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Abstract The design of components for inertial mi-

crofluidic focusing and separation is primarily designed

from basic geometric primitives. This paper presents a

topology optimization methodology to the design syn-

thesis of microfluidic particle manipulators. The flow is

modeled by the Navier-Stokes equations in an Eulerian

frame while the particle transport is modeled as a La-

grangian particle model. The model assumes that the

particles are small and the suspension is dilute such that

both the particle influence on the fluid motion and colli-

sions between particles can be neglected. Two manipu-

lator design problems are studied - one that makes par-

ticles follow a predefined trajectory, and another where

particles are focused at the outlet utilizing the inertia

of the particles. The latter is extracted and post ana-

lyzed using a commercial software COMSOL verifying
the method’s ability to synthesize inertial microfluidic

components.

Keywords Particle transport · microfluidics · Topol-

ogy Optimization · Particle tracking

1 Introduction

Particle control and the ability to focus or sort particles

in microfluidic components is very useful in lab-on-a-

chip size detectors and manipulators, portable point-of-

care diagnostic devices and in micro-total-analysis sys-

tems (µTAS). These devices may be applied in biomed-

ical research for the improved detection and analysis
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of cells, e.g. circulating tumor cells (Myung and Hong

2015).

Inertial microfluidics where convective forces are present

can be used for passive separation processes. Curved

micro channels can be designed such that particles of

a certain size and mass density are focused at a de-

sired lateral position in a micro channel c.f. (Di Carlo

et al. 2007; Özbey et al. 2016). This ease the detec-

tion of the desired species, alternatively they can be

removed from the fluid for further investigations or pu-

rification of the fluid. The channels are geometrically

simple, however, with modern lithographic production

facilities it is possible to realize channel geometries that

go beyond curved micro channels (Gale et al. 2018).

This paper presents a methodology to apply topol-

ogy optimization to the design of microfluidic devices

optimized for individual particle control. This is done

by coupling an Eulerian fluid flow solution to a La-

grangian particle tracking method. This enables the de-

signer to optimize a component in which a particle, for

instance, follows a specific predefined trajectory which

may differ from the streamlines of the flow i.e. the par-

ticle is modeled as a finite sized particle with a mass

density which may be different from that of the fluid.

In this case, it is possible to utilize the inertia effects to

make the particle trajectory migrate over the stream-

lines of the flow. A component design with this ability

would over time, produce a stratified flow with locally

high / low concentrations of particles. This can be use-

ful in sensor equipment or in a separation process.

The material distribution method for topology op-

timization was first presented by Bendsøe and Kikuchi

(1988) and was introduced in fluid flow optimization by

Borrvall and Petersson (2003), optimizing components

subjected to steady state Stokes flow. Gersborg-Hansen

et al. (2005) extended the methodology to cover laminar

Accepted manuscript: Published manuscript available: http://link.springer.com/article/10.1007/s00158-019-02483-5

http://link.springer.com/article/10.1007/s00158-019-02483-5


2 Casper Schousboe Andreasen

steady state Navier-Stokes flows. The methodology has

later been extended to cover, among other, transient

flows (Kreissl et al. 2011; Deng et al. 2011) and turbu-

lent flows (Dilgen et al. 2018a). The modeling of the

solid is in the aforementioned references done by using

a Brinkman transition flow / lubrication theory based

approach, which is also employed in the present work.

However, other methods have been presented such as

Darcy-Stokes interpolation(Guest and Prévost 2006),

stabilized Lagrange multiplier approaches(XFEM) (Kreissl

and Maute 2012) and adaptive no-slip conditions (Behrou

et al. 2019).

In terms of microfluidics, multiple different appli-

cations have been presented such as designed flexible

micro-fluidic devices e.g. manipulative manifolds(Kreissl

et al. 2010), microfluidic rectifiers i.e. Tesla micro valves

(Deng et al. 2010) and inertia driven dosing units (An-

dreasen 2017).

Coupled fluid flow and transport problems have been

topology optimized in terms of catalytic reactions (Okkels

and Bruus 2007) and microfluidic mixing (Andreasen

et al. 2009), not to mention the many extensions within

convective heat transfer including forced convection e.g.

(Yoon 2010; Marck et al. 2013; Dilgen et al. 2018b) and

natural convection (Alexandersen et al. 2014, 2016) us-

ing the fully coupled Navier-Stokes model.

Topology optimization for mixtures have so-far been

focusing on mixing species using Eulerian models of the

Navier-Stokes-Brinkman equations with an imposed con-

centration field. The limitation of the convection-diffusion

model used in e.g. Andreasen et al. (2009) is the diffi-

culty in modeling mixtures with very low diffusion. A

feasible approach for the non-diffusion case have been
shown in (Guo et al. 2018) where a Lagrangian mapping

technique have been applied for the design optimization

of a micro mixer.

The problem of optimizing the design of particle

control and separation devices have so far not reached

a lot of attention. However, Hyun et al. (2017) shows

topology optimization of separation devices using the

principle of deterministic lateral displacement, in which

an array of offset primitives generates a solid grid that

induce secondary velocities that eventually make the

particles migrate to one side. Since the optimization

objective is based on the velocity field, no transported

matter is directly modeled.

There are several methods applicable for the model-

ing of suspended particles. If the concentration is high

and many particles of small size are suspended a mix-

ture model might be a good choice. The concentration

would then be modeled as a field described by a single

variable and the properties of the mixture would re-

sult in the simulation of a fluid mixture with spatially

Γin Γout

Γnoslip

Γnoslip

Ω

Fig. 1 Sketch for fluid domain. Red boundary denotes in-
let, Γin with a prescribed velocity profile. Dashed black line
denotes outlet Γout with prescribed zero pressure while blue
line denotes no-slip wall, Γnoslip.

varying properties i.e. effective parameters which would

model the flow of the mixture as a whole(Manninen

et al. 1996; Lalli et al. 2005). Such a model is fully

coupled as the concentration affects the effective prop-

erties while the concentration field is advected by the

mixture. This is somewhat similar to the case of natural

convection problems in convective heat transfer. Such

a model may be classified as a macroscopic model as

effective parameters are used.

As an alternative, the particles might be modeled

individually i.e. using a Lagrangian particle transport

model. Here a Lagrangian description of the particle

trajectory is used (conservation of momentum) and the

interaction with the fluid is included in the equations of

motion. The work by Maxey and Riley (1983) presents

a set of equations for the accurate modeling of such

particle trajectories. As for the mixture model, a La-

grangian model can also be integrated with the fluid

flow model, to act as a fully coupled model, introduc-

ing the reaction forces from the particle to the fluid flow

model.

In this paper, we use a very simplified model assum-

ing that the particles are small and the concentration

is very low such that the flow can be modeled undis-
turbed by the particles. Furthermore, due to the very

dilute suspension, the particles are assumed not to in-

teract with each other. The drag from the fluid on the

particles is also restricted to the simplest possible drag

law, Stokes drag on a sphere. The rotary motion and

the possible lift associated to this have also been left

out of the study, but are possible future extensions.

The paper is structured such that the flow and par-

ticle model is introduced in Section 2 while the numeri-

cal model used is introduced in Section 3. The topology

optimization framework and problem definition is pre-

sented in Section 4. Numerical results are presented and

discussed in Section 5 and finally the paper is concluded

in Section 6.

2 Model

The fluid flow is assumed to be a low speed steady

state incompressible flow which can be modeled by the
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Navier-Stokes-Brinkman equations

−∇ · σ + ρ(u · ∇)u + α(ξ)u = 0 in Ω (1)

∇ · u = 0 in Ω (2)

with the stress tensor being defined as

σ = µ(∇u + (∇u)T)− Ip (3)

where u is the velocity vector, p the pressure, ρ the

mass density of the fluid and µ the absolute viscosity.

The term α(ξ)u is a Brinkman term used to penal-

ize fluid flow locally depending on the spatially varying

field ξ, which will be determined by the optimization al-

gorithm. Figure 1 shows the generic fluid problem with

computational domain Ω and boundary Γ = ∂Ω =

Γin ∪ Γout ∪ Γnoslip on which the following boundary

conditions apply:

u = 0 on Γnoslip

u = u0 on Γin

p = 0 on Γout

t = σ · n = 0 on all Γ

where u0 is a predefined velocity vector and t is the

traction. The dynamic similarity of flow problems are

often characterized by the Reynolds number which for

channel flow problems is defined as

Re =
ρHU

µ

where H is the channel height and the mean flow speed

U is given as

U =

∫
Γin

u · n dΓ

|Γin|

with |Γin| =
∫
Γin

1 dΓ being the length of the inlet.

2.1 Particle transport

The motion of each particle, which is being transported

by the fluid, can be modeled by the integration of the

equations describing linear and angular momentum con-

servation. However, in order to simplify the modeling, it

is assumed that the particles due to their relative small

size is not influenced by any rotation around their own

axis. Therefore, only the linear momentum conservation

is considered here:

ẍpmp − Fd(u(xp)− ẋp) = f (4)

where ẍp, ẋp,xp are the particle acceleration, veloc-

ity and position, respectively. The spherical particle

Fig. 2 Drag coefficient vs particle related Reynolds number
using Stokes’ drag law, the Oseen correction and a curve fit
to experimental data(White 1991)

with diameter dp and mass-density ρp has the mass

mp = ρp
π
6 d

3
p and Fd is the vector drag force function

which is dependent on the particle and fluid velocity,

more specifically the difference between the two. The

right hand side f may include other forces acting on

the particle for example centrifugal, Coriolis, wall in-

duced lift or inter-particle contact. This is discussed in

the next section.

In this work Stokes’ drag law is utilized to keep the

modeling simple. For a sphere this yield

Fd(∆u) = 3πµdp∆u (5)

where ∆u is the relative velocity between particle and

fluid. Stokes’ drag law is valid for very low particle re-

lated Reynolds numbers, i.e.

Rep =
ρdp‖∆u‖2

µ
(6)

being strictly valid for Rep << 1 but predicts well ex-

perimentally until Rep ≈ 1. The drag coefficient can

be computed as CD = 2F/ρ(∆u)2 resulting in CD =

24/Rep for Stokes’ flow. For higher Rep the drag is

under-predicted and above 20 the flow starts to sepa-

rate from the rear side as it is visible from Fig. 2 which

includes the Stokes’ law, Oseen correction and an ex-

perimental curve-fit(White 1991).

2.2 Other forces acting on the particles

A whole range of other forces could be applied using the

presented framework. Some are straightforward while

others could be more intriguing. Body forces, such as

gravity or fictitious forces from a moving frame of ref-

erence i.e. centrifugal and Coriolis, should be relatively
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easy to apply. Wall induced lift forces could potentially

be relevant if the size of the particle is non-negligible

in comparison to the channel size. That is, the differ-

ence in velocity on the near and far side of the sphere

might make the particle rotate and generate lift due to

the Magnus lift force; this is often referred to as the

Saffman effect. In this case, it might be relevant to re-

consider modeling the angular momentum balance.

Within microfluidic particle separation an active tech-

nique, often utilized, is dielectrophoresis (DEP, see e.g.

(Park et al. 2005; Yoon and Park 2010)) where an elec-

tric field exerts forces on dielectric particles which change

direction based on size and other characteristics allow-

ing for size and material based sorting. This could also

be modeled and included in the right hand side as done

in Kim et al. (2017) for non-gradient based optimiza-

tion of electrodes in a DEP based separator. It should,

however, be noted that this would also require modeling

of the electrical field.

Viscous dissipation in terms of Brownian motion

could also be an effect to include in the model. One way

of application could be to introduce a random walk at

every time-step; alternatively, it could be implemented

as a randomized force. In case one would like to ensure

robustness of the designed devices, this could be a very

relevant addition.

For the particles in this model, we note that they

might flow towards the exterior walls and, since they

are able to migrate over streamlines, they could poten-

tially hit the wall, which would result in e.g. stiction or

reflection. This is not included in this model; however,

these effects could also be included and would result in

additional contact forces being exerted on the particles.

In addition to the forces acting on the particles men-

tioned above, the assumptions on rigid and spherical

particles might also be discussed. In case the particles

are non-rigid e.g. blood cells or other compliant blobs,

the fluid-structure-interaction might be influencing the

particle movement. The deformability result in an in-

duced lift force which has been reported to depend,

among other, on the relation between inertial stress,

viscous stress, surface tension and elasticity of the blob

c.f. (Chan and Leal 1979; Stan et al. 2013). For mod-

eling non-spherical particles, it might be necessary to

consider the equilibrium of angular momentum, includ-

ing geometry dependent polar moment of inertia and

position/angular dependent drag effects due to the non-

sphericity.

2.3 Alternative coupling strategies

The approach presented assumes that the particles are

small. However, this might not be the case for e.g.

typical biomedical applications, thus an approach tak-

ing the non-negligible size of the particle into account

could be considered. One high-fidelity approach is to

model the particle and its possible deformation using

a fully coupled immersed FSI approach as in Schott

et al. (2019) and use a level-set based methodology for

optimizing the flow domain e.g. Villanueva and Maute

(2017). These approaches are computationally very de-

manding in comparison to the Lagrangian particle track-

ing procedure presented here, as the forcing of the par-

ticle is modeled directly. A more attractive compromise

might be to extend the coupling between the fluid and

particle models, such that the reaction force from the

particle, is acting on the fluid. In the case where the

flow simulation is still assumed steady state, the flow

solution must be updated until the distributed reac-

tion forces from the particles converge. Alternatively,

the flow solution should also be solved transiently and

the flow-particle coupling can be fully integrated in the

non-linear solver.

3 Numerical model

The numerical solution to the Navier-Stokes-Brinkman

equations are obtained by approximating the solution

by the use of a stabilized finite element formulation.

This allows for use of equal order elements in both ve-

locity and pressure, which is attractive, as it reduce the

degrees of freedom per element and in turn allows for

higher design resolution.

The equations of (1) and (2) are weakened by mul-

tiplication with suitable trail functions (velocity trail
function v, pressure trail function q, belonging to ap-

propriate function spaces V0 and P, respectively) and

integration over the domain Ω is applied yielding a fi-

nite element ready formulation: Find u ∈ V and p ∈P
for all v ∈ V0 and q ∈P such that

Rf =

∫
Ω

∇v · (µ(∇u + (∇u)T )− Ip)dΩ

+

∫
Ω

v · ρ(u · ∇)udΩ +

∫
Ω

v · α(ξ)udΩ

−
∫
Γ

v · t dΓ −
∫
Ω

q(∇ · u)dΩ

+

nel∑
e=1

∫
Ωe

τSUPGu · ∇v (ρu · ∇u +∇p+ α(ξ)u) dΩ

+

nel∑
e=1

∫
Ωe

τPSPG∇q (u · ∇u +∇p+ α(ξ)u) dΩ = 0

where the stabilization parameters τSUPG and τPSPG
are obtained based on a simplification of the UGN scheme
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and switching function (Tezduyar et al. 2008):

τSUPG = τPSPG = τ =

(
1

τ21
+

1

τ23

)−1/2
τ1 =

2he
‖ue‖2

, τ3 =
h2e

12µ

where he refers to the element side length and ‖ue‖2 is

the velocity magnitude evaluated in the center of the el-

ement. The equation system is discretized using 4 node

quadrilateral elements with bi-linear shape functions.

Since equal order elements are used for velocity and

pressure PSPG stabilization is needed to circumvent

the inf-sub condition. A trade-off from adding PSPG

is that the system becomes positive definite, thus more

efficient solvers are available. Furthermore, the lower

order elements introduce a lower bandwidth of the sys-

tem matrix allowing a more efficient solution. As the

solution might also contain steep solution gradients, an

SUPG scheme is added. From the stabilization terms, in

which the strong form residual is placed in the parenthe-

sis, it is evident that the diffusion term is left out. This

is due to the application of bi-linear elements which are

unable to represent 2nd order derivatives.

The finite element procedure is implemented in a

MATLAB framework utilizing the compilation capabil-

ities to ensure a decent solution time despite the need

for integrating the element matrices multiple times for

every state solution.

The formed residual equation system is solved using

a damped Newton scheme with line-search and using a

warm-start by utilizing the previous state solution as

initial solution vector as in Alexandersen et al. (2014).

The Jacobian used in the solution scheme is based on
frozen stabilization parameters i.e. it is computed as

if the stabilization parameters (τ) were independent of

the velocity.

3.1 Particle tracking

For each of the simulated particles the linear momen-

tum equation is integrated in time using an adaptive

time step variable order numerical differentiation method

available in MATLAB as ode15(Shampine and Reichelt

1997). We prefer an implicit integration scheme as the

equation system might be stiff and due to the appealing

unconditional stability properties. The integrator uses

an adaptive time stepping, however we limit the maxi-

mum step size such that intentionally at least one time-

step is carried out in every element along the particle

trajectory. This is done in order to ensure that any solid

element with locally very low velocity will influence the

computation of the trajectory. This is crucial since we

do not consider the direct contact between solid mate-

rial and the particles, but rely on the indirect influence

on the particle trajectory through the fluid velocity.

The maximum time step may be difficult to predict

since the design of vary narrow channels introduce dra-

matically high speeds. A well working maximum time

step has been computed as

∆tmax =
1

2

he
umax

(7)

Furthermore, the integration is stopped when the par-

ticle leaves the fluid flow domain.

The integration of the trajectory requires the com-

putation of the spatial and velocity dependent drag

force. For the computation of the drag force on a parti-

cle when passing a specific element, the element shape

functions are used to interpolate the velocity based on

the current position in the element.

4 Topology optimization

The optimization problems considered here are parti-

cle control problems with the aim of determining an

optimized material distribution such that the particles

follow a predefined trajectory or end in a specific part

of the domain. In order to control the design, all finite

elements are assigned an element-wise constant design

value ξ(x) which indicate either solid material ξ = 0 or

fluid ξ = 1. The integer problem ξ ∈ {0, 1} is inherently

difficult to solve numerically thus we relax the problem

by letting ξ be continuous i.e. ξ ∈ [0; 1].

For flow problems at moderate Reynolds numbers

regularization of the design might be needed in order

to avoid formation of single element size features. The

design is regularized using a smooth Heaviside pro-

jection(Wang et al. 2011) yielding a projected design

where the filtered design field, ξ̃, and projected design

field, ξ̂, are obtained as:

ξ̃i =

∑
j∈Ne,i

w(xej)v
e
j ξj∑

j∈Ne,i
w(xej)v

e
j

, w(xej) = R− |xej − xei |

(8)

ξ̂i =
tanh(βη) + tanh(β(ξ̃i − η)

tanh(βη) + tanh(β(1− η))
(9)

where R is the filter radius, Ne,i the neighborhood and

xei the spatial coordinates of element i. The element

area (volume in 3D) is vi and the projection parameter

η describes the projection threshold while β describes

the steepness and is increased gradually during the op-

timization procedure.

The projected design is introduced in the governing

equations by the inverse permeability α(ξ̂) cf. (1) which
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is obtained using an interpolation scheme (Borrvall and

Petersson 2003)

α(ξ̂) = α+ (α− α)ξ̂
1 + q

ξ̂ + q
(10)

where the lower inverse permeability is vanishing α = 0

while the upper α is a relatively large number, typically
α ≥ 104. The penalization parameter, typically q ≤ 1,

determines the weighting of intermediate densities.

When optimizing a device to manipulate the fluid,

the cost is very often related to the pressure drop across

the component. This is indeed true for the problems

treated here. It is expected that by inserting solid ma-

terial in the flow path, we are able to direct the fluid

such that we can manipulate the particle trajectory.

Therefore, it is relevant to constrain the pressure drop

over the component. We introduce a pressure drop con-

straint based on the difference between the mean pres-

sures of the inlet and outlet:

∆p

γ∆pref
− 1 ≤ 0 (11)

and the pressure drop ∆p is defined as

∆p =
1

|Γin|

∫
in

p dΓ − 1

|Γout|

∫
out

p dΓ, (12)

and ∆pref is obtained for an empty channel under same

conditions and γ is the allowed excess pressure multi-

plier when introducing the design. By limiting the pres-

sure drop, the ability to create very narrow channels is

restricted.

The particles are, as mentioned earlier, not directly

influenced by the design, and does only feel it through

the flow velocities. This means that the optimizer might

exploit the finite permeability of the material and take

advantage of forcing the particles through areas of in-

termediate and solid material. In order to try to avoid

this, a travel time constraint is introduced that penal-

izes particles that travel for a longer time than allowed.

It penalizes slow particles based on the remaining dis-

tance to the outlet boundary. The constraint is formu-

lated as follows:

g =
1

L

∫ T

0

H (t− θtempty)(L− x1(t))dt− ε ≤ 0

(13)

where x1(t) is the particle coordinate along the channel

and the Heaviside operator is

H (s) =

{
0, if s < 0

1, otherwise
(14)

L0

x1

x2

0

H

Fig. 3 Trajectory design problem. Domain size H = 1 mm,
L = 4 mm. Fully developed parabolic inflow with umax = 5
mm/s. Horizontal boundaries are walls with u = 0. Right
boundary is outlet p = 0 Pa. Particle seeded at x = (0, 0.7H)
with fluid velocity. Dashed line indicates a target trajectory
(sketch).

and ε = 10−4 is a small number to ensure that feasi-

bility is possible. The factor θ relates the travel time of

the particle to that of a corresponding full fluid chan-

nel tempty. It is noted that this implies that the inte-

gration time, T , should be larger than the maximum

travel time, T > θtempty, in order to be useful. For the

use with a gradient based optimization algorithm we

utilize a smooth implementation of the Heaviside that

use a 5th order polynomial approximation with a tran-

sition interval ∆s

H s(s,∆s) =


0, s ≤ ∆s
0.5 + 0.9375 s

∆s − 0.625
(
s
∆s

)3
+0.1875

(
s
∆s

)5
, −∆s < s < ∆s

1, s ≥ ∆s
(15)

and here we let ∆s = ∆tmax from the time integration

scheme.

The specific optimization problems solved are pre-

sented in the next sections, however, all problems are

solved using the Method of Moving Asymptotes (MMA)

(Svanberg 1987) using an external move limit of 0.1 and

asymptote initialization, increase and decrease factors

being 0.2, 1.05, 0.65, respectively.

4.1 Particle trajectory problem

The first problem treated is that of making the particle

obtain a predefined trajectory i.e. for every point along

a channel we may target a certain lateral (vertical) lo-

cation. Fig. 3 shows a channel with length L = 4 mm

and height H = 1 mm. The upper and lower boundaries

are walls with no-slip conditions u = 0 while the left

boundary has a fully developed parabolic unidirectional

flow profile with maximum velocity, umax = 5 mm/s.

The right boundary is modeled as an open outlet with

prescribed pressure p = 0 Pa. The fluid is water with

constant density ρ = 1000 kg/m3 and absolute viscosity

µ = 10−3 Pa·s.
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As indicated in the figure a particle is initialized at

x = (0, 0.7H) and it is assumed to have the same initial

velocity as the surrounding fluid. The solid particle has

density ρp = 1000 kg/m3 and diameter dp = 10µm.

The target trajectory curve is defined relative to x1
such that it is independent of time

x02 = H

(
0.2 cos

(
4πx1
umax

)
+ 0.5

)
(16)

where x1 is the value on the abscissa while x02 is the

corresponding target ordinate value. The optimization

problem is formulated as a least squares problem (LSQ)

in the time domain and subject to a maximum allowed

pressure drop and a constraint on the maximum particle

travel time

min
ξ∈[0;1]

φ = ln

(
1

H2

∫ T

0

(
x2(t)− x02

)2
dt

)
subject to Rf (s) = 0

Rp(x) = 0

∆p

γ∆pref
− 1 ≤ 0

gj ≤ 0 ∀j = 1, ..., Np

which is a nested formulation where the residuals of

the flow and particle equations are satisfied at every

iteration step. For the numerical implementation, it is

convenient to scale the objective function by using a

logarithm since minimizing the error that has zero lower

bound.

This problem is able to demonstrate the ability to

optimize the design based on requirements to the par-

ticle trajectory. However, it may not demonstrate the

full potential of the methodology, which would exploit

the inertial characteristics of the particles to make them

migrate over streamlines etc.

4.2 Inertial particle focusing problem

A more challenging problem is that of focusing par-

ticles at a specific lateral location in the flow. Fig. 4

shows the physical domain for the optimization of an

inertial focusing device. The fluid enters at the left

boundary as a fully developed laminar flow and ex-

its at the right boundary which is open p = 0 Pa.

The upper and lower boundaries are modeled with no-

slip conditions. In this case three particles with mass

density similar to steel ρp = 8000 kg/m3 and diame-

ter dp = 40µm are seeded from the left boundary at

locations x2 = {0.3H, 0.5H, 0.7H}. The objective is

make the particles confine in the center of the chan-

nel (x2 = 0.5H) at the exit of the device. The design

domain is only a part of the physical domain such that

it does not influence the inlet and outlet regions. The

inlet region has the length corresponding to the chan-

nel height while the outlet region is 3 channel heights

long. This allows the flow to become fully developed

before exiting in the case of using a Reynolds number

of 50. Since the problem is 2D, no streamlines can cross

above / below others, thus a fluid particle may always

exit in the same lateral position as it entered in case

of a fully developed flow. This means that it is only

possible to make the device work if the inertia of the

particles are utilized to make the trajectories migrate

over the streamlines.

The optimization objective is formulated as the sum

of error in lateral particle position when the particles

exit the computational domain i.e.

min
ξ∈[0;1]

φ = ln

 Np∑
p=1

(xp2|t=T − x02)2


subject to Rf (s) = 0

Rp(x) = 0

∆p

γ∆pref
− 1 ≤ 0

gj ≤ 0 ∀j = 1, ..., Np

where Np is the number of particles and the lateral out-

flow position xp2|t=T is computed based on the smooth

Heaviside function as

xp2|t=T ≈
∫ T
0

(Hs(t− (T −∆tmax), ∆tmax)xp2(t) dt∫ T
0

(Hs(t− (T −∆tmax), ∆tmax) dt

(17)

The constraints used are of the same type as for the

first problem.

4.3 Sensitivity analysis

As outlined for the optimization problems, the objec-

tive and constraint functional may depend on the par-

ticle motion which is a function of the underlying flow

field denoted s and potentially also directly the physical

design ξ̂, however, this is not considered here. As the

optimization procedure is gradient based, it is depend-

ing on the efficient computation of design sensitivities.

The general functional can be specified as the following

time integral

φ =

∫ T

0

h
(
x(s(ξ̂)), ẋ(s(ξ̂)), ẍ(s(ξ̂))

)
dt (18)

In order to compute the sensitivities by the adjoint

method (Michaleris et al. 1994; Kang et al. 2006) we
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H

H 5H 3H
Fig. 4 Problem figure for inertial focusing problem. Grey domain is design domain while inlet and outlet region is fixed fluid.
Inlet is parabolic profile, outlet is prescribed pressure p = 0 and horizontal boundaries are no-slip. Three particles are seeded
at the inlet (red dots) in vertical position x2 = {0.3H, 0.5H, 0.7H} where H = 1 mm. Particle target is vertical position
x02 = 0.5H on the outlet.

define the Lagrangian function by augmenting the ob-

jective with a product of an adjoint vector and the

residual of the state equations, flow and particle, re-

spectively. The particle problem is transient, and we

consider the steady state flow problem, which simpli-

fies the adjoint formulation significantly for this part of

the problem. The Lagrangian is constructed by adding

two zero terms to the objective which yields:

L =

∫ T

0

h(x, ẋ, ẍ)dt+ λT
f Rf +

∫ T

0

λT
pRpdt

where λf and λp are the adjoint vectors associated to

the fluid and particle problems, respectively. They have

the same dimensions as the corresponding state vectors.

In the following the chain rule is utilized and it is em-

phasized that the objective functional is assumed to

depend explicitly on the particle variables, x, ẋ, ẍ and

only implicitly on the flow s and design ξ̂. Differentiat-

ing the Lagrangian yield

dL
dξ̂

=

∫ T

0

(
∂h

∂x

dx

dξ̂
+
∂h

∂ẋ

dẋ

dξ̂
+
∂h

∂ẍ

dẍ

dξ̂

)
dt

+ λTf

(
∂Rf

∂ξ̂
+
∂Rf
∂s

ds

dξ̂

)
+

∫ T

0

λTp

(
∂Rp
∂s

ds

dξ̂
+
∂Rp
∂x

dx

dξ̂
+
∂Rp
∂ẋ

dẋ

dξ̂
+
∂Rp
∂ẍ

dẍ

dξ̂

)
dt

We may refer to the above function based on splitting

it depending on if a term is multiplied by the derivative

of particle position, velocity and acceleration, here de-

noted X as a common, w.r.t. design, and the derivative

of the flow state w.r.t. design or simply is the direct

derivative w.r.t. the design:

dL
dξ̂

=
∂L
∂X

dX

dξ̂
+
∂L
∂s

ds

dξ̂
+
∂L
∂ξ̂

(19)

4.4 Sensitivity analysis for particles

Collecting the terms from the above equation that in-

volve the particle state derivatives i.e. first term of (19)

yield∫ T

0

(
∂h

∂x

dx

dξ̂
+
∂h

∂ẋ

dẋ

dξ̂
+
∂h

∂ẍ

dẍ

dξ̂

)
dt (20)

+

∫ T

0

λTp

(
∂Rp
∂x

dx

dξ̂
+
∂Rp
∂ẋ

dẋ

dξ̂
+
∂Rp
∂ẍ

dẍ

dξ̂

)
dt (21)

Following the procedure as outlined in e.g. Kang et al.

(2006) and applying partial integration to the residual

terms being differentiated wrt. acceleration yield∫ T

0

λTp
∂Rp
∂ẍ

dẍ

dξ̂
dt =

[
λTp

∂Rp
∂ẍ

dẋ

dξ̂

]T
0

−
∫ T

0

λ̇Tp
∂Rp
∂ẍ

dẋ

dξ̂
(22)

=

[
λTp

∂Rp
∂ẍ

dẋ

dξ̂

]T
0

−
[
λ̇Tp

∂Rp
∂ẍ

dx

dξ̂

]T
0

+

∫ T

0

λ̈Tp
∂Rp
∂ẍ

dx

dξ̂
(23)

while those including the derivative wrt. velocity yield∫ T

0

λTp
∂Rp
∂ẋ

dẋ

dξ̂
dt =

[
λTp

∂Rp
∂ẋ

dx

dξ̂

]T
0

−
∫ T

0

λ̇Tp
∂Rp
∂ẋ

dx

dξ̂
(24)

For the functional (e.g. objective function) terms the

application of integration by parts gives∫ T

0

∂h

∂ẍ

dẍ

dξ̂
dt =

[
∂h

∂ẍ

dẍ

dξ̂

]T
0

−
∫ T

0

d

dt

∂h

∂ẍ

dẋ

dξ̂
dt

=

[
∂h

∂ẍ

dẍ

dξ̂

]T
0

−
[

d

dt

∂h

∂ẍ

dx

dξ̂

]T
0

−
∫ T

0

d2

dt2
∂h

∂ẍ

dx

dξ̂
dt (25)

and finally∫ T

0

∂h

∂ẋ

dẋ

dξ̂
=

[
∂h

∂ẋ

dx

dξ̂

]T
0

−
[

d

dt

∂h

∂ẋ

dx

dξ̂

]T
0

(26)

The adjoint variables λp can now be obtained from the

transient adjoint problem:(
∂Rp
∂ẍ

)T

λ̈p −
(
∂Rp
∂ẋ

)T

λ̇p +

(
∂Rp
∂x

)T

λp

=

(
− d2

dt2
∂h

∂ẍ
+

d

dt

∂h

∂ẋ
− ∂h

∂x

)T
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The initial conditions for the particles are given a priori

and are independent from the design i.e.

dx

dξ̂

∣∣∣∣
t=0

= 0 and
dẋ

dξ̂

∣∣∣∣
t=0

= 0

Furthermore, none of the objective and constraint func-

tions presented depend on particle velocity, ẋ, and ac-

celeration, ẍ, thus the time evaluated terms of (23),(24),(25)

and (26) reduce to the terminal conditions for the ad-

joint problem

λp(T ) = 0, λ̇p(T ) = 0

We solve this terminal value problem by shifting time

τ = T − t such that an initial value problem appear.

This makes it possible to use the same integration scheme

as for the forward problem, however, one needs to pay

attention to the functional specific and time-dependent

loads that apply and possibly vary with time and/or

position.

As the design sensitivities can be decomposed as
dφ

dξ̂
= dφ

ds
ds
dξ̂

the sensitivities w.r.t. the flow state can the

be obtained as

dφ

ds
=

∫ T

0

(
λTp

∂Rp
∂s

)
dt

alternatively the sensitivity analysis can proceed to find

the total design sensitivities.

4.5 Sensitivity analysis for flow

Based on the second term in (19) i.e the terms that is

multiplied by the derivatives of the flow state w.r.t. we

may obtain another adjoint problem by letting the first

factor be zero to avoid evaluating ds
dξ̂

i.e.:(
λT
f

∂Rf
∂s

+

∫ T

0

λT
p

(
∂Rp
∂s

)
dt

)
ds

dξ̂
⇒

(
∂Rf
∂s

)T

λf = −
∫ T

0

(
∂Rp
∂s

)T

λpdt

where the right hand side was obtained in the sensi-

tivity analysis for the particle problem just above. The

sensitivities may afterwards be evaluated as

dφ

dξ̂
=

dL
dξ̂

= λT
f

∂Rf

∂ξ̂

based on the third term in (19). We may remark that

this sequence of adjoint methods where the sensitivi-

ties from the particle problem enter in the adjoint flow

problem is only possible as long as the particles are not

influencing the flow. In that case the problem must be

Fig. 5 The figures show the very localized sensitivity con-
tributions from the particle (upper figure). The middle figure
shows the velocity magnitude for flow under a box and the
lower figure shows the total sensitivity distribution for the
target trajectory objective.

considered fully coupled as e.g. when considering natu-

ral convection problems(Alexandersen et al. 2014) and

solved simultaneously.

The loading of the adjoint flow problem is based on
the particle trajectory and since the velocities used in

the Lagrangian method is obtained using the local sup-

port of the finite element shape functions, the particle

trajectory only depends on nodes related to elements

that lie on the particle path. This introduce a load-

ing along the trajectory of the particle. An example of

the very localized sensitivities obtained when tracking

a particle is visualized in Fig. 5. The design problem is

that of following a target trajectory as shown in Fig. 3.

In the domain, a solid area is indicated by black color

and the coarse 64 by 16 mesh is shown for clarity. The

red nodes are non-zero particle problem sensitivities i.e.

these are used for the load of the adjoint flow problem.

The center figure shows the velocity magnitude field

and the lower figure shows the total sensitivity i.e. dφ

dξ̂
.

Since the objective is in this case depending on the en-

tire particle trajectory, we see that the sensitivity is

high around the trajectory. For problems depending on

the lateral particle outlet position x2|t=T the sensitivi-

ties seem to be more intense in the outlet region.
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4.6 Chain-rule for projection filter

The sensitivities were all obtained for the physical field

ξ̂, however, since the optimizer uses the mathematical

field ξ, sensitivities need to be updated accordingly:

∂φ

∂ξi
=
∑
j∈Ne,i

∂φ

∂ξ̂j

∂ξ̂j

∂ξ̃j

∂ξ̃j
∂ξi

(27)

4.7 Robust formulation

The introduction of the Heaviside projection in the

design parameterization allows for easy integration of

the so-called robust formulation(Wang et al. 2011). For

some problems, the intermediate valued design vari-

ables seem to govern the design process due to low in-

trinsic penalization in the problem. The optimizer may

possibly take advantage of the very detailed control,

which can be applied when relying on intermediate val-

ues. As the main goal is to achieve 0-1 designs that

represent clear geometries, one remedy is to introduce

the robust formulation in which multiple design real-

izations are evaluated and optimized. For the problem

of sec. 4.1 this may be stated as a min-max problem:

min
ξ∈[0;1]

max
i∈{e,b,d}

φi = ln

(
1

H2

∫ T

0

(
xi2(t)− x02

)2
dt

)
subject to Rf (s)i = 0 for i ∈ {e, b, d}

Rp(x)i = 0 for i ∈ {e, b, d}
∆pi

γ∆pref
− 1 ≤ 0 for i ∈ {e, b, d}

gj ≤ 0 ∀j = 1, ..., Np

where e, b, d corresponds to an eroded, blue-print and

dilated design, respectively. The design realizations are

achieved by changing the offset parameter η in the Heav-

iside projection. The min-max formulation might be

solved using the bound formulation(Olhoff 1989) which

is supported by MMA.

Finally, it should be noted that an alternative strat-

egy could be to explicitly penalize the intermediate de-

sign variables by augmenting e.g.
∑nel

e=1(1− ξ̂e)ξ̂e to the

objective function using an appropriate weight. This

approach is in general quite sensitive to the weighting,

thus applying it as a sort of post-processing step may

be more useful.

5 Results

The result section at first presents a verification of the

particle integration method by comparing to a commer-

cial software and a small study of particle trajectories

L/2

L/2

L/2 L/2
Fig. 6 Problem setup for the verification and study of par-
ticle streamline migration. Square cavity with side length
L = 4 mm. Parabolic inflow umax = 50 mm/s. Outlet bound-
ary pout = 0 Pa. No-slip boundary conditions on remaining
boundary.

migrating over streamlines. Next the results of the two

optimization problems are presented and the most in-

fluential parameters are investigated and features dis-

cussed.

5.1 Verification of particle tracking integration

Using the multiphysics simulation software COMSOL

5.4 we verify that the particle integration is accurate

enough. The flow through a square cavity with inlet at

the left half of the top edge and outlet at the lower

part of the right edge is investigated c.f. Fig. 6. The

inlet is fully developed and the outlet is modeled as

an open boundary with uniform pressure p = 0 Pa.

A particle is released in the center part of the inlet

with same initial velocity as the fluid, i.e. it is entering

with the fluid. For a particle with mass density ρp =

8000 kg/m3 and diameter dp = 40µm Fig. 7 shows the

particle trajectories and relative error by comparison

to the trajectory obtained using COMSOL 5.4. It is

seen from the coordinate vs. time plot that the particles

travel on the same path. By inspecting the plot of the

relative error, it is seen that it is below 5× 10−5 which

is indeed small and related to the integration accuracy

of the time integrator. It should also be noted that the

COMSOL result is obtained using a generalized alpha

time integrator.

In addition to the above particle an extra particle of

density ρp = 19200kg/m3 (Gold) is simulated and Fig.

8 shows the obtained trajectories along with a stream-

line integrated from the initial particle location. It is

apparent that the particles are migrating over stream-

lines due to the higher density than the surrounding

fluid, which is magnified in the zoom to the right. The

particle with ρp = 8000 kg/m3 exits 0.03 mm further

down than the corresponding streamline while the par-

ticle with ρp = 19200 kg/m3 exits 0.08 mm lower.
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Fig. 7 Upper: Particle trajectory vs. time for corner flow
problem integrated with the present framework and COM-
SOL. Lower: Relative error in comparison to COMSOL. Fluid
density ρ = 1000 kg/m3 and viscosity µ = 0.001Pa.s. Particle
density ρp = 8000 kg/m3 and diameter dp = 40µm

Fig. 8 Left: Particle trajectories for corner flow problem
width fluid density ρ = 1000 kg/m3 and viscosity µ = 0.001
Pa·s. Particle diameter dp = 40, µm simulated on a 20×20 el-
ements mesh. Right: Close-up of particle trajectories near the
outlet. Black streamline, cyan trajectory ρp = 8000 kg/m3,
yellow trajectory ρp = 19200 kg/m3

5.2 Optimization for target trajectory

For the optimization of a flow component designed for

a specific particle trajectory, c.f. Sec. 4.1, a result is

seen in Fig. 9. The design is shown in grey-scale with

desired particle trajectory as a red dashed line and the

actual trajectory shown as a series of blue dots indi-

cating the integration points along the trajectory. It is

clearly seen that a binary design is obtained in most of

the design domain. There is, however, a small region at-

taining grey intermediate design resulting in a cusp on

the trajectory. This may be contributed the vanishing

penalization when enforcing a pressure drop constraint

Fig. 9 Upper: Optimized design for target trajectory flow
optimization. Red dashed curve is target. Dotted blue points
is particle trajectory. Lower: Velocity magnitude plot with
streamlines. Red curve is particle trajectory. γ = 5, 160× 40
elements.

Fig. 10 Optimization history for the design in Fig. 9. Blue
line shows objective function. Red solid line is pressure drop
constraint and dashed-red line is travel constraint. Minor
peaks appear due to continuation of the β-parameter. Fi-
nal objective: φ = −8.06. Pressure drop constraint is active.
Travel time constraint not active (θ = 1.5)

instead of a volume constraint and the fact that a tran-

sition zone remains even when the projection is applied.

The optimizer is not fully able to adapt the particle

trajectory to the target trajectory which is due to the

limitation on the pressure drop which is here γ = 5.

From the lower plot, it is evident that the inertia of the

particle is different from the surrounding fluid such that

it is able to migrate over several streamlines along the

flow component. Fig. 10 shows the evolution in objec-

tive and constraint functions during the optimization

procedure. The problem behaves very nicely and small

oscillations are visible due to the β-continuation.

The ability to attain the desired trajectory is closely

related to the allowed pressure drop, which is clear when

inspecting the obtained designs for various γ in Fig. 11.

It is seen that when the pressure drop is limiting the

design we obtain binary designs while the designs ob-

tained for e.g. γ = 10 is seen to contain many inter-

mediate densities despite the projection. This can be

contributed the inactive pressure constraint as it tends
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γ = 2

γ = 3

γ = 4

γ = 6

γ = 10

Fig. 11 Designs obtained for varying the allowed pres-
sure drop. Starting from top γ = {2, 3, 4, 6, 10} for
ρp = 1000kg/m3. Travel time constraint set to initial
particle travel time i.e. θ = 1. Objective values: φ =
{−4.35,−5.67,−6.90,−13.50,−13.29}

to clean up the design. The pressure drop constraint

may reduce the scattering in the design and ensure that

there is a flow path; however, it may not ensure that

the particle does not encounter solid obstacles on its

way through the component. The adjustment of the

travel constraint may control this feature. This is visi-

ble from Fig. 12 where the travel time constraint have

been omitted. The optimizer tends to control the tra-

jectory of the particle by putting material very close to

or directly where the particle is flowing. In combination

with the projection this eventually, lead to solid mate-

rial being placed directly in the desired trajectory. One

may at times obtain useful designs without the con-

straint; however, it helps regularizing the design during

the optimization process and limits the amount of solid

islands that the particle must pass.

By tightening the travel constraint, we see that the

optimizer needs to synthesize a design where the flow

speed is generally higher. This in turn cause trouble

depending on the allowed pressure drop as shown in

Fig. 13 where the travel constraint is varied. For the

first two cases, the travel time constraint ensures at

first a narrow channel to meet the requirement, however

Fig. 12 Design obtained without travel time constraint for
allowed pressure drop γ = 6 and ρp = 1000 kg/m3. Islands of
intermediate and solid material placed directly on the target
trajectory. φ = −6.99

θ = 0.5

θ = 0.6

θ = 0.7

θ = 0.8

Fig. 13 A study of the travel time constraint influence.
From above the allowed time fraction is varied as θ =
{0.5, 0.6, 0.7, 0.8}. Allowed pressure drop: γ = 5. Objective
values: φ = {−3.23,−4.25,−8.50,−9.09}

since the pressure drop constraint is also active, there

are clear restrictions to the channel curvature. During

the entire optimization process, the two upper design

cases have active travel and pressure drop constraints.

For larger travel times the constraint have forced

the optimizer to prioritize material placement in the

early design process. As the continuation scheme for β

increase the steepness of projection, the pressure drop

constraint becomes inactive and gives the optimizer more

freedom, which is visible by small material inclusions

containing grey scale.

Some of the design cases for varying γ have been

optimized using a refined mesh i.e. 320 × 80 elements

and R = 6 elements and showed similar results, but

for consistency all problems have been shown using the

same resolution.
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5.2.1 Notes about the optimization procedure

The optimization procedure includes a continuation of

the projection parameter β and the maximum inverse

permeability α. The value of β is increased during the

optimization according to the sequence

β = {0.1, 1.1, 2.1, 3.1, 4, 8, 16, 32, 64} if the constraints

are satisfied and 50 iterations have passed since last

change. Alternatively, it is increased if the MMA design

change between iteration k and k+1, ‖ξk+1 − ξk+1‖∞,

is below 1%. All optimizations start using α = 104 and

when β = 64 is reached, the continuation is shifted to

α which is multiplied by a factor 10 it until α = 106.

Hereafter, the optimization continue until either the de-

sign change drop below 1% or 500 iterations have been

reached. The penalization parameter is maintained con-

stant q = 1 for all designs.

It has been observed that the design changes with

the mentioned settings for MMA are relatively small

and thus the design changes rather slowly. This can,

however, be sped up by adjusting the aggressiveness

MMA i.e. changing asymptote initialization, increase

and decrease factors to 0.5, 1.2 and 0.7, respectively,

instead of the relatively conservative settings applied

here. There are, however, clear drawbacks by doing so.

While optimizing swiftly during the initial phase of the

optimization, the latter phase may become very oscil-

latory due to the very localized and high sensitives in-

duced on the trajectory by changing an upstream el-

ement dramatically. By introducing a relatively large

change, the sensitivity information is not adequate as

the step induce a very large change in trajectory, which

is far beyond the validity of the sensitivity information.

This has been investigated by carefully inspecting the

convergence of finite difference sensitivities for some el-

ements along the flow path that show a good quality of

sensitivities for small perturbations. This observation is

true for the physical problem itself, even without adding

the Heaviside projection. Adding this and using a large

β-value only amplifies the problem. A feasible approach

might be to allow large design changes in the beginning

and reducing them either by move limit or by restric-

tions on optimizer as a part of the continuation scheme.

5.2.2 Eliminating intermediate design variables by the

robust formulation

In section 4.7 the robust formulation was introduced

and as noted above some of the designs contain small

material inclusions or islands that may seem to be an

artifact of the formulation rather than an objective

gain. The results in e.g. Fig. 11 obtained for γ = {3, 4}
show a very weak kink in the trajectories which may

γ = 3

γ = 4

Fig. 14 Designs for γ = {3, 4} obtained as in Fig. 11 using
the robust formulation with ηe = 0.4, ηb = 0.5, ηd = 0.6.
φb(γ = 3) = −5.73 and φb(γ = 4) = −7.20

be referred to some design elements not being totally

0-1. When optimizing these two problems using the ro-

bust formulation, designs as shown in Fig. 14 appear.

The small intermediate inclusions that caused the kinks

seem to disappear and from the blue-print (ηb = 0.5)

objective values φb(γ = 3) = −5.73 and φb(γ = 4) =

−7.20 it is clear, that the performance is slightly better

than for the results obtained using the standard formu-

lation φ(γ = 3) = −5.68 and φ(γ = 4) = −6.90 (see

Fig. 11). Thus, simulating and using three realizations

during optimization seems to be a feasible approach for

suppressing the influence of intermediate design values

if these appear to be a problem. It is important to note,

that the computational effort is also three times larger.

The simulation time can, however, be reduced to that of

one simulation. As most workstations contain multiple

cores and each design realization is independent from

the others, parallelization is relatively straightforward.

For the optimizer the process is slightly slower as the

robust formulation introduce more constraints, which

potentially slow down the convergence.

5.3 Particle focusing device

For the optimization of the particle-focusing device, two

passive regions have been introduced to ensure a proper

modeling in the inlet and outlet. The length of the in-

let region is one channel height while the outlet region

is three channel heights. This corresponds to the en-

trance length in a duct flow i.e. the length it takes to

form a fully developed profile Lentrance ≈ 0.06HRe =

0.06 2ρumaxH
2

3µ = 3H (Fox et al. 2004). Thus for de-

signs obtained at umax=75 mm/s the flow should be

close to fully developed at the outlet. We consider here

three particles entering with velocity corresponding to

the surrounding fluid. Recall the optimization goal is

to confine the particle trajectories at the outlet of the

flow domain. The design shown in Fig. 15(a) is obtained
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(a)

(b)

Fig. 15 Optimized design for particle focusing device (Re = 331
3
, θ = 0.7, γ = 10). Upper figure shows design with red particle

trajectories and blue streamlines seeded in the particle release points. Lower figure shows velocity magnitude and streamlines.

for a maximum inlet velocity umax = 50 mm/s under a

pressure drop constraint of γ = 10 and travel time con-

straints for each of the particles of θ = 0.7. The chan-

nel is indeed topology optimized and it is seen from the

particle trajectories shown in red that they confine at

x2 = 0.5H near the outlet. The blue streamlines are

seeded in the same points as the particles. They in-

dicate where a neutral fluid particle would end up in

the outlet. In 2D, the motion is severely restricted such

that the fluid cannot mix i.e. if both inlet and outlet

are fully developed the streamline of any fluid particle

would end in the same lateral position as it started. This

of course also puts severe limitations on the outcome of

any optimization.

Some isolated islands are observed in the main flow

path. Since the present model assumes plane flow, the

anchoring of such material should not be a problem.

Inspecting Fig. 15(b) showing the velocity magni-

tude it is clearly seen that the fluid velocity is penal-

ized and close to zero in the solid regions. However, as
also noticeable by the streamlines some fluid transport

is taking place in these regions, which may be remedied

by increasing the maximum impermeability further. Lo-

cally, the fluid velocity is increased, in some cases up to

a factor of four, which increase the possibilities for the

particles to migrate over streamlines.

The optimization history is shown in Fig. 16(a),

which shows the error in particle confinement in a loga-

rithmic scale to the left and the constraint functions on

the right. It is seen from the kinks on the pressure drop

constraint and the objective function that the continua-

tion of the projection parameter and the corresponding

restart of the optimization algorithm gives rise to some

design adjustments. The final objective is φ = −13.17

which is indeed a small confinement error.

Fig. 16(b) shows the velocity profiles for the inlet

and outlet. It is clearly seen that the fully developed

profile is very close to be obtained again at the outlet.

The plot further show the lateral particle positions in

(a)

(b)

Fig. 16 (a) Objective and constraint history and (b) Velocity
profile and particle position at inlet and outlet for the design
in Fig. 15

the inlet and outlet and they have clearly confined in

the desired position. Furthermore, it is seen that they

exit the physical domain at the same speed as the fluid.

Fig. 17 shows the designs obtained for Re = 33 1
3

with γ = 10 allowing for a longer travel time θ = 1. Also

the cases of decreased (umax = 25 mm/s⇒ Re = 16 2
3 )

and increased (umax = 75 mm/s⇒ Re = 50) inlet ve-

locity for the former θ = 0.7 design are shown. The

larger travel time clearly allows the particles to be ob-

structed more by the solid structure. It is clearly seen
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that the particles are traveling very close to the solid

material, thus almost violating the assumption that the

penalization of fluid velocity is sufficient to avoid parti-

cle flow in the solid. From the objective, this increased

travel time does not improve the objective, which dis-

play a slightly decreased performance: φ = −12.11.

For a decrease in the inlet velocity, we see that the

optimizer is not able to confine the particle trajectories

as well. This is also evident from the final objective

φ = −10.08 while the case of increased velocity there

is so much freedom to the optimizer that the particles

confine perfectly with a final objective φ = −13.28.

Thus, for larger flow rates a lower allowed pressure drop

or more compact designs may be considered.

5.4 Validation by post simulation

The obtained design shown in Fig. 15 is extracted us-

ing an iso-contour in ξ̂ = 0.5 and the design is ex-

ported to COMSOL for a post optimization study. A

body-fitted triangular mesh with same maximum side

length as for the elements used in the optimization

procedure (he = 0.025 mm) is used in the simulation

along with the same physical parameters. Using COM-

SOL’s particle tracing module as done in Fig. 7 we ob-

tain a qualitatively very good match shown in Fig. 18.

The red dots show the COMSOL particle trajectories

while the cyan dots show the particle trajectories of

Fig. 17. It is seen that there is some discrepancy in

the final positions but a good overall correspondence.

The exit particle positions in the COMSOL model are

xpost2 = {0.492, 0.509, 0.549}H while those of the op-

timization model were xopt2 = {0.500, 0.500, 0.501}H.

The accurate modeling and actual location of the solid

interface might differ slightly between the two models.

This can be due to the choice of cut-off value for the

iso-contour but also due to the existence of intermedi-

ate valued elements in the optimization model. Further-

more, the finite permeability in the optimization frame-

work is in the COMSOL model interchanged with im-

permeable solid material as solid regions are excluded

from the flow model. Inspecting Fig. 19 gives a hint

about the reason for the loss of confinement in the post-

analysis. From the magnification it can be seen that

the trajectories for the two outermost particles, that

the post analysis results are being pushed further apart

laterally, most probably due to impermeable nature of

the solid material in this model which force more fluid

to pass around the solid instead of through it. This is

also the case later along the upper trajectory where the

top part of the nozzle forces the particle to accelerate

more downwards than the optimization model leading

to the loss of focus.

5.5 Extensions to 3D

The designs presented are all 2D as the focus is on

the development and demonstration of a framework for

microfluidic particle manipulators. There are, however,

much more to be gained by adding the third dimension.

The possibility to exploit secondary motion as a means

to control or manipulate the trajectory of the particles

would have a significant influence on the performance.

This is exemplified by e.g. Dean flow, where the sec-

ondary motion of a fluid flow in a helical tube is used

for migrating particles (see e.g. Di Carlo et al. (2007)).

In the mixing literature, it has been shown that chaotic

advection can only appear in 3D c.f. Stroock (2002) and

these effects may also apply for particle trajectories.

An extension to a 3D framework seems not too dif-

ficult building upon e.g. the TopOpt PETSc framework

(Aage et al. 2015; Alexandersen et al. 2016). The parti-

cle integrator used in the present work could potentially

also be ported, however, one needs to pay attention to

the specific needs and bottlenecks when doing parallel

computing.

A more problematic issue might be that of solid is-

lands in the flow path. In 3D the support structure is

missing compared to 2D where islands can be assumed

attached in the out-of-plane direction. One way to go

about this would be to introduce a connectivity con-

straint based on a a virtual heat conduction problem

with a virtual temperature field as done in e.g. An-

dreasen et al. (2014) for material design. The structure

is loaded by a virtual design dependent heat source (in

solid regions) and all boundaries are heat sinks. If solid

is modeled as a good conductor and void as a poor,

the connectivity can be ensured by limiting the maxi-

mum allowable virtual temperature. Other alternatives

might be to restrict the design to be a 2D extruded

design. Alternatively, it can be done in terms of im-

posing manufacturing constraints such as casting con-

strains(Gersborg and Andreasen 2011) or milling filters

(Langelaar 2019) which both can ensure connectivity

of the design, with the bonus of ensuring that the de-

vices can actually be manufactured. However, this may

overly restrict the design in cases where manufacturing

of a complex structure is not a problem.

Replication of results

Many details have been given in the relevant sections

however, for completeness the details / parameters used

are listed in this section.
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Re = 331
3

θ = 1

Re = 162
3

θ = 0.7

Re = 50
θ = 0.7

Fig. 17 Red lines are particle trajectories while blue lines are streamlines seeded at the same points. Upper: Optimized design
for γ = 10, Re = 331

3
, θ = 1. Center: Optimized design for γ = 10, Re = 162

3
, θ = 0.7. Lower: Optimized design for γ = 10,

Re = 50, θ = 0.7

Fig. 18 Validation of the particle focusing device by remodeling in COMSOL using a body-fitted mesh for umax = 50 mm/s.
Particle trajectory obtained for imported design in COMSOL shown in red. Trajectory from Fig. 15 in cyan.

Fig. 19 Zoom of the center part of the post analysis result
in 18

Filter / projection / continuation:

Projection threshold: η = 0.5

Filter radius R = 3 elements

Projection steepness

β = {0.1, 1.1, 2.1, 3.1, 4, 8, 16, 32, 64}
Max inverse permeability: α = 106

Min inverse permeability: α = 0

Penalization factor: q = 1

MMA/optimization parameters:

Asymptote initialization: 0.2

Asymptote decrease: 0.65

Asymptote increase: 1.05

External move limit: 0.1

Constraint penalization factor: c=1000

Stopping criteria: ‖ξnew − ξold‖∞ < 1%

Max iterations: 500
Optimization sequence only stopped if constraints are

non-violated.

Time integrator (ode15s) settings:

Relative tolerance: rtol= 10−8

Absolute tolerance: atol= 10−12

Max step: ∆tmax = he

2umax

Flow solver / problem:

Maximum iterations: 100

Relative tolerance: 10−8

Absolute tolerance: 10−14

Initial solution: last solution
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Trajectory problem:

Domain size: 4 mm × 1 mm

Mesh size: 160× 40

Initial design: ξinit = 1 (all fluid)

Particle seed point: x2 = 0.7H

Particle density: ρp = 1000 kg/m3

Particle diameter: dp = 10µm

Fluid viscosity: µ = 10−3 Pa.s

Fluid density: ρ = 1000 kg/m3

Focusing device:

Domain size: 8 mm × 1 mm

Mesh size: 320× 40

Initial design: ξinit = 1 except solid

half circle with center

x = (L/2, 0) and radius H/2.

Particles seed point: x1 = 0

x2 = {0.3H, 0.5H, 0.7H}
Particle density: ρp = 8000 kg/m3

Particles diameter: dp = 40µm

Fluid viscosity: µ = 10−3 Pa.s

Fluid density: ρ = 1000 kg/m3

6 Discussion and Conclusion

The paper presents a framework to optimize microflu-

idic components with particle control abilities. The work

should be seen as a demonstrator of the potential that

lie in design synthesis by topology optimization of par-

ticle control devices. The mobility in 2D is rather lim-

ited and an extension to 3D would definitely allow for

much more particle movement as e.g. Dean forcing (sec-

ondary motion in a curved channel) could be utilized.

The methodology includes a Heaviside projection filter-

ing in order to clean the designs, as there is only limited

intrinsic penalization in the problem formulation. The

design influence of the given constraining parameters,

pressure drop and travel time, have been investigated

for the particle trajectory problem while the effect of

Reynolds number have been the focus of the particle

focusing design.

The design optimization method chosen here is topol-

ogy optimization, which may be discussed. Is topology

optimization necessary for flow optimization? For sim-

ple channels where pressure minimization is the main

concern, the answer might be no, however, in a case like

particle control, the ability to synthesize a complex ge-

ometry with multiple solid (non-fluid) parts is needed

indeed. If a shape optimization procedure should be

used instead, it should be at least one in which large

boundary alterations are supported.

For the presented problems the assumption of not

modeling the interaction with the solid material seem to

hold, however, this could potentially be problematic if

the fluid containing the particles was a gas instead of a

liquid yielding a much higher contrast in mass density.

In this respect, other assumptions might also be vio-

lated. The current work does not include any diffusion

i.e. there is no Brownian forcing of the particles and the

fluid is assumed laminar. However, these are definitely

applicable extensions but they may very well make the

computation time grow dramatically. Similarly, the re-

strictions on the suspension being dilute and one-way

coupled to the fluid flow may also be worked upon by

adding particle-particle interaction and a fully coupled

particle-fluid solver. The design of the particle-focusing

device was post analyzed a commercial software, COM-

SOL 5.4, using a body-fitted mesh. The focusing ability

was maintained, however, some of the fine-tuning of fo-

cusing was lost either in the conversion from one design

representation to another or due to the switch from

modeling the solid using an immersed method to using

a segregated model.
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