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Preface
This thesis was submitted to the Technical University of Denmark (DTU) in partial
fulfilment of the requirements for the degree of Doctor of Philosophy (Ph.D.) in Elec-
tronics and Communication. The work presented in this thesis was completed between
December 15, 2016 and June 2, 2020 at Acoustic Technology, Department of Electrical
Engineering, DTU, under the supervision of Associate Professor Jonas Brunskog, As-
sociate Professor Efrén Fernández-Grande and Associate Professor Finn T. Agerkvist.
The project was funded jointly by DTU Electrical Engineering and the European Union
Horizon 2020 research and innovation programs under grant agreement No. 732350.

All of the work in this thesis has been done in collaboration with Franz M. Heuchel.
While the present thesis focuses on the reconstruction of outdoor sound fields for later use
of sound field control applications, Heuchel’s thesis addresses the design and application
of sound field control systems for outdoor concerts.
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Abstract
This Ph.D. study investigates sound field reconstruction techniques for the characteriza-
tion of the acoustic transfer functions between the loudspeakers and the control areas
in outdoor sound field control applications. The focus of the thesis is placed on low fre-
quency sound from open air concerts. The performance of a sound field control system
is directly dependent on the accuracy of the estimation of the acoustic transfer functions
between the loudspeakers in the system and the controlled area. In indoor applications,
the transfer functions are commonly estimated with acoustic measurements between
each loudspeaker and a dense grid of locations. Outdoors, the application of sound field
control systems is a challenging problem. The estimation of the transfer functions over
large areas requires hundreds of measurements at locations that might be impractical
to reach. Besides, the atmospheric conditions continuously change, which requires the
re-estimation of the transfer functions in order to keep the adequate performance of the
system. The primary purpose of the study is to develop a model that efficiently recon-
structs, from a small set of spatially sparse measurements, the sound field created over
extended areas outdoors by a set of coherent loudspeakers. The study addresses four
main topics, namely the characterization of the direct sound field from the loudspeakers
to the control area, the characterization of the indirect sound field in the controlled
area that results from the interaction of the direct sound field with surfaces and obsta-
cles, the efficient modeling of low frequency sound propagation in variable atmospheric
conditions, and the uncertainty quantification of the reconstructed sound fields.

Regarding the reconstruction of the direct sound, a spherical harmonics model is pro-
posed to characterize in situ the sound radiation of loudspeakers in sound field control
systems. Results show that the proposed model can substantially improve the perfor-
mance of sound field control systems where the measurement data is scarce. The use
of Gaussian processes (GPs) is investigated and proposed for the reconstruction of the
sound field due to reflections and scattering. GPs allow to reconstruct fields based on
spatial correlation functions or kernels. A hierarchical kernel that adapts to variable de-
grees of sparsity in the field is introduced. Regarding the propagation of low frequency
sound outdoors, a heuristic propagation model based on frequency dependent speed of
sound is proposed. Finally, this work contributes to the uncertainty quantification in
sound field reconstruction problems via Bayesian inference, as GPs keep uncertainty
information in a closed form. In the case that the Bayesian inference problem presents
no closed form solution, the study proposes Hamiltonian Monte Carlo as an efficient
sampling method for hierarchical models. It is the purpose of this dissertation to exam-
ine and discuss the relevant findings and review the contributions of the Ph.D. study in
relation to the existing body of knowledge.



iv Abstract

Keywords: sound field control; sound field reconstruction; outdoor sound propaga-
tion; Bayesian inference; Gaussian processes.



Resumé
Nærværende Ph.D.-studie undersøger teknikker til rekonstruering af lydfelter med hen-
blik på at karakterisere akustiske overførselsfunktioner mellem højtalerne og kontrolom-
rådet til anvendelse ved udendørs lydfelt kontrol. Omdrejningspunktet for afhandlingen
er lavfrekvent lyd fra udendørskoncerter. Et lydfeltskontrolssystems duelighed afhænger
direkte af hvor nøjagtigt de akustiske overførselsfunktioner mellem højtalere og kon-
trolområde kan vurderes. Til indendørsanvendelser vurderes overførselsfunktionerne
sædvanligvis ved akustiske målinger mellem hver højtaler og et tæt gitter af punkter.
Udendørs er anvendelsen af lydfeltskontrolssystemer en særlig udfordring. Vurdering af
overførselsfunktioner over et stort område kræver hundreder af målinger på steder, som
kan være upraktiske at nå. Desuden skifter de atmosfæriske betingelser konstant, hvilket
kræver revurdering af overførselsfunktionerne for at systemet fungerer tilfredsstillende.
Det primære formål med dette studie er at udvikle en model, som på baggrund af et
sparsomt sæt af målinger effektivt kan rekonstruere det lydfelt, som skabes af kohærente
højttalere over vidtstrakte udendørsområder. Studiet omhandler fire hovedemner, nem-
lig i) karakterisering af det direkte lydfelt fra højtalerne til kontrolområdet, ii) karak-
terisering af det indirekte lydfelt i kontrolområdet, som opstår af interaktion mellem
det direkte lydfelt og overflader samt genstande, iii) effektiv modellering af lavfrekvent
lydudbredelse under skiftende atmosfæriske betingelser og iv) usikkerhedskvantificering
af de rekonstruerede lydfelter.

For så vidt angår rekonstrueringen af den direkte lyd foreslås en model baseret på
sfærisk harmonik til in situ at karakterisere lydudbredelse fra højtalerne i lydfeltskon-
trolssystemer. Resultater viser, at den foreslåede model kan forbedre lydfeltskontrolssys-
temets duelighed betragteligt, når målingsdata er sparsomt. Brug af Gaussiske Processer
(GP’er) til at rekonstruere lydfelter undersøges og foreslås til at rekonstruere lydfelter
fra reflektioner og spredninger. GP’er muliggør rekonstruering af felter baseret på rum-
lige korrelationsfunktioner eller funktionskerner. En hierarkisk kerne, som tilpasser sig
skiftende grader af sparsommelighed i feltet, præsenteres. Hvad angår udbredelse af
lavfrekvent lyd uden døre, foreslås en heuristisk udbredelsesmodel baseret på frekven-
safhængig lydhastighed. Sluttelig bidrager dette værk til kvantificering af usikkerhed ved
rekonstruering af lydfelter via Bayesisk inferens, da GP’er bibeholder usikkerhedsinfor-
mation i en lukket form. I det tilfælde at det Bayesiske inferens-problem ikke har nogen
løsning på lukket form, foreslås Hamiltonisk Monte Carlo som en effektiv sampling-
metode for hierarkiske modeller. Denne afhandling har til formål at undersøge og
diskutere relevante opdagelser og drøfte Ph.D.-studiets bidrag i forhold til eksisterende
viden.
Nøgleord: lydfeltskontrol; lydfeltsrekonstruktion; udendørs lydudbredelse; Bayesisk in-
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Resumen
Este estudio doctoral investiga técnicas de reconstrucción de campo sonoro para la car-
acterización de las funciones de transferencia acústica entre altavoces y áreas de control
en aplicaciones de control de sonido en exteriores. La tesis se centra en el sonido de
baja frecuencia de conciertos al aire libre. El rendimiento de un sistema de control de
campo sonoro depende directamente de la precisión en la estimación de las funciones de
transferencia acústica entre los altavoces del sistema y el área controlada. En espacios
interiores, las funciones de transferencia se estiman habitualmente con mediciones acús-
ticas entre cada altavoz y una densa red de posiciones distribuidas en el área a controlar.
Sin embargo, la aplicación de sistemas de control de campo sonoro es un desafío en espa-
cios exteriores, ya que la estimación de las funciones de transferencia en áreas extensas
requiere cientos de medidas en ubicaciones que podrían ser poco prácticas o difíciles de
alcanzar. Adicionalmente, las condiciones atmosféricas cambian continuamente, lo que
requiere la reestimación de las funciones de transferencia para mantener el rendimiento
adecuado del sistema de control. El objetivo principal de este estudio es desarrollar
un modelo que reconstruya eficientemente el campo sonoro creado por un sistema de
altavoces en áreas extensas y al aire libre, a partir de un pequeño conjunto de medi-
ciones acústicas. El estudio aborda cuatro temas principales, a saber, la caracterización
del campo sonoro directo desde los altavoces al área de control, la caracterización del
campo sonoro indirecto que resulta de la interacción del campo sonoro directo con super-
ficies y obstáculos, el modelado eficiente de la propagación del sonido de baja frecuencia
en condiciones atmosféricas variables y por último la cuantificación de la incertidumbre
de los campos sonoros reconstruidos.

Con respecto a la reconstrucción del sonido directo, se propone un modelo de esféri-
cos armónicos para caracterizar in situ la radiación sonora de los altavoces en sistemas
de control de campo sonoro. Los resultados muestran que el modelo propuesto puede
mejorar sustancialmente el rendimiento de estos sistemas donde las medidas son escasas.
Se investiga y propone el uso de procesos gaussianos (PGs) para la reconstrucción del
campo sonoro debido a reflexiones y dispersión. Los PGs permiten reconstruir campos
basados en funciones de correlación espacial o kernels. En este estudio se propone un
kernel jerárquico que se adapta a grados variables de reverberación en el campo. Con
respecto a la propagación del sonido de baja frecuencia al aire libre, se propone un mod-
elo de propagación heurístico que considera la velocidad del sonido dependiente de la
frecuencia. Finalmente, este trabajo contribuye a la cuantificación de la incertidumbre
en los problemas de reconstrucción de campo sonoro a través de la inferencia bayesiana,
ya que los PGs mantienen información de incertidumbre en forma cerrada. En el caso
de que el problema de inferencia bayesiana no presente una solución en forma cerrada, el
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estudio propone el muestreo de Montecarlo hamiltoniano como un método eficiente para
modelos jerárquicos. El propósito de esta disertación es examinar y discutir los hallaz-
gos relevantes y revisar las contribuciones de esta tesis en relación con el conocimiento
existente.
Palabras clave: control de campo sonoro; reconstrucción de campo sonoro; propa-
gación de sonido en exteriores; inferencia bayesiana; procesos gaussianos.
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CHAPTER 1
Introduction

This Ph.D. study examines sound field reconstruction for the application of active sound
field control in open air concerts. The primary purpose of the study is to develop a model
that efficiently reconstructs, from a small set of sparse measurements, the sound field
created over extended areas outdoors by a set of coherent loudspeakers.

1.1 Motivation
Open air concerts in urban areas are a source of wealth and cultural development. De-
livering a good experience to the concert audience implies the emission of loud sound
through the concert sound reinforcement system. This constitutes at the same time a
source of recreational noise to the surrounding residents that are not active part of the
event [1]–[5]. Finding balance between a good experience to the concert audience and
low noise exposure to the neighbors is of interest for both event stakeholders and public
authorities.

From the stakeholders’ perspective, there is a need to minimize the impact of the
sound produced by the sound system in neighboring areas. Modern sound reinforcement
systems are designed to efficiently control the directional sound radiation properties of
the sound system at mid and high frequencies through techniques based on the line
array principle [6]–[8]. In this way, the sound is focused towards a desired area (e.g.
the concert audience) while reducing the spill-over of energy from the sound system to
the surroundings. In addition, the mid and high frequency sound is highly attenuated
by passive sound barriers, such as walls or windows, reducing the transmission of that
sound into sensitive areas and the subsequent annoyance.

At low frequencies the control of sound is more complex. Low frequency sound
is barely attenuated by passive sound barriers [9], [10], and control with line array
techniques is impractical due to limitations in the size of the array [6]. This lack of
control contributes to the environmental noise problem at low frequencies [11], [12].
Noise with high levels of low frequency components is subjectively perceived to be more
annoying than high frequency noise [13], and the exposure to unwanted low frequencies
can potentially lead to both physical illness and neurological disorders [11], [13]–[15].

Multichannel sound field control systems have been proven effective for low frequency
active control of sound in indoor applications ranging from recreating a specific sound
scene [16]–[18], actively canceling noise over an extended area or producing independent
zones of sound over the same space [19]–[24]. In short, the aim of multichannel sound



2 1 Introduction

Figure 1.1: Illustration of an outdoor concert and the impact in the surroundings. An
outdoor concert in urban places may cause annoyance in the neighboring areas, specially
due to low frequencies. Some of the elements in the figure are designed by Freepik.

field control systems is to spatially govern at will the acoustic sound field over an area.
Regardless of the purpose, the system performance is contingent to the accuracy on the
estimation of the acoustic transfer functions between each loudspeaker and the controlled
area. Besides, the sound field created by each loudspeaker in the controlled area must
be characterized with sufficient spatial resolution such that it is spatially unequivocal
for the frequencies of interest (i.e. spatial aliasing must be avoided [23]).

In practice, the transfer functions are commonly estimated by acoustic measurements
between each loudspeaker and a dense grid of locations in the controlled area with mi-
crophone arrays or sequential measurements. Each loudspeaker is excited with a known
electrical signal, producing a sound that is recorded at multiple locations in the con-
trolled area. From these recordings, the transfer functions from each loudspeaker to
each location are calculated. Once the acoustic transfer functions are available, indepen-
dent filters can be estimated for each loudspeaker such that the total sound field in the
area is controlled in the desired way. Figure 1.2 shows a simplified example of a sound
field control system similar to those used in some of the appended papers (Paper A,
Paper C, Paper D, Paper F). The primary sources are analogous to the loudspeakers in
a concert stage (i.e. public address system). The control sources represent an extra set
of loudspeakers which signals can be controlled with a set of control filters. Usually the
purpose of the system in the appended papers is to reduce with the control sources the
sound produced by the primary sources in the control area.

While promising, the application of sound field control systems in outdoor environ-
ments such as open air concerts represents a major challenge. The control over large
areas requires hundreds of measurements at locations that might be even impractical
to reach. Besides, changes in the outdoor media due to wind and temperature varia-
tions continuously alter the sound propagation from the loudspeakers to the control area
[25]. Thus, the acoustic transfer functions need to be continuously adapted in order to
incorporate these changes and keep the good performance of the system. In order to
practically apply sound field control in open air concerts there is a need to reduce the
number of measurements and potentially control sound at unreachable locations in a
continuously changing environment. In this study we aim at developing outdoor sound
propagation models and sound field reconstruction methods that enable the practical
application of outdoor sound field control.
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Figure 1.2: Example of sound field control system recurrently used in the collection of
papers that conforms this thesis.

Context of the study
The present thesis contains the scientific research on outdoor sound field reconstruction
conducted during the MONICA project. The MONICA project is a very large scale
demonstration of cultural societal applications, and it is part of the Horizon 2020 EU
innovation program1,2. The aim of the MONICA project was the demonstration of multi-
ple Internet of Things technologies that help cities address various challenges frequently
found in large cultural open air events in urban areas. One of these challenges is to
reduce the annoyance produced by open air concerts to the surrounding neighboring
areas by the application of a sound field control system.

Outdoor sound propagation modeling:
historical review and state of the art
Even though no attempts to use propagation models for the estimation of transfer func-
tions in outdoor sound field control applications are present in the literature, the char-
acterization of outdoor sound propagation has been of scientific interest for more than
a century. In 1857, Stokes succinctly explained the effect of wind on the intensity of

1https://cordis.europa.eu/project/id/732350/
2https://www.monica-project.eu/

https://cordis.europa.eu/project/id/732350/
https://www.monica-project.eu/
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sound, stating that upwind bends sound upwards creating an acoustic shadow zone and
reducing the audibility while the sound is bent downwards when it propagates in the
same direction than the wind, creating and insonified zone [26]. In 1874 Reynolds [27]
and Henry [28] experimentally verified these assumptions, concluding that the sound
was diffracted due to wind velocity stratification. In 1877 Lord Rayleigh introduced
the first mathematical formulation of speed of sound dependent of wind in a stratified
media, known as the effective speed of sound [29]. Even though it is an approximation,
contemporary studies still use this formulation for sound propagation in the atmosphere.

Further development on characterizing outdoor sound propagation was closely re-
lated to a very specific purpose: warfare. In the early 20th century, Davison studied
the distances to which explosions and guns are felt and heard [30], [31]. During the
First World War, the understanding of sound propagation in inhomogeneous media was
quickly extended. Acoustic aircraft detectors, sound ranging systems, sound mirrors,
and interference and diffraction methods were used for localization of shooting armies
and aircrafts [32]. During World War II, extensive developments in modeling both un-
derwater acoustics due to the submarine war and electromagnetic wave propagation for
communications, have been of great value in the development of outdoor sound propa-
gation models, such as the parabolic equation [33].

Nowadays, the main application for the characterization and estimation of outdoor
sound propagation is much less warfare oriented. Due to the detrimental effects that
noise has in humans, as well as the overall societal health-loss that results from noise
exposure [14], [34], outdoor sound propagation models are used as valuable tools in
urban planning [35]. Noise levels near highways, railways and airports are high, and
models are used to predict the exposure of citizens to this noise, quantify the impact of
noise control measures such as noise barriers, or auralize how a urban soundscape would
sound if control measures are applied.

Outdoor sound propagation models are used as forward estimators that take as inputs
very precise atmospheric and topological data, as well as knowledge about the source
of noise, to estimate the sound propagation over extended areas. These methods can
be classified by their accuracy, their computational efficiency or their frequency range
of validity. In the literature, two main categories are defined: wave based methods and
energy based methods [35]. Wave based methods include information about amplitude
and phase of the propagating waves, while energy based methods are based on energy flow
where phase information is disregarded. Thus, energy based methods are not suitable
for sound field control and are not considered in the following.

Wave based methods aim at solving the physical equations of sound propagation in
the inhomogeneous moving medium that the atmosphere constitutes [33]. The most
accurate wave based methods are numerical methods. In the time domain, the general
physical equation is the Linearized Euler Equation and the finite-difference time-domain
is the standard method to solve it [36]. If precise information about geometry of the
surrounding topology, boundary material properties, source response and meteorological
conditions is included in the model, the predictions with finite-difference time-domain
methods are very accurate, including complex phenomena such as interaction between
frequencies, non-linear effects and variable air flow. However, its scalability with do-
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main size is limited, making it expensive for large scale situations. Parallel solvers have
been proposed to reduce the computational time, but it is typically still in the range
of several hours [37]. Frequency domain numerical methods are an approximation of
the time domain approach, as they solve the wave equation in a steady air flow. Finite
Element Method [38], Parabolic Equation [39] and Fast Field Program [40] are the most
common methods used for outdoor sound propagation modeling in the frequency do-
main. The main advantage is that frequency dependent boundary conditions are easier
to include than in time domain methods. In situations where the amount of bound-
aries is low, Boundary Element Method [41] and Equivalent Source Method [42] limit
the computation to boundary surfaces with similar accuracy than more sophisticated
methods.

There is a set of heuristic methods, referred to as Engineering methods, which are
based on wave based methods under high frequency approximations. Two of the most
relevant models are Nord2000 [43] and Harmonoise [44], and their goal is to provide a
framework for large scale computations in strategic noise mapping such as the impact of
road and railway traffic, industrial plants and wind turbine generators. These methods
assume the propagation of the waves as rays and the computational effort is much
reduced compared to numerical methods. However, the accuracy of these methods is very
case dependent, as they are heuristic approximations which goal is to provide reasonable
estimations of the sound pressure levels in octave bands for noise mapping purposes.

Even though the list of methods for the estimation of outdoor sound propagation
is extensive, their suitability to estimate the transfer functions in a sound field control
application is not obvious. Numerical methods are computationally expensive and the
execution time to estimate the resulting sound field can take several hours for predic-
tions under one specific set of conditions [37], [38], [45]. The high computational effort
makes them inappropriate for situations where the transfer functions must recurrently
estimated. Engineering methods present predictions in octave band levels, without con-
sidering phase information. In addition, engineering methods are of restricted validity
at low frequencies. Yet, sound field control systems are generally used at low frequencies.
Furthermore, predictions based on numerical or engineering methods consist of forward
predictions, and they require very accurate atmospheric and topological information,
which may not be possible to acquire.

This thesis proposes the following strategy for outdoor sound field reconstruction
for sound field control purposes: First, this study tries to simplify the computational
burden of the existing methods as much as possible by studying the suitability of propa-
gation models derived under homogeneous media in outdoor sound field reconstruction
problems. Second, the estimation of the transfer functions is formulated as an inverse
problem, where the parameters of the model used to reconstruct the sound field are
estimated from a set of sparse sound pressure measurements over the area of interest.
Thus, the need of such precise atmospheric and topological information is reduced.
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Uncertainty and robustness in sound field
control
In sound field control, the control filters applied to each loudspeaker are the result of an
optimization problem which cost function depends on the estimated transfer functions
between the loudspeakers and the controlled area. Deviations between the estimated
and the actual transfer functions can lead to degradation of the system performance to
the extent that it does not fulfill its purpose anymore [17], [46]–[48].

The impact of these uncertainties in the performance of sound field control systems
has been studied for several sources of error. Møller et al. studied robustness against
noise [49], [50]. Measurement noise is inherent to any transfer function measurement
and they observed that different sets of filters calculated from consecutive sets of trans-
fer function measurements led into variable performance of the system due to variable
background noise in the measurement series. Elliot et al. [46] and Ma et al.[51] studied
the effects of variations between the loudspeakers drivers responses and loudspeaker non-
linear distortion respectively, showing that inconsistent behavior of the equipment used
may incur into large degradation of the system performance. Olsen et al. studied the
robustness of a sound zoning system to temperature variations[25]. They experimentally
showed that a set of filters calculated at 22.8◦C is meaningless in a cold environment at
-2◦C.

In model-based sound field control, where sound propagation models are used to
estimate the transfer functions, simplifications in the sound propagation model or wrong
estimations of the parameters used in the model are sources of underperformance of
the sound field control system. The result is large deviations between the expected
performance in simulations and the experimental performance. Chang and Jacobsen
observed that small deviations on the estimations of the positions of the loudspeakers
in their propagation model incurred in degradations up to 25 dB in a sound zoning
system[21].

A desirable characteristic of a sound field control system is that it is robust against
these deviations, essentially, to ensure that its performance is stable against uncertain-
ties in the transfer functions. A common way of incorporating robustness to the system
is regularization, which consists on conditioning and restricting the outcome of the opti-
mization problem where the filters are calculated, reducing its sensitivity to estimation
errors and the subsequent ill-posedness of the problem[17]. In this way, Møller et al. used
regularization to increase the robustness of the system against noise slightly reducing
the performance[49], or even increasing the performance in case of spatially correlated
noise[50]. Elliot et al.[46] and Ma et al.[51] also applied regularization alleviating the
effect of inconsistent loudspeaker behavior, and Chang and Jacobsen regularized their
problem to alleviate the effect of errors in the position of the loudspeakers[21].

In any case, the application of an effective regularization strongly depends on the
knowledge of the uncertainties and errors in the system and the measured data. If the
transfer functions between the loudspeakers and the controlled areas are estimated using
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models, it is necessary to properly describe the possible errors in the estimations such
that the regularization is designed to counter them. Elliott et al.[46] showed with numer-
ical results that accurate knowledge of the uncertainties in driver response and position
allows to properly regularize the system in a principled way. Zhu et al. experimentally
presented similar findings for both additive and multiplicative errors in the estimated
transfer functions[48].

In this study, the uncertainty quantification in the estimated transfer functions is
addressed such that robust sound field control can be applied in an informed way at
later stages. We propose the use of the Bayesian inference as an adequate framework to
comprehensively quantify for estimation uncertainties.

1.2 Scope of the thesis
This PhD study aims at developing a sound propagation model for outdoor sound field
control applications, such that the sound field created by the loudspeakers in the control
areas can be accurately reconstructed.

We differentiate three main components that need to be modeled in order to char-
acterize the sound propagation from a loudspeaker to a location in the controlled area:
the direct sound field from the loudspeaker to the control area, the indirect sound field
due to the interaction of the direct sound field with surfaces and obstacles, and the
propagation media (i.e. the air in the atmosphere).

Regarding the direct sound field, we study the existing loudspeaker modeling methods
in sound field control literature, and propose the use of a source radiation model (using
a spherical harmonics expansion) to characterize the loudspeakers directional response
(Paper B and Paper D). It is shown in a scale model of a concert setup in anechoic
conditions, that the proposed model increases the accuracy compared to the existing
models. In addition, its suitability for spatially sparse data situations is demonstrated.

Regarding the propagation media, this thesis addresses the characterization of the
propagation of sound near the ground in a sound field control context. The aim of such
characterization is to comprehend how the weather variations affect the propagation of
sound, and its effect on the sound field control system. An outdoor sound field control
setup is tested for different weather conditions (Paper E). In the light of the results, a
heuristic frequency dependent speed of sound model is proposed. This speed of sound
model seems sufficient to enable the spherical harmonics model proposed in Paper D to
be used in outdoor sound field control setups. The combined model (spherical harmonics
with frequency dependent speed of sound) is applied in a real scale outdoor sound field
control system (Paper F). The performance of the system using the estimated transfer
functions with the model fitted from a set of sparse measurements is comparable (if
not better) to the performance of the system when the transfer functions are directly
measured in a dense grid of locations.

During this thesis, several outdoor sound field control setups have been deployed and
tested where the indirect sound field due to reflections and scattering had an impact
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in the resulting performance. This indirect field can be the result of a few localized
reflections (Paper F) or the result of a very reverberant space (Paper C). In order to
account for the indirect sound field, we propose the use of non-linear models that are
efficient when sparse data is available. In particular, we introduce Gaussian processes for
sound field reconstruction (Paper G) which are a non-parametric regression framework
based on the definition of the spatial correlation function of the sound field, known as
kernel. The relationship between the classical linear regression common in sound field
reconstruction literature and Gaussian processes is derived, and a kernel based on a
plane wave decomposition is proposed such that enables to have solutions of variable
sparsity, which makes it suitable to characterize the indirect sound field of both low and
high reverberant spaces.

Throughout the thesis, particular emphasis is placed on the uncertainty quantifica-
tion of the estimated sound field. To do so, Bayesian inference is used to solve every
regression problem in this thesis and to estimate the sound field at control locations
(Paper A, Paper B, Paper D, Paper F and Paper G). Bayesian inference provides the
posterior probability density function of the unknown parameters in the models and also,
the probability distribution of the predicted transfer functions. In this way, variability
can be accounted and used later in the sound field control system. Due to the fact that
the calculation of the posterior probability density function is not always mathemati-
cally tractable, we propose to use Hamiltonian Monte Carlo sampling methods due to
its flexibility to estimate samples from any posterior distributions.

1.3 Thesis structure
This thesis is based on a collection of scientific articles named from Paper A to Paper
G. The remainder of this thesis is structured as follows. In Chapter 2 the relevant
contributions of the conducted research are presented and discussed with respect to the
existing literature. The contributions are presented in three topics each corresponding
to a section: Sound propagation models for sound field control, Experimental char-
acterization and efficient modeling of low frequency outdoor sound propagation and
Uncertainty quantification for sound field reconstruction. At the end of the chapter, a
detailed summary of the contributions is introduced in Sec. 2.4. Chapter 3 provides a
general physical and mathematical background on the relevant methods used in the arti-
cles, which may be skipped by readers already familiar with these topics. The methods
presented are Spherical Harmonics, Atmospheric refraction and the effective speed of
sound and Bayesian inference. Chapter 4 highlights the main conclusions that came out
of this thesis. Finally, Chapter 5 discusses the results and suggests some future research.



CHAPTER 2
Contributions

In this section the contributions of the conducted research are presented. Each of the
contributions is addressed in an independent subsection, where the relevant literature
is introduced, the contribution is related to the literature and the main findings are
examined. References to Sec. 3 Methods are included when applicable.

2.1 Sound propagation models for sound
field control

The existing studies that use models to characterize the transfer functions in practical
implementations of sound field control systems focus on indoor scenarios (i.e. enclosures)
such as rooms, cars or planes. In these situations, the propagating media is homogeneous
and the modeling is focused on the characterization of the loudspeakers and the more
or less reverberant sound field produced by the enclosure where the system is placed.

In highly damped enclosures, the most common approach is to assume free field con-
ditions and omnidirectional loudspeakers represented by monopoles [19], [20], [46], [52]–
[55]. While this is a reasonable assumption for qualitative analysis of the system, it often
leads to poor quantitative estimation of the transfer functions [19], [56]. Simón-Gálvez
et al. showed in a sound zoning experiment that a simple monopole representation of
the loudspeakers leads to strong degradations of the performance of the system, whereas
it is an adequate model in highly reverberant spaces [57]. Tu et al. [58] and Okamoto
et al. [24] found similar disagreements between predicted and measured performance
with sound field control systems in anechoic conditions, where the loudspeakers were
modeled as monopoles. The reason for this behavior is that the sound field in damped
rooms is mainly produced by the direct sound from the loudspeakers and therefore, the
directional properties play a major role. In order to improve the accuracy of the loud-
speaker model, Chang and Jacobsen modeled the response of the loudspeakers in their
sound zoning system as a combination of monopole plus dipole in order to account for
their directional response [21], [55]. The disagreement between measured and predicted
performance is explained by the authors as positioning errors of the loudspeakers.

Paper D proposes a spherical harmonics model (Sec. 3.1) to characterize the sound
radiation of loudspeakers and reconstruct the acoustic transfer functions in multichannel
reproduction systems based on multi point or inverse filtering methods. The results show
that reconstructing the transfer functions with the proposed model can substantially
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improve the performance of the sound field control system. The introduced method
considerably reduces the number of measurements needed to have a good performance
of the sound field control system, making it suitable for control over extended areas with
few measurement locations available. Furthermore, the results indicate that a simple
monopole or monopole plus dipole model, as often assumed in the literature, is not
sufficient to model the radiation of the loudspeakers. Including higher order modes
in the spherical harmonics basis allows to capture high frequency phenomena and the
directivity of the sources, improving the reproduction performance. In addition, higher
order modes alleviate the error introduced by positioning error of the loudspeakers.

In reverberant spaces, the loudspeakers model accuracy is less important than a good
representation of the reverberant field [57]. There are two main approaches to model
the reverberant field in the sound field control literature: plane wave decomposition and
modal domain decomposition. The plane wave decomposition assumes that the sound
field can be expressed as a linear superposition of a finite set of plane waves. It has been
widely used in sound field reconstruction in rooms [59]–[61]. It was first proposed as an
adequate model for sound field control applications by Jin et al. [62], where the sound
field produced by each loudspeaker was modeled as the superposition of the sound field of
a monopole with a set of plane waves to account for the reverberant field. Modal domain
decomposition is based on the expansion of the sound field in the spherical harmonics
domain. The modal domain decomposition, which is closely related to the plane wave
decomposition [63], has been shown to be a convenient mathematical framework for
analysis of sound field reproduction [64], multizone sound field reproduction [65] and
active noise control over space [66] in reverberant spaces. However, it is restricted to
applications where the loudspeakers are configured in a circular or spherical set up, which
reduces its applicability. In fact, Jin et al. proved in their experiment in [62] that the
plane wave decomposition is a more accurate model than the modal domain approach
presented in [65].

Both plane wave decomposition and modal domain decomposition consist on the
same procedure: project a set of transfer function measurements onto a finite, linear
combination of spatial basis functions with unknown complex valued coefficients. The
spatial representation in the basis enables the estimation of the sound field at any spatial
location. The inverse problem of estimating the coefficients in the basis from measure-
ments is usually solved by some form of generalized linear regression. Regularization is
applied to mitigate ill-posedness, and to promote solutions which fulfill regularity condi-
tions e.g. smoothness or sparsity. Typical regularization schemes used in the acoustics
literature are Tikhonov regularization (ℓ2-norm) [64], [67]–[70] which promotes smooth
reverberant sound fields and Lasso, also known as Compressive Sensing (ℓ1-norm) [59],
[61], [71], which promotes sparse non-reverberant sound fields. Two main problems arise
from this approach: First, it is necessary to truncate the number of basis functions used
in the regression, which is a well known source of error in sound field control [64]. Sec-
ond, the reconstruction accuracy strongly depends on the chosen regularization scheme
and parameter [72].

Paper G proposes methods to overcome these two aforementioned issues in the re-
construction of the reverberant field. First, it proposes the use of Gaussian processes
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(GPs, Sec. 3.3.3) for sound field reconstruction to avoid truncation when possible. GPs
are stochastic processes defined by their kernel, i.e. the spatial covariance function. It is
shown that in some cases such as plane wave decomposition with shared variance over the
amplitude coefficients (i.e. plane wave decomposition with Tikhonov regularization) the
covariance function can be calculated, dimensionality truncation is not needed, and the
regressions are equivalent to those that would result from an infinitely dimensional basis
space. Second, it proposes a method to characterize reverberant and non-reverberant
sound fields with the same regularization scheme. Applied to a plane wave decompo-
sition, the regularization parameter is controlled with a hierarchical model (Sec. 3.3.2)
which enables to have solutions of variable sparsity, depending on the data sensed at
the measurement locations. Numerical results show that the model performs better
than classical regression with Lasso regularization for sparse sound fields and similar to
classical regression with Tikhonov regularization for reverberant spaces.

2.2 Experimental characterization and
efficient modeling of low frequency
outdoor sound propagation

The contributions presented in Sec. 2.1 are focused on elements in the sound propagation
path present in both indoor and outdoor sound field control problems. However, contrary
to indoor sound propagation, outdoor sound propagation near the ground is affected by
atmospheric conditions such as absorption, refraction due to wind and temperature, and
atmospheric turbulence [33].

The effect of atmospheric conditions in sound propagation has been experimentally
analyzed for many years [73], [74]. In the early 1960s, Wiener et al. [75] and Parkin
et al. [76] already observed the strong effect of wind and temperature gradients in the
measured excess attenuation compared to free field propagation. However, they had
difficulties to link the findings to the existing theoretical knowledge due to the impossi-
bility of measuring the gradients with accuracy. The development of new technologies
and more accurate sensors to measure the temperature and wind gradients, enabled a
better analysis of the outdoor sound propagation [77]–[79], and the validation of sound
propagation models [40], [80], [81] and turbulence quantification models [82], [83]. With
the use of sonic anemometers, a recent study conducted by Cheinet et al. [78] presented
a thorough analysis of the effect of wind in the propagation of sound impulses.

All these advances in the quantification of atmospheric conditions allowed to accu-
rately estimate outdoor sound propagation by using forward propagation models based
on Parabolic Equation [39], [80], [81], Fast Field Program [40] or Finite Difference Time
Domain [45]. However, these methods present two main drawbacks that could make
them impractical for the estimation of the transfer functions in a sound field control
setup. First, they are treated as forward models which require very accurate information
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about the atmospheric conditions (i.e. sound speed gradients and turbulence measure-
ments) as well as the boundary impedances to accurately match experimental results
even at low frequencies. Second, the computational burden of these methods rapidly
scales up with propagation range [84], which can become problematic if the model has
to be run recurrently in order to adapt the transfer functions to new conditions.

Even though outdoor sound propagation is a complex matter, the application of
active sound field control solutions is limited to low frequencies where the amount of
loudspeakers used in the system can be limited to realistic quantities without large
degradation of the performance [22]. Interestingly, results in the existing experimental
studies show that the effect of the atmospheric conditions in sound propagation are
frequency dependent, and that low frequency sound propagation is not as much affected
as high frequency by wind, temperature and turbulences [78].

In Paper E we experimentally study the outdoor sound propagation from a sound field
control perspective. Transfer functions from two subwoofers were measured at distances
up to 300 m during a week with precise tracking of weather variations. The aim of the
study is to investigate the effect of atmospheric conditions in a sound field control setup,
and to take advantage of the lower sensitivity of low frequency sound to atmospheric
variations to propose simplified propagation models that account with sufficient accuracy
for the effects of such atmospheric variations. These models can be used to explain the
outdoor sound propagation with a more manageable set of parameters. Thus, they
could be applied in later stages for fast predictions of the transfer functions in sound
field control systems without the computational burden of the aforementioned forward
models.

Special emphasis is placed on the estimation of transfer functions at virtual locations,
where measurements are not possible. The results in Paper E show that the transfer-
functions phase variations due to weather changes are well modeled with a frequency
dependent speed of sound at the studied distances (up to 300 m) and frequencies (up
to 200 Hz) at virtual locations up to 25 m away form the measurement locations. This
propagation model combined with the spherical harmonics model proposed in Paper D
is experimentally validated in Paper F in a large scale outdoor sound field control system
that control large areas (∼ 300 m2) over long distances (∼ 100 m). The model-based ap-
proach reduces the number of measurements and achieves similar reduction performance
to the control based on direct measurements with many microphone locations.

2.3 Uncertainty quantification for sound field
reconstruction

Section 1.1 introduces the importance of uncertainty quantification in the estimated
transfer functions for a posterior informed regularization of the sound field control prob-
lem. In physical sciences, uncertainty quantification in inverse problems has been a field
of study where Bayesian inference has received significant attention [85]. Bayesian infer-
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ence considers the measured data and the unknown variables in the model as random
uncertain processes, which probabilities of occurrence are defined by their probability
distributions. Whereas in classical inverse problems the solution is the outcome of an
optimization problem of the unknown variables conditioned to the measured data, the
solution to the inverse problem in Bayesian inference consists of calculating the poste-
rior distribution defined by the Bayes’ theorem as the probability distribution of the
unknown variables conditioned to the measured data [86], [87]. Bayes’ theorem states
that the posterior distribution results from the product of the likelihood distribution
(which accounts for the goodness of fit of the model to the measured data) times the
prior (which encloses our prior knowledge and beliefs over the unknowns) divided by the
evidence or marginal likelihood (which is the probability of measuring the observed data
given the model).

In the particular case of acoustics, Bayesian inference has been successfully applied
in many areas such as geoacoustic inversion [88]–[90], source localization [89], [91]–[95]
and source reconstruction [96], [97]. Except those situations where the objective of the
problem is to compare different models [93], the evidence distribution can be disregarded
as it is constant with respect to the unknowns, and only prior and likelihood are relevant
[86]. Considering the latter to be the case, the calculation of the posterior distribution
is mathematically tractable for specific combinations of prior and likelihood. A relevant
case in acoustics where the posterior is tractable is Bayesian linear regression, where the
measurements are represented with a finite linear combination of basis functions plus
measurement noise, and both the coefficients of the basis and the noise are modeled
with Gaussian prior distributions [87], [98]. Antoni (2012) presents a rigorous study of
Bayesian linear regression for sound source reconstruction, where the posterior distribu-
tion is derived [96]. This closed form of the posterior allows to analyze the uncertainty
of the estimated solution in terms of the measurement noise, the source strength and
the amount of measurement locations in an elegant way.

As mentioned above, Paper G introduces Gaussian processes to sound field recon-
struction (Sec. 3.3.3). In the context of uncertainty quantification, GP regression is
based on a covariance function, known as kernel, that defines the spatial correlation of
the sound field in the reconstructed space. It can be seen as an extension of Bayesian
linear regression (Sec. 3.3.1) [96], [99], as it is possible to construct the kernel based on a
linear combination of basis functions. The reconstruction is specified by the predictive
posterior distribution, which is a Gaussian distribution with mean the optimal recon-
structed sound field and covariance the uncertainty in the reconstruction. One main
contribution of Paper G is the explicit derivation of the link between classical linear
regression, Bayesian linear regression and GP regression in acoustics.

It is usually the case that the calculation of the posterior distribution is not tractable,
and it has to be approximated. The existing approximation methods can be differenti-
ated in two groups: variational methods and sampling methods. Variational methods,
also known as deterministic approximate inference, consist of proposing distributions
that are mathematically tractable, and perform moment matching via the Kullback-
Leibler divergence between the proposal and the actual distribution. Expectation prop-
agation and variational inference are the two existing variational methods [87], and they



14 2 Contributions

have received little attention from the acoustics community [100]. Sampling methods
consist of extracting uncorrelated samples from the posterior distribution such that suf-
ficient statistics from the posterior distribution can be evaluated (i.e. expectations and
variances) [86], [87]. Sampling methods rely on the fact that even though there exist no
closed form of the posterior, values of the posterior probability distribution can be calcu-
lated. From the existing sampling methods, Markov Chain Monte Carlo (MCMC) and in
particular the Metropolis-Hastings algorithm, have gained special attention in acoustic
inversion due to its capability of sampling the posterior distribution of high-dimensional
problems [89], [91], [92], [97], [101].

Metropolis-Hastings can be summarized in the following steps: First, a posterior
sample is evaluated at a random combination of the unknown parameters (i.e. current
state of the chain). From the current state, a transition to a new state is proposed by
a proposal distribution (usually a Gaussian distribution centered in the current state),
giving a new combination of the unknown parameters. The posterior distribution is
evaluated at the new combination of parameters. Finally, the new proposal is accepted
(or rejected) as a valid sample of the posterior by a defined criteria based on the com-
parison of the probability of the previous state and the new proposed state of the chain
[86], [87]. The Metropolis-Hastings algorithm can be expensive as it requires long runs
to converge to the posterior distribution. In the case where the independent conditional
distributions of each unknown to the measured data are tractable, an efficient case of
Metropolis-Hastings named Gibbs sampler can be applied. For example, conjugate prior
distributions generally allow to easily define a Gibbs sampler and efficiently sample from
the posterior distribution. The Gibbs sampler has been used to quantify uncertainties in
geo-acoustic inverse problems for the calculation of seabed and water-column parameters
[89], [102], in source localization problems [91], [92], [101] and in source reconstruction
problems [97].

In this study we promote the use of an alternative sampling method, the Hamiltonian
Monte Carlo (HMC, Sec. 3.3.4) sampling method, as another appropriate method for
estimating the posterior [103]. HMC makes use of the Hamiltonian dynamics in order to
reduce the computational effort in MCMC methods and, at the same time, reduce the
correlation between the samples. The HMC method introduces an auxiliary momentum
distribution that accounts for the kinetic energy of the current sample (and the potential
energy is accounted by the target posterior). If the posterior probability evaluated at
the current state is low, the probability from the momentum distribution is high, and
the algorithm is allowed to propose a sample far from the current state. However, if the
evaluated posterior probability at the current state is high, the kinetic energy is low and
next samples are more likely to occur close to the current state. In this way, the random
walk from MCMC methods is reduced and the posterior density function is sampled in
a more efficient way.

Paper B introduces the HMC method in a sound source directional response recon-
struction setup, where convergence and stability of the sampling method are addressed.
HMC is also used in Paper A, Paper D and Paper G, even though the model in Paper D
is suitable for a Gibbs sampler which is in general more efficient. HMC is not conditioned
to any specific shape of the prior or the posterior to be used.
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2.4 Summary of contents and contributions:
Papers A-G

• Paper A “An adaptive, data driven sound field control strategy for outdoor concerts”
outlines the initial concept of a sound field control system for outdoor concerts
which aims at ensuring adequate levels for the audience while avoiding disturbances
of the surrounding residential areas. The idea is to create acoustic contrast between
the audience area and the surrounding using sound zoning methods. Control over
large areas requires the need for precise information of transfer-functions between
the loudspeakers and the control areas. The envisioned system uses a combination
of measurements and Bayesian inference to update the parameters of a sound
propagation model which estimates these transfer-functions. We present a simple
numerical experiment in which sound field control and propagation model work
together. This paper also describes conceptually the integration of the sound field
control system in a cloud-based network, in connection to the MONICA project
which served as support and motivation of the present study.
The test case is based on a sound field control setup that resembles a simplified
concert situation with sound propagation up to 40 m where the acoustic contrast
between the audience area and a sensitive quiet area must be maximized. The
simulated environment consists on a set of loudspeakers represented by monopoles
1.6 m above a flat terrain. The impedance of the ground is modeled as a point react-
ing surface using the Miki model [104], and the air is assumed homogeneous. The
goal of the modeling section in the paper is to reconstruct the transfer functions
over two areas of approximately 10×10 m2 in the frequency range 20-250 Hz, from
the measurement of three microphone locations. Loudspeakers and microphones
locations, as well as flow resistivity of the impedance, are considered unknown.
Through Bayesian inference, the posterior distributions of the unknown parame-
ters are estimated assuming reasonable prior knowledge. The performance of the
system is analyzed in both situations where the prior and the posterior estimates
of the unknown parameters are used for the estimation of the transfer functions.
It is shown that the acoustic contrast is improved up to 10 dB when the posterior
estimates are used.

• Paper B “Parameter optimization of forward sound propagation models using
Bayesian inference for sound field control purposes” introduces in detail the Hamil-
tonian Monte Carlo (HMC) with No-U-Turn sampler in [103] for inverse problems
in acoustics. In particular, it addresses the characterization of the horizontal
directional response of a loudspeaker with a point source model with unknown di-
rectivity, based on the concept of acoustic center [105]. The unknown parameters
in the directivity model are estimated from a set of experimental measurements
in anechoic conditions where the loudspeaker is mounted on a turntable and the
impulse response is measured at three microphones every 5◦. For comparison, two
hierarchical Bayesian models are used to find the unknown directivity parameters
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of the loudspeaker, with the only difference that one model considers the mea-
surements at each angle to be independent of every other angle whereas the other
model connects the inference between angles with a Kalman filter. The paper
studies in detail the application of HMC to this problem, with special emphasis on
the relationship between the chosen parameterization of the Bayesian model and
the convergence in the HMC sampling.

The model without the Kalman filter incurs into several divergences during the
exploration of the posterior distribution, causing artifacts in the reconstructed
directional response and a very long inference time in the computations. The paper
outlines the procedure needed to localize these sampling divergences. In particular,
this unwanted behavior is detected in one single parameter that concentrates the
mass of the posterior at values close to zero. The regularization applied through
the Kalman filtering in the alternative model avoids the divergent behavior of this
single parameter, and enables the HMC to efficiently explore the distribution in
that problematic area reducing the computational time and increasing the accuracy
of the final directivity reconstruction.

• Paper C “Sound field control for reduction of noise from outdoor concerts” investi-
gates sound field control based on the concept of sound zones for the mitigation of
low frequency noise from outdoor concerts to the surrounding area by adding con-
trol loudspeakers to the existing primary sound system. The filters for the control
loudspeakers are the result of an optimization problem that minimizes the total
sound pressure level of both primary and control loudspeakers in a sensitive area
and the impact of the control loudspeakers on the audience area of the concert.
In this paper, the transfer functions between the loudspeakers and the controlled
areas necessary to calculate the control filters are directly measured at a dense
grid of locations and no model is used. We report results from three different
experiments with increasing complexity and scale. The sound field control system
was reducing the sound pressure level in the dark zone on average by 10 dB below
1 kHz in a small scale experiment in anechoic conditions, by up to 14 dB in a con-
trolled large scale open-air experiment and by up to 6 dB at a pilot test at a music
festival.

Even though no sound field reconstruction is involved in this paper, it is a funda-
mental study in the present thesis as it experimentally proves for the first time that
the application of sound field control in outdoor concerts is feasible, and it shows
that a model that efficiently estimates the transfer functions over the controlled
areas is of great need. The measurement of the transfer-functions in a sufficiently
dense and large grid of points takes several hours, especially with many control
sources and long excitation signals due to high background noise. In addition, the
transfer-functions should be updated according to changes that affect the propaga-
tion. It was observed that a change in weather conditions resulted in a mismatch
between the transfer-function measurement and playback that lead to a reduction
of the cancellation of sound between 2 and 10 dB in the studied frequency range.
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• Paper D “A Bayesian spherical harmonics source radiation model for sound field
control” proposes a source radiation model for reconstructing the transfer functions
between a set of sources and an extended reproduction area in highly damped
conditions by using only a small number of measurements in the reproduction
area. The source radiation is modeled with the spherical harmonics basis and its
amplitude coefficients are fitted via Bayesian inference. This approach is validated
in a sound field control experiment of 10 m2 where a set of 12 control loudspeakers
attenuate the sound pressure level generated by a set of six primary loudspeakers in
a quiet zone while minimizing their radiation into a listening zone at the frequency
range [100–1000] Hz. The performance of the approach is studied by analyzing the
sound field reconstruction and the sound field control performance.
The results show that reconstructing the transfer functions with the proposed
model can substantially improve the performance of the system. The frequency
averaged insertion loss obtained using the reconstructed sound field with the model
is always above the insertion loss obtained using the same amount of measure-
ments without the model, with improvements up to 10 dB or more. The intro-
duced method considerably reduces the number of measurements needed to have
a good performance of the system. Furthermore, the results indicate that a sim-
ple monopole or monopole plus dipole model, as often assumed in the literature,
is not sufficient to model the radiation of the loudspeakers. Paper D also shows
that including higher order modes in the spherical harmonics basis allows us to
capture high frequency phenomena and the directivity of the sources, improving
the reproduction performance.

• Paper E “The variability of outdoor transfer-functions and its impact on sound field
control” experimentally investigates the effect of varying atmospheric condition on
transfer functions in a sound field control context. The results presented are the
outcome of a measurement campaign where the impulse responses between two
subwoofers and a set of 8 microphones were recorded together with the weather
data every 30 minutes for a time period of a week. During the experiment, the
distance between each subwoofer and the microphones was in the range of [170–
300] m and the subwoofers have a nominal frequency range of (37 – 115 Hz, -5 dB).
The measured temperature during the campaign varied between −2 and 6◦C, and
wind speed values were registered up to 8 m/s. From a sound field reconstruction
and sound propagation modeling perspective, the aim of the study is to develop
simplified propagation models that account with sufficient accuracy for the effects
of such atmospheric variations at low frequencies. This simplification is motivated
by the fact that outdoor sound field control needs to adapt on a short time scale
to the varying atmospheric conditions and therefore, the computational effort has
to be minimized. The results show that by assuming a frequency dependent speed
of sound and a homogeneous atmosphere, the phase variations due to weather
conditions are well estimated with errors below π

8 radians. This error is consistent
when the transfer functions are estimated at virtual locations up to 25 m away
form the measured transfer functions.
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• Paper F “Large scale sound field control outdoors” studies the active control of
sound outdoors using an array of control loudspeakers. The feasibility and the
performance of controlling sound in large areas (∼ 300 m2 ) and over long distances
(∼ 100 m) when estimating the transfer function with a sound propagation model
are examined experimentally under varying atmospheric conditions. We introduce
a sound propagation model that accounts for the radiation properties of the sound
sources (primary sources and control sources) as proposed in Paper D, as well
as a variable speed of sound controlled with a frequency dependent parameter as
proposed in Paper E.

The model aims at circumventing the need for measuring the sound field (transfer
functions) over the entire control area. The performance of the model based sound
field control system is compared to the performance of the sound field control sys-
tem where the transfer function are measured from a dense grid of locations at the
controlled areas. The model-based approach reduces the number of measurements
and achieves similar reduction performance to the control based on direct mea-
surements with many microphone locations. Additionally, the sound propagation
model enables the sound field reconstruction at virtual control zones that are far
away from the microphone location, and the reduction of acoustic energy. The
results show that the control system reduces the sound pressure levels by up to
15–20 dB over the subwoofers frequency range.

• Paper G “Acoustic Gaussian processes” examines GP regression for spatial acous-
tic field reconstruction problems. Given an observed set of measurements, GPs
enable to reconstruct the acoustic field based on the use of a covariance function
(i.e. a kernel) that defines the expected mutual correlation between points in
space. This is achieved via the so-called “kernel trick”. Compared to conventional
deterministic regression, the GP framework has the benefit of providing uncer-
tainty quantification of the field prediction in closed form. The application of this
framework to acoustics is examined, and physically driven kernels based on com-
mon acoustic wave fields are derived. A hierarchical Bayesian parameterization
is proposed for automatic adaption to variable number of sources and unknown
wave-sparsity in the field.

Three types of fields are tested numerically: a single plane wave, a random wave
field (diffuse-like) and a point source near field. Acoustically informed kernels per-
form better than state-of-the-art kernels in these reconstruction problems. The
performance of the kernels is also compared to a conventional plane wave expan-
sion, leading to two conclusions: first, GP regression using the acoustic diffuse
field kernel has improved performance over conventional plane wave model with
Tikhonov regularization, while reducing model complexity. Second, the proposed
hierarchical kernel proves to be versatile, as it outperforms the Lasso regularized
plane wave model when the field is sparse (for both plane wave and point source
cases). It shows similar reconstruction accuracy as the diffuse field kernel in the
random wave field reconstruction. This indicates that the method adapts well to
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variable degrees of sparsity in the field.
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CHAPTER 3
Methods

The purpose of this chapter is to provide a general physical and mathematical back-
ground on the methods used in the relevant contributions. Even though the papers and
manuscripts are self contained, the following sections extend the theoretical background
and link the methods to the contributions when applicable. Section 3.1 introduces the
spherical harmonics basis used to model the directional response of the loudspeakers in
the sound field control system and the Bessel functions to account for the radial prop-
agation of sound. Details about the implementation are found in Paper D for a small
scale experiment in anechoic conditions that resembles a concert situation. Section 3.2
presents the concept of effective speed of sound which together with the results in the
measurement campaign in Paper E, serves as motivation to adapt the radiation of the
Bessel functions to outdoor scenarios. The adapted spherical harmonics model is val-
idated in Paper F for a large scale setup resembling a real outdoor concert. Finally,
Section 3.3 introduces Bayesian regression as the statistical framework in which all the
modeling regression in Paper A, Paper B, Paper D, Paper F and Paper G is solved.

Regarding methods related to the design of sound field control systems and strategies
for open air concerts, the reader is referred to Franz Heuchel’s dissertation [106].

In the following the time convention ejωt is applied.

3.1 Spherical Harmonics
Spherical harmonics have been widely used for many applications in sound field control
such as modeling scattering from objects [25], [58], and the design of surround sound
systems [64], [107]–[109] and sound zoning systems [65]. In this section the mathematical
expressions for sound source modeling with spherical harmonics are derived.

Let us analyze the exterior sound field radiated by a vibrating sphere placed at the
origin of the spherical coordinate system (r, θ, ϕ), where r is the radial distance from the
center of coordinates, θ ∈ [0, π] is the polar angle and ϕ ∈ [−π, π) is the azimuth angle
(see Fig. 3.1). The correspondence with the Cartesian coordinate system is

x = r sin θ sinϕ,
y = r sin θ cosϕ,
z = r cos θ.

(3.1)

The Helmholtz equation in spherical coordinates is [110, pp. 183]
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Figure 3.1: Spherical coordinates at the center of a vibrating sphere.
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The sound field radiated outwards by a vibrating sphere is defined by the solution of
the Helmholtz equation in spherical coordinates when only outwards traveling wave
solutions that satisfy the Sommerfeld condition are considered [111, pp.189]. Under
these conditions, the solution to Eq. (3.2) is

p(r, θ, ϕ, k) =
∞∑

m=0

m∑
n=−m

anmh
(2)
m (kr)Y n

m(θ, ϕ). (3.3)

Eq. (3.3) is a basis of functions consisting on a radial part defined by the spherical Hankel
functions of the second kind h(2)

m , and an angular part defined by the spherical harmonics
Y n

m(θ, ϕ) that define the directional properties of the radiated waves. The coefficients
anm ∈ C stand for the amplitude of each component in the basis.

The spherical Hankel functions h(2)
m govern the radiation over distance, and they are

defined as
h(2)

m (kr) = jm(kr)− jym(kr), (3.4)
where jm are the spherical Bessel functions and ym are the spherical Neumann functions.
Fig. 3.2 shows both spherical Bessel and Neumann functions with respect to kr. The
Neumann functions are singular at kr = 0 which leads to instability if the sound field is
characterized very close to the coordinates origin (i.e. in the near field of the modeled
loudspeaker) but they are well defined towards the far field.

The spherical harmonics of mode m ∈ N and degree n ∈ N are

Y n
m(θ, ϕ) =

√√√√(2n+ 1)(m− n)!
4π(m+ n)

P n
m(cos θ)ejnϕ, (3.5)
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Figure 3.2: Spherical Bessel and Neumann functions for m = 0, 1, 2, 3.

where P n
m(cos(θ)) are the Legendre associated functions, a set of harmonic orthogonal

functions such that [110]∫ 1

−1
P n

m′(x)P n
m(x)dx = 2

2m+ 1
(m+ n)!
(m− n)!

δm′m. (3.6)

Fig. 3.3 shows the angular dependence of the pressure field generated by the spherical
harmonics. For the first mode m = 0, the sound field corresponds to a monopole
sound field, for m = 1 it is a dipole and for m = 2 it is a quadrupole. Higher order
modes represent more complex radiation patterns. Eq. (3.3) is sometimes referred to as
multipoles and is known to be a good model for compact radiators. In the common case
of longitudinally symmetric loudspeakers, it is reasonable to consider symmetry around
the polar axis (i.e. n = 0). This way, Eq. (3.3) is

p(r, θ, k) =
∞∑

m=0
amh

(2)
m (kr)Pm(cos θ). (3.7)

In sound field control, Eq. (3.7) has been used to numerically study more realistic
scenarios including the effect of cardiod-like sources by combining zeroth and first order
modes (i.e. m = 0, 1) [46], [55], [112]. Chang et al. tried the same monopole-dipole
model in a sound zoning experiment with a circular double array of loudspeakers [21].
Every loudspeaker in the array was assumed to behave equally and the model was fine
tuned in an independent setup to center the origin of coordinates in the acoustic center
of the loudspeakers. Results showed that errors in the estimated locations of the sources
led into significant performance degradation.

In Paper D, Eq. (3.7) is proposed to model the loudspeakers directional response in
a sound field control system for outdoor concerts. In sound field control for outdoor
concerts the available amount of measurement locations is small compared to the size
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Figure 3.3: Spherical harmonics for m = 0, 1, 2.

of the area controlled, and Eq. (3.7) is an efficient model when sparse data is available
as it defines in a few parameters am the entire directional response of a loudspeaker. In
this study the spherical harmonics model is fitted in situ directly from the sparse set of
measurements available in the control area such that the model captures perturbations
from the setup e.g. position mismatch or interaction between sources due to the array
arrangement.

The number of modes used is not restricted to m = 0, 1. Fig. 3.4 shows the predicted
directional response of the system loudspeakers in Paper D at 100, 500 and 1000 Hz.
It can be seen in Figs. 3.4 (b) and (c) that the inclusion of higher order modes allows
to characterize more complex radiation patterns at mid and high frequencies for the
box-shaped loudspeakers of the size specified in Fig. 3.4 (a). The better modeling due
to higher order modes is observed in the normalized mean squared error between the
estimated and the measured transfer functions in the controlled areas (two areas of 5 m2).

This analysis is extrapolated to outdoor sound field control, where the loudspeakers
used during the experiments in Paper C, Paper E and Paper F are subwoofers units
which scale up the size and therefore scale down the frequency range of interest by 5 to
6 times.1

1Example of loudspeaker used during the large scale experiments in Paper C, Paper E and Paper
F https://www.dbaudio.com/global/en/products/series/v-series/v-sub/

https://www.dbaudio.com/global/en/products/series/v-series/v-sub/
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Figure 3.4: Estimated directional response of the loudspeakers used in Paper D and
transfer functions reconstruction error. (a) Loudspeaker unit. (b) Estimated amplitude
coefficients for the first 5 modes of the basis. (c) Estimated directivity of the source at
1 m. (d) Normalized mean squared error of the estimated transfer functions over the
controlled areas for different amount of modes included in the basis.

3.2 Atmospheric refraction and the effective
speed of sound

The atmosphere is an inhomogeneous media. The full characterization of sound propaga-
tion in an inhomogeneous media is defined by a complete set of fluid dynamic equations
[33, Eqs. (2.3)–(2.7)] where every little perturbation in the medium is accounted for. In
practice, these equations are very inconvenient to work with. In near-ground sound
propagation problems they can be simplified into linearized Euler or Helmholtz-type
equations which increases the efficiency in the calculations while keeping the precision
in the predictions [33].

The propagation of low frequency sound in the atmosphere near the ground is mostly
affected by two factors: temperature T and wind w. Changes of temperature over the
air and wind flows refract the waves, changing the direction of propagation over the path.
A common approximation is to assume that the wave equation that governs the sound
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propagation is [113]
∇2p

ρe

+ ω2

ρec2
e

p = 0, (3.8)

where ω is the angular frequency, p is the pressure, and ρe and ce are the effective speed
of sound and the effective density respectively, defined as

ce = c+ w · u,
ρe = ρc2/c2

e.
(3.9)

Here, u is the direction of propagation of the wave (i.e. k = ku), w is the wind vector,
ρ is the equilibrium density and c is the speed of sound defined as [33]

c =
√
γaRaT (1 + 0.511q), (3.10)

where γa = 1.40 is the ratio of specific heats for dry air, Ra = 287.058 m2 s−2 K−1 is
the gas constant for dry air, T is the temperature and q is specific humidity. In the
near-ground atmosphere, wind and temperature usually present a strong stratification,
and they are both considered functions of only height, i.e. T (z),w(z). With this strati-
fication, Eq. (3.9) can be rewritten as

ce = c+ w cos(ψ), (3.11)

where w is the horizontal component of the wind and ψ is the angle between the az-
imuthal direction of sound propagation and the horizontal wind component. Fig. 3.5
illustrates the sound refraction due to temperature and wind stratification. On the one
hand, if the temperature gradient is positive and/or the wind blows in the direction
of propagation of the waves, the sound gets refracted downwards (Fig. 3.5(a)). On the
other hand, if the temperature gradient is negative or the wind blows opposite to the
direction of propagation, the sound gets refracted upwards (Fig. 3.5(b)). This refraction
has an impact on the apparent speed of sound, as the time of arrival of a sound pulse will
be shorter during positive temperature gradient and longer during negative refraction
[78, pp.831].

Eq. (3.11) is widely used in numerical sound propagation methods such as Fast Field
Program [114], and Parabolic Equation [115], and in high frequency analytic approxi-
mations such as ray tracing [116], to calculate the sound speed profiles over height and
account for refraction.

We propose a heuristic propagation model based on Eq. (3.11) and the findings in
Paper E, such that the air is still considered homogeneous. The propagation vector and
the speed of sound are defined as

k = ω

ce

,

ce(τ) =
√
γaRaτ(1 + 0.511q),

(3.12)

where the temperature T is substituted by a frequency dependent parameter τ ∈ R.
This simplified model is defined under the light of the results in Paper E, which show
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(a) Refraction due to positive tempera-
ture gradient and/or downwind

(b) Refraction due to negative tempera-
ture gradient and/or upwind

Figure 3.5: Refraction due to wind and temperature.

that with this model the phase propagation can be estimated with accuracy (error below
π/8 rad) for propagation distances up to 300 m and frequencies up to 200 Hz. In Paper F
it is shown that the combination of Eqs. (3.7) and (3.12) accurately estimates the direct
sound from the loudspeakers to the control areas in a sound field control scenario over
distances of around 100 m and areas of 300 m2 on flat terrain.

3.3 Bayesian inference
In this study, Bayesian inference is considered an adequate framework for sound field
reconstruction in outdoor sound field control due to two main reasons: a comprehen-
sive regularization for regression in underdetermined and ill-posed problems, and the
uncertainty quantification useful for further regularization in control filter estimation.
This section serves as an introduction to Bayesian inference in a qualitatively way. The
spherical harmonics model in Eq (3.7) is used as model example, truncated to two modes
for simplicity. For results on the application of Bayesian regression in sound field control
experiments where higher order modes or variable speed of sound are considered, the
reader is referred to Paper D and Paper F, and for a more in depth definition of complex
normal distributions, the reader is referred to Paper G.

3.3.1 Basic Bayesian linear regression
A sound propagation model is a function or set of functions that models a physical pro-
cess by defining the relationship between a dependent variable and a set of explanatory or
independent variables. Here, the dependent variable is the sound pressure level p ∈ CN

at a given frequency ω, measured at a set of locations X = {xn}N
n=1, and the indepen-

dent variables are the coefficients of the spherical harmonics basis a = {am}1
m=0. Given

the physical process of the sound propagation between a loudspeaker and a microphone
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f(x), the measured sound pressure is defined as

p = f + e, (3.13)

where f = {f(xn)}N
n=1, and e ∈ CN is measurement noise. Fig. 3.6 illustrates Eq. (3.13).

The sound field is measured at locations represented by microphones, and the sound
field is contaminated with background noise such that the measurements deviate from
the actual function f(x).

Figure 3.6: Example of a measured sound field .

Assuming that the model in Eq (3.7) is sufficient to characterize f(x), Eq. (3.13) can
be rewritten as

p = Sa + e, (3.14)

where S ∈ CN×2 with elements Snm = amh
(2)
m (krn)Pm(cos θn). In order to predict at

other locations X•, the values of a need to be estimated conditioned to the measured
data. In the acoustics literature the estimated coefficients a are usually the outcome of
minimizing a least squares problem regularized by a ℓp-norm || · ||pp penalty term over a

â = argmina||p− Sa||22 + ν||a||pp. (3.15)

Once the coefficients a have been estimated through solving Eq. (3.15), predictions of
the sound field at the new locations X• can be obtained as

f• = S•â, (3.16)

where S• are the basis functions in Eq. (3.7) evaluated at X•.
From a probabilistic perspective, p, a and e are the outcome of uncertain processes

which probabilities of occurrence are defined by their probability distributions π(p), π(a)
and π(e) respectively. In probabilistic terms, solving Eq. (3.16) is equivalent to find the
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conditional probability distribution of a given the observed data p. This conditional
distribution can be calculated from Bayes’ theorem such that [87]

π(a|p) = π(p|a)π(a)
π(p)

, (3.17)

where π(a|p) is the posterior distribution, π(p|a) is the likelihood distribution, π(a) is
the prior distributions and π(p) is the evidence or marginal likelihood. The likelihood
distribution accounts for the goodness of fit of the model in Eq. (3.13) to the measured
data p. The regression Sa will present very different results depending on the values
of the independent variables a, and those that better resemble the data will give a
higher probability than those that highly differ from the measured data. The noise
is a relevant element in the likelihood distribution as its probability distribution π(e)
conditions the shape of the likelihood. The prior distribution accounts for prior beliefs
and knowledge about the independent variables, acting as regularization of the solution.
Finally the evidence is the marginalized likelihood and stands for the probability of
measuring p given the model in Eq. (3.13) for any value of a. Because it is independent
of the independent variables, it represents a constant term in Eq.(3.17) and it can be
disregarded.

To have a better insight on the Bayes’ theorem and the role that likelihood and prior
play in the final estimation, let us define specific shapes of these distributions. The
noise is considered independent and identically distributed (iid) zero mean Gaussian (i.e.
e ∼ CN (0, σ2

eI)) and thus from Eq. (3.14), the likelihood is

π(p|a) = CN (Sa, σ2
eI) = 1

σe

√
2π

e
−1
2σe

(||Sa−p||22). (3.18)

Here, CN stands for ”complex normal” distribution (see Paper G and [117] for further
details on the complex normal formulation). The noise variance defines the decay rate
of the Gaussian distribution. At low noise rates, only ||p − Sa||22 ≃ 0 will give a high
probability.

The prior distribution over the independent parameters is also normally distributed
a ∼ CN (0,Σa), where Σa is the covariance. For the sake of simplicity, let us assume a
common covariance for all the coefficients, such that the prior distribution is

π(a) = CN (0, σ2
aI) = 1

σa

√
2π

e
−1
2σa

(||a||22), (3.19)

penalizing solutions where the magnitude ||a|| is large relative to the variance σa. Fig-
ure 3.7 shows in a graphical representation the Bayesian inference model proposed. The
graphical representation is based on the graphical representation used by Antoni et al.
[97] and initially proposed by Hohna et al. [118].

The posterior distribution is proportional to the product of Eqs. (3.18) and (3.19).
The case at hand is simple enough to have a closed form solution of the posterior distri-
bution, such that [87]

π(a|p) ∝ π(p|a)π(a) = CN (µa|p,Σa|p), (3.20)
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Figure 3.7: Graphical representation of the relationship between the variables in
Eq. (3.18) and Eq.(3.19) through the Bayes inference method.

where

µa|p =
(

SSH + σ2
e

σ2
a

I
)−1

SHp,

Σa|p =σ2
e

(
SSH + σ2

e

σ2
a

I
)−1

.

(3.21)

From the posterior distribution, predictions at new locations also follow a normal distri-
bution with form

π(f•|p) = CN (S•µa|p,SH
• Σa|pS•). (3.22)

Predictions using Bayesian regression give uncertainty quantification through the pre-
dictive covariance.

The adequateness of the predictions is the result of the combination of three main
factors: the amount and quality of data, the knowledge about the noise, and the prior
information about the independent variables. In outdoor sound field control the amount
of data is scarce and good prior knowledge about the noise and model parameters is
desirable. To illustrate this, Fig. 3.8 shows the predictions for three cases: noise underes-
timated and little prior knowledge over a, noise well estimated and little prior knowledge
over a, and noise well estimated and precise prior knowledge on the values of a. The
true likelihood distribution is represented with a solid black line and the selected likeli-
hood distribution is dashed. The prior distribution over a is represented as a bivariate
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Gaussian distribution. The black cross represents the magnitudes of a0 and a1 for which
||f − Sa||22 = 0. The mean and standard deviation of the predictions is plotted in gray.

Figure 3.8: Effect of likelihood and prior distributions on the predictions.

The first case shows what is known as overfitting. The low variance σe assumed
compared to the true noise provokes a narrow likelihood distribution and consequently,
only predictions where ||p − Sa||22 ≃ 0 give high probability. The prior distribution is
rather wide, and large amplitudes of a are also candidates for solution. Due to the little
data available, data outliers such as the one at location x3 largely affect the prediction.
In the second case, the estimated noise is closer to the true measurement noise, the
likelihood is less steep and as a result, there is a higher prediction uncertainty. However,
the predictions are still overfitting the data. To avoid overfitting one may measure at
more locations or, in the case where this not possible, regularize via prior distributions.
In the third case, the variance σa in the prior distribution is lower, penalizing large coef-
ficient amplitudes. This way, the resulting prediction functions are lower in amplitude
and resemble better the true process f(x).
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3.3.2 Hierarchical Models
In the previous Section 3.3.1, a brief introduction to Bayesian inference is presented using
a simple linear regression model where the variances of the noise and the coefficients a
are known. However, it is usually the case that the inference model is more complex
than that presented in Eq. (3.20) either because there is no accurate knowledge about the
variances, or because we want to promote solutions in a more sophisticated way[96], [97].
A common approach in Bayesian regression is to add extra layers of hyper-parameters
that control the independent variables, conforming what is known as a hierarchical
model[86]. This section serves as an introduction such that the hierarchical models used
in Paper D, Paper F and Paper G can be followed.

(a) Hierarchical model proposed in Paper D on
source modeling

(b) Hierarchical model proposed in Paper G
for sound field reconstruction with plane wave
decomposition with variable sparsity

Figure 3.9: Hierarchical models.

Figure 3.9 shows two hierarchical models used in Paper D and Paper G respectively.
The first model in Fig. 3.9(a) corresponds to a hierarchical version of the model in Fig. 3.7
where neither of the variances (σe, σa) is fully known. Both variances are modeled as
inverse gamma distributions such that

π
(
σ(·)

)
= βα

Γ(α)

(
1
σ(·)

)α+1

exp
(
− β

σ(·)

)
, (3.23)

where α > 0 is the shape parameter, β > 0 is the scale parameter and σ(·) refers to
either σe or σa indistinctly. Inverse gamma distributions are commonly used as the prior
distribution of the variance of a normal distribution due to its complex-conjugacy, which
makes the posterior distribution also normally distributed. This issue is not addressed in
this work and the reader is referred to [86],[87] and [97] for further details. The posterior
distribution is now

π(a, σe, σa|p) ∝ π(p|a, σe)π(a|σa)π(σe)π(σa). (3.24)
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A motivation to model the variance of the noise as an unknown is that the model Sa is
a simplified version of the actual process f(x), and the noise e should account not only
for the measurement noise, but also for the model discrepancy[119]. In Paper D we use
this hierarchical model, where S is the spherical harmonics expansion in Eq. (3.7) that
characterizes the loudspeakers directional response in a sound zoning setup. Fig. 3.10
shows the inverse of the maximum a posteriori (MAP, posterior mode) of the variance,
(σe|p)−1

MAP, known as precision, as a function of frequency (see Sec. D in Paper D for fur-
ther details on maximum a posterior). In this case, the effect of hierarchically modeling
the noise variance as an unknown is that at low number of modes M , the precision is low
(i.e. the model mismatch is high and therefore the variance is high as well), whereas at
higher number of modes the model is able to reconstruct better the directional response
of the loudspeakers and the precision is higher (i.e. the variance is lower).
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Figure 3.10: MAP of the inverse of the noise variance in Paper D.

Hierarchical models can also be used to promote specific solutions, and/or to get bet-
ter insight of the problem from a physical perspective. The second hierarchical model
in Figure 3.9(b) shows the proposed hierarchical model in Paper G for sound field recon-
struction with a plane wave decomposition. The measured data is modeled such that
the elements Snm of S presented in Eq. (3.14) are plane waves

Snm = e−jkT
mxn , (3.25)

where km is the wavenumber of the plane wave propagating in the m-th direction. The
noise is assumed known and the coefficients am represent in this case the amplitudes
of the plane waves in the decomposition. The hierarchical model assumes independent
plane waves, which corresponds to the prior distribution

π(a) = CN (0,Σa) = CN (0, diag[σ1, · · · , σM ]). (3.26)

The posterior distribution is now

π(a,Σa, β|p) ∝ π(p|a)π(a|Σa)π(Σa|β)π(β). (3.27)

The plane wave decomposition with independent variance is a common approach in
the acoustic literature to promote sparse solutions in source localization problems[95],
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[120]. In the proposed model, each variance σm is independently modeled and follows an
inverse gamma prior distribution (Eq. (3.23)). Heavy tailed priors as the inverse gamma
are suitable to promote sparse solutions by localizing most of the probability density
close to zero, implying that a priori most of the M components are likely to be pruned
out. The heavy tail towards large values activates only those components that add
significant contribution to the solution. In this way, if σm → 0, the Gaussian distribution
in Eq. (3.26) shrinks to a delta function around zero, and ||am|| ≃ 0. If σm > 0, the
Gaussian distribution broadens and it becomes more likely to obtain coefficients different
from zero.

The hyper-parameters α and β from the inverse gamma distribution characterize
the prior distribution which has an impact in the predictions. Figure 3.11 shows the
normalized inverse gamma distribution as a function of β. While the parameter α
affects the shape of the distribution, the scale parameter β defines the shrinkage of the
distribution (decay rate in Eq. (3.23)), without altering the shape. Therefore, given a
fixed parameter α, setting a large β would promote less sparse solution and viceversa.
In the proposed hierarchical model in Fig. 3.9(b) the parameter β is not hand-tuned, but
modeled as a random variable with an extra layer of hierarchy such that

π(β) = N (µβ, σβ), s.t. β > 0. (3.28)

The rationale behind this idea is to have a flexible model that adapts to the variable
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Figure 3.11: Normalized inverse gamma distribution as a function of β for α = 1.

sparsity of the sound field, without shifting to another model. Figure 3.12 from Paper
G shows the posterior distribution of the scale parameter β for a set of different sound
fields. It can be seen that the assumed rationale behind the hierarchical model aligns
with the results.

3.3.3 Gaussian processes
In Sections 3.3.1 and 3.3.2, the sound propagation modeling has been addressed as a
parameterization problem. The unknown function f(x) is explained as the superposition
of known functions with unknown parameters and the predicted sound field is calculated
via the posterior distribution (i.e. Eq. (3.22) for the basic Bayesian regression case).
In Paper G we introduce Gaussian processes (GPs) for sound field reconstruction as a
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Figure 3.12: Posterior distribution of the log of the hyper-parameter β as a function
of the reconstructed sound field. The bars show the median and the first and third
quartiles of the posterior distribution.

flexible Bayesian framework where such parameterization is not needed. In the following,
only zero mean proper complex GPs are considered. For further information about non-
zero mean GPs the reader is referred to Chapter 2.7 in [98], and for non-proper GPs the
reader is referred to Appendix A in Paper G and [121]. A detailed derivation of GPs for
acoustic field reconstruction is included in Paper G.

Gaussian processes (GPs) are non-parametric Bayesian regression models that con-
sider the characterization of the unknown function f(x) as a stochastic process from
which any combination of variables f = {f(xn)}N

n=1 is multivariate Gaussian distributed.
If the stochastic process f(x) is considered a zero mean proper complex GP

f(x) ∼ CN (0, κ(x,x′)) (3.29)

where (x,x′) are two locations in space, κ(x,x′) is the covariance function known as
kernel, the vector f follows a complex Gaussian distribution

f ∼ CN (0,K), (3.30)

where K ≜ E[ffH] ∈ CN×N is the covariance at the measured locations X with elements
defined by the kernel function. Given the measured data as it was presented in Eq. (3.13)
(i.e. p = f + e), predictions are made via the conditional probability distribution

π(f•|p) = π(p, f•)
π(p)

, (3.31)

where π(·) stands for probability distribution, π(p, f•) is the joint distribution of p and
f•, π(p) is the prior distribution over p and π(f•|p) is the conditional distribution.

The noise e is also assumed zero mean proper complex Gaussian with covariance in
its general form ΣΣΣ ∈ CN×N , which from Eq. (3.13) leads to the prior distribution over
p[98]

p ∼ CN (0,K + ΣΣΣ). (3.32)
Because both f and p are Gaussian, the joint distribution π(p, f•) is also Gaussian[121]

(p, f•) ∼ CN
(

0,
[
K + ΣΣΣ K•

(K•)H K••

])
, (3.33)
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where K• = E[ff•] ∈ CN×N• and K•• = E[f•f•] ∈ CN•×N• . The conditional distribution
of the predicted acoustic field f• over the measurements p is[121]

(f•|p) ∼ CN (µf•|p,Kf•|p), (3.34)

with predictive mean and covariance

µf•|p = (K•)H (K + ΣΣΣ)−1p,
Kf•|p = K•• − (K•)H (K + ΣΣΣ)−1K•.

(3.35)

Equations (3.34)-(3.35), which are the solution of Eq. (3.31), are used for predictions
at new locations. The predictive mean µf•|p gives the optimal reconstruction while the
predictive covariance Kf•|p represents the uncertainty on the predictions. Notice that
given a set of measurements p and the covariance of the noise ΣΣΣ, predictions are only a
function of the assumed spatial correlations of the field K, K• and K••.

Eq. (3.34) is the outcome of a GP where the measurements p are plausible, such that

f•(x)|p ∼ CGP
(
µf•|p(x), Kf•|p(x)

)
. (3.36)

Once measurements p are available at N locations X, the predictive mean is a weighted
average of those measured values p, where each prediction at any location x• can be
written from Eq. (3.35) as

µf•|p =
N∑

n=1
bnκ

∗(x•,xn), (3.37)

b = [b1...bN ]T = (K + ΣΣΣ)−1 p. (3.38)

The variance towards the measured locations gets reduced. Just considering one mea-
sured location xn, the predictive covariance at x• is, from Eq (3.35),

Kf•|pn = η − κ2(x•,xn)
η + σ2

e

, (3.39)

where η = κ(xn,xn) = κ(x•,x•). If the measured and the prediction location coincide
(i.e. κ(x•,xn) = η), Eq. (3.39) is Kf•|pn = η(1− (1 + (σ2

e/η))−1) which in the absence of
noise is zero, representing no uncertainty at the measurement locations.

Figure 3.13 (Figure 1 in Paper G) illustrates the difference between prior (Eq. (3.29),
Fig. 3.13(a)) and posterior conditional predictive (Eq. (3.36), Fig. 3.13(b)) GP for a set
of M = 5 noiseless data p and the covariance function κ(x,x′) = σ2sinc(k||x − x′||).
The functions f(x) sampled out of the prior show a rather random behavior with mean
zero and covariance σ2sinc(k||x− x′||). Once data is available, results in Eq. (3.37) and
Eq. (3.39) apply.

GPs enable to make sound field reconstruction by just defining the covariance func-
tion κ. The limitation in the design of the kernel comes from the fact that covari-
ance matrices are always Hermitian positive semidefinite (PSD). Thus, the elements of
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Figure 3.13: Qualitative representation of GP regression for a noiseless data set for
both (a) prior (Eq. (3.29)) and (b) posterior predictive (Eq. (3.36)) GP. The uncertainty
is shown in gray as two times the standard deviation. Once measurements are available,
the predictive functions are those which incorporate the measurements as highly likely
outcomes, and the variance towards the measured locations is reduced to the value of
the noise.

K are the outcome of a bilinear PSD kernel function κ(x,x′) : RD × RD 7→ C (i.e.
κ(x,x′) = κ∗(x,x′) and κ(x,x) > 0, ∀x ∈ X \ 0).[87] Therefore, it is possible to use any
spatial correlation function as long as it is PSD.

In Paper G we show an extended study of conventional and acoustics-based kernel
functions for acoustic field reconstruction. It is worth noting that even though GPs
are referred as non-parametric models, the kernels usually depend on some unknown
hyper-parameters that need to be either hand-tuned or learned from the measured data
(for example, σ is unknown in κ(x,x′) = σ2sinc(k||x − x′||)). For further details about
the calculation of the optimal kernel hyper-parameters the reader is referred to Section
IV in Paper G.

3.3.4 Hamiltonian Monte Carlo sampling
The solution to Eq. (3.17) is usually not as straightforward to calculate as it is shown
in Eq. (3.20), where a closed form solution exists. Usually, the product of prior and
likelihood distributions leads to mathematically intractable equations. This is the case
in the hierarchical models presented in Fig. 3.9, in the Bayesian models used in Paper
B and Paper F, and during the estimation of the hyper-parameters of the kernels in
the GP study in Paper G. A common approach to approximate intractable posterior
distributions are the sampling methods, which objective is to obtain random samples
that correspond to evaluations of the desired posterior distribution of the parameters.
In this work a specific Markov chain Monte Carlo (MCMC) sampling method called
No-U-Turn Sampler Hamiltonian Monte Carlo (NUTS HMC) is used via the statistical
modeling platform Stan[122]. A small summary of the HMC method is written in this
section. For detailed explanation on HMC see Chapter 5 from [123] and [124], and [103]
for detailed explanation on NUTS. In the following, χ refers to the unknown parameters
from which the posterior distribution is estimated.

The outcome of a MCMC sampling method is a set of samples χ0...χi...χI that con-
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forms a histogram of the posterior distribution. From this histogram statistical moments
such as expectations and variances can be calculated. One of the most popular sampling
algorithms in MCMC is the Metropolis-Hastings algorithm[86], which is extensively used
in acoustics, specially in its Gibbs sampler form[89], [91], [92], [97], [101]. The basic prin-
ciple behind Metropolis-Hastings is quite simple. Given a sample χi−1, a new proposal
χ∗ is picked from a proposal distribution πi(χ∗|χi−1). Then the ratio of densities defined
as

r = π(χ∗|p)/πi(χ∗|χi−1)
π(χi−1|p)/πi(χi−1|χ∗)

, (3.40)

is calculated, where π(χ(·)|p) is the posterior distribution. Even though the posterior is
not known, it is possible to evaluate it via the defined likelihood and prior distributions.
Once the ratio of densities is calculated, the proposed sample χ∗ is considered a valid
outcome of the posterior regarding an acceptance-rejection criteria defined as

χi =

χ∗ with probability min(r, 1)
χi−1 otherwise

(3.41)

Metropolis-Hastings algorithm ensures convergence to the posterior distribution if run
for sufficiently long. However, it can become inefficient when exploring the χ space due
to its inherent random walk.

HMC is a generalization of the Metropolis algorithm based on the Hamilton’s equa-
tions. HMC takes advantage of physics’ intuition and removes the local random walk
behavior of Metropolis-Hastings. In HMC, an auxiliary momentum variable ζ indepen-
dent from χ is introduced. Samples are drawn from the joint distribution π(χ, ζ|p) =
π(ζ|χ,p)π(χ|p) which in log form is

H(χ, ζ|p) = − log π(χ, ζ|p) = − log π(ζ|χ,p)− log π(χ|p) =
= T (ζ|χ)︸ ︷︷ ︸

kinetic energy

+ V (χ)︸ ︷︷ ︸
potential energy

. (3.42)

To generate a transition between states of the joint distribution, one should consider the
partial derivatives of Eq. (3.42)

∂H

∂ζ
= ∂T

∂ζ
,

∂H

∂χ
= ∂T

∂χ
+ ∂V

∂χ
= ∂V

∂χ
.

(3.43)

Thus, a two-state differential equation has to be solved to update the state of the joint
distribution. Most HMC implementations use the leapfrog integrator, which can be
summarized in three steps (Chapter 12 from [86] and Appendix A in [124]):

1. Pick a random sample from the momentum variable ζ ∼ N (0,Σζ).

2. Take L leapfrog steps as follows.
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a) ζ ← ζ − 1
2ε

dV
dχ

,
b) χ← χ+ εΣζζ,
c) ζ ← ζ − 1

2ε
dV
dχ

,

where ε is a scaling factor and dV
dχ

= −d log π(χ|p)
dχ

.

3. The new candidate sample χ∗, ζ∗ is the one drawn after L steps. This new sample
is accepted with the following condition

χi =

χ∗ with probability min(r, 1),
χi−1 otherwise,

(3.44)

where r = π(χ∗|p)π(ζ∗)
π(χi−1|p)π(ζi−1) .

Because the Hamiltonian has energy conservation, getting closer to lower proba-
bility regions increases the potential energy and reduces the kinetic energy and vice
versa. This allows representative sampling of the posterior distribution in fewer itera-
tions. Figure 3.14 shows 10 posterior samples for both Metropolis-Hastings and HMC
when sampling the same posterior distribution. Starting from similar situations in the
parameter space, the HMC is able to explore the entire space while adapting the step
size consequently. The Metropolis-Hastings algorithm is more likely to get stuck close
to maxima, requiring more samples to explore the full distribution.



40 3 Methods

Figure 3.14: Ten posterior samples for Metropolis-Hastings and HMC sampling algo-
rithms.



CHAPTER 4
Concluding remarks

This study addresses the problem of sound propagation modeling and sound field recon-
struction for outdoor sound field control. Its main focus is the estimation of the transfer
functions between a set of loudspeakers and an extended area for later use in sound field
control for outdoor concerts. This scenario imposes several particularities to the prob-
lem. First, the control over large areas implies hundreds of measurements at locations
that might be even impractical to reach. Thus, in practice, one may expect spatially
sparse data from which the sound field must be reconstructed. Second, changes in the
outdoor media due to wind and temperature variations continuously alter the sound
propagation from the loudspeakers to the control area, and the acoustic transfer func-
tions need to be continuously adapted in order to incorporate these changes and keep
the good performance of the system. Therefore, computational efficiency is needed in
order to adapt to changing propagation conditions in little time.

To the knowledge of the author, there has been no previous attempts to study sound
field reconstruction for outdoor sound field control. During this study, the sound field
modeling problem has been divided into three main elements: the loudspeakers radiation
properties and spatial response, the effect of weather conditions in the low frequency
sound propagation and its quantification in an efficient manner, and the modeling of the
field resulting from reflections and scattering. In addition, special effort has been put
in the uncertainty quantification of the estimated transfer functions from which sound
field control systems could benefit. For each studied elements, these are the concluding
remarks:

• Loudspeakers directional properties and spatial response: A spherical harmonics
model has been proposed to characterize in situ the sound radiation of loudspeak-
ers in multichannel sound field control systems. Results in anechoic conditions
show that the proposed model can substantially improve the performance of the
system. The introduced method considerably reduces the number of measurements
needed to have a good performance of the system. Furthermore, the results indicate
that a simple monopole or monopole plus dipole model, as often assumed in the
literature, is not sufficient to model the radiation of the loudspeakers. Including
higher order modes in the spherical harmonics basis allows to capture high fre-
quency phenomena and the directivity of the sources, improving the performance
of the sound field control system. It is therefore recommeneded to include higher
order modes.

• Outdoor propagation of low frequency sound: The propagation of sound outdoors
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over distances around 200 m and frequencies up to 200 Hz can be well modeled as-
suming propagation in a homogeneous medium with a frequency dependent speed
of sound. The frequency dependent speed of sound follows the effect that wind
and temperature variations have in the phase of the resulting transfer functions,
and to predict with accuracy the phase variations at virtual locations ∼ 25 m
distant from the measured locations. The use of a frequency dependent variable
speed of sound in the spherical-harmonics model enabled to accurately estimate
the transfers functions in an outdoor sound field control system over extended
areas (∼ 300 m2) and distances up to 100 m. It is shown that the number of micro-
phone locations required to characterize the transfer functions over space can be
reduced considerably by the use of the proposed sound propagation model, that
is tuned from only a handful of microphone locations. Such model-based control
achieves similar performance to that obtained from a dense grid of microphones
and additionally enables reduction of sound in virtual control zones that are far
away from the microphone locations.

• Reflected and scattered sound field reconstruction: This work also investigates the
use of complex Gaussian processes (GPs) as an alternative for the reconstruction
of the indirect sound field created in a sound field control setup from relectiosn
and scattering. GPs allow to reconstruct fields based on spatial correlation func-
tions by means of the kernel trick. It is shown that kernels based on Radial Basis
Functions can be adapted to wave-like periodic kernels, including periodicity and
directionality. The diffuse field spatial correlation kernel (zeroth order Bessel func-
tion) is derived from a linear regression of infinite plane waves. A hierarchical
Bayesian parameterization approach based on the covariance of a plane wave ex-
pansion is proposed. It automatically adapts to variable number of sources as well
as sparse and non-sparse fields (i.e., fields containing few acoustic waves, or a high
number of waves). The studied numerical results show that acoustically informed
kernels perform better than general state of the art kernels. GP regression using
the acoustic diffuse field kernel has improved performance over conventional plane
wave model with Tikhonov regularization, while reducing model complexity. In
addition, the proposed hierarchical kernel proves to be versatile, as it outperforms
the Lasso regularized plane wave model when the field is sparse (for both plane
wave and point source cases) and it shows similar reconstruction accuracy as the
diffuse field kernel in the random wave field reconstruction. This indicates that
the method adapts well to variable degrees of sparsity in the field.

• Uncertainty quantification: The work has also contributed to the uncertainty quan-
tification in sound field reconstruction problems through Bayesian inference. GP
regression is proposed as a Bayesian alternative to conventional linear regression
that keeps uncertainty information about the reconstruction field in a closed form.
The connection between conventional linear regression, Bayesian linear regression
and GP regression is formulated for acoustic problems, based on statistical signal
processing of complex-valued data. It was shown that the uncertainty quantifica-
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tion is directly related to the likelihood of producing an accurate reconstruction.
In the case that the Bayesian inference problem presents no closed form solution,
the use Hamiltonian Monte Carlo (HMC) has been promoted as an efficient sam-
pling method. It is shown that HMC is an adequate choice in Bayesian inference
over hierarchical models.
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CHAPTER 5
Suggestions for future work

In this section, suggestions for further analysis and future research are listed.

• The combination of the spherical harmonics model that accounts for the direct
sound field with a GP regression model to represent the reverberant field should
be studied. One common problem that arises from the combination of models is
the identifiability problem [125]. It is likely that each model applied independently
to the same sound field reconstruction problem is able to explain the underlying
processes that produced the measured data in a similar manner, leading to a
non-unique solution when they are combined. Existing research in the acoustics
literature on how to choose the right combination of models and parameters could
be applied in the context of this study, such as likelihood ratio [126] and evidence
approximation [127].

• It is necessary to validate the frequency dependent variable speed of sound intro-
duced in Paper E for other loudspeakers-control zone situations. The propagation
of sound in an inhomogeneous atmosphere was approximated assuming homoge-
neous atmosphere and a frequency dependent variable speed of sound. The model
was determined to be efficient and accurate in a heuristic way by inspection of the
results in Paper E. The studied combinations of loudspeaker-microphone locations
are specific of a sound field control system where wind and temperature affect sim-
ilarly the propagation of sound from the control loudspeaker to the whole control
area. However, there are sound field control setups where the wind would affect
the sound propagation in different ways depending on the studied loudspeaker. For
example, in a circular array sound field control system similar to the one presented
in [21], the same wind direction will have a contrary effect in the propagation of
sound in diametrically opposed loudspeakers [78].

• It should be investigated the design of more accurate and computationally efficient
propagation models in inhomogeneous media. Methods such as Finite Difference
Time Domain, Parabolic Equation and Fast Field Program have shown their ac-
curacy for the prediction of outdoor sound even though the computational effort
is large. Machine learning methods such as neural networks or decision trees have
been satisfactory applied to learn the behavior of these accurate methods and
reduce the computational time in later predictions [128].
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ABSTRACT

One challenge of outdoor concerts close to urban environments is to ensure adequate levels for the audience while
avoiding disturbance of the surrounding residential areas. This paper outlines the initial concept of a sound field
control system for tackling this issue. The idea is to create acoustic contrast between the audience area and the
surrounding using methods from sound zoning. Control over large areas implies the need for precise information of
transfer-functions between the loudspeakers and the control areas. The envisioned system uses a combination of
measurements and Bayesian inference to update the parameters of a sound propagation model which estimates these
transfer-functions. We present a simple case in which sound field control and propagation model work together.

1 Introduction

Outdoor music events in urban environments face the
challenge to both deliver an excellent concert experi-
ence and comply with the local regulations on sound
exposure of neighboring residential areas. If the regula-
tions limit the achievable sound pressure levels (SPL)
inside the audience area too much, the audio experience
can degrade severely as high SPL is an essential part
of the concert experience. At the same time, these reg-
ulations are important as exposure to excessive noise
levels is known to have a negative impact on quality of
life.

Active sound field control methods based on sound
zones principles have been shown to produce signifi-
cant SPL differences (acoustic contrast) between con-
trol areas, using methods from sound zoning [1, 2, 3] or

beamforming [4, 5]. The first hypothesis of this work
is that such sound field control methods can be applied
in large-scale outdoor concerts to focus and contain the
low frequency sound more efficiently on the audience
area. We believe that this could substantially enhance
the trade-off between SPL in the audience area and
sound exposure of neighboring residents.

Most modern sound reinforcement systems are based
on the line array principle, which allows for the control
of directivity of the sound radiation of high and mid
frequencies. However, the radiation of low frequencies,
can not be as easily controlled, they are less attenuated
by air and reflections from boundaries, and are damped
the least by the structures of residential buildings. Low
frequencies are therefore the most critical frequencies
in the noise problem of outdoor concerts. As control-
ling the sound field over large areas with a feasible
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number of loudspeakers is restricted to low frequen-
cies, we believe that such a technology is a good fit for
this problem.

Accurate estimations of the transfer-function between
the loudspeakers and the control regions is essential
for the optimization of loudspeaker filters. The two ap-
proaches for estimation of transfer-functions are direct
measurement and prediction using numerical methods.
In large scale outdoor applications, the former is in-
feasible, because the sound field has to be sampled
with respect to the Nyquist theorem to avoid aliasing
problems, leading to a large amount of measurement
points. The latter is too inaccurate for control purposes
due to uncertainties in the model parameters, e.g. the
reflection coefficients of boundaries or the atmospheric
conditions. It is our second hypothesis that the accu-
racy of the sound propagation model can be improved
by simultaneously measuring two sources of real-time
data: 1) Weather conditions (wind, humidity and tem-
perature) to construct the prediction model and 2) a
small set of pressure transfer-functions over the con-
trol areas to correct and update the acoustic parameters
and validate the model. The parameter estimation is
done by applying the Bayesian inference framework,
which has been shown to work well in similar regres-
sion problems [6, 7, 8]. Bayesian inference is adequate
for working with constrained multiparameter models
including noise and uncertainty effects.

In the current work we present our first ideas for such
a sound field control system for outdoor concerts, illus-
trate the basic concepts using a simple simulation, and
discuss the challenges of a real implementation of such
a technology.

The paper is structured as follows. Section 2 gives an
overview of the closed loop architecture of the sound
field control system. Section 3 describes the methods
used for the sound zoning, Bayesian inference and
the propagation model. In section 4, the methods are
applied to a simple simulation example. Section 5 and
section 6 discuss the simulation results and highlight
some of the challenges of controling sound fields for
outdoor concerts.

2 Concept

The fundamental concept of the sound field control sys-
tem is shown in figure 1. There are two main functional
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Fig. 1: Information flow in the sound field control sys-
tem.

modules: the sound field controller and the sound prop-
agation model. In an initialization phase, the propaga-
tion model is fed with the constant model parameters
like loudspeaker positions, directivities, venue geome-
tries, acoustic parameters of the occurring surfaces, and
pre-measured transfer-functions between the sources
and the regions in which the sound is to be controlled.
An initial estimate of the transfer-functions is then cal-
culated and fed to the sound field controller. The sound
field controller derives the optimal loudspeaker filters
using the estimated transfer-functions from the propa-
gation model. Internet-of-Things (IoT) enabled sensors
distributed throughout the venue and its surroundings
are connected to a dedicated cloud and gather real-time
sound pressure and meteorological data. The propaga-
tion model uses this information to continuously update
its model parameters and the estimate of the transfer-
functions. The information can then also be shared with
the IoT cloud, e.g. a noise map of the venue and it’s
surroundings can be provided to the event organizers
or sound engineers.

This system is planned to be part of the EU project
MONICA [9], whose goal is the integration of IoT
technologies and enabled IoT devices into a common
platform to improve the experience of citizens in large
outdoor events.

3 Methods

3.1 Sound Field Optimization

Sound field optimization is the sound field controller’s
main function. The term describes methods that create
a desired target sound field by optimization of each
loudspeakers input signal. These are applied for in-
stance in the creation of sound zones, i.e. spatially ex-
tended zones with different acoustic characteristics. In
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this work we want to create two sound zones: a bright
zone in the audience area with a homogeneous sound
field in space and frequency and a dark zone in the
surrounding neighborhood in which the sound pressure
is as low as possible. The loudspeaker filters that create
such a sound field can be derived from the solution of
an optimization problem. Here we use the combination
of pressure-matching and acoustic contrast control pro-
posed by Chang and Jacobsen [1] and formulated by
Betlehem et al. [3] as a constraint optimization prob-
lem, which minimizes the reproduction error in the
bright zone while restricting the mean square pressure
in the dark zone.

The sound pressure field p in the bright zone (BZ)
and the dark zone (DZ) is sampled spatially at JBZ
evaluation points r j, j ∈ BZ, at JDZ evaluation point
positions r j, j ∈ DZ and at N frequencies f (n) with
frequency resolution ∆ f . It can then be represented by
coefficients p(n)j . Let there be loudspeakers positioned
outside the two zones at I positions si. The total sound
pressure at each frequency n and evaluation point j is

p(n)j =
I

∑
i=1

H(n)
i j q(n)i , (1)

where H(n)
i j denotes the transfer-function between

sources and evaluation points at the given frequency
and q(n)i denotes the complex weight or filter coeffi-
cients for each source and frequency.

The goal of the optimization is to find the optimal set of
loudspeaker weights which minimize the relative mean
square error in the bright zone between the target field
pt,(n)

j and the realized field p(n)j , while constraining
both the mean square pressure in the dark zone and the
frequency-integrated mean square of the loudspeaker
strengths, i.e.

min
q

1
JBZN ∑

j∈BZ

N

∑
n=1

|pt,(n)
j − p(n)j |2

|pt,(n)
j |2

s. t.
1

JDZ
∑

j∈DZ
|p(n)j |

2 ≤ D0 ∀n = 1, . . . ,N

1
I

I

∑
i=0

N

∑
n=1
|q(n)i |

2
∆ f ≤ E0

. (2)

This is an inverse problem and the constraint on the
square of the source strengths acts as a regulariza-
tion. The quadratically constrained quadratic prob-
lem is convex, if the transfer-functions are such that

for each frequency H(n)HH(n) is semi-definite, where
[H(n)]i j = H(n)

i j [10].

The problem is solved using the Sequential Linear
Squares Programming algorithm of SciPy’s optimiza-
tion module [11].

3.2 Propagation model

One of the most common outdoor sound propagation
models in Nordic countries is Nord2000 [12], which
is based on the image source method. A simplified
version is used in this paper to show how Bayesian
inference could improve its performance.

In this simplified model, the loudspeakers are assumed
monopole sources with a constant frequency response.
The total pressure at each evaluation point is the sum of
the pressure generated by each source and its reflections
from the ground. The transfer-function for each source-
evaluation point combination and frequency is

H(n)
i j =

jρ
4π

e−j 2π f (n)
c rd

i j

rd
i j

+R
e−j 2π f (n)

c ri
i j

ri
i j

 , (3)

where rd
i j and ri

i j are the direct and indirect path
lengths between sources and evaluation points. For
the sake of simplicity, ground reflections at an angle α

are modelled with a plane wave reflection coefficient
R = Z cos(α)+ρc

Z cos(α)−ρc and the Miki model for the ground
impedance [13]

Z =ρc

(
1+5.51

(
1000 f

σ

)−0.632

(4)

− j8.42

(
1000 f

σ

)−0.632)
.

Even though the spherical reflection coefficient is a
much more precise model of the reflection, it will not
affect the purpose of this paper.
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3.3 Bayesian Inference and Parameter
Estimation

Moving from simulated scenarios to real measurements
implies that most of the parameters involved are only
known with some uncertainty, causing wrong propa-
gation predictions. Bayesian inference is a method to
find better estimates of these parameters on the basis of
data. In this section the present problem is formulated
in terms of Bayes’ theorem and an example of normal
non-linear regression is presented.
Bayes’ theorem [14] states that given a set of measured
pressure data p̃ j = p j +n j and a vector of parameters
θ used to model that data, the posterior probability is

π(θ |p̃ j) =
π(θ)π(p̃ j|θ)

π(p̃ j)
, (5)

where p̃ j is the pressure vector of size N, ñ j the noise,
π(p̃ j) is the evidence, π(p̃ j|θ) the likelihood and π(θ)
the prior. The posterior is a measure of how well the
model, given these parameters, explains the measured
data. The goal of the inference is to find those parame-
ters θ that maximize the posterior distribution. From
Eq. (5), maximizing the posterior is proportional to
maximizing the likelihood.
In the particular case where the noise is normally
distributed and independent for each receiver n j ∼
N (0,Σn j), the measured pressure at each receiver is
also normally distributed p̃ j ∼N (p j,Σn j), where Σn j

is the covariance. The mean of the distribution is Eq.
(1) and the variance is the background noise. The like-
lihood is

π(p̃ j|θ) =
J

∏
j=1

e−
1
2

(
(p̃ j−p j(θ))

>Σ
−1
n j (p̃ j−p j(θ))

)
(2π)

N
2 |Σn j |

N
2

. (6)

The covariance Σn j plays a main role in modelling the
data, because it links the dependency between the differ-
ent subspaces (in this case, frequencies). If frequencies
are assumed independent, maximizing the likelihood
simplifies to a least squares problem.
In high dimensional and complex models, however,
the computation of the posterior distribution is usu-
ally intractable analytically. In this experiment the
Hamiltonian Monte Carlo (HMC) technique is used to
approximate the posterior distribution π(θ |p̃ j) by draw-
ing samples of θ in an efficient way [14]. The use of
this technique makes the Bayesian inference modelling
more flexible for including additional parameters.

3.3.1 Bayesian Inference of Propagation Model
Parameters

Focusing on the model in Eq. (3), the parameters that
are considered uncertain are the position of sources
and receivers and the reflection coefficient. In addition,
the transfer-functions measured in the control areas
are contaminated with background noise. These noisy
parameters are represented with a tilde. Figure 2 shows
the inference diagram and the relationship between the
uncertain parameters θ = (r,s,σ).

σ

Z
α

R

r

s

p

Fig. 2: Inference diagram describing the relationship
between the parameters of the propagation
model.

The error that affects each parameter is the combina-
tion of two: known and unknown uncertainties [15].
Setting proper prior distributions requires prior infor-
mation about the parameters (e.g. physical constrains,
known uncertainties). As an illustrative example let us
look at the measurement of the loudspeaker positions.
If a distance meter is used, its technical specifications
will reveal its accuracy, which comes from empirical
evidence. This is considered a known uncertainty. How-
ever, other factors such as errors in the manipulation
of the device, may affect the measurements. These are
unknown uncertainties.

To take into account both contributions, normal distri-
butions are used in all the parameters. This allows to
constrain the variance with the known uncertainty and
be more specific than a uniform distribution, while still
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making it possible to sample in entire R, thus account-
ing for unknown uncertainties.

The mean of source and receiver coordinates are the
measured values s̃ and r̃. The deviation εc is the same
for all of them, as the same measurement device and
procedure is assumed. The flow resistivity is usually
not measured, but taken from existing tables that group
different types of grounds. If Nord2000 is used, flow
resistivity’s mean should be the representative value
σ̃ of the selected Nordtest [16] impedance class. The
standard deviation εσ has to be sufficiently large to
ensure sampling in the entire flow resistivity range of
mentioned class. The flow resistivity cannot be less
than 0, therefore the normal distribution is truncated to
account only for positive values. The noise in the mea-
sured pressure data is considered independent for each
position as each receiver might be affected by different
noise in a real scenario. For the sake of simplicity it is
modelled constant over frequency.

3.4 Setup

Sound field optimization and parameter estimation is
illustrated here with simulations for a simple case re-
sembling a small, open air concert setup in which the
radiation of sound to a sensitive area behind the concert
is to be mitigated.

The setup is shown in Figure 3. The bright zone is
bounded by two loudspeaker arrays with 5 and 10 loud-
speakers, respectively. The target field in the bright
zone is a 100dBSPL plane wave travelling in negative
y-direction. The dark zone is placed 17.5m away from
the bright zone. Both zones are sampled at 2.5 evalua-
tion points per maximum wavelength in each direction.
The frequency range of interest is from 20 to 250Hz
with a frequency resolution of 15.33Hz. Both evalua-
tion points and loudspeakers are positioned 1.6m above
the ground. The ground is considered compacted park
area (Impedance Class E according to Nordtest) with
σ = 700kPa ·m/s. The speed of sound is c = 343m/s
and air density ρ = 1.2kg/m3.

The dark zone mean square pressure is bounded to
be less than 60 dB SPL, i.e. D0 = 20 µPa× 1060/10.
The regularization parameter was chosen ad-hoc to
E0 = 50m6s−3, as it leads to reasonable solutions for
this problem. Too much regularization will reduce
the achieved acoustic contrast between sound zones,
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]

bright zone
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Fig. 3: Setup of bright zone, dark zone and fixed loud-
speaker positions in the simulation.

while too little regularization will increase the sensi-
tivity of the solution to the errors in the model param-
eters. Choosing the right regularization parameter is
non-trivial and out of the scope of this paper (see e.g.
[17]).

3.4.1 Noise and Uncertainties

In order to resemble real conditions in the simulations,
measurement noise and uncertainties need to be gener-
ated for the desired parameters. Measured coordinates
of both sources and evaluation points, r̃ and s̃, are af-
fected by 15 cm of deviation. Measured pressure p̃ is
distorted with 30 dB SNR noise for all the frequencies.

The statistical parameters used during the Bayesian
inference are summarized in Table 1. The deviation
of the coordinates is set to εc = 30 cm in the prior,
accounting for the known and unknown uncertainties
(the known deviation of a common laser meter is less
than 1 cm). The ground is considered park area, so σ̃ is
set as the representative value of the Impedance Class E
in Nordtest σ̃ = 500kPa ·m/s. The standard deviation
εσ = 500kPa ·m/s to ensure sampling in the entire
flow resistivity range of the Impedance Class E. The
variance of the pressure εp j is a uniformly distributed
variable only constrained to be greater than 0.

The frequencies used during the parameter inference
are the center frequencies of the third octave bands
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Table 1: Summary of relevant parameters and its cho-
sen values in the setup.

Parameter Value
D0 Max. mean squared pressure in DZ 20 µPa×1060/10

E0 Regularization parameter 50m6s−3

SNR Signal to Noise Ratio 30 dB
- Coordinates Error 15 cm
σ True Flow Resistivity 700 kPa·m/s
σ̃ Forward Flow Resistivity 500 kPa·m/s
εc STD Coordinates 30 cm
εσ STD Flow Resistivity 500 kPa·m/s
εp j STD Sound Pressure U (0, inf)

from 50 to 8000Hz. STAN is used as the software
platform to calculate the inference [18]. To compute the
posterior distribution 4 HMC chains of 4000 samples
were run in parallel to reach convergence. Only the
second half of the samples is considered to belong to
the posterior distribution and the first half is dropped
as part of the warm up process of the random walk.

4 Results

4.1 Parameter Inference Model and Estimation

Figures 4 to 6 show the prior and the posterior proba-
bility density functions for the flow resistivity and the
coordinates of 5 sources (the ones in the upper part of
Figure 3) and 3 receivers arbitrarily picked from the
bright zone, respectively. The yellow values, called
forward values, are the noisy parameters. Those are the
ones that may be used in a traditional forward propa-
gation model. The black values are the correct values
(no noise) named true. The median of each posterior
distribution, shown in red, is chosen as the optimized
parameter. The vertical bar plots at the right side of
each graph represent the error from the forward and the
posterior median to the true value respectively.

The posterior distribution of the flow resistivity
π(σ |p̃ j) is much more narrower than the prior, reduc-
ing the uncertainty to a standard deviation of εσ |p̃ j '
4000kPa ·m/s. The forward σ̃ is not considered any-
more as a possible solution (out of the bounds of the
posterior), while the true flow resistivity of the ground
is. When comparing the optimized flow resistivity cal-
culated as the median of the posterior with the forward
guess, the error drops from ∼ 28% to less than 1%.

The estimate of the sources and receivers coordinates
have also been improved by the Bayesian inference.
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Fig. 4: Inference of flow resistivity: prior distribution
π(σ) vs. posterior distribution π(σ |p̃ j).
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The standard deviation is εc|p̃ j ' 7.5 cm, reducing to
half the prior uncertainty. In addition, the error of
choosing the median as point estimate is less than 5 cm
for all the points except one (Receiver 1).

4.2 Sound Field Optimization

The acoustic contrast between dark and bright zones is
defined as the mean spatial difference between SPL in
the two zones, (e.g. [19]),

AC j = 10log10

 1
JBZ

∑ j∈BZ |p
(n)
j |2

1
JDZ

∑ j∈DZ |p
(n)
j |2

 . (7)

Figure 7 compares the acoustic contrast with and with-
out sound field control in the cases of true parame-
ters, forward parameters and optimized parameters. No
sound field control describes the case where only the
upper loudspeaker array is active with constant source
strengths. That contrast is only due to the distance
of the zones to the sources. Applying the sound field
control system improves the acoustic contrast by 17dB-
35dB in the ideal case of true parameters. If the for-
ward parameters are used without inference, the im-
provement reduces considerably to around 10 dB, even
though the uncertainty in the positions is small com-
pared to the wavelength. Using Bayesian inference to
optimize the contrast enhances the improvement again
to 10dB-21dB. The inference improves the contrast
especially in the low frequencies, where the source
strengths are large (not shown) and thus where the re-
sulting sound field is sensitive to errors.

The target plane wave and resulting sound field in the
bright zone are compared in figure 8. The plane wave
sound field is well reproduced when the distance be-
tween loudspeakers is much smaller than the wave-
length.

Figure 9 shows the SPL distribution in the vicinity of
the setup. Notice how the solution creates an acous-
tic shadow or region of destructive interference in the
dark zone and thereby reduces the SPL in that area.
However, just left and right to the dark zone, the SPL
increases drastically (cf. section 5.1).

5 Discussion

The addition of more data is linked to a better Bayesian
inference of the parameters that depend on that new
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Fig. 7: Mean acoustic contrast between the bright and
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variation of one standard deviation when using
the uncertain initial and inferred model parame-
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Fig. 9: SPL in dB in the vicinity of the simulated venue for the solution with true model parameters.

data. Adding more receivers (J ↑) means that more
measured data is available to infer source coordinates
and flow resistivity, calculating a posterior with less
deviation. When adding more sources (I ↑) but keeping
the number of receivers, the scenario starts to grow
in complexity without having more data that explains
the problem. Convergence in this cases is not always
achieved for every run. However, when it is achieved,
the inference of sigma is less uncertain, because the
solution is satisfying the propagation model for more
source-receiver pairs.

The addition of more measured data is linked to increas-
ing the SNR in the pressure measurements. This effect
can be compared to the averaging technique in order to
reduce the background noise.

To have a closed solution of the transfer-functions,
point estimates need to be calculated. The median
of the posterior density functions is picked as the opti-
mized parameters. The idea is to avoid skewed point
estimates that may appear when using the mean instead.

The setup used in the simulation (figure 3) is only reduc-
ing the sound pressure level in a specific area. Using
more loudspeakers will enable control over a larger
area. To reduce the SPL everywhere outside the bright
zone, Chang and Jacobsen [1] proposed to surround the
bright zone completely with a double layer loudspeaker
array at the expense of a large number of loudspeak-
ers. This solutions becomes infeasible for large scale
application.

It should also be noted that the dark zone in the setup is
inside the near-field of the loudspeaker array. The far-
field radiation pattern will thus not necessarily have a

minimum in the negative y-direction and the SPL could
therefore increase behind the dark zone.

So far we have only investigated the sound zoning
problem in a 2D plane parallel to the ground. If there
is an uneven terrain or close by buildings, both the
loudspeaker arrays and sound field evaluation points
need to be extended in the height dimension to account
for 3D control zones.

5.1 Challenges

The results presented in this paper show how sound
field optimization and parameter estimation can be ap-
plied to the noise problem of outdoor concerts. A real
implementation of such a sound field control system
will have to cope with a variety of additional issues,
some of which we would like to highlight here.

Filter delays: the frequency domain filters obtained
through the sound field optimization, especially when
real transfer-function data is used, are not necessarily
causal and require a modelling delay of typically half
the filter length for real time implementation. This can
be a problem for live-music, where the delay between
the musician and the sound reinforcement system must
be small. Simón Galvez et al. [20] have proposed a
time-domain formulation of the sound zone method
used above, which allows for the solution of causally
constrained filters.

Choice of target sound field: in the simulations above,
we used a plane wave as the target field in the bright
zone. However, the sound field at open air venues is
hardly similar to a plane wave and such a choice is a
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strong restriction on solutions of the optimization. Cole-
man et al. [21] have proposed planarity control, which
introduces a controllable degree of freedom in the di-
rection of propagation of the target plane wave at each
frequency, leading to favorable contrast and perceived
audio quality in comparison to pressure matching and
acoustic contrast control in a sound zone setup [22]. To
the knowledge of the authors, quantitative measures for
the perception of low frequency audio quality have not
yet been thoroughly investigated, leaving the optimal
target sound field in a perceptive sense still as an open
question.

Increase of sound energy: a classic result of sound
power interaction of coherent sources is that in free
field a control source has to be closer than half a wave-
length to a noise source to be able to reduce the total
emitted sound power effectively (see e.g. [23]). A sep-
arate loudspeaker array, like the lower array in figure
3, will thus not work as an active absorber, but rather
create destructive interference in some area at the ex-
pense of higher sound pressure levels at other positions.
Care must be taken in designing the loudspeaker arrays
and optimization problem, such that the reduction of
noise levels in the dark zone does not lead to new noise
problems in other areas.

Accuracy of propagation model: Several important phe-
nomena are not included in the model such as tem-
perature, wind effect, scattering, atmospheric absorp-
tion, heterogeneous ground and diffraction [24]. Many
of them generate epistemic (reducible) uncertainties
while others are purely aleatory provoking incoherent
interference between sources [25]. The need of phase
information in the transfer-functions for control pur-
poses makes it necessary to improve the formulation of
traditional outdoor sound propagation models such as
Nord2000.

Wind: If multiple sources create a complex sound field
through constructive and destructive interference, the
resulting sound field will be sensitive to changes in
the phase relationship between evaluation point and
the sources. Wind effectively changes the speed of
sound and will thus have a strong impact on this phase
relation.

6 Summary

This paper introduces the first ideas for a sound field
control system for outdoor concerts. We propose

the use of a propagation model for estimation of the
transfer-functions, as a their direct measurement is in-
feasible when controlling large areas. The uncertain
parameters of the propagation model are optimized us-
ing Bayesian inference on the data obtained from a
small set of transfer-function measurements. Through
a simple simulation, we show that this parameter tuning
can improve the acoustic contrast created by the sound
field control system in comparison to using traditional
propagation modelling. Finally, some additional chal-
lenges of controlling the sound outdoors in large scale
are highlighted, which will be the focus of future work.
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Abstract

Sound �eld control in outdoor concerts requires accurate estimates of the transfer functions between

sources and receivers. Feed forward approaches are based on direct measurements of the transfer

functions in a dense grid of points. This makes them intractable for large scale situations, showing the

need of propagation models in order to characterize the sound �eld in such large areas. Uncertainty

in the parameters introduced in the propagation models, such as meteorological, acoustical and

geometrical ones, lead to inaccurate estimates of the transfer functions and therefore to a poor

performance of the sound �eld control strategy. In this paper we present �rst results of the method

introduced by Heuchel et al. [1] to increase the accuracy of the predictions. The parameters of the

propagation model are optimized through auxiliary measurements and Bayesian inference.

PACS no. 43.60.Np, 43.60.Pt

1. Introduction

The performance of sound �eld control techniques
strongly relies on the precision of the estimation of the
transfer functions between sources and control areas
[2]. The most reliable procedure to get the transfer
functions is to directly measure them, where the con-
trol areas need to be densely sampled in order to avoid
aliasing. This is not feasible for outdoor concerts be-
cause the areas to be controlled are large.
An alternative method to calculate the transfer

functions is to use sound propagation modeling in
order to estimate the sound pressure at the desired
points of the control areas. In the speci�c case of out-
door sound propagation models we can distinguish
between geometrical acoustics based methods, dif-
fuse �eld methods and wave-based methods [3]. In
any case, the uncertainties in the parameters of the
model such as sources' responses, weather conditions
or acoustic properties of the materials in the propaga-
tion path can lead into poor predictions of the trans-
fer functions. Robust optimization applied to sound
�eld control has shown promising results introducing

(c) European Acoustics Association

regularization terms directly proportional to the un-
certainties in the parameters of the model [4]. Finding
and reducing these uncertainties is important in order
to get optimized solutions that are not over regular-
ized, which will mean an over robust solution and poor
performance of the acoustic control strategy.
Bayesian inference provides a framework to study

uncertainties of a model based on data [5]. The hy-
pothesis of this paper is that Bayesian inference is a
suitable framework to quantify and reduce the uncer-
tainty of acoustic parameters in models when data
is available. This framework has been shown to work
in similar regression problems in relevant engineer-
ing �elds. Jeong et al. used it to characterize the
�ow resistivity of a sound absorber from reverbera-
tion chamber measurements [6]. Sadri et al. success-
fully improved the performance of a Statistical Energy
model of a railway coach [7].
In this work a �rst insight on modeling acous-

tic sources from real data measurements applying
the method presented in [1] is shown. The directiv-
ity response of a loudspeaker is measured in ane-
choic conditions and the amplitude and phase of a
monopole model with directional amplitude is �tted
to the measurements. The paper explains step by step
how Bayesian inference can be used in such a case and
sets the foundation to new research using the acoustic

Copyright © 2018 | EAA – HELINA | ISSN: 2226-5147 
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10 cm
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 cm
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Figure 1. Loudspeaker unit used during the measurements.

source model developed in future sound �eld control
experiments. The paper is structured as follows. Sec-
tion 2 presents the methods and is structured in two
main subsections. Section 2.1 describes �rst the setup
and measurements of the directivity response, then
the monopole model with complex amplitude used
as generative model of the Bayesian inference and �-
nally the statistical model used during the inference.
Section 2.2 summarizes the Hamiltonian Monte Carlo
sampling method used to �nd the posterior distribu-
tion. In Section 3 the methods are applied to direc-
tional impulse responses measured in free �eld con-
ditions and results are shown and Section 4 presents
the analysis of the results. Section 5 discuss the ap-
plied methodology and presents future challenges and
Section 6 summarizes the present work.

2. Methods

In this section the directivity measurements and the
monopole model are presented, and the estimation of
the parameters of the model via Bayesian inference is
explained. Finally Hamiltonian Monte Carlo sampling
is summarized.

2.1. Bayesian Inference and Parameter Esti-

mation

Bayesian inference is the process of �tting a proba-
bility model to a set of data and summarizing the re-
sult by a probability distribution on the parameters of
the model [5]. This probabilistic model is updated as
more evidence or information is available. In this sec-
tion data, acoustic source model and statistical model
are presented.

2.1.1. Data

Accurate measurements of the directivity of 3 di�erent
units of the same loudspeaker model were measured in
free-�eld conditions. The directivity is only measured
on the azimuth angle. Figure 1 shows one of the units
and Figure 2 details the setup of the measurements.

The loudspeaker is mounted on a turntable and
three microphones are placed in front of the source at
the de�ned distances. The loudspeaker is rotated from

r1=1.044 m
r2=2.246 m

r3=3.346 m

φ

Figure 2. Schematic of the measurement setup.

ϕ = 0 to 360° playing a sine sweep every 5° (number
of angles measured Nd= 72). Frequencies from 500 to
1000 Hz with a frequency resolution of ∆f = 100 Hz
are used in this work (number of frequencies measured
Nf= 6).

2.1.2. Acoustic Source Model

The sound pressure created by a monopole at any
position r can be written as

p =
A exp(j(ωt− kr))

r
, (1)

where k is the wavenumber, r is the distance to the
monopole and A is a complex amplitude.
In real sound �eld control scenarios loudspeakers

are used. Fitting A and r in Eq. (1) to a loudspeaker
response is equivalent to �nding the so called acous-

tic center, de�ned as "the point from which the ap-
proximately spherical wavefronts appear to diverge"
[8]. In addition, loudspeakers will usually have direc-
tional response, presenting radiation patterns at dif-
ferent frequencies which are dependent on the geome-
try and size of the source. This means that both A and
r need to be function of frequency and angle (A(f, ϕ)
and r(f, ϕ)).

2.1.3. Bayes' theorem and data �tting

The basis of Bayesian inference is the well known
Bayes' theorem. Given N noisy sound pressure mea-
surements p̃i,j = pi,j + ni,j at i = 1...Nf frequencies
and j = 1...Nd angles, the Bayes theorem can be writ-
ten as

π(θ|p̃i,j ,M) =
π(p̃i,j |θ,M)π(θ|M)

π(p̃i,j |M)
, (2)

where π is the probability density function and θ are
the parameters included in the model M . Every func-
tion involved in (2) has a particular and well known
name

posterior =
likelihood× prior

evidence
.

Given a particular model, the aim of Bayesian in-
ference is to �nd the posterior distribution, which
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means to �nd the distribution for every parameter
conditioned to the data. One of the advantages of the
Bayesian framework is that prior knowledge about the
experiment and the di�erent parameters can be easily
included in the formulation via the prior distribution,
in�uencing the posterior distribution.
The posterior distribution is proportional to the

likelihood and the prior distributions. Because the ev-

idence is common for all the parameters given a par-
ticular model, it is usual to see Eq. (2) written as

π(θ|p̃i,j ,M) ∝ π(p̃i,j |θ,M)π(θ|M). (3)

If the noise is normally distributed n ∼ N (0, σi,j),
the likelihood distribution will be normally dis-
tributed

π(p̃i,j |θ) =

N∏
n=1

exp
(
− 1

2σ2
i,j

(
p̃ni,j − pMi,j(θ)

)2)√
2πσi,j

, (4)

where pM (θ) stands for the estimated pressure using
model M .

2.1.4. Bayesian inference model of the acoustic
source

In this section the Bayesian model is presented and
the dependency between the di�erent parameters of
the problem explained.
Eq. (1) is used as the mean of the generative process
of the data in Eq. (4), including a correction factor
in the acoustic dispersion as follows (time domain de-
pendency is dropped)

pMi,j =
Ai,j exp(−jkir)

r + ∆ri,j
. (5)

The correction ∆ri,j is introduced in order to model
the steepness of the dispersion accounting for the ef-
fect of the apparent acoustic center position. This cor-
rection is not explicitly included in the phase, but
implicitly in the complex amplitude A. Another dif-
ference with Eq. (1) is that Ai,j is now dependent
on frequency and azimuth angle, accounting for the
directivity of the source. Because Bayesian inference
applied to complex numbers is still to be developed in
the used software environment, the problem is split
into real and imaginary parts for each frequency and
direction as follows

R(pMi,j) =
Areal cos (kr) +Aimag sin (kr)

r + ∆r
, (6)

I(pMi,j) =
Aimag cos (kr)−Areal sin (kr)

r + ∆r
. (7)

Two di�erent models, named Model A and Model
B respectively, are investigated. Figures 3 and 4 show

Areal Aimag Δr

a b

σreal σimag

R(p)

Priors

I(p)

Figure 3. Inference diagram describing the relationship
between the parameters and their prior distributions in
Model A.

Areal Aimag Δr

a b

σreal σimag

Priors

R(p) I(p)

Figure 4. Inference diagram describing the relationship
between the parameters and their prior distirbutions in
Model B.

the relationship between the parameters of the models
as well as the prior distributions.
All the parameters are considered normally dis-

tributed. The support of the parameters modeling
variances, b and σx, is (0, ∞). The standard devia-
tion of the noise process σi,j is also split in σreal and
σimag. The parameters µxi,j and α

x
i,j of the prior dis-

tributions of the real and imaginary parts of A are
computed from measurements using Eq. (1). The dis-
persion correction ∆r is modeled in a hierarchical way
by two hyperparameters a and b which are the mean
and variance respectively. The only di�erence between
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both models is the assumption of angular smoothness
in Model B. To do so, ∆r is modeled with a Kalman
�lter [9], which conditions the prior of ∆ri,j to have
the mean in the previous angle ∆ri,j−1. It implies that
during the sampling procedure explained in the fol-
lowing section, the next sample from ∆ri,j comes from
a normal distribution with mean the current sample
of ∆ri,j−1.

2.2. Sampling

Finding a closed solution to Eq. (2) is most likely
intractable. A common approach to approximate
the posterior distribution are the sampling methods.
These methods are based on obtaining random sam-
ples θs from the desired distribution p(θ|p̃). There
exist many di�erent sampling techniques such as re-
jection sampling, importance sampling and Markov
chain simulations to mention a few [5]. In this work a
speci�c sampling method called No-U-Turn Sampler
Hamiltonian Monte Carlo (NUTS HMC) is used. A
small summary of the method is written in this sec-
tion. For detailed explanation please follow Chapter 5
from [10] for HMC and [11] for NUTS.
HMC is based on the Hamilton's equations taking

advantage of physics' intuition and removing the lo-
cal random walk behavior of other sampling methods.
Samples are drawn from a joint distribution π(θ, φ)
where φ is an auxiliary momentum variable with the
same dimensions as θ. Usually φ is a multivariate nor-
mal that does not depend on θ

φ ∼ N (0,Σφ). (8)

The joint density de�nes what is called the Hamil-
tonian

H(φ, θ) = − log π(φ, θ) = − log π(φ|θ)− log π(θ) =

(9)

= T (φ|θ)︸ ︷︷ ︸
kinetic energy

+ V (θ)︸ ︷︷ ︸
potential energy

.

To generate a transition between states of the joint
distribution π(θ, φ), one should consider Hamilton's
equations and di�erentiate with respect to time

dθ

dt
= +

∂H

∂φ
= +

∂T

∂φ
(10)

,
dφ

dt
= −∂H

∂θ
= −∂T

∂θ
− ∂V

∂θ
= −∂V

∂θ
. (11)

Because the probability density function of φ is in-
dependent of θ, the �rst term of Eq.(11) is zero. Ac-
cording to this, a two-state di�erential equation has
to be solved to update the state of the joint distri-
bution. Most HMC implementations use the leapfrog
integrator, which can be summarized in three steps
(Chapter 12 from [5]).

1. Pick a random sample from the momentum variable
φ ∼ N (0,Σφ).

2. Take L leapfrog steps as follows.
(a) φ← φ− 1

2ε
dV
dθ ,

(b) θ ← θ + εΣφφ,
(c) φ← φ− 1

2ε
dV
dθ ,

where ε is a scaling factor and dV
dθ = −d log π(θ|p̃)

dθ .
Because the Hamiltonian has energy conservation,
getting closer to lower probability regions increases
the potential energy and reduces the kinetic energy
and vice versa, allowing easy exploration of high
probability regions.

3. The new candidate sample θ∗, φ∗ is the one drawn
after L steps. This new sample is accepted with the
following condition

θt =

{
θ∗ with probability min(r, 1),

θt−1 otherwise,
(12)

where r = π(θ∗|p̃)π(φ∗)
π(θt−1|p̃)π(φt−1) .

One of the challenging points of using HMC is to
tune the parameters ε and L. Ho�man et al. [11] pro-
posed an adaptive procedure called No-U-Turn Sam-
pler (NUTS) which tunes automatically the aforemen-
tioned parameters. This routine together with HMC is
tedious to implement so the existing platform for sta-
tistical modelling Stan [12] is used, which provides an
intuitive framework and computes NUTS HMC when
running the inferences.

2.2.1. Assessing Convergence

When running sampling methods it is necessary to de-
�ne a criteria to asses convergence. A useful method
is to run several sequences starting from di�erent dis-
persed points in the parameter space and monitor
the convergence between and within sequences un-
til stationarity is achieved [5]. In other words, when
the distribution of a single sequence is similar to the
mixed distribution of all the sequences, sampling is
getting close to convergence. With a set of samples ψlq
where l = 1, ..., L is the length of each sequence and
q = 1, ..., Q is the number of sequences, the between-
and within-sequence variances are

B =
L

Q− 1

Q∑
q=1

(ψ.q − ψ..), (13)

where ψ.q =
1

L

L∑
l=1

ψlq, ψ.. =
1

Q

Q∑
q=1

ψ.q,

and

W =
1

Q

Q∑
q=1

s2q, (14)

where s2q =
1

L− 1

L∑
l=1

(ψlq − ψ.q)2,
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respectively. The convergence can be monitored by
the factor R̂ [5], an estimate of the scale by which the
current distribution ψ might be reduced if L→∞

R̂ =

√
v̂ar

+
(ψ|p)

W
, (15)

where

v̂ar
+

(ψ|p̃) =
L− 1

L
W +

1

Q
B. (16)

R̂ tends to 1 when L → ∞ and if it is high then
there exist a chance to improve the inferences by
running longer sequences.

3. Results

In this section the results of running NUTS HMC with
Stan over the two mentioned models are presented.
Four sampling sequences of 2000 samples are initial-
ized at random initial values. The �rst half of the
samples drawn are considered warm up samples and
are discarded to compute inference summaries. The
total amount of parameters �tted is 1333 in Model A
(Nd×Nf×6+1) and 1117 in Model B (Nd×Nf×5+7).
The mean and standard deviations of the prior distri-
butions of Areal and Aimag are calculated as follows

µreali,j = r ((R(p̃i,j) cos(kir)− I(p̃i,j) sin(kir)),

µimagi,j = r(I(p̃i,j) cos(kir) + R(p̃i,j) sin(kir)),

αreali,j = 4 Var (r(R(p̃i,j) cos(kir)− I(p̃i,j) sin(kir))) ,

αimagi,j = 4 Var (r(I(p̃i,j) cos(kir) + R(p̃i,j) sin(kir))) .

The variance is chosen less informative (multiplied
by a factor of 4) avoiding over constrains in the mod-
els and leading to a better analysis of their robustness
when sampling from a wider space. Figures 5 and 6
show prior vs. posterior samples of the joint distribu-
tions (Areal, Aimag) and (a, b) respectively. Marginal
prior and posterior distributions are also plotted with
kernel density estimation on the frame of the �gures.
Figure 7 shows the mean and standard deviation of

the inferred parameter ∆r for both models at three
di�erent frequencies 600, 800 and 1000 Hz. Model A
is plotted in full line and Model B in dashed line. The
same is shown for Areal and Aimag in Figures 8 and
9 respectively.
The factor R̂ is plotted for all the parameters of

both models in Figure 10. Because Model B only de-
�nes one a per frequency but doesn't distinguish per
angle, for a given frequency i each ai,j from Model A
is compared to ai in Model B.
The log-likelihood is presented in Figure 11 for the

data recorded at each microphone and the error be-
tween the data and the samples drawn is plotted in
Figure 12 per frequency and angle.
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Figure 5. Prior vs. Posterior samples of the complex am-
plitude A. Frequency: 900 Hz. Angle: 150 ◦.
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Figure 6. Prior vs. Posterior samples of the hyperparame-
ters a and b. Frequency: 900 Hz. Angle: 150 ◦.

4. Analysis

In this section the analysis of the results shown in
the previous section is presented.
From visual inspection of Figures 5 and 6 both
models present a very sharp posterior distribution,
showing Model B a narrower posterior on parameter
b for the chosen frequency and angle. This can be
seen also in Figures 7, 8 and 9 where the Kalman
smoothing reduces the variance. The variation
in standard deviation between models for all the
parameters is presented in Figure 13. It shows the
standard deviation di�erence in percentage between
both models ∆STD = STDB−STDA

STDA
× 100.
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Figure 7. Dispersion correction Dr. −: Model A. −−:
Model B. Mean and standard deviation of the posterior is
plotted for three di�erent frequencies, 600, 800 and 1000
Hz.
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Figure 8. Real part of the directional amplitude Areal. −:
Model A. −−: Model B. Mean and standard deviation of
the posterior is plotted for three di�erent frequencies, 600,
800 and 1000 Hz.

The uncertainty of most of the parameters is
reduced by more than 50% when using Kalman
�ltering, except a few outliers where Model B fails
to �t the data. These outliers are also seen in Figure
10 presenting a bad convergence for four parameters
where R̂ > 2. All these parameters correspond always
to f = 600 Hz and ϕ = 105◦, which could mean
an error in the measurements at that particular
frequency and angle.

One way of checking which part of the parameter
space is problematic is to study divergent transitions
during HMC sampling [13]. If many divergent tran-
sitions occur it means that the inference has to be
studied carefully as the parameter space wasn't ex-
plored properly. Model B has no divergences while
Model A presents 6% of divergent transitions. Figure
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Figure 9. Imaginary part of the directional amplitude
Aimag. −: Model A. −−: Model B. Mean and standard
deviation of the posterior is plotted for three di�erent fre-
quencies, 600, 800 and 1000 Hz.
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Figure 10. Scale parameter R̂ for all the parameters of the
problem.
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Figure 11. Total log-likelihood for the data recorded by
each microphone.

14 shows all the sampling sequences for all the pa-
rameters distinguishing between divergent and non-
divergent transitions. It can be seen a concentration
of the divergences when b gets closer to 0.
The likelihood shows over�tting of the data

recorded by the second microphone for both models.
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Figure 13. Di�erence in the standard deviation of both
models.

Figure 14. Divergent transitions during sampling Model
A. The left plot shows all the transitions for all the pa-
rameters. The right plot zooms around parameter b.

Model B equalizes the �tting of microphones 1 and 3
while keeping the same performance for microphone
2. Looking at Figure 12, Model B shows less error
in general, presenting higher improvement at higher
frequencies and reducing signi�cantly the uncertainty
for all frequencies and angles.

5. Discussion

During this section the pros and cons of each model
are discussed, especially those that are more relevant

in outdoor sound �eld control schemes.

The introduction of Kalman �ltering in Model B is
equivalent to regularizing the solution, smoothing the
transitions between angles not only in ∆r but also
in A, which would favor the reduction of artifacts.
Moreover, ∆r doesn't reach as high values as it does
in Model A. However the problem is not as sensitive
to changes in ∆r as it is to changes in A, which is due
to the fact that A models both amplitude and phase
of the data, while ∆r is only part of the amplitude.
This di�erence in sensitivity can be seen in the low
variance in the posterior distributions of A compared
to the variance in ∆r. The error between model
and data is reduced when using Kalman �ltering.
However, it is still quite high, with a standard
deviation above 1 dB in some cases, showing the di�-
culty of �tting a far �eld model to such measurements.

Both models over�t the data from microphone 2
compared to recorded pressure at microphones 1 and
3. This seems to arise from the experiment setup.
The rotation point is not taken at the diaphragm but
at 9 cm to the back of the loudspeaker. That means
that the directivity pattern changes depending on
the microphone considered unless the measurements
are taken in the far �eld. This means that A and ∆r,
which are assumed to be independent of microphone
position try to �t data that doesn't follow that
assumption when close to the source.

Stability is another issue that has to be studied,
specially if the sound �eld control strategy relies
on the convergence of the inferences. Model B
presented a consistent inference with execution time
always below 3 minutes, showing the same behavior
for any random initialization of the HMC. Model
A strongly depends on the initialization samples,
not always converging and varying from 10 to 30
minutes the execution time for several runs tried.
According to Section 2.2.1 and Figure 10, longer
sampling sequences would end in better inferences
for Model A. However, the improvement wasn't
signi�cant when trying 4000 samples. One way of
improving Model A stability is by getting rid of the
divergences. Divergences occur where the curvature
of the posterior is too high and the sampling routine
fails to explore that region. In this case, parameter b
provokes divergent transitions when sampling close
to 0. Comparing to the posterior found by Model B
it seems reasonable that HMC tries to explore that
area. One way of solving this problem is by rescaling
the prior distribution to a narrower one. A small hint
to keep computational stability in Stan, is that it is
usually better to sample from a generic distribution
N (0, 1) and then multiply each sample by a scaling
factor β << 1 than sampling directly from N (0, β).
Another way of trying to get around of divergences is
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by reducing the step size of the HMC routine.

One main drawback of this simpli�ed model is the
lack of parameterization in its formulation. If it is
used as a source model in another scenario where the
angles to be assessed are di�erent from the ones used
in this optimization, interpolation is necessary. It
seems reasonable that Model B would behave better
than Model A in that regard due to its smooth shape,
but this is something that should be tested.

As future research, spherical harmonics could be a
good model because they include angular parameter-
ization by the Legendre functions. Another option is
to re�t the presented models in every new scenario
for the desired angles and frequencies, using the loud-
speakers' manufacturers frequency responses as the
mean of the normal processes of A and �tting the
model when playing several units at the same time,
as it happens in sound �eld control scenarios. If the
frequency resolution is high enough it is worth trying
to link both angles and frequencies through smooth
transitions via Kalman �ltering, so the posterior is
conditioned to more data at the same time.

6. Conclusions

In sound �eld control, the precise knowledge of trans-
fer functions in the control areas is crucial. A Bayesian
approach was proposed to update acoustic models
that can be used for estimating the transfer functions
instead of direct measurements. As a case of study the
directivity response of three di�erent units of the same
loudspeaker model were measured and modeled using
a monopole model and Bayesian framework. It was
shown that Bayesian inference is a proper framework
for dealing with inverse problems with uncertainties,
increasing the accuracy of the predictions when used
wisely. Prior knowledge has a big impact in the infer-
ences. Smooth angular transitions in the directivity
response is incorporated by tweaking the prior dis-
tributions using a Kalman �lter between angles. The
in�uence of the �lter is evident in the results pre-
senting much smoother solutions. The error was also
reduced and the model was in general more stable.
Over�tting was slightly reduced but the error of �tting
a far �eld model to directivity response data is still
present, showing the need of a more suitable model
for this problem. It was also shown how convergence
has to be studied when running sampling methods for
approximating the posterior distributions. It helps to
understand where are the weak points of the models
and to know if the inferences can be trusted or not.
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ABSTRACT

We investigate sound field control based on the concept of sound zones for the mitigation of low frequency noise
from outdoor concerts to the surrounding area by adding secondary loudspeakers to the existing primary sound
system. The filters for the secondary loudspeakers are the result of an optimization problem that minimizes the
total sound pressure level of both primary and secondary loudspeakers in a sensitive area and the impact of the
secondary loudspeakers on the audience area of the concert. We report results from three different experiments
with increasing complexity and scale. The sound field control system was reducing the sound pressure level in the
dark zone on average by 10 dB below 1kHz in a small scale experiment in anechoic conditions, by up to 14dB in a
controlled large scale open-air experiment and by up to 6dB at a pilot test at a music festival.

1 Introduction

Organizers of open air concerts are facing the challenge
to give their guests an exciting audio experience while
complying with regulations on noise exposure in the
surrounding area. In a previous paper [1] we proposed
the application of sound zoning to this problem as this
collection of methods is trying to achieve just that: a
bright zone with large sound pressure levels and high
audio quality and a dark zone with low sound pressure
levels.

In this paper we use one of these sound zoning methods,
pressure-matching acoustic contrast control (PM-ACC)
[2], and apply it to the outdoor concert scenario by
adding a set of loudspeakers to the sound reinforce-
ment system. We reformulate the PM-ACC optimiza-

tion problem for the case when only the additional
loudspeakers (secondary sources) are part of the con-
trol system while the main loudspeaker system (pri-
mary source) is left untouched. The optimal control
filters minimize the total sound pressure level due to
the primary and the secondary sources in the dark zone
and minimize the sound pressure radiated from the
secondary sources into the bright zone.

This work focuses at the control of low frequencies as
these are the most critical frequencies in the noise prob-
lem of outdoor concerts and the control of sound over
large spaces with a feasible number of loudspeakers is
only possible in that range.

The paper is structured as follows. Section 2 presents
the methodology. We reformulate PM-ACC for the case
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where only the signals of the secondary sources’ can be
controlled and define two metrics that help to quantify
the performance of the control system. In section 3
the method is applied in three different experiments
and results are presented and discussed. Section 3.1
describes a down scaled model setup of a concert sce-
nario in an anechoic chamber, section 3.2 reports from
a large scale outdoor experiment with professional au-
dio equipment and section 3.3 presents the results from
a pilot test at a music festival. Section 4 discusses the
applied methodology in the light of the experimental
results. Section 5 summarizes the present work.

2 Methods

2.1 The optimization problem

The objective function of the PM-ACC method mini-
mizes the SPL in a dark zone and the reproduction error
relative to a target field in a bright zone. In the context
of outdoor concerts, the bright zone is representing the
audience area and the dark zone corresponds to a noise
sensitive area in the surroundings. The cost function
for the control weights w ∈ CN at a single frequency is
[2]

min
w

κ
∥∥ht −HBw

∥∥2
+(1−κ)‖HDw‖2 , (1)

where ht ∈ CMB is the target transfer function in the
bright zone, HB/D ∈ CMB/D×N are the transfer matrices
between sources and the spatially sampled bright and
dark zones and κ is a parameter that weights the repro-
duction error in the bright zone relative to the energy
in the dark zone.

The sound field control (SFC) approach of this pa-
per only controls the additional secondary sources,
as illustrated in Fig. 1. Splitting control weights and
transfer matrices into primary and secondary contri-
butions, w =: [wp,ws]T , H =: [Hp,Hs], setting the pri-
mary weights wp as constant and the target transfer-
function as the transfer-function of the primary system,
ht := Hp

Bwp, transforms the cost function to

min
ws

κ ‖Hs
Bws‖2 +(1−κ)

∥∥Hs
Dws +hp

D

∥∥2
+λ ‖w‖2 ,

(2)
where we added a Tikhonov regularization term with
parameter λ and hp

D := Hp
Dwp. This cost function min-

imizes the radiation of the secondary sources into the
bright zone and the total sound energy in the dark zone.

Signal
Primary
Sources Dark 

ZoneFilter Bank Secondary
Sources

hp

Hs
ws

D

D

ws

Fig. 1: Signal path diagram: the total sound pressure
in the dark zone is the sum of sound pressure
from the primary and secondary sources. The
total system transfer-function to the dark zone
is hp

D +Hs
Dws. The equivalent holds for the

bright zone.

The optimization problem can be efficiently solved by
rewriting it as a linear least squares problem

min
ws
‖Aws−b‖2 , (3)

where

A =

 √
κHs

B√
1−κHs

D√
λ I

 and b =

 0
−
√

1− khp
D

0

 . (4)

The purpose of the regularization term is two-fold:
firstly, it enables us to solve the possibly ill-posed in-
verse problem by making the solution robust against
noise in the measured transfer-functions [3, 4]. Sec-
ondly, it smoothly distributes the array effort over the
control loudspeakers and limits the magnitude of the
resulting control gains. This way realizable solutions,
i.e. secondary sources play in their linear range, can be
found by tuning λ . In this work, we have taken a λ that
is constant with frequency for the sake of simplicity. In
the experiments, λ was chosen manually such that the
maximum gain of the filters was approximately 0dB.

By solving the optimization problem of Eq. 2 for all
relevant frequencies we get the complex gain of the
secondary sources as a function of frequency. The
discrete Fourier transform of the frequency domain
filters is a set of FIR filters. The control loudspeaker
driving signals are obtained by real time convolution
of the audio signal with the corresponding FIR filters.

2.2 Performance metrics

We define two easily interpretable performance metrics
which quantify how well the two objectives of the cost
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function are reached. The insertion loss

IL= 10log
(

1
NB

∥∥hp
D

∥∥2
)
−10log

(
1

ND

∥∥Hs
Dws +hp

D

∥∥2
)

(5)
represents the decrease in sound energy in the dark zone
due to the control sources with a a large IL indicating a
strong reduction.

In the bright zone, the primary to secondary ratio

PSR = 10log
∥∥Hp

Bwp∥∥2−10log‖Hs
Bws‖2 (6)

quantifies the ratio of sound energies coming from the
primary and the secondary sources. A large PSR value
means that the sound from the primary sources domi-
nates the sound field in the bright zone.

3 Results

We investigated the sound field control method in three
experiments with increasing dimensions and complex-
ity of the surroundings.

3.1 Anechoic chamber experiment

Fig. 2 shows the small scale experimental setup in the
anechoic chamber of the Technical University of Den-
mark with a volume of 1000m3. Six primary sources
are simulating the subwoofer array of a typical sound
reinforcement system. Behind the bright zone (the au-
dience area), a secondary loudspeaker array consisting
of 12 sources is placed in a double layer array with
6 loudspeakers facing the bright and 6 loudspeakers
facing the dark zone. All loudspeakers are of the same
type with a 4 inch driver. Directly behind the sec-
ondary sources, a dark zone is simulating a sensitive
neighboring area. We measured the transfer functions
from all loudspeakers to a densely sampled grid of 700
microphone positions per zone to construct the trans-
fer function matrices. Half of the data is used for the
filter calculation and the other half for performance
estimation as suggested in [3].

The resulting IL and PSR is shown in Fig. 3 for pa-
rameters κ = 0.1, λ = 0. No regularization had to be
used due to the large amount of measurement positions
and low noise levels. We observe an IL of about 10dB
up to around 1kHz, after which it drops quickly. PSR
is larger than 18dB in that frequency range, showing
that the double layer array is directing most of the ra-
diated sound energy to the dark zone. In fact, noticing

0 1 2 3 4 5
x [m]

0.0

0.5

1.0

1.5

2.0

y 
[m

]

Primary Sources
Secondary Sources

Bright Zone Points
Dark Zone Points

Fig. 2: Photo and geometry of anechoic chamber ex-
periment

the secondary sources in the bright zone during music
playback was, if at all, only possible very close to them.
The two dips at around 400Hz and 800Hz are due to
the approx. 40cm spacing between the membranes of
the double layer array, as also observed in [5]. The
distance corresponds to half of a wave-length at these
frequencies and the sound from the secondary sources
radiated into the bright zone can not be efficiently can-
celled without also cancelling the sound radiated into
the dark zone which is needed to cancel the sound from
the primary sources. The optimization allows for a low
PSR in favour of a large IL, because κ is small.

The difference in SPL over space due to activation
of the secondary sources is shown in Fig. 4 for three
frequencies. The SPL reduction is especially strong
in the left half of the dark zone. This patch of strong
reduction is getting smaller with frequency. However,
it is also present above the Nyquist frequency of around
570Hz of the line arrays as was also observed in [2, 5].
In general, the size of this patch will become large if the
dark zone lies far away relative to the distance between
primary and secondary sources. At around 800 Hz, the
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Fig. 3: Insertion loss and primary to secondary ratio
in anechoic chamber experiment with κ = 0.1
and λ = 0

PSR value has a dip and one can see a standing wave
forming in the bright zone due to the low directivity
of the secondary array at this frequency. Above 1kHz
the secondary array can not resolve the complex sound
field of the primary sources, which leads to a low IL.

3.2 Large scale experiment

We conducted a large scale experiment with profes-
sional audio equipment to test the sound field con-
trol system under conditions that are more similar
to a typical outdoor concert. In comparison to the
anechoic chamber measurement there were reflections
from the ground and objects scattered around the exper-
iment, changing temperature and a lower frequency
range. Fig. 5 shows the geometry and a photo of
the experimental setup, which spanned a region of
80m×20m. The primary sources comprised 10 sub-
woofers arranged in a line array with 2m spacing. The
secondary sources consisted of 20 subwoofers of the
same type arranged in a double layer line array. The
subwoofer model had an intrinsic cardioid radiation
pattern and a nominal frequency range of 37−115Hz
(-5dB). If a single layer of cardioid speakers creates
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Fig. 4: Insertion loss over space in the bright zone (left)
and dark zone(right) at different frequencies in
the anechoic chamber experiment. κ = 0.1,
λ = 0.

enough PSR there is no need for a double layer arrange-
ment and the amount of loudspeakers can be reduced
by a factor 2. The transfer-functions to the bright and
dark zones were sampled at 100 microphone positions
in each zone, half of which were used for the compu-
tation of the control filters and the other half for the
performance estimation.

Fig. 6 shows the performance metrics of the sound
field control solution with κ = 0.1 and λ = 50000. We
estimated a maximal IL of around 12-14 dB between
45-85Hz when using either two (blue continuous) or
just one layer (yellow dashed) of secondary sources.
Using a double layer does not significantly increase the
IL but increases the PSR by 2-10dB. The PSR is larger
than 15 dB at all frequencies for both cases, suggesting
that a single layer of cardioid secondary sources could
be focusing its sound energy sufficiently well away
from the bright zone.

We measured the transfer-functions of all single sources
for computation of the filters and prediction of the re-
sults at noon in peaking temperatures. We also directly
measured the sound field of the total system in the be-
ginning of the night, when temperatures had fallen by
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Fig. 5: Geometry and photo of large scale experiment

6-8 ◦C (green dash-dotted). The change in weather con-
ditions resulted in a change of the speed of sound and
thus changed the transfer-functions. This mismatch in
conditions during transfer-function measurement and
playback lead to a reduction of the IL by 2-10 dB (see
discussion).

3.3 Pilot experiment

In the largest of the three experiments, the sound field
control system was put to test during a two day festival
in Turin, Italy. We present here some first, preliminary
results.

Compared to the previous experiments this scenario
posed several new challenges: complex, uneven terrain
with many reflecting structures and surfaces around
the venue and dark zone, i.e. long reverberation tails;
microphone positions neither in line of sight with the
primary source nor the secondary sources, i.e. indirect
sound must be cancelled by the indirect sound from
the secondary sources; restrictions in placement of sec-
ondary sources and microphones, i.e. fewer samples of
the transfer-functions to the dark zone; and time con-
strained measurements in noisy environment at large
distances, i.e. low signal to noise ratio in transfer-
function measurements.

Fig. 7 gives an overview of the venue, the setup of loud-
speakers and the microphone positions in and around a
part of the festival area that spans around 300m. The
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Fig. 6: Insertion loss and primary to secondary ratio
for large scale experiment with κ = 0.1 and
λ = 50000

primary source (main stage subwoofer system) com-
prised 20 cardioid subwoofers in a digitally curved line
array configuration. The secondary source array con-
sisted out of 16 subwoofers of the same type arranged
in a single line with 2.55m spacing (center-center) and
facing the negative x-direction.

The stage sound system also featured two vertical line
arrays for the higher frequencies, but these were not
included in the transfer-function measurements and
thus also not accounted for by the sound field control
system.

We assumed that the secondary source configuration
and the large distance of the secondary sources to the
audience area would lead to a low impact of the control
system onto the audience area, which was approxi-
mately the area between x = 100 and x = 200. In fact,
a difference from switching the control speakers on and
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Fig. 7: Pilot experiment: positions of sources and microphones

off could only be noticed up to around x= 90. Closer to
the audience area the sound from the secondary sources
was completely masked by the sound from the primary
source.

In the optimization problem we set κ = 0 to focus
all effort on the minimization of sound in the dark
zone. The dark zone was defined as the area between
x =−100 and x = 0. It was sampled at 20 microphone
positions in an elevated courtyard and 30 positions on
a rooftop.

After measurement of the transfer-functions from all
sources to all microphone positions, a set of control
filters was computed and the regularization parameter
was chosen by hand such that the gain of the control
filters was not overly extreme.

Figure 8 shows the measured magnitude response of
the sound system with active and disabled secondary
sources at the line of microphone positions around
x = −10 and compares them to the prediction. They
align fairly well, showing an IL up to approx. 6 dB.
Assuming that we can use the prediction also for all
other positions, we estimated the average IL at all mi-
crophone positions by offline prediction in Fig. 9.

4 Discussion

There are several issues in this work that would benefit
from an estimation of the transfer-functions using a
computational model. First of all, the measurement of
the transfer-functions in a sufficiently dense and large
grid of points takes several hours, especially with many
control sources and long excitation signals due to high
background noise. Secondly, the transfer-functions
should be updated according to changes that affect the
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Fig. 8: Pilot experiment: measurement and prediction
of the effect of the sound field control system
on the sound system transfer function to the first
row of microphones in the dark zone. κ = 0,
λ = 10

propagation of sound, because any mismatch can de-
grade the system performance as it was shown in Fig.
6. A model that accounts for such changes would make
the update simple. Finally, the dark zone is not neces-
sarily an area that is accessible for direct measurements.
Ideally, if the propagation between sources and dark
zone is modelled properly, it is possible to estimate
the transfer-functions on a dense grid of virtual micro-
phones at arbitrary positions. Caviedes Nozal et al.
showed the possibility of using a Bayesian framework
to model the response of acoustic sources for use in
sound field control scenarios from a small set of mea-
surements [6]. However, they use a rather simple prop-
agation model which is not able to take into account all
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Fig. 9: Pilot experiment: predicted insertion loss at all
microphone positions κ = 0, λ = 10

the elements in the acoustic path between sources and
dark zone (scattering, diffraction, reflections...).

The performance of the sound field control system in
terms of IL is completely dependent on how accurate
the secondary sources are able to reproduce the in-
verted sound field from the primary source in the dark
zone. The synthesis of very complex sound fields is
possible by using many, distributed loudspeakers or by
exploitation of small differences between loudspeaker
transfer-functions, leading to large control gains and
sound fields that rely heavily on destructive interference
between speakers. The use of regularization favours
solutions of the optimization problem with smaller
gains and therefore less dependence on cancellation
between speakers. It improves robustness at the cost
of larger reproduction errors and a good choice of the
regularization parameter carefully balances this com-
promise. In this work the regularization parameter
λ was constant over frequency and chosen by hand,
such that the control filter gains where lower than 0
dB at most frequencies, thus driving the secondary
sources at lower or similar levels compared to the pri-
mary sources. The magnitude of the transfer-functions,
however, is small at low and high frequencies, gener-
ally leading to smaller values of the cost function terms
κ ‖Hs

Bws‖2 +(1−κ)
∥∥Hs

Dws +hp
D

∥∥2, but not smaller
λ ‖w‖2. This leads to a stronger regularization at these
frequencies. We expect that a well chosen, frequency
dependent regularization parameter will widen the fre-
quency band in which a large IL is achieved. Relevant

work has been done already in this direction, including
a loading to the matrix transfer-function matrix that is
proportional to the uncertainties, ending in a regular-
ization factor that comes directly from the measured
data [7, 8]. Still, even with perfect knowledge of the
transfer-functions on an infinitely dense grid or an op-
timal regularization method, the performance is going
to be bounded by the geometry of the venue, its sur-
roundings and the number of secondary sources and
their placement in this space.

Additional secondary sources that are further away than
half of a wave length to the primary source will increase
the total sound power output in free-field conditions
[9]. Decreasing the sound energy in the dark zone must
therefore come in hand with a sound energy increase
somewhere else. In the three experiments we have so
far not experienced any regions where the sound field
control system noticeable increases the sound pressure
level (apart from very close to the secondary sources),
but this will be topic of future investigations.

5 Summary

We have shown in three experiments that the noise from
outdoor concerts can be reduced by actively controlling
the sound from the main sound system in a dedicated
area.

The secondary sources can be arranged in a double
layer array to mitigate any negative impact from the
secondary sources to the audience area. Alternatively,
a single layer of cardoid loudspeakers seems to have a
sufficiently strong directivity with a similar effect.

The observed reduction in sound pressure levels was
among other things dependent on the geometric com-
plexity of the venue and terrain, which can become a
limiting factor for the performance of the sound field
control system.
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In sound field reproduction and sound field control systems, the acoustic transfer functions between

a set of sources and an extended reproduction area need to be accurately estimated in order to

achieve good performance. This implies that large amounts of measurements should be performed

if the area is large compared to the wavelengths of interest. In this paper, a method for reconstruct-

ing these transfer functions in highly damped conditions is proposed by using only a small number

of measurements in the reproduction area. The source radiation is modeled with the spherical har-

monics basis and its amplitude coefficients are fitted with Bayesian inference. This approach is vali-

dated in a sound field control experiment where a set of 12 control loudspeakers attenuate the

sound pressure level generated by a set of six primary loudspeakers in a quiet zone while minimiz-

ing their radiation into a listening zone. The performance of the approach is studied by analyzing

the sound field reconstruction and the sound field control performance. It is shown that it is possible

to get—with few measurements and the source radiation model—results similar to those achieved

using a dense grid of transfer function measurements.VC 2019 Acoustical Society of America.
https://doi.org/10.1121/1.5133384

[JDR] Pages: 3425–3435

I. INTRODUCTION

Accurate knowledge of the acoustic transfer functions

between a set of loudspeakers and a reproduction area is

important for the implementation of multichannel reproduc-

tion systems that are used for applications in spatial sound,

sound field synthesis, and sound field control. In multipoint

or inverse filtering methods1,2 the transfer functions, from

which the loudspeaker signals are derived, must be sampled

accurately and with sufficient spatial resolution to avoid ali-

asing effects.

Such dense spatial sampling is no issue for investiga-

tions based on simulations.3–8 However, the measurement of

transfer functions between multiple loudspeakers and hun-

dreds of control points in large control areas requires large

microphone arrays or many sequential measurements.

Besides, placing the microphones inside the control area can

also be impractical.

In order to reduce the number of measurements,9 adapt

transfer functions to changes in atmospheric conditions10,11

or control sound at virtual sensor positions,12 the sound prop-

agation between sources and the reproduction area can be

estimated using a sound propagation model. Most previous

studies that used sound propagation models in a sound field

control context assumed omnidirectional radiation of the

sources modelled with monopoles3,13–18 or a combination of

monopoles and dipoles.5 Such a simplification often leads to

large performance degradations when comparing the predicted

and measured sound fields, e.g., a study of Chang and

Jacobsen showed differences of up to 25 dB between predicted

and measured acoustic contrast19 due to errors in loudspeaker

positioning and modelling, even though they measured the

acoustic center of the loudspeakers in a separate experiment20

and used a combination of monopole and dipole.

In the present study, we introduce a source radiation

model for sound field control problems where the parameters

of the model are fitted using in situ measurements. The

model makes use of a spherical harmonic expansion to

account for the directivity of the sources. We show that the

approach enables a more accurate representation of the

source radiation over large control areas compared to mono-

pole and monopole plus dipole models of the source radia-

tion (which are commonly found in the literature). A fair

assumption in sound field control setups, where multiple

loudspeakers of the same type are deployed, is to assume

that all the sources share the same radiation properties. This

enables us to reduce the number of model parameters, so

that using the same parameter values for each source, it

becomes possible to estimate these from only a handful of in
situ measurements. Once the loudspeaker radiation proper-

ties are determined, the model can estimate transfer func-

tions over large spatial areas. We show that these estimates

are accurate enough for applications in sound zoning under

anechoic conditions. The introduced method can thus con-

siderably reduce the number of measurements needed for the

setup of sound zone systems in highly damped rooms, as,a)Electronic mail: dicano@elektro.dtu.dk
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e.g., in the aforementioned studies,7,14,19,21 while maintaining

a good performance. For sound field reproduction in reverber-

ant rooms, the presented methodology might extend sound

field control methods for reverberant spaces that are based on

a monopole model, e.g., as proposed by Jin and Kleijn.9

There exist multiple other source radiation models and

near-field reconstruction methods22–27 which were developed

to reconstruct the sound field in the near-field of a source, and

examine their vibrational properties. The proposed spherical

harmonics model is a compact representation, optimal for

modeling the radiation characteristics of a compact source, as

a small subset of the spherical wave functions can provide an

accurate representation of the sound field radiated by the

source.23

We use the Bayesian inference framework to fit the

parameters of the sound propagation model to the sparsely

measured transfer functions. This has been shown to be an

appropriate approach for solving inverse acoustic problems

and is ideally suited for combining information of physical

and probabilistic natures. Antoni used Bayesian inference

for reconstructing the sound field at the surface of a source

finding the optimal interpolation basis.28 Koyama et al.
applied the same approach, finding the optimal driving sig-

nals of the control sources in a sound field reproduction

setup assuming that the sources are omnidirectional, in a free

field environment.15 Other acoustic problems where the

Bayesian framework has been successfully applied are

acoustic source localization29–31 or vibroacoustics in com-

plex structures,32 among others.

In this paper we use a hierarchical Bayesian model to find

the regularization parameters and noise variance. It has been

shown in previous experimental studies28,33 that Bayesian

inference outperforms GCV and the L-curve method for esti-

mation of the regularization parameters in inverse acoustic

problems.

The paper is structured as follows: Section II presents

the methods. The sound zoning objectives are formulated to

cancel the sound created by a set of primary sources in the

dark zone with a set of secondary control sources, while

reducing the impact of the secondary sources in the bright

zone. The spherical harmonics model is presented and sim-

plified to the geometry of the experimental setup. Bayesian

inference is briefly introduced and applied to our problem.

We define performance metrics to study the behavior of the

applied methods in both sound field reconstruction and

sound field control terms. Last, the experimental setup is

described. Section III presents the analysis of results regard-

ing model fitting, sound field reconstruction and sound field

control performance. In Sec. IV we discuss further the

results shown in Sec. III. Section V states the most relevant

conclusions that come out of the present work.

II. METHODS

A. Sound zones

The objectives of the sound field control system in this

paper are (1) the cancellation of sound from a primary source

in a dark zone using a set of secondary control sources and

(2) minimization of the sound radiated by the control sources

into a bright zone, as motivated in previous work11,34 (see

Figs. 1 and 2). Figure 1 shows the diagram of the signal flow

in this setup. The primary source is fed with an unfiltered

audio signal and generates the primary sound field. At a sin-

gle frequency, this field is represented by the transfer func-

tion vectors hB 2 CNB and hD 2 CND to NB and ND positions

in the bright and dark zones, respectively. Each of the Nc

control loudspeakers is driven by a separate control signal.

Their transfer functions are represented by the transfer matri-

ces HB 2 CNB�Nc and HD 2 CND�Nc in bright and dark

zones, respectively. The control signals are realized by filter-

ing of the audio signal with the control weights w 2 CNc .

The control weights are found by the PM-ACC method,5,7,19

i.e., by solving

minimize
w

jkHBwk22 þ ð1� jÞkHDwþ hDk22; (1)

where k � k2 is the Euclidean norm and j 2 ½0; 1� is weight-
ing between the two objective terms. This cost function min-

imizes the radiation of the control sources into the bright

zone (first term) and the total sound energy of primary and

control sources in the dark zone (second term). Equation (1)

is a linear least squares problem and can thus be solved effi-

ciently. Notice that we have reversed the notion of bright

and dark zone here in comparison to the standard sound zon-

ing nomenclature: the system is reproducing a target field

�hD in the dark zone and minimizing the energy of the con-

trol sources in the bright zone. However, sanity is recovered

when superimposing the sound fields of primary and control

sources.

The solutions of the optimization problem (1) for all rele-

vant frequencies are the complex control gains of the second-

ary sources w. The discrete Fourier transform of the

frequency domain gains is a set of real, optimal finite impulse

response (FIR) filters. The control source driving signals are

obtained through convolution of the audio signal with the cor-

responding optimal filters.

B. Source radiation model

In this work, we model the radiation properties of the

sources (directional response and sensitivity) used in the

sound zoning setup. Spherical harmonics have been shown

to be a useful basis for modeling35 and designing13 the

acoustic radiation of sources. The transfer function between

the midpoint of the loudspeaker box and a measurement

point r ¼ ðr; h;/Þ is36

FIG. 1. Signal path diagram. The total sound field in the bright zone is

HBwþ hB. The equivalent applies to the dark zone.
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ĥðk; rÞ ¼
X1

m¼0

Xm

n¼�m

amnh
ð2Þ
m ðkrÞYn

mðh;/Þ; (2)

where h is the polar angle, / the azimuth angle, k is the

wavenumber, r is the radial distance, hð2Þm are the spherical

Hankel functions of the second kind, am 2 C are the coeffi-

cients of the spherical harmonics basis and

Yn
mðh;/Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2nþ 1Þðm� nÞ!

4pðmþ nÞ!

s
PnmðcosðhÞÞejm/ (3)

are the spherical harmonics of mode order m and degree n.
The terms Pnm are the Legendre polynomials. The geometry

of the setup (see Figs. 2 and 3) simplifies the formulation,

and symmetry around the polar axis (n¼ 0) is assumed.37

With this simplification,

ĥðk; rÞ ’
XM

m¼0

amh
ð2Þ
m ðkrÞPmðcosðhÞÞ; (4)

where the sum has been truncated to M elements.

C. Bayesian inference and inversion

Given no transducer mismatch between neither the loud-

speakers nor the microphones, it can be assumed that all the

transfer functions between NL loudspeakers and NM mea-

surement points are described by the same model. Thus, the

recorded transfer functions per frequency h 2 CNLNM are

modeled as h ¼ ĥþn, where n is additive noise and ĥ is Eq.

(4) in vector form

ĥ ¼Sa; (5)

with ĥ 2CNLNM ; a 2 CMþ1; and S 2 CNLNM�ðMþ1Þ with ele-

ments smi ¼ hð2Þm ðkriÞPmðcos ðhiÞÞ.
To calculate the unknown parameters a we use Bayesian

inference, which is the process of fitting a probability model

to a set of data and summarizing the result by a probability

distribution on the parameters of the model, called the poste-

rior distribution.38 Given a set of measured transfer functions

h the posterior distribution pða j hÞ of the parameters a is the

result of the Bayes’ theorem

pða j hÞ ¼ pðh j aÞpðaÞ
pðhÞ ; (6)

where p stands for probability density function.

The prior pðaÞ expresses our beliefs about the unknown
parameters a prior to the measurement of h. The likelihood

function pðh j aÞ expresses the likelihood of measurement

outcomes given a specific realization of the unknown param-

eters a. The evidence pðhÞ is the marginal distribution of the

data. In short, the posterior expresses what we know about a
after the measurement of a specific realization h. When sam-

pling the posterior, the evidence can be omitted as it is inde-

pendent of the model parameters a.

D. Likelihood, prior, and MAP

The noise n is considered complex normal (which is

the maximum entropy assignment when the only informa-

tion about the noise is that its variance is finite39) and circu-

larly symmetric,40 with both real and imaginary parts

independent and identically normally distributed, simplify-

ing to n � CN ð0; s�1IÞ, I being the identity matrix. This

assumption is an approximation of the spatial covariance of

the noise, leading to the following normally distributed

likelihood:

pðh j a; sÞ � CN ðĥ;s�1IÞ / exp ð�s2jjSa� hjj2Þ: (7)

Common prior distributions for the coefficients in this type

of regressions are uniform distributions and normal distribu-

tions. The uniform distribution leads to a closed analytic

solution of the posterior distribution.41 When a normal distri-

bution is used, it is necessary to know both precision of noise

and precision of a to have an analytic solution.33,42 We

assume that the amplitude coefficients are normally distrib-

uted with zero mean, i.e., a � CN ð0; d�1IÞ. This regularizes
the problem as the normal distribution penalizes large coeffi-

cients. Neither of the precision hyperparameters s and d are

known, and their prior distributions pðsÞ and pðdÞ are con-

sidered gamma distributions

s � Gða;bÞ; d � Gða;bÞ; (8)

which fulfill the requirement that s�1; d�1 > 0.

The posterior distribution is proportional to the prior

times the likelihood

pða; s; d j hÞ / pðh j a; sÞpða j dÞpðsÞpðdÞ: (9)

Equation (9) does not have an analytic solution.

The transfer functions can be estimated using the maxi-

mum a posteriori probability estimate (MAP) of Eq. (9):

FIG. 2. (Color online) Measurement setup in anechoic chamber.
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ða; s; dÞMAP ¼ argmax
a;s;d

pða; s; d j hÞ: (10)

The predicted transfer function from a source to any point

r� ¼ ðr�; h�Þ is

ĥðk; r�Þ ¼ s�aMAP; (11)

where the elements of s� are sm� ¼ hð2Þm ðkr�ÞPmðcos ðh�ÞÞ. To
find the MAP estimates we use the limited-memory

Broyden–Fletcher–Goldfarb–Shanno (L-BFGS) optimization

algorithm included in the STAN statistical modeling pack-

age,43 which has superlinear convergence and is suitable for

high dimensional non-linear problems, yet making moderate

use of memory resources. Other methods could otherwise be

used, such as expectation maximization.44

E. Performance metrics

We define the error between the estimated [Eq. (11)]

and measured transfer functions at each frequency with the

normalized mean square error45

NMSE ¼ 1

N�NL

XN�

i¼1

XNL

j¼1

jHi;j � Ĥi;jj2

jHi;jj2
: (12)

The NMSE indicates how well the model is estimating the

transfer functions on average over all loudspeaker-

measurement point combinations for N� � NM. Normalizing

each term in the sum separately assures that points with low

and high transfer function magnitude contribute equally to

the error estimate.

The insertion loss11

IL ¼ 10 log
khDk2

kHDwþ hDk2

 !
(13)

is used to quantify the performance of the sound zone sys-

tem in the dark zone, where it represents the average

reduction of sound pressure level when the control sources

are active.

F. Experimental setup

The methods regarding transfer function reconstruction

and sound zoning were tested in an anechoic sound zone

setup as shown in Figs. 2 and 3. The equal sized bright

and dark zones were separated by the control source array

consisting of twelve sources (i.e., Nc¼ 12) arranged as two

layers of six loudspeakers facing opposite directions. The

primary source to the left hand side of the bright zone was a

Np ¼ 6 element loudspeaker array. All the NL ¼ Np þ Nc

¼ 18 loudspeakers were of the same type with Tymphany

PLS-P830986 3-in. driver units mounted on custom made

fiberboard boxes (see bottom of Fig. 3). The transfer func-

tions of each speaker to each zone were measured with

the exponential sine sweeps technique46 at a dense grid of

NB ¼ ND ¼ 700 measurement positions per zone (25� 28

grid of points on a plane) using a 6� 10 array of 1/4-inch

microphones spaced 7.5 cm apart (black dots in Fig. 3). The

sampling rate is 8192Hz, the frequency range studied is

100–1000Hz, the frequency resolution is 33.3Hz and no

averaging is applied. The SNR is above 20 dB in the studied

frequency range. The measured temperature during the

experiment was T ¼ 19:4 	C. The origin of the coordinate

FIG. 3. (Color online) Setup geometry.

Brown loudspeakers are the primary

sources and blue loudspeakers the sec-

ondary control sources. White dots are

the loudspeakers box midpoints. Black

dots are the NB þ ND ¼ 1400 measure-

ment positions. Orange and blue

squares are one LHS realization of the

picked measurement positions used to

fit and validate the model, respectively

for NZ ¼ 4. Bottom left corner: one

loudspeaker unit. Bottom center: coor-

dinate system of the spherical harmon-

ics model. Bottom right corner: detail

of the distance between measurement

points.
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system for the spherical harmonics model is the loudspeaker

box midpoint as specified in Fig. 3.

III. RESULTS

In the first part of this section, the sound propagation

model parameters are inferred from small, randomly chosen

sets of transfer function measurements and the sound field

reconstruction quality is assessed in terms of the NMSE by

comparison with the densely sampled measured sound field.

The radiation properties of the sources and how the model is

able to incorporate them are also investigated and linked to

the resulting sound field reconstruction error. Next, sound

zones with the transfer functions estimated by the sound

propagation model are created and the sound field control

performance is studied in terms of the achieved insertion

loss.

The parameter j ¼ 0:1 is used to solve Eq. (1), giving

more importance to the reduction of sound level in the dark

zone. The prior distributions were chosen to be weakly infor-

mative, a ¼ 1; b ¼ 10�2. They assert no strong prior knowl-

edge about neither the measurement error nor the spherical

harmonics coefficients a.

A. Model fitting and sound field reconstruction

In each zone 50 random “fitting sets” of NZ ¼ 1, 4, 16, or

64 measurement positions per zone (i.e., NM ¼ 2NZ) are

picked from the entire data set via Latin hypercube sampling

(LHS) in order to cover homogeneously the controlled area.47

Figure 3 shows an example LHS realization for NZ ¼ 4. We fit-

ted the sound propagation model and computed the perfor-

mance indices for each of these realizations individually.

Figure 4 shows the average and worst case NMSE [Eq.

(12)] of the 50 LHS realizations as a function of the number

of measurements per zone NZ and the truncation of the series

M. The NMSE is calculated between the reconstructed and

the measured transfer functions from all NL¼ 18 loud-

speaker to the dense grid of N� ¼ NB þ ND ¼ 1400 measure-

ment positions.

As a general trend, Fig. 4 shows that more modes and

more measurement positions lead to lower error, while

higher frequencies show higher error. However, this trend is

not followed in all cases. When M¼ 0, the error is equal for

all NZ, where only four parameters are inferred (s, d, and real

and imaginary parts of a0). Even using the least number of

measurement positions per zone NZ ¼ 1, the amount of trans-

fer functions is already 2NL due to individual contribution of

each loudspeaker, which leads to an overdetermined prob-

lem. Up to M¼ 3 and for any NZ, the model fitting procedure

is robust to the random measurement positions picked by the

Latin hypercube sampling, showing small differences

between the worst case error and the average error.

Using higher order modes do not always lead to a better

reconstruction. The error can increase at lower frequencies if

the number of measurements is small and the number of

modes is large [see Figs. 4(a) and 4(b)]. This is the result of

a combination of factors: First, the spherical Neumann func-

tions, that are part of the spherical Hankel functions of the

second kind, are singular at kr¼ 0, which translates to a high

condition number jðSTSÞ and therefore to an ill-conditioned

problem in Eq. (7) (see Fig. 5). Second, less data per inferred

parameter is available. Last, the use of more measurement

positions will give a better representation of the sound field

in the whole reproduction area, both close and further away

from the sources.

Figures 6 and 7 show the average spatial reconstruction

error of the 50 LHS realizations at 133 and 700Hz, respec-

tively. The error is calculated for different truncation num-

bers (from top to down in the figure, M ¼ 0, 1, and 4) and

different number of measurement positions per zone (from

left to write, NZ ¼ 1 and 4), using Eq. (12) without summing

over the dimension i (i.e., measurement positions). As it was

shown in Fig. 4, a monopole (M¼ 0) is a poor representation

of the sources, presenting errors between (�10, �6) dB and

(�0.5, 1) dB at 133Hz (Fig. 6, top row) and 700Hz (Fig. 7,

top row), respectively, in both zones. A higher number

of measurements per zone (NZ¼ 4) when M¼ 0 does not

improve the reconstruction significantly, agreeing with the

results in Fig. 4.

FIG. 4. (Color online) Average and worst case NMSE from 50 iterations of

LHS for NZ ¼ 1, 4, 16, 64 measurements positions per zone and M¼ 0, 1, 2,

3, 4 truncation number in Eq. (4). (—): Average. (- - -): Worst case (highest

NMSE).

FIG. 5. (Color online) (a) Spherical Neumann function. (b) Average condi-

tion number jðSTSÞ for all LHS realizations of NZ ¼ 1.
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Increasing the truncation to M¼ 1 (i.e., monopole plus

dipole) leads to a dramatic increase of the reconstruction

accuracy at 133Hz, with errors below -15 dB in the entire

reconstructed areas (Fig. 6, middle row). This is due to the

fact that the radiation properties of the sources can be

accounted for with the higher order terms. At 700Hz the

reconstruction is also improved compared to M¼ 0, with

errors up to �4 dB next to the sources (Fig. 7, middle row).

The error shows a well defined spatial pattern consequence

of the poor agreement between the source directional model

and the actual loudspeaker behavior.

When the truncation number is increased to M¼ 4, the

directional response at 700Hz is well modeled and the

reconstruction error drops below -5.5 dB in both zones (Fig.

7, bottom row). At 133Hz (Fig. 6, bottom row) the recon-

struction error is similar to that achieved when M¼ 1, but

there is an increase in the error close to the sources when the

number of measurements per zone is NZ ¼ 1, with values up

to 8 dB. This is due to the ill-conditioning of the problem in

Eq. (7) when the number of modes is high and the number of

measurements low (see Fig. 5). Increasing the number of

measurements per zone to NZ ¼ 4 reduces this error in the

vicinity of the sources, which is aligned with the results

shown in Figs. 4(a) and 4(b).

Artifacts in the form of vertical lines approximately

70 cm apart can be appreciated at low errors for M¼ 1 and

M¼ 4, especially at higher frequencies (Fig. 7). The reason

is an imperfect calibration of the microphone array due to its

positioning.

Figure 8 presents the normalized marginal posterior dis-

tributions, pðajhÞ, of the first two modes [Fig. 8(a)], the nor-

malized MAP amplitude of the different modes [Fig. 8(b)]

and the estimated directional response of the sources at dif-

ferent frequencies at 1m [Fig. 8(c)]. At higher frequencies

the loudspeaker becomes more directional [Fig. 8(c)] and

higher order modes play a significant role [Fig. 8(b)]. This is

the reason why, as shown in Figs. 4, 6, and 7, the error is

reduced at higher frequencies when adding higher order

modes to the sum, showing that a simple monopole represen-

tation (M¼ 0) is not sufficient for accurate reconstruction of

the radiation of these sources.

The marginal posterior distributions in Fig. 8(a) show a

larger variance for higher frequencies. This is due to an increas-

ing discrepancy between the model and the measurements, a

low amount of measurements relative to the wavelength and

the lower relevance of lower modes at higher frequencies [see

Fig. 8(b)].

B. Sound field control performance

The insertion loss obtained using the estimated transfer

functions at the entire dense grid of points in Fig. 2 is compared

with the reference insertion loss obtained using the actual mea-

sured transfer functions at the same grid of points. The esti-

mated transfer functions correspond to the same estimated

transfer functions used to calculate the error in Fig. 4. In both

measured and estimated cases, half of the transfer functions are

used to calculate the control weights w and the other half to cal-

culate the resulting insertion loss. Figure 9 shows the amplitude

of the resulting transfer functions ðhD þHDw and hB þHBwÞ
at 700Hz for the measured reference case and an example

using the estimated transfer functions forM ¼ 4; NZ ¼ 16.

Figure 10 shows the average and worst case insertion

loss of the 50 LHS realizations as a function of the number

FIG. 6. (Color online) Spatial error at 133Hz of the reconstructed transfer functions [ð1=NLÞ
PNL

j¼1ðjHj � Ĥ jj2Þ=ðjHjj2Þ]. for different truncation number in the

spherical harmonics model (M ¼ 0, 1, and 4) and number of measurement positions per zone (NZ ¼ 1 and 4).
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FIG. 7. (Color online) Spatial error at 700Hz of the reconstructed transfer functions [ð1=NLÞ
PNL

j¼1ðjHj � Ĥ jj2Þ=ðjHjj2Þ]. for different truncation number in the

spherical harmonics model (M ¼ 0, 1, and 4) and number of measurement positions per zone (NZ ¼ 1 and 4).

FIG. 8. Marginal posterior distribution, pðajhÞ, of the

amplitude coefficients am for the first two modes, calcu-

lated MAP amplitude coefficients a and estimated

directional response at 1m for NZ ¼ 16. (a) Posterior

joint and marginal distributions of the normalized

amplitudes of the first two modes [ja0j=maxiðjaijÞ and

ja1j=maxiðjaijÞ]. (b) MAP normalized amplitude

jamj=maxiðjaijÞ up to m¼ 4 for 100, 500, and 1000Hz.

(c) Estimated directional response of the loudspeakers

at 1m for 100, 500, and 1000Hz in dB summing all the

modes up toM¼ 4.
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of measurements per zone NZ and the modes included M.

The obtained insertion loss is directly related to the recon-

struction error of the transfer functions shown in Fig. 4. The

average insertion loss is equal to the reference measured

insertion loss (black line in the figure) at low frequencies for

all cases except M¼ 0. At higher frequencies the inclusion

of more modes in the model increases the insertion loss,

although it is not possible to get as high values as using the

measured transfer functions. Increasing the number of mea-

surement points slightly improves the insertion loss on aver-

age, but it noticeably reduces the difference between worst

case and average results especially at low frequencies.

Figure 10 clearly shows that a good sound zoning solution is

achievable with a small number of measurement points and

the use of a sound propagation model.

The insertion loss achieved using the reconstructed

transfer functions (see Fig. 10) is compared with the inser-

tion loss achieved if the control filters are calculated directly

from the sparse measured data points NM ¼ 2NZ. Figure 11

shows the frequency averaged insertion loss IL for the 50 LHS

for both approaches, where the columns labeled h refer to the

insertion loss achieved when the control filters are calculated

directly from the sparse measurements. To see the trend of the

estimated insertion loss with larger number of measurements

we include two extra cases NZ ¼ 128 and 256.

Using the reconstructed transfer functions, the insertion

loss increases by increasing the number of modes for a given

NZ, with IL > 7:5 dB for any case where M> 1. The vari-

ance between realizations is reduced when increasing the

number of measurements. Many more measurements are

needed to achieve similar insertion loss when the control

weights are calculated directly from the sparse measurement

positions. The performance is always below the IL obtained

with the reconstructed transfer functions for NZ ¼ 1; M ¼ 2

up to NZ ¼ 64 and it is not until NZ � 128 when using the

reconstructed transfer functions shows a worse performance.

This clearly shows the advantage of reconstructing the trans-

fer functions using the model if the number of measurements

is small.

The fact that the maximum IL for NZ � 128 without

using the model is higher than the reference (NZ ¼ 350) is

due to the effect of j in Eq. (1). For some of the cases, very

high IL can be achieved while the sound field in the bright

zone gets distorted.

FIG. 9. (Color online) Resulting transfer function field at 700Hz. Top:

Reference result using half of the measured transfer functions. Bottom:

using the model withM ¼ 4; NZ ¼ 16.

FIG. 10. (Color online) Average and worst case insertion loss from 50 itera-

tions of LHS for NZ ¼ 1, 4, 16, and 64 measurements positions per zone and

M¼ 0, 1, 2, 3. and 4 truncation number in Eq. (4). (—): Average. (- - -):

Worst case (lowest IL). Ref: IL using half of the dense grid of measured

transfer functions in Fig. 3 (NZ ¼ 350).

FIG. 11. (Color online) Insertion loss averaged over the studied frequency

range from 100 to 1000Hz (IL). The box plots show the median in orange

and the boxes extend from first to third quartile. The whiskers represent the

extreme cases (max and min). Bottom x axis: Number of measurement posi-

tions per zone NZ. Top x axis: Truncation number in the spherical harmonics

basisM. h: No model used. Ref: Insertion loss using half of the dense grid of
measured transfer functions in Fig. 3 (NZ ¼ 350).

3432 J. Acoust. Soc. Am. 146 (5), November 2019 Caviedes-Nozal et al.

Paper D 97



C. Insertion loss at sparse measurement points

The results shown in Secs. III A and III B are a conse-

quence of comparing the reconstructed transfer functions

with the measured transfer functions at a dense grid of

points. In practice, this would imply measuring hundreds of

transfer functions what is indeed what we are trying to

avoid.

The insertion loss at a few validation points is compared

to the insertion loss in the entire zone. Figure 12 shows the fre-

quency averaged insertion loss difference DIL ¼ IL� ILval

where ILval is the insertion loss at 50 LHS sets of NZ ¼ 1, 4,

16, 64, and 256 validation positions, independent from the

fitting positions (see Fig. 3), and IL is the insertion loss

using half of the measured transfer functions (NZ ¼ 350). It

can be observed that using a low number of validation

points the insertion loss is overestimated with deviations up

to 15 dB when NZ ¼ 1. Including more validation points,

ILval gets closer to the insertion loss at the entire controlled

zone. For all cases the lowest and more stable DIL corre-

sponds to M¼ 1.

IV. DISCUSSION

The insertion loss obtained using the reconstructed

transfer functions is lower than the insertion loss achieved

using a dense grid of measured transfer functions, which can

imply that there is room for improvement. The only parame-

ters fitted in the acoustic model in Eq. (4) are the complex

amplitudes of the modes. There are other factors that highly

influence the estimation of the transfer functions, such as

temperature11,12 and positions of individual microphones

and loudspeakers.15,34,48 These positions could be estimated

as well if necessary, even though more measurements would

be needed to fit these additional parameters.

The loudspeaker response is influenced by the arrange-

ment of the array,20 which suggests that independent models

for primary and secondary arrays could improve the recon-

struction. In addition there are some acoustic phenomena

happening in the experiment that are not captured by the

model. The secondary sources introduce scattering effects in

the sound field created by the primary sources. If the loud-

speaker box were a sphere of equal volume (i.e., radius

b ’ 7 cm), it would be noticeable above kb¼ 1 affecting fre-

quencies above approximately 750Hz.37

The difference between model and reality, also called

model discrepancy, can severely affect the resulting mar-

ginal posterior of the variance of the noise, as s will capture
both measurement noise and model discrepancy.49 Fig. 13

shows how the noise precision increases when the model dis-

crepancy is reduced (i.e., when more modes are used). This

effect can be attenuated with a good prior estimation of the

measurement noise and either setting s as a fixed parameter

or considering a more informative prior.

We assume that the measurements are affected by inde-

pendent noise of equal variance. However, it is possible to

include more complex sources of noise, such as external

background noise with spatial correlation between measure-

ments in the covariance matrix.

In previous works the sources were modeled as point

sources with a complex directivity50 or as a combination of

monopole plus dipole,5 where the acoustic center needs to be

found in a different measurement setup. Using spherical har-

monics the model is fitted in situ and there is no need for deter-
mining the acoustic center of the sources precisely. The error

of choosing a wrong center for the spherical harmonics is on

average compensated by adding more modes. Figure 8 shows

how at 100Hz and 1m the loudspeaker behaves as an omnidi-

rectional source moved to the front, compensating for the

assumption of having the acoustic sources located at the mid

points of the loudspeakers boxes.

A more informative prior of the parameters a can be

used to counter the ill-posedness introduced by high order

modes at low frequencies, reducing the number of measure-

ments to converge. This requires more precise a priori infor-
mation about the amplitude coefficients.

Low number of validation points tends to overestimate

the achieved insertion loss in the entire controlled area

according to Fig. 12. Techniques like optimal experiment

design could be used together with the proposed model, to

decide in which positions the transfer functions should be

measured in order to get the best experimental conditions.51

This could potentially reduce the number of measurements

needed both to fit the model and validate the sound field con-

trol performance.

We applied the sound propagation model and the fitting

of its parameters with Bayesian inference to the problem of

FIG. 12. (Color online) Frequency averaged IL difference DIL ¼ IL� ILval

of the 50 LHS. The box plots show the median in orange and the boxes

extend from first to third quartile. The whiskers represent the extreme cases

(max and min). Bottom x axis: Number of measurement positions per zone

NZ. Top x axis: Truncation number in the spherical harmonics basisM.

FIG. 13. (Color online) Average and worst case MAP of s from 50 iterations

of LHS for NZ ¼ 16 measurement positions per zone and truncation number

M¼ 0, 1, 2, 3, and 4 in the sum. (—): Average. (- - -): Worst case.
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sound zones, but these methods can be employed for any

highly damped problem where transfer function have to be

reconstructed over a large area.

V. CONCLUSIONS

A spherical harmonics model has been proposed to

characterize the sound radiation of loudspeakers and

reconstruct the acoustic transfer functions in multichan-

nel reproduction systems based on multipoint or inverse

filtering methods. The approach was experimentally vali-

dated in a rectangular sound field control setup of 10 m2

at the frequency range [100–1000] Hz under anechoic

conditions.

The results show that reconstructing the transfer func-

tions with the proposed model can substantially improve the

performance of the system. The frequency averaged inser-

tion loss obtained using the reconstructed sound field with

the model from a few sparse measurements positions per

zone is always above the insertion loss obtained using the

same amount of measurements without the model, with

improvements up to 10 dB or more. The introduced method

considerably reduces the number of measurements needed to

have a good performance of the sound field control system.

Furthermore, the results indicate that a simple monopole or

monopole plus dipole model, as often assumed in the litera-

ture, is not sufficient to model the radiation of the loud-

speakers. Including higher order modes in the spherical

harmonics basis allows us to capture high frequency phe-

nomena and the directivity of the sources, improving the

reproduction performance.
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Abstract
The performance of active sound field control solutions over extended areas is directly depen-
dent on the knowledge of the acoustic transfer-functions between the control loudspeakers
and control areas. Outdoors, the propagation of sound and thus these transfer-functions
are affected by atmospheric conditions and their variation. In this work we experimentally
investigate the effect of wind and temperature changes on transfer-functions. We present
the results of a measurement campaign, where transfer-functions and weather data were
gathered every 30 minutes for a time period of a week. The results show the impact of wind
(up to 4 m/s) and temperature (−3◦C to 3◦C) variations on the sound propagation over
distances of around 300 m. We discuss the results in relation to the outdoor control of sound.
We take advantage of the lower sensitivity of low frequency sound to atmospheric variations
to propose simplified propagation models that account with sufficient accuracy for the effects
of such atmospheric variations.

1 Introduction

The effect of atmospheric conditions on sound propagation has been experimentally analyzed for many years
(see e.g. reviews [1], [2]). Accurate wind and temperature sensors enabled a complete analysis of outdoor
sound propagation [3]–[5] that validated most of the theory of sound propagation [6]–[11]. In addition, there
exists a plethora of forward sound propagation models that may be used to predict the sound propagation
outdoors, based, for example, on the Parabolic Equation [7], [8], [12], the Fast Field Program [6] or solution
in Finite Difference Time Domain [13].
The present study is concerned with the impact of weather variations on large scale outdoor sound field control
systems, for which variations in transfer-functions between loudspeakers and distant control locations can have
a detrimental impact on the control performance [14], [15]. Ideally, the control system should adapt to such
variations by updating its transfer-function estimates according to the current weather condition [16]. This
could be done in principle by continuously computing these weather effects with aforementioned forward sound
propagation models. However, there might be two drawbacks that could make these methods impractical
for the estimation of the transfer-functions in a sound field control setup. First, they require very accurate
information about the atmospheric conditions (i.e. sound speed gradients and turbulence measurements) as
well as information on the topography and ground impedance to accurately match experimental results even at
low frequencies. Second, the computational burden of these methods rapidly scales up with propagation range,
which can become problematic if the model has to be run recurrently in order to adapt the transfer-functions
to new conditions.
In this manuscript, we experimentally characterize outdoor sound propagation with the hope to find simplified
models of the sound variations that can be used in the sound field control context by taking advantage of the
lower sensitivity of low frequency sound to atmospheric variations. These models can be used to reduce the
problem of outdoor sound propagation variation to a more manageable set of parameters. Thus, they could
be applied in later stages for fast predictions of the transfer-functions in sound field control systems without
the computational burden of the aforementioned forward models.
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In the experiment, sweep measurements from two loudspeakers were recorded at four microphones over 5
days, while the weather conditions were recorded at a weather mast at multiple heights. The experimental
part of this study is somewhat similar to the more thorough study of Cheinet et al., which investigated the
variation of shot noise in down-, up- and crosswind conditions [4].
In two previous publications [14], [17], the authors presented a method for modeling the sound field from
multiple loudspeakers. In this method, the source radiation of all loudspeakers is modeled by a spherical
harmonics model. In the present paper, it will be investigated if this model is in principle able to represent
the varying sound propagation conditions encountered during the measurement campaign.
The manuscript is structured as follows: in Sec. 2 a brief introduction to outdoor sound propagation and
active control of sound is presented. In Sec. 2.4 the experimental setup is explained. Section 3 is the core of
the study and presents the main results: Secs. 3.1 and 3.2 show the weather data and the transfer-function
data gathered during the measurement campaign. In Sec. 3.3 the structure of the transfer-functions variations
is analyzed. The measured transfer-function variations are modelled as a delayed and gain transformation of
a single measured reference transfer-function. In Sec. 3.4 the relationship between these delays and gains
and the weather features is investigated. A linear model of wind and temperature variations is proposed to
estimate the optimal delay and gain from weather measurements. Sec. 3.5 analyses the impact of the weather
variations on a hypothetical sound field control system and presents results when the control system would be
compensated with help of the delay and gain model. Section 3.6 investigates the fit of the spherical harmonics
model. Finally, Sec. 4 discusses the results and Sec. 5 concludes with the most relevant findings.

2 Method

2.1 Theory of outdoor sound propagation

The propagation of low frequency sound in the atmospheric surface layer (close to ground) is mostly affected
by three factors: temperature, wind and, to a lesser extent, specific humidity. A common approximation of
the wave equation in such an inhomogeneous moving fluid at low Mach’s numbers is [18]

∇2p

ρe
+ ω2

ρec2e
p = 0, (1)

where ω is the angular frequency, p is the pressure, and ρe and ce are the local effective speed of sound and
the local effective density respectively, defined as

ce = c+ w · u = c+ we, (2)
ρe = ρc2/c2e. (3)

Here, u is the unit vector in direction of wave propagation, w is the wind vector, we = w ·u is the component
of the wind in the direction of sound propagation, ρ is the equilibrium density of the propagation medium,
and

c =
√
γaRaT (1 + 0.511q) (4)

is the adiabatic speed of sound [11], where γa = 1.40 is the ratio of specific heats for dry air, Ra =
287.058 m2 s−2 K−1 is the gas constant for dry air, T is the local temperature in Kelvin and q is the specific
humidity.
Eq. (1) holds for w

c � 1 and describes that the local speed of sound is affected by the local temperature and
wind. The concept of an effective speed of sound (Eq. (2)) is widely used in numerical sound propagation
methods to calculate sound speed profiles and account for refraction, for example in the Parabolic Equations [7],
[8], [12], Fast Field Program [6] or Finite Difference Time Domain [13].
In the near-ground atmosphere, wind and temperature usually present a strong stratification, and they are
both often considered functions of only height, i.e. T (z),w(z) [11, p. 15]. According to Eq. (2), the speed of
sound is therefore also stratified and the direction of sound propagation changes over its path. This effect is
known as refraction. Fig. 1 illustrates the sound refraction due to temperature and wind stratification. If
the temperature gradient is positive or the wind blows in the direction of wave propagation, the sound gets
refracted downwards (Fig. 1a). Likewise, if the temperature gradient is negative or the wind blows opposite
to the direction of wave propagation, the sound gets refracted upwards (Fig. 1b). ”Downward refraction is
normally associated with enhanced sound levels, whereas upward refraction is associated with diminished
levels. However, these expectations do not always hold. For example, sound levels may actually be elevated
near the boundary of a refractive shadow zone, due to the presence of a caustic there.” [11, p. 16].
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(a) Refraction due to positive temperature gradient and/or
downwind

(b) Refraction due to negative temperature gradient and/or
upwind

Figure 1: Refraction due to wind and temperature.

In summary, it is expected that an increase in temperature or a wind in the direction of sound propagation
will increase the effective speed of sound and therefore decrease the time of arrival of a sound wave and that
a positive effective wind can increase the sound pressure level due to refraction, and vice versa.

2.2 Transfer-function errors in adaptive and fixed filter active control of sound

We are interested in the effect of weather variations on the performance of a sound cancellation system, where
a primary loudspeaker creates a sound, and secondary loudspeaker is tuned with a control filter to cancel the
sound at a control microphone. The cancellation problem can be solved with a fixed filter or an adaptive
filtering [19] approach, which both have their own criteria for successful reduction. These are presented in
the following after the cancellation problem is presented.
In frequency domain, let P (jω) and C(jω) be the primary and secondary path transfer-functions to the
cancellation point, S(ω) be the excitation signal, W (jω) be the control filter that is applied to the excitation
signal before it is fed to the control loudspeaker and N(ω) be zero mean background noise at the control
point with variance E{|N(ω)|2} = σ2(ω). The signal at the control point is then

E(ω) = P (jω)S(ω) +W (jω)C(jω)S(ω) +N(ω). (5)

If all paths are time invariant and the secondary path is invertible, then one may first measure estimates P̂
and Ĉ to then compute the fixed control filter via pressure-matching

Ŵ = −(|Ĉ|2 + λ)−1Ĉ∗P̂ , (6)
where λ is the Tikhonov regularization parameter that regularized the filter at frequencies where the secondary
path has low magnitude. The average reduction in sound pressure level (SPL) is quantified by the insertion
loss

IL = E
{

|P +N |2

|P + ŴC +N |2

}
= |P |2 + σ2

|P + ŴC|2 + σ2
, (7)

where the dependency on the frequency is omitted here and in the following for the sake of brevity. The
reduction is limited by the background noise σ2 and the accuracy of the estimates P̂ , Ĉ that constitute the
control filter Ŵ . In order to produce a 10 dB reduction in SPL in the absence of noise, the control filter Ŵ
must not deviate more than ±2.5 dB or ±20◦ from the optimal filter W = −P/C [20, p. 15]. This implies
that the errors in the paths estimate P̂ and Ĉ should be even lower, preferably each below ±1.25 dB or ±10◦

for a guaranteed 10 dB reduction.
If the primary path is slowly varying and the secondary path is fixed, the filtered-x Least-Mean-Square
(FxLMS) algorithm may be used to update the control filter Ŵ according to these variations. The FxLMS
algorithm approximately converges to an optimum, if the maximum phase difference between the actual and
the estimated secondary path does not exceed 90◦ at any frequency. Differences below 45◦ only have a small
influence on the convergence speed [21].
These limits for both the fixed and the adaptive filtering approach will help us in the following to evaluate
the impact of the variations of transfer-functions onto the control performance.
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2.3 Estimation of signal to noise ratios

In frequency domain, let X be the system input and Ŷ = Y +N be the system output that is corroded by
the zero-mean noise N with variance σ2 that includes both additive noise, e.g. from a nearby street or wind
noise, and decorrelation effects due to turbulence, which can be modeled as Gaussian at low frequencies [10].
The cross and auto-spectra estimates from N measurement repetitions are Sxŷ = 1

N

∑N
n=1XŶ

∗
n and Sxx =

1
N

∑N
n=1 |X|2 = |X|2 for the discrete Fourier transforms X = DFT{x} and Ŷn = DFT{ŷn} of the sweep

signal x and the N recorded responses ŷn. The coherence and signal-to-noise ratio (SNR) estimates are
respectively

γ2
xy = |Sxŷ|2

SxxSŷŷ
, SNR =

γ2
xŷ

1− γ2
xŷ

= Syy
σ2 .

The noise variance can be approximated by the estimate σ̂2 = Sŷŷ/SNR, because the actual auto-spectrum
Syy is not available. This holds if Syy � σ2.

2.4 Experimental setup

The experimental setup is shown in Fig 2. Two subwoofers (LS1, LS2) with nominal frequency range
37–115 Hz and four wind shield protected, free-field microphones (MIC1-MIC4) were separated by 170-300 m
of flat grassy meadow at DTU National Laboratory for Sustainable Energy in Risø, Denmark. An Ethernet
network connected the audio interfaces at the microphones and at the loudspeakers to a PC that created the
loudspeaker signals and recorded the microphone signals. Multiple weather sensors recorded the condition of
the atmosphere at a weather tower: ultrasonic anemometers and thermometers at 18, 31, 44, 57, and 70 m
measured wind speed, wind direction and temperature. An additional station measured relative humidity,
rainfall and temperature at 2 m.

Figure 2: Experimental setup at the Risø campus wind park of the Technical University of Denmark. Top:
positions of loudspeakers, microphones and the weather station. Lower left: microphone MIC4 at 1 m height
(the ground microphones are not used in this study). Lower right: loudspeaker LS1 with weather mast in the
background.

During 5 days, from 8 am to 5:30 pm, transfer-functions were measured every 30 minutes first from LS1, then
LS2. Each of these measurements sets consisted of 10 repetitions of 10 s full-range exponential sine sweeps.
77 measurement sets were recorded that total to 770 sweep recordings for each source.
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For the analysis, the recordings were processed as follows: the recordings were down-sampled to 500 Hz and
transfer-functions were computed by deconvolution of the microphone signals with the excitation signal. To
reduce the noise, the impulse responses were clipped after 1.5 s, multiplied in time-domain with a α = 0.05
Tukey window, and multiplied in frequency domain with two half-open Hann windows over the frequencies
20–25Hz and 240–250Hz.
The weather sensors sampled the weather conditions at 50 Hz. The data was synchronized with the sweep
measurement and averaged over the length of each sweep. This created one weather data point for each
sweep measurement.

3 Results

3.1 Weather data overview

A summary of the weather conditions during the measurement week is given in Fig. 3 where each data point
corresponds to an average weather condition during one of the 77 measurement sets. Temperatures at 2 m
varied from +4◦C to -4◦C. Wind speeds at 18 m varied from near zero to 4 m/s with wind coming most
often from North-East in the adverse direction to the sound propagation, i.e. sound was mostly propagating
up-wind. There was no rain or snowfall during the week.

Figure 3: Average weather conditions during each measurement set. Effective speed of sound is calculated
using Eq. (2). Green star is the reference condition.

3.2 Transfer-functions measurements overview

To analyse the loudspeaker-air-microphone system in terms of transfer-functions and impulse responses, we
first verify that the system can be approximated as linear and time invariant (LTI) over the duration of the
N = 10 sweep measurements. We will regard the system as LTI, if the signal-to-noise ratio estimated from
the sweep repetitions can be regarded as high.
The variation in the measured impulse responses is illustrated for the loudspeaker microphone combinations
LS1-MIC2 and LS2-MIC2 in Fig. 4. The responses in time domain illustrate the variation of the time-of-arrival
and the magnitude responses show the variation of the system gain. The next section takes a closer look at
the structure of these variations.
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Figure 4: 77 measured transfer-functions together with the response from the reference measurement. Left:
impulse responses. Right: magnitude responses.

The SNR estimates for the two longest propagation paths of each loudspeaker are shown in Fig. 5. The figure
on the left hand side depicts the SNR averaged over the 77 measurement sets versus frequency. Clearly, the
sound of loudspeaker LS1 is lower and the effect of de-correlation due to turbulence is larger in comparison
to loudspeaker LS2 which is closer to the microphone MIC2 (which is observed in Fig. 4). Thus, the SNR for
LS1 is on average lower than for LS2. The average SNR from both loudspeakers is used to compute a noise
variance estimate σ̂2 for use in Eq. (7).
The right hand side of Fig. 5 shows the frequency averaged SNR during each measurement set versus the
average wind speed. The graph illustrates that larger wind speeds decrease the achievable signal to noise
ratio due to decorrelation or wind noise around the microphone. Overall, the average SNR is well above 15
dB for most of the measurement sets. We use this as an indication that during the sweep measurements
of 100 s duration, the system is approximately linear and time invariant. With this approximation, we look
in the rest of this paper at the average responses from the 10 sweep measurements, thereby increasing the
effective signal to noise ratio of the estimates P̂ and Ĉ by a factor 10. This means that these estimates have
at least 25 dB of SNR.
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Figure 5: Estimates of signal to noise ratio. Left: mean SNR over all measurement sets for two loudspeaker-
microphone combinations together with SNR for the reference measurement set. Right: SNR over wind speed
for each measurement set.
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With the LTI assumption at hand, we can analyse the system responses in terms of transfer-functions H(jω).
For later use, let us choose the measurement set with the lowest wind speed as the reference measurement.
This is the 11th measurement set which also has the largest SNR. The reference is marked in Figs. 3 and 5.

3.3 Parameterization of transfer-function variations

The variation of the transfer-functions at all time or frequency points is high dimensional and thus rather
complex. To reduce this variation space, we propose to model the transfer-functions H(jω) of each measurement
set as a time-delayed and gain corrected version of the reference response Href(jω) with separate time delays
∆t and gains g for each combination of measurement set, loudspeaker and microphone. This is illustrated in
Fig. 6. Each measured response is delayed and gain compensated such that it is most similar to the reference
response Href(jω).

Figure 6: Modelling the variations in the measured transfer-functions H by a delay and gain adjustment of
the reference transfer-function Href. The optimal parameters ∆t, g minimize E{|e(t)|2} for a signal x(t) with
constant power spectrum.

The idea is to find the optimal time delay ∆t and frequency-independent real gain g, such that the output y(t)
of the real, perturbed system H(jω) and the output ŷ(t) of the compensated model Ĥ(jω) = Href(jω)ejω∆tg
are most similar, i.e.

min
∆t,g

E(|y(t)− ŷ(t)|2). (8)

For a continuous random signal x(t) with flat magnitude spectrum, and with the assumption that the weather
condition is constant during a single measurement set, this problem is equivalent to the optimization problem

min
∆t,g

∫ ∣∣H(jω)−Href(jω)ejω∆tg
∣∣2 dω. (9)

Eq. (9) is non-convex in ∆t and linear in g. First, the optimal ∆t is found by the maximizer of the cross-
correlation of the corresponding impulse responses, ∆t = maxτ (h?href)(τ), and then g is found by minimizing
a least square problem.
The optimal time delays and gains of problem (9) are shown in Fig. 7 for each measurement set. The time
delay, shown on the left hand side, varies during the measurement campaign by up to 20 ms for LS1 and by
up to 15 ms for LS2. During a single measurement set, the variations are much smaller than 1 ms for most
measurement sets: with a few exceptions with variations up to ±2.5 ms, e.g. measurement set 3. The gain,
shown on the right hand side, varies from -3 to 2 dB with up to ±1 dB variations during a single measurement
set.
Fig. 8 shows the magnitude errors |H/Ĥ|, phase errors ∠(H/Ĥ) and total relative errors |H − Ĥ|/ |H| of this
parameterization over frequencies and measurement sets. For LS1, the magnitude error is smaller than 1 dB
below 100 Hz, the phase error is below π

8 rad below 150 Hz and the relative error is below -15 dB up to 100 Hz
for most measurements. For LS2 the results are extended for the same error bounds and frequency range.
This shows that the simple parameterization model presented in Fig. 6 can represent most of the weather
variations for frequencies below 100 Hz and the given setup. Note that there is an effect visible that increases
(e.g. sets 12-43) or decreases (e.g. sets 2-6, 43-45) the system gain considerably above 100 Hz that is not
represented by this parameterization.

3.4 Relation between transfer-function changes and weather variation

In the previous section it was shown that the variations of the transfer-functions at the measured locations
can be approximately represented with a simple model. In this section, the parameters g and ∆t are related
to the weather conditions.
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Center: phase errors ∠(H/Ĥ). Right: total relative errors |H − Ĥ|/ |H|.

Fig. 9 shows the Pearson correlation coefficient R between the parameters ∆t and g and the average weather
features measured at the weather mast during each measurement for the pair LS1-MIC2. Other loudspeaker-
microphone combinations have essentially the same correlation behavior. The figure shows that ∆t is strongly
positively correlated with we and negatively correlated with T . Both of these effects are included in the
effective speed of sound ce, which is highly correlated with ∆t, especially at the lowest height (R = −0.93).
The gain g is most strongly correlated with the effective wind we at the lowest height (R = 0.85). From a
first look, this chart indicates that a single weather sensor at a low height is most relevant for the estimation
of ∆t and g.
In an ideal homogeneous medium, ∆t is linearly dependent on ce and therefore well modeled by a linear
model of effective wind and temperature. Figure 10 shows ∆t as a function of effective wind and temperature
variations together with a linear regression of that data, with ∆T = T − Tref and ∆we = we − weref. The
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linear regression model displays a fair agreement to the time delay. This indicates that ∆t may in practice be
estimated from wind speed and temperature measurements at a single height.
Figure 11 shows the gain g as a function of the effective wind speed variation. In this case, the dependence on
temperature is not considered as they are practically uncorrelated (cf. Fig. 9). As a general trend, g increases
when the sound propagates downwind and decreases if it propagates upwind. This is in accordance to the
refraction effect. A linear model is for this case not as accurate as it was for the estimation of the delay ∆t.

3.5 Impact on sound field control

In the last two sections, it was suggested that the variation in transfer-functions can be approximately
modeled by a simple two parameter transformation of a fixed reference transfer-function Href. The two
parameters ∆t and g can be estimated from the effective wind speed and the temperature using simple linear
models. This section investigates the impact of the transfer-function variations on a sound field control
setup and proposes a strategy for reducing this impact using the concepts introduced in Secs. 3.3 and 3.4.
Note that the following control results are not measured but simulated using the measured transfer-functions.
Let the sound of loudspeaker LS1 be canceled at microphone MIC2 using the loudspeaker LS2. Let P and C
be the primary and secondary paths during any given measurement set. If these paths are perfectly known,
the control filter for each measurement set is W = −(|C|2 + λ)−1C∗P . The insertion loss, given by Eq. (7),
is shown for this case in Fig. 12 (a) for λ = 1. This result is considered the best possible cancellation. The
insertion loss is stable and limited only by the noise variance σ2 and the non-zero regularization parameter λ.
If only a single reference measurement is available, only the control filter W = −(|Cref|2 + λ)−1C∗

refPref can
be computed. Figure 12 (b) shows the insertion loss with this fixed filter, where it can be observed that the
reduction is strongly dependent on the weather condition in this case. For example, sound is mostly increased
instead of decreased around measurements 45 and 60, where ∆t was especially large (cf. Fig 7).
If a reference measurement and the optimal parameters ∆t and g for each measurement are available
for both primary and secondary paths, then the compensated transfer-functions P̂ = Prefejω∆tP gP and
Ĉ = Crefejω∆tCgC can be used to compute the filters W = −(|Ĉ|2 + λ)−1Ĉ∗P̂ for each measurement set. The
corresponding insertion loss is shown in Fig. 12 (c), where it can be observed that the compensation leads to
positive and stable insertion loss at all measurement sets.
The optimal ∆t and g are only known from a measurement of the transfer-functions. If the linear models
of Figs. 10 and 11 are used to estimate parameters ∆̂t, ĝ from the current wind and temperature, then
the compensated transfer-functions are P̃ = Prefejω∆̂tP ĝP and C̃ = Crefejω∆̂tC ĝC . The control filter W =
−(|C̃|2 + λ)−1C̃∗P̃ achieves the insertion loss of Fig. 12 (d). Compared to the fixed filter case, this insertion
loss is improved for most weather conditions and relatively stable.
In summary, this section showed that transfer-function variations due to weather changes can have a
detrimental impact on fixed filter control of sound over long distances. The transfer-functions variations
can be modeled by a simple transformation of a single reference transfer-function. Using these transformed
transfer-functions for the computation of the control filter results in a stable control performance. However,
the optimal parameters ∆t and g are not known. Estimating them from wind and temperature measurements
using simple linear model leads to a large improvement in insertion loss relative to the fixed filter case. In
any case, the transfer-functions need to be measured in advance in order to fit the proposed linear models.

3.6 Modeling sound propagation at multiple microphone locations

In the previous subsections we showed the possibility of estimating the transfer-functions variations from
temperature and wind data based on a linear model. In order to apply this approach to a sound field control
system, the characterization of the variation of the transfer-functions is needed before the system is used. This
implies the measurement of multiple transfer-functions in multiple conditions in order to fit the linear model
and then use it as a forward propagation model. In addition, each loudspeaker-microphone combination
presents different linear model coefficients (see Figs. 10 and 11).
In this section we investigate the capability of estimating the transfer-functions at several locations simulta-
neously with the same propagation model based on a monopole model defined as

Ĥ(jω, r) = A(jω)e
−jkr

r
, (10)
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where r is the distance between the loudspeaker and the microphone, k = ω
c is the wavenumber, c the speed

of sound and A is the magnitude. Both A and c are unknown and estimated for each measurement set. The
monopole model is a valid far field approximation of any of the orders of the spherical harmonics model
presented by the authors in [17]

Ĥ(jω, r) '
M∑
m=0

amh(2)
m (kr)Pm(cos(θ)), (11)

as it is detailed in [22, p. 196]. The results in this section serve as analysis of the suitability of (11) for the
estimation of transfer-functions in outdoor conditions at both measured and virtual locations. In (11) θ is
the polar angle, φ the azimuth angle, k is the wavenumber, r is the radial distance, h(2)

m are the spherical
Hankel functions of the second kind, am ∈ C are the coefficients of the spherical harmonics basis and Pnm are
the Legendre polynomials.
In this study, the speed of sound is modeled in two ways: frequency independent and frequency dependent.
In the frequency independent case, the propagation corresponds to that in homogeneous conditions where the
speed of sound is a shared variable over frequencies. In essence it is similar to the delay adjustment presented
in Figure 6. In the frequency dependent case, the speed of sound is estimated for each frequency (i.e. c(ω)).
The model with frequency dependent and frequency independent speed of sound, is used to estimate the
transfer-functions between both loudspeakers and MIC2, as it is done in Sec. 3.3. The transfer-functions to
MIC2 are estimated for two situations: 1) The measured data used to fit the model include the transfer-
functions from both loudspeakers to the desired location MIC2, and 2) the measured data used to fit the
model do not include the measured transfer-functions at MIC2. This way we can investigate the potential of
the model to estimate the transfer-functions at virtual locations.
Figure 13 shows the phase error (∠(H/Ĥ)) over frequency and measurement set. The top row subfigures
((a)-(d)) show the model estimation error when the speed of sound is considered frequency dependent (i.e.
c(ω)). The bottom row subfigures ((e)-(h)) show the model estimation error when the speed of sound is
considered frequency independent. The four left-most subfigures ((a), (b), (e) & (f)) show the estimation
error when the measured transfer-functions at the MIC2 are considered in the data used to fit the model. The
four right-most columns ((c), (d), (g) & (h)) show the estimation error when the measured transfer-functions
at MIC2 are not considered in the fitting data.
Figure 13 shows that the frequency dependent speed of sound increases the accuracy of the phase estimation.
The frequency independent speed of sound model ((e)-(h)) presents difficulties to properly characterize the
phase above 150 Hz, specially in the first 10 measurement sets for the transfer-function LS1-MIC2. Introducing
the frequency dependent speed of sound, the phase error estimation is considerably reduced (below π

8 in the
entire frequency range in the case that the transfer-functions measured at MIC2 are used to fit the model).
The error estimation at MIC2 when the measured transfer-functions at MIC2 are not used to fit the model
is quite consistent with the estimation error if the transfer-function to MIC2 are part of the data used to
fit the model ((a) & (b)), specially at shorter distances (LS2-MIC2). These results show that it is possible
to reconstruct with this propagation model the transfer-functions phase at virtual locations with a low and
consistent estimation error.
Compared to the estimation error presented in Fig. 8, the monopole model extends the good reconstruction
at higher frequencies.

Figure 14 shows the total relative error (|H − Ĥ|/ |H|) over frequency and measurement set. The top
row subfigures ((a)-(d)) show the model estimation error when the speed of sound is considered frequency
dependent (i.e. c(ω)). The bottom row subfigures ((e)-(h)) show the model estimation error when the speed
of sound is considered frequency independent. The four left-most subfigures ((a), (b), (e) & (f)) show the
estimation error when the measured transfer-functions at the MIC2 are considered in the data used to fit
the model. The four right-most columns ((c), (d), (g) & (h)) show the estimation error when the measured
transfer-functions at MIC2 are not considered in the fitting data.
Results in Fig. 14 show similar pattern than the phase error shown in Fig. 13. The frequency independent
speed of sound model ((e)-(h)) presents large reconstruction errors above -5 dB for frequencies above 100 Hz.
Again, the first 10 sets of measurements are the most problematic. When the frequency dependent speed of
sound is used ((a)-(d)), the error is below 0 dB for almost the entire frequency and measurement set range.

10

Paper E 111



The variability of outdoor transfer-functions and its impact on sound field control

4 Discussion

The results of this study indicate that a simple delay and gain transformation may approximately represent
most of the transfer-function variations at low frequencies (Secs. 3.5). Also, a single simple monopole model
may approximately represent the radiation characteristics between two loudspeakers and 4 microphones
also over long, varying distances (Secs. 3.6). This gives some hope for the use of model based sound field
control as proposed by the authors in [14], [17]. However, it needs to be further investigated how general
these results are, as the microphones are relatively close to each other and wind was blowing mostly in the
opposite direction of sound propagation. Also, it should be noted that the time-delay parameterization can
only model the direct sound and not reflection components that propagate over longer distances.
For the weather conditions encountered, it was shown that a fixed filter control approach is unstable (Fig. 12).
Some stability can be regained by delay and gain compensating the transfer-functions according to the
weather variations. This, however, requires a model of the dependence between the optimal delay and gains
and the weather conditions for each loudspeaker-microphone combination. In this paper, this dependence was
found by fitting enough measurement data to linear models. Non-linear models (i.e. polynomial regressors or
neural networks) could be tried for an improvement of the estimation accuracy. This approach was suggested
by the authors in a previous publication [23], but the proposed models were not quite accurate and further
research is needed. Also, precise models for these parameters might be found by careful study of the outdoor
sound propagation theory [11].
For convergence of an adaptive filtering control approach, it is important that the secondary path error is
below 90◦. The results indicated that an appropriate delay compensation could be sufficient to guarantee this
error limit for frequencies below 100-150Hz (see Fig. 8). In fact, the results of Fig. 7 suggest that an adaptive
algorithm that estimates only the two pairs ∆t and g for the primary and the control path could have a good
reduction performance.
In a future study, it is recommend to place the microphones in a star like setup around the loudspeakers
as done by Cheinet et al. [4], such that cross-, up- and downwind conditions can be investigated at the
same time. Additional microphones close to the loudspeakers would also be useful to directly measure the
speed of sound. The present study also showed that the wind measurements at the lowest height (18 m) were
correlated best with the variation parameters, indicating that wind measurements at even lower heights might
be even more useful.
Even though computational models are expensive to run, advances in the parallelization of these algorithms [24]
could imply their use in sound field control applications in the future.

5 Conclusion

In this study we experimentally investigated the variations in transfer-functions due to variations of weather
conditions. The performance of a fixed filter control system would be unstable under the observed variations.
The proposed simple models of sound radiation and transfer-function variations can approximately represent
the observed data and indicate that sound field control at the investigated scales might be indeed possible if
an appropriate compensation is applied.
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Figure 9: Pearson correlation coefficient between transfer-function variation parameters of the pair LS1-MIC2
and weather features. From left to right or top to bottom: gain g, time delay ∆t, relative humilidy RH,
temperature T , wind along the sound propagation direction we, effective speed of sound ce = c+ we.
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Figure 10: Time delay ∆t as function of temperature and effective wind speed changes.

Figure 11: Gain g as a function of the effective wind speed changes.
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Figure 12: Predicted insertion loss obtained at MIC2 location applying different strategies to calculate the
control filters. From left to right: Optimal filters, filters calculated from reference measurements, reference
filters with optimal delay and gain compensation, reference filters with delay and gain compensation estimated
from the weather measurements.
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Figure 13: Phase estimation error at location MIC2 using the monopole model.
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Figure 14: Relative estimation error at location MIC2 using the monopole model.
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Abstract
The feasibility and the performance of controlling the low frequency sound of loudspeaker
systems under varying atmospheric conditions is examined experimentally. In the experiment,
a control subwoofer array is canceling the sound of a primary subwoofer array over long
distances (∼ 100 m) and in large areas (∼ 320 m2) using the pressure-matching method. To
avoid the measurement of the sound field over the entire control area, we introduce a sound
propagation model that is fitted in-situ to model the radiation properties of the loudspeakers
and the variation of speed of sound. The results show that the control system reduces the
sound pressure levels by up to 15–20 dB over the subwoofers frequency range. However,
the reduction can vary considerably depending on the specific atmospheric condition. The
model-based approach reduces the number of required measurements and achieves similar
reduction performance to the control based on direct measurements with considerably fewer
microphone locations while also being more robust. Additionally, the sound propagation
model enables the reduction of acoustic energy in virtual control zones that are far away
from the microphone location.

1 Introduction

The research area of sound field control is concerned with the active management of electro-acoustic sound
fields, by e.g. creation of independent sound zones (Choi and Kim, 2002; Chang and Jacobsen, 2012; Coleman
et al., 2014b), active manipulation of room responses (Heuchel et al., 2018b) or replication of complex spatial
sound fields using multichannel audio systems (Kirkeby and Nelson, 1993; Berkhout et al., 1993). However,
the study of these methods in outdoor conditions with large control areas has received almost no attention.
The control of extended sound fields outdoors poses two main challenges. First, the characterization of
loudspeaker responses over large spaces requires many microphone locations (Ajdler et al., 2006). Second,
variations of atmospheric conditions strongly influence the propagation of sound (Cheinet et al., 2018;
Caviedes-Nozal et al., 2019) and thus the actively controlled sound field. In the present work, we propose the
use of a sound propagation model for estimation of the loudspeaker responses over large areas and present
experimental results on the impact of atmospheric variations on the performance of a large outdoor sound
field control system. As a test case that mimics an amplified outdoor concert, we study outdoor sound field
control through the problem of reducing the sound of the loudspeaker system in a neighboring area.
Cancellation of sound has traditionally been the focus of the area of active noise control, where adaptive filters
continuously track the transfer-function between the reference signal and an arbitrary noise disturbance (Kuo
and Morgan, 1999; Elliott, 2001; Hansen et al., 2012). In this paper, we look at this problem from the sound
field control perspective, as the transfer-functions of the primary and control loudspeakers to the control zone
can be measured directly and a reference signal is readily available, i.e. all loudspeaker signals are derived
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from one common signal. The cancellation problem is in this case more similar to the problems discussed in
the areas of sound field reproduction and sound zoning (Betlehem et al., 2015), where specific sound fields
are synthesized by loudspeaker arrays. The synthesis of a target sound field over a point grid was first
investigated by Kirkeby and Nelson (1993) and is often referred to as pressure-matching, which has been
used extensively for sound zoning (Poletti, 2008; Chang and Jacobsen, 2012; Coleman et al., 2014a).
The pressure-matching method relies on the knowledge of the sound propagation between the loudspeakers
and the points in the control area. Outdoors, this propagation is dependent on atmospheric conditions.
For example, Cheinet et al. (2018) experimentally studied the outdoor propagation of sound over 50–450m
in different wind conditions. The study shows large variations of both time of arrival and the magnitude
spectrum even in relatively stationary wind conditions. They note that propagation variations are the results
of a combination of effects and may not be reducible to any single atmospheric feature. A recent study
by Caviedes-Nozal et al. (2019) on sound propagation over distances up to 300 m also showed large variations
in propagation times. They note that such variations in the secondary path of an active control system might
make control with classical adaptive filtering techniques impossible, if not appropriately compensated.
There have been only few investigations of sound field control methods in varying atmospheric conditions.
Olsen and Møller (2017) describe that the characteristics of both the loudspeaker and the propagation medium
change with temperature, which leads to drastic performance reductions when control filters are tuned for
one condition and used in another. Betlehem et al. (2018) show that indoors, the late part of control filters
is especially sensitive to temperature changes. Active control of sound outdoors has mainly been studied
numerically (Wright and Atmoko, 2001; Nakashima and Hodgson, 2005; Berkhoff, 2005; Stein et al., 2019).
Regardless of the atmospheric conditions, sound field control requires accurate characterization of transfer-
functions between loudspeakers and the control area. Directly measuring the transfer-functions from a
multichannel loudspeaker system to an extended area might be infeasible, if many microphone locations
must be measured. Instead, a sound propagation model can be used to estimate the transfer-functions.
Previous studies have mainly used simple point source models (Zhu et al., 2017; Choi and Kim, 2002). Yet, it
has been recently shown (Caviedes-Nozal et al., 2019) that modeling the sound sources with higher order
spherical harmonics and estimating the corresponding mode coefficients from few in situ measurements leads
to significantly better results.
This work extends the body of knowledge with two main contributions. First, we experimentally demonstrate
the active control of sound outdoors, over long distances and large areas—to the authors’ knowledge for the
first time. We present the performance variations due to atmospheric changes of an application-sized sound
field control system in conditions typical for a daytime outdoor music festival. The demonstration system is
based on the pressure-matching method to cancel the sound from a primary loudspeaker array in a dedicated
control area. In the second contribution of this work, we introduce the use of a sound propagation model
based on recent work by Caviedes-Nozal et al. (2019) that enables practical large scale control outdoors as it
reduces the required measurement effort considerably. We experimentally verify that such model-based sound
field control with sparse measurements can have similar performance to a classic control scheme with many
microphone locations in the control zone. We show that the model has the additional feature of enabling
deliberate placement of the control zone away from the physical microphone locations.
The rest of the paper is structured as follows: Section 2 describes the pressure-matching method, that
computes optimal control signals for the control loudspeakers, the sound propagation model, that estimates
the required transfer-functions, and the model fitting procedure, that computes the model parameters from
few measurements only. Section 3 presents a free-field simulation of the sound field control system that
gives an upper bound on the in practice achievable sound pressure reduction. Finally, Section 4 presents the
experimental results, which are discussed in Section 5.

2 Theory and Method

2.1 Pressure-matching

The layout of the control problem of the present paper is illustrated in Fig. 1. The optimal control filters
are those where the control sources’ sound field optimally cancel the sound field of the primary sources in
either control zone. The problem of obtaining the optimal control filters is solved with the pressure-matching
method (Kirkeby and Nelson, 1993) where the target field to synthesize is the inverted sound field of the
primary sources. Both primary loudspeakers and the control filters are fed with the same audio signal.
Pressure-matching is in this case equivalent to a matching of transfer-functions.

2
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evaluation locations

model fitting
locations

"audience area"

control loudspeakers primary loudspeakerszone 2 zone 2

Figure 1: The experimental setup. The control loudspeakers placed behind the audience area are canceling
the primary loudspeakers’ sound in the control zones 1 or 2. The sound field in each zone is evaluated at
100 microphone locations by ten measurements with ten microphones. The sound propagation model is
fitted with data from three microphone locations in each zone. A weather station keeps track of variations in
atmospheric conditions during and between the measurement sets.

Let hp ∈ CN be the transfer-function between the primary loudspeaker array and the control zone, that is
sampled at N locations, and let Hs ∈ CN×L be the transfer-function matrix between L control loudspeakers
and the same locations at a single frequency f . These transfer-functions may be obtained by direct
measurement or by estimation with a sound propagation model. The control loudspeaker signals are filtered
by a control filter w ∈ CL. The total transfer-function of all control loudspeakers to the control zone sample
locations including the filtering is thus described by Hsw. The optimal complex control gains minimize the
combined transfer-function of primary and control loudspeakers in the control zone while keeping the control
filter gains at a reasonable level, i.e. they are the solution to the problem

min
w

{
‖hp + Hsw‖2

2 + δ ‖w‖2
2

}
, (1)

which can be expressed as (Hansen, 2010)

w = −
(

HH
s Hs + δI

)−1
HH
s hp. (2)

The Tikhonov regularization term δ ‖w‖2
2 with parameter δ has two functions: First, it enables us to solve

the possibly ill-posed inverse problem by making the solution robust against noise in the measured transfer-
functions (Møller and Olsen, 2016; Coleman et al., 2014b). Second, it smoothly distributes the array effort
over the control loudspeakers and limits the magnitude of the resulting control gains. This way realizable
solutions where the control loudspeakers play in their approximately linear range can be found by tuning δ,
as non-linearity must be avoided for good sound field reproduction (Ma et al., 2018).
The optimization problem (1) can be efficiently solved for each frequency with a linear least-squares solver.
The discrete inverse Fourier transform of the frequency domain filters is a set of finite impulse response (FIR)
filters. The control loudspeaker driving signals are obtained by linear convolution of the audio signal with
the corresponding FIR control filters. The problem might also be formulated in the time-domain with causal
constrains, but the resulting convolution matrices in the least-squares problem become very large for larger
numbers of loudspeakers and microphones (Kirkeby et al., 1996; Schneider and Habets, 2019).

2.2 Sound propagation model

We propose the use of a sound propagation model that accounts for the directional properties of the
sources (Caviedes-Nozal et al., 2019) and which also accounts for a variable speed of sound to account for

3
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changes in the propagation of sound. We assume that the radiation by the loudspeakers is axi-symmetric, i.e.
it is rotationally symmetric around the polar axis (the axis traversing the center of the loudspeaker driver in
the normal direction). The transfer-function between a loudspeaker centered at the origin and a measurement
point r = (r, θ, φ) in spherical coordinates can then be modeled as (Jacobsen and Juhl, 2013)

ĥ(r,a) =
M∑
m=0

amh(2)
m (kr)Pm(cos(θ)), (3)

where the time convention ejωtisusedandh(2)
m are the spherical Hankel functions of the second kind, a =

[a0, a1, . . . , am]T ∈ CM+1 are the complex linear coefficients, Pm are the Legendre polynomials of order m,
M + 1 is the number of included modes, k = 2πf/c is the wavenumber, c =

√
γRT is the speed of sound in

air, T is the ambient temperature in Kelvin, γ = 1.401 is the specific heat ratio of air, and R = 287 J/kg K is
the universal gas constant. The first mode m = 0 is equivalent to a monopole model and the second mode
m = 1 is equivalent to a dipole.
In our experience, modeling outdoor sound propagation with (3) and a manually chosen temperature T is
not accurate enough for sound field control over a wide range of distances. Instead, we achieved good results
by modeling the temperature as frequency-dependent and estimating it from the measurement data. This
modeling choice accounts partly for the effective influence of both temperature and wind at the time of the
measurement through a variable speed of sound.
To fit the above model, we assume that all loudspeakers have the same radiation characteristics and model each
of them with the same parameters (a, T ). The parameters are estimated from transfer-function measurements
h ∈ CKNs of K loudspeakers to Ns microphone positions. Assuming additive measurement noise n ∈ CKNs ,
and with (3), the non-linear model to solve is

h = ĥ(a, T ) + n = S(T )a + n, (4)

with S ∈ CKNs×(M+1) and
[S(T )]im = h(2)

m (k(T )ri)Pm(cos(θi)).
We treat a, T and n as stochastic variables and solve (4) by maximum a posteriori (MAP) estimation (Caviedes-
Nozal et al., 2019).
MAP estimation can be seen as likelihood maximization with regularization priors on the unknown variables.
We assume the prior distributions

a ∼ CN (µµµa, σ
2
aI), (5)

T ∼ N (µT , σ2
T ), (6)

n ∼ CN (0, σ2
nI), (7)

σn ∼ N (µn, σ2
n) s.t. σn ≥ 0, (8)

with the normal distribution N and the proper complex normal distribution CN . The hyperparameters
(µ(·), σ(·)) denote the corresponding means and variances, and I is the identity matrix. The likelihood is the
distribution of the data given the unknowns and, from (4), it is modeled as

π(h |a, T, σn) ∼ CN (S(T )a, σ2
nI)

∝ exp(−σ−2
n ||S(T )a − h||2). (9)

The posterior distribution of the model parameters given the measurement data is, by Bayes’ theorem,
proportional to the likelihood and the prior,

π(a, T, σn |h) ∝ π(h |a, T, σn)π(a)π(T )π(σn). (10)
The MAP estimate is the set of unknowns that maximize the posterior (10),

(a, T, σn)MAP = argmax
a,T,σn

π(a, T, σn |h). (11)

With (3) and (11), the transfer-function estimate of the fitted model from a source at the origin to any new
point r′ = (r′, θ′, φ′) is

ĥ′ = sTaMAP, (12)
with [s]m = hm(k(TMAP)r′)Pm(cos(θ′)).

4
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2.3 Metrics

Three metrics are used to evaluate the performance of the sound field control system. The average reduction
of the sound pressure level in a control zone is quantified by the insertion loss from the transfer-functions and
the control filter,

IL = 10 log10

(
‖hp‖2

2

‖Hsw + hp‖2
2

)
, (13)

or by direct measurement of the two terms in the ratio. The array effort

AE = 10 log10
‖w‖2

2
N

(14)

is a measure of the control signal power. A unit gain all-pass filter has array effort of 0 dB.
The error between the reconstructed and measured transfer-functions at each frequency is quantified with the
average of the normalized mean square error

NMSE = 1
MN

M∑
i=1

N∑
j=1

|hij − ĥij |2

|hij |2
. (15)

2.4 Experimental setup and measurement procedure

Figure 1 shows a plan of the experimental setup that mimics an open-air concert scenario. The positioning
of the primary loudspeakers resemble the subwoofer array of a concert loudspeaker system and two control
zones resemble noise-sensitive areas along the main beam of the linear array. The area directly in front of the
primary loudspeakers represents an audience area. The control loudspeakers are placed behind the audience
to reduce the sound field from the primary loudspeakers in either of these two control zones.
The primary and control loudspeaker arrays each consist of 10 subwoofers with a nominal frequency range
of 37–110Hz and a cardioid-like radiation pattern. Each loudspeaker was driven by a separate amplifier
channel with a networked audio interface. The sound fields in the two control zones were each sampled at
100 microphone positions with a spacing of 2m at a height of 1.6m. In each zone, 10 free-field microphones
were connected to a signal conditioner and a networked audio interface. All devices were connected via an
audio Ethernet network to a computer that emitted the measurement signals and recorded the calibrated
microphone signals at 48 kHz.
The transfer-functions at 100 microphone locations in each zone were acquired by moving the 10 microphones
in each zone 10 times. During each measurement, five exponential sine sweeps were recorded sequentially from
each loudspeaker. The sweeps were one second long with a frequency range of 20–1000Hz and 0.4 s post-silence.
The recordings were down-sampled to 600 Hz, the transfer-functions were computed by deconvolution in the
frequency domain and the result time windowed to increase the signal-to-noise ratio. We recorded sweep
measurements on three consecutive days using the same procedure. These three measurement sets are denoted
by TF1, TF2, and TF3 according to the day at which they where recorded. It took approx. 1–1.5 hours to
complete each measurement set, during which the atmospheric conditions varied. A weather station at 1.6m
height recorded wind vector and ambient temperature during the measurements. These weather variations
are presented in Fig. 2.
The sound propagation model was fitted separately on each transfer-function set with data from only three
fitting microphones of either zone 1 or zone 2 (see Fig. 1). Each fitted model then predicted the transfer-
functions at the evaluation locations. The estimated transfer-function set based on data from day i and zone
j is labeled T̂Fji .
The MAP estimate (11) was computed for each frequency with Stan (Carpenter et al., 2017). The hyper-
parameters were chosen as σa = 200, σT = 2, σn = 1 for all frequencies and µa = 0, µT = 20 and µn = 0 for
the first frequency. At each next frequencies, these means were set to the MAP estimate at the previous
frequency.
Control filters were computed for each combination of transfer-function sets and control zones according to
(1). For example, the filters labeled w(T̂F2

1,Z1) are computed from the transfer-function data T̂F2
1 and target

control zone 1. The frequency-independent regularization parameter δ = 103 was chosen manually such that
the array effort was approx. −1 dB for most cases, i.e. the control loudspeaker RMS amplitudes would on
average not be higher than the primary loudspeaker RMS amplitudes.
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Figure 2: (Color online) Atmospheric conditions during transfer-function measurements (days 1–3) and
control evaluation measurements (day 4).

At day 4, we evaluated the sound field control system with the control filters that are computed from data of
the previous days. The sweep signal was preconvolved with the corresponding filter for each channel, played
back twice, recorded in the same way as the transfer-function measurements TF1, TF2, TF3 at the evaluation
locations and averaged.

3 Numerical results

A free-field simulation of the sound field control setup gives an approximate upper bound on the achievable
insertion loss and illustrates the sound field in and around the control zones.
A free-field complex-directivity point-source model (Feistel and Ahnert, 2007) computes the transfer-functions
at the microphone locations in either of the two zones with simplified frequency responses and directivity
that approximates the cardioid-like characteristics of the loudspeakers in the experiment. The control filters
are computed with regularization parameter δ = 103 leading to an average array effort of about −2 dB over
the loudspeakers’ frequency range.
Figure 3 shows the sound fields due to the primary loudspeakers, the control loudspeakers, and the superposition
of both fields. The control loudspeakers create an extended sound pressure level minimum in the focused
control zone 1 with a shadowing effect that extends further into zone 2. The average insertion loss over the
loudspeaker’s frequency range 37–110Hz is 28 dB and 15 dB in zone 2. Clearly, the sound field is not reduced
everywhere. The loudspeakers create an uncontrolled interference pattern to the north, south, and east of the
control zones. The impact of the control loudspeakers onto the audience area in front of the primary array is
small due to the cardioid-like radiation pattern of the used loudspeaker model. In Fig. 3b, which shows the
real part of the pressure field, the control field in the control zone is close to the phase inverted field of the
primary loudspeakers, which explains the zone of reduced sound pressure behind the control loudspeakers.

6
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Figure 3: (Color online) Simulated sound fields. The control filters are optimized for cancellation in zone 1
(red square). The average insertion loss in the band 37–110Hz is 28 dB in zone 1 and 15 dB in zone 2.

4 Experimental Results

Using the procedure described in Section 2.4, we measured the total transfer-function in both zones with
control filters for all combinations of transfer-functions and control zones. An additional measurement without
control loudspeakers enables the computation of the insertion loss (13), which is most meaningful in the
frequency range of the loudspeakers.
The first of the three following sections, Sec. 4.1, presents the performance of the control system when
microphone locations inside the control zone are used for the filter computation. Control in a virtual control
zone, where microphone locations in one zone are used to reduce sound in the other zone, is presented in the
Sec. 4.2. Sec. 4.3 compares the predicted and measured transfer-functions.

4.1 Insertion loss control zone with microphone locations

Figure 4a presents the experimental insertion loss when 100 microphone locations in the targeted control
zone are used directly for the filter computation. With target zone 1 (top figure), the control system achieves
16 − 20 dB of insertion loss in the loudspeakers’ frequency range (37 − 110 Hz) with filters based on TF1.
Significantly less insertion loss is achieved with filters based on transfer-functions from days 2 and 3.
Similar insertion losses are achieved with target zone 2 (bottom figure) except in the range 45− 100 Hz where
the insertion loss for filter w(TF1,Z2) is reduced. The reason for the reduction in insertion loss might be a
large array effort: while all other computed filters have a similar array effort of approx. −1 dB, this particular
filter’s array effort is increased by about 3 dB in this range (not shown). The large array effort in this setting
indicates that the sound field is difficult to synthesize and might have led to either larger driver excursions
that imply stronger non-linearities or an under-regularized solution that is less robust.
Figure 4b displays the insertion loss for control filters that were computed from the model-estimated transfer-
functions. With target zone 1 (top figure), the insertion loss across days is on average larger with a smaller
maximum value in comparison to the case without the model. This indicates an increased robustness of
these model-based filters. With target zone 2 (bottom figure), model- and measurement-based filters lead to
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(a) Control filters based on direct measurement of the
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Figure 4: (Color online) Measured insertion loss with target zone 1 (Z1) or target zone 2 (Z2). A control
filter w is computed from either a transfer-function TF i measured at day i or an estimated transfer-function
T̂Fji where the sound propagation model was fitted using a subset of TF i in zone j.

similar insertion loss, but here, all model-based filters result in an array effort of approx. −1 dB and the filter
w(T̂F2

1,Z2) has a large insertion loss over the whole frequency range.
Another view on the reduction is given in Fig. 5, which shows the measured sound field over space for the
filter w(T̂F1

1,Z1). The sound pressure level is reduced in the whole cancellation area with some locations
being more or less reduced. This irregularity of the reduction comes from reflection paths that are different
from primary and control loudspeakers and thus difficult to cancel (cf. Fig. 7).

4.2 Insertion loss in virtual control zone

Figure 3 illustrated that the area of positive insertion loss can extend outside the targeted control zone into
the untargeted zone. The insertion loss created by this indirect control is presented in Fig. 6. The top figure
shows the insertion loss spillover in zone 1 from cancellation in zone 2. Insertion loss is lower than if the zone
was targeted directly. The bottom figure shows the insertion loss spillover from zone 1 into zone 2, which is
similar to the case where zone 2 is targeted directly (Fig. 4a) especially for the filters based on TF2 and TF3.
The sound propagation model can be fitted with locations in one zone and estimate the transfer-functions
at locations in the other control zone. Figure 6b shows the insertion loss for the filters that target such a
virtual control zone. In the top figure, the model is fitted with data from locations in zone 2 and estimates
transfer-functions in the virtual control zone 1. The insertion loss is similar to the case of direct control
(Fig. 4a) and significantly larger compared to the indirect control (Fig. 6a). In the bottom figure, the model
is fitted with data from locations in zone 1 and estimates transfer-functions in the virtual control zone 2.
Compared to direct control (Fig. 4a) and direct model-based control (Fig. 4b), the insertion loss is higher on
average with a smaller maximum reduction, which indicates that these filters are more robust and compared
to the indirect control (Fig. 6a), the insertion loss is larger.
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Figure 5: (Color online) Comparison of sound fields without and with control with filter w(T̂F1
1,Z1) optimized

for cancellation in zone 2 at f = 60 Hz.

Table 1: Normalized mean square error (NMSE) of transfer-function estimates averaged over the frequency
range 37–110Hz.

NMSE (mean ± std)
zone 1 zone 2

T̂F1
1 −11.6± 1.7 −7.1± 2.0

T̂F1
2 −10.2± 1.8 −4.1± 2.0

T̂F1
3 −12.1± 1.6 −10.0± 1.6

T̂F2
1 −9.2± 1.8 −7.0± 2.0

T̂F2
2 −1.1± 1.2 −6.0± 2.2

T̂F2
3 −9.8± 2.2 −11.2± 2.0

In summary, Sections 4.1 and 4.2 showed that the proposed model-based sound field control produced either
1) approximately the same insertion losses as the measurement-based control method or 2) more robust filters
that have a larger insertion loss on average with less performance variation over the days, while requiring
significantly fewer measurements.

4.3 Sound field reconstruction

The model-based sound field control performs well, because the sound propagation model reconstructs the
most prominent components of the sound field: the direct sound. For example, Fig. 7 shows the measured
and reconstructed sound field and impulse response of one control speaker. In zone 1, a reflection shows up
both in the impulse response and the spacial interference pattern. The model reconstructs the direct part
of the impulse response accurately, but because the model is based on limited order spherical harmonics
centered at the loudspeaker locations, it is not able to model the reflection prominent in zone 1 that arrives
from another direction.
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(a) Insertion loss in zone 1 while targeting zone 2 and
vice versa with direct measurement of transfer-functions

using 100 microphone locations.
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(b) Control in virtual control zone with sound
propagation model: transfer-functions estimated from
model using 3 microphone locations in zone that is not

controlled.

Figure 6: (Color online) Measured insertion loss in zone 1 (Z1) and zone 2 (Z2) when only microphone
locations in other zone are available. A control filter w is computed from either a transfer-function TF i
measured at day i or an estimated transfer-function T̂F ji where the sound propagation model was fitted using
a subset of TF i in zone j.

Figure 7: (Color online) Examples of measured (TF1) and estimated (T̂F1
1) impulse responses and sound

fields at 60 Hz from a single control loudspeaker.
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in zone 1. The NMSE for other combinations of measurement set and zones show similar curves.

Table 1 summarizes the frequency averaged normalized mean square error (NMSE) of the transfer-function
estimates and Fig. 8 plots a selection of these NMSEs over frequency. In general, the NMSE increases with
frequency in the range of interest (37–110Hz), because the sound fields and radiation characteristics of the
loudspeakers get more complex. Outside that range, NMSE is also high because the loudspeakers have low
output and the normalized error is dominated by noise. A comparison of Table 1 and Figs. 4, 6 reveals that,
surprisingly, models with lower NMSE do not necessarily perform better in the sound field control experiment.
The variations in atmospheric conditions during the measurements explain the variation of the model fit.
The large NMSE for TF2 might be due to the large temperature variation during this set and a wind blowing
from many different directions (see Fig. 2). TF1 and TF3 have similar temperature variations, but the wind
variations during TF1 were rather large, which might explain the larger errors in comparison to TF3.

5 Discussion

Of all filters, the ones based on day 1 measurements had the best insertion loss during evaluation at day 4,
probably due to the similar wind conditions at both days, see Fig. 2. Still, there was only mild wind at all days
with nearly similar temperatures, which highlights the sensitivity of control performance to small changes in
atmospheric conditions and the need for a control approach that adapts the control filters according to the
atmospheric variations (Heuchel et al., 2017).
Even in constant atmospheric conditions, large insertion loss is possible only as long as the control sound
field can approximate the primary sound field well. This is the case in the presented experiment, where the
direct sound of primary and control loudspeakers come from the same direction with minimal additional
reflections. In more complex, reverberant topologies, for example with nearby buildings, a majority of the
energy might be in the reverberant part of the impulse response, which might be difficult to reconstruct
accurately with the control loudspeakers (Heuchel et al., 2018a; Betlehem and Abhayapala, 2005). This
limitation also applies to the spherical harmonics propagation model that can only account for sound field
components that propagate outwards from the loudspeakers.
This study focused on the control of sound in the 2D plane, where 100 microphone locations per zone
might not be necessary for good performance with measurement-based control, but more than three will
be (Caviedes-Nozal et al., 2019). The presented methods can also be readily applied to explicitly control
sound over 3D spaces, where the sampling problem is especially extensive (Ajdler et al., 2006; Verburg and
Fernandez-Grande, 2018) and the reduction of microphone locations through the use of a sound propagation
model is even more useful.
At last, it should be noted, that a sound cancellation system like the one presented in this paper does not
reduce the total sound power emitted into the acoustic medium, but will most certainly increase it. Effectively
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decreasing the total output power of a sound source from a distance in three-dimensional space requires an
enormous number of control sources (Elliott, 2001).

6 Conclusion

This study investigated sound field control at large scales in the open. A sound propagation model, based
on higher-order spherical harmonics and a variable speed of sound, was introduced to the outdoor control
problem. The model can substantially reduce the number of microphone locations required for sound field
control maintaining a performance that is either on par with the control method based on direct measurements
or more robust against mismatch in atmospheric conditions. Additionally, it enables control in virtual zones
far from the microphone locations.
The study demonstrates that an active control system can significantly reduce the sound of a loudspeaker
system over large areas and distances using pressure-matching if atmospheric conditions during transfer-
function estimation and filter evaluation match. The study also shows that even moderate meteorological
changes can have a strong influence on the performance of outdoor sound field control systems.
The results of this study experimentally confirm that the large scale control of sound fields outdoors is
possible and feasible. These outcomes hopefully encourage and inspire the research community to explore this
area further. Critical problems are, for example, the feasible control of sound in strongly reflective outdoor
environments or the adaptation of the control system to changing meteorologic conditions.
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Abstract
This study examines Gaussian process (GP) regression for spatial acoustic field reconstruction
problems. Given an observed set of measurements, GPs enable to reconstruct the acoustic
field based on the use of a covariance function (i.e. a kernel) that defines the expected
mutual correlation between points in space. This is achieved via the so-called ”kernel trick”.
Compared to conventional deterministic regression, the GP framework has the benefit of
providing uncertainty quantification of the field prediction in closed form. The application
of this framework to acoustics is examined, and physically driven kernels based on common
acoustic wave fields are derived. A hierarchical Bayesian parameterization is proposed for
automatic adaption to variable number of sources and unknown wave-sparsity in the field.
The numerical performance of the kernels is compared, demonstrating the advantages of
GP regression over conventional regression. A Python package for Acoustic GPs is made
available, https://github.com/d-caviedes/acoustic_gps/.

1 Introduction

The analysis, reconstruction and visualization of sound fields over space is a fundamental problem in acoustics.
A conventional approach to this problem, is to measure the sound field at multiple locations and project
these measurements onto a finite, linear combination of spatial basis functions with unknown complex
valued coefficients. Common choices for the basis are plane waves [1]–[4], and spherical waves such as in
the equivalent source method (ESM) [5]–[11]. Projecting the field onto basis functions by determining the
complex coefficients enables to estimate the field at any spatial location.
The inverse problem of estimating the coefficients in the basis from measurements is usually solved by some
form of generalized linear regression. Regularization is applied to mitigate ill-posedness, and to promote
solutions which fulfill regularity conditions e.g. smoothness or sparsity. Typical regularization schemes
used in the acoustics literature are Tikhonov regularization (`2-norm) [3], [5], [7], [9], [10] and Lasso, also
known as Compressive Sensing (`1-norm) [2], [4], [11]. From a statistical perspective, Tikhonov regularization
corresponds to imposing a prior on the coefficients in form of a complex Gaussian distribution [6], [12],
yielding smooth solutions of low norm. Likewise, Lasso promotes sparse solutions by imposing a prior in form
of a complex Laplace distribution [13].
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Three main issues commonly arise in existing work on sound field reconstruction. 1) It is necessary to
truncate the number of basis functions used in the regression. 2) Even though the models are set following
strong statistical assumptions about both the noise and the coefficients, it is common to regard the inverse
problem as deterministic. As a consequence, valuable information is lost about the uncertainty of the obtained
reconstruction [14]. 3) The reconstruction accuracy strongly depends on the chosen regularization scheme
and parameter, which are often chosen heuristically and hand-tuned [15] .
Gaussian process (GP) regression is a Bayesian alternative to conventional regression that overcomes the first
two issues of conventional methods [16] . GPs for sound field reconstruction are stochastic processes where
the optimal field is determined by the predictive mean and the uncertainty is the predictive covariance. GP
regression is based on a covariance function, known as kernel, that defines the spatial correlation of the field
in the reconstructed space. It can be seen as an extension of Bayesian linear regression [12], [17], as it is
possible to construct the kernel based on a linear combination of basis functions.
GP regression, also known as kriging or probabilistic kernel regression, has been broadly applied in geo-
physics [18], image processing [19], and digital signal processing [20], but have received little attention in the
acoustic literature. The existing studies apply kernel Ridge regression (GP regression in its deterministic
form) to interpolate a plane wave field via isotropic, real valued kernels [21], [22]. However, a plane wave field
is anisotropic, which makes isotropic kernels sub-optimal [23]. In addition, the regression of complex valued
data via real valued kernels can also lead into loss of precision in the reconstruction [20].
In this study, we investigate complex GP regression for acoustic field reconstruction over extended spatial
regions. The connection between conventional linear regression, Bayesian linear regression and GP regression
is formulated for acoustic problems, based on statistical signal processing of complex-valued data [24].
A specific contribution of this paper is to derive acoustically informed kernels based on the conventional plane
wave expansion for both isotropic and anisotropic fields. We propose a hierarchical Bayesian parameterization
over plane waves expansions for automatic adaption to the spectrum of sparse and non-sparse fields. The
reconstruction performance of these acoustically informed kernels is analyzed for relevant fundamental sound
fields and compared to conventional linear regression and state of the art kernels on simulated data.
The paper is structured as follows. In Section 2 complex GPs are described from a linear regression perspective
and a stochastic process perspective, and the kernel trick is introduced. In Section 3 conventional kernel
functions are presented, and acoustically informed kernels are derived from the plane waves expansion. Kernel
hyper-parameter estimation is explained in Section 4, and special emphasis is made on kernel design for sparse
solutions. Section 5 presents and discuss numerical results, and Section 6 states the most relevant conclusions
that come out of the present work.

2 From linear regression to Gaussian processes

Let us consider the problem of reconstructing an acoustic field in space from a limited set of measured data.
In the following, the vector X = [x1 . . .xN ]T, x ∈ RD refers to the spatial locations where the field was
measured, and X• = [x•1 . . .x•N• ]T, x• ∈ RD refers to the locations where the field is predicted. The field
at the spatial locations X is denoted by f = [f(x1, k) . . . f(xN , k)]T, where the function f : RD × R 7→ C is
unknown. Here, k = ω/c ∈ R is the wavenumber, ω is the angular frequency and c the speed of sound; k is
omitted in the following for notational simplicity. At the predicted locations, the field is f• ∈ CN• .

2.1 Conventional linear regression

The measured pressure at N locations X is described by

p = f + e, (1)

where e ∈ CN is measurement noise. In conventional sound field reconstruction, the unknown function f(x)
is parameterized by a linear combination of basis functions

f(x) = ΦΦΦ(x)w =
L∑
l=1

wlφl(x), (2)

mapping x to the feature space ΦΦΦ(x) : RD 7→ CL. Eq. (1) is now

p = ΦΦΦw + e, (3)

2
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where

ΦΦΦ =

ΦΦΦT(x1)
...

ΦΦΦT(xN )

 =

φ1(x1) . . . φL(x1)
...

. . .
...

φ1(xN ) . . . φL(xN )

 . (4)

In the acoustics literature [2]–[7], [9]–[11], [13], [15], the estimated coefficients w are usually the outcome of
minimizing a least squares problem regularized by a `p-norm || · ||pp penalty term over w with regularization
parameter ν > 0

ŵ = arg min
w

||p−ΦΦΦw||22 + ν||w||pp. (5)

Once the coefficients w have been estimated through solving Eq. (5), predictions of the field at the new
locations X• can be obtained as

f• = ΦΦΦ•ŵ, (6)
where ΦΦΦ• are the basis functions in Eq. (4) evaluated at X•. Two typical regularization schemes in Eq. (5)
are the Lasso, when p = 1, and Tikhonov or Ridge regression when p = 2. For the latter, Eq. (5) presents a
known closed form for predictions [10]

f• = ΦΦΦ•ŵ = ΦΦΦ•ΦΦΦH (ΦΦΦΦΦΦH + νI
)−1 p. (7)

These are the conventional approaches used to reconstruct an acoustic field, based on regression. In the
following section we consider the solution to this problem via Bayesian linear regression.

2.2 Bayesian linear regression

In the Bayesian framework, the unknown parameters w and the measured data p are considered stochastic
variables, and the field reconstruction problem is formulated in terms of probability distributions,[6], [12] from
which all relevant information can be extracted in terms of statistical moments. Predictions f• at locations
X• are made via the conditional probability distribution [16]

π(f•|p) = π(p, f•)
π(p) , (8)

where π(·) stands for probability distribution, π(p, f•) is the joint distribution of p and f•, π(p) is the prior
distribution over p and π(f•|p) is the conditional distribution.
If w follows a multivariate zero mean proper (i.e., circularly symmetric) complex Gaussian prior [13]

w ∼ CN (0,Kw), (9)

with covariance E[wwH] , Kw ∈ CL×L, then f will also follow such a distribution

f ∼ CN (0,K), (10)

with mean and covariance

E[f ] , µf = ΦΦΦE[w] = 0,
E[f fH] , K = ΦΦΦE[wwH]ΦΦΦH = ΦΦΦKwΦΦΦH.

(11)

The noise e is also assumed zero mean proper complex Gaussian with covariance ΣΣΣ ∈ CN×N , which from
Eq. (1) leads to the prior distribution over p [16]

p ∼ CN (0,K + ΣΣΣ). (12)

Because both f and p are Gaussian, the joint distribution π(p, f•) is also Gaussian [20]

(p, f•) ∼ CN
(

0,
[
K + ΣΣΣ K•
(K•)H K••

])
, (13)

where K• = E[f f•] = ΦΦΦKwΦΦΦH
• ∈ CN×N• and K•• = E[f•f•] = ΦΦΦ•KwΦΦΦH

• ∈ CN•×N• . The conditional
distribution of the predicted acoustic field f• over the measurements p is [20]

(f•|p) ∼ CN (µf•|p,Kf•|p), (14)

3
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with predictive mean and covariance

µf•|p = (K•)H (K + ΣΣΣ)−1p,

Kf•|p = K•• − (K•)H (K + ΣΣΣ)−1K•.
(15)

Equations (14)-(15), which are the solution of Eq. (8), are used for predictions at new locations. The predictive
mean µf•|p gives the optimal reconstruction while the predictive covariance Kf•|p represents the uncertainty
on the predictions. Notice that given a set of measurements p and the covariance of the noise ΣΣΣ, predictions
are only a function of the assumed spatial correlations of the field K, K• and K••, which are a consequence
of the initial parameterization in Eq. (2).
Interestingly, assuming both w and e independent and identically distributed (i.e., Kw = σ2

wI, ΣΣΣ = σ2
eI

respectively), the mean prediction µf•|p in Eq. (15) is

µf•|p = ΦΦΦ•ΦΦΦH
(

ΦΦΦΦΦΦH + σ2
e

σ2
w

I
)−1

p, (16)

which is equivalent to the `2-norm regularization in Eq.(7) [12], [14]. However, the Bayesian formulation
allows for uncertainty quantification via the predictive covariance Kf•|p.

2.3 Gaussian processes and the kernel trick

Results in Secs. 2.1 and 2.2 show that the parameterization in conventional linear regression of an unknown field
f(x), is equivalent to the definition of a field with spatial correlation function E[f(x)f∗(x)] = ΦΦΦ(x)KwΦΦΦH(x)
in Bayesian formulation. In this section we show that GPs are a generalization of Bayesian linear regression,
where the field reconstruction can be achieved by directly defining a spatial covariance function or kernel.
All the definitions are based on proper complex Gaussian variables and processes, which are detailed in
Appendix A.
A GP is a stochastic process such that any finite set of variables has a multivariate Gaussian distribution [16].
With this definition, f in Eq. (10) is a set of N variables which are the outcome of the proper complex GP

f(x) ∼ CGP(0, κ(x,x′)), (17)
where CGP stands for Complex GP and κ(x,x′) = ΦΦΦ(x)KwΦΦΦH(x′) is the covariance function, termed kernel,
that constructs K. Whereas Eq. (10) in Bayesian linear regression is the distribution of a vector, Eq. (17) is a
distribution over functions. Each evaluation of Eq. (17) at locations X results in N dimensional vectors with
different values but identical spatial correlation, i.e., all vectors have the same statistical properties.
A relevant example in acoustics are highly reverberant fields: The spatial correlation of the sound pressure in a
reverberant field presents its closed form as a sinc function (i.e. κ(x,x′) = σ2sinc(k||x−x′||)) [25]. Therefore,
while the shape of the field differs from one reverberant field to another (i.e. different functions f(x)), they all
share the same spatial correlation (i.e. same kernel). Following the same rationale, the conditional prediction
(f•|p) in Eq. (8) is the outcome of a GP which produces reverberant fields where the measurements p are
plausible, such that

f•(x)|p ∼ CGP
(
µf•|p(x),Kf•|p(x)

)
. (18)

Equation (18) is equivalent to Eq. (14) from a kernel perspective. Once measurements p are available at N
locations X, the predictive mean is a weighted average of those measured values p, where each prediction at
any location x• can be written from Eq. (15) as

µf•|p =
N∑
n=1

βnκ
∗(x•,xn), (19)

β = [β1...βN ]T = (K + ΣΣΣ)−1 p. (20)
The variance towards the measured locations gets reduced. Just considering one measured location xn, the
predictive covariance at x• is, from Eq (15),

Kf•|pn
= η − κ2(x•,xn)

η + σ2
e

, (21)

where η = κ(xn,xn) = κ(x•,x•). If the measured and the prediction location coincide (i.e. κ(x•,xn) = η),
Eq. (21) is Kf•|pn

= η(1− (1 + (σ2
e/η))−1) which in the absence of noise is zero, representing no uncertainty

at the measurement locations.

4
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Figure 1: (Color online) Qualitative representation of GP regression for a noiseless data set for both (a)
prior (Eq. (17)) and (b) posterior predictive (Eq. (18)) GP. The uncertainty is shown in gray as two times the
standard deviation. Once measurements are available, the predictive functions are those which incorporate
the measurements as highly likely outcomes, and the variance towards the measured locations is reduced to
the value of the noise.

Figure 1 illustrates the difference between prior (Eq. (17), Fig. 1(a)) and posterior conditional predictive
(Eq. (18), Fig. 1(b)) GP for a set of M = 5 noiseless data p and the covariance function κ(x,x′) = σ2sinc(k||x−
x′||). The functions f(x) sampled out of the prior show a rather random behavior with mean zero and
covariance σ2sinc(k||x− x′||). Once data is available, results in Eq. (19) and Eq. (21) apply.
GPs are a generalization of Bayesian linear regression because they are not limited to kernel functions derived
from parameterizations like the one in Eq. (2). The limitation of the kernel comes from the fact that covariance
matrices are always Hermitian positive semidefinite (PSD). Thus, the elements of K are the outcome of a
bilinear PSD kernel function κ(x,x′) : RD × RD 7→ C (i.e. κ(x,x′) = κ∗(x,x′) and κ(x,x) > 0, ∀x ∈ X \ 0)
[26]. Therefore, it is possible to use any spatial correlation function as long as it is PSD.
One way of constructing kernels is inner products in Hilbert spaces. Given any basis function ΨΨΨ(x) =
[Ψ1(x) . . .ΨL(x)]T such that ΨΨΨ(x) : RD 7→ CL, the kernel κ(x,x′) = 〈ΨΨΨ(x),ΨΨΨ(x′)〉 = ΨΨΨ(x)ΨΨΨH(x′) is always
PSD. Specifically, the covariance function derived in Eq. (11) is the inner product of ΦΦΦ over Kw. The simplified
representation of inner products with a similarity function κ is the kernel trick, which allows the mapping of
X into higher dimensional spaces while stepping over the explicit evaluation of ΨΨΨ on every element of X.
Mercer’s theorem [20], [27] extended the construction of kernels to inner products over infinitely dimensional
spaces. It proves that the outcome of a positive definite kernel κ : RD × RD 7→ C for any compact subset
X ∈ RN×D can be expressed as the series

κ(x,x′) =
∞∑
l=1

Λlvl(x)v∗l (x′) = ΨΨΨ(x)ΨΨΨH(x′), (22)

where Λl ≥ 0 are the eigenvalues, vl(x) are orthonormal eigenfunctions and ΨΨΨ(x) = {
√

Λlvl(x)}∞l=1 is an
orthonormal series (i.e. Mercer’s theorem is a generalization of the singular value decomposition of K). The
series in Eq. (22) converges absolutely and uniformly. Therefore, Mercer’s theorem enables the design of
kernels from basis functions with no restrictions on the dimensionality if the resulting series presents a closed
form. In addition, any positive definite kernel function is equivalent to computing inner products in what
might be an infinite-dimensional space.

3 Kernel functions

Kernels are generally classified on behalf of stationarity and isotropy [28]. A kernel is stationary if it is
translation invariant, i.e., only a function of the difference δ , x−x′. A kernel is isotropic if it depends on the
euclidean distance ||δ||. For example, the spatial correlation of a diffuse field is stationary and isotropic while
the spatial correlation of a plane wave field is stationary but anisotropic (i.e. the correlation between two
points depends on the direction). Valid kernels can be combined into new valid kernels in multiple ways [16],
[26], such as summation (κ(x,x′) =

∑
i κi(x,x′)) and multiplication (κ(x,x′) =

∏
i κi(x,x′)), to mention a

few. In this section we show some of the conventional stationary kernel functions existing in literature and
the derivation of stationary kernels from the plane waves expansion.

5
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3.1 Radial basis functions kernels

In this section we introduce the widely used radial basis function (RBF) in its basic isotropic, anisotropic
and wave-like forms [16], [26], [29]. The basic isotropic RBF defines the covariance between two points as

κ(x′,x) = α2 exp
(
− 1

2ρ2 ||δ||
2
)
, (23)

where ρ is the length scale and α is a scaling factor. The length scale defines the decay rate of the correlation
function. The RBF kernel is the limit of a series of orthonormal squared exponential functions [30].
For anisotropic fields, it seems natural to consider direction dependent covariance. Anisotropic RBF kernels
can be constructed multiplying several isotropic RBF with independent length scales, such that [16]

κ(x,x′) = α2 exp
(
−1

2

L∑
l=1

||uT
l δ||2

ρ2
l

)
, (24)

where ul ∈ RD is the unitary vector defining the l th direction and ρl is the length scale in that direction. As
an example, in the case of reconstructing a plane wave, high phase correlation is expected on the locations on
the same wave front, that is, on the l th direction perpendicular to the direction of propagation of the wave.
This would imply a high ρl such that distant points in that direction are highly correlated.
The kernel in Eq. (24) is not periodic, which might be problematic for wave propagation. A periodic version
of the RBF kernel is [29]

κ(x,x′) = α2 exp
(
−

L∑
l=1

1
2ρ2
l

sin2
(
k||uT

l δ||
2

))
, (25)

where the covariance repeats every wavelength λ = 2π
k .

The kernels in Eqs.(23)–(25) are real valued and thus the correlation between real and imaginary parts of the
field is not quantified (i.e., κri = 0 in Eq. (48)). These kernels are independent of the sign of uT

l δ and only
directions in half space should be considered in order to avoid identifiability problems.

3.2 The plane wave kernel

Plane wave expansions are widely used for acoustic field reconstruction and direction of arrival estimation
[2]–[4]. At wavenumber k, the field at any point in space x is defined as a plane wave superposition

f(x) =
L∑
l=1

wle−jkT
l x, (26)

where kl = kul is the wavenumber vector. Given a linear regression model where w = [w1...wL]T follows
a complex Gaussian distribution with covariance Kw as in Eq. (9), the covariance K is calculated as in
Eq. (11). Considering the plane wave expansion in Eq. (26), the covariance is K = E[f fH] = ΦΦΦKwΦΦΦH, where
ΦΦΦ(x) = [e−jkT

1 x . . . e−jkT
Lx]T. It is common to assume the covariance Kw of the parameters w to be diagonal

with either shared variance (i.e. Kw = σ2
wI) [3], [10] or independent variance (i.e. Kw = diag(σ2

1 , . . . , σ
2
L))

[13], [31], [32]. If the waves share the variance, the kernel is

κ(x,x′) = σ2ΦΦΦ(x)ΦΦΦH(x′) = σ2
L∑
l=1

e−jkT
l δ (27)

where δ = x− x′. If independent variance is assumed, the kernel is

κ(x,x′) = ΦΦΦ(x)KwΦΦΦH(x′) =
L∑
l=1

σ2
l e−jkT

l δ. (28)

The plane waves kernel is complex valued and it includes direction of propagation in κir 6= 0. The standard
deviations σ2, σl determine the activation of the plane waves in the expansion. Sec. 3.4 details the role of σl
in the independent variance case.

6
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3.3 The diffuse field kernel

A model used to characterize the spatial correlation and coherence in reverberant fields is the superposition
of an infinite amount of plane waves with random phases, which corresponds to Eq. (27) in the limit L→∞,
such that [25]

κ(x,x′) = σ2 lim
L→∞

L∑
l=1

e−jkT
l δ. (29)

The series is convergent where the limit kernel can be calculated in the full solid angle translating into
spherical coordinates

κ(x,x′) = σ2

4π

∫ 2π

0

∫ π

0
e−jk||δ|| cos θ sin θdθdϕ.

= σ2 sin k||δ||
k||δ||

= σ2j0 (k||δ||) .
(30)

where we have used Eq. (10.1.14) in [33]. In the two dimensional case, the kernel is the Bessel function of
order zero (Eq. (9.1.18) in [33])

κ(x,x′) = σ2

2π

∫ π

−π
e−jk||δ|| cosϕdϕ = σ2J0 (k||δ||) . (31)

These kernels could be considered the acoustic equivalent to the isotropic RBF kernel in Eq. (23).

3.4 Sparse kernels

When the field to reconstruct is non-diffuse and/or the linear regression is underdetermined (i.e. few
measurements), sparse solutions are often needed. In sparse reconstruction problems the coefficients w are
regularized via `1-norm [4], [11], [34] which, from a statistical point of view, corresponds to a Laplacian-
like prior distribution over the magnitudes of w [13]. However, it is necessary to maintain the Gaussian
model to apply the GP framework. In order to promote sparsity in Gaussian models, Automatic Relevance
Determination (ARD) is used [26]. In ARD, the coefficients w are zero mean complex Gaussian with diagonal
covariance Kw as in Eq. (28). The parameters σl are usually assumed as inverse gamma distributed [35]

σl ∼ Γ−1(a, b) = ba

Γ(a) (1/σl)a+1 exp(−b/σl), (32)

where a > 0 is the shape parameter and b > 0 is the scale parameter of the distribution.
Heavy tailed priors as the inverse gamma are suitable to promote sparse solutions by localizing most of the
probability density close to zero, implying that a priori most of the L components are likely to be zero. The
heavy tail towards large values activates only those components that add significant contribution to the
solution. In this way, if σl → 0 in Eq. (28), the Gaussian distribution in Eq. (9) shrinks to a delta function
around zero, and ||wl|| ' 0. If σl > 0, the Gaussian distribution broadens and it becomes more likely to
obtain coefficients different from zero.
ARD is used in kernel design when the kernel is described as a sum of kernels [26]. Both anisotropic RBF
kernels in Eqs. (24) and (25) can promote sparse solutions by modeling the independent length scales ρl with
ARD.
We introduce a hierarchical model over ARD such that the plane waves kernel in Eq. (28) automatically
adapts to sparse and non-sparse solutions. The proposed model is hierarchical over b

σl ∼ Γ−1(1, b), b ∼ N (µb, σb), (33)

with σl, b > 0. Figure 2 shows the impact of the hyper-parameterization in the Γ−1 distribution. For a = 1,
the smaller b the sparser solutions are promoted as more mass is concentrated towards zero.

4 Kernel hyper-parameter estimation

The kernels introduced in Secs. 3.1-3.4 depend on hyper-parameters γ ∈ Rp that need to be estimated.
Specifically, the hyper-parameters for the RBF kernels are the length scale ρ (ρl in the anisotropic cases),

7

142 Paper G



Acoustic Gaussian processes

0 0.1 0.2 0.3 0.4 0.5
σl

0

0.5

1

π
(σ
l)

m
ax

(π
(σ
l)

)

b

1

10−1

10−1.5

10−2

Figure 2: Normalized inverse gamma probability distribution Γ−1(1, b). The smaller b the sparser solutions
are promoted as more mass is concentrated towards zero.

which define the decay ratio of the spatial correlation with distance and α, which scales the kernel to the data
magnitude. For the plane waves kernel, the hyper-parameters are the standard deviations σ when the waves
share the variance and (σ1, ..., σL) when the waves have independent variance. A typical approach to estimate
these hyper-parameters is to maximize the marginal likelihood with respect to the hyper-parameters [13],
[31], [32]. However, the marginal likelihood may not be convex with respect to γ and may have local minima.
Furthermore, the approach only provides a point estimate of the hyper-parameters. We avoid these issues
by sampling the hyper-parameters using Monte Carlo sampling [6]. That is, to sample the joint posterior
distribution

π(f ,γ|p) ∝ π(p|f ,γ)π(f |γ)π(γ), (34)
with prior and likelihood

π(f |γ) ∼ CN (0,K(γ)) (35)
π(p|f ,γ) ∼ CN (f ,ΣΣΣ). (36)

The benefit of this approach is two-fold. Firstly, the true distribution is sampled with no approximations.
Secondly, the distribution of hyper-parameters is also obtained, which can be used to quantify the uncertainty
in the estimates and can also be used for the sampling of the conditional distribution in Eq. (14). We use
Hamiltonian Monte Carlo sampling-based methods which have been shown to effectively sample this posterior
[36].

5 Numerical Results

Here we analyze the performance of GPs for acoustic field reconstruction. The five kernels in Section 3 are
studied: RBF isotropic (Eq. (23)), RBF anisotropic (Eq. (24)), RBF anisotropic periodic (Eq. (25)), radial
Bessel (Eq. (31)) and the plane waves kernel in Eq.(28) with the hierarchical hyper-parameterization presented
in Eq. (33). The fields to reconstruct are two spatially stationary fields (i.e. a plane propagating wave and a
random wave field) and two spatially non-stationary fields (i.e. a point source in the near field and in the
far field relative to the measurement positions). The fields are reconstructed in a 2D area (z = 0 plane) of
approximately 5λ2 (2.36λ × 2.1λ). The fields are normalized such that the mean magnitude is 1 Pa. The
added noise is complex normal, independent and identically distributed, i.e. ΣΣΣ = σ2

eI with σe = 0.1.
The performance of the kernels is compared to two conventional plane wave regression schemes corresponding
to Lasso (`1-norm) and Tikhonov (`2-norm) as in Eq. (5). The optimal regularization parameters ν for each
scheme are calculated via grid search cross-validation [37].
Two metrics are defined to assess the performance of the models. The first is the normalized mean squared
error between the measured p•i and predicted f•i fields, defined as

NMSE = 1
N•

N•∑
i=1

|p•i − f•i|2

|p•i|2
. (37)

Normalizing each term in the sum separately assures that locations with low and high pressure magnitude
contribute equally to the error estimate. The second measure is the model assurance criteria (MAC)

MAC = |pH
• f•|2

(pH
• p•)

(
fH
• f•
) , (38)

which evaluates the degree of spatial similarity, ranging from 0 (maximally dissimilar) to 1 (identical).

8
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Figure 3: (Color online) Model fitting and field reconstruction flow. For each spatial sampling, 400 samples of
the posterior distributions of the kernels hyper-parameters are drawn. For each posterior sample a plausible
kernel is calculated and a prediction at new locations is obtained.

5.1 Models and priors

RBF kernels were modelled using conventional one level ARD. The prior distributions over the parameters of
the RBF kernels are

α ∼ N (0, 1), ρ, ρl ∼ Γ−1(aρ, bρ), (39)

where aρ = 5, bρ = 5.
The plane waves kernel in Eq. (28) is modelled with the proposed hierarchical model in Eq. (33) with parameters

b = 10−blog , blog ∼ N (2, 1). (40)

Because the values of b are rather small, the logarithmic parameterization avoids numerical instability in
sampling the probability distribution π(b) and subsequently π(σl).
The number of directions ul for the anisotropic kernels is L=64 equally spaced over half the circle for RBF
kernels (∠ul ∈ [0, π)) and over the entire circle for the plane waves kernel (∠ul ∈ [0, 2π)).

5.2 Hyper-parameter estimation

Figure 3 shows the steps to estimate the kernel hyper-parameters and predict an acoustic field. The field is
sampled at 20 sets X of N locations to test the stability of the performance to the chosen locations. For each
set (X,p) 400 samples from the posterior distributions of the kernels hyper-parameters are drawn as in Sec.4.
For each posterior sample a plausible kernel is calculated and a prediction f• at locations X• is obtained
using Eq. (15).

The field reconstruction performance is tested for spatial sampling densities N
λ2 = [1, 2, 4, 8], where λ = 2π

k
is the wavelength in meters. The spatial sampling is incremental, such that the locations selected at low
densities are included at the corresponding higher-density sets. The field is reconstructed in a grid of N•
locations equally distributed over the area with density N•

λ2 = 140.

9
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Figure 4: (Color online) Real part of the reconstructed (a) plane wave field and (b) random wave field as a
function of spatial density for a given set of locations X. From top to bottom the density of measurements
increases from 1 to 8 N

λ2 . In color scale: mean prediction. In gray scale: uncertainty as standard deviation.
The dots over the uncertainty field represent the measured locations. The red dots are the new sampled
locations with respect to the previous lower density locations in blue.
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Figure 5: (Color online) 1D slice of the random wave field reconstruction in Fig. 4 (b) by RBF anisotropic,
plane waves and Bessel kernels for increasing sampling density. Both plane waves and RBF anisotropic
kernels converge towards the Bessel kernel. The plane waves kernel shows similar superposition with the
Bessel kernel.

5.3 Spatially stationary fields

The reconstruction of the two spatially stationary fields is investigated: a plane wave with random amplitude,
phase and direction of propagation, and a random wave field produced by 2000 plane waves with unit
magnitude but random phase and direction of propagation. The waves are travelling in the z = 0 plane.
The single plane wave field is anisotropic and periodic while the random wave field is isotropic. Figure 4
(a) shows the real part of the reconstruction (Eq. (15)) of the plane wave field, with incremental number of
measurements X for a given set.
In the plane wave reconstruction (Fig. 4 (a)), the RBF kernels illustrate the consequences of choosing a
more or less wave-like kernel. The isotropic RBF poorly reconstructs the plane wave as this kernel is neither
anisotropic nor periodic. The uncertainty is high away from the measured locations, and it is not until N

λ2 = 8
that the mean prediction starts to resemble a plane wave. The anisotropic RBF is able to explain the spatial
anisotropy of the plane wave, but it poorly extrapolates along the direction of propagation if a wave front is
not sampled. This is observed at the bottom right corner of the RBF anisotropic case for N

λ2 = 4 (fourth row
in Fig. 4 (a)), where the kernel wrongly extends the wave front without shifting phase. Better extrapolation is
achieved if periodicity is included in the RBF anisotropic kernel, referred to as ”RBF periodic” in Fig. 4 (a).
The Bessel kernel shows better reconstruction of the plane wave than its isotropic RBF counterpart due to two
main reasons: first, the Bessel kernel oscillates with positive correlation at ||δ|| ' λ and negative correlation
at ||δ|| ' λ

2 , better resembling the correlation of a plane wave in the direction of propagation. Second, the
kernel decay rate from its central point is defined by the wavenumber k, which is a known parameter, contrary
to an unknown length scale ρ in the RBF, requiring less data to converge into adequate kernel shapes.
As expected, the plane waves kernel gives the best performance, as it corresponds to the kernel of the
reconstructed field where the only source of error is the misalignment between the considered directions ul
and the actual direction of propagation of the plane wave.
Figure 4 (b) shows the real part of the reconstruction of the random wave field for the same set of locations
used in Fig. 4 (a). The Bessel kernel corresponds to the kernel of the diffuse field and consequently performs
best. The RBF kernels show again that a wave-like spatial correlation improves the reconstruction. The
plane waves kernel with the proposed hierarchical parameterization shows its versatility with very good
reconstruction of the random wave field.
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Figure 5 details a 1D zoom-in slice of the 2D reconstruction of the random wave field shown in Fig. 4 (b) using
the Bessel, the RBF anisotropic and the plane waves kernels for increasing number of locations N . The first
three columns show the field reconstruction. The plane waves kernel is able to replicate the reconstruction of
the Bessel kernel, whereas the RBF kernel is unable to either interpolate or extrapolate the field away from
the measured locations. The advantage of quantifying the uncertainty is shown in this figure, as it informs of
the likelihood of obtaining a good prediction. In the rightmost column of the figure, the real component of
the kernels resulting from the posterior samples are shown for the three models. Both plane waves and RBF
anisotropic kernels converge towards the Bessel kernel, which is the closest to the random wave field spatial
correlation. The plane waves kernel shows almost identical superposition with the Bessel kernel.
Figures 6 (a) and (b) show a quantitative summary of the accuracy of the plane wave and the random
wave field reconstructions for all location sets. The relative error and the MAC are calculated for the 400
predictions per location set at increasing spatial sampling densities. A reconstruction with conventional
deterministic plane wave regression is also included for comparison, tagged as ”Tikhonov” and ”Lasso”. The
box plots show the median and the first and third quartiles of the corresponding metrics.
Figures. 6 (a) and (b) show a curious parallelism in the performance between Bessel kernel and conventional
regression with Tikhonov regularization. The field reconstruction with the Bessel kernel is an elegant solution,
as it represents in just one parameter σ a linear expansion on an infinitely dimensional series of plane waves.
Conventional regression with Tikhonov regularization is an approximation of the solution provided by the
Bessel kernel, as it is constructed with a truncated series of plane waves (i.e. the kernel results from the
theoretical spatial correlation between an infinite set of plane propagating waves).
Figures. 6 (a) and (b) show the versatility of the plane waves kernel compared to conventional regression.
This kernel is able to move from a sparse Lasso-like performance in the plane wave reconstruction while
adapting into a Tikhonov-like behavior in the random wave field reconstruction. In addition, its stability at
low spatial samplings is higher than Lasso, showing less spread in both metrics.
The anisotropic periodic RBF kernel presents good performance at high spatial sampling densities, indicating
that acoustically relevant spatial correlation functions can be constructed directly in the definition of the
kernel without defining acoustically informed basis functions.

5.4 Spatially non-stationary fields

In this section, the reconstruction of the acoustic field produced by a point source in the near and the far
field is studied. The field produced by a point source is spatially non-stationary (i.e. translation variant), as
the spatial correlation between two locations (x,x′) depends on their specific spatial coordinates with respect
to the point source location xs, such that

E[f(x)f(x′)H] ∝ 1
rr′

e−jk(r−r′), (41)

where r = ||x− xs||2. Figures 6 (c) and (d) show the reconstruction error and the MAC of the point source
field far and close from the source. When the area to reconstruct is in the near field, the mismatch between
the non-stationary acoustic field and the stationary models is high, as none of the kernels investigated in the
study can effectively resemble the inverse distance law. However, the performance shown in the far field is
similar to the plane wave field reconstruction presented in Fig. 6 (a), as the inverse distance term is close to
constant over the entire observation area and the wave fronts arriving onto the measurement points become
locally planar.

5.5 The hierarchical plane waves kernel

The plane waves kernel introduced in this paper has shown the best performance for plane wave and point
source fields reconstruction (Fig. 6 (a) and (c)) and similar performance to the best models in the random wave
field case (i.e. Bessel kernel and Tikhonov regularized linear regression). The hierarchical model introduced
in this study (Sec. 3.4) enables to have solutions of variable sparsity, depending on the data sensed at the
measurement positions.
Figure 7 shows a summary of the posterior distributions of the parameter b for the fields in Secs. 5.3 and 5.4
and two extra synthetic fields: a field consisting of 5 point sources randomly placed around the area with
a radial distance of 3λ away from the middle point of the area, and a field consisting of a point source at
3λ from the middle point of the area with 6 plane waves with random angle of incidence. The parameter b
reacts to the sparsity of the field in terms of a plane wave decomposition. Notice that a ”multi point source”
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Figure 6: (Color online) NMSE and MAC of the reconstruction of (a) plane wave field, (b) random wave
field, (c) far-field point source, and (d) near-field point source for N

λ2 = [1, 2, 4, 8]. Conventional regression
with Tikhonov and Lasso regularizations are included for comparison. The bars show the median and the
first and third quartiles of the reconstruction error of the 8000 predictions (400 posterior samples per each of
the 20 spatial sampling sets). For conventional regressions, only one prediction is made per set. The notch
around the median represents its 95% confidence interval.

Figure 7: (Color online) Posterior distribution of the hyper-parameter log b in Eq. (33) versus the reconstructed
field. The bars show the median and the first and third quartiles of the posterior distribution.

field is captured by the model as a less sparse field than a ”point source + plane waves” field because each
point source needs several plane waves to be adequately reconstructed.

6 Conclusions

We proposed and examine the use of complex Gaussian processes (GPs) for reconstructing an acoustic field
in space from a limited set of measurements. GP regression is a Bayesian extension of conventional linear
regression which has several benefits: GPs keep uncertainty information about the reconstruction of the field
(interpolation and extrapolation), in a closed form. In addition, GPs allow to reconstruct fields based on
spatial correlation functions by means of the kernel trick, without the need of defining a linear regression
model.
Kernels commonly used in other disciplines have been analyzed, and acoustic kernels have been introduced in
this study. It is shown that kernels based on Radial Basis Functions can be adapted to wave-like periodic
kernels, including periodicity and directionality. We also derive the diffuse field spatial correlation kernel
(zeroth order Bessel function) from a linear regression of infinite plane waves. In addition, we propose a
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hierarchical Bayesian parameterization approach based on the covariance of a plane wave expansion. It
automatically adapts to variable number of sources as well as sparse and non-sparse fields (i.e., fields containing
few acoustic waves, or a high number of waves.
Three types of fields are tested numerically: a single plane wave, a random wave field (diffuse-like) and
a point source near field. Acoustically informed kernels perform better than state-of-the-art kernels in
these reconstruction problems. The performance of the kernels is also compared to a conventional plane
wave expansion, leading to two conclusions: first, GP regression using the acoustic diffuse field kernel has
improved performance over conventional plane wave model with Tikhonov regularization, while reducing
model complexity. Second, the proposed hierarchical kernel proves to be versatile, as it outperforms the
Lasso regularized plane wave model when the field is sparse (for both plane wave and point source cases).
It shows similar reconstruction accuracy as the diffuse field kernel in the random wave field reconstruction.
This indicates that the method adapts well to variable degrees of sparsity in the field.
A Python package for acoustic Gaussian processes has been developed and is available here https://github.
com/d-caviedes/acoustic_gps/.
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A A proper Gaussian

Probability distributions are real valued and a complex random vector f = f r + jf i is said to be complex
Gaussian if the joint probability density function of the real valued components (f r, f i) follows a bivariate
Gaussian distribution [24]

π(f) , 1
(2π)N |R|1/2 exp

(
−1

2

[
f r
f i

]T
R−1

[
f r
f i

])
, (42)

where R ∈ R2N×2N is the real-valued covariance matrix

R =
[
E[f rfT

r ] E[f rfT
i ]

E[f ifT
r ] E[f ifT

i ]

]
=
[
Rrr Rri
Rir Rii

]
. (43)

Because R is symmetric, then Rri = RT
ir and R is fully characterized by three real-valued kernels, κrr(x,x′),

κii(x,x′) and κri(x,x′).
Complex representation, convenient in acoustics signal processing [6], [12], [13], [17], [31], [32], is kept by a
simple transformation [24] [

f r
f i

]
= 1

2

[
I I
−jI jI

] [
f
f∗
]
,

1
2TH

[
f
f∗
]
, (44)

and the probability density function in Eq. (42) is rewritten as

π (f) = 1
πN |K|1/2 exp

(
−1

2

[
f
f∗
]H

K−1
[

f
f∗
])

, (45)

where the complex-valued covariance matrix K ∈ C2N×2N is

K = TRTH = E

[[
f
f∗
] [

f
f

]H
]

=
[

K K̃
K̃∗ K∗

]
. (46)

Here K = E[f fH] is the covariance and K̃ = E[f fT] the pseudo-covariance, and only two complex-valued
kernels, κ(x,x′) and κ̃(x,x′), are needed to characterize K. Note that even though K is complex-valued,
the resulting output of Eq. (45) is real-valued. In this way, the function f follows a complex GP such that
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f(x) ∼ CGP(0, κ(x,x′), κ̃(x,x′)). Both covariance and pseudo-covariance can be expressed in terms of the
real-valued bivariate matrices

K =Rrr + Rii + j (Rir −Rri) ,
K̃ =Rrr −Rii + j (Rir + Rri) .

(47)

When f and fT are uncorrelated, the pseudo-covariance is zero K̃ = 0 and the random vector f is said to be
proper (f(x) ∼ CGP(0, κ(x,x′)), Eq. (17)). In this case Rrr = Rii and Rri = −Rir, and the covariance K is

K = 2Rrr − 2jRri. (48)
In the sound field reconstruction literature it is assumed that the studied cases are proper and only the
covariance between f and its complex conjugate fH is relevant. This is a reasonable assumption, as f is proper
(or circularly symmetric) if E[f ] = E[fejϕ], ∀ϕ ∈ R, which implies f stationary in the time domain [24].
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