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Summary (English)

Long-term oil production optimization for oil reservoirs management is the main topic in this Ph.D.
thesis. In a globalized world with a continued high demand for oil and gas, unpredictable oil prices
and stringent environmental regulations, the industry is seeking improved oil recovery methods
that reduce financial risks and ensure a minimal environmental footprint. By intelligent utilization
of known production technologies and already existing infrastructure, production optimization
methods have the potential to significantly improve the oil recovery factor for both new and mature
oil and gas reservoirs, and to ensure a more sustainable production. The overall purpose of the
work presented in this thesis is to bring the technology for oil production optimization forward to a
level ready for industrial uptake. We focus on computing optimal open-loop control strategies for
reservoir management by applying adjoint gradient-based methods for constrained optimization.
The goal is to develop a framework that enables application of optimal control to operational
optimization of industrial-scale reservoir models. In order to achieve this goal, we combine novel as
well as existing methods and strategies for oil production optimization together with well-established
proven simulation software and state-of-the-art gradient-based software for constrained optimization.

This thesis has three main contributions:

1. Hierarchical multigrid optimization method. To enable application of production
optimization procedures on high-resolution reservoir models, we introduce a hierarchical
multigrid optimization method. The method utilizes a semi-automated model reduction
procedure to generate a hierarchy of increasingly coarse models, based on the high-resolution
model. The optimization procedure is initialized at the lowest (coarsest) level. Optimal
solutions computed at lower levels are propagated through the model hierarchy, thereby
utilizing the information to obtain faster convergence.

2. Handling of nonlinear output constraints. Upper bounds on total water and gas
production rates due to limited topside capacity are examples of nonlinear output constraints
naturally arising in production optimization. However, these types of constraints are difficult
to handle in large-scale optimization problems. A formal treatment of nonlinear output
constraints requires an additional adjoint simulation for each constraint, e.g. an upper
bound on the gas production rate throughout the reservoir lifetime requires one additional
adjoint simulation for each controlled time interval. Hence, a formal treatment of nonlinear
output constraints in production optimization on real-life reservoir models will render the
problem computationally infeasible. We propose to handle nonlinear output constraints by
a soft constraint penalty method, where the constraint gradients are approximated using a
simplifying fluid flow assumption. This method reduces the gradient computations to one
additional adjoint simulation for each constraint type. Consequently, this method enables
incorporation of nonlinear constraints in the optimization procedure.
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3. Software for oil production optimization of industrial-scale reservoir models. We
have developed a software optimization tool (RESOPT) that enables application of production
optimization methodologies on industrial-scale reservoir models. The software tool merges the
simulation power and robustness of well-established reservoir simulators with adjoint gradient
capabilities and state-of-the-art gradient-based software for constrained optimization. By this
software integration, we enable routine use of existing complex reservoir models in ensemble-
based optimization strategies, for combined profit maximization and risk minimization.
Consequently, the software constitutes a powerful tool to support and guide decision-making
in a real-life reservoir management process.

This thesis consists of a summary report and a collection of seven research papers written during
the Ph.D. project period from December 2015 to May 2019. Five research papers are published
and two paper manuscripts are in submission.



Summary (Danish)

Langsigtet olieproduktionsoptimering til styring af oliereservoirer er hovedemnet for denne Ph.D.
afhandling. I en globaliseret verden med en fortsat høj efterspørgsel på olie og gas, uforudsigelige
oliepriser og streng miljøregulering, søger industrien metoder til forbedret olieindvinding, der redu-
cerer finansielle risici og sikrer et minimalt miljømæssigt aftryk. Ved intelligent udnyttelse af kendte
produktionsteknologier og allerede eksisterende infrastruktur har produktionsoptimeringsmetoder
potentialet til at øge olieindvindingsgraden væsentligt for både nye og modne olie- og gasreservoirer,
samt til at sikre en mere bæredygtig produktion. Det overordnede formål med arbejdet præsenteret i
denne afhandling er at bringe olieproduktionsoptimeringsteknologi op på et niveau klar til industriel
optagelse. Vi fokuserer på at beregne optimale open-loop kontrolstrategier til reservoirstyring ved at
anvende adjoint gradientbaserede metoder til optimering med bi-betingelser. Målet er at udvikle en
ramme, der muliggør anvendelse af optimal kontrol til operationel optimering af reservoirmodeller i
industriel skala. For at nå dette mål kombinerer vi nye og eksisterende metoder og strategier til
olieproduktionsoptimering med veletableret simuleringssoftware og state-of-the-art gradientbaseret
software til optimering med bi-betingelser.

Denne afhandling har tre hovedbidrag:

1. Hierarkisk multigrid optimeringsmetode. For at muliggøre anvendelse af produktions-
optimeringsprocedurer på højopløsnings reservoir modeller introducerer vi en hierarkisk
multigrid optimeringsmetode. Metoden benytter en semi-automatiseret modelreduktions-
procedure for at generere et hierarki af modeller med stadig grovere opløsning, baseret på
højopløsningsmodellen. Optimeringsproceduren initialiseres på det laveste (groveste) niveau og
formidler optimale løsninger beregnet på lavere niveauer gennem modelhierarkiet og udnytter
derved informationen til at opnå hurtigere konvergens.

2. Håndtering af ikke-lineære produktionsbegrænsninger. Øvre grænser for de samlede
vand- og gasproduktionsrater på grund af begrænset overfladekapacitet er eksempler på ikke-
lineære produktionsbegrænsninger, der opstår naturligt i produktionsoptimeringsproblemer.
Disse typer af begrænsninger er imidlertid vanskelige at håndtere i storskala optimeringspro-
blemer. En formél behandling af ikke-lineære produktionsbegrænsninger kræver en yderligere
adjoint simulering for hver begrænsning (for eksempel vil en øvre grænse for gasproduktions-
raten i hele reservoirets levetid kræve en yderligere adjoint simulering for hvert kontrolleret
tidsinterval). Af denne grund vil en formél behandling af ikke-lineære produktionsbegrænsnin-
ger i produktionsoptimering på rigtige reservoirmodeller gøre problemet beregningsmæssigt
umuligt. Vi foreslår at håndtere ikke-lineære produktionsbegrænsninger ved hjælp af en
soft-penalty-metode, hvor begrænsningsgradienterne approksimeres ved at anvende en simpli-
ficerende antagelse om væskestrømmen. Denne metode reducerer gradientberegningerne til
kun en yderligere adjoint simulering for hver type produktionsbegrænsning. Metoden muliggør
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dermed inkorporering af ikke-lineære produktionsbegrænsninger i optimeringsproceduren.

3. Software til olieproduktionsoptimering af reservoirmodeller i industriel skala. Vi
har udviklet et softwareoptimeringsværktøj (RESOPT), der muliggør anvendelse af produk-
tionsoptimeringsmetoder på reservoirmodeller i industriel skala. Softwareværktøjet kombi-
nerer simuleringskraften og robustheden af veletablerede reservoirsimulatorer med adjoint
gradientkapacitet og state-of-the-art gradientbaseret optimeringssoftware. Ved denne softwa-
reintegration muliggør vi rutinemæssig brug af eksisterende komplekse reservoirmodeller i
ensemblebaserede optimeringsstrategier, som kombinerer profitmaksimering og risikominime-
ring. Derfor er softwaren et kraftfuldt værktøj til at understøtte og styre beslutningstagning i
en real-time reservoir management proces.

Denne afhandling består af en sammenfattende rapport, samt syv forskningsartikler skrevet under
Ph.D. projektperioden fra december 2015 til maj 2019. Fem forskningsartikler er publicerede og to
manuskripter er indsendt.
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Chapter 1
Introduction

The subject of this thesis is the application of optimal control theory to operational optimization
of oil reservoir models. The operational optimization is part of a nonlinear model predictive
control strategy (NMPC) for oil reservoirs management, which aims to maximize a long-term
financial performance measure of the dynamics of a reservoir model. In Section 1.1, we describe the
motivation for research in methods for increasing profits and mitigating risk in the upstream oil and
gas industry. Furthermore, we provide a brief introduction to oil production in general, reservoir
simulation, coarsening and upscaling, as well as oil production optimization under uncertainty. In
Section 1.2, we summarize the objectives of the thesis and the main contributions of the work done
in this Ph.D. project. In Section 1.3, we give an outline of the thesis structure.

1.1 Introduction and motivation

1.1.1 Motivation

The global demand for energy is increasing, driven by the rising prosperity in developing economies
around the world. The U.S. Energy Information Administration (EIA) projects a 28% increase
in world energy consumption by 2040, with liquid fuels accounting for 31% [140]. According to
the BP Energy Outlook 2019 edition, Evolving Transition scenario [16], the demand for oil will
continue to increase until the 2030s, where it will reach a plateau.

“Closing the gap between this supply profile and any of the demand scenarios in the
Outlook would require many trillions of dollars of investment over the next 20 years.”

— Key point, BP Energy Outlook 2019 edition [16]

The demand for natural gas will continue to grow throughout the forecast horizon, eventually
converging on the oil demand.

Many of the known conventional oil reserves are maturing and hydrocarbon exploration is becoming
increasingly difficult and expensive. This is especially true for the Danish sector of the North
Sea, where production has been declining since peaking in 2004. According to the 2018 annual
report, ’Resource assessment and production forecasts’, published by the Danish Energy Agency
(DEA) [50], the Danish oil production will experience a slight increase until 2024, after which it
will continue to decline (see Fig. 1.1). Revenues from hydrocarbon production has been, and will
continue to be, a huge source of income for the Danish state. The aggregated state revenues from
hydrocarbon recovery in the Danish North Sea in the period 1972-2017 amounts to approximately
428 billion DKK in 2017 prices. According to the 2017 report ’Future of the Danish oil and gas
sector’, published by the ’committee for the development of an oil and gas strategy’ [49], a one
percent increase in recovery factor from Danish North Sea resources corresponds to a production
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1. Introduction

Fig. 1.1: Forecast of oil production from the Danish North Sea [50].

value of 70 billion DKK.

In an unstable market with strict environmental regulations and maturing fields, the industry calls
for recovery methods that increases production with low risk and a small environmental footprint.
Research has shown that application of optimal control to operational optimization of oil fields
has the potential to increase the recovery factor and the profitability significantly, with little or no
negative environmental impact [17, 25, 72, 117, 128, 144, 147, 150]. As many existing fields are
maturing, the infrastructure for recovery methods like water-flooding and gas injection is already
in-place. Thus, the cost of incorporating production optimization in reservoir management decisions
is relatively low.

1.1.2 Oil production

Petroleum reservoirs are subsurface porous rock formations, e.g. shales, sandstone and carbonates,
with hydrocarbons trapped in the pore-space. In a conventional reservoir, the hydrocarbons are
trapped in the pore-space and/or fractures of the subsurface rock, by an overlying impermeable
cap rock. The physical dimensions of a typical reservoir, although it can vary significantly, are
measured in the kilometer-scale on the horizontal axis and in the meter-scale on the vertical axis.
The properties of the oil-bearing rock formation, such as porosity and permeability, are highly
heterogeneous by nature. The typical reservoir fluid composition contains literally thousands of
hydrocarbon components, as well as non-hydrocarbon components such as nitrogen, carbon dioxide,
hydrogen sulfide and water. The behavior of the fluid is strongly dependent on its thermodynamic
properties and the reservoir conditions, e.g. composition, pressure, volume and temperature.
Depending on reservoir conditions and composition, a petroleum reservoir fluid can exist in any
combination of the three phases, water, oil and gas. During production, the amount of each phase
existing in the reservoir may change significantly. This can be due to decreasing pressure in the
rock formation during production, and/or injection of water or gas etc.
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Fig. 1.2: Offshore oil field illustration [146].

Hydrocarbons are extracted from the reservoir through wells drilled into the oil-bearing rock
formation connected to the surface production facilities. The production of hydrocarbons from a
petroleum reservoir is typically divided into three stages of recovery.

1. In the primary stage of recovery, flow of hydrocarbons from the source rock to the surface
is driven by natural mechanisms, e.g. depletion drive, gas-cap drive, water drive, gravity
drainage drive and combination drive. Production by natural drive mechanisms will normally
have a recovery factor in the range of 15% to 30% out of the total amount of hydrocarbons in
the reservoir.

2. In the secondary stage of recovery, additional energy is supplemented to the reservoir in
order to maintain pressure and sustain the flow of hydrocarbons towards the wellbores. The
most basic methods are water-flooding and gas-flooding. Water-flooding is the process of
injecting water into the reservoir to maintain pressure and ideally push the hydrocarbons
towards the production wells in a uniform sweep. However, due to the typical high level of
heterogeneity of the subsurface rock and the difference in viscosity and density of the reservoir
fluids, this ideal displacement behavior rarely occurs in reality. An example of a typical
water-flooding scenario is the direct line drive pattern, where alternating injection wells and
production wells are drilled in a horizontally parallel pattern. In a gas-flooding scenario, gas
is typically injected into the gas-cap to maintain reservoir pressure, e.g. produced natural gas
is reinjected into the reservoir to maintain pressure. Production in the secondary stage will
normally have a recovery factor below 50% of the hydrocarbons originally in place.

3. At the tertiary stage of recovery, enhanced oil recovery methods are implemented to drive the
flow. The main objective of typical enhanced oil recovery methods is to reduce the residual oil
saturation (immoveable oil), by achieving miscibility and/or mobility. Such methods includes
polymer injection (increases the viscosity of the injected water and thereby improves the
mobility ratio), surfactant flooding (reduces surface tension between oil and water phases,
thereby mobilizing trapped oil), and thermal methods, e.g. steam injection and in-situ
combustion.

Alagorni et al. [2] provide an overview of recovery stages and enhanced oil recovery methods.

3



1. Introduction

1.1.3 Reservoir simulation

Reservoir simulation is the use of a numerical model that mimics the dynamics of multi-phase flow
in porous media, to predict the fluid behavior in a reservoir over time. Some of the first books
concerned with fluid flow in porous media were written by Muskat [107, 108] in 1949 and 1937
respectively. In these works, he provided analytical solutions for simple flow problems and derived
the classical black-oil equations. Numerical models has since the 1950’s been used for prediction
of fluid flow behavior in petroleum reservoirs and with the development of digital computers in
the 1960’s, reservoir simulation began to gain popularity [111]. Reservoir simulation constitutes a
powerful tool for predicting reservoir performance under different operating scenarios, and as such
is an invaluable tool in all stages of field development. It is however, very important to remember
that the quality of predictions made by reservoir simulation studies is highly dependent on the
reservoir model quality used to obtain these predictions. For numerical simulation of the subsurface
flow dynamics, two types of models are needed.

1. A mathematical model, given as a set of partial differential equations, which describes the
mass and energy balances and the relations between physical quantities.

2. A geological model of the reservoir, consisting of a grid populated with petrophysical properties,
e.g. porosity, permeability, etc.

A geological model of the reservoir, consisting of a grid populated with petrophysical properties, e.g.
porosity, permeability, etc. After spatial and temporal discretization, the set of partial differential
equations are reduced to a system of nonlinear equations. A number of mathematical models can
be used for simulation, depending on the reservoir type, reservoir conditions, and the purpose of
the simulation. Examples of some of the earlier work on numerical flow simulation are the books
written by Peaceman [114] and Aziz and Settari [9]. These works describe mathematical models
and finite difference methods used in reservoir simulation. More recently, the book by Chen et al.
[39] provide thorough descriptions of a large variety of different mathematical and numerical models
used in reservoir simulation, including thermal flow and finite element methods. Modern reservoir
simulators used by the industry are highly complex software packages capable of simulating a
large variety of complex physical and chemical phenomena, using a number of different models and
extensions. The most important mathematical models are the black-oil model and the three phase
compositional model, i.e. the black-oil model is by far the most used model for reservoir simulation.
In Part I of this thesis, we discuss these models, which are frequently used for reservoir simulation
in both academia and industry.

The use of reservoir simulation to predict reservoir performance under different operational control
forms the basis for the model-based oil production optimization methods presented in Part II of
this thesis.

1.1.4 Upscaling and coarsening

Modern static geological reservoir models created by geologists and geophysicists often consist
of cells in the order of 107 − 108 [58, 59]. Models of this magnitude are too large for a reservoir
simulator to handle within a reasonable time frame for any practical purposes. Because of this, it
is necessary to build reservoir models of a size suitable for computer simulation, i.e. in the range
of 105 − 106 grid cells. Simulation run-time of models of this size is typically measured in hours,
which is a manageable time frame for single simulation studies. The model reduction process of
designing and building a reservoir model, appropriate for simulation, based on a high-resolution and
highly heterogeneous geological model is by no means a trivial task. The process consists of a grid
coarsening part and an upscaling part. The term upscaling refers to the process of populating grid
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Fig. 1.3: Conceptual illustration of the upscaling process. Upscaling is the process of populating a coarse grid
cell(s) with homogeneous properties based on the heterogeneous properties populating a fine grid in the same
region. (Source: https://petrowiki.org/Upscaling_of_grid_properties_in_reservoir_simulation).

cells in a coarse grid with petrophysical properties, such as permeability, based on the properties of
a high-resolution heterogeneous geological model. Fig 1.3 shows a conceptual illustration of the
upscaling process. Among the most important properties are porosity, absolute permeability, and
net to gross. Numerous methods for upscaling these properties exist [58, 59, 65, 118, 124].

These methods include simple averaging of properties over the high-resolution grid to more
advanced methods, such as flow-based permeability upscaling. Durlofsky [58, 59], Renard and
de Marsely [118], and Farmer [65] provide reviews of techniques for upscaling from geological
models to reservoir simulation models. Salazar and Villa [124] studies different techniques for
permeability upscaling. Durlofsky et al. [61], Castellini et al. [30], and Hauge et al. [75] all consider
different approaches to coarsening of fine grids. For the purpose of oil production optimization,
however, reservoir models built by applying these processes are often still too computationally
expensive [59, 60, 89]. Application of production optimization workflows require a potentially large
number of simulation runs, often in the range of 10-100 or even higher, before convergence to an
optimal solution is obtained. In many cases, this renders direct use of these models for production
optimization purposes computationally intractable. Thus, in such cases, further model reduction is
necessary. Aliyev and Durlofsky [3] and Krogstad et al. [89] propose methods for further model
reduction by coarsening-upscaling of a high-resolution reservoir simulation model. Van Doren et
al. [143], Cardoso and Durlofsky [28], and He et al. [76] propose reduced order modeling (ROM)
methods based on proper orthogonal decomposition (POD) to lower the computational impact of
forward simulations in a model-based optimization procedure.

In Part II Chapter 4, we present a model reduction method that makes use of grid coarsen-
ing and flow-based upscaling techniques, to enable application of oil production optimization
methods to high-resolution reservoir models.
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1.1.5 Oil production optimization

Oil production optimization refers to the problem of computing an optimal (open-loop or closed-
loop) control strategy to maximize a financial performance measure of a reservoir model over a
given time horizon. In short, finding the operating strategy, i.e. well control settings over time,
such as bottom-hole pressures, phase flow rates or valve/choke settings, that maximizes the value
of the reservoir over a given time horizon. The dynamic optimization problem that is solved in a
production optimization procedure is large-scale by nature, due to the size of the reservoir model.
To increase profits and reduce risk, the oil industry exhibits a growing interest in the use of life-cycle
production optimization methods for reservoir management [5, 74, 81, 85, 90, 112]. The financial
risk associated with production optimization can be divided into two types.

1. The financial risk linked to the uncertainty of the economic parameters, e.g. unpredictable
fluctuating nature of the oil and gas prices.

2. The financial risk related to the inherent geological uncertainty of the subsurface.

The literature has mainly accounted for the economic uncertainty by multi-objective optimization
methods, e.g. balancing short-term profit versus long-term profit [31, 97], whereas the geological
uncertainty is accounted for by ensemble-based methods [10, 83, 144].

As discussed previously, geological uncertainty plays a significant role in modeling the dynamics of
multi-phase flow in an oil reservoir. Often there is only very limited information available about
important petrophysical properties, such as the porosity and the permeability of the different rock
formations that constitutes a geological reservoir model. It is essential to consider this inherent
geological uncertainty when evaluating the results from a reservoir simulation study.

To address this uncertainty, much time and effort are spent on building models that reflect
the true geology of a reservoir as accurately as possible, as well as in updating these models
through a data assimilation process (history matching), when new data becomes available. Little
et al. [94] provide an overview of parameter uncertainties in reservoir description and production
measurements used for history matching.

A large part of the work done on oil production optimization is based on a deterministic
approach, i.e. using a single geological realization of the reservoir for model-based optimization.
We will not bring a comprehensive list of authors and publications here, but only list a few
[7, 17, 27, 85, 88, 100, 127, 137]. Even when great care has been taken in the modeling process,
the geological model may still be far from the true geology in the reservoir [29, 139]. Hence,
implementation of an operating profile (optimal control strategy) obtained by using a deterministic
optimization approach might yield suboptimal results in real life applications.

Ensemble-based strategies. To address the financial risk associated with the inherent geo-
logical uncertainty of the subsurface, the use of ensemble-based optimization strategies has been
proposed in the literature. Ensemble-based optimization strategies seek to balance profit and
risk over an ensemble of equally probable geological reservoir model realizations. A number of
authors have considered application of ensemble-based optimization strategies to oil production
optimization under geological uncertainty [3, 10, 21, 34, 40, 69, 74, 79, 83, 90, 97, 101]. Van Essen
et al. [144] proposed to apply robust optimization (RO) to maximize the expected net present value
over an ensemble of equally probable geological model realizations. As a drawback, the expected
profit is a neutral risk measure as it ignores the risk of low net present value outcomes [23]. Liu
and Reynolds [95] use a dual objective seeking to maximize the expected net present value and
minimize the risk, i.e. maximize the minimum net present value. Bailey et al. [11] and Capolei
et al. [26] suggest using a bi-criterion mean-variance objective (MVO) that aims to maximize the
expected net present value over an ensemble of model realizations, while simultaneously minimizing
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1.1. Introduction and motivation

the variance. A drawback of the mean-variance optimization strategy is that although it minimizes
the risk of low net present value outcomes, it also minimizes the chance of high net present value
outcomes. Capolei et al. [23] and Codas et al. [48] propose the use of a conditional value at risk
(CVaR) objective as an appropriate measure for risk minimization in oil production optimization.
The conditional value at risk objective is know from the financial industry [123]. The conditional
value at risk optimization strategy seeks to maximize the estimated mean of some percentage, α, of
the lowest net present value outcomes. Thereby directly minimizing the risk of low profit outcomes.
Capolei et al. [23] provide a review of profit and risk measures used in oil production optimization.

In Part II of this thesis, we discuss ensemble-based optimization strategies in more detail.

Economic uncertainty. A common feature of the aforementioned ensemble-based methods,
i.e. robust optimization, mean-variance optimization and conditional value at risk optimization,
is that they exclusively focus on the financial risk associated with the long-term objective and
assumes that the economic parameters, e.g. oil and gas prices, of the problem are known and
fixed throughout the reservoir lifetime. As a result, the uncertainty of the economic parameters is
neglected completely or it is only indirectly addressed through a discounted cash flow. It is possible
to adapt ensemble-based methods such that they, in addition to accounting for the geological
uncertainty, also account for the economic uncertainty. However, this will require an additional
ensemble of economic model realizations of each geological ensemble realization. Furthermore, it is
notoriously difficult to accurately model the economic model parameters over a long time horizon.
Hence, taking an ensemble-based approach to account for the economic uncertainty is, in general,
not feasible. A practical approach for addressing the economic risk indirectly is utilization of the
discount-factor in the objective function as a tuning parameter to prioritize short-term profit over
long-term profit. A high discount-factor favors profit in the early stages of the reservoir lifetime
and in this way indirectly addresses the economic risk. As mentioned previously, the literature has
mainly accounted for the economic uncertainty by incorporating short-term profit gains into the
objective function. To indirectly account for the economic uncertainty, Chen et al. [31] and Liu and
Reynolds [97, 98] use a bi-criterion objective to balance the short-term versus long-term net present
value of a water-flooding problem. Fonseca et al. [70] proposed a hierarchical switching scheme for
multi-objective production optimization to include short-term targets in life-cycle optimization.
Siraj et al. [134] suggest a conditional value at risk objective to mitigate the economic risk over an
ensemble of oil prices. Christiansen et al. [40] suggest a time-explicit method for joint economical
and geological risk mitigation, which essentially seeks to maximize the area under the net present
value curve. Christiansen et al. [41] proposed a least squares method for efficient short-term versus
long-term optimization, by directly computing a desirable point on the associated Pareto front.
Christiansen et al. [42] extend the least squares method to ensemble-based production optimization
under geological uncertainty.

In Part II of this thesis, we present the least squares method for optimization under geologi-
cal uncertainty in more detail.

Closed-loop reservoir management. Closed-loop reservoir management (CLRM) has been sug-
gested as a method for maximizing the economic value of an oil field by a combination of continuous
optimization and model updating by a number of authors [14, 17, 27, 35, 73, 84, 101, 129, 141, 150].
Closed-loop reservoir management is an example of a nonlinear model predictive control (NMPC)
algorithm, where closed-loop feedback control strategies are computed using the moving horizon
principle. The concept is as follows: Use available new information, i.e. production data etc.,
to update the reservoir model ensemble, compute an open-loop control strategy that maximizes
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Fig. 1.4: Closed-loop reservoir management illustration [20]. As new measurements from the reservoir
production become available, the ensemble of reservoir models are updated (red loop). Based on the
updated model ensemble, a new long-term open-loop operating strategy is computed (blue loop). The first
part of the operating strategy is implemented in the real reservoir. New measurements are collected and
the process is repeated. In this thesis, we focus exclusively on the optimization part of closed-loop reservoir
management, as indicated by the blue colored frame.

long-term reservoir performance, implement the first part of this control strategy in the physical
reservoir, collect new measurements from the reservoir and repeat the process. Fig. 1.4 illustrates
the concept of closed-loop reservoir management. A key difference between traditional NMPC
process control applications and closed-loop reservoir management is the size of the dynamic process
model, i.e. reservoir simulation model. As mentioned earlier, the reservoir simulation models are
of magnitude 105 − 106 grid cells. For this reason, automated history matching workflows based
on state and parameter estimation techniques, e.g. ensemble Kalman filtering (EnKF) [63], are
required for the data assimilation process to reduce turnover time. Hou et al. [81] provide an
extensive review of closed-loop reservoir management.

In this thesis, we consider only the open-loop optimization part of the closed-loop reservoir
management workflow, i.e. state and parameter estimation and feedback are not considered.

Optimization methods. For solving the dynamic optimization problem, both global optimiza-
tion methods and nonlinear programming (NLP) methods have been proposed in the literature.
Global optimization methods, e.g. simulated annealing, genetic algorithm, particle swarm optimiza-
tion, seek to find a global optimum, hence the name. Although nonlinear programming methods
can only guarantee to find a local optimum, they are in general more attractive due to the huge
computational impact of global optimization methods. Nonlinear programming methods are divided
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between derivative free methods and gradient-based methods. Lorentzen et al. [100], Ciaurri et
al. [45], and Asadollahi et al. [5] consider derivative free methods in oil production optimization,
where the reservoir simulator is treated as a "black-box model".

If gradient information is available, gradient-based methods are preferable as they are more
efficient than derivative free methods [45, 81], i.e. in general, fewer iterations are needed before
convergence to a local optimal solution is obtained. Although theoretically possible, numerical
finite difference gradient computations are not a feasible solution, since this will require one extra
forward simulation for each control parameter. Chen et al [36], Fonseca et al. [69], and Fonseca et
al. [71] propose methods to approximate gradients using an ensemble approach. These methods
have the distinct advantage that they are non-intrusive, i.e. no access to simulator source code is
needed, and hence independent of the reservoir simulator.

However, the most efficient optimization methods are gradient-based, where the gradient is
computed using the adjoint method [71, 82]. For this reason, much work in the field of oil production
optimization is based on adjoint gradient-based methods. A non-comprehensive list of authors that
have worked with adjoint gradient-based methods is [8, 19, 24, 51, 83, 122, 128, 132, 134, 142, 145,
149]. Gradient computation using the adjoint method is independent of the number of manipulated
variables and requires only one additional backward simulation run (adjoint simulation). Use of
adjoint gradients do however require the reservoir simulator to have adjoint capability, which often
is not the case when using commercial reservoir simulators. Jansen [82] provides an excellent review
of adjoint gradient-based methods for oil production optimization.

A number of different gradient-based optimization algorithms, such as steepest descent and
conjugate gradient methods, sequential quadratic programming methods, and interior-point meth-
ods, have been applied to solve production optimization problems. Asadollahi and Nævndal [4]
compare steepest descent and conjugate gradient algorithms in a water-flooding optimization
study of the Brugge testcase [116]. The result showed that for this case, the conjugate gradi-
ent method performed slightly better when the initial guess was far from the optimal solution.
Dehdari et al. [52] compare steepest descent, sequential quadratic programming, and interior-
point algorithms in a water-flooding case study, using approximate gradients. They found that the
interior-point method provided an attractive trade-of between high profit and computational impact.

In this thesis, the focus is on adjoint gradient-based optimization methods utilizing sequential
programming and interior-point algorithms.

Constraint handling. Petroleum production is by nature always exposed to several physical,
practical and economic constraints. Examples of naturally occurring constraints are maximum
pressures in injection wells to prevent damaging the subsurface rock formation, maximum pro-
duction rates due to limiting topside infrastructure capability, and maximum water cut in a well.
Incorporating these constraints in the framework of an optimization procedure is in many cases a
serious challenge. Handling constraints imposed directly on the well controls is relatively simple,
e.g. maximum water injection rate in a well under water rate control. However, if the constraints
are nonlinear output constraints, e.g. maximum production gas rate in a well under bottom-hole
pressure control, it is no longer a simple matter. In gradient-based optimization methods, a
formal treatment of nonlinear output constraints requires an additional adjoint simulation for
each constraint, which often renders the problem computationally intractable. For industrial-scale
reservoir models with simulation run times measured in hours, this is especially the case. To
remedy this problem, a number of methods to incorporate nonlinear constraints in the optimization
procedure have been proposed in the literature. Chen et al. [31] and Liu and Reynolds [96] proposed
an augmented Lagrangian method [55, 56, 110] for handling nonlinear output constraints in a
well-control optimization problem. de Montleau et al. [51] and Kraaijevanger et al. [88] proposed a
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general reduced gradient (GRG) method to handle nonlinear output constraints. Suwartadi et al.
[136, 137] suggest using a Lagrangian barrier method. Sarma et al. [126], Kourounis et al. [87], and
Leeuwenburgh et al. [91] proposed methods based on lumping of nonlinear constraints. Codas et al.
[47] propose to solve the optimal control problem using a multiple-shooting method, which incor-
porates nonlinear output constraints as simple bound constraints on each shooting interval boundary.

In this thesis, we present a method for incorporating nonlinear output constraints on production
rates by a soft constrained penalty method [78]. The nonlinear output constraint gradient is
derived by applying a simplifying assumption on the fluid flow. The method reduces the number of
additional adjoint simulations to one per constraint type, e.g. maximum field gas rate, max well
water rate, etc.

Towards operational application. A large part of published studies on production opti-
mization methods is limited to water-flooding optimization of two-phase flow in synthetic reser-
voir models, where simulations are conducted using various open-source, research purpose, or
in-house reservoir simulators [72]. Examples of authors that have conducted such studies are
[3, 6, 8, 17, 25, 28, 31, 40, 45, 85, 88, 97, 109, 125, 148]. Use of such models and simulators have
and will continue to play an important role in the pursuit of efficient and robust methodologies
for operational optimization of oil fields. Although the use of open-source simulators provide the
flexibility and the ability to quickly test novel approaches and conceptual methods, the use of
multi-phase flow models and commercial simulators are needed for deployment in an operational
environment. There is of course exceptions to these observations. Lorentzen et al [101], and Chen
and Oliver [33] use the Eclipse1 E100 reservoir simulator and Chen et al. [32], and Asadollahi and
Nævndal [4] use the Eclipse E300 reservoir simulator, in a closed-loop water-flooding study of the
synthetic Brugge benchmark field [116]. de Montleau et al. [51] apply adjoint gradient-based meth-
ods to water-flooding optimization using the Eclipse 300 simulator, and Oliveira and Reynolds [112]
use the Eclipse E300 simulator to apply adjoint gradient-based methods to a real-field optimization
study. Brouwer et al. [18] use the CMG2 IMEX reservoir simulator in a smart well water-flooding
optimization study. Fonseca et al. [70] apply ensemble optimization (EnOpt) of smart wells using
the Eclipse E100 simulator and Fonseca et al. [71] apply a modified EnOpt method (StoSAG) to a
water alternating gas (WAG) flooding scenario, using the CMG GEM reservoir simulator.

To bring the production optimization methodologies and workflows to a level where the oil industry
is more inclined to adopt the methods, there is still further work to be done. We wish to highlight
three key elements that we believe are essential for bringing the technology forward.

1. It must be demonstrated that the optimization workflow is applicable to high-resolution
industrial-scale reservoir models of black-oil and compositional type.

2. It must be demonstrated that the procedure leads to improved operation in terms of profit
and risk mitigation for real oil fields.

3. It must be demonstrated that the workflow is computationally feasible in terms of computation
time and data requirement needed to have useful prediction models.

In this thesis, we will address these three key elements by presenting a workflow that combines
the robustness, power and adjoint capability of well-established commercial and open-source
simulators with ensemble-based optimization methods and state-of-the-art gradient-based numerical
optimization algorithms. From an industrial perspective, it is particularly important that this

1Schlumberger, Eclipse E100, E300 https://www.slb.com
2Computer Modelling Group LTD., IMEX, GEM https://www.cmgl.ca
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1.2. Main objectives and contributions

software integration enable routine use of existing reservoir models in ensemble-based optimization
strategies.

1.2 Main objectives and contributions

The overall purpose of this Ph.D. project is to develop a framework that enables application of
optimal control theory for operational optimization of industrial-scale reservoir models. Much
research in the subject of oil production optimization and closed-loop reservoir management has
been carried out over the past decades. We believe that the technological level of many of the
proposed optimization methods and workflows is at a stage ready for industrial uptake. However,
the oil industry is still somewhat hesitant to implement these methods in the reservoir management
workflow. There is a multitude of reasons for this, e.g. unfamiliarity and unawareness of the
technology, a general risk averse mindset towards new technology, a fear that automation will
replace the human factor, etc. It is outside the scope of this thesis to provide a detailed discussion
of these reasons. However, in the previous section we highlighted three key elements, we believe
must be addressed to move the technology closer to industrial implementation.

In this work, we combine both novel and existing methods and optimization strategies for oil
production optimization with well-established reservoir simulation software and state-of-the-art
gradient-based optimization software. We consider application of ensemble-based optimal control
strategies for production optimization under uncertainty to black-oil and compositional reservoir
models, produced under different recovery scenarios, such as depletion, water-flooding and gas
injection. The methods cover a number of reservoir production performance measures aimed at
increasing profits and reducing risk. We test model reduction methods designed to speed-up simula-
tions, thereby enabling application of production optimization to industrial-scale reservoir models.
The focus of this work is solely on the optimization part of a closed-loop reservoir management
methodology. However, the developed methods and workflows are easy to incorporate into the
framework of closed-loop reservoir management.

1.2.1 Contributions

Handling of nonlinear output constraints. Oil production is in practice subject to nonlinear
output constraints. Incorporation of this type of constraint in the optimization procedure is a
serious challenge that must be addressed. A number of methods for the treatment of nonlinear
output constraints have been proposed in the literature. We propose the use of a soft constraint
penalty method, where the gradients of the nonlinear constraints are approximated by a simplifying
assumption on the fluid flow. The method reduces the number of additional adjoint simulations to
one per constrained quantity for all time steps. We demonstrate the method in an optimization
case study of a real reservoir located in the Danish North Sea, where the gas production rate is
constrained.

Semi-automated model reduction procedure. The computational load imposed by the dy-
namic simulation of the reservoir model often inhibits application of production optimization
procedures directly on high-resolution industrial-scale reservoir models. We have developed a
semi-automated model reduction procedure that builds sufficiently accurate models for optimiza-
tion purposes and significantly reduces the turn-over time of a typical upscaling workflow. We
demonstrate the model reduction procedure in a hierarchical multigrid optimization case study of a
synthetic black-oil reservoir model.
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1. Introduction

Hierarchical multigrid optimization method. We present a hierarchical multigrid optimiza-
tion method that enables application of oil production optimization methods to industrial-scale
reservoir models. The optimization procedure utilizes a hierarchy of increasingly coarse level models,
based on a high-resolution model. The hierarchy of coarse models is built by application of a
semi-automated model reduction procedure. We demonstrate the workflow of the optimization
method through a case study.

Oil production optimization software. We have designed and developed a software tool for
oil production optimization (RESOPT). The software combines the simulation power of well-
established reservoir simulators with adjoint gradient capabilities and state-of-the-art software
for gradient-based optimization. This combination provides a computationally practical gradient-
based optimization tool for production optimization of industrial-scale oil reservoir models. The
optimization tool extends current state-of-the-art by providing access to a number of deterministic
and ensemble-based optimization methods. The software integration enables routine use of existing
industrial reservoir models in ensemble-based optimization strategies. Consequently, the software
constitutes a powerful tool to assist and guide decision making in the real-life reservoir management
process. The optimization software tool manages all optimization case studies presented in this
thesis.

1.3 Outline of the thesis

The main purpose of this thesis is to provide a summarizing overview of the work carried out
in this Ph.D. project, as well as to provide perspective, discuss related challenges and provide
recommendations for further work.

The thesis is divided into five main parts:
• Part I Flow Models (Chapter 2). In this chapter, we describe the system of nonlinear
partial differential equations that governs isothermal multi-phase flow in porous media. In
particular, we describe 1) the general model for multi-phase flow in porous media, 2) the
three-phase compositional flow model, 3) the black-oil flow model, 4) briefly, discretization of
the nonlinear system of equations by the finite volume method.

• Part II Oil Production Optimization (Chapter 3-5). In Part II, we consider different
aspects of oil production optimization. In Chapter 3, we consider the oil production optimiza-
tion problem. In Section 3.1.1, we 1) formulate the constrained dynamic optimization problem,
2) state the net present value objective function, 3) describe the single-shooting method for
transcribing the dynamic optimization problem into a finite dimensional optimal control
problem, 4) discuss handling of linear input constraints and nonlinear output constraints. In
Section 3.2, we 1) briefly discuss methods for optimization under economic uncertainty, 2)
consider ensemble-based methods for production optimization under geological uncertainty,
3) discuss various optimization strategies for financial risk mitigation under geological uncer-
tainty. In Chapter 4, we present 1) a model reduction method consisting of a grid coarsening
part and a property upscaling part, 2) a hierarchical multigrid optimization method for
production optimization of high-resolution reservoir models, based on a hierarchy of coarse
models. In Chapter 5, we present a software tool for oil production optimization, RESOPT,
which combines the robustness, simulation power and gradient capability of well-established
reservoir simulators and state-of-the-art gradient-based optimization algorithms.

• Part III Numerical Examples (Chapter 6). In Part III we present numerical examples of
oil production optimization case studies, based on the flow models discussed in Part I and the
optimization strategies discussed in Part II. The examples comprise operational optimization

12



1.3. Outline of the thesis

of black-oil and compositional reservoir models produced under depletion, water-flooding and
gas-injection conditions, utilizing deterministic and ensemble-based optimization strategies,
including handling of nonlinear output constraints. Furthermore, we present an example that
demonstrates the workflow of the hierarchical multigrid optimization method introduced in
Part II Chapter 4.

• Part IV Conclusions (Chapter 7). In Part IV, we provide conclusions on the work
presented in this thesis, as well as recommendations for future work.

• Part V Appendix (Appendix A-J). Appendix A-G contains seven research papers writ-
ten as part of this Ph.D. project. Appendix H contains an introduction to the RESOPT
optimization software tool described in Part II Chapter 5. Appendix I contains an overview
of parameters used by the RESOPT optimization software tool described in Part II Chapter
5. Appendix J contains gradient expressions for the objective functions described in Part II
Section 3.2.3.

13





Part I

Flow Models
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Chapter 2
Models for multi-phase flow in porous media

In this chapter, we describe the system of nonlinear partial differential equations that governs the
multi-phase flow in porous media.

As mentioned previously, a typical reservoir fluid mixture consists of water and multiple hy-
drocarbon components, as well as other non-hydrocarbon components like nitrogen, carbon dioxide,
hydrogen sulfide etc. A reservoir fluid can contain literally thousands of hydrocarbon components. A
complete fluid mixture characterization and identification of all fluid components is neither possible
nor necessary for simulation purposes. By laboratory analysis, identification of fluid components
up to carbon number C20-C30 are possible. The residual is referred to as the plus mole or mass
fraction Cn+. It is common practice to reduce the number of components used to describe the fluid
by applying splitting and lumping procedures, where the components are lumped together into a
smaller number of pseudo components. The fluid mixture can exist in different phases depending
on the conditions in the reservoir, e.g. pressure, volume and temperature. The aim of the lumping
procedure is to reduce the number of components in the model without losing the predictive power of
the equation of state used to model the phase behavior. For a more elaborate discussion of reservoir
fluid composition, splitting and lumping procedures, we refer to the books by Ahmed [1] and Riazi
[119]. It is common to classify petroleum reservoirs according to the composition of the reservoir
fluid mixture. There exists no formal definition of reservoir fluid classification, but there are some
general guidelines. In the order of increasing molecular weight, petroleum reservoirs are classified
as: dry gas, wet gas, gas condensate, volatile oil, black-oil, and heavy oil [130]. Fig. 2.1 depicts
PT-phase diagrams and a classification for typical multi-component reservoir fluids. Depending on
the reservoir classification and the recovery method by which hydrocarbons are produced, different
simplifying assumptions on the fluid flow dynamics can be justifiable. The simplifying assumptions
results in a number of different flow models, e.g. thermal and isothermal models, models including
mechanical effects, compositional multi-phase models, black-oil models, and two-phase flow models.
For a thorough and detailed description of the many different models that have been developed
and applied in both research and industry, we refer the reader to the book by Chen et al. [38].
Thermal models are most often used for heavy oil type reservoirs where the oil is recovered by
thermal methods, e.g. steam injection and in-situ combustion. Black-oil models can simulate both
volatile oil and black-oil type fluids and can be extended to incorporate thermal effects and various
enhanced recovery methods, e.g. polymer flooding. Compositional flow models are used for more
detailed studies, where the complicated phase and flow behavior plays an important role in the
recovery process, e.g. solvent injection, miscible or near miscible displacement, and CO2 injection.
The correct choice of model for a specific reservoir depends on the type of reservoir, the goal of
the simulation study, and the computational resources available. Guidelines regarding the choice
of an appropriate model for simulation studies are found throughout the literature [64, 66, 105].
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2. Models for multi-phase flow in porous media

Fig. 2.1: PT-phase diagrams for typical multi-component reservoir fluids [151]. The depletion pressure
path for an isothermal reservoir is indicated by the dashed line. In reality, the depletion path will end at
separator conditions, i.e. undergo change in temperature. For oil reservoirs the critical point is located to
the right of the depletion path and for gas reservoirs the critical point is located to the left.

A discussion of the use of black-oil and compositional models can be found in the Development
Geology Reference Manual [105]. The book on applied reservoir simulation by Fanchi [64] provide
guidelines for simulation model selection, and Fevang et al. [66] propose guidelines for choosing be-
tween black-oil and compositional models for simulation of volatile oil and gas condensate reservoirs.

In this chapter, we first present a general multi-component model for multi-phase flow in porous
media under isothermal conditions. Then we describe the two models most widely used for reservoir
simulation studies in the industry, namely the three phase isothermal compositional model and the
black-oil model.

2.1 General model for multi-phase flow in porous media

In this section, we describe the general multi-phase compositional model for flow in porous media
under isothermal conditions.

In theory, a compositional model can handle any finite number of fluid components, all of which
may exist in in any or all of the associated phases. However, in practice, the number of components
rarely exceeds ten to fifteen, and the number of phases are typically not higher than three.

We consider isothermal multi-phase flow of Nc components in a porous medium, Ω, and ne-
glect diffusion and dispersion effects. We assume that all components are in chemical reaction
equilibrium, i.e. no chemical reactions occur. Fig. 2.2 illustrates a single grid cell of a discretized
reservoir model, containing a water phase, an oil phase, and a gas phase. Throughout this thesis,
we denote fluid components, i = 1, . . . , Nc, by a subscript and fluid phases, α = 1, . . . , Np, by a
superscript. Furthermore, we add a subscript s for a component at surface conditions. Table 2.1
lists the units of the physical quantities that describes the reservoir flow model.
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2.1. General model for multi-phase flow in porous media

Table 2.1: Units of physical quantities.

Symbol Description Dimension SI

φ porosity of the reservoir rock
[
Vpore
Vtotal

]
-

Sα phase saturation
[
V α

Vpore

]
-

ρα phase density
[
Mα

V α

] [ kg
m3

]
cαi component mass fraction in phase α

[
Mα
i

Mα

]
-

µα phase viscosity
[
Mα

lt

] [ kg
m s

]
, [Pa · s]

K absolute permeability tensor
[
l2
] [

m2
]
, [mD]

Pα phase pressure
[
Mα

lt2

] [ kg
m s2

]
, [Pa]

g gravitational acceleration
[
l

t2

] [m
s2

]
z depth [l] [m]

qαk phase volumetric flowrate for the k’th well
[
V α

t

] [
m3

s

]
Qαk phase source/sink term for the k’th well

[
Mα

l3t

] [ kg
m3s

]
δ Dirac’s delta function

[ 1
l3

] [ 1
m3

]
uα Darcy phase velocity

[
l

t

] [m
s

]
Ci component mass concentration

[
Mi

Vtotal

] [ kg
m3

]
Ni component mass flux

[
Mi

l2t

] [ kg
m2s

]
Qi component source/sink term

[
Mi

l3t

] [ kg
m3s

]

Fig. 2.2: Conceptual illustration of a reservoir model grid cell containing three fluid phases, α = (w, o, g).
The pore space is occupied by the fluid phases, Vpore = V w + V o + V g. There is mass exchange between
the oil and gas phase.

2.1.1 Mass conservation equations

The mass conservation equations describe the temporal evolution of the mass concentration of the
i′th component, Ci

[
Mi

Vtotal

]
. The equations can be equally formulated using the molar concentration.

In the following, we use mass concentration in the formulation. For component i, the mass
conservation equation is

∂

∂t
Ci = −∇ ·Ni +Qi, i = 1, . . . , Nc, (2.1)

where Ni

[
Mi

l2t

]
is the mass flux and Qi

[
Mi

l3t

]
is a source/sink term describing the well flow.
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2. Models for multi-phase flow in porous media

Concentrations. For the i′th component the concentrations, Ci, is expressed as

Ci = φ

Np∑
α=1

(ραSαcαi ) , i = 1, . . . , Nc, (2.2)

where φ is the porosity of the porous media, ρα is the mass density of phase α, Sα is the saturation
of phase α, and cαi is the mass fraction of component i in phase α.

Mass flux. For the i′th component, the mass flux, Ni, is expressed as the sum of phase fluxes

Ni =
Np∑
α=1

(ραuαcαi ) , i = 1, . . . , Nc, (2.3)

where uα is the Darcy velocity of phase α. The Darcy velocity of phase α is given by

uα = −k
α
r

µα
K (∇Pα − ραg∇z) , (2.4)

where K is the absolute permeability tensor, kαr is the relative permeability of phase α, µα is the
viscosity of phase α, Pα is the pressure of phase α, g is the gravitational acceleration, and z is the
depth.

Source/sink terms. In reservoir simulation, the source/sink terms are the wells. A well is
defined as either an injector or a producer. For an injection well, the injected fluid is typically water
or gas. However, other injection fluid mixtures can also be utilized when working with enhanced
oil recovery, e.g. steam injection, polymers and surfactants etc. The produced reservoir fluid can
be any combination of components and phases existing in the reservoir.

Let I,P be the sets of injector wells and producer wells, respectively. Then the source/sink
term of component i is

Qi =
Np∑
α=1

∑
k∈{I,P}

cαi Q
α
k , i = 1, . . . , Nc. (2.5)

For the k′th well, the source/sink term of phase α is

Qαk = ραqαk δ(x− x(k)), k ∈ {I,P} , α = 1, . . . , Np, (2.6)

where δ is the Dirac delta function, x(k) is the coordinates of the k′th well, and qαk is the volumetric
phase flowrate. In reservoir simulation, the volumetric flowrate is expressed using the Peaceman
wellindex [115]. This formulation of the flowrate is widespread in reservoir simulation software.
However, other methods for coupling near-wellflow simulations to reservoir simulations are subject
for research, see [53, 99, 138]. The volumetric flowrate expressed by the Peaceman wellindex is

qαk = kαr
µα

WI (Pbhp − Pα) , k ∈ {I,P} , α = 1, . . . , Np, (2.7)

where Pbhp is the reference pressure for the well and WI is the Peaceman wellindex [115].

2.1.2 Constraints

The pore space of the source rock, Vpore = Vtotal − Vrock, is totally occupied by the reservoir fluid,
(see Fig. 2.2). Hence, the sum of the phase volumes must equal the pore volume,

Vpore =
Np∑
α=1

V α. (2.8)
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2.1. General model for multi-phase flow in porous media

It is however, customary to write this volume constraint in terms of phase saturations, Sα. The
phase volumes and phase saturations are related through the pore volume

V α = SαVpore, α = 1, . . . , Np. (2.9)

By inserting this expression, the volume constraint (2.8) becomes
Np∑
α=1

Sα = 1. (2.10)

By definition, the sum of the mass fraction of a phase α, must also sum to one,
Nc∑
i=1

cαi = 1, α = 1, . . . , Np. (2.11)

The phase pressures are related through the capillary pressure, Pαc , and an arbitrary reference
phase pressure, Pαref . The capillary pressure relations are given by

Pαc = Pα − Pαref , α ∈ {1, . . . , Np} \ αref. (2.12)

Because of the relatively low flow velocities of reservoir fluids, it is reasonable to assume instant
thermodynamical equilibrium between fluid phases. The second law of thermodynamics expresses
the condition of stable thermodynamic equilibrium, i.e. the entropy of a closed system is maximal.
The thermodynamical equilibrium condition can be solved by a number of different flash problems,
characterized by the specified variables, e.g. PT-flash, VT-flash, and UV-flash. The solutions
to flash problems are naturally expressed as minimization problems, [103, 104]. For isothermal
reservoir simulation, the natural choice would be to apply the VT-flash, since both the volume and
the temperature are specified [121, 122]. However, in reservoir simulation it is common to apply
the PT-flash, which is equivalent to minimizing the Gibbs energy of the system. This approach
leads to the fugacity constraints, which states that for all components, i, the fugacities, fαi of all
phases are equal. The fugacity constraints are written as

fαi = fα+1
i , α = 1, . . . , Np − 1, i = 1, . . . , Nc. (2.13)

2.1.3 Rock and fluid properties

The phase densities, ρα, and the phase viscosities, µα, are functions of the phase pressure, Pα, and
the component mass fractions in the phase, {cαi }Nci=1. For phase α, the expressions are

ρα = ρα
(
Pα, {cαi }Nci=1

)
, (2.14a)

µα = µα
(
Pα, {cαi }Nci=1

)
. (2.14b)

The capillary pressures, Pαc , and the relative permeabilities, kαr , are functions of the phase saturations

Pαc = Pαc

(
{Sα}Npi=1

)
, (2.15)

kαr = kαr

(
{Sα}Npi=1

)
. (2.16)

The absolute permeability tensor, K, is in general a full 3× 3 matrix. However, due to the layered
structure of a typical subsurface rock formation, it can be approximated to high precision as a
diagonal matrix.

K =

kx 0 0
0 ky 0
0 0 kz

 . (2.17)
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2. Models for multi-phase flow in porous media

For a compressible rock, the porosity, φ, is a function of the reference phase pressure

φ = φ(Pαref). (2.18)

For a more detailed treatment of the rock and fluid properties for reservoir simulation purposes, we
refer the interested reader to the book by Chen et al. [38].

2.2 Three-phase compositional flow model

However, for most practical simulation studies, the number of pseudo components rarely exceeds ten
to fifteen and the number of phases are limited to three. The most frequently used compositional
models are three-phase models consisting of the water, oil and gas phases only, α ∈ {w, o, g}. The
flow consists of a water component and Nc hydrocarbon components. As opposed to the general
compositional model, we assume that the water component exists only in the water phase and that
there is no mass-interchange between the water phase and the hydrocarbon phases. We assume
that the Nc hydrocarbon components can exist in both the oil and in the gas phase, i.e. there is
mass transfer of components between phases. As in the general compositional model, we assume
that the phases reaches an instant thermodynamical equilibrium state.

2.2.1 Mass conservation equations

Applying the three-phase compositional flow assumptions in equation (2.1), yields the conservation
equations for the water component and the i′th hydrocarbon component

∂

∂t
Cw = −∇ ·Nw +Qw, (2.19a)

∂

∂t
Ci = −∇ ·Ni +Qi, i = 1, . . . , Nc. (2.19b)

Cw, Nw, and Qw are the mass concentration, the mass flux and the source/sink term of the water
component, respectively, Ci, Ni, and Qi are the concentrations, the mass fluxes and the source/sink
term of the i′th component, respectively.

Concentrations. The assumption that the water component exists only in the water phase,
implies that the mass fraction of water is equal to one, cww = 1. Hence, by applying the assumption
to equation (2.2), the concentrations of the water component and the i′th component becomes

Cw = φρwSw, (2.20a)
Ci = φ (ρoSocoi + ρgSgcgi ) , i = 1, . . . , Nc. (2.20b)

Mass fluxes. Applying the three-phase compositional flow assumptions to equation (2.3), yields
the mass fluxes of the water component and the i′th component

Nw = ρwuw, (2.21a)
Ni = ρouocoi + ρgugcgi , i = 1, . . . , Nc. (2.21b)

The Darcy velocity, uα, is given by equation (2.4).

Source/sink terms. Similarly from equation (2.5), the source/sink terms for the water compo-
nent and the i′th component are

Qw =
∑

k∈{I,P}

Qk, (2.22a)

Qi =
∑

k∈{I,P}

(coiQok + cgiQ
g
k) . (2.22b)
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2.3. Black-oil flow model

The flow rate of phase α, in the k′th well is given in equation (2.6).

2.3 Black-oil flow model

As briefly discussed in the introduction to this chapter, oil reservoirs are classified according to
their fluid PVT properties. Reservoirs classified as black-oil reservoirs or volatile reservoirs are very
common throughout the world. For this reason, numerical models that can effectively simulate the
flow behavior of these types of reservoirs are of great importance to the industry. The black-oil
model is an example of a fluid flow model that can handle both types of reservoirs in an effective
and robust manner, and it is by far the most applied model for model for prediction purposes.
Although a compositional model is more suited to handle compositional effects of reservoir flow,
the black-oil model provides an attractive trade-off between accuracy and computational speed for
these types of reservoirs. In this section, we discuss the assumptions of the classic black-oil model
and present the model equations.

2.3.1 Black-oil model assumptions and mass conservation equations

The black-oil model for live oil and dry gas is derived from the general model for multi-phase flow
presented in Section 2.1, by applying the following simplifying assumptions about the fluid:

• The fluid mixture consist of three components, water, (W ), oil, (O) and gas, (G).

• The fluid mixture has three phases, a water phase, (w), an oil phase, (o), and a gas phase,
(g).

• The water component, (W ), and the oil component, (O), exist only in their corresponding
phases, (w), and (o).

• The gas component, (G), exists both in the gas phase, (g), and in the oil phase, (o), depending
on the component PVT properties and the reservoir conditions.

By applying the assumptions and the notation above, we write the mass conservation equations for
the black-oil model as

∂

∂t
CW = −∇ ·NW +QW , (2.23a)

∂

∂t
CO = −∇ ·NO +QO, (2.23b)

∂

∂t
CG = −∇ ·NG +QG. (2.23c)

The exact expressions for the concentrations, the fluxes and the source/sink terms are derived
by first directly applying the assumptions to the component masses, Mi, i ∈ {W,O,G}, in phase
α ∈ {w, o, g}, and the mass fractions, cαi , i ∈ {W,O,G}, in the general compositional model. The
component masses becomes

Mw
W = MW , Mo

W = 0, Mg
W = 0, (2.24a)

Mw
O = 0, Mo

O = MO, Mg
O = 0, (2.24b)

Mw
G = 0, Mo

G ≥ 0, Mg
G ≥ 0. (2.24c)
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2. Models for multi-phase flow in porous media

Hence, the mass fractions becomes

cwW = 1, coW = 0, cgW = 0, (2.25a)

cwO = 0, coO = MO

MO +Mo
G

, cgO = 0, (2.25b)

cwG = 0, coG = Mo
G

MO +Mo
G

, cgG = 1. (2.25c)

The black-oil model is derived by directly inserting the mass fractions into the expressions for the
concentrations (2.2), the mass fluxes (2.3), and the well terms (2.5).

Concentrations. The concentrations for the water, oil and gas components are

CW = φρwSw, (2.26a)
CO = φρoSocoO, (2.26b)
CG = φ (ρoSocoG + ρgSg) . (2.26c)

Mass fluxes. The mass fluxes for the water, oil and gas components are

NW = ρwuw, (2.27a)
NO = ρouocoO, (2.27b)
NG = ρouocoG + ρgug. (2.27c)

Source/sink terms. The well flow rates for the water, oil and gas components are

QW =
∑

k∈{I,P}

Qwk , (2.28a)

QO =
∑

k∈{I,P}

coOQ
o
k, (2.28b)

QG =
∑

k∈{I,P}

(coGQok +Qgk) . (2.28c)

2.3.2 Black-oil model in standard volume form

The black-oil model is traditionally expressed in standard volume form, where the phase densities
are related to the formation volume factors, Bw, Bo, Bg, and the gas-oil solubility, Rs. The mass
balance equations can be derived by considering the mass conservation from reservoir conditions to
standard (surface) conditions. In the following, we denote the dissolved gas by a subscript d, and
free gas by a subscript f.

MW = ρwV w = ρWsVWs, (2.29a)
MO = coOρ

oV o = ρOsVOs, (2.29b)
Mo
G = coGρ

gV o = ρGsVGs,d, (2.29c)
Mg
G = ρgV g = ρGsVGs,f. (2.29d)
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2.4. Discretization

From these relations, (2.29) and the definition of the formation volume factors, we get the expressions
for the formation volume factors, Bw, Bo, Bg, and the standard volume of the free gas, VGs,d.

Bw = V w

VWs
= ρWs

ρw
, (2.30a)

Bo = V w

VOs
= ρOs
coOρ

o
, (2.30b)

Bg = V g

VGs,f
= ρGs

ρg
, (2.30c)

VGs,d = coGρ
oV o

ρGs
. (2.30d)

From the definition of the gas-oil solubility and the equations (2.30b, 2.30d), we get the expression
for Rs.

Rs = VGs,d
VOs

= coG
coO

ρOs
ρGs

. (2.31)

This yields the expressions for the mass fractions for the oil component in the oil phase, (2.25b)
and for the gas component in the oil phase, (2.25c)

coO = ρOs
ρoBo

, (2.32a)

coG = RsρGs
ρoBo

. (2.32b)

By inserting the expressions for the mass fractions into the mass conservation equations for the
black-oil model, (2.23), the source/sink equations, (2.28), and the assumption that the surface
densities are constant, we arrive at the black-oil model in standard volume form

∂

∂t

(
φSw

Bw

)
= −∇ ·

(
uw
Bw

)
+ Q̃W , (2.33a)

∂

∂t

(
φSo

Bo

)
= −∇ ·

(
uo
Bo

)
+ Q̃O, (2.33b)

∂

∂t

(
φ

(
RsS

o

Bo
+ Sg
Bg

))
= −∇ ·

(
Rsuo
Bo

+ ug
Bg

)
+ Q̃G. (2.33c)

The source/sink terms, Q̃β , β ∈ {W,O,G}, are given by

Q̃W =
∑

k∈{I,P}

qwk
Bw

δ(x− x(k)), (2.34a)

Q̃O =
∑

k∈{I,P}

qok
Bo

δ(x− x(k)), (2.34b)

Q̃G =
∑

k∈{I,P}

(
Rsq

o
k

Bo
δ(x− x(k)) + qgk

Bg
δ(x− x(k))

)
. (2.34c)

2.4 Discretization

To compute numerical solutions of the multi-phase flow models, the model equations must be
spatially discretized on a finite grid. A variety of well-known methods for computing spatial
discretization’s of partial differential equations exist. Finite element methods, finite difference
methods, and finite volume methods are most commonly used. The finite volume method is the
most widespread method used for reservoir simulation purposes. In this section, we describe the
finite volume method for spatial discretization of the partial differential equations governing the
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2. Models for multi-phase flow in porous media

flow dynamics for subsurface flow in porous media. We follow the description in [122]. As implied
by the name, the finite volume method maintain local conservation of mass, energy and momentum.
The finite volume method represents the spatial domain by a number of small control volumes
(cells) to form a grid that occupies the entire physical domain. In general, the grid is constructed to
fit the geological features of the subsurface rock e.g. rock formation layering, faults, etc. Although
the grid in general is allowed to be fully unstructured, we limit ourselves here to consider logically
indexed grids only (Cartesian and corner-point grids). The black-oil model and the compositional
model for multi-phase flow in porous media discussed in this chapter are on the form

∂

∂t
C = −∇ ·N +Q, (2.35)

where C is the concentrations, N is the flux term, and Q is the source/sink term.

We represent the physical reservoir domain, Ω, by a set of grid cells, {Ωi}i∈Nc , where Nc contains
grid cell indices. The restrictions on the grid type implies that each grid cell face is shared by
exactly two cells. We integrate flow model equation (2.35) over each grid cell, Ωi, i ∈ Nc,

∂

∂t

∫
Ωi
CdV = −

∫
Ωi
∇ ·NdV +

∫
Ωi
QdV, i ∈ Nc. (2.36)

Let ∂Ωi denote the boundary of the cell, Ωi, and n denote the outward unit normal vector. We
recall Gauss divergence theorem and rewrite the flux term of (2.36)∫

Ωi
∇ ·NdV =

∫
∂Ωi

N · ndA, i ∈ Nc. (2.37)

Let N (i) denote the set of cell indices that share a face with the cell Ωi, and γi,j denote the shared
face of the cells, Ωi and Ωj . We rewrite (2.37) using this notation as the sum of integrals over each
face ∫

∂Ωi
N · ndA =

∑
j∈N (i)

∫
γi,j

N · ndA, i ∈ Nc. (2.38)

Let Ai,j denote the area of the face, γi,j , and Vi denote the volume of grid cell, Ωi. We approximate
the integral on the right hand side of equation (2.38), the source/sink term and the concentration
term in (2.36) using quadrature∫

γi,j

N · ndA ≈ (AN · n)i,j , i ∈ Nc, j ∈ N (i)
c , (2.39a)∫

Ωi
QdV ≈ (QV )i , i ∈ Nc, (2.39b)

∂

∂t

∫
Ωi
CdV ≈ (CV )i , i ∈ Nc. (2.39c)

To evaluate the flux at the center of the face, γi,j , in (2.39a), we apply the two-point flux
approximation [92]. This yields

(ANk · n)i,j ≈ −
Np∑
α=1

(
ck,αΓĤα∆Φα

)
i,j
, i ∈ Nc, j ∈ N (i). (2.40a)

Γi,j is the geometric part of the transmissibilities

Γi,j = Ai,j

(
Γ̂−1
i,j + Γ̂−1

j,i

)−1
, i ∈ Nc, j ∈ N (i)

c , (2.41a)

Γ̂i,j =
(

Ki
ci,j − ci
|ci,j − ci|2

)
· ni,j , i ∈ Nc, j ∈ N (i)

c . (2.41b)
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2.5. Summary

The cell center is denoted ci and the face center is denoted ci,j . γ̂i,j is the half transmissibility (or
one-sided transmissibility). Ki is the absolute permeability tensor (2.17). The upwinded fluid part
of the transmissibilities, Ĥα

i,j , and the potential difference, ∆Φαi,j , are expressed by

Ĥα
i,j =

{
(ραkαr /µα)i ∆Φi,j < 0
(ραkαr /µα)j ∆Φi,j ≥ 0 , i ∈ Nc, j ∈ N (i)

c , (2.42a)

∆Φαi,j = (∆P − ραg∆z)i,j , i ∈ Nc, j ∈ N (i)
c . (2.42b)

∆Pi,j = Pj − Pi and ∆zi,j = zj − zi, is the pressure difference and the depth difference be-
tween cell, Ωi and Ωj , respectively. The density at the face center is computed as the average
ρi,j =

(
ραi + ραj

)
/2.

Consequently, this leads to the system of differential equations which models the temporal evolution
of flow in each grid cell, Ωi

∂

∂t
(CkV )i =

∑
j∈N (i)

Np∑
α=1

(
ck,αΓĤα∆Φα

)
i,j

+ (QkV )i , i ∈ Nc. (2.43)

Semi-explicit differential algebraic form. Ritschel and Jørgensen [122], have shown that
the resulting equations, together with the phase equilibrium conditions can be written in the
semi-explicit differential algebraic (DAE) form

G(x(t), y(t), θ) = 0, (2.44a)
ẋ(t) = F (y(t), u(t), θ). (2.44b)

x(t) ∈ Rnx is a vector of state variables, y(t) ∈ Rny is a vector of algebraic variables, u(t) ∈ Rnu
is a vector of manipulated variables, i.e. well rates or bottomhole pressures. The DAE form is
convenient for the application of simulation, state estimation, dynamic optimization and nonlinear
model predictive control (NMPC).

2.5 Summary

In this chapter, we presented a general model for isothermal multi-phase flow in porous media,
consisting of a system of partial differential conservation equations. We considered the set of
algebraic constraint equations, including the phase equilibrium equations that close the system.
Furthermore, we briefly introduced the rock and fluid properties and their function dependencies.
Secondly, we have presented a three-phase isothermal compositional model, commonly used in
the industry for practical purposes. Next, we derived the black-oil model by applying simplifying
assumptions to the general flow model. The black-oil model is still to this day the most widely used
flow model in the industry, due to its desirable trade-off between accuracy and computational speed.
The black-oil model and the three-phase compositional model are the models used to simulate the
subsurface flow dynamics in the numerical examples presented in Chapter 6. Finally, we provided a
brief description of the finite volume discretization method, commonly used for spatial discretization
of the partial differential equations governing the flow dynamics.
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Oil production optimization

29





Chapter 3
Oil production optimization

In the context of this thesis the term, oil production optimization, refers to the process of applying
optimal control to operational optimization of an oil reservoir model, with the aim of maximizing
some performance measure of the reservoir over a given time-horizon, e.g. life-cycle cumulative oil
production or net present value.

As discussed previously, uncertainty plays a significant role in the development and produc-
tion of any hydrocarbon resource. The fluctuating oil and gas prices are highly unpredictable and
obviously plays a key role in the profitability of any oil and gas field. The inherent uncertainty
associated with the petrophysical properties, e.g. porosities, permeabilities, fluid contacts, fluid
density and viscosity, relative phase permeabilities, etc., of a reservoir model is another important
factor when forecasting the performance of an oil reservoir. The different length-scales involved
in reservoir modeling and simulation, spanning from the micro-scale of rock properties such as
porosity and permeability, through the centimeter-scale of well-logging data and the meter-scale of
seismic data, to the 10-100 meter-scale grid-blocks of a simulation model, are another source of
uncertainty and inaccuracy.

As many oil fields are maturing and production is in the second or third stage of recovery,
the upstream oil and gas industry faces declining production rates. To increase recovery and
mitigate risk in the production of maturing fields, the industry is interested in methods that
can increase production with minimum financial investment, low risk and a small environmental
footprint [81, 85, 90, 112]. Oil production optimization as an integrated part of closed-loop reservoir
management has realistic potential to be such a method [17, 20, 72, 144]. As mentioned in the
introduction, the most efficient optimization methods are gradient-based, where the gradients are
computed using the adjoint method [71, 82]. Due to the large-scale nature of industrial reservoir
models, we will focus on the single-shooting method using adjoint gradients, for the solution of the
optimal control problem.

In this chapter, we present and discuss methods and workflows involved in the application of
oil production optimization. First, in Section 3.1, we formulate the optimal control problem
associated with open-loop long-term oil production optimization. Next, in Section 3.2, we consider
oil production optimization under uncertainty, with a focus on ensemble-based methods.

3.1 Optimal control problem

In this section, we present the continuous-time constrained optimal control problem for oil produc-
tion optimization and its transcription to a finite dimensional discrete-time constrained optimal
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3. Oil production optimization

control problem.

We start by stating the continuous-time dynamic constrained optimization problem and the
underlying system of differential algebraic equations that govern multi-phase flow in porous media.
Next, we define the net present value objective function for oil production optimization and the
discrete optimal control problem and its solution by the single shooting method. We then continue
to discuss treatment of operational constraints, including a method for incorporating nonlinear
output constraints in the problem in a way that avoids the need for a new adjoint simulation for
each constraint. The proposed method for handling nonlinear output constraints is presented in
Paper IV [78], listed in Appendix D.

3.1.1 Dynamic optimization problem

Dynamic optimization problems are constrained optimization problems for which the constraints
contains a system of differential equations that describes a dynamic process that must be satisfied.
The dynamic optimization problem computes an open-loop operating strategy of a dynamic process
that maximizes some performance measure over a given time horizon. In the context of oil
production optimization, the dynamic process is the multi-phase flow in prorous media discussed
in Chapter 2 and the performance measure is some financial measure of this process. Here, we
consider the dynamic optimization problem in the form

max
x(t),y(t),u(t)

ϕ =
∫ tf

t0

φ(y(t), u(t), θ)dt, (3.1a)

subject to

x(t0) = x0, (3.1b)
G(x(t), y(t), θ) = 0, t ∈ [t0, tf ], (3.1c)
ẋ(t) = F (y(t), u(t), θ), t ∈ [t0, tf ], (3.1d)
u(t) ∈ U(t), t ∈ [t0, tf ], (3.1e)
c(x(t), y(t), u(t)) ≥ 0, t ∈ [t0, tf ]. (3.1f)

x(t) ∈ Rnx is a vector of state variables, y(t) ∈ Rny is a vector of algebraic variables, u(t) ∈ Rnu
is a vector of manipulated variables (in the context of oil production optimization, the vector of
manipulated variables is also referred to as the operating profile) and θ is a vector of geological
parameters. The objective function, ϕ, in (3.1a) is some performance measure over the time horizon,
[t0, tf ]. Equations (3.1b)-(3.1d) constitute the semi explicit DAE model of the dynamic process,
as discussed in Section 2.4. Equation (3.1e) is the linear input constraints on the manipulated
variables, and equation (3.1f) represents nonlinear output constraints that involve predicted outputs
of the dynamic model. We discuss the treatment of linear constraints and nonlinear constraints in
Section 3.1.4.

Zero-order-hold control parametrization. u(t) is discretized by a zero-order-hold (ZOH)
parametrization defined by

t0 < t1 < . . . < tN = tf , (3.2a)
u(t) = uk, tk ≤ t ≤ tk+1, k ∈ N := {0, . . . , N − 1}, (3.2b)
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Fig. 3.1: Example of zero-order hold parametrization.

where uk is the constant control in the k′th control interval and tN = tf is the final time. By
application of the zero-order-hold discretization method, we write the control vector, u, as

u =


u0

u1

. . .

uN−1

 . (3.3)

Fig. 3.1 shows an illustration of the zero-order-hold parametrization.

Temporal discretization. Temporal discretization of the dynamic system equations, (3.1b, 3.1c, 3.1d),
by the implicit Euler method gives the following system of nonlinear residual equations

Rk+1 (xk+1, yk+1, xk, uk; θ) =
[
xk+1 − xk −∆tkF (yk+1, uk, θ)

G(xk+1, yk+1, θ)

]
= 0, k ∈ N . (3.4)

To allow for a more compact notation, we introduce the vectors,

w =



x1

y1

x2

y2
...
xN
yN


, R =


R1

R2
...
RN

 . (3.5a)

Using this notation for the states, the algebraic variables, the system of residual equations, (3.5),
and the notation for the parametrized vector of manipulated variables, (3.3), we write the dynamic
system equations, (3.1b, 3.1c, 3.1d), as the residual equation

R (w, u, x0; θ) = 0. (3.6)

3.1.2 Net present value objective function

As the objective function in the dynamic optimization problem, (3.1a), one could choose a number
of different performance measures, e.g. cumulative oil and gas production is an obvious choice. In
the field of oil production optimization, the common choice of a performance measure is the net
present value (NPV), [8, 17, 18, 81]. The net present value is the discounted value of all future
cash flows, related to the production of the reservoir (oil and gas revenues and operating costs),
over the reservoir lifetime.
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The net present value of an oil field is defined as a function, ϕ, of the states, x(t), the alge-
braic variables, y(t), the operating profile, (vector of manipulated variables), u(t), the initial state,
x0, and the geological parameters, θ. In continuous time, the net present value may be expressed
as

ϕ =
∫ tf

t0

φ (t, x(t), y(t), u(t), θ) dt, (3.7a)

where φ is the discounted profit rate,

φ(t, x(t), y(t), u(t), θ) = e−dc(t−t0)/tτ p(x(t), y(t), u(t), θ), (3.7b)

and p is the profit rate,

p(x(t), y(t), u(t), θ) = roqOs(t) + rgqGs(t)− (rwqWs(t) + rw,injqw,inj(t) + rg,injqg,inj(t)) . (3.7c)

x(t) and y(t) are the solution to (3.6), and u(t) is the operating profile. dc is the continuous-time
discount rate and tτ is the discounted time interval i.e. the time interval at which compound
interest are ascribed. ro and rg are the sales prices of oil and gas. rw is the water production cost,
and rw,inj and rg,inj are the water and gas injection cost. The corresponding surface flow rates for
oil, gas, water, water injection and gas injection are denoted, qOs, qGs, qWs, qw,inj, qg,inj, respectively.
After temporal discretization by the implicit Euler method, we can express the net present value
function in discrete-time as

Φ (w, u, x0; θ) =
N−1∑
k=0

Jk (yk+1, uk; θ) , (3.8a)

where the discounted net present value, Jk, for the k‘th time interval is given by

Jk = ∆tk
(1 + d)tk+1/tτ

[roqOs,k+1 + rgqGs,k+1 − (rwqWs,k+1 + rw,injqw,inj,k+1)] . (3.8b)

qWs,k+1, qOs,k+1, and qGs,k+1 are the average surface flow rates of water, oil and gas in the k′th
time step respectively. The discrete-time discount rate, d, and the continuous-time discount rate,
dc, are related by dc = ln(1 + d).

We note that although the net present value objective (3.8) by design is a measure of the ac-
cumulated cash flow associated with production of an oil reservoir, we can place emphasis on
specific performance indicators, e.g. cumulative oil and gas production, by choosing appropriate
weight parameters (prices).

3.1.3 Finite-dimensional optimal control problem, (Single shooting method)

We apply the single-shooting method [27] to solve the dynamic optimization problem (3.1) by
transcribing it into a finite dimensional nonlinear optimal control problem (NLP). Other possible
methods for solving the nonlinear optimal control problem are multiple-shooting [24, 47] and collo-
cation [13, 77]. These methods often provide better convergence properties than the single-shooting
approach [13, 15, 24, 48]. However, application of these methods to oil production optimization is
challenged by the large-state dimension of the dynamic optimization problem, i.e. the large number
of state variables.

The single-shooting algorithm recasts the dynamic optimization problem (3.1) into a finite dimen-
sional optimal control problem

max
u∈U

ψ = ψ (u;x0, θ) ,

s.t. c(u,w) ≥ 0, (3.9)
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where the objective function is

ψ (u;x0, θ) = {Φ (w, u, x0; θ) : R (w, u, x0; θ) = 0}, (3.10)

and c(u,w) are nonlinear output constraints imposed on quantities related to phase flow rates.

To solve the optimal control problem, we apply gradient-based optimization algorithms, e.g.
SQP and interior-point algorithms. Hence, the simulator must provide the gradients of the objective
function (3.9) with respect to the manipulated variables, e.g. well rates and/or bottom-hole
pressures. In Section 3.1.5, we briefly discuss the adjoint method for computing the gradient.

3.1.4 Constraint handling

As discussed previously, in practice oil and gas production are always subject to numerous con-
straints. The constraints can be maximum injection pressures in wells to prevent damaging the
reservoir rock or maximum production rates due to topside infrastructure capability. Incorporating
these constraints in the framework of an optimization procedure can pose a serious challenge.
Especially if the constraints are nonlinear output (path) constraints, e.g. a maximum allowed
gas production rate throughout the reservoir lifetime. In gradient-based optimization methods,
a formal handling of nonlinear path constraints requires gradient information of each constraint.
When using adjoint gradient methods, this means an additional adjoint simulation must be per-
formed for each constraint imposed on the problem. For industrial-scale reservoir models with
simulation times measured in hours, this could render the problem computationally intractable.
[48, 51, 87, 125, 137] propose different methods for incorporating nonlinear output constraints in
the optimization procedure, including heuristic and more formal treatment approaches.

In this thesis, we consider two types of constraints, namely linear input constraints on the ma-
nipulated variables and nonlinear output constraints on phase flow rate related quantities. The
linear input constraints are handled by the the optimizer. The nonlinear output constraints are
imposed using a soft constraint method, where the gradients of the constraints are approximated.
The method is presented in Paper IV [78], listed in Appendix D, and demonstrated through a
numerical example in Chapter 6 Section 6.5.

Linear input constraints. The linear input constraints, U , imposed on the manipulated variables
are

1. Upper and lower bounds on the well flow rates and well bottom-hole pressures.

2. Rate of movement constraints on the well flow rates and the well bottom-hole pressures to
prevent rapid changes in the controls between controlled time intervals.

3. Bounds on total injection and/or production flow rates in each time step.

We write the set of linear constraints as

U =
{
u : umin ≤ u ≤ umax,∆umin ≤ ∆u ≤ ∆umax, bl ≤ Āu ≤ bu

}
. (3.11)

umin, umax are bounds on the individual well controls, ∆umin,∆umax are rate of movement con-
straints, and bl, bu are total bounds on the well flow rates.

Nonlinear output constraints. We consider the finite dimensional optimal control problem
(3.9). The nonlinear output constraints, c, represents upper bounds on a quantity related to some
combination of the phase flow rates. The bounds are imposed in arbitrary control intervals. The
constrained quantity could be the liquid production flow rate or the gas production flow rate, either
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for a single well or for a group of wells. It could also be cumulative production, such as total water
or gas production.

Here, we consider the scenario where topside capability limitations impose an upper bound,
ai, on the phase flow rate, σi, for all controlled time intervals, ∆ti, i = 1, . . . , N . The optimal
control problem (3.9) may then be expressed as

max
u∈U

ψ = ψ (u;x0, θ) ,

s.t. ci(u,w) ≥ 0, i = 1, . . . , N. (3.12)

The nonlinear constraints are expressed as

ci = ai − σi(u;x0, θ), i = 1, . . . , N. (3.13)

We impose the nonlinear constraint on the problem using a penalty method [67, 110]

max
u∈U

Ψ = ψ (u;x0, θ) + P (u;x0, θ) , (3.14)

where the penalty term, P , is the sum

P (u;x0, θ) =
N∑
i=1

h (ci) . (3.15)

h is a quadratic penalty function given by

h(ci) = −µ[max(0, ci(u, x0, θ))]2, (3.16)

where µ is a constraint violation penalty parameter.

The gradient of the transformed problem (3.14) with respect to u is

∇uΨ = ∇uψ (u;x0, θ) +∇uP (u;x0, θ) . (3.17)

The gradient ∇uψ can be computed by the adjoint method by a single adjoint simulation. Section
3.1.5 gives a description of the adjoint method. The gradient of the penalty term, P , is

∇uP (u;x0, θ) =
N∑
i=1
∇uh (ci) = −

N∑
i=1

∂h

∂ci
∇uσi (u;x0, θ) . (3.18)

Adjoint computation of the nonlinear constraint gradients, ∇uP , requires N additional adjoint
simulations. For large-scale dynamic systems, this will render the optimization problem computa-
tionally infeasible.

Here, we suggest a method for approximating the constraint gradients that only requires a single
adjoint simulation.

The total phase production in the i’th time step, Fi is given by

Fi =
∫ ti

ti−1

σ(x(t), y(t), u(t))dt. (3.19)

Approximating the integral using a midpoint rule yields

Fi = ∆tiσi(u;x0, θ). (3.20)
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Fig. 3.2: Schematic illustration of the phase flow rate computation.

The total phase production in each control time interval, ∆ti, depends on the well controls in the
current time interval and on the states of the previous control time interval, Fi = Fi(ui−1, xi−1).
Fig. 3.2 shows a schematic illustration of the scenario.

The expression for the cumulative phase production, F , at the end of the reservoir lifetime
is

F(u;x0, θ) =
N∑
i=1
Fi(xi−1, ui−1) =

N∑
i=1

∆tiσi(u;x0, θ). (3.21)

The gradient of the total phase production with respect to the manipulated variables, ∇uF , can be
computed by a single adjoint simulation. It is expressed as

∇uF =
N∑
i=1
∇uFi(xi−1, ui−1) =

N∑
i=1

∆ti∇uσi(u;x0, θ). (3.22)

If we assume that the phase flow rate, σi, only depends on the controls at the corresponding control
time interval and neglect the dependence on the previous states, then we can express F and ∇uF
as

F =
N∑
i=1

∆tiσi(ui−1), (3.23a)

∇uF =
N∑
i=1

∆ti∇uσi(ui−1). (3.23b)

Let T = diag(∆t1, . . . ,∆tN ) be a matrix with the control time intervals in the diagonal. Then we
may compute the gradient of σ = (σ1;σ2; . . . ;σN ) as

∇uσ = T−1∇uF , (3.24)

Consequently, only one additional adjoint simulation is needed to compute the approximated
constraint gradient. We note that one additional adjoint simulation is required for new constraint
type, such as bounds on phase flow rates separate wells or groups of wells. Furthermore, we note
that in the case of a bound constraint on cumulative production the simplifying assumption on the
phase flow is no longer required to compute the constraint gradient.

The nonlinear output constraints are incorporated in the optimal control problem by a soft
constrained penalty method inspired by [67, 110]. The traditional penalty methods [67] utilizes a
sequential approach, where a sequence of sub problems are solved for fixed values of the penalty
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parameter, µ. After each sub problem is solved µ is updated. In the context of oil production
optimization, where the dynamic system is large-scale, this method is often too computational
demanding. Instead, we impose the nonlinear output constraints as a soft constraint, where the
penalty parameter is constant throughout the optimization procedure. This leaves the problem of
choosing µ, such that the constraint violation is acceptable. In the numerical example presented in
Section 6.5, we discuss a strategy on how to chose µ.

3.1.5 Adjoint gradient computation

Here, we provide a brief walkthrough of the adjoint method for computing the gradient of the
objective function, (3.9), with respect to the manipulated variables [86, 120].

The gradients, ∇uψ =
[
∇u0ψ; ∇u1ψ; . . . ; ∇uN−1ψ

]
, of the objective function, ψ, with respect

to the manipulated variables, u, are computed by the adjoint method. Let wk = [xk; yk] be compact
notation for the vector of states, xk, and algebraic variables, yk, at time tk. Let the adjoint vector
be λ = [λ1;λ2; . . . ;λN ]. Let x = x(u;x0, θ), y = y(u;x0, θ), and ψ = ψ(u;x0, θ) be available by
solving (3.4) and (3.10) marching forward for given controls, u, initial states, x0, and parameters,
θ. Subsequently, the adjoint vector, λ, and the gradient vector, ∇uψ, may be obtained by solving(

∂RN
∂wN

)T
λN = −∇wNJN−1, (3.25a)

∇uN−1ψ = ∇uN−1JN−1 +
(
∂RN
∂uN−1

)T
λN , (3.25b)

and (
∂Rk
∂wk

)T
λk = −

(
∂Rk+1

∂wk

)T
λk+1 −∇wkJk−1, (3.26a)

∇uk−1ψ = ∇uk−1Jk−1 +
(
∂Rk
∂uk−1

)T
λk, (3.26b)

for k = N − 1, N − 2, . . . , 1 marching backwards.

3.1.6 Black-box reservoir simulator

The optimization workflows we present in this thesis are independent of any specific formulation or
solution method of the equations (3.1b)-(3.1d), in so far that the simulator provides the necessary
information.

To be a suitable candidate for gradient-based oil production optimization, a reservoir simula-
tor must fulfill the following requirements. Given an initial state, x0, an operating profile, u, and
a geological realization vector, θ, the simulator must at every time-step return the states, x, the
algebraic variables, y, the net present value, ψ, and the gradient of the net present value with
respect to the operation profile (controls), ∇uψ.

[w,ψ,∇uψ] = S(u;x0, θ). (3.27)

Thus, we may treat any reservoir simulator that fulfill these requirements as a black-box function.

3.2 Optimization under uncertainty

Reservoir simulation used as a tool for making predictions of future behavior of an oil reservoir is
prone to a number of issues that can potentially lead to wrong decisions. When reservoir simulation
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3.2. Optimization under uncertainty

is combined with numerical optimization software and used for production optimization, these
issues are even more important. The first thing to keep in mind is that the numerical models used
to run simulations are not complete and accurate models of the actual physical process occurring in
the reservoir. There are a number of simplifying assumptions made on the physics implemented in
these models to allow for numerical computation, e.g. a limited number of hydrocarbon components
and fluid phases, flow under isothermal reservoir conditions, etc. Secondly, the geological and
petrophysical uncertainty is generally high, as already mentioned in the introduction to this chapter.
Thirdly, the unpredictable nature of the oil and gas prices also contributes, in a major way, to the
level of uncertainty (economic uncertainty). Considering the level of inherent uncertainty related
to geological and petrophysical parameters of a reservoir, in combination with large fluctuations in
the oil-prices, this remains a challenge for deciding the best operating profile.

In this section, we start by presenting the concept of using ensemble-based optimization methods
to account for the geological and petrophysical uncertainties. Next, we briefly discuss methods
for mitigating the financial risk associated with the economic uncertainty. Finally, we present a
variety of optimization strategies for financial risk mitigation in oil production optimization under
geological uncertainty.

3.2.1 Ensemble-based methods for optimization under geological
uncertainty

The problem of determining the geological parameters of the subsurface is critical for a reservoir
model. The very limited amount of data is one of the main reasons that the predictive power of a
reservoir model is not widely trusted by reservoir engineers. Ensemble-based methods have been a
focal point in the literature to account for the geological uncertainty of the subsurface [11, 144].

In ensemble-based methods, the uncertainty associated with the geological parameters of the
subsurface is represented by an ensemble of equipropable realizations

{θ1, . . . , θnθ} =
{
θi
}nθ
i=1 (3.28a)

For a given initial condition, x0, and operating profile, u, the corresponding ensemble of net present
values is

{ψi}nθi=1, (3.28b)

where

ψi = ψ(u;x0, θ
i), i = 1, 2, . . . , nθ. (3.28c)

The set of net present values (3.28b) provides a picture of how the profit is distributed over the
range of model realizations in the ensemble (3.28a). Fig. 3.3 shows a conceptual illustration of
the net present value distribution. The idea is to use this information to balance risk and reward
according to appropriate risk measures (optimization strategies). In Section 3.2.3, we discuss
a number of optimization strategies that aim to promote profit and reduce the associated risk.
Fig. 3.4 illustrates the optimization workflow of an ensemble-based optimization strategy.

A common feature for the ensemble-based optimization strategies, discussed in this paper, is
that the objective values and the gradients of the objective with respect to the operating profile, u,
can be calculated by computing the objective, ψi, and the gradient, ∇uψi, for each ensemble member,
i.e. {ψi,∇uψi}nθi=1. For an efficient application of ensemble-based optimization strategies, these com-
putations must be conducted in parallel by the reservoir simulator, i.e. [wi, ψi,∇uψi] = S(u;x0, θ

i)
for i = 1, 2, . . . , nθ.

39



3. Oil production optimization

time

N
P

V

Fig. 3.3: Conceptual illustration of the net present value distribution for an ensemble of geological model
realizations.

Reservoir models
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Fig. 3.4: Ensemble-based optimization workflow illustration. The procedure is as follows: 1) The optimizer
takes an initial guess of the operating profile as input. 2) The optimizer passes the operating profile and
the model ensemble to the simulator. 3) The simulator computes the net present value and the associated
gradient for all ensemble members and returns the information back to the optimizer. 4) The optimizer
computes the objective function value and the gradient with respect to the operating profile and checks for
convergence. 5) If the optimization procedure has not converged, the optimizer computes a new iterate of
the operating profile. Steps 2-5 are repeated until convergence.

3.2.2 Economic uncertainty

The time dependent and exceedingly growing uncertainty of future hydrocarbon prices makes
reservoir management decision makers hesitant to implement the aforementioned life-cycle op-
timization strategies. This is especially an issue when the expected lifetime of the reservoir
is long (10+ years). The main factors that determines the hydrocarbon prices are the supply
and demand, and access to future supply (reserves). The relationship between these factors
are tied to political agendas, such as foreign and security politics as well as climate and energy
politics. Consequently, long-term future hydrocarbon prices are highly unpredictable. Efficient
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3.2. Optimization under uncertainty

and robust tools for managing the associated financial risks are therefore essential to the oil industry.

Having considered an ensemble-based approach to account for the geological uncertainty, it would
be an obvious choice to take the same approach to account for the economic uncertainty. However,
this approach could leave the optimization problem computationally intractable. To illustrate
this, we consider the application of an ensemble-based risk mitigation method, with an ensemble
of nθ geological model realizations. Computation of the corresponding ensemble of net present
values requires nθ reservoir simulations. We can easily modify the method to also account for the
economic uncertainty by introducing an additional necon economical model realizations {ωj}neconj=1 .
Then the corresponding net present value ensemble becomes, {ψm}nθ×neconm=1 . Consequently, it will
require nθ × necon reservoir simulations to compute the corresponding net present value ensemble.

The inherent economical risk can be mitigated indirectly, to a certain extent, by setting a high
discount factor. A high discount factor promotes a high cash flow (high oil production rate) in the
earlier stages of the reservoir lifetime, thereby mitigating the economical risk. Fig. 3.6 illustrates
the effect the discount factor has on the objective.

As discussed previously, the literature mainly propose to account for the economic uncertainty by
combining the conflicting long-term and short-term objectives in a multi-objective optimization
problem. Chen et al. [31] maximize short-term profit in a closed-loop setting, subject to the
constraint that the long-term profit is not substantially decreased. Liu and Reynolds [97, 98]
compute a Pareto front representative for a bi-criterion optimization problem to balance short-term
versus long-term profit, using a weighted sum method. The weighted sum method is described
in Section 3.2.3 in the context of a mean-variance optimization scenario for optimization under
geological uncertainty. Christiansen et al. [40] propose to balance the conflicting objectives using
a time-explicit (TE) method that optimizes a specific geological risk measure, ψ, in terms of an
integral based objective function over time.

max
[x(t),u(t)]

tf
t0

T = 1
tf − t0

∫ tf

t0

Tθ[ψ](t)dt, (3.29)

where, Tθ[ψ] = T
({
ψi (t, x(t), u(t))

}nθ
i=1

)
is a specific geological risk related profit measure. The

method seeks to balance short- and long-term profits by considering multiple objectives during the
reservoir lifetime. A visual interpretation is that the time-explicit method seeks to maximize the
area under the net present value curve. Fig. 3.5 shows a conventional illustration of time-explicit
optimization.

An efficient implementation of time-explicit methods in the optimization work-flow requires the
possibility to attain gradient information at arbitrary time steps from a simulation run.

3.2.3 Optimization strategies

When we apply ensemble-based methods to account for the very large uncertainty of the model
parameters, we arrive at a distribution of net present value outcomes associated with the ensemble
of model realizations. The net present value ensemble (3.28b) provides information on how profit
distributes over the range of the equipropable model realizations. This raises the question of how
to properly balance financial risk and reward. Capolei et al. [23] provide a review and discussion of
appropriate profit and risk measures in oil production optimization.

In the following, we consider a collection of well-known and novel optimization strategies and
discuss possible advantages and drawbacks. We consider the following ensemble-based optimization
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Fig. 3.5: Conceptual illustration of time-explicit optimization. Time-explicit optimization (blue curve)
aims to balance the short- and long-term profits by considering multiple objectives (black dots) throughout
the reservoir lifetime. Consequently, significant short-term gains may be obtained (arrows), relative to a
conventional optimization approach (red curve), at the cost of a slight reduction in the end-time net present
value. By promoting short-term profit, time-explicit optimization implicitly mitigates the economical risk.
Time-explicit optimization aims to maximize the area under the net present value curve.

strategies for risk mitigation under geological uncertainty: robust optimization (RO), mean-variance
optimization (MVO), conditional value at risk optimization (CVaR), mean-conditional value at risk
optimization (CVaRO), and least square optimization (LS).

Robust optimization strategy. The robust optimization strategy was introduced by van Essen
et al. [144], as an approach to reduce the effect of geological uncertainties. It aims to maximize
the expected return over the ensemble of the net present values, {ψi}nθi=1. The robust optimization
problem is

max
u∈U

ψ = ψRO
(
u;x0, {θi}nθi=1

)
,

s.t. ci(u,w) ≥ 0, i ∈ I, (3.30a)

where the objective function is

ψRO = 1
nθ

nθ∑
i=1

ψi. (3.30b)

As a drawback, the robust optimization strategy is a risk neutral measure and consequently ignores
the possibility of low net present value outcomes [23]. This can result in extremely low outcomes
with devastating consequences. In particular when high uncertainty in the geological parameters
lead to large variations in the profit distribution. Fig. 3.7 shows a conceptual illustration of the
robust optimization objective.

Mean-variance optimization strategy. The mean-variance optimization strategy combines
the conflicting objectives of maximizing the expected net present value, and reducing the associated
risk measured as the variance of the net present value distribution [11, 26]. Here, we present a
weighted sum formulation used by Capolei et al. [26]. The mean-variance optimization problem is

max
u∈U

ψ = ψMVO

(
u;x0, {θi}nθi=1

)
,

s.t. ci(u,w) ≥ 0, i ∈ I, (3.31a)

where the objective bi-criterion function,

ψMVO = λψRO − (1− λ)ψσ2 , (3.31b)
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Fig. 3.6: (a) Illustration of the objective functions (3.7a) for a optimal discounted case and an un-discounted
optimal case. The un-discounted case generates the largest profit at the end-time, tf , whereas the discounted
case generates a larger cash-flow at the earlier stages of the reservoir life. (b) Illustration of the cash-
flow (3.7b) for the discounted case and the un-discounted case. The larger profit of the optimal case is
generated at the later stages of the reservoir life. (c) Illustration of the continuous-time discount factor,
which is multiplied on the un-discounted cash-flow. (d) Illustration of an un-discounted cash-flow (3.7b).

is a convex combination of the mean, ψRO, and the variance, ψσ2 , for the trade-off parameter,
λ ∈ [0, 1]. The sample estimated variance is computed as

ψσ2 = 1
nθ − 1

nθ∑
i=1

(
ψi − ψRO

)2
. (3.31c)

By combining the conflicting objectives, the mean-variance optimization strategy aims to rectify
the inadequacies of the robust optimization strategy. Each choice of the parameter λ ∈ [0, 1] results
in a trade-off between profit and risk, and as such λ can be used to compute a representation of
possible trade-off scenarios (Pareto front or efficient frontier). However, it is by no means trivial to
select λ such as to obtain an adequate representation of trade-off scenarios. As a drawback, the
mean-variance objective equally reduces the risk of both low and high net present value outcomes.
In fact, since the mean-variance strategy directly targets the variance of the distribution, a minor
improvement of possible low profit outcomes may come with the cost of a significant reduction of
possible high profit outcomes [95]. We note that for the extreme choices of the trade-off parameter
λ = 0 and λ = 1, the mean-variance objective (3.31b) reduces to the estimated variance (3.31c) and
expected return (3.30b), respectively. Fig. 3.8 shows conceptual illustrations of the mean-variance
optimization objective.

As a remark, we note that the weighted sum formulation is also utilized to combine other conflicting
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Fig. 3.7: Conceptual illustration of the robust optimization objective. The robust optimization strategy
(3.30) aims to maximize the expected net present value over the ensemble, {ψi}nθi=1. Consequently, the
variance of the profit distribution is ignored. This can potentially result in extremely low profit outcomes.
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Fig. 3.8: Conceptual illustration of the mean-variance optimization strategy. The mean-variance optimiza-
tion strategy (3.31) aims to maximize the mean of the net present value distribution over the ensemble,
{ψi}nθi=1, while at the same time decrease the variance. Consequently, the risk of both low and high profit
outcomes are equally reduced.

objectives, such as short-term-versus long-term profits when accounting for economic uncertainty.

Conditional value at risk optimization strategy. In order to address the symmetric nature
of the mean-variance risk measure, Capolei et al. [23] and Siraj et al. [134] propose conditional value
at risk as a risk measure in oil production optimization. The conditional value at risk optimization
strategy directly targets the risk of low outcomes of the net present value by considering the α-tail
of the distribution. This is achieved by maximizing the expected return of the α% worst outcomes
of the net present value.

We denote the net present value ensemble sorted in increasing order as{
ψ̃i
}nθ
i=1

, ψ̃1 ≤ ψ̃2 ≤ . . . ≤ ψ̃nθ . (3.32)

Then we consider the α-percentage lowest outcomes, where α ∈ [0, 1] is a fraction, i.e. nα = dαnθe.
The conditional value at risk optimization problem is then expressed as

max
u∈U

ψ = ψCV aRα
(
u;x0, {θi}nθi=1

)
,

s.t. ci(u,w) ≥ 0, i ∈ I, (3.33a)
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Fig. 3.9: Conceptual illustration of the conditional value at risk optimization strategy. The conditional
value at risk optimization strategy (3.33) directly targets the risk of low profit outcomes by seeking to
maximize the mean of the α% lowest net present value outcomes.

where the conditional value at risk objective function is

ψCV aRα = 1
nα

nα∑
i=1

ψ̃i. (3.33b)

By design, the conditional value at risk strategy only targets the lowest profit outcomes, and as such
can be expected to provide a skewed (asymmetric) net present value distribution. As a drawback,
the conditional value at risk strategy is non-differentiable with respect to the operating profile, u,
for α 6= 1. However, the non-differentiability only occurs if the net present value ensemble cannot
be sorted in increasing order, i.e. two or more profit outcomes results in the same value. The
conditional value at risk objective is illustrated in Fig. 3.9.

We note that the conditional value at risk optimization strategy reduces to the robust opti-
mization strategy for α = 1, and in the case of nα = 1, it reduces to a worst case optimization
objective.

Mean-conditional value at risk optimization. The conditional value at risk objective (3.33b)
combined with the robust optimization objective (3.30b) seeks to mitigate the risk of low returns,
while simultaneously maximizing the expected return. Fig. 3.10 illustrates the concept of the
bi-criterion objective. The mean-conditional value at risk optimization problem is

max
u∈U

ψ = ψCV aROα
(
u;x0, {θi}nθi=1

)
,

s.t. ci(u,w) ≥ 0, i ∈ I (3.34a)

where the bi-criterion objective function,

ψCV aROα = λψRO + (1 + λ)ψCV aRα , (3.34b)

is a convex combination of the mean objective, (3.30b), and the conditional value at risk objective,
(3.33b), for the trade-off parameter, λ ∈ [0, 1].

Multi-objective optimization. The ensemble-based optimization strategies, MVO and CVaRO
are examples of multi-objective optimization problems (MOO), where the individual objectives are
in mutual conflict. As an example of conflicting objectives, is the fact that increasing revenue often
comes with the cost of increasing risk.
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Fig. 3.10: The mean-conditional (3.34) value at risk optimization strategy aims to simultaneously maximize
the α% lowest net present value outcomes and the mean of the net present value distribution.

Multi-objective optimization problems can be expressed as

max
u∈U

ψ = (ψ1(u), ψ2(u), . . . , ψl(u))T , (3.35)

where the control vector, u maximizes all objectives, ψi, i = 1, . . . , l, simultaneously. However, the
different objectives are assumed to be conflicting, meaning that there is no control vector that
maximizes all objectives at the same time. The trade-off between the objectives is described by
the concept of the Pareto optimality. If no element, ψi(u) of the objective vector can be increased
without decreasing one or more of the other objectives, then the control vector, u = u∗ is defined
as Pareto optimal [113]. Formally this is written as

ψi(u) ≤ ψi(u∗), ∀i ∈ {1, . . . , l}, (3.36a)
ψj(u) ≤ ψj(u∗), for minimum one j ∈ {1, . . . , l}. (3.36b)

The vector u∗ ∈ U is said to be locally Pareto optimal if there exists a neighborhood ε ∈ U such
that u∗ is Pareto optimal in ε.

This implies that there exists an infinite number of Pareto optimal solution vectors, which is
denoted as the set

O = {u∗ ∈ U}. (3.37)

The Pareto front (also referred to as the efficient frontier) is defined as the set of Pareto optimal
points

F = {ψi(u∗)|u∗ ∈ O}li=1. (3.38)

Fig. 3.11 illustrates the Pareto front in the specific case of two objectives in mutual conflict.
Although the Pareto front does not provide any ranking of which trade-off scenarios are most
desirable, it is however a valuable aid to management decision-making.

To compute individual points on the Pareto front, the multi-objective optimization problem
can be solved as a single objective optimization problem using the weighted sum method

max
u∈U

l∑
i=1

wiψi(u), (3.39)
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Fig. 3.11: Pareto front of a two-objective optimization problem. All points on the Pareto front are equally
acceptable, from a mathematical viewpoint. Thus, the decision as to which trade-off is most desirable, is a
matter of management preference.

where the vector of weights sum to one

l∑
i=1

wi = 1. (3.40)

As mentioned previously, the MVO and CVaRO objectives, (3.31b, 3.34b) are examples of the
weighted sum method, with two conflicting objectives, l = 2. Other applications of this method
can be in economic uncertainty scenarios, e.g. combining short-term and long-term objectives to
mitigate financial risk associated with fluctuating oil prices.

Least squares optimization strategy. Christiansen et.al. [41] introduced the least squares
method to promote efficient and reliable short-term versus long-term optimization in an economic
uncertainty setting. In [42], listed in Appendix B, the least squares method is extended to ensemble-
based oil production optimization.

The least squares optimization approach makes use of the Utopian profit scenario. The Utopian
profit scenario is defined as the vector, ψ∗ = (ψ∗1 , ψ∗2 , . . . , ψ∗l ), where ψ∗i , i = 1, . . . , l is the solution
to the single objective optimization problem

max
u∈U

ψi = ψi
(
u;x0, {θk}nθk=1

)
. (3.41)

The solution to (3.41), ψ∗, represents the highest possible profit outcome of each individual ob-
jective. However, the solution is indeed infeasible (Utopian) as a solution to (3.35), due to the
inherent conflicting objectives. The Utopian risk scenario provides a natural way to character-
ize desirable Pareto points in terms of the Euclidian least squares distance by the following definition.

The Pareto point P = (P1, . . . ,Pl) is preferable to the Pareto point ρ = (ρ1, . . . , ρl) if

l∑
i=1

(Pi − ψ∗i )2 ≤
l∑
i=1

(ρi − ψ∗i )2
, (3.42)

where ψ∗ is the Utopian risk scenario (3.41).

A Pareto point that is preferable to all other Pareto points is considered the optimal Pareto
point. In other words, the Pareto point with the shortest distance to the Utopian point in the
least squares sense is the optimal point. Fig. 3.12 illustrates the idea in case of a two-objective
optimization problem.
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Fig. 3.12: Illustration of the least squares method for a two-objective optimization problem. The least
squares method properly balances the objectives by computing the point on the Pareto front closest to the
Utopian point.

The least-squares optimization problem is defined as

max
u∈U

ψ = ψLS
(
u;x0, {θi}nθi=1

)
,

s.t. ci(u,w) ≥ 0, i ∈ I (3.43a)

where the multi-objective function is

ψLS = 1
2

l∑
i=1

(
ψi
(
u;x0, {θi}nθi=1

)
− ψ∗i

)2
. (3.43b)

By formulating the problem of computing a desirable Pareto point in this way, eliminates the need
to compute an entire Pareto front representative. Thereby significantly reducing the computational
burden. The number of optimization runs is reduced to one for each objective, l in (3.35), required
to compute the Utopian point, ψ∗, plus one optimization run to solve (3.43), for the least-squares
point on the Pareto front.

3.3 Summary

In this chapter, we have provided an overview of the mathematical theory that constitutes the
framework for the application of optimal control for operational optimization to oil reservoir models.

In Section 3.1, we described the optimal control problem for dynamic processes, both in gen-
eral form and in the context of oil production optimization. In particular, we presented 1) the
constrained dynamic optimization problem with the dynamic system equations in semi-explicit DAE
form, the zero-order-hold parametrization of the manipulated variables, and temporal discretization
of the dynamic system equations by the implicit Euler method, 2) the net present value objective
function in both continuous-time and in discrete-time, 3) the transcription of the continuous-time
optimal control problem into a finite optimal control problem by the single-shooting method,
4) the handling of linear input constraints on the well controls and a method for handling of
nonlinear output constraints on flow rates due to topside capability, 5) a brief description of the
adjoint method for effective gradient computations, 6) the treatment of the reservoir simulator as a
black-box function for solving the dynamic system equations and providing the gradient information
needed.

In Section 3.2.1, we discussed methods for application of oil production optimization under
geological uncertainty and uncertain economic scenarios. In particular, we presented 1) the concept
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of ensemble-based methods designed to account for the economic risk associated with the inherent
uncertainty of geological and petrophysical model parameters, 2) a brief discussion of methods for
risk mitigation in uncertain economic scenarios, 3) a number of optimization strategies for economic
risk mitigation in oil production optimization under geological uncertainty using ensemble-based
methods. The presented optimization strategies are: a). The robust optimization strategy. b). The
mean-variance optimization strategy. c). The conditional value at risk and the mean-conditional
value at risk optimization strategies. d). The least-squares optimization strategy for computing
optimal trade-off Pareto points in multi-objective optimization problems.

Part III of this thesis provides a number of numerical examples that serve to demonstrate the
application of the methods presented in this chapter, for a variety of reservoir models produced
under different recovery methods.
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Chapter 4
Hierarchical multigrid optimization method

In this chapter, we introduce a workflow for model reduction and optimization. The workflow
significantly reduces the computational impact of the optimization procedure, thereby enabling
application of oil production optimization methods on high-resolution reservoir models.

Modern reservoir characterization and geological modeling techniques provide geologists and
reservoir engineers with the ability to build increasingly complex high-resolution static reservoir
models. Static geological models are often in the range of 107−108 grid cells, which even for modern
computer hardware are too large for simulation purposes. To reduce the number of grid cells to a
level suitable for computer simulation, e.g. 105−106 grid cells, various grid coarsening and property
upscaling techniques are performed on the basis of the static model. Grid property upscaling
techniques that accurately captures the heterogeneity effects of high-resolution geological reservoir
models, have been and remain a focus of the research community. Such techniques comprise simple
statistical averaging techniques as well as advanced numerical flow-based methods. Flow-based
upscaling methods cover a range of techniques, which solves a steady-state fluid flow problem
over a region of the grid with no source terms. Upscaling a static geological model to a dynamic
reservoir model is a time-consuming task, which requires expert knowledge of both the physical
processes occurring inside the reservoir and the numerical models used for simulation. The result
is a dynamic high-resolution reservoir model, where the typical computer simulation run-time is
measured in hours.

However, in the context of oil production optimization, involving many reservoir simulations,
a simulation run-time measured in hours is still too long to compute an optimal solution within
a reasonable timeframe. The computational load of solving the optimal control problem (3.9)
depends on a number of factors. In a deterministic optimization setting, using a single reservoir
model realization, the most important factors are:

• The complexity of the geological model description and the applied flow model.

• The size of the reservoir model in terms of the number of grid cells.

• The number of controlled wells and the number of controlled time intervals..

• The number of required optimization iterations before converging to an optimal solution.

Successful application of production optimization procedures involves a potentially substantial
number of reservoir simulations, typically in the range of 10-100 or more and requires considerable
computational capability, even when applying adjoint gradient-based optimization methods [17, 129].
Hence, production optimization based directly on high-resolution reservoir models often leaves the
problem computationally intractable. For this reason, it is necessary to lower the computational
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load associated with the production optimization procedure.

A variety of techniques and methods aiming to reduce the computational impact of produc-
tion optimization procedures are suggested in the literature. In the following, we will mention
some of the methods that we believe have the potential to efficiently speed-up simulations, while
maintaining sufficient accuracy.

Reduced order modeling (ROM) methods based on proper orthogonal decomposition (POD)
have been demonstrated to speed up simulations in model-based optimization procedures. van
Doren et al. [143] use a reduced-order modeling method for water-flooding optimization of a
two-dimensional two-phase reservoir model. The method showed a significant increase in net present
value relative to a reference case. Cardoso and Durlofsky [28] achieve an approximate speed-up
factor of 22 relative to a reference case using a high-resolution model, by applying a trajectory
piecewise linearized (TPWL) reduced-order modeling procedure to compute an optimal bottom-hole
pressure profile for a two-phase reservoir model. He et al. [76] apply a POD-TPWL reduced-order
modeling technique for compositional simulation. They achieve results in reasonable agreement
with a reference case for test cases differing considerable from the training simulations.

To reduce the computational effort in production optimization, Oliveira and Reynolds [112]
propose the use of hierarchical multi-scale methods (Hi-MO and RHi-MO) for adaptively selecting
the number and length of the control intervals as the optimization proceeds. The splitting and
merging procedures are based on a control value variation criteria, a gradient variation criteria, and
a gradient magnitude criteria. The methods are successfully demonstrated in a life-cycle production
optimization on a real-field case. This approach reduces the adjoint computational effort, but not
the forward simulation run-time.

Aliyev and Durlofsky [3] propose a multi-level procedure for combined well placement and
well-control optimization. The multilevel framework applies a global transmissibility upscaling
procedure to generate a sequence of coarse models. Although the procedure is demonstrated using a
gradient-free particle-swarm optimization technique, it is not dependent on the type of optimization
algorithm. Relative to an optimization reference case using a single-level high-resolution model,
results show that the multi-level procedure provides comparable optimal solutions in terms of
profits, and a significant speed-up of about an order of magnitude.

Krogstad et al. [89] use a global upscaling procedure to compute a coarse model calibrated to
specific flow scenarios and apply an adjoint gradient-based optimization procedure. The method is
applied to a black-oil sector model of the Voador field. Relative to a high-resolution simulation
model, the method shows a close match with speed-ups of at least two orders of magnitude in a
forward simulation run. However, since the procedure applies a scenario-specific upscaling technique,
it is not clear how it will perform if the flow scenario changes significantly.

Lie et al. [93] propose a general non-uniform coarsening and upscaling framework that is
designed to preserve the geological features of a high-resolution model. The framework shows
promising results in terms of accuracy and computational cost reduction. However, the grid
coarsening procedure is not restricted to produce corner-point type grids, which is the conventional
grid type in most reservoir simulators. We note that the trend in reservoir simulation is moving
towards supporting fully unstructured grids.

In this thesis, we consider the hierarchical multigrid optimization method proposed in Paper
III [80], listed in Appendix C. The method reduces the computational impact of a high-resolution
reservoir model by applying a semi-automated model reduction procedure. Furthermore, it aims to
improve convergence of the optimization procedure by applying a hierarchical multigrid optimization
procedure that maximizes the economic performance of the reservoir over a hierarchy of coarse
model levels.

52



4.1. Model reduction procedure

In Section 4.1, we provide a detailed description of the model reduction procedure and in Section
4.2, we describe the hierarchical optimization procedure.

4.1 Model reduction procedure

In this section, we describe the model reduction procedure that provides the foundation of the
hierarchical multigrid optimization method.

The model reduction procedure aims to construct models, which are sufficiently accurate for
optimization purposes, while significantly reducing the turn-over time of a typical upscaling
workflow. The procedure consists of three parts.

1. A grid coarsening part. Logically indexed grids (corner-point grids) are still standard in most
commercial reservoir simulators, even though in recent years, some simulators have started to
support unstructured grids. To ensure flexibility in the choice of reservoir simulator, we only
consider this type of grid. The grid coarsening procedure is described in Section 4.1.1.

2. A grid property upscaling part. For upscaling the absolute permeability, we apply a local
single-phase flow-based procedure. The property upscaling procedure is described in Section
4.1.2.

3. A well-index upscaling part. The heterogeneous effects of the high-resolution model in the
near-well region are captured by applying the approximate coarse-scale well model, proposed
by [37]. The well-index upscaling procedure is described in Section 4.1.3.

By applying the model reduction procedure, we can reduce the forward simulation time significantly
relative to a high-resolution model, while preserving the overall flow dynamic to a sufficient degree
for production optimization purposes.

In the following, we describe the three parts in the model reduction procedure in more detail.

4.1.1 Grid coarsening

The foundation of the hierarchical multigrid optimization procedure is a hierarchy of coarsened and
upscaled models based on a high-resolution model. The aim of the coarsening procedure is to reduce
the number of grid cells, while preserving the geological features of importance for maintaining
the overall flow dynamics of the high-resolution model. As mentioned previously, we only consider
grids with logical ijk-indexing, i.e. Cartesian and corner-point grids. This means that each grid
cell has exactly six-faces. The grid indices are arranged in normal reading order, i.e. the i−index
runs first, followed by the j−index and last by the k−index. In the following, we use the terms
high-resolution grid and fine grid interchangeably.

Formally, a grid consists of a set of ijk-indexed grid cells,

{cn}Ncn=1, Nc = NxNyNz. (4.1)

To construct a coarse grid based on a high-resolution grid, {cn}Nfine
n=1 , we group the high-resolution

grid into a number of subsets and amalgamate them into coarse grid cells

{cn}Ncoarse
n=1 , Ncoarse = Nx,coarseNy,coarseNz,coarse. (4.2)

An amalgamated coarse grid is represented by a partitioning vector, p ∈ Nfine. The partitioning
vector maps all high-resolution grid cells to a coarse grid cell, i.e. pi = j, if the fine grid cell, ci,
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Fig. 4.1: Conceptual illustration of coarsening of a "high-resolution grid". The high-resolution grid has
dimensions (4, 4, 1) and is coarsened by a factor (cfx, cfy, cfz) = (2, 2, 1) into a (2, 2, 1) grid, by a logical
partition vector, p = (1, 1, 2, 2, 1, 1, 2, 2, 3, 3, 4, 4, 3, 3, 4, 4)T .

Fig. 4.2: Coarsening of a subset of the high-resolution OLYMPUS reservoir model grid. The grid has three
faults that naturally splits the grid into three domains. The domains are depicted by different coloring.

belongs to coarse grid cell, cj . The partitioning method is similar to the method presented by
Lie et al. [93]. Even though this allows for grouping arbitrary selections of high-resolution grid
cells into a subset, we only permit amalgamation of neighboring cells in the high-resolution grid.
One of the limitations of working with corner-point grids is that all cells have exactly six-faces.
This means that the corner nodes of a coarse grid cell is equal to the outermost grid cell nodes of
the high-resolution grid subset to which it belongs. Consequently, this means that the coarsening
procedure does not preserve the reservoir volume. If we were able to work with other grid types,
e.g. fully unstructured grids, this would not be an issue. In the property upscaling procedure, this
issue can be rectified to a certain degree by adjusting the porosity or the net to gross property of
the coarse grid cell, such that the effective volumes are equal. For the purpose of the hierarchical
multigrid optimization workflow however, this is less important. A simple way of computing the
partitioning vector is to divide the dimensions of the fine grid by a coarsening factor in each
axis-direction, (cfx, cfy, cfz). The coarse grid dimensions are then computed by

(Nx,coarse, Ny,coarse, Nz,coarse) =
(⌈

Nx,fine
cfx

⌉
,

⌈
Ny,fine
cfy

⌉
,

⌈
Nz,fine
cfz

⌉)
. (4.3)

This method is particularly useful when there are no geological features, e.g. impermeable layers,
horizons and faults, to take into consideration. Fig. 4.1 shows an illustration of coarsening of a
"high-resolution" grid by a coarsening factor. In the gridding process of building a model of a faulted
reservoir, the geologists and engineers will make an effort to align the grid orientation with the faults.
For such reservoir models, we account for the faults when computing the partition by identifying
the direction and the, ijk−index of the faults. Then we split (partition) the high-resolution grid
along the faults to make sure that the coarse grid cells respect the geological structure. Fig. 4.2
shows the coarsening of the high-resolution OLYMPUS reservoir model with three faults. The
reservoir model is part of the OLYMPUS challenge [68].

By applying the techniques described above, we construct coarse corner-point grids that aim
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4.1. Model reduction procedure

Fig. 4.3: Schematic illustration of local flow-based upscaling of absolute permeability in the x−direction.
The black lines indicate the high-resolution grid cells belonging to the coarse grid cell indicated by the red
box.

to preserve the geological features of a high-resolution reservoir model to a degree that is sufficient
for production optimization purposes.

4.1.2 Property upscaling

After the construction of a coarse-grid, the problem of populating the grid cells with petrophysical
properties, such as net to gross, porosity and permeability or transmissibility, remains. In the
hierarchical multigrid optimization method considered here, we upscale the grid properties, net to
gross, porosity and absolute permeability.

For high-level coarsening and upscaling of multi-phase flow systems, upscaling the relative
permeability functions is often required for capturing the effects of heterogeneity. In the workflow
considered here, we do not incorporate any such techniques. For a more detailed discussion of these
methods, please refer to the excellent review provided by Barker and Thibeau [12].

The porosity and net to gross properties are upscaled using simple arithmetic averaging. The
problem of cell volume conservation arising from the grid coarsening method, discussed in Section
4.1.1, is relatively easy corrected by appropriately adjusting the porosity or net to gross properties
of the individual cells.

For upscaling the absolute permeability, we apply a local single-phase flow-based method. This is a
relatively simple, yet very effective approach in most situations [44]. The goal is to preserve the
overall flow dynamics of the high-resolution grid. By emulating a laboratory setup, we compute
each component in the permeability tensor separately. The setup applies a pressure drop in each
axial direction and keeps all other boundaries sealed. In the x−direction we compute the upscaled
permeability, K∗x in a coarse-grid cell as,

K∗x = qx,outLx
LzLy(Pout − Pin) , (4.4)

where qx,out, is the flow through the boundary, Lx, Ly, Lz, are the cell dimensions, and Pin, Pout
are the boundary pressures. The result is a diagonal tensor of directional effective permeabilities,
suitable for application in most reservoir simulators. Fig. 4.3 shows a schematic illustration of the
setup. The upscaled permeability in the y and z−direction is computed in a similar manner.

4.1.3 Well index upscaling

Upscaling the well-index is of great importance in order to capture the high-resolution heterogeneous
permeability effects on the flow in the near-well regions. In the close vicinity of a well, the fluid
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(a) Near-well arithmetic averaging for a vertical
well completion.

(b) Near-well arithmetic averaging for a slanted
well completion.

Fig. 4.4: Schematic illustration of near-well arithmetic averaging for well completions in a coarse grid cell
based on a high-resolution model.

flow experiences rapid changes within a short distance. This is in contrast to other parts of the
reservoir, where the flow velocities are relatively slow. Hence, in the near-well region it is not
sufficient to apply the same upscaling methods as in other regions of the reservoir. An obvious
approach to remedy this issue is to apply local grid refinement methods in the near-well regions
of the grid. However, this approach can lead to computational overhead and severe convergence
problems [106]. Well upscaling methods based on local well-driven flow problems subject to generic
boundary conditions are proposed in [37, 54, 57, 106].

In the upscaling workflow proposed in this thesis, we apply the "near-well arithmetic averag-
ing" method proposed by Chen and Wu [37]. This method does not require solutions to any
advanced flow problems. Nevertheless, the method “provide considerable improvement over a
simple (arithmetic) averaging approach to compute the coarse scale well index”.1 The basis of
the method is analysis of the pressure solution for two-dimensional flow in homogeneous porous
media. The method applies arithmetic averaging of the effective permeabilities, Keff, along the
well trajectory within a coarse cell. We denote the high-resolution scale permeability and the
high-resolution scale volume along the well trajectory in a coarse cell as, Kfine, Vfine, respectively.
The near-well averaging in a given direction is computed as

Keff =
∑
KfineVfine∑
Vfine

. (4.5)

Fig. 4.4 shows an illustration of the near-well arithmetic averaging method for a vertical well
completion and for a slanted well completion. The coarse scale well-index for a vertical well is then
computed by inserting the effective permeabilities into the Peaceman model

ro =

(√
Ky,eff/Kx,eff∆x2 +

√
Kx,eff/Ky,eff∆y2

)1/2

(Ky,eff/Kx,eff)1/4 + (Kx,eff/Ky,eff)1/4 , (4.6a)

WIcoarse =
2π
√
Kx,effKy,eff∆z
ln (ro/rw) . (4.6b)

1Qoute taken from the paper by Chen and Wu [37]
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Fig. 4.5: Illustration of the hierarchical multigrid optimization workflow. The optimization procedure is
initialized at the lowest (coarsest) level with a qualified start guess of the operating profile, uinit. At each
subsequent level, k, the optimal operating profile computed at the previous level, uopt-level-,k−1, is used as
the start guess. The procedure continues to the base-level or until the user decides to terminate the process.

We note that this is equivalent to computing the well-index by averaging the fine scale well-index
computed by the Peaceman model.

4.2 Optimization procedure

In this section, we outline the workflow of the hierarchical multigrid optimization procedure.
The optimization procedure utilizes a hierarchy of increasingly coarse level models based on the
high-resolution model computed by application of the model reduction procedure described in
the previous sections. The coarse levels are numbered in reverse order, i.e. in a set of coarse
models consisting of n levels, the coarsest level is labeled, leveln. In the following, we refer to the
high-resolution model as the base-level.

We initialize the optimization procedure using an initial guess of the operating profile, uinit,
by running a full optimization at the coarsest level in the model hierarchy, leveln, to obtain an
optimal operating profile, uopt,n. The optimization procedure then moves up to the next level,
leveln−1, where the optimal operating profile, uopt,n, computed at the previous level is used as
the start guess. This procedure is repeated for each subsequent level or until we get satisfactory
results. By exploiting the information computed at each level at the level above, we aim to provide
a good or at least a better start guess than would have otherwise been the case. Thus, securing
faster convergence of the optimization algorithm. At each level, we evaluate the computed optimal
operating profile by simulation at the base-level. If we are satisfied with the obtained results,
or if other criteria dictate it, e.g. time constraints and/or limited computational resources, we
terminate the optimization procedure. Fig. 4.5 illustrates the concept of the hierarchical multigrid
optimization workflow.

The workflow of the hierarchical multigrid optimization method is demonstrated through a numerical
example presented in Section 6.4.
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4.3 Summary

In this chapter, we presented a hierarchical multigrid optimization method that enables application
of production optimization procedures on industrial-scale reservoir models. The procedure aims
to reduce the computational impact of solving optimal control problems based on high-resolution
reservoir models. The methodology consists of a semi-automated model reduction part and a
hierarchical optimization procedure. The model reduction part efficiently constructs coarse-level
models based on a high-resolution model to provide significant speed-ups in the forward simulation
run-time, while maintaining sufficient precision. The optimization procedure is based on a hierarchy
of coarse-level models and propagates numerical information through the hierarchy to improve
convergence rates.

In particular, we presented 1) a method for coarsening of high-resolution logically indexed grids
(corner-point grids), 2) a method for grid property upscaling, i.e. permeability, porosity, net to
gross, 3) a well-index upscaling technique for capturing heterogeneous flow effects in the near-well
region, 4) the workflow of the hierarchical multigrid optimization method.
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Chapter 5
Software for oil production optimization,

RESOPT

In this chapter, we introduce an oil production optimization software tool, RESOPT [79]. RESOPT
enables application of the presented methods and workflows for oil production optimization on
industry-scale oil reservoir models. The design and development of the RESOPT software was done
as part of the Ph.D. project presented in this thesis. Parts of the RESOPT workflow are presented
in Paper I [79], listed in Appendix A.

The RESOPT optimization tool combines the computational robustness, the speed, the flexi-
bility and the gradient capability of well-established reservoir simulators, (commercial, open source
or academic), with ensemble-based optimization methods and state-of-the-art gradient-based numer-
ical optimization algorithms. The software integration provides a computationally fast, efficient and
practical optimization tool for oil production optimization of high-resolution industry-scale reservoir
models. Furthermore, the software facilitates use of existing reservoir models in model-based
optimization procedures. Thus, avoiding the need for remodeling or converting existing models to
fit another format. Consequently, RESOPT constitutes a powerful and efficient tool to support
and guide decision-making in a real-life reservoir management process.

In Section 5.1, we describe the functionality of the software optimization tool and in Section 5.2,
we provide an overview of the involved workflow. Finally, in Section 5.3 we identify a number of
key ingredients that are essential for effective application of long-term oil production optimization
methods to high-resolution industry-scale reservoir models.

5.1 RESOPT functionality

The software integration in RESOPT is based on the industry standard Eclipse file-format [131].
This file-format ensures flexibility in the choice of reservoir simulator and enables direct use of
existing reservoir models without the need to convert to a different format. From an industrial
perspective, this is a particularly important feature, since much time and resources are spent on
building complex models able to reliably predict future performance of an oil reservoir. Many
reservoir simulators including both academic, open-source and commercial simulators are compatible
with this file-format at to a greater or lesser extent. The Matlab Reservoir Simulation Toolbox
(MRST) [133] and the Open Porous Media initiative (OPM) [102] are examples of open source
reservoir simulators, which to some extent are compatible with the Eclipse file-format. Some
commercial simulators such as GEM from CMG [46] offer functionality to convert Eclipse models
into formats applicable to the specific simulator software. Hence, designing the software integration
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Table 5.1: Overview of the optimization strategies implemented in RESOPT.

Risk measure Abbreviation Equation
Deterministic net present value optimization SINGLE (3.9)
Mean-variance optimization MVO (3.31)
Conditional value at risk optimization CVaR (3.33)
Mean-conditional value at risk optimization CVaRO (3.34)
Least squares optimization LS (3.43)

based on this file-format allows for greater flexibility in the choice of reservoir simulator.

RESOPT consists of three key elements, a core implemented in Matlab/Octave, a simulation
module and an optimizer module. The core of RESOPT manages the data processing and handles
communication between the simulator module and the optimizer module. The simulation module
calls the external reservoir simulator, which can be any Eclipse file-format compatible reservoir
simulator with adjoint gradient capability. The external simulator must return the states, w, the
net present value, ψ, and the gradient of the net present value, ∇uψ, as discussed in Section
3.1.6 stated in (3.27). The optimizer module calls the external optimizer of choice. Applicable
optimizers must have a Matlab/Octave interface, e.g. IPOPT, KNITRO, fmincon, etc. A guide to
the RESOPT software is provided in Appendix H.

The RESOPT software tool extends current state-of-the-art workflows for oil production op-
timization by providing access to a variety of both deterministic and ensemble-based optimization
strategies. All risk measures presented in Section 3.2.3 are implemented in the RESOPT software.
Table 5.1 provides an overview of the implemented optimization strategies. To enable application for
high-resolution industrial-scale reservoir models, the hierarchical multigrid optimization procedure
that is described in Chapter 4 is implemented in the software.

5.2 Workflow overview

In this section, we provide an overview of the RESOPT optimization software tool workflow.

Fig 5.1 shows an illustration of the workflow in the RESOPT software. The driver script
optimizeModel initializes the optimization procedure. optimizeModel collects all user defined
parameters that fully defines the optimization problem, from the script defineModel. defineModel
follows a specific template. The user-defined parameters are divided into two main types, namely
model parameters and optimization parameters. The optimization parameters control the external
optimizer, e.g. choice of optimizer, optimization algorithm, convergence tolerances, maximum
number of iterations, linear input constraints, etc. The model parameters define the optimization
problem, e.g. choice of optimization strategy, control type (manipulated variables) and control
intervals, initial operating profile, nonlinear output constraints, pricing profile, discount factor, and
choice of external simulator, etc. Appendix I provides a comprehensive list of the optimization and
model parameters. Table I.2 shows a list of the optimization parameters that controls the external
optimizer. Table I.1 shows a list of the model parameters that defines the optimization problem.

optimizeModel initializes the simulation input deck with the relevant user-defined parameters
and calls the optimizer module. The optimizer module interfaces with the chosen optimizer
(built-in or external) and passes the optimization parameters. The optimizer calls the function
runOptimizationStrategy that handles the communication with the external simulator through
the function runModel. For a given operating profile, u, and model ensemble, {θi}nθi=1, runModel,
calls the external simulator for all realizations. The reservoir simulator computes the states and
the algebraic variables, w, the net present value, ψi, and the gradients, ∇uψi. The calls to the
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Fig. 5.1: Flowchart illustrating the workflow of the RESOPT optimization software tool.

external simulator may be conducted in parallel, if the computational resources are available. We
note that for application of ensemble-based optimization strategies on industry-scale reservoir
models, access to a high-performance computing cluster is essential for the optimization to be
computationally tractable. runModel collects all simulation results and returns the information
to runOptimizationStrategy. Given the net present value and the associated gradient for each
ensemble member, {ψi,∇uψi}nθi=1, runOptimizationStrategy computes the objective value and
the gradient of the chosen optimization strategy, ψstrategy, and, ∇uψstrategy, and returns the
information to the external optimizer. Based on the returned information, the optimizer checks
for convergence. If the current operating profile, uk, is suboptimal, the optimizer computes a new
iterate, uk+1. This procedure continues until the optimizer convergences to an optimal operating
profile, uopt. At this point, the optimal simulation results for all ensemble members are saved
together with all iteration data, for post processing purposes.

To enable the reservoir engineer to monitor the optimization process in real-time, a dashboard
displays relevant optimization data and key-performance indicators from the simulation. After
each optimization iteration, the objective function value, ψ, is appended in the dashboard. Also
the operating profile, the gradients, and the net present value are updated at each iteration.
The operating profile, u, and the gradient of the objective, ∇uψ, are split between injectors and
producers. Furthermore, user selected production data are displayed in the dashboard and updated
at each iteration. The user selected data can be any type of time dependent result that the user
finds relevant, based on output from the reservoir simulation, e.g. phase flow rates, cumulative
production of phases, well bottom-hole pressures, and phase ratios. Fig. 5.2 shows the dashboard
after convergence for an optimization case study of a two-dimensional synthetic reservoir model.
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Fig. 5.2: Dashboard for an optimization case study on a 2-dimensional synthetic reservoir model with
6 water injection wells and 6 producer wells over an ensemble of 30 model realizations. All displayed
values are mean-values for the 30 realizations. The displayed key performance indicators are as follows:
Row 1, from left to right: Injector controls, injector gradients, fval: end-time net present value for each
optimization iteration, NPV: net present value distribution for current iteration. Row 2-3: Field (total)
results: FOIP: oil in place. FPR: mean reservoir pressure. FWCT: water cut. FGOR: gas-oil ratio. FWIR:
water injection rate. FOPR: oil production rate. FGPR: gas production rate. FWPR: water production
rate.

5.3 Key ingredients in application of oil production optimization

In this section, we identify the key ingredients, we believe to be essential when designing a robust and
efficient framework for application of optimal control to operational optimization on industrial-scale
reservoir models. All the different components and methods we have discussed in this thesis so far
are important to reach this goal. However, here we wish to highlight three key ingredients that are
essential for successful application of these methods on an industrial-scale.

1. A high-performance-computing cluster (HPC).

2. State-of-the-art gradient-based optimization tools.

3. A robust and versatile reservoir simulator with adjoint capability, for gradient computation.

Although, we have already touched upon these ingredients previously, we will briefly discuss the
reasoning behind why they are essential.

Lifetime simulation of a real-scale reservoir model is typically measured in hours. Application of
production optimization workflows requires a potentially large number of both forward reservoir
simulations and backwards adjoint simulations, in the range of 10-200. The computational load
imposed by solving the optimal control problem (3.9) in a deterministic production optimization
scenario depends on the resolution of the reservoir model, the number of control variables and the
number of control intervals. When adding the extra complication of financial risk associated with
geological or economic uncertainty, the computational load heavily increases proportional to the
number of realizations in the ensemble. For this reason, it is essential to run all simulations on a
HPC in parallel as the overall runtime for simulation may exceed any reasonable time boundary.

To ensure fast convergence (limit the number of optimization iterations needed), when solving
the optimal control problem it is essential to apply gradient-based optimization algorithms, which
are suited for large-scale dynamic optimization problems.

Gradient computations by the adjoint method are the most effective way to compute the gradient
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information needed for the application of gradient-based optimization methods. Thus, in addition
to robustness and versatility, the reservoir simulator must have adjoint capability.

In addition to the functionality previously described, RESOPT provides the possibility to combine
these three key ingredients to create a powerful and robust production optimization workflow.

5.4 Summary

In this chapter, we have presented the RESOPT software optimization tool, developed as part
of the Ph.D. project. RESOPT handles the optimization procedure in all numerical examples
presented in Part III of this thesis. We have described the functionality of the optimization software
and provided an overview of the optimization procedure workflow. Finally, we have highlighted
three key ingredients that we believe to be essential for the design of frameworks for application of
production optimization methods on industry-scale reservoir models.
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Chapter 6
Numerical Examples

In this chapter, we present five numerical examples demonstrating the application of production
optimization methodologies for different types of reservoir models. The numerical examples serve
to demonstrate the capabilities of the optimization tool, RESOPT, that was presented in Chapter
5. The examples are chosen such as to cover the different flow models and optimization strategies
discussed in the previous chapters of this thesis, as well as different oil recovery methods. The
examples are either fully or in part presented in the papers listed in Appendix V.

We present the following numerical examples:

1. Water-flooding optimization of a synthetic 2-dimensional black-oil reservoir model with
geological uncertainty and a conditional value at risk criteria.

2. Water-flooding optimization of a synthetic 2-dimensional black-oil reservoir model with
geological uncertainty and a least squares criteria.

3. Gas-flooding optimization of a synthetic 3-dimensional compositional reservoir model with
geological uncertainty and a robust optimization criteria.

4. Deterministic net present value optimization of the SPE10 benchmark reservoir model [43],
which demonstrates the work-flow of the hierarchical multigrid optimization method.

5. Deterministic net present value optimization of a real reservoir model, SOLSORT, located in
Danish North Sea.

Table 6.1 provides an overview of the different aspects covered in the numerical examples.

Table 6.1: Overview of presented numerical examples.

Case Model Flow model Scenario Strategy Constraints
1) 2-d synthetic black-oil water-flooding CVaR linear input
2) 2-d synthetic black-oil water-flooding LS / MVO linear input
3) 3-d synthetic compositional gas-flooding RO linear input
4) 3-d synthetic black-oil water-flooding NPV linear input
5) 3-d real black-oil depletion NPV linear input / nonlinear output
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6. Numerical Examples

Fig. 6.1: Well configuration and permeability field of the first realization of the 2-dimensional synthetic
model ensemble.

6.1 Conditional value at risk optimization of a 2-dimensional reservoir

In this section, we consider operational optimization of a 2-dimensional synthetic black-oil reservoir
with geological uncertainty that is produced by water-flooding, and a conditional value at risk
optimization strategy. The conditional value at risk optimization strategy is described in Section
3.2.3. The example shows that the conditional value at risk strategy efficiently reduces the risk of
low net present value outcomes and increase profit, compared to a reactive reference strategy. The
example is presented in the manuscript listed in Appendix G.

6.1.1 2-dimensional synthetic reservoir model description

The reservoir model has the physical dimensions 800 m × 1000 m × 10 m and is discretized on an
equidistant Cartesian grid of (80, 100, 1) cells. The reservoir is produced by water-flooding through
six horizontal water injector wells and six horizontal producer wells. The six water injection wells
are located with equidistant spacing, in-line from south to north along the eastern boundary of the
reservoir. The six producer wells are located along the opposite western boundary, in an identical
pattern. Fig. 6.1 shows the well configuration and the first realization of the permeability field.
The reservoir fluid is of black-oil type. Table 6.2 lists relevant reservoir data. The optimization
study is performed using an ensemble of 30 geological model realizations of the 2-dimensional
synthetic reservoir model. The model ensemble represents the inherent uncertainty of the absolute
permeability of the subsurface reservoir rock formation. All realizations of the permeability field
share the same statistical properties and are assumed to be equally probable realizations of the
true permeability in the reservoir. The permeability is within the range of 0-1200 mD and is highly
channelized, primarily in the east-west direction. Fig. 6.2 shows the 30 model realizations of the
permeability field in the ensemble.
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6.1. Conditional value at risk optimization of a 2-dimensional reservoir

Table 6.2: Reservoir data for the 2-dimensional synthetic reservoir model used in the conditional value at
risk optimization example (Section 6.1) and the least squares optimization example (Section 6.2).

Description Symbol Value Unit
physical dimensions (x, y, y) (800, 1000, 10) [m]
grid-cell dimensions (∆x,∆y,∆z) (10, 10, 10) [m]
porosity, uniform φ 0.2 -
water compressibility cw 1.45× 10−5 [bar−1]
rock compressibility cr 4.35× 10−10 [bar−1]
capillary pressure Pc 0 [bar]
pore volume Vpore 1.6× 106 [m3]
oil in place Voip 1.28× 106 [m3]
permeability range (kx, ky) [0, 1200] [mD]
bubble-point pressure Pb 153.67 [bar]
datum pressure Pr 130.00 [bar]
datum depth dr 1500.00 [m]
oil water contact OWC 2000.00 [m]
gas-oil contact GOC 1000.00 [m]
initial water saturation Swi 0.2 -
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Fig. 6.2: 30 permeability realizations of the 2-dimensional synthetic reservoir model used in the conditional
value at risk optimization example. The highly channeled permeability fields are assumed equally probable
realizations of the true reservoir permeability. The first 10 realizations, (row 1 and 2) constitutes the
ensemble used in the least squares optimization example (Section 6.2).

6.1.2 Optimization parameters

Reservoir production is simulated for a time horizon of 3600 days with 120 controlled time intervals,
N , of equal length, ∆t = 30 days. The water injection rates in all six injector wells are subject
to control. In total this gives 720 manipulated variables (controls) in the operating profile, u.
To prevent unrealistic optimal production scenarios, we impose a number of constraints on the
production. The individual injection rates are bounded in the interval (0.1, 250) m3/day, with a rate
of movement constraint of ±30 m3/day between control steps. The total injection rate is restricted
to a maximum of 750 m3/day and a minimum of 100 m3/day. Initial water injection rates are set to
100.0 m3/day for all injector wells. The producer wells maintain a constant bottom-hole pressure of
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6. Numerical Examples

Table 6.3: Optimization parameters for the conditional value at risk optimization example.

Description Symbol Value Unit
optimization strategy CVaR - -
number of worst outcome realizations nα {1, 3, 6, 15, 21, 30} -
number of realizations nθ 30 -
simulation time tf 3600 [day]
number of control steps N 120 -
length of control steps ∆t 30 [day]
number of controlled wells nw 6 -
number of controls nu 720 -
initial controls uinit 100.0 [m3/day]
lower bound on controls umin 0.01 [m3/day]
upper bound on controls umax 250.0 [m3/day]
rom constraint ∆umin,∆umax 30 [m3/day]
total upper bounds on injectors bu 750 [m3/day]
total lower bounds on injectors bl 100 [m3/day]
discount factor d 0.08 -
fluid prices: rα - [USD/m3]

oil ro 283.04 [USD/m3]
gas rg 0.0036 [USD/m3]
water rw 62.90 [USD/m3]
water injection rw,inj 12.58 [USD/m3]

algorithm active-set - -
max iterations maxit 20 -
max function evaluations maxfeval 200 -
tolerance on optimality tolopt 10−6 -
tolerance on step size tol∆u 10−6 [m3/day]

150 bar throughout the simulation. An annual discount rate of 8% is applied to the cumulated cash
flow. The optimization procedure is performed using the active-set algorithm in Matlab‘s fmincon.
The maximum number of optimization iterations is set to 20. The maximum number of function
evaluations is set to 200. The numbers is based on experience using the active-set algorithm for
oil production optimization. Table 6.3 lists other parameters relevant for the optimization procedure.

We have conditional value at risk optimization of the 2-dimensional synthetic reservoir under
geological uncertainty. The optimization procedure is performed for seven different values of the α%
worst outcomes. We choose α ∈ {0.01, 0.1, 0.3, 0.5, 0.7, 1.0}, resulting in the, nα ∈ {1, 3, 9, 15, 21, 30},
lowest outcomes of the net present value and compare the results to that of a reactive strategy
(RS). The reactive strategy operates all wells at maximum capacity and producer wells are shut-in
if they become unprofitable. In the following, we refer to the cases, where (α = 0.01, nα = 1) and
(α = 1.0, nα = 30), as the worst case (WC) and the robust case (RO), respectively.

6.1.3 Results

Fig. 6.3 shows the RESOPT dashboard after convergence for the case of the 30% lowest outcomes,
α = 0.3. The dashboard shows a number of selected key performance indicators, including the
individual well controls, the objective function value, and the net present value. The optimizer
terminates after reaching the limit of maximum 20 iterations and using 56 function evaluations
(reservoir simulations). The figure shows that the objective function, (fval), makes very little
progress after about 15 iterations, which justifies the limit of 20 optimization iterations. As a
quantitative measure of risk for a given strategy (α-level), we introduce the average CVaRα(ψ)
over all risk levels [22]

Rtot(ψ) = 1
6
∑
α∈{B}

CVaRα(ψ). (6.1)

We note that the risk of a given strategy is inversely proportional with the value of Rtotal(ψ).
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Fig. 6.3: The RESOPT dashboard for the, (α = 0.3), conditional value at risk optimization case study of
the 2-dimensional synthetic reservoir model. All displayed values are mean-values for the 30 realizations.
Row 1, from left to right: Injector controls, injector gradients, fval: end-time net present value for each
optimization iteration, NPV: net present value distribution for current iteration. Row 2-3: Field (total)
results. FOIP: oil in place. FPR: mean reservoir pressure. FWCT: water cut. FGOR: gas-oil ratio. FWIR:
water injection rate. FOPR: oil production rate. FGPR: gas production rate. FWPR: water production
rate.

Table 6.4: Key performance indicators for net present value distributions of the conditional value at risk
optimization strategies and the reactive strategy. All values are in million USD. The optimized strategies
outperform the reactive strategy on all key performance indicators, with an increase in expected value
ranging from 8.5% for the worst-case strategy to 13.25% for the α = 70% strategy.

Control strategy WCθ(ψ) Eθ(ψ) σθ(ψ) 5th percentile 95th percentile %Eθ(ψ) increase
cs: RO 86.28 108.70 8.66 96.24 123.11 13.24
cs: 70% 84.17 108.72 8.52 96.68 122.58 13.25
cs: 50% 84.86 108.63 8.39 97.33 122.89 13.16
cs: 30% 83.24 107.95 8.01 97.42 122.14 12.45
cs: 10% 86.19 107.47 7.98 97.89 120.95 11.95
cs: WC 89.14 104.18 7.69 89.78 118.08 8.53
cs: RS 73.35 95.99 8.15 83.66 108.05 -

Fig. 6.4 shows results for the conditional value at risk optimization case study and for the
reactive strategy. Fig. 6.4a shows a stripchart of the net present value outcomes. The figure shows
that all conditional value at risk strategies have a significantly higher mean and worst-case net
present value, relative to the reactive strategy. The mean net present value of the α = 70% strategy
is slightly higher than for the RO strategy, but it has a lower chance of high net present value
outcomes. However, the figure does not provide information on which model realizations yield low
outcomes in the different strategies. Hence, we cannot rule out the possibility that an optimized
strategy, despite an overall lower risk, yields a lower profit than the reactive strategy. Fig. 6.4b
shows the cumulative distribution function of the net present value outcomes. The figure shows that
the reactive strategy has the highest risk for low net present value outcomes. However, it is not clear
from this figure, which of the conditional value at risk levels has the overall lowest risk. Fig. 6.4c
shows the total risk measure for all control strategies. The strategy α = 100% has the lowest risk,
(highest Rtot), as measured by (6.1). Fig. 6.4d shows the CVaRα risk measure as function of α
for all control strategies. CVaRα for all control strategies is higher than for the reactive strategy.
The figures clearly show that the conditional value at risk optimization strategies minimize the
risk for low net present value outcomes, when compared to the reactive strategy. As the figures
illustrate, the worst-case strategy has the lowest risk of very low net present value outcomes, but is
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Fig. 6.4: Stripchart, cumulative distribution function, total risk measure and conditional value at risk
function for the conditional value at risk optimization case study of the 2-dimensional synthetic reservoir
model. (a) The vertical lines indicate the 5th percentile, the mean, and the 95th percentile. The conditional
value at risk strategies have significantly higher mean and lower risk of low net present value outcomes
compared to the reactive strategy. Even though the worst case strategy has the highest low net present
value outcome, it has the lowest net present value mean of the all conditional value at risk strategies. (b)
The reactive strategy clearly has a higher risk for low net present value outcomes, than the conditional
value at risk strategies. (c) The total risk measure, Rtot, for all different control strategies. The maximum
is reached for α = 100%. (d) The risk measure, CVaRα, for all control strategies as function of α. For all
control strategies, CVaRα is higher than for the reactive strategy. As expected, the worst-case strategy,
α = 0.01, performs best for the worst-case measure, CVaR0.01, but is outperformed by the other optimized
strategies for all other values of α. The largest variations are for low values of α, indicating that the main
difference between the optimized control strategies is the distribution of low outcome realizations.

outperformed on all other parameters by the other conditional value at risk strategies. However,
as stated previously, despite of the overall improvement achieved by the optimized strategies, we
cannot rule out the possibility of net present value outcomes worse than the reactive strategy.
To remedy this issue, Capolei et al. [21] introduce a risk mitigation method based on the net
present value offset distribution. Table 6.4 lists a comparison of key performance indicators; the
worst case, the mean, the standard deviation, the 5th and 95th percentiles of the net present value
distributions for all conditional value at risk strategies and the reactive strategy. The optimized
strategies outperform the reactive strategy on all key performance indicators. Furthermore, the
standard deviations of the optimized strategies are similar to standard deviation of the reactive
strategy.
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Fig. 6.5: 10 permeability realizations of the 2-dimensional synthetic reservoir model, used in the least
squares optimization case study. The highly channeled permeability fields are assumed equally probable
realizations of the true reservoir permeability.

6.2 Least squares optimization of a 2-dimensional reservoir under
geological uncertainty

In this section, we present a least squares optimization case study of a 2-dimensional synthetic
black-oil reservoir model. The least squares optimization strategy is presented in Section 3.2.3.

The least squares optimization strategy balances the trade-off between risk and reward for
a mean-variance optimization problem by computing a desirable Pareto point on the efficient
frontier. The numerical example serves to demonstrate: 1) The ability of the least squares approach
to efficiently trade-off risk and reward at significantly reduced computational cost relative to a
conventional mean-variance approach. 2) The application of the least squares optimization method
for ensemble-based oil production optimization under geological uncertainty, using the RESOPT
optimization software. The result is compared to a Pareto front representative computed by
successive solutions to the mean-variance optimization problem (3.31) using appropriate trade-off
parameter values. The case study presented in [42], listed in Appendix B.

6.2.1 2-dimensional synthetic reservoir model description

The case study is performed for the same 2-dimensional synthetic black-oil reservoir model as is
used in the conditional value at risk example in Section 6.1. The details of the reservoir model
are described in Section 6.1.1 and Table 6.2 lists the model data. For this case study, we use an
ensemble of 10 realizations of the permeability field to represent geological uncertainty. Fig. 6.5
shows the ensemble realizations. Fig. 6.2 shows the well configuration and the first permeability
realization in the ensemble.

6.2.2 Optimization parameters

Reservoir production is simulated for a time horizon 3600 days under water-flooding conditions.
The bottom-hole pressure of the six producers are kept at a constant pressure of 125 bar throughout
the reservoir lifetime and the six water injector wells are subject to control with a sample rate
of 30 days. In total this gives 720 manipulated variables in the operating profile, u. To prevent
any unphysical optimal operating profile, we impose a number of constraints on the optimization
problem. The water injection rates are bound to the interval (0.1, 250) m3/day, with a rate of
movement constraint of ±30 m3/day. The total injection rate is constrained to a maximum of 750
m3/day. The initial water injection rates, uinit, are set to 62.5 m3/day for each well. The maximum
number of optimization iterations is set to 100. To ensure comparable magnitudes of the objectives,
we scale the variance by a factor of, w = 10−7.

Using these optimization parameters, we have performed a water-flooding optimization study
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Table 6.5: Least squares optimization results. Comparison between the mean-variance optimization and
the least squares optimization strategies.

Strategy Expected return [MMUSD] Standard deviation [MMUSD] # reservoir simulations
Mean-variance - - 17150
λ = 1.0 104.1 9.53 1120
λ = 0.9 104.4 9.28 3550
λ = 0.8 103.9 8.13 2140
λ = 0.7 104.0 7.73 210
λ = 0.6 103.5 7.33 1930
λ = 0.5 103.1 6.90 1540
λ = 0.4 102.8 6.65 610
λ = 0.3 101.5 6.35 2110
λ = 0.2 98.7 5.88 1370
λ = 0.1 91.9 4.84 1510
λ = 0.0 76.1 3.36 1060
Least squares 102.6 6.54 3090

of the 2-dimensional synthetic reservoir with geological uncertainty, using the least squares op-
timization strategy (3.43) described in Section 3.2.3. To compute a Pareto front representative,
we have performed 11 optimization runs using the bi-criteria mean-variance strategy (3.31), for
the trade-off parameter, {λi}10

i=0 = {i/10}10
i=0. The Utopian point applied to the least squares

optimization strategy, consists of the extremes of the mean-variance optimization cases, namely the
cases of λ = 0, and λ = 1.

6.2.3 Results

Fig. 6.6 compares the least squares solution to the Pareto front representative generated by
successive mean-variance optimizations. The figure displays the standard deviation versus expected
return of the optimal solutions. The results show that the least squares method succeeds to detect
the trade-off at the bend of the efficient frontier curve. Table 6.5 lists the Pareto optimal values
of expected return and standard deviation for all 11 mean-variance optimization runs and for the
least squares optimization. Compared to the extreme mean-variance optimization case of λ = 1,
the least squares method yields a trade-off that sustains a high expected return, while reducing
the risk of profit loss substantially. The least squares optimal solution yields a reduction of the
expected return by just 1.5 million USD, while reducing the standard deviation by approximately
3 million USD. When compared to the other extreme mean-variance case of λ = 0, the least
squares method yields a dramatic increase of expected return from 76.1 million USD to 102.6
million USD. This increase comes with the cost of a minor increase in the standard deviation of
approximately 3.2 million USD. Table 6.5 compares the mean-variance optimization method and
the least squares method in terms of equivalent reservoir simulations required to meet the stopping
criteria of the optimization algorithm. The least squares method requires 3090 reservoir simulations
to locate the optimal Pareto point, while the mean-variance optimization requires 17150 reservoir
simulations in total to compute the 11 Pareto optimal points on the efficient frontier. Furthermore,
as discussed previously, there are no guarantee that the choice of trade-off parameters, λ, used in
the mean-variance optimization approach will provide a proper representation of the Pareto front.
Hence, using the mean-variance optimization approach to compute a Pareto front representative is
in some cases computationally intractable.

Overall, the results show that the least squares method succeeds to locate a trade-off that properly
balances the conflicting objectives of risk and reward, without any prior knowledge of the shape of
the efficient frontier, while reducing the computational cost significantly relative to a traditional
approach. In turn, this makes the least squares method a computationally attractive alternative to
mean-variance optimization.
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Fig. 6.6: Least squares optimal point and Pareto frontier representative computed by mean-variance
optimization. The least squares method manages to compute an optimal trade-off at the bend of the
efficient frontier that reduces the risk significantly, while maintaining a high expected return.
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(a) Well configuration and permeability field of
the third model realization.

(b) Lower, middle and upper part of the reser-
voir.

Fig. 6.7: 3-dimensional synthetic reservoir model. (a) Well configuration and permeability field of the third
model realization in the ensemble. Producer 4 is located in the corner region of the reservoir, the farthest
away from the gas injection wells. Producer 1 is located relatively close to injector 2. (b) Depth levels in
the reservoir. The blue color indicates the oil-water contact level. The green color indicates the middle-part
of the reservoir, where all producer wells are completed. The red color indicates the upper-part of the
reservoir, where all gas injector wells are completed.

6.3 Robust optimization of a compositional reservoir in a gas-flooding
scenario

In this section, we present a case study of a robust optimization strategy applied to a synthetic
3-dimensional compositional reservoir model produced in a gas-flooding scenario. The case study
demonstrates the use of the RESOPT optimization software tool to apply oil production optimization
under geological uncertainty to compositional reservoir models. Although compositional flow models
are typically not used for long-term prediction purposes of high-resolution models due to the
computational load associated with the solution of the governing system of equations, they are
in some cases relevant, e.g. gas injection, CO2 injection, etc. The numerical results show that
by applying a robust optimization strategy to a compositional reservoir model under gas-flooding
conditions, we are able to increase the expected net present value over an ensemble of models
considerably, relative to a reference case. This example is presented in the manuscript listed in
Appendix G.

6.3.1 3-dimensional synthetic reservoir model description

The reservoir has the approximate physical dimensions, 3350 m × 5000 m × 20 m and is discretized
on a (18 × 27 × 5) cells corner-point grid. The depth of the reservoir varies with the geometry.
The oil-water contact, (OWC), is located in the lower part of the reservoir. The upper-part of
the reservoir has a dome-like shape, where a possible gas-cap could be trapped. The reservoir
is produced by gas-flooding through five vertical gas injector wells located in the upper-part of
the reservoir and four vertical producer wells located in the lower part of the reservoir, above the
oil-water contact. Fig. 6.7a shows the well configuration and the first out of ten model realizations
of the permeability field. Fig. 6.7b shows the depth levels of the reservoir. Table 6.6 lists relevant
reservoir data. The chemical composition of the fluid is lumped into four components, CH4, CO2,
C4 and C12. Table 6.7 lists the properties of the fluid components and the molar composition.
Fig. 6.8 shows the fluid phase-envelope. The reservoir fluid has the characteristics of a black-oil
as the phase-envelope shows. The injected gas well stream has the composition of methane, CH4.
Initially, the reservoir pressure is Pr = 115 bar, which is above the bubble-point pressure of the
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Table 6.6: Reservoir data for the 3-dimensional synthetic reservoir model.

Description Symbol Value Unit
physical dimension (x, y, y) (3350, 5000, 20) [m]
grid-cell dimension (∆x,∆y,∆z) (186, 185, 4) [m]
grid (Nx, Ny , Nz) (18, 27, 5)
datum depth Zr 2450 [m]
datum pressure Pr 115 [bar]
oil-water contact OWC 2450 [m]
gas-oil contact GOC 2300 [m]
porosity, uniform φ 0.25 -
pore volume Vpore 114.04× 106 [m3]
permeability range (kx, ky , kz) [0, 1000] [mD]
initial oil in place Voil 82.19× 106 [m3]
surface density water ρw 1000 [kg/m3]
water viscosity µw 0.25 [cp]
water compressibility cw 10−6 [bar−1]
rock compressibility cr 10−12 [bar−1]

Table 6.7: Compositional reservoir fluid component properties.

Component Critical temperature Critical pressure Acentric factor Mole mass Mole fraction
Tc[C] Pc[bar] ω M[g/mol] z

CH4 -82.59 45.99 0.0115 16.043 0.35
CO2 31.06 73.83 0.2236 44.010 0.01
C4 151.97 37.96 0.2002 78.123 0.25
C12 384.85 18.20 0.5764 250.338 0.39
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Fig. 6.8: Phase envelope of the compositional reservoir fluid. The reservoir pressure is initially above the
bubble-point pressure.

reservior fluid, Pb = 109.9 bar.

6.3.2 Optimization parameters

Reservoir production is simulated for a lifetime of 5400 days with uniform controlled time intervals
of 30 days. All wells are subject to control. The five gas injection wells are controlled by injection
rate and the four producer wells are controlled by bottom-hole pressure. Hence, the total number
of manipulated variables are 1620. The unit of the gas injection rates is surface volume per day
sm3/day and the unit of the bottom-hole pressures is bar. This gives a significant difference in
numerical values of the manipulated variables associated with the different well types. To ensure
comparable magnitudes of the manipulated variables in the optimization, we scale the gas injection
rate by a factor of 10−5. To ensure physical solutions and to emulate realistic production conditions,
we impose bound constraints on the manipulated variables. The gas injection rates are bounded
in the interval (0.01, 2 × 106) sm3/day and the producer bottom-hole pressures are bounded in
the interval (95, 110) bar. There are no bounds on the total gas injection rate, other than the one
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Fig. 6.9: Top-layers of the ten permeability realizations of the 3-dimensional synthetic reservoir model in
the ensemble. The highly channeled permeability fields are assumed equally probable realizations of the
true reservoir permeability.

imposed by the bounds on the individual injection rates. We initialize the optimization procedure
using the following initial operating profile: The individual gas injection rates for the five gas
injection wells are set to (1.5× 106, 106, 106, 106, 106) sm3/day respectively and the bottom-hole
pressures in all four producer wells are set to 98 bar. We apply an undiscounted net present value
objective for the individual ensemble members. The applied fluid prices are listed in Table 6.8. To
represent the geological uncertainty, we use an ensemble of 10 model realizations of the reservoir
permeability. We assume that all ensemble members are equally probable representations of the
true reservoir permeability. Fig. 6.9 shows the 10 geological model realizations in the ensemble.

We have performed a gas-flooding optimization study of the 3-dimensional synthetic reservoir model
under geological uncertainty using the robust optimization strategy (3.30) described in Section
3.2.3. The optimization procedure is performed using the interior-point algorithm in Matlab‘s
fmincon. Table 6.8 shows the relevant optimization parameters applied to the study. To serve as a
reference case, we have performed a reservoir simulation using the same operating profile as is used
to initialize the optimization case.

6.3.3 Numerical results

Fig. 6.12 shows the RESOPT dashboard after convergence. The dashboard shows the operating
profiles of the gas injection wells and the production wells, the objective function value, the net
present value, and for this particular case, the field production rates of oil and gas, respectively.
This enables the reservoir engineers to monitor the optimization procedure in real time. The
optimizer converged after 189 iterations due to a change in the manipulated variables smaller than
the tolerance of 10−6. The relative high number of iterations used points out the complexity and
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Table 6.8: Optimization parameters for the robust optimization gas-flooding case study.

Description Symbol Value Unit
optimization strategy RO - -
number of realizations nθ 10 -
simulation time tf 5400 [day]
number of control steps N 180 -
length of control steps ∆t 30 [day]
number of controlled wells nw 9 -
number of controls nu 1620 -
initial controls: uinit - -

injector 1 uinit,inj1 1.5× 106 [m3/day]
injector 2-5 uinit,inj(2-5) 1.0× 106 [m3/day]
producers uinit,prod 98.0 [bar]

lower bound on controls: umin - -
injectors umin,inj 0.01 [m3/day]
producers umin,prod 95.0 [bar]

upper bound on controls: umax - -
injectors umax,inj 2.0× 106 [m3/day]
producers umax,prod 105.0 [bar]

fluid prices: rα - [USD/m3]
oil ro 283.04 [USD/m3]
gas rg 0.0036 [USD/m3]
water rw 62.90 [USD/m3]
gas injection rg,inj 0.036 [USD/m3]

algorithm interior point - -
max iterations maxit 400 -
max function evaluations maxfeval 1000 -
tolerance on optimality tolopt 10−6 -
tolerance on step size tol∆u 10−6 -

Table 6.9: Key performance indicators for the net present value distributions of the robust optimization
strategy and the reference strategy. All values are in million USD. The optimized strategy outperforms the
reference strategy on all key performance indicators with exception of the standard deviation. The mean
net present value is increased by 8.45%.

Strategy Worst case Mean Std 10th percentile 90th percentile % mean increase
Robust strategy 4280.76 5571.89 558.45 4719.72 6152.44 8.47
Reference strategy 3911.54 4998.26 483.70 4353.99 5597.47 -

nonlinearity of the reservoir model.

Fig. 6.10 shows the optimal operating profiles for the gas injection wells and for the producer wells.
Fig. 6.11 shows the ensemble mean of the gas and oil production rates for the individual producer
wells. The figures show that producer 2 and producer 4 operates at the bounds for almost the entire
reservoir lifetime. Producer 2 operates at the upper bound from the beginning and remains there
until very close to the end time. Furthermore, it has a relatively high gas production rate. This
suggest a high well connectivity between the gas injection wells and producer 2. Hence, operating
this well at high bottom-hole pressure shifts production towards the other wells. On the other
hand, producer 4 operates at the lower bound throughout the reservoir lifetime and has a relatively
low gas and oil production rate. This makes sense, since producer 4 is located in the corner region
of the reservoir farthest away from the injection wells, which is the most difficult region to sweep
for oil. The gas injection wells all operate at alternating rates within the bounds throughout the
reservoir lifetime, with the exception of injector 2. Injector 2 operates at the lower bound at all
times, which is essentially at zero rate. This suggest a high inter-well connectivity between injector
2 and producer 1, which are located relatively close to each other.

Table 6.9 compares key performance indicators for the robust optimization strategy and the
reference strategy. The key performance indicators are the worst case, the expected return, the
standard deviation, the 10th percentile and the 90th percentile of the net present value distributions.
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Fig. 6.10: Optimal operating profile for the robust optimization gas-flooding case study. Producer well
2 operates at the upper bound bottom-hole pressure for the majority of the reservoir lifetime before it
switches to operate at the lower bound pressure. Producer well 4 operates at the lower bound bottom-hole
pressure throughout the reservoir lifetime. The gas injection wells switches between the upper and lower
bound rates with the exception of injector well 2, which operates close to the lower bound throughout the
reservoir lifetime.

The optimized strategy outperforms the reference strategy on all key performance indicators, except
the standard deviation. The standard deviation of the robust strategy is slightly higher than that
of the reference strategy. This emphasizes the main weakness of the robust optimization strategy,
namely that it does not mitigate risk of low net present value outcomes. Nevertheless, the mean of
the distribution is increased by 8.45% relative to the reference case.

Fig. 6.13 shows a stripchart of the net present value outcomes, the cumulative distribution functions,
and the net present value distributions of the optimized strategy and the reference strategy. The
stripchart, Fig. 6.13a, shows that the optimized distribution is shifted towards higher profit and that
the variance remains qualitatively similar to that of the reference strategy. The cumulative distribu-
tion functions, Fig. 6.13b, show that the risk of low profit outcomes is significantly reduced for the
optimized strategy relative to the reference strategy. The net present value distributions, Fig. 6.13c,
show that the optimized strategy improves the cash flow throughout the reservoir lifetime. However,
this improvement in cash flow is not to be generally expected, when applying long-term optimiza-
tion strategies, since the aim is to maximize the net present value at the end of the reservoir lifetime.

Fig. 6.14 shows the gas saturation (SGAS) in all layers of the ten ensemble model realizations after
5400 days of production for the optimal operating profile. Fig. 6.15 shows the gas saturation in
the top layer of the ten ensemble model realizations at different times during production using the
optimal operating profile.
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Fig. 6.11: Well gas injection rates and mean well production rates for the robust optimization gas-flooding
case study. (a). Well gas-flooding rate (WGIR). Injector 1 operates at the upper bound until late in the
reservoir lifetime. Injector 2 is effectively shut-in throughout the time horizon. (b). Well water production
rate (WWPR). Water production from all producer wells is negligible. (c). Well Gas Production Rate
(WGPR). Producer 2 has a high gas production rate from the beginning of production. Producer 4 has a
relatively low gas production rate. (d). Well Oil Production Rate (WOPR). Producer 4 has a relatively
low oil production rate.
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Fig. 6.12: RESOPT dashboard after convergence for the robust optimization gas-flooding case study. Row
1, from left to right: rates for the gas injection wells, bottom-hole pressures for the production wells, and
objective function value versus iteration number. Row 2, from left to right: FOPR; field oil production
rate, FGPR; field gas production rate, and net present value. The dashboard allows the reservoir engineer
conducting the optimization to monitor development during the optimization procedure.
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Fig. 6.13: Stripchart, cumulative distribution function, and net present value distribution for the robust
optimization gas-flooding case study. (a) The vertical lines indicate the 10th percentile, the mean, and the
90th percentile. The robust optimization strategy has a significantly higher mean than the reference case,
as it has shifted the net present value distribution towards higher outcome. (b) The figure clearly shows
that the reference case has a much higher risk of low net present value outcomes compared to the robust
optimization strategy. (c) The net present value distribution of the robust optimization strategy improves
the cash flow throughout the reservoir lifetime in comparison to the reference case.
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Fig. 6.14: Gas saturation, SGAS, in all five layers of the model, for all ensemble members, after 5400 days
of production using the optimal operating profile. Each column depicts layer 1-5 of a model realization.

Fig. 6.15: Gas saturation, SGAS, in the top layer, for all ensemble members, after (60, 1410, 2730, 4080,
5400) days of production, respectively, using the optimal operating profile. Each column depicts a model
realization.
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Table 6.10: SPE10 reservoir model data.

Description Symbol Value Unit
physical dimension (x, y, y) (1200, 2200, 16) [ft]
grid-cell dimension (∆x,∆y,∆z) (20, 10, 2) [ft]
water compressibility cw 1.0× 10−6 [psia−1]
rock compressibility cr 1.0× 10−6 [psia−1]
pore volume Vpore 1.357× 106 [rb]
oil in place Voip 874.93× 103 [rb]
permeability range (kx, ky) [0, 20000] [mD]
porosity range σ [0.0, 0.5] -
bubble-point pressure Pb 3600 [psia]
datum pressure Pr 3600 [psia]
datum depth dr 9000 [ft]
oil water contact OWC 9100 [ft]
gas-oil contact GOC 8800 [ft]
average water saturation Swi 0.355 -

6.4 Hierarchical multigrid optimization of the SPE10 benchmark test
case

In this section, we present a case study that demonstrates the work-flow of the hierarchical multigrid
optimization method presented in Chapter 4. The case study is a water-flooding optimization
on the top 8 layers of SPE10 model 2 reservoir model [43]. The SPE10 model 2 is a part of the
tenth SPE Comparative Solution Project designed as a benchmark test of coarsening and upscaling
procedures. Therefore, the model is an obvious candidate for testing the hierarchical multigrid
optimization method. A data set containing all model information can be downloaded at the project
website [135]. The case study is presented in Paper III [80], listed in Appendix C.

The results show that the hierarchical multigrid optimization method provides an improved
net present value, relative to running an optimization procedure directly on the high-resolution
model. The improved profit is obtained, while reducing the overall computational burden of
the optimization procedure by fast simulations on coarse levels and by reducing the number of
optimization iterations required until convergence.

6.4.1 SPE10 model description

The physical domain of the model is a rectangle with the dimensions, 1200 ft × 2200 ft × 16 ft.
The reservoir is discretized on a equidistant Cartesian grid of (Nx, Ny, Nz) = (60, 220, 8) cells. In
contrast to the two-phase fluid used in the original model, we here consider black-oil fluid flow.
The top layers of the reservoir model consist of a Tarbert formation, with a highly heterogeneous
permeability field. The datum depth of the top layer is dr = 9000 ft. The corresponding datum
pressure is Pr = 3600 psia and is equal to the fluid bubble-point pressure Pb. Oil-water contact
and gas-oil contact levels are located below and above the reservoir domain, respectively. The
horizontal permeability ranges from 0-20000 mD with a mean of 364.5 mD and a standard deviation
of 1443.4 mD. The vertical permeability equals the horizontal permeability scaled by 0.3. The
porosity is highly heterogeneous in the range of 0-0.5, with an average value of 0.175. Hydrocarbons
are produced from the reservoir through a five-spot well pattern, with a central water injector well
and four producer wells located in the corners of the reservoir. All wells are vertical and completed
in all eight layers of the reservoir. Fig. 6.16 shows the horizontal permeability field and the well
configuration of the SPE10 reservoir model. Table 6.10 shows relevant reservoir data.
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Fig. 6.16: Horizontal permeability and well configuration of the SPE10 reservoir model.

Table 6.11: Grid coarsening levels in the SPE10 reservoir model hierarchy.

Level Coarsening factor Grid dimensions Number of cells
base-level - (60, 220, 8) 105600
level-1 (2, 2, 2) (30, 11, 4) 13200
level-2 (4, 4, 4) (15, 55, 2) 1650
level-3 (8, 8, 8) (8, 28, 1) 512

6.4.2 Model hierarchy

We have computed a hierarchy of increasingly coarse model levels based on the high-resolution SPE10
model. The model hierarchy has four levels and consists of the high-resolution model and three
coarsened and upscaled models. As mentioned previously, in the context of the hierarchical multigrid
optimization method, we refer to the high-resolution model as the base-level. The coarse models are
generated by applying the model reduction procedure described in Section 4.1. We apply three levels
of coarsening factors for the coarsening procedure, namely (cfx, cfy, cfz) = (2, 2, 2), (4, 4, 4), (8, 8, 8),
(see Section 4.1.1). The corresponding number of grid cells are 13200, 1650, and 512, where
the high-resolution model consists of 105600 cells. Table 6.11 lists the details of the coarsening
procedure. The high-resolution model properties are upscaled as described in Section 4.1.2. The
porosity is upscaled by arithmetic averaging. The absolute permeability is upscaled by a local
single-phase flow-based method. In this case study, we do not upscale the well-index, which is
therefore computed by the standard Peaceman model. For a numerical example that includes well
index upscaling see [80] listed in Appendix C. Fig. 6.17 shows the SPE10 model hierarchy with the
upscaled horizontal permeability.
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Fig. 6.17: Model hierarchy of the SPE10 model. Upscaled horizontal permeability.

6.4.3 Optimization parameters

Reservoir production is simulated for 3000 days in a water-flooding scenario. The reservoir lifetime
is divided into 100 control time intervals, N , of equal length ∆t = 30 days. The bottom-hole
pressures in all wells are subject to control, in total yielding 500 manipulated variables in the
operating profile, u. We impose bound constraints on the manipulated variables to ensure valid
solutions to the optimization problem. The bottom-hole pressure in the water injection well is
bounded in the interval (3800, 5500) psia and the bottom-hole pressures in the producer wells are
bounded in the interval (1700, 3500) psia. A rate of movement constraint of ±30 psia is imposed
on all wells to avoid rapid changes in bottom-hole pressures between control intervals.

We have performed water-flooding optimization on the SPE10 reservoir model, seeking to
maximize the undiscounted net present value, by applying the hierarchical multigrid optimization
procedure described in Section 4.2. The optimization procedure is initialized with a water injection
well bottom-hole pressure of 4000 psia and producer well bottom-hole pressures of 2000 psia.
Table 6.12 shows the optimization parameters.

6.4.4 Optimization procedure

We demonstrate the hierarchical multigrid optimization procedure on the model hierarchy of the
SPE10 reservoir. As described in Section 4.2, the hierarchical multigrid optimization procedure
starts with optimization on the coarsest level, in this case level-3. The optimization on level-3
is initialized using the start guess on the operating profile, uinit (see Table 6.12). The computed
optimal operating profile, u∗opt,level-3, is passed on to level-2 and applied as the initial operating
profile. A full optimization on level-2 is performed and a new optimal operating profile, uopt,level-2
is computed, and is then passed on to next level. We continue this procedure all the way to the
base-level. After applying this procedure, we end up with an optimal operating profile for each
level in the model hierarchy, namely u∗opt,level-3, uopt,level-2, uopt,level-1, uopt,base-level. To evaluate the
results obtained by the hierarchical optimization procedure, we optimize all levels individually using
the initial start guess, uinit, given in Table 6.12. From this, we obtain three additional optimal
operating profiles. These additional optimal operating profiles are denoted by a superscript *,
hence they are written as u∗opt,level-2, u∗opt,level-2, u∗opt,base-level. To ensure valid comparable results,
we assess all computed optimal operating profiles by simulation on the high-resolution model in the
Schlumberger E100 reservoir simulator. In addition to this, we simulate a reactive-strategy case in
the Schlumberger E100 reservoir simulator, using the initial operating profile, uinit. In the reactive
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Table 6.12: Optimization parameters for the deterministic net present value optimization of the SPE10
model.

Description Symbol Value Unit
strategy deterministic - -
simulation time tf 3000 [day]
number of control steps N 100 -
length of control steps ∆t 30 [day]
number of controlled wells nw 5 -
number of controls nu 500 -
initial controls: uinit - [psia]

injector uinj,init 4000 [psia]
producers uprod,init 2000 [psia]

lower bound on controls: umin - [psia]
injector uinj,min 3800 [psia]
producers uprod,min 5500 [psia]

upper bound on controls: umax - [psia]
injector uinj,max 1700 [psia]
producers uprod,max 3500 [psia]

rom constraint ∆umin,∆umax 30 [psia]
discount factor d 0.0 -
fluid prices: rα - [USD/SVOL]

oil ro 45.00 [USD/STB]
gas rg 0.0001 [USD/SCF]
water rw 10.00 [USD/STB]
water injection rw,inj 2.00 [USD/STB]

algorithm active-set - -
max iterations maxit 50 -
max function evaluations maxfeval 150 -
tolerance on optimality tolopt 10−6 -
tolerance on step size tol∆u 10−6 [psia]
tolerance on objective tol∆u 103 [USD]

strategy, a production well is shut-in if production becomes uneconomical, i.e. if the watercut rises
above 0.88.

6.4.5 Results

Table 6.13 lists the results from all the performed optimization runs. The table displays the number
of iterations and the associated number of simulations, the elapsed time and the termination criteria
for each optimized case, the net present value evaluated by simulation at the high-resolution level,
and the net present value increase in percentage. Fig. 6.18 shows the number of optimization
iterations versus net present value, including the net present value evaluation in E100, for all
optimization runs. Fig. 6.18a shows results from the hierarchical optimization procedure and Fig.
6.18b shows results from the optimization runs on the individual levels. Fig. 6.19 shows elapsed
time versus net present value (evaluated in E100) for all optimization runs. The figure displays the
results in a similar manner to the conceptual illustration of the hierarchical optimization procedure
(see. Fig. 4.5). As expected, the results for the hierarchical optimization approach shows an increase
in profit at every level in the hierarchy, when evaluated on the high-resolution model in E100. All
optimization runs provide an increase of the net present value in the order of 4% to 7.7%, relative to
the reactive strategy. The highest profit increase of 7.7% is provided by the hierarchical optimization
procedure at the base-level. The results show that the hierarchical optimization approach leads to
a significant reduction in the number of optimization iterations and in the associated number of
reservoir simulations required for convergence at all levels. This indicates that the start guesses in
terms of operating profiles provided by the procedure are of high quality. The reduction in required
optimization iterations combined with fast simulations on coarse-levels leads to a substantial
speed-up in the computation time needed to produce results. However, the direct optimization of
both level-2* and level-1* obtains a higher net present value than the hierarchical approach at the
corresponding levels. This underlines that the optimization procedure is sensitive to the choice of
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Table 6.13: SPE10 hierarchical multigrid optimization results. Number of optimization iterations, number of
simulations, elapsed time, termination flag, NPV evaluated in E100, and increase in NPV for all optimization
runs. All optimization runs terminates due to step tolerance (∆u ≤ tol∆u).

Level # iterations # simulations Elapsed time [hour] Flag NPV [MMUSD] %increase in NPV
level-3* 37 76 0.234 ∆u 8.15 4.40
level-2 14 27 0.120 ∆u 8.24 5.51
level-1 7 17 0.394 ∆u 8.35 6.96
base-level 3 17 13.077 ∆u 8.43 7.87
level-2* 49 98 0.444 ∆u 8.32 6.48
level-1* 29 57 1.659 ∆u 8.41 7.71
base-level* 13 53 44.756 ∆u 8.16 4.47
reactive-strategy 7.81 -
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(a) Hierarchical multigrid optimization on all
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Fig. 6.18: Iterations versus net present value for the hierarchical multigrid optimization on the SPE10
model. All points denoted E100 are placed arbitrarily on the iteration axis. (a) There are clear jumps in
the net present value, when propagating through the model hierarchy, indicating a quantitative difference
in the flow between levels. However, when evaluated on the high-resolution model the profit increases at
each level, indicating that the qualitative flow dynamic is preserved. (b) The direct optimization approach
requires significantly more iterations to converge, relative to the hierarchical approach.

initial guess of the operating profile. Fig. 6.18a shows a significant jump in the net present value
when moving from one level to the next in the hierarchical optimization procedure. This suggest that
the upscaling procedure tends to overestimate the absolute permeability and/or that upscaling of the
well-index might be something to consider. However, this is not critical as long as the coarse level
models capture the high-resolution flow dynamics to a sufficient degree for optimization purposes.

Fig. 6.20 shows the optimal operating profile for each well at all coarsening levels in the model
hierarchy, as well as the net present value evaluated in E100 for all levels including the reactive
strategy. The figure clearly shows that the optimal controls computed at the coarsest level propa-
gates through to the base-level, while approximately maintaining the same shape. This implies
that the model reduction procedure preserves the high-resolution flow dynamics to a qualitatively
high degree at all levels. However, because of the highly nonlinear nature of the flow dynamics,
there is no guarantee that the hierarchical approach will at all levels provide higher profit than
the profit provided by direct optimization on the corresponding level. For the first approximately
three quarters of the reservoir lifetime, the cash flow for the coarser levels is somewhat lower
than for the reactive strategy. For two reasons, this comes as no surprise: First, the net present
value objective is undiscounted and therefore does not promote short-term goals over long-term
goals. Secondly, this is an inherent problem in long-term optimization, namely that it promotes
long-term profit at the expense of short-term profit. A strategy to address this problem is to
apply multi-objective optimization strategies that combines short-term and long-term goals as
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Fig. 6.19: Computation time versus net present value, evaluated in E100, for the hierarchical multigrid
optimization of the SPE10 model. The result for the reactive strategy is included for comparison and is
placed arbitrarily on the time axis. The hierarchical optimization procedure yields increasing profit moving
through the model hierarchy, following the path indicated by the red line. At all levels, the hierarchical
procedure converges faster relative to the direct optimization at the corresponding level. However, at level-2
and level-1, the direct approach yields higher profit.
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Fig. 6.20: Optimal operating profiles and net present value, evaluated in E100, for all levels in the
hierarchical multigrid optimization of the SPE10 model. The optimal operating profile computed at level-3
propagates through to the base-level, maintaining the same qualitative expression. Only the water injection
well experiences a significant shift in bottom-hole pressure.

discussed in Section 3.2. In particular, the time-explicit method [40] that is described in Section
3.2.2, would be an obvious candidate optimization strategy to remedy this problem. Nonetheless,
for the base-level optimization, the cash flow is very close to that of the reactive strategy and after
approximately 1400 days of production, it improves.

Fig. 6.21 shows the water saturation (SWAT) in the top layer of the model at different times during
production, for the base-level hierarchical multigrid optimization case and for reactive strategy case.
The difference in water saturation between the two cases is subtle. However, by close inspection,
it is visible that the optimized case has a better oil sweep, than the reactive strategy case. In
particular, it is visible in the near well regions. Fig. 6.22 shows the water saturation in all layers
for the optimized case, after 90, 1500, and 3000 days of production respectively.
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(a) Base-level hierarchical multigrid optimization case. Water saturation, SWAT.
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(b) Reactive strategy case. Water saturation, SWAT.

Fig. 6.21: Water saturation in the top layer of the SPE10 reservoir model during production. Comparison of
(a) the base-level hierarchical multigrid optimization case and (b) the reactive strategy case. The reservoir
is produced through one central water injection well and four oil producer wells located in the corners.
Although the difference is subtle, it is visible that the optimized case has a better oil sweep. In particular,
it is visible in the vicinity of the producer wells.
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(a) Water saturation SWAT, in all layers after 90 days of production.
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(b) Water saturation, SWAT, in all layers after 1500 days of production.
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(c) Water saturation, SWAT, in all layers after 3000 days of production.

Fig. 6.22: Base-level hierarchical multigrid optimization case. Water saturation in all layers of the SPE10
reservoir model during production.

91



6. Numerical Examples

Table 6.14: Reservoir data for the SOLSORT model.

Description Symbol Value Unit
porosity range φ 0.24-0.36 -
permeability range (kx, ky) 4.0-230.0 [mD]
datum pressure Pr 416.0 [bar]
datum depth dr 3020.0-3038.0 [m]
oil water contact OWC 3026.0-3042.0 [m]
number of grid cells Nc 282900 -

6.5 Industrial case study, SOLSORT

In this section, we present a case study of oil production optimization of a real oil reservoir model,
SOLSORT, located in the Danish North Sea. The net present value of the reservoir model is
maximized using the RESOPT optimization software tool described in Chapter 5. The reservoir
simulations are performed using the commercial reservoir simulator Eclipse E300. We consider
both linear input constraints on the manipulated variables and nonlinear output constraints on the
gas production rate. The nonlinear output constraints are implemented using the soft constrained
penalty function method described in Section 3.1.4. Compared to a reference case based on best
practice reservoir engineering, the solution based on optimal control is able to increase the net
present value by 6-13% and constrain the gas production rate. All results and parameters involving
profit, flow rates and volumes are normalized. The example is presented in Paper IV [78], listed in
Appendix D.

6.5.1 SOLSORT reservoir description

The SOLSORT field is a relatively small and, at the time of this study, undeveloped oil field located
in the western part of the Danish offshore sector. The field was discovered by DONG1 in 2010 and
an exploration well was drilled in 2014. The well encountered hydrocarbons in Paleocene sandstones
at approximately 3000 ft. At the initial reservoir pressure, the fluid is in an undersaturated state.
The reservoir has some pressure support from an underlying aquifer. Table 6.14 lists relevant
reservoir data for the SOLSORT reservoir model.

6.5.2 Development scenario

In the development scenario we consider in this study, the reservoir is produced by pressure depletion
through a single horizontal production well. Fig. 6.23 shows the SOLSORT reservoir permeability
field and the production well completion. The oil in the reservoir is initially in an undersaturated
state, i.e. no free gas phase exists in the reservoir. As hydrocarbons are produced from the reservoir,
the pressure declines. When the declining pressure gets below the bubble-point pressure, free gas
is released from the oil. The low viscosity of the gas phase compared to the oil phase causes the
gas to move faster towards the well than the oil. This gas-out effect is self-reinforcing; the faster
the pressure is lowered in the well, the more gas is released from the oil phase. The challenge
from a reservoir engineering viewpoint is to determine a well operating profile, which prevents an
early gas-out of the well while simultaneously maximizing the oil recovery. To serve as a reference
case, we simulate the reservoir using a well operating profile provided by applying best practice
reservoir engineering. The reservoir is operated by controlling the oil production rate (WOPR) and
the operating strategy has a constant high oil production rate in the first 200 days of production.
Subsequently, the rate is halved for the remaining reservoir lifetime of 1800 days. In this study, we
demonstrate that optimal control to operational optimization to the SOLSORT reservoir model

1Ørsted A/S, formerly named DONG Energy A/S (Dansk Olie og NaturGas).
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Fig. 6.23: Horizontal permeability and production well configuration for the SOLSORT reservoir model.

can be applied as a mean to improve this operating strategy. Fig. 6.24a shows the well operating
profile for the reference strategy case.

6.5.3 Optimization strategies

For all optimization cases presented here, the liquid production rate of the production well is
subject to control, i.e. combined oil and water production rates (LRATE) are subject to control. In
the following, we use the terms LRATE (liquid production rate) and WLPR (well liquid production
rate) interchangeably. We consider two main optimization strategies:

1. A basic strategy, where only the well liquid production rate, LRATE, is bounded.

2. A soft constrained strategy, where both the liquid production rate, LRATE, and the field gas
production rate, FGPR, are bounded.

The second main strategy is considered to address a scenario, where the topside infrastructure
handling the production stream from the reservoir has a limiting capacity. The constraint on the
gas production rate is imposed as a soft constraint, as described in Section 3.1.4. Therefore, small
violations of the constraint are acceptable. In both main optimization strategies, we consider a
number of sub-strategies, where we vary the bounds on both the liquid production rate and the gas
production rate.

For all optimization cases, the following settings are shared. Reservoir production is simulated
for a period of 1800 days. The reservoir lifetime is divided into 60 controlled time intervals of
varying length. To capture the dynamic of the flow, the controlled time intervals are kept relatively
short in the beginning of the reservoir lifetime and increased towards the end. Fig. 6.24c illustrates
the control time intervals. As a qualified initial guess on the operating profile, we apply a version
of the effective liquid production rate from the reference case, discretized by zero-order-hold (3.2)
to the controlled time intervals. Fig. 6.24b and Fig. 6.24d show the effective liquid production rate
for the reference case and the effective liquid production rate for the reference case, discretized to
the controlled time intervals. Table 6.15 lists the optimization parameters shared by the two main
optimization strategies.

Basic optimization strategy. In the basic optimization strategy, only input constraints on the
liquid production rate are considered. We consider a number of sub-cases, where the upper bound
on the liquid production rate is varied. Firstly, we consider two cases where the upper bound is
constant throughout the simulation. Secondly, motivated by the scenario of limited topside capacity,
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(a) Well operating profile for the reference case.
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erence case.
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(d) Discretized effective liquid production rate
for the reference case.

Fig. 6.24: SOLSORT reference case operating profiles. (a) is the operating profile for the reference strategy
case, which is controlled by the oil production rate, FOPR. (b) is the effective liquid production rate after
simulation of the reference case. (c) are the varying control time intervals used in the optimization cases.
(d) is the effective liquid production rate discretized by zero-order-hold to the control time intervals.

we consider two cases where the upper bound is lowered in the last part of the reservoir lifetime.
The details are listed in Table 6.16.

Soft constrained strategy. In the soft constraint strategy, we impose nonlinear output con-
straints on the gas production rate in addition to the linear input constraints on the liquid production

Table 6.15: SOLSORT optimization parameters shared by all optimization strategies.

Description Symbol Value Unit
simulation time tf 1800 [day]
controlled quantity LRATE - [m3/day]
number of control steps N 60 -
length of control steps ∆t (1, 1, 1, 2, 5, 10, 10, 30, . . . , 60, 90, 120) [day]
number of controlled wells nw 1 -
number of controls nu 60 -
discount factor d 0.8 -
fluid prices: rα - [USD/m3]

oil ro 440.00 [USD/m3]
gas rg 0.001 [USD/m3]
water rw 32.00 [USD/m3]

algorithm interior-point - -
max iterations maxit 100 -
max function evaluations maxfeval 300 -
tolerance on optimality tolopt 10−6 -
tolerance on step size tol∆u 10−6 -
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Table 6.16: SOLSORT optimization parameters for all individual optimization cases in the two main
optimization strategies.

Basic strategy
1. LRATE ≤ 1.0[m3/day], t = 0, . . . , tf .
2. LRATE ≤ 1.25[m3/day], t = 0, . . . , tf .
3. LRATE ≤ 1.0[m3/day], t ≤ 600[day], LRATE ≤ 0.6[m3/day], t ≥ 600[day].
4. LRATE ≤ 1.25[m3/day], t ≤ 600[day], LRATE ≤ 0.6[m3/day], t ≥ 600[day].
Soft constrained strategy Penalty parameter µ
FGPR ≤ 0.815[m3/day], t = 0, . . . , tf
5. LRATE ≤ 1.0[m3/day], t = 0, . . . , tf 5.0× 10−4

6. LRATE ≤ 1.25[m3/day], t = 0, . . . , tf
FGPR ≤ 0.407[m3/day], t = 0, . . . , tf
7. LRATE ≤ 1.0[m3/day], t = 0, . . . , tf 5.0× 10−4

8. LRATE ≤ 1.25[m3/day], t = 0, . . . , tf

rate. We consider two cases, namely a case imposing a low bound on the gas production rate and
a case imposing a high bound on the gas production rate. For these two cases, we impose two
different linear constraints on the liquid production rate, namely a low upper bound and a high
upper bound. This gives a total of four soft constrained optimization strategies. It is important to
choose a suitable value of the penalty parameter, µ, in the quadratic penalty function, (3.16). The
standard approach is to start with a relatively low value of µ, and then gradually increase the value
to force the optimizer to move closer to the optimal solution. However, in the case of oil production
optimization, where each function call (reservoir simulation) is computationally demanding, this is
not a viable approach. Instead, we choose a value of µ, of the same order of magnitude as the main
objective function (3.10). Using this value, we run a few optimization iterations and evaluate the
result. If µ is set too high, it can drive the production to a shut-in, which can be hard to recover
from, yielding a suboptimal solution. On the other hand, if µ is set too low, then undesirably large
violations of the constraint is possible. Using this trial and error approach, we have chosen a value
for the penalty parameter, µ. The details are listed in Table 6.16.

6.5.4 Results

Basic strategy. Table 6.17 lists the results of the four optimization cases in the basic strategy.
Fig. 6.25 shows the net present values, the gas production rates, and the optimal operating profiles,
respectively. Fig. 6.25a shows that in all four cases, the net present value is increased in the range
of 8.2% to 13.5%. In all cases, the increase of the net present value is achieved by preventing the
well from shutting in before the end of the reservoir lifetime. However, the increase comes with the
cost of a lower cash flow in the middle part of the reservoir lifetime. Fig. 6.25c shows the liquid
production rates of the well. The figure shows that in all cases, the well is operated at the upper
bound of the liquid production rate in both the beginning and in the end of the reservoir lifetime.
In case 2 and case 4, with an initial high bound on the liquid production rate, this leads to a higher
initial cash flow as compared to the reference case. Fig. 6.25b shows the gas production rates for the
production well. For the two cases with constant upper bounds on the liquid production rate, case
1 and case 2, the results show a high gas production rate in the later stages of the reservoir lifetime.
The high gas production rate is caused by a high gas-oil ratio in the later stages in combination
with the well operating at the upper bound of the liquid production rate. As a simple and practical
method to restrict the gas production rate to a manageable level, we apply a varying upper bound
on the liquid production rate, with a low bound in the last two thirds of the reservoir lifetime, (case
3 and 4). In both these cases, this proves to be a relatively successful method as it manages to
restrict the maximum gas production rate below 0.8, without sacrificing the profit significantly.

Soft constrained strategy. Table 6.17 lists the results of the four optimization cases in the soft
constrained strategy. Fig. 6.26 shows the net present values, the gas production rates, and the
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(a) Net present value of the basic strategies.
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(b) Gas production rate of the basic strategies.
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(c) Liquid production rate of the basic strategies.

Fig. 6.25: SOLSORT basic optimization strategy results.

optimal operating profiles, respectively. Fig. 6.26a shows the net present value of the four cases with
soft constraints on the gas production rate. The constraint has a negative impact on the achieved
net present value increase, in comparison with the unconstrained strategy. This is not surprising,
since the lower gas production rate is, at least in part, obtained by keeping a lower production
rate and thereby a higher reservoir pressure. Nonetheless, an increase in profit in the range of
6.04% to 8.25% is still a significant increase. As in the basic strategy, the increase is reached in
the late stages of the reservoir lifetime, by preventing an early shut-in of the well. Again, we see
that the middle stages of the reservoir lifetime has a lower cash flow compared to the reference
case. Fig. 6.26c shows the liquid production rates of the production well. In case 5 and 6, with
a high bound on the gas production rate, we see that the well is operated at the bounds of the
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Table 6.17: SOLSORT optimization results for all optimization cases.

Optimization strategy % NPV increase max FGPR % violation
Basic strategy
1. Low bound 10.80 1.213 -
2. High bound 13.51 1.213 -
3. Low bound/low bound 8.20 0.803 -
4. High bound/low bound 8.30 0.813 -

Soft constrained strategy
5. High FGPR/low LRATE 8.23 0.811 none
6. High FGPR/high LRATE 8.25 0.756 none
7. Low FGPR/low LRATE 6.17 0.463 13.67
8. Low FGPR/high LRATE 6.04 0.448 10.03

liquid production rate in the first stage of the reservoir lifetime. However, to avoid violating the gas
production constraint, the well is operated far from the bounds at the later stages of the reservoir
lifetime, in both cases. In case 7 and case 8, with a low bound on the gas production rate, we
see that the well is operated relatively far from the upper bound on the liquid production rate.
In both these cases, the production well is shut-in after 1700 days of production, due to pressure
conditions. In case 7, we see that the well is operated at the low bound of the liquid production
rate in one time step at 800 days. As mentioned previously, there is a risk of this happening when
choosing a value for the penalty parameter, µ. The choice of the penalty parameter value is a
trade-off between the risk of shut-in and the risk of high constraint violations. In this particular
case, the optimization procedure never completely recovers from this shut-in. Fig. 6.26b shows
the gas production rates from all soft constrained optimization cases. Case 5 and case 6 with a
high constraint on the gas production rate are both able to operate the well without violating the
constraint. The gas production rates are relatively far from the constraint in the first stages of
the reservoir lifetime. This is to be expected, since in both cases, the well operates at the upper
bound of the liquid production rate. Only in the late stages of the reservoir lifetime, do we see
the gas production rate being close to the constraint. Case 7 and case 8 with a low bound on
the gas production rate are not able to honor the constraint with the chosen value of the penalty
parameter, µ. However, as mentioned previously, the chosen value of the penalty parameter, µ,
already drives the production to a shut-in in case 7. Hence, increasing the value of µ might not be
desirable as it could potentially make things worse. Nevertheless, the violation of the constraint
is relatively small in both cases. In case 7, the violation is at maximum 13.67% at the late stage
of the reservoir lifetime. For case 8, the violation is at maximum 10.03%, again at the end of the
reservoir lifetime. The results show that by imposing the proposed soft constraint method, it is
possible to constrain the gas production rate to a predetermined manageable level.
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(a) Net present value of the soft constrained strategies
with a high bound on the gas production rate and a low
bound on the liquid production rate.
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(b) Gas production rate of the soft constrained strategies
with a high bound on the gas production rate and a low
bound on the liquid production rate.
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(c) Liquid production rate of the soft constrained strategies
with a high bound on the gas production rate and a low
bound on the liquid production rate.

Fig. 6.26: SOLSORT soft constrained optimization strategy results.
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6.6 Summary

In this chapter, we have presented a number of numerical examples of oil production optimization
methods applied to oil reservoir models. Each of the examples demonstrates important aspects and
methods in the application of optimal control for operational optimization of oil reservoir models
in both deterministic and uncertain geological scenarios. In all of the presented examples, the
RESOPT optimization software tool (see Chapter 5) conducts the optimization procedure.

The examples comprise operational optimization applied to black-oil and compositional flow
models, utilizing ensemble-based optimization strategies for combined profit maximization and risk
mitigation, i.e. robust optimization, mean-variance optimization, least squares optimization and
conditional value at risk optimization strategies. Furthermore, the examples include production
optimization of depletion, water-flooding and gas-flooding scenarios, a model reduction workflow
enabling optimization of high-resolution models, handling of both linear input constraints and
nonlinear output constraints, and a case study of production optimization of an industrial reservoir
model.

In the following, we provide conclusions for each of the presented examples, as well as a summarizing
conclusion.

1. Conditional value at risk optimization case study of a 2-dimensional synthetic
black-oil reservoir model, using an ensemble of 30 permeability realizations. This
example considers conditional value at risk optimization for six risk levels, α, and compares
the results to real world best practice, represented by a reactive strategy case. It shows that
for all risk levels, α, the optimized strategies are able to compute an optimal operating profile
that provides a significantly lower risk than reactive control, with an increase in expected
return ranging from 8.53% to 13.25%. However, the results show that the optimized strategies
are not able to eliminate the risk of low net present value outcomes relative to a reactive
strategy.

2. Least squares optimization case study of a 2-dimensional synthetic black-oil reser-
voir model, using an ensemble of 10 permeability realizations. This example demon-
strates the least squares methods ability to properly balance the opposing objectives of risk
and reward in a bi-criterion mean-variance problem. A comparison of the least squares solution
to a Pareto front computed by a mean-variance approach, shows that the method is able to
locate the proper trade-off between expected return and the associated risk (optimal Pareto
point). Furthermore, the example demonstrates the significantly reduced computational effort
required by the least squares method relative to a conventional mean-variance approach, by
decreasing the number of required reservoir simulations. In this particular case study, the
computational burden was reduced by approximately 82%, relative to the mean-variance
approach. As the least squares method scales linearly with the number of objectives, the
method allows for optimization of multi-objective problems.

3. Robust optimization case study of a 3-dimensional compositional reservoir model
in a gas-flooding scenario, using an ensemble of 10 realizations of the permeability
field. This example demonstrates the capability of RESOPT to apply ensemble-based
optimization methods to a compositional reservoir model. The numerical result shows that
the robust optimization strategy increases the expected net present value return by 8.47%,
relative to a reference case. The optimized strategy outperforms the reference strategy on all
key performance indicators, with the exception of the variance. However, the example also
illustrates a possible downside to the method, namely that it does not consider the risk of
low profit outcomes.
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4. Hierarchical multigrid optimization case study of the SPE10 benchmark reservoir
model. This example serves to demonstrate the work-flow of the hierarchical multigrid
optimization method presented in Chapter 4. We have introduced a model reduction method
for oil production optimization, which significantly reduces the computational impact of the
forward simulations while maintaining the overall flow dynamics of the high-resolution model.
The optimization procedure is applied to a model hierarchy consisting of four coarse/upscaled
models including the high-resolution model. The optimization procedure initiates at the
coarsest level with a user defined start guess of the operating profile, and applies the obtained
optimal solution as the start guess on the next level. The numerical results show that the
method is able to increase profit and reduce the computational impact, relative to applying
optimization directly on a high-resolution model. Relative to a reactive strategy, the optimized
strategy increases the net present value ranging from 4.40% at the coarsest level to 7.87% at
the base-level. The computation time spent by the hierarchical approach, from the lowest level
to the base-level, is reduced to one-third of the time spent by applying optimization directly
at the base-level. This reduction suggests that the hierarchical multigrid method produces
high quality start guesses, thereby significantly lowering number of iterations required until
convergence at each level in the hierarchy.

5. Oil production optimization of the SOLSORT reservoir model. This example demon-
strates application of oil production optimization to a real-field case. The net present value
is sought maximized utilizing two main optimization strategies: 1) linear input constraints
only and 2) nonlinear output constraints on the gas production rate, using a soft constraint
penalty function. The nonlinear output constraint gradients are approximated by applying
a simplified method, requiring only one adjoint-gradient computation for all nonlinear con-
straints combined. The optimization procedure is in both cases handled by our in-house
optimization software tool, RESOPT, in combination with a commercial reservoir simulator.
We have demonstrated the proposed methodology with good results compared to a reference
case. Furthermore, we have shown that the soft constraint method is able to contain the gas
production rate at predetermined manageable level.

The presented numerical examples have demonstrated the efficiency of oil production optimization
methods to serve as support in the reservoir management decision making, as well as the capabilities
of the RESOPT optimization software tool. A number of case studies that demonstrates application
of both deterministic and ensemble-based production optimization strategies, on a variety of different
reservoir models is presented. The case studies cover optimization of black-oil and compositional
reservoir models, as well as a real reservoir model. Water-flooding, gas-flooding and depletion
production scenarios are covered in the case studies. The workflow of the hierarchical multigrid
optimization procedure, which enables application of oil production optimization methods on
high-resolution reservoir models, has been demonstrated. The numerical examples demonstrate
the feasibility of deterministic and ensemble-based production optimization and constitutes an
important step towards routine use of such tools in the real-life reservoir management process.
Particularly important from an industrial perspective, the RESOPT software tool enables routine
use of existing reservoir models in production optimization strategies, as demonstrated by the
presented case-studies.
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Chapter 7
Conclusions

In this chapter, we provide conclusions on the work presented in this thesis and offer recommenda-
tions for extensions of methods and procedures, as well as recommendations for further work. We
offer all comments, with the goal of bringing production optimization methodologies forward to a
level ready for industry uptake. First, we provide an overall conclusion on the numerical examples
presented in this thesis. We then provide concluding remarks and recommendations for further
work on each of the main contributions of this thesis. Last, we provide conclusions and further
work recommendations on the overall purpose of the Ph.D. project.

Numerical examples. We have presented five numerical case studies. Each of the case studies
demonstrates different elements of applying optimal control to operational optimization of oil
reservoir models. The examples comprise a range of both deterministic and ensemble-based opti-
mization strategies, applied to black-oil and compositional reservoirs, produced using water-flooding,
gas-flooding and depletion recovery methods. Furthermore, the examples include a demonstration
of a combined model reduction and hierarchical optimization procedure, enabling oil production
optimization of industrial-scale reservoir models, as well as a method for incorporating nonlinear
output constraints in the optimization procedure demonstrated through a case study of a real-field
reservoir in the Danish North Sea.

All the numerical case studies shows promising results in terms of increased profit in the range
of roughly 5% to 13.5%, relative to a reference case. The case studies applying ensemble-based
optimization strategies also shows promising results in terms of both increased profit and reduced
risk.

For further validation and testing of oil production optimization methods, access to a wider
range of industrial-scale reservoir models and production data, are crucial. This of course requires
a continuous close collaboration between academia and industry.

Oil production optimization software tool, RESOPT. As part of the work carried out in
this Ph.D. project, we have developed a software tool for oil production optimization, RESOPT.
The software tool integrates reservoir simulation software with adjoint gradient capability, (both
commercial, in-house, academic, and open-source simulators), and state-of-the-art gradient-based
optimization software. The software tool is module based, which makes it very flexible to use
both for research purposes and for industrial applications. The software integration extends cur-
rent state-of-the-art by enabling routine use of existing industrial reservoir models in a variety of
ensemble-based optimization strategies. From an industrial viewpoint, we summarize the advantages
and possibilities the software provides as bullet points.
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• The software enables routine use of existing reservoir models in the optimization procedure.

• The software provides access to a variety of ensemble-based strategies for optimization under
both geologic and economic uncertainty, e.g. robust optimization, mean-variance optimization,
conditional value at risk optimization, least squares optimization, and short-term versus
long-term optimization.

• The software supports a number of different flow models, e.g. two-phase, black-oil and
compositional models.

• The software enables operational optimization of reservoir models produced using different
recovery methods, e.g. depletion, water-flooding and gas-flooding.

• The software enables application of oil production optimization methodologies to high-
resolution reservoir models, by combining a semi-automated model reduction procedure
together with a hierarchical optimization procedure.

Consequently, the software constitutes a powerful tool designed to assist and guide decision making
in the real-life reservoir management process.

From a research and development viewpoint, the flexibility of the software provides an envi-
ronment for testing new ideas and methodologies, both concerning reservoir simulation models,
recovery scenarios, ensemble-based optimization strategies and optimization algorithms.

A natural extension to the optimization software tool is implementation of additional ensemble-based
risk measures, such as offset risk minimization [21] and time-explicit optimization [40]. However,
as discussed previously, for some risk measures, depending of the simulator, the required gradient
information is not readily accessible, i.e. an efficient implementation is therefore code-intrusive.

Another extension that we believe will be valuable, is implementation of ensemble-based
approximate gradient methods, such as EnOpt [36] and StoSAG [71]. Since these methods treats
the reservoir simulator as a black-box function, they will allow for even greater flexibility in the
choice of simulator and enable implementation of risk measures not accessible otherwise.

Handling of nonlinear output constraints. As part of the work done in this Ph.D. project,
we have proposed the use of a soft constraint penalty method for nonlinear output constraint
handling, where the associated gradients are approximated by a simplifying assumption on the flow
dynamics [78]. The method is demonstrated, with promising results, on a real-field case reservoir
model, where the field gas flow rate is constrained. The results show that the method manages to
constrain the gas flow rate to a predetermined level, with only small constraint violations.

However, further testing of the method on more complex models is required to validate its
robustness. In particular, further testing of the method on reservoir models in production scenarios
involving multiple injection and production wells is necessary.

Efficient handling of nonlinear constraints plays a central role in successful application of production
optimization methods on real-reservoir models. For this reason, further research in efficient handling
of nonlinear output constraints is crucial. As mentioned previously, a number of methods to handle
nonlinear output constraints has been proposed in the literature. Some of the promising constraint
handling approaches are methods based on lumping the constraints to one [87, 91, 126]. We believe
that implementing nonlinear constraint handling methods based on constraint lumping in the
optimization software tool would constitute a valuable extension of the functionality.
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Semi-automated model reduction procedure. Practical application of ensemble-based opti-
mization methods on high-resolution reservoir models are often computationally intractable, simply
due to the large simulation run time of the models. To address this problem, we have developed a
semi-automated model reduction procedure [80]. This work was done as part of this Ph.D. project.
The model reduction procedure constructs coarse-upscaled models, sufficiently accurate for opti-
mization purposes. The procedure reduces the turn-over time significantly, compared to traditional
upscaling procedures. The model reduction workflow is demonstrated on a three dimensional
synthetic black-oil reservoir model. The results show that application of the model reduction proce-
dure provides a significant speed-up in the forward simulation run-time, (dependent on the degree
of coarsening), while upholding the flow dynamics of the high-resolution model to a sufficient degree.

Extending the upscaling part of the model reduction procedure, in order to encompass relative
permeability upscaling, is a natural development of the procedure. Also extending the well-index
upscaling procedure, in order to encompass local and global flow-based techniques for higher
accuracy, is something to consider. The model reduction procedure is restricted to corner-point
grid geometry only. This restriction stems from the traditional use of this grid type in reservoir
simulation. We believe that this restriction poses a severe limitation on the obtainable accuracy
of the coarsened models. This is especially a problem in high-flow regions of the grid, e.g. in the
near-well regions of the grid. A number of model reduction methods that utilizes fully unstructured
grids have been proposed in the literature [62, 93]. In recent years, we see that more reservoir
simulators start to encompass use of fully unstructured grids. With this in mind, we believe that
investigating and implementing model reduction methods, utilizing fully unstructured grids would
prove to be a highly beneficial endeavor.

Hierarchical multigrid optimization procedure. We have proposed a hierarchical multigrid
optimization procedure that enables application of production optimization methods on high-
resolution industrial reservoir models [80]. The procedure utilizes a hierarchy of increasingly coarse
models, based on a high-resolution model. The hierarchy of coarse models are constructed by apply-
ing the semi-automated model reduction procedure. The workflow of the optimization procedure is
illustrated in a numerical case study. The optimization procedure shows promising results, as it
is able to increase profit and reduce computational impact simultaneously, relative to a reference case.

As mentioned above, the efficiency of the optimization procedure could benefit from higher accuracy
of the model hierarchy. Both in terms of increased profit and quality of the start guesses obtained
at various levels of the model hierarchy. High quality start guesses lead to faster convergence of the
optimization procedure, hence shorter time is spend on model simulations.

Overall conclusion. Despite the evident benefits of applying production optimization methods,
in terms of increased profit and reduced risk, the industry is reluctant to uptake the technology in
the reservoir management decision making process. In the introduction, we highlighted three key
requirements that we believe are essential for bringing the technology to a level where the industry
is inclined to implement the methods as part of routine planning, scheduling and operation. For
clarification, we will repeat these requirements here.

1. It must be demonstrated that the optimization workflow is applicable to high-resolution
industrial-scale reservoir models of black-oil and compositional type.

2. It must be demonstrated that the procedure leads to improved operation in terms of profit
and risk mitigation for real oil fields.
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3. It must be demonstrated that the workflow is computationally feasible in terms of computation
time and data requirement needed to have useful prediction models.

The work presented in this thesis has fulfilled these requirements, at least to a certain extent.
We have presented a framework that enables application of optimal control for operational op-
timization of industrial-scale reservoir models. We have demonstrated the workflow through a
number of numerical examples. The numerical examples encompass synthetic and real reservoir
models, black-oil and compositional flow models, oil recovery by depletion, water-flooding, and
gas-flooding, application of various ensemble-based optimization strategies, handling of nonlinear
output constraints, and a hierarchical multigrid optimization method based on a model reduction
procedure. Relative to a reference case, all the numerical examples show promising results in terms
of computational feasibility, constraint handling, profit increase, and risk reduction.

We believe that the work done in this Ph.D. project has brought industrial uptake of production
optimization technology a step closer. However, as discussed previously, further validation and
testing of the methods are central to identify and fulfill industrial needs. Hence, continuous close
collaboration between academia and industry is essential. In particular, further research into the
development of the technology, with the goal to bring down the computational load and improve
accuracy, remains highly relevant. To this end, research in data driven methods could prove to be
beneficial.

Regarding the methods developed in this Ph.D. project, an obvious recommendation for future work
is to include feedback in the control system. This can be achieved by integrating the developed
methods for computing long-term open-loop control strategies into the framework of a closed-loop
reservoir management control system.

Another recommendation for future work is to include other aspects of field development in the
optimization process. Joint approaches for optimum well-placement configurations and well-control
strategies are a highly relevant area that receives attention from both the research community and
from the industry. Implementation of such methods in the software would be a valuable extension
of the software functionality.

106



Bibliography

[1] Ahmed, T. (2010). Reservoir engineering handbook, 4th ed. Elsevier.
[2] Alagorni, A. H., Yaacob, Z. B., and Nour, A. H. (2015). An overview of oil production stages:

Enhanced oil recovery techniques and nitrogen injection, an overview of oil production stages:
Enhanced oil recovery techniques and nitrogen injection. International Journal of Environmental
Science and Development, 6(9):693–701.

[3] Aliyev, E. and Durlofsky, L. J. (2015). Multilevel field-development optimization using a
sequence of upscaled models. In SPE Reservoir Simulation Symposium. Society of Petroleum
Engineers.

[4] Asadollahi, M. and Naevdal, G. (2009). Waterflooding optimization using gradient based
methods. SPE/EAGE Reservoir Characterization & Simulation Conference. Abu Dhabi, UAE.,
1:333–346.

[5] Asadollahi, M., Nævdal, G., Dadashpour, M., and Kleppe, J. (2014). Production optimization
using derivative free methods applied to brugge field case. Journal of Petroleum Science and
Engineering, 114:22–37.

[6] Asadollahi, M., Naevdal, G., Markovinovic, R., and Shafieirad, A. (2009). A workflow for
efficient initialization of local-search iterative methods for waterflooding optimization. Society of
Petroleum Engineers - International Petroleum Technology Conference 2009, Iptc 2009, 5:3250–
3261.

[7] Asheim, H. (1986). Optimal control of water drive. Society of Petroleum Engineers of Aime,
(paper) Spe.

[8] Asheim, H. (1988). Maximization of water sweep efficiency by controlling production and
injection rates. In European Petroleum Conference. Society of Petroleum Engineers.

[9] Aziz, K. and Settari, A. (1979). Petroleum reservoir simulation. Elsevier applied science
publishers,.

[10] Bailey, W. J., Couët, B., and Wilkinson, D. (2005a). Field optimization tool for maximizing
asset value. SPE Reservoir Evaluation & Engineering, 8(01):7–21.

[11] Bailey, W. J., Couët, B., and Wilkinson, D. (2005b). Framework for field optimization to
maximize asset value. SPE Reservoir Evaluation & Engineering, 8(1):7–21.

[12] Barker, J. W. and Thibeau, S. (1997). A critical review of the use of pseudorelative permeabil-
ities for upscaling. SPE Reservoir Engineering, 12(2):138–143.

[13] Biegler, L. T. (1984). Solution of dynamic optimization problems by successive quadratic
programming and orthogonal collocation. Computers & chemical engineering, 8(3-4):243–247.

[14] Bieker, H. P., Slupphaug, O., and Johansen, T. A. (2007). Real-time production optimization
of oil and gas production systems: A technology survey. Spe Production and Operations,
22(4):382–391.

[15] Bock, H. G. and Plitt, K. J. (1984). A multiple shooting algorithm for direct solution of
optimal control problems. IFAC Proceedings Volumes, 17(2):1603–1608.

[16] BP (2019). Energy outlook. https://www.bp.com/content/dam/bp/business-sites/en/

107

https://www.bp.com/content/dam/bp/business-sites/en/global/corporate/pdfs/energy-economics/energy-outlook/bp-energy-outlook-2019.pdf
https://www.bp.com/content/dam/bp/business-sites/en/global/corporate/pdfs/energy-economics/energy-outlook/bp-energy-outlook-2019.pdf
https://www.bp.com/content/dam/bp/business-sites/en/global/corporate/pdfs/energy-economics/energy-outlook/bp-energy-outlook-2019.pdf


Bibliography

global/corporate/pdfs/energy-economics/energy-outlook/bp-energy-outlook-2019.
pdf.

[17] Brouwer, D. and Jansen, J. D. (2004). Dynamic optimization of waterflooding with smart
wells using optimal control theory. SPE Journal, 9(04):391–402.

[18] Brouwer, D. R., Jansen, J. D., Van der Starre, S., Van Kruijsdijk, C. P. J. W., and Berentsen,
C. W. J. (2001). Recovery increase through water flooding with smart well technology. In SPE
European Formation Damage Conference. Society of Petroleum Engineers.

[19] Brouwer, D. R., Nævdal, G., Jansen, J. D., Vefring, E. H., and van Kruijsdijk, C. P. J. W.
(2004). Improved reservoir management through optimal control and continuous model updating.
In Proceedings of the 2004 SPE Annual Technical Conference and Exhibition, Houston, Texas,
USA.

[20] Capolei, A. (2013). Nonlinear model predictive control for oil reservoirs management. PhD
thesis, Technical University of Denmark.

[21] Capolei, A., Christiansen, L. H., and Jørgensen, J. B. (2017). A novel approach for risk mini-
mization in life-cycle oil production optimization. Proceedings of the 27th European Symposium
on Computer Aided Process Engineering, 40A:157–162.

[22] Capolei, A., Christiansen, L. H., and Jørgensen, J. B. (2018). Risk minimization in life-cycle
oil production optimization. arXiv preprint arXiv:1801.00684.

[23] Capolei, A., Foss, B., and Jørgensen, J. B. (2015a). Profit and risk measures in oil production
optimization. 2nd IFAC Workshop on Automatic Control in Offshore Oil and Gas Production.

[24] Capolei, A. and Jørgensen, J. B. (2012). Solution of constrained optimal control problems
using multiple shooting and ESDIRK methods. In Proceedings of the 2012 American Control
Conference, pages 295–300, Fairmont Queen Elizabeth, Montréal, Canada.

[25] Capolei, A., Suwartadi, E., Foss, B., and Jørgensen, J. B. (2013). Waterflooding optimization
in uncertain geological scenarios. Computational Geosciences, 17(6):991–1013.

[26] Capolei, A., Suwartadi, E., Foss, B., and Jørgensen, J. B. (2015b). A mean–variance objective
for robust production optimization in uncertain geological scenarios. Journal of Petroleum
Science and Engineering, 125:23–37.

[27] Capolei, A., Völcker, C., Frydendall, J., and Jørgensen, J. B. (2012). Oil reservoir production
optimization using single shooting and ESDIRK methods. IFAC Proceedings Volumes, 45(8):286–
291.

[28] Cardoso, M. A. and Durlofsky, L. J. (2010). Linearized reduced-order models for subsurface
flow simulation. Journal of Computational Physics, 229(3):681–700.

[29] Carter, J. N., Ballester, P. J., Tavassoli, Z., and King, P. R. (2006). Our calibrated model has
poor predictive value: An example from the petroleum industry. Reliability Engineering and
System Safety, 91(10-11):1373–1381.

[30] Castellini, A., Edwards, M. G., and Durlofsky, L. J. (2007). Flow based modules for grid
generation in two and three dimension. Geo-siberia 2007.

[31] Chen, C., Li, G., and Reynolds, A. (2012). Robust constrained optimization of short- and
long-term net present value for closed-loop reservoir management. Spe Journal, 17(03):849–864.

[32] Chen, C., Wang, Y., Li, G., and Reynolds, A. C. (2010). Closed-loop reservoir management
on the Brugge test case. Computational Geosciences, 14:691–703.

[33] Chen, Y. and Oliver, D. S. (2009). Ensemble-based closed-loop optimization applied to Brugge
field. In Proceedings of the 2009 SPE Reservoir Simulation Symposium, The Woodlands, Texas,
USA.

[34] Chen, Y. and Oliver, D. S. (2010). Ensemble-based closed-loop optimization applied to Brugge
field. SPE Reservoir Evaluation & Engineering, 13(1):56–71.

[35] Chen, Y., Oliver, D. S., and Zhang, D. (2008). Efficient ensemble-based closed-loop produc-
tion optimization. In Proceedings of the 2008 SPE Improved Oil Recovery Symposium, Tulsa,
Oklahoma, USA.

[36] Chen, Y., Oliver, D. S., and Zhang, D. (2009). Efficient ensemble-based closed-loop production
optimization. Spe Journal, 14(4):634–645.

108

https://www.bp.com/content/dam/bp/business-sites/en/global/corporate/pdfs/energy-economics/energy-outlook/bp-energy-outlook-2019.pdf
https://www.bp.com/content/dam/bp/business-sites/en/global/corporate/pdfs/energy-economics/energy-outlook/bp-energy-outlook-2019.pdf
https://www.bp.com/content/dam/bp/business-sites/en/global/corporate/pdfs/energy-economics/energy-outlook/bp-energy-outlook-2019.pdf
https://www.bp.com/content/dam/bp/business-sites/en/global/corporate/pdfs/energy-economics/energy-outlook/bp-energy-outlook-2019.pdf


Bibliography

[37] Chen, Y. and Wu, X.-H. (2008). Upscaled modeling of well singularity for simulating flow in
heterogeneous formations. Computational Geosciences, 12(1):29–45.

[38] Chen, Z. (2007). Reservoir simulation: mathematical techniques in oil recovery. SIAM.
[39] Chen, Z., Huan, G., and Ma, Y. (2006). Computational methods for multiphase flows in porous
media. Computational Science & Engineering. SIAM.

[40] Christiansen, L. H., Capolei, A., and Jørgensen, J. B. (2016). Time-explicit methods for joint
economical and geological risk mitigation in production optimization. Journal of Petroleum
Science and Engineering, 146:158–169.

[41] Christiansen, L. H., Capolei, A., and Jørgensen, J. B. (2017). A least squares approach for
efficient and reliable short-term versus long-term optimization. Computational Geosciences,
XX:1–16.

[42] Christiansen, L. H., Hørsholt, S., and Jørgensen, J. B. (2018). A least squares method for
ensemble-based multi-objective oil production optimization. Ifac-papersonline, 51(8):7–12.

[43] Christie, M. A., Blunt, M. J., et al. (2001). Tenth SPE comparative solution project: a
comparison of upscaling techniques. SPE Reservoir Evaluation & Engineering, 4(04):308–317.

[44] Christie, M. A. et al. (1996). Upscaling for reservoir simulation. Journal of Petroleum
Technology, 48(11):1–004.

[45] Ciaurri, D. E., Mukerji, T., and Durlofsky, L. J. (2011). Derivative-free optimization for oil
field operations. Studies in Computational Intelligence, 359:19–55.

[46] CMG, C. M. G. L. (2015). GEM User Guide.
[47] Codas, A., Foss, B., and Camponogara, E. (2015). Output-constraint handling and paral-

lelization for oil-reservoir control optimization by means of multiple shooting. Spe Journal,
20(4):856–871.

[48] Codas, A., Hanssen, K. G., Foss, B., Capolei, A., and Jørgensen, J. B. (2017). Multiple
shooting applied to robust reservoir control optimization including output constraints on coherent
risk measures. Computational Geosciences, 21(3):479–497.

[49] Danish Energy Agency. (2017). The future of the danish oil and gas sector. ens.dk/sites/
ens.dk/files/OlieGas/nordsoestrategi.pdf. Accessed: March 7th 2019.

[50] Danish Energy Agency (2018). Resource assesment and production forecasts. ens.dk/sites/
ens.dk/files/OlieGas/ressourcer_og_prognoser_20180829_rev_en.pdf. Accessed: March
7th 2019.

[51] De Montleau, P., Cominelli, A., Neylon, K., Rowan, D., Pallister, I., Tesaker, O., and Nygard,
I. (2006). Production optimization under constraints using adjoint gradients. ECMOR 2006 -
10th European Conference on the Mathematics of Oil Recovery.

[52] Dehdari, V., Oliver, D. S., and Deutsch, C. V. (2013). Comparison of optimization algorithms
for reservoir management with constraints - a case study. Journal of Petroleum Science and
Engineering, 100:41–49.

[53] Ding, D. Y. (2011). Coupled simulation of near-wellbore and reservoir models. Journal of
Petroleum Science and Engineering, 76(1-2):21–36.

[54] Ding, Y. (1995). Scaling-up in the vicinity of wells in heterogeneous field. In SPE Reservoir
Simulation Symposium. Society of Petroleum Engineers.

[55] Doublet, D. C., Aanonsen, S. I., and Tai, X. C. (2009). An efficient method for smart well
production optimisation. Journal of Petroleum Science and Engineering, 69(1-2):25–39.

[56] Doublet, D. C., Martinsen, R., Aanonsen, S. I., and Tai, X. C. (2006). Efficient optimization
of production from smart wells based on the augmented lagrangian method. Ecmor 2006 - 10th
European Conference on the Mathematics of Oil Recovery.

[57] Durlofsky, L., Milliken, W., Bernath, A., et al. (2000). Scaleup in the near-well region. SPE
Journal, 5(01):110–117.

[58] Durlofsky, L. J. (2003). Upscaling of geocellular models for reservoir flow simulation: a review
of recent progress. In 7th International Forum on Reservoir Simulation Bühl/Baden-Baden,
Germany, pages 23–27. Citeseer.

109

ens.dk/sites/ens.dk/files/OlieGas/nordsoestrategi.pdf
ens.dk/sites/ens.dk/files/OlieGas/nordsoestrategi.pdf
ens.dk/sites/ens.dk/files/OlieGas/ressourcer_og_prognoser_20180829_rev_en.pdf
ens.dk/sites/ens.dk/files/OlieGas/ressourcer_og_prognoser_20180829_rev_en.pdf


Bibliography

[59] Durlofsky, L. J. (2005). Upscaling and gridding of fine scale geological models for flow simulation.
In In: Paper Presented at the 8th International Forum on Reservoir Simulation, Iles Borromees,
Stresa.

[60] Durlofsky, L. J. and Chen, Y. (2012). Uncertainty quantification for subsurface flow problems
using coarse-scale models. Lecture Notes in Computational Science and Engineering, 83:163–202.

[61] Durlofsky, L. J., Jones, R. C., and Milliken, W. J. (1995). A nonuniform coarsening approach
for the scale-up of displacement processes in heterogeneous porous media. Advances in Water
Resources, 20(5-6):335–347.

[62] Evazi, M. and Mahani, H. (2010). Unstructured-coarse-grid generation using background-grid
approach. Spe Journal, 15(02):326–340.

[63] Evensen, G. (2003). The ensemble Kalman filter: theoretical formulation and practical
implementation. Ocean Dynamics, 53(4):343–367.

[64] Fanchi, J. R. (2006). Principles of Applied Reservoir Simulation. Gulf Professional Publishing.
[65] Farmer, C. L. (2002). Upscaling: A review. International Journal for Numerical Methods in
Fluids, 40(1-2):63–78.

[66] Fevang, O., Singh, K., and Whitson, C. H. (2000). Guidelines for choosing compositional
and black-oil models for volatile oil and gas-condensate reservoirs. Proceedings - Spe Annual
Technical Conference and Exhibition, SIGMA:373–388.

[67] Fiacco, A. V. and McCormick, G. P. (1968). Nonlinear programming: sequential unconstrained
minimization techniques. John Wiley and Sons Inc.

[68] Fonseca, R. M., Geel, C. R., and Leeuwenburgh, O. (2017a). Description of olympus reservoir
model for optimization challenge. Technical report, TNO, The Hague, Netherlands.

[69] Fonseca, R. M., Leeuwenburgh, O., Van Den Hof, P. M., and Jansen, J. D. (2015). Improving
the ensemble-optimization method through covariance-matrix adaptation. Spe Journal, 20(1):155–
168.

[70] Fonseca, R. M., Leeuwenburgh, O., Van den Hof, P. M. J., and Jansen, J. D. (2014). Ensemble-
based hierarchical multi-objective production optimization of smart wells. Computational
Geosciences, 18(3-4):1–13.

[71] Fonseca, R. R. M., Chen, B., Jansen, J. D., and Reynolds, A. (2017b). A stochastic simplex
approximate gradient (stosag) for optimization under uncertainty. International Journal for
Numerical Methods in Engineering, 109(13):1756–1776.

[72] Foss, B. (2012). Process control in conventional oil and gas fields - challenges and opportunities.
Control Engineering Practice, 20:1058–1064.

[73] Foss, B. and Jensen, J. P. (2011). Performance analysis for closed-loop reservoir management.
SPE Journal, 16(1):183–190.

[74] Hanea, R. G., Fonseca, R. M., Pettan, C., Iwajomo, M. O., Skjerve, K., Hustoft, L., Chitu,
A. G., and Wilschut, F. (2016). Decision maturation using ensemble based robust optimization
for field development planning. In ECMOR XV-15th European Conference on the Mathematics
of Oil Recovery.

[75] Hauge, V. L., Lie, K. A., and Natvig, J. R. (2010). Flow-based grid coarsening for transport
simulations. Ecmor 2010 - 12th European Conference on the Mathematics of Oil Recovery.

[76] He, J., Durlofsky, L. J., and He, J. (2014). Reduced-order modeling for compositional simulation
by use of trajectory piecewise linearization. Spe Journal, 19(5):858–872.

[77] Heirung, T. A. N., Wartmann, M. R., Jansen, J. D., Ydstie, B. E., and Foss, B. A. (2011).
Optimization of the water-flooding process in a small 2D horizontal oil reservoir by direct
transcription. IFAC Proceedings Volumes, 44(1):10863–10868.

[78] Hørsholt, S., Johansen, K., Engsig-Karup, A. P., Nick, H. M., and Jørgensen, J. B. (2019). Oil
production optimization of the solsort reservoir. In 3rd IEEE Conference on Control Technology
and Applications.

[79] Hørsholt, S., Nick, H. M., and Jørgensen, J. B. (2018a). Oil production optimization of
black-oil models by integration of matlab and eclipse e300. In 3rd IFAC Workshop on Automatic
Control in Offshore Oil and Gas Production.

110



Bibliography

[80] Hørsholt, S., Nick, H. M., and Jørgensen, J. B. (2018b). Software for industrial scale oil
production optimization. In ECMOR XVI-16th European Conference on the Mathematics of Oil
Recovery.

[81] Hou, J., Zhou, K., Zhang, X.-S., Kang, X.-D., and Xie, H. (2015). A review of closed-loop
reservoir management. Petroleum Science, 12(1):114–128.

[82] Jansen, J. D. (2011). Adjoint-based optimization of multi-phase flow through porous media -
a review. Computers & Fluids, 46(1):40–51.

[83] Jansen, J.-D., Bosgra, O. H., and Van den Hof, P. M. J. (2008). Model-based control of
multiphase flow in subsurface oil reservoirs. Journal of Process Control, 18(9):846–855.

[84] Jansen, J.-D., Brouwer, D. R., Nævdal, G., and van Kruijsdijk, C. (2005). Closed-loop reservoir
management. First Break, 23(1):43–48.

[85] Jansen, J. D., Douma, S. D., Brouwer, D. R., Van den Hof, P. M. J., Bosgra, O. H., and
Heemink, A. W. (2009). Closed-loop reservoir management. In Proceedings of the 2009 SPE
Reservoir Simulation Symposium, The Woodlands, Texas, USA.

[86] Jørgensen, J. B. (2007). Adjoint sensitivity results for predictive control, state- and parameter-
estimation with nonlinear models. In Proceedings of the 2007 European Control Conference,
pages 3649–3656.

[87] Kourounis, D., Durlofsky, L. J., Jansen, J. D., and Aziz, K. (2014). Adjoint formulation and
constraint handling for gradient-based optimization of compositional reservoir flow. Computational
Geosciences, 18(2):117–137.

[88] Kraaijevanger, J. F. B. M., Egberts, P. J. P., Valstar, J. R., and Buurman, H. W. (2007).
Optimal waterflood design using the adjoint method. In SPE Reservoir Simulation Symposium.
Society of Petroleum Engineers.

[89] Krogstad, S., Raynaud, X., and Nilsen, H. M. (2016). Reservoir management optimization
using well-specific upscaling and control switching. Computational Geosciences, 20(3):695–706.

[90] Leeuwenburgh, O., Chitu, A. G., Nair, R., Egberts, P. J. P., Ghazaryan, L., Feng, T., and
Hustoft, L. (2016). Ensemble-based methods for well drilling sequence and time optimization
under uncertainty. In ECMOR XV-15th European Conference on the Mathematics of Oil Recovery.

[91] Leeuwenburgh, O., Egberts, P. J., and Alin, C. G. (2015). An ensemble-based method for
constrained reservoir life-cycle optimization. Europec 2015, pages 318–330.

[92] Lie, K.-A. (2014). An introduction to reservoir simulation using MATLAB. Sintef ICT, Oslo,
Norway.

[93] Lie, K. A., Kedia, K., Skaflestad, B., Wang, X., Yang, Y., Wu, X.-H., and Hoda, N. (2017). A
general non-uniform coarsening and upscaling framework for reduced-order modeling. In SPE
Reservoir Simulation Conference. Society of Petroleum Engineers.

[94] Little, A., Jutila, H., and Fincham, A. (2006). History-matching with production uncertainty
eases transition into prediction. Society of Petroleum Engineers, 68th European Association of
Geoscientists and Engineers Conference and Exhibition, Incorporating Spe Europec 2006, Eage
2006: Opportunities in Mature Areas, 2:930–937.

[95] Liu, X. and Reynolds, A. C. (2015). Pareto optimal solutions for minimizing risk and
maximizing expected value of life-cycle npv of production under nonlinear constraints. Society
of Petroleum Engineers - Spe Reservoir Simulation Symposium 2015, 2:1446–1461.

[96] Liu, X. and Reynolds, A. C. (2016a). Augmented lagrangian method for maximizing expectation
and minimizing risk for optimal well-control problems with nonlinear constraints. Spe Journal,
21(05):1830–1842.

[97] Liu, X. and Reynolds, A. C. (2016b). Gradient-based multi-objective optimization with
applications to waterflooding optimization. Computational Geosciences, 20(3):677–693.

[98] Liu, X. and Reynolds, A. C. (2016c). A multiobjective steepest descent method with applications
to optimal well control. Computational Geosciences, 20(2):355–374.

[99] Livescu, S., Durlofsky, L. J., Aziz, K., and Ginestra, J. C. (2010). A fully-coupled thermal
multiphase wellbore flow model for use in reservoir simulation. Journal of Petroleum Science
and Engineering, 71(3-4):138–146.

111



Bibliography

[100] Lorentzen, R. J., Berg, A. M., Nævdal, G., and Vefring, E. H. (2006). A new approach for
dynamic optimization of waterflooding problems. 2006 Spe Intelligent Energy Conference and
Exhibition, 1:253–263.

[101] Lorentzen, R. J., Shafieirad, A., and Nævdal, G. (2009). Closed loop reservoir manage-
ment using the ensemble kalman filter and sequential quadratic programming. SPE Reservoir
Simulation Symposium Proceedings, 2:886–897.

[102] Media, O. P. (2015). Open porous media initiative. [Online; accessed 24-June-2015].
[103] Michelsen, M. L. (1999). State function based flash specifications. Fluid Phase Equilibria,

158-160:617–626.
[104] Michelsen, M. L. and Mollerup, J. M. (2007). Thermodynamic models: fundamentals and
computational aspects. Tie-Line Publications, 2nd edition.

[105] Morton-Thompson, D. (1993). Development Geology Reference Manual. American Association
of Petroleum Geologists.

[106] Muggeridge, A. H., Cuypers, M., Bacquet, C., and Barker, J. W. (2002). Scale-up of well
performance for reservoir flow simulation. Petroleum Geoscience, 8(2):133–139.

[107] Muskat, M. (1949). Phsical principles of oil production. McGRAW-HILL BOOK COMPANY,
INC.

[108] Muskat, M. and Corporation, I. H. R. D. (1982). Flow of Homogeneous Fluids Through
Porous Media.

[109] Nævdal, G., Brouwer, D. R., and Jansen, J.-D. (2006). Waterflooding using closed-loop
control. Computational Geosciences, 10(1):37–60.

[110] Nocedal, J. and Wright, S. J. (2006). Numerical optimization. Springer Science & Business
Media, 2nd edition.

[111] Odeh, A. S. (1969). Reservoir simulation... what is it. Journal of Petroleum technology,
21(11):1–383.

[112] Oliveira, D. F. and Reynolds, A. (2015). Hierarchical multiscale methods for life-cycle
production optimization: A field case study. SPE Reservoir Simulation Symposium, (SPE-
173273-MS).

[113] Pareto, V. (2014). Manual of political economy. Oxford University Press.
[114] Peaceman, D. (1977). Fundamentals of numerical reservoir simulation. Elsevier,.
[115] Peaceman, D. W. (1981). Interpretation of well-block pressures in numerical reservoir

simulation with nonsquare grid blocks and anisotropic permeability. Society of Petroleum
Engineers Journal.

[116] Peters, E., Arts, R. J., Brouwer, G. K., Geel, C. R., Cullick, S., Lorentzen, R. J., Chen, Y.,
Dunlop, K. N. B., Vossepoel, F. C., Xu, R., Sarma, P., Alhutali, A. H., and Reynolds, A. C.
(2010). Results of the Brugge benchmark study for flooding optimization and history matching.
SPE Reservoir Evaluation & Engineering, 13(3):391–405.

[117] Rahmawati, S. D., Whitson, C. H., Foss, B., and Kuntadi, A. (2012). Integrated field
operation and optimization. Journal of Petroleum Science and Engineering, 81:161–170.

[118] Renard, P. and De Marsily, G. (1997). Calculating equivalent permeability: a review. Advances
in water resources, 20(5-6):253–278.

[119] Riazi, M. (2005). Characterization and properties of petroleum fractions, volume 50. ASTM
international.

[120] Ritschel, T. K. S., Capolei, A., Gaspar, J., and Jørgensen, J. B. (2018). An algorithm for
gradient-based dynamic optimization of UV flash processes. Computers and Chemical Engineering,
114:281–295.

[121] Ritschel, T. K. S. and Jørgensen, J. B. (2018a). Computation of phase equilibrium in reservoir
simulation and optimization. IFAC-PapersOnLine, 51(8):94–101.

[122] Ritschel, T. K. S. and Jørgensen, J. B. (2018b). Dynamic optimization of thermodynamically
rigorous models of multiphase flow in porous subsurface oil reservoirs. Journal of Process Control.
In Submission.

112



Bibliography

[123] Rockafellar, R. T. and Uryasev, S. (2002). Conditional value-at-risk for general loss distribu-
tions. Journal of banking & finance, 26(7):1443–1471.

[124] Salazar, M. O. and Villa, J. R. (2007). Permeability upscaling techniques for reservoir
simulation. Proceedings of the Spe Latin American and Caribbean Petroleum Engineering
Conference, 1:128–144.

[125] Sarma, P., Aziz, K., and Durlofsky, L. J. (2005a). Implementation of adjoint solution for
optimal control of smart wells. Spe Reservoir Simulation Symposium, Proceedings, pages SPE
92864, 67–83.

[126] Sarma, P., Chen, W. H., Durlofsky, L. J., and Aziz, K. (2008a). Production optimization
with adjoint models under nonlinear control-state path inequality constraints. Spe Reservoir
Evaluation and Engineering, 11(02):326–339.

[127] Sarma, P., Durlofsky, L. J., and Aziz, K. (2005b). Efficient closed-loop production optimization
under uncertainty. In Proceedings of the 2005 SPE Europec/EAGE Annual Conference, Madrid,
Spain.

[128] Sarma, P., Durlofsky, L. J., and Aziz, K. (2008b). Computational techniques for closed-loop
reservoir modeling with application to a realistic reservoir. Petroleum Science and Technology,
26(10-11):1120–1140.

[129] Sarma, P., Durlofsky, L. J., Aziz, K., and Chen, W. H. (2006). Efficient real-time reservoir
management using adjoint-based optimal control and model updating. Computational Geosciences,
10(1):3–36.

[130] Satter, A. and Iqbal, G. M. (2016). Reservoir Engineering : The Fundamentals, Simulation,
and Management of Conventional and Unconventional Recoveries. Gulf Professional Publishing.

[131] SCHLUMBERGER, E. I.-R. R. S. (2016). File Formats Reference Manual, 2016.2 edition.
[132] Shirangi, M. G., Volkov, O., and Durlofsky, L. J. (2018). Joint optimization of economic

project life and well controls. Spe Journal, 23(02):482–497.
[133] SINTEF (2016). Msrt 2016. the matlab reservoir simulation toolbox.
[134] Siraj, M. M., Van den Hof, P. M., and Jansen, J. D. (2015). Risk management in oil reservoir

water-flooding under economic uncertainty. In Decision and Control (CDC), 2015 IEEE 54th
Annual Conference on, pages 7542–7547. IEEE.

[135] Society of Petroleum Engineers (2000). Tenth comparative solution project. www.spe.org/
web/csp/. Accessed: May 2017.

[136] Suwartadi, E., Krogstad, S., and Foss, B. (2009). On state constraints of adjoint optimization in
oil reservoir water-flooding. Society of Petroleum Engineers - Spe/eage Reservoir Characterization
and Simulation Conference 2009 - Overcoming Modeling Challenges To Optimize Recovery, 2:767–
780.

[137] Suwartadi, E., Krogstad, S., and Foss, B. (2012). Nonlinear output constraints handling for
production optimization of oil reservoirs. Computational Geosciences, 16(2):499–517.

[138] Szanyi, M. L., Hemmingsen, C. S., Yan, W., Walther, J. H., and Glimberg, S. L. (2018).
Near-wellbore modeling of a horizontal well with computational fluid dynamics. Journal of
Petroleum Science and Engineering, 160:119–128.

[139] Tavassoli, Z., Carter, J. N., and King, P. R. (2004). Errors in history matching. Spe Journal,
9(3):352–361.

[140] U.S. Energy Information Administration (2017). International energy outlook 2017. www.eia.
gov/outlooks/ieo/. Accessed: March 7th 2019.

[141] Van den Hof, P. M. J., Jansen, J. D., and Heemink, A. (2012). Recent developments in
model-based optimization and control of subsurface flow in oil reservoirs. IFAC Proceedings
Volumes, 45(8):189–200.

[142] Van Doren, J., Douma, S. G., Wassing, L. B. M., Kraaijevanger, J., De Zwart, A. H.,
et al. (2011). Adjoint-based optimization of polymer flooding. In SPE Enhanced Oil Recovery
Conference. Society of Petroleum Engineers.

[143] van Doren, J. F. M., Markovinović, R., and Jansen, J.-D. (2005). Reduced-order optimal
control of water flooding using proper orthogonal decomposition. Computational Geosciences,

113

www.spe.org/web/csp/
www.spe.org/web/csp/
www.eia.gov/outlooks/ieo/
www.eia.gov/outlooks/ieo/


Bibliography

10(1):137–158.
[144] van Essen, G., Zandvliet, M., Van den Hof, P., Bosgra, O., and Jansen, J.-D. (2009). Robust

waterflooding optimization of multiple geological scenarios. SPE Journal, 14(01):202–210.
[145] Van Essen, G. M., Van Den Hof, P. M. J., and Jansen, J. D. (2011). Hierarchical long-term

and short-term production optimization. Spe Journal, 16(1):191–199.
[146] Völcker, C. (2011). Production optimization of oil reservoirs. PhD thesis, Technical University

of Denmark.
[147] Völcker, C., Jørgensen, J. B., and Stenby, E. H. (2011). Oil reservoir production optimization

using optimal control. In Proceedings of the 50th IEEE Conference on Decision and Control and
European Control Conference, pages 7937–7943, Orlando, Florida, USA.

[148] Völcker, C., Jørgensen, J. B., Thomsen, P. G., and Stenby, E. H. (2011). NMPC for oil
reservoir production optimization. Computer Aided Chemical Engineering, 29:1849–1853.

[149] Volkov, O. and Voskov, D. V. (2013). Advanced strategies of forward simulation for adjoint-
based optimization. Society of Petroleum Engineers - Spe Reservoir Simulation Symposium 2013,
1:226–240.

[150] Wang, C., Li, G., and Reynolds, A. C. (2009). Production optimization in closed-loop reservoir
management. SPE Journal, 14(03):506–523.

[151] Yan, W. (2011). Lecture notes for course 11440 petroleum engineering. Center for Energy
Resources Engineering (CERE), Technical University of Denmark; Kongens Lyngby.

114



Part V

Appendix

115





Appendix A
Paper I

Oil Production Optimization of Black-Oil Models by Integration of Matlab
and Eclipse E300

Authors:
Steen Hørsholt, Hamidreza M. Nick and John Bagterp Jørgensen

Published in:
IFAC-PapersOnLine 51-8, 88-93, 2018.
DOI: https://doi.org/10.1016/j.ifacol.2018.06.360.

117

https://doi.org/10.1016/j.ifacol.2018.06.360




IFAC PapersOnLine 51-8 (2018) 88–93

ScienceDirect

Available online at www.sciencedirect.com

2405-8963 © 2018, IFAC (International Federation of Automatic Control) Hosting by Elsevier Ltd. All rights reserved.
Peer review under responsibility of International Federation of Automatic Control.
10.1016/j.ifacol.2018.06.360

© 2018, IFAC (International Federation of Automatic Control) Hosting by Elsevier Ltd. All rights reserved.

10.1016/j.ifacol.2018.06.360 2405-8963

Oil Production Optimization
of Black-Oil Models

by Integration of Matlab and Eclipse E300 �

S. Hørsholt ∗, H.M. Nick ∗∗, J.B. Jørgensen ∗

∗ Department of Applied Mathematics and Computer Science
& Center for Energy Resources Engineering (CERE),

Technical University of Denmark, DK-2800 Kgs. Lyngby, Denmark.
∗∗ Danish Hydrocarbon Research and Technology Centre,

Technical University of Denmark, DK-2800 Kgs. Lyngby, Denmark

Abstract: In this paper, we present a software tool for oil production optimization. The software
combines the simulation power of a commercial black-oil reservoir simulator with adjoint-
gradient capability (Eclipse E300) and state-of-the-art software for constrained optimization
(Matlab). The software enables deterministic and ensemble-based optimization strategies for
black-oil reservoir flow models and compositional reservoir flow models. The software implements
a number of ensemble-based optimization strategies such as the robust optimization, the
mean-variance optimization, and the conditional value at risk optimization. Consequently, the
software constitutes a powerful tool to assist and guide decision making in the real-life reservoir
management process. In this paper, we present the workflow and numerical results for mean-
variance optimization of a synthetic 2-dimensional black-oil reservoir using water flooding.

Keywords: Black-oil model, Production optimization, Reservoir management, Workflow

1. INTRODUCTION

In an unstable low price market with strict environmen-
tal regulations, implementation of life-cycle production
optimization methods for reservoir management receives
growing interest from the industry (Hanea et al., 2016;
Leeuwenburgh et al., 2016; Jansen et al., 2009; Hou et al.,
2015; Oliveira and Reynolds, 2015). To increase profits and
mitigate risk in production of maturing fields, the industry
calls for recovery methods that increases production with
low risk and little environmental impact. Oil production
optimization of water flooded oil fields can prove to be
such a method (Brouwer et al., 2004; van Essen et al.,
2009; Foss, 2012; Rahmawati et al., 2012; Sarma et al.,
2008; Wang et al., 2009; Völcker et al., 2011; Capolei
et al., 2013). Many existing fields are in the second or
third stage of recovery, where the infrastructure for water
flooding is already in-place. Thus, the cost of incorpo-
rating production optimization in the operating strategy
decisions is relatively low. Ensemble-based methods have
been a focal point in the literature to account for the
inherent geological uncertainty of the subsurface (van Es-
sen et al., 2009; Peters et al., 2010). Black-oil models are
widely used throughout the industry for simulation and
prediction. These simulations and predictions serve as a
decision support tool for the management. To further as-
sist the management in making optimal decisions requires
that the simulation and predictions are combined with
optimization methods. Consequently, routinely appilcation
of oil production optimization methods in the industry

� This research is funded by the Danish Hydrocarbon Research and
Technology Centre under the Advanced Water Flooding programme.

requires that research efforts are extended from simple
small-scale two-phase reservoir flow models to real size
reservoir geometry as well as black-oil flow models. The
complexity and size of typical industry reservoir models
necessitate user-friendly, fast, reliable and robust reservoir
simulators. In this paper, we combine ensemble-based op-
timization methods, a black-oil reservoir flow model, and
a commercial reservoir simulation tool to enable realistic
industrial scale production optimization.

Oil production optimization research as described in the
literature is for a large part limited to two-phase immisci-
ble flow in synthetic reservoir models, simulated in various
open source, research purpose or in-house reservoir simu-
lators (Hou et al., 2015). Through years of development
and use, commercial simulators have obtained flexibility,
computational speed, and robustness. For this reason,
most oil companies creates simulations models of their
reservoirs in an industry standard commercial simulator.
Chen et al. (2010) and Asadollahi and Naevdal (2009) both
applied gradient-based optimization on the synthetic two-
phase Brugge field (Peters et al., 2010) using a commercial
reservoir simulator (E300). Demonstration of ensemble-
based optimization methods on realistic reservoirs sim-
ulated with black-oil flow models will help to bring the
research closer to a point where the industry is willing to
implement such methods into the reservoir management
workflow. The large number of simulations required in
ensemble-based optimization methods necessitates the use
of gradient-based optimization for the methods to be com-
putationally feasible. This implies that ensemble-based
production optimization for an industry scale reservoir is
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been a focal point in the literature to account for the
inherent geological uncertainty of the subsurface (van Es-
sen et al., 2009; Peters et al., 2010). Black-oil models are
widely used throughout the industry for simulation and
prediction. These simulations and predictions serve as a
decision support tool for the management. To further as-
sist the management in making optimal decisions requires
that the simulation and predictions are combined with
optimization methods. Consequently, routinely appilcation
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reservoir geometry as well as black-oil flow models. The
complexity and size of typical industry reservoir models
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a commercial reservoir simulation tool to enable realistic
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Oil production optimization research as described in the
literature is for a large part limited to two-phase immisci-
ble flow in synthetic reservoir models, simulated in various
open source, research purpose or in-house reservoir simu-
lators (Hou et al., 2015). Through years of development
and use, commercial simulators have obtained flexibility,
computational speed, and robustness. For this reason,
most oil companies creates simulations models of their
reservoirs in an industry standard commercial simulator.
Chen et al. (2010) and Asadollahi and Naevdal (2009) both
applied gradient-based optimization on the synthetic two-
phase Brugge field (Peters et al., 2010) using a commercial
reservoir simulator (E300). Demonstration of ensemble-
based optimization methods on realistic reservoirs sim-
ulated with black-oil flow models will help to bring the
research closer to a point where the industry is willing to
implement such methods into the reservoir management
workflow. The large number of simulations required in
ensemble-based optimization methods necessitates the use
of gradient-based optimization for the methods to be com-
putationally feasible. This implies that ensemble-based
production optimization for an industry scale reservoir is
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only practically feasible, if the reservoir simulator is able
to compute the gradient, e.g. by the adjoint method.

In this paper, we present a workflow that combines the ro-
bustness, simulation power and adjoint capability of a well-
established commercial reservoir simulator (Schlumberger
E300) and state-of-the-art optimization algorithms (Mat-
lab) to provide a robust gradient-based optimization tool
(RESOPT). The optimization strategies implemented in
the software tool are the ensemble-based methods: robust
optimization, mean-variance optimization, and conditional
value at risk optimization. In this paper, we only consider
the mean-variance optimization method. This software
integration enables reservoir engineers to routinely use ex-
isting realistic black-oil reservoir flow models implemented
in Eclipse for ensemble-based production optimization.

The structure of the paper is as follows. Section 2 describes
the black-oil flow-model, the net present value objective,
and the optimal control problem to be solved. Section 3
describes the ensemble-based mean-variance optimization
problem. The workflow in the production optimization
software tool is described in Section 4. Section 5 presents a
case study of a mean-variance optimization of a synthetic
2-dimensional black-oil reservoir. Conclusions are provided
in section 6.

2. RESERVOIR SIMULATOR

In this section, we state the black-oil model equations for
flow in porous media and the net present value objective
function. The aim is not to give a detailed description
of any specific numerical implementation of the black-oil
model, but to give an outline of the mathematical features
a reservoir simulator should implement to be suited for
computationally efficient production optimization. Aziz
and Durlofsky (2005) and Chen et al. (2006) provide a
thorough description of the black-oil model.

2.1 Black-oil model for flow in porous media

The basic black-oil model for live oil and dry gas can
be derived from the general multiphase flow model using
the following assumptions about the fluid mixture. 1) The
mixture consists of water (W), oil (O), and gas (G). 2) The
mixture has a water phase (w), an oil phase (o), and a gas
phase (g). 3) The water and oil components exists only
in their corresponding phases. The gas component exists
both in the gas phase and in the oil phase.

The black-oil mass-balance differential equations are

∂

∂t
Cβ = −∇ ·Nβ + Qβ , β ∈ {W,O,G}. (1)

For each phase, the concentrations, fluxes, and source/sink
terms are given by: CW = φρwSw, NW = ρwuw, QW =
ρwqWs, CO = φρOoSo, NO = ρOouo, QO = ρoqOs,
CG = φ (ρGoSo + ρgSg), NG = ρGouo + ρgug, QG =
ρgqGs. φ denotes the porosity of the porous media. The
saturation, density and Darcy velocity of a phase, α ∈
{w, o, g}, are denoted by Sα, ρα, and uα, respectively.
qβs denotes the component surface flow rates. In addition,
phase equilibrium conditions determines the distribution
of the gas component (G) between the gas phase (g) and
the oil phase (o). Furthermore, the saturations of the

phases (Sw, So, Sg) are related by the volume constraint
Sw + So + Sg = 1. The pressures of the different phases
(Pw, Po, Pg) are related by the capilary pressures, Pcow =
Po − Pw and Pcgo = Pg − Po.

2.2 Discretization

Most reservoir simulators discretize the flow equations
in space by a finite-volume method and in time by the
implicit Euler method. We denote the state vector as
x(t) ∈ Rnx , the vector of manipulated variables as u(t) ∈
Rnu , and the vector of geological parameters as θ. u(t) is
discretized by a zero-order-hold defined by u(t) = uk, tk ≤
t ≤ tk+1, k = 0, . . . , N −1, where tN = tf is the final time.

After spatial and temporal discretization, we write the
black-oil model as the system of nonlinear equations

Rk = R (xk+1, xk, uk; θ) = 0, k = 0, 1, . . . , N − 1. (2)

Using a Matlab-like notation we introduce the vectors
x̄ = (x1;x2; . . . ;xN ), R̄ = (R0;R1; . . . ;RN−1), and ū =
(u0;u1; . . . ;uN−1). This allows us to express the residual
equations (2) compactly as

R̄ (x̄, ū, x0; θ) = 0. (3)

2.3 Net present value

The net present value over the life time of an oil reservoir
can be defined as a function, Φ, of the states, x̄, the
operating trajectory, ū, the initial state, x0, and the
the geological parameters, θ. The net present value is in
discrete time written as

Φ (x̄, ū, x0; θ) =
N−1∑

k=0

Jk (xk+1, uk; θ) , (4)

where the discounted net present value, Jk, for the k‘th
time interval is given by

Jk =
∆tk

(1 + d)tk+1/tτ

[
roqOs,k+1 + rgqGs,k+1

− (rwqWs,k+1 + rw,injqw,inj,k+1)

]
. (5)

∆tk, is the length of the k’th time interval, d is the annual
discount factor, tτ is the discount time interval. ro and
rg are the sale prices for oil and gas. rw is the water
production cost and rw,inj is the water injection cost. The
corresponding flow rates for oil, gas, water, and water
injection are denoted as, qOs, qGs, qWs, qw,inj.

2.4 Optimal control problem

The discrete-time constrained optimal control problem for
production optimization is given by (Capolei et al., 2012)

max
ū∈U

ψ = ψ (ū;x0, θ) , (6)

where the objective function is

ψ (ū;x0, θ) =

{
Φ (x̄, ū, x0; θ) : R̄(x̄, ū, x0; θ) = 0

}
. (7)

In this paper, only linear constraints on the input are
considered. The constraints are lower/upper bounds on
controls, rate of movement constraints on controls to
prevent ‘large‘ changes in rates/bhp‘s, and upper/lower
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1. INTRODUCTION

In an unstable low price market with strict environmen-
tal regulations, implementation of life-cycle production
optimization methods for reservoir management receives
growing interest from the industry (Hanea et al., 2016;
Leeuwenburgh et al., 2016; Jansen et al., 2009; Hou et al.,
2015; Oliveira and Reynolds, 2015). To increase profits and
mitigate risk in production of maturing fields, the industry
calls for recovery methods that increases production with
low risk and little environmental impact. Oil production
optimization of water flooded oil fields can prove to be
such a method (Brouwer et al., 2004; van Essen et al.,
2009; Foss, 2012; Rahmawati et al., 2012; Sarma et al.,
2008; Wang et al., 2009; Völcker et al., 2011; Capolei
et al., 2013). Many existing fields are in the second or
third stage of recovery, where the infrastructure for water
flooding is already in-place. Thus, the cost of incorpo-
rating production optimization in the operating strategy
decisions is relatively low. Ensemble-based methods have
been a focal point in the literature to account for the
inherent geological uncertainty of the subsurface (van Es-
sen et al., 2009; Peters et al., 2010). Black-oil models are
widely used throughout the industry for simulation and
prediction. These simulations and predictions serve as a
decision support tool for the management. To further as-
sist the management in making optimal decisions requires
that the simulation and predictions are combined with
optimization methods. Consequently, routinely appilcation
of oil production optimization methods in the industry
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requires that research efforts are extended from simple
small-scale two-phase reservoir flow models to real size
reservoir geometry as well as black-oil flow models. The
complexity and size of typical industry reservoir models
necessitate user-friendly, fast, reliable and robust reservoir
simulators. In this paper, we combine ensemble-based op-
timization methods, a black-oil reservoir flow model, and
a commercial reservoir simulation tool to enable realistic
industrial scale production optimization.

Oil production optimization research as described in the
literature is for a large part limited to two-phase immisci-
ble flow in synthetic reservoir models, simulated in various
open source, research purpose or in-house reservoir simu-
lators (Hou et al., 2015). Through years of development
and use, commercial simulators have obtained flexibility,
computational speed, and robustness. For this reason,
most oil companies creates simulations models of their
reservoirs in an industry standard commercial simulator.
Chen et al. (2010) and Asadollahi and Naevdal (2009) both
applied gradient-based optimization on the synthetic two-
phase Brugge field (Peters et al., 2010) using a commercial
reservoir simulator (E300). Demonstration of ensemble-
based optimization methods on realistic reservoirs sim-
ulated with black-oil flow models will help to bring the
research closer to a point where the industry is willing to
implement such methods into the reservoir management
workflow. The large number of simulations required in
ensemble-based optimization methods necessitates the use
of gradient-based optimization for the methods to be com-
putationally feasible. This implies that ensemble-based
production optimization for an industry scale reservoir is
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based optimization methods on realistic reservoirs sim-
ulated with black-oil flow models will help to bring the
research closer to a point where the industry is willing to
implement such methods into the reservoir management
workflow. The large number of simulations required in
ensemble-based optimization methods necessitates the use
of gradient-based optimization for the methods to be com-
putationally feasible. This implies that ensemble-based
production optimization for an industry scale reservoir is
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Abstract: In this paper, we present a software tool for oil production optimization. The software
combines the simulation power of a commercial black-oil reservoir simulator with adjoint-
gradient capability (Eclipse E300) and state-of-the-art software for constrained optimization
(Matlab). The software enables deterministic and ensemble-based optimization strategies for
black-oil reservoir flow models and compositional reservoir flow models. The software implements
a number of ensemble-based optimization strategies such as the robust optimization, the
mean-variance optimization, and the conditional value at risk optimization. Consequently, the
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management process. In this paper, we present the workflow and numerical results for mean-
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1. INTRODUCTION

In an unstable low price market with strict environmen-
tal regulations, implementation of life-cycle production
optimization methods for reservoir management receives
growing interest from the industry (Hanea et al., 2016;
Leeuwenburgh et al., 2016; Jansen et al., 2009; Hou et al.,
2015; Oliveira and Reynolds, 2015). To increase profits and
mitigate risk in production of maturing fields, the industry
calls for recovery methods that increases production with
low risk and little environmental impact. Oil production
optimization of water flooded oil fields can prove to be
such a method (Brouwer et al., 2004; van Essen et al.,
2009; Foss, 2012; Rahmawati et al., 2012; Sarma et al.,
2008; Wang et al., 2009; Völcker et al., 2011; Capolei
et al., 2013). Many existing fields are in the second or
third stage of recovery, where the infrastructure for water
flooding is already in-place. Thus, the cost of incorpo-
rating production optimization in the operating strategy
decisions is relatively low. Ensemble-based methods have
been a focal point in the literature to account for the
inherent geological uncertainty of the subsurface (van Es-
sen et al., 2009; Peters et al., 2010). Black-oil models are
widely used throughout the industry for simulation and
prediction. These simulations and predictions serve as a
decision support tool for the management. To further as-
sist the management in making optimal decisions requires
that the simulation and predictions are combined with
optimization methods. Consequently, routinely appilcation
of oil production optimization methods in the industry
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requires that research efforts are extended from simple
small-scale two-phase reservoir flow models to real size
reservoir geometry as well as black-oil flow models. The
complexity and size of typical industry reservoir models
necessitate user-friendly, fast, reliable and robust reservoir
simulators. In this paper, we combine ensemble-based op-
timization methods, a black-oil reservoir flow model, and
a commercial reservoir simulation tool to enable realistic
industrial scale production optimization.

Oil production optimization research as described in the
literature is for a large part limited to two-phase immisci-
ble flow in synthetic reservoir models, simulated in various
open source, research purpose or in-house reservoir simu-
lators (Hou et al., 2015). Through years of development
and use, commercial simulators have obtained flexibility,
computational speed, and robustness. For this reason,
most oil companies creates simulations models of their
reservoirs in an industry standard commercial simulator.
Chen et al. (2010) and Asadollahi and Naevdal (2009) both
applied gradient-based optimization on the synthetic two-
phase Brugge field (Peters et al., 2010) using a commercial
reservoir simulator (E300). Demonstration of ensemble-
based optimization methods on realistic reservoirs sim-
ulated with black-oil flow models will help to bring the
research closer to a point where the industry is willing to
implement such methods into the reservoir management
workflow. The large number of simulations required in
ensemble-based optimization methods necessitates the use
of gradient-based optimization for the methods to be com-
putationally feasible. This implies that ensemble-based
production optimization for an industry scale reservoir is
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only practically feasible, if the reservoir simulator is able
to compute the gradient, e.g. by the adjoint method.

In this paper, we present a workflow that combines the ro-
bustness, simulation power and adjoint capability of a well-
established commercial reservoir simulator (Schlumberger
E300) and state-of-the-art optimization algorithms (Mat-
lab) to provide a robust gradient-based optimization tool
(RESOPT). The optimization strategies implemented in
the software tool are the ensemble-based methods: robust
optimization, mean-variance optimization, and conditional
value at risk optimization. In this paper, we only consider
the mean-variance optimization method. This software
integration enables reservoir engineers to routinely use ex-
isting realistic black-oil reservoir flow models implemented
in Eclipse for ensemble-based production optimization.

The structure of the paper is as follows. Section 2 describes
the black-oil flow-model, the net present value objective,
and the optimal control problem to be solved. Section 3
describes the ensemble-based mean-variance optimization
problem. The workflow in the production optimization
software tool is described in Section 4. Section 5 presents a
case study of a mean-variance optimization of a synthetic
2-dimensional black-oil reservoir. Conclusions are provided
in section 6.

2. RESERVOIR SIMULATOR

In this section, we state the black-oil model equations for
flow in porous media and the net present value objective
function. The aim is not to give a detailed description
of any specific numerical implementation of the black-oil
model, but to give an outline of the mathematical features
a reservoir simulator should implement to be suited for
computationally efficient production optimization. Aziz
and Durlofsky (2005) and Chen et al. (2006) provide a
thorough description of the black-oil model.

2.1 Black-oil model for flow in porous media

The basic black-oil model for live oil and dry gas can
be derived from the general multiphase flow model using
the following assumptions about the fluid mixture. 1) The
mixture consists of water (W), oil (O), and gas (G). 2) The
mixture has a water phase (w), an oil phase (o), and a gas
phase (g). 3) The water and oil components exists only
in their corresponding phases. The gas component exists
both in the gas phase and in the oil phase.

The black-oil mass-balance differential equations are

∂

∂t
Cβ = −∇ ·Nβ + Qβ , β ∈ {W,O,G}. (1)

For each phase, the concentrations, fluxes, and source/sink
terms are given by: CW = φρwSw, NW = ρwuw, QW =
ρwqWs, CO = φρOoSo, NO = ρOouo, QO = ρoqOs,
CG = φ (ρGoSo + ρgSg), NG = ρGouo + ρgug, QG =
ρgqGs. φ denotes the porosity of the porous media. The
saturation, density and Darcy velocity of a phase, α ∈
{w, o, g}, are denoted by Sα, ρα, and uα, respectively.
qβs denotes the component surface flow rates. In addition,
phase equilibrium conditions determines the distribution
of the gas component (G) between the gas phase (g) and
the oil phase (o). Furthermore, the saturations of the

phases (Sw, So, Sg) are related by the volume constraint
Sw + So + Sg = 1. The pressures of the different phases
(Pw, Po, Pg) are related by the capilary pressures, Pcow =
Po − Pw and Pcgo = Pg − Po.

2.2 Discretization

Most reservoir simulators discretize the flow equations
in space by a finite-volume method and in time by the
implicit Euler method. We denote the state vector as
x(t) ∈ Rnx , the vector of manipulated variables as u(t) ∈
Rnu , and the vector of geological parameters as θ. u(t) is
discretized by a zero-order-hold defined by u(t) = uk, tk ≤
t ≤ tk+1, k = 0, . . . , N −1, where tN = tf is the final time.

After spatial and temporal discretization, we write the
black-oil model as the system of nonlinear equations

Rk = R (xk+1, xk, uk; θ) = 0, k = 0, 1, . . . , N − 1. (2)

Using a Matlab-like notation we introduce the vectors
x̄ = (x1;x2; . . . ;xN ), R̄ = (R0;R1; . . . ;RN−1), and ū =
(u0;u1; . . . ;uN−1). This allows us to express the residual
equations (2) compactly as

R̄ (x̄, ū, x0; θ) = 0. (3)

2.3 Net present value

The net present value over the life time of an oil reservoir
can be defined as a function, Φ, of the states, x̄, the
operating trajectory, ū, the initial state, x0, and the
the geological parameters, θ. The net present value is in
discrete time written as

Φ (x̄, ū, x0; θ) =
N−1∑

k=0

Jk (xk+1, uk; θ) , (4)

where the discounted net present value, Jk, for the k‘th
time interval is given by

Jk =
∆tk

(1 + d)tk+1/tτ

[
roqOs,k+1 + rgqGs,k+1

− (rwqWs,k+1 + rw,injqw,inj,k+1)

]
. (5)

∆tk, is the length of the k’th time interval, d is the annual
discount factor, tτ is the discount time interval. ro and
rg are the sale prices for oil and gas. rw is the water
production cost and rw,inj is the water injection cost. The
corresponding flow rates for oil, gas, water, and water
injection are denoted as, qOs, qGs, qWs, qw,inj.

2.4 Optimal control problem

The discrete-time constrained optimal control problem for
production optimization is given by (Capolei et al., 2012)

max
ū∈U

ψ = ψ (ū;x0, θ) , (6)

where the objective function is

ψ (ū;x0, θ) =

{
Φ (x̄, ū, x0; θ) : R̄(x̄, ū, x0; θ) = 0

}
. (7)

In this paper, only linear constraints on the input are
considered. The constraints are lower/upper bounds on
controls, rate of movement constraints on controls to
prevent ‘large‘ changes in rates/bhp‘s, and upper/lower
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bounds on total injection rates in each time step. The
constraints are written as U = {ū : ūmin ≤ ū ≤
ūmax, ∆ūmin ≤ ∆ū ≤ ∆ūmax, bl ≤ Āū ≤ bu}.

2.5 Black-box reservoir simulator

In this paper, we introduce an optimization workflow that
is not reliant on any specific formulation nor solution
method of the black-oil flow equations (1). Accordingly, we
treat the reservoir simulator as a black-box function. To be
suited for production optimization, a reservoir simulator
must satisfy the following requirements. Given the initial
state, x0, an operating profile, ū, and a geological realiza-
tion vector, θ, it must at all subsequent time-steps return
the states, x̄, the net present value, ψ, and the gradient of
the net present value with respect to the controls, ∇ūψ.
We denote this black-box simulation function, S, as

[x̄, ψ,∇ūψ] = S(ū;x0, θ). (8)

3. ENSEMBLE-BASED OPTIMIZATION

In this section, we describe the ensemble-based mean-
variance optimization strategy for the net present value
of a reservoir under geological uncertainty. The ensemble-
based mean-variance optimization strategy optimizes a bi-
criterion objective function consisting of a convex combi-
nation of the mean and the variance of the net present
value.

3.1 Mean-variance optimization

In ensemble-based methods, the idea is to represent the un-
certainty associated with the geological parameters in an
ensemble of equally probable realizations, θnθ = {θi}nθ

i=1.
The corresponding ensemble of net present values for a
given initial condition, x0, and operating profile, ū, is
{ψi}nθ

i=1, where ψi = ψ (ū;x0, θi).

The mean-variance optimization strategy aims to com-
bine the conflicting objectives of increasing the mean net
present value while lowering the associated risk measured
as the variance of the net present value. The mean-variance
optimization problem is

max
ū∈U

ψMVO (ū;x0, θ
nθ ) , (9)

where the objective function,

ψMVO = λψRO − (1 − λ)ψσ2 , (10)

is a convex combination of the mean, ψRO, and the
variance, ψσ2 , for the trade-off parameter, λ ∈ [0, 1]. The
mean, ψRO, and the variance, ψσ2 , are computed as their
ensemble sample estimates:

ψRO =
1

nθ

nθ∑

i=1

ψi, (11a)

ψσ2 =
1

nθ − 1

nθ∑

i=1

(
ψi − ψRO

)2
. (11b)

The gradient of the mean-variance objective (10) is given
as a combination of the gradients of the individual net
present value ensemble members, ∇ūψ

i :

∇uk
ψMVO = λ∇uk

ψRO − (1 − λ)∇uk
ψσ2 , (12a)

∇uk
ψRO =

1

nθ

nθ∑

i=1

∇uk
ψi, (12b)

∇uk
ψσ2 =

2

nθ − 1

nθ∑

i=1

(ψi − ψRO)∇uk
ψi. (12c)

This implies that the objective, ψMVO, and the gradient,
∇ūψMVO, may be computed by computing the objective,
ψi, and the gradient, ∇ūψ

i, for each ensemble member,
i.e. {ψi,∇ūψ

i}nθ
i=1. These computations are conducted in

parallel by the reservoir simulator, i.e. [x̄i, ψi,∇ūψ
i] =

S(ū;x0, θ
i) for i = 1, 2, . . . , nθ.

4. WORKFLOW

In this section, we outline the workflow for RESOPT. RE-
SOPT is a workflow management tool for production opti-
mization that integrates Eclipse (E300) and Matlab. The
Eclipse file-format is the base of the software integration.
Matlab manages the data processing and communication
between the optimizer and the external simulator. The
optimizer is fmincon from Matlab’s optimization toolbox.
Eclipse E300 is used as the reservoir simulator because it
is well-established and can compute the gradients using
the adjoint method.

4.1 Overview of workflow

Fig. 1 illustrates the workflow in the RESOPT soft-
ware. The parameters defining the optimization problem
are supplied by the user in the script defineOptModel
that follows a specific template. The production opti-
mization computations are started from the driver script
optimizeModel. This script calls defineOptModel to col-
lect the user-defined parameters and passes them to
the optimizer, fmincon. The optimizer calls the function
runOptimizationStrategy that manages the communi-
cation with the external simulator through the function
runModel. runOptimizationStrategy calls the simulator
with a given production strategy, ū, and a given realization
of the parameters, θi, for all realizations in the ensemble,
i = 1, 2, . . . , nθ. The reservoir simulator computes and
return the states, x̄, the net present value, ψi, and the gra-
dients, ∇ūψ

i. For a cluster of computers, these calls to the
simulator may be conducted in parallel. We note that for
ensemble-based strategies on industry-scaled reservoirs,
access to a high-performance computing cluster is essen-
tial for the optimization to be computationally tractable.
Given {ψi,∇ūψ

i}nθ
i=1, runOptimizationStrategy com-

putes the objective value and the gradients of the chosen
strategy, e.g. ψMVO and ∇ūψMVO, and returns these
values to the optimizer, fmincon. Based on the returned
information, the optimizer checks for convergence. If ū is
not optimal, the optimizer computes a new iterate, ū. The
procedure is repeated until the optimizer has converged to
a set of optimal controls, ū .

After convergence, the software saves all iteration data
in a folder, together with the optimal simulation results
for each member of the ensemble. To enable the reservoir
engineer to monitor the optimization process, a dashboard
displays relevant optimization and production data from
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Fig. 1. Flowchart showing the workflow in the RESOPT optimization software.

the simulation. The controls, ū, and the gradients of
the objective, ∇ūψ, are divided between injectors and
producers. At each optimization iteration, the objective
function value, ψ, is appended in the dashboard. Also
the controls, the gradients, and the net present value are
updated along with selected production data. The selected
data can be any type of time dependent results based on
output from the simulation.

4.2 User-defined optimization parameters

The parameters stated in defineOptModel are divided
into two main types, namely model parameters (see Table
2) and optimization parameters (see Table 3). The opti-
mization parameters control the optimizer, e.g. the choice
of optimization algorithm, the convergence tolerances, the
maximum number of iterations, etc. The model parameters
define the optimization problem, e.g. the number and
the length of control time-steps, the choice of controlled
parameters, the starting guess for the controls, the con-
straints on controls, the choice of optimization strategy,
the size of the ensemble, the fluid prices, the discount
factor, the scaling, etc.

5. CASE STUDY

In this section, we present a case study that demonstrates
the use of the RESOPT optimization tool. The case study
is a mean-variance optimization of a water flooded syn-
thetic 2-dimensional black-oil reservoir model. An ensem-
ble of 30 realizations represents the geological uncertainty
associated with the permeability field.

Fig. 2. Well locations and permeability field of the first
realization in the synthetic two-dimensional black-oil
case study.

5.1 2-Dimensional synthetic reservoir model

To test the optimization tool, we have created a two-
dimensional synthetic reservoir model with a highly chan-
neled isotropic permeability field. Fig. 2 shows the syn-
thetic reservoir with the first realization of the permeabil-
ity field and the well locations. The synthetic reservoir
model has the physical dimensions (800 × 1000 × 10) m
and is discretized into an equidistant (80, 100, 1) Cartesian
grid. The ensemble permeability fields scales to a range of
0-1200 mD. The reservoir has 12 horizontal wells, consist-
ing of 6 water injectors and 6 producers. The injectors are
located in-line from south to north close to the eastern
boundary of the reservoir. The producers are located op-
posite along the western boundary. The reservoir fluid is
of a black-oil type. Table 1 shows the reservoir data. The
reservoir has an initial water saturation of 0.2 and an oil
saturation of 0.8.
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the simulation. The controls, ū, and the gradients of
the objective, ∇ūψ, are divided between injectors and
producers. At each optimization iteration, the objective
function value, ψ, is appended in the dashboard. Also
the controls, the gradients, and the net present value are
updated along with selected production data. The selected
data can be any type of time dependent results based on
output from the simulation.

4.2 User-defined optimization parameters

The parameters stated in defineOptModel are divided
into two main types, namely model parameters (see Table
2) and optimization parameters (see Table 3). The opti-
mization parameters control the optimizer, e.g. the choice
of optimization algorithm, the convergence tolerances, the
maximum number of iterations, etc. The model parameters
define the optimization problem, e.g. the number and
the length of control time-steps, the choice of controlled
parameters, the starting guess for the controls, the con-
straints on controls, the choice of optimization strategy,
the size of the ensemble, the fluid prices, the discount
factor, the scaling, etc.

5. CASE STUDY

In this section, we present a case study that demonstrates
the use of the RESOPT optimization tool. The case study
is a mean-variance optimization of a water flooded syn-
thetic 2-dimensional black-oil reservoir model. An ensem-
ble of 30 realizations represents the geological uncertainty
associated with the permeability field.

Fig. 2. Well locations and permeability field of the first
realization in the synthetic two-dimensional black-oil
case study.

5.1 2-Dimensional synthetic reservoir model

To test the optimization tool, we have created a two-
dimensional synthetic reservoir model with a highly chan-
neled isotropic permeability field. Fig. 2 shows the syn-
thetic reservoir with the first realization of the permeabil-
ity field and the well locations. The synthetic reservoir
model has the physical dimensions (800 × 1000 × 10) m
and is discretized into an equidistant (80, 100, 1) Cartesian
grid. The ensemble permeability fields scales to a range of
0-1200 mD. The reservoir has 12 horizontal wells, consist-
ing of 6 water injectors and 6 producers. The injectors are
located in-line from south to north close to the eastern
boundary of the reservoir. The producers are located op-
posite along the western boundary. The reservoir fluid is
of a black-oil type. Table 1 shows the reservoir data. The
reservoir has an initial water saturation of 0.2 and an oil
saturation of 0.8.
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Table 1. Reservoir data.

Description symbol value metric

physical dim (x, y, y) (800, 1000, 10) [m]
grid-cell dim (∆x,∆y,∆z) (10, 10, 10) [m]
porosity, uniform φ 0.2 -
water compressibility cw 1.45e-5 [bar−1]
rock compressibility cr 4.35E-10 [bar−1]
capillary pressure Pc 0 [bar]
pore volume Vpore 1.6e6 [m3]
oil in place Voip 1.28e6 [m3]
permeability range (kx, ky) [0, 1200] [mD]
bubble-point pressure Pb 153.67 [bar]
datum press Pr 130.00 [bar]
datum depth dr 1500.00 [m]
oil water contact OWC 2000.00 [m]
gas-oil contact GOC 1000.00 [m]
initial water saturation Swi 0.2 -

Table 2. Model parameters.

Description symbol value metric

strategy MVO - -
number of realizations nθ 30 -
trade-off parameter λ 0, . . . , 1.0 -
simulation time tf 3600 [day]
number of control steps N 120 -
length of control steps ∆t 30 [day]
number of controlled wells nw 6 -
number of controls nu 720 -
initial controls uinit 62.5 [m3/day]
lower bound on controls umin 0.01 [m3/day]
upper bound on controls umax 250.0 [m3/day]
rom constraint bl, bi 30 [m3/day]
total bounds on injectors bu 750 [m3/day]
discount factor d 0.08 -
fluid prices: oil ro 283.04 [US$/m3]

gas rg 0.0036 [US$/m3]
water rw 62.90 [US$/m3]

water injection rw,inj 12.58 [US$/m3]

5.2 Numerical results for mean-variance optimization

We have performed a number of mean-variance optimiza-
tions of the 2-dimensional reservoir for the trade-off pa-
rameter, λ = 0.0, 0.1, . . . , 1.0, in-order to compute the
Pareto frontier (Capolei et al., 2015). The reservoir is sim-
ulated for tf = 3600 days with N = 120 control time-steps
of equal length, ∆t = 30 days. The optimizer manipulates
the water injection rates to obtain the maximum mean-
variance net present value. It uses 62.5 m3/day as a start-
ing iterate for the water injection. The individual injection
rates are bounded in the interval [0.1, 250] m3/day and
have a rate of movement constraint of ±30m3 between
control steps (per 30 days). The total injection rate of all
water injectors combined is restricted to a maximum of
750 m3/day. The bottom-hole pressure is kept constant at
125 bar in all producer wells throughout the simulation.
The discount rate, d, is set to 8% annually. Optimization is
performed using the interior-point algorithm in fmincon.
Table 2 shows the model parameters and Table 3 shows
the optimization parameters used in the optimization.

Fig. 3 shows the dashboard after convergence for the trade-
off parameter λ = 0.3. The dashboard shows the operating
profile (controls), the gradient of the objective w.r.t. the
controls, the objective value, and the mean net present
value together with the lowest and highest outcome. The
figure shows how the cash flow shifts towards the early

Table 3. Optimization parameters.

Description symbol value metric

algorithm interior point - -
max iterations maxit 100 -
max function evaluations maxit 1000 -
tolerance on optimimality tolopt 10−6 -
tolerance on step size tol∆u 10−6 [m3/day]

reservoir life. The net present value reaches 95 percent of
the optimal value after only 1350 days of production. The
optimizer converges after 91 iterations and 117 function
evaluations.

For any choice of the trade-off parameter, λ, the optimiza-
tion result is a Pareto-optimal solution. We note that for
λ = 0 and λ = 1 this corresponds to a variance opti-
mization and a robust optimization, respectively. Fig. 4
shows the computed efficient frontier. The figure shows
that the front is close to being monotonously increasing.
This implies that increasing return comes with increasing
risk.

6. CONCLUSION

We have developed software, RESOPT, for production
optimization that manages the workflow between reser-
voir simulation and numerical optimization. In this pa-
per, we applied RESOPT to production optimization
of a reservoir described by a black-oil model using an
ensemble-based mean-variance optimization criterion. RE-
SOPT uses Eclipse (E300) for reservoir simulation, com-
putation of the net present value, and computation of the
gradient of the net present value. By using an industry
standard simulator such as Eclipse, model based produc-
tion optimization is brought a step closer to routinely
implementation in closed-loop oil reservoir management.
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Abstract: Despite a significant potential to improve industrial standards, practical applications
of production optimization are impeded by geological uncertainty. As a mean to handle the
associated financial risks, the oil literature has devised a range of ensemble-based strategies
that seek to optimize proper combinations of sample-estimated risk measures to balance the
opposing objectives of risk and reward. Many of the associated optimization problems are
naturally formulated in terms of multi-objective optimization (MOO). Ideally, MOO problems
should be solved by generating an approximation to the efficient frontier of optimal trade-
offs between risk and return. However, the large-scale nature of real-life oil reservoirs implies
that formation of the frontier often becomes computationally intractable in practice. To meet
this challenge, this paper introduces a generalized least squares (LS) approach that provides an
efficient and unified solution strategy for ensemble-based multi-objective optimization problems.
At its core, the LS method uses an a priori characterization of desirable trade-offs that allows
the method to focus on a single Pareto optimal point. Consequently, the LS approach avoids
the need to generate a representative of the efficient frontier. In turn, this significantly reduces
computational complexity compared to most MOO methods. As a result, the LS method poses
a practical alternative to conventional strategies when the efficient frontier is unknown and
computationally intractable to generate.
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1. INTRODUCTION

In the oil literature, production optimization refers to the
use of nonlinear model predictive control (NMPC) to en-
hance the process of oil field water-flooding (Jansen et al.,
2009). In particular, by combining mathematical reservoir
models with advanced gradient-based optimization tools,
production optimization seeks to determine the set of well
configurations that maximize a performance index such
as the cumulative oil recovery or the financial measure
of life-cycle net present value (NPV). While numerical
case studies have demonstrated a significant potential of
production optimization to improve industrial practices,
commercialization of the technology remains challenged
by inherent geological uncertainties. To address the chal-
lenges of uncertainty, the oil literature has mainly consid-
ered ensemble-based methods (Van Essen et al. (2009)).
Such methods seek to represent geological uncertainty
by an ensemble of equally probable model realizations.
Effectively, the ensemble is used to generate a discrete
approximation to the continuous profit distribution. To
minimize risk and promote profits, the idea is to formulate
optimization problems that manipulate the discrete profit

� This project is financially supported by the Danish Hydrocarbon
Research and Technology Centre.

distribution to balance risk and reward according to ap-
propriate measures of risk. Prevalent ensemble-based risk
mitigation strategies include mean-variance optimization
(MVO) (Bailey et al. (2005), Capolei et al. (2015b)) and
conditional value-at-risk optimization (CVaRO) (Capolei
et al. (2015a), Siraj et al. (2015b), Codas et al. (2016)).
While the strategies differ by the way they quantify risk,
the associated optimization problems naturally fall into
the category of multi-objective optimization (MMO). In
addition, production optimization problems that seek to
balance short-term and long-term profits can also be clas-
sified in this way (Liu and Reynolds, 2015). This common
structure of production optimization problems allows for
a unified approach to their solution in terms of MOO
methods. Typically, MOO methods seek to generate a
representative of the Pareto front, i.e., the set of all optimal
trade-offs between risk and reward. By generating the
Pareto front, MOO methods present management with
the opportunity to locate the trade-off that provides the
best fit to the given application. As a drawback, the
large scale nature of production optimization makes the
approach computationally demanding to the point where
many practical applications become intractable. This issue
is particularly pronounced in the case of ensemble-based
methods that rely on a large number of reservoir simu-
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trade-offs between risk and reward. By generating the
Pareto front, MOO methods present management with
the opportunity to locate the trade-off that provides the
best fit to the given application. As a drawback, the
large scale nature of production optimization makes the
approach computationally demanding to the point where
many practical applications become intractable. This issue
is particularly pronounced in the case of ensemble-based
methods that rely on a large number of reservoir simu-
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Abstract: Despite a significant potential to improve industrial standards, practical applications
of production optimization are impeded by geological uncertainty. As a mean to handle the
associated financial risks, the oil literature has devised a range of ensemble-based strategies
that seek to optimize proper combinations of sample-estimated risk measures to balance the
opposing objectives of risk and reward. Many of the associated optimization problems are
naturally formulated in terms of multi-objective optimization (MOO). Ideally, MOO problems
should be solved by generating an approximation to the efficient frontier of optimal trade-
offs between risk and return. However, the large-scale nature of real-life oil reservoirs implies
that formation of the frontier often becomes computationally intractable in practice. To meet
this challenge, this paper introduces a generalized least squares (LS) approach that provides an
efficient and unified solution strategy for ensemble-based multi-objective optimization problems.
At its core, the LS method uses an a priori characterization of desirable trade-offs that allows
the method to focus on a single Pareto optimal point. Consequently, the LS approach avoids
the need to generate a representative of the efficient frontier. In turn, this significantly reduces
computational complexity compared to most MOO methods. As a result, the LS method poses
a practical alternative to conventional strategies when the efficient frontier is unknown and
computationally intractable to generate.
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1. INTRODUCTION

In the oil literature, production optimization refers to the
use of nonlinear model predictive control (NMPC) to en-
hance the process of oil field water-flooding (Jansen et al.,
2009). In particular, by combining mathematical reservoir
models with advanced gradient-based optimization tools,
production optimization seeks to determine the set of well
configurations that maximize a performance index such
as the cumulative oil recovery or the financial measure
of life-cycle net present value (NPV). While numerical
case studies have demonstrated a significant potential of
production optimization to improve industrial practices,
commercialization of the technology remains challenged
by inherent geological uncertainties. To address the chal-
lenges of uncertainty, the oil literature has mainly consid-
ered ensemble-based methods (Van Essen et al. (2009)).
Such methods seek to represent geological uncertainty
by an ensemble of equally probable model realizations.
Effectively, the ensemble is used to generate a discrete
approximation to the continuous profit distribution. To
minimize risk and promote profits, the idea is to formulate
optimization problems that manipulate the discrete profit

� This project is financially supported by the Danish Hydrocarbon
Research and Technology Centre.

distribution to balance risk and reward according to ap-
propriate measures of risk. Prevalent ensemble-based risk
mitigation strategies include mean-variance optimization
(MVO) (Bailey et al. (2005), Capolei et al. (2015b)) and
conditional value-at-risk optimization (CVaRO) (Capolei
et al. (2015a), Siraj et al. (2015b), Codas et al. (2016)).
While the strategies differ by the way they quantify risk,
the associated optimization problems naturally fall into
the category of multi-objective optimization (MMO). In
addition, production optimization problems that seek to
balance short-term and long-term profits can also be clas-
sified in this way (Liu and Reynolds, 2015). This common
structure of production optimization problems allows for
a unified approach to their solution in terms of MOO
methods. Typically, MOO methods seek to generate a
representative of the Pareto front, i.e., the set of all optimal
trade-offs between risk and reward. By generating the
Pareto front, MOO methods present management with
the opportunity to locate the trade-off that provides the
best fit to the given application. As a drawback, the
large scale nature of production optimization makes the
approach computationally demanding to the point where
many practical applications become intractable. This issue
is particularly pronounced in the case of ensemble-based
methods that rely on a large number of reservoir simu-
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lations. Recently, Christiansen et al. (2017) introduced a
least squares (LS) method for efficient short-term versus
long-term optimization. The method specifically targets
problems where the Pareto front is computationally in-
tractable to generate. Concretely, the LS approach relies
on an a priori characterization of trade-offs. This allows
the method to narrow it’s focus to a single Pareto optimal
point of pre-specified attractive features. As a drawback,
the LS method assumes the reservoir description to be
exactly known, i.e., the problem formulation does not allow
for uncertain model parameters. To this end, this paper
generalizes the LS framework to account for geological
uncertainty. Effectively, this broadens applications of the
LS methodology to ensemble-based risk mitigation strate-
gies and provides a unified approach to the efficient and
reliable solution of the underlying class of MOO problems,
including MVO and CVaRO. Further, the computational
complexity of the generalized LS method scales linearly
with the number of objectives. This implies that the gen-
eralized LS approach provides a convenient and efficient
way to trade-off a large number of risk-related objectives
simultaneously. As a results, the LS method provides in-
creased flexibility compared to conventional a posteriori
methods, where the curse of dimensionality has limited
previous applications to bi-criteria objective functions. To
establish proof-of-concept, a numerical case study applies
the generalized LS method to efficiently solve a mean-
variance problem for a 2D synthetic black-oil reservoir with
an ensemble of 10 permeability realizations. The results
demonstrate the ability of the generalized LS method to
efficiently trade-off risk and reward at significantly reduced
computational cost relative to a conventional bi-criteria
MVO approach.
The paper is organized as follows. Section 2 introduces
ensemble-based oil production optimization. Section 3 de-
scribes risk mitigation in the context of multi-objective
optimization and Section 4 presents the generalized LS
method. Numerical results are presented in Section 5 and
conclusions are made in Section 6.

2. OIL PRODUCTION OPTIMIZATION

Life-cycle oil production optimization seeks to enhance the
recovery stage of oil field water-flooding by solution of
an optimal control problem (Brouwer and Jansen, 2004;
Sarma et al., 2005; Nævdal et al., 2006; Foss and Jensen,
2011; Völcker et al., 2011; Capolei et al., 2013):

max
u∈U

ψ(u; θ) (1)

For a specific set of geological and petrophysical model
parameters, θ ∈ Rn, the goal is to determine the optimal
well settings, u ∈ U , that maximize the cumulative NPV,
ψ, defined by

ψ(u; θ) =
N−1∑

k=0

[∑

i∈P

(rgqg,i + roqo,i − rwpqw,i)

−
∑

l∈I

rwiqw,l + rgiqg,l

]
∆tk

(2)

Here ro, rg, rwp, rgi and rwi denote the gas price, the
oil price, the water separation cost, the gas injection cost
and the water injection cost, respectively; qg,i, qw,i and
qo,i are the volumetric gas, water and oil flow rates at
producer i; qw,l and qg,l are the volumetric well injection

rates at injector l; N is the number of control steps and
∆tk = tk+1 − tk denotes the length of the time step. Well
flow rates are computed using the Peaceman well model
(Peaceman, 1983). For each time-step, tk, the state-space
variables, xk = x(tk), denote reservoir pressures and fluid
saturations whereas uk = u(tk) represents a zero-order-
hold parametrization of the well controls. The states xk are
computed by a black-oil model based on mass conservation
and Darcy’s law for porous media. Relative permeabilities
are based on tables that mimic empirical data. See e.g.
Aziz and Settari (1979); Chen et al. (2006); Chen (2007).

2.1 Production optimization under uncertainty

Simulation-based studies show that production optimiza-
tion has a significant potential to improve real-world dom-
inating practices. However, the transition to industrial ap-
plications relies on proper mathematical treatment of the
largely unknown geological features of offshore oil fields. In
particular, to be of practical relevance, the optimal control
problem (1) must account for geological uncertainty in the
model parameters, θ ∈ Rn. To this end, it has become com-
mon practice to use ensemble-based strategies. Ensemble-
based methods seek to represent geological uncertainty by
a collection of model realizations that all fit the available
geological data equally well:

θnd
= {θ1, θ2, ..., θnd} = {θi}nd

i=1. (3)

To quantify risk, ensemble-based methods approximate
the continuous NPV probability distribution by the dis-
crete set of profit realizations

ψnd
= {ψi}nd

i=1, where ψi = ψ(u; θi), 1 ≤ i ≤ nd. (4)

For a given operating profile, u ∈ U , the set of discrete
profits (4) provides a complete picture of how revenue is
distributed over the range of model realizations. Using this
information, ensemble-based methods seek to mitigate risk
by reducing the probability of low profit outcomes. In prac-
tice, this is accomplished by minimizing an appropriate
risk measure, R : ψnd

→ R :

min
u∈U

R(ψ(u; θnd
)). (5)

In the oil literature, widely used risk measures, R, include
expected return (E) (Van Essen et al., 2009), the profit
variance (V) (Capolei et al., 2015b)) and Conditional
value-at-risk (Cα) (Siraj et al., 2015b) :

E := − 1

nd

nd∑

i=1

ψi, (6)

V :=
1

nd − 1

nd∑

i=1

(ψi − E)2, (7)

Cα := − 1

nα

nα∑

i=1

ψ̃i. (8)

Each risk measure provides a quantification of risk by
capturing different aspects of the discrete profit distribu-
tion, ψnd

. In particular, E aims to promote high profits by
maximizing the mean value whereas V seeks to localize the
distribution to avoid volatility and large profit deviations.
In turn, Cα targets the tail of the distribution by maxi-
mizing the expected return over the α · 100% lowest profit
realizations, {ψ̃i}nα

i=1, for a given α ∈ (0, 1). See Capolei
et al. (2015a) for a comprehensive survey on risk measures
in oil production optimization.
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Fig. 1. Illustrative Pareto front of optimal trade-offs in the
case of two objectives, e.g. risk and reward.

3. ENSEMBLE-BASED MULTI-OBJECTIVE
OPTIMIZATION

To provide a proper quantification of risk, it is often neces-
sary to include multiple features of the discrete profit dis-
tribution, ψnd

. To this end, many ensemble-based methods
seek to optimize appropriate combinations of the funda-
mental risk measures (6)-(8). As a challenge, the individual
risk-related objectives are often in mutual conflict. For
example, the desire to increase returns are often bound to
higher risks and vice versa. Consequently, many ensemble-
based strategies, including MVO and CVaRO, are natu-
rally formulated as multi-objective optimization problems
that take the general form

min
u∈U

f(u) = (R1(u),R2(u), ...,Rm(u))
T
. (9)

Since the individual objectives are in mutual conflict,
there does not exists a single optimal operating profile,
u ∈ U , that simultaneously minimizes all components of
the objective vector, f. Instead, an optimal solution to
(9) is characterized by the property that no objective,
Ri, can be further minimized without increasing at least
one other objective, Rj . Such a solution is said to be
a Pareto optimal trade-off (Pareto, 1971). In practice,
there is typically an infinite number of optimal trade-
offs. Together they constitute the Pareto optimal set, O.
Each element u ∈ O gives rise to a different optimal risk
scenario that, from a mathematical point of view, provides
a satisfactory solution to the risk mitigation problem (9).
The goal of a posteriori MOO methods is to generate a
representative collection of these trade-offs in order for
management to decide which scenario fits the application
the best. In particular, a posteriori MOO methods seek to
generate an approximation to the Pareto front of optimal
trade-offs:

F = {f(u) = (R1(u),R2(u), ...,Rm(u)) | u ∈ O}. (10)

In the general case of m objectives, the Pareto front defines
a hyper-surface in the objective space. Fig. 1 illustrates
the Pareto front in the concrete case of two objectives.
For a more elaborate introduction to multi-objective oil
production optimization, see e.g. Liu and Reynolds (2015);
Christiansen et al. (2017).

Remark 1. In addition to a posteriori methods, the oil lit-
erature has proposed a number of a priori MOO methods,
where only a single trade-off is generated (Van Essen et al.,
2011; Chen et al., 2012; Fonseca et al., 2014; Siraj et al.,

2015a). For a discussion on these methods in the context
of multi-objective optimization, see e.g. Christiansen et al.
(2017).

3.1 Multi-objective risk mitigation by weighted sums

In the oil literature, the weighted sum method (WS) repre-
sents one of the most widely used a posteriori MOO meth-
ods. To approximate the Pareto front, the WS method
reformulates the MOOP as a sequence of single objective
optimization problems by assigning a non-negative weight,
wi, to each objective, Ri, such as to minimize the wighted
sum of objectives

min
u∈U

m∑

i=1

wiRi(ψ(u; θnd
)). (11)

Each choice of positive weights, {wi}mi=1, leads to a Pareto
optimal trade-off (Miettinen (1999), Thm. 3.1.2). Conse-
quently, by iterating over different weight constellations, it
is possible to generate a representative of the efficient fron-
tier. As a drawback, the large scale nature of oil production
optimization makes the need for repeated optimizations
time-consuming and computationally demanding. Further,
it is a non-trivial task to determine the weights, {wi}mi=1,
that provide a proper representation of the frontier. Ulti-
mately, these computational challenges prevent industrial
applications.

Example 2. Mean-variance optimization (MVO) (Capolei
et al., 2015b) uses the WS method to locate the optimal
balance between the objectives of risk, V, and reward,
E, by solving a sequence of m bi-criteria optimization
problems for different choices of the weight parameter, λi :

max
u∈U

λiE(ψ(u; θnd
)) − (1 − λi)V(ψ(u; θnd

)), 1 ≤ i ≤ m.

(12)

Each iteration of the optimization algorithm relies on
nd reservoir simulations to calculate E(ψ(u; θnd

) and
V(ψ(u; θnd

)). The highly non-linear nature of oil produc-
tion optimization implies that iteration counts usually ex-
ceed 100. Hence, it is not uncommon that ensemble-based
risk mitigation strategies like MVO require more than 100·
nd ·m reservoir simulations to generate a representation of
the Pareto front.

4. A GENERALIZED LEAST SQUARES APPROACH

To meet the computational challenges of a posteriori MOO
methods, the following introduces a new least squares
(LS) approach for efficient risk-related multi-objective
decision-making in oil production optimization. The LS
method extends the work of Christiansen et al. (2017) to
account for uncertainty in the model parameters, θ ∈ Rn.
In this way, the LS approach provides a unified and
computationally attractive approach to the solution of
multi-objective ensemble-based risk mitigation problems.

4.1 Characterization of desirable Pareto points

Ideally, a posteriori methods should be used to generate
a representative of the Pareto front to support informed
decision making. However, for large-scale applications, the
Pareto front is often computationally unavailable. This
poses the natural question of how to preselect desirable
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Variance

Return

Fig. 2. Illustration of the key idea behind the LS method
and the characterization of desirable trade-offs. By
minimizing the Euclidian distance to the utopian risk
scenario, the LS method locates the trade-off at the
bend of the frontier (�). By moving towards the bend,
from � to ∆, the LS method properly balances risk
and reward by promoting each objectives as much
as possible without compromising the other in the
process.

Pareto points without explicit knowledge of the efficient
frontier. Christiansen et al. (2017) have recently proposed
an answer to this question using an a priori characteriza-
tion of desirable Pareto points in terms of the utopian risk
scenario:

Definition 3. The utopian risk scenario is defined as the
vector R∗ := (R∗

1,R∗
2, ...,R∗

m), where R∗
i , 1 ≤ i ≤ m

denotes the solution to the optimization problem

min
u∈U

Ri(ψ(u; θnd
)). (13)

The utopian risk scenario serves as a natural mean to
characterize desirable trade-offs. The key idea is to favor
Pareto points that remain close to the utopian profit
scenario as measured in terms of deviations from the ideal,
R∗ :

∆Ri := ψ∗ − ψi, i ∈ {1, 2, ...,m}. (14)

In particular, a Pareto point is considered desirable if it
remains close to the utopian risk scenario in the sense of
least squares:

Definition 4. The Pareto point Ψ = (R1,R2, ...,Rm) is
considered preferable to the Pareto point � = (ρ1, ρ2, ..., ρm),
provided that

m∑

i=1

(Ri −R∗
i )

2 ≤
m∑

i=1

(ρi −R∗
i )

2, (15)

where R∗ = (R∗
1,R∗

2, ...,R∗
m) denotes the utopian risk

scenario. A Pareto point, P, that is preferable to all other
Pareto points is considered optimal.

In essence, the classification of Definition 4 ensures that
desirable optimal Pareto points only deviate slightly from
the utopian risk scenario as measured by the Euclidian
distance. In this way, the classification screens out trade-
offs where a given objective, Ri, is severely compromised
at the expense of promoting others. For example, the
classification naturally disregards the unattractive trade-
offs that only favor high profits and neglect the associated
risks. As a result, the classification narrows the search to

Fig. 3. Well setup and permeability field.

trade-offs that provide a proper balance between risk and
reward. Fig. 2 illustrates the key idea.

4.2 The LS optimization problem

To locate desirable trade-offs, P, this paper introduces the
generalized least-squares approach:

min
u∈U

ψLS =
1

2

m∑

i=1

(Ri(ψ(u; θnd
)) −R∗

i )
2. (16)

The LS method (16) is guaranteed to locate a (local)
Pareto optimal solution (Miettinen (1999), Thm. 2.1.1).
By design, this Pareto optimal trade-off minimizes the
Euclidian distance to the utopian risk scenario. In this way,
the LS method generates the optimal trade-off that in-
creases each objective as much as possible without severely
compromising other objectives in the process. As a result,
the method obtains a proper balance between risk and
reward without having to generate the efficient frontier.
Further, as opposed to a posteriori methods, the computa-
tional complexity of the LS method scales linearly with the
number of objectives. Altogether this makes the approach
a computationally attractive alternative to conventional
MOO methods in situations where the efficient frontier is
unavailable.

5. NUMERICAL RESULTS

To demonstrate the LS method’s ability to properly bal-
ance the objectives of risk and reward, the following case
study uses (16) to solve the mean-variance multi-objective
optimization problem

min
u∈U

f(u) = [−E(ψ(u; θnd
)),V(ψ(u; θnd

))] . (17)

As a base case reference, the LS solution is compared to
the Pareto front generated by a bi-criteria MVO approach
(12) with weights {λi}10i=0 = { i

10}. In all computations,

the variance is scaled by wv := 10−7 to ensure comparable
magnitudes of the objectives.

5.1 Case study description

The case study uses a 2D synthetic black oil reservoir
model of dimensions 800 m × 1000 m × 10 m, which by
spatial discretization has been divided into 80×100×1 cell
blocks. To represent geological uncertainty, the case study
uses an ensemble of 10 channeled isotropic permeability
fields, where the permeability ranges between 0-1200mD.
The reservoir is produced for 3600 days under water
flooding conditions. It contains six water injectors and
six producers. All wells are horizontal. Fig. 3 shows the
well setup. The bhps of the producer wells are kept fixed
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Table 1. Reservoir data.

description symbol value Metric

physical dim (x, y, y) (800, 1000, 10) [m]
grid-cell dim (∆x,∆y,∆z) (10, 10, 10) [m]
porosity, uniform φ 0.2 -
water comp cw 1.45e-5 [bar−1]
rock comp cr 4.35E-10 [bar−1]
capillary pressure Pc 0 [bar]
pore volume Vpore 1.6e6 [m3]
oil in place Voip 1.28e6 [m3]
permeability range (kx, ky) [0, 1200] [mD]
bubble-point pressure Pb 153.67 [bar]
datum press Pr 130.00 [bar]
datum depth dr 1500.00 [m]
oil water contact OWC 2000.00 [m]
gas-oil contact GOC 1000.00 [m]
initial water saturation Swi 0.2 -

at 125 bar and the water injection rates are subject to
control with a sample time of 30 days. The water injection
rates are bound to be in the interval [0.1, 250] m3/day,
with a rate of movement constraint of ±30m3/day. The
total injection rate is constrained to a maximum of 750
m3/day. The initial water injection rates, uinit, are set to
62.5 m3/day for each well. All simulations are performed
using the Eclipse E300 black oil reservoir simulator. Table
1 shows petrophysical simulation parameters. Solutions to
the optimization problems, (12) and (16), are found by
MATLABs build-in function fmincon with an interior-
point algorithm and a tolerance of ε = 10−8. The current
best, but non-optimal iterate, is returned if the iteration
count exceeds 100 and the objective function violates
sufficient decrease conditions. Gradients required by the
optimization algorithm are computed efficiently by the
adjoint method (Jørgensen, 2007; Völcker et al., 2011;
Capolei et al., 2012a,b; Jansen, 2011; Sarma et al., 2005;
Suwartadi et al., 2012).

5.2 Comparison of the LS method and MVO

Fig. 4 compares the LS solution to the Pareto front
representative generated by MVO. Table 2 shows the
corresponding Pareto optimal values of expected return
(E) and standard deviation (S). The results show that
the LS method manages to locate the trade-off at the
bend of the efficient frontier. Compared to the extreme
MVO case of λ := 1, the LS method produces a trade-
off that maintains a high expected return, while reducing
the risk of profit loss considerably. In particular, expected
return is reduced by just 1.5 million USD, while the
the standard deviation is reduced by approximately 3
million USD. Also, compared to the extreme MVO case
of λ := 0, the LS method manages to drastically increase
expected return from 76.1 million USD to 102.6 million
USD. The cost is a slight increase in the standard deviation
of approximately 3.2 million USD. Overall, the results
show that the LS method manages to locate a trade-off
that properly balances the objectives of risk and reward,
without any knowledge of the shape of the efficient frontier.
In turn, this makes the LS method a computational
attractive alternative to MVO. In particular, Table 2
compares MVO and the LS method in terms of equivalent
reservoir simulations required to meet the stopping criteria
of fmincon. While MVO requires a total of 17150 reservoir
simulations, the LS method needs only perform 3090. This
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Fig. 4. Pareto front representative computed by MVO
compared to the LS optimal trade-off. The Pareto
optimal points are displayed in terms of expected
return (E) and standard deviation (S).

Table 2. Comparison of MVO and the LS method.

Strategy E [million USD] S [million USD] # Reservoir simulations

MVO (WS) - - 17150
λ = 1 104.1 9.53 1120
λ = 0.9 104.4 9.28 3550
λ = 0.8 103.9 8.13 2140
λ = 0.7 104 7.73 210
λ = 0.6 103.5 7.33 1930
λ = 0.5 103.1 6.90 1540
λ = 0.4 102.8 6.65 610
λ = 0.3 101.5 6.35 2110
λ = 0.2 98.7 5.88 1370
λ = 0.1 91.9 4.84 1510
λ = 0 76.1 3.36 1060

LS 102.6 6.54 3090

amounts to a reduction of the computational effort by
approximately 82 %.

6. CONCLUSION

This paper has introduced a generalized least squares
method for efficient and reliable ensemble-based multi-
objective optimization. The LS approach extends the work
of Christiansen et al. (2017) to handle geological uncertain-
ties and it is designed specifically for situations where the
efficient frontier is computationally intractable to gener-
ate. The extension paves the way for a unified approach
to large-scale risk mitigation strategies in oil production
optimization and serves a convenient mean to efficiently
overcome the computational challenges of ensemble-based
multi-objective optimization. In particular, the computa-
tional complexity of the LS approach scales linearly with
the number of objectives. This allows for optimization of
multiple risk-related objectives, whereas previous applica-
tions have been limited to bi-criteria problems. Using 10
realizations of a 2D synthetic black oil reservoir, numerical
results have demonstrated the LS method’s ability to prop-
erly balance risk and reward by solving a mean-variance
optimization problem at significantly reduced computa-
tional effort relative to a conventional bi-criteria MVO
approach. In this regard, the main computational work-
load tied to repeated reservoir simulations was reduced
by approximately 82 %. Future work seeks to use this
increased computationally flexibility of the LS method to
investigate the potential benefits on the balance between
risk and reward that comes from combining more than two
risk-related objectives.
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Table 1. Reservoir data.

description symbol value Metric

physical dim (x, y, y) (800, 1000, 10) [m]
grid-cell dim (∆x,∆y,∆z) (10, 10, 10) [m]
porosity, uniform φ 0.2 -
water comp cw 1.45e-5 [bar−1]
rock comp cr 4.35E-10 [bar−1]
capillary pressure Pc 0 [bar]
pore volume Vpore 1.6e6 [m3]
oil in place Voip 1.28e6 [m3]
permeability range (kx, ky) [0, 1200] [mD]
bubble-point pressure Pb 153.67 [bar]
datum press Pr 130.00 [bar]
datum depth dr 1500.00 [m]
oil water contact OWC 2000.00 [m]
gas-oil contact GOC 1000.00 [m]
initial water saturation Swi 0.2 -

at 125 bar and the water injection rates are subject to
control with a sample time of 30 days. The water injection
rates are bound to be in the interval [0.1, 250] m3/day,
with a rate of movement constraint of ±30m3/day. The
total injection rate is constrained to a maximum of 750
m3/day. The initial water injection rates, uinit, are set to
62.5 m3/day for each well. All simulations are performed
using the Eclipse E300 black oil reservoir simulator. Table
1 shows petrophysical simulation parameters. Solutions to
the optimization problems, (12) and (16), are found by
MATLABs build-in function fmincon with an interior-
point algorithm and a tolerance of ε = 10−8. The current
best, but non-optimal iterate, is returned if the iteration
count exceeds 100 and the objective function violates
sufficient decrease conditions. Gradients required by the
optimization algorithm are computed efficiently by the
adjoint method (Jørgensen, 2007; Völcker et al., 2011;
Capolei et al., 2012a,b; Jansen, 2011; Sarma et al., 2005;
Suwartadi et al., 2012).

5.2 Comparison of the LS method and MVO

Fig. 4 compares the LS solution to the Pareto front
representative generated by MVO. Table 2 shows the
corresponding Pareto optimal values of expected return
(E) and standard deviation (S). The results show that
the LS method manages to locate the trade-off at the
bend of the efficient frontier. Compared to the extreme
MVO case of λ := 1, the LS method produces a trade-
off that maintains a high expected return, while reducing
the risk of profit loss considerably. In particular, expected
return is reduced by just 1.5 million USD, while the
the standard deviation is reduced by approximately 3
million USD. Also, compared to the extreme MVO case
of λ := 0, the LS method manages to drastically increase
expected return from 76.1 million USD to 102.6 million
USD. The cost is a slight increase in the standard deviation
of approximately 3.2 million USD. Overall, the results
show that the LS method manages to locate a trade-off
that properly balances the objectives of risk and reward,
without any knowledge of the shape of the efficient frontier.
In turn, this makes the LS method a computational
attractive alternative to MVO. In particular, Table 2
compares MVO and the LS method in terms of equivalent
reservoir simulations required to meet the stopping criteria
of fmincon. While MVO requires a total of 17150 reservoir
simulations, the LS method needs only perform 3090. This
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Fig. 4. Pareto front representative computed by MVO
compared to the LS optimal trade-off. The Pareto
optimal points are displayed in terms of expected
return (E) and standard deviation (S).

Table 2. Comparison of MVO and the LS method.

Strategy E [million USD] S [million USD] # Reservoir simulations

MVO (WS) - - 17150
λ = 1 104.1 9.53 1120
λ = 0.9 104.4 9.28 3550
λ = 0.8 103.9 8.13 2140
λ = 0.7 104 7.73 210
λ = 0.6 103.5 7.33 1930
λ = 0.5 103.1 6.90 1540
λ = 0.4 102.8 6.65 610
λ = 0.3 101.5 6.35 2110
λ = 0.2 98.7 5.88 1370
λ = 0.1 91.9 4.84 1510
λ = 0 76.1 3.36 1060

LS 102.6 6.54 3090

amounts to a reduction of the computational effort by
approximately 82 %.

6. CONCLUSION

This paper has introduced a generalized least squares
method for efficient and reliable ensemble-based multi-
objective optimization. The LS approach extends the work
of Christiansen et al. (2017) to handle geological uncertain-
ties and it is designed specifically for situations where the
efficient frontier is computationally intractable to gener-
ate. The extension paves the way for a unified approach
to large-scale risk mitigation strategies in oil production
optimization and serves a convenient mean to efficiently
overcome the computational challenges of ensemble-based
multi-objective optimization. In particular, the computa-
tional complexity of the LS approach scales linearly with
the number of objectives. This allows for optimization of
multiple risk-related objectives, whereas previous applica-
tions have been limited to bi-criteria problems. Using 10
realizations of a 2D synthetic black oil reservoir, numerical
results have demonstrated the LS method’s ability to prop-
erly balance risk and reward by solving a mean-variance
optimization problem at significantly reduced computa-
tional effort relative to a conventional bi-criteria MVO
approach. In this regard, the main computational work-
load tied to repeated reservoir simulations was reduced
by approximately 82 %. Future work seeks to use this
increased computationally flexibility of the LS method to
investigate the potential benefits on the balance between
risk and reward that comes from combining more than two
risk-related objectives.
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Introduction

With the modern reservoir characterization and geological modeling techniques geologists and engineers
build more and more detailed reservoir models. The increasing level of available data allows geologist
to build models that can account for the heterogeneity with increasing resolution. Geological reservoir
models encompass detailed heterogeneous geological information at multiple length scales in different
directions. Often geological models is of the size, 107 to 108 cells, which despite the computational
capabilities of modern computers is too large to simulate. To build reservoir models at a scale man-
ageable for computer simulation it is necessary to reduce the number of grid cells and upscale grid cell
properties, e.g. porosity and absolute permeability. Upscaling techniques that capture the heterogeneity
effects of a high-resolution model has been a long-time focus of the research community. The methods
encompass simple statistical averaging techniques as well as more sophisticated numerical flow-based
methods. Flow-based methods cover a range of techniques that solve a steady-state fluid flow problem
over a region of the grid with no source terms. Renard and De Marsily (1997) and Barker and Thibeau
(1997) provide reviews of upscaling techniques for permeability and pseudorelative permeabilities. The
typical size range of upscaled reservoir models is about, 105 to 106 cells, with simulation times on the
scale of hours. The industry uses these multi-phase reservoir simulation models for prediction purposes
including production optimization. Frequent simulation of modern reservoir models requires a consider-
able computational capabilities, even by today’s standards. Production optimization workflows require
a potentially large number of reservoir simulations, even when applying adjoint gradient-based meth-
ods (Brouwer and Jansen, 2004; Sarma et al., 2006). In many cases, the simulation time of renders the
direct use of high-fidelity models intractable. The computational burden of the optimal control prob-
lem solved in a deterministic production optimization procedure depends on the size of the simulation
model, the number of control variables and control intervals. Different reduced-order modeling methods
that enable approximate yet accurate simulation of complex models, has been proposed by van Doren
et al. (2005) and by Cardoso and Durlofsky (2010). In order to reduce the computational effort needed
in production optimization Oliveira and Reynolds (2015) propose the use of a hierarchical multiscale
method for coarsening the control interval parametrization, based on control value and gradient criteria.
This approach reduces the adjoint computation effort, but not the forward simulation run-time. Aliyev
and Durlofsky (2015) proposes a multilevel procedure for optimizing well-placement and well-controls.
The procedure utilizes a gradient-free particle-swarm optimization algorithm. Krogstad et al. (2016)
use a global upscaling procedure to compute a coarse model calibrated to specific flow scenarios and
applies an adjoint gradient-based optimization procedure.

In this paper, we consider reducing the computational impact of a high-fidelity model by applying a
coarsening and upscaling procedure to the high-fidelity model. The coarsening and upscaling proce-
dure is semi-automated and aims to simplify the upscaling procedure and reduce the turnover time. The
coarsening method seeks to preserve geological features important for capturing the flow dynamics of
the high-resolution model. The coarsening procedure partitions a fine scale grid by an index-based vec-
tor, similar to the method presented by Lie et al. (2017). To ensure flexibility in the choice of reservoir
simulators we only consider logically indexed grids, i.e. corner-point grids. Hence, grid properties such
as total volume is not preserved. We apply a local single-phase procedure for absolute permeability
upscaling. To capture the heterogeneous effects of the high-resolution model in the near-well regions we
apply the approximate coarse scale well model, proposed by Chen and Wu (2008) to upscale the well-
index of well-bore completions. In this way we, reduce the forward simulation time, while replicating
the behavior of the high-fidelity model to a sufficient degree for production optimization purposes. By
applying this procedure, we compute a hierarchy of coarsening/upscaling levels. We introduce a hi-
erarchical multilevel optimization procedure that optimizes an objective over the hierarchy of coarse
models. The optimization procedure integrates with the adjoint gradient-based constrained optimization
software tool RESOPT. RESOPT is an internally developed optimization software tool that integrates
commercial reservoir simulators and state of the art optimization software (Hørsholt et al., 2018). RE-
SOPT implements a number of optimization strategies for deterministic optimization and optimization
under uncertainty, e.g. robust optimization, mean-variance optimization, and conditional value at risk
optimization. RESOPT is based on the Eclipse input-file format. This allows for the use of existing
reservoir models for production optimization purposes. The software integration enables optimization
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of black-oil and compositional flow reservoir models.

The paper is organized as follows. We start by describing the system of equations that govern multi-
phase flow in porous media, the net present value objective and states the optimal control problem.
Next we describe the coarsening procedure, the grid property upscaling procedure and the well-index
upscaling procedure, followed by a description of the hierarchical multigrid optimization workflow. The
next part presents two numerical examples that demonstrates the optimization workflow in deterministic
water-flooding scenarios. The first example is a deterministic net present value optimization of the top
8-layers of the tenth SPE comparative solution project, SPE10 model 2(Christie and Blunt, 2001). The
second example is a rate-controlled optimization of the well-known Egg-model (Jansen et al., 2013).
The two cases represent different types of permeability, namely a highly heterogeneous permeability
field and a channeled permeability field. Finally we provide conclusions.

Reservoir simulation and optimal control problem

In this section, we state a general formulation of the system of differential algebraic equations for multi-
phase flow in porous media. We present the net present value function and the optimal control problem
for oil production optimization. Aziz et al. (2005) and Chen et al. (2006) provide a detailed description
of the general multi-phase flow model.

System of differential algebraic equations

The system of equations that describes the subsurface flow is in most simulators discretized in space by
the finite volume method and in time by the implicit Euler method. We denote the state vector as x(t) ∈
Rnx , the vector of algebraic variables as y(t)∈Rny , the vector of manipulated variables as u(t)∈Rnu , and
the vector of geological parameters as θ . u(t) is discretized by a zero-order-hold parametrization defined
by u(t) = uk, tk ≤ t ≤ tk+1,k = 0, . . . ,N−1, where tN = t f is the final time. After spatial discretization,
we write the model equations as the system of differential-algebraic equations:

x(t0) = x0, (1a)
G(x(t),y(t),θ) = 0, t ∈ [t0, t f ], (1b)
ẋ(t) = F(y(t),u(t),θ), t ∈ [t0, t f ]. (1c)

The temporal implicit Euler discretization gives the following system of non-linear equations

Rk+1 = Rk+1 (xk+1,yk+1,xk,uk;θ)

=

[
xk+1− xk−∆tkF (yk+1,uk,θ)

G(xk+1,yk+1,θ)

]
= 0,

(2)

for k ∈N = {0,1, . . . ,N−1}.

To allow for a more compact notation, we introduce the vectors, x̄ = (x1;x2; . . . ;xN ,y1;y2; . . . ;yN), R̄ =
(R0;R1; . . . ;RN−1), and ū = (u0;u1; . . . ;uN−1). In compact notation we write residual equations 2 as

R̄(x̄, ū,x0;θ) = 0. (3)

Net present value

We define the net present value over the life time of an oil reservoir as the function, Φ, of the states, x̄,
the operating trajectory, ū, the initial state, x0, and the the geological parameters, θ . In discrete time, we
write the net present value as

Φ(x̄, ū,x0;θ) =
N−1

∑
k=0

Jk (xk+1,uk;θ) , (4)
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where the discounted net present value, Jk, for the k‘th time interval is given by

Jk =
∆tk

(1+d)tk+1/tτ

[
roqOs,k+1 + rgqGs,k+1−

(
rwqWs,k+1 + rw,injqw,inj,k+1

)
]
. (5)

∆tk, is the length of the k’th time interval, d is the annual discount factor, tτ is the discount time interval.
ro and rg are the sale prices for oil and gas. rw is the water production cost and rw,inj is the water
injection cost. The corresponding flow rates for oil, gas, water, and water injection are denoted as,
qOs,qGs,qWs,qw,inj.

Optimal control problem

The discrete-time constrained optimal control problem for production optimization is given by (Capolei
et al., 2012)

max
ū∈U

ψ = ψ (ū;x0,θ) , (6)

where the objective function is

ψ (ū;x0,θ) =
{

Φ(x̄, ū,x0;θ) : R̄(x̄, ū,x0;θ) = 0
}
. (7)

In this paper, we only consider linear constraints on the input. The constraints are bounds on controls,
rate of movement constraints, (rom), on controls to prevent ‘large‘ changes, and bounds on total injection
rates in each time step. We write the constraints as

U = {ū : ūmin ≤ ū≤ ūmax, ∆ūmin ≤ ∆ū≤ ∆ūmax, bl ≤ Āū≤ bu}. (8)

Black-box simulator

The optimization workflow we present in this paper is not dependent on any specific formulation and
solution method of the flow equations (1). This means we can treat the reservoir simulator as a black-box
function, S (ū;x0,θ). To be eligible for gradient-based production optimization purposes, a reservoir
simulator must fulfill the following requirements. Given the initial state, x0, an operating profile, ū, and
a geological realization vector, θ , it must at every time-step return the states, x̄, the net present value, ψ ,
and the gradient of the net present value with respect to the controls, ∇ūψ .

[x̄,ψ,∇ūψ] = S (ū;x0,θ). (9)

Upscaling/coarsening procedure

The oil production optimization workflow, we apply in this work uses a hierarchy of upscaled models of
a high-fidelity model. In this section, we outline the workflow of the coarsening and upscaling procedure
for constructing such models. We describe a practical grid-coarsening method, which for our purposes
preserve the geological features of the fine grid to a satisfactory degree. We apply local flow-based
upscaling for the absolute permeability and simple averaging of additive properties, e.g. porosity and
net to gross. To capture the effect of fine scale heterogeneity in the near well region, we upscale the
well-index.

Coarsening

The oil production optimization workflow, we apply in this work uses a hierarchy of upscaled models of
a high-fidelity model. In this paper, we only consider grids with logical i jk-indexing, i.e. Cartesian and
corner-point grids, where each grid cell has 6-faces. The i−index runs first, followed by the j−index
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and last by the k−index. For a grid orientated along the principal axes of a 3-dimensional coordinate
system, this is the definition of "normal reading order". A grid has a number of grid cells, Nc which is
the product of grid cells in each direction. Formally a grid consists of a set of i jk-indexed grid cells,
{cn}Nc

n=1,Nc = NxNyNz.

To construct a coarse grid based on a fine grid, {cn}Nfine
n=1 , we group the fine grid into a number of subsets

and amalgamate them into coarse grid cells, {cn}Ncoarse
n=1 ,Ncoarse = Nx,coarseNy,coarseNz,coarse. An amalga-

mated coarse grid is represented by a partitioning vector, p ∈ Nfine, that maps all fine grid cell into a
coarse grid cell, i.e. pi = j, if the fine grid cell, ci, belongs to coarse grid cell, c j. In principle, this
allows for grouping arbitrary selections of fine grid cells into a subset. However, we only allow amalga-
mation of neighboring cells in the fine grid. Since all coarse grid cells are limited to have only 6-faces,
the corner nodes consists of the outermost fine grid cell corner nodes. We note that this procedure does
not preserve the reservoir volume, but for the purpose of optimization, this is less important. Figure 1a
shows an illustration of coarsening of a fine grid. A simple way of computing the partitioning is to divide
the dimensions of the fine grid by a coarsening factor in each direction, (c fx,c fy,c fz). The coarse grid
dimensions are then computed by

(Nx,coarse,Ny,coarse,Nz,coarse) = (dNx,fine/c fxe,dNy,fine/c fye,dNz,fine/c fze) . (10)

This method is useful when there are no geological features, e.g. impermeable layers, horizons and
faults, to take into consideration. In the gridding process for a faulted reservoir the geologist/engineer
typically tries to align the grid with the faults. In this case, we take the faults into account when creating
the partition by identifying the direction and the, i jk−index of the faults. By applying these techniques,
we can construct coarse corner-point grids that preserve the geological features of a high-fidelity model
to a degree that is satisfactory for our purpose.

Flow-based upscaling

After the construction of a coarse-grid, the problem of populating the grid cell with properties, e.g.
net to gross, porosity and permeability remains. There exist numerous methods for upscaling these
properties. These methods includes simple averaging of properties over the fine grid to more advanced
methods, such as flow-based permeability upscaling. For high-level coarsening of multi-phase flow
systems, upscaling the relative permeability functions is often required. For a more detailed discussion
of these methods, we refer the reader to Barker and Thibeau (1997), and Renard and De Marsily (1997).

In this paper, we only consider upscaling of the grid properties, net to gross, porosity and absolute
permeability. We consider arithmetic average upscaling of the porosity and net to gross properties.
To upscale the absolute permeability we apply local single-phase flow-based method. By emulating a
laboratory setup, we compute each component in the permeability tensor separately. The setup applies
a pressure drop in each axial direction and keeps all other boundaries sealed. In the x−direction we
compute the upscaled permeability, K∗x in a coarse-grid cell as,

K∗x =
qx,outLx

LzLy(Pout −Pin)
, (11)

where, qx,out, is the flow through the boundary, Lx,Ly,Lz, are the cell dimensions, and Pin,Pout are the
pressures at the boundaries. Figure 1b shows a schematic illustration of the setup. The upscaled perme-
ability in the, y and z−direction is computed in a similar fashion.

Well-index upscaling

To capture the effects of the fine scale heterogeneous permeability in the near-well regions, we upscale
the well-index. We apply the ‘near-well arithmetic averaging’ method proposed by Chen and Wu (2008).
The basis of the method is analysis of the pressure solution for two-dimensional flow in homogeneous
porous media. The method applies arithmetic averaging of the effective permeabilities, Keff, along the
well trajectory within a coarse cell. We denote the fine scale permeability and the fine scale volume
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(a) Conceptual illustration of coarsening of a fine
grid. The fine grid has dimensions (6, 2, 2) and is
coarsened into a (3, 1, 1) grid, by a logical partition
vector.

(b) Schematic illustration of local flow-based up-
scaling of absolute permeability in the x−direction.

Figure 1 Conceptual illustrations of the coarsening and upscaling procedures.

Figure 2 Schematic illustration of near-well arithmetic averaging for a vertical well completion in a 
coarse cell.

along the well trajectory in a coarse cell as, Kfine,Vfine, respectively. Then the near-well averaging in a 
given direction is calculated by

Keff =
∑KfineVfine

∑Vfine
. (12)

Figure 2 shows an illustration of the near-well arithmetic averaging for a coarse grid cell with a vertical
well completion. The coarse scale well-index for a vertical well is then computed by inserting the
effective permeabilities into the Peaceman model:

ro =

(√
Ky,eff/Kx,eff∆x2 +

√
Kx,eff/Ky,eff∆y2

)1/2

(Ky,eff/Kx,eff)
1/4 +(Kx,eff/Ky,eff)

1/4 , (13a)

WIcoarse =
2π
√

Kx,effKy,eff∆z
ln(ro/rw)

. (13b)

We note that this is equivalent to computing the well-index by averaging the fine scale well-index com-
puted by the Peaceman model.

Hierarchical multigrid optimization workflow

In this section, we outline the workflow of the hierarchical multigrid optimization procedure used in this
paper. In the examples presented in this paper, we select the E300 reservoir simulator from Schlumberger
as the simulator and the Matlab optimization toolbox as the optimizer.
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Base-level

Figure 3 Illustration of the hierarchical multigrid optimization workflow.

Optimization workflow

The optimization workflow presented in this paper uses a  hierarchy of coarse l evel m odels, based on 
the high-fidelity m odel. In the f ollowing, we refer to the high-fidelity model as  the basecase and the 
increasing coarse model as levels, starting with the next finest level as l evel-1. We use the coarsening-
upscaling procedure presented in the previous section to produce a hierarchy of coarse level models. The 
optimization procedure starts at the coarsest-level. Starting with an initial guess of the set of controls, 
we perform production optimization on the coarsest-level. Optimization on the subsequent levels uses 
the optimal set of controls computed at the previous level as start guess. At each level, we evaluate the 
optimal solution at the base-level. The optimization procedure can be stopped at any level depending 
on the aim of the optimization, time limitations and the computational resources available. Figure 3 
illustrates the concept of the hierarchical multigrid optimization workflow.

Case studies

In this section, we present two case studies that demonstrate the hierarchical multigrid optimization 
workflow.

The first case demonstrates the workflow on the top 8-layers of the SPE10 model 2 (Christie and Blunt, 
2001). The original aim of SPE10 model 2 was to compare coarsening and upscaling techniques, which 
makes it an ideal candidate model for testing the methods presented in this paper.

The second case is the Egg-model, which is the well-known production optimization benchmark test-
case presented by Jansen et al. (2013). The Egg-model was first introduced in the robust optimization 
study by van Essen et al. (2009). It has been used as a benchmark test-case for optimal control method-
ologies in numerous publications, e.g. by Fonseca et al. (2014), Siraj et al. (2015), Fonseca et al. (2016) 
and by Codas et al. (2016).

SPE10 model 2

The model reservoir model has the physical dimensions (1200 × 2200 × 16) ft. The model is discretized 
into an equidistant Cartesian grid, with (Nx,Ny,Nz) = (60,220,8) cells. The top layers is a Tarbert 
formation with a highly heterogeneous permeability field. The horizontal permeability ranges from 0-
20000 mD with a mean of 364.5 mD and standard deviation of 1443.4 mD. The vertical permeability 
equals the horizontal multiplied by 0.3. The porosity has an average value of 0.175, and ranges from 
0-0.5. The reservoir has a five-spot well pattern with four producers l ocated i n t he r eservoir corners
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Table 1 Reservoir data for the top eight-layers of the SPE10 model2.

Description symbol value metric
physical dim (x,y,y) (1200,2200,16) [ft]
grid-cell dim (∆x,∆y,∆z) (20,10,2) [ft]
water compressibility cw 1.0×10−6 [psia−1]
rock compressibility cr 1.0×10−6 [psia−1]
pore volume Vpore 1.357×106 [rb]
oil in place Voip 874.93×103 [rb]
permeability range (kx,ky) [0,1200] [mD]
porosity range σ [0,1200] -
bubble-point pressure Pb 3600 [psia]
datum pressure Pr 3600 [psia]
datum depth dr 9000 [ft]
oil water contact OWC 9100 [ft]
gas-oil contact GOC 8800 [ft]
average water saturation Swi 0.355 -

and one water injector completed in middle of the reservoir. All wells are vertical and completed in all
eight layers of the reservoir. Figure 4a shows the reservoir model. In contrast to the original model we
here consider flow of a black-oil type fluid, namely the black-oil fluid from the SPE09 model (Killough,
1995). Table 1 shows the reservoir data.

Optimization parameters

We have performed a deterministic net present value optimization of the SPE10 model. Reservoir pro-
duction is simulated for 3000 days in a water-flooding scenario. The simulation time interval is divided
into 100 control time-steps, N, of equal length, ∆t = 30days. The bottom-hole pressures in all wells are
subject to control. This gives a total of 500 controls, ū. The bottom-hole pressure in the injection well
are bounded to the interval [3800,5500] psia and the producers are bounded in the interval [1700,3500]
psia. The bottom-hole pressures are constrained by a rate of movement of 30 psia between control inter-
vals. There is no imposed constraints on the well rates and the net present value is not discounted. The
optimization procedure utilizes an active-set algorithm and is initialized with a water injection pressure
of 4000 psia and producer pressure of 2000 psia. Table 2 shows the optimization parameters.

Model hierarchy

We have constructed three coarsening/upscaling levels of the SPE10 model. For the coarsening proce-
dure we apply three levels of coarsening factors, (c fx,c fy,c fz), namely (2,2,2),(4,4,4) and (8,8,8).
Table 3 shows the details of the coarsening procedure. The basecase properties are upscaled as decribed
in section . The porosity is upscaled by arithmetic averaging. The absolute permeability is upscaled by
the local flow-based method. The well-index is not upscaled, but is computed by the reservoir simulator
using the standard Peaceman model. Figure 4b shows the SPE10 model hierarchy with the upscaled
horizontal permeability.

Optimization procedure

We demonstrate the hierarchical multigrid optimization procedure on four constructed levels of the
SPE10 model. As described previously, the hierarchical optimization starts with optimization on level-
3. The computed set of optimal controls, ū∗opt,level-3, is passed on to level-2 as initial controls, ūinit,
where a new optimal set of controls, ūopt,level-2 is computed. This procedure continues all the way
to the base-case level. After applying this procedure we end up with four sets of optimal controls,
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Table 2 Optimization parameters for the deterministic net present value optimization of the top 8 layers 
of SPE10 model 2.

Description symbol value metric
strategy Deterministic - -
simulation time t f 3000 [day]
number of control steps N 100 -
length of control steps ∆t 30 [day]
number of controlled wells nw 5 -
number of controls nu 500 -
initial controls uinit - [psia]

injector uinj,init 4000 [psia]
producers uprod,init 2000 [psia]

lower bound on controls umin - [psia]
injector uinj,min 3800 [psia]
producers uprod,min 5500 [psia]

upper bound on controls umax - [psia]
injector uinj,max 1700 [psia]
producers uprod,max 3500 [psia]

rom constraint ∆ūmin,∆ūmax 30 [psia]
discount factor d 0.0 -
fluid prices: rα - [US$/SVOL]

oil ro 45.00 [US$/STB]
gas rg 0.0001 [US$/SCF]
water rw 10.00 [US$/STB]
water injection rw,in j 2.00 [US$/STB]

algorithm active-set - -
max iterations maxit 50 -
max function evaluations maxit 150 -
tolerance on optimimality tolopt 10−6 -
tolerance on step size tol∆u 10−6 [psia]
tolerance on objective tol∆u 103 [US$]

Table 3 SPE10 model grid coarsening levels

level coarsening factor grid dimensions number of cells
base-case - (60,220,8) 105600
level-1 (2,2,2) (30,11,4) 13200
level-2 (4,4,4) (15,55,2) 1650
level-3 (8,8,8) (8,28,1) 512

ū∗opt,level-3, ūopt,level-2, ūopt,level-1, ūopt,base-level. Furthermore we optimize all levels individually with initial
controls, ūinit, given in table 2, to obtain three additional sets of optimal controls. We refer to these by
the superscript *, hence the optimal controls are denoted, ū∗opt,level-2, ū

∗
opt,level-2, ū

∗
opt,base-level.

In-order to validate the results we evaluate all optimal sets of controls by simulation in the Schlum-
berger E100 reservoir simulator. This gives us the E100-net present value for all levels. To assess the
effectiveness of the strategies, we simulate a reactive-strategy case in E100 and compute the net present
value. The reactive-strategy case is simulated using the initial controls, ūinit, where a production well
is shut if it becomes uneconomical, i.e. if the watercut rises above 0.88. Table 4 show the results from
the hierarchical multigrid optimization and the optimization with the initial controls, ūinit, of all levels
individually. Figures 5a and 5b show iteration versus net present value, including the evaluation in E100,
for the hierarchical optimization procedure and the individual optimizations respectively. The results
for the hierarchical optimization approach show that the net present value evaluated at the high fidelity
model (E100) increases at every level in the hierarchy, as expected. There are clear jumps in the net
present value when moving from one level to the next. This is expected since the coarsening/upscaling
procedure does not preserve volumes, e.g. oil in place. However, this is not too important as long as
the coarse levels capture the dynamics of the flow at the base-level to a reasonable degree. Figure 7
shows the optimal controls for each well at all coarsening levels. The figure clearly shows that the op-
timal controls computed at the coarsest level propagates through to the base-level while approximately
maintaining the same shape. This suggest that the flow dynamic are preserved to a high degree at all
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(a) Horizontal permeability field and the 5-spot
well-pattern.

(b) Base-case and three coarsening levels with
coarsening factors: (2,2,2),(4,4,4),(8,8,8).

Figure 4 Top 8 layers of the SPE10 model 2.

Table 4 SPE10 hierarchical multigrid optimization results.

Level # iterations # simulations elapsed time [hour] flag NPV [MMUS$] E100
level-3* 37 76 0.2338 ∆ū 9.56 8.15
level-2 14 27 0.1196 ∆ū 9.41 8.24
level-1 7 17 0.3941 ∆ū 8.85 8.35
base-level 3 17 13.0770 ∆ū 8.38 8.43
level-2* 49 98 0.4443 ∆ū 9.40 8.32
level-1* 29 57 1.6590 ∆ū 8.87 8.41
base-level* 13 53 44.7560 ∆ū 8.06 8.16
reactive-strategy 7.81

coarsening levels. However, there is no guarantee that the hierarchical approach will provide a higher
net present value at all levels than the corresponding initial controls optimization at the same level.

Figure 6 shows the elapsed time versus net present value for all performed optimizations. The figure
shows that the hierarchical approach provides the best result at the base-level (shortest computation
time and highest NPV). At all levels, the hierarchical optimization converges using fewer iterations and
thus computation time. However the initial control optimization of both level-2* and level-1* obtains a
higher net present value than the hierarchical optimizations at the same levels. This underlines that the
optimization is sensitive to the choice of initial controls. In all cases, optimization leads to a significantly
higher net present value than the reactive strategy case.

0 37 50 56 59

# iterations

7.5

8

8.5

9

9.5

N
P

V
 [M

M
U

S
$]

level-3*
level-2
level-1
base-level
E100-level-3*
E100-level-2
E100-level-1
E100-base-level
E100-reactive-strategy

(a) Hierarchical multigrid optimization of all lev-
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simulation in E100.
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Figure 5 Optimization of the SPE10 model 2. All points denoted E100 are placed arbitrary on the 
iteration axis.
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Figure 7 Optimization of the SPE10 model. Optimal controls for all levels and computation time versus net 
present value evaluated in E100.

Egg-model

The Egg-model is a three-dimensional synthetic two-phase flow reservoir m odel. The model consist of 
101 realizations of the permeability field. In this paper, we consider only the first of these fields.

The physical reservoir dimensions is, (480,480,28)m. It is discretized on a Cartesian grid with (Nx,Ny,Nz) = 
(60,60,7) cells. All grid cells have the size, (∆x,∆y,∆z) = (8,8,4) m. The grid has a total of 25.200 
cells where 18553 are active. The reservoir has uniform pososity, φ = 0.2, and a highly channelized 
permeability field. The model has a  t otal of 12 vertical wells of which e ight a re water i njectors and 
four are producers. All well-bores are vertical and are completed throughout all seven layers in the
z−direction. Figure 8a shows the permeability field for the realization used in the optimization and the 
well locations. The reservoir is simulated with the original two-phase fluid. Table 5 shows the reservoir 
model parameters. Jansen et al. (2013) provides a full description of the model.
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Table 5 Egg-model; standard reservoir and fluid data.

description symbol value Metric
grid-cell height ∆z 4 [m]
grid-cell length/width ∆x,∆y 8 [m]
porosity, uniform φ 0.2 -
oil compressibility co 10−5 [1/bar]
water compressibility cw 10−5 [1/bar]
rock compressibility cr 0 [1/bar]
viscosity oil µo 5 [cp]
viscosity water µw 1 [cp]
rel. perm end point, oil k0

ro 0.8 -
rel. perm end point, water kw

ro 0.2 -
Corey exponent, oil no 4.0 -
Corey exponent, water nw 3.0 -
residual oil saturation Sor 0.1 -
connate-water saturation Swc 0.2 -
capillary pressure Pc 0 [bar]
initial reservoir pressure Pri 400 [bar]
initial water saturation Swi 0. -
bhp producer wells Pbh 395 [bar]
well-bore radius rw 0.1 [m]

Optimization parameters

The deterministic optimization is performed on the first realization of the permeability field (see Fig-
ure 8a). Reservoir production is simulated for 3600 days with 120 control time-steps of length, ∆t = 30
days. The water injection rate in all injector wells are subject to control. This gives a total of 960
controls, ū. The bottom-hole pressures in the producers are kept constant at 395 bar throughout the
simulation. All injection rates are bounded in the interval [0, 80] m3/day and are not allowed to change
with a rate greater than, 5 m3/day between control steps. The discount rate, d in (5) is set to 10%. The
optimization is initialized with a water injection rate of, 79.0 m3/day. The convergence tolerances for
the KKT-optimality conditions, tolopt and the step-size, tolx are both set to 10−6.

The optimization is performed by first applying a SQP-algorithm for a limited number of iterations
and then switching to an interior-point algorithm until convergence. The number of SQP-iterations
depends on the coarsening-level. The SQP-algorithm is more aggressive and tends to achieve good
results in relatively few iterations. However it uses many line-search simulations especially when close
to convergence. The interior-point algorithm on the other hand tends to apply relatively small changes
to the controls, but uses fewer line-search simulations. Hence, by combining the algorithms we attempt
to minimize the number of optimization iterations.

Model hierarchy

As in the previous example, we have constructed three coarsening/upscaling levels of the Egg-model.

For the coarsening procedure we apply three levels of coarsening factors, (2,2,1),(4,4,1), and (8,8,1).
Thus keeping the resolution in the vertical direction constant. To determine whether a coarse cell is
active or not, we consider the fine cells that it contains. If half or more of the fine cells contained in the
coarse cell are active the coarse cell is set to be active and otherwise the coarse cell is set to be in-active.
We note that this does not preserve the grid volume, but as mentioned earlier this is not an issue for the
purpose of the optimization procedure. Table 7 shows the details of the coarsening procedure. The base-
case properties are upscaled as described in section . The porosity is uniform and hence no upscaling
is required. The absolute permeability is upscaled by the local flow-based method. In this example, the
well-index is upscaled and written directly to the simulator. Figure 8b shows the Egg-model hierarchy
with the upscaled horizontal permeability.
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Table 6 Egg-model; optimization parameters.

Description symbol value Metric
optimization strategy deterministic - -
number of control steps N 120 -
length of control steps ∆t 30 [day]
controls, water injection rates qwi - [m3/day]
bound constraints qwi,min 0.2 [m3/day]

qwi,max 80.0 [m3/day]
rate of movement constraints rom ±5 [m3/day]
initial controls uinit 79.0 [m3/day]
prices rα - [US$/m3]

ro 283.04 [US$/m3]
rw 37.74 [US$/m3]
rwi 12.58 [US$/m3]

discount factor d 10% -
optimization algorithm SQP, interior-point - -
optimality tolerance tolopt 1e-6 -
step-size tolerance tolx 1e-6 -

Table 7: Egg-model grid coarsening levels.

Level coarsening factor grid dimensions # cells active cells
base-case - (60,60,7) 25200 18553
level-1 (2,2,1) (30,30,7) 6300 4736
level-2 (4,4,1) (15,15,7) 1575 1198
level-3 (8,8,1) (8,8,7) 448 344

Optimization procedure

The hierarchical optimization procedure starts at level-3, where the optimization is initiated with, ūinit,
stated in Table 6. The optimal controls, ū∗opt,level-3, is passed on to the next level where it is used as
the initial guess. This continues to the base-level. Hence we get four sets of optimal controls denoted,
ū∗opt,level-3, ūopt,level-2, ūopt,level-1, ūopt,base-level. Again we optimize all levels using the initial controls, ūinit,
to get the optimal controls, ū∗opt,level-2, ū

∗
opt,level-1, ū

∗
opt,base-level. All sets of optimal controls are evaluated

by simulation at the base-level in the E100 simulator and is compared to a reactive-strategy simulation.

As described previously we apply a combination of the SQP and the interior-point optimization algo-
rithms. The limit of iterations and simulations depends on coarsening level and adapts to the tolerances
in Table 8. For validation purposes, we evaluate the obtained optimal control sets, by simulation in the
Schlumberger E100 reservoir simulator. Furthermore, we run a reactive-strategy case, also simulated in
E100. The reactive-strategy case is simulated using the initial controls, ūinit, where a production well
is shut if it becomes uneconomical, i.e. the water-cut rises above 0.88. Table 9 shows the results from
all levels for both the hierarchical multigrid optimization procedure and for the optimization with initial

(a) Well locations and permeability field of first re-
alization.

(b) Base-case and three coarsening levels, with
coarsening factors: (2,2,1),(4,4,1),(8,8,1).

Figure 8 Egg-model hierarchy and well-pattern.
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Table 8 Egg-model combined SQP and interior-point strategy tolerances.

SQP interior-point
level max it max sim max it max sim
level-3* 50 300 100 300
level-2 25 300 100 300
level-1 10 300 50 300
base-level 10 300 25 300
level-2* 50 300 100 300
level-1* 50 300 50 300
base-level 50 300 50 300

Table 9 Egg-model hierarchical multigrid optimization results.

level # iterations # simulations elapsed time [hour] flag NPV [MMUS$] E100
level-3* 46 351 2.079 max sim 89.7 81.6
level-2 27 261 1.313 ∆ū 90.8 85.2
level-1 38 138 1.131 max it 87.8 88.9
base-level 19 193 8.592 max it 89.2 90.4
level-2* 66 318 1.644 ∆ū 90.8 85.0
level-1* 67 370 3.532 max sim 87.4 88.4
base-level* 38 248 11.527 ∆ū 88.7 89.8

controls, ūinit. Figures 9a and 9b shows iteration versus net present value, including the evaluation in
E100, for the hierarchical optimization procedure and the individual optimizations respectively. As in
the SPE10 example, we see clear jumps in the objective value when moving from one level to the next.
This is partially an effect of the fact that the coarsening/upscaling procedure do not preserve volumes.
In addition, the coarser a level is, the capture of the flow dynamic of the high-fidelity model becomes
worse. However, this is expected and not significant as long as we experience an increasing objective
value, when evaluated at the high-fidelity level.

Evaluation of the optimal controls computed during the hierarchical multigrid optimization procedure,
shows that the net present value increases at every level. The same trend is showing in the optimizations
using, ūinit, as initial controls. Optimization at the coarsest level, level-3*, is not able to provide a net
present value higher than that obtained by the reactive-strategy case.

Figure 10 shows the injector rate controls computed at all levels by the hierarchical multigrid optimiza-
tion procedure. There is some similarities of the controls throughout the levels, but it is not as significant
as for the SPE10 case. These similarities increases for the finer levels. This suggest that the difference
in the flow dynamic between the layers decreases for finer grid resolution as expected. Figure 11 shows
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Figure 9 Optimization of the Egg-model. The points denoted E100 are placed at an arbitrary position 
on the iteration axis.
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Figure 11 Optimization of the Egg-model, computation time versus net present value evaluated in E100.

elapsed time versus net present value for all level optimizations. At all levels we see that the hierarchical 
approach provides a higher net present value than the optimization using the initial controls, ūinit, at the 
corresponding level. The shape of the elapsed time versus net present value curve is close to the ideal as 
depicted in the conceptual illustration in Figure 3. We partially credit this to the relatively simple two-
phase, oil-water fluid model, for which the single-phase flow-based upscaling method is  better suited.

Conclusion

We have developed a hierarchical multigrid optimization procedure for oil production optimization. The 
base of the procedure is the Eclipse file-format, which enables the use of existing reservoir models. The 
procedure uses a partitioning of a high-fidelity grid to compute a number of increasing coarse level grids 
with upscaled properties. A gradient-based optimization software tool, (RESOPT) perform optimization 
on the hierarchy of models. The optimization procedure starts on the coarsest level and uses the optimal 
solution as the start guess on the next level. We demonstrate the optimization workflow on the SPE10 
model 2. The developed procedure significantly reduces the both the simulation run time and the number 
of performed optimization iterations. By applying this workflow, we bring implementing optimization 
of industry scale reservoirs for use in reservoir management decisions a step closer.
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Oil production optimization of the SOLSORT reservoir

Steen Hørsholt, Kent Johansen, Allan P. Engsig-Karup, Hamidreza M. Nick, John Bagterp Jørgensen

Abstract— We apply optimal control to operational optimiza-
tion to a model of a real oil reservoir, SOLSORT, located in the
Danish North Sea. The oil reservoir model is a partial differ-
ential equation system that is simulated using a commercial oil
reservoir simulator (Eclipse 300). The numerical optimization is
conducted using an optimization software tool called RESOPT
that is implemented in Matlab. The net present value of the
reservoir model is maximized using gradient-based optimization
methods. Both linear constraints on the manipulated variables
and nonlinear path constraints on gas production rates are
considered. We impose the nonlinear path constraints using a
soft constrained penalty function. Compared to a reference case
based on best practice reservoir engineering, the solution based
on optimal control is able to increase the net present value by
6-13% and constrain the gas production rate.

I. INTRODUCTION

The oil industry is challenged with the goal to maximize
profit while complying with a high standard of sustainability.
To meet this challenge the application of life-cycle oil
production optimization play an increasing role as support
for reservoir management decision makers [1], [2]. The
research community has proposed and applied a wide range
of optimization methods to both synthetic and more realistic
reservoir models. The optimization methods can be divided
in to gradient free methods and gradient-based methods
(see [3] for a review of closed loop optimization methods).
Gradient-based methods applies gradient information in the
optimization algorithm to ensure fast convergence. Compu-
tation of gradients is performed either by stochastic methods
or by the adjoint method.

The production of hydrocarbons from oil reservoirs are in
practice always subject to numerous constraints. The types of
constraints can be maximum injection pressures in wells to
prevent damaging the reservoir rock or maximum production
rates due to topside infrastructure capability. Complying
with these constraints in the framework of an optimization
procedure can pose a serious challenge. Especially if the
constraints are nonlinear path constraints, e.g. a maximum
allowed gas production rate throughout the reservoir lifetime.
[4]–[8] proposes different methods of incorporating nonlinear
path constraints in the optimization procedure. In gradient-
based optimization methods, a formal handling of nonlinear
path constraints requires an additional adjoint simulation for
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each constraint. For industrial-scale reservoir models with
simulation run times measured in hours, this will often leave
the problem computationally intractable. In this paper, we
propose to use a simplified nonlinear path constraint gradient,
derived by applying a simplifying assumption on the flow.
This reduces the number of adjoint simulations to one. We
impose the nonlinear path constraints by a soft constraint
penalty method.

Most oil companies invests a lot of time and money in the
development of simulation models of their oil reservoirs in
commercial reservoir simulators. The use of a commercial
reservoir simulator with adjoint capability is often required
to enable the direct use of these models in the application of
gradient-based optimization methods.

The case study presented in this paper is a reservoir model
of a real oil field, SOLSORT, located in the Danish sector of
the North Sea. [1], [9] are examples of field application of oil
production optimization methods. We apply a deterministic
optimization procedure to maximize the net present value of
the oil reservoir. The software tool, RESOPT [10], which
integrates Matlab optimization routines and the commercial
reservoir simulators Eclipse 300 that comes with adjoint
capability, performs the optimization procedure.

The paper is organized as follows. Section II describes
the optimal control problem, the underlying system of dif-
ferential algebraic equations and net present value objective
function. Section III describes the case study reservoir model
and the development scenario. Section IV covers the applied
optimization strategies. Section V presents and discussed the
obtained results. Section VI provides a conclusion.

II. OPTIMAL CONTROL PROBLEM

In this section, we state the dynamic optimization problem
and the underlying system of differential algebraic equations
for multiphase flow in subsurface porous media. Next, we de-
fine the net present value objective function and the discrete
optimal control problem for oil production optimization.
Last, we propose a method for imposing nonlinear path con-
straints to the optimization problem by using a simplifying
assumption on the underlying system of equations.

A. Dynamic optimization problem

The dynamic optimization problem computes an open
loop operating strategy that optimizes some performance
measure over a given time horizon. We consider the dynamic
optimization problem in the form

max
x(t),y(t),u(t)

ϕ =

∫ tf

t0

φ(y(t), u(t), θ)dt, (1a)
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subject to

x(t0) = x0, (1b)
G(x(t), y(t), θ) = 0, t ∈ [t0, tf ], (1c)
ẋ(t) = F (y(t), u(t), θ), t ∈ [t0, tf ], (1d)
u(t) ∈ U(t), t ∈ [t0, tf ], (1e)
ci(x(t), y(t), u(t)) ≥ 0, t ∈ [t0, tf ],i ∈ I. (1f)

x(t) ∈ Rnx is a vector of state variables, y(t) ∈ Rny is a vec-
tor of algebraic variables, u(t) ∈ Rnu is a vector of manip-
ulated variables and, θ is a vector of geological parameters.
u(t) is discretized by a zero-order-hold parametrization de-
fined by u(t) = uk, tk ≤ t ≤ tk+1, k = 0, . . . , N − 1, where
tN = tf is the final time. The objective function, ϕ, in (1a)
is some performance measure over the time horizon, [t0, tf ].
Equations (1b)-(1d) constitute the mathematical model of the
dynamic process. The model describes multiphase flow of a
black-oil fluid in porous media. Equation (1e) is the linear
constraints on the manipulated variables and equation (1f)
represents nonlinear path constraints that involve predicted
outputs of the reservoir flow model.

Temporal discretization of (1b)-(1d) by the implicit Eu-
ler method gives the system of nonlinear residual equa-
tions, Rk+1 = 0, k = 0, 1, . . . , N − 1. To allow for a
more compact notation, we introduce the vectors, w =
(x1;x2; . . . ;xN ; y1; y2; . . . ; yN ), R = (R0;R1; . . . ;RN−1),
and u = (u0;u1; . . . ;uN−1). In compact notation, we write
the residual equations as

R (w, u, x0; θ) = 0. (2)

B. Objective function and net present value

The net present value is used as the performance measure,
ϕ, in the dynamic optimization problem (1a). The net present
value of an oil field is defined as a function, ϕ, of the states,
x(t), the algebraic variables, y(t), the operating profile, u(t),
the initial state, x0, and the geological parameters, θ. In
continuous time, the net present value may be expressed as

ϕ =

∫ tf

t0

φ (t, x(t), y(t), u(t), θ) dt, (3a)

where φ is the discounted profit rate,

φ = φ(t, x(t), y(t), u(t), θ)

= e−dc(t−t0)/tτ p(x(t), y(t), u(t), θ), (3b)

and p is the profit rate,

p = p(x(t), y(t), u(t), θ) = [roqOs(t) + rgqGs(t)

− (rwqWs(t) + rw,injqw,inj(t) + rg,injqg,inj(t))] .
(3c)

x(t) and y(t) are the solution to (2), u(t) is the operating
profile. dc is the continuous-time discount rate and tτ is
the discounted time interval (i.e. the time interval at which
compound interest are ascribed). ro and rg are the sales
prices of oil and gas. rw is the water production cost,
rw,inj and rg,inj are the water and gas injection cost. The
corresponding surface flow rates for oil, gas, water, water
injection and gas injection are, qOs, qGs, qWs, qw,inj, qg,inj.

After temporal discretization by the implicit Euler method,
we can express the net present value function in discrete-time
as

Φ (w, u, x0; θ) =
N−1∑
k=0

Jk (yk+1, uk; θ) , (4)

where the discounted net present value, Jk, for the k‘th time
interval is given by

Jk =
∆tk

(1 + d)tk+1/tτ
[roqOs,k+1+

rgqGs,k+1 − (rwqWs,k+1 + rw,injqw,inj,k+1)] . (5)

The discrete-time discount rate, d, and the continuous-time
discount rate, dc, are related by dc = ln(1 + d).

C. Optimal control problem

The discrete-time constrained optimal control problem for
oil production optimization is given by [11]

max
u∈U

ψ = ψ (u;x0, θ) , (6)

where the objective function is

ψ (u;x0, θ) = {Φ (w, u, x0; θ) : R(w, u, x0; θ) = 0} . (7)

In this study, we consider linear constraints on the manipu-
lated variables and soft constraints on output flow rates.

1) Input constraints: The linear input constraints are
bounds on controls, rate of movement constraints on controls
to prevent large jumps and bounds on total injection rates in
each time step. We write the linear constraints as

U ={u : umin ≤ u ≤ umax,

∆umin ≤ ∆u ≤ ∆umax, bl ≤ Āu ≤ bu}. (8)

2) Output constraints: Imposing nonlinear path con-
straints to the dynamic optimization problem requires an
adjoint simulation for each constraint to compute gradient
information. Potentially this obstacle can leave the problem
computationally intractable. Many methods to remedy this
issue have been proposed in the literature (see [4]–[8]).
Consider the situation where we wish to impose an upper
bound, ai, on the phase flow rate, σi, for all time intervals,
∆ti, i = 1, . . . , N . Then the nonlinear output constraints (1f)
can be written as

ci = ai − σi(x(t), y(t), u(t)), i = 1, . . . , N. (9)

Figure 1 depicts a schematic illustration of the situation. The
total phase production in the, i’th time step, Fi is given by

Fi =

∫ ti

ti−1

σ(x(t), y(t), u(t))dt. (10)

After discretization using a midpoint rule we can write this
as

σi(u;x0, θ) =
Fi
∆ti

. (11)

The total phase production in each time interval, ∆ti, de-
pends both on the well controls in the current time inter-
val and on the states of the previous time interval, since
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Fig. 1: Schematic illustration of the phase flow rate compu-
tation.

Fi = Fi(ui−1, xi−1). The expression for the total phase
production, F at the end of the reservoir life time is after
discretization given by

F(u;x0, θ) =
N∑
i=1

Fi(xi−1, ui−1) =
N∑
i=1

∆tiσi(u;x0, θ).

(12)

The gradient with respect to the manipulated variables is

∇uF =

N∑
i=1

∇uFi(xi−1, ui−1) =

N∑
i=1

∆ti∇uσi(u;x0, θ).

(13)

However, if we make the assumption that the phase pro-
duction rate at any time step is only a function of the
manipulated variables at that time step and neglect the
dependence on the previous states, then we get

F =

N∑
i=1

∆tiσi(ui−1), (14a)

∇uF =
N∑
i=1

∆ti∇uσi(ui−1). (14b)

By applying this assumption we can compute the gradient
of, σ = (σ1;σ2; . . . ;σN ) as

∇uσ = T−1∇uF , (15)

where T is a diagonal matrix of ∆ti’s. We note that this
assumption is based only on practicality and not on the actual
physics of the subsurface flow. We impose the path constraint
on the phase flow rate as a soft constraint quadratic penalty
function

P (u) =

N∑
i=1

h(ci(ui−1)), (16)

where, h, is a quadratic function given by

h(ci) = −µ[max(0, ci(u, x0, θ))]
2. (17)

The penalty function, P , is then added to the problem (6)

max
u∈U

Ψ = ψ (u;x0, θ) + P (u). (18)

TABLE I: Reservoir data for the SOLSORT model.

Description symbol value unit
porosity range φ 0.24-0.36 -
permeability range (kx, ky) 4.0-230.0 [mD]
datum press Pr 416.0 [bar]
datum depth dr 3020.0-3038.0 [m]
oil water contact OWC 3026.0-3042.0 [m]
number of grid cells Nc 282900 -

Fig. 2: The SOLSORT reservoir model permeability field and
production well configuration.

D. Black-box simulator

The optimization workflow we apply in this study is not
dependent on a specific formulation of the subsurface flow
equations (1b)-(1d). To be a suitable candidate for gradient-
based oil production optimization a reservoir simulator must
fulfill the following requirements. Given an initial state, x0,
an operating profile, u, and a geological realization vector,
θ, the simulator must at every time-step return the states, x,
the algebraic variables, y, the net present value, ψ, and the
gradient of the net present value with respect to the controls,
∇uψ. Thus we treat the reservoir simulator as a black-box
function, [w,ψ,∇uψ] = S(u;x0, θ).

III. SOLSORT MODEL DESCRIPTION

The SOLSORT field is a relatively small and at the time
for this study undeveloped oil field located in the western part
of the Danish offshore sector. The field was discovered by
DONG in 2010 and in 2014 an exploration well was drilled.
The well encountered hydrocarbons in Paleocene sandstones
at approximately 3000 ft. The reservoir fluid is an under-
saturated oil. The reservoir has some pressure support from
an underlying aquifer. Table I list relevant reservoir data for
the SOLSORT reservoir model.

A. Development scenario

In the development scenario we consider in this study,
the reservoir is produced by pressure depletion by a single
horizontal production well. Figure 2 shows the SOLSORT
reservoir permeability field and the well configuration.

The oil in the reservoir is initially in an undersaturated
state, i.e. there is no free gas phase existing in the reservoir.
As hydrocarbons is produced from the reservoir by pressure
depletion the pressure in the reservoir declines. When the
declining pressure gets below the bubble-point pressure, free
gas is released from the oil. The low viscosity of the gas
phase compared to the oil phase means that gas moves faster
towards the well than the oil. This gas-out effect is self-
perpetuating in the sense that the faster we lower the pressure
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TABLE II: Optimization parameters for all optimization
strategies.

Description symbol value metric
simulation time tf 1800 [day]
controlled quantity LRATE - [m3/day]
number of control steps N 60 -
length of control steps ∆t varying [day]
number of controlled wells nw 1 -
number of controls nu 60 -
discount factor d 0.8 -
fluid prices: rα - [USD/m3]

oil ro 440.00 [USD/m3]
gas rg 0.001 [USD/m3]
water rw 32.00 [USD/m3]

algorithm interior-point - -
max iterations maxit 100 -
max function evaluations maxit 300 -
tolerance on optimimality tolopt 10−6 -
tolerance on step size tol∆u 10−6 -

in the well the more gas we produce. The challenge from a
reservoir engineering viewpoint is to find a well operating
profile, which prevents an early gas-out of the well while
at the same time maximize the oil recovery. To serve as a
reference case we simulate the reservoir using an initial well
operating strategy given by applying assumed best practice
reservoir engineering by a team of reservoir engineers. The
initial operating strategy has a constant high oil production
rate in the first 200 days of production subsequently the rate
is cut by half for the remaining reservoir lifetime of 1800
days. In this study, we demonstrate that applying optimal
control can be used to improve that strategy.

IV. OPTIMIZATION STRATEGY

For all optimization cases presented here the liquid pro-
duction rate of the production well is subject to control. We
consider two main optimization strategies. 1). A basic strat-
egy, where only the well liquid production rate, (LRATE),
is bounded. 2). A soft constrained strategy, where both the
liquid production rate and the field gas production rate,
(FGPR), is bounded. The second main strategy is considered
to address the situation where the infrastructure handling the
production stream from the reservoir has limiting capability.
The constraint on the gas production rate is imposed as
a soft constraint as described in section II-C. Therefore
some violations of the constraint is acceptable. In both
main optimization strategies we consider a number of sub
strategies, where we vary the bounds on both the liquid
production rate and the gas production rate. Table II list the
optimization parameters shared by both main strategies.

1) Basic optimization strategy: In the basic optimization
strategy only input constraints on the liquid production rate
is considered. We consider a number of cases, where the
upper bound on the liquid production rate is varied. Firstly
we consider two cases where the upper bound is constant
throughout the simulation and secondly two cases where the
upper bound is lowered in the last part of the simulation.
The details is listed in Table III.

2) Soft constraint strategy: In the soft constraint strategy
we impose additional output constraints on the gas pro-

TABLE III: Optimization parameters for all optimization
strategies.

basic strategy
1. LRATE ≤ 1.0[m3/day], t = 0, . . . , tf .
2. LRATE ≤ 1.25[m3/day], t = 0, . . . , tf .
3. LRATE ≤ 1.0[m3/day], t ≤ 600[day],

LRATE ≤ 0.6[m3/day], t ≥ 600[day].
4. LRATE ≤ 1.25[m3/day], t ≤ 600[day],

LRATE ≤ 0.6[m3/day], t ≥ 600[day].

Soft constrained strategy Penalty
parameter µ

FGPR ≤ 0.815[m3/day], t = 0, . . . , tf
5. LRATE ≤ 1.0[m3/day], t = 0, . . . , tf 5.0 × 10−4

6. LRATE ≤ 1.25[m3/day], t = 0, . . . , tf
FGPR ≤ 0.407[m3/day], t = 0, . . . , tf

7. LRATE ≤ 1.0[m3/day], t = 0, . . . , tf 5.0 × 10−4

8. LRATE ≤ 1.25[m3/day], t = 0, . . . , tf

duction rate. We consider a low and a high bound on gas
production rate. For each of the cases we impose a constant
low and high bound on the liquid production rate.

It is important to choose a suitable value of the penalty
parameter, µ, in the quadratic penalty function, equation 17.
The standard approach is to start with a relatively high
value of, µ, to ensure that the constraint is satisfied and
then gradually lower the value to ensure that the result
is allowed to get close to the constraint. However in the
case of oil production optimization, where each function
call (simulation) is computationally demanding this is not
a viable approach. Instead we choose a value of, µ, in the
same order of magnitude as the main objective function (6).
Using this value we run a few optimization iterations and
evaluate the result. If the value is to high it can drive the
production to a shut-in, which can be hard to recover from
and hence give a suboptimal solution. On the other hand if
the value is to low, then undesired large violations of the
constraint is possible. Using this trial and error approach we
have chosen a value of the penalty parameter, µ. The details
are listed in Table III.

V. RESULTS

In this section, we compare the result computed by the two
main optimization strategies to the reference case. For the ini-
tial operating profile, we consider the well liquid production
rate, (WLPR), of the reference case. In the reference case,
the well switches to pressure control after approximately 550
days of production. We apply a discretized version of the
reference case liquid production rate as the initial set of well
controls in all optimization cases.

A. Basic strategy

Table IV list the results of the four optimization cases
in the basic strategy and Figures 3, 4 and 5 shows the
net present value, the gas production rate and the optimal
operating profile respectively. Figure 3 shows that in all four
cases the net present value is increased in the range of 8.2%
to 13.5%. In all cases, the increase of the net present value is
achieved by preventing the well from shutting in before the
end of the reservoir lifetime. However, the increase comes
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Fig. 3: Net present value of the basic strategy with a low
bound on the liquid production rate.
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Fig. 4: Gas production rate of the basic strategy with a low
bound on the liquid production rate.

with the cost of a lower cash flow in the middle part of
the reservoir lifetime. Figure 5 shows the liquid production
rates of the well. The figure shows that in all cases the
well is operated at the upper bound of the liquid production
rate in both the beginning and in the end of the reservoir
lifetime. In the two cases with an initial high bound on the
liquid production rate this leads to a higher initial cash flow
as compared to the reference case. Figure 4 shows the gas
production rates of the well. For the two cases with constant
upper bounds on the liquid production rate, the results show
a high gas production rate in the later stages of the reservoir
lifetime. The cause of the high gas production rate is a high
gas-oil ratio in the later stages in combination with the well
operating at the upper bound of the liquid production rate. As
a simple and practical method to restrict the gas production
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Fig. 5: Liquid production rate of the basic strategy with a
low bound on the liquid production rate.

TABLE IV: Optimization results for all optimization cases.

Optimization
strategy

% NPV
increase

max
FGPR % violation

Basic strategy
1. 10.80 1.213 -
2. 13.51 1.213 -
3. 8.20 0.803 -
4. 8.30 0.813 -

Soft constrained
strategy

1. 8.23 0.811 none
2. 8.25 0.756 none
3. 6.17 0.463 13.67
4. 6.04 0.448 10.03
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Fig. 6: Net present value of the soft constrained strategy with
a high bound on the gas production rate and a low bound on
the liquid production rate.

rate to a manageable level we apply a varying upper bound
on the liquid production rate, with a low bound at the last
two thirds of the reservoir lifetime. In both cases, this proves
to be a relative successful method as it manages to restrict
the maximum gas production rate below 0.8.

B. Soft constrained strategy

Table IV list the results of the four optimization cases
in the soft constrained strategy and Figures 6, 7 and 8
shows the net present value, the gas production rate and
the optimal operating profile respectively. Figure 6 shows
the net present value of the four cases with soft constraints
on the gas production rate. The constraint has a negative
impact on the obtained increase of the net present value
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Fig. 7: Gas production rate of the soft constrained strategy
with a high bound on the gas production rate and a low
bound on the liquid production rate.
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Fig. 8: Liquid production rate of the soft constrained strategy
with a high bound on the gas production rate and a low bound
on the liquid production rate.

in comparison with the unconstrained strategy. This do not
come as a surprise since the lower gas production rate at
least in part is obtained keeping a lower production rate and
thereby a higher reservoir pressure. However the increase
is still significant and in the range of 6.04% to 8.25%. As
in the basic strategy, the increase is reached in the late
stages of the reservoir lifetime, by preventing an early shut-
in of the well. Again, we see that the middle stages of the
reservoir lifetime has a lower cash flow compared to the
reference case. Figure 8 shows the liquid production rates
of the production well. In case 1 and 2, with a high bound
on the gas production rate, we see that the well is operated
at the bound of the liquid production rate in the first stage
of the reservoir lifetime. However to avoid violating the
gas production constraint the well is controlled far from
the bound at the later stages of the reservoir lifetime both
cases. In case 3 and case 4, with a low bound on the gas
production rate, we see that the well is operated relatively
far from the upper bound on the liquid production rate. In
both these cases, the production well is shut-in after 1700
days of production due to pressure conditions. In case 3 we
see that the well is operated at the low bound on the liquid
production rate in one time step at 800 days. As mentioned in
section IV-.2 there is a risk of this happening when choosing
the penalty parameter, µ. The choice of the penalty parameter
value is a trade-off between the risk of shut-in and the
risk of high constraint violations. In this particular case, the
optimization procedure never completely recovers from this
shut-in. Figure 7 shows the gas production rates from all
soft constrained optimization cases. Case 1 and case 2 with
a high constraint on the gas production rate are both able
to operate the well without violating the constraint. The gas
production rate are relatively far from the constraint in the
first stages of the reservoir lifetime. Now we would expect
this since in both cases the well operates at the upper bound
on the liquid production rate. Only in the late stages of the
reservoir lifetime, we see the gas production rate being close
to the constraint. Case 3 and case 4 with a low bound on the
gas production rate are not able to honor the constraint with
the chosen value of the penalty parameter, µ. However, as
mentioned earlier the chosen value of the penalty parameter,

µ already drives the production to a halt in case 3. Hence
increasing the value of, µ is not be desirable as it might make
things worse. Nevertheless, the violation of the constraint is
relatively small, in both cases. In case 3 the violation is at
maximum 13.67% at the late stage of the reservoir life. For
case 4 the violation is at maximum 10.03%, again at the
end of the lifetime. The results show that by imposing the
proposed soft constraint method it is possible to constrain the
gas production rate to a predetermined manageable level.

VI. CONCLUSION

We have demonstrated the application of oil production
optimization on a field case. The net present value of the
reservoir is sought maximized using two main optimization
strategies: 1) linear input constraints only and 2) nonlinear
path constraints on the gas production rate, using a quadratic
penalty function. The nonlinear path constraint gradients is
computed by applying a simplified method, requiring only
one gradient for all nonlinear constraints combined. We have
demonstrated the proposed methodology with good results
compared to a reference case. Furthermore, we have shown
that the soft constraint method is able to limit the gas
production rate to a predetermined manageable level.
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Abstract: The large-scale optimization problems that arise from oil production optimization
under geological uncertainty of industry-scale reservoir models poses a challenge even for
modern computer architecture. In combination with ensemble-based methods for production
optimization under uncertainty, gradient-based optimization algorithms provides a powerful
approach that ensures a high convergence rate. However, the spatial resolution and complexity
of typical industry-scale models has a significant computational impact that renders the
optimization problem intractable. To reduce the computational burden model reduction is
essential. In this paper, we introduce a grid coarsening method that maintains the overall
dynamics of the flow, by preserving the geological features of the model. Furthermore, we
present a hierarchical multigrid method for oil production optimization. The method utilizes a
hierarchy of coarse level models based on the high-fidelity model. We present the workflow of
the hierarchical multigrid optimization procedure and a numerical example that demonstrates
the application of oil production optimization on a synthetic reservoir.

Keywords: Production optimization, Model reduction, Reservoir management, Work-flow,
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1. INTRODUCTION

The increasing level of detail and complexity of reservoir
models is a result of the modern reservoir characterization
methods and geological modelling techniques. Together
with a growing amount of data, this allows geologist
to build high-resolution reservoir models able to reflect
the geological heterogeneity. Geological reservoir models
comprise detailed heterogeneous geological information at
multiple length scales. Geological models is often at the
resolution of 107 to 108 grid cells. Even with the compu-
tational capabilities of modern computers, the computa-
tional burden of such models is in many cases intractable.
Therefore, model reduction (grid coarsening and prop-
erty upscaling) is required to build reservoir models at
a scale manageable for simulation. Upscaling techniques
that are able to capture the heterogeneity effects of a
high-resolution model has been a long-time focus of the
research community (Christie, 1996; King and Mansfield,
1997; Durlofsky, 2005). The methods includes statistical
averaging techniques and flow-based methods. The typical
resolution of upscaled models is roughly, 105 to 106 cells,
with simulation runtimes on the scale of hours. Production
optimization workflows require a potentially very high
number of reservoir simulations. In many cases, the direct
use of high-fidelity models (upscaled geological model),
will render the optimization problem computationally in-

? The research leading to these results has received funding from
the Danish Hydrocarbon Research and Technology Centre under the
Advanced Water Flooding program.

tractable. The computational load of the optimal con-
trol problem in a deterministic production optimization
procedure depends on the size of the simulation model,
the number of controlled wells and the number of con-
trol intervals. Different reduced-order modeling methods
that provides for approximate but nonetheless fairly ac-
curate simulation of models, has been proposed by van
Doren et al. (2005) and by Cardoso and Durlofsky (2010).
Oliveira and Reynolds (2015) propose the use of a hierar-
chical multiscale method for coarsening the control interval
parametrization, based on control value and gradient cri-
teria. Aliyev and Durlofsky (2015) proposes a multilevel
procedure for optimizing well-placement and well-controls,
which utilizes a gradient-free particle-swarm optimization
algorithm. Krogstad et al. (2016) use a global upscaling
procedure to compute a coarse model tuned to specific flow
scenarios and applies an adjoint gradient-based optimiza-
tion procedure.

In this paper, we introduce a model reduction proce-
dure that reduces the computational impact of a high-
fidelity model. The model reduction procedure consists of
a coarsening procedure and an upscaling procedure and
aims to reduce the turnover time compared to typical
model reduction workflows. The coarsening method pre-
serves geological features important for capturing the flow
dynamics of the high-resolution model. To ensure flexibil-
ity in the choice of reservoir simulators we only consider
logically indexed grids, i.e. corner-point grids. For the
permeability upscaling, we apply a local single-phase flow-
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based procedure. We apply the approximate coarse-scale
well model, proposed by Chen and Wu (2008) to upscale
the well-index of well-bore completions. By applying these
methods, we can significantly reduce the simulation time,
while capturing the overall flow dynamics of the high-
fidelity model. We introduce a hierarchical multigrid op-
timization procedure that optimizes an objective function
over a multigrid hierarchy of coarsened-upscaled levels of
a high-fidelity model. The procedure is presented from an
oil industry perspective in Hørsholt et al. (2018b). The
hierarchical multigrid optimization procedure integrates
with our in-house gradient-based constrained optimization
software tool RESOPT (Hørsholt et al., 2018a).

The structure of the paper is as follows. A short description
of the dynamic optimization problem, including the system
of differential algebraic equations that governs multi-phase
flow in porous media, the net present value objection func-
tion and the optimal control problem. The next section
describes the coarsening procedure, the grid property up-
scaling procedure and the well-index upscaling procedure.
Next, we introduce the workflow of the hierarchical multi-
grid optimization procedure. Finally, we present a numer-
ical example that demonstrates the optimization workflow
in a deterministic water-flooding scenario. The example
is a rate-controlled optimization of the well-known Egg-
model (Jansen et al., 2013).

2. OPTIMAL CONTROL PROBLEM

In this section, we state the dynamic optimization prob-
lem and the underlying system of differential algebraic
equations for multiphase flow in subsurface porous media,
the net present value objective and the optimal control
problem for oil production optimization.

2.1 Dynamic optimization problem

The dynamic optimization problem computes an open loop
operating strategy that optimizes some performance mea-
sure over a given time horizon. We consider the dynamic
optimization problem in the form

min
[x(t);y(t)]

tf
t0

,{uk}N�1
k=0

ϕ =

∫ tf

t0

φ(y(t), u(t), θ)dt, (1a)

subject to

x(t0) = x0, (1b)

G(x(t), y(t), θ) = 0, t ∈ [t0, tf ], (1c)

ẋ(t) = F (y(t), u(t), θ),t ∈ [t0, tf ], (1d)

u(t) = uk t ∈ [t0, tf ], k = 0, . . . , N − 1, (1e)

{uk}N−1
k=0 ∈ U . (1f)

x(t) ∈ Rnx , is a vector of state varibles, y(t) ∈ Rny , is
a vector of algebraic variables, u(t) ∈ Rnu , is a vector
of manipulated variables and, θ is a vector of geologi-
cal parameters. u(t) is discretized by a zero-order-hold
parametrization defined by u(t) = uk, tk ≤ t ≤ tk+1, k =
0, . . . , N−1, where tN = tf is the final time. The objective
function, ϕ, in (1a) is some performance measure over the
time horizon, [t0, tf ]. Equations (1b)-(1e), constitutes the
mathematical model of the dynamical process, which in
this case is multiphase flow in porous media. Equation (1f)
is the constraints on the manipulated variables.

Temporal discretization by the implicit Euler method gives
the system of non-linear residual equations, Rk+1 = 0, k =
0, 1, . . . , N − 1. To allow for a more compact notation, we
introduce the vectors, x̄ = (x1;x2; . . . ;xN , y1; y2; . . . ; yN ),
R̄ = (R1;R2; . . . ;RN ), and ū = (u0;u1; . . . ;uN−1). In
compact notation we write the residual equations as

R̄ (x̄, ū, x0; θ) = 0. (2)

2.2 Objective function and net present value

As a performance measure, ϕ in the dynamic optimization
problem (1a), we consider the net present value. The net
present value of an oil field is defined as a function, ϕ, of
the states, x(t), the algebraic variables, y(t), the operat-
ing profile, u(t), the initial state, x0, and the geological
parameters, θ. In continuous time the definition is

ϕ =

∫ tf

t0

φ (t, x(t), y(t), u(t), θ) dt, (3a)

where φ is the discounted profit rate

φ = φ(t, x(t), y(t), u(t), θ)

= e−dc(t−t0)/tτ p(x(t), y(t), u(t), θ), (3b)

and p is the profit rate

p = p(x(t), y(t), u(t), θ) =

[
roqOs(t) + rgqGs(t)

− (rwqWs(t) + rw,injqw,inj(t) + rg,injqg,inj(t))

]
.

(3c)

x(t) and y(t) are the solution to (2), u(t) is the operating
profile. dc is the continuous-time discount rate and tτ is
the discounted time interval (i.e. the time interval at which
compound interest are ascribed). ro and rg are the sales
prices of oil and gas. rw is the water production cost,
rw,inj and rg,inj are the water and gas injection cost. The
corresponding surface flow rates for oil, gas, water, water
injection and gas injection are, qOs, qGs, qWs, qw,inj, qg,inj.

We apply the implicit Euler method for temporal dis-
cretization. Hence the net present value function in
discrete-time is

Φ (x̄, ū, x0; θ) =
N−1∑
k=0

Jk (xk+1, uk; θ) , (4)

where the discounted net present value, Jk, for the k‘th
time interval is given by

Jk =
∆tk

(1 + d)tk+1/tτ

[
roqOs,k+1+

rgqGs,k+1 − (rwqWs,k+1 + rw,injqw,inj,k+1)

]
. (5)

Note that the relation between the discrete-time discount
rate, d, and the continuous-time discount rate, dc, is dc =
ln(1 + d).

2.3 Optimal control problem

The discrete-time constrained optimal control problem for
oil production optimization is given by (Capolei et al.,
2012)

max
ū∈U

ψ = ψ (ū;x0, θ) , (6)
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where the objective function is

ψ (ū;x0, θ) =

{
Φ (x̄, ū, x0; θ) : R̄(x̄, ū, x0; θ) = 0

}
. (7)

In this work, we only consider linear input constraints. The
constraints are bounds on controls, rate of movement con-
straints on controls to prevent ‘large‘ jumps, and bounds
on total injection rates in each time step. We write the
constraints as

U ={ū : ūmin ≤ ū ≤ ūmax,

∆ūmin ≤ ∆ū ≤ ∆ūmax, bl ≤ Āū ≤ bu}. (8)

2.4 Black-box simulator

The optimization workflow presented in this paper does
not dependent on any specific formulation and/or solution
method of the governing equations (1b)-(1e). Thus we
treat the reservoir simulator as a black-box function,
S(ū;x0, θ). For a simulator to be an eligible candidate for
gradient-based production optimization purposes, it must
fulfill the following requirements. Given an initial state, x0,
an operating profile, ū, and a geological realization vector,
θ, the simulator must at every time-step return the states,
x̄, the net present value, ψ, and the gradient of the net
present value with respect to the controls, ∇ūψ.

[x̄, ψ,∇ūψ] = S(ū;x0, θ). (9)

3. MODEL REDUCTION PROCEDURE

In this section, we outline the workflow of the model re-
duction procedure. We describe a practical grid-coarsening
method, which preserve the geological features of a high-
resolution model to a satisfactory degree for optimization
purposes. We apply simple averaging of additive proper-
ties, e.g. porosity and net to gross and local flow-based up-
scaling for the absolute permeability. To capture the effect
of high-resolution heterogeneity in the near well region,
we upscale the well-index by the ”near-well arithmetic
averaging” method proposed by Chen and Wu (2008).

3.1 Coarsening

In this work, we only consider logical grids with ijk-
indexing, i.e. Cartesian grids and corner-point grids. This
means that all grid cell has exactly 6-faces. The grid
indexing is defined by the ”normal reading order”, i.e. the
i−index runs first, followed by the j−index and last by the
k−index. The product of grid cells in each direction is the
total number of grid cells, Nc. Formally a grid consists of
a set of ijk-indexed grid cells, {cn}Nc

n=1, Nc = NxNyNz.

To construct a coarse grid based on a high-resolution
grid, {cn}Nfine

n=1 , we group the fine grid into a number
of subsets and amalgamate them into coarse grid cells,
{cn}Ncoarse

n=1 , Ncoarse = Nx,coarseNy,coarseNz,coarse. An amal-
gamated coarse grid is represented by a partitioning vec-
tor, p ∈ Nfine, that maps all fine grid cells into a coarse grid
cell, i.e. pi = j, if the fine grid cell, ci, belongs to coarse
grid cell, cj . Although this allows for grouping arbitrary
selections of fine grid cells into a subset, we only allow
amalgamation of neighboring cells in the fine grid. The
restriction that all cells has 6-faces means the corner nodes
consists of the outermost fine-grid cell corner nodes. We

note that this procedure does not preserve the reservoir
volume. However, for the purpose of production optimiza-
tion, this is of less importance. A simple way of computing
the partitioning is to divide the dimensions of a fine grid by
a coarsening factor in each direction, (cfx, cfy, cfz). The
coarse grid dimensions are then computed by

(Nx,coarse, Ny,coarse, Nz,coarse) =

(dNx,fine/cfxe, dNy,fine/cfye, dNz,fine/cfze) . (10)

When there is no important geological features to account
for, e.g. faults, this is a very robust method. In the grid-
ding process for a faulted reservoir the geologist/engineer
typically tries to align the grid with the fault directions.
In this case we identify the direction and the, ijk−index
of the faults and amalgamate cells on each side of the
faults. By applying these techniques, we construct coarse
corner-point grids that preserve the geological features of
a high-fidelity model to a degree that is satisfactory for
optimization purposes.

3.2 Flow-based upscaling

After the construction of a coarse-grid, the problem of
populating the grid cell with properties, e.g. net to gross,
porosity and permeability remains. There exist numerous
property upscaling methods. The methods also depends
on the type of the upscaled property. These methods
includes simple averaging of properties over the fine grid to
more advanced methods, such as flow-based permeability
upscaling. For high-level coarsening of multi-phase flow
systems, upscaling the relative permeability functions is
often required. However, we do not consider relative per-
meability upscaling in this paper. For a more detailed
discussion of these methods, we refer the reader to Barker
and Thibeau (1997), and Renard and De Marsily (1997).

In this paper, we only consider upscaling of the follow-
ing grid properties: net to gross, porosity and absolute
permeability. We apply arithmetic average upscaling of
the porosity and net to gross properties. To upscale the
absolute permeability we apply local single-phase flow-
based method. To upscale the absolute permeability we
apply local single-phase flow-based method. By emulat-
ing a laboratory setup, we compute each component in
the permeability tensor separately. The setup applies a
pressure drop in each axial direction and keeps all other
boundaries sealed. In the x−direction we compute the
upscaled permeability, K∗

x in a coarse-grid cell as

K∗
x =

qx,outLx

LzLy(Pout − Pin)
, (11)

where, qx,out, is the flow through the boundary, Lx, Ly, Lz,
are the cell dimensions, and Pin, Pout are the pressures at
the boundaries. The absolute permeability in the, y and
z−direction is upscaled by the same method.

3.3 Well-index upscaling

We upscale the well-index, WI, to capture the effects
of the high resolution heterogeneous permeability in the
near-well regions. The upscaling is computed by applying
the method ”near-well arithmetic averaging” proposed
by Chen and Wu (2008). The method applies arithmetic
averaging of the effective permeabilities, Keff, along the
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well trajectory within a coarse cell. We denote the fine
scale permeability and the fine scale volume along the well
trajectory in a coarse cell as, Kfine and, Vfine, respectively.
The effective permeability averaging in a given direction
is then computed as

Keff =

∑
KfineVfine∑
Vfine

. (12)

The coarse scale well-index for a vertical well is computed
using the Peaceman model by inserting the effective per-
meabilities:

WIcoarse =
2π

√
Kx,effKy,eff∆z

ln (ro/rw)
. (13)

4. HIERARCHICAL MULTIGRID OPTIMIZATION
WORKFLOW

The optimization workflow presented in this paper utilizes
a hierarchy of coarse level models, based on the high-
fidelity model. In the following, we refer to the high-fidelity
model as the basecase and the increasingly coarse models
as levels. The levels are numbered in reverse order, i.e. in
a set of coarse models consisting of, n, levels the coars-
est level is labeled, level-n. By applying the coarsening-
upscaling procedure presented in the previous section, we
compute a hierarchy of coarse level models consisting of, n-
levels. The optimization procedure starts at level-n, which
is optimized with an initial guess of the operating profile.
The computed set of optimal controls is then used as the
staring guess on level-(n − 1). This procedure is repeated
for each subsequent level. The optimization procedure
can be stopped at any level depending on the aim of
the optimization, time limitations and the computational
resources available. Figure 1 illustrates the concept of the
hierarchical multigrid optimization workflow.

5. CASE STUDY

As a case study we consider the well-known Egg-model
proposed by (Jansen et al., 2013). The Egg-model is
a three-dimensional synthetic two-phase flow reservoir
model designed as a benchmark test case for production
optimization. The model consist of 101 realizations of the
permeability field. In this paper, we consider the first
realization only.

5.1 Egg-model

The physical reservoir dimensions of the reservoir are,
(480, 480, 28)m. It is discretized on a Cartesian grid
with (Nx, Ny, Nz) = (60, 60, 7) cells of uniform size,
(∆x,∆y,∆z) = (8, 8, 4) m. The total of number of cells are
25.200, where 18553 are active. The porosity is uniform,
φ = 0.2, and the permeability field is highly channelized.
The reservoir has eight water injection wells and four
producer wells. All wells are vertical and are completed
throughout all layers in the z−direction. For a detailed
description of the model see (Jansen et al., 2013).

5.2 Optimization parameters

The reservoir production is simulated for 3600 days with
120 control time-steps of length, ∆t = 30 days. The

Table 1. Egg-model; optimization parameters.

Description symbol value Metric

optimization strategy deterministic - -
number of control steps N 120 -
length of control steps ∆t 30 [day]
controls, water inj rates qwi - [m3/day]
bound constraints qwi,min 0.2 [m3/day]

qwi,max 80.0 [m3/day]
rate of movement rom ±5 [m3/day]
initial controls uinit 79.0 [m3/day]

prices rα - [US$/m3]
ro 283.04[USD/m3]
rw 37.74[USD/m3]
rwi 12.58[USD/m3]

discount factor d 10% -

optimization algorithm SQP, interior-point - -
optimality tolerance tolopt 1e-6 -
step-size tolerance tolx 1e-6 -

Table 2. Egg-model grid coarsening levels.

Level coarsening factor grid dimensions # cells active cells

base-case - (60, 60, 7) 25200 18553
level-1 (2, 2, 1) (30, 30, 7) 6300 4736
level-2 (4, 4, 1) (15, 15, 7) 1575 1198
level-3 (8, 8, 1) (8, 8, 7) 448 344

water injection rate in all injector wells are subject to
control, giving 960 controls, ū. The bottom-hole pressures
in the producers are constant at 395 bar in all controls
steps. All injection rates are bounded in the interval [0,
80] m3/day and constrained by a rate of movement of 5
m3/day between control intervals. The discount rate, d
in (5) is set to 10%. The optimization is initialized with a
water injection rate of, 79.0 m3/day.

5.3 Model hierarchy

The multigrid hierarchy set consists of four levels of the
Egg-model. For the model reduction procedure we keep the
vertical resolution of the high-resolution model intact and
apply three levels of coarsening factors, (2, 2, 1), (4, 4, 1),
and (8, 8, 1). As mentioned earlier this does not preserve
the grid volume, but this is not essential for the purpose of
the optimization. Table 2 shows the details of the model
reduction procedure. The base-case model properties are
upscaled as described in section 3. The uniform porosity
requires no upscaling. The absolute permeability is up-
scaled by the local flow-based method. The well-index is
upscaled by the near well arithmetic averaging method.
Figure 2 shows the Egg-model multigrid hierarchy with
the upscaled horizontal permeability.

5.4 Optimization procedure

The hierarchical multigrid optimization procedure starts
at level-3 (the coarsest level), where the optimization is
initiated with, ūinit. After convergence the optimal con-
trols, ū∗opt,level-3, is passed on to the next level where it
is used as the initial guess on the operating profile. This
procedure continues through the hierarchy to the base-
level. This gives us four sets of optimal controls denoted,
ū∗opt,level-3, ūopt,level-2, ūopt,level-1, ūopt,base-level. At all levels
in the hierarchy, we optimize by first applying a SQP-
algorithm for a limited number of iterations and then
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Fig. 1. Illustration of the hierarchical multigrid optimization workflow.

Fig. 2. Egg-model multigrid hierarchy.

Table 3. Combined SQP and interior-point strategy
tolerances.

SQP interior-point
level max it max sim max it max sim

level-3* 50 300 100 300
level-2 25 300 100 300
level-1 10 300 50 300
base-level 10 300 25 300

level-2* 50 300 100 300
level-1* 50 300 50 300
base-level 50 300 50 300

switching to an interior-point algorithm until convergence.
We define the limit of the number of iterations and simu-
lations for the two algorithms depending on the hierarchy
level (see Table 3). For comparison reasons, we optimize
all levels individually using the initial controls, ūinit, to get
the optimal controls, ū∗opt,level-2, ū

∗
opt,level-1, ū

∗
opt,base-level.

All sets of optimal controls are evaluated by simulation
at the base-level in the E100 simulator (Eclipse, 2016)
and is compared to a reactive-strategy simulation. In the
reactive-strategy case, a production well is shut-in if it
becomes uneconomical, i.e. the water-cut rises above 0.88.
All results obtained using the set of initial controls, ūinit,
are marked with an superscript asterisk, ∗.

5.5 Results

Table 4 list the combined average forward simulation time
and adjoint simulation time for all levels in the hierarchy.
The table shows that there is a significant reduction in

Table 4. Combined average simulation time for all
levels in the hierarchy.

Hierarchy level base-level level-1 level-2 level-3

Simulation time [s] 210.24 31.94 15.69 113.14

Table 5. Hierarchical multigrid optimization results.

level # iter # sims time [hour] flag NPV E100

level-3* 46 351 2.079 max sim 89.7 81.7
level-2 27 261 1.313 ∆ū 91.1 84.9
level-1 38 138 1.131 max it 88.0 89.5
base-level 19 193 8.592 max it 89.2 90.4

level-2* 66 318 1.644 ∆ū 91.2 84.8
level-1* 67 370 3.532 max sim 86.7 87.8
base-level* 38 248 11.527 ∆ū 88.7 89.9

Reactive-strategy 84.5

the simulation time for all lower levels in the hierarchy.
However, as the reduction is directly dependent on the
reduction in the number of grid cells the difference between
levels decreases the lower the levels are. This means that
one needs to consider the number of levels needed in the
hierarchy. Table 5 list the results for all levels including
the individual optimizations with initial controls, ūinit.
Figure 3 shows iteration versus net present value. For
the hierarchical multigrid optimization procedure, we see
clear jumps in the objective value when moving from one
level to the next. This is partially an effect of the fact
that the coarsening/upscaling procedure does not preserve
volumes. Furthermore, the coarser a level is, the worse
the ability to capture of the flow dynamic of the high-
fidelity model becomes. However, this is expected and not
significant as long as we experience an increasing objective
value, when evaluated at the high-fidelity level.

Evaluation of the obtained optimal controls at the E100-
baselevel, shows that the net present value increases at
every level. This is also the case for the individual level
optimizations using, ūinit, as initial controls. Only op-
timization at the coarsest level, level-3*, is not able to
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Fig. 4. Optimization of the Egg-model, computation time
versus net present value evaluated in E100.

provide a net present value higher than that obtained by
the reactive-strategy case.

Figure 4 shows elapsed time versus net present value for all
level optimizations. At all levels, the hierarchical approach
provides a higher net present value than the individual
optimization runs at the corresponding level. The shape
of curve is close to the ideal as depicted in the conceptual
illustration in Figure 1. We partially credit this to the
relatively simple two-phase fluid model, for which the
single-phase flow-based upscaling method is well suited.

6. CONCLUSION

We have introduced a model reduction method for oil
production optimization, which significantly decrease the
computational impact of the forward simulations while
maintaining the overall flow dynamics of the high-fidelity
model. Furthermore, we introduce a hierarchical multi-
grid optimization procedure based on the model reduc-
tion method. The optimization procedure utilizes a hier-
archy of coarsened and upscaled model levels based on a
high-fidelity model. We demonstrate the model reduction
method and the hierarchical multigrid optimization pro-
cedure workflow on the Egg-model (Jansen et al., 2013).
The result shows a significant reduction of both the simu-
lation run time and the number of performed optimization
iterations.
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Abstract

Optimal control applied to operational optimization of petroleum reservoirs leads to large-scale optimization problems. In pro-
duction optimization, the use of ensemble-based methods for production optimization to account for the risk associated with the
inherent geological uncertainty is well known. In combination with gradient-based algorithms, this is an effective approach. The
long simulation run-time for a high-resolution industry-scale reservoir model necessitates the use of model reduction techniques.
We introduce a workflow for model reduction of a high-resolution reservoir model and a hierarchical multigrid optimization proce-
dure applicable for industrial-scale reservoir models. The model reduction method maintains the overall dynamics of the flow, by
preserving the geological features of the model. The hierarchical multigrid optimization procedure is implemented in a software
tool for oil production optimization. The software tool integrates state-of-the-art optimization algorithms, ensemble-based opti-
mization strategies and reservoir simulators with adjoint gradient capability. This allows for oil production optimization of both
black-oil and compositional reservoir models and brings model based production optimization a step closer to routinely implemen-
tation in reservoir management workflow. We present the workflow of the optimization software and provide numerical examples
that demonstrates the application of the optimization procedure.

Keywords: Production optimization, Reservoir management, Gradient based optimization, Model reduction

1. Introduction

Modern geological modeling and reservoir characterization
techniques allows geologist and reservoir engineers to build in-
creasingly complex and high-resolution reservoir models. The
often highly heterogeneous geological information contained
by a geological reservoir model spans over multiple length
scales in different directions. Geological models can be in
the range of (107 − 108) grid cells. Models of these propor-
tions are too large to computer simulation within a reasonable
time frame. Therefore, it is necessary to reduce the number
of grid cells and upscale grid cells properties of a geological
reservoir model to a level that is manageable for computer sim-
ulation, e.g. (105 − 106) grid cells. Grid property upscaling
techniques that effectively captures the heterogeneity effects of
high-resolution geological reservoir models has been a long-
time focus of the research community. Such methods comprise
simple statistical averaging techniques to more sophisticated
numerical flow-based methods. Flow-based methods spans a
range of techniques, which solves a steady-state fluid flow prob-
lem over a region of the grid with no source terms. For a re-
view of upscaling techniques for permeability and pseudo rela-
tive permeabilities we refer to Renard and De Marsily (1997)
and Barker and Thibeau (1997). Application of a sophisti-
cated upscaling workflow is a tedious and time-consuming task,

∗Corresponding author
Email addresses: steho@dtu.dk (Steen Hørsholt), micch@dtu.dk (Max

la Cour Christensen), hamid@dtu.dk (Hamidreza M. Nick), jbjo@dtu.dk
(John Bagterp Jørgensen)

where the result is a high-resolution reservoir model with a typ-
ical simulation run time measured in hours. The purpose of
a high-resolution reservoir model is to predict future behavior
of the reservoir, e.g. testing recovery methods including pro-
duction optimization. Application of production optimization
workflows involves a potentially high number of reservoir sim-
ulations and requires a considerable computational capability.
Even though the use of gradient-based optimization methods
greatly increase the convergence rate of the problem this is still
true (Brouwer and Jansen, 2004; Sarma et al., 2006). A sim-
ulation run time measured in hours can leave the direct use of
high-resolution models intractable for production optimization
purposes. For this reason, it is necessary to lower the com-
putational burden associated with the production optimization
workflow. The computational impact of the optimal control
problem in a deterministic production optimization procedure
is dependent on the size of the reservoir model, the number of
control variables and the number of control time intervals. Car-
doso and Durlofsky (2010); van Doren et al. (2005) propose dif-
ferent reduced-order modeling methods which permits approx-
imate but nonetheless accurate simulation of complex reservoir
models. Oliveira and Reynolds (2015) propose the use of a hi-
erarchical multiscale method for coarsening the control time in-
terval parametrization, based on control value and gradient cri-
teria. This approach reduces the adjoint gradient computation
effort, but the the forward simulation run-time is not impacted.
Aliyev and Durlofsky (2015) propose a multilevel procedure for
joined well placement and well-control optimization. The pro-
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posed procedure makes use of a gradient-free particle-swarm
optimization algorithm. Krogstad et al. (2016) propose the use
of a global upscaling procedure to compute a coarse model cali-
brated to specific flow scenarios in combination with an adjoint
gradient-based optimization procedure. In this paper, we pro-
pose to reduce the computational impact of a high-resolution
reservoir model by applying a semi-automated coarsening and
upscaling procedure. The procedure builds sufficiently accurate
models and significantly reduces the turn-over time of a typi-
cal upscaling workflow. The goal of the coarsening procedure
besides reducing the number of grid cells is to preserve geo-
logical features that are important for maintaining the overall
flow dynamics of the high-resolution model. Partitioning of a
fine-scale grid is achieved by computing an index-based vector,
similar to the method presented by Lie et al. (2017). We only
consider logically indexed grids, i.e. corner-point grids, to en-
sure flexibility in the choice of reservoir simulator. This means
that grid properties such as total volume are not preserved. For
absolute permeability upscaling, we apply a local single-phase
flow-based procedure. The heterogeneous effects of the high-
resolution model in the near-well region are captured by apply-
ing the approximate coarse-scale well model, proposed by Chen
and Wu (2008). This method upscales the well-index of well-
bore completions in the high-resolution model. By applying
this coarsening and upscaling procedure, we reduce the forward
simulation time of a high-resolution model, while preserving
the overall flow dynamic to a sufficient degree for production
optimization purposes. In this paper, we introduce a hierarchi-
cal multigrid optimization procedure that maximizes the eco-
nomic performance of the reservoir over a hierarchy of coarse
model levels. The optimization procedure is implemented in
the gradient-based constrained optimization software tool, RE-
SOPT. RESOPT is a optimization software tool that integrates
reservoir simulators with adjoint gradient capability and state-
of-the-art optimizers. The structure of the paper is as follows.
Section 2 describes the system of equation that govern multi-
phase flow in porous media, the net present value objective
and states the optimal control problem. Section 3 describes
the coarsening procedure, the grid property upscaling proce-
dure and the well-index upscaling procedure. The hierarchi-
cal multigrid optimization workflow is described in section 4.
We present two numerical examples that demonstrates the op-
timization workflow in deterministic water-flooding scenarios.
The first example is a deterministic net present value optimiza-
tion of the top 8-layers of the tenth SPE comparative solution
project, SPE10 model 2 (Christie and Blunt, 2001). The second
example is a rate-controlled optimization of the well-known
Egg-model (Jansen et al., 2013). Conclusions are provided in
section 6.

2. Reservoir simulation and optimal control problem

In this section, we state a general formulation of the sys-
tem of differential algebraic equations for multi-phase flow in
porous media. We present the net present value function and the
optimal control problem for oil production optimization. Aziz

et al. (2005) and Chen et al. (2006) provide a detailed descrip-
tion of the general multi-phase flow model.

2.1. System of differential algebraic equations

The system of equations that describes the subsurface flow
is in most simulators discretized in space by the finite volume
method and in time by the implicit Euler method. We denote
the state vector as x(t) ∈ Rnx , the vector of algebraic variables
as y(t) ∈ Rny , the vector of manipulated variables as u(t) ∈ Rnu ,
and the vector of geological parameters as θ. u(t) is discretized
by a zero-order-hold parametrization defined by u(t) = uk, tk ≤
t ≤ tk+1, k = 0, . . . ,N − 1, where tN = t f is the final time.
After spatial discretization, we write the model equations as the
system of differential-algebraic equations:

x(t0) = x0, (1a)
G(x(t), y(t), θ) = 0, t ∈ [t0, t f ], (1b)
ẋ(t) = F(y(t), u(t), θ), t ∈ [t0, t f ]. (1c)

The temporal implicit Euler discretization gives the following
system of non-linear equations

Rk+1 = Rk+1 (xk+1, yk+1, xk, uk; θ)

=

[
xk+1 − xk − ∆tkF (yk+1, uk, θ)

G(xk+1, yk+1, θ)

]
= 0,

(2)

for k ∈ N = {0, 1, . . . ,N − 1}.
To allow for a more compact notation, we introduce the vec-

tors, x = (x1; x2; . . . ; xN , y1; y2; . . . ; yN),R = (R0; R1; . . . ; RN−1),
and u = (u0; u1; . . . ; uN−1). In compact notation we write resid-
ual equations 2 as

R (x, u, x0; θ) = 0. (3)

2.2. Net present value

We define the net present value over the life time of an oil
reservoir as the function, Φ, of the states, x, the operating tra-
jectory, u, the initial state, x0, and the the geological parameters,
θ. In discrete time, we write the net present value as

Φ (x, u, x0; θ) =

N−1∑

k=0

Jk (xk+1, uk; θ) , (4)

where the discounted net present value, Jk, for the k‘th time
interval is given by

Jk =
∆tk

(1 + d)tk+1/tτ
(5)

[
roqOs,k+1 + rgqGs,k+1 −

(
rwqWs,k+1 + rw,injqw,inj,k+1

)]
.

∆tk, is the length of the k’th time interval, d is the annual dis-
count factor, tτ is the discount time interval. ro and rg are the
sale prices for oil and gas. rw is the water production cost
and rw,inj is the water injection cost. The corresponding flow
rates for oil, gas, water, and water injection are denoted as,
qOs, qGs, qWs, qw,inj.
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2.3. Optimal control problem

The discrete-time constrained optimal control problem for
production optimization is given by (Capolei et al., 2012)

max
u∈U

ψ = ψ (u; x0, θ) , (6)

where the objective function is

ψ (u; x0, θ) = {Φ (x, u, x0; θ) : R(x, u, x0; θ) = 0} . (7)

In this paper, we only consider linear constraints on the in-
put. The constraints are bounds on controls, rate of movement
constraints, (rom), on controls to prevent ‘large‘ changes, and
bounds on total injection rates in each time step. We write the
constraints as

U = {u : umin ≤ u ≤ umax, ∆umin ≤ ∆u ≤ ∆umax, bl ≤ Au ≤ bu} .
(8)

2.4. Black-box simulator

The optimization workflow we present in this paper is not
dependent on any specific formulation and solution method of
the flow equations (1). This means we can treat the reservoir
simulator as a black-box function, S(u; x0, θ). To be eligible
for gradient-based production optimization purposes, a reser-
voir simulator must fulfill the following requirements. Given
the initial state, x0, an operating profile, u, and a geological re-
alization vector, θ, it must at every time-step return the states,
x, the net present value, ψ, and the gradient of the net present
value with respect to the controls, ∇uψ.

[x, ψ,∇uψ] = S(u; x0, θ). (9)

3. Upscaling/coarsening procedure

The oil production optimization workflow, we apply in this
work uses a hierarchy of upscaled models of a high-fidelity
model. In this section, we outline the workflow of the coars-
ening and upscaling procedure for constructing such models.
We describe a practical grid-coarsening method, which for our
purposes preserve the geological features of the fine grid to a
satisfactory degree. We apply local flow-based upscaling for the
absolute permeability and simple averaging of additive proper-
ties, e.g. porosity and net to gross. To capture the effect of
fine scale heterogeneity in the near well region, we upscale the
well-index.

3.1. Coarsening

The oil production optimization workflow, we apply in this
work uses a hierarchy of upscaled models of a high-fidelity
model. In this paper, we only consider grids with logical i jk-
indexing, i.e. Cartesian and corner-point grids, where each
grid cell has 6-faces. The i−index runs first, followed by the
j−index and last by the k−index. For a grid orientated along
the principal axes of a 3-dimensional coordinate system, this is
the definition of ”normal reading order”. A grid has a number

of grid cells, Nc which is the product of grid cells in each direc-
tion. Formally a grid consists of a set of i jk-indexed grid cells,
{cn}Nc

n=1,Nc = NxNyNz.
To construct a coarse grid based on a fine grid, {cn}Nfine

n=1 ,
we group the fine grid into a number of subsets and
amalgamate them into coarse grid cells, {cn}Ncoarse

n=1 ,Ncoarse =

Nx,coarseNy,coarseNz,coarse. An amalgamated coarse grid is repre-
sented by a partitioning vector, p ∈ Nfine, that maps all fine
grid cell into a coarse grid cell, i.e. pi = j, if the fine grid
cell, ci, belongs to coarse grid cell, c j. In principle, this allows
for grouping arbitrary selections of fine grid cells into a subset.
However, we only allow amalgamation of neighboring cells in
the fine grid. Since all coarse grid cells are limited to have only
6-faces, the corner nodes consists of the outermost fine grid cell
corner nodes. We note that this procedure does not preserve the
reservoir volume, but for the purpose of optimization, this is
less important. Figure 1a shows an illustration of coarsening of
a fine grid. A simple way of computing the partitioning is to
divide the dimensions of the fine grid by a coarsening factor in
each direction, (c fx, c fy, c fz). The coarse grid dimensions are
then computed by

(
Nx,coarse,Ny,coarse,Nz,coarse

)
= (10)

(
dNx,fine/c fxe, dNy,fine/c fye, dNz,fine/c fze

)
.

This method is useful when there are no geological features,
e.g. impermeable layers, horizons and faults, to take into con-
sideration. In the gridding process for a faulted reservoir the ge-
ologist/engineer typically tries to align the grid with the faults.
In this case, we take the faults into account when creating the
partition by identifying the direction and the, i jk−index of the
faults. By applying these techniques, we can construct coarse
corner-point grids that preserve the geological features of a
high-fidelity model to a degree that is satisfactory for our pur-
pose.

3.2. Flow-based upscaling

After the construction of a coarse-grid, the problem of pop-
ulating the grid cell with properties, e.g. net to gross, porosity
and permeability remains. There exist numerous methods for
upscaling these properties. These methods includes simple av-
eraging of properties over the fine grid to more advanced meth-
ods, such as flow-based permeability upscaling. For high-level
coarsening of multi-phase flow systems, upscaling the relative
permeability functions is often required. For a more detailed
discussion of these methods, we refer the reader to Barker and
Thibeau (1997), and Renard and De Marsily (1997).

In this paper, we only consider upscaling of the grid prop-
erties, net to gross, porosity and absolute permeability. We
consider arithmetic average upscaling of the porosity and net
to gross properties. To upscale the absolute permeability we
apply local single-phase flow-based method. By emulating a
laboratory setup, we compute each component in the perme-
ability tensor separately. The setup applies a pressure drop in
each axial direction and keeps all other boundaries sealed. In

3



(a) Conceptual illustration of coarsening of a fine grid. The fine
grid has dimensions (6, 2, 2) and is coarsened into a (3, 1, 1) grid,
by a logical partition vector.

(b) Schematic illustration of local flow-based upscaling of absolute
permeability in the x−direction.

Figure 1: Conceptual illustrations of the coarsening and upscaling procedures.

the x−direction we compute the upscaled permeability, K∗x in a
coarse-grid cell as,

K∗x =
qx,outLx

LzLy(Pout − Pin)
, (11)

where, qx,out, is the flow through the boundary, Lx, Ly, Lz, are
the cell dimensions, and Pin, Pout are the pressures at the bound-
aries. Figure 1b shows a schematic illustration of the setup. The
upscaled permeability in the, y and z−direction is computed in
a similar fashion.

3.3. Well-index upscaling

To capture the effects of the fine scale heterogeneous per-
meability in the near-well regions, we upscale the well-index.
We apply the ‘near-well arithmetic averaging’ method proposed
by Chen and Wu (2008). The basis of the method is analysis of
the pressure solution for two-dimensional flow in homogeneous
porous media. The method applies arithmetic averaging of the
effective permeabilities, Keff, along the well trajectory within
a coarse cell. We denote the fine scale permeability and the
fine scale volume along the well trajectory in a coarse cell as,
Kfine,Vfine, respectively. Then the near-well averaging in a given

Figure 2: Schematic illustration of near-well arithmetic averaging for a vertical
well completion in a coarse cell.

direction is calculated by

Keff =

∑
KfineVfine∑

Vfine
. (12)

Figure 2 shows an illustration of the near-well arithmetic aver-
aging for a coarse grid cell with a vertical well completion. The
coarse scale well-index for a vertical well is then computed by
inserting the effective permeabilities into the Peaceman model:

ro =

( √
Ky,eff/Kx,eff∆x2 +

√
Kx,eff/Ky,eff∆y2

)1/2

(
Ky,eff/Kx,eff

)1/4
+

(
Kx,eff/Ky,eff

)1/4 , (13a)

WIcoarse =
2π

√
Kx,effKy,eff∆z

ln (ro/rw)
. (13b)

We note that this is equivalent to computing the well-index by
averaging the fine scale well-index computed by the Peaceman
model.

4. Hierarchical multigrid optimization workflow

In this section, we outline the workflow of the hierarchical
multigrid optimization procedure used in this paper. In the ex-
amples presented in this paper, we select the E300 reservoir
simulator from Schlumberger as the simulator and the Matlab
optimization toolbox as the optimizer.

4.1. Optimization workflow
The optimization workflow presented in this paper uses a

hierarchy of coarse level models, based on the high-fidelity
model. In the following, we refer to the high-fidelity model as
the basecase and the increasing coarse model as levels, starting
with the next finest level as level-1. We use the coarsening-
upscaling procedure presented in the previous section to pro-
duce a hierarchy of coarse level models. The optimization pro-
cedure starts at the coarsest-level. Starting with an initial guess
of the set of controls, we perform production optimization on
the coarsest-level. Optimization on the subsequent levels uses
the optimal set of controls computed at the previous level as
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Table 1: Reservoir data for the top eight-layers of the SPE10 model2.

Description symbol value metric
physical dim (x, y, y) (1200, 2200, 16) [ft]
grid-cell dim (∆x,∆y,∆z) (20, 10, 2) [ft]
water compressibility cw 1.0 × 10−6 [psia−1]
rock compressibility cr 1.0 × 10−6 [psia−1]
pore volume Vpore 1.357 × 106 [rb]
oil in place Voip 874.93 × 103 [rb]
permeability range (kx, ky) [0, 1200] [mD]
porosity range σ [0, 1200] -
bubble-point pressure Pb 3600 [psia]
datum press Pr 3600 [psia]
datum depth dr 9000 [ft]
oil water contact OWC 9100 [ft]
gas-oil contact GOC 8800 [ft]
average water saturation S wi 0.355 -

start guess. At each level, we evaluate the optimal solution at
the base-level. The optimization procedure can be stopped at
any level depending on the aim of the optimization, time limi-
tations and the computational resources available. Figure 3 il-
lustrates the concept of the hierarchical multigrid optimization
workflow.

5. Case studies

In this section, we present two case studies that demonstrate
the hierarchical multigrid optimization workflow.

The first case demonstrates the workflow on the top 8-layers
of the SPE10 model 2 (Christie and Blunt, 2001). The original
aim of SPE10 model 2 was to compare coarsening and upscal-
ing techniques, which makes it an ideal candidate model for
testing the methods presented in this paper.

The second case is the Egg-model, which is the well-
known production optimization benchmark test-case presented
by Jansen et al. (2013). The Egg-model was first introduced in
the robust optimization study by van Essen et al. (2009). It has
been used as a benchmark test-case for optimal control method-
ologies in numerous publications (Codas et al., 2016; Fonseca
et al., 2016, 2014; Siraj et al., 2015).

5.1. SPE10 model 2

The model reservoir model has the physical dimensions,
(1200 × 2200 × 16)ft. The model is discretized into an equidis-
tant Cartesian grid, with (Nx,Ny,Nz) = (60, 220, 8)cells. The
top layers is a Tarbert formation, with a highly heterogeneous
permeability field. The horizontal permeability ranges from, 0-
20000mD, with a mean of 364.5mD and standard deviation of
1443.4mD. The vertical permeability equals the horizontal mul-
tiplied by 0.3. The porosity has an average value of 0.175, and
ranges from 0-0.5. The reservoir has a five-spot well pattern,
with four producers located in the reservoir corners and one
water injector completed in middle of the reservoir. All wells
are vertical and completed in all eight-layers of the reservoir.
Figure 4 shows the reservoir model. In contrast to the original
model we here consider flow of a black-oil type fluid, namely
the black-oil fluid from the SPE09 model (Killough, 1995). Ta-
ble 1 shows the reservoir data.

Table 2: Optimization parameters for the deterministic net present value opti-
mization of the top 8-layers of SPE10 model 2.

Description symbol value metric
strategy Deterministic - -
simulation time t f 3000 [day]
number of control steps N 100 -
length of control steps ∆t 30 [day]
number of controlled wells nw 6 -
number of controls nu 500 -
initial controls uinit - [psia]

injector uinj,init 4000 [psia]
producers uprod,init 2000 [psia]

lower bound on controls umin - [psia]
injector uinj,min 3800 [psia]
producers uprod,min 5500 [psia]

upper bound on controls umax - [psia]
injector uinj,max 1700 [psia]
producers uprod,max 3500 [psia]

rom constraint ∆umin,∆umax 30 [psia]
discount factor d 0.0 -
fluid prices: rα - [US$/SVOL]

oil ro 45.00 [US$/STB]
gas rg 0.0001 [US$/SCF]
water rw 10.00 [US$/STB]
water injection rw,in j 2.00 [US$/STB]

algorithm active-set - -
max iterations maxit 50 -
max function evaluations maxit 150 -
tolerance on optimimality tolopt 10−6 -
tolerance on step size tol∆u 10−6 [psia]
tolerance on objective tol∆u 103 [US$]

5.1.1. Optimization parameters
We have performed a deterministic net present value opti-

mization of the SPE10 model. Reservoir production is simu-
lated for 3000 days in a water-flooding scenario. The simula-
tion time are divided into 100 control time-steps, N, of equal
length, ∆t = 30days. The bottom-hole pressures in all wells
are subject to control. This gives a total of 500 controls, u.
The bottom-hole pressure in the injection well are bounded to
the interval, [3800, 5500]psia and the producers are bounded in
the interval, [1700, 3500]psia. The bottom-hole pressures are
constrained by a rate of movement 30psia between control in-
tervals. There is no imposed constraints on the well-rates and
the net present value is un-discounted. The optimization pro-
cedure utilizes an active-set algorithm and is initialized with a
water injection pressure of, 4000psia and producer pressure of,
2000psia. Table 2 shows the optimization parameters.

5.1.2. Model hierarchy
We have constructed three coarsening/upscaling levels of the

SPE10 model.
For the coarsening procedure we apply three levels of coars-

ening factors, (2, 2, 2), (4, 4, 4), and (8, 8, 8). Table 3 shows the
details of the coarsening procedure. The basecase properties
are upscaled as decribed in section 3. The porosity is upscaled
by arithmetic averaging. The absolute permeability is upscaled
by the local flowbased method. The well-index is not upscaled,
but is computed by the reservoir simulator using the standard
Peaceman model. Figure 5 shows the SPE10 model hierarchy
with the upscaled horizontal permeability.
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Figure 3: Illustration of the hierarchical multigrid optimization workflow.

Figure 4: Top 8-layers of SPE10 model 2. The figure shows the logarithm of
the horizontal permeability field and the 5-spot well-pattern.

Table 3: SPE10 model grid coarsening levels

level coarsening factor grid dimensions number of cells
base-case - (60, 220, 8) 105600
level-1 (2, 2, 2) (30, 11, 4) 13200
level-2 (4, 4, 4) (15, 55, 2) 1650
level-3 (8, 8, 8) (8, 28, 1) 512

5.1.3. Optimization procedure
We demonstrate the hierarchical multigrid optimization pro-

cedure on four constructed levels of the SPE10 model. As de-
scribed previously, the hierarchical optimization starts with op-
timization on level-3. The computed set of optimal controls,
uopt,level-3, is passed on to level-2 as initial controls, uinit, where
a new optimal set of controls, uopt,level-2 is computed. This pro-
cedure continues all the way to the base-case level. After apply-
ing this procedure we end up with four sets of optimal controls,
u∗opt,level-3, uopt,level-2, uopt,level-1, uopt,base-level.

Furthermore we optimize all levels individually with ini-

Figure 5: SPE10 model hierarchy. The base-case and three coarsening levels.,
with coarsening factors: (2, 2, 2), (4, 4, 4), (8, 8, 8).

tial controls, uinit, given in table 2, to obtain three ad-
ditional sets of optimal controls. We refer to these by
the superscript *, hence the optimal controls are denoted,
u∗opt,level-2, u

∗
opt*,level-2, u

∗
opt*,base-level.

In-order to validate the results we evaluate all optimal sets
of controls by simulation in the Schlumberger E100 reservoir
simulator. This gives us the E100-net present value for all
levels. To assess the effect we simulate a reactive-strategy
case in E100 and compute the net present value. The reactive-
strategy case is simulated using the initial controls, uinit, where
a production well is shut if it becomes uneconomical, i.e. the
watercut rises above 0.88.

Table 4 shows the results form the hierarchical multigrid
optimization and the optimization with the initial controls, init,
of all levels individually. Figures 6a and 6b shows iteration
versus net present value, including the evaluation in E100,
for the hierarchical optimization procedure and the individual
optimizations respectively. The results for the hierarchical op-
timization approach shows that the net present value evaluated
at the high fidelity model (E100) increases at every level in the
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(a) Hierarchical multigrid optimization of all levels, uinit,, and the
net present value evaluated by simulation in E100.

0 13 28 37 48

# iterations

7.5

8

8.5

9

9.5

N
P

V
 [M

M
U

S
$]

level-3*
level-2*
level-1*
base-level*
E100-level-3*
E100-level-2*
E100-level-1*
E100-base-level*
E100-reactive-strategy

(b) Optimization of all levels with initial controls, uinit,, and the
net present value evaluated by simulation in E100.

Figure 6: Optimization SPE10 model 2.

Table 4: SPE10 hierarchical multigrid optimization results.

Level # iter # sim time [hour] flag NPV US$ E100
level-3* 37 76 0.2338 ∆u 9.5612e6 8.1542e6
level-2 14 27 0.1196 ∆u 9.4095e6 8.2403e6
level-1 7 17 0.3941 ∆u 8.8452e6 8.3538e6
base-level 3 17 13.077 ∆u 8.3803e6 8.4250e6
level-2* 49 98 0.4443 ∆u 9.3980e6 8.3166e6
level-1* 29 57 1.659 ∆u 8.8709e6 8.4127e6
base-level* 13 53 44.756 ∆u 8.0563e6 8.1594e6
reactive-strategy 7.8103e6

hierarchy, as expected. There is clear jumps in the net present
value when moving from one level to the next. This expected
since the coarsening/upscaling procedure does not preserve
volumes, e.g. oil in place. However, this is not too important
as long as the coarse levels capture the dynamics of the flow
at the base-level to a reasonable degree. Figure 8 shows the
optimal controls for each well at all coarsening levels. The
figure clearly shows that the optimal controls computed at
the coarsest level propagates through to the base-level while
maintaining the approximate same shape. This suggest that the
flow dynamic is preserved to a high degree at all coarsening
levels. There is however, no guarantee that the hierarchical
approach will provide a higher net present value at all levels
than the corresponding initial controls optimization at the same
level.

Figure 7 shows the elapsed time versus net present value for
all performed optimizations. The figure shows that the hierar-
chical approach provides the best result at the base-level (short-
est computation time and highest NPV). At all levels, the Hi-
erarchical optimization converges using less iterations and thus
computation time. However the initial control optimization of
both level-2* and level-1* obtains a higher net present value
than the hierarchical optimizations at the same levels. This un-
derlines that the optimization is sensitive to the choice of initial
controls. In all cases optimization leads to a significantly higher
net present value, than for the reactive strategy case.
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Figure 7: Optimization SPE10 model, computation time versus net present
value evaluated in E100.

5.2. Egg-model

The Egg-model is a three-dimensional synthetic two-phase
flow reservoir model. The model consist of 101 realizations of
the permeability field. In this paper, we consider only the first
of these fields.

The physical reservoir dimensions is, (480 × 480 × 28)m.
It is discretized on a Cartesian grid with, (Nx,Ny,Nz) =

(60, 60, 7)cells, with a uniform grid cell size, (∆x,∆y,∆z) =

(8, 8, 4)m. The grid has a total of 25.200cells where 18553
are active. The reservoir has uniform pososity, φ = 0.2, and
a highly channelized permeability field. The model has a to-
tal of 12 vertical wells, of which eight are water injectors
and four producers. All well-bores are vertical and are com-
pleted throughout all seven layers in the z−direction. Figure 9
shows the permeability field for the realization used in the op-
timization and the well locations. The reservoir is simulated
with the original two-phase fluid. Table 5 shows the reservoir
model parameters. For a full description of the reservoir model
see (Jansen et al., 2013).
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Figure 8: Optimization SPE10 model. Optimal controls for all levels and computation time versus net present value evaluated in E100.

Figure 9: Egg-model; well locations and permeability field of the first realiza-
tion.

5.2.1. Optimization parameters

The deterministic optimization is performed on the first
realization of the permeability field (see Figure 9). Reservoir
production is simulated for 3600 days with 120 control time-
steps, N of length, ∆t = 30 days. The water injection rate in
all injector wells are subject to control. This gives a total of
960 controls, u. The bottom-hole pressures in the producers
are kept constant at 395bar throughout the simulation. All
injection rates are bounded in the interval [0, 80]m3/day and
are not allowed to change with a rate greater than, 5m3/day
between control steps. The discount rate, d in (5) is set to
10%. The optimization is initialized with a water injection
rate of, 79.0m3/day. The convergence tolerances for the
KKT-optimality conditions, tolopt and the step-size, tolx are
both set to 10−6.

The optimization is performed by first applying a SQP-
algorithm for a limited number of iterations and then switching

Table 5: Egg-model; standard reservoir and fluid data.

description symbol value Metric
grid-cell height ∆z 4 [m]
grid-cell length/width ∆x,∆y 8 [m]
porosity, uniform φ 0.2 -
oil compressibility co 10−5 [1/bar]
water compressibility cw 10−5 [1/bar]
rock compressibility cr 0 [1/bar]
viscosity oil µo 5 [cp]
viscosity water µw 1 [cp]
rel-perm end point, oil k0

ro 0.8 -
rel-perm end point, water kw

ro 0.2 -
Corey exponent, oil no 4.0 -
Corey exponent, water nw 3.0 -
residual oil saturation S or 0.1 -
connate-water saturation S wc 0.2 -
capillary pressure Pc 0 [bar]
initial reservoir pressure Pri 400 [bar]
initial water saturation S wi 0. -
bhp producer wells Pbh 395 [bar]
well-bore radius rw 0.1 [m]

to an interior-point algorithm until convergence. The number
of SQP-iterations is depending on the coarsening-level. The
SQP-algorithm is more aggressive and tends to achieve good
results in relative few iterations. It does however use many
line-search simulations especially close to convergence. The
interior-point algorithm on the other hand tends to apply rela-
tively small changes in the controls, but uses fewer line-search
simulations. Hence, by combining the algorithms we attempt
to minimize the number of optimization iterations.

5.2.2. Model hierarchy
As in the previous example, we have constructed three coars-

ening/upscaling levels of the Egg-model.
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Table 6: Egg-model; optimization parameters.

Description symbol value Metric
optimization strategy deterministic - -
number of control steps N 120 -
length of control steps ∆t 30 [day]
controls, water injection rates qwi - [m3/day]
bound constraints qwi,min 0.2 [m3/day]

qwi,max 80.0 [m3/day]
rate of movement constraints rom ±5 [m3/day]
initial controls uinit 79.0 [m3/day]
prices rα - [US$/m3]

rw 283.04 [US$/m3]
ro 37.74 [US$/m3]
rwi 12.58 [US$/m3]

discount factor d 10% -
optimization algorithm SQP, interior-point - -
optimality tolerance tolopt 1e-6 -
step-size tolerance tolx 1e-6 -

Table 7: Egg-model grid coarsening levels.

Level coarsening factor grid dimensions # cells active cells
base-case - (60, 60, 7) 25200 18553
level-1 (2, 2, 1) (30, 30, 7) 6300 4736
level-2 (4, 4, 1) (15, 15, 7) 1575 1198
level-3 (8, 8, 1) (8, 8, 7) 448 344

For the coarsening procedure we apply three levels of coars-
ening factors, (2, 2, 1), (4, 4, 1), and (8, 8, 1). Thus keeping the
resolution in the vertical direction. To determine whether a
coarse cell is active or not we consider the fine-cells that it con-
tains. If half or more of the fine-cells are the coarse-cell is set to
be active. We note that this does not preserve the grid volume,
but as mentioned earlier this is not an issue for the purpose of
the optimization procedure. Table 7 shows the details of the
coarsening procedure. The base-case properties are upscaled as
described in section 3. The porosity is uniform and hence no
upscaling is required. The absolute permeability is upscaled by
the local flowbased method. In this example, the well-index is
upscaled and written directly to the simulator. Figure 10 shows
the Egg-model hierarchy with the upscaled horizontal perme-
ability.

5.2.3. Optimization procedure
The hierarchical optimization procedure starts at level-3,

where the optimization is initiated with, uinit, stated in Table 6.
The optimal controls, u∗opt,level-3, is passed on to the next
level where it is used as the initial guess. This continues to
the base-level. Hence we get four sets of optimal controls

Figure 10: Egg-model hierarchy. Base-case and three coarsening levels, with
coarsening factors: (2, 2, 1), (4, 4, 1), (8, 8, 1).

Table 8: Egg-model combined SQP and interior-point strategy tolerances.

SQP interior-point
level max it max sim max it max sim
level-3* 50 300 100 300
level-2 25 300 100 300
level-1 10 300 50 300
base-level 10 300 25 300
level-2* 50 300 100 300
level-1* 50 300 50 300
base-level 50 300 50 300

Table 9: Egg-model hierarchical multigrid optimization results.

level # iter # sim time [hour] flag NPV US$ E100
level-3* 46 351 2.079 max sim 8.9650e7 8.1620e7
level-2 27 261 1.313 ∆u 9.0757e7 8.5178e7
level-1 38 138 1.131 max it 8.7727e7 8.8922e7
base-level 19 193 8.592 max it 8.9187e7 9.0394e7
level-2* 66 318 1.644 ∆u 9.0802e7 8.5026e7
level-1* 67 370 3.532 max sim 8.7418e7 8.8390e7
base-level* 38 248 11.527 ∆u 8.8673e7 8.9830e7

denoted, u∗opt,level-3, uopt,level-2, uopt,level-1, uopt,base-level. Again we
optimize all levels using the initial controls, uinit, to get the
optimal controls, u∗opt,level-2, u

∗
opt,level-1, u

∗
opt,base-level. All sets of

optimal controls are evaluated by simulation at the base-level
in the E100 simulator and is compared to a reactive-strategy
simulation.

As described previously we apply a combination of the
SQP and the interior-point optimization algorithms. The limit
of iterations and simulations depends on coarsening level and
adapts to the tolerances in Table 8. For validation purposes, we
evaluate the obtained optimal control sets, by simulation in the
Schlumberger E100 reservoir simulator. Furthermore, we run
a reactive-strategy case, also simulated in E100. The reactive-
strategy case is simulated using the initial controls, uinit, where
a production well is shut if it becomes uneconomical, i.e. the
water-cut rises above 0.88.

Table 9 shows the results from all levels for both the hi-
erarchical multigrid optimization procedure and for the
optimization with initial controls, uinit. Figures 11a and 11b
shows iteration versus net present value, including the eval-
uation in E100, for the hierarchical optimization procedure
and the individual optimizations respectively. As in the
SPE10 example, we see clear jumps in the objective value
when moving from one level to the next. This is partially an
effect of the fact that the coarsening/upscaling procedure do
not preserve volumes. In addition, the coarser a level is, the
capture of the flow dynamic of the high-fidelity model becomes
worse. However, this is expected and not significant as long as
we experience an increasing objective value, when evaluated at
the high-fidelity level.

Evaluation of the optimal controls computed during the hi-
erarchical multigrid optimization procedure, shows that the net
present value increases at every level. The same trend is show-
ing in the optimizations using, uinit, as initial controls. Opti-
mization at the coarsest level, level-3*, is not able to provide
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Figure 11: Optimization Egg-model.

a net present value higher than that obtained by the reactive-
strategy case.

Figure 12 shows the injector rate controls computed at all lev-
els by the hierarchical multigrid optimization procedure. There
is some similarities of the controls throughout the levels, but it
is not as outspoken as for the SPE10 case. These similarities
increases for the finer levels. This suggest that the difference
in the flow dynamic between the layers decreases for finer grid
resolution as expected. Figure 13 shows elapsed time versus
net present value for all level optimizations. At all levels we
see that the hierarchical approach provides a higher net present
value than the optimization using the initial controls, uinit, at
the corresponding level. The shape of the elapsed time ver-
sus net present value curve is close to the ideal as depicted in
the conceptual illustration in Figure 3. We partially tribute this
nice behavior to the relatively simple two-phase, oil-water fluid
model, for which the single-phase flowbased upscaling method
is better suited.

6. Conclusion

We have developed a hierarchical multigrid optimization pro-
cedure for oil production optimization. The base of the proce-
dure is the Eclipse file-format, which enables the use of existing
reservoir models. The procedure uses a partitioning of a high-
fidelity grid to compute a number of increasing coarse level
grids with upscaled properties. A gradient-based optimization
software tool, (RESOPT) perform optimization on the hierar-
chy of models. The optimization procedure starts on the coars-
est level and uses the optimal solution as the start guess on the
next level. We demonstrate the optimization workflow on the
SPE10 model 2 as well as the well known Egg-model. The de-
veloped procedure significantly reduces the both the simulation
run time and the number of performed optimization iterations.
By applying this workflow, we bring implementing optimiza-
tion of industry scale reservoirs for use in reservoir manage-
ment decisions a step closer.
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Abstract

Oil production optimization under uncertainty serves as a support in reservoir management decisions and receives increasing in-
terest from the industry. Ensemble-based methods in combination with gradient-based optimization are used to do production
optimization that mitigates the risk associated with the inherent geological uncertainty of the subsurface. The implementation of
such methods for real oil fields requires commercial-grade reservoir simulators with the capability of computing the gradient by
the adjoint method. In this paper, we present a software tool for oil production optimization. The software combines a commercial
reservoir simulator with adjoint gradient capability (Eclipse E300), ensemble-based methods, and state-of-the-art gradient-based
software for constrained optimization. The software enables deterministic and ensemble-based optimization strategies for black-oil
as well as compositional reservoir flow models. The software implements the following ensemble-based optimization strategies:
robust optimization, mean-variance optimization, and conditional value at risk optimization. The software demonstrates the fea-
sibility of ensemble-based production optimization and constitutes an important step towards routinely use of such tools in the
real-life reservoir management process. We present the workflow of the software tool and three numerical examples using synthetic
reservoir models. The presented examples are a deterministic optimization of the egg-model, a conditional value at risk optimiza-
tion of a water flooded 2-dimensional black-oil reservoir, and a robust optimization of a 3-dimensional compositional reservoir
subject to gas injection.

Keywords: Production optimization, Risk mitigation, Reservoir management, Workflow, Gradient based optimization

1. Introduction

To increase profits and mitigate risk, the oil industry demon-
strates a growing interest in the use of life-cycle production
optimization methods for reservoir management (Hanea et al.,
2016; Hou et al., 2015; Jansen et al., 2009; Leeuwenburgh et al.,
2016; Oliveira and Reynolds, 2015). In an unstable low oil-
price market, where most oil fields are mature, the industry
looks for oil recovery methods with the potential to increase
profitability. Oil production optimization of water-flooded oil
fields can prove to be such a method (Brouwer and Jansen,
2004; Capolei, 2013; van Essen et al., 2009; Foss, 2012; Rah-
mawati et al., 2012; Sarma et al., 2008; Völcker et al., 2011;
Wang et al., 2009). Many existing fields are in the second or
third stage of recovery, where the infrastructure for water flood-
ing is already in-place. Thus, the cost of incorporating produc-
tion optimization in the operating strategy decisions is relatively
low. Reservoir simulations serve as a valuable support in man-
agement decisions. As a field matures and more data incorpo-
rates into the model, the confidence in the predictions increases.
For this reason, oil companies invest large amounts of time and
effort into creating simulation models, where parameters are

∗Corresponding author
Email addresses: steho@dtu.dk (Steen Hørsholt), hamid@dtu.dk

(Hamidreza M. Nick), jbjo@dtu.dk (John Bagterp Jørgensen)

determined such that they match historical data. These reser-
voir models can also be combined with numerical optimization
software and used for production optimization. Nevertheless,
the large inherent uncertainty of the geological parameters of a
reservoir in combination with large fluctuations in the oil-prices
remains a challenge for deciding the best operating profile.

Ensemble-based methods have been a focal point in the lit-
erature to account for the geological uncertainty of the sub-
surface. van Essen et al. (2009) suggests robust optimization,
while Bailey et al. (2005) and Capolei et al. (2015b) suggest
mean-variance optimization to mitigate the risk associated with
the geological uncertainty. The robust optimization method
maximizes the mean net present value of the ensemble over
the lifetime of the reservoir. Consequently, robust optimiza-
tion neglects the risk of low net present value outcomes. The
mean-variance optimization strategy seeks to address this short-
coming by minimizing a bi-criteria objective function, consist-
ing of an expected value term (robust optimization criteria) and
a variance term. A drawback of the mean-variance optimiza-
tion strategy is that it at the same time minimizes the risk for
both low and high outcomes. Capolei et al. (2015a) and Codas
et al. (2017) propose the conditional value at risk measure as
a method that seeks to remedy this problem. The conditional
value at risk is known from the financial industry, where it is
widely used (Rockafellar and Uryasev, 2002). The conditional
value at risk method maximizes the estimated mean net present
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value of some percentage, say α, of the lowest outcomes. A
common feature of these ensemble-based methods, (i.e. the
robust optimization, the mean-variance optimization, and the
conditional value at risk optimization), is that they optimize the
long-term objective and are not concerned with the structure of
the cash-flow and the associated economic risk. Christiansen
et al. (2016, 2017) suggests a number of methods to mitigate
the risk associated both with the geological and economic un-
certainty. To address the economic risk of oil production di-
rectly, Van Essen et al. (2011) and Liu and Reynolds (2016)
consider short-term versus long-term multi objective optimiza-
tion. The discount factor can also be used as a tuning parame-
ter to prioritize short-term profit over long-term profit. A high
discount-factor favors profits in the early stages of the reservoir
lifetime and in this way indirectly addresses the economic risk.

Most published studies on production optimization methods
are limited to two-phase immiscible-flow in synthetic reservoir
models. These models are simulated using various open-source,
research purpose, or in-house reservoir simulators (Hou et al.,
2015). Although the use of open-source simulators provide
flexibility and the ability to quickly test different conceptual
methods, commercial simulators are needed for deployment in
an operational environment. As an exception to these observa-
tions, Chen et al. (2010) and Asadollahi and Naevdal (2009)
apply gradient-based optimization on the synthetic two-phase
Brugge field (Peters et al., 2010), using the commercial Eclipse
E3001 reservoir simulator.

To bring the production optimization methodology and work-
flow to a level, where the oil industry is more inclined to adopt
the methods as part of routine planning, scheduling and opera-
tion, the reservoir management workflow must be demonstrated
for realistic size reservoirs and reservoir fluid models (i.e. black
oil and compositional flow models). It must be demonstrated
that the procedure leads to improved operation in terms of profit
and risk mitigation for real oil fields. Also it must be demon-
strated that the workflow is computationally feasible in terms
of computation time and the data requirement needed to have
useful prediction models for the reservoir flow.

Leeuwenburgh et al. (2016) and Hanea et al. (2016) describe
how Statoil adopts the closed-loop reservoir management and
production optimization workflow. This closed-loop reservoir
management is based on a commercial reservoir simulator with-
out capabilities for computing the gradient by e.g the adjoint
method. Therefore, they base the optimization on an ensemble-
based gradient approximation method, StoSAG. The gradient
approximation method is an attractive alternative to computing
the gradient by the adjoint method, in situations where the reser-
voir simulator lacks adjoint capability. However, optimization
based on adjoint gradients remains the most efficient method
in terms of computational cost and convergence rate. Although
theoretically possible, numerical finite difference computation
of the gradient is not a tractable solution since this will require
at least one extra simulation for each control parameter. In con-
trast, the use of gradient based optimization methods requires

1Schlumberger, Eclipse E300, https://www.slb.com

significantly fewer function evaluations (simulations runs), but
are limited by the availability of gradient information in com-
mercial reservoir simulators. Stated differently, the adjoint ca-
pability of the reservoir simulator is critically important to have
a computationally feasible method for gradient-based produc-
tion optimization of an industry scale reservoir.

In this paper, we present a workflow that combines the ro-
bustness, power and adjoint capability of a well-established
commercial simulator (Eclipse E300) with ensemble-based op-
timization strategies and state-of-the-art numerical optimiza-
tion algorithms (fmincon in Matlab, IPOPT). This combina-
tion provides a computationally practical gradient-based opti-
mization tool for production optimization on industrial scale
oil reservoirs. The optimization tool extends current state-of-
the-art by providing access to a number of deterministic and
ensemble-based optimization methods. These methods include
a single deterministic net present value optimization, robust op-
timization, mean-variance optimization, and conditional value
at risk optimization. From an industrial perspective, it is par-
ticularly important that this software integration enables rou-
tine use of existing realistic Eclipse reservoir flow models in
ensemble-based optimization strategies.

The organization of the paper is as follows. Section 2 de-
scribes the general multiphase flow-model, the net present value
objective, and the computation of the objective function gra-
dient by the adjoint method. Section 3 formulates the opti-
mal control problem and describes ensemble based optimiza-
tion problems, i.e. the robust optimization problem, the mean-
variance optimization problem, and the conditional value at risk
optimization problem. The workflow in the production opti-
mization software tool is described in Section 4. Section 5
presents two case studies: 1) a conditional value at risk op-
timization of a water flooded synthetic 2-dimensional black-
oil reservoir; and 2) a robust optimization of a synthetic 3-
dimensional compositional reservoir subject to gas injection.
Conclusions are provided in Section 6.

2. Reservoir simulator

In this section, we state the general isothermal compositional
model equations for multiphase flow in porous media. We state
the basic assumptions of the black-oil flow model. Further-
more, we present the net present value objective function and
the optimal control problem for production optimization, to-
gether with the adjoint method for computing the gradients of
the net present value objective. The purpose is not to give a pre-
cise description of the mathematical model implemented in any
specific reservoir simulator. The purpose is to give an outline of
which mathematical features a reservoir simulator should im-
plement to be useful for computationally efficient production
optimization. Aziz and Settari (1979) and Chen et al. (2006)
provide a detailed description of the general multiphase flow
model.

2.1. General isothermal compositional multiphase flow model
The equations describing multiphase flow in porous media

consist of a combination of component material balances and
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Darcy’s law for phase flow, as well as a set of equilibrium
constraints and constitutive equations. The compositional
model can in theory handle an arbitrary finite number of com-
ponents, Nc, existing in an arbitrary finite number of phases,
Np. However, the general compositional model typically
used in the industry for reservoir simulation are an isothermal
three-phase model, consisting of the water, oil and gas phases
only, with a limited number of components.

The mass conservation equation for the i‘th component
for multiphase flow in porous media consisting of Np−phases
is given by

∂

∂t
Ci = −∇ · Ni + Qi, i = 1, . . . ,Nc. (1)

The source/sink term is denoted Qi. The concentrations, Ci, and
the flux term, Ni, are

Ci = φ̃

Np∑

α=1

(ραS αciα) , Ni =

Np∑

α=1

(ραciαuα) . (2)

φ̃ is the porosity of the porous media. S α, ρα, ciα and uα are
saturation, density, mass/mole fraction, and Darcy velocity of
phase α, respectively. The phases totally occupy the pore space
of the rock. Hence the phase saturation’s and the mass/mole
fractions must sum to one,

∑Np

α=1 S α = 1,
∑Nc

i=1 ciα = 1, α =

1, . . . ,Np. The reference phase pressure, Pr, relates the capil-
lary pressures defined by Pcαr = Pα − Pr, α = 1, . . . ,Np −
1. The assumption that all phases reach an instant equilib-
rium state leads to the fugacity constraints, fiα = fiα+1, α =

1, . . . ,Np − 1, i = 1, . . . ,Nc.

2.2. Black-oil model
The basic black-oil model for live oil and dry gas is derived

from the general multiphase flow model, using the following
assumptions about the fluid mixture. 1). The fluid mixture con-
sists of the components, water (W), oil (O), and gas (G). 2).
The fluid mixture has three phases, a water phase (w), an oil
phase (o), and a gas phase (g). 3). The water and oil compo-
nents exists only in their corresponding phases. The gas com-
ponent exists both in the gas phase and in the oil phase. The
mass/moles fractions are expressed in terms of formation vol-
ume factors, Bα, α = 1, . . . ,Np, and gas/oil solubility, Rs. The
equilibrium constraint are the computed by tabulated values of
Bα and Rs as functions of the bubble-point pressure, Pb. For
most reservoirs, the black-oil model provides a good trade-off

between computational speed and accuracy.

2.3. System of differential algebraic equations
The system of equations that describes the subsurface flow

is in most reservoir simulators discretized in space by the finite
volume method and in time by the implicit Euler method. Af-
ter spatial discretization, we write the model equations as the
system of differential-algebraic equations:

x(t0) = x0, (3a)
G(x(t), y(t), θ) = 0, t ∈ [t0, t f ], (3b)
ẋ(t) = F(y(t), u(t), θ), t ∈ [t0, t f ]. (3c)
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Figure 1: Example of a zero-order hold discretization.

x(t) ∈ Rnx is the state vector, y(t) ∈ Rny is the vector of alge-
braic variables, u(t) ∈ Rnu is the vector of manipulate variables
(controls), and θ is the vector of geological parameters. u(t) is
discretized by a zero-order-hold defined by u(t) = uk, tk ≤ t ≤
tk+1, k = 0, . . . ,N − 1, where tN = t f is the final time (see Fig-
ure 1). Temporal discretization by the implicit Euler method
gives the following system of nonlinear equations

Rk+1 = Rk+1 (xk+1, yk+1, xk, uk; θ)

=

[
xk+1 − xk − ∆tkF (yk+1, uk, θ)

G(xk+1, yk+1, θ)

]
= 0

(4)

for k ∈ N = {0, 1, . . . ,N − 1}. A version of these equations are
solved by the reservoir simulator.

2.4. Objective function and net present value

The net present value, (NPV), over the life time of an oil
field is defined as a function, ϕ, of the states, x(t), the algebraic
variables, y(t), the operating profile, u(t), the initial state, x(t0),
and the geological parameters, θ. The net present value is in
continuous-time defined as

ϕ =

∫ t f

t0
φ (t, x(t), y(t), u(t), θ) dt, (5a)

φ = φ(t, x(t), y(t), u(t), θ) = e−dc(t−t0)/tτ p(x(t), y(t), u(t), θ), (5b)

p = p(x(t), y(t), u(t), θ) =
[
roqOs(t) + rgqGs(t)

−
(
rwqWs(t) + rw,injqw,inj(t) + rg,injqg,inj(t)

)]
,

(5c)

where φ is the discounted profit rate and p is the profit rate.
x(t) and y(t) are the solution to (3), u(t) is the controls. dc

is the continuous-time discount rate and tτ is the discounted
time interval (i.e. the time interval at which compound interest
are ascribed). ro and rg are the sales prices of oil and gas.
rw is the water production cost, rw,inj and rg,inj are the water
and gas injection cost. The corresponding surface flow rates
for oil, gas, water, water injection and gas injection are,
qOs, qGs, qWs, qw,inj, qg,inj.

We use the same integration method for discretization of the
objective function (5a) as for temporal discretization of (4). The
implicit Euler method for discretization of (5a) yields

ϕ =

N−1∑

k=0

φ (tk+1, xk+1, yk+1, uk; θ) ∆tk =

N−1∑

k=0

Jk, (6a)
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where

Jk = Jk(xk+1, yk+1, uk; θ)
= φk∆tk = φ(tk+1, xk+1, yk+1, uk; θ)∆tk

(6b)

and

φk = φ(tk+1, xk+1, yk+1, uk; θ)

= e−dc
tk+1−t0

tτ p(xk+1, yk+1, uk; θ)

=
1

(1 + d)
tk+1−t0

tτ

p(xk+1, yk+1, uk; θ).

(6c)

Note that the relation between the continuous-time discount
rate, dc, and the discrete-time discount rate, d, is dc = ln(1 + d).

2.5. Optimal control problem

Using a Matlab-like notation, we introduce the vectors x =

[x1; x2; . . . ; xN], y =
[
y1; y2; . . . ; yN

]
, and u = [u0; u1; . . . ; uN−1].

The discrete-time constrained optimal control problem for pro-
duction optimization is given by (Capolei et al., 2012)

max
u∈U

ψ = ψ (u; x0, θ) , (7)

where the objective function is

ψ (u; x0, θ) =

{
ϕ =

∑N−1

k=0
Jk(xk+1, yk+1, uk; θ) :

Rk+1(xk+1, yk+1, xk, uk; θ) = 0, k ∈ N
}
.

(8)

The vectors x and y are obtained as the sequential solution of the
residual equations (4), (i.e. x = x(u; x0, θ) and y = y(u; x0, θ)).

In this paper, only linear constraints on the input are consid-
ered. The constraint types are lower/upper bounds on controls,
rate of movement constraints on controls to prevent ‘large‘
changes in rates/bhp‘s, and upper/lower bounds on total in-
jection rates in each time step. The constraints are written as
U = {u : umin ≤ u ≤ umax, ∆umin ≤ ∆u ≤ ∆umax, bl ≤ Au ≤ bu}.

2.6. Adjoint gradient computation

The gradients, ∇uψ =
[∇u0ψ; ∇u1ψ; . . . ; ∇uN−1ψ

]
, of the net

present value, ψ, with respect to the control vector, u, can be
computed by the adjoint method (Jørgensen, 2007; Ritschel
et al., 2018). Let wk = [xk; yk] be compact notation for the
vector of states, xk, and algebraic variables, yk, at time tk. Let
the adjoint vector be λ = [λ1; λ2; . . . ; λN]. Let x = x(u; x0, θ),
y = y(u; x0, θ), and ψ = ψ(u; x0, θ) be available by solving (4)
and (8) marching forward for given controls, u, initial states, x0,
and parameters, θ. Subsequently, the adjoint vector, λ, and the
gradient vector, ∇uψ, may be obtained by solving

(
∂RN

∂wN

)T

λN = −∇wN JN−1, (9a)

∇uN−1ψ = ∇uN−1 JN−1 +

(
∂RN

∂uN−1

)T

λN , (9b)

and
(
∂Rk

∂wk

)T

λk = −
(
∂Rk+1

∂wk

)T

λk+1 − ∇wk Jk−1, (10a)

∇uk−1ψ = ∇uk−1 Jk−1 +

(
∂Rk

∂uk−1

)T

λk, (10b)

for k = N − 1,N − 2, . . . , 1 marching backwards.

2.7. Black-box simulator

The optimization workflow, we present in this paper is not
dependent on a specific choice of formulation and solution
method of the flow equations (3). Thus we can treat the reser-
voir simulator as a black-box function, S(u; x0, θ). The black-
box function must, given the initial state, x0, a set of controls,
u, and a geological realization vector, θk, return the states, x,
and the algebraic variables, y, at subsequent time-steps, the
net present value function value, ψ, and the gradient of the net
present value function with respect to the controls, ∇uψ,

[x, y, ψ,∇uψ] = S(u; x0, θ). (11)

3. Ensemble-based optimization

In this section, we describe a number of ensemble-based
strategies for net present value optimization under geological
uncertainty. In particular, we consider the following ensemble-
based optimization strategies, robust optimization, RO, and
conditional value at risk optimization, CVaR.

The problem of determining the geological parameters of
the subsurface is critical for a reservoir model. The very lim-
ited amount data is one of the main reasons that the predictive
power of a reservoir model is not widely trusted by reservoir
engineers. In ensemble-based methods, the uncertainty asso-
ciated with the geological parameters of the subsurface is rep-
resented by an ensemble of equipropable realizations, {θi}nθi=1.
For an given initial condition, x0, and operating profile, u, the
corresponding ensemble of net present values is, {ψi}nθi=1, where
ψi = ψ(u; x0, θ

i).
A common feature for the ensemble-based optimization

strategies discussed in this paper is that the objective values
and the gradients of the objective w.r.t. the operating profile,
u, can be calculated by computing the objective, ψi, and the
gradient, ∇uψ

i, for each ensemble member, (i.e. {ψi,∇uψ
i}nθi=1).

These computations may be conducted in parallel utilizing a
cluster of computers, (i.e. [xi, yi, ψi,∇uψ

i] = S(u; x0, θ
i) for

i = 1, 2, . . . , nθ).

3.1. Robust optimization

The robust optimization strategy aims to maximize the ex-
pected return over the ensemble of net present values, {ψi}nθi=1.
Thus, the robust optimization problem is

max
u∈U

ψ = ψRO

(
u; x0, {θi}nθi=1

)
, (12)
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where the objective is

ψRO =
1
nθ

nθ∑

i=1

ψi. (13)

Figure 2 illustrates the concept of the robust optimization ob-
jective.

3.2. Mean-variance optimization
The mean-variance optimization strategy combines the con-

flicting objectives of maximizing the mean of the net present
value, while reducing the associated risk measured as the vari-
ance of the net present value. The mean-variance optimization
problem is

max
u∈U

ψ = ψMVO

(
u; x0, {θi}nθi=1

)
, (14)

where the objective function,

ψMVO = λψRO − (1 − λ)ψσ2 , (15)

is a convex combination of the mean, ψRO, and the variance,
ψσ2 , for the trade-off parameter, λ ∈ [0, 1]. The sample esti-
mated variance is computed as

ψσ2 =
1

nθ − 1

nθ∑

i=1

(
ψi − ψRO

)2
. (16)

Figure 3 shows conceptual illustrations of the mean-variance
optimization objective.

3.3. Conditional value at risk optimization
The conditional value at risk optimization strategy addresses

the risk of low outcomes of the net present value. This is done
by maximizing the mean of the α% worst outcomes of the net
present value. The objective is illustrated in Figure 4. Let
{ψi}nθi=1 be the ensemble net present values sorted in increasing
order. Then we consider the α-percentage lowest outcomes,
where α ∈ [0, 1] is a fraction, (i.e. nα = dαnθe). The conditional
value at risk objective function is

ψCVaRα =
1
nα

nα∑

i=1

ψi. (17)

Then the conditional value at risk optimization problem is

max
u∈U

ψ = ψCVaRα

(
u; x0, {θi}nθi=1

)
. (18)

We note that the conditional value at risk optimization strategy
reduces to the robust optimization strategy for α = 1.

4. Workflow

In this section, we outline the workflow of the RESOPT op-
timization software tool. RESOPT is a workflow management
tool for production optimization that integrates reservoir sim-
ulators and state-of-the-art gradient based optimization tools.
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Figure 2: Conceptual illustrations of the robust optimization objective. The
robust optimization strategy aims to maximize the mean of the net present value
distribution.
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Figure 3: Conceptual illustrations of the mean-variance optimization objec-
tives. The mean-variance optimization strategy aims to maximize the mean of
the net present value distribution, while at the same time decrease the variance.

The Eclipse file-format is the base of the software integration.
Most reservoir simulators are compatible with this file-format
and therefore this ensures greater flexibility in the choice of
simulator. Matlab/Octave manages the data processing and
communication between the external optimizer and the external
simulator. RESOPT allows for third-party optimization soft-
ware that has a Matlab/Octave interface, (e.g. IPOPT, and KNI-
TRO). The workflow is not dependent on the choice of external
simulator so far as the simulator returns the objective function
value, ψ, and the gradient, ∇uψ, as stated in equation (11).

4.1. Workflow overview

Figure. 5 illustrates the workflow in the RESOPT soft-
ware. The parameters defining the optimization problem
are supplied by the user in the script defineOptModel.
The script follows a specific template. The driver script,
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Figure 4: Conceptual illustrations of the conditional value at risk optimization
objectives. The conditional value at risk optimization strategy aims to maxi-
mize the mean of the α% lowest net present value outcomes.
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Figure 5: Flowchart illustrating the workflow in the RESOPT optimization software.

optimizeModel, starts the production optimization computa-
tions. The script calls defineOptModel to collect the user-
defined parameters and passes them to the optimizer. The
optimizer calls the function, runOptimizationStrategy,
that manages the communication with the external simulator
through the function, runModel. For a given set of controls,
u, runOptimizationStrategy calls the simulator for all re-
alizations in the ensemble, {θi}nθi=1. The reservoir simulator
computes and return the states, x, the algebraic variables, y,
the net present value, ψi, and the gradients, ∇uψ

i. If reser-
voir simulations are conducted on a computer cluster, these
calls to the simulator may be conducted in parallel. We note
that for application of ensemble-based optimization strategies
on industrial-scale reservoirs, access to a high-performance
computing cluster is essential for the optimization to be com-
putationally tractable. Given the net present value and the
gradient of the net present value for each ensemble member,
{ψi,∇uψ

i}nθi=1, runOptimizationStrategy computes the ob-
jective value and the gradient of the chosen optimization strat-
egy, ψstrategy, and, ∇uψstrategy, and returns these values to the
optimizer. Based on the returned information, the optimizer
checks for convergence. If the current set of controls, u, is not
optimal, the optimizer computes a new iterate, u. The procedure
repeats until the optimizer convergences to a set of optimal con-
trols, u. After convergence, the software saves all iteration data
as well as the optimal simulation results for each member of the
ensemble.

To enable the reservoir engineer to monitor the optimization
process, a dashboard displays relevant optimization and pro-
duction data from the simulation. The controls, u, and the gra-
dient of the objective, ∇uψ, are divided between injectors and
producers. At each optimization iteration, the objective func-
tion value, ψ, is appended in the dashboard. The controls, the
gradients, and the net present value are updated along with se-
lected production data. The selected data can be any type of
time dependent results based on output from the simulation.

5. Case studies

In this section, we present three case studies that demon-
strates the use of the RESOPT optimization tool. The first case
study is a deterministic waterflooding optimization of the Egg-
model (Jansen et al., 2013). The second case study is a wa-
terflooding optimization of a 2-dimensional synthetic black-oil
reservoir model, using a conditional value at risk optimization
strategy. The third case study is a gasflooding optimization of
a synthetic 3-dimensional compositional reservoir model, using
a robust optimization strategy. In second and third case study,
we utilize an ensemble of permeability realizations to represent
the associated uncertainty.

5.1. Egg-model
In this section, we demonstrate the use of the optimization

tool for of NPV-optimization on a single realization of the stan-
dard Egg-model. The Egg-model was first introduced in the
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Figure 6: Egg-model; well locations and permeability field of first realization.

Table 1: Egg-model; standard reservoir and fluid data.

Description Symbol Value Metric
grid-cell height ∆z 4 [m]
grid-cell length/width ∆x,∆y 8 [m]
porosity, uniform φ 0.2 -
oil compressibility co 10−5 [1/bar]
water compressibility cw 10−5 [1/bar]
rock compressibility cr 0 [1/bar]
viscosity oil µo 5 [cp]
viscosity water µw 1 [cp]
rel-perm end point, oil k0

ro 0.8 -
rel-perm end point, water kw

ro 0.2 -
Corey exponent, oil no 4.0 -
Corey exponent, water nw 3.0 -
residual oil saturation S or 0.1 -
connate-water saturation S wc 0.2 -
capillary pressure Pc 0 [bar]
initial reservoir pressure Pri 400 [bar]
initial water saturation S wi 0. -
bhp producer wells Pbh 395 [bar]
well-bore radius rw 0.1 [m]

robust optimization study by van Essen et al. (2009). It has
been used as a benchmark test-case for optimal control method-
ologies in numerous publications (Codas et al., 2017; Fonseca
et al., 2014; Siraj et al., 2015). The Egg-model is a three-
dimensional synthetic two-phase flow reservoir model, consist-
ing of 18553 active cells with a highly channelized permeabil-
ity field. The model has a total of vertical 12 wells, where eight
are water injectors and four producers. All wells are vertical
and are completed in all seven layers in the z−direction. Fig-
ure 6 shows the permeability field for the realization used in
the optimization and the well configuration. Table 1 shows the
reservoir model parameters. For a full description of the reser-
voir model see (Jansen et al., 2013).

Optimization parameters. The deterministic optimization is
performed on the first realization of the permeability field (see
Figure 6). Reservoir production is simulated for 3600 days with
120 control time-steps, N of length, ∆t = 30 days. The bottom-
hole pressures in the producers are kept constant at 395 [bar]
throughout the simulation. The water injection rate in all injec-
tor wells are subject to control. All injection rates are bounded
in the interval (0, 80) [m3/day] and are not allowed to change

Table 2: Optimization parameters for the deterministic waterflooding optimiza-
tion of the Egg-model.

Description Symbol Value Unit
optimization strategy SINGLE - -
number of control steps N 120 -
length of control steps ∆t 30 [day]
controls, water injection rates qwi - [m3/day]
bound constraints qwi,min 0.5 [m3/day]

qwi,max 80.0 [m3/day]
rate of movement constraints rom ±30 [m3/day]
discount factor d 10% -
initial controls u0 79.5 [m3/day]
fluid prices: rα - [USD/m3]

oil ro 314.49 [USD/m3]
water rw 12.58 [USD/m3]
water injection rwi 6.29 [USD/m3]

algorithm interior-point - -
tolerance on optimality tolopt 1e-6 -
tolerance on step size tolx 1e-6 -

Table 3: Net present value for the optimized strategy and for the reactive strat-
egy and net present value increase percentage. The net present values are in
million [USD].

Strategy # iterations # simulations NPV
MM[USD]

%increase

Reactive - - 72.07 -
Optimized 111 235 84.24 14.45

with a rate greater than, 30 [m3/day] between control steps. The
discount rate, d, is set to 10%. The initial injection rates are
set to 79.5 [m3/day]. A reactive strategy using the initial in-
jection rates as the control strategy and the well shut-in wa-
tercut limit set to 0.833. The optimization is performed using
the interior-point algorithm in the Matlab optimization toolbox
function fmincon. The gradient of the objective function (7)
wrt. the controls is computed using the adjoint method (see
Section (2.6)) by the external reservoir simulator. The conver-
gence tolerances for the KKT-optimality conditions, tolopt and
the step-size, tolx are both set to 10−6. Table 2 lists the opti-
mization parameters.

Results. Figure 7 shows the RESOPT dashboard after conver-
gence of the optimization algorithm. The dashboard shows the
injector controls, objective function value and the net present
value as well as various production performance indicators. Ta-
ble 3 lists the results for the optimized strategy and the reactive
strategy. The optimizer converges after 111 iterations and 235
simulation, due to the step size tolerance violation, with an in-
crease in net present value of 14.45%, relative to the reactive
strategy case.

5.2. 2-dimensional synthetic reservoir model

We have computed an ensemble of 30 highly channeled per-
meability realizations of a 2-dimensional synthetic reservoir
model. All the permeability realizations have the same sta-
tistical properties, and are within the range of 0-1200 [mD].
Figure 8 shows the 30 realizations of the permeability field.
The synthetic reservoir model has the physical dimensions
(800 × 1000 × 10) [m] and is discretized into an equidistant
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Figure 7: Egg-model; Optimization tool display window for the Single realization optimization. Row 1: Injector controls and gradients, producer controls and
gradients. In this case study only the water injection rates are subject to control, hence the producer control and gradient figures are empty. Row 2-3: Well results.
WWIR; water injection rate, WBHP; bottom-hole pressure, WLPR; liqiud production rate, WOPR; oil production rate, WGPR; gas production rate, WWPR; water
production rate, WWCT; water cut. Row 4-5: Field (total) results. FWIR; water injection rate, FOPR; oil production rate, FGPR; gas production rate, FWPR; water
production rate, FLPR; liquid production rate, FWCT; water cut, fval; end-time NPV for each optimization iteration, NPV; NPV for current iteration.

(80, 100, 1) Cartesian grid. The reservoir has six horizontal wa-
ter injectors and six horizontal oil producers. The injectors are
located in-line from south to north close to the eastern boundary
of the reservoir. The producers are located along the opposite
western boundary. Figure 9 shows the well locations and the
first realization of the permeability field. The reservoir fluid is
of a black-oil type. Table 4 shows the reservoir data.

Optimization parameters. We have performed a waterflooding
optimization of the 2-dimensional synthetic black-oil reservoir
model, using the conditional value at risk optimization strat-
egy for seven different values of α. We consider the nα ∈
{1, 3, 9, 15, 21, 30} lowest outcomes of the net present values
and compare the results to a reactive strategy. We refer to the
two cases nα ∈ {1, 30} as the worst case and robust case, respec-
tively.

The reservoir is simulated for 3600 days with 120 control
time-steps, N, of equal length, ∆t = 30 days. The water injec-
tion rates in the six injectors are subject to control. This gives
a total of 720 controls, u. The individual injection rates are

bounded in the interval (0.1, 250) [m3/day], with a rate of move-
ment constraint of ±30 [m3/day] between control steps. The
total injection rate is restricted to a maximum of 750 [m3/day]
and a minimum of 100 [m3/day]. Bottom-hole pressures in all
producer wells are kept constant at 125 [bar]. The discount rate
is set to 8% annually. The initial water injection rates are set
to 100.0 [m3/day] for each well. The optimization is performed
using the active-set algorithm in Matlab‘s fmincon. Table 5
shows the optimization parameters.

Results. Figure 10 shows the dashboard after convergence for
the case α = 0.3. The dashboard shows a number of selected
key performance indicators, including the individual well con-
trols, the objective function value and the net present value. The
optimizer terminates after the maximum of 20 iterations using
56 reservoir simulations. The optimized case of α = 0.7 pro-
vides the best result in terms of profit with an increase in ex-
pected return of 13.25%.

Figure 11a shows a stripchart of the net present value out-
comes and Figure 11b shows the cumulative distribution func-
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Figure 8: 30 permeability realizations of the 2-dimensional synthetic reservoir model.

Figure 9: Well locations and permeability field of the first realization of the
2-dimensional synthetic model.

tions of the net present value outcomes. The figures clearly
shows that the conditional value at risk optimization strategies
reduce the risk for low net present value outcomes, relative to
the reactive strategy. As the figures illustrate, the worst case
strategy has the lowest risk of low net present value outcomes,
but is outperformed on all other parameters by the other condi-
tional value at risk strategies. However, it is not obvious which
α-level provides the best results.

Table 6 lists a comparison of key performance indicators; the
worst case, the mean, the standard deviation, the 5th and 95th

percentiles of the net present value distributions for all con-
ditional value at risk strategies and the reactive strategy. The
optimized strategies outperform the reactive strategy on all key

Table 4: Reservoir data for the 2-dimensional synthetic reservoir model.

Description Symbol Value Unit
physical dimensions (x, y, y) (800, 1000, 10) [m]
grid-cell dimensions (∆x,∆y,∆z) (10, 10, 10) [m]
porosity, uniform φ 0.2 -
water compressibility cw 1.45 × 10−5 [bar−1]
rock compressibility cr 4.35 × 10−10 [bar−1]
capillary pressure Pc 0 [bar]
pore volume Vpore 1.6 × 106 [m3]
oil in place Voip 1.28 × 106 [m3]
permeability range (kx, ky) [0, 1200] [mD]
bubble-point pressure Pb 153.67 [bar]
datum press Pr 130.00 [bar]
datum depth dr 1500.00 [m]
oil water contact OWC 2000.00 [m]
gas-oil contact GOC 1000.00 [m]
initial water saturation S wi 0.2 -

performance indicators. Furthermore, the standard deviations
of the optimized strategies are similar to standard deviation of
the reactive strategy.

5.3. 3-dimensional synthetic reservoir model

The reservoir has the approximate physical dimensions,
(3350×5000×20) [m] and is discretized on a (18, 27, 5) corner-
point grid. The model has varying depth and the oil-water con-
tact is located in the lower part of the reservoir. The upper-part
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Figure 10: Dashboard for the, α = 0.3, conditional value at risk optimization case study of the 2-dimensional synthetic reservoir model. All displayed values are
mean-values for the 30 realizations. Row 1, from left to right: Injector controls, gradients, fval: end-time net present value for each optimization iteration, NPV: net
present value distribution for current iteration. Row 2-3: Field (total) results. FOIP: oil in place. FPR: mean reservoir pressure. FWCT: water cut. FGOR: gas-oil
ratio. FWIR: water injection rate. FOPR: oil production rate. FGPR: gas production rate. FWPR: water production rate.

of the reservoir has a dome shape, where a possible gas-cap
is trapped. The reservoir has five gas injectors located in the
upper-part of the reservoir and four producers located in the
lower part of the reservoir above the oil-water contact. All wells
have vertical completions. Figure 12a shows the first out of ten
realizations of the permeability field and Figure 12b shows the
depth levels of the reservoir and the well locations. Table 8 lists
the parameters of the synthetic reservoir model. The fluid com-
position is lumped into 4 components, CH4, CO2, C4, and C12.
Table 7 lists the properties of the fluid components and the mo-
lar composition. The fluid has the characteristics of a black-oil
with a bubble-point pressure of Pb = 109.9 [bar]. The injected
gas well-stream is methane, CH4. Initially, the reservoir pres-
sure is Pr = 115 [bar].

Optimization parameters. We have performed a gasflooding
optimization of the 3-dimensional synthetic reservoir model,
using the robust optimization strategy, utilizing an ensemble
of 10 permeability realizations. The permeability realizations
have the same statistical properties as the 2-dimensional model.
The simulation time is 15 years with 180 control-steps of 30
days length. Both the injection rate of the five gas injectors
and the bottom-hole pressure of the four producers are subject
to control. Hence, the total number of controls is 1620. The
unit of the gas injection rates is surface volume, [sm3] and the
unit of the bottom-hole pressures is [bar]. This gives a signif-
icant difference in numerical values of the controls. To ensure
comparable magnitudes of the manipulated variables in the op-
timization, we scale the gas injection rate by a factor of 10−5.
The gas injection rates are bounded in the interval (0.01, 2×106)
[m3/day] and the producer bottom-hole pressures are bounded

in the interval (95, 110) [bar]. There is no bound on the total gas
injection rate, other than the one imposed by the bounds on the
individual injection rates. The initial gas injection rates for the
5 injector wells are set to (1.5×106, 106, 106, 106, 106) [m3/day],
respectively, and the initial bottom-hole pressures in the 4 pro-
ducers are set to 98 [bar]. The net present value is undiscounted
and the optimization is performed using the interior-point algo-
rithm in Matlab‘s fmincon. Table 11 shows the optimization
parameters. As a reference case, the ensemble is simulated us-
ing the initial controls as the control strategy.

Results. Figure 13 shows the RESOPT dashboard after con-
vergence. The dashboard shows the controls for the injectors
and producers, the objective function value and the associated
gradients wrt. the controls, the net present value, as well as
a number of selected production performance indicators. The
optimization algorithm converges after 189 iterations and 301
function evaluations. Table 9 shows the optimization iteration
details for the last 3 iterations. Table 10 lists a comparison of
key performance indicators for the robust optimization strat-
egy and the reference strategy. The key performance indica-
tors are the worst case, the expected return, the standard devia-
tion, the 10th percentile and the 90th percentile of the net present
value distributions. The optimized strategy outperforms the ref-
erence strategy on all key performance indicators, except the
standard deviation. The standard deviation of the robust strat-
egy is slightly higher than that of the reference strategy. This
underlines the main weakness of the robust optimization strat-
egy, namely that it does not mitigate risk of low net present
value outcomes. Nevertheless, the mean of the distribution is
increased by 8.45%, relative to the reference case.
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Figure 11: Stripchart and cumulative distribution function for the conditional value at risk optimization case study of the 2-dimensional synthetic reservoir model.
(a) The vertical lines indicate the 5% percentile, the mean, and the 95% percentile. The conditional value at risk strategies has significantly higher mean and lower
risk of low net present value outcomes compared to the reactive strategy. Even though the worst case strategy has the highest low net present value outcome, it has
the lowest net present value mean of the all conditional value at risk strategies. (b) The reactive strategy clearly has higher risk for low net present value outcomes,
than the conditional value at risk strategies.
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Figure 12: 3-dimensional synthetic reservoir model. (a). well locations and permeability field of the first realization. (b). The blue color indicates the oil-water
contact level. The green color indicates the middle-part of the reservoir, where all producers are located. The red color indicates the upper-part of the reservoir,
where all gas injectors are located.

6. Conclusion

We have developed software, RESOPT, for production op-
timization that manages the workflow between reservoir sim-
ulation and numerical optimization. RESOPT is based on the
Eclipse file-format, which provides flexibility in the choice of
reservoir simulator. For the case studies presented in this paper,
we used Eclipse (E300) for reservoir simulation, computation
of the net present value, and computation of the gradient of the
net present value. RESOPT implements a number of optimiza-
tion strategies under uncertainty, such as robust optimization,
mean-variance optimization, and conditional value at risk op-
timization. In combination with the Eclipse (E300) reservoir
simulator RESOPT provides the option of applying these opti-
mizations strategies to both black-oil and compositional reser-
voir models. By using an industry standard simulator, such
as Eclipse, model based production optimization is brought a
step closer to routine implementation in closed-loop oil reser-

voir management.
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Figure 13: Dashboard for the robust optimization case study of the 3-dimensional synthetic reservoir model. All displayed values are mean-values for all 10
realizations. Row 1-2, sub figures 1-6: Injector controls and gradients, producer controls and gradients, fval: end-time net present value for each optimization
iteration, NPV: net present value distribution for current iteration. Row 2-5: Field (total) results. FGIR: gas injection rate. FGIT: cumulated gas injection. FOPR: oil
production rate. FOPT: cumulated oil production. FGPR: gas production rate. FGPT: cumulated gas production. FWPR: water production rate. FWPT: cumulated
water production. FLPR: liquid production rate. FLPT: cumulated liquid production. FGOR: gas-oil ratio. FWCT: water cut. FPR: mean reservoir pressure. FOIP:
oil in place.
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Table 5: Optimization parameters for the conditional value at risk optimization
case study.

Description Symbol Value Unit
strategy CVaR - -
number of realizations nθ 30 -
simulation time t f 3600 [day]
number of control steps N 120 -
length of control steps ∆t 30 [day]
number of controlled wells nw 6 -
number of controls nu 720 -
initial controls uinit 100.0 [m3/day]
lower bound on controls umin 0.01 [m3/day]
upper bound on controls umax 250.0 [m3/day]
rom constraint ∆umin,∆umax 30 [m3/day]
total upper bounds on injectors bu 750 [m3/day]
total lower bounds on injectors bl 100 [m3/day]
discount factor d 0.08 -
fluid prices: rα - [US$/m3]

oil ro 283.04 [US$/m3]
gas rg 0.0036 [US$/m3]
water rw 62.90 [US$/m3]
water injection rw,in j 12.58 [US$/m3]

algorithm active-set - -
max iterations maxit 20 -
max function evaluations maxfeval 200 -
tolerance on optimality tolopt 10−6 -
tolerance on step size tol∆u 10−6 [m3/day]

Table 6: Key performance indicators for net present value distributions of the
conditional value at risk optimization strategies and the reactive strategy. All
values are in million [USD]. The optimized strategies outperform the reactive
strategy on all key performance indicators, with an increase in expected value
ranging from 8.5% for the worst-case strategy to 13.25% for the α = 70%
strategy.

Control
strategy

WCθ(ψ) Eθ(ψ) σθ(ψ) 5th

percentile
95th

percentile
%Eθ(ψ)
increase

cs: RO 86.28 108.70 8.66 96.24 123.11 13.24
cs: 70% 84.17 108.72 8.52 96.68 122.58 13.25
cs: 50% 84.86 108.63 8.39 97.33 122.89 13.16
cs: 30% 83.24 107.95 8.01 97.42 122.14 12.45
cs: 10% 86.19 107.47 7.98 97.89 120.95 11.95
cs: WC 89.14 104.18 7.69 89.78 118.08 8.53
cs: RS 73.35 95.99 8.15 83.66 108.05 -
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Component Critical
temperature

Critical
pressure

Acentric
factor

Mole
mass

Mole
fraction

Tc [C] Pc [bar] ω M [g/mol] z
CH4 -82.59 45.99 0.0115 16.043 0.35
CO2 31.06 73.83 0.2236 44.010 0.01
C4 151.97 37.96 0.2002 78.123 0.25
C12 384.85 18.20 0.5764 250.338 0.39

Table 8: 3-dimensional synthetic reservoir model; reservoir data.

Description Symbol Value Unit
physical dimension (x, y, y) (3350, 5000, 20) [m]
grid-cell dimension (∆x,∆y,∆z) (186, 185, 4) [m]
grid (Nx,Ny,Nz) (18, 27, 5)
datum depth Zr 2450 [m]
datum pressure Pr 115 [bar]
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Appendix A. Optimization strategy gradients

Here we list the gradients of the robust optimization, the
mean-variance optimization, the conditional value at risk opti-
mization, and the mean-conditional value at risk optimization
objectives. All gradients are computed by a combination of the
individual net present value gradients of all ensemble members,
∇ukψ

i.

Table 9: Data from the last three optimization iterations for the robust optimiza-
tion case study.

Iterations Function evaluations Objective value Norm of step
187 299 5.601412 × 109 3.720 × 100

188 300 5.601417 × 109 3.982 × 10−3

189 301 5.601430 × 109 5.053 × 10−4
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Table 10: Key performance indicators for the net present value distributions
of the robust optimization strategy and the reference strategy. All values are
in million [USD]. The optimized strategy outperforms the reference strategy
on all key performance indicators with the exception of the standard deviation.
The mean net present value is increased by 8.45%.

Strategy Worst
case

Mean Std 10th

percentile
90th

percentile
% mean
increase

Robust 4280.76 5571.89 558.45 4719.72 6152.44 8.47
Reference 3911.54 4998.26 483.70 4353.99 5597.47 -

Table 11: Optimization parameters for the robust optimization case study.

Description Symbol Value Unit
strategy RO - -
number of realizations nθ 10 -
simulation time t f 5400 [day]
number of control steps N 180 -
length of control steps ∆t 30 [day]
number of controlled wells nw 9 -
number of controls nu 1620 -
initial controls: uinit - -

injector 1 uinit,inj1 1.5 × 106 [m3/day]
injector 2-5 uinit,inj(2-5) 1.0 × 106 [m3/day]
producers uinit,prod 98.0 [bar]

lower bound on controls: umin - -
injectors umin,inj 0.01 [m3/day]
producers umin,prod 95.0 [bar]

upper bound on controls: umax - -
injectors umax,inj 2.0 × 106 [m3/day]
producers umax,prod 105.0 [bar]

fluid prices: rα - [US$/m3]
oil ro 283.04 [US$/m3]
gas rg 0.0036 [US$/m3]
water rw 62.90 [US$/m3]
gas injection rg,in j 0.036 [US$/m3]

algorithm interior point - -
max iterations maxit 400 -
max function evaluations maxfeval 1000 -
tolerance on optimality tolopt 10−6 -
tolerance on step size tol∆u 10−6 -

The gradient of the robust optimization objective func-
tion (13) is given by the mean of the net present value
gradients

∇ukψRO =
1
nθ

nθ∑

i=1

∇ukψ
i. (A.1)

The gradient of the variance optimization objective func-
tion (16) is given by

∇ukψσ2 =
2

nθ − 1

nθ∑

i=1

(
ψi − ψRO

)
∇ukψ

i. (A.2)

The gradient of the mean-variance objective function (15) is
given by the weighted sum of the robust gradient and the vari-
ance gradient

∇ukψMVO = λ∇ukψRO − (1 − λ)∇ukψσ2 . (A.3)

The gradient of the conditional value at risk objective func-

tion (17) is given by

∇ukψCVaRα =
1
nα

nα∑

i=1

∇ukψ
i. (A.4)
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Introduction to optimization-toolbox

A tutorial for downloading, installing and using the
optimization-toolbox

July 12, 2017
Alexander Hørsholt (s134600)

Steen Hørsholt

Abstract: This guide provides a step-by-step tutorial for implementing an open-
source module, which aims at extending the functionality of the existing optimiza-
tion tool provided in the article [1]. This guide provides a procedural installation
of the open-source optimization tool known as IPOPT in MatLab and Octave on
a machine operating on Linux and in MatLab on a machine running Windows.
Furthermore, an explanation on how to set up the provided code to work on the
intended machine running either OS is provided. Finally, a comparison betwe-

en fmincon (built-in MatLab), ipopt and sqp (built-in MatLab Octave) for this
particular scenario, demonstrates an effeciency in using Octaves sqp algorithm.
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1 Introduction
In [1] a toolbox for oil recovery optimization is presented using a state-of-the-art simula-
tor E300 (Schlumberger Eclipse) and optimizer fmincon available in MatLab. An exten-
sion to the blackbox optimizer fmincon is implemented using the open source optimiza-
tion routine ipopt to avoid using the commercial optimizer. In this guide a stepwise
procedure for installing the open source optimizer ipopt is presented on a Debian ba-
sed Linux operating system for the open-source enviroment Octave and the commercial
alternative MatLab. Furthermore, a demonstration of results using both the commercial
and opensource optimizer is presented in both Octave and MatLab.

2 Installing IPOPT & Octave 4.0.0
The following section is dedicated to describing the installation procedure of IPOPT
on UNIX/Linux systems. Compiling the IPOPT interface manually is suggested such
that the library is properly configured for the intended user, but for testing purposes a
precompiled IPOPT interface for both MatLab and Octave is included as a .zip file.

The installation of IPOPT is performed on a Debian-based Linux operating system to
with MatLab 2017a and Octave 4.0.0. Installing the IPOPT interfaces for MatLab on a
Windows operating system is captured in the guide 1. It is strictly necessary that Octa-
ve is version 4.0.0 as specified, since the libraries change between each version, and run-
ning the precompiled IPOPT library for Octave is not guaranteed to be possible if the
version is too far ahead or behind version 4.0.0.

2.1 Downloading and installing Octave 4.0.0
If Octave 4.0.0 is already present then this next line of steps is unecessary. These five
steps should download, configure and install Octave 4.0.0 without any problems directly
from the source folder.

1. Download the necessary system and development tools for configuring Octave-
4.0.0. Run this command in a system terminal as

1 sudo apt−get install g++ gcc gfortran make autoconf automake bison
...flex gperf gzip icoutils librsvg2−bin libtool perl rsync tar

If these packages are already present ignore this first step and continue.

1https://www.coin-or.org/Ipopt/documentation/node15.html
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2. Download the necessary system packages

1 sudo apt−get install libblas−dev liblapack−dev libpcre3−dev
...libarpack2−dev libcurl4−gnutls−dev epstool libfftw3−dev
...transfig libfltk1.3−dev libfontconfig1−dev libfreetype6−dev
...libgl2ps−dev libglpk−dev libreadline−dev gnuplot
...libgraphicsmagick++−dev libhdf5−serial−dev openjdk−7−jdk
...libsndfile1−dev llvm−dev lpr texinfo libgl1−mesa−dev
...libosmesa6−dev pstoedit portaudio19−dev libqhull−dev
...libqrupdate−dev libqscintilla2−dev libqt4−dev libqtcore4
...libqtwebkit4 libqt4−network libqtgui4 libsuitesparse−dev
...libxft−dev zlib1g−dev

which are used for making the Octave libraries.

3. Download and extract the source folder for later configuration and compilation.
Change the present working directory to a location for storing the source folder
e.g. cd /$OCTAVEDIR. Now download the Octave 4.0.0 source folder using wget -c
ftp://ftp.gnu.org/gnu/octave/octave-4.0.0.tar.gz. Unpack the tar file by
tar -xzf octave-4.0.0.tar.gz and change the present working directory to cd
octave-4.0.0.

4. Configure and make Octave-4.0.0 by running these three following commands in
the terminal

1 ./configure −−prefix=/opt/octave−4.0.0 CPPFLAGS=−I/usr/include/hdf5/
...serial LDFLAGS=−L/usr/lib/ \$(dpkg−architecture −qDEB\_HOST\
..._MULTIARCH)/hdf5/serial

continued by make and make check after each consecutive succes.

5. Finally, it is time to perform the actual installation, continue by the following
command sudo make install as super user.

After the installation is complete, if no errors occured, a compiled version 4.0.0 of octave
is available and is accessible by typing /opt/octave-4.0.0/bin/octave.

2.2 Downloading necessary system packages
Before the actual installation begins a number of tools must be available or downloa-
ded onto the intended machine. The necessary tools for installing the IPOPT libraries
are usually available on most Linux distributions. Even so the packages needed are the
following: wget, patch, unzip, subversion, pkg-config. These may be downloaded by
the apt-get functionality or with any other relevant package manager for the desired
distribution. Before proceeding make sure that these packages have been properly instal-
led on the system.

When the actual compilation of the IPOPT interface for MatLab (and Octave) becomes
relevant it is essential that the compilers supported by MatLab are used to compile the
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code. The supported compiler for MatLab 2017a may be found at 2, for different releases
simply change the release version in the url.

In this guide, IPOPT version 3.12.4 is compiled on Debian-based Linux operating sy-
stem ubuntu 16.04 LTS 64 bit, using a gcc 4.9.4 compiler supported for MatLab 2017a
and a gcc 5.4.0 compiler supported for GNU Octave 4.0.0. Note that the gcc 4.9.4 com-
piler is probably not standard on most distributions (atleast not Ubutu), so it will ha-
ve to me downloaded manually. This guide provides a thorough explanation for setting
up cross compilation with gcc 3. With a working MatLab 2017a and Octave-4.0.0 ver-
sion available as well as both the gcc version 4.9.4 and 5.4.0 configuring and making the
IPOPT library is now possible.

2.3 Configuring and making the IPOPT library
To begin with make sure that the 3.12.4 version of IPOPT is downloaded and unpack-
ed at a desired location on your system. A tarball (.tgz) may be downloaded from the
website directly at 4 and that all external thirdparty code is available in their correspon-
ding directories in the IPOPT folder $IPOPTDIR/ThirdParty/. The relevant thirdpar-
ty libraries are the following: Lapack, BLAS, HSL and Mumps. Each of these packages
may be downloaded by running ./get.$PACKAGE in the relevant folder $IPOPTDIR/ThirdParty/
$PACKAGE. HSL requires a manual download and may be obtained by request on their
website 5. Once acquired rename the thirdparty HSL to coinhsl and place it in the third-
party directory named $IPOPTDIR/ThirdParty/HSL.

If the previous steps have been executed correctly it is now possible to configure and do
the actual configuration of IPOPT. Create a folder $IPOPTDIR/build for building the
IPOPT library and redirect to it. Now depending on whether one wants to compile the
Matlab or Octave interface, it is necessary to specify the compatible compiler. The fol-
lowing stepwise procedure assumes that the target is configuring the MatLab interface.
As such one should specify the configuration shell script configure.sh to use the 4.9.4
compiler. When configuring the build directory for Octave, simply remove the compi-
ler flags CCX and CC and proceed similarly. Note that the directory containing the 4.9.4
gcc compiler may be different from the one shown in this installation and will have to be
changed accordingly. Continue by executing the following steps

1. Change the current directory to $IPOPTDIR/ThirdParty/Blas and run the com-
mand ./get.Blas which initiates the download of the Blas package. Repeat the
same process for the Lapack package located in $IPOPTDIR/ThirdParty/Lapack
by running ./get.Lapack.

2https://www.mathworks.com/content/dam/mathworks/mathworks-dot-com/support/sysreq/
files/SystemRequirements-Release2017a_SupportedCompilers.pdf

3http://www.tellurian.com.au/whitepapers/multiplegcc.php
4https://www.coin-or.org/download/source/Ipopt/Ipopt-3.12.4.tgz
5http://www.hsl.rl.ac.uk/
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2. Return to the build directory and run configure command as

1 ../configure −−with−pic −−disable−shared −−with−blas=BUILD −−with−
...lapack=BUILD CC=/usr/local/gcc/4.9.4/bin/gcc CXX=/usr/local/gcc
.../4.9.4/bin/g++

using the 4.9.4 compatible compiler for Matlab.

3. Once the configuration is complete continue by making the libraries with

1 make CC=/usr/local/gcc/4.9.4/bin/gcc CXX=/usr/local/gcc/4.9.4/bin/g++

4. Now run

1 make install CC=/usr/local/gcc/4.9.4/bin/gcc CXX=/usr/local/gcc/4.9.4/
...bin/g++

5. Finally, run make test and inspect if each test example succedes as expected.

If the following steps where completed with the correct compiler and without errors,
then the build directory has been configured and made succesfully and it is now possible
to compile both MatLab and Octave interface for the intended Linux distribution.

2.4 Compiling the MatLab interface
Precompiled MatLab interfaces are readily available for IPOPT at 6. In the following
it is shown how to compile the interface from scratch for the sake of completeness. Begin
by changing the present working directory to $IPOPTDIR/build/Ipopt/contrib/MatlabInterface
and run the makefile using the specific compiler flag as make CC=/usr/local/gcc/4.9.4/bin/gcc
CXX=/usr/local/gcc/4.9.4/bin/g++ or the appropriate path linking to the compiler.
This should produce a ipopt.mexa64 file and hopefully execute without error. When
this is done a fully functioning IPOPT interface for MatLab should be present in the di-
rectory. For the sake of testing a set of examples are located in the directory as well. To
be able to run these examples located in $IPOPTDIR/build/Ipopt/contrib/MatlabInterface
/examples make sure that the startup.m scripts adds the correct library path $IPOPTDIR/Ipopt/lib,
which contains the ipopt.mexa64 file and associated MatLab functions. If this is not
the case then either add the path manually or move the files to the example or desired
directory.

2.5 Compiling the Octave interface
In the following a stepwise procedure for compiling the Octave interface for IPOPT is
presented. Begin by creating a specific directory for storing the octave interface such
as $IPOPTDIR/build/contrib/OctaveInterface and copy the contents of the existing
MatLab interface $IPOPTDIR/build/contrib/MatLabInterface into the new directory.
To be able to compile the .mex file, which is Octave’s equivalent of MatLab’s .mexa64

6https://www.coin-or.org/download/binary/Ipopt/
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format, a package containing the necessary header files for this is required. This packa-
ge is not part of the standard library of packages and needs to be downloaded manual-
ly. This may be done using the apt-get package manager running the command sudo
apt-get install liboctave-dev. Once the package is succesfully downloaded and in-
stalled go to $IPOPTDIR/build/contrib/OctaveInterface/src and open the makefi-
le using your favorite text editor. Now change the makefile according to the following
steps:

1. Begin by commenting out MATLAB_HOME.

2. Make the following changes MEXSUFFIX = mex and MEX = mkoctfile to the exi-
sting enviromental variables.

3. Define a new enviroment variable MATLAB_INCLUDE = -I/<path-to-octave-header-files>
where the path to the Octave headers can be found. The header files are usually
located in usr/include/octave-4.0.0/octave, but this directory may be diffe-
rent depending on how the installation of Octave-4.0.0 was performed. The specific
header file needed is named mex.h.

4. Set MEXFLAGS = -v –mex $(LDLFLAGS) and comment out the remaining part.

5. Include the variable $(MATLAB_INCLUDE) in the .cpp MEX compilation statement,
such that the compiler links to the correct Octave headers during the compilation
of the interface.

With these configurations run the makefile and if the process is executed with no errors
then hopefully a functional Octave interface for IPOPT is present, which is identical to
the MatLab interface in all but the ipopt.mex file.

3 Configuring the optimization software for DTU’s systems
Figure 3 gives a full overview of the toolbox referenced in article [1]. An optimization
module has been added, which consists of a selection of both commercial and open sour-
ce optimizers that can be used as deemed fit. The simulator is left arbitrary, but as
mentioned previously, is in this context chosen as the Eclipse e300 simulator.
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A few steps are necessary to setup the optimization software on the intended machine.
The code provided enables the user of DTU’s HPC cluster to run the Eclipse simula-
tions in parallel on a multicore setup. However if Eclipse is available, it is also possible
to run on a single-core setup on the intended machine.

The following shows a step-by-step configuration for both Linux and Windows, the steps
for each OS are identical, however executing the steps are different.

Multi-core setup:

OpenVPN: If the intended machine is logged on a DTU network this step is unneces-
sary, however it allows for the connection to the DTU network from another source.
OpenVPN 7 allows for VPN connection to DTU’s systems, simply follow the instructions
for the Linux/Windows setup respectively.

Passwordless connection Linux: When a valid connection is established to the DTU
network, the next step is to setup a passwordless connection, such that the system does
not prompt the user for a password every time a simulation is queued. To do this fol-
low the steps provided in this guide 8. For the sake of completeness an example is listed
below for a user "johndoe", that wants to connect to the DTU system:

1. johndoe@pc:∼$ ssh-keygen -t rsa
This command creates a pair of authentication keys on the users machine.

2. johndoe@pc:∼$ ssh johndoe@login.gbar.dtu.dk mkdir -p .ssh
This command creates a directory for storing the authentication keys on the new
machine.

3. johndoe@pc:∼$ cat .ssh/id_rsa.pub | ssh johndoe@login.gbar.dtu.dk
’cat » .ssh/authorized_keys’
This command appends the authentication keys to the new machine, such that
passwordless connection is possible between the two machines.

Now it is possible to ssh to the address without password such as johndoe@pc:∼$ ssh
johndoe@login.gbar.dtu.dk.

Passwordless connection Windows: Establishing a passwordless connection from
a Windows machine to a Linux server demands a little more work and consists of mo-
re steps. The step-by-step guide in 9 provides a detailed explanation of how to setup a
passwordless connection to a remote Linux server such as DTU’s.

Mount drive: The simulation module in Figure 3 uses a set of reservoir realizations for
simulating the behaviour. The next step is to make sure, that this data is available for
Eclipse to use. Eclipse runs on the DTU servers and as such the data has to be present
on the servers. DTU users are allowed allocation of space on these servers, which can
be used. Begin by logging onto DTU’s server network either via a tinlinc cient or using

7https://itswiki.compute.dtu.dk/index.php/OpenVPN
8http://www.linuxproblem.org/art_9.html
9https://www.tecmint.com/ssh-passwordless-login-with-putty/
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ssh. Continue by creating a directory in which to store all the data (realizations of the
reservoirs), that are of interest to use. When the directory has been succesfully setup
on DTU’s servers the next step is to mount the drive onto the intended machine from
which the optimization should be running.
On a Linux machine this can be done by first downloading the package by typing sudo
apt-get install sshfs. While on a DTU network connection, typing the following
sshfs johndoe@transfer.gbar.dtu.dk: $MOUNTDIR maps the network drive to an exi-
sting empty folder $HOME/$MOUNTDIR in the $HOME directory. This is explained in more
detail at 10. On a windows machine it is possible to map a network drive following these
five steps 11

1. Open Computer by clicking the Start button and then clicking Computer.

2. Click Map Network Drive.

3. In the Drive list, click any available drive letter.

4. In the Folder box, type the path of the folder or computer, or select Browse to find
the folder or computer. To connect every time you log on to your PC, select the
Reconnect at sign-in .

5. Click Done

At this point the user should (a) have a valid DTU connection setup, (b) have mounted
an external drive pointing to an existing directory on the DTU thinlinc server contai-
ning the realizations and (c) have the necessary optimization code available. The final
step is now to manually configure the pathways inside the existing code to match the
paths on the intended machine. The following files require manual configuration and will
not run unless configured: defineBOModel.m, defineBOModelSINGLE.m, optimizeModel.m
and plinkToHPC.m. defineBOModel.m and defineBOModelSINGLE.m
both need to link to the mounted drive, containing the realizations, located as
$HOME/$MOUNTDIR/$CONCEPTRESDIR/conceptres, optimizeModel.m needs to link to the
function library located in $OPTDIR/v1-d18-08-2017/BOTH/function-lib-d14-08-2017
and plinkToHPC.m needs to link to the following directory
$OPTDIR/v1-d18-08-2017/BOTH/function-lib-d14-08-2017/puttyFromMatLab, which
contains the function.

If the scripts have been setup properly it is now possible to run the optimization stra-
tegy optimizeModel.m. To get an idea of the functionality available in the optimization
software, Table 1 displays the availability of IPOPT and built-in optimization routines
on different operating systems and in different programming enviroments.

4 Testing the optimization software
The following section provides a brief description of the IPOPT optimization module
and how it relates to a given simulator, which in this case is chosen as the Eclipse e300

10http://www.gbar.dtu.dk/faq/78-home-directory
11https://support.microsoft.com/da-dk/help/4026635/windows-map-a-network-drive
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IPOPT MatLab Octave Built-in Matlab Octave
Win X - Win X X
Linux X X Linux X X

Table 1: Availability of optimization routines on different operating systems (Ubuntu
16.04 LTS 64 bit and WINDOWS 10 enterprise 64 bit) and platforms.

simulator. As such, this section does not provide a presentation of the complete fun-
ctionality of IPOPT, but a documentation of the use of IPOPT in the context of the
oil recovery optimization problem. With this information the user should be able to re-
produce the results and to modify the code for further use if desired.

4.1 IPOPT options
A short description of the IPOPT options is available on 12, but for the sake of the re-
ader, a more in depth explanation of the options used in the testing is provided in the
following section. Table 2 details a list of the options being used for the test cases.

IPOPT option type

options.ipopt.max_iter int
options.ipopt.tol double
options.ipopt.hessian_approximation string
options.ipopt.limited_memory_update_type string
options.ipopt.mu_strategy: string
options.ipopt.constr_viol_tol double
options.ipopt.honor_original_bounds bool
options.ipopt.acceptable_obj_change_tol double
options.ipopt.acceptable_iter int
options.ipopt.print_level int
options.ipopt.print_frequency_iter int

Table 2: IPOPT options.

Termination criteria:

There are two levels of termination criteria. If the usual "desired" tolerances (see tol, du-
al_inf_tol etc) are satisfied at an iteration, the algorithm immediately terminates with
a success message. On the other hand, if the algorithm encounters "acceptable_iter" ma-
ny iterations in a row that are considered "acceptable", it will terminate before the desi-
red convergence tolerance is met. This is useful in cases where the algorithm might not
be able to achieve the "desired" level of accuracy.

options.ipopt.max_iter: Sets the maximal number of iterations for IPOPT to per-
form. If no other stopping criteria is met beforehand, IPOPT will terminate upon rea-
ching the specified maximal iteration.

12https://www.coin-or.org/Ipopt/documentation/node40.html
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options.ipopt.tol: Determines the accuracy to which IPOPT will solve the nonlinear
program. If the error of the nonlinear program is below the tolerance IPOPT will then
terminate upon reaching next iteration. The error is measured by the optimality error of
the barrier problem defined in equation (5)-(6) in [2].

options.ipopt.constr_viol_tol : Specificies the desired threshold for the constraint
violation. If the max norm of the constraint violation becomes less than the specified
threshold IPOPT terminates.

options.ipopt.acceptable_obj_change_tol: Fixes the minimal accepted relative
change in objective value. If the relative change in objective function scaled by max(1, |f(xn−1)|),
is less than the acceptable value then IPOPT then this part of the acceptable tolerance
termination is satisfied. For a full termination a number of other criteria on primal and
dual feasibility need to be satisfied for at least 15 (=acceptable_iter) iterations to make
IPOPT terminate.

options.ipopt.acceptable_tol : "Acceptable"convergence tolerance (relative). Deter-
mines which (scaled) overall optimality error is considered to be "acceptable."

options.ipopt.acceptable_iter: Sets the total number of acceptable iterations before
triggering termination of IPOPT. The number of acceptable iterations should be under-
stood as the number of sucessive "acceptable"iterates required for IPOPT to terminate.
If IPOPT reaches a number of acceptable iterates beyond the specified it terminates.

Strategies:

options.ipopt.hessian_approximation : Indicates what Hessian information is to be
used. This determines which kind of information for the Hessian of the Lagrangian fun-
ction is used by the algorithm. The default value assumes exact information of the He-
ssian. This is not always the case and as such two possible choices exist. These choices
are: ’exact’ and ’limited-memory’, which performs a quasi-Newton approximation to
the Hessian.

options.ipopt.limited_memory_update_type: Using a limited-memory approximation
of the Hessian one must also specify the update formula for the quasi-Newton approxi-
mation. The two possibilities is a ’bfgs’ or ’sr1’ update scheme.

options.ipopt.honor_original_bounds: Indicates whether final solution should be
projected into original bounds. IPOPT might relax the bounds during the optimiza-
tion. This option determines whether the optimal point should be projected back into
the user-provided riginal bounds after the optimization. The default value for this string
option is "yes". The other possible value is "no".
options.ipopt.mu_strategy: Sets the update strategy for the barrier parameter. The
default strategy for this option is monotone (Fiacco-McCormick strategy) and the other
possible strategy is adaptive.
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Output:

options.ipopt.print_level: Specifies the desired verbosity of IPOPT. The default
value of this option is ’5’.

options.ipopt.print_frequency_iter: Specifies the frequency of iterations output
from IPOPTe.g. for displaying verbosity or calling a supplied iteration function.

Verbosity:

The default output that IPOPT produces is shown in Figure 2. Each value displayed in
the output is thoroughly explained on the general IPOPT documentation page 13. Even
so, the following list includes some of the most relevant output and

• iter: The current iteration count. This includes regular iterations and iterations
during the restoration phase. If the algorithm is in the restoration phase, the letter
r’ will be appended to the iteration number.

• objective: The unscaled objective value at the current point. During the resto-
ration phase, this value remains the unscaled objective value for the original pro-
blem.

• ls: The number of backtracking line search steps (does not include second-order
correction steps).

Figure 2: Source: https://www.coin-or.org/Ipopt/documentation/node36.html

13https://www.coin-or.org/Ipopt/documentation/node36.html
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4.2 Example: Black oil model
In the following a concrete example is considered and used to demonstrate the results
achieved by using the different optimizers. A black oil model is used with geological and
petrophysical properties listed in Table 3. Eclipse (e300) is used to simulate the model,
while each of the following test cases uses a different optimizer. The following optimizers
used are built-in fmincon in MatLab, opensource ipopt in MatLab and built-in sqp in
Octave.

Table 3: 2-dimensional synthetic reservoir model; reservoir data.

description symbol value Metric
physical dimension (x, y, y) (800, 1000, 10) [m]
grid-cell dimension (∆x,∆y,∆z) (10, 10, 10) [m]
porosity, uniform φ 0.2 -
water compressibility cw 1.45e-5 [bar−1]
rock compressibility cr 4.35E-10 [bar−1]
capillary pressure Pc 0 [bar]
pore volume Vpore 1.6e6 [m3]
permeability range (kx, ky) [0, 1200] [mD]

Listing 1 displays the optimization setup including details about the wells, selected stra-
tegy and physical constraints. In this setup we do MVO (Mean-Variance Optimization)
with λ = 0.9, using a total of 6 injector wells, which are all controlled by injection rates
alone, and 6 producer wells. The reservoir is simulated over a period of 3600 days. Each
injector is bounded my a maximal injection rate and a rate om movement constraint.
The remaining details can be found in the aforementioned listing.

Listing 1: Optimization setup
1 modelname : con2Dhw
2 strategy : MVO
3 lambda : 0.900
4 simulation time : 3600 [day]
5 number of controls steps : 120
6 length of control steps : 30 [day]
7 number of controlled wells : 6
8 number of controls : 720
9 total bounds on injectors : 750

10 total bounds on producers :
11 tolerance controls : 1e−06
12 tolerance obj function : 1e−06
13 max number of iterations : 400
14 rate of movement constraint : 30.0
15 prices : 283.04 62.90 0.00 12.58
16 discount factor : 0.080
17 name : INJ1, controltype : WRAT, controlled : 1,
18 init control : 62.50, lb : 0.01, ub : 250.00
19 name : INJ2, controltype : WRAT, controlled : 1,
20 init control : 62.50, lb : 0.01, ub : 250.00
21 name : INJ3, controltype : WRAT, controlled : 1,
22 init control : 62.50, lb : 0.01, ub : 250.00
23 name : INJ4, controltype : WRAT, controlled : 1,
24 init control : 62.50, lb : 0.01, ub : 250.00
25 name : INJ5, controltype : WRAT, controlled : 1,
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26 init control : 62.50, lb : 0.01, ub : 250.00
27 name : INJ6, controltype : WRAT, controlled : 1,
28 init control : 62.50, lb : 0.01, ub : 250.00

The geological and petrophysical properties along with the reservoir setup is identical
for each test case. However, for each optimizer the different options used have been li-
sted. The settings are nearly identical, but due to the difference in methods, such as
comparing a sqp and interior point method, some specific choices of options might vary.
Figure 3 depicts such an arbitrary realization with a well placement of 6 injection and
production wells as mentioned.

Figure 3: A conceptual reservoir with production and injection wells located at each
side.
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4.3 Test case: fmincon

The options for fmincon in MatLab are listed in Table 4.

Options type val

Algorithm string ’interior-point’
HessianApproximation string ’bfgs’
HonorBounds bool ’true’
ObjectiveLimit double -1e.20
SubproblemAlgorithm string ’factorization’
ScaleProblem string ’none’
Display string ’iter-detailed’
MaxFunctionEvaluations double 1e4
MaxIterations int 400
OptimalityTolerance double 1e-6
StepTolerance double 1e-6

Table 4: Options for fmincon.

A plot summary captured in Figure 4, displays the output generated from the final ite-
ration in fmincon. Among these results is a profile of the optimal injector controls and
gradients along with the objective function values at each iteration. The most relevant
details are listed in Table 7 for comparison with the remaining two optimizers.
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Figure 4: Plot summary for fmincon.

4.4 Test case: ipopt

The options for ipopt in MatLab are listed in Table 5.

Options type val

Algorithm string ’sqp’
options.ipopt.tol double 1e-6
options.ipopt.hessian_approximation string ’bfgs’
options.ipopt.limited_memory_update_type string ’limited-memory’
options.ipopt.mu_strategy: string ’adaptive’
options.ipopt.constr_viol_tol double 1e-6
options.ipopt.honor_original_bounds bool ’yes’
options.ipopt.acceptable_obj_change_tol double 1e-1
options.ipopt.acceptable_iter int 1
options.ipopt.print_level int 5
options.ipopt.print_frequency_iter int 1

Table 5: Options for ipopt.

A plot summary captured in Figure 5, displays the output generated from the final ite-
ration in ipopt. Among these results is a profile of the optimal injector controls and
gradients along with the objective function values at each iteration. The most relevant
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details are listed in Table 7 for comparison with the remaining optimizer.
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Figure 5: Plot summary for ipopt.
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4.5 Test case: sqp

The options for sqp in Octave are listed in Table 6.

Options type val

algorithm char 400
options.sqp.maxit double 100
options.sqp.tol double 1e-3

Table 6: Options for sqp.

A plot summary captured in Figure 6, displays the output generated from the final ite-
ration in ipopt. Among these results is a profile of the optimal injector controls and
gradients along with the objective function values at each iteration. The most relevant
details are listed in Table 7 for comparison with the latter optimizers.
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Figure 6: Plot summary for sqp.

4.6 Results
Table 7 compares the results of the MVO using the three different optimizers. Inspecting
the table it becomes clear that overall the sqp algorithm performs better than both
ipopt and fmincon, which are both interior-point algorithms. The sqp optimizer reaches
a larger function value at a much faster time using fewer iterations than both ipopt and
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fmincon. Overall each optimizer terminated due to the stepsize criteria. As such for this
specific case is appears that the sqp algorithm proves to be the most efficient choice of
the three.

fval iter f-calls Termination criteria time
fmincon 16986030 66 137 stepsize ∆x 80882.85
ipopt 17321319 50 52 stepsize ∆x 32195.39
sqp 17461049 8 27 stepsize ∆x 8813.61

Table 7: Comparison of results.

Litteratur
[1] Steen Hørsholt John Bagterp Jørgensen, Nick Hamid. Oil production optimization

by combination of eclipse (e300) and matlab.

[2] Lorenz T. Biegler Andreas Wächter. On the implementation of an interior-point
filter line-search algorithm for large-scale nonlinear programming.
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I. RESOPT parameters

Table I.1: List of RESOPT model parameters. Because the nonlinear output constraints are imposed on
the optimal control problem as part of the objective function (see. Section 3.1.4, (3.14)) they are listed in
the model parameters.

Description symbol value
Choice of external simulator - -
Path to folder - -
Optimization case name "optimization_test" -
Input-deck name "test_model" -
Fluid-type "COMP, BO, TWOPHASE" -
Unit system "METRIC, FIELD" -
Time related parameters
Number of controlled time steps N N
Vector of control step lengths ∆tk, k = 1, . . . , N [day]
Well related parameters
Number of injector wells Ninj N0
Number of producer wells Nprod N0
Scaling parameters
Injector scaling vector Sinj,k, k = 1, . . . , Ninj N0
Producer scaling vector Sprod,k, k = 1, . . . , Nprod N0
Control related parameters
Controlled injector wells boolean vector
Controlled producer wells boolean vector
Control type injector wells "WWIR, GWIR" -
Control type producer wells "WBHP, WOPR, WWPR, WGPR, WLPR, SCSA" -
Initial control vector uinit -
Indices of active control intervals for
each controlled well

(idxconwell,start,idxconwell,end)

Objective function parameters
Objective function members "FOPT,FWPT,FGPT,FLPT,FWIT,FGIT, -

WOPT,WWPT,WGPT,WLPT,WWIT,WGIT"
Pricing profile rw, ro, rg , rw,inj, rg,inj USD/VOL
Discount rate (annual fraction) d
Indices of active control intervals for
each objective function member

(idxmember,start,idxmember,end)

Ensemble parameters
Number of realizations in the ensemble nθ N
Optimization strategy parameters
Optimization strategy: "SINGLE, RO, MVO, CVaR, CVaRO, LS"

Parameters related to strategy
"MVO, CVaRO" trade-off parameter, λ
"CVaR, CVaRO" percentage of lowest outcomes, α
"LS" Utopian point, ψ∗

Nonlinear output constraint parameters
Output constraints true/false

constraint type "quadratic, barrier"
constrained quantity "FOPR,FWPR,FGPR,FLPR,FWIR,FGIR, -

WOPR,WWPR,WGPR,WLPR,WWIT,WGIR"
bound on constrained quantity
constraint violation weight µ
indices of active time intervals for
each constrained quantity

(idxcq,start,idxcg,end)

HPC parameters
Run simulations on HPC true/false

number of available cores
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Table I.2: RESOPT optimization parameters.

Description Symbol Value Unit
Choice of external optimizer "fmincon, IPOPT, Knitro, NPSOL, SciPy" - -
Choice of optimization algorithm - - -
Max number of iterations maxit - -
Maximum number of function evaluations maxfeval - -
Tolerance on optimality tolopt - -
Tolerance on step size tol∆u - -
Constraint parameters
Bounds on controls:

lower bounds
injector wells lbinj
producer wells lbprod

upper bounds
injector wells ubinj
producer wells ubprod

Total bounds on controls:
total lower bound

injector wells lbtotal,inj
producer wells lbtotal,prod

total upper bound
injector wells ubtotal,inj
producer wells ubtotal,prod

Rate of movement constraints bl, bu
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Appendix J
Optimization strategy gradients

In this chapter we provide gradient expressions for the objective functions used as risk measures in
the optimization strategies discussed in section 3.2.3. All gradients are computed as combinations
of the individual net present value gradient ensemble members

{∇uψi}nθi=1. (J.1)

J.0.1 Robust optimization strategy

The objective for the robust optimization problem (3.30) is

ψRO = 1
nθ

nθ∑
i=1

ψi. (J.2)

The gradient, ∇ukψRO for the k′th time step, k ∈ N , is

∇ukψRO = 1
nθ

nθ∑
i=1
∇ukψiRO. (J.3)

J.0.2 Mean-variance optimization strategy

The objective for the mean-variance optimization problem (3.31) is

ψMVO = λψRO − (1− λ)ψσ2 , (J.4)

The gradient, ∇ukψMVO for the k′th time step, k ∈ N , is

∇ukψMVO = λ∇ukψRO − (1− λ)∇ukψσ2 , (J.5)

where ∇ukψRO is given in (J.3) and ψσ2 is the sample estimated variance given in equation (3.31c).
∇ukψσ2 is given by

∇ukψσ2 = 1
nθ − 1

nθ∑
i=1
∇uk

(
ψi − ψRO

)2
= 2
nθ − 1

nθ∑
i=1

[(
ψi − ψRO

) (
∇ukψi −∇ukψRO

)]
. (J.6)

However, to compute the gradient efficiently we rewrite (J.6) as

∇ukψσ2 = 2
nθ − 1

(
nθ∑
i=1

[(
ψi − ψRO

)
∇ukψi

]
−

nθ∑
i=1

[(
ψi − ψRO

)
∇ukψRO

])
, (J.7)
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J. Optimization strategy gradients

and expand the last term
nθ∑
i=1

[(
ψi − ψRO

)
∇ukψRO

]
=
(

nθ∑
i=1

ψi − nθψRO
)
∇ukψRO,

(J.8)

to se that
nθ∑
i=1

ψi − nθψRO = 0. (J.9)

Hence, the gradient of the variance is most effectively computed as

∇ukψσ2 = 2
nθ − 1

nθ∑
i=1

(
ψi − ψRO

)
∇ukψi. (J.10)

J.0.3 Conditional value at risk optimization strategy

The objective for the conditional value at risk optimization problem (3.33) is

ψCV aRα = 1
nα

nα∑
i=1

ψ̃i. (J.11)

Although the conditional value at risk objective is not differentiable with respect to the operating
profile u, we can from a practical point of view use the expression

∇ukψCV aRα = 1
nα

nα∑
i=1
∇uk ψ̃i, k ∈ N . (J.12)

J.0.4 Mean-conditional value at risk optimization strategy

The objective function for the mean-conditional value at risk optimization problem (3.30b) is

ψCV aROα = λψRO + (1− λ)ψCV aRα , (J.13)

The gradient, ∇ukψRO for the k′th time step, k ∈ N , is

∇ukψCV aROα = λ∇ukψRO + (1− λ)∇ukψCV aRα , (J.14)

where ∇ukψRO is given by (J.3) and ∇ukψCV aRα is given by (J.12).

J.0.5 Least squares optimization strategy

The objective function for the least squares optimization problem (3.43) is

ψLS = 1
2

l∑
i=1

(
ψi
(
u;x0, {θi}nθi=1

)
− ψ∗i

)2
. (J.15)

The gradient, ∇ukψLS for the k′th time step is

∇ukψLS =
l∑
i=1

[(
ψi
(
u;x0, {θi}nθi=1

)
− ψ∗i

)
∇ukψi

(
u;x0, {θi}nθi=1

)]
. (J.16)

In the specific case where the least squares approach is applied to the mean-variance optimization
problem (3.31), the gradient becomes

∇ukψLS = (ψRO − ψ∗RO)∇ukψRO + (ψσ2 − ψ∗σ2)∇ukψσ2 , k ∈ N ., (J.17)

where ∇ukψRO and ∇ukψσ2 are given in (J.3) and (J.10) respectively.
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