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Estimating bolt tension from vibrations: transient features, nonlinearity,
and signal processing

Marie Brøns1, Jon Juel Thomsen1, Si Mohamed Sah1,2, Dmitri Tcherniak3, Alexander Fidlin4

Abstract

Monitoring and control of tension in bolted joints is a difficult task that has received long-time attention. A
newly proposed technique is to hammer-impact the bolts and estimate the tension based on the vibration
response. This present work conducts a thorough experimental investigation of two different bolted struc-
tures to identify the potentials of the technique, particularly examining damping ratios and nonlinearity by
appropriate signal processing. The applicability of the method is checked by conducting tests with a real
multi-bolt structure. For larger tension, the squared first bending natural frequency of a bolt increases ap-
proximately linearly with bolt tension. This study investigates the sensitivity of that feature with respect
to impact force, i.e. the nonlinearity in the bolt’s frequency response. The damping ratio is estimated and
observed to decrease with tension, and is overall reproducible for the tested impact forces, though with
significant variation for small bolt tension. A time-frequency analysis provides insights into the variations
observed in the measured linear damping ratios and natural frequencies. The time-dependent damping ra-
tios generally depend on acceleration amplitude, especially for small amplitudes and small bolt tension. In
contrast, the instantaneous natural frequencies are found to be practically independent of amplitude. The
absence of significant nonlinearity is encouraging for the potential of a hammer impact-based technique for
estimating bolt tension.

Keywords: bolted joints, tension estimation, damping ratio, nonlinearity, time-frequency analysis

1. Introduction

Bolted joints are used in many engineering structures to connect components, but it is difficult to assem-
ble, tighten, and maintain the proper tension in bolts. Loosening of a bolt can occur due to various reasons,
e.g., external vibrations, thermal changes, or improper assembly, and eventually lead to failure [1]. Many
resources are spent on maintenance and tightening of large bolts or multi-bolt structures to avoid this. The5

wind turbine industry carries out maintenance of bolted joints in wind turbines to prevent failures ([2] in
2015, a tower collapsed due to loose bolts at the Lemnhult Wind farm in Sweden. Knowledge of bolt tension
is, therefore, very important for safe operation. Bolt tightening is a complicated and expensive procedure,
especially on multi-bolt structures such as wind turbines. The maintenance is often done as a precaution;
frequently the procedure was unnecessary, as, in fact, the bolt was not loose.10

There are several methods for estimating tension in bolts. The most used is torque control, due to the
simplicity of the method. Tightening is done by a simple torque wrench, and the method employs an
estimated relation between the applied torque and the resulting bolt tension. However, the torque-tension
relation also depends on unknown factors, such as plastic deformation of the threads, and friction between
bolt and structure, which result in variations up to 30 % [1]. A similar method is turn control, which15

relates the applied torque to the rotation angle of the nut. A problem here is that the torque-angle relation
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only becomes linear after the angle reaches a certain magnitude, and that varies from bolt to bolt and also
depends on the assembled structure [1]. Another approach is the ultrasonic method, based on measuring
the transit time for an acoustic wave i.e. the time it takes the wave to travel through the bolt and back.
The ultrasonic wave velocity decreases when mechanical stress is applied to the bolt, which increases the20

transit time. From the change in transit time, the elongation is obtained and related to the stress state in
the bolt [3, 4]. There are two ways to employ this: the mono-wave and the bi-wave method. The most used
in industry is the mono-wave method that employs longitudinal waves. Efforts in research have been made
to use a velocity ratio between longitudinal and transverse waves: the bi-wave method [5]. The benefit of
this refinement is that the transit time for an unstressed bolt is not needed as a reference, as it is for the25

mono-wave method. The ultrasonic method is more accurate than torque control [6]. However, the method
is sensitive to temperature [7], and if the bolt’s end is uneven, the results can vary depending on where
on the surface the wave is initiated. Vibration-based techniques for detecting failures in bolted joints have
been researched too, where the vibration response of the bolted structure is analyzed; e.g., Todd et al. [8]
observed that the structural modal properties are relatively insensitive to changes in clamping force and30

thus not ideal for estimating bolt tension. Also, the effect of bolted joints on modal properties of structures
has been researched, and simplified models for effective joint stiffness and damping proposed [9, 10]

This work is based on analyzing the vibration response of the bolt itself. Experiments are performed
with two bolts of different lengths, transversely hammer impacted (it is also possible to excite transverse
vibrations by a longitudinal impact [11]). Previous work [12] shows that for larger tensions, the squared35

first bending natural frequency of a bolt increases approximately linearly with bolt tension. The objectives in
this present work are to investigate the sensitivity of this feature to impact force, and to include a damping
ratio analysis to examine how damping relates to tension, and if it can be used to quantify bolt tension.
A thorough experimental investigation is carried out, testing different impact forces and tensions levels, as
well as checking for repeatability after disassembly of the setup. Besides classical modal analysis, time-40

frequency signal analysis is applied to closely examine if the bolt’s natural frequencies and damping ratios
are significantly dependent on acceleration amplitude; that is, if the tightened bolt must be considered as a
non-linear system. To investigate the applicability of the promising results obtained from the controlled lab
setup, a set of four bolts in a real structure are tested and compared to the lab results. On account of the
lab results, it is possible to estimate the tension in the four real bolts, based on their vibrational response45

(frequency and damping ratio).
Section 2 describes and discusses the experimental setup while signal processing and scaling properties

of damping ratios are described in Section 3. Section 4 presents the processed results and the associated
variability. Section 5 discusses the potential of the estimation technique based on the results obtained from
the multi-bolt structure. Section 6 concludes on the experimental results, and assesses the applicability and50

challenges in this emerging technique for estimating tension in bolted joints.

2. Experimental setup and procedure

2.1. Single bolt experiments
2.1.1. Setup

Figure 1 shows an example of the applied experimental setups, consisting of a single bolt tightened55

with a nut to a solid aluminum structure with washers on the outside. The force washer is placed beneath
the bolt head, along with two protective washers. The structure is placed on a foam bed to isolate the
setup mechanically. A transverse hammer impact on the protruding bolt end induces transverse vibrations,
measured by uni-axial accelerometers (B&K 4394) mounted in both transverse directions with beeswax on
the bolt head. To decrease variation in hammer hits, the threaded bolt end is filed flat to make the hitting60

surface smooth. For the experiment, a special force pendulum hammer (force transducer B&K 8230), with
a release mechanism to control the impact force, is designed to improve repeatability (also used in [12]).
The accelerometers and force transducer are connected to a signal conditioner and A/D converter (B&K
3160-A-4/2) that connects to a computer. The pendulum hammer is mounted in a plane roller bearing
to ensure that it falls with no twisting. The release mechanism is a plastic tube with a steel pin that the65

hammer is suspended from. When pulling the pin back through the tube, the hammer drops, ensuring the
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same initial angle every time. The whole setup makes it possible to repeat hits at the same location and
with the same force magnitude and direction. Figure 2 shows the real lab devices: the two test rigs for two
bolts of different length, the hydraulic tightening process, how the accelerometers are mounted, and the
pendulum hammer.70

A consideration is the natural frequencies of the supporting structure. They are measured to be well
above the first three bending natural frequencies of the free bolt, so in this frequency range, the structure
can be considered a rigid body, compared to the bolt. As the bolt is tightened, the boundary conditions
will gradually change, until the bolt effectively resembles a clamped-clamped beam, with an effective length
from nut to head. This setup is somewhat idealized and would not be found in real applications, as a bolt75

per default would clamp at least two structural parts together, and often more bolts are in the same jointed
connection. However, the idea of this setup is to investigate how tension affects the first transverse natural
frequency of the bolt itself and its corresponding damping ratio. Therefore, an important common feature
this setup has with many real bolted joints is that the bolt is free to vibrate between the nut and the head,
so that contributions to damping and stiffness only enter from the boundary (cf. Figure 3).
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Figure 1: Experimental setup

80

2.1.2. Choice of test bolts
A tightened slender bolt can, for the lower vibration modes, roughly be modeled as a clamped-clamped

axially uniform Bernoulli-Euler beam exposed to axial tension. Figure 3 illustrates this interpretation. The
surrounding structure is assumed to touch the bolt only at the boundaries and is therefore considered to
contribute to the transverse vibrations only as boundary stiffness and damping. The j’th transverse natural
frequency can then be calculated as (cf. Section 3.3):

ωj =
λ2j
ls

√√√√√E

ρ

1 +
σ

E

(
Kjs

λ2j

)2
, s = l

√
A/I, (1)

where E is Young’s modulus, σ the applied axial stress, ρ the density, l the bolt length, λj an eigenvalue for
mode j (depends on the boundary conditions), s is the slenderness ratio, where A is the cross-sectional area
of the bolt and I the area moment of inertia, and Kj is a mode shape dependent constant. Equation (1)
shows that the squared natural frequencies increase linearly with axial stress, with a proportion depending85

on the slenderness s of the bolt; the more slender a bolt, the bigger the influence of the axial stress term in
(1). The choice of bolt lengths is based on Figure 4. It shows the relative change in lowest natural frequency
as a function of length for an M12 bolt when it has a relative pre-stress of σ/σy = 0.7, where σy = 640
MPa is bolt yield stress. Dashed lines indicate the two chosen bolts; they represent a ’long’ and ’short’ bolt,
respectively. As the figure shows, the chosen ’short’ bolt is five times less influenced by tension than the90
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Figure 2: Experimental devices

chosen ’long’ bolt. The two test cases serve to illustrate the applicability and challenges in using vibrations
as a measure of tension across dimensional properties. The properties of the two bolts are given in Table 1,
where l is the full length (head included), le is the effective length (the fixed part of the bolt, from head to
nut), r is the bolt radius, m is the mass, and ρ the density.

Table 1: Properties of the test bolts (the bolts are modified to fit the test rig and shortened 10 mm.)

Nominal Type l (mm) le (mm) r (mm) m (kg) E (GPa) ρ (kg/m3)

M12×260 8×8 258 225 5.9 0.218 ≈ 207 ≈ 7850
M12×140 8×8 140 100 5.9 0.120

2.1.3. Tensioning procedure95

In this work, a hydraulic tensioner (SKF Hydrocam HTS 9 M12×1.75) is used instead of a torque wrench
to improve control over the tension. The tensioner works by applying pressure to a cylinder clasping the
bolt. When pressure is applied, the bolt elongates, and the nut can be tightened by hand or by a tommy
bar. As the pressure is removed, the bolt slips back, and the tension is transferred to the bolted joint. To
determine the final tension, a force washer (HBM KMR 100 kN) is mounted, measuring the force F applied
to the bolt, which translates to stress σ by

σ =
F

As
, (2)

where As is the stressed cross-section of the bolt [1]. The force washer is connected to a strain gauge
amplifier (HBM AE301S7) that is connected to a voltmeter; the readings from it can be converted to force
by using a preceding calibration.

2.1.4. Test plan
Each test series is a set of measurements where the bolt is tightened to various ratios of yield strength100

(ten load steps). A single measurement consists of the decaying accelerations in time after a hammer impact
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Figure 4: Solid line: relative change in lowest natural frequency as a function of length, for a clamped-clamped beam
with pre-tension (ωT is for σ/σy = 0.7 and ω0 is for σ = 0); Dashed lines: chosen bolts.

measured in all three spatial directions. At each tension level the bolt is hit with four different impact
forces, ≈ [70, 100, 170, 400] N, and each measurement is repeated three times. Three test series for each
bolt is made, giving a total of 720 measurements. The quite extensive measurement plan is chosen to test
repeatability on two levels: The variability in immediate repetitions with no changes in the setup, and the105

general variability in between each test series. If the variability of the dynamic properties in between series
is of the same order of magnitude as the change due to different tension levels in a single series, it could be
problematic, this is illustrated in Section 4.

2.2. Multibolt setup
To illustrate the applicability of the results obtained in the controlled lab setup and make a vibration-110

based estimate of tension, tests are also made with a real bolted structure. Figure 5 shows the setup, which
is a four M16×190 bolt structure used for flowmeter measurements. A standard torque wrench is used for
tightening, and in this case, there is no force washer mounted to measure the tension. The four bolts are
tightened to [100, 150, 200] Nm, which, depending on the chosen nut factor [1], correspond to [20-40, 30-
60, 45-80] % of yield stress. The four bolts are mounted symmetrically, and when tightening to each level,115

the tightening is performed diagonally and in three steps to try to make the four bolts equally tightened.
An accelerometer is mounted transversely to the bolt shaft, and the hammer impact is made transversely
at the center of the bolt. In Section 4.6, the measured natural frequencies, and damping ratios are used to
estimate the tension of the four bolts.
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Figure 5: Multibolt structure for validation tests

3. Signal processing and analysis120

The standard procedure for extracting modal parameters in linear systems is to calculate and process fre-
quency response functions. Non-linear systems with amplitude-dependent natural frequencies and damping
ratios cannot uncritically be analyzed in that way. The dynamics of a tightened bolt may be strongly non-
linear due to, e.g., boundary friction and stiffness; this needs to be uncovered by making relevant signal
processing. To illustrate, this section treats, as an example, a single transient acceleration time series for125

a test bolt in response to a hammer hit (σ/σy = 0.43, impact force 170 N). By the use of digital signal
processing the first natural frequency and corresponding damping ratio are determined, both as fixed modal
parameters and as time/acceleration amplitude-dependent parameters. This procedure is performed for all
measurements, and the full results are presented in Section 4.

3.1. Filtering and beat frequencies130

The measured acceleration signals, in both transverse directions, are filtered with a fourth order But-
terworth bandpass filter. Figure 6 shows the Fourier transform of the original signal in the direction of the
hit, as well as the signal filtered around the first and second transverse natural frequency, respectively. The
passband encloses the peak with 200 Hz on each side.

Figure 7 shows the measured acceleration signals, in both directions, filtered around the first natural
frequency. Initially, the filter affects the signals (could be avoided by reversing the time series before applying
the filter [13]), so the initial time is neglected in the analysis. As appears, the signals are beating, i.e. the
acceleration amplitudes are slowly modulated. The beats are a result of the transverse near-symmetry
in the setup, giving close to identical natural frequencies for bending vibrations in the xy, xz-plane (cf.
Figure 1). The near-symmetry prevents the option of using, e.g., the 3 dB method for determining the
damping ratio because of the double peaks that can be seen in the insert in Figure 6. The 3 dB method is
based on a single-degree-of-freedom interpretation, and this is actually a two-degree-of-freedom case. The
modulation frequency is the difference in frequency of the two directions [14]. The beat frequency arises
from asymmetric boundary conditions: it is unlikely that the same boundary stiffness is obtained in both
planes, as the bolt is tightened, especially for small tension. The larger the tension, the smaller the beat
frequency. Tamora [15] reports the same difficulty with determining damping for double peaks, which were
overcome by the Multi-mode Random Decrement method. Here the envelope is smoothed out by calculating
the total acceleration amplitude:

A =
√
A2

1 +A2
2, (3)

6



Frequency (Hz)

(
M

ag
n
it

u
d
e 

d
B

)

0 500 1000 1500 2000 2500

−20

0

20

40

60

80

100

Figure 6: Fourier Transformed acceleration signals. Solid line: unfiltered signal; Dashed line: filtered around 1st natural
frequency; Dotted line: filtered around 2nd natural frequency; Box insert: zoom of the double peaks, 5 Hz apart.

where A1 and A2 is the acceleration amplitude in each transverse direction, which Figure 7 also shows, as135

well as the total envelope determined from (3). This procedure eliminates the beating, allowing a reasonable
exponential envelope fit, and thus it is possible to obtain a meaningful decay rate. The purpose of this
procedure is to get a robust measure for the energy dissipation. In Section 4.3, it is shown how well it works
by looking at correlation coefficients of the exponential fit. The envelopes of the signals are computed using
MATLAB’s function envelope, with the setting analytic. The function determines the envelope by using140

the magnitude of the analytic signal. The analytic signal is computed by filtering the input signal with a
Hilbert finite impulse response filter of the length 5000 (0.04 of the sampling frequency). The computed
envelopes in Section 4 are referred to as the function x̃(t).

In regards to the first transverse natural frequency, the beat does not cause a problem. In Section 4, the
frequency in the direction of the hit is used, and it is singled out as the largest peak of the double peak in145

Figure 6. Furthermore, the beat frequency is so small that it would not make a significant difference for the
analysis if the perpendicular transverse natural frequency is used instead.

3.2. Damping ratio estimation
Section 2.1.4 describes how the tests are made with different, but always controlled, impact forces. Two

questions are then relevant: How dependent is the damping ratio on the initial impact force, and how much150

does it change when the acceleration amplitude decreases over the measured time?
The first approach, in this work, is to assume the system to be linear over the full time of vibration and

fit a single exponential decay to the envelope obtained by (3). Figure 7 also shows such a fit with the form:

x(t) = A0e
−βt, (4)

where A0 is the initial acceleration amplitude and β = ζω, where ω is the transverse natural frequency of
the relevant mode and ζ the corresponding damping ratio.

The second approach is to evaluate the exponential decay within a sliding time window to see how
dependent the decay rate is on time or acceleration amplitude. A window of length tspan will give a fit xi:

xi(t) = A0e
−βit, t ∈ [ti; ti + tspan], (5)

and provide a decay rate βi as a function of ti. This gives a piece-wise linear damping ratio valid for
t ∈ [ti; ti + tspan]. For that reason, it is referred to, in Section 4.5, as time-dependent, and not instantaneous.155

The function in (4) has two parameters to fit, A0 and βi. The initial acceleration amplitude after a hammer
impact is known, and thus A0 is not reasonable to consider a fitting parameter. Therefore, in the procedure
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Figure 7: Filtered acceleration time signal, around 1st natural frequency, measured in two directions and envelopes.
Dark/blue: direction of hit; Light/grey: perpendicular to hit direction; Dashed line: A1 and A2; Solid line: A;
Thick/yellow dashed line: Exponential fit (cf. (4)) to A. Illustration of principle for determining a time-dependent
damping ratio with exponential fits xi and xi+1 fitted for the time span tspan starting at ti and ti+1.

with the sliding window, the initial amplitude A0 is kept the same, so the piece-wise fits only estimate the
decay rate βi.

Figure 7 illustrates the principle of the fitting process with a sliding time window. A fit xi is made for160

each ti. For the analysis of the short and long bolt, the window length is tspan = 1/3 s, the sliding step is
1/20 of the window length. With those settings, the damping ratio is evaluated at 40 points (i = 1, 2..40)
over the 1 s of measurement.

Figure 8 shows an example of the piece-wise linear damping ratio as a function of time ti. Each dot
represents the damping ratio evaluated for a fit xi (cf. Figure 7) and the last dot is evaluated for the last165

1/3 of the sampling time. The oscillating character of the damping ratio over time is due to the remainder
of beats in the envelope, which transmits to the exponential fits. For this example, the variation over time
is not very large, less than 5 %, but that depends on the tension level (cf. Section 4.5). As appears, the
damping ratio generally decreases over time.

Other works consider the concept of instantaneous or time-dependent damping ratios: Kuether and170

Brake [16] applies Short Time Fourier Transform, Goyder et al. [13, 17] a curve-fitting process, with a
decaying oscillator equation as the fit function, and Tamura [15] applies a range of methods, including a
Random Decrement-based method. What they all have in common is that they observe the same tendency,
the damping ratio is time or amplitude-dependent, despite the experimental setups being widely different.

The time-dependent damping ratio is only meaningful as long as the bolt is still vibrating. For the175

heavily damped cases, the bolt stops vibrating within one-tenth of a second. To accommodate that, ζ(ti) is
only evaluated for times ti, where the acceleration amplitude has not yet reached zero. For those cases, the
window length tspan is 1/3 of the vibration time (i.e. not the full sampling time) and the sliding step is still
1/20 of the window length, thus the time-dependent damping ratio is always evaluated in 40 points in time.

3.3. Scaling properties of the equivalent damping ratio180

The contributions to damping can come from many sources [18, 19]. In this section, three of these are
considered, so as to roughly estimate how the effect of each scales with bolt properties: dry friction at the
boundary, and external and internal beam damping. Each type is considered separately, as the dominating
contribution to damping. The results are used in Section 4.2 to estimate the main source of damping at
different tension levels. A detailed study of the damping mechanisms involved is beyond the scope of the185

present work; thus very crude modeling is employed, with the limited purpose of just providing hypotheses
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on how the equivalent linear damping ratio could scale with bolt properties, for different mechanisms of
damping.

First, consider dry friction at the boundaries as the main contribution to damping. The hammer impact
will excite many vibrations modes, but considering the lowest as dominant, its amplitude will be roughly
governed by the linear oscillator equation:

q̈ +
ceq

m
q̇ + ω2q = 0, (6)

where ω is the first transverse natural frequency of the bolt, m = ρAl is the first-mode modal mass (assuming
unit-normalized mode shapes) and the equivalent viscous damping constant, assuming a permanent sliding
in the friction contact, is: [20]:

ceq =
4µN

πωX
, (7)

where µN is the friction force, ω is the vibration frequency and X is the interface displacement amplitude.
The equivalent linear damping ratio is obtained by letting ceq/m = 2ζω in (6), and using (7):

ζ =
ceq

2ρAlω
=

2µN

πρAla0
, (8)

where a0 = ω2X is a rough estimate (assuming insignificant motion of the surrounding structure) of the
acceleration amplitude just after hammer impact. Comparing the damping ratios ζl and ζL of two bolts with
lengths l and L, it follows from (7)-(8) that

ζl
ζL

=
ρLALL

ρlAll

(µN)la0,L
(µN)La0,l

. (9)

For the particular case of the two bolts in the experiments, where it is assumed that the boundary conditions,
the friction force µN , and a0 (evident from the experimental results in Section 4) are the same for the two
bolts, and also given that the two bolts have the same cross-sectional area and density, the following relation
can then be deduced:

ζll = ζLL (dry friction), (10)

predicting that, for otherwise similar bolts, damping ratio scales inversely with length if dry friction is the
dominating contribution to damping.190
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Next consider internal and external beam damping. The equation of motion for a damped Bernoulli-Euler
beam in tension, but otherwise unforced can be written [21]:

ρAü+
EI

l4
u′′′′ + c1u̇+ c2u̇

′′′′ − Aσ

l2
u′′ = 0, (11)

where u = u(x, t) is the transverse deflection at time t, x ∈ [0, 1] is the length-normalized axial coordinate,
EI the bending stiffness, σ the axial stress, and c1 and c2 are the coefficients of external and internal
damping, respectively. A single-mode approximation can be written

u(x, t) = ϕ(x)q(t), (12)

where ϕ(x) is an assumed mode that satisfies the boundary conditions and is normalized so that
∫ 1

0
ϕ(x)2dx =

1, and the modal amplitude q is governed by

q̈ + 2ζωq̇ + ω2q = 0. (13)

Here the natural frequency ω corresponding to the mode ϕ is

ω =
λ2

ls

√√√√E

ρ

(
1 +

σ

E

(
Ks

λ2

)2
)
, (14)

where s = l/
√
I/A is the slenderness ratio, and K and λ are mode shape dependent dimensionless and

length-independent constants:

K2 =

∫ 1

0

(ϕ′)2dx, λ4 =

∫ 1

0

(ϕ′′)2dx, (15)

and the damping ratio ζ is:

ζ =
c1

2ρAω
+

c2λ
4

2ρAω
(16)

The inverse scaling of damping ratio ζ with frequency ω appears to agree with [19, 22] for the case where
material damping is dominant. However, this supposes the constant c2 (here just an arbitrary constant
of proportionality in the differential equation (11)) is really a material constant, i.e. independent of bolt
geometry. To estimate c2 from primary physical quantities we may correlate the second term in (16) with
the expression for the loss factor η associated with transverse heat flow accompanying bending vibrations
[19, 22]:

η =
α2ET

cv

f/f0

1 + (f/f0)
2 , (17)

where α is the thermal expansion coefficient, E the elastic modulus, T the temperature, cv the volumetric
heat capacity (specific heat times density), f the frequency of oscillation, and f0 the relaxation frequency (in
Hz):

f0 =
π

2

κ

cvh2
, (18)

where κ is the thermal conductivity and h the specimen thickness. Many kinds of linear and nonlinear
damping mechanisms can be involved in material damping, but the estimate provided by (17) alone was
shown in [19] to provide for most of the loss factor experimentally measured for aluminium cantilever
beams vibrating in bending at room temperature in the frequency range f/f0 ∈[0.1; 100]. For steel at room
temperature (T = 293 K) typical material parameters are α = 12×10−6 K−1, E = 2.1×1011 Pa, κ = 45
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W/mK, cv = 3.8×106 J/m3K, and the relaxation frequency is of the order f0 = 0.5 Hz for the M12 bolts (h
≈ 6×10−3 m) tested in this study. Thus, with the lowest bolt natural frequencies involved of the order f
= 600 Hz, the ratio f/f0 is very large, so that the second fraction in (17) is well approximated by just f0/f.
Recognizing that for effectively linear damping ζ = η/2 at resonance [20], and using (17) with (18), the
dominating part of the expected linear damping ratio associated with bending becomes approximately, for
f/f0 � 1:

ζ =
α2ET

2cv

f0
f

=
πκET

f

(
α

2cvh

)2

. (19)

Equating this to the internal damping term in (16) and solving for c2 gives:

c2 = π3κETρ

(
α

cvλ2

)2

, (20)

where ω = 2πf, h = r, and A = πr2 are inserted. Thus the damping coefficient c2, estimated this way, is
independent of bolt dimensions; the physical specimen configuration is involved only in λ, which depends
on the boundary conditions (and also grows with mode number), but does not depend on bolt configuration
(cf. (15)). Again we emphasize the necessarily rough modeling underlying this reasoning; in particular we
use the model (17)-(18) for frequency ratios f/f0 exceeding the experimentally validated 4-decade range195

0.1-100 with at least a single decade.
As for external beam damping, i.e. the c1-term in (16), its origin would be mainly the viscosity of the

surrounding air; thus the damping coefficient c1 generally depends on bolt geometry, which in turn also
affects the natural frequency ω in the denominator of the c1-term. This means that external beam damping
likely does not trivially scale with inverse frequency. However, though air damping could be of significance200

or even dominating in case of a flexible structure in large-amplitude motion, the transverse deformations
(and velocities) associated with bolt vibrations in our experiments are so small that supposedly little energy
is dissipated from moving air, as compared to what is dissipated first and foremost by boundary damping,
and then by viscoelastic beam bending (the c2-term already considered above).

3.4. Instantaneous frequency205

The instantaneous frequency of the narrowband filtered monocomponent signal (cf. Figure 7) can be
determined by the method of zero-crossings. The time signal is discrete, so the zero-crossing point is de-
termined by linear interpolation between the two points closest to zero on each side of zero. The time
between two zero-crossings is a half-period, so to determine the frequency, the time between three crossings
is considered. The frequency becomes a function of time by:

f(tj) =
1

tj+2 − tj
, j = 1, 2.. (21)

where tj is the time of the jth zero crossing. Figure 9 shows the instantaneous frequency for the example
introduced in Section 3. The beginning of the signal is not reliable, as end effects from the filter influence
the signal. The fluctuations increase with time as the acceleration amplitude decreases, and the S/N-ratio
decreases. Slow fluctuations are seen in this case, which is the observed beat frequency of 5 Hz, meaning
that f(tj) alternates between two close natural frequencies in two near symmetric planes, corresponding210

to first mode bending oscillations. The beat frequency exists because of asymmetric boundary conditions,
which occurs when the tightening procedure has not enforced the same boundary stiffness in both transverse
directions of the bolt. There are no signs of a significant tendency over time, which implies that the frequency
is virtually independent of vibration amplitude.

There are other methods to determine instantaneous frequency, such as the Hilbert Transform [23] and215

Short Time Fourier Transform [16]. They were tested and showed the same: the frequency is virtually
independent of vibration amplitude.
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As mentioned, all the acceleration measurements are one second long. However, the instantaneous
frequency is only meaningful as long as the bolt is still vibrating - the smaller the acceleration amplitude,
the larger noise and thus error. For the heavily damped cases, vibrations end long before one second has220

passed. Therefore Figure 9 can be shown conveniently with acceleration amplitude rather than time as the
independent variable. In that case, potential noise will cluster at very small amplitudes. A figure for each of
the 720 measurements is too many to show, so Section 4.5 shows selected time series, for different levels of
tension, to give a general picture of the natural frequencies dependency on vibration amplitude.
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Figure 9: Solid line: instantaneous frequency f(tj) of 1st mode; Dashed line: constant frequency f estimated from FRF.

4. Results225

4.1. Natural frequency
Figure 10a and 10b show the first transverse natural frequency as a function of tension for the long and

short bolt, respectively. The nominal tension for a typical bolted joint is σ/σy ≈ 0.7 [1]. An approximately
linear relation between tension and the squared natural frequency begins around σ/σy = 0.25 for both
bolts. At that point, the boundary stiffness imposed by the tension is so large that the bolt mechanically230

behaves effectively as a clamped-clamped beam. Below σ/σy = 0.25, the large increase in frequency with
increased tension is due to the changing boundary conditions. The figures are in agreement with [12] and
are thoroughly explained there. Below σ/σy = 0.25 the frequencies in Figure 10 are dependent on the
impact force (indicated by symbol marker size), especially for the short bolt, which shows as scattering
in the data points within the same tension level. Especially for the largest impact force (largest marker235

symbols) the estimated frequencies vary. Due to asymmetry in the boundary stiffness in the two planes for
small tension, a double peak appears in the frequency response function (cf. Section 3.1). However, as
accelerometers are mounted in both transverse directions, the natural frequency in the direction of hit is
singled out as the one with the largest magnitude (Figure 10).

4.2. Damping ratio240

For each transient measurement a corresponding decay rate is determined by employing the digital signal
processing explained in Section 3. The effective linear damping ratio ζ can then be calculated as β/ω. Figure
11 shows the damping ratio as function of tension for the long and the short bolt. As appears, the damping
ratio decreases with tension. For the range below σ/σy = 0.25, there is a significant variation between
the estimated damping ratios for different impact forces, and the damping ratio is much larger than for the245

more tightened bolt. The confidence in the exact damping values for that range is therefore not high, but
the measurements stand out to such a degree that just by listening to the dull sound from the impact, it
is evident that the bolt is not strongly tightened. The variations are generally found between the different
impact forces, not when the same impact force is repeated. Overall a larger impact gives larger estimated
damping ratios. A similar damping-tension relation exists for the second mode but the decrease in damping250

ratio is smaller.
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Figure 10: Measured 1st natural frequency as a function of tension. (a) long bolt (b) short bolt. Each test series
indicated by ◦, �, �. The increasing impact force [70, 100, 170, 400] N is indicated by increasing marker size. For every
strength there are three measurements.

As it appears from Figure 11, the damping ratio of the well-tightened bolt, σ/σy ≈ 0.7, is significantly
larger for the short bolt than for the long one. The two bolts have the same properties except for length
(cf. Table 1). Figure 11a and 11b are joined in Figure 12, where the damping ratio further is scaled with
the slenderness ratio s. In this case, the slenderness is only a scaling with the effective length le, as the255

radii of the bolts are the same. The figure shows that the scaled damping ratio for the long and short bolt is
of the same magnitude, as was the hypothesis in Section 3.3 for damping dominated by dry friction at the
boundary (cf. (10)). To confirm this scaling hypothesis, more bolts with different lengths need to be tested.

Also, the observed larger damping ratios for larger impacts agree with the general tendency for damp-
ing to increase with mechanical stress amplitude [18], which has also been observed for bolted joints260

[9, 10]. Considering which type of damping could be dominant (cf. Section 3.2), it appears that dry
friction/boundary damping is dominating through the full range of tension (and thus frequency) values:
For internal beam damping to be dominant, the damping ratio should decrease in inverse proportion to
frequency (cf. (19)); however the short bolt (with the largest) frequency displays much larger damping
ratios than the long bolt. Also, though for each bolt the damping ratio decreases with tension (and thus265

frequency), it does so at a rate much higher than the ω−1-rate predicted for internal damping; the observed
decrease rather scales as ω−8 (cf. Section 4.6)). Finally, the observed damping ratios are orders of magni-
tude too high for being explainable by mainly internal material damping: Inserting actual parameter values
for steel (Section 3.2) in (19) gives ζ ≈ 6×10−4/f, or for the range of 1st mode natural frequencies f ∈
[600; 3600] Hz relevant for the M12 test bolts in this study, expected damping ratios of the order 10−5-10−4270

%. This is at least a factor of 103-104 smaller than the damping ratios actually measured. On this basis, we
suggest material damping to be negligible for the bolts tested, as compared to other sources. Rather, the
observed dependency of damping ratio with bolt length and tension for the two bolts could be understood
as a consequence of gradually restricted boundary movement towards clamped conditions, as tension is
increased: For small tension the bolt boundaries are far from effectively fixed, allowing significant microslip275

and thus boundary friction; with increased tension the boundaries become increasingly fixed, allowing less
microslip and thus decreased boundary damping. In the limit of ideally fixed boundaries, damping would
be dominated by material damping in the bolt shaft, but apparently, even the long bolt is not near this limit.
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Figure 11: Damping ratio ζ as a function of tension. (a) long bolt (b) short bolt. Markings as for Figure 10.
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Figure 12: Slenderness scaled damping ratio ζs as a function of tension. Long and short bolt tests: ◦, �. The impact
force [70, 100, 170, 400] N is indicated by increasing marker size. For every strength there are three measurements.

4.3. Correlation coefficient of exponential fit
Figure 13 shows how well the exponential decay model fits the acceleration envelope (cf. Section 3.1)280

by plotting the coefficient of determination (R2) for each fit. The closer R2 is to unity, the smaller the sum
of squared errors. Generally, the R2-values are close to unity (R2 > 0.99) for both bolts, but there are some
outliers (R2 < 0.99). The outliers can be attributed to measurements errors. By inspecting the acceleration
envelopes of the cases with R2 < 0.99, it was found that either one of the accelerometers was loose or one
was not mounted 90 degrees to the other. A non-right angle will offset the phase between the measured285

accelerations. Both issues will entail that the total acceleration envelope (3) is still effected by beatings.
However, when the beatings are successfully removed by the procedure in Section 3, the exponential fit
always has a R2-value larger than 0.99. Conclusively, the figure shows that a simple exponential decay
is a sufficient model for the envelope of measured transient vibrations. This implies the damping to be

14



effectively linear over the range of tension and impact forces used, with a weak dependency on vibration290

amplitude for the smallest vibration levels.
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Figure 13: Coefficient of determination R2. (a) long bolt (b) short bolt. Markings as for Figure 10.

4.4. Impact force and initial acceleration amplitude
At each tension level, the bolt is impacted with three different impact forces. It is checked how large the

initial accelerations are at the same measurement location for a given impact force. Figure 14 shows the
magnitude of maximal measured acceleration amplitude (the root of summed squares for two directions).295

In that way, if either hit or the mounted accelerometers are a little off-angle, the acceleration value will
still reflect all the energy imposed in the bolt. It shows all the impacts for both the short and long bolt. As
mentioned in Section 2.1.4, the impact forces are attempted to approximately take on the values [70, 100,
170, 400] N, why there are four corresponding clusters in the figure. Significantly, the clusters for the two
bolts are atop each other, with only a small bias (on average, the accelerations of the long bolt are slightly300

larger than for the short bolt). Thus, the initially measured acceleration amplitude is roughly the same for
both bolts, i.e. independent of length. This is significant as it provides an additional common feature for the
bolts, and it is used in Section 3.3 as an assumption for predicting how the damping ratio could scale with
bolt length if dry friction is dominating.

4.5. Instantaneous frequency and time-dependent damping ratio305

Figure 15 shows the natural frequency’s relation to vibration amplitude for different tension levels, for
an excerpt of the 720 measured time series. The instantaneous natural frequency f(tj) (cf. Section 3.4) is
normalized by the corresponding regular natural frequency f (Figure 10) and is given as a function of nor-
malized acceleration amplitude x̃(tj)/x̃(t1). The instantaneous acceleration amplitude x̃(tj) is estimated as
the magnitude of the analytic envelope (cf. Section 3.1) at time tj , and normalized by x̃(t1), the acceleration310

amplitude at the first estimated zero-crossing’s frequency f(t1). The figure shows three different levels of
tension (small, medium, large) for the largest applied impact force (potential amplitude dependency should
be most pronounced with large impacts). As appears, there are small fluctuations in the instantaneous fre-
quency (2%) for the long bolt (Figure (a)) when the tension is small, and the amplitude is small, when more
tightened (medium, large), the variations are less than 0.25 %. For the short bolt (Figure (b)) the measure-315

ment time of one second is enough for the vibration amplitude to effectively reach zero, which decreases
the S/N-ratio, and explains the sudden frequency variations when x̃(tj)/x̃(t1) approaches zero. When more
tightened (medium, large), the long bolt’s vibrations do not settle down completely during the measurement
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Figure 14: Total magnitude of the initial acceleration amplitude (root summed squares for two transverse directions)
as a function of impact force. Long and short bolt tests: ◦, �. Insert of the smallest impact forces = [60:120] N.

time, why the same is not seen. The remaining time series (not shown in the figure) give similar results:
the natural frequency does not change when the vibration amplitude decreases. In conclusion, the natural320

frequency is effectively linear for the tested range of tension and independent of the applied impact forces.
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Figure 15: Instantaneous natural frequency f(tj)/f as function of normalized acceleration amplitude. (a) long bolt (b)
short bolt.

Figure 16 shows the estimated time-dependent damping ratio’s relation to vibration amplitude for se-
lected levels of tension. The time dependent damping ratio ζ(ti) (cf. Section 3.2) is normalized by the
corresponding regular damping ratio ζ (Figure 11) and it is given as a function of normalized acceleration
amplitude x̃(ti)/x̃(t1). The acceleration amplitude x̃(ti) is estimated as the magnitude of the analytic en-325

velope (cf. Section 3.1) at time ti, and it is normalized by x̃(t1), the amplitude at the initial time for the
first estimated damping ratio ζ(t1). The figure shows results from the same time series as Figure 15. As
appears, the damping ratio is somewhat amplitude dependent. The amplitude dependency is most signifi-
cant for small amplitudes, while for larger amplitudes the damping ratio is almost constant. The amplitude
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dependency also decreases as the bolt is tightened, most pronouncedly for the long bolt, e.g., if considering330

the amplitude range x̃(ti)/x̃(t1) ∈ [0.2; 0.4] the slope of ζ(ti)/ζ significantly decreases with tension. The
remaining time series show similar results: the damping ratio is significantly amplitude dependent. The re-
sults correspond well with Figure 11, where a larger impact force gives larger damping ratio. In conclusion,
if one wants to apply a linear damping ratio estimated from a single exponential fit, the impact force has to
be the same every time, for the damping ratio to be reproducible.335
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Figure 16: Time-dependent damping ratio ζ(ti)/ζ as function of normalized acceleration amplitude. (a) long bolt (b)
short bolt.

4.6. Illustration of estimation technique by comparison to tests on a real bolted structure
This section shows how the dynamic features presented above can be used to estimate tension. One

way of estimating the tension is by plotting the damping ratio as a function of (e.g., the lowest) natural
frequency, normalizing both with respect to a tight bolt. The normalisation values (ωtight, ζtight) for each
bolt are taken from Figure 10 and 11 at σ/σy = 0.8. For the short and long bolt, this leads to Figure 17a,340

where a red-yellow-green color-coding indicates the stages loose-medium-tight bolt. As appears, the short
and long bolt follow the same trend.

Table 2 shows the results for damping ratios and natural frequencies for the multi-bolt structure tightened
to four levels of torque. It is seen that increasing the torque for all four bolts decreases the damping ratio
and increases the frequency, but that the four bolts do not obtain the same values.345

Figure 17b show these multi-bolt results atop the lab-results from Figure 17a. The normalization value
ωtight for the multi-bolt structure is based on a tight bolt; i.e. a theoretically clamped-clamped beam with
an estimated effective length from head to nut (cf. (1)). The damping is expected to be dominated by dry
friction, as the other bolts indicate to be. The normalisation ζtight for the multi-bolts is estimated from (8),
by inserting the data set of Bolt 2 (0.10% and 2465 Hz) from Table 2 and estimating an approximate ceq350

(Bolt 2 is chosen as it has the smallest damping ratio; then the estimated ceq is expected to be closest to
the case when ζ = ζtight). To determine an approximate ζtight, equation (8) is used again, now inserting
the estimated ceq and ωtight. By this normalisation the real bolts follow the same trend as the two lab bolts
(Figure b).

Figure 17b and Table 2 suggest that the four bolts are not equally tightened, despite the efforts to do355

so. Only Bolt 1 and 2 are tightened as much as the predicted and attempted 45-80 % of yield stress. Bolt 4
changes only insignificantly in frequency and damping ratio between 150 and 200 Nm. When performing
the hand tightening, it was noticed that the nut of Bolt 4 was very dry and the turn resistance significant.
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When using a torque wrench, a significant amount of the torque can merely go to the resistance in the
thread without the bolt actually being tensioned properly. This problem is revealed by using vibrations for360

estimation.
In the lab setup (short and long bolt) many precautions were taken to try to isolate the effect of tension:

The bolt is clamped in a single structure, which behaves as a rigid body in the frequency range of interest,
the impact force is controlled, and the direction of hit is controlled. In the real structure, none of this
is controlled, but despite this, the behavior is roughly the same. The tests on the four-bolt structure also365

underline the need for tension estimation, as the torque wrench appears highly inaccurate.
Except for the lowest frequencies (and thus smallest bolt tension values), the data for all bolts in Figure

17 tend to roughly follow a straight line of slope −8 in the log-log diagram, i.e., independent on the scaling
values ζtight and ωtight, the damping ratios tend to decrease in inverse proportion to ωn, where n≈8. This
is very far from the n=1 rate predicted if material damping of the form considered in Section 3.3 should be370

dominating (cf. (19)). Though we cannot explain this particular scaling, at least it again suggests material
damping of the type considered in Section 3.3 to be overruled by other mechanisms, even for large tension
values (higher frequencies).

Table 2: Natural frequencies and damping ratios of the four bolts

Bolt 1 Bolt 2 Bolt 3 Bolt 4

1st natural
frequency [Hz]

Hand tight 2131 1741 1968 2266
100 Nm 2296 2318 2245 2351
150 Nm 2367 2413 2322 2409
200 Nm 2582 2465 2403 2426

Damping
ratio [%]

Hand tight 0.53 0.70 0.53 0.58
100 Nm 0.24 0.16 0.42 0.15
150 Nm 0.19 0.11 0.27 0.11
200 Nm 0.14 0.10 0.14 0.11

log(ω/ωtight)

lo
g(
ζ
/
ζ t

ig
h
t
)

−0.20 −0.15 −0.10 −0.05 0.0

0.0

0.2

0.4

0.6

0.8

1.0

1.2
σ < 20%
σ > 20%
σ > 65%

(a)

log(ω/ωtight)
−0.20 −0.15 −0.10 −0.05 0.0

Bolt 1
Bolt 2
Bolt 3
Bolt 4

σ>50%

 σ < 20% 

σ > 20%

σ >35%

(b)

Figure 17: Natural frequency as function of damping ratio, normalized w.r.t. a tight bolt (ωtight, ζtight): (a) Long and
short bolt tests: ◦, �. Tension indicated by color and marker size. (b) The four real bolts: Big color markers ◦, �, 4,/;
Long and short bolt tests: small grey markers ◦, �.
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5. Discussion

In Section 4.6, it was shown that by using measured natural frequencies and damping ratios, it is possible375

to estimate the tension level in a real multi-bolt assemblage, and it demonstrated that a torque wrench is
a highly inaccurate tool. Also, the correlation between tension, natural frequencies, and damping ratios in
the multi-bolt system is similar to the correlations found for the long and short bolt lab setups. The quality
and robustness of this estimation still need to be uncovered. One important factor is the quality of the
normalisation values (ωtight, ζtight). For the lab setup, measured values were used; for the real four-bolt380

structure, the normalization is based on theory. It would be more accurate if it were based on a measurement
for an optimally tightened bolt, for the specific case.

Another factor is the damping ratio. As Figure 11 shows, the decrease in damping ratio is most significant
for small tension, while for larger tension, the decrease is almost at a level where it is comparable with
measurement inaccuracies. Considering Figure 17a this leads to quite a broad band of measurement points,385

because of this inability to get a more reproducible damping ratio. The lack of reproducibility may be
the behavior of damping ratios; small and sensitive to friction, thus not the same every time the setup is
mounted. Another explanation can be that a linear damping ratio is a simplification, as the time-dependent
analysis of damping shows it to be for small amplitudes. To obtain better estimates, it could be necessary to
consider impact force and at which amplitude levels to evaluate the damping ratio.390

As the damping ratio cannot be determined very accurately, another option is to use the second natural
frequency and damping ratio as well. This could increase the robustness, as the tension estimation would
be based on four measured values instead of two.

Above 25 % of yield stress, for both the long and short bolt, the squared natural frequency increases
approximately linearly with tension and is independent of impact force. The damping ratio only decreases395

weakly with tension above 25 % of yield stress, and especially for the long bolt, the time-dependent damping
ratio is also almost independent of vibration amplitude. For these two reasons, the bending vibrations in the
bolt-structure system can be regarded as effectively linear for tensions above 25 % of yield stress. To be able
to consider the system as linear is advantageous, as linear models are easier to apply than nonlinear models.

The tests on the four-bolt structure are only preliminary. To properly know the potential in vibration-400

based tension estimation, tests should be made on a wide range of joints: lap-joints and flange-connections,
with many different sizes of bolts. In that way, the scaling hypothesis in Section 3.3 can also be explored
further.

All the results in Section 4 contributes to the application purpose of estimating tension in a bolt from a
hammer impact. Besides the option of plotting damping ratio as function of frequency, as done in Section405

4.6, there are other possibilities: 1) A single impact on a bolt can show if the bolt is so weakly tensioned
that it is unsafe, as the damping ratio will be strikingly large; it is a good measure for discovering a weakly
tightened bolt without much effort (and is actually a quantitative parallel to the long-time used approach
of detecting, by ear, loosened bolts, by tapping they tend to sound dull). 2) During initial mounting, three
successive hits can be applied, tightening the bolt in between; if the damping ratio stops decreasing between410

the second and third impact, the bolt should be tight enough. 3) If the difference in the time-dependent
damping ratio and the regular damping ratio is small, it could indicate that the bolt is tightened sufficiently.
4) the absence of significant nonlinear influence at the lowest bending natural frequency strengthen this as
a feature for estimating tension. Combination of these, and possibly other features, can potentially give an
even better indication of the tightness of the bolt.415

6. Conclusions

The main conclusions from the experiments, and signal processing hereof, are:

• The fundamental natural frequencies of the tested bolts are neither dependent on vibration amplitude
nor on initial impact force.

• The damping ratio is dependent on the vibration amplitude, especially for small amplitudes, and420

thus also slightly dependent on the initial impact force. The larger the tension, the less amplitude
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dependency, especially for the long bolt. It is possible to reproduce the damping-tension curve with
use of only the constant damping parameter if the impact force is kept constant. The damping ratio
decreases with increasing tension, strongly for small tension, weakly for large tension.

• The bolt-structure system can be regarded as effectively linear when the bolt is tightened more than425

25 % of yield stress, due to the two previous bullet points.

• Amplitude modulations due to near-identical natural frequencies for vibrations in orthogonal planes
is an issue that needs to be addressed when estimating damping ratios. The corresponding beat
frequencies generally decrease with tension, implying more symmetrical boundary conditions in the
two planes with increased fixation of the boundaries.430

• There are indications that bolts with different dimensions follow the same scaled damping-tension
curve, if the damping ratio is scaled with the slenderness ratio. A possible explanation could be that
dry friction at the boundary is the dominating contribution to damping. Tests with other bolts and
more elaborate damping models are needed to support this hypothesis.

• Tests on a real multi-bolt structure showed that, qualitatively, the correlation between tension, natural435

frequencies and damping ratios is similar to the lab setup. An estimation of tension based on measured
natural frequencies and damping ratios was carried out, indicating also that a torque wrench is a highly
inaccurate tool.

In conclusion, the measured transient vibrations of the bolt are clearly dependent on the bolt tension,
and importantly, they are not significantly influenced by nonlinearity. By using linear natural frequencies440

and damping ratios an estimation of tension in a multi-bolt structure has proven possible. Some issues
remain for further investigation, in particular the accuracy of the determined damping ratio, the quality of
the normalisation values for damping ratio and natural frequency, and further testing on a wide range of
different bolted joints.
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