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In this thesis, a framework for finite element limit analysis (FELA) of slabs that ac-
counts 
for shear-moment interactions is presented. Different shear-moment interactions 
are demonstrated, and it is shown how a failure due to shear limitation can 
be identified from the collapse mechanism. A layer model for slabs with shear rein-
forcement 
is developed and implemented efficiently with FELA. 
A special type of slab bridges constructed with precast inverted T-beams is consi-
dered. 
Such bridges have, in the PhD project, been tested, and evidence of a structural 
behaviour very similar to solid slabs is found. Furthermore, a layer model 
which accounts for the construction joints is developed and implemented in the 
FELA framework.  
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Preface

This thesis is submitted as partial fulfilment of the requirements for the Danish
PhD degree. The study has taken place at COWI A/S and the Department of
Civil Engineering at the Technical University of Denmark (DTU) in the period
June 2016 to July 2019. The period includes two months of leave to assist with
another research project. Associate professor Peter Noe Poulsen, Professor Linh
Cao Hoang, and Associate professor Jacob Wittrup Schmidt has been the su-
pervisor at DTU. Jacob Wittrup Schmidt was principal supervisor the first nine
month of the project, and Peter Noe Poulsen has been principal supervisor the rest
of the period. Associate technical director Svend Englund has been the principal
supervisor at COWI, and Associate technical director Poul Linneberg has been
co-supervisor.

The PhD project has been a part of a research project entitled ”Load-carrying
capacity of bridges”. The main research project consists of, e.g., full-scale test-
ing, monitoring and modelling. The PhD project deals with the modelling part.
The partners in the main research project is COWI, DTU and the Danish Road
Directorate.

The thesis is divided into two parts. The first part introduces and summaries
the findings of the research. The second part comprises eight papers, which present
the research in greater details.

Kongens Lyngby, the 31st July 2019

Thomas Westergaard Jensen
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Abstract

Short-span bridges in Denmark are often constructed as reinforced concrete slab
bridges. Many of these bridges are more than 40 years old and were designed
with traffic load models, which do not cover the load level from modern heavy
transport. In order to ensure that the bridges can carry today’s heavy transport
with the required level of safety, it is necessary to either replace/strengthen these
bridges or to document that the existing bridges are able to carry higher loads
than what they were designed to carry. The latter requires refined assessment
methods that exceed the complexity of simple design methods and utilise the full
capacity of the whole structure.

Limit analysis based on the assumption of rigid plastic materials has shown
to be a relatively efficient manual method to determine the load-carrying capacity
of reinforced concrete slabs in bending. In recent years, finite element limit ana-
lysis based on the lower bound theorem has shown to be an even more efficient
method to determine the load-carrying capacity of slabs automatically no matter
the complexity of the slab and loads.

In this thesis, developments within the field of modelling the load-carrying
capacity of reinforced concrete slab bridges are presented.

An essential and initial part of modelling the load-carrying capacity accurately
is to apply load models that reflect the actual loads. Thus, a survey of extremely
heavy vehicles, which is the governing load for assessment of the load-carrying
capacity, is presented.

A framework for finite element limit analysis (FELA) of slabs that accounts
for shear-moment interaction is presented. The framework is based on the lower
bound method and can be implemented with general optimisation solvers. The
conic yield criteria for slabs in bending are combined with different shear-moment
limitations. It is demonstrated how different interactions affect the load-carrying
capacity of slab bridges and how failure due to shear limitations can be identi-
fied with the collapse mechanism. A layer model for slabs with shear reinforce-
ment is developed based on a mechanical model. The layer model accounts for
shear-moment interaction and is implemented efficiently with second-order cone
programming.

In the thesis, a particular type of slab bridge is considered, which is constructed
with precast inverted T-beams. Such bridges have, in the main research project,
been tested, and evidence of structural behaviour similar to that of solid slabs
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is found. Two test series of slab strips from existing bridges are examined and
numerically investigated. It is shown that the precast beams in the slab strips
fail due to diagonal cracking if the bond strength of the construction joints is
insufficient. Furthermore, a layer model within the FELA framework is developed
which accounts for the construction joints in bending.



Resumé

Broer i Danmark med korte spænd er ofte konstrueret som armerede betonplade-
broer. Mange af disse broer er mere end 40 år gamle og er designet med trafikbelast-
ningsmodeller, der ikke dækker lastniveauet fra nutidig tungtransport. For at sikre,
at broerne kan bære de aktuelle tungtransporter med det p̊akrævede sikkerhedsni-
veau, er det nødvendigt enten at udskifte/styrke disse broer eller dokumentere, at
broerne er i stand til at bære større belastning end hvad de var designet til. Det
sidstnævnte kræver avancerede vurderingsmetoder, der overskrider kompleksiteten
i simple designmetoder og fuldt udnytter hele konstruktionen.

Brudgrænseanalyse, baseret p̊a antagelsen af ideal plastiske materialer, har vist
sig at være en relativ effektiv manuel metode til at bestemme bæreevnen for arme-
rede betonplader i bøjning. I de seneste år har numerisk brudgrænseanalyse, der er
baseret p̊a nedreværdi-teorien, vist sig at være en endnu mere effektiv metode til
automatisk at bestemme bæreevnen for plader, uanset pladens og belastningernes
kompleksitet.

I denne afhandling præsenteres udviklinger indenfor bæreevnemodellering af
armerede betonpladebroer.

En væsentlig og indledende del af nøjagtig bæreevnemodellering er at anvende
lastmodeller, der reflekterer de faktiske belastninger. Derfor er en undersøgelse af
ekstremt tunge køretøjer, som er den styrende belastning for bæreevnevurdering,
præsenteret.

En beregningsmetode for numerisk brudgrænseanalyse af plader, hvor forskyd-
ningsmoment-interaktion er taget i betragtning, er præsenteret. Beregningsmeto-
den er baseret p̊a nedreværdi-metoden og kan implementeres med generelle op-
timeringsløsere. De koniske brudkriterier for plader i bøjning er kombineret med
forskellige forskydningsmomentbegrænsninger. Det vises, hvordan forskellige inter-
aktioner p̊avirker bæreevnen af pladebroer, og hvordan svigt p̊a grund af forskyd-
ningsbegrænsninger kan identificeres med brudmekanismen. En lagmodel til plader
med forskydningsarmering er udviklet baseret p̊a en mekanisk model. Lagmodellen
tager højde for forskydningsmoment-interaktion og implementeres effektivt med
andenordens konisk optimering.

I afhandlingen er en bestemt type pladebro taget i betragtning, som er op-
bygget af præfabrikerede omvendte T-bjælker og in-situ beton. Disse broer er i
hovedprojektet blevet testet, og der er fundet bevis for en struktural opførelse,
som ligner den for solide plader. To testserier af pladestrimler fra eksisterende
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broer studeres og undersøges numerisk. Det vises, at de præfabrikerede bjælker
i pladestrimlerne bryder p̊a grund af diagonal revnedannelse, hvis støbeskællets
styrke er utilstrækkelig. Derudover er en lagmodel til numerisk brudgrænseanalyse
udviklet, som tager højde for støbeskellene i bøjning.
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Chapter 1

Introduction

Many of the existing highway bridges in Denmark were designed and constructed
before the 1970s. The design was based on traffic load models, which do not cover
the load level from modern heavy transport. In order to ensure the required level
of safety, it is necessary to either replace/strengthen these bridges or alternatively
to document that the existing bridges are able to carry higher loads than what
they were designed for.

The overall objective of the PhD project is to establish a modelling framework
that can document an extended service life of existing bridges and thereby reduce
the expenses used on strengthening or replacement. Avoiding the replacement
of existing bridges also benefits the environment and the battle against climate
changes due to savings on construction materials and other replacement efforts.

Reinforced concrete slab bridges are the most common bridge type on the
main roads in Denmark, which makes them highly relevant with respect to the
overall objective. Thus, this thesis presents research on modelling the load-carrying
capacity of reinforced concrete slab bridges.

1.1 Slab bridges

Short-span bridges are often constructed as reinforced concrete slab bridges. The
slab can be constructed in different ways and have different shapes, as illustrated in
Figure 1.1. The figure shows examples of (a) a solid slab with constant thickness,
(b) a slab with varying thickness, (c) a slab with longitudinal voids (hollow core),
and (d) a solid slab constructed with precast beams and in-situ concrete. Common
for all the solid slabs is the great ability to redistribute internal forces in the
span direction as well as in the transverse direction. This property makes them
very suitable for carrying concentrated moveable loads such as axle loads on road
bridges. The construction of solid slab bridges is relatively simple and cost-efficient
due to the compact shape of the cross-section, which requires a low amount of
formwork and a simple reinforcement layout (Mondorf, 2006; O’Brien et al., 2014).
However, the deadweight of the solid slabs becomes dominant as the span increases
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a)

b)

c)

d)

Figure 1.1: Examples of slab cross-sections.

due to the necessary increase of slab thickness, and the ineffective use of material
in the core of the slab with respect to stiffness and moment capacity. The self-
weight of slabs can be reduced by having voids in the core, as shown in Figure 1.1c,
by reducing the thickness towards the side of the cross-section (wings) as shown
in Figure 1.1b or by combining voids with a varying thickness. These types of
slabs are often constructed as prestressed structures to make them more efficient
for longer spans.

The non-prestressed solid slab bridges are efficient for spans up to 20 m ac-
cording to the literature (fib bulletin 9, 2000; Mondorf, 2006; O’Brien et al., 2014).
This is also indicated by Figure 1.2, which shows the total number of bridges on the
main roads in Denmark. The bridges are divided into span length and structural
type. The figure shows that slab bridges with non-prestressed (passive) reinforce-
ment are the most common type for 2-10 m spans. Bridges with 10-20 m spans are
mainly slab bridges with or without prestressed reinforcement. Bridges with spans
longer than 20 m are almost only slab bridges with prestressed reinforcement or
other types of bridges.

Figure 1.2 also shows that slab bridges are the most common bridge type on
the main roads in Denmark with a relative amount of 66%. However, the relative
amount of slab bridges in other countries varies significantly as reported in (Cost
345 WG 1, 2004). For example, it is reported that in Austria only 8% of all road
bridges are slab bridges, while 77% are girder bridges. In France and England, 30%
are slab bridges, and 30-40% are arch bridges mainly constructed in masonry. In
Sweden, 56% are slab bridges. One of the reasons for the relatively high number of
slab bridges in Denmark and Sweden is the long tradition of constructing bridges
with in-situ concrete instead of precast elements. As an alternative, solid slab
bridges can be constructed by combining precast elements with in-situ concrete.

Slab bridges constructed with inverted T-beams

Bridges constructed with precast elements emerged in the 1950s, where a large
growth in road traffic and construction of highways took place (Rowe, 1962; fib bul-
letin 29, 2004). At the same time, the long-line prestressing techniques were in-
troduced in the precasting factories, which made it possible to manufacture more

4 Department of Civil Engineering - Technical University of Denmark
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Figure 1.2: Number of bridges on main roads in Denmark. Data from the Danish
Road Directorates database 2019.

slender elements. The first factory in Denmark for production of prestressed ele-
ments opened in 1947, and the first bridge constructed with precast elements was
built the year after (Ostenfeld and Jønson, 1950). The bridge was constructed by
placing prestressed and precast inverted T-beams side by side on the abutments,
as shown in the left picture in Figure 1.3, so the inverted T-beams formed a solid
bottom. Reinforcement bars were then placed through holes in the web at the
bottom of the inverted T-beams, and reinforcement in both directions was placed
on top of the beams. The inverted T-beams functioned as permanent formwork
for the in-situ concrete cast between and above the beams as shown in the right
picture in Figure 1.3.

The cross-section of the first bridge constructed with precast inverted T-beams
is shown in Figure 1.4a. The T-beams used have since become the standard element
shape for the construction of composite solid slab bridges in Denmark. However,
the inverted T-beams used today have a larger amount of stirrups compared with
the older bridges. It is estimated that at least 5% of the slab bridges on the main
roads in Denmark are constructed with inverted T-beams (based on the Danish
Road Directorates database, 2019).

Solid slab bridges constructed with precast elements and in-situ concrete are
also found outside of Denmark, but with a different shape of the T-beams as shown
in Figure 1.4b-c. The cross-section shown in Figure 1.4c was standardised in the
mid-1950s in the United Kingdom, where it was a popular choice for short-spans
bridges according to Sriskandan (1989).

Department of Civil Engineering - Technical University of Denmark 5
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Figure 1.3: Construction of small slab bridges with inverted T-beams. Left: Pla-
cing of inverted T-beams (From: Ipsen (1952)). Right: Casting of in-situ concrete
in-fill (From: Ostenfeld and Jønson (1950)).

1.2 Traffic load on short-span road bridges

Road bridges in Denmark are designed according to Eurocode and the national
annexes. Eurocode (EN 1991-2, 2003) defines four load models for road bridges:

• Load model 1: Two closely spaced axles, i.e. a tandem system, in three lanes
together with surface loads in all lanes.

• Load model 2: A single heavy axle.

• Load model 3: ”Special vehicles ... which do not comply with the national
regulations concerning limits of weights and, possible, dimensions of normal
vehicles.” (EN 1991-2, 2003) together with normal traffic load.

• Load model 4: Crowd load as a constant surface load.

The load models for special vehicles are, in most cases defined in the national
annexe. The Danish national annexe (DS/EN 1991-2 DK NA, 2017) defines 22
different models for special vehicles with a gross weight ranging from 10 to 500
tonnes. New bridges are designed to carry at least a main special vehicle, a sec-
ondary vehicle in the adjacent lane and surface load on the lanes around the two
vehicles at the same time. The main and secondary vehicles are defined as special
vehicle models with gross weights of 158 and 53 tonnes, respectively. The 158
tonnes vehicle model has 7 equally spaced heavy rear axles, representing a trailer,
and four lighter axles in the front, representing a truck. The spacing between the
rear axles is 1.4 m, and the spacing between the rear axles and the truck is 6 m.
Thus, the critical position of the vehicle for single-span bridges with a span shorter
than 14.4 m is when only the rear axles are on the bridge.

6 Department of Civil Engineering - Technical University of Denmark
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a)

b)

c)

Figure 1.4: Standard cross-section of slab bridge constructed with inverted T-
beams in: a) Denmark (From: Ostenfeld and Jønson (1950)), b) Norway (From:
Aadnesen and Husevaag (1977, 1982)), c) United Kingdom (From: Sriskandan
(1977)).
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Figure 1.5: Tire footprints from axles of special/heavy vehicles.

The Danish national models for special vehicles are also used for capacity
assessment of existing bridges. The assessments result in bridge ratings, which are
used for administration of heavy vehicles that need a special permit to drive on
the roads, see (Ravn et al., 2006).

A survey of heavy vehicles in Denmark is presented in Paper I (Jensen et al.,
2019a), where the focus is on the extremely heavy vehicles (>300 tonnes). The
survey shows that the extremely heavy vehicles typically have many equally spaced
heavy axles similar to the vehicle models defined in the Danish national annexe.
Hence, the governing load case for the capacity assessment of short-span bridges is
a situation with equally spaced heavy axles. However, most of the heaviest axles
from the survey are wider and have more tires per axles compared to the Danish
national models, see Figure 1.5. The figure shows that the axle used in the models
has two large tire footprints, each one representing a set of double tires. The
survey in Paper I shows an axle similar to the axle used in the model, but also
axles with 8 and 16 tires. The most common axles among the heaviest axles are
those with 8 and 16 tires, which are not included in the Danish national models.

A detailed description of the survey and additional findings can be found in
Paper I.

8 Department of Civil Engineering - Technical University of Denmark
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1.3 Capacity assessment of existing slab bridges

The Danish road directorate (Vejdirektoratet) has published a guide for the load-
carrying capacity assessment of existing bridges (Vejdirektoratet, 2017). The
guide, with reference to DS/EN 1991-2 DK NA (2017), states that existing bridges
must be assessed with respect to Load model 3, i.e. special heavy vehicles. Further-
more, the serviceability requirement has been relaxed, which makes the ultimate
limit state the governing part of the assessment.

The guide defines existing bridges as bridges that are in use and where all the
design documentation have been approved. This makes it valid for old as well as
new bridges. However, old bridges are designed according to old standards with
different requirements than the current standards. One-quarter of the bridges on
the main roads in Denmark are at least 50 years old. The road bridges at that
time were designed to carry two load models (Vejdirektoratet, 1974) defined as

• Load model 1: A road roller and two normal trucks in three lanes adjacent
to each other, and surface load in all lanes.

• Load model 2: A heavy truck alone on the bridge.

The heavy truck had a 20 and a 30 tonnes axle placed at a mutual distance of
5 m, which is a gross weight equivalent to the secondary vehicle used for design
today (see Section 1.2). In many cases, the lower design load makes the old bridges
incapable of carrying the heaviest vehicles on the roads today according to their
design documents. Fortunately, many bridges were designed with simplified and
conservative design models, which means that the actual load-carrying capacity
in most cases is higher than the design capacity. The simplified design models
used for slab bridges are typical linear elastic models or simplified strip models
where a strip under the axle loads is considered without transverse redistribution.
Common for both calculation models is the lack of redistribution of internal forces.
Furthermore, compared to the time of construction, the concrete strength may have
increased significantly due to continuously hydration between water and remaining
cement grains (Nielsen, 2005). Thus, to increase the documented load-carrying
capacity of existing bridges, more refined models with updated material parameters
are needed.

Limit analysis based on the assumption of rigid plastic materials has shown to
be an efficient method to determine the load-carrying capacity of reinforced con-
crete slabs. The most well-known methods are the Yield Line Method (Johansen,
1943, 1962) and the Strip Method (Hillerborg, 1974). The yield line method has
previously been exploited for capacity assessment of slab bridges by Jackson (2011),
where the focus was on the flexural strength.

In the last decades, finite element limit analysis (FELA) have been developed.
The method combines the discretisation of a model, known from conventional
finite element analysis (FEA), with limit analysis. FELA based on the lower
bound theorem has shown to be an efficient method to determine the load-carrying

Department of Civil Engineering - Technical University of Denmark 9
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capacity of slabs no matter the complexity of the geometry, loading condition or
yield criteria (Krabbenhøft and Damkilde, 2002; Krabbenhøft et al., 2007; Nielsen
and Poulsen, 2009).

However, the moment capacity, as well as the shear capacity, need to be con-
sidered for assessment of existing bridges. In that case, known methods, such as
the yield line method, cannot be used since it does not consider shear forces.

In limit analysis, ductile behaviour of the failure is assumed. If that is not the
case, models which account for brittle or quasi-brittle behaviour, e.g. concrete in
tension, need to be used.

Nonlinear finite element analysis has proven to be a powerful method to de-
termine the load-carrying capacity of slabs failing in a brittle or ductile manner
(Hendriks et al., 2017b). However, the drawback of nonlinear finite element ana-
lysis of reinforced concrete structures is the modelling complexity and the relatively
large amount of time used on the modelling and analysis compared to limit ana-
lysis. Another drawback of nonlinear FEA is the lack of stability, which FELA
with convex yield criteria does not in general experience.

1.4 Objectives of the thesis

The primary objective of the thesis is to develop numerical methods which can be
used for load-carrying capacity assessment of reinforced concrete slab bridges.

The objectives are specified as:

• Development of methods for calculation of the load-carrying capacity of slab
bridges that accounts for shear-moment interaction.

• Development of methods for calculation of the load-carrying capacity of slab
bridges constructed with inverted T-beams.

• Identification of critical failure mechanisms for slab bridges.

• Verification of the analyses by comparison with experimental work.

1.5 Outline of the thesis

The thesis is divided into two main parts, which is the chosen format at the
Department of Civil Engineering, Technical University of Denmark. Part I consists
of an introduction and a summary, and Part II contains appended papers. In the
first part, each chapter introduces the research topics and presents a summary
of the main findings. The second part consists of appended papers, where the
research and findings are presented in details. An overview of where the chapters
and papers have the main overlap is given in Table 1.1.

The introduction, Chapter 1, is not presented in the papers, except Section
1.2, which is directly related to Paper I.
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Table 1.1: Overview of chapters and papers.

Chapter Chapter title Paper

1 Introduction

1.2 Traffic load on short-span road bridges Paper I

2 Destructive tests of existing reinforced con-
crete bridges

2.2 Test of a slab bridge in Denmark Paper II

3 Finite element limit analysis of concrete
slabs that accounts for shear-moment inter-
action

3.2 General shear and shear-bending limitations Paper III-IV

3.3 Layer model for slabs with shear reinforcement Paper V

4 Analyses of slab bridges constructed with in-
verted T-beams

4.1 Finite element limit analysis Paper VI-VII

4.2 Nonlinear finite element analysis of slab strips Paper VIII

5 Conclusions and future work

Chapter 2 is partly presented in Paper II. Parts of the literature review in
Section 2.1 is also found in Paper II, and Section 2.2 is directly related to Paper
II.

Chapter 3 covers Papers III, IV and V. Section 3.1 introduces and elaborates
the general finite element limit analysis formulations found in the papers. Papers
III-IV are directly related to Section 3.2, and Paper V is directly related to Section
3.3.

Chapter 4 covers Papers VI, VII and VIII. Papers VI-VII are directly related
to Section 4.1, and Paper VIII is directly related to Section 4.2. The general
finite element limit analysis formulations found in Papers VI-VII are presented in
Section 3.1.

Department of Civil Engineering - Technical University of Denmark 11



Introduction

12 Department of Civil Engineering - Technical University of Denmark



Chapter 2

Destructive tests of existing
reinforced concrete bridges

Destructive tests of existing reinforced concrete bridges have been conducted for
many decades to investigate their load-carrying capacity and structural behaviour.
For these reasons, destructive tests were conducted on existing bridges in Denmark
as a part of the main research project.

In the first section of the chapter, an extended version of the literature review
found in Paper II (Schmidt et al., 2018) is presented. In the second section, the
main findings of one of the full-scale tests of existing slab bridges presented in
Paper II are summarised, and parts of the preparation are elaborated. The focus
is on the preparation, execution, and main results. The monitoring of the test is
not part of the PhD project, but details are presented in Paper II.

2.1 Literature review

The literature review considers full-scale destructive tests of existing reinforced
concrete bridges subjected to vertical static loads. An overview of the destructive
tests in the literature review is found in Table 2.1 and 2.2. Table 2.1 shows when
and where the tests were conducted, and the references. Table 2.2 shows the
structural properties of the bridges. The bridge tests are given a number in the
tables, which is referred to in the following.

The tested bridges are mainly slab and girder bridges. All the bridges were
road bridges except no. 1, which was a pedestrian bridge, and no. 25, which was a
railway bridge.

Some of the bridges were either weakened to obtain a failure or strengthen to
obtain a specific failure type. The bridges in no. 7, 11, 12, and 19 were cut in the
span direction, and only a strip of the slabs was tested. The bridges in no. 10, 13,
25, and 28 were strengthened with extra reinforcement to ensure a shear failure.

Different loading systems were used due to the conditions around the bridges
and the load configurations on the bridges. The loading systems typically found
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Figure 2.1: Loading systems typically used in destructive tests of existing bridges.
a) Dead load, b) Cross-beam with ground anchors, c) Axle configuration with
ground anchors and d) Loads, simulating axle configurations, attached to the sub-
structure.

in the literature are illustrated in Figure 2.1. Dead loads were used in no. 1, 9, 17,
22, 24 and 29. In no. 17, the load was increased by filling a box on the bridge with
gravel. It was reported that the load did not distribute evenly in the box, which
made it hard to determine the actual load distribution.

A cross-beam, as shown in Figure 2.1b, was used in no. 6, 10, 16, 25, 26, and
28, which loaded the bridges in the whole width. The loads, except in two cases,
were applied by hydraulic jacks anchored to the ground (see Figure 2.1b). In no.
6, the hydraulic jacks were connected to the substructure, as shown in Figure
2.1d, but with the beams, connecting the hydraulic jacks to the abutment, placed
underneath the bridge deck. In no. 26, the ground anchor was not strong enough,
and therefore replaced by a box of gravel underneath the bridge as a counterweight.

Load configurations which simulated one or two axles were used in no. 2-5, 7,
13-15, 18, 20, 21, 23, and 29. The loads were applied with dead load or hydraulic
jacks using ground anchors or by connecting the hydraulic jacks to the substruc-
ture. The road bridges, in the literature review, was only loaded with one or
two axle loads in a row. However, extremely heavy vehicles typically have several
evenly spaced heavy axles.

Most of the destructive tests resulted in a ductile failure of the superstructure
where cracks were visible, and the overall stiffness was reduced significantly before
the failure occurred. However, in no. 11, the rigid corner between the girder and
the abutment failed, which resulted in a sudden drop of the load-carrying capacity.

A detailed literature review of destructive testing of existing reinforced concrete
bridges was published by Bagge et al. (2018), which includes most of the same
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references.

A new noteworthy test of a road bridge was conducted in Germany which can
be found in (Gehrlein et al., 2018; Gehrlein and Fischer, 2018). The superstructure
was a continuous girder loaded with a point load as illustrated in Figure 2.1d. The
bridge failed due to diagonal cracking.

Table 2.1: References of full scale destructive tested concrete bridges.

No. Build-tested Country Reference

1 195? - 1952 England UnknownAuthor (1951, 1952)

2 1955 - 1960 Switzerland Rösli et al. (1963)

3 1962 - 196? Australia Gosbell and Stevens (1968)

4 1963 - 1970 USA Burdette and Goodpasture (1973)

5 1938 - 1970 USA Burdette and Goodpasture (1973)

6 196? - 197? USA Jorgenson and Larson (1976)

7 1956 - 1978 Denmark COWIconsult and Vejlaberatorium
(1979); Pedersen et al. (1980)

8 1977 - 1981* USA McClure and West (1984)

9 1950 - 1984 Canada Scanlon and Mikhailovsky (1987)

10 1980 - 1989 Sweden Pols et al. (1990); Pols and Gylltoft (1995)

11 1980 - 1989 Sweden Pols et al. (1990); Pols and Gylltoft (1995)

12 19?? - 199? England Cullington et al. (1996)

13 1932 - 199? USA Alkhrdaji et al. (2001)

14 1938 - 199? USA Azizinamini et al. (1994a,b)

15 1953 - 199? USA Aktan et al. (1992); Miller et al. (1994)

16 1959 - 1996 Switzerland Köppel and Vogel (1997); Vogel (1997)

17 1989 - 1996 Norway Isaksen et al. (1998)

18 1939 - 1998 Australia Giufre et al. (2000); Haritos et al. (2000)

19 195? - 200? South Korea Song et al. (2002)

20 196? - 200? South Korea Song et al. (2002)

21 197? - 200? South Korea Oh et al. (2002)

22 1995 - 200? China Zhang et al. (2008)

23 1969 - 2002 Australia Pressley et al. (2004)

24 1992 - 201? China Zhang et al. (2011b)

25 1955 - 2006 Sweden Elfgren et al. (2008)

26 1964 - 2007 China Zhang et al. (2011a, 2013)

27 1967 - 2010 USA Steinberg et al. (2011)

28 1959 - 2014 Sweden Elfgren et al. (2015)

29 1964 - 2014 Netherlands Lantsoght et al. (2016)

*) Experimental bridge, never in service.
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Table 2.2: Structural properties of full scale destructive tested concrete bridges.

No. Static system Superstructure Test span [m] Material

1 Continuous Girder 23 PS

2 Continuous Slab 23 PS

3 Simple Girder 18 PC/PS

4 Simple Girder 20 PC/PS

5 Simple Girder 15 RC

6 Frame Slab 8 RC

7 Continuous Slab 20 PS

8 Single Box 37 PC/PS

9 Continuous Girder 18 RC

10 Frame Slab 21 RC

11 Frame Girder 31 PS

12 Single Slab 4 RC

13 Simple Slab 8 FR/RC

14 Sim./Con. Slab 6/10 RC

15 Continuous Slab 12 RC

16 Continuous Box 20 PS

17 Continuous Slab 16 RC

18 Continuous Slab 5 RC

19 Simple Girder 12 RC

20 Simple Girder 9 RC

21 Simple Girder 30 PC/PS

22 Continuous Box 50 PS

23 Continuous Slab 8 RC

24 Simple Girder 20 RC

25 Frame Trough 12 FR/RC

26 Simple Girder 13 PC/RC

27 Simple Slab 15 PC/PS

28 Continuous Girder 21 FR/PS

29 Continuous Slab 9 RC

PC: Pre-Cast. PS: Pre-Stressed. RC: Reinforced Concrete. FR: Fibre Reinforced

16 Department of Civil Engineering - Technical University of Denmark



Destructive tests of existing reinforced concrete bridges

3.5 3.54.2

0.6

2.4

2

1

2

12

Load A: variable

Load B: constant

•
z

y

x

Figure 2.2: Load configuration of test. x is the span direction. The lightgrey
colour is the bridge deck, the grey colour is the edge beams and the black
colour marks the load positions. All dimensions in [m].

2.2 Test of a slab bridge in Denmark

The load-carrying capacity of an existing slab bridge constructed with inverted
T-beams was tested in Denmark, September 2016.

A plan view of the bridge is shown in Figure 2.2. The bridge spanned 11.2
m and only had one edge beam, because a part of the bridge was demolished
before it was tested. The bridge deck consisted of the slab, waterproof membrane,
protecting concrete, and asphalt on top. On inspection, the asphalt thickness was
measured to 45 cm, which was three times as thick as the original layer.

The cross-section of the bridge slab, according to the design drawings, is shown
in Figure 2.3. The figure shows the precast inverted T-beams (dark grey) and the
in-situ concrete. The precast beams were prestressed with 32 strands each and
had a small amount of shear reinforcement. Transverse reinforcement bars were
installed through the web of the beams at the bottom, and orthogonal reinforce-
ment was placed on top of the beams as illustrated in Figure 2.3.

The bridge was loaded with four axle loads (Load A), which simulated the rear
axles of a heavy truck with a trailer, and three axles in the adjacent lane with a
constant load (Load B), which simulated the rear axles of a normal truck with a
trailer.

In preparation of the test, the load-carrying capacity was calculated. The
calculations were based on the assessment practice of slab bridges constructed with
inverted T-beams used at the time of the test, where transverse redistribution was
neglected due to the construction joints between the precast beams and the in-
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Figure 2.3: Cross-section of tested bridge slab. All dimensions in [mm].

situ concrete. Hence, only a slab strip under Load A was considered. The width
of the slab strip was based on load spreading assumptions, e.g. 1:2 through the
asphalt was used. The geometry and material parameters used for the calculation
were based on the design drawings of the bridge. The mean concrete strength
was calculated according to (Vejdirektoratet, 2017), and the characteristic yield
strength of the reinforcement was used.

A photo of full-scale test is shown in Figure 2.4. The photo shows the bridge
and the loading rig, which was used for Load A, see Figure 2.2. The loading rig was
similar to the example shown in Figure 2.1d, but the steel beams were connected to
dead load at the ends instead of connected to the abutments. Additional dead load
was placed at the centre of the steel beams to increase the capacity of the loading
rig. The load was applied with 8 hydraulic jacks, one over each ”tire” (see Figure
2.2), which transferred the load to the deck through a steel frame. The loading
rig combined the benefits from dead loads, which is fast and cheap to apply, with
the loading control from hydraulic jacks, which previously have been used together
with ground anchors or attached to the abutments as shown in Figure 2.1. A more
detailed description of the loading rig can be found in Paper II.

The results of the test is shown in Figure 2.5. The figure shows the midspan
displacement at the centre of Load A, see Figure 2.2. The total load includes
Load B which was 0.7 MN. At the plateaus, where the deformation increases
without an increasing load, the load was constant over a period of time. At the
maximum applied load of 4.5 MN, it was not possible to increase the load due to
the limitations of the loading rig. At this load level, there were no visible cracks.
Additional results are presented in Paper II.

The line labelled pre-calculation is the result of the calculated load-carrying
capacity, where the previously mentioned method considering only a slab strip
without transverse redistribution was used. The figure shows that the applied
load is over twice as large as the calculated load-carrying capacity.
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Figure 2.4: Test of slab bridge in Denmark, September 2016.
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Figure 2.5: Load-displacement measured at midspan of tested slab bridge.

In retrospect, the calculation of the load-carrying capacity for preparation of
the destructive full-scale test should have been based on assumptions which may
overestimate the load-carrying capacity instead of assumptions which neglect ma-
jor parts of the slab. Such calculations could have been based on the yield line
method (Johansen, 1943, 1962) or finite element limit analysis of slabs (Krab-
benhøft and Damkilde, 2002; Nielsen and Poulsen, 2009). Furthermore, laboratory
experiments on slabs constructed with inverted T-beams and loaded to failure have
been found (Best and Rowe, 1958b,a, 1959), which confirm a structural behaviour
similar to that of solid slab behaviour. The slabs in the experiments had even less
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transverse reinforcement compared to the tested bridge.
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Chapter 3

Finite element limit analysis of
concrete slabs that accounts for
shear-moment interaction

In the first section of this chapter, finite element limit analysis (FELA) of concrete
slabs is introduced. In Section 3.1, the general FELA formulations used in Papers
III-VII are summarised, and some important aspects of mathematical optimisation
used in FELA are elaborated. In Section 3.2, the findings in Papers III-IV (Jensen
et al., 2018a,c) are summarised, and in Section 3.3, the findings in Paper V (Jensen
et al., 2019b) are summarised.

3.1 Introduction to finite element limit analysis of con-
crete slabs

Finite element limit analysis is a numerical method that combines the discretisation
of a model, known from conventional finite element analysis (FEA), with limit
analysis of structures where rigid plastic material behaviour is assumed.

The objective of limit analysis is to determine the load-carrying capacity of
structures. The two main methods within limit analysis are the lower bound
method and the upper bound method. In the upper bound method, the load-
carrying capacity is found by kinematically admissible collapse mechanisms, e.g.
as in the yield line method (Johansen, 1943, 1962). The load-carrying capacity
calculated by the upper bound method is always higher or equal to the exact solu-
tion according to limit analysis. In the lower bound method, the load-carrying
capacity is found by an admissible and safe stress distribution, i.e. a stress dis-
tribution in equilibrium with the applied load and within the yield criteria. The
most well-known lower bound method for slabs is the strip method (Hillerborg,
1974). The load-carrying capacity calculated by the lower bound method is always
lower or equal to the exact solution according to limit analysis.
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Figure 3.1: Example of a slab element and equilibrium between elements. a)
Slab element with linear moment distribution. b) Shear, moment and torsional
equilibrium between two elements.

For the lower bound method in finite element limit analysis of slabs, the equi-
librium is set-up in the elements and between the element edges. The elements are
stress-based, i.e. the variables in the slab elements are bending moments, torsional
moments, and shear forces. An example of such an element is shown in Figure
3.1a where mx and my are the bending moments, mxy is the torsional moment
(mxy = myx), and vx and vy are the shear forces. The equilibrium within the slab
element can, in general, be formulated as follows:

∂vx
∂x

+
∂vy
∂y

+ p = 0

∂mx

∂x
+
∂myx

∂y
− vx = 0

∂my

∂y
+
∂mxy

∂x
− vy = 0

(3.1)

where p is a surface load.
The equilibrium requirement between the element edges is illustrated in Figure

3.1b where n is the direction normal to the edge, and t is the direction tangential
to the edge. pe is the line load on the edge.

The yield criteria used in finite element limit analysis are based on a rigid
plastic material behaviour. This idealised material behaviour is illustrated, to-
gether with the realistic uniaxial behaviour, for reinforcement steel in Figure 3.2a
and for concrete in Figure 3.2b. Figure 3.2a shows that there is no deformation
until the yield strength fy for the rigid plastic material. This assumption fits well
with the behaviour of the reinforcement steel since the elastic deformation is rel-
atively small compared to the plastic deformations. The compressive strength of
reinforcement steel is normally neglected in structural concrete since instability
of the bar can occur if it is not laterally restrained. Thus, the yield criterion for
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Figure 3.2: Examples of uniaxial stress-strain relationship. a) Reinforcement
steel. b) Concrete.

reinforcement steel can be formulated as

0 ≤ σs ≤ fy (3.2)

where σs is the stress in the reinforcement steel.

The assumption of rigid plastic material behaviour does not fit as well with
concrete, as shown in Figure 3.2b. Therefore, the concrete compressive strength fc
is replaced by an effective compressive strength νfc < fc. The effectiveness factor
ν reduces the compressive strength due to, e.g., lack of ductility and laterally
cracking. For details, see (Nielsen and Hoang, 2011). In the following theoretical
calculations, and in the papers, the effectiveness factor is assumed to be ν = 1,
i.e. fc = νfc. The tensile strength of concrete is neglected. Concrete subjected to
general triaxial stress states can be modelled as a modified Mohr-Coulomb material
(Nielsen and Hoang, 2011) with tensile strength fct = 0. The corresponding yield
criteria are shown in Figure 3.3a in a σ-τ -system where σ is the normal stress, and
τ is the shear stress. The yield criteria appear as follows when expressed in terms
of principal stresses:

σ1 ≤ 0

kσ1 − σ3 ≤ fc
(3.3)

where σ1 is the largest principal stress (positive for tension), σ3 is the smallest, fc

is the uniaxial compressive strength, and k =
(
µ+

√
1 + µ2

)2
. The coefficient of

friction µ for normal strength concrete is often taken as 0.75 corresponding to an
internal angle of friction of ϕ = 37 deg. In a state of plane stress, the yield criteria
in (3.3) can be formulated with reference to a (x, y)-coordinate system. The plane
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Figure 3.3: Modified Mohr-Coulomb yield criteria.

stress yield criteria are given as

(−σxx) (−σyy) ≥ σ2
xy

(fc + σxx) (fc + σyy) ≥ σ2
xy

−fc ≤ σxx ≤ 0

−fc ≤ σyy ≤ 0

(3.4)

where σxx and σyy are the normal stresses in the x- and y-direction, and σxy = σyx
is the in-plane shear stress.

For a more detailed presentation of limit analysis and concrete plasticity, see
(Nielsen and Hoang, 2011).

Problem formulation and convex optimisation

Finite element limit analysis (FELA) problems can be formulated as mathematical
optimisation problems, which can be solved by general optimisation software. In
this section, the FELA optimisation problem based on the lower bound method
is presented together with the optimality conditions. Furthermore, it is shown
how the collapse mechanism can be extracted from the results of the optimisation
problem.

When applying the lower bound method, the objective is to maximise the
load-carrying capacity where the internal stresses and the external loads are in
equilibrium, and the stresses are within the yield criteria. The equilibrium equa-
tions, which are presented in the beginning of Section 3.1, can be formulated as

Hβ = rc + λr (3.5)

where H is the equilibrium matrix, β is a vector with all the stress variables, rc is
a load vector with all the constant loads, and r is a load vector which is multiplied
with the variable load factor λ. The yield criteria can be formulated generally
as fi(β) ≤ 0 for a single or a combination of stress variables. The objective,
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Figure 3.4: Convex and concave sets. a) Convex set. b) Concave set.

to maximise the load-carrying capacity, can be obtained by maximising the load
factor λ with respect to the stress variables β. The optimisation problem can be
formulated as

maximise
β,λ

λ

subject to Hβ = rc + λr

fi(β) ≤ 0 i = 1, 2, ..., n

(3.6)

where n is the number of yield criteria.

The objective function and the constraints in the optimisation problem in (3.6)
are typically convex. A convex set can be defined as a set where any points on a
straight line between two points within the set, are also within the set as illustrated
by the function in Figure 3.4a. If this is not the case, as illustrated in Figure 3.4b,
the function is concave.

The main advantage of convex optimisation problems is that they can be solved
very efficiently by reliable methods, such as the interior-point method (Boyd and
Vandenberghe, 2004; Nocedal and Wright, 2006). This is essential due to the fact
that any local minimum is also the global minimum for all convex optimisation
problems. This can be illustrated by Figure 3.4. If the objective is to minimise
y(x), the optimality condition can be formulated based on the derivative of y(x):
∂y(x)
∂x = 0. By starting from point p1 or p2, the minimum of the convex function in

Figure 3.4a can be obtained by moving the point down along the function. They
both reach the minimum where the optimality condition is fulfilled. However, for
the concave function in Figure 3.4b, if points p1 and p2 are moved down along
the function, they end up in two different points where the optimality condition is
fulfilled, but it is only p1 which is at the global minimum.

In order to formulate the optimality condition for the FELA problem in (3.6),
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the problem is rewritten as

maximise
β,λ

[
o

1

]T [
β

λ

]

subject to
[
H −r

] [β
λ

]
− rc =

[
o

0

]

fi(β) ≤ 0 i = 1, 2, ..., n

(3.7)

where o is a vector with zeros of the same length as β.

The Lagrangian, i.e. the Lagrange function, for problem (3.7) is introduced:

L (β, λ,u,v) =

[
o

1

]T [
β

λ

]
− uT

([
H −r

] [β
λ

]
− rc

)
−

n∑

i=1

vifi (β) (3.8)

where u is a vector of Lagrange multipliers associated with the equilibrium equa-
tion, and vi is the Lagrange multiplier associated with the ith inequality. The
Lagrange multipliers are also known as the dual variables.

The Lagrangian is a function that combines the optimisation problem into one
equation, which can be used to define the optimality conditions. Like the previous
example with y(x), the optimality conditions are based on the partial derivative
of the optimisation problem. Using the Lagrangian in (3.8) as a representation of
the optimisation problem, the optimality conditions of (3.7) can be formulated as

∇βL =−HTu−
n∑

i=1

vi∇βfi (β) = 0

∇λL =1− rTu = 0

∇uL =−Hβ + rλ+ rc = 0

∇vL =− fi (β) ≥ 0 i = 1, 2, ..., n

vi ≥ 0 i = 1, 2, ..., n

vifi (β) = 0 i = 1, 2, ..., n

(3.9)

where ∇ is the differential operator and ∇β is the partial derivative with respect
to the index β. The optimality conditions are also known as Karush-Kuhn-Tucker
(KKT) conditions.

A more detailed presentation of convex optimisation with respect to FELA is
found in the thesis by Herfelt (2017). For a more detailed presentation of convex
optimisation in general, see (Boyd and Vandenberghe, 2004).

Dual and upper bound problems - Beam example

The optimisation formulation in (3.6) is the primal optimisation problem to the
lower bound problem. To every primal convex problem, a dual problem exists. The
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Figure 3.5: Beam element and equilibrium between elements.

relation between the primal and dual problem is much like the relation between
the lower bound and upper bound problem. These relations are here illustrated
with a beam example.

The beam element and the equilibrium between the elements are shown in Fig-
ure 3.5. The equilibrium conditions can be formulated, like for the slab elements,
with Equation (3.5).

The yield criterion for the beam in bending is formulated as

−m′
p ≤ m ≤ mp ⇒

[
1

−1

]
m ≤

[
mp

m′
p

]
(3.10)

where mp and m′
p are the positive and negative moment capacity. The optimisation

problem for the beam is formulated as

maximise
β,λ

[
o

1

]T [
β

λ

]

subject to
[
−H r

] [β
λ

]
+ rc =

[
o

0

]

Cβ ≤ cp

(3.11)

where β contains all the general stress variables mx and vx. Note that the equi-
librium condition has changed sign, but is still the same.

The Lagrangian of the optimisation problem in (3.11) is given as

L (β, λ,u,v) =

[
o

1

]T [
β

λ

]
− uT

([
−H r

] [β
λ

]
+ rc

)
− vT (Cβ − cp) (3.12)

The dual problem to the primal problem in (3.11), as well as in (3.6), can be
formulated as

minimise
u,v

sup
β,λ
L (β, λ,u,v)

subject to v ≥ 0
(3.13)

where supβ,λ is the supremum with respect to (β, λ), i.e. the smallest upper bound.
By rearranging the Lagrangian in (3.12), the supremum of the Lagrangian can be
formulated as

sup
β,λ
L (β, λ,u,v) =

(
cp

Tv − rc
Tu
)

+ sup
β

(
HTu−CTv

)
β + sup

λ

(
1− rTu

)
λ

(3.14)
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For the supremum of the Lagrangian to be bounded from above in (β, λ), the terms(
HTu−CTv

)
and

(
1− rTu

)
need to be equal to zero. Otherwise, supβ,λ L =∞.

By utilising these constraints, the dual problem in (3.13) can be formulated as

minimise
u,v

cp
Tv − rc

Tu

subject to HTu−CTv = 0

1− rTu = 0

v ≥ 0

(3.15)

Since the objective function of the primal and of the dual problem are equal at
the optimal point, the load factor is λ = cp

Tv − rc
Tu.

The dual problem in (3.15) can also be derived based on the upper bound
method. It is now assumed that u contains all displacement rate variables and v
contains all the non-negative plastic strain variables, i.e. v ≥ 0. The total load is
still (λr + rc). The external work for the beam can be written as

Wexternal = (λr + rc)T u (3.16)

and the internal work can be written as

Winternal = cp
Tv (3.17)

The internal work must be equal to the external work. Thus, the load factor λ
can be formulated as a function of the displacement rate u and the plastic strain
v, which is given as

Wexternal = Winternal ⇒ λ =
cp

Tv − rc
Tu

rTu
(3.18)

Note that the numerator is equal to the objective function in (3.15). If rTu
is required to be equal to one, the denominator from (3.18) vanishes, and λ =
cp

Tv − rc
Tu. Compatibility between the displacement rates u and the strain

rates v is required and can be formulated as HTu − CTv = 0. Hence, the dual
problem and the upper bound problem result in the same formulation for the beam
problem. An example of finite element limit analysis of a continuous beam is shown
in Figure 3.6 where the upper and lower bound methods are used to obtain the
same result.

The same lower and upper bound formulation with linear constraints has been
shown for truss structures by Damkilde (1995).

As it is shown in the example, the dual variable u can be interpreted as dis-
placement rates. Since the dual problem gets solved at the same time as the primal
problem by the optimisation software, the dual variables, i.e. displacement rates,
are available even when solving the primal problem. Hence, it is possible to obtain
the collapse mechanism when solving the lower bound problems.
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Figure 3.6: Beam example. a) Collapse mechanism from the upper bound prob-
lem. b) Moment distribution from the lower bound problem.

For slabs, the relation between the displacement rates and the equilibrium
conditions can be illustrated by the total virtual work of a slab element in a state
of equilibrium, which can be written as

0 =

∫

Ω

((
∂mx

∂x
+
∂myx

∂y
− vx

)
δϕx +

(
∂my

∂y
+
∂mxy

∂x
− vy

)
δϕy

)
dxdy

−
∫

Ω

((
∂vx
∂x

+
∂vy
∂y

+ p

)
δw

)
dxdy

−
∮

Γ
((vn0 − vn) δw − (mn0 −mn) δϕn − (mnt0 −mnt) δϕt) ds

(3.19)

where δw is the virtual transverse displacement, δϕ is the virtual rotation and vn0,
mn0 and mnt0 are external forces on the boundary. The first line of the equation
is the moment equilibrium, and the second is the transverse force equilibrium.
The last line of the equation is the equilibrium at the boundary. Equation (3.19)
shows that the vertical displacement rates δw can be extracted from the element
equilibrium (line two), and on the element edges (line three).

3.2 General shear and shear-moment limitations

The load-carrying capacity of existing reinforced concrete bridges is often limited
by the shear capacity and the redistribution of shear forces when subjected to
high-intensity loads such as tire pressure from heavy vehicles. However, in limit
analysis of reinforced concrete slabs, the conic yield criteria by Nielsen (1963) are
often used, which only consider bending and torsional moments.

In this section, the conic yield criteria are combined with shear limitation
to demonstrate the ability of shear-moment limitations in FELA. The section
summarises the main findings in Paper III (Jensen et al., 2018a) together with the
findings published in Paper IV (Jensen et al., 2018c). In the papers, a detailed
description of the implementation of the shear-moment limitations in a FELA
framework is presented where second-order cone programming is used.
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Figure 3.7: Illustration of the conic yield criteria for slabs.

Yield criteria

Nielsen’s conic yield criteria are illustrated in Figure 3.7 and given as

(mpx −mx) (mpy −my) ≥ m2
xy(

m′
px +mx

) (
m′
py +my

)
≥ m2

xy

−m′
px ≤ mx ≤ mpx

−m′
py ≤ my ≤ mpy

(3.20)

where mpx and mpy are the positive plastic moment capacities, and m′
px and m′

py

are the negative plastic moment capacities. The yield criteria are based on the
yield criterion for reinforcement in (3.2) and the yield criteria for concrete in-plane
stress in (3.4). Note that optimisation problems with conic inequality constraints,
as in (3.20), can be solved very efficiently because they can be implemented with
a special subclass of convex optimisation called second-order cone programming
(Boyd and Vandenberghe, 2004).

The shear-moment limitation and the interaction is introduced by reducing the
moment capacities as a function of the shear forces. The moment-shear interaction
is formulated as

(
m̃p

mp

)n
+

( |v|
vp

)n
= 1⇒

m̃p(v) = mp

(
1−

( |v|
vp

)n) 1
n

(3.21)

where m̃p is the reduced moment capacity due to the shear force v and vp is the
plastic shear capacity. For n = 1 the interaction is linear, for n = 2 the interaction
is quadratic and for n =∞ no interaction is present (see Figure 3.8). By applying
the interaction formulation in (3.21) to all moment capacities in the yield criteria
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Figure 3.8: Schematic illustration of the investigated moment and shear interac-
tion.

in (3.20), the combined moment and shear yield criteria can be written as

(m̃px(vx)−mx) (m̃py(vy)−my) ≥ m2
xy(

m̃′
px(vx) +mx

) (
m̃′
py(vy) +my

)
≥ m2

xy

−m̃′
px(vx) ≤ mx ≤ m̃px(vx)

−m̃′
py(vy) ≤ my ≤ m̃py(vy)

(3.22)

Note that yield criteria for shear-moment interaction should be based on a
mechanical model. However, in this section, the scope is limited to a demonstration
of the possibilities to take shear-moment interaction into account in FELA, and
to show how it affects the load-carrying capacity.

Element with quadratic moment fields

A triangular element with quadratic moment fields, as shown in Figure 3.9, is
presented. The element is defined in the same way as the linear element shown in
Figure 3.1, but with an additional node on each edge. These 6 nodes define the
moment fields. The shear fields for the quadratic element are linear with maxima
in the corner nodes. On this element, a constant surface load can be applied due
to the linear shear fields. The moments and shear forces on the edges are shown
in Figure 3.9a with the 6 defining nodes, 1-6.

The yield criteria are checked at the nodes of the elements. The maximum
moment for a linear moment field is found at the corner of the element. The
maximum moment for elements with non-linear moment fields can occur anywhere
on the element. The yield criteria can, therefore, be violated if they are only
checked at the nodes. The basic quadratic element, referred to as Quad6, have 6
nodes, as shown in Figure 3.9a. Additional check points can be added to minimise
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Figure 3.9: Element with quadratic moment distribution. a) Element nodes.
βij = [vx vy mx my mxy]

i
j where i is the element number, and j is the node number.

b) Equilibrium between elements.

the violation of the yield criteria. When an extra point is added, the element
is referred to as Quad7. When four extra points are added to the element, it is
referred to as Quad10. The extra nodes are shown in Figure 3.9a, where the first
extra node is node 7.

In Figure 3.10, the maximum moment is shown for an element with no centre
node, one centre node and three centre nodes. The moment is here limited by the
yield criterion −1 ≤ m ≤ 1 at the nodes. The figure shows that if the yield criterion
is not checked in the centre of the element, the moment can be overestimated by
67%. If one or four nodes are placed in the centre, the overestimation is 33% and
25% respectively. However, the variation of the moment in the element is very large
for all cases, which can result in large shear forces according to the equilibrium
conditions in (3.1). Furthermore, these extreme variations of moments within an
element are rarely the optimal distribution for a slab discretised by many elements,
as it is shown in the next example.

The clamped square slab with uniform surface load is a benchmark example
for convergence test in finite element limit analysis. The exact solution is found
in (Fox, 1974) and is p = 42.851

mp

l2
. The FELA results obtained by use of the

different elements are shown in Figure 3.11 (left). The figure shows that the linear
element Lin and the quadratic element with 10 yield check points Quad10 converge
from below. The elements must converge from a lower value to be a true lower
bound element. The quadratic elements with 6 and 7 yield check points, Quad6
and Quad7, may overestimate the exact capacity. However, the overestimations
are very small compared with the maximum possible violation of the yield criteria
for the elements shown in Figure 3.10. The overestimation decreases with an
increasing number of elements. The convergence rates of the quadratic elements
are significantly faster than the linear element. The quadratic elements have more
degrees of freedom and a quadratic moment fields, which is a better fit for the
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Figure 3.10: Maximum possible moment in element with quadratic moment dis-
tribution. Moment limitation at control points: −1 ≤ m ≤ 1. (a) 6 control
points, mmax = 1.67. (b) 7 control points, mmax = 1.33. (c) 10 control points,
mmax = 1.25. (from Paper V (Jensen et al., 2019b)).

squared slab problem compared to the element with linear moment fields. The
yield criteria in the Quad10 element are checked at 10 nodes while it is only
checked at 3 nodes for the linear element, which results in longer computation
time. It should be noted that all computation times for the clamped slab are
within seconds.

In order to investigate the effect of shear limitation and moment-shear interac-
tion according to Equations (3.21) and (3.22), the clamped slab is analysed with
the three shear-moment interaction formulations with 232 Quad7 elements and
increasing shear strength. The error of 232 Quad7 elements with Nielsen conic
yield criteria is 0.03 %. The results for the shear-moment interactions are shown
in Figure 3.11 (right). The figure shows that the load increases with an increasing
shear capacity for all shear-moment interaction formulation. For the yield criteria
with no interaction between moment and shear, the capacity is within 5% of the
exact solution without shear limitations when the shear capacity is vp = 11.5

mp

l .
It is within 1% for vp = 19

mp

l . If a quadratic interaction is assumed, the shear
capacity has to be vp = 30

mp

l for the load to be within 5% of the exact solution.

Moment and shear failure

A simply supported single span slab with uniform surface load is analysed to
demonstrate the difference between a collapse associated with moment failure and
collapse associated with a shear failure. No shear-moment interaction is assumed.
The results are shown in Figure 3.12. The figures show that in the case of moment
failure, the slab collapses in the centre. In the case of shear failure, the slab
collapses at the support with a vertical drop of the whole slab.
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Figure 3.12: Collapse mechanisms for simply supported single span slab with a
uniform surface load. Quadratic element is used.

Comparison of different shear-moment interactions in bridge slabs

The comparison is based on the bridge slab shown in Figure 2.2 on page 17, which
was used for full-scale testing. A description of the bridge slab is found in Section
2.2. (Note that in the same example in Paper III, the loads are placed 1 m closer
to the edge beam which does not correspond with the load configuration used in
the full-scale test). The moment capacities used in the analysis are shown in Table
3.1. The slab is assumed to be simply supported at x = 0 and x = 11.2 m (see
Figure 2.2), and the construction joint between the precast inverted T-beams and
the in-situ concrete is not considered. The load-carrying capacity, without shear
limitations and calculated with elements with linear moment distributions, is 5.7
MN, including the axles with a constant load of 0.7 MN (Load B). The calculated
collapse mechanism is shown in Figure 3.13 with contour lines. The figure shows
that only a part of the bridge collapses in bending.

Limitations on the shear forces in the y-direction, vy, is added to the yield
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Table 3.1: Moment capacities of bridge slab.

mpx m′
px mpy m′

py

Slab [kNm/m] 1433 318 114 278

Edge beam [kNm/m] 1743 585 114 278
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Figure 3.13: Contour lines of the calculated collapse mechanism of slab bridge
subjected to axle loads. Shear limitations are not considered. x is the span direc-
tion.

criteria to investigate the effect of shear limitations and shear-moment interaction.
It is assumed that the shear capacity in the x-direction is sufficient and does not
affect the bending capacity. In the model, the size of the loading areas (the black
squares on Figure 2.2) is extended with 65 cm in each direction to account for the
load spreading through the thick asphalt and the concrete cover layers.

The load-carrying capacity of the slab bridge as a function of the assumed
transverse shear capacity (y-dir.) is shown in Figure 3.14. The figure shows that
the load-carrying capacity is practically unaffected by the transverse shear capacity
when it is higher than 250 kN/m, and no shear-moment interaction is assumed.
The shear capacity, 250 kN/m, corresponds to an average shear stress of 0.5 MPa
over the cross-section. In the case of a linear shear-moment interaction, the load-
carrying capacity decreases even for a high level of transverse shear capacity.

Since no mechanical model for the shear capacity or shear-moment interaction
has been considered, the results only show the minimum required shear capacities
for the different interactions at the given load level. If the shear-moment interac-
tion is not known in practice, the safest and conservative interaction is the linear
which can be combined with a calculated shear capacity.
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Figure 3.14: The calculated load-carrying capacity as a function of the assumed
transverse shear capacity vpy.

The displacement rates at the midspan are shown in Figure 3.15 for moment
limitations only (i.e. shear capacity not considered) and for linear shear-moment
interaction. The entire field of displacement rates for the model with limitation
on the moments only is shown in Figure 3.13. The displacement rates in Figure
3.15 correspond to those at the common element edges close to the midspan line.
The figure shows an almost vertical displacement rate at the position of the load
for the model with shear-moment interaction. This indicates a shear failure in
contrast to the flexural failure seen for the model with moment limitation only.
This shows the main difference in how capable the models are to redistribute the
internal forces.

3.3 Layer model for slabs with shear reinforcement

In this section, an optimised layer model for shear-moment limitations in finite
element limit analysis of slabs with shear reinforcement is presented. The section
summaries the main findings in Paper V (Jensen et al., 2019b).

The optimised layer model is based on the same assumptions used for the well-
known sandwich model (Marti, 1990), which has been adopted in the fib Model
code (Fib, 2012). The layer model, as the sandwich model, provides a simple way
to determine a safe stress state in a reinforced concrete slab subjected to moments,
torsion and shear forces. In the model, it is assumed that the bending and torsional
moments are carried by cover layers at the top and bottom of the slab and the
shear forces are carried by the core layer as shown in Figure 3.16.
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Figure 3.15: Rates of displacement along midspan (see Figure 3.13). Vehicle A
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Figure 3.16: Internal force distribution in layer model.

The specific layers in the model are shown in Figure 3.17. The concrete cover
layers are divided into multiple layers, whose size is optimised with respect to the
bending and torsional capacities. The concrete and the reinforcement are divided
into separate layers to make the size of the concrete cover layers independent of the
position of the reinforcement. In this way, the optimised layer model also enables
the possibility of more than two reinforcement layers in the (x, y)-plane. Fur-
thermore, the separation of concrete and reinforcement requires individual yield
criteria for the materials. Even though this result in more yield criteria, it is con-
sidered an improvement compared to the sandwich model. The conic yield criteria
for a reinforced concrete disk, which are adopted for the cover layers in the ori-
ginal sandwich model, can overestimate the shear capacity for high reinforcement
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Figure 3.17: Example of optimised layer model for numerical limit analysis with
one core (c1), four cover layers (c2-c5), shear reinforcement and two layers of
reinforcement. (x, y)-plane defines centre plane of slab.

degrees (Nielsen and Hoang, 2011) which lead to an overestimate of the torsional
capacity.

The layer model has so far been optimised with respect to the bending and
torsional capacities without considering the shear capacities (see Paper V). The
optimisation of the bending and torsional capacities can be described as minim-
isation of the cover layers and maximisation of the lever arm between the concrete
in compression and reinforcement in tension. Thus it results in maximisation of
the concrete core given maximum bending and torsional capacities.

Equilibrium

The stresses in the concrete and reinforcement layers, shown in Figure 3.17, need
to be in equilibrium with the sectional forces. The resulting normal forces in a
slab are zero, which gives the equilibrium conditions

n∑

i=1

ciσcx,i +

k∑

j=1

Asx,jσsx,j = nx = 0

n∑

i=1

ciσcy,i +

k∑

j=1

Asy,jσsy,j = ny = 0

σcz,1 + σsz
Asz
sxsy

= nz = 0

(3.23)

where ci is the thickness of layer i, Asx and Asy are the horizontal reinforcement
areas per unit length in layer j, σcx,i and σcy,i are the normal stresses in layer i,
σsx,j and σsy,j are the stresses in the reinforcement layer j, σcz,1 is the normal
stress in the z-direction in the concrete core and σsz is the normal stress in the
shear reinforcement, Asz is the cross-sectional area of the shear reinforcement and
sx and sy are the spacings between the shear reinforcement.
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The resulting transverse shear force needs to be equal to the sectional shear
forces vx and vy, and the resulting in-plane shear force needs to be equal to zero
which gives the equilibrium conditions

c1σczx,1 = vx

c1σczy,1 = vy
n∑

i=2

ciσcxy,i = nxy = 0

(3.24)

where vx and vy are the transverse shear forces, σczx,1 and σczy,1 are the transverse
shear stresses in the core, and σcxy,i is the shear stress in concrete layer i.

The resulting bending and torsional moments need to be equal to the sec-
tional moments mx and my and sectional torsion mxy, which gives the equilibrium
conditions

n∑

i=1

cizc,iσcx,i +

k∑

j=1

Asx,jzs,jσsx,j = mx

n∑

i=1

cizc,iσcy,i +

k∑

j=1

Asy,jzs,jσsy,j = my

n∑

i=2

cizc,iσcxy,i = mxy

(3.25)

where zc,i is the distance from the centre of the section to the centre of concrete
layer i, and zsx,j and zsy,j are the distances from the centre of the section to the
reinforcement layer j.

The equilibrium conditions for the optimised layer model can be implemented
as a system of linear equations and included in the general equilibrium matrix H
in (3.5).

Yield criteria for concrete and reinforcement layers

The reinforcement layers are limited by the yield criterion for reinforcement steel
in (3.2). The cover layers are assumed to be in a state of plane stress. Thus,
the modified Mohr-Coulomb yield criteria in (3.4) are used to limit the stresses in
these layers.

The concrete core can carry a triaxial stress state, where the full yield criteria
in (3.3) need to be considered. In practice, however, the amount of reinforcement
in slabs are rarely large enough to create concrete compressive stresses larger than
fc. It is, therefore, in most cases only necessary to check if the largest principal
stress is σ ≤ 0.

The in-plane shear stresses σxy from the torsional moment are assumed to zero
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in the core. Thus, the stress tensor for the core is given as

σ =



σxx 0 σxz
0 σyy σyz
σzx σzy σzz


 (3.26)

where σxz = σzx and σyz = σzy. According to the modified Coulomb criteria in
Equation (3.3), the principal stresses of the stress tensor must be less or equal to
zero. The principal stresses are given as the eigenvalues of the stress tensor. Thus,
the yield criterion can be formulated as a positive semi-definite inequality given as

−σ � 0 (3.27)

where ”�” is the positive semi-definite operator which states that all eigenvalues
must be positive or equal to zero.

The stress tensor in Equation (3.26) has a Chordal sparsity structure and
contains real numbers only. Thus, the positive semi-definite inequality in (3.27)
can be reformulated as

−σ � 0⇔





−
[
σxx σxz

σxz αx

]
� 0

−
[
σyy σyz

σyz αy

]
� 0

σzz = αx + αy

(3.28)

where αx and αy are auxiliary variables. The eigenvalues of a 2 × 2 symmetric
matrix can be formulated as a second-order equation. Hence, the semi-definite
inequalities in (3.28) can be reformulated as second-order rotated cones given as

(−σxx) (−αx) ≥ σ2
xz

(−σyy) (−αy) ≥ σ2
yz

σzz = αx + αy

−σxx ≥ 0 , −σyy ≥ 0

−αx ≥ 0 , −αy ≥ 0

(3.29)

Optimisation problems with semi-definite constraints are a subclass of convex
optimisation which, for larger matrices than 2 × 2, are not as efficient as second-
order cone optimisation. The improvement in calculation time by reformulating
the yield criteria in the core as second-order cones is demonstrated in the following
examples.

The complete modified Mohr-Coulomb yield criteria in (3.3) with the stress
state in (3.26) formulated as second-order cones are presented in Paper V.
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Table 3.2: Cross-sectional properties of slab.

Height, h 0.5 [m]

Concrete strength, fc 45 [MPa]

Reinforcement degree, Φx = Φy 0.1 [-]

Shear reinforcement degree, Φz 0.1 [-]

Reinforcement cover 0.05 [m]

Numerical examples

In the following examples, a slab element with isotropic reinforcement in the (x, y)-
plane is used to determine the yield surfaces obtained by the layer model. Fur-
thermore, it will be shown how the layer model performs with finite element limit
analysis. If nothing else is stated, the cross-sectional properties shown in Table 3.2
is used. With these properties, one cover layer in the top and bottom is optimal
with a thickness of c2 = c3 = 0.05 m and the core thickness is c1 = 0.4 m.

A layer model of a slab unit, as shown in Figure 3.17, is analysed to demonstrate
the moment, torsion and shear capacities as well as the interaction of section
forces. The cover layers are optimised with respect to the bending- and torsional
capacities.

The conventional yield criteria for slabs in bending are the conic yield criteria
(Nielsen, 1963), as illustrated in figure 3.7. The assumptions for the conic yield
criteria are the same as for this layer model when shear forces are neglected. The
yield surfaces calculated with the layer model are shown in Figure 3.18(left) for
case vx = vy = 0. It is seen that the layer model produces two cones, which are
identical with the conic yield criteria. However, it should be noted that the yield
surface produced by the layer model and the conic yield criteria only coincide if
both layers of reinforcement yield at the maximum bending moment as they do
for the maximum torsional moment. In all other cases, the yield surface of the
layer model will be within the conic yield criteria since the latter overestimates
the torsional capacity (Nielsen and Hoang, 2011).

The interaction between the torsional capacity and the shear forces is shown
in Figure 3.18(right). The shear forces in both directions affect the torsional
capacity since reinforcement in the x- as well as the y-direction is needed to carry
the torsional moment. The figure shows that the combined shear capacity can

be formulated as a second-order inequality
(

vx
vpx(0)

)2
+
(

vy
vpy(0)

)2
≤ 1 when the

torsion is zero (see additional figures in Paper V). When the torsional moment
increases towards the maximum torsional capacity, the combined shear capacity
approaches a linear inequality formulated as vx

vpx(mxy) +
vy

vpy(mxy) ≤ 1. Thus the

maximum possible principal shear force is in the x- or y-direction, i.e. the directions
of the reinforcement, when the torsional moment increases towards the maximum
torsional capacity.

In order to demonstrate the practical application of the layer model implemen-
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Figure 3.18: Left: Yield surfaces for combinations of (mx,my,mxy) with vx =
vy = 0. Right: Yield surface of combination of (mxy, vx, vy) with mx = my = 0.
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Figure 3.19: Load carrying-capacity of a bridge subjected to moving axle loads.
All dimensions are in [m]. *) The load-carrying capacity is relative to the load-
carrying capacity when the axles are placed in the centre of the span (x = 1.75)
and vpx = vpy =∞.

ted in FELA, a slab bridge subjected to four moving axle loads is analysed. The
moving loads require multiple calculations to find the most critical position of the
loads. Thus, a time-efficient calculation method is required.

The dimensions of the bridge are shown in Figure 3.19. The four axles represent
the heavy rear axles of a truck. The contact area of the tires is 0.3× 0.6 m. The
width of the axles is 2.8 m, and the distance between the axles is 1.4 m. All the
dimensions are according to the Danish standard (Vejdirektoratet, 2017).

The results are shown in Figure 3.19. When x = 1.75, the axles are placed
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at the centre of the span. At this position, the load-carrying capacity for Φz =
0.05 is 6 % smaller than the analysis where the shear capacity is neglected. The
figure shows that the difference remains the same as the axles moving towards the
support. This indicates that the shear forces are not critical for the load-carrying
capacity of the bridge.

The shear force distribution of the optimal solution for the axle loads placed
at x = 1.0 m from the support is shown in Figure 3.20a. The direction of the
arrows with respect to the x-axis is arctan

Vy
Vx

. In order to evaluate the extent of
redistribution of internal forces, the shear distribution is compared with a linear
elastic finite element analysis. In the analysis, the properties, shown in Table 3.2,
is used with triangular Reissner-Mindlin elements with quadratic shape functions
(DIANA, 2017). The shear force distribution of the analysis is shown in Figure
3.20b. In order to compare the flow of shear forces, trajectories starting from the
inner axle loads are calculated and drawn in the figures with red lines. The figures
show that the shear forces obtained from the limit analysis are further distrib-
uted into the slab compared with the linear elastic analysis. This is especially
seen from two of the trajectories at the load at the coordinate (4,1) where shear
forces obtained from the limit analysis are primarily directed in the y-direction and
shear forces obtained from the linear elastic analysis are approximately directed
in the x-direction. The increase of the load-carrying capacity due to the optimal
redistribution of internal forces is, for this example, 47 %.

It should be noted that the shear force distribution of the optimal solution
shown in Figure 3.20a is not unique. In the part of the slab where the internal
forces and moments are not on the yield surface, the optimisation algorithm can
choose any shear force distribution which is admissible and does not interfere with
the optimal solution.

The efficiency of the implementation of the layer model in finite element limit
analysis is analysed. The core layer is implemented with the conic constraints
shown in Equation (3.29) and with a semi-definite constraint shown in Equation
(3.27) for comparison. The bridge example in Figure 3.19 with the load placed
in the centre (x=1.75 m) is used for the analysis. The results are shown in Table
3.3 for a different number of elements. The load-carrying capacity is the same
for all calculations, which indicates that the solution has converged even for the
smallest number of elements. The table shows that the model with the core layer
implemented with conic constraints is approximately 50 % faster than the model
with the core layer implemented with a semi-definite constraint.
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Table 3.3: Comparison of calculation time (in seconds) for conic and semi-
definite implementation of the core layer. Bridge example in Figure 3.19 with
the load in the centre.

No. of elements 2 516 5 598 9 960 22 342

Conic [s] 16.7 40.2 72.2 178

Semi-definite [s] 25.5 61.3 105 253

Conic / Semi [-] 0.65 0.66 0.69 0.70
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Chapter 4

Analyses of slab bridges
constructed with inverted
T-beams

This chapter is dedicated to the analysis of slab bridges constructed with inverted
T-beams and thereby an investigation of the structural behaviour.

In Section 4.1, the findings in Paper VI-VII (Jensen et al., 2019c, 2018b) are
summarised. The general finite element limit analysis formulations used in the
papers are summarised in Section 3.1. In Section 4.2, the findings in Paper VIII
(Jensen et al., 2019d) are summarised.

4.1 Finite element limit analysis

The developed methods for limit analysis of reinforced concrete slabs only consider
monolithically cast slabs. However, many short-span road bridges are constructed
with prefabricated and prestressed elements, which have to carry the load by com-
posite actions with an in-situ cast concrete on top of- as well as in between the
prefabricated elements. The construction method introduces vertical construction
joints, which are often not accounted for in the calculations. An example of such a
composite slab is shown in Figure 4.1b. Another example of slabs with construc-
tion joints is shown in Figure 4.1a, where the slab is constructed of precast square
beams connected with post-tensioned bars normal to the construction joints. The
vertical construction joints reduce the torsional capacity and thus the load-carrying
capacity of the slab.

In this section, formulations for the torsional capacity of orthotropically re-
inforced slabs with construction joints normal to the reinforcement (Case 1), as
shown in Figure 4.1a, and partial construction joints (Case 2), as shown in Figure
4.1b, are presented.

Furthermore, a numerical layer model for finite element limit analysis which ac-
counts for the construction joints is presented. The size of the layers is determined
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Partial vertical con-
struction joint

a)

b)

Vertical construction
joint

Figure 4.1: Examples of slabs with construction joints. a) Case 1: Precast rect-
angular beams with post-tensioned bars normal to the construction joints. b) Case
2: Inverted precast T-beams with in-situ concrete.

as a part of the developed solutions for torsional capacities.

Torsional capacity

Vertical construction joints, as shown in Figure 4.1, mainly influence the in-plane
shear capacity of the slab and thus the torsional capacity. In the following, the
maximum torsional capacities of orthotropically reinforced slabs with construction
joints normal to one of the reinforcement directions are presented. The solutions
are derived in Paper VI, and are all based on the lower bound method, i.e. a stress
state in equilibrium and within the yield criteria. For the concrete, the Mohr-
Coulomb yield criteria for a plane stress state in (3.4) on page 24 are used, and
for the reinforcement, the yield criterion in (3.2) on page 23 is used.

All solutions are formulated as a function of the concrete compressive strength
fc, the thickness of the slab h, the reinforcement degrees and the construction joint
properties. For the orthotropic reinforcement layout, the reinforcement degrees are
defined as

Φx =

∑
Asx,ify
hfc

, Φy =

∑
Asy,ify
hfc

where fy is the yield strength of the reinforcement, and Asx,i, and Asy,i are the
area of reinforcement in the x- and y-direction in the ith layer.

The maximum torsional capacity for slabs without construction joints, which
is referred to as Case 0, can be formulated as

tp,0 =

(
1− Φx + Φy

2

) √
ΦxΦy

2
fch

2 for Φx + Φy ≤ 1 (4.1)

When a slab section with vertical construction joints, as shown in Figure 4.1, is
considered, an additional yield criterion needs to be taken into account. The yield
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criterion for construction joints in limit analysis is normally taken as a Coulomb
friction criterion where the cohesion is neglected. The yield criterion is given as

−µσn ≥ |τnt| (4.2)

where n is the direction normal to the construction joints, t is the tangential
direction, and µ is the coefficient of friction.

Taking the yield criterion in (4.2) into accounts together with the yield criteria
for the concrete, the maximum torsional capacity of a slab with construction joints,
as shown in Figure 4.1a (Case 1), can be formulated as

tp,1 = µ

(
1−

(
µ2 + 1

)
Φn

2

)
Φn

h2

2
fc if

(
µ2 + 1

)
Φn ≤ 1 ∧ µ2Φn ≤ Φt (4.3)

The maximum torsional capacity of a slab with partial vertical construction joints,
as shown in Figure 4.1b (Case 2), can be formulated as

tp,2 =
µΦtΦn

Φt + µ2Φn

(
1− Φt + Φn

2

)
h2fc if µ2Φn ≤ Φt (4.4)

Layer model

A simple numerical approach to construct yield criteria for slabs with and without
construction joints, which are always within the exact yield criteria, is to divide
the slabs into layers of concrete and reinforcement as illustrated in Figure 4.2. The
same approach was used in Section 3.3 for slabs with shear reinforcement. The
layer model in this section uses the same equilibrium conditions, which are given
in (3.23) and (3.25) on page 38. However, for simplicity, only in-plane stresses
are considered for the layer model for slabs with and without construction joints.
Hence, the core is neglected. The yield criteria for the concrete layers are the Mohr-
Coulomb yield criteria for a plane stress state in (3.4), and for the reinforcement,
the yield criterion in (3.2) is used. For concrete layers with construction joints,
the yield criterion in (4.2) is used in addition to the Mohr-Coulomb yield criteria.

a1 + a2

a3 + a4

Asx,2, Asy,2

Asx,1, Asy,1

Figure 4.2: Layer model with four concrete layers a1-a4 and four reinforcement
layers Asx,1-Asx,2 and Asy,1-Asy,2.
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The height of the concrete layers ai, shown in figure 4.2, can be derived from
the calculations of the moment capacities and torsional capacity. As an example,
if all the reinforcement bars are yielding for a positive bending moment in a cross-
section with x-axis as normal, the associated height of the concrete layers ax can
be calculated as

axfc = Φxfch⇒ ax = Φxh

The layer sizes associated with the torsional capacities are determined as a
part of the developed solutions for the torsional capacities. The sizes for the three
different cases are given as

Case 0: a =
Φx + Φy

2
h

Case 1: a =
(
µ2 + 1

)
Φn

h

2

Case 2: at =
Φ2
t + µ2Φ2

n

Φt + µ2Φn
h , ab =

(
1 + µ2

)
ΦtΦn

Φt + µ2Φn
h

(4.5)

where a is the size of the layer at the top and bottom of the slab. at and ab are
the sizes of the layers in the top and bottom, respectively, for a slab with partial
construction joints that cross layer ab only.

A total of 2-6 concrete layers are needed depending on the reinforcement and
construction joint configuration. The case where only two concrete layers are
needed is the isotropic slab where all the reinforcement bars in the x-direction are
yielding for mpx and m′

px, and all the reinforcement bars in the y-direction are
yielding for mpy and m′

py. The yield criteria based on the layer model for this case
is identical to the conic yield criteria in (3.20) and is exact.

Yield surface

Yield surfaces of the three cases, calculated with the layer model, are shown in
Figure 4.3.

The following parameters have been used for the yield surfaces: The thickness
of the slab is h = 0.5 m, and the strength of the concrete is fc = 45 MPa. The
reinforcement properties are shown in Table 4.1. The values of Asxfy, for layer
1 and 2 in the table, are equivalent to Ø20 mm bars per 100 mm with a yield
stress of 550 MPa. z is the distance from the reinforcement layer to the centre of
the slab. The coefficient of friction is here assumed to be µ = 0.5. The normal
direction, n, of the construction joints coincides with the y-direction.

Figures 4.3b-c show that the yield surfaces for slabs with construction joints
have linear ”cut-offs” compared to the yield surfaces for slab without construction
joints, shown in Figure 4.3a. Thus, the yield surface can be approximated with the
conic yield criteria combined with extra linear yield criteria that follow the linear
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a) b) c)

mx

my

mxy

mx

my

mxy

mx

my

mxy

Figure 4.3: Yield surfaces. The normal direction, n, of construction joints coin-
cides with the y-direction. a) Case 0: no construction joint. b) Case 1: construc-
tion joints. c) Case 2: vertical construction joints at the bottom of the slab.

Table 4.1: Reinforcement properties for examples.

Layer no. Asxfy [MN/m] Asyfy [MN/m] zs [m]

1 1.7 0 0.22

2 1.7 0 -0.22

3 0 0.85 0.20

4 0 0.85 -0.20

part of yield surfaces based on the layer model. The additional yield criterion, for
a slab with construction joints normal to the y-direction, can be formulated as

|mxy| ≤ α1my + α2 (4.6)

where α1 and α2 are parameters determined from the yield criteria based on the
layer model with construction joints. An example of the combined conic and linear
yield criteria is shown in Figure 4.4. This approach is further described in Paper
VII.

Bridge example

The effect of construction joints on the load-carrying capacity is investigated.

A bridge, shown in Figure 4.5, is analysed for all three cases. The sectional
parameters presented in the previous section are used. The load on the bridge,
which is marked with black squares on the figure, is four axle loads from a heavy
vehicle. The area of the wheel footprint is 0.6 × 0.3 m, the width from centre to
centre wheel is 2 m, and the distance between the axles is 1.4 m. The centre of
the four axles is placed 3 m from the edge and 4 m from the support.

In Figure 4.5, the capacities of the slab bridge are shown as a function of
the factor k4, which is multiplied with the area of reinforcement in layer 4, see
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Figure 4.4: Example of conic yield criteria with linear criteria to account for
construction joint (Isotropic case).
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Figure 4.5: Load-carrying capacity of the shown bridge. Case 0: No construction
joints, Case 1: construction joints, and Case 2: partial construction joints.

Table 4.1. The load-carrying capacity of the slab bridge with k4 = 1 is reduced
by 15 % from Case 0 to Case 1, i.e. a slab without construction joints to a slab
with construction joints. For this value of k4, the torsional capacity is reduced
with 62 % due to construction joints. For Case 2, partial construction joints, the
load-carrying capacity is reduced with 5 % and the torsional capacity is reduced
with 37 %. Thus, the reduction of the load-carrying capacity of the slab is less
significant than the reduction of the torsional capacity. This is due to the ability
of the structure to redistribute the internal forces.
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4.2 Nonlinear finite element analysis of slab strips

Strips of slabs constructed with inverted T-beams have been tested since the 1950s
(Ostenfeld and Jønson, 1951; Ohio Department of Highways, 1954). At that time,
the slab strips were tested for bending, which showed sufficient bond between the
precast and the in-situ concrete, and a ductile behaviour.

Two new test series of slab strips from existing slab bridges constructed with
inverted T-beams have been conducted in the last decades. The test series are
from Ohio (Halsey and Miller, 1996; Halsey, 1996) and Denmark (Xuan and Blak,
2017; Sørensen et al., 2017; Halding and Schmidt, 2017). They both show a ductile
behaviour, but also that diagonal cracks are possible for slab strips constructed of
inverted T-beams. Thus, a further investigation of the behaviour and the shear
capacity of the slab strips is needed.

In the following, a numerical investigation on the structural behaviour and on
the effect of construction joints on shear failure is presented. The investigation is
based on non-linear finite element analysis.

Experiments

Slab strips were cut out of two forty-year-old bridges in Ohio, and one forty-
year-old bridge in Denmark to examine the load-carrying capacity and service
load behaviour. The slab strips from Ohio were tested in symmetric three-point
bending, and the slab strips from Denmark were tested in symmetric four-point
bending. The results from Ohio and the cross-section of the slab strips referred
to as Auglaize are shown in Figure 4.6. The results from Denmark and the cross-
section are shown in Figure 4.7. The tested slab strips consist of two precast
and prestressed inverted T-beams and in-situ concrete. The cross-section from
Denmark had stirrups and transverse reinforcement going through the web of the
precast beams.

The results of both test series show that all beams behaved in a ductile manner
before failing. Three of the beams from Ohio failed due to bending with concrete
crushing at the top fibre, while one had diagonal cracking when it failed which is
associated with a shear failure. Two of the beams from Denmark failed due to
bending with concrete crushing at the top fibre, while one had diagonal cracking
when it failed.

Non-linear finite element model

The finite element models are based on the guidelines from the Dutch Rijkwater-
staat (Hendriks et al., 2017a) and established in the commercial program DIANA
FEA (DIANA, 2019).

A total of 4 construction phases are modelled to get the correct initial stresses
and strains in the slab strips, as illustrated in Figure 4.8. In phase 1 and 2, the
precast beam is prestressed. In phase 3, the in-situ concrete is modelled as dead
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Figure 4.6: Left: Load-deflection of tests in Ohio (Halsey and Miller, 1996;
Halsey, 1996). The diagonal crack only occurred in the indicated test. The spans
of the slab strips from Athen and Auglaize were 8.23 m and 7.32 m, respectively.
Right: Cross-section of Auglaize slab strip. All dimensions in [mm].
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Figure 4.7: Left: Load-deflection of tests in Denmark (Xuan and Blak, 2017;
Sørensen et al., 2017; Halding and Schmidt, 2017). The diagonal crack only oc-
curred in the indicated test. Right: Cross-section of Danish slab strip. All dimen-
sions in [mm].

54 Department of Civil Engineering - Technical University of Denmark



Analyses of slab bridges constructed with inverted T-beams

Phase 1 Phase 2 Phase 3 Phase 4

Figure 4.8: Modelling of construction phases. The red arrowheads indicate sup-
ports, the blue arrows are loads, and the green arrow is displacement control. A
quarter of the slab strips is modelled due to symmetry with the x- and y-axis.

weight. In phase 4, the in-situ concrete is modelled with solid elements, and the
external load is applied with displacement control.

The total strain crack model in DIANA FEA is used, which is based on the
modified compression theory (Vecchio and Collins, 1986). The reinforcement bars
are modelled with embedded truss elements with bond slip. The reinforcement
bars crossing the construction joints are modelled with embedded beam elements
with bond slip. The construction joint is modelled with a non-associated Coulomb-
friction model with a tension cut-off. In order to model the brittle behaviour of
the construction joint, shear and tensile strength are reduced to zero when the
tensile strength is exceeded. Furthermore, the cohesion decreases towards zero for
an increasing plastic shear deformation ∆upt .

The material parameters used in the models are mean values, and they are
described in Paper VIII.

Numerical investigation of experiments from Ohio

The finite element models are compared with the experiments from Ohio, and the
effect of the construction joint on shear failure is investigated.

The load-displacement curve of the Auglaize test from Ohio and the model
result are shown in Figure 4.9(left). The result labelled ”No change” is based on
the model with the original parameters presented in Paper VIII. The labels related
to the other results state the change of parameters in the models. The original
value of the cohesion c is multiplied with 0.1 for 0.1c, and the original value of the
tensile strength of the construction joint is multiplied with 0.1 for 0.1fcj,t. ∆upt,0
is the value of the relative shear displacement of the construction joint, where the
cohesion has decreased to zero. When the original value is multiplied with 103, it
is equivalent to no softening of the cohesion.

Figure 4.9(left) shows that the deformation of the original model fits well with
the experimental tests. The original model fails due to the crushing of the in-
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Figure 4.9: Left: Load-displacement curves of Auglaize tests from Ohio and mod-
els. Right: Relative normal displacement of construction joint near midspan.

situ concrete. The results for the model where the changes 0.1fcj,t and 0.1c is
applied also fits well with the experimental test. However, the relative normal
displacement of construction joint, i.e. separation, of the two analyses is different,
as shown in Figure 4.9(right). The analysis with the reduced construction joint
strength starts to separate at a midspan displacement of 20 mm, which fits better
with the experimental tests.

The point of failure is further studied by examining the strains just before and
after failure. The maximum and minimum principal strains before and after failure
are shown separately in Figure 4.10 for the in-situ concrete and the precast T-
beam. Figures 4.10a,d show the minimum principal strains at compression failure.
It is seen that the strains localise in a single row of element when the slab strips
fail. Figures 4.10b-c show the maximum principal strains before the failure. It
appears that the strains have localised to four cracks in both the in-situ and
precast concrete. Two of the cracks have initiated propagation horizontally and
diagonally near the top. This is also reported in the experimental results. In
Figure 4.10e-f, the maximum principal strains are shown after failure. At this
stage, the cracks in the in-situ and precast concrete no longer correlate with each
other, which is due to a failure of the construction joint at the area around the
cracks. Near the end of the beam, the construction joint is still intact. The cracks
in the precast beam have propagated to a large diagonal crack in the web. The
cracks in the in-situ concrete have propagated to a horizontal crack at the top of
the beam. This corresponds well with the experimental results where the failure is
described as: ”At this point the diagonal cracks were very wide and had propagated
such that they were horizontal near the top of the beam.” Halsey (1996).

The presented analyses correspond well with the behaviour of the experimental
test with the highest load-carrying capacity, see Figure 4.9(left). However, the
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a) d)

b) e)

c) f)

Before failure After failure

Figure 4.10: Maximum and minimum principal strains before and after fail-
ure. Changed parameters: 0.1fcj,t, 0.1c, 103∆ up

t,0. a-c) Before failure. d-f) After
failure. a,d) Minimum principal strains E3 of in-situ concrete. b,c) Maximum
principal strain E1 of the in-situ concrete. e,f) Maximum principal strain E1 of
the precast beam.

large diagonal crack in the in-situ concrete (see Figure 4.6) for the experimental
test with the lowest load-carrying capacity has not been seen in the models. In
order to investigate the bond strength of the construction joints effect on shear
failure, the cohesion is reduced to 2% of the original value. The result is shown
in Figure 4.9(left). In this case, the separation of the construction joint and local-
isation of the diagonal crack in the precast beam, as shown in Figure 4.10f, occur
at a midspan displacement of 75 mm, and the maximum load is reached before
crushing of in-situ concrete. Hence, if the bond strength of the construction joints
is insufficient, the failure is due to slip followed by shear failure of the precast
beams. The diagonal crack is also longer and forms a flatter angle with the beam
axis than the crack illustrated in Figure 4.10f. However, the in-situ concrete does
not develop any diagonal cracks.

Numerical investigation of experiments from Denmark

In this section, the finite element models are compared with the experiments from
Denmark with focus on dowel action.

In the test set-up for the experiments, the supports could not move horizont-
ally. Thus, to model the experiment, additional horizontal supports and a friction
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Figure 4.11: Dowel action analysis - Comparison of load-displacement at mid-
span.

a) b)

Figure 4.12: Maximum principal strains. a) At first crack localisations. b) At
failure.

interface modelled between the slab strip and the supports are added. The coeffi-
cient of friction is chosen by fitting the results of the experiment with the result
of the model. The results are shown in Figure 4.11(left), where the result labelled
”Case 1” is for a model with the original construction joint strength and horizontal
supports.

The maximum principal strains ”E1” is shown in Figure 4.12a for Case 1,
where the first crack localisations occur at a midspan displacement of 7 mm, and
in Figure 4.12b where the failure occurs at a midspan displacement of 70 mm.
The diagonal crack corresponds well with the experimental test where a diagonal
crack occurred, as illustrated in Figure 4.7. However, the analysis does not show
the horizontal part of the crack along the construction joint, as observed in the
experimental test.

No slip between the precast beams and the in-situ concrete occurred for Case
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1. Hence, the reinforcement bars crossing the construction joint was not activated
in dowel action. In order to activate dowel-action, the cohesion and the tensile
strength of the construction joint in the model labelled Case 1 are reduced to 10%
(Case 2) and 2% (Case 3) of the original values. The displacement curves are
shown in Figure 4.11(left). It is seen that the loads are reduced from the first
crack localisation to the maximum load at about 45 mm. The models fail due to
separation and slip in the construction joint, which leads to a diagonal crack in
the precast beam. This is also the case shown in Figure 4.10. The analyses fail
after the load starts to decrease, which is marked with crosses.

The shear force Vy in the transverse bar (see the cross-section in Figure 4.7)
placed 0.75 m from the support is shown in Figure 4.11(right) as a function of the
midspan displacement. The figure shows that the shear force is near zero for Case
1. For Case 2 and 3, the reinforcement bar gets activated in dowel action when
the first crack localisation occurs at a midspan displacement of 7 mm and 4 mm,
where the shear force jump to 7 kN and 5 kN. At the maximum load, the shear
force is about 23 kN for Case 2 and 24 kN for Case 3, which are about half of the
ultimate capacity of the bars in dowel action.

The shear force Vy is approximately the same for the three transverse rein-
forcement bars closest to the support. The shear forces in the stirrups placed at
the same position as the transverse reinforcement are only 1 kN at the maximum
load. Thus, when the construction joint slips, the transverse reinforcement bars
transfer the forces between the precast beams and in-situ concrete.
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Chapter 5

Conclusions and future work

This thesis contributes to the development of modelling the load-carrying capacity
of reinforced concrete slab bridges. An essential and initial part of modelling the
load-carrying capacity accurately is to apply load models that reflect the actual
loads. Thus, extremely heavy vehicles, which is the governing load for assessment
of the load-carrying capacity, have been studied. The main method considered in
the thesis is finite element limit analysis (FELA) of slabs, where a framework has
been developed that accounts for shear-moment interaction. In the thesis, a focus
is given to slab bridges with inverted T-beams. Such bridges have, in the main
research project, been tested and analysed, and new models, which account for
the construction joints, have been developed.

In the first section of this chapter, the main conclusions are presented. In the
second section, recommendations for further research is presented. The recom-
mendations are based on the research presented in the thesis, and they are seen
as possible next steps in the research field of modelling the load-carrying capacity
of reinforced concrete slab bridges.

5.1 Conclusions

Traffic loads on short-span road bridges

The configuration and weight of heavy vehicles are essential for a safe and optimal
assessment of the load-carrying capacity of short-span road bridges.

The survey of extremely heavy vehicles, introduced in Section 1.2 and described
in detail in Paper I, shows that these vehicles have a large number of evenly spaced
axles. The heaviest axles per vehicle have either 4, 8 or 16 tires per axle line. For
the absolute heaviest vehicles, 6 m wide axles with 16 tires are the most common.
The axle width and spacing of the Danish national models for special vehicles
correspond well with axles with four tires. However, the wide axles used for the
heaviest vehicles are not represented by the models.
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Structural behaviour of slabs constructed with inverted T-beams

Within the main research project, full-scale tests of existing slab bridges construc-
ted with inverted T-beams have been conducted. The test presented in Chapter
2 shows a much higher load-carrying capacity than the calculations based on cur-
rent assessment practice for slab bridges constructed with inverted T-beams. In
the calculations, only a slab strip is considered. However, the full-scale test and
old experimental tests show that structural behaviour of slabs constructed with
inverted T-beams are very similar to that of solid slabs.

Two experimental test series of slab strips from existing bridges constructed
with inverted T-beams have been examined and numerically investigated with re-
spect to the effect of the bond strength of the construction joints on shear failure.
All examined experimental tests show a ductile failure. The numerical invest-
igation is based on non-linear finite element analysis with solid elements. The
investigation shows that if the bond strength of the construction joints is insuf-
ficient and no reinforcement bars are crossing the joint, the slab strip can fail
in a brittle manner due to diagonal cracking in the precast beams. However, if
reinforcement bars are crossing the construction joint, the failure is more ductile.

Finite element limit analysis of slabs that accounts of shear-moment
interaction

A framework for finite element limit analysis (FELA) of slabs that accounts for
shear-moment interaction has been presented. The framework is based on the
lower bound method and can be implemented with general optimisation solvers.

Equilibrium elements with linear and quadratic moment fields with full con-
tinuity along the edges have been presented. An advantage of the linear element
is that it cannot overestimate the sectional moments, which is the case for the
quadratic element. However, the overestimation practically vanishes when extra
nodes are added to the quadratic element. An advantage of the quadratic element
is that it can handle surface loads, which is not the case for the linear element.
Surface loads on linear elements have to be approximated as line loads on the edges
of the element.

The conic yield criteria for slabs in bending have been combined with shear
limitations to demonstrate the possibilities of shear limitations as well as shear-
moment limitations. It has been shown that the elements with full continuity
along the edges can handle shear and shear-moment limitations, and how differ-
ent shear-moment interactions affect the load-carrying capacities of bridge slabs.
Furthermore, it has been shown how failure related to shear limitations can be
identified with the collapse mechanism.

A layer model for finite element limit analysis of slabs with shear reinforcement
has been presented. The layer model limits bending moment, torsional moment
and shear forces. The layers in the model are divided into concrete and reinforce-
ment layers. This separation of materials ensures a safe stress state. The layer
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model is implemented with conic programming, which is significantly more efficient
than the previous implementations with semi-definite programming of equivalent
models. Hence, the calculation time of a bridge is within minutes.

Limit analysis for slabs with construction joints

The torsional capacity of slabs with vertical construction joints and partial con-
struction joints has been derived. It has been shown that construction joints can
reduce the torsional capacity significantly.

A layer model for finite element limit analysis of slabs with construction joints
in bending has been presented. The layer thickness is derived as a part of the tor-
sional capacity solution. It has been shown that the reduction of the load-carrying
capacity due to construction joints is much less significant than the reduction of
the torsional capacity.

5.2 Future work

Traffic load models for road bridges

The width of axle loads is important for the distribution and redistribution of
internal forces, and thus the load-carrying capacity of slab bridges. The survey
of extremely heavy vehicles presented in Paper I shows that many of the absolute
heaviest vehicles have a width that is more than twice as wide as the load model
for heavy vehicles used in Denmark. Thus, load models that represent the axle
configuration and dimensions of the absolute heaviest vehicles need to be developed
to utilise the full potential of road bridges.

Finite element limit analysis of slabs without shear reinforcement

A framework for finite element limit analysis of slabs with shear-moment inter-
action and a layer model for slabs with shear reinforcement have been presented.
However, yield criteria or a submodel, such as a layer model, for slabs without
shear reinforcement that accounts for shear-moment interaction has not been de-
veloped. Such yield criteria need to be developed to use FELA for slabs without
shear reinforcement in the assessment of slab bridges. Note that before a yield cri-
teria or submodel can be developed, ductility and optimal redistribution of forces
in slabs need to be examined in detail because ductility is not guaranteed for slabs
without shear reinforcement.

However, further experimental research may need to be conducted with respect
to ductility and optimal redistribution of forces of slabs without shear reinforce-
ment before a yield criteria or submodel can be developed.
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Finite element limit analysis of slabs with construction joints

A layer model for monolithically cast slabs with shear reinforcement that accounts
for shear-moment interaction and a layer model for slabs with construction joints in
bending have been developed. However, a layer model for slabs with construction
joints and shear reinforcement that accounts for shear-moment interaction has not
yet been developed. This is needed because the more recent built slab bridges
constructed with inverted T-beams have much more shear reinforcement than the
older bridges (fib bulletin 29, 2004).

Finite element limit analysis of slabs with skew reinforcement

The yield criteria and layer models developed in this thesis are for orthogonal
reinforced concrete slabs only. However, many existing skew bridges do also have
skew reinforcement, i.e. reinforcement in two directions which is not perpendicular.
Thus, the developed FELA models need to be further developed to handle skew
reinforcement.
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Köppel, S. and Vogel, T. (1997). Feldversuch Steilerbachbrücke.
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ABSTRACT
Heavy vehicles, which exceed the national regulations for weight limits, are often the
governing load for design and assessment of the load-carrying capacity of short-span
road bridges. Thus, the configuration and weight of heavy vehicles are essential for a
safe and optimal design or assessment. In this paper, a survey of the extremely heavy
vehicles in Denmark are presented, which gives an insight into the axle configuration,
dimensions and weight of these vehicles. The survey is based on vehicle certificate
data used for special permit applications. The paper focuses on the dimensions and
loads of the absolute heaviest vehicles, which are rarely captured by site measure-
ment. The 2 % heaviest vehicles in the dataset weigh between 300 and 800 tonnes.
The survey shows that these vehicles have a large number of equal spaced axles with
a width up to 6 m. The vehicles from the dataset are compared with Eurocode and
Danish national models for special vehicles. The comparison shows that the models
match well with the data in general.
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1. Introduction

Optimal design and assessment of the load-carrying capacity of short-span (≤ 20 m)
road bridges require accurate load models of heavy vehicles, which is often the gov-
erning load. The loads and dimensions of heavy vehicle models can also be governing
for the design and assessment of subcomponents of medium- and long-span bridges,
such as the top slab between girders where the size of the axle and the tire footprint
are essential for the design.
Models of special vehicles for road bridges, which exceed the national regulation for
weight limits, are presented in Eurocode 1991-2 (EN 1991-2, 2003). The models are
divided into classes with different gross weights and axle loads. Many countries have
defined models of special vehicles in their national annex to Eurocode 1991-2. The
Danish national annex to Eurocode 1991-2 (DS/EN 1991-2 DK NA, 2017) defines 22
different models of special vehicles with gross weights ranging from 10 to 500 tonnes.
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New bridges must be designed to carry at least the model with a characteristic gross
weight of 158 tonnes alongside normal traffic according to the Danish national annex
to Eurocode 1991-2 (DS/EN 1991-2 DK NA, 2017). The load-carrying capacity of all
road bridges in Denmark is rated with respect to the heaviest vehicle model that the
bridge can carry. The rating can be based on simple original design comparisons or
more complex analyses such as full non-linear reliability assessment. However, complex
analyses are only used in rare cases.
In the last decades, site measurements of the gross weight and axle loads of vehi-
cles have been collected to estimate the characteristic load of heavy vehicles (OBrien,
Keogh, & O’Connor, 2014; Sivakumar, Ghosn, & Moses, 2011). The site measure-
ments are normally collected by weigh-in-motion technology (Al-Qadi et al., 2016),
which weighs the vehicles driving over the device at normal traffic speed. The site
measurements are typically collected in a relatively short period of time compared to
the lifetime of the bridge. The characteristic load of heavy vehicles is often extrapolated
from the data using, e.g. Monte Carlo simulations (Enright & O’Brien, 2013; Enright,
OBrien, & Leahy, 2015). However, extremely heavy vehicles can only be simulated
based on some assumption of the vehicle dimensions and axle loads (Babu, Iatsko, &
Nowak, 2019; Enright & O’Brien, 2013; OBrien et al., 2015). Thus, an insight into the
axle configuration, dimensions and weight of extremely heavy vehicles can contribute
to the simulation of these vehicles.
In this paper, a survey of the extremely heavy vehicles in Denmark are presented.
The survey is based on vehicle certificate data used for special permit applications.
A special permit must be obtained for a specific route or the Danish heavy grid net-
work if a vehicle exceeds the Danish national regulation for weight limits (Petersen,
2018; Ravn, Attrup, Stoltzner, & Linneberg, 2006; Transport- Bygnings- og Boligmin-
isteriet, 2016). The permit is issued if the vehicle ratings are lower than the ratings of
the bridges on the route. The vehicle ratings, which are stated on the vehicle certificate
together with the vehicle data, is based on the axle configuration and axle loads. Each
vehicle has 15 ratings for bridges, which are simplified as simply supported single span
beams, spanning from 2 to 200 m (Ravn et al., 2006).
Vehicle certificates from 2007 to 2018 were available, and the data from the certifi-
cates have been extracted into a database. The data from each certificate includes
axle load, axle spacing, axle width, tire width, etc. The 2 % heaviest vehicles in the
dataset weighs between 300 and 800 tonnes, which are much heavier than the heaviest
trucks normally measured by site measurements (Babu et al., 2019; Nowak & Rakoczy,
2013). However, the applicant manually transcribes the vehicles certificate data and
the actual axle loads are not necessarily measured. Furthermore, there can be a bias in
the dataset with respect to the axle configuration since illegal overload vehicles, which
have not applied for a special permit, are not included.
The axle and tire dimensions are analysed considering the heaviest axle on each ve-
hicle. To analyse the axle configuration, the maximum shear force and moment are
calculated for a 10 and 50 m span simply supported single span beam subjected to
the load from each vehicle. Longer spans are not considered since all of the heaviest
axles are within 50 m for almost all vehicles.
The results show that the absolute heaviest vehicles are truck with trailers. The trail-
ers, on the heaviest vehicles, distribute the load on a large number of equal spaced
axles. This is shown for a 10 m span bridge where the maximum shear force normally
occurs when 7 equally spaced axle is on the bridge. The axles are normally 3 m wide
with 8 tires or 6 m wide with 16 tires per axle line on the heaviest axles.
At the end of the paper, the dataset is compared with the Eurocode and Danish na-
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tional models for special vehicles. The comparison shows, in general, that the models
match well with the data.

2. Dataset

The dataset consists of data from 45 000 vehicle certificates (after error filtration) from
the Danish Road Directorate (Vejdirektoratet) used for special permit applications
from 2007 to 2018.

The information on each vehicle certificate is:

• Type of vehicle (Truck, truck and trailer, mobile crane, etc.)
• Axle weight of each axle
• Axle distance between each axle
• Axle width of each axle
• Number of tires on each axle
• The shortest distance between tires of each axle
• Tire width of each axle
• Maximum tire pressure for the vehicle

The data from each vehicle certificate has been typed into an online form by the ap-
plicants, which captures most of the typing errors. The vehicle certificates with errors
not captured by the online form get rejected later in the application process. However,
the collected vehicle certificates also include all rejected applications. Therefore, an
extensive error filtration process has been conducted to eliminate vehicle certificates
with errors. The error filtration process eliminates vehicle certificates with missing
data, unrealistic dimensions, unrealistic axle weights, only one axle, only one tire
on an axle and certificates without a motor-driven vehicle. Unrealistic dimensions
can be a tire width of 0.200 mm, and an unrealistic axle weight is higher than 99
tonnes. Unlikely, but not unrealistic, dimensions and weights are checked manually.
For example, a vehicle with 3 axles weighing 6.0 tonnes and one axle weighing 60
tonnes. Since the last axle is extremely heavy and the high chance of a missing dot
between 6 and 0, the certificate is eliminated.
The applicant must give the exact dimensions of the vehicle but may give heavier
axle loads than the actual axle loads. For example, if a truck using the same trailer
needs to transport different goods, it can have one vehicle certificate, which covers all
the maximum axle loads. Hence, the given axle load combination is not necessarily
for a specific transport but can be an envelope load covering all transports with the
same vehicle dimensions.

Figure 1 shows the distribution of the number of vehicle certificates issued per year.
The figure shows a low number of vehicle certificates from 2009 to 2011. This drop
coincides with the global financial crisis starting in 2007-2008. After the financial crisis,
the number of vehicle certificates issued increase to a record high level in 2018.

The median and 75 percentile of the gross weight are shown in figure 2. The figure
shows a 3 % increase in the 75 percentile from 2007 to 2018. However, the median does
not increase over the years. The same is observed for normal truck traffic. Eurostat
shows no increase in the average truck weight from 2008-2017 (Eurostat, 2019) and no
increase was observed in California, where WIM-data from 1991-2000 were collected
(Lu et al., 2002).
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Figure 1. Relative numbers of vehicle certificates issued per year.
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Figure 2. Gross weight of vehicles per year.

The distribution of vehicle types is shown in figure 3. The category ”truck+trailer”
includes trailers and semi-trailers and may consist of more than one (semi-) trailer and
more than one truck. The category ”other” includes tractors, motor-driven trailers
and other motor-driven vehicles. Note that truck and truck+trailer changes transport
goods with different weight and size, which can results in many vehicle certificates
for the same driver. However, mobile cranes do not normally change weight and must
only renew their vehicle certificate once every five years, which is one of the reasons
for the relatively low number of mobile cranes.

The axle and tire configuration on truck and truck+trailer are very different com-
pared to mobile cranes. Therefore, truck (+trailer) and mobile cranes are analysed
separately in the following.
The complementary cumulative distribution functions (CCDF), i.e. 1 − FX(x) =
1− P (X ≤ x) = P (X > x), of the gross weight of truck (+trailer) and mobile cranes
are shown in figure 4. The figure shows that more than half of the truck (+trailer)
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Figure 3. Types of vehicles.

weighs more than 100 tonnes. 0.07 % of the vehicles exceed 560 tonnes, which is ten
times more than the maximum allowed gross weight without permit according to Dan-
ish traffic regulations (Transport- Bygnings- og Boligministeriet, 2016).
The figure shows that mobile cranes are, in general, lighter than truck (+trailer). Only
20 % weigh 100 tonnes or more. The top four heaviest mobile cranes, which weigh sig-
nificantly more than the others, are special cranes used on harbours. They need a
special permit because they drive on a short public road to get from one harbour area
to another. In the following, these harbour cranes, 10 in total, are not included in the
analyses since they do not operate outside the harbours beside this special case.
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Figure 4. CCDF of gross weight.

3. Axle loads and dimensions

In this paper, an axle refers to the row of tires perpendicular to the drive direction,
i.e. an axle-line.

The median and 75 percentile of the maximum axle load per vehicle per year
is shown in figure 5. The median increases from 2007 to 2013 and is constant af-
ter 2013 with an axle load of 113 kN. The 75 percentile is constant for the whole period.

The complementary cumulative distribution function (CCDF) of the maximum axle
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Figure 5. Maximum axle load per vehicle per year.

load per vehicle is shown in figure 6. The figure shows that a large number of vehi-
cles has a maximum axle load of 118 kN, which is the 75 percentile every year. The
reason for the high number of this axle load, i.e. an axle weight of 12 tonnes, can be
that the axle weight limit for driving 60 km/h is 12 tonnes (Transport- Bygnings- og
Boligministeriet, 2014). If the maximum axle weight on a vehicle exceeds this limit, it
is only allowed to drive 15-45 km/h depending on the load and the ability to brake.
The 2 % heaviest axle loads on truck (+trailer) are in the range 138 to 415 kN. The
range is 127 to 220 kN for mobile cranes. 0.5 % of maximum axle loads on truck
(+trailer) are higher than 220 kN.
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Figure 6. CCDF of maximum axle load.

The tire footprints of the 2 % heaviest axles per truck (+trailer) are shown in
figure 7. The axles are sorted according to axle load, i.e. the axle load is increasing for
1 − FLa → 0. In the figure, the y-direction is perpendicular to the driving direction.
It is assumed that tires are placed in a pair of twos for axles with four or more tires.
Of the shown axles, 12 % have 4 tires, 48 % have 8 tires, 2 % have 12 tires, and 37 %
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have 16 tires. The figure shows that axles with 16 tires dominate the axles with the
absolute heaviest axle load.
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Figure 7. Dimensions of top 2 % heaviest axles on truck (+trailer). The average dimensions are the mean
value of the shown axles with 4, 8 and 16 tires.

The values of the average dimensions of the axles, shown in figure 7, are shown in
table 1.

Table 1. Average dimensions of axles shown in figure 7 and 8 .

Truck (+trailer) Mobile crane
4 tires 8 tires 16 tires

Axle width [m] 2.7 3.3 6.2 2.9
Tire width [mm] 267 203 181 534
Double tire width [mm] 747 510 443 -

The tire footprints of the 2 % heaviest axles per mobile crane are shown in figure 8.
The figure shows that axles with two tires dominate the shown axles. The axles with
four tires are most likely ballast trailers connected to the mobile cranes. The average
size of the axles with two tires of the shown axles in figure 8, and the exact dimensions
are shown in table 1. The table shows that the heaviest axles on truck (+trailer) are
wider and have more tires than the heaviest axles on mobile cranes. However, the size
of the tires on mobile cranes is much wider and is approximately the same size as a
double tire on a truck (+trailer).
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Figure 8. Dimensions of top 2 % heaviest axles on mobile cranes. The average dimension is the mean value

of the shown axles with two tires.

Figure 9 shows the CCDF of the maximum load on double tires for truck (+trailer),
a single tire for mobile cranes and double tire for ballast trailers on mobile cranes. Only

7



the heaviest axle load on each vehicle is considered. It is seen that the load on a double
tire for truck (+trailer) and a single tire for mobile cranes are approximately the same
up to the 1 % heaviest load. At the one percentile, the load is 69 kN.
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Load on a (double) tire [kN]
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100

Truck (+trailer): double tire
Mobile crane: single tire*

Figure 9. CCDF of maximum load on a (double) tire based on the heaviest axle per vehicle. *) Double tire
for ballast trailers on mobile cranes.

If all axles on each truck (+trailer) are considered, 0.3 % of the vehicles have a
maximum load on a single tire of approximately 60 kN. However, these tires are 450
mm wide. This is about the same width as a double tire on an axle with 8 or 16 tires
(see table 1), which have higher loads.

4. Axle loads on bridges

Bridges subjected to axle loads from the vehicles are analysed in this section. The
maximum shear force and moment are calculated for 10 m and 50 m span simply
supported bridges. It is assumed that the bridges behave as beams, i.e. the sectional
forces and moments are constant over the width.
The complementary cumulative distribution function (CCDF) of the maximum shear
force in a 10 m span simply supported bridge is shown in figure 10. The figure shows
that the 2 % largest shear forces for truck (+trailer) exceed almost all the shear forces
from mobile cranes.

In figure 11, the CCDF of the maximum moment in a 10 m span simply supported
bridge is shown. The figure shows the same results compared with the shear forces.

The axle configurations, which results in the largest shear forces, are examined. In
figure 12a, the axle configurations of the truck (+trailer), which results in the 2 %
largest shear forces in a 10 m span bridge, are shown. The x-direction in the figure
is the driving direction. 98 % of the axles shown have the same distance between all
axles on the bridge, which indicates that they are the axles on a trailer. The average
position of the shown axles is calculated from the 98 % shown vehicles, which have
the same distance between all axles on the bridge. The average axle distance is 1.48
m. The mean axle widths of the shown axles in figure 12a are shown in figure 12b. Of
the shown axles, 99 % have the same axle width for all axles on the bridge, i.e. the
mean value is equal to the actual axle widths. Figure 12b shows that most of the top
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Figure 10. CCDF of the maximum shear force in a 10 m span simply supported beam due to axle loads.
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Figure 11. CCDF of the maximum moment in a 10 m span simply supported beam due to axle loads.

1 % vehicles resulting in the largest shear forces are approximately 6 m wide, which is
the same for the top 1 % heaviest axle loads shown in figure 7. The mean axle weights
of the axles, shown in figure 12a, are shown in figure 12c. Of the shown axles, 97 %
have the same axle load for all axles on the bridge.

The CCDF of the maximum shear force and moment in a 50 m span simply sup-
ported bridge are shown in figure 13 and figure 14, respectively. The figures show that
truck (+trailer) results in the largest shear forces and moments, as it is seen for a 10
m span bridge in figure 10 and 11. However, the distribution shown in figure 13 and
14 is almost linear on a logarithmic scale, which is not the case in figure 13 and 14.

In figure 15, the axle configuration of the truck (+trailer), which results in the 2
% largest shear forces in a 50 m span bridge, are shown. The bridge spans from x =
0 – 50 m and is marked with grey. In the figure, 22 % of the vehicles do not have all
axles on the bridge, and a few have not all axles in the figure. The three representative
axle configurations, shown at the top of the figure, are chosen among the vehicles
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Figure 12. Top 2 % truck (+trailer) resulting in the largest shear forces on a 10 m span bridge. a) Axle
positions on the bridge. b) Mean axle widths of the shown axles. c) Mean axle loads of the shown axles.
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Figure 13. CCDF of maximum shear forces in a 50 m span simply supported beam due to axle loads

with the three most frequent number of axles on the bridge. They are selected as
the axle configurations which deviate the least from the mean axle positions of the
vehicles with the same number of axles on the bridge. Two of the representative axle
configurations indicate a truck in the front and one or two trailers behind the truck.
The last has a truck in the front of the trailer and one behind pushing the trailer.
This vehicle composition is normally only seen for extremely heavy vehicles or heavy
vehicles driving on steep roads (there are no steep roads in Denmark).
The truck behind the trailer is not on the bridge, for the case of maximum shear,
since the axle on the trailer weighs more than the axles on the truck. For the case of
maximum moment, almost all axles are on the bridge due to a position closer to the
centre span.

The mean axle positions are not shown since there is a large scatter of the position
and number of axles on the bridge. In figure 16, the distribution of the number of axles
on the bridge is shown. The figure shows that the most frequent number of axles on
the bridge is 26.
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Figure 14. CCDF of maximum moments in a 50 m span simply supported beam due to axle loads.

5. Comparison with European and Danish vehicle models

Eurocode 1991-2 annex A (EN 1991-2, 2003) presents models of special vehicles
that can be used for the design of road bridges. Countries are allowed to create
their own models of special vehicles, which many countries have done. In this
section, the presented data from the vehicle certificates are compared with the
Eurocode models and the Danish national models (DS/EN 1991-2 DK NA, 2017)
for special vehicles. Load model 1 and 2 in Eurocode, which are two and one
extremely heavy axles, are not considered. However, these load models may be the
governing load for local effects such as punching shear or for a top slab between girders.

There are 18 different vehicle models in Eurocode with a total load ranging from
600 to 3600 kN. They mainly have axle loads of either 150 kN, 200 kN and 240 kN.
Hence, a vehicle with a total load of 1200 kN has 8 axles of 150 kN or 6 axles of
200 kN. The axle spacing is 1.5 m and a single 12 m spacing in some of the heaviest
models.
There are 22 different Danish national vehicle models with a total load from 100
to 5000 kN. The vehicle models, ranging from 100 to 500 kN, are lighter than the
legal limits and are mainly used for weak bridges that require warning signs. The
maximum axle load on each vehicle increases with the total weight, which ranges from
43 kN to 233 kN. The axle spacing on the rear axles is 1.4 m. In the front, simulating
the distance between the trailer and truck, there is a spacing between 3.2 and 6 m.
Trailers with more than 8 rear axles are separate with a large spacing of 1.75 to 7.5
m.

The tire footprints of the Eurocode models are shown in figure 17a, see (EN 1991-2,
2003, figure A.1). The axle load used are 150 kN and 200 kN on the 2.7 m wide axle
and 240 kN on the 4.2 m wide axle. Figure 17b shows the tire footprint of the Danish
national models. The shown 2.8 m wide axle is used for vehicle models with a gross
weight above 150 tonnes. Vehicle models with a lower gross weight are 2.6 m wide
with the same tire size. The width of the axles in the models is approximately the
same as the axle from the data shown in figure 7 with 4 tires. However, the Eurocode
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Figure 15. Axle positions on the bridge of the top 2 % truck (+trailer) resulting in the largest shear forces

in a 50 m span bridge. The bridge spans from x = 0 – 50 m, which is marked with grey.

models have a tire width of 1.2 m, which is closely related to sets of four tires. The
0.6 m width of the tires on the Danish national models correspond well with the size
of double tires on truck (+trailer) and mobile crane as shown in table 1.

The Eurocode models extend the width for the heaviest axles, which correspond with
the data shown in figure 7 and 12b where most of the heaviest axles are 6 m wide.
However, the Eurocode model is only extended to 4.2 m. The extended width is not
directly accounted for in the Danish model. A correct width is especially important
for wide slab bridges where transverse redistribution of internal forces contributes
significantly to the load-carrying capacity. Thus, a smaller axle width results in a
lower load-carrying capacity for wide slab bridges

In Denmark, new bridges are also designed to carry at least a vehicle model with a
characteristic gross weight of 158 tonnes alongside ordinary traffic load as Eurocode
load model 4. In figure 18, the Danish design vehicle is shown together with equivalent
Eurocode models. The Danish design vehicle has 7 rear axles with an axle load of 175
kN and four lighter axles in the front simulating a truck with a trailer. The space
between the rear axles is 1.4 m and then 6 m to the front axles. The axles from the
data on a 10 m span bridge, shown in figure 12a, have a larger average distance of 1.5
m, which is equal to the axle spacing in the Eurocode models. The maximum shear
force in a 10 m span bridge subjected to the Danish design vehicle is 709 kN, which
is equal to the 0.08 % percentile of the vehicles from the dataset, see figure 10. The
equivalent Eurocode models result in shear forces of 578 and 770 kN.

To compare the configuration of the heaviest axles on the models and the data from
the vehicle certificates, the maximum shear force in a 10 m span bridge is shown in
figure 19 as a function of the maximum axle load on the bridge. A varying point load,
i.e. a single axle on the bridge, shows the boundary values. The figure shows that the
Danish models approximately follows the vehicle certificate data. For the vehicles with
a maximum axle load less than 150 kN, the Danish models generally result in lower
shear forces. This is due to the Danish models, with a maximum axle load less than
150 kN, have one or two axles which are heavier than the other while the vehicles from
the dataset, resulting in the largest shear forces, have the same axle load on all axles
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Figure 16. Distribution of the number of axles on a 50 m span bridge shown in figure 15.
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Figure 17. Tire footprint of model axles. x is the driving direction. a) Eurocode models (EN 1991-2, 2003).

b) Danish National model (DS/EN 1991-2 DK NA, 2017).

on the bridge, see section 4.
Figure 19 shows that the maximum shear forces for the ten heaviest Danish models

only vary between 840-950 kN. This is due to a small increase in axle load and the
same number of axles on the bridge. The four Eurocode models with maximum axle
loads of 240 kN all result in the same maximum shear force due to the limited number
of axles that can fit onto the bridge.

To compare the heaviest vehicle models with the data, the maximum shear forces
in a 50 m span bridge are shown in figure 20 as a function of the total load on the
bridge. Two boundary lines are shown, which is the most concentrated load, a point
load, and the most distributed load, a line load. Vehicles with the centre of gravity at
the centre span follow the line load. The figure shows that the Eurocode models and
the Danish models with a total load less than 2 MN have more concentrated loads
compared to the vehicle certificate data. For larger total loads, the Danish national
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Figure 19. Maximum shear for in a 10 m span bridge as a function of maximum axle load on the bridge.

models move toward a more distributed load. This is due to the extra space splitting
the rear axles. The heaviest Danish national models have 14 rear axles, then a space
of 7.5 m and after that 6 more evenly spaced axles before the truck. Comparing with
the axle distribution in figure 15, it is seen that the vehicles do not necessarily have
the long spacing as the Danish model. The Eurocode models have maximum 15 evenly
spaced axles with 240 kN or 18 axles with 200 kN, which correspond well with the
data.

6. Conclusion

Vehicle certificate data used for special permit applications in the period 2007 to
2018 have been presented. The dataset gives an insight into the axle configuration,
dimensions and loads of extremely heavy vehicles. Vehicles with a gross weight of
up to 800 tonnes are included in the dataset, which is much heavier than vehicles
measured by site measurement. The heaviest vehicles are trucks with trailers. The
heaviest axles per vehicle have been analysed, which show that the axles have either 4,
8 or 16 tires per axle line for trucks with trailers. 6 m wide axles with 16 tires dominate
the absolute heaviest axles. The heaviest axles on mobile cranes have two tires. The
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Figure 20. Maximum shear forces in a 50 m span bridge as a function of the total load on the bridge.

tire width of a single mobile crane tire corresponds to a double tire on a trailer. The
axle width of the Eurocode and Danish national models for special vehicles correspond
well with axles with four tires and mobile cranes. The axle configuration, which results
in the largest shear force in a 10 m span bridge, consists of evenly spaced axles with
an axle distance of 1.5 m according to the dataset. The same axle spacing is used in
the Eurocode models, while the Danish national models use 1.4 m. Comparing the
models with the data for the case of a 50 m span bridge, the data shows vehicles with
many axles without large spacing, as seen in the Danish model. However, overall, the
models corresponded well with the data.
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High Magnitude Loading of Concrete Bridges 

 

Jacob W. Schmidt, Philip S. Halding, Thomas W. Jensen, Svend Engelund 

 

Synopsis: The motivation for full-scale testing of concrete bridges is significant, since it is deemed to solve some 

of the major challenges related to capacity evaluation of older concrete bridges combined with increasing load 

demands. A novel test rig was developed as a mean to evaluate the full-scale bridge response of concrete bridges 

spanning up to 12 m (39.4 feet). The test rig was fast to mount, applied the load accurately, and loaded the 

structures to a very high load magnitude. The bridges were loaded to maximum capacity of the test rig without 

cracking (approx. 100 tonne (220,000 lbs) axle loads). 3D scanning, LVDTs, distance lasers, and DIC cameras 

were applied to two of the bridges, as well as land surveying readings, in order to measure the structural behaviour 

during testing. The loading sequence worked well, and it was possible to measure deflections and strains. Using 

a wide-angle lens DIC-camera showed to be a promising method to measure strains, in-plane deformations and 

cracking during testing. Work regarding modelling in conjunction with monitoring is ongoing, to provide a more 

accurate way to evaluate the ultimate capacity of the bridges as well as stop criteria during full-scale testing.  
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INTRODUCTION 

Many countries suffer from a traffic infrastructure where bridges are worn down, need capacity upgrading or even 

have to be demolished in order to meet today’s demands to increasing traffic and high load magnitudes. Societies 

are therefore facing an extensive economic burden - A burden that can be reduced if technologies are developed 

to decrease uncertainties related to bridge capacity evaluations. Full-scale proof loading and destructive testing of 

concrete bridges is seen as one of the means to reveal the real capacity of different bridge types. Some of the first 

proof loadings were carried out already in the early 1910s, and different types of bridge tests have been performed 

in many locations until present date. However, the scopes, final outputs, theoretical approaches, and test 

procedures related to the full-scale test schemes of the tests vary significantly and can thus be difficult to compare. 

Dead loading, which is a gravity, or hydraulic force controlled loading, was mainly used in these projects.  

 

Often such testing shows that the capacity is higher than expected in the tested structures, since uncertainties 

related to the overall structural behaviour, materials, modelling approach etc., are reduced.  

 

However, the real ultimate capacity of the tested structure is often up to discussion since testing normally do not 

allow damage of bridges in service. Consequently, the margin between the predicted capacity and real ultimate 

capacity is unknown and can differ depending on the bridge type. 

To the authors’ knowledge, one of the earliest reported tests to a high load magnitude was conducted in 1913 on 

a flat arch bridge situated near the Rein in Germany (Elmont 1913). Pieces of steel was placed over an area of 

16x26 feet (4.8x7.9 m) on the southern half of the bridge. The highest value of the compression stresses was 

reached via a concentrated load over the centre of one part of the arch. The magnitude was 2740 psi ((18.9 MPa) 

and the permissible stress was 560 psi (3.9 MPa). However, no indication of destructive failure was seen at that 

stage. The approximate weight of the used steel dead load was compared to a 23 tonne (50,700 lbs) steam roller 

(reference vehicle).      

 

Later testing to failure of a concrete bridge was done in 1952 in the UK, where a three span pre-stressed concrete 

footbridge at the South Bank, was tested (Unknown 1952). Loading of this bridge was done by using dead loading. 

The bridge was first tested up to the design live (varying) load and afterwards tested with 50- and 100% overload, 

where full recovery (due to pre-stressing) was noted in both cases. Afterwards, loading was increased until failure. 

Failure occurred at a load level of approximately 2.4 times the design load, and the test lasted for approximately 

three days. Rösli (1963) was one of the first to apply loading by using hydraulic jacks. These were positioned 

between transverse loading steel beams and road surface on a three-span concrete bridge. Loading was conducted 

on the 23 m (75.5 feet) mid-span (side spans were 7.5 m (24.6 feet)) where the loading beam was anchored in the 

bedrock with threaded bars, which were mounted through holes in the bridge deck. It was reported that the ultimate 

failure load corresponded well to the predicted theoretical values.    

Other researchers such as Bergström et al. (2009), Köppel and Vogel (1997), Plos (1995), Song et al. (2002) used 

similar ground anchor systems.   

 

Gosbell and Stevens (1968) used a loading configuration on a one-span bridge with pre-stressed I-beams and in-

situ cast concrete deck. A longitudinal supporting beam was anchored to the bed rock underneath the bridge. This 

beam had a length, which corresponded approximately to the width of the bridge and provided a fixed support for 

cables used in the full-scale test. The load configuration consisted of a cross beam above the bridge, attached to 

the cables near the ends, and loaded at the mid-point by a hydraulic jack. In this research it was stated that the 

ultimate punching shear was well predicted. However, a load over three times higher than the predicted cracking 

load was applied to initiate cracking, and no complete failure occurred at that state.  

 

Goodpasture and Burdette (1973) used a load configuration, which simulated the different wheel pressures. A 

hole through the bridge deck enabled mounting of a bearing grill, which applied the load configuration. The one-

span bridge was constructed in reinforced concrete and was a monolithic structure with T-beams. The measured 

bridge response was compared to theoretical- and AASHO methods, and it showed that the theoretical prediction 

was close to the measured value. The AASHO method showed a capacity, which was approximately half of the 

measured value. Jorgenson and Larson (1976) were some of the first to use loading beams in the longitudinal 

direction of the bridge span. They mounted the loading beams to the bridge piers and applied the hydraulic jacks 

between the loading beam and bridge surface. Later, this method was also used by Azizinamini (1994). Isaksen 

et al. (1998) load tested the mid-span of a three-span road bridge using a 6.9x12.5 m (22.6x41.0 feet) casing, 

which was filled with earth in order to simulate an evenly distributed rectangular load at the centre of the side-

span of the bridge. A load corresponding to approximately 5.5 times the characteristic traffic load was reached. 

The use of hydraulic jacks was later adapted by Zhang et al. (2011, 2013), who placed a ballast box (as a substitute 

for ground anchors) underneath the bridge in which the loading beam was anchored via bolts. The bridge reached 

a much higher capacity than expected although the bridge was deteriorated. Additionally, similar testing, where 
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earth anchors were replaced with counterweight placed underneath the bridge, was conducted by Nanni et al. 

(1999) and Alkhrdaji et al. (2001). Lantsoght (2013) conducted testing on a multiple span concrete bridge 

(Ruytenschildt Bridgewhich) to investigate different failure types. A load spreader system was used to apply the 

desired load configuration. It was in this study concluded that the bridge had a sufficient flexural capacity.  

Full-scale bridge testing conducted in Denmark and the ongoing research program 

Only limited testing of bridges to failure or high magnitude loading have been done in Denmark. One Danish 

project in 1980 (Pedersen et al. 1980), tested a slab strip of a pre-stressed two-span bridge using hydraulic jacks, 

locally at mid-span. In addition, smaller projects, with static load on a one span bridge and a subcomponent (of 

an ASR (Alkali Silica Reaction) damaged bridge wing) tested on a full-scale bridge (Schmidt et al. 2014), were 

carried out.  

 

Now, an ambitious research project was initiated in 2016 concerning full-scale testing of one span bridges with 

maximum span of 12 m (39.4 feet). One of the scopes in this project is to address some of the challenges seen in 

the literature, and consequently, contribute by solving some of these and thus propose a method to make full-scale 

testing a more commonly used tool in Denmark when evaluating the capacity of existing concrete bridges (mainly 

older bridges). The full-scale evaluation method is deemed to reveal if there is a higher load carrying capacity 

than anticipated by reducing the uncertainties related to the estimation of the structural behaviour. 

 

The main milestones and related research questions in the project were therefore:  

- Development of a full-scale test method: Is it possible to construct a test rig, which meets the demands 

to a high loading magnitude combined with a fast and precise in-situ full-scale test? 

- Simplified monitoring: Is it possible to optimize advanced monitoring to a level, where measurements 

are performed in a fast- and simplified way, and at the same time reveal governing stop criterions? 

- Calibration of theoretical models: Can advanced theoretical models be presented in a more abridged way, 

where it is calibrated, via input from in-situ testing, to the developed monitoring method?   

 

Consequently, the first milestone was to develop a test rig, which could simulate the theoretical way of applying 

vehicle loads to a concrete bridge structure according to regulations by the Danish Road Directorate (2010). Based 

on the knowledges of the research team, experience from literature, and general demands to in-situ testing, it was 

decided to develop a test rig, which comply with a number of demands: A high magnitude load level (or testing 

to failure), a short test period, easy mounting, precise placing, and loading which is positioned identically to the 

one used in the Danish classification system (Danish Road Directorate, 2009).    

 

LOADING PROCEDURE AND THE DANISH CLASSIFICATION SYSTEM 

Administration and control of heavy vehicles in Denmark is handled through a unique bridge classification system, 

where both bridges and heavy vehicles are categorized in classes. Such classification is made according to Danish 

Road Directorate (2009) and is based on different sizes of "standard vehicles" with a defined load configuration. 

A heavy vehicle can pass the bridge if the bridge class is higher than the vehicle class. If the vehicle class is higher 

than the bridge class, the weight shall be reduced or re-arranged (to reach a lower class), otherwise an alternate 

route must be found. The Danish Road Directorate and engineering consultancies have developed a strategic road 

map based on this system, where heavy vehicles can drive safely. However, the number of heavy vehicles has 

increased significantly during the last decade, resulting in more restrictions and assignments of alternate routes as 

well as traffic delays. As a consequent, this is a huge- and increasing loss of time in traffic delays.   

 

A plan view example of a load configuration is shown in Figure 1 with three lanes, two standard vehicles, and a 

fixed “traffic load”, p, distributed as a surface load. These traffic load configurations shall be placed as critically 

as possible (standard vehicle “A” in most critical lane) on the bridge to represent the worst loading case scenario 

according to (Danish Road Directorate, 2009). The standard vehicle B has a fixed size and weight, which 

corresponds to the least heavy vehicle (class 50) used from the classification system, Figure 2. The size and weight 

of standard vehicle “A”, combined with the other loads, must be within the limits of the load carrying capacity of 

the bridge. This means that the standard vehicle “A” provides the basis of a bridge class (the heavier a standard 

vehicle “A”, the larger a class). The width of the lanes dedicated to the “A”- and “B” vehicles are 3 m (9.8 feet) 

each, and the distance between the outer side tire faces is 2.6 m (7.9 feet) for vehicle classes up to class 100 and 

2.8 m (9.2 feet) above class 100.    



High Magnitude Loading of Concrete Bridges 

9.5 

 
Figure 1 – Plan view of example of load configuration with standard vehicle “A” and “B”, as well as uniformly 

distributed traffic load, p, (Danish Road Directorate, 2009) . 

 

A class 50 (threshold between a conventional- and heavy vehicle), 100 (approximate classification magnitude 

used for existing old bridges), and highest class 500 vehicle axle configurations and related axle loads are shown 

in Figure 2. It is seen that the largest magnitude axle loads are on the rear axles. As the class of the standard 

vehicle increases, the number- and weight of the rear axles increase (class/rear axle load in tonne/rear axle load 

in lbs): 150/17.8/39200; 200/21.0/46300; 300/22.4/49400; 400/23.0/50700; 500/23.7/52200.  

 

Each wheel load is rectangular and provides a local pressure on an area of 200 mm x 600 mm (7.9x23.6 inches).  

The uniformly distributed “traffic load” from Figure 1 is of magnitude 2.5 kN/m2 (0.36 psi) including a dynamic 

amplification factor. As it is seen from Figure 2, the multiple axle distances at the rear location provide a 

configuration, where only a limited number of axle loads are acting on the bridge when the vehicle pass short span 

bridges. The classification system provided the basis for the load magnitudes and -configuration used, when the 

full-scale bridge test method, presented in this paper, was developed.   

 

Class 50 

  
Class 100 

  
Class 500 
 

 
Figure 2 – Axle configuration of standard vehicles. Axle weight in tonne, distances in m (Danish Road 

Directorate, 2009). 

 

THE FULL-SCALE TEST RIG 

The novel full-scale test rig was constructed as a cradle system, where loading was applied using weights and 

hydraulic jacks combined, to generate a high magnitude load, Figure 3. This configuration provides a very flexible 

system, since dead load can be applied to a determined magnitude (which often depends on the nature of the 

failure mode) and the hydraulic actuators control the remaining load. The standard vehicle “B” is typically applied 

as dead load, but this depends on the application. Steel frames provide a load configuration according to the 

classification system, which correspond to the standard vehicle “A” and “B”.   
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Figure 3 – Top and side view of loading rig where the standard vehicles “A” and “B” are placed in the most 

critical positions as required in the classification system. 

 

Crane ballast weights, of 3.2 tonne (7100 lbs) and approximately HxWxL = 90 mm x 1850 mm x 2400 mm 

(3.5x72.8x94.5 inches), are placed on the frames to a desired, pre-determined level, and the hydraulic actuators 

are placed between the main HE1000B rig girder (standard I-girder with a height of 1000 mm (39.4 inches) and 

flange width of 300 mm (11.8 inches)) and the frames. 

 

The frames for the standard vehicle “A” load, are constructed with axles in pairs and can be moved within the 

longitudinal direction of the test rig, whereas the standard vehicle “B” frame is constructed with three axles 

(corresponding to rear axles from a class 50 vehicle). 

Two supporting cradle structures (constructed in HE500B, standard I-girder with a height of 500 mm (19.7 inches) 

and flange width of 300 mm (11.8 inches)) are positioned at each end of the main girders. The cradle structures 

are subject to a lifting force during testing, and the ballast weight on the cradles are modified to a level that 

correspond to the load applied during bridge testing plus approximately 10 tonne (22,000 lbs) at each cradle. This 

ensures that the cradles are stable and not lifted from the ground. Consequently, the cradle structures provide only 

limited weight on the adjacent area when the maximum test load is reached. They will safely decline to the original 

position, if structural failure or large rapid deformations occur during testing. Also, additional weights can be 

placed on the main HE1000B girders in order to reduce the applied dead load on the frames or to enable an even 

higher magnitude loading.   

 

A hypothesized load/time curve is shown in Figure 4. The standard vehicle “B” is applied as the first level of dead 

load on the structure. Additional dead load is added to the standard vehicle “A” steel frames if desired. Loading 

from the hydraulic jacks is then added to the base dead load regimes (A, B, C….n) in each loading step. This setup 

provides a flexible high magnitude loading, where the load steps can be controlled and decided upon before testing 

but also during testing if required.  
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Figure 4 – Example of loading sequence with load peaks by hydraulic jacks, and increasing dead load. 

 

Trial test loading procedure 

A trial test was performed before testing of the full-scale bridges, see Figure 5. This test was executed to ensure 

that all parts of the loading rig fit well together, and to confirm that it was possible to perform loading sequence 

and magnitude as desired. The hydraulic jacks were positioned on top of each wheel location on all the frames to 

test if loading on six axles could be controlled separately. An EnerPac (2017) hydraulic controller pump unit  

performed a precise loading of the jacks. Loading of each step was performed through a predefined load 

magnitude, and it was limited by a decided deflection threshold. This loading system was chosen, since the applied 

wheel load should be accurate and controllable during testing.  

 

Force controlled load alone is not desirable, since sudden failure could occur, if the bridge was weakened due to 

failure initiation. A deformation rate control of approximately 0.5 mm/sec (0.020 inch/sec) was added to ensure 

that the hydraulic pressure decreased if the bridge deflected too much during a load step. A purely deformation 

controlled loading system was also discussed, but such a system was not chosen since it could not provide a 

controllable wheel load.  

 

 

Figure 5 – Trial testing of rig used as verification- and acceptance of the method before full-scale bridge testing  

 

The test rig was constructed in a way which enabled the test equipment- and ballast to be transported to the test 

site, erected, dismantled and removed within one day. The test equipment and the ballast was delivered and 

removed on a number of flat-bed trucks. The erection and dismantling of the test equipment was performed using 

a mobile crane with a capacity of approximately 20 tonne (44,000 lbs) (with a maximum reach of 15 – 20 m (50 

- 65 feet)). The total cost related to the delivery, erection, and removal of the test equipment and ballast at a given 

test site was approximately 30.000 € (exclusive monitoring, which is currently being optimized). This also 

includes rent of jacks and the equipment for controlling jacks. The cost greatly depends on the total weight of the 

ballast used during full-scale testing. In the presented full-scale testing, the weight of the ballast was 400 – 500 

tonne (881,850 lbs - 1,102,311 lbs). It is deemed, that the cost will be significantly lower in proof loading 

applications since the ballast weight reduces.  
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TEST BRIDGES 

The tested one-span bridges were located on the former main road between Herning and Holstebro in Denmark. 

After testing, they would be demolished and replaced due to construction of a new freeway. These circumstances 

enabled the opportunity to perform full-scale testing to a high magnitude load at a destructive level. The bridge 

types on this main road mainly consisted of OT-beam (overturned T-beam) bridges. Four bridges of this type were 

tested:  

 

#1. Bridge 422-0-005, Underpass of Foldagervej (road) – 11 m span (36.1 feet) 

#2. Bridge 422-0-009, Underpass of Rosmosevej (road) – 9 m span (29.5 feet) 

#3. Bridge 422-0-004, Underpass of Løven Å (creek) – 5.9 m span (19.4 feet) 

#4. Bridge 422-0-005, Underpass of Herningsholm Å (creek) – 10 m span (32.8 feet)  

Figure 6 shows drawings from bridge #1, which is used as an example for all four bridges in regard to the structural 

build up, since they were almost similar.  

 

Figure 6 – End- and top view from bridge #1 as well as section view from original drawings. a) Build-up of cross 

section without gravel (not in scale), b) Build-up of cross section with gravel (not in scale) and c) OT-beam cross 

section.  

 

The bridge deck was constructed with pre-stressed OT-beams with a height of 450 mm (17.7 inches) and a width 

of 330 mm (13.0 inches). The beams provided an in-situ mould in which regular concrete was cast. A bitumen 



High Magnitude Loading of Concrete Bridges 

9.9 

coating provided the insulation layer together with a 100 mm (3.94 inches) protective concrete layer. Asphalt was 

cast on top of the insulation layer. Bridge #3 and bridge #4 had a gravel layer between the protective concrete 

layer and the asphalt. 

 

The following material parameters are from bridge #3. They do, in combination with the original drawings, 

provide the background for the initial capacity calculations of the bridges. It was stated that the strength of OT- 

beams had a characteristic compression cylinder strength of 45 MPa (6,500 psi), and that the pre-stressing strands 

0.2 % yield tensile strength was 1500 MPa (220,000 psi) (The ultimate tensile strength was 1800 MPa (260,000 

psi)). Compressive cylinder strength of the in-situ cast concrete, including the edge beams, had a characteristic 

value of 30 MPa (4,400 psi).  

 

BRIDGE LOADING 

Bridge #1 and bridge #2 were evaluated to be the most optimal bridges for testing, since they had relatively long 

spans (of 11 m (36.1 feet) and 9 m (29.5 feet) respectively) as well as available space above and below the bridge. 

Bridge #3 and bridge #4 were tested as well, but as pre-tests with a reduced maximum load, and limited 

monitoring. Loading of these bridges was also performed to verify the controlling, loading and general usability 

of the test rig. The aim of the testing of these bridges was to reach a high loading magnitude under full control. 

Subsequently, the rig was moved for testing of the main bridges: #1 and #2.  

 

Loading configurations 

The loading is based on the Danish classification system. Examples of the loading configurations on bridge #3 

and bridge #4, and on bridge #1 and bridge #2 are seen in Figure 7. The load setup was positioned in the most 

critical lanes of the bridges.  

 

 
Figure 7 – Plan drawing of load setup with positions of wheel loads of trial bridge #3 and main bridge #1. Width 

of one OT-beam is 0.33 m (1.1 foot). Units in meters. 

 

Approximately 100 tonne (220,000 lbs) dead load was placed on each cradle and additional weight in the test rig 

main girder was added to enable the high magnitude loading history on the bridge, Figure 8.  
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Figure 8 – Overview picture from testing performed on bridge #2   

 

MONITORING 

The main emphasis was on monitoring of bridge #1 and bridge #2, since access was possible both below and 

above the bridges, and they were evaluated to be the most optimal structures for this task. The initial monitoring 

on bridge #1 was placed as seen on the left in Figure 9a and consisted of: 12 distance lasers, 2 LVDTs (Linear 

Variable Differential Transformer), one wide-angle camera (used for DIC method), a surveyor, and load- and 

deformation output from the hydraulic jacks..  

 

Monitoring equipment on bridge #2 was positioned as seen in Figure 9b and consisted of: 12 distance lasers, a 

laser scanning system, 6 LVDTs, 6 strain gages, a wide-angle camera for DIC, a surveyor, and load- and 

deformation outputs from the hydraulic jacks.  

 

One of the ideas behind the monitoring methods, was also to provide knowledge concerning the applied systems 

and how they work in conjunction with the loading rig. This was deemed important, since in-situ monitoring can 

be very challenging due to environmental conditions (external noise, temperature, humidity, light etc.), access to 

the measurement points and limited time for testing. 

 

Bridge #1 was tested under dry, calm conditions in the summer with a temperature around 20 C (68 F), while 

bridge #2 was tested under wet, cold and windy conditions in the wintertime with temperatures around 0 C (32 

F).  
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Figure 9 – Plan drawings with applied equipment of a) bridge #1 and b) bridge #2. Width of each OT-beam was 

0.33 m (1.1 foot). Unit is meter. 

 

Equipment specifications 

The monitoring equipment used in the project can be divided into two groups: Equipment for measuring bridge 

deflections, and equipment for measuring strains and deformations on the concrete surface. The measurements 

were conducted in a way, which is deemed to open the opportunity for faster future testing, generate unique 

experience, and at the same time enable a basis for real time monitoring and remote access monitoring. The real-

time method will enable diagnosing of the bridge during loading, where remote access ensures that monitoring 

and loading can be fully- and thus safely controlled externally. The monitoring systems are often time consuming 

to apply which means that an advanced system has to be optimized in order to reduce the mounting time and still 

provide consistent monitoring data.   

 

Deflection measurements 

A land surveyor performed measurements of bridge deflections at mid-span, and at the supporting wall in one side 

with precision of 0.1 mm. The purpose of the measurements was to have a reliable external reference to the other 

deflection measurement methods, and to keep track of the support settlements during the high magnitude loading.  

 

The distance lasers were Leuze electronic (2017) ODSL 30 with analog output (4 to 20 mA), Figure 10b. The 

lasers were located underneath the bridge with the laser beam in plumb. In the test of bridge #1, the lasers were 

positioned in a pattern, which enabled a subsequent analysis of the bridge deflections, utilizing symmetry around 

mid-span. The points of measurement were carefully chosen in order to achieve the best possible basis to evaluate 

the cross distribution of the load, and the degree of fixation at the supports.  

After the test on bridge #1, it was clear that the precision of the lasers (0.2 mm), in the in-situ environment, was 

too rough to achieve fulfilling measurements close to the supports, where the deflections were very small (up to 

3 mm (0.12 inch)). Consequently, the distance lasers were primarily applied in the areas of larger deflection in the 

following test of bridge #2.  

The high precision LVDTs were from Novotechnik (2017) with analog output (0 to 5 V). The precision (0.02 

mm) is higher than that of the distance lasers, and therefore, these instruments were positioned closer to the 

supports, where the deflections were smallest. The measuring pin of this type of LVDT is in contact with the 

surface, and hence, the LVDT’s housings were firmly attached to long rigid metal posts as seen in Figure 10a. In 

the test of bridge #1, two LVDTs overlapped with the distance lasers to be able to evaluate the instruments against 

each other.  
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Figure 10 – a) Setup of LVDT positioned on top of rigid pole with pin in contact with concrete surface at bridge 

#2, and b) distance lasers at bridge #2. 

Laser scanning 

The Matterport (2017) laser scanning system was applied as a trial method to scan the test setup used for the full-

scale testing to reproduce the test environment in virtual reality, and to be able to measure distances between 

points in the point cloud after the test. An illustration of this is seen in Figure 11a where a) shows a Matterport 3d 

laserscan with an overlay of a photograph. In Figure 11b, the same scan is shown with the actual points of the 3D 

point cloud, and an example of measured distance between two of the hydraulic jacks in the setup. The monitoring 

method also ensures that significant information concerning actual placing of loading points, monitoring points- 

and equipment, is saved in a detailed way.  

 
Figure 11 – 3d laser scan from the test rig with example of measured distances between points on hydraulic jacks 

and on HEB profile. 

 

Horizontal strain and deformation measurements 

A DSLR-camera was used to take photographs of the surface underneath the bridge deck in both tests, for later 

processing in DIC-software. The main novelty of this method relates to the use of a Canon 6d (2017) with a 

wide-angle lens (Canon EF 16-35mm f/2.8L II USM) which can measure on a much larger surface compared to 

conventional lenses. The key purpose was to register deformations and crack initiation during loading, but also 

to compare in-plane strains to strains found by strain gages.  

 

Linear 50 mm (2.0 inches) strain gages from HBM (2017) (LY41-50/120) were applied to the surface of the 

concrete in the direction of the span in the test of bridge #2. The purpose was to get strain measurements directly 

from the surface in critical locations and hereby, to reveal the distribution of the applied load.  
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MONITORING RESULTS 

Figure 12 shows output from the applied load on the two bridges during testing. It is seen that the test rig enabled 

stepwise increase of the dead load as well as a controlled loading by the hydraulic actuators. The jacks enabled 

the possibility to increase and reduce the loading magnitude as desired in the test plan. 

 

 

Figure 12 – Loading scheme of bridge #1 and bridge #2. Same time interval between measuring points. 

 

The loading principle in Figure 4 was followed in the test of bridge #1. Initially, dead load was applied at a low 

magnitude, and then controlled loading by the hydraulic jacks further increased the total load to Load peak 1. 

After unloading the jacks additional dead load was applied, and subsequently, the jacks increased the total load to 

the level of Load peak 2. Potentially, this method could continue, but the maximum total load at Load peak 3 was 

(in this case) reached by using the hydraulic jacks without further increase of the dead load on the bridge.  

 

 

Deformation measurements and loading magnitudes  

In the test of bridge #1, the deformation at mid-span directly at the middle under standard vehicle “A”, where the 

largest deflections were expected, was measured by land surveying instrumentation and laser. The load-

deformation-relation is shown in Figure 13a. At the load level shown in the figure, a power cut occurred during 

the test. The outcome of that was a shutdown of the monitoring equipment including the lasers. After re-

establishing the power, the lasers performed a self-calibration. Due to this calibration, the curve, of the laser 

directly under standard vehicle A, was translated by 1.4 mm (0.06 inches) from the curve from the surveyor. This 

error has been corrected in the figure. Similar errors of different magnitudes were seen for the other lasers as well. 

In the test of bridge #2, the curve Figure 13b, a power backup system was used to avoid a similar challenge. The 

difference in the maximum deflections for bridge #2 is due to a distance of approximately 1 m (3.3 feet) between 

the laser at mid-span and the land surveyor measuring point at mid-span. The 1 hour 45 min pause in the test of 

bridge #1 seem to have given a creep settlement of approximately 1 mm according to the laser measurement, 

which seems reasonable. The land surveyor did not record this settlement, which also underlines the importance 

of measuring the same parameters by multiple types of monitoring equipment. 

 

In Figure 14 the bridge deflections are shown along the span and across the span. The curves could indicate that 

the deflections in the transverse direction of both bridges, was distributed across all recorded OT-beams.  

Longitudinally, the deflections show that the beam response is almost symmetric which indicate that the load is 

placed correctly. Information from the measurement might reveal the level of fixation at the supports, which is 

currently being investigated.  
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Figure 13 – Mid-span deflection laser vs land surveyor at mid-span from a) bridge #1 and b) bridge #2 

 

 

 
Figure 14 – Longitudinal and transverse deflections of bridge #1 and bridge #2 based on LVDT’s, distance lasers, 

and land surveyor.  

 

In the test of bridge #1 the largest deflection was 21.7 mm (0.85 inches) and was reached at a loading magnitude 

of 456 tonne (4482 kN or 1,010,000 lbs). The largest settlement during testing was 0.6 mm (0.024 inches) close 

to the second peak in the loading scheme and 0.8 mm (0.031 inches) after the maximum load at the third load 

peak. The highest loading magnitude was reached on bridge #2, where a maximum load of 473 tonne (4644 kN 

or 1,040,000 lbs)) was reached together with a corresponding maximum deflection of 9.1 mm (0.36 inches) at 

mid-span, and a support settlement of 0.6 mm (0.024 inches). Table 1 shows an overview of the maximum 

achieved values of loads and deflections in the tests. 
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Table 1 – Maximum loading magnitudes gained from experiments. 

OT-beam 

bridges 

Test date Span 

[m] 

Span 

[feet] 

Maximum total load 

[Tonne – kN - lbs] 

Maximum axle 

load [Tonne – 

kN - lbs] 

Maximum 

deflection 

[mm – inches] 

Bridge #1 September 

2016 

11.0 36.1 456.4 – 4482 – 

1,010,000  

95.9 – 942 – 

211,000 

21.8 – 0.86  

Bridge #2 January 

2017 

9.0 29.5 481.2 – 4725 – 

1,060,000  

102.1 – 1003 – 

225,000  

9.1 – 0.36  

Bridge #3 September 

2016 

5.9 19.4 391.2 – 3842 – 862,000  79.6 – 782 – 

175,000 

3.1 – 0.12  

Bridge #4  January 

2017 

10.0 32.8 362.0 – 3555 –798,000  72.3 – 710 – 

159,000 

4.4 – 0.17  

 

Only limited monitoring was applied to bridge #3 and bridge #4, where the surveyor measured deflections at mid-

span and at the supports (the support settlement was for bridge #3 and bridge #4 also less than 1 mm (0.04 inches)). 

Reducing the amount of monitoring equipment was necessary due to a tight time plan, and the limited space 

underneath these bridges. This testing was also used as the first step of verifying the high magnitude load level, 

which was added to bridge #1 and #2. Also, the performance and general practical usability of the test rig was 

investigated in these full-scale tests. 

 

DIC and strain measurements 

The mid-span deflection curves showed that high magnitude loading was reached. The DIC-camera worked well 

and captured usable data-pictures during loading. The evaluation showed no visual cracking for neither bridge #1 

nor bridge #2 for the given loads. The DIC-system did capture areas of highly increased strains, but due to the 

pre-compression of the beams, cracks did not initiate at the tested load levels. In Figure 15 longitudinal and 

transverse strain plot at load peak 3 (total load of 4482 kN (1,010,000 lbs)) of bridge #1 is given next to the 

reference photograph. The evaluation was performed in the DIC-software GOM Correlate (2017). The 

longitudinal strain plot shows an increase of strains across the whole monitored surface. Which seems to indicate 

an activation of a large number of OT-beams and thus an interaction between the beams at a high magnitude load 

level.  

 

When looking at the plot of transverse strains in Figure 15 and 16, it is clear that the OT-beams separate in the 

joints, where no tensile strength is deemed available. Large deformations due to separation of elements on the 

measured surface seems to make it difficult for the DIC-software to recognize the subsets (of 40x40 pixels in the 

figure), and this is seen as areas of no colour along the joints in the figure. The strains found in the GOM correlate 

software deviated significantly from the surface strains found in the strain gage measurements. This was due to 

three factors: i) The distortion created by the camera lens, ii) the out-of-plane deflection of the monitored surface, 

and iii) the angle between camera and surface when applying a wide-angle camera to cover a large surface area. 

In Figure 16b the point distances found in three locations across a joint are compared, and the DIC system also 

shows fine precision in these types of measurements, though the actual values may deviate due to the above-

mentioned factors.   
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Figure 15 – Direct strain measurements from bridge #1 by DIC at maximum total load. Total area of measurement 

8 m x 5 m (26.2x16.4 feet). Facet size 40 pixels. Close-up of highlighted rectangular is shown in Figure 16. 

 
 

 
Figure 16 – a) Close-up of area from Figure 14 with transverse strains, and b) three examples of point distance 

development. 

 

Three of the six strain gages mounted on bridge #2 worked as intended. The three functioning strain gages 

positioned at mid-span are plotted against the time in Figure 17. It is seen that the maximum surface strain is in 

the order of 0.023 %. In the area where SG2 is positioned, the surface strain found from the GOM correlate 

software was above 0.1 %. This discrepancy was due to above mentioned reasons with the DIC-system (results 

not corrected for lens distortion etc.), and an additional challenge with the wet surface condition experienced when 

testing bridge #2. All though this difference is present in this example, the DIC-system with wide-angle lens can 

provide a unique method to monitor strains, deformations and crack initiations (crack initiation measurements 

were verified in later testing of OT-bridge under same conditions).  

 

The longitudinal strains found with the strain gages in Figure 17 for bridge #2 support the conclusion from the 

plot of longitudinal strains by DIC for bridge #1. The strains did not deviate much across the OT-beam bridges, 

and this could indicate that the applied loads were distributed well between the beams. Strain gage 3, positioned 

underneath standard vehicle “B”, showed strains of approximately 75% of the strain at strain gage 2, positioned 

at the point of maximum deflection under standard vehicle “A”. Furthermore, strain gage 1, positioned close to 

the edge beam, showed 90% of the strain at strain gage 2. 
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Figure 17 – Strains of strain gages 1, 2 and 3 in direction of span. 

 

FUTURE CHALLENGES RELATED TO MODELING IN CONJUNCTION WITH MONITORING 

A part of the research project is calibration of advanced theoretical models, which can be presented in a more 

abridged way, where the developed models are calibrated, via input from in-situ testing, to the developed 

monitoring method. When calculating the bridge class in accordance with the Danish classification system, it is 

seen that the ultimate capacity is used as a threshold for the bridge class. The governing failure mechanism and 

ability to provide an increased capacity result is, in the case of OT-beam bridges, deemed related mainly to the 

interfacial interaction between the structural elements, load separation and boundary conditions. However, the 

ultimate capacity found through a perfect plastic yield criterion does not reveal when damaging of the bridge 

occurs during testing. Thus, stop criteria has to be chosen in order to find the test limitations, which furthermore 

challenge the monitoring method. Consequently, the monitoring equipment is the mean to evaluate- and verify 

specific limits, where the specific bridge exceeds the damage threshold.     

 

Ultimate capacity evaluation  

The calculation of the ultimate moment capacity of concrete beams have been well defined for many years. The 

moment capacity can be based on perfect plasticity, which is provided by assuming a ductile bending failure 

mechanism. When this is the case, the calculated capacity often complies well with tested capacities. For concrete 

slabs with well-defined properties, the ultimate capacity can be calculated by assuming perfect plasticity and using 

limit analysis, which often complies well with the tested capacities. 

However, some challenges arise when this method is used for an ultimate capacity evaluation of OT-beam cross-

sections such asFigure 6. OT-beam cross-sections have top reinforcement placed orthogonal in the same layer, 

which could enable the opportunity to use the conic yield criterion. However, the bottom reinforcement of the 

slab is placed in different levels of the cross section, which differ from the assumptions in the yield criteria. 

Additionally, some of the challenges related to the theoretical evaluation due to the structural composition are: i) 

Voids between the precast beams at the bottom of the cross-section (these voids make it difficult to transfer the 

horizontal shear forces from the twisting moment through the lower bottom of the cross-section). (ii) The precast 

OT-beams have very limited shear reinforcement, and the in-situ concrete, cast between the precast beams, have 

no shear reinforcement. (iii) Interfaces between the precast beams and the in-situ concrete, which need to be 

considered when calculating the shear capacity in the transverse direction. (iv) Due to the lack of shear 

reinforcement and interfaces, the shear capacity needs to be considered when redistributing the internal forces. A 

new yield criterion is therefore under development, which combines the interaction between shear and moment. 

Work is now ongoing regarding calibration of this model to the monitoring output, which verifies the assumptions 

in the calculations in regard to boundary conditions, material parameters, interactions etc. The OT-beam 

modelling approach is developed to work in synergy with the used monitoring approach, but is also deem 

applicable for conventional evaluation of slab bridges, which is a future scope.    

 

Stop criteria during testing 

The ultimate capacity result has to be supported by a stop criterion, which decides when to stop a full-scale load-

test, in order to prevent permanent damage of the bridge. Applied monitoring have shown the potential in 

verifying, if the structure behaves as predicted. This means that monitored information concerning boundary 

conditions, concrete cracking, deflections, and strains could provide reliable and relevant data about the structural 

behaviour including critical areas where failure potentially could occur. However, stop criteria can differ 

significantly depending on the bridge type, where the weakest positions of the bridge have to be found and 
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monitored. Being able to monitor the structural response during testing might provide confidence into the 

theoretical method, when they are calibrated together. The approach shown in this paper is, among the other 

objectives, developed to provide a method to evaluate the structural response and reveal the weakest areas of the 

structure. However, it is still an open question how short-term loading verify long term and fatigue effects, and 

how early brittle failures can be identified before they occur. These challenges are presently being investigated in 

the project.  

CONCLUSION 

The goal of developing a full-scale test rig for bridges up to 12 m (39.4 feet), which could apply a high magnitude 

load via an axle configuration, in accordance with the Danish classification system, was reached in the project. 

The novel test rig was shown to be fast to mount and provided a very accurate- and controllable load to the 

concrete OT-beam bridge structures. Consequently, every test was performed within one day. Four OT-beam 

bridges were tested, and two of these were loaded up to an axle load of approximately 100 tonne (220,000 lbs), 

which was the limitation of the test rig. No cracks were identified at that stage, however.  

 

Distance lasers gave results of deflections with an accuracy of 0.2 mm. They corresponded well with the LVDT- 

and surveyor measurements, although the distance laser tolerance was larger than the other deformation 

measurement methods (LVDT: 0.02 mm, surveyor: 0.1 mm). The three deflection measurement methods worked 

well in combination. Measurements by land surveying instrumentation provided an extra reliable method to 

measure the mid-span deflections from a distance. 3D scanning provided a good tool for full-scale testing to 

reproduce the test environment in virtual reality and enabled distance measurements of the parts in the test setup.  

 

A wide-angle high resolution DIC-camera was used and showed to be a promising method to measure strains, 

deformations and cracks initiations during testing. The wide-angle camera revealed a capability of measuring in-

plane deformations and strains on a surface of 40 m2. However, distortion created by the camera lens, and 

deviations due to out-of-plane deflection of the monitored surface, were deemed to affect the results, which were 

also seen in deviations between strains measured directly from DIC and foil strain gages. These effects are 

presently being evaluated more thoroughly and the results will be presented in future papers.  

 

The monitoring equipment provided unique in-situ monitoring experience and seem to be one of the ways forward 

to determining stop criteria in future tests. The monitoring results from the given setup will be used, in conjunction 

with a theoretical evaluation of the ultimate capacity, to develop a threshold for the stop criteria, which is the next 

step of the project.  

 

In addition, some challenges were related to the monitoring, which resulted in the lack of data from some of the 

monitoring devices. These related mainly to the weather conditions and time pressure. The wet surface made 

monitoring difficult and influenced the readings from lasers, DIC system and strain gauges. Preparation and 

structuring of the equipment, as well as calibration on site, was a challenging task due to a significant time 

pressure. However, the project team gained very important knowledge, which can be used when performing future 

full-scale in-situ testing. 
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A B S T R A C T

The load carrying capacity of existing concrete slab bridges is often limited by the shear capacity and the
redistribution of shear forces when subjected to concentrated loads. In the recent years, finite element limit
analysis has shown to be an efficient method to determine the ultimate capacity of concrete slabs. The existing
plate elements within this method applied to concrete slabs cannot handle limitations on moment and shear
forces. In this paper, a lower bound linear element for limit analysis of concrete slabs is presented. The element
can model shear forces and include limitations on the shear forces. Yield conditions for moment, shear and
interaction are considered. It is shown that the element performs well compared to the linear Kirchhoff element,
which cannot handle shear limitations. Finally, a model of an existing shear critical bridge is compared with a
full-scale field test.

1. Introduction

Reinforced concrete slab bridges without shear reinforcement and
subjected to loads from special heavy vehicles are often limited by the
shear capacity and the capability to redistribute shear forces. This issue
has gained interest, due to an increase in number and weight of the
special heavy vehicles crossing bridges. An assessment method for
concrete slab bridges with respect to the ultimate capacity that includes
limitation and redistribution of forces is therefore needed.

Limit analysis of perfect plastic slabs has been used for decades for
assessment of slab bridges. The two most well-known hand calculation
methods are the upper bound yield line method [1] and the lower
bound strip method [2]. The yield line method considers the flexural
collapse mode and assumes infinite shear capacity. The strip method
assumes zero twisting moments and is ineffective with respect to re-
distribution of forces.

In the last decades, finite element limit analysis (FELA) has shown
to be an effective method to calculate the collapse load of reinforced
concrete structures [3]. FELA uses the element discretization of struc-
tures known from the conventional finite element method (FEM) and
combines it with the extremum theorems of plasticity theory. When
combined with the lower bound theorem, a statically admissible and
safe stress state must be established. In general, this leads to an opti-
mization problem, with more stress variables than equilibrium condi-
tions.

The early development of FELA for slabs took place in the 1970s

[4–6], where the non-linear yield conditions were linearised to conform
with the linear optimization methods applied at that time. The most
common yield criteria for reinforced concrete slabs in bending are the
non-linear conic yield criteria [7]. These yield criteria have since been
implemented exactly with second order cone programming [8]. De-
velopment of combined shear and moment yield criteria in FELA has
taken place in recent years. These are, however, all based on the Von
Mises yield criterion. In [9–11] an upper bound method was used with
linear and quadratic displacement rate fields respectively. An equiva-
lent element with quadratic moment fields for the lower bound method
was used in [12].

A lower bound shell element for reinforced concrete slabs with
limitations on shear and moment was presented in [13]. The shell
element was built up of layers of concrete and reinforcement. The
concrete stresses were limited by Coulombs yield criteria in a 3D stress
state, which can be optimized by semi-definite programming.

In this paper, a lower bound equilibrium plate element is presented
with full continuity along the edges. Combined shear-moment yield
conditions with the conic yield criteria for reinforced concrete slabs are
used with the full continuity element. The element and the yield criteria
are implemented with conic programming, which in general is faster
than semi-definite programming used for the lower bound shell element
[13]. Calculations based on the presented element are compared to
results obtained with the common Kirchhoff element used by [5,8,14].
The comparisons are based on benchmark examples and show that the
element converges and can handle shear limitations. In the final section
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the lower bound element is used for calculation of the load carrying
capacity of an existing bridge and compared with experimental results.
The results of the analyses show how the shear capacity and the shear-
moment interaction affect the load-carrying capacity and the redis-
tribution of internal forces.

2. Equilibrium plate element

According to the lower bound theorem, the collapse load is found as
the maximum load level where all internal forces are within the yield
criteria and the internal and external forces are in equilibrium. For fi-
nite element limit analysis this means that the internal forces within
and between the elements and the external forces must be in equili-
brium as well as internal equilibrium. In the following, the equilibrium
conditions for a plate element with linear moment fields and constant
shear fields are presented for rigid plastic materials.

2.1. Plate equilibrium

A plate (or concrete slab) is a structural element loaded normal to its
plane and carries the load by shear forces and moments. For the plate to
be in equilibrium, both transverse force equilibrium and moment
equilibrium conditions must be fulfilled as illustrated in Fig. 1a. The
equilibrium conditions are:
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where mx and my are the bending moments, =m mxy yx is the twisting
moment, vx and vy are the shear forces and p is a surface load. Eq. (1a) is
the transverse force equilibrium and is related to the virtual transverse
displacement δw through the work equation: =W pδw. Eqs. (1b-c) are
the moment equilibria and are related to the rotations δφx and δφy in the
same way.

On the boundaries of a plate, the moments and shear forces must be
in equilibrium with the external forces. The moments and shear forces
acting on the boundary are shown in Fig. 1b where n is the normal
direction and t is the tangential direction.

The total equilibrium for a finite plate can be written as virtual work
given as
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where δw is the virtual transverse displacement, δφ is the virtual rota-
tion and v m,n n0 0 and mnt0 are external forces on the boundary. The first
line of the equation is the moment equilibrium and the second is the
transverse force equilibrium. The last line of the equation is the equi-
librium of the boundary.

Nomenclature

H equilibrium matrix
mn moment parallel to element edge
mnt twisting moment normal to element edge
mp positive plastic moment capacity

′mp negative plastic moment capacity
mx moment from normal stresses in the x-direction
my moment from normal stresses in the y-direction
m m,xy yx twisting moments
p surface load
Q Kirhhoff corner force
r load vector
rc load vector with constant loads
s auxiliary variable

vn shear force normal to element edge
vn Kirhhoff shear force
vp plastic shear capacity
vx shear force in the z-direction on a section normal to the x-

axis
vy shear force in the z-direction on a section normal to the y-

axis
w transverse displacement in the z-direction
β vector containing all section forces and moments
λ load factor
φx rotation about the y-axis
φy rotation about the x-axis
γx shear deformation in the x-direction
γy shear deformation in the y-direction

Fig. 1. (a) Plate equilibrium. (b) Definition of moments and shear forces directions.
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2.2. Equilibrium plate elements

A triangular plate element with a linear variation of the moments
between the nodes is shown in Fig. 2. In the equilibrium Eqs. (1b) and
(1c), it is seen that the shear forces can be formulated as the partial
derivative of the moments. Since the moments vary linearly, the shear
forces are constant in the element and can be calculated by area co-
ordinates.
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where ai and bi is shown in Fig. 2and A is the area of the element.
The distributed load p is given as the partial derivative of the shear

forces in Eq. (1a). Thus the distributed load p must be equal to zero
since the shear forces are constant. The external forces can only be
applied on the sides of the element. This is clearly a drawback of the
element, which can be solved by using quadratic moment fields that
lead to a constant distributed load p. However, the maximum moments
in an element with quadratic moment fields can occur anywhere in the
element. The yield criteria can therefore be violated if they are checked
only at the nodes. For an element with linear moment fields the max-
imum moments are in the corner nodes, thus the most critical combi-
nations are always checked.

The plate element must be in equilibrium with the external forces
and moments. This is obtained on the edges of the element. Since the
moments are varying linearly, the moment equilibrium must be
checked at least in two different places along each edge of the element.
The shear forces are constant and one equilibrium check on each side is
sufficient. The edge moments and shear forces on the element are
shown in Fig. 3. It should be noted that the element has full continuity
along the edge direction, but continuity of m m m( , , )x y xy at the nodes is
not ensured.

The relation between the variables shown in Fig. 2 and the edge
moments and forces in Fig. 3 can be calculated from area coordinates.
Each moment on the edges is related to a node i and a connected edge j
and can be formulated as
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where aj and bj are shown in Fig. 2 and = +l a bj j j
2 2 is the length of

side j. The shear forces on the edges can by formulated similarly
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A Kirchhoff relaxation of the boundary conditions has been used by
numerous of researches [5,8,14] where the twisting moment and shear
forces are replaced by Kirchhoff shear forces and corner forces as shown
in Fig. 3b. The Kirchhoff shear force on edge j is calculated as

= + −v v m m
ln

j
n
j nt

j
nt

j

j

2, 1,

(6)

where index 1 and 2 are the first and second node on the edge. The
corner force at corner i is calculated as

= +Q m mi
nt
i j

nt
i g, , (7)

where j and g are the edges connected to corner i.
In [15] the relaxation has even been extended so only moments and

corner forces need to be in equilibrium. The relaxations reduce the
number of equilibrium conditions and allows external corner forces to
be applied. The Kirchhoff element fulfils the equilibrium conditions, but
there is no continuity of shear forces or twisting moments along the
edges. The effects of this relaxation are exploited later in this paper.

3. Yield criteria

This section presents yield criteria which include moments as well
as shear forces. In current practice, the capacity of concrete slabs is
often calculated by use of the yield criteria for moments without any
account of shear-moment interaction. The most common yield criteria
for reinforced concrete slabs in bending were proposed by Nielsen [7].
The yield surfaces form two cones as shown in Fig. 4 and are given as
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where mpx and mpy are the positive moment capacities and ′mpx and ′mpy
are the negative moment capacities.

3.1. Shear

Many old slab bridges do not have shear reinforcement, which make
the shear capacity and redistribution of forces the determining factor
for the overall capacity. In this paper, the focus is on the redistribution
of forces and the yield criteria for pure shear are therefore simply for-
mulated as

⩾
⩾

v v
v v

px x

py y (9)

where vpx and vpy are the shear capacities.
For shear reinforced concrete beams, the shear capacity and the

moment capacity are usually independent. However, for members
without shear reinforcement this may not be the case. In the case of
shear transfer in an interface intersected by the reinforcement for in-
stance, the shear and the moment capacity are dependent. Interfaces in
slab bridges occur e.g. when they are constructed of precast beams with
an in situ concrete topping. The shear capacity of an interface (see [16])
can be directly formulated as a function of the reinforcement.

= + −v c μA f σ( )p s y s (10)

where c is the cohesion, μ is the coefficient of friction, As is the re-
inforcement area, fy is the yield strength of the reinforcement and σs is
the tension stress in the reinforcement resulting from a normal force or
moment.

The interaction between moment and shear needs therefore to be
considered. Since yield criteria are convex, the most conservative form
of interaction is a linear dependency between the moment capacity and
the shear force as illustrated in Fig. 5 where the reduced moment ca-
pacities due to shear forces are ∼mp and ′∼mp. To demonstrate the ability of
the developed elements to account for limitation of shear actions, the
following relationships for shear-moment interaction will be in-
vestigated:

Fig. 2. Triangle element with linear varying moment and constant shear.
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where ∼mpx and ′∼mpx are the reduced moment capacities. For =n 1 we get
the linear interaction, for =n 2 the interaction is in the form of an
ellipse and for = ∞n we get no interaction, between the moment ca-
pacity and shear forces as shown in Fig. 5.

By inserting the reduced moments capacities ∼mp in the yield criteria
in Eq. (8), the combined yield criteria are obtained.
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It should be noted that a more accurate yield criteria for moment
and shear should be based on a mechanical model. However, this is not
within the scope of this paper. Further treatment of yield criteria for
reinforced concrete slabs can be found in [16,17].

4. Optimization problem formulation

The objective of the lower bound method is to find the maximum
load where the internal forces are within the yield criteria and the
external and internal forces are in equilibrium. The equilibrium on
system level can be formulated as

= +Hβ r rλ c (13)

where β is the general stress vector collecting the section forces for each
element shown in Fig. 2. H is the system matrix which defines the
equilibrium between the elements sides (and nodes for the Kirchhoff
element). rc is the constant load vector, r is the scaled load vector and λ
is the load factor which is to be optimized.

Extra equalities and inequalities are needed to produce the reduced
capacities for interaction between the moments and shear forces. The
extra equalities are collected in βb ( )j . The extra inequalities and the
yield criteria for every element are collected in βf ( )i . The general op-
timization problem for the lower bound model can be expressed as
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4.1. Implementation

The objective function and the equality constraints of the optimi-
zation problem in Eq. (14) are linear. The moment yield criteria in Eq.
(8) can by formulated as second order rotated cones. If n is either 1, 2 or
∞ in Eq. (11) for the interaction between moments and shear forces, the
optimization problem can be formulated as a second order conic pro-
gram (SOCP). To solve the optimization problem, the Mosek [18]
software package for second order conic programming was used. Op-
timization software uses standard formats of constraints. The standard
Mosek format of the rotated quadratic cones is given as

⩾ ⩾x x x x x2 , , 01 2 3
2

1 2 (15)

where the variables x x x, ,1 2 3 belong to one cone only. To make the conic
yield criteria in (8) fit the Mosek cone formulation, a set of auxiliary
variables s is constructed for each cone with equality conditions. For the
two cones in (8), the auxiliary variables are given as

Fig. 3. Boundary moments and shear forces. (a) Full continuity element. (b) Kirchhoff element.

Fig. 4. Conic yield criteria for reinforced concrete slabs (isotropic case illu-
strated).

Fig. 5. Schematic figure of combined and separate yield criteria. ∼mp is the re-
duced moment capacity.
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To formulate the combined shear-moment yield criteria in a stan-
dard optimization format, the capacities mp in Eq. (16) are replaced
with the reduced capacities ∼mp from Eq. (11). In Eq. (11), the absolute
value of the shear force is needed. To get the absolute value, the shear
force are replaced with an auxiliary variable sx abs, which are given as
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,

, (17)

In the case with linear shear-moment interaction, i.e. =n 1 in Eq.
(11), 9 inequality and 4 equality equations is needed to implement the
yield criteria. The number of equations can be reduced to 9 inequalities
only for the case of linear interaction by combining the equations in
(11), (16) and (17), which for the positive moments are given as
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Note that ∼s can take any value lower than the actual auxiliary
variable, but not higher.

The quadratic shear-moment interaction can be formulated as
second order cones as well. It can be formulated in the standard format
given as
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where the auxiliary variable spmx is used to formulate the reduced
moment capacity =∼m s mpx pmx px and similar for the other moment ca-
pacities.

The more complex constraints require an extensive number of
equalities, in-equalities and auxiliary variables to be implemented. An
alternative way is to use disciplined convex programming (DCP). DCP
works as an overhead to the optimization software where it is possible
to implement the problem without (or with few) auxiliary variables, i.e.
the problem can be implemented as it is formulated in (14) with Eqs.
(11) and (12). The program reformulates the problem into the standard
form that a given solver uses. In this paper, the disciplined convex
programming software package CVX [19] is used for the quadratic in-
teraction between the moment and shear forces. It should be noted that
CVX can take relatively long time to reformulate the problems com-
pared to the time the solver uses to solve the problem. This approach is
therefore best suited for testing of constraints or for academic use.

4.2. Dual variables and yield mechanism

To the primal problem in Eq. (14),a dual problem exists defined by
the infimum of the Lagrange function with respect to the primal vari-
ables β and λ (see [20]). The dual problem has two sets of dual vari-
ables related to the equalities and inequalities respectively. The dual
variables are related to each equilibrium equation in (13) much like the

virtual work in Eq. (2) is related to the equilibrium equations (see
[15,8]). The dual variables, which can be interpreted as rates of dis-
placement, are in most cases calculated by the solvers since they are a
by-product of the optimality conditions for the primal problem also
known as the KKT-conditions.

The rates of displacement are directly available at the common
nodes between the elements for the Kirchhoff element, because it has
concentrated corner forces. Since the full continuity element has no
corner forces, the displacement rate at the nodes needs to be interpreted
from the other deformation rates. The full continuity element in Fig. 3a
has no transverse equilibrium equation for the body, because the shear
forces are constant and thereby no vertical displacement rates of the
element are calculated. The only vertical displacement rate calculated is
on the common edge of the two elements. However, the rotations in the
element are calculated since the moment variations are linear. The
rotations can be calculated as
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φ γ w
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,x x y y (20)

where γx and γy are the shear deformation. Kirchhoff-Love plate theory
can be applied, if we apply the moment yield criteria to thin plates. For
thin plates, the shear deformations are neglectable and the rotations
become the derivative of the deformations. We can now approximate
the deformation rates by the displacement rates on the common edges
and the constant deformation rate changes in the element. The de-
formation rate at the element nodes can be calculated as
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where index 1 and 2 are the first and second node at edge j. a and b are
shown in Fig. 2.

Note that the dual variables need to be scaled, if the equality con-
ditions are implemented as intensity equilibrium, i.e. equilibrium with
distributed section forces and moments.The deformation rate, i.e. the
dual variable related to the shear equilibrium at a common edge of two
element, needs to be scaled by the inverse edge length

l
1 . The rotation,

i.e. the dual variable related to equilibrium in the element (Eqs. (1b)
and (1c), needs to be scaled by the inverse element area

A
1 .

5. Element test examples

The two types of equilibrium boundary conditions, shown in Fig. 3a
and b, are compared for the element shown in Fig. 2. The element with
full continuity along the edge, shown in Fig. 3a, is referred to as “full
continuity element”. The element with Kirchhoff boundary equilibrium,
shown in Fig. 3b, is referred to as “Kirchhoff element”. The comparisons
are based on calculations of a square isotropic plate with clamped edges
and subjected to an uniform surface load. The exact collapse load is

=p 42.851e
m
l

p
2 [21]where l is the size of the slab. The ordered mesh type

used in the comparisons is shown in Fig. 6 with four elements per edge.
It is expanded in the same order. The distributed load p is appliedas
constant line loads on all edges of the elements.

Convergence analyses for both elements are shown in Fig. 6 for the
case with moment yield criteria only. The figure shows that both ele-
ments converge from a lower collapse load towards the exact solution.
The full continuity element converge in a slower rate than the Kirchhoff
element. This is due to the Kirchhoff boundary equilibrium, i.e. the
Kirchhoff element has more free variables.However, for the most dense
mesh with 1250 full continuity elements the total calculation time is
still less than 10 s on a standard laptop.

To demonstrate how the Kirchhoff relaxation of the boundary
equilibrium conditions between the elements affect the possibility of
shear limitation, both elements are analysed with different shear ca-
pacity. The results obtained by assuming a shear limitation that is in-
dependent of the bending moments are shown in Fig. 7.For both
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elements the constant shear force in the element shown in Fig. 2 is
limited by the shear capacity. The figure shows that the collapse load
calculated with the full continuity element decrease towards zero when
the shear capacity decreases toward zero. On the contrary, the result
based on the Kirchhoff element is almost unaffected, when the plate is
supported on the nodes and sides.Hence, the Kirchhoff relaxation of the
equilibrium boundary conditions of the element makes it impossible to
impose shear limitation on the element. In the following, only the full
continuity element will be analysed with respect to shear limitations,
because the Kirchhoff element cannot handle shear limitation as shown
in the analysis.

A convergence analysis for the full continuity element is shown in
Fig. 8. The calculations were performed by imposing the moment yield
criteria and independent shear limitation.With a shear capacity of

=v 4p
m

l
p , the slabs fails due to shear limitations at a load of =p 16 m

l
p

2 .
However, it appears that the result converge from a higher collapse
load. In finite element limit analysis it is expected that lower bound
models converge from a lower value, as it does in the case where no
shear limitation is imposed, see Fig. 6. The reason for the convergence
from above is that the surface load is placed on the edges of the ele-
ment. If an element is supported on one edge, 1/3 of the load on the
element goes directly to the support and does not affect the element
where the shear forces are limited.For =N 2, all 8 elements have a
supported edge which makes 1/3 of the total load go directly in the

support. The load-carrying capacity for =N 2 with the shear capacity of
4 m

l
p can then be calculated as = ⇒ =p l l p4·4 24m

l
m

l
m
l

2
3

2p p p
2 2 . In Fig. 8, a

second line (*) is shown where the load on the supported edges are
subtracted from the total load. The figure shows that the collapse load is
the same regardless of the number of elements.

To test the convergence when yield criteria with shear-moment
interaction are implemented, no load is placed directly on the support.
The load is placed at a distance of l

4
from the edge. This correspond to

the load being placed on the eight center elements in Fig. 6. Con-
vergence tests are made with 4, 8, 12.. elements to keep the loaded area
the same. The results are shown in Fig. 9. The figure shows that all three
types of shear-moment interaction converge from a lower value when
the load is not placed on the edges. Furthermore, when comparing the
different interactions, it is seen that the case with linear interaction
converge in a slower rate than the other. The difference between “No
interaction” and “Quad. interaction” at 40 elements on one edge is 2%;
and at 200 elements the difference is 0.5%.

6. Bridge model and comparison with test results

To investigate the capacity of concrete slab bridges, full scale tests
of existing concrete bridges have been conducted in different countries
[22–26]. In this section, the load carrying capacity of a concrete slab
bridge is calculated with the full continuity element. The results are
compared with test results from full scale in situ test of the bridge. The
full scale test and results are described in [27]. The test program as well
as the theoretical investigations presented in this paper is a part of a
large ongoing research project on assessment of existing bridges at the
Technical University of Denmark. The bridge type considered is con-
structed with overturned pre-cast T-beams (OT-bridge) and in situ
concrete. In the construction phase, the system of overturned T-beams
functions as formwork for the in situ cast concrete. A typical cross-
section is shown in Fig. 10. The overturned T-beams are pretensioned
with strands and have a few stirrups every half meter connecting it to
the in situ concrete. The stirrups are not shown on the figure. The in situ
concrete is orthogonally reinforced in the top and reinforced transverse
to the overturned T-beams in the bottom. With respect to the conic
yield criteria for flexural actions, Eq. (8), the bottom reinforcement in
the overturned T-beams and in the in situ concrete are assumed to work
together and form a orthogonal reinforced disk, as it is assumed for the
yield criteria. This assumption for the OT-bridge is not further in-
vestigated in this paper. The material properties used for the calculation
are according to the construction drawings and converted to the mean

Fig. 6. Convergence analyses of a square isotropic clamped plate. Exact value
=p 42.851e

mp
l2
. The shown mesh is with 4 elements on each edge.

Fig. 7. Shear limitation test of square isotropic clamped plate with 20 element
on each edge. Exact value =p 42.851e

mp
l2

for = ∞vp .

Fig. 8. Convergence test of square isotropic clamped plate with shear limita-
tion, =v 4p

mp
l . Exact value =p 42.851e

mp
l2

for = ∞vp . *Loads on supported edges

are subtracted.
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values according to Eurocode 1992-1-1 [28].The material parameters
can be found in [27]. Furthermore, the ultimate strength of the strands
in the overturned T-beams is used and full interaction between the
overturned T-beams and the in situ concrete is assumed with respect to
the bending capacity. To verify the calculated section bending capacity,
the calculation is compared with results of 5 four point bending tests on
OT-beams cut out of an old OT-bridge [27]. The results are shown in
Fig. 11. The calculated bending capacity is 12 % lower than the average
tested capacity. This is an acceptable accuracy when considering the
use of material parameters from construction drawings.

The load configuration from the full scale test of an existing OT-
bridge is shown in Fig. 12. The slab is simply supported at both ends
and spans 11.2 [m] in the x-direction. The load configuration simulates
the rear axles of a special heavy vehicle according to Danish Road Di-
rectorate standard [29]. Vehicle B is a standard truck and vehicle A is a
special heavy truck. The objective is to find the maximum load of the
rear axles of vehicle A which the OT-bridge can carry. The model of the
OT-bridge is made with the full continuity element and a mesh struc-
ture as shown in Fig. 6 with an element size of 0.2 [m]. Furthermore,
the supports are assumed rigid and no limitations on the shear forces
are considered for the first analysis.

The calculated results are shown in Fig. 13 together with the test
results. Vehicle B weighed 70 [ton] in the test. The rest of the load was
on the four axles of vehicle A, which was 96 [ton] per axle at the
maximum load. The bridge did not fail and there was no visible cracks
during the test. However, the applied load was several times higher
than the design capacity of the bridge. For comparison, a yield line
calculation has been made assuming a half envelope yield pattern as
shown in Fig. 14. The yield line method [1] is an upper bound method,
i.e. the calculated collapse load should be higher than or equal to the
collapse load calculated with the lower bound element. The figure
shows that the capacity calculated with the lower bound method lies
between the upper bound value and the maximum load applied during
the test of the bridge.

Fig. 14 shows the yield mechanism extracted from the calculations

with the lower bound element. It can be seen that the yield mechanism
is similar to the mechanism assumed for the yield line calculation, but
with a smoother pattern.

When calculating the load carrying capacity of OT-bridges, the
shear capacities need to be taken into account. In the span direction (x-
dir.), the overturned T-beams have few stirrups and they are pre-
stressed which contribute to the shear capacity. In the transverse di-
rection, there are interfaces (i.e. casting joints) between the pre-cast T-
beams and the in situ concrete, which can reduce the shear capacity. In
the following it is assumed that there are no interaction between the
moment and shear capacity in the span direction. The shear capacity
and the types of interaction between the moment and shear capacity in
the transverse direction are investigated but not calculated/modelled
explicitly. The main focus is to investigate the ability of the bridge to
redistribute the load in the transverse direction for different assumed
values of the shear capacity. The tires of the vehicles are not placed
directly on the structure, but on 45 cm of asphalt and 10 cm of concrete
cover. In the model, the size of the loading areas, the black squares on
Fig. 12, are therefore extended from the contact area of the tires by 1:2
load spreading through the asphalt and 1:1 through the concrete cover.

The capacity of the OT-bridge as a function of the assumed trans-
verse shear capacity (y-dir.) is shown in Fig. 15. The figure shows that
the load carrying capacity is unaffected by the transverse shear capacity
when it is higher than 250 [kN/m] and no shear-moment interaction is
assumed. In the case of a linear shear-moment interaction, the capacity
decreases even for a high level of transverse shear capacity. The cal-
culated load carrying capacity crosses the maximum tested load level at
a shear capacity between 125–260 [kN/m]. This correspond to an
average shear stress of 0.25–0.52 [MPa] over the cross-section shown in
Fig. 10. The needed transverse shear capacity at this load level is 108%
higher when linear shear-moment interaction is assumed compared
with independent shear-moment.Since no mechanical model for the
shear capacity or shear-moment interaction has been considered, the
results only show the minimum required shear capacities for the dif-
ferent interactions at the given load level. If the shear moment inter-
action is not known in practice, the most safe and conservative inter-
action is the linear one which can be combined with a calculated shear
capacity.

The effect of shear-moment interaction on the transverse redis-
tribution of shear forces is shown in Fig. 16. The plots correspond to an
assumed shear capacity in the y-direction of =v 200py [kN/m]. This
value is interesting because it leads to a large difference between the
load carrying capacities of the models (see Fig. 15). In the figures, the
black squares are the loading areas. The figures show a decrease of

Fig. 9. Convergence test of square isotropic clamped plate loaded l
4
away from

the supports with shear-moment interaction limitation, =v 4p
mp

l . *Implemented
with CVX [19].

Fig. 10. Cross-section of OT-bridge.

Fig. 11. 5 four point bending test on OT-beams from an old bridge. Total length
of specimens: 5.3 [m]. Distance between loads: 1.4 [m].
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redistribution of forces when the moment shear interaction goes from
non to linear. This is especially shown for the shear forces at the sup-
ports where there is a high concentration of forces when shear-moment
interaction is not considered, while there is almost no shear forces when
for the linear shear-moment interaction is accounted for.

The displacement rates at the midspan are shown in Fig. 17 for

moment limitations only (i.e. shear capacity not considered) and for
linear shear-moment interaction. The entire field of displacement rates
for the model with only limitation on the moments is shown in Fig. 14.
The displacement rates in Fig. 17 correspond to those at the common
element edges close to the midspan line. The figure shows an almost
vertical displacement rate at the position of the load for the model with
shear-moment interaction. This indicates a shear failure in contrast to
the clear flexural failure seen for the model with moment limitation
only. This shows the main difference in how capable the models are to
redistribute the forces.

7. Conclusions

An equilibrium element with full continuity along the edges for
limit analysis of reinforced concrete slabs has been presented. It has
been shown that the element can handle limitations on shear forces
combined with the conic yield criteria for reinforced concrete slabs
subjected to bending. This is not the case for the well known Kirchhoff
plate element, which cannot handle limitations on shear forces.
Furthermore, it has been shown how different interactions between
moments and shear forces can be formulated and implemented in a
finite element limit analysis content with standard optimization solvers.

Both elements converge from a lower collapse load, which are ex-
pected for equilibrium elements. However, this is not the case when
loads are placed on the supported elements and limitation on shear
forces are applied. This is due to the approximation of the surface load

Fig. 12. Plane of bridge with load configuration. Light gray is the bridge deck and the darkgray is the edge beam. Measurements in [m].

Fig. 13. Test results of load configuration shown in Fig. 12 together with the
calculated ultimate flexural capacity. Supports assumed rigid.

Fig. 14. Flexural yield mechanisms. Red lines: yield line method. Black lines:
contour lines of yield mechanism from the lower bound method. (For inter-
pretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)

Fig. 15. Max. load of the test result of load configuration shown in Fig. 12
together with calculated ultimate capacity as a function of the assumed trans-
verse shear capacity. *Implemented with CVX[19].
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placed on the edges of the element. The problem may be solved by
using elements with linear shear fields as in [12]. Further investigations
need to be done with these elements when it is used for reinforced
concrete yield criteria.

Three different types of shear-moment interaction have been tested
together with the full continuity element. It is shown that all three cases
converge either immediately or from a lower value of the collapse load,
when the load is not placed on the supported element.

A demonstration of the element with respect to assessment of
bridges is presented. The analyses show that the calculated collapse
load with the full continuity element are lower than the collapse load
calculated with the upper bound yield line method and higher than the
full scale test with high magnitude loading. It is shown how different
types of transverse shear-moment interaction affect the magnitude of
the collapse load for the OT-bridge, which can be used to determine a
required shear capacity giventhe correct shear-moment interaction and
a needed capacity of the bridge. Further developments with respect to
exact yield criteria for the OT-cross sectionsand slabs in general are
needed to give a more realistic collapse load and to determine the ac-
tual shear-moment interaction.
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Numerical lower bound analysis of plate bending problems containing
requirements on shear capacity and shear-bending interaction
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ABSTRACT: The load carrying capacity of reinforced concrete slabs without shear reinforcement under con-
centrated loads are often limited by the shear capacity. In the last decades, numerical limit analysis have shown
to be efficient methods to determine the load carrying capacity of slabs. However, most of the elements have
only been used with yield criteria considering the moments. In this paper, an element with linear moment fields
and an element with quadratic moment fields for numerical limit analysis of slabs are presented. The elements
can handle limitation on both moment and shear forces. The moments are limited by Nielsen conic yield cri-
teria combined with yield criteria for shear forces and moment-shear interaction. The elements are shown to
converge from below. The moment, shear and moment-shear yield criteria are shown to work with the elements
on benchmark plate examples and for plates with concentrated loads. Furthermore, the effects of limitation on
shear forces on the yield mechanism are presented and a clear difference between the yield mechanism for
moment and shear failure is shown.

1 INTRODUCTION

The load carrying capacity of reinforced concrete
slabs without shear reinforcement is often limited by
the shear capacity and the capability of the structure
to redistribute the internal forces. The shear problem
arises when e.g. concentrated loads are close to the
support and for wide slabs where redistribution of
forces perpendicular to the span direction are needed.
Limit analysis based on the assumption of perfect
plastic material behaviour have been used for as-
sessment of existing concrete slab bridges for the
last decades. The most prominent methods for hand
calculations are the upper bound yield line method
(Johansen 1943) and the lower bound strip method
(Hillerborg 1974). The yield line method considers
only flexural collapse mechanisms and can there-
fore not handle limitations on shear forces. The strip
method assumes zero twisting moment, which limits
the extent of redistribution of internal forces.
Within the last decades, it has been demonstrated
that finite element limit analysis (FELA) is an ex-
tremely efficient approach to analyse plate bending
problems. In the early development (Chan 1972, Fac-
cioli & Vitiello 1973, Anderheggen & Knöpfel 1972),

the non-linear yield criteria were linearised. The de-
velopment of efficient non-linear convex optimiza-
tion algorithms initiated the development of elements
which involve non-linear yield criteria (Krabbenhøft
& Damkilde 2002, Nielsen & Poulsen 2009), such as
the Nielsen conical criteria for concrete slabs (Nielsen
1963). However, the lower bound finite elements, that
are often adopted, do not allow for limitations of the
shear forces. The reason is that these elements, de-
veloped to comply with Kirchhoff thin-plate theory,
do not have requirements of continuity of the twisting
moments along the edges. To be able to determine ad-
missible distributions of internal forces with account
for limitations of the shear capacity, it is necessary to
work with lower bound elements which have bending,
twisting as well as shear continuity along the edges.
Such an element was presented in (Bleyer & Buhan
2014) with quadratic moment fields with full continu-
ity and the von Mises yield criteria with limitation on
shear. In (Larsen, Poulsen, & Olesen 2011) a shell el-
ement with Mohr-Coulomb criteria for concrete was
presented which also can handle limitation on shear
and moments.
In this paper, equilibrium elements with linear and
parabolic moment fields are presented. The elements



are used to analyse plate bending problems where the
Nielsen conical yield criteria are imposed in combi-
nation with a criterion for transverse shear actions as
well as moment-shear interaction criteria. The perfor-
mances of the linear and quadratic elements are com-
pared - with focus on the issue of shear limitations and
boundary conditions. The comparison includes well-
known plate bending problems. The dual variables for
both elements are presented based on which the yield
mechanisms can be extracted. The yield mechanisms
can in this context be interpreted as bending failure or
”shear failure”. The full continuity elements perform
very well and converge, from below, toward the an-
alytical exact solutions when the number of elements
is increased. Convergence is observed for all elements
in benchmark plate bending problems.

2 EQUILIBRIUM ELEMENTS

In the lower bound method, all moment, shear forces
and loads must be in equilibrium. The equilibrium
equations for a plate are given as

∂vx
∂x

+
∂vy
∂y

+ p = 0 (1)

∂mxx

∂x
+
∂myx

∂y
− vx = 0 (2)

∂myy

∂y
+
∂mxy

∂x
− vy = 0 (3)

where m is the moment, v is the shear force and p is
a surface load.
In finite element limit analysis, the equilibrium is en-
sured internal in the element and between the element
edges (or surfaces for solid elements). In this section,
two plate equilibrium elements are presented.

2.1 Linear element

A triangle element, with linear moment fields varying
between the nodes, is shown in figure 1. The shear
forces in the linear triangle are, according to equa-
tion (2) and (3), constant. This implies that it is not
possible to apply a surface load. Surface loads are ap-
proximated as uniform line loads on each edge of the
element.

Equilibrium between the elements is obtained
along the edges as shown in figure 2. The edge mo-
ments are obtained by transforming the moments in
the corners to the direction normal or tangent to the
connected sides which can be written as

[
mn

mnt

]

j,i

= Tmj

[
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]

i
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(4)

where j refer to the side, i refer to the node, Tm is
the transformation matrix for moments and Tv is the
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Figure 1: Moments and shear forces in linear triangle element,
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Figure 2: Linear element: edge equilibrium.

transformation matrix for shear forces. The transfor-
mation matrices can easily be obtained by using area
coordinates, see (Krabbenhøft & Damkilde 2002).
The load placed on the edge of the element must be in
equilibrium with the shear forces on the edge, i.e. the
edge load is equal to the jump in shear forces. This is
written as

v+n + v−n + pedge = 0 (5)

where ”+” and ”−” indicate the shear forces from two
connected elements.

2.2 Quadratic element

The triangle element, with quadratic moment fields, is
defined the same way as the linear element shown in
figure 1, but with three additional nodes on the middle
of each side. These 6 nodes define the moment fields.
The shear fields for the quadratic element are linear
with maxima in the corner nodes. On this element, a
constant surface load can be applied due to the linear
shear fields.
The moments and shear forces on the edges are shown
in figure 3 with the 6 defining nodes, 1-6. The mo-
ments and shear forces on the edges are obtained from
equation (4).

3 YIELD CRITERIA

The section forces in the elements are limited by yield
criteria. The most common yield criteria for rein-
forced concrete slabs in bending are Nielsens conic
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Figure 3: Quadratic element: edge moments and shear forces

yield criteria which is given as

(mPx −mx) (mPy −my)−m2
xy ≥ 0

(m′Px +mx)
(
m′Py +my

)
−m2

xy ≥ 0
(6)

where mPx and mPy are the positive plastic moment
capacities, and m′Px and m′Py are the negative plastic
moment capacities.
To demonstrate the ability of the developed elements
to account for limitation of shear actions, the follow-
ing relationships for moment-shear interaction will be
investigated:

(
m̃P

mP

)n

+

( |v|
vP

)n

= 1⇒

m̃P (v) =mP

(
1−

( |v|
vp

)n) 1
n

(7)

where m̃P is the reduced moment capacity due to the
shear force v and vP is the plastic shear capacity. For
n = 1 we get a linear interaction, n = 2 a quadratic
and n =∞ no interaction (see figure 4). By applying
the equilibrium conditions in (7) to all moment capac-
ities in the yield criteria in (6), the combined moment
and shear yield criteria can be written as

(m̃Px(vx)−mx) (m̃Py(vy)−my)−m2
xy ≥ 0

(m̃′Px(vx) +mx)
(
m̃′Py(vy) +my

)
−m2

xy ≥ 0
(8)

It should be noted that in shear reinforced concrete
beams, n = ∞ is usually valid. However, for mem-
bers without shear reinforcement which at the same
time contains casting joints, there will in some way,
be a need to introduce moment-shear interaction. In
this context, it is noted that n = 1 will always consti-
tute a conservative choice. A more adequate interac-
tion relationship should of course be based on a me-
chanical model taking into account the structural lay-
out in question. This is, however, not within the scope

No interaction

Linear interaction

Quadratic interaction

emP

v

Figure 4: Schematic graph of investigated moment and shear in-
teraction

of this paper. Yield criteria for reinforced slabs are
further treated in (Marti 1990) and (Nielsen & Hoang
2011).

3.1 Check point for the elements

The yield criteria are checked at the nodes of the
elements. The maximum moment for a linear mo-
ment field is found at the corner of the element. The
maximum moment for elements with non-linear mo-
ment fields can occur anywhere on the element. The
yield criteria can therefore be violated if they are only
checked at the nodes.
The basic quadratic element, referred to as Quad6,
have 6 nodes as shown in figure 3. Additional yield
check point can be added to minimize the violation of
the yield criteria. When an extra point is added, the el-
ement is referred to as Quad7. When four extra points
are added to the element, it is referred to as Quad10.
The extra nodes are shown in figure 3, where the first
extra node is node 7. The coordinates of the nodes, as
area coordinates, are

z7 =
[
1
3

1
3

1
3

]
, z8 =

[
2
3

1
6

1
6

]

z9 =
[
1
6

2
3

1
6

]
, z10 =

[
1
6

1
6

2
3

] (9)

The quadratic element is analysed with respect to
the maximum possible violation of the yield criterion
−m′P ≤m≤mP , given that the moments at the nodes
are within the yield criterion. The results are shown
in table 3.1 for mP = m′P . The results shows maxi-
mum possible violations between 25-67 %. These vio-
lations occur when there is a large variation of the mo-
ments between the nodes. For Quad6, the maximum
violation occur when moments at the corner nodes are
equal to −m′P and the moments at the side nodes are
equal to mP . Such a moment distribution is very un-
likely even for a coarse mesh. Furthermore, when the
shear forces, i.e. the variation of the moment, are lim-
ited, the possible violation is also limited. The size of
the actual violation can be expected to me much less
for dense meshes, which is shown in the numerical
examples.



Table 1: Maximum possible violation of yield criterion
−mP ≤m ≤mP in element

Element Lin Quad6 Quad7 Quad10
Number of nodes, [-] 3 6 7 10
Error, mmax−mp

mp
[%] 0.0 66.7 33.3 25.0

4 OPTIMIZATION PROBLEM FOR THE
LOWER BOUND METHOD

The objective of the lower bound methods is to find
the maximum load, where the stress distribution is in
equilibrium and within the yield criteria, i.e. an ad-
missible stress field. The equilibrium conditions can
be formulated in a discrete general form as

Hβ = Rc + λR (10)

where β is a vector with all the stress components, H
is the equilibrium matrix, Rc is a constant load vector
and R is a load vector which is scaled with the load
factor λ.
The maximum load carrying capacity is found by
maximizing the load factor λ. When maximizing the
load, all the stresses must be within the yield criteria
which can by written in a general form as

fi(β) ≤ 0 i = 1,2...n (11)

where n is the total number of yield criteria.
The lower bound method can now be written as a op-
timization problem given as

maximize λ

subject to Hβ = Rc + λR

fi(β) ≤ 0 i = 1,2...n

(12)

The optimization problem will always be convex
since yield criteria are convex. Convex optimization
problems have an unique solution and are fast to
solve with modern optimization algorithm. The plate
problem with yield criteria given in equation (7)
and (8) can be solved with second order cone pro-
gramming (SOCP) which is a special kind of convex
programming. Lower bound problems with other well
known yield criteria, such as Mohr-Coulomb and von
Mises, can also be solved with convex programming,
see (Krabbenhøft, Lyamin, & Sloan 2007).

The optimization problem in (12) is very useful for
assessment of existing structures. However, the prob-
lem can be reformulated to a design situation where
the objective is to minimize the amount of material
given a constant design load. The optimization prob-

Figure 5: Edge displacement rate position. a) Linear element. b)
Quadratic element.

lem can be written as

minimize wT c

subject to Hβ = Rc

cmin ≤ c

fi(β, c) ≤ 0 i = 1,2...n

(13)

where c is the capacities used in the yield criteria, w is
the weight/cost of the each capacity variable and cmin
is a minimum required capacity. If there is no require-
ment on the minimum material amount, the minimum
amount of material is cmin = 0

4.1 Yield mechanism

In the optimization process of the problem in (12),
two set of dual variables are calculated. The two
set of dual variables are related to the equality con-
straints and the inequality constraints respectively.
The dual variables related to the equality constraints
can be interpreted as the strain rates related to the
equilibrium equations in the virtual work equations,
see (Krenk, Damkilde, & Høyer 1994). The equi-
librium equations (1) and (5) are related to vertical
displacement rate.
The displacement rates related to (1) and (5) are
given as displacement rates per length or area. The
displacement rates related to (1) must therefore be
scaled by 1

2A
where A is the area of the element. The

displacement rate is placed on the centroid of the
triangle for a constant load. The displacement rate
related to (5) must be scaled by 1

lj
where lj is the

length of the element side j. For the linear element,
where the load and shear forces are constant on
the element edge, the displacement rate is placed
in the middle of the edge as shown in figure 5a.
For the quadratic element, where the load and shear
forces are linear varying on the element edge, the
displacement rates are placed 1

3
lj away from the

related node as shown in figure 5b.

5 NUMERICAL EXAMPLES

The presented elements are investigated with respect
to convergence and capability to limit shear forces.
The linear element is referred to as Lin and the
quadratic elements are referred to as Quad, where the
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Figure 6: Yield mechanism for simple support one span uni-
formed loaded plate ly = lx. Number of quadratic elements,
N = 240.

yield criteria in Quad6 are checked in node 1-6 shown
in figure 3. Quad7 and Quad10 are checked in node
1-7 and 1-10 respectively.
The optimization algorithm for SOCP from Mosek
(MOSEK 2015) are used in all examples. The meshes
are generated with the MESH2D package (Engwirda
2017) for Matlab, which generate an unstructured
mesh.

5.1 Simple one span plate

A simple supported one span plate with uniform sur-
face load is analysed with limitation on shear forces
and moments. The exact solution is given as

pmax =





8mp

l2x
for vp ≥

4mp

lx
2vp
lx

for vp <
4mp

lx

(14)

The plate is analysed with a shear capacity vp >
4mp

lx
which should result in a moment yield mechanism
and a shear capacity vp <

4mp

lx
which should result in

a shear yield mechanism. The yield mechanisms for
the two cases are shown in figure 6. The figure shows
that the quadratic element Quad fails due to moment
limitation in the first case, which is seen as a hinge in
the middle of the plate. In the second case, the plate
is failing due to shear limitation as expected. This is
seen as a vertical drop of the whole beam from each
end.
The linear element produces similar results. However,
it should be noted that the load placed on a supported
element edge does not effect the shear forces in the
element. The surface load on the linear element is
placed on the edges of the element. On a supported
element, this results in 1

3
of the surface load on the

element is going directly in the supported without ef-
fecting the element.
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Figure 7: Convergence of squared clamped plate with uniform
load. Analytical solution : p = 42.851

mp

l2

5.2 Clamped square plate

The clamped square plate with uniform surface
load is an benchmark example for convergence test
in finite element limit analysis. The exact solution
is found in (Fox 1974) and is p = 42.851mp

l2
. The

results of the different elements are shown in figure
7. The figure shows that the linear element Lin and
the quadratic element with 10 yield check points
Quad10 converge from an lower value than the exact.
The elements must converge from a lower value
to be a true lower bound element. The quadratic
elements with 6 and 7 yield check points, Quad6 and
Quad7, overestimate the exact capacity. However,
the overestimates are very small compared with the
maximum possible violation of the yield criteria for
the elements shown in table 3.1. However, they are
decreasing with an increasing number of elements.
The convergence rates of the quadratic elements
are significant faster than the linear element. The
quadratic element have more degrees of freedom and
a quadratic moment fields, which is a better fit for
the squared plate problem compared to the element
with linear moment fields. The yield criteria in the
Quad10 element are checked at 10 nodes while it
is only checked at 3 nodes for the linear element,
which results in a longer computation time. It should
be noted that all computation times for the clamped
plate still are within seconds.

To investigate the effect of shear limitation and
moment-shear interaction, shown in equation (7) and
(8), the clamped plate is analysed with all moment-
shear interaction yield criteria with 232 Quad7 ele-
ments and an increasing shear strength. The error of
232 Quad7 elements with Nielsen conic yield crite-
ria is 0.03 %. The results for the moment-shear inter-
actions are shown in figure 8. The figure shows that
the load increases with the shear capacity increasing
for all moment-shear interaction yield criteria. For the
yield criteria with no interaction between moment and
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Figure 9: Single span wide bridge load with three axles. lx = 8
[m] and ly = 12 [m].

shear, the capacity is within 5% of the exact solution
without shear limitations when the shear capacity is
vp = 11.5mp

l
. It is within 1% for vp = 19mp

l
. If we

assume a quadratic interaction the shear capacity has
to be vp = 30mp

l
for the load to be within 5 % of the

exact solution.

5.3 Wide bridge with axle loads

A wide bridge with axle loads is analysed with
and without shear limitations. The bridge is shown
in figure 9. The purposes of the example are to
demonstrate the effect of the shear limitations on the
yield mechanism and the distribution of shear forces.
The bridge has the same capacities for positive and
negative moments. The moment capacity in the x
direction is 5 times larger than in the y direction,
mpx = 5mpy.

The yield mechanism for the moment yield criteria
in equation (6) is shown in figure 10. The figure
shows that the bridge experience a local collapse and
forms an approximate half envelop yield mechanism.
The analysis is made with both the linear element
and the quadratic elements and give the same load

Figure 10: Contour lines of yield mechanism for moment yield
criteria only.
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Figure 11: Yield mechanisms of wide bridge along lx
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carrying capacity.

The shear capacity in the y direction is now
reduced to vpy = mpy

1[m]
. The reduction of the load

carrying capacity due to the reduction of the shear
capacity is 12 % for no interaction between moment
and shear, and 23 % for linear interaction. The
yield mechanisms along lx

2
are shown in figure 11.

The figure shows that the slab fails in shear when
the reduced shear capacity is taken into account.
This is seen from the the lines between 3 and 6
meters, where the line is inclined for the moment
failure and almost vertical for the shear failures. The
same is seen for the simple supported plate in figure 6.

The yield mechanism is a visualization of where the
moments and shear forces are at the limit of the yield
criteria. Moments and shear forces not on the limit of
the yield criteria, or not considered in the yield crite-
ria, are therefore not restricted to a unique value. In
the following, it is shown how forces can vary when
they are not at the limit of the yield criteria or not con-
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sidered in the yield criteria.
The reaction forces along the sides are shown in figure
12a and 12b for the linear element and the quadratic
element. The figure shows very different reaction
forces. The reaction forces for the analysis with the
quadratic element vary extremely and have very high
peak values compared with the reaction forces from
the analysis with the linear element. The extreme vari-
ations of the shear forces are possible, because the
shear forces are only required to be continuous nor-
mal to the element edges, as shown in figure 2. It is
seen that it is not possible to get the maximum re-
quired shear forces from an analysis, where only the
moments are included in the yield criteria.
In figure 12c the reaction forces are shown for an anal-
ysis, where the shear forces are limited to vpx =

mpx

0.5[m]

and vpy =
mpy

0.5[m]
. The limitation of shear forces have

not reduced the load carrying capacity, compared with
the analyses with limitation on moments only. Nor
has it changed the yield mechanism. However, the re-
action forces have been reduced significantly and are
similar to the reactions from the analysis with the lin-
ear element shown in figure 12a. In both cases, a peak
is seen where the one row of tires are placed at y = 2
[m]. Next to the other row of tires, there are still a
fluctuation of the reaction forces. This is where the
yield mechanism ends as shown in figure 10.
It should be noted that all shear forces shown in figure
12 are within the admissible moment and shear field
given by the equilibrium conditions and yield crite-

ria. However, when moments and shear forces are not
near the yield surface and the system is underdeter-
mined, the optimization algorithms have the freedom
to choose higher values than necessary to carry the
load.

6 CONCLUSION

Two equilibrium elements have been presented for
finite element limit analysis of reinforced concrete
slabs. It have been shown that both elements can han-
dle limitation on shear forces, which is not possible
with the widely used Kirchhoff element.
The element with linear moment fields and the ele-
ment with quadratic moment fields have been com-
pared. The linear element converges from below in
the clamped plate benchmark problem, while the
quadratic element with 6 nodes overestimate the load
carrying capacity. The overestimate is possible be-
cause the element can violate the yield criteria inside
the element, due to the non-linear moment fields. By
adding extra points to the element, where the yield
criteria are checked, the overestimate can be reduced
and even removed by adding four extra points, even
though it is still possible for the element to violate
the yield criteria. Furthermore, the overestimate is re-
duced with an increasing number of elements.
The elements have been used to calculate an one span
simple supported plate with uniform load. Both ele-
ments can be limited by shear forces and showed a
bending failure mechanism and a shear failure when
the shear capacity is reduced.
The quadratic element has been used to calculated
the load carrying capacity of the squared clamped
plate where different moment-shear interactions are
imposed. The element perform well with no interac-
tion, linear interaction and quadratic interaction be-
tween moments and shear forces. It has been shown
that a shear capacity of at least vp = 11.5mp

l
is needed

to obtain the exact solution of the clamped plate from
(Fox 1974) within 5 %.
The yield mechanism is presented for both bending
failure and shear failure. The yield mechanism gives
a visualization of where the moments and shear forces
are at the limit of the yield criteria. The yield mech-
anism for shear forces at the limit is recognized by
a vertical displacement rate discontinuity, while the
bending failure is more continuous with clear hinges
in simple cases.
The optimization algorithms finds the maximum load
for an admissible stress field. The moments and shear
forces, which are not at the limit of the yield criteria,
can therefore take any value as long as the stresses are
admissible.
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A B S T R A C T

In the last decades, finite element limit analysis has shown to be an efficient method to determine the load-
carrying capacity of slab bridges in bending. However, the load-carrying capacity of concrete slabs can be
limited by the shear capacity and the redistribution of shear forces when subjected to high-intensity loads such as
tire pressure from heavy vehicles. In this paper, an optimised layer model is presented which include limitations
on both shear and bending. The layer model is based on a sandwich model, which provides a simple way to
determine a safe stress distribution for reinforced concrete slabs with shear reinforcement subjected to shear and
bending. The yield criteria in the layer model are formulated as second-order cones which enables an efficient
implementation in finite element limit analysis where general convex optimisation algorithms are used. The
interaction of section forces is investigated for different combinations of shear forces, moments and torsion. The
optimised layer model is used, in combination with finite element limit analysis, to evaluate concrete slabs
subjected to different load configurations. The results show that the layer model performs very well with finite
element limit analysis and it is possible to determine a safe distribution of shear forces, moments and torsion
very efficiently. However, the model cannot handle local effects such as punching shear and concentrated loads
near the support.

1. Introduction

The load-carrying capacity of reinforced concrete slab bridges can
be limited by the shear capacity and the capability of the structure to
redistribute the internal forces. The shear problem arises when heavy
vehicles with axle loads are crossing the slab bridges. This is especially
critical for wide slab bridges where the redistribution of internal forces
is essential for the load-carrying capacity. In practice, the shear pro-
blem is often solved by increasing the thickness of the slab to avoid
shear reinforcement. However, there can be geometrical constraints
fora slab bridge, which limits the thickness. In that case, shear re-
inforcement, together with redistribution of shear, can be used to in-
crease the load-carrying capacity.

Limit analysis based on the assumption of perfect plastic materials
has shown to be an efficient method to determine the load-carrying
capacity of reinforced concrete slabs in bending. The most well-known
methods are the Yield Line Method [1] and the Strip Method [2]. The
yield line method is based on the upper bound theorem and assumes
infinite shear capacity. The strip method is based on the lower bound
theorem and assumes zero torsional moment which makes it ineffective

with respect to redistribution of internal forces.
In the last decades, finite element limit analysis based on the lower

bound theorem has shown to be an efficient method to determine the
load-carrying capacity of slabs. In the early development, the non-linear
yield criteria were linearised [3–5] to enable implementation with the
optimisation algorithms for linear programming available at that time.
The non-linear convex optimisation algorithms have since been devel-
oped, which initiated implementation of non-linear yield criteria [6–8].
For slabs, the conic yield criteria [9] are often used, which can be
implemented with second-order cone programming. However, the
conic yield criteria only consider bending- and torsional moments.

In recent years, lower bound plate elements which account of shear-
bending interaction have been developed. Such an element with a
quadratic moment distribution has been implemented with von Mises
yield criteria for steel plates [10]. Recently, a lower bound plate ele-
ment with linear moment distribution has been implemented with the
conic yield criteria and with limitations on shear-moment interaction
[11]. However, surface loads on the linear element have to be modelled
as line loads on the edges of the element. This affects the shear forces in
the supported elements, where 1/3 of the load goes directly into the
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support.
The shear limitation and shear-bending interaction must ideally be

based on a mechanical model, e.g. a sandwich model [12], which is not
the case in [11]. In the sandwich model, bending moments and tor-
sional moments are carried by cover layers, and the shear forces are
carried by the concrete core layer or shear reinforcement. If the core is
not cracked, the shear forces can be carried by the concrete core. If the
core is cracked, shear reinforcement carries the shear forces, and the
residual concrete shear strength is neglected. In the recent development
of the sandwich model, called the extended sandwich model, the ag-
gregate interlock is included in the model. Thus, the concrete con-
tributes to the shear capacity of slabs with as well as without shear
reinforcement [13,14]. Another approach to model the shear capacity
of slabs with and without shear reinforcement, which has been used
with non-finite element analysis, is the multi-layered models [15,16]. In
these models, the slab is divided into multiple layers, each of which has
a material model, i.e. a model for the stress-strain relationship. The
response of the slab is then calculated by integration of the stresses and
strains in the layers. Common for the extended sandwich model and the
multi-layered model is that they can calculate the shear capacity of
slabs with and without shear reinforcement and thus capture brittle
shear failures. However, extended sandwich model and the multi-
layered models, which utilise the tensile strength of the concrete,
cannot be combined with limit analysis which is based on the as-
sumption of perfect plastic material behaviour.

A sandwich model has been developed for a lower bound element to
model reinforced concrete shells [17] in which the stresses in the ele-
ment are limited by the modified Coulomb yield criteria. The shell
element consists of three layers in a 3D stress state and is formulated for
semi-definite programming [18]. Three layers are, in most cases, not
enough to obtain the maximum bending and torsional capacity. Fur-
thermore, semi-definite programming, which is a special type of convex
programming, is in general slow compared to conic programming
normally used in finite element limit analysis of slabs.

In this paper, an optimised layer model for finite element limit
analysis of slabs with shear reinforcement, which includes limitations
on moments, torsion and shear forces, is presented. The layer model is
based on the concept of the sandwich model [12], where the number of
layers, as well as the thickness of each layer, can be optimised to obtain
the maximum bending and torsional capacity for orthogonal reinforced
slabs. The layer model is implemented in finite element limit analysis of
slabs. The implementation of the layer model is done with conic pro-
gramming which in this case requires a reformulation of the modified

Coulomb yield criteria for a 3D stress state. The implementation in
conic programming makes the model very efficient with respect to
calculation time.

The interactions between bending moments, torsional moments and
shear forces are demonstrated with the layer model on different slabs
and load configurations. It is shown that the model is capable of
handling moment, shear and shear-moment failure. However, the
model cannot handle local effects, e.g. punching shear and arch effect
near the supports. This is demonstrated with a load on a small area on a
large slab. In the example, it is also shown how to detect if a collapse
mechanism is due to local effects or not.

In the last example, the layer model is used together with finite
element limit analysis to determine the collapse load of a reinforced
concrete slab bridge subjected to tire loads at different positions. It is
shown that the model can determine the collapse load of the slab with a
safe and optimal distribution of stresses for different load configura-
tions very efficiently.

2. Finite element limit analysis of slabs

Finite element limit analysis is a numerical method that combines
the discretisation of a structural model, known from the conventional
finite element method (FEM), with limit analysis of perfect plastic
materials. When applying the lower bound theorem, the objective is to
find the maximum load-carrying capacity where the internal stresses
and the external loads are in equilibrium, and the stresses are within the
yield criteria. The equilibrium can be formulated as

H r rc= + (1)

where H is the equilibrium matrix, is a vector with all the stress
variables, rc is a load vector with all the constant loads, and r is a load
vector which is multiplied with the variable load factor . The yield
criteria can be formulated generally as g ( ) 0i for a single or a
combination of stress variables. The objective, to maximise the load-
carrying capacity, can be obtained by maximising . The optimisation
problem can be formulated as

g i n
H r r

maximize
subject to

( ) 0 1, 2i

c= +
= … (2)

where n is the number of yield criteria. These yield criteria are always
convex. Thus, the optimisation problem is convex, which always has a
unique solution for the maximum load [18].

Nomenclature

Asx , Asy reinforcement area per unit length in the x -and y-direction
Asz reinforcement area in the z-direction per unit area
c layer thickness
fc compressive strength of concrete
fy yield strength of reinforcement
g general yield criterion
h height of cross-section
H equilibrium matrix
mn moment normal to element edge
mnt torsional moment normal to element edge
mpx , mpy moment capacity about the y- and x -axis
mx , my moment about the y- and x -axis
mxy, myx torsional moment
n0 normal force in the principal shear force direction
nx , ny, nz normal force in x -, y- and z-direction
, nyx in-plane shear force
p surface load
r load vector

rc load vector with constant loads
sx , sy stirrup spacing in x - and y-direction
v0 principal shear force
vn shear force normal to element edge
vpx , vpy shear capacity in the x - and y-direction
vx , vy shear force in the x - and y-direction
z area coordinate
zc position of concrete layer
zs position of reinforcement layer

auxiliary variable
vector containing all section forces and moments
load factor

µ coefficient of friction
reinforcement degree

c stress in concrete layer
s stress in reinforcement layer
xx , yy normal stress in x - and y-direction
xy, yx in-plan shear stress
1, 1 largest and smallest principal stress
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2.1. Equilibrium conditions for quadratic plate element

A triangular element with quadratic moment distributions is used to
discretise the slab model. The element is shown in Fig. 1. The three
corner nodes (1–3) and the three nodes on the edges (4–6) define the
distribution of bending- and torsional moments. The internal equili-
brium in the element is given as

p

v

v

0

0

0

v
x

v
y
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x

m
y x

m
y
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x y

x y

xx yx

yy xy

+ + =
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+ = (3)

where mx and my are the bending moments, mxy is the torsional mo-
ment, vx and vy are the shear forces, and p is a surface load. From the
internal equilibrium, it is seen that the shear forces can be determined
as the partial derivative of the moments. Thus, the shear forces are
varying linearly, and the shear force distribution can be established by
the use of the three corner nodes (1–3). The shear forces in the side
nodes (4–6) are interpolated from the shear forces at the corner nodes.
The sectional forces in the internal nodes (7–10) are interpolated from
nodes (1–6) and are added to check that the sectional forces in the
element are within the yield criteria. The coordinates of the internal
nodes, as area coordinates, are

z z

z z

,

,

7 1
3

1
3

1
3

8 2
3

1
6

1
6

9 1
6

2
3

1
6

10 1
6

1
6

2
3

= =

= = (4)

Equilibrium between the elements is obtained at the edges as shown
in Fig. 2. The momentmn, the torsional momentmnt and the shear force
vn are obtained by transformation of the moments and shear forces in
the nodes at the edges. The transformation and the equilibrium equa-
tions are collected in the equilibrium matrix H in Eq. (1). A thorough
description of the transformation of section forces and the equilibrium
between the elements can be found in [19] for a plate element with
shear, moment and torsion continuity.

3. Layer model for shear-bending limitations

An optimised layer model for shear-bending limitations in finite
element limit analysis is presented in this section. The model is based
on the same assumptions used for the well-known sandwich model
[12], which has been adopted in the fib Model code [20]. The sandwich
model, shown in Fig. 3a, provides a simple way to determine a safe
stress state in a slab of a reinforced concrete slab subjected to moments,
torsion and shear forces. In the model, it is assumed that the moments
and torsion are carried by two reinforced concrete cover layers at the
top and bottom of the slab. The shear forces are carried by the re-
inforced concrete core where a diagonal compression field in the con-
crete together with tension in the reinforcement ensure equilibrium
with the shear actions. Fig. 3b illustrates the diagonal compression field
in the core, which is in the direction of the principal stress in the core
calculated from the shear forces vx and vy together with the forces from
the stirrups and the reinforcement in the cover layers.

The bending and torsional capacity depend on the size and number
of the cover layers. However, two cover layers are rarely enough to
obtain optimality for all four bending capacities and the torsional ca-
pacity. If an orthogonal reinforced slab with different amounts of re-
inforcement in each direction is considered, the optimal size of the
cover layer, i.e. the compression zone, will have different sizes for the
four optimal bending capacities. The optimal size of the cover layer to
obtain maximum torsional moment capacity [9], if the stresses in the
cover layer are constant, is given as

c h
2torsion

x y=
+

(5)

where x
A f
f h

sx y

c
= and y

A f
f h

sy y

c
= are the reinforcement degrees and h

is the total height of the cross-section. Note that the true maximum
torsional capacity requires a non-linear stress distribution [21], but the
approximation of constant stress zones results in an insignificant
smaller capacity. From Eq. (5), it is seen that the optimal size of the
compression zone calculated with respect to the torsional capacity only
coincides with the optimal size with respect to bending capacity if the
slab is isotropic reinforced in the (x y, )-plane and all the reinforcement
is yielding at maximum bending. Thus, more cover layers are needed to
obtain the maximum moment capacities and the maximum torsional
capacity. Furthermore, the concrete and reinforcement also need to be
in different layers to get the optimal lever arms for the moment capa-
cities.

The optimised layer model is shown in Fig. 4. The concrete cover
layers are divided into multiple layers, which are optimized with re-
spect to the bending and torsional capacities. The concrete and the
reinforcement are divided into separate layers to make the size of the
concrete cover layers independent of the position of the reinforcement.
In this way, the optimised layer model also enables the possibility of
more than two reinforcement layers in the (x y, )-plane. Furthermore,
the separation of concrete and reinforcement requires individual yield
criteria for the materials. Even though this result in more yield criteria,
it is considered an improvement compared to the sandwich model. The
conic yield criteria for a reinforced concrete disk, which are adopted for
the cover layers in the original sandwich model, can overestimate the
shear capacity for high reinforcement degrees [22] which lead to an
overestimate of the torsional capacity.

The layer model has so far been optimised with respect to the
bending and torsional capacities without considering the shear capa-
cities. The optimisation of the bending and torsional capacities can be
described as minimisation of the cover layers and maximisation of the
lever arm between the concrete in compression and reinforcement in
tension. Thus it results in maximisation of the concrete core given
maximum bending and torsional capacities. If the total core thickness is
maximized with respect to the shear capacities only, the core thickness
will be h since an increase of some value k of the core thickness will
increase the shear capacities with k if a constant stress distribution is
assumed (This is shown in Eq. (20) in Section 5.1). However, the stir-
rups need to be able to create compressive stresses in the concrete to
carry the shear forces which is a geometric limitation of the core
thickness. In this paper, it is assumed that the stirrups can create
compression stresses in the concrete which are equivalent to the yield
capacity of the stirrups, i.e. the stirrups are perfectly anchored.

The number of core layers is chosen to be one, which limits the
distribution of stresses in the whole core to be constant. Such a stress
distribution is in most cases not optimal with respect to the shear

Fig. 1. Quadratic equilibrium slab element. v v m m m[ ]j
i

x y x y xy= where i is
the element number and j is the node number.
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capacity and shear-bending interaction. However, there exists no spe-
cific number of core layers which is optimal since the optimal stress
distribution changes due to moments and torsion. The effect of having
only one core layer is further addressed in Section 5.1.

In the following, the equilibrium conditions and the yield criteria
will be presented for the optimised layer model.

3.1. Equilibrium conditions

The stresses in the concrete and reinforcement layers, shown in
Fig. 4, need to be in equilibrium with the sectional forces. The resulting
normal forces in a slab are zero, which gives the equilibrium conditions
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(6)

where ci is the thickness of layer i, Asx and Asy are the horizontal re-
inforcement areas per unit length in layer j, cx i, and cy i, are the normal
stresses in layer i, sx j, and sy j, are the stresses in the reinforcement layer
j, cz,1 is the normal stress in the z-direction in the concrete core and sz
is the normal stress in the stirrups, Asz is the stirrup cross-sectional area
and sx and sy are the stirrup spacings.

The resulting transverse shear force need to be equal to the sectional
shear forces vx and vy, and the resulting inplane shear force need to be
equal to zero which gives the equilibrium conditions
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where vx and vy are the transverse shear forces, czx,1 and czy,1 are the
transverse shear stresses in the core, and cxy i, is the shear stress in

concrete layer i.
The resulting bending and torsional moments need to be equal to

the sectional momentsmx andmy and sectional torsionmxy, which gives
the equilibrium conditions
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where zc i, is the distance from the centre of the section to the centre of
concrete layer i, and zsx j, and zsy j, are the distances from the centre of
the section to the reinforcement layer j.

3.2. Yield criteria for concrete and reinforcement layers

The reinforcement is modelled as bars which can carry tension
forces only. Thus the yield criterion for the reinforcement is given as

f0 s y where s is the stress in the reinforcement bar, and fy is the
yield strength.

The concrete is modelled as a Modified Coulomb material [22] with
tensile strength f 0t = . The corresponding yield criteria are shown in
Fig. 5a in a - -system. The yield criteria appear as follows when ex-
pressed in terms of principal stresses:

k f
0
c

1

1 3 (9)

where 1 is the largest principal stress, 3 is the smallest, fc is the uni-
axial compressive strength and k µ µ( 1 )2 2= + + . The coefficient µ
for normal strength concrete is often taken as 0.75. Note that the in
practice, fc in the yield criteria must be multiplied with an effectiveness
factor 1 which takes into account the fact that concrete is not a
perfectly plastic material [22]. For the sake of simplicity in this paper,
is set to 1.

The cover layers are assumed to be in a state of plane stress. The
modified Coulomb yield criteria for plane stress conditions are shown in
Fig. 5b which can be transformed into ( , , )xx yy xy -space as follows:

f f

( )( )

( )( )

xx yy xy

c xx c yy xy

2

2+ + (10)

The concrete core can carry a 3D stress state, where the full yield cri-
teria in Eq. (9) need to be considered. In practice, however, the amount
of reinforcement in slabs are rarely large enough to create concrete
compressive stresses larger than fc. It is therefore in most cases only
necessary to check if the largest principal stress is 01 . An exact
criterion for when it is only necessary to check the largest principal

Fig. 2. Equilibrium between element edges.

Fig. 3. (a) Sandwich model. (b) Diagonal compression field n0,1 in the principal shear v0 direction.
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stress will be derived in Section 4.1 and given in Eq. (19).

4. Implementation of the optimized layer model in finite element
limit analysis

The layer models, which account for transverse shear forces, have
previously been implemented with semi-definite programming [17]. In
this section, an exact implementation with second-order cone pro-
gramming is presented. Second-order cone programming is a very ef-
ficient class of semi-definite programming. Thus the calculation time is
reduced by implementation with second-order cone programming.

The equilibrium conditions for the optimised layer model described
in Section 3.1 can be implemented as a system of linear equations. The
yield criterion for the reinforcement steel is a linear inequality which
does not require reformulation to be implemented with second-order

cone programming. The yield criteria for the cover layers are for-
mulated directly as second-order cones as shown in Eq. (10). In the
following, the implementation of the yield criteria for the core is pre-
sented.

4.1. Exact implementation of yield criteria for the concrete core with
second-order cones

The concrete core, c1 in Fig. 4, carries the transverse shear forces by
confinement from the reinforcement and stirrups. The horizontal shear
stresses xy from the torsional moment are zero in the core. The stress
tensor for the core is therefore given as

0
0
xx xz

yy yz

zx zy zz

=
(11)

where xz zx= and yz zy= . According to the modified Coulomb cri-
teria in Eq. (9), the principal stresses of the stress tensor must be less or
equal to zero. The principal stresses are given as the eigenvalues of the
stress tensor. Thus, the yield criterion can be formulated as a positive
semi-definite inequality given as

0 (12)

where “ ” is the positive semi-definite operator which states that all
eigenvalues must be positive or equal to zero.

The stress tensor in Eq. (11) has a Chordal sparsity structure and
contains real numbers only. Thus, the positive semi-definite inequality
in (12) can be reformulated as

0

0

0

xx xz
xz x

yy yz

yz y

zz x y= + (13)

where x and y are auxiliary variables. The eigenvalues of a 2 2×
symmetric matrix can be formulated as a second-order equation. The
semi-definite inequalities in (13) can thus be reformulated as second-
order rotated cones given as

( )( )

( )( )

xx x xz

yy y yz

zz x y

2

2

= + (14)

Note that in standard convex solvers with rotated cones formulated as
x x x1 2 3

2 it is implicit that x x, 01 2 . It is therefore not necessary to
state the inequalities 0, 0, 0xx yy x and 0y .

A proof of the reformulation shown in Eq. (13) can be found in [23].
However, it should be noted that the reformulation is only possible if
one or more of the shear stresses are zero [24].

The full modified Coulomb yield criteria in Eq. (9) can be for-
mulated as semi-definite inequalities by replacing 1 in the second

Fig. 4. Example of optimised layer model for numerical limit analysis with one core c( )1 , four cover layers (c2–c5), stirrups and two layers of reinforcement.
(x y, )-plane defines centre plane of slab.

Fig. 5. (a) Modified Coulomb criteria with f 0ct = . (b) Modified Coulomb cri-
teria for plane stress conditions.
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inequality with an auxiliary variable 1. The yield criteria are then
given as

k f
0

c

1 1

1 3 (15)

Since the stress matrix is symmetric and of real numbers, the ei-
genvalues can be shifted by adding a constant to the diagonal. Utilising
this property, the modified Coulomb yield criteria can be formulated as
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If k
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( ) 0
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1

1

1

+

+ +

(16)

where I is the identity matrix. The matrices in (16) also have a Chordal
structure since xy is still zero. Thus, the same reformulation as in (13)
can be used on (16), and the modified Coulomb criteria for the core can
be formulated as cones given as

f k
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(17)

where i are auxiliary variables.
The modified Coulomb criteria for the core have been reformulated

from two semi-definite inequalities to four conic inequalities. Two of
the four cones ensure that the principal stresses are not in tension and
two ensure that the principal stresses do not exceed the compression
strength. However, it is rarely possible to reach compression stresses up
to the compression limit in the core since it is the reinforcement and the
stirrups that determine the maximum possible stresses. The maximum
normal compression stresses in the core are given as

h
c

f h
c

f f, ,xx max x c yy max y c zz max z c,
1

,
1

,= = =
(18)

where x
A f
f h

sx y

c
= and x

A f
f h

sy y

c
= are the reinforcement degrees,

z
A f
f s s

sx y

c x y
= is the stirrup degree with the stirrup spacing sx and sy, and c1

is the thickness of the core. In Eq. (17) it is seen that the minimum
compression strength occurs when 01 = , i.e. at plane stress state with
the compression strength fc. Inserting the maximum compression
stresses from Eq. (18) in the modified Coulomb yield criteria for plane
stress in Eq. (10), the limit for when it is not necessary to check the
compression strength can be found as

h
c

max( , ) 1x y z
1

+
(19)

It can be concluded that the yield criteria for the core can be im-
plemented with Eq. (14) if the inequality (19) holds. Otherwise, the
yield criteria must be implemented by the use of Eq. (17).

5. Numerical examples

The layer model presented in Section 3 has been implemented with
numerical limit analysis as described in Section 2. The implementation
is made according to Section 4. In the following examples, a slab ele-
ment with isotropic reinforcement in the (x,y)-plane is used to de-
termine the yield surfaces obtained by the layer model. Furthermore, it
will be shown how the layer model performs with finite element limit
analysis. If nothing else is stated, the cross-sectional properties shown
in Table 1 is used. With these properties, one cover layer in the top and

bottom is optimal with a thickness of c c 0.052 3= = m and the core
thickness is c 0.41 = m.

5.1. Layer model

A layer model of a slab unit, as shown in Fig. 4, is analysed to de-
monstrate the moment, torsion and shear capacities as well as the in-
teraction of section forces. The cover layers are optimised with respect
to the bending- and torsional capacities.

The conventional yield criteria for slabs in bending are the conic
yield criteria [9]. The assumptions for the conic yield criteria are the
same as for this layer model when shear forces are neglected. The yield
surfaces calculated with the layer model are shown in Fig. 6 for the case
v v 0x y= = . It is seen that the layer model produces two cones, which
are identical with the conic yield criteria. However, it should be noted
that the yield surface produced by the layer model and the conic yield
criteria only coincide if both layers of reinforcement yield at maximum
bending moment as they do for maximum torsional moment. In any
other cases, the yield surface of the layer model will be within the conic
yield criteria since the latter overestimates the torsional capacity [22].

For one-way bending, the interaction between moment capacity and
shear capacity can be calculated analytically for the presented layer
model with one core layer and isotropic reinforcement in the (x,y)-
plane. The moment capacity mpx is a linear function of the amount of
reinforcement Asx . From Eq. (10), the shear capacity vpx can be for-
mulated as

v c
A f
c

A f
s s

cpx x z
sx y sz y

x y
1

1
1= =

(20)

where c1 is the thickness of the core shown in Fig. 4. Note that Eq. (20)
is similar to the shear capacity of a reinforced concrete disk [22]. Eq.
(20) shows that vpx

2 is a linear function of Asx . Hence, the moment ca-
pacity mpx as a function of the shear force vx can be formulated as

m v m v
v

( ) 1px x px
x

px
,0

,0

2

=
(21)

where mpx,0 is the moment capacity for pure bending and vpx,0 is the
shear capacity for pure shear. The same result was obtained in [25]. The
shear-bending interaction in Eq. (21) is only optimal for the layer model
with one core layer and reinforcement with the same centroid as the
core layer. The optimal stress distribution in the core with respect to the
shear capacity becomes non-linear when a moment mx is acting on the
cross-section, or the centroid of the reinforcement does not coincide
with the centroid of the core. Thus the maximum shear capacity cannot
be obtained with one or more core layers with a constant stress dis-
tribution. In Fig. 7, the reduction due to the few core layers with con-
stant stress distributions is shown as a function of the relative centroid
of the reinforcement e

e
s
c
. If 1e

e
s
c

= the reinforcement and the concrete
core have the same centroid. It is seen that one core reduces the shear
capacity significantly more than two or three cores. Hence, more than
one core layer increases the shear capacity in most cases. However,
when choosing the number of core layers, the computational time must
also be considered. An extra core layer adds four conic constraints at
every node as shown in Eq. (17). In the following, the layer model with
one core layer is still considered.

The interaction between the torsional capacity and the shear forces

Table 1
Cross-sectional properties of slab.

Height, h 0.5 [m]
Concrete strength, fc 45 [MPa]
Reinforcement degree, x y= 0.1 [–]
Stirrup degree, z 0.1 [–]
Reinforcement cover 0.05 [m]
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is shown in Fig. 8. The shear forces in both directions affect the tor-
sional capacity since reinforcement in the x- as well as the y-direction is
needed to carry the torsional moment. The figure shows that the
combined shear capacity can be formulated as a second-order in-

equality ( ) ( ) 1v
v

v
v(0)

2

(0)

2
x

px
y

py
+ when the torsion is zero. When the

torsional moment increases towards the maximum torsional capacity,
the combined shear capacity approaches a linear inequality formulated
as 1v

v m
v

v m( ) ( )
x

px xy
y

py xy
+ . Thus the maximum possible principal shear

force is in the x- or y-direction, i.e. the directions of the reinforcement,
when the torsional moment increases towards the maximum torsional
capacity.

5.2. Quadratic element

The moment distribution in the element shown in Fig. 1 is quad-
ratic. Thus, the maximum moments can occur anywhere on the element
and not just at the corner and side nodes (1–6) as for a linear element.
Extra nodes in the centre (nodes 7–10 on Fig. 1) are added to ensure
that the section forces are within the yield criteria at these nodes as
well. The sectional forces and moments in the centre nodes are inter-
polated from the nodes at the corner and edges. In Fig. 9, the maximum
moment is shown for an element with no centre node, one centre node
and three centre nodes. The moment is limited by the yield criterion

m1 1 at the nodes.
The figure shows that if the yield criteria are not checked in the

centre of the element, the moment can be overestimated by 67%. If one

or four nodes are placed in the centre, the overestimates are 33% and
25% respectively. However, the variation of the moment in the element
is very large for all cases which can result in large shear forces ac-
cording to the equilibrium Eqs. (3). Furthermore, these extreme varia-
tions of moments within an element are rarely the optimal distribution
for a slab discretised by many elements as is shown in the next example.

5.3. Clamped square slab

The clamped square slab with uniform surface load is a benchmark
example for convergence test in finite element limit analysis of slabs in
bending. The exact solution is p 42.851m

l
p

2= [26] when the conic yield
criteria for isotropic reinforced slabs are used [9]. In the previous
section, it is shown that the optimised layer model coincides with the
conic yield criteria for specific cross-sections. Thus the layer model
implemented in finite element limit analysis can be compared with the
analytic solution for bending where shear forces are not considered.
The results obtained by the use of elements with 6, 7 and 10 nodes are
shown in Fig. 10. The figure shows that the element with 10 nodal
checkpoints converges from a lower value than the exact one. The
elements must converge from a lower value to be a true lower bound
element. The elements with 6 and 7 nodal checkpoints can overestimate
the capacity. However, the overestimates are very small compared with
the maximum possible violation of the yield criteria for the elements
shown in Fig. 9 and they are decreasing with an increasing number of
elements.

The yield criteria for each layer in an optimised layer model are
checked at every node in the element. Hence, the extra nodes result in
extra computation time. For a dense mesh, the elements with 6 or 7
nodes are therefore preferred since the calculations still lead to

Fig. 6. Yield surfaces for combinations of (m m m, ,x y xy) with v v 0x y= = .

Fig. 7. Reduction of pure shear strength for layer models with 1, 2 and 3 core
layers compared to shear strength with optimal stress distribution. The
minimum principal stress is assumed to be fc3 . ec is the centroid of the total
core, and es is the centroid of the reinforcement.

Fig. 8. Yield surface of torsion and shear forces only. Contour line spacing:
50 [kNm/m].

T.W. Jensen, et al. Engineering Structures 195 (2019) 51–61

57



sufficient accurate results as shown in Fig. 10. It should be noted that all
computation times for the clamped square slab are within seconds.

5.4. Cantilever slab subjected to a single load

The capability to limit the shear forces is demonstrated with a
cantilever slab subjected to a single load, as shown in Fig. 11. The slab
is analysed with different amounts of shear reinforcement. To ensure a
shear failure, the degree of reinforcement in the span direction is in-
creased to 0.6x = , while the other material parameters are shown in
Table 1.

The results are shown in Fig. 11. If the shear forces are not limited,
the load-carrying capacity increases towards infinity for a decreasing
distance from the load to the support which is not the case for the
model with shear limitations. For the slab with the lowest amount of
shear reinforcement, the load-carrying capacity is constant for the load
placed at x 0= to x 1.4= m. This is due to the compressive strength of
the core, which is reached to carry the shear forces. After x 1.4= m, the
load-carrying capacity decreases due to an increasing moment and a
decreasing compression in the core. As the distance from the load to the
support increases, the load-carrying capacity of the model with shear
limitations is approaching the load-carrying capacity of the model
without shear limitation.

The same behaviour is seen for the slab with a shear reinforcement
degree of 0.1z = . However, the magnitude and position of the load
where the load-carrying capacity starts to decrease are different.
Because of the high reinforcement degree in the span direction, the
load-carrying capacity will increase with an increasing shear re-
inforcement degree until z

k
f

1
2 2 c

1= .

5.5. Slab subjected to a concentrated load

In this section, load configurations with a single concentrated load
on a simply supported single span wide slab are analysed to investigate
when the local effects dominate the load-carrying capacity. The cross-
sectional properties used in the analyses are shown in Table 1. The slab
spans 5m and is 5m wide. The element, shown in Fig. 1, is used for the
analysis with one centre node and a size of 0.1m.

The slab is analysed with varying size of the square loading area in
the centre of the slab. The results are shown in Fig. 12 for three dif-
ferent shear capacities. It is seen that the same capacity is obtained for
the case with infinite shear capacity and the two cases with limited
shear capacity for load sizes of 0.6–2m. In this range, failure of the slab
is dominated by bending for all cases. Approximately the same results
can be obtained with the yield line method or finite element limit
analysis with the conic yield criteria. However, these methods do not
ensure that the slab does not fail in shear.

The failure mode can be interpreted from the collapse mechanism
which is extrapolated from the dual variables (see [11]). The collapse
mechanism along the centre line of the slab is shown in Fig. 13. The
figure shows that a plastic hinge has been developed in the middle of
the span for a 0.6= . In this case, the whole slab is failing in bending. A
second failure is shown in the figure for a 0.2= where the load-carrying
capacity is decreasing at a very fast rate due to a decrease in the loading
area. It is seen that the failure, in this case, is concentrated around the
loaded area where there is a vertical drop. The failure is local which in
the context of the present model may be interpreted as a shear/
punching shear failure. In reality, however, punching shear failures are
always associated with formations of diagonal cracks around the loaded
area [27] which activate the stirrups crossing the cracks. The punching

Fig. 9. Maximum possible moment in element with quadratic moment distribution. Moment limitation at control points: m1 1. (a) 6 control points,
m 1.67max = . (b) 7 control points, m 1.33max = . (c) 10 control points, m 1.25max = .

Fig. 10. Convergence of a clamped square slab with a uniform load. Analytical
solution: p 42.851 mp

l2
= .

Fig. 11. Load carrying-capacity of cantilever slab subjected to the surface load
p. All dimensions are in [m]. The reinforcement degree x is increased to 0.6.
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shear capacity due to failure in diagonal cracks can be calculated using
the theory of rigid plasticity [22,28]. As a consequence of the Coulomb
material model for concrete and the normality condition of plastic
theory, the horizontal projection of the diagonal cracks is at least

h0.75 [22]. If the contribution from the concrete is neglected and if it is
assumed that the stirrups are closely spaced, the minimum punching
shear capacity can then be estimated as

P f ha h(4·0.75 (0.75 ) )min z c
2= + (22)

where a is the size of the square load. The minimum punching shear
capacity of the slab with the properties in Table 1 and the load size
a 0.2= is 3338 kN. The results of the layer model, shown in Fig. (12), is
1370 kN for the load size a 0.2= , where a failure equivalent to the
punching shear failure occurred. The difference between the two cal-
culations clearly shows the limitation of the layer model combined with
finite element limit analyse of slabs where sectional shear forces and
moments are limited at each point by the yield criteria. However, the

presented model considers shear-moment action in the whole slab at
the same time while a local punching shear calculation only considers
one failure mode. Hence, the model can redistribute the forces but
cannot capture local failure mechanisms. A common practical solution
to calculate the punching shear capacity with sectional analysis is to
check the shear forces at a nominal distance from the concentrated load

Fig. 12. Load carrying-capacity of a square slab with a square loading area in
the centre of varying size. All dimensions are in [m].

Fig. 13. Collapse mechanism along the centre line in span direction for the
example shown in Fig. 12. a [m] is the size of the square load and. 0.1z = .

Fig. 14. Load carrying-capacity of bridge subjected to moving axle loads. All
dimensions are in [m]. (∗) The relative load-carrying capacity is relative to the
load-carrying capacity of the axles placed in the centre of the span (x 1.75= )
and v vpx py= = .

Fig. 15. Shear force distribution. The direction of the arrows is arctan vy
vx
, and

the length is v v vx y0
2 2= + . The lines are calculated trajectories (streamlines).

(a) Finite element limit analysis. (b) Linear elastic finite element analysis.
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and not at the edge of the load. This approach is not treated further in
this paper.

5.6. Slab bridge subjected to four moving axle loads

To demonstrate the practical application of the layer model im-
plemented in finite element limit analysis, a slab bridge subjected to
four moving axle loads is analysed. The moving loads require multiple
calculations to find the most critical position of the loads. Thus, a time-
efficient calculation method is required.

In practice, the standards have additional limitations to the concrete
strength and the stress-state in the slab which are not accounted for in
the analysis. For example, the angle between the minimum principal
stress and the (x y, )-plane must be within a certain interval [29,20].
These additional limitations are not within the scope of this paper and
require further development to be implemented.

The dimensions of the bridge are shown in Fig. 14. The four axles
represent the heavy rear axles of a truck. The contact area of the tires is
0.3 0.6× m. The width of the axles is 2.8 m, and the distance between
the axles is 1.4 m. All the dimensions are according to the Danish
standard [30].

In the analyses, 5600 7-node elements are used, and the Mosek [31]
software package for Matlab is used to solve the optimisation problem.
The total calculation time on a standard laptop for each load position is
within 1min for the full layer model.

The results are shown in Fig. 14. When x 1.75= , the axles are placed
at the centre of the span. At this position, the load-carrying capacity for

0.05z = is 6% smaller than the analysis where the shear capacity is
neglected. The figure shows that the difference remains the same as the
axles moving towards the support. This indicates that the shear forces
are not critical for the load-carrying capacity of the bridge.

The shear force distribution of the optimal solution for the axle
loads placed x 1.0= m from the support is shown in Fig. 15a. The di-
rection of the arrows with respect to the x-axis is arctanV

V
y
x
. To evaluate

the extent of redistribution of internal forces, the shear distribution is
compared with a linear elastic finite element analysis. In the analysis,
the properties, shown in Table 1, is used with triangular Re-
issner–Mindlin elements with quadratically shape functions [32]. The
shear force distribution of the analysis is shown in Fig. 15b. To compare
the flow of shear forces, trajectories starting from the inner axle loads
are calculated and drawn in the figures with red lines. The figures show
that the shear forces obtained from the limit analysis are further dis-
tributed into the slab compared with the linear elastic analysis. This is
especially seen from two of the trajectories at the load at the coordinate
(4,1) where shear forces obtained from the limit analysis are primarily
directed in the y-direction and shear forces obtained from the linear
elastic analysis are approximately directed in the x-direction. The in-
crease of the load-carrying capacity due to the optimal redistribution of
internal forces is, for this example, 47%.

It should be noted that the shear force distribution of the optimal
solution shown in Fig. 15a is not unique. In the part of the slab where
the internal forces and moments are not on the yield surface, the op-
timisation algorithm can choose any shear force distribution which is
admissible and does not interfere with the optimal solution.

5.7. Calculation time

The efficiency of the implementation of the layer model in finite
element limit analysis is analysed. The core layer is implemented with
the conic constraints shown in Eq. (14) and with a semi-definite con-
straint shown in Eq. (12) for comparison. The bridge example in Fig. 14
with the load placed in the centre (x= 1.75m) is used for the analysis.
The results are shown in Table 2 for a different number of elements. The
load carrying capacity is the same for all calculation which indicates
that the solution has converged even for the smallest number of ele-
ments. The table shows that the model with the core layer implemented
with conic constraints is approximately 50% faster than the model with
the core layer implemented with a semi-definite constraint.

6. Conclusion

An optimised layer model has been presented which can handle
bending moments, torsional moments and shear limitations in re-
inforced concrete slabs. Contrary to the well-known sandwich model,
the layer model divides the slab into separate concrete and reinforce-
ment layers, which have individual yield criteria. This ensures that the
torsional capacity is not overestimated which will be the case if heavily
reinforced slabs are modelled with the sandwich model.

The interaction of section forces has been demonstrated. It has been
shown that the layer model can produce the same yield surface as the
conic yield criteria when bending and torsional moments are con-
sidered for a slab with isotropic reinforcement in the (x y, )-plane. The
interaction between shear forces shows that the shear capacity is con-
stant if no other section forces or moments are acting on the cross-
section. However, when a torsional moment is acting on the cross-
section, the interaction between the shear forces vx and vy in the layer
model with one core becomes linear for increasing torsional moments.

The optimised layer model has been implemented with finite ele-
ment limit analysis. The yield criteria for the core have been re-
formulated so that the model can be implemented with second-order
cone programming. For the case analysed, this implementation results
in approximately 50% faster calculation time than an implementation
with semi-definite constraints.

It has been demonstrated that the model can handle both moment,
shear and shear-moment failure. However, the model cannot handle
local effects such as punching shear and concentrated loads near the
support. It has been shown that the failure mechanisms can be used to
determine when these effects dominate the load-carrying capacity and
additional analysis is required to get the optimal load-carrying capacity.

As a practical example, the load-carrying capacity of a bridge sub-
jected multiple moving axle loads. The model takes into account shear-
bending actions and redistribution of internal forces. However, addi-
tional limitations on the concrete strength and stress-state, which the
standards require, are not considered in the examples and need further
development to be implemented.

Acknowledgement

The work described in this paper was financially supported by
COWIfonden, Innovation Fund Denmark (Grant No. 5190-00036B) and
the Danish Road Directorate.

References

[1] Johansen KW. Brudlineteorier (English translation: Yield Line Theory). Gjellerups
Forlag 1943;1943.

[2] Hillerborg A. Strip method of design, no. Monograph, 1974; 1974.
[3] Anderheggen E, Knöpfel H. Finite element limit analysis using linear programming.

Int J Solids Struct 1972;8(12):1413–31.
[4] Chan HSY. The collapse load of reinforced concrete plate. Int J Numer Meth Eng

1972;5(1):57–64.
[5] Faccioli E, Vitiello E, element A finite. linear programming methods for the limit

Table 2
Comparison of calculation time for conic and semi-definite implementation of
the core layer. Bridge example in Fig. 14 with the load in the centre.

No. of elements 2 516 5 598 9 960 22 342

Conic [s] 16.7 40.2 72.2 178
Semi-definite [s] 25.5 61.3 105 253

Conic/Semi [–] 0.65 0.66 0.69 0.70

T.W. Jensen, et al. Engineering Structures 195 (2019) 51–61

60



analysis of thin plates. Int J Numer Meth Eng 1973;5(3):311–25.
[6] Krabbenhøft K, Damkilde L. Lower bound limit analysis of slabs with nonlinear yield

criteria. Comput Struct 2002;80(27):2043–57.
[7] Krabbenhøft K, Lyamin AV, Sloan SW. Formulation and solution of some plasticity

problems as conic programs. Int J Solids Struct 2007;44(5):1533–49.
[8] Nielsen LO, Poulsen PN. Computational limit analysis of perfectly plastic plate

bending based on lower bound optimization. DSBY 2009:67–115.
[9] Nielsen MP. Flydebetingelser for jernbetonplader (English summary: yield condi-

tions for reinforced concrete slabs). Nordisk Betong 1963:61–82.
[10] Bleyer J, Buhan PD. Lower bound static approach for the yield design of thick

plates. Int J Numer Meth Eng 2014;100(11):814–33.
[11] Jensen TW, Poulsen PN, Hoang LC. Finite element limit analysis of slabs including

limitations on shear forces. Eng Struct 2018;174:896–905.
[12] Marti P. Design of concrete slabs for transverse shear. Struct J 1990;87(2):180–90.
[13] Jaeger T. Extended sandwich model for reinforced concrete slabs: Shear strength

without transverse reinforcement. Eng Struct 2013;56:1142–53.
[14] Jaeger T. Extended sandwich model for reinforced concrete slabs: shear strength

with transverse reinforcement. Eng Struct 2014;74(2014):218–28.
[15] Polak MA, Vecchio FJ. Nonlinear analysis of reinforced-concrete shells. J Struct Eng

1993;119(12):3439–62.
[16] Hrynyk TD, Vecchio FJ. Capturing out-of-plane shear failures in the analysis of

reinforced concrete shells. J Struct Eng 2015;141(12):4015058.
[17] Larsen KP, Poulsen PN, Olesen JF. Numerical limit analysis of reinforced concrete

structures: computational modeling with finite elements for lower bound limit
analysis of reinforced concrete structures Ph.D. thesis Technical University of
Denmark (DTU); 2011.

[18] Boyd S, Vandenberghe L. Convex optimization. Cambridge University Press; 2004.
[19] Jensen TW, Poulsen PN, Hoang LC. Numerical lower bound analysis of plate

bending problems containing requirements on shear capacity and shear-bending
interaction. In: Computational modelling of concrete structures; 2018. p. 625–32.

[20] Fédération Internationale Du Béton, Model Code 2010, fib Bulletins 65 & 66,

Lausanne, 2012; 2012.
[21] Marti P. Zur plastischen Berechnung von Stahlbeton, Ph.D. thesis; 1980.
[22] Nielsen MP, Hoang LC. Limit analysis and concrete plasticity. CRC Press; 2011.
[23] Vandenberghe L, Andersen MS. Chordal graphs and semidefinite optimization.

Found Trends Optimiz 2015;1(4):241–433. https://doi.org/10.1561/2400000006.
URL http://www.nowpublishers.com/article/Details/OPT-006.

[24] Fawzi H. On representing the positive semidefinite cone using the second-order
cone; 2016. arXiv preprint arXiv: 1610.04901.

[25] Grob J, Thürlimann B. Ultimate strength and design of reinforced concrete beams
under bending and shear. Ultimate strength and design of reinforced concrete
beams under bending and shear/Résistance et dimensionnement des poutres en
béton armé soumises à la flexion et à l’effort tranchant/Bruchwiderstand und
Bemessung von Stahlbetonbalken unter Biegung und Sc. Springer; 1976. p. 107–20.

[26] Fox EN. Limit analysis for plates: the exact solution for a clamped square plate of
isotropic homogeneous material obeying the square yield criterion and loaded by
uniform pressure. Philos Trans R Soc Lond A: Math Phys Eng Sci
1974;277(1265):121–55.

[27] Lips S, Fernández Ruiz M, Muttoni A. Experimental investigation on punching
strength and deformation capacity of shear-reinforced slabs. ACI Struct J
2012;109:889–900. URL https://infoscience.epfl.ch/record/181777.

[28] Hoang LC, Pop A. Punching shear capacity of reinforced concrete slabs with headed
shear studs. Mag Concr Res 2015. https://doi.org/10.1680/macr.15.00033http://
orbit.dtu.dk/ws/files/111902817/macr_punching_Hoang_Pop_2015_.pdf.

[29] Dansk standard. Eurocode 2: design of concrete structures – Part 1-1: general rules
and rules for buildings, 3rd ed.; 2008.

[30] Vejdirektoratet. Annex A (Normative) Lastmodeller for klassificering og
bæreevnevurdering; 2013.

[31] M. ApS. The MOSEK optimization toolbox for MATLAB manual. Version 8.1.; 2017.
http://docs.mosek.com/8.1/toolbox/index.html.

[32] F.E.A. DIANA. Diana User’s Manual, Release 10.2; 2017.

T.W. Jensen, et al. Engineering Structures 195 (2019) 51–61

61



150 Department of Civil Engineering - Technical University of Denmark



Paper VI

”Limit analyses of reinforced concrete slabs with construction joints in
bending”

T.W. Jensen, P.N. Poulsen & L.C. Hoang

Published in: Engineering Structures, 2019

Declaration of the PhD student’s contribution

Category Minor contribution to the
work

Substantial contribution
to the work

Formulation of the con-
ceptual framework and/or
planning of the design of
the study including sci-
entific questions

The PhD student contrib-
uted to the planning of the
study, research objective, ori-
ginal idea, new theoretical for-
mulations and the literature
review.

Carrying out of experi-
ments/data collection and
analysis/interpretation of
results

The PhD student performed
the implementations, case
studies and analyses of
results.

Writing of the article/re-
vising the manuscript for
intellectual content

The PhD student created the
first draft of the paper and
collaborated with the super-
visor on the internal revisions
and on reviewers’ comments.

151



152 Department of Civil Engineering - Technical University of Denmark



Contents lists available at ScienceDirect

Engineering Structures

journal homepage: www.elsevier.com/locate/engstruct

Limit analysis of reinforced concrete slabs with construction joints
Thomas Westergaard Jensena,b,⁎, Peter Noe Poulsenb, Linh Cao Hoangb
a COWI A/S, Parallelvej 2, Kongens Lyngby, Denmark
bDepartment of Civil Engineering, Technical University of Denmark, Brovej, Building 118, Kongens Lyngby, Denmark

A R T I C L E I N F O

Keywords:
Limit analysis
Layer model
Concrete slabs
FELA
Ultimate capacity
Strength-assessment
Construction joints

A B S T R A C T

Reinforced concrete slabs constructed of precast elements and in situ concrete are commonly used for short-span
road bridges. The construction joints between the concrete cast at different stages reduce the torsional capacity
and thus the load-carrying capacity of the slab. However, the present formulations for the torsional capacity,
based on limit analysis, only consider monolithically cast slabs. In this paper, the load-carrying capacity of
reinforced concrete slab bridges with construction joints are investigated using limit analysis of perfect plastic
materials based on the lower bound theorem. New formulations for the torsional capacity of slabs with vertical
construction joints and partial construction joints are presented. The load-carrying capacity of slabs is calculated
using finite element limit analysis based on the lower bound theorem. For the analysis, a complete yield criteria
for the bending moments and torsional moments are setup applying a layer model. The size of the layers is
calculated from the moment capacities and the derived torsional capacities. Examples of limit analysis of slabs
with and without construction joints are compared, which demonstrate the reduction due to the construction
joints.

1. Introduction

Limit analysis based on the assumption of perfect plastic material
behaviour is an effective concept for determining the load-carrying
capacity of reinforced concrete slabs in bending. The most well-known
methods are the Yield Line Method [1] and the Strip Method [2]. The
yield line method is based on the upper bound theorem and can thus
overestimate the load-carrying capacity if the most critical collapse
mechanism is not found. The original strip method is based on the
lower bound theorem and assumes zero torsional moments, which
makes it ineffective with respect to redistribution of internal forces.
Both methods are suitable for hand calculations and can be very time-
consuming, if not impossible, to apply to complex cases (e.g. complex
geometries and load configurations).

In the last decades, finite element limit analysis based on the lower
bound theorem has shown to be an efficient method to determine the
load-carrying capacity of slabs in bending. Before the emerge of the
non-linear convex optimisation algorithms, the non-linear yield criteria
had to be linearised [3–5] to enable implementation with the optimi-
sation algorithms for linear programming available at that time. The
non-linear yield criteria have since been implemented with non-linear
convex optimisation algorithms [6–8].

For slabs, Nielsen’s closed-form conic yield criteria [9] are often

used, which can be implemented with second-order cone programming.
Another way to construct yield criteria for slabs, that can be im-
plemented with convex programming, is to adopt a numerical layer
model [10,11]. The layer model has the advantage that it does not
overestimate the torsional capacity as the conic yield criteria [12] do
for orthotropically reinforced concrete slabs due to underestimation of
the sizes of the compression zones.

The developed methods for limit analysis of reinforced concrete
slabs only consider monolithically cast slabs. However, many short-
span (<20 m) road bridges are constructed with prefabricated and
pretensioned elements, which have to carry the load by composite ac-
tions with an in situ cast concrete on top of- as well as in between the
prefabricated elements. The construction method introduces vertical
construction joints [13–15], which are often not accounted for in the
calculations. An example of such a composite slab is shown in Fig. 1b.
Another example of slabs with construction joints is shown in Fig. 1a,
where the slab is constructed of precast square beams connected with
post-tensioned bars normal to the construction joints. The vertical
construction joints reduce the torsional capacity and thus the load-
carrying capacity of the slab.

This paper presents formulations for the torsional capacity of or-
thotropically reinforced slabs with construction joints normal to the
reinforcement (case 1), as shown in Fig. 1a, and partial construction
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joints (case 2), as shown in Fig. 1b. The derived expressions are used to
evaluate the reduction of the torsional capacity due to the construction
joints.

In this paper, the load-carrying capacity of reinforced concrete slabs
in bending are modelled applying finite element limit analysis using a
triangular slab element [7,8]. For the yield criteria, a numerical layer
model which accounts for the construction joints is presented. The size
of the layers is determined as a part of the development of the solution
for the torsional capacities. The examples at the end of the paper de-
monstrate the accuracy of the derived torsional capacity of slabs with
and without construction joints. In the last examples, a wide slab bridge
subjected to four axle loads is analysed to investigate the load-carrying
capacity of slabs with construction joints. Finite element limit analysis
is highly relevant for wide slab bridges subjected to axle loads, where
redistribution of internal forces has a high impact on the load-carrying
capacity. The analysis shows a capacity reduction of 15% when a slab
bridge with very smooth construction joints is compared with a slab
without construction joints.

2. Torsional capacity

Vertical construction joints, as shown in Fig. 1, mainly influence the
in-plane shear capacity of the slab and thus the torsional capacity. This
section presents solutions for the maximum torsional capacity of or-
thotropically reinforced slabs with construction joints normal to one of
the reinforcement directions. As an introduction to the notations and as

a basis for comparisons, the torsional capacity of slabs without con-
struction joints will also be derived.

2.1. Material models

It is assumed that concrete is a perfect plastic modified Coulomb
material with no tensile strength. The yield criterion for the concrete in
plane stress states is given as

f 0c 2 1 (1)

where 1 and 2 is, respectively, the largest and smallest principal stress,
and fc is the compressive strength of the concrete (see Fig. 2a where the
situation 1 2 and 2 1 are both covered). In a ( , , )x y xy stress
space, the yield criterion can be formulated as two conic constraints
and two linear, which is shown in Fig. 2b and given as

+ +f f
f
f

( )( )
( )( )

0
0

x y xy

c x c y xy

c x

c y

2

2

(2)

Note that in practice, fc in the yield criteria must be multiplied with an
effectiveness factor 1 which takes into account the fact that con-
crete is not a perfectly plastic material [12]. In this paper, is set to 1
for the sake of simplicity.

The reinforcement steel is assumed to be a perfect plastic material
which can only carry tensile stresses. The yield criterion for the re-
inforcement is given as

f0 s y (3)

where s is the stress in the reinforcement and fy is the tensile yield
strength.

2.2. Case 0: slab without construction joints

An approximate and closed-form solution for of the maximum tor-
sional capacity has been derived in [9,12] where constant stress zones
in the top and bottom of the slab are assumed as shown in Fig. 3. In the
following, the solution is derived with the same assumptions, but with a
different notation. The same approach is used afterwards for slabs with
construction joints.

To maximise the torsional capacity, the in-plane shear forces that

Nomenclature

a Height of stress zone
A A,sx sy Reinforcement area per unit length in the x- and y-direc-

tion
c Cohesion
fc Uniaxial compressive strength of concrete
fct Uniaxial tensile strength of concrete
fy Yield strength of reinforcement
g General yield criterion
h Height of cross-section
H Equilibrium matrix
mn Bending moment normal to element edge
m m,px py Moment capacity normal to the x- and y-axis
m m,x y Bending moment normal to the x- and y-axis
m m,xy yx Torsional moment
n n,x y Normal force in the x- and y-direction
n n,xy yx In-plane shear force
P Point load
p Line load
Q Internal concentrated force
r Load vector

rc Load vector with constant loads
tp Maximum torsional capacity
v v,x y Transverse shear in sections with x- and y-direction as

normal
v Kirchhoff shear force
zc Position of concrete layer
zs Position of reinforcement layer

Vector containing all section forces and moments
Load factor

µ Coefficient of friction
,n r Reinforcement degree normal and tangential to the con-

struction joint
,x y Reinforcement degree in the x- and y-direction

s Stress in reinforcement layer
,n t Normal stress in the direction normal and tangential to the

construction joint
nt Shear stress along the construction joint
,x y Normal stress in the x- and y-direction
,xy yx In-plane shear stress

,1 2 Largest and smallest principal stress

Fig. 1. Examples of slabs with construction joints. a) Case 1: Precast rectangular
beams with post-tensioned bars normal to the construction joints. b) Case 2:
Inverted precast T-beams with in situ concrete.
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can be carried in the top and bottom of the slab must be maximised (see
Fig. 3).

Due to the in-plane shear stresses in the top and bottom, the di-
rection of the principal stresses and strains deviate from the x- and y-
directions. Furthermore, the principal-stresses and strains in the top and
bottom zones are perpendicular to each other, as shown in Fig. 4. Since
the tensile strength of concrete is neglected, the in-plane shear stresses
at top and bottom have to be carried by a uniaxial compression field in
the concrete at the top and bottom in combination with tensile stresses
in all of the reinforcement. Initially, it is assumed that the reinforce-
ment degrees are small. Thus, it may also be assumed that all the re-
inforcement bars are yielding when the torsional capacity is reached.

For orthotropic reinforcement layout, the reinforcement degrees are
defined as follows

= =
A f
hf

A f
hf

,x
sx i y

c
y

sy i y

c

, ,

where h is the thickness of the slab, fy is the yield strength of the re-
inforcement and Asx i, , and Asy i, are the area of reinforcement in the x-
and y-direction in the ith layer.

By assuming zones with equal height a at the top and bottom, which
carry a uniform stress state (see Fig. 3), the maximum torsional capacity
tp can be formulated as

=t h a a( )p xy (4)

With the assumption that all reinforcement bars are yielding and by
requiring horizontal equilibrium, the relation between the normal
stresses in the concrete ( , )x y , in the top and bottom zones of the slab,
and the reinforcement degrees can be derived as

+ =
+ = =

hf a
hf a

2 0
2 0

x c x

y c y

x

y

x

y (5)

The maximum shear stress, for a linear combination of x and y,
occurs at the intersection between the two cones from the yield criteria
in Eq. (2). The intersection is given as

+ = =f ,x y c xy x y
2 (6)

From Eqs. (5) and (6), the stresses in the top and bottom zones of the
slab can be described as a function of the reinforcement degrees

=
+

=
+

=
+

f f f, ,x
x

x y
c y

y

x y
c xy

x y

x y
c (7)

The height, a, of the stress zones, as shown in Fig. 3, can be determined
by horizontal equilibrium

= =
+

=
+

hf a f a a h2 2
2x c x

x

x y
c

x y

(8)

Substituting a and the maximum shear stress from Eq. (7) into Eq.
(4), the maximum torsional capacity for slabs without construction
joints can be formulated as

=
+

+t f h1
2 2

for 1p
x y x y

c x y,0
2

(9)

The constraint + 1x y is due to the size of a defined in Eq. (8). If
+ > 1x y , the sum of the two stress zones height a can only be equal

or smaller than the thickness of the slab h if all the reinforcement bars
are not yielding. Thus, crushing of the concrete occurs before all re-
inforcement bars are yielding, which can result in a non-ductile collapse
of the slab.

Note that when the torsional moment is equal to tp,0, the bending
moments mx and my are zero only if the centre of gravity of the re-
inforcement bars in each direction is equal to h

2
.

The solution is only exact for =x y where the optimal shear stress
is equal to the maximum allowable shear stress, i.e. = fxy c

1
2 , in the full

height of the stress zone. The exact solution is derived in [16] for other
cases, and a summary can be seen in Appendix A.

2.3. Case 1: slab with vertical construction joints

A slab section with vertical construction joints, as shown in Fig. 1a,
is considered. The yield criterion for construction joints is normally
taken as a Coulomb friction criterion:

+µ cn nt (10)

Fig. 2. Modified Coulomb yield criterion for plane stress states with =f 0ct . a) Yield surface in a principal stress coordinate system ( ,1 2). b) Yield surface in the
( , , )x y xy stress space.

Fig. 3. Stress distributions in slab element at the maximum torsional moment.
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where n is the direction normal to the construction joints, t is the
parallel direction, µ is the coefficient of friction, and c is the cohesion.
The cohesion in smooth joints is normally negligible. Furthermore, the
load-carrying mechanism related to cohesion is usually brittle. There-
fore and since a perfect-plastic material behaviour is assumed, the co-
hesion is neglected in the following. Hence, the yield criterion for the
construction joint is reduced to:

µ n nt (11)

Note that the yield criterion in (11) is also valid for a butt joint between
two precast elements, i.e. a joint without any interlayer material, as
shown in Fig. 1a.

A projection of the conic yield criteria in (2) and (11) is shown in
Fig. 5. The shaded area in the figure shows the admissible stresses when
the yield criteria for concrete are combined with the yield criterion for
the construction joints.

The maximum shear stress, i.e. the intersection between the two
cones and the linear yield criterion, is given as

=
+

=
+

=
+

µ
µ

f
µ

f µ
µ

f
1

, 1
1

,
1nt int c n int c t int c, 2 , 2 ,

2

2 (12)

To maximise the shear stress nt , and thus the torsional capacity, n
needs to be equal to n int, , which results in yielding of all reinforcement
bars in the n-direction.

Utilising all the reinforcement in the n-direction to yielding, the
maximum shear stress nt int, can be obtained if µ n t

2 . Assuming
µ n t

2 the height of the stress zones can be derived as

= + +a µ h µ( 1)
2

if ( 1) 1n n
2 2

(13)

Substituting a from Eq. (13) and the shear stress from (12) into (4),
the maximum torsional capacity of a slab with vertical construction
joints can be derived as

= + +t µ µ h f µ µ1 ( 1)
2 2

if ( 1) 1p
n

n c n n t,1
2 2

2 2

(14)

The result is exact since the shear stress is at its maximum in the entire
height of the stress zones.

If the condition µ n t
2 does not hold, the construction joints do

not limit the maximum torsional capacity, and it can be determined by
Eq. (9).

The reduction of the torsional capacity due to construction joints
can be formulated by comparing the equation for torsional capacity
without construction joints, Eq. (9), with (14). For the comparison, the
direction, n, normal to the construction joints is assumed to coincide

with the y-direction. The reduction is given as

= +
+

t
t

µ µ2 ( 1)
2 ( )

p

p

n

n t

n

t

,1

,0

2

(15)

2.4. Case 2: slab with partial vertical construction joints

A cross-section with partial construction joints, as shown in Fig. 1b,
is considered. The depth of the construction joints is here denoted hcj. It
is assumed that µ n t

2 and < <a h h acj2 1, see Fig. 6.
The stresses in zone a1 are limited by the conic yield criteria in (2),

where the optimal stress combination, with respect to nt,1, is given in
(6). The stresses in zone a2 are limited, in addition to the conic yield
criteria in (2), by the yield criterion for construction joints in (11). The
optimal stress combination, with respect to nt,2, is given in (12).

The equilibrium equations for the maximum torsional moment, as-
suming that all the reinforcement bars are yielding and a stress dis-
tribution as shown in Fig. 6, are given as

=
+ + =
+ + =

a a
a a f h
a a f h

0
0
0

nt nt

n n n c

t t t c

1 ,1 2 ,2

1 ,1 2 ,2

1 ,1 2 ,2 (16)

The maximum torsional moment for a slab with partial construction
joints can be formulated as

= +t h a a a
2p nt

1 2
1 ,1 (17)

The parameters a a, , nt1 2 ,1 are derived from Eqs. (6), (12) and (16), and
given as

= +
+

= +
+

a µ
µ

h a µ
µ

h, (1 )t n

t n

t n

t n
1

2 2 2

2 2
2

2 (18)

Fig. 4. Principal stress directions in the top and bottom of the slab subjected to pure torsion. 1 is the largest principal stress, and 2 is the smallest.

Fig. 5. Yield criteria in (2) and (11). n int, is the normal stress at the maximum
shear stress nt int, in the intersection of the yield criteria.
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(19)

where t,1 and n,1 are shown in Fig. 6.
The average of the height of the stress zones +a a

2
1 2 , used in (17), can

be reduced to:

+ = +
+

+ +
+

= + +
+

= +
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The maximum torsional capacity for a slab with a partial construction
joint can be formulated as a function of the reinforcement degrees and
the coefficient of friction:

=
+

+t µ
µ

h f µ1
2

ifp
t n

t n

t n
c n t,2 2

2 2
(20)

By comparing with the torsional capacity of slabs without construction
joints, where the n-direction is assumed to coincide with the y-direc-
tion, the reduction of the torsional capacity due to partial construction
joints can be formulated as

=
+

t
t

µ
µ

2p

p

t n

t n

,2

,0
2 (21)

3. Yield criteria for slabs

The yield criteria commonly used for reinforced concrete slabs in
bending are Nielsen’s conic yield criteria [9]:

+ +
m m m m m
m m m m m

( )( )
( )( )

px x py y xy

px x py y xy

2

2
(22)

where mpx and mpy are the positive moment capacities in the x- and y-
direction, and m px and m py are the negative moment capacities. The
yield criteria are good approximations for lightly and normally re-
inforced slabs [8] and exact for the special case of isotropic reinforced
slabs. However, for slabs with x y, the yield criteria overestimate
the torsional capacity [8]. According to the conic yield criteria, the
maximum torsional capacity can be expressed as

= + +m m m m m1
2

( )( )pxy px px py py (23)

3.1. Yield criteria based on layer models

A simple numerical approach to construct yield criteria for slabs
with and without construction joints, which are always within the exact
yield criteria is to divide the slab into layers of concrete and re-
inforcement as illustrated in Fig. 7. The stresses in each layer need to be
in equilibrium with the sectional forces. The equilibria for normal
forces and in-plane shear forces are given as
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(24)

where ai is the thickness of the concrete layer i, cx i, and cy i, are the
concrete normal stresses, cxy i, is the in-plane shear stress, Asx j, and Asy j,
are the reinforcement areas per unit length in layer j, and sx j, and sy j,
are the stresses in the reinforcement layer j.

The equilibria for moments and torsional moments are given as
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(25)

where zc i, is the distance from the centre of the section to the centre of
concrete layer i, and zsx j, and zsy j, are the distances from the centre of
the section to the reinforcement layer j.

The reinforcement layers are limited by the yield criterion
f0 s y. The concrete layers are limited by the Coulomb yield cri-

teria in Eq. (2). If construction joints are crossing a concrete layer, the
layer is also limited by the yield criterion in Eq. (11).

Fig. 6. Concrete stresses when =m txy p for slab with partial vertical construction joints (case 2).

Fig. 7. Layer model with four concrete layers a1-a4 and four reinforcement layers Asx,1-Asx,2 and Asy,1-Asy,2.
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The height of the concrete layers ai can be derived from the cal-
culations of the moment capacities and torsional capacity. As an ex-
ample, if all the reinforcement bars are yielding for a positive bending
moment in a cross-section with x-axis as normal, the associated height
of the concrete layers ax can be calculated as

= =a f f h a hx c x c x x

The layers associated with the torsional capacity are given in Eq. (8) for
a slab without construction joints, in Eq. (13) for a slab with vertical
construction joints, and in Eq. (18) for a slab with partial construction
joints. A total of 2–6 concrete layers are needed depending on the re-
inforcement and construction joint configuration. The case where only
two concrete layers are needed is the isotropic slab where all the re-
inforcement bars in the x-direction are yielding formpx andm px , and all
the reinforcement bars in the y-direction are yielding for mpy and m py.
The yield criteria based on the layer model for this case is identical to
the conic yield criteria in (22) and is exact.

4. Test examples of the derived torsional capacity

In the following examples, the thickness of the slab is =h 0.5 m, and
the strength of the concrete is =f 45c MPa. If nothing else is stated, the
reinforcement properties shown in Table 1 are used. The values of A fsx y,
for layer 1 and 2 in the table, are equivalent to Ø20 mm bars per
100 mm with a yield stress of 550 MPa. z is the distance from the re-
inforcement layer to the centre of the slab.

4.1. Torsional capacity of slabs without construction joints (Case 0)

The derived expressions for the torsional capacities are compared
with the exact solution shown in Appendix A for a slab without con-
struction joint. Furthermore, a layer model with 1000 equal sized layers
is also compared with the exact solution to demonstrate the accuracy of
the numerical method.

The results of the comparison are shown in Fig. 8. The figure shows
the error with respect to the exact solution as a function of a varying
amount of reinforcement in layer 2. It is seen that the layer model with
1000 layers shows very accurate results with less than 0.1% of error
even for an increasing amount of reinforcement in layer 2. The solution
derived from the conic yield criteria, see Eq. (23), overestimate the
torsional capacity. The overestimation increases for an increasing
amount of reinforcement in layer 2. However, the derived torsional
capacity with two constant stress zones, see Eq. (9), is more accurate
and underestimate the capacity with less than 0.5%. The stress dis-
tribution for the solution with two constant stress zones are shown in
Fig. 9 for the case with the largest error, i.e. =k 32 . The black line in the
figure is the stress distribution from the layer model with 1000 layers,
which is equivalent to the stress distribution from the exact solution. It
is seen that the height of the stress zone is the same, but to get the exact
solution, the stresses must be distributed non-linearly over the stress
zone for most cases.

4.2. Torsional capacity of slabs with construction joints (case 1 and 2)

Eq. (14) for the maximum torsional capacity for a slab with con-
struction joints is exact. Thus, it is only the accuracy of the solution, for
a slab with partial construction joints, that is tested in this section.

Since no exact solution is derived for slabs with partial construction
joints, Eq. (20) is compared with a layer model with 1000 layers, which
has shown to be very accurate for the case of a slab without construc-
tion joints.

The results are shown in Fig. 10 for different coefficients of friction
and a varying amount of reinforcement in layer 4, i.e. the lower layer
normal to the construction joints. The chosen values of the coefficient of
friction are equivalent to the values for very smooth, smooth and rough
construction joints used in the standards [17,18]. The figure shows that

the error increases for a decreasing coefficient of friction and a de-
creasing amount of reinforcement in layer 4. However, the error is
within 1%.

The stress distributions for the case with the largest error, =µ 0.5
and =k 0.24 , are shown in Fig. 11. In the figure, the shaded area is the
constant stress zones used in Eq. (20), and the black line is the stress
distribution from the layer model with 1000 layers. It is seen that the
height of the stress zones is the same for both calculations. The stress
distribution in zones with construction joints is constant and thus the
same for the two calculations. This is due to the fact that the same
maximum possible shear stress has been used to derive the analytical
expression. The stress distribution in the zone without a construction
joint is non-linear for the layer model as it is shown for the slab without
construction joints in Fig. 9.

The reduction of the torsional capacity according to Eqs. (15) and
(21) for slab with construction joints and with partial construction
joints, respectively, is demonstrated in Fig. 12. The figure shows that
the reduction is most significant for construction joints with low de-
grees of reinforcement perpendicular to the construction joints, i.e. low
values of k4. This is due to the fact that the torsional capacity of slabs
with construction joints only depends on the reinforcement degree
perpendicular to the construction joints whereas the torsional capacity
without construction joints depend equally on reinforcement in both
directions.

5. Finite element limit analysis

Finite element limit analysis (FELA) has in recent years shown to be
a very efficient method for determining the load-carrying capacity of
slabs. In this section, the concept of finite element limit analysis of slabs
is presented briefly.

The numerical method combines the discretisation of a model,
known from the conventional finite element method (FEM), with limit
analysis. The objective of the method is to determine the maximum
load-carrying capacity of a structure of perfect plastic materials. When
applying the lower bound theorem, the maximum load-carrying capa-
city is found, where the stresses are admissible, i.e. in equilibrium and
within the yield criteria. The equilibrium between the stresses and the
external forces can be formulated as a linear set of equations given as

= +H r rc (26)

where H is the equilibrium matrix, is a vector with all the stress
variables, rc is a load vector with all the constant loads, and r is a load
vector which is multiplied with the variable load factor . For slabs,
where the equilibrium is obtained between shear forces, moments and
torsional moments, contains all the shear force and moment variables
as well as the stress variables used in the layer model. The maximum
load-carrying capacity for an admissible stress field is found by solving
an optimisation problem, which can be formulated as

= +
= …

H r r
g i n

maximise
subject to

( ) 0 for 1, 2, ,
c

i (27)

where g ( )i is the ith yield criterion and n is the total number of yield
criteria. The optimisation problem is a convex optimisation problem,
which always has a unique solution for [19]. In convex optimisation

Table 1
Reinforcement properties for examples.

Layer No. A fsx y [MN/m] A fsy y [MN/m] zs [m]

1 1.7 0 0.22
2 1.7 0 −0.22
3 0 0.85 0.20
4 0 0.85 −0.20
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algorithms, two extra sets of variables, called dual variables, are created
which are related to the equality and inequality constraints. The dual
variables related to the equality constraints can be interpreted as work
conjugated deformation rates related to the equilibrium equations
[6,20]. Thus, the collapse mechanism can be extracted from the results
of the optimisation problem.

5.1. Linear Kirchhoff equilibrium slab element

The element used for the discretisation is shown in Fig. 13, where
the nodes contain section forces instead of displacement as known from
the conventional finite element method. The element has a linear var-
iation of the moments interpolated from corner values. The shear forces
are constant within the element since the shear forces are the partial
derivative of the moments.

The equilibrium between the elements is obtained at the edges,
where the moment normal to the edge, the torsional moments along the
edge and the shear force normal to the edge need to be in equilibria.
The torsional moments and shear forces on the edge can be replaced by

a Kirchhoff shear force vn and Kirchhoff corner forces Q, as shown in
Fig. 14. This relaxation of continuity between the elements is described
in [7,8]. Note that the shear forces can be eliminated by using derived
terms of the moments. Surface loads on the element must be in equi-
librium with the partial derivative of the shear forces. Since the shear
forces are constant, the surface load can be approximated by external
point loads P at the corners, which must be in equilibrium with the
internal Kirchhoff corner forces Q. The surface load can also be ap-
proximated by line loads p on the edges of the elements which must be
in equilibrium with the Kirchhoff shear forces vn.

6. Load-carrying capacity of slab bridges

The effect of construction joints on the load-carrying capacity is
investigated in this section. The three cases are compared, case 0: no
construction joint, case 1: construction joints and case 2: partial con-
struction joints. The parameters of the cross-section, used in the ex-
amples, are given in Section 4. The coefficient of friction is here

Fig. 8. Comparison between the exact maximum torsional capacity and dif-
ferent approximations for slabs without construction joints. The reinforcement
area in layer 2 (see Table 1) is multiplied with k2.

Fig. 9. Stresses at maximum torsional capacity for a slab without construction joint. The reinforcement area in layer 2 (see Table 1) is multiplied with =k 32 . The
shaded area is the stress distribution in Eq. (9). The black lines show the stress distribution from the layer model with 1000 layers.

Fig. 10. Comparison between the maximum torsional capacity of a slab with
partial construction joints calculated with the layer model with 1000 layers and
calculated with Eq. (20). The reinforcement area in layer 4 (see Table 1) is
multiplied with k4.
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assumed to be =µ 0.5. The normal direction, n, of the construction
joints coincides with the y-direction. Finite element limit analysis with
the layer model is used to calculate the load-carrying capacities.

The yield surfaces of the three cases, calculated with the layer

model, are shown in Fig. 15. The figure shows the reduction of the
torsional capacity due to the construction joints.

A section of the yield surfaces is shown in Fig. 16. The section is at
=m 0x . The figure shows that the case with construction joints at the

bottom of the slab coincides with the case with no construction joints
for a large positive moment my. For a large negative moment my, the
case with construction joints at the bottom of the slab coincides with
the case with full vertical construction joints.

Note that in the following analyses, the construction joints are not
modelled explicitly, but the yield surface for slabs with construction
joints are used for the whole bridge.

6.1. The effect of reinforcement normal to the construction joint

A bridge, shown in Fig. 17, is analysed for all three cases. The load
on the bridge, which is marked with black squares on the figure, is four
axle loads from a heavy vehicle. The dimension of the axle loads is
defined by the Danish Road Directorate [21]. The area of the wheel
footprint is ×0.6 0.3 m, the width from centre to centre wheel is 2 m,
and the distance between the axles is 1.4 m. The centre of the four axles
is placed 3 m from the edge and 4 m from the support. In the analyses,
5600 Kirchhoff elements (see Fig. 14) are used. The average calculation
time is less than 20 s on a normal laptop.

Fig. 11. Stress distributions at maximum torsional capacity for a slab with partial construction joints. The reinforcement area in layer 4 (see Table 1) is multiplied
with =k 0.24 and =µ 0.5. The shaded area is the stress distribution according to Eq. (20). The black lines show the stress distribution from the layer model with 1000
layers. hcj is the height of the construction joints.

Fig. 12. Reduction of maximum torsional capacity due to construction joints
(Eq. (15)) and partial construction joints (Eq. (21)). The reinforcement area in
layer 4 (see Table 1) is multiplied with k4.

Fig. 13. Linear equilibrium slab element.

Fig. 14. Equilibrium of Kirchhoff element on edges and corners.
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In Fig. 18, the capacities of the slab bridge are shown as a function
of the factor k4, which is multiplied with the area of reinforcement in
layer 4, see Table 1. The load-carrying capacity of the slab bridge with

=k 14 is reduced by 15% from case 0 to case 1, i.e. a slab without
construction joints to a slab with construction joints. For this value of
k4, the torsional capacity is reduced with 62% due to construction joints,
see Fig. 12. For case 2, partial construction joints, the load carrying
capacity is reduced with 5% and the torsional capacity is reduced with
37%.

Contour lines of the calculated collapse mechanisms are shown in
Fig. 19 for =k 14 . Only a small difference is seen, when comparing the
collapse mechanism of a slab without construction joint to that of a slab
with construction joint.

7. Conclusion

The torsional capacity of orthotropically reinforced slabs with
construction joints and partial construction joints have been for-
mulated. It has been shown that the approximation of constant stress
zones in the top and bottom of the slab results in an insignificant de-
viation from the exact torsional capacity.

For finite element limit analysis of slabs, yield criteria has been
setup applying a layer model, which takes construction joints into ac-
count. The optimal size of the concrete layers, with respect to the tor-
sional capacity, has been derived.

An example with a wide slab bridge subjected to axle loads is
analysed. The analysis shows the reduction of the load-carrying capa-
city due to construction joints. In the particular example, the reduction
of the overall load-carrying capacity of the structure is less significant
than the reduction of the torsional capacity. This is due to the ability of
the structure to redistribute the internal forces.

Declaration of Competing Interest

The authors declare that they have no known competing financial
interests or personal relationships that could have appeared to influ-
ence the work reported in this paper.

Fig. 15. Yield surfaces. The normal direction, n, of the construction joints coincides with the y-direction. a) case 0: no construction joint. b) case 1: construction
joints. c) case 2: vertical construction joints at the bottom of the slab.

Fig. 16. Section of yield surfaces at =m 0x . The normal direction, n, of the
construction joints coincides with the y-direction. Case 0: no construction joint.
Case 1: construction joints. Case 2: vertical construction joints at the bottom of
the slab.

Fig. 17. Simply supported slab bridge subjected to four axle loads. Dimensions
in [m].

Fig. 18. Load-carrying capacity of the bridge shown in Fig. 17. Case 0: No
construction joints, case 1: construction joints and case 2: partial construction
joints.
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Appendix A. Exact maximum torsional capacity

The exact solution of the maximum torsional capacity of slabs without construction joints was derived by Marti [16] and is given as a set of
equations. In the equations, the following notation is used:

> =
+

=t r,
2

,
2x y

x y x y

The exact solution for the maximum torsional capacity of orthotropic slabs is given as
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Abstract 

The conic yield criteria  for  reinforced concrete slabs  in bending are often used when evaluating 
the  load‐carrying  capacity of  slab bridges.  In  the  last decades,  the  yield  criteria  combined with 
numerical  limit  analysis  have  shown  to  be  efficient  methods  to  determine  the  load  carrying 
capacity of slabs. However, the yield criteria overestimate the torsion capacity of slabs with high 
reinforcement ratios and it cannot handle slabs with construction joints.  In this paper, numerical 
limit analysis with the conic yield criteria are compared with yield criteria based on an optimized 
layer model.  The  analysis  show  an  increasing  overestimation  of  the  load  carrying  capacity  for 
increasing  reinforcement  degrees.  Furthermore,  yield  criteria,  which  combine  the  conic  yield 
criteria  with  an  extra  linear  criterion  due  to  friction,  are  presented  for  slab  bridges  with 
construction  joints. The yield criteria  for slabs with construction  joints are used,  in combination 
with  limit analysis,  to evaluate a bridge constructed of pre‐cast overturned T‐beams and  in‐situ 
concrete.  The  analysis  show  that  the  load  carrying  capacity  is  overestimated,  when  the 
construction joints are not considered in the yield criteria.  

Keywords: Yield criteria, finite element limit analysis, slab bridges, assessment, construction joints.  

 

 

1 Introduction 

The  load‐carrying  capacity of  reinforced  concrete 
slab bridges subjected to special heavy vehicles  is 
often limited by redistribution of the forces in the 
slab. Finite element limit analysis has shown to be 
an  efficient  method  to  determine  an  optimal 
redistribution of forces and thereby the maximum 
load‐carrying  capacity.  However,  the  conic  yield 
criteria  [1]  can overestimate  the  torsion  capacity 
and cannot handle  slabs with construction  joints. 
An  example  of  a  slab  cross‐section  with 
construction joints is shown in figure 1. The figure  

 

Figure 1. Cross‐section of slab with construction 
joints 

shows overturned pre‐cast T‐beams  (OT) with  in‐
situ concrete between and on top of the T‐beams. 

In  the  recent years,  there has been an  increased 
interest  in  this  issue,  due  to  an  increase  in  the 
number and weight of  the  special heavy vehicles 
crossing  the  bridges.  Safe  yield  criteria  for  slabs 
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and  slabs with construction  joints combined with 
finite element limit analysis are therefore needed.  

Limit  analysis  of  perfect  plastic  slabs  has  been 
used  for  decades  to  determine  the  load‐carrying 
capacity of slab bridges in bending. The most well‐
known methods are the yield line method [2] and 
the  strip method  [3]. The yield  line method  is an 
upper  bound method  and  can  overestimate  the 
load‐carrying  capacity,  if  the  optimal  collapse 
mechanism  is  not  chosen.  The  strip method  is  a 
lower  bound  method,  which  can  underestimate 
the  load‐carrying  capacity,  because  the  twisting 
moments are set to zero.   

In  the  last  decades,  finite  element  limit  analysis 
(FELA)  has  shown  to  be  an  efficient method  to 
determine the load‐carrying capacity of reinforced 
concrete slabs with a lower bound method. In the 
early  development  of  FELA  for  slabs  [4–6],  the 
non‐linear yield  criteria were  linearized  to  fit  the 
optimization  algorithms  at  that  time.  Since  then, 
non‐linear  yield  criteria  have  been  implemented 
with  e.g.  second‐order  cone  programming  [7].  It 
has  been  shown  that  the  conic  yield  criteria  for 
slabs  in  bending  together  with  an  equilibrium 
Kirchhoff  element  is  efficient  to  determine  the 
load‐carrying capacity of slabs [8,9]. 

In this paper, safe yield criteria for finite element 
limit analysis will be presented. The yield  criteria 
are  based  on  optimized  layer  models. 
Construction  joints  are  implemented  directly  in 
the  layer  model,  which  makes  it  possible  to 
determine  the  load‐carrying  capacity  of  slabs  in 
bending with construction joints. The yield criteria 
for  slabs  with  construction  joints  are  used, 
together with FELA, to calculate the  load‐carrying 
capacity  of  a  benchmark  example  and  a  bridge 
subjected to a special heavy vehicle. 

2 Finite element limit analysis of 
reinforced concrete slabs 

Finite element  limit analysis  (FELA)  is a numerical 
method  that  combines  the  discretization  of  a 
model,  known  from  conventional  finite  element 
method (FEM), with limit analysis. The objective of 
the method  is  to  determine  the maximum  load 
carrying  capacity of a  structure of perfect plastic 
materials.  When  applying  the  lower  bound 

theorem,  the maximum  load‐carrying  capacity  is  
found, where  the  stresses are  in equilibrium and 
within the yield criteria. The equilibrium between 
the stress variables and the external forces can be 
formulated as a linear relation given as 

  (1) 

where   is  the  equilibrium matrix,    is  a  vector 
with  all  the  stress  variables,  	is  a  load  vector 
with all the constant  loads and      is a  load vector 
which is multiplied with the variable load factor  . 
For  plates,  where  the  equilibrium  is  obtained 
between  shear  forces  and  between moments,   
contains all the shear force and moment variables.   

An  optimization  problem  can  be  formulated  to 
find  the maximum  load‐carrying  capacity  for  an 
admissible  stress  field. The optimization problem 
is formulated as 

maximize	  
subject	to	 	
																				 0				for				 1,2, … ,  

(2) 

where    is the  th yield criterion and    is the 
total  number  of  yield  criteria.  The  optimization 
problem  is a convex optimization problem, which 
always has an unique solution for   [10].  

In convex optimization algorithms,  two extra sets 
of  variables,  called  dual  variables,  are  created 
which  are  related  to  the  equality  and  inequality 
constrains.  The  dual  variables  related  to  the 
equality  constrains  can  be  interpreted  as  work 
conjugated  deformation  rates  related  to  the 
equilibrium  equations  [8,11].  Thus,  the  collapse 
mechanism  can be  extracted  from  the output of 
the optimization algorithms.  

2.1 Linear Kirchhoff equilibrium slab 
element 

The element used  for  the discretization  is  shown 
in  figure 2. The element has a  linear variation of 
the  moments  interpolated  from  corner  values. 
Since the shear forces are the partial derivative of 
the  moments,  the  shear  forces  are  chosen  as 
constant within the element.   
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Figure 2 Linear equilibrium slab element 

Equilibrium between the elements are obtained at 
the edges, where the moment normal to the edge, 
the  twisting moment and  the  shear  force normal 
to the edge need to be in equilibrium. The twisting 
moment  and  shear  force  on  the  edge  can  be 
replaced by an Kirchhoff shear force  ̅  and corner 
forces    as  shown  in  figure 3.  This  relaxation of 
continuity  between  the  elements  is  described  in 
[8,9]. Note  that  the  shear  force  variables  can be 
eliminated by using derived terms of the moment 
variables.  

 

Figure 3. Equilibrium of Kirchhoff element on 
edges and corners. 

Surface  load  on  the  element  must  be  in 
equilibrium with the partial derivative of the shear 
forces.  Since  the  shear  forces  are  constant,  the 
surface load can be approximated by corner loads 
,	which must  be  in  equilibrium with  the  corner 

forces  .  The  surface  load  can  also  be 
approximated by  line  loads   on the edges of the 
element  which must  be  in  equilibrium  with  the 
Kirchhoff shear forces  ̅ .  

3 Yield criteria 

The  conic  yield  criteria  for  reinforced  concrete 
slabs were developed by M.P. Nielsen [1] and are 
given as 

	
 

(3) 

where    and    are  the  positive  moment 

capacities  and    and  	are  the  negative 
moment capacities.  

The  maximum  torsional  moment  that  can  be 
carried, calculated from the yield criteria in (3), is 

,
1
2

  (4) 

Note that  it  is only for the  isotropic slab, that the 
maximum  torsion  capacity  calculated  with 
equation  (4)  occur when  all  other moments  are 
zero.  

Assuming stress zones with constant stresses, the 
pure  torsional moment  capacity  of  a  reinforced 
concrete slab can be calculated as 

1
2
1

Φ Φ
2

Φ Φ   (5) 

where Φ  and Φ  are the reinforcement degrees 

in  x‐  and  y‐direction.  The  reinforcement  degrees 
are calculated as 

Φ
∑

    ,    Φ
∑

  (6) 

where   and    is the reinforcement areas,   

is the yield strength of the reinforcement,   is the 
height of  the cross‐section and    is  the concrete 
compressive  strength.  Note  that  equation  (5)  is 
only  exact  for  the  isotropic  case.  The  exact 
solution for orthotropic slabs were derived in [12]. 

The maximum  torsion capacity  for  isotropic  slabs 
calculated  with  the  yield  criteria  in  (3)  are 
compared with the expression in equation (5). The 
results  are  shown  in  figure  4  for  different 
reinforcement  ratios  and  different  concrete 
covers.  The  figure  shows  that  the  yield  criteria 
overestimate the maximum torsion capacity when 
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Figure 5. Layer model of reinforced concrete slab 

the  reinforcement  degrees  are  high  and  the 
reinforcement bars are placed near the surface of 
the  slab.  Alternative  yield  criteria  for  high 
reinforcement degrees are therefore needed.  

 

Figure 4. Comparison of the torsion capacity of 
isotropic slab using  ,  (4) and   (5). 

3.1 Yield criteria based on layer models 

Yield criteria for slabs in bending based on a layer 
model  are  presented  in  this  section.    The  slab 
cross‐section  is  modelled  as  a  set  of  layers  of 
concrete and reinforcement as shown  in figure 5. 
The  set  of  layers  of  concrete  and  reinforcement 
need  to  be  in  equilibrium.  The  in‐plan  force 
equilibria of the slab cross‐section are given as 

, , , 0	

, , , 0	

, 0 

(7) 

where    is  the  thickness  of  layer  , 

, , , , ,   are  the  concrete  stresses  in 

layer  ,  , , ,   are  the  stresses  in  the 

reinforcement  layer  ,  and  , , ,   are  the 

reinforcement  areas  in  layer  .  The  moment 
equilibria are given as 

, , , , , 	

, , , , ,  

, ,  

(8) 

where  ,  is the lever arm of concrete layer   and 

, , ,   are  the  lever  arms  of  the 

reinforcement layer  . 

It  is assumed  that  the  stresses  in  the  concrete  is 
under plane stress, and each principle stress must 
be  in  compression  and  within  the  compression 
strength of the concrete, i.e. 0  

The  reinforcement  is  assumed  to  have  no 
compression strength and  the  tensile stress must 
be  less  than  the  yield  strength,  i.e. 
  0 

The  equilibrium  conditions  in  (7)  and  (8),  in 
combination  with  the  yield  criteria  for  the 
concrete and reinforcement, form the layer based 
yield  criteria  for  reinforced  concrete  slabs.  The 
stresses  in  the  layer model are admissible,  i.e.  in 
equilibrium and within the yield criteria. Thus, the 
yield  criteria  cannot  overestimate  the  moment 
capacities  of  the  slab  according  to  the  lower 
bound  theorem.  However,  if  the  layers  are  not 
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chosen  in  an  optimal  way,  the  yield  criteria 
underestimate the moment capacities.  

To  calculate  the  moment  capacity  in  each 
direction  exactly  and  the  torsion  capacity 
according to equation (5), 2‐6 layers are needed. 2 
layers  for  the  isotropic  case  where  all 
reinforcement  bars  are  yielding  under  bending 
and torsion, 4  layers for other  isotropic cases and 
6  layers  for orthotropic cases. An example of  the 
yield surface for an isotropic slab modeled by four 
layers is shown in figure 6. The yield surface is also 
calculated with the conic yield criteria in equation 
(3) and with a layer model of 1000 layers, which is 
very  close  to  the  exact  yield  surface.  The  yield 
surfaces based on  the  layer model are calculated 
with  second‐order cone programming, which  is a 
type of convex optimization (see [10]). 

 

Figure 6. Section of yield surfaces of an isotropic 
slab at  0.  0.3 and  0.05⁄ . 

Figure 6 shows that the yield surface based on the 
four  layer  model  calculated  the  exact  torsion 
capacity and is within the yield surface of the 1000 
layer model. Furthermore, it is seen that the conic 
yield  criteria  overestimate  the  torsion  capacity 
significantly when the moment m   is approaching 

zero. 

3.2 Slabs with construction joints 

The  yield  criterion  for  the  stresses  in  a 
construction  joint  is normally  linear  [13] and  can 
be formulated as 

| |   (9) 

where    is  the  shear  stress,    is  the  stress 
normal to the construction joint, c is the cohesion 
and μ is the coefficient of friction.  

To  account  for  a  construction  joint  in  the  yield 
criteria  based  on  the  layer  model,  the  yield 
criterion for the construction joint is added to the 
yield criterion for the concrete layers where there 
is a transverse construction joint. Thus, a concrete 
layer  with  a  construction  joint  must  be  in 
compression  and  within  the  yield  criterion  in 
equation (9).  

 

Figure 7. Section of yield surfaces of cross‐section 
shown in figure 1. 

An  example  of  a  slab with  construction  joints  is 
shown in figure 1. Yield surfaces of this section are 
shown  in  figure 7.  The  figure  shows  a  section of  
the  yield  surface  calculated with  the  conic  yield 
criteria in (3) and the yield surface calculated with 
a  layer  model  with  1000  layers,  with  the  yield 
criterion for construction joints in equation (9) for 
the layers penetrated by the construction joint. In 
the  calculation  the  construction  joint  is  assumed 
"smooth"  according  to  Eurocode  1992‐1‐1  [14]. 
The  maximum  torsional  moment  that  can  be 
carried  calculated  with  the  layer  model  is 
approximately  half  of  the  maximum  torsional 
moment  that  can  be  carried  calculated with  the 
conic  yield  criteria.  Furthermore,  it  is  seen  from 
the  figure  that  the yield  surface  is approximately 
linear from the maximum point when the moment 
is  increasing.  Thus,  the  yield  surface  can  be 
approximated  with  the  conic  yield  criteria 
combined with an extra  linear yield criterion  that 
follow the linear part of yield surface based on the 
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layer model.  The  additional  yield  criterion,  for  a 
slab  with  a  construction  joint  normal  to  the  y‐
direction, is formulated as 

  (10) 

where     and   are parameters determined  from 
the  yield  criteria  based  on  the  layer model with 
construction  joints. An example of  the  combined 
conic and linear yield criteria is shown in figure 8.  

 

Figure 8. Conic yield criteria with linear criterion to 
account  for construction joints (Isotropic case) 

4 Numerical examples of reinforced 
concrete slabs 

The  load‐carrying  capacity  calculated  with  the 
presented  yield  criteria  are  compared  with  the 
load‐carrying  capacity  calculated  with  the 
conventional conic yield criteria. The comparisons 
are based on a benchmark example and a bridge 
example. The optimization  algorithms  for  second 
order  cone  programming  from  Mosek  [15]  are 
used in all examples. 

4.1 Slab with high reinforcement degrees 

The  yield  criteria  presented  in  section  3.1  are 
compared with  the  conventional  yield  criteria  in 
equation  (3). An  isotropic  clamped  square  slab  is 
used  as  the  basis  for  the  comparison.  The  exact 
solution  for  the  load‐carrying  capacity  with 

conventional conic yield criteria is  42.851  

[16]. The results are shown  in figure 9, where the 
load‐carrying  capacity  relative  to  the  exact 
solution  is shown as a  function of  the number of 
elements.  The  cross‐section  properties  used  are 
the same as in figure 6 and 4 layers are used in the 
layer  model.  The  figure  shows  that  the  load‐

carrying  capacity  approaches  the  exact  solution 
when the number of elements are  increasing and 
the  conic  yield  criteria  are used. When  the  yield 
criteria  based  on  the  layer model  are  used,  the 
difference to the exact solution based on the conic 
yield criteria approaches 3.6 % when the number 
of  elements  are  increasing.  As  shown  in  section 
3.1,  the  yield  criteria  based  on  the  4  layered 
model  is very close to the exact yield criteria and 
is within  the exact yield criteria. Thus, the results 
of  the  slab  calculation  are  less  than  the  exact 
lower bound solution.  

 

Figure 9. Convergence analysis of a clamped 
square plate. Exact solution with conic yield 

criteria:   42.851  

4.2 Slab bridge with construction joints 

The effect of construction joints in a slab bridge is 
demonstrated  in  this  section.  The  results  of  the 
limit state analysis are compared with full‐scale in‐
situ testing of an existing bridge [17].  The bridge, 
shown  in  figure  10,  is  loaded with  axle  loads.  In 
the full‐scale test, the objective was to determine 
the maximum  axle  loads  of  vehicle  A  while  the 
axle  loads  of  vehicle  B were  constant.  The  axles 
simulate the rear axles of two heavy vehicles. The 
maximum  load applied  to  the bridge was  several 
time  larger than the design  load, but the ultimate 
load was not reached during the test. 

The cross‐section of the bridge  is shown  in  figure 
1. The conventional conic yield criteria in equation 
3  in combination with  the  linear yield criterion  in 
equation  (10) are used  in  the analysis. The  linear 
yield criterion  is  fitted to the yield surface shown 

,  

′ , ′  
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in  figure  7,  where  the  construction  joints  are 
considered. The bridge  is also analysed by use of 
the  conventional  conic  yield  criteria  for 
comparison.  

 

Figure 10. Load configuration of bridge with axle 
loads. Length in [m].  

The results of the analysis are shown in figure 11. 
Vehicle  B  is  70  [tons]  constant  load  of  the  total 
load.   The  figure  shows  that  the  calculated  load‐
carrying capacity is higher than the load applied to 
the bridge during the full‐scale test.  

 

Figure  11.  Test  results  of  full‐scale  test  together 
with the calculated load‐carrying capacity.  

Furthermore,  if  the vertical  construction  joints  in 
the cross‐section of the slab is not considered, the 
load‐carrying  capacity  is  7  %  higher  than  the 
calculated  load‐carrying  capacity  where  the 
construction joints are considered.  

The collapse mechanism of the bridge loaded with 
axle  loads  is shown  in figure 12. The figure shows 
that  it  is only  the  loaded part of  the bridge  that 

fails. This  indicates  that  the optimal  load‐carrying 
capacity is very dependent on the torsion capacity 
compared to the case where the whole bridge fails 
in a simple bending mechanism.  

 

Figure 12. Contour lines of collapse mechanism. 

5 Conclusion 

Yield  criteria,  based  on  layer  models,  for 
reinforced concrete slabs with construction  joints 
have  been  presented.  The  yield  criteria  together 
with  finite element  limit analysis have been used 
to determine the load‐carrying capacity of slabs.  

 It has been  shown  that  the  yield  criteria do not 
overestimate  the  torsion  capacity  even  for  high 
reinforcement ratio, which  is not the case for the 
conic  yield  criteria  (see  figure  6).  The 
overestimated  load has been demonstrated with 
the  benchmark  example  of  a  clamped  square 
plate, where the  load‐carrying capacity calculated 
with  the  conic  yield  criteria  is  3.6 % higher  than 
calculated with  the  yield  criteria  based  on  layer 
models. However,  the  torsion capacity calculated 
with the conic yield criteria is 33 % higher than the 
yield criteria based on the layer model.  

 The conic yield criteria have been combined with 
an  extra  linear  criterion  to  account  for 
construction joints in slabs. The yield criteria have 
been used  to calculate  the  load‐carrying capacity 
of  a  bridge.  The  analyse  shows  that  the  load‐
carrying  capacity  is  higher  if  the  construction 
joints are not considered.  
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The  presented  yield  criteria  only  consider  the 
moment  capacity  of  reinforced  concrete  slabs. 
However, the shear capacity can be critical for old 
slab bridges. Further development of yield criteria 
that  consider moment and  shear  forces  together 
with  finite  element  limit  analysis  are  therefore 
needed. 
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Abstract

Slabs constructed with precast inverted T-beams and in-situ concrete have been used
for short-span road bridges since the late 1940s. At that time, slab strips were tested
for bending, which showed sufficient bond between the precast and the in-situ concrete,
and ductile behaviour. However, new tests show that diagonal cracking can occur in
three- and four-point bending tests, which is normally related to shear failures. This
can be critical for slab bridges subjected to heavy vehicles. In this paper, non-linear
finite element analyses of new experimental tests of slab strips from existing slab bridges
constructed with inverted T-beams have been used to investigate the behaviour and the
effect of the construction joints on shear failures. The slab strips are modelled with 3D
solid elements, and the model is compared with the experimental tests for validation.
Furthermore, a parameter study is conducted to analyse the effect of the most uncertain
parameters. The investigation shows that the slab strips fail in bending if the construction
joints have sufficient bond strength. However, for weak construction joints, the precast
T-beams fails due to diagonal cracking in the web.

Keywords: slab bridges, shear failure, construction joint, non-linear FEA, prestressed
beams

1 Introduction

Reinforced concrete slabs are often used for short-span road bridges less than 20 m. The
slabs can be constructed with in-situ concrete, or by combining precast beams with in-situ
concrete [1, 2, 3, 4]. One type of such composite slab bridges is constructed with inverted
precast T-beams and in-situ concrete infill, which form a solid slab. During construction, the
precast beams work as the scaffolding for the in-situ concrete, which reduces the construction
time and cost. An example of a composite slab bridge constructed with inverted T-beams is
shown in figure 1. The composite solid slab became common around the 1950s. At that time,
tests of such slabs [6, 7, 8] and slab strips [9, 10] were performed to investigate the bending
behaviour and the interaction between the precast beams and the in-situ concrete. All tests
showed a ductile behaviour and a sufficient bond between precast and in-situ concrete.

New tests of slab strips from composite bridges have been conducted in the last decades.
In Ohio, slab strips were cut out of forty-year-old slab bridges constructed with inverted
prestressed T-beams, which were similar to the beam tested in the 1950s [9], and tested in
three-point bending [11, 12]. The tests showed a ductile behaviour and a sufficient bond
between the precast and in-situ concrete. However, one beam showed large diagonal cracks,
which is normally associated with a shear failure.
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In Denmark, slab strips were cut out of a forty-year-old slab bridge constructed with
inverted prestressed T-beams, which was similar to the beam tested in the 1950s [10], and
tested in four-point bending [13, 14, 15]. The tests showed a ductile behaviour and a sufficient
bond between the precast and in-situ concrete. However, one beam also showed large diagonal
cracks.

Since two similar, but independent, test series both show that diagonal cracks are possible
for slab strips constructed of inverted T-beams and in-situ concrete, a further investigation
of the behaviour and the shear capacity of slab strips constructed with inverted T-beams is
needed.

In recent years, non-linear finite element analysis (NLFEA) along with experimental tests,
have shown to be an efficient method to investigate the behaviour of reinforced concrete
structures [16, 17, 18, 19]. However, the results from NLFEA can be very sensitive to the
modelling choices. In order to reduce this uncertainty and make the models more reliable,
existing recommendations and guidelines for the modelling choices have been applied [20, 21,
22]. The guidelines from the Dutch Rijkwaterstaat [20] are accompanied with comprehensive
validation reports which are summarised in [23]. They show that failures in one direction,
e.g. shear failure in a beam, are well predicted. Models of slabs, where the failure occur in
multiple directions, underestimate the load-carrying capacity but predict the type of failure.

In this paper, non-linear finite element models of the experimental tests from Ohio and
Denmark are presented. The model is based on the guidelines from the Dutch Rijkwaterstaat,
and established in the commercial program DIANA FEA [24]. The models are used in an
investigation of the behaviour of the slab strips during loading and of the effect of construction
joints on shear failures. Furthermore, a parameter study has been conducted to study the
effect of the most uncertain parameters on the overall behaviour.

The results show that the models correspond well with the experimental results. The
initial strength of the construction joint used in the model is sufficiently strong to withstand
a slip, and the models fail due to concrete crushing at the top of the slab strip as observed
in the experimental tests. The investigation of the effect of the strength of the construction
joint on shear failures shows that if the bond of the construction joint fails, the precast beams
exhibit diagonal cracking in the web, and the failure can be brittle. However, if reinforcement
is crossing the construction joint, a more ductile failure, but still a reduced load-carrying
capacity, is observed for insufficient bond strength.

2 Experiments

In this section, two series of experiments of strips cut out of old slab bridges conducted in
Ohio [11, 12] and Denmark [13, 14, 15] are summarised. These tests are the base and reason

Figure 1: Cross-section of the first slab bridge constructed with inverted T-beams in Denmark
[5]. All dimensions in [cm].
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Figure 2: Cross-section of Auglaize slab strip. All dimensions in [mm]

for the subsequent numerical investigation.

2.1 Ohio experiments

Slab strips were cut out of two forty-year-old bridges in Ohio [11, 12] to examine the load-
carrying capacity and service load behaviour, which is highly affected by the long-term
prestressing loss. The cross-section of a slab strip from one of the bridges referred to as
Auglaize, is shown in figure 2. Seven wire prestressed tendons are placed 25 and 50 mm from
the bottom. The passive reinforcement bars are placed 140 mm from the bottom. The other
bridge, referred to as Athen, had approximately the same cross-section, but with reinforce-
ment bars in the transverse direction (y-direction) crossing the web of the inverted T-beams.
When the bridges were designed, it was assumed that the bridge behaved as a composite
slab. However, the surface of the precast T-beams was not roughened [12], and there were no
stirrups to connect the precast beams with the in-situ concrete.

The slab strips were tested in symmetric three-point bending. The beams were supported
on steel rollers, and the load was displacement controlled. The results of the tests are shown
in figure 3. The figure shows that all beams behaved in a ductile manner before failing. Three
of the beams failed due to bending with concrete crushing at the top fibre, while one had
diagonal cracking when it failed which is associated with a shear failure.

Tests of the slab strips from the Athen bridge were compared with a test conducted at
the time when the bridge was built. The behaviour of the two test series was very similar.

The prestressing loss was examined in three different ways: from the observed cracking
moment, from crack opening and from cutting a strand. In the method, based on crack
opening, the beams are cracked and unloaded. When reloaded, the cracks are monitored to
check when they opened, i.e. when there is no compression in the concrete. The prestressing
loss calculated from this method was 22 %, which was reported to be the most reliable. The
initial prestressing stress was 930 MPa.

The measured concrete material parameters of the Athen slab strips are summarised in
table 1. According to fib model code [25], the splitting strength of concrete can be assumed
to be equal to the tensile strength. However, the fact that the splitting strength is equal to
the tensile strength is a compromise between experimental results showing that the splitting
strength can be higher as well as lower than the tensile strength. This is also shown in [26].

The prestressing strands have an ultimate strength of fu = 1790 MPa. The approximation
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Figure 3: Load-deflection of tests in Ohio [11, 12]. The diagonal crack only occurred in the
indicated test. The spans of the slab strips from Athen and Auglaize were 8.23 m and 7.32
m, respectively.

Table 1: Measure concrete parameters, Auglaize [12].

Parameter precast (std) in-situ (std) unit

Compressive strength, fc 70.1 (6.1) 65.2 (4.9) [MPa]
Splitting strength, fct,sp 5.4 (1.0) 5.3 (0.9) [MPa]
Young Modulus, Ec 39 37 [GPa]
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of the stress-strain relationship given in [27] is used. The relation is shown in equation 1 with
the values for stress-relieved strands given in [28].

fp = Epεs


0.03 +

1− 0.03
(

1 + (121εs)
6
)1/6


 ≤ fu (1)

The passive reinforcement bars have a yielding strength of fy = 410 MPa. The type of
reinforcement and the ultimate strength are not given in the background documents. The
ultimate strength is therefore assumed to be fu = 620 MPa at a strain of 8% which is stated
in [28] for reinforcement with the same yield strength (60 ksi).

2.2 Danish experiments

Slab strips were cut out of a forty-year-old bridge in Denmark [13, 14, 15] to examine the load-
carrying capacity and the composite action of the bridge. The slab strips were 6 metres long.
The cross-section is shown in figure 4. All dimensions are the average measured dimensions.
Each T-beams had three layers of Ø7 prestressing strands, with a total amount of 12 strands,
placed 27, 52 and 300 mm from the bottom. In the transverse direction, Ø16 per 500 mm was
going through holes in the T-beams and into the in-situ concrete. Ø5 stirrups were placed
on both sides of the holes as shown in figure 4.

Like the bridges from Ohio, it was assumed in the design that the bridge behaved as a
composite slab.

In Denmark, the precast T-beams are typically cast in a steel form [29]. The top of the
inverted T-beam, with reference to figure 4, was a free surface during casting of the beams.

The slab strips were tested in symmetric four-point bending. The beams were supported
on 20 cm wide steel plates which could rotate, but not move horizontally. The load was
displacement controlled. The results of the tests are shown in figure 5. The figure shows that
all beams behaved in a ductile manner before failing. Two of the beams failed due to bending
with concrete crushing at the top fibre, while one developed a diagonal crack before failure,
which is associated with a shear failure.



6

0 20 40 60 80 100
0

200

400

600

Displacement at midspan [mm]

T
ot

al
lo

ad
[k

N
]

1.4 m

5.3 m

Figure 5: Load-deflection of tests in Denmark [13, 14, 15]. The diagonal crack only occurred
in the indicated test.

Table 2: Measured concrete parameters [14].

Parameter precast (std) in-situ (std) unit

Measured compressive strength 72.2 (4.0) 41.3 (3.7) [MPa]
Compressive strength, fc 78.1 (4.3) 45.0 (4.0) [MPa]
Strain at compressive strength, εc1 0.22 0.18 [%]
Young modulus, Ec* 35.5 (1.9) 27.8 (1.2) [GPa]

*) The modulus Ec is the secant modulus at 0.4fc

Seven drilled concrete cylinders from the precast T-beams with a diameter of 75 mm and
a height of 149 mm and 8 from the in-situ concrete with a diameter of 94 mm and a height of
187 mm were tested in compression. The concrete strengths are corrected with respect to the
standard size of concrete cylinders (150x300) according to [30]. The results are summarised
in table 2, where fc is the corrected values.

The Ø7 mm strands were cut out of the inverted T-beams and saved for later testing, which
was conducted in 2019. The test results are shown in figure 6. The average ultimate tensile
strength is 1777 MPa. The prestressing loss was measured on 3 strands on the bottom layer
(see figure 4) by removing the concrete and cutting the strands next to a strain gauge. The
average prestressing strain was 0.39% with a standard deviation of 0.027%. This corresponds
to an average prestressing stress of 810 MPa and a standard deviation of 57 MPa. On the
drawing, the initial prestressing is stated to be 1300 MPa, which means a prestressing loss of
38%.

On the original drawings of the bridge, the Ø5 stirrups are defined as ”St. 37” which is
smooth steel bars with a yield strength of fy = 235 MPa and a mean ultimate strength of
fu = 410 MPa at a strain of 15% according to [31].

The reinforcement bars in the transverse direction (Ø16/500) are defined as ”Tentor 52”,
which is a type of cold-worked steel with a yield stress of fy = 520 MPa and an ultimate
strength of fu = 610 MPa at a strain of 10% according to [31].
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Figure 6: Test results of five Ø7 mm strands (Experiments conducted in 2019, see acknow-
ledgement).

3 Finite element model

The finite element models are based on the guidelines from the Dutch Rijkwaterstaat [20]
and established in the commercial program DIANA FEA [24].

The concrete in the model is discretised with solid hexahedron elements with 20 nodes
and a quadratic displacement interpolation. The average size of the element is 0.04 m. The
reinforcement bars, which are not crossing the construction joints, are modelled with embed-
ded truss elements and connected to the solid elements with line interface elements to enable
modelling of the bond-slip between the reinforcement and the concrete. The reinforcement
bars, which cross the construction joint, are modelled with embedded beam elements and
connected to the solid elements with interface elements to enable modelling of dowel action.
The support and loads are applied to solid elements which are connected to the concrete with
interface elements.

The construction joint between the precast inverted T-beams and the in-situ concrete is
modelled with interface elements where the Gauss integration scheme is used. In [32], the
Lobatto integration scheme was found to give one of the best results. However, for these
models, when using Gauss integration for the interface, the analyses were more stable.

The initial stiffness of all interface elements used for the construction joint and reinforce-
ment bond models are based on the stiffness of the surrounding solid elements. The axial
stiffness and shear stiffness are respectively E/lel and 0.1E/lel where E is the elastic modulus
and lel is the size of the elements. Note that modelling of construction joints and interface
elements are not included in the guidelines [20].

A total of 4 construction phases are modelled to get the correct initial stresses and strains
in the slab strips, as illustrated in figure 7. In the figure, the red arrowheads indicate supports,
the blue arrows are loads, and the green arrow shows the position with displacement control.
Note that only a quarter of the slab strips are modelled due to symmetry along the x- and
y-axis. Phase 1: The strands are prestressed with point loads. The bond strength is set to
zero, so the point load only affects the strands. Phase 2: The bond strength is changed to
its real value and equilibrium is obtained with the inverted T-beams. Phase 3: The inverted
T-beams are placed on the supports and self-weight from the inverted T-beam, and in-situ
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Phase 1 Phase 2 Phase 3 Phase 4

Figure 7: Modelling of construction phases. The red arrowheads indicate supports, the blue
arrows are loads, and the green arrow is displacement control. A quarter of the slab strips
are modelled due to symmetry along the x- and y-axis

concrete is added. At this phase, the in-situ concrete elements are not added, but a surface
load is added on the inverted T-beam to simulate the weight of the wet concrete. Phase 4: The
in-situ concrete is added but without self-weight. Note that the stresses in the prestressing
strands must be equal to the measured prestressing stress at this stage. The load block is
added, and the external displacement controlled loading is applied in steps.

The equilibrium between the external and internal forces is achieved iteratively with the
Newton-Raphson method and line-search. For the convergence criterion, the energy norm is
chosen with a tolerance of 0.001. The step sizes used in the analyses are between 0.25 and 1
mm.

3.1 Material models

The material models and parameters presented in the following are the default values used
in the numerical investigation if nothing else is stated.

Concrete

The material parameters not presented in section 2 are calculated with the equations stated
in fib model code 2010 [25].

The Total Strain Crack Model in DIANA FEA is used, which is based on the modified
compression theory [33]. The implementation in 3D is according to [34]. The post-peak tensile
behaviour is modelled as exponential softening with a crack band based on the individual
element size. The damage due to cracking reduces the Poissons ratio at the same pace as the
reduction of the secant modulus (see [24]).

The compression behaviour is modelled with a parabolic stress-strain relation [35]. The
relation is based on Young modulus Ec, the compressive strength fc, the compressive fracture
energy Gc and the crushing bandwidth hc (which is equivalent to the crack bandwidth). The
guidelines [20] recommend Gc = 250Gf , where Gf is the tensile fracture energy. However, this
value is based on experiments with concrete strength up to 50 MPa [36] and is considerately
higher than reported elsewhere [37, 38]. In [37], the compressive fracture energy is reported
as 50Gf − 100Gf . The influence of the compressive fracture energy on the compressive
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Figure 8: Parabolic stress-strain relationship for concrete in compression

softening behaviour is shown in figure 8. The figure shows that the stress-strain relationship
for compressive fracture energy of 50Gf results in a significantly more brittle failure when
compared to 250Gf . As a compromise, initial compressive fracture energy of 100Gf is chosen.

The reduction of the compressive strength due to lateral cracking is considered with model
B described in [39].

Reinforcement

The reinforcement steel is modelled with Von Mises plasticity. The hardening of the prestress-
ing strands is described using the stress-strain relationships presented in section 2. The passive
reinforcement is modelled with a bilinear strain-stress relation based on the values given in
section 2. The simple stress-strain relationship is estimated to have a minor effect on the
behaviour since the prestressing strands are the main reinforcement.

The bond between the reinforcement and the concrete is modelled with interface elements.
The bond-slip material model from fib model code 2010 is used where ”good bond condition”
is assumed. Since the prestressing strands have a plain surface and are cold-drawn, the bond-
slip, according to fib model code 2010, is reduced to τbf

√
st/s1 for st ≤ s1 and τbf for st > s1,

where τbf is the bond strength, st is the bond-slip and s1 is the slip length where the shear
is at its maximum.

The reinforcement bars crossing the construction joint can transfer shear forces across the
interface by dowel-action. The dowel action, like bond-slip, is usually modelled by connecting
the reinforcement bars to the solid element with a line interface element, see [40, 41, 42].
However, the element size greatly affects the dowel-action since the element size used to
model the concrete is normally much larger than the activated length of the bar due to
dowel-action. In [41], it is shown that an element size of half the bar diameter is needed
to get the correct response. An element size too large can result in an overestimate of the
stiffness and capacity of the dowel. In fib model code 2010, the dowel-action is modelled as
follows:

Vf (sn) = Vf,max

√
sn/smax =

(
kAs

√
fyfc

)√
sn/smax (2)
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Figure 9: Construction joint model. a) Coulomb friction with tension cut-off. b) Cohesion as
a function of the relative plastic shear displacement ∆upt .

where sn is the slip normal to the reinforcement bar, smax ≈ 0.1Ø − 0.2Ø is the slip length
when the maximum capacity is reached and k ≤ 1.6. The load-carrying capacity related to
dowel-action, Vf,max, is determined by use of a rigid-plastic model [43, 44].

The element size used is 3-8 time greater than the diameter of the bars crossing the con-
struction joint, and it is practically not possible to use smaller elements due to limitations of
computer power. Therefore, it is necessary to evaluate the dowel action after each calculation
to ensure that the capacity is not exceeded.

Construction joint

The construction joint is modelled with a non-associated Coulomb-friction model with a
tension cut-off, as shown in figure 9a. The dilatation angle is equal to zero. In order to model
the brittle behaviour of the construction joint, shear and tensile strength are reduced to zero
when the tensile strength is exceeded. Furthermore, the cohesion is modelled as a function
of the plastic shear deformation ∆upt , as shown in figure 9b. A high initial value of ∆upt,0 = 1
mm for point c = 0 is chosen due to the stability of the analysis. The effect of this parameter
is studied in the following section.

The top of the inverted T-beams was free when casted, which is categorised as a smooth
construction joint according to fib model code 2010 and Eurocode 2 [45]. The other surfaces
of the inverted T-beams are typically cast against steel formwork [29], which is categorised
as a very smooth construction joint.

The cohesion stated in the standards is normally much lower than the actual mean values
for smooth and very smooth construction joints. Thus, as initial properties, the mean values
for cohesion and coefficient of friction reported in [46] are chosen for the smooth construction
joint, see table 3. The values for very smooth construction joints are scaled from the values
of smooth construction joints, so the relative difference is the same as in Eurocode 2. This
approach is not considered very accurate since the difference between characteristic values of
smooth and very smooth construction joints is probably not the same as from the difference
between the mean values. Therefore, a parameter study of these values is conducted in the
following section.

The tensile strength of smooth and very smooth construction joints has not been studied
much since it is normally neglected. However, few direct tension tests have been conducted
on smooth construction joints, as reported in [47]. The value for smooth construction joint
is shown in table 3, and the value for very smooth construction joint is scaled the same way
as done for the cohesion.
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Table 3: Properties of construction joint in model

Smooth Very smooth

Cohesion, c 1.70fct 1.21fct
Coefficient of friction, µ 0.75 0.63
Tensile strength, ft 0.50fct 0.36fct
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Figure 10: Load-displacement curves comparison of the model with experimental tests from
Ohio.

4 Parameter studies and comparison with experimental res-
ults from Ohio

In this section, the finite element model is compared with the experiments from Ohio. The
objective is to verify the model, study the effect of the most uncertain parameters and invest-
igate the effect of the construction joints on shear failures. The parameters considered are the
compressive fracture energy, the bond strength of the reinforcement, coefficient of friction,
the cohesion, the tensile strength of the construction joint and the softening behaviour of the
cohesion.

4.1 Initially cracking

The load-displacement curve of the Auglaize test and the model result are shown in figure
10. The results labelled ”No change” are based on the model with the parameters presented
in the previous sections. The other results labelled 103∆upt,0 are based on the same model

but with the parameter ∆upt,0 multiplied with 103.
The figure shows that the model has the same initial stiffness as the tested slab strips. After
the linear part, the model shows a reduction of stiffness, and then a sudden drop, which is
marked as P1 and P2 in the figure. The drop is due to crack localisation, which can be caused
by a combination of an instability of the solution procedure and a uniform area of elements
which exhibits tensile softening [48].
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Figure 11: The maximum principal strains ”E1”. P1, P2 and P3 refers to figure 10.

The maximum principal strains at the points P1 and P2 are shown in figure 11. The
figures show that at point P1, the strains are evenly distributed. At point P2, the strains
have localised into a single crack. At point P3 in figure 10, a second crack has developed, as
shown in figure 11. In the experimental test, the first crack was reported to be visible at 71
kN, which corresponds well with point P2 where the load is 75 kN.

The bond strength of reinforcement bars has an effect on the cracking of concrete. Three
different bond strengths are, therefore analysed. In the original model, the parameters for
”good” bond condition for cold-drawn wires according to fib model code 2010 are adopted. A
second analysis is conducted with the parameters for ”other” conditions, where half the bond
strength of the ”good” bond condition is assumed. In the third analysis, the parameters for
”good” bond conditions is multiplied by a factor of 2. The results of the overall behaviour
are shown in figure 12(left), and the stress in the bottom reinforcement at the position of
the first crack localisation is shown in figure 12(right). The figures show that the better
bond condition does not change the overall behaviour significantly, and the stresses approach
the ultimate tensile strength. However, the worse bond condition reduces the load-carrying
capacity and maximum reinforcement stress significantly. This is due to a total slip of the
prestressing strands.

The first crack localisation occurs at the same displacement for all cases. The second
crack localisation occurs at different displacements, where the model with the better bond
condition is the first, and the model with the worse bond condition is the last to develop a
second crack localisation. The same applies to the distance between the first and the second
crack. The distance in the original model is 44 cm, and the distance in the model with better
and worse bond conditions are 32 and 48 cm, respectively.

4.2 Separation of construction joint

Up to 80 mm of displacement at the midspan (see figure 10), the two cracks from point P3
continue to develop. At 80 mm, the construction joint at the second crack starts to separate
(i.e. joint opening). The relative normal displacement ∆un of the construction joint at the
second crack versus the midspan displacement is shown in figure 13(right). The figure shows
that ∆un slowly increases from midspan displacement of 80 mm to the point of failure at 130
mm. After the failure, ∆un increases rapidly. The separation between the flanges and the
in-situ concrete was also reported in the experimental tests. However, the separation started
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Figure 12: Bond strength analysis. Left: Comparison of load-displacement curves. Right:
Stress in the bottom reinforcement at the first crack. *) Bond conditions changed from ”good”
to ”other” according to fib model code 2010. **) The ”good” bond parameters are multiplied
by factor 2.

before a midspan displacement of 80 mm.
In order to study the effect of joint separation on the overall behaviour, the tensile ca-

pacity of the construction joint, as well as the cohesion, is reduced to 10% of the original
parameters shown in table 3. The midspan displacement of the model with changed para-
meters is compared with the original model in figure 13(left). The cross in the figure marks
the point where the analysis failed to continue. Therefore, a second analysis was conducted
where the cohesion softening parameter ∆upt,0 is multiplied with 103. Note that this change
in the model is only introduced to make the analysis converge. Since the stiffness of the slab
strip is nearly the same before and after the other analysis failed, the effect of changing the
softening parameter is not considered as significant for the results. The effect of this change
is further discussed in section 4.4.

Figure 13(left) shows that the reduction of the construction joint parameters has a very
small effect on the overall behaviour and the load-carrying capacity. However, the construc-
tion joint separates already when the second crack appears for the model with the reduced
construction joint parameters, as shown in figure 13(right). This behaviour corresponds better
with the experimental tests described in [12].

4.3 Compressive failure

Figure 10 shows that the experimental tests and the model fail at a midspan displacement of
130 mm. The experimental tests are reported to fail due to crushing of the in-situ concrete.
The same failure occurs in the model. In order to study the onset of failure, analyses with
different values of the compressive fracture energy Gc are conducted. The overall results are
shown in figure 14(left). The figure shows that the deformation capacity is affected when
Gc varies. However, the load-carrying capacity remains practically the same. The minimum
principal strains at the point of concrete crushing are shown for the three cases in figure
14(right). The figure shows that the concrete with the low Gc fails in a more brittle way
compared to the models with a higher value of Gc. The analysis with the high Gc does not
experience the same drop as the other cases. This is also reflected in the displacement, as
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Figure 13: Construction joint separation analysis. Left: Load-displacement of models at mid-
span. Right: Relative normal displacement of construction joint at second crack localisation,
see figure 11.
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Figure 14: Compressive fracture energy analysis. Left: Modelled load-displacement curves.
Right: Minimum principal strain at the top of in-situ concrete.

shown in figure 14(left).
It is noted that before failure, the prestressed reinforcement bars are stressed almost to

the ultimate tensile capacity for all cases.

4.4 Collapse of slab strip and construction joint

The point of failure is further studied by examining the strains just before and after failure.
The analysis in figure 13 is used, where the separation of the construction joint matches the
experimental results, i.e. the parameters fcj,t and c is reduced to 10% of the original values,
and the parameter ∆upt,0 is multiplied by 103.

The maximum and minimum principal strains before and after failure are shown separately
in figure 15 for the in-situ concrete and the precast T-beam. The contour colours for the
maximum principal strains E1 in figures 15d,c,e,f are limited to the range 0-0.05. A principal
strain of 0.05 is approximately equivalent to a crack width of 2 mm for the element size used
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Figure 15: Maximum and minimum principal strains before and after failure. Changed
parameters: 0.1fcj,t, 0.1c, 103∆ up

t,0. a-c) Before failure. d-f) After failure. a,d) Minimum
principal strains E3 of in-situ concrete. b,c) Maximum principal strain E1 of in-situ concrete.
e,f) Maximum principal strain E1 of the precast beam.

in the model.
Figures 15a,d show the minimum principal strains at compression failure. It is seen that

the strains localise in a single row of elements when the slab strips fail. Figure 15d shows
that the strains are lower than the minimum strain of the concrete for Gc = 100Gf shown in
figure 8, which indicates that the concrete is completely crushed.

Figures 15b-c show the maximum principal strains before the failure. It appears that
the strains have localised to four cracks in both the in-situ and precast concrete. Two of
the cracks have initiated propagation horizontally and diagonally near the top. This is also
reported in the experimental results. In figure 15e-f, the maximum principal strains are shown
after failure. At this stage, the cracks in the in-situ and precast concrete no longer correlate
with each other, which is due to a failure of the construction joint at the area around the
cracks. Near the end of the beam, the construction joint is still intact. The cracks in the
precast beam have propagated to a large diagonal crack in the web. The cracks in the in-situ
concrete have propagated to a horizontal crack at the top of the beam. This corresponds well
with the experimental results where the failure is described as: ”At this point the diagonal
cracks were very wide and had propagated such that they were horizontal near the top of the
beam.” [12].

The shown models correspond well with the behaviour of the experimental test with the
highest load-carrying capacity, see figure 10. However, the large diagonal crack in the in-situ
concrete (see figure 3) for the experimental test with the lowest load-carrying capacity has
not been seen in the models. Thus, further investigations have been conducted with different
reduced parameters of the construction joint.
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Figure 16: Construction joint parameters analysis - Comparison of load-displacement at mid-
span. *) The result labelled ”fib” is for a model with fib model code 2010 design parameters
of the construction joints.

The main results of analyses with reduced construction joint parameters are shown in
figure 16. The results shown in figure 16(left) are for a model where the cohesion is reduced
to 2% of the original value. The blue cross marks the point where the analysis failed. A second
analysis is shown in the figure where the cohesion softening parameter ∆upt,0 is multiplied with

103. The result of this analysis shows that the maximum load level is reached where the other
analysis failed. This indicates that the failure is brittle if the bond of the construction joint
fails in a brittle manner as in the result labelled ”0.02c”. Furthermore, the separation of the
construction joint and localisation of the diagonal crack in the precast beam, as shown in
figure 15f, occur at a midspan displacement of 75 mm. The diagonal crack is also longer and
forms a flatter angle with the beam axis than the crack illustrated in figure 15f. However,
the in-situ concrete does not develop any diagonal cracks.

The first result shown in figure 16(right) is for a model where the coefficients of friction
are reduced to half of the original values, and the tensile strength, as well as the cohesion, are
reduced to 10% of the original value. The other result labelled ”fib” is for a model with fib
model code 2010 design parameters of the construction joints. In this case, the coefficient of
friction is 0.6 for the top of the inverted T-beams, which is defined as a smooth construction
joint, and 0.5 for the rest of the construction joint, which is defined as very smooth. The
cohesion is 0.2fct and 0.025fct for the smooth and very smooth part, respectively. It is
assumed that the tensile capacity of the construction joint is equal to the cohesion.

For both cases in figure 16(right), the separation of the construction joint and localisation
of the diagonal crack in the precast beam occur just before crushing of the concrete as in the
case shown in figure 16(left). Hence, if the bond of the construction joint is insufficient, the
failure is due to bond-slip followed by shear failure of the precast beams. Note that nor in
these cases or the models with stronger bond do the in-situ concrete exhibit diagonal cracking.

5 Comparison with the experiments from Denmark

In this section, the finite element model 3 is compared with the experiments from Denmark.
The objective is to investigate the effect of horizontal restrains at the support and dowel
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Figure 17: Comparison of load-displacement curves from model and experimental tests from
Denmark.

action.

5.1 Support conditions

The load-displacement curve of the Danish tests and the model result are shown in figure
17. The results labelled ”No change” are based on the model with the parameters presented
in section 3. It appears that the model has the same initial stiffness as the tested slab
strips. After the linear part, the model shows a reduction of stiffness, and then a sudden
drop. The drop is due to crack localisation, as described in the previous section. The load
increases until a midspan displacement of 20 mm, where the load almost stop to increase.
The analysis fails at a displacement of 70 mm. The load does not increase due to the bond
strength of the reinforcement, which is reached at 20 mm displacement. The result labelled
”1.5 bond” is based on the same model but with the value of the reinforcement bond strength
multiplied with 1.5. The figure shows that the load continues to increase until the analysis
fails. However, the load is significantly smaller than the experimental results after cracking.
Thus, the horizontal restraint of the support is investigated.

Horizontal supports in the x-direction is added, where the vertical (z-dir.) support is
placed, see the illustration labelled Case 1 in figure 17. Furthermore, the interface between
the steel block and the slab strip is modelled with the Coulomb yield criterion with no
cohesion. Different values of the coefficient of friction have been tested to find the best fit to
the experimental results. The result for µ = 0.5 is shown in the figure labelled ”Case 1”. Note
that the value of the reinforcement bond strength is multiplied with 1.5 and the parameter
∆upt,0 for cohesion softening is multiplied 103. It is seen that the load has increased and fits
well with the experimental results.

The maximum principal strains ”E1” is shown in figure 18a for Case 1, where the first
crack localisations occur at a midspan displacement of 7 mm. The figure shows that two
cracks have propagated. The two cracks continue to grow until a midspan displacement of
55 mm, where a third crack localisation occurs. This crack grows in a diagonal direction,
which results in failure at a midspan displacement of 70 mm followed by concrete crushing
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a)

b)

Figure 18: Maximum principal strains. a) At first crack localisations. b) At failure.

at the top at a midspan displacement of 85 mm. The same behaviour was observed in the
experimental tests.

The maximum principal strains ”E1” are shown in figure 18b at a midspan displacement
of 70 mm. The diagonal crack corresponds well with the experimental test where a diagonal
crack occurred, as illustrated in figure 5. However, the analysis does not show the horizontal
part of the crack along the construction joint, as observed in the experimental test.

5.2 Dowel action

In the previous analyses, shown in figure 17, no slip between the precast beams and the
in-situ concrete occurred. Hence, the reinforcement bars crossing the construction joint was
not activated in dowel action. To activate dowel-action, the cohesion and the tensile strength
of the construction joint in the model labelled Case 1 are reduced to 10% and 2% of the
original values. The curves are shown in figure 19(left), where the result labelled Case 2, and
Case 3 are from the models where the strength of the construction joint is reduced to 10%
and 2%, respectively. It is seen that the loads are reduced from the first crack localisation
to the maximum load at about 45 mm, which was not the case for the models for the Ohio
experiments. The models fail due to separation and slip in the construction joint, which leads
to a diagonal crack in the precast beam. This was also the case shown in figure 15. The
analysis fails after the load starts to decrease.

The shear force Vy in the transverse Ø16 bar (see the cross-section in figure 1) placed 0.75
m from the support is shown in figure 19(right) as a function of the midspan displacement. The
figure shows that the shear force is near zero for Case 1. For Case 2 and 3, the reinforcement
bars are activated in dowel action when the first crack localisations occur at a midspan
displacement of 7 mm and 4 mm, where the shear forces jump to 7 kN and 5 kN. At the
maximum load, the shear force is about 23 kN for Case 2 and 24 kN for Case 3. The ultimate
capacity of the reinforcement bar in dowel action is Vf16 = 49 kN for k = 1.6 and sn = smax
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Figure 19: Left: Comparison of load-displacement at midspan. Right: Dowel action.

according to equation (2). Thus, the capacity of the dowel action is not reached in the
analysis.

The shear force Vy is approximately the same for the three transverse reinforcement bars
closest to the support. The shear forces in the stirrups placed at the same position as the
transverse reinforcement are only 1 kN at the maximum load. Thus, when the construction
joint slips, the transverse reinforcement bars transfer the forces between the precast beams
and in-situ concrete.

6 Conclusion

Non-linear finite element models of the experimental tests from Ohio and Denmark have
been presented. The models are based on the guidelines from the Dutch Rijkwaterstaat, and
established in the commercial program DIANA FEA. The models are verified by comparing
the results from the analyses with the experimental results. The comparison shows that the
models are able to reproduce the structural response from the experimental tests.

The separation of the construction joint in the model occurred at a higher load level than
what was observed in the Ohio tests when the original estimates of the tensile strength of
the construction joint are used. When a reduced tensile strength was used in the model, the
behaviour of the construction joint corresponded well with the experimental results. However,
the diagonal crack observed in one of the experiments from Ohio has not been observed in
any of the models. The diagonal crack observed in one of the Danish experiments have been
observed in the models, but it was not followed by a horizontal crack along the construction
joint.

The models were used to investigate the effect of the construction joints on shear fail-
ures. The results show that the initial strength of the construction joint used in the model
is sufficiently strong to withstand a slip, and the models fail due to concrete crushing at the
top of the slab strip as observed in the experimental tests. The investigation of the effect of
the strength of the construction joint on shear failure shows that if the bond of the construc-
tion joint fails, the precast beams exhibit diagonal cracking, and the failure can be brittle.
However, if reinforcement is crossing the construction joint, a more ductile failure, but still a
reduced load-carrying capacity, is observed for insufficient bond strength.
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In this thesis, a framework for finite element limit analysis (FELA) of slabs that ac-
counts 
for shear-moment interactions is presented. Different shear-moment interactions 
are demonstrated, and it is shown how a failure due to shear limitation can 
be identified from the collapse mechanism. A layer model for slabs with shear rein-
forcement 
is developed and implemented efficiently with FELA. 
A special type of slab bridges constructed with precast inverted T-beams is consi-
dered. 
Such bridges have, in the PhD project, been tested, and evidence of a structural 
behaviour very similar to solid slabs is found. Furthermore, a layer model 
which accounts for the construction joints is developed and implemented in the 
FELA framework.  
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