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Abstract 

In this paper, high-order finite difference solutions of the exact potential-flow 

problem for nonlinear water waves are developed which treat both the free surface 

and the uneven sea bottom boundary conditions using an Immersed Boundary Method 

(IBM).  

The convergence, accuracy and stability of this approach is first established for the 

linear problem, using various orders of scheme and different grid discretization 

strategies. The nonlinear wave problem on a flat bottom is then considered, and the 

solutions are compared with the highly accurate stream function theory solution. The 

convergence performance of the numerical solution for this nonlinear wave problem 

is established. Finally, linear wave shoaling and nonlinear wave propagation over a 

submerged bar are also tested. A preconditioned iterative solution strategy is also 

developed and shown to provide optimal scaling of the solution effort with increasing 

number of unknowns.  

Compared to existing free surface tracking methods, the IBM retains the same level of 

accuracy and stability when solving the linear problem. For the nonlinear problem, the 

IBM behaves reasonably in terms of accuracy, but generally with slightly higher 

computational effort. When it comes to the wave-body interaction problem, it is 

expected that the IBM will be advantageous compared to the  -transform method, 

since it removes the necessity of constructing an artificial continuous free-surface 

inside the body. 
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1. Introduction 

Nonlinear water wave propagation, wave-wave and wave-structure interaction are 

critical issues for marine engineers and designers. The Navier-Stokes (N-S) equations 

give an accurate physical description of such problems, but it is still very demanding 

to compute a direct numerical solution, even for relatively small Reynolds numbers 

(          ). For larger Reynolds numbers of     to     , which are typical in 

maritime engineering, Reynolds-averaging and large-eddy simulation methods are 

applied in order to reduce the resolution requirements, but practical solutions are still 

quite time consuming. For these problems, where viscous effects are largely confined 

to very thin boundary layers, potential flow methods can provide an efficient 

alternative.  

A number of numerical methods have been developed for solving the Laplace 

equation (potential flow). The most widely used method in the maritime industry is 

the Boundary Element Method (BEM) based on Green's theorem. The biggest 

advantage of the BEM is the projection of the three-dimensional (3D) problem onto 

the boundary surface of the fluid volume, so that the meshing effort and total number 

of unknowns are reduced dramatically. However, the matrix to be solved by the 

traditional BEM is full, leading to a solution effort and memory requirement which 

both scale with      , where   is number of unknowns on the boundary surface. 

Sparsification techniques exist however, which can reduce the scaling to         , 

or even     . Grilli et al. [1] applied the pre-corrected fast Fourier transform method 

to the BEM, reducing the operational counts and memory requirement to         . 

Y.J. Liu & N. Nishimura [2] further reduced the needs to      by implementing the 

fast multipole method. The conventional BEM method can robustly provide 

second-order numerical accuracy, and third-order convergence has also been 

demonstrated, for example by Yan & Liu [3].  

A great many volume-discretization methods also exist including: finite difference 

methods, finite element methods, finite volume methods and spectral element 

methods. These methods can choose the order of accuracy flexibly, and are generally 

able to achieve high-order accuracy. Wu & Hu [4] is an example of a finite element 

method solution for fully non-linear wave-structure interaction. In their work, the grid 

was fullly re-meshed following the wave and body motion, while the information was 

transformed from the old grid to the new grid by interpolation. R. Cienfuegos et al. [5] 

developed a fourth‐order compact finite volume scheme for fully nonlinear and 

weakly dispersive Boussinesq‐type equations. Engsig-Karup et al. [6] presented a 

robust spectral element method for fully nonlinear water wave propagation, which 
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balances high accuracy with the use of an unstructured mesh that can be adapted to 

arbitrary geometry. 

The Harmonic Polynomial Cell (HPC) method is a relatively new discretization 

method, developed by Shao & Faltinsen [7]. The general idea is to discretize the fluid 

domain by overlapping cells, and interpolate the solution by a set of harmonic 

polynomials on each cell. These interpolating polynomials are elementary solutions to 

the Laplace equation, with the most convenient choice reaching 3
rd

 to 4
th

 order 

accuracy. To solve the moving body in an infinite fluid problem, Hansen et al. [8] 

applied the Immersed Boundary Method (IBM) to HPC and determined the accuracy 

of this approach by testing a fixed cylinder in an oscillatory flow. More recently, the 

same approach was also adapted to track the free surface by Hansen et al. [9] and 

furtherly developed into an Immersed Boundary Overlapping Grid (IBOG) strategy 

by Ma et al. [10]. 

Bingham & Zhang [11] and Engsig-Karup et al. [12] developed a nonlinear wave 

solver based on the high-order finite difference method and applied a  -transform in 

the vertical direction to obtain a time-constant computational domain. They also 

developed a multigrid preconditioned GMRES iterative solver that makes the solution 

competitive with BEM methods in terms of computational efficiency to achieve a 

given accuracy. Based on these works, Kontos et al. [13] proposed a simplified 

version of the Weighted Essentially Non-Oscillatory (WENO) finite difference 

scheme to solve the nonlinear wave propagation problem in a moving frame of 

reference that mimics a forward speed seakeeping problem. This work was also 

extended to 2D wave-structure interaction by Hicks [14] who introduced a weighted 

least-squares based IBM to capture the moving structure. The work presented in this 

paper is motivated by two observations related to the nonlinear wave-structure 

interaction solutions described above. First, the combination of an IBM for the 

body-boundary and a  -transform for the free-surface and bottom boundary, as 

adopted by [15], requires the construction of an artificial C
2
 continuous free-surface 

inside the body. While this can be done with some success in 2D, it is likely to be 

much more problematic in 3D. Secondly, the work of [8] shows quite promising 

results for the application of an IBM technique for all domain boundaries in the 

context of the HPC method. Thus, the goal of the present paper is to investigate the 

accuracy and efficiency of a finite difference method solution where all of the fluid 

domain boundaries are introduced using the IBM method. We establish the accuracy 

and convergence of the method for linear and nonlinear wave propagation on both 

constant- and variable-depth fluids, demonstrating that the accuracy is comparable to 

that achieved by the  -transform approach. A preconditioned GMRES iterative 

solution strategy is also developed and shown to give optimal scaling of the solution 

effort in 2D. The introduction of a floating body and extension to 3D is ongoing work 

and will be presented in follow-up papers.  
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This paper is organized as follows. Section 2 reviews the formulation of the potential 

flow problem. Section 3 introduces the numerical method, highlighting the layout of 

the immersed boundary grid around the free surface and a nonplanar seafloor. In 

section 4, the accuracy and stability of the solution for the linear problem is confirmed. 

In section 5, nonlinear wave propagating problems are solved and the results are 

compared with stream function solutions to investigate the convergence of the 

numerical scheme for nonlinear water-wave modelling. The corresponding 

computational effort based on the GMRES solver are also presented. In Section 6 and 

7, a linear shoaling wave test and a nonlinear submerged bar test are carried out, 

respectively, followed by conclusions in Section 8. 

 

2. Formulation 

As shown in Fig. 1, a Cartesian coordinate system is chosen with an origin  , a 

vertical and upwards z-axis and an x-y plane corresponding to the mean water level. 

In this paper only the two-dimensional (2D) problem is considered, thus the y axis 

will be ignored in the following. The still water depth is     , and the free surface 

position is given by          . Considering the irrotational flow of an 

incompressible inviscid fluid, a velocity potential          can be found throughout 

the fluid domain, and the partial derivatives of   with respect to the two space 

variables result in the corresponding velocity in each direction, [   ]           . 

The governing equation in the fluid domain is the Laplace equation (1b). With all 

known boundary conditions, the potential value throughout the fluid domain can be 

obtained by solving the governing equation. When the boundary value problem is 

solved in the time domain, the boundary conditions include the potential value on the 

free surface  ̃           and the kinematic bottom boundary condition, as written 

in equation (1a) and (1c) respectively. At the horizontal truncation boundaries, we 

will either apply Neumann or periodic conditions, depending on the specific case that 

we are going to solve.  

   ̃     (1a) 

                      (1b) 

                       (1c) 

The kinematic and dynamic boundary conditions that govern the free surface 

evolution can be expressed as: 

           ̃    ̃            (2a) 
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   ̃      
 

 
    ̃     ̃   ̃                (2b) 

where g is the gravitational acceleration, and  ̃           is the vertical velocity 

on the free surface. 

3. Numerical method 

The above boundary value problem is solved by a method of lines approach. The 

spatial derivatives in the partial differential equations are discretized first, leaving the 

time variable continuous. Specifically, the Laplace problem is first solved by a finite 

difference method and the potential   in the fluid domain is obtained. Then the spatial 

derivative terms in the two free surface equations can be calculated by interpolation 

of  , and the time integration is finally conducted by the classical explicit four-stage 

fourth-order Runge-Kutta scheme. A gentle 10th order Savizky-Golay type smoothing 

function [11] is applied to prevent instability in strongly nonlinear situations.  

3.1 Finite difference discretization 

We consider a 2D computational domain, as shown in Fig. 2, which is extended in the 

vertical direction to enclose the entire physical fluid domain and meet the needs of the 

immersed boundary method. The free surface boundary, the bottom boundary and two 

vertical truncation boundaries form the complete boundary of the fluid domain.  

The computational domain is discretized into a fixed background structured grid, with 

        points, where    and     are the number of points along the 

  and   axes respectively. The intersections between the free surface and vertical grid 

lines define the free surface points, which are shown as the blue crosses in Fig. 2. 

Following the same principle, a series of bottom points, marked by black crosses, can 

be found on the bottom boundary. The points in the fluid domain are defined as fluid 

points. All the remaining points are called dummy points. It is worth noting in Fig. 2 

that the free surface points usually lie somewhere between two adjacent grid points, 

while it is rare for them to fall exactly onto the background grid.  

The dummy points are not involved in any calculations, but in order to maintain a 

convenient solution logic for the time stepping process, these dummy points are kept 

in the system, and the potential values are simply set to zero. The potential values on 

each fluid point are the unknowns, and together with the potential values on dummy 

points, they can be collected into an     column vector  .  

The basic idea of the finite difference method is to develop N finite difference 

interpolation equations by means of Taylor series expansion and the inversion of a 

small linear system for all the   unknown values. The result is expressed by 

an     coefficient matrix   and an     vector   as follows: 
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To build an  -order finite difference scheme, an     point stencil is needed. Thus 

for the fluid points, the second-derivative operator in both the x and the z directions 

are built, each of which has a stencil size of    , and the Laplace operator is the 

sum. For the interior fluid points, centered schemes are preferred, while off-centered 

schemes are applied when the fluid points are near the boundaries.  

3.2 Detailed discussion of the boundary conditions  

Both Dirichlet-type and Neumann-type boundary conditions appear in the problem. 

For both of them, a robust ghost point method similar to that developed in [11] is 

implemented. The main idea is to add fictitious computational points outside the fluid 

domain. These points are called ghost points, and their values are found from the 

boundary conditions. This ensures that both the boundary conditions and the Laplace 

equation are satisfied at all boundary points.  

Considering the free surface Dirichlet condition Eq. (1a) first, one layer of ghost 

points is created from the dummy points just above the free surface, as indicated in 

Fig. 3 (a) by the red square points. Using a second-order scheme as an example, the 

three points located in the blue dotted box can be used to interpolate the value of the 

potential at the indicated free surface point which is also located in the blue dotted 

box and marked by the blue cross. Setting this interpolation equal to the known value 

then represents the equation imposed at this ghost point location.  

The free surface Neumann condition (1c) is more complex. The     value can be 

interpolated as described above, using the points in the blue dotted box shown in Fig. 

3(b). To interpolate      however, the 9-point, 2D stencil in the red dotted box is 

adopted.  

3.3 Detailed discussion of the immersed boundary method 

The ghost point method described in the previous section already refers to a boundary 

that is immersed in the background grid. This section will explain the details of how 

the interpolation equations for the fluid points near the boundary are developed. 

Without loss of generality, the free surface boundary is selected as the study object in 

this section.  

Fig. 4 shows a local grid map near the free surface. The red and blue dotted boxes 

represent the second order interpolation stencils for      and      at the central 

fluid point respectively.  

However, if a higher-order scheme was used, there would not be enough points in the 

horizontal direction to build the stencil without involving dummy points, when the 

wave is steep or the resolution is too coarse. To address this problem, auxiliary points 
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are introduced as needed. Fig. 5 shows fourth-order interpolation stencils for      

and      at the same fluid point as above. The green points are the auxiliary points 

and are forced to satisfy the Laplace equation. 

By assigning the Laplace equation to the auxiliary points, the fluid is de facto 

extended into the air. To ensure that all fluid points have viable neighbors included in 

their original centered stencils, all dummy points which appear in these stencils are 

converted to auxiliary points. New, possibly off-centered stencils are then created for 

the auxiliary points themselves. In the program, the central difference stencils of the 

horizontal derivatives at each fluid point are first assembled, then the intersection 

between those stencils’ points and the dummy points are identified and converted to 

auxiliary points.  

Considering again the situation shown in Fig. 5, we have found that the solution can 

be improved if the ghost point under the auxiliary points exchanges roles with the top 

auxiliary point in the same column. This strategy leads to a more continuous 

extension of the potential solution into the air.  

It is noticeable that all these point indexes can be changed with time stepping. A fluid 

point at the current time step can become a ghost point, an auxiliary, or a dummy 

point in the next step. The consequences of this will be discussed in the following 

sections. 

3.4 Grid stretching strategy  

The resolution in the vertical direction can be enhanced around the immersed 

boundary area, which can improve the accuracy without sacrificing efficiency. 

Considering the cases that will be tested in this paper, the bottom boundary has less 

impact on accuracy than the free surface. Thus the stretching strategy in this paper 

only refines the grid near the free surface. Fig. 6 shows an example of a uniform grid 

and a stretched grid. 

3.5 Iterative solution of the linear system 

The coefficient matrix A is a sparse matrix with a main diagonal bandwidth of about 

   . The number of nonzero elements in A depends on the number of dummy points 

in the computational domain, but it will not exceed a maximum of    . The robust 

Generalized Minimal Residual (GMRES) method is employed here to solve this linear 

system.  

Furthermore, the linear system should be first preconditioned on the left to minimize 

the required number of iterations. Learning from the experience of the   transform 

method, a linearized second-order version of A is used as the basis of the 

preconditioning matrix APre. But compared to the   transform method, the 

immersed boundary method requires the modification on the basis at every time step 
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due to the changing point distribution in the field. Namely, every time the system is to 

be solved, the dummy point information should be first erased from the basis by 

setting the main diagonal element to one and all the rest of the elements in the same 

row and column to zero. The free surface ghost points in matrix A are initially fluid 

points and satisfy the Laplace equation in the basis, but experience shows that they 

should instead be treated as dummy points in matrix APre in order to improve the 

efficiency of GMRES. By using dots to represent the nonzero elements, Fig. 7 shows 

the structures of the APre basis, the corresponding APre and the second order scheme 

A matrix for a small     periodic wave problem. For a second order scheme, the 

difference between APre and A only involves the free surface ghost points. There are 

unit coefficients in the APre, but in A matrix there are interpolation coefficients for 

imposing the free surface Dirichlet condition.  

Since the current study is limited to 2D problems, the solution of the preconditioning 

step is conducted using a direct sparse-matrix solver in Matlab. For a 3-dimensional 

problem, one should consider improving this process by implementing a multigrid 

strategy. This topic will be discussed in a follow-up paper. 

4. Linear accuracy and stability 

First, the linearized version of the problem is solved to verify our approach and 

quantify its performance. The main goal here is to confirm that the immersed 

boundary scheme retains the same accuracy, convergence and stability properties as 

the  -transform scheme adopted in [11]. 

The linearized boundary value problem in a fluid domain with a flat bottom is 

expressed as: 

   ̃     (3a) 

                     (3b) 

               (3c) 

    ̃      (3d) 

   ̃       (3e) 

where  ̃           and  ̃          . 

The analytical solution for a traveling wave is given by: 

    {
 

 
         } (4a) 
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    , 
  

 

 

 

    [      ]

        
         - (4b) 

where   is the wave height, the wavelength       , the wave period       , 

and   and k are the wave frequency and wave number respectively. See for example 

[16] for a review of linear wave theory.   

4.1 Convergence 

The accuracy of the implemented Laplace equation solver is evaluated by comparing 

the numerical solution of  ̃ with the exact solution  ̃            ̃.  

More specifically, a relatively coarse resolution grid is first employed to solve the 

Laplace equation (3b) and get the   solution in the fluid domain for a given time 

instant. Then  ̃ at each free surface point can be interpolated from  . Finally the 

largest relative error (| ̃   ̃ |  ̃  ) along a whole wave length can be found to 

represent the accuracy level of this  ̃ solution. After that, the resolution of the grid is 

increased and the exercise is repeated.  

Fig. 8 shows the results of a case with wavelength    , water depth       

and      . The total length of the computational domain      , i.e. one 

wavelength. The total height of the computational domain       , ensuring that the 

free surface and free surface ghost points can be contained in the domain while their 

exact positions are not predetermined. The plots have the same structure as Fig. 2 of 

[11], to allow for a direct comparison with the corresponding results from the   

transform method. Each plot in this figure shows the convergence curves for an 

r-point, (r-1)-order scheme, with increasing vertical resolution     while the 

different lines show increasing values of horizontal resolution   . It is notable that 

the    here is not the total number of vertical points, but excludes the dummy points. 

Using the least squares method, an approximate value for the asymptotic slope of the 

finest resolution is also shown in each plot, and all of them satisfy the expected 

convergence rate.  

Firstly, it can be seen that large oscillations appear in all the convergence curves for 

uniform grids. The changing position of the mean water level in the background grid 

gives rise to the change of interpolation stencils that relate to the free surface 

equations. Take the second order scheme case (   ) for instance, where there are 

only three points in the interpolation stencil for  ̃. The location of the free surface 

between the three points will lead to different factors in the truncation error as the 

point moves from very close to the middle point (a centered stencil) out to very close 

to the top point where it becomes fully one-sided. Therefore, the first plot shows the 

strongest oscillations, while they gradually reduce for the higher order schemes, since 

the relative change in the truncation errors due to this effect reduces with the order of 
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the scheme. For most of the curves, the frequency of oscillation increases with 

increasing   . Since the vertical grid spacing becomes smaller at high resolution, the 

relative change of position of the free surface within the enclosing horizontal grid 

lines becomes larger. The stretched grids generally show much smaller oscillations 

compared to the uniform grids. 

In terms of the magnitude of the errors, another notable point is that the upper bound 

of the error oscillation for the even grid gives a similar solution to the corresponding 

stretched grid solution, but the lower points actually can produce some more accurate 

solutions than the stretched grid. Compared with the   transform method [11], the 

IBM generally shows a same level of accuracy, while in some situations the IBM can 

be more accurate.  

To further study the accuracy of the linear problem, the dispersion errors as a function 

of relative water depth    are also studied. The dispersion relation of a linear wave 

can be written as: 

 ̃

  ̃
                                                                                                                                                                (5) 

The dispersion error is measured by the accuracy of the left hand side. In order to 

change the value of   , only the value of   is changed, while the wave number is 

kept constant at one. The results are shown in Fig. 9.  

For each plot, the order of the scheme, the grid discretization strategy and the number 

of horizontal points per wavelength    are fixed. Each curve represents the 

dispersion errors under one vertical resolution. Several different    values are 

plotted to demonstrate the influence of mesh resolution in the vertical direction. Each 

point represents the maximum relative error along the free surface in each case. The 

length of the computation domain is set to be one wavelength, and the height is set 

such that the linearized free surface is located exactly in the middle between the top 

two horizontal grid lines. Thus, there is no oscillation phenomenon in this case. 

The two plots on the top show the dispersion errors using 2nd order schemes on a 

uniform and a vertically stretched grid respectively, both using 75 grid points in the 

horizontal direction. The grid stretching strategy is the same as that used in the 

previous study, with a hyperbolic tangent stretching function around the free surface. 

It can be seen that the dispersion errors decrease with mesh refinement, but increase 

with increasing relative water depth. The first plot shows that the dispersion error on a 

uniform grid can barely be held within 10^(-3) for short waves (kh>30) using a quite 

high resolution (Nz=150), while the second plot shows the resolution requirement to 

reach same level of accuracy is only about half (Nz=75) after stretching the grid.  

Similarly, the lower two plots show the results based on 4th and 6th order schemes on 

stretched grids respectively. These two plots show that the dispersion errors have the 
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same trend, but compared with the second order results it is clear that applying high 

order schemes can significantly improve the accuracy. For relatively low resolution 

(          ), the error of the 6th order scheme still remains below      in the 

short wave situation. 

These results will be considered in the following nonlinear propagating wave 

simulations, where a similar level of accuracy should first be expected under similar 

vertical resolution and relative water depth. 

4.2 Stability 

Since a method of lines approach is applied, linear stability can be quantified by 

investigating the semi-discrete form of the time stepping equations: 

 

  
[
 ̌

 ̌
]  [

    
   

] [
 ̌

 ̌
] (6) 

where  ̌ and  ̌ are the Fourier amplitudes of   and  ̃. Here     is an       

matrix which satisfies  ̃       ̃ and can be constructed from the system matrix   

and a free surface vertical velocity interpolation matrix   , as shown for example by 

[11]. The eigenvalues   of the above       block matrix, where        , can 

be calculated under different orders of finite difference schemes. To ensure stability, 

the maximum magnitude of the eigenvalue of the above block matrix, | |     

multiplied by the time step size,  | |         must be within the stability region of 

the specific time-stepping scheme. For the explicit fourth-order Runge-Kutta method 

used in our case, | |          .  

The Nyquist wave number is               , and the Nyquist wave 

frequency is    √             √   . Fig. 10 plots | |       for a 2nd 

order scheme. Here the computational domain remains the same as in the previous 

section, with fixed      , while    varies. The water depth is constant, but the 

location of the free surface within the grid lines is not predetermined. The horizontal 

length of the computational domain increases giving rise to a change in the Nyquist 

wave number   . Notably, there is no oscillation since the water depth and    are 

both fixed for each curve. 

It can be seen from the plots that each curve starts from zero when the water depth is 

small, then goes up with     and reaches the maximum value just below 1.0, 

remaining at a constant for a while and reducing again as the water depth increases 

further until | |       drops back to the zero. The change of    only causes some 

offsets in the deeper water depth region, while the eigenvalue starts decreasing earlier 

when there are fewer grid points in the vertical direction. The overall trend of the 
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eigenvalues is very similar to that which was found for the   transform method in 

Sec. 4.2 of [11].   

Fig. 11 plots the | |       for different orders of scheme. Here the vertical grid 

number      , and all the results are normalized by the Nyquist frequency. It can 

be seen that the eigenvalue curves are in accordance with Fig. 10, while the 

eigenvalue increases with the order of the scheme. Compared with the   transform 

method [11], the IBM using fourth and sixth order finite difference schemes generally 

produces larger eigenvalues at all the relative water depths, thus posing a more stricter 

on the time step size. However, since practical calculations are always limited by 

accuracy rather than stability requirements, this difference is not of practical 

significance. Given the similarity shown here between the linear accuracy and 

stability behavior of the current method and the sigma-transform method of [11], we 

conclude that adopting a hyperbolic Courant number    
   

  
, where   is the phase 

speed of the wave, of between 0.5 and 1 will generally give the expected overall 

accuracy.  

In practice, we can use the accuracy analysis presented above to choose our grid 

resolution as follows. Considering the shortest linear wave component that we would 

like to resolve, and a desired accuracy level, we consult Fig. 8 to choose a horizontal 

grid spacing. Then by consulting Fig. 9, using the largest corresponding    value for 

this wave, we choose the required resolution in the vertical.  

5. Nonlinear accuracy and efficiency 

The stream function theory method of [17] is applied to provide initial conditions and 

comparison benchmarks for the following nonlinear study. Given a wave height  , 

wave length  , water depth   and a mean Eulerian velocity   , a stream function 

solution can produce the wave elevation   and velocity potential   function for a 

specific wave. It should be noted that the determination of wave height   is related to 

wave length   and water depth                          , by considering the 

wave breaking limitation given by [18]. And    is set to zero in order to implement 

the periodic conditions on the two vertical boundaries.  

To cover as much as possible the range of interest, the conditions in Table 1 are 

chosen for testing. Three different relative water depths    are chosen, representing 

shallow, intermediate and deep water respectively. For each water depth, both 10% 

and 90% of maximum steepness cases are considered.  

Using the same error evaluation method as in the linear convergence study, Fig. 12 

shows the nonlinear convergence curves on a uniform grid for both the IBM and the 

 -transform methods. Specifically, we specify the exact  ̃ on the exact free surface 
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computed from stream function theory, and solve for the corresponding vertical 

velocity  ̃. The error is then found by comparing to the exact value from stream 

function theory. For this plot,    is fixed while    is changing for each curve. The 

two methods can generally achieve the expected order of convergence before leveling 

off at an accuracy limit. For the 10% steepness waves, the IBM shows nearly the 

same level of accuracy as the  -transform method, except in deep water where some 

oscillations occur in the IBM curves. For the 90% steepness waves, the IBM basically 

performs better than the  -transform method, especially in the shallow water cases. 

This may be explained by the fact that the IBM applies slightly more centered 

interpolation stencils for the free surface vertical velocity than are applied by the 

σ-transform method. 

Next, we introduce the time stepping. The four schemes shown in Table 2 are 

considered for each wave condition. In order to reduce time-stepping errors and focus 

mainly on the spatial errors, the Courant number is chosen to be Cr=0.35. To prevent 

instability for the extremely nonlinear case, a 10th order Savizky-Golay low-pass 

filter is applied to both the wave elevation and the velocity potential on the free 

surface at each time step. For each test case, the accuracy of our solution is evaluated 

by computing the relative error per wave length as: 

      
‖     ‖ 

 ‖  ‖ 
           ‖ ‖  (∑| | )

   

 (7) 

Where    is the vertical velocity on the free surface after the case has been run for 3 

periods, and    is the corresponding solution calculated by the stream function 

method. The results are shown in Fig. 13, in which the right column shows the 

strongly nonlinear situation and the left column shows the weakly nonlinear situation. 

The four points in each curve represent the four grid resolutions:  

        [                                ].  

Firstly, it can be seen from the left column that the relative error of a weakly 

nonlinear wave can reach a similar level to that achieved in the linear case, while the 

strongly nonlinear waves show a much larger accuracy loss of around two orders of 

magnitude. Nevertheless, the basic tendency in those plots are consistent with linear 

cases, and the higher order schemes are always more accurate than 2nd order schemes. 

Considering the effectiveness of the grid stretching strategy, only for intermediate and 

deep water waves the stretched grid show better accuracy than the even grid under 

high resolution. While for shallow water wave or low resolution situations the 

stretched grid fails to show much advantage. 

From the perspective of energy conservation, Fig. 14 shows the evolution of the 

relative error in the numerical solution over ten wave periods. The total wave energy 

is calculated from [11], 
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∫ ( ̃      )   
  

 (8) 

where    is the still water free plane, and the two integrand terms represent the 

kinematic and potential energy respectively. The test water depth is set to     , the 

numerical resolution is set to         , the Courant number is 0.35 and a 

vertically stretched grid is used. The two plots in Fig. 14 show the error results for 

small and large wave steepness respectively, each plot contains three error curves that 

represent the results of three different order of schemes. Considering the small 

steepness plot, the three error curves both increase quickly in the first five periods, 

then the error growth slows down and eventually reaches a level around     . 

Although the second order scheme shows more oscillation than the other two schemes, 

the order of scheme seems to have no decisive contribution to the energy conservation 

accuracy in the weakly nonlinear situation. However, the advantage of the high order 

scheme becomes visible in the large steepness case, especially during the first five 

periods. Besides that, in the large steepness situation the oscillation becomes stronger, 

and the error value itself becomes larger, eventually reaching nearly     . 

As the nonlinear wave height increases, solving the problem becomes more 

time-consuming. Fig. 15 shows the iteration requirements for the 90% steepness wave, 

using the same schemes shown in Table 2. The relative residual tolerance for GMRES 

is set to be     , and the initial guess is a linear extrapolation from the previous two 

Runge-Kutta stages. It can be seen that the iteration counts are generally below 15 for 

all the second and fourth order schemes, and between 20 and 30 steps for the sixth 

order scheme. Solving the shallow water wave looks slightly more expensive than 

solving a deep water wave, especially in the high resolution sixth order scheme case. 

Nevertheless, for all the schemes the iteration count is essentially constant with 

resolution, which guaranties an optimal scaling of the solution effort. 

6. Sample application to shoaling waves 

The immersed boundary method implemented above has been validated for waves on 

a constant depth, but not yet for the effects of a non-uniform depth. To solve such 

problems, an    -point, 2D stencil around each bottom ghost point is assembled to 

interpolate the horizontal derivative of    on the bottom boundary, using the 

numerical method described in Section 3.2. 

The problem of a linear wave shoaling up a beach is considered, where the 

bathymetry is defined as: 
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        ,   
     

 
*      (

   (
  

 
)

  (
  

 
)
 )+- ,   

 

 
   

 

 
 (8) 

where    is the mean water height in the computational domain,    and    are the 

bottom height at the two horizontal ends of computational domain respectively, and 

  is the total horizontal length of the domain. With       ,     ,         and 

      a slowly changing bottom boundary with a mean slope of         can be 

defined.  

A linear wave with      and           is generated at the left vertical 

boundary of computational domain, using a relaxation zone method where at each 

stage of the time-integration, the surface elevation and potential are redefined by:  

                    [       ]       (9a) 

 ̃            ̃       [       ] ̃      (9b) 

where the relaxation coefficient function    is defined as: 

      
      

      

        
           (10) 

Here    is the local coordinate within the relaxation zone, after scaling the real 

length into a unit length and setting      at the start position of the wave 

generating zone. The length of the relaxation zone is two wavelengths.  

For absorption, artificial damping terms are added to the two free surface boundary 

equations, using the method proposed by Clamond et al [19]  

         ̃    ̃             (11a) 

   ̃      
 

 
(  ̃    ̃    ̃          )          ̃ . (11b) 

Here the operator     is the inverse of the horizontal derivative operator coefficient 

matrix and the damping coefficient   is defined as: 

       
      

    

        
            (12) 

where    is the local coordinate within the damping zone, and   is the inlet wave 

frequency. The length of the absorption zone is also set to two wavelengths. 

After the wave achieves a steady state, the wave elevation time series at each 

horizontal position is recorded for 4 periods. By least-squares fitting to a sinusoid at 

the incident wave frequency, a harmonic analysis is performed over the wave 
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elevation time series at each horizontal discrete point     to determine the local wave 

amplitude. Fig. 16 compares the numerical results with the analytical solution (13), 

see for example [16]. In the plot, the curves represent the ratio of local amplitude to 

the incident wave amplitude during the shoaling process, which is given by 

    

  
 (

    (  
     

           
*

  (  
         

               
*
)

 
 

 (13) 

In all these calculations, the mesh in the vertical direction is stretched and the 

resolution is set to      . The Courant number based on the deep water resolution 

is set to       . The    in the legend represent the number of points in horizontal 

direction per wave length. 

For all numerical solutions, the accuracy is high at the deep water end, while 

differences appear in the shallow water zone. Comparing the three fourth order results, 

the solutions clearly converge to the analytical one when the resolution is refined. By 

comparing the three results where      , the accuracy is also improved by using 

higher order schemes. Also, by comparing the second order       curve with the 

fourth order       curve, or by comparing the fourth order       curve with 

the sixth order       curve, the results also indicate that the benefit from higher 

order schemes is more significant than resolution refinement in terms of accuracy. 

7. Harmonic generation over a submerged bar 

Finally a nonlinear wave propagation test over a submerged bar is conducted to 

validate the present numerical scheme for solving general nonlinear water wave 

propagation problems. The same wave generation and absorption methods are utilized 

as in the previous shoaling wave case. The nonlinear incident wave is calculated using 

stream function theory. 

The experimental data from
 
[20] is adopted for a comparison. In that experiment, the 

mean water level is 0.4m, the incident monochromatic nonlinear wave has a 0.02m 

wave height and wave period of 2.02s. The submerged bar is 0.3m high, the flat top of 

the bar is 2m long, the up-slope is 0.05 and the down-slope is 0.1. The bar starts at the 

6m position after wave generating zone and there is an 8m long flat bottom after the 

bar. Details of the experiment can be found in [21]. The numerical computational 

domain follows the experimental bathymetry but adds a wave generating zone and 

wave absorption zone at the both ends of the domain, both of them are 2 wavelengths 

long. The top plot in Fig. 17 shows the bottom layout and a snapshot of the steady 

state surface elevation. 
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The horizontal grid points number       , the vertical grid points number 

     , the Courant number Cr=0.35 at the deep water zone. The grid is clustered 

around the free surface. A 10th order Savitzky-Golay smoothing filter is applied at 

each time step to keep the wave propagation stable. A harmonic analysis is performed 

by making a least-squares fit as described above, except here we include the first five 

multiples of the primary harmonic frequency.  

The lower plot of Fig. 17 shows the harmonic analysis results, the curves represent the 

ratio of local amplitude to the incident wave amplitude. Time series of the elevations 

at four horizontal positions are shown in Fig. 18. The figures show that the wave 

steepness first increases dramatically as it shoals up the bar, at the same time the 

higher order harmonics start to accumulate while the first order wave starts decline 

after it reaches the top of bar. Then the wave continues propagating through the 

down-slope and back to the flat bottom, where higher harmonics are released and an 

irregular wave pattern after the bar is formed. The bottom plot of Fig. 17 shows that 

the numerical curves generally seem consistent with the experimental data in both 

amplitude and phase. The largest errors occur in the first and second order results 

however, which are most obvious from the highest point of the bar and during the 

downhill process. Fig. 18 gives supplementary information in the time domain, so the 

accuracy of the computation is further confirmed. But the lower two plots also display 

a little unexpected high frequency components, and the two positions are all around 

the top of the submerged bar. Nevertheless, the plots in both frequency and time 

domain indicate a good agreement between numerical and measured results. 

Conclusion 

The accuracy and stability of a finite difference based solution to the exact 

potential-flow problem for nonlinear waves with an IBM treatment of both the free 

surface and bottom boundaries has been established in 2D. The IBM is found to be of 

comparable accuracy and stability to the more commonly used σ-transform method. 

In the next step, the IBM approach is expected to be more easily extended to 

wave-structure interaction problems, since the IBM removes the need to construct an 

artificial C
2 

continuous free-surface inside the body. Preliminary results have also 

been presented towards an optimal iterative solution strategy for this method, and this 

is a topic of further study. 
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TABLES 

Table 1 Initial wave conditions used for nonlinear wave tests 

   0.5 2 2  
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wave height (10% of breaking limit) 0.0059 0.011 0.0135 

wave height (90% of breaking limit) 0.0525 0.1206 0.1273 

 

Table 2 The finite difference scheme for nonlinear wave tests 

r Order of accuracy Vertical grid 

3 2 even 

3 2 stretched 

5 4 stretched 

7 6 stretched 

 

 

A
cc

ep
te

d 
A

rti
cl

e

This article is protected by copyright. All rights reserved.



 

Fig. 1 Coordinate system and boundary diagram 
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Fig. 2 Finite difference discretization 
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Fig. 3 Implementation of the ghost point method 
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Fig. 4 Finite difference grid near free surface 
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Fig. 5 Finite difference grid near free surface 
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Fig. 6. Uniform grid and stretched grid 
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Fig. 7 Matrix structure of the preconditioner and the A matrix 
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Fig. 8. Convergence of the linear vertical velocity on the free surface at kh=4 
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Fig. 9 Dispersion errors with relative water depth for different resolutions and schemes. 
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Fig. 10 Maximum stability eigenvalue vs. the relative Nyquist depth under different vertical grid refinements. 
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Fig. 11 Maximum stability eigenvalues vs. relative Nyquist depth for different FD schemes. 
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Fig. 12. Convergence of the nonlinear vertical velocity on the free surface compared to the σ-transform 
method. 
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Fig. 13. Nonlinear errors for the six test cases listed in Table 2 
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Fig. 14. Nonlinear errors for wave energy conservation. 
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Fig. 15 Average iteration counts for the 90% steepness wave. 
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Fig. 16. Harmonic analysis of a linear shoaling wave. 
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Fig. 17 Top) submerged bar geometry layout and a snapshot of the wave surface. Bottom) harmonic 
analysis of the wave elevation time series. 
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Fig. 18 Time series of wave elevations over the bar. Solid lines – Calculations; Circles – Measurement. 
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