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Abstract

Dense suspensions of model hard-sphere (HS)-like colloids, with different particle sizes, are examined experimentally near and in the glass
state, under shear and extensional rheology. Under steady shear flow, we detect both continuous and discontinuous shear thickening (DST)
above a critical shear rate (or shear stress), depending on the particle size and volume fraction. Start-up shear experiments show stress
overshoots in the vicinity of the onset of DST indicative of microscopic structural changes, while the sample macroscopically shows dilatancy
effects. Measurement of shear and normal stresses together with direct video imaging of the sample probes the appearance of the positive first
normal stress difference, N1, at the onset of shear thickening at high shear rates and glassy states. This is followed by dilatancy effects
accompanied by large fluctuations of shear and normal stress and stick-slip phenomena. Similarly, under extensional flow probed by capillary
breakup and filament stretching setups, we find liquidlike response for low strain rates, while above a critical strain rate, the samples exhibit a
solidlike behavior where thickening is accompanied by a macroscopic dilatancy and granulation. Monitoring the filament thinning processes
under different conditions (volume fractions and strain rates), we have created a state diagram where all responses of a HS suspension (liquidlike,
shear thinning, shear thickening, and dilatant) are shown. We, finally, compare the shear thickening response of these HS-like suspensions and
glasses in shear with that in the extensional flow. © 2020 The Society of Rheology. https://doi.org/10.1122/1.5143653

I. INTRODUCTION

Concentrated colloidal suspensions often show an increase
in the shear viscosity, beyond a critical shear rate, a phenom-
enon that is known as shear-thickening. Such a behavior has
been observed in a wide variety of suspensions [1,2] and can
often cause damage in industrial processes by breaking
pumps and damaging valuable processing equipment.
Understanding and controlling shear-thickening behavior is
important, not only in the design of industrial processes, but
also on a wide range of innovative applications such as bullet
proof body armor [3], impact protective sandwich structures
[4], damping devices [5,6], and driving fluids for enhanced
oil recovery [7]. Despite the importance of such a phenome-
non, the mechanism behind the shear thickening of concen-
trated colloidal suspensions still under debate.

Different mechanisms have been proposed to explain
aspects of shear-thickening over the years. The first attempt
to understand the relevant microstructural rearrangements
came from Hoffman [8–10], who observed that polymer
particles formed layers and moved across each other at low
shear rates, causing shear thinning, whereas at higher shear

rates, a disordered regime was related with shear-thickening.
However, later, it was shown that shear-thickening can occur
without necessarily an order-disorder transition taking place
[11,12] suggesting that such microstructural reorganization is
not a prerequisite.

Brady and Bossis [13] introduced the hydrocluster mecha-
nism. They suggested the formation of hydroclusters, tempo-
rary stress bearing aggregates of particles, that form as a result
of short-range hydrodynamic forces and overcome the repul-
sive forces between particles during shear. Experimentally,
this mechanism has been probed by rheo-optical measure-
ments [14–16], neutron scattering [17–20], and by confocal
microscopy [21]. This mechanism is being demonstrated to be
responsible for the continuous shear thickening (CST), where
viscosity increases gradually [13,22,23], in Brownian suspen-
sions of moderate volume fractions [21,24]. However, this
mechanism alone does not seem to predict quantitatively the
discontinuous shear thickening (DST) observed experimen-
tally, which is related to the abrupt, step rise of viscosity with
the increasing shear rate.

More recently, frictional contacts have been introduced as
a key underlying mechanism in DST of noncolloidal suspen-
sions [25–28] that is expressed in extreme cases by dilation
[29–32]. These studies suggest that when the applied shear
stress overcomes the lubrication film, a contact between parti-
cles takes place enabling local friction between particle
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surfaces to develop. These frictional contacts produce shear
stress proportional to normal stress, leading to a dramatic
increase in the measured shear stress, which coincides with
shear-thickening. Moreover, at sufficiently high volume
fractions, particle crowding and jamming [33–36] promote
frictional contacts and then dilation forces that push against
boundaries, usually at a liquid-air interface, are introduced.
This mechanism was able to predict the DST; however,
most of the experimental data have been performed on
non-Brownian suspensions.

Theoretical models also suggest that while DST in jammed
states results in flow cessation, for concentrated suspension
below the glass transition, DST is related with shear rate hys-
teresis, where a shear thickened system still flows under shear
[37]. A recent experiment focused on separating the contribu-
tions from hydrodynamic interactions and contact forces using
shear-reversal techniques [38] and compared viscosity behav-
ior to friction-based models [39], or used topographically
rough particles to evaluate friction effects on shear-thickening
[40]. The signature difference between friction and lubrication
forces is the stress anisotropy originating from the shear-
induced microstructure involved in these two types of
mechanisms [40,41]. This anisotropy is reflected in the first
normal stress difference N1 as it was shown by simulations
based on hydrodynamics interactions showing shear-induced
distortions and short ranged lubrications forces lead to N1 < 0
[22,24,42,43]. It was also demonstrated that the sign of N1

does not change with repulsive interactions or elastic deforma-
tions [36,41,44]. On the other hand, positive normal stress
have been related to dilatancy, as a feature of dense and fric-
tional granular materials [31,45]. It is important to refer that,
in these works, dilatancy is a direct physical consequence of
an outward-pushing force (positive normal stress), rather than
first normal stress difference N1 [46,47]. At high volume frac-
tions, contact forces lead to dilation (N1 > 0), due to the anisot-
ropy of the force chain network [48], as it occurs in granular
systems [49]. Due to the experimental difficulty, studies pro-
viding accurate N1 values in shear thickening suspensions are
limited, with most experiments showing N1 < 0 [50–53], with
the exception of experiments with rough particles [33].
Recently, it was demonstrated that, at moderate volume frac-
tions, negative contributions of N1 from lubrication forces can
hide positive frictional contributions, but at significant high
volume fractions and stresses, frictional interactions become
dominant causing positive N1 [41,54].

As stated above, measuring the first normal stress
difference can provide valuable information of the micro-
macrorelationship; moreover, by subjecting a shear-
thickening suspension to varying types of flow deformations,
it is possible to access the dynamics and physics of the
suspension. In this context, extensional flows are also very
important to colloidal suspensions. Although concentrated
colloidal suspensions have attracted considerable attention in
shear flows, the studies in extensional flows are still limited.

An extensional flow usually enhances the nonlinear
behavior and exhibits dynamics and structural changes differ-
ent from the shear flow [47]. Extensional flows are of great
interest because many industrially relevant processes, such
as agro-chemical spraying, enhanced oil recovery, coating

flows, fiber spinning, and food processing, are dominated by
the fluids’ extensional properties [7,55,56]. White et al. [57]
investigated the extensional rheology of corn starch in water
suspensions using a home-built filament stretching exten-
sional rheometer (FiSER) and capillary breakup extensional
rheometer (CaBER), to study the mechanism of strain
hardening. A strong extensional hardening behavior, which
means an increase in the extensional viscosity with strain rate,
was observed beyond a critical extension rate, which was
related to the aggregation of particle clusters. Chellamuth et al.
[58] studied the extensional rheology of dispersion of fumed
silica particles suspended in polypropylene glycol with low
molecular weight using a FiSER setup combined with light
scattering measurements to elucidate the microstructure evolu-
tion during flow. Beyond a critical extensional rate, a dramatic
increase in the strain-hardening effect was observed, similar to
the shear thickening transition observed under shear, however
with a higher magnitude and at reduced critical deformation
rates. Light scattering measurements showed that the exten-
sional hardening was due to the alignment of nanoparticles
and the formation of large aggregates in the flow direction.
These were the first direct observations of hydrodynamically
induced clustering in the extensional flow. Smith et al. [59]
analyzed the flow behavior of concentrated suspensions of
nearly hard-sphere (HS) colloids under extensional flow with
a single particle size at different volume fractions. They
showed that, above a critical extension rate, the suspension
jams and dilates, by expanding its volume, exhibiting dramatic
granulation as demonstrated by a macroscopic lumpiness and
rough surface appearance, followed by a solidlike break up
behavior. Besides the above studies until now, there is a lack
of information that relates the particle size in concentrated col-
loidal HS suspensions with the strain hardening and conse-
quent dilatancy behavior in extensional flow, and its direct
comparison with thickening under shear flow.

In this work, we present a comparison of the rheological
behavior of concentrated colloidal dispersions under shear
and extensional flow, using model nearly HS particles of dif-
ferent sizes and volume fractions in the concentrated and
glassy states. To understand the underlying mechanism gov-
erning the flow response of these suspensions, a complete
rheological characterization is necessary together with an
investigation of the relation of their microscale and macro-
scale behavior under different flow conditions. Toward this
goal, we study the rheological response of model nearly HS
colloids of three different sizes all at the colloidal scale (i.e.,
where Brownian motion is dominant at rest), under shear and
extensional flow. Depending on the particle size and rate of
deformation, different behaviors were observed. The combi-
nation of the information provided by both types of flow
allows a comprehensive characterization of the system, pro-
viding insights into the mechanism related with shear-
thickening. Our work here complements recent studies on
shear thickening by addressing how ideas of dilatancy, which
were mostly developed for noncolloidal particles, apply to
colloidal suspensions, and presents an example where an
interplay between hydrodynamic lubrication related negative
N1 and presumably friction induced positive N1 and dilatancy
effects takes place in shear experiments. We further relate
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such a shear thickening response with its corresponding find-
ings in extensional rheometry.

II. EXPERIMENTAL SECTION

A. Samples

Colloidal glasses containing nearly HS particles with sizes
approximately R≈ 689, 405, and 137 nm and polydispersity
ranging from 7% to 10%, were prepared. Particles are made
of polymethyl methacrylate (PMMA) sterically stabilized by
a thin grafted layer (≈10 nm) of poly-12-hydroxystearic acid
(PHSA) chains inducing steric repulsion that stabilizes them
against van der Waals attractions creating an almost ideal HS
interaction. PMMA particles (density ≈ 1180 kg/m3) were
dispersed in squalene (viscosity = 0.015 Pa s), a nonvolatile
solvent with a refractive index of 1.494, very similar PMMA,
therefore minimizing any residual van der Waals attractions
[60]. The surface tension and density of squalene are
29.2 mN/m and 848 kg/m3 at 25 °C, respectively. The largest
particles (R≈ 689 nm) were used in the glassy (w≈ 0.60) and
in the supercooled regime (w≈ 0.56), as well as the particles
of R≈ 137 nm, while the particles of R≈ 405 nm were used
only for measurements in the glassy regime (w≈ 0.60).
These volume fractions were chosen with the aim to investi-
gate the shear thickening behavior in the glassy regime,
where the onset is detected at lower stresses and shear rates
[2,16,61]. The bare Brownian time defined as tB ¼
6πηsR

3/kBT was used in the nondimensional shear rate, Pe ¼
_γtB that quantifies the interplay between Brownian motion
and shear, and similarly in the nondimensional extension
rate, Peext ¼ _εtB. The Brownian times for the particles with
radii 689 nm, 405 nm, and 137 nm are 22.87 s, 4.645 s, and
0.0179 s, respectively.

B. Shear rheology

A cone and plate geometry attached to an Anton Paar
MCR 501 rheometer was used for the shear experiments.
More specifically, we used a glass cone with a diameter
2r = 40 mm, angle = 1.967°, and truncation gap = 176 μm.
The temperature was fixed at 20 °C with a Peltier based ther-
mostat. Dynamic frequency sweep experiments together with
flow curves provide a complete characterization of the rheo-
logical behavior of the samples. Start-up shear measurements
at a fixed shear rate were performed to follow the transient
response. All tests were conducted after shear rejuvenation at
_γ ¼ 0:5 s�1 for 300 s followed by a waiting time of 200 s. In
addition, a high-speed Basler camera was used to visualize
the edge effects during shear experiments to relate shear
thickening with dilatancy and edge fracture effects. Images
were recorded every 100 ms for a specific amount time
depending on the duration of the shear experiment.

The first normal stress difference N1 ¼ σxx � σyy, where
σxx is the stress acting normal to the shear plane and σyy is
the stress acting normal to the shear gradient plane, extracted
from the axial force measured by the transducer, 2Fy

¼ N1πr2 [46,47]. However, the above holds under certain
conditions including that, in spherical coordinates, the veloci-
ties in the radial and θ directions are zero (in addition to the

cone angle being small and the liquid boundary spherical).
Hence, while these conditions can be assumed true in the
shear thinning regime, they break down when the sample
dilates. Thus, to avoid any confusion, we clarify that N1 docu-
mented here can be considered as the first normal stress differ-
ence only up to the point where these conditions hold, i.e.,
before dilatancy sets in, while when dilatancy is present, it rep-
resents the normal (axial) force, FN, per unit area or normal
stress, σN . The reported values of the shear and normal stress
were determined during transient measurements, in conjunc-
tion with direct imaging of the sample, at a time before dilata-
tion and edge instabilities set-in (see Figs. 6 and 7).

C. Extensional rheology

The rheological characterization of these concentrated
colloidal suspensions under extensional flow conditions was
performed at 23 °C by means of both extensional rheometers
available in the market for characterizing the extensional
properties of complex liquids [56], i.e., the capillary breakup
extensional rheometer (Haake CaBER-1) and the filament
stretching rheometer (FSR) (VADER 1000 by Rheofilament).

In the CaBER experiments, an extensional step-strain is
imposed, and the filament, subsequently, thins exclusively
under the influence of capillary forces. The extensional strain
rate is the result of a balance between the interfacial tension
and extensional properties of the liquid. In the CaBER
device, a laser micrometer uniquely measures the time evolu-
tion of the diameter of the thinning filament at the midplane,
Dmid(t), which ideally coincides with the minimum diameter,
Dmin(t), and from which the strain rate at a specific time,
_ε ¼ (dε/dt) ¼ �[(2/Dmin(t))(dDmin(t)/dt)], and the apparent
extensional viscosity, ηEapp ¼ �[σ/(dDmin(t))/dt], can be cal-
culated from [62], using the surface tension, σ. However, as
it has been already reported before [63–66] that the shape of
the filament depends on the interplay between the rheological
response of the complex fluids and the test conditions.
Therefore, the minimum diameter can be out of the midplane.
It is then required to use a high-speed camera to monitor the
filament thinning dynamics after a rapid extensional defor-
mation. A digital post-processing image analysis in MATLAB

allows in this way to determine Dmin(t). The experimental
setup was similar to the one in Campo-Deaño and Clasen
[64], in the sense that the filament thinning processes
were recorded by means of a high-speed video camera
(Photron FASTCAM Mini UX100) recording up to 5000 fps
(1280 × 1024 square pixel) with an average image resolution
of ≈5 μm per pixel, in substitution of the laser detector. It is
important to highlight that no SRM (slow retraction method)
was imposed in the CaBER experiments. The configuration
used in our work, however, did not allow recording the
filament dynamics simultaneously with the laser-based mea-
surement. Thus, we performed independent experiments
determining Dmid both with the laser and with camera assis-
ted configurations. In Fig. 1(a), we show that the midplane
diameter and the minimum diameter do not actually coincide
when the sample thickens under the extensional flow,
leading to inaccurate measurements when the determination
of Dmid is performed just with the laser assisted setup.
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For this reason, hereafter only Dmin measured with the
camera will be presented in the following figures.

It is known that low values for the initial aspect ratio
(Λ0 ¼ 2h0/D0), where h0 is the initial distance between the
end-plates and D0 is the initial sample diameter, promote inho-
mogeneity during the extensional flow, as the radial velocity
fluctuations dominate fluid motion in the filament generating
shear flow near the endplates. During the early stages of the
experiment, this is proportional to _ε/Λ2

0 [57,67]. Nevertheless,
due to the low surface tension of the sample, we were forced
to impose Λ0 ¼ 0:75, since the initial gap must be smaller
than the capillary length (h0 �

ffiffiffiffiffiffiffiffiffiffi
σ/ρg

p
), where σ is the surface

tension, ρ is the density, and g is the gravitational acceleration,
in order to hold the sample between the plates and run the
experiments [63].

Thus, the time evolution of Dmin obtained from the
CaBER has two zones. The first one, with negative times
(from −ts to 0, where ts is the streak time), corresponding to
the stretching zone, in which the top endplate has to reach to
the final height (hf ) and during which the fluid flow is not
purely elongational, but with an important shear contribution.
The strain rate imposed to the sample is, therefore, defined as
_ε0 ¼ (hf � h0)/h0ts (see Table I). The second zone, at posi-
tive times (t > 0), is where the capillary forces thinning the
filament are counterbalanced by the microstructural forces of
the sample until it breaks up. In this study, the total time to
break the filament (tbr) is considered from the moment in
which the top plate starts to move until the sample is not
bridging the plates anymore.

The FSR imposes a velocity on the upper plate in order to
induce the uniaxial extensional flow [Fig. 1(b)]. The tempo-
ral evolution of the tensile force, F(t), exerted by the fluid
column on the bottom plate and on the filament radius at the
axial midplane, Dmin(t), are measured by a load cell and a

laser based micrometer, respectively, and are used to
compute the transient extensional viscosity [68].

The time evolution of the uniaxial extensional stress was
measured in the FSR for each sample. The samples were
loaded between the two plates with a diameter of 9 mm.
The height of the samples was around 1.75mm (Λ0 ¼ 0:389).
This initial aspect ratio introduces an important shear compo-
nent in the flow at early stages of the stretching, as it was
noted before. Unlike the CaBER, the FSR allows us to
perform a two-step stretching protocol. According to White
et al. [57], this protocol is similar to applying a preshear step
in shear experiments on a rotational rheometer in order to
erase preshear history (rejuvenation) of the sample. Here, an
initial stretch at extension rate well below the onset of exten-
sional thickening is applied, followed by a second stretch
much faster until the filament breaks up. The first step thus
aims to minimize the shear effects on the second step, which
is the actual experimental measurement.

FIG. 1. (a) Time evolution of the stretched filament diameter in a CaBER experiment. Comparison between Dmid(t) obtained with laser (light blue symbols)
and Dmin(t) obtained from the analysis of the images recorded with a high-speed camera (dark blue symbols) as a function of time during a capillary breakup
extensional rheology measurement (sample with HS particles of R≈ 405 nm at strain rate _ε0 ¼ 1 s�1). (b) Images from FiSER setup with a HS glass of particles
with R≈ 689 nm during stretching at a low strain rate, 0.1 s−1, showing a liquidlike behavior (left) and a high strain rate, 1.0 s−1, showing solidlike behavior
(right).

TABLE I. Experimental conditions imposed in the linear stretching profile
imposed in the CaBER experiments.

h0 (mm) hf (mm) ts (s) _ε0 (s
−1)

1.5 4.450 19.66 0.10
7.866 0.25
3.933 0.50
1.966 1.00
0.988 1.99
0.655 3.00
0.393 5.00
0.039 50.4

19.64 0.096 126
0.020 605
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The Hencky strain and the strain rate are calculated for the
FSR setup as ε(t) ¼ �2 ln(Dmid(t)/D0) and _ε ¼ dε/dt. To
ensure a constant strain rate, the mid-diameter is required to
decrease exponentially with time during stretching. A close
loop control scheme which consists of a feed-forward and a
feedback loop [69,70] is employed in the FSR to ensure
accurate constant stretch rates. The close loop control scheme
is limited by a maximum stretch rate of 5 s−1. For the rates
faster than this, an open loop control scheme that switches
off the feedback contribution has to be used. In the latter
case, the feed-forward control parameters, which define the
velocity of the top plate, were obtained by trial-and-error
until the midplane diameter decreases exponentially with
time [71]. Finally, it is important to refer that in both exten-
sional rheometers, CaBER and FSR, the fluid sample was
always pinned to the edges of the plates.

III. RESULTS AND DISCUSSION

A. Shear rheology

1. Linear viscoelasticity—flow curves

The linear viscoelastic response of colloidal suspensions
with similar volume fractions and different particle sizes is
presented in Fig. 2. To allow a direct comparison of different
systems the elastic and viscous moduli, G0 and G00, are nor-
malized by thermal energy density, and the frequency is mul-
tiplied by the Brownian time, Peω ¼ ωtB ¼ ω6πηsR

3/kBT .
The two smaller particle size samples with w≈ 0.6 (in the
glass regime) show frequency dependent moduli with a solid-
like behavior, where G0 dominates over G00 at a low Pe, indic-
ative of the kinetically trapped particles within a cage formed
by their neighbors. At high frequencies, G0 and G00 approach
each other at a characteristic crossover frequency and exhibit
a liquidlike behavior with G00 >G0 at higher frequencies, a
response related with local in-cage particle diffusion. For the
larger particle size (R≈ 689 nm) samples, the high frequency
regime liquidlike response due to in-cage motion is seen

better (as Peω extends to higher values) both in the glass
sample (w≈ 0.6) and the supercooled liquid (w≈ 0.56).

Figure 3(a) shows flow curves for the same systems where
the viscosity was measured as a function of shear rate at

FIG. 3. Flow curves for all samples measured with different particle sizes and
volume fractions as indicated (a) transient viscosity plotted as a function of shear
rate, (b) plotted as a function of dimensionless Pe, and (c) as a function of scaled
stress. The solid line of slope of 1 indicates the expected dependence for DST.

FIG. 2. Dynamic frequency sweeps for different particle sizes as indicated in
squalene. Solid symbols represent the elastic moduli, G0, and open symbols
the viscous moduli, G00, both scaled by kBT/R3 versus scale frequency Peω.
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transient following step-rate experiments as explained above.
With the exemption of the smaller particle (R≈ 137 nm), all
samples show a sharp increase in the viscosity at a critical
shear rate, indicating a DST behavior. The critical shear rate
for the onset of DST decreases with increasing particle size
as expected [61,72]. With the aim to scale out the effect of
particle size, the data are also plotted versus the dimension-
less shear rate, i.e., Pe in Fig. 3(b). More specifically, we
detect the onset shear rate of DST at around 0.6 s−1 and 3 s−1

for particles with R≈ 689 nm and R≈ 405 nm, respectively,
which correspond to similar values of Pe (≈13.72 and 13.94,
respectively) for the glassy samples of the two larger parti-
cles at w≈ 0.6. This finding suggests that, at the same
volume fraction, a critical Pe needs to be exceeded for DST
to take place. Note that the sample with the smaller PMMA
particles (R≈ 137nm), at the same volume fraction (w≈ 0.6),
does not show any DST as this critical Pe (of the order of
10) has not been reached [see Fig. 3(b)]. This is similar to
what is observed in Fig. 2, where for the smaller particle size
sample data do not reach the high frequency regime. The crit-
ical shear rate for the onset of DST is increasing with
decreasing volume fraction as demonstrated by the measure-
ment with the largest particles at w≈ 0.56, just below the
glass transition. The viscosity is finally plotted in Fig. 3(c),
as a function of the scaled stress, σR3/kBT, for all different
particle sizes and volume fractions. In the shear thickening
regime, the viscosity scales almost linearly with the stress
indicative of a DST response. Moreover, the onset dimen-
sional shear stress appears to be the same for all samples sug-
gesting that this is the determining quantity as a consequence
of osmotic pressure being the dominant interparticle force
before shear thickening [73].

2. Normal stresses

The first normal stress difference N1 measured together
with the shear stress shown in the flow curves of Fig. 3, is
plotted in Figs. 4(a) and 4(b), as a function of shear rate and
Pe, respectively, similarly with the representation of shear
stress in Fig. 3. As mentioned, in Sec. II B, for samples

where strong shear thickening and dilatancy effects are
observed, the transient N1 data shown in Fig. 4 (as well as
viscosity data of Fig. 3) were determined before the onset of
dilatation (see Figs. 6 and 7). For all samples up to the criti-
cal shear rate where shear-thickening phenomena set-in, we
observe N1 ≈ 0 Pa, suggesting relatively weak structural
changes, as it was seen in Fig. 3 and discussed above. For
the two larger particles (R = 689 nm and R = 405 nm) at the
higher volume fraction (w = 0.6) measured, N1 increases sud-
denly around the critical shear rate where shear thickening is
observed, following the behavior of the shear stress (Fig. 3).
For the larger particles (R = 689 nm) at lowest volume frac-
tion though (w = 0.56), N1 starts acquiring negative values at
rates much lower (around 1 s−1) that the onset of shear thick-
ening (10 s−1) and keeps decreasing significantly well in the
shear thickening regime.

3. Transient response (start-up shear)

Figure 5 presents the measured stress versus strain during
start-up shear tests at different shear rates for all three
samples. For the samples presented in Figs. 3(a) and 3(b), we
can observe a pronounced stress overshoot at high shear
rates. In general, in colloidal suspensions and glasses the
stress overshoot is related to structural deformation of the
first neighbor cage as stress is stored during an initial defor-
mation stage and then a release upon cage breakage and flow
[74,75]. This takes place at strains that can be identified as
the yield strain which for HS glasses is of the order of 10%,
with a weak nonmonotonic volume fraction dependence and
a decrease towards zero at random close packing. In the
experiments however shown in Fig. 5 the stress overshoot is
detected at much larger strains (of the order of 100%) indi-
cating that they are of a different origin and not related with
yielding but rather with larger length-scale rearrangements.
As this take place only for systems and shear rates only
where shear thickening is observed (Figs. 3 and 4), they must
reflect the onset of such phenomena during start-up shear.
Moreover, they appear rather complex with the second peak
observed after the first. Note that the second peak seems to

FIG. 4. (a) First normal stress difference, N1, as a function of shear rate for all samples measured as indicated. (b) The same data as in (a) plotted versus the
dimensionless shear rate, Pe.
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be related with flow instabilities, as it will be discussed below
in Sec. III A 4. The onset shear rate for the overshoot observa-
tion is similar with the critical shear rate, where the shear vis-
cosity exhibits a sharp increase, i.e., the onset of DST (Fig. 3).
Moreover, the sample with the smallest particles [Fig. 5(c)]
does not exhibit any such stress overshoot, in agreement with
observations in Fig. 2(b) where shear thickening is absent for
this sample in the experimental shear rate window.

The normal stress σN is shown in Fig. 6 during transient
start-up shear experiments for the sample with the two larger
particles at w≈ 0.6 [corresponding to stress data shown in
Figs. 5(a) and 5(b)]. For shear rates below the onset of DST,
σN remains constant and nearly zero. As the shear rate is

increased and approaches the vicinity of shear thickening,
however, we observe the development of a negative σN at
high strain values (Fig. 4), with a minimum near the second
stress overshoot and a subsequent increase toward zero at
higher strains. This behavior observed for _γ ¼ 0:7 and 1 s�1

for particles with R≈ 689 nm and _γ ¼ 3 s�1 for particles
with R≈ 405 nm. The negative σN values indicate that contri-
butions from lubrications forces become dominant as
detected in previous studies [50,51]. Therefore, under such
conditions, particle collisions may lead to aggregates as a
result of short-range hydrodynamic forces, overcoming due
to the shear flow of the repulsive forces between particles
and consequently the lubrication film.

At the highest shear rates measured however, for both par-
ticles shown in Fig. 6, we detect first an increase in σN to
positive values in the vicinity of the first stress overshoot and
subsequently a drop to negative values around strains where
the second stress overshoot is detected, as seen at lower shear
rates. The transition from σN . 0, observed during start-up
shear at high rates around the first stress overshoot which is
due to shear thickening and underlying frictional interactions
between particles [54] around the first stress overshoot, to
σN , 0 at higher strains around and beyond the second stress
overshoot is an artifact due to dilatancy accompanied stick-
slip behavior and flow instabilities as will be discussed
below (see Fig. 7 in Sec. III A 4).

4. Visual observation

We complement the rheology data with the direct observa-
tion of the sample during shear. The edge of the sample was
monitored via a video camera (Multimedia view) during the
step rate experiments in order to detect any macroscopic mor-
phological changes related with shear thickening as the strain
increases. As at high volume fractions trimming of the excess
sample in the gap is a difficult, we leave some excess sample
around the cone as seen in the images of Fig. 7. Although
similar experiments in shear thickening cornstarch suspen-
sions [30] have shown that excess fluid around the geometry
may affect the rheological response, as boundary conditions
change, we have not observed any clear effect in our mea-
surements; however, it should be noted that our experiments
were performed in a cone-plate geometry, rather than in a
plate-plate with a varying gap. Along these lines, we also
performed measurements with a cone-partition-plate (CPP)
geometry, which is often used in polymer melts to suppress
edge fracture effects at high shear rates [76]. As shown in the
supplementary material [77], the onset of shear thickening
both in steady shear measurements as well as in oscillatory
shear was not affected by the use of the CPP. Although some
details of the curves are different, no significant changes
were detected with the use of the CPP.

Figure 7(a) shows the HS glass with the larger particle
size, R≈ 689 nm (with w = 0.6), at _γ ¼ 3 s�1 (or Pe≈ 68.61),
a value which is above the critical value where DST is
detected. The evolution of the shear stress and the normal
stress σN are shown during the start-up shear test as a func-
tion of strain along with corresponding images of the sample
edge. The shear stress is increasing until point B, where the

FIG. 5. Step-rate experiments (stress versus strain) at different shear rates
for all samples with different particles sizes; large particles R≈ 689 nm (a),
intermediate size particles, and R≈ 405 nm (b) and small particles, and
R≈ 137 nm (c). All samples were measured at a volume fraction of w≈ 0.60.
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first stress overshoot at strains above 100%, related with
DST, is seen as mentioned above. At this point, we detect a
slight increase in σN (with positive values) which continues
until point C. Here, we visually observe that the surface of
the sample turns opaque and rough, a signature of dilatation
of the material. This response at high shear rates can be
understood as follows: HS glass starts to flow under the
application of a constant shear rate after the yield strain (typi-
cally of the order of 10% in the glassy regime) is exceeded,
as shown in Fig. 5 for low rates and demonstrated in previous
studies [74,78]. At high shear rates though, where the stress
cannot be detected in the linear regime, i.e., at early times
and low strains, the sample shear thickens, and a further
stress increase and overshoot is observed at strains above
100%. The stress overshoot is then accompanied by a slight
increase in σN which suggests the lubrication film between
the particles is overcome by the exerted stress leading to
direct contacts between the particles. Since the system contin-
ues to be under a constant shear rate, it expands and dilates
in order to allow flow to occur along with some stress/energy
release. Beyond point C, a second stress overshoot is detected
[see also Fig. 5(a)], and the behavior is rather erratic as slip
and instabilities set in as seen by the direct visualization of
images D and E in Fig. 7(a). We should also note that, after
flow cessation, the sample exhibits a rather quick healing in
a very short time span of the order of 1 s as is shown, for the
case of the larger particle size in Fig. 7(a).

A similar, but not identical, response was observed in
glasses (with w≈ 0.6) of the intermediate size particles,
R≈ 405 nm. For the same shear rate as the one shown for the
larger size particles, i.e., at _γ ¼ 3 s�1(or Pe≈ 12.15) the
stress overshoot takes place when higher strains (more than
1000%) are reached [see Fig. 7(b)]. Here, the shear thicken-
ing related stress overshoot takes place at point F, where slip
and instabilities develop. In this case, σN stays around zero
and, turns into negative values as shear thickening occurs,
indicating that hydrodynamic forces are predominant in the
vicinity of DST [50,51]. At higher strains [points F to I in
Fig. 7(b)], past the shear stress overshoot, the normal force

increase rise from negative to around zero possibly indicating
a transition to a regime where contact forces are also present.
For the smaller particles, R≈ 405 nm, at higher shear rates,
_γ ¼ 5 s�1(corresponding to Pe≈ 20.25) we observe, similarly
with the response in the larger particles shown in Fig. 7(a), a
stress overshoot at strains around 100%, that is accompanied
by a weak increase in the (positive) normal forces in the
regime where, the sample exhibits a dilatation [see Fig. 7(c)].
Again, as the strain increases further, σN drops to negative
values and exhibits large fluctuations while the stress exhibit-
ing a second overshoot, in a regime where visual observation
reveals wall slip and edge instability phenomena. As the sus-
pension is sheared at very large strains, during the transient
measurements, edge instabilities and slip also yield negative
σN , as seen in Figs. 6 and 7. Normal stresses are, therefore, a
function of time in this regime, exhibiting fluctuations and
where the sign and magnitude are a function of time. On the
other hand, the transient values in Fig. 4, determined at the
onset of shear thickening (indicated by a star in Fig. 6), do
not show any drop of N1 for particle sizes, R≈ 689 nm and
R≈ 405 nm at w≈ 0.6. In these cases, the normal stress
values were extracted at strains just before dilation sets in and
before edge instabilities and slip start becoming prominent
and affect the normal stress values.

These observations suggest an interplay of hydrodynamic
interactions and frictional contacts takes place at dense colloi-
dal suspensions depending on the size and shear rate applied,
and related with macroscopic phenomena such as dilatation,
wall slip, and edge fracture. Such a behavior is important from
the rheological point of view, as was also demonstrated
recently in [79] for dense non-Brownian suspensions. It
should be noted that this phenomenon is not observed with
the smallest particle (R≈ 137 nm) system mostly due to the
limited experimental shear rate window, not reaching the criti-
cal Pe needed. In addition, we cannot exclude the fact that the
smaller particle is (proportionally) slightly softer as the stabili-
zation layer is always ∼10 nm, and thus larger in proportion to
the particle radius for smaller particles. Previous work [80]
explicitly shows the stability of both small and large PMMA

FIG. 6. Νormal stress σN ¼ 2FN/πr2 during transient start-up shear experiment versus strain, γ, for particles with R≈ 689 nm (a) and R≈ 405 nm (b). All
samples were measured at a volume fraction of w≈ 0.60. The asterisks denote the point in time (or strain), where the effective viscosity data plotted in Fig. 4
were determined.
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FIG. 7. Stages of step-rate experiments monitored by video recorded images following the stress and normal stress σN ¼ 2FN /πr2 as a function of strain for:
(a) System with large particles, R = 689 nm at constant shear rate, _γ ¼ 3 s�1; (b) Intermediate size particles, R = 405 nm, at a constant shear rate _γ ¼ 3 s�1 and
(c) particles R = 405 nm at a constant shear rate _γ ¼ 5 s�1. All samples are at a volume fraction of w = 0.60. In all plots, blue regions denote the observation of
dilatation, and green regions slip and edge instabilities as indicated by the green arrows. At indicated points within the step rate experiment images of the
sample are shown [(A to E for (a) and (c) and A to I for (b)], while in (a), images of the evolution of the sample after shear is switched off (indicated as relaxa-
tion) are also shown at 0.1, 0.3, and 1 s after shear cessation. Stars indicate (as in Fig. 6) the position in time where the values of the shear and normal stress
were determined, prior to the dilatancy. Multimedia views: https://doi.org/10.1122/1.5143653.1; https://doi.org/10.1122/1.5143653.2; https://doi.org/10.1122/
1.5143653.3.
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spheres suspended in squalene with no variation in the bulk
viscoelastic modulus observed for as long as 20 h. Moreover,
squalene has a refractive index of (∼1.494) which is similar to
that of PMMA (1.495). Hence, it can be assumed that van der
Waals forces have very little effect on the suspension at rest
and during flow as stated for other systems [28].

B. Extensional rheology

We next discuss extensional rheology experiments per-
formed with the same samples, with two different setups,
CaBER and FSR.

1. CaBER experiments

From the experiments performed with the CaBER setup,
we observe two types of responses as shown in Fig. 8. For all
samples, similar to shear measurements, there is a critical
value of the strain rate, _εc, determined by visual observation
(Multimedia view) and confirmed by Fig. 11 as we will
discuss, below which the sample is stretched uniformly with a
filament created by the end of the initial stretching period. At
higher rates, _ε0 . _εc, the samples with the two larger particles
exhibit a brittle solidlike response manifested by a break-up
with an irregular shape during the stretching period. This
behavior is shown in Figs. 8(a)–8(d) for all particle sizes, at
low (left) and high (right) stretching rates. For the smaller size

particle sample, the different behavior at the low and high
strain rate regimes is seen in Figs. 8(e) and 8(f); with the high
rate response revealing a characteristic pointing shape created
during stretching between the two plates [66,81,82].

Similarly, with shear experiments below a critical shear
(or strain) rate _εc, the surface of the sample remains smooth
and the sample is stretched uniformly and symmetrically like
a liquid [see Figs. 8(e) and 9(c)]. However, for strain rates
higher than _εc, the sample exhibits a solidlike response,
losing the axial symmetry as they are stretched and exhibiting
an irregular shape of the filament as shown in Figs. 9(a)
and 9(b). In the case of solidlike brittle response, the surface
texture becomes rough, exhibiting granulation as seen before
[59], indicative of microstructural changes in the bulk of the
sample. For _ε0 , _εc, samples remain bridging the top and
bottom endplates at the end of the stretching zone. Once
stretching is completed and the plates are kept constant at
their final position, the surface tension causes filament thin-
ning until the point where the filament breaks. On the other
hand, for _ε0 . _εc, the fluid solidifies at early stages within
the stretching zone and the filament breaks before the top
endplate reaches its final position by means of the combined
action of pulling forces and surface tension. This behavior is
seen in Figs. 9(a) and 9(b) for the two larger particles, in all
but the smallest strain rates with the value of _εc decreasing
with increasing particle size.

FIG. 8. Final filament shape for HS glasses with particle size R≈ 689 nm (top), R≈ 405 nm (middle) and R≈ 137 nm (bottom) for low ( _ε0 , _εc, left) and
high ( _ε0 . _εc, right) extension rates. All samples are at w≈ 0.60. These characteristic filament shapes were obtained with the CaBER set-up.
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For the two larger particle sizes (R≈ 405 and
R≈ 689 nm), we see a filament stretching and breakup as a
viscoelastic liquid only at the lowest strain rate measured
[Figs. 9(a) and 9(b)]. This viscoelastic behavior at _ε0 , _εc is

combined with a filament recoil at the end when the filament
breaks. In Figs. 9(a) and 9(b), we can observe a difference in
filament dynamics for _ε0 , _εc, between particles with
R≈ 405 and R≈ 689 nm, with the filament thinning occur-
ring faster in suspension with particles of R≈ 405 nm.
Actually for suspensions with the larger particles
(R≈ 689 nm), the filament seems to decelerate at the end,
which is usually associated with an increase of the first
normal stress difference in the filament as it was reported for
liquid jets [83] and demonstrated recently for non-Brownian
shear thickening fluids [84]. This is another demonstration of
the particle size dependence on the onset of jamming under
extensional flow. For the smaller particle size (R≈ 137 nm),
the final filament breaks as in a Newtonian liquid for
_ε0 , _εc [Fig. 8(e)], and thinning dynamics is determined by
the Newtonian behavior of the suspending fluid, as it has
been reported before [81,85,86].

For _ε0 . _εc, samples with the two larger particles
(R≈ 405 nm and R≈ 689 nm) exhibit a brittle failure reminis-
cent to crystalline solid materials. Under these conditions, the
samples fracture without any apparent yielding and plastic
deformation observed [Figs. 8(b) and 8(d)]. Experiments with
the smallest particles (R≈ 137 nm), however, reveal a highly
ductile behavior under elongation, with the sample flowing
until it necks, due to plastic deformation allowed in the micro-
structure [Fig. 8(f)]. Analogous to the failure mechanics of
solid materials [87], there is a critical particle size, Rc, at which
a “nil-ductility” transition from ductile (particles smaller than
Rc) to brittle failure will take place. In jammed suspensions of
large particles, the reduced local mobility of the particles does
not allow any microscopic rearrangements under elongation
leading to brittle fracture at high stresses (or strain rates). On
the other hand, similar stresses (or rates) induce a ductile
failure in a sample with the smallest particles, as local particle
mobility is higher (represented by shorter Brownian times). In
fact, the ductile failure observed for the smallest particles
(R≈ 137 nm) is represented by filament shapes resembling
those detected in a variety of yield stress fluids which exhibit
similar break-up shapes, although they do not necessarily have
the same microstructure [88–93]. On the other hand, at large
strain rates _ε0 � _εc, promote brittleness with a horizontal, but
irregular fracture lines (see Figs. 8 and 9), similar to what is
expected in solid mechanics [87]. Smith et al. [59] also
observed similar behavior for a system with similar PMMA
particles in octadecene and suggested that this could be the
indication of the onset of jamming due to the self-filtration
[94] of the system. This is caused at the microscopic level by a
differential motion between the particles and the fluid so that
particles are left behind in the same position as the fluid drains
during the filament thinning, as an effect of the combined
force exerted on the sample by the moving plates and surface
tension. This mechanism introduces heterogeneities in a parti-
cle volume fraction during flow, which influences the dynamics
of the filament during the thinning process.

2. FSR experiments

Filament stretching measurements were also performed by
an FSR setup with the aim to monitor the stress as a function

FIG. 9. CaBER setup experiments: comparison between the time evolution
of Dmin at different samples, and different initial strain rate rates, _ε0, as indi-
cated, for: (a) sample with particle radius R≈ 689 nm, (b) for particles with
R≈ 405 nm, and (c) for particles with R≈ 137 nm. All samples were at a
volume fraction of w≈ 0.60. Multimedia views: https://doi.org/10.1122/
1.5143653.4; https://doi.org/10.1122/1.5143653.5; https://doi.org/10.1122/
1.5143653.6; https://doi.org/10.1122/1.5143653.7; https://doi.org/10.1122/
1.5143653.8; https://doi.org/10.1122/1.5143653.9.

DILATANCY IN DENSE SUSPENSIONS OF MODEL HARD-SPHERE-LIKE COLLOIDS 1189

https://doi.org/10.1122/1.5143653.4
https://doi.org/10.1122/1.5143653.4
https://doi.org/10.1122/1.5143653.4
https://doi.org/10.1122/1.5143653.5
https://doi.org/10.1122/1.5143653.5
https://doi.org/10.1122/1.5143653.6
https://doi.org/10.1122/1.5143653.6
https://doi.org/10.1122/1.5143653.6
https://doi.org/10.1122/1.5143653.7
https://doi.org/10.1122/1.5143653.7
https://doi.org/10.1122/1.5143653.8
https://doi.org/10.1122/1.5143653.8
https://doi.org/10.1122/1.5143653.8
https://doi.org/10.1122/1.5143653.9
https://doi.org/10.1122/1.5143653.9


of deformation in these HS colloidal glasses. For the smaller
particle samples (R≈ 137 nm), a liquidlike behavior was
always seen in the range of the equipment (maximum strain
rate of 20 s−1). For samples with particle sizes R≈ 405 nm
and R≈ 689 nm, we find again a critical strain rate, _εc above
which the filament structure changes and the sample shows a
solidlike response with an irregular shape and rough texture
due to dilatancy as shown in Fig. 1(b), similar to CaBER
experiments (Figs. 8 and 9). However, due to the difficulty
to perform measurements using the close loop control,
since the filament shape is irregular, all measurements for
_ε0 . _εc were performed without it. Therefore, the equipment
applied a constant strain rate controlling the top plate velocity
[67], by checking the mid-filament diameter as a function of
time. The critical strain rate _εc is about 3.0 s−1 (correspond-
ing to Pe≈ 6.5) and 0.2 s−1 (Pe≈ 4.5) for particles with
R≈ 405 nm and R≈ 689 nm, respectively. Considering these
values, it should be noted that the strain rate measured in the
FSR is deduced using the filament mid-point diameter, while
the strain rate in the CaBER is estimated from the velocity of
the moving plates. Hence, we find that the critical strain rates
_εc in the CaBER is around 0.5 s−1 (Pe≈ 2.3) and 0.1 s−1

(Pe≈ 2.3) for the HS glasses with particle size of
R≈ 405 nm and R≈ 689 nm, respectively. The lower values
of the critical rate in the CaBER can be justified not only by
the difference in the method, but also by the fact, that in FSR
measurements, the mid-filament plane was measured by a
laser although jamming and necking be localized in a neigh-
boring plane (where the deformation/stress is different),
while CaBER data were deduced at Dmin (and not at Dmid)
from high speed camera images that provide more accurate
profiling of the filament [see Fig. 1(a)]. Moreover, the stress
and the critical rate may change if the initial sample size
(aspect ratio) is varied; in this work, we kept the initial
sample size the same.

Our main aim however in using the FSR was to obtain
complementary information by measuring the stress during
extensional flow and jamming of HS colloidal glasses. In
Fig. 10(a) (top), we show the measured force from an FSR
setup for strain rates below the critical rate for the observa-
tion of a solidlike response as a function of Henky strain, for
the three different particle size systems as indicated. For such
low rates (i.e., for _ε0 , _εc), the measured forces are rather
small, and the data are quite scattered for all three samples
measured; therefore, no quantitative estimation of the stress
during the extensional shear is in practice possible.

For high rates however, at _ε0 . _εc, samples show the sol-
idlike response seen with the CaBER setup with the stretched
filament’s surface turning rough and opaque, while the
sample thins irregularly and eventually granulating and
breaking as shown in Fig. 10(b) (top). In these cases, the
force is much higher than at low strain rates and clearly
detectable by the instrument. Then, the engineering stress,
defined as σeng ¼ 4F(t)/(πD2

0), can be determined and
plotted [Fig. 10(b)] as a function of Hencky strain. Although
the quantitative reproducibility is weak, qualitatively different
measurements show the same features. At this high strain rate
regime, both samples shown in Fig. 10(b) show a stress
increase with deformation and exhibit a stress peak at a

certain Hencky strain. Correlating the stress response with
simultaneous imaging of the sample, we see that the stress
increase, indicative of strain-hardening of the sample, takes
place while the sample is still connected to the two plates
while as the filament starts to exhibit necking and break the
stress starts to decay till it drops to zero when the filament is
fully broken.

As has been already reported [95] in weakly strain-
hardening fluids the engineering stress under extensional
flow passes through a maximum when the elastic filament is
unstable and starts necking, but grows without bounds at
larger values of Deborah number (De). Analogous results
have been published for shear thickening fluids by Rothstein
and co-workers [57,58], which reported that just prior to the
onset of filament failure, the extensional viscosity, which is
proportional to the engineering stress measured in the FiSER,
tends to go through a maximum. In the case of shear

FIG. 10. Experiments in a FSR extensional setup for low (a) and high strain
rates (b). The measured force versus the Hencky strain for all samples at
_ε0 , _εc are shown in (a) similarly, in (b) we show the measured engineering
stress versus the Hencky strain at _ε0 . _εc together with the corresponding
images of the sample at different instances during stretching, as indicated by
the arrows.
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thickening fluids consisting of fumed silica particles with
fractal chainlike structures, light scattering measurements
showed that the extensional hardening was due to the align-
ment of nanoparticles and the formation of long strings of
aggregates in the flow direction [58]. For cornstarch particles,
which are nearly symmetric, the speed and magnitude of
strain hardening increase remarkably fast with an extension
rate. At low extension rates, the fluid exhibits a Newtonian
response, while at moderate extension rates, it shows a weak
strain hardening and forms long coherent fluid filaments. At
a critical extension rate however, a dramatic increase in both
the rate and magnitude of the strain hardening was observed
with an increasing extensional rate. Such a dramatic increase
in strain hardening was attributed to particle aggregation and
the formation of an interconnected jammed network of clus-
ters across the filament with a finite maximum strength inde-
pendent of the extensional rate [57].

Here, the samples with the larger particles (R≈ 689 nm)
seem to exhibit such behavior and develop a stress peak
which is more pronounced and take place at lower strains
compared to smaller particles (R≈ 405 nm). These observa-
tions indicate the combined effect of the particle size and
extension rate on the jamming phenomena due to the
agglomeration of the particles and subsequent granulation of
the sample suggesting that the mechanism responsible for
jamming of concentrated HS suspensions and glasses during
extensional flow is similar to that under shear. However, the
critical deformation rates for developing such phenomena are
lower in extensional than in shear flow. Our data show that,
for particles with R≈ 405 nm and R≈ 689 nm, jamming
occurs at Pe≈ 13 during the shear flow and Pe≈ 2.3 during
extensional flow when measured by the CaBER, while when
the FSR is used, we get a critical shear rate of Pe ≈ 6.5 and
Pe≈ 4.5 for particles with R≈ 405 nm and R≈ 689 nm,
respectively. Although there are differences between CaBER
and FSR results, as discussed above, all measurements of the
critical Pe are clearly lower than those in shear experiments.
The reason for this might be associated with confinement
effects introduced in extensional flow due to a compressive
flow in the radial direction that may increase packing, and
subsequently promote local particle aggregation during axial
stretching. It should be noted that at low initial aspect ratios
(Λ0), there is a contribution in the measured stress that arises
from the shear components. As mentioned earlier, this is
caused by the no-slip boundary condition at the end plates
and is more prominent for samples with small aspect ratios.
This effect could be accounted for using an empirical correc-
tion factor as suggested by Rasmussen et al. [96] for homo-
geneous polymer systems. However, we did not use the
correction factor here since we clearly have an inhomoge-
neous system due to a dilatancy of the material. Therefore,
the engineering stress presented in Fig. 10(b) may vary for
samples with different aspect ratios and may be influenced
by the filament shape as well; thus should be used only qual-
itatively. Our findings clearly suggest that a more systematic
investigation of the role of these variables in colloidal sus-
pensions is needed.

In summary, the extensional behavior of HS glasses at a
specific volume fraction depends on particle size and applied

extension rate. We can infer that the conditions imposed in
the CaBER setup, namely, the initial extension rate _ε0, deter-
mine the arrangement of the particles during flow resulting
in filament thinning processes with different shapes and
breaking times. Figure 11 shows a master curve in a dimen-
sionless diagram, where the time it takes for the filament to
break up since the top plate starts moving from its initial
position at h0, normalized with the Brownian time (tbr/tB), is
plotted against the Péclet number, Pe ¼ _ε0tB, for extensional
experiments in the CaBER setup. This diagram suggests that
samples show liquidlike behavior when the characteristic
breaking time in the experiment is larger than the Brownian
time (tbr/tB . 1) otherwise, the behavior is solidlike. This is
very reminiscent of arguments for the onset of shear thicken-
ing in HS colloids [28]; the onset stress for shear thickening,
σmin ¼ η _γmin, related also with an onset shear rate (or Pe),
reflecting the fact that an external shear stress must exceed
all local stress barriers that prevent relative shear between
particles. As long as the extensional deformation is per-
formed slower than stress relaxation induced by local particle
diffusion (related with the Brownian time), the sample exhib-
its a fluid-like response. When this is not the case, the actual
filament breakage time becomes smaller than the Brownian
time and the sample starts behaving as a jammed granular
system manifesting dilatancy and fracture.

The same observation also applies to the FSR experiments
suggesting that it is independent of the setup used to
induce extensional flow. More interestingly, the diagram
indicates the distinction between Newtonian (Pe < 1) and
non-Newtonian (Pe > 1) behaviors, within the liquidlike
regime (tbr/tB . 1) as well as between ductile (Pe < 20) and
brittle response (Pe > 20), within the solidlike regime
(tbr/tB , 1). Table II summarizes this behavior and indicates
that the critical Péclet number for the onset of granulation in
the CaBER is Pec≈ 2.3, in the FSR setup is on average
Pec≈ 5, while in shear experiments, Pec≈ 13 (Fig. 4, where
N1 > 0), independent of the particle size. The fact of having
lower critical Pe values for the extensional flow than the

FIG. 11. Dimensionless diagram of the different behavior shown by differ-
ent samples at w≈ 0.60 under elongational flow obtained with the CaBER
setup.
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steady shear is consistent with the flow dynamics associated
with each type of experiment. In steady shear flow, the sepa-
ration of two particles is linear, unlike in extensional flow, in
which the separation is exponential as time increases [97].

For an ideal uniaxial extensional and shear experiments,
we expect that Peext/Peshear ¼ 1/

ffiffiffi
3

p
, since _ε0 ¼ _γ/

ffiffiffi
3

p
[97].

However, as stated above, during the early stages of both the
CaBER and the FSR measurements, besides the extension
rate, there is an additional contribution from a shear compo-
nent proportional to _ε0/Λ

2
0, i.e., _γ*¼k _ε/Λ2

0. Thus, in the
simplest case, that k ¼ 1, the strain rate tensor in the CaBER
and the FSR is

_γ ¼
� _ε0

_ε0
Λ2
0

0

_ε0
Λ2
0

� _ε0 0

0 0 2 _ε0

0
BBBBB@

1
CCCCCA, (1)

with the magnitude of _γ being

_γCaBER/FSR ¼ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2
( _γ: _γ)

r
¼ _ε0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3þ 1

Λ4
0

s
: (2)

According to Eq. (2) and the experimental values of Λ0

in the two setups, we should then expect that for the
CaBER we get, Pec CaBER /Pecshear ¼ 1/2:5 ¼ 0:4 and for the
FSR, PecFSR /Pecshear ¼ 1/6:8 ¼ 0:147, (instead of the ideal
Pec ext /Pec shear ¼ 1/

ffiffiffi
3

p
). In view of the above, the

experimentally determined critical rates in the CaBER,
Pec CaBER /Pecshear ¼ 0:13 are lower than the expected ratio
(0.4), whereas for the FSR the experimental ratio,
Pec FSR /Pecshear ¼ 0:384 is clearly higher than the expected
value (0.147). This might be either due to a deviation of the
true shear contribution present in the two experimental
setups from the value estimated based on the Λ0, term with
k ¼ 1 or to different microstructural mechanism of the HS
glasses in shear and extension. With regard to the former,
despite the smaller initial aspect ratio (Λ0) in the FSR, the
total shear contribution in the flow is apparently more than
two times smaller than in the CaBER experiments and three
times less than the expected value from Eq. (2). The weaker
shear contribution in the FSR may be attributed to the
two-step stretching protocol used, where an initial stretch at
an extension rate well below the onset of extensional

thickening indeed minimizes the shear effects on the second
stretch, which is much faster and imposes a constant strain
rate until the filament breaks up. This would quantify to a
value of kFSR ¼ 0:37 assuming that the critical strain rate (for
the onset of thickening and dilatation) is the same in exten-
sional and shear experiments, hence attributing the differ-
ences in the critical strain rate values in shear and FSR
experiments fully to an inaccurate determination of the shear
contribution in the latter. A similar approach in the CaBER
setup would give kCaBER ¼ 3:23 since the shear contribution
which is about three times higher than the expected accord-
ing to Eq. (2). We should note however that these k should
be taken cautiously as limiting values that indicate the
amount of maximum shear contribution that could be present
during the corresponding extensional experiments here.

Finally, the apparent extensional viscosity is also calcu-
lated from the CaBER experiments, based on the equation
ηEapp ¼ �[σ/(dDmin(t)/dt)] [98], assuming the surface
tension of the solvent as the surface tension of the sample.
As it can be observed in Fig. 9, depending on the particle
size and the initial extension rate imposed, the filament solid-
ifies and breaks while the top plate is still traveling toward its
final position (hf ). When the time to break is larger than the
Brownian time, the sample does not solidify while being
stretched from h0 to hf; this holds for Pe < 2.5 (Fig. 11).
Therefore, the apparent extensional viscosity can only be
calculated once the top plate reaches the final position and
the filament thins gradually until it breaks. The results are
shown in Fig. 12 as a function of the Péclet number. In all
cases, the extensional viscosity is larger than three times
the shear viscosity, and therefore the Trouton ratio, Tr, is
larger than three even though granulation did not occur yet.
This is mostly due to the fact that we are observing a
non-Newtonian behavior while Tr = 3 normally holds for
Newtonian systems. Khandavalli and Rothstein [99] have
also presented similar findings, which they attribute to non-
spherical or fractal nature of the fumed silica particles used.

TABLE II. Summary of the different rheological behaviors observed in the
dimensionless diagram for the samples at w≈ 0.60 under the elongational
flow as deduced from CaBER experiments.

tbr/tB Pe < 1 1 < Pe < 2.5 2.5 < Pe < 20 Pe > 20

>1 (liquidlike) Newtonian Non-Newtonian
Viscoelasticlike
Yield-stresslike

<1 (solidlike) Jamming
Ductile

Jamming
Brittle

FIG. 12. Comparison between the apparent shear (filled symbols) and
extensional (empty symbols) viscosities of the samples at w≈ 0.6. Solid
lines connect the experimental dots in order to guide the eye.
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IV. CONCLUSIONS

We have reported a dilatancy behavior of HS colloidal
glasses with different particle sizes under shear and exten-
sional flow. Discontinuous shear thickening and dilatancy is
observed with the larger particles at high shear rates, in both
volume fractions studied. Start-up shear experiments at dif-
ferent shear rates exhibit stress overshoots above the critical
shear rate for the onset of DST, suggesting a change in the
suspension microstructure during the flow. Moreover, N1

measurements during transient step rate tests have shown a
transition from N1≈ 0 (at low shear rates) to N1 < 1 (in the
vicinity of a critical shear rate) indicating contributions from
lubrications forces at lower rates, and to N1 > 1 beyond criti-
cal shear rate which is volume fraction and particle size
dependent indicating frictional interactions between particles.
The critical Péclet number for DST in shear experiments
(at Pecr≈ 15) is independent of the particle size but depends
on volume fraction. However, all different samples show
approximately the same scaled stress at the onset of DST.
Sheared samples were monitored by a video camera, revealing
that dilatancy occurs in the presence of contact interactions
(N1 > 0) in all samples showing DST, i.e., systems with large
particles (R≈ 405 nm and R≈ 689 nm) in the glassy state.

Dilatancy for suspensions with particle size of R≈ 405 nm
and R≈ 689 nm was also observed under extensional flow,
using both CaBER and FSR setups, where a critical value of
the strain rate ( _εc) was detected indicating structural changes
in the HS glass. Below a critical strain rate, liquidlike behavior
was seen for all particle sizes, with viscoelastic behavior at
the filament break for the large particles (R≈ 405 nm and
R≈ 689 nm) samples, mostly owed to self-filtration effects
induced by filament thinning due to surface tension. This
mechanism leads to heterogeneities of the particle volume
fraction within the sample during flow and is related with dif-
ferences in filament dynamics in the two different particle size
(R≈ 405 nm and R≈ 689 nm) samples. The samples with the
larger particles (R≈ 689 nm) exhibit a slowing down of fila-
ment thinning, indicating the onset of creation of a jamming
network under extensional flow, while for the samples with
the smaller particles (R≈ 137 nm), the filament thinning
dynamics is Newtonian-like for _ε0 , _εc. At high strain rates,
for _ε0 . _εc, large particle (R≈ 405 nm and R≈ 689 nm)
samples exhibit a combination of granulation and brittle frac-
ture. For smaller particles (R≈ 137 nm), extensional flow at
_ε0 . _εc leads to filament stretching similar to that observed in
yield stress fluids which finally break with a ductile type
fracture.

These findings were verified by the FSR measurements
that similarly show liquidlike behavior for _ε0 , _εc, and sol-
idlike behavior when _ε0 . _εc, both for suspensions with
R≈ 405 nm and R≈ 689 nm particles. Here, jamming, dila-
tancy, and subsequent granulation were observed in both sus-
pensions, within the range of the equipment (maximum
strain rate of 20 s−1). Direct observation of stress measure-
ments showed the effect of particle size on jamming and
granulation, suggesting that the mechanism governing this
behavior under shear is also present in extensional flow.
The strain rates involved in these phenomena are lower in

extensional flow than in shear flow, mostly due to the con-
finement effect of the compressive flow in the radial direc-
tion that can increase packing, and subsequent the local
aggregation of particles during the stretching.

Finally, the Péclet number scales the influence of flow on
granulation, for samples with different particle sizes. In shear
experiments, this phenomenon was observed above a critical
value of Pecr≈ 15, while in extensional flow, in the case of
CaBER at Pecr≈ 2.5, and in FSR at Pecr≈ 5. These findings
are consistent with the characteristics of each type of flow:
the separation of two particles is linear during simple shear
flow, unlike in extensional devices where there is an unavoid-
ably combination of extensional and shear flows at the early
stage of the experiments, which is larger in the CaBER than
in the FSR and results in a much faster structural changes
leading to shear thickening.
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