theory and published several papers, [38, 39], lead-
ing to an internationalisation of the theory and whereby it
became known by the acronym ’GBT’. Subsequently, GBT
was extended to handle orthotropic materials such as fi-
bre reinforced polymers (FRP) by Silvestre and Camotim
[40, 41]. In the latest decades inclusion of non-linearities
[42], plasticity [7], and a more general shear strain formu-
lation [43, 44] have been incorporated, besides the already
implemented first-order, buckling and post-buckling anal-
ysis as well as dynamic assessments. See also [45, 46].

Simultaneously with the development of GBT, the ’Fi-
nite Strip Method’ (FSM) has been further developed.
Based on the work of Wittrick [47] and Przemieniecki [48],
Cheung [49] formulated the FSM as we know it today. The
essentials of this theory are: the discretisation of the beam
element into narrow strips running the entire beam length
being rigidly joint together, the cross-sectional deforma-
tions being interpolated by polynomial functions assuming
a Kirchhoff plate bending behaviour, and the axial varia-
tion found as sinusoidal functions. Among others, Hancock
used this theory to deduce buckling curves or so-called sig-
nature curves for thin-walled members, [50]. However, the
main lack in this theory is the missing decomposition of de-
formations into known displacement modes. Accordingly,
Ádány & Schafer introduced this to the FSM, [51, 52]
leading to the theory named ’constrained FSM’ (cFSM)

enabling mode decomposition and identification, [53, 54].
Silvestre et al. [55] compare the derivations of the cross-
sectional displacement fields in the GBT and FSM being
on same mechanical properties. Furthermore, Ádány et
al. [56] compares the results obtained using the two ap-
proaches concluding nearly similar results. However, GBT
and cFSM differ in the determination of the axial variation
functions. Where, GBT formulates finite beam elements
with a variation between end cross-sections as interpola-
tions by use of Hermite cubic standard finite beam element
functions, the cFSM uses a geometrical approach having
sinusoidal amplitude functions.

As a matter of fact, the displacement mode decomposi-
tion has been seen as an efficient tool by many. Hence, oth-
ers who adopted the idea of separating the beam deforma-
tion responses into orthogonal displacement modes were,
for example Jönsson [57] who deduces the extra warping
and distortional mode for thin-walled beams, or Jönsson
& Andreassen [58, 59, 60], and Vieira et al. [61, 62] who
determined cross-sectional displacement fields based on a
generalised eigenvalue problem. This also reveals the axial
amplitude functions as polynomial and exponential func-
tions without limiting the beam element to have a finite
length, which for example is the case in GBT. Garcea et
al. [63] deduce cross-sectional displacement fields as gen-
eralised eigenvectors (GE) as well. The obtained results
are compared with the GBT nearly being coincidental.

A new development is also the ’constrained finite el-
ement method’ (cFEM) by Ádány [64, 65, 66, 67], in
which a special purpose finite element is formulated and
constrained to adhere to certain displacement mode con-
straints. A common point of the theories mentioned above
is the inclusion of cross-sectional distortion effects. Often
the displacement modes are also ordered in local, distor-
tional and global modes.
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Although very detailed beam theories have been devel-
oped, it is difficult to use these for analysis of frame struc-
tures. The main reason is the lack of methods that sat-
isfyingly allow an interface between connected members
at a joint. The most successful proposals have been im-
plemented in the framework of GBT by Basaglia et al.
[68, 69, 70, 71, 72, 73, 74, 75]. The primary focus has been
on joint configurations as illustrated in Figure 3. With
their approach, they introduced a ’joint element’ between
non-aligned finite GBT beam elements. However, diffi-
culties have been met due to the modal nature of GBT
(being a GBT-method with non-standard nodal degrees of
freedom for cross-sectional displacements), which was not
able to be transferred to the joint element formulation. In
their formulation, the joint element is represented by the
seven generalised displacements known from the Vlasov
theory allowing a warping transmission from non-uniform
torsion. Additionally, a number of constraint equations
have been added to fulfil displacement continuity between
adjacent members (i.e. to include local and distortional
effects). The constraint equations highly depend on the
joint geometry. This method requires prior knowledge of
the joint to establish the correct constraint prerequisites
before performing a proper frame analysis.

2. Proposal of a new methodology

Although Basaglia and co-workers have presented pro-
cedures for assessing frames of thin-walled members in-
cluding torsional and distortional effects, the methods are
limited to specific types of cross-sections and joints. It
is believed that a more generic and general methodology
needs to be developed so that joints between advanced
thin-walled beams can be established and modelled by use
of more conventional finite element modelling, which can
be performed by engineering offices.

2.1. The idea
In general, the idea is to model beam and column mem-

bers using an advanced beam element formulation that is
based on displacement modes, which includes warping and
distortional deformations. On the other hand, the connec-
tions between advanced beam elements shall be modelled
by use of more traditional finite elements, e.g. finite shell
elements. Both the advanced beam elements and the joint
elements are modelled such that all nodes within a discre-
tised interface have six degrees of freedom each.

The mode-based formulation is performed by letting an
advanced beam element be expressed by beam displace-
ment modes instead of traditional nodal degrees of free-
dom. Each beam displacement mode is formulated as a
combination of cross-sectional displacement fields, which
contains transverse as well as warping displacements, and
an amplitude function that describes the variation of the
cross-sectional displacement field along the beam mem-
ber. Hence, instead of standard finite element degrees

of freedom at the interfaces between beam elements and
joint elements the connected faces will be governed by the
cross-sectional beam displacement fields that will be used
as novel modal degrees of freedom. Accordingly, the con-
nected faces at a joint element must likewise be trans-
formed into this modal-based formulation, which is gov-
erned by the beam displacement modes. Furthermore and
of utmost importance, with a modal formulation of the
thin-walled beam elements, it is possible to reduce the
number of modes to the most relevant, judiciously selected
modes, and thereby reduce the number of modal degrees of
freedom at the interfaces both regards to the beam mem-
ber and the joint element. This reduction is done by trans-
forming the conventional displacement degrees of freedom
of the cross-section interface between a beam element and
a joint element into the chosen modal displacements of
the beam, and then use these modal displacements as the
degrees of freedom at the interfaces. Hence, the nodal de-
grees of freedom at the connected faces are transformed
into the chosen beam modal degrees of freedom. The uns-
elected (irrelevant) modal degrees of freedom are assumed
to be non-existing (zero). As a result, the frame behaviour
is expressed in a displacement-based modal language yield-
ing the opportunity of regulating the number of included
modal degrees of freedom.

It is reasonable to assume that the same beam and joint
configurations are represented several times within a frame
structure. This may be utilised during the programming of
the stiffness formulations and during back substitution of
displacements, stresses and strains in members and joints.

To give the best possible grasp of the idea presented,
a two-dimensional example will be referred to through-
out the following subsections. For simplicity this illus-
trative example only includes in-plane degrees of freedom
even though the presented idea is valid for a full three-
dimensional analysis. The example includes three ad-
vanced beam elements and a single joint element, which
for example could represent a beam-to-column connection
in a larger frame structure as illustrated in Figure 4.

2.2. Beam elements

In-between connections, beam members and column
members will be modelled using a beam element based
on an advanced beam theory with torsional and distor-
tional effects including the related cross-sectional warping
deformations. To be able to describe the cross-sectional
displacements, the cross-section is discretised into wall seg-
ments between nodes that have six displacement degrees
of freedom each. Thus, the ends of a beam have several
wall elements and several nodes, see also Figure 5. This
results in an interface to which joints modelled using finite
(shell) elements with conventional translational and rota-
tional degrees of freedom at the nodes can be connected to.
To derive the conventional linear elastic stiffness equation
that governs the advanced beam element problem, a set of
orthogonal cross-sectional displacement modes is used and
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hence:

KB uB = fB where uB =
[

uB
1

uB
2

]
(1)

in which KB is the beam element stiffness matrix, fB is a
load vector, and uB is the displacement vector that con-
tains uB

1 and uB
2 holding the standard nodal finite element

degrees of freedom with regards to the two beam ends,
respectively.

Thus, we achieve an accurate beam element governed
by its degrees of freedom in all the nodes at the two end
cross-sections. Furthermore, these degrees of freedom cor-
respond to those in the joint element formulation sharing
the same interface. Therefore, it is possible to assemble a
beam element with a joint element having the same dis-
cretisation at the interfaces.

The beam cross-section analysis results in a set of beam
solution modes containing orthogonal cross-sectional dis-
placement fields, which we assemble as columns in the ma-
trix VB. In Figure 4 the cross-sectional displacement fields
concerning the ’Advanced beam element 1’ are shown on
the left hand side of the beam end.

Using conventional finite element methods, it is possi-
ble to find a transformation between the three-dimensional
beam modes and all the nodal degrees of freedom at the
end cross-sections.

The degrees of freedom at each beam end cross-section
(uB

1 and uB
2 according to Equation (1)) are transformed

into orthogonal modal degrees of freedom with the follow-
ing transformation:

uB
i = VB

i ϕB
i for i = 1, 2 (2)
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Figure 5: Beam element: a) Wall element and its local degrees of freedom, b) Beam element with discretised end
cross-sections, c) Nodal degrees of freedom, and d) Wall cut-out with the local coordinate system

where the column vector ϕB
i contains the modal degrees of

freedom at the one end of the beam. In fact, these modal
degrees of freedom correspond to intensities of the cross-
sectional displacement fields given as the columns in VB.
Then, the entire transformation of a beam element can be
performed using the transformation matrix TB:

uB = TB ϕB with TB =
[

VB
1 ·

· VB
2

]
, ϕB =

[
ϕB

1

ϕB
2

]
(3)

where a single dot [ · ] represents a suitable zero-matrix.
The matrices VB

1 and VB
2 contain the exact same modes

and number of modes as we operate on a single beam el-
ement. The column vector ϕB contains the beam modal
degrees of freedom, which is separated into ϕB

1 and ϕB
2

representing each of the beam end cross-sections, respec-
tively.

Now, using the transformations in Equation (3) and ap-
plying the laws of transformation on the equation system
in Equation (1) we have:

K̃B ϕB = f̃B (4)

where K̃B is the beam element modal stiffness matrix de-
fines as:

K̃B = TBTKB TB (5)
However, please note that, since solution modes formulate
the beam element we may judiciously choose a relevant
number of these modes in VB and perform a transforma-
tion of the end nodal degrees of freedom into a reduced
number of modal degrees of freedom and hence, the equa-
tion system does not necessarily contain all modal degrees
of freedom, but instead represents a reduced equation sys-
tem.

2.3. Joint elements
The complexity met in connecting beam members and

column members are accommodated by introducing a

’joint element’. This joint element is in itself an assembly of
standard (shell) finite elements used to discretise the often
complex plated joint geometry. The joint element is mod-
elled so that the interfaces to the connected beams have the
same nodes and nodal degrees of freedom. Hence, many
’joint element’ geometries even including other types of
special purpose finite elements can be incorporated in the
joint model. Consequently, a single joint element allows a
detailed assessment of displacements and stresses due to
the finite element formulation, but the main drawback is
the inclusion of a high number of degrees of freedom. The
assembly of finite elements results in the following equa-
tion system:

KJ uJ = fJ where uJ =


uJ

1

uJ
2
...

 (6)

Here, KJ is the stiffness matrix, fJ is the load vector, and
uJ is the displacement vector, which is grouped into dis-
placement vectors that contain the displacement degrees
of freedom at each of the connected faces indicated by the
index. If any secondary degrees of freedom exist within
the joint element these may be condensed.

Since it is the idea to let the joint element interfaces
be governed by the displacement fields of the connected
beam elements then the nodal degrees of freedom at these
connected faces are transformed into modal degrees of free-
dom governed by the related beam transformations from
Equation (2). Hence, the nodal degrees of freedom at an
interface are transformed into modal degrees of freedom
using:

uJ
i = VB

j ϕJ
i for i = 1, 2, .., nI (7)

where index i indicates an interface and nI is the total
number of connected faces for a single joint element. With
respect to the example in Figure 4 this corresponds to
nI = 3. In Equation (7), VB

j is the exact same matrix
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used for the beam transformation in Equation (3) at the
exact same interface and therefore index j is a reference
to which of the beam ends that is located at the interface,
being either j = 1 or j = 2. Since the interfaces at a joint
element not necessary contain the same number of nodes,
the matrices VB

j may not be of the same size. Accordingly
for the entire joint element in Figure 4 the transformation
matrix will be:

uJ = TJ ϕJ with TJ =

VB1
2 · ·
· VB2

1 ·
· · VB3

2

 (8)

Then, applying the transformations from Equation (8) to
the equation system in Equation (6) the mode-based equa-
tion system for the joint element will be:

K̃J ϕJ = f̃J where ϕJ =

 ϕJ
1

ϕJ
2

ϕJ
3

 (9)

where K̃J is the joint element stiffness matrix transformed
into modal space, ϕJ is the modal displacement degrees of
freedom, and f̃J is the load vector in modal space. Explic-
itly we define the joint element stiffness matrix and the
modal displacement degree of freedom vector as:

K̃J = TJTKJ TJ and f̃J = TJTfJ (10)

Note that the degrees of freedom at the interfaces are
transformed into modal beam type displacements of the
individually connected beam and thus, a judiciously cho-
sen reduction in the number of degrees of freedom in the
joint interfaces can be performed.

2.4. Mode-based formulation
Thus as mentioned, to increase efficiency, this method-

ology allows us to utilise the modal formulation of the
beam elements to decreases the number of degrees of free-
dom. This is achieved by transforming the beam degrees
of freedom in the interface section into a mode-based de-
gree of freedom space, i.e. a mode space containing a few
numbers of relevant and unique cross-section displacement
fields. The joint elements are likewise transformed into a
displacement-based mode formulation. Here, the nodal de-
grees of freedom at the interfaces are transformed into few
beam modal degrees of freedom and the remaining inter-
nal degrees of freedom can be eliminated for example by
condensation. This allows a mode-based assembly of the
structural framework by assembly of the different element
contributions from Equation (4) and (9). Hence, we end
up with an equation system for the entire frame structure
being in a modal format:

K̃sys ϕsys = f̃sys (11)

This is achieved by using conventional assembly and trans-
formation procedures as in the finite element method (see
for example Cook et al. [76]).

3. Illustration of key aspects

The purpose of this section is to illustrate and highlight
some of the key aspects of the idea. To do so, we ex-
amine a rectangular portal frame corner connecting two
thin-walled lipped channel sections by a diagonally stiff-
ened joint element. Furthermore, to ease the implementa-
tion, there are two minor joint elements incorporated at
the beam and column ends, respectively. These are imple-
mented as a continuation of the beam/column element to
simplify the application of load and boundary conditions.
The general configurations and dimensions concerning this
example are illustrated in Figure 6. The modulus of elas-
ticity used is given as: E = 210 GPa and the Poisson ra-
tio is: ν = 0.3. The boundary conditions are as follows:
at point A and C the mid point of the web is restrained
against any translation, and at point B the translation
out of the frame-plane is restrained. Moreover, the cross-
section in A is loaded by a vertical unit displacement δ
applied at the upper flange on top of the lip. The por-
tal frame corner is assessed by a first-order linear elastic
analysis.

3.1. The beam element
The advanced beam theory used to model the beam and

column members is an advanced theory, which includes
cross-sectional deformations and allows for a mode-based
formulation, resently developed by the authors [77, 78].
This theory is based on the small displacement hypothe-
sis as well as a linear elastic analysis of the beam cross-
section. Using this theory, the cross-section is discretised
by wall elements as illustrated in Figure 5 having six de-
grees of freedom at cross-section nodes. This new thin-
walled beam theory embraces a shear variation through a

A

C

B

X

Z Y

C
100

40

15

A

δ

100

40

15

225

225
B

Figure 6: Frame set-up with load and support conditions.
Dimensions in millimetre [mm] and the plate thickness is equal
to 3 mm
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Figure 7: Interface modes 1–6 (the six rigid displacement fields). The upper row illustrates the translational part of the
modes whereas the lower row represents the corresponding out-of-plane displacements (plotted in a local beam coordinate
system)

ratio: 23.2 ratio: 10.7 ratio: 9.20 ratio: 0.26 ratio: 10.5ratio: 0.47

Mode 7 Mode 8 Mode 9 Mode 10 Mode 11 Mode 12

y

xz

y
x

z

Figure 8: Interface modes 7–12 (first six distortional modes). The upper row illustrates the translational part of
the modes whereas the lower row represents the corresponding out-of-plane displacements (plotted in a local beam
coordinate system). The ’ratio’ indicates the scaling between the largest in-plane displacement and the largest out-of-
plane displacement
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Figure 9: Joint deformation modes related to the first twelve modal degrees of freedom at the beam-to-joint interface

Timoshenko like beam behaviour and a Mindlin-Reissner
like wall plate behaviour. Such a formulation is hardly
found in other advanced beam theories despite the ap-
proach given by Miranda et al. [44, 79] who formulated a
beam element in the framework of GBT, which probably
also could have been used here.

The cross-section analysis results in a set of beam
displacement modes that can be subdivided into cross-
sectional displacement fields and their associated axial am-
plitude functions, which describes the axial variation of
the cross-sectional displacement field along the beam axis.
These amplitude functions are either polynomials of maxi-
mum third-order (reflecting the twelve fundamental beam
modes) or having exponential functions with varying de-
cay (reflecting beam displacement modes of higher order).
Each higher order mode has an exponential amplitude that
decays away from one of the beam ends. This decay is con-

trolled by a length scale parameter. The lower the length
scale parameter, the longer the decay is. It is common
practise to sort the modes based on their length scale since
this often also reflect their influence.

In this example the cross-section is discretised into
twenty-four wall elements; eight in the web panel and four
in each of the other panels. This corresponds to 150 de-
grees of freedom, and in our case, this results in 150 unique
interface modes (cross-sectional displacement fields) to be
used for transforming both the beam and the column el-
ements as well as the joint elements into the mode-based
formulation. In fact, the transformation matrices VB in
Equation (2) and (7) contains 150 columns representing
the interface modes. These interface modes are deduced
in the beam element cross-section analysis and are sorted
with regards to decay length (this being related to the ax-
ial variation of the beam modes). To exemplify, the first

10



twelve interface modes are illustrated in Figure 7 and 8. In
fact, Figure 7 shows the six rigid cross-sectional interface
modes and Figure 8 shows the next six modes, which are
the first six distortional cross-sectional interface modes.

3.2. The joint element
The joint elements are discretised by use of triangular

shell finite elements having six degrees of freedom at each
node, see for example Cook et al. [76]. To be able to
assemble beam and column members to a joint element,
the joint element mesh is chosen in such a way that the
nodes at the interfaces are in the exact same locations as
the nodes of the adjacent beam and column cross-sections.

Based on the interface modes that are deduced dur-
ing the beam element analysis and contained in VB, each
joint element is transformed into the mode-based formula-
tion using the transformation in Equation (7). Hence, the
displacement of a joint element may now be expressed in
terms of modal degrees of freedom instead of conventional
nodal degrees of freedom. To give a visual understanding
of this modal degree of freedom formulation Figure 9 il-
lustrates the effect of activating a single modal degree of
freedom at a time. This has been done for the first twelve
modal degrees of freedom at the beam-to-joint interface.
Explicitly we have for Mode 1: ϕJ = [1, 0, 0, · · · ]T, for
Mode 2: ϕJ = [0, 1, 0, 0, · · · ]T and so on for the remaining
ten modes illustrated. In fact, the twelve modal degrees of
freedom that are activated in Figure 9 corresponds to the
twelve interface modes shown in Figure 7 and 8.

3.3. Assessment
After the portal frame corner has been analysed by solv-

ing Equation (11) and according to the conditions given
in Figure 6, we draw the deformed shape in Figure 10. To
be observed is the ability to include the distortional defor-
mations of the beam element due to the advanced beam
element formulation. Furthermore, it is seen how the joint
configuration is able to transmit both torsional and distor-
tional deformation from the beam through the joint and
into the column.

The frame corner has also been analysed using the com-
mercial finite element program Abaqus [80]. Here, trian-
gular finite shell elements (S3 in Abaqus nomenclature)
with a maximum side length of 10 mm has been used to
discretise the entire model. A brief comparison is given
next.

The horizontal displacement at the upper left corner in
cross-section A has been compared to the finite element
model and a relative deviation of −2.89% is found. At the
same corner, Von Mises stresses are compared and shows
a relative deviation of −0.22 %. Furthermore, the entire
Von Mises stress distribution of both models are shown in
Figure 11. A close-up of the corner is shown in Figure 12.
The colours represent the surface stress at the mid-point
of each element(Note that the two colour scales are not
identical within the scale from 0 to 80MPa).

Figure 10: Full deformation pattern of the frame structure
(the deformation is scaled 30 times)

3.4. Displacement mode identification
The main idea of this methodology is to identify those

displacement modes that have an important influence on
the structure and to reduce the number of included modes
within the analysis. The joint element that connects the
beam and the column is assessed in order to identify which
modes that are activated at its interfaces. This assessment
is shown in Figure 13. In Figure 13a the deformation of
the joint element is drawn based on the present method-
ology. Furthermore, the deformations of the interfaces are
shown as well. For comparison Figure 13b shows the de-
formation of the corner from the Abaqus analysis. The
intensities of the modal degrees of freedom at the two in-
terfaces are determined directly as ϕsys when solving the
frame equation in Equation (11). These intensities are also
illustrated in Figure 13c and 13d. Besides the deformation
patterns, it should be observed that the activated interface
modes are limited to the first number of modes. The pri-
mary modes are 1, 2, 4, 7, and 8; and 1, 2, 4, 7 and 8 for
the beam-to-joint interface and the column-to-joint inter-
face, respectively. Common to these modes is that they
are either part of the polynomial modes or belong to the
distortional modes that have a long decay length. This il-
lustrates that a reduced set of modes related to the longer
length scales of the modes of the connected beam elements
may be chosen and that the influence of the modes hav-
ing a short length scale may be neglected. This is one
of the essential reasons for formulating this theory with a
mode-based interface approach. This has been tested at
the frame corner by performing an analysis including the
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Figure 11: Three-dimensional illustration of the Von Mises surface stress in the frame. a) Present method; b) Abaqus
model

first twenty modes at each interface only. If we then com-
pare the displacements and Von Mises stresses at the upper
left corner in cross-section A to the results obtained with
the same methodology but with all 150 interface modes
we get a relative deviation of −2.1% for the displacements
and 0.65 % for the stresses.

4. Discussion

The motivation for this paper originates in several stud-
ies reporting that savings can be obtained by applying
proper semi-rigid joint modelling. One of the popular
methods is the mechanical one, namely the Component
Method, which is adopted in the Eurocode 3 as well [1].
However, only global deformations are considered, and
the method is limited to the transmission of bending mo-
ments. Other approaches exist, however, these are limited
to the transmission of the seven generalised displacements
of Vlasov beams. As a consequence, no cross-sectional
distortion effects are taken into account at joints between
non-aligned members despite the increasing amount of ad-
vanced beam theories, such as GBT and cFSM. These
beam theories include this cross-sectional distortion ef-
fects, but the proper methodology to assemble these for

global frame analysis with a reduced distortional and lo-
cal mode space is lacking.

It is believed that the idea being presented in this paper
enriches the analysis of connected non-aligned thin-walled
beam members with a totally new mode-based interface
approach that gives an in-depth insight into the mechan-
ics of beam and joint behaviour. This new methodology
may be used for optimising the joint design or may lead
to better utilisation of materials within the entire frame
structure. The methodology is mainly based on the use
of beam-end displacement modes, formulated by standard
nodal displacement parameters. The beam element used
in this paper is based on an advanced beam theory devel-
oped by the authors [77, 78]. The formulation allows a
displacement-based mode decomposition. Concerning the
joint element, it is discretised by (shell) finite elements
and therefore able to adopt complex geometries, for exam-
ple including plate stiffeners. The technique presented has
some similarity with that reported by Wu & Mohareb [81]
and Sahraei & Mohareb [82], which models frame joints
using shell elements and the structural members by con-
ventional finite element beam elements. However, unlike
the work in [81, 82], the present study captures distortional
modes.

The beam and joint elements are transformed from a
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Figure 12: Three-dimensional illustration of the Von Mises surface stress in the frame corner. a) present method; b)
Abaqus model

standard degree of freedom space into a formulation gov-
erned by a few selected interface modes, which relates to
the cross-section interface between beam elements and a
joint. Hence, instead of having standard nodal degrees of
freedom, a set of beam-end cross-sectional displacement
fields are used as modal degrees of freedom. Such a mode
could, for example, be a rigid translation of the cross-
section or a distortional deformation (see Figure 7 and
8).

Due to the use of an advanced beam theory as well as a
detailed (shell) finite element discretisation of the joints,
frame analysis can include very sophisticated deformation
patterns. Comparing to the proposals based on Vlasov el-
ements together with more overall joint formulations, such
as the procedure presented by Shayan & Rasmussen [34],
shows that these approaches only include the warping ef-
fects and not the in-plane distortional effects.

Comparing this novel approach to full finite element
analysis using shell elements, the amount of degrees of free-
dom required is orders of magnitude less, which results in
much faster execution times for linear analysis with only
a minor risk of decreasing accuracy. Moreover, the illus-
trative example indicates a reasonable agreement of the
obtained displacements as well as Von Mises stresses when
comparing the present approach to a commercial finite el-
ement model.

The presented methodology is more general than the
approach given by Basaglia et al. within the framework of
GBT [69, 70]. Both methods are based on a mode-based
displacement formulation using advanced beam elements
that includes higher order effects. However, the GBT ap-
proach includes advanced beam elements, but the joint
element formulation supports only the seven generalised
displacements. Furthermore, in-depth prior knowledge of
the joint mechanics is needed to establish constraint equa-
tions to ensure compatibility if including higher order dis-
placement modes. In contrast, the joint element presented

here includes the mechanical properties as well as being
compatible at connected faces without prior assessment or
constraint equations. In fact, due to the general formu-
lation of the joint, it is believed that most displacement-
based beam theories can adopt the presented methodology.
The only requirement present is the need of a set of cross-
sectional displacement fields to be used for transforming
the standard degrees of freedom at the cross-section inter-
faces into the chosen mode-based interface governed degree
of freedom space. In this paper, the new methodology is
illustrated by a single example that highlights some of the
key aspects of this novel idea. The example clearly illus-
trates that only a limited number of interface modes are
activated. Therefore, a reduction of degrees of freedom
modes is a possibility (this, however, will vary depending
on the corner and frame geometry).

Despite that this simple example does not include any
connection components, such as bolts, it is known that
such components can be implemented as springs or other
elements as a part of the joint formulation. The stiffness
of such components could perhaps also be adopted from
the Component Method. Other possibilities and improve-
ments that can be considered is the introduction of a bi-
or multi-linear behaviour. In other words, the approach
could be extended to have a set of rigid plastic displace-
ment modes. This feature is essential because the regions
near a connection are highly exposed to plastic behaviour.
This type of response is often simplified in frame analysis
using spring stiffness’s [83, 84]. Furthermore, research is
needed to include both buckling and multi-linear elastic-
plastic analysis in this mode-based formulation.
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