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Abstract—The combined operation of integrated energy sys-
tems is increasingly becoming a crucial topic for renewable
energy dominated power systems operation. Flexibility from the
district heating system could be used to deal with the uncertainty
of renewable energy sources. We formulate a distributionally
robust optimization problem for co-optimizing energy and reserve
dispatch of the integrated electricity and heating system with a
moment-based ambiguity set. The reserve allocation has been
modeled through the participation vectors of the controllable
generation units. The total reserve capacity has been defined im-
plicitly and is a function of the uncertainty. The proposed model
has been transformed into a second-order cone programming
(SOCP) optimization problem by applying convex relaxation and
linearization of the district heating network equations. Case
studies on the integrated six-bus and seven-node system to
demonstrate the efficacy of the proposed model.

Index Terms—Integrated energy systems, district heating, dis-
tributionally robust optimization, energy and reserve dispatch,
convex relaxation, second-order cone programming

I. INTRODUCTION

According to the recently published study [1], one of the

greatest challenges in the science of wind energy is the

integration of wind power plans into the future electricity

grid. In Denmark, the future primary goal is to achieve 100%

renewable generation by 2050 [2]. Employing flexibility from

the district heating system is one of the solutions among others

to achieve this goal [3]. Optimal operation of the integrated

energy systems and co-optimization of these systems is among

the most discussed topics of these days. Several studies on

this topic have been conducted so far. In [4], combined heat

and power dispatch considering pipeline storage in the district

heating network was performed. The model was formulated as

a mixed-integer nonlinear programming (MINLP) optimiza-

tion problem and solved with an iterative algorithm. The main

shortfall of [4] is that the final solution is locally optimal.

In [5], the optimal operation of the integrated electricity and

heating system with a wind power plant was investigated. The

final model is a large-scale non-linear program (NLP) that

was solved with the decomposition coordinated algorithm. The

equations given in [5] are accurate for describing an electrical

system, but the final solution is again locally optimal.

To achieve a global optimum of the integrated system oper-

ation, the authors in [6], [7] applied convex relaxations of the

highly nonlinear district heating network equations. In [6], the

resulting model is a mixed-integer linear programming (MILP)

problem which accounts for energy storage in the pipes. In

[7], the authors introduced mixed-integer conic programming

(MICP) formulation and the change in mass flow direction was

considered. However, none of the above-mentioned studies

managed renewable energy uncertainty.
Traditional approaches to deal with the uncertainty from

the renewable energy sources are stochastic optimization (SO)

and robust optimization (RO). In [8], the SO approach was

applied to optimally schedule micro-grid generation units.

A key problem of this approach is that for the large-sized

systems, the amount of generated scenarios increases signifi-

cantly and computational issue may arise. In contrast, the RO

approach tends to obtain over-conservative solutions because

the objective function minimizes the worst-case cost, which

happens rarely. In [9], a robust unit commitment model with

combined heat and power networks was developed. Since

the mass flow rates were considered as fixed parameters, the

resulting model is a two-stage MILP and was solved via the

column-and-constraint generation (C&CG) method. Distribu-

tionally robust optimization (DRO) approach could effectively

overcome the downsides of SO and RO [10]. This innovative

method represents the uncertainty through an ambiguity set,

and the solution robust against all the possible distributions

inside the ambiguity set. In [11], [12], the DRO approach has

been successfully applied to the optimal power flow problems.

In [13], energy and reserve dispatch with DRO joint chance

constraints was studied. The ambiguity set was constructed

with Wasserstein metric and tractable approximations were

introduced.
The aim of this work is to extend the current knowledge

of the operation of integrated electricity and district heating

systems. The contributions of this study are summarized as

follows:

• DRO formulation of energy and reserve dispatch of the

combined electricity and heating system was introduced,
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with a moment-based ambiguity set. It requires the in-

formation only about the first and second moment of

uncertainty.

• Non-linear district heating network equations were re-

laxed and the problem transformed into second-order

cone programming (SOCP) optimization problem.

• The model was validated on a small study case in a data-

driven manner.

This paper is organized as follows. In section II and III,

district heating network (DHN) and power system model are

presented. In IV, distributionally robust (DR) reformulation of

the chance-constraints is introduced. Section V gives a brief

overview of the convex relaxations of the DHN equations.

In Section VI, a case study is analyzed. Our conclusions are

drawn in Section VII.

II. DISTRICT HEATING NETWORK MODEL

Modeling of the district heating system is inspired by the

work in [6]. The meaning of all variables used can be found

in Online Appendix [14].
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p∈SE
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All mass flows are bounded by the operational limits
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The pressure drops along the pipes due to the friction.

prSn1
− prSn2

= Kp(m
S
p )
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p )
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The pressures are within the limits

prS
n
≤ prSn ≤ prSn , pr

R
n
≤ prRn ≤ prRn , ∀n ∈ ΛN (4)

More details of the pipe resistance coefficient calculation Kp

can be found in reference [15]. It is worth mentioning that if

the network has a mesh structure and contains more than one

loop, the loop pressure equation has to be added. The heat

power output of heat sources is modeled as

HHS
s = CmHS

s
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n

)
, ∀n ∈ ΛN , ∀s ∈ ΘHS

n (5)

and limited as

HHS
s ≤ HHS

s ≤ H
HS
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A circulation water pump is located at every heat station to

maintain the pressure difference between supply and return

network. The power consumption of the water pump at the

heat source is given by

PWP
s =

mHS
s (prSn − prRn )

ρηWP
, ∀n ∈ ΛN , ∀s ∈ ΘHS

n (7)

and limited by its technical limits

PWP
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WP
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The heat demand is defined as

HL
l = CmHL

l

(
TS
n − TR
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)
, ∀n ∈ ΛN , ∀l ∈ ΘHL

n (9)

To ensure the flowing of water through the load, the pressure

difference between the supply and return network at the load

node has to be greater than a specified level:

prSn − prRn ≥ prHL
l

, ∀n ∈ ΛN , ∀l ∈ ΘHL
n (10)

Heat losses are modeled through the temperature drop equation

along the pipes:
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The temperature of the water leaving a node with more than

one incoming pipe is calculated as the mixture temperature of

the incoming flows.∑
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The starting temperature of the pipes are nodal temperatures:

TS
n = TS,start

p , ∀n ∈ ΛN , ∀p ∈ ΘP,OUT
p

TR
n = TR,start

p , ∀n ∈ ΛN , ∀p ∈ ΘP,IN
p ,

(13)

For a node with a single pipe starting or ending, next relation-

ships hold:

TS
n = TS,end

p , ∀n ∈ ΛN−, ∀p ∈ ΘP,IN
p

TR
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(14)

All the temperatures are withing their operational bounds:
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For the extraction CHP unit the reserve capacity that could be

activated in real-time is considered.

(PCHP
s −Rdc

s ) ≥ rsH
HS
s + PCHP

s , ∀s ∈ ΘCHP
n

0 ≤ ρEs (P
CHP
s +Ruc

s ) + ρHs HHS
s ≤ F , ∀s ∈ ΘCHP

n

(16)

The heat output and power consumption of heat pumps are

linked by the Coefficient of Performance

HHS
s = COPsP

HP
s , ∀s ∈ ΘHP

n (17)



III. ELECTRICAL POWER SYSTEM MODEL

To approximate nonconvex AC power flow equations, we

use DC power flow approximation.

1TPG + 1TPCHP + 1TP f

= 1TPD + 1TPWP + 1TPHP
(18)

−P l ≤ A[C(P +R) + CW (P f +ΔW )− CDPD

− CWPP
WP − CHPP

HP ] ≤ P l
(19)

−RT dn ≤ R ≤ RTup (20)

Pmin ≤ P +R ≤ Pmax (21)

0 ≤ Rup ≤ R
G
, 0 ≤ Rdn ≤ RG, (22)

0 ≤ Ruc ≤ R
CHP

, 0 ≤ Rdc ≤ RCHP , (23)

R = −Y
∑
w

ΔWw,
∑
i

Y = 1, Y ≥ 0, Y ≤ 1 (24)

where matrices CG, CC , CW , CD, CWP , and CHP are

mapping generators, CHPs, wind power plants, loads, water

pumps, and heat pumps to their buses. P = [PG;PCHP ]
is a stacked column vector for the day-ahead dispatch and

C = [CG CC ] - matrix that maps generators and CHPs

with their buses. ΔW - is a vector of the uncertain wind

forecast errors, which are revealed in real-time. Matrix A - is a

power transfer distribution factor matrix. RTup = [Rup;Ruc],
RT dn = [Rdn;Rdc] are stacked column vectors of the upward

and downward reserves. Y ∈ R
(NG+NCHP )×1 - is a vector of

participation factors for controllable generators and CHP.

A. Objecive function

The objective function includes three terms: operational cost

of generators, CHP units, and cost for reserves

CG(PG) + CCHP (PCHP , HHS)

+CR(Rup, Rdn, Ruc, Rdc)
(25)

CG(PG) = (PG)T cT2 P
G + cT1 P

G + cT0

CCHP (PCHP , HHS) = cTe P
CHP + cThH

CHP

CR(Rup, Rdn, Ruc, Rdc) = cTGR
up+cTGR

dn+cTc R
uc+cTc R

dc

IV. DISTRIBUTIONALLY ROBUST REFORMULATION

In this section, the distributionally robust reformulation of

the problem is introduced, which builds an ambiguity set to

constrain the distribution of the uncertainty. This reformula-

tion follows [12]. Stochastic constraints that involve random

variable (19), (20), (21) could be written as one-side chance-

constraints

P(A[C(P +R) + CW (P f +ΔW )− CDPD

− CpP
WP − CHPP

HP ] ≥ −P l) ≥ 1− ε

P(A[C(P +R) + CW (P f +ΔW )− CDPD

− CpP
WP − CHPP

HP ] ≤ P l) ≥ 1− ε

P(P +R ≥ P ) ≥ 1− ε

P(P +R ≤ P ) ≥ 1− ε

P(R ≤ RTup) ≥ 1− ε

P(R ≥ −RT dn) ≥ 1− ε

where ε - is the violation probability. By substituting R =
−Y

∑
w ΔWw and the summation into

∑
w = 1T

1×NW
we

can fraction out the uncertain part. Then the inner part of the

above mentioned constraints can be reformulated as (Ax
i )

T ξ ≤
bxi , ∀i = 1, . . .m where random variable ξ is wind forecast

error ΔW , m - is a number of chance-constraints, matrices Ax
i

and bxi - deterministic parts of the constraints which depend

only on the decision variables. The DR variants of chance-

constraints are formulated as follows

inf
Pξ∈Dξ

P((Ax
i )

T ξ ≤ bxi ) ≥ 1− εi, ∀i = 1 . . .m

After calculating from the data samples {ξl}Nl=1 the em-

pirical mean vector μNW×1 = 1
N

∑N
l=1 ξ

l and covariance

matrix ΣNW×NW
= 1

N

∑N
l=1 (ξ

l − μ)(ξl − μ)T we can build

moment-based ambiguity set Dξ := {Pξ ∈ P ′ : EPξ
[ξ] =

μ,EPξ
[(ξ − μ)(ξ − μ)T ] = Σ} which requires that the true

mean and covariance matrix of ξ, given by any distribution

in set Dξ, be exactly the empirical mean μ and covariance

Σ. In [12], [16] it is shown that given the first and second-

order moment information for the constraint vectors, general

DR chance-constraints can be reformulated as follows√(
1− ε

ε

)
(Ax

i )
T (Σ)Ax

i ≤ bxi − (Ax
i )

Tμ, ∀i = 1 . . .m

which is a second-order cone constraint:

Kε||(Σ) 1
2Ax

i ||2 ≤ bxi − (Ax
i )

Tμ, ∀i = 1 . . .m (26)

where Kε =
√(

1−ε
ε

)
. In this work, matrix Σ considers spatial

correlation.

As a result, the full optimization problem is

min (25)

subject to: (1)-(18), (22)-(24) and (26) constraints, over the set

of optimization variables

Ξ = {mS
p ,m

R
p ,m

HS
s ,mHL

l ,

TS,start
p , TS,end

p , TR,start
p , TR,end

p , TS
n , TR

n , HHS
s ,

PCHP , PHP , PWP , PG, Rup, Ruc, Rdn, Rdc, Y }
V. CONVEX RELAXATION AND LINEARIZATION OF THE

DHN EQUATIONS

Mass flow rates under CF-VT control strategy are fixed.

However, VF-VT control strategy has more practical meaning,

and hence the model is non-convex and fully nonlinear because

of the constraints (3), (5), (7), (9), (11) and (12). The com-

parison between two control strategies can be found in [9]. To

guarantee the global optimum, the problem needs to be convex.

One way is to use different relaxation approaches, which can

provide a lower bound number on the optimal solution of the

original problem.



A. McCormick Envelopes

The most standard approach to handle bi-linear terms (5),

(7), (9) and (12) is to apply a McCromick relaxation approach

[17]. Each bilinear term xy, x ∈ [xL, xU ], y ∈ [yL, yU ] is

replaced with a new variable w = xy. Then two underestima-

tors and two overestimators of the original term are introduced.

McCormick envelopes of the DHN equations are detailed in

the online appendix of [6].

B. Convex quadratic relaxation

The pressure loss constraint (3) is a quadratic term and

relaxed into its convex envelope [18].

prSn1
− prSn2

≥ Kp(m
S
p )

2, prRn1
− prRn2

≥ Kp(m
R
p )

2,

prSn1
− prSn2

≤ Kp((m
S
p +mS

p )m
S
p + (mS

p −mS
p )),

prRn1
− prRn2

≤ Kp((m
R
p +mR

p )m
R
p + (mR

p −mR
p )),

∀p ∈ ΛP , n1 ∈ ΘP,OUT
n , n2 ∈ ΘP,IN

n

(27)

C. Temperature loss equation linearizaton

Constraint (11) can be written as

TS,end
p − Ta = (TS,start

p − Ta)K
loss
p (mS

p ), ∀p ∈ ΛP

TR,end
p − Ta = (TR,start

p − Ta)K
loss
p (mR

p ), ∀p ∈ ΛP

Kloss
p (mS

p ) for the pipes with relative high mass flow rates

from 100 kg/s is less that 0.1%. Indeed, we can substitute

the Kloss
p (mS

p ) and Kloss
p (mR

p ) with constants coefficients of

mid-range of the mass flows.

As a result, the original problem is relaxed into a convex

SOCP and can be solved by commercial solvers.

D. Feasibility issue

The solutions to the relaxed problem could be infeasible

for the original model and relaxed constraints (3), (5), (7), (9),

(11), (12) can be violated. In order to obtain feasible solutions,

we solve the original problem with constant mass flow rates

obtained from the relaxed problem.

VI. CASE STUDY

A. Test System

The integrated six-bus electrical power system and seven-

node district heating system is depicted in Fig. 1. The model is

tested over 1 hour time step (single-period). Cost coefficients

for CHP and the generator are taken from [4]. We assume that

reserves from generator are more expensive than CHP reserves

cG = cG = 1.2c1, cc = cc = 1.1ce
The characteristics of the generation units, transmission

lines parameters and DHN parameters are detailed in [14].

Wind power output data for 6 wind farms in southeastern

Australia from [19] is used. The samples are generated as

in [13].

CHP1

CHPG1 W2

HL1 HL2

N1 N2

N3

N4

N5

B1 B2 B3

B4 B5 B6

D1 D2

Electrical Power System

District Heating System

W1 HP1

HL3

HP1

N6

N7

Fig. 1. Configuration of the six-bus and seven-node integrated system.

B. Evaluation procedure

The set up we used can be found in [12]. After solving the

full model for a single-period, using an hour-ahead forecast,

the optimal solution x∗ = [P ∗;Y ∗;PHP∗;PWP∗;HHS∗] is

obtained and fixed. Next, these optimal decisions are evaluated

and tested on M = 10000 samples of wind power forecast

error realization ΔW̃ . For every realization, k = 1 . . .M , the

actual power output of the generator and CHP is computed

such as

P ∗
rt(k) = P ∗ − Y ∗ ∑

w

ΔW̃w(k) (28)

This gives us the actual power flow along the lines. Due to

the linkage between heat and electricity, the power output of

the CHP units is limited after the day-ahead heat is scheduled.

Hence, for computing out-of-sample violation probabilities,

the CHP power output limits are recomputed by taking

into account the fixed scheduled day-ahead heat dispatch in

(16). Then empirical out-of-sample violation probabilities are

evaluated. We run 10 independent simulations and resolve

the optimization problem 10 times. The model is solved by

MOSEK [20] and implemented in Matlab with a CVX package

[21].

C. Results

In [12], it is shown that under the assumption, that un-

certainty is Gaussian, the problem can be reformulated as a

convex problem. We report results for two cases: assuming the

uncertainty is Gaussian and if the forecast error distribution is

unknown i.e., distributionally robust case (DRO).

In Table I the objective function in $ and CPU time in

seconds are shown. The results demonstrate several things.

First, it could be seen that the cost for the relaxed solution

is always less than for the feasible solution. This complies

with the fact that the relaxed solution is a lower bound for

the original problem. Second, the CPU time is higher for

the relaxed problem, because the relaxed problem has more

constraints. Moreover, from the results, it is clear that Gaussian

approximation obtains less cost than the distributional robust

reformulation. This is consistent with what has been found in

previous studies. It is also important to highlight that with the

increment of the violation probability to ε = 10%, the cost

decreased because he decisions are then less conservative and

we allow constraints to be violated 90% times.



TABLE I
COST PERFORMANCE AND CPU TIME

Gaussian DRO

1− ε 95% 90% 95% 90%

Cost

Relaxed

avg 5350.2 5161.8 8803.5 6983.5

max 5976.9 5761.0 12713.4 9417.7

min 4430.8 4265.2 5791.72 5048.9

Feasible

avg 5975.9 5787.3 9429.8 7609.6

max 6603.1 6387.1 13339.8 10044.2

min 5055.7 4889.9 6417.6 5674.32

CPU

Relaxed
avg 0.393 0.575 0.17 0.333

max 0.42 0.61 0.19 0.36

Feasible
avg 0.323 0.487 0.145 0.292

max 0.34 0.52 0.16 0.33

Overall
avg 0.71 1.062 0.315 0.625

max 0.77 1.11 0.33 0.67

TABLE II
EMPIRICAL VIOLATION PROBABILITIES UNDER DIFFERENT DISTRIBUTION

ROBUSTNESS

Gaussian DRO

1− ε 95% 90% 95% 90%

Line vio.

avg 0 0 0 0

max 0 0 0 0

min 0 0 0 0

G1 vio.

avg 0 0 0 0

max 0 0 0 0

min 0 0 0 0

CHP1 vio.

avg 5.40% 8.41% 0.12% 1.21%

max 46.02% 52.28% 2.42% 21.32%

min 0 0 0 0

From Table II we conclude that the assumption about

Gaussian distribution of the uncertainty yields poor reliability

and CHP feasible operating region is violated in 46.02% and

52.28% out of sample tests for the theoretical ε = 5% and

ε = 10% respectively. The DRO case with ε = 10% shows

the maximum violation probability of 21.32%. This number

is more than expected and it indicates that the uncertainty

needs to be considered in the DHN. That is to say, for the

CHP to provide full flexibility, the heat power has to be re-

dispatched in real-time. However, superior results are seen

for the ε = 5% case with maximum violation probability of

the CHP feasible operation region 2.42%. It is interesting to

note that the violation probabilities for the generator operation

limits and line limits capacity are 0.

Figure 2 reports scheduled energy and reserves. The plotted

values are averaged over 10 simulations. The reserves are the

sum of the downward and upward reserves. The averaged

forecasted wind power in the system P f
w1 = 19.35MW

and P f
w2 = 23.35MW . We observe that the Gaussian case

scheduled reserves capacity only from the CHP. The reason

for this is clear. This demonstrates the fact that Gaussian

reformulation relies only on less costly CHP reserves. This
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Fig. 2. Optimal reserve procurement and generation dispatch, ε = 5%.
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Fig. 3. Optimal heat dispatch.

TABLE III
RESERVE PROCUREMENT, ε = 5%

Gaussian DRO

Congested

Generator Reserves 7.7487e-06 52.47

CHP reserves 51.89 81.87

Total Reserves 51.89 134.34

Uncongested

Generator Reserves 7.7487e-06 52.47

CHP reserves 51.89 81.87

Total Reserves 51.89 134.34

could be an explanation of why the violation probabilities are

much more higher than in the DRO case. However, the DRO

approach ”cares” more about reliability and schedules more

costly reliable generator reserves.

Figure 3 shows averaged over the 10 simulations heat

dispatch from the CHP and heat pump. We can note that the

choice of the method does not affect the heat dispatch. The

total amount reveres procured for the congested and uncon-

tested case can be seen from Table III. For each approach, the

amount of total reserves is the same in the congested and the

uncontested cases. This confirms previous findings in [12].

Finally, the hydraulic and thermal profiles of the district
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Fig. 4. Mass flow and thermal profile. Return network

heating system are presented Fig. 4. The mass flows are

depicted below the pipes, and the nodal temperatures are close

to the nodes. As it was observed before the temperatures drop

along the pipes due to the heat transfer in the supply and

the return network is withing thousandth. Return temperature

at node 4 is higher than at node 7 since this is the mix

temperatures of the incoming flows from nodes 5 and 7. The

same conclusion applies to nodes 2 and 3. The lowest return

temperature is at node 3 due to the lowest mass flow rate at

pipe 2.

VII. CONCLUSION

This paper has investigated the distributionally robust ap-

proach of scheduling day-ahead energy and reserve capacity

in integrated electricity and heating systems considering the

district heating network. Tests of the model have been con-

ducted on the small case study in Section VI-C in a data-driven

manner. The results of this study indicate that the method

could be successfully applied in the optimal operation of the

integrated electricity and heating systems in order to deal with

the increased uncertainty from renewable energy sources. The

system is operated reliably without re-dispatching heat power

in real-time with a confidence level of 95%. However, the wind

power uncertainty has to be propagated from the power to the

heat side, for operating the system at 90% confidence level.

Future work will investigate the possible application of this

model for the multi-time period dispatch (e.g., 24 h) with con-

sidering uncertainty in the heat side and wind power temporal

correlation [22]. Moreover, to explore the full flexibility of the

DHN, the reserves from the flexible loads in the DHN (e.g.,

a heat pump) could be provided with the framework of [12].

Furthermore, the performance of the model needs to be tested

on a bigger case study with the real data.
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