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Executive summary (English) 

In recent years the conversion of non-food based feedstocks into fuels has attracted 
considerable attention. The production of bioethanol from corn and sugar cane is a well-
established process; however, the conversion of lignocellulosic (wood based) biomass into liquid 
fuels requires the development of advance theologies. Among these is ethanol from syngas 
fermentation, the process is referred to as indirect fermentation as it utilizes gaseous components 
(mainly H2 and CO2) derived from biomass gasification. 

A general overview of the available commercial processes is presented in the first chapter. 
So far, only three companies: INEOS Bio, Coskata and LanzaTech have reported the operation of 
pilot or full scale facilities for ethanol production. 

In chapter 3 is discussed the development of a thermodynamic model parameter base for 
the solubility of syngas components in water, ethanol and acetic acid, which is valid from low to 
moderate pressures. The results show that the UNIQUAC equation, coupled with an appropriate 
equation of state, is able to represent the binaries in the range of temperatures and pressures 
from 0 to 310 °C and from 1 to 400 bar, respectively. The model parameterization is further 
applied, with a more pragmatic approach, to the study of VLE and LLE data for systems that are of 
relevance for the separation and recovery of the liquid products of the fermentation. 

Chapter 4 is dedicated to the process simulation and benchmarking of the available 
separation technologies for the recovery of alcohol and the acid downstream of the syngas 
fermentation. The simulation results show that the larger differences in terms of energy savings 
between the methods of the separation considered are most evident for low products 
concentrations in the feed. 

Chapter 5 gives an outline on mass transfer correlations available in literature with a focus 
on gases-liquid dispersions. The sections provide a coherent classification of the existing equations 
that may be of use for the selection of the most appropriate model to be implemented in CFD 
simulation studies, or for the processing of experimental data relevant to gas-liquid contactors. The 
second part of the chapter discusses the effects of strong electrolytes on the coalescence 
properties of aqueous solutions since coalescence inhibition is the most cost-effective method for 
improving the mass transfer from the gas to the liquid phase, especially for the stirred tank and 
bubble column fermenters. 

The last chapter 6 concerns the experimental characterization of a pilot-scale bubble 
column for non-coalescing conditions. High mass transfer rates and low operational and 
maintenance costs are the primary merits of these systems. While coalescence might be the major 
drawback of bubble columns, it can be virtually eliminated with the use of suitable surface active 
components. Bubbles size distribution, mass transfer performance, and specific interfacial area are 
investigated in detail for different operating conditions. 

Conclusion and future work are presented in chapter 7. 

 
 



Resume (Danish) 

sumé (engelsk) 
I de senere år har omdannelsen af ikke-fødevarebaserede råstoffer til brændstoffer 

tiltrukket betydelig opmærksomhed. Produktion af bioethanol fra majs og sukkerrør er en kendt 
proces. Derimod er omdannelsen af lignocellulosisk biomasse fra træ til flydende brændstoffer 
under udvikling. Blandt disse er ethanol produktion fra syngasfermentering, processen omtales 
som indirekte fermentering, da den bruger gasformige komponenter som ressource (hovedsageligt 
H2 og CO2), der stammer fra biomasseforgasning. 

En generel oversigt over de tilgængelige kommercielle processer er præsenteret i kapitel 2. 
Indtil videre er det kun tre virksomheder: INEOS Bio, Coskata og LanzaTech, der har rapporteret 
driften af pilot- eller fuldskala-faciliteter til ethanolproduktion. 

I kapitel 3 diskuteres udviklingen af en termodynamisk model til beregning af 
syngasopløselighed i vand, ethanol og eddikesyre. Den er gyldig fra lavt til moderat høje tryk. 
Resultaterne viser, at UNIQUAC-ligningen, kombineret med en passende tilstandsligning, er i stand 
til at repræsentere binærerne i intervallet af temperaturer og tryk fra henholdsvis 0 til 310 ° C og 
fra 1 til 400 bar. Modelparameteriseringen anvendes yderligere med en mere pragmatisk tilgang til 
undersøgelsen af VLE- og LLE-data for systemer, der er relevante for adskillelse og nyttiggørelse af 
de flydende produkter fra fermenteringen. 

Kapitel 4 er dedikeret til processsimulering og benchmarking af de tilgængelige 
separeringsteknologier til nyttiggørelse af alkohol og syren nedstrøms for syngasfermenteringen. 
Simuleringsresultaterne viser, at de større forskelle med hensyn til energibesparelser mellem de 
betragtede separationsmetoder er mest tydelige for lave ethanolkoncentrationer. 

Kapitel 5 giver en oversigt over masseoverførselskorrelationer, der er tilgængelige i 
litteraturen med fokus på gas-væske dispersioner. Sektionerne viser en sammenhængende 
klassificering af de eksisterende ligninger, der kan være nyttige i valget af det mest optimale 
grundlag i en CFD-simuleringsundersøgelser. Det kan også være til behandling af eksperimentelle 
data, der er relevante for gas-væske seperation. Den anden del af kapitlet drøfter virkningerne af 
vandige stærke elektrolytter på boblers egenskaber når de bringes sammen til større bobler.  Når 
denne mekanisme inhiberes er resultatet en omkostningseffektiv metode til forbedring af 
masseoverførslen fra gas til væskefasen, især for syngas fermentering. 

Det sidste kapitel 6 vedrører den eksperimentelle karakterisering af en boblekolonne i 
pilotskala med små bobler. Høje masseoverførselshastigheder og lave drifts- og 
vedligeholdelsesomkostninger er de primære fordele ved disse systemer. Større bobler er en 
ulempe. De kan fjernes ved anvendelse af passende overfladeaktive komponenter. 
Boblestørrelsesfordeling, masseoverførselsydelse og specifikt grænsefladeareal undersøges 
detaljeret for forskellige driftsbetingelser. 

Konklusion og fremtidig arbejde præsenteres i kapitel 7. 
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 Introduction 1.

 Bioethanol makes up the largest share of biofuel production worldwide. It is obtained from 
the fermentation of polysaccharides derived from the processing of various agricultural feedstocks, 
represented almost entirely by sugar cane and corn. The largest producers of these crops are Brazil 
and the USA. Ethanol should be considered as one of the new renewable energy sources; in fact, a 
large number of government programs have recently promoted its use in the transport sector. The 
best example an incentive scheme was that implemented by Brazil, where the drafting of the first 
government programs for state subsidies dates back to the 1970s; those were subsequently 
removed until the 1990s. Now, in Brazil, ethanol is an energy commodity fully competitive with 
gasoline. The initial motivations for promoting the use of ethanol as a fuel concerned the reduction 
of oil imports, but currently, environmental and social reasons have arisen to support the choice. 
Among these, the most important is the contribution to the mitigation of the greenhouse effect: 
considering the null balance between the CO2 converted into biomass during the growth of the 
sugar cane or corn plantations and the CO2 generated by the processing of the crops and the 
combustion of the ethanol obtained. 

Outside markets such as Brazil the cost of alcohol production via this route is relatively 
high, the reason being that the plantations used are also intended for human and animal 
consumption. Furthermore, the growing demand for biofuels induced by the numerous 
environmental policies applied by the various governments contributes to the substantial increase 
in its market price.  

Recently the production of ethanol from lignocellulosic biomass has gained considerable 
interest, in fact, not only the availability of raw material is extensive, but the market price of the 
produced alcohol can be reduced thanks to the lower cost of these sources. Bioethanol can be 
produced through direct fermentation of the biomass via hydrolysis-fermentation and through 
indirect fermentation via syngas fermentation. 

The direct process involves the pre-treatment of the feedstock to remove the lignin and to 
make the substrate more accessible for the steps that follow. Subsequently, enzymes are used to 
provoke the hydrolysis and the scarification of cellulose; the resulting sugars are finally fermented 
in alcohol by specific strains of microorganisms. Biomass feedstocks used for the production of 
second-generation ethanol comprises of dedicated energy crops, agricultural and wood residues, 
and waste from paper manufacturing and recycling. 

An alternative bioconversion method which can solve the issues related to the 
heterogeneity of the raw materials is biomass gasification to syngas, followed by fermentation to 
biofuel. Unlike the hydrolysis-fermentation processes, syngas fermentation is referred to as an 
indirect process, because the feedstock is not directly introduced in the fermenter to form the 
products. The biomass is first gasified into syngas, which is then cleaned and cooled before being 
fed to the fermenter. One of the benefits of syngas fermentation with respect to the direct 
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processes is that it uses all the biomass components which can lead to higher conversion factors. 
Aside from lignocellulosic biomass, municipal solid waste, coal, and natural gas can also be gasified 
and converted into liquid fuels. The advantages of syngas fermentation with respect to chemical 
conversion processes such as Fischer-Tropsch are the higher reported specificity, the flexibility 
with respect to the composition of the substrate since no fixed H2/CO ratio is required, and the 
lower working pressure and temperature conditions. The main disadvantage of the technology is 
represented by the low solubility of the syngas components in the fermentation media, this limits 
the mass transfer rate and consequently leads to low productivity values (kg of product/s/m3 of 
reactor). 

Table 1: Alcohol and organic acid concentrations, yields and productivities during syngas fermentation using various reactor 
configuration and biocatalysts, by Devarapalli and Atiyeh [1] 
Biocatalysts Reactor typea/gas composition Products (g/L) Yield from COb 

[%] 
Productivityc  
[mg ethanol/L/h] 

Clostridium 
ljungdahlii 

CSTR with cell recycle  
(55% CO, 20% H2, 10% CO2 and 15% Ar) 

Ethanol: 48 
Acetate: 3.0 

70.2 168.0 

CSTR without cell recycle  
(55% CO, 20% H2, 10% CO2 and 15% Ar) 

Ethanol: 6.50 
Acetate: 5.43 

38.9 48.8 

Two stage CSTR & bubble column with cell recycle 
(60%CO, 35% H2 and 5% CO2) 

Ethanol: 19.7 
Acetate: 8.6 

100 306.4 

Clostridium 
carboxidivorans 

Bubble column reactor without cell recycle  
(25% CO, 15% CO2, 60% N2) 

Ethanol: 1.6 
Acetate: 0.4 
Butanol: 0.6 

39.6 
 

42.7 

HFR  
(20% CO, 15% CO2, 5% H2, 60% N2) 

Ethanol: 24.0 
Acetate: 5.0 

72.0 112.5 

Bubble column reactor  
(20% CO, 15% CO2, 5% H2, 60% N2) 
MBR  
(20% CO, 15% CO2, 5% H2, 60% N2) 

Ethanol: 3.2 
Acetate: 2.35 

51.0 64.1 

Ethanol: 4.9 
Acetate: 3.1 

51.0 97.9 

Serum bottles  
( 70% CO, 20% H2, 10% CO2) 

Ethanol: 3.0 
Acetate: 0.5 
Butanol: 1.0 
Hexanol: 0.9 

NDd 21.4 

Clostridium 
ragsdalei 

CSTR  
(20% CO, 15% CO2, 5% H2, 60% N2) 

Ethanol: 9.6 
Acetate: 3.4 

60.0 26.7 

Mixed culture of 
Alkalibaculum 
bacchi & C. 
propionicum 

CSTR without cell recycle  
(28% CO, 60% H2, 12% N2) 

Ethanol: 8.0 
Acetate: 1.1 
Propanol: 6.0 
Butanol: 1.1 

 
30.6 

40.0 

Clostridium 
autoethanogenum 

CSTR without cell recycle  
(100% CO) 

Ethanol: 0.9 
Acetate: 0.9 

NDd 4.5 

aCSTR: continuous stirred tank reactor; HFR: hollow fiber membrane reactor; MBR: monolithic biofilm reactor. bEthanol yield=(mol 
EtOH produced/mol CO consumed)/6. dND: not determined 
 

Different bacterial strains can be employed as a biocatalyst to metabolize CO, CO2, and H2 
to alcohols and organic acids. Although the use of the word catalyst might seem improper because 
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the bacteria use the substrates to support their metabolism, the amount of reactant consumed for 
cell growth and maintenance is negligible.  

When syngas fermentation is optimized for the production of liquid biofuel the main 
product is ethanol, while the most recurrent byproduct is acetic acid. The technology will be here 
referred to as syngas-to-ethanol process, this in order to differentiate between processes which 
are instead aimed at the synthesis of bulk chemicals. The stoichiometry for the conversion of CO, 
CO2, and H2 to alcohol can be summarized by the following two reactions: 

 6𝐶𝐶𝐶𝐶 + 3𝐻𝐻2O → 𝐶𝐶2𝐻𝐻2𝐶𝐶𝐻𝐻 + 4𝐶𝐶𝐶𝐶2 ∆𝑟𝑟𝐻𝐻0 = −331𝑘𝑘𝑘𝑘/𝑚𝑚𝑚𝑚𝑚𝑚 1.
 2𝐶𝐶𝐶𝐶2 + 6𝐻𝐻2 → 𝐶𝐶2𝐻𝐻2𝐶𝐶𝐻𝐻 + 3𝐻𝐻2O ∆𝑟𝑟𝐻𝐻0 = −348 𝑘𝑘𝑘𝑘 𝑚𝑚𝑚𝑚𝑚𝑚⁄  2.

As mention earlier, the bioconversion is not restricted to a fixed syngas composition but 
can operate within the interval defined by the two equations above; a calculation on the 
combustion enthalpies of ethanol compared to that of H2 and CO show that 80% of the heating 
value of the syngas is retained in the produced alcohol. Table 1, shows: product distributions, 
productivities, and conversions of selected syngas fermentation tests conducted on lab and pilot 
scale, by Devarapalli and Atiyeh [1]  

As a rule, the new biotechnological routes which are occurring these days tend to produce 
aqueous solutions which have lower ethanol concentration compared to traditional fermentation 
of sugars, the syngas-to-ethanol process makes no exception, ceiling at 5 wt% ethanol (Table 1). 
Hence, it is of primary importance that the downstream recovery processes are also perfectly 
optimized; this is due to the costs for the separation rapidly escalate when the product 
concentration in the fed stream becomes too diluted. 

 Objective and method 1.1.

This project is part of a large project, SYNFERON: which is focused on applying mixed 
microbial consortia on syngas fermentation to liquid biofuel, design of novel bioreactors and use of 
suitable surfactants for increasing the gas-liquid mass transfer efficiency, development of cost-
efficient purification techniques and optimized process designs.  

The objectives of the study have been the investigation of the current syngas fermentation 
technologies for fuel production, the work entailed patent screening, literature analysis, and 
reviewing of syngas fermentation technologies available today. 

Advanced thermodynamic modeling study has been conducted, including the solubility of 
syngas gases in water and fermentation liquid products, over extensive temperature and pressure 
ranges. A new approach for gas solubility in mixed solvents has been proposed. The design and 
simulation of different possible layouts for the separation of ethanol and acetic acid from dilute 
aqueous solutions has been carried out with the aid of the process simulator software Aspen Plus 
[2]. The aim was to compare several innovative technologies and benchmarking the performance 
from an energy and economic point of view. A review study of the available correlations for 
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gas/liquid mass transfer has been considered since it is of fundamental importance for the correct 
estimate of the upper productivity limit for fermentation processes involving gaseous substrates. 
An in-depth analysis of the effects of strong electrolyte solutes on the gas-liquid interphase 
behavior is given in order to unravel some of the controversial results found in the literature on the 
topic. Electrolytes are among the substances having marched effects on gas-liquid interphase that 
are normally present in the fermentation broth or that can be added to the media with the 
purpose of improving the mass transfer efficiency. A 800 L pilot-scale bubble column has been 
characterized experimentally in terms of mass transfer performance and power consumption. A 
corresponding CFD model of the unit was implemented in ANSYS CFX environment and validated 
using the data collected from the pilot campaign, but there was no time to include the results in 
the present document. The study will be included in a future work. 
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 Syngas fermentation technologies: State-of-the-art 2.

There are currently three well known commercial processes for syngas fermentation into 
biofuels. These are: the former Coskata process, (now Synata Bio), the INEOS Bio process, and the 
LanzaTech process. The first patent in the field was filed in 1990 by Gaddy [3]. Till today each of 
these companies has deposited tens of patents somehow related to this process, these range from: 
flowsheet designs, unit designs, operation and start-up methods, process integration, and new 
bacteria strains or mixed cultures. The syngas fermentation technology was transferred from 
academia into industry when Gaddy created the Bioengineering Resources Inc. in Fayetteville [4]. 
The firm operated a pilot unit from 2003, and subsequently the technology was acquired by INEOS 
in 2008 [5]. INEOS Bio was created as a subsidiary of INEOS in the same year. The company claimed 
an expected production rate of 100 gallons of ethanol per dry ton of feedstock using proprietary 
strain of C. ljungdahlii as biocatalyst [6]. 

In 2011 INEOS Bio began the construction of their first commercial scale plant in Vero 
Beach in Florida. The plant had a planned capacity of 8 million gallons per year of ethanol and a 
gross electricity production capacity of 6 megawatts, using as feedstock: vegetative waste, yard 
wastes, wood waste, and municipal solid waste [7]. The construction was completed in 2012, and 
on July 2013 the plant officially starts bioethanol production at commercial-scale level [8]. During 
the next months the plant was not producing on regular basis due to unexpected start-up issues. In 
September 2014, the company announced that a major turn-around had been completed at the 
facility, including technology upgrades, and that the plant was being brought back online [9]. In 
2016 the chief legal officer of the company stated that INEOS was seeking potential buyers for its 
facility in Vero Beach. No information was given regarding the sale price or how long INEOS would 
operate the plant [10], [11]. In Figure 1 is reported a schematic flow diagram of the former plat. 
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Figure 1: INEOS Bio plant, Vero Beach in Florida 
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Figure 2: Consutech two-stage combustor modified for the production of syngas from lignocellulosic biomass and solid urban waste, 
and flow diagram of the syngas cooling section, patented by INEOS Bio 

The majority of patents deposited by INEOS Bio are related to unit design, particularly 
bioreactors and gasifier units. Below are given the outlines of few selected inventions. 

Figure 2, left-hand side, shows the layout of the gasifier employed by INEOS Bio during their 
validation tests. The diagram is a combination of the various drawings provided within the 
documents deposited by the company between 2009 and 2014, [12], [13], [14]. The unit is 
Consutech two stage combustor [14], modified to function as a direct gasifier: O2 is introduced into 
the main chamber to internally generate the heat input necessary for partial oxidation of the raw 
material at temperatures in the range of 400 From ° C to 760 ° C. Two hydraulic rams are actuated 
at a regular interval in order to prevent any agglomeration of the feedstock and to transfer the 
ashes to the sump. A water basin can be installed at the exit of the gasifier to provide a liquid seal, 
minimizing the infiltration of air into the unit. The spent ashes are removed via a conveyor belt 
(not shown in Figure 2). The four poker arms installed on the head of the primary transfer ram 
prevent the compaction of the material in front of the nozzles used for the introduction of the 
oxidizing media. Non-oxidizing gases, such as CO2 an N2, or steam, can also be injected in the bed 
diluting the O2, thus preventing the formation of hot spots and the consequent fusion of the ashes. 
It was found that using municipal solid waste as feedstock, a CO2/O2 flow ratio of 1:1 at the 
transfer ram nozzles can keep the temperature in the area directly in front of the piston under that 
of ash melting. The raw syngas produced in the first chamber moves towards the second while 
additional O2 is introduced between the stages; this brings the temperature of the gases up to 
1000-1200 °C inducing thermal cracking and partial oxidation of any tar components transported 
within the flow. 

The addition of CO2 provides a valid means of controlling the gasification temperature 
without causing the dilution of the syngas with a non-reacting gas (e.g. N2, if air was used to partial 
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sobstitute the pure O2). Indeed CO2 can react with other products of the gasification forming 
additional CO according to the following reactions: 

 𝐶𝐶𝐶𝐶2 + 𝐶𝐶 ↔ 2𝐶𝐶𝐶𝐶 3.
 𝐶𝐶𝐶𝐶2 + 𝐻𝐻2 ↔ 𝐶𝐶𝐶𝐶 + 𝐻𝐻2𝐶𝐶 4.
 𝐶𝐶𝐶𝐶2 + 𝐶𝐶𝐻𝐻4 ↔ 2𝐶𝐶𝐶𝐶 + 2𝐻𝐻2 5.

The Boudouard reaction is thermodynamically feasible above 700 °C, the reverse water gas 
shift is possible above 800 °C, while the third reaction proposed in [12] can occurs only above 650 
°C; this is referred to as CO2 reforming of CH4 or dry reforming. 

The inventors provide some results of tests conducted on the gasifier for different CO2/O2 
flow ratio at the transfer ram nozzles. The addition of CO2 significantly alters the composition of 
the syngas produced, leading to a reduction in the H2 yield while increasing that of CO; yet the 
improvements on the calculated ethanol productions are marginal. It is also worth noting the 
projections reported in the patent are highly sensitive to the yield factors used to estimate the 
biological conversion of H2 and the CO into alcohols. 

The use of CO2 to regulate the gasification temperature has the disadvantage of producing 
a syngas containing a large excess of CO2 (more that can be converted via reaction 2). Similar 
temperature control can be achieved by adding steam in conventional direct gasification. While H2 
production increases at the expense of CO (reaction 4), excess water does not dilute the syngas 
sent to fermentation; in fact water is mostly condensed as the gas is cooled before being 
introduced into the bioreactors. 

Some of the patents filed by INEOS Bio are related to the design of a syngas cooling section; 
three representative examples are described below. The first process layout proposed was 
deposited in 2012, [15]; basically the invention consists in admixing the hot effluents of the gasifier 
with previously cooled syngas so as to lower the temperature before recovery the enthalpy of the 
stream in a waste heat boiler. The cold gas loop, comprising a blower and the cooling unit, is visible 
in the flow diagram of Figure 2, right-hand side. With this method, the velocity of the blended gas 
through the elements of the heat exchange is increased up to 2.5 times, with a consequent 
reduction of the fouling factor by almost four fold. The second patent presented in 2012, [16], 
illustrates in detail the element that connects the gasifier to the cooling section; reporting both 
geometries and dimensions, as well as the position where the cold syngas is admixed with the hot 
effluents from the second stage of the gasifier. 

The flow diagram in Figure 2 is from the last patent concerning syngas cooling deposited by 
INEOS Bio [17]. With respect to the figure, the cooled syngas from the waste heat boiler (COOLER) 
contains contaminants that must be removed prior to the downstream use. This is achieved via 
dry-scrubbing and subsequent removal of the spent chemicals through a baghouse filter. When the 
facility is not working at full capacity, e.g. during star-up and shut down operations, the produced 
syngas is sent to a thermal oxidation unit and the recovered heat can be used to produce steam 
and/or electricity. 
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The majority of the early patents fields by INEOS Bio concerning the design of fermentation 
units are actually extracted from previous inventions filed by Gaddy for other assignees. One of the 
most recurrent schemes reported in these documents is that shown in Figure 3, [18]. The flow 
diagram refers to a bioreactor for the continuous fermentation of the syngas coupled with a 
distillation column and a dehydration section. The Syngas (SYNGAS) and the nutrients (NUTRIENTS) 
are fed to the fermenter where the gaseous substrate is converted into ethanol and acetic acid, 
what is not converted is burned as fuel or flared (EXHAUST GAS). The liquid effluents are passed 
troughs a cell separation unit such as a continuous centrifuge or a filter (CELL SEPARATOR), the cell 
concentrate is sent back to bioreactor while permeate is directed to the recovery of the products 
(DISTILLATION COLUMN). The bottom product of the distillation column, containing primarily 
water and acetic acid is recycled back into the bioreactor (WATER/ACETATE RECYCLE); all nutrients 
that have not been degraded during distillation, such as trace metals and other electrolytes are 
also recycled. The overhead product of the distillation (95%ETHANOL) is sent to a molecular sieve 
from which anhydrous ethanol is obtained, while the aqueous ethanol purged during the 
regeneration of the beds is recycled to the column. 

 
 

Figure 3: Syngas fermentation reactor and ethanol distillation apparatus, patented by INEOS Bio 

The main objectives of INEOS Bio fermentation depicted in Figure 3 consist of a series of 
adjustments of the fermentation broth composition aimed at improving the productivity of the 
process (kg of product/s/m3 of reactor), and to promote the production of alcohol with respect to 
that of the acid. The most important claim of patent [18] is the use of chemicals that can alter the 
redox potential of the solution increasing the ratio NADH/NAD+ and NADPH/NADP+ inside the 
microbial cells [19]. The redox potential inside the cells is in fact determined by that of the 
fermentation medium; the reason for this is that the difference between the two, namely the 
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transmembrane potential, is physiologically bounded within certain values (it can range from -40 
mV to -80 mV). 

In order to understand the effect the redox potential has on the distribution of the 
products, it is necessary to consider the two terminal branches of the metabolic pathway used by 
syngas fermenting bacteria for the production of acetic acid and ethanol. From the Wood-
Ljungdahl metabolic pathway reported by Daniell et al. [5], Figure 4, it can be observed that in 
order to form one mole of alcohol from one mole of Acetyl-CoA it is required the oxidation of two 
moles of NADH to NAD+(or equivalently two moles of NADPH to NADP+). The same amount it is 
also required to reduce acetate to ethanol. Thus, artificially increasing the availability of NADPH 
and NADH within the cells promotes the production of ethanol with respect to that of acetic acid; 
this is verified experimentally. 

 
Figure 4: Acetate and ethanol production branches of Wood-Ljungdahl pathway [5]. NAD(P)H is the reduced form of nicotinamide 
adenine dinucleotide phosphate (NADP+) or equivalently the nicotinamide adenine dinucleotide (NAD+), CoA-SH is the coenzyme A, 
and ATP and ADP are the adenosine triphosphate and adenosine diphosphate 

At steady-state conditions, the NADH and the NADPH consumed throughout the Wood-
Ljungdahl pathway is restored via oxidation of the gaseous substrates, namely H2 to form H2O and 
CO to CO2. 

 𝐻𝐻2 + 𝑁𝑁𝑁𝑁𝑁𝑁(𝑃𝑃)+ ↔ 𝑁𝑁𝑁𝑁𝑁𝑁(𝑃𝑃)𝐻𝐻 + 𝐻𝐻+ 6.
 𝐶𝐶𝐶𝐶 + 𝐻𝐻2𝐶𝐶 + 𝑁𝑁𝑁𝑁𝑁𝑁(𝑃𝑃)+ ↔ 𝐶𝐶𝐶𝐶2 + 𝑁𝑁𝑁𝑁𝑁𝑁(𝑃𝑃)𝐻𝐻 + 𝐻𝐻+ 7.

To guarantee a constantly low redox potential in the fermentation media without the need 
to continuously supply the reducing agent (other than the components of the syngas), it is 
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necessary that the chemical used to promote ethanol production is kinetically stable with respect 
to spontaneous oxidation and is not quickly metabolized by bacteria; examples of such additives 
are Na2S and FeS. 

Another operational variable considered in the invention [18], involves the recycling of the 
cell concentrate from the effluents of the fermentation back to the reactor (CELL SEPARATOR), this 
procedure has the advantage of increasing the cell density and improving the productivity of the 
process.  

The flow diagram in Figure 3 shows the possibility of using the bottom product of the 
distillation as fermentation media, without the need to separate the acid (WATER/ACETATE 
RECYCLE). Gaddy et al. [18] tested the process considering both cell recycling and the complete 
recycling of the bottom effluents of the distillation column to the bioreactor: no net acetic acid 
production was observed. In fact, it is believed that to mitigate the potentially dangerous drop of 
pH caused accumulation of acetic the  environment, bacteria can redirect the conversion of the gas 
almost exclusively towards alcohol production [20], [21]. 

In 2013 INEOS Bio patented a modification of the process layout reported in Figure 3, [22]. 
The main improvement consists of a scrubber unit that uses the bottom product from distillation 
column to wash out the ethanol eventually present in the off-gas from the fermenter. The liquid 
collected at the bottom of the scrubber is recycled back to the bioreactor as make-up solution. 

In the same year was patented a detailed layout of a fermenter unit [22] and the methods 
to operate it [23]. The unit appears to be is a stirred tank reactor presenting three impellers mounted on a 
single axial shaft. The fermentation broth is withdrawn from the bottom of the reactor and divided 
into two flows; one is sent to a recycle loop for cooling, the other to cell filtration unit, the cell 
concentrate is returned to the reactor, while the permeate passes to the ethanol recovery section. 
The main vessel is contiguous to a growth section located below the pipe sparger; this auxiliary 
section volume is equipped with a dedicated gas distributor and it is used during start-up 
operations for the preliminary growth of the bacteria inoculums. 

The last patents filed by INEOS Bio were published between 2014 and 2015, [24], [25], [26]. 
These regard a large bubble column reactor divided into multiple sectors stacked vertically, each 
provided of individual recirculation pump and gas pipe sparger. The syngas is typically injected at 
the bottom of the unit; however, in the event that the CO concentration in the liquid exceeds 0.12 
mM, at least a part of the gas is diverted towards one or more of the following stages. The method 
aims to prevent inhibition phenomena caused by CO accumulation, which can lead to the 
microorganisms death and to the instability of the system. A variation to this layout involves the 
use of horizontal barriers which can reduce or prevent mixing of liquid between different sectors of 
the column. 

Coskata, Inc. is the second company to have reported the operation of a syngas 
fermentation process on a pilot scale. The firm was founded in 2006 in Warrenville IL using 
technology and bacteria strains licensed from Oklahoma State University and the University of 
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Oklahoma. Since 2009 the company has operated a demonstration plant in Madison PA [27] with 
syngas produced from wood biomass and municipal solid waste using a plasma gasification process 
developed by Westinghouse Plasma Corporation [1]. In 2011 Coskata disclosed the identification of 
a proprietary bacterial strain for ethanol production, Clostridium Coskatii [28]. In the same year 
was delineated a plan for the construction of a commercial plant in Boligee AL; the facility was 
supposed to convert wood chips and municipal solid waste to ethanol, with a planned production 
capacity of 16 million gallons of ethanol per year; to be scaled to 78 million gallons per year. The 
expected yield was assumed to be 100 gallons of ethanol per dry ton of softwood, with 
unsubsidized cash operating costs of up to 1.50 $ per gallon. In December 2011 a financial 
statement was submitted to the U.S. Securities and Exchange Commission for the proposal of 100 
million $ stock market, launch in order to fund the project [27]. In July 2012 Coskata announced a 
major shift in strategy towards the construction of a commercial plant, funded by private investors, 
which uses reformed natural gas as sole feedstock. This operational choice reduces the risk 
involved with the novel biomass gasification technologies. The company went out of business in 
2015, and the technology formerly belonging to Coskata has re-emerged as the new company: 
Synata Bio in November of the same year. Matthew Ahearn and Steve Kloos, heads of the venture 
capital firm True North Venture Partners, are now listed as directors of the company, [29], [30]. 

During the years of activity, Coskata has published a large number of patents that include: 
flowsheet designs, unit designs, operation method, star-up methods, process integration, and new 
bacteria strains. Here are listed the outlines of few selected inventions. 

 The first Coskata patent reporting the flowsheet of a plant for the conversion of biomass to 
hydrous ethanol was published in 2009 [31]. The most unconventional element of the layout is the 
purification section, which includes a vacuum distillation column and two vapour permeation 
modules for the separation of the alcohol. The set-up is claimed to be efficient and economically 
advantageous for the separation of ethanol from solutions containing less than 2-4 wt%. Aside 
from minor variations, the implementation of the theology is very similar to the distillation-vapour 
permeation process described in section 4.1.6. 

In 2010 Coskata published a detailed description of an indirect gasification process coupled 
with a CH4 auto thermal reforming (ATR) [32]. The proposed scheme aims to mitigate the 
drawbacks associated with the production of large quantities of CH4, which are typical of indirect 
gasification processes. Figure 5 shows the elements comprising the indirect gasification section, 
while Figure 6 reports the ATR reformer, the CH4 separation unit and a battery of bioreactors.  

Whit reference to Figure 5, the lignocellulosic feedstock is introduced via a screw conveyor 
(1) in the gasification chamber (3) where a recirculating heat-transfer (HT) material, e.g. quartz 
sand, rapidly heats the biomass in an oxygen-free environment. At approximately 850°C the 
biomass is undergoes thermal cracking and reforming reactions producing syngas and char. The 
gaseous products are separated via a cyclone (4), while the char and the HT-material are 
transferred at the bottom of a combustion chamber (5); here the char is completely oxidized with 
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excess air, reaching temperatures of about 1000 °C. The exhausted gases are separated in a second 
cyclone (6) and the enthalpy of the stream is recovered in a waste heat boiler (7).  

The HT-material is conveyed to a conditioning reactor (9), where the crude syngas, from the 
indirect gasification unit (3), is admixed. The tar components are mostly reformed in this step. The 
HT-material is returned to the main gasification chamber (3), while the reformed syngas is 
delivered to a second waste heat boiler (10) and quenched. The final composition of the crude 
syngas is 30% CO, 30% H2, 15% CH4, 20% CO2, and 5% of unspecified hydrocarbons. 

 
Figure 5: Flow diagram of an indirect gasification and steam production section, patented by Coskata 

Figure 6 shows the ATR reformer (13), the CH4 separation unit (15), and the fermenters 
(14). The cooled syngas from the indirect gasification section (11) is washed and filtered to remove 
particulates and residual tarry materials (12). The scrubbed gas (A) is admixed with the reformate 
stream (B) from the ATR unit (13) and fed to a battery of bioreactors (14). 

The inventors claim that syngas fermenting bacteria can convert CO and H2 to ethanol with 
nearly 95% of selectivity and, considering a conversion of 90%, they calculates for stream D a 
composition of 5.4% CO, 5.4% H2, 52.7% CO2, 27.3% CH4 and 9.2% of unspecified hydrocarbons. 

The off-gas from the fermenters is passed through a membrane separation unit, or a 
pressure swing adsorption system (15) which is supposed to recover 95% of the CH4. The separated 
CO2 (E) is fed to a thermal oxidizer unit (16), while the CH4 is admixed with a sub-stoichiometric 
amount of O2 (G) and sent to the ATR unit (13). This operates from 850°C to 1100°C producing a 
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reformate (B) which composition is 35% CO, 62% H2, 2% CO2 and 1% CH4. The stream is mixed with 
fresh syngas from the gasification section (A) and recycled again to the fermenters (14). 

 
Figure 6: Flow diagram of an ATR reformer coupled with a CH4 separation unit and a battery of bioreactors for syngas fermentation, 
patented by Coskata 

In 2013 a new process design was patented by Coskata [33]; this outlines a method aimed 
to reduce the amount of CO2 sent to the bioreactors. The CO2 is removed from the syngas by 
absorption using a mixture of ethanol and water withdrawn from the purification section. The 
ethanol eventually evaporated in the process is recovered via condensation, by cooling the 
overhead streams exiting the contactor and the desorber. The section of flow diagram reporting 
the process is showed in Figure 7. 

Syngas produced from any gasification process, direct or indirect, typically contains CO2 in a 
range between 10% and 25% on a dry basis. The patent explains that removing CO2 from the 
syngas reduces the total gas flow in the downstream units. The benefits are: reduced energy 
utilization for gas compression, improved mass transfer rates in the bioreactors, and lower power 
consumptions for dispersing the gas into the fermentation media. 
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Figure 7: Flow diagram of absorption/desorption process for the sequestration of CO2 from syngas, patented by Coskata 

A alcohol-water mixtures is used as solvent for the absorption/desorption process shown in 
Figure 7. Aqueous alcohol solutions have a considerably higher CO2 solubility compared to that of 
pure water. The authors of the inventions state that the CO2 fraction in the purified gas should be 
typically less than 5%. This implies that the driving force for the absorption would remain 
substantial up to the column overhead, such that the complete regeneration of the solvent would 
not be necessary. Residual CO2 could be left in the thin solvent such that the regeneration phase 
can be performed in mild conditions. The ethanol vapour stripped with CO2 at the top of the 
desorbed can be condensed and recovered in the distillation zone, so that the process operates 
without any significant loss of alcohol.  

With reference to Figure 7, the syngas (A) enters the contactor (1) where a solution of 
aqueous ethanol is used to separate out CO2. It is stated that the absorber should work between 
1.5 and 10 bar, at temperatures from 10 to 50°C. The desorption column (2) should operate at 
atmospheric pressure, and in the same temperature range of the absorber. The lean syngas (B) is 
directed to the fermentation zone (3) or pass through an optional condenser (4). The solvent 
collected from the condensers 4 and 6, should contain about 80-90 wt% of ethanol. The alcohol 
recovered (8) is concentrated up to purity specs in the recovery section (not shown in Figure 7); 
this steam is estimated to convey about 4-10 % of the total ethanol output. 
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Make-up solvent to the absorber/desorber assembly is provided by aqueous ethanol 
removed from the lower trays of the rectification section (9) containing 40-70 wt% in alcohol. The 
off-gas from the bioreactor (10) along with the CO2 rich stream from the desorber (7) are washed 
to recover the ethanol vapour left in the streams (11); the washing liquid is mainly water (and 
possibly acetic acid) removed as the bottom product of the distillation (12); after washing the 
liquid effluent is fed to the bioreactors as a make-up solution (13). 

The main innovation of patent [33] is the absorption/desorption process which takes 
advantage of the alcoholic solution already available from the recovery section. In the presented 
scenario no CH4 reforming step is considered, possibly the set-up is optimized for being coupled 
with a direct gasification unit which, owing to the high operative temperatures, generates very low 
amount of CH4. 

It worth noting that in Coskata approaches [32],[33] CO2 is removed from the syngas aiming 
to improve the efficiency of the fermentation step, while in INEOS Bio patents this dilutant seems 
not to be regarded as detrimental for the process performance. In this respect it is recalled that in 
INEOS Bio patent [14] and the subsequent ones, it is suggested the addition of CO2 in the gasifier to 
control the temperature instead of steam (dry gasification), the produced syngas was reported to 
contain more than 35% of CO2 by volume. 

In a patent dated 2015 [18] Coskata reported a detailed flow diagram of an integrated 
system for producing syngas from woody biomass and the subsequent cleaning and bioconversion 
into liquid fuels. The gasification section is similar to that reported in Figure 6 and described in 
[32], the major difference is represented by the introduction of a partial oxidation reactor (POX) 
after the indirect gasification step. Natural gas and pure O2 are mixed with the syngas and 
introduced in the POX unit to increase the temperature and promoting the conversion of CO2 
toward CO (reactions: 3, 4, 5). The syngas cleaning section comprises of numerous units: a tar 
scrubber which uses water as washing media, an ammonia absorption column which employs a 
buffer solution of NH4HCO3, and finally tank reactor containing a solution of H2O2 or O3 to oxidize 
HCN and any C2H4 or C2H2 left in the syngas. The syngas undergoes a further treatment with a 
permanganate solution before entering a sacrificial reactor.  

The syngas fermentation section in the flow diagram reported in [18] shows numerous 
solutions designed to optimize the performance of the bioconversion and to avoid accidental 
poisoning of the biocatalyst. The section is reported in Figure 8. With reference to the figure, the 
cleaned syngas (1) enters a sacrificial reactor (A) which should prevent toxic compounds from 
reaching the main bioreactors (B and C), the unit is filled with an aqueous medium containing the 
microorganisms being purged from the two main fermenters (4); liquid is continuously withdrawn 
and sent to a centrifuge for solid separation (3). The recovered supernatant (5) is sent to a 
distillation column (E) for the separation of the alcohol. The syngas exiting the sacrificial reactor (2) 
is delivered to the first fermenter: a 20 m deep bubble column maintained at about 40 °C (B). The 
syngas is injected at the bottom of the unit using slot injectors and aqueous media as motive fluid 
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(6). The fermentation broth is removed from both the bioreactors (7) and passed to a centrifuge 
(F), the supernatant is sent to the distillation column (E) for product recovery (5), the removal rate 
from the first bubble column should be sufficient to maintain the ethanol at about 2.5 wt%. The 
second stream exiting the centrifuge has a high content of microbial cells and is returned to the 
bioreactors (4), while another portion is purged into the sacrificial reactor (A).    

 
Figure 8: Flow diagram of bioreactor network for syngas fermentation, and ethanol recovery section, patented by Coskata 

The off-gas from the first fermenter (8) is passed to a pressure swing adsorption unit (F) 
which partially removes CO2 before the syngas is set to the second bubble column (9). The off-gas 
from the second bioreactor (B) is passed to a scrubber (G) for recovering the ethanol stripped out 
with the gases (10). The washing media is mostly water from the bottom of the distillation column 
(11), the liquid effluent from the scrubber (G) is returned to second bioreactors (12). The dilute 
ethanol stream recovered from the centrifuge supernatants (5), is purified in the distillation 
column (E) up to 92-94 wt% (13). 

The majority of Coskata patents are related to bioreactor designs. A general trend is 
observed in the deposited inventions, moving from units specifically designed for the reduction of 
mass transfer limitation toward reactors that take advantage of scale economy and lower power 
consumptions at the expense of increased dimensions. 

One of the first patent filled by Coskata inventors is related to the application of porous 
membranes to syngas fermentation [34]. The technology aims to improve the surface contact and 
reducing mass transfer limitations between the syngas and the fermentation broth. Microporous 
membranes are widely used in membrane bioreactors for wastewater treatment; these are 
typically made of hydrophobic polymers such as PVDF, PE, PP and PVC which are processed to 
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create a fine perforated structure within the polymer film. The membrane modules are primarily 
available in two geometries: hollow fibers and flat sheets. Hollow fibers are generally the most 
common layout, in this case, the processes gas flows in the lumen of the fibers, while the outer 
surface is exposed to the fermentation broth. The membrane also acts as support for the growth of 
the bacteria. A possible implementation for a submerged hollow fibers modules is that reported in 
patent [35] and presented in Figure 9, left-hand side. 

 
Figure 9: A submerged two-headed membrane modules bioreactor, left-hand side, and hollow fiber bioreactor module, right-hand 
side 

On the right-hand side of Figure 9 is showed an unusual application of the hollow fibers 
membrane, this was patented by Coskata in 2009 [36]. Liquid and gas side on of the membrane 
surface is reversed in respect to the usual configuration such that the process liquid flows in the 
hollow fibers, whereas the gas is supplied on the outer surface; the bio-layer grows on the gas-side 
of the membrane wile aqueous media seeps from the surface of the hollow fibers. The module 
shown on the right-hand side of the figure comprises an outer ring of support rods connecting the 
two terminal ends and providing mechanical stability to the unit. An axial conduit, that has 
perforations at the two distal ends, allows the process gas to enter the base of the module; after 
flowing along the outer surfaces of the fibers, the gas leaves the unit from the upper perforated 
section. 

The majority of the most recent Coskata patents are related to more conventional reactors, 
mostly bubble columns provided with an external downcomer used to deliver the gas-liquid 
dispersion at the bottom of the fermenter [37], [38], [39]. The dispersion is produced by admixing 
the process gas with the liquid at the inlet of the downcomer via gas injector operating at relatively 
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low pressure. The inventors claim that the dispersion is stable enough to travel downwards a 
significant vertical distance (more than 20 m) without a substantial coalescence taking place. 

 
Figure 10: Flowsheet of the mechanically assisted liquid distribution tank for syngas fermentation patented by Coskata 

Figure 10 shows a single tank reactor for syngas fermentation patented in 2015 by Coskata 
[40] were the sizing provided in the invention are intended for taking advantage of scale economy; 
according to the inventor, the dimension conceived should be at least 2000 m3 of fermentation 
reactor capacity. The fermenter is assumed working at atmospheric pressure, while the conversion 
is maintained high by recycling a conspicuous amount of the off-gas from the reactor overhead to 
the jet injectors placed at multiple heights. Paddles or side impellers provide uniformity of 
concentration in the entire volume of the unit. With reference to Figure 10, the fermentation broth 
is withdrawn at various deep from the tank for product recovery and to provide motive fluid to the 
jet ejectors; before mixing with the syngas, the aqueous solution is passed into a flash tank kept at 
reduced pressure to partially remove the dissolved CO2. A portion of the off-gas from the reactor 
overhead may be treated for CO2 removal before being recycled to the reactor.  

By this invention, a single, continuous stirred tank reactor is considered able to achieve high 
bioconversion without undue capital and operating costs. The reactor should be designed to 
contain from 500 to 2500 m3 of aqueous medium, having a height between 15 m and 30 m. 
Although not specified in the document, an in-ground tank might be an appropriate arrangement 
for a reactor of such size. 
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 Thermodynamic of syngas fermentation  3.

The novel bio-based technologies can certainly contribute to the goal of finding more 
sustainable alternatives to fossil fuels and conventional bulk chemicals, yet it is necessary to 
properly design and optimize the corresponding processes so that can be competitive with the 
existing methods. In this regard, process simulator programs represent an essential tool to carry 
out feasibility studies; however, the accuracy of the results heavy relies on the quality of the model 
parameter base used for the thermodynamic and physical property estimations. For this reason, it 
is required to evaluate these parameters on the base of consistent phase equilibrium data. 

The following two sections focus on the development of a thermodynamic model 
parameter base relevant to the syngas fermentation process. The first section is dedicated to the 
solubility of syngas components in water, ethanol and acetic acid. The section is based on the 
following  published articles: M. Torli, L. Geer, G. M. Kontogeorgis, and P. L. Fosbøl, “Solubility of 
Syngas Components in Water, Acetic Acid, and Alcohol Using New Standard Fugacity 
Methodology,” Ind. Eng. Chem. Res., vol. 57, pp. 16958-16977, 2018. Copyright 2018 American 
Chemical Society 

 The section that follows is centered on the VLE and LLE of systems that are of importance 
for the separation and the recovery of the liquid product of the fermentation. 

 Solubility of syngas components in water acetic acid and alcohol  3.1.

The rate-limiting step of syngas fermentation is the gas-to-liquid mass transfer, and mass 
transfer limitations are expected to be even more severe than in the ordinary aerobic fermentation 
based on glucose. Indeed, CO and H2 solubilises are only 60% and 4% of O2, and more moles of gas 
must be transferred per carbon equivalent consumed. One way to improve the mass transfer is to 
increasing the mass transfer driving force. This is accomplished by raising the partial pressure of 
the syngas [41]. In order to estimate the equilibrium condition at high solute concentration, the 
Henry’s law is not sufficient, especially above 5-10 bar and for mole fractions larger than 0.03 [42]. 

The focus of this work is the thermodynamic of 15 systems which may be of relevance for 
process simulation studies in connection with the biological synthesis of solvents, chemicals or the 
production of biofuels from syngas. A thermodynamic model is presented which describes the 
solubility of CO, H2, CO2, CH4 and N2, i.e. the main component of biomass derived syngas, in 
combination with the three polar hydrogen bonding solvents: water, ethanol and acetic acid. The 
selected method is 𝛾𝛾 − 𝜑𝜑 approach: UNIQUAC-Peng-Robinson (PR) for system containing water 
and ethanol, and UNIQUAC-Hayden-O'Connell Virial EoS for systems containing acetic acid. 

The data regression has been performed with additional constraints on the supercritical 
component standard state fugacities and, on the same thermodynamic basis; a new approach for 
gas solubility in mixed solvents has been derived. This approach has been implemented to avoid 
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the derivation of ill-defined UNIQUAC parameters that are merely correlations and produce wrong 
property prediction of particularly 𝛾𝛾∞. Indeed there is a need for future publications to address the 
fact that a consistent thermodynamic framework should be adopted whenever the 𝛾𝛾 − 𝜑𝜑 
approach is applied to gas solubility studies. 

The gas solubility equilibria investigated in this study are of particular relevance to the 
syngas fermentation process, however they are also central to many other industrial applications, 
such as: ethanol and acetic acid fermentation, carbonation of alcoholic beverages and soft drinks, 
gas absorption, stripping columns, waste-water treatment, etc. [43]. 

3.1.1. The 𝜸𝜸 − 𝝋𝝋 approach close to the critical conditions 

The 𝛾𝛾 − 𝜑𝜑 approach has been used, and is still used, to successfully correlate solubility data 
also at high pressure. It is often stated that the concept cannot be used at high pressure due to 
various limitations, here are highlighted some of the concerns in the existing activity coefficient 
models which are not present when using EoS’. 

Though there are some exceptions [44], activity coefficient model are in general pressure 
independent expressions [45] and they cannot account for the effect of this variable on the excess 
Gibbs energy 𝐺𝐺𝐸𝐸 of the system. This is equivalent to not considering the change in volume upon 
mixing, 𝑉𝑉𝐸𝐸 ≅ 0, as indicate in Eq. (3.1). 

; 0µ− +∑ E E E E
i ii

dG S dT dn V dP  (3.1) 

The contribution of the term ∫𝑉𝑉𝐸𝐸  𝑑𝑑𝑃𝑃 to the excess Gibbs energy 𝐺𝐺𝐸𝐸 may become 
important at high pressure for systems with very large excess volumes. Nevertheless the practical 
limitations with the 𝛾𝛾 − 𝜑𝜑 approach are due to the incorrect estimates on standard state liquid 
fugacities for components near critical conditions, rather than neglecting the pressure effect on 
𝐺𝐺𝐸𝐸. 

The standard state liquid fugacities at 𝑇𝑇 and 𝑃𝑃 are obtained from the saturation (vapor) 
pressure at 𝑇𝑇 applying two corrections: 1.A fugacity coefficient at saturated conditions, 𝜑𝜑𝑖𝑖𝐿𝐿(𝑇𝑇)�

𝑃𝑃𝑖𝑖
𝑠𝑠𝑠𝑠𝑠𝑠 

usually calculated from an EoS, to take into account the deviations of the saturated vapor from 
ideal-gas behavior. 2.A Poynting factor since the liquid is at a pressure 𝑃𝑃 different from the one at 
saturation. This term is related to the difference between the fugacity at standard state conditions, 
 𝑓𝑓𝑖𝑖𝐿𝐿(𝑇𝑇,𝑃𝑃), and the fugacity at the saturation line, 𝑓𝑓𝑖𝑖𝐿𝐿(𝑇𝑇)�

𝑃𝑃𝑖𝑖
𝑠𝑠𝑠𝑠𝑠𝑠 . 

The rigorous form of the Poynting correction requires the calculation the integral term 
∫ 𝜐𝜐𝑖𝑖𝐿𝐿  𝑑𝑑𝑃𝑃; however a condensed phase at conditions far from critical, may often be regarded as 
incompressible, and in that case the Poynting term takes a simpler form where the integral term is 
replaced by the product of an invariant molar volume and the pressures difference between the 
extremes of integration 𝑃𝑃 and 𝑃𝑃𝑖𝑖𝑠𝑠𝑠𝑠𝑠𝑠. This simplified form is the one used in practice, therefore 
excess Gibbs energy models are applicable as long as this assumption holds [42]. 
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3.1.2. Theory of un-symmetric standard state 

Gases used in the 𝛾𝛾 − 𝜑𝜑 approach are commonly treated according to the un-symmetric 
convention, this is because the pure components liquid properties for the given 𝑇𝑇 cannot be 
measured. 

In this section is described the theory used in the application of the un-symmetric 
framework. A description is given on how the Henry’s law constant at standard conditions and the 
Henry’s law constant at solvent saturation pressure are defined and linked. 

For super critical components, relations based on the symmetric approach can only be used 
by introducing a hypothetical (physically unreal) liquid standard state. 

In order to avoid difficulties, whenever the liquid mixture cannot exist over the entire 
composition range, it is common practice to define excess functions relative to an ideal dilute 
solution, in line with Henry’s law. The condition for ideality requires the ratio of the fugacity to the 
solute mole fraction being independent on its concentration; which is the case, provided the latter 
is sufficiently small. Accordingly, for a component under the un-symmetric convention the 
standard state is specified by unit concentration extrapolated to the limit of infinite dilution. 

The Henry’s law constant,  𝐻𝐻𝑔𝑔(𝑇𝑇,𝑃𝑃,𝐧𝐧𝒌𝒌)𝑘𝑘≠𝑔𝑔, is defined as the limit ratio of the fugacity of 
the component in the vapor phase and its mole fraction in the solution when the latter tends to 
zero, Eq. (3.2). Its value can be obtained from the one at 𝑇𝑇 and 𝑃𝑃𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠, 𝐻𝐻𝑔𝑔(𝑇𝑇,𝐧𝐧𝒌𝒌)𝑘𝑘≠𝑔𝑔�𝑃𝑃𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠, applying 

the Poynting correction, Eq. (3.3). 
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Solubility measurements require two phases always present; as the limit 𝑥𝑥𝑔𝑔 → 0 is 
approached, 𝑦𝑦𝑔𝑔 goes to zero as well, and the pressure of the system tends to the vapor pressure of 
the solvent alone: 𝑃𝑃 → 𝑃𝑃𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠. In this case the extremes of integration in the Poynting correction 
overlap and the Henry’s law constant matches the value at solvent saturation pressure [46]. 
Measurements of total pressure and composition of both phases are preferably needed, plus the 
fugacity coefficients from an EoS, Eq. (3.2). 

In the most rigorous way the determination of the Henry’s law constant at solvent 
saturation pressure, requires measurements to the lowest mole fractions possible so as to reduce 
the extent of extrapolation at 𝑥𝑥𝑔𝑔 → 0; for obvious reasons solubilities are never measured at those 
conditions. 

In order to represent solubility equilibria at different pressures, it is possible to extend the 
validity of Eq. (3.2) outside the limit condition of infinite dilution. Krichevsky-Kasarnovsky equation 
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[47], Eq. (3.4)can be derived upon combining Eq. (3.2), for pure solvent, and by considering �̅�𝜐𝑔𝑔∞ 
constant with pressure (a reasonable assumption if the solution temperature is well below critical 
conditions). 

( )ˆln ( ,   , ) ln ( ) ;
sat

i

g gV sat
g g iP

g

y
P T P pure solvent cH T P P

x RT
ase

υ
ϕ

∞     = + −     
m  (3.4) 

The Krichevsky-Kasarnovsky equation is a linear function of pressure: the intercept gives 
the Henry’s law constant at solvent saturation pressure and the slope yields the partial molar 
volume of the gaseous solute. The equation can be expected to hold for all these cases that 
conform to the assumptions on which the equation rests (𝑥𝑥𝑔𝑔 must be small). The approach proved 
to be remarkably useful for representing solubilities of sparingly soluble gases to very high 
pressures, e.g. H2 and N2 in water up to 1000 bar or solubilities of about 2 mol%. 

At larger solubilities, deviations become significant. In those cases, the non-ideality (in the 
sense of Henry’s law [42]) can be accounted using an activity coefficient and replacing 𝑥𝑥𝑔𝑔 in Eq. 
(3.4)with the product 𝛾𝛾𝑔𝑔∗(𝑇𝑇,𝐧𝐧)𝑥𝑥𝑔𝑔 which gives. 
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When the two-suffix Margules equation[48] is used to model the un-symmetric activity 
coefficient in a pure solvent, the general form of Eq. (3.5) leads to Krichevsky-Ilinskaya equation, 
Eq. (3.6). 

( ) ( )2( )ˆln ( , , ) ln ( ) 1 ;   
sat

i

g gV sat
g g i iP

g
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y A TP T P H T x P P
x RT RT

case
υ

ϕ
∞     = + − + −     

m  (3.6) 

Krichevsky-Ilinskaya has a wider applicability than Krichevsky-Kasarnovsky equation. 
However, if gas-solubility data alone are available, it is difficult to obtain all three isothermal 
parameters (�̅�𝜐𝑔𝑔∞, 𝐻𝐻𝑔𝑔(𝑇𝑇)�

𝑃𝑃𝑖𝑖
𝑠𝑠𝑠𝑠𝑠𝑠 , 𝑁𝑁(𝑇𝑇)) from data reduction. 

When ln�𝑃𝑃𝜑𝜑�𝑔𝑔𝑉𝑉(𝑇𝑇,𝑃𝑃,𝐦𝐦)𝑦𝑦𝑔𝑔 𝑥𝑥𝑔𝑔� � is plotted against (𝑃𝑃 − 𝑃𝑃𝑖𝑖𝑠𝑠𝑠𝑠𝑠𝑠), the intercept still gives a good 
value for the Henry’s law constant at solvent saturation pressure. However, since the slope 
depends on both the second and third term in Eq. (3.6), it is often not possible to obtain unique 
values for �̅�𝜐𝑔𝑔∞ and 𝑁𝑁(𝑇𝑇). To separate competing effects, the partial molar volume of the solute 
should be known from independent measurements, e.g. dilatometric ones[49], or alternatively 
estimated through suitable correlations. The trade-of between measurements accuracy, that drops 
as the infinite dilution condition is approached, and the extent of the extrapolations needed far 
from the limit behavior is one of the reasons behind the large uncertainties in the estimation of 
Henry’s law constants; which in fact differ quite significantly from study to study. 
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The poor quality of the solubility data reported in literature, and the often absent vapor 
mole fractions (rarely measured along with solubilities), which force to resort to 𝜑𝜑 − 𝜑𝜑 or 𝛾𝛾 − 𝜑𝜑 
models to estimate the equilibrium (vapor) compositions; make the estimation of Henry’s law 
constants even more problematic. 

Saturation pressures of pure liquids are measured at the very conditions defined by the 
corresponding saturation lines. In contrast the Henry’s law constants at the solvent saturation 
pressure conditions are calculated (not measured) from low pressure data under simplified 
assumptions, or obtained from data regression according to the Krichevsky-Kasarnovsky equation, 
Krichevsky-Ilinskaya equation or Eq. (3.5). Though the correlation schemes to some extent affect 
the 𝐻𝐻𝑔𝑔(𝑇𝑇)�

𝑃𝑃𝑖𝑖
𝑠𝑠𝑠𝑠𝑠𝑠 values, it is generally possible to get an acceptable estimation, even with great 

uncertainty on the rest of the parameters (�̅�𝜐𝑔𝑔∞, 𝑁𝑁(𝑇𝑇), or the interaction parameters for the activity 
coefficient model adopted for Eq. (3.5)). At this regard, Carroll and Mather [49] give an example of 
an hypothetical system that produces a linear trend in the Krichevsky-Kasarnovsky plot. Such 
behavior makes it difficult to separate the contributions of �̅�𝜐𝑔𝑔∞ and 𝑁𝑁(𝑇𝑇) on the gas solubility (as 
function of pressure), i.e. the two parameters are nearly indeterminate. Carroll and Mather further 
report that solubility data showing negative slopes in the Krichevsky-Kasarnovsky plot have led, not 
in a few cases, to the erroneous assumption of a negative υ�g∞. 

All things considered, the Henry’s law constant at the solvent saturation pressure (that 
corresponds to the intercept of 𝑓𝑓𝑔𝑔𝑉𝑉(𝑇𝑇,𝑃𝑃,𝐦𝐦) in the Krichevsky-Kasarnovsky plot), is only partly 
influenced by the uncertainty on the model parameters. Indeed, 𝐻𝐻𝑔𝑔(𝑇𝑇)�

𝑃𝑃𝑖𝑖
𝑠𝑠𝑠𝑠𝑠𝑠  is always explicitly 

calculated and defined in the limit of infinite dilution where the activity coefficient and Poynting 
term do not play a role. This attests that the Henry’s law constant at the saturation pressure of the 
solvent it is not a parameter whose value can be freely tuned to improve data fitting of a possibly 
poor thermodynamic modeling. 

Indeed, 𝐻𝐻𝑔𝑔(𝑇𝑇)�
𝑃𝑃𝑖𝑖
𝑠𝑠𝑠𝑠𝑠𝑠  is a property of the un-symmetric state: �𝑇𝑇,𝑃𝑃𝑖𝑖𝑠𝑠𝑠𝑠𝑠𝑠 , 𝑥𝑥𝑔𝑔 → 0� and just like 

the symmetric fugacity 𝑓𝑓𝑖𝑖𝐿𝐿(𝑇𝑇)�
𝑃𝑃𝑖𝑖
𝑠𝑠𝑠𝑠𝑠𝑠, has some fundamental characteristics. 𝐻𝐻𝑔𝑔(𝑇𝑇)�

𝑃𝑃𝑖𝑖
𝑠𝑠𝑠𝑠𝑠𝑠 and 

𝑓𝑓𝑖𝑖𝐿𝐿(𝑇𝑇)�
𝑃𝑃𝑖𝑖
𝑠𝑠𝑠𝑠𝑠𝑠 are functions of temperature only, both describe a vapor-liquid equilibrium and they 

can be correlated with the inverse of temperature in the Van't Hoff plot. The slope of the resulting 
curves yield respectively: the evaporation enthalpies, or the dissolution enthalpies. For pure liquid 
saturated vapor pressure, the corresponding expressions are known as Antoine equations, as the 
most general form adopted by AspenTech [2] and reported Eq. (3.7), while the simplest one is the 
Clausius-Clapeyron relation. For the Henry’s law constant in a pure solvent at its saturation 
pressure, similar functions of temperature are used; e.g. Eq. (3.8)found in AspenTech software [2] 
and applied in several works on gas solubility, it was first developed by Glew [50]. 
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In this work a truncated form of Eq. (3.8), using the first three terms, was found appropriate 
to represent the variation of the Henry’s law constant with temperature; also in view of the quality 
of the data and the consequential uncertainty on the actual value of 𝐻𝐻𝑔𝑔(𝑇𝑇)�

𝑃𝑃𝑖𝑖
𝑠𝑠𝑠𝑠𝑠𝑠. 
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3.1.3. Hypothetical standard state fugacity for supercritical components 

In gas solubility calculations, the gas is often in a supercritical condition and it therefore 
cannot exist in a condensed state, if not as a solute in a mixture. For the same reason pure 
saturated vapor pressures do not exist, making it impossible to define the corresponding fugacities 
at the saturation line, (𝑇𝑇,𝑃𝑃𝑖𝑖𝑠𝑠𝑠𝑠𝑠𝑠). 

In order to model gas solubility according to the symmetric convention, a hypothetical 
liquid standard state, which assumes that the pure condensed gas can exist, is formally introduced, 
𝑓𝑓𝑔𝑔
ℎ𝑦𝑦𝐿𝐿(𝑇𝑇,𝑃𝑃). The fugacity of the component in the mixture can, therefore, be equivalently 

expressed by Eq. (3.9) or Eq. (3.10); respectively according to symmetric and the un-symmetric 
convention. 

ˆ ( , , ) ( , ) ( , )V hyL
g g g gf T P f T P x Tγ=n n
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Equating Eq. (3.9) and Eq. (3.10) at the limit of 𝑥𝑥𝑔𝑔 → 0 leads to: 
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Both the symmetric activity coefficient at infinite dilution, 𝛾𝛾𝑔𝑔∞(𝑇𝑇,𝐧𝐧𝑘𝑘)𝑘𝑘≠𝑔𝑔, and the Henry’s 
law constant, 𝐻𝐻𝑔𝑔(𝑇𝑇,𝐧𝐧𝑘𝑘)𝑘𝑘≠𝑔𝑔, depend on the nature of the solute-solvent interaction. Their ratio, 
𝐻𝐻𝑔𝑔(𝑇𝑇,𝑃𝑃,𝐧𝐧𝑘𝑘)𝑘𝑘≠𝑔𝑔 𝛾𝛾𝑔𝑔∞(𝑇𝑇,𝐧𝐧𝑘𝑘)𝑘𝑘≠𝑔𝑔⁄ , is a property of the gaseous component alone, and it must be 
identical in any solvent or solvent mixture [45]. 
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The introduction of 𝑓𝑓𝑔𝑔
ℎ𝑦𝑦𝐿𝐿(𝑇𝑇,𝑃𝑃), into the left hand side of Eq. (3.11) yields the relation 

between symmetric and un-symmetric activity coefficients: 
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Eq. (3.13) allows for the use of symmetric activity models in the un-symmetric approach. 
However, the resulting formulas are affected by large uncertainty regarding the parameterization, 
especially for systems of sparingly soluble gases. This can be exemplified by rewriting Eq. (3.13) in 
terms of the three-suffix Margules equations, i.e.:  

ln 𝛾𝛾𝑔𝑔∗(𝑇𝑇,𝐧𝐧) = 1 𝑅𝑅𝑇𝑇⁄ �𝑁𝑁𝑔𝑔𝑖𝑖(𝑇𝑇) + 2 �𝑁𝑁𝑖𝑖𝑔𝑔(𝑇𝑇) − 𝑁𝑁𝑔𝑔𝑖𝑖(𝑇𝑇)� 𝑥𝑥𝑔𝑔� 𝑥𝑥𝑖𝑖2 − 𝑁𝑁𝑔𝑔𝑖𝑖(𝑇𝑇) 𝑅𝑅𝑇𝑇⁄ , with ln 𝛾𝛾𝑔𝑔∞(𝑇𝑇) =
𝑁𝑁𝑔𝑔𝑖𝑖(𝑇𝑇) 𝑅𝑅𝑇𝑇⁄  

ln 𝛾𝛾𝑖𝑖(𝑇𝑇,𝐧𝐧) = 1 𝑅𝑅𝑇𝑇⁄ �𝑁𝑁𝑖𝑖𝑔𝑔(𝑇𝑇) + 2 �𝑁𝑁𝑔𝑔𝑖𝑖(𝑇𝑇) − 𝑁𝑁𝑖𝑖𝑔𝑔(𝑇𝑇)� 𝑥𝑥𝑖𝑖� 𝑥𝑥𝑔𝑔2  

The two expressions are difficult to parametrize, since both 𝛾𝛾𝑔𝑔∗(𝑇𝑇,𝐧𝐧) and 𝛾𝛾𝑖𝑖(𝑇𝑇,𝐧𝐧) tend to 
be independent of the model parameters, as 𝑥𝑥𝑔𝑔 becomes small. An evidence of this, is the fact that 
solubilities of H2 and N2 in water up to 1000 bar were correctly described by the Krichevsky-
Kasarnovsky equation; i.e. considering the activity coefficients independent on the solute 
concertation, 𝛾𝛾𝑔𝑔∗(𝑇𝑇,𝐧𝐧) = 1 or identically 𝛾𝛾𝑔𝑔(𝑇𝑇,𝐧𝐧) = 𝛾𝛾𝑔𝑔∞(𝑇𝑇). 

Although Eq. (3.12) does not directly provide 𝛾𝛾𝑔𝑔∞(𝑇𝑇,𝐧𝐧𝑘𝑘)𝑘𝑘≠𝑔𝑔, since  𝑓𝑓𝑔𝑔
ℎ𝑦𝑦𝐿𝐿(𝑇𝑇,𝑃𝑃) is generally 

unknown, the invariability of the ratio 𝐻𝐻𝑔𝑔(𝑇𝑇,𝑃𝑃,𝐧𝐧𝑘𝑘)𝑘𝑘≠𝑔𝑔 𝛾𝛾𝑔𝑔∞(𝑇𝑇,𝐧𝐧𝑘𝑘)𝑘𝑘≠𝑔𝑔⁄  across different systems of 
the same supercritical component enforces an important constraint on the values 𝛾𝛾𝑔𝑔∞(𝑇𝑇,𝐧𝐧𝑘𝑘)𝑘𝑘≠𝑔𝑔  
can assume in the various solvents. This can be exploited during the parametrization of excess 
Gibbs energy models. By choosing solubility data of the same gas in various solvents and setting up 
the regressions with the additional constraint of equal 𝐻𝐻𝑔𝑔(𝑇𝑇,𝑃𝑃,𝐧𝐧𝑘𝑘)𝑘𝑘≠𝑔𝑔 to 𝛾𝛾𝑔𝑔∞(𝑇𝑇,𝐧𝐧𝑘𝑘)𝑘𝑘≠𝑔𝑔 ratios for 
all systems, the model becomes consistent. The proposed method should guarantee more accurate 
predictions of symmetric activity coefficients at infinite dilution, provided 𝐻𝐻𝑔𝑔(𝑇𝑇,𝑃𝑃,𝐧𝐧𝑘𝑘)𝑘𝑘≠𝑔𝑔 values 
are well determined in all solvents studied. 

For reduced temperatures above 1 the exact value of the hypothetical liquid fugacity is 
remarkably ambiguous [51]; yet its value needs to be consistent at least within the same 
thermodynamic study. In the past few authors used this principle in order to express the fugacity 
of the supercritical component in a mixture applying the symmetric framework [51], [52]. It 
application in the customary us-symmetric approach to prevent thermodynamic inconsistency and 
wrong property prediction of particularly 𝛾𝛾𝑔𝑔∞(𝑇𝑇), has not been observed. 

Comparing the works on gas solubility published over the several last decades, it is evident 
an enormous discrepancy in the 𝛾𝛾𝑔𝑔∞(𝑇𝑇) proposed by different studies for the same systems. This is 
because the iso-fugacity condition written according to the us-symmetric convention involves the 
normalization of the symmetric activity coefficient using a scaling factor, which is in the limit of 

27 
 
 



infinite dilution, 𝛾𝛾𝑔𝑔∞(𝑇𝑇). As long as the scaled activity coefficient equation preserves the trend 
required to fit the experimental data, the actual value of the scaling factor, 𝛾𝛾𝑔𝑔∞(𝑇𝑇), has little or no 
impact on the model performances. The use of a consistent thermodynamic approach, as the one 
implicit in Eq. (12), could reduce the incongruence among the different studies and reduce the risk 
of ill-defined parameters. 

A related procedure was used by Prausnitz and Shair [53] and later by McKetta Jr. and Yen 
[54]. Their aim, however, was to develop a correlation for the fugacity of the hypothetical liquid at 
the reference pressure of 1 atm, rather than model parameterization. Prausnitz and Shair [53] 
derived their scheme based on a thermodynamic cycle; this involved the change in Gibbs energy of 
the supercritical component going from gas at 1 atm to hypothetical liquid state at the same 
pressure. The cycle goes through the formation of a mixture where partial molar volumes are 

considered equal to the ones of the pure components, �̅�𝜐𝑖𝑖𝐿𝐿 ≅ 𝜐𝜐𝑖𝑖𝐿𝐿 and �̅�𝜐𝑔𝑔𝐿𝐿 ≅ 𝜐𝜐𝑔𝑔
ℎ𝑦𝑦𝐿𝐿, so that solvent 

molar volumes were used, while gas partial molar volumes were fitted. The solvent was considered 
nonvolatile thus 𝑓𝑓𝑔𝑔𝑉𝑉(𝑇𝑇,𝐦𝐦)�

1𝑠𝑠𝑠𝑠𝑎𝑎
≅ 𝑓𝑓𝑔𝑔𝑉𝑉(𝑇𝑇)�

1𝑠𝑠𝑠𝑠𝑎𝑎
. The derivation of Eq. (3.14), as done by Prausnitz 

and Shair, includes several assumptions (see   
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Appendix A). The interesting observation is that the relation reduces to Eq. (3.12) at 𝑥𝑥𝑔𝑔 →
0, and the approach is therefore consistent at infinite dilution. 

( ) 1

1

( )
ln ( ) ln

( )

V
ghyL atm

g atm
g g

f T
f T

x T,γ

 
 =
 
 

n
 (3.14)

 

Prausnitz and Shair, used the Hildebrand equation to model 𝛾𝛾𝑔𝑔(𝑇𝑇,𝐧𝐧), leading to the 
expression that forms the basis of the their method. The coefficients in Eq. (3.15) are all 
temperature dependent; however, the theory of regular solutions assumes that, at constant 
composition, ln 𝛾𝛾𝑔𝑔(𝑇𝑇)�

𝐧𝐧
∝ 1 𝑇𝑇⁄ . As a result, any temperature may be used to specify molar 

volumes and solubility parameters. The temperature chosen in their study was conveniently 25 °C. 
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Rather than calculating the fugacities of the hypothetical liquids at 1 atm, individually, for 
each supercritical component, the theorem of corresponding states was applied to correlate the 
solubility data of different gases with a single function of reduced properties: 

�𝑓𝑓𝑔𝑔
ℎ𝑦𝑦𝐿𝐿(𝑇𝑇)�

1𝑠𝑠𝑠𝑠𝑎𝑎
𝑃𝑃𝑔𝑔𝑔𝑔� � = 𝑓𝑓𝑓𝑓𝑓𝑓�𝑇𝑇 𝑇𝑇𝑔𝑔𝑔𝑔⁄ �, 𝑔𝑔 = [𝐶𝐶𝐶𝐶2,𝑁𝑁2,𝐶𝐶𝐻𝐻4,𝐶𝐶𝐶𝐶,𝐶𝐶2, … ]. The resulting correlation is 

reported in the Figure 11. 
Prausnitz and Shair used pure vapor-pressure data of liquefied gases, such as Cl2, Rn, CO2, 

to derive the correlation for the fugacity of the hypothetical liquid in the range 0.7 < 𝑇𝑇𝑔𝑔𝑔𝑔 < 0.8. In 
this range there is no need for gas solubility data in solvents, because gases are condensable and 
reasonably separated from the critical point. 

For the reduced temperature in the range 0.8 < 𝑇𝑇𝑔𝑔𝑔𝑔 < 3.2 they applied Eq. (3.15) to 
solubility data (there are only few solubility datasets at 𝑇𝑇𝑔𝑔𝑔𝑔 > 3.2). 

Indeed, H2 is the only gas that, for the temperatures of practical interest, has 𝑇𝑇𝑔𝑔𝑔𝑔 > 3.2; 
however due to its extremely low critical temperature, the solubility data available were not used 

to extend the generalized correlation. In this case 𝑓𝑓𝑔𝑔
ℎ𝑦𝑦𝐿𝐿(𝑇𝑇)�

1𝑠𝑠𝑠𝑠𝑎𝑎
 was plotted separately in the 

temperature range -40 °C to 230 °C (7.0 < 𝑇𝑇𝑔𝑔𝑔𝑔 < 15.1). 
Prausnitz and Shair method is applied in the present work in order to obtain the fugacity of 

the hypothetical liquid at 1 atm used in the parametrization of the thermodynamic model. 
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Figure 11: Reduced fugacity of the hypothetical liquid at reference pressure of 1 atm, as a function of the critical temperature of the 
reduced temperature of the gas 

3.1.4. A new approach for gas solubility in mixed solvents 

A reasonably correct estimate of the solubility of a gas in a simple solvent mixture can be 
made provided that the solubility of the gas is known in each of the pure solvents that comprise 
the mixture. The method is discussed by O’Connell and Prausnitz [55]. It is based on the Wohl 
expansion [42], and for two component solvents leads to the well-known Eq. (3.16). The derivation 
is given in   
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Appendix A. 

( ) ( ) ( )
_ _

ln ( , , ) ln ( , ) ln ( , ) ( )g k k g i g j g i j
solvent i solvent j

H T P x H T P x H T P T x xα≠ = + −n
 (3.16)

 

The parameter 𝛼𝛼(𝑇𝑇) is obtained from vapor-liquid equilibrium data for the binary solution 
of the solvents in the absence of the gaseous solute, using the two-suffix Margules equations, Eq. 
(3.17). The equations can be generalized to multicomponent solvents as well. 

2 2( ) ( ) ( )ln ( , ) ; ln ( , ) ; ( )i j j i
A T A T A TT x T x T
RT RT RT

γ γ α= = =n n  (3.17)

 

The derivation of Eq. (3.16) relies on the exactness of two-suffix Margules equations. This 
expression assumes that only two-body interactions contribute significantly to the excess free 
energy of the ternary mixture and that the characteristic coefficients for these interactions are 
given by empirical constants as determined from binary data. Such simplified picture of a liquid 
solution cannot be expected to have general validity but it should be a good approximation for 
solutions consisting of simple nonpolar molecules. 

Here it is suggest a method for the prediction of gas solubility in mixed solvents whose 
theoretical derivation does not resort to any model. Indeed,  𝛾𝛾𝑔𝑔∞(𝑇𝑇,𝐧𝐧𝑘𝑘)𝑘𝑘≠𝑔𝑔 is considered 
independent of pressure; however the analysis is equally valid when this assumption is not 
introduced. The relation here proposed is intrinsic to Eq. (3.12). 
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Provided the Henry’s law constants in two pure solvents and the coefficients for the excess 
Gibbs energy model are known, Eq. (3.18) allows the calculation of 𝐻𝐻𝑔𝑔(𝑇𝑇,𝑃𝑃,𝐧𝐧𝑘𝑘)𝑘𝑘≠𝑔𝑔 for the ternary 
mixture. The required coefficients can be determined by the regression of binary data alone (gas-
solvent-𝑖𝑖, gas-solvent-𝑗𝑗, solvent-𝑖𝑖-solvent-𝑗𝑗). By implementing, in the model parameter estimation, 
the constraint proposed in section 3.1.3, thermodynamic inconsistencies would be avoided when 
Eq. (3.18) is applied (i.e. all the equalities will be respected). Eq. (3.18) is written for two solvents 
mixture (𝑖𝑖 and 𝑗𝑗), but applies unchanged to the multicomponent case. 

3.1.5. VLE calculations 

The 𝛾𝛾 − 𝜑𝜑 approach is known for its ability to describe both the vapor and liquid phases by 
representing the liquid phase with a solution model and the vapor phase with an EoS. For a binary 
system of a supercritical component in a pure solvent, the equations describing the equilibrium 
condition with this approach are the following: 
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The UNIQUAC model [56] was chosen to model the activity coefficients. This model 
accounts for both size/shape differences between molecules and energetic interactions via Eq. 
(3.21)-(3.24): 

( ) ( ) ( )ln ( , ) ln ( ) ln ( , )C R
i i iT Tγ γ γ= +n n n

 (3.21)
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The volume and the surface fractions of the components in the mixture, respectively 𝛷𝛷𝑖𝑖(𝐧𝐧) 
and 𝜃𝜃𝑖𝑖(𝐧𝐧), are obtained from the components size and surface parameters 𝑟𝑟𝑖𝑖 and 𝑞𝑞𝑖𝑖 which are 
estimated from the Bondi group contribution method [57]. The values are dimensionless; the 
groups are normalized using a methylene unit as reference (15.17 cm3/mol and 2.5⋅109 cm2/mol). 
The UNIQUAC delta interaction coefficients [56], 𝛥𝛥𝑓𝑓𝑖𝑖𝑖𝑖(𝑇𝑇) and 𝛥𝛥𝑓𝑓𝑖𝑖𝑖𝑖(𝑇𝑇), are calculated from 
differences in interaction parameters, 𝑓𝑓𝑖𝑖𝑖𝑖(𝑇𝑇), 𝑓𝑓𝑖𝑖𝑖𝑖(𝑇𝑇) and 𝑓𝑓𝑖𝑖𝑖𝑖(𝑇𝑇) = 𝑓𝑓𝑖𝑖𝑖𝑖(𝑇𝑇), Eq. (3.24). 

( ) ( ) ( ); ( ) ( ) ( )ij ij jj ji ji iiu T u T u T u T u T u T∆ = − ∆ = −  (3.24)

 

The interaction parameters, which characterize the potential between two nearest-
neighbor molecules, can be expressed as function of temperature in different forms. Two examples 
are given below; 𝑇𝑇0 is a convenient reference temperature. Eq. (3.25)-(3.26) are equivalent, and in 
Appendix B, Eq. (B.1) are listed the relevant conversions. 
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( ) 2( ) ' ' ' ln 'a b c du T u T u u T T u T= + + +
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Peng-Robinson EoS [58] with the classical mixing rules was used to model the vapor phase 
non-ideality in order to obtain the necessary fugacity contributions,  𝜑𝜑�𝑔𝑔𝑉𝑉(𝑇𝑇,𝑃𝑃,𝐦𝐦), 𝜑𝜑�𝑖𝑖𝑉𝑉(𝑇𝑇,𝑃𝑃,𝐦𝐦) and 
 𝜑𝜑𝑖𝑖(𝑇𝑇)|𝑃𝑃𝑖𝑖𝑠𝑠𝑠𝑠𝑠𝑠, required in Eq. (3.19) and Eq. (3.20). The non-ideally of the vapor phase, was briefly 

considered, but the introduction of non-zero binary interaction parameters in the EoS had not 
appreciable effect on the quality of the fittings. Peng-Robinson EoS [58] is reported in Appendix B, 
Eq. (B2)-(B4). 

The Hayden-O'Connell Virial EoS [59] was used in cases of systems containing acetic acid. 
The method predicts the second Virial coefficient by using contributions which can account for the 
polar and associating interactions, Appendix B, Eq. (B5)-(B24) 

In all cases the most accurate gas phase model was used, without any tuning. Only binary 
solubility data were used and only the UNIQUAC interaction parameters were fitted. In principle, 
any gas phase model can be coupled with UNIQUAC, as long as the vapor phase is correctly 
represented. The use of Hayden-O'Connell Virial EoS [59] for systems containing acetic acid (rather 
than a cubic EoS) is owed to the fact that this component shows a monomer-dimer equilibrium in 
the vapor phase, and this complex association behavior cannot be predicted by the PR or Soave-
Redlich-Kwong (SRK) EoS (in unmodified form). However, Hayden-O'Connell is a Virial EoS 
truncated at the second coefficient, and this restricts its applicability to moderate vapor densities 
only. 

The saturation pressure for the pure solvent 𝑃𝑃𝑖𝑖𝑠𝑠𝑠𝑠𝑠𝑠 and the Henry’s law constant at the 
solvent saturation pressure 𝐻𝐻𝑔𝑔(𝑇𝑇)�

𝑃𝑃𝑖𝑖
𝑠𝑠𝑠𝑠𝑠𝑠  are given respectively by Eq. (3.7) and Eq. truncated at the 

third term. 
The volume of the solvent at saturation condition, 𝜐𝜐𝑖𝑖𝐿𝐿, is obtained from the DIPPR-105 

Appendix B, Eq.(B25), and from DIPPR-116 Appendix B, Eq. (B26) for water [60]. 
The volume of the solute at infinite dilution �̅�𝜐𝑔𝑔∞ is taken from Brelvi and O’Connell 

correlation [61], Appendix B, (B27)-(B29); as for 𝜐𝜐𝑖𝑖𝐿𝐿, �̅�𝜐𝑔𝑔∞ it is assumed pressure independent. 

3.1.6. Model parameter estimation 

Experimental data were mainly taken from the original papers and from the IUPAC-NIST 
solubility data series. An overview of the data used for the evaluation of model parameters and 
relative references are given in [62]. Points at pressures above 400 bar and temperatures above 
90% of the solvent critical temperature were not included in the regressions. Vapor compositions 
were not considered as well, they are available in only a few cases. 

Low pressure constants, such as Bunsen coefficients, Ostwald coefficients and absorption 
coefficients, were converted to mole fraction solubility. These units were originally obtained 
applying ideal gas law, Raoult’s law and Henry’s law on the actual measured values; the same 
assumptions were used to back-calculate mole fractions and total pressure. Occasionally 

33 
 
 



experimental points were given in graphic form only and they were then extracted from the 
figures. 

The only constants involved in the parameter fitting are ℎ1, ℎ2 and ℎ3 for the Henry’s law 
constant at the saturation pressure of the solvent, Eq. (6.20); and 𝑓𝑓′𝑠𝑠 and 𝑓𝑓′𝑏𝑏 for the interaction 
parameters of the UNIQUAC model, Eq. (3.26). 

Unlike the Krichevsky-Ilinskaya and Krichevsky-Kasarnovsky approach, the volume of the 
gas at infinite dilution is not a parameter involved in the regression; Instead the Brelvi and 
O’Connell correlation [61], Appendix B, Eq. (B27)-(B29) is used to obtain �̅�𝜐𝑔𝑔∞ as function of 
temperature. Inaccurate predictions of �̅�𝜐𝑔𝑔∞ may affect the quality of the fitting, particularly at high 
pressures. Therefore data above 400 bar have not been included. Points at temperatures above 
90% of the solvent critical temperature were not considered either, since the simplified form of the 
Poynting corrections becomes unreliable (close to 𝑇𝑇𝑖𝑖𝑔𝑔, the two liquid volumes, �̅�𝜐𝑔𝑔∞ and 𝜐𝜐𝑖𝑖𝐿𝐿, can no 
longer be considered incompressible). 

UNIQUAC equation is often fitted to binary data in terms of delta interaction coefficients 
(𝛥𝛥𝑓𝑓𝑖𝑖𝑖𝑖(𝑇𝑇) and 𝛥𝛥𝑓𝑓𝑖𝑖𝑖𝑖(𝑇𝑇)); and these, are the ones found in AspenTech software databanks [2] and in 
the DECHEMA Chemistry Data Series [63]. The 15 binary systems object of this study share 
common components, therefore the independent estimation of the corresponding 15 coefficient 
pairs would most likely produce model inconsistency; i.e. the coefficient pairs would not satisfy 
closure equations such as [𝛥𝛥𝑓𝑓𝑖𝑖𝑘𝑘(𝑇𝑇) − 𝛥𝛥𝑓𝑓𝑘𝑘𝑖𝑖(𝑇𝑇)] = [𝛥𝛥𝑓𝑓𝑖𝑖𝑖𝑖(𝑇𝑇) − 𝛥𝛥𝑓𝑓𝑖𝑖𝑖𝑖(𝑇𝑇)] + [𝛥𝛥𝑓𝑓𝑖𝑖𝑘𝑘(𝑇𝑇) − 𝛥𝛥𝑓𝑓𝑘𝑘𝑖𝑖(𝑇𝑇)]. 
This equation, in conjunction with Eq. (3.24) , implies the invariance of the self-interaction 
parameters 𝑓𝑓𝑖𝑖𝑖𝑖(𝑇𝑇), 𝑓𝑓𝑖𝑖𝑖𝑖(𝑇𝑇) and 𝑓𝑓𝑘𝑘𝑘𝑘(𝑇𝑇). 

To ensure model consistency, the regression was performed in terms of interaction 
parameters (𝑓𝑓𝑖𝑖𝑖𝑖(𝑇𝑇), 𝑓𝑓𝑖𝑖𝑖𝑖(𝑇𝑇) and 𝑓𝑓𝑖𝑖𝑖𝑖(𝑇𝑇) = 𝑓𝑓𝑖𝑖𝑖𝑖(𝑇𝑇)); which reduces the number of parameter 
required from 30 to 22. From 15 Δ𝑓𝑓𝑔𝑔𝑖𝑖 and 15 Δ𝑓𝑓𝑖𝑖𝑔𝑔 (delta interaction coefficients pairs) down to 15 
𝑓𝑓𝑔𝑔𝑖𝑖 = 𝑓𝑓𝑔𝑔𝑖𝑖 (gas-solvent interaction parameters), 5 𝑓𝑓𝑔𝑔𝑔𝑔 (gas-gas self-interaction parameters), and 3 
𝑓𝑓𝑖𝑖𝑖𝑖  (solvent-solvent self-interaction parameters). The H2O-H2O self-interaction parameter was set 
to zero as done in Thomsen et al. [64]. This influences the numerical value for the remaining terms, 
but not the value of the delta interaction coefficients, as they are calculated as differences, Eq. 
(3.24). 

The use of a reduced set of parameters has also the advantage of narrowing the confidence 
interval and reducing the risk of an over-parametrized model (less ambiguity on the delta 
interaction coefficients). Small losses in fitting accuracy are to be expected. 

The evaluation of the constants which determine the temperature dependence of the 
Henry’s law constant at the saturation pressure of the solvent and the UNIQUAC interaction 
parameters, respectively Eq. and Eq. (3.26), was executed with Levenberg-Marquardt algorithm by 
minimization of the objective function reported in Eq. (3.27)-(3.29). All experimental points 
producing deviations higher than a certain threshold were not included in the final regression. 
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The form of Eq. (3.27) is implemented to control the weight of the residuals for each data 
series, and to heighten the contribution of the data points at high concentration compared to 
those at lower on the objective function value. 
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The index 𝑘𝑘 = [1, … ,𝑓𝑓] indicates the data point, 𝑧𝑧 is the binary system index 𝑧𝑧 = [1, … ,𝑚𝑚] 
(e.g. 𝑧𝑧 = 1 corresponds to CO2-H2O system, 𝑧𝑧 = 2 correspond to CO2-C2H5OH system, etc.). 

Eq. (3.27) includes two residuals: 1.A relative deviation on solute mole fraction, 
��(𝑥𝑥𝑔𝑔

𝑒𝑒𝑒𝑒𝑒𝑒)𝑘𝑘,𝑧𝑧 − (𝑥𝑥𝑔𝑔𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐)𝑘𝑘,𝑧𝑧� (𝑥𝑥𝑔𝑔
𝑒𝑒𝑒𝑒𝑒𝑒)𝑘𝑘,𝑧𝑧� �. 2.A relative deviation on the fugacity of the hypothetical 

liquid, ��𝑓𝑓𝑔𝑔
ℎ𝑦𝑦𝐿𝐿�𝑇𝑇𝑘𝑘,𝑧𝑧��1𝑠𝑠𝑠𝑠𝑎𝑎�

𝑐𝑐𝑠𝑠𝑟𝑟𝑟𝑟
− �𝐻𝐻𝑔𝑔�𝑇𝑇𝑘𝑘,𝑧𝑧��1𝑠𝑠𝑠𝑠𝑎𝑎 𝛾𝛾𝑔𝑔∞�𝑇𝑇𝑘𝑘,𝑧𝑧�� �

𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐
�𝑓𝑓𝑔𝑔

ℎ𝑦𝑦𝐿𝐿�𝑇𝑇𝑘𝑘,𝑧𝑧��1𝑠𝑠𝑠𝑠𝑎𝑎�
𝑐𝑐𝑠𝑠𝑟𝑟𝑟𝑟

� �. 

Reducing the difference between 𝐻𝐻𝑔𝑔(𝑇𝑇)�
1𝑠𝑠𝑠𝑠𝑎𝑎

𝛾𝛾𝑔𝑔∞(𝑇𝑇)�  and 𝑓𝑓𝑔𝑔
ℎ𝑦𝑦𝐿𝐿(𝑇𝑇)�

1𝑠𝑠𝑠𝑠𝑎𝑎
, obtained from the 

Prausnitz and Shair correlation, helps reducing the uncertainty on model parameters, especially for 
those systems where the supercritical component show very low solubility. The approach also 
prevents thermodynamic inconsistencies when the model is used to calculate gas solubility in 
mixed solvents according to Eq. (3.18). 

The terms 𝑓𝑓𝑔𝑔
ℎ𝑦𝑦𝐿𝐿(𝑇𝑇)�

1𝑠𝑠𝑠𝑠𝑎𝑎
, 𝐻𝐻𝑔𝑔(𝑇𝑇)�

1𝑠𝑠𝑠𝑠𝑎𝑎
, and 𝛾𝛾𝑔𝑔∞(𝑇𝑇), are evaluated at 𝑇𝑇𝑘𝑘,𝑧𝑧, these temperature 

are taken evenly spaced in the same range and in an equal number to the experimental ones, Eq. 
(3.28). The Henry’s law constant at 1 atm,  𝐻𝐻𝑔𝑔(𝑇𝑇)�

1𝑠𝑠𝑠𝑠𝑎𝑎
, is obtained from the corresponding value 

at the solvent saturation pressure, 𝐻𝐻𝑔𝑔(𝑇𝑇)�
𝑃𝑃𝑖𝑖
𝑠𝑠𝑠𝑠𝑠𝑠, by multiplication with the appropriate Poynting 

corrections, Eq. (3.29). 
The Prausnitz and Shair method was used to estimate 𝑓𝑓𝑔𝑔

ℎ𝑦𝑦𝐿𝐿(𝑇𝑇)�
1𝑠𝑠𝑠𝑠𝑎𝑎

and a weighting factor 

of 1/4 was applied to the corresponding deviations, Eq. (3.27), as the uncertainty of these 
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correlations is unknown. The ambiguity on 𝑓𝑓𝑔𝑔
ℎ𝑦𝑦𝐿𝐿(𝑇𝑇)�

1𝑠𝑠𝑠𝑠𝑎𝑎
 values is fully appreciated in the 

comparative plot reported in Nocon et al. for CH4 [51]. The estimates of the different authors 
diverge considerably already for the reduced temperature of 1.2; for reduced temperatures of 
more than 1.7 the relative differences can be higher than 100%. 

A logarithmic weighting was introduced in the objective function to increase the influence 

on the regression of experimental points at the higher concentrations, �1 + ln�
(xg
exp)k,z

min�xg
exp�

z

��
2

. 

Considering that, in general, there are fewer experimental points at the higher 
concentrations; the weighting function should ensure a more homogeneous quality in the data 
fitting over the whole solubility range, which can extend over 3 or 4 orders of magnitude. In 
addition, because experimental errors are often not available, points at higher concentration may 
be considered to have lower uncertainties. 

Representing the UNIQUAC delta interaction coefficients in terms of interaction parameters 
makes them interdependent; hence it is required to incorporate in a single regression the 
experimental points relevant to all 15 systems. Each contribution is normalized using the 
summation of the weights. 

The numbers of points involved in the model parameter estimation are given in in table 
format in [62]. 

3.1.7. Modelling results 

The parameter values, obtained as solution of the minimization problem, Eq. (3.27), are 
reported in Table 2. The first two columns list the constants, 𝑓𝑓𝑇𝑇0 and 𝑓𝑓𝑇𝑇1, for the temperature 
dependent UNIQUAC interaction parameters, Eq. (3.25), both for unlike and self-interactions. 

The values reported in Table 2 for 𝑓𝑓𝑇𝑇0 and 𝑓𝑓𝑇𝑇1 are not limited to the particular EoS that has 
been implemented in the parametrization procedure. In principle, UNIQUAC equation, with the 
adoption of these constants, can be used in combination with any gas phase model, provided the 
vapor phase is correctly represented by the EoS chosen. 

The regression of the UNIQUAC model in terms of interaction parameters, rather than delta 
interaction coefficients, has the advantage of exposing trends that otherwise would not be 
evident. For instance, it can be seen that, for the same supercritical component, 𝑓𝑓𝑇𝑇1 is, in all cases, 
smaller in magnitude for the systems containing water, and larger for the systems containing 
ethanol as solvent. It can also be observed that 𝑓𝑓𝑇𝑇0 has similar values for systems of the same gas 
in ethanol and in acetic acid, but a very different value for systems where the solvent is water. 

In Table 2, from the third to fifth column, are listed the coefficients for the temperature 
dependent Henry’s law constant, Eq. (3.8). For CH4-CH3COOH system the available experimental 
points cover a rather small temperature range, from 298 to 348 K, thus only two coefficients were 
subjected to parametrization. 
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The last two columns report the Absolute average deviations (AAD%) for 𝑥𝑥𝑔𝑔 and 

𝑓𝑓𝑔𝑔
ℎ𝑦𝑦𝐿𝐿(𝑇𝑇)�

1𝑠𝑠𝑠𝑠𝑎𝑎
, respectively calculated as 1 𝑓𝑓⁄ ∑ ��(𝑥𝑥𝑔𝑔

𝑒𝑒𝑒𝑒𝑒𝑒)𝑘𝑘 − (𝑥𝑥𝑔𝑔𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐)𝑘𝑘� (𝑥𝑥𝑔𝑔
𝑒𝑒𝑒𝑒𝑒𝑒)𝑘𝑘� �𝑛𝑛

𝑘𝑘=1 , 

1 𝑓𝑓⁄ ∑ ��𝑓𝑓𝑔𝑔
ℎ𝑦𝑦𝐿𝐿(𝑇𝑇𝑘𝑘)�

1𝑠𝑠𝑠𝑠𝑎𝑎
�
𝑐𝑐𝑠𝑠𝑟𝑟𝑟𝑟

− �𝐻𝐻𝑔𝑔(𝑇𝑇𝑘𝑘)�
1𝑠𝑠𝑠𝑠𝑎𝑎

𝛾𝛾𝑔𝑔∞(𝑇𝑇𝑘𝑘)� �
𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐

�𝑓𝑓𝑔𝑔
ℎ𝑦𝑦𝐿𝐿(𝑇𝑇𝑘𝑘)�

1𝑠𝑠𝑠𝑠𝑎𝑎
�
𝑐𝑐𝑠𝑠𝑟𝑟𝑟𝑟

� �𝑛𝑛
𝑘𝑘=1 , the 

𝑓𝑓𝑔𝑔
ℎ𝑦𝑦𝐿𝐿(𝑇𝑇𝑘𝑘)�

1𝑠𝑠𝑠𝑠𝑎𝑎
 values are the ones from Prausnitz and Shair correlation. 

Table 2: Temperature dependent constants for UNIQUAC interaction parameters [56], Eq. (3.25).Temperature dependent 
parameters for Henry’s law constant, Eq. (3.8); the equation gives the Henry’s law constant at solvent saturation pressure in bar 
when the temperature is expressed in K. Temperature and pressure range of the data points involve in the regression. Absolute 

average deviations, (AAD%), for 𝑥𝑥𝑔𝑔 and 𝑓𝑓𝑔𝑔
ℎ𝑦𝑦𝐿𝐿(𝑇𝑇)�

1𝑠𝑠𝑠𝑠𝑎𝑎
 (Reprinted with permission from M. Torli, L. Geer, G. M. Kontogeorgis, and P. 

L. Fosbøl, “Solubility of Syngas Components in Water, Acetic Acid, and Alcohol Using New Standard Fugacity Methodology,” Ind. 
Eng. Chem. Res., vol. 57, pp. 16958-16977, 2018. Copyright 2018 American Chemical Society) 

For the solubilities of H2 in CH3COOH above 1 atm the only study available is Jónasson at all 
[65]. The experimental points from this source are, however, not in agreement with the datasets at 
atmospheric pressure listed in the two other sources found: Maxted and Moon [66] and Just [67]. 
Due to the impossibility to confirm the exactness of Jónasson at all results, the system H2-
CH3COOH was not included in the data regression. For reference purposes, the relevant literature 
information are reported n [62]. 

 
𝑓𝑓𝑇𝑇0 
[J mol-1] 

𝑓𝑓𝑇𝑇1 
[J mol-1K-1] 

ℎ1 ℎ2 ℎ3 
Datasets range AAD [%] 
𝑇𝑇 [K]  𝑃𝑃[bar] 𝑥𝑥𝑔𝑔 𝑓𝑓𝑔𝑔

ℎ𝑦𝑦𝐿𝐿(𝑇𝑇)�
1𝑠𝑠𝑠𝑠𝑎𝑎

 

CO2-H2O 9213 -43.50 134.66 -7519.4 -17.883 273-582 0.13-365 7.4 7.5 
CO2-C2H5OH 7227 -74.65 70.28 -3121.6 -9.611 283-423 0.85-145 12.6 5.1 
CO2-CH3COOH 7215 -51.23 30.84 -2481.6 -3.147 283-365 1.01-111 3.1 6.8 
CO-H2O 21197 -87.22 139.39 -6631.6 -18.628 273-498 0.48-138 5.9 11.2 
CO-C2H5OH 13635 -97.33 34.80 -1108.2 -4.133 293-448 1.01-83 7.3 6.3 
CO-CH3COOH 14482 -90.00 24.82 -740.2 -2.538 293-448 1.01-70 3.9 6.2 
CH4-H2O 11285 -52.45 151.45 -7452.3 -20.329 273-573 0.58-367 5.8 9.6 
CH4-C2H5OH 6549 -79.57 151.77 -6600.5 -21.544 280-398 1.01-314 10.1 6.0 
CH4-CH3COOH 7787 -64.96 8.15 -197.4 — 298-348 2.60-70 2.9 0.8 
N2-H2O 13722 -37.58 116.32 -5642.9 -15.095 273-433 1.01-305 7.9 10.1 
N2-C2H5OH 8283 -69.85 66.85 -2642.1 -8.783 233-398 0.85-99 3.7 3.9 
N2-CH3COOH 9592 -67.97 50.73 -1725.4 -6.398 293-473 1.01-61 7.9 0.7 
H2-H2O 12631 -45.95 85.99 -3593.0 -11.019 273-575 1.01-405 4.9 9.8 
H2-C2H5OH 6621 -66.31 86.26 -3412.2 -11.646 273-448 1.01-317 5.2 4.5 
H2-CH3COOH — — — — — — — — — 
CO2-CO2 5794 -59.07        
CO-CO 11468 -113.35        
CH4-CH4 3055 -81.08        
N2-N2 3799 -87.96        
H2-H2 2731 -91.34        
H2O-H2O a0 a0        
C2H5OH-C2H5OH 5414 -54.15        
CH3COOH-CH3COOH 6968 -53.90        
aH2O-H2O interaction is set to 0, as explained in section 3.1.6 
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Table 3: Pure component parameters for Peng-Robinson EoS [58], Appendix B, Eq. (B2)-(B4), and Hayden-O'Connell Virial EoS [59], 
Appendix B, Eq. (B5)-(B24) (Reprinted with permission from M. Torli, L. Geer, G. M. Kontogeorgis, and P. L. Fosbøl, “Solubility of 
Syngas Components in Water, Acetic Acid, and Alcohol Using New Standard Fugacity Methodology,” Ind. Eng. Chem. Res., vol. 57, 
pp. 16958-16977, 2018. Copyright 2018 American Chemical Society) 

Table 3 reports the pure component parameters adopted in Peng-Robinson EoS and 
Hayden-O'Connell Virial EoS for the modeling of the vapor phase. The mean radius of gyrations, 
𝑟𝑟𝑔𝑔𝑖𝑖𝑟𝑟, are obtained from the molecular moments of inertia and the molecular masses as described 
in Hayden and O'Connell paper. 

Table 4: Association parameters for pure interactions,  𝜂𝜂𝑖𝑖𝑖𝑖, and solvation parameter for unlike interactions,  𝜂𝜂𝑖𝑖𝑖𝑖, for Hayden-
O'Connell Virial EoS [59], Appendix B, Eq. (B5)-(B24) (Reprinted with permission from M. Torli, L. Geer, G. M. Kontogeorgis, and P. L. 
Fosbøl, “Solubility of Syngas Components in Water, Acetic Acid, and Alcohol Using New Standard Fugacity Methodology,” Ind. Eng. 
Chem. Res., vol. 57, pp. 16958-16977, 2018. Copyright 2018 American Chemical Society) 

Table 4 lists the relevant values for 𝜂𝜂𝑖𝑖𝑖𝑖  and 𝜂𝜂𝑖𝑖𝑖𝑖, from [68]. Since the association parameters, 
 𝜂𝜂𝑖𝑖𝑖𝑖, for acetic the acid is equal to 4.5, the equilibrium constant of the dimerization reaction is here 
given as well; indeed the second Virial coefficient for this interaction, is calculated according to the 
chemical theory of dimerization, Appendix B, Eq. (B24). 

Table 5 reports volumes and surface area parameters used in the UNIQUAC model; those 
constants are dimensionless. For water, 𝑟𝑟 and 𝑞𝑞 values, were those assigned by Abrams and 
Prausnitz [56]; while, for the remaining molecules, the values were obtained from the Bondi 
contribution method [57]. 

 
 
 
 
 

 CO2 CO CH4 N2 H2 H2O C2H5OH CH3COOH 
𝑇𝑇𝑔𝑔  [K] 304.2 132.9 190.6 126.2 33.2 647.1 514.0 591.9 
𝑃𝑃𝑔𝑔  [bar] 73.8 35.0 46.00 34.0 13.1 220.6 61.4 57.9 
𝜔𝜔 0.2236 0.0482 0.0115 0.0377 -0.2160 0.3449 0.6436 — 
𝑟𝑟𝑔𝑔𝑖𝑖𝑟𝑟 [m] 1.04⋅10-10 5.58⋅10-11 1.12⋅10-10 5.47⋅10-11 — — — 2.61⋅10-10 
𝜇𝜇 [D] 0 0.1121 0 0 — — — 1.7388 
         

𝜂𝜂𝑖𝑖𝑖𝑖/𝜂𝜂𝑖𝑖𝑖𝑖  CH3COOH CO2 CO CH4 N2 
CH3COOH a4.5 0.5 0 0 0 
CO2 — 0.16 0 0 0 
CO — — 0 0 0 
CH4 — — — 0 0 
N2 — — — — 0 
aThe equilibrium constant for acetic acid association reaction as function of 
temperature is 𝐾𝐾𝑖𝑖𝑖𝑖(𝑇𝑇) = 𝑒𝑒𝑥𝑥𝑒𝑒(7290/𝑇𝑇 − 17.36) 
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Table 5: Pure component parameters, 𝑟𝑟 and 𝑞𝑞 for UNIQUAC model [56] from Bondi contribution method [57], Eq (3.21)-(3.23). 
Characteristic volumes for Brelvi-O’Connell correlation [61], Appendix B, Eq. (B27)-(B29) (Reprinted with permission from M. Torli, L. 
Geer, G. M. Kontogeorgis, and P. L. Fosbøl, “Solubility of Syngas Components in Water, Acetic Acid, and Alcohol Using New Standard 
Fugacity Methodology,” Ind. Eng. Chem. Res., vol. 57, pp. 16958-16977, 2018. Copyright 2018 American Chemical Society) 

Initially, for the two systems H2-H2O and H2-C2H5OH, it was not possible to simultaneously 
fit, within an acceptable tolerance, both solubility data and fugacity of hypothetical liquid H2 at 1 
atm (as obtained from Prausnitz and Shair correlation). Indeed, it was found that the value of 1.20 
Å, assigned by Bondi [57] to the Van der Waals radius of hydrogen atoms and typically used to 
calculate 𝑟𝑟 and 𝑞𝑞 for organic molecules, was not appropriate for the estimation of 𝑟𝑟 and 𝑞𝑞 in H2 
molecule. A larger radius appeared to be the only way to obtain satisfactory results. 

The Batsanov study on the hydrogen radii in different gas phase and condensed molecules 
[69] certainly indicates the great variability in dimensions of this element in relation to the 
electronegativity of the atom at which is directly bonded. This might be explained considering that 
hydrogen has only one occupied orbital and only one electron; the extent of the delocalization of 
this single electron, when involved in the formation of a covalent bond, strongly affects the size of 
the electron cloud around the hydrogen nucleus. 

Based on this evidence, the 𝑟𝑟 and 𝑞𝑞 parameters listed in Table 5, in bold, were calculated 
using a Van der Waals radius of 1.52 Å, as reported for hydrogen atoms specifically for H2 molecule 
in the Batsanov study [69]. Whit the new coefficients, was possible to reduce the AAD% on the 
fugacity of hypothetical liquid H2 at 1 atm pressure to the final values reported in Table 2, in bold. 

In Table 5 are also listed the characteristic volumes,  𝜐𝜐′𝑔𝑔, used in Brelvi-O’Connell 
correlation for estimating �̅�𝜐𝑔𝑔∞ in the different solvents, Appendix B, Eq. (B27)-(B29). For all gases, 
𝜐𝜐′𝑔𝑔  was considered equal to the critical volume of the substance, since, for nonpolar species, 
𝜐𝜐′𝑔𝑔/𝜐𝜐𝑔𝑔 ≅ 1, [61]. For polar substances, such as water, acetic acid and ethanol, 𝜐𝜐′𝑔𝑔  tend to be 
smaller than 𝜐𝜐𝑔𝑔  and the assumption 𝜐𝜐′𝑔𝑔/𝜐𝜐𝑔𝑔 ≅ 1 can no longer be considered correct, especially 
when 𝜐𝜐𝑔𝑔  is that of the solvent (e.g. for water, the use of critical volume, in place of the 
characteristic volume, can lead to underestimations of �̅�𝜐𝑔𝑔∞ as large as 50%). The value reported in 
Table 5 for water is the one assigned by Brelvi and O’Connell [61]. For ethanol, 𝜐𝜐′𝑔𝑔  was determined 
by fitting Appendix B, Eq. (B29) to the density and to the isothermal compressibility data reported 
in [70] and [71]; and for acetic acid was obtained by fitting Appendix B, Eq. (B30)only to the 
isothermal density datasets reported in [72]. 

 
 
 

 CO2 CO CH4 N2 H2 H2O C2H5OH CH3COOH 
𝑞𝑞 1.292 1.112 1.152 1.088 0.870 1.400 1.972 2.072 
𝑟𝑟 1.2986 1.0679 1.1239 1.0415 0.7940 0.9200 2.1056 2.1951 
𝜐𝜐′𝑔𝑔  [cm3/mol] 94.0 94.4 98.6 89.2 64.15 46.32 157.58 155.94 
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Table 6: Coefficients for the AspenTech extended Antoine equation [2], Eq. (3.7); the equation gives the saturation pressure in bar 
when the temperature is expressed in K (Reprinted with permission from M. Torli, L. Geer, G. M. Kontogeorgis, and P. L. Fosbøl, 
“Solubility of Syngas Components in Water, Acetic Acid, and Alcohol Using New Standard Fugacity Methodology,” Ind. Eng. Chem. 
Res., vol. 57, pp. 16958-16977, 2018. Copyright 2018 American Chemical Society) 

Table 7 lists the correlation coefficients for estimating the liquid volumes of the solvents at 
saturated condition. DIPPR-105, Appendix B, Eq. (B25)-(B26), has the same form of Rackett 
equation [73], e.g. 𝑚𝑚3 is the critical temperature of the substance, however the values for the other 
parameters are generally different from the physical properties they represent in the actual 
Rackett equation. DIPPR-116 is commonly used for water [60]. 

Table 7: Coefficients for liquid saturated volumes, the correlation parameters give the molar volumes in cm3 mol-1 when the 
temperature is expressed in K, Appendix B, Eq. (B25)-(B26) (Reprinted with permission from M. Torli, L. Geer, G. M. Kontogeorgis, 
and P. L. Fosbøl, “Solubility of Syngas Components in Water, Acetic Acid, and Alcohol Using New Standard Fugacity Methodology,” 
Ind. Eng. Chem. Res., vol. 57, pp. 16958-16977, 2018. Copyright 2018 American Chemical Society) 

Some results of the VLE data correlation are illustrated in the following figures; the 
experimental data are plotted along with the calculated curves. For the sake clarity only some 
selected isotherms are reported. 

CO2 solubilities in water at moderate pressures are showed in Figure 12. The experimental 
data for this system span over a temperature range of more than 300 °C. Two (𝑓𝑓𝑇𝑇0, 𝑓𝑓𝑇𝑇1) and three 
constants (ℎ1, ℎ2, ℎ3), respectively, may not be sufficient to correctly describe temperature trends 
of the UNIQUAC interaction parameters and the Henry’s law constant over such interval. This can 
explain the underestimation of CO2 solubility at the lowest temperatures, while for temperatures 
above 323 K the model predictions seem in good agreement with the corresponding experimental 
points. Indeed, in approximately the same temperature range the vapor pressures of pure water 
are commonly fitted using 5 coefficients (e.g. the non-zero coefficients reported in Table 6 for the 
AspenTech extended Antoine equation [2], or the 5 coefficients adopted for water in DIPPR-101 
equation [60]). 

 𝑒𝑒1 𝑒𝑒2 𝑒𝑒3 𝑒𝑒4 𝑒𝑒5 𝑒𝑒6 𝑒𝑒7 
H2O 62.1361 -7258.2 0 0 -7.3037 4.1653⋅10-6 2 
C2H5OH 61.7911 -7122.3 0 0 -7.1424 2.8853⋅10-6 2 
CH3COOH 41.7571 -6304.5 0 0 -4.2985 8.8865⋅10-18 6 
        

 𝑚𝑚1 𝑚𝑚2 𝑚𝑚3 𝑚𝑚4 𝑚𝑚5 
H2O (DIPPR-116) 0.017863 0.05860 -0.095396 0.21389 -0.14126 
C2H5OH (DIPPR-105) 0.001629 0.27469 514 0.23178  
CH3COOH (DIPPR-105) 0.001448 0.25892 591.95 0.25290  
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Figure 12: Isothermal pressure and liquid composition data for CO2-H2O system up to 25 bar in the temperature range 298-473 K: (+) 
experimental data from different sources and (―) model prediction (Reprinted with permission from M. Torli, L. Geer, G. M. 
Kontogeorgis, and P. L. Fosbøl, “Solubility of Syngas Components in Water, Acetic Acid, and Alcohol Using New Standard Fugacity 
Methodology,” Ind. Eng. Chem. Res., vol. 57, pp. 16958-16977, 2018. Copyright 2018 American Chemical Society) 

 
Figure 13: Isothermal pressure and liquid composition data for CO2-H2O system up to 220 bar in the temperature range 293-333 K: 
(+) experimental data from different sources and (―) model prediction (Reprinted with permission from M. Torli, L. Geer, G. M. 
Kontogeorgis, and P. L. Fosbøl, “Solubility of Syngas Components in Water, Acetic Acid, and Alcohol Using New Standard Fugacity 
Methodology,” Ind. Eng. Chem. Res., vol. 57, pp. 16958-16977, 2018. Copyright 2018 American Chemical Society) 
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CO2 solubilities in water for pressure up to 220 bar and temperature up to 333 K are 
reported in Figure 13. The two isotherms at 293 K and 298 K were plotted only for pressures below 
the liquid-liquid split ([74], [75], [76]). This is done because the model parameters are not 
intended, and should not be used to represents VLLE or LLE regions, in view of the fact, at these 
conditions, the second phase (the CO2 rich liquid) is too close to its critical point, and the 
assumption of pressure independent liquid volumes is not any more realistic. It is still noteworthy 
that, even if no LLE or VLLE data were involved in the parametrization, the coefficients reported in 
Table 5 for this system, allow for the model to approximatively predict the pressures at which the 
liquid-liquid split occurs and, though only qualitatively, to predict the CO2 rich liquid phase 
compositions. For all isotherms at pressures below 80 bar, the deviations between the model 
predictions and the experimental points are mainly due to the scatter in the data. For higher 
pressure CO2 solubilities are generally over-predicted, but also the experimental points from the 
different sources differ quite remarkably from each other, e.g. the points at 313 K between 40 and 
100 bar, primarily from [77] and [78]. 

Figure 14 shows that, for the temperature range 348 K and 523 K, model predictions and 
experimental points concur over the entire pressure interval. With increasing pressure the 
Poynting correction tends to diminish the gas solubility compared to a straight line prediction, 
however the reason of the sharp change in the slope of the isotherms observed in Figures 13 and 
14 at around 80-100 bar is due to a strong non ideality of CO2 in the vapor phase. Though 
supercritical above 305 K, for the higher pressures considered in the present study, pure CO2 can 
still show liquid-like densities and sharp variations in the compressibility factor. The model 
prediction for the system CO2-H2O well agrees with the experimental data within the temperatures 
and pressures boundary of the datasets involved in the regression, Table 2. 
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Figure 14: Isothermal pressure and liquid composition data for CO2-H2O system up to 400 bar in the temperature range 348-523 K: 
(+) experimental data from different sources and (―) model prediction (Reprinted with permission from M. Torli, L. Geer, G. M. 
Kontogeorgis, and P. L. Fosbøl, “Solubility of Syngas Components in Water, Acetic Acid, and Alcohol Using New Standard Fugacity 
Methodology,” Ind. Eng. Chem. Res., vol. 57, pp. 16958-16977, 2018. Copyright 2018 American Chemical Society) 

 
Figure 15: Isothermal pressure and liquid composition data for CO2-C2H5OH system up to 70 bar in the temperature range 283-308 
K: (+) experimental data from different sources and (―) model prediction (Reprinted with permission from M. Torli, L. Geer, G. M. 
Kontogeorgis, and P. L. Fosbøl, “Solubility of Syngas Components in Water, Acetic Acid, and Alcohol Using New Standard Fugacity 
Methodology,” Ind. Eng. Chem. Res., vol. 57, pp. 16958-16977, 2018. Copyright 2018 American Chemical Society) 
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CO2 solubilities in ethanol, for pressure up to 70 bar and temperature from 283 to 308 K, 
are reported in Figure 15. Below 283 K, the model can be used to calculate the phase equilibrium 
over the entire compositional range. For the other isotherms the critical conditions are progressly 
reached for smaller amounts of CO2 in the mixture; that's the reason the lines in Figures 15 and 16 
are not extend beyond a certain CO2 concertation. CO2-C2H5OH is also the system that shows the 
lager deviation between model predictions and experimental data, as can be seen from the 
corresponding AAD% value of 12.6% repotted in Table 2. Figures 15 and 16 give an insight on the 
possible causes. The scatter of the experimental points around the corresponding isotherms is 
evidently the main reason for the high AAD%. Another explanation could be that data too close to 
the mixture critical conditions were used and therefore not properly modelled in the 𝛾𝛾 − 𝜑𝜑 
framework. This is especially seen in the two isotherms at 298 K and 308 K, Figure 15, above 50 
bar, where the model seems to indicate a slightly more straight behavior compared to the more 
concave trend in the data. Within the boundary imposed by the mixture critical conditions and the 
temperature and pressure rages reported in Table 1, despite the poor quality of the data the 
behavior of the system CO2-C2H5OH is properly reproduced by the model. 

 
Figure 16: Isothermal pressure and liquid composition data for CO2-C2H5OH system up to 120 bar in the temperature range 313-373 
K: (+) experimental data from different sources and (―) model prediction (Reprinted with permission from M. Torli, L. Geer, G. M. 
Kontogeorgis, and P. L. Fosbøl, “Solubility of Syngas Components in Water, Acetic Acid, and Alcohol Using New Standard Fugacity 
Methodology,” Ind. Eng. Chem. Res., vol. 57, pp. 16958–16977, 2018. Copyright 2018 American Chemical Society) 

CO-H2O is a reactive system, as the water gas shift reaction (WGS) is thermodynamically 
favorable. According to Jung and Knacke study [79], for temperature above 250 °C the reaction 
turnover is sufficiently high to affect the chemical composition of the system, even in the absence 
of an appropriate catalyst. For this reason, CO solubility measurements, conducted at 
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temperatures above 520 K, were not included in the data regression. Figure 17 reports the 
isotherms and the experimental points for CO-H2O system in the temperature range 298 K to 498 K 
and pressures up 140 bar. All isotherms show a linear trend, as to be expected from systems of 
sparingly soluble gases, but at the higher pressures, a slight positive curvature should still be 
present. This is not the case since the growth of the Pointing term is somehow balanced by a 
decrease in the solute activity coefficient; i.e.  𝛾𝛾𝑔𝑔∗(𝑇𝑇,𝐧𝐧) exp��̅�𝜐𝑔𝑔∞(𝑃𝑃 − 𝑃𝑃𝑖𝑖𝑠𝑠𝑠𝑠𝑠𝑠)/𝑅𝑅𝑇𝑇� ≅ 1. The model 
correctly predicts the data points over the entire experimental field, Table 2 

 
Figure 17: Isothermal pressure and liquid composition data for CO-H2O system up to 140 bar in the temperature range 298-498 K: 
(+) experimental data from different sources and (―) model prediction (Reprinted with permission from M. Torli, L. Geer, G. M. 
Kontogeorgis, and P. L. Fosbøl, “Solubility of Syngas Components in Water, Acetic Acid, and Alcohol Using New Standard Fugacity 
Methodology,” Ind. Eng. Chem. Res., vol. 57, pp. 16958-16977, 2018. Copyright 2018 American Chemical Society) 

Figures 18 and 19 and, shows the solubilities of CH4 in water for two ranges of pressure, 
respectively up to 25 bar and up to 350 bar. At high pressures and for temperatures below 20 °C, 
the formation of CH4-H2O clathrate crystals may lead to incorrect estimations of CH4 solubility [80]; 
thus points presenting unusually high CH4 solubilities, clearly non in line with the rest of the 
experimental data, were discarded in advance. The model correctly predicts the mole fraction of 
CH4 in water for the entire range of pressure considered in Figure 18, and for the first half of the 
pressure interval reported in Figure 19. Above 200 bar, gas solubilities seems to be overestimated 
in particular for the isotherms at 311 K and 344.5 K. Model predictions are closely consistent with 
the trends of the datasets even in the vicinity of the experimental field boundaries; e.g. for the 
isotherms at 553 K and 565 K up to 350 bar. 
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Figure 18: Isothermal pressure and liquid composition data for CH4-H2O system up to 25 bar in the temperature range 283-411 K: (+) 
experimental data from different sources and (―) model prediction (Reprinted with permission from M. Torli, L. Geer, G. M. 
Kontogeorgis, and P. L. Fosbøl, “Solubility of Syngas Components in Water, Acetic Acid, and Alcohol Using New Standard Fugacity 
Methodology,” Ind. Eng. Chem. Res., vol. 57, pp. 16958-16977, 2018. Copyright 2018 American Chemical Society) 

 
Figure 19: Isothermal pressure and liquid composition data for CH4-H2O system up to 350 bar in the temperature range 278-411 K: 
(+) experimental data from different sources and (―) model prediction (Reprinted with permission from M. Torli, L. Geer, G. M. 
Kontogeorgis, and P. L. Fosbøl, “Solubility of Syngas Components in Water, Acetic Acid, and Alcohol Using New Standard Fugacity 
Methodology,” Ind. Eng. Chem. Res., vol. 57, pp. 16958-16977, 2018. Copyright 2018 American Chemical Society) 
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Figure 20: Isothermal pressure and liquid composition data for CH4-C2H5OH system up to 350 bar in the temperature range 280-398 
K: (+) experimental data from different sources and (―) model prediction (Reprinted with permission from M. Torli, L. Geer, G. M. 
Kontogeorgis, and P. L. Fosbøl, “Solubility of Syngas Components in Water, Acetic Acid, and Alcohol Using New Standard Fugacity 
Methodology,” Ind. Eng. Chem. Res., vol. 57, pp. 16958-16977, 2018. Copyright 2018 American Chemical Society) 

CH4-C2H5OH, in Figure 20, is the system that shows the second larger deviations between 
experimental points and model predictions, however, the various datasets from the different 
sources are not always in agreement to each other. This can be appreciated from the isotherm at 
298 K, the only sources available for pressures above atmospheric are [81] and [82], in the range 
common to the two studies (up to 120 bar), the first datasets suggests higher solubilities, while the 
second one shows lower solubilities than the calculated ones. The general trend of the 
experimental points implies a linear dependence of CH4 solubilities from pressure; while, the 
isotherms at 348 K and 398 K, show a clear reduction in CH4 solubilities due to a consistent growth 
of the Pointing term at higher temperatures. The isotherm at 398 K cannot be extended further, 
since for higher CH4 content in the liquid, the mixture closely approaches its critical conditions, 
[81]. It is evident that for the highest pressure considered in Figure 20, the model predictions are 
not reliable. Besides the large incongruity among the datasets this may be due to an 
overestimation in the molar volume of CH4 in this solvent, leading to a compensating effect at the 
expense of the UNIQUAC parameters. Acceptable prediction can still be obtained for temperature 
between 290 K and 345 K up to 325 bar. 
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Figure 21: Isothermal pressure and liquid composition data for N2-H2O system up to 30 bar in the temperature range 274-413 K: (+) 
experimental data from different sources and (―) model prediction (Reprinted with permission from M. Torli, L. Geer, G. M. 
Kontogeorgis, and P. L. Fosbøl, “Solubility of Syngas Components in Water, Acetic Acid, and Alcohol Using New Standard Fugacity 
Methodology,” Ind. Eng. Chem. Res., vol. 57, pp. 16958-16977, 2018. Copyright 2018 American Chemical Society) 

 
Figure 22: Isothermal pressure and liquid composition data for N2-H2O system up to 350 bar in the temperature range 274-433 K: (+) 
experimental data from different sources and (―) model prediction (Reprinted with permission from M. Torli, L. Geer, G. M. 
Kontogeorgis, and P. L. Fosbøl, “Solubility of Syngas Components in Water, Acetic Acid, and Alcohol Using New Standard Fugacity 
Methodology,” Ind. Eng. Chem. Res., vol. 57, pp. 16958-16977, 2018. Copyright 2018 American Chemical Society) 

48 
 
 



Figures 21 and 22 shows the solubilities of N2 in water for two ranges of pressure, 
respectively up to 30 bar and up to 350 bar. Model prediction and experimental points seems in 
good agreement, both suggest a linear relationship between solubility and pressure over the entire 
temperature interval considered. 

As previously observed for CO-H2O system, Figure 17, this is the result of the balancing of 
two competing contributions to the fugacity of the solute: the pressure effect on the chemical 
potential, represented by the Pointing term, and the non-ideality of the solution, accounted by the 
activity coefficient. 

 
Figure 23: Isothermal pressure and liquid composition data for H2-H2O system up to 100 bar in the temperature range 273-533 K: (+) 
experimental data from different sources and (―) model prediction (Reprinted with permission from M. Torli, L. Geer, G. M. 
Kontogeorgis, and P. L. Fosbøl, “Solubility of Syngas Components in Water, Acetic Acid, and Alcohol Using New Standard Fugacity 
Methodology,” Ind. Eng. Chem. Res., vol. 57, pp. 16958-16977, 2018. Copyright 2018 American Chemical Society) 

Similarly to CO and N2 in water, the system H2-H2O, in Figures 23 and 24, shows linear 
dependency of H2 solubilities from pressure, and for the isotherms below 373 K this behavior is 
maintained up to 450 bar. Though H2 has the smallest partial molar volume among the gas 
considered in this study, the Pointing term should visibly affect the curvature of the isotherms, in a 
sense of reducing the solubilities compared to a straight line prediction, at least for the highest 
pressures. The fact that the calculated isotherms and the experimental points lie on straight lines, 
is evidence of a small deviation from the ideal diluted solution behavior even for H2 concertation 
less than 0.01 mole fraction. It should however be considered that for the higher pressures 
reported in Figure 24 also the fugacity coefficient for H2 in the vapor phase deviate noticeably from 
1. This is especially true, regardless of pressure, for the isotherm at 575 K. For this system, as for 
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CO and N2 in water, the model predictions are reliable for the entire range of pressure and 
temperature considered. 

 
Figure 24: Isothermal pressure and liquid composition data for H2-H2O system up to 450 bar in the temperature range 273-575 K: (+) 
experimental data from different sources and (―) model prediction (Reprinted with permission from M. Torli, L. Geer, G. M. 
Kontogeorgis, and P. L. Fosbøl, “Solubility of Syngas Components in Water, Acetic Acid, and Alcohol Using New Standard Fugacity 
Methodology,” Ind. Eng. Chem. Res., vol. 57, pp. 16958-16977, 2018. Copyright 2018 American Chemical Society) 

For mixtures containing acetic acid as solvent, the experimental data only cover a relative 
restrict interval of conditions and generally no more than one datasets for each temperature is 
available. A low degree of scattering of the data and a limited range of pressure-temperature 
conditions to be reproduced are the main reasons of the very small deviations observed between 
model predictions and experimental points. For the same reasons the thermodynamic model 
accurately fits the experimental points of CO-C2H5OH and N2-C2H5OH systems; the respective range 
of temperatures and pressure covered are reported in Table 2. 

Figure 25 shows model predictions and experimental points for H2 solubilities in ethanol, 
the trends of the isotherms and the datasets concur for the entire interval of pressure and 
temperature presented in the figure. The isotherm at 448 K displays a consistent decline in the 
slope with pressure, while the corresponding experimental points seem to suggest a more linear 
relationship with H2 solubilities. This is probably due to the overestimation of �̅�𝜐𝑔𝑔∞ at the higher 
temperature as seen in Figure 20 for CH4 solubilities in the same solvent. For temperature up to 
400 K the model can be safely applied at pressures above 300 bar; for higher temperatures the 
model predictions should be limited at 250 bar. 
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Figure 25: Isothermal pressure and liquid composition data for H2-C2H5OH system up to 350 bar in the temperature range 298-448 
K: (+) experimental data from different sources and (―) model prediction (Reprinted with permission from M. Torli, L. Geer, G. M. 
Kontogeorgis, and P. L. Fosbøl, “Solubility of Syngas Components in Water, Acetic Acid, and Alcohol Using New Standard Fugacity 
Methodology,” Ind. Eng. Chem. Res., vol. 57, pp. 16958-16977, 2018. Copyright 2018 American Chemical Society) 

3.1.8. CO2 solubility predictions in acetic acid-water solutions 

To test the reliability of the mixing rules proposed in section 3.1.4 Eq. (3.18) was used to 
predict the VLE for the system CO2-H2O-CH3COOH at the two temperatures: 313 K and 333 K, using 
the data reported in [83] as a reference. 

At both temperatures the system is characterized by VLE, LLE and VLLE region, depending 
on composition and pressure. Only VLE regions were considered, this corresponds to pressure up 
to 100 bar for the dataset at 313 K and up to 120 bar for the dataset at 333 K. 

The PT-flash calculations were performed using as feed composition the arithmetic average 
between the experimental compositions of the vapor and that of the liquid. 

The UNIQUAC delta interaction parameters for the binary CH3COOH-H2O were obtained 
from the coefficients reported in NISTV88-HOC databank available in Aspen Plus V8.8 (𝑖𝑖-
component: CH3COOH; 𝑗𝑗-component: H2O; 𝜏𝜏𝑖𝑖𝑖𝑖(𝑇𝑇) = exp (𝑁𝑁𝑖𝑖𝑖𝑖 + 𝐵𝐵𝑖𝑖𝑖𝑖/𝑇𝑇); 𝑁𝑁𝑖𝑖𝑖𝑖 = 0.42087; 
𝑁𝑁𝑖𝑖𝑖𝑖 = 0.19779; 𝐵𝐵𝑖𝑖𝑖𝑖 = −491.785;  𝐵𝐵𝑖𝑖𝑖𝑖 = 127.497). 

The delta interaction parameters for CO2-H2O and CO2-CH3COOH were calculated from the 
values reported in the manuscript, Table 2. 

The results of the flash calculations together with the experimental points are reported in 
the figures below. 
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Figure 26: CO2 mole fraction in the liquid as function of gas-free solvent composition: CH3COOH/(CH3COOH+H2O) [mol/mol], at 313 
K and 33 K, pressure from 19.7-103.0 bar. Experimental [83] and calculated values 

 
Figure 27: Experimental and calculated Henry law constant for CO2 in acetic acid-water mixture at 313 K and 333 K. Experimental 
[83] and calculated values 
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On the ordinate axis of the f two plots Figure 27 is reported the quantity: 
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Where 𝑃𝑃 is the experimental pressure and 𝑦𝑦𝑔𝑔𝐶𝐶2 and 𝑥𝑥𝑔𝑔𝐶𝐶2 are the experimental or the 
calculated mole fraction for CO2 in the vapor and in the liquid phase; the remaining terms are 
calculate values. The black line labelled as “Log ave. Henry” is draw according to the following 
equation: 

( ) ( ) ( )
2 2 2

ln ln lnCO ethanol CO water CO
ethanol water

H x H x H= +  (3.31)

 
The two plots in Figure 26 and Figure 27 prove that, for the highly non ideal system here 

considered, the proposed method for the prediction of gas solubility in mixed solvents performs 
better than the conventional weighted logarithmic average base on the assumption of ideality. 

 Regression of LLE and VLE data of water-ethanol-MTBE and water-3.2.

acetic acid-MTBE systems 

The most recurrent byproduct of syngas fermentation to ethanol is acetic acid. Regardless 
of the layout chosen, when distillation only is used as a method to recover the alcohol, the acid is 
collected within the water as bottom product of separation. The process is described in more detail 
in section 4.1. A possible way to recover the acid from the water before recycling the media back 
to the fermenter is extraction followed by azeotropic distillation and solvent regeneration. 

Typically the most important factors which dictate the solvent selection are the distribution 
coefficient and separation factor. Due to the low concertation of acetic acid in the fermentation 
media, the specific energy requirement for the azeotropic distillation and the regeneration of the 
solvent may be substantial; therefore properties such as normal boiling point and heat of 
evaporation become predominant parameters for the choice of the ideal extractant. Kürüm et al. 
[84] benchmarked several possible entrainers and established that ethyl acetate, di-isopropyl 
ether, and methyl tert-butyl ether (MTBE) offer the best performance for the separation of acetic 
acid from water. Among these, MTBE shows the lowest boiling point and the lowest heat of 
vaporization, thus it has been selected as solvents to run the simulation of the hybrid 
extraction/distillation process described in section 4.2Error! Reference source not found.. 

The accurate simulations of processes which involve extraction units strongly rely on the 
accuracy of the thermodynamic property method used for the prediction of LLE that governs the 
distribution of the components among the liquid phases. This has a huge impact on the relative 
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amount of fluid treated and the volume of solvent circulating in the system. Even more so, when 
the chemicals to be extracted are present at very low concentrations. Similarly, the VLE that are of 
relevance for the regeneration of the solvent should be modeled with high accuracy so that the 
entrainer losses and the distillation duties are correctly quantified. 

In order to adequately model the case-study reported in section 4.2 the UNIQUAC 
parameters 𝛥𝛥𝑓𝑓𝑖𝑖𝑖𝑖(𝑇𝑇) and 𝛥𝛥𝑓𝑓𝑖𝑖𝑖𝑖(𝑇𝑇) relating to the LLE of systems H2O-C2H5OH-MTBE and H2O-
CH3COOH-MTBE, have been evaluated by minimization of the following objective function using 
experimental data retrieved from the literature. 

2 22 2 exp expexp exp3 3

1 1 1 1

( ) ( ) ( ) ( )( ) ( ) ( ) ( )1 1
( ) ( ) ( ) ( )

calc calccalc calcp q
j j i ji i i i

calc calc calc calc
l i k ji i j j

x x x xx x x x
p qx x x x

α α β βα α β β

α β α β
= = = =

          − −− −       ∆ = + + +                       
∑∑ ∑∑

 (3.32) 

The LLE data for the system H2O-C2H5OH-MTBE were retrieved from studies [85] and [86], 
while the data point for the H2O-CH3COOH-MTBE system were taken from [87]. Since for LLE 
calculations based on activity coefficient models, the standard state fugacity of a component turns 
out to be the same in both phases, the equations describing the equilibrium basically reduce to: 

( ) ( )( ) ( ) 1,2,3i i i ix T, x T, i
α β

γ γ  = =  n m

 (3.33) 

The index 𝑖𝑖 and 𝑗𝑗 indicates component in the ternary system (e.g. 𝑖𝑖 = 1 corresponds to 
H2O, 𝑖𝑖 = 2 correspond to C2H5OH and 𝑖𝑖 = 3 correspond to MTBE), the superscripts 𝛼𝛼 and 𝛽𝛽 
identify the liquid phases, and 𝑒𝑒𝑥𝑥𝑒𝑒 and 𝑐𝑐𝑐𝑐𝑚𝑚𝑐𝑐 indicate the experimental data and the calculated 
value. The total number of tie-lines available for the systems H2O-C2H5OH-MTBE and H2O-
CH3COOH-MTBE are respectively 𝑒𝑒 and 𝑞𝑞. 

The UNIQUAC delta interaction coefficients are found to be dependent on each other, and 
related by linear relations referred to as closure equations. For a ternary systems, the closure 
equation takes the following form: [𝛥𝛥𝑓𝑓𝑖𝑖𝑘𝑘(𝑇𝑇) − 𝛥𝛥𝑓𝑓𝑘𝑘𝑖𝑖(𝑇𝑇)] = [𝛥𝛥𝑓𝑓𝑖𝑖𝑖𝑖(𝑇𝑇) − 𝛥𝛥𝑓𝑓𝑖𝑖𝑖𝑖(𝑇𝑇)] + [𝛥𝛥𝑓𝑓𝑖𝑖𝑘𝑘(𝑇𝑇) −
𝛥𝛥𝑓𝑓𝑘𝑘𝑖𝑖(𝑇𝑇)]. Because this study did not concern the consistency of the thermodynamic models, but 
rather the attainment of parameters that provide the best fit of the experimental data, this 
additional constrain was not implemented in the regression. The parameter values, obtained as 
solution of the minimization problem Eq. (3.32)-(3.33) are reported in Table 8. The experimental 
data and the corresponding fitted tie-lines are compared, for few selected temperatures, in Figure 
28 for the H2O-C2H5OH-MTBE system, and in Figure 29 for the H2O-CH3COOH-MTBE system. 
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Table 8: Temperature dependent constants for the interaction parameters 𝛥𝛥𝑓𝑓𝑖𝑖𝑖𝑖(𝑇𝑇) and 𝛥𝛥𝑓𝑓𝑖𝑖𝑖𝑖(𝑇𝑇). Absolute average deviations 

AAD%=1
𝑛𝑛
∑ ��𝑥𝑥𝑖𝑖𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐 − 𝑥𝑥𝑖𝑖

𝑒𝑒𝑒𝑒𝑒𝑒�/𝑥𝑥𝑖𝑖
𝑒𝑒𝑒𝑒𝑒𝑒�𝑘𝑘

𝑛𝑛
𝑘𝑘=1  relevant to regression of LLE ternary data of the systems: H2O-C2H5OH-MTBE and H2O-

C2H5OH-MTBE 
Eq. (3.23), 𝜏𝜏𝑖𝑖𝑖𝑖(𝑇𝑇) = exp (𝑁𝑁𝑖𝑖𝑖𝑖 + 𝐵𝐵𝑖𝑖𝑖𝑖/𝑇𝑇)  or equivalently AAD% H2O-C2H5OH-MTBE: 5% [mol/mol] 

Eq. (3.24) 𝛥𝛥𝑓𝑓𝑖𝑖𝑖𝑖(𝑇𝑇) = −�𝑁𝑁𝑖𝑖𝑖𝑖𝑅𝑅𝑇𝑇 + 𝐵𝐵𝑖𝑖𝑖𝑖𝑅𝑅� AAD% H2O-CH3COOH-MTBE: 7% [mol/mol] 

Binary: [𝑖𝑖 − 𝑗𝑗] 𝑁𝑁𝑖𝑖𝑖𝑖 𝑁𝑁𝑖𝑖𝑖𝑖 𝐵𝐵𝑖𝑖𝑖𝑖[1/K] 𝐵𝐵𝑖𝑖𝑖𝑖[1/K] 
H2O-C2H5OH -1.742 -1.035 147.2 448.3 
C2H5OH-MTBE -2.401 5.967 872.4 -2265 
MTBE-H2O -2.682 -1.742 223.6 448.3 
H2O-CH3COOH 6.277 -1.031 -1678 155.1 
CH3COOH-MTBE 2.349 1.452 -401.8 -869.8 
MTBE: 𝑟𝑟=4.068 and 𝑞𝑞=3.632 for UNIQUAC model from the Bondi contribution method [57] 
 

 
Figure 28: Ternary LLE diagram on wt% base for the system H2O-C2H5OH-MTBE at 298 K. Tie-lines: experimental (blue lines) and 
calculated (red lines). 

MTBE wt%
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Figure 29: Ternary LLE diagram on wt% base for the system H2O-CH3COOH-MTBE at 293 K. Tie-lines: experimental (blue lines) and 
calculated (red lines).Ternary LLE diagram on wt% base for the system H2O-CH3COOH-MTBE at three different temperatures. Tie-
lines: experimental (blue dashed lines) and calculated (red lines). 

 
Figure 30: Ternary LLE diagram on wt% base for the system H2O-CH3COOH-MTBE at 318 K. Tie-lines: experimental (blue lines) and 
calculated (red lines).Ternary LLE diagram on wt% base for the system H2O-CH3COOH-MTBE at three different temperatures. Tie-
lines: experimental (blue dashed lines) and calculated (red lines). 

The ternary diagrams in Figure 28 and Figure 29 show that the differences between the 
experimental compositions of the conjugate phases and the corresponding calculated values are 
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smaller for low amounts of C2H5OH or CH3COOH in the systems. This is due to the form of the 
objective function, where the residual are expressed as relative deviation of the components mole 
fraction, rather than using absolute deviations. Minimizing the prediction errors close to the “base” 
of the binodal curves is beneficial for the process simulation of an extraction tower for the 
separation of acetic acid from water. This is because the unit operation involves the mutual 
contact of large volumes of solvent and water, but only small amounts of the component to be 
extracted (CH3COOH and C2H5OH). 

A common method used in process simulations involves the use of different property 
methods for the different unit operations of the same process. This clearly sacrifices the 
consistency of the adopted thermodynamic models to gain in practicality [88]. In line with this 
pragmatic approach, the UNIQUAC parameters for the same pairs of substances were optimized 
once more for VLE predictions. 

The parametrization of the UNIQUAC equation for the VLE of H2O-C2H5OH-MTBE system 
was carried out in Aspen Plus environment, using the Britt-Luecke algorithm and a maximum-
likelihood objective function. The model parameters obtained from the regression of the available 
equilibrium data are listed in Table 9. 

Table 9: Temperature dependent constants for 𝛥𝛥𝑓𝑓𝑖𝑖𝑖𝑖(𝑇𝑇) and 𝛥𝛥𝑓𝑓𝑖𝑖𝑖𝑖(𝑇𝑇), and absolute average deviations obtained from regression of 
ternary and binary VLE and LLE data for the systems: H2O-C2H5OH-MTBE. The regression was performed via the tool available in 
Aspen Plus 
Eq. (3.23), 𝜏𝜏𝑖𝑖𝑖𝑖(𝑇𝑇) = exp (𝐵𝐵𝑖𝑖𝑖𝑖/𝑇𝑇)  or equivalently 
Eq. (3.24) 𝛥𝛥𝑓𝑓𝑖𝑖𝑖𝑖(𝑇𝑇) = −�𝐵𝐵𝑖𝑖𝑖𝑖𝑅𝑅� 

Binary: [𝑖𝑖 − 𝑗𝑗] 𝐵𝐵𝑖𝑖𝑖𝑖[1/◦K] 𝐵𝐵𝑖𝑖𝑖𝑖[1/K] 
H2O-C2H5OH -79.37 -34.82 
C2H5OH-MTBE 123.1 -378.3 
MTBE-H2O -618.3 -33.51 
 

The VLE data were collected from different sources. These are: [89] for the ternary, [90], 
[91], [92], [93] for the binary C2H5OH-MTBE, and [94], [95], [96] for the binary H2O-MTBE. Some 
experimental values for the azeotropic point of H2O-MTBE mixture were found in [97]. 

The correct prediction of these VLE is of importance for the proper simulation of the 
azeotropic distillation and the regeneration of the solvent. These equilibriums affect the reflux 
ratio and consequently the duties of the two columns which operate the recovery of the entrainer 
and the purification of the water. Ethanol is included in the VLE of interest because, when present, 
it may accumulate in the closed-loop of the solvent and this possibility must be considered. 
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 Downstream product recovery-technology benchmarking 4.

The term syngas fermentation refers to a variety of processes aimed to the production of 
fuels or chemicals. When the target is the bioconversion of the gaseous substrates into biofuel, 
ethanol and acetic acid represents the larger fraction of the product distribution. The most 
recurrent byproducts are butanol and butyric acid; though, those may represent the targeted 
compounds when the fermentation is aimed to the synthesis of chemicals. 

The objective of this analysis is the benchmarking of various designs for the recovery 
section of the syngas-to-ethanol process which employs distillation as the core separation 
technique. The main focus is to investigate the performance of different processes with respect to 
the separation of ethanol when its concertation in the fermentation broth reaches the limit of the 
practical viability. In this context heat and power consumptions are the most important resources 
with respect to cost. Therefore the minimization of the energy requirements is prioritized over 
other aspects, even though this may involve less advantageous designs in regards to the capital 
costs. 

Butanol and butyric acid may be produced during syngas-fermentation. It has been 
confirmed that the amount is not consistent from study to study and often they are not observed 
at all [1]. In fact, the presence of butanol and butyric acid in the fermentation media is strongly 
dependent on the bacterial strain or mixed culture employed, as well as the condition at which the 
microorganisms are grown (e.g. pH, and redox potential of the solution). The microbes are 
regarded as highly selective, thus it is reasonable to assume that butanol and butyric acid should 
not be present in the fermentation media other than in trace amount [5]. While butyric acid most 
likely does not pose problems, butanol is especially detrimental to the ethanol separation, as the 
recovery of the ethylic alcohol becomes more and more energy-intensive [98]. In this regard the 
feasibility of the ABE fermentation process (acetone, butanol, and ethanol from sugar) is so 
strongly dependent from the efficiency of the recovery step that only a few companies in the world 
are profiting from producing butanol from this biological route [99]. A fortiori, for the syngas-to-
ethanol process, where the costs for the separation of butanol from solutions of such low 
concentration that purification is not economically viable, would only burden the already 
expensive recovery of the ethanol. Not to mention the capital costs of the extra columns needed, 
which, due to the large volumes of water that must be processed with the butanol, are of 
substantial size [98], [100]. In this study butanol and butyric acid is assumed to be non-existent in 
accordance with previous observations [5]. 

As regards the acetic acid, its presence in the fermentation media cannot always be 
avoided [101]. Even without knowledge of biochemistry, it should be easy to see that ethanol and 
acetic acid molecules are just separated by a simple oxidative step. The highest concentration of 
acetic acid reported in the literature is about 2 wt% [102]; however, inhibition effects are already 
resented at lower concentrations, negatively affecting ethanol productivity (kg of product/s/m3 of 
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reactor) [103]. Regarding the separation of acetic acid, extraction and azeotropic distillation are 
implemented after the ethanol separation, and are discussed insection 4.2. 

 Ethanol recovery 4.1.

Ethanol has many applications ranging from high-grade food quality additive to low grade 
for combustion applications. Fuel grade ethanol is mainly produced from the fermentation of the 
sugars resulting from the processing of corn and sugarcane plantations. The standard approach for 
the recovery of the alcohol from the highly dilute media subsequent the fermentation involves 
conventional multi-column distillation. When the ethanol is intended for the formulation of fuel 
blends, a dehydration step on molecular sieves can be added to the recovery section. 

All new biofuel technologies which are occurring these days have the undeniable advantage 
of exploiting low-cost non-food feedstock; however, it is of primary importance that separation 
technologies are optimized. The reason is clear; the liquid products are more dilute with water. The 
new biotechnological routes tend to produce aqueous solutions which have lower ethanol 
concentration compared to traditional fermentation of sugars (>10 wt%). The syngas-to-ethanol 
process makes no exception, ceiling at 5 wt% ethanol [104], but more often the values reported in 
the literature are <2 wt%, [1], [105]. The main challenge is the removal of water in the most 
energy-efficient way so that the process remains feasible even for the highly dilute broths 
containing only a few percentage points of alcohol [106]. 

In this scheme, the focus of the current simulation study is the characterization of the 
performance of five different process layouts for alternative optimized downstream ethanol 
recovery processes. The typical objective is an ethanol recovery of 98%, giving >93 wt% of ethanol 
in the distillate. This specification is quite important, since it correspond to the compositions of E93 
and E100 fuels [107]. It is therefore beneficial to optimize the processes for acceptable high water 
content and less need for the anhydrification step. Indeed, hydrous ethanol represents over 60% of 
the total Brazilian production and it is used as such in E100 cars and in certain predisposed flex-fuel 
vehicles; while the main use of an-hydrous ethanol is the formulation of gasoline blends. More 
specifically, regular cars can run on E5-E25 fuels (gasoline containing 5-25 wt% of an-hydrous 
ethanol), while E85 (85 wt% an-hydrous ethanol and 25 wt% gasoline) is sold in Brazil, United 
States, and Sweden for use on flex-fuel vehicles [108]. Although there are economic and 
environmental incentives for allowing hydrous ethanol in the fuel blends, this is almost always 
limited by the need to avoid phase separation during storage, as this can cause engine 
malfunctions and misfires, and corrosion problems. In this regard, the report of Larsen et al. [107] 
demonstrates that, in opposition to the more conservative perception about ethanol-gasoline 
blends, hydrous ethanol would be acceptable for blending in every possible ratio that could occur 
in the tank of a flex-fuel vehicle.  

The production of hydrous ethanol not only minimizes the energy consumption of the 
separation but also allows for a fair comparison of the different technologies benchmarked in the 
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current study, as these do not have the same potential for thermal integration with the 
dehydration step. For the same reason, supplementary integrations with elements external to the 
recovery section are not considered, as these are conditional to the temperature of the available 
heating utilities. 

During simulation devoted to ethanol recovery processes the presence of acetic acid in the 
fermentation broth is formally disregarded. As just introduced, the acid concentration is lower 
than that of ethanol, typically less than 1 wt%, since higher values would inhibit the bacteria 
responsible for fermentation. For these concentration levels there is practically no impact on the 
efficiency of the ethanol separation. The molecular interactions for these conditions add little to no 
contribution to the simulation results. The effect 1 wt% acetic acid has on the thermal properties 
of water is negligible as well. The normal boiling point is shifted of about 0.05°C, see Figure 49, 
while the heat of evaporation and heat capacity are both reduced of less than 0.5%. When 
included in the calculations, the acid is entirely collected in the water at the bottom of the first 
distillation stage and only trace amounts, below the tolerance of the mass balance calculations, are 
found in the distillate. Basically the conclusions on mass balance and energy consumption for the 
alcohol recovery are the same independent of the inclusion of the acid or not. 

In order to evaluate and compare the various processes, it is important to use a consistent 
mathematical framework. In this work the commercial process simulator Aspen Plus V8.8 is used 
[2]. All fluid phase equilibrium calculations are performed with the analytic combined method 
generally referred to as 𝛾𝛾 − 𝜑𝜑 approach. Whit the combined approach the definition of the 
fugacity coefficient is used to model the vapor phase, and the definition of the activity coefficient 
to model the liquid phase. The UNIQUAC activity coefficient model [56] is combined with the 
Hayden-O'Connell Virial equation of state [59]. The model is particularly suitable for systems 
containing carbocyclic acids or other associating species that can form dimers in the vapor phase. 
Unless otherwise stated, the UNIQUAC model parameters implemented are retrieved form 
AspenTech software databanks [2] (UNIQ-HOC thermodynamic package). 

The various unit operations are rigorously modelled according to a steady-state equilibrium 
approach and are regarded as adiabatic elements (radiant and convective heat losses to the 
environment are neglected). A feed flow rate of 1000 kg/h at a temperature of 40 °C is considered 
as the basis for all benchmarked cases. These temperature is very typical for the thrive of syngas-
fermenting mesophilic bacteria [5]. The concentration range for ethanol in the feed stream is 
varied from 0.75 wt% to 5 wt%, being the latter one of the highest concentration reported in the 
literature [104]. The simulations are performed with a range of different chemical engineering 
separation approaches. The conventional distillation units consist of 30 theoretical stages and the 
feed tray locations are determined so as to minimize the heat duties. Although the tray efficiency is 
not considered, it is known that for the ethanol-water system, 30 theoretical stages corresponds to 
the 40-50 physical trays usually adopted for this separation [109], [110]. The pressure drop 
between stages is not accounted for, and will often not contribute to any significant impact on the 
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energy consumption of the plant. This can be agreed by looking at the ethanol-water 𝑥𝑥 − 𝑦𝑦 plot in 
Figure 34; for a pressure variation of almost three bar, the relative volatility of the ethanol with 
respect to water remains mostly unaltered. The feed streams to the columns are preheated 
exploiting the available hot sources so to optimize heat recovery and to minimize the enthalpy 
losses associated with the effluent streams. A minimum temperature approach of 8 °C is observed 
in all heat exchangers and condenser-reboiler thermal couplings. No thermal energy is recovered 
from the liquid distillate because the corresponding heat flow is minimal (<5 wt% of the total 
outflow available at <110 °C). All units are modelled as adiabatic elements. 

4.1.1. Base-case distillation (Base-case-I) 

In the conventional corn-to-ethanol process the downstream recovery section generally 
comprises up to 3 columns: a beer stripper, a rectifier, and optionally, a bottoms stripper. To 
optimize heat integration and the size of the units, separate stripping and rectification columns are 
used in place of a single one. The beer stripper and the rectifier are operated at a moderated 
vacuum (around 0.5 bar) so that the boil-up temperature in the reboilers is brought below 80 °C, 
allowing the use of lower-grade steam sources from other units in the facility. 

These plants produce an-hydrous ethanol suitable for the formulation of gasoline blends, 
and this requires dehydration of the azeotrope by adsorption of residual water on molecular 
sieves. The an-hydrous ethanol product is obtained by the use of molecular sieves operated at 
moderate pressure. The heat released during the condensation of the an-hydrous alcohol can be 
recovered, providing 50% of the thermal input required to run the main rectifier [111], as shown in 
Figure 31 by Huang et al. [111]. The recoverable heat from the dehydration step is a strong 
function of the ethanol concentration in the feed. E.g. in case the ethanol feed concentration drops 
from 10 wt% to 5 wt%, the operation of distillation will remain mostly unaffected (see Table 10 last 
row, the net heat input to the recovery section varies only slightly when the concentration of 
alcohol in the feed is reduced). On the other hand, the an-hydrous ethanol exiting the molecular 
sieve reduces to half and thereby also the potential recoverable heat is proportionally reduced. 
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Figure 31: Flow diagram of a conventional bioethanol separation plant for the production of an-hydrous ethanol. Taken 

from [111] 
In this study the 2-stage process layout reported in Figure 32 is used as base-case-I for the 

benchmark analysis. The production of 93 wt% alcohol is a less expensive and more CO2-friendly 
process compared to an-hydrous ethanol production, especially for low inlet concentrations of 
ethanol. For this reason, the dehydration step is skipped in this study.  

The simulation of the base-case-I scenario in Figure 32 is performed using Aspen Plus. The 
working pressure of the stripper and the rectifier units (STRIP and RECT) is set to 0.5 bar, as it is for 
the conventional separation process. The incoming flow (IN1) is preheated in the exchangers: 
EXC1, EXC2, and EXC3 by recovering heat from the condensing ethanol at the top of the rectifier 
(61 °C at 0.5 bar) and from the bottom effluents of both columns (80 °C at 0.5 bar). The 
temperature of the feed is brought from 40 °C to 53 °C and then up to 71 °C. After, the pressure is 
reduced to the working condition of the stripper by passing the feed stream through the element 
labeled VALV. The ethanol recovered in the overhead vapor of the stripper is about 99%, while the 
overall recovery in the distillate is set to 98%. Additional cooling is supplied to the rectifier 
condenser, so to provide the reflux needed to meet the ethanol purity standard.  

As regards the enthalpy losses connected to effluents, WAT3 and WAT4 make up between 
94% and 99% of the total outflow. Complying with a minimum temperature approach of 8 °C 
relative to the incoming stream (40 °C), the lowest temperature possible for an effluent is then 48 
°C [112]. About 55 MJ/h of thermal energy should be removed from streams WAT3 and WAT4 to 
bring down the temperature of these from 61 °C to 48 °C. Nevertheless, no additional heat can be 
recovered from the hot effluents since the feed stream is already preheated to 72 °C, i.e. 8 °C less 
than the boil-up temperature in both reboilers. 
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Figure 32: Base-case-I flow diagram. Two stages distillation, both columns operate at 0.5 bar pressure 

Table 10: Base-case-I distillation, two stages operated at 0.5 bar pressure. Results for different ethanol concentration in the feed 
Ethanol in the incoming flow [wt%] 5% 3% 1.5% 1% 0.75% 
RECT: feed tray location 17/30 16/30 15/16 14/16 13/30 
RECT: reflux ratio 3.77 5.88 11.20 16.6 22.1 
EXC1: duty [MJ/h] 53 53 53 53 53 
EXC2: duty [MJ/h] 6 6 6 6 6 
EXC3: duty [MJ/h] 68 68 68 68 68 
RECT: condenser duty [MJ/h] 245 212 188 181 178 
RECT: reboiler duty [MJ/h] 20 17 14 14 13 
STRIP: reboiler duty [MJ/h] 265 237 216 211 208 
RECT-EXC1: net cooling duty [MJ/h] 192 159 135 128 125 
RECT+STRP: net heat duty [MJ/h] 285 254 230 225 221 
      

The results for the base case calculation are shown in Table 10. The energy consumption of 
the various sub-units (Figure 32) is shown as function of the ethanol feed concentration. The table 
also shows feed tray location and reflux ratio. The net heat duty (RECT+STRIP: net heat duty) seem 
to approach 210 MJ/h for low ethanol concentration. This is caused by significant water 
vaporization. A similar trend is observed for the condenser duties (RECT: condenser duty [MJ/h]). 
Even though the amount of distillate decreases proportionally with the concentration of ethanol in 
the feed, the reflux ratio needed to meet the required fuel specs (98 wt% recovery, 93 wt% purity), 
increase to such an extent that the condenser duties are only slightly reduced.  

In brief, when the amount of ethanol in the inflow is lower than about 3 wt%, the thermal 
input (RECT+STRP: net heat duty [MJ/h]) tends to converge towards a constant value of 
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approximately 220 KJ/h. Thus the operating costs per unit of ethanol recovered will approximately 
increase inversely compared to the concentration of the feed alcohol. This is expected, since low 
concentrations of ethanol eventually results in almost pure water vaporization. 

4.1.1.1. Base-case (Base-case-II): A simple comparison 

The base-case simulation described above (base-case-I) presents the same arrangement 
and operating conditions of the conventional bioethanol separation plant in Figure 31. The working 
pressures and number of units employed is mainly focused on the recovery of low-grade heat 
available elsewhere in the facility and the reduction of the construction costs related to the sizing 
of the units. This can be confirmed comparing the estimated net heat duty for base-case-I with the 
assessed ones for a second base-case arrangement (base-case-II) consisting of a single column      
operated for atmospheric conditions Figure 33. 

 
Figure 33: Base-case-II flow diagram. Single column operated at atmospheric condition 

Table 11: Base-case-II distillation, single column operated for atmospheric conditions. Results for different ethanol concentration in 
the feed 
Ethanol in the incoming flow [wt%] 5% 3% 1.5% 1% 0.75% 
COLUMN: feed tray location 16/30 14/30 13/30 12/30 12/30 
COLUMN: reflux ratio 4.14 6.58 12.8 19.2 25.5 
EXC1: duty [MJ/h] 122 122 122 122 122 
EXC2: duty [MJ/h] 90 90 90 90 90 
COLUMN: condenser duty [MJ/h] 257 227 207 202 198 
COLUMN-EXC1: net cooling duty [MJ/h] 135 105 85 78 76 
COLUMN: net heat duty [MJ/h] 288 259 240 235 232 
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The simulation of base-case-II is performed in Aspen Plus environment. As reported by the 
flows diagram in Figure 33, the incoming flow (FEED) is preheated in the exchangers EXC1 and 
EXC2, by recovering heat from the overhead vapor and bottom effluent of the column. The 
operating pressure of the column is set to 1 bar hence these utilities are available at 78 °C and 100 
°C (the normal boiling point of azeotropic ethanol and that of pure water). Complying with 
minimum temperature approach of 8 °C, the feed temperature is brought from 40 °C to 70 °C in 
the first exchanger and then from 70 °C to 92 °C in the second one. Additional heat must be 
removed from the condenser in order to provide the required reflux rate to meet the desired 
product specifications (98 wt% recovery, 93 wt% purity). 

The heat loss connected to the effluent water can be estimated as the enthalpy that must 
be removed from stream WATER1 to lower its temperature from about 78 °C to 48 °C. This 
summarizes to about 120 MJ/h. As the feed to the column (FEED2) is already at 92 °C, i.e. 8 °C less 
than the outflowing water, no additional heat is recoverable. 

Although the heat losses associated with the effluents are more than double for base-case-
II compared to base-case-I, the total enthalpy lost to the environment remains approximately the 
same. The reason is that the net cooling duties are lower for the one-column arrangement, this can 
be verified comparing Table 10: RECT: net cooling duty, and Table 11: COLUMN: net cooling duty. 

 
Figure 34: y-x diagram for ethanol-water system at 3.0, 1.0 and 0.3 bar 
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The results for the base-case-II simulations are shown in Table 11. As for Table 10, the 
duties of the distillation column and the related heat exchangers are showed as function of the 
ethanol feed concentration. Comparing the net heat duties of base-case-I and base case-II it easy 
to see that, from an energy point of view, both configurations perform almost identically (Table 10: 
RECT+STRP: net heat duty, and Table 11: COLUMN: net reboiler duty). The largest difference is 5%, 
which occurs at 0.75 wt% ethanol in the feed. Yet, from the viewpoint of the equipment sizing, the 
advantage of performing the separation in two columns is a major reduction of the rectifier 
dimensions. This is clearly evident comparing the relative extent of the reboiler duties of the two 
unis (Table 10: RECT: reboiler duty, and STRIP: reboiler duty). An additional benefit is that the 
bottom effluent of the stripper is, for base-case-I, distilled water free of solid residues. 

It can be concluded that, from a simulation point of view, the thermal efficiencies of the 
two base-case layouts in Figure 32 and Figure 33 are virtually identical. The reason why the two-
column configuration operating at reduced pressure shows marginally better thermal efficiencies is 
due to a slightly more favorable VLE in regard to the alcohol separation. This is easily inferred 
observing the 𝑥𝑥 − 𝑦𝑦 plot reported in Figure 34. Surely the relative volatility of the alcohol with 
respect to water increases with the reduction of pressure; however, the effect is weak and occurs 
mainly at low ethanol concentrations where separation is simple. 

4.1.1.2. Ethanol recovery energy 

One metric used to establish the efficiency of separation technology is the amount of 
energy required to reach the desired specific separation. It is most often given in terms of specific 
energy consumed, as energy per 1 kg of product (ethanol) [99], [113], [114]. In this study the focus 
is to examine the specific energy consumption as function of feed ethanol concentration and 
recovery percent. Table 12 shows the energy consumptions (MJ/kg ethanol) calculated for base-
case-II simulation for different recoveries. These results should be compared to the heat of 
combustion for the alcohol (30 MJ/kg ethanol) which can provide a point of reference [106], see 
Figure 35 dotted line. 

Table 12: Base-case-II distillation, single column operated for atmospheric conditions. Specific energy consumption for different 
recoveries and ethanol feed concentrations 
Recovery Ethanol in the incoming flow [wt%] 5% 3% 1.5% 1% 0.75% 
99%  Specific energy consumption [MJ/kg]  5.95 9.01 16.9 24.8 32.8 
98%  Specific energy consumption [MJ/kg]  5.87 8.83 16.3 24.0 31.6 
95% Specific energy consumption [MJ/kg]  5.83 8.69 15.9 23.1 30.3 
89%  Specific energy consumption [MJ/kg]  5.82 8.65 15.7 22.7 29.7 
80% Specific energy consumption [MJ/kg]  5.84 8.70 15.8 22.9 29.9 
       

Ethanol is a high value commodity product that can be used as a fuel or for the formulation 
of fuel blends; however it is beneficial to produce ethanol with an energy expense much lower 
than the ethanol heating value. Observations in Figure 35 shows that for concentrations of ethanol 
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in the feed greater than 3 wt% the energy needed to recover the hydrous alcohol is less than 1/3 
the heat of combustion. For lower ethanol concentrations, the thermal input for the separation 
quickly rises. Considering that the recovery of ethanol from a fermentation broth containing more 
than 10 wt% generally requires 3.5-3.9 MJ/kg; it is evident that the separation from solutions with 
<3 wt% ethanol, via conventional distillation methods, is no longer attractive [106]. 

 
Figure 35: Specific energy consumption for different recoveries and ethanol feed concentrations. Base-case-II distillation 

There is a minimum of the energy consumption for all ethanol feed concentration at 89% 
recovery. This is faintly visible in Figure 35 from the purple curve (89% recovery) which lies always 
below the others; it is, however, clearly evident in the simulation results of Table 12. This minimum 
is at best 10% lower than what attained for 99% recovery, therefore when distillation alone is used 
as a separation technique, it can be safely concluded that ethanol recovery has little influence on 
the energy efficiency of the process. 

4.1.2. Conventional multi-effect distillation 

Large energy reduction can be accomplished by operating the columns in multi-effect 
mode. Whit this approach the vapor condensed at the head of one column is used as the heating 
medium in the calandria of the next distillation column, the next effect. Basically, the condenser of 
one unit can act as the reboiler for the next, working at lower pressure without the need for 
additional thermal inputs. E.g. the condenser of a column for the atmospheric distillation of 
ethanol can be thermally coupled with the reboiler of a subsequent effect by operating the latter 
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at 0.3 bar or at lower pressure. In the same way, the reboiler can be thermally coupled with the 
condenser of an eventual preceding effect working at 3.0 bar or at a higher pressure. 

 
Figure 36: VLE diagram for ethanol-water system at 3.0, 1.0 and 0.3 bar. 

In Figure 36 are reported the VLE diagrams for the ethanol-water system at 0.3 bar, 1.0 bar, 
and 3.0 bar. As indicated by the 𝑇𝑇 − 𝑥𝑥𝑦𝑦 plot relevant to 1.0 bar, the boiling point of pure water is 
about 100 °C, while the azeotropic ethanol condenses at about 78 °C. When the pressure is 
decreased to 0.3 bar the boiling temperature of water reduces to 69 °C. Thus heat can be transfer 
by condensing hydrous ethanol at 1.0 bar on one side of a heat exchanger wall while evaporating 
water at 0.3 bar on the other side. A temperature difference of about 8.5 °C should provide the 
sufficient driving force to the transfer. Equally, when the system pressure is 3.0 bar the condensing 
temperature of the azeotropic mixture rises to about 108 °C, so heat can be transferred by 
condensing hydrous ethanol at 3.0 bar while evaporating water at 1.0 bar. Again, a temperature 
difference of about 8.5 °C is ensured. 

Conventional multi-effect distillation is very similar to the most known multi-effect 
evaporation process, except for the presence of columns between each effect [115]. In the multi-
effect evaporation process, the effects are numbered in descending sequence of working pressure; 
the same convention is here used to indexing the columns. Two layouts are possible: a co-current 
or a counter-current scheme, depending on which unit is the first in the feeding sequence [116]. 
The performance of conventional multi-effect integration, with respect to the separation of 
ethanol from water, is explored by running a process simulation model consisting of three 
columns, arranged according to the counter-current scheme of Figure 37. This choice is due to the 

1.0 bar

0.3 bar

3.0 bar

78 ℃

100 ℃

69 ℃

108 ℃

69 
 
 



fact that the counter-current arrangement allows for better management of the thermal inputs 
and presents smaller inequalities in the amount of alcohol recover from each column. 

 
Figure 37: Multi-effect distillation flow diagram. Three counter-current effects: 3.0 bar, 1 bar, and 0.3 bar 

The flow diagram relevant to this simulation is presented in Figure 37. The incoming flow 
(FEED) enters the third effect (3EFFCT) operating at the pressure of 0.3 bar. The bottom effluent 
from this column is pumped to the next one (2EFFCT) functioning at 1.0 bar. The sequence is 
repeated and the aqueous solution, depleted from the alcohol, is discharged at the bottom of the 
first effect (1EFFCT) working at 3.0 bar. The enthalpy of the stream (B3-1) is recovered in a series of 
heat exchangers (EXC3, EXC2, and EXC1), preheating the feed of each column (by conforming to a 
minimum temperature approach of 8 °C). The final outflow temperature is brought down to 48 °C 
(B3-4). No substantial heat can be recovered from the condenser of the third effect (3EFFCT), as 
the temperature difference between the overhead vapor and the inflow to the section (FEED) is 
too small. The optimal feed tray position was found to be invariant with respect to the amount of 
alcohol in the incoming flow. 

The results of the simulation in terms of material flows and thermal duties are summarized 
in Table 13 and Table 14Table 14. Supplementary coefficients are reported in the last rows of Table 
13; these are: The specific recovery, defined as the amount of ethanol recovered by the effect 
divided by the amount of alcohol entering with the associated feed stream. The fraction recovery, 
defined as the amount of alcohol recovered by the unit divided by the amount of alcohol in the 
inflow to the whole section. The sum of the fraction recoveries is the overall recovery (set to 98 
wt% as for the previous simulations). 
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Table 13: Conventional multi-effect distillation, three counter-current stages operated at 3.0 bar, 1 bar, and 0.3 bar three stages. 
Material flow results for different ethanol concentration in the feed 
Ethanol in the incoming flow [wt%] 5% 3% 1.5% 1% 0.75% 
3EFFCT (feed tray location: 15/30): reflux ratio  4.17 6.72 13.0 19.3 25.6 
2EFFCT (feed tray location: 15/30): reflux ratio 8.99 16.7 37.6 59.3 81.2 
1EFFCT (feed tray location: 15/30): reflux ratio 26.9 53.2 123 194 267 
D1: ethanol mass flow [kg/h] 28.2 18.2 9.7 6.7 5.1 
D2: ethanol mass flow [kg/h] 14.9 8.2 3.7 2.3 1.7 
D3: ethanol mass flow [kg/h] 5.9 2.9 1.2 0.8 0.6 
F1: ethanol mass flow [kg/h] 50.0 30.0 15.0 10.0 7.5 
F2: ethanol mass flow [kg/h] 21.8 11.7 5.2 3.3 2.4 
F3: ethanol mass flow [kg/h] 6.9 3.5 1.5 1.0 0.7 
3EFFCT: specific recovery/fraction recovery [wt%]a 56.3-56.3 60.8-60.8 65.0-65.0 66.8-66.8 67.7-67.7 
2EFFCT: specific recovery/fraction recovery [wt%]a 68.3-29.8 70.0-27.4 70.6-24.6 70.7-23.5 70.7-22.8 
1EFFCT: specific recovery/fraction recovery [wt%]a 85.5-11.8 83.2-9.8 80.2-8.2 79.5-7.7 78.9-7.5 
aThe specific recovery is defined as the amount of alcohol recovered by the unit divided by the amount of alcohol entering with the 
corresponding feed stream. The fraction recovery is defined as the amount of alcohol recovered by the unit divided by the amount 
of alcohol in the inflow to the separation section 
 

Table 14: Conventional multi-effect distillation, three counter-current stages operated at 3.0 bar, 1 bar, and 0.3 bar three stages. 
Thermal input/output results for different ethanol concentration in the feed 
Ethanol in the incoming flow [wt%] 5% 3% 1.5% 1% 0.75% 
EXC3: duty [MJ/h] 107 109 111 112 112 
EXC2: duty [MJ/h] 122 124 127 127 128 
EXC1: duty [MJ/h] 113 116 118 118 119 
3EFFCT: net cooling duty [MJ/h] 156 151 146 145 144 
3EFFCT=2EFFCT: reboiler duty=condenser duty [MJ/h] 152 148 145 144 143 
2EFFCT=1EFFCT: reboiler duty=condenser duty [MJ/h] 158 151 146 144 143 
1EFFCT: net heat duty [MJ/h] 193 186 180 178 177 
PUMP1+PUMP2: power consumption [MJ/h]a 1 1 1 1 1 
aAt 90% mechanical efficiency 
 

The three integrated units in Figure 37, not only work at different temperatures and 
pressures, but also show material and thermal flows that are very dissimilar. In fact, comparing the 
results reported in the tables (Table 14: 1EFFCT: net heat duty, and Table 13: 1EFFCT: reflux ratio), 
it can be noted that the first effect shows somewhat larger reboiler duties and very high reflux 
ratios, yet it is the column that contributes less to the overall recovery. Only 7%-12%. With a co-
current arrangement, this unit would be located at the end of the thermal cascade, thus receiving 
the least thermal input which would result in even lower fractional recoveries. Conversely, the 
reflux ratios and the specific energy consumption of the last effect (Table 13: 3EFFCT: reflux ratio, 
and (Table 14: 3EFFCT=2EFFCT: reboiler duty=condenser duty) are very close to those obtained for 
a single column operated at atmospheric conditions (Table 11: COLUMN: reflux ratio, and 
COLUMN: net heat duty). 

As the concentration of the feed alcohol diminishes, the operating conditions applied to the 
third effect (3EFFCT) crudely conform to those of the conventional distillation. On the other hand, 
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the first (1EFFECT) processes a solution containing minors amount of ethanol, this entails the 
extremely high reflux rate, and yet very low fraction recovery seen in Table 13 and Table 14. 
Concisely it can be said that the first effect is functional to the energy-saving, but its contribution 
to the overall recovery is marginal. 

High reflux ratios have an additional side effect on the volumetric flow through the 
rectification sections. This can be easily verified applying the well know relation 𝑉𝑉 = 𝑁𝑁(𝑅𝑅 + 1), 
where 𝑉𝑉 is the mass flow rate of the overhead vapor, 𝑁𝑁 is the distillate mass flow rate, and 𝑅𝑅 is the 
reflux ratio. In case the alcohol in the inflow to the section is 5 wt%, the mass flow rate of the 
vapor at the top stage of the third effect is 𝑉𝑉 = 50[𝑘𝑘𝑔𝑔/ℎ]56.3%(4.17 + 1)/0.93% ⟹ 156.5 kg/h, 
similarly for the second and the first effect 𝑉𝑉 are respectively 160.1 kg/h and 165.2 kg/h, (Table 13: 
reflux ratio, and fraction recovery). These figures indicate that, although the distillate is divided 
among three units, the rectification section of each column process an amount of vapor as large as 
60-70% of that observed in both the base-case of section 4.1.1. Specifically, for the same inflow 
conditions, 𝑉𝑉 is about 250 kg/h in the overhead of the rectifier for the two column arrangement, 
and about 270 kg/h for the single column layout. It should also be mentioned that a multi-effect 
distillation has the disadvantage of requiring larger temperature differences between the hot 
utility used to run the reboiler of the first effect and the cold utility used as a heat sink at the end 
of the thermal cascade. 

All things considered counter-current multi-effect distillation still shows an extensive 
reduction of the thermal energy required for the separation, with energy savings up to 30% 
compared to conventional distillation. 

4.1.3. Multi-effect distillation: An alternative integration scheme 

The VLE of the ethanol-water system present the peculiarity that the relative volatility of 
the alcohol is only slightly affected by pressure. As mentioned in section 4.1.2, it follows that no 
matter which pressures the column is implemented at, the efficiency and ease of separation will be 
approximatively the same. It is worth noting that this is not always the case; there are several non-
ideal systems that have a significant change of the VLE with the variation of pressure. This feature 
is often exploited to improve the ease of the separation or even for breaking eventual azeotropes, 
as for the pressure-swing distillation process.  

Since for ethanol-water system the pressure has no significant effect on the efficiency of 
the separation, it also means that for given set of specifications, e.g. feed composition, recovery, 
products purity, and number of stages, the reboiler duty and the reflux ratio will remain 
approximatively the same. This peculiar characteristic prompts for a different implementation of 
the multi-effect heat integration that is in line with the schemes reported by Andrecovich and 
Westerberg [117]. This involves splitting the inflow in a certain number of feed streams to be sent 
to an equal number of units whose material network is completely independent. As for 
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conventional multi-effect distillation, a thermal cascade is implemented by coupling the condenser 
of one effect with the reboiler of the next one.  

Consider an archetype distillation where reboiler and condenser duties are approximatively 
equal and independent on pressure. Complying with the heat integration scheme described in 
[117], it is possible to reduce the usage of both hot and cold utilities by almost half by arranging 
the separation in two distinct units. Provided that the enthalpy losses associated with the effluents 
are kept to a minimum. For this archetype example the utility uses decrease following the ideal 
trend 1/n, where n is the number of effects.  

Although the scheme above described appears to adapt well to the separation of ethanol 
from water and has been proposed in patents, e.g. [118],  it is not a method commonly adopted for 
reducing the utility use of the distillation [117]. Recently the approach seems to be even less 
considered than before. For instance, among the many innovative technologies for the recovery of 
ethanol reviewed in Vane [106] are four advance designs that adopt distillation as the only mean of 
achieving separation. It is enough to say that none of these implements the multi-effect integration 
scheme suggested by Andrecovich and Westerberg [117]. The scheme is indeed considered among 
the possible energy saving arrangements listed, e.g.in [119], but it is never applied among columns 
that operate the exact same separation. 

The simulation study relevant to this case is carried out considering two possible layouts: a 
two and a three effects thermal cascade. This is to analyze how the energy consumption of the 
process decreases with the number of stages and how it differs from the ideal proportion 1/n. In 
Figure 38 is reported flow-diagram relevant to the three effects implementation. The three 
columns, 3EFFCT, 2EFFCT and 1EFFCT, works at 0.3, 1.0 and 3.0 bar respectively. This allows for 8 
°C difference across the condenser and the reboiler of two consecutive effects. The incoming flow 
(IN) is divided among the units which, in regard to the material streams, are virtually independent. 
The fraction of the inflow delivered to each unit and the feed tray locations are optimized so as to 
minimize the net thermal input of the first effect (1EFFCT). Each feed stream (IN3-1, IN2-1, and 
IN1-1) is preheated recovering the thermal energy associated with the bottom product of the 
corresponding column. The effluent temperature (WAT1-1, WAT2-1, and WAT3-1) is brought down 
to 48 °C; thus, the associated enthalpy losses are effectively kept to the minimum (8 °C higher than 
the inflow to the section). The flow pressure IN1-1 is increased to the operating pressure of the 
first effect (EFFECT) through a pump (PUMP). Similarly, the pressure of stream IN3-2 is reduced to 
0.3 bar, by passing the liquid flow through a throttling valve (VALV). Likewise to the conventional 
multi-effect distillation described in section 4.1.2, no substantial heat can be recovered from the 
condenser of the third effect, as this is available at too low a temperature. 

The flow diagram relevant to the two effect heat-integration is conceptually similar to the 
one in Figure 38. It is not reported here as it would be redundant. For this simulation case, the 
working pressures of the two effects are set to 1.0 bar and 0.3 bar. 
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Figure 38: Multi-effect heat integration flow diagram, alternative scheme. Three effect with independent material streams, 
operating at: 3.0 bar, 1.0 bar, and 0.3 bar 

Table 15: Multi-effect heat integration, alternative scheme. Three effect with independent material streams, operating at: 3.0 bar, 1 
bar, and 0.3 bar. Material flow results for different ethanol concentration in the feed 
Ethanol in the incoming flow [wt%]  5% 3% 1.5% 1% 0.75% 
3EFFCT: feed tray location 14/30 12/30 11/30 11/30 11/30 
2EFFCT: feed tray location 16/30 14/30 12/30 12/30 12/30 
1EFFCT: feed tray location 19/30 17/30 15/30 15/30 14/30 
3EFFCT: reflux ratio  3.81 6.09 12.2 18.4 24.4 
2EFFCT: reflux ratio 4.04 6.46 12.5 18.9 25.1 
1EFFCT: reflux ratio 4.76 7.61 15.1 22.5 29.9 
DIST3: ethanol mass flow [kg/h] 14.5 8.6 4.2 2.9 2.1 
DIST2: ethanol mass flow [kg/h] 16.5 10.0 5.0 3.4 2.5 
DIST1: ethanol mass flow [kg/h] 17.9 10.8 5.4 3.6 2.7 
3EFFCT: fraction recovery [wt%]a 29.1 28.6 28.3 28.6 28.5 
2EFFCT: fraction recovery [wt%]a 33.1 33.3 33.6 33.7 33.7 
1EFFCT: fraction recovery [wt%]a 35.8 36.1 36.1 35.7 35.7 
aThe fraction recovery is defined as the amount of alcohol recovered by the unit divided by the amount of alcohol in the inflow to 
the separation section 
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Table 16: Multi-effect heat integration, alternative scheme. Three effect with independent material streams, operating at: 3.0 bar, 1 
bar, and 0.3 bar. Thermal input/output results for different ethanol concentration in the feed 
Ethanol in the incoming flow [wt%] 5% 3% 1.5% 1% 0.75% 
EXC3: duty [MJ/h] 24 24 25 25 25 
EXC2: duty [MJ/h] 68 70 73 73 73 
EXC1: duty [MJ/h] 125 128 130 130 130 
3EFFCT: net cooling duty [MJ/h] 74 65 61 59 58 
3EFFCT=2EFFCT: reboiler duty=condenser duty [MJ/h] 85 75 70 68 67 
2EFFCT=1EFFCT: reboiler duty=condenser duty [MJ/h] 99 88 82 80 79 
1EFFCT: net heat duty [MJ/h] 115 103 95 92 91 
 

The simulation results relevant to three effect heat-integration illustrated in Figure 38 are 
listed in Table 15 and Table 16. As to be expected from the reading of the 𝑥𝑥 − 𝑦𝑦 diagram in Figure 
34, the separation of the alcohol is marginally facilitated at the reduced pressures, while the 
opposite can be said for the higher pressures. This can be established by comparing the values of 
the reflux ratios in with each other in fact, these diminish going from the first to the last effect 
(Table 15: reflux ratio). As to be expected, the reflux ratios and the optimal feed tray location of 
the column working at atmospheric condition is the same regardless of whether the unit is part of 
a three or two effect system, or is the only element of the separation section (Table 11: COLUMN: 
reflux ratio, Table 17: 1EFFCT: reflux ratio, and Table 15: 2EFFCT: reflux ratio). 

Table 17: Multi-effect heat integration, alternative scheme. Two effect with independent material streams, operating at: 1 bar, and 
0.3 bar. Material flow results for different ethanol concentration in the feed 
Ethanol in the incoming flow [wt%] 5% 3% 1.5% 1% 0.75% 
2EFFCT: feed tray location 14/30 12/30 12/30 11/30 11/30 
1EFFCT: feed tray location 16/30 14/30 13/30 12/30 12/30 
2EFFCT: reflux ratio 3.81 6.09 12.0 17.9 24.0 
1EFFCT: reflux ratio 4.02 6.46 12.7 19.1 25.5 
DIST2: ethanol mass flow [kg/h] 22.8 13.6 6.8 4.5 3.4 
DIST1: ethanol mass flow [kg/h] 26.1 15.7 7.9 5.2 3.9 
2EFFCT: fraction recovery [wt%]a 45.6 45.4 45.3 45.3 45.4 
1EFFCT: fraction recovery [wt%]a 52.3 52.4 52.6 52.6 52.4 
aThe fraction recovery is defined as the amount of alcohol recovered by the unit divided by the amount of alcohol in the inflow to 
the separation section 
      

Table 18: Multi-effect heat integration, alternative scheme. Two effect with independent material streams, operating at: 1 bar, and 
0.3 bar. Thermal input/output results for different ethanol concentration in the feed 
Ethanol in the incoming flow [wt%] 5% 3% 1.5% 1% 0.75% 
EXC2: duty [MJ/h] 38 39 39 40 40 
EXC1: duty [MJ/h] 108 111 113 113 113 
2EFFCT: net cooling duty [MJ/h] 117 103 95 92 91 
2EFFCT=1EFFCT: reboiler duty=condenser duty [MJ/h] 134 120 110 108 107 
1EFFCT: net heat duty [MJ/h] 156 140 129 126 125 
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The overall ethanol recovery is not equally divided among the units, resulting in a higher 
fraction recovery from the first effect; regardless of whether the implemented scheme is a two or 
three effect integration (Table 15: 1EFFCT: fraction recovery, and Table 17: 1EFFCT: fraction 
recovery). This gives an indication of how the actual thermal consumption for the multi-effect 
scheme differs from the ideal “1/n law”. It evident that the thermal input provided to the reboiler 
of the first effect is degraded across the heat exchange network. This is due to the enthalpy loss 
associated with the outflows of the top and bottom products at each stage. The loss across a single 
effect can be evaluated from the difference between the duty of the reboiler and the condenser 
belonging to the same unit (Table 16: reboiler and condenser duty, Table 18: reboiler and 
condenser duty). 

The two properties that make ethanol-water separation exceptionally suitable for the 
application of this multi-effect scheme are: Pressure does not substantially alter the VLE curves. 
Reduction of pressure slightly improves the separation. The first point substantially indicates that, 
for fixed specifications on the recovery and product purity, the operative parameters of a 
distillation column do not change much with pressure. The second characteristic mentioned 
opposes to the influence the enthalpy loss have over the optimal distribution of the incoming flow 
among the effects. The result is that the fraction of the inflow processed by a single effect remains 
closer to what it would be if the total flow was shared equally among all units. In fact, even if the 
thermal energy available for the separation reduces from one effect to the next, the ease of 
separation increases in the same direction; i.e. with the lowering of the operating pressures. 

In order to evaluate the advantages deriving from the introduction of an additional effect, it 
is reasonable to analyse how the net heat duties change with the number of units present in the 
thermally integrated design. Calculating the ratio between the net thermal duty of the single-
column layout and the net thermal duty for two and three effect layouts and comparing these 
values with the proportion 1/n it is evident that the addition of one effect would indeed bring 
some advantages. The results can be found for triple effect energy consumption in Table 18 row 
“1EFFCT: net heat duty”, dual-effect energy consumption in Table 16 row “1EFFCT: net heat duty”, 
and conventional single-column in Table 11 row “COLUMN: net heat duty”. No matter the ethanol 
feed concentration; it is observed that the two effect integration reduces the energy required for 
the separation to about 54% of that for the single-column layout; or 8% above the ideal proportion 
1/n=50%. Similarly, for the three effect scheme the energy consumptions are brought down to 
40%, i.e. 20% above what predicted from the ratio 1/n=33%. An overview of the results for duties 
and temperatures are graphically reported in Figure 39 for 5 wt% ethanol in the feed. 

To conclude, the implementation of four effects would bring almost surely a further 
reduction in the thermal input needed for the separation. Applying the relation 1/n=25% and 
considering an optimistic 40% increment to this value, the heat duty would be reduced to about 
35% of that required for the single column layout. That is about 5% gain in terms of energy savings 
compared to the three-effect layout. Clearly this would require larger temperature differences 

76 
 
 



between the hot utility used as thermal input to the first effect, and the cold utility which provides 
the heat sink to the condenser of the last effect. 

 
Figure 39: T-Q diagram for the separation of ethanol from water: 1000 [Kg/h] at 5 wt% ethanol. 1 column layout, dark blue (-), 2 
effects scheme, (dark red -), and 3 effects scheme, (dark green -); implemented according to Andrecovich and Westerberg [117]. 
The plots show the temperatures of hot, (light red -), and cold, (light blue -), utilities, as well as the operating temperature and 
duties of reboilers and condensers. 

The multi-effect heat integration described in this section, not only shows larger energy 
saving compared to the conventional multi-effect distillation described in section 4.1.2, but allows 
a more convenient sizing of the effects. In fact, it should be considered that each effect processes 
only a fraction of the section inflow, thus the column are much smaller. Further, it must be 
mention that, whit the proposed scheme, instead of operating the entire recovery section at 
reduced pressure as for the conventional distillation process in Figure 32, only one effect would 
work at vacuum conditions. Vacuum columns are in fact larger because of the high volumetric flow 
in the rectification section which is due to the lower vapor density. Not to mention that special 
plates, to minimize pressure drop between consecutive trays, are also required. 

4.1.4. Mechanical vapor recompression distillation (VRC) 

Chemical and oil refineries are among the largest consumers of energy in the world and a 
great portion of this energy is utilized for the recovery and purification of liquid products. 
Conventional distillation is the most commonly applied method for the separation of homogenous 
fluid mixtures [120]. The principal disadvantage of this technology is the low thermodynamic 

0

50

100

150

200

250

300

350
35557595115135155

Du
ty

 [M
J/

h]

Temperature [°C] 

1 column at 1.0 bar: 288[MJ/h]

2 effects at 1.0, and 0.3 bar: 156[MJ/h]

3 effects at 3.0, 1.0, and 0.3 bar: 115[MJ/h]

74[MJ/h]

117[MJ/h]

257[MJ/h]

77 
 
 



efficiency, since the heat provided in the reboiler is collected degraded at a lower temperature at 
the condenser. This observation is at the base of the development of more advanced designs such 
as mechanical vapor recompression and diabatic distillation; these are aimed to drastically reduce 
the energy consumption of the distillation process exploiting the same principle as the operation of 
heat-pumps.  

Mechanical vapor recompression distillation is conceptually similar to the most known 
thermo-compression evaporation; the idea is to recover the degraded heat from the condensation 
of the overhead vapor in the reboiler of the same unit. This can be achieved by passing the 
overhead vapor through a compressor and raising its condensation temperate above the boil-up 
temperature in the reboiler. After the latent heat is recovered a fraction of the condensed vapor is 
sent to the top of the column as liquid reflux, what is left is collected as distillate. Vapor 
recompression is an established energy-saving technology; yet it is almost exclusively implemented 
in industrial facilities with limited access to low-priced thermal energy; regardless is purchased or 
produced on-site [121]. Thus, on practice, a vapor recompression distillation layout is taken into 
consideration with respect to a traditional system only when the energy savings largely of-set the 
increased capital cost for the compressor [122]. Conventional distillation, apart from the lower 
capital investments, has the undeniable advantage of being a versatile, robust and well-understood 
technique; and this is possibly the mayor impediment to the diffusion of the more advanced and 
energy-efficient alternatives proposed in literature, like other setups involving a compressor: eg. 
diabatic distillation. 

Mechanical vapor recompression is considered in this study as alternative technique for the 
recovery of ethanol. The simulation is performed in Aspen Plus environment implementing the 
flow diagram reported in Figure 40. The distillation column (COLUMN) consists of 30 stages and 
works at atmospheric conditions. The incoming flow to the section (FEED) is, as usual, 1000 kg/h of 
an aqueous solution containing from 5 wt% to 0.75 wt% ethanol; this stream is preheated 
recovering heat from the condensate (COND2) and the bottom product of the column (WAT1). The 
feed temperature rises to about 92 °C before entering the column (IN2). The temperature of the 
water outflowing from the section (WAT2) is brought down to 53 °C which, considering a minimum 
effluent temperature of 48 °C, correspond to a heat loss of about 20 MJ/h. The pressure of the 
overhead vapor (VAP) is raised up to 3.0 bar by passing the stream in the compressor unit labelled 
COMPR. The condensation temperature of the azeotrope rises to about 108 °C (see Figure 36). A 
isentropic efficiency of 0.72 is assumed for the vapor compression. The latent heat conveyed by 
the stream is recovered in the reboiler of the column (CONDSR) producing a condensate (COND1) 
that is subsequently expanded isentropically by passing the liquid through a throttling valve 
(VALV). This reduces the pressure of the fluid back to atmospheric. During the expansion a small 
fraction of liquid vaporizes and the temperature drops to 78 °C; i.e. the azeotrope normal boiling 
point. Before the condensate is recycled at the top of the column as reflux (REFLUX) and the 
hydrous ethanol is recovered in the distillate (ETHANOL), an additional condensation step is 
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required (EXC1); the heat released in this step is recovered by heating the inflow to the section 
(FEED). 

 
Figure 40: Mechanical vapor recompression distillation flow diagram. Single column operated at atmospheric condition, the 
overhead vapor is mechanically compressed to 3.0 bar bringing the condensation temperature of the hydrous ethanol to about 108 
°C. 

Table 19: Mechanical vapor recompression, single column operated for atmospheric conditions. Results for different ethanol 
concentration in the feed 
Ethanol in the incoming flow [wt%] 5% 3% 1.5% 1% 0.75% 
COLUMN: feed tray location 16/30 14/30 13/30 12/30 12/30 
SPLIT: reflux ratio 4.15 6.59 12.7 19.3 25.6 
EXC1: duty [MJ/h] 27 24 22 21 21 
EXC2: duty [MJ/h] 187 190 191 193 193 
CONDSR: condenser duty [MJ/h] 259 229 209 203 201 
Reboiler duty of COLUMN (Reb) [MJ/h] 286 257 238 233 231 
Reb-CONDSR: net heat duty [MJ/h] 27 28 29 30 30 
COMPR: power consumption [MJ/h]a 29.9 26.4 24.1 23.4 23.1 
aAt 72% isentropic efficiency and 100% mechanical efficiency   
 

The results for the mechanical vapor recompression simulations are shown Table 19. As the 
ethanol concentration in the feed tends to zero, the column parameters such as reflux ratio, feed 
tray location and reboiler duty show the same values as for the single atmospheric column layout, 
(Table 11 COLUMN: feed tray location, SPLIT: reflux ratio, and COLUMN: net heat duty), indicating 
that the operation of the units are identical. Compared to base-case-II, smaller heat losses are 
associated with the effluents (only 20 MJ/h in respect to 120 MJ/h). The reason is that the thermal 
energy from the condensation of the overhead vapor is mostly spent to run the reboiler, thus the 

79 
 
 



feed (IN1) is at a lower temperature when used to cool down the bottom product of the column 
(WAT1). 

Whit the adoption of this layout is clear that the thermal energy required to achieve the 
separation is basically cut down to about 9-13% (Table 10: RECT+STRP: net heat duty, and 
COLUMN: net heat duty). As the concentration of ethanol in the feed reduces, a flattening is 
observed for both the net thermal duties and the power consumptions (Table 19: Reb-CONDSR: 
net heat duty, and COMPR: power consumption). Therefore, below a certain ethanol feed 
concentration, a feasibility limit is still reached.  

Aside from the high installation cost for the compressor [122], the price of the electricity for 
driving the unit contributes to the reduction of the technology attractiveness. When the net heat 
duties and the power consumption in Table 19 are compared, a heat-to-power cost conversion has 
to be considered. This coefficient can be exceptionally variable, as it depends on the costs of 
electricity, and the cost of steam. For its part, electricity price varies significantly from country to 
country, time of the day, and consumption; while steam cost depends on the price of the fuel used 
for the in-situ generation and whether or not waste heat sources are available. A reasonable value 
can be 2.9-3.4; a value of 3.0 was adopted by Vane in his review [106]. 

In any case, in comparison to the conventional distillation of base-case-I, operating the 
recompression of the overhead vapor and recovering its latent heat, would reduce the operational 
costs by at least half (see Table 10: RECT+STRP: net heat duty vs. Table 19: Reb-CONDSR: net heat 
duty+3.5xCOMP: power consumption). 

4.1.5. Internally heat-integrated distillation column (HIDiC) 

Estimates show that approximately 3% of the overall worldwide energy consumption is 
devoted to distillation [123]. Due to the low thermodynamic efficiency of this separation 
technology (only 5-20%), a large fraction of this energy is unavoidably lost to the environment as 
waste heat [124]. The prospect of a reduction of the high operative costs that characterize this 
process has always been a valid reason for the development of alternative technologies which can 
achieve a more efficient use of energy. Today more than ever, the increasingly stringent 
environmental regulations, focused on reducing the carbon footprint of the industrial sector, 
provide additional input in this direction.  

Among the first technologies that have been developed for improving the thermal 
efficiency of distillation is the heat-pump assisted distillation. However, the most common 
approach is the direct vapor recompression (VRC) layout presented in section 4.1.4. The reason for 
this is that in the direct VCR implementation, the vapor compression cycle operates across a 
smaller temperature difference than the one required with an equivalent external heat-pump 
circuit. In fact, using the column top product also as the heat-pump working fluid, eliminated the 
need of an additional heat exchanger [121]. 
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A further advancement with respect to the VCR technology is the internally heat-integrated 
distillation column (HIDiC) configuration, which has shown an even greater potential for energy 
savings. The technology combines the benefit of mechanical vapor recompression to that of 
diabatic distillation. In brief, a diabatic distillation unit is a column where reboiler and condenser 
are eliminated; the liquid reflux and the boil-up vapor flow are instead provided by progressively 
removing heat from the upper column section while supplying heat to the lower section. This is 
achieved by means of two internally integrated heat exchangers (Figure 41, center). 

Similarly to a diabatic distillation, the HIDiC unit (Figure 41, right-hand side) heat is 
gradually transferred from the rectifier to the stripper, which operates at reduced pressure. The 
gradual evaporation and condensation along the two sections reduces the amount of reflux and 
boil-up rate required to realize the separation; as a result the need for external hot and cold 
utilities is substantially decreased. The prospect of operating the distillation even without reboiler 
or condenser is referred to as ideal-HIDiC [125]. 

 
Figure 41: Schematic representation of: A conventional column (left-hand side), A diabatic column (center), A HIDiC: internally heat-
integrated distillation column (right-hand side). The rectifier is operated at higher pressure than the stripper; in this example the 
two units are thermally coupled by placing the rectifier inside the stripper 

Similarly to the VRC, a HIDiC layout implements a throttling valve and a compressor which 
are used to maintain the required pressure difference between stripper and rectifier. This is to 
ensure the appropriate temperature difference between the two sections; see Figure 41, right-
hand side. Although, the need for a large compressor makes this technology highly capital 
intensive, HIDiC has the advantage, over VRC, of requiring lower compression ratios; especially for 
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the separation of wide-boiling point mixtures. This can be understood considering that, for a VRC 
layout the compressor must increase the pressure of the overhead vapor to the point where the 
condensation temperature exceeds that of the bottom product of the column. While with a HIDiC 
configuration it is sufficient that the condensation temperature of the vapor on the top tray of the 
rectifier is raised above the boiling point of the fed mixture (and not above that of the bottom 
product).  

The VRC layout, however, do not involves the use of a specially designed column, which is 
required for the HIDiC configuration. In fact the implementation of a HIDiC unit poses great 
difficulties with regard to the configuration and the construction. This can be easily understood 
considering that the unit should work efficiently both as a distillation column and as a heat 
exchanger.  

In the early HIDiC designs [121], two separated columns were thermally coupled by 
installing heat exchangers over each stage of the stripper. Vapor from above the rectifier trays 
could circulate through these elements and, after condensation, flow backs to the inferior trays of 
the stripper.  The more typical designs involve the use of coaxial columns where the rectifier is 
placed inside the stripper, as the unit depicted in Figure 41. This approach reduces the heat losses 
to the environment and eliminates the need for the large amount of piping that is instead required 
when two separate shells are thermally coupled. However, the use of a coaxial unit presents some 
disadvantages as well. Above all this is the heat transfer area that is limited by the physical surface 
of the rectifier shell. To overcome this problem, alternative HIDiC designs have incorporated, 
involving heat-transfer panels, to increase the available heat transfer area. The vapor from the 
rectification section can flow inside the panels, condensate, and flow back to the stages below; 
while the liquid in the striping section evaporates on the outer surface of the elements. Because 
the heat-transfer panels are modular, this layout allows for a certain degree of flexibility as the 
available heat-transfer area can be varied from stage to stage. Other designs closely resemble a 
shell and tube heat exchanger; in this case smaller coaxial HIDiC units are placed inside a larger 
shell. Among the latest designs proposed there is one that is clearly based on the plate-fin heat 
exchanger configuration. In this case, the stripping section and the rectification section are 
separated in alternate channels which form when layers of corrugated sheets and flat metal plates 
are placed side by side. Those elements can also fulfil the function of regular packing material. 

This brief overview should give an idea of the difficulties encountered in designing a HIDiC 
unit, as this requires the optimization of the heat transfer between rectification and striping 
section while preserving the separation efficiency and the operational flexibility of a traditional 
column. Examples of more advanced HIDiC designs complemented with a detailed description of 
pros and cons can be found in Kiss and Olujić review [121]. 

The thermal and power efficiency of the HIDiC technology applied to ethanol-water 
separation is here investigated performing a series of simulations based on the flow diagram of 
Figure 42. Both rectifier (RECT) and stripper (STRIP) consists of columns with 20 stages; the 

82 
 
 



operative pressures are respectively set to 1.0 bar and 0.3-0.4 bar (depending on the simulation 
run). The incoming flow (FEED) is preheated recovering heat from the bottom product of the 
column (BOTTOM). The temperature of the water outflowing from the section (WAT) is brought 
down to 48 °C, therefore the heat losses associated to the effluent are successfully minimized. The 
pressure of the vapor from the stripper overhead (LP-VAP) is raised up to 1.0 bar through a 
compressor (COMP) and sent to the bottom of the rectifier (ATM-VAP). The process is assumed 
adiabatic, with an isentropic efficiency of 0.72. The bottom liquid from the rectifier (LIQ1) is mixed 
with the feed stream (FEED1) and subsequently expanded isentropically by passing the mixture 
through a throttling valve (VALV). This reduces the pressure of the fluid to the operative condition 
of the stripper (STRIP). The hydrous ethanol (93 wt%) is recovered as distillated (DIST) at the top of 
the rectifier.  

 
Figure 42: HIDiC configuration. The rectifier is operated at atmospheric condition while the stripper is maintained at a reduced 
pressure between 0.3 and 0.4 bar. The shaded arrow-ribbon represents the thermal coupling applied to every tray position (from 
stage 2 to stage 19). The heat stream H1 is implemented only when the striper pressure is set to 0.3 bar or lower.  

The thermal coupling between the two columns is implemented for every tray position 
estimating the corresponding duties by assuming constant the heat transfer area available for each 
stage. The direct outcome is a duty profile which matches that of the temperature differences 

H1 heat-integration is  
implemented only when the 
unit STRIP is operated at 0.3 
bar or less    
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between the sections. According to Gutiérrez-Guerra et al. [126], such profile should be 
appropriate for the separation of ethanol-water mixtures. 

The complete HIDiC setup is achieved applying step increments to the total heat 
transferred, until the reboiler duty is reduced to the minimum. Provided vapor and liquid are still 
present on all trays [121]. The pressure in the rectifier is set to 1.0 bar, while the pressure in the 
stripper is adjusted so that an average temperature difference of 8 °C is still preserved between 
the two sections when the liquid reflux from the overhead condenser is set to zero. 

The HIDiC process in Figure 42 is, in this work, also simulated with the stripper operated at 
fixed pressure of 0.3 bar. Although, a larger pressure difference between the two sections results 
in a higher compression ratio and ultimately higher compressor power consumptions, this allows 
for transfer of additional heat between the rectifier condenser and the stripper reboiler (H1); still 
conforming to a minimum temperature approach of 8 °C. In fact, running the stripper at 0.3 bar 
and the rectifier at 1.0 bar allows the process to recover heat by condensing hydrous ethanol at 78 
°C while vaporizing water at 69 °C, similarly to the VRC implementation (see section 4.1.4). This 
configuration will be referred to as HIDiC-CRtc, where CRtc indicates the condenser-reboiler 
thermal coupling. 

Table 20: HIDiC for 5 wt% ethanol feed; the stripper is operated for atmospheric conditions while the rectifier pressure is set to 0.34 
bar. Results: heat-exchange areas, duties, and power consumptions for various average temperature differences between the 
sections. 
RECT-STRIP: average temperature difference [°C]a 15.3 12.5 10.4 9.1 8.2 7.8 
RECT: reflux ratio 4.45 2.81 1.79 1.07 0.60 0.00 
RECT=STRIP: heat-integrated area [m2]b 0.0 2.0 4.0 6.0 8.0 9.6 
Condenser exchange area of RECT (Cond) [m2]b 9.4 6.6 4.8 3.6 2.5 1.7 
Reboiler exchange area of STRIP (Reb) [m2]b 9.8 7.0 5.2 3.9 2.8 2.0 
(RECT=STRIP)+Cond+Reb+EXCc: tot exchange area [m2] 22.5 18.8 17.2 16.7 16.6 16.6 
RECT=STRIP: duty [MJ/h] 0 90 150 196 237 270 
Net condenser duty of RECT (Cond) [MJ/h] 275 198 145 106 73 50 
Net reboiler duty of STRIP (Reb) [MJ/h] 284 206 152 111 76 53 
COMPR: power consumption [MJ/h]d 28.6 29.5 30.5 31.5 32.7 33.7 
aAveraged over the entire heat-transfer area. bConsidering an overall heat-transfer coefficient of 1000 W/°C/m2 for all heat-transfer 
areas and assuming a log mean temperature difference of 8 °C between the cold utility and the fluids circulating in the rectifier 
condenser, or the hot utility and the fluids circulating the stripper reboiler. cEXC: duty=93 [MJ/h] which is equivalent to an exchange 
surface of 3.3 m2. dAt 72% isentropic efficiency and 100% mechanical efficiency   
 

The results of all the calculations are shown in Table 20 to Table 23. Table 20 and Table 21  
outlines the impact on energy consumption by variation of the heat exchange area for the HiDiC 
and the HIDiC-CRtc setups at 5 wt% ethanol feed. Table 22 and Table 23 investigates the impact of 
ethanol feed concentration for the HIDiC and the CRtc (without HIDiC integration) layouts. Table 21 
shows that the HIDiC-CRtc configuration with full internal heat-integration (RECT: reflux ratio=0) is 
less optimal and wasn’t studied as function of ethanol concentration. A detailed discussion of the 
results is given below. The main conclusion is given just hereafter.  

84 
 
 



The results in Table 20 are relevant to an inflow of 1000 Kg/h containing 5 wt% of alcohol, 
the recovery is set to 98% and the distillate purity is fixed to 93 wt%. The results are given as 
function of the average temperature difference between stripper and rectifier (averaged over the 
shell surface area). The last column coincides with a null reflux ratio, while the first one 
corresponds to null heat-transfer (RECT=STRIP: heat-integrated area=0 m2) between the sections. 
All heat-exchange areas are calculated considering a fixed overall heat-transfer coefficient of 1000 
W/°C/m2. This value was provided, for heat-transfer panels, by Kiss and Olujić [121] and it also very 
close to that adopted Gutiérrez-Guerra et al. [124] for calculating the reboiler surface area in the 
simulation of an HIDiC unit. It is here stressed that the calculated areas are for indicative purposes 
and are used only for a qualitative comparison. 

The results listed in Table 20 reveal some significant characteristic of the process with 
respect to the recovery of the ethanol from low concentrated solutions. As the heat-integrated 
area between stripper and rectifier is increased the reflux rate reduces. For the condition of null 
reflux, the net cooling duty of 50 MJ/h accounts only for the condensation of the distillate (Net 
condenser duty of RECT (Cond)). Although the power consumption of the compressor rises as the 
thermal coupling between the sections is improved, the net heat duty of the reboiler drops to such 
an extent that the overall process becomes more energy-efficient (COMPR: power consumption, 
and Net reboiler duty of STRIP (Reb)). The total heat-transfer area, calculated as the sum of all 
heat-transfer surfaces, diminishes as the heat-integrated area between the rectifier and the 
stripper section is increased (see rows “(RECT=STRIP)+Cond+Reb+EXC: tot exchange area”, and 
“RECT=STRIP: heat-integrated area”). The reduction of condenser and reboiler surfaces may act in 
the direction of lessening the impact of the internal integration on costs. 

The vapor mass flow along the rectifier and the stripper sections for different level of 
internal heat integration is listed in Table 20 and shown in Figure 43, left hand side. The given 
legend as Reflux is negatively proportional to the heat integration area RECT=STRIP, see table Table 
20. It can be noted that, as the heat-integrated area between the columns is increased. The 9.6 m3 
starting gives a Reflux=0. The reflux rate increases while the heat area deceases. The reason is that 
the liquid condenses on the rectifier heat-transfer surfaces gradually and supersedes the reflux. 
The amount of vapor that rises towards the top stages reduces as well and reaches the limit value 
of 52.7 [Kg/h], which coincides to the flow rate of the distillate. At this point, the complete HIDiC 
configuration is reached. On the right-hand side of the figure the temperature profiles along the 
rectifier and the stripper sections for the condition of no internal integration (RECT: reflux 
ratio=4.45) and total integration (RECT: reflux ratio=0.00) is given. As the heat-integrated area is 
increased a flattening of the temperature profile on the lower stages of the rectifier is observed. 
The higher liquid flow rates attained in the lower part of the rectifier improves the separation 
efficiency of the trays there located, thus the larger variation in composition (and identically 
temperature) is moved closer to the position of the feed tray. 
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Figure 43: Vapor mass flow rates and temperature profiles along the rectifier and the stripper sections for different level of heat 
integration, for HIDiC implementation. 

Table 21: HIDiC-CRtc for 5 wt% ethanol feed; the stripper is operated for atmospheric conditions while the rectifier pressure is set to 
0.30 bar. Additional heat is recovered through a condenser-reboiler thermal coupling. Results: heat-exchange areas, duties, and 
power consumptions for various average temperature differences between the sections. 
RECT-STRIP: average temperature difference [°C]a 18.2 15.8 13.7 12.2 11.2 10.7 
RECT: reflux ratio 4.52 2.98 1.91 1.13 0.46 0.00 
RECT=STRIP: heat-integrated area [m2]b 0.0 1.4 2.8 4.3 5.7 7.1 
Condenser exchange area of RECT (Cond) [m2]b 9.5 6.9 5.0 3.7 2.5 1.7 
Reboiler exchange area of STRIP (Reb) [m2]b 9.9 7.2 5.3 3.9 2.6 1.8 
(RECT=STRIP)+Reb+EXCc: tot exchange area [m2]b 12.7 11.4 10.9 10.9 11.1 11.7 
RECT=STRIP: duty [MJ/h] 0 85 148 198 242 274 
Condenser duty of RECT (Cond) [MJ/h] 275 198 145 106 73 50 
Reboiler duty of STRIP (Reb) [MJ/h] 284 206 152 111 76 53 
Reb-Cond: net heat duty [MJ/h] 9 8 7 5 3.0 3 
COMPR: power consumption [MJ/h]d 32.1 33.1 34.2 35.5 36.9 37.9 
aAveraged over the entire heat-transfer area. bConsidering an overall heat-transfer coefficient of 1000 W/°C/m2 for all heat-transfer 
areas and assuming a log mean temperature difference of 8 °C between the cold utility and the fluids circulating in the rectifier 
condenser, or the hot utility and the fluids circulating the stripper reboiler. cEXC: duty=81 [MJ/h] which is equivalent to an exchange 
surface of 2.8 m2. dAt 72% isentropic efficiency and 100% mechanical efficiency  
 

Table 21 lists the results, for the same simulation model of Figure 42, when additional heat 
is recovered through a condenser-reboiler thermal coupling, CRtc. The outcome is particularly 
surprising. While the power consumptions of the compressor are generally higher than for the 
above case-study, this alternative layout shows a huge saving in terms of net heat duties, even 
when the internal heat-integration is not introduced (shown by Reb-Cond: net heat duty, 
RECT=STRIP: heat-integrated area=0 m2). The elimination of the condenser surface constitutes an 
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additional benefit as the element is integrated into the reboiler (results given in row 
“(RECT=STRIP)+Reb+EXC: tot exchange area”). 

It can be concluded that the heat duty (Reb-Cond: net heat duty) saved with the 
introduction of the internal heat integration comes with a larger increment in power consumption 
(COMPR: power consumption). This makes the overall HIDiC-CRtc process less energy efficient. The 
CRtc implementation alone, without internal heat-integration (RECT=STRIP=0 m2), seems to be 
more favourable, both in terms of capital costs and operative costs. In fact, with this setup, the 
complexity associated with the internal heat-integration is evaded. 

Reflecting on the results, one would assume that HIDiC would be more beneficial to the 
overall energy consumption than the simpler CRtc integration alone. This is not the case. The 
explanation might be due to the fact that for low ethanol concentration in the feed the 
temperature profile in the stripper is flat. When the aqueous solutions on the trays contain only 
minor amounts of alcohol, the corresponding boiling temperature of the mixture would be close to 
that of pure water, increasing marginally with each stage. In other words, in a HIDiC layout the 
temperature difference between the first tray of the rectifier and any of the stripper trays remains 
always greater than zero, thus eliminating the major advantages of the HIDiC over the VRC 
approach. The confirmation to this is given in Figure 43, right-hand side: the temperature over the 
firs tray of the rectifier is always higher than any point along the stripper section of at least 6 °C. In 
fact, it is sufficient to increase the compression ratio between the units from 1.0/0.34=2.94 to 
1.0/0.3=3.3 and coping with the marginal increment of power consumption, to allow for the 
thermal coupling of the condenser whit reboiler (minimum 8 °C of difference), which effectively 
bring a substantial decrement of the net heat duties (Table 20, Net reboiler duty of STRIP (Reb), 
and Table 21: Reb-Cond: net heat duty). 

Table 22: HIDiC; the stripper is operated for atmospheric conditions while the rectifier pressure varies between 0.34 to 0.40. 
Results: Stripper-rectifier heat-integrated areas, duties, and power consumptions for different ethanol concentration in the feed 
Ethanol in the incoming flow [wt%] 5% 3% 1.5% 1% 0.75% 
RECT=STRIP: heat-integrated area [m2]a,b 9.6 9.2 8.7 8.6 8.4 
STRIP: pressure [bar]c 0.34 0.36 0.38 0.39 0.40 
EXC: duty [MJ/h] 92 101 107 111 113 
RECT=STRIP: duty [MJ/h] 270 258 247 241 237 
Net condenser duty of RECT (Cond) [MJ/h] 50 30 16 10 8 
Net reboiler duty of STRIP (Reb) [MJ/h] 53 39 25 21 19 
COMPR: power consumption [MJ/h]d 33.7 29.2 25.3 23.8 22.6 
aAverage temperature difference over the entire heat-transfer area of 8 °C. bConsidering an overall heat-transfer coefficient of 1000 
W/°C/m2 for all heat-transfer areas and assuming a log mean temperature. cFor null reflux ratio. dAt 72% isentropic efficiency and 
100% mechanical efficiency  
 

Table 22 and Table 23 show the simulation results for the HIDiC and CRtc layouts for 
different ethanol feed concentration. By considering a maximum heat-to-power price conversion 
of 3.5, the pure HIDiC shows better performance than the pure CRtc only for ethanol feed 
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concentration <1% ( results found in Table 22: Net reboiler duty of STRIP (Reb), COMPR: power 
consumption, and Table 23: Reb-Cond: net heat duty, COMPR: power consumption). The reason is 
that, for small ethanol feed concentrations, the striper can work for lower compression ratios with 
respect to the rectifier, still ensuring an acceptable temperature difference profile between the 
units. This implies that the power consumptions of the compressor are effectively reduced. In 
addition to this, the enthalpy losses associated with the condensation of the distillate outside the 
column reduces as well (see Table 22: Net condenser duty of RECT (Cond)). Differently, when the 
ethanol feed concertation becomes lower than 3 wt%, the CRtc implementation reaches a 
performance plateau, both in terms of heat duty saving and power consumption (Table 23: Reb-
Cond: net heat duty, COMPR: power consumption). 

Table 23: CRtc; the stripper is operated for atmospheric conditions while the rectifier pressure is set to 0.30 bar. Heat is recovered 
through a condenser-reboiler thermal coupling, observing a minimum temperature approach of 8 °C (Figure 42, heat stream H1). 
Results for different ethanol concentration in the feed 
Ethanol in the incoming flow [wt%] 5% 3% 1.5% 1% 0.75% 
RECT: reflux ratio 4.52 7.26 14.3 21.6 28.8 
EXC: duty [MJ/h] 81 84 85 86 86 
Condenser duty of RECT (Cond) [MJ/h] 275 247 230 225 223 
Reboiler duty of STRIP (Reb) [MJ/h] 284 255 237 232 230 
Reb-Cond: net heat duty [MJ/h] 9 8 7 7 7 
COMPR: power consumption [MJ/h]d 32.1 29.1 27.4 26.9 26.7 
 dAt 72% isentropic efficiency and 100% mechanical efficiency   
 

Based on the comparison made between HIDiC and CRtc layouts it can be concluded that 
the pure CRtc implementation shows a reduction of the net thermal inputs of 83-63%, while the 
energy consumption has increased only marginally. This conclusion does not include the added 
design complexity and the cost of construction characteristic of a HIDiC configuration. Further 
discussion and comparison of the results are given below in section 0. 

4.1.6. Distillation-vapour permeation (DiCVP) 

Vapor permeation is a separation process that exploits the selectivity of a non-porous or 
porous membrane towards the preferential permeation of a specific component in a vapor mixture 
under the driving force of pressure. The pressure gradient across the membrane is maintained by 
compression of the vapor fed on one side of the module or by applying vacuum on the other side. 
The amount of the inflow to a membrane module which ends up on the low pressure side is 
referred to as permeate, what is left, on the high pressure side, is referred to as retentate.  

A closely related process, with which vapor permeation is sometimes confused, is 
pervaporation; in this case, the feed and the retentate streams are liquid, while the permeate 
stream is a vapor.  
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There are two main benefits of vapor permeation over pervaporation. The first is that no 
heat has to be supplied to the membrane modules because there is no phase change during the 
separation. Secondly diffusion limitations due to concentration polarization are virtually absent 
[127]. Concentration polarization phenomena are due to a sharp concentration drop, with respect 
to the bulk phase, of the permeating components at the membrane surface. Because diffusion 
coefficients in gases are generally larger than in liquids and often, in practical applications, gases 
move at higher 𝑅𝑅𝑒𝑒 numbers, the formation of a concentration boundary layer is more likely to 
happen for pervaporation applications that it is for vapor permeation. 

Today, vapor permeation and pervaporation is used as an alternative to distillation. But, 
they are still immature for large industrially application. The main reason is that membrane 
modules are costly, can be prone to fouling and present stability issues at the high operative 
temperatures. The preset commercial importance of vapor permeation and pervaporation 
membranes lies mostly with the dehydration of aqueous solution of organic components, 
especially those forming azeotropic mixture with water. Among all the most important is the 
dehydration of ethanol, where membranes are competitive with molecular sieve adsorption for 
the recovery of an-hydrous ethanol, see process in Figure 31. 

The material of the membrane dictates the membrane selectivity. For instance if the 
membrane is hydrophobic organic components will preferentially permeate; to this category of 
material belongs: polyolefins, silicones and fluorinated polymers. Conversely, if the membrane is 
hydrophilic, water will permeate. Examples of such membrane materials are polyamides, polyvinyl 
alcohol, polyacrylonitryle, and cation-exchange polymers. Because the dehydration of ethanol 
requires the removal of the residual water left after the distillation step, and hydrophilic type 
membranes are therefore used. 

The application of vapor permeation and pervaporation are core separation techniques for 
the recovery of alcohols from dilute mixtures requires, on the contrary, the use of hydrophobic 
membranes. In this regard, Huang et al. [111] have stressed that the early attempts in this 
direction had often made use of membrane technology as a separate unit operation, overlooking 
possible heat and material integrations, which indeed are essential for this kind of applications; 
and this may be the reason for the loss of interest of the major oil companies towards membrane 
separation as an alternative technique to distillation. 

In this study vapor permeation technology is investigates in synergy with traditional 
distillation according to the layout proposed by Huang et al. [111]. Their scheme shows technical 
solutions that are aimed to exploiting the complementarity of the two methods yielding a 
separation process able to achieve very high energy savings. 

Like all diffusion processes, the permeation of a component through the membrane is 
driven by a gradient of chemical potential, which is sometimes referred to as thermodynamic force 
(per unit mole). The gradient of chemical potential is −∇𝜇𝜇𝑖𝑖 = −�𝑅𝑅𝑇𝑇/𝑓𝑓𝑖𝑖�∇𝑓𝑓𝑖𝑖; it follows that Fick's 
law of diffusion is more properly written as 𝑗𝑗𝑖𝑖 = −�𝒟𝒟𝑘𝑘𝑖𝑖𝑐𝑐𝑖𝑖/𝑓𝑓𝑖𝑖�∇𝑓𝑓𝑖𝑖. When ideal gas law and ideal 
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mixture assumptions are applied the equation becomes 𝑗𝑗𝑖𝑖 = −(𝒟𝒟𝑘𝑘𝑖𝑖/𝑅𝑅𝑇𝑇)∇(𝑃𝑃𝑦𝑦𝑖𝑖). Here it is 
indicated with 𝒟𝒟𝑖𝑖𝑘𝑘 the diffusion coefficient of the 𝑖𝑖 specie through the 𝑘𝑘 phase. 𝑗𝑗𝑖𝑖 is the molar 
based diffusion flux, 𝑓𝑓𝑖𝑖  is the fugacity of the component in the mixture, 𝑦𝑦𝑖𝑖 is its mole fraction, 𝑐𝑐𝑖𝑖 is 
its concentration, and 𝜇𝜇𝑖𝑖 is the chemical potential.  

At steady-state conditions the flux of a component across a flat membrane of width 𝜆𝜆 has 
to be constant throughout the whole thickness therefore: 𝜕𝜕𝑗𝑗𝑖𝑖/𝜕𝜕𝑧𝑧 = 0 and 𝜕𝜕(𝑃𝑃𝑦𝑦𝑖𝑖)/𝜕𝜕𝑧𝑧 = Δ(𝑃𝑃𝑦𝑦𝑖𝑖)/𝜆𝜆. 
Δ(𝑃𝑃𝑦𝑦𝑖𝑖) is the difference in partial pressure on the two sides of the membrane. The flux through a 
dense non-porous membrane is calculated accordingly as in Eq. (4.1). 

( )1ki
i i

k

j Py
RT hλ

= − ∆
∆  (4.1) 

In Eq. (4.1) ℎ𝑘𝑘  is a solubility coefficient that has the same meaning of the concentration 
based Henry law constant for the dissolution of gas in liquids. ℎ𝑘𝑘  is the ratio of the molar 
concentration of the component in the gas phase to the concentration in the membrane (solid 
phase) when the later tend to zero. Because commercial membranes require structural supporting 
layers, the actual thickness of the selective film is difficult to measure, and membrane modules are 
commonly rated in terms of gas permeation units (1 GPU=7.5∙10-12 Nm3/m2/ s /Pa). The flux is 
rewritten as: 

( )344.64[ / ]i i ij mol m Py= − Λ ∆  (4.2) 

In Eq. (4.2) Λ𝑖𝑖 is the overall permeance of the composite membrane in respect to the 
diffusion of the specie 𝑖𝑖. The coefficient 44.64 is the number of moles in a Nm3 of gas. 

The performance of a membrane in respect to the separation of a binary mixture is usually 
given as the ratio of the permeance of the two components. This ratio gives the selectivity 𝛼𝛼𝑖𝑖𝑖𝑖 of 
the membrane. Generally, the selectivity is calculated so that 𝛼𝛼𝑖𝑖𝑖𝑖 > 1, indicating that the 
component 𝑖𝑖 is the one that is preferentially permeated. 
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For the ethanol-water mixture Huang et al. [111] considered an average permeance of 
about 2000 GPU for water vapor, and about 50 GPU for alcohol. These values were that of the 
membranes modules developed in-house by Huang et al. [111]. The resulting selectivity of 
𝛼𝛼𝑤𝑤−𝑒𝑒 = 40 is in line with the value reported by Kujawski [127] for hydrophilic membranes. 

A comparison between vapor permeation and distillation based on selectivity can be made 
by evaluating the respective 𝑥𝑥 − 𝑦𝑦 and the 𝑦𝑦 − 𝑦𝑦 plots as showed in Figure 44. The blue line is the 
VLE diagram for the ethanol-water system at 1 bar. While the red line refers to the separation of 
water from ethanol via vapor permeation, the incipient permeate composition is given as a 
function of the ethanol mole fraction on the retentate side assuming a constant selectivity of 
𝛼𝛼𝑤𝑤−𝑒𝑒 = 40. 
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Figure 44: Pervaporation selectivity and distillation selectivity for the separation of ethanol from water. 

From Figure 44 it is evident that, for the entire compositional range, the selectivity of the 
membrane towards the separation of the ethanol from water is superior to that of the distillation. 
This is shown as the distance of the red curve from the dotted diagonal; these lengths are always 
greater than the corresponding ones measured along the VLE plot (measured as showed by the 
arrows). Although vapor permeation displays a higher selectivity than distillation, it should be 
considered that all the inflow to a membrane module has to be vaporized. Furthermore, when the 
feed composition is highly dilute, a large number of modules are required and this involves high 
capital costs (modules have a limit operative pressure, in order to process higher vapor flow rates 
it is necessary to increase the total surface area of the membrane).  

Ethanol-water VLE at 1bar
A: Liquid phase
B: Vapor phase

Ethanol-water membrane separation
αw-e=40
A: Retentate vapor phase
B: Permeate vapor phase
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Figure 45: Distillation-vapor permeation flow diagram. The stripper is operated at atmospheric condition, the overhead vapor is 
mechanically compressed to 3.0 bar and fed to the membrane modules, the water enriched permeate is collected at 1.0 bar and 
sent back to the stripper. 

For what concern the distillation, the higher separation efficiency is shown for low ethanol 
concertation in the fed liquid (Figure 44). This implies that a consistent up-concentration of the 
vapor can be realized without large amounts of water being produced in the process. The layout 
proposed by Huang et al. [111] exploit this characteristic implementing both distillation and vapor 
permeation so to achieve superior energy savings than would be possible if the two technologies 
were used separately. Figure 45 reports the flow diagram of Huang et al. [111] process. 

A series of simulations based on this layout are performed here, in order to test the 
efficiency in respect to the separation of the alcohol from highly dilute solutions. The two 
membrane modules (A and B) are modeled using a selectivity of 𝛼𝛼𝑤𝑤−𝑒𝑒 = 40, which is a reasonable 
value for this kind of separation [127]. Whit reference to Figure 45, the stripper (COLUMN) consists 
of 15 stages and it is operated at atmospheric condition. The two membrane modules have 

A

B
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approximatively the same area and works at 3.0 bar with respect to the retentate side, and 1.0 bar 
with respect to the permeate side (A and B). The incoming flow (FEED) is preheated recovering 
heat from the bottom product of the column (BOTTOM). The temperature of the water exiting the 
section (WAT) is brought down to 48 °C. The pressure of the overhead vapor from the stripper 
(VAP) is raised up to 3.0 bar through a compressor (COMP) and sent to the first membrane module 
(A). From the first membrane module, a vapor permeate enriched in water is sent back to the 
stripper above the second-to-last tray (PERM-A); while the retentate (RET-A) is fed to the next 
module B. Pressure drop along the modules is neglected.  

Due to the isentropic expansion of the vapor while diffuses across the membranes, the 
working temperature of the modules is lower than that of the corresponding feed streams (VAP1 
and IN-B). To account for this, the temperatures of stream VAP1 and IN-B are updated via blocks 
CONST-H1 and CONST-H2, so that there is no variation of entropy between the incoming flow and 
the effluents to each module. The working temperatures of the modules are adjusted accordingly. 
If necessary, the retentate from the first module (RET-A) is heated up via the heat exchanger 
HETER, this to avoid condensation in the next module B.  

The vapor permeate from module B is sent back to the stripper (PERM-B) above the 
second-to-last tray; while the retentate (RET-B) containing 93 wt% of ethanol, is condensed at 108 
°C (3.0 bar), recovering its latent heat in the reboiler of the column (EXC2 and heat stream H1). The 
hydrous ethanol is collected in the stream ETH. 

It is worth noting that the implementation of Figure 45 uses distillation as up-concertation 
method and vapor permeation as a second separation step, this approach reduces the amount of 
vapor that the modules have to process. As consequence, the thermal input required for the 
vaporization and the power consumption for the subsequent compression are drastically reduced. 
This also implies that the total required membrane surface is reduced as well. A final benefit is that 
the enthalpy associated to the permeate vapor is recovered completely in the column via streams: 
PERM-A and PERM-B.  

In the original design of Huang et al. [111], an-hydrous ethanol was produced; in this case, 
the permeate from the second module contains a relevant fraction of ethanol, which can be 
condensed and used as reflux in the stripper to improve the separation realized by this step. On 
the other hand, this study is focused on the recovery of hydrous ethanol, this means that the 
permeate from the second vapor permeation step contains mostly water. Thus, it is preferred to 
recover the enthalpy of the stream directly in the column, rather than condensing this stream. A 
second reason for dividing the vapor permeation into two steps is to allow for in-between heating, 
so to avoid unwanted condensation of the retentate. 

Conventional layouts for membrane modules are the plate-and-frame arrangement and the 
spiral-wound arrangement [127]; in both cases, the relative motion of permeate and retentate 
with respect to the membrane surface is a crossflow pattern. In order to approximately model the 
variation of ethanol and water fluxes over the two dimensions of the membrane, each module is 
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discretized in 16 surface elements of equivalent area. These discrete unit models can be seen, 
arranged in a square array, in the flow diagram of Figure 45, arranged in a square array. 

 
Figure 46: Discretization of the membrane surface adopted in Aspen Plus to model the separation of water from ethanol via vapor 
permeation 

Figure 46 shows a schematic representation of how the surfaces elements are modelled 
using the SEP unit model available in Aspen Plus software. The system of equations that govern the 
splitting operated by the SEP units is he following. 

( ); ;i i ret i per i i i i i i iret in per in ret in ret out per in per out
m a P y P y m m m m m m

− − − − − −
∆ = Λ − − ∆ = + ∆ =

 (4.4) 

Eq. (4.4) reports the mass balance of the components across an element of the membrane. 
Whit 𝑚𝑚𝑖𝑖 is indicated the mole flow rate of a generic component 𝑖𝑖; in this case 𝑖𝑖 can refer to the 
alcohol or to the water. The subscript: 𝑟𝑟𝑒𝑒𝑟𝑟 − 𝑖𝑖𝑓𝑓, 𝑟𝑟𝑒𝑒𝑟𝑟 − 𝑚𝑚𝑓𝑓𝑟𝑟, 𝑒𝑒𝑒𝑒𝑟𝑟 − 𝑖𝑖𝑓𝑓, and 𝑒𝑒𝑒𝑒𝑟𝑟𝑚𝑚 − 𝑚𝑚𝑓𝑓𝑟𝑟, denote the 
entering or exiting retentate and permeate streams, according to the drawing in Figure 46. The 
flow rate of a component across the membrane is Δ𝑚𝑚𝑖𝑖; this is subtracted from the incoming 
retentate stream and it added to the permeate stream. The value is calculated based on the partial 
pressure of the component the two entering flows, 𝑃𝑃𝑟𝑟𝑒𝑒𝑠𝑠𝑦𝑦𝑖𝑖 − 𝑃𝑃𝑒𝑒𝑒𝑒𝑟𝑟𝑦𝑦𝑖𝑖, the surface area of the 
membrane elements and the corresponding permeance. 

In can be noted that some surface elements do not have a permeate stream entering the 
SEP unit model (Figure 45: the ones forming the left edge of the membrane modules). In this case 
the vapor mole fraction of the components on the permeate side are calculated according to Eq. 
(4.5). The equation estimates the composition of the incipient vapor that forms on the permeate 
side of the membrane membrane. 
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The simulation results relevant to the distillation-vapor permeation process are illustrated 
in Figure 38 and listed in Table 24 and Table 25. 

Table 24: Distillation-vapor permeation. The stripper is operated at atmospheric condition, the overhead vapor is mechanically 
compressed to 3.0 bar, the water enriched permeate is at 1.0 bar and sent back to the stripper. Material flow results for different 
ethanol concentration in the feed 
Ethanol in the incoming flow [wt%]  5% 3% 1.5% 1% 0.75% 
VAP: total flow [kg/h] 145.3 121.9 105.0 108.7 101.8 
VAP: ethanol mass fraction [wt%] 37.5 26.9 15.6 11.3 9.0 
RET-A: total flow [kg/h] 100.6 76.8 60.5 56.3 50.6 
RET-A: ethanol mass fraction [wt%] 52.8 41.5 26.3 21.1 17.8 
PERM-A: total flow [kg/h] 44.7 45.0 44.5 52.4 49.5 
PERM-A: ethanol mass fraction [wt%] 3.2 1.9 1.0 0.7 0.5 
PERM-B: total flow [kg/h] 46.8 44.7 44.5 45.7 44.1 
PERM-B: ethanol mass fraction [wt%] 6.5 4.3 2.1 4.2 3.2 
 

Table 25: Distillation-vapor permeation. The stripper is operated at atmospheric condition, the overhead vapor is mechanically 
compressed to 3.0 bar, the water enriched permeate is at 1.0 bar and sent back to the stripper. Thermal and power input/output 
results for different ethanol concentration in the feed 
Ethanol in the incoming flow [wt%] 5% 3% 1.5% 1% 0.75% 
EXC: duty [MJ/h] 201 206 210 211 211 
EXC2: condenser duty [MJ/h] 52 31 15 10 7 
Reboiler duty of COLUMN (Reb) [MJ/h] 74 53 38 33 30 
HETER: heat duty [MJ/h] 0 0 1 2 2 
Reb+HETER-EXC2: net heat duty 22 22 24 25 25 
COMP: power consumption [MJ/h]a 32.9 29.6 28.8 30.1 30.1 
aAt 72% isentropic efficiency and 100% mechanical efficiency 
 

From the material flows listed in Table 24 a flattening of the volume of vapor sent to the 
membrane modules is observed (VAP: total flow).  

Simultaneously, when the ethanol feed concertation diminishes the attained up-
concertation in the stripper increases slightly going from 37.5%/5%=7.5 to 9.0%/0.75%=12 (Ethanol 
in the incoming flow, and VAP: ethanol mass fraction). The net result is that the amount of water 
vaporized and sent to the membrane separation remains roughly constant. Moreover the thermal 
duties and the power consumption show values that are almost independent of the ethanol feed 
concentration. 

4.1.7. Comparison of energy consumption of different simulated technologies 

Utility costs are probably the most important metrics at the base of economic and 
efficiency benchmarking. Yet, they vary remarkably depending on multitude of factors such as time 
and location, consumption rate, sources, and government regulations. When a benchmark study is 
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performed considering only technologies that mostly exploited a sole utility type, this does not 
pose a problem as the comparison remains homogeneous.  

However, when technologies presenting a different combination of thermal and electrical 
power input are compared the result is not certain; in fact, when reporting the energy savings of a 
process, a conversion factor is needed in order to scale the contributions of the different utility to 
the total power consumptions. Many assumptions are needed, which make normalization for a 
head-to-head comparison problematic. 

In general per kWh delivered, electricity is always few times more expensive than steam; 
nevertheless, it has been shown that the estimation of a precise heat-to-power conversion factor is 
not straightforward. This is because the ratio is strongly dependent on the assumptions made and 
the correlations adopted for its calculation. For instance  Bisgaard [128] has showed that the 
power conversion factor is generally limited between 2.5 and 4.5, but extreme values such as 1.8 
and 20 can also be obtained. 

In this study the utility costs has been evaluated considering the electricity and the gas 
price per kWh for the last semester of 2019 in Denmark, all taxes and levies included [128], [129]; 
these amount to 0.2510 €/kWh for electricity band IC, and 0.0731 €/kWh for gas band I3. To 
comprehend why it is so important to states all the reference related to a utility cost it is enough to 
say that the corresponding average prices for Europe for the same period are respectively 0.1422 
€/kWh and 0.0373 €/kWh. These values also show how strong is the impact of location on the 
economic feasibility and the projected revenue for a process. The scaled utility costs per kWh 
delivered are reported in Table 26. It should be stressed that the values reported are only 
indicative as they may vary consistently depending on the assumptions made. 

Table 26: Market utility price and scaled costs for steam, power, and cooling water. Electricity and the gas prices per kWh were 
retrieved from Eurostat: last semester 2019, Denmark, IC and I3 bands, all taxes and levies included 
Utility  Price Utility conversion factor [kWh/kWh LP steam] 
Gas 0.0731 €/kWh LP Steama (85% overall boiler efficiency) 1.0 
Electricity 0.2510 €/kWh Powerb (93% electric efficiency)  2.8 
Colling waterc 0.07 €/ton Colling waterc 0.1 
aEstimated based on correlations provided by reference [130],bConsidering IE2 electric motor, power class<50kw,cEstimated based 
on correlations provided by reference [131], forced-draft cooling tower, 5 °C allowable temperature increase for cooling water  
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Figure 47: Specific energy consumptions for different ethanol recovery process. BC-I: Base-case-I, ME-HI: Multi-effect heat 
integration (alternative scheme), VRC: Mechanical vapor recompression, HIDiC: Internally heat-integrated distillation column, CRtc: 
Condenser-reboiler thermal coupling, DiCVP: Distillation-vapor permeation. For power and cooling water the bins is calculated using 
the conversion factor reported in Table 26 

For all technologies here discussed the specific energy consumed per kg of alcohol 
recovered increases as the concentration of alcohol in the feed stream diminishes. This is 
independent on the utility considered, whether it is steam or electricity. In Figure 47 are compares 
the specific energy consumption of selected processes; these are: BC-I: Base-case-I (section 4.1.1), 
ME-HI: Multi-effect heat integration (section 4.1.3), VRC: Mechanical vapor recompression (section 
4.1.4), HIDiC: Internally heat-integrated distillation column (section 4.1.5), CRtc: Condenser-
reboiler thermal coupling (section 4.1.5), and DiCVP: Distillation-vapor permeation (section 4.1.6). 
In order to provide a homogeneous comparison, in terms of energy saving, of technologies 
presenting different implementation of heat and electricity, the contribution of the different utility 
on the total consumptions are calculated using the conversion factors of Table 26.  
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It is worth noting that the internally heat-integrated distillation column and the CRtc 
implementation show the best performance in terms of saving for the lowest ethanol feed 
concentration values. The CRtc implementation is markedly superior to HIDiC but only for ethanol 
feed concentration higher than 1 wt%, where it outperforms all the technologies tested (see Figure 
47, bottom-left bar chart).  

At the higher ethanol feed concentrations, DiCVP and ME-HI perform the best. This is an 
interesting fact, especially considering that multi-effect heat integration is probably the technology 
that requires the lowest investment costs and is also the simplest to implement, aside from 
conventional distillation (BC-I). As argued in section 4.1.5 the use of four stages could further 
improve energy savings, although marginally. 

Comparing all four charts of Figure 47, the trend in energy consumptions observed for 
DiCVP suggest that, for ethanol feed concentration higher than 5 wt%, distillation-vapor 
permeation would be superior to all the other separation technology. 

 
Figure 48: Specific energy consumptions for different ethanol recovery process as a function of ethanol feed concentrations. BC-I: 
Base-case-I, ME-HI: Multi-effect heat integration (alternative scheme), VRC: Mechanical vapor recompression, HIDiC: Internally 
heat-integrated distillation column, CRtc: Condenser-reboiler thermal coupling, DiCVP: Distillation-vapor permeation. For power and 
cooling water the bins is calculated using the conversion factor reported in Table 26 

Figure 48 summarized the results of the different simulations in terms of energy 
requirement and ultimately in the operating costs of each design. Because other factors contribute 
to the real figures these should be consider as rough estimates. Different conclusions might be 
drawn if different utility costs other than those indicated in Table 26 were used. 

98 
 
 



Conventional distillation is a proven technology for the recovery and concentration of 
liquids.  Aside from the benefit deriving from the years of in-plant design and optimization, 
conventional distillation has other advantages over alternative methods, such as: a wide range of 
feed flow rates that can be treated, the possibility of separate feeds with a wide range of 
concentrations, the ability to produce high product purity. Aside from the versatility aspects, are 
the construction simplicity and, if there is the opportunity, to run almost entirely on waste thermal 
energy. Nevertheless, prospects to challenge distillation do exist especially when are presented 
cases which requires the separation of components from low concentrated solutions. As a general 
rule, system complexity adds heavy on costs; however, there are exceptions such as the multi-
effect heat integration proposed in section 4.1.3. 

The final result of this benchmark study is that the advance layouts tested allow recovery of 
ethanol from solutions containing between 4 wt% and 2 wt% with operating costs which are those 
typical of the conventional distillation from solutions containing more than 10 wt%; that is the 
typical concentration obtained from the sugar fermentation processes (Figure 48, the intersection 
points of the lower horizontal line with the various curves). 

A significant advantage of VRC over the other technologies exploiting a compressor is that 
all the elements of the heat-pump circuit are downstream of distillation so that the separation 
remains unaltered. This implies that such configuration can be easily be retrofitted to existing 
distillation columns and that new application present minimal technical risk, that are typical of  a  
well-established technology. 

The CRtc performs better than HIDiC, and do not involve the constructive complexity 
deriving from the internal heat integration. Yet, for ethanol feed concertation of 0.75 wt% the two 
layouts perform equivalently, and it is most probable that for lower concentrations the HIDiC 
implementation would achieve the highest energy savings. 

Distillation-vapor permeation is a less attractive technology because, aside from the use of 
compressor similar in size to that of the other technologies investigated, requires the application of 
specialized membranes that weight on maintenance and consumables costs, since the modules 
must be replaced regularly. The greatest advantage of the DiCVP technology is the possibility of 
recovering directly an-hydrous ethanol, probably with a minimal increase in consumption. 

Figure 48 shows that the specific energy consumption for all designs considered varies 
inversely with increasing ethanol feed concentration. This implies that the different energy-savings 
attained by the various layouts per kg of ethanol recovered become less significant as the alcohol 
content in the feed rises. It follows that the major push to the application of alternative 
technologies to conventional distillation is for those processes that require the separation of the 
alcohol from highly diluted solutions, that is to say, the majority of the new bio-alcohol production 
processes. In this regard, it must be said that multi-effect heat integration has significant 
advantages over conventional distillation even for high alcohol concentrations; this is because the 
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energy savings achieved with ME-HI are very substantial while retaining all the advantages of the 
traditional separation methods. 

 Acetic acid recovery 4.2.

Acetic acid is the second most recurrent by-product of syngas fermentation to ethanol; 
after separation of the alcohol, the acid is remains in the aqueous effluents of the distillation which 
can be recycled as fermentation media. This approach is the most profitable since the 
accumulation of acid may inhibit its further production by the microorganisms that ferment the 
syngas. When this is possible, the conversion of the syngas toward ethanol is promoted. A second 
methodology involves the recovery of the acid as product of the fermentation. This is done when 
the bacterial strains and/or the condition of at which they are exposed leads to the build-up of 
acetic acid to the point that inhibition phenomena start to appear.  The consequence is a drop in 
productivity or even cessation of ethanol synthesis. According to Gaddy [101], inhibition 
phenomena can already be evident at 1 wt% of acid. 

Acetic acid is a chemical commodity involved in a wide variety of processes such as: 
polymers production, manufacturing of synthetic fibers, industrial chemistry synthesis and used as 
such like a solvent. However, its market price is lower than that of ethanol, thus syngas 
fermentation should be driven, to the extent possible, towards alcohol production. In processes 
that are specifically designed for acetic acid production (chemical synthesis), the concertation in 
the media sent to the recovery section is higher than 30 wt% [132]. It should, therefore, appear 
obvious that for feed concertation as low as 1 wt% the recovery of the acid should be considered 
mostly a cost. 

The energy requirements for the separation of the acid from aqueous solutions containing 
between 0.5 wt% and 1 wt%, and for two different recoveries: 50% and 80%. The process selected 
is referred to as hybrid extraction/distillation; this consists of a multistage extraction tower 
combined with an azeotropic distillation section where the solvent also works as entrainer for the 
anhydrification of the acid. This process design is considered to be rather effective due to the low 
energy requirement compared to simple heterogeneous azeotropic distillation. As explained in 
section 3.2 the solvent of choice is MTBE since this chemical, apart from the typical characteristics 
required for a good solvent, also shows a very low heat of vaporization and boiling point. 

Although acetic acid and water do not form an azeotrope, using simple distillation to 
separate the components requires many equilibrium stages and it is impractical. The reason is that 
the VLE diagram shows a pinch at low concentrations of acetic acid, making difficult its recovery 
from highly diluted solutions Figure 49. More important the distillation involves the vaporization of 
a large amount of water that is collected as the overhead product of the separation; this has huge 
impact on the thermal input of the process, especially considering that in the case of the syngas 
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fermentation process the recovered acid would be less than one-hundredth of the water to be 
evaporated. 

 
Figure 49: VLE diagram for acetic acid-water system at 1.0 bar 

The flow diagram of the simulated hybrid extraction/distillation process for the recovery of 
the acid is reported in Error! Reference source not found.. The UNIQUAC property method with 
the binary parameters listed in Table 8 are used to obtain the activity coefficients needed for the 
simulation of the extraction tower and the decanter unit (EXTRAC and DECANTER). Only the 
binaries for the pair C2H5OH-CH3COOH are retrieved form AspenTech software databanks [2] 
(APV88 VLE-HOC). The rigorous simulation of the dehydration column and the stripping column 
(AC-COLUM and REGEN) is performed using UNIQUAC model [56] combined with the Hayden-
O'Connell Virial equation of state [59]. The UNIQUAC binary parameters of the pairs: H2O-C2H5OH, 
C2H5OH-MTBE and MTBE-H2O are in this case taken from Table 9; these were obtained from the 
regression of the VLE data, while the remaining pairs are retrieved from APV88 VLE-HOC databank. 
Pure component parameters and association parameters for the Hayden-O'Connell model are the 
default values provided by the software. 

The layout includes an extraction tower consisting of 12 equilibrium stages (EXTRAC), a 
dehydration column of 30 theoretical trays and a stripping column of 10 trays (AC-COLUM and 
REGEN). All units operate at atmospheric pressure.  
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It is supposed that the acetic acid recovery is performed downstream to the ethanol 
recovery section; accordingly, a feed flow rate of 1000 kg/h at a temperature of 48 °C is 
considered. This is the temperature of the effluents from the ethanol recovery section in line with 
the simulations described in section 4.1. This stream contains 0.1 wt% of residual ethanol, which is 
the maximum amount that can remain after removal of 98 % of the alcohol from the fermentation 
broth. The concentration of the acid is varied between 0.5 wt% and 1.0 wt%; the rest is water.  

The inflow (FEED) is introduced on the top of the extraction tower (EXTRAC) were the 
solvent is admixed adiabatically (SOLV-2). The LLE diagram in Figure 29 shows that the distribution 
coefficient for the acid is virtually unaffected by temperature. This is especially true for low acetic 
acid concentrations since the tie-lines closer to the “base” of the binodal curves, do not change 
slopes. Considering that for this case-study the feed flow contains less than 1.0 wt% of acid, these 
are indeed the condition at which the extraction tower is operated. Operating at 52-54 °C has the 
advantage of slightly enlarging the MTBE-H2O immiscibility region, which implies that less water 
remains in the organic phase and less MTBE is left in the aqueous phase. 

The supernatant from the extraction tower (EXTR-1) is completely vaporized in VAP-1. The 
boiling temperature of this stream is close to that of pure MTBE that is 55 °C, consequently low 
grade waste heat can be used to run this unit (heat stream H1). For instance, the evaporation of 
this stream can be exploited as a heat sink for the distillation columns that comprise some of the 
designs presented section 4.1. A further advantage of using MTBE is the low heat of vaporization, 
which means that large volumes of solvent can be used without the corresponding thermal input 
for the process becoming excessively high. The temperature of the vaporized extract (EXTR-2) is 
further raised in VAP-2, recovering heat from the hot water coming from the bottom of the 
stripping column (WAT-1). The stream is finally fed on the 15th plate of the dehydration column 
(AC-COLUMN); the bottom product of this unit is 99 wt% acetic acid, in line with the industrial-
grade standard of this chemical [132]. 

The raffinate stream from the bottom of the extraction tower (RAF1) is also preheated 
before entering the stripping column (REGEN). The heat is recovered from stream WAT-2 and the 
hot water is cooled down to about 60-62 °C; 8 °C above the temperature of the raffinate (which 
complies with the minimum temperature approach chosen). 16-24 MJ/h of thermal energy should 
be removed from stream WAT-3 to further bring down the temperature to about 56 °C; 8 °C above 
the inlet flow temperature of stream FEED. 

The bottom product of the stripper is water containing traces of acid; the actual 
concentration depends on the planned recovery and the initial amount in the incoming flow 
(FEED). If ethanol is also present, this is completely recovered in the aqueous effluent of the 
section (WAT-3), proving that the alcohol does not affect the performance of this separation 
process. Indeed, no significant ethanol buildup is observed in the closed-loop of the solvent. 

The overhead vapor from the two columns (SL-A and SL-W) is condensed and fed to a 
decanter (DECANTER). The heterogeneous mixture resulting from the liquid-liquid split consists of 
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an organic phase containing 1 wt % water and an aqueous phase containing 2 wt% MTBE, these 
provide the reflux respectively to the dehydration column (SOLV-1) and to the stripping column 
(AQUEOUS). The majority of the solvent from the decanter is recirculated back at the bottom of 
the extraction tower (SOLV-2) without additional cooling.  

The entrainer makeup is negligible, for this reason the corresponding stream is not 
reported in Figure 29. Negligible losses of solvent imply that the effluent water can be directly 
recycled as fermentation media ignoring eventual toxicity problem caused by traces of MTBE. 

 
Figure 50: Hybrid extraction/distillation process flow diagram for the separation of acetic acid. MTBE operates both as entrainer in 
the dehydration of the acid and AS solvent for the extraction. 

The results of the hybrid extraction/distillation simulation runs are reported in Table 27. It 
can be noted that the specific energy consumption for the separation of the acid is always higher 
for 50% of recovery that for 80% recovery (Specific energy consumption). Even though for 50% 
recovery less solvent is required and net heat duties are reduced (SOLV-2: solvent mass flow, and 
VAP1+AC_COLUMN+REGEN: net heat duty); to reach the same rate of acid removal as for 80% 
recovery, the amount of aqueous solution to be treated must be higher. Specifically, the inflow to 
the section should be increased by (80%-50%)/50%=60%. For this flow rate the advantage of 
adopting a lower degree of recovery vanishes. 
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Table 27: Hybrid extraction/distillation. Thermal input/output results for different acetic acid concentration in the feed for 80% and 
50% recovery 
Recovery rate  80% 50% 
Acetic acid in the incoming flow [wt%] 1.0% 0.7% 0.5% 1.0% 0.7% 0.5% 
SOLV-2: solvent mass flow [kg/h] 800 800 800 510 510 510 
SOLV-2/WAT-3: solvent recirculated/acid recovered [kg/kg] 1000 1430 2000 1020 1460 2040 
COND1: condenser duty [MJ/h] 313 313 312 202 202 202 
COND2: condenser duty [MJ/h] 33 34 34 26 27 27 
VAP1: solvent evaporation duty [MJ/h] 250 252 254 190 191 191 
AC_COLUMN: reboiler duty [MJ/h] 20 21 22 8 9 9 
REGEN: reboiler duty [MJ/h] 112 114 114 87 88 89 
COND1+COND2: net cooling duty [MJ/h] 346 347 346 228 229 229 
VAP1+AC_COLUMN+REGEN: net heat duty [MJ/h] 382 387 390 285 288 289 
Specific energy consumption [MJ/kg] 48 69 98 57 82 116 
  

 
Figure 51: Specific energy consumption for different recoveries and acetic acid feed concentrations. The dashed lines give the 
amount of heat that may be saved if low-grade waste heat (60-90 °C) is available elsewhere in the facility 
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Comparing the specific energy consumption reported in Table 27 for the recovery of the 
acid with the one reported in Table 12 for the recovery of the alcohol, it is clear that the separation 
of the acid comes with a cost. The impact that this cost has on the profitability of the entire 
process depends on the relative productivity and concentrations of the two chemicals. For instance 
consider a fermentation broth at 5 wt% of alcohol and 1 wt% of acid, with 10 times more ethanol 
being produced at the rate of 50 kg/h. If the ethanol recovery is fixed at 98% and that of the acid at 
80%, then it is necessary to process (50 [kg/h]/98%/5%)=1020 kg/h of solution to recover the 
alcohol, and (50 [kg/h]/10/80%/1%)=625 kg/h of solution to remove the acid. 

Though the recovery of acid from syngas fermentation products is a cost, it is still worth 
noting that with the use of MTBE as solvent in the process proposed in Figure 29 at least 65% of 
the thermal input provided to the section is represented by low-grade heat delivered at the 
temperature of 63 °C or higher (Table 27, VAP1: solvent evaporation duty). Considering that water 
at 60-90 °C is generally available as condensate from steam heating or/and spent cooling water 
rejected by cooling systems [133], it is not unlikely that low-grade waste heat sources available 
elsewhere in the facility can entirely provide the thermal duty needed for the vaporization of the 
solvent, cutting the need for hot utilities by more than half. 
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 Mass transfer in relation to applications of gas fermentation 5.

 Biochemical reactors are widely employed in the food industries, in fermentation, in 
wastewater treatment, and in many biomedical facilities. They are at the core of many bio-based 
industrial processes where cell-growth is promoted or maintained to allow the formation of 
products such as metabolites, biomass, transformed substrates or solvents and fuels. 

Nearly, all bioreactors deal with heterogeneous systems involving one or more phases. 
Consequently, to be effective in achieving the required biochemical reaction, interphase mass (and 
heat) transfer must occur in these systems. Although, representative examples of mass and heat 
transfer correlations for fluid and solid particles are generally listed in many engineering books, too 
often the range and the conditions of their applicability it is not properly clarified.  

In this review, an introductory outline on the aspects of mass transfer in relation to gases-
liquid dispersion is given; a compressive list of the correlations available in literature is also 
provided. The purpose is a rational classification of the available correlations, but more 
importantly, a practical guide for the correct selection of the models based on hydrodynamic 
conditions, physical property and interphase behavior of the studied systems. Sufficient it to say 
that the improper selection of the model can lead to estimation errors on the effective mass 
transfer fluxes up to ten folds. 

In section 5.1 are discusses specifically the effects of strong electrolytes on the bubbles 
interphase. The topic is of particular importance for biochemical reactors, but also in a wide variety 
of other technological fields. Remarkably is the fact that regardless of the multitude of studies on 
the subject, a definite agreement on the mechanism of action of salts on gas-liquid interphase has 
still to be reached. 

 On the effects of strong electrolytes on the interface property of 5.1.

bubbles in water: A review of coalescence theories and experimental rise 

velocities  

Bubbles behave very differently depending on the fluidic environment they subjected to. 
Two very important parameters are coalescence and rise velocity. These characterize for how long 
time bubbles will be suspended in a solution and for the specific interface area of the dispersion. 
The longer the bubbles are in contact with the medium and the larger is the interfacial area, the 
higher is the likelihood is to obtain an improved mass transfer or adsorb particle from the solution. 
Coalescence frequency and rise velocity are important to a multitude of industrial applications 
linking multidisciplinary research fields, that are ocean and marine science, colloidal chemistry, 
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chemical and biochemical engineering, environmental engineering, plus mineral and metallurgic 
engineering [134], [135], [136], [137], [138], [139]. 

This review is focused on a particular class of components that are the strong electrolytes. 
These frother additives are sometimes added to water to inhibit coalescence both in flotation 
tanks and gas-liquid contactors for several different applications, plus are of primary importance 
for what regards whitecaps formation and bubbles behavior in seawater. Specifically, the aim is to 
show the connection between coalescence and rise velocity of bubbles in water. Below a review 
literature study is given, which investigates the available experimental evidence and the theories 
adopted to explain bubbles coalescence in strong electrolyte solutions, hereafter rise velocities are 
discussed and finally the two phenomena are linked and debated. 

5.1.1. The surface excess concentration 

The presence of an interface generally affects all thermodynamic parameters of a system; 
in particular the concentration of any component close to the interface may vary from that of the 
adjoining bulk phases. These differences are expressed in terms of excess number of moles of the 
system or, when these are divided by the surface area of the interface, in terms of surface excess 
concentrations. Since surface excess is of importance for the derivation of to two properties of thin 
liquid films and gas-liquid, or liquid-liquid, interphases that are respectively Gibbs film elasticity 
and Marangoni stress, its definition and some properties of this thermodynamic quantity are 
reported in this section. 

Both Gibbs film elasticity and Marangoni stress are connected to the variation in the 
chemical potential of a component in solution and the mechanical properties of the interphases, 
for this reason are sometimes referred collectively as Gibbs-Marangoni effect. However, for sake of 
clarity the two effects are here treated separately. In particular, Gibbs elasticity is related to the 
variation of the chemical potential of a solute upon change of the total interfacial area of a system, 
which induces a different distribution of that component between the interphase region and the 
bulk liquid. It has the same dimensions of surface tension. On the other hand, the Marangoni stress 
arises from a gradient in concentration of a solute localized in the interfacial region and directed 
tangentially to the interphase. Its dimensions are that of a shear stress. 

Considering a closed system consisting of 2 phases 𝛼𝛼 and 𝛽𝛽, it is expected that the physical 
properties of the two fluids in the interphase region differ significantly from that of the 
corresponding bulks. If the distribution of a component 𝑖𝑖, is exactly known in every point of the 
system domain, and the position and the area of the Gibbs dividing plane is known as well, the 
surface excess of that component, Γ𝑖𝑖, can be expressed as: 

0 0

V V Vlocal local local
i i i i i i i i i i i iV

A c dV c dV c V c V c dV c V c V A n c V c V
α

α

α α β β α α β β α α β βΓ = + − − = − − ⇒ Γ = − −∫ ∫ ∫  (5.1) 
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In Eq. (5.1) 𝑁𝑁 is the interfacial area, 𝑉𝑉𝛼𝛼 and 𝑉𝑉𝛽𝛽 are respectively the volume of the 𝛼𝛼 and 𝛽𝛽 
phases, and the total volume of the system is  𝑉𝑉 = 𝑉𝑉𝛼𝛼 + 𝑉𝑉𝛽𝛽. The surface that splits the system 
domain in the phase volumes, 𝑉𝑉𝛼𝛼 and 𝑉𝑉𝛽𝛽 , is referred to as the Gibbs dividing plane. 𝑐𝑐𝑖𝑖𝑠𝑠𝑠𝑠𝑐𝑐𝑠𝑠𝑠𝑠 is the 

point concentration, and 𝑐𝑐𝑖𝑖𝛼𝛼 and 𝑐𝑐𝑖𝑖
𝛽𝛽 are the concentrations of the component 𝑖𝑖 in the phases at an 

adequate distance from the interphase region, where the physical properties of the fluids are 
supposed to be constant. 

If 𝑓𝑓𝑖𝑖  can be identified with the total number of moles of component 𝑖𝑖 in the system, then 

𝑐𝑐𝑖𝑖𝛼𝛼𝑉𝑉𝛼𝛼 and 𝑐𝑐𝑖𝑖
𝛽𝛽𝑉𝑉𝛽𝛽 are the number of moles, relevant to the phases 𝛼𝛼 and 𝛽𝛽, but when the bulk 

properties of the corresponding fluids are extrapolated up to the Gibbs dividing plane. In other 

words, the sum 𝑐𝑐𝑖𝑖𝛼𝛼𝑉𝑉𝛼𝛼 + 𝑐𝑐𝑖𝑖
𝛽𝛽𝑉𝑉𝛽𝛽 might be larger or smaller than 𝑓𝑓𝑖𝑖, depending on whether the 

number of moles of component 𝑖𝑖 in the interphase region (on both sides of the Gibbs dividing 
plane) is larger or smaller than that in an equal volume of the two bulk phases. Accordingly, the 

difference 𝑓𝑓𝑖𝑖 − �𝑐𝑐𝑖𝑖𝛼𝛼𝑉𝑉𝛼𝛼 + 𝑐𝑐𝑖𝑖
𝛽𝛽𝑉𝑉𝛽𝛽� = 𝑁𝑁Γ𝑖𝑖 is referred to as the excess number of moles of that 

component in the system. As consequence, a hypothetical system that exhibits, at the Gibbs 
dividing plane, a step variation of the point concentration of all components, it has null excess 
number of moles. 

The first plot in Figure 52 qualitatively illustrates the point concentrations of cation, M+, and 
anion, R-, for an anionic surfactant at the interface region between water and air. Due to the low 
solubility showed by these additives in water, the concentration in the bulk liquid should be in the 
range 10-6-10-3 M; whereas in the bulk gas the concertation is expected to be even lower, as the 
vapor pressure of these chemicals is quite small too. The hydrophobic group, whose point 
concentration is represented by the blue curve, is preferentially located in the interphase region on 
the gas side of the Gibbs dividing plane. The total thickness of the adsorbed monolayer depends on 
the size and the spatial orientation of this group, i.e. on its effective molecular volume. The 
negatively charged end is oriented towards the aqueous phase and the positive counter-ion, which 
concentration is represented by the red curve, is located in close proximity. It should be noted 
that, as the interphase region is approached from the left side, the point concentration of water, 
indicated by the green curve, drops considerably from the value of about ≈55 M shown in the bulk 
liquid. This is because the surfactant molecules take up some of the available volume. Indeed, it is 
know that organic monolayers dispersed on the surface of water reservoirs can effectively reduce 
the evaporative losses by reducing the accessible surface to water molecules [140]. Once the Gibbs 
dividing plane has been crossed, the water concentration further decreases to its value in the bulk 
gas, ≈10-3 M, that is a function of its vapor pressure. 
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Figure 52: Qualitative illustration of the point concentration expressed in molarity of cations, red lines, and anions, blue lines, for an 
anionic surfactant, M+R-, and for Na+I- at the interface region between water and air. The green line represents the point 
concentration of water, while the vertical line positioned at 18 Å from the origin indicates the Gibbs dividing plane. The areas in light 
yellow and light pink represent respectively the liquid and the gas phases. Further description of the plots is given in the text 

The plots in Figure 52 are focused only on the interfacial region, however, the liquid phase 
and gas phase should be considered extended respectively to abscissa values <<18 Å and >>18 Å. If 
the systems illustrated in Figure 52 are considered having constant cross-section area 𝑁𝑁 in the 
abscissa direction, then the infinitesimal distances 𝑑𝑑𝑥𝑥 measured along the coordinate are always 
proportional to the volume elements d𝑉𝑉. In this respect, the colored area under the curves 

represents the term ∫ 𝑐𝑐𝑖𝑖𝑠𝑠𝑠𝑠𝑐𝑐𝑠𝑠𝑠𝑠𝑑𝑑𝑉𝑉
𝑉𝑉𝛼𝛼

0 − 𝑐𝑐𝑖𝑖𝛼𝛼𝑉𝑉𝛼𝛼, on the liquid phase side, 𝛼𝛼, of the Gibbs dividing plane, 

and the term ∫ 𝑐𝑐𝑖𝑖𝑠𝑠𝑠𝑠𝑐𝑐𝑠𝑠𝑠𝑠𝑑𝑑𝑉𝑉
𝑉𝑉
𝑉𝑉𝛼𝛼 − 𝑐𝑐𝑖𝑖

𝛽𝛽𝑉𝑉𝛽𝛽  on the gas phase side, 𝛽𝛽, of the Gibbs dividing plane. The 
positive and negative symbols, inside the colored areas, indicate a corresponding positive or 
negative contribution to the integrals. Considering again the first plot in Figure 52, it can be seen 
that, the values of 𝑁𝑁Γ𝑖𝑖 obtained from the application of Eq. (5.1) give a quite good estimate of the 
number of mole of  R- and M+ positioned in the monolayer; thus, the surface concentrations of 
both ions, Γ�𝑖𝑖, are approximatively equal to their surface excess, being valid Γ𝑖𝑖 ≈ Γ�𝑖𝑖. 

The second plot in Figure 52 represents a 1M aqueous solution of NaI where the cation and 
the anion concentrations are represented respectively by the red curve and by the blue curve. For 
illustrative purposes the profiles here reported follows qualitatively the ones calculated, for NaI, by 
Jungwirth and Tobias [141] via molecular simulation. It can be seen that the position of the Gibbs 
dividing plane is such that the total integral area under the curve representing the point 
concentration of water is null. In fact, if one of the components is treated as the solvent, the 
partition of the system volume in 2 phases is done so that the solvent surfaces excess is always 
zero, which means adjusting the position of the Gibbs dividing plane accordingly [142].  
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The third plot in Figure 52 represents the same system, but for sake of clarity the maximum 
value on the concertation scale is limited to 5 M. When compared to the ionic surfactant reported 
in the first plot, It can be noted that NaI presents a very high bulk concentration in the aqueous 

phase, but the areas representing the terms ∫ 𝑐𝑐𝑖𝑖𝑠𝑠𝑠𝑠𝑐𝑐𝑠𝑠𝑠𝑠𝑑𝑑𝑉𝑉
𝑉𝑉𝛼𝛼

0 − 𝑐𝑐𝑖𝑖𝛼𝛼𝑉𝑉𝛼𝛼 and ∫ 𝑐𝑐𝑖𝑖𝑠𝑠𝑠𝑠𝑐𝑐𝑠𝑠𝑠𝑠𝑑𝑑𝑉𝑉
𝑉𝑉
𝑉𝑉𝛼𝛼 − 𝑐𝑐𝑖𝑖

𝛽𝛽𝑉𝑉𝛽𝛽 are, in 
absolute value, much smaller in the latter case. In fact, both for the cation, Na+, and for the anion, 
I-, the surface excesses are only slightly positive. 

Typically, ions presenting high charge to size ratios shoes Γ𝑖𝑖 < 0 and are said to “adsorb 
negatively”. It should be stressed that the term has nothing to do with surface adsorption, and only 
implies a lower net concentration of the ion in the interface region compared to that in the bulk 
liquid. In contrast, ions presenting small charge to size ratio are inclined to “adsorb positively”, 
thus showing values of Γ𝑖𝑖 > 0 and higher net concertation in the interface region than in the bulk 
liquid. Na+ belongs to the former category while I- belongs to the latter; however, in other to 
satisfied the electroneutrality of the interface region in the given example the equality Γ𝑁𝑁𝑠𝑠+ = Γ𝐼𝐼− 
must be satisfied. It should be inferred that the tendency of I- to “adsorb positively” is greater than 
that of Na+ to “adsorb negatively” and therefore a substantial fraction of Na+ is pulled towards the 
interphase region so to lessen the charge separation. The net result is a slightly positive value of Γ𝑖𝑖 
also for Na+. 

The particular definition of surface excess given in Eq. (5.1) and the qualitative 
representation provided in Figure 52 are exploited in the following sections for the derivation of 
some of the model used to explain the stability of thin liquid films and for a consistent 
interpretation of the experimental results concerning rise velocity and coalescent properties of 
bubbles in electrolyte solutions. 

5.1.2. The Gibbs adsorption isotherm 

In this section, the relation between surface tension and surface excess is derived together 
with the Gibbs adsorption isotherm. These parameters are then expressed in a form suitable for 
single strong electrolytes, that can be used to correlate coalesce inhibition properties of salts with 
their concertation in water. 

The variation of the surface tension of an interphase can be related to the variation of the 
chemical potential of a component in the systems applying the Gibbs-Duhem equation for constant 
temperature and pressure and including the surface energy term, 𝑁𝑁𝑑𝑑𝐴𝐴. If the total number of mole 
of each component in the system is expressed using Eq. (5.1) then 𝑁𝑁𝑑𝑑𝐴𝐴 can be related to the 
corresponding surface excesses via Eq. (5.2). 

0; 0i i i i i i i i i i i i
i i i i

Ad n d n A c V c V Ad A d c V d c V dα α β β α α α ασ µ σ µ µ µ+ = = Γ + + ⇒ + Γ + + =∑ ∑ ∑ ∑  (5.2) 
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Considering two separated domains with null surface area and presenting respectively: the 
volumes 𝑉𝑉𝛼𝛼 and 𝑉𝑉𝛽𝛽, the states of aggregation 𝛼𝛼 and 𝛽𝛽 and the compositions 𝐧𝐧𝛼𝛼 and 𝐧𝐧𝛽𝛽, which are 
the bulk compositions of the two phases in the system at which Eq. (5.2) refers; the Gibbs-Duhem 
equations relevant to these two stand-alone systems are then: 

0 0; 0 0i i i i i i i i
i i i i

n d c V d n d c V dα α α β β βµ µ µ µ= ⇒ = = ⇒ =∑ ∑ ∑ ∑  

 (5.3) 

Inserting Eq. (5.3) in Eq. (5.2) leads to Eq. (5.4). As previously mentioned, the choice on the 
position of the Gibbs dividing plane has an influence on the number of mole of each component in 
the volumes 𝑉𝑉𝛼𝛼 and 𝑉𝑉𝛽𝛽, and lastly on the corresponding surface excess values, Γ𝑖𝑖. 

, , j ì

i i i
i i T P n

d d σσ µ
µ

≠

 ∂
= − Γ ⇒Γ = −  ∂ 
∑  (5.4) 

The Gibbs adsorption isotherm is obtained from Eq. (5.4) with the substitution 𝑑𝑑𝜇𝜇𝑖𝑖 =
𝑅𝑅𝑇𝑇𝑑𝑑 ln 𝛾𝛾𝑖𝑖∗𝑐𝑐𝑖𝑖; where 𝛾𝛾𝑖𝑖∗ is the unsymmetric activity coefficient. This last equation relates the change 
in concentration of a component in solution with its surface excess. 
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 (5.5) 

For aqueous solutions of single strong electrolytes, the surface excesses are often referred 
to the undissociated components rather than to the single ions. If with Γ𝑀𝑀+and Γ𝑋𝑋− are respectively 
indicated the surface excesses of the cation and the anion, the electroneutrality principle for the 
interphase region and for the pure undissociated salt can be written as: 

0; 0 M X
M M X X M M X X

M X

z z z zν ν
ν ν

+ −

+ + − − + + − −

+ −

Γ Γ
Γ + Γ = + = ⇒ =  (5.6) 

In Eq. (5.6) 𝜈𝜈𝑀𝑀+  and 𝜈𝜈𝑋𝑋− are the stoichiometric coefficients of the ions forming the salt and 
𝑧𝑧𝑀𝑀+  and 𝑧𝑧𝑋𝑋− are the respective charges. By introducing Eq. (5.6) in Eq. (5.4) it is possible to derive 
an expression formally valid for the surface excess of the undissociated component. 
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(5.7) 

In Eq. (5.7) Γ𝑀𝑀𝑋𝑋 is the surface excess of the undissociated salt or the undissociated ionic 
surfactant in the solution. The Gibbs adsorption isotherm is in this case formally rewritten as: 
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Or equivalently: 
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 (5.9) 

In Eq. (5.8) and Eq. (5.9) 𝛾𝛾𝑀𝑀𝑋𝑋
±∗  and 𝑐𝑐𝑀𝑀𝑋𝑋 are respectively the mean unsymmetrical activity 

coefficient and the concentration of the electrolyte as undissociated species. It here stressed that 
Eq. (5.7), Eq. (5.8) and Eq. (5.9) are only valid for solution of single strong electrolytes. 

Henceforward, the superscript 𝛼𝛼 and 𝛽𝛽 are used respectively to refer to the aqueous and to 
the gas phase. As for Eq. (5.5), Eq. (5.7), Eq. (5.8) and Eq. (5.9), when the phase superscript is 
omitted the physical quantity considered, e.g. 𝑐𝑐𝑖𝑖 and 𝑉𝑉, refers implicitly to the liquid phase. 

5.1.3. Theory of bubble coalescence in gas-liquid dispersions 

Coalescence properties of gas-liquid dispersions, herein referred for gas volume fractions of 
less than 50% [135], are controlled by the same phenomena that dictate foams stability [143], 
which are drainage, stretching and subsequent rupture of the thin liquid film interposed between 
the interfaces of two closely adjoining bubbles. For what regard the latter step, this occurs when 
the distance between the two interfaces falls below a critical thickness that, for pure water, is 
about 300-200 nm; however in presence of surfactants, salts or surface impurities this value may 
reduce to 5-15 nm, [143], [135]. In the section below, the critical film thickness is discussed only to 
provide a picture of what are the reasons that cause the film to rupture, for this purpose the model 
developed by Vrij and Overbeek [144] is shortly outlined. The actual determination of this critical 
value is normally made impractical by the theoretical difficulties in determining the nature and the 
relative strength of the forces that contribute to the disjoining pressure. On the other hand, 
coalesce inhibition is generally attained by preventing the film to reach such critical values. In this 
regard, other theories, which deal with the different mechanisms that can slow down, or stop, the 
tinning process, are discussed in more details in the sections that follow. Moreover, at large film 
thicknesses, capillary pressure and/or gravitational forces are the main responsible for the film 
thinning so that the disjoining pressure, being the result of short-range forces, can be neglected. 

113 
 
 



5.1.3.1. The critical film thickness 

It is estimated that the activation energy required to form a hole in a quiescent thin liquid 
film interposed between 2 interphases is of the order of 𝐴𝐴ℎ𝐹𝐹2 , where ℎ𝐹𝐹 is the thickness of the film. 
The film is not expected to burst until the thickness is down to a value for which the activation 
energy is of the order of the system thermal energy that is 𝑘𝑘𝑏𝑏𝑇𝑇 (where 𝑘𝑘𝑏𝑏 is the Boltzmann 
constant); yet the experimental values of rupture thickness for thin liquid films are 1 or 2 order of 
magnitude larger than what predicted under this assumption. In this regard, Vrij and Overbeek 
[144] recognized liquid films are perturbed by mechanical oscillations which, if not hampered by 
the thinning process, would grow spontaneously in amplitude over time. As a result, a critical 
thickness is reached when the film is so thin that the rate of growth of such fluctuations becomes 
faster than the thinning process. According to Vrij and Overbeek [144] theory, Eq. (5.10) can be 
used to estimate this rupture thickness ℎ𝑐𝑐  when the only contribution to the disjoining pressure 
derives from van der Waals forces. Here 𝐴𝐴 is the surface tension,  𝑁𝑁121 is the effective Hamaker 
constant for the gas-liquid-gas interphase (for pure water 𝑁𝑁121 is about 3.7∙10-20 J [135]), 𝛥𝛥𝑃𝑃 is the 
pressure difference between the lamella and the liquid outside the Plateau border and (𝜋𝜋𝑅𝑅𝐹𝐹2) is 
the area of the film [145]. 
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Whit reference to Figure 53 the lamella is defined as the volume of liquid enclosed between 
2 gas-liquid interphases and formally delimited from the rest of the liquid by the Plateau border, 
i.e. the line where the change in curvatures of the interphase are most pronounced. The terms 
lamella and liquid film are here used as synonyms. Figure 53 will be explained in more detail below. 

5.1.3.2. The two mechanism of liquid films thinning  

When two bubbles are closely approaching, before a critical film thickness is reached, the 
tinning of the film is caused by the liquid draining out of the Plateau border. For film thicknesses 
such that the forces responsible for the disjoining pressure are irrelevant, it is the excess capillary 
pressure arising from the change in the curvature of 2 approaching surfaces that drives the 
process. For 2 bubbles dispersed in a liquid the lamella is generally approximated to a disk of 
thickness ℎ𝐹𝐹 and radius 𝑅𝑅𝐹𝐹, se Figure 53; thus the excess capillary pressure is calculated from 
Laplace equation assuming that the local radius of curvature at the Plateau border is equal to the 
radius of the bubbles, ∅𝑏𝑏/2, [146]. The drawing reported in Figure 53, although not true to reality, 
due to the exaggerated film thickness and the step variation in the surface curvature, it is at the 
base of the most used models to estimate coalescence properties of gas liquid dispersions. 
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Figure 53: Schematic representation of two bubbles of similar diameter ∅𝑏𝑏 separated by a thin lamella of liquid of thickness ℎ𝐹𝐹 and 
radius 𝑅𝑅𝐹𝐹. On the right the lamella thickness is reduced due to the drainage of liquid out of the Plateau border 

 
Figure 54: Schematic representation of two bubbles of similar diameter separated by a thin lamella of liquid. On the right the 
lamella thickness is reduced due to stretching 

With reference to Figure 53, for 2 bubbles of the same diameter the pressure in the gas 
phases is higher than the pressure in the surrounding liquid of about 𝛥𝛥𝑃𝑃 = 4𝐴𝐴/∅𝑏𝑏; however, the 
pressure in the liquid enclosed in the lamella is the same as it is in the bubbles since here the gas-
liquid interfaces are assumed perfectly flat [135] (infinite curvature radius) and the Laplace 
pressure jump must be zero. For any more complex geometric condition the expression 
𝛥𝛥𝑃𝑃 = 4𝐴𝐴/∅𝑏𝑏 can be retained provided ∅𝑏𝑏 is suitably chosen [147]. The resulting pressure gradient 
is radially directed outward of the film and tends to drive the liquid outside the lamella, Figure 53, 
or to stretch it, Figure 54. Both mechanisms act to reduce the thickness of the film and may 
happen simultaneously. For pure drainage mechanism the lamella radius, 𝑅𝑅𝑓𝑓, remains constant and 
the thinning rate is related to the drainage rate as 𝑑𝑑ℎ𝑓𝑓 𝑑𝑑𝑟𝑟⁄ = −1 �𝜋𝜋𝑅𝑅𝑓𝑓2�𝐿𝐿|𝑔𝑔𝑓𝑓� , where 𝐿𝐿|𝑔𝑔𝑓𝑓  is the 

liquid flow rate at the Plateau border. Whereas for pure stretching the volume of liquid in the 
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lamella remain constantan and the thinning rate is related the stretching rate as 𝑑𝑑ℎ𝑓𝑓 𝑑𝑑𝑟𝑟⁄ =
−�2ℎ𝑓𝑓 𝑅𝑅𝑓𝑓⁄ � 𝑑𝑑𝑅𝑅𝑓𝑓 𝑑𝑑𝑟𝑟⁄ . 

For what regards foam stability, is gravity rather than excess capillary pressure that 
provides the main contribution to film thinning [135]. 

5.1.3.3. Lamella drainage 

An expression for the drainage rate of the lamella (between bubbles) in pure liquids has 
been derived by Kirkpatrick and Lockett [146] on the assumption that no Marangoni stress can be 
generated at the interphase and the viscosity of the gas, compare to that of the liquid, can be 
neglected, see section 5.2.1. In Eq. (5.11)  𝜌𝜌𝑠𝑠  is the liquid density. Since pure liquid do not possess 
Gibbs elasticity, stretching of the lamella was excluded as well. 

1
28f f

l f

dh hP
dt Rρ

 ∆
= −  

 
 (5.11) 

When surfactants are present in the solution, it is generally assumed that the drainage rate 
is reduced compared to the value predicted by Eq. (5.11), due to the retardation or complete 
immobilization of the film induced by the appearance of the Marangoni stress. When the 
interphase immobilization is complete the drainage rate, omitting the inertia term, can be 
estimated from Eq. (5.12), referred to as Stefan-Reynold equation [135], [148]. In Eq. (5.12) 𝛿𝛿𝑠𝑠 is 
the liquid viscosity. 
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Since lamella thicknesses are of the order of nm the flow regime is laminar for both the 
draining mechanisms, however for free-slip condition at the interphase, Eq. (5.11), the velocity 
profile in the ℎ𝐹𝐹 direction appears flat. Whereas for immobile surfaces, Eq. (5.12), the velocity 
profile is better described as Poiseuille flow. Although very useful at practical level, the derivation 
of Eq. (5.11), Eq. (5.12)  and Eq. (5.13) gives rise to a paradox in the model. Indeed the existence of 
a pressure gradient in the 𝑅𝑅𝐹𝐹 direction, the one that drives the liquid drainage, is in conflict with 
the assumption of flat interfaces, since, from Laplace equation, this implies a constant pressure in 
the 𝑅𝑅𝐹𝐹 direction equal to the bubble internal pressure [146]. More advance models consider the 
deformation of the bubble interfaces as dimpling rather than flattening, [149], [150]. This avoid the 
pressure inconsistency across the lamella interfaces, however, due to the models complexity they 
are rarely used. 

In the early stages, the drainage of the lamella follows the predictions for mobile surfaces 
given by Eq. (5.11), both for pure liquid and surfactant solutions. Due to the abrupt widening of the 
liquid channel at the Plateau borders the velocity of the fluid, and consequently the velocity of the 
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interfaces, here, are very small compared to the rest of the lamella, this causes the accumulation 
of any adsorbed species that tend to build-up in this position. A gradient in the chemical potential 
of an adsorbed component implies a surface tension gradient or equivalently a shear stress, which 
in this case is directed along the film radius. The relation between a chemical potential gradient 
and the resulting Marangoni stress is reported in Eq. (5.46), section 5.2.1; the equation can be 
referred to the drawing in Figure 53 by replacing the differential term of the bubble meridians 𝑑𝑑𝑑𝑑 
with the corresponding one along the film radius 𝑑𝑑𝑅𝑅𝑓𝑓.  

After a transition period, which depends on the bulk concentration and effectiveness of the 
surface-active components present in the system, the lamella interface becomes progressively 
retarded and finally immobilized. At this point the drainage rate is better represented by Stefan-
Reynold equation, Eq. (5.12).  

Due to the existence of a gradient in the concentration of the solutes in the lamella volume, 
a process of radial diffusion is likely to occur in the opposite direction, which in turn is assumed to 
relax the surface immobilization. To represent this more general situation Cain and Lee [148] used 
the result of Radoev et al. [151] to derive an expression valid for lamella drainage when the 
interface still preserve some mobility. Their expression is a scaled version of Stefan-Reynold 
equation where a factor is placed before Eq. (5.12). For single surface-active component in solution 
under the assumption of unit activity coefficient, their equation reduces to Eq. (5.13), where 𝒟𝒟𝑠𝑠𝑖𝑖 is 
the bulk diffusion coefficient of the component and 𝑐𝑐𝑖𝑖 is its concentration outside the Plateau 
border. 
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 (5.13) 

Both equations Eq. (5.12) and Eq. (5.13) predict a decay of the tinning rate proportional to 
the third power of the film thickness, while for pure liquids the decay is linear, Eq. (5.11). This 
clearly explains how the addition of surfactants to water and the consequential immobilization of 
the interfaces delay the coalescence phenomenon. However, for strong electrolytes, due to the 
modest Γ𝑖𝑖 values and the relatively high concentrations required to stabilize the gas-water 
dispersion, the scaling factor in the Cain and Lee [148] model can be rather large so that the 
interphases preserve a good degree of mobility. For instance, the drainage times from 600 nm 
down to 200 nm film thickness measured by Cain and Lee [148] in KCl aqueous solutions were 6-10 
times shorter than those calculated from the Stefan-Reynold equation [148]. 

5.1.3.4. Lamella stretching and Gibbs film elasticity 

The Marangoni stress can explain a delay in coalescence for solutions of surface-active 
components in respect to pure liquids, but not the complete suppression. When the thickness of 
the film falls below 200 nm and the drainage rate slow down, the second of the two mechanisms 
illustrated in section 5.1.3.2, the film stretching, becomes the dominant process for further 
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thinning. Counteracting forces that increase with deformation may develop in the lamella, which 
can, therefore, exhibit elastic properties; this phenomenon is referred to as Gibbs elasticity. If the 
surface to volume ratio of the film becomes sufficiently high, any deformation involving the 
widening of the interfaces (stretching) will induce the displacement of any solute from/towards the 
newly generated areas, to such an extent that the concentration of these components in the liquid 
enclosed in the lamella will be substantially changed. The corresponding change in chemical 
potential gives rise to the surface elasticity, Λ, according to Eq. (5.14).  
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Wang and Yoon [152] derived an expression for obtaining the Gibbs elasticity, Λ, from the 
concentration of a solute in the bulk of the lamella and from its thickness. For non-volatile 
components such as ionic surfactants and electrolytes, because their concentrations in the gas 
phase are close to zero, Eq. (5.1) reduces to: 
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Here the superscript 𝛼𝛼 is used to refer to the liquid phase. Assuming the film thins out only 
through a pure stretching mechanism, then it can be considered as a closed system in its own right, 
and the value of the integral in Eq. (5.15) remains constant; in fact this term represents the total 
number of mole of component 𝑖𝑖 enclosed in the lamella volume. The differentiation of Eq. (5.15) 
under this assumption gives: 
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In Eq. (5.16) 𝑐𝑐𝑖𝑖 refers to the concentration of components in the lamella, 𝑉𝑉 is the volume 
and 𝑁𝑁 is the interphase area. Whit reference to Figure 53 and Figure 54, for a disk-shaped liquid 
film the total interfacial area and volume can be respectively calculated as 𝑁𝑁 = 2𝜋𝜋𝑅𝑅𝑓𝑓2 and 
𝑉𝑉 = 𝜋𝜋ℎ𝑓𝑓𝑅𝑅𝑓𝑓2. The term 𝜕𝜕𝑉𝑉/𝜕𝜕𝑁𝑁 is null because, for the stretching mechanism, the lamella volume 
remains constant. Eq. (5.16) can be rearranged into Eq.(5.17) by expressing the derivative of Γ𝑖𝑖 
whit respect to 𝑐𝑐𝑖𝑖 rather than whit respect to 𝑁𝑁. 
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 (5.17) 

Taking advantage of the relation 𝑑𝑑𝜇𝜇𝑖𝑖 = 𝑅𝑅𝑇𝑇𝑑𝑑 ln 𝛾𝛾𝑖𝑖∗𝑐𝑐𝑖𝑖 to express the term 𝜕𝜕𝜇𝜇𝑖𝑖/𝜕𝜕𝑁𝑁 in Eq. 
(5.14) under the condition of unit activity coefficient and substituting 𝜕𝜕𝑐𝑐𝑖𝑖/𝜕𝜕𝑁𝑁 with Eq.(5.17) gives: 
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Wang and Yoon [152] combined Eq. (5.18) written for a single non-ionic component in 
solution with the Langmuir adsorption equation, that is Eq. (5.47) for null flux, deriving a useful 
expression for film elasticity as a function of the surfactant properties and film thickness. 
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In Eq. (5.19), Γ�𝑖𝑖 is the surface concentration of component 𝑖𝑖, while 𝐾𝐾𝐴𝐴 and Γ�𝑖𝑖∞ are the 
parameters of the Langmuir model, which are respectively the equilibrium constant for adsorption 
and the concentration of the surface at saturation. Wang and Yoon applied the equation to the 
measured critical rupture thicknesses for solutions of methyl isobutyl carbinol, a commercial 
flotation additive, showing a strong correlation between the calculated value of Λ and the films 
lifetime [152], [153]. 

It should be stressed that Eq. (5.18) is of general validity and also applies to dilute solutions 
of strong electrolytes, if not for the assumption of unit activity coefficients. On the other hand the 
combination of Eq. (5.18) with the Langmuir adsorption equation to derive Eq. (5.19) makes it 
applicable only to substances that form monolayers, i.e. when the surface concentrations can be 
assumed approximatively equal to the corresponding surface excesses. 

5.1.3.5. Marrucci quasi-equilibrium film thickness theory 

Marrucci [147] derived his theory for quasi-equilibrium film thickness starting from the 
same considerations on the integral term in Eq. (5.15), later also exploited by Wang and Yoon [152] 
to obtain their expression for Gibbs film elasticity. According to Marrucci [147] derivation, the total 
differential of the term (𝑁𝑁Γ𝑖𝑖 + 𝑐𝑐𝑖𝑖𝑉𝑉) is performed grouping the lamella volume, 𝑉𝑉, outside the 
operator, since for pure stretching mechanism 𝑉𝑉 is constant, and subsequently dividing both sides 
of the equation by this value.  
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In Eq. (5.20) The leftmost differential reported in Eq. (5.20) is noteworthy for showing that, 
for a system of constant volume and for small variations of Γ𝑖𝑖, an increment in the interface area 
entails a reduction in the concentration of those components that exhibit positive surface excesses 
and an increase in the concentration of those components that have negative surface excesses 
(interphase depletion). 
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Marrucci [147] exploited the result of Eq. (5.20) assuming negligible the variation of the 
surface excess of the component to write the following relation: 
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Considering that the values of ∆𝑐𝑐𝑖𝑖 calculated from Eq. (5.21) are generally small [147], the 
corresponding changes in surface tension might be related to the bulk concentrations using the 
linear relationship ∆𝐴𝐴 ≈ (𝑑𝑑𝐴𝐴 𝑑𝑑𝑐𝑐𝑖𝑖⁄ )∆𝑐𝑐𝑖𝑖; which, once introduced in Eq. (5.21), provides: 
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In the derivation of Eq. (5.22) the final film thickness, ℎ𝐹𝐹
𝑞𝑞𝑒𝑒, is assumed to be match smaller 

than the initial one, ℎ𝐹𝐹 ≫ ℎ𝐹𝐹
𝑞𝑞𝑒𝑒. The stretching of the film stops when the building up of surface 

tension, 𝐴𝐴0 + ∆𝐴𝐴, exactly counteracts the driving forces to the tinning of the lamella. This 
corresponds to the following inequality: 
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In Eq. (5.23) the term ∆𝑃𝑃𝑁𝑁/2(−𝑑𝑑ℎ𝐹𝐹) represents the infinitesimal work done by the force 
∆𝑃𝑃(𝑁𝑁/2) over the distance 𝑑𝑑ℎ𝐹𝐹; the negative sign for the displacement is due to the fact that the 
film thins from ℎ𝐹𝐹 to ℎ𝐹𝐹 − 𝑑𝑑ℎ𝐹𝐹. ∆𝑃𝑃 represent the sum of capillary pressure and disjoining pressure 
acting on the cross-section area of the lamella (which is the half of the interfacial area). The 
corresponding infinitesimal increment in surface energy of the film is (𝐴𝐴0 + ∆𝐴𝐴)𝑑𝑑𝑁𝑁, where 𝐴𝐴0 is 
the surface tension of the un-stretched interphase. When the incremental step of the work done 
equals the corresponding raise in surface energy the quasi-equilibrium film thickness ℎ𝑄𝑄𝐸𝐸 is 
reached, Eq. (5.23) is simplified in its final form by expressing the terms 𝑁𝑁 and 𝑑𝑑𝑁𝑁 as a function of 
the lamella volume being the latter invariant, i.e. 𝑑𝑑𝑉𝑉 = 0. Although not explicitly stated, Marrucci 
[147] neglected the contribution of 𝐴𝐴0 to the surface energy; therefore introducing Eq. (5.22) in Eq. 
(5.23) under this assumption leads to the following expression for quasi-equilibrium film thickness 
(the equation reported by Marrucci [147], in place of Eq. (5.23), reads 𝛥𝛥𝑃𝑃 = 2𝛥𝛥𝐴𝐴/ℎ𝐹𝐹

𝑞𝑞𝑒𝑒). 
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An equivalent form of Eq. (5.24) is the following one. 
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Eq. (5.25) can be used to obtain a gross estimate for the quasi-equilibrium film thickness 
assuming unit activity coefficients and neglecting the disjoining pressure; i.e. considering the 
capillary pressure as the only driving force of the thinning of the film. The latter is a valid 
assumption only when the calculated quasi-equilibrium film thicknesses are not too small. 
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In Eq. (5.25) (and Eq. (5.26)) 𝑐𝑐𝑖𝑖 refers specifically to the stretched film; however, 
consistently with the derivation of the model, which is valid under the hypothesis of small ∆𝑐𝑐𝑖𝑖, the 
value can be replaced with the corresponding one for the surrounding liquid. 

Marrucci [147] referred to the value of ℎ𝐹𝐹
𝑞𝑞𝑒𝑒 obtained from Eq. (5.25) as a quasi-equilibrium 

value the reason is that, as for the Marangoni stress, Gibbs elasticity may also show relaxation 
phenomena. For instance it is known that dilutes solutions of a pure surfactant in water, such as 
sodium dodecyl sulphate, are able to dampen capillary waves showing a time-dependent elasticity 
modulus. When a wave passes, surface regions are momentarily shrank or widened, the relaxation 
phenomenon arise from the time required for molecules of the surfactant to diffuse from the 
interior of the liquid to the subsurface region, or vice versa, away from it [154]. The Gibbs elasticity 
that arise at the gas-liquid interfaces when two bubbles come to a close distance of tens of nm is 
almost free from the relaxation phenomenon, since the transport of surface-active components 
between the bulk and the lamella via diffusion, can only happen trough the small liquid gap at the 
Plateau border [147], [148]. 

5.1.4. Effect of strong electrolytes on bubble coalescence in water 

It is know that the addition of strong electrolytes to water greatly enhances the stability of 
gas dispersions towards coalescence, and generally (as it is discussed hereafter) reduces the 
terminal velocity of rising bubbles. An example of the former phenomenon, which everyone should 
be familiar with, is the whitecaps formation at the top of waves that, for a comparable turmoil, are 
much more pronounced in see water than are in fresh water. “Proper” surfactants have similar 
effects; however, their influence on the interphase property of water is much stronger as they 
exert visible results at ppm levels and the foams produced from their aqueous solutions are far 
more stable than those produced from aqueous solutions of salts. 

For what concerns strong electrolytes, the following section deals with the designations 
given by different workers for the concentrations at which a system is supposed transitioning to 
non-coalescing conditions. These definitions aren't free from some ambiguity, as they depend on 
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the experimental layout employed and the physical variables used to quantify coalescence. 
Hereafter are referenced the few studies available about the effect of approaching velocity on 
bubble/bubble or bubble/free-surface coalescence, in pure water and in aqueous salt solutions. 
The two section that follows regard the use of Marrucci [147] model to estimate the quasi 
equilibrium fill thickness and to interpreter the transition concentrations for different strong 
electrolytes as a function of the group (𝑑𝑑𝐴𝐴 𝑑𝑑𝑐𝑐𝑀𝑀𝑋𝑋⁄ )2. In the last section, it is proposed a 
modification of the model, so that can be applied, consistently, also to substances that are 
absorbed as monolayers. 

5.1.4.1. The transition concentration 

A precise definition of transition concentration (as explained below), for strong electrolytes 
was given by Lessard and Zieminski [155], which first introduced the concept; they identified it as 
the salt concentration resulting in 50% coalescence when two bubble are brought in contact using 
the adjacent capillaries method. Lessard and Zieminski [155] compared the effectiveness of several 
salts in preventing coalescence and, on the bases of the definition they formulated, plotted the salt 
molarities vs the coalesce frequencies. For all electrolytes tested a sharp reduction in coalesce 
frequency is observed when a specific concentration is crossed (at least a 50% reduction of 
coalescence frequency for a concentration increments of less than 10%). Further, it was found that 
the different curves crudely overlap when the concentrations are replaced with the ionic strength, 
with a transition value at about 0.2 M. 

Craig et al. [156] applied this metric for bubble in swarms assessing the change in 
coalescence behavior by passing a laser beam trough the gas-liquid dispersion and measuring the 
signal of a phototransistor detector placed on the opposite side. It was assumed that the pure 
water signal corresponded to 100% of coalescence frequency and the low, constant signal obtained 
at high salt concentration, to 0 %; then the salt concentration producing 50% of the 
phototransistor reading was considered to be the transition concentration.  

An alternative definition of transition concentration appropriate for bubble swarms was 
given by Cho and Laskowski [157], and after applied by to Quinn et. al [158] to aqueous salt 
solutions. In this case, from the bubble size distribution, the Sauter mean diameter (that is the 
diameter of the sphere with the same volume to surface ratio as the entire ensemble) is calculated 
and plotted as a function of frother concentration, the curve is characterized by a sharp decline 
which reaches a minimum and remains constant for a further surfactant or salt addition. The 
concentration at which the minimum is reached is referred to as critical coalescence concentration. 
A similar approach was used before by Marrucci and Nicodemo [159], which compared the 
effectiveness of different salts and proposed a correlation between the group (𝑑𝑑𝐴𝐴/𝑑𝑑𝑐𝑐𝑀𝑀𝑋𝑋), salt 
concentration, ions valences and mean bubble diameter. Although the correlation is not of general 
validity since the bubble diameters also depend on the setup and the operating conditions used to 
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produce the gas-liquid dispersion, it still provides a rough estimate for the critical coalescence 
concentration. 

5.1.4.2. The effect of bubble approaching velocity on coalescence 

The majority of the experimental studies concerning lamella drainage rates and critical film 
thicknesses are relevant to static conditions since the measurements are usually performed with 
the adjacent capillaries method where the bubbles are generated at the tips of 2 opposing 
capillaries and brought into close contact at almost null approach velocity. On the other hand the 
number of available studies regarding the role of approaching velocity on bubble coalescence is 
extremely limited. One of this study is that of Kirkpatrick and Lockett [146] who found that air 
bubble of about 5 mm rising in pure water with an approach velocity towards the free surface 
higher than 10 cm/s sinks into it, without coalescence, and then oscillates at the interphase before 
finally rupturing; while for approach velocity of less than 1 cm/s the bubble will coalesce on 
contact. They explained that, for large collision velocities, due to the interphases deformation, the 
contact area becomes so high that the drainage rate is reduced to the point that there is no 
enough time for the film to reach the rupture thickness before the bubble is brought to rest. 
Indeed from Eq. (5.11), though strictly valid for bubble-bubble interaction, it can be noted how the 
thinning rate 𝑑𝑑ℎ𝐹𝐹/𝑑𝑑𝑟𝑟 is inversely proportional to the radius of the lamella 𝑅𝑅𝐹𝐹. The potential energy 
accumulated during the arrest period, both for the deformation of the bubble and for the 
deformation of the free surface, reverses the motion, and the lamella starts to thicken again 
putting distance between the two interfaces. Kirkpatrick and Lockett [146] further tested the effect 
of NaCl on coalescence, observing, for low salt concentrations, the same trends observed for pure 
water. When the concentration was increased above 0.6 M the coalescence behavior became 
independent from the approach velocity, with much longer coalescence times. In addition to the 
experimental measurements, Kirkpatrick and Lockett [146] developed 2 models valid for pure 
water: one for bubble-bubble collision and one for bubble-free surface collision. The calculation for 
an equivalent diameter of 5 mm showed that if the approach velocity is less than about 12.0 cm/s, 
for bubble-bubble collision, and less than about 14.5 cm/s, for bubble-free surface collision, 
bubbles are expected to coalesce on the first contact. 

Tsao and Koch [150] studied bubble coalescence in deionized water and 0.4 M NaCl 
solution. In a series of experiment the interaction between a first bubble of about 1 mm, rising 
under the action of gravity, and a second bubble held fixed at the closed end of a test tube was 
recorded with at a frame rate of 1000 fps (for a bubble of this size at free rise velocity the 𝑅𝑅𝑒𝑒 
number is larger than 200 so that wall effects are small [160]). In order to analyze their 
experimental results, Tsao and Koch [150] developed a model applying the potential flow 
approximation both for the film drainage and for the motion of the fluid around the bubbles. The 
model is rather detailed taking into account the complex deformations that happen during the 
interaction. However, the Marangoni stress was neglected arguing that salts have a very small 

123 
 
 



influence on the surface tension. From the recording of the experiments they observed that, not 
only in deionized water but also in NaCl solutions, the initial rate of lamella drainage was very fast 
with a restitution coefficient for the interaction of about 0.8-0.9 (the ratio of the final to initial 
relative velocity between two objects after they collide). Both findings indicate that during the 
bubbles collision the kinetic energy of the fluid was nearly conserved, in agreement with the 
assumption of a nearly absent Marangoni stress. The weak Marangoni effect produces by 
electrolytes solutions can also be appreciated from the analysis of Cain and Lee [148] which shows 
that the lamella interfaces during drainage are not immobile but only singly retarded; or from the 
various studies on bubble rise velocity, where, in many cases, non-detectable velocity differences 
with respect to pure water were observed.  

Even in cases where Marangoni stress is too weak to appreciably slow down fill drainage 
Gibbs elasticity may still prevent coalescence; however, Tsao and Koch [150] did not consider this 
possibility and attributed the stabilizing effect of the electrolytes to hydration forces. As previously 
mention this assumption is physically inconsistent [143]. 

More recently, Ribeiro and Mewes [161] analyzed a large number of data relative to the 
collision of 2 bubbles in water and NaCl solutions for different concentration and temperature. In 
order to guarantee same coalescence during the experiments, the chosen NaCl concentrations 
were quite lower than the transition concentration for this salt. Ribeiro and Mewes [161] plotted 
the common equivalent diameter for 2 colliding bubbles calculated as 2/(1/∅𝑏𝑏1 + 1/∅𝑏𝑏2), where 
∅𝑏𝑏1 and ∅𝑏𝑏2 are the diameter of the two colliding bubbles, vs the approaching velocities marking 
differently the two outcomes: bouncing or coalescence. The choice on the expression for a 
common equivalent diameter was based on the observation that for bubbles with unequal sizes, 
the coalescence time lay closer to the value associated with the smaller bubble. Their results 
showed that, in pure water at 20 °C, 2 bubbles will generally bounce on contact if their 
approaching velocity is higher than 10 cm/s and their common equivalent diameter larger than 2.5 
mm. For smaller sizes the approaching velocities required to avoid coalescence are higher, 
increasing linearly with decreasing diameters and reaching 19 cm/s for common equivalent 
diameters of about 1 mm. The addition of salt seem to simply translate vertically these limits, for 3 
g/l NaCl solution the two bounding velocities are reduced respectively at less than 4 cm/s and to 
about 13 cm/s. 

5.1.4.3. Modification to Marrucci model 

Marrucci [147] equation applies quite well to the estimation of quasi-equilibrium film 
thickness in strong electrolyte solutions, since for these systems film drainage is quite rapid [148] 
and Gibbs elasticity is possibly the only mechanism capable of explaining the observed delays in 
coalescence. Furthermore, these additives show their effect on water only when added in a fairly 
large amount, displaying an approximately linear relationship between surface tension and 
concentration. Both these characteristics agree well with the conditions used to derive Eq. (5.22), 
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i.e. small relative variations of the concentration upon lamella stretching and the possibility of 
expressing discrete variations of surface tension as ∆𝐴𝐴 ≈ (𝜕𝜕𝐴𝐴 𝜕𝜕𝑐𝑐𝑀𝑀𝑋𝑋⁄ )∆𝑐𝑐𝑀𝑀𝑋𝑋, where 𝑐𝑐𝑀𝑀𝑋𝑋 represents 
the concentration of the salt formally treated as an undissociated species, see section 5.1.2. 
Marrucci [147] theory has in fact been applied in many studies concerning the effect of strong 
electrolytes on bubble coalescence in water, hence a brief reference to these works is given in this 
and in the next section. 

In its original model, Marrucci [147] used only the van der Waals forces to estimate the 
disjoining pressure, thereafter other workers modified the model in order to account for different 
other contributions; here are listed the proposed modifications. From these, it may be perceived 
the uncertainty about the nature of these forces and their relative strength; although the 
references here reported are limited to aqueous solutions of electrolytes, similar dissonances can 
be found in the literature regarding film and foam stability for solutions of proper surfactants. 

Sagert and Quinn [162] modified the model, including the double-layer forces, which are 
repulsive, however Prince and Blanch [163] observed that the double-layer interactions for the salt 
concentrations of interest are insignificant across the range of film thickness encountered during 
the coalescence process. They instead reformulated Marrucci model so as to include the inertial 
term; the result suggests that the momentum of the moving liquid stretches the lamella a little 
further than that predicted from the original expression. 

Prince and Blanch [163] further revised Marrucci model replacing the pure non-retarded 
van der Waals forces with the retarded Casimir-van der Waals forces, being the latter more 
appropriate for the calculation of the disjoining pressure at the observed rupture thicknesses. 

Chan and Tsang [164] argued that the hydration interactions should be the dominant term 
in the disjoining pressure, they postulated that the inhibition effects of electrolytes on bubbles 
coalescence is mainly due to these forces which are in fact repulsive. Hydration forces, which arise 
from the strongly bound and oriented first layer of water molecules on surfaces or around ions, 
may prevent two surfaces or macromolecules from approaching any closer than 5-6 Å. Film rupture 
between 2 bubbles occurs within a range of tens of nanometers, whether the decay lengths of the 
hydration forces are shorter than 2 nm, therefore accounting them as the reason for the stabilizing 
effects of salts on bubbles is physically inconsistent and cannot be justified [143]. 

Cain and Lee [148] used Eq. (5.25) to obtain the quasi-equilibrium film thickness for air 
bubble in aqueous KCl solution. They found that, for bubbles of 0.8 mm diameter, the solute 
concentration that must be present in order to prevent the almost instant coalescence that occurs 
in pure water is 0.3 M, corresponding to a quasi-equilibrium film thickness of 66 nm. They further 
suggested that below the transition concentration, see section 5.1.4.1, the quasi-equilibrium 
thickness is less than the critical thickness given by Eq. (5.10). Indeed, in addition to the Van der 
Waals forces, the other contribution to the disjoining pressure is the electric double layer, that on 
the contrary is a repulsive force. However, it is assumed that, at high electrolyte concentration, the 
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surface potential of the electric double layer is reduced and its field of action is shortened to such 
an extent to justify the use of Eq. (5.10) without correcting for its contribution. 

5.1.4.4. Ions specific effects on bubble coalescence 

Despite the several experimental studies conducted on the topic still there is no definitive 
agreement on the reasons behind the stabilizing effect of salts on bubble coalescence [143]. In this 
section are described some of the alternative theories provided by other workers to explain this 
ambiguous phenomenon. 

[147] Christenson and Yaminsky [165], in line with Marrucci theory, plotted the group 
(𝑑𝑑𝐴𝐴 𝑑𝑑𝑐𝑐𝑀𝑀𝑋𝑋⁄ )2 vs the transition concentrations for different electrolytes obtaining a linear trend. 
Weissenborn and Pugh [166], [167] considered the correlation mediocre and argued that 
significantly larger values of (𝑑𝑑𝐴𝐴 𝑑𝑑𝑐𝑐𝑀𝑀𝑋𝑋⁄ )2 should be required to explain the effect of electrolytes 
on coalescence; since “proper” surfactants have (𝑑𝑑𝐴𝐴 𝑑𝑑𝑐𝑐𝑖𝑖⁄ ) of over -200 mN⋅m-1/M, whereas strong 
electrolytes fall in the range -2 mN⋅m-1/M +4 mN⋅m-1/M. Yet, it should be remarked that in Eq. 
(5.26) the term (𝑑𝑑𝐴𝐴 𝑑𝑑𝑐𝑐𝑖𝑖⁄ ) is multiplied by a factor of �𝑐𝑐𝑖𝑖 and the transitional concentrations for 
salts are orders of magnitude larger than the concentrations at which “proper” surfactants inhibit 
coalescence. 

Based on a particularly good correlation between O2 solubilities in different electrolytes 
solution and the ratio (𝑑𝑑𝐴𝐴 𝑑𝑑𝑐𝑐𝑀𝑀𝑋𝑋⁄ )2, Weissenborn and Pugh [166], [167] speculated that attraction 
between bubbles operates through some form of microscopic bubble interaction or bridging 
between the macroscopic bubbles. Since electrolytes decrease gas solubility so does the 
concentration of microscopic bubble in the liquid and consequently coalescence frequency. Henry 
et al. [168] pointed out that gas solubility and change of surface tension depends upon the 
intermolecular forces within the liquid therefore are expected to be correlate. However, in line 
with Weissenborn and Pugh, they also rejected Christenson and Yaminsky correlation [165]. 
Instead they proposed that ion positioning in the interfacial region and the formation of a short-
range double layer specific for some ion combinations may act to introduce a partial-slip or no-slip 
boundary condition at the interface; however no further clarification was provided. As previously 
mention, film rupture thicknesses in electrolytes solution at their transitional concentration are 
tens of nanometer, at these concentrations, the electric double layer potential decays so rapidly 
and the surface potential is so small that virtually no interaction should be expected between 
surfaces further apart than few nanometers [163]. 

In an attempt to better understand the effect of electrolytes on bubble coalescence some 
authors have focused on ion-specific effects. Weissenborn and Pugh [166] rationalized the 
𝑑𝑑𝐴𝐴 𝑑𝑑𝑐𝑐𝑀𝑀𝑋𝑋⁄  ratio for a wide range of chloride electrolytes on the base of standard molar entropies of 
hydration for the cations. They concluded that structure-breaking ions tend to favor the surface 
region more than the bulk liquid producing a positive contribution to the overall surface excess of 
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the salt. And structure-making ions tend to favor the bulk producing a negative contribution to the 
overall surface excess (surface depletion) of the salt. For an exhaustive analysis on the effect of 
ions on the structure of water and relative classification in structure-braking and structure-making 
classes e.g. see [169]. Although Weissenborn and Pugh considered the correlation found by 
Christenson and Yaminsky [165] mediocre, they used it to develop a simple set of combining rules 
for predicting the inhibition properties for single electrolytes in solution on bubble coalescence. 
According to these rules: A salt formed combining a structure-making cation and anion generally 
produces an overall value of 𝑑𝑑𝐴𝐴 𝑑𝑑𝑐𝑐𝑀𝑀𝑋𝑋⁄ > 1 mN⋅m-1/M and will present a transition concentration 
that when exceeded will inhibit coalescence. A salt formed combining a structure-breaking cation 
and anion may produce an overall value of 𝑑𝑑𝐴𝐴 𝑑𝑑𝑐𝑐𝑀𝑀𝑋𝑋 < −1⁄  mN⋅m-1/M and in that case prevent 
coalescence above its transitional concentration. However, most salts belonging to the latter 
category possess 𝑑𝑑𝐴𝐴 𝑑𝑑𝑐𝑐𝑀𝑀𝑋𝑋⁄  values that are not sufficiently negative. A salt formed combining a 
structure-braking ion and a structure-making ion will most probably have only little effect on the 
surface tension of water, showing 1 mN⋅m-1/M > 𝑑𝑑𝐴𝐴 𝑑𝑑𝑐𝑐𝑀𝑀𝑋𝑋 >⁄  -1 mN⋅m-1/M, and will not prevent 
coalescence even at highest concentrations. Some combination may also produce insoluble salts. 
The table at the base of Weissenborn and Pugh [166] combining rules, was first compiled by Craig 
et al. [156], although without providing a justification. 

Like Weissenborn and Pugh [166], Henry et al. [168] also excluded Gibbs elasticity as the 
mechanism of action of electrolytes in preventing bubble coalescence. As mentioned before, they 
attributed the inhibition to the specific ions positioning in the first few Å from the surface and the 
formation of a short-range electric double layer that can partially retard or completely immobilize 
the interphase. According to this theory, a separation of anions and cations between surface and 
subsurface is required to suppress coalescence. The hypothesis that the distribution of the ions in 
the thin low-density layer of fluid immediately next to the surface  is at the base of the coalescence 
inhibition properties of salts was first proposed by Marčelja [170].  

The molecular dynamics simulations of Jungwirth and Tobias [141] and the spectroscopic 
evidences reported by Petersen and Saykally  [171], demonstrate that ions may not have 
monotonic trends in concentration from the interface to the bulk. It is, therefore, possible to have 
a depletion of a solute in the outermost liquid layer of the interface followed by a sufficiently large 
concentration excess in the sub-layers so that net surface excess can still be positive, e.g. see Na+ in 
Figure 52. Henry et al. [168] cited these evidence together with Marčelja hypothesis [170] and the 
mechanism they proposed to justify the otherwise purely empirical mixing rules and ions 
classification they devised. Further, relying on the fact that for mixed electrolytes in equimolar 
amount they did not find any relationship between 𝑑𝑑𝐴𝐴 𝑑𝑑(𝑐𝑐𝑀𝑀𝑋𝑋 + 𝑐𝑐𝑁𝑁𝑁𝑁)⁄  values and coalescence 
inhibition properties they came to the conclusion that Christenson and Yaminsky correlation [165] 
was nonexistent. Here 𝑑𝑑𝐴𝐴 𝑑𝑑(𝑐𝑐𝑀𝑀𝑋𝑋 + 𝑐𝑐𝑁𝑁𝑁𝑁)⁄  indicates the change in surface tension of an aqueous 
solution produced by the equimolar addition of the two salts 𝑀𝑀𝑀𝑀 and 𝑁𝑁𝑁𝑁. 
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Henry et al. [168] ions classification and mixing rules, although accredited as independent 
from surface excess, structural effect on water and 𝑑𝑑𝐴𝐴 𝑑𝑑𝑐𝑐𝑖𝑖⁄  values, are very similar to that of Craig 
et al. [156] and Weissenborn and Pugh [166]. The mixed electrolytes they used to disprove 
Christenson and Yaminsky correlation [165] can be considered as an equimolar mixture of: a 
structure-making cation, a structure-making anion, a structure-breaking cation and a structure-
breaking anion. According to Weissenborn and Pugh [166], structure-breaking and structure-
making ions have competing effect on surface tension, therefore the equimolar addition of mixed 
electrolytes paired in this way would have little effect on the interfacial tension of water, and this 
was indeed the case in Henry et al. [168] measurements. The contradiction to Christenson and 
Yaminsky correlation [165] arose from the fact that these mixed electrolytes, although showing 
small absolute value of the overall 𝑑𝑑𝐴𝐴 𝑑𝑑(𝑐𝑐𝑀𝑀𝑋𝑋 + 𝑐𝑐𝑁𝑁𝑁𝑁)⁄ , were able to inhibit bubble coalescence. 
However, it should be considered that for mixed electrolytes, when their concentration is changed 
in an equimolar fashion, the term 𝑑𝑑𝐴𝐴 𝑑𝑑(𝑐𝑐𝑀𝑀𝑋𝑋 + 𝑐𝑐𝑁𝑁𝑁𝑁)⁄  may not be directly related to Gibbs elasticity, 
as instead, is the case for single electrolytes. 

When an interface is expanded (stretched) the concentration in the bulk of those 
component that present negative surface excess will increase, and vice versa for those component 
that possess positive surface excess, see Eq. (5.20). Both, bulk depletion from components having 
positive surface excess, and bulk enrichment from components having negative surface excess act 
in the same direction to increase Gibbs elasticity, see Eq. (5.14). Mixed electrolyte, presenting the 
particular ion composition described above, may show negligible effect on the surface tension of 
water, but still produce a strong effect in terms of Gibbs elasticity and, therefore, preventing 
bubble coalescence in line with Marrucci theory [147]. On the other hand, according to 
Weissenborn and Pugh [166] a salt formed combining a structure-braking ion and a structure-
making ion will show little effect on the surface tension of water and will not inhibit coalescence. 
The reason why this is generally true for the single electrolyte example can be justified considering 
that a different distribution between the bulk and the surface region of the only 2 ions present in 
solution necessary comes with a strong charge separation, which in turn will hindered any further 
displacement from/towards the stretched interface, i.e. the two ions cannot “adsorb” 
independently: sgn(Γ𝑀𝑀+) = sgn(Γ𝑋𝑋−). Put in another way, Weissenborn and Pugh [166] mixing 
rules and Marrucci theory [147] provide an interpretation on the effect of mixed electrolytes on 
bubble coalescence observed by Henry et al. [168]; however, they cannot be directly applied to 
this case simply by replacing the group 𝑑𝑑𝐴𝐴 𝑑𝑑𝑐𝑐𝑀𝑀𝑋𝑋⁄  with 𝑑𝑑𝐴𝐴 𝑑𝑑(𝑐𝑐𝑀𝑀𝑋𝑋 + 𝑐𝑐𝑁𝑁𝑁𝑁)⁄ , as done by the latters.  

Eq. (5.24) was actually derived for a single component in solution, but is still valid for the 
case of ions produced via dissociation of a single electrolyte through a minor adaptation. This is 
possible because of the relation Γ𝑀𝑀+/𝜈𝜈𝑀𝑀+ = Γ𝑋𝑋−/𝜈𝜈𝑋𝑋− , which derives from the electroneutrality 
principle written for the interphase region and for the pure undissociated salt, see Eq. (5.6). 
Instead, for mixed electrolyte systems, the application of the aforementioned principle does not 
lead to such equalities. To prove that use of the group 𝑑𝑑𝐴𝐴 𝑑𝑑𝑐𝑐𝑀𝑀𝑋𝑋⁄  to benchmark the frother 
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performance of single electrolytes is consistent, while the use of group 𝑑𝑑𝐴𝐴 𝑑𝑑(𝑐𝑐𝑀𝑀𝑋𝑋 + 𝑐𝑐𝑁𝑁𝑁𝑁)⁄  for 
mixed electrolytes is not, the Marrucci model [147] is here derived for multi-component systems.  
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Eq. (5.27) is equivalent of Eq. (5.22) but written for a multi-component system. Introducing 
this last equation in Eq. (5.23) leads to the following expression: 
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The summation in the rightmost expression reported in Eq. (5.28) shows that only the 
absolute values of the surface excesses affect the value of the quasi-equilibrium film thickness; 
while Eq. (5.4), written as Eq. (5.29), clearly shows that the variation of the surface tension of the 
solution with the concentration of all the components also depends on the signs of Γ𝑖𝑖. 

( )*lni i i
i

d RT d cσ γ= − Γ∑  (5.29) 

It should, therefore, be obvious that, for a multi-component system, the change in surface 
tension of the solvent with the equimolar variation of the concertation of the components cannot 
be correlated to the quasi-equilibrium film thickness. Furthermore, it is worth noting that, while 
large variations of 𝐴𝐴 at least suggest that Γ𝑖𝑖 have concordant signs or that some are much larger 
than others, small variations do not even provide qualitative indications which can be used to infer 
on the coalescence properties of the solutions. This is most probably the reason why Henry et al. 
[168] did not find any relationship between 𝑑𝑑𝐴𝐴 𝑑𝑑(𝑐𝑐𝑀𝑀𝑋𝑋 + 𝑐𝑐𝑁𝑁𝑁𝑁)⁄  and the coalescence inhibition 
properties of mixed salts. Similar conclusions can be reached by comparing Eq. (5.29) to Eq. (5.18), 
i.e. Wang and Yoon [152] equation for the Gibbs elasticity in multi-component systems, since for 
the latter, as for Eq. (5.28), the surface excesses appear squared. 

As previously mentioned, due to the equalities Γ𝑀𝑀+/𝜈𝜈𝑀𝑀+ = Γ𝑋𝑋−/𝜈𝜈𝑋𝑋− = Γ𝑀𝑀𝑋𝑋, single 
electrolytes solutions represent a special case of multicomponent systems. When this relation is 
introduced in Eq. (5.28) and Eq. (5.29) it gives 
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The particular form of Eq. (5.31) allows to correlate the group 𝑑𝑑𝐴𝐴 𝑑𝑑𝑐𝑐𝑀𝑀𝑋𝑋⁄  to the term Γ𝑀𝑀𝑋𝑋2  in 
Eq. (5.30) and consequently to the quasi-equilibrium film thickness; hence Christenson and 
Yaminsky [165] and Weissenborn and Pugh [166] approaches are consistent. 

Eq. (5.30) can also be rewritten in a form more similar to that of Eq. (5.25). 
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5.1.4.5. Proposal of new equations for quasi-equilibrium film thickness 

In this section are proposed two equations for calculating the quasi-equilibrium film 
thickness in single electrolytes and surfactant solutions that account for the variation of the 
component concentration upon the stretching of the liquid film. For surfactants, the bulk 
concentration is correlated to the surface excess applying Gibbs isotherm and Langmuir adsorption 
model, i.e. assuming Γ𝑖𝑖 ≈ Γ�𝑖𝑖; while for strong electrolytes, the Gibbs isotherm is combined with the 
assumption of a constant 𝑑𝑑𝐴𝐴/𝑑𝑑𝑐𝑐𝑀𝑀𝑋𝑋 ration that is often shown by these solutions. According to the 
present derivation, the result of Eq. (5.23), is written replacing the surface pressure term, ∆𝐴𝐴, with 
a corresponding integral expressed as a function of the component concentration. 
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∫  (5.33) 

Here 𝑐𝑐𝑖𝑖0 and 𝑐𝑐𝑖𝑖
𝑞𝑞𝑒𝑒 represent the concertation of the electrolyte in the lamella when the film 

stars to stretch and when the quasi-equilibrium film thickness is reached. Exploiting the 
approximatively linear relation between surface tension and concentration exhibited by the 
aqueous solution of single strong electrolytes Eq. (5.33) can be simplified in Eq. (5.34). 
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∫  (5.34) 

The same approach may also be applied to the case of a generic surfactant 𝑖𝑖. 
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∫ ∫  (5.35) 

The surface excess of surfactants may be approximated with the corresponding surface 
concentration estimated using an adsorption model such as the Langmuir isotherm, that is Eq. 
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(5.47) for null flux, and, for highly dilute solutions, the differential of the chemical potential can be 
simplified to 𝑑𝑑𝜇𝜇𝑖𝑖 ≈ 𝑅𝑅𝑇𝑇𝑑𝑑[ln(𝑐𝑐𝑖𝑖)]. 
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∫ ∫

 (5.36) 

The concentration of the surfactant at quasi-equilibrium film thickness, 𝑐𝑐𝑖𝑖
𝑞𝑞𝑒𝑒, can be 

obtained from the central expression reported in Eq. (5.20). 
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Expressing again the surface excess via the surface concentration and combining Eq. (5.37) 
with Eq. (5.36), gives the following non-linear system in the two unknowns ℎ𝐹𝐹

𝑞𝑞𝑒𝑒 and 𝑐𝑐𝑖𝑖
𝑞𝑞𝑒𝑒. 
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 (5.38) 

For an uni-univalent surfactant 𝑖𝑖 formally treated as un-dissociated in solution, the 
approximate differential of the chemical potential introduced in Eq. (5.36) should be written as 
𝑑𝑑𝜇𝜇𝑖𝑖 ≈ 2𝑅𝑅𝑇𝑇𝑑𝑑[ln(𝑐𝑐𝑖𝑖)]; therefore for this specific case the rightmost term in Eq. (5.38) is multiplied 
by a factor of 2. 

For salts, the surface excess terms in Eq. (5.37) can be replaced using Eq. (5.8) and, if the 
term 𝑑𝑑𝐴𝐴/𝑑𝑑𝑐𝑐𝑀𝑀𝑋𝑋 is considered constant, it is possible write the difference 𝑐𝑐𝑀𝑀𝑋𝑋

𝑞𝑞𝑒𝑒 − 𝑐𝑐𝑀𝑀𝑋𝑋0  as: 
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Combining Eq. (5.34) with Eq. (5.39) leads to: 
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 (5.40) 

While Eq. (5.40) reduces to Eq. (5.25) under reasonable approximations that are valid for 
electrolytes solutions, i.e. ℎ𝐹𝐹0 ≫ ℎ𝐹𝐹

𝑞𝑞𝑒𝑒 and 𝑐𝑐𝑀𝑀𝑋𝑋
𝑞𝑞𝑒𝑒 ≈ 𝑐𝑐𝑀𝑀𝑋𝑋0 , Eq. (5.38), instead, provides a new expression 
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for the quasi-equilibrium film thickness that can be applied to surfactant solutions where the 
assumptions 𝑐𝑐𝑖𝑖

𝑞𝑞𝑒𝑒 ≈ 𝑐𝑐𝑖𝑖0 and ∆𝐴𝐴 ≈ (𝜕𝜕𝐴𝐴 𝜕𝜕𝑐𝑐𝑖𝑖⁄ )∆𝑐𝑐𝑖𝑖 might not be valid. 

5.1.5. Effect of salts addition on bubble rise velocity in water 

The experimental characterization of the rise velocity of bubbles in pure water, despite the 
apparent simplicity of the measurement, is made extraordinarily uncertain by the susceptibility of 
this system towards trace amount of contaminants. In this regard Clift et al. [160] remarked that 
most of the experimental results in the literature are for "grossly contaminated" bubbles, and that 
the measures required to purify such systems and the precautions needed to ensure no further 
contamination are so stringent that one must accept the presence of surface-active contaminants 
in most systems of practical importance. Jameson [139] in 1984 states that, as far as he was aware, 
the rise velocity predicted by the Hadamard-Rybczynski equation for air bubbles in pure water for 
the size range 𝑅𝑅𝑒𝑒 < 1, for which Eq. (5.42) is valid, was never been observed. And Kelsall et al. 
[172] argued that adventitious surface-active contaminants are generally present in the analytical 
grade chemicals even in purified water and in air, and the production of solutions absolutely free 
of any surface-active impurities is a platonic ideal; detection of the attainment of which would be 
limited by lack of adequately sensitive analytical techniques. 

In this context, the rise velocity of bubbles in aqueous solutions of strong electrolytes is 
probably the best example of how the failure of detection, or the inadequate characterization of 
the type and concentration of contaminants possibly present in the systems, has led various 
workers to conflicting conclusions. The next sections are focused on the critical comparison of 
some of these experimental works in order to give an interpretation of the various results and 
possibly establish the actual effects of salts on bubbles rise velocity in water. 

5.1.5.1. Terminal rise velocity of bubbles in pure and contaminated water 

This section gives a brief overview of the rise velocity of bubbles in pure and contaminated 
water that serve as a base for the analysis of the evidence reported in the literature regarding the 
effects strong electrolytes may or may not have on the hydrodynamic characteristics of these 
systems. 

The terminal rise/falling velocities of small spherical solid particles in a second continuous 
fluid can be calculated from the balance of buoyancy and drag forces using Stokes' law according 
to Eq. (5.41). On the other hand the terminal velocities of small bubbles and droplets rising/falling 
in a pristine liquid also depends on the interphase mobility and the degree of internal recirculation, 
which are function of the viscosity ratio 𝜅𝜅 = 𝛿𝛿𝑏𝑏/𝛿𝛿𝑠𝑠. The terminal velocity is then calculated from 
the Hadamard-Rybczynski equation according to Eq. (5.42). 
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In Eq. (5.41) and Eq. (5.42) is the terminal velocity, ∅𝑏𝑏 is the sphere diameter, 𝑔𝑔 is the 
gravitational acceleration,  𝜌𝜌𝑏𝑏 and 𝛿𝛿𝑏𝑏 are the density and the viscosity of the moving particle, while 
𝜌𝜌𝑠𝑠  and 𝛿𝛿𝑠𝑠 are the density and the viscosity of the surrounding fluid. For a completely immobile 
interface 𝜅𝜅 → ∞, and the Hadamard-Rybczynski equation reduces to expression for the terminal 
velocity of solid spheres, i.e. Eq. (5.41); while for a fully un-retarded interface, that is it the case of 
gas bubbles in pristine liquids, 𝜅𝜅 ≈ 0 and the terminal velocity becomes 1/3 higher than that of the 
corresponding solid sphere. Hadamard-Rybczynski equation and Stokes' law are strictly valid for 
𝑅𝑅𝑒𝑒 < 0.1, at 𝑅𝑅𝑒𝑒 equal to 1 the deviations are around 10% [173]. Therefore the terminal velocity of 
air bubbles with diameter larger than 0.1 mm rise in pure and fully contaminated water are 
generally given in graphical form as function of the particle equivalent diameter, i.e. the diameter 
of the sphere with equal volume.  

Bubbles or droplets in free rise or falls in a stagnant fluid are generally grouped in the 
following three categories: a spherical regime for aspect ratio 𝐸𝐸� > 0.90, an ellipsoidal regime 
which refer to deformed fluid particles but with fully convex interface, and a spherical cap regime, 
large bubbles or droplets that adopt flat bases and may appear similar to a portion of a sphere cut 
off by a plane [160]. The transition from spherical regime to ellipsoidal regime is done on the base 
of 3 dimensionless numbers: the 𝐸𝐸𝑚𝑚 number, 𝑀𝑀𝑚𝑚 number and the viscosity ratio 𝜅𝜅, see section 5.2; 
however, a distinction is also made between contaminated and pure systems. 

In fully contaminated systems the Hadamard-Rybczynski recirculation is completely 
suppressed due to the immobilization of the interface by the adsorption of contaminants, see 
section5.2.1.1; the transition from spherical to ellipsoidal regime is determined only on the base of 
𝐸𝐸𝑚𝑚 and 𝑀𝑀𝑚𝑚 numbers. For bubbles 𝑀𝑀𝑚𝑚 number is always much smaller than 10-6, under this 
circumstance the correlation depends only on the 𝐸𝐸𝑚𝑚 number. When the contaminants are not in 
sufficient amount to immobilize the entire interphase the shape cannot be determined by the two 
fluid properties alone. However, the fluid particle tends to maintain higher sphericity in the more 
contaminated systems, as e.g. observed in the experiments of Sam et al. [174] with air bubbles in 
water for different frother concentrations, or from the correlations for fully contaminated system 
such as the one developed by Wellek et al. [175]. 
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Figure 55: Terminal velocity of air bubbles in water at 20 °C, Clift et al. [160] 

In the particular case of air bubbles in fully contaminated water, Figure 55, the rise velocity 
increase linearly with the diameter from 0.2 mm to 0.45 mm. The upper diameter corresponds to a 
rise velocity of about 5.0 cm/s, and with a 𝑅𝑅𝑒𝑒 number of about 20, to the formation of the wake. 
The bubble aspect ratio 𝐸𝐸� remains larger than 0.90 up to equivalent diameters of about 1.7 mm, 
with rise velocity of about 14 cm/s and a 𝑅𝑅𝑒𝑒 number slightly above 200, this coincides to the onset 
of wake instability. In the ellipsoidal regime, the rise velocity increases steadily with ∅𝑏𝑏, though at 
a slower pace than the in spherical regime. The end of the ellipsoidal regime and the beginning of 
the spherical cap region is reached for 𝐸𝐸𝑚𝑚 number of 40 with ∅𝑏𝑏 of 17.7 mm and a rise velocity of 
about 27.0 cm/s; 𝑅𝑅𝑒𝑒 number is around 4500. 

For bubbles and droplets rising or falling in carefully purified systems Clift et al. [160] 
derived a graphical correlation to obtain the aspect ratio, 𝐸𝐸�, as function of 𝐸𝐸𝑚𝑚 number and 
viscosity ratio. It was noted that for 0.8 < 𝐸𝐸� < 0.9, i.e. in the first part of the ellipsoidal regime, no 
experimental points were available to validate the correlation, and for 𝐸𝐸� < 0.5 no trends in the 
data seems to exist. This is a clear indication of the two main issues related to purified system: the 
difficulties of successfully eliminating any contaminants from the solution and the high instability 
of the hydrodynamic behavior at the transition between spherical and ellipsoidal regimes. 

For air bubbles with an equivalent diameter smaller than 0.45 mm rising in pure water, the 
terminal velocities follows the same trend as for the contaminated system, since even distilled 
water tends to contain sufficient surfactant to prevent internal recirculation in this size range, 
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Figure 55. After ∅𝑏𝑏 of 0.45 mm, the rise velocity increase steadily, further separating from the 
curve for the fully contaminated water; the bubbles deform more as well and the ellipsoidal 
regime, 𝐸𝐸� = 0.9, is reached for an equivalent diameter of about 1 mm. The rise velocity is about 
20.0 cm/s and 𝑅𝑅𝑒𝑒 number is near 200. Thanks to the completely mobile interface, the wake 
shedding is delayed to 𝑅𝑅𝑒𝑒 numbers of over 450, corresponding to equivalent diameters near 1.3 
mm and rise velocities of 34.5 cm/s. This is the highest velocity for air bubbles in ellipsoidal regime 
freely rise in water. The point is a discontinuity in the terminal velocity that after starts to 
decreases for higher ∅𝑏𝑏 values. At 𝑅𝑅𝑒𝑒 of about 1350 a local minimum is reached, the equivalent 
diameters is 6 mm and the rise velocity is 23 cm/s. The terminal velocity starts to increase again 
and reach a value of 28.5 cm/s at the beginning of the spherical cap regime, 𝐸𝐸𝑚𝑚 = 40, the 
equivalent diameter is about 17.0 mm, 𝑅𝑅𝑒𝑒 number is around 4800. Rise velocity of air bubbles in 
the spherical cap regime in pure and contaminate water converge to the same line and it is 
presumed that surface tension forces cease to be important [160]. 

Fluids particles of intermediated sizes are characterized by 2 additional motions: trajectory 
paths and shape oscillation, these are discussed in more detail in section 5.2.2. 

5.1.5.2. Rise velocity of bubbles of less than 1 mm in aqueous salt solutions 

Bubbles in the microscale rage rise in water following, almost always, the predictions of Eq. 
(5.41), i.e. Stokes' law. While rise velocity in line with Hadamard-Rybczynski equation, that is Eq. 
(5.42), can only be observed when extreme care is adopted to ensure the decontamination of the 
set-up employed and the purity of chemical used. As mention in section5.1.5.1, the latter 
expressions predict terminal velocities that are exactly 1/3 larger than the former one so that an 
ambiguous interpretation of the results is unlikely. In truth, there is a certain interval of time, after 
the release, in which bubbles accelerate before reaching the corresponding terminal velocities, but 
for diameters of less than 0.1 mm this period is practically null. This can be confirmed from Eq. 
(5.41) or Eq. (5.42) introducing the inertial term in the force balance, i.e. 𝜋𝜋(𝜌𝜌𝑠𝑠 − 𝜌𝜌𝑏𝑏)∅𝑏𝑏3/6(𝑑𝑑u𝑏𝑏/
𝑑𝑑𝑟𝑟), and calculating the time required for the velocity to reach 99% of the terminal value. 

Probably the first studies on rise velocity of microbubbles in artificial seawater is that of 
Detsch and Harris [176]. They measured the terminal velocities of air bubbles for the diameters 
range 20 µm-1.1 mm at about 30-40 cm above the release point. For the range 20 µm-150 µm, 
they observed rise velocity in line with the Stokes' law both for artificial seawater and for pure 
water. For larger equivalent diameters the velocities measured in the two systems were equal up 
to 0.4 mm; above this limit, the rise velocity was higher in pure water than in the artificial 
seawater. Indeed, this equivalent diameter is very close to the value at which the two curves, for 
pure and contaminated water reported in Figure 55, start to diverge. Based on these results, 
Detsch and Harris [176] concluded that internal circulation was restricted in sea water for bubbles 
with ∅𝑏𝑏 < 1.1𝑚𝑚𝑚𝑚. 
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More recently Henry et al. [177] measured the terminal raising velocity of small N2 bubbles 
with a diameter between 40 µm and 100 µm in different electrolyte solutions for concentration 
between 0.001 M and 0.2 M. Their experimental results were in good agreement with Hadamard-
Rybczynski equation attesting the absence of interphase immobilization. The fact that Henry et al. 
[177] were able to observe rise velocities higher that that predicted by Stokes' law for such small 
bubble is an indication of the high degree of decontamination reached in their tests. Indeed, as 
mention in section 5.1.5.1, the curves for the rise velocities of air bubbles in pure and 
contaminated water overlap for the ∅𝑏𝑏 < 0.45𝑚𝑚𝑚𝑚. For the same diameters range Detsch and 
Harris [176] data were in agreement with Stokes' law even for deionized water, probably indicating 
a lower degree of decontamination. The fact that for bubbles with equivalent diameters larger 
than 0.4 mm Detsch and Harris [176] observed lower terminal velocities in NaCl solutions compare 
to deionized water may be the result of some contaminant present in the salt, rather than the 
effect of the salt itself. In fact, Henry et al. [177] roasted both NaCl and KCl at 500 °C for several 
hours before preparing the corresponding solutions, while Detsch and Harris [176] employed and 
aquarium sea-salt mixture (Instant Ocean) without further treatment. 

The study of Parkinson and Ralston [178], though focused on the interaction of very small 
bubbles, 15-120 μm, with a hydrophilic TiO2 surface provides another example showing that salts 
do not exert effects on the interface mobility of bubbles. In their apparatus, the bubbles were 
allowed to rise for approximately 25 mm at the terminal velocity before approaching the TiO2 

surface at the top of the cell. Parkinson and Ralston [178] measured the bubble rise velocities in 
KCl and (CH3)4NBr solutions between 1∙10-4 M and 0.1 M for different pH, which was adjusted to 
either 6.3 or 3.5 by addition of KOH or HCl. Ultra-high-purity water was used for all experiments, 
KCl was calcined and recrystallized twice and (CH3)4NBr was freeze-dried and heated at 140 °C. 
Parkinson and Ralston [178] observed rise velocities in line with Hadamard-Rybczynski equation for 
all the mediums tested, confirming the pristine nature of the bubbles interphase throughout all the 
experiments. 

A relative recent work on rise velocity of bubbles in the aqueous salt solutions specifically 
focused on the range of tenths of a millimeter is that of Sato et al. [179]. They measured the 
terminal velocity of N2 bubbles in ultrapure water, pure water and NaCl solutions prepared from 
analytical grade standards. The range of concentrations was from 0.02 M to 0.20 M and the bubble 
size was warier virtually continuously from 0.12 mm to 0.88 mm. Sato et al. [179] measured the 
rise velocities at 40 cm from the point of release and compared their results with 2 correlation 
available in literature for the drag coefficient respectively for bubbles with completely mobile 
interphase and for solid spheres. They observed that the rise velocities in ultrapure water and NaCl 
solution were in agreement with the correlation given for completely mobile interphase in the 
entire range of bubble diameters tested, though, for the smallest sizes, the terminal velocities 
were vaguely smaller in the salt solutions than in ultrapure water. The modest difference in the 
velocities observed was attributed to the contamination of the salt solutions during preparation 
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and handling. In pure water, the terminal velocities were in agreement with a fully mobile interface 
for the diameters larger than 0.6 mm; for smaller diameter, the rise velocities gradually 
approached the prediction for the solid sphere, matching it for ∅𝑏𝑏 of 0.3 mm. This clearly shows 
how smaller bubbles are influenced more by surface-active contaminants, even for the trivial 
amounts that may present in pure water.  

The studies of Henry et al. [177], Parkinson and Ralston [178] and Sato et al. [179],  who 
have taken great care in preventing contamination during they terminal velocities measurements, 
shows that the addition of salts to ultrapure water does not produce any detectable change in the 
mobility of the bubbles interphase, especially after considering size range to which the first two 
studies refer. Indeed, the procedures required to ensure a level of decontamination of the 
solutions such that rise velocity measurements are not to alter, are so strict that eve recently 
Tanaka et al. [180] (2019) could not produce data for freely rising microbubbles in line with 
Hadamard-Rybczynski equation, not even in ultrapure water. 

5.1.5.3. Rise velocity of bubbles in the range 1 mm to 20 mm in aqueous salts 

solutions 

Differently from microbubbles, larger bubbles must cover a non-negligible distance before 
reaching their terminal velocity. However, if the solution contains enough surface-active 
impurities, after reaching a peak velocity, the bubbles may decelerate and then settle to a lower 
terminal velocity. This period can be interpreted as the time required for the stagnant cap, see 
5.2.1.1, to grow up to a point where the total drag reaches its maximum value, that is when the 
adsorption and desorption fluxes of the contaminants over the entire surface of the bubble reach a 
condition of dynamic equilibrium. In the case where the concentration of the surface-active 
impurities is sufficiently high that the diffusion limitation on their transfer is not so marked, a 
deceleration period may not be observed ad the bubbles will reach a pick velocity that remains 
constant and equals to that expected for contaminated water. The experimental observation of an 
actual deceleration is conditional on the possibility to observe the rising bubbles over a sufficient 
path length, which clearly increases with the size of the bubbles and the reduction of the level of 
contamination. 

In this direction Sam et al. [174] were among the firsts to applied a moving camera system 
to measure the velocity of a rise bubble as a function of time; and thanks to the use of a 4 m height 
column, they were able to detect a constant deceleration in the rise velocity for 1.5 mm air 
bubbles even in distilled water. This study provides useful information regarding the range of 
concentration at which typical surfactants and a-polar substances, which can form monolayers on 
the water surface, results in rise velocities that are that of contaminated water, immediately after 
the bubbles release. Sam et al. [174] measured the rise velocity of bubbles in the equivalent 
diameter range 0.9-2.7 mm in aqueous solutions of MIBC (methyl isobutyl carbinol), Dowfroth 250 
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(a commercial frother) and pine oil. As far as allowed by the column height, it was ascertained that 
for frother concentration as low as 0.06 ppm the terminal velocity of air bubbles of 0.9 mm was 
equal to that observed for the highest frother concentrations tested. Indeed, immediately after 
bubbles release the measured velocities matched the ones for purified water, decreasing, only 
after, to the final value. For surfactant concentrations higher than 30 ppm the deceleration periods 
were almost nonexistent. As expected, the deceleration periods are reduced as the surfactant 
concentration increases. 

More recently Mehrabadi [181] tested many long chain alcohols and commercial frothers, 
included MIBC and Dowfroth 250, using a similar setup. Differently from Sam et al. [174], who saw 
a weak relation between the type of surfactant and the final rise velocity, he concluded that, if the 
frother concentration is sufficient for the bubble to reach its terminal velocity in the available 
height, this is practically independent of frother type. Besides commercial surfactants, Mehrabadi 
[181] also measured the rise velocity of air bubble in range 1.0 𝑚𝑚𝑚𝑚 <  ∅𝑏𝑏 < 2.0 𝑚𝑚𝑚𝑚 in 0.1 M and 
1 M NaCl solutions over a distance of 2 m detecting an actual reduction of the terminal rise 
velocities. The trend was that observed also for the other type of frothers he tested, except for the 
fact that, for proper surfactants, the concentrations were on the order of ppm and the 
deceleration times were shorter. 

On the base of his results, Mehrabadi [181] questioned whether the results of Henry et al. 
[177] reflected actual terminal velocities, since their measurement where taken at a distance of 
only 15 mm above the capillary used to generate the microbubbles; i.e. implying that the traveled 
distance was perhaps not sufficient to observe the effect of salts on the terminal velocity, as 
instead, he observed for the larger diameters. Apart from the fact that microbubbles are so 
sensitive to the presence of contaminants that they usually follow Stokes' law right after their 
release even in distilled water [160], one should also consider that the concentrations used for 
salts in these tests are thousands of times higher than those employed for typical surfactants. 
Therefore, for electrolytes at transition concentration, a diffusion controlled process for the 
immobilization of the bubbles interphase is very-doubtful. It is rather likely than, the decelerations 
observed in the terminal velocities in 0.1 M and 1 M NaCl solutions by Mehrabadi [181], were due 
to the presence of adventitious contaminants in the salt, which was actually purchased from a 
provider of chemicals for flotation and used without additional treatments.  

Jamialahmadi and Müller-Steinhagen [182], using a 1.5 m column, found that the rise 
velocity for bubble in the range 3.5-4.5 mm in KCl solutions, 5 g/L and 150 g/L, was lower than in 
pure water even at low salt concentration, however the measured velocities were still higher than 
for fully contaminate systems. No indication was provided regarding the salt supplier and the 
method used to purify the water. 

Lessard and Zieminski [155] also reported rise velocities for acetylene bubble with an 
equivalent diameter of 3.5 mm measured at about 40 cm above the point of release in several 
electrolytes solutions and concentrations prepared from double distilled water and ACS grade 
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salts. They results seem to suggest a slight decrement in the rise velocities compare to purified 
water only for the intermediate salt concentrations; however, considering the standard deviation 
of the measurements these differences have low statistical significance.  

Quinn et al. [183], studied the rise velocities and the shape oscillation of 2.3 mm equivalent 
diameter bubbles in water and in different electrolyte solutions as well as in MIBC solutions. All 
salts used to prepare the respective solutions were ACS grade, but no information regarding the 
quality of water was given. Their installation consisted of a 1 m long vertical tube, surmounted by a 
60 cm high chamber; the bubbles were allowed to rise freely along the tube before the image 
acquisition was performed through the chamber walls. They found that the addition of salts to 
water progressively reduced bubble deformation and rise velocity, e.g. in NaCl 1 M the measured 
aspect ratio and terminal velocity were that expected for a fully contaminated system. They also 
observed that, in electrolytes solutions, the oscillations in instantaneous velocity around the 
average value were greater in amplitude than that observed for water. 

Quinn et al. [183] also considered the existence of a possible relation between ionic 
strength and bubble rise velocity or shape deformation, similar that found by Lessard and 
Zieminski [155] for the transition concentration, but no apparent trend was observed. At this 
regard Ziegenhein, et al. [184] reported aspect ratio of bubbles as function of the 𝐸𝐸𝑚𝑚 number in 
pure water and in NaCl solutions, though the experiments were relevant to bubbles in as swarm, 
no influence of the salt on the averaged bubble shape was observed. It must be said that results of 
tests conducted on bubbles in a swarm are less likely to be compromised by the presence of 
adventitious contaminants compared to isolate rising bubble measurements; the reason is that a 
bubble column can act similarly to a flotation tank, in which the bubbly flow tends to transfer any 
surfactant impurity upward [156]. 

Laqua et al. [185], in order to investigate the behavior of natural gas leaks at deep-sea 
conditions, analyzed the rise velocities of CH4 bubbles in demineralized water and artificial 
seawater, both at atmospheric pressure and 150 bar. The study focused in the size range of the 
ellipsoidal regime i.e. for bubbles equivalent diameters from about 1 mm to 4 mm. The artificial 
seawater was prepared dissolving the different electrolytes (mainly NaCl, 23 g/l, and Na2SO4, 4 g/l) 
in demineralized water, but no additional information regarding the chemical grade of the salts 
was provided. The experimental set-up consisted of a high-pressure chamber where the rising 
bubbles were recorded over a distance of about 7 cm above the release point. The moving bubbles 
were captured a second time by an auxiliary camera when reaching the top of the cell, at a height 
of about 60 cm. As Quinn et al. [183] investigation, Laqua et al. [185] study was also focused on 
shape deformation and rise trajectory. In agreement with what Tomiyama et al. [186] observed for 
pure water, they found that the different rising paths were correlated to the initial shape 
deformation of the bubbles after release from the orifice, see section 5.2.2. Laqua et al. [185] 
compared the experimental rise velocity with the expression proposed by Tomiyama et al. [186] 
which, in addition to ∅𝑏𝑏, requires the aspect ratio as input parameter. In pure water, bubbles 
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deformation is a rather stochastic phenomenon, see section 5.1.5.1, and the parameter 𝐸𝐸�, used in 
Tomiyama et al. [186] model, it is best provided by the individual experimental point, rather than a 
correlation, e.g. Eq. (5.72), Eq. (5.73). Laqua et al. [185] results well agreed with this model, further 
it was observed that respect to pure water, artificial seawater did not alter the bubble rise 
velocities for any of the measured aspect ratio, or the apparent randomness of the initial shape 
deformation. Therefore, they reached the conclusion that strong electrolytes have no influence on 
the hydrodynamic behavior of bubbles, in complete disagreement with what was previously 
observed by Quinn et al. [183].  

When the addition of an electrolyte to supposedly pure water yields a reduction in bubbles 
terminal velocities it may be easy to accredit the effect to the salt, rather than regarding the 
possibility that the addition of salt may have amplified the effects of trace contaminants already 
present in the water or in the salt itself. Indeed, the effect of a ionic surfactant, especially when at 
low concentration, can be augmented by the addition of electrolytes [187], [188]. Therefore it 
might be assumed that the water used by Quinn et al. [183] was contaminated, since its purity and 
origin were not specified and all salts tested (all ACS grade) produced a reduction of the rise 
velocities that could not be rationalized. Furthermore, although the layout adopted by Quinn et al. 
[183] allows for instant velocity measurements, it does not provide data regarding the rise 
velocities immediately after bubble release, which might be more representative of the true 
effects of salts. In fact, if bubbles are allowed to travel for a distance of over 1 m before velocities 
are measured, it might be possible that trace contaminants in solution had enough time to 
accumulate on the interface and alter the drag. These issues are discussed in more detail in the 
next section. 

Contemporary to the study Laqua et al. [185] is that of Jarek et al. [187] who tested the 
influence of electrolytes on bubbles rise motion in ionic surfactants solutions recording the 
instantaneous rise velocities of ∅𝑏𝑏 = 1.45 mm bubbles in a 40 cm tall chamber. They used 
ultrapure water for preparing all solutions and all salts were calcined (350 °C or 650 °C depending 
on their thermal stability) for 8 hours before used. They run a series of “blank tests” adding only 
salts to the solutions (up to 0.5 M), since the bubbles velocity profiles practically matched those for 
pure water, they concluded that the salts were free of contaminants. Not only Jarek et al. [187] 
results agree with that of Laqua et al. [185], but it didn't even occur to them to question whether 
electrolytes alone could alter the bubbles hydrodynamic. 

Anguelova and Huq [189], investigated the effects of NaCl on surface lifetime of bubbles. 
When measuring the rise velocity for the equivalent diameters between 2.5 mm and 4.2 mm over 
a reference distance of about 24-30 cm, they concluded that, in the range of salinity variations 
from fresh to see waters, NaCl hasd little effect on the terminal velocity of bubbles. These results 
certainly agree with that of Laqua et al. [185] and Jarek et al. [187], but more interesting is the fact 
that Anguelova and Huq [189] measured the surface tension of NaCl solution prepared from 
distilled and filter tap water, the latter was never used for other tests beyond this. As to be 
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expected the addition of salt to distilled water produced a corresponding increase of the surface 
tension (Γ𝑁𝑁𝑠𝑠𝑔𝑔𝑠𝑠 < 0 or equivalently 𝑑𝑑𝐴𝐴/𝑑𝑑𝑐𝑐𝑁𝑁𝑠𝑠𝑔𝑔𝑠𝑠 > 0), but strikingly, in filter tap water the opposite 
effect was observed. Anguelova and Huq [189] recognized that salinity acts to enhance the 
foaming potential of ionic surface-active contaminants that can be already present in water. 

5.1.5.4. Adsorption of ionic surfactants in presence of strong electrolytes at the gas-

liquid interphase and their combined effects on bubble rise velocity 

In this section are shortly given few references concerning “adsorption models” for 
electrolytes; because the present theories still suffer from several inadequacies such models 
cannot be used to accurately explain the effects of salts on the surface tension of water [141], and 
are not discussed further. Thereafter are presented two works regarding the available adsorption 
models for ionic surfactants which account for the effects of strong electrolytes in solution. The 
conclusions from these two works form the ground for the proper interpretation of Jarek et al. 
[187] work on the impact of salt addition on bubble rise velocity in aqueous ionic surfactants. 

The first theoretical model for the prediction of the surface tension of electrolyte solutions 
was published by Onsager and Samaras in 1934 [190] while a brief history of the further progress is 
available in [171] and a recent work is that of Leroy et al. [191]. Langmuir’s adsorption model has 
also been used as heuristic approach to correlate surface tension data for electrolytes in water by 
Petersen and Saykally [192]. The approximation Γ�𝑖𝑖 ≈ Γ𝑖𝑖 is not valid therefore the “surface 
concentrations” for the single ions were calculated from the relation Γ�𝑖𝑖 = 𝜆𝜆𝑐𝑐𝑖𝑖 + Γ𝑖𝑖, where 𝜆𝜆 is a 
third fitted parameter (being 𝐾𝐾𝐴𝐴 and Γ�𝑖𝑖∞ the other 2) representing the distance from the interface 
to which the ion shows a constant concentration equal to that in the bulk. 

It known that for non-ionic surfactants, salts do not have an important influence; however, 
for ionic surfactants, the addition of electrolytes result in a drastic change in the corresponding 
adsorption isotherms [135], [188]. In this respect are here briefly mentioned the results of two 
extensive works concerning the modeling of ionic surfactant adsorption in the presence of strong 
electrolytes in solution. The first is the review Prosser and Franses [193], who listed different 
models modified to account for the addition of a salt having a counterion in common with the 
surfactant. Surface tension data relative to sodium dodecyl sulfate (SDS) in water with the addition 
of different amounts of NaCl were used for the evaluation of the equilibrium models which 
included: the simpler Langmuir and Frumkin adsorption models, the Davies adsorption model and 
the Borwankar and Wasan model [194]. Both Davies model and Borwankar and Wasan model 
account for the effect of the supporting salt on the adsorbed ionic surfactant via a desorption 
coefficient that is a functions of the surface potential. The relation between the total electrolyte 
concentration and the surface potential was obtained from Gouy-Chapman theory. Two additional 
models were also tested. A combined Frumkin-Davies model, to account for interactions between 
neighboring adsorbed surfactant molecules and a further extension that make use of a “binding” 
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parameter to model the formation of intimate ion-pair between the surfactant and the counterion, 
which often result in a decrease of the net surface charge and surface potential. The concentration 
at the maximum saturation Γ�𝑖𝑖∞ and the equilibrium constant for the adsorption 𝐾𝐾𝐴𝐴 are common to 
all models. Prosser and Franses [193] fitted the isotherms to the SDS surface tension data for the 
NaCl concentrations: 0 M, 0.01 M, 0.1 M and 0.5 M. One of the criterions used to attest the quality 
of the adsorption isomers was the variation of the regressed parameters Γ�𝑖𝑖∞ and 𝐾𝐾𝐴𝐴 with the 
electrolyte concentration because small variations in these parameters are an indication that the 
model used is capable of correctly account for the surface adsorption non-ideality at each NaCl 
concentration. Indeed, in absence of supporting salt and at infinite surfactant dilution, all models 
reduce to the ideal gas film adsorption equation, i.e. Γ�𝑖𝑖 = Γ�𝑖𝑖∞𝐾𝐾𝐴𝐴𝑐𝑐𝑖𝑖. Prosser and Franses [193] found 
that Langmuir and Frumkin adsorption models fitted the experimental data better than the models 
that account for the surface potential effects. However, the formers require the parameters to be 
strong functions of salinity, where for the lathers Γ�𝑖𝑖∞ and 𝐾𝐾𝐴𝐴 showed much weaker variations. 

A more recent study dealing with the modeling of cationic surfactants adsorption in the 
presence of salts is that of Para et al. [195]. They adopted an adsorption model developed by 
Warszyński et al. [196], where the counterion can compete with the surfactant molecules for the 
adsorption in the Stern layer, rather than remain segregated in the diffusive layer as in Davies or 
Borwankar and Wasan models [194]. In the former model, the desorption constant is a function of 
the potential in the Stern layer, while the adsorption constant can accounts for the lateral 
interactions; the formation of ion-pairs is not considered. However, being a multicomponent 
adsorption model, the fitting parameters are more than for the Davies, Borwankar and Wasan 
models [194]. Para et al. [195] fitted Warszyński et al. [196] system of adsorption equations to 
their many surface tension data for alkyltrimethylammonium salts in combination with different 
concentration of potassium halides and other potassium salts. They found that the adsorption of 
the cationic surfactant is enhanced by the addition of the electrolyte, as this leads to the reduction 
of the potential of the electric double layer as well as to its compression, hence facilitating the 
adsorption of the surfactant. Besides, it was observed that the effect was stronger for those anions 
with a small charge to size ratio which, most likely, tend to locate closer to the interphase. 

Apart from the actual value of the parameters obtained by fitting the surface tension data 
of such systems, it is indeed evident that addition of salts to ionic surfactants highly increases the 
surface concentration of the latters. This can be appreciated, for instance, from the surface excess 
curves for SDS solutions with NaCl used by Prosser and Franses [193], or from the many tension 
plots reported by Para et al. [195] for alkyltrimethylammonium salts in combination with 
potassium halides at different concentrations, or again by extrapolation from the surface tension 
curves available in [188] using Gibbs adsorption equation under the assumption that the 
contribution of the supporting electrolyte to the surface tension variation is negligible. In 
particular, Para et al. [195] reported the calculated surface concentrations for the 
alkyltrimethylammonium cations, Γ�𝑁𝑁𝑔𝑔4+, as a function of the amount of potassium halide added to 
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the solution, 𝑐𝑐𝐾𝐾𝑋𝑋. From these plots, it is immediately clear that the largest increments of Γ�𝑁𝑁𝑔𝑔4+ are 

observed for the lower surfactant (bulk) concentrations. The effect of adding salt to such systems is 
so strong that surfactant solutions with concentrations in the bulk as low as 1∙10-6 M, may exhibit 
surface concentrations that are typical of solutions 50-80 times more concentrated. 

A complementary study to these, and which directly concerns rise velocity of bubbles, is 
that of Jarek et al. [187]. They tested the influence of different salts on the instantaneous rise 
velocities of 1.45 mm bubbles in solutions of sodium hexadecylsulfate (SHS) and 
cetyltrimethylammonium bromide (CTAB). For both surfactants at 1∙10-6 M concentration a peak 
velocity of 33 cm/s was achieved after about 0.1 s from the instant of release, slowly decreasing 
thereafter. For these runs a terminal velocity could not be reached within the 40 cm path length 
allowed by the set-up. Whit the addition of the salt (NaCl, KCl, KF, KBr) for concentrations as low as 
1∙10-3 M, the peak velocities were reduced to about 31-32 cm/s, while a terminal velocity of 15 
cm/s, typical of a fully contaminated system, was attained within 0.24-0.28 s from the moment of 
detachment. This can be understood considering the work of Prosser and Franses [193] and Para et 
al. [195]: since the electrolyte addition facilitates the adsorption of the surfactant, it also reduces 
the time required for the stagnant cap to grow to its final extension. However, Jarek et al. [187] 
observed that higher concentrations of inorganic electrolyte produced a reversal of the effect. At 
0.5 M salt concentration, the peak velocities were even higher than for the solutions of the 
surfactants alone, while the deceleration periods were expanded. To explain this surprising 
phenomenon, Jarek et al. [187] speculated about the possibility of an increased desorption rate via 
micelle formation at the bubbles trailing edge, i.e. where the higher surface concentrations are 
found, see section 5.2.1.1. Indeed it is well known the ability of salts to drastically reduce the 
critical micelle concentration (CMC) for a given surfactant (CMC is the concentration of surfactants 
above which micelles form); therefore, in order to verify their assumption, Jarek et al. [187] tested 
the effects of KCl addition to dodecytrimethylammonium bromide (DDTAB) 1∙10-6 M solutions, a 
surfactant having  a CMC value 2 order of magnitude higher than that of SHS or CTAB. For the 
solutions of this surfactant, it was found that bubbles were retarded more for the higher KCl 
concentrations, therefore no reversal effects were observed for this case. However, due to lower 
“surface activity” of DDTAB compared to SHS and CTAB, the terminal velocity was not reached 
within the available path length. This result substantiates Jarek et al. [187] hypothesis, since, most 
probably, DDTAB could not reach surface concentrations such to induce micelle formation from 
the bubble rear stagnation point, not even for KCl 1M. 

The work of Prosser and Franses [193], Para et al. [195] and Jarek et al. [187] provide a 
plausible explanation on the reason why many workers have erroneously attributed to salts the 
ability to produce a Marangoni effect, and reduce bubble rise velocities; since it is rather likely that 
what observed was instead the enhancement of the “surface activity” of adventitious impurities 
already present in solution induced by the salt addition. The result of this equivocation is that, 
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even now, some still refer to inorganic salts (in the contest of bubble interface mobility) as weak 
contaminants. 

 Mass transfer between fluid particles and liquids: A review of the 5.2.

available correlations with a focus on bubbles 

Mass transfer from/to an isolated particle moving relatively to an unbounded liquid was 
analyzed in numerous investigations covering a period of almost a century. An outline of the major 
works in this topic is discussed in the following sections. The study of the phenomenon has been 
researched quite extensively for solids particles, but for bubbles and droplets the complexity is 
many-fold. A first difficulty is related to surface-active impurities which have a significant impact on 
fluid particles even in trace amounts. Another complexity is due to the superimposition of different 
motions which a fluid particles can take, compared to solid particles. Lastly, the development of 
inner recirculations and the onset of shape oscillation that affect the particles internal resistance to 
the transfer, further entangle the analysis. 

These 3 topics are discussed with the purpose to show their impact on mass transfer in 
relation to bubbles. Afterwards the relevant correlations available in literature are reported and 
categorized based on the context of applications. At the end of each section comparative plots 
relevant to the properties of gas-water systems are presented. Deformed fluid particles of large 
sizes belonging to the category of the spherical caps are not object of this review. 

All the correlations here reported are relations written in terms of dimensionless quantity. 
For what regard fluid particles the most recurrent numbers are: 𝑅𝑅𝑒𝑒, 𝑆𝑆𝑐𝑐, 𝑃𝑃𝑒𝑒, 𝑆𝑆ℎ, 𝐸𝐸𝑚𝑚, 𝑀𝑀𝑚𝑚 and 𝑊𝑊𝑒𝑒, 
respectively Reynolds, Schmidt, Péclet, Sherwood, Eötvös, Morton and Weber. 
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The system properties and physical quantities enlisted in Eq. (5.43) are: the particle 
velocity, u𝑏𝑏, the particle equivalent diameter, ∅𝑏𝑏, (i.e. the diameter of the sphere with equal 
volume), the density and the viscosity of the surrounding fluid, 𝜌𝜌𝑠𝑠  and 𝛿𝛿𝑠𝑠. 𝒟𝒟𝑠𝑠𝑖𝑖 and k𝐿𝐿are 
respectively the diffusion coefficient and the mass transfer coefficient of the transported 
component in the surrounding fluid, 𝑔𝑔 is the gravitational acceleration, 𝜌𝜌𝑏𝑏 is the particle density 
and 𝐴𝐴 is the interfacial tension. An additional quantity important for fluid particle is the viscosity 
ratio, 𝜅𝜅 = 𝛿𝛿𝑏𝑏/𝛿𝛿𝑠𝑠, defined as the ratio of the viscosities of the two fluids, respectively the one of the 
particle 𝛿𝛿𝑏𝑏 and the one of the surrounding liquid 𝛿𝛿𝑠𝑠. In the contest of the internal resistance to the 
transfer 2 additional number are used: 
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The internal 𝑃𝑃𝑒𝑒𝑖𝑖𝑛𝑛𝑠𝑠 and 𝑆𝑆ℎ𝑖𝑖𝑛𝑛𝑠𝑠 numbers, defined according to the diffusion coefficient of the 
transported component in the particle, 𝒟𝒟𝑏𝑏𝑖𝑖; k𝐺𝐺  is mass transfer coefficients relative to the internal 
fluid. 

5.2.1. The effect of surface-active contaminants on interphase mobility 

The Interphase mobility of fluid particles can be significantly altered by the presence of 
surface-active impurity in solution, these substances tend to adsorb and accumulate on the 
interphase producing a surface retardation. The phenomenon requires the relative motion 
between the fluid particle and the surrounding liquid. Since adsorption is a dynamic process the 
retardation may vary over time until a steady state condition is reached. The final result is a 
complex modification of the hydrodynamic which alters the drag, the shape oscillation, the 
trajectory path, the wake formation and the onset of the shedding. This in turn heavily affects the 
particle interphase transfer. 

When contaminants are not present in solution, the interphase mobility of a fluid particle 
moving in a liquid is entirely determined by the value of the two viscosities as illustrated by the 
boundary conditions reported in Eq. (5.45). These conditions entail the continuity of the shear 
stress and tangential velocities across the interface. 
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The 𝑏𝑏 subscript refers to the fluid in the particle while 𝑚𝑚 refers to the surrounding liquid, 
𝜐𝜐𝑏𝑏 𝑠𝑠𝑠𝑠𝑛𝑛 and 𝜐𝜐𝑠𝑠 𝑠𝑠𝑠𝑠𝑛𝑛 are the fluid tangential velocities in respect to the particle surface 𝑧𝑧 is the distance 
from the interphase in the normal direction and 𝜏𝜏𝑏𝑏 |𝑧𝑧=0 and 𝜏𝜏𝑠𝑠  |𝑧𝑧=0 are the shear stresses on the 
two sides of the interphase. For 𝛿𝛿𝑏𝑏/𝛿𝛿𝑠𝑠 → ∞ the recirculation in the particle is entirely suppressed, 
the surrounding liquid will move nearby as if the surface were that of a solid. This implies no-slip 
condition at the interphase: 𝜐𝜐𝑠𝑠_𝑠𝑠𝑠𝑠𝑛𝑛 �

𝑧𝑧=0
→ 0. For the opposed case of 𝛿𝛿𝑏𝑏/𝛿𝛿𝑠𝑠 → 0, regardless the 

shear rate applied to the inner fluid no significant shear stress is created at the interphases. The 
surrounding liquid will move nearby as if the surface is compliant to free-slip condition: 𝜏𝜏𝑠𝑠  |𝑧𝑧=0 →
0. The ratio 𝜅𝜅 = 𝛿𝛿𝑏𝑏/𝛿𝛿𝑠𝑠, referred to as viscosity ratio, determines the particle interphase mobility 
which can vary continuously between the two limits conditions of no-slip, 𝜅𝜅 → ∞⟹ 𝜐𝜐𝑠𝑠𝑠𝑠𝑛𝑛 |𝑧𝑧=0 =
0, and free-slip, 𝜅𝜅 → 0 ⟹ 𝜏𝜏 |𝑧𝑧=0 = 0. 

The second limit condition is particularly relevant for bubbles since, for what regards the 
motion of the surrounding liquid, they are accurately modeled as invisible particles. Figure 56, 
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Oellrich et al. [197], shows that the liquid outside the bubble moves as if the interphase is a 
approximatively a free-slip boundary; i.e. (𝜕𝜕𝜐𝜐𝑠𝑠 𝑠𝑠𝑠𝑠𝑛𝑛/𝜕𝜕𝑧𝑧)|𝑧𝑧=0 = 𝜏𝜏𝑠𝑠 |𝑧𝑧=0/𝛿𝛿𝑠𝑠 → 0. 

 
Figure 56: Qualitative profile of the movements of gas inside and liquid outside of a bubble, 𝜅𝜅 ≈ 0, Oellrich et al. [197] 

Due to the sliding of the interface induced by the liquid flowing past a fluid particle any 
contaminants adsorbed on the surface will be swept from the front stagnation point towards the 
rear regions. The concentration is then higher at the back of the particle, with a more or less steep 
increment along the particle meridians, 𝑑𝑑 Figure 56. This produces a gradient in the chemical 
potential of the adsorbed components, (𝑑𝑑𝜇𝜇𝑖𝑖/𝑑𝑑𝑑𝑑) and consequently a surface tension gradient 
(𝑑𝑑𝐴𝐴/𝑑𝑑𝑑𝑑), or in other word a stress, 𝜏𝜏𝑠𝑠. 
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Eq. (5.46) defines Marangoni stress 𝜏𝜏𝑠𝑠 and it is here written for a single surface-active 
component in solution identified by the subscript 𝑖𝑖. Γ𝑖𝑖 is the surface excess. The Marangoni stress 
adds up to that induced at the interphase by the shear rates in the two fluids, Eq. (5.45), leading to 
a reduction in surface mobility, or in other words a retardation. 

Surface retardation is particularly suffered by those systems presenting low viscosity ratio 
and high surface tension because it is for those systems that the greatest changes in interphase 
mobility are observed [160]. The consequence is that the fluid near the particle will move 
differently from what expected for the equivalent pristine system, altering both mass transfer and 
particle drag. Added to this is the fact that surface-active components generally act at very low 
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concentrations and are difficult to remove to the point that most of the results in the literature are 
indeed for variably contaminated droplets and bubbles [160]. 

Particularly for bubbles in liquid the presence of trace amount of surface-active 
contaminants is so crucial that the characterization of the mass transfer and rise velocities proves 
to be challenging even at the experimental level. For what regards mass transfer characterizations, 
evidences of the issue are found in literature in almost any of the correlating plots that list 
experimental points, e.g. [160], [137], [198], [199], [200], [201], [202] and [203]. It can be seen that 
for water, by far the most studied medium, the scatter in the experimental points in the diameter 
range 0.1-5.0 mm is huge.  

Regarding the effects of surface-active impurity on the drag, one need only look at the two 
routes the literature has taken in order to understand the impact of dissolved salts on bubble rise 
velocity in water. The first group of studies, e.g. [182], [176], [181] and [183], observed that 
electrolyte addition reduces the rise velocities of the bubbles as a typical contaminant would do, if 
not for the different magnitude of concentrations to which the effects are produced. The second 
group, e.g. studies [155], [177], [179], [178], [185], [187] and [189], suggests that there is no 
impact of ions on the terminal velocity of bubble. The conclusions from the two groups are quite 
conflicting and it turns out there is a simple explanation behind which the observed phenomena 
are more correct. Anguelov and Huq [189] recognized how such conflicting results can only be 
attributed to the presence of surface-active contaminants which effects are enhanced by the 
addition of salts. At this regard Jarek et al. [187] provided an extensive study on the combined 
effects of electrolytes and surfactants on the rise velocity, their results undoubtedly prove the 
second hypothesis. Indeed, it is more likely that the workers, who observed some reduction in the 
rise velocity of bubble after salt addition, were probably dealing with contaminated systems. 
Especially if no particular precaution was taken to avoid contamination of the solutions, such as 
the used of ultrapure water, calcination and recrystallization of the salts and thorough washing of 
the equipment. 

The universal effect of contaminants on the drag of fluid panicles is clear from the graphical 
correlation reported by Clift et al. [160]. They use many of the experimental data available in 
literature on bubbles and droplets to construct a curve relating the terminal velocities in pure 
systems to that of the corresponding contaminated systems on the base of 𝐸𝐸𝑚𝑚 number and 
viscosity ratio. From this empirical correlation it turns out that that the two scaled velocities differ 
mostly for the intermediate values of the 𝐸𝐸𝑚𝑚 number, while they approach a common values both 
at large and small 𝐸𝐸𝑚𝑚 numbers. As stated by the authors, the reason is that careful purification of a 
system has little effect for small and large droplets and bubbles. 

5.2.1.1. The stagnant cap model 

The first attempt to model the effect of contaminants on bubbles and drops motion was 
done by Levich [204] that treated the problems assuming a uniformly retarded interphase. 
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Subsequently Savic [205] introduced the stagnant cap model. The model predicts a distribution of 
the contaminants along the particle meridians such that the interphase in a frontal sector of 
variable extension is virtually un-retarded, while the remaining area, i.e. the stagnant cap, is 
completely immobilized. Davis and Acrivos [206] and Sadhal and Johnson [207] used this model to 
derive useful solutions that relate the particle drag to the cap angle valid in the limit of creepy 
flow. This approach is largely accepted as it is based upon experimental evidences and numerical 
calculations (if physically reasonable diffusion coefficients and Langmuir adsorption parameters are 
used in the calculations). 

 
Figure 57: Sadhal and Johnson [207] correlation for the drag coefficient as function of the stagnant cap angle. The difference 
between the actual drag and the drag of the inviscid sphere is scaled using the difference between the drag of the solid sphere and 
that of the inviscid sphere    

Cuenot et al. [208] reported the results of a numerical investigation of the problem for a 
spherical bubble of 0.5 mm that rises in an aqueous solution of decanoic acid 1.72 ppm at the 
constant velocity of u𝑏𝑏 = 0.2 𝑚𝑚/𝑑𝑑, 𝑅𝑅𝑒𝑒 = 100. Their results do not represent real conditions, since 
a terminal velocity of 0.2 m/s is much higher than that of 0.5 mm bubbles in water that is singly 
above 0.05 m/s), moreover the velocity was kept fixed regardless the increase of drag with the 
surfactant accumulation. Despite their numerical calculation were relative to a 𝑅𝑅𝑒𝑒 number of 100 
and to a transient evolution of the stagnant cap, a good agreement was found with the general 
plot for the drag coefficient as a function of cap angle proposed by Sadhal and Johnson [207], 
Figure 57, even though the latter is theoretically valid only for steady creeping flow. Cuenot et al. 
[208] results for the clean bubble are reported in Figure 58. 
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Figure 58: Cuenot et al. [208] scaled tangential velocity at the interphase and shear stress for clean bubble at 𝑅𝑅𝑒𝑒 = 100. The 
velocity is scaled using the terminal rise velocity u𝑏𝑏. The shear stress using the water viscosity 𝛿𝛿𝑠𝑠, the terminal velocity and the 
bubble diameter ∅𝑏𝑏 

To model the flux of the contaminant at the interface Cuenot et al. [208] adopted a 
Langmuir’s type kinetic (the parameters for the decanoic acid were taken from [209]). Considering 
a “proper” surfactant as single contaminant adsorbed at the interphase of a spherical bubble, the 
dynamic of the adsorption can be described as follow. 
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In Eq. (5.47) 𝑗𝑗𝑖𝑖 |𝑧𝑧=0 is the net flux of the contaminant at the interphase in the direction 
normal to it. 𝑘𝑘𝐴𝐴 and 𝑘𝑘−𝐴𝐴 are the kinetic constants for the adsorption and the desorption process, 
their ratio gives the associated equilibrium constant 𝐾𝐾𝐴𝐴 = 𝑘𝑘𝐴𝐴/𝑘𝑘−𝐴𝐴. 𝑐𝑐𝑖𝑖 is the contaminant 
concentration in the liquid adjacent the bubble surface, Γ�𝑖𝑖 and Γ�𝑖𝑖∞ are respectively the surface 
concentration and the surface concentration at saturation. 𝒟𝒟𝑠𝑠𝑖𝑖 is the bulk diffusivity and (𝜕𝜕𝑐𝑐𝑖𝑖/𝜕𝜕𝑟𝑟) 
is the component of the concentration gradient in the direction normal to the sphere surface. The 
subscript 𝑖𝑖, identifies the contaminant.  

In the limit of ideal dilute solution is possible to relate the change in the chemical potential 
of the contaminant with a change in concentration as: 𝑑𝑑𝜇𝜇𝑖𝑖 ≈ 𝑅𝑅𝑇𝑇𝑑𝑑[ln(𝑐𝑐𝑖𝑖)]. 𝑐𝑐𝑖𝑖 can be expressed in 
terms of Γ�𝑖𝑖 using Eq. (5.47) for the equilibrium conditions (this entail a null flux): 𝑑𝑑𝜇𝜇𝑖𝑖 ≈
𝑅𝑅𝑇𝑇𝑑𝑑�ln�Γ�𝑖𝑖/𝐾𝐾𝐴𝐴(Γ�𝑖𝑖∞ − Γ�𝑖𝑖)��. Introducing this last relation in Eq. (5.46) under the assumption Γ�𝑖𝑖 ≈ Γ𝑖𝑖 
that is valid for “proper” surfactant gives: 
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 (5.48) 

For an uni-univalent surfactants, the approximate differential of the chemical potential is 
formally written as 𝑑𝑑𝜇𝜇𝑖𝑖 ≈ 2𝑅𝑅𝑇𝑇𝑑𝑑[ln(𝑐𝑐𝑖𝑖)]; therefore for this case the rightmost term in Eq. (5.48) 
should be multiplied by a factor of 2. 

Eq. (5.48) shows that higher is the stress at the interphase higher is the surface 
concentration, Γ�𝑖𝑖, and steeper the corresponding gradient along the bubble meridians 𝑑𝑑Γ�𝑖𝑖/𝑑𝑑𝑑𝑑. As a 
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result, bubbles that move at a high terminal velocity presenting considerable shear stresses over 
the stagnant cap, will show high surfactant concertation localized on the cap with the highest 
concentrations situated at the trailing edge. For this condition Eq. (5.47) predicts large desorption 
rates, which are however bounded superiorly for Γ�𝑖𝑖 → Γ�𝑖𝑖∞. Before this limit is reached, it is 
believed that the surfactant will be more quickly removed from the interphase via micelle 
formation at the rear stagnation point of the particle [187]. The extension of the stagnant cap is 
thus the result of the dynamic balance between the adsorption rate in the frontal region of the 
bubble, which is generally diffusion limited (due to the very low solubility and consequently 
concentration of the surface-active components), and the desorption rate, which mainly occurs 
from the interphase hindered by the stagnant cap. Accordingly, the condition previously discussed 
is consistent with the observation that large bubbles moving at high 𝑅𝑅𝑒𝑒 should present stagnant 
cap of limited size even in grossly contaminated systems.  

In contrast, for bubbles presenting small shear stress, i.e. moving at low 𝑅𝑅𝑒𝑒 numbers, the 
surface concentration, Γ�𝑖𝑖, and its gradient, 𝑑𝑑Γ�𝑖𝑖/𝑑𝑑𝑑𝑑, will be modest. This state corresponds to low 
desorption rates that, given the sufficient time, lead to the formation of an extensive stagnant-cap. 
Again this is compliant with the evidence that microbubbles show terminal velocities and drag 
coefficients that are that of solid spheres, even in distilled water. The measures necessary to 
remove contaminants to the level that no effects are observed on the microscale size and to 
prevent further contamination are so stringent that, Jameson [139] (1984) commented in his 
review on the fact that he was not aware of any rise velocity measurements for bubbles in water in 
the range 𝑅𝑅𝑒𝑒 < 1 that were in agreement with Hadamard-Rybczynski equation. Indeed, the work 
of Kelsall et al. [172] (1996) probably represent the first one were the experimental validation of 
this model for what regards gas-water systems was achieved. Even nowadays the study of this 
phenomenon remains particularly tedious. For instance, recently Tanaka et al. [180] (2019) 
acknowledge the fact that they did not succeed in producing data for freely rising microbubbles in 
line with Hadamard-Rybczynski equation, not even in ultrapure water. 

Equation Eq. (5.47) and Eq. (5.48) were used by Cuenot et al. [208] to couple the diffusion 
and adsorption-desorption process to the Marangoni stress at the bubble surface; the result of 
their numerical simulation for the base case steady state solution is reported in Figure 59. It can be 
observed that the surface is completely mobile until 40°, the shear stress is zero up to this location 
indicating that surface retardation is null. Despite this, the total drag for the bubble was almost 
identical to that for a solid sphere, which is generally the case for all cap angles smaller than 55°. 
Indeed they observed that the size of the wake was larger than that for the solid sphere with equal 
𝑅𝑅𝑒𝑒 number. The wake reattachment length was 1.7∅𝑏𝑏 from the center of the bubble where it is 
only 1.35 ∅𝑏𝑏 for the solid sphere (𝑅𝑅𝑒𝑒 = 100). They explained that the origin of the phenomenon 
lies in the peak of vorticity induced by the sudden surface immobilization after 40° as evident from 
the stress plot. A corresponding trend was observed for the surface concentration as well that is 
close to zero up to 40° and quickly grows right after. The sharp transition observed between 
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mobile ad immobile interphase is also common to all transient and steady state results obtained by 
Cuenot et al. [208], this confirms the validity of correlations based on stagnant cap and cap angle, 
[205], [206], [207], rather than on a uniformly retarded interphase [204]. 

 
Figure 59: Cuenot et al. [208] scaled tangential velocity at the interphase, shear stress and surface concentration for the steady 
state condition for contaminated bubble ∅𝑏𝑏 =0.5 mm at 𝑅𝑅𝑒𝑒 = 100 in 1.72 ppm decanoic acid. The surface concentration is scaled by 
the surface concentration at the maximum saturation Γ�𝑖𝑖∞ = 5 ∙ 10−6 mol/m2 

For comparison Figure 60 reports the velocity, the shear stress at the interphase and the 
surface concentration for the solid sphere obtained increasing 10 times the value of Γ�𝑖𝑖∞. 

 
Figure 60: Cuenot et al. [208] scaled tangential velocity at the interphase, shear stress and surface concentration for the steady 
state condition for contaminated bubbles. The surface concentration at the maximum saturation used to obtain the results reported 
in Figure 59 was multiplied by 10 

5.2.2. Secondary motions of fluid particles 

As mentioned in the introductory section the study of fluid particles motion is made more 
difficult by the fact that bubbles and drops of intermediate size, besides the rigid body type 
motions which are relevant to trajectory, shows an additional type of secondary motion that is 
shape oscillation.  

The onset of oscillations coincides with the development of the wake shedding which 
seems to provide the excitation, yet the frequency of the two phenomena differs [210]. This occur 
for 𝑅𝑅𝑒𝑒 number of about 200 for systems presenting high viscosity ratio or contaminated drops and 
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bubbles, but for purified systems and low 𝜅𝜅 values the development of the shedding is stochastic 
so that a specific critical value cannot be defined. 

For what regard trajectories, bubbles in water rise along a straight line only for small 
equivalent diameters, ∅𝑏𝑏 < 1.3 𝑚𝑚𝑚𝑚, larger bubbles may travel along helical or zig-zag paths; as for 
shape oscillation, these secondary motions appear to be influenced by the nature of the wake. 
Especially in purified water, the seemingly non-linear transition from a spiral path and a zig-zag 
motion appears to agree well with the stochastic onset of the shedding and its oscillating 
character. The difficulties in rationalize these system can be appreciated, for instance, in the 
studies on rise velocity in water of Tomiyama et al. [186], Laqua et al. [185] and Liu et al. [211]. 
They showed that the onset of shape oscillation and the changes in bubble trajectory were so 
sensitive to the initial conditions of release that the distribution of the resulting experimental 
points appeared chaotic. Tomiyama et al. [186] and Liu et al. [211] reported the terminal velocities 
of air bubbles in pure water for wide range of equivalent diameters respectively 0.5-5.5 mm and 
0.1-22 mm. As previously observed by Saffman [212], they verified that only bubbles smaller than 
1.25 mm showed consistently a linear rising path; larger bubbles moved along helical or zig-zag 
trajectory. For this class range, depending on the deformation at the moment of release, the 
terminal velocities varied from that of fully contaminated water to that of purified water, with a 
large scatter of the data points in between the two curves, see Figure 55. Laqua et al. [185] were 
mostly focused on equivalent diameters in range 1-4 mm. Once again the occurrence of one or the 
other rising path appeared to be coincidental and the recorded rise velocity showed that the same 
trends observed by Tomiyama et al. [186] and Liu et al. [211]. Noteworthy, this was seen in 
ultrapure water as in artificial seawater. 

All studies agree on the fact that, in pure water (and most probably in aqueous salt 
solutions free of contaminants), bubbles that follow a zig-zag path are nearly spherical and bubbles 
on a helical path are typically ellipsoidal. A possible explanation for this dual behavior can be 
sought in the wake instability regime, in which are included the bubbles that move at intermediate 
Re number. Indeed, the fluctuations in the instantaneous velocities that characterize a zig-zag 
trajectory well agree with the oscillating nature of wake shedding, because at each acceleration-
deceleration some energy is lost in viscous dissipation, the rise velocities are slower than what 
expected for a pure system. On the other hand, bubbles that follow a helical path shows steady 
rise velocities, an indication that perhaps the wake shedding has not been set off, moreover, the 
higher rise velocities better agree with the curve provided for pure water in Figure 55. 

The huge changes in the particle dynamic that might occur for these transitions lead to a 
complex dependence of transfer rate on 𝑅𝑅𝑒𝑒 number and system purity. However, if the particle 
velocity is somehow known and the corresponding 𝑅𝑅𝑒𝑒 number is high enough, for what concern 
the influence of shape oscillation on the external mass transfer, this is negligible [160]. 
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5.2.3. Internal resistance to mass transfer in bubbles  

Because for bubble internal resistance to mass transfer is of secondary importance is not 
discussed here extensively. Only in the contest of this section, 𝑃𝑃𝑒𝑒𝑖𝑖𝑛𝑛𝑠𝑠 and 𝑆𝑆ℎ𝑖𝑖𝑛𝑛𝑠𝑠 numbers are 
referred to the property of the internal fluid: 𝑃𝑃𝑒𝑒𝑖𝑖𝑛𝑛𝑠𝑠 = 𝑓𝑓𝑏𝑏∅𝑏𝑏/𝒟𝒟𝑏𝑏𝑖𝑖 and 𝑆𝑆ℎ𝑖𝑖𝑛𝑛𝑠𝑠 = k𝐺𝐺∅𝑏𝑏/𝒟𝒟𝑏𝑏𝑖𝑖. 

For what regards the effects of shape oscillation on the internal transfer a list of correlation 
can be found in Brunson and Wellek [213]. Among the model discussed in this study the one 
derived from penetration theory is considered completely unrealistic. However the equation is 
regarded as useful due to the acceptable predictions and the ease of use; it is the only one that 
does not require the frequency and the amplitudes of the oscillations as input parameters. The 
equation is identical to that derived from the same theory for the external resistance, Eq. (5.67). 
This allows for an immediate comparison between the two resistances by taking the ratio of the 
corresponding 𝑆𝑆ℎ numbers (𝑆𝑆ℎ𝑖𝑖𝑛𝑛𝑠𝑠/𝑆𝑆ℎ) which reduces to the following simple relation. 
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In Eq. (5.49), k𝐺𝐺  and k𝐿𝐿 are the mass transfer coefficients relative to the internal and to the 
external resistance, 𝒟𝒟𝑏𝑏𝑖𝑖 and 𝒟𝒟𝑠𝑠𝑖𝑖 are the corresponding diffusion coefficients for the 𝑖𝑖 component in 
the fluid inside the particle and in the surrounding liquid. Typical values for the diffusion 
coefficients in liquids are about 1∙10-4 smaller than in gases, therefore k𝐺𝐺/k𝐿𝐿 for oscillating bubbles 
is in the order 1∙102. According to the two film theory the total resistant to the transfer between a 
gas and a liquid can be written in terms of overall mass transfer coefficient in the liquid, K𝐿𝐿, as 
follow. 

1 1 1
K k kL L G Gh

= +  (5.50) 

Even considering very low values for the concentration based Henry’s law constant, ℎ𝐺𝐺 , it 
easy to see that the internal resistance of oscillating bubbles in liquid, is as a rule, negligible. ℎ𝐺𝐺  is 
the ratio of the molar concentration of the component in the gas phase to the concentration in the 
liquid phase when the later tend to zero. 

In regard the effects of internal recirculation on the internal resistance, theoretical analysis 
have showed that for the limits 𝑅𝑅𝑒𝑒 ⟶ 0, 𝑃𝑃𝑒𝑒𝑖𝑖𝑛𝑛𝑠𝑠 ⟶ 0 and 𝑅𝑅𝑒𝑒 ⟶ 0, 𝑃𝑃𝑒𝑒𝑖𝑖𝑛𝑛𝑠𝑠 ⟶ ∞ the asymptotic 
values for the internal 𝑆𝑆ℎ𝑖𝑖𝑛𝑛𝑠𝑠 number are about 6.58 and 17.9. Numerical calculations have showed 
that the upper value remain bounded even at the higher 𝑅𝑅𝑒𝑒 numbers. Based on this observations 
and their numerical results Colombet et al. [214] developed the following correlation. 

153 
 
 



( )0.0044
17.71 1 6.58

6.58 ; 0
16 3.315 31 exp 1.89 ln 3.49
16 3.315

int

int

Re
Sh

Re RePe
Re Re

κ
+ −

= + ≈
   + +  + − −    + +   

 (5.51) 

The importance of internal resistance on the overall resistant must be evaluated on case-
by-case basis. However, for bubbles, as 𝐸𝐸𝑚𝑚 and 𝑅𝑅𝑒𝑒 numbers increase, shape oscillation tends to 
reduce the internal resistance to much smaller values than that predicted from Eq. (5.51). Thought 
in pure systems at relatively low 𝜅𝜅 the onset of oscillations is delayed, it seldom beyond 
𝑅𝑅𝑒𝑒 =  1000, [160]. While for low 𝑅𝑅𝑒𝑒 number the external 𝑆𝑆ℎ is generally small enough that 
external resistance is still the dominant contribution to the overall mass transfer. 

5.2.4. Classification for mass transfer correlations 

It is clear that interphase mobility is one of the main parameters affecting both the motion 
and mass transfer of fluid particles. For what regard the estimation of the average 𝑆𝑆ℎ number 
(averaged over the particle surface) a possible classification of the correlations available in 
literature can be done base on the particle interphase mobility. Accordingly the majority of the 
correlations reported in literature fall in 3 categories: the one devised for immobilized interphase 
and the one devised for variably mobile interphase (which degree is a function of the viscosity 
ratio), and the one for inviscid particles. Bubbles presenting a pristine gas-liquid interphase behave 
virtually as inviscid particles and only one correlation specifically intended for immobilized 
stagnant cap is indeed available. 

Another way to categorize these correlations is based on the magnitude of 𝑅𝑅𝑒𝑒 number. 
Usually, 𝑅𝑅𝑒𝑒 numbers of less than 1 are considered small, while 𝑅𝑅𝑒𝑒 higher than 500 are considered 
large. This classification has meaning in regards the validity of some of the assumptions and 
simplifications used to derive the correlations that are valid in these 2 limits; indeed in some cases 
analytical solutions were also found. For the intermediate 𝑅𝑅𝑒𝑒 number, 1-500, most of the 
correlations available are semi-empirical function of dimensionless numbers fitted to experimental 
data or, more often, to numerical solutions of the advection-diffusion equations around the fluid 
particle. 

The existing models will be discussed in the following sections, with particular emphasis 
given to the applicability of these correlations to gas-water systems. The ordering is based on 𝑅𝑅𝑒𝑒 
number; interphase mobility and shape are used as second metric for the categorization. 
Correlations that are specifically valid for inviscid particle are grouped in the same sections as the 
one valid for different viscosity ratio. In each section the ordering prioritizes the theoretically 
derived solutions and their adaptations over correlations fitted to numerical results or to 
experimental points, and only secondarily to the date of publication. Semi-empirical and fully 
empirical correlations are preferentially moved in Appendix C. 
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The correlations that are focused on supplementary aspect with influence on the mass 
transfer or that do not fit in the aforementioned classifications are discussed in the last sections. 

5.2.5. Particles at low 𝑹𝑹𝑹𝑹 numbers 

5.2.5.1. Solid sphere 

The archetypal example for the study of mass transfer in bubble and droplets moving in a 
liquid media is the spherical geometry, for no-slip condition at the surface (immobilized interphase 
and/or 𝜅𝜅 → ∞) the particles are referred to as solid spheres. Analytical solutions for the solid 
sphere moving in Stoke flow were firstly obtained by Friedlander [215] and Levich [204] for 
𝑃𝑃𝑒𝑒 → ∞ and and Acrivos and Taylor [216] 𝑃𝑃𝑒𝑒 → 0. 

Friedlander [215] used the von Karman integral method to obtain the approximate 
diffusion rate from/to the sphere surface. The method, which was applied to the advection-
diffusion equation in the framework of the boundary layer approach, consists in assuming an a 
priori concentration profile in the direction normal to the surface which should satisfy as many 
boundary conditions as possible. The devised distribution is used to solve explicitly the total 
diffusion flux at the surface via numerical integration (a more classical application of the method is 
the solution of the momentum equations always in regard to the boundary layer domain by 
assuming an a priori velocity profile). Friedlander [215] asymptotic solution for the limit 𝑃𝑃𝑒𝑒 → ∞ is 
given here. 

1
30.89 ; 1000; 1Sh Pe Pe Re= ≥ ≤  (5.52) 

Later Levich [204] obtaining a more accurate result than that of Friedlander [217] by 
applying the thin concentration boundary layer approximation to the advection-diffusion equation 
and the stream functions for the Stoke flow around the solid sphere. The thin concentration 
boundary layer approximation is valid when the transport of a substance by advection is much 
more significant than the corresponding transport by diffusion, i.e. for large 𝑃𝑃𝑒𝑒 numbers. Under 
this condition it is assumed that the concentration of the substance varies only in a thin layer 
adjacent to the particle surface and the diffusive transport in the direction normal to the surface is 
much larger than that in the direction parallel to the surface. The result of Levich analysis hold for 
𝑃𝑃𝑒𝑒 > 1000 mainly because, for lower 𝑃𝑃𝑒𝑒 number in the region close to the rear stagnation point, 
the diffusive transport in the direction parallel to the sphere surface is no longer negligible. 

1
30.991 ; 1000; 1Sh Pe Pe Re= ≥ ≤  (5.53) 
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Acrivos and Goddard [218] used a perturbation method to obtain the first-order correction 
of Levich solution, their results allows an adequate estimation of the total mass transfer to the 
sphere down to 𝑃𝑃𝑒𝑒 > 30, [160]. 

1
30.922 0.991 ; 30; 1Sh Pe Pe Re= + ≥ ≤  (5.54) 

The complementary asymptotic solution for 𝑃𝑃𝑒𝑒 → 0 was first obtained by Acrivos and 
Taylor [216] who applied a perturbation expansion developed by Proudman and Pearson [219] to 
solve the advection-diffusion equation for Stoke flow. 
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Clift et al. [160] reported an extension of Levich [204] solution, Eq. (5.53), where the 
tangential velocities at the sphere surface were obtained from Proudman and Pearson stream 
functions in place of the Stoke flow. The resulting asymptotic solution (𝑃𝑃𝑒𝑒 → ∞) is valid 
theoretically valid for 𝑅𝑅𝑒𝑒 > 0.1, but it remains practically limited to 𝑅𝑅𝑒𝑒 < 1 (Appendix C). 

The empirical expressions that matches the two asymptotic results: Eq. (5.53) for 𝑃𝑃𝑒𝑒 → ∞ 
and Eq. (5.54) for 𝑃𝑃𝑒𝑒 → 0, are listed in  

All equations listed here and in Appendix C can be applied to the study of mass transfer of 
microbubbles at terminal velocity in water; the reason for this is that for 𝑅𝑅𝑒𝑒 numbers of less than 1 
the corresponding equivalent diameter is less than 0.1 mm. The sphericity requisite is always met 
as can be verified from the aspect ratios predicted from any of the correlation reported in section 
5.2.6.4 for 𝐸𝐸𝑚𝑚 < 1 ∙ 10−3. The no-slip condition at the sphere surface is guaranteed almost in any 
case since even distilled water usually contains enough surfactants to fully immobilize the 
interphase of such small bubbles [160]. In fact only few workers, namely Henry et al. [177], 
Parkinson and Ralston [178] and Kelsall et al. [172], were able to effectively reduce the amount of 
contaminants in solution to the point that the observed rise velocities for bubbles in the microscale 
range were that expected for a completely mobile interface according to Hadamard-Rybczynski 
equation. 
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Figure 61: Correlations for the 𝑆𝑆ℎ number for solid sphere in Stoke flow: Acrivos and Goddard Eq. (5.54), Proudman and Pearson Eq. 
(5.55), Clift et al. Eq. (C.2), Brian and Hales Eq. (C.3) 

In Figure 61 are reported Acrivos and Goddard [218] and Proudman and Pearson [219] 
analytical solutions respectively valid for 𝑃𝑃𝑒𝑒 < 1 and 𝑃𝑃𝑒𝑒 ≥ 30. Compared to the correlation 
proposed by Clift et al. [160] that of Brian and Hales [220] appears to provide a better connection 
between the two solutions, however it diverge from the asymptotic value at 𝑃𝑃𝑒𝑒 → ∞. 

5.2.5.2. Solid oblate spheroids 

The analytical solution for the average 𝑆𝑆ℎ number of solid spheroids of any aspect ratio for 
𝑅𝑅𝑒𝑒 < 1 and 𝑃𝑃𝑒𝑒 → ∞ was obtained according to the thin concentration boundary layer approach 
and it is reported by Clift et al. [160]. When 𝑅𝑅𝑒𝑒 and 𝑆𝑆ℎ numbers are defined using the equatorial 
diameter, 𝑐𝑐, as characteristic length, this solution differs from that of Levich [204], Eq. (5.53), only 
for a parameter, 𝑓𝑓𝑓𝑓𝑓𝑓(𝐸𝐸�), which depend on the spheroid aspect ratio 𝐸𝐸�; i.e. the ratio of the minor 
axis to major axis. 
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 (5.56) 

The value of 𝑓𝑓𝑓𝑓𝑓𝑓(𝐸𝐸�) can be found in the plot provided in [160], for aspect ratio less than 

0.1 𝑓𝑓𝑓𝑓𝑓𝑓(𝐸𝐸�) ≈ 4�𝐸𝐸�/3𝜋𝜋3 .) The terms �𝐸𝐸�
3

 and 𝐸𝐸�/�𝐸𝐸�
3

 in Eq. (5.56) are here introduced in the original 
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expression so that the 𝑆𝑆ℎ and 𝑅𝑅𝑒𝑒 can still be defined base on the equivalent diameter of the 
spheroid, ∅𝑏𝑏, rather than the equatorial diameter 𝑐𝑐. Close to the rear stagnation the diffusive 
transport in the direction parallel to the surface becomes more significant compare to the 
advection when the spheroid aspect ratio decreases; therefore the condition on 𝑃𝑃𝑒𝑒 number 
previously seen for the solid sphere becomes 𝐸𝐸�𝑃𝑃𝑒𝑒 > 1000. 

The analytical solution for 𝑃𝑃𝑒𝑒 → 0 for a particle of arbitrary shape was found by Brenner 
[221]. 

2
0 0

1 ; 1; 1;
8

Sh Sh Sh Pe Pe Re= + ≤ ≤  (5.57) 

This equation is similar to that of Acrivos and Taylor [216] derived specifically for the solid 
sphere, Eq. (5.55), but it is truncate to second term of the perturbation expansion. Within the 
accuracy attained with the use of 2 terms the expression is equally valid for solid as for fluid 
particles, this is because the average 𝑆𝑆ℎ number for both conditions approach the same value for 
𝑃𝑃𝑒𝑒 → 0. Eq. (5.57) requires the value of the average 𝑆𝑆ℎ numbers for the fluids in stagnant 
condition, 𝑆𝑆ℎ0; those can be found for several shape in [160]. The corresponding expression for the 
oblate spheroid in the stagnant medium is given in Eq. (5.58). 
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 (5.58) 

Clift et al. [160] empirical correlation that matches both the asymptotic results for 𝑃𝑃𝑒𝑒 → ∞ 
and for 𝑃𝑃𝑒𝑒 → 0 valid for spheroids is give in Appendix C. 

In Figure 62 are reported the two analytical solutions of Clift et al. [160] and Brenner [221], 
and the matching correlation of Clift et al. [160], for the aspect ratio of 1, 1/2 and 1/4.  
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Figure 62: Correlations for the 𝑆𝑆ℎ number for solid oblate spheroid in Stoke flow and for the aspect ratio 𝐸𝐸�=1 (∙), 𝐸𝐸�=1 (∙-), 𝐸𝐸�=1 (-), in 
Stoke flow: Clift et al. Eq. (5.56), Brenner Eq. (5.57), Clift et al. Eq. (C.5). 

5.2.5.3. Fluid sphere 

As done by Levich [204] for the solid sphere in Stoke flow, Lochiel and Calderbank [222] 
applied the thin concentration boundary layer approximation with the Hadamard-Rybczynski 
velocity field by to estimate the mass transfer around a fluid sphere for the asymptote 𝑃𝑃𝑒𝑒 → ∞ 
and 𝑅𝑅𝑒𝑒 < 1. The average 𝑆𝑆ℎ number can be calculated for different viscosity ratios; however the 𝜅𝜅 
value is limited by the condition 𝑃𝑃𝑒𝑒/2.4(3𝜅𝜅 + 1)2(1 + 𝜅𝜅) >> 1 so that the corresponding solution 
for the solid sphere, 𝜅𝜅 → ∞, cannot be approached, [160]. 

( ) ( )2
0.651 ; 2.4 3 1 1 ; 1000; 1

1
PeSh Pe Pe Reκ κ
κ

= >> + + ≥ ≤
+

 (5.59) 

Similar solutions, which differ slightly from Eq. (5.59) as regards the value of the 
multiplicative constant, were previously derived by others workers. It is however preferable to use 
Lochiel and Calderbank solution as it is the only one derived without any assumption being made 
about the form of the concentration distribution around the sphere [222]. 

The asymptotic solution for 𝑃𝑃𝑒𝑒 → 0 for the inviscid sphere was obtained by Brenner [221], 
who applied the perturbation expansion developed by Proudman and Pearson [219] as previously 
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done by Acrivos and Taylor [216] for the solid sphere. The solution reduces to that of Acrivos and 
Taylor [216] for 𝜅𝜅 → ∞, thought the expansion is truncated at the third term. 

21 1 2 32 ln ; 1; 1
2 4 3 3

Sh Pe Pe Pe Pe Reκ
κ

 +
= + + ≤ ≤ + 

 (5.60)  

The empirical expressions that match the two asymptotic results (𝑃𝑃𝑒𝑒 → ∞ and 𝑃𝑃𝑒𝑒 → 0) and 
the fitted correlations are listed in Appendix C.  

Figure 63 reports the two analytical solutions of Lochiel and Calderbank [222] and 
Proudman and Pearson [219]. The use of Lochiel and Calderbank [222] is limited to very high 𝑃𝑃𝑒𝑒 for 
𝜅𝜅 > 2. The equations of Clift et al. [160] and Oellrich et al. [197] for null viscosity ratio are nearly 
identical, however Clift et al. [160] equations approaches more closely the one of Feng and 
Michaelides [223] for 𝜅𝜅 → 0, which was fitted to an higher number of simulation results. Feng and 
Michaelides [223] correlation is actually the only one that can be applied for 𝑃𝑃𝑒𝑒 < 1000 and for 
any 𝜅𝜅 value in the limit 𝑅𝑅𝑒𝑒 → 0. 

 
Figure 63: Correlations for the 𝑆𝑆ℎ number of fluid sphere in creepy flow and viscosity ratio 𝜅𝜅=0 (∙), 𝜅𝜅=2 (∙-), 𝜅𝜅 =100 (-):Lochiel and 
Calderbank Eq. (5.59), Proudman and Pearson Eq. (5.60), Clift et al. Eq. (C.6), Oellrich et al Eq. (C.7), Feng and Michaelides Eq. (C.9) 
for 𝑅𝑅𝑒𝑒 → 0 

5.2.5.4. Fluid spheroids 

The solution for the fluid spheroid at 𝑃𝑃𝑒𝑒 → ∞ and 𝑅𝑅𝑒𝑒 < 1 was obtained by Favelukis [224]. 
He applied the thin concentration boundary layer approximation to solve the transfer at the 
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interphase using the tangential velocity derived from the stream functions of Taylor and Acrivos 
[225] for this case. The eccentricity of the fluid particle is not an input parameter of these stream 
functions; instead it is obtained according to Taylor and Acrivos [225] theory of deformation as 
𝐸𝐸� = (1 − 3𝐿𝐿𝑊𝑊𝑒𝑒), where 𝐿𝐿 is given, at first approximation, by: 

( )
( )( )3 2

3

/ 1 11 81 57 103 3
80 20 40 4 124 1

b lL
ρ ρ κ

κ κ κ
κ

  − +  = + + + −   +     

Favelukis [224] solution is the following 
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 (5.61) 

The term that contains explicitly the aspect ratio in Eq. (5.61) has been introduced in the 
original solution in place of the term relevant to the scaled surface of the spheroid. 𝐸𝐸� can still be 
calculated according to the model as 𝐸𝐸� = (1 − 3𝐿𝐿𝑊𝑊𝑒𝑒). 

5.2.6. Particles at intermediate and high 𝑹𝑹𝑹𝑹 number 

5.2.6.1. Solid sphere 

An analytical solution for mass transfer to a solid sphere moving relatively to a liquid at high 
𝑅𝑅𝑒𝑒 number was derived by Lochiel and Calderbank [222]. The method used is based on thin 
concentration boundary layer approximation, consequently it is valid for 𝑃𝑃𝑒𝑒 > 1000. The 
tangential fluid velocity, in the continuity equation, was approximated with its Taylor expansion 
truncated ad the second term. Since the approximation error increases with the distance from the 
surface this approach is valid only if the concentration boundary layer is much thinner than the 
velocity boundary layer, i.e. for 𝑆𝑆𝑐𝑐 ≫ 1 (𝑆𝑆𝑐𝑐 number is a measure of the ratio of the thicknesses of 
the velocity boundary layers to the concentration boundary layers). Lochiel and Calderbank [222] 
applied the von Karman integral method to solved the Navier-Stokes and the continuity equations 
for the boundary layer flow by assuming an a priory reasonable velocity profile in the direction 
normal to the sphere surface. The solution was used to calculate the transfer occurring over a 
frontal spherical sector of angle 108 deg; since, for a solid sphere moving at high 𝑅𝑅𝑒𝑒 numbers, this 
is approximatively the position where the boundary layer dethatches from the surface. Based on 
experimental evidence of Frössling [226] indicating that the transfer occurring in the wake region 
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of a solid sphere amounts to about 20% of the frontal transfer, the result of the computation was 
adjusted leading to the following expression.  

11
320.84 ; 100; 500Sh Re Sc Sc Re= > >  (5.62) 

The condition of high 𝑃𝑃𝑒𝑒 number required for the application of the thin concentration 
boundary layer approximation is guaranteed by the conditions on 𝑆𝑆𝑐𝑐 and 𝑅𝑅𝑒𝑒 numbers.  

Eq. (5.62) is equivalent in the form to the correlation first derived by Frössling [226], who 
considered the evaporation of drops of nitrobenzene, anulline and water, and the sublimation of 
naphthalene sphere in a hot air stream for the diameter range 0.1-2.0 mm (the high viscosity ratio 
for liquid droplets in air impede the internal motion to the point that they can be considered as 
solid spheres, at least as long as the aspect ratio remain close to 1). Frössling [226] derived the 
exponent for the 𝑅𝑅𝑒𝑒 number from boundary layer considerations, while the constant and exponent 
of the 𝑆𝑆𝑐𝑐 number was obtained by regression of the experimental data. Though, for slow viscous 
flow the average 𝑆𝑆ℎ number depends on a different power of the 𝑅𝑅𝑒𝑒 number, Frössling 
superimposed the value of the 𝑆𝑆ℎ number for molecular diffusion at zero flow rate, 𝑆𝑆ℎ0 = 2, in the 
correlation before fitting the data in the range 2 < 𝑅𝑅𝑒𝑒 ≤ 1300. 

1
0.3322 0.552Sh Re Sc= +  (5.63) 

After Frössling [226] proposed its semi-empirical correlation, a series of similarly derived 
expressions which more or less retain the same dependence on the 𝑅𝑅𝑒𝑒 and the 𝑆𝑆𝑐𝑐 numbers were 
developed by different workers using experimental data relevant to a wide selection of different 
hydrodynamic conditions. Those expressions and the details on the experimental conditions 
adopted are given in Appendix C. The appendix also reported the semi-empirical correlations fitted 
to numerical results. 
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Figure 64: Correlations for the 𝑆𝑆ℎ number of solid sphere at intermediate 𝑅𝑅𝑒𝑒 number 𝑆𝑆𝑐𝑐=50 (∙), 𝑆𝑆𝑐𝑐=500 (--), 𝑆𝑆𝑐𝑐 =5000 (-): Kramers 
Eq. (C.10), Hughmark Eq. (C.13), (C.14), (C.16), Clift et al. Eq. (C.18), Feng and Michaelides Eq. (C.22) 

 
Figure 65: Correlations for the 𝑆𝑆ℎ number of solid sphere at high 𝑅𝑅𝑒𝑒 number 𝑆𝑆𝑐𝑐=50 (∙), 𝑆𝑆𝑐𝑐=500 (--), 𝑆𝑆𝑐𝑐 =5000 (-): Kramers Eq. (C.10), 
Hughmark Eq. (C.15), (C.17) , Clift et al. Eq. (C.19), (C.20), Feng and Michaelides Eq. (C.22) 
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Figure 64 reports correlations valid for the intermediate 𝑅𝑅𝑒𝑒 numbers, 1-100. Clift et al. 
[160] correlation, Eq. (C.18), approaches the Eq. (C.2) at  𝑅𝑅𝑒𝑒 ≈ 1 for any 𝑆𝑆𝑐𝑐 number, thus it should 
provide the most accurate estimation of 𝑆𝑆ℎ in the lower 𝑅𝑅𝑒𝑒 region. All correlations agree for the 
intermediate value of 𝑆𝑆𝑐𝑐 number, with a maximum discrepancy of about 10%. For 𝑆𝑆𝑐𝑐 = 50 the 
differences between the curves remain within 15%. For 𝑆𝑆𝑐𝑐 = 5000 the correlations of Kramers 
[227] and Hughmark [228] show maximum deviations of -20% and +35% with respect to those of 
Clift et al. [160] and Feng and Michaelides [223], which agree with each other for this 𝑆𝑆𝑐𝑐 number. 

Figure 65 reports the correlations proposed by the same authors for the interval 
𝑅𝑅𝑒𝑒 = 100 − 10000. In this range the discrepancy between the different predictions become quite 
large with maximum differences of about 30-80%, depending on the value of the 𝑆𝑆𝑐𝑐 number. 

5.2.6.2. Solid spheroids 

Mass transfer to a solid oblate spheroid and a liquid media at high 𝑅𝑅𝑒𝑒 number is of 
particular interest for the study of fluid particles that main may not circulate internally because of 
the action of surfactant impurities at the interface or high 𝜅𝜅 values; in fact for 𝐸𝐸𝑚𝑚 number larger 
than 0.4 rising bubbles in contaminated systems and droplets moving at their terminal velocity 
tend are in the so called ellipsoidal regime (𝐸𝐸� < 0.9). Lochiel and Calderbank [222] obtained an 
expression for the average 𝑆𝑆ℎ number relevant to this case using the same procedure applied for 
the solid sphere at high 𝑅𝑅𝑒𝑒 number, Eq. (5.62). The flow functions for oblate and prolate spheroids 
were taken from [229], the resulting correlation is expressed as the ratio of the average 𝑆𝑆ℎ number 
for the spheroid and that of the sphere for the same 𝑅𝑅𝑒𝑒 number and angle of detachment of a 
boundary layer, 𝜃𝜃. 
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 (5.64)  

The term indicated with 𝑓𝑓𝑓𝑓𝑓𝑓(𝐸𝐸�,𝜃𝜃) in Eq. (5.64) is a complicated function of the aspect ratio 
and the angle at which flow separation is assume to occur. Lochiel and Calderbank [222] provides 
graphically the value of the ration 𝑆𝑆ℎ/𝑆𝑆ℎ𝑠𝑠𝑒𝑒ℎ𝑒𝑒𝑟𝑟𝑒𝑒 as function of 𝐸𝐸� for the two angle of detachment 
𝜃𝜃 = 90° and 𝜃𝜃 = 180°. For 90° as angles of detachment, without considering the transfer in the 
rest of the particle surface, 𝑆𝑆ℎ𝑠𝑠𝑒𝑒ℎ𝑒𝑒𝑟𝑟𝑒𝑒 can be calculated according to Eq. (5.62) replacing the 
multiplicative constant with 0.591, for no detachment of the boundary layer, 𝜃𝜃 = 180°, the 
respective constant is 0.780. Lochiel and Calderbank [222] plot further reports, as comparison, an 
expression, Eq. (5.65), derived from the experimental correlation of Skelland and Cornishf [230] for 
the sublimation of naphthalene spheroidal particles into an air stream. 
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 (5.65) 

Others semi-empirical correlations which include that of Skelland and Cornishf [230] are 
given in Appendix C. 

5.2.6.3. Fluid sphere 

Several investigations concerning bubbly flow, in any of the numerous industrial 
applications in which this process is used, have adopted mass transfer models based on the 
penetration theory [231]. This theory, introduced by Higbie [232], is based on the assumption that 
the interphase between 2 fluids in turbulent motion is affected by continuous renewal processes. 
The interphase is imaginarily divided in innumerable elements that are interested by mass transfer 
for a limited amount of time; the interval between 2 consecutive renewals is not constant, but it is 
supposed to follow an exponential probability distribution with an average frequency of 1/𝑟𝑟. 
During these intervals the diffusion flux through the surface elements is calculated as unsteady 
mass transfer into a semi-infinite stagnant medium, that for bubbles and droplets corresponds to 
the surrounding liquid where the resistance to the transfer is more often localized. When the 
theory is applied to the spherical geometry the expression for the average 𝑆𝑆ℎ number is: 
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b

Sh Pe
tπ

∅
=  (5.66) 

In Eq. (5.66) 𝑟𝑟 is the average exposure or contact time. Different models can be found for 𝑟𝑟, 
however it most commonly expressed as the ratio of the bubble equivalent diameter ∅𝑏𝑏 to the 
bubble velocity u𝑏𝑏, in which case it reduces to the Boussinesq solution [233]. 

1.13 ; 100; 1000Sh Pe Sc Re= > >  (5.67) 

Eq. (5.67) can be derived from the thin concentration boundary layer approximation using 
the surface velocities obtained from the potential flow field around a sphere. Boussinesq solution 
[233] is valid when the shear stress at the interphase is null, however for very larger 𝑅𝑅𝑒𝑒 the 
equation can be used for larger 𝜅𝜅 values as well. For bubbles, regardless of the size, as long as 𝑅𝑅𝑒𝑒 is 
large Eq. (5.67) has shown to provide a fair estimate of the mass transfer to the liquid media [160]. 

Some authors have proposed to calculate the average exposure time 𝑟𝑟 in Eq. (5.66) as the 
ratio of the length of the smallest turbulent eddies to their characteristic velocity based on 
Kolmogoroff theory of isotropic turbulence, [234], [235]. This approach was applied in CFD 
simulation studies as well, by estimating the average exposure time directly from the predicted 
value of the local turbulent dissipation rate [236], [237], [238]. 
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Lochiel and Calderbank [222] obtained a more accurate expression than the Boussinesq 
solution, Eq. (5.67), for the average 𝑆𝑆ℎ number of fluid sphere at high 𝑅𝑅𝑒𝑒 numbers that is not 
limited to low value of the viscosity ratio. As done for the solid sphere at high 𝑅𝑅𝑒𝑒 number, Eq. 
(5.62), they applied the thin concentration boundary layer approximation to the conforming 
tangential fluid velocities. The corresponding velocity fields, inside and outside a fluid sphere (for 
no flow separation at the interphase) was first obtained by Chao [239] using a perturbation 
method in the form of small deviations from the potential flow solution. However, Lochiel and 
Calderbank corrected Chao velocity fields introducing more appropriate boundary condition for the 
shear stress at the interface which led to Eq. (5.68). For small viscosity ratio Eq. (5.68) can be 
applied for smaller 𝑅𝑅𝑒𝑒 numbers as well. When 𝜅𝜅 = 0 the equation reduced to Winnikow solution 
[240] (who also revised Chao [239] velocity field), in this case the prediction of Eq. (5.68) are within 
7% of the corresponding numerical solutions [160] for 𝑅𝑅𝑒𝑒 as low as 70. 
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Weber [241] reported a solution for thin concentration boundary layer approximation using 
the boundary layer velocities from Harper and Moore [242]. To obtain the overall mass transfer 
rate it was required the computation of a function of both viscosity and density ratios. Since it was 
observed that the average 𝑆𝑆ℎ number was only weakly dependent upon the densities of the two 
fluids the aforementioned function was approximated with a simpler expression only dependent 
on 𝜅𝜅. The equation proposed by Weber [241] is the following. 
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The Semi-empirical correlations derived fitting experimental data or numerical results are 
given in Appendix C. The correlation of Colombet et al. [214], although not a solution, is given here 
as the method applied for its derivation is quite remarkable and might be extended to other case. 
Moreover the expression applies particularly well to bubbles in uncontaminated system for wide 
range of hydrodynamic conditions.   

Colombet et al. [214] numerically simulated the transfer inside and outside a fluid sphere 
having 𝜅𝜅 = 0.018 and 𝜌𝜌𝑏𝑏/𝜌𝜌𝑠𝑠 = 0.018 that are typical value for the air-water system. 𝑅𝑅𝑒𝑒 and 𝑃𝑃𝑒𝑒 
numbers ranged respectively from 0.1 to 100 and from 1 to 2000. The numerical results together 
with the analytical solutions for: → 0, 𝑃𝑃𝑒𝑒𝑖𝑖𝑛𝑛𝑠𝑠 → 0 and 𝑅𝑅𝑒𝑒 → 0, 𝑃𝑃𝑒𝑒𝑖𝑖𝑛𝑛𝑠𝑠 → ∞, were used to derive a 
correlation for the average 𝑆𝑆ℎ𝑖𝑖𝑛𝑛𝑠𝑠 number, i.e. the 𝑆𝑆ℎ number relevant to the internal resistance to 
the transfer, Eq. (5.51). For what regard the external resistance Colombet et al. [214] adopted Clift 
et al. [160] empirical correlation valid for 𝑅𝑅𝑒𝑒 ≤ 1 and any value of 𝑃𝑃𝑒𝑒, Eq. (C.7). 𝑃𝑃𝑒𝑒 number was 
redefined using the maximal tangential velocity at the particle surface, max(𝜐𝜐𝑠𝑠 𝑠𝑠𝑠𝑠𝑛𝑛|𝑧𝑧=0). This was 
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calculated considering that for the inviscid sphere in the limit 𝑅𝑅𝑒𝑒 → 0 and for the potential flow 
solution the maximal velocity is respectively 1/2 and 3/2 of the particle relative velocity, u𝑏𝑏. For 
the intermediate 𝑅𝑅𝑒𝑒 numbers [max(𝜐𝜐𝑠𝑠 𝑠𝑠𝑠𝑠𝑛𝑛|𝑧𝑧=0)/u𝑏𝑏] is calculated exploiting an empirical drag law 
that matches the two asymptotic analytical solutions (Hadamard-Rybczynski equation for 𝑅𝑅𝑒𝑒 → 0 
and 𝜅𝜅 → 0 and potential flow solution for → ∞ ). Whit this substitution, Eq. (C.7) naturally matches 
Boussinesq solution [233], Eq. (5.67), at higher 𝑅𝑅𝑒𝑒 numbers: 
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Figure 66: Correlations for the 𝑆𝑆ℎ number of fluid sphere at high 𝑅𝑅𝑒𝑒 number for 𝑆𝑆𝑐𝑐=500, 𝜅𝜅=0 (∙), 𝜅𝜅=2 (--), 𝜅𝜅=20 (-): Weber, Eq. (5.69), 
Clift et al. Eq. (C.30), Oliver and Dewitt Eq. (C.32), Feng and Michaelides Eq. (C.22), (C.33), (C.34), (C.35), (C.36), Saboni et al. (C.37) 
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Figure 67: Correlations for the 𝑆𝑆ℎ number of inviscid sphere at high 𝑅𝑅𝑒𝑒 number for 𝜅𝜅=0, 𝑆𝑆𝑐𝑐=50 (-∙), 𝑆𝑆𝑐𝑐=500 (--), 𝑆𝑆𝑐𝑐=500 (-):Feng and 
Michaelides Eq. (C.33), Saboni et al. Eq. (C.37), Colombet et al. Eq. (5.70). 

Figure 66 reports correlation for fluid spheres at intermediate 𝑅𝑅𝑒𝑒 number for different 
value of 𝜅𝜅, the 𝑆𝑆𝑐𝑐 nuber is kept fixed at 500. All predictions overlaps for 𝜅𝜅 = 0, with the exception 
of Saboni et al. (C.37) equation, which show deviations within 10% in respect to the others. The 
larger discrepancy among the predictions are observed for 𝜅𝜅 = 2; while for 𝜅𝜅 = 20, both the 
correlations derived from numerical simulation results, Feng and Michaelides [223] and Saboni et 
al. [243], agree to each other within 10% of deviation. For this viscosity ratio, Oliver and Dewitt 
[244] correlation fail to produce values of 𝑆𝑆ℎ higher than that for the corresponding solid sphere 
with the same 𝑆𝑆𝑐𝑐 number, see Figure 64. 

Figure 67 reports correlation for inviscid spheres at intermediate 𝑅𝑅𝑒𝑒 number for different 
value of the 𝑆𝑆𝑐𝑐 nuber. The correlations overlaps for the entire range of 𝑅𝑅𝑒𝑒 numbers and for the 3 
𝑆𝑆𝑐𝑐 number selected: 50, 500, 5000. Feng and Michaelides [223] correlation appears to be the most 
universal one as it applied most wide range of 𝑘𝑘 and 𝑅𝑅𝑒𝑒 numbers. The predictions provided by the 
correlation of Colombet et al. [214] are particularly impressive considering that the expression was 
not fitted to numerical results but rather derived on the basis of a drag law. Further this simple 
equation can be used down to 𝑅𝑅𝑒𝑒 → 0 for any value of 𝑃𝑃𝑒𝑒. 
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5.2.6.4. Fluid oblate spheroids 

An analytical expression for the average 𝑆𝑆ℎ number of a fluid spheroid in potential flow was 
obtained by Lochiel and Calderbank [222] applying the same procedure adopted for the sphere and 
using the flow function provided in [229] for this geometry. The resulting correlation is given here. 
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In Eq. (5.71) the term 1.13√𝑃𝑃𝑒𝑒 represent the Boussinesq solution [233], therefore the 
correlation is intended for relatively high 𝑅𝑅𝑒𝑒, i.e. when internal circulation is assumed completely 
developed and the velocity field derived from the potential flow approach is reliable. The semi-
empirical correlation derived by Figueroa-Espinoza and Legendre [245] is given in Appendix C. 

Mass transfer correlations for oblate fluid spheroid moving at high 𝑅𝑅𝑒𝑒 numbers in a liquid 
are of particular importance for bubbles and droplets presenting mobile or inviscid interphases. 
The limit between the spherical regimes and the ellipsoidal regime is usually taken at 𝐸𝐸� = 0.9. For 
bubbles freely rising in water the transition is for 𝑅𝑅𝑒𝑒 numbers in the range 125-250, depending on 
the system purity and the types of secondary motion associated. Examples of correlations for the 
estimate of bubbles aspect ratio in pure and contaminated water are reported below. In particular 
Eq. (5.72) was derived for swarms of bubbles, while Eq. (5.73) and Eq. (5.74) were obtained from 
data relevant to isolate fluid particles moving at terminal velocity.  
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Eq. (5.72) was derived by Besagni and Inzoli [246] using the data collected from image 
analysis of bubble swarms in pure water. The form of the correlation is similar to that originally 
developed Wellek et al. [175] for non-oscillating drops rising or falling in contaminated liquids, Eq. 
(5.74). 

Liu et. [211] fitted their experimental points relevant to air bubbles in pure water testing 
different dimensionless number as correlating parameters. For the purposes of a homogeneous 
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comparison, though 𝐸𝐸𝑚𝑚 number seems to provide the worse fitting of this data, the corresponding 
correlation is here reported in Eq. (5.73). 

For 𝐸𝐸𝑚𝑚 > 0.2 Eq. (5.72) and Eq. (5.73) have mainly a statistical meaning because shape 
deformation is coupled to the wake shedding whose onset in pristine systems is stochastic, see 
section 5.2.2.  

For fluid particles in contaminated systems Clift et al. [160] improved Wellek et al. [175] 
correlation introducing the additional parameters 𝜅𝜅 and 𝑀𝑀𝑚𝑚 number. For 𝑀𝑀𝑚𝑚 number smaller than 
10-6 and 𝜅𝜅 = 0 Clift et al. [160] correlation reduces again to that of Wellek et al. [175]. Indeed, 
although Eq. (5.74) was originally fitted to data relevant to non-oscillating droplets, it was found 
suitable for oscillating bubbles in low-viscosity liquid as well (𝑀𝑀𝑚𝑚 < 1 ∙ 10−6 and 𝜅𝜅 ≈ 0). 

5.2.7. Correlation for bubbles with shape oscillation in water 

For drops and bubbles in liquids, the effect of oscillation on transfer may be significant: the 
internal resistance is always significantly reduced, but the external resistance may be enhanced or 
virtually unaffected if the 𝑅𝑅𝑒𝑒 number is large enough [160]. When a fluid particle oscillates the 
extension of its surface area changes with time; this situation has been studied neglecting the 
motion adjacent to the surface due to the relative velocity of the particle in respect to the liquid, 
i.e., by considering the particle to be oscillating but stationary. Example of correlations derived 
under these assumption can be found in [160]. 

For what regard oscillating bubbles and moving into a liquid media Montes et al. [247] 
derived a solutions valid in the limit of potential flow. Experimentally measured bubble shapes in 
water were compared with the solution proposed by Tsamopoulos and Brown [248] for a linear 
combination of the first 3 modes of oscillation for fluid particles. From this analysis the values of 
the weights used for the summation of the modes were determined specifically for the gas-water 
systems. The mass transfer along the oscillating bubble surface was obtained as first order 
perturbed solution where the zero order solution corresponds to the non-deformed spherical 
bubble for the thin concentration boundary layer approximation (diffusive transport in the 
direction parallel to the surface is ignored). The first-order mass transfer problem was solved 
neglecting both the components of the diffusive transport (normal and parallel to the surface) and 
the component normal to the surface of the advection transport. The local mass transfer was 
finally calculated as a weighted linear combination of the solutions for each mode of oscillation. 
Montes et al. [247] also provided the following approximate solution for the average 𝑆𝑆ℎ numbers 
(averaged in time and over the bubble surface): 
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For the derivation of Eq. (5.75) only the first oscillation mode was considered and a fixed 
value for the amplitude was adopted, that is relevant to bubbles in water with an equivalent 
diameter of about 4-6 mm. 

5.2.8. Correlations for the stagnant cap model 

As previously done for the fluid sphere, Saboni et al. [249] numerically solved the Navier-
Stokes equations and the continuity equation applying the stagnant cap model for the entire range 
of cap angle 0-180°, 𝜅𝜅 < 10 and 𝑅𝑅𝑒𝑒 < 200. The corresponding numerical results were fitted with 
the following function. 
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The form of Eq. (5.76) was suggested by Eq. (C.37) derived in their previous work [243]. The 
applicability of this correlation is limited by the fact that, at the moment, there are no correlations 
available to approximatively estimate the cap angle for 𝑅𝑅𝑒𝑒 > 1 given, for instance, the 
contaminants concentration, the adsorption parameters, the diffusive constants and the particle 
velocity. The problem is indeed particularly severe due to the strong coupling between the 
variables. For the case of the inviscid sphere in creeping flow, some solutions for cap angles as 
function of the 𝐾𝐾𝐴𝐴𝑐𝑐𝑖𝑖, i.e. the equilibrium constant for adsorption multiplied by the bulk 
concentration of the surface-active component, can be found in [250] and [251] for various 
Marangoni numbers, 𝑀𝑀𝑐𝑐 = 𝑅𝑅𝑇𝑇Γ�𝑖𝑖∞/𝛿𝛿𝑠𝑠𝑈𝑈(𝜃𝜃 = 180). 

5.2.9. Correlations for bubbles assemblage 

Collective effect on the mass transfer are known to exist for a long time, many 
experimental works on mass or heat transfer in fixed or fluidized bed shows an increase of the 𝑆𝑆ℎ 
(or 𝑁𝑁𝑓𝑓) number with the particle volume fraction, [252]. Specifically for bubbly flow, the available 
correlations that account for the collective effect arising from the inter-particle hydrodynamic 
interactions are based on the results of numerical simulations formulated according to the 
boundary conditions of the so called “cell” model. The approach, first introduced by Happel [253] 
and Kuwabara [254], approximates the inter-particle interactions by postulating that each sphere is 
surrounded by a hypothetical fluid envelope which radius is function of the disperse phase volume 
fraction (∅𝑏𝑏 √𝜖𝜖3⁄ ). The flow functions are then obtained by numerically solving the Navier-Stokes 
according to the boundary conditions imposed at the cell wall. Happel [253] and Kuwabara [254] 
models differ only in relation to one of the conditions at the cell boundary. Happel [253] proposed 
zero shear stress at the cell wall, while Kuwabara suggested the use of the zero vorticity condition. 
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For the inviscid sphere, Le Clair and Hamielec [255] applied the thin concentration 
boundary layer approximation using their numerically calculate surface velocities obtained for the 
Happel [253] cell model. The results in the interval 10 < 𝑅𝑅𝑒𝑒 < 1000 were correlated with the 
following semi-empirical equation. 
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For 𝑅𝑅𝑒𝑒 number larger than 1000 Le Clair and Hamielec [255] suggest the use of Boussinesq 

solution [233] multiplied by the factor 1/�(1 − 𝜖𝜖) to account for the collective effects of the 
assemblage on the mass transfer. While for 𝑅𝑅𝑒𝑒 number of less than 10 the following expression 
was provided. For 𝑅𝑅𝑒𝑒 → 0, Eq. (5.78) equals Eq. (5.59) when 𝜅𝜅 = 0 and 𝜖𝜖 = 0. 
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Kuwabara [254] boundary conditions were used by Kishore et al. [256], who numerically 
solved the Navier-Stokes for fluid spheres considering all range of viscosity ratios. The advection-
diffusion equation was solved without neglecting the term for the diffusive transport in the 
direction parallel to the particle surface; therefore the corresponding correlations can be used for 
very small 𝑃𝑃𝑒𝑒 numbers. Kishore et al. [256] fitted the following expression to their numerical 
results for the interval 1 < 𝑅𝑅𝑒𝑒 < 200. 
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Both Le Clair and Hamielec [255] and Kishore et al. [256] correlations agree on the influence 
of the disperse phase volume fraction on the transfer; as expected, when 𝜖𝜖 increases so does the 
𝑆𝑆ℎ number. However, specifically for bubbly flow, Colombet et al. [231], [252] reported extensive 
experimental evidences showing that for these systems collective effects are indeed negligible. 
They observed that mass transfer in a homogeneous bubble swarm at high 𝑃𝑃𝑒𝑒 number is almost 
independent of the gas volume fraction and remain similar to that of a isolate bubble rising in a 
fluid at rest. This was confirmed up to the largest gas volume fraction tested: 𝜖𝜖 = 0.3. They 
explained that this condition is realized if the flow in proximity of each bubble is similar to that of 
an isolated bubble and that the smallest turbulent fluctuations must not penetrate within the 
concentration boundary layer. Colombet et al. [252] compared the length of the smallest turbulent 
eddies, calculated according to Kolmogoroff theory of isotropic turbulence, and the thickness of 
the concentration boundary layer from the Boussinesq solution, Eq. (5.67); from this they 
concluded that in the interval of 𝑃𝑃𝑒𝑒 number covered by their experiments, collective effects have 
no influence on the mass transfer. Thought, Colombet et al. [231], [252] results were relevant to 
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the air-water system, their conclusion are still valid for many gas-liquid systems, since both the 
evaluation of the data and the theoretical explanation provided are based on dimensionless 
analysis. 
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 Experimental characterization of a pilot-scale slot ejector bubble 6.

column 

Any fermentation process that depends on the supply of even a single gaseous substrate is 
almost certainly affected by mass transfer limitations. By far the most common example of this is 
aerobic fermentation, in which the low solubility of O2 in water often represents the rate-limiting 
phase of the entire process, thus establishing the specific productivity (kg of product/s/m3 of 
reactor) of the unit used as bioreactor. In order to overcome these transfer limitations, aerobic 
fermentors are designed with the intent to reach large contact area between the phases and to 
increase the flux of O2 trough the gas-liquid interphase. Both variables are strongly affected by the 
process conditions, the method applied for generating the gas-liquid dispersion, the coalescence 
properties of the solutions, and the type and configuration of the unit adopted for the 
fermentation. It follows that regardless of the approach adopted, practically any study focused on 
the analysis of the relationship between the operational parameters of a unit and the gas transfer 
performance, always converge to the estimate of the volumetric mass transfer coefficient, K𝐿𝐿𝑐𝑐. 
Although this parameter alone is rather an overview simplification, it is universally accepted as a 
metric for benchmarking bioreactor performance, e.g. [257], [101]. 

Stirred tank reactors are by far the most frequently unit used as fermenters, when these 
units are used as gas-liquid contactor a common approach adopted to enhance the volumetric 
mass transfer coefficient is to increase the power delivered by the stirrer(s) per unit volume of 
liquid. Increasing the power input has the effect of promoting bubble breakup and increasing the 
shear rate at the interphase, thereby increasing both the diffusion fluxes and the available contact 
area. However, due to the substantial increase in energy consumption, this approach is not 
economically feasible when the product of the fermentation is a low-cost bulk chemical or a liquid 
fuel. For this kind of processes, alternative reactor configurations, which may provide a more 
energy-efficient mass transfer, should be considered [41]. In this sense the application of bubble 
columns units brings numerous advantages as compared with the stirred tank reactors, such as a 
compact design deriving from a more vertical development, generally higher hold-up, the absence 

of mechanically driven parts inside the vessel and simple manufacturing. Further, ejector type gas 
distributors, as the one installed in the unit under this study, Figure 68, present the remarkable 
characteristic of producing gas-liquid dispersions with high efficiency, thus reaching relative large 
values of K𝐿𝐿𝑐𝑐, without showing excessive power consumptions. The main disadvantage is the high 
shear stress levels in proximity of the ejector, which excludes the application of such distributors to 
stress-sensitive cultures [258].  

This study fits into the larger context that is the development of more-energy efficient 
fermentor designs that may be applied to all those biochemical processes involving the conversion 
of a gaseous substrate and whose economic feasibility is limited by mass transfer issues. 
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Specifically, the aim was the characterization of a pilot-scale slot ejector bubble column, Figure 
68b, under non-coalescing conditions, from the point of view of the mass transfer, the bubble size 
distribution, the specifics surface area and the energy consumptions for the different operating 
condition tested. In the following sections the methods applied are discussed and the attained 
relevant results are compared.  

The unit is a 900 L bubble column (typically filled to 600 L) where the gas-liquid dispersion is 
generated through a sloth ejector driven by the recirculation of liquid through a loop and a pump 
installed at the bottom of the unit. In all fermentation processes, with no exception, the presence 
of inorganic and organic components dissolved in the liquid medium has a decisively impact on the 
bubble coalescence and sizes. Thus, as common practice, all the measurements were carried out in 
an aqueous electrolyte solution presenting behavior of the gas-liquid dispersion similar to that 
found in operative fermentors. 

The two previous sections, concerning respectively the effects of strong electrolytes on the 
interface mobility of bubbles, 5.1, and the mass transfer of isolated fluid particles in liquids, 5.2, 
form the foundation for a correct understanding of those complex multiphase systems. Indeed, too 
often these notions have not been treated with adequate consideration, and many examples exist 
where Higbie [232] penetration theory or Boussinesq solution [233] have been used without 
considering the conditions for which the models hold; or where electrolyte solutions have been 
classified, a priori, as fully contaminated systems. 
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 Setup and methods 6.1.

6.1.1. Experimental setup 

The experimental setup, Figure 68a, is a non-pressurized column made of transparent 
acrylic plastic closed at the lower end by a stainless steel dished bottom. The plastic cylinder is 
secured, via a collar, to a flange that allows the disconnection of the two parts. The gas-liquid 
dispersion is produced through a Bayer slot ejector [259]; the liquid is withdrawn at the bottom of 
the reactor and delivered to the ejector via a recirculation pump, while the gas enters ejector the 
chamber from the side. The column height, from the bottom flange to the top, is 300 cm with an 
internal diameter of 59.2 cm (0.826 m3); the volume of the bottom part, under the flange, inclusive 
the recirculation loop is approximately 73 L.  

The outlet of the diffuser cone and that of the liquid nozzle, located at the base of the 
ejector body, are both shaped as parallel sunk keys respectively having a cross-sectional area of 
314 mm2 and 113 mm2, and an internal width of 10 mm and 8 mm. The ejector is centered in the 
column (U1) with the outlet of the diffuser cone located at about 10 cm above the bottom flange, 
Figure 68c. 

Compressed air from the laboratory line is fed to the ejector; the flow rate is regulated via 
an electrically actuated valve (V1) base on the reading of an airflow meter (FI12), an Azbil MCF 
Series with an operating range from 0-3000 NL/min. The flow in the recirculation loop is provided 
by and inverter drive centrifugal pump (P1), a Grundfos CRNE 32-1 with a rated head pressure of 
1.53 bar and a rated flow of 36 m3/h. 
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Figure 68: Experimental setup: (a)-Simplified PI-diagram; (b)-Column operating with a non-coalescing electrolyte solution; (c)-ejector 
installation; (d)-Ejector side view; (e)-ejector top view: the diffuser outlet cross-sectional area is 314 mm2 and the internal width is 
10 mm, that of the liquid nozzle are respectively 113 mm2 and 8 mm 

A magnetic flow meter from Kobold Messring GmbH (FI1), with an operating range from 35-
700 L/min, is used for monitoring the liquid flow. Two pressure transmitters (PI1 and PI3), both 
8000-SAN-F-L(1.5") from Klay-Instruments, with an operating range from 0−10 bar, are placed just 
before the ejector, either on the liquid line or on the air conduit, respectively. This allows 
measuring the pressure drops across the ejector. Among the sensors installed are: a temperature 
probe (TI1), a conductivity sensor (CT1), a pH electrode (Ph1), and a pressure transducer (PI4), all 
mounted below the bottom flange, while a laser type level indicator (LI1) is positioned at the top. 
The sensors are connected to a transmitter box, Liquiline CM448 from Endress+Hauser, where all 
data logging and calibration are performed. Two oxygen sensors, Hamilton Visiferm DO ARC 120 
with integrated transmitter, are placed respectively right below the bottom flange (AI1) and on a 
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side rail (AI2) at few centimeters from the column walls. A control computer allows for the opening 
of the valve (V1), to set the load percent of the pump (P1) and to record the reading of all the 
sensors and flowmeters installed. 

In order to estimate local K𝐿𝐿𝑐𝑐 (by means of the hydrogen peroxide method), the set-up is 
further equipped with a separate feeding pump, a DME 150-4 membrane pump from Grundfos 
whit an operating range of 0-150 L/h, which can be set to provide a fixed flow of H2O2 solution 
from a 25 L bin. An in-line scale allows monitoring the total amount of liquid drawn. The H2O2 
solution is injected in the recirculation loop just upstream of the main pump (P1). For sake of 
clarity, the relevant plant section is not shown in the PI-diagram of Figure 68a. 

6.1.2. Operating conditions 

The set-up described in the previous section allows testing a wide range of operating 
conditions; however in the present study only the gas and the liquid flow rates were varied 
independently, while the volume of solution in the column was fixed to about 620 L. The pilot 
campaign involved a total of 8 factorial experiments whose factors, i.e. the gas and the liquid flow 
rates, were uniformly selected within the operating window of the unit. The factorial designs 
adopted were the following: G/L:(393/65), G/L:(397/87), G/L:(406/115), G/L:(637/71), 
G/L:(648/106), G/L:(901/60), G/L:(870/84) and G/L:(878/106). In this list, the first value designates 
the gas flow rate in NL/min, while the second designates the liquid flow rate in L/min.  

Regarding the flow conditions applicable, the operating window is bounded below to a gas 
flow rate of about 300 NL/min and liquid flow rates between 65-115 L/min, while is bounded 
above to a gas flow rate of about 1000 NL/min and liquid flow rates in the interval 35-135 L/min. 
The upper flow rate for the gas is limited by the maximum supply volume trough the compressed 
air line, while the higher liquid flows are set by the nominal power of the pump (P1). The minimum 
flow rates applicable to the ejector are restricted by the onset of the plume instability [260]. 

6.1.3. Used chemicals 

In all the experiments filtered compressed air was employed as gaseous phase, while 
Danish tap water (19.9 °f) was used to prepare the electrolyte solution to fill the column. 
MgSO4∙7H2O from VWR International was added to the water in sufficient quantity to completely 
suppress coalescence; with reference to the values reported by different studies [155], [158], [165] 
a concentration of 0.065 M was chosen. After filling the column directly from the water supply line 
up to a level of 200 cm above the bottom flange (620 l) and adding the salt, the solution was 
allowed to reach the ambient temperature of 20±2 °C before each run was started. For the runs 
devoted to k𝐿𝐿𝑐𝑐 estimation (by means of the hydrogen peroxide method) 62.5 g of Catazyme 25® L 
(25.000 U/g) from Novozymes were added to the column obtaining a concentration of about 0.1 
g/L. The actual enzyme concentration in the vessel might have been lower since Catazyme 25 L is a 
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catalase solution; anyhow the enzyme activity (25.000 U/g) is given per grams of Catazyme 25® L. 
The H2O2 solution was prepared daily by dilution of base-grade 35 % w/w H2O2 from Sigma-Aldrich 
(EMPLURA grade) and thereafter standardized with KMnO4 (Sigma-Aldrich). 

6.1.4. Bubble size by image analysis 

Several images of the column under the different operating conditions were taken in order 
to characterize the gas-liquid dispersion in terms of bubble size distributions and shapes, as well as 
to verify the absence of coalescence. The camera used is a Canon EOS 5d Mark III (f/4.5; 1/8000s; 
ISO6400; 5760 × 3840 pixels; spatial resolution approximately 300 Pixel per inch), equipped with a 
52 mm diameter optic (Canon EF 100mm f/2.8 Macro USM). All pictures were acquired with the 
camera positioned 0.7 m away from the column wall at a height of about 1.0 m above the bottom 
flange, where the two-phase flow region was completely developed. In order to provide sufficient 
illumination for the camera sensor, multiple led strips were positioned directly around the 
photographed area for a total emitted light of 4600 lm. Although conventional (non-telecentric 
lenses) were used to record the images, the perspective error was kept sufficiently small. In fact, 
from the reference size strip, directly positioned on the acrylic surface of the column, bubbles were 
on focus for a maximum depth of less than 10 mm, this corresponds to a maximum 
underestimation error of about 1.5% (≈10 mm/0.7 m) [184]. The curved surface of the column 
induces a magnification of the image along the horizontal dimension, but thanks to the large 
diameter of the vessel and the fact that the bubbles on focus were close to the walls, this was of 
negligible entity. 

Segregation phenomena can alter the local bubbles size distribution; however, these are 
limited to regions where recirculation currents are not intense enough; i.e. on the upper and lower 
bounds of the bubble dispersion. Indeed, smaller bubbles tend to collect at the bottom of the 
cloud, as, once out of the swarm, the lower rising velocities prevent them from re-entering as 
quickly as the larger bubbles. Similarly, on the top part, larger bubbles can more easily escape the 
entrainment of the recirculation currents, thanks to a more favorable balance between buoyancy 
and drag, which is reflected in higher rise velocities. The segregation of small bubbles occurring at 
the lower bound of the swarm can be seen from Figure 68b; this is also visible in the pictures 
reported in [261] for a bubble plume generated in NaCl solution by a water jet incident vertically 
downwards on the surface. For these reasons, the camera was always pointed well within the 
region of complete development of the two-phase flow. 

Base on the quality and general appearance, a total of 32 pictures were selected for the 
subsequent image analysis, 4 pictures for each operating condition tested. In Figure 69a it is 
reported a photo of the gas-liquid dispersion through the acrylic walls of the column, the reference 
size strip in the center has a length of 19.0 mm. 
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Figure 69: Image acquisition and processing: (a)-Photo of the gas-liquid dispersion; (b) Measurements performed on the image by 
elliptical selection of the bubbles using the tool available in the image processing software Fiji [262] 

Pictures analysis was performed manually with the aid of the image processing software Fiji 
[262], an open-source distribution of ImageJ. Spherical and ellipsoidal bubbles were measured 
using the elliptical selection tool available from the software, see Figure 69b. The reliability of this 
technique was verified by Ziegenhein et al. [184]: they had the same data evaluated by 5 different 
persons concluding that the eventual systematic error introduced by the biased of a human 
operator is acceptable. In the present study one the sampled images was evaluated twice by two 
different operators, in line with Ziegenhein et al. [184] trial, the outcomes were comparable. 

The volume of the bubbles was obtained from the two-dimensional contour under the 
assumption that deformed fluid particles can be approximated by oblate spheroids with a major 
axis 𝑐𝑐 and a minor axis 𝑏𝑏. This is generally considered a valid assumption for bubbles that are not in 
the spherical cap region, indeed the size range of interest for the present study is well within the 
first half of the ellipsoidal region [160]. Furthermore, it was confirmed [184] that, when the time-
averaged two-dimensional projection of the bubble is used for the estimation of 𝑐𝑐 and 𝑏𝑏, the 
assumption of an oblate spheroidal geometry provides a good approximation of the bubble volume 
even in case of significant shape oscillations. Accordingly, the bubbles volume and surface were 
estimated from Eq. (6.1) and (6.2). 
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(a) Example of a picture of the column used for image analysis 

19.0mm

(b) Elliptical selections of bubbles in Fiji software environment
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The ratio of the minor axis to major axis, indicated with 𝐸𝐸�, is the particle aspect ratio. The 
bubble equivalent diameter ∅𝑏𝑏, i.e. the diameter of a sphere with equal volume, and the Sauter 
diameter ∅32, i.e. the diameter of a sphere with equal surface to volume ratio, were calculated 
from Eq. (6.3) and Eq. (6.4). 
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Although the image analysis, Figure 69b, was primarily aimed to extract data regarding the 
bubbles size distribution and determining the relations with the operating conditions tested; the 
further examination of the aspect ratios distribution provided an essential indication on the quality 
of the water, as well as an insight on how surface-active contaminants, which presence is 
practically unavoidable [160], might be removed from the bulk of the solution and collected in the 
foam that segregates at the top of the column. 

6.1.5. Bubble aspect ratio as test for water quality 

6.1.5.1. Isolate rising bubbles 

Bubble rise velocity measurements are probably the most sensible method to verify the 
presence of surface-active contaminants in water even at concentrations as low as 10-8 M. Indeed 
the method is superior to surface tension measurements, since impurities, when in very low 
amount, may require a considerable amount of time to diffuse from the bulk solution when, during 
the measurement, the interphase is stretched [172], [261]. A somewhat complementary method 
that exploits the change in the shape deformation of fluid particles when contaminants are 
adsorbed on the interphase has been derived for isolate bubbles rising in a quiescent liquid, [160], 
[175], [211]. Comparing the measured bubbles deformations with the available correlations to 
verify the presence of contaminants in a solution is clearly a less sensitive method than rise 
velocity measurements, because the smaller bubbles, which are affected by the tiniest trace of 
impurities, are spherical in contaminated systems as they are in pristine systems. For instance, for 
a bubble of 0.65 mm in water, the predicted difference in 𝐸𝐸� between a contaminated and a 
pristine solution is only 5%. While, in comparison, the rise velocities from Hadamard-Rybczynski 
equation are always 33.3% higher than that obtained from Stoke law for any ∅𝑏𝑏 < 0.1 𝑚𝑚𝑚𝑚, see 
section 5.1.5.1. 
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Generally, fluid particles deformation is analyzed on the base of Mo and Eo numbers, but 
for bubbles, Mo number is always much smaller than 10-6 and E� can be correlated with Eo number 
alone. In this case, the aspect ratios observed from consecutive pictures (taken at constant 
intervals) are averaged and plotted vs the corresponding Eo number [211], though other 
dimensionless numbers have also been proposed. In this regard, Liu et al. [211] observed that 
being the Eo number an indication of the relative magnitude of gravitational forces to surface 
tension force, it does not account for the contribution of the inertial force. They argued that when 
the equivalent diameter increases and the bubbles move at higher terminal velocities, the effect of 
inertial forces should play the leading role. Thus they suggested the use of the We number, instead 
of Eo number, as correlating parameter of the aspect ratio.  

Although from the data regression performed by Liu et al. [211] it was evident that 𝑊𝑊𝑒𝑒 
number represents the best correlating metric for the bubble aspect ratio; it should be noted that, 
because the terminal velocity is determined by the balance of the drag and buoyancy forces, there 
is a univocal relation between 𝑊𝑊𝑒𝑒 number and 𝐸𝐸𝑚𝑚 number. Indeed, if the density of the gas in 
respect to the liquid is neglected then (𝐸𝐸𝑚𝑚/𝑊𝑊𝑒𝑒)𝑅𝑅𝑒𝑒2 = 𝑁𝑁𝑟𝑟; where 𝑁𝑁𝑟𝑟 is the Archimedes number, 
and for a given system it should correlate to one and only 𝑅𝑅𝑒𝑒 number at terminal velocity, e.g. see 
[263]. Further, on the practical level, correlations based on 𝐸𝐸𝑚𝑚 number are favored since 
knowledge on the terminal velocities is not required. 

6.1.5.2. Isolate bubble in static conditions 

This section includes a derivation of limited practical utility, which aims is to quantify the 
extent of the sole buoyancy forces on the aspect ratio of non-oscillating bubbles in pure water. 
This can be accomplished by finding the value of 𝐸𝐸� which minimizes the summation of potential 
energy and surface energy for a given value of the 𝐸𝐸𝑚𝑚 number. With reference to Figure 70, the 
potential energy between the top and the bottom of the particle can be calculated as follow. 
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Figure 70: Cartesian representation of an ellipse, that illustrated the volume integral calculated in Eq. (6.5) 

In Eq. (6.5) the term 𝑑𝑑𝑣𝑣𝑏𝑏 = 𝜋𝜋��(𝑐𝑐 ⁄ 2)2 − (𝑐𝑐 ⁄ 𝑏𝑏)2𝑦𝑦2�
2
𝑑𝑑𝑦𝑦 represent the volume of an 

horizontal slice of the bubble with thickness 𝑑𝑑𝑦𝑦 taken at the vertical position 𝑦𝑦, while the term 
𝑔𝑔(𝜌𝜌𝑠𝑠 − 𝜌𝜌𝑏𝑏)(𝑏𝑏 ⁄ 2 − 𝑦𝑦)𝑑𝑑𝑣𝑣𝑏𝑏 is the potential energy associated to the slice in respect to the highest 
point of the bubble located at 𝑦𝑦 = 𝑏𝑏 ⁄ 2. 

Adding the potential energy, from Eq. (6.5), to the surface energy calculated as 𝐴𝐴𝑑𝑑𝑏𝑏 and 
introducing Eq. (6.2) and Eq. (6.3), to express respectively 𝑑𝑑𝑏𝑏 and 𝑐𝑐, leads to Eq. (6.6), which 
minimum should correspond to the required value of 𝐸𝐸�. 
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In Eq. (6.6) the equivalent diameter can be brought outside of the derivative operator 
because it is just related to the bubble volume that remains constant regardless of deformation. 
The result of the derivation is given in Eq. (6.7). For bubbles in pure water, Eq. (6.7) does not apply 
to large 𝐸𝐸𝑚𝑚 numbers, because the onset of shape oscillation can occurs for 𝐸𝐸𝑚𝑚 values as low as 0.2. 
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When Eq. (5.73), that is Liu et al. [211] correlation for pure water, is plotted for 𝐸𝐸𝑚𝑚 < 1, and 
compared to the solutions from Eq. (6.7), it is clear that the latter largely overestimated the aspect 
ratios, see Figure 71 lines: Liu et al.: pure water and line 𝛼𝛼 = 0. Since the sole contribution of the 
buoyancy forces is not sufficient to explain the observed deformations this confirms Liu et al. [211] 
view. 
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Figure 71: Bubble aspect ratio for bubble rising in pure water as function of 𝐸𝐸𝑚𝑚 number: Eq. (6.7), Liu et al. Eq. (5.73), Eq. (6.7) with 
the substitution 𝐸𝐸𝑚𝑚 = 𝐸𝐸𝑚𝑚 + 𝛼𝛼𝑊𝑊𝑒𝑒 for 𝛼𝛼 = 1 and 𝑊𝑊𝑒𝑒 calculated with the terminal velocity given by Eq. (6.8) 

In an attempt to quantify the relative influence of 𝐸𝐸𝑚𝑚 and 𝑊𝑊𝑒𝑒 numbers on the shape 
deformation the heuristic approach described below is adopted. First, the terminal velocities of 
bubbles in pure water are estimated according to the correlation provided by Tomiyama et al. 
[186], Eq. (6.8). The equivalent diameters is calculated from the 𝐸𝐸𝑚𝑚 values using the property for 
pure water and air at 20 °C (𝜌𝜌𝑠𝑠 = 997 kg/m3, 𝜌𝜌𝑏𝑏 = 1.2 kg/m3, 𝐴𝐴 = 0.072 𝑁𝑁/𝑚𝑚), while 𝐸𝐸� is 
obtained from Liu et al. [211] correlation, that is Eq. (5.73). 
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The corresponding 𝑊𝑊𝑒𝑒 numbers is readily found from the predicted terminal velocities, u𝑏𝑏. 
After, Eq. (6.7) is solved again replacing 𝐸𝐸𝑚𝑚 with the summation (𝐸𝐸𝑚𝑚 + 𝛼𝛼𝑊𝑊𝑒𝑒). The value of the 
constant 𝛼𝛼 is evaluated comparing the new solutions from Eq. (6.7) to that of Eq. (5.73). In this 
view, the term 𝛼𝛼𝑊𝑊𝑒𝑒 represents how much the buoyancy forces has to be augmented in order to 
match the experimental values of 𝐸𝐸�. Surprisingly 𝛼𝛼 is very close to 1, see Figure 71. Within the 
range of 𝐸𝐸𝑚𝑚 < 1, 𝑊𝑊𝑒𝑒 is larger than 𝐸𝐸𝑚𝑚 number, however, it is always in the same order of 
magnitude (1.9𝐸𝐸𝑚𝑚 < 𝑊𝑊𝑒𝑒 < 8.4𝐸𝐸𝑚𝑚). This possibly indicates that, although 𝑊𝑊𝑒𝑒 seems to provide the 
main contribution to bubbles deformation, certainly 𝐸𝐸𝑚𝑚 number is not negligible. 
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6.1.5.3. Bubbles assemblage: Besagni and Inzoli approach 

The only equation available in the literature for the estimate of the aspect ratio of fluid 
particles moving in a dense assemblage is that proposed, quite recently, by Besagni and Inzoli 
[246]. They were the first to apply a correlation for the bubbles aspect ratio in pure water for 
bubbly flow conditions, Eq. (5.72). The ease of their approach lies in the fact that it can be applied 
to the type of data retrieved from a single image, i.e. on snapshots of the instantaneous bubble 
population. Whit this method, the measurements obtained from the picture are used to classify 
the bubbles in separate bins based on their sizes, thereafter the respective aspect ratio and 𝐸𝐸𝑚𝑚 
number are calculated as average over each size-bin.  

The correlation developed by Besagni and Inzoli [246] for bubbly flow is identical, in the 
form, to those developed for isolate rising bubble, see section 5.2.6.4. In this respect, the 
comments moved by Liu et al. [211] in regard to the use of 𝐸𝐸𝑚𝑚 number as correlating parameter 
rather than 𝑊𝑊𝑒𝑒 number might be legitimate. The reason for this is that in the swarm the single 
bubbles don’t move along paths that are mostly developed along the vertical direction; therefore, 
the buoyancy forces (i.e. those accounted in the 𝐸𝐸𝑚𝑚 number, which are directed vertically) and the 
inertial forces (i.e. those considered in the 𝑊𝑊𝑒𝑒 number, which have the same direction as the 
velocity vectors) are not always aligned. Further, for bubbly flow the average vertical slip velocity 
depends not only on the properties of the liquid, and eventually the level of surface-active impurity 
in solution, but also on the relative volume fraction of the two phases in the dispersion; e.g. see Eq. 
(6.27) for the average vertical slip velocity provided by Colombet et al. [252], which indeed 
accounts for 𝜖𝜖.  

Despite the expression provided by Besagni and Inzoli [246] does not consider that for 
bubbly flow 𝑊𝑊𝑒𝑒 number can vary independently from 𝐸𝐸𝑚𝑚 number, the equation seems to hold for 
all the hydrodynamic conditions tested by these authors, and afterward, by Ziegenhein et al. [184]. 
Remarkably, even when the predictions of Eq. (5.72) are compared to those of Eq. (5.73), valid for 
isolate rising bubbles, the differences remain within 15%.  

Ziegenhein et al. [184] validated the correlation not only for pure water, but also in 0.1-1M 
NaCl aqueous solutions using experimental data collected from 2 distinct bubble columns operated 
for several different conditions. Regardless of the presence or absence of salt in solution, the new 
points varied randomly in the proximity of the line provided by Besagni and Inzoli [246], thus they 
concluded that the addition of NaCl to purified water does not produce any detectable change in 
the shape of the bubbles. Laqua et al. [185] experiments, relevant to isolate rising bubbles, also 
proved that electrolytes have practically no influence on the bubble shape, that is when both 
water and salts are methodically purified and contamination of the experimental setup is carefully 
avoided. The results of Ziegenhein et al. [184] are definitely a confirmation of Laqua et al. [185] 
conclusions.  
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Based on this evidence the expression derived by Besagni and Inzoli [246] was applied in 
this study to verify if the electrolyte solution in the column should be considered as contaminated 
or not. This knowledge is of primary importance in regards the proper interpretation of the data 
collected from the mass transfer measurements, and for the accurate modeling of the units.  

6.1.6. Prediction of bubble size generated by a gas-liquid jet ejector 

Whenever the specific surface areas of an ensemble of particles represent a critical factor 
for the performance of a unit operation (involving e.g. catalysis, combustion, evaporation, mass 
transfer etc.), the Sauter mean diameter of the sample represents the most convenient metric to 
use for comparative studies and process calculations. This average value is calculated according to 
Eq. (6.9), where 𝑣𝑣𝑏𝑏 and 𝑑𝑑𝑏𝑏 are respectively the volume and the surface of the particle associated to 
the 𝑘𝑘 element of the sample. 
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Beyond being the diameter of the sphere with the same volume to surface ratio as the 
entire dispersion, the Sauter mean diameter directly relates to the interfacial area per unit volume 
of the continuous phase, 𝑐𝑐, provided the volume fraction of the disperse phase, 𝜖𝜖, is known, Eq. 
(6.10). 
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Because the interfacial area per unit volume of liquid is the most important parameter for 
the performance characterization of aerobic fermentors, and more in general, for all gas-liquid 
contactors; it is clear that the understanding of how  ∅�32 relates to fluid properties, reactor design 
and power consumption have been the subject of numerous research. 

With regard to stirred tank reactors, which are by far the most commonly adopted 
fermentor layouts, the Sauter mean diameter for a gas-liquid dispersion is often correlated to the 
ratio between the power delivered by the impeller(s) at the given rpm and the liquid volume 
contained the unit, this parameter is commonly referred to as power input, 𝑤𝑤𝑖𝑖𝑎𝑎𝑒𝑒/𝑉𝑉𝑠𝑠. Such 
correlations are usually inspired by a theoretical relationship first proposed by Hinze and based on 
the hypothesis that the maximum stable diameter for a fluid particle in a dispersion, ∅𝑎𝑎𝑠𝑠𝑒𝑒, is that 
for which the surface energy exactly equals the variation of kinetic energy of the fluid over 
distances at the most equal to the diameter of the particles [264]. Thus a critical 𝑊𝑊𝑒𝑒∅𝑚𝑚𝑠𝑠𝑚𝑚  number 
can be defined using as characteristic length ∅𝑎𝑎𝑠𝑠𝑒𝑒, and as characteristic velocity 〈∆𝜐𝜐∅𝑚𝑚𝑠𝑠𝑚𝑚

2 〉, namely 
the average of the squares of the velocity difference  between two points distant from each other 
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a length ∅𝑎𝑎𝑠𝑠𝑒𝑒 (𝜌𝜌𝑠𝑠  and 𝐴𝐴 refers to the liquid density and the surface tension). According to 
Kolmogorov, if the distance between two points in the flow field is much smaller than the 
macroscopic eddies, but much larger than the smallest turbulent eddies, this velocity difference is 
only a function of the energy dissipation rate and the distance itself [265]. Such relation is stated in 
the central expression of Eq. (6.11). Based on those assumptions, the maximum stable diameter 
can be correlated to the average dissipation rate according to the last expression reported in Eq. 
(6.11). 𝐶𝐶1 takes a value of about 2, according to the derivation of Batchelor [266]. 
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The correlating equation usually adopted for the study of stirred tank reactors can thus be 
derived from Eq. (6.11) under the following three conditions: negligible coalescence, Sauter mean 
diameter invariably proportional to the maximum stable diameter and identification of the 
turbulent dissipation rate per unit volume with the power input, �̅�𝜒𝑠𝑠𝜌𝜌𝑠𝑠 = 𝑤𝑤𝑖𝑖𝑎𝑎𝑒𝑒/𝑉𝑉𝑠𝑠. 
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The constant 𝐶𝐶2 in Eq. (6.12) incorporates the properties of the system and is commonly 
obtained from the regression of experimental data, the exponent of the power input has also been 
fitted even when some coalescence has occurred, in these cases, absolute values smaller than 2/5 
were obtained. According to Alves et al. [267], it is still a matter of debate whether or not the use 
of 𝑉𝑉𝑠𝑠 as correlating variable is practical, as the volume of liquid swept by the impeller(s) blades 
seem to be a more appropriate parameter. The reason is that the fitted constant, 𝐶𝐶2, is influenced 
by the choice of the volume where most of the energy dissipation and bubbles breakup is 
supposed to occur. The inappropriate identification of such volume makes the resulting equation 
of limited applicability, restricting its predictive use only to reactors presenting close geometrical 
similarity with the experimental unit exploited to get the correlation parameters. 

Differently from Eq. (6.12) the form of Eq. (6.11) is of general validity, and it can be used to 
correlate the Sauter mean diameter of gas-liquid dispersion generated by different mechanical 
method, provided the turbulent dissipation rate per unit volume, �̅�𝜒𝑠𝑠𝜌𝜌𝑠𝑠, is properly estimated. In 
this regard Evans et al. [266] presented an approach to predict the maximum stable diameter in a 
gas-liquid dispersion generated within the mixing-zone at the top of a plunging liquid jet bubble 
column. Evans et al. [266] defined the mixing-zone as the region of the column characterized by 
high energy dissipation rates where the entrained gas is broken into fine bubbles. In Evans et al. 
[266] study, the data collected from such a type of gas-liquid contactor were directly correlated to 
the operating condition of the unit using Eq. (6.11). Given the fact that this approach might be 
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extended to other systems that make use of ejectors to generate a gas-liquid dispersion, their 
derivation is briefly described here. 

According to Evans et al. [266] the way in which a plunging liquid jet bubble column works, 
closely resembles that of a liquid jet pump used for compressing gas; specifically, they considered 
the analogy existing between the mixing-zone at the top of the bubble column and throat section 
of such pump. In view of this, they applied an equation, originally intended for estimating the 
compression efficiency of liquid jet pumps, to obtain the power dissipated by the plugging liquid 
within the mixing-zone: 
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Eq. (6.13) is a simplified form of the equation first proposed by Cunningham [268], with 
respect to the original expression all friction losses are neglected as well as the changes in kinetic 
energy of the gas phase. 𝑑𝑑𝑖𝑖𝑒𝑒𝑠𝑠 and 𝑑𝑑𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐𝑎𝑎𝑛𝑛 are the liquid jet diameter and the column diameter, 
while 𝐿𝐿 and 𝐺𝐺 are respectively the liquid and the gas volumetric flow rates. In Cunningham [268] 
equation, the gas volumetric flow rates referred respectively to the pressure and temperature 
conditions at the entrance or at the exit of the pump throat section. However, with respect to the 
layout used by Evans et al. [266], the volume variation of the gas upon the entrainment in the 
liquid was minimal; therefore 𝐺𝐺 was referred, as a first approximation, always to ambient 
conditions. The last contribution omitted from Cunningham [268] expression is the work related to 
the isothermal compression of the gas since, for plugging liquid jets, this term was shown to be 
negligible. It can be noted that the first term of the summation in the squared brackets in Eq. (6.13) 
represents the kinetic energy of the liquid jet, while the third term is the kinetic energy of the 
dispersion when the slip velocity between the phases is reduced to zero; the second and the forth 
terms represent the momentum losses of the liquid due to the compression of the gas. 

Evans et al. [266] estimated the length of the mixing-zone experimentally, determining the 
position, from the free surface, at which the hydrostatic pressure profile in the column became 
linear with the depth; the corresponding volume was calculated assuming that the mixing-zone 
was approximately cylindrical in shape and with the same diameter as the column. Identifying the 
term �̅�𝜒𝑠𝑠𝜌𝜌𝑠𝑠  with the ration of the power dissipated by the plugging liquid jet to the mixing-zone 
volume, Evans et al. [266] were able to directly apply Eq. (6.11) to accurately predict the maximum 
stable diameter of the gas-liquid dispersions produced for the different operating condition they 
tested. The critical 𝑊𝑊𝑒𝑒∅𝑚𝑚𝑠𝑠𝑚𝑚  number was not fitted, but rather chosen from a list of theoretical and 
numerical studies relating to the breakup of bubbles. 
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Figure 72: (a)-Sketch of a jet issuing vertically upwards into homogeneous fluid. (b)-nomenclature adopted in the text to refer to the 
elements of the sloth ejector 

In regard to the slot ejector bubble column, since the column cross-sectional area is much 
larger than the ejector cross-sectional area, the gas-liquid plume cannot really be considered 
confined. Nevertheless, Eq. (6.13) shows that, for 𝑑𝑑𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐𝑎𝑎𝑛𝑛 ≫ 𝑑𝑑𝑖𝑖𝑒𝑒𝑠𝑠, 𝑤𝑤𝑖𝑖𝑒𝑒𝑠𝑠 corresponds to the full 
dissipation of the liquid jet kinetic energy. In this perspective, the momentum balance equation 
provided by Abraham [269] for a jet issuing vertically upwards into a homogeneous fluid at rest, 
seemed to provide a better framework for the estimation of the mixing-zone volume and the 
energy dissipation in relation to the layout adopted in the current study. The equation proposed by 
Abraham [269] is the following: 

( )2 2
_ 0 _ 0 _ _

0 0

;
z

jet jet z z jet pool z jet jet z
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dA M g dAdz M dAρ υ ρ ρ ρ υ
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In Eq. (6.14) 𝑁𝑁(𝑧𝑧) represents the cross-sectional area of the plume at the high 𝑧𝑧 from the 
ejector outlet and 𝑀𝑀0_𝑧𝑧 is the initial momentum of the jet, whit reference to Figure 72a, 𝑧𝑧 is the 
coordinate in vertical direction measured from the ejector outlet, 𝑟𝑟 is the coordinate in the 
horizontal direction measured from the axis of the jet, 𝜌𝜌𝑖𝑖𝑒𝑒𝑠𝑠(𝑟𝑟, 𝑧𝑧) is the point density inside the 
plume, 𝜐𝜐𝑖𝑖𝑒𝑒𝑠𝑠_𝑧𝑧(𝑟𝑟, 𝑧𝑧) is the axial component of the point velocity and 𝜌𝜌𝑒𝑒𝑠𝑠𝑠𝑠𝑠𝑠 is the density of the 
surrounding fluid. The integral term on the left-hand side of Eq. (6.14) represents the residual 
momentum of the plume at the high 𝑧𝑧; considering this to be negligible at the maximum 
penetration depth of the jet, 𝑧𝑧 = 𝑧𝑧𝑎𝑎𝑠𝑠𝑒𝑒, it is possible to write Eq. (6.14) as: 

( )
max

0

0

z

jet pool
A

M
dAdz

g
ρ ρ≈ −∫ ∫  (6.15) 

(a)

( , );u ( , )jet jetr z r zρ

z
poolρ

r

jetd

poolρ

liquid nozzle

diffuser cone outlet

ejector body

diffuser cone

2314mm

2113mm

(b)

190 
 
 



For what regards the layout adopted in the current study 𝜌𝜌𝑖𝑖𝑒𝑒𝑠𝑠 ≈ 𝜌𝜌𝑠𝑠�1 − 𝜖𝜖𝑖𝑖𝑒𝑒𝑠𝑠� and 
𝜌𝜌𝑒𝑒𝑠𝑠𝑠𝑠𝑠𝑠 ≈ 𝜌𝜌𝑠𝑠�1 − 𝜖𝜖𝑒𝑒𝑠𝑠𝑠𝑠𝑠𝑠� so that Eq. (6.15) can be further simplified in: 
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 (6.16) 

In Eq. (6.16) 𝑉𝑉𝑖𝑖𝑒𝑒𝑠𝑠 represents the volume of the plume, while �𝜖𝜖�̅�𝑖𝑒𝑒𝑠𝑠 − 𝜖𝜖�̅�𝑒𝑠𝑠𝑠𝑠𝑠𝑠� represents the 
difference between the average volume fraction of the gas within the plume and that of the 
surrounding gas-liquid dispersion. The term 𝑉𝑉𝑖𝑖𝑒𝑒𝑠𝑠𝜌𝜌𝑠𝑠�𝜖𝜖�̅�𝑖𝑒𝑒𝑠𝑠 − 𝜖𝜖�̅�𝑒𝑠𝑠𝑠𝑠𝑠𝑠� may also be referred to as buoyant 
mass of the jet. 

In respect to the slot ejector layout, Figure 72b, the momentum of the liquid as it exits the 
liquid nozzle is easily determined from the volumetric flow rate of the motive fluid and the cross-
sectional area of the liquid nozzle (113 mm2). Considering the relatively short distance between the 
liquid nozzle outlet and the diffuser cone outlet, it can be assumed that the moment between the 
two sections remains constant, thus the jet power at the outlet of the diffuser cone can be 
calculated as: 

2 2 2
0 _

_ _ _ _ _
_

u u u ; u u u
2 2 2

bl l
l l l l b b z jet l b jet l

liq noz diff cone diff cone diff cone liq noz
diff cone

GL L
L L G M w w

ρρ ρ
ρ ρ ρ

 
        ≈ + = = + ⇒ ≈            

 (6.17) 

In the last expression reported in Eq. (6.17) the contribution of the gas to the total 
momentum and to the total kinetic energy of the jet has been neglected. Here u𝑠𝑠  and u𝑏𝑏 represent 
the fluid flow velocities of the liquid and the gas phase trough the cross-sectional areas of the 

nozzle, e.g. 𝜌𝜌𝑠𝑠𝐿𝐿[u𝑠𝑠]𝐴𝐴 = ∫ 𝜌𝜌𝑠𝑠𝜐𝜐𝑠𝑠⊥𝐴𝐴2 (1− 𝜖𝜖)𝑑𝑑𝑁𝑁𝑨𝑨 . If the energy of the jet is completely dissipated within 
the volume of the plume the average energy dissipation rate per unit volume �̅�𝜒𝑠𝑠 might be 
estimated combining Eq. (6.16)  and Eq. (6.17). 
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 (6.18) 

This study follows Evans et al. [266] approach, thus Eq. (6.11) and Eq. (6.18) have been used 
to correlate the experimental Sauter mean diameter attained from the image analysis for the 
different operating condition applied to the slot ejector. Though Eq. (6.11) is written in terms of 
∅𝑎𝑎𝑠𝑠𝑒𝑒, it is possible to assume the ratio ∅�32/∅𝑎𝑎𝑠𝑠𝑒𝑒 constant and independent on the average 
energy dissipation rate per unit mass so that the equation can still be used to correlate the Sauter 
mean diameters. Indeed, Evans et al. [266] reported a table listing the ratio ∅�32/∅𝑎𝑎𝑠𝑠𝑒𝑒 and it was 
found that the value remained limited between 0.58 to 0.68. Similar values for the ratios of the 
Sauter mean diameter to the diameter of the 98th percentile of the bubble size distributions were 
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also found in the current study; for this reason, a value ∅�32/∅𝑎𝑎𝑠𝑠𝑒𝑒 = 0.6 was chosen to be used in 
Eq. (6.11). 

Concerning the critical 𝑊𝑊𝑒𝑒∅𝑚𝑚𝑠𝑠𝑚𝑚  number, it can be chosen from various theoretical and 
numerical studies relating to the breakup of bubbles; some of these values, ranging between 1.2-
4.7, are reported by Evans et al. [266]. A more up to date study is that of Qian et al. [270] which 
reports numerical simulation results for the deformation and breakup of bubbles in homogeneous 
turbulence. According to Qian et al. [270] the minimum 𝑊𝑊𝑒𝑒 number which causes bubble breakup 
is 3; given this, 𝑊𝑊𝑒𝑒∅𝑚𝑚𝑠𝑠𝑚𝑚  was taken to be equal to this value. The correlating expression for the 
Sauter mean diameter resulting from these considerations and adopted in the current study is the 
following: 
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 (6.19) 

The average volume fraction of the gas in the plume, 𝜖𝜖�̅�𝑖𝑒𝑒𝑠𝑠, is not an easily accessible 
variable, therefore it was decided to use the term �𝜖𝜖�̅�𝑖𝑒𝑒𝑠𝑠 − 𝜖𝜖�̅�𝑒𝑠𝑠𝑠𝑠𝑠𝑠� as fitting parameter, i.e. 
considering the average density difference between the jet and the surrounding fluid independent 
on the operating condition applied to the bubble column. 

6.1.7. Basis of the experimental determination of O2 mass transfer 

As mentioned in the introductory section, the volumetric mass transfer coefficient is 
probably the most adopted metrics to benchmark the performance of gas-liquid contactor. This 
section deal with the definition and the experimental determination of this coefficient as well as 
the implication that spatial concentration gradients have on its significance. The K𝐿𝐿𝑐𝑐 values 
exhibited by the pilot unit for all the 8 factorial designs tested, see section 6.1.2, was determined 
according to the hydrogen peroxide method introduced by Hickman [271]; the technique is 
described e.g. in Villadsen et al. [136] and the study of Fidaleoa and Lavecchia [272] provide an 
insight on the kinetic of H2O2 decomposition via catalase. In brief, catalase in excess is dissolved 
beforehand in the reactor where a constant flow of air passes and a continuous steam of H2O2 
solution is supplied. The H2O2 is catalytically decomposed by the enzyme into O2(aq) and H2O 
according to the stoichiometry H2O2→ H2O+1/2O2(aq). After an initial accumulation of H2O2 and 
subsequently of O2(aq), a steady state is established; at this point the rate of O2 transfer from the 
liquid phase to the gas phase, O2(aq)→ O2(g), equals the rate of O2(aq) formation, or identically, 
half the rate of H2O2 consumption. At steady state, the decomposition of H2O2 equals its feed rate; 
while, according to the film theory, the extent of the local Oxygen Transfer Rate (OTR) is 
proportional to the supersaturation of the liquid with respect to the air in contact: 
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In Eq. (6.20) 𝑉𝑉𝑠𝑠 is the liquid volume in the reactor, 𝐹𝐹𝐻𝐻2𝐶𝐶2 is the volumetric flow rate of H2O2 
having concentration 𝑐𝑐𝐻𝐻2𝐶𝐶2, and �̅�𝑟𝐻𝐻2𝐶𝐶2 is the average decomposition rate of H2O2. 𝑃𝑃 and 𝑦𝑦𝐶𝐶2 are 
respectively the pressure and the O2 mole fraction in the gas phase, 𝐻𝐻𝐶𝐶2 is the Henry’s law 
constant and 𝑐𝑐𝐶𝐶2(𝑠𝑠𝑎𝑎)  is the O2 concentration in the liquid phase. If the local rate of formation of 

O2(aq), 𝑟𝑟𝐶𝐶2, is assume to be approximatively equal to the corresponding average value �̅�𝑟𝐶𝐶2, K𝐿𝐿𝑐𝑐 is 
found as: 
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 (6.21) 

Since the decomposition rate of H2O2 is essentially indifferent to O2(aq) concentration, 
mass transfer enhancement is not a concern.  

Eq. (6.21) neglects the change in liquid volume in the reactor due to the addition of H2O2 
solution throughout the analysis and involves the assumptions of ideal gas behavior and ideal 
dilute solution. Further, its legitimate use requires that mixing is sufficiently intense to avoid the 
formation of relevant gradients of H2O2 or O2 concentrations. In fact, the local decomposition rate 
should not differ much from its volumetric average value, and the measured O2(aq), at the sensor 
position, should be representative of the entire system. If O2(aq) is measured in more than one 
position in the axial direction, K𝐿𝐿𝑐𝑐 might be calculated using the logarithmic mean value of the 
denominator in Eq. (6.21), or according to different methods that can be motivated by the 
examination of the gas-liquid dispersion. Clearly, significant spatial variations in the O2(aq) 
concentration are proof that complete back-mixing is not achieve. 
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Figure 73: Experimental sequence of the hydrogen peroxide steady state method for K𝐿𝐿𝑐𝑐 measurement. Dissolved O2(aq) 
concentrations in mmol/L read by the sensors (AI1) positioned at the bottom flange, blue line, and (AI2) positioned 175 cm above 
the bottom flange, red line. The gas and the liquid flow rate applied to the unit were respectively 397 L/min and 87 L/min. The feed 
rate of H2O2 solution (4.2 % w/w) was 111 mL/min. 

One the sequence recorded during the application of hydrogen peroxide method to unit 
under investigation is reported in figure Figure 73. O2(aq) was measured by means of the two 
oxygen sensors, (AI1) and (AI2), respectively positioned right below the bottom flange and at 175 
cm above it, Figure 68a.  

The O2 mole fraction in the gas phase at the reactor outlet, �𝑦𝑦𝐶𝐶2�𝑠𝑠𝑐𝑐𝑠𝑠𝑠𝑠𝑒𝑒𝑠𝑠, was estimated from 

the mass balance of H2O2 added to the column and the air flow rate, 𝐺𝐺, applied to the jet ejector 
according to Eq. (6.22). No net transfer of N2 was considered, as the aqueous solution in the 
reactor is supposedly saturated with respect to this component.  
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In Eq. (6.22) �𝑦𝑦𝐶𝐶2�𝑖𝑖𝑛𝑛𝑠𝑠𝑒𝑒𝑠𝑠 = 0.21 is the molae fraction of O2 in the compressed air entering the 

ejector while the factor 0.0446 corresponds to the total number of moles per NL of gas. 𝐹𝐹𝐻𝐻2𝐶𝐶2 and 
𝑐𝑐𝐻𝐻2𝐶𝐶2 have the same meaning as for Eq. (6.21). 

The image analysis performed on the gas-liquid dispersion confirmed that bubbles with 
diameter smaller than 0.5 mm were almost absent, thus the Laplace pressure jump across the 
interphase was neglected (for a 0.5 mm bubble in pure water the capillary pressure amounts to 
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576 Pa, which is less than the hydrostatic pressure of about 6 cm of water). Accordingly 𝑃𝑃 was 
considered to be that of the liquid: the atmospheric pressure plus the hydrostatic.  

The value of the Henry’s law constant at the water saturation pressure, 𝐻𝐻𝐶𝐶2(𝑇𝑇)� 𝑃𝑃𝐻𝐻2𝑂𝑂𝑠𝑠𝑠𝑠𝑠𝑠 , was 

estimate using Eq. (6.23) (Glew [50]) using the parameters available in AspenTech software [2]. 
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All experimental runs were performed in 0.065 M MgSO4 aqueous solution at about 20±2 
°C. The values obtained from Eq. (6.23) were correct to account for the effect of salt on the O2 
solubility according to the method proposed by Narita et al. [273]. In Eq. (6.24) 𝑐𝑐𝑀𝑀𝑔𝑔++ , 𝑐𝑐𝑆𝑆𝐶𝐶4−− and 

𝐻𝐻𝐶𝐶2(𝑇𝑇, 𝑐𝑐𝑀𝑀𝑔𝑔𝑆𝑆𝐶𝐶4)� 𝑃𝑃𝐻𝐻2𝑂𝑂𝑠𝑠𝑠𝑠𝑠𝑠  are respectively the ions molarities and the modified Henry’s law constant. 
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Since the visual examination of the gas-liquid dispersion and the reading of the two oxygen 
sensors, see Figure 73, clearly indicated that complete back-mixing was far from being achieved, 
K𝐿𝐿𝑐𝑐 was calculated according to a modified scheme more appropriate for the observed spatial 
distribution of the bubbles within the reactor volume. The assumptions at the base of the 
proposed scheme are outlined in Figure 74 and stated in the list that follows. 
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Figure 74: Scheme adopted for mass transfer determination according to the assumptions 1-5. The color scheme qualitatively 
indicate the O2(aq) concentration in solution: (→ ≈ → > → > → > →) 

According to the proposed scheme: 
 H2O2 is assumed homogeneously distributed in the reactor volume, therefore (being its 

decomposition a first order reaction with respect to the reactant) the local rate of O2(aq) 
formation will be equal to its average value, 𝑟𝑟𝐶𝐶2(𝑠𝑠𝑞𝑞) ≈ �̅�𝑟𝐶𝐶2(𝑠𝑠𝑎𝑎). Similarly to Eq. (6.20), this can be 

calculated as �𝐹𝐹𝐻𝐻2𝐶𝐶2𝑐𝑐𝐻𝐻2𝐶𝐶2�/𝑉𝑉𝑠𝑠 = −�̅�𝑟𝐻𝐻2𝐶𝐶2 = 2�̅�𝑟𝐶𝐶2(𝑠𝑠𝑎𝑎), where 𝑉𝑉𝑠𝑠 is the total amount of liquid in the 

column. Its value was about 623 L in all experimental runs. 
 No mass transfer occurs in volumes 𝑉𝑉𝑓𝑓𝑖𝑖𝑒𝑒 and 𝑉𝑉1. Yet the decomposition of H2O2 to form O2(aq) 

is supposed to take place at constant rate. 𝑉𝑉𝑓𝑓𝑖𝑖𝑒𝑒 is about 73 L, and the bottom flange, where the 
sensor (AI1) is installed, denote the dividing plane between 𝑉𝑉𝑓𝑓𝑖𝑖𝑒𝑒 and 𝑉𝑉1. 

 Complete back-mixing of the liquid is achieved in the volume 𝑉𝑉2. The O2(aq) concentration is 
constant in any point of 𝑉𝑉2 and its value, 𝑐𝑐O2(aq) �

𝐴𝐴𝐼𝐼2
, is recorded by the sensor (AI2) positioned 

at 175 cm above the bottom flange. 
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 Mass transfer occurs only in the volume 𝑉𝑉2 = �𝑉𝑉𝑠𝑠 − 𝑉𝑉𝑓𝑓𝑖𝑖𝑒𝑒 − 𝑉𝑉1�, which is assumed to contain 

entirely the gas-liquid dispersion, 𝑉𝑉𝑠𝑠�̅�𝑟𝐶𝐶2(𝑠𝑠𝑎𝑎) =  K𝐿𝐿𝑐𝑐 �𝑐𝑐O2(aq) �
𝐴𝐴𝐼𝐼2

−  𝑃𝑃𝑦𝑦𝐶𝐶2/𝐻𝐻𝐶𝐶2�𝑉𝑉2. 

 Both volumes 𝑉𝑉𝑓𝑓𝑖𝑖𝑒𝑒 and 𝑉𝑉1 operate according to a plug flow profile: the liquid flow that passes 
through them is considered to be equal to the liquid recirculated by the pump, 𝐿𝐿. The amount 

of O2(aq) formed in 𝑉𝑉1 is calculated as 𝑉𝑉1�̅�𝑟𝐶𝐶2(𝑠𝑠𝑎𝑎) = 𝐿𝐿 �𝑐𝑐O2(aq) �
𝐴𝐴𝐼𝐼1

− 𝑐𝑐O2(aq) �
𝐴𝐴𝐼𝐼2
�, where 

𝑐𝑐O2(aq) �
𝐴𝐴𝐼𝐼1

 is the value recorded by the sensor (AI1) positioned right below the bottom flange. 

Thus K𝑠𝑠𝑐𝑐 is determined as: 
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The term 𝑃𝑃𝑦𝑦𝐶𝐶2 in Eq. (6.25) was calculated using the estimated pressure at the sensor 
position and the value of 𝑦𝑦𝐶𝐶2 at the reactor outlet obtained from the mass balance reported in Eq. 
(6.22). The effective K𝐿𝐿𝑐𝑐 for the rating of the unit, here indicated as K𝐿𝐿𝑐𝑐𝑒𝑒𝑓𝑓𝑓𝑓, is readily obtained 
from the identity: K𝐿𝐿𝑐𝑐𝑉𝑉2 = K𝐿𝐿𝑐𝑐𝑒𝑒𝑓𝑓𝑓𝑓𝑉𝑉𝑠𝑠, which is also the value obtained from Eq. (6.21) when the 
entire liquid volume in the reactor is assumed perfectly mixed. 

6.1.8. Prediction of the volumetric mass transfer coefficient 

As explained in section 0, the 𝑆𝑆ℎ number for inviscid particles has been correlated to the 
local turbulent dissipation rate in the continuous medium combining Higbie [232] penetration 
theory and Kolmogoroff theory of isotropic turbulence. In this case, when the average value of the 
turbulent dissipation rate per unit of liquid volume is identified with the power input, �̅�𝜒𝑠𝑠𝜌𝜌𝑠𝑠 =
𝑤𝑤𝑖𝑖𝑎𝑎𝑒𝑒/𝑉𝑉𝑠𝑠, and the renewal frequency of the of the gas-liquid interface is assumed to be 
proportional to the inverse of the Kolmogorov time scale, (�̅�𝜒𝑠𝑠𝜌𝜌𝑠𝑠/𝛿𝛿𝑠𝑠)1/2, i.e. the dissipation 
frequency (into thermal energy) of the smallest turbulent eddies, Eq. (5.66) can be rearranged in 
the following form, [252]. 
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A number of values have been proposed for the constant 𝐶𝐶3. For stirred tank reactors Linek 
et al. [274] obtained, via regression of experimental data, a value of 0.523, while Lamont and Scott 
[275] theoretically derived a value of 0.4. Specifically for bubble columns Kawase et al. [276] 
proposed a factor 1.13, that is the theoretical one. The average turbulent dissipation rate per unit 
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mass, �̅�𝜒𝑠𝑠, is in this case calculated as product of the superficial velocity of the gas and 𝑔𝑔, the 
standard gravity. 

Colombet et al. [252] tested the validity of Eq. (6.26) for bubbly flow, observing that, apart 
from the actual value of the constant 𝐶𝐶3, the evolution of 𝑆𝑆ℎ number predicted from these 
relations was not compatible with their experimental results. Base on additional evidences, such as 
the accurate prediction of the mass transfer in bubble swarm using correlations intended for 
isolate rising bubble and comparison, they concluded that the intensity of the agitation in the 
surrounding liquid plays a negligible role in the mass transfer at a bubbles interface. To confirm 
these finding, the experimental value of K𝐿𝐿𝑐𝑐 obtained via the hydrogen peroxide method were 
compare to the predictions from Eq. (6.26) estimating �̅�𝜒𝑠𝑠  according to Kawase et al. [276], as well 
as following the approach suggested by Colombet et al. [231]. 

In line with what confirmed in their more recent study [252], Colombet et al. [231] establish 
that the overall mass transfer coefficient for a gas-liquid is found to be very close to that of a 
isolate bubble, provided the 𝑅𝑅𝑒𝑒 number is based on the mean of the equivalent diameters and the 
average vertical slip velocity. This can be calculated as function of the gas volume fraction as: 
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In Eq. (6.27), u𝑏𝑏|𝜖𝜖=0 represents the terminal rise velocity of an isolated bubble (Figure 55), 
while u�𝑏𝑏_𝑧𝑧(𝜖𝜖) is the average vertical slip velocity of the same bubble in the swarm. This correlation 
was presented by Riboux et al. [277], and was found to agree well with the experimental results of 
Colombet et al. [231]. 

Appling Colombet et al. [231] approach in the current analysis, the average 𝑆𝑆ℎ number has 
been calculated via Eq. (5.70). The use of a correlation valid for the inviscid sphere is justified by 
the fact that the gas-liquid dispersion behaved as if the solution in the unit was pristine, as proven 
by the examination of the bubbles aspect ratio, see section 6.2.1. The bubbles size distributions 
indicated that the mean of the equivalent diameters and the average Sauter diameter exhibit a 
ratio of about 0.7, so it was decided to calculate the latter multiplying Eq. (6.19) for this factor. The 
values obtained fall in the interval 1.3-1.6 mm, and were used to retrieve u𝑏𝑏|𝜖𝜖=0 from the rise 
velocities plot of isolate bubbles in pure water reported in Figure 55. Summing, 𝑅𝑅𝑒𝑒 number was 
defined on the bases of average vertical slip velocity obtained from Eq. (6.27) and the mean of the 
equivalent diameters obtained multiplying Eq. (6.19) for a factor of 0.7. For the 𝑆𝑆𝑐𝑐 number of O2 in 
water at 20 °C, a constant value of 500 was chosen (𝒟𝒟𝐶𝐶2 = 2.1 ∙ 10−9𝑚𝑚2/𝑑𝑑 , 𝜌𝜌𝑠𝑠 = 997 𝑘𝑘𝑔𝑔/𝑚𝑚2, 
𝛿𝛿𝑠𝑠 = 1 ∙ 10−4 𝑃𝑃𝑐𝑐 ∙ 𝑑𝑑). Because the concertation MgSO4 added to the solution to prevent 
coalescence was relatively small, its effect on the O2 diffusion was neglected. 

For the second approach tested, K𝐿𝐿 was calculated according to Kawase et al. [276] 
applying the following equation. 

198 
 
 



( )

1
2

2

4K 1.13
59[ ]

l
L li

l

gG

cm

ρ
δπ

   =       

∆  (6.28) 

In Eq. (6.28) the superficial gas velocity is calculated for a column diameter of 59 cm. 
In both approaches the interfacial area per unit volume of liquid, 𝑐𝑐, was calculated 

according to Eq. (6.10) using the values of ∅�32 provided by Eq. (6.19) after the regression of the 
parameter �𝜖𝜖�̅�𝑖𝑒𝑒𝑠𝑠 − 𝜖𝜖�̅�𝑒𝑠𝑠𝑠𝑠𝑠𝑠�. The gas volume fraction 𝜖𝜖, to be used in Eq. (6.10) and Eq. (6.27), was 
obtained from the measured height of the free surface referring to the liquid volume 𝑉𝑉2 defined in 
Eq. (6.25). 

It is implicit here that the differed hydrodynamic conditions of the jet compared to the bulk 
of the dispersion are not accounted in either the approaches. 

6.1.9. Power consumption estimation 

The benchmarking of different gas-liquid contactors on K𝐿𝐿𝑐𝑐 bases has little meaning if 
these values are not associated with the corresponding energy consumptions. Accordingly, the 
duties of the unit were estimated considering the energy required for compressing the air at the 
working pressure of the ejector and driving the aqueous solution through the recirculation loop. 
The compression power was calculated assuming a perfect isentropic compression of the air from 
atmospheric pressure and ambient temperature to the pressure at which the jet ejector was 
operated during the experimental runs. Likewise, the power consumption related to the 
recirculation of the liquid was estimated neglecting the dissipation of mechanical power into 
entropy. 

Based on the average reading of the pressure sensors PI3 and PI1 and the flowmeters FI1 
and FI2, see Figure 68a, the total power input at 100% mechanical efficiency was calculated 
according to the following expression. 
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In Eq. (6.29) 𝑤𝑤𝑐𝑐𝑠𝑠𝑎𝑎𝑒𝑒 is the power required for a perfect isentropic compression of the gas 
and its displacement respectively at the suction pressure, 𝑃𝑃𝑠𝑠𝑠𝑠𝑎𝑎, and discharge pressure, 𝑃𝑃𝑔𝑔2. The 
volumetric gas flow rate, 𝐺𝐺, is converted from normal conditions, 1 atm and 0 °C, to those prior to 
compression according to the ideal gas law by the multiplication with the term in round brackets. 
During the transformation the heat capacity ratio, 𝛾𝛾, is assumed to be constant, which for air at 20 
°C is 1.41. 𝑃𝑃𝑠𝑠𝑠𝑠𝑎𝑎 is taken equal to 1 atm and 𝑃𝑃𝑔𝑔2 is acquired from the pressure transmitter PI3. The 
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temperature of the gas prior compression is assumed constant at 20 °C. The change in kinetic 
energy of the gas stream is neglected. 

The power required for increasing the pressure of the liquid stream, 𝐿𝐿, from 𝑃𝑃𝑠𝑠1 to 𝑃𝑃𝑠𝑠2 and 
changing its velocity from rest is 𝑤𝑤𝑒𝑒𝑐𝑐𝑎𝑎𝑒𝑒. 𝑃𝑃𝑠𝑠1 is calculated as sum of atmospheric and hydrostatic 
pressures at the bottom of the unit, where the liquid is assumed nearly quiescent. 𝑃𝑃𝑠𝑠2 is acquired 
from the pressure transmitter PI1 where the conduit is about 18 mm in diameter. The liquid flow 
velocity at the sensor position is calculated based on the volumetric flow rate, 𝐿𝐿, and the conduit 
cross-sectional area of 2.54 cm2. 

 Results 6.2.

6.2.1. Bubble size distribution 

The complete suppression of coalescence induced by the MgSO4 in solution was confirmed 
by analyzing the datasets extracted from 4 images relating to the same operating conditions, 
G/L:(648/106). Although the camera always captured a limited region of the column, it was clear 
that the macroscopic flow structures were far from being stationary and there were evident 
fluctuations in the swarm density. Nevertheless, the size distribution of the bubbles did not seem 
to be affected by the transitory behavior of the flow. Indeed, the empirical cumulative distribution 
functions (ECDF) related to the 4 images mentioned are nearly identical, see Figure 75. This is a 
clear indication of the inhibition of bubble coalescence; in fact the application of Kolmogorov-
Smirnov test [278] to the ECDFs, Appendix D Eq. (D1), confirmed that the datasets do not come 
from different distributions within 95% confidence level (the test was performed on the picture 
pairs: pict.489-pict.490, pict.489-pict.491 and pict.489-pict.493). 

The accuracy of the manual evaluation can be appreciated by comparing the profiles of the 
ECDFs labeled as pict.489 and pict.489*, which were extracted from the same image by 2 different 
operators. 
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Figure 75: Empirical cumulative distribution of bubbles as a function of the equivalent diameter, ∅𝑏𝑏. Data extracted from 4 images 
all relegating to the factorial design G/L:(648/106). The datasets labelled as pict.489 and pict.489* are relevant to the same image 
evaluated twice. 

Based on the results of this preliminary analysis, it was decided to process only 13 of the 
remaining 28 pictures for a total of about 17000 bubbles detected, just over 1000 selections per 
photo. With the aid of Matlab toolbox distribution fitting, all datasets extracted were fitted with a 
non-parametric probability density functions (PDF). For sake of clarity only 8 representative PDFs 
are reported in Figure 76, one for each factorial design tested. Although size distributions clearly 
change with gas-liquid flow rates, no attempt has been made to rationalize this dependence as it is 
rather weak; in fact, the complete factorial analysis would require the elaboration of dozens of 
images. With just over 1000 elements per image, the shape variation in the extracted ECDFs is so 
small that the Kolmogorov-Smirnov test sometimes fails to recognize that the distributions 
concerning 2 diverse operating conditions are actually different. Still, from the PDFs in Figure 76 is 
appreciable that for constant gas flow rate, an increment in the liquid flow rate produces a shift of 
the mode to lower values. 
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Figure 76: Non parametric PDFs for 8 selected datasets obtained from image processing of an equal number of pictures. The PDFs 
are labelled according to the corresponding factorial design. The numbers respectively before and after the slash mark indicate the 
gas and the liquid flow through the slot ejector in NL/min and L/min 

A summary of the characteristic parameters for the bubble size distribution relevant to the 
8 factorial designs tested is reported in Table 28. The values respectively before and after the slash 
mark indicate the gas and the liquid flow through the slot ejector in NL/min and L/min. As 
mentioned, a quantitative analysis of the effects that the operating conditions have on the PDFs 
shape is not feasible; nevertheless, the mean values reported in Table 1 are still useful for a 
qualitative insight of the phenomena.  E.g. it can be noted how the mean of the equivalent 
diameters and the Sauter mean diameter are both correlated with the liquid flow rates; this can be 
explained considering that the majority of the kinetic energy dissipate inside the jet is provided by 
the liquid. Despite the factorial design G/L:(878/106) displays  a gas flow rate and the liquid flow 
rate almost doubled compared to G/L:(393/65), the general shape of the PDFs is roughly retained, 
as indicated by the small variations of the 75th percentile and the 25th percentile values. 
Remarkable is the fact that the ratio ∅�32/∅𝑎𝑎𝑠𝑠𝑒𝑒 is limited around the value of 0.6, which is the same 
found by Evans et al. [266]. This is an evident confirmation that, at least for bubbles in non-
coalescing system, the Sauter mean diameter is indeed invariably proportional to the maximum 
stable diameter; i.e. one of the postulates of any correlation based on the particle breakup 
mechanism suggested by Hinze [264], see section 6.1.6. 
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Table 28: Characteristic parameters of the bubble size distribution for the different operating condition tested. The equivalent 
diameter, ∅𝑏𝑏, is calculated according to Eq. (6.3). The Sauter mean diameter, ∅�32, is calculated according to Eq. (6.9) 
Factorial 
design 
 

∅𝑏𝑏  
Mean 
[mm]  

∅𝑏𝑏  
Median 
[mm] 

∅𝑏𝑏 
Mode 
[mm] 

∅𝑏𝑏 
25th perc. 
[mm] 

∅𝑏𝑏 
75th perc. 
[mm] 

Spread 
(75th-25th) 
[mm] 

∅𝑎𝑎𝑠𝑠𝑒𝑒 
98th perc. 
[mm] 

∅�32  
[mm] 

∅�32/∅𝑎𝑎𝑠𝑠𝑒𝑒 

G/L:(393/65) 1.54 1.41 1.19 1.12 1.76 0.64 3.58 2.27 0.62 
G/L:(397/87) 1.54 1.42 1.05 1.13 1.76 0.65 3.37 2.09 0.59 
G/L:(406/115) 1.41 1.33 1.4 1.05 1.69 0.64 2.79 1.85 0.63 
G/L:(637/71) 1.55 1.37 1.32 1.13 1.78 0.64 3.78 2.23 0.62 
G/L:(648/106) 1.32 1.20 1.23 0.97 1.52 0.55 3.06 1.94 0.63 
G/L:(901/60) 1.63 1.48 1.12 1.17 1.87 0.56 3.78 2.33 0.62 
G/L:(870/84) 1.45 1.29 1.12 1.03 1.67 0.70 3.43 2.12 0.62 
G/L:(878/106) 1.43 1.31 1.09 1.08 1.64 0.64 3.06 1.89 0.66 
          

6.2.2. Bubble aspect ratio 

Following Besagni and Inzoli [246] approach, all the data extracted from the 17 images 
analyzed were collected together, ordered and classified in 40 separate bins based on their sizes, 
next the respective aspect ratio and 𝐸𝐸𝑚𝑚 number were average over each size-bin. The results of the 
analysis, labeled “This study (MgSO4 0.065 M)”, are plotted in Figure 77 in terms of 𝐸𝐸𝑚𝑚 number vs 
𝐸𝐸�. The three continuous lines represent the correlations for bubble aspect ratio provided by 
Besagni and Inzoli [246] for bubble swarms in pure water, by Liu et. al [211] for isolate rising 
bubbles in pure liquids and by Wellek et al. [175] for isolate fluid particles in contaminated 
systems; respectively: Eq. (5.72), Eq. (5.73), Eq. (5.74). Figure 77 also reports the experimental 
results relative to bubbly flow conditions obtained by Besagni and Inzoli [246] in pure water and by 
Ziegenhein et al. [184] for NaCl aqueous solutions, for sake of clarity no color differentiation was 
applied to identify the different concentrations tested.  

It can be noted that the data points obtained in the current study follow the same trend of 
those obtained by Ziegenhein et al. [184] and Besagni and Inzoli [246], however displaying a 
moderate offset. Although in the range 0.1 < 𝐸𝐸𝑚𝑚 < 1.5 they lay above the line provided by Liu et. 
al [211] for isolate rising bubbles, the observed aspect ratios are clearly those of a clean system; 
this is indeed an unexpected outcome considering that the column was filled with tap water and 
the MgSO4∙7H2O, from the supplier, was used as such. In this regard, it must be considered that the 
total gas-liquid interface available for an eventual contaminant to be adsorbed is extremely large; 
of the order of hundreds of square meters per cubic meter of water. Thus, for a small amount of 
contaminants in solution it may not be unreasonable that the surface of the bubbles in a swarm 
would behave more closely to that of a purified system, while opposite results could be drawn 
from studies of single rising bubbles. Further, bubble columns act similarly to dissolved air flotation 
(DAF) units [138], i.e. actively reducing the bulk concentration of contaminants that are carried 
upward by the bubble swarm and collected at the top. Although the foam was not removed, as 
instead is done in the DAF process, the small amount of impurity eventually present in the tap 
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water or introduced with the salt addition were most probably confined in the top layers. Indeed, 
both Craig et al. [156] and Kelsall et al. [172], who investigated respectively the effect of 
electrolytes on bubble coalescence and the rise velocities of microbubbles, prior each test 
operated their experimental apparatus as a flotation cleaning cell with the precise purpose of 
removing adventitious impurity from the solutions. In light of these considerations and the 
evidences obtained from the bubble aspect ratio analysis, Error! Reference source not found., it 
was decided to model the system as pristine, at least for those properties that are directly affected 
by the interface mobility. 

 
Figure 77: Bubble aspect ratio 𝐸𝐸� vs 𝐸𝐸𝑚𝑚 number. Correlation by: Besagni and Inzoli [246] for bubble swarms in pure water,  Besagni & 
Inzoli (pure), Liu et. al [211] for isolate rising bubbles in pure liquids, Liu et. al (pure), and by Wellek et al. [175] for isolate fluid 
particles in contaminated systems, Wellek et al. (contaminated). Experimental results: from this study, This study (MgSO4 0.065 M), 
from [246], Besagni & Inzoli (pure), and from [184], Data Ziegenhein et al. (pure) and Data Ziegenhein et al. (NaCl 0.1-1 M). 

6.2.3. Correlation for the bubble size generated by the gas-liquid jet ejector 

The prediction of bubbles size generated within the mixing-zone of the gas-liquid jet was 
performed according to the framework described in section 6.1.6 and Eq. (6.19) was fitted to the 
experimentally determined Sauter mean diameter of the dispersion for the 8 factorial designs 
tested, see Table 28. The result of the regression for 𝐴𝐴 = 0.072 𝑁𝑁/𝑚𝑚 is reported in Figure 78. The 
obtained value for the term �𝜖𝜖�̅�𝑖𝑒𝑒𝑠𝑠 − 𝜖𝜖�̅�𝑒𝑠𝑠𝑠𝑠𝑠𝑠� is 0.072. 

The quality of the fitting must be considered in view of the fact that, although �𝜖𝜖�̅�𝑖𝑒𝑒𝑠𝑠 −
𝜖𝜖�̅�𝑒𝑠𝑠𝑠𝑠𝑠𝑠� has been used as an adjustable parameter, it represent a property of the system, i.e. the 
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difference between the average volume fraction of the gas within the jet and that of the 
surrounding gas-liquid dispersion in the column. Indeed, its value is limited to physically 
meaningful numbers, certainly cannot be larger than 1 and should be substantially smaller than the 
volumetric fraction of the gas at the ejector outlet, ~𝐺𝐺/(𝐿𝐿 + 𝐺𝐺), the reason for this is that as the 
cross-section of the jet expands, more and more of the surrounding fluid is entrained within the 
plume, see Figure 72. 

 
Figure 78: Fitted correlation for the prediction of the Sauter mean diameter, Eq. (6.19) for 𝐴𝐴 = 0.072𝑁𝑁/𝑚𝑚 and �𝜖𝜖�̅�𝑖𝑒𝑒𝑠𝑠 − 𝜖𝜖�̅�𝑒𝑠𝑠𝑠𝑠𝑠𝑠� =
0.027 

6.2.4. Experimental determination of 𝐊𝐊𝑳𝑳𝑳𝑳 

The results of the experimental runs dedicated to K𝐿𝐿𝑐𝑐 estimation are summarized in Table 
29, in the table are also reported the calculated power consumption at 100% mechanical efficiency 
and 100% isentropic efficiency, see section 6.1.9. The volume of the liquid entrained within the 
bubbly flow, 𝑉𝑉2, is calculated according to Eq. (6.25), and K𝐿𝐿𝑐𝑐 refers to such volume. The remaining 
liquid, (623[𝐿𝐿] − 𝑉𝑉2) ≈ 108𝐿𝐿, which can be identified with the region around and below the jet 
plume, is assumed free of bubbles and therefore does not contribute to the mass transfer. This 
inefficiency is clearly evident in Figure 68b, where no bubbles are observed around the ejector. 
Replacing the column dished bottom with a cone bottom having a steep opening angle, and placing 
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the sloth ejector in a lower position, would certainly reduce the extent of this “dead” volume 
which has no apparent gas dispersed in the liquid. 

Table 29 also shows the measured bed expansions. Because the transition between the 
bubbly flow and floating foam above was smooth and difficult to precisely define; the accuracy of 
this level is in the order to ±2.5 cm. This means that the gas volume fraction in the dispersion, 𝜖𝜖, is 
affected by an uncertainty error up to ±12% (2.5 cm out of the total height) for the lower gas hold-
up measured. 

Table 29: Result of the experimental determination of the volumetric mass transfer coefficient, Eq. (6.25) . Compressor and pump 
power consumption are calculated according to Eq. (6.29). 𝜖𝜖 is obtained from the measured height of the free surface referring to 
the liquid volume 𝑉𝑉2 (the free surface at degassed conditions was kept at 2 m, the column internal diameter is 59 cm. the interfacial 
area per unit volume of liquid is estimate via Eq. (6.10) using the experimentally determined bubble Sauter mean diameter reported 
in Table 28 
Factorial design 
 

𝑤𝑤𝑐𝑐𝑠𝑠𝑎𝑎𝑒𝑒 
[W] 

𝑤𝑤𝑒𝑒𝑐𝑐𝑎𝑎𝑒𝑒 
[W] 

K𝐿𝐿𝑐𝑐𝑒𝑒𝑓𝑓𝑓𝑓  
[h-1] 

K𝐿𝐿𝑐𝑐 
[h-1] 

𝑉𝑉2 
[L] 

Free surf. 
[m] 

𝜖𝜖 
[%] 

𝑐𝑐 
[m2/m3 
liq.] 

G/L:(393/65) 232 160 344 414 518 2.15 7 210 
G/L:(397/87) 270 377 453 549 514 2.15 7 230 
G/L:(406/115) 286 939 511 640 504 2.15 8 265 
G/L:(637/71) 592 234 845 1016 518 2.3 14 429 
G/L:(648/106) 797 791 805 986 509 2.25 12 419 
G/L:(901/60) 1164 192 1410 1678 523 2.65 25 881 
G/L:(870/84) 1239 427 1369 1654 516 2.5 21 754 
G/L:(878/106) 1555 939 1136 1385 511 2.4 18 685 
         

 
Figure 79 reports two graphical outlines of the data in Table 29. On the left-had side is 

reported the volumetric mass transfer coefficient as a function of the volumetric gas flow at 
normal condition per unit volume of liquid in the dispersion, sometimes it is referred to as vvm. On 
the right-had plot, the ordinate reports the ratio of 0.03K𝐿𝐿𝑐𝑐(𝐺𝐺/𝑉𝑉2) vs the total power 
consumption per unit volume of liquid in the dispersion, namely the power input. For air 
compression, a 72% isentropic efficiency is adopted. The proportionality constant of 0.03 is 
obtained multiplying the molar density of the aqueous solution, ≈55300 mol/m3, by 𝑅𝑅𝑇𝑇 at normal 
conditions, 0 ℃, and dividing by the Henry law constant of O2 in water at 20 ℃, 𝐻𝐻𝐶𝐶2≈40400 bar.  
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Figure 79: Graphical outlines of the data in Table 29. The gas flow rate, 𝐺𝐺, is referred to normal condition (1 atm 0°C), the power 
input is calculated considering a 72% isentropic efficiency for the compression. All parameter are referred to the effective volume of 

the liquid in the dispersion 𝑉𝑉2 

It is evident, from the first plot, how the K𝐿𝐿𝑐𝑐 is strongly dependent on the gas flow rate, 
while the liquid flow rate plays a secondary role. Precisely, the increment of liquid flow rate 
improves the mass transfer only when the gas flow rate is moderate; the opposite effect is 
observed for the higher gas flow rates. This might be explained observing that, for a fixed gas flow 
rate, the increment of the liquid flow rate tends to reduce the gas hold-up in the unit; thus 
effectively reducing the available interfacial area per unit volume of liquid, see Table 29, 9th 
column. At moderate gas flow rates, this is not observed, probably because of the compensating 
effect resulting from the reduction of the bubbles diameter with the increment of liquid flow rate, 
see Figure 78. 

The plot of the right-hand side of Figure 79, highlights the most energy-wise conditions to 
run the unit; indeed the term 0.03K𝐿𝐿𝑐𝑐/(𝐺𝐺/𝑉𝑉2) signify the ratio between the transfer rate achieved 
when the partial pressure of O2 in the gas is that in the inlet and the dissolved O2(aq) in the liquid is 
null, and the O2 feed rate. The points more towards the upper left corner indicate the factorial 
designs that allow transferring a considerable fraction of O2 from the gas to the liquid phase 
without requiring excessive power consumption, those are: G/L:(393/65), G/L:(397/87), 
G/L:(637/71)  and G/L:(901/60). The values of K𝐿𝐿𝑐𝑐 and K𝐿𝐿𝑐𝑐𝑒𝑒𝑓𝑓𝑓𝑓 reported in Figure 79 and Table 29 
may appear rather high when compared to the typical values of 500-1300 h-1 reported for stirred 
tank reactors; however, they are in line with similar studies on mass transfer for non-coalescing 
media in jet ejector bubble columns, e.g. Havelka et al. [258] and Ogawa et. al. [279]. As observed 
by Ogawa et al. [279], the interfacial area per unit volume of liquid with respect to the power input 
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is greater for these units than that exhibited by other types of gas-liquid contactors. The reason for 
this can be summarized in three main points: 
 Bubbles breakup occurs almost exclusively in the limited volume of the jet plume in which most 

of the jet kinetic energy is focused, this results in the formation of rather fine bubbles. 
Although the mixing-zone is characterized by high turbulent dissipation rate, because the 
power input is calculated based on the entire dispersion volume its value remains low. 

 Outside the breakup region, for non-coalescing systems the bubble population remains 
approximatively stable for the whole dispersion volume. Thus, the retention of a high specific 
interfacial area is guaranteed even in the most peripheral sectors of the unit. 

 Small (persistent) bubbles experience a large drag which in turn results in a higher hold-up, 
contributing further to the increase of interfacial area per unit volume of liquid [280], see Eq. 
(6.10). 

Summarizing, reactors design that facilitate the formation of a fine gas-liquid dispersion by 
localizing high energy dissipation rates in a restricted area and the addition of additives that can 
inhibit coalescence, possibly without altering the interface mobility, are certainly two guidelines to 
follow in order to devise more energy efficient processes and to reduce the overall size of the 
units. 

6.2.5. Models predictions for the 𝐊𝐊𝑳𝑳 coefficient 

In this section are compared the two models for the prediction of the overall mass transfer 
coefficient in the liquid for bubbly flow conditions described in section 6.1.8. 

According to Colombet et al. [252], K𝐿𝐿 can be calculated from a suitable correlation valid 
for isolated bubbles under the assumption that the collective effects of the swarm do not alter the 
concentration boundary layer of the single bubbles. In Table 30, Colombet et al. [252] K𝐿𝐿 is 
calculated from Eq. (6.27); 𝑅𝑅𝑒𝑒 is referred to the mean of the equivalent diameters and the average 
vertical slip velocity. The former is estimated by multiplying the Sauter mean diameter obtained 
from Eq. (6.19) by a factor of 0.7. The latter is obtained from Eq. (5.70) using the u𝑏𝑏|𝜖𝜖=0 values 
extracted from Figure 55.  

According to Kawase et al. [276], should be possible to estimate K𝐿𝐿 from Higbie penetration 
theory [232] and Kolmogoroff theory of isotropic turbulence, on the hypothesis that the smallest 
eddies can promote the renewal of  the gas-liquid interface with a rate proportional to that of their 
dissipation frequency. In Table 30, Kawase et al. [276] K𝐿𝐿 is directly obtained from Eq. (6.28).  

The last column lists the overall mass transfer coefficient in the liquid calculated as the ratio 
of the experimental K𝐿𝐿𝑐𝑐 values and the interfacial area per unit volume of liquid 𝑐𝑐, see Table 29. 
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Table 30: Experimental and predicted values for the overall mass transfer coefficient in the liquid. Colombet et al.: Eq. (6.27), Eq. 
(5.70). Kawase et al.: Eq. (6.28). 𝒟𝒟𝐶𝐶2 = 2.1 ∙ 10−9𝑚𝑚2/𝑑𝑑 , 𝜌𝜌𝑠𝑠 = 997 𝑘𝑘𝑔𝑔/𝑚𝑚2, 𝛿𝛿𝑠𝑠 = 1 ∙ 10−4 𝑃𝑃𝑐𝑐 ∙ 𝑑𝑑 and 𝑆𝑆𝑐𝑐 = 500 

Factorial 
design 

Eq. 
(6.19) 

Figure 55 Colombet et al. [252] Kawase et al. [276] Table 29 

∅�32[mm] u𝑏𝑏�0.7∅�32�[cm/s] u�𝑏𝑏_𝑧𝑧(𝜖𝜖)[cm/s] 𝑅𝑅𝑒𝑒 K𝐿𝐿[m/h] 𝐺𝐺[NL/min] K𝐿𝐿[m/h] K𝐿𝐿𝑐𝑐/𝑐𝑐[m/h] 

G/L:(393/65) 2.31 30 22 397 2.22 393 2.99 1.97 
G/L:(397/87) 2.04 32 23 366 2.40 398 3.00 2.39 
G/L:(406/115) 1.84 30 22 314 2.46 407 3.01 2.42 
G/L:(637/71) 2.22 31 19 334 2.10 638 3.37 2.37 
G/L:(648/106) 1.90 33 21 318 2.40 649 3.39 2.35 
G/L:(901/60) 2.38 30 15 274 1.76 902 3.68 1.90 
G/L:(870/84) 2.08 32 17 275 2.02 870 3.64 2.19 
G/L:(878/106) 1.90 33 19 281 2.24 878 3.65 2.02 
         

 
Figure 80: Overall mass transfer coefficient in the liquid vs the gas volume fraction in the dispersion, experimental values and model 
predictions. The color keys are the same as in Figure 79 

Figure 80 shows graphically the K𝐿𝐿 values reported in Table 30 as a function of the gas 
volume fraction in the dispersion, 𝜖𝜖. Evidently Kawase et al. [276] correlation greatly overestimates 
the overall mass transfer coefficient, while the method proposed by Colombet et al. [252] provides 
considerably better estimates. 

*
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More in general, the evolution of K𝐿𝐿 with respect to 𝜖𝜖 predicted by any of the correlations 
based on Eq. (6.26), is not compatible with the trend of the experimental points, and this 
independently on the value of the proportionality constant 𝐶𝐶3. On the other hand, the reduction of 
the average vertical slip velocity of the bubbles with the increase of the hold-up, as predicted by 
Eq. (6.27), well agree with the K𝐿𝐿 decline observed in Figure 80. This confirms what advocated by 
Colombet et al. [252], namely that for a homogeneous gas-liquid dispersion, the mass transfer at 
the interphase of the single bubbles is not influenced by the hydrodynamic conditions of the inter-
particle regions (section 5.2.9). In this regard, it is realistic to invoke penetration theory [231], by 
assuming that the colliding eddies can promote the (composition) renewal of the liquid elements 
adherent to the bubbles surface, only when the size of the interacting swirls is of the same order as 
the thickness of the concentration boundary layer. Indeed, for high 𝑃𝑃𝑒𝑒 number, as generally it is 
for gas-liquid dispersions that do not fall in the microscale range, the thickness of the 
concentration boundary layer, ≈ ∅𝑏𝑏/(𝑆𝑆ℎ − 2), is much smaller than the scale of the smallest 

eddies, ≈ �𝛿𝛿𝑠𝑠3/(�̅�𝜒𝑠𝑠𝜌𝜌𝑠𝑠3)�
1/4

. In other words, the use of transfer correlations derived combining 

Higbie penetration theory [232] and Kolmogoroff theory of isotropic turbulence is not theoretically 
consistent in most cases involving gas-liquid dispersions. 
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 Conclusion & future work 7.

 One of the main objectives of this work has been the development of a thermodynamic 
model base for syngas fermentation systems. A 𝛾𝛾 − 𝜑𝜑 phase equilibrium model is presented to 
describe the phase behavior of 14 gas-solvent systems of relevance. The UNIQUAC model has been 
selected to calculate the activity coefficients, while the Peng-Robinson EoS or, for system 
containing acetic acid, the Hayden-O’Connell Virial EoS were used to calculate the vapor phase 
fugacities. A method to estimate gas solubility in mixed solvents based on the thermodynamic 
relation of the Henry’s law constant with activity coefficient at infinite dilution and the 
hypothetical liquid standard state fugacity, has been derived. The proposed method only requires 
the values of the symmetric activity coefficients at infinite dilution and the values of the Henry's 
law constants in the pure solvents forming the mixture. The same thermodynamic relationship has 
been further exploited in the model parametrization, so as to enforce thermodynamic consistency 
on the model coefficients. The results presented show that the model performs very well even at 
higher temperatures and pressures. Indeed, the 𝛾𝛾 − 𝜑𝜑 framework does not allow a proper 
description of the system only when applied to describe the fluids close to the mixture critical 
conditions. The parametrization of UNIQUAC interaction coefficients optimized for process 
simulation studies in Aspen Plus was performed for the proper simulation of acetic acid recovery 
from dilute fermentation medias. 

A benchmark study of various designs for the recovery section of the syngas-to-ethanol 
process has been benchmarked. The designs have been carried out with the commercial process 
simulation Aspen Plus, and the various unit operations were rigorously modeled according to a 
steady-state equilibrium approach. The study shows that advance layouts allow for recovery of 
ethanol from solutions containing  less 4 wt% with operating costs typical of the conventional 
distillation when applied to aqueous solutions containing >10 wt% alcohol. Mechanical vapor 
recompression presents important improvements compared to the conventional method. The 
main advantage of VRC in comparison to the other design tested lays in the ease of retrofitting of 
this technology; this is proven by the fact that it has already been successfully applied in the 
industry. The internally heat-integrated distillation columns and the condenser-reboiler thermal 
coupling implementation display the highest energy savings. The largest benefits offered by these 
designs are observed for the lowest ethanol feed concentrations tested. Distillation-vapor 
permeation is the least attractive design among the advance technologies considered, at least with 
regard to the separation of alcohol from low concentrated solutions, yet the ultimate advantage of 
DiCVP is the possibility of directly recovering an-hydrous ethanol. In general, the differences in 
energy-savings attained by the various layouts become less important as the alcohol content in the 
feed increases. Nevertheless, multi-effect heat integration shows significant benefits over the 
conventional distillation also for high ethanol concentrations; the reason for this is that the ME-HI 
implementation shares the same advantages of the traditional separation methods. The separation 
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of acetic acid from the medium of syngas fermentation appears to be a cost. Although the pure 
chemical has a commercial value, its separation from solutions containing less than 1 wt% is not 
economical. Thus its recovery should be performed only to prevent the eventual inhibitory effects 
that this component may on some bacterial strains. 

The literature study conducted on the effects of salts on bubble behavior in relation to 
applications on gas fermentation, has reveal that strong electrolytes cannot produce Marangoni 
stress at the bubbles interphase. The retardation of bubble rise velocity in aqueous solutions of 
salts observed by some workers is most likely caused by the presence of adventitious contaminants 
in the systems used for the measurements. In fact, it has been proven that strong electrolytes can 
enhance the “surface activity” of some surfactants. On the other hand, the suppression of bubble 
coalescence induced by salt addition to water can be attributed entirely to Gibbs elasticity. In this 
work, a new equation for quasi-equilibrium film thickness that can be applied to both surfactants 
and strong electrolytes was also derived. A rational classification of the available model for the 
estimate of gas-liquid mass transfer is provided as well. 

The experimental characterization of a pilot-scale slot ejector bubble column has provided 
great insight on the performance of those units. In fact, these kinds of reactors show very high 
interfacial areas for comparatively low power inputs; all the more so when the aqueous media 
contains components that suppress bubble coalescence. The study has confirmed that the mass 
transfer at the interphase of single bubbles dispersed in an aqueous solution is not influenced by 
the hydrodynamic conditions of the inter-particle regions. It was also showed that the use of 
Kolmogoroff theory of isotropic turbulence in the derivation of mass transfer correlations for gas-
water dispersions is not theoretically consistent, or at least for most practical applications. 

 Future work 7.1.

The future work would be to include a set of kinetic equations for the syngas fermentation 
reactions in the CFD model that was develop and validated during the last part of the project. This 
would allow simulating the performance of the reactor when applied to the conversion of CO, H2, 
and CO2 into liquid products, mainly ethanol and acetic acid. Selectivity, productivity and 
conversions might be evaluated for different liquid flow rates and syngas recycle ratios, and 
correlated to the corresponding power consumptions.  

The UNIQUAC model parameter base developed for gas solubility might also be 
implemented in the CFD model so to investigate how higher pressure conditions would affect 
productivity (kg of product/s/m3 of reactor) in respect to the corresponding increment of power 
consumptions. The use of a consistent thermodynamic model would also allow for calculating the 
amount of alcohol that would be stripped out from the reactor with the gaseous flow exiting the 
unit. 
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This analysis would eventually provide an estimate of the actual costs for the production of 
the alcohol from the synthesis gas, allowing the assessment of the collective energy requirements 
for the assembly consisting of the fermenter unit and the biofuel recovery section. 
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Appendix A 

Prausnitz and Shair framework for the reference fugacity of the hypothetical 

Liquid 

Prausnitz and Shair [53] reported a general correlation for reduced fugacities of 
hypothetical liquids at the reference pressure of 1 atm as function of reduced temperatures. Their 
scheme based on a thermodynamic cycle; this involved the change in Gibbs energy of the 
supercritical component going from gas at 1 atm to hypothetical liquid state at the same pressure. 
The cycle goes through the formation of a mixture where partial molar volumes are considered 
equal to the ones of the pure components, �̅�𝜐𝑖𝑖𝐿𝐿 ≅ 𝜐𝜐𝑖𝑖𝐿𝐿 and �̅�𝜐𝑔𝑔𝐿𝐿 ≅ 𝜐𝜐𝑔𝑔

ℎ𝑦𝑦𝐿𝐿, so that solvent molar volumes 
were used, while gas partial molar volumes were fitted. The solvent was considered nonvolatile 
thus 𝑓𝑓𝑔𝑔𝑉𝑉(𝑇𝑇,𝐦𝐦)�

1𝑠𝑠𝑠𝑠𝑎𝑎
≅ 𝑓𝑓𝑔𝑔𝑉𝑉(𝑇𝑇)�

1𝑠𝑠𝑠𝑠𝑎𝑎
(i.e. the vapor phase in the system consists mostly of the 

supercritical compontent) 
Prausnitz and Shair [53] cycle involve considering the dissolution of a gas into a liquid as a 

three-step process. 
Compress the gas from 1 atm to the isometric mixing pressure 𝜋𝜋 at which the gas has 

reached a liquid-like volume. The free energy for this change is: 
( )

( )
,

ln
,1[ ]

hyL
gI

g V
g

f T
G RT

f T atm
π

∆ =  (A.1) 

Also compress the liquid to pressure 𝜋𝜋. 
Mix isometricaly and isobarically the compressed gas with the compressed liquid. The free 

energy change for the solute is: 
( )ln , ,II

g g gG RT x Tγ π∆ = n  (A.2) 

Expand the solution to 1 atm total pressure. The free energy change for the solute is: 

( )1[ ]
, ,

atmIII L
g gG T P dP

π
υ∆ = ∫ n  (A.3) 

The amount of supercritical component in the system is chosen such that the molar fraction 
𝑥𝑥𝑔𝑔 in the liquid is in equilibrium with the gas at the pressure of 1 atm. Being the solvent 

nonvolatile, the fugacity of the gas is still equal to the one chosen as reference: 𝑓𝑓𝑔𝑔𝑉𝑉(𝑇𝑇,𝐦𝐦)�
1𝑠𝑠𝑠𝑠𝑎𝑎

≅
𝑓𝑓𝑔𝑔𝑉𝑉(𝑇𝑇, 1[𝑐𝑐𝑟𝑟𝑚𝑚]). Thus the total change in Gibbs energy for the solute can be set to 0. 

0I II III
g g gG G G∆ + ∆ + ∆ =  (A.4) 
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Algebraic rearrangement of the four equations gives  

( ) ( ) ( ) ( )1[ ]1,1[ ] , , , exp , ,
atmV hyL L

g g g g gf T atm f T x T T P dP
RT π

π γ π υ
 

=  
 

∫n n  (A.5) 

The change in fugacity of the hypothetical liquid from 𝑃𝑃 = 𝜋𝜋 to the reference pressure of 1 
atm can be written as: 

( ) ( ) ( )1[ ]1,1[ ] , exp ,
atmhyL hyL hyL

g g gf T atm f T T P dP
RT π

π υ
 

=  
 

∫  (A.6) 

Combined with the previous equation it gives: 

( ) ( )
( ) ( ) ( )( )1[ ]

,1[ ] 1ln ,1[ ] ln , , ,
, ,

V
ghyL L hyL

g g gatm
g g

f T atm
f T atm T P T P dP

RTx T
π

υ υ
γ π

 
 = + −
 
 

∫ n
n

 (A.7) 

The integral on the right side of the above equation will cancel assuming the partial molar 
volume of the solute independent from the system composition, and always equal to the molar 
volume of the hypothetical liquid. The dependency of the activity coefficient from pressure can be 
neglected as well obtaining: 

( ) ( )
( )

,1[ ]
ln ,1[ ] ln

,

V
ghyL

g
g g

f T atm
f T atm

x Tγ

 
 =
 
 n

 (A.8) 

Prausnitz and Shair, used the Hildebrand equation to model 𝛾𝛾𝑔𝑔(𝑇𝑇,𝐧𝐧), leading to the 
expression that forms the basis of the their method, that is Eq. (3.15). 

O’Connell and Prausnitz approach for gas solubility in mixed solvents 

For a mixture of a gas in a solvent the Wohl expansion [42] can be written as: 

( ),

E

tot g sol g sol
G n x x
RT

α=

 (A.9)

 

The subscript 𝑑𝑑𝑚𝑚𝑚𝑚 refers to the solvent. 𝐺𝐺𝐸𝐸 is the excess Gibbs energy, and 𝑓𝑓𝑠𝑠𝑠𝑠𝑠𝑠 is the total 
number of moles in the system. Performing the differentiation for the number of mole of the 
supercritical component 𝑓𝑓𝑔𝑔. 

( )( ) ( )
( )

( ) ( ) ( )( )2 2, ,
, ,2

1 1 ln , , , 1
E

g sol sol g sol g sol g sol
tot g sol g g g sol g

g
g sol

n n n n nG n x T P T P x
RT n n n

α α
α γ α

+ − ∂
  = = − ⇒ = −
 ∂ + 

n

 (A.10)
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Here the 𝛼𝛼𝑔𝑔,𝑆𝑆(𝑇𝑇,𝑃𝑃) coefficient is explicitly written as function of temperature and pressure, 
on practical level it is considered as function of temperature only. At infinite the dilution equation 
becomes: 

( ) ( ),ln , ,g g solT P T Pγ α∞ =  (A.11) 

For the binary systems, the solute free composition (𝐧𝐧𝑘𝑘, 𝑘𝑘 ≠ 𝑔𝑔 thus 𝑘𝑘 = 𝑑𝑑𝑚𝑚𝑚𝑚) is omitted 
since it is invariant. Introducing equation Eq. (3.12) in the previous equation gives: 

( ), ,, ln ( , ) ln ( , )hyL
g sol g sol gT P H T P f T Pα = −  (A.12)

 The same change in notation is applied to the Henry law constant only for binary system: 
from 𝐻𝐻𝑔𝑔(𝑇𝑇,𝑃𝑃,𝒏𝒏𝑘𝑘)𝑘𝑘≠𝑔𝑔 to 𝐻𝐻𝑔𝑔,𝑠𝑠𝑠𝑠𝑠𝑠(𝑇𝑇,𝑃𝑃). 

Considering two independent binary systems with the supercritical component 𝑔𝑔 in two 
different solvents 1 and 2 at the same temperature and pressure, the hypothetical liquid fugacity 
𝑓𝑓𝑔𝑔
ℎ𝑦𝑦𝐿𝐿(𝑇𝑇,𝑃𝑃) will be the same for both the cases. Writing Eq. (A.12) for both solvents and combining 

the expression so to eliminate 𝑓𝑓𝑔𝑔
ℎ𝑦𝑦𝐿𝐿(𝑇𝑇,𝑃𝑃) gives: 

( ) ( ),1 ,2 ,1 ,2, , ln ( , ) ln ( , )g g g gT P T P H T P H T Pα α− = −  (A.13)

 Considering now a ternary system of the supercritical component 𝑔𝑔 in the mixture of the 
two solvents 1 and 2 and applying the two suffix Wohl expansion gives: 

( ),1 1 ,2 2 1,2 1 2

E

tot g g g g
G n x x x x x x
RT

α α α= + +
 (A.14) 

,1 1 ,2 2 1,2 1 2 2 2
,1 1 ,1 1 2 ,2 2 1 ,2 2 1,2 1 2

1 2

1 E
g g g g

g g g g
g g g

n n n n n nG x x x x x x x x
RT n n n n n

α α α
α α α α α

   + +∂ ∂
  =   = + + + −
   ∂ ∂ + +   

 (A.15)

 
( ) ( ) ( ),1 1 1 ,2 2 2 1,2 1 2ln , , 1 1g g gT P x x x x x xγ α α α= − + − −n  (A.16) 

Substituting 𝛼𝛼𝑔𝑔,1(𝑇𝑇,𝑃𝑃) and 𝛼𝛼𝑔𝑔,2(𝑇𝑇,𝑃𝑃) using Eq. (A.12) gives: 

( ) ( ) ( ) ( ) ( ),1 1 1 ,1 2 ,2 1 2 1,2 1 2ln , , 1 ln ( , ) ln ( , ) ln ( , )hyL
g g g g g gT P x x x H T P x H T P f T P x x x xγ α α = − + − − − n  (A.17) 

Writing the equation for infinite dilution condition and substituting 𝑓𝑓𝑔𝑔
ℎ𝑦𝑦𝐿𝐿(𝑇𝑇,𝑃𝑃) using Eq. 

(3.12) gives: 

( ) ( ) ( )1 ,1 2 ,2 1,2 1 2ln ( , , ) ln ( , ) ln ( , )g k k g g gH T P x H T P x H T P x xα≠ = + −n  (A.18) 

𝛼𝛼1,2, may be estimated from regular solution theory, using an activity coefficient model. 
Applying the assumption of ideality for the two solvents 𝛼𝛼1,2 = 0, and extending the 

equation to multicomponent systems leads to the following expression. 

( ) ( ),ln ( , , ) ln ( , )g k k g k g k
k g

H T P x H T P≠
≠

= ∑n  (A.19) 

217 
 
 



Some authors define the logarithm of the excess Henry constant as difference between the 
logarithm of the measured value and the value as given by Eq. (A.19). 

Appendix B 

In this appendix, the equations and the correlation applied for equilibrium computations 
are presented. These include: 1.The Peng-Robinson EoS [58] used to calculate the vapor phase 
fugacities. 2.The Hayden-O'Connell Virial EoS [59] used to calculate the vapor phase fugacities in 
the presence of associating species. 3-The DIPPR (Design Institute for Physical Properties) 
correlations for the estimation of the saturated liquid volumes [60], for the calculation of the 
Poynting correction for the solvents. 4-The Brelvi-O’Connell correlation [61] for the liquid partial 
molar volume of the supercritical component at infinite dilution conditions, used to evaluate the 
Poynting correction relative to the solute. 

The relevant thermodynamic properties and correlation coefficients implemented in the 
computations are listed from Table 2 to Table 7, in section 3.1.7. 

Conversion for the coefficients of Eq. (3.25)-(3.26) 

The following relations are used to convert the coefficient of Eq. (3.25) so that can be 
employed in the equivalent Eq. (3.26) for the estimation of the UNIQUAC interaction parameters 
[56] as function of temperature. 

( ) ( )2

1 2 0 3 0 0 1 0 2 0 3 2' 2 ln ; ' ; ' ; 'a T T T b T T T c T d Tu u u T u T u u u T u T u u u u= − − = − + = =
 (B.1)

 

Peng-Robinson EoS 

Peng-Robinson EoS with the classical mixing rules [58] is reported below 

( ) ( )
( )2

0.457235 0.077796( ) ; ( ) ( );C C

C C

RT RTRT a TP a T T b
b P Pb b b

α
υ υ υ υ

= − = =
− + + −  (B2)

 

( ) ( )( ) 2
0.52( ) 1 0.37464 1.54226 0.26992 1 / CT T Tα ω ω = + + − −  

 (B3)
 

𝑃𝑃𝑔𝑔, 𝑇𝑇𝑔𝑔  and 𝜔𝜔 are the critical pressure, critical temperature and acentric factor. The classical 
mixing rules used for the vapor phase are given in Eq. (B4). 

( ) ( )
( , ) 1 ( ) ( ); ( )

2
i j i j

i j ij i ji j i j

x x b b
a T x x k a T a T b

+
= − =∑ ∑ ∑ ∑m m

 (B4)
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Here 𝑐𝑐𝑖𝑖 and 𝑏𝑏𝑖𝑖 are the energy and the co-volume for pure components, 𝑘𝑘𝑖𝑖𝑖𝑖 = 𝑘𝑘𝑖𝑖𝑖𝑖  is the 
binary interaction parameter. 

Hayden-O'Connell Virial EoS 

Below is given the Hayden-O'Connell Virial EoS [59]. The method is used for predicting pure 
and cross second virial coefficients. A parameter to describe chemical association, which depends 
only on the functional group of the molecules, is used in combination with specific mixing rules so 
to account for solvation effects and association. 

Eq. (B5) gives the Virial EoS truncated at the second coefficient and the relative mixing 
rules; Hayden-O'Connell method calculates the second Virial coefficients for both unlike and self-
interactions as summation of various contributions, Eq. (B6). 

( , )1 ; ( , ) ( )tot
i j iji j

RT B TP B T y y B T
υ υ

 
= + = 

 
∑ ∑m m

 (B5)
 

( ) ( ) ( ) ( ) ( ) ( )tot nonpolar polar metastable bound chem
ij ij ij ij ij ijB T B T B T B T B T B T= + + + +  (B6)

 

Aside from𝑇𝑇𝑖𝑖𝑔𝑔  and 𝑃𝑃𝑖𝑖𝑔𝑔, the additional pure component properties required are the mean 
radius of gyration 𝑟𝑟𝑖𝑖

𝑔𝑔𝑦𝑦𝑟𝑟 and the dipole moment 𝜇𝜇𝑖𝑖. The “nonpolar” acentric factor 𝜔𝜔′𝑖𝑖𝑖𝑖, the energy 
parameter 𝜀𝜀𝑖𝑖𝑖𝑖 and the molecular size parameter 𝐴𝐴𝑖𝑖𝑖𝑖 are obtained as follows: 
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In Eq. (A7)-(A11) the mean radius of gyration should be expressed in Å, the dipole moment 
in D, the critical pressure in atm, and Boltzmann constant in erg/K (1.3805⋅10−16 erg/K). The energy 
parameter and the size parameter will be respectively given in erg and Å. 𝜂𝜂𝑖𝑖𝑖𝑖  is the association 
parameter for pure interactions. 

The cross-coefficients for unlike interactions 𝜀𝜀𝑖𝑖𝑖𝑖, 𝐴𝐴𝑖𝑖𝑖𝑖, and 𝜔𝜔′𝑖𝑖𝑖𝑖 are given by Eq. (B12)-(B16). 
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The contributions to 𝐵𝐵𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠𝑠𝑠, in cm3/mole, are calculated through Eq. (B19)-(B24). An 
additional coefficient is required,  𝜂𝜂𝑖𝑖𝑖𝑖 the solvation parameter for unlike interactions. A list for 𝜂𝜂𝑖𝑖𝑖𝑖  
and 𝜂𝜂𝑖𝑖𝑖𝑖 can be found in [68]. 
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When compounds with strong association are present in the mixture, 𝜂𝜂𝑖𝑖𝑖𝑖 ≥ 4.5 and/or 
𝜂𝜂𝑖𝑖𝑖𝑖 ≥ 4.5, the corresponding interactions are treated according to the chemical theory of 
dimerization. 
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DIPPR-105 and DIPPR-116 correlations for saturated liquid volume 

The two correlations of relevance for the estimation of the saturated liquid volumes, 
developed by the Design Institute for Physical Properties as part of the DIPPR Project 801 [60], are 
reported below. 
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 (B26) 

The correlation parameters give the saturated liquid volume in cm3 mol-1 when the 
temperature is expressed in K. 

Brelvi-O’Connell correlation for gaseous solute volume at infinite dilution 

The Brelvi-O’Connell correlation [61], below presented, can used to estimate the gaseous 
solute volume at infinite dilution. The equations are formulated in terms of reduced properties and 
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relate the compressibility to the reduced density and the partial molar volume to reduced solvent 
density. 
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In Eq. (B27)-(B28) 𝛽𝛽𝑖𝑖 is the isothermal compressibility of the solvent, 𝜐𝜐′𝑔𝑔𝑖𝑖 and 𝜐𝜐′𝑔𝑔𝑔𝑔 are the 
characteristic volumes for the solvent and for the solute; for nonpolar species the characteristic 
volume can be taken equal to the critical volume, but for polar species this property tends to be 
smaller. 

Eq. (B29) is written for a generic component, it can be fitted to liquid compressibility data 
to obtain the respective characteristic volume 𝜐𝜐′𝑔𝑔. When used to calculate �̅�𝜐𝑔𝑔∞, it provides the 
solvent isothermal compressibility, 𝛽𝛽𝑖𝑖, required in Eq. (B27)-(B28). 

Brelvi-O’Connell isothermal equation of state for liquid densities 

The equation reported below is the integral form of Eq. (B29) as derived in Brelvi and 
O’Connell [281], and it can be used to obtain 𝜐𝜐′𝑔𝑔  from density data only. 𝜌𝜌𝑔𝑔∗  is a scaled density, 
where the scaling factor is the characteristic volume of the substance. Once the integral of the 
reduced isothermal equation is tabulated, the required values at 𝜌𝜌𝑔𝑔∗ |𝑃𝑃1  and 𝜌𝜌𝑔𝑔∗ |𝑃𝑃2  can be obtained 
by interpolation. 
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Appendix C 

Particles at low 𝑹𝑹𝑹𝑹 numbers 

Solid sphere 

 Clift et al. [160] reported an extension of Levich [204] solution, Eq. (5.53), where the 
tangential velocities at the sphere surface were obtained from Proudman and Pearson stream 
functions in place of the Stoke flow. The resulting asymptotic solution (𝑃𝑃𝑒𝑒 → ∞) is valid 
theoretically valid for 𝑅𝑅𝑒𝑒 > 0.1, but it remains practically limited to 𝑅𝑅𝑒𝑒 < 1. 

0.271
30.991 1 ; 1000; 1

4
ReSh Pe Pe Re 

= + ≥ ≤ 
 

 (C.1) 

An empirical expression that matches the two asymptotic results: Eq. (5.53) for 𝑃𝑃𝑒𝑒 → ∞ 
and Eq. (5.54) for 𝑃𝑃𝑒𝑒 → 0, and agrees with the available numerical solutions within 3% for the 
intermediate 𝑃𝑃𝑒𝑒 values was proposed Clift et al. [160]. 

1
31 (1 ) ; 1Sh Pe Re= + + ≤  (C.2) 

Brian and Hales [220] also proposed an empirical expression, similarly to Eq. (C.2), for the 
entire range of 𝑃𝑃𝑒𝑒 number which describe their numerical solution for the Stoke flow within 5%. 

2 1
3 2(4 1.21 ) 10000; 1Sh Pe Pe Re= + ≤ ≤  (C.3) 

A rough approach to conciliate the asymptotic solution of Levich [204] 𝑃𝑃𝑒𝑒 → ∞ with the 
well know limit for molecular diffusion at zero flow rate, 𝑆𝑆ℎ0 = 2, is that suggested by Bird et al. 
[173], i.e. a simple superposition to the Levich equation, Eq. (5.53). 

1
32 0.991 ; 1Sh Pe Re= + ≤  (C.4) 

Solid oblate spheroid 

As before done for the solid sphere, Clift et al. [160] proposed an empirical correlation to 
match both the asymptotic results for 𝑃𝑃𝑒𝑒 → ∞ and for 𝑃𝑃𝑒𝑒 → 0 valid for spheroids. 
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Sh Sh E ReSh fun E Pe
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   = + + ≤     
 (C.5) 

Eq. (C.5) was verified using the available numerical results for 𝑃𝑃𝑒𝑒 < 70 and 𝐸𝐸� = 0.2 
showing deviations within 10%. The expression is similar in the form to Eq. (C.2) and requires the 
value for the average 𝑆𝑆ℎ numbers of the spheroid for the fluids in stagnant condition, Eq. (5.58), 
and the value of a multiplicative constant which depend on the spheroid aspect ratio 𝐸𝐸�, the same 
as for Eq. (5.56). 

Fluid sphere 

For bubbles in uncontaminated liquid, i.e. for 𝜅𝜅 → 0 and Bird et al. [173] proposed the 
following correlation, that is derived from Eq. (5.59) when 𝜅𝜅 → 0, applying the same 
superimposition already used in Eq. (C.4). 

1
22 0.651 ; 1Sh Pe Re= + ≤  (C.6) 

A more accurate semi-empirical expression than Eq. (C.6) is that reported by Clift et al. 
[160], which agrees with the numerical solutions obtained by Oellrich et al. [197] within 6% for all 
𝑃𝑃𝑒𝑒 number: 

2 3
3 41 (1 0.564 ) ; 1Sh Pe Re= + + ≤  (C.7) 

While the empirical expression originally propose by Oellrich et al. [197] to fit their results 
and to asymptotically approach Eq. (5.59) for 𝑃𝑃𝑒𝑒 → ∞ is the following. They numerically solved the 
advection-diffusion equation for the transported species without introducing the thin 
concentration boundary layer approximation, because of that the derived correlations, i.e. Eq. (C.7) 
and (C.8), are indeed consistent for 𝑃𝑃𝑒𝑒 → 0. 

1.72

1.22

0.6512 ; 1
1

PeSh Re
Pe

= + ≤
+

 (C.8) 

Feng and Michaelides [223] numerically solved the Navier-Stokes equations for both the 
external and the internal flow fields for the fluid sphere in the range of 𝑅𝑅𝑒𝑒 number between 0 and 
1000. The full advection-diffusion equation for the diffusing specie was solved without neglecting 
the diffusive transport in the direction parallel to the surface; consequently the resulting 
correlations are also valid at low 𝑃𝑃𝑒𝑒 numbers. Among the correlations obtained, the one relevant 
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to the fluid sphere at low 𝑅𝑅𝑒𝑒 number is the following. In the first term are recognizable the 
analytical solutions for the solid sphere and the fluid sphere at 𝑃𝑃𝑒𝑒 → ∞. 

30.651 0.991 0.61 1.65 0.611.032 0.968 ; 100; 10; 1
1 0.95 1 21 1 0.95 21 1

Pe Pe Re ReSh Pe Re
Re Re

κ κ κ
κ κ κ κ

      
= + + + − + ≤ > ≤     + + + + + +       

 (C.9) 

Particles at intermediate and high 𝑹𝑹𝑹𝑹 number 

Solid sphere 

Ranz and Marshall [282], [283] studied the evaporation of water and benzene drops in hot 
air for the diameter range 0.6-1.1 mm and 0 < 𝑅𝑅𝑒𝑒 ≤ 200. They used Frössling equation to 
correlate both heat and mass transfer measurements obtaining a value of 0.6 for the constant of 
Eq. (5.63), which applies indifferently for the estimation of 𝑆𝑆ℎ and 𝑁𝑁𝑓𝑓 numbers (𝑆𝑆𝑐𝑐 must be 
replaced with 𝑃𝑃𝑟𝑟 number). 

Garner and Suckling [284] measured the dissolution of spheres of adipic and benzoic acid 
with diameter between 9.5 mm and 19.0 mm in a controlled stream of water. They fitted their 
experimental data for the interval 100 < 𝑅𝑅𝑒𝑒 ≤ 700 with a correlation in the form of Eq. (5.63) 
assessing a value of 0.95 for the constant. 

Using data from the dissolution of a 9.5 mm sphere of benzoic acid in water for the interval 
500 < 𝑅𝑅𝑒𝑒 ≤ 7500, Linton and Sutherland [285] obtained a value of 0.582. Since the range of 
hydrodynamic conditions tested was far removed from the region of viscous flow regime, they did 
not applied the superimposition 𝑆𝑆ℎ0 = 2 to their correlation. 

Rowe et al. [286] correlated Frössling [226] equation for the 𝑅𝑅𝑒𝑒 number interval 30-1750 
using data relevant to the dissolution of benzoic acid spheres in water (13 mm-38 mm) and the 
sublimation of naphthalene spheres in air (16 mm-38 mm). They obtained the values 0.69 and 0.79 
for the constant in Eq. (5.63) respectively for mass transfer to air and to water. 

Kramers [227] measured the heat transfer of steel balls (7.1 mm-12.6 mm) for 0.5 < 𝑅𝑅𝑒𝑒 ≤
2000 heated via electrical induction and placed in a forced flow of air, water and oil. He 
highlighted that the boundary layer theory to solve the flow near the surface provides correct 
results, at least in a qualitative way, only when applied to relative high 𝑅𝑅𝑒𝑒 number. This can also be 
one of the reasons for the large variability in the multiplicative constants found by the different 
workers for Eq. (5.63). Kramers [227] noted that for low 𝑅𝑅𝑒𝑒 numbers 𝑆𝑆ℎ number (𝑁𝑁𝑓𝑓 in Kramers 
study) increases quicker with 𝑅𝑅𝑒𝑒, therefore he proposed the following correlation. 

1
0.15 0.3122 1.3 0.66 ; 100 ; 10000Sh Sc Re Sc Pe Re= + + < <  (C.10) 
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Steinberger and Treybal [287] measured de dissolution of benzoic acid spheres (17 mm-25 
mm) in streams of water and aqueous propylene glycol for 𝑅𝑅𝑒𝑒 numbers ranging from 10 to 17000, 
as well as for the media in stagnant condition. They correlated their data using the following 2 
equations. 

0.25 0.25 0.62 0.31 82 0.569 0.347 ; 1 10 0.6 3000; 1 10000Sh Gr Sc Re Sc GrSc Sc Re= + + < ⋅ ≤ < ≤ <  (C.11) 

0.33 0.25 0.62 0.31 82 0.0254 0.347 ; 1 10 0.6 3000; 1 10000Sh Gr Sc Re Sc GrSc Sc Re= + + ⋅ ≤ ≤ < ≤ <  (C.12) 

Eq. (C.11) and (C.12) also account for the advection induced by the changes in fluid density 
due to the presence of temperature gradients, or in other words, mass transfer driven by natural 
convection. This contribution to the transfer is important for phenomena involving a relevant 
amount of heat being adsorbed or released, such as droplets evaporation or dissolution and 
crystallization. In absence of natural convection the two equations reduce to a form similar to that 
proposed by Frössling [226], Eq. (5.63). 

As noted before by Kramers [227], Hughmark [228] also recognized that correlations in the 
form of Eq. (5.63) are inadequate to fit mass and heat transfer data relevant to solid spheres over a 
wide range of 𝑅𝑅𝑒𝑒 numbers because the exponents of 𝑅𝑅𝑒𝑒 and 𝑆𝑆𝑐𝑐 (or 𝑃𝑃𝑟𝑟) are not constants. Thus he 
distinguish 3 fluid dynamic region roughly corresponding to the unseparated flow for 1 < 𝑅𝑅𝑒𝑒 ≤
17, an intermediate region corresponding to the formation and developing of the wake 
17 < 𝑅𝑅𝑒𝑒 ≤ 450 and third region for 𝑅𝑅𝑒𝑒 ≥ 450 relevant to wake instability and wake shedding. 
Hughmark [228] further distinguished 2 sets of equations based on the 𝑆𝑆𝑐𝑐 number. For what 
regards mass transfer of bubbles presenting a completely immobilize interphase (𝑆𝑆𝑐𝑐 > 250) the 
relevant expressions are: Eq. (C.13), (C.14) and (C.15). 

1
0.4222 0.5 ; 250; 1 17Sh Re Sc Sc Re= + > ≤ <  (C.13) 

1
0.4222 0.4 ; 250; 17 450Sh Re Sc Sc Re= + > ≤ <  (C.14) 

0.62 0.422 0.175 ; 250; 450 10000Sh Re Sc Sc Re= + > ≤ <  (C.15) 

For mass (and heat) transfer between a solid sphere moving in a continuous fluid when 𝑆𝑆𝑐𝑐 
is less than 250, the correlation proposed are Eq. (C.16) and Eq. (C.17). 
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11
322 0.6 ; 250; 1 450Sh Re Sc Sc Re= + ≤ ≤ <  (C.16) 

1
0.62 32 0.27 ; 250; 450 10000Sh Re Sc Sc Re= + ≤ ≤ <  (C.17) 

For the intermediate 𝑅𝑅𝑒𝑒 number Clift et al. [160] proposed a semi-empirical correlation 
using the form of the solution obtained from the thin concentration boundary layer approach 
(𝑃𝑃𝑒𝑒 → ∞) to fit the available numerical results in the ranges 1 < 𝑅𝑅𝑒𝑒 ≤ 400 and 0.25 < 𝑆𝑆𝑐𝑐 ≤ 100. 
The correlation is also valid for 𝑆𝑆𝑐𝑐 larger than 100 as it was derived for 𝑃𝑃𝑒𝑒 → ∞ (𝑅𝑅𝑒𝑒𝑆𝑆𝑐𝑐 = 𝑃𝑃𝑒𝑒, for 
finite 𝑅𝑅𝑒𝑒 values, ⇒ 𝑆𝑆𝑐𝑐 → ∞). Further Eq. (C.18) matches the values of Eq. (C.2) at 𝑅𝑅𝑒𝑒 = 1. 

1
13

0.41 311 1 ; 0.25; 1 400Sh Re Sc Sc Re
Pe

 
= + + > ≤ < 

 
 (C.18) 

For higher 𝑅𝑅𝑒𝑒 numbers, Clift et al. [160] further proposed 2 additional correlations obtained 
by fitting the available experimental data for both heat and mass transfer to solid spheres. The 
resulting expressions are given here. 

1
13

0.472311 1 0.752 ; 2000Sh Sc Re 100 Re
Pe

 
= + + ≤ < 

 
 (C.19) 

1
1 13

0.713 211 1 0.44 0.034 ; 2000 100000Sh Sc Re Re Re
Pe

  
= + + + ≤ <  

    
 (C.20) 

The form of Eq. (C.19) and (C.20) is not entirely empirical, for instance the ½ power in Eq. 
(C.20) can be viewed as the contribution to mass transfer from the sector of the sphere were the 
flow does not separate from the solid surface, i.e. where the boundary layer approximation for the 
velocity field is still applicable. 

Steiner [288] also fitted many of the available experimental data relevant to the mass 
transfer to droplets and liquids using a correlation devised combining Boussinesq solution [233] for 
the inviscid sphere, Eq. (5.67), and an expression for the mass transfer to a solid sphere. A step 
function of the 𝑃𝑃𝑒𝑒 number was adopted in order to weight the contribution of the two equations 
on the final value of the average 𝑆𝑆ℎ number. Regarding the expression for the solid sphere, Steiner 
[288] proposed the following empirical correlation. 
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1 11
3 322.43 0.775 0.0103 ; 200; 10 1000Sh Re Sc ReSc Sc Re= + + ≥ ≤ <  (C.21) 

Feng and Michaelides [223] fitted their numerical calculations for the intermediate 𝑅𝑅𝑒𝑒 
numbers using a combination of 3 separated expression, each valid for a specific value of the 
viscosity ratio. For the solid sphere, i.e. for 𝜅𝜅 → ∞, they suggested the following expression. For 𝑅𝑅𝑒𝑒 
numbers of less than 1 Feng and Michaelides proposed the correlation reported in Eq.(C.9) valid 
for any value of 𝜅𝜅. 

( )
1

0.287 0.35530.852 1 0.233 1.3 0.182 ; 10; 1 1000Sh Pe Re Re Pe Re= + + − > ≤ <  (C.22) 

Solid spheroids 

The original correlation by Skelland and Cornishf [230] is obtained combining Eq. (5.65) and 
Eq. (5.62) replacing the constant with 0.741. 

( )
1 1
3 20.741 ; 0.33 1; 200 6000Sh Sc Re E Reε ε

ε
= < < < ≤  (C.23) 

The parameter indicated with 𝜀𝜀 in Eq. (C.23) is introduced in the original correlation so that 
the dimensionless number are still defined using the equivalent diameter, ∅𝑏𝑏, as characteristic 
length. This modification of the original correlations is here applied to Eq. (C.25), (C.26) and (C.27) 
as well. 

2 2

3 2 2

1 1 11 ln
2 2 1 1 1

E E
E E E

ε
  + −  = +

  − − −  
 (C.24) 

Similarly to Skelland and Cornishf [230], Beg [289] analyzed the sublimation of oblate 
naphthalene spheroids but for a wider range of 𝑅𝑅𝑒𝑒 numbers. The resulting 2 correlation are 
reported below. 

( )
1 1
3 20.62 ; 0.25 1; 200 2000Sh Sc Re E Reε ε

ε
= < < < ≤  (C.25) 

( )
1

0.61
30.26 ; 0.25 1; 2000 32000Sh Sc Re E Reε ε

ε
= < < < ≤  (C.26) 

For the intermediate 𝑅𝑅𝑒𝑒 Clift et al. [160] suggested a correlation similar in the form to that 
they proposed for the sphere Eq. (C.18); the expression agrees well with the corresponding 
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numerically calculate values for the 3 aspect ratio: 𝐸𝐸� = 0.2, 𝐸𝐸� = 1 and 𝐸𝐸� = 5. The profile of the 
function 𝑓𝑓𝑓𝑓𝑓𝑓(𝐸𝐸�) can be found in the plot provided in [160]. 
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Fluid sphere 

For the specific case of inviscid spheres, 𝜅𝜅 → 0, Oellrich et al. [197] correlated their 
numerical results for 𝑅𝑅𝑒𝑒 → ∞, with the empirical expression reported in Eq. (C.28), which 
approaches Boussinesq solution, Eq. (5.67), at very large 𝑅𝑅𝑒𝑒. 
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As introduced in section 5.2.6.1, Steiner [288] proposed a correlation obtained combining 
Boussinesq solution [233] for the inviscid sphere, Eq. (5.67), and an empirical correlation valid for 
the solid sphere, Eq. (C.21). This was done using a step function of 𝑃𝑃𝑒𝑒 number in order incorporate 
in the model the transition from the rigid spheres behavior to the perfectly circulating fluid 
particle. The result of the fitting of the available mass transfer data for droplets is the following 
expression. 
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Steiner [288] recognized that further refinement of Eq. (C.29) was certainly possible as the 
transition from rigid to circulating drops depends not only on the 𝑅𝑅𝑒𝑒 number but also on the 
viscosity ratio and the interfacial tension. Unfortunately, the quality of the data was not sufficient 
to allow the determination of these influences. 

For the intermediate 𝑅𝑅𝑒𝑒 numbers, Clift et al. [160] applied the thin concentration boundary 
layer approximation with the surface velocities calculated numerically by Abdel-Alim and Hamielec 
[290]. The proposed equation that fits this calculated values and matches Lochiel and Calderbank 
[222] asymptotic solution for large 𝑅𝑅𝑒𝑒 numbers, Eq. (5.69), is the following.  
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For inviscid spheres, 𝜅𝜅 → 0, Takemura and Yabe [291] numerically solved the Navier-Stokes 
equations and the advection-diffusion equation applying the thin concentration boundary layer 
approximation in the range 𝑅𝑅𝑒𝑒 < 100. They modified Clift et al. [160] correlation, Eq. (C.30), to 
better fit their result in this range. 

( ) 3
2 4
3

2 11.13 2.5 1 ; 100; 100
3

1 0.09

Sh Pe Sc Re

Re

= + − > ≤
 

+  
 

 (C.31) 

Eq. (C.31) can still be used for 𝑅𝑅𝑒𝑒 > 100, since the corresponding predictions for the 
average 𝑆𝑆ℎ number are in line with Eq. (C.30). 

Oliver and Dewitt [244] applied the thin concentration boundary layer approximation with 
the flow field calculated numerically according to the method by Oliver and Chung [292] for 
𝑅𝑅𝑒𝑒 < 100. Their results were correlated with the following expression, valid for a wide range of 
viscosity ratios. 
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Among the correlations Feng and Michaelides [223] obtained by fitting their numerical 
result, the one valid for the inviscid sphere, 𝜅𝜅 → 0, at moderate 𝑅𝑅𝑒𝑒 number is the following one. 
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For the particular case of 𝜅𝜅 = 2 they fitted the following expression 

( )0.43 0.287 0.2870.64 1 0.233 1.41 0.15 ; 10; 1 1000Sh Pe Re Re Pe Re= + + − > ≤ <  (C.34) 

Thus, the final correlation valid for any 𝜅𝜅 value was constructed by combining Eq. (C.22), 
(C.33) and (C.34), according to the following 2 expression. 
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For the solid sphere at high Re number and for 𝑅𝑅𝑒𝑒 numbers of less than 1 and any 𝜅𝜅 value, 
Feng and Michaelides [223] expression are Eq. (C.22) and (C.9). 

Saboni et al. [243] numerically solved the Navier-Stokes equations and the continuity 
equation for the mass transfer to a fluid sphere for a wide range of viscosity ratio and 𝑅𝑅𝑒𝑒 number 
between 0 and 400. No approximation was introduced in the advection-diffusion equation and the 
results were correlated with the following expression down to 𝑃𝑃𝑒𝑒 → 0. 
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Fluid oblate spheroids 

Figueroa-Espinoza and Legendre [245] numerically solves the Navier-Stokes equations and 
the diffusion-advection equation for the inviscid oblate spheroid for 𝑅𝑅𝑒𝑒 number ranging from 1 to 
1000, 𝑆𝑆𝑐𝑐 numbers from 1 to 500 and aspect ratio from 1 to 0.33. Even though there is a zero shear 
boundary condition at the particle surface, the simulations showed that for 𝐸𝐸� < 0.6 the onset of 
the wake occurs already for 𝑅𝑅𝑒𝑒 < 100. When 𝐸𝐸� ≈ 0.33, the wake is formed at 𝑅𝑅𝑒𝑒 as small as 10. 
The wake behavior is apparently complex since in the range 0.4 < 𝐸𝐸� < 0.6 the wake may 
disappear again for the higher 𝑅𝑅𝑒𝑒 numbers, while for 𝐸𝐸� > 0.6 it seems not to form at all at least up 
𝑅𝑅𝑒𝑒 = 1000, the higher value tested. Figueroa-Espinoza and Legendre [245] correlated their data 
for 𝑅𝑅𝑒𝑒 > 500 and 𝑆𝑆𝑐𝑐 > 100 with Winnikow solution [240], that is Eq. (5.68) for 𝜅𝜅 = 0 (the ranges 
of condition chosen are consistent with the approximation used to the derive the solution). To 
account for the overall effects of the aspect ratio on the mass transfer Winnikow solution was 
multiplied by a third degree polynomial of 𝐸𝐸�. 
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Figueroa-Espinoza and Legendre [245] compared the prediction of Eq. (C.38) to the solution 
provided by Lochiel and Calderbank [222] for the inviscid spheroid in potential flow, Eq. (5.71), 
within the condition of applicability, 𝑅𝑅𝑒𝑒 > 500 and 𝑆𝑆𝑐𝑐 > 100, they observed that for 𝐸𝐸� < 1 Eq. 
(5.71) tend to over-predict the value of the average 𝑆𝑆ℎ number with a maximum discrepancy 
between the two correlation of about 10% at 𝐸𝐸� ≈ 0.4. 
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Appendix D 

Two-sample Kolmogorov-Smirnov test 

The Two-sample Kolmogorov-Smirnov test can be used to checks if 2 data samples of 
sizes 𝑓𝑓 and 𝑚𝑚 are originated from different distribution. The test takes the form reported in Eq. 
(D1) where 𝐹𝐹𝑛𝑛(𝑥𝑥) and 𝐹𝐹𝑎𝑎(𝑥𝑥) are the step functions obtained from the two ECDFs. When the test 
fails, the compared datasets are from different distributions within a confidence level greater than 
(1 − 𝛼𝛼). 

( )max ( ) ( )n mx

n mF x F x c
nm

α
−∞< <∞

+
− <

 (D1) 

Usually a confidence level equal to 95% is adopted, or equivalently a significance level 
𝛼𝛼 = 0.05 wich correspond to 𝑐𝑐(𝛼𝛼) = 1.36, [278] 
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