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Summary

This theoretical PhD project investigates the dynamical properties of quantum
emitters interacting with their environment. The contents of the project is
divided into two main parts. The first part studies the emission properties
of a solid state quantum emitter embedded in a highly structured photonic
environment, while interacting with the phonon modes of its constituent lattice.
Such a configuration describes a wide range of single-photon sources based on
quantum emitters embedded in optical cavities or waveguides. The coupling to
phonon modes results in emission of incoherent photons in a broad sideband.
However, when the emitter is efficiently interfaced with a highly structured
optical environment, the emission properties are strongly altered, and emission
of incoherent photons can be suppressed. Such suppression can simultaneously
increase the indistinguishability and efficiency of the emitted photons.

The second part of the project – carried out in close collaboration with the
experimental group of Prof. Mete Atatüre at University of Cambridge – inves-
tigates the interaction between a central electron spin and a dense ensemble of
nuclear spins. This interaction is found in quantum dots, where a single elec-
tron can be trapped by electrically gating the structure. This trapped electron
couples to the nuclei of the host lattice, typically on the order of 104 − 105

nuclei, through the magnetic hyperfine interaction. Typically, this interaction
is a nuisance, when attempting to control the electron spin, where the nuclear
bath acts as a noise source that limits the coherence time. However, this project
has contributed to the development of new methods for controlling the nuclear
ensemble to an extent that turns it into a resource. In particular, it has been
studied how lattice strain breaks the symmetry of the nuclear spins and thereby
unlocks a set of low-energy excitations that can be accessed by driving the
electron spin. Theoretical models taking this effect into account have been de-
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veloped and compared to experimental data, demonstrating among other results
that the electron spin can be coherently coupled to the collective spin waves in
the nuclear bath. Furthermore, a protocol has been developed, which utilises
these low-energy excitations to operate the nuclei as a quantum memory for the
electron spin.



Resumé

Dette teoretiske PhD-projekt undersøger de dynamiske egenskaber af kvante-
emittere, der vekselvirker med deres omgivelser. Indholdet af projektet falder
i to hoveddele. Den første del undersøger emissionsegenskaberne af en faststof-
emitter placeret i en fotonisk struktur, der samtidig vekselvirker med fononerne
i det underliggende atomgitter. En sådan konfiguration beskriver en bred vifte
af enkeltfotonkilder baseret på kvanteemittere i optiske kaviteter eller bølge-
ledere. Koblingen til fononer resulterer i emission af inkohærente fotoner i et
bredt sidebånd. Denne effekt kan undertrykkes ved at koble emitteren til en
fotonisk struktur, således at emissionsegenskaberne ændres. En sådan under-
trykkelse kan føre til både højere uskelnelighed og højere kvanteeffektivitet af
enkelfotonkilden.

Den anden del af projektet – udført i tæt samarbejde med Professor Mete Ata-
türes gruppe ved University of Cambridge – undersøger vekselvirkningen mellem
et centralt elektron-spin og et tæt ensemble af kernespin. En interaktion af den-
ne type findes i kvantedots, hvor en enkelt elektron kobler til kernerne i det
underliggende gitter, typisk 104 − 105 kerner, gennem den magnetiske hyper-
fine kobling. Denne vekselvirkning er typisk en pestilens, når man forsøger at
styre elektronens spin, fordi kernespin-badet virker som en støjkilde, der be-
grænser kohærenstiden. I modsætning til dette gængse synspunkt har projek-
tet bidraget til at udvikle nye metoder til at styre kerne-ensemblet i en grad,
der omdanner det til en ressource. Specifikt er det blevet undersøgt, hvordan
forstrækninger i gitteret bryder kernespinnets symmetri og derved tillader lav-
energi eksitationer, der kan addresseres ved at drive elektronens spin. Teoretiske
metoder til at undersøge denne effekt er blevet udviklet og sammenlignet med
eksperimentelle resultater. Derved er det blevet demonstreret, blandt andre re-
sultater, at elektronens spin kan kobles kohærent til de kollektive spin-bølger
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i kernebadet. Derudover er der blevet udviklet en protokol, der udnytter disse
lavenergi-eksitationer til at benytte kernerne som en kvantehukommelsesenhed
for elektronens spin.
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Introductory material





Chapter 1

Introduction

1.1 Quantum information technology

Quantum information technology is a broad classification of the areas of physics
whose goal is to encode information into the quantum state of an object and
manipulate it [1]. The field has many branches, the most prominent of which
are quantum computation [2, 3] and quantum communication [4, 5]. The fun-
damental unit of information in quantum information systems is the quantum
bit –the qubit– an object with two orthogonal quantum basis states, |0〉 and
|1〉. In the field of quantum computing, the ultimate goal is to develop an ar-
chitechture that can manipulate the state of a large number of qubits in order to
implement a quantum algorithm [6–8]. Within such quantum algorithms, it is of
paramount importance that the state of the qubits can be any general superposi-
tion of the two basis states, and that multiple qubits can be entangled. Smaller
intermediate goals include a small-scale quantum simulator, which is able to
perform certain specialised calculations on a scale that is beyond reach for a
classical processor [9]. The field of quantum communication deals with methods
of sending a quantum state from one location in space to another [10]. Such a
communication link would allow to send qubits between quantum computers,
an idea which has grown into the notion of the so-called quantum internet [11].
A slightly more tangible objective of quantum communication is the establish-
ment of unconditionally secure communication protocols, whose unbreakability
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is guaranteed by fundamental laws of quantum physics [5].

Across the wide range of hardware architechture platforms, quantum informa-
tion technology has proven to be highly challenging to develop, particularly for
one important reason: An ideal and isolated qubit does not exist. All physical
qubits interact with their environment. Such interactions can lead to dissipation
of energy and loss of phase coherence in a qubit, thereby taking the ’quantum’
out of quantum information [12,13].

However, the study of interactions between a small quantum system, such as a
qubit, and its environment is a rich field of research with a wealth of exciting
open questions [14]. Encoding quantum information into a physical object and
manipulating it is generally an extremely demanding task, which requires the
best possible understanding of interactions with the environment, and how to
control such interactions. This is precisely the theme of the present thesis.

1.2 Quantum dots

The topics presented in this thesis all revolve around optically active semi-
conductor quantum dots [15]. These are nanostructures grown to create a an
confinement potential that leads to discrete electronic eigenstates. Similar to
naturally occurring atoms, the electronic state can be manipulated with light,
which drives transitions between the eigenstates of the quantum dot. For exam-
ple, a short laser pulse can excite a quantum dot, thereby creating a confined
electron–hole pair. When the system relaxes to its ground state, a single photon
is emitted. This mechanism is the idea behind single-photon sources based on
quantum dots – a highly active research area [16]. Single photons are of great
interest in the context of quantum information technology, where they play the
role of qubits, with information encoded into e.g. the polarisation, time bin
or spatial mode [17, 18]. In contrast to natural atoms, semiconductor quantum
dots can readily be integrated with photonic nanostructures on a chip, allowing
to taylor the light–matter interaction [19]. However, the solid-state nature of
the structure comes at a price. Interaction with the vibrational modes of the
underlying lattice leads to decoherence of the emitted photons [20–22]. Part II
of this thesis deals with questions regarding the nature and ramifications of
these interactions, and in particular how they might be tamed by designing the
optical properties of the surrounding nanostructure.

The charge state of a quantum dot can be manipulated down to the single-
electron level by placing electrical contacts around the dot [23]. By charging
the dot with a single electron, it becomes equipped with an additional internal



1.2 Quantum dots 5

degree of freedom – the electron spin. Due to the optical transitions, the state of
this spin can be controlled optically [24,25]. However, once again the solid-state
nature of the system brings problems along, this time in the form of the vast
amount of nuclear spins in the host lattice. This ensemble, comprising 104−105

nuclear spins, act as a randomly fluctuating magnetic field that dephase the
electron spin, typically on a nanosecond time scale [26]. However, since the
nuclear spin environment has a long relaxation time, it is possible to manipulate
its state to suppress decoherence of the electron spin. In fact, the most efficient
techniques for such manipulation use the confined electron itself to control the
nuclei [27–29]. Pushing this idea even further, establishing a coherent interface
between the electron spin and the nuclear spin bath [30] could allow the collective
state of the nuclei to act as a quantum memory for the electron spin [31, 32].
The interaction of a single electron in a quantum dot with its nuclear spin bath
is the topic of Part III of this thesis.
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Chapter 2

Open quantum systems

All realistic quantum systems are in contact with an environment and are thus
said to be open. As an example, consider a single atom, which we here label as
the “system”. The electronic state of the atom constitute the primary degree of
freedom that we for some reason happen to be interested in. This atom interacts
with the electromagnetic field, which we can label as the “environment”. In par-
ticular, it can exchange energy with the field by absorbing or emitting photons.
We might not be interested in knowing the complicated quantum state of the
electromagnetic environment, and would therefore like to establish a theory for
the time evolution of the small atomic system. Due to interactions with the
environment, energy is not conserved within the system itself – a feature that is
fundamentally different from closed quantum systems. This property is closely
related to the loss of unitarity in the time evolution of the system. Naturally,
time evolution is unitary and energy is conserved, so long as one considers the
system and its environment together. In fact the distinction between a “sys-
tem” and an “environment” is merely a matter of convention. We tend to use
the “system” label to the Hilbert that spans the measurable operators that we
are interested in, and the “environment” as everything else.

Consider now a general system S and an environment, E . The total Hilbert
space is H = HS ⊗ HE , where HS and HE are the Hilbert spaces of the
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system and environment alone, respectively [14]. The total Hamiltonian is

H = HS +HE +HSE , (2.1)

where HS , HE describe free evolution of the system and environment and HSE
their coupling. The time evolution of the total (i.e. S + E) initial density
operator, ρ(0), is then [33]

ρ(t) = e−iHt/~ρ(0)e+iHt/~. (2.2)

Naturally, Eq. (2.2) describes unitary time evolution. Let us assume that the
initial state is an uncorrelated product state, ρ(0) = ρS(0)⊗ρE(0). Since we are
only interested in S, we can trace out E to obtain the reduced density operator
of the system,

ρS(t) = TrE [e
−iHt/~ρ(0)e+iHt/~] =: Vt[ρS(0)]. (2.3)

The object, Vt, appearing in the last equality is a linear map that describes
the reduced time evolution of the system. Since the environment has now been
traced out, there is no guarantee that Vt is unitary, which is mostly not the
case. In principle, we could calculate the exact form of Vt and thereby the exact
evolution of the reduced density operator, ρS , and thus all observable quan-
tities of the system. However, such a calculation is as complicated as simply
calculating the full time evolution of S and E . The motivation for deriving a
theory of the reduced system density operator is typically that the full problem
is intractable. Therefore, a more realistic approach is to develop a perturbation
theory for the evolution, Vt, where the system–environment interaction, HSE ,
is treated as the perturbation. Developing such perturbative strategies is the
primary topic of open quantum systems theory. Within this field, the memory
time of the environment – quantified as the decay time of the environmental
correlation functions – is a very central issue that determines the complexity of
the system–environment interaction [14]. If the environment is assumed to be
completely memoryless, i.e. its correlation functions can be approximated to
decay infinitely fast, the reduced system dynamics is said to be Markovian. Of
course, a realistic environment can never be truly Markovian, but in some situ-
ations it is a very good approximation to assume it. Such Markovian processes
are typically straightforward to model, but can only capture simple dissipative
or dephasing processes. Contrarily, if some memory structure of the environ-
ment is present, the dynamics is said to be non-Markovian. Non-Markovian
processes generally require more sophisticated perturbation strategies and can
in some cases become highly challenging to describe.
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2.1 Quantum master equations

Quantum master equations provide a convenient way of developing perturbation
theories for open quantum systems, and will often be encountered in this thesis.
Here we shall derive the second-order perturbative quantum master equation
using the Nakajima-Zwanzig projection operators following Ref. [14].

Starting out, we recast Eq. (2.1) slightly as

H = H0 + αHSE , (2.4)

where H0 = HS + HE is the unperturbed, free evolution Hamiltonian. The
parameter α is a unitless number, which only serves to keep track of the order
of the perturbative expansion. By the very end of the calculation, we shall let
α→ 1. The Liouville equation for the total density operator in the interaction
picture is

∂

∂t
ρ̂(t) = − i

~
α[ĤSE(t), ρ̂(t)] =: L(t)ρ̂(t), (2.5)

where ĤSE(t) = eiH0t/~HSEe
−iH0t/~ and ρ̂(t) = eiH0t/~ρ(t)e−iH0t/~ are the

interaction Hamiltonian and density operator in the interaction picture and
L(t) = −(i/~)α[ĤSE(t), ·] is the Liouville super-operator. The notation for
superoperators uses the symbol · to indicate where the operater they work on
should be inserted.

We now define the projection operator, P, as P ρ̂ := TrE [ρ̂] ⊗ ρ̂0
E =: ρ̂S ⊗ ρ̂0

E ,
where ρ̂0

E is a reference state of the environment. In principle, the only assumed
property of this reference state is [ρ̂0

E , HE ] = 0, but for practical purposes, it is
often taken as a thermal state. Similarly, we define the complimentary projection
operator Q := I−P, where I is the identity. To obtain the reduced dynamics of
the system, we are interested in calculating P ρ̂(t). Using the property P+Q = I,

∂

∂t
P ρ̂(t) = αPL(t)P ρ̂(t) + αPL(t)Qρ̂(t), (2.6)

∂

∂t
Qρ̂(t) = αQL(t)P ρ̂(t) + αQL(t)Qρ̂(t). (2.7)

By requiring that the expectation value of the interaction Hamiltonian vanishes
with respect to the environmental reference state, TrE [ρ̂

0
EHSE ] = 0, the first term

in Eq. (2.6) vanishes. This condition can be assumed without loss of generality,
because any nonzero expectation value of HSE can simply be absorbed into HS .

In order to avoid explicit reference to Qρ̂(t) in Eq. (2.6), we can formally solve



10 Open quantum systems

Eq. (2.7) as

Qρ̂(t) = GF (t, 0)Qρ̂(0) + α

∫ t

0

dsGF (t, s)QL(s)P ρ̂(s), (2.8)

where GF (t, s) = T← exp
[
α
∫ t
s

ds′QL(s′)
]
is the forward propagator with T←

the chronological time ordering operator, placing operators with later time argu-
ments to the left. Assuming that the system and environment are initially uncor-
related and that the initial state of the environment is ρ̂0

E , i.e. ρ̂(0) = ρ̂S(0)⊗ ρ̂0
E ,

the first term in Eq. (2.8) vanishes. We could proceed directly by inserting
Eq. (2.8) into Eq. (2.6). However, the integral in Eq. (2.8) runs over all the
system density operator at all previous times up to t – a highly impractical
feature when solving the resulting differential equation. To alleviate this, we
note that the density operator at time s can be related to the density operator
at the later time, t, through the relation

ρ̂(s) = GB(t, s)ρ̂(t), (2.9)

where GB(t, s) = T→ exp
[
−α

∫ t
s

ds′ L(s′)
]
is the backwards propagator with T→

the anti-chronological time-ordering operator, which places operators with later
time arguments to the right. Using this trick, we can write

Qρ̂(t) = [I− Σ(t)]−1Σ(t)P ρ̂(t), (2.10)

where Σ(t) = α
∫ t

0
dsGF (t, s)QL(s)PGB(t, s). Inserting this back into Eq. (2.6)

yields

∂

∂t
P = αPL(t)[I− Σ(t)]−1P ρ̂(t). (2.11)

Eq. (2.11) describes the exact time evolution of the reduced system density
matrix, and therefore contains all of the complications associated with the full
time evolution of S and E , Eq. (2.2). However, it is formulated in a way that
allows to expand the exact forward propagator in powers of α and thereby
obtain a perturbation theory for the open evolution of S. Before doing so, we
note that the integral in Eq. (2.11) runs over the system density operator at all
previous times up to t – a highly impractical feature when solving the differential
equation.

Expanding the RHS of Eq. (2.11) up to second order in α yields the second-order
time-convolutionless master equation,

∂

∂t
ρ̂S(t) = −α

2

~2

∫ t

0

dsTrE [ĤSE(t), [ĤSE(s), ρ̂S(t)⊗ ρ0
E ]]. (2.12)
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Letting α→ 1 and moving back to the Schrödinger picture, the master equation
becomes

∂

∂t
ρS(t) = − i

~
[HS , ρS(t)]− 1

~2

∫ t

0

dsTrE [HSE , [ĤSE(s− t), ρS(t)⊗ ρ0
E ]].

(2.13)

It is often useful to write the master equation in the compact form

∂

∂t
ρS = G(t)ρS , (2.14)

where G is the Liouvillian superoperator whose action on ρS is defined through
Eq. (2.13). G is the dynamical generator of the density operator for the open
system, analogously to HS , which is the dynamical generator of the quantum
state vector of the closed system. Since G is generally not Hermitian, it generates
a non-unitary time evolution.

2.1.1 Markovian limit

The time-convolutionless master equation, Eq. (2.13), resolves to some extent
the memory structure of the bath by having a time-dependent environmental
interaction term. The Markovian limit can be imposed by approximating this
time-dependent generator by its asymptotic value. To do so, we carry out the
substitution, s→ t− τ and subsequently letting the upper integration limit go
to ∞,

∂

∂t
ρS = − i

~
[HS , ρS ]− 1

~2

∫ ∞
0

dτ TrE [HSE , [ĤSE(−τ), ρS(t)⊗ ρ0
E ]]. (2.15)

Eq. (2.15) is thus the second-order master equation for the reduced density oper-
ator of S in the Markov approximation. An important feature of the Markovian
master equation is the time-independent form of the Liouvillian, G, provided
that HS is time-independent. As a result, the time-evolved system density op-
erator can be written as

ρS(t) = eGtρS(0). (2.16)

In relation to Eq. (2.3), we can write down the dynamical map of the open
system, Vt, explicitly as the superoperator

Vt = eGt. (2.17)

This is often practical in numerical implementations, where Vt is then repre-
sented by a matrix.
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2.1.2 Quantum regression theorem

Often, one is interested not only in calculating single-time averages, 〈A(t)〉,
but also multi-time correlation functions, 〈· · ·B(t2)A(t1)〉. For a Markovian
open system, the standard approach to calculate such correlation functions is
to use the quantum regression theorem. This can be derived rigorously using
the projection operators as above [34]. However, here we shall present a simple
derivation based on Ref. [35], which demonstrates how the technique works.

For simplicity, we shall restrict ourselves to two-time correlation functions. The
extension to higher-order functions is straightforward. The starting point is to
write up the correlation function explicitly,

〈B(t2)A(t1)〉 = Tr
[
U†(t2, 0)BU(t2, 0)U†(t1, 0)AU(t1, 0)ρ(0)

]
, (2.18)

where U(t, t′) = e−iH(t−t′)/~ is the total time-evolution operator for the system
and environment and ρ(0) = ρS(0)⊗ρ0

E is the initial system–environment density
operator. It is assumed that the two operators A and B work only on HS ,
and for simplicity we also assume t2 > t1. We now re-arrange the expression
using the cyclic property of the trace and the composition property of the time-
evolution operator [33],

U(t2, 0) = U(t2, t1)U(t1, 0), U(t2, 0)U†(t1, 0) = U(t2, t1). (2.19)

The re-arranged form of the two-time function is

〈B(t2)A(t1)〉 = Tr
[
BU(t2, t1)AU(t1, 0)ρ(0)U†(t1, 0)U†(t2, t1)

]
= Tr

[
BU(t2, t1)Aρ(t1)U†(t2, t1)

]
.

(2.20)

Until this point, we have not assumed anything about the nature of the dynami-
cal process. However, now we assume that the process is Markovian through the
approximation ρ(t1) ' ρS(t1)⊗ ρ0

E . In the language of the Nakajima-Zwanzing
projection operators, this corresponds to Qρ(t1) ' 0. Thus,

〈B(t2)A(t1)〉 ' Tr
{
BU(t2, t1)[AρS(t1)⊗ ρ0

E ]U
†(t2, t1)

}
, (2.21)

TrS
{
B TrE

{
U(t2, t1)[AρS(t1)⊗ ρ0

E ]U
†(t2, t1)

}}
. (2.22)

This can be written compactly as 〈B(t2)A(t1)〉 ' TrS [BΛ(t1, t2)], where Λ(t1, t2) =
TrE

{
U(t2, t1)[AρS(t1)⊗ ρ0

E ]U
†(t2, t1)

}
is an effective two-time density operator

in HS . Within the Markov approximation, it is evident from the form of Λ(t1, t2)
that it obeys the master equation,

∂

∂t2
Λ(t1, t2) = GΛ(t1, t2), (2.23)
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with the initial condition Λ(t1, 0) = AρS(t1). Using Liouvillian notation, the
expression for the two-time average can be written compactly as

〈B(t2)A(t1)〉 = TrS [BeG(t2−t1)AeGt1ρS(0)]. (2.24)

This result constitutes the quantum regression theorem.

It is important to stress that the quantum regression theorem is valid only for
Markovian dynamics. A well-established form of the regression theorem does
not exist for non-Markovian systems, although there has been much developent
in the field [34,36–39]. These developments either present a restricted regression
theorem with specific requirements for the form of the system–environment in-
teraction or have turned out to be inaccurate, or even unphysical, in situations
that are central to the applications in this thesis [22]. Interestingly, it can be very
challenging to correctly reproduce two-time averages through a non-Markovian
regression theorem even in situations where the time-convolutionless master
equation, (2.13), works very accurately for single-time averages. The reason
for this is fundamentally tied to the distinction between Markovian and non-
Markovian dynamics [40]. In a master equation description of an open system,
it is very challenging to keep the correlations built up between the system and
environment up to time t1, because the fundamental object that we characterise
is the reduced density operator of the system. For non-Markovian dynamics,
these correlations and, generally the short-time evolution of the environment,
play an important role, particularly in multi-time correlation functions.

2.2 Mapping of bosonic reservoir to discrete modes

In this section, we shall now present a strategy for describing non-Markovian
dynamics, when the system–environment interaction is potentially strong and
the memory time of the environment is long. The method applies when the
reservoir is bosonic and essentially works by extracting a few discrete modes
from the environment and then “inviting” these modes into an enlarged system
Hilbert space. The strategy of extracting a single collective mode in order to
resolve the memory of the environment is generally known from the theory
of reaction coordinates [41, 42]. A more flexible approach extracts a chain of
bosonic modes, which allows to resolve more complex memory structures in the
environment [43, 44]. The presentation given here is based on Ref. [45], which
casts the strategy in a very general form.

As in Sec. 2, consider a system, S, coupled to a bosonic environment, E , through
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a. b.

Figure 2.1: a. A system S interacts with a bosonic environment, E , through the
coordinate pairs Sj , Ej . b. An enlarged system, S ′, now contains the system, S, and
a discrete set of dissipative auxiliary modes, which act to resolve the non-Markovian
memory-effects in the environment.

the coordinates Sj ∈HS and Ej ∈HE , such that the total Hamiltonian is

H = HS +HE +
∑
j

Sj ⊗ Ej . (2.25)

We shall call this configuration 1, which is illustrated in Fig. 2.1a. The object of
interest is the reduced density operator of the system, ρS(t) = TrE [e

−iHt/~ρS(0)⊗
ρE(0)e+iHt/~]. Consider now a different configuration, where S is coupled to an
auxiliary reservoir, A, together forming an enlarged system, S ′ with Hilbert
space HS′ = HS ⊗ HA (see Fig. 2.1b). We shall call this configuration 2.
As before, the system, S, is coupled to A through the coordinates Sj , Aj , but
in this configuration, the evolution of A involves dissipation through a set of
coordinates, Bj . The Bj-coordinates are generally different than the coupling
coordinates, Aj , and the number of Aj- and Bj-coordinates is allowed to be
different. Importantly, however, the system Sj-coordinates are the same as in
Eq. (2.25). This enlarged system is governed by the Markovian master equation

∂

∂t
ρS′(t) = −i[HS +HA +

∑
j

Sj ⊗Aj , ρS′ ] +
∑
j

γjD[Bj ]ρS′ , (2.26)

where D[x] = x · x† − 1
2 (x†x ·+ · x†x) is the Lindblad superoperator [14].

The free-evolution expectation values and two-time correlation functions of the
environmental coupling operators in configuration 1 are given by the unitary
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evolution generated by HE ,

〈Ej(t)〉 = TrE

[
eiHEt/~Eje

−iHEt/~ρE(0)
]
, (2.27)

〈Ej(t+ τ)Ej′(t)〉 = TrE

[
eiHE(t+τ)/~Eje

−iHE(t+τ)/~eiHEt/~Ej′e
−iHEt/~ρE(0)

]
.

(2.28)

For configuration 2, the corresponding expectation values and correlation func-
tions can be evaluated using the quantum regression theorem [35, 46]. To do
this, we define from Eq. (2.26) the free-evolution Liouvillian for the auxiliary
reservoir, A, as

LA = −i[HA, ·] +
∑
j

γjD[Bj ]. (2.29)

From this Liouvillian, we calculate the quantities of interest as

〈Aj(t)〉 = TrA[Aje
LtρA(0)], (2.30)

〈Aj(t+ τ)Aj′(t)〉 = TrA[Aje
LAτAj′e

LAtρA(0)]. (2.31)

The main result of Ref. [45] is then that for Gaussian initial states ρE(0), ρA(0),
the dynamics of the reduced system density operator, ρS(t), is the same for
configurations 1 and 2, provided that 〈Aj(t)〉 = 〈Ej(t)〉 and 〈Ej(t+ τ)Ej′(t)〉 =
〈Aj(t+ τ)Aj′(t)〉. This means that we can replace a potentially complicated
bosonic environment with by a few dissipative bosonic modes, provided that
the they generate the same correlation functions and expectation values as seen
by the system. The construction of these discrete modes need in principle not
be based on physical arguments or any microscopic derivation, so long as their
relevant correlation functions are equivalent to those of the true environment. It
should, however, be mentioned that the theory in Ref. [45] does not describe how
the auxiliary modes can be extracted from the properties of the environment,
E , and this task is generally not straightforward.

In Chap. 3, we shall see how this equivalence theorem can be used to construct
a very useful representation of the electromagnetic field.
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Part II

Vibrational and
electromagnetic interactions

in quantum emitters





Chapter 3

Interaction of a quantum
emitter with the

electromagnetic vacuum
field

In this chapter, we shall consider a quantum dipole immersed in the electro-
magnetic vacuum field. This dipole – or emitter – can generally represent a
molecule, atom or solid-state quantum emitter, such as a quantum dot or a
nitrogen-vacancy centre. We shall assume that the emitter can be described by
two states: the ground state, |g〉, and excited state, |e〉, separated by an energy
~ωeg. Section 3.1 focuses on fundamental, general aspects of light–matter in-
teraction and introduces the optical Green’s function and local density of states
through a quantum electrodynamical treatment. As two examples, the canoni-
cal Fabry-Pérot cavity and more exotic Fano cavity are introduced. Section 3.2
presents an analysis that allows to extract a few optical modes to represent a
resonant optical structure by applying the theory described in Sec. 2.2. Again,
the two cavities are used as examples.
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3.1 Green’s function and local density of states

The optical Green’s function is a mathematical object, G(r, t; r′, t′), that de-
scribes the electric field at position and time (r, t) due to a unit point current
(for example a radiating dipole) at position and time (r′, t′) [47]. While this
Green’s function stems from classical electrodynamics theory, it is fully con-
sistent with the quantum theory of light and can be derived directly from the
minimal-coupling Hamiltonian, which is the main task of the following section.
A similar derivation can be found in Ref. [48] in the context of superradiance.

3.1.1 Green’s function from minimal coupling

We shall consider the minimal coupling Hamiltonian describing the interaction
between an emitter (at position r0) and its electromagnetic environment. In the
dipole approximation, this Hamiltonian takes the form [49]

H = H0 +
∑
µ

~ωµa†µaµ −D ·E(r0), (3.1)

where the Hamiltonian H0 accounts for all dynamics of the emitter in the ab-
sence of the field, aµ and ωµ are the annihilation operator and frequency of the
µ’th optical mode, D is the dipole moment D = dσ + d∗σ†, with σ = |g〉〈e|,
and d the dipole matrix element of the transition. The electric field operator is
given by

E(r) = E(+)(r) + E(−)(r) =
∑
µ

[
Eµ(r)aµ + E∗µ(r)a†µ

]
, (3.2)

where Eµ is the complex field amplitude for the µ’th electromagnetic mode. We
shall not assume any specific form or properties of H0, which might also include
interactions between the dipole and other degrees of freedom, such as phonons.
Writing the operators in Eq. 3.1 out explicitly in the Hamiltonian gives

H = H0 +
∑
µ

~ωµa†µaµ − [dσ + d∗σ†] ·
∑
µ

[Eµ(r0)aµ + E∗µ(r0)a†µ]. (3.3)

The Heisenberg equation of motion for the µth mode operator is

ȧµ(t) =
i

~
[H, aµ(t)] = −iωµaµ(t) +

i

~
E∗µ ·D(t).

ȧ†µ(t) = iωµa
†
µ(t)− i

~
Eµ ·D(t).

(3.4)
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We can Laplace transform this equation of motion to obtain an algebraic expres-
sion. We define the Laplace transform as f̃(ω) ≡ L[f ](ω) =

∫∞
0

dt eiωtf(t) such
that L[ḟ ](ω) = −iωf̃(ω)−f(0). We also note that for a general operator, Q, we
have {L[Q](ω)}† = L[Q†](−ω) or written more compactly, [Q̃(ω)]† = Q̃†(−ω).
The Laplace transform of Eq. (3.4) is then

−iωãµ(ω) = aµ(0)− iωµãµ(ω) +
i

~
E∗µ(r0) ·D(ω), (3.5)

which can be solved as

ãµ(ω) =
1

ω − ωµ

{
iaµ(0)− 1

~
E∗µ(r0) ·D(ω)

}
. (3.6)

The corresponding expression for a†µ is

ã†µ(ω) =
1

ω + ωµ

{
ia†µ(0) +

1

~
Eµ(r0) ·D(ω)

}
. (3.7)

The Heisenberg picture time evolution of the electric field is given by

E(r, t) =
∑
µ

Eµ(r)aµ(t) + E∗µ(r)a†µ(t). (3.8)

Laplace transforming this,

Ẽ(r, ω) =
∑
µ

Eµ(r)ãµ(ω) + E∗µ(r)ã†µ(ω). (3.9)

Using the expressions (3.6) and (3.7), we can write the electric field in Eq. (3.9)
as

Ẽ(r, ω) = E0(r, ω) +

{
1

~
∑
µ

E∗µ(r)⊗Eµ(r0)

ω − ωµ
−

Eµ(r)⊗E∗µ(r0)

ω + ωµ

}
·D(ω)

= E0(r, ω) + G(r, r0, ω) ·D(ω),

(3.10)

where the dyadic quantity G is the term in curly brackets and we have defined
the free field contribution

E0(r, ω) :=
∑
µ

iaµ(0)Eµ(r)

ω − ωµ
+
ia†µ(0)E∗µ(r)

ω + ωµ
. (3.11)

Note that D(ω) entering Eq. (3.10) is the Laplace transform of the full Heisen-
berg time evolution of the dipole operator, containing contributions from H0
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and interaction with the electromagnetic field. The modal field functions Eµ
can be written in terms of the normalised functions, uµ, as [48]

Eµ(r) = i

√
~ωµ
2ε0

uµ(r). (3.12)

When inserting this relation into Eq. (3.10), we obtain

G(r, r′, ω) =
∑
µ

ωµ
2ε0

{
u∗µ(r)⊗ uµ(r′)

ω + ωµ
−

uµ(r)⊗ u∗µ(r′)

ω − ωµ

}
(3.13)

The dyadic product satisfies, for any function of the form f(ω, ω2
µ), the rela-

tion [50]∑
µ

f(ω, ω2
µ)uµ(r)⊗ u∗µ(r′) =

∑
µ

f(ω, ω2
µ)u∗µ(r)⊗ uµ(r′). (3.14)

If the frequencies ωµ are real and positive, this property can be used to simplify
the G-function to

G(r, r′, ω)
∑
µ

ω2
µ

ε0

uµ(r)⊗ u∗µ(r′)

ω2
µ − ω2

. (3.15)

This quantity is precisely the dyadic Green’s function known from the theory of
classical optics [47]. Thus, G provides the relation between the dynamics of a
quantum dipole and the emitted field.

3.1.2 Local density of states and spontaneous emission in
the Markovian limit

From the minimal-coupling Hamiltonian, Eq. (3.1), we can calculate the spon-
taneous decay rate of the emitter. To do so, we impose an approximation, the
so-called “rotating wave approximation”, where only counter-rotating terms in
the Hamiltonian are kept,

H = H0 +
∑
µ

~ωµa†µaµ −
∑
µ

(
d ·E∗µ(r0)a†µσ + d∗ ·Eµ(r0)aµσ

†). (3.16)

From this secular form of the interaction, we can derive a Markovian master
equation for the emitter, treating the interaction as a perturbation, as described
in Sec. 2.1.1. For now, we shall assume that the free evolution of the emitter is
simply given by H0 = ~ωegσ†σ.
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We shall approximate the initial state of the electromagnetic field as the vac-
uum state. For an optical mode with photon energy of 1 eV, the characteristic
temperature needed to populate the mode with one photon is around 104 K, so
the thermal density operator at room temperature is very close to the vacuum
state.

The time-convolutionless master equation, Eq. (2.13), for the reduced density
operator of the emitter, ρ, is then

∂

∂t
ρ(t) = −i[ωegσ†σ, ρ(t)]

− 1

~2

∑
µ

∫ t

0

dτ |d∗ ·Eµ(r0)|2
{
ei(ωeg−ωµ)τ

(
σ†σρ(t)− σρ(t)σ†

)
+ H.c.

}
,

(3.17)

In the Markovian limit, this master equation becomes

∂

∂t
ρ(t) = −i[(ωeg −∆)σ†σ, ρ(t)] + Γ

[
σρ(t)σ† − 1

2
(σ†σρ(t) + ρ(t)σ†σ)

]
, (3.18)

where Γ and ∆ are, respectively, the spontaneous emission rate and the Lamb
shift of the emitter, given by [14]

Γ =
2

~2

∑
µ

Re

{∫ ∞
0

dτ |d∗ ·Eµ(r0)|2ei(ωeg−ωµ)τ

}
, (3.19)

∆ =
1

~2

∑
µ

Im

{∫ ∞
0

dτ |d∗ ·Eµ(r0)|2ei(ωeg−ωµ)τ

}
. (3.20)

The Lamb shift can simply be absorbed into ωeg. The term appearing in
the square brackets in Eq. (3.18) is reckognised as the Lindblad superopera-
tor D[σ]ρ(t). The spontaneous emission rate can be simplified to

Γ =
∑
µ

πωµ
~ε0
|d∗ · uµ(r0)|2δ(ωeg − ωµ). (3.21)

Consider now the dipole-projected element of the retarded Green’s function of
the field [47],

lim
η→0

Im[d∗ ·G(r0, r0, ω + iη) · d] =
∑
µ

πωµ
2ε0
|d∗ · uµ(r0)|2δ(ω − ωµ). (3.22)

By comparing Eqs. (3.21) and (3.22), we can now write the spontaneous emission
rate as Γ = J(r0, ωeg), where J(r, ω) is the local density of states (LDOS),
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defined through the Green’s function as

J(r, ω) =
2

~
lim
η→0

Im[d∗ ·G(r, r, ω + iη) · d]. (3.23)

Strictly speaking, the LDOS is different from J(r, ω) up to a factor of πd2ω/ε0~ [19,
47, 51]. However, in this thesis we shall generally refer to J as the LDOS. The
LDOS is essentially the Fourier transformation of the free correlation function
of the electromagnetic field, C(τ) := 〈E(+)(r,−τ)E(−)(r, 0)〉. In the jargon of
open systems theory, the LDOS is the spectral density of the interaction. In the
Markov approximation, the emitter is only sensitive to the frequency compo-
nent ω = ωeg. However, it should be noted that the LDOS contains much more
information than just the spontaneous emission rate in the Markovian limit. In
fact, if the initial state of the field is Gaussian then the free two-time correlation
function, C(τ), along with the expectation value 〈E(−)(t)〉 fully characterises
all higher-order correlation functions, thus in principle allowing one to calculate
the exact dynamics of the emitter in the presence of the field [45]. Thus, if the
expectation value 〈E(−)(t)〉 vanishes, the LDOS fully describes the light–matter
interaction dynamics. In Sec. 3.2 we shall see an example of a method that uses
the LDOS as a starting point to construct a non-Markovian solution strategy
that is able to resolve effects of strong coupling between the emitter and the
field, which are ignored in the Markovian master equation Eq. (3.18). Finally,
we note that the spectral density (LDOS) can be written compactly in terms of
the light–matter interaction rates gµ = d ·Eµ(r0) as

J(ω) = 2π
∑
µ

|gµ|2δ(ω − ωµ). (3.24)

3.1.3 Examples

We will now turn our attention to two examples of electromagnetic environments
that will be used extensively throughout part II of this thesis and present a
simple model that allows for analytical calculation of the Green’s function. As
we have seen in Sec. 3.1, the Green’s function characterises all relevant properties
of the light-matter interaction and of the detectable electric field resulting from
the interaction. The first environment we shall consider is a simple Fabry-
Pérot resonator based on a nanophotonic waveguide with mirrors. Extending
this structure, we shall subsequently consider a so-called Fano cavity, where
one of the mirrors is replaced by a nanocavity and a partially transmitting
element, thereby forming a non-Lorentzian cavity through interference effects.
The analysis of the Fabry-Pérot cavity in Sec. 5.2 closely follows the development
in Refs. [51, 52], and Sec. 5.3 follows Ref. [53].
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Figure 3.1: Model for Fabry-Pérot cavity consisting of a waveguide structure with
two mirrors.

3.1.3.1 Fabry-Pérot cavity

This section contains text and figures from Refs. [51, 52]. c©2018 American
Physical Society, 2020 Optical Society of America.

First, we shall consider a system of a quantum emitter placed in an optical
waveguide with two mirrors (see Fig. 3.1). In the limit where the mirror re-
flectivity of both mirrors is zero, the system is a bare waveguide, and when the
mirror reflectivities increase towards unity, the system approaches a well-defined
cavity, where the waveguide background can be neglected. Such a model thus
provides a platform to study waveguides and cavities within a unified frame-
work. The goal of this model is to provide the simplest possible framework that
describes the qualitative behaviour of the structure consistently in both the low-
and high-reflectivity regimes.

In the absence of mirrors, the emitter–waveguide structure is characterised by
the spontaneous emission rate into the fundamental transverse waveguide mode,
Γ0, and the propagation factor of this mode, β(ω). The two mirrors are char-
acterised by their amplitude reflectivities, r1 and r2, which may be frequency
dependent, and their distance, L. In addition to the fundamental mode of the
waveguide, the emitter also couples to a set of radiation modes. The radiation
modes are for now defined as all other modes than the fundamental mode. For
simplicity, we assume that the LDOS associated with these modes can be ap-
proximated as frequency independent around the emitter transition frequency.
The total electromagnetic LDOS can then be written as J(ω) = J0(ω) + ΓR,
where ΓR is the spontaneous emission into radiation modes and J0 is the LDOS
associated with the fundamental mode, given by [54]

J0(ω) = Γ0 Re

{
[1 + r̃1(ω)][1 + r̃2(ω)]

1− r̃1(ω)r̃2(ω)

}
. (3.25)

Here r̃i are complex amplitude reflectivities that besides from the mirror reflec-
tion also account for roundtrip propagation in the cavity, r̃i(ω) = rie

i[β(ω)L+φi],
where φi is the mirror reflection phase. Assuming that the propagation constant
is dispersionless and that there is no propagation losses in the waveguide mode,
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we write β(ω) = n̄ω/c, where n̄ is the effective refractive index of the mode and
c is the speed of light. Furthermore, taking the reflection phase to be π [55], the
complex reflectivity can thus compactly be written as r̃i(ω) = −rieiω/∆, where
ri is now a positive, real number and ∆ = c/(n̄L) is twice the free spectral range
of the cavity.

To calculate the properties of the emitted field, we also need the Green’s func-
tion that links the emitter to the detected field. For practical purposes, we shall
assume that the detection process involves a projection onto the fundamental
mode of the waveguide in the segment to the right of mirror 2, as illustrated
in Fig. 3.1. In experiments, this is often realised when light from the waveg-
uide segment is sent to the collection optics via a coupler that is configured to
optimise the coupling to the fundamental waveguide mode [56]. Denoting the
position of mirror 2 by z2, we are interested in the Green’s function that al-
lows to calculate the field contained in the fundamental mode, for z > z2, with
normalised field function u0(r⊥) (as a function of the transverse position, r⊥).
Following Ref. [52], we find

G(r, r′, ω) =
i~ω2

4ε0
G(ω)eiβ(ω)[z−z2]u0(r⊥)⊗ u∗0(r′⊥), (3.26)

where

G(ω) = [1− r̃1(ω)r̃2(ω)]−1t2[1 + r̃1(ω)], (3.27)

and t2 is the transmittivity of mirror 2, here given by t2 =
√

1− r2
2. Note that

this Green’s function cannot be used to obtain the LDOS in Eq. (3.25) through
the relation in Eq. (3.23), because the LDOS and Green’s function found here
are strictly valid inside and outside the cavity region, respectively.

3.1.3.2 Fano cavity

This section contains text and figures from Ref. [53] c©2019 Americal Physical
Society.

A different, more exotic cavity structure is obtained when one of the mirrors of
the Fabry-Pérot cavity is replaced by a so-called Fano mirror [57] (see Fig. 3.2a).
In a simple description of the system, we can calculate the frequency-dependent
amplitude reflectivity and transmittivity of the Fano mirror alone and then
simply substitute this for r2 and t2 in the expressions for the LDOS and Green’s
function of the Fabry-Pérot cavity.

To calculate the reflectivity and transmittivity of the Fano mirror, we use classi-
cal coupled mode theory as in Refs. [58–61]. In Fig. 3.2b, a detailed illustration
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a.

b.

c.

Figure 3.2: Figure and caption adapted from Ref. [53] c©2019 American Physical So-
ciety. a. Fano cavity corresponding to a Fabry-Pérot cavity where the right mirror has
been replaced by a Fano mirror, realised by a side-coupled nanocavity and a partially
transmitting element. b. Detailed illustration of Fano mirror, where the coupling
rates have been labeled and the electric field amplitudes si± used for calculation of
reflectivity and transmittivity are indicated. c. Squared modulus (solid yellow) and
phase (gray dotted) of the Fano mirror reflectivity, with γ1 = γ2 =: γF, γ0 = 0.05γF
and rB = −1/

√
2, P = +1.

of the Fano mirror is given, and four in- and outgoing field amplitudes in the
waveguide, si±, are indicated. The field amplitude in the nanocavity is given
by a, and the reflectivity and transmittivity of the partially transmitting el-
ement are rB, tB. We shall denote the magnitude and phase of the coupling
rates between the nanocavity and the two waveguide segments by γi and θi (see
Fig. 3.2b). Furthermore, the nanocavity has an intrinsic loss rate, γ0. The time
evolution of the field amplitudes is then

da

dt
= (−iωF − γt)a+

(
d1 d2

)(s1+

s2+

)
,(

s1−
s2−

)
= C

(
s1+

s2+

)
+

(
d1

d2

)
a, C =

(
rB −itB
−itB rB

)
,

(3.28)

with γt =
∑
i γi, di =

√
2γie

iθi and ωF the resonance frequency of the cavity. In
the case where the incoming light arrives from the left, we can set s2+ = 0 and
define the reflectivity and transmittivity as rF(ω) = s1−/s1+, tF(ω) = s2−/s1+,
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which we find to be

rF(ω) = rB +
d2

1

−i(ω − ωF) + γt
,

tF(ω) = −itB +
d1d2

−i(ω − ωF) + γt
.

(3.29)

Using the relation D = −CD∗ [58], with

D =

(
d1 0
d2 0

)
, (3.30)

we find

rF(ω) = rB + 2
itB
√
γ1γ2e

i(θ1−θ2) − rBγ1

−i(ω − ωF) + γt
, (3.31)

tF(ω) = −itB + 2
itBγ2 − rB

√
γ1γ2e

i(θ2−θ1)

−i(ω − ωF) + γt
. (3.32)

Due to energy conservation and time-reversal symmetry, the coupling phases
must obey the relation [62]

cos 2θ1 =
1

2

t2B
rB

(
γ2

γ1
− 1

)
− rB,

sin 2θ1 = PtB

√
4γ1γ2 − t2B(γ1 + γ2)2

2γ1rB
,

ei(θ1−θ2) =
√
γ1/γ2

1

itB

(
e2iθ1 + rB

)
(3.33)

where P is the parity of the resonance, which can take the values ±1 and is de-
termined by the symmetry properties of the optical mode in the nanocavity [63].

Symmetric couplings. In the simplest case, where the coupling coefficients
are symmetric, γ1 = γ2 =: γF, Eqs. (3.29) and (3.31) can be reduced to

rF(ω) = rB +
2γFe

2iθ1

−i(ω − ωF) + γt
,

tF(ω) = −itB +
2γF(itB − rBe

i(θ2−θ1))

−i(ω − ωF) + γt
.

(3.34)

To simplify these expressions, we use Eq. (3.33), leading to cos 2θ1 = −rB, sin 2θ1 =
PtB, e

i(θ1−θ2) = P , and thus

rF(ω) = rB +
−rB + iP tB

−i(ω − ωF)/2γF + γt/2γF
,

tF(ω) = −itB +
itB − PrB

−i(ω − ωF)/2γF + γt/2γF
.

(3.35)



3.1 Green’s function and local density of states 29

The reflectivity is presented in Fig. 3.2c as a function of frequency. The strong
frequency dependence of both the magnitude and phase of the reflectivity is an
important feature that will be imprinted on the resulting optical mode, when
one of the mirrors in a Fabry-Pérot cavity is replaced by a Fano mirror.

Asymmetric couplings. In the general case γ1 6= γ2 we define the asymme-
try ratio, χ = γ2/γ1. The phase relations, Eq. (3.33), are then

cos 2θ1 =
1

2

t2B
rB

(χ− 1)− rB,

sin 2θ1 =
PtB

√
4χ− t2B(1 + χ)2

2rB
,

ei(θ1−θ2) =
√

1/χ
1

itB
(e2iθ1 + rB)

=
√

1/χ
1

2irB

(
tB(χ− 1) + iP

√
4χ− t2B(1 + χ)2

)
.

(3.36)

Inserting these into Eq. (3.31) leads to the reflectivity and transmittivity

rF(ω) = rB +

tB
2rB

[
tB(χ− 1) + iP

√
4χ− t2B(1 + χ)2

]
− rB

−i(ω − ω0)/2γ1 + γt/2γ1
,

tF(ω) = −itB +
itB − 1

2

{
itB(χ− 1) + P

[√
4χ− t2B(1 + χ)2

]∗}
−i(ω − ω0)/2γ1 + γt/2γ1

.

(3.37)

LDOS and Green’s function. With the reflectivity and transmittivity of
the Fano mirror in place, we can now simply substitute r2 and t2 with rF(ω)
and tF(ω) in the expressions for the LDOS and Green’s function of the Fabry-
Pérot cavity, Eqs. (3.25) and (3.26) obtaining

J0(ω) = Γ0 Re

{
[1 + r̃1(ω)][1 + rF(ω)eiω/∆]

1− r̃1(ω)rF(ω)eiω/∆

}
G(ω) =

tF(ω)[1− r̃1(ω)]

1− r̃1(ω)rF(ω)eiω/∆
.

(3.38)

An example of the frequency dependence of these functions is shown in Fig. 3.3
for three values of the nanocavity resonance. As can be seen, the system forms
a resonant mode with a lineshape very different from a Lorentzian. The shape
of the resonance arises due to a non-trivial interplay between the frequency
dependence of the total roundtrip phase and the magnitude of the reflectivity.
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Figure 3.3: LDOS (blue solid) and squared modulus of Green’s function (orange
dashed) of Fano cavity for a. ωF = ω0 − 10γF b. ωF = ω0 and c.ωF = ω0 + 10γF.
The resonance of the nanocavity, ωF, is indicated with a dotted black line. Other
parameters: γ1 = γ2 =: γF = 3 × 10−2∆, rB = −1/

√
2, γ0 = 1.5 × 10−3∆, ω0 =

3∆, P = +1, r1 = 1.

3.2 Few-mode representation of electromagnetic
environment

In the case where the linewidth of the emitter is much narrower than the spectral
features of the spectral density, J(ω), the Markov approximation is typically
valid and provides an adequate description of the dynamics. This statement
involves a certain amount of self-consistency, since J(ωeg) is the spontaneous
emission rate, and thus – in the absence of other broadening mechanisms – the
linewidth of the emitter. When the spectral features of J(ω) vary considerably
over the emission line, one needs to invoke a non-Markovian strategy to calculate
the dynamics.

From standard quantum optics, it is well-known that a Lorentzian cavity can
often be represented by a single bosonic mode subject to losses [64,65]. Although
often introduced rather phenomenologically, this treatment is in fact one of
the simplest examples of a non-Markovian strategy to calculate the dynamics
of the emitter, when the spectral density is too sharp to invoke the Markov
approximation. By extracting a single coordinate – the cavity mode – from the
spectral density, and associating with it a bosonic operator, a, one can simply
’enlargen’ the system Hilbert space to contain this new coordinate.

In the language of Sec. 2.2, the light–matter interaction in Eq. (3.16) is de-
scribed by the system and environment coordinates S1 = σ, S2 = σ† and
E1 =

∑
µ gµa

†
µ, E2 = E†1 =: E†, where gµ = d · E∗µ(r0). When the field is

initially in the vacuum state, we have, for the freely evolving field,
〈
E(+)(t)

〉
=
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〈
E(−)(t)

〉
= 0 and only one non-zero free-field correlation function,〈

E(+)(t+ τ)E(−)(t)
〉

=
∑
µ

|gµ|2e−iωµt, (3.39)

which only depends on the time difference, τ . Fourier transforming this corre-
lation function, we obtain∫ ∞

−∞
dτ
〈
E(+)(t+ τ)E(−)(t)

〉
eiωτ = 2π

∑
µ

|gµ|2δ(ω − ωµ), (3.40)

which is precisely the LDOS from Eq. (3.24). We can then construct an auxiliary
environment with a bosonic operator a, which couples to the emitter through the
interaction HSA = g(σa† + σa). The effective spectral density of the auxiliary
environment, J ′(ω) is then given by

J ′(ω) = g2

∫ ∞
−∞

dτ eiωτ
〈
a(τ)a†

〉
, (3.41)

where
〈
a(τ)a†

〉
is the correlation function of the optical mode in the absence

of the emitter (g = 0). If ρA(0) is initialised in the vacuum state with respect
to the mode A and satisfies [ρA(0), HA] = 0, the reduced dynamics of the
emitter will be equivalent to the exact dynamics provided that the condition
J ′(ω) = J(ω) is fulfilled. Often, an exact equivalence between J and J ′ cannot
be found, but the difference between the two spectral densities serves as a very
useful measure to assess the accuracy of the mapping. If a sufficiently simple
auxiliary reservoir with a few internal modes can be constructed, for which J ′
is a good approximation of J , then the master equation (2.26) can be solved to
numerical precision, thereby allowing for a nonperturbative calculation of the
reduced system dynamics.

Before proceeding with two examples, it should be noted that a recent theoretical
strategy has been developed, for which the quantisation of the electromagnetic
environment from the solution of Maxwell’s equations leads directly to a discrete
set of so-called quasi-normal modes [66]. This strategy is extremely promising
and is a very strong tool for calculating the quantum dynamics of complicated
optical structures while fully resolving quantum effects. A drawback of the
method is the necesity for numerical calculation of the quasi-normal modes,
which is a computationally expensive task.

3.2.1 Fabry-Pérot cavity

This section contains text and figures from Refs. [51, 52]. c©2018 American
Physical Society, 2020 Optical Society of America.
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a. b. c. d.

e. f. g.

Figure 3.4: Figure and caption adapted from Ref. [51] c©2020 Optical Society of
America. a.-d.Local density of states in the cavity, J0(ω), for increasing mirror reflec-
tivities (r1 = r2 =: r). The blue shaded area signifies the full LDOS as in Eq. (3.25),
the green solid line signifies the waveguide contribution, ΓWG, and the orange dotted
shows the Lorentzian cavity contribution, plotted as an offset from the green line.
e. Emitter–cavity coupling strength, f. cavity linewidth and g. spontaneous emis-
sion rate into waveguide as a function of mirror reflectivity and cavity length for a
symmetric cavity, r1 = r2 = r. Parameters: n̄ = 2, Γ0 = 1 µeV.
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As a first example, we shall consider the Fabry-Pérot cavity and demonstrate
how a single damped cavity mode can be extracted from the LDOS, Eq. (3.25).
If the reflectivity of the mirrors is sufficiently high, the LDOS in the vicinity of a
resonant frequency can be described by a single damped cavity mode. However,
as the system reduces to a photonic waveguide as r → 0, there exists an regime
of intermediate reflectivity where the spectral density cannot be described by a
single Lorentzian cavity mode, but in addition contains a frequency-independent
background contribution [52]. Under these conditions, the master equation de-
scribing an emitter with free Hamiltonian H0 and a single cavity mode with
bosonic mode operator a is

d

dt
ρ(t) = −i[H0/~ + ωca

†a+ g(aσ† + a†σ), ρ(t)] + κD[a]ρ(t) + ΓWGD[σ]ρ(t),

(3.42)

where ωc is the resonance frequency of the cavity, g is the emitter–cavity cou-
pling strength, κ is the cavity decay rate and ΓWG is the frequency-independent
component of the LDOS. The goal is now to establish a relation between the
parameters in the master equation, (g, κ,ΓWG) and the microscopic parameters
that characterise the optical structure and gives the LDOS, (ri, L, n̄,Γ0). As
described in Sec. 3.2, the mapping between the microscopic and QED parame-
ters can be performed by requiring that the effective spectral density generated
by the damped cavity mode is equivalent to the optical LDOS. The effective
spectral density, J ′, generated by the master equation Eq. (3.42) is

J ′(ω) = ΓWG + g2

∫ ∞
−∞
〈a(τ)a†〉 eiωτ = ΓWG +

4g2κ

κ2 + 4(ω − ωc)2
. (3.43)

To determine the value of g, κ and ΓWG, we require that the effective spectral
density, J ′(ω), satisfies the three equivalence conditions [52]

J ′(ωc) = J(ωc),

d2

dω2
J ′(ωc) =

d2

dω2
J(ωc),∫ ωc+π∆

ωc−π∆

J ′(ω) dω =

∫ ωc+π∆

ωc−π∆

J(ω) dω .

(3.44)

Finding the parameters from these conditions ultimately comes down to solv-
ing a transcendental equation, as described in Ref. [52]. With the parameters
determined, we can compare the effective spectral density, J ′, to physical spec-
tral density, J . Such a comparison is presented in Fig. 3.4a-d over a range of
reflectivies. The variation of the mapping parameters g, κ,ΓWG is presented in
Fig. 3.4e-g as a function of reflectivity.
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a. b.

c.

Figure 3.5: Figure and caption adapted from Ref. [53] c©2019 American Physical
Society. a. Two-mode representation of Fano cavity. b. Physical spectral density,
J(ω) (black solid) and mapped spectral density, J ′(ω) (green dotted line and shaded
area). c. Spectral density, J(ω), as a function of frequency and coupling rate between
the waveguide and nanocavity. The value γF = 0.15∆ as used in panel b is indicated
with a white, dotted line. Parameters: rB = −1/

√
2, P = +1, γ0 = 10−3∆, ω0 =

101π∆, ωF = ω0 − 0.02π∆.

3.2.2 Fano cavity

This section contains text and figures from Ref. [53] c©2019 Americal Physical
Society.

For the Fano cavity, the situation is more complicated due to the non-Lorentzian
line shape, meaning that the LDOS cannot be reproduced by a single dissipative
cavity mode. Here, we closely follow the analysis presented in Ref. [53] to
construct a few-mode representation of the Fano cavity.

The central physical mechanism that gives rise to the spectral features of the
LDOS is the interference between the direct transmission path through the
partially transmitting element and transmission via the sidecoupled nanocavity.
Thus, the few-mode representation must mimic this interference structure. With
this in mind, we propose the two-mode structure presented in Fig. 3.5a. Col-
lecting the annihilation operators for the two modes in a vector a := (a1, a2)T ,
the governing master equation can be written compactly as

∂

∂t
ρ(t) = −i[H0/~ + a†Ωa + a†gσ + g†aσ†]ρ(t) +D[K†a]ρ(t). (3.45)
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where

Ω =

[
ω1 V
V ∗ ω2

]
, g =

[
g
0

]
, K =

[√
κ1√
κ2

]
. (3.46)

Here the light–matter coupling strength g, the resonant frequencies ωi and leak-
age rate κi for the ith-cavity mode, and the intercavity coupling strength V have
been introduced. The interference between the two modes appearing in the dis-
sipator is crucial for capturing the underlying physical interference between the
direct and cavity-mediated transmissions in the Fano mirror.

The effective spectral density of the mapped mode structure can be calculated
to be [53]

J ′(ω) = 2|g|2 Re
{

[2i(ω − ω2)− κ2]

×
[
2(ω − ω2)(ω − ω1) + iκ1(ω − ω2) + iκ2(ω − ω1)

+ 2iV0
√
κ1κ2 cos θ − 2V 2

0

]−1}
,

(3.47)

where V =: V0e
iθ. In Fig. 3.5b, a comparison between the effective and physical

spectral densities is presented with very good agreement. The effective spectral
density of the two-mode structure, J ′(ω), effectively captures the asymmetry
in the line shape. To obtain such an agreement, it is of course necessary to
specify the appropriate values of the seven parameters of the mapped structure,
(g, κ1, κ2, V0, θ, ω1, ω2). The rest of this section describes how these parameters
are related to the LDOS, J(ω).

To determine the mapping parameters we shall partly use comparison between
the poles and residues of J and J ′, and use numerical minimisation of the error
measure ε =

∫
W

dω [J(ω) − J ′(ω)]2 over a frequency window, W , of interest.
First, we shall determine the analytic structure (i.e. poles and residues) of J ′
and J .

3.2.2.1 Analytic structure of spectral densities

The two poles of J ′, denoted by z′±, are found as the roots of the denominator
in (3.47),

z′± =
1

2

[
2Ω− i

2
(κ1 + κ2)

]
±
√
D,

D = V 2
0 −

[
κ1 + κ2

4

]2

+
i∆

4
(κ1 − κ2) +

∆2

4

− i
√
κ1κ2V0 cos θ,

(3.48)
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where Ω := 1
2 (ω1 + ω2) and ∆ := ω2 − ω1. This allows us to write J ′ as

J ′(ω) = 2|g|2 Re

{
i(ω − ω2)− 1

2κ2

(ω − z′+)(ω − z′−)

}
. (3.49)

From this form, we see that z′± are simple poles, and the corresponding residues,
R′±, are thus

R′± = lim
ω→z′±

(ω − z′±)J (ω),

= |g|2
i(z′± − ω2)− 1

2κ2

z′± − z′∓
.

(3.50)

For the physical spectral density, J(ω), we can evaluate the poles and residues
numerically. Although J has infinitely many poles, we have found that only two
of them – in the vicinity of the Fano cavity mode, well-separated from the other
poles – are important in describing the features of the dominating cavity mode.

By calculating the analytical continuation of J in the complex plane in the
vicinity of the Fano cavity resonance, two poles can be found (see Fig. 3.6a),
which we shall denote by z±. The residue, R± of a pole, z±, can be numerically
calculated by integrating J(z) along a closed contour, C±, that encloses the pole
z±. Using the residue theorem, we find

R± =
1

2πi

∮
C±

dz J(z). (3.51)

When the contour C± is chosen as a circle with radius Z0, C± = {z : φ →
Z0e

iφ + z± | φ ∈ [0, 2π]}, the residue becomes

Z0

2π

∫ 2π

0

dφJ(Z0e
iφ + z±). (3.52)

3.2.2.2 Determining the mapping parameters

We now require that the poles of J and J ′ are pairwise equal,

z′+ = z+, z
′
− = z−. (3.53)

Adding these two equations yields the requirement

Ω =
1

2
Re[z+ + z−], (3.54)

κ1 + κ2 = −2 Im[z+ + z−]. (3.55)
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Figure 3.6: Figure and caption adapted from Ref. [53] c©2019 American Physical
Society. Analytic continuation of J(ω) (a) and J ′(ω) (b) in the complex plane, with
poles indicated by black circles. The plots demonstrate that in the vicinity of the
cavity mode, J ′ is a very good approximation to J , not only on the real line, but also
in the complex plane.

Similarly, subtracting the two equations (3.53) yields 2
√
D = z+ − z−. When

this equality is squared and separated into real and imaginary parts, we obtain

V 2
0 −

(
κ1 + κ2

4

)2

+
∆2

4
=

1

4
Re[(z+ − z−)2], (3.56)

∆

4
(κ1 − κ2)−

√
κ1κ2V0 cosϕ =

1

4
Im[(z+ − z−)2]. (3.57)

If we were to proceed similarly with the residues R± and R′±, this would lead to
four additional constraints, and thus the system of equations would be overde-
termined. Instead, we use the constraint Im[R′+ + R′−] = Im[R+ + R−], which
amounts to

g =
√

Im[R+ +R−]. (3.58)

The equations (7.22)-(8.21) give five constraints, leaving two degrees of freedom.
In our numerical implementation, we leave the two parameters ∆ and κ2 as free.
We then choose the pair (∆, κ2) that minimises ε. In Fig. 3.6, it is shown that
J and J ′ are not only equivalent on the real frequency line, but in the complex
plane in the vicinity of the cavity resonance.

In Chapter 5, we will use the tools developed in the present chapter to investigate
the emission properties of single-photon sources based on Fabry-Pérot and Fano
cavities, when the phonon modes of the solid-state lattice are taken into account.
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Chapter 4

Interaction of quantum
emitter with phonons

This chapter contains material from Ref [51] c©2020 Optical Society of America.

In the previous chapter, we have investigated the interaction of a quantum
emitter with its electromagnetic environment. Another important interaction
mechanism for emitters in the solid state arises due to the atomic lattice that
they reside in. The ions of the host lattice are not completely fixed in their
equilibrium positions, but can be slightly displaced through the Coulomb inter-
action. The collective, vibrational motion of such ionic displacements are known
as phonons, and can be described as a collection of harmonic oscillators. The
free motion of these oscillators is governed by the Hamiltonian

HP =
∑
k,λ

~νkb†k,λbk,λ, (4.1)

where bk,λ is the bosonic annihilation operator of the phonon mode with mo-
mentum k, unit polarisation vector εk,λ and frequency νk.

In quantum dots, the strongest interaction occurs due to the so-called defor-
mation potential coupling, which arises from the electrostatic displacement of
the ionic lattice that occurs when the charge distribution in the emitter is
changed [20,67–69]. This mechanism couples the emitter to longitudinal acoustic
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(LA) phonons with frequencies below the cutoff frequency, ∼ cs/d, determined
by the characteristic size of the emitter, d, and the speed of sound in the ma-
terial, cs. As we shall see in the following section, this cutoff occurs because,
for the low-energy electronic states, the spatial variation of the charge distri-
bution within the emitter has a characteristic length scale of d, and thus the
electron wavefunction in k-space is confined to the region k . 1/d. Due to this
k-localisation, the deformation potential does not involve the longitudinal opti-
cal (LO) phonon branch, unless the emitter localisation length scale approaches
the lattice constant.

Another interaction mechanism is the dielectric polarisation of the host mate-
rial induced by the charge distribution in the emitter – the so-called Fröhlich
coupling [67]. This mechanism couples the electronic charge distribution to LO
phonons, and is naturally dependent on the dielectric constant of the host ma-
terial. For realistic quantum dot parameters, the coupling to LO phonons leads
to far-detuned features in the optical spectrum that are orders of magnitude
weaker than the LA phonon signatures [20, 70]. As such, the Fröhlich coupling
shall not be considered here.

Yet another electron–phonon coupling mechanism is provided by the piezoelec-
tric interaction. Such an interaction occurs if the host material is piezoelectric,
i.e. if an electric field is induced when the crystal is strained. Since such a
strain-induced electric field couples to the electrons, and since lattice vibrations
are periodic strain modulations, the piezoelectric effect leads to an electron–
phonon coupling [67]. Most III-V semiconductors relevant for quantum dots are
however only very weakly piezoelectric, and the piezoelectric phonon coupling
is negligible [71]. Due to this, we shall neglect the piezoelectric electron–phonon
interaction here.

4.1 Electron–phonon interaction mechanism due
to deformation potential

Here we outline the derivation of the electron–phonon interaction Hamiltonian
due to the deformation potential following Refs. [67, 68], and apply this theory
to the special case of a quantum dot. Consider a solid, where a lattice of N ions
generates a potential, Vl(r), which couples to the valence electrons through the
electrostatic interaction

HEL =

∫
d3r ρe(r)

N∑
j=1

Vl(r−Rj), (4.2)



4.1 Electron–phonon interaction mechanism due to deformation potential41

where ρe is the electron density and Rj is the position of the jth ion. The
position of the ions can be separated into an equilibrium position, R0

j , and a
displacement, uj , such that Rj = R0

j + uj . Assuming that the displacement is
small, we can expand Vl around uj = 0 to first order, giving

HEL '
∫

d3r ρe(r)
∑
j

[
Vl(r−R0

j )− uj · ∇Vl(r−R0
j )
]
. (4.3)

The first term only involves the interaction between the electron and the static
lattice. This merely determines the electron eigenstates in the absence of phonons
and can thus be absorbed into the free-electron Hamiltonian as a static potential.
The remaining part is then the electron–phonon interaction

HEP = −
∫

d3r ρe(r)
∑
j

uj · ∇Vl(r−R0
j ). (4.4)

The lattice displacement can be written in terms of the phonon annihilation and
creation operators as uj = 1√

N

∑
k,λ i

√
~

2mνk
(bk,λ + b†−k,λ)εk,λ, where m is the

ion mass. Similarly, we write the Fourier representation of the lattice potential
as Vl(r) = 1

N

∑
k Ṽl(k)eik·r. With these expansions, Eq. (4.4) becomes

HEP =

∫
d3r ρe(r)

×
∑
kk′λ

√
~

2Nmνk
(bk,λ + b†−k,λ)εk,λ · k′Ṽl(k′)eik

′·r

 1

N

∑
j

ei(k−k
′)·R0

j


(4.5)

The last factor in the brackets amounts to the Kronecker delta δkk′ . The prod-
uct εk,λ · k′ appearing in the summation means that only longitudinal phonons
couple to the electrons. With this in mind, we can drop the summation over po-
larisations, λ. Meanwhile, we can expand the electron density on the eigenstates
with wavefunctions ψi(r) and fermionic annihilation operators ci,

ρe(r) =
∑
ij

ψ∗i (r)ψj(r)c†i cj . (4.6)

Inserting this into Eq. (4.5), we obtain

HEP =
∑
ij

c†i cj
∑
k

M ij
k (bk + b†−k) (4.7)

with

M ij
k =

√
~νk

2ρmV c2s
Ṽl(k)

∫
d3rψ∗i (r)ψj(r)eik·r (4.8)
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with cs the speed of sound, ρm the mass density and V the phonon quantisa-
tion volume. Here, we have assumed that the phonons have a linear dispersion,
νk = csk – a good approximation for low-frequency LA phonons [72]. The
typical size of a quantum dot is on the order of 10 nm, while the phonon wave-
length at the edge of the Brillouin zone is on the order of 0.5 nm (corresponding
to the lattice constant). Since the coupling strength in Eq. (4.8) is essentially
proportional to the Fourier transform of the electron wavefunction, this means
that the dominating phonons are the long-wavelength modes, i.e. in the acous-
tic branch. The ion potential is approximated as constant within the relevant
frequency range around the Γ-point as Ṽl(k) ' D, where D is the deformation
potential [73].

4.1.1 Phonon interaction in a solid-state quantum emitter

The derivation of the electron–phonon coupling has so far not assumed anything
about the nature of the electronic structure. At this point, we shall however
proceed by specialising to the case of a solid-state quantum emitter, where a
confinement potential provides a set of localised electronic states that dominate
the behaviour of the electrons. The dominating phonon modes in the interaction
have energies on the order of 1 meV [74], while the separation between the elec-
tronic eigenstates is on the order of several tens of meV [75]. This means that
although HEP has off-diagonal elements that describe processes where phonons
drive transitions between the electronic eigenstates, these processes are not en-
ergetically allowed [76]. As such, they do not lead to real transitions that change
the level populations of the electrons, but instead generate virtual processes. To
describe these virtual processes, the off-diagonal elements of HEP can be per-
turbatively eliminated using a Schrieffer-Wolff transformation [76–79], which is
generally introduced in App. A. The effect of this transformation is to trans-
form to a reference frame, where the low-energy electronic states are decou-
pled from the high-energy ones. In the context of quantum dot single-photon
sources, the optically addressed states will typically be the ground state, |g〉, and
the lowest-lying (s-shell) excitonic state, |e〉, and the higher-energy electronic
states are the higher-lying excitonic states, {|j〉}, starting with the p-shell exci-
ton. The transformation, U , generates a Hamiltonian H̃EP. This transformed
Hamiltonian does not couple |g〉 and |e〉 with the higher-lying excitonic states.
Instead, the energetically forbidden transitions to the high-energy manifold are
now represented as a virtual transition term. Within the low-energy sector, the
transformed Hamiltonian can be written on the form [76]

H̃EP = |e〉〈e|

(∑
k

~gk(b†k + b−k) +
∑
kk′

~fkk′(b†k + b−k)(b†k′ + b−k′)

)
, (4.9)
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where the linear and quadratic phonon coupling coefficients are given by

~gk = M11
e,k −M11

h,k, (4.10)

~fkk′ =
∑
a=e,h

∑
j 6=1

M1j
a,kM

j1
a,k′

Ea,1 − Ea,j
, (4.11)

In Eq. (4.9), we have moved to an electron–hole picture. In this picture, the elec-
tron orbitals are labeled as ψe,1, ψe,2, · · · , and the hole orbitals by ψh,1, ψh,2, · · · ,
where ψa,1 denotes the lowest-energy bound state in the potential of the quan-
tum dot (i.e. an s-shell state). Thus, the state |e〉 corresponds to an electron-hole
pair in the orbitals ψe,1 and ψh,1. The eigenenergy corresponding to the orbital
ψa,i is denoted by Ea,i. The matrix elements M ij

k have been relabeled to M ij
a,k

accordingly, such that Eq. (4.8) becomes

M ij
a,k =

√
~νk

2ρmV c2s
Da

∫
d3r, ψ∗a,i(r)ψa,j(r)eik·r, (4.12)

where De/h is the deformation potential of an electron/hole.

The first term in Eq. (4.9) is linear in the phonon operators and describes a
displacement of the vibrational equilibrium that depends on the state of the
electron. The nature of this interaction is the electrostatic potential generated
by the electron–hole pair of the exciton state, which couples to the ionic lat-
tice. This term is known to dress the optical transition of the emitter, such
that phonon-assisted photon emission and absorption may occur. Such phonon-
assisted optical processes are often observed as a broad sideband to the primary
optical transition [20].

The second term in Eq. (4.9) is quadratic in the phonon operators. To under-
stand what the physical origin of this term is, we turn to the expression for the
quadratic coupling coefficients, Eq. (4.11). The structure of these coefficents
reveal that the quadratic coupling arises from virtual transitions to the higher
excited states, j 6= 1, and back to the lowest-lying exciton. The strength of
the virtual transition from the orbital ψa,1 to ψa,j is suppressed by the energy
difference Ea,1−Ea,j . Thus, the primary contribution to the total virtual tran-
sition rate comes from the energetically closest state, j = 2, i.e. the p-orbital
exciton. Furthermore, the interaction term does not conserve the phonon mo-
mentum, but describes scattering from momentum k to k′ and vice versa. This
is a result of the translational symmetry breaking caused by the emitter, which
breaks the conservation of phonon momentum [76]. The primary physical fea-
ture associated with the quadratic phonon coupling is a temperature-dependent
pure dephasing of the exciton, |e〉.
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To proceed further, we need an explicit form of the electronic orbitals. A full cal-
culation of the electronic eigenstates in a quantum dot is a numerically demand-
ing task [80–82], which we shall not pursue here. In the simplest approximation,
we assume that the confinement potential of the emitter is spherically parabolic,
such that the corresponding wavefunctions are ψα(r) = (dα

√
π)−3/2e−r

2/(2d2α).
Furthermore, we shall assume that the confinement length is the same for the
electron and hole, de = dh =: d. Relaxing these simplifications to more realis-
tic cases leads to more complex phonon behaviour, including the quenching of
phonon modes for specific asymmetries between the electron-hole confinement
potentials [83]. For simplicity, such effects will not be considered in this work.
Within the assumption of spherically symmetric wavefunction assumption, the
linear phonon coupling coefficients simplify to [73]

~gk =

√
~νk

2ρmV c2s
[De −Dh]e−k

2d2/4. (4.13)

This expression explicitly demonstrates that the phonon coupling vanishes for
k � 1/d.

To calculate the quadratic coupling coefficients, we approximate the sum over
electronic states in Eq. (4.11) by the first term (j = 2). As mentioned previ-
ously, this lowest-energy term, corresponding to virtual transitions to the first
(triply degenerate) p-shell exciton, is the dominating contribution to fkk′ in the
summation. Under this approximation, the quadratic coupling coefficients are
given by [78]

~fkk′ = −
~√νkνk′
2ρmV c2s

[
D2
e

∆e
+
D2
h

∆h

]
d2

2
e−d

2(k2+k′2)/4k · k′, (4.14)

where ∆a := E2a − E1a is the energy splitting between the s- and p-shell state
for the electron (a = e) or hole (a = h). In the spherically symmetric harmonic
potential, this splitting becomes ∆a = ~2/(d2ma), where me/h is the effective
electron/hole mass.

As observed in Eqs. (4.13) and (4.14), gk and fkk′ are real for a spherical,
harmonic confinement potential. In this case, we can re-write the k-summations
as ∑

k

gk(b†k + b−k) =
∑
k

gk(b†k + bk) (4.15)∑
kk′

fkk′(b
†
k + b−k)(b†k′ + b−k′) =

∑
kk′

fkk′(b
†
k + bk)(b†k′ + bk′). (4.16)

In Table 4.1, the relevant material parameters for the electron–phonon interac-
tion in GaAs are provided. These parameters will be used for all calculations
involving phonons in this thesis, unless otherwise stated.
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De [meV] Dh [meV] %m [g/cm3] cs [m/s] me [m0] mh [m0]
−15.93 −8.77 5.317 4.73× 103 0.067 0.51

Table 4.1: Adapted from Ref. [51] c©2020 Optical Society of America. Material
parameters for GaAs [84,85] used for calculation of electron–phonon interactions. The
free electron mass is denoted by m0.

4.2 Polaron master equation

With the interaction mechanisms for the electromagnetic and vibrational envi-
ronments in place, we now turn our attention to the dynamics of the emitter. In
particular, we are interested in calculating the properties of light emitted from
the system. Due to the simultaneous coupling of the emitter to phonons and a
structured electromagnetic environment, this is a challenging theoretical prob-
lem, and standard perturbative treatments fail to capture the essential features
of the dynamical evolution. In this section, we will introduce and apply the
polaron formalism, which allows one to derive a master equation that accounts
for strong electron-phonon coupling in addition to potentially strong coupling
to complex photonic structures [86–88]. In previous theoretical work, similar
problems have been analysed via numerical techniques based on real-time path
integrals [89–92], non-equilibrium Green’s functions [93] and diagonalisation of
the Liouvillian [22, 94–96]. These approaches are computationally demanding,
but allows for high accuracy and are essentially non-perturbative. In contrast,
an open-system perturbation theory in the polaron representation provides nu-
merically inexpensive implementations, and allows for derivation of analytical
results in certain cases, while maintaining a high accuracy in the regimes rele-
vant for single-photon sources.

4.2.1 The independent boson model and the polaron trans-
formation

In the absence of the quadratic phonon coupling and interactions with the elec-
tromagnetic field, the dynamics of the emitter and phonons is governed by the
Hamiltonian

HIBM = ωeg |e〉〈e|+
∑
k

νkb
†
kbk + |e〉〈e|

∑
k

gk(b†k + bk). (4.17)
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This interaction is known as the independent boson model and can be solved
exactly through diagonalisation using the canonical transformation [67]

U = |g〉〈g|+ |e〉〈e| e+Q, Q =
∑
k

(δkb
†
k − δ

∗
kbk), (4.18)

which displaces the kth phonon mode by δk, conditionally on the emitter state.
When setting δk = −gk/νk, the transformed Hamiltonian is

UHIBMU
† = |e〉〈e|

(
ωeg −

∑
k

g2
k/νk

)
+
∑
k

νkb
†
kbk (4.19)

This transformation is widely known as the polaron transformation. The effect of
this transformation is to remove the linear emitter–phonon coupling term, which
in the independent boson model leads to a diagonal Hamiltonian, Eq. (4.19).
However, in the presence of an electromagnetic environment and the quadratic
phonon coupling, the transformation does not diagonalise the Hamiltonian, and
the dynamics cannot be solved exactly. Instead, an appropriate approximation
strategy is needed. Although not diagonalising the Hamiltonian, the polaron
transformation is still highly useful in this scenario, because it allows to de-
velop an approximation scheme that is non-perturbative in the electron–phonon
coupling [86–88].

In the presence of the quadratic phonon coupling, the linear phonon coupling
term is not explicitly removed by the polaron transformation when setting δk =
−gk/νk. An extra term appears,

|e〉〈e|
∑
kk′

4gk′fkk′

νk′
(b†k + bk). (4.20)

However, when the summation over k′ is carried out, this term vanishes due to
symmetry.

4.2.2 Full Hamiltonian including electromagnetic environ-
ment

In Chapter 3, we have introduced two examples of structured electromagnetic
environments: a Fabry-Pérot cavity and a Fano cavity. To account for poten-
tial strong-coupling effects, few-mode representations of these structures were
developed in terms of a single mode for the Fabry-Pérot cavity and two modes
for the Fano cavity. Here, we wish to develop a versatile model that can be
applied to both of these photonic structures, and even more complex structures
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..
.

...

Figure 4.1: Structure of general system comprising an emitter and a photonic struc-
ture coupled to their electromagnetic and vibrational enivironments. The system, S,
comprises a two-level emitter coupled to a few discrete optical modes with annihilation
operators a1, a2, · · · that have been extracted from the structured photonic environ-
ment. This system is coupled to two Markovian electromagnetic environments: the
dipole operator is coupled to an environment with annihilation operators {βµ}, and
the discrete optical modes are coupled to an environment with annihilation operators
{αµ}. In addition, the emitter is coupled to its vibrational environment, described by
the phonon annihilation operators, bk.

with a higher number of discrete modes. To this end, we shall use a general
configuration (depicted in Fig. 4.1). Here, a two-level system is coupled to
a photonic structure described by a n discrete modes, a = (a1, a2, · · · , an)T .
These modes dissipate into an unstructured electromagnetic environment with
mode operators αµ and frequencies ωα,µ. Besides from the optical structure, the
two-level system also interacts with an unstructured environment, with mode
operators βµ and frequencies ωβ,µ, and the phonon environment. To account for
non-perturbative coupling between the emitter and the photonic structure, we
shall develop an open-systems perturbation theory and derive a master equation
for the enlarged system, S, comprising the emitter and the photonic structure.
Within this perturbation theory, the two unstructured electromagnetic environ-
ments shall be treated under the Markov approximation, but non-Markovian
effects in the emitter–phonon coupling will be fully accounted for. The full
Hamiltonian of the configuration is

H = HS +HP +HEP +Hα +HαS +Hβ +HβS , (4.21)

where

HS = ~ωeg |e〉〈e|+ ~a†gσ + ~g†aσ† + ~a†Ωa, (4.22)

Hα =
∑
µ

~ωα,µα†µαµ, HαS =
∑
µ

~a†qµαµ + H.c., (4.23)

Hβ =
∑
µ

~ωβ,µβ†µβµ, HβS =
∑
µ

~σ†pµβµ + H.c.. (4.24)

The quantity g entering HS is a length-n vector with elements given by the cou-
pling coefficents between the dipole of the two-level system and the n discrete
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modes. Similarly, Ω is a n × n Hermitian matrix with diagonal elements cor-
responding to the resonance frequencies of the discrete modes and off-diagonal
elements corresponding to couplings between the modes. For the Fabry-Pérot
cavity, there is only a single mode, and we have a = a, g = g, Ω = ωc, where
ωc is the resonance frequency of the cavity. For the Fano cavity, n = 2, and the
vectors are given as described in Sec. 5.3. In HαS , qµ is a length-n vector with
coupling coefficients between the n discrete optical modes and the µ’th mode
in the α-environment. Similarly, pµ is the (scalar) coupling rate between the
emitter dipole and the µ’th mode in the β-environment.

4.2.3 Polaron transformation of the Hamiltonian

Under the polaron transformation, the dipole operator transforms as σ →
UσU† = σe−Q. Thus, the effect of the transformation, besides from removing
the linear electron–phonon coupling, is to dress the light–matter interaction [86].
The transformed Hamiltonian is [78,86]

H̃ = H̃S +HP + H̃EP +Hα +HαS +Hβ + H̃βS , (4.25)

where

H̃S = ~ω̃eg |e〉〈e|+ ~a†gσe−Q + ~g†aσ†e+Q + ~a†Ωa, (4.26)

H̃EP = |e〉〈e|
∑
k

fkk′(b
†
k + bk)(b†k′ + bk′), (4.27)

H̃βS =
∑
µ

~σ†e+Qpµβµ + H.c., (4.28)

where ω̃eg is the phonon-renormalised emitter transition frequency, ωeg−
∑

k
gk
νk
−

4
∑

kk′
gkgk′fkk′
νkνk′

. Since the renormalisation is static, we shall simply absorb the
it into the definition of ωeg.

To derive a master equation, we need to divide the Hamiltonian into a free
part, H0, and an interacting part, HSE , such that Tr

{
HSEρ

0
E
}

= 0, where E
denotes the full environment comprising the phonons and electromagnetic α-
and β-modes, and ρ0

E = e−HE/(kBT )/Tr
[
e−HE/(kBT )

]
is the thermal state with

respect to the free Hamiltonian of the environment, HE = HP +Hβ +Hα. The
free Hamiltonian is then H0 = ĤS +HE , where

ĤS = ~ωeg |e〉〈e|+ ~Ba†gσ + ~Bg†aσ† + ~a†Ωa. (4.29)

Here, B = TrE [e
−Qρ0

E ], with 0 ≤ B ≤ 1 is a renormalisation factor of the light–
matter interaction strength. The remaining part of the Hamiltonian is then the
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interaction,

HSE = H̃EP +HαS +HβS + V, (4.30)

where V = ~(e−Q−B)a†gσ+~(e+Q−B)g†aσ†. For practical purposes, it is use-
ful to work in a rotating reference frame with respect to the emitter transition
frequency, defined by the unitary UR(t) = exp[iωeg(|e〉〈e| + a†a +

∑
µ α
†
µαµ +∑

µ β
†
µβµ)]. The effect of this transformation is a shift of all resonance fre-

quencies, such that they are now given with respect to the emitter transition
frequency, ωeg.

The Born-Markov master equation for the reduced density operator of S, ρ(t),
in the polaron frame is then

∂

∂t
ρ(t) = − i

~
[ĤS , ρ(t)]− 1

~2

∫ t

0

dτ TrE [HSE [HSE(−τ), ρ(t)⊗ ρ0
E ]], (4.31)

where HSE(−τ) = e−iHEτ/~HSEe
iHEτ/~ is the interaction Hamiltonian in the

interaction picture, with HE := HP +Hβ +Hα.

Due to the thermal state of the environment, the off-diagonal expectation values
such as TrE [αµρ

0
E ] and TrE [βµρ

0
E ] vanish. As a result, all cross-terms between

HαS , HβS and the other terms in HSE vanish in Eq. (4.31). At cryogenic
temperatures, the thermal occupation of optical modes is negligible, and the
state of the electromagnetic environment can be taken as the vacuum state. If
we furthermore assume that the spectral density of the α- and β-reservoirs is
constant over the frequency range of the transition frequencies in S and the
phonon sideband, we obtain the Markovian electromagnetic dissipators [97,98]

− 1

~2

∫ ∞
0

dτ TrE [HβS , [HβS(−τ), ρ(t)⊗ ρ0
E ]] = ΓD[σ, ρ(t)], (4.32)

− 1

~2

∫ ∞
0

dτ TrE [HαS , [HαS(−τ), ρ(t)⊗ ρ0
E ]] = D[K†a, ρ(t)], (4.33)

where we have absorbed the Lamb shifts [14] into Ω, and ωeg, Γ is the spon-
taneous decay rate of the emitter and decay of the a-modes is described by
the length-n vector K, defined to satisfy Eq. (4.33) in the approximation of a
constant spectral density of the α-modes.

The remaining parts of the integral in Eq. (4.31) is then V and H̃EP. It is useful
to divide V into two Hermitian contributions,

V = XBX + Y BY , (4.34)

where X = g†aσ† + a†gσ, Y = i(g†aσ† − a†gσ) and

BX =
1

2
(e+Q + e−Q − 2B), BY =

i

2
(e+Q − e−Q). (4.35)
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The interaction picture time evolution of X and Y shall be denoted by ζ(−τ) =

e−iĤSτζe+iĤSτ , for ζ = X,Y . The V-contribution to the master equation then
becomes [21,53]

KP[ρ(t)] :=−
∫ ∞

0

dτ TrE [V, [V(−τ), ρ⊗ ρ0
E ]]

=[X, ρ(t)Θ†X ] + [ΘXρ(t), X] + [Y, ρ(t)Θ†Y ] + [ΘY ρ(t), Y ],

(4.36)

where the operators Θζ =
∫∞

0
dτ ζ(−τ)Λζ(τ) involve the phonon correlation

functions [99]

ΛX(τ) =
1

2
B2[eφ(τ) + e−φ(τ) − 2], ΛY (τ) =

1

2
[eφ(τ) − e−φ(τ)],

φ(τ) =

∫ ∞
0

dν JP(ν)[coth(βν/2) cos(ντ)− i sin(ντ)].
(4.37)

The spectral density of the phonons, JP(ν), is defined as [73,100]

JP(ν) =
∑
k

g2
kδ(ν − νk). (4.38)

Using the electron–phonon coupling strength in Eq. (4.13), the spectral density
becomes

JP(ν) = αν3e−(ν/νc)
2

, (4.39)

where α = [(2π)2~ρmc5s]−1(De −Dh) is a constant describing the overall inter-
action strength and νc =

√
2cs/d is the cutoff frequency of the electron–phonon

coupling, scaling as the inverse size of the emitter.

The contribution to the master equation from the quadratic coupling, H̃EP,
is [78]

−
∫ ∞

0

dτ TrE [H̃EP[H̃EP(−τ), ρ(t)⊗ ρ0
E ]] = γPD[σ†σ, ρ(t)], (4.40)

and thus describes pure dephasing of the emitter with the temperature-dependent
rate [79]

γP =
α2µ

ν4
c

∫ ∞
0

dν ν10e−2(ν/νc)
2

nB(ν)[nB(ν) + 1], (4.41)

where nB(ν) is the Bose distribution, nB(ν) = 1/[e−ν/(kBT ) − 1], with kB and
T the Boltzmann constant and temperature, respectively.

In principle, the master equation also contains contributions from the cross-
terms between V and H̃EP. Such cross-terms are higher-order perturbative
terms and will be ignored here.
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Piecing all the contributions together, we obtain the total polaron master equa-
tion,

∂

∂t
ρ(t) = − i

~
[ĤS , ρ(t)] + ΓD[σ, ρ(t)] +D[K†a, ρ(t)] + γPD[σ†σ, ρ(t)] +KP[ρ(t)].

(4.42)

4.3 Emission spectrum

One of the key features of interest in the present context is the emission spectrum
of the emitter–cavity system. Generally, we are interested in the two-colour
spectrum,

S(ω, ω′) := 〈E(−)(ω)E(+)(ω′)〉 , (4.43)

where E(+) is the positive field component of the detected optical mode. The
two-colour spectrum, S(ω, ω′), gives the emission power spectrum, S̄(ω), as
S̄(ω) = S(ω, ω), but also allows to calculate the photon indistinguishability, as
will be discussed in Ch. 5 [21].

Since the majority of the emitter–phonon coupling theory in this work was
developed in the context of single-photon sources, we shall focus on a particular
physical mechanism that leads to emission of light from the system. Assuming
the emitter to be initially excited, ρ(0) = |e〉〈e|, we study the properties of light
as the system relaxes to equilibrium [21, 22, 93, 96]. Such a situation mimics
the instantaneous excitation of the system via a resonant optical π-pulse. It
should be mentioned that in the approach given here, the possible complications
of the excitation process is neglected. Such complications include accidental
two-photon emission [101], excitation of other excitonic complexes such as the
biexciton [102,103] and excitation-induced dephasing [69,74,104].

To qualitatively understand the influence of phonon coupling on the properties
of light emitted from the system, let us first consider the weak light–matter
coupling regime (Fig. 4.2a). The relaxation process from the initially excited
state of the emitter can take place directly to the ground state, thereby emit-
ting a single photon with a frequency of ωeg. Photons emitted through this
process form a narrow emission line, the zero-phonon line (ZPL). Alternatively,
the linear electron–phonon coupling allows the relaxation process to happen in
conjunction with the emission or absorption of a phonon wavepacket, in which
case the emitted photon is red- or blue-detuned from the zero-phonon line. Such
photons form a broad phonon sideband (PSB) [20, 105, 106]. At low tempera-
tures, the phonon population is very low, and the primary process is phonon
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ZPL PSB

a. Weak light–matter coupling b. Strong light–matter coupling

Figure 4.2: Influence of phonons on optical properties of emitter in the a. weak and
b. strong light–matter coupling regimes. In the weak coupling regime, the simultane-
ous emission of a photon and a phonon wavepacket leads to a broad phonon sideband
(PSB) in the spectrum along with a narrow zero-phonon line (ZPL). Furthermore, vir-
tural scattering of thermal phonons leads to pure dephasing of the zero-phonon line.
In the strong coupling regime, relaxation from the upper polariton state to the lower
polariton can occur under the emission of a phonon, and the opposite process can
also take place if the thermal phonon population is sufficiently high. This polariton
relaxation dephases the emitter–cavity coherence.

emission rather than absorption. In this case, the phonon sideband is primarily
found on the red-detuned side of the zero-phonon line. When the emitter is
placed in a completely unstructured optical environment with a flat spectral
density, the fraction of photons emitted into the zero-phonon line is given by
B2 [21]. However, when the electromagnetic environment is structured, the
balance between the two emission processes can be altered through the Purcell
effect [98, 107]. If the optical structure has a resonance at a given frequency,
ω0, emission into this frequency band will be favoured [108]. In particular, if
ω0 = ωeg, emission into the zero-phonon line will be enhanced. Meanwhile, the
quadratic electron–phonon coupling leads to thermal phonons driving virtual
transitions to the p-shell exciton, thereby imprinting a random phase kick on
the system. As we have seen, this process leads to pure dephasing, and thereby
incoherent broadening of the zero-phonon line by the temperature-dependent
rate γP.

In the strong coupling regime (Fig. 4.2b), we need a different picture to under-
stand the dominating dynamics. In this case, the cavity and emitter hybridise
and form a polariton pair, |±〉 = 1√

2
(|e, 0〉 ± |g, 0〉), split by an energy corre-

sponding to the coupling strength, 2g. In this regime, the dominant effect of
the phonon coupling is an incoherent driving between the polariton states: The
upper polariton state, |+〉, can relax to the lower polariton state, |−〉, under
the emission of a phonon. Similarly, if the thermal phonon population is appre-
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ciable, a phonon can be absorbed and drive the system from the lower to the
upper polariton state. Thus, every time the emitter–cavity system undergoes
a Rabi rotation, a phonon wavepacket can be emitted, thereby degrading the
polaritonic coherence [22,94]. At low temperatures, this feature can be observed
as an asymmetry of the two polariton peaks in the emission spectrum, because
the system will be driven towards the lower polariton state, leading to a more
pronounced lower polariton peak.

To calculate the detected two-colour spectrum, S(ω, ω′), we must specify what
the detected electric field modes are. Defining the scalar function G(ω) as the
projection of the optical Green’s function onto the detected field modes, the
two-colour spectrum can be written using Eq. (3.10) as [108]

S(ω, ω′) = G∗(ω)G(ω′)
〈
σ†(ω)σ(ω′)

〉
(4.44)

where the free-field contribution vanishes, since it is in the vacuum state. The
electric field has been normalised such that E(t)2 has units of photon flux per
unit time, and thus E(ω)2 has units of photon flux per unit frequency. The two-
colour dipole spectrum is related to the dipole two-time correlation function
as [21]

〈
σ†(ω)σ(ω′)

〉
=

∫ ∞
−∞

dtdt′ e−i(ωt−ω
′t′) 〈σ†(t)σ(t′)〉 . (4.45)

Importantly, the two-time correlation function of the emitter is defined with
respect to the lab frame, rather than the polaron frame. Thus, when eval-
uating expectation values in the polaron frame, the dipole operator must be
transformed as σ → σe−Q, such that 〈σ†(t)σ(t′)〉 = 〈σ†(t)e−Q(t)e+Q(t′)σ(t′)〉pf ,
where the subscript pf signifies that the expectation value is evaluated in the
polaron frame. Assuming the emitter and the phonons to be weakly correlated
in the polaron frame, we approximate the expectation value as

〈σ†(t)e−Q(t)e+Q(t′)σ(t′)〉pf ' 〈e
−Q(t)e+Q(t′)〉pf 〈σ

†(t)σ(t′)〉pf , (4.46)

and furthermore approximate the phonons to be in the equilibrium state, such
that

〈e−Q(t)e+Q(t′)〉pf ' B
2eφ(t−t′). (4.47)

Such approximations are necessary to impose within the present open-systems
approach, where the phonon environment has been traced out. The dipole
correlation function can be evaluated using the quantum regression theorem as

〈σ†(t+ τ)σ(t)〉pf = Tr
[
σ†eLτσeLtρ(0)

]
(τ > 0), (4.48)
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where L is the Liouvillian superoperator extracted from the master equation,
Eq. (4.42) such that ∂

∂tρ(t) = Lρ(t). To simplify the calculations, we introduce
an auxiliary spectral function,

s(ω, ω′) :=

∫ ∞
0

dt ei(ω
′−ω)t

∫ ∞
0

dτ e−iωτ 〈σ†(t+ τ)σ(t)〉 , (4.49)

From this, we can obtain the dipole spectrum as 〈σ†(ω)σ(ω′)〉 = s(ω, ω′) +
s(ω′, ω)∗ [21]. Using the approximations in Eqs (4.46) and (4.47), we can write
the auxiliary spectrum as

s(ω, ω′) '
∫ ∞

0

dt ei(ω
′−ω)t

∫ ∞
0

dτ e−iωτB2eφ(τ) 〈σ†(t+ τ)σ(t)〉pf . (4.50)

This expression can be split into two parts, s(ω, ω′) = szpl(ω, ω
′) + spsb(ω, ω′),

corresponding to contributions from the zero-phonon line and the phonon side-
band,

szpl(ω, ω
′) = B2

∫ ∞
0

dt ei(ω
′−ω)t

∫ ∞
0

dτ e−iωτ 〈σ†(t+ τ)σ(t)〉pf , (4.51)

spsb(ω, ω′) =

∫ ∞
0

dt ei(ω
′−ω)t

∫ ∞
0

dτ e−iωτB2(eφ(τ) − 1) 〈σ†(t+ τ)σ(t)〉pf .

(4.52)

Since the typical correlation time of the dipole is on the order of 0.1-10 nanosec-
onds, while the correlation time of the phonon environment is typically a few
picoseconds, we can approximate the sideband contribution as

spsb(ω, ω′) ' s0
psb(ω)

∫ ∞
0

dt ei(ω
′−ω)t 〈σ†(t)σ(t)〉pf , (4.53)

where we have defined the sideband spectral function,

s0
psb(ω) :=

∫ ∞
0

dτ e−iωτB2(eφ(τ) − 1). (4.54)

In the following, we calculate and discuss the emission spectrum in different
electromagnetic environments.

4.3.1 Unstructured electromagnetic environment

Before calculating the emission spectrum for the Fabry-Pérot and Fano cavity
structures, we shall consider a completely unstructured environment, where the



4.3 Emission spectrum 55

optical spectral density is taken frequency-independent. This can be captured
by the general model described in Sec. 4.2.2, by setting g = 0. In this case, the
master equation becomes

∂

∂t
ρ(t) = ΓD[σ, ρ(t)] + γPD[σ†σ, ρ(t)]. (4.55)

For simplicity, we assume here that all light emitted from the dipole is detected,
and that optical Green’s function is frequency-independent, such that G(ω) =√

Γ, and thus the two-colour spectrum is

S(ω, ω′) = Γ 〈σ†(ω)σ(ω′)〉 . (4.56)

Owing to the simplicity of the master equation, Eq. (4.55), the dipole correlation
function can be calculated analytically as〈

σ†(t+ τ)σ(t)
〉

pf
= e−Γte−(Γ/2+γP)τ (τ > 0). (4.57)

The auxiliary two-colour spectrum can then be written as

s(ω, ω′) =
1

Γ− i(ω′ − ω)

[
B2

Γ/2 + γP + iω
+ s0

psb(ω)

]
. (4.58)

From Eq. (4.56), we can then write the emission power spectrum as

S(ω, ω) = 2

{
B2(Γ/2 + γP)

(Γ/2 + γP)2 + ω2
+ Re[s0

psb(ω)]

}
. (4.59)

This power spectrum is shown in Fig. 4.3 for a range of temperatures. Fig. 4.3a
shows the phonon sideband. For low temperatures, the sideband is highly asym-
metric and primarily located on the red-detuned side of the zero-phonon line.
As the temperature increases, the fraction of photons emitted into the side-
band increases, and the phonon absorption processes are activated, seen as the
sideband rising on the blue-detuned side of the zero-phonon line. Fig. 4.3b
shows a zoom-in on the zero-phonon line and highlights two consequences of
the variation in temperature. First, as the temperature increases, the virtual
phonon scattering processes lead to broadening of the zero-phonon line. Second,
the Franck-Condon factor, B2, which quantifies the fraction of photons emitted
into the zero-phonon line, decreases with increasing temperature.

4.3.2 Fabry-Pérot cavity

In the low-Q regime up to the onset of the strong light–matter coupling regime,
Eq. (4.44) provides a viable strategy for calculating the two-colour spectrum.
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Figure 4.3: Emission spectrum of a quantum emitter in an unstructured photonic
environment at different temperatures. a. Broad frequency axis showing the phonon
sideband. b. Zoom-in on the zero-phonon line. Optical parameters: ~Γ = 0.1 µeV.
Phonon parameters as in Table 4.1, and d = 10 nm.

The relevant projected Green’s function is then G(ω) =
√

Γ0G(ω), where G(ω)
is defined in Eq. (3.27), such that

S(ω, ω′) = Γ0G(ω)∗G(ω′) 〈σ†(ω)σ(ω′)〉 . (4.60)

Although Eq. (4.44) is in principle exact, the approximations (4.46) and (4.47)
necessary for calculating the dipole spectrum, 〈σ†(ω)σ(ω)〉 makes this approach
unsuitable for the deep strong-coupling regime, g > κ [21].

In the strong coupling regime, we can apply a different strategy, where the
emitted field is associated with the cavity operator, such that [93,95]

S(ω, ω′) = κ 〈a†(ω)a(ω′)〉 , (4.61)

where 〈a†(ω)a(ω′)〉 =
∫∞
−∞ dtdt′ ei(ωt−ω

′t′) 〈a†(t)a(t′)〉. Since the cavity opera-
tor is invariant under the polaron transformation, this expectation value can be
evaluated directly from the polaron master equation. Such a strategy is known
to be very accurate in the high-Q regime, where the cavity linewidth is much
narrower than the phonon sideband [21].

Fig. 4.4 shows the emission spectrum calculated by Eqs. (4.60) and (4.61) (indi-
cated with blue solid and orange dashed lines, respectively), for the weak cou-
pling regime, onset of strong coupling regime and deep strong coupling regime,
respectively. The plots clearly show that the cavity operator spectrum fails in
the low-Q regime, because it does not capture the phonon sideband. In the
intermediate regime at the onset of strong coupling, the two methods agree
well and shows slight polariton splitting. In the deep strong-coupling regime,
the optical Green’s function approach breaks down, seen through the spurious
emergence of a central peak in the spectrum [108]. This is likely caused by a
breakdown of the approximations in Eqs. (4.46) and (4.47). In the strong cou-
pling regime at low temperatures, the primary signature of phonon interactions



4.3 Emission spectrum 57

−3 −2 −1 0 1
ω−ωeg [meV]

10−2

100

102

S(
ω
,ω

)[
ps

] κ = 10 meV

−3 −2 −1 0 1
ω−ωeg [meV]

10−4

10−2

100 κ = 100 µeV

−3 −2 −1 0 1
ω−ωeg [meV]

10−5

10−2

101 κ = 1 µeV

Figure 4.4: Emission spectrum for a quantum emitter in a resonant Fabry-Pérot
cavity, calculated through dipole spectrum and optical Green’s function, Eq. (4.60)
(blue solid) and through the cavity operator, Eq. (4.61) (orange dashed). The panels
show spectra calculated for different cavity linewidths as indicated. Optical parame-
ters: ~g = 100 µeV, ~γR = 1 µeV, ~Γ0 = 1 µeV, ωc = ωeg. Phonon parameters as in
Table 4.1, and d = 10 nm, T = 4 K.

in the emission spectrum is an asymmetry of the polariton peaks, such that the
lower polariton is more pronounced than the upper. This asymmetry is due to
phonon relaxation from the upper to the lower polariton as shown in Fig.4.2b.

4.3.3 Fano cavity

For the Fano cavity, we can follow the approach based on the dipole spectrum
and optical Green’s function, as for the Fabry-Pérot cavity, Eq. (4.60), where
the Green’s function, G(ω), is replaced by the Fano Green’s function, Eq. (3.38).
The alternative approach based on the correlation function of the cavity mode
does not have an obvious extension to the multi-mode Fano structure, however.
In the present work, we shall exclusively perform calculations of the emission
spectrum from the Fano cavity using the dipole spectrum and optical Green’s
function, thereby restricting the parameter space to the weak to intermediate
coupling regime.

Fig. 4.5 shows the emission spectrum of a quantum emitter in a Fano cavity
for different configurations of the emitter frequency, ωeg and the coupling rate
between the waveguide and the side-coupled nanocavity, γF. Fig. 4.5a shows the
spectral density of the Fano cavity as a function of frequency and γF. The points
indicate the configurations of ωeg and γF used for calculation of the emission
spectrum in Fig. 4.5b-e. These show that the features of the spectral density are
directly transferred to the emission spectrum. Furthermore, when the lifetime
of the cavity modes is sufficiently long, the optical structure hybridises with the
emitter, and polariton peaks are seen (Fig. 4.5c). Meanwhile, the asymmetry in
the spectral density is also pronounced in the emission spectrum, and the anti-
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Figure 4.5: Emission spectrum of a quantum emitter in a photonic Fano cavity. a.
Spectral density, J(ω)/Γ0 of the Fano cavity as a function of frequency (relative to
the nearest Fabry-Pérot resonance, ω0) and coupling strength between the waveguide
and the nanocavity, γF. The frequency and coupling strength have been normalised
to the free spectral range, ∆. b-e. Emission spectrum, S(ω, ω), for different values of
the emitter transition frequency and nanocavity coupling rate. The configuration for
each panel is indicated in panel a.

resonance can be seen as a sharp spectral dip. When the cavity is configured such
that the anti-resonance is red-detuned from the resonance, this mechanism can
be used to strongly suppress the phonon sideband. This effect will be discussed
in detail in Ch. 5.



Chapter 5

Quantum emitter-based
single-photon sources

This chapter contains text and figures from Refs. [51–53]. c©2018,2019 Ameri-
can Physical Society, c©2020 Optical Society of America.

Light sources that emit single photons are central components in optical quan-
tum information technologies using photons as qubits [18]. A single quantum
emitter with a discrete electronic energy structure can be operated as a single-
photon source. After being excited by a resonant laser pulse, the emitter relaxes
to its ground state and thereby emits exactly one photon. Semiconductor quan-
tum dots are an example of such quantum emitters and have extensively been
used for demonstrations of high-quality single-photon sources, owing to their
favourable optical properties [109–111]. An ideal deterministic single-photon
source needs to emit exactly one photon per trigger excitation, and the emitted
photons should be quantum mechanically indistinguishable [112, 113]. Emis-
sion of photon wavepackets with non-zero multiphoton components is generally
caused by errors due to the excitation process [101]. Such excitation dynamics
will not be studied here. Instead, we will investigate the properties of an ideally
excited quantum dot as it relaxes to the ground state and emits a single photon.
In this case, the photon number statistics are characterised by the efficiency of
the source, E , defined as the probability of a single photon being emitted into
the detected mode of the electric field when the emitter relaxes from its excited
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state.

The photon indistinguishability, I, is a measure of the coherence of the source,
quantified as interference visibility between two photons. The indistinguishabil-
ity of two photons is measured by overlapping them on a beamsplitter. If the
two photons are perfectly indistinguishable, the Hong-Ou-Mandel effect forces
the two photons to leave the beamsplitter together, i.e. in the same output
port [114]. This interference effect forms the basis for two-photon operations in
linear optics quantum computing schemes [115].

As described in Chapter 4, the emission spectrum from quantum dots has two
components: a broad phonon sideband and a narrow zero-phonon line. The
sideband photons are fundamentally distinguishable, because they are entangled
with the phonon reservoir. In contrast, the photons in the zero-phonon line are
completely indistinguishable if their bandwidth is lifetime-limited. As we have
seen, scattering with thermal phonons will dephase the zero-phonon line by the
temperature-dependent rate γP and thus increase the bandwidth beyond the
lifetime limit, thereby reducing the photon indistinguishability.

The incoherent photons in the phonon sideband can simply be filtered out
spectrally in order to restore the high indistinguishability of the zero-phonon
line [109, 116]. However, this comes with a decrease of the efficiency of the
source, because the fraction of photons emitted into the zero-phonon line, B2,
are effectively lost. Thus, simply filtering the emission from a quantum dot
in an unstructured electromagnetic environment leads to an efficiency limit of
B2 [21]. An alternative strategy to filtering out the sideband photons is to
funnel photons into the zero-phonon line. This can be done by placing the
quantum dot in a photonic cavity with a narrow resonance line that selectively
enhances zero-phonon emission processes through the Purcell effect. However,
this funneling strategy only works in the weak light–matter coupling regime. As
we have seen in Sec. 5.2, in the strong light-matter coupling regime, a relax-
ation from the upper to the lower polariton state can occur along with emission
of a phonon wavepacket [22]. This process is highly detrimental for the pho-
ton indistinguishability and sets a limit for the attainable improvement from
Purcell-enhanced funelling.

Another important mechanism for reduction of the photon indistinguishability
is the charge fluctuations in nearby crystal impurities [78,117] and fluctuations
of the nuclear spin environment in the quantum dot [16, 118, 119]. Since the
typical time scale of these fluctuations can be as slow as a few tens of kHz, they
do not directly degrade the indistinguishability of subsequently emitted photons
from the same source, and it has therefore been possible to surpass their detri-
mental effects in demonstration experiments on single sources [110]. However,
when multiple single-photon sources are used in combination, the photons emit-
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ted from different sources have mutually uncorrelated local environments, and
thus the slow fluctuation time scale does not help to improve the indistinguisha-
bility [120]. Similarly, when many photons from the same source are used, such
that the time delay between the first and last photon exceeds the environmental
noise correlation time, this noise source becomes important. In the analysis
given here, we shall describe this additional noise by a pure-dephasing rate, γ0,
such that the total pure-dephasing rate in the master equation is γ = γ0 + γP.

Furthermore, the timing jitter introduced by non- or quasi-resonant excitation
schemes provides yet an additional source of decoherence that degrades the
two-photon interference [121, 122]. In such excitation schemes, the stochastic
relaxation process from a higher excited state –for instance the p-shell exciton
or the wetting layer– to the s-shell exciton via nonradiative processes leads to an
uncertainty in the emission time. This means that the temporal overlap between
two photons impinging on a beamsplitter cannot be guaranteed, and thus the
interference visibility is decreased. By using strictly resonant excitation, this
challenge can be largely mitigated [111,123,124].

In this chapter, we focus on the influence of phonon interactions on the emission
properties of quantum dot single photon sources. We shall consider a quantum
dot placed in a structured electromagnetic environment, thus using the the-
ory developed in Chapters 3 and 4. The primary focus will be on Fabry-Pérot
cavity structures, which are most commonly used for single photon source ar-
chitectures. However, in Sec. 5.3 we will also discuss how the non-Lorentzian
spectral density of the Fano cavity can be utilized in the context of single-photon
sources. We shall use the theory for the emission spectrum based on the optical
Green’s function, as described in Sec. 4.3, thus restricting our analysis to the
light–matter coupling regime ranging from weak coupling to the onset of strong
coupling.

5.1 Indistinguishability and efficiency

Since the early demonstration of coherent quantum dot single-photon sources,
the photon indistinguishability has been quantified via a two-photon interference
experiment [125]. Although the particular interferometer architechtures come
in different variations (e.g. of Michelson [125] or Mach-Zehnder [123] type), the
underlying idea is the same: The output light from the source is split into two
paths on a beamsplitter. After giving one of the paths a time delay of τ , the two
paths are recombined again on a beamsplitter, with two photodetectors placed
in the output arms, labeled 1 and 2. The coincidence counts are then measured
as a function of the time delay, thus giving the Hong-Ou-Mandel correlation
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function [121]

G
(2)
HOM(t, τ) = 〈E(−)

1 (t)E
(−)
2 (t+ τ)E

(+)
2 (t+ τ)E

(+)
1 (t)〉 , (5.1)

where E(+)
i is the positive component of the electric field going into the ith

detector. Under the assumption that at most a single photon is present in
the source field, which is guaranteed by construction in the used model, this
correlation function can be written in terms of the source field as [121,126]

G
(2)
HOM(t, τ) = 〈E(−)(t+ τ)E(+)(t+ τ)〉 〈E(−)(t)E(+)(t)〉

− | 〈E(−)(t+ τ)E(+)(t)〉|
2
,

(5.2)

where E is the electric field emitted by the source. For perfectly indistinguish-
able photons, this correlation function should vanish at τ = 0, owing to the
Hong-Ou-Mandel effect. In experiments, a pulsed excitation laser is often used,
giving rise to discrete peaks in G

(2)
HOM(t, τ), separated by the pulse repetition

rate [110]. The indistinguishability can thus be defined in terms of the total
integral over the central peak at τ = 0 relative to a reference measurement with
completely distinguishable photons. Such a reference measurement can be per-
formed by inserting orthogonal polarisation filters in the optical paths before
the second beamsplitter. Through this definition, the indistinguishability for
our theoretical model can be written as [22,121]

I = 1−
∫∞
−∞ dt

∫∞
−∞ dτ G

(2)
HOM(t, τ)∫∞

−∞ dt
∫∞
−∞ dτ 〈E(−)(t)E(+)(t)〉 〈E(−)(t+ τ)E(+)(t+ τ)〉

. (5.3)

This expression can conveniently be re-written as a double integral over the
two-colour spectrum [21]

I =

∫∞
−∞ dω

∫∞
−∞ dω′ |S(ω, ω′)| 2[∫∞

−∞ dω S(ω, ω)
]2 . (5.4)

The efficiency is defined as the probability of collecting an emitted photon into
the detected channel. The detected optical channel is defined by the scalar
Green’s function, G(ω), which links the dipole spectrum to the two-colour spec-
trum of the detected electric field. The photons lost into the radiation modes
of the environment, are similarly linked to the dipole spectrum via a Green’s
function. Taking the spectral density of the radiation modes to be constant
over the relevant frequency range, we can write the two-colour spectrum of the
radiation modes as

SR(ω, ω′) = ΓR 〈σ†(ω), σ(ω′)〉 , (5.5)
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where ΓR is the spontaneous emission rate into radiation modes. The efficiency
is then the power emitted into the detection channel relative to the total emitted
power,

E =

∫∞
−∞ dω S(ω, ω)∫∞

−∞ dω S(ω, ω) +
∫∞
−∞ dω SR(ω, ω)

. (5.6)

5.2 Fabry-Perot cavity

When the electromagnetic environment is structured to form a Fabry-Pérot
cavity, we shall use the optical model described in Sec. 5.2, combined with
the polaron master equation derived in Sec. 4.2. Thus, the considered optical
structure is a waveguide with two mirrors, separated by a distance, L, which is
the cavity length. The reflectivity of one of the mirrors is taken to be unity, and
the other mirror has reflectivity r. The rate ΓR quantifies characterised by the
spontaneous emission rate into radiation modes, which is taken to be constant.
The spontaneous emission rate into the bare waveguide is Γ0.

To illustrate how an upper limit occurs for the performance of an unfiltered
source, Fig. 5.1 shows the indistinguishability, efficiency and their product as a
function of cavity linewidth, where the two-colour spectrum has been calculated
with the full polaron master equation (green solid lines). In the Purcell regime,
where strong light–matter coupling effects can be ignored, the indistinguisha-
bility and effiency can be approximated by [21,52]

I =
Γtot

Γtot + γtot

[
(ΓWG + Γcav)B2

(ΓWG + Γcav)B2 + 2Γ0F (1−B2)

]2

E =
(Γcav + ΓWG)B2 + 2Γ0F (1−B2)

(Γcav + ΓWG)B2 + 2Γ0F (1−B2) + ΓR
,

(5.7)

where F is the fraction of the phonon sideband that remains unfiltered by the
cavity, Γtot = Γcav + ΓWG + ΓR is the total population decay rate, Γcav =
4g2/κ is the Purcell-enhanced emission rate into the cavity and γtot = γ +

4π(gB/κ)2α(2gB)2e−(2gB/νc)
2

coth[~gB/(kBT )] is the total dephasing rate, ac-
counting for pure dephasing and additional phonon-induced dephasing due to
cavity–exciton polariton scattering.

If one ignores the sideband and assumes that phonon effects can be described
by a constant pure dephasing rate, γ, one ends up with the simple result [16]

I =
Γtot

Γtot + γ
, E =

Γcav + ΓWG

Γtot
. (5.8)
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Figure 5.1: Figure and caption adapted from Ref. [51] c©2020 Optical Society of
America. a. Indistinguishability, I b. efficiency, E , and c. their product, IE as
a function of cavity linewidth. Parameters: ~Γ0 = 1 µeV, ~ΓR = 1 µeV, ~γ0 =
0.5 µeV, ~g = 100 µeV, T = 4 K and quantum dot size d = 10 nm.

10−1 100 101

Cavity linewidth, ~κ [meV]

0.6

0.8

1.0

In
di

st
in

gu
is

ha
bi

lit
y,
I

a.

5 K 15 K 25 K 35 K 45 K 55 K

10−1 100 101

Cavity linewidth, ~κ [meV]

0.85

0.90

0.95

E
ffi

ci
en

cy
,E

b.

10−1 100 101

Cavity linewidth, ~κ [meV]

0.6

0.8

1.0

IE

c.

10 20 30 40 50
Temperature, T [K]

0.80

0.85

0.90

0.95

Fr
an

k-
C

on
do

n
fa

ct
or

,B
2

d.

10 20 30 40 50
Temperature, T [K]

0

1

2

Pu
re

de
ph

.r
at

e,
~
γ

P
[µ

eV
]e.

Figure 5.2: Figure and caption adapted from Ref. [51] c©2020 Optical Society of
America. a. Indistinguishability, I b. efficiency, E , and c. their product, IE as a
function of cavity linewidth, over a range of temperatures. d. Frank-Condon factor,
B2, as a function of temperature. The coloured circles indicate the temperatures of
the corresponding coloured lines in panels a-c. e. Phonon-induced pure dephasing rate
of the zero-phonon line as a function of temperature. The coloured circles correspond
to the coloured lines in panels a-c. Parameters: ~Γ0 = 1 µeV, ~ΓR = 1 µeV, ~γ0 =
0.5 µeV, ~g = 100 µeV and quantum dot size d = 10 nm.
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The dotted purple lines in Fig. 5.1 show the behaviour of expressions (5.8). Ac-
cording to these, the indistinguishability and efficiency will monotonically con-
tinue to improve as the cavity linewidth is decreased. However, the qualitative
and quantitative behaviour of the efficiency and in particular the indistinguisha-
bility is not accurately reproduced. The error of the simple model is twofold:
first, the phonon sideband is ignored, and second, Eq. (5.8) is not valid in the
strong-coupling regime. To distinguish between these two sources of error, we
also report the indistinguishability and efficiency predicted by a cavity QED
model that fully accounts for strong coupling but does not include phonons, as
in Refs. [16, 127–129] (dashed orange lines). This model is obtained by setting
α = 0 in the phonon spectral density. The difference between the cQED model
without phonons and the weak-coupling Purcell-approximation arises due to the
interplay between strong coupling, pure dephasing and losses: In the strong cou-
pling regime, the influence of pure dephasing and losses on the emitted photons
is more pronounced, because the initial excitation of the emitter does not decay
exponentially into the photonic environment, but is re-absorbed after a period
of the vacuum Rabi cycle. We note that in the following analysis of single-
photon source performance, the full polaron master equation has been used for
all calculations.

Changing the temperature is often used as a method of tuning the emitter into
resonance with the cavity mode [109]. Such a strategy can turn out to have a
very detrimental effect on the performance of the source, if high temperatures are
required to achieve dot–cavity resonance. Fig. 5.2a-c presents the performance
of the source as a function of cavity linewidth for various temperatures in the
range 5− 55 K. With higher temperature, the thermal phonon population will
decrease the fraction of emission into the zero-phonon line, B2 and increase
the pure-dephasing rate due to thermal scattering, γP. Fig. 5.2d-e shows how
these quantities depend on the temperature, with coloured circles indicating the
temperatures of the corresponding lines in Fig. 5.2a-c.

As discussed in Chapter 4, the size of the quantum dot has an important impact
on the electron–phonon coupling parameters. As a result, the quantum dot size
also influences the emission properties of the source. This effect is illustrated in
Fig. 5.3a-c, where the source performance is shown for a range of quantum dot
sizes, d. The dot size has an impact on the Franck-Condon factor, B2, the energy
splitting between the excitonic states, ∆e,∆h, and the phonon cutoff-frequency,
νc. The Franck-Condon factor increases monotonically with the size of the
quantum dot, because the cutoff-frequency scales as νc ∼ 1/d. Thus, for larger
dots, a larger fraction of photons are emitted into the zero-phonon line. The
splitting between the s- and p-shell excitons scales as ∆e,∆h ∼ d−2, and thus
suggests that the pure-dephasing rate, γP, increases as the quantum dot becomes
larger. This scaling is, however, only dominating when the quantum dot is small,
because the factor e−(ν/νc)

2

in the integrand in Eq. (4.41) dominates, when the
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Figure 5.3: Figure and caption adapted from Ref. [51] c©2020 Optical Society of
America. a. Indistinguishability, I b. efficiency, E , and c. their product, IE as a
function of cavity linewidth, where each line corresponds to a different quantum dot
size d. Frank-Condon factor, B2, as a function of quantum dot size, with coloured
circles indicating the temperatures of the corresponding coloured lines in panels a-c. e.
Phonon-induced pure dephasing rate of the zero-phonon line as a function of quantum
dot size. As for panel e, the coloured circles correspond to the coloured lines in panels a-
c. Parameters: ~Γ0 = 1 µeV, ~ΓR = 1 µeV, ~γ0 = 0.5 µeV, ~g = 100 µeV, T = 10 K.
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Figure 5.4: Figure and caption adapted from Ref. [53] c©2019 American Physical
Society. a. Photon indistinguishability (colour scale) for varying emitter frequency,
ωeg, and nanocavity coupling rate, γF. The dotted white line traces the peak of the
LDOS in Fig. 3.5c. Optical parameters: ∆ = 10 meV, rB = −1/

√
2, P = +1, γ0 =

10−3∆, ω0 = 101π∆, ωF = ω0 − 0.02π∆ Γ0 = 0.6 µeV, ΓR = 0.03 µeV. Phonon
parameters: α = 0.069 meV−2, νc = 1.45 meV, T = 4 K. b. Emission spectrum (solid
orange line and shaded area) for optimal parameters with δ = 0.010 corresponding to
the white dot in panel a along with the LDOS (grey dashed) and the bulk emission
spectrum (blue solid line). All quantities are normalised to their peak value. c.
Emission spectrum for parameters corresponding to the black dot in panel a.

cutoff frequency, νc =
√

2/d, becomes sufficiently small. An interesting topic
of further work is the question of how this behaviour changes as more realistic
quantum dot shapes are taken into account, and the simplifying assumption of
a spherically symmetric dot is abandoned.

5.3 Fano cavity

To describe single-photon sources based on a photonic Fano cavity, we can use
the same approach as for the Fabry-Pérot source, but with the finitely reflecting
mirror replaced by a Fano mirror. A quantum-electrodynamical model for this
optical structure has been derived in Chapter 3, and the polaron master equation
approach derived in Sec. 4.2 can be used to evaluate the performance of the
source.

Owing to a more complicated underlying structure, the Fano cavity has more
free parameters to vary than its Fabry-Pérot counterpart. As shown in Sec. 5.3,
we have found that simply varying the coupling rate between the waveguide and
the side-coupled nanocavity, γF, sweeps the cavity through an interesting range
of features. As such, we shall here consider γF the main control parameter of
the Fano cavity structure. Fig. 5.4a shows the photon indistinguishability as a
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function of nanocavity coupling rate, γF, and emitter transition frequency, ωeg,
corresponding to the parameter space shown for the optical spectral density in
Fig. 3.5c. The indistinguishability reveals a rich structure of the system over the
parameter space, which is a result of the interplay between the optical spectral
density, J(ω), and the phonon sideband as well as polariton formation between
the optical structure and the emitter. The dotted line indicates the resonant
configuration, where the emitter transition frequency is tuned to the sharp peak
in the LDOS. In this optimal configuration regime, emission is funnelled into
the zero-phonon line, similarly to the case of the Fabry-Pérot cavity analysed
above. For coupling rates lower than ∼ 0.22∆, the anti-resonance in the LDOS
is red-detuned from the resonance and thereby suppresses emission into the
phonon sideband while enhancing emission into the zero phonon line. The com-
bination of these effects leads to a minimal distinguishability (δ := 1 − I) of
0.010, indicated with a white dot. The emission spectrum at these optimal pa-
rameters is shown in Fig. 5.4b (solid green; shading). For reference, the bulk
emission spectrum is also shown (thin blue) along with the electromagnetic spec-
tral density (grey dashed). As discussed in Sec. 5.3, this demonstrates how the
anti-resonance leads to a spectral hole in the phonon sideband, and suggests that
this is the underlying mechanism leading to the indistinguishability optimum.

In Ref. [53], it was shown that the minimal attainable distinguishability for the
same optical structure with a conventional mirror is δ = 0.011, found when the
mirror reflectivity is optimised to r ' 0.99. In this optimal regime, the cavity
resonance is very narrow, for both the Fano and Fabry-Pérot cavities, meaning
that most of the emitted photons are emitted into the zero-phonon line, while
the sideband only accounts for a very small fraction of the emitted photons.
This explains the small difference in the indistinguishability between the Fabry-
Pérot and Fano cavities: Although the dip in the spectral density present for
the Fano cavity suppresses an additional portion of the sideband, this portion
is relatively small compared to total emission.

As for the Fabry-Pérot cavity, strong-coupling effects also limit the maximal
attainable indistinguishability. Fig. 5.4c shows the emission spectrum for pa-
rameters corresponding to the black dot in Fig. 5.4a, where the peak in the
optical spectral density is sufficiently narrow for the system to enter the strong
coupling regime, and two polariton peaks can be seen along with the spectral
hole in the phonon sideband.



Part III

Electron–nucleus interactions
in quantum emitters





Chapter 6

Fundamental theory of
electron-nucleus

interactions

In part II of this thesis, we have studied the optical properties of quantum
emitters when relaxing from an optically excited state. Some quantum emitters
exhibit not only excitonic degrees of freedom, but also support an internal degree
of freedom in the form of a single spin. For epitaxial semiconductor quantum
dots, this can be effectuated by electrically gating the dot, which allows trapping
of a single electron [23, 130]. Gating a semiconductor electrically is also the
fundamental working principle of gate-defined quantum dots, which also feature
a single or a few electrons trapped in a finite spatial region [131]. Nitrogen-
vacancy centres in diamond is another example of a quantum emitter with a
internal spin degree of freedom [132, 133]. In all of these examples, a single
electron is situated in a solid-state environment, consisting of an atomic lattice.
Many of the relevant atomic isotopes carry spinful nuclei, which interact with
the electronic spin. Such environmental nuclei pose a significant challenge in
operating the electron spin coherently, because they act as a noise source. On
the other hand, if operated appropriately, they might be controlled and thereby
become a resource.

In this chapter, a description of the interaction between electrons and nuclei is
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developed from first principles. Most of the development is fairly general for
any realisation of interacting nuclei and electrons. However, some particular
specifications will be made in the context of quantum dots, when necessary.
The development in Sections 6.2 and 6.3 largely follows Ref. [134].

6.1 Nuclear spin

An atomic nucleus consists of several nucleons, i.e. of protons and neutrons.
Protons and neutrons both carry a total spin of 1/2, and additionally carry
orbital angular momentum. Thus, the angular momentum properties of an
entire nucleus is described by the vectorial operator I =

∑
j Jj , where Jj is

the total angular momentum operator of the jth nucleon. Although the notion
nuclear spin is often used, it should be kept in mind that I in fact refers to
the total angular momentum of the nucleus. We may denote the nuclear spin
eigenstates by |I,mI〉, where I is the quantum number corresponding to the
eigenvalue of I2 and mI is the quantum number corresponding to the eigenvalue
of a certain projection, Iz. The I-quantum number can take any positive integer
and half-integer values, and mI can take the values −I,−I + 1,−I + 2, · · · ,+I.
However, nuclei of a given isotope tend to behave like elementary particles with
a fixed total spin, I. This is due to the fact that most nuclear isotopes have a
well-defined total spin, I, in their ground state and that the typical low energy
experiments do not perturb the nuclei strongly enough to induce transitions to
other I-states [135].

6.2 Electrostatic (quadrupole) interaction

The electrostatic energy arising from the interaction between two classical charge
distributions from a nucleus and an electron, ρn and ρe, can be written as

Wes =

∫
dre drn

ρe(re)ρn(rn)

|re − rn|
. (6.1)

By expanding the factor 1/|re − rn| in terms of the spherical harmonics, Y ml ,
this can be rewritten as

Wes =
∑
lm

Aml B
m
l , (6.2)

where Aml =
√

4π/(2l + 1)
∫

drn r
l
nY

m
l (θn, φn) and Bml =

√
4π/(2l + 1) ×∫

dre r
−(l+1)
e Y ml (θe, φe). To infer the equivalent quantum-mechanical operator
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that leads to such an interaction energy, we write Wes as the expectation value
of an operator with respect to a general nuclear wavefunction, ψn(R1, · · · ,RN ),
where Rj is the position coordinate for the jth constituent nucleon,

ρn(rn) = 〈ψn|
∑
j

ejδ(rn −Rj)|ψn〉 , (6.3)

where ej is the charge of the jth nucleon (i.e. 0 and e for neutrons and protons,
respectively). This allows us to define Aml = 〈Aml 〉, where

Aml (R1, · · · ,RN ) =
√

4π/(2l + 1)
∑
j

ejR
l
jY

m
l (Θj ,Φj) (6.4)

is a nuclear operator written in the position basis and (Rj ,Θj ,Φj) is the polar
representation of Rj . A similar definition is obtained for the electronic op-
erator Bml . Thus, the electrostatic interaction Hamiltonian can be written as
Hes =

∑
lmAml Bml . We identify the tensor Al with elements Aml as the nu-

clear multipole moment of order l. The zeroth-order term l = 0 corresponds to
the electrostatic interaction between the electron and a fixed point charge Ze,
where Z is the atomic number. This charge is fixed and does not depend on
the internal state of the nucleus; thus we shall neglect it in the following. Since
nuclei do not have a permanent electric dipole moment, the first order term
l = 1 is zero, thus making l = 2 the leading contribution to Hes. The higher
order terms decay as ∼ (dn/de)

l, with de/n the electronic and nuclear radii.
Thus, the second order – or quadrupole – contribution, HQ :=

∑
mAm2 Bm2 is

the most prominent part of the electrostatic interaction. Following Ref. [134],
the quadrupole interaction can be written as

HQ =
eQ

6I(2I − 1)

∑
kk′

∂2V (r)

∂xk∂xk′

∣∣∣
r=0

[
3

2
(IkIk′ + Ik′Ik)− δkk′I(I + 1)

]
, (6.5)

where xk, k = 1, 2, 3 denote the cartesian coordinates x, y, z, V (r) is the elec-
trostatic potential induced by the electrons and Q is a nucleus-specific constant
determining the overall strength of the quadrupole interaction. We shall define
the symmetric electromagnetic field gradient tensor Vkk′ as the partial derivative
entering Eq. (6.5). Choosing a diagonalising coordinate system (X,Y, Z) such
that VXZ = VXY = VY Z = 0 and |VZZ | ≤ |VXX | ≤ |VY Y |, HQ can be written
in the simplified form

HQ =
VZZQ

4I(2I − 1)

[
3I2
Z − I(I + 1) +

1

2
η(I2

+ + I2
−)

]
, (6.6)

where η := (VXX − VY Y )/VZZ represents the biaxiality of the tensor Vkk′ .
Here, we shall for simplicity assume that the electrostatic charge distribution is
symmetric around the principal axis, Z, such that η = 0. Furthermore, since the
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second term in Eq. (6.6) effectively amounts to a constant, we are left with only
the first term. In most practical situations, there is an external field or a lattice
symmetry that defines a ’natural’ symmetry axis, z, meaning that it is practical
to work in the coordinate system defined by the axes (x, y, z). Choosing the axes
x, y such that Z lies in the (x, z)-plane, we can write IZ = Iz cos θ + Ix sin θ,
where θ is the angle between Z and z. Thereby the quadrupolar interaction
becomes

HQ =
3VZZQ

4I(2I − 1)

[
I2
z cos2 θ + (IxIz + IzIx) sin θ cos θ + I2

x sin2 θ
]
. (6.7)

The prefactor in Eq. (6.7) can conveniently be denoted by ~BQ.

If the charge environment around the nucleus is sufficiently symmetric, the
quadrupole interaction vanishes [72]. This is the case if the charge density
has cubic symmetry (or higher symmetries), which is the case in many natu-
rally occurring solid-state lattices. If, however, the lattice is strained and its
symmetry is thereby reduced, the electric field gradient at the nuclear position
will be finite, and thereby generate a quadrupole coupling to the nucleus. Fur-
thermore, the nuclear quadrupole coupling, HQ, reduces to the identity if I < 1,
meaning that quadrupole effects can only be observed for high-spin nuclei with
I ≥ 1. In the case of an epitaxial quantum dot, lattice strain occurs naturally
when semiconductors with different lattice constants are mixed, for example in
InGaAs and InAs quantum dots. This leads to a random distribution of strain
throughout the quantum dot [136]. Alternatively, if the quantum dot is grown
strain-free, as is possible for droplet-etched GaAs quantum dots, strain can be
applied externally by using a piezoelectric actuator [137].

6.3 Magnetic (hyperfine) interaction

To develop a theory for the magnetic interaction between electrons and nuclei,
we consider a nucleus as a magnetic dipole that generates a magnetic field, which
the electron ’sees’. The nuclear magnetic dipole, µn, is related to its spin, I,
as µµµn = ~γnI. The electromagnetic vector potential generated by a magnetic
dipole is then A(r) = (µµµn × r)/r3 = ∇× (µµµ/r).

The Hamiltonian describing an electron subject to a vector potential, A, is given
by

H(r) =
1

2m
(p + (e/c)A)2 + 2µBS · (∇×A), (6.8)

where µB is the Bohr magneton, e is the elementary charge, p = −i~∇ is the
momentum operator of the electron and S is the vectorial spin operator of the
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electron. The first term in Eq. (6.8) in turn gives the orbital interaction and
the second term is the spin interaction. In fact, ∇×A is the magnetic field, B,
generated by the vector potential A. Keeping only the terms up to first order
in A leads to

H(r) =
p2

2m
+ 2µBγn~I ·

[
L

r3
− S

r3
+ 3

r(S · r)

r5
+

8π

3
Sδ(r)

]
, (6.9)

where ~L = r× p is the electron angular momentum operator.

When a single electron is trapped in a quantum dot, it resides in the conduction
band, which is approximately composed of atomic s-orbitals. Evaluating the
matrix elements of the Hamiltonian in Eq. (6.9) for an s-electron (which has
vanishing orbital angular momentum), the only term that survives is the last
one, and the Hamiltonian reduces to the so-called contact interaction

H = H0 + ~aI · S, (6.10)

where a = 16π
3 µBγn|ψe(rn)|2 is the hyperfine interaction strength, ψe(rn) is the

electron wavefunction evaluated at the position of the nucleus and H0 is the
free electron energy. The last term in Eq. (6.10) shall be denoted by Hhf and
referred to as the hyperfine interaction. If the electron is in an atomic orbital
with finite angular momentum l, the magnetic Hamiltonian is H = H0 + a′I ·J,
where J = L+S is the total angular moment of the electron and the interaction
strength is now a′ = 2µBγn

〈
1/r3

〉
l(l + 1)/[j(j + 1)].

The interaction derived here has been based on electrons in orbital states which
are essentially hydrogenic. This means that the orbitals have a high degree
of symmetry, which is not necessarily the case in realistic solid-state systems.
In realistic solid-state systems, the hyperfine interaction strength is generally a
3 × 3 tensor, a, and the hyperfine interaction is Hhf = I · a · S. However, here
we shall assume that this tensor is approximately proportional to the identity.
In particular, we assume that the main anisotropy of the system originates from
quadrupole effects, as described in Sec. 6.2.

The hyperfine interaction can be divided into a spin-z conserving part, aIzSz
and a transition-generating part, a(IxSx + IySy) = a(I+S− + I−S+)/2. Here,
I± = Ix±iIy (and similarly for S±) are the spin-transition operators that change
the magnetic sublevel by ±1.
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6.3.1 Hyperfine interaction in a quantum dot

For a single electron trapped in a quantum dot, the hyperfine interaction Hamil-
tonian involves a sum over all N nuclei within the electronic confinement region,

N∑
j=1

2~AjIj · S (6.11)

The factor of two in the hyperfine interaction is a matter of convention; here
it is chosen such that the maximal hyperfine shift from the electron on the jth
nucleus is ~Aj . The hyperfine interaction strength Aj is often written in terms
of a nucleus-specific hyperfine constant, A, such that Aj = Av0|ψe(rj)|2, where
v0 is the volume of a lattice unit cell [138]. Thus, in the limit where the electron
wavefunction is box-shaped and covers N unit cells, we have |ψe(r)|2 = 1/(Nv0)
and thus Aj = A/N . The hyperfine constant for In, Ga and As is typically on
the order of ~A ' 50 µeV [138] and thus for a quantum dot with 104 − 105

nuclei, Aj/(2π) ∼ 100 kHz− 1 MHz.

6.4 Effective low-energy Hamiltonian

With the fundamental physics of the electron-nucleus interaction in place, we
now turn our attention to a realistic quantum dot containing a single trapped
electron and many nuclei in the presence of a magnetic field. The field, B =
(0, 0, B), is taken along the z-direction without loss of generality. The Hamilto-
nian can be generalised from the interactions derived in Sections 6.2 and 6.3 by
summing over all nuclei,

H = He +
∑
j

~ωnZIjz +HQ +Hhf (6.12)

HQ =
∑
j

~BjQ

[
(Ijz )2 cos2 θj + (IjxI

j
z + IjzI

j
x)

1

2
sin
(
2θj
)

+ (Ijx)2 sin2 θj
]

(6.13)

Hhf =
∑
j

2~AjS · Ij , (6.14)

where He = ωeZSz+Ve describes the free evolution of the electron (including the
Zeeman energy and possibly other dynamics described by some additional term,
Ve) and ~ωnZ = γnB, ~ωeZ = γeB are the Zeeman energies of the electron and
nuclei, respectively. Since the nuclear magneton is three orders of magnitude
smaller than the Bohr magneton, there is a separation of energy scales between
the electronic and nuclear eigenenergies as ωnZ ' 10−3ωeZ [134].
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In a strong magnetic field, ωeZ � ωnZ � BjQ, A
j , ‖Ve‖, the uncoupled elec-

tronic and nuclear eigenstates are close to the eigenstates of Ijz , Sz. In the
interaction picture with respect to H0 := ~ωeZSz +

∑
j ~ωnZIjz , we have I±(t) =

I±e
±iωnZt, S±(t) = S±e

±iωeZt. Thus, the hyperfine interaction evolves in the
interaction picture as

Hhf(t) =
∑
j

2~Aj
(
SzIz +

1

2
[I+S−e

i(ωnZ−ω
e
Z)t + H.c.]

)
. (6.15)

Since ωnZ − ωeZ ' −ωeZ , the last term will be rapidly rotating and therefore
average out in the time evolution. In principle, the electron can be driven
through Ve to change the electron eigenstructure such that the energy gap is
bridged. However, to address the electron spin optically, an electron Zeeman
splitting in the GHz range is necessary [130]. Here we shall restrict the discussion
to configurations, where the direct hyperfine transitions are far off-resonance and
thus negligible. As a result, we make the approximation

Hhf '
∑
j

(2~Aj)IjzSz. (6.16)

We note that the energetically forbidden hyperfine transitions can give rise to
higher-order virtual processes, in analogy with the virtual phonon processes de-
scribed in Chapter 4 [139]. Here we shall not consider such virtual processes.
Instead, we will consider the hyperfine transition processes that are perturba-
tively allowed due to the symmetry-breaking quadrupole coupling.

In a strong magnetic field, ωnZ � BjQ, the quadrupole coupling, HQ, generates
a small correction to the nuclear eigenstructure, meaning that the eigenstates
of Ijz are no longer the true eigenstates. We can separate HQ into contribu-
tions that are completely diagonal and off-diagonal in the Ijz -eigenbasis. These
contributions shall be denoted by H0

Q and VQ, respectively, and are given by

H0
Q =

∑
j

~BjQ

{
(Ijz )2 cos2 θj +

1

2
[(Ijx)2 + (Ijx)2] sin2 θj

}
, (6.17)

VQ =
∑
j

1

2
~BjQ

{
[(Ijx)2 − (Ijy)2] sin2 θj + [IjxI

j
z + IjzI

j
x] sin

(
2θj
)}
. (6.18)

Re-writing H0
Q and subtracting a term proportional to the identity, we find

H0
Q = ~∆j

Q(Ijz )2, where ∆j
Q = BjQ(cos2 θj − 1

2 sin2 θj) is an anharmonic en-
ergy shift of the magnetic sublevels induced by the quadrupole interaction.
The off-diagonal term weakly perturbs the eigenstructure away from the eigen-
states of Ijz , meaning that the low-energy hyperfine interaction ∼ IzSz does in
fact generate transitions between nuclear eigenstates. Rather than performing
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an exact diagonalisation of the nuclei, we perform a perturbative Schrieffer-
Wolff transformation that removes VQ and instead dresses the hyperfine in-
teraction with an additional term, V ′Q [30, 140]. The Schrieffer-Wolff trans-
formation technique is described in detail in App. A. The transformation,
generated by the anti-Hermitian operator F , transforms the Hamiltonian as
H̃ = eFHe−F = H + [F,H] + 1

2 [F, [F,H]] + O(F 3). In order to eliminate VQ,
we choose the generator

F = i
∑
j

BjQ
2ωnZ

{
1

2
(IjxI

j
y + IjyI

j
x) sin2 θj + (IjyI

j
z + IjzI

j
y) sin

(
2θj
)}
. (6.19)

The transformed Hamiltonian is then

H̃ = He +Hhf + V ′Q +
∑
j

~ωnZIjz +H0
Q + [F, VQ], (6.20)

where V ′Q is a dressed hyperfine interaction term,

V ′Q = −Sz
∑
j

~AjBjQ
ωnZ

{
[(Ijx)2 − (Ijy)2] sin2 θj + [IjxI

j
z + IjzI

j
x] sin

(
2θj
)}
. (6.21)

The additional term [F, VQ] is off-diagonal in the nuclear Iz-eigenbasis, but is
proportional to (BjQ)2/ωnZ and thus describes a second order perturbation to the
nuclear eigenstructure. We shall ignore this small correction term. Effectively,
Eq. (6.21) describes a noncollinear hyperfine interaction, meaning that Sz is
coupled to nuclear spin operators not proportional to Iz, in contrast to the
collinear hyperfine interaction arising from a diagonal hyperfine coupling tensor.
A non-diagonal hyperfine tensor describes an interaction similar to Eq. (6.21),
but with nuclear spin operators occurring only in linear powers. In contrast,
V ′Q describes two types of processes that flip the nuclear spin by one and two
units of angular momentum, respectively. In the following chapters, we will
study various examples of the effect of this interaction. For now we shall simply
calculate the selection rules of V ′Q between the Zeeman eigenstates of a single
nucleus.

Let us decompose the dressed hyperfine interaction as

V ′Q = −Sz
∑
j

~AjBjQ
ωnZ

{
v

(2)
j sin2 θj + v

(1)
j sin

(
2θj
)}
, (6.22)

where v(1)
j = IjxI

j
z + IjzI

j
x, v

(2)
j = (Ijx)2 − (Ijy)2. To understand the action

of V ′Q, we evaluate the matrix elements of these two nuclear operators be-
tween eigenstates of Ijz . The Zeeman eigenstates are labeled by |mj〉 such that
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Figure 6.1: Transitions between nuclear magnetic sublevels allowed by v(1)j (red) and
v
(2)
j (blue) indicated for spin isotopes with I = 3/2 and I = 9/2, respectively.

Ijz |mj〉 = mj |mj〉. The matrix elements are then〈
m′j
∣∣v(1)
j

∣∣mj

〉
= (mj + 1/2)M+(mj)δm′j ,mj+1

+ (mj − 1/2)M−(mj)δm′j ,mj−1,〈
m′j
∣∣v(2)
j

∣∣mj

〉
=

1

2
M+(mj)M+(mj + 1)δm′j ,mj+2

+
1

2
M−(mj)M−(mj − 1)δm′j ,mj−2.

(6.23)

where M±(m) =
√
I(I + 1)−m(m± 1). As can be seen from these selection

rules, v(1)
j and v(2)

j change the nuclear magnetic sublevel by ±1 and ±2, respec-
tively. The transitions with non-zero matrix elements are illustrated in Fig. 6.1
for nuclear species with I = 3/2 (such as Ga and As) and I = 9/2 (such as In).
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Chapter 7
Modelling experimental

results on electron–nucleus
interactions

The theory of quantum dot electron–nucleus interactions in the presence of lat-
tice strain presented in this thesis was initially developed with the motivation
to support ongoing experiments and understand their results. This chapter
presents the theoretical models that were developed to extract quantitative pre-
dictions from the theory in Chapter 6 and compare these to the experimental
results. The two sections of this chapter describe two different experiments and
the theoretical models that were used to analyse them.

7.1 Sidebands in electron spin resonance

This section describes work presented in Ref. [30] and contains figures therefrom.
c©2019 American Association for the Advancement of Science.

A useful method of probing a spin system is to measure its resonance spectrum.
This has often been done through electron spin resonance and nuclear magnetic
resonance, where a radiofrequency or microwave probe field is used to drive
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Figure 7.1: Optical electron spin resonance configuration.

transitions between the spin eigenstates [134]. By measuring the absorption over
a range of probe field frequencies, the allowed transitions are spectrally resolved.
For the experiment presented in Ref. [30], an optical version of electron spin
resonance for quantum dots was used to probe the allowed transitions. The
configuration is illustrated in Fig. 7.1. Here, two phase-locked Raman lasers
drive the optical transitions from the two electron spin states to a trion state,
|⇑〉. The quantum dot is placed in an in-plane magnetic field, such that the two
transitions have orthogonal linear polarisations and the spin ground states are
split by the electron Zeeman splitting, ωeZ . In practise, the two laser beams are
generated as sidebands from a monochromatic laser by sending it through an
electro-optic modulator.

The Hamiltonian describing this configuration is given by

H(t) =~ωeZSz + ~ω⇑ |⇑〉〈⇑|+ ~
[
Ω1e

−iω1t |⇑〉〈↑|+ Ω2e
−iω2t |⇑〉〈↓|+ H.c.

]
+ ~ωnZ

∑
j

Ijz +H0
Q +Hhf + V ′Q,

(7.1)

where ωi and Ωi are the frequency and amplitude of the two laser drives and ω⇑
is the optical transition frequency in the absence of the magnetic field. If the
laser drives are sufficiently far detuned from the optical transition, the trion state
will not be populated. However, the lasers will still drive coherent transitions
between the two electron spin states through virtual transitions through the
trion. Formally, this can be shown by adiabatically eliminating the trion state.
Such an analysis is presented in Appendix B. The resulting Hamiltonian is (in
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a frame rotating with the electron Zeeman splitting)

H = ~δSz + ~ΩSx + ~ωnZ
∑
j

Ijz +H0
Q +Hhf + V ′Q. (7.2)

Here, δ is the two-photon Raman detuning and Ω is the Raman drive strength,

δ = ωeZ − (ω2 − ω1), (7.3)

Ω =
Ω∗2Ω1ξ

(δ/2)2 − ξ2
, (7.4)

where ξ = ω⇑−(ω1 +ω2)/2. The Raman drive amplitude has been assumed real
for simplicity, but can generally have any complex phase, dependent on the rela-
tive phase of the two Raman lasers. Experimentally, this phase can be controlled
via the electro-optic modulator that generates the Raman beams [141].

The dominating effect of the hyperfine interaction, Hhf , on the electron spin is to
create a slowly fluctuating effective magnetic field, often called the Overhauser
field. In the present analysis, we shall treat this effect in the simplest possible
way and absorb the hyperfine shift into the electron Zeeman splitting, such that
δ → δ′ = δ + b, with b a classical stochastic variable that represents the energy
shift due to the Overhauser field [26]. By the end of any calculation, an average
should be performed over b, with the Gaussian probability distribution

p(b) =
e−b

2/(2∆2
b)√

2π∆2
b

, (7.5)

where ∆b is the standard deviation of the Overhauser field. This quantity is
related to the electron dephasing time in free induction decay, T ∗2 =

√
2/∆b.

In the limit of a strong magnetic field and weak driving, ωeZ � ωnZ � Ω, we can
perform an additional Schrieffer-Wolff transformation that removes V ′Q and re-
places it with a nuclear-dressed electron driving term [140]. This will reveal how
the quadrupole-enabled nuclear transions encoded in V ′Q dress the Raman tran-
sition and give rise to sidebands in the electron spin resonance spectrum. Since
the Hamiltonian now contains terms that represent different perturbative orders,
we use the theory in Appendix A.3, and identify H0 = ~ωeZSz + ~ωnZ

∑
j I

j
z ,

H1 = ~ΩSx + H0
Q, H2 = V ′Q. The leading contribution, G, to the generator

should then satisfy the requirement [H0, G] = H2. This is fulfilled by setting

G = −iSz
∑
j

AjBjQ
(ωnZ)2

[
1

2
sin2 θj

(
IjxI

j
y + IjyI

j
x

)
+ sin 2θj

(
IjzI

j
y + IjyI

j
z

)]
. (7.6)
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The leading order correction term in the Hamiltonian is then

V ′′Q = [G,ΩSx]

= ~ΩSy
∑
j

AjBjQ
(ωnZ)2

[
1

2
sin2 θj(IjxI

j
y + IjyI

j
x) + sin 2θj

(
IjyI

j
z + IjzI

j
y

)]
,

(7.7)

such that the transformed Hamiltonian is

H = ~δ′Sz + ~ΩSx + ~ωnZ
∑
j

Ijz +H0
Q + V ′′Q . (7.8)

The new term, V ′′Q , describes transition processes, where the electron spin and a
single nuclear spin is simultaneously changed. Due to the summation over nuclei,
the single spin flip is distributed as a superposition over the nuclear ensemble,
i.e. a collective excitation. To make this point clearer, we can re-write V ′′Q in
terms of the nuclear spin step operators, Ij±,

V ′′Q = −i1
2
~ΩSy

∑
j

AjBjQ
(ωnZ)2

[1

2
sin2 θj(I2

+ − I2
−)

+ sin 2θj
(
Ij+I

j
z + IjzI

j
+ − I

j
−I

j
z − IjzI

j
−

)]
.

(7.9)

At this point, we shall proceed by developing a phenomenological model based on
Eq. (7.8) that will provide an intuitive understanding of the dynamics and some
approximate quantitative results for the optical electron resonance spectrum.
Later, in Section 7.2 and Chapter 8, more rigorous derivations to calculate the
dynamics will be presented.

Consider an initial nuclear state, which is a product of Ijz eigenstates, |M〉 :=
|m1, · · · ,mN 〉, such that Ijz |m1, · · · ,mN 〉 = mj |m1, · · · ,mN 〉. Realistically,
the nuclear bath will be initialised in a mixture of such product states. The
initial electron spin state is taken as the Zeeman eigenstate |↓〉. From Eq. (7.9),
we see that to first order in V ′′Q , the time evolution connects the initial states
with four possible final states, corresponding to a change of the total nuclear
spin by ±1 and ±2, respectively, and a flipped electron spin. The nuclear parts
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of these four states are labeled as |M ± 1〉 , |M ± 2〉 and are given by

|M ± 1〉 =
∑
j

c
(1,±)
j |m1, · · · ,mj ± 1, · · · ,mN 〉

|M ± 2〉 =
∑
j

c
(2,±)
j |m1, · · · ,mj ± 2, · · · ,mN 〉 ,

c1,±j =
AjBjQ sin

(
2θj
)
(2mj ± 1)M±(mj)√∑

j(A
jBjQ sin(2θj)(2mj ± 1)M±(mj))2

,

c2,±j =
1
2A

jBjQ sin2(θj)M±(mj)M±(mj ± 1)√∑
j

(
1
2A

jBjQ sin2(θj)M±(mj)M±(mj ± 1)
)2
.

(7.10)

The relevant bipartite electronic and nuclear spin states are then |↓,M〉 , |↑,M ± 1〉 ,
|↑,M ± 2〉. The transition matrix elements between the initial state, |↓,M〉 and
the four excited states are given by

〈↑,M ± 1|V ′′Q |↓,M〉 = −~Ω

4

√√√√∑
j

[
AjBjQ sin 2θj

(ωnZ)2
(2mj ± 1)M±(mj)

]2

,

〈↑,M ± 2|V ′′Q |↓,M〉 = −~Ω

4

√√√√∑
j

[
1
2A

jBjQ sin2 θj

(ωnZ)2
M±(mj)M±(mj ± 1)

]2

(7.11)

We now focus specifically on nuclear spin species with I = 3/2, such as arsenic
and gallium, which together constitute 75% of the nuclei in the InGaAs quantum
dots from Ref [30]. In this case, themj-dependent factors in the matrix elements
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take the values

(2mj + 1)M+(mj) =


0 mj = +3/2

2
√

3 mj = +1/2

0 mj = −1/2

−2
√

3 mj = −3/2

(2mj − 1)M−(mj) =


2
√

3 mj = +3/2

0 mj = +1/2

−2
√

3 mj = −1/2

0 mj = −3/2

M+(mj)M+(mj + 1) =


0 mj = +3/2

0 mj = +1/2

2
√

3 mj = −1/2

2
√

3 mj = −3/2

M−(mj)M−(mj − 1) =


2
√

3 mj = +3/2

2
√

3 mj = +1/2

0 mj = −1/2

0 mj = −3/2

.

(7.12)

If we assume that the initial state has a uniform distribution of the values {mj}
over the four possible values (±3/2,±1/2), the matrix elements in Eq. (7.11)
become

〈↑,M ± 1|V ′′Q |↓,M〉 = −~Ω

√
3

2

√√√√∑
j

(
AjBjQ sin 2θj

(ωnZ)2

)2

,

〈↑,M ± 2|V ′′Q |↓,M〉 = −~Ω

√
3

2

√√√√∑
j

(
1
2A

jBjQ sin2 θj

(ωnZ)2

)2

,

(7.13)

where the summations now only run over N/2 nuclei, because according to
Eq. (7.12) only half of the nuclei will on average have non-zero contributions to
the sum. At this point, we approximate the values of Aj , BjQ and θj by their

mean values over the nuclear ensemble, Aj , BjQ and θj , thus obtaining

〈↑,M ± 1|V ′′Q |↓,M〉 ' −~Ω
√
N/2

√
3

2

AjBjQ sin 2θj

(ωnZ)2
=:

~Ω

2
η(1),

〈↑,M ± 2|V ′′Q |↓,M〉 ' −~Ω
√
N/2

√
3

4

AjBjQ sin2 θj

(ωnZ)2
=:

~Ω

2
η(2),

(7.14)
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Figure 7.2: Structure of driven electron–nuclear system. The energy levels of the
accessible states and the Rabi frequencies of the allowed transitions are indicated,
along with level broadening due to quadrupolar energy shifts.

where η(1) and η(2) are the relative strengths of the nuclear sideband transition
compared to the central electronic spin resonance transition |↑〉 ↔ |↓〉. Notice
the appearance of the factor,

√
N/2, which stems from the collective enhance-

ment of the transition.

The initial state |M〉 is an eigenstate of the Zeeman Hamiltonian,H0
n = ~ωnZ

∑
j I

j
z ,

with eigenenergy EM = ~ωnZ
∑
jmj . The states |M ± 1〉 , |M ± 2〉 are also eigen-

states of H0
n with eigenenergies EM ± ~ωnZ , EM ± 2~ωnZ . Thus, the transition

energy from |M〉 to |M ± 1〉 or |M ± 2〉 is approximately ~ωnZ or 2~ωnZ . How-
ever, due to the quadrupolar energy shifts contained in H0

Q, the excited states
|M ± 1〉 , |M ± 2〉 are not eigenstates, but will diffuse into the large space of other
nuclear states. This is both due to the variation of the quadrupolar shift over
the nuclear ensemble (i.e. ∆j

Q 6= ∆j′

Q) and the variation inmj-quantum numbers
in the initial nuclear state. In the simplest picture, this effect leads to dephasing
of the excited states, |M ± 1〉 , |M ± 2〉, which also causes level broadening. The
dephasing rate can be captured by the expression γQ = 4(1+σ)

∣∣∆Q

∣∣, where ∆Q

is the mean quadrupolar energy shift over the ensemble and σ is its standard
deviation relative to the mean. Dephasing effects due to the quadrupolar energy
shift will be discussed in greater detail in Chapter 8.

The properties of the driven electron–nuclear system discussed so far are de-
picted in Fig. 7.2. For simplicity, the vertical Rabi transitions between the
states |↑,M ± k〉 and |↓,M ± k〉 are not shown. At this point, we write down a
phenomenological master equation for the dynamics of the density operator, ρ,
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within the bi-partite Hilbert space spanned by the five relevant nuclear states
and the two electron spin states,

∂

∂t
ρ = −i

[
δ′Sz + ΩSx +

∑
k=±1,±2

[kωnZ + (2kA/N)Sz] |M + k〉〈M + k|

+
Ω

2

∑
k=1,2

η(i) |↑,M ± k〉〈↓,M |+ H.c.

, ρ]

+ γQ
∑

k=±1,±2

D{|M + k〉〈M + k|}ρ+
1

T2
D[Sz]ρ,

(7.15)

where we have added an extra phenomenological dephasing term on the elec-
tron spin due to the slow diffusion of the nuclear spin bath with time scale T2.
The term proportional to (2kA/N)Sz in the first line accounts for the fact that
the collinear hyperfine interaction, Hhf , induces a small energy shift when the
spin state of the electron or nuclei is changed. The term in the second line de-
scribes the quadrupole-allowed nuclear sideband transitions, and the last term
describes quadrupolar broadening of the nuclear spin waves. This model allows
to calculate – among other quantities – the time evolution of the electron spin
populations. In Ref. [30], this was done in comparison with experimental data.
In particular, the electron spin was initialised in the |↓〉 state, and the time evo-
lution of the |↑〉 population was measured for a range of electron spin resonance
detunings, δ. To obtain a theoretical prediction for this excitation spectrum at
the detuning δ, we can numerically solve the master equation, Eq. (7.15) for a
range of values for the Overhauser field, b, and obtain the corresponding density
operators, which we write as ρ(t|b). Subsequently, we calculate the ensemble-
averaged density operator over the different configurations of the Overhauser
field,

χ(t) =

∫
db p(b)ρ(t|b). (7.16)

The observable population in the |↑〉 state is then calculated as p↑(t) = Tr{|↑〉〈↑|
χ(t)}. Fig. 7.3 shows a comparison of experimental and theoretical data from
Ref. [30], where the nuclear parameters η(1) = 0.26, η(2) = 0.17 have been
determined by fitting the mean quadrupolar coupling strength, BjQ, and angle,
θj . Both the theoretically and experimentally obtained spectra clearly show five
distinct resonance peaks, stemming from the five transitions shown in Fig. 7.2.
The experiments have been performed on an InGaAs quantum dot, but only As
nuclei have been taken into account in the fitted model. Constituting 50% of the
nuclei, arsenic is the most abundant species in the quantum dot. Furthermore,
the resonance peaks in the electron spin resonance spectrum were found very
close to the known Zeeman splitting of arsenic.
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a.

b.

c.

c.

Figure 7.3: Figure adapted from Ref. [30] c©2019 American Association for the
Advancement of Science.a. Theoretical spectrum of electron spin-↑ population as a
function of time and two-photon Raman frequency. The theoretical spectrum has
been fitted to the corresponding experimental spectrum in b. c. Population spectrum
averaged over time window indicated in panel b. The dots denote experimental data
and the solid line with shading indicates the theoretical spectrum. The dashed line
is a fit with five Gaussians and serves only as a guide to the eye. Parameters taken
as corresponding to As nuclei in an InGaAs quantum dot: N = 4 × 104, Aj/2π =
0.675 MHz, σ = 80%, 1/T2 = 1.5 MHz, ∆b/2π = 2.5 MHz, ωnZ/2π = 22 MHz (B =

3 T). Fitted parameters: θj = 20.4◦, BjQ = 1.7 MHz
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7.2 Decay of Rabi oscillations in electron spin
resonance

This section describes work presented in Ref. [141] and contains text and figures
therefrom. Copyright under the Creative Commons license,
(http://creativecommons.org/licenses/by/4.0/).

An alternative way of probing the electron–nucleus interaction is to drive the
electron spin on resonance and observe the decay of the Rabi oscillations as the
driving rate is varied. When the driving rate matches the energy of an allowed
nuclear transition, the electron spin oscillations will rapidly decay, because the
splitting between driving-dressed electronic states is resonant with a nuclear
transition. The principle behind this effect was first discovered by Hartmann
and Hahn in the context of nuclear magnetic resonance [142], and the resonance
condition is often called the Hartmann-Hahn resonance. To model such an
experiment, we shall derive a master equation for the electron spin, where the
nuclear bath is treated as an environment to be traced out.

The starting point shall be the Hamiltonian describing the non-collinear hyper-
fine interaction, Eq. (6.20). As in Section 7.1, we shall absorb the collinear
hyperfine interaction, Hhf into the Zeeman splitting. The effect of the fluctu-
ating Overhauser field will be assessed in Section 7.2.2.1. The Hamiltionian is
thus

H = ~δ′Sz + ~ΩSx + ~ωnZ
∑
j

Ijz +H0
Q + V ′Q. (7.17)

Instead of developing a theory that is perturbative in the driving strength (as in
Section 7.1), we wish to derive a master equation for the electron spin, treating
the interaction with the nuclear bath as a perturbation.

The non-interacting electron Hamiltonian, He = ~δ′Sz + ~ΩSx, can be diago-
nalised under the unitary transformation

He → H̃e = eiφSyHee
−iφSy = ~Ω′Sz, (7.18)

where sinφ = Ω/Ω′, cosφ = δ′/Ω′ and Ω′ =
√

Ω2 + (δ′)2. Under this transfor-
mation, the non-collinear interaction becomes

Ṽ ′Q =(Sx sinφ− Sz cosφ)

×
∑
j

~AjBjQ
ωnZ

{
[(Ijx)2 − (Ijy)2] sin2 θj + [IjxI

j
z + IjzI

j
x] sin

(
2θj
)} (7.19)
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When the system is operated in the vicinity of the Hartmann-Hahn resonance,
the most significant contribution to the dynamics is expected to arise from the
secular electron–nuclear transitions generated by Ṽ ′Q. Therefore, to simplify
the analysis, we start out by removing the non-secular terms therein, obtaining
Ṽ ′Q → 1

2 sinφ(S−V
+ + S+V

−), where

V + =
1

2

∑
j

~AjBjQ
ωnZ

[
(Ij+)2 sin2 θj + (Ij+I

j
z + IjzI

j
+) sin 2θj

]
, (7.20)

with V − = (V +)†. The corresponding non-Markovian time-convolutionless mas-
ter equation for ρ is [14]

∂

∂t
ρ = − i

~
[Ω′Sz, ρ]− 1

~2

∫ t

0

dτ Trn[Ṽ ′Q, [Ṽ
′
Q(−τ), ρ⊗ ρ0

n]] (7.21)

where Ṽ ′Q(−τ) = e−i(H̃e+H̃n)τ/~Ṽ ′Qe
+i(H̃e+H̃n)τ/~ denotes the interaction picture

time evolution of Ṽ ′Q and ρ0
n is the reference state of the nuclear bath. H̃n denotes

the non-interactiing nuclear Hamiltonian, H̃n = ~ωnZ
∑
j I

j
z + H0

Q. Following
Ref. [143], we assume that the nuclear reference state is factorisable among the
nuclei. In a few-Tesla magnetic field, the nuclear Zeeman splitting is on the order
of ~ωnZ ' 0.1 µeV, while the thermal energy at cryogenic temperatures (∼ 4 K)
is approximately kBT ' 344 µeV. Thus, we approximate the nuclear density
operator as thermal in the infinite-temperature limit, for which the magnetic
sublevels are occupied with an equal probability. Under these assumptions, we
arrive at the following master equation for the electron spin,

∂

∂t
ρ(t) = −i[Ω′Sz, ρ(t)] + Γ(Ω′, t){D(S+) +D(S−)}ρ(t), (7.22)

where the nuclear-induced Lamb shift has been neglected and

Γ(Ω′, t) =
sin2 φ

4

1

π

∫
dω J(ω)

sin[(ω − Ω′)t]

ω − Ω′
(7.23)

is a time-dependent decay rate calculated from the spectral density, J(ω) =
J (1)(ω)+J (2)(ω), which contains contributions from the first and second nuclear
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sideband processes,

J (1)(ω) =
π

2

∑
j

(
AjBjQ sin 2θj

ωnZ

)2
1

2Ij + 1

×
Ij∑

mj=−Ij
[M+(Ij ,mj)(2mj + 1)]2δ(ω − [ωnZ + (2mj + 1)∆j

Q]),

J (2)(ω) =
π

2

∑
j

(
AjBjQ sin2 θj

ωnZ

)2
1

2Ij + 1

×
Ij∑

mj=−Ij
[M+(Ij ,mj)M+(Ij ,mj + 1)]2δ(ω − [2ωnZ + 4∆j

Q(mj + 1)]),

(7.24)

where M+(I,m) =
√
I(I + 1)−m(m+ 1) now explicitly references the to-

tal spin eigenvalue for the j’th nucleus, Ij . The next step is to split the
summation over nuclei into a summation over nuclear species, s, such that
J (i)(ω) =

∑
s J

(i)
s (ω). For each species, the total nuclear spin is constant,

Ij = Is, and the parameters (θ,BQ, A) =: ξ are described by a statistical dis-
tribution over the nuclear ensemble, Ps(ξ), for the given species, s. We then
approximate the summation over nuclei in Eq. (7.24) as an integral over this
distribution,

∑
j f

j
s ' Ns

∫
dξ Ps(ξ)fs(ξ), where Ns is the number of nuclei

of species s and f js is a general function of single-nucleus parameters of that
species. The number of nuclei of a given species is Ns = nsN , where ns is the
relative portion of nuclei of the given species, such that

∑
s ns = 1. Taking the
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distribution P (ξ) to be factorisable, Ps(ξ) = ps,1(θ)ps,2(BQ)ps,3(A), we find

J (1)
s (ω) =

π

2

〈A2〉sNs
2Is + 1

Is∑
m=−Is

[M+(Is,m)(2m+ 1)]2

×
∫

dθ p1(θ)p2

[
ω − ωnZ

(2m+ 1)(cos2 θ − 1
2 sin2 θ)

]

×

(
(ω − ωnZ) sin 2θ

ωnZ(2m+ 1)(cos2 θ − 1
2 sin2 θ)

)2∣∣∣∣(2m+ 1)

(
cos2 θ − 1

2
sin2 θ

)∣∣∣∣−1

J (2)
s (ω) =

π

4

〈A2〉sNs
2Is + 1

Is∑
m=−Is

[M+(Is,m)M+(Is,m+ 1)]2

×
∫

dθ p1(θ)p2

[
ω − 2ωnZ

4(m+ 1)(cos2 θ − 1
2 sin2 θ)

]

×

(
(ω − 2ωnZ) sin2 θ

4ωnZ(m+ 1)(cos2 θ − 1
2 sin2 θ)

)2∣∣∣∣2(m+ 1)

(
cos2 θ − 1

2
sin2 θ

)∣∣∣∣−1

,

(7.25)

where
〈
A2
〉
s

=
∫

dAps,3(A)A2.

Transforming back to the Zeeman eigenbasis, the master equation is

∂

∂t
ρ(t) =− i[∆Sz + ΩSx, ρ(t)] + Γ(Ω′, t){L(Sφ) + L(S†φ)}ρ(t), (7.26)

where Sφ = Sx cosφ+ iSy +Sz sinφ. The experiments in Ref. [141] revealed the
presence of a spin-relaxation process with a rate, Γ1, that is proportional to the
driving amplitude, Γ1 = αΩ/2π, with an empirical estimate of α = 2.7× 10−2.
The origin of this relaxation process is not exactly known, but the behaviour is
consistent with generation of photo-activated charges appearing in the quantum
dot device [25,144]. To account for this spin relaxation process, we add the term
Γ1{D[S+] +D[S−]}ρ(t) to the master equation.

The spectral densities, Js, for the various nuclear species present in InGaAs
quantum dots are shown in Fig. 7.4. Table 7.1 shows the relevant nuclear pa-
rameters used for the remainder of this chapter. These parameters have either
been determined by fitting the Rabi decay rate to experiments, as will be de-
scribed in Section 7.2.2, or by using previously measured values [145].
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Figure 7.4: Spectral densities for nuclear species present in InGaAs quantum dots.
Parameters correspond to those in Table 7.1 with B = 3.3 T. The spectral density of
the two gallium species has been multiplied by a factor of 10.

113In, 115In 75As 69Ga 71Ga
BQ/2π, mean [MHz] 1.29 (fit) 3.70 (fit) 1.65 1.65
BQ/2π, std. dev. [MHz] 0.45 1.5 0.82 0.82
θ′, mean 17◦ (fit) 15.2◦ (fit) 11.3◦ 11.3◦

θ′, std. dev. 5◦ 10◦ 5◦ 5◦

A/2π [GHz] 6.56 5.13 4.42 7.73
1

2πω
n
Z/B [MHz/T] 9.33 7.22 10.22 12.98

ns 0.25 0.5 0.15 0.1

Table 7.1: Data from Ref. [141]. Parameters used for calculation of nuclear spectral
density. Some of the indicated quantities pertaining to the quadrupolar parameters has
been determined by fitting the electron spin Rabi decay rate as a function of Raman
driving strength [141]. These numbers are indicated with the annotation ’(fit)’. The
other parameters were taken from Ref. [145].
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7.2.1 Parameter probability distributions

The probability distributions for the hyperfine and quadrupolar coupling strengths,
ps,2 and ps,3 are taken to be Gaussian. The quadrupolar angle is more involved:
The major quadrupolar axis is assumed to be distributed around the quantum
dot growth axis with a uniform distribution of the azimuthal angle, ϕ′ and a
Gaussian distribution for the polar angle, θ′. The equivalent distribution for the
θ-angle appearing in HQ is obtained by rotating the coordinate system around
the magnetic field axis (the x-axis), such that the quadrupolar angle is lying
in the xz-plane. Denoting the Gaussian polar probability distribution for the
nuclear species s by ps,p(θ′), the distribution for θ is found to be

ps,1(θ) =
1

π

∫ π/2+θ

π/2−θ
dθ′

ps,p(θ′) sin(θ) sin θ′√
sin2 θ′ − cos2 θ

, (7.27)

where θ is defined to be in the range [−π/2, π/2].

7.2.2 Rabi decay rate

Due to the non-Markovianity of the electron spin time evolution, a decay rate
of the Rabi oscillations is in principle not well-defined. However, the non-
Markovian effects are most strongly pronounced at short times, whereas in the
long-time limit, the system approaches the Markovian limit. Effectively, the
electron spin probes the spectral density at the Rabi frequency during a finite
time window corresponding to the decay time. This can be encoded into the
calculation of the dynamics by employing a self-consistent Born-Markov approx-
imation [146, 147]. Here, we implement such an approach by first writing the
Markov limit for the nuclear transition induced electron decay rate,

ΓM(Ω′) =
sin2 φ

4
× 2 Re

[∫ ∞
0

dτ e−iΩ
′τ

∫ ∞
−∞

dω

2π
J(ω)eiωτ

]
(7.28)

=
sin2 φ

4
J(Ω′) (7.29)

Here, the exponential factor e−iΩ
′τ appears through the free evolution of the

electronic S± operators. In our self-consistent Born-Markov approach, we en-
code the decay of the electron spin into this correlation function, replacing it
by e−[iΩ′+γ(Ω′)]t. The damping rate, γ(Ω′), is then determined self-consistently
through an iterative process. By replacing the free correlation function by the
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damped one, we define a self-consistent Markovian decay rate,

ΓSCM(Ω′) =
sin2 φ

4
× 2 Re

[ ∫ ∞
0

dτ e−[iΩ′+γ(Ω′)]τ

∫ ∞
−∞

dω

2π
J(ω)eiωτ

]
=

sin2 φ

4

∫ ∞
−∞

dω J(ω)
1

π

γ(Ω′)

γ(Ω′)2 + (ω − Ω′)2
,

(7.30)

which describes a convolution of the spectral density with a Lorentzian distri-
bution.

Furthermore, we also average over the configurations of the Overhauser field,
which is taken as a Gaussian distribution with standard deviation ∆b, leading
to the averaged decay rate

Γ̃SCM(Ω) =
1

4

∫
dδ

∫ ∞
−∞

dω
Ω2

δ2 + Ω2
J(ω)

e−δ
2/2∆2

b√
2π∆2

b

1

π

γ(Ω′)

γ(Ω′)2 + (ω − Ω′)2
.

(7.31)

To self-consistently determine Γ̃SCM(Ω) and γ(Ω′), we start out by letting γ(Ω′) =
1
4J(Ω) + γ0, where γ0 is the decay rate in the absence of nuclear transitions and
calculate the first iteration of the decay rate, Γ̃

(1)
SCM(Ω). In the next iteration,

we set γ(Ω′) = Γ̃
(1)
SCM(Ω)+γ0 and repeat this procedure until the iterative series

has converged.

To assess the accuracy of the self-consistently determined decay rate, we com-
pare it with the solution of the full time-convolutionless master equation, (7.26).
For simplicity, we shall in this assessment ignore the Overhauser field, corre-
sponding to setting ∆b = 0 and δ = 0. The effect of the Overhauser field will be
discussed in Section 7.2.2.1. In this case, the bare decay envelope of the Rabi
oscillations, when the electron is initialised in |↓〉, is simply described by the
function ρ↑↑(t) = 1

2

(
1− e− 3

2 Γ1t
)
. In the presence of dephasing and relaxation

induced by the Hartmann-Hahn transitions, we expect that the exponential
function acquires an additional term, such that

ρ↑↑(t) '
1

2

(
1− e−[ΓSCM(Ω)+ 3

2 Γ1]t
)
. (7.32)

The upper panels of Fig. 7.5, show the decay of the Rabi oscillations calculated
numerically by solving the master equation, Eq. (7.26) (grey solid lines). The
approximation of the decay envelope using the self-consistent Markovian decay
rate, Eq. (7.32), is shown with solid green lines and demonstrates reasonable
agreement. For comparison, the corresponding decay envelope for the standard
Markovian approximation, ρ↑↑(t) ' 1

2

(
1− e−[ΓM(Ω)+ 3

2 Γ1]t
)
, is indicated with
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Figure 7.5: Upper panels: Time evolution of |↑〉 population under Rabi driving for
various Raman driving rates. The solid grey lines indicate the numerical solution of
the time-convolutionless master equation, Eq. (7.26). The solid green lines indicate the
approximation of the decay envelope within the self-consistent Markov approximation.
The dashed red lines indicate a similar approximation within the standard Markov
approximation, and the dotted orange lines indicate the decay envelope in the absence
of nuclear transitions. Lower panel: The Markovian (solid blue) and self-consistent
Markovian (dashed cyan) decay rates with the sampled Rabi frequencies in the upper
panels indicated with solid vertical lines.

dashed red lines. Furthermore, the decay envelope in the absence of nuclear
transitions is presented with dotted orange lines. The lower panel shows the
decay rates under the Markov and self-consistent Markov approximations. As
can be seen from the time evolution plots, the standard Markov approximation
tends to overestimate the decay rate when the driving strength is close to a
Hartmann-Hahn resonance.

7.2.2.1 Inclusion of Overhauser field fluctuations

In the presence of Overhauser field fluctuations, there will be an additional
contribution to the decay of the electron spin Rabi oscillations. To correctly
estimate the decay rate in the long-time limit, the time evolution of the fluctua-
tions in the nuclear bath must be taken into account. This is done in Ref. [148],
where the authors examine the time evolution of Rabi oscillations in the pres-
ence of a fluctuating Overhauser field via a functional integral approach. In the
limit where the fluctuation time scale of the Overhauser field, T2, is slow, such
that 1/T2 � ∆2

b/Ω, the decay of the oscillations becomes exponential in the
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long-time limit, with the rate γOH = ∆b

√
1

4ΩT2
. Combining this with the spin

relaxation process, the total decay rate in the absence of nuclear Hartmann-
Hahn transitions then becomes

γ0(Ω) =
3

2
Γ1(Ω) + ∆b

√
1

4ΩT2
. (7.33)

The total decay rate is thus

γ(Ω) = γ0(Ω) + Γ̃SCM(Ω). (7.34)

This expression is fitted to experimental data for the Rabi decay rate as a
function of Raman driving strength, shown in Fig. 7.6. This decay rate has two
main peaks, corresponding to the two Hartmann-Hahn resonances Ω ' ωnZ and
Ω ' 2ωnZ . These general features of the data are well-reproduced by the model,
although a denser experimental sampling around the second Hartmann-Hahn
would have been favourable. The fixed parameters used for the calculations and
the fitted parameters are presented in Table 7.1. The total number of nuclei and
the mean and standard deviation of the distributions of BQ and θ′ for indium
and arsenic were taken as free parameters, giving a total of five free parameters.
The two gallium species were neglected in the calculation of the decay rate
due to their small contribution to the spectral density compared to arsenic and
indium (see Fig. 7.4).

The analysis of the decay of Rabi oscillations presented in Fig. 7.6 shows that
the electron spin can be effectively decoupled from the nuclear transitions by
driving it with a sufficiently high Rabi frequency to surpass the Hartmann-
Hahn resonances. Furthermore, it provides insight about the electron–nuclear
interactions in a strained nuclear spin environment.
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Figure 7.6: Data from Ref. [141]. Electron spin Rabi decay rate, γ(Ω), as a func-
tion of Raman driving strength. The experimental data are indicated as blue circles.
The solid yellow line shows the fitted expression for the decay rate including nuclear
Hartmann-Hahn transitions, Eq. (7.34). The grey dotted line shows the calculated de-
cay rate, γ0, in the absence of nuclear transitions, Eq. (7.33). The nuclear parameters
are presented in Table 7.1, where only In- and As-nuclei have been taken into account.
Other parameters: B = 3.3 T (measured independently), N = 74390 (fitted), relative
standard deviation of hyperfine interaction strengths over nuclear ensemble:σ = 1/2,
T ∗2 = 2.8 µs (measured independently).
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Chapter 8

The nuclear ensemble as a
quantum memory for the

electron spin

This chapter contains text and figures from Ref. [32] c©2019 American Physical
Society.

In the previous two chapters, we have studied the fundamental properties of the
electron–nucleus interaction in quantum dots in the presence of lattice strain and
discussed how this interaction gives rise to experimentally observable features.
At this point, we turn our attention to a potential application of the nuclear
spin bath in the context of quantum information technology. In particular, the
collective state of the nuclear spin bath can serve as a quantum memory that
stores the state of the electron spin. Such a memory is useful for example in
fault-tolerant quantum computing and communication [11,149].

Quantum memories have been demonstrated across various technological plat-
forms. For photonic qubits, the collective modes of atomic ensembles, either
as natural atoms in a vapour [150–153] or ion doped crystals [154, 155] have
been demonstrated as highly useful quantum memories. For cold-ion qubits,
the decoherence-free subspace of a local ion pair can act as memory for a single
ion qubit [156, 157]. For nitrogen vacancy centres in diamond, the electronic
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spin state can be transferred selectively to a single nuclear spin in the vicinity
of the defect [158–160].

The general idea of using the inherent nuclei in a quantum dot as a quantum
memory was first suggested by Taylor et al. [31, 161, 162]. In the proposed
protocol, the authors consider the transverse part of the collinear hyperfine in-
teraction, ∼ S+I

j
−+S−I

j
+, as the mechanism that allows to transfer the electron

spin state to the collective nuclear state. Such a state transfer requires that the
electron and nuclei are brought into resonance (ωeZ = ωnZ) during a time interval
on the order of nanoseconds. Outside of this short time interval, a strong mag-
netic field of several Tesla is required for stabilisation of nuclear coherence [139].
The technical challenges in controlling such a large magnetic field on a nanosec-
ond or optically Stark shifting the electron spin by several gigahertz make this
approach highly challenging. In this chapter, we shall present a quantum mem-
ory protocol that uses the quadrupole-dressed hyperfine interaction to transfer
information between the electron and nuclei. As we have seen in Chapter 7, the
quadrupole coupling generates a noncollinear hyperfine interaction, which leads
to excitation of collective modes in the nuclear spin bath when the electron spin
is driven. These noncollinear collective modes constitute the fundamental degree
of freedom of the quantum memory considered here. When the quantum dot is
placed in a strong magnetic field, the interaction can be selectively turned on by
driving the electron spin appropriately, thereby accessing the quantum memory.
Without driving the system, the collective nuclear excitations are suppressed by
an energy gap corresponding to the nuclear Zeeman splitting, ~ωnZ .

At the heart of the proposal is a recently developed control pulse sequence that
has been demonstrated experimentally using a diamond nitrogen-vacancy centre
to allow for engineering of the non-collinear interaction between an electron spin
and a single, isolated nucleus [163]. We show that the same pulse sequence can
be used to refocus the interaction between the electron spin in a quantum dot
and a mesoscopic collective spin wave in the nuclear spin environment, despite a
appreciable difference in the nature and scale of the electron–nuclear interaction.

A basic requirement for the protocol presented here as well as that of Refs. [31,
161,162] is polarisation of the nuclei. Before the state transfer is carried out, the
nuclei should be initialised close to their ground state, |−I, · · · ,−I〉. For our
protocol, we find that a high state transfer fidelity of 90% can be demonstrated
with as little as 50% nuclear spin polarisation, which well within reach for current
state-of-the-art experiments [164, 165]. We estimate that the storage time can
reach the millisecond regime [166].

In the following section, we start out by showing how the electron–nucleus inter-
action can be engineered by driving the electron spin with a pulse sequence [163].
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8.1 Pulse sequence

The pulse sequence developed in Ref. [163] uses a combination of quick rotations
of the electron spin about the x and y axes on the Bloch sphere and the free
evolution of the system. The goal of this sequence is to refocus and thus enhance
the non-collinear electron–nucleus interaction that takes place during the free
evolution. The pulse sequence consists of a repetitive cycle, which can be written
as

yπ/2
τ/4

x−π
τ/4

yπ/2 xπ/2
τ/4

yπ
τ/4

xπ/2, (8.1)

where qφ (q = x, y) denotes a fast coherent rotation of the electron spin corre-
sponding to the unitary operation e−iφSq and τ/4 denotes free evolution of the
system during the time interval τ/4. Later, we shall see that the non-collinear
electron–nucleus interaction is refocused, when τ = mπ/ωnZ , where m is an odd
integer. The unitary evolution operator of the system corresponding to a single
cycle in the sequence, Eq. (8.1), is

UC = e−i
π
2 SxU0

(τ
4

)
e−iπSyU0

(τ
4

)
e−i

π
2 Sxe−i

π
2 SyU0

(τ
4

)
e+iπSxU0

(τ
4

)
e−i

π
2 Sy ,

(8.2)

where U0(t) = e−iHt/~ denotes the free time-evolution operator of the system
under the Hamiltonian given in Eq. (6.20), in a rotating frame with respect to
the electron Zeeman energy,

H =
∑
j

~(ωnZ + 2AjSz)I
j
z + V ′Q +H0

Q. (8.3)

The cycle time evolution operator, UC , over two consecutive cycles can be seen
as the decomposition of the time evolution generated by an equivalent time
dependent Hamiltonian, H(t), which satisfies

U2
C = T←e−

i
~
∫ 2τ
0

dsH(s) (8.4)

where T← is the chronological time-ordering operator, placing operators with
later time arguments to the left. To satisfy the equivalence criterion, Eq. (8.4),
we find that the time-dependent Hamiltonian is simply given by H under the
substitution Sz → hx(t)Sx + hy(t)Sy, where

hx(t) =



0, t ∈ [0, τ/2[

−1, t ∈ [τ/2, 3τ/4[

+1, t ∈ [3τ/4, τ [

0, t ∈ [τ, 3τ/2[

+1, t ∈ [3τ/2, 7τ/4[

−1, t ∈ [7τ/4, 2τ [

(8.5)
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Figure 8.1: Figure and caption from from Ref. [32] c©2019 American Physical Soci-
ety. Fourier coefficients for the pulse modulation function hx

and hy(t) = hx(t+ τ/2). These transformation functions are periodic with the
period 2τ , which allows to write them in terms of their discrete Fourier series
as

hα(t) =

∞∑
`=0

P
(α)
` cos(ω`t) +Q

(α)
` sin(ω`t), (8.6)

with ω` = π`/τ . The expansion coefficients are given by

P
(α)
` =

1

τ

∫ 2τ

0

hα(t) cos(ω`t)

Q
(α)
` =

1

τ

∫ 2τ

0

hα(t) sin(ω`t),

(8.7)

which have the properties P (x)
` = P

(y)
` , Q

(x)
` = −Q(y)

` . Importantly, the co-
efficients with even ` vanish. These coefficients are plotted in Fig. 8.1. The
maximal coefficients, ` = 3, are

P
(x)
3 = −Q(x)

3 = −2 + 2
√

2

3π
' −0.51 (8.8)

To simplify the further analysis, we first assume that the energy shifts contained
in H ′n vanish, which is the case if the angle between the strain axis and the
magnetic field is θ0 = arctan

(√
2
)
. The general case will be discussed later to

include the effects of finite quadrupolar shifts and inhomogeneity in the strain
distribution over the nuclear ensemble. Within the approximation of vanishing
quadrupolar shifts, the pulse sequence Hamiltonian can be partitioned into a
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Zeeman part and an interaction part as H(t) ' H0 +HI(t), where

H0 = ~ωnZ
∑
j

Ijz ,

HI(t) = −[hx(t)Sx + hy(t)Sy]

∑
j

~AjIjz + ~A1(Φ+
1 + Φ−1 ) + ~A2(Φ+

2 + Φ−2 )

,
(8.9)

where Φ±ζ are collective quadrupolar nuclear transition operators with the prop-
erty Φ+

ζ = (Φ−ζ )† and defined as

Φ−1 :=
∑
j

a1,j

(
Ij−I

j
z + IjzI

j
−

)
, Φ−2 :=

∑
j

a2,j(I
j
−)2 (8.10)

A1 :=
1

2

∑
j

AjBjQ sin 2θj

ωnZ
, A2 :=

1

2

∑
j

AjBjQ sin2 θj

ωnZ
, (8.11)

a1,j :=
1

A1

AjBjQ sin 2θj

ωnZ
, a2,j :=

1

A2

AjBjQ sin2 θj

ωnZ
, (8.12)

such that
∑
j aζ,j = 1. In the interaction picture defined by H0, the interaction

Hamiltonian is

ĤI(t) = eiH0t/~HI(t)e−iH0t/~

= −[hx(t)Sx + hy(t)Sy]

{∑
j

~AjIjz

+ ~A1(e+iωnZtΦ+
1 + e−iω

n
ZtΦ−1 ) + ~A2(e+2iωnZtΦ+

2 + e−2iωnZtΦ−2 )

}
.

(8.13)

Expressing the functions hα in terms of their discrete Fourier series,

ĤI(t) =

−
∞∑
`=1

{[
P

(x)
` cos(ω`t) +Q

(x)
` sin(ω`t)

]
Sx +

[
P

(x)
` cos(ω`t)−Q(x)

` sin(ω`t)
]
Sy]
}

×

∑
j

~AjIjz + ~A1(e+iωnZtΦ+
1 + e−iω

n
ZtΦ−1 ) + ~A2(e+2iωnZtΦ+

2 + e−2iωnZtΦ−2 )

.
(8.14)

At this point, we assume that the pulse sequence is resonant with one of the
nuclear spin wave transitions, meaning that τ is chosen to make one of the
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Fourier frequencies, ω`∗ , equal to either ωnZ or 2ωnZ . In a compact form, we can
write this as ω`∗ = ζωnZ , where ζ is either 1 or 2. The choice of ζ is completely
free and determines which of the two available spin-wave modes will interact
with the electron. Later we shall discuss how the properties of the two different
spin-wave types, ζ = 1 and ζ = 2, influence the memory protocol. From the
definition of ω`, the time delay of the pulse sequence is fixed as τ = π`∗/(ζωnZ).
If the chosen value of `∗ is of order unity, the rotating terms in ĤI(t) will
approximately average to zero in the time evolution. When these terms are
removed, Eq. (8.14) simplifies to

ĤI(t) '− ~Aζ
1

2
Φ+
ζ

[
P

(x)
`∗ (Sx + Sy) + iQ

(x)
`∗ (Sx − Sy)

]
− ~Aζ

1

2
Φ−ζ

[
P

(x)
`∗ (Sx + Sy)− iQ(x)

`∗ (Sx − Sy)
]
.

(8.15)

Although any odd value of `∗ will in principle work, the strengh of the effec-
tive interaction will be proportional to the Fourier coefficient P (α)

` . Taking the
maximal Fourier coefficient, occurring for `∗ = 3, and rotating the electron
spin coordinates such that Sx → −(Sx + Sy)/

√
2, Sy → −(Sx − Sy)/

√
2, the

interaction Hamiltonian becomes

ĤI ' ~A′ζ(Φ+
ζ S− + Φ−ζ S+), (8.16)

where A′ζ =
√

2+2
3π Aζ . A quadrupolar coupling strength of BQ = 1.5 MHz,

which is typical of naturally occuring strain [136] or which can be engineered in
situ [137,167], will be considered here.

8.2 Quantum memory protocol

The fundamental working mechanism of the protocol is illustrated in Fig. 8.2. In
equilibrium, the nuclear spin-wave transitions are suppressed by the excitation
energy of ~ζωnZ . When the electron spin is driven with the described pulse
sequence (Fig. 8.2a), this excitation energy is supplied by the external drive,
and the electron will resonantly interact with one of the two spin wave modes,
Φ1 or Φ2, which change the total nuclear spin by 1 and 2 units of angular
momentum, respectively (Fig. 8.2b-c). When the nuclei are initialised in their
ground state, the resonant flip-flop interaction, Eq. (8.16), will flip the electron
spin and create a nuclear spin wave conditionally on the electron spin (Fig. 8.2d).

To demonstrate this working principle mathematically, we shall first consider the
ideal case, where the nuclear spins are initially fully polarised (see Fig. 8.3a).
We denote this fully polarised nuclear state by |0〉 := |−I, · · · ,−I〉, and take
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a. b.

c.

d.

Figure 8.2: Figure and caption from Ref. [32] c©2019 American Physical Society. a.
System schematic comprising a pulse-driven electron coupled to a mesoscopic bath of
nuclear spins b. Structure of the high-spin (I > 1/2) nuclei, here shown for I = 3/2. c.
Spin transitions between states in b. generated by the non-collinear processes Φ±1 and
Φ±2 , activated when the electron spin is driven by a resonant pulse sequence. d. In the
memory write-in process, the stimulated electron–nuclear interaction flips the electron
and generates a nuclear spin wave conditionally on the electron spin, thereby trans-
ferring the electron state to the nuclear ensemble. Here, the time-evolution operator,
U = e−iHIπ/(2gζ), corresponds to the evolution in Eq. (8.18) at time t = π/(2gζ).

the electron to be initialised in the general state |φ〉 = α |↑〉 + β |↓〉. The goal
of the quantum memory protocol is to transfer this state to the nuclei and
retrieve it at a later time. When the nuclei are initialised in the ground state
(i.e. fully polarised), no downwards transition is possible and thus Φ−ζ |0〉 = 0.
The collective excited nuclear state |1〉 ∝ Φ+

ζ |0〉 is a distributed superposition
of nuclear excitations across the ensemble (indicated by blue dots in Fig. 8.3a),

|1〉 =
∑
j

aj |−I, · · · , (−I + ζ)j , · · · ,−I〉 , (8.17)

often called a spin wave. Crucially, when applying the spin wave annihilation
operator, Φ−ζ , to this state, the only downwards nuclear transitions available are
those that were excited from the ground state, meaning that Φ−ζ |1〉 ∝ |0〉. This
property ensures that the state of the system can be contained within a small
subspace spanned by the set {|↑〉 ⊗ |0〉 , |↑〉 ⊗ |1〉 , |↓〉 ⊗ |0〉}. The time evolution
of the state is given by

|ψ(t)〉 = α[cos gζt |↑〉 ⊗ |0〉 − i sin gζt |↓〉 ⊗ |1〉] + β |↓〉 ⊗ |0〉 , (8.18)

gζ = FζA′ζ
√∑

j a
2
j (scaling as

√
N) is a collectively enhanced non-collinear

coupling rate, where F1 = (1−2I)
√

2I, F2 = 2
√
I(2I − 1). At time t = π/(2gζ)

the electron–nuclear wavefunction separates, |ψ(π/2gζ)〉 = |↓〉⊗(−iα |0〉+β |1〉).
At this point, the electron state is transferred to the collective state of the nuclei
to be stored.
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a. b.

Figure 8.3: Figure and caption from Ref. [32] c©2019 American Physical Society. a.
Collective spin wave excitation starting from a fully polarised state, where all nuclei
are in the ground state (grey dots). The black circles emphasise the nuclei that have
exchanged energy with the electron. The spin wave contains a single nuclear excitation
(blue dots) distributed among all of the nuclei in a superposition. b. Spin wave
excitation from finitely polarised nuclear product state, |M〉, to target state, |M̂ (1)

+ 〉,
where initially excited nuclei allow leakage transitions respectively to orthogonal states
|M̂ (1)
− 〉 and |M̂

(2)
+ 〉.

a. b. c.

Figure 8.4: Figure and caption from Ref. [32] c©2019 American Physical Society.
a. Coupling structure in 1D mapping of nuclear state space. The initial state is a
superposition of the two green states, and interactions couple these initial states to
a 1D structure of states. Double lines signify the fast coupling rate G+, and single
lines the slow rate, G−. For a fully polarised ensemble G− = 0 and the three upper
states remain isolated; at finite polarisation, this subspace is coupled to the residual
chain of states, R. b.-c. Dynamics for initialisation in electron states |↑〉 and |↓〉,
respectively. Solid lines signify the fully polarised case, where G− = 0. Lines with
decreased opacity signify decreased polarisation and thus increased G−-rate, with the
maximal value G−/G+ = 0.3. Line colors correspond to states in panel c.
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8.3 Operation at partial nuclear polarisation

In a realistic implementation, the nuclei will be initialised in a partially polarised
state [165]. We assume that this initial state is a mixture of product states,
|M〉 = |m1, · · · ,mN 〉, where

∑
jmj < 0. In this case, there is a number of lower

energy states to scatter into, and as a result, Φ−ζ |M〉 6= 0 (see Fig. 8.3b). This
means that the downwards transition |M〉 → Φ−ζ |M〉 is not forbidden as in the
fully polarised case. Instead, it will now take place with a finite rate, G−, which
is slower than the upwards coupling rate, G+. In addition, the state evolution is
no longer contained within the three-dimensional subspace as in Eq. (8.18), but
leaks into other states. This leakage happens because the downwards transition
Φ−ζ from the excited state Φ+

ζ |M〉 does not lead directly back to |M〉 but mixes
with other states generated by de-excitation of the initially unpolarised nuclei,
i.e. Φ−ζ Φ+

ζ |M〉 6∝ |M〉. This leads to dephasing of the quantum memory spin
wave mode. Nonetheless, the asymmetry of the coupling rates (G+ > G−) makes
it possible to operate the quantum memory at finite polarisations.

To calculate the electron–nuclear dynamics during the pulse sequence, we have
developed a technique that allows for numerically exact solution of Eq. (8.16). In
this strategy, the nuclear many-body state is mapped onto two one-dimensional
chains of states, Ŝ± = { |M̂ (k)

± 〉 |k = 0, · · · , N}. The details of this mapping
are presented in App. C.1. In this compact representation, the initial state
|M̂ (0)

+ 〉 = |M̂ (0)
− 〉 = |M〉 is the first link in both chains. The set Ŝ+ (Ŝ−)

represents the set of states tied with the evolution of a positive (negative) spin
wave. The coupling structure of HI between the states in Ŝ±, including the
electron spin, is illustrated in Fig. 8.4a. Here, a coupling rate of G+ between
two neighbouring electron-nuclear states is indicated by a double line and G−
by a single line. The one-dimensional structure is attributed to the secular
form of the interaction Hamiltonian, Eq. (8.16), and the spin-1/2 nature of the
electron: When the evolved state eiĤIt |φ〉 ⊗ |M〉 is written out explicitly, all
terms containing the products S+S+ or S−S− vanish identically. In App. C.1
the properties of the basis sets Ŝ± are derived. There, we show that only
neighbouring nuclear states are coupled by the spin wave operators, and the
relevant matrix elements are given by

〈M̂ (2n±1)
+ |Φ+

ζ |M̂
(2n)
+ 〉 = 〈M̂ (2n)

− |Φ+
ζ |M̂

(2n∓1)
− 〉 = G±/A′ζ

〈M̂ (2n)
+ |Φ−ζ |M̂

(2n±1)
+ 〉 = 〈M̂ (2n∓1)

− |Φ−ζ |M̂
(2n)
− 〉 = G±/A′ζ .

(8.19)

The asymmetry of the two coupling rates is quantified by a leakage factor,
G−/G+, which indicates the extent to which the nuclear Hilbert space is explored
in the time evolution. In the fully polarised case, where the initial state is
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|M〉 = |0〉 (and |M̂ (1)
+ 〉 = |1〉), we find G+ = gζ , G− = 0 (no leakage), meaning

that the three states |↑〉⊗|M〉 , |↓〉⊗ |M̂ (1)
+ 〉 , |↓〉⊗ |M〉 are completely decoupled

from the residual part of the two chains (which in Fig. 8.4a is signified by R). In
this limiting case, the ideal state transfer dynamics of Eq. (8.18) is reproduced.
When the nuclear polarisation is finite, this coupling rate is generally smaller
than the ideal limit, G+ < gζ and the downwards transitions take place with a
rate G− > 0. As a result, the electron–nuclear state now diffuses into the residual
chains, R, with a finite rate. This phenomenon is illustrated in Figs. 8.4b-c,
which show the basis state populations as the leakage factor G−/G+ is gradually
changed from the ideal case of 0 (solid lines) to 30% in linear steps (decreasing
opacity). As the leakage factor is increased, the system diffuses more rapidly into
R. This is seen as damped oscillations in the populations. When this happens,
the quantum state is no longer separable at time t = π/(2G+). Thus, leakage
introduced by a finite value of G− degrades the performance of the system as a
quantum memory. This observation will be quantified and discussed in detail in
Section 8.4. When calculating the dynamical evolution numerically, the nuclear
chains of states must be truncated at a certain k-index, k∗. As long as the
occupation of the states |M̂ (k∗)

± 〉 is sufficiently small, the truncation remains a
valid approximation. The allowable truncation index, k∗, needed for convergence
depends on the evolution time and the leakage factor G−/G+, which together
determine how far into R the state will diffuse. Naturally, this strategy is ideal
for short-time evolution as is needed for the state transfer dynamics studied in
this context. On the other hand, if one is interested in the long-time evolution
or the steady state limit, other methods must be applied.

Fig. 8.5a shows the ratio G−/G+ as a function of nuclear polarisation when av-
eraged over the nuclear initial state distribution, p(M). This initial distribution
is taken as thermal nuclear state with a polarisation-dependent temperature
T , i.e. p(M) ∼

∏
j exp[−mjω

n
Z/(kBT )], where kB is the Boltzmann constant.

The temperature is related to the polarisation, P := 1
NI

∑
j

〈
Ijz
〉
, through the

self-consistent requirement

P =
1

ZI

I∑
m=−I

me
− ~ωnZ
kBT

m
, (8.20)

where Z =
∑I
m=−I e

− ~ωnZ
kBT

m is the partition function. We consider a target
nuclear spin species with I = 3/2 and N ' 5 × 104. In Ref. [32], we discuss
the influence of other nuclear species in the quantum dot and conclude that
the pulse sequence will decouple these untargeted species if the magnetic field
is sufficiently strong to separate the transition energies. The distribution of
hyperfine coupling rates, Aj , is generated by a Gaussian electron wavefunction
residing in a cubic lattice, with details given in App. C.2. In the numerical
calculation of the distribution of G+ over different initial nuclear states, |M〉,
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Figure 8.5: Figure and caption from Ref. [32] c©2019 American Physical Society. a.
Leakage factor as ratio of coupling rates, G−/G+ as a function of nuclear polarisation.
Green solid (blue dotted) lines denote ζ = 2 (ζ = 1). b. Coupling rate G+ for ζ = 1
(blue dotted) and ζ = 2 (green solid) at P = 0.5 for varying nuclear Zeeman splitting.
The shaded area corresponds to the range of values from P = 0 to P = 1. c. Transfer
fidelity of total write-in and read-out cycle as a function of polarisation. d. Transfer
fidelity of total write-in and read-out cycle at full polarisation (P = 1) as a function
of inhomogeneity in quadrupolar energy shift.

we find that the standard deviation of G± (not shown) relative to the mean is
negligible, of the order ∼ 10−3. From Fig. 8.5a we conclude that the ζ = 2 mode
is more robust against imperfect polarisation, owing to the different dependence
of the leakage factor G−/G+ on polarisation for ζ = 1 and ζ = 2. This is related
to the different structure of the two collective operators Φ−1 and Φ−2 : The Φ−2
transition becomes dark when the levels m = +3/2, m = +1/2 are depleted
(see Fig. 8.2c). In contrast, the level m = −1/2 needs to be depleted for the
Φ−1 transition to become dark. As the polarisation is decreased from 100%, the
lower magnetic sublevel, m = −1/2, will be populated before the higher level
m = +1/2. As a result, enabling the Φ−1 transition before the Φ−2 transition.

Fig. 8.5b shows the value of the coupling rate G+ as a function of nuclear Zeeman
splitting, where the lines indicate a polarisation of 50% and the shaded area
shows the variation as the polarisation is swept from unity (maximum values)
to 0 (minimum values). The coupling rate G+ is proportional to sin(2θ) for the
ζ = 1 mode and to sin2 θ for ζ = 2. These angular prefactors have been assumed
to be unity to maximinise the rates shown in Fig. 8.5b, which can be converted
to rates for any quadrupolar angle by multiplying them with the corresponding
prefactor.

8.4 State transfer fidelity

The state transfer fidelity is defined as the overlap between the initial electron
state and the electron state after a full write–read cycle. The theoretical model
for calculating the fidelity comprises five steps:
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1. The system is initialised in the state |ψ(0)〉 = |φ〉 ⊗ |M〉. The state then
evolves under the pulse sequence for a time t1 to write the electron state
into the nuclei, thus generating the state |ψ(t1)〉. The time evolution is
calculated using the nuclear chain representation as described above.

2. At time t1, we trace out the electron to obtain the reduced nuclear state
ρn(t1) = Tre[ |ψ(t1)〉〈ψ(t1)|].

3. To read the nuclear state back into the electron spin, the total density
operator is first re-initialised in the state ρ(t1; 0) = |↓〉〈↓| ⊗ ρn(t1). Sub-
sequently, the system evolves under the pulse sequence for a time t2. The
total density operator after this evolution is denoted by ρ(t1; t2).

4. We then evaluate the overlap of the electron spin state (tracing out the
nuclei) with respect to the input state to assess the fidelity, F(t1, t2) =
Trn[ 〈φ′|ρ(t1; t2)|φ′〉], where |φ′〉 = α |↑〉 − β |↓〉.

5. Steps 1-4 are carried out for the six states (α, β) = (1, 0), (0, 1), 1√
2
(1,±1),

1√
2
(1,±i), and the average fidelity over these test states is used as the

fidelity measure.

For each value of G±, there is a unique combination of write-in (t1) and read-
out (t2) times, found numerically, that maximise this fidelity. As seen from
Eq. (8.18), the optimal t1 and t2 in the fully polarised case are simply given by
π/(2G+). However, the dynamical renormalisation due to interactions with R
at finite polarisation necessitates slightly (< 20%) longer transfer times. The
time-optimised fidelity is presented in Fig. 8.5c. As expected, it follows the
polarisation dependence of the leakage factor, G−/G+. This also means that the
fidelity is more robust against imperfections in the polarisation for the ζ = 2
mode, for which the fidelity remains above 90% throughout the polarisation
range 50− 100%.

8.5 Adjusting to quadrupolar energy shifts and
accounting for strain inhomogeneity

In a realistic scenario, the strain profile of the quantum dot is inhomogeneous to
some extent. As a result, the term H0

Q =
∑
j ~∆j

Q(Ijz )2 in Eq. (8.3) is non-zero,
and the quadrupolar shift, ∆j

Q, is characterised by a statistical distribution
over all the nuclei. In this case, the interaction Hamiltonian in Eq. (8.16) is
extended to include the quadrupolar shift as Ĥ′I = ĤI + H0

Q. To study the
implications of this, we consider a fully polarised initial nuclear state. The
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nuclear ground state, |0〉, is an eigenstate of the quadrupolar shift Hamiltonian
H0

Q, but the collective excitation |1〉 is not. When H0
Q is included in the time

evolution, |1〉 is thus rotated into a set of dark collective excitations, which
do not couple to the electron through the interaction HI . To demonstrate
this principle mathematically, we define an orthonormal basis for CN , {να|α =
1, · · · , N}, such that

∑
j ν
∗
α,jνβ,j = δαβ . We choose the first vector to be ν1,j =

aj/
√∑

j a
2
j , and the remaining vectors can be determined through the Gram-

Schmidt procedure, although this is not necessary to carry out explicitly. These
vectors can then be mapped onto a complete basis of spin waves with Zeeman
energy ζωnZ ,

|α〉 :=
∑
j

να,j |0; (ζ, j)〉 , (8.21)

such that |1〉 corresponds to |α = 1〉. Of all these spin waves, only |1〉 is coupled
to |0〉 via HI :

〈0|Φ−ζ |α〉 = P
(ζ)
− (−I + ζ)

∑
j

ajνα,j = δα,1P
(ζ)
− (−I + ζ)

√∑
j

a2
j . (8.22)

and 〈0|Φ+
ζ |α〉 = 〈β|Φ±ζ |α〉 = 0. The diffusion rate from |1〉 into this dark

subspace, γ, is approximated by calculating the time evolution of |1〉 under H0
Q

and projecting back onto |1〉:

〈1|e−iH
0
Qt|1〉 =

∑
j a

2
je
−i∆j

Qζ
2t∑

j a
2
j

. (8.23)

Assuming statistical independence of aj and ∆j
Q and taking the ensemble distri-

bution of ∆j
Q as the normal distribution p(∆Q) = e−∆Q/(2σ(∆Q)2)/

√
2πσ(∆Q)2,

we find

〈1|e−iH
0
Qt|1〉 '

∫ ∞
−∞

d∆Q p(∆Q)e−i∆Qζ
2t = e−

1
2 (ζ2σ(∆Q))2t2 , (8.24)

such that the 1/e decay rate for the population, | 〈1|e−iH
0
Qt|1〉|

2
, is γ = ζ2σ(∆Q).

To include this effect in the dynamical evolution when assessing the read/write
error, we note that since the electron-nuclear state |φ〉 |α〉 with |α〉 6= |1〉 is
dark, i.e. Φ−ζ |α〉 = 0, it will be read out as |φ〉 |0〉 when the electron state is
retrieved from the nuclei [162]. Thus, a simple model that quantifies the effect of
quadrupolar inhomogeneities at full nuclear polarisation is given by the master
equation

∂

∂t
ρ(t) = −igζ

[
|1〉〈0|S− + |0〉〈1|S+, ρ(t)

]
+ γD{|0〉〈1|}ρ(t), (8.25)
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where the population in the bright state |1〉 is incoherently driven towards the
dark state, |0〉, with the rate γ.

In Fig. 8.5d, we present the fidelity as a function of the quadrupolar inhomogene-
ity at full nuclear polarisation. Because the time scale of the coupled electron–
nucleus evolution is set by π/G+, the scale of the inhomogeneity, σ(∆Q), must
be compared to the coupling rate, G+, to assess its impact. Fig. 8.5d suggests
that with a realistic value of G+ in the MHz range, a quadrupolar inhomogene-
ity below ∼ 100 kHz, achievable e.g. through lattice-matched epitaxial quantum
dot growth [165], does not degrade the transfer fidelity appreciably.

If the distribution of the quadrupolar shift, ∆Q, is centered around a non-zero
value, ∆0

Q, the m = −I to m = −I+ζ transition is shifted by δ = (ζ2−2Iζ)∆0
Q.

The protocol then needs to be slightly adjusted, such that the pulse sequence is
resonant with this transition, i.e. by setting the pulse delay to τ = `π/(ζωnZ +δ).

8.5.1 Collective refocusing sequence

It is important to keep in mind that decay due to quadrupolar inhomogeneities
is only a concern during the transfer process, and not during the storage time.
When the state has been transferred, the phase of the collective nuclear exci-
tation, |1〉, can be refocused through an NMR pulse sequence operating on the
sublevels {m = −I,m = −I + ζ} of each individual nucleus. Here we demon-
strate how such a refocusing sequence can protect the collective state against
inhomogeneities by adapting the analysis in Ref. [168]. We start out by con-
sidering the nuclear spin bath immediately after the electron state has been
transferred to it. Its initial state is then |ψ0〉 = α |0〉+ β |1〉, where |0〉 and |1〉
are defined in the main text. Assuming that we wish to read out the nuclear
state at time t = T , we start out by letting the system evolve until time t = T/2,
where the state is

|ψ(T/2)〉 = α |0〉+ β
∑
j

aje
−iζ2∆j

Q(T/2) |−I, · · · , (−I + ζ), · · · ,−I〉 , (8.26)

where the zero-point energy for the jth nucleus has been defined as the energy of
|−I〉j . At this time, an π-rotation within the (−I,−I+ζ) subspace is performed
using nuclear magnetic resonance (with two pulses needed for ζ = 2) [166], and
the state becomes∣∣ψ(T/2 + 0+)

〉
=α |−I + ζ, · · · ,−I + ζ〉

+ β
∑
j

aje
−iζ2∆j

Q(T/2) |−I + ζ, · · · , (−I)j , · · · ,−I + ζ〉 .

(8.27)
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After this rotation, the state evolves until time t = T ,

|ψ(T )〉 =αe−iE0(T/2) |−I + ζ, · · · ,−I + ζ〉

+ β
∑
j

aje
−iζ2∆j

Q(T/2)e−iE
j
0(T/2) |−I + ζ, · · · , (−I)j , · · · ,−I + ζ〉 ,

(8.28)

where E0 := ζ2
∑
j ∆j

Q and Ej0 := ζ2
∑
i 6=j ∆i

Q. Since E
j
0 +ζ2∆j

Q = E0, the evo-
lution phase factors out as a global phase. Furthermore, once again performing
a π-rotation yields the state∣∣ψ(T + 0+)

〉
= e−iE0(T/2)(α |0〉+ β |1〉), (8.29)

which is equal to the initial state up to a global phase.

8.6 Coherence time of quantum memory

The electron–mediated long-range nuclear dipole-dipole interaction is expected
to be the dominating source of decoherence during the nuclear state storage
time. The dephasing rate associated with this process scales inversely with
the electron Zeeman splitting [139]. For realistic quantum dots in the presence
of a magnetic field of a few Tesla, the nuclear memory coherence time in the
presence of this effect is on the order of tens of microseconds. The effect can
be mitigated by removing the electron from the quantum dot after carrying
out the state transfer. Thereby, the only dephasing mechanism is the intrinsic
nearest-neighbour dipole-dipole interaction, and the coherence time can extend
well into the millisecond regime [162,166,169].
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Chapter 9

Conclusion and outlook

In this thesis, the interaction of a solid state quantum emitter and its envi-
ronment has been theoretically studied. In the first part of the thesis, the
interaction with vibrational lattice modes and the electromagnetic field was in-
vestigated, and particularly the photon emission properties of spontaneous exci-
ton decay played a central role. Here, the results revealed an intricate interplay
between the shape and intensity of the phonon sideband in the optical emission
spectrum and the optical local density of states of a structured dielectric envi-
ronment. As special cases, this structured environment was considered to be a
one-dimensional Fabry-Pérot cavity and a more exotic Fano cavity, respectively.
As a measure of the extent to which the electromagnetic environment can inhibit
the decoherence-processes introduced by the vibrational environment, the pho-
ton indistinguishability was calculated. Relevant for applications in quantum
information technology, this figure of merit showed a strong dependence on the
electromagnetic resevoir structuring, with an optimal configuration balancing
the positive effects of phonon sideband suppression and the negative effects of
strong light–matter coupling.

In the second part of the thesis, the interaction of a localised electron resid-
ing in a quantum emitter and the mesoscopic nuclear spin environment of the
lattice was studied. In particular, the strain-induced quadrupole interaction in
the nuclear lattice was taken into account. In close collaboration with ongoing
experiments, it was investigated how the quadrupole interaction provides a co-
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herent interface between the electron spin and the collective degrees of freedom
in the nuclear spin environment. Along these lines, it was also studied how the
interaction affects the ability to control the electron spin, revealing a so-called
Hartmann-Hahn resonance structure in the decay of electron spin Rabi oscilla-
tions. Finally, a protocol was developed for utilising these quadrupole-enabled
nuclear spin modes as a quantum memory for the electron spin.

As is often the case with fundamental research, this PhD project has opened
more new questions than it has answered. The theoretical tools developed for
investigating the emitter–light–phonon interaction in highly structured electro-
magnetic environments can be extended to study the response of the system to
external driving or a similar system with several emitters. In particular, the
development of the few-mode mapping of the Fano cavity presents a significant
step forward, because it allows to study resonant structures with non-Lorentzian
local density of states in the strong-coupling regime. The few-mode mapping
is computationally inexpensive and allows to include additional features to the
model, e.g. laser driving, incoherent pumping of the emitter and multi-level
structure of the emitter.

As for the electron–nucleus interactions in the presence of quadrupole effects,
the theory presented here only uncovers some of the fundamental principles. It
would be interesting to apply more accurate and versatile theoretical methods to
the problem. Such implementations would help to design and guide new exper-
iments with the aim of controlling the quantum state of the nuclear ensemble.
One can imagine a wealth of exciting new states such as squeezed collective spin
states, cat states and magnonic condensates. Understanding how the system
should be operated to generate such states is a challenging open theoretical
task.
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Appendix A

Schrieffer-Wolff
perturbation theory

In quantum theory, we often encounter a situation, where the eigenstates of
an unperturbed Hamiltonian, H0, can be divided into two energy sectors, P
and Q, separated by an energy gap, ∆ (see Fig. A.1). A perturbative inter-
action amounts to a Hamiltonian that can be divided into two parts, H1 and
H2. The two perturbative parts are defined such that H1 contains off-diagonal
elements in the unperturbed eigenbasis but does couple P -states and Q-states.
The contribution H2 solely couples states across the partition.

If the strength of the perturbation H2 is weak compared to the energy gap,
it does not lead to real transitions, where population is transferred between P
and Q. However, it still has an effect, because virtual higher-order transitions,
P → Q → P can have considerable probabilities. The goal of Schrieffer-Wolff
perturbation theory [77, 170], also known as Löwdin partitioning [171, 172], is
to transform H = H0 + ε(H1 + H2) such that the matrix elements between P
and Q vanish in the transformed Hamiltonian up to a certain desired order in ε.
The transformed Hamiltonian then contains correction terms that account for
the virtual processes induced by the perturbation.
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Figure A.1: Illustration of unperturbed eigenstructure of H0 and perturbative cou-
pling induced by H1 and H2

A.1 Second order transformation

Here we summarise the Schrieffer-Wolff transformation technique [77,170] in the
form derived in Ref. [173]. The starting point is a Hamiltonian of the form

H = H0 + ε(H1 +H2), (A.1)

where we want to develop a perturbation theory in the parameter ε. We divide
Hilbert space into two partitions, P and Q, with projectors P and Q and say
that an operator, AD, is block diagonal if it does not couple the two subspaces,
meaning that

AD = PADP +QADQ. (A.2)

similarly, an operator, AO is defined as block off-diagonal if

AO = PAOQ+QAOP. (A.3)

From these definitions, it is straightforward to show that the operator products
AOAO and ADAD are block diagonal and similarly ADAO and AOAD are block
off-diagonal. We now assume that H0 and H1 are block diagonal while H2 is
block off-diagonal.
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We now define a transformed Hamiltonian

H̃ = eGHe−G = H + [G, H] +
1

2
[G, [G, H]] +O(G3) (A.4)

and require that H̃ is block diagonal up to second order in ε. We expand the
generator of the transformation as G = εG(1) + ε2G(2) +O(ε3) and find

H̃ = H0 + ε
{
H1 +H2 + [G(1), H0]

}
+ ε2

{
[G(2), H0] + [G(1), H1 +H2] +

1

2
[G(1), [G(1), H0]]

}
+O(ε3).

(A.5)

We now require that H̃ is block diagonal in each power of ε. For first order in
ε, we find

[G(1), H0] = −H2, (A.6)

showing that G(1) must be block off-diagonal. For second order in ε, we find the
requirement

[G(2), H0] = −[G(1), H1]. (A.7)

When inserting the requirements (C.1) and (A.7) into the transformed Hamil-
tonian, (A.5), we obtain

H̃ = H0 + εH1 +
1

2
ε2[G(1), H2] +O(ε3). (A.8)

This result has the remarkable feature that the second order term in G does
not contribute to the transformed Hamiltonian up to second order in ε, mean-
ing that we only need to determine the first order term in G. When defining
a Schrieffer-Wolff transformation, it is not always clear what the appropriate
choice of generator is, and finding a suitable generator might present a signifi-
cant challenge.

A.2 First order transformation

An alternative transformation arises when we set the second order contribution,
G(2), equal to zero, to obtain the transformed Hamiltonian

H̃ = H0 + εH1 + ε2
{

[G(1), H2] + [G(1), H1]
}
. (A.9)

This form is clearly not block diagonal, but contains the second order block off-
diagonal correction term [G(1), H1]. However, by applying an additional trans-
formation as described in Sec. A.3, the final Hamiltonian can be made block
diagonal again.
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A.3 Transformation for two perturbation orders

Suppose now that the Hamiltonian can be written as

H = H0 + εH1 + ε2H2, (A.10)

meaning that the block off-diagonal perturbation is already an order of ε weaker
than the block diagonal perturbation, H1. The transformation is then

H̃ = H0 + εH1 + ε2H2 + [εG(1) + ε2G(2) + ε3G(3), H0 + εH1 + ε2H2] + · · · .
(A.11)

To first order, the transformed Hamiltonian will be block diagonal as long as
G(1) is block diagonal. As the goal of the transformation is to block diagonalise
the Hamiltonian perturbatively, we throw away the first order contribution of
G, obtaining

H̃ = H0 + εH1 + ε2
(
H2 + [G(2), H0]

)
+ ε3

(
[G(2), H1] + [G(3), H0]

)
+O(ε4).

(A.12)

The requirement of block diagonality yields

[G(2), H0] = −H2. (A.13)

Furthermore, if we choose G(3) = 0 (such that in fact G = ε2G(2)), the transfor-
mation up to fourth order in ε is

H̃ = H0 + εH1 + [G(2), H1] +O(ε4), (A.14)

with the lowest order correction term [G(2), H1].



Appendix B
Adiabatic elimination of

trion in optical electron spin
resonance

In this appendix, we derive the form of the Raman-driven Λ-system, where the
trion has been adiabatically eliminated.

The starting point of this analysis is a Hamitonian for a Raman-driven Λ-system
coupled to a nuclear spin bath. The total Hamiltonian takes the form

H = He +H0
n +H ′n, (B.1)

He = ~ωeZSz + ~ω⇑σ⇑⇑ +
[
~Ω1e

−iω1tσ⇑↑ + ~Ω2e
−iω2tσ⇑↓ + H.c.

]
, (B.2)

H0
n = ~ωeZ

∑
j

Ijz +H0
Q, (B.3)

H ′n = Hhf + V ′Q (B.4)

where σαβ is shorthand for |α〉〈β|. First, to remove the time dependence of
the electron Hamiltonian, we transform to a rotating frame defined by the uni-
tary UR(t) = exp

[
− iω1tσ↑↑ − iω2tσ↓↓

]
, with the corresponding transformed

Hamiltonian

H̃ = UR(t)HU†R(t) + i~
dUR(t)

dt
U†R. (B.5)
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The transformed electronic Hamiltonian then becomes

H̃e = ~δSz + ξσ⇑⇑ + (~Ω1σ⇑↑ + ~Ω2σ⇑↓ + H.c.), (B.6)

where δ = ωeZ −∆, ∆ = ω2−ω1, ξ = ω⇑− 1
2 (ω1 +ω2). δ is often referred to as

the “two-photon detuning” and quantifies the effective detuning of the Raman
drive. Similarly, ξ is referred to as the “single-photon detuning”, and quantifies
the detuning of the optical drive from the ground states to the trion. For the
two Raman lasers to act as an effective coherent drive between the two spin
ground states, the single-photon detuning should be much larger than the two-
photon detuning. Other terms in the Hamiltonian are unaffected by the rotating
frame transformation, and we find the transformed Hamiltonian (dropping the
twiddle)

H = H0
e +H ′e +H0

n +H ′n,

H0
e = ~δSz + ~ξσ⇑⇑,

H ′e = ~Ω1σ⇑↑ + ~Ω2σ⇑↓ + H.c.,

(B.7)

To adiabatically eliminate the trion, we shall apply a Schrieffer-Wolff transfor-
mation that decouples the trion from the electronic ground states, such that the
transformed Hamiltonian is

Ĥ := eGHe−G . (B.8)

In the language of App. A, we partition the Hilbert space into the electronic
ground states and trion state, with the corresponding projection operators

P = (|↑〉〈↑|+ |↓〉〈↓|)⊗ In, Q = |⇑〉〈⇑| ⊗ In (B.9)

and now wish to ensure that the transformed Hamiltonian, up to second order
in the interaction, does not couple the two subspaces. Similarly, we partition
the Hamiltonian as

H0 = H0
e +H0

n, (B.10)
H1 = H ′n, (B.11)
H2 = H ′e, (B.12)

such that H2 is the only term coupling the electronic ground states to the trion
and ε(H1+H2) is treated as the perturbation, with ε the perturbation parameter.
We expand the generator as G = εG(1) + ε2G(2) +O(ε3) and define G := G(1) for
notational convenience. According to App. A, G must then satisfy

[H0
e +H0

n, G] = H ′e. (B.13)
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We choose the Ansatz for the generator

G = q1σ⇑↑ − q∗1σ↑⇑ + q2σ⇑↓ − q∗2σ↓⇑, (B.14)

where qi ∈ C. This leads to

1

~
[H0

e +H0
n, G] = (−δ/2 + ξ)q1 + (δ/2 + ξ)q2 + H.c.. (B.15)

Comparing to (B.13), the requirement for the generator becomes

Ω1σ⇑↑ + Ω2σ⇑↓

= (−δ/2 + ξ)q1σ⇑↑ + (δ/2 + ξ)q2σ⇑↓,
(B.16)

which is satisfied when choosing the parameters of the generator as

q1 =
Ω1

−δ/2 + ξ
, q2 =

Ω2

δ/2 + ξ
, (B.17)

Or in terms of the original parameters,

q1 =
Ω1

ω⇑ − ω1 − ωeZ/2
, q2 =

Ω2

ω⇑ − ω2 + ωeZ/2
. (B.18)

The transformed Hamiltonian is then to second order in H1, H2

Ĥ = H0
e +H0

n +H ′n +
1

2
[G,H ′e]. (B.19)

Writing out the correction term,

1

2
[G,H ′e] =

~Ω

2
σ↑↓ +

Ω∗

2
σ↓↑ +R↑σ↑↑ +R↓σ↓↓ +R⇑σ⇑⇑, (B.20)

where

Ω =
2Ω∗2Ω1ξ

(δ/2)2 − ξ2
, R↑ =

|Ω1|2

δ/2− ξ
, R↓ = − |Ω2|2

δ/2 + ξ
, (B.21)

and R⇑⇑ describes the renormalisation of the trion energy. Thus, the trion is
now perturbatively decoupled from the spin ground states in the transformed
Hamiltonian. We can now forget about the trion and write the Hamiltonian of
the electron spin and nuclei as Ĥ = Ĥe +H0

n +H ′n, where

Ĥe = ~δ̂Sz +
~Ω

2
S+ +

Ω∗

2
S−, (B.22)

where we have subtracted a term proportional to the identity and

δ̂ = δ +R↑ −R↓ (B.23)
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is the drive-renormalised two-photon detuning. For practical purposes, we shall
simply absorb this renormalisation into the electron Zeeman splitting. Note
that in the regime of interest, where |ξ| � |δ|, we have

Ω ' −2Ω∗2Ω1

ξ
, R↑ −R↓ '

|Ω2|2 − |Ω1|2

ξ
, (B.24)

and the effective Raman amplitude and Zeeman renormalisation can thus be
considered independent of δ.



Appendix C

Details for nuclear quantum
memory protocol

This appendix is a reproduction of text from Ref. [32] c©2019 American Physical
Society.

C.1 Nuclear chain of states under pulse sequence
dynamics

The pulse sequence interaction Hamiltonian, ĤI , in Eq. (8.16) describes the
interaction between the electron and the nuclear spin bath. Due to its secular
form, many of the terms in the expansion of the time evolution operator, U ,
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become zero, because S2
+ = S2

− = 0. As a result, we can write U as

U(t) = e−iĤIt/~ = I− iA′ζt(Φ+
ζ S− + Φ−ζ S+)

+
(−iA′ζt)2

2!
(Φ−ζ Φ+

ζ S+S− + Φ+
ζ Φ−ζ S−S+)

+
(−iA′ζt)3

3!
(Φ+

ζ Φ−ζ Φ+
ζ S−S+S− + Φ−ζ Φ+

ζ Φ−ζ S+S−S+) + · · ·

=

∞∑
k=0

(−iA′ζt)2k

(2k)!

{
(Φ+

ζ Φ−ζ )k(S−S+)k + (Φ−ζ Φ+
ζ )k(S+S−)k

}
+

∞∑
k=0

(−iA′ζt)2k+1

(2k + 1)!

×
{

Φ−ζ (Φ+
ζ Φ−ζ )kS+(S−S+)k + Φ+

ζ (Φ−ζ Φ+
ζ )kS−(S+S−)k

}

(C.1)

At this point, we consider the initial nuclear state to be a classical mixture of
product states. Denoting a general nuclear product state by |M〉 = |m1, · · · ,mn〉,
the initial nuclear density operator can be written as ρn(0) =

∑
M p(M) |M〉〈M |,

which does not need to be internuclear factorisable, but can generally contain
classical correlations, i.e. generally ρn(0) 6=

⊗
ρj . For practical purposes, we

can then calculate the dynamics for a given state |M〉 and subsequently average
over the distribution p(M). From Eq. (C.1), we see that with |M〉 as the ini-
tial nuclear state, the evolution of the system will gradually populate the states
Φ±ζ |M〉 , Φ∓ζ Φ±ζ |M〉 ,Φ

±
ζ Φ∓ζ Φ±ζ |M〉 and so forth. Our strategy for calculating

the dynamics of the electron–nuclear system is to orthonormalise the set

S±(k∗) := {(Φ∓ζ Φ±ζ )k |M〉 ,Φ±ζ (Φ∓ζ Φ±ζ )k |M〉 |k ≤ k∗},

containing states generated by the evolution U up to a certain truncation index,
k∗. Note that by S+(k∗) and S−(k∗), we understand two distinct sets, which
we wish to orthonormalise separately. We shall define the normalised state
|M (k)
± ; ζ〉 as

|M (k)
± ; ζ〉 =


(Φ∓ζ Φ±ζ )k|M〉√
〈M |(Φ∓ζ Φ±ζ )2k|M〉

, k even

Φ±ζ (Φ∓ζ Φ±ζ )k−1|M〉√
〈M |(Φ∓ζ Φ±ζ )2k−1|M〉

, k odd,

(C.2)

such that S̄±(k∗) := { |M (k)
± ; ζ〉 |k ≤ k∗} is simply the normalised form of

S±(k∗). The goal is now to perform Gram-Schmidt orthonormalisation to
S̄±(k∗) in order to derive the orthonormal set Ŝ±(k∗), whose elements we
shall denote by |M̂ (k)

± ; ζ〉. First, we see that |M〉 = |M (0)
± ; ζ〉 and define
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|M̂ (0)
± ; ζ〉 := |M〉. The Gram-Schmidt orthonormalisation strategy now gives

the recursive relation

|M̂ (1)
± ; ζ〉 =

(I− |M (0)
± ; ζ〉〈M (0)

± ; ζ|) |M (1)
± ; ζ〉√

〈M (1)
± ; ζ|(I− |M (0)

± ; ζ〉〈M (0)
± ; ζ|)|M (1)

± ; ζ〉
, (C.3)

|M̂ (k)
± ; ζ〉 =

(
I−

∑k−1
l=0 |M̂

(l)
± ; ζ〉〈M̂ (l)

± ; ζ|
)
|M (k)
± ; ζ〉√

〈M (k)
± ; ζ|

(
I−

∑k−1
l=0 |M̂

(l)
± ; ζ〉〈M̂ (l)

± ; ζ|
)
|M (k)
± ; ζ〉

. (C.4)

The structure of the orthonormal set Ŝ(k∗) becomes clear when writing the
states out explicitly. To do so, we first introduce the convenient shorthand
notation

|M ; (∆, j), (∆′, j′), · · ·〉 := |m1, · · · , (mj + ∆), · · · , (mj′ + ∆′), · · · ,mn〉 ,
(C.5)

and the prefactors (not to be confused with the Fourier coefficients in Sec. 8.1)

P
(1)
± (m) = (2m± 1)

√
I(I + 1)−m(m± 1)

P
(2)
± (m) =

√
I(I + 1)−m(m± 1)

√
I(I + 1)− (m± 1)(m± 2),

(C.6)

such that Φ±ζ |M〉 =
∑
j aζ,jP

(ζ)
± (mj) |M, (±ζ, j)〉. Note that the prefactor

P
(ζ)
± (m) automatically becomes zero if the transition m → m ± ζ is not al-
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lowed. The first four states in Ŝ+(k∗) and Ŝ−(k∗) can then be written as

|M (0)
± ; ζ〉 = |M〉

|M̂ (1)
± ; ζ〉 =

1

N (1)
± (M ; ζ)

∑
j

aζ,jP
(ζ)
± (mj) |M ; (±ζ, j)〉 ,

|M̂ (2)
+ ; ζ〉 = |M̂ (2)

− ; ζ〉

=
1

N (2)(M ; ζ)

∑
〈j1j2〉

aζ,j1aζ,j2P
(ζ)
+ (mj1)P

(ζ)
− (mj2) |M ; (+ζ, j1), (−ζ, j2)〉 ,

|M̂ (3)
+ ; ζ〉 =

1

N (3)
+ (M ; ζ)

{ ∑
〈j1j2j3〉

aζ,j1aζ,j2aζ,j3P
(ζ)
+ (mj1)P

(ζ)
− (mj2)P

(ζ)
+ (mj3)

× |M ; (+ζ, j1), (−ζ, j2), (+ζ, j3)〉

+
∑
〈j1j2〉

a2
j1aj2P

(ζ)
+ (mj1)P

(ζ)
+ (mj1 + ζ)P

(ζ)
− (mj2) |M ; (+2ζ, j1), (−ζ, j2)〉

}
,

|M̂ (3)
− ; ζ〉 =

1

N (3)
− (M ; ζ)

{ ∑
〈j1j2j3〉

aζ,j1aζ,j2aζ,j3P
(ζ)
+ (mj1)P

(ζ)
− (mj2)P

(ζ)
+ (mj3)

× |M ; (+ζ, j1), (−ζ, j2), (−ζ, j3)〉

+
∑
〈j1j2〉

aj1a
2
j2P

(ζ)
+ (mj1)P

(ζ)
− (mj2)P

(ζ)
− (mj2 − ζ) |M ; (+ζ, j1), (−2ζ, j2)〉

}
,

(C.7)

where N (k)
± (M ; ζ) is a normalisation factor and

∑
〈j1···jn〉 denotes a summation

over the n indices (each running from 1 to N) that only includes terms where
no pair of indices are equal. Extending this sequence of states to higher values
of k is a tedious, but straightforward task. For the special case of I = 3/2,
the situation vastly simplifies due to the identity P

(ζ)
± (m)P

(ζ)
± (m ± 1) = 0,

thus eliminating the possibility of multiple noncollinear excitations of the same
nuclear spin. As a result, for I = 3/2, we can write any state in Ŝ(k∗) in a
general form as

|M̂ (k)
± ; ζ〉 =

[ ∑
〈j1···jk〉

aζ,1 · · · aζ,kP (ζ)
± (mj1)P

(ζ)
∓ (mj2) · · ·

· · ·P (ζ)
±λk(mjk) |M ; (±ζ, j1), (∓ζ, j2), · · · , (±λkζ, jk)〉

]
×
[ ∑
〈j1···jk〉

[aζ,1 · · · aζ,kP (ζ)
± (mj1)P

(ζ)
∓ (mj2) · · ·P (ζ)

±λk(mjk)]2
]−1/2

,

(C.8)

where λk = (−1)k+1. In general, we find that for all even values of k, |M̂ (k)
+ ; ζ〉 =

|M̂ (k)
− ; ζ〉, and we might thus drop the ±-index on |M̂ (k)

± ; ζ〉 for even k.
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For the purpose of calculating the dynamics, we are generally interested in
knowing how the interaction Hamiltonian, ĤI , couples the diffenent states in
Ŝ±(k∗). The general structure of Ŝ(k∗) as presented in Eqs. (C.7) and (C.8),
leads to the selection rule

〈M̂ (k)
α ; ζ|Φβζ |M̂

(k′)
γ ; ζ〉 = 0 if |k − k′| 6= 1, (C.9)

meaning that we only need to evaluate transition matrix elements between neigh-
bouring states in Ŝ±(k∗). For general I, we find the elements between the states
in Eq. (C.7)

〈M̂ (1)
± ; ζ|Φ±ζ |M

(0); ζ〉 =

√∑
j

[aζ,jP±(mj)]2 =: Ω±(M ; ζ),

〈M̂ (1)
± ; ζ|Φ∓ζ |M

(0); ζ〉 = 0,

〈M̂ (2); ζ|Φ±ζ |M̂
(1)
± ; ζ〉 = 0,

〈M̂ (2); ζ|Φ∓ζ |M̂
(1)
± ; ζ〉 =

1

Ω±(M ; ζ)

√∑
〈j1j2〉

[aζ,j1aζ,j2P+(mj1)P−(mj2)]2,

〈M̂ (3)
± ; ζ|Φ∓ζ |M̂

(2); ζ〉 = 0,

〈M̂ (3)
+ ; ζ|Φ+

ζ |M̂
(2); ζ〉 =

{ ∑
〈j1j2〉

[aζ,j1aζ,j2P+(mj1)P−(mj2)]2
}−1/2

×
{ ∑
〈j1j2j3〉

[aζ,j1aζ,j2aζ,j3P
(ζ)
+ (mj1)P

(ζ)
− (mj2)P

(ζ)
+ (mj3)]2

+
∑
〈j1j2〉

[a2
j1aj2P

(ζ)
+ (mj1)P

(ζ)
+ (mj1 + ζ)P

(ζ)
− (mj2)]2

}
〈M̂ (3)
− ; ζ|Φ−ζ |M̂

(2); ζ〉 =
{ ∑
〈j1j2〉

[aζ,j1aζ,j2P+(mj1)P−(mj2)]2
}−1/2

×
{ ∑
〈j1j2j3〉

[aζ,j1aζ,j2aζ,j3P
(ζ)
+ (mj1)P

(ζ)
− (mj2)P

(ζ)
− (mj3)]2

+
∑
〈j1j2〉

[a2
j1aj2P

(ζ)
− (mj1)P

(ζ)
− (mj1 − ζ)P

(ζ)
+ (mj2)]2

}
.

(C.10)

Because Φ− = (Φ+)†, we only need to find the matrix elements for one of the
two operators, since the elements of the other will be given thereby. Here we
find the elements of Φ+.
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For N � 1 and k � N , we find the approximation

〈M̂ (k′+2)
± |Φ+|M̂k+2

± 〉 ' 〈M̂ (k′)
± |Φ+|M̂k

±〉

〈M̂ (k′+1)
± |Φ+|M̂k+1

± 〉 ' 〈M̂ (k′)
∓ |Φ+|M̂k

∓〉
(C.11)

For the realistic situations studied in the present work, the relative error of
this approximation is below 10−4. Under the approxmation (C.11), the matrix
elements can be generalised as

〈M̂ (k′)
+ |Φ+|M̂ (k)

+ 〉 =

{
0 k′ even

Ω+(M ; ζ)δk′,k+1 + Ω−(M ; ζ)δk′,k−1 k′ odd
(C.12)

〈M̂ (k′)
− |Φ+|M̂ (k)

− 〉 =

{
Ω+(M ; ζ)δk′,k+1 + Ω−(M ; ζ)δk′,k−1 k′ even

0 k′ odd
(C.13)

The interaction Hamiltonian can then be expanded on the derived basis in the
form

ĤI = ~S−
∑
n

{G− |M̂ (2n−1)
+ 〉〈M̂ (2n)

+ |+ G+ |M̂ (2n+1)
+ 〉〈M̂ (2n)

+ |

+ G+ |M̂ (2n)
− 〉〈M̂ (2n−1)

− |+ G− |M̂ (2n)
− 〉〈M̂ (2n+1)

− |+ H.c.}
(C.14)

where the coupling rates are given by G± := 2+
√

2
3π AζΩ±(M ; ζ).

C.2 Hyperfine coupling distribution

To calculate the ensemble values of the interaction rates, we need a model for the
hyperfine coupling constants, Aj . The distribution of Aj is highly non-uniform
due to the inhomogeneous form of the electron wavefunction. For all practical
purposes when calculating properties of the system, we obtain the hyperfine
distribution numerically by taking the electron density Gaussian,

ρe(r) =
∏

α=x,y,z

e−r
2
α/(2L

2
α)√

2πL2
α

, (C.15)

and evaluating ρe in the points of a cubic lattice of size Lx × Ly × Lz. We
have taken parameters for arsenic nuclei in GaAs and a quantum dot with
Lx = Ly = 10 nm, Lz = 1 nm, consistent with e.g. Ref. [174].
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