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Preface
This thesis is prepared at the Center for Electric Power and Energy (CEE) within the Department
of Electrical Engineering of the Technical University of Denmark in partial fulfillment of the
requirements for acquiring the degree of Doctor of Philosophy in Engineering.

The Ph.D. studies were funded by the Danish ForskEL programme through the Energy Collective
project (grant: 2016-1-12530). This dissertation summarizes the work carried out by the author
during his Ph.D. project, which started on 1st May 2017 and was completed on 14th February 2020.

The thesis consists of a summary of the six attached scientific papers, of which three have been
peer-reviewed and published, one presented and published at an international workshop and
the remaining two are currently under review. While the research details are left to the specific
publications in appendix, the main body of the thesis is conceived as a guide on how these scientific
papers can be contextualized in the bigger picture of design and operation of decentralized
electricity markets.

Fabio Moret
February 2020
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Abstract
The energy system is evolving from a hierarchical and centralized structure to a more decentralized
setup, with distributed renewable generation and increasing consumer engagement driving this
paradigm shift. Current practice prevents end-users to actively participate in the electricity market.
Even with lower barriers to entry, centralized electricity markets do not allow agents to trade
energy between each other and according to their preferences. To address these challenges,
recent literature has investigated future electricity markets based on sharing economy principles.
The state-of-the-art entails vague regulation and few attempts of market design, often tailored
to the specific application investigated. A more thorough design of decentralized electricity
markets is, therefore, needed to feed back to the regulatory entities as well as to favour real-world
implementation. This PhD thesis addresses the challenge of a comprehensive design of such
markets, by analyzing their actors, architecture and negotiation mechanism, while assessing their
guaranteed properties, as well as their operation in real-world conditions.

The proposed market design provides the definition and modelling of market actors, including
prosumers and system operators. A methodology for expressing prosumer cost and utility functions
is introduced, even for uncertain and inflexible assets, with the possibility of accounting for their
risk attitudes. System operators are considered to enforce grid constraints and to account for power
losses, adding dynamic network charges on energy prices. The designed market generalizes the
way actors are interconnected and negotiate their energy trades while expressing their preferences
over different trading partners. This market formulation unifies community-based and peer-to-peer
layouts, as well as any hybrid combination and pool markets into a general consensus problem.
Negotiation mechanisms based on decomposition techniques for large-scale optimization problems
are employed to clear the market in a decentralized fashion.

Core and desirable market properties are assessed, with particular focus on fairness of market
outcomes on a social, individual and group perspective. This research shows how fairness can
be enforced by introducing additional market products and by extending the actor objectives
with carefully designed policies. Specifically, financial products are included to hedge the risk of
market actors, enhancing fairness under heterogeneous risk attitudes, while loss allocation policies
are investigated to limit the geographical discrimination of grid tariffs among agents. Finally,
the complexity of the proposed negotiation mechanism is tested in real-world conditions, with
large numbers of market participants and imperfect communication. The resulting analysis shows
that the time needed to attain market outcomes increases to the point of undermining the actual
implementation of such decentralized electricity markets. The negotiation process is adapted
to online matching algorithms, similarly to the stock exchange, in order to cope with numerous
agents and delayed communication, but at the expense of lowering market efficiency. This thesis
concludes with insights for a comprehensive market design accounting for the limitations of
real-world applications.
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Resumé
Energisystemet udvikler sig fra en hierarkisk og centraliseret struktur til et mere decentraliseret
setup med distribueret vedvarende energiproduktion og stigende forbrugerengagement som
de drivende kræfter i paradigmeskiftet. Den nuværende praksis forhindrer slutbrugere i ak-
tivt at deltage i elektricitetsmarkedet. Selv med lettere markedsadgang tillader centraliserede
elektricitetsmarkeder ikke agenter at handle energi ifølge deres præferencer. For at imødegå
disse udfordringer, har nylig litteratur undersøgt fremtidige elektricitetsmarkeder baseret på
deleøkonomiske principper. Nuværende state-of-the-art indebærer vage reguleringer samt enkelte
forsøg på markedsdesign, ofte tilpasset den specifikke applikation der undersøges. Et mere
grundigt design af decentraliserede elektricitetsmarkeder er derfor nødvendigt at returnere til de
regulatoriske enheder, samt for at fremme implementering i virkeligheden. Denne PhD afhandling
adresserer udfordringen ved et omfattende design af sådanne markeder ved at analysere marked-
ernes aktører, arkitektur og forhandlingsmekanismer, imens markedernes garanterede egenskaber
og drift i virkelige situationer vurderes.

Det foreslåede markedsdesign giver definitionen og modelleringen af markedsaktører, inklusiv
prosumers og systemoperatører. En metode til at udtrykke prosumernes omkostninger og
nyttefunktioner introduceres, selv for usikre og ufleksible aktiver, med muligheden for at tage
højde for prosumernes risikoattituder. Systemoperatører regnes for at håndhæve netbegrænsninger
samt at tage højde for effekttab, ved at tilføje dynamiske netværksafgifter til energipriserne.
Markedsdesignet generaliserer hvordan aktører er indbyrdes forbundet og forhandler deres handel
med energi imens de udtrykker deres præferencer iblandt forskellige handelspartnere. Denne
formulering af markedet forener fælleskabsbaserede og peer-to-peer layout, såvel som hybride
kombinationer og samler markederne i et generelt konsensusproblem. Forhandlingsmekanismer
baseret på dekompositionsteknikker for stor-skala optimeringsproblemer bliver anvendt til at
cleare markedet på en decentraliseret facon.

Markedernes kerne- og ønskværdige egenskaber vurderes, med særligt fokus på fairness af marked-
sresultater ud fra et social, individuelt og gruppeperspektiv. Indeværende forskning viser hvordan
fairness kan håndhæves ved at introducere yderligere markedsprodukter og ved at udvide aktør-
ernes målsætninger med omhyggeligt designede politikker. Mere specifikt, inkluderes finansielle
produkter for at risikoafdække markedsaktører, øge fairness ved heterogene risikoattituder, imens
politikker til tabsallokering undersøges som et middel til at begrænse den geografiske diskrimi-
nation mellem agenters nettariffer. Sluttelig testes kompleksiteten af den foreslåede mekanisme
under virkelige forhold, med et stort antal af markedsdeltagere og med uperfekt kommunikation.
Den resulterende analyse viser at den tid det kræver at frembringe markedsresultater vokser
til det punkt hvor den underminerer den faktiske implementering af sådanne decentraliserede
elektricitetsmarkeder. Forhandlingsprocessen tilpasses til online matching algoritmer, svarende
til børshandel, for at kunne håndtere mangfoldige agenter samt forsinket kommunikation, på

ix
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bekostning af markedets effektivitet. Denne afhandling konkluderer med indsigter i et omfattende
markedsdesign der tager højde for begrænsninger ved implementering i den virkelige verden.



CHAPTER1
Introduction

1.1 Context and motivation

In the past decade, society has undertaken a significant shift in the way goods and services are
traded, towards sharing economies. Following classic economic principles, while commercial
economies build value with money at their core, sharing economies build value around preferences,
theoretically ignoring money [1]. However, companies that have often been labeled as examples
of sharing economies, like Uber, Amazon, AirBnB and eBay, are still largely centered around
profit. Several economic theorists have recently argued that the way economy is evolving is,
instead, towards a new and hybrid model of commercial and sharing economies, also referred to
as crowd-based capitalism [2], where agent decisions are driven simultaneously by profit-based and
preference-based motives. While profit maximization is a common feature of economic agents,
expressing preferences is possible only if the traded commodity is characterized by decentralized
supply and consumer awareness. On the one hand, decentralized supply, based on crowds of
individuals rather than centralized institutions, enlarges the number of suppliers in the market.
On the other hand, consumer awareness ensures that the choice among all these suppliers is driven
by factors different from pure economic benefits, e.g., sustainability, enjoyment and reputation [3].

Evidence of both decentralized generation and consumer engagement has recently been found in
the way societal and industrial actors perceive electric energy procurement. Alongside current
large-scale power plants, Distributed Energy Resources (DERs), e.g., rooftop solar panels, domestic
storage and small-scale generation units, are shifting the generation of electricity from a centralized
and hierarchical structure to a more decentralized setup [4]. Simultaneously, energy end-users,
who historically procured electricity only driven by their costs, have shown a growing consumption
awareness, for instance, on the type of energy sources traded [5]. Leveraging this continuous
integration of DERs and increasing consumer engagement, sharing economy models have recently
been applied to energy trading, as largely reviewed in [6]. Emerging start-ups, e.g., LO3 Energy,
SonnenCommunity, Hive Power, OneUp and Power Ledger, have started to offer platforms for
local exchanges of energy surplus in a peer-to-peer framework, while other energy companies, e.g.,
Vandebron, Electron, Piclo, Dajie and Powerpeers, now propose contracts that give end-users the
choice of being supplied by local renewable generation.

Even though these solutions are based on sharing economy principles, they still rely on very
simplified market mechanisms, limiting the active participation of their members. The main
reason for these market simplifications is that energy, and specifically electricity, is a peculiar
commodity, much different from the ones normally traded in sharing systems. Electricity has been
so far considered as a primary need, inflexible and homogeneous, with strict requirements of a
constant balance between generation and consumption and of immediate use, relatively long after
being traded. This has historically favoured structured market designs and strong regulation, that
should be adapted as electricity consumption becomes more flexible and with clear preferences
over different suppliers.

1



2 CHAPTER 1. INTRODUCTION

Recent regulatory developments have addressed sharing energy economies, in the form of auto-
consumption for behind-the-meter groups of end-users [7] and of Local Energy Communities [8].
Even if these are the first steps towards a more comprehensive regulation, they are not yet sufficient
to support actual implementation of energy sharing economies. At the same time, scenarios for
these decentralized electricity markets have been covered in [9], ranging from peer-to-peer to
community-based and micro-grid structures, but it is not yet clear how these scenarios can be
put into practice. This calls for more thorough research on design and operation of decentralized
electricity markets, as an opportunity to define a general framework for real-world implementation
and eventually to feed back to the regulation process.

1.2 Challenges of decentralized electricity markets

Current market structures cannot be directly applied to decentralized electricity markets. Strong
barriers to entry in the form of required minimum capacities allow only large players to participate
in the wholesale market. Moreover, by procuring energy only from one retailer, end-users cannot
express any preference on their energy trades [10]. In order to allow for preference expression,
a new market has to be designed, where each individual trade between two agents is clearly
defined and agreed upon by the involved peers. The idea of multilateral trades in power systems
(the equivalent of the current meaning of peer-to-peer) was proposed 20 years ago in [11], but its
negotiation mechanism was never investigated, as high transaction costs limited its application to
large actors engaging in bilateral contracts. Large corporations like Facebook, Google and Apple,
who are committing to procure 100% renewable energy for their operation, currently achieve
this goal by means of corporate Power Purchase Agreements (PPA). This type of contract settles
long term energy transactions (in this case of renewable energy) privately between a buyer and
a seller. Today, advances in Information and Communication Technology (ICT) have drastically
decreased transaction costs, making the interaction and negotiation among agents more accessible,
in particular to end-users [3]. In order to translate current bilateral contracts into an automatic
negotiation process, the classic features of electricity market design, described in [12], need to be
rethought in the case of a decentralized framework, specifically: (i) who are the market actors, (ii)
what is the market architecture that connects them, (iii) how market actors negotiate the quantity
and price of the energy traded and (iv) what properties can this market design guarantee.

1.2.1 Market actors

Actors of electricity markets generally include a market operator, one or more system operators
and a set of market agents, classically generators and consumers. In decentralized frameworks,
the market operator may take the form of several decentralized platforms, but its objective is
still to define the products that can be traded in the market [2]. As part of the market design,
research needs to identify the nature of these products, their properties and their impact on market
operation.

Decentralized electricity markets encourage the participation of a larger and more diverse set
of agents, henceforth also referred to as market participants or prosumers. To actively engage
in such markets, each agent needs to first identify her1 objectives and preferences, and then to
translate them into economic value. While marginal cost and utility can be estimated for large
market participants, end-users cannot price their energy as effectively. How these agents would

1Henceforth we refer to a market agent with pronouns she/her.
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define their cost and utility curves remains a question that the literature has so far failed to answer,
but that is crucial in view of a real-world implementation of decentralized electricity markets.

Even under the assumption that these cost curves can be defined, most of these prosumers are
highly affected by uncertainty, as their assets are often inflexible and of stochastic nature. Currently,
retailers or utility companies benefit from lower relative uncertainty by aggregating a large set of
end-users, while market mechanisms, in terms of balancing and ancillary services among all, are
used to better accommodate uncertainties during market operation [13]. Even though uncertainties
in electricity markets have been largely researched over the past decades, decentralized electricity
markets call for revisiting these mechanisms, in order to cope with larger and more volatile
uncertainties.

Designing decentralized electricity markets independently from power system operators raises
concerns on the ability of such new market proposals to coexist with reliable power system
management. Current market designs have the advantage that Transmission System Operators
(TSOs) can interact with a centralized market operator to ensure that the power system is operated
in compliance with its constraints [14]. This is usually done by accounting for power flows at
transmission level in the market clearing mechanisms themselves, resulting in locational marginal
pricing systems, with nodal or zonal prices depending on the level of detail of the power grid
considered. After the market is cleared, system operators take redispatch actions to adjust for
variations in the scheduled power set-points. In decentralized electricity markets, the lack of a
central market operator may make these solutions too expensive or even impossible to adopt.
Moreover, such grid costs, including redispatch and congestion costs as well as compensation of
power losses, are currently socialized over end-users in the form of grid tariffs. When market
participants engage in multilateral contracts, this policy might create unfair discrimination, as
agents may trade locally but still be charged with large transmission fees. Therefore, it is
fundamental to rethink the interaction between system operators and market participants, while
taking market properties into consideration.

1.2.2 Market architecture and negotiation mechanism

Most of current research on decentralized electricity markets tackles the definition of market
architecture and negotiation mechanisms. These two concepts are closely connected, as the
way market actors are to communicate between each other impacts, and at the same time is
defined by, how agents negotiate their energy procurement. Several diverse approaches have
been proposed, but they mostly fall into two categories, namely distributed and decentralized
frameworks. Distributed architectures and the associated negotiation mechanisms entail a central
node that gathers and broadcasts all the needed information to market participants. Decentralized
frameworks bypass any central agent by means of direct communication and negotiation among
agents, also known as peer-to-peer. For each type of market architecture, several methodologies
have been applied to find market equilibria, for instance distributed optimization techniques,
game theoretical algorithms, control theory and matching mechanisms [15–19]. The observed
trend in the literature is to develop different market frameworks, each one specifically tailored
to the targeted application. This does not only limit the standardization and deployment of
decentralized electricity markets, but also makes it impossible to define regulation valid for a
broad set of applications. This calls for a generalization of both market architecture and negotiation
mechanisms, to provide a reference model for market property verification and policy making.
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Most of the negotiation mechanisms in the literature of decentralized electricity markets involve an
iterative process of computation and information exchange among a large number of market actors.
In real-world conditions, these iterative algorithms do not only scale poorly with the number
of agents involved, but they are also generally not resilient to communication delays [20]. The
impact of the communication system is often overlooked in the literature, but plays a crucial role in
case of decentralized market participants, for which it is unreasonable to assume a synchronized
information exchange. These bottlenecks, if not properly addressed, could undermine future
practical implementation of such decentralized markets.

1.2.3 Market properties

The utmost objective of market design is to guarantee that the obtained market equilibria possess
some desired properties. Desirable properties, commonly considered in the literature, include
market efficiency, incentive compatibility, cost recovery and revenue adequacy [21]. In the case of
decentralized electricity markets additional properties, such as fairness and agent privacy, gain
more importance.

On the one hand, preserving the privacy of market participants may not be outsourced to a trusted
entity as easily as in the case of pool-based markets. This has triggered considerable interest
in blockchain technologies as possible enablers for such market frameworks [22]. In order to
abstract from a specific enabling technology, negotiation algorithms need to be carefully designed,
considering the amount and content of the information exchanged among market actors.

On the other hand, agents participating in decentralized electricity markets are largely diverse,
both in terms of individual objectives and of assets owned. This heterogeneity can lead to
discriminatory market equilibria, violating fairness at a social, individual or group level. Defining
and guaranteeing fairness becomes very challenging, in particular for decentralized systems that
may not rely on central trusted entities. Thorough research is needed to first define fairness criteria
suitable for decentralized electricity markets and then to investigate how to account for them in
the design process.

1.3 Scientific contributions

This thesis has the primary objective of investigating the design and operation of decentralized
electricity markets. To some extent, the first contribution of this work is already to draw the
boundaries and to lay down the expected challenges of a market that does not yet exist and whose
features are still unknown. The challenges outlined in Section 1.2 are far from being comprehensive,
but include the focus points that we think should be tackled first. In this perspective, the
contribution of this work is to shape a general framework for decentralized electricity markets,
with focus not only on their properties but also on their operational aspects.

Based on the view that prosumers have preferences over their energy procurement [23], we start by
investigating how these preferences can be modelled as social contracts, i.e., common agreements
among members of a community. In [Paper A] we propose our first attempt at designing a
decentralized electricity market, in the form of energy communities. This initial work lays down
the foundations of a comprehensive market design: including analysis of market actors, architecture,
negotiation mechanism and properties. Market participants are modelled as prosumers, who
gather to jointly optimize their energy procurement while trading their lack or surplus of energy



1.3. SCIENTIFIC CONTRIBUTIONS 5

within a community. The market is cleared by means of decomposition techniques, specifically the
Alternating Direction Method of Multipliers (ADMM) [24]. This negotiation mechanism operates
in a distributed fashion, where prosumers iteratively seek consensus on energy price and quantity
with a supervisory node, without disclosing private information. We then include social contracts
as objectives of this supervisory third-party, to guarantee the community common preferences and
fairness of market equilibria.

In order to abstract the design of energy communities to a more general market architecture, [Paper
B] addresses the formulation of a unified reference for most of the implementations of decentralized
electricity markets recently emerged in the literature. To do this, the market design is modified
such that the communication links among market actors are the only feature defining the type
of market architecture: from community-based to peer-to-peer layouts, as well as pool markets
and any hybrid combination of all these architectures. In this perspective, the negotiation process
becomes a classic decentralized consensus problem, for which several optimization techniques can
be employed [25], as well as game theoretical algorithms and distributed control strategies [26].

Once we generalized the design of decentralized electricity markets, we focus on their operational
aspects. We verify how different market architectures and negotiation mechanisms perform with a
large number of market participants and delayed information. [Paper C] shows how distributed
optimization techniques are not suitable for real-world applications, but a similar reasoning can
be applied to any iterative mechanism. We do this by analyzing their time complexity, i.e., the
time to convergence as function of the number of agents, and their response to different types and
magnitudes of communication delays.

To address the complexity of these negotiation mechanisms, [Paper D] proposes a new market
design based on online matching algorithms. With this market structure, similar to the stock
exchange, agents place buy or sell orders in a central platform, where they get matched to other
agent orders, if feasible, in a continuous and online manner. We extend this classic Continuous
Double Auction (CDA) problem to include preferences of market participants about their energy
procurement. Since preferences can be expressed not only on type of energy, e.g., renewable or
not, but also on the trading partners, community-based and peer-to-peer market architectures can
be included in this market framework. Large numbers of market participants and asynchronous
communication are the basis of the operation of online matching algorithms, as they grant liquidity
to the market. However, the market loses efficiency compared to the equilibrium obtained by the
mechanisms of [Paper A] and [Paper B].

We continue the analysis of market operation, addressing the challenge of power flow feasibility
and the role of SOs in [Paper E]. The market mechanism of [Paper B] is extended to guarantee
that no power grid constraint is violated and that power losses are included in the negotiation
mechanism. To do so, we model SOs, both at transmission and distribution level, and include
additional market products that they can trade with market participants. In this way, we make
the prices of each trade responsive to both network congestion and line losses. As prices are
differentiated among market actors, and not because of their individual preferences, discrimination
could happen among agents. Therefore, we investigate different policies to allocate system losses
to each trade, e.g., total cost socialization and individual grid usage, and their impact on fairness
of payments across market participants.

Finally, [Paper F] tackles the impact of uncertainties and heterogeneity of market participants
on the operation of decentralized electricity markets. We first define cost and utility curves for
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prosumers based on the uncertainties of their assets and on their consequent perception of risk,
namely their risk attitudes. We extend the market design of [Paper B] and include uncertainties and
their risk perception in the objective of prosumers. Once again, when accounting for heterogeneity
of agents, this time as a result of their diverse risk attitudes, fairness of market equilibria is at stake.
We conclude that, if market participants are allowed to hedge their risk by trading additional
market products, fairness and market efficiency can be restored.

1.4 Thesis outline

This thesis gives an overview of the contributions from the papers published during this Ph.D.
project. Chapter 2 addresses the design of decentralized electricity markets, starting from
the specific case of energy communities and moving towards a general formulation, unifying
community-based and peer-to-peer layouts. The negotiation mechanisms, based on distributed
optimization techniques, are then proposed and market properties are investigated. In Chapter 3,
the challenges of a real-world implementation of decentralized electricity markets are addressed. In
particular, the specific issues of scalability and asynchronicity of the negotiation mechanism, power
flow feasibility as well as the impact of uncertainty on market equilibria are tackled. The scientific
publications related to this Ph.D. are attached in appendix for details on in-depth literature review,
models, results and analysis. Finally, Chapter 4 concludes and discusses possible directions for
future work.
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The relevant publications which are the core of this thesis are listed as follows:

[Paper A] F. Moret and P. Pinson, “Energy collectives: A community and fairness based approach to
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4004, September 2019.

[Paper B] T. Baroche, F. Moret and P. Pinson, “Prosumer markets: A unified formulation”, in Proceedings
of IEEE PowerTech Conference, Milan, Italy, 2019.

[Paper C] F. Moret, T. Baroche, E. Sorin and P. Pinson, “Negotiation algorithms for peer-to-peer electricity
markets: Computational properties”, in Proceedings of 20th Power Systems Computation
Conference, Dublin, Ireland, 2018.

[Paper D] H.S. Esch, F. Moret, P. Pinson and A. Marin Radoszynski, “Online matching and preferences
in future electricity markets”, in Proceedings of 19th Yale Workshop on Adaptive and Learning
Systems, New Haven, United States, 2019.

[Paper E] F. Moret, A. Tosatto T. Baroche, and P. Pinson, “Loss allocation in joint transmission and
distribution peer-to-peer markets”, submitted to IEEE Transactions on Power Systems, (under
review, first round), 2019.

[Paper F] F. Moret, P. Pinson and A. Papakonstantinou, “Heterogeneous risk preferences in community-
based electricity markets”, submitted to European Journal of Operational Research, (under
review, second round), 2019.
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CHAPTER2
Decentralized Electricity Market

Design

The design of decentralized electricity markets, or any market in general, requires a holistic
approach to attain a careful trade-off among profit maximization of market participants, efficient
operation and guaranteed market properties. Attempts of peer-to-peer market design exist in
the literature, for instance in [27], but those explicitly addressing electricity trading still lack of
generality and are rather tailored to their contingent applications [28, 29]. This chapter aims at
analyzing the fundamental features of decentralized electricity markets, laid out in Chapter 1, to
provide a general mechanism design. To do this, the operational aspect of these markets is not
considered, but it is separately addressed in Chapter 3.

We first introduce market participants and show how, in [Paper F], meaningful cost and utility
functions can be derived based on their perception of uncertainties. We then show that their
objectives and preferences can be modelled in individual optimization problems and how they can
be combined to describe a community-based market, as we do in [Paper A]. In order to guarantee
generality of market design, in [Paper B] we abstract our market formulation independently from
any specific architecture and negotiation mechanism. Finally, we exploit this general formulation
of decentralized electricity markets to assess its fundamental properties. Besides core market
properties, we consider privacy and fairness. In particular, the latter is carefully analyzed both
from a social perspective, as in [Paper A], and from an individual point of view, from the work of
[Paper F].

The chapter is structured such to address all the features of market design and it is organized as
follows. Section 2.1 outlines the market framework and assumptions. Section 2.2 presents the
roles and objectives of market participants, while Section 2.3 analyzes market architectures from
community-based to a generalized framework. In Section 2.4, negotiation mechanisms based on
distributed optimization are proposed and, finally, Section 2.5 discusses market properties with
focus on fairness of market equilibria.

9
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2.1 Preliminaries and assumptions

We foresee actors of decentralized electricity markets as automatic trading entities: in other words,
we assume each agent to own a computing hardware that collects data from the user assets and
minimizes the cost of her energy procurement via trading algorithms. We consider that each
agent with uncertain assets receives probabilistic forecasts of her net generation, or of each asset
independently, either from an external provider or by means of an in-built forecast generator.
We aim for a technology agnostic market design, i.e., not relying on any specific communication
system that connects market participants. Therefore, cloud-based computing with remote web
access, dedicated communication networks and even blockchain technology could indifferently be
adopted for an implementation of our market framework. In decentralized electricity markets,
trades may be settled directly between two agents or mediated by decentralized crowd-based
marketplaces rather than by centralized third parties. In any case, we expect a market operator to
exercise social contracts or in general to define the products that can be traded in these markets.

In this chapter, we focus on the core mechanisms of decentralized electricity markets by assuming
a simplified operational setup. Specifically these assumptions address (1) the impact of hardware
and communication system, (2) the feasibility in power system operation and (3) the heterogeneity
of market participants. We then address the operation of decentralized electricity markets in
Chapter 3, where we relax these simplifying assumptions, verify their impact and consequently
adapt the market design.

When dealing with decentralized systems, the hardware employed by market participants may
have different and limited computational power and there may be delays and loss of information
in the communication system. We temporarily neglect these bottlenecks by assuming that market
actors have infinite computational power and that the communication system among them has
infinite bandwidth, i.e., with neither delays nor lost information. Additionally, system operators
need to be considered in the market design as actors with the goal of guaranteeing feasibility
in power system operation. In fact, some trades generate power flows in the electrical grid that
cause power losses and that may violate line or voltage limits. We initially exclude the impact
of the power grid, considering an ideal power system with infinite transmission capacities and
without power losses. Finally, when small-size end-users actively trade their energy, they are
exposed to a large degree of uncertainty. The risk attitudes towards uncertainties directly impact
the decision-making process of each agent. The diverse nature of market participants implies
that also their risk attitudes largely differ, in a situation that we call risk heterogeneity. As this
differentiation may lead to unfair market equilibria, we hereby restrict the discussion to a special
case, where all agents have the same risk attitudes, i.e., risk homogeneity.

The assumptions of a simplified operational setup can be summarized as:

1. Infinite computational power and perfect communication system.

2. Lossless power grid with infinite transmission capacity.

3. Risk homogeneity among market participants.
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2.2 Prosumers

Decentralized electricity markets pave the way for a more diverse set of market participants, for
which the classic distinction between generators and consumers is no longer sufficient. Inflexible
end-users, storage solutions and distributed generators are only some of the new agents that these
market structures have to consider. All these possible entities can be generalized under the concept
of prosumers. The common definition of prosumers includes energy users that can both generate
and consume electricity. For the sake of generalization, this work looks at prosumers from a wider
perspective that includes all agents who actively participate in the market. As it is the case of
today, some of the market participants do not own and operate assets, instead they trade on behalf
of others or possibly are involved in arbitrage and virtual bidding. Similarly, we consider that a
prosumer can, in principle, own generation or consumption units, flexible or inflexible assets, or
even participate in the market without owning any assets. The available assets will impact their
mathematical model, i.e., their objective function and operational space, but not the way they are
linked in the market.

2.2.1 Definition of cost functions and preferences

Identifying cost or utility curves of prosumers is more difficult for small agents, than for large ones.
Usually, generation units owned by prosumers are non-dispatchable and characterized by zero
marginal cost. Consumption is normally not flexible, unless storage systems or controllable loads
are present, and even if there is some flexibility, it is not straightforward to define its economic value.
For most of the analysis on market design, these cost functions can be synthetically generated, but
this challenge must be addressed in case of a real-world application.

In [Paper F], we propose an analytical definition of prosumer cost functions, aimed at pricing the
uncertainty of the net generation of each agent i ∈ I , with I being the set of market participants. We
describe this uncertainty as a random variableXi ∼ φi, following a general probability distribution
function φi : Pi 7→ R over her asset feasible space Pi, with respective Cumulative Distribution
Function (CDF), Φi =

∫
φi(Xi) dXi. When procuring her energy, each agent dispatches her asset

at a set-point pi ∈ R. For each set-point, for instance p1 and p2 in Figure 2.1a, the probability of
imbalance costs occurring after operation can be inferred from the respective CDF. As in a classic
news-vendor problem, we can express these imbalance costs as an equivalent random loss

Li(Xi, pi) = β|pi −Xi|+ + σ|pi −Xi|− (2.1)

where | · |+ (−) represents the positive (negative) part function and β ∈ R and σ ∈ R are the prices
for respectively buying or selling extra energy. Here we assume that the settlement prices are
known, but their uncertainty can be included by using an additional random variable. Figure
2.1b shows the CDF of the random loss for the two distinct set-points p1 and p2 (respectively in
red and blue). We define the equivalent costs fi(pi) =Mi(Li(Xi, pi), χi) : R 7→ R through a risk
measureMi : Li 7→ R, i.e., a functional that maps a random variable, in this case the random loss
in (2.1), to a deterministic one as function of a risk parameter χi ∈ (−1, 1). Several risk measures
can be used as long as they guarantee convexity of the cost functions: the most common examples
are the expected value, the Value at Risk (VaR) and the Conditional Value at Risk (cVaR), which
we specifically use in [Paper F]. While the expected value considers equal probabilities over the
realizations of the random variable, a cVaR measure adjusts these probabilities, also known as
risk-adjusted probabilities, by putting all the probability mass to the (1 − χi) percentage of the
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(a) CDF of a prosumer asset with random generation.

(b) CDF of the random loss for set-point p1 (red) and
p2 (blue).

(c) Prosumer cost curves, risk neutral (yellow) and
risk averse (green).

(d) Risk-adjusted probabilities, risk neutral (yellow)
and risk averse (green).

Figure 2.1: Definition of prosumer cost curves.

worst-case realizations. Figure 2.1d represents two examples of risk-adjusted probabilities, a risk
neutral case νRN (yellow), where the expected value metric coincides with a cVar with χi = 0, and
a risk averse case νRA (green) modelled by a cVaR with χi > 0. By moving the probability mass
over the realizations of the random variable, one obtains different risk-aware costs C, as displayed
in Figure 2.1c for two set-points, p1 and p2, and two risk-adjusted probabilities, νRN and νRA. In
order to obtain an agent cost function, we span through any possible set-point pi ∈ Pi and obtain
the equivalent cost curves. One should note that for the sake of pure market design, and not its
operation, it is sufficient to assume that these costs curves are convex and that the operating region
of each prosumer assets are compact to ensure the existence of a market equilibrium.

Recently, the authors of [23] and [30] showed that there exists evidence of diverse preferences
among participants of decentralized electricity markets. In order for market agents to trade energy
accordingly, on the one hand, they need to translate these preferences into an economic value; on
the other hand, the market has to be designed in such a way it accounts for these preferences in
the negotiation mechanism. How to quantify these preferences is still an unclear procedure, in
particular for end-users who might not have the appropriate tools or knowledge. Methodologies
for estimating the economic value of user preferences exist [31] and should be further developed
to be used in the case of decentralized electricity markets. We include preferences in the market
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mechanism in the form of price penalties over the set of trading partners Ωi. In other words, a
prosumer could penalize trading with one of her possible peers by setting a positive penalty on
the respective trade, while leaving the others to zero. For the sake of this thesis, we assume that
each agent knows the penalties cij ∈ R on each trading partner j ∈ Ωi.

2.2.2 Prosumer optimization problem

Once cost functions fi and preferences cij are defined, the objective of each prosumer i is to
minimize her generation costs (and negative utility in case of consumption) plus procurement costs,
subject to the operational constraints of her assets. The prosumer assets can either be modelled
separately, each with its own cost and utility curve, or they can be aggregated in one equivalent
asset representing the net energy produced pi. Henceforth, we consider only the equivalent asset
formulation, but all the considerations are valid if more assets are included. With the convention
that an asset is a generator if positive and a load if negative, the optimization problem of each
prosumer is modelled as follows

min
pi,ti

Cpi −
∑
j∈Ωi

τij tij (2.2a)

s.t.
∑
j∈Ωi

tij = pi (2.2b)

pi ∈ Pi (2.2c)

ti ∈ R (2.2d)

where Cpi = fi(pi) +
∑
j∈Ωi

cij |tij | includes the net generation costs fi(pi) and the economic value
of prosumer preferences cij on each trade tij ∈ R between prosumer i and each of her trading
partners j ∈ Ωi. The procurement costs are calculated as the sum over all trades of the product
between the energy traded (with the convention of tij > 0 if agent i sells energy to agent j) and the
respective energy price τij ∈ R. Compared to current pool-based markets, by allowing prosumers
to trade individually with other agents, the price of energy can vary among trades. [Paper B]
proves that this price differentiation is due to the preferences expressed by each agent on her
trades. Constraints (2.2c), that generalizes the feasible space of the prosumer assets, (2.2b) and
(2.2d) define the feasible space Kpi of each prosumer, while the vector ti ∈ R|Ωi| collects all the
trades of agent i.

2.3 Market architecture

Moving from a centralized to a decentralized setup opens many opportunities for new and very
diverse market architectures. While a pool-based market entails a centralized and well defined
market operator in charge of all communication and resource allocation, different decentralized
layouts may imply significantly different interactions. In practice, the peer-to-peer approach allows
each and every agent to directly negotiate with any other market participant through bilateral
contracts in the absence of a third-party supervisor [32]. At the same time, agents that gather
in communities share energy based on a given social contract, which may involve geographical
proximity principles, shared investments or even philanthropic values [33]. Our aim here is to
propose a market formulation, general enough to include all of the aforementioned architectures.
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2.3.1 Energy communities

We start by investigating community-based architectures, as their integration in the existing market
structures seems the least disruptive solution to current practice. Energy communities could,
for instance, represent a set of end-users with a common point of connection to the power grid,
who decide to share their energy before interfacing with a retailer. In this market architecture,
prosumers jointly optimize their energy procurement coordinated by a third party non-profit agent,
that we call community manager. The concept of a community manager is very similar to the one
of an aggregator, as it acts as an interface for the community as a whole with the outside world
[34]. The main difference is that, while aggregators seek profit and see prosumers as assets, a
community manager has the only objective of guaranteeing the social contracts jointly established
by the community members.

We model a community manager as an asset-free prosumer, whose preferences can be expressed
on its trades, both with the community members and the outside world, and through an additional
function g(ti) : R|Ωi| 7→ R that accounts for social contracts more complex than a price penalization
on trades. For more details, [Paper A] proposes different formulations for the community manager
objective function, for instance with the goal of increasing the community autonomy, penalizing the
maximum importer, providing peak-shaving services or accounting for geographical preferences.
We model the optimization problem of a community manager as

min
ti

Cci −
∑
j∈Ωi

τij tij (2.3a)

s.t.
∑
j∈Ωi

tij = 0 (2.3b)

ti ∈ R (2.3c)

where Cci = g(ti) +
∑
j∈Ωi

cij |tij | represents the economic cost of its preferences and social
contracts, while constraints (2.3b) and (2.3c) define its feasible space Kci . In a general framework,
a community manager could communicate with any market actor outside the community, e.g.,
other prosumers, other community managers or retailers. Figure 2.2 shows one of the possible
architectures for a community-based market, where prosumers communicate only with the
community manager, who in turn interfaces with a retailer. This simple architecture is used for the
analysis of [Paper A], where the retailer can be modelled as a prosumer with infinite generation
and consumption capacity, selling ps ∈ R+ and buying pb ∈ R+ energy from the community at
fixed retail tariffs. It follows

min
ti

Cri −
∑
j∈Ωi

τij tij (2.4a)

s.t.
∑
j∈Ωi

tij = psi − pbi (2.4b)

pb, ps ≥ 0 (2.4c)

ti ∈ R (2.4d)

with Cri = β pb − σ ps the retailer costs and constraints (2.4b) - (2.4d) defining its feasible space Kri .
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2.3.2 Unified formulation

Alongside community-based markets, peer-to-peer architectures have been recently proposed,
where market participants directly trade energy among each other bypassing any third party, as
shown in Figure 2.3. In this setup, only individual preferences can be expressed, while the lack
of a central entity makes it impossible to guarantee any type of social contract. However, when
analyzing more thoroughly the optimization problems of the market actors (2.2), (2.3) and (2.4),
it is clear that they can all be generalized to a single model. In [Paper B] we propose a general
formulation for decentralized electricity markets, where each market actor minimizes her costs Ci
plus the procurement costs, while subjected to a set of individual constraints Ki. For simplicity,
inter-temporal constraints are disregarded. These may readily be accounted for, as in [Paper A], at
the expense of modelling and computational complexity. We can then model each participant of a
decentralized electricity market as

min
pi,ti

Ci −
∑
j∈Ωi

τij tij (2.5a)

s.t. pi, ti ∈ Ki (2.5b)

This generalization allows us to define a market architecture that transcends the way agents are
interconnected. This might appear contradictory to the common meaning of a market architecture,
however, the basis of decentralized electricity markets is the freedom to trade energy with any
other market participant. If we want to stick to this principle, we need to design a market
without assuming any underlying architecture. In this way, once the market actors define their
trading partners, the consequent communication links determine whether the market follows a
community-based or a peer-to-peer architecture. In view of a large-scale decentralized electricity
markets these structures will most likely coexist in hybrid layouts as in Figure 2.4.

In case of a radial communication layout, i.e., if each market actor is connected only to a central
agent with neither assets nor preferences, as in Figure 2.5, the resulting architecture coincides with
the one of a pool market. We argue that decentralized electricity markets already exist, just in
one of their possible architectures and with one of their possible negotiation mechanisms. When
abstracting the market design from a fixed radial layout, appropriate negotiation mechanisms
need to be carefully investigated to verify whether market properties similar to current electricity
markets can still be guaranteed.
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Figure 2.4: Hybrid market architecture.

Market Operator

Prosumer 1

Prosumer 3 Prosumer 4

Prosumer 2

Figure 2.5: Pool market architecture.

How agents decide on their trading partners remains an unsolved challenge. On the one hand, it
is intuitive that the best social welfare is attained with a full communication matrix, i.e., if each
participant is connected to all the others. On the other hand, our analyses in [Paper B] show that
the time to convergence of the negotiation process can be decreased by reducing the number of
communication links. Additionally, one should consider that the number of communications
needed and of respective delays increases with the density of the communication matrix and plays
a fundamental role in the time to convergence of the negotiation mechanisms, as discussed in
Chapter 3. This problem boils down to finding a trade-off between sparsity of the communication
matrix, i.e., how many links can be dropped, and social welfare maximization. Further research is
needed to tackle this challenge, but we foresee as possible solutions: the exploitation of the natural
sparsity from including grid constraints, as further discussed in [Paper E], and adding a cost or a
cap on the number of communication links per agent.

2.4 Negotiation mechanism

Current sharing systems, e.g., ride sharing, operate on the premises that agents compete for
a shared limited resource and the time dimension is fundamental in the negotiation process,
often based on first-come-first-serve basis. In the energy application the negotiation process is
decoupled from the time dimension, as the market is cleared before operation, and from the
physical dimension, since energy trades are purely financial and not actual exchanges of electrons.
Therefore, the negotiation mechanism for electricity markets, as well as for their decentralized
versions, boils down to a classic resource allocation problem.

The main difference between pool-based and decentralized electricity markets lies in their ne-
gotiation process. Fundamentally, these negotiation approaches rely on the formulation of an
optimization problem which aims at minimizing the cost of all agents involved. Currently, the
market clearing problem is solved centrally by a market operator after receiving all the bids from
the market participants. This is possible for mainly two reasons: the number of agents and the
information needed is limited, because of high barriers to entry and no preference expression, and
the market operator is seen as a trusted entity in terms of both privacy preserving and fairness of
market equilibria. This is not the case of decentralized structures, where the number of agents and
their preferences on individual trades increase the complexity of the optimization problem and
market participants may not be willing to fully disclose their information, especially in absence of
a trusted market operator.
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2.4.1 Distributed optimization techniques

The negotiation process for decentralized electricity markets can be carried out in different ways.
From a game theoretical perspective, each agent i solves the optimization problem (2.5), while the
price of each trade τij is set either by a market operator or by iterative discovery. Whenever (2.5a)
is convex and (2.5b) are compact sets that do not depend on actions of other market participants,
there exists a Nash equilibrium for the game1. This can be easily proven by checking that the
equilibrium problem describing the trading game has the same KKT conditions of the equivalent
centralized optimization problem formulated as

min
p,T

∑
i∈I

Ci (2.6a)

s.t. − tij − tji = 0 ∀i ∈ I, ∀j ∈ Ωi (2.6b)

pi, ti ∈ Ki ∀i ∈ I (2.6c)

with p ∈ R|I| the vector of the power dispatches of all market participants and T ∈ R|I|×|I| the
matrix collecting all the trades among them. It is clear that constraint (2.6b) is the only complicating
constraint (a constraint that includes variables of different agents) and that it corresponds to the
energy procurement cost τij tij in (2.5a), where τij is the dual variable of (2.6b). From this point
of view, the negotiation process becomes a consensus problem, where for each trade agent i and
agent j have to agree on the energy traded tij and its price τij . Several algorithms exist to solve
such consensus problems and have been thoroughly researched both in the game theoretical
and the distributed optimization communities [36]. Since our market can be formulated as the
convex optimization problem (2.6), we focus on distributed optimization techniques, specifically
on Consensus ADMM, where the consensus variables coincide with the traded market products.
[Paper A] uses a slight variation of this algorithm, namely Exchange ADMM; for readers interested
in the algorithm details, we refer to its extensive review in [24].

In [Paper B], we derive the ADMM steps that each market participant computes in parallel as(
pi

ti

)k+1

= argmin
pi,ti ∈ Ki

Ci +
∑
j∈Ωi

−τij tij + ρ

2

(
skij
2 − tij

)2
 (2.7a)

τk+1
ij = τkij − ρ

rk+1
ij

2 ∀j ∈ Ωi (2.7b)

with rk+1
ij = tk+1

ij +tk+1
ji and sk+1

ij = tk+1
ij −t

k+1
ji respectively the primal and dual residual and ρ ∈ R+

the penalty parameter of ADMM. The negotiation process proceeds as a parallel iterative routine,
where alternatively the energy procurement is optimized according to the information available
to each agent and new information is exchanged with other market participants, as described in
detail in Algorithm 1. Convergence is reached whenever ||rki ||2 > εpri and ||ski ||2 > εdual ∀i ∈ I,
with εpri ∈ R+ and εdual ∈ R+ the defined primal and dual tolerances. Distributed optimization
techniques, as well as game theoretical algorithms under the assumption of existence and
uniqueness of a Nash equilibrium, have convergence guarantees that the solution found is the
optimal one. Specifically, ADMM has been proven in [37] to have a linear rate of convergence O( 1

ε )
with ε = min(εpri, εdual). This means that the equilibrium attained is the same of the equivalent

1Uniqueness of market equilibrium depends on the monotonicity of the agent objective functions, as by Theorem 2.3.3
in [35], which can be enforced by adding a transaction cost ξ ∈ R to each trade,

∑
j∈Ωi

ξ|tij |
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Algorithm 1 Negotiation process of ADMM-based market clearing

1: k ← 0
2: Initialize tki , τ ki , rki and ski
3: while ||rki ||2 > εpri and ||ski ||2 > εdual do
4: k ← k + 1
5: compute pki and tki from (2.7a)
6: communicate tkij to all j ∈ Ωi
7: receive tkji from all j ∈ Ωi
8: compute τ ki from (2.7b)
9: update rki and ski

10: end while

optimization problem solved centrally, up to the tolerance ε. This fundamental feature allows us to
argue for market properties by directly analyzing (2.6) and not its decentralized counterpart.

Most distributed optimization techniques and equilibrium-seeking algorithms have a very similar
structure to Algorithm 1 with alternating computation and communication steps. In view of
market operation, it is fundamental to notice that not only computational complexity, but also
information exchange plays a role in the efficiency of these iterative algorithms.

2.4.2 Privacy preserving negotiation

Privacy preserving becomes a crucial property of negotiation mechanisms for decentralized electric-
ity markets. Even though decentralized algorithms, like ADMM, operate without communicating
any private information on cost functions, preferences or feasible spaces, it is possible, in theory, to
reconstruct an equivalent cost curve of market participants. This could be done, for instance, by
simply mapping how agents respond to different energy prices during the negotiation process.
A large branch of literature has already proposed solutions to this issue, for instance, through
obfuscated stochastic gradients [38], dual perturbation [39] and cryptographic techniques [40].
These alterations of the basic ADMM algorithm guarantee privacy preserving but, at the same
time, slow down the convergence of the negotiation process.

Even though asynchronous information complicates, or in some cases even undermines, conver-
gence of these negotiation mechanisms, it naturally adds some noise to the process, making it
more difficult to reconstruct agent cost functions. Future research should address the side effects
of asynchronous communication and how it can potentially preserve privacy of decentralized
negotiation algorithms.

2.5 Market properties

The ultimate objective of a market design is to ensure that certain properties are respected. In
classic mechanism design theory four properties are considered, namely: (i) incentive compatibility,
if for each market participant revealing her true preferences is the dominant strategy, (ii) market
efficiency, if no agent has incentives to deviate from the market equilibrium, (iii) cost recovery,
when market participants can always recover their operational costs, and (iv) revenue adequacy, if
the market operator never incurs a financial loss. Additionally, fairness is to be considered as an
equally fundamental property in decentralized electricity markets. The lack of a trusted third-party
complicates fairness guarantee, that needs to be achieved by a careful market design.
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2.5.1 Desirable market properties

Based on the Hurwicz Impossibility Theorem [41], it is impossible to design a mechanism that satisfies
all four mentioned core properties at the same time. Following the intuition that pool-based
markets are a subset of decentralized electricity markets, as argued in Section 2.3, we can exploit
similar reasoning to prove that the guaranteed properties are the same.

As in the case of pool-based frameworks, decentralized electricity markets do not guarantee
incentive compatibility by design, since agents with market power (with the obvious example of a
marginal generator) can, in theory, misrepresent their costs to increase their profits. Consequently,
market efficiency is not ensured, since the overall social welfare is not maximised if market
power is exercised. Often, pool markets are claimed to be both incentive compatible and efficient,
under the assumption of perfect competition. This assumption cannot be as easily made for
decentralized electricity markets, where the number of participants largely varies among different
applications. Even though a large number of market participants may drastically increase the
complexity of exercising market power, this branch of research deserves more attention in the
future of decentralized electricity markets.

In [Paper B], we prove cost recovery by looking at the first-order conditions of (2.6)

πi = ∂f(pi)
∂pi

= τij − cij sign(tij) ∀j ∈ Ωi (2.8)

where the dual variable of each agent power balance πi ∈ R equals her marginal cost of generation
(left-hand equality of (2.8)). Hence, we refer to πi as the agent perceived price, i.e., the price actually
driving her decision on the value of pi, but not the one actually paid for the energy. The trade price
τij is indeed adjusted by the preference cij (right-hand equality of (2.8)). Whenever cij ≥ 0, cost
recovery is guaranteed, since market participants sell energy at a higher (and respectively buy
energy at a lower) price than their marginal cost (or utility). If cij < 0, cost recovery is not satisfied
in its formal definition. However, one could argue that a rational agent will not set a negative
preference, yielding negative profits, and that, if she does, it is evidence that her true marginal cost
is the one reduced by the preferences.

Finally, revenue adequacy (and even budget balance if no transaction costs are considered) can be
proven, similarly to pool-based markets, by considering the sum over all payments∑

i∈I

∑
j∈Ωi

tij τij = 0 (2.9)

since tij = −tji at optimality.

2.5.2 Fairness in decentralized systems

The advantage of pool-based market mechanisms is the presence of a trusted market operator in
charge of clearing the market. Since the whole process is centralized, fairness, independently of its
definition, can be easily implemented and monitored. In this work, we focus on three of the many
possible aspects of fairness, that we call social, individual and group fairness.

We refer to social fairness as the market property of guaranteeing common objectives among
agents. In [Paper A], we show how alternative trusted entities, like community managers, impact
the decisions of market participants in accordance with the social contracts they agree being fair,
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e.g., equal access to shared resources or equal service satisfaction. We inherit fairness metrics from
the communication system literature, e.g., quality of service [42] and quality of experience [43], to
quantify fairness of both energy dispatch and payments.

On the other hand, individual fairness relies on the principle that similar individuals should be
treated in a similar way. We adapt this concept from the machine learning community [44], and
use the marginal cost and the energy dispatch of prosumers as similarity metrics, respectively in
the input and outcome space. We then define group fairness as an extension of individual fairness,
among clusters of similar agents. In other words, a market is group fair if there is no bias among
payments of market participants belonging to different groups, for instance net producers or net
consumers. In [Paper F], we prove that under Assumption 3 of homogeneous risk preferences
(χi = χj ∀ i, j ∈ I) our market mechanism dispatches similar agents in similar ways, guaranteeing
individual fairness and, consequently, group fairness.



CHAPTER3
Towards Real-world

Implementation of Decentralized
Electricity Markets

The design of decentralized electricity markets cannot disregard its operation. Decentralized
systems are significantly affected by their operating conditions, in particular by their computational
and communication systems [45]. The peculiar characteristics of electricity as a commodity add
additional layers of complexity: mainly how system operators guarantee feasibility in power
system operation and how market participants handle the uncertain availability of their assets.
This chapter aims at relaxing the assumptions made in Chapter 2 and analyzing the consequent
impact on market design.

We first tackle the assumption of infinite computational power and access to perfect communication.
In [Paper C], we analyze how a large number of agents and asynchronous communication increase
the complexity of the negotiation process presented in Section 2.4. To overcome this issue, we
propose an alternative negotiation mechanism based on online matching algorithms from our
work in [Paper D]. In [Paper E], we relax the second assumption of an ideal power grid and show
how system operators can be included in the market design to guarantee grid constraints and
compensation of power losses. The last assumption of homogeneous risk attitudes is relaxed in
[Paper F], where we investigate market properties under heterogeneous market participants and
include market products to recover fairness of market equilibria.

This chapter addresses the identified operational challenges of decentralized electricity markets
and it is organized as follows. Section 3.1 raises the issues of scalability and asynchronicity in
iterative algorithms and proposes an alternative negotiation mechanism as a possible solution.
In Section 3.2, system operators are added as additional actors with new market products to
enhance the management of the power system. Section 3.3 addresses the impact of heterogeneity
of market participants and describes how fair market outcomes can be restored. We relax all these
assumptions one by one to isolate the specific issues and finally in Section 3.4, we discuss how all
our proposals can be combined in what is our insight for future market design.

21
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3.1 Scalability and asynchronicity

The market design proposed in Chapter 2 relies on iterative negotiation mechanisms to attain
market equilibria. We foresee that real-world implementation of this process will be challenged by
the presence of numerous market participants and asynchronous communication. The complexity
of solving a consensus problem, like the market clearing in (2.6), increases with the number of
agents, since there are more variables that market participants have to agree upon. Moreover, real
communication systems suffer from bandwidth delays and lost information causing agents to
update their decisions with incomplete or delayed information. In this section, we first investigate
the impact of large number of market participants and of asynchronous communication and then
provide an alternative negotiation mechanism that can cope with these two limitations.

3.1.1 Bottlenecks of iterative algorithms

We first relax Assumption 1 and investigate the time complexity of some decentralized algorithms
as a function of the number of market participants (N ). As analyzed in detail in [Paper C], we
define the time complexity of each algorithm

T (N) = talg(N) tstr(N) (3.1)

as the product of its algorithmic talg(N) and structural tstr(N) complexity [46]. The algorithmic
complexity accounts for how the number of iterations, needed to reach convergence, scales with
the number of agents. We empirically extract this behaviour by means of Monte Carlo simulations
and show that it can be accurately approximated as linear, talg(N) ∼ O(N), for all the algorithms
and convergence tolerances analyzed. The structural complexity describes the sum of computation
and communication time of each iteration

tstr(N) = δcom(N)hcom(M(N)) + δcomp(N)∆tcomp (3.2)

where δcom and δcomp are respectively the number of communication and computation needed,
∆tcomp is the time to complete one computation and hcom(M) is the time to communicate a message,
assumed to be linear on the message size M . In the case of Consensus ADMM, proposed in Section
2.4, it is intuitive that the structural complexity of each agent i is proportional to the number of her
trades |Ωi|, since 

δcom(N) ∼ O(|Ωi|)

M(N) ∼ O(1)

δcomp(N) ∼ O(|Ωi|)

=⇒ tstr(N) ∼ O(|Ωi|) (3.3)

The overall time complexity grows bilinearly, T (N) ∼ O(N |Ω∗|), as function of the number of
agents, from the algorithmic complexity, and of the maximum number of trades across agents,
|Ω∗|, from the structural complexity. One should note that, in case of a full communication matrix
|Ω∗| = N , the negotiation process achieves the worst performance, with T (N) ∼ O(N2), justifying
the need for a trade-off between optimality of market equilibrium and number of trades per agent,
as mentioned in Section 2.3.

This complexity analysis is carried out considering synchronous communication, i.e., each new
iteration of the algorithm is performed when all the information is received by each market
participant. The complexity of an algorithm is increased when delayed and lost information is
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considered. Asynchronous communication is often overlooked in the literature of decentralized
electricity markets, but it is instead considered in [Paper C]. We model a Message Passing Interface
(MPI) among market participants, running on independent processors of a High Performance
Computing (HPC) machine. This allows us to include asynchronicity of communications by
modelling both computation and communication delays. Even if ADMM has been proven to
be resilient to asynchronous communication [47], its convergence time drastically increases (in
many cases even by 100%). Therefore, we argue that scalability and asynchronicity issues make
negotiation mechanisms based on iterative consensus-seeking highly impractical for real-world
implementation of decentralized electricity markets.

3.1.2 Online matching markets

There already exist markets that operate with large number of agents who communicate in
asynchronous ways. The most successful example is the financial stock market, where numerous
market participants submit their bids (buying orders) or asks (selling orders) in a constant and
asynchronous manner, as displayed in Figure 3.1. Similar mechanisms have been applied to the
intra-day electricity market [48], but this market is still limited to few large players. We leverage
the structure of financial markets and previous attempts to adapt such mechanisms to the energy
framework [49] to propose an alternative approach to the negotiation process, based on online
matching algorithms.

This mechanism is a classic Continuous Double Auction (CDA), where agents submit their orders,
in the form of energy quantity and limit price, i.e., respectively the maximum buying and minimum
selling price. When an order is submitted to a central platform, a match with standing orders, i.e.,
orders previously submitted but not matched, is sought. A match occurs if an incoming bid order
has a buying price higher than a standing ask price and vice versa, as highlighted by the green
orders in Figure 3.1.
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Figure 3.1: Matching mechanism in a Continuous Double Auction.
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We investigate different matching methodologies in [Paper D], concluding that the pro-rata
algorithm [50] best fits the decentralized electricity market application. The key advantage of this
negotiation mechanism is that it does not rely on an iterative process to define the energy trades,
bypassing the problems of scalability and asynchronicity. However, the market outcomes are far
from being optimal, thus, even if market participants are truthful and non-strategic, the market is
inefficient.

The negotiation process of CDAs is a continuous mechanism for which the market is cleared,
i.e., a match between a bid and an ask is sought, each time a new order arrives. In their discrete
counterpart, namely the Discrete Double Auction (DDA), the market is cleared each pre-defined
time interval θ ∈ R+ considering the new orders submitted during θ and the previously unmatched
ones. It is intuitive that whenever θ → 0, DDAs coincide with CDAs, while for θ → ∞, DDAs
solve the exact same problem of the economic dispatch in (2.6). The order of arrival of the asks and
bids from market participants clearly impacts the matching results that are carried out without
future information on the orders to come. This time dimension, also referred to as causality, is
the source of suboptimality of this market mechanisms based on Continuous or Discrete Double
Auctions. We prove that there exists an order of arrival of asks and bids such that the matching
market and the economic dispatch attain the same optimal social welfare. We use this to upper
bound the suboptimality gap as function of the price distribution of agent orders.

While we refer to [Paper D] for the details of this mechanism, here we argue that, even though
we foresee a central matching platform, any market architecture proposed in Section 2.3 can be
expressed through the preferences of each market participant. To do this, we extend agent orders
to include not just a single price level for their energy, but a set of prices, one for each of their
preference attributes. Examples of these attributes include identification keys for direct trading
with a specific prosumer or within a specific community, but they can also declare a preferred type
of energy resource, e.g., renewable generators, or consumer. By means of identification keys, we
can in theory reconstruct any architecture proposed in 2.3, and additionally, we can abstract the
level of preferences on a "type" of energy, e.g., renewable, rather than on a specific agent, making
it easier for market participants to discover their trading partners and to express the respective
preferences.

The big advantage of this market mechanism lies in its light operation, both in terms of computation
and communication, but this comes at the expense of market efficiency. The key challenge then
becomes finding a trade-off between an operation suitable for real-world implementations and a
limited loss of efficiency.

3.2 The role of system operators

One of the main concerns towards decentralized electricity markets is that negotiating energy
trades in a non-centralized fashion will make system operators less in control of the power flows
in the grid, leading to infeasibility in power system operation. So far we have considered an
infinite and lossless power grid. Here we relax Assumption 2 and investigate the role of system
operators in decentralized electricity markets. We argue that including system operators in the
negotiation process increases the possibilities for a more active management of the power system,
while improving efficiency and transparency of energy tariffs.
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3.2.1 Power grid constraints
We model system operators both at TSO and DSO level as additional market actors. As displayed
in Figure 3.2, we add new market products to reflect the impact of power grid constraints on the
energy trades: the energy injection in the power grid zij ∈ R caused by each trade tij , and the
energy flow ec ∈ R between two system operators connected at node c ∈ C. We formulate the
optimization problem of each SO as

min
z,e

∑
c∈C

µc ec +
∑

(i,j)∈T so
ηij zij (3.4a)

s.t. z, e ∈ Kso (3.4b)

where Kso includes the power flow constraints. The vectors z ∈ R|T so| and e ∈ R|C| gather all
power injections and energy flows with other SOs respectively, with T so being the set of trades
involving agents connected at the considered SO. Detailed models of power flow constraints for
both TSOs and DSOs are included in [Paper E], but in general any convex approximation of such
constraints can be used. These models do not need to be the same, since the connection between
SOs is coordinated by the price of their energy exchange µc ∈ R. This primal-dual coordination
of SOs, where they agree on the energy flow and its price, guarantees both the feasibility of the
power flows and the consistency of energy prices across different SOs. Energy trades are impacted
by grid constraints, as each agent needs to agree on the energy injected to the grid with the SO she
is connected to. The prosumers objective function is adapted to

Jpi = Cpi −
∑
j∈Ωi

(τij + ηij) tij (3.5)

In case the energy injection corresponding to trade tij is not feasible, the price ηij ∈ R changes until
an equilibrium is found. This price ηij represents the grid cost of the flow of one unit of energy
between agents i and j and it is added to the energy price of each trade. In this way, we guarantee
that power grid constraints are respected, while maintaining separate the decision-making process
of market participants and system operators. Compared to current fixed network charges, these
grid prices are dynamically calculated as function of the actual grid usage of each trade. [Paper E]
shows how this dynamic definition of grid tariffs naturally provides incentives to local trades over
long range ones, while guaranteeing the feasibility of power system operation.

Prosumer 1

Prosumer 2 Prosumer 3

Prosumer 4

Prosumer 6Prosumer 5 Prosumer N...
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Figure 3.2: Market architecture including system operators.
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3.2.2 Allocation of power losses

As of current practice, SOs are in charge of procuring energy to compensate power losses in
their networks, but this often results in higher grid tariffs and, consequently, higher prices to
the end-users. By including system operators in decentralized electricity markets, a more active
management of the power system is not only possible but also advantageous. As part of their
operational constraints Kso, SOs define the power that flows on each of their lines l ∈ Lso.
Consequently, active power losses wl ∈ R+ on transmission and distribution lines can be easily
added to the model.

We formulate line losses through a piece-wise linear approximation of their quadratic behaviour,
which translates into 2K inequality constraints, with K the number of linear segments used for
the approximation [51]. We then add active power losses wij ∈ R+, for each trade between agents
i and j, as an additional market product. The objective function of prosumers then becomes

Jpi = Cpi −
∑
j∈Ωi

(τij + ηij) (tij + wij) (3.6)

and their power balance (2.2b) is adjusted to∑
j∈Ωi

tij + wij = pi (3.7)

Introducing a new market product usually implies that a new price needs to be set for its trade.
However in [Paper E], we prove that this price is the same as τij : in fact, (3.7) shows how losses
allocated to agent i are added to her power balance as additional consumption. In (3.6) we propose
an already simplified model accounting for the fact that losses and energy are traded at the same
price. Similarly, the objective function of a system operator J so is adjusted to include power losses
as an additional market product. It follows

J so =
∑
c∈C

(µc ec) +
∑

(i,j)∈T so

(
ηij zij +

∑
l∈Lso

τij A(i,j),l wl

)
(3.8)

withA ∈ R|T so|×|Lso| a matrix, whose coefficients represent the percentage loss of each line l to be
allocated to each trade (i, j) ∈ T so.

We propose different allocation policies, modelled as different coefficients A(i,j),l, and investigate
how different policies affect agent payments, and consequently the fairness of market equilibria.
We refer to [Paper E] for further details, where we focus on an individual and a socialization policy.
While an individual policy allocates losses to a specific trade depending on its grid usage, with a
socialization policy losses of a SO are equally shared among its members.

We conclude that the latter reduces the discrimination of market participants connected at DSO
level: indeed, agents located at the extremity of a radial network should not be penalized with
larger allocation of losses only because of their location. Market participants directly connected at
TSO level, hence to a meshed network, do not suffer the same bias if losses are allocated according
to an individual policy, which has the advantage of reflecting the actual impact of each trade on
the power grid.
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3.3 Dealing with uncertainty and risk

Uncertainty heavily affects prosumers participating in decentralized electricity markets: in fact,
their asset mix is mainly based on inflexible loads and non-dispatchable generators. In Section 2.2
we describe a methodology for the definition of cost and utility curves of prosumers, based on
their risk perception of uncertain outcomes. The diverse nature of market participants, e.g., from
residential users to business units, makes Assumption 3, of risk homogeneity, too strict for such
setups. Here we relax this assumption and address the impact of heterogeneous risk preferences
on equilibria and payments of decentralized electricity markets, specifically for the case of energy
communities.

3.3.1 Unfairness under heterogeneous risk attitudes

We first address social fairness for decentralized electricity markets where agents make risk-aware
decisions, that we call risk-augmented market. We define that a risk-augmented market is social fair,
if the risk costs, i.e., the extra costs faced by agents because of their risk attitudes, are independent
from the risk attitudes of any other prosumer. This implies that each market participant pays
only for the cost increase caused by herself and does not face higher costs to compensate the risk
aversion of others. From an individual fairness perspective, we consider market participants as
similar if they have the same marginal cost of generation. The market equilibrium is then fair if
the resource usage of similar agents is the same. We measure a resource usage as the quantile
of the probabilistic forecast corresponding to its dispatch set-point. Finally, we consider that a
risk-augmented electricity market complies with group fairness, if there is no discrimination, in
terms of payments or resource usage, between net consumers and net producers.

In [Paper F], we prove analytically that heterogeneous risk attitudes make a risk-augmented
electricity market not compliant with any of our definitions of fairness. Trade prices increase
as agents become more risk averse, causing additional costs to other market participants and
impacting their dispatch set-point. Additionally, we prove that there exists a threshold, after which
generators can behave strategically to increase their payoffs at the expense of others, in particular
of net consumers. Social welfare is not maximized, making the market inefficient, as agents do
not share the same uncertainty description, in the form of a single stochastic process [52]. The
cause of unfairness and inefficiency relies on the heterogeneity of risk attitudes: in fact, if market
participants act upon the same risk perception, not necessarily risk neutrality, we can guarantee
that the risk-augmented market equilibria are fair and efficient.

3.3.2 Restoring fairness via risk hedging

Once proven that heterogeneous risk attitudes lead to market inefficiency and unfairness, we
investigate whether risk hedging mechanisms can restore these market properties. We employ
Arrow-Debreu securities [53] as financial products that market participants trade while procuring
their energy in order to modify their exposure to risk associated with future uncertain payments
[54]. Arrow-Debreu securities rely on the assumptions that the realization of the uncertainty is
included in a set of scenarios Si of the random variable Xi for each agent i. The set of scenarios is
assumed to be joint among market participants, i.e., each uncertainty realization s coincides with
the s-th scenario for all agents. Intuitively, these financial contracts act as an insurance that market
participants trade for each scenario s ∈ Si at price λs with a value of 1 in case scenario s realizes
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and 0 otherwise. In other words, agent i purchases ys1
i ∈ R securities for scenario s1 (positive

if bought and negative if sold) with a respective payment of λs1 y
s1
i during the market clearing

process. After operation she will receive a compensation of ys1
i only if scenario s1 realizes, s = s1.

We model financial contracts as additional market products, extending the objective function of
market participants to

Jpi = Cpi −
∑
j∈Ωi

τij tij +
∑
s∈Si

λs y
s
i (3.9)

and modifying their random loss for each scenario Lsi , that becomes

Lsi (xsi , pi) = β|pi − xsi |+ + σ|pi − xsi |− − ysi (3.10)

with xsi the scenario representation of the random variable Xi.

Equivalently, the optimization problem (2.6) can be extended by adding a risk trade balance per
scenario ∑

i∈I
ysi = 0 (3.11)

with λs the associated dual variable.

The effect of trading financial contracts is to modify the random loss of market participants, as
displayed in Figure 3.3 by the red arrows, representing the securities traded for a selected scenario.
In this specific scenario, Agent 1 sells financial contracts to the other two agents, increasing her
random loss but receiving a certain payment as a market outcome. When financial contracts are
traded for all scenarios, each market participant can fully hedge her risk towards her uncertain
loss, e.g., moving from the black to the coloured lines in Figure 3.3. It is possible to notice how this
corresponds to flatten the CDF of the random loss for the most risk averse agents, as depicted in
Figure 3.3b and 3.3c, for ΦL2 ,ΦL3 ≥ χ1 = 0.4.

In [Paper F], we prove that the prices of Arrow-Debreu securities align risk-adjusted probabilities
across market participants,

λs = νsi ∀i ∈ I, ∀s ∈ Si (3.12)

to the ones of the least risk averse agent, as displayed in Figure 3.3. In other words, these financial
contracts allow market participants to trade all their risk and to share a common prior on the
uncertainty realization, also known as completeness for risk [52]. Consequently, we can prove
that whenever our market is complete for risk, it is also both efficient and compliant with all
our definitions of fairness, since it attains the same social welfare and resource usage of a risk
homogeneous case.

Financial contracts modelled as Arrow-Debreu securities are proven to lead to efficient cost
solutions, but at the same time, they rely on strong assumptions. Agents are required to agree
on the realization scenarios, that need to be large enough to properly describe the respective
random variable and to contain its actual realization. Additionally, these products add |S| coupling
constraints to the market clearing problem, drastically increasing the complexity of the negotiation
process. Thus, we consider this model of financial contracts as an ideal benchmark for future
research to define products that approximate its effect while limiting the complexity added to the
negotiation mechanism.
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Figure 3.3: CDF of the random loss for three risk-heterogeneous agents with (coloured) and without
(black) financial contracts, and respective risk-adjusted probabilities (right axis). The effect of
financial contracts is highlighted for a selected scenario by the red arrows.

3.4 Insights for future market design

So far in this chapter we individually addressed all the identified operational challenges. The
solutions discussed in Section 3.2 and Section 3.3 still rely on a negotiation process based on
decomposition techniques, further increasing its complexity. This makes the issues of scalability
and asynchronicity, addressed in Section 3.1, even more relevant. The key challenge then becomes
how to combine, if possible, all our proposal for an efficient market operation, resulting in a market
design that can be implemented in real-world applications.

On the one hand, the power flow formulations of [Paper E] can be easily integrated in a negotiation
process based on online matching algorithms. For instance, before validating a match between a
sell and a buy order, the tentative match is communicated to the system operator, that computes
the flows created by these injections and checks if any grid constraint is violated considering
previously accepted trades. Grid costs are added to the trade price and, in case no violation occurs,
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the trade is validated; on the contrary the system operator can fully reject or partially accept
the match. Additionally, the relative power losses can be calculated and allocated to the market
participants involved in the trade. Since power losses grow quadratically with the line flows, we
expect that market agents will have incentives either to procure their energy in advance and being
allocated lower losses per unit of energy, or to settle on trades that reduce the stress on the power
grid.

On the other hand, the analyses in [Paper F] underline the importance of allowing market
participants to hedge their risk. In view of a market structure based on online matching, prosumers
have to optimize their energy procurement in a slightly different way than what was proposed
in Section 2.2. [Paper D] assumes that market actors place their orders non-strategically, i.e.,
according to their marginal cost plus eventual preferences. However, methodologies like model
predictive control, online optimization and reinforcement learning could be applied to develop
such bidding strategies in an online framework. In this perspective, the risk management of
prosumers can be automatically included in their bidding strategies. A rational agent would, in
fact, purchase energy in advance and adapt their trades while getting closer to operation and with
more accurate forecasts.

This market mechanism, based on automatic traders on a matching platform, opens a whole new
line of research on online bidding strategies of market participants, as well as on market properties,
with focus on efficiency, incentive compatibility and fairness. One of the main risks of such market
frameworks is to expose electricity markets to speculation. In particular, the risk is that strategic
agents will tend to purchase their energy at the last possible moment, creating extreme price
volatility. However, including SOs and the possibility of risk hedging can potentially introduce an
opposite dynamic, that favour energy procurement long before operation. Future research should
address price diffusion dynamics, e.g., by mean-field game theory, and, in particular, whether
these two competing tendencies, of last-moment and forward trading, can balance each other,
providing stability to such decentralized electricity markets.



CHAPTER4
Conclusions and Perspectives

In this thesis, we addressed the main challenge of designing decentralized electricity markets, in
response to the ongoing shift of energy markets towards sharing systems. We approached the
wide field of market design by first laying out the challenges that we foresee for future real-world
implementation of decentralized electricity markets. We first proposed a market design under ideal
operational conditions, describing its actors, architecture, negotiation mechanism and properties.
The large variety of possible applications of such market framework motivated us to focus on
generalizing our design, resulting in analyses and tools to support regulatory developments.
We then investigated how real-world conditions impact market operation, with special focus on
uncertainty faced by market participants, the role of system operators as well as computational
and communication limitations. Finally, we presented insights for a comprehensive market design
where we combine all our proposals for the operation of real-world applications. We conclude here
with an overview of our contributions to market design and operation of decentralized electricity
markets and identify the challenges that should be addressed as future research.

4.1 Overview of contributions

A number of novel contributions to the state of the art were presented in this thesis in the context of
designing and operating decentralized electricity markets. Significant effort went into proposing a
general market design, able to cope with the numerous applications and compatible with real-world
limitations.

The roots of market design are in its actors. With the aim of obtaining an automatic trading system,
we proposed a methodology for market participants to express their cost and utility curves even
for uncertain and inflexible assets. This fundamental contribution answered the often overlooked
question of how agents could in practice participate in such market structures. We included the
possibility of adding risk preferences to the decision-making process of market participants to
better handle their large degree of uncertainty. This was found to undermine fairness of market
equilibria, specifically when agents perceive risk heterogeneously. We then proved that fairness
can be restored by introducing market products, similar to an insurance, aimed at hedging the risk
of market participants. Overall, we proposed an agent model to optimize energy procurement,
constrained by asset operation and uncertainties, while interfacing with decentralized electricity
markets.

The peculiarity of electricity as a commodity made it crucial to include system operators as active
actors when energy is traded in a decentralized fashion. We adapted the current practice of
congestion management and loss allocation to such frameworks by including additional products
to trade with market participants and other system operators. The latter made it possible to favour
coordination among system operators at both transmission or distribution levels. We analytically
assessed that these additional products impacted energy prices by adding dynamic grid tariffs. In
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this way, agents favoured local match between generation and consumption over longer distance
trades. In some situations, these grid tariffs were found to discriminate market participants for their
geographical location. To overcome this issue, we investigated different loss allocation policies
and their impact on agent prices and payments, concluding with different recommendations for
TSOs and DSOs.

After investigating market actors, we focused on market architecture and negotiation mecha-
nism. We found that the existing literature only addressed specific applications limited to either
community-based or peer-to-peer architectures and therefore lacked a general formulation to
be used as reference for broader analyses and regulatory purposes. We started by considering
community-based structures and the social aspects of trading energy under such frameworks. We
proposed a market design initially tailored to this need, which we extended to a formulation that
could include any architecture, from energy communities to peer-to-peer layouts, as well as hybrid
combinations of them or even a pool market. Moreover, this generalized market model, formulated
as a consensus problem, allowed us to analyze different negotiation mechanisms, mainly based on
decomposition techniques for large-scale optimization problems.

With this generalised market design, it was possible to assess market properties through the
equivalent optimization problem and make sure that any specific application, falling into our
design, would inherit the same properties. We proved both cost recovery and revenue adequacy
for such markets, but not incentive compatibility, and consequently market efficiency, as in the
case of pool markets. However, we showed that in the case of market participants with uncertain
assets, strategic behaviour could be limited by risk hedging products, as well as by large numbers
of agents. Besides these desirable market properties, we considered fairness as a fundamental
feature for decentralized frameworks, in particular given the lack of a centralized trusted entity. We
inherited the concept of "fairness constraints" from the machine learning community and showed
how, in our case, they could be translated into additional market products and actor objectives.

Finally, we tested how our negotiation mechanisms would perform in situations similar to real-
world ones. We found that large number of agents and communication delays largely increased
the time to reach consensus on energy trades. Moreover, the additional complexity of market
products for power grid management and risk hedging is expected to slow down this process even
more. As a solution, we proposed an alternative negotiation, based on online matching algorithms,
drastically decreasing the computational and communication burden. Matches between generation
and consumption orders are found online and without information on future orders, resulting
in sub-optimal market equilibria and largely reducing market efficiency. We then discussed how
system operators and risk management could be easily integrated in these online matching markets.

4.2 Perspectives for future research

The work in this thesis has addressed a number of challenges in relation to design and operation
of decentralized electricity markets. While these challenges are certainly not comprehensive, our
work has opened up a number of different directions for future research. Some of them have already
been suggested throughout the previous chapters, and we hereby outline some other interesting
and challenging ideas, summed up in three lines of work: (i) market properties and operation of
online matching mechanisms, (ii) business models of market actors and (iii) multi-commodity
decentralized markets.
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Negotiation mechanisms based on online matching algorithms seem the most promising solution
for real-world implementation of decentralized electricity markets. While this "stock market for
energy" can accommodate large numbers of market participants and asynchronous communication,
new challenges arise on how agents behave in such mechanism and what properties can be
guaranteed. On the one hand, one should expect agents to optimize their strategies to increase
their payoffs. Among all, online optimization, model predictive control, online control theory and
reinforcement learning could be used by market agents to "learn" their best strategy while trading
in this market environment. Further research should address these optimal bidding strategies and
adapt them to automatic energy trading algorithms. On the other hand, bounded rationality and
strategic behaviour of market participants are expected to decrease even more the efficiency of
online matching algorithms. This relates to the concept of price of anarchy, which identifies the
loss of optimality when moving from a centralized to a decentralized structure [55]. Future work
is needed to adjust the negotiation mechanism and to design new market products in order to
attain a guaranteed trade-off between the efficiency of optimization-based techniques and the light
operation of matching algorithms. Finally, when agents start to behave strategically, situations of
market power can undermine the stability of the market mechanism. For instance, our analyses
in [Paper F] revealed that large generators have incentives to misrepresent their risk attitudes to
increase their payoffs. Our simulations showed that adding risk hedging contracts removed these
incentives of exercising market power, but this was not proven analytically. Therefore, market
stability analyses should be carried out in line with the existing studies of price-diffusion in online
matching markets. Mean-field and aggregative game theory could be employed to analytically
prove stability properties and support the design of additional market products to enforce this
stability.

The design of decentralized electricity markets is restricted to a theoretical exercise without solid
business models of market actors. While the benefits of such market structures are clear in their
ideal setup, the main challenge is to make sure that agents are involved and feel the incentives to
participate in, and remain part of, these mechanisms. Parallel research has addressed this issue in
the last years, including cooperative game theory and coalition formation analyses [56, 57]. This
promising line of work could be extended to assess the incentives and business models of system
operators, as well as to consider online matching mechanisms, for which it is fundamental that
agents participate continuously in order to guarantee market liquidity. Additionally, the role of
system operators has to be rethought. Thorough research needs to address how to guarantee
stability and reliability of the power grid, besides the presented congestion management and loss
allocation. Frequency regulation and contingency analyses are only two of the many research fields
that should be adapted to this new market framework. Moreover, with active market participants
connected also at distribution level, the line between TSOs and DSOs becomes increasingly
blurred. We envisage a transition towards a more general role for system operators, accounting
simultaneously for transmission and distribution management and costs. At the same time, a
more decentralized management of power systems opens new business model opportunities for
SOs. Distributed reserve procurement, power quality improvement and three-phase load flow
balancing are only some of the possible new grid services. This would allow not only to reduce
the burden on transmission lines, but also to limit the capacity expansion of distribution grids
that soon will be challenged by reverse power flows and increasing demand, for instance caused
by electric vehicles. Further research is therefore needed to investigate how existing or new grid
services could be efficiently procured from a large pool of decentralized individuals.



34 CHAPTER 4. CONCLUSIONS AND PERSPECTIVES

We foresee additional business opportunities in multi-commodity trading. The coupling of
electricity with heat and gas systems has been recently investigated as an opportunity to unlock
additional flexibility and to co-optimize the energy procurement across different carriers. If
electricity markets will evolve towards more decentralized structures, one could imagine the same
for heat and gas markets, who currently suffer from simplified market mechanisms with limited
efficiency that do not allow to fully exploit their flexibility. This interesting line of research entails
the extension of decentralized electricity markets to multiple commodities and the assessment
of the business opportunities and cost efficiency of this coupling. Finally, as the availability and
importance of data is growing exponentially, new challenges arise in relation to what information
can be used and with what level of privacy. In this thesis, we showed how information asymmetry
among agents plays a crucial role in the operation of such markets and could lead to unfairness of
market outcomes. Financial products were used to align the uncertainty information to a common
prior, but we expect that similar effects could be achieved by trading data itself. Data has never
been seen as a commodity, however recent literature has started to conceptualize how a market for
data could be designed [58]. Adding a decentralized data market as a companion to decentralized
energy markets probably represents the most challenging, but also the most fascinating, line of
future research.
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Abstract—While power system organization has evolved from
a hierarchical structure to a more decentralized model, electric-
ity markets are still not up to date with the ongoing transfor-
mation toward more consumer-centric economies. As information
and communication technologies are broadly adopted, they allow
prosumers to have a more proactive role in power system opera-
tion. This work introduces the concept of energy collectives, as a
community-based electricity market structure. We find that when
prosumers are allowed to share energy at community level, the
overall electricity procurement for the community reflects pro-
sumers’ preferences. We show that community members can be
influenced by a supervisory third-party in charge of interfacing
with the market and system operator and of guaranteeing the col-
lective common agreements. We simulate a number of test cases
and apply typical principles from analysis of communication net-
works and distributed systems to assess community fairness.

Index Terms—Electricity markets, prosumers community, re-
newable energy integration, distributed optimization, fairness.

NOMENCLATURE

Only the most important symbols of this paper are included.
αj Energy imported by prosumer j.
βj Energy exported by prosumer j.
δj Upper bound of αj .
γ Penalization coefficient (the subscript identifies the spe-

cific application).
λj Price of energy perceived by prosumer j.
λDA Day-ahead market price.
Pj Feasible space of pj .
Rj Feasible space of prosumer j.
Uij Feasible space of uij .
Uij Upper bound of asset i of prosumer j.
ψij Cost/utility function of asset i of prosumer j.
ρ Penalization factor of Lρ .
τ Price spread between import and export price.
f̃j Extended cost function of prosumer j.
Uij Lower bound of asset i of prosumer j.
cij Quadratic coefficient of ψij .
dij Linear coefficient of ψij .
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fj Cost function of prosumer j.
g Model of community manager.
hj Preferences and/or transaction costs of prosumer j.
Ij Set of assets of prosumer j.
Lρ Augmented Lagrangian.
n Number of prosumers in the collective.
Nj Set of members of neighbourhood j.
pj Net energy produced by prosumer j.
qj Energy imported by prosumer j from the community.
qexp Total energy exported.
qimp Total energy imported.
rk Vector of primal residuals.
sk Vector of dual residuals.
uij Power set-point of asset i of prosumer j.
vij Energy traded between neighbourhood i and j.
y Vector of Lagrangian multipliers.

I. INTRODUCTION

THE massive deployment of renewable generation chal-
lenges common practice in power system operation, not

only in the form of large scale power plants, but also of Dis-
tributed Energy Resources (DERs). Simplifying DERs as load
reduction for electricity consumers may have been acceptable at
low penetration levels. However, as their installed capacity rises,
DERs enhance end-users flexibility. If appropriately controlled,
this flexibility can reveal strategic opportunities for supply and
demand at distribution level [1].

Increasing awareness of their energy consumption allow con-
sumers to go beyond common energy management (e.g. energy
efficiency and time-varying electricity tariffs), and toward a
more proactive role in the power system. Demand Side Man-
agement (DSM) benefits have been largely investigated in the
past [2]. However, to provide services to the power system, for
instance ancillary services or peak-shaving, DERs are normally
considered as a group, increasing the total available flexibility.
As Information and Communication Technologies (ICT) are
broadly employed in energy systems, it becomes more likely
to optimally coordinate energy resources in a distributed fash-
ion. Common solutions include control architectures such as
micro-grids management, virtual power plants and aggregators,
as largely reviewed in [3], [4]. When optimized through con-
trol architectures, end-users respond to control signals issued
by a central agent, that seeks profit maximization. However,
individual preferences and social perspectives justify the need
for prosumer-centric market mechanisms, in which prosumers

0885-8950 © 2018 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications standards/publications/rights/index.html for more information.
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actively trade their energy according to their individual objec-
tives and not those of a third party [5].

Future prosumer markets may envisage more or less struc-
tured organizations depending on the degree of decentraliza-
tion considered [6]. A fully decentralized market conformation
yields peer-to-peer trades among all participants with no need
for third-party supervision [7], [8]. On the contrary in a dis-
tributed structure, all peers communicate with a central node
that supervises the negotiation process. Technological solutions
exist to enable these market organizations, for instance on the
cloud for distributed systems [9] or using a blockchain for de-
centralized mechanisms [10].

In view of a consumer-centric market, the presence of a super-
visory node simplifies market regulation and the interface with
the market and system operator. For this reason, we believe
that community-based distributed structures will more likely
develop in the near future. We call this market organization en-
ergy collective and we define it as a community of prosumers
that operates in a collaborative manner, optimizing usage of
resources. This translates to a market framework where the col-
lective members can trade their lack or excess of energy. The
distributed nature of the market implies that all prosumers are
in charge of optimizing their assets individually. Optimality is
achieved as prosumers are coordinated by a non-profit virtual
node, that we call community manager.

Building on the concepts of transactive energy [11] and en-
ergetic communities [12], communities of prosumers have been
proposed, where groups of end-users can coordinate their en-
ergy utilization. Specifically, our proposal is to be placed into
perspective with related research that recently appeared in the
power system literature, e.g., [13]–[16]. We find that these mod-
els simplify the problem as the relation to market-based oper-
ation is not considered. In the proposed market structure, we
include the interface with the market and system operator by
means of the community manager. Our first key contribution is
then to analyze how the decisions of the players are affected
by market mechanisms, influenced by the community manager,
and not controlled by control architectures. As we envisage the
community manager also as a guarantor of the common goals
within the community, our second key contribution consists in
the assessment of fairness among market participants.

Compared to existing market mechanisms, the proposed en-
ergy collective reflects true preferences of consumers in the
negotiation process. Moreover, privacy protection of preference
and strategy schemes for each participant is granted while the
computational burden is distributed among players. The gen-
erality of the negotiation mechanism formulation allows this
market organization to accommodate different actors as well as
different preference schemes. Transactive energy control sys-
tems or control architectures can therefore be included in an
energy collective, by modelling virtual agents, e.g. aggregators
or micro-grids management systems, as participants of the com-
munity.

The paper is organized as following. Section II introduces
market organization for energy collectives as well as the mod-
elling of the community members. In Section III, we present
and discuss the fundamental role of the community manager. In

Fig. 1. Organization of an energy collective and its interactions with market
and system operator or other collectives.

Section IV we provide the methodology to characterize and sim-
ulate the community negotiation process based on distributed
optimization concepts. Subsequently, we use a number of test
cases in Section V to validate the proposed market structure as
well as to verify the influence of community manager models
on participants’ behaviors. Finally, Section VI gathers conclu-
sions and perspectives regarding future works based on energy
collectives.

II. ENERGY COLLECTIVES AND THEIR

OPERATIONAL FRAMEWORK

The market structure for energy collectives is designed to pro-
vide a general framework easy to adapt to different contingent
situations. We define the market independently of the nature of
the prosumers assets. This implies that different DERs can be
included without the need to modify the market mechanisms.
The presence of a supervisory node facilitates the interface to
different markets, as the collective members are represented by
a single node. We consider that a community, especially of large
size, can interface with different existing markets, e.g., whole-
sale, balancing, ancillary services, as well as future market de-
signs. Fig. 1 displays a possible future market organization with
peer-to-peer transactions among communities and nested opti-
mization mechanisms, where sub-communities become assets
of higher level collectives. In case of small size communities,
like the one considered as test case in this paper, the community
manager can interface with retailers and their respective con-
tracts. Note that there exist utilities offering the consumers to
have a dynamic electricity tariff that, for instance, follows the
trend of the day-ahead market price. In the proposed market or-
ganization, this is simply resolved by choosing different import
and export price series.

A. Market Organization

From a market perspective, prosumers are defined only by
their energy trades within and outside the community, while the
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community manager operates as interface between prosumers
and two market layers. A market layer at community level allows
the members of the collective to share their excess or lack of
energy. A second layer envisages trades between the community,
as a whole, and the market and system operator.

To better illustrate the market model, let us consider an
energy collective composed by n prosumers (indexed with
j = 1, . . . , n), each of them with net energy production pj and
total costs fj . The optimal community dispatch is then obtained
as the solution of the exchange problem

min
Γ

n∑

j=1

fj (pj , qj , αj , βj ) + g(qimp, qexp, ϑ) (1a)

s.t. pj + qj + αj − βj = 0 , j = 1, . . . , n (1b)

n∑

j=1

qj = 0 (1c)

n∑

j=1

αj = qimp (1d)

n∑

j=1

βj = qexp (1e)

pj ∈ Pj , j = 1, . . . , n (1f)

αj , βj ≥ 0 , j = 1, . . . , n (1g)

where Γ = {pj , qj , αj , βj} is the set of decision variables and
qimp, qexp are continuous variables describing import and export
exchanges with the system operator. For each prosumer we con-
sider technical constraints (1f) and power balance (1b) between
net production, pj , and energy traded. This energy can be traded
at community level (1c) and with the system operator (1d)–(1e).
Hence, we describe the energy traded by each prosumer as sum
of the energy exchanged within the community, qj , and the en-
ergy each prosumer has to respectively import, αj , or export,
βj , from outside the community, as in Fig. 1.

The core of this market organization is the inclusion, in the
negotiation process, of common agreements on how the energy
collective is to jointly handle its internal objectives and its in-
teraction with the outside world. We address this role to the
community manager and we model it in (1) by means of the
function g. We define g only by global variables (qimp and qexp)
and by a set of relevant parameters or additionally variables
ϑ. Different community agreements can be included only by
operating on the community manager, without modifying the
prosumers model. Section III is reserved to the modelling and
discussion of the fundamental role of this term in the operation
of energy collectives.

B. The Prosumers Model

As we adopt a distributed structure, each prosumer j is in
charge of optimizing its set Ij of assets (indexed with i ∈ Ij ).
For a given market time unit, each player has to find the op-
timal power set-points for each asset, uij (positive for energy
produced), in view of the respective cost function, ψij (uij ) and

the technology constraints, Uij . For the sake of this work, we
assume quadratic costs and utility functions for each asset,

ψi,j (uij ) = cij u
2
ij + dijuij (2)

with cij ≥ 0. However, all the considerations in this paper hold
as long as the functionsψij are convex, preserving the convexity
of the entire optimization problem and, hence, ensuring that the
solution found coincides with the global optimum. Note that in
case of non-convex problems decomposition techniques can be
adjusted to reach optimality. However, as there is no guarantee
of global but only local optimality, it is common procedure to
apply out-of-market corrections to cope with suboptimality.

Since we aim for an assets independent formulation, pro-
sumers are defined in the community market only by their net
production pj =

∑
i∈Ij uij . In order to decompose the global

optimization problem into sub-problems specific for each pro-
sumer j, we define f̃j as an extension of f in (1), including all
prosumer-specific information, as

f̃j (pj , qj , αj , βj ) =
∑

i∈Ij
ψij (uij ) + hj (qj , αj , βj )

+ IRj
(pj , qj , αj , βj ) (3)

We use the indicator function IRj
(pj , qj , αj , βj ) on the set

Rj =

{
(pj , qj , αj , βj ) | pj =

∑

i∈Ij
uij , uij ∈ Uij for i ∈ Ij ,

pj + qj + αj − βj = 0, αj ≥ 0, βj ≥ 0

}

to include all the constraints related to the single prosumers
(Pj

⋂
i∈Ij Ui,j ) and the function h to include homogeneous

costs previously agreed within the community, e.g. transaction
costs, as well as heterogeneous preference schemes. For in-
stance, if we assume h to be

hj (qj , αj , βj ) = γcom|qj | + γimpαj + γexpβj

the optimization of prosumer j, and hence the equilibrium of
the whole collective, is influenced accordingly to the weighting
coefficients. Favourable transaction costs for internal energy
exchanges, γcom, will encourage prosumer j to trade more inside
the community, while extra penalization for import and export
of energy, (γimp, γexp), may reflect the will of prosumer j to
increase its own autonomy from market and system operator.

C. Market Efficiency and Incentive Compatibility

The proposed market design for energy collectives ensures,
by construction, market efficiency. As demonstrated in the Ap-
pendix, the Karush-Kuhn-Tucker (KKT) conditions of the op-
timization problem, as in (1), correspond to those of an equi-
librium problem in which each agent individually minimizes its
costs. This implies that both problems achieve the same opti-
mal solution under different assumptions. Perfect competition
is assumed in the equilibrium problem solution, while in the
central optimization problem every agent has to reveal its utility
curves. However, by decomposing the optimization problem, we
are able to limit the set of information needed to grant market
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efficiency, enhancing the privacy level of the participants utility
and cost curves as well as their preferences.

While demonstrating market efficiency, the assumption of a
perfect competitive market excludes the possibility of exercising
market power within the community. To ensure incentive com-
patibility of the proposed market, one should analyze system
equilibria under heterogeneous strategic behaviors, that could
be modelled by means of function h, and check for possibil-
ity of exercising market power, e.g., by modelling the problem
as a Stackelberg leader-follower game. As this implies an in-
dependent line of work and a significant contribution to the
state-of-the-art, we leave these issues as future work. Therefore
in this study, we assume homogeneous transaction costs and we
consider that every participant can maximize its objective just
by acting according to its true preferences.

III. THE ROLE OF COMMUNITY MANAGER

As already mentioned, we envisage the community manager
not only as supervisor of convergence to system optimality but
also as interface between collective members and market and
system operator. In theory, one can implement any decision
model g, as long as it preserves convexity of the whole for-
mulation. We encourage the reader to interpret the interface
models proposed below as some of the several possible exam-
ples. Different definitions for g are to impact the behavior of its
members, as well as their revenues and payments. This strongly
links to existing work in literature focusing on congestion man-
agement, e.g., of telecommunication networks or electrical grids
with charging of electric vehicles [17], where concepts such as
proportional fairness and max-flow protocols are built upon.

A. Market-Based Interface

In the most simple market-driven case, the community tries
to minimize the costs of importing and to maximize the rev-
enues from exporting energy with the day-ahead market. The
community interface can be modelled as

g(qimp, qexp) = (λDA + τ)qimp − λDAqexp (4)

where λDA is the wholesale market price. Depending on the
contingent regulation, the price at which the community could
buy energy from the power market is generally higher than the
selling one. To consider this possibility, we include a parameter
τ describing the spread between import and export price.

B. Community Autonomy

In case the community wants to be as autonomous as possible,
one will naturally have

g(qimp) = γimp||qimp||l + γexp||qexp||l (5)

where || · ||l is the l− norm with l = 1, . . . ,∞ and γimp and γexp

the penalty factors. In case of a l1-norm, (4) becomes

g(qimp, qexp) = γimpqimp + γexpqexp (6)

For γimp = (λDA + τ) and γe = −λDA, (6) generalizes (4), with
γimp and γexp representing the price the community is willing

to pay (when positive, or to receive as compensation when
negative) for exchanging energy with the market or system
operator.

As we analyze the fairness principles of this formulation, let
us consider a situation where the community lacks of generation
and faces an import cost γimpqimp. At optimality, (1d) is satisfied
with shadow price equal to γimp. It follows that

γimpqimp = γimp

n∑

j=1

αj (7)

Equation (7) shows how proportional fairness is intrinsic in the
proposed formulation. The total costs are shared among the
players and each prosumer j faces a cost proportional to its
contribution αj to the total import.

C. Penalty on the Maximum Importer

Collaborative systems are prone to unfair behaviors, when-
ever one or more participants behave strategically. The com-
munity manager has the task to preserve fairness inside the
collective. Inheriting demand charges mechanisms, load shape
related features can be regulated. In this framework, min-max
protocols are useful techniques for the community manager to
minimize any maximum “flow”.

One of the objectives of this work is to demonstrate that
fairness among collective participants can be included in the
distributed negotiation mechanisms. For instance, to prevent
strategic behavior, a community may choose to penalize the
prosumer contributing the most to the import by means of
an additional fee. Each member is, therefore, pushed to de-
crease its import, as this fee increases. We model this by
adding a penalization γmax to the maximum component of
prosumers import shares (corresponding to the l∞ norm when
all vector components are non-negative). The function g then
becomes

g(qimp, qexp,α) = γimpqimp + γexpqexp + γmax||α||∞ (8)

where α = (α1 , . . . , αn ). The resulting problem preserves con-
vexity, since the l∞ norm of a vector is a convex function.
However, as the l∞ norm needs all the components αj to be
calculated, the problem cannot be decomposed anymore. To
maintain a decomposable structure, we rewrite (8) as

g(qimp, qexp, ϑ) = γimpqimp + γexpqexp + γmaxϑ

with αj ≤ ϑ , j = 1, . . . , n (9)

In this way, g is expressed as function of the upper bound, ϑ,
of the l∞ norm, also known as epigraph formulation, and the
inequality constraints grant to achieve the same solution and to
allow for decomposition techniques.

D. Peak-Shaving Services

Minimax principles become useful not only to avoid strategic
behaviors but also to implement interesting interface models.
For instance, let us assume a multi-temporal optimization for
an energy collective. The community manager can coordinate
the prosumers to provide peak shaving services by minimizing



3998 IEEE TRANSACTIONS ON POWER SYSTEMS, VOL. 34, NO. 5, SEPTEMBER 2019

Fig. 2. Energy fluxes between 3 neighbourhoods.

the maximum imported energy over the considered timestamps
(indexed with t = 1, . . . , T ), as in [18]. The definition of g
becomes

g(qimp, qexp) = γT
impqimp + γT

expqexp + γpeak||qimp||∞ (10)

where all the bold variables and parameter are to be intended as
vectors of size T and γpeak the penalization coefficient. Unlike
(8), (10) preserves the decomposable structure of the optimiza-
tion problem. To simplify the problem solution, the l∞ norm
can still be linearized by means of the upper bound of qimp,t for
all t = 1, . . . , T . It follows that

g(qimp, qexp, ϑ) = γT
impqimp + γT

expqexp + γpeakϑ

with qimp,t ≤ ϑ , ∀t (11)

Fairness of these formulation is granted in terms of minimax
principles. The energy “flows” addressed are flattened more,
the higher the penalization coefficient. This does not imply that
the system preserves fairness under other definitions, e.g., vari-
ation of price or proportional total costs. The system fairness
is strictly related to the criteria the collective members agree
to adopt.

E. Geographical Preferences

Energy collectives are to be envisaged as a market construct
and not related to a certain positioning on the electric power
grid. In practice, this means that operation on a micro-grid, both
off- and connected to the grid [6], is only one possible config-
uration, but more generally such communities may be formed
irrespective of grid connection and geographical location. The
use of distribution (or transmission for longer distances) net-
works for community trades results in additional grid costs in-
cluding several parameters, e.g. geographical distance and lines
congestion.

We include these additional costs by investigating a setup
where an energy collective is formed by prosumers from
three different neighbourhoods, N1 , N2 , N3 . We model this
system by splitting (1c) in three sub-communities and by
defining energy flows, v = (v12 , v13 , v23), on each line con-
necting the neighbourhoods, as depicted in Fig. 2. We in-
clude geographical differentiation as relative transaction costs

γgeo = (γgeo,12, γgeo,13, γgeo,23). It follows that

g(qimp, qexp) = γimpqimp + γexpqexp + γT
geo|v|

∑

j∈N1

qj = + v12 + v13

∑

j∈N2

qj = − v12 + v23

∑

j∈N3

qj = − v13 − v13 (12)

This formulation allows to represent technical constraints,
typical of power flow analysis, in the form of spatial and tem-
poral varying grid tariffs. This becomes fundamental in view of
a possible integration of energy collectives in the current sys-
tem operation. Furthermore, the collective can be fragmented to
the extreme, i.e., to single prosumer, accounting for individual
trades, as in [19]. In this way, the energy collective becomes a
supervised version of a fully peer-to-peer economic dispatch.

IV. DISTRIBUTED OPTIMIZATION APPROACH TO THE

OPERATION OF ENERGY COLLECTIVES

The nature of (1) readily suggests employing decomposi-
tion techniques to achieve optimality in a distributed fashion.
More precisely, the Alternating Direction Method of Multipliers
(ADMM [20]) is used here. This algorithm allows to explicitly
define individual problems for each prosumer and supervise the
exchange of information between the collective members and
the community manager. Alternative decomposition approaches
could be employed, with their advantages and caveats, as re-
cently reviewed and compared in [21] for optimal power flow
problems. Langragian Relaxation (LR) and Proximal Message
Passing (PMP) are valuable alternative solving algorithms for
the market structure proposed. We find that ADMM naturally
fits the market structure of energy collectives, as it entails a
supervisory node (not required for instance with PMP). In addi-
tion, ADMM generalizes LR, as it does not require the objective
function to be smooth and differentiable, limiting the require-
ments to impose to the community members.

A. Problem Formulation

In order to decompose the community economic dispatch
with ADMM, we rewrite (1) in terms of (3). It follows that

min
Γ

n∑

j=1

f̃j (pj , qj , αj , βj ) + g(qimp, qexp) (13a)

s.t.
n∑

j=1

qj = 0 (13b)

n∑

j=1

αj = qimp (13c)

n∑

j=1

βj = qexp (13d)
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where the only explicit constraints are the coupling constraints
among prosumers sub-problems. In case of coupling inequality
constraints, for instance when g has the form of (9), additional
variables δj are used as upper bounds for the variables of the
sub-problems. In this case (9) becomes

min
Γ

n∑

j=1

f̃j (pj , qj , αj , βj , δj ) + g(qimp, qexp, ϑ) (14a)

s.t.
n∑

j=1

qj = 0 (14b)

n∑

j=1

αj = qimp (14c)

n∑

j=1

βj = qexp (14d)

δj = ϑ , j = 1, . . . , n (14e)

with the feasible set Rj of each function f̃j including the ad-
ditional constraint αj ≤ δj . We can now write the augmented
Lagrangian, for instance of (14), as

Lρ(x, z, y) =

n∑

j=1

f̃j (xj ) + g̃(z) + yT (Ax+Bz)

+
ρ

2
||Ax+Bz||22 (15)

where,

xj = (pj , qj , αj , βj , δj ) z = (qimp, qexp, ϑ)

x = (q1 , . . . , qn , α1 , . . . , αn , β1 , . . . , βn , δ1 , . . . , δn )

A =

⎡
⎢⎢⎣

1T 0T 0T 0T

0T 1T 0T 0T

0T 0T 1T 0T

0 0 0 I

⎤
⎥⎥⎦ B =

⎡
⎢⎢⎣

0 0 0
−1 0 0
0 −1 0
0 0 −1

⎤
⎥⎥⎦

with 0 and 1 n-dimensional vectors of zeros and ones, and 0 and
I then-dimensional null and identity matrices. The optimization
algorithm follows the common ADMM steps

xk+1
j = arg min

xj

Lρ(xj , z
k , yk ) , j = 1, . . . , n

zk+1 = arg min
z

Lρ(x
k+1 , z, yk )

yk+1 = yk + ρ(Axk+1 +Bzk+1)

Convergence is monitored, at each iteration k, via the pri-
mal residual rk+1 = Axk+1 +Bzk+1 and the dual residual
sk+1 = ρAT B(zk+1 − zk ). Whenever ||rk+1 ||2 and ||sk+1 ||2
are smaller than the desired tolerance, the stopping criterion is
met.

B. Convergence Analysis

ADMM formulation ensures that, whenever the optimization
problem is closed, proper and convex, the algorithm converges to

optimality [20]. However when operating with real data, numer-
ical issues challenge convergence within a reasonable number of
iterations. In particular, large oscillations of the Lagrangian mul-
tiplier y relative to (14b) mine convergence of ADMM. These
oscillations occur as the residual of (14b) has no direct link to
any global variable (first line of matrixB of all zeros). We solve
this numerical issue by weighting the constraint with a factor
of 1

n , hence considering not the whole residual but its average
over the prosumers. In this way, the oscillations are smoothed
out and the method converges more easily.

A similar issue occurs when we apply ADMM to clear a
market with function g as in (11). The penalization for the max-
imum import happens only on the global problem (z− update)
and has no direct link to the x− update. We notice that when
ϑ has non-zero values, the Lagrangian multiplier of the import
balance increases of the penalization factor, leading to large con-
vergence oscillations. We rewrite (11) as

∑n
j=1 δj,t ≤ ϑ and no

more as function of qimp. In this way, the Lagrangian multiplier
of the import balance remains the import price and the penaliza-
tion is directly mirrored at a community level. Oscillations are
again smoothed helping the algorithm to reach convergence.

One more numerical issue arises as we find ADMM sensitive
to its penalization parameter ρ. Boyd et al. proved convergence
of ADMM for any ρ value in [20], however the number of
iterations needed to achieve optimality can largely exceed oper-
ational requirements. For this reason, we bound 10−5 < ρ < 1
and adopt an heuristic adapting scheme based on a moving win-
dow, W , of the residuals norm, ||rk ||2 . We update ρ at each
iteration as

ρk =

⎧
⎪⎪⎨
⎪⎪⎩

2ρk−1 max
j=1,...,W

|(||rk ||2 − ||rk−j ||2)| ≤ 0.01||rk ||2
ρk −1

3 ||rk ||2 −
∑W

j = 1 ||rk −j ||2
W ≥ 0.1||rk ||2

ρk−1 otherwise

The penalization factor, ρ, is reduced with a factor of 3 when-
ever the primal residual is 10% higher than the average on its
past values (within the considered window). This allows to de-
tect oscillations of the algorithm and smooth them by reducing
the update step of the Lagrangian multipliers. Whenever ||rk ||2
changes less of 1% along the moving window, ρ is doubled.
Hence, the Lagrangian multipliers are updated with a larger
step and convergence is speeded up.

ADMM provides a general method that grants convergence
independently from the nature of the optimization problem. As
we find ADMM to be sensitive to numerical properties of the
dataset, application-specific methods may achieve better perfor-
mances. However, we continue with ADMM, since relatively
easy heuristic schemes solve the convergence issues for most of
the simulations of this paper. Furthermore, the focus of this work
relies more on the market structure and operational framework
of energy collectives rather than on its solving methodology.

V. APPLICATION AND CASE-STUDIES

As a basis for illustration and discussion, we consider a setup
of 15 prosumers, most of them equipped with solar power gen-
eration and controllable load. The data was originally collected
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Fig. 3. Examples of cost curves (bottom) and marginal curves (top) for a
consumer (left) and a generator (right) employed in our simulations.

from households in Australia between July 2012 and June 2013
and shared as open data [22]. From the raw data, we extract the
time series of fixed and flexible load, the latter corresponding to
the energy consumed by controllable hot water tanks. Since the
modelling of controllable loads is out of the scope of this work,
we adopt an arbitrary load management system as following.
We calculate the daily capacity of flexible consumption (L∗)
and we assume that, at each hour, the flexible content of each
actor is twice this capacity. In this way, the electricity consump-
tion is lower bounded by the fixed load (L) and can range within
the flexibility budget according to the agent’s preferences up to
L = L+ 2L∗, as displayed in Fig. 3 (note that in the figure the
consumption is conventionally assumed negative). Finally, we
fix the cumulative daily energy consumption of each prosumer
to match the data of the reference dataset. This time-linking con-
straint implies that the energy collective market is cleared over
24 hours with a single optimization problem. As for the gen-
eration, in addition to solar production, we add synthetic data
for 6 conventional generators, in order to extend our analysis
to a test case with possibility of dispatchable generation. Given
the small size of the collective, we assume that the commu-
nity trades energy as price-taker with the wholesale market. The
market prices are extracted from the Australian Energy Market
Operator website.

A. Prosumers Costs Curves

As the cost functions are dependent on the preferences of
each prosumer, we build them based on the day-ahead mar-
ket price as following. We consider different curves for each
quarter of the day (00:00–06:00, 06:00–12:00, 12:00–18:00 and
18:00–24:00). The price a, that each prosumer is willing to pay
(or be paid) for its average load (production) and the increase (or
decrease) of price, b, corresponding to the minimum set-point
Uij (or maximum Uij ) of asset i, are sampled as

a ∼ N
(
μDA ,

σDA
3

)
b ∼ N

(
0,
σDA

3

)

The mean μDA and the standard deviation σDA are calculated
from the yearly wholesale market price in the same hours in-
terval. In both cases we shrink the standard deviation of the
market price to avoid negative values in the prosumers marginal
curves. Assuming quadratic cost curves as in (2), their marginal
functions are linear functions of the assets set-point uij and can
be written as cij uij + dij , with

cij = 2
b

Uij − Uij

d = a+ b
Uij + Uij

Uij − Uij

As we use negative values of uij for energy consumption, Uij

corresponds to the reciprocal of the maximum load −L. The
same procedure is implemented for the cost curves of the gener-
ators, but we twist the mean of the market price to model three
cheaper base-load generators and three more expensive peak
generators. Fig. 3 displays two of the curves employed in the
simulated test-case.

B. Simulations Results

As we simulate the energy collective market structure on the
described dataset, we assume a transaction cost for the energy
traded within the community of γcom = 1 $/MWh and a spread
between import and export price of τ = 100 $/MWh. Each sim-
ulation is then solved with both a single optimization approach
and by means of decomposition techniques, i.e. ADMM. Con-
vergence is reached in most timestamps and whenever the it-
erative routine stops after reaching the maximum number of
iterations allowed (104), the optimality gap is negligible. We
find that the maximum gap among all the simulations is around
0.1%. The large number of iterations allowed and a low toler-
ance on the stopping criterion (ε = 10−6) justifies these small
optimality gaps. As real applications do not require such high
precision, the number of iterations needed can be significantly
decreased.

We use as benchmark an optimization model in which the pro-
sumers trade individually in the wholesale market. Results show
that the collective has a total cost of around 1600$, compared
to a total system cost of around 5250$ in case of independent
trading. Not only the community achieves lower costs over one
year, but all prosumers are individually better off when allowed
to exchange energy within the collective. All community trading
models achieve lower yearly costs compared to the benchmark
model, as in Table I. However, one should not conclude that pro-
sumers always achieve lower system costs by joining an energy
collective, since the main objective is to respect common agree-
ments and preferences. For instance, in case of a community
that strongly aims for autonomy, hence minimizing the import
from the market operator with a large penalization coefficient,
the internal price could increase, according to the participants’
cost and utility curves, and result in higher total costs.

The main result, however, is that, it is only by changing the
common agreements modeled by the community manager, that
the prosumers behavior, and consequently the system costs, are
affected. An increase of 16% of the yearly costs occurs when
considering geographical preferences, while the system costs are
more than doubled when the community seeks autonomy from



MORET AND PINSON: ENERGY COLLECTIVES: A COMMUNITY AND FAIRNESS BASED APPROACH TO FUTURE ELECTRICITY MARKETS 4001

TABLE I
RESULTS AND FAIRNESS INDICATORS OF ALL SIMULATED MODELS

TRADING MODEL SIMULATIONS RESULTS QOS QOE MIM

Interface model Total costs [$] Total import [MWh] Total export [MWh] Mean St. dev. Mean St. dev. Mean St. dev.

INDIVIDUAL TRADING 5245.30 55.52 45.49 – – 0.15 0.089 0.00 0.001

COMMUNITY TRADING

Market-based 1577.43 16.71 11.77 0.54 0.096 0.95 0.112 0.00 0.005
Autonomy 4064.28 13.78 5.44 0.56 0.101 0.91 0.198 0.00 0.004
Min-max import share 1568.28 16.60 11.75 0.57 0.077 0.45 6.231 1.00 0.020
Peak-shaving 1626.01 16.65 11.73 0.53 0.114 0.93 0.155 0.01 0.058
Geographical 1836.93 18.17 13.37 0.52 0.099 0.81 0.137 0.00 0.003

Fig. 4. Example of energy imported profiles under different interface models.

the system operator. This reflects the costs the community is
willing to bear respectively for including geographical grid costs
and for decreasing the volumes traded in the wholesale market
of around 20% for imported and 50% for exported energy. The
community manager impacts the behavior of the prosumers also
in terms of energy dispatch. Fig. 4 displays how the community
aggregated load, i.e., the energy imported, is flattened and its
peak reduced, in this case of around 30%, when including peak-
shaving mechanisms.

C. Fairness Indicators

As we show how the community manager can impact pro-
sumers behavior, we analyze the relationship of this influence
among the single community members. To do this, we refer to
fairness indicators normally used in communication networks,
specifically estimating Quality of Service (QoS), Quality of Ex-
perience (QoE) and Min-Max fairness (MiM). QoS indicators
are normally used to assess allocation fairness by means of Jain’s
index [23], defined as

QoS =

[∑n
j=1 |qj |

]2

∑n
j=1 q

2
j

We calculate this indicator on the volumes of energy traded
within the community. Under this criterion, the system is 100%
fair when the energy volumes traded in the collective are equal
for all players. Equal volumes traded inside the community is
not necessarily an interesting outcome for this market structure.
However, low values of QoS can spot the presence of players
with larger impact in the community, that may mine the robust-
ness of the collective towards strategic behaviors. Results in
Table I show that the community is around 55% fair in terms of
participation in community trades. The different capacity among
community members justifies the relatively low QoS index. We
find the volumes of the community trades stable among the sim-
ulated models of the community manager. A lower QoS index
is calculated for the market including geographical preferences,
as they act as economical bottlenecks within the community
and impact the energy flows among prosumers in the form of
increased trades inside neighbourhoods.

Quality of Service indicators allow to evaluate market dise-
quilibrium in terms of the service considered. To move away
from a system perspective towards a user-centric point of view,
we calculate a second index to evaluate fairness of consumers
satisfaction, namely Quality of Experience. We base consumers
satisfaction on the perceived price of energy

λj =
λDAβj − (λDA + τ)αj − λcomqj

pj + lj

We calculate λj for each prosumer as the sum of costs or rev-
enues from trading within the community and with the market
and system operator divided by the net power consumed or pro-
duced. We assess fairness from users perspective, by means of
the index proposed in [24], as

QoE = 1 − σ

σmax

whereσ is the standard deviation of prices λj andσmax = λimp −
λexp the maximum price deviation. Hence, the energy collective
fairness is higher as the price variation among the prosumers is
smaller, with maximum QoE = 1 whenever all prosumers prices
λj are the same. Our simulations show that fairness increases,
from 0.15 to 0.95, as the prosumers move from an individual to
a community-based market framework.

The impact of community manager models is considerable,
especially when the maximum importer is penalized. In this
case, the yearly mean of the QoE indicator is around 0.45 with
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Fig. 5. Impact of coefficient γmax on system fairness indicators.

a large standard deviation, 6.2. This happens because the large
penalization factor employed pushes all the import shares of
the collective members to the same value. We verify this by
computing the Min-Max indicator,

MiM =
minαj
maxαj

The index achieves a value of 1.0, meaning that the import shares
are almost always equal among prosumers (standard deviation
of 0.02). This implies that also prosumers with no need for
energy import are forced to buy their share from the system
operator and sell it to others community members. This leads to
larger spread of the individually perceived prices, i.e. to a lower
system fairness.

The results so far discussed consider a fixed penalization co-
efficient on the maximum importer of γmax = 1 $/MWh. As
displayed in Fig. 5, where γmax varies from 0 $/MWh, as in
the market-based community trading case, and 1 $/MWh, the
impact of common agreements on the investigated fairness in-
dicators changes for different penalty factors. This result jus-
tifies our claim to design a market organization in which the
collective members are able to actively modify their energy pro-
curement while preserving fairness according to their common
agreements. It is, however, fundamental to underline that the
degree of modification of the participants’ energy procurement
largely depends on their available flexibility as well as on their
preferences and technology mix.

VI. CONCLUSIONS

Acknowledging the increasing installed capacity of DERs, we
proposed the energy collective as a new community-based mar-
ket structure, that allows prosumers to actively optimize their
assets. We showed that a distributed market structure achieves
optimal economic dispatch for the community and that different
collective agreements, granted by a third-party node, influence
the negotiation process. This supervisory node, i.e., commu-
nity manager, directly impacts the prosumers in terms of energy
dispatch as well as revenues and payments. We evaluated this

by means of fairness indicators, typical of telecommunication
systems and adapted to our case study.

The proposed market structure for energy collectives de-
fines a general framework easy to adapt for further studies.
We foresee scalability as the first challenge when dealing with
consumer-centric markets. Additional work needs to be done
to compare community-based, peer-to-peer and hybrid market
organizations when the number of players increases. Partic-
ular attention will be paid to fairness among prosumers and
to the clearing algorithms, especially to their performances in
the more realistic case of asynchronous communication. After
investigating the robustness of consumer-centric market struc-
tures towards larger and more realistic test cases, we plan to
focus our research on the integration of these new market con-
structs within system operations. Price-maker and strategic be-
haviors will be considered as well as the design of new dy-
namic grid tariffs to directly reflect grid costs in the market
mechanisms.

APPENDIX

In this appendix we demonstrate market efficiency for the
proposed energy collectives. Our approach is to show that the
energy collective market, modelled as a centralized optimization
problem, solves exactly the same problem as an equilibrium
problem in which every agent optimizes its energy procurement
while subjected to market constraints. In practice, this is done
by checking that the KKT conditions of both problems coincide.
We start by considering the extended version of (1) as

min
Γ

n∑

j=1

⎡
⎣∑

i∈Ij
ψij (uij ) + hj (qj , αj , βj )

⎤
⎦ (16a)

+ g(qimp, qimp)

s.t.
∑

i∈Ij
uij + qj + αj + βj = 0 ∀j (πj ) (16b)

n∑

j=1

qj = 0 (λc) (16c)

n∑

j=1

αj − qimp = 0 (λi) (16d)

n∑

j=1

βj − qexp = 0 (λe) (16e)

uij − Ūij ≤ 0 ∀i, j (γMij ) (16f)

Uij − uij ≤ 0 ∀i, j (γmij ) (16g)

− αj ≤ 0 ∀j (γaj ) (16h)

− βj ≤ 0 ∀j (γbj ) (16i)

− qimp ≤ 0 (γi) (16j)

− qexp ≤ 0 (γe) (16k)
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where the dual variables of each constraint are reported within
brackets. The KKT conditions of (16) then become

ψ′
ij (uij ) + πj + γMij − γmij = 0 ∀i, j (17a)

∂h

∂qj
+ πj + λc = 0 ∀j (17b)

∂h

∂αj
+ πj + λi − γaj = 0 ∀j (17c)

∂h

∂βj
+ πj + λe − γbj = 0 ∀j (17d)

∂g

∂qimp
− λi − γi = 0 (17e)

∂g

∂qexp
− λe − γe = 0 (17f)

∑

i∈Ij
uij + qj + αj + βj = 0 ∀j (17g)

n∑

j=1

qj = 0 (17h)

n∑

j=1

αj − qimp = 0 (17i)

n∑

j=1

βj − qexp = 0 (17j)

0 ≤ Ūij − uij ⊥ γMij ≥ 0 ∀i, j (17k)

0 ≤ uij − Uij ⊥ γmij ≥ 0 ∀i, j (17l)

0 ≤ αj ⊥ γaj ≥ 0 ∀j (17m)

0 ≤ βj ⊥ γbj ≥ 0 ∀j (17n)

0 ≤ qimp ⊥ γi ≥ 0 (17o)

0 ≤ qexp ⊥ γe ≥ 0 (17p)

We then write the relative equilibrium problem, in which each
prosumer j minimizes its costs following

min
Γ

∑

i∈Ij
ψij (uij ) + hj (qj , αj , βj ) (18a)

+ λcqj + λiαj − λeβj

s.t.
∑

i∈Ij
uij + qj + αj + βj = 0 (πj ) (18b)

uij − Ūij ≤ 0 ∀i (γMij ) (18c)

Uij − uij ≤ 0 ∀i (γmij ) (18d)

− αj ≤ 0 (γaj ) (18e)

− βj ≤ 0 (γbj ) (18f)

where λc is the price for trading within the community and λi
and λe respectively the price for buying and selling energy with

the market operator. At the same time, the community manager,
since non-profit, aims for the minimization of the costs related
to internal common agreements and interface with market or
system operator. It follows that

min
Γ

g(qimp, qimp) (19a)

s.t. − qimp ≤ 0 (γi) (19b)

− qexp ≤ 0 (γe) (19c)

Under the assumption of perfect competition, we can model
market constraints as

n∑

j=1

qj = 0 (λc) (20a)

n∑

j=1

αj − qimp = 0 (λi) (20b)

n∑

j=1

βj − qexp = 0 (λe) (20c)

The KKT conditions of the equilibrium problem (18)–(20)
become

ψ′
ij (uij ) + πj + γMij − γmij = 0 ∀i, j (21a)

∂h

∂qj
+ πj + λc = 0 ∀j (21b)

∂h

∂αj
+ πj + λi − γaj = 0 ∀j (21c)

∂h

∂βj
+ πj + λe − γbj = 0 ∀j (21d)

∑

i∈Ij
uij + qj + αj + βj = 0 ∀j (21e)

0 ≤ Ūij − uij ⊥ γMij ≥ 0 ∀i, j (21f)

0 ≤ uij − Uij ⊥ γmij ≥ 0 ∀i, j (21g)

0 ≤ αj ⊥ γaj ≥ 0 ∀j (21h)

0 ≤ βj ⊥ γbj ≥ 0 ∀j (21i)

∂g

∂qimp
− λi − γi = 0 (21j)

∂g

∂qexp
− λe − γe = 0 (21k)

0 ≤ qimp ⊥ γi ≥ 0 (21l)

0 ≤ qexp ⊥ γe ≥ 0 (21m)
n∑

j=1

qj = 0 (21n)

n∑

j=1

αj − qimp = 0 (21o)

n∑

j=1

βj − qexp = 0 (21p)
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As the two sets of KKT conditions, (17) and (21), are equal,
this demonstrates that the optimization problem (16) for the
market-based operation of energy collectives and the equilib-
rium problem (18)–(20) solve the same problem. This translates
to ensuring market efficiency.
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Abstract—The increasing share of more proactive actors in
the electricity market supports the proposal of novel schemes
to accommodate a more decentralized paradigm to power sys-
tem and electricity market operation. The resulting prosumer
markets may be identified as belonging to various classes such
as prosumer grid integration, peer-to-peer models and prosumer
community groups. We show here that they all can be modelled
within a unified peer-to-peer market model but with different
communication structures. Consequently, we profit of this unified
formulation to compare these structures in terms of efficiency and
convergence speed, as well as by generally looking at the effect
of sparsification of those communication structures on market
outcomes and convergence speed. The open-source simulation
platform developed for that purpose may be readily used by
others to study and analyze prosumer markets.

Index Terms—Electricity markets, Economic dispatch, Pro-
sumer markets, Decentralized optimization.

I. INTRODUCTION

Resource allocation in electricity markets is traditionally
solved with a centralized clearing mechanism, where agents
participate in a pool market. The efficiency of this organization
is challenged as Distributed Energy Resources (DERs), as
well as demand response mechanisms and distributed storage,
introduce new small-sized agents that can both net generate or
consume energy: the so-called prosumers. As of current prac-
tice, small-sized prosumers are managed at retail level, since
existing mechanisms, such as real time markets for DERs and
demand response [1], require thresholds on agents’ size and
often a strict dichotomy between consumers and producers.
Extending these existing mechanisms to small-sized prosumers
is not an option, since the amount of communications and data
required can quickly become too large to be handled efficiently
by a central agent.

The aforementioned reasons, as long as the need of privacy,
justify the need for adapting electricity market designs to more
decentralized organizations. Decentralized electricity markets
were first introduced by Wu and Varaiya as coordinated multi-
lateral transactions [2], now better known as peer-to-peer (P2P)
trades when solely involving two parties. In this framework,
each market participant directly negotiates with a set of trading
partners with the objective of minimizing their energy procure-
ment costs. In view of large scale applications, regulation and
other economic arguments – such as licensing and certification,

The authors are partly supported by the Danish Innovation Fund and the
ForskEL programme through the projects ’5s’ - Future Electricity Markets
(12-132636/DSF), CITIES (DSF-1305-00027B) and The Energy Collective
(grant no. 2016-1-12530).

data and employment regulation – are fundamental but still
open topics [3]. Depending on the overall objectives and po-
tential regulation, alternative organizations may be considered.
An attempt of categorizing some of the possible organization
layouts of decentralized electricity markets is proposed in [4],
where additionally to a P2P market, the authors identify two
other market organizations. In the first one, prosumers are
connected to microgrids which can either be isolated or inter-
connected; while in the second one, prosumers are organized
in groups, namely energy communities, in which resources,
not necessarily geographically located close to each other,
are managed in small pools. Other recent literature proposes
P2P energy-trading markets either to incentivize prosumers to
form virtual power plants [5] or for microgrid management
[6]. Each organization has been investigated independently
and through different market mechanisms. On one hand, P2P
energy trading is proposed in the form of matching contracts
[7], consensus-based optimization [8], microgrid management
[9] and control systems [10]. On the other hand, community-
based mechanisms are designed as control strategies [11],
coalition games [12] and distributed optimization [13].

In this paper, we propose a market formulation, based on
distributed optimization techniques, that generalizes decentral-
ized electricity markets. We formulate the market clearing
problem such that different layouts can be simulated only by
modifying the communication links among agents and not the
underlying negotiation algorithm. We implement this unified
formulation of decentralized electricity markets as an open-
source simulation platform in the form of a web app, where
different market layouts can be quickly designed, shared and
simulated.

The paper proceeds in the following steps. First, the P2P for-
mulation, along with its associated decentralized negotiation
mechanism are expressed in Section II. Section III describes
the structure and functioning of the open-source simulation
platform. Simulations results are then analyzed in Section IV
to investigate the impact of different organization layouts on
market equilibrium and convergence speed. Finally, Section V
gathers conclusions and perspectives regarding future works.

II. PROSUMER MARKETS MODEL

We conceive decentralized electricity markets as consensus-
based decentralized optimization of agents’ energy procure-
ment on a communication graph. As displayed in Fig. 1,
the nodes of the graph represent market participants while
edges are placed to connect two agents who can trade energy
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(a) Pool (b) Connected communities (c) Peer-to-peer

Fig. 1: Decentralized electricity market layouts

between each other. In this framework, one can interpret a
pool market as a radial decentralized market (a). The market is
cleared in a decentralized fashion, where agents do not disclose
their assets’ information but negotiate with a central agent, i.e.
market maker, to minimize their energy costs. In the same way,
energy communities (b) can be seen as smaller pools, where
market makers, or community managers as defined in [13],
operate as interfaces with the outside world. Communities can
operate in isolated mode, mimicking stand-alone microgrid
operations, or connected with other market agents. At the
extreme, P2P layouts (c) can be seen as singleton communities
connected to any, or a subset, of market participants.

In this section, we first describe the problem formulation
of a decentralized electricity market as a generalization of our
previous work in [13] and [14]. We then present the associated
decentralized negotiation mechanism, based on the consensus
version of the Alternating Direction Method of Multipliers
(ADMM).

A. Problem formulation

Let Ω be the set of market participants, in a classical
economic dispatch problem the goal of each agent is to
minimize its energy costs (or maximize its payoffs). The costs
of each participant i ∈ Ω are calculated as the sum over all its
available assets a ∈ Ai of the respective cost functions fa

i as
in (1a). Each power set-point pai is constrained to a feasible
set Pa

i and the net generation of each agent is described as
pi =

∑
a∈Ai

pai (positive when generated and negative when
consumed). Considering multi-bilateral trades calls for a split
of this net energy (note we indifferently refer to power and
energy as we assume an hourly dispatch) into a set of multiple
bilateral trades tij as in [8]. Hence, power balance between
net generation and total traded energy is enforced by (1c) for
each agent i, with the associated dual variable μi representing
the perceived energy price. Moreover, for a bilateral trade
to be valid it needs to be reciprocal both in quantity and
price. Reciprocity of trades in quantity, noted T = (tij)i,j , is
enforced by constraint (1b). On the other hand, the reciprocity
of trade prices, noted Λ = (λij)i,j , i.e. dual variables of (1b),

is verified at optimality and implicitly granted by the solving
algorithm presented in Section II-B.

In this paper market participants are assumed rational [15]
and non-strategic. In other words, agents are assumed to
always take decisions beneficial for themselves but can neither
anticipate actions nor reactions of other agents. The proposed
formulation is for a single time step and deterministic market,
but it can readily be extended to multiple time units, with
temporally binding constraints, and uncertainty, with a sce-
nario based approach. The overall procurement for all agents
can be written as

min
T,P

∑

i∈Ω

⎡
⎣ ∑

a∈Ai

fa
i (pai ) +

∑

j∈ωi

γij |tij |

⎤
⎦ (1a)

s.t. T = −TT [Λ] (1b)∑
a∈Ai

pai =
∑

j∈ωi

tij [μi] i ∈ Ω (1c)

pai ∈ Pa
i a ∈ Ai, i ∈ Ω (1d)

where P = (pai )i,a lists the power set-points of all assets
involved in the market. Operators ·T and | · | respectively
denotes the matrix transpose and the absolute value. Note that
in the case of multi-bilateral trades one can add a specific
cost on each trade. For example, agent i could decide to
penalize each of its partners j with a coefficient γij ,in accord
to the concept of product differentiation as in [8]. In other
words, these coefficients allows to express preferences (the
smaller the more favorable the associated trade) and to model
transaction costs. The impact of these coefficients on trade
prices as well as other market properties, such as market
efficient, incentive compatibility, cost recovery and revenue
adequacy, are analyzed in Appendix A.

B. Decentralized solving algorithm

Several algorithms exist for solving consensus problems
in a decentralized fashion. For the sake of this paper, we
use ADMM consensus techniques to find market equilibrium.
This algorithm is preferred over the Consensus + Innovation
algorithm for its convergence speed and its resilience to
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asynchronous behaviours [16]. However, the architecture of the
simulation platform is such that different solving algorithms
can be easily integrated, in case users wanted to compare
performances.

We decompose the optimization problem (1), following
[17], into subproblems at agent level as follows. Let’s define a
global variable C = (T − TT)/2, as the average between the
energy trade proposed from agent i to agent j and from agent
j to agent i (note that these trades are equal at optimality).
The variable C is skew-symmetric, C = −CT, and verifies

(
C − CT

)
/2 = T. (2)

Therefore, problem (1) can equivalently be written with (2)
instead of (1b) as pointed in [14]. Yet, by considering this
complicating constraint, agents seek consensus between their
local trade values, lines of T, and their estimate of what the
optimal trades will be, i.e. C. Thus, as detailed in Appendix B,
this simple change of variables leads to a fully decentralized
negotiation algorithm composed of the two following iterative
steps
(

Pi

Ti

)k+1

= argmin
Pi,Ti

∑
a∈Ai

fa
i (pai ) +

∑
j∈ωi

[
γij |tij |

+ρ
2

(
tkij−tkji

2 − tij + λk
ij/ρ

)2 ]

s.t.
∑

a∈Ai
pai =

∑
j∈ωi

tij
pai ∈ Pa

i a ∈ Ai

(3a)

λk+1
ij = λk

ij − ρ(tk+1
ij + tk+1

ji )/2 (3b)

where ρ > 0 is the penalty factor. Vectors Pi = (pai )a∈Ai
and

Ti = (tij)j∈ωi
are agent i’s power set-points and trade pro-

posals, respectively. One can note that (3b) leads to reciprocal
prices λij = λji when λ0

ij = λ0
ji, ∀ij. The stopping criteria

of (3) can be written as
∑

i∈Ω
rk+1
i � εpri2 and

∑
i∈Ω

sk+1
i � εdual2 (4)

where εpri and εdual are respectively primal and dual feasibility
tolerances. Local primal and dual residuals are given by

rk+1
i =

∑
j∈ωi

(
tk+1
ij + tk+1

ji

)2
(5a)

sk+1
i =

∑
j∈ωi

(
tk+1
ij − tkij

)2
(5b)

The overall negotiation algorithm is decentralized such
that each agent i ∈ Ω concurrently executes the following
steps. First, agent i updates power set-points (pai )a and trade
proposals (tij)j using local optimization (3a). Secondly, trade
proposals are sent individually to each of its partners j ∈ ωi.
Once all counter proposals (tji)j are received the agent can
update trading prices (λij)j and local residuals (ri, si) with
(3b) and (5), respectively. Finally, after broadcasting its local
residuals and receiving all other local residuals (rl, sl)l∈Ω\{i},
agent i checks global stopping criteria (4). This process is
repeated as long as the global stopping criteria are not satisfied.

III. SIMULATION PLATFORM

To facilitate design and simulation of decentralized electric-
ity markets, we developed an open-source platform which is
accessible at https://gitlab.com/fmoret/P2PApp.git. This plat-
form takes the form of a web based application. Developed in
Python, the platform is bound to evolve and be complemented
with additional features proposed by new contributors. The
platform is currently composed of two modules. The simula-
tion module allows to design and simulate test cases, while
the test case generator creates synthetic test cases.

A. Simulation module

This primary module is split in two tabs. The first tab is
dedicated to the design of the communication graph among
market participants. Accordingly with Section II each node of
the market graph can either represent a community manager
or an agent with multiple assets. Assets are currently lim-
ited to quadratic cost functions with lower and upper power
boundaries. In addition, there are two types of links between
graph nodes such that a community manager can differentiate
between community members and outer trading partners.
Designed market graphs can be saved, in a specific .pyp2p file
format, such that they can be shared or reused. Moreover, the
editor supports .csv files to facilitate compatibility with other
programs. Once defined the market layout, users can run the
simulation in the second tab. Naturally, essential parameters
such as the maximum number of iterations, the penalty factor
and primal/dual tolerances can be adjusted. Two additional
global commission fees can be applied from this tab. The
first type is limited to P2P trades, i.e. outside of communities,
while the second uniformly impacts power exchanges within
communities, i.e. between managers and their community
members. The decentralized negotiation mechanism of Section
II-B is currently the sole algorithm implemented. In spite of
that, we encourage users to contribute to the development by
integrating other solving methods.

B. Test case generator

The second module of the platform is devoted to the
generation of one or multiple test cases. The cases can be
composed by consumers, producers and four types of pro-
sumers. Prosumer possess an asset which consumes and an
uncontrollable production unit, such as PV panels. Assets’
characteristics are randomly selected within a range defined
by the user for each category of prosumers. Only considering
quadratic cost functions, the user chooses ranges of lower and
upper prices, and of lower and upper power boundaries for
each consumption and production assets. Finally, the number
of agents per category can either be the same for all cases
or randomly chosen to add variability among cases. Cases
are then saved in separate .csv files which can be loaded in
the main module. The platform currently suffers of two main
limitations. First, the simulation can not be launched for a
set of cases, which would be suitable to test a high number
of cases issued from the generator. Secondly, the application
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lacks of a post analysis module, which would be convenient
to compare multiple simulation results.

IV. SIMULATION RESULTS

After a brief description of the test cases, this section
analyzes the influence of different organization layouts on
market equilibrium. Test cases are first simulated without
transaction costs while, secondly, increasing transaction costs
are introduced to analyze their influence on both market
outcomes and the convergence speed of negotiations. Finally,
a Monte Carlo analysis outlines the influence of partnerships
sparsity on market outcomes and convergence speed.

A. Test case description

As highlighted in the introduction, all prosumer market
structures of [4] can be grouped in two families, namely fully
P2P and community based structures. We propose here to
compare them to the classical pool organization. Note that
the pool organization is solved with the prosumer market
model of Section II when all agents are grouped in a single
community. To solely evaluate the impact of communication
structure, the same data for market participants are used in all
simulations. These agents were created by means of the test
case generator described in Section III-B. Thus, a total of 50
agents, gathering 62 assets overall, were considered and then
split into three communities, one lacking generation, another
with extra non-dispatchable power, the last being balanced.
These communities can be seen respectively as district areas
such as: (i) a city center with flats and office buildings, (ii)
an industrial district with factories and power plants, and (iii)
a suburb composed of households, stores and power plants.
Using such imbalanced communities requires energy exchange
among each other. Note that agents and simulated organiza-
tions are saved as examples on the simulation platform.

B. In absence of transaction costs

We first consider a market setup without any transaction cost
or preference criteria, i.e. with all γij equal to zero in problem
(1). According to the market properties derived in Appendix
A, in this situation trading prices are uniform and equal to the
price of the equivalent pool market. The communication graph
is therefore expected to have no effect on the global social
welfare. This fact is confirmed by the simulations as detailed
in Table I. Pool, P2P and community organizations reach the
same social welfare optimum for a price of 15.22 c$/kW. The
three models reach the same level of total consumption and

TABLE I: Simulation results without transaction costs (with
εpri = εdual = 10−4)

Pool P2P Community

Social Welfare ($) 125 125 125
No. of iterations 82 37 134
Penalty factor ρ 5.10−4 0.01 5.10−4

Avg. trading price (c$/kW) 15.22 15.22 15.22
Cons./prod. power (kW) 1440 1440 1440
Total traded power (kW) 2620 1900 2620

production of 1.44 MW confirming that, overall, prosumers
obtain the same set-points. It can also be observed that the
total power exchanged, i.e.

∑ |T|/2, is higher for community
based structure than the P2P one. This translates the presence
of managers whose trades are also encompassed in the sum.
Using a single community structure, the same remark can be
done for the pool organization.

C. In presence of transaction costs

Whenever transaction costs are not null, different market
outcomes occur depending on the market layout. For the
sake of this study we consider trade-based transaction costs,
hence not effective within communities. Consequently, the
pool based model is not affected by this transaction cost as
it behaves as a single community. As expected, in Table IIa
the social welfare of the P2P approach is negatively impacted
by the use of a 1 c$/kW trade-based transaction cost. The
effect is largest on prices and, hence, power set-points. It can
be noted that, since the transaction costs are uniform over
P2P trades, in the P2P structure all participants are equally
affected. Since inter-community exchanges are considered as
P2P trades, the community-based simulation also shows a
decrease of social welfare. As described in Appendix A,
transaction costs introduce a difference of price between the
inside and the outside of a community. Table IIb shows
that communities with a positive balance of trade perceive a
lower price within the community, while communities with a
negative balance are penalized with a higher interior price as
they need to import power. By increasing the value of trade-
based transaction costs, one can observe that these differences
follows the same trend. In fact, the average trading price
grows linearly in both P2P and community layouts. The social
welfare is less impacted in the community layout than in
the P2P one, as already pictured in Table II. In addition,
convergence speed of the negotiation mechanism appeared to
linearly increase with transaction costs’ intensity for both P2P
and community approaches. However, in the community case
the slope is rather flat compared to the P2P. A broader study
should be conducted to evaluate in more comprehensively the
influence of transaction costs on the negotiation mechanism.

TABLE II: Simulation results for 1 c$/kW transaction costs
on P2P trades (with εpri = εdual = 10−4)

Pool P2P Community

Social Welfare ($) 125 102 105
No. of iterations 82 80 195
Penalty factor ρ 5.10−4 0.01 5.10−4

Avg. trading price (c$/kW) 15.22 15.58 15.28
Cons./prod. power (kW) 1440 1152 1192

Tot. exchanged power (kW) 2620 1021 2122

(a) Overview

Balance of trade Interior price

Community 1 -908 kW 16.50 c$/kW
Community 2 590 kW 14.50 c$/kW
Community 3 319 kW 14.50 c$/kW

(b) Focus on communities balance
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Fig. 2: Effects of sparsity on P2P market outcomes

D. Effects of sparsity

To evaluate the influence of communication structures on
market outcomes, we carry out a Monte Carlo analysis on the
P2P design for different levels of sparsity of the communica-
tion graph. Starting from a fully connected P2P market, i.e.
each agent is connected to all others, we progressively alter the
communication graph by randomly deleting links. The Monte
Carlo analysis, over 1000 cases per step of 5%, allows to
describe how P2P market outcomes evolve as communication
links get more sparse. Obtained in the presence of a unitary
trade-based transaction cost, Fig. 2 outlines means (lines) and
standard deviations (shadows) of social welfare and average
trade prices. The more sparse communications are, the more
likely market outcomes are to be affected and with a larger
variety. This correlates with the increased possibility of agents
to be unsatisfied, e.g. when a consumer is solely partnered
to other consumers. As it is harder for agents to match
their requirements, the convergence speed of negotiations can
be significantly slowed down as shown in Fig. 3. However,
comparing Fig. 2 and Fig. 3, it is possible to notice that
there exist situations where the trade-off between increased
convergence speed (less iterations and less communications)
and loss of social welfare is optimal. Hence, the development
of methods for retrieving communication layouts that optimize
this trade-off becomes fundamental in order to enhance the
feasibility in real world implementations of decentralized
electricity markets.

V. CONCLUSION

With the deployment of distributed energy sources and
home management systems, the role of prosumers in power
systems will soon be fundamental. In the literature a variety of
market structures adapted to particular situations are presented.
We aimed for a general and comprehensive formulation of
decentralized electricity markets. Based on consensus ADMM,
the negotiation mechanism solves any market configuration as
defined by its communication matrix. An open-source platform
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Fig. 3: Effects of sparsity on convergence speed

has been developed in order to facilitate the simulation of
different organization layouts. With the help of this platform,
the paper analyzed simulation results of two layouts: a fully
peer-to-peer model and a community based approach. It is
outlined that the communication structure influences market
outcomes and the time required to reach it. In the presence
of trade-based transaction costs, the community approach
seemed better suited in terms of optimality while the P2P
converged faster. However, convergence speed of the P2P
structure appeared much more sensitive to transaction costs
intensity than with communities. A Monte Carlo analysis
revealed that sparsity of the communication matrix influences
market outcomes and convergence speed in a non-trivial way.
Therefore, the development of methods for exploiting sparsity
to improve convergence speed while limiting the optimality
gap is a fundamental future work, which would improve the
feasibility of prosumer markets in real world implementations.
Naturally, a better understanding of sensitivities to transaction
costs and agents’ flexibility would also allow to improve the
robustness of the negotiation mechanism.
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APPENDIX

A. Market Properties

If an equilibrium problem is taken such that each agent i
solves

min
T,P

∑
a∈Ai

fa
i (pai ) +

∑
j∈ωi

(γij |tij | + λijtij) (6a)

s.t.
∑

a∈Ai

pai =
∑

j∈ωi

tij [μi] i ∈ Ω (6b)

pai ∈ Pa
i a ∈ Ai, i ∈ Ω (6c)

where λij is the (i, j) component of the dual variable Λ from
equilibrium

T = −TT [Λ]. (7)

Then its corresponding KKT conditions

∂f̃a
i (pai )

∂pai
− μi = 0 ∀i ∈ Ω, ∀a ∈ Ai (8a)

γijsign(tij) − λij + μi = 0 ∀i ∈ Ω, ∀j ∈ ωi (8b)∑
a∈Ai

pai =
∑

j∈ωi

tij ∀i ∈ Ω (8c)

T = −TT (8d)

are identical to those of (1), where f̃a
i is defined as in

Appendix B.
In consequence, the prosumer market model proposed in

II-A is equivalent to an equilibrium problem which is a
potential game [18]. Thus, it inherits every traits of a potential
game such as the existence of a Nash equilibrium [19], towards
which negotiation algorithm (3) converges. This proves that
the market-clearing mechanism in Section II is efficient in the
presence of rational, non-strategic agents. However, this may
not hold in the presence of strategic agents. For example, a

market agent n may exercise market power by not truthfully
offering quantities pnm or preferences γnm. Hence, incentive
compatibility and market efficiency are not ensured in the
presence of strategic agents. Note that market failure may
occur if at least one agent considers an asset with a non-convex
cost function, in such case the ADMM based algorithm may
converge to a local optimum which is not global.

Moreover, two other desirable properties can be proven for
this market-clearing mechanism: (i) cost recovery, and (ii)
revenue adequacy. Power reciprocity constraint (1b) imposes
power balance of each trade. Yet, as discussed in II-B, ne-
gotiation algorithm (3) ensures symmetrical prices λij = λji

as long as λ0
ij = λ0

ji. Hence, each bilateral trade is budget
balanced, ensuring budget balance of the overall market.

In addition, KKT condition (8b) stipulates that

μi = λij − sign(tij)γij ∀i ∈ Ω, ∀j ∈ ωi (9a)
⇔ μi + sign(tij)γij = λij ∀i ∈ Ω, ∀j ∈ ωi (9b)

where μi is both agent i’s average generation price and per-
ceived trading price. For purely rational agent and in absence
of taxes parameters γij are all equal to zero. Then, there
would be an exact cost recovery of each agent’s operational
cost. However, in the presence of commission fees collected
through coefficients γij , (9b) shows that both operational and
commission costs are recovered through trading prices. On the
other hand, (9a) indicates that when agents have preferences,
favored partners are subsidizes through price. For example, if
one wants to penalize CO2 intense industries, it penalizes its
perceived price with γij ,

B. ADMM Algorithm

Suppose penalty factor ρ > 0, functions f̃i =
∑

a∈Ai
f̃a
i

with f̃a
i the extended-value of fa

i , in the sense of [17], defined
on Pa

i . The augmented Lagrangian of (1) with (2) reads

Lρ ((Pi, Ti, μi)i,C,Λ) =
∑

i∈Ω
Li
ρ (Pi, Ti, μi,C, Λi) (10)

Li
ρ (Pi, Ti, μi,C, Λi) = f̃i(Pi) + μi

( ∑

j∈ωi

tij −
∑

a∈Ai

pai

)

+
∑

j∈ωi

γij |tij | +
ρ

2

(
cij − cji

2
− tij +

λij

ρ

)2

− 1

ρ
λ2
ij (11)

Hence, the ADMM of (1) with (2) reads

(Pi, Ti, μi)
k+1 = argmin

Pi,Ti,μi

Li
ρ

(
Pi, Ti, μi,C

k, Λk
i

)
(12a)

Ck+1 = argmin
C

∑
i∈Ω

Li
ρ

(
(Pi, Ti, μi)

k+1
i ,C, Λk

i

)
(12b)

Λk+1 = Λk −
(
Tk+1 + TT,k+1

)
/2 (12c)

As proposed in [17], step (12b) can be written

Ck+1 =
(
Tk+1 − TT,k+1

)
/2 −

(
Λk − ΛT,k

)
/2ρ (13)

where Λk − ΛT,k equals zero after the first iteration. Hence,
when replacing Ck with Tk, the final simplified version of
the consensus ADMM solving (1) with (2) reads as in (3).
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Abstract—Building on the concepts of transactive energy and
consumer-centric electricity markets, the interest in community-
based and peer-to-peer structures to energy transactions and
management has substantially increased over the last few years.
However, several computational challenges are to be tackled
in order for these approaches to be deployed in real-world
applications. Our aim here is to identify and analyze these
challenges, by comparing distributed community-based market
approaches to decentralized and distributed versions of peer-
to-peer electricity markets. We show convergence trends of the
investigated algorithms as well as how they respond to larger
number of participants and presence of asynchronicities. Our
findings highlight the practical challenges to face with these
setups, in particular with peer-to-peer markets, justifying the
further proposal of hybrid approaches and of sparsification of
negotiation processes.

Index Terms—Peer-to-peer markets, Distributed optimization,
Economic dispatch, Community-based markets

I. INTRODUCTION

Increasing deployment of distributed energy resources,
prospects for increasing demand response and distributed stor-
age (residential, electricity vehicles, etc.), as well as the rapid
progress of sensing and control systems based on Information
and Communication Technologies (ICT), enable a profound
rethinking of electricity markets in a more consumer-centric
fashion. Parag and Sovacool in [1] recently classified future
consumers market frameworks in micro-grid configurations
(both connected to the grid or managed in island mode),
community-based structures and peer-to-peer (P2P) trading
mechanisms.

Already two decades ago, [2] discussed the idea of peer-
to-peer transactions, referred to as coordinated multi-bilateral
trades system. There, each agent is to simultaneously negotiate
with any other peer based on his own cost function. Actually,
depending on the overall objectives of that coordinated multi-
bilateral trading, alternative organizations may be seen as most
relevant, e.g., involving interconnected microgrids or virtual
energy communities. Here we place emphasis on two alter-
native paradigms represented by a community-based market
and by a full peer-to-peer framework. In a Community-based
Economic Dispatch (CED), all agents communicate with a
supervisory node that coordinates the process to optimality in
a distributed manner [3]. In case of a Multi-Bilateral Economic
Dispatch (MBED), fully decentralized P2P trades among all

† Centre for Electric Power and Energy, Technical University of Denmark,
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participants are obtained without needing third-party supervi-
sion [4]. Following [5], a third market structure, called Power
Consensus Multi-Bilateral Economic Dispatch (PCMBED),
considers a full peer-to-peer negotiation process handled in
a distributed fashion by means of a virtual supervisory node.

Consumer-centric markets have substantial advantages such
as product differentiation, consumer involvement and (poten-
tially) low transaction costs. However, if interaction and nego-
tiation mechanisms are not adequately designed, market out-
comes may be clearly suboptimal if compared to centralized
market structures. Existing works in distributed optimization
and coordination of actors on power networks, e.g. [6]–[8],
support the proposal of decentralized and distributed algo-
rithms to clear P2P and community-based markets. However,
for applications of P2P markets to fully reach their potential,
we argue that computation and communication complexity
issues must be resolved as they represent one of the main
threats to robust system operation. In practice, this may orig-
inate from a large number of agents involved in transactions,
delays in the iterative exchange of information or simply the
number of iterations needed by these iterative algorithms to
converge to acceptable solutions. Consequently, we conduct
here an extensive computational analysis of some already
proposed distributed and decentralized consumer-centric mar-
ket structures using multiple-core simulations. Eventually, this
analysis allows us to draw conclusions on applicability of these
approaches to real-world deployment, as well as providing
directions for future research.

The paper is structured as following. For self-consistency,
Section II briefly introduces formulations and algorithms of
our alternative elemental consumer-centric markets, basis for
stochastic or multi-temporal problems. After a description in
Section III on how test cases are generated, a convergence
analysis is carried out in Section IV to assess the trade-off
between convergence speed and accuracy. Scaling properties
are investigated in Section V as a function of the num-
ber of agents involved, considering both computational and
communication burden. Resilience to delays in information
exchange is analyzed in Section VI. Finally, Section VII
gathers conclusions and perspectives regarding future works.

II. MARKET ORGANIZATIONS

To make our consumer-centric market mechanisms compa-
rable, for a given set of agents, all three market structures
are based on total cost minimization, where each agent is
either a consumer or a producer. All proposed structures aim at



solving the economic dispatch problem of a local community
that is assumed to be autonomous (no interaction with the
system operator or grid services provided). In the case of a
community-based market, we consider a single price system
where agents, supposed rational and non-strategic, do not
express individual preferences. In contrast in a peer-to-peer
setup, the power balance on each trade yields differentiated
electricity prices.

A. Community-based market

Since focusing on the computational properties only, we
adopt a simplified version of the distributed CED, proposed
in [3]. Community Ω’s objective is to minimize the sum of the
costs fj of its agents j ∈ Ω. The problem can be formulated
as

min
Γ

∑

j∈Ω

fj(pj) (1a)

s.t.
∑

j∈Ω

pj = 0 (1b)

pj ≤ pj ≤ pj j ∈ Ω (1c)

where the power set-point pj of agent j (negative when
consuming) range within a lower pj and an upper pj boundary,
and (1b) grant Ω’s power balance. Since the objective function
and power boundaries are separable among agents, the market
is cleared by means of a distributed optimization algorithm, i.e.
the Alternating Direction Method of Multipliers (ADMM) [9].
A supervisory virtual agent, the so-called community manager,
coordinates the negotiation process as in an optimal exchange
problem. The solving iterative procedure is summarized by

pk+1
j = argmin

pj

(fj(pj) + yk∆k +
ρ

2
||∆k − pkj + pj ||22) (2a)

∆k+1 =

n∑

j=1

pk+1
j (2b)

yk+1 = yk + ρ∆k+1 (2c)

where ∆k represents the power balance residual constraint and
yk the electricity price at iteration k, both being computed by
the central agent.

B. Decentralized peer-to-peer based market

The formulation of the decentralized P2P market extends
(1), as the power set-points pj of each agent j are defined
as the sum of the power pjm bilaterally traded with a set of
partner agents m ∈ ωj . The MBED problem reads as

min
Γ

∑

j∈Ω

fj(pj) +
∑

m∈ωj

cjmpjm (3a)

s.t. pjm + pmj = 0 j ∈ Ω, m ∈ ωj (3b)

pj =
∑

m∈ωj

pjm j ∈ Ω (3c)

pj ≤ pj ≤ pj j ∈ Ω (3d)

pjm ≥ 0 j ∈ Ωp, m ∈ ωj (3e)
pjm ≤ 0 j ∈ Ωc, m ∈ ωj (3f)

where agents apply specific preferences on their trades with
the use of product differentiation coefficient cjm, as in [4].
The sign constraints on power trades (3e)-(3f) force producers
Ωp and consumers Ωc respectively to only sell and buy en-
ergy. The trading reciprocity constraint (3b) imposes physical
feasibility of the trades and allows for product differentiation,
reflected by the price of each and every trade. Direct methods
such as the ADMM are not easily applied with models such as
the MBED, as they do not allow for an effective arbitrage of
the different trades inherent to a P2P structure. A Relaxed
Consensus+Innovation (RCI) method is thus used to solve
the optimization problem under the assumption that the cost
functions (fj) have a bijective gradient of inverse (f

′−1
j ). Even

if C+I methods are slower to converge than direct methods,
they present lighter computation and a higher algorithmic
flexibility. The iterative process, for a producer, reads

yk+1
jm = ykjm − βk(ykjm − ykmj)− αk(pkjm + pkmj) (4a)

µj
k+1 =

∣∣µjk + ηk(pkj − pj)
∣∣+ (4b)

µj
k+1 =

∣∣∣µjk + ηk(pj − pkj )
∣∣∣
+

(4c)

pk+1
jm =

∣∣pkjm + gkjm
(
f

′−1
j (yk+1

jm − cjm − µjk+1 (4d)

+ µj
k+1)− pkj

)∣∣+

where αk, βk and ηk are tuning parameters while ykjm, µjk and
µj
k are the dual variables of trading reciprocity constraints and

power boundary constraints, respectively. The coefficient gkjm
is a gradient step factor defined in [4] and the operator | . |+
is the positive part operator (to be replaced by the negative
part for consumers). The RCI implementation defines a fully
decentralized negotiation process, where all calculations are
made locally by each agent.

C. Distributed peer-to-peer based market

We formulate a distributed implementation of (3) through
the PCMBED, proposed in [5]. In this formulation, agents
focus on reaching consensus on their local trades pjm by
means of a global variable zjm. The RCI method (4) is
adjusted as (here for a producer)

zk+1
jm =

pkjm − pkmj
2

(5a)

yk+1
jm = ykjm − βk(ykjm − ykmj)− αk(pkjm − zk+1

jm ) (5b)

µj
k+1 =

∣∣µjk + ηk(zk+1
j − pj)

∣∣+ (5c)

µj
k+1 =

∣∣∣µjk + ηk(pj − zk+1
j )

∣∣∣
+

(5d)

pk+1
jm =

∣∣zk+1
jm + gkjm

(
f

′−1
j (yk+1

jm − cjm − µjk+1 (5e)

+ µj
k+1)− zk+1

j

)∣∣+

The z and y updates (5a)-(5b) are operated by the central
agent while the others are computed locally by each agent.
Implementing this PCMBED approach allows analyzing the
benefits of a distributed implementation of a P2P market
compared to a decentralized framework, as well as the impact
of the intermediary z-update on the RCI process.



III. SIMULATIONS DESCRIPTION

This section describes the simulation setups and computing
framework to showcase the algorithms’ properties.

A. Test cases generation

To avoid possible dependencies on contingent combination
of assets, we perform Monte Carlo simulations using a sample
of ten randomly generated setups. The samples are drawn
from uniform distribution and in such way that extreme cases
(e.g. low flexibility slope and players with market power) are
avoided. At first given the fixed number of agents, the number
of producers and consumers are sampled randomly such that
there is at least a third of each type. In addition, variations of
prices and power set points range are controlled in order to
have a resilient tuning. The total consumption and production
are sampled randomly within a range that is proportional to
the number of agents and split randomly into the individual
capacity of each agent. Following a common assumption
in literature, the utility curves are assumed quadratic while
built according to a price range of flexibility that is sampled
randomly. The product differentiation in the P2P structures is
here expressed as a preference for local consumption, with
trading costs that are proportional to the euclidean distance
between two agents calculated from their randomly generated
positions on a two dimensional map.

B. Computing infrastructure

Simulations are executed on a High-Performance Comput-
ing machine located at DTU of 2500 cores in total. For this
work only 912 cores are accessible, divided in 38 nodes and
connected by 10GB Ethernet cables. Each node is equipped
with two Intel Xeon Processor 2650v4 (12 core, 2.20GHz)
and 256 GB RAM and 480 GB-SSD disk. To study a more
realistic application, we assign each agent of the community
to a core of the HPC and we design a communication system
through a Message Passing Interface (MPI).

Using a parallel structure for the simulations permits to
better describe the agents’ actual computational efforts as well
as their interactions. By designing an MPI, we model commu-
nication architectures to match the three different negotiation
processes [10]. For instance, in the CED and PCMBED a
master core takes care of the collective computations and
communications (master-to-agent and agent-to-master). On the
other hand, for the MBED approach all calculations are done
by the market participants and the communications are point-
to-point. In section IV and V, synchronous communications
are implemented through the MPI with blocking functions
while in section VI, asynchronous communications are mod-
eled through non blocking functions of the MPI.

IV. CONVERGENCE ANALYSIS

Emphasis is placed first on convergence properties. The fact
that P2P markets reflect individual preferences on the contrary
to community-based structure impacts negotiation mechanisms
as well as computational efficiency. We benchmark the con-
vergence of each algorithm against centralized implementation
formulated as the optimization problems in (1) and (3).

We consider convergence for groups of 25 agents to verify
whether and how the investigated algorithms achieve opti-
mality. Simulations’ results are only expressed in terms of
iterations since synchronous communications are used for
these simulations. The results discussed in this section only
depend on the algorithm implemented and not on the structure
of the implementation (distributed vs decentralized) or on the
hardware employed. The average number of iterations required
for the different algorithms to reach a given optimality gap
is depicted in Figure 1 as well as the power residual used
as a description of the feasibility of the solution. Addition-
ally, the surface represents the mean absolute error at each
optimality gap. Given the low complexity of the test case,
a straightforward implementation of the ADMM is used for
the solution of the CED. Even with this approach, the CED
reaches small optimality gaps considerably faster than the P2P

(a) Focus on MBED and PCMBED evolution range (b) Focus on CED evolution range

Fig. 1: Number of iterations required to reach different levels of accuracy for the proposed algorithms



market frameworks. The use of the z-update (5a) speeds up the
initial convergence and decreases the power residual for the
PCMBED compared to the MBED. However, the PCMBED
appears to be less efficient to reach low optimality gaps. For all
algorithms, the optimality gap and of the power residual show
similar patterns. This justifies for the rest of the paper, that the
optimality gap can be used to describe both the convergence
of the algorithm and the feasibility of the solution found.

While the CED shows on average a linear convergence
rate with a Mean Relative Error (MRE) of maximum 16%,
both algorithms for P2P negotiation display a change in the
convergence rate when the optimality gap is below 10−4. This
behaviour is mainly caused by few simulations for which
the algorithms are much slower to reach small optimality
gaps. Indeed, for the MBED the maximum detected MRE for
optimality gaps above 10−3 is below 25%, while it increases
to around 80% for optimality gaps below 10−4. The PCMBED
shows a similar behaviour with two simulations that push
up the average number of iterations. However, the MRE is
consistently between 30% and 60% which implies a more
constant dependency of the convergence speed on the setup.
The convergence patterns of the P2P markets show that the
tuning parameters are not able to cope with all setups.

V. SCALING ANALYSIS

Intuitively, prosumer-centric markets such those described
will be challenged by increasingly large numbers of partic-
ipants. In this section, we analyze the ability of the pro-
posed approaches to scale up their negotiation mechanisms
by investigating the time complexity of the implemented
algorithms [11]. For this reason, we simulate each market
framework on different community sizes – from 25 to 300
agents. Overall, the expected theoretical scaling trends can be
well correlated with the simulations within the given range.
By assigning each agent to a parallel thread, we limit the
maximum number of agents but we introduce communication
processes in the performance assessment of each proposed

approach. The time complexity T a of an algorithm a ∈
{CED, MBED, PCMBED} can be split as

T a(N) = taalg(N)tastr(N). (6)

The first factor taalg, namely the algorithmic complexity, ex-
presses the dependency of the iterations number to conver-
gence on the number of agents N . This term depends only
on the algorithm implemented (in this case ADMM or RCI)
but not on the structure of the implementation (distributed or
decentralized). The second factor tastr, called the structural
complexity, considers the size dependency of the computation
time of each iteration. For the investigated market frameworks,
we here propose empirical or theoretical expressions that we
verify empirically of algorithmic and structural complexity
(expressed by means of operator ∼) as function of the number
of agents considered.

A. Algorithmic complexity

As it is difficult to implement a comparable stopping
criterion for different algorithms, we investigate the number
of iterations for which each algorithm is above a certain opti-
mality gap while increasing the number of agents, as reported
in Figure 2. While the CED and the MBED have a low
spread between the different optimality gaps, the PCMBED is
found more unstable when it comes to higher accuracy of the
solution. Even if the benefit of a faster power consensus seems
to fade for the PCMBED as the size of the setup increases,
we can extrapolate a linear algorithmic complexity for all
algorithms taalg ∼ O(N) (R2 above 0.95).

B. Structural complexity

We assess the algorithms’ structural complexity through
the average time to complete an iteration in a synchronous
handling of the communication. As this analysis depends
mostly on the structure of the implementation, the results
of the PCMBED can also be transferred to a distributed
implementation of the MBED (i.e. without the z-update). The
results, displayed in Figure 3, report a linear trend for all

(a) Focus on MBED and PCMBED evolution range (b) Focus on CED evolution range

Fig. 2: Evolution of the number of iterations required to reach optimality gaps of 10−2, 10−3 and 10−4 over number of agents.
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Fig. 3: Impact of scale on the average time per iteration

algorithms (R2 between 0.97 and 0.995). However, in order to
transcend from the hardware employed for these simulations
and to provide a more general interpretation, we carry out
a theoretical analysis of the structural complexity of each
algorithm.

The structural complexity is split into computation time and
communication time. Under the assumption that the time to
communicate a message of size S can be expressed through a
linear function hacom(S), the structural complexity becomes

tastr = δacom(N)hacom(Sa(N)) + δacomp(N)∆tcomp (7)

where δacom and δacomp are respectively the number of com-
munications and computations needed for algorithm a and
∆tcomp is the time it takes to complete one operation. In the
distributed structures, different complexity can apply for the
central agents and for the market participants. However, as
synchronous communication are used, the maximum of the
two defines the general complexity. From the structure of the

TABLE I: Structural complexity of the different algorithms.

Model CED MBED PCMBED

Agent type Central Other Any Central Other

δacom(N) O(N) O(1) O(Wn) O(N) O(1)

Sa(N) O(1) O(1) O(1) O(Wn) O(Wn)

δacomp(N) O(N) O(1) O(Wn) O(NWn) O(Wn)

tastr O(N ) O(Wn) O(NWn)

algorithms we can extrapolate their complexity, as reported in
Table I. It is important to notice that for P2P algorithms, all
agents complexity (not the central agent in the case of the PC-
MBED) depend on the number of trading partners Wn =| ωn |
and not on the actual size of the setup N . Even if in our setups
the trading partners are comparable to the total number of
agents Wn ∼ N , one could reduce the algorithmic complexity
by limiting the number of trading partners per agent.

A difference appears between the expected structural com-
plexity of the PCMBED (quadratic) and the empirical results
(linear). However, when looking separately at the results
for computation and communication time, respectively the
average time that each participant takes to compute the local
optimization, in Figure 4a, and to transmit its messages, in
Figure 4b, the expected results are verified. The computation
time of the central agent in the PCMBED shows the expected
quadratic increase, but as the values are smaller compared
to the communication ones (specific feature of the HPC
implementation) the quadratic trend is not perceived in the
total complexity. Only some small differences are noted: for
instance, the synchronous communications give the exact same
trend for all agents (both central and non) in the CED and the
PCMBED. The communication time is only slightly dependent
on the size of the data transmitted (hacom(s) ∼ O(1)) thanks
to the communication hardware used for the HPC. However,
this might not be the case in practice, where different com-
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Fig. 4: Evolution of average computation (a) and communication (b) time over the number of agents.



munication infrastructures can lead to more variable time to
transmit messages of different sizes.

These results show the importance of the characteristics of
the implementation architecture used. An efficient handling
of the central agent in the distributed cases reduces the
structural complexity, as it does in our simulations for the
CED and PCMBED. As for the communication framework,
the distributed structure for instance could benefit from
an efficient handling of large communications, while
decentralized algorithms require sparsified and reliable
communication framework to work efficiently.

VI. RESILIENCE TO ASYNCHRONOUS BEHAVIOUR

As presented in Section V, both computation and commu-
nication complexity impact on the average time per iteration.
When dealing with actual applications, the assumption of
synchronous iterations implies that the time of each iteration
is dictated by the slowest agent. Computation delays appear
in case of non performing hardware or when the optimization
sub-problems are complicated to solve, while communication
delays are caused by bandwidth limits or internet traffic. The
non-negligible likelihood of having significant delays justifies
the analysis on how the investigated algorithms behave in case
of asynchronous iterations.

For the sake of this study, we model both computation and
communication delays. We account for computation hetero-
geneity by assigning different computation time to each agent.
We fix the computation time of the central agent τC = 0.01
seconds and sample the computation time of each other agent
with a uniform distribution as τi = τC + U(− ε

2 ,− ε
2 ). We

then vary the amplitude of ε ∈ [0, τC ] to investigate the
resilience of the algorithms to increasing diversity. By forcing
the computation time of each agent with a sleep command,
we assume to model different hardware computing power and
different complexity of the agents’ routine. For this reason, for
each simulation the sampled computation time is kept fixed,
representing systematic delays in the negotiation mechanism.

Communication delays are modeled as random variables
X, following an exponential distribution θ = λe−λx, as
proposed in [12]. Since accounting for internet traffic and
bandwidth limitations, we sample a new delay for each com-
munication instance. By employing non blocking communi-
cation instances in the MPI, the agents can proceed with
their optimization routine even if their communication is not
finalized. To investigate the robustness towards different sizes
of communication delays (simulating weaker and stronger
networks), we vary the expected value of the exponential
distribution E[X] = 1

λ ∈ [0, τC ].
In case of distributed or decentralized systems affected by

computation or communication delays, each agent can receive
multiple information (e.g. of price and power set point) at
each iteration. In order to manage these multiple updates, we
implement three different strategies common in literature. As
first attempt, we consider only the most recent information
received. As we communicate not only the time stamp but

also the number of iteration of the sending agent, we can
identify the last updated variables. However, this strategy does
not exploit all the available information. In order to take into
account all updates, each agent can average all the information
received at each iteration. Finally, we investigate a compromise
between these two approaches by implementing an exponential
weighed average over the information received. In this case,
the most recent values have a bigger impact, but all the
information is taken into consideration.

When simulating how the investigated algorithms respond
to asynchronous updates, we find the P2P approaches un-
stable. Both communication and computation delays lead to
oscillations of the negotiation process, especially when the
bilateral trades have to be finely settled. Further investigation
on efficient consensus algorithms in perspective with existing
literature (e.g. [13]) are required to increase resilience of the
RCI algorithm towards asynchronous behaviours. On the other
hand, the CED is found very resilient to both computation and
communication delays. The distributed structure of ADMM
together with a lower number of variables allow the negotiation
process to converge to optimality also when exposed to a
highly asynchronous functioning.

The performance of the CED are reported in Figure 5,
presented as the relative time increase to reach convergence
due to random computation and communication delays of
amplitude given in the axis. They show that the negotiation
mechanisms are generally robust towards asynchronous in-
formation updates. The time to reach 0.01% of optimality
gap is at maximum doubled if compared to a synchronous
system. On one hand the heterogeneity of computation time
impacts the algorithmic performance linearly and with small
increases, on the other hand communication delays have a
more complicated influence. Depending on the strategy used
to handle multiple information, the results show that in some
cases higher expected values of communication delays speed
up convergence. This behaviour addresses a well-known issue
of ADMM exchange algorithm for non-orthogonal multi-block
problems [14]. In case of communication delays, the impact
of unstable equilibrium is smoothed as agents change their
optimal set-points at different rates.

Over all simulations, the strategy that leads to the lowest rel-
ative time increase (average 41.1% and standard deviation of
19.3%) is considering only the most recent information. Since
convergence is achieved without strong oscillating behaviours,
as analyzed in Section IV, using the average of the information
received only slows down the process (average time increase
of 55.6% and standard deviation of 19.5%). Employing an
exponential weighted average on the multiple updates leads to
a behaviour in between the two other strategies (average time
increase of 50.6% and standard deviation of 19.9%). However,
in case of less smooth convergence, this strategy can allow
for a good trade-off between filtering the noise of oscillating
phenomena and speed of convergence. Further work on an
adaptive tuning of the exponential weights employed is needed
to achieve robust performances in case of more complicated
negotiation mechanisms.



VII. CONCLUSION

Envisaging future consumer-centric market structures based
on distributed communities or peer-to-peer framework, we
acknowledge that the main challenges towards real world
implementations entail scalability and asynchronicity of the
negotiation process. In this paper, we assessed computational
properties of distributed and decentralized algorithms (ADMM
and RCI) for consumer-centric market clearing. By means
of parallel programming with a Message Passing Interface
(MPI), we investigated their computation and communication
complexity as well as their resilience towards delays. As
expected, we found the community-based distributed approach
faster and more robust. However, as peer-to-peer markets are
the only framework allowing for product differentiation, we
identify the communication matrix sparsity, i.e. the number of
possible trading partners, as a possible way to decrease the
algorithm complexity and instability.

Further work needs to be carried out on efficient algorithms
for consensus as well as on the design of a general market
framework accounting for both community-based and peer-
to-peer mechanisms. We foresee nested market models as a
possibility to inherit both the efficiency and robustness of
community-based market and the product differentiation of
peer-to-peer mechanisms.
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Online Matching and Preferences in Future
Electricity Markets

Helge S. Esch, Fabio Moret, Pierre Pinson, Andrea M. Radoszynski

Abstract—Electricity markets are to be rethought in view
of the context of deployment of distributed energy resources,
new enabling technologies and evolving business models. Fu-
ture market mechanisms should have no barrier to entry,
while being scalable and giving the possibility to accommodate
asynchronicity. Consequently, we propose here to use online
matching algorithms, relying on various types of continuous
double auctions. They allow agents to trade electricity forward
contracts while expressing preferences and being continuously
matched as new orders come. Such markets can accommodate
agents and trades of any size and characteristics. We eventually
concentrate on naive greedy and pro-rata matching algorithms.
A discrete double-auction is used as a benchmark. The double
auctions are generalized to account for preferences. A case-study
application allows us to discuss the computational properties and
optimality of the various approaches. An upper bound on the
sub-optimality of online matching algorithms, compared to an
offline double auction, is also provided.

Index Terms—Electricity markets, Peer-to-peer trading, Order
(online) matching, Greedy algorithms,

I. INTRODUCTION

The increasing deployment of renewable energy sources,
combined with other distributed energy resources like stor-
age devices (e.g., electric vehicles and household batteries)
challenges the status quo in electricity markets. While the
operation of power systems has gradually considered this
evolution towards a more distributed and dynamic system,
electricity markets have not yet adapted to this new context.
However, there has been a strong push, both in academia and
industry, towards more consumer-centric structures for those
electricity markets, using community-based and peer-to-peer
concepts [1]–[3]. This may certainly have been supported by
the prospects that many see with the use of blockchain as an
enabler of new business models in the electric energy sector
[4].

Future electricity markets are to be thought as markets that
have no barrier to entry for small players like prosumers and
that operate with direct trading between sellers and buyers,
in contrast with pool approaches. For instance, peer-to-peer
electricity markets rely on large sets of bilateral contracts,
to be negotiated among all agents involved in electricity
exchange e.g. generators, consumers, prosumers and storages.
This possibly extends to having system operators in the loop in

H. S. Esch, F. Moret, P. Pinson and A. M. Radoszynski are with the
Technical University of Denmark, Department of Electrical Engineering,
Centre for Electric Power and Energy, Kgs. Lyngby, Denmark (emails:
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during the programme Mathematics of Energy Systems (EPSRC grant number
EP/R014604/1) and his related Simons Fellowship.

order to enforce operational constraints [5] and to account for
sensitivities of the next transactions to be settled on network
operation [6]. Future electricity markets may then rely on two
families of negotiation mechanisms, with various levels of
decentralization. On the one hand, distributed and consensus-
based optimization approaches generalize the clearing prin-
ciples that exist today in electricity pools [7], [8]. On the
other hand, matching methods consider networks of contracts
to be simultaneously negotiated in a multi-bilateral fashion [9].
Whatever the approach, those electricity markets allow for new
business models and for expressing preferences (related to e.g.
distance and electricity type). However, as for any type of peer-
to-peer systems, scalability and asynchronicity are some of the
key issues to be considered. This is while the optimal resource
allocation should also be analysed from a fairness based
perspective. Our main objective is to propose an approach
to future electricity markets that allows for asynchronicity,
with good scaling properties, while still allowing to express
preferences. In addition, operational constraints and network
aspects are overlooked here, though extensions towards such
considerations may build on e.g. [5], [6].

While distributed and consensus-based optimization ap-
proaches are inherently relevant for decentralized electric-
ity markets, they require substantial efforts to accommodate
scalability and asynchronicity [10]. In contrast, our proposal
involves a central matching platform: it is not as decentralized
but still relies on bilateral trades among agents. We concentrate
on matching approaches and a class of online matching
algorithms for forward contracts based on continuous double
auctions, from naive greedy (somewhat equivalent to zero-
intelligence trading) to pro-rata based approaches. These ap-
proaches inherently meet the requirements for scalability and
accommodating asynchronicity. The matching engine allows
matching buy and sell orders on the fly, also allowing to
express preferences, and with various degrees of optimality.
The price to pay, however, is some form of sub-optimality
compared to optimization approaches. One of our contribu-
tions is to give an upper bound on the optimality loss of online
matching algorithms compared to their discrete double auction
counterparts.

After describing our matching market framework, in terms
of the agents, contracts, timeline, etc. in Section II, all as-
pects of the online matching approaches are introduced and
discussed in Section III. Those include the naive greedy and
pro-rata based approaches. The optimization approach used
as a benchmark is also presented. Subsequently, particular
emphasis is placed in Section IV on the question of preferences
and how they can be handled within our online matching
framework. The case study of Section V allows us to illus-
trate the workings of the various approaches, while allowing
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to underline the advantages and drawbacks of the various
approaches. Eventually, Section VI closes the paper with a
number of conclusions and perspectives for future work.

II. MATCHING MARKET FRAMEWORK

A. Timeline

The overall market framework resembles that of intra-day
electricity markets in Europe (see [11]). A major difference
though is that, while in European electricity markets partic-
ipation is restricted to fairly large agents only (hence the
term wholesale market), access to the market is here granted
to all potential agents of the electric power system, without
minimum trade volume. Interacting through this market are
a set of agents, which may all be buyers and sellers at any
time. To discard arbitrage opportunities and potential strategic
behaviour, it is assumed that an agent does not both buy and
sell within a given trading session.

The market is then organized as a continuous double-
auction: this implies that buyers and sellers may come at any
time prior to the period of delivery with their offers, to then be
matched as they come. This contrasts with the approach in e.g.
forward wholesale electricity markets, where all supply and
demand offers are matched at once, a fairly long time before
delivery. The timeline for our matching market is illustrated
in Figure 1. The physical exchange of electricity is discretized
into delivery time periods tDi . The granularity of the market
corresponds to the duration between each delivery time period
(as for the example 5-minute resolution considered in our case
study). Exchanges, also referred to as trades, for that delivery
period tDi can be contracted forward in time throughout a
trading session running from an opening time toi and to a
closure time tci , t

c
i ≤ tDi . We write Ti = [toi , t

c
i ] the trading

session and its duration.

Fig. 1. Market trading time and period of delivery.

In the following since we only concentrate on a given
trading session Ti for delivery period tDi and then omit i
indices, to lighten notations.

B. Orders and Limit Order Book

The matching is organized through a centralized matching
engine which market players can communicate with to submit
and cancel orders.

Definition 1 (order). An order ω(qω, pω, t
s
ω) is fully charac-

terized by a (standing) quantity qω ∈ R, a limit price pω ∈ R+

and a submission time tsω ∈ Ti.
The limit price pω is to be understood as a minimum price

to receive if on the supply side, and a maximum price to pay
if on the demand side. The positiveness of pω is assumed

for simplicity, though this may readily be relaxed. In order
to be considered in the matching process, an order must be
submitted within the trading session, hence tsω ∈ Ti.

Buying orders β, referred to as bids, are indicated by a
negative quantity, qω < 0 while selling offers α, referred to
as asks, imply a positive quantity, qω > 0. Following the
definition of limit orders in [12], each bid is guaranteed not to
be matched at a price higher than its limit, while each ask is
guaranteed not to be matched at a price lower than its limit.

Definition 2 (Limit Order Book). At a given time t, the Limit
Order Book (often abbreviated LOB) Ls(t) consists of the
union of the set As(t) of standing asks and the set Bs(t)
of standing bids, i.e.,

Ls(t) = As(t) ∪ Bs(t), ∀t (1)

At any given time t in the limit order book Ls(t), the
difference between the highest standing bid b∗(t) and the
lowest standing ask a∗(t) defines the market (bid-ask) spread
s(t) = a∗(t)− b∗(t).

C. Matching principles

The aim of a matching engine is to pair orders ω(qω, pω, t
s
ω)

based on their previously introduced characteristics.

Definition 3 (matching). A matching (also referred to as
trade) τ(pτ ,Ωτ , qτω) is defined by a set Ωτ of all orders ω
involved, a vector qτω of quantities expressing the amount with
which each order ω ∈ Ωτ participates in τ , as well as a price
pτ .

Ωτ must at least hold one ask and one bid, but can possibly
be made up of multiple orders on both sides. Each ω ∈ Ωτ

receives (asks) or pays (bids) the same marginal price pτ per
involved unit e.g. kWh or MWh.

A matching is to respect limit orders, i.e., in terms of limit
prices comprising a minimum price for bids and a maximum
price for asks. In addition, in line with the basic principle of
matching supply and demand, any matching is to be balanced.

Definition 4. A matching τ(pτ ,Ωτ , qτω) is said to be balanced
when the quantities qτω involved are such that

1>qτω = 0 (2)

with 1 a vector of ones with same length as qτω .

Consequently, the power system dispatch resulting from
such matching will be consistent with the necessary supply-
demand equilibrium in power system at any time. The limit
orders considered may be partially matched: in that case, the
quantity qτω by which an order participates in a trade can be
any value in between zero and the order standing quantity
qω , qτω ∈ [0, qω]. Consequently, an order standing quantity qω
must be updated after ω is involved in a trade. It is to be seen
as a time-dependant variable which is to evolve throughout
the trading session, even though time indices will not be used
for that quantity in the following. Necessarily, the standing
quantity qω can never change its sign (a bid cannot become
an ask, as well as the opposite) and its absolute value can only
decrease over time.
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III. ONLINE MATCHING THROUGH CONTINUOUS DOUBLE
AUCTIONS

Matching may be performed following alternative prin-
ciples. Here the approaches considered all rely on double
auctions. They are described for the case of a single delivery
period of interest tDi , and thus over a trading session Ti.
While our aim is to propose online matching algorithms based
on continuous double auctions eventually, a discrete double
auction is first introduced as a benchmark. Two types of
continuous double auctions are then presented: (i) a naive
greedy approach, and (ii) a pro-rata based approach.

A. Discrete double auction as a benchmark

In the discrete case, the trading session is split into regular
time intervals of duration ∆t. Over a given time interval,
all incoming orders are collected. The limit order book is
consequently composed of both incoming orders and those
pending orders that were not matched at previous time interval
(if any). The matching τ is obtained at once at the end of
the time interval by solving a market clearing optimization
problem. The matching is only performed if the bid-ask-spread
is negative.

The market clearing problem is formulated as a linear
optimization problem, with the objective to maximize social
welfare i.e. combining the surplus of both buyers and sellers.
This reads as

max
qτω

∑

ω∈L
−qτω pω (3a)

s.t. 0 ≤ qτω ≤ qω, ∀ω ∈ As (3b)
qω ≤ qτω ≤ 0, ∀ω ∈ Bs (3c)∑

ω∈L
qτω = 0, [pτ ] (3d)

The quantities qτω are constrained between 0 and the stand-
ing order qω for the asks, as in (3b), and between the standing
order qω and 0 for the bids, as in (3c). The balanced matching
is imposed through (3d). Solving (3) yields the set of quantities
qτω of the matching, with the set Ωτ of matched orders
including all orders ω such that qτω 6= 0. In view of that
linear program, the equilibrium price pτ (dual variable of the
balance constraint 3d) defines the price for the trade: all sellers
(resp. buyers) are to pay (resp. receive) pτ per unit of energy
exchanged.

B. Continuous double auction: The naive greedy case

In a continuous double auction, instead of considering time
intervals, orders are matched in a continuous manner. This
means that, at any time t during the trading session, if a new
order comes and the bid-ask-spread is negative, a matching τ
will be performed.

The naive greedy algorithm is in essence similar to zero-
intelligence trading. When a new order ω comes, it is readily
matched with another order ω′ standing in a subset Lω of the
limit order book L. Lω includes all offers that are
• on the opposite side of ω (a bid for an ask, and inversely),

and

• whose price limit pω′ is feasible to be matched with ω
without a loss.

For an extensive description and discussion, see [13]. The al-
gorithm is referred to as naive since the standing offer ω′ used
for matching is randomly chosen among all standing offers in
Lω . In terms of matching outcome, one has Ωτ = {ω, ω′}.

The new order ω is considered the price taker and accepts
the limit price of the standing order ω′ that was pending in
L. ω′ is referred to as the price maker. The matching price is
then pτ = pω′ . Finally, as only two orders are involved, the
resulting trade quantities are

qτ = min{|qω|, |qω′ |} (4a)
qτω = qτ sign(qω) (4b)
qτω′ = qτ sign(qω′) (4c)

The standing quantities for ω and ω′ are updated after the
matching τ is executed. As long as orders have standing
quantities different from zero, they remain in the limit order
book L and may be matched at a later point in time. The
naive greedy algorithm executes further matches until either
incoming quantity reach 0, or until there are no more feasi-
ble matches available. In that latter case, it joins remaining
pending orders in L.

C. Continuous double auction: The pro-rata case

As for the naive greedy algorithm, at any time t over the
trading session, the pro-rata algorithm aims at matching an
incoming order immediately upon its arrival. For that, when
a new order ω comes, the same subset Lω of the limit order
book L is used. The main difference, however, is that standing
orders in Lω are prioritised based on their limit prices. That
is, all bids at b∗(t) or asks at a∗(t) are given priority over
orders at lower or higher prices, respectively. Consequently,
any incoming order is guaranteed to be matched at the best
available price. We write Ω′ be the set of all price-maker
orders, which has a single element in case there is only
one standing order at the best price level, and with higher
cardinality if there are multiple orders standing at the same
best price level.

The incoming order ω is the price taker and accepts the
price of the price maker(s) Ω′. Therefore, one has

pτ =

{
a∗(t), if Ω′ ⊂ A
b∗(t), if Ω′ ⊂ B , (5)

and Ωτ = {ω,Ω′}.
The cumulative traded quantity is defined as the maximum

quantity that can be exchanged. The individual trade quantities
on the maker side are then split proportionally [14]. This yields

qτ = min

{
|qω|,

∣∣∣∣∣
∑

ω′∈Ω′

qω′

∣∣∣∣∣

}
(6a)

qτω = qτ sign(qω) (6b)

qτω′ = qτ
qω′

|∑ω′∈Ω′ qω′ | , ∀ω′ ∈ Ω′ (6c)

The standing quantities for ω and ω′ ∈ Ω′ are updated after
the matching τ is executed. As long as orders have standing
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quantities different from zero, they remain in the limit order
book L and may be matched at a later point in time. The pro-
rata algorithm executes further matches until either incoming
quantity reach 0, or until there are no more feasible matches
available. In that latter case, it joins remaining pending orders
in L.

D. Upper bound on sub-optimality gap of online matching
approaches

Matching orders in an online (causal) manner, hence using
only the information available at the time of arrival of a new
order, implies an obvious loss of optimality compared to an
offline market clearing, where all the information on orders is
considered. We refer to as offline market clearing the case of
the discrete double auction with only one time interval to col-
lect offers covering the whole trading session. It is intuitively
expected that the naive greedy matching algorithm should be
more sub-optimal than the pro-rata matching algorithm, since
orders are matched randomly. To compute an upper bound for
this sub-optimality gap, we first simplify the orders to be of
unit quantity. This does not lose generality, as each order can
be split in multiple orders at the same price level but of unit
quantity. We then define a best and a worst possible sequence
of arrivals for the social welfare to be optimized.

The social welfare is maximised, as in the offline market
clearing, when the highest bids are matched to the lowest asks
until the lowest bid-ask spread is negative. This can be readily
understood by considering than in a offline market clearing,
the equilibrium is found after ranking the bids and asks in
decreasing and increasing price order, respectively.

Definition 5 (best arrival sequence). Given a set of orders
ω ∈ L = A ∪ B with A and B the sets of all asks and bids
over the trading session, respectively, let TB be the sequence
of arrivals such that

TB = {tω|max(tsa∈A) < min(tsb∈B), t
s
b′ < tsb′′ if pb′ > pb′′} (7)

Then TB is one of the possible sequence of arrivals that yields
the best (optimal) social welfare.

Definition 5 implies that all asks arrive first and then all the
bids arrive in decreasing order of price. In this way, we make
sure that the bids with higher prices are matched to the asks
with lower prices until the incoming bids have lower prices
than the standing asks. The orders matched will be the same
as the ones selected from an offline algorithm, even if with a
different pricing algorithm, yielding the optimal social welfare.
With a similar approach, we identify the sequence of arrivals
that yields the worst possible social welfare, when all the asks
are standing and the bids arrive with increasing price order.

Definition 6 (worst arrival sequence). Given a set of orders
ω ∈ L = A ∪ B with A and B the sets of all asks and bids
over the trading session, respectively, let TW be the sequence
of arrivals such that

TW = {tω|max(tsa∈A) < min(tsb∈B), t
s
b′ < tsb′′ if pb′ < pb′′} (8)

Then TW is one of the possible sequence of arrivals that yields
the worst social welfare.

Definition 6 relies on a sequence of arrivals such that the
lowest asks are matched to the lowest bid (conditionally on
pb ≥ pa) minimizing the social welfare generated. The upper
bound of the sub-optimality gap can then be linked to the ratio
between worst and best social welfare.

Proposition 1. The sub-optimality of matching orders in an
online manner compared to an offline one is upper bounded
by

ε = 1−
∫ 1

0

[
Φ−1
b (x)− Φ−1

a (x)
]+
dx

∫ 1

0

[
Φ−1
b (1− x)− Φ−1

a (x)
]+
dx

(9)

where Φ−1
a/b is the inverse cumulative distribution function of

the ask and bid price, respectively.

A proof of the above proposition is given in the Appendix.
One has to notice that Proposition 1 applies for continuous
cumulative distribution functions. In case of a discrete ap-
proximation, whenever Φ−1

b (x) ≤ Φ−1
a (x) there exist possible

matches that generate a social welfare that are not considered
in (9). Additionally, the expression of the upper bound, in
particular for the pro-rata matching algorithm, is conditional
on the probability of the sequence TW (or any other sequences
that yield to the worst social welfare) to happen. Therefore,
especially in case of large number of orders, the upper bound
in expectation can be substantially increased.

Remark 1. The upper bound Ξ of the suboptimality gap in
expectation for the pro rata algorithm is

Ξ = 1− π
∫ 1

0

[
Φ−1
b (x)− Φ−1

a (x)
]+
dx

∫ 1

0

[
Φ−1
b (1− x)− Φ−1

a (x)
]+
dx

(10)

with π the probability of the sequence TW (or any other
sequences yielding the same matches) to happen.

As for the naive greedy algorithm, the matches yielding the
worst social welfare could happen also with other sequences
of arrivals, since the match is selected randomly among all the
feasible standing offers, increasing the value of the expected
upper bound in (10).

IV. ACCOUNTING FOR PREFERENCES

An appealing feature of consumer-centric electricity markets
is to allow expressing preferences that enter the matching
process and contribute to the price formation [8], [15]. This is
motivated by the heterogeneous views of electricity consumers
on the importance of certain attributes, e.g. type of electricity
generation source and localization [16]. We therefore general-
ize here the double auction approaches introduced previously
to also account for preferences. This is done by considering
the possibility for an order to own certain attributes and to
require attributes through the matching process.

A. Attributes and sub-markets

Preferences may be accommodated by organizing sub-
markets that bids and asks can be granted access to, if
they fit the required attributes. An attribute is defined as a
“characteristic” of electricity, that may be used as a basis
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for differentiation. Let us denote by Λ = {λj} this set of
attributes, with j = 1, . . . , nλ, where each attribute is a binary
variable, λj ∈ {0, 1}. ΛAs is a subset of attributes that can
only be owned by asks and may be required by bids (e.g.
green producer). ΛBs is a subset of attributes that can only be
owned by bids and may be required by asks, Λ = ΛAs ∪ΛBs .
In case ownership of an attribute is relevant for both bids
and asks, it must be defined in both subsets. For example, an
attribute smbus that indicates ownership of a “small business”
certificate must be defined once as smbus.ask ∈ ΛAs and in
addition as smbus.bid ∈ ΛBs .

Based on this idea, for an order ω, let Λown
ω be a set of

owned attributes and Λreq
ω a set of required attributes from a

match partner. For every ask and bid,

Λown
ω

{
⊆ ΛAs , ω ∈ As
⊆ ΛBs , ω ∈ Bs

, Λreq
ω

{
⊆ ΛBs , ω ∈ As
⊆ ΛAs , ω ∈ Bs

(11)
Taking any possible combination of the binary elements of

Λ yields a set I of 2nλ sub-markets. Each sub-market i ∈ I is
defined through exactly one tuple of binary attribute indicators
λj . A binary indicator γωi is finally introduced to indicate
whether the order ω may access sub-market i.

Remark 2. A match τ happens in exactly one sub-market i.
In order for two orders ω and ω′ to be matched, both ought
to have access to that sub-market i, hence γωi = γω′i = 1.

B. Priorities

Since each sub-market is identified through exactly one at-
tribute combination, the matching will ensure that preferences
are respected. Attributes and eventually sub-markets may be
prioritized based on a willingness to pay more (bids) or a
willingness to be paid less (asks), if a match occurs in given
sub-markets.

Definition 7 (priority-augmented order). A priority-augmented
order ω(qω, t

s
ω,Λ

own
ω ,γω,pω) is an order additionally char-

acterized by a set of owned attributes Λown
ω , a vector γω of

sub-market access indicators and a vector pω of prices for all
sub-markets.

The vector γω constrains participation to certain sub-
markets and hereby require attribute ownership from a match
partner. Every sub-market an order participates in (γωi = 1),
must be given a specific price pωi. For an ask, the lower
pωi, the higher the priority for sub-market i. For a bid,
the higher pωi, the higher the priority. Different sub-markets
may be assigned with the same price in which case they
are prioritized equally. In the following, when referring to
“attribute requirement” only the highest priority is considered,
while if referring to “attribute priorities” all are considered.

C. Algorithms with priorities

Both the naive greedy and the pro-rata matching algorithms
now intend to match an incoming order in a descending man-
ner from highest to lowest prioritized sub-markets. However,
this structured prioritization only applies when an order arrives

at the matching engine and acts as a market taker. Once an
order becomes a market maker in the LOB, it is always subject
to incoming market takers. Nonetheless, the prioritization is
indirect since the order is offering better limit prices for higher
priorities.

The original market clearing optimization problem (3) is
updated with sub-market individual prices for each order.
There is now an individual trade τi clearing at pτi in each
sub-market. pτi is given by the dual variable of the balance
equations in (12b). The formulation becomes

max
qτω

∑

ω∈L

∑

i∈I
−qτiω pωi (12a)

s.t.
∑

ω∈L
qτiω = 0, [pτi ], ∀i ∈ I (12b)

∑

i∈I
qτiω ≤ qω, ∀ω ∈ As (12c)

qω ≤
∑

i∈I
qτiω , ∀ω ∈ Bs (12d)

0 ≤ qτiω ≤ qωγωi, ∀ω ∈ As, i ∈ I (12e)
qωγωi ≤ qτiω ≤ 0, ∀ω ∈ Bs, i ∈ I (12f)

It is important to note that while naive greedy and pro-rata
matching iteratively intend to match from highest to lowest
priority, the optimization problem maximizes overall social
welfare. Hence, in the optimization it could happen that an
order is matched at a lower priority in case it generates a
higher social welfare.

V. APPLICATION AND CASE-STUDY

Emphasis is placed here on an application example for a
single trading session, in order to thoroughly analyse the work-
ings of the various double auctions proposed. Since simulating
different type of offer sequences, our analysis permits to look
into the variability of the outcomes. After introducing the test
case, results are first given by taking a system-level point of
view, then followed by the agent-level one.

A. Test case characteristics

Let us consider a matching market with a resolution of 5
minutes, and with trading sessions of 5 minutes right before
the time of delivery. A single trading session in simulated
and analysed here. We define a set Λ with 5 attributes, Λ =
{smbus.bid, comkey.bid, smbus.ask, comkey.ask, green.ask}.
Here, smbus stands for an order coming from a certified
small business, green for electricity generated by renewable
energy sources and comkey is a key to identify a member of
a specific community e.g. residing in Helsingør in Denmark.
This set of attributes translates to having 32 sub-markets. An
example of a submarket would be the tuple [01011], which
can be accessed by any bid that at least owns the community
access key and any ask that comes from a green electricity
generator inside the community.

Based on this setup, a sequence of 5.000 orders for the
trading session are generated. Quantities are such that

qω ∼ 1000β(1, 3), (13)
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while 50% of all orders are bids, others are asks. 20% of
all orders own the smbus attribute (which then becomes
smbus.bid or smbus.ask depending on the type of offer),
20% of all orders own the comkey attribute (comkey.ask and
comkey.bid respectively), 50% of all asks own the green.ask
attribute.

In parallel, a limit price pinf
ω for the lowest priority (no

attribute requirement) for each order is generated such that

pinf
ω ∼

{
50 β(2, 10) + 43, ω ∈ A
50 β(10, 2) + 7, ω ∈ B , (14)

while then, for the highest priority of an order, a willingness
to pay (if ask) or willingness to accept (if bid) is added to the
above limit price, i.e.,

psup
ω ∼ pinf

ω +

{
−40 β(1, 10), ω ∈ A
40 β(1, 10), ω ∈ B , (15)

In terms of distribution of priorities, 30% of all orders
require the smbus attribute for their highest priority, 70%
of all bids require the green.ask attribute for their highest
priority, 90% of all orders that own the comkey attribute also
require it for their highest priority. For all orders, an evenly
distributed random number of priorities is generated between
the highest and lowest ones.

Three types of cases are consequently considered: a first
case without preferences with psup

ω as a limit price (so all
orders trade in the same sub-market without constraints), a
second case with priorities and a third case in which the
highest priority is a requirement (referred to as ”attribute
requirement”). Each simulation is run 100 times with the same
data set, but with a different and random time of arrival for
each order. Results for the discrete double auction are shown
for three clearing intervals ∆t (3s, 30s and 300s). Since the
trading session is of 5 minutes, the optimization with a 300s
clearing interval has full information of the entire order set.
It is hence expected to be the benchmark approach that will
yield the most optimal results.

B. System-level results

Let us first look at overall social welfare for the various
cases considered. Those social welfare results are gathered in
Figure 2. The results are normalized by the social welfare of
the discrete double auction with full information on the entire
order set.

For the discrete double auction case, the effect of shortening
the clearing intervals is to lower social welfare, since working
with subsets of offers over the trading session, and obtaining
matches that are less optimal than if considering the whole
order set at once. The decrease in social welfare is also
more important for the case of using attributes, with in terms
of requirement or with priorities. Generally, using attributes
here also lowers social welfare since, as for shorter clearing
intervals, leading to clearing markets with subset of offers.
Both, the pro-rata and the naive greedy algorithm yield a lower
social welfare in the priority run compared to the attribute
requirement. This could be due to the fact that lower welfare
generating matches are taking liquidity from the order book.

However, this may be impacted by the way the priorities and
prices in the test-cases were set-up.

The quantities traded through the alternative matching ap-
proaches are shown in Figure 3, where quantities are normal-
ized by the overall volume of offers in that trading session.
There, the online matching algorithms are dependent of the
arrival of orders and their instant matching. This makes
that, generally, higher volumes are traded with those online
matching algorithms, though yielding trades that will not give
the highest social welfare over the trading session. Then the
more optimal the matching is, the lower the quantities traded.

C. Agent-level results

In view of the definition of offers, the agent-level analysis
concentrates on the priority satisfaction, and prices actually
paid (or received) by those agents. Those prices are weighted
by quantities when offers get split by the matching algorithms.

The frequencies of satisfied priorities are illustrated in
Figure 4. Here, 0 indicates the highest priority. Whatever the
matching approach and clearing interval for the discrete case,
a large share of agents and offers get their first priority, and if
not their second one. Online matching algorithms are slightly
worse than the discrete one for the agents to obtain their
highest priorities. Those results may quantitatively be highly
case-dependent, though we expect this effect to be qualitatively
similar.

Finally, the distributions of prices per agent are gathered
in Figure 5. At a first glance, the spread of prices is much
higher for online matching algorithms, and especially the naive
greedy one. Without attribute and a clearing interval of 5
minutes, a unique price is obtained. This is not the case
when having smaller clearing intervals, and/or if considering
attributes (required or preferred). We expect, however, that the
price in expectation (i.e., here over the 100 replicates) to be the
same for the various matching algorithms, given the attribute
setup. This price may not be the same in expectation with the
different ways of considering, or not, attributes.

VI. CONCLUSIONS

Online matching inherently possess interesting properties
for application in consumer-centric electricity markets, since
having good scaling properties, while accommodating asyn-
chronicity. Naive greedy and pro-rata matching algorithms can
also be modified to account for preferences, based on required
or preferred attributes. Despite introducing some suboptimal-
ity, those have the advantage of simplicity of implementation
and scalability over discrete double auctions based on periodic
market clearing.

It is of utmost interest to further investigate those online
matching approaches, to allow for more complicated offers
e.g. multi-period with blocks and profiles, to accommodate
some of the technical constraints of agents in electricity
markets. In addition, the implementation of online matching
algorithms should be re-thought in a decentralized fashion
to potentially suit the requirements of peer-to-peer electricity
markets. Finally, as for other electricity market types, the way
those markets interact with system operators is to be studied,
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Fig. 2. Normalized social welfare for the various matching approaches, potential consideration of attributes, a well as clearing intervals for the discrete double
auction (3s, 30s, and 300s).

Fig. 3. Normalized quantities traded through the various matching approaches,
potential consideration of attributes, a well as clearing intervals for the discrete
double auction (3s, 30s, and 300s).

so as to ensure that the dispatch obtained on the power grid
remains operationally feasible.
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APPENDIX A
PROOF OF PROPOSITION 1

Let φa(p) and φb(p) be the probability density function
(pdf) of asks and bids respectively. Moving from a discrete
to a continuous domain, as the asks are all unitary, one can
build the supply curve (as in a common market clearing) as
the inverse of the cumulative distribution function (cdf) of
the ask prices Φ−1

a (x), with x ∈ [0, 1]. In fact, the supply
curve is created by ordering the asks with increasing prices
and cumulatively summing the quantities. Following the same
reasoning, the demand curve can be linked to the cdf of the
bid prices Φb(p). In the case of best social welfare, the bids
arrives in decreasing order, therefore the demand curve of the
correspondent market clearing is proportional to Ψ−1

b (x), with
Ψb(p) = 1 − Φb(p). In case of the worst social welfare, the
bids arrives in increasing order, therefore the demand curve of

the correspondent market clearing is proportional to Φ−1
b (x).

See Figure 6 for a graphical representation of both cases.
We can therefore express the best social welfare (SWB) and

the worst social welfare (SWW ) as

SWB = M

∫ 1

0

[
Ψ−1
b (x)− Φ−1

a (x)
]+
dx (16)

SWW = M

∫ 1

0

[
Φ−1
b (x)− Φ−1

a (x)
]+
dx (17)

with M the maximum cumulative quantity used to scaling the
demand and supply function to a unitary domain and [·]+ the
positive part function. The upper bound of the suboptimality
(ε) gap becomes

ε = 1− SWW

SWB
= 1−

∫ 1

0

[
Φ−1
b (x)− Φ−1

a (x)
]+
dx

∫ 1

0

[
Ψ−1
b (x)− Φ−1

a (x)
]+
dx

(18)

concluding the proof by using Ψ−1
b (x) = Φ−1

b (1− x) .

0 1

Φ−1
b

Ψ−1
b Φ−1

a

x

p

SWW

SWB

Fig. 6. Inverse cumulative distribution function of the ask prices Φ−1
a (x),

bid prices Φ−1
b (x) and bid prices yielding best social welfare Ψ−1

b (x).
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Abstract—Large deployment of distribute energy resources and
the increasing awareness of end-users towards their energy pro-
curement are challenging current practices of electricity markets.
A change of paradigm, from a top-down hierarchical approach to
a more decentralized framework, has been recently researched,
with market structures relying on multi-bilateral trades among
market participants. In order to guarantee feasibility in power
system operation, it is crucial to rethink the interaction with
system operators and the way operational costs are shared in
such decentralized markets. We propose here to include system
operators, both at transmission and distribution level, as active
actors of the market, accounting for power grid constraints and
line losses. Moreover, to avoid market outcomes that discriminate
agents for their geographical location, we analyze loss allocation
policies and their impact on market outcomes and prices.

Index Terms—Peer-to-peer trading, Loss allocation, Optimal
power flow, Network charges.

I. INTRODUCTION

The fast development of Distributed Energy Resources
(DERs) and the increasing flexibility of energy management
systems for residential homes and commercial buildings have
paved the way to new opportunities for energy end-users.
Thanks to the recent development of Information and Commu-
nication Technology (ICT) and in line with the ongoing evolu-
tion of the economy towards sharing systems [1], a shift from
centralized to decentralized electricity markets is expected
to happen. Scenarios of how these electricity markets will
take place have been proposed in [2], ranging from peer-to-
peer (P2P), community-based and microgrid structures. Multi-
lateral electricity trades were already proposed in [3], but only
recently a new branch of literature has started to address how
these markets would be designed and implemented in practice
[4]–[6]. However, the independent evolution of electricity
markets and power systems, operated by Transmission (TSO)
or Distribution (DSO) System Operators, raises concerns on
the ability of these new market proposals to coexist with
reliable power system management.

Pool-based electricity markets have the advantage to gather
all the information needed to find market equilibria within
one platform. Consequently, TSOs can interface directly with
the market operator to guarantee feasibility in power system
operation. This is usually done by accounting for power
flows during the market clearing, like in the case of the
American locational marginal pricing system, or by redispatch
actions, i.e., ex-post corrective actions, as it happens in Europe.

F. Moret, A. Tosatto and P. Pinson are with the Technical University
of Denmark, Department of Electrical Engineering, Kgs. Lyngby, Denmark
(emails: {fmoret,antosat,ppin}@elektro.dtu.dk).

T. Baroche is with the SATIE Laboratory located at Ecole Normale
Superieure de Rennes, France (email: thomas.baroche@ens-rennes.fr)

When conceiving future electricity markets that operate in
a decentralized manner, the challenges are to redefine the
current interactions with TSOs and to include DSOs in the
market mechanism, since most of end-users are connected to
the distribution level. Several solution methods to integrate
System Operators (SOs) in decentralized frameworks have
been proposed, mainly including two approaches: an iterative
process in which SOs accept or reject multi-lateral energy
trades depending on whether network constraints are violated
[7]–[9] and the usage of pre-defined network charges, e.g.,
based on the electrical distance between peers [10].

All the proposed solutions have two main limitations. First,
they do not account for a coordination between TSOs and
DSOs, a crucial challenge in modern power systems, as
analyzed in [11], [12]. Second, power losses occurring in
the network are often overlooked, since their procurement
costs are currently included in grid tariffs of end-users. More
recently, the authors of [13] proposed a peer-to-peer electricity
market accounting for power losses, where network charges
are dynamically adapted to each trade based on its grid usage.
However, no attention is given to how loss allocation policies
impact fairness of market equilibria.

In this work, we argue that loss allocation policies di-
rectly impact market outcomes and prices. Therefore, carefully
designing these policies could enhance fairness of market
equilibria, avoiding, for instance, discrimination of agents
based on their geographical location. To address this issue,
we first extend the unified market formulation of decentral-
ized electricity markets proposed in [14], where the market
architecture is automatically defined by the communication
links among its participants, to account for the interactions
with multiple TSOs and DSOs. We model additional market
products not only to enhance coordination among different
SOs, but also to dynamically compute network charges of
each energy trade. We then focus on three different loss
allocation policies based on geographical location, on grid
usage and on socialization. In line with the existing literature
on transmission cost allocation [15], we extend the models of
system operators with loss allocation policies and investigate
their impact on fairness of market outcomes.

The remainder of the paper is structured as follows. In
Section II, the optimization models of each market actors are
presented and then combined into a single market clearing
formulation. Section III addresses the definition of different
loss allocation policies and their impact on energy trades
and prices in the form of network charges. A dedicated test
case and simulation results are then described in Section
IV. Finally, Section V gathers conclusions and perspectives
regarding further works.
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II. MARKET CLEARING FORMULATION

We first lay down the optimization problems of each market
participant: namely, prosumers, system operators (both at
transmission and distribution level) and the market operator.
We then consider the market clearing as an equilibrium
problem, where all agents negotiate their energy procurement,
while maximizing their profits. Eventually, we will show that
this negotiation mechanism is a convex potential game, hence
there exists a Nash equilibrium that can be found by solving
the equivalent optimization problem.

Since the focus of this study is to assess the properties of the
proposed market design, we find the market equilibrium by di-
rectly solving the equivalent optimization problem. Distributed
optimization techniques could also be readily applied to clear
the market, as largely reviewed in [16]–[18]. In this way,
one would simulate an actual implementation of decentralized
electricity markets, where each agent individually optimizes
her energy procurement and exchange information with the
others to reach consensus.

A. Preliminaries and Notation

The scope of this study is to integrate SOs in the negotiation
process of decentralized electricity markets and to investigate
properties of the consequent market outcomes. This justifies
the need for the following assumptions. Market actors are
considered rational and truthful, thus no strategic behaviour
is taken into account. Any non-convexity of their optimization
problems is neglected or relaxed to convex approximations,
in particular the optimal power flow equations of SOs. For
clarity of notation, we present the mathematical formulation
of a market with one TSO and one DSO, but the extension
to multiple TSOs and DSOs is straightforward: in fact, the
numerical results presented in Section IV consider multiple
DSOs. We then restrict the market clearing to a single instance:
no ramping and time coupling constraints are included in
the model. Finally, we assume perfect communication among
market actors, to guarantee that in case the market is cleared
in a decentralized fashion, the exact same market equilibrium
is attained.

In each formulation, we use lower and upper case symbols
respectively for variables and parameters, in bold if matrices
or vectors. Dual variables, which in an equilibrium problem
are decision variables of the market operator and parameters
for the other agents, are expressed with Greek letters. We use
i as index for market participants I, which can communicate
and trade with a set of trading partners j ∈ Ωi. Each agent is
connected to a bus of the power grid: for simplicity of notation
we distinguish between TSO nodes, indexed n ∈ T , and DSO
buses, r, s ∈ D. We identify the set of agents connected at bus
n (or r) by subscripting the set of agents In. Additionally, for
each bus at TSO level n we split the lines connected to it
in two sets, AC k ∈ LAC

n and HVDC h ∈ LDC
n , while LTSO

is the set of all lines at TSO level. Lines at DSO level are
grouped in the set of the pairs of receiving and sending nodes
d = (r, s) ∈ LDSO. All the lines are then grouped in the set
L. Finally, we define a set of nodes c ∈ C, where DSOs and
TSOs are connected.

B. Prosumers

The objective of each prosumer i is to minimize their energy
procurement costs and can be modelled as an optimization
problem,

min
ΓP

fi(pi, qi)−
∑
j∈Ωi

(τ T
ij + τ Z

ij)tij − (τ Z
ij + τ L

ij)wij

− λr|i∈Ir qi
(1a)

s.t.
∑

j∈Ωi

(tij + wij) = pi : πi (1b)

P i ≤ pi ≤ P i : γP

i
, γP
i (1c)

Q
i
≤ qi ≤ Qi : γQ

i
, γQ
i (1d)

wij ≥ 0, tij ∈ R (1e)

where ΓP = {pi, qi, ti,wi} is the set of variables, with pi the
net active power of agent i (positive if generated and negative
if consumed) and qi the reactive power. The vector ti is the
collection of tij , i.e., the energy traded between agent i and
each of the j trading partners in Ωi at price τ T

ij . As in [14],
by changing the communication topology among market par-
ticipants, one could simulate different market structures, from
pool-based to community-based and peer-to-peer markets.

Additionally, each trade impacts the power grid both in
term of congestions, reflected by the price charge τ Z

ij , and by
creating power losses. These losses wij , caused by the trade
between agents i and j, need to be procured at price τ Z

ij + τ L
i ,

i.e. grid plus loss price, with the respective system operator.
The sum of the trades balances out with the net generation
and the losses as in (1b) at a perceived price πi. P i and P i
are respectively the maximum and minimum active power set-
points while γ

i
and γi are the dual variables associated with

these limits. Respectively, (1d) bounds reactive power, whose
grid costs are enforced by means of the reactive nodal price
λr. The objective function (1a) is to minimize procurement
costs, as a sum of generation costs (and consumption utility),
energy and loss trades and grid costs.

C. Transmission System Operator

We formulate the optimization problem of the Transmission
System Operator (TSO) as

min
ΓT

∑
c∈C

τ E
c e

T
c +

∑
n∈T

∑
i∈In

τ Z
ijzij

+
∑

l∈LTSO

∑
i|In∈T

τ L
ijA(i,j),l wl

(2a)

s.t. fk =
∑
n∈T

Nkn

( ∑
i∈In

zij −
∑

h∈LDC
n

IDC
nh fh

−
∑

c∈Cn
eT
c −

∑

l∈L
Dnl wl

)
∀k ∈ Lac : ϕk (2b)

− F l ≤ fl ≤ F l ∀l ∈ LTSO : µ
l
, µl (2c)

wl = M T
l |fl|+QT

l ∀l ∈ LTSO : φl (2d)
z, eT ∈ R, w ≥ 0 (2e)

where ΓT = {f ,w, z, eT} is the set of decision variables of
the TSO, with f the vector of line flows both in AC and DC,w
the vector of line losses and eT the vector of power exchanges
from TSO do DSOs. The vector z gathers all the injections
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corresponding to each trade, including the associated losses.
The objective function (2a) represents the cost of the energy
exchanged with all DSOs at price τ E

c , the sum of the congestion
rent over AC and HVDC lines and the cost of losses. The
subset Cn is used to identify all the DSOs connected to node
n. On the one hand, the congestion rent is expressed as the sum
over all nodes of all injections zij times the respective grid
price τ Z

ij . On the other hand, the cost of losses is calculated
as the sum over the losses of each line l at price τ L

ij .

Power flows over AC lines are derived using the Power
Transfer Distribution Factors (PTDF) matrix, represented by
the elements Nkn of N in (2b), and the nodal injection
of each trade, with ϕ being the respective dual variable.
Nodal injections are calculated as the sum of the injections
corresponding to each energy trade, HVDC line flows, energy
exchange with DSOs and line losses. Line losses are trans-
formed into nodal losses by allocating half of the line losses to
the respective receiving and sending node, Dnl = 0.5 if node
n is connected line l and zero otherwise. The PTDF matrix
identifies how power flows are distributed across the network,
showing the marginal variation in the power flows due to a
marginal variation in the power injections. This matrix N is
an |LTSO|× |T | matrix, with | · | the cardinality of the sets, and
can be calculated as

N = BlineB̃
−1

bus (3)

where B̃
−1

bus is the inverse of the bus susceptance matrix after
removing the row and the column corresponding to the slack
bus, and B̃line the line susceptance matrix. We define AC
flows by means of the PTDF matrix and not through voltage
angle differences, in order to avoid multiple dual solutions. In
fact, in the B-theta formulation, power flows are calculated as
the difference of voltage angles: the corresponding KKTs rep-
resent an undetermined system of equations with infinite dual
variable solutions. The flows over HVDC lines are included in
the nodal injections. Indeed, thanks to the flexibility of HVDC
lines, those flows can be arbitrarily defined by the TSO and
are modeled as positive or negative injections. Constraint (2c)
defines the line limits, with F l being the capacities of the lines,
and µ

l
and µl the respective dual variables, in other words the

shadow prices of congestion.

In order to define the losses allocated to each trade, we
first model line losses wl as a linear function of the line
flows fl, constraint (2d). Loss functions are included in the
form of two inequality constraints as in [19]; in this way it is
possible to properly calculate losses without considering the
direction of the flow (that would require the introduction of
binary variables). The coefficients of the linear approximation
are computed using the least squares method as in [19], where
the authors propose an extension to piece-wise linear approx-
imation that is added to this model for the test case analysis.
Line losses are then allocated to market participants, connected
at TSO i|In ∈ T , by means of allocation policies, modelled
as coefficients of the matrix A. We will deeper investigate
different policies and their impact on market equilibria in the
following sections.

D. Distribution System Operator

A distribution system operator participates to the negotiation
mechanism with objectives similar to a TSO. Given the lower
voltage level, we extend the power flow equations to include
reactive power, resulting in

min
ΓD

∑
r∈D

∑
s∈Dr

λr f
Q
(r,s) − τ E

c e
D
c +

∑
r∈D

∑
i∈Ir

τ Z
ijzij

+
∑

d∈LDSO

∑
i|Ir∈D

τ L
ijA(i,j),d wd

(4a)

s.t. f P
d = Brs(ϑr − ϑs)−Grs(vr − vs)

∀d = (r, s) ∈ LDSO : ϕP
d (4b)

f Q
d = B∗rs(vr − vs) +Grs(ϑr − ϑs)− b0rs

∀d = (r, s) ∈ LDSO : ϕQ
d (4c)

(f P
d)2 + (f Q

d )2 ≤ (Sd)
2 ∀d ∈ LDSO : ηAC

d (4d)

eD
c = −

∑

r∈D

∑

i∈Ir
zij +

∑

d∈LDSO

wd : ηE
c (4e)

ϑref = 0 (4f)

Θr ≤ ϑr ≤ Θr ∀r ∈ D : ηθ
r
, ηθr (4g)

V r ≤ vr ≤ V r ∀r ∈ D : ηV

r
, ηV

r (4h)

wd = M D
d |f P

d |+QD
d ∀d ∈ LDSO : φd (4i)

f P,f Q, z, eT ∈ R, w ≥ 0 (4j)

with ΓD = {f P,f Q, z,w, eD,ϑ,v} is the set of decision
variables of the DSO, with f P and f Q respectively the line
active and reactive flows, z the injections corresponding to
agent trades and losses, w the line losses, eD the energy flow
from DSO to TSO and ϑ,v respectively the voltage angles
and magnitudes. As already presented for the TSO model, the
objective function (4a) represents the sum of the congestion
rent (both for active and reactive flows), the costs of trades
with the TSO and the cost of losses. The losses are traded
between market participants, at distribution level i|Ir ∈ D, and
the DSO, who enforces loss allocation policies, summarized
with the matrix A, further discussed in the following section.

The active and reactive power flows are derived through
constraints (4b) and (4c) using a linear approximation of an AC
power flow [20], where b0rs is the shunt susceptance, Grs the
conductance and Brs the susceptance of line between d nodes
r and s (B∗rs = Brs+2b0rs), with ϕP

d and ϕQ
d the associated dual

variables. Line capacities are enforced by the conic constraint
(4d).

Similarly to the formulation of the TSO problem, power
losses in the distribution grid are calculated for each line
through constraint (4i), by means of a linear approximation.
The energy flow between TSO and DSO is calculated as the
sum of all the trades originated at DSO level and the losses on
all DSO lines, as in constraint (4e). The case of one connection
node is presented above only for simplicity of indexing and
notation, however several connection points can be readily
considered. Finally, constraints (4h) and (4g) ensure voltage
standard compliance at each node r, with V r, V r, Θr and Θr

being the maximum deviation of magnitudes and angles, and
ηV
r
, ηV

r, η
θ
r

and ηθr the corresponding dual variables.
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E. Market Operator
The market constraints ensure trade reciprocity of energy

and losses, as well the allocation policies for losses and power
balances at TSO and DSO level. The respective optimization
problem becomes

min
ΓM

∑

i∈I

∑

j∈Ωi

[
− (tij + tji)τ

T
ij − (tij + wij − zij)τ Z

ij

−
(
wij −

∑

l∈L
A(i,j),l wl τ

L
ij

)
τ L
ij

]
+
∑

c∈C
(eT
c − eD

c )τ E
c

+
∑

r∈D

∑

s∈Dr

(f Q
(r,s) −

∑

i∈Ir
qi)λr (5a)

s.t. τ T, τ Z, τ E, τ L,λ ∈ R (5b)

where ΓM = {τ T, τ Z, τ E, τ L,λ} is the set of decision variables
of the market operator, indicating respectively the prices of
the energy trades among market participants, of grid usage
for each injection caused by the energy trades, of energy
exchange between TSO and DSOs, of losses and the nodal
prices for reactive power. The objective function of the market
operator (5a) is to enforce shared constraints by setting all the
mentioned prices.

F. Equivalent Optimization Problem
The optimization problems of all market players are convex

problems, as long as the cost or utility function fi of each
prosumer i is convex. Note that a usual formulation of a
DC power flow via the PTDF matrix involves employing the
sum of agent injections pi in constraint (2b). This, however,
results in a generalized Nash equilibrium, since prosumer
actions limit the feasible space of the TSO. By introducing the
additional variables z, no variable of a market player appears
in the constraints of other agents, refining the generalized
Nash equilibrium to a Nash equilibrium. It is straightforward
to show that the Jacobian of the game map is symmetric,
hence the game map is integrable (Theorem 1.3.1 in [21]).
Therefore, a Nash equilibrium exists and we can write the
following equivalent optimization problem,

min
ΓP,ΓT,ΓD

∑

i∈I
fi(pi, qi) (6a)

s.t. (1b)− (1e) (6b)
(2b)− (2e) (6c)
(4b)− (4j) (6d)

tij = tji ∀i ∈ I, ∀j ∈ Ωi : τ T
ij (6e)

tij + wji = zij ∀i ∈ I, ∀j ∈ Ωi : τ Z
ij (6f)

wij =
∑

l∈L
A(i,j),l wl ∀i ∈ I, ∀j ∈ Ωi : τ L

ij (6g)

eT
c = eD

c ∀c ∈ C : τ E
c (6h)∑

s∈Dr

f Q
rs −

∑

i∈Ir
qi = 0 ∀r ∈ D : λQ

r (6i)

Note that (6) can be solved by means of decomposition
techniques, where market actors trade energy and losses by
seeking consensus on constraints (6e) - (6i).

III. LOSS ALLOCATION POLICIES

When including losses in decentralized electricity markets,
fairness of agent payments may be undermined. To verify this,
we analyze the price formation mechanism and the consequent
effect of different loss allocation policies.

A. Price Formation

Trade prices, for both energy and losses, can be extracted
as dual variables of (6e) - (6i) or can be analytically derived
by computing the first-order conditions of (6). We hereby
presents only the most meaningful among all these equations
to understand the impact of grid constraints and losses on trade
prices. These are

pi :
∂fi
∂pi
− πi + γP

i − γP

i
= 0 (7a)

tij : πi − τ T
ij − τ Z

ij = 0 (7b)

wij : πi − τ Z
ij − τ L

ij = 0 (7c)

zij : τ Z
ij −

∑

k∈L
PTDFkn|n∈In∪C ϕk = 0 (7d)

wl :
∑

i∈I
A(i,j),l τ

L
i + φl +

∑

k∈L
PTDFkn Dnl ϕk = 0 (7e)

From (7a), we can identify πi as the price perceived by agent
i, driving her dispatch decision, limited by asset capacities.
From (7b) and (7c), it follows that the perceived price equals
each trade price τ T

ij , or equivalently the loss price τ L
ij , adjusted

by τ Z
ij , including the impact of all grid constraints on the mar-

ket equilibrium as in (7d) (it is intuitive that a price difference
happens only if some of these constraints are binding). This
implies that energy and losses are traded at the same grid-
aware price. Therefore, the allocation policies, summarized by
A(i,j),l, do not only impact the definition of the loss price of
each trade, as in (7e), but also the energy price of each trade.
Hence, loss allocation policies should be carefully designed
in order to grant fairness of market participation. Since the
concept of fairness can differ among system operators, we
propose two policies, that can be independently employed by
different SOs or even combined to obtain a milder strategy.

B. Loss Allocation Policies

We summarize the allocation policy coefficients in a matrix
A with 2T rows, with T the number of trades (we define a
coefficient for the trade (i, j) and one for the trade (j, i)) and
with L columns, with L the number of lines. We propose
two different allocation policies: one where each System
Operator (SO) socializes the losses in its lines (ASOC) and one
reflecting grid usage of individual trades (AIND). We define
the socialization policy coefficients as

ASOC
(i,j),l =





1
2T SO if i ∈ ISO, l ∈ LSO

0 otherwise
(8)

with T SO the number of trades of the SO, that agent i belongs
to. Each agent is equally allocated the losses occurring on the
lines of the respective SO. This policy erases geographical
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discrimination of market participants, but at the same time
trades are not affected by their individual impact on the grid.

The second proposed policy attains the opposite effect. By
allocating to each trade the losses produced by the flows
it generates, this policy discriminates agents based on their
geographical location. The coefficients of this policy are
defined as

AIND
(i,j),l =

|TFln|i∈In − TFlm|j∈Im |∑
i,j∈I

|TFln|i∈In − TFlm|j∈Im |
(9)

where TFln|i∈In is a modified version of the PTDF matrix for
line l and node n where agent i is connected. The PTDF matrix
is modified to include DSO nodes and lines. This is done by
defining the PTDF matrix as in (3) for each block of nodes and
lines of each SO. Then each node at DSO has the same values
for the TSO lines as the node of connection between TSO and
DSO. To compute the allocation policy coefficients for trade
(i, j), we employ the difference of the modified PTDF at the
respective nodes in absolute value, to avoid negative values
while accounting for grid usage at the same time. Finally, the
values are normalized to guarantee that all the coefficients for
each line sum to 1.

Ideally, this individual allocation policy should account
for the amount of energy traded, to allocate more losses to
larger trades and vice-versa. However, this would make appear
bilinear terms in the optimization problem of the SOs, which is
highly non-practical. Therefore, we propose to account for the
size of the market agents, by adjusting the allocation policy
coefficients by the agent capacities (Ki). The policy in (9)
then becomes

AIND
(i,j),l =

|TFln|i∈In − TFlm|j∈Im |∑
i,j∈I

|TFln|i∈In − TFlm|j∈Im |
Ki∑

i∈I
Ki

(10)

where
Ki = max

{
|P i|, |P i|

}
(11)

Arguments for fairness and unfairness of both policies exist.
On the one hand, a socialization policy equally distributes total
loss costs across market participants without discrimination
on geographical location. At the same time, agents are not
incentivized to trade locally, as they are charged the same no
matter the distance with their trading partners. On the other
hand, an individual policy makes sure that each agent pays for
the losses she causes in the system, incentivizing local trading.
However, this policy may discriminate, for instance, one agent
at the end of a DSO feeder that gets allocated the losses of all
the lines to reach the feeder, compared to a market participant
close to the connection with the TSO. Therefore, we propose
a linear combination of the two strategies,

A(i,j),l = χ ASOC
(i,j),l + (1− χ) AIND

(i,j),l (12)

with χ a socialization factor, to find a trade-off between the
advantages and caveats of both policies. One should notice that
different SOs can have different allocation policies. In fact in
the following section, we investigate a test case with both TSO
and DSOs over different combination of allocation policies to
show how they impact market outcomes and payments.

C. Illustrative Example

We hereby propose a small test case to provide in-depth
insight on the impacts of different loss allocation policies. We
consider a 5 bus system, including both a meshed (TSO) and a
radial (DSO) network, with only one generator and three loads,
as pictured in Figure 1. On the one hand, a consumption unit
(agent 2) belongs to the TSO grid and is connected to the
generator by long lines. On the other hand, agents 3 and 4 are
connected at DSO level, respectively close to and far from the
feeder.

We simulate this illustrative example with 3 different loss
allocation policies: socialization (χ = 1), individual (χ = 0
w/out K) and individual scaled by capacities (χ = 0 w/ K).
We then investigate the impact of different policies in terms of
payment increase in absolute (∆Ci) and percentage (∆%Ci)
values,

∆Ci = Ci − C0
i (13)

∆%Ci =
Ci − C0

i

|C0
i |

(14)

with Ci =
∑
j∈ωi

tij (τ T
ij + τ Z

ij) the payments of agent i. We
use the superscript 0 to identify the reference case, where
losses are not considered while clearing the market.

Figure 2 shows that the socialization policy achieves an
equal split of losses across market participants. One should
note that the revenues of the generator (agent 1) increase,
since, in this small case, it is the only generator, hence the
marginal one providing the extra power to compensate for the
losses that are not considered in the reference case. However,
when looking at the results for the same policy in percentage
terms, it is clear that the smaller agents (3 and 4) are strongly
discriminated. On the other hand, the individual policy allo-
cates larger payments to agents 2 and 4, corresponding to the
units further away from the generator. In percentage terms,

~ 1

2

3 4

Fig. 1. Illustrative 5-bus test case, with a TSO and a DSO.
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Fig. 2. Increase of payments in absolute (left) and percentage (right) values.
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however, agent 3 is still discriminated over agent 2 because
of her size. When including the capacity proportionality to
the individual allocation policy, the payments become more
uniform across agents in percentage terms. As for the actual
payments, they also decrease in magnitude as the marginal
generator, having a larger capacity than the others, gets more
losses allocated reducing the need for the loads to procure
power.

IV. NUMERICAL RESULTS

This section evaluates the impact of grid constraints and
the performance of the different loss allocation policies on a
test case, including a TSO network with several connected
DSOs. First, the test case is described. Then, the numerical
results are investigated to compare market equilibria with and
without grid constraints, followed by an analysis on the impact
of different loss allocation policies on market outcomes and
prices.

A. Test Case Description

We simulate our market formulation on a modified RTS
‘96 IEEE test system presented in [22]. Not being the focus
of this paper, the overall synchronicity of the test case is
guaranteed by replacing the HVDC line between nodes 123
and 323 by an AC line of the same capacity. To match
the formulation of this paper, wind farms are considered
as prosumers such that P i and P i are equal to the power
production. Focusing on the analysis of the proposed loss
allocation policies, the results presented in this paper are
obtained for a single time step, September 2nd of the original
dataset. Finally, 12 energy communities are considered at
DSO level, whose grid parameters are based on the IEEE 33-
bus distribution network1 and are connected to transmission
nodes 111, 112, 120, 211, 214, 303, 311, 312, 411, 412 and
414. DSO agents are considered as prosumers with lower
bound of their power asset P corresponding to the power
demand of the IEEE 33-bus distribution network (with a
change of the sign convention), while their upper bounds P
are computed by randomly sampling the difference P − P
from a uniform distribution U(0, 1). Similarly, cost curves
are sampled uniformly between 10 and 50 e/MWh. The final
test case as well as the code used to run the simulations are
available on GitLab2.

B. Impact of Grid Constraints

We first investigate the impact of power flow constraints on
the feasibility of market outcomes, by simulating the market
clearing (6) with and without including grid constraints. Power
losses and their allocation policies are not yet considered, to
only analyze the effect of the network on the market equi-
librium. The results of our simulations verify that all power
grid variables respect their limits, once included in the model.
For instance, Figure 3 shows the loading of transmission

1Line capacities of the distribution systems are based on https://portfolio.
du.edu/downloadItem/358246

2https://gitlab.com/fmoret/p2p loss
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Fig. 3. Line loading at TSO (left) and DSO (right) level.

and distribution lines for a market clearing with and without
grid constraints. The results clearly show violation of line
capacities for both system operators, if grid constraints are
not included in the negotiation process, in particular at DSO
level where reactive flows contribute to the overload of lines.
Optimizing energy trades while accounting for grid feasibility
become fundamental in view of an even lager penetration
of DERs, causing considerable reversed (from DSO to TSO)
and reactive power flows. By including grid constraints in the
market clearing, system operators will reduce the need for grid
reinforcement and reactive compensation measures.

From (7), we extracted how grid constraints modify trade
prices to account for power flow feasibility, e.g., line and
voltage limits. Similarly to a market based on locational
marginal pricing, one line congestion impacts the price of
each bus. Note that agents connected at the same bus trade at
the same price if no economic preference is included. Figure
4 displays the percentage increase, compared to the market
clearing without grid constraints, of the price of agents at
each TSO bus. For clarity of representation, DSOs (represented
with a squared marker) are grouped at their connection node
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Fig. 4. Price percentage increase on the TSO network when including grid
constraints.
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Fig. 5. Weighted average electric distance of trades per TSO prosumer.
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Fig. 6. Price percentage increase as function of the weighted electrical
distance. Trend lines (dashed) are calculated without considering outliers.

to the TSO grid. The width of the connecting edges is
plotted proportionally to the line flows, with congested lines
highlighted in red. The average price per agent decreases from
15.6 e/MWh (the uniform price of the market clearing without
grid constraints) to 14.5 e/MWh. However, larger prices,
with a peak of 20.4 e/MWh, appear as a consequence of
congested lines. Visually, it appears that prices are distributed
in high and low price zones: in fact, including grid constraints
in the market clearing provides incentives to locally match
generation and consumption.

To this extent, Figure 5 shows how the average trading
distance of TSO prosumers is largely reduced both in terms
of its mean and standard deviation. DSO agents are not
considered, since, in this specific market architecture, they
only trade with the respective community manager located at
the feeder, hence their distance is not impacted. We calculate
the average trading distance δi of each agent i as the PTDF-
based electric distance between two trading agents weighted
by the energy traded. It follows

δi =

∑
j∈Ωi

∑
l∈L |PTDFli − PTDFlj | rl tij∑

j∈Ωi
tij

(15)

with rl the resistance of each line l. As investigated in [23],
the number of trades of each market participant increases
the complexity of the market clearing problem, especially if
solved by means of distributed optimization techniques. The
natural effect of the power grid to incentivize local trades
presented here could be employed to increase the sparsity of
the communication matrix among agents.
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C. Impact of Loss Allocation Policies

After investigating the impact of grid constraints on market
outcomes, we focus our analysis on the different loss allocation
policies proposed. We first compare the effects of a social-
ization (8) and an individual (9) policy. Figure 6 displays the
percentage increase of payments as a function of the weighted
electrical distance, defined in (15), of both TSO and DSO
agents. We use the socialization policy as a reference, where
each trade is allocated an equal share of the respective SO
losses, and plot the cost increase when an individual policy is
employed. It is clear that market participants that engage in
distant trades are penalized by larger losses, and consequently
payments. This trend is stronger at DSO rather than at TSO
level, since agents at the end of a radial grid are naturally
further away from the feeder, while it is attenuated in a meshed
grid where power flows through several parallel paths.

This can be clearly seen from Figure 7, where losses and
electrical distance are displayed for a sample of the simulated
agents. While a socialization policy leads to equal losses across
all SO agents, an individual policy induces large disparity at
DSO level as function of their electrical distance from the
feeder. On the other hand, market participants at TSO level
are indeed impacted by their trading electrical distance, but
the variation is limited thanks to the meshed layout of the
power grid. Therefore, we argue that a socialization policy
is preferred at DSO level to avoid discriminating agents for
their unintentional geographical location, while at TSO level
an individual policy can still be used, charging more for trades
with higher grid usage, but without creating unfairly large
payment differences.
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As pointed out in Section III, an ideal individual policy
should use the actual amount of trades to quantify losses, but
this would introduce bilinear terms, mining the convexity of
the overall problem. We propose to consider the capacity of
market participants as a proxy of their trades. Figure 8 shows
the impact of considering agent capacities in an individual
allocation policy, as in (10), by displaying the percentage
payments increase (with the socialization policy as a reference)
as function of the overall energy traded by each agent. The
clear linear trend obtained when including agent capacities in
the allocation policy is evidence that we can approximate the
objective of allocating more losses to agents that trade more
energy, while keeping the optimization problem convex.

V. CONCLUSION

In view of decentralized electricity markets, the role of
system operators is fundamental to guarantee feasibility in
power system operation. In this work, we tackled the coor-
dination of system operators with agents participating in peer-
to-peer electricity markets and with other system operators,
both at transmission and distribution level. We showed that by
including system operators in the negotiation process grid con-
straints are respected and trade prices are affected by network
charges. These additional tariffs are dynamically calculated as
an outcome of the negotiation mechanism, reflecting the actual
grid usage of each trade and providing incentives to local
match of generation and consumption. We then included power
losses as an additional market product that system operators
trade for compensating transmission and distribution costs.
We finally argued that loss allocation policies are needed to
guarantee fairness among market participants, that could be
discriminated for their geographical location otherwise.

Including system operator in the negotiation mechanism,
based on decomposition techniques for large optimization
problems, drastically increases the complexity of the algo-
rithm. Even if it is still possible to find the optimal consensus
among all these market actors, the time needed to attain it
might increase to the point of making such mechanism not
suitable for real life implementations. Therefore, this work
should be considered as an ideal benchmark for the design
of decentralized electricity markets. For instance, it could
be used for exploring new opportunities for a decentralized
management of the power systems, as well as for better

defining ex-ante network charges that approximate the results
proposed in this work. Finally, further research should aim
for designing negotiation processes with guaranteed trade-
off between optimality of market equilibria and algorithmic
complexity. Computationally lighter mechanisms may lead to
market inefficiency, but this might be the price to pay for real-
life implementation of such complex market mechanisms.
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Organization in electricity markets is evolving from centralized pool-based to decentralized peer-to-

peer structures. Within this decentralized framework, agents are expected to individually procure

their energy, while directly negotiating with other market participants. Since distributed power

generation is mostly based on non-dispatchable energy resources with zero marginal cost, any

proposed decentralized negotiation mechanism needs to account for uncertainties. When operating

uncertain assets, decision makers are affected by subjective attitudes towards uncertain payoffs,

impacting not only their energy procurement but also the whole market equilibrium. We propose a

new definition of fairness in risky environments and show that, in decentralized electricity markets,

heterogeneous risk aversion of participants compromises fairness of the resulting market payments.

Consequently, we introduce financial contracts as risk hedging mechanisms and evaluate their

impact on market equilibrium and payments. We show that by trading financial products, fairness

is restored.

Keywords: OR in Energy, Decentralized Electricity Markets, Decision-making Under

Uncertainties, Risk Hedging, Fairness.

Nomenclature

Below the list of the most important symbols in alphabetical order and grouped among sets,

variables, parameters and functions.

?The work is partly supported by the Danish ForskEL programme through the Energy Collective project (grant
no. 2016-1-12530).

∗Corresponding author
Email addresses: fmoret@elektro.dtu.dk (Fabio Moret), ppin@elektro.dtu.dk (Pierre Pinson)

Preprint submitted to European Journal of Operational Research (EJOR) February 7, 2020



Sets

I Set of market agents i.

Si Set of scenarios s for agent i.

Variables

qi Energy traded by agent i within the community.

qb Energy bought by the community.

qs Energy sold by the community.

usi Cost exceeding ηi at scenario s.

xi Net energy dispatched by agent i.

wsi Financial contract bought by agent i at scenario s.

δi Quantile corresponding to the power set-point xi.

λc Community energy price.

λsw Price of the financial contracts traded in scenario s.

ηi Value at Risk (VaR) of agent i.

Parameters

NSi Number of scenarios of agent i.

x̃si Realization of the uncertain net generation of agent i at scenario s.

Xi Lower bound of the uncertain asset of agent i.

Xi Upper bound of the uncertain asset of agent i.

β Retailer buying price.

ϑ Average of retailer buying and selling price.

νsi Risk-adjusted probability for scenario s and agent i.

σ Retailer selling price

ω Spread of retailer buying and selling price.

χi Risk attitude of agent i.

Functions

C Expected costs, superscript I and II are used respectively for first- and second-stage.

Ĉ Risk-adjusted costs, superscript I and II are used respectively for first- and second-stage.
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L Loss function for real time adjustments.

M Risk measure.

R Risk cost allocation.

Φ Cumulative distribution function.

φ Probability distribution function (Φ′).

Ψ Inverse cumulative distribution function (Φ−1).

ψ Inverse probability distribution function (Ψ′).

| · |+ Positive part function, max(0, ·).
| · |− Negative part function, min(0, ·).

1. Introduction

The ongoing decentralization of electricity generation and the increasing engagement of end-

users in their energy procurement calls for a redesign of the electricity market structure. Currently,

the hierarchical structure of electricity markets limits small-size producers or flexible consumers

to further invest in Distributed Energy Resources (DERs) and optimize their energy procurement.

To accommodate for the ongoing transformation of the energy sector, a new branch of literature

has recently proposed innovative designs for decentralized electricity markets [25]. Some of these

market constructs do not largely differ from existing concepts, such as virtual power plants and

aggregators. However, the role of prosumers in decentralized electricity markets is fundamentally

different. By actively negotiating their energy procurement, end-users can trade energy according

to their preferences, for instance on type of energy or on trading partners, instead of being scheduled

or controlled by a profit-seeking external entity.

Large uncertainties on electricity prices and available renewable generation make risk manage-

ment a fundamental decision-making problem. A large branch of literature exists addressing this

challenge in electricity markets, for instance by means of multistage stochastic bidding strategies

[27], flexibility activation [7] and purchase of forward contracts [9]. In current market structures,

uncertainties of end-users are first internalized by bigger players, such as retailers and Distribution

System Operators (DSOs), who, by managing a large portfolio of users, can benefit from reduced

uncertainties of the aggregated energy profile. The costs of purchasing real-time adjustments to

compensate for these uncertainties are then reflected by higher retail prices for the end-users. In the
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case of decentralized electricity markets, prosumers need to actively account for the uncertainty

of their non-dispatchable generation and inflexible demand. Whenever facing future uncertain

losses or payoffs, rational agents make informed decisions according to their attitudes towards risk.

Several approaches are used to tackle the coordination of energy procurement of market partici-

pants in a decentralized way: among all, cooperative game theory [16], variational inequalities [12],

matching algorithms [20], control theory [10] and distributed optimization [2]. To the best of our

knowledge, the existing literature does not investigate neither the impact of stochastic processes

on decentralized electricity markets, nor how individual agents internalize their risk in such con-

text. Only authors in [22] propose a matching algorithm among prosumers while accounting for

uncertainties of their assets, however no explicit model of risk is included.

Decentralized electricity markets encourage the participation of a larger and more diverse set of

agents, henceforth equally referred to as market participants. To actively engage in such markets,

each market participant needs to first identify her objectives, and then to translate them into

economic value. While marginal cost and utility can be estimated for large market participants,

end-users cannot price their energy as effectively. Usually, generation units owned by end-users are

non-dispatchable and characterized by zero marginal cost and consumption is normally not flexible,

unless storage systems or controllable loads are present. How these agents would define their cost

and utility curves remains a question that the literature has so far failed to answer, but that is

crucial in view of a practical implementation of decentralized electricity markets. Additionally,

market participants affected by uncertainty decide their power set-point according to how they

perceive the risk of uncertain future payments. For instance, while a risk neutral agent considers

the mean, i.e., the expected value, of a future loss function, a risk averse agent will consider the

worse cases among all the possible scenario realizations as more likely to happen. Hence, she will

procure energy in a more cautious way, so as to limit future losses. Large literature exists on

the impact of risk on agent decisions in the power system. In particular, expansion or investment

planning has been largely investigated, where the installed capacity is defined also by the risk

aversion towards future cash flows [28]. In the same way, risk affects market operations since the

aversion towards real-time adjustment costs modifies the power dispatched in the period ahead,

as in the case of the day-ahead market or future and forward procurement [15]. In decentralized

electricity markets, agent risk attitudes can largely differ as prosumers affected by uncertainties are
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considerably different entities, e.g. households, industries and services. This heterogeneity adds

an additional level of complexity in designing market mechanisms that ensure a certain level of

fairness in how the risk is internalized and shared among different agents. In particular when the

number and size of agents is limited, it is not yet always clear how payments of each market agent are

impacted not only by her risk preference but also by those of the other agents. Existing literature on

cooperative game theory have addressed the challenge of a fair cost allocation [14, 16, 32]. However,

when decentralized electricity markets are based on utility maximizing agents, guaranteeing fairness

of market outcomes in a non-cooperative framework and without a trusted third-party needs to be

achieved by a careful market design, for instance by means of additional market products. Unfair

market equilibria may be attained because of an heterogeneous description of uncertainties on

agent assets, that makes the market incomplete. As argued by Philpott et al. in [26], if agents

do not share the same uncertainty description, in the form of a single stochastic process, then the

social welfare optimization might not correspond to the competitive equilibrium solution. In order

to hedge their risk towards uncertainties and complete the market, electricity market participants

can choose among several financial products and derivatives as reviewed in [5] and [24]. In view

of decentralized electricity markets, a further challenge is to first include similar risk hedging

mechanisms in the market clearing process and then to verify how these products impact fairness

of market outcomes.

Despite the fact that, as the literature suggests [31], the technological enablers for fully peer-to-

peer electricity markets are currently in place, a transformation of the current market framework

to a total decentralized one will be too disruptive. Therefore, market layouts in which agents

gather as a community and co-optimize their excess/lack of energy before interfacing with the

market and/or system operator can be seen as a first step towards the integration of peer-to-

peer electricity markets in the current system [19]. In this work we focus on community-based

markets, for which existing literature provides different methodological approaches but none of

them considers either uncertainties or risk models [23, 13]. In order to address the challenges

discussed above, we propose a methodology for defining agent cost function based on the uncertainty

description and the respective heterogeneous risk attitudes, modelled by means of a Conditional

Value at Risk (cVaR) measure. This work addresses a single-settlement market clearing mechanism

as a centralized optimization problem, but it can be readily solved via decomposition techniques.
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We then introduce a definition for fairness in risky environments that captures the dependency of

the allocation of risk costs on risk preferences. We foresee that in a fair market design risk averse

agents will face higher costs that compensate only for their risk preferences and not the total welfare

loss. However, in addition to the increase of the energy cost a single agent may be exposed to as

a result of changing her risk preference, there may be costs that even agents that do not change

their preferences have to face as a result of the actions of that agent. This relates to the notion

of moral hazard, a well-known concept in economics that captures the option a market agent may

have to exploit the risk of others and profit by doing so [21]. We extend our definition of fairness to

the concept of individual and group fairness, inherited from the machine learning community [8],

and propose a fairness metric to quantify the deviation from an ideal fair payment allocation. We

then derive analytical expressions of agent payments, to assess the impact of considering risk when

market agents negotiate their energy procurement. We use this fundamental understanding of risk

impact on market equilibria to argue that there exist conditions of moral hazard and situations

where agents are not incentivized to reveal their true risk preferences. Finally, this work addresses

how risk hedging mechanisms, in the form of financial contracts, impact market dynamics and in

particular whether, or to what extent, fairness among agents can be restored.

The paper is laid out as follows. In Section 2 we describe the agent setup and market framework

and propose a decentralized electricity market clearing formulation, including agent risk attitudes.

Section 3 addresses the definition of fairness and the impact of risk in decentralized electricity

markets in the form of market properties and analytical derivations. Section 4 provides a model of

risk hedging mechanisms via financial contracts and analyzes their impact on fairness and agent

payments. In Section 5, we present an illustrative example and a larger case study to visualize

and verify our findings. Finally, Section 6 gathers a set of conclusions and hints at perspectives for

future research.

2. Community-based Market Model with Risk towards Uncertainties

The impact of risk attitudes of market agents towards uncertain generation and consumption

on energy procurement, in power systems heavy on non-dispatchable renewable sources, has been

largely analyzed in the literature [4]. In this section, we first address the description of the market

framework and of agent uncertainties. We then investigate an appropriate risk measure and propose
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a community-based market clearing formulation where agent risk preferences are included. We close

this section by giving a definition of risk cost allocation.

2.1. Framework of community-based electricity markets

Community-based electricity markets can be seen as a specific form of fully decentralized elec-

tricity markets as argued in [2], and are more suitable for being integrated in the current market

structure. As agents jointly optimize their assets within a community, a virtual agent is used as the

interface to the existing markets, for instance day-ahead and balancing markets or retail market.

For the sake of this study, we assume the presence of a backup retailer from whom the commu-

nity can purchase energy both in day-ahead (hereafter referred to as first stage) and in real-time

(hereafter referred to as second stage) at fixed buying (β) and selling (σ) prices. Current practice

entails grid tariffs on top of the energy price when end-users buy energy from a retailer, while the

energy sold from end-users to the retailer is priced at a feed-in-tariff, resulting in β > σ. However,

uncertain prices could be easily modelled by adding a set of price scenarios to the loss function

described below.

2.2. Agent uncertainties and associated loss functions

Decentralized electricity market structures are meant to accommodate a large diversity of agents

both in terms of assets availability and of individual objectives and preferences. We model agents

as prosumers, namely agents that can behave as producers or consumers depending on the available

assets and on the market equilibrium. However, these assets are often inflexible and stochastic,

especially when considering end-users, challenging the definition of cost curves of such prosumers.

In this work, we focus on the case of prosumers with only renewable generation and inflexible

load, but conventional generators and flexible loads can be readily integrated. We consider a

single-settlement market where each market participant i ∈ I procures her net energy xi (positive

for net generation and negative for net consumption) based on a probabilistic forecast of her net

generation (and consumption if negative) described by a set of scenarios s ∈ Si of cardinality NSi ,

of the realized energy net production x̃si . Imbalances are then settled after operation using the

measured power dispatch of each agent. Excess and lack of energy are procured from the retailer

at prices σ and β respectively. In this framework, agent decisions in community-based markets are
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driven by future imbalance costs. We define this random loss per scenario s as

Lsi = β|xi − x̃si |+ + σ|xi − x̃si |− (1a)

= ω|xi − x̃si |+ ϑ(xi − x̃si ) (1b)

where

ω =
β − σ

2
, ϑ =

β + σ

2

The loss function Lsi describes the cost (or revenue if negative) of agent i, caused by the difference

from the dispatched energy xi and the correspondent realization x̃si in scenario s. We then obtain

cost functions of prosumers with uncertain and inflexible assets by mapping a set of loss scenarios

into a deterministic value by means of risk measures. In this framework, future uncertain payments

are used to assess agent cost functions and are not included in the market mechanism, as it is done

in two-stage stochastic programming.

2.3. Risk measures with heterogeneous risk preferences

Different risk attitudes imply different perceptions of the loss function in (1) when optimizing

the energy procurement. We describe the risk attitude of market participants by means of a risk

measure

Mi : RSi 7→ R

defined as a functional that maps the stochastic loss function to a deterministic one. Especially

in case of large heterogeneity of agents, a coherent risk measure, i.e., a measure satisfying the

properties of translational invariance, sub-additivity, homogeneity and monotonicity [1] is preferred,

since the sub-addivity property guarantees action diversification. Several coherent risk measures

exist, each with their advantages and caveats, as reviewed in [6]. For the sake of this work, we

employ the cVaR as a coherent risk measure for two main reasons highlighted by the authors of

[30]: it is easy to integrate in an optimization problem and it better handles decision making of

agents under “not-normally” distributed uncertainty descriptions than other metrics, e.g. Value at

Risk (VaR). Given φi(l) the probability distribution function, of which Lsi in (1) are equiprobable

realizations, the cVaR, parametric on the risk attitude χi, is defined as the average of the 1 − χi
worse realizations. In other words, the cVaR is the average of all realizations larger than the VaR,

where VaRi = {ηi | Pr[Lsi ≤ ηi] = χi}. As displayed in Figure 1 and following [34], one can write a
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convex sample average approximation of the cVaR as the sum of the VaR (ηi) and the average of

the positive residuals (usi ). This writes

cVaRi =Mi(L
s
i ) = ηi +

∑

s∈Si

usi
NSi(1− χi)

(2)

with usi ≥ 0 and

Lsi ≤ ηi + usi , ∀s ∈ Si (3)

Constraint (3) is expressed as an inequality, and not as an equality, to account for the scenarios

where Lsi < ηi and usi = 0.

0 ηi cVaR

usi

Realization scenarios (Ls
i )

φl(L)
χi

1− χi

Figure 1: Conditional Value at Risk (cVaR) of the loss scenarios Lsi .

It should be noted that for χi = 0 the cVaR coincides with the expected value and for χi → 1

the market equilibrium is optimized in view of the worst scenario realization for each agent, as

in robust optimization. Participants of decentralized electricity markets are likely to have largely

different perceptions of risk towards uncertainty, as they include diverse types of agents. We refer

to this market participants as agents with heterogeneous risk attitudes, in contrast to homogeneous

preferences, where every agent perceive her risk in the same way. Note that in this work we refer

to risk preferences and attitudes without distinction.

Definition 1. Give a set of risk attitudes χ = {χi}i∈I , the set is said to be homogeneous if

χi = χj ∀i, j ∈ I

and heterogeneous otherwise.
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According to Definition 1, a risk neutral market equilibrium is a specific case of homogeneous

risk attitudes, where χi = 0 ∀i ∈ I.

2.4. Community-based market clearing

We extend the community-based market clearing formulation originally proposed in [18] by

considering uncertainty description of renewable assets and by introducing risk attitudes in the

form of cVaR for each market participant. The optimization problem becomes

min
Γ

∑

i∈I


ηi +

∑

s∈Si

usi
NSi(1− χi)


+ βqb − σqs (4a)

s.t. − xi − qi = 0 ∀i [πi] (4b)
∑

i∈I
qi = qb − qs [λc] (4c)

xi ≤ Xi ∀i [µi] (4d)

xi ≥ Xi ∀i [µi] (4e)

ω|(xi − x̃si )|+ ϑ(xi − x̃si ) ≤ usi + ηi ∀i, s [νsi ] (4f)

usi ≥ 0 ∀i, s [τ si ] (4g)

qb ≥ 0 [µb] (4h)

qs ≥ 0 [µs] (4i)

qi, ηi ∈ R

where Γ = {x, q, qb, qs,u,η} is the set of decision variables. Bold letters are used to group variables

over agents and scenarios and dual variables of each constraint are represented within square brack-

ets. The market is modelled as a minimization of procurement costs (4a). Under the assumption

that the community operates only renewable generators and fixed loads, the objective function

simplifies to retailer procurement costs, βqb−σqs respectively from buying and selling energy, and

agent cost functions, expressed as cVaR approximations of future imbalance payments as in (2).

Each agent i is subjected to generation boundaries (4d) and (4e) and to an energy balance (4b) of

the dispatched net generation xi and the energy traded with the community qi. Additionally, (4f)

is used for the definition of the cVaR as in (3) with the loss function defined as in (1). Finally, (4c)

ensures energy balance at community level between the community members and the exchanges
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with the retailer. Hereafter, we refer to this decentralized electricity market with risky agents as a

risk-augmented electricity market.

The market clearing (4) can be solved as a centralized optimization problem, requiring a central

agent to have full information on the uncertain description of each participant, or in a decentral-

ized fashion. In this case each agent optimizes her energy procurement while seeking consensus

on the quantity and price of the energy traded. The market clearing formulation in (4) is clearly

separable per market participant with (4c) the only complicating constraint. Therefore, decompo-

sition techniques can be used to solve the problem in a decentralized setup, as analyzed in detail

in [2], attaining the same market equilibria under the assumption of non-strategic agents. Several

methods can be used to decompose the problem as (4c) is the only shared constraint among agents

or, alternatively, the set of traded energy q is the complicating variable. Hence, both methods for

exchange problems, with sharing constraints, and methods for consensus problems, with complicat-

ing variables, can be employed. Among all, algorithms such as the Alternating Direction Method

of Multipliers (ADMM), both in its exchange and consensus form, Dantzig-Wolfe, gradient descent,

Benders decomposition and gossip algorithms can be readily applied to clear the market, since the

description of uncertainties and the risk measure are specific of each agent and they do not add any

complicating constraints nor variables. Since (4) can be intended as an optimal power flow without

considering network constraints, all decomposition methods reviewed in [17] can be applied.

2.5. Payments and risk cost allocation

In decentralized electricity markets, small-size agents are actively and directly exposed to mar-

ket dynamics, thus it is fundamental to design mechanisms that ensure fair payments for each

market participant. Before addressing the concept of fairness, especially in risky environments, we

proceed by defining payments of each market agent. First-stage energy procurement costs can be

calculated as

CI
i = λc qi (5)

with λc the community energy price computed as the dual variable of (4c). One should note that

these are purely procurement costs and, as we only consider renewable generators in this work,

first-stage net costs of agents coincide with their procurement costs. Computing second-stage costs
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requires making a distinction between expected costs

CII
i =

∫
l φi(l)dl (6)

and risk-adjusted costs

ĈII
i =

1

1− χi

∫ +∞

ηi

l φi(l)dl (7)

with φi(l) the probability distribution of second-stage adjustment costs as in (1).

When describing the uncertain process by means of scenarios, the cost definitions (6) and

(7) are to be discretized. Since the market clearing is optimized according to a cVaR measure

of second-stage costs, market participants procure their energy according to their risk-adjusted

perception. From the definition of cVaR in (2) and (3), one can derive that the set of risk adjusted

probabilities implies zero probability on the scenarios with Lsi < ηi and probability 1
NSi (1−χi)

for

scenarios with Lsi ≥ ηi. These risk adjusted probabilities, as consequence of complementarity of

the KKT conditions of (4), coincide with the dual variables νsi of (4f). Hence, we define the total

risk-adjusted costs (first plus second stage) of agent i, with loss function expressed as in (1b), as

Ĉi = λc qi +
∑

s∈Si
νsi [ω|xi − x̃si |+ θ(xi − x̃si )] (8)

While the risk-adjusted probabilities are subjectively defined by each market participant de-

pending on her risk attitude, all the scenarios describing the uncertain assets are equiprobable with

probability 1/NSi . Hence, each agent will effectively not face the risk-adjusted costs, that drive her

first-stage decision, but the expected costs instead. Therefore, we define the total expected costs

of agent i as

Ci = λc qi +
1

NSi

∑

s∈Si
[ω|xi − x̃si |+ θ(xi − x̃si )] (9)

Each cost allocation, i.e., a collection of payments of each market participant C = {Ci}i=1...N ,

is a function of the risk preferences χ, as these preferences impact the dispatched power of each

agent and, hence, the market equilibrium. We can therefore associate a risk cost to the difference

between two market equilibria under different risk preferences.

Definition 2. Let χ′,χ′′ ∈ [0, 1)N be two sets of risk preferences for the N market participants

and C(χ′) and C(χ′′) the respective cost allocations. We define the risk cost allocation as

R(χ′,χ′′) = C(χ′′)−C(χ′)

=
{
Ri ∈ R, ∀i ∈ I

∣∣∣ Ri(χ′,χ′′) = Ci(χ
′′)− Ci(χ′)

} (10)
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Whenever agents increase their risk aversion, for instance from risk neutral to risk averse, system

costs always increase, both in expectation (across scenarios) and with risk-adjusted probabilities.

In decentralized markets, it is fundamental to investigate not only the system cost of including

risk preferences (R̃), but also how this cost is allocated among agents (Ri). Our objective is to

characterize how the system cost of risk is allocated to each agent

R =

{
Ri ∈ R, ∀i ∈ I

∣∣∣
∑

i∈I
Ri = R̃

}
(11)

as a function of the risk preferences. In particular, we investigate whether risk cost allocations

under this market design are fair among market participants.

3. Fairness of Risk Cost Allocation

Investigating the impact of risk preferences on cost allocation in decentralized electricity markets

becomes fundamental in order to design mechanisms that guarantee fairness among prosumers.

However, it is a challenging task to define the concept of fairness in the context of risky market

environments and it only marginally relates to previous definitions of fairness in the literature,

e.g., in communication networks. Therefore, in this section, we introduce an intuitive description

of fairness based on risk cost allocation and provide formal definitions which we then use to assess

whether a risk-augmented electricity market respects fairness.

3.1. Basis of risk cost allocation

The existence of system and agent costs brings an additional dimension into our concept of

fairness. It may be considered unfair for the agent that changes its risk preference to face costs

higher than its expected gains, while also other agents should not be burdened with additional costs.

In this context, fairness is regarded as a property of the risk cost allocation given in Definition

2. For a risk cost allocation to be considered fair, each agent has to face the same cost that

corresponds to the system cost increase that specific agent is responsible for, when changing her

risk preference. If an agent faces higher costs the allocation is not fair towards herself, while

facing lower costs implies that someone else has to compensate for this missing money, hence the

allocation is not fair towards these individuals.
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Definition 3. Let χ′ and χ′′ ∈ [0, 1)N be any two sets of risk preferences for the N market

participants. For each agent i, let χ(i) be a third set of risk preferences, such that χ
(i)
i = χ′′i and

χ
(i)
j = χ′j ∀j 6= i. The risk cost allocation R(χ′,χ′′) is fair if

Ri(χ
′,χ′′) = Ri(χ

′,χ(i)) (12)

holds for each agent i ∈ I.

Definition 3 addresses fairness in terms of how agents internalize their risk costs. Specifically,

we argue that a market design grants fairness of risk cost allocation, if participants are allocated

only the extra costs they individually cause to the system. In (12) we distinguish between the cost

of including the risk preference of agent i in the system (right-hand side) and the cost actually paid

(left-hand side) when each market participant reveals her risk preference. Under this definition,

when only one agent is risk averse, she should be the only one facing an extra cost, while the

payments of the other market participants do not change, as summarized in the following remark.

Remark 1. In case only agent i is risk averse, hence χ′′ = χ(i), then the risk cost allocation

R(χ′,χ′′) is fair if

Rk =




Rk(χ

′,χ′′) = R̃ if k = i

0 if k 6= i

(13)

which implies allocating the entire system risk costs R̃ to agent i.

Definition 3 implies that a cost allocation is fair if the risk cost of each agent does not increase

to compensate costs of other agents. In other words, in a fair market design, each agent will pay for

her risk independently of the risk preferences of other agents. To verify whether a risk-augmented

electricity market is fair according to Definition 3, we derive an analytical representation of the

costs of each agent as function of their risk parameters.

Lemma 1. Let χ be the set of risk preferences of market participants, δ and φ(x) respectively

the sets of quantiles and probability distribution functions corresponding to the set-point x of the

uncertain assets; then the derivative of the total expected costs of each market participant as function

of the risk preference of agent i ∈ I is

∂Ci
∂χi

=(β − σ)

(
Ki qi −

∂δi
∂χi

δiχi
φ(xi)(1− χi)

)
(14a)
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∂Cj
∂χi

=Ki(β − σ)

(
qj −

δjχj
φ(xj)

)
∀j ∈ I \ i (14b)

with Ki =
(
∂δi
∂χi

(1− χi) + δi

)
1

(1−χi)2 . The derivative of the total risk-adjusted costs of each market

participant as function of the risk preference of agent i ∈ I is

∂Ĉi
∂χi

=(β − σ)Ki qi +
cVaRi − ηi

1− χi
(15a)

∂Ĉj
∂χi

=(β − σ)Ki qj ∀j ∈ I \ i (15b)

Proof. [Sketch] We calculate the KKT conditions of (4) and manipulate them to achieve an ex-

pression of total costs of agents, both in expectation (9) and with risk-adjusted probabilities (8),

as a function of χi. We then take the derivative over χi to achieve expressions (14) and (15). For

the full proof, see Appendix 7.1.

Lemma 1 gives an analytical representation of the derivative of the costs an agent i and of any

other agent j as function of the risk attitude of agent i. This allows us to evaluate the fairness of

the market structure as in Definition 3.

Proposition 1. The risk cost allocation of a market participant in a risk-augmented electricity

market, is dependent on the risk attitudes of other agents. Hence, the market is not fair.

Proof. We consider the infinitesimal risk cost allocation, i.e. we look at the derivative of agent

costs over their risk attitude rather than the difference. From Lemma 1, we analyze 14b and 15b.

If Ki 6= 0, then the cost of an agent j changes as function of the risk attitude of another agent i,

violating the definition of fairness.

We prove that Ki is strictly positive, hence Ki 6= 0, if the cumulative distribution function δi

is sub-linear on the risk attitude χi, i.e., −1 < ∂δi
∂χi
≤ 0. In other words, an increasing risk aversion

∆χ of agent i leads to a decrease of the quantile δi of her uncertain assets of less than ∆χ. It

follows

Ki =
∂δi
∂χi

(1− χi) + δi >

(
∂δi
∂χi

+ 1

)
(1− χi) > 0 (16)

where the first inequality follows from the assumption in the proof of Lemma 1 that δi < 1 − χi
and the second inequality follows from the sub-linearity assumption.
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Agents of decentralized electricity markets influence the clearing price as function of their risk

preferences. The community energy price increases as a result of decreased generation (or increased

consumption) whenever agent i increases her risk aversion and vice-versa.

Corollary 1. Whenever one market participant i increases her risk aversion, the market price

increases according to
∂λc
∂χi

= (β − σ)Ki ≥ 0 (17)

Proof. From the proof of Proposition 1, we can extrapolate

λc = σ +
2ωδi

1− χi
(18)

Then calculating the derivative over χi concludes the proof.

Corollary 1 underlines the interdependence of agents, and their risk attitudes, in decentralized

markets and their impact on the price formation. Especially in situations where the number of

market agents is not large enough to adopt perfect competitive assumptions, market participants

can act strategically to their advantages. When it comes to risk-augmented electricity markets, we

show that large generators could act upon risk attitudes different from their real ones to increase

their revenues.

Corollary 2. In a risk-augmented electricity market, the risk attitude χi of each market participant

determines a threshold Ti such that if the net generation of agent i exceeds Ti, then she can benefit

from misrepresenting her risk aversion.

Proof. Assuming that −1 < ∂δi
∂χi
≤ 0 as in the proof of Proposition 1, it follows that Ki > 0. Hence,

from (14a) we verify that there exist conditions for which one agent can face lower total expected

costs by becoming risk averse. In fact

∂Ci
∂χi
≤ 0 for qi ≤ −

δiχi
φ(xi)

(
δi

Ki(1− χi)2
− 1

)
= −Ti (19)

with Ti the threshold for which agent i has market power. If she generates more than Ti, she

can raise the first-stage price to compensate for a loss in the second stage and get better off in

expectation.

Corollary 2 not only opens new research questions on how to avoid strategic behaviour in

decentralized electricity markets, but also reveals the necessity of reducing differentiation across
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groups of players, e.g. net producers and net consumers. Fairness as defined in Definition 3 can

not be achieved, especially when the number of agents is not large enough to make the impact

of a single market participant negligible. Therefore, we rethink the definition of fairness from the

perspective of heterogeneity and homogeneity of market participant risk attitudes.

3.2. Fairness in risk-augmented electricity markets

Compared to the current electricity market structures, decentralized electricity markets have

peculiar characteristics. Market participants manage uncertain assets (both generation and con-

sumption) mostly with zero marginal costs and infinite marginal utility and have intrinsically

heterogeneous risk attitudes towards uncertainties. In a zero marginal cost market, the set of risk

preferences determines the price and quantity bid by agents, as a function of the future costs of

imbalance. It follows that, under heterogeneous risk attitudes, resources with the same (zero)

marginal costs will be dispatched differently. This contradicts the concept of individual fairness,

a well-known paradigm in the machine learning community for which a fair model treats similar

individuals in a similar way, [8]. Similarity is defined by means of two distance metrics, one in the

input and one in the outcome space. We adapt this definition in the context of a risk-augmented

electricity market, where the distance in the input space relates to the generation type, and more

precisely to its marginal cost. As for the distance in the output space we consider the difference

across quantiles (δ) of the uncertain assets.

From this perspective, an ideal market equilibrium would be achieved when all market partici-

pants have the same risk attitudes, i.e. with an homogeneous set of risk preferences. Definition 3

describes an ideal situation, in which agent payments are not influenced by other agent risk atti-

tudes, and cannot be achieved in a zero marginal cost market, where risk attitudes determines the

bids of market participants. Therefore, we hereby propose an alternative definition of risk-fairness

using as a focal point risk preferences, instead of payments.

Definition 4. A decentralized electricity market is risk-fair if all market participants act upon an

homogeneous set of risk attitudes.

The wording “act upon” in Definition 4 is crucial. On the one hand, it is trivial that, if all

market participants perceive risk in the same way, i.e. the set of risk preferences is homogeneous,

then the market is risk-fair. However, with the right incentives, agents with heterogeneous risk

17



attitudes could procure their energy as if they had homogeneous preferences. We discuss this in

the following section, while analysing risk hedging mechanisms. Additionally, risk-fairness implies

that the total system welfare attained is the best possible and coincides with the risk neutral case.

Proposition 2. If a risk-augmented decentralized electricity market is risk-fair, then the expected

total system costs do not depend on the risk aversion of market participants and they yield the best

possible total social welfare.

Proof. From the proof of Lemma 1, it follows

δi
1− χi

=
δj

1− χj
∀i, j (20)

Therefore, homogeneous risk attitudes χi = χj ∀i, j imply that agents will dispatch their assets at

the same quantiles δi = δj ∀i, j.
Let us consider two market equilibria with two different sets of homogeneous risk attitudes but

the same uncertainty scenarios. Since the dispatch quantiles are constrained to be equal across

agents from (20), the quantiles are the same in the two market equilibria. The total first-stage

costs sum to zero, while the expected second-stage costs do not change since the quantiles are the

same.

Given that the total expected system costs are independent from the value of the risk attitudes

of market participants as long as they are homogeneous, the total social welfare coincides with the

one of a risk neutral market clearing, which is the best possible.

A large branch of literature has addressed the relationship between risk hedging and social

welfare maximization. In this work, we focus on the fairness aspect and how it relates to market

efficiency. Unfair market equilibria are caused by heterogeneous risk preferences, as proven in

Proposition 1. Since risk attitudes are input parameters and not decision variables of the problem,

if agents are non-strategic the market is formally efficient, conditional on the input parameters.

However, the social welfare attained is lower than the one under risk homogeneity. In other words,

market efficiency does not always imply fairness, while, in our case, risk-fairness not only erases

discrimination of resources usage among agents as per Definition 4, but also yields the best possible

social welfare as proved in Proposition 2. Therefore, we investigate on products that recover risk-

fairness in case of heterogeneous risk preferences of market participants.
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4. Risk Hedging in Decentralized Electricity Markets

We include financial contracts in risk-augmented electricity markets to mitigate the effect of

heterogeneous risk attitudes on fairness of risk cost allocation. We then provide a fairness indicator

to assess whether these risk hedging mechanisms help to enhance risk-fairness of cost allocation

and to reduce suboptimality of market equilibrium.

4.1. Risk hedging via financial contracts

Financial contracts are often employed in markets where the level of uncertainty on prices or

volumes is considerable. As they are intended to hedge the risk on first-stage decisions in view of

second-stage adjustments, these financial products are purchased by agents only if profitable for

them.

We model financial contracts in the form of Arrow-Debreu securities [33] as financial products

that market participants trade while procuring their energy in order to modify their exposure to

risk associated with future uncertain payments [29]. Arrow-Debreu securities rely on the assump-

tions that the realization of the uncertainty is included in the set of scenarios Si of the random net

generation x̃si for each agent i. The set of scenarios is assumed to be joint among market partici-

pants, i.e., each uncertainty realization s coincides with the s-th scenario for all agents. Intuitively,

these financial contracts act as an insurance that market participants trade for each scenario s at

price λsw with a value of 1 in case scenario s realizes and 0 otherwise. In other words, agent i

purchases ws1i securities for scenario s1 with a respective payment of λs1w ws1i during the market

clearing process. After operation she will receive a compensation of ws1i only if scenario s1 realizes,

s = s1. We model this by including in (4f) the value of the contract wsi in the loss function of

scenario s with the convention that wsi ≥ 0 if agent i buys a financial contract to secure a revenue

in case scenario s realizes. It follows

ω|xi − x̃si |+ ϑ(xi − x̃si )− wsi ≤ usi + ηi, ∀i, s [νsi ] (21)

We then add a risk trade balance per scenario

∑

i∈I
wsi = 0, ∀s [λsw] (22)

with dual variables λsw being the prices of the financial contracts. A regularization term could be

added to the objective function, in the form of a transaction cost, such as
∑

i,s γw|wsi |. Hereafter,
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we refer to a risk-augmented electricity markets with financial contracts as in (21) and (22) as a

risk-adjusted electricity market.

Lemma 2. A risk-adjusted electricity market is complete for risk and risk-adjusted probabilities

are aligned across market participants. The risk-adjusted probabilities coincide with those of the

least risk averse agent.

Proof. By allowing each market participant to trade her risk for each scenario and assuming that

the uncertainty realization is included in the set of scenarios, we complete the market for risk in

accordance to the definition1 provided by the authors of [3].

From the KKT conditions of (4) with (21) and (22), it follows

λsw = νsi =
1

NS(1− χi)
− τ si ∀i, s (23)

The risk-adjusted probabilities νsi are aligned across agents and are equal to the price of the financial

contracts.

For complementarity νsi and τ si are non-negative, it follows

λsw =





1
NS(1−χk) if Lsk > ηk

0 if Lsk ≤ ηk
(24)

with Lsk = ω|xk − x̃sk| + ϑ(xk − x̃sk) − wsk and k the agent with the lowest risk aversion (χk =

min
i
χi).

Lemma 2 shows that, when allowed to trade financial contracts, market participants align their

risk adjusted probability on the uncertainty scenarios to the one of the least risk averse agent. In

other words, the more risk averse agents hedge their risk to comply with the least risk averse one.

Note that whenever one market participant is risk neutral, market participants hedge completely

their risk. We show that financial contracts in the form of Arrow-Debreu securities restore risk-

fairness by aligning risk adjusted probabilities across market participants.

Proposition 3. In a risk-adjusted electricity market, risk-fairness is restored asymptotically. As

the number of traded securities tends to infinity, market participants with heterogeneous risk atti-

tudes attain a market equilibrium that converges to the case of homogeneous risk preferences.

1A market is said to be complete whenever there exists an equilibrium price for every asset in every possible

state of the world. The market is incomplete otherwise.
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Proof. Let us assume an infinite number of realization scenarios, leading to a continuous descrip-

tion of each stochastic process, and an infinite number of market participants, eliminating any

correlation among the scenarios. Under these assumptions, an infinite number of Arrow-Debreu

securities can be traded to fully hedge agent risks and, as for Lemma 2, the risk-adjusted probabil-

ities of each agent are aligned. Each market participant dispatches her uncertain asset according

to the risk aversion of the least risk averse agents, resulting in equal dispatched quantiles. From

(20), it follows that equal quantiles δ correspond to equal risk attitudes χ across agents. Therefore,

market participants procure their energy as if under homogeneous risk preferences.

From Proposition 3, it follows that financial contracts yield a non-discriminating dispatch of

resources and attain the best total social welfare by restoring risk-fairness. However, financial

contracts in the form of Arrow-Debreu securities, are an arguably unattainable ideal risk hedging

product, since they rely on several unrealistic assumptions. Each stochastic process is assumed

to be described by the same number of scenarios NS across agents with its realization included

in the employed scenarios (assumption of continuity in Proposition 3). Additionally, the correla-

tion across stochastic processes can weaken the effect of financial contracts, as market participants

might want to all buy or sell contracts at specific scenarios, reducing the liquidity (assumption of

infinite agents in Proposition 3). Finally, including financial contract trades adds NS complicating

constraints to the problem, making largely complex, if not intractable, the market clearing, via

decomposition techniques. Even though not applicable in real-world systems, financial contracts

in the form of Arrow-Debreu securities represent an ideal benchmark for risk hedging mechanisms

in decentralized electricity markets. Existing literature targets such problem through distributed

reserve procurement, where energy and reserves are simultaneously traded by market participants.

In this work, we focus on risk hedging via financial products, specifically on the case of inflexible

assets for which it is almost impossible to adjust their power output and, thus, providing reserve

capacity. Future research is needed then to adapt Arrow-Debreu securities to real-world implemen-

tations. We foresee, as a possible solution, a one-off estimation of insurance premium that each

agent pays on top of their energy price. This insurance could for instance be calculated through

bilevel optimization methods or by adapting the formulation of Arrow-Debreu securities to only

one or few products across scenarios. In this way, the complexity of the problem could be limited

and the effect of Arrow-Debreu securities approximated. Since it constitutes a whole new line of
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research on its own, we leave this as future work.

4.2. Fairness assessment in risky environments

In order to quantify the impact of risk hedging mechanisms on market dynamics, we propose a

fairness indicator as a possible metric of a fair cost allocation. A straightforward computation of a

fairness indicator would be a direct verification of Definition 3. We could therefore compute several

market equilibria under different sets of risk attitudes and calculate the risk cost allocation as in

Definition 2. Another variation could include a calculation of the perceived price of risk, i.e. the

risk cost allocation divided by the change in dispatched quantity, and its spread and correlation

to the set of risk attitudes. However, to compute both these indicators, one would need to clear

the market several times, which is an impractical and often not available procedure in real-world

applications.

We propose a fairness indicator that only requires as input the outcome of a single market

equilibria. In this way, it could be used as a metric to check performances of ongoing decentralized

markets, or as a feedback signal to manage fairness of payment allocations. To do this we leverage

on the definition of risk-fairness. From Definition 4, risk-fairness is achieved when all market

participants act upon a set of homogeneous risk preferences. This is equivalent to an homogeneous

set of quantiles δ, as proven in Proposition 2. Therefore, the more the quantiles differ among

agents, the less fair the risk cost allocation will be. We adapt the Jain index, most notably used to

quantify fairness in communication networks [11], to evaluate the uncertain assets in the context

of risk-augmented electricity markets. The proposed fairness indicator is defined as follows

J(δ) =
(1Tδ)2

N δTδ
(25)

This indicator has a maximum in 1 (indicating perfect risk-fairness), when each agent decides

to dispatch its uncertain assets at the same quantile. This happens in the ideal case where every

agent has the same risk attitude (not necessarily risk neutral) and no bounds on the asset capacities

are hit. In a more realistic case, e.g. with heterogeneous risk attitudes and binding bounds on

agent variables, this metric ensures higher fairness whenever agents can dispatch their uncertain

assets with a similar quantile, reducing the price increase within the community. As discussed

in Proposition 3, including financial contracts incentivizes the market participants, even those

with heterogenous risk attitudes, to dispatch their assets at a similar quantile, granting fairness
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properties similar to a market clearing with homogeneous preferences. In this case, the proposed

indicator assumes values closer to 1 the more the financial contracts are used to hedge the risk of

market participants.

5. Numerical Results

In this section we simulate a risk-augmented and risk-adjusted electricity market with thousands

participants in-line with the applications we expect such markets to have as these technologies

become more accessible. However, the sheer number of possible interactions among thousands

participants and the number of possible equilibria make the task of analyzing the dynamics in

such markets very complex. While risk hedging is known to homogenize the behaviour of market

participants, it may be counter-intuitive that risk heterogeneity has such a large impact in the

first place, specifically on fairness of market outcomes. To better illustrate our analytical findings,

we first employ an illustrative example, which, while it preserves the market structure, has only

3 agents as market participants. Through this example, we show in detail market mechanisms

and cost allocations of agents under different sets of risk attitudes and the impact of financial

contracts on market equilibria. We then employ a larger case study to analyze market dynamics

on a heterogeneous population and to verify our analytical results on a large scale application.

5.1. Illustrative example

We first analyze a small scale decentralized electricity market to demonstrate how financial

contracts allow agents to hedge their risk, while restoring risk-fairness and the maximum social

welfare. The market consists of 3 agents each equipped with fixed load and uncertain PV genera-

tion, described by 1 000 Gaussian scenarios.

We identify and investigate market equilibria under different sets of risk attitudes for the market

participants, as summarized in Table 1 and Table 2. Following the convention used in our analytical

derivation, Table 1 shows agent costs (revenues in case of negative figures). We refer to system

total expected costs as the sum across agents of their first- and expected second-stage costs.

We first compare the risk neutral (RN) case, χi = 0 ∀i, with an homogeneous risk averse (RA)

case, χi = 0.3 ∀i. As proven in Proposition 2, the system total expected costs and the dispatched

quantiles are the same in both cases. What changes is the costs allocation among agents. Recalling

(19) with ∂δi/∂χi = 0, agents that assume the role of net generators (in this case agents 1 and
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Table 1: Summary of agent and system total expected costs [$] for different sets of risk attitudes.

Agent RN RA RHe RA3 RHe FC RA3 FC

1 -7.363 -8.288 -13.759 -11.440 -27.778 -7.240

2 69.549 82.913 113.072 98.260 98.325 74.666

3 -71.680 -84.119 -106.631 -92.768 -80.033 -76.918

Tot -9.495 -9.495 -7.318 -5.948 -9.485 -9.491

Table 2: Summary of agent dispatched quantiles and Jain index for different sets of risk attitudes.

Agent RN RA RHe RA3 RHe FC RA3 FC

1 0.247 0.247 0.373 0.353 0.261 0.255

2 0.247 0.247 0.311 0.353 0.239 0.241

3 0.247 0.247 0.125 0.101 0.246 0.245

Jain 1.000 1.000 0.868 0.837 0.999 0.999

3), get better off and all risk cost is pushed to the agent being the net consumer (agent 2). The

same allocation pattern occurs, even more amplified, in the case of heterogeneous risk aversion

(RHe), where the risk attitude of each market participant is set respectively to 0.4, 0.5 and 0.8.

Additionally, this simulation shows a loss of optimality in terms of system total expected costs as

risk-adjusted probabilities are misaligned. Consequently, risk-fairness, with a Jain index on the

dispatched quantiles of 0.868. We also investigate a variation of the risk attitudes in RA, where only

agent 3 deviates from her risk preference to χ3 = 0.8 (RA3). Since the net generation q3 = 1.959

[MW] exceeds the threshold T3 = 0.230 [MW], computed as in (19), agent 3 gets better off at the

expense of others even if she is the only one increasing her risk aversion. As discussed in Section

3, this cost allocation, besides not being fair, provides an incentive to agent 3 to misrepresent her

risk attitude and becoming even more risk averse, as stated in Corollary 2.

We then proceed to simulate financial contracts (FCs) and analyze their impact on the market

outcome. In particular, we evaluate these products in a market which consists of agents with

heterogeneous risk attitudes (RHe FC) and for a case study where only one agent (agent 3) deviates
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Table 3: Summary of agent and system cost variation [$] under heterogeneous risk attitudes (RHe FC - RHe).

First-stage cost variation Second-stage cost variation Total

Agent Energy Financial Contracts Energy Financial Contracts Variation

1 10.905 -46.654 -5.788 27.518 -14.019

2 -19.357 9.763 -7.255 2.102 -14.747

3 8.452 36.891 10.875 -29.620 26.598

Tot - - -2.167 - -2.167

from a homogeneous set of risk preferences (RA3 FC). Focusing on the case with heterogeneous set

of risk attitudes (RHe FC), one can notice from Table 1 that the cost allocation across agents is

different compared to the case without financial contracts (RHe), while the system total expected

costs are almost the same as the homogeneous case (RA and RN). In Proposition 3, we prove

that financial contracts restore risk-fairness only asymptotically: in fact, when only few agents

participate in the market, it is unlikely that each market participant can fully hedge her risk. With

only three agents there can exist few situations where each market participant would like to buy

financial contracts, but no one is willing to sell any. This is also reflected in Table 2, where the

dispatched quantiles are not exactly the same, but the spread across agents is largely decreased,

resulting in a Jain index of almost 1. Below, we verify that full recovery of the best social welfare

can be achieved in case of a larger case study.

Looking deeper into the cost allocation of market participants when financial contracts are

included, Table 3 shows the difference of costs (RHe FC - RHe) for first and second stage. One

should note how financial contracts, in the first stage, are sold by the least risk averse agent (agent

1) and bought by the others proportionally to their risk attitude (χ2 = 0.5 and χ3 = 0.8). These

products allow market participants to hedge their risk in second stage. First-stage trades are

all budget balanced, while the expected second-stage costs are not, as financial contracts impact

differently agents across different scenarios. This difference induces an overall improvement of the

system expected costs, recovering almost the same social welfare of a market equilibrium with

homogeneous risk attitudes.

The effect of financial contracts is highlighted in Figure 2, which displays the Cumulative Dis-
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tribution Function (CDF) of second-stage losses of each market participant. Purchasing financial

contracts, as proved in Lemma 2, alters the loss functions of agents such that their risk is hedged

and their risk-adjusted probabilities are aligned to the one of the least risk averse agent. We visu-

alize this, by plotting the CDF of the second-stage losses for equilibria with and without financial

contracts, respectively in black and red, together with the respective Value at Risk (VaR), plotted

as vertical lines. The risk attitude upon which each market participant acts, corresponds to the

probability mass not considered by market participants for their perceptions of second-stage costs.

Recalling the definition of cVaR in Section 2.3, this probability mass can be identified by the in-

tersection of each CDF and the VaR. Figure 2 shows that financial contracts align the perception

of risk across agents to the smallest risk attitude, χ1 = 0.4.

We now follow the case where only agent 3 changes her risk attitude, with all market participants

able to trade financial contracts (RA3 FC). Assuming that all agents have risk homogeneous

attitudes, as in RA, if agent 3 chooses to act upon a different risk preference, her total expected

costs are increased when including financial contracts, as displayed in Table 1. Since these products

allow agents to hedge their risk by purchasing contracts in first-stage, the more risk averse the

agents become, the more contracts they will have to purchase to hedge their risk. Further work is

needed to analytically prove this, however the intuition, verified by our simulations, is that financial

contracts remove agent incentives to exercise market power by misrepresenting her risk attitudes.
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Figure 2: Cumulative distribution function of second-stage losses, with (red) and without (black) financial contracts,

and respective Value at Risk (vertical dashed lines).
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Figure 3: Risk cost as function of net generation (left black), with the respective distribution for net producers and

consumers (right), and equivalent risk cost when including financial contracts (left red).

5.2. Case study

We test our market formulation on a large population, in order to illustrate how the market

mechanisms and properties scale up. In particular, we focus on group fairness, i.e. if there are

patterns in the market outcomes that show a discrimination of certain subsets of agents. We

employ a synthetic dataset of 10 000 agents, each with uncertain PV generation described by 50

scenarios and fixed load. We uniformly sample the mean and standard deviation of PV generation,

as well as electricity consumption and risk attitudes. While the presence of a back-up retailer with

infinite capacity makes the market clearing robust towards any input data, we tuned our dataset

to avoid any trade with the retailer. We did this to investigate a market equilibrium with a price

different from the retail tariffs, where it is meaningful to analyze the impact of heterogeneous risk

preferences. We benchmark the results to the same dataset but with all risk attitudes set to zero,

i.e. the risk neutral case, to calculate risk payments as difference of costs between the heterogeneous

risk averse and the risk neutral case.

Figure 3 displays a summary of the results. The black dots represent the risk payments of

agents as function of their net generation, while the density of the data points is displayed by

isobars (black lines). It is clear that risk-fairness is not respected as agents with similar resources

(in this case all agents) are allocated largely different risk payments. The risk cost distributions

for net producers and net consumers separately (Figure 3 right) clearly show that the market is

strongly biased to penalize more net consumers. The probability of net consumers to be penalized

is of around 88% compared to the 22% for net producers.
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When including financial contracts, the difference of risk costs across agents are smoothed out,

as depicted in Figure 3 by the red dots. Additionally, the risk cost magnitudes are largely reduced,

from costs between [−127.37, 180.20] $ to costs in the range of [−0.93, 0.01] $. Risk-fairness is

perfectly restored, from a Jain index of 0.823 for the risk-augmented market to a Jain index of

1.0 for the risk-adjusted market. At the same time, market outcomes are not biased between net

consumers and net producers, as both have a probability of 57% to be penalized. The results also

verify that the same social welfare attained in the risk neutral case is recovered.

6. Conclusions and Future Work

The role of uncertainties in decentralized electricity markets is fundamental, as most of the

distributed energy resources of prosumers are uncertain, yet the impact their risk preferences may

have on the market outcome is not deeply researched. In this paper, we investigated the impact

of uncertainties and the corresponding risk attitudes in community-based markets. We modelled

risk costs by means of the cVaR and analyzed cost allocations in risky environments. In partic-

ular, we focused on how the costs of including risk in the market clearing are allocated to the

agents and proposed a definition of fairness of risk cost allocation. To do this, we derived the

analytical relation between payments and risk attitudes of the community members in the form of

comparative statics and adapted the well-known Jain index as a fairness metric for cost allocations

in decentralized electricity markets. We verified that including risk in community-based market

mechanism compromises fairness of cost allocation among participants and incentivizes large pro-

ducers to strategically misrepresent their risk preferences. Therefore, we investigated risk hedging

mechanisms, in the form of financial contracts, not only as a way to shield agents from second-stage

losses but also as a product to restore fairness within the community. Furthermore, we showed that

including financial contracts removes incentives from market participants to misrepresent their risk

aversion, but further work is needed to analytically prove this property.

By completing the market with Arrow-Debreu securities, we set an ideal benchmark for full

risk hedging, a largely non practical set-up when solving the problem via decomposition techniques

as it adds a number of complicating constraints equal to the number of the scenarios employed to

describe the stochastic processes. Moreover, Arrow-Debreu securities, although ideal, may not be

attainable, as they imply a certain level of coordination across market participants. Hence, future
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research should aim at designing hedging mechanisms that approximate the effect of the proposed

benchmark, while preserving the decomposition properties of the problem and reducing the need

of coordination among uncertainty descriptions.
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7. Appendix

7.1. Proof of Lemma 1

We look for an analytical expression of total costs Cj ∀j ∈ I as function of the risk parameter

of one agent i ∈ I. We begin by deriving the KKT conditions of (4) as follows

− πi + µi − µi +
∑

s∈Si

[ω sign(xi − xsi ) + ϑ] νsi = 0 ∀i [xi] (26a)

− πi + λc = 0 ∀i [qi] (26b)

β − λc − µb = 0 [qb] (26c)

− σ + λc − µs = 0 [qs] (26d)

εi −
∑

s∈Si

νsi = 0 ∀i [ηi] (26e)

εi
NSi(1− χi)

− νsi − τsi = 0 ∀i, s [usi ] (26f)

− xi − qi = 0 ∀i (26g)
∑

i∈I
qi = 0 (26h)

0 ≤ Xi − xi ⊥ µi ≥ 0 ∀i (26i)

0 ≤ xi −Xi ⊥ µi ≥ 0 ∀i (26j)

0 ≥ ηi + usi − ω|(xi − x̃si )| − ϑ(xi − x̃si ) ⊥ νsi ≥ 0 ∀i, s (26k)

0 ≤ usi ⊥ τsi ≥ 0 ∀i, s (26l)

As displayed in Figure 4, the dispatch set-point xi, and its corresponding cumulative distribu-

tion function δi = Φ(xi), define the scenarios where the loss function will be positive (x̃si ≥ xi, i.e.

agent i will sell the excess generation at price σ) and negative (x̃si ≤ xi, i.e. agent i will buy the

lack generation at price β), hence the quantile of the negative loss function is 1− δi (and vice-versa

δi for the positive loss function), as represented by the black lines in Figure 5. By manipulating

the KKT conditions, in particular accounting for the complementarity conditions (26k) and (26l)

as displayed in Figure 5, we derive

∑

s∈Si
[ω sign(xi − xsi ) + ϑ] νsi =





1 ηi ≥ 0

2δi
1−χi − 1 ηi ≤ 0

(27)

The case with ηi > 0 implies that the risk-adjusted probability mass of the worse case scenarios

1−χi is lower than the probability of having excess of energy δi, as depicted in Figure 5. It follows
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xi

σβ

Realization scenarios (x̃si )

φ(x)

δi

1− δi

Figure 4: Probability distribution function of uncertain generation scenarios.

0 ηi

τ si = 0νsi = 0

Realization scenarios (Ls
i )

φl(L)

δi 1− δi χi 1− χi

ηi 0

τ si = 0νsi = 0

Realization scenarios (Ls
i )

φl(L)

Figure 5: Probability distribution function of loss scenarios, ηi > 0 (left) and ηi < 0 (right).

that the condition ηi ≥ 0 happens when δi ≥ 1 − χi (and vice-versa). The continuity of (27) can

be easily verified for δi = 1 − χi. Under the assumption that the assets affected by uncertainties

do not hit their maximum and minimum capacity (µi, µi = 0 ∀i ∈ I), we substitute (27) in (26a)

to derive an expression of the price perceived by each agent πi as follows

πi =




β if δi ≥ 1− χi

σ + 2ωδi
1−χi if δi < 1− χi

(28)
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Whenever δi ≥ 1− χi , the probability for which agent i needs to buy energy in the second-stage

decision δi is larger than the probability mass of the worst case scenarios considered by the cVaR

(1−χi). Therefore the perceived price in this case is simply the buying price in second stage β and

no major cost changes happen for small deviation of risk attitudes around this market equilibrium.

For this reason, we focus on the less trivial case, where δi < 1− χi and the perceived price is not

constant but it is function of the power set-point of the uncertain asset and the agent risk attitudes.

Currently, the spread between buying and selling retail tariffs is significantly large. This justifies

our focus on a situation where the community purchases energy at a price in between. From (26b),

we derive that λc = πi = πj , ∀i, j. It follows

δi
1− χi

=
δj

1− χj
∀i, j ∈ I (29)

In this way, we can express the cost functions of all agents j with dependency only on the risk prefer-

ence of agent j. Since the power set-point xi = Φ−1(δi), and its quantile, is a non-straightforward

function of the risk attitude, we consider the symbolical function δi = δi(χi) to represent this

relation. We first rewrite (6) as

CII
i =

∫ 0

−∞
l−i ψi(l

−
i )dl−i +

∫ +∞

0
l+i ψi(l

+
i )dl+i

=

∫ xi

Xi

σ(xi − x)
φi(x)

σ
(−σdx) +

∫ Xi

xi

β(xi − x)
φi(x)

β
(−βdx)

= xi [σ(1− δi) + βδi] + σ

∫ xi

Xi

xφi(x)dx+ β

∫ Xi

xi

xφi(x)dx

(30)

Using (28) and (29) as well as the definition of λc and xi, we rewrite (5) and (30) as follows

Ci =−
(
σ +

2ωδi
1− χi

)
Φ−1(δi) + Φ−1(δi) [σ(1− δi) + βδi]

+ σ

∫ Φ−1(δi)

Xi

xφi(x)dx+ β

∫ Xi

Φ−1(δi)
xφi(x)dx (31a)

Cj =−
(
σ +

2ωδi
1− χi

)
Φ−1

(
δi(1− χj)

1− χi

)
+ Φ−1

(
δi(1− χj)

1− χi

)
[σ(1− δj) + βδj ]

+ σ

∫ Φ−1

(
δi(1−χj)

1−χi

)

Xj

xφj(x)dx+ β

∫ Xj

Φ−1

(
δi(1−χj)

1−χi

) xφj(x)dx ∀j ∈ I \ i (31b)

We then calculate the derivatives of (31) over χi as

∂Ci
∂χi

=−
(
∂δi
∂χi

(1− χi) + δi

)
2ωxi

(1− χi)2
− ∂δi
∂χi

1

φ(xi)

(
σ +

2ωδi
1− χi

)
+
∂δi
∂χi

σ + 2ωδi
φ(xi)

(32a)
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∂Cj
∂χi

=

(
∂δi
∂χi

(1− χi) + δi

)
1

(1− χi)2

[
−2ωxj −

(
σ +

2ωδi
1− χi

)
1− χj
φ(xj)

+ (σ + 2ωδj)
1− χj
φ(xj)

]

(32b)

Under the assumption of a non-trivial situation, i.e. ηi ≤ 0, we rewrite (7) as

ĈII
i =

1

1− χi

[∫ 0

ηi

l−i ψi(l
−
i )dl−i +

∫ +∞

0
l+i ψi(l

+
i )dl+i

]

=
1

1− χi

[∫ xi

xi− ηiσ
σ(xi − x)

φi(x)

σ
(−σdx) +

∫ Xi

xi

β(xi − x)
φi(x)

β
(−βdx)

]

=
1

1− χi

(
xi [σ(1− δi − χi) + βδi] + σ

∫ xi

xi− ηiσ
xφi(x)dx+ β

∫ Xi

xi

xφi(x)dx

)
(33)

Using (28) and (29) as well as the definition of λc and xi, we rewrite (5) and (33) as follows

Ĉi =−
(
σ +

2ωδi
1− χi

)
Φ−1(δi) +

1

1− χi

[
Φ−1(δi) (σ(1− δi − χi) + βδi)

+ σ

∫ Φ−1(δi)

Φ−1(1−χi)
xφi(x)dx+ β

∫ Xi

Φ−1(δi)
xφi(x)dx

]
(34a)

Ĉj =−
(
σ +

2ωδi
1− χi

)
Φ−1

(
δi(1− χj)

1− χi

)

+
1

1− χi

[
Φ−1

(
δi(1− χj)

1− χi

)(
σ

[
1− δi(1− χj)

1− χi
− χj

]
+ β

δi(1− χj)
1− χi

)

+ σ

∫ Φ−1

(
δi(1−χj)

1−χi

)

Φ−1(1−χj)
xφj(x)dx+ β

∫ Xj

Φ−1

(
δi(1−χj)

1−χi

) xφj(x)dx

]
∀j ∈ I \ i (34b)

We then calculate the derivatives of (34) over χi as

∂Ĉi
∂χi

=−
(
∂δi
∂χi

(1− χi) + δi

)
2ωxi

(1− χi)2
− ∂δi
∂χi

1

φ(xi)

(
σ +

2ωδi
1− χi

)

+
cVaRi − ηi

1− χi
+
∂δi
∂χi

σ(1− χi) + 2ωδi
φ(xi)(1− χi)

(35a)

∂Ĉj
∂χi

=

(
∂δi
∂χi

(1− χi) + δi

)
1

(1− χi)2

[
−2ωxj −

(
σ +

2ωδi
1− χi

)
1− χj
φ(xj)

+
σ(1− χj) + 2ωδj

φ(xj)

]

(35b)

concluding the proof.
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