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Abstract

The aim of this Thesis is to present efficient methods for advanced topology and
shape optimization frameworks considering multiphysics systems. The Thesis is
conducted in two parts: first part deals with the transient shape optimization of
coupled acoustic mechanical interaction problems and the second part deals with the
optimization of turbulent flow heat transfer systems.

Part I of the Thesis aims to develop a generalized shape optimization framework
for transient vibroacoustic problems. Throughout the work, the geometry is implicitly
defined using a level function as the interface between acoustic and structural domains
is obtained from the zero iso-level of the level set function. The crisp representation
of the geometry contained in the level set is then captured utilizing an immersed
boundary method called the cut element method which operates on fixed background
meshes. This way, accurate solutions to the strongly coupled vibroacoustic equations
are obtained. Moreover, the utilized design parameterization allows the usage of
gradient based optimizers for which the work employs a fully discrete adjoint approach
for calculating the gradients of objective and constraint functions.

The calculated gradients with the developed transient optimization framework is
validated and compared against the commonly utilized semi-discrete approach. The
study highlights the importance of having consistent sensitivities obtained via the
fully discrete adjoint method. Following this, the transient design formulation is also
validated on a benchmark case, a simple acoustic partitioner design. The developed
framework is further applied to the design of vibroacoustic pulse shaping devices.

The framework is extended to demonstrate a transient problem formulation that
allows to optimize and control the wideband frequency response. To this end, the
objective is defined in frequency domain and a fast Fourier transform (FFT) algorithm
is applied on the transient response of the coupled system to obtain the frequency
response. The capabilities of the proposed design method is then demonstrated on
various vibroacoustic filter designs.

Part II of the Thesis aims to develop an efficient topology optimization framework
for large-scale complex turbulent flow systems. The proposed methodology makes use
of automatic differentiation (AD) in the derivation of discrete adjoints to calculate
exact sensitivities without resorting to any simplifying assumptions. The work utilizes
finite volume discretization for Reynolds-averaged Navier–Stokes equations which is
also coupled to a two-equation turbulence closure model. The developed framework is
demonstrated on the optimization of several 2D and 3D flow systems. The study also
highlights the importance of including turbulence modeling in the proposed design
method. Furthermore, the developed flow framework is then coupled to heat transfer
in order to demonstrate the topology optimization of heat sinks with turbulent forced
convection. Large-scale 3D heat sink design problems are demonstrated and the
benefits of full 3D optimization are highlighted via the carried out comparisons.
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1 Introduction

This Chapter provides a brief introduction together with the motivation and goal
for the presented work. Following this, the chapter presents a literature review to
demonstrate the current state-of-the-art regarding the considered topics. After a
brief summary on the contributions of the Thesis, the chapter lastly defines the
structure of the thesis. Further details with the relevant references are given in Parts
I and II.

1.1 Motivation and goal

In today’s world, the demand is ever increasing for high-fidelity performance of
vibroacoustic devices such as hearing systems, head sets, mobile phones, etc. These
devices generally constrained by a small, and often limited, design space. Micro
acoustic-mechanical devices exprience strong vibroacoustic coupling which renders
the standard trial and error methods ineffective for obtaining intuitive solutions
required to increase the performance. Shape and topology optimization methods,
on the other hand, are well-suited to achieve significant performance improvements
through geometric modifications and often result in novel design configurations.

Such devices usually operate with complex signals containing broad range of
frequencies where controlling the explicit vibroacoustic response of the system is often
of interest in industry. State-of-the-art methods commonly apply time-harmonic
formulation for the modelling of broadband frequency response. However, the
approach can easily become prohibitive when large number of frequency points
are considered to accurately capture the system’s response. Employing transient
formulation facilitates a viable alternative to handle this issue. This way, the
broadband response of the system can be modelled in a straightforward way using
a white noise excitation of the system. Time-domain formulation also allows to
investigate transient phenomena which widens the application range of the method.

The main goal of the part I of the Thesis is to develop a transient optimization
framework where the choice of the modelling approach is based on the findings
of a comparative study. This way, within the optimization, accurate solutions
to the strongly coupled vibroacoustic systems can be achieved for high frequency
applications. The developed methodology will then be applied for the transient
optimization of vibroacoustic systems demonstrating both transient and efficient
broadband applications.

Industrial applications regarding fluid systems almost exclusively include fast
and turbulent flows. Numerous methodologies are already developed for topology
optimization of simplified laminar flow systems. However, including turbulence in
the optimization process is imperative to obtain novel design configurations to realize
increased performance of industrial flow systems. An efficient topology optimization
framework for realistic flow systems can be achieved considering Reynolds-averaged
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2 Chapter 1. Introduction

Navier-Stokes equations which describe the turbulence in steady-state with providing
mean flow properties, which are often of interest in industry.

The part II of the Thesis aims to develop an efficient methodology to build a
topology optimization framework for turbulent flows. Following this, part II will
carry out the optimization of complex turbulent flow systems. Coupling to heat
transfer will also be considered to optimize large scale heat sink devices that operate
under a turbulent forced convection process.

1.2 Literature review

A summary of literature review is provided in this section regarding the specific
subjects presented in parts I and II of the Thesis. The reader is kindly reffered to the
appended papers for a more exhaustive literature review on the considered topics.

For low frequency vibroacoustic design problems, density based topology opti-
mization of coupled acoustic-mechanical interaction problems is demonstrated in [48]
using a mixed finite element formulation. However, the lack of a clear boundary
definition of density based methods together with the so called staircase (pixelated)
boundary representation introduce issues when considering coupled multi-physics
problems [27, 31].

Due to the noted potential drawbacks, level set methods are often employed as an
alternative to the density design methodology especially for multi-physics problems.
The level set method provides a crisp representation of the design from the zero
contour of a level set function. An accurate modelling of the considered physics
however, is obtained from the underlying numerical model and not the level set
method itself.

For vibroacoustic applications considering frequency domain modelling, [35]
employs an ersatz-type material model with a level set method for acoustic cavity
designs. The application of a level set method with extensive remeshing at each
design update, for an accurate modelling of acoustics, can be found in [22] which
also considers topological derivatives. The works of [15, 40] utilize a Hamilton-Jacobi
type design update scheme with again carrying out remeshing at design updates.

Using a complex and compact signal that contains broad range of frequencies
is demonstrated in the works of [19, 20, 36] for transient topology optimization of
antennas. Here, a proper time-domain input pulse is selected to excite a broad
frequency range. However, the optimization only indirectly controls the broadband
response of the system. Since, the objective function is also defined in the time-
domain.

Considering fluid flow problems, topology optimization is first demonstrated using
a Stokes flow model [11] where the large scale optimization of such problems is carried
out by [3]. Later topology optimization studies consider Navier–Stokes equations
under laminar flow conditions [14, 18, 26]. Moreover, including turbulent flows in
the topology optimization framework is demonstrated in [37, 39] using the frozen
turbulence assumption i.e, neglecting the variations of the turbulence field with
respect to design variables. Later on, a continuous adjoint formulation, including a
turbulence model in the sensitivity analysis, is presented in [25].
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For coupled thermal-fluid problems, Stokes flow is considered in [24] where the
optimization considered a combined objective function for the maximization of heat
transfer and the minimization of pressure difference. Laminar flow conditions are stud-
ied in [13, 32, 46, 47] for the optimization of heat sink devices. Topology optimization
of turbulent flow heat transfer systems is given in [39] using the simplifying frozen
turbulence assumption. The continuous adjoint formulation including a turbulence
model given in [25], also considers heat transfer applications.

1.3 Contributions of the thesis

Based on the appended papers, a short summary on the contributions of the Thesis
is presented in this section

• A methodology for calculating exact sensitivities considering topology optimiza-
tion of turbulent flows has been demonstrated for the first time and applied for
the optimization of complex flow systems (P1).

• Topology optimization of turbulent flow heat transfer systems has been demon-
strated (P2).

• A comprehensive comparative review has been conducted for topology opti-
mization of acoustic mechanical interaction problems (P3).

• Transient shape optimization of vibroacoustic problems has been demonstrated
for the first time (P4).

• The developed transient vibroacoustic optimization framework has been ex-
tended to include broadband applications and applied for the optimization of
acoustic filter devices for the first time (P5).

1.4 Structure of the thesis

This thesis follows a summary style format and provides the reader with an overall
overview of the appended papers. The Thesis consists of two separate parts due to
the large differences in the content.

• Part I of the Thesis is largely based on papers P4 and P5 and deals with
generalized shape optimization of transient vibroacoustic problems. Although
paper P3 is not directly included in the summary, the utilized optimization and
modelling methods in part I are based on the outcomes from the comparative
review done in paper P3.

• Part II of the Thesis is based on papers P1 and P2 and deals with topology
optimization of thermal-fluid systems considering turbulent flows.

It is noted that, each part contains a brief summary on the employed methods and
presents the main results from the appended papers while ending with concluding
remarks regarding the specific subjects.





Part I

Generalized shape optimization of
transient vibroacoustic systems

[P3,P4,P5]
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2
Modelling approach for the

transient vibroacoustic problem

This chapter presents the governing equations for transient vibroacoustic problems.
The governing equations are introduced in standard segregated form which is the
most common approach for the modelling of multi-physics systems. Following this,
the chapter provides a motivation on the utilization of an immersed boundary method.
The method couples with the segregated governing equations through which the
modelling of non-conforming boundaries are realized on fixed meshes. After a brief
summary on the utilized immersed boundary method, the chapter lastly provides a
short note on the implementation. The reader is kindly referred to papers P4 and
P5 for thorough explanations of the finite element discretization of the governing
equations and the implementation details of the immersed boundary method.

2.1 Governing equations

The standard segregated analysis is a common choice for the most commercial
software that offers simulation of acoustic-mechanical interaction systems. The term
segregated describes the way the coupled systems are numerically treated. That is,
the acoustic wave equation is only solved in the acoustic domain Ωa whereas the
structural equation is only considered in the solid domain Ωs. The coupling between
the two physics is realized through the shared interface that separates the solid and
acoustic regions.

For a transient motion, the structure is governed by the linear elasticity equation
which is written as

ρs
∂2u
∂t2
−∇ · σσσ + ρsαd

∂u
∂t
−∇ ·

(
βd
∂σσσ

∂t

)
= 0 in Ωs (2.1)

u = 0 on Γsd (2.2)
ns · σσσ = 0 on Γsn (2.3)
ns · σσσ = pna on Γas (2.4)

Here, the acoustic pressure is denoted by p and the displacement vector is described
by the vector u. ρs is the density of the solid material, na and ns are the normal
vectors defined at the interface pointing outwards from the acoustic Ωa and the
structural Ωs domains, respectively. Throughout the work, the loss mechanism
is reflected by employing a structural damping where αd and βd are the so-called
Rayleigh damping parameters. Moreover, σσσ is the Cauchy stress vector defined as
σσσ = CCC(Es, ν)εεε. The constitutive matrix CCC(Es, ν) utilizes plane stress assumption and
is a function of the Young’s modulus Es and the Poission’s ratio ν. Definition of the
strain vector εεε can be found in papers P3 to P5.
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8 Chapter 2. Modelling approach for the transient vibroacoustic problem

Considering the boundary conditions of the structural equation given in equation
2.1, the fully clamped boundary condition is given in equation 2.2 which is defined
on Γsd. Γsn given in equation 2.3 defines the traction free boundary condition. As
it can be seen from the coupling condition for the structure given in equation 2.4,
acoustic pressure fluctuations apply a pressure load onto the structure from the
shared interface Γas.

Acoustic pressure response is found by solving the transient Helmholtz equation,
which reads as

1
Ka

∂2p

∂t2
− 1
ρa
∇2p = 0 in Ωa (2.5)

na · ∇p = 0 on Γad (2.6)

na · ∇p = ρa
∂2 (ns · u)

∂t2
on Γas (2.7)

na · ∇p+ 1
ca

∂p

∂t
= 2
ca

∂pin
∂t

on Γar (2.8)

where, ca and ρa are the speed of sound and the density of the acoustic medium,
respectively. Ka defines the bulk modulus of the acoustic domain which is defined as
Ka = ρac

2
a. Furthermore, the hard-wall boundary condition is given in equation 2.6

which is defined on Γad. Equation 2.7 gives the coupling condition to the structural
domain defined on the shared interface Γas. The coupling boundary condition
represents an acceleration boundary condition into the acoustic domain. Equation 2.8
gives the boundary condition for a plane wave radiation where pin is the amplitude
of the incoming transient acoustic wave. Figure 2.1 gives a schematic illustration
of the resulted coupled acoustic-structural system on which the utilized boundary
conditions are also shown. Throughout the work, temporal discretization of the
coupled system is realized with employing the Newmark algorithm [23, 34] which is
given in detail in papers P4 and P5.

na · ∇p = 0
Γad

Γas

ΓadΓad Γsn Γsd

Ωs

Ωa

na · ∇p = 0na · ∇p = 0 u = 0ns · σσσ = 0

Γar Γar

n a
·∇

p
+

1 c
a

∂
p
∂
t

=
2 c
a

∂
p

i
n

∂
t

n a
·∇

p
+

1 c
a

∂
p
∂
t

=
0

na ns

Figure 2.1: Schematic illustration of the coupled acoustic-structural system. Physical
domains, the coupled interface and the boundary conditions are showed. The figure
is taken from paper P5.
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2.2 Immersed boundary modelling

This section gives an introduction to the utilized immersed boundary modelling
approach called the cut element method. The method is used with the segregated
vibroacoustic equations to model the non-conforming boundaries. After a motivation
is given on the choice of the immerse boundary method, the section introduces the
geometry description that is used for modelling and the subsequent optimization.
Lastly, the section gives a summary on the special integration scheme that is used in
the elements that are cut by the non-conforming interface.

2.2.1 Motivation

As it is previously mentioned, segregated analysis is generally the most common
approach for modelling the strongly coupled vibroacoustic systems. The approach is
used with body-fitted meshes where the exact boundary representation is captured.
Usually, the utilization of unstructured grid is required to mesh complex designs
in the computational domain where a dedicated mesh generation software is used.
Depending on the quality of the elements that are used to mesh the interface, a
highly accurate modelling of the strongly coupled physics can be realized.

The expensive meshing operation however brings challenges for realizing an
efficient parallel optimization framework. Since, the approach is usually coupled
with classical level set based methods using the Hamilton-Jacobi update scheme
where the re-meshing operation is done at every design update. The Hamilton-
Jacobi update scheme (or a simplified advection-diffusion equation) also limits the
optimization problem where considering multiple constraints create stability issues
for the optimization process. Hence, although accurate solutions are obtained, the
segregated analysis is not suitable to realize an efficient and general optimization
framework for coupled multi-physics problems.

Another modelling approach for transient vibroacoustic systems can be obtained
by modifying the structure equation given in equation 2.1 with introducing an
auxiliary pressure variable to the equation in addition to the displacements. This
way, pressure loads can be transferred without explicit boundary locations. The
approach is called the so-called mixed formulation [44, 49] in which a single monolithic
formulation that governs both physics can be obtained by changing the material
properties of the system. The mixed formulation becomes the perfect candidate for
density based topology optimization when the domain information (acoustic Ωa and
structural Ωs domains present in Ω) is tied to an indicator function which is relaxed
to have intermediate values ("grey" pixels that are the mixture of both acoustic
and structural domains). The material properties are then interpolated based on
the indicator function to obtain a single solution without a clear definition of the
interface between the two physics.

Although the most design freedom for optimization is obtained with density
based topology optimization, the lack of physical interpretation of the grey areas
together with the pixelized (stair-case) boundary representation create issues for
multi-physics problems that are coupled through the shared interface. This is also
shown in the comparative studies done in paper P3 where simple optimized designs
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are post-processed and analyzed with body-fitted meshes using segregated analysis.
The resulted comparisons show around 30% discrepancies in objective function values.

t [s] t [s]

(a) (b)

p
[P
a]

p
[P
a]

Figure 2.2: Density based transient optimization of an acoustic pulse shaping design.
(a) Shows an intermediate design in the optimization process and a figure showing
the performance in which the black line is the desired pulse shape and the blue line
is the calculated pulse shape. (b) Shows the end design and a figure showing the
performance in which the black line is the desired pulse shape and the blue line is
the calculated pulse shape.

Because of the high frequency content present in complex transient signals,
strongly coupled vibroacoustic problems also show a high level of sensitivity to small
design variations. When this is coupled with the lack of clear boundary definition as a
result of the intermediate grey areas, the performance of the design suffers throughout
the optimization. This is demonstrated in figure 2.2 where the optimization process
of an acoustic pulse shaping device is shown. A brief explanation of the case setup
for the optimization given in the figure is as follows: An acoustic pulse is radiated
towards the structure in an acoustic channel. Due to the interaction between the
acoustic pressure oscillations and the vibrations in the structure, the acoustic pressure
is transmitted which is recorded at a point downstream in the channel. The case
considers the optimization of an elastic structure in order to fit the pulse shape
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(envelope) of the recorded transmitted acoustic pressure into a specified pulse shape.
As it can be seen from the figure 2.2a, a good agreement with the desired pulse
shape is achieved when the optimizer is free to alter the wavelength with the grey
areas in the design that lack physical interpretation. However, as the optimization
progress (figure 2.2b) with using a filter-project scheme to obtain a crisp design,
the performance of the design gets progressively worse. Overall, in the concept of
density based topology optimization, issues remain for mixed formulation used for
multi-physics problems that are coupled through an interface especially for high
frequency applications.

Generally, the accurate modelling of the interface is crucial when considering
strongly coupled problems such as vibroacoustics in order to capture the interactions
between the two physics. To achieve this, the work utilizes an immersed boundary
approach called the cut element method where the exact boundary representation is
realized. The method avoids the cumbersome body-fitted meshing operation and the
geometry is captured on a fixed regular mesh since elements are allowed to be cut by
the non-conforming interface without modifying the underlying mesh.

Although the same governing equations are utilized with the segregated analysis,
a fictitious domain approach is followed where the both physics are solved in the
whole computational domain Ω = Ωs ∪ Ωa. This way, the acoustic and the structure
domains can freely evolve during the optimization process without the need of re-
numbering the degrees of freedoms. The fictitious domain approach realizes a void
phase for the structure solution in the acoustic domain and a rigid phase for the
acoustic solution in the structure domain. This is done, similar to the density based
methods, by altering the material properties with a dimensionless contrast parameter.
However, the contrast parameter is not relaxed to allow for grey areas (unphysical
solutions). Meaning that, an element either belongs to the acoustic domain or to the
structural domain. In terms of optimization, much like the density based methods,
the same mesh is utilized both for the finite element analysis and the optimization
which brings generality to build efficient parallel optimization frameworks for coupled
multi-physics problems.

2.2.2 Geometry description
The work utilizes a scalar valued function s̄ to implicitly define the geometry on a
fixed regular grid. Discretely, the function s̄ is stored on the nodes of the mesh and
its values are used to identify the embedded acoustic and structure domains in the
computational domain Ω that define the current design configuration. The embedded
physical domains are identified using the following rule

s̄(x) > 0, x ∈ Ωs (structural domain)
s̄(x) = 0, x ∈ Γas (interface) (2.9)
s̄(x) < 0, x ∈ Ωa (acoustic domain)

The rule given in equation 2.9 realizes a robust way of capturing implicitly defined
complex geometries throughout the optimization. Here, the positive values of s̄
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specify the embedded structural domain Ωs whereas the acoustic domain Ωa is
identified by the negative values of the function s̄. Moreover, the shared interface
Γas that couples the two physics is captured from the zero iso-level of the function
s̄. Since the function s̄ is stored on the nodes of the fixed background mesh and it
is discretized using linear shape functions, the extracted interface Γas forming the
non-conforming boundary is represented by linear straight curves inside cut elements.

s̄(x) > 0

s̄(x) < 0

s̄(x) = 0

Ωs

Ωa

Cut-element
s̄i < 0

s̄i < 0 s̄i < 0

s̄i > 0

(a) (b)

Figure 2.3: An example function s̄ showing the embedded physical domains. (a)
shows the rule that is used for specifying different physical domains embedded with
the function. (b) finite element mesh where white color shows the uncut elements in
the acoustic domain, gray color shows the uncut elements in the solid region and the
blue color shows the cut elements. The figure is taken from paper P5.

The utilization of the rule given in equation 2.9 is illustrated in figure 2.3a where
an example function s̄ is used to identify the implicitly defined embedded physical
domains (Ωs and Ωa) along with the shared interface Γas. Furthermore, before the
cut element method is utilized to model the non-conforming boundaries inside cut
elements, an element based indicator function marks each element for which the
figure 2.3b visually illustrates the utilization of nodal values of the function s̄ to mark
the elements as cut or uncut. For uncut elements, if an element’s nodal s̄ values are
only positive (s̄ > 0) or only negative (s̄ < 0) then the element is set as an uncut
element in Ωs or in Ωa, respectively. Discretization of the coupled equations (Eqs. 2.1
and 2.5) does not require a special treatment in uncut elements where the standard
finite element discretization is carried out. Integration in uncut elements utilizes
the standard Gaussian quadrature rule for bilinear quadrilateral (Q-4) elements and
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the fictitious domain solutions are realized with appropriately changing the material
properties of the structure and acoustic equations.

2.2.3 Cut element method

This section introduces the cut element method which is employed for modelling
the partial interfaces in cut elements. The method uses a special integration scheme
to realize the non-conforming boundaries which means that the shape functions
are not enriched and the discrete system’s degrees of freedoms are not modified.
Moreover, the integration scheme is a local operation which makes it possible for
a straightforward inclusion of the method into an existing parallel finite element
framework.
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Figure 2.4: Illustration of a sub-cell integration in a cut element. Physical domains
are identified in the cut elements where the gray color is the structural domain, white
color is the acoustic domain and the blue line is the interface. The figure shows the
process of placing the Gauss points on iso-parametric triangle and line elements then
mapping the integration points to the reference domain of the parent element for
integration. The figure is taken from paper P5.

Using the cut element method, the partial interface inside the cut element is
realized through weighted integration for which the Gaussian quadrature rule is
employed. Hence, it is crucial to correctly place the integration points. This is
achieved by a simple triangulation algorithm where the parent element (cut element)
is divided into sub-triangle elements. Triangulation step is carried out only to ensure
the Gauss points are placed in correct positions for the sub-triangle and interface line
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elements. Similar to determining if an element is cut or uncut, again the nodal values
of the function s̄ is utilized to determine the location of the partial interface inside
the cut element and the subsequent triangulation is carried out using the marching
squares algorithm [30].

Figure 2.4 illustrates a cut element where the triangulation is done to obtain the
sub-elements. As it can be seen from the figure, nodal values of the function s̄ is
used to assign further marks to sub-elements to set the domain information as either
Ωs or Ωa which is used to set the correct material properties for both physics. This
is done to realize fictitious domain solutions for the acoustic and structural equations
inside the cut element.

Figure 2.4 also illustrates the sub-integration process which starts with inserting
Gauss points in the reference domain of the sub-triangle element. These integration
points in the iso-parametric triangle sub-element are then transferred to the reference
domain of the parent quad element where the final integration is carried out. This way,
the integration of the element matrices only contributes to the parent quad element
without changing the sparsity of the system matrix throughout the optimization. For
the integration in the parent quad element, the associated integration weights are
also modified in order to keep the correct volume scaling between the sub and the
parent elements.

The implementation of the coupling boundary conditions for the vibroacoustic
system given in equations 2.4 and 2.7 is carried out on the partial interface inside the
cut element where the integration process within the cut element method framework
is also shown in figure 2.4. Firstly, the interface line element inside the cut element
is identified in the sub-triangulation step. Following this, standard Gauss points are
inserted considering the reference domain of an iso-parametric line element. The final
integration is again considered in the parent quad element with the integration points
that are mapped from the reference domain of the line element into the reference
domain of the parent quad element. Different from the volumetric sub-integration, the
associated integration weights defined in the sub-line element are directly used for the
final integration in the parent quad element together with the mapped Gauss points.
The reader is kindly referred to papers P4 and P5 for more detailed information on
the cut element method.

2.3 A note on the implementation

The framework that is developed for solving strongly coupled vibroacoustic problems
is implemented using C++. Parallelization of the developed code is achieved using
the PETSc library [8–10] which is utilized for its parallel data management. For the
solution of linear system of equations, the developed framework employs the parallel
direct solver MUMPS [5, 6]. The code supports unstructured meshes for which quad
and triangle elements are implemented. A text based user case configuration system
is considered to be able to alter material properties, optimization parameters and
boundary conditions of the problem without the need of recompiling the code with
each parameter change. Both the segregated analysis that uses unstructured meshes
and the immersed boundary method are included in the developed framework where
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the choice of the modelling approach is done in the configuration files. Segregated
analysis is mainly utilized for validation purposes throughout the work. For visualizing
data (optimized design and state fields), the code outputs VTK files for which the
open-source data visualization tool Paraview [4] is used.





3
Transient optimization and

sensitivity analysis

The chapter introduces the design parameterization together with the general opti-
mization problem used for broadband applications and the utilized design update
scheme for the developed transient optimization framework for vibroacoustic prob-
lems. Furthermore, after a brief summary on the sensitivity analysis, the chapter
also presents a gradient validation study with a further motivation on the choice of
the discrete adjoint method for sensitivity analysis.

3.1 Design parameterization

The section introduces the design parameterization used for the developed transient
optimization framework. The design parameterization describes the link between
the mathematical design variable s and the function s̄ in which the current design
configuration that is used in the finite element analysis is contained. Here it is noted
that, the design variable s is also discretely defined on the nodes of the mesh. The
work utilizes a design parameterization that is similar to [7] which follows a level
set type approach based on density methods where the design variable s has the
following bounds

0 ≤ s ≤ 1 (3.1)

Using the above bounds in equation 3.1 for the design variable s, aligns the
utilization of gradient based optimizers with the standard density based topology
optimization methods. Moreover, an implicit limit is applied to the rate of the
interface (zero iso-level) progress through design updates with the following mesh
dependent mapping applied on the design variable s as

−0.5he ≤ s̃(s) ≤ 0.5he (3.2)

where he is the element edge length. Furthermore, a convolution filter is applied on
s̃(s) in order to regularize the optimization problem. Filtering step stabilizes the
optimization process with increasing the zone of influence of the sensitivities which
also speeds up the design process. The utilized filter is from the work of [28] which is
based on a Helmholtz type differential equation. For realizing a stable solution, the
filter equation is implemented employing the finite volume method in which variables
are represented as piece-wise constants and stored in cell centers. The filter equation
is written here as

−r2∇2s̄c + s̄c = s̃c (3.3)

17
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where r is the radius of the filtering and c denotes the variables which are stored in
cell centers. Together with the added stability, finite volume discretization also allows
the usage of any filter size r in the filter equation. The solution of the filter equation
s̄c is then interpolated back to nodes resulting into the scalar function s̄ describing
the current design configuration on which the cut element method is applied to carry
out the finite element analysis. As it can be seen from the filter equation (Eq. 3.3),
overall two interpolation operations are involved which are interpolating from nodes
to element centers and from element centers to nodes. These interpolations result in
extra implicit filtering which is present even in the case of setting the filter radius r
to zero.

Here it is noted that, unlike density based methods, the presented design param-
eterization does not provide a minimum length scale for the optimization. This is
because the zero iso-level of the scalar function s̄ determines the partial interfaces
inside cut elements which makes the minimum feature size directly dependent on the
element size used in the mesh. However, if needed, the so-called robust approach
[7, 43] can be utilized to introduce a minimum length scale for the optimization.
Similar to level set methods, when utilized for 2D optimization problems, the pre-
sented approach cannot introduce holes in the design throughout the optimization.
The design updates in the optimization process are realized from the change in the
interface (zero iso-level) of the design. However, 3D optimization with the presented
approach does not have a such constraint. Thus, when considering 2D problems, the
framework is termed a generalized shape optimization method.

3.2 Optimization problem and the design update scheme

The section introduces the general optimization problem considered for the opti-
mization of broadband vibroacoustic problems. The optimization aims to tailor the
frequency content of the transient response obtained from the time domain solution
of the coupled vibroacoustic system. In order to achieve this, the objective function
is defined in frequency domain. The frequency response of the coupled vibroacoustic
system is obtained with a FFT operation which is applied on the transient response
of the system. The considered optimization problem has the following form,

min
s

Φ =
M∑
m=0

φm
(
Um
f (̄s)

)
(3.4)

s.t. Rn
(
s̄,Un(̄s)

)
= 0, for n = 0, 1, . . . , N (3.5)

0 ≤ s ≤ 1 (3.6)
ψi ≤ 0 (3.7)

where the objective function is denoted as Φ, Un is the vector of state variables for
the current time step n and N is the total number of time steps considered in the
transient solution of the coupled system. Rn is the residual vector which is obtained
from the discretization of the coupled system. The vector of state variables defined
in frequency domain is denoted as Um

f which is calculated with FFT applied on
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the solution Un. M is the total number of discrete frequencies considered in the
objective function and ψi is the additional constraint function that is considered in
the optimization problem.

Throughout the work, the method of moving asymptotes (MMA) algorithm [41]
is employed for the solution of the optimization problem given in equations 3.4 to
3.7. The developed framework uses the method’s parallel PETSc implementation
from [2].

The overall algorithm used for the developed optimization framework for the
transient vibroacoustic problems is summarized as

1. Initialize the initial design variable s (usually a structure having holes for
increasing the design freedom).

2. Apply the design parameterization on s to obtain s̄.

3. Carry out the finite element discretization and apply the cut element method
using s̄.

4. Solve the transient coupled system.

5. Solve the adjoint equation

6. Calculate the sensitivities with respect to s̄ and apply chain rule onto it to
obtain the sensitivities with respect to the design variable s.

7. Update the design variable s using the MMA algorithm.

8. Stop the interactions if the change in design is less then a given tolerance or
continue from the step 2.

3.3 Discrete adjoint method

This section gives a summary on the sensitivity analysis for calculating the gradients
of the objective and constraint functions with respect to the design variable. For
general transient optimization problems, paper P4 provides a thorough explanation
of the discrete adjoint method which is applicable to any time integration scheme.
The given sensitivity analysis covers the summarized details for transient problems
where the objective function is defined in frequency domain for which the derivation
can be found in paper P5. Here, the considered gradient calculation with the discrete
adjoint method considers the transformation from time domain to frequency domain
via the FFT operation. The work employs the FFTW library [17] in order to apply
the discrete Fourier transform to the transient response of the vibroacoustic system.

Time dependent sensitivity analysis is commonly carried out by the so called
semi-discrete adjoint method for its ease of implementation. The term semi-discrete
means that the problem is considered discrete in space but continuous in time. The
derivation of the adjoint equation is done assuming the objective function is defined
in time domain. Hence, the discrete FFT operation can not be incorporated within
the semi-discrete approach. The work employs a discrete adjoint method to calculate
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consistent and exact sensitivities where any objective or constraint function can be
considered for gradient calculation.

For applying the discrete adjoint method, the objective function is augmented
with a vector of Lagrangian multipliers Λ realizing the Lagrangian function L

L = Φ
(
Uf (U(̄s))

)
+

N∑
n=0

ΛnRn
(
s̄,Un(̄s)

)
(3.8)

As it can be seen from the above equation, the objective function Φ is a function
of state variables in frequency domain Uf . The Lagrangian function L recovers the
original objective function Φ since the residual of the forward system is satisfied at
each time step Rn = 0. Moreover, the derivative of the Lagrangian function with
respect to s̄ is

dL
ds̄ =

N∑
n=0

(
∂Φ
∂Uf

∂Uf

∂U

)n
︸ ︷︷ ︸

∂Φ
∂U

n

∂Un

∂s̄ + ΛnT

[
∂Rn

∂s̄ + ∂Rn

∂Un

∂Un

∂s̄

]
(3.9)

where the partial derivative of the objective function with respect to the transient state
variable ∂Φ

∂U
n is realized with the term

(
∂Φ
∂Uf

∂Uf

∂U

)n
in which the partial derivative

∂Uf

∂U is the utilized FFT operation. Furthermore, ∂Φ
∂U

n is calculated with applying the
partial derivatives in

(
∂Φ
∂Uf

∂Uf

∂U

)n
in reverse order. Meaning that, ∂Φ

∂U
n is obtained,

which is in time domain, by applying an inverse FFT on ∂Φ
∂Uf

.
Using the fact that Lagrangian multipliers Λn can be freely chosen, the adjoint

equation is identified from the equation 3.9 to avoid the costly calculation of ∂Un

∂s̄ ,
which reads as

∂R
∂U

T

Λ = − ∂φ
∂U (3.10)

Here the adjoint equation contains the all time steps considered in the problem and
hence the superscript n is not used. The adjoint equation is solved with reverse
pseudo time steps because of the transpose operation applied on ∂R

∂U . Moreover, after
solving for the Lagrangian vector Λ that satisfies the adjoint equation, the final
sensitivity of the objective function is again calculated using the equation 3.9.

Having completed the sensitivity analysis, the gradient dΦ
ds̄ is obtained. Finally,

the appropriate chain rule describing the design parameterization is applied on it to
calculate the gradient of the objective function with respect to the design variable
dΦ
ds .

3.4 Gradient validation

This section validates the implementation of the discrete adjoint method for gradient
calculation. The method is also compared against the commonly used semi-discrete
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approach [12] in order to further motivate the discrete adjoint approach for transient
optimization.

As it has been mentioned before, using the semi-discrete approach, the gradient
calculation and the derivation of the adjoint equation is done analytically in time using
only spatially discretized system of equations. Hence, the utilized time integration
scheme does not play a role in the derivation process. This results in an adjoint
equation having the same form as the spatially discretized forward problem where
the time stepping algorithm used for the forward problem is commonly reused also
for the adjoint equation.

A straightforward problem setup is used to validate and compare the calculated
sensitivities. The schematic illustration of the problem is given in figure 3.1 in which
the highlighted domain illustrates the region where the objective function is evaluated.
The considered objective function is the summation of the absolute downstream
acoustic pressure in the objective region over all time steps. For boundary conditions,
the top and the bottom boundaries are realized as hard-wall conditions. An incoming
sinusoidal acoustic plane wave having an amplitude of pin = 1kPa is applied at the
left most boundary and the right most boundary realizes an open boundary. The
study considers a simple circular structure in the middle of the acoustic channel and
the calculated sensitivities will be investigated at the interface of the structure.

na∇p = 0

na∇p = 0

pin pout
Ωs

ΦΩa

1.6m

1.6m
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Figure 3.1: Schematic illustration of the sensitivity validation case showing the
boundary conditions of the problem. Gray color shows the initial circle structure
having the center at (2.25m, 1.0m) with a radius of 0.16m. Blue region illustrates the
region where the objective function is evaluated. The figure is taken from paper P4.

For the first study, the gradients calculated with both semi and fully discrete
adjoint methods are compared and checked against a finite difference calculation
considering a backward difference method. A design variable from a cut element
is randomly selected to carry out the investigation. For the comparison, different
number of time steps are considered with keeping the time step size ∆t as constant
in order to investigate the effect of the number of time steps on the quality of the
calculated gradients with the both methods.

The result of the finite difference check study is presented in figure 3.2. As it
can be seen from the figure, the correct first order convergence is demonstrated for
the finite difference check of the discrete adjoint method for all of the considered
number of time steps. Since, the quality of the gradients calculated with the discrete
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sensitivity analysis does not depend on the number of time steps or the utilized time
step size and the method always produces consistent sensitivities. However, for the
semi discrete approach, the calculated sensitivities approach the correct convergence
behavior only with increasing the number time steps.
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Figure 3.2: Finite difference check for validating the calculated sensitivities. Blue
color specifies the semi-discrete adjoint method and the black color is the discrete
adjoint method. For both methods, dashed lines are 50 time steps, solid lines are 100
time steps and dash-dot lines are 200 time steps. The figure is taken from paper P4.

Figure 3.3: Calculated sensitivities dΦ
ds on the nodes of the mesh which are cut by

the zero level set. Blue markers show the semi-discrete sensitivity calculation and
black markers illustrate the discrete sensitivity calculation. The figure is taken from
paper P4.
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Following the finite difference check study, the produced gradients using both
methods are numerically compared to each other. In order to carry out the comparison,
the calculated sensitivities are extracted from the design variables which are located
in the cut elements forming the lower half of the circular structure.

The result of the comparison is presented in figure 3.3 where the calculation
considers 50 time steps for both methods. The figure shows that the calculated
gradients follow the same trend in magnitude. However, the difference between the
gradients calculated with the semi and the fully discrete adjoint methods becomes
more apparent at the locations where the calculated sensitivities undergoe a sign
change. As it can be seen from the figure, inconsistent and wrong signed sensitivities
are obtained with the semi-discrete approach which would drive the optimization
process towards the opposite direction. Overall, the current findings motivate the
usage of the employed fully discrete adjoint approach for calculating consistent
sensitivities.





4 Applications

This chapter presents various numerical examples based on the developed framework
for generalized shape optimization of transient vibroacoustic problems. The presented
examples are mainly taken from the papers P4 and P5. The reader is kindly referred
to the indicated papers for more in depth information and discussion regarding the
presented results.

4.1 Acoustic pulse shaping

This section considers the design of a structure where the pulse shape of the averaged
transmitted acoustic pressure at the outlet of an acoustic channel is to be fitted to a
desired pulse shape after passing through a structural partitioner. The considered
design problem is inspired from the work of [29] where the topology optimization of
1D pulse shaping designs are considered for wave propagation problems. The work
extends the problem to 2D considering coupled vibroacoustic systems.

u = 0 na∇p = 0na∇p = 0

pin pout

Ωa Ωs

0.1m

0.1m 0.2m

Figure 4.1: Schematic illustration of the optimization case for acoustic pulse shaping
at the outlet showing the boundary conditions of the optimization problem. Top red
line specifies the symmetry plane and gray color shows the design domain. Input
acoustic pulse and the desired pulse shape at the outlet are also shown. The figure is
taken from paper P4.

Figure 4.1 shows the schematic illustration of the computational domain for the
optimization case in which the considered boundary conditions are also shown. As it
is seen from the figure, the top boundary is set as a symmetry plane for both physics
which is done to reduce the computational cost. For the bottom boundary, the
structure is considered to be fully clamped and the hard-wall boundary condition is
applied for the acoustic pressure. The right boundary (outlet of the acoustic channel)

25
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realizes an open boundary with applying the absorbing boundary condition. The
left boundary is also an absorbing boundary in which the incoming acoustic pulse
which is composed of frequencies roughly between 1000 Hz and 3000 Hz is shown in
the figure. The incoming acoustic pulse is realized as a plane wave. The figure also
shows the desired pulse shape for the averaged acoustic pressure at the outlet of the
acoustic channel. Furthermore, the structure in the design domain is chosen to be a
rubber-like material and the acoustic domain is considered to be air.
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Figure 4.2: Optimization for acoustic pulse shaping at the outlet. (a) Initial configura-
tion Φ∗ = 0.9945. (b) Calculated acoustic pulse shape with the initial configuration,
black line is the desired pulse shape and blue line is the calculated pulse shape.
(c) Optimized design Φ∗ = 0.0045. (d) Calculated acoustic pulse shape with the
optimized design, black line is the desired pulse shape and blue line is the calculated
pulse shape. The figure is taken from paper P4.

Figures 4.2a and 4.2c show the initial configuration and the optimized design,
respectively. The calculated envelope of the averaged transmitted acoustic pressure
for the initial configuration is given in figure 4.2b together with the desired pulse
shape. As it can be seen from the figure, after the initial impact of the incoming
acoustic pulse has passed, the vibrations in the initial structure are quickly damped
causing the transmitted acoustic pressure at the outlet to vanish. On the other hand,
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the optimized design (figure 4.2c) realizes approximately 99.5% increase when the
objective values given in the figure are compared. The performance increase is also
apparent in figure 4.2d in which the calculated pulse shape of the averaged acoustic
pressure at the outlet follows closely the desired envelope shape.

As it can be seen from comparing the initial guess to the optimized structure, the
optimization mainly changes the shape and the size of the internal acoustic cavities
through which the interaction between the acoustic and structural responses is
increased significantly and the optimization is able to successfully tailor the transient
response of the coupled system. Moreover, when the optimized design is re-analyzed
with a stiffer material, the performance of the structure worsens significantly which
shows that the desired performance is indeed achieved with utilizing the vibroacoustic
coupling. Here it is noted that, a geometric robust approach should be included in
the optimization process when considering fabrication since the optimized design is
quite sensitive to boundary variations, or defects.

Figure 4.3: Sound pressure level [dB] contours of the optimized design for the second
pulse shaping example. The given pressure field is from the time 0.007 [s]. The figure
is taken from paper P4.

The sound pressure level field of the optimized design is given in figure 4.3 which
is taken at the time step 0.007 s where the first peak occurs in figure 4.2d. It can be
seen from the figure that the pressure has a uniform distribution across the outlet.
Although, this is not the case for all time steps, uniform distribution is attained
throughout majority of the considered time-span since the optimization tailors the
averaged acoustic pressure pulse shape at the outlet of the acoustic channel. Moreover,
as it is seen from figure 4.2c, two very small holes are present in the optimized design.
When the sound pressure field plot (figure 4.3) is inspected, it can be said that these
holes have a negligible intensity and hence, provide no significant contribution to the
performance of the optimized pulse shaping device.
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4.2 Broadband applications

In this section, the numerical setup which is utilized for the optimization of acoustic
filter desings is presented. The objective function is defined in frequency domain in
order to tailor the frequency content of the response of the coupled system.
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Figure 4.4: Schematic illustration of the optimization case for the design of acoustic
filters showing the boundary conditions of the optimization problem. Gray color
shows the design domain. Incoming acoustic white noise and an example desired
filter shape at the outlet are also shown. The figure is taken from paper P5.

The optimization considers wide frequency range in order to design efficient
acoustic filters and a measure of transmission is defined to be able to apply various
filter shapes to alter the response of the system. The transmission S(f) reads as

S(f) = p̂(f)
p̂0(f) (4.1)

Here, theˆnotation denotes the transmitted acoustic pressure signal which is averaged
at the outlet of the considered acoustic channel and the subscript 0 illustrates the
transmitted acoustic pressure for an empty channel (without any structural partitioner
in the channel). Both p̂(f) and p̂0(f) are calculated with applying discrete Fourier
transform to p̂(t) and p̂0(t) which are obtained from the transient response of the
vibroacoustic system, respectively.

Throughout the optimization, the calculated transmission S(f) is fitted to a
prescribed filter shape. When the value of S(f) is unity, a full transmission is achieved
for a particular frequency. This means that the amplitude of the transmitted acoustic
pressure with the presence of a vibrating structure inside the acoustic channel is equal
to that of an empty duct. Similarly, when the value of S(f) is zero, no transmission
is realized as the vibrating structure does not transmit acoustic pressure towards to
outlet of the acoustic channel. For a stable optimization, the transmission S(f) is not
lowered to zero but to a small positive number i.e. 1× 10−3 or 1× 10−4. Realizing
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three or four orders of magnitude decrease in the amplitude of the transmitted
acoustic pressure compared to that of an empty channel was deemed sufficient to
realize effective stop-band regions for the considered acoustic filters.

Figure 4.4 gives a schematic illustration of the design problem used for the
optimization of acoustic filters. As it is seen from the figure, the hard-wall condition
is enforced for the acoustic pressure at the top and bottom boundaries while the
structure is clamped. Both left and right most boundaries are set as absorbing
boundary conditions. The incoming plane wave from the left boundary is also shown
in the figure. The incoming acoustic plane wave is set as a white noise having
approximately constant energy content across all the frequencies present in the signal
in which the random acoustic pressure values vary between −1Pa and 1Pa. This
incoming wave is utilized to excite broad frequency range in the coupled vibroacoustic
system. Furthermore, an example low-pass filter shape is also illustrated in the figure
which is applied to the acoustic transmission S(f) calculated at the outlet of the
acoustic channel. The optimization aims to fit the calculated transmission S(f)
to the desired transmission shape and the presented numerical examples consider
various filters for the optimization.

Figure 4.5: Initial design that is used for the optimization of acoustic filters. The
figure is taken from paper P5.

The initial configuration that is used for the numerical examples presented in
sections 4.2.1 and 4.2.2 is given in figure 4.5. The given initial design is selected such
that nearly full transmission is realized for the frequency range that is considered
by the optimization cases. Paper P5 also contains an initial guess study for the
optimization of acoustic filters. Moreover, the acoustic domain is taken as air and
the structure is considered to be a soft rubber-like material.

4.2.1 Band-pass and band-stop acoustic filter designs

This section firstly considers the optimization of an acoustic band-pass filter design.
The frequency range considered for the band-pass filter is from 1000 Hz to 5500Hz in
which the frequencies between 2500 Hz ≤ f ≤ 4000Hz define the pass-band region of
the filter whereas the frequencies 1000 Hz ≤ f < 2500Hz and 4000 Hz < f ≤ 5500Hz
form the stop-band regions of the filter. The optimization employs two objective
functions Φ1 and Φ2 minimizing the difference between the calculated transmission
S(f) with the desired filter shape for pass-band and stop-band regions, respectively.

The initial configuration (which is given in figure 4.5) for the optimization has
the objective function values of Φ1 = 0.0154458,Φ2 = 1.15859× 108. The large value
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of the objective function Φ2 for the stop-band region of the filter is due to the inverse
weighting that is utilized for the objective functions. The utilized inverse weighting
was found to be efficient in the optimization of acoustic filters. A further study and
a discussion on the choice of the objective functions are provided in Paper P5.
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Figure 4.6: Optimization for an acoustic band-pass filter design. (a) optimized design.
(b) transmission of the optimized design in the considered frequency range. Black
line is the desired band-pass filter, blue line is the response of the optimized design,
gray dashed line is the response of the initial guess design. (c) averaged SPL response
of the optimized design calculated at the output, gray line is the empty acoustic duct,
blue line is the response of the optimized design. The figure is taken from paper P5.

The result of the optimization for an acoustic band-pass filter design is given in
figure 4.6. Moreover, figure 4.6a shows the optimized design where the objective
functions are also given. When comparing the objective functions of the initial
configuration and the optimized design, it can be seen that Φ2, which acts on the
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stop-band region of the filter, is minimized significantly whereas Φ1 of the optimized
design, which is active for the pass-band region, ends up at a higher value. This can
also be visually inspected from figure 4.6b where the calculated transmission S(f)
of the initial and the optimized designs are presented. The figure shows that the
initial design has a nearly full transmission across the frequencies 1000 Hz to 5500Hz
and the optimized design transmits frequencies while closely following the desired
band-pass filter shape. It can be said that the performance drop of the pass-band
region of the filter (frequencies between 2500 Hz ≤ f ≤ 4000Hz) is largely due to
the transitions from the stop-band to pass-band and vice versa. The effectiveness
of the optimized design for the considered band-pass filter can be further seen from
figure 4.6c where the averaged sound pressure level (SPL) responses calculated at
the outlet of the acoustic channel is given for the optimized design and the empty
acoustic channel. As it can be seen from the figure, for the stop-band regions of
the filter, the optimized design lowers the SPL values to approximately around 0dB
whereas the SPL response of the empty acoustic channel is clustered around 60 dB.
At the pass-band, the design’s SPL response closely follow the SPL response of an
empty acoustic channel.

When the initial configuration given in figure 4.5 and the optimized design in
figure 4.6a is compared, it can be seen that the design process results in a significant
topological change. It is interesting to note that, the optimized design (figure 4.6a)
forms an acoustic cavity in the middle of the design domain which shows that the
coupling from acoustic and structural interactions are utilized in the optimization.
Overall, the developed transient optimization framework is applied successfully to
tailor the frequency response of the coupled vibroacoustic system.

The framework is further applied to the design of an acoustic band-stop filter.
The considered filter can be seen as the opposite of the pass-band filter previously
demonstrated. Again the optimization considers the frequencies between 1000 Hz and
5500Hz. The pass-band region of the filter is realized at the frequencies 1000 Hz ≤
f < 2500Hz and 4000 Hz < f ≤ 5500Hz and the stop-band is chosen to be at
2500 Hz ≤ f ≤ 4000Hz. The initial configuration is given in figure 4.5 which resulted
in initial objective values of Φ1 = 0.0552177,Φ2 = 5.8754× 107.

Figure 4.7 presents the result of the optimized acoustic band-stop filter in which
the optimized design can be seen in figure 4.7a. Moreover, figure 4.7b shows the
desired band-stop filter and the calculated transmission S(f) of the optimized and the
initial designs. As it can be seen from both figure 4.7b and the objective values given
in figure 4.7a, the transmission of the coupled system was successfully lowered to the
desired level at the stop-band region of the filter. The optimized design’s calculated
transmission closely follow the desired band-stop filter where sharp transitions from
the pass-band to the stop-band (around 2500Hz) and from the stop-band to the
pass-band (around 4000Hz) are realized.

Figure 4.7c shows the averaged SPL values calculated at the outlet of the acoustic
duct for the optimized design and an empty channel. The figure further shows the
performance of the optimized acoustic band-stop filter where the pass-band regions
attain the overall 60dB and approximately 0dB is achieved at the stop-band region
of the acoustic filter.
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(a) Φ1 = 24.8701, Φ2 = 60.3181

1000 1500 2000 2500 3000 3500 4000 4500 5000 5500

f [Hz]

10
-4

10
-2

10
0

S
(f
)

(b)

1000 1500 2000 2500 3000 3500 4000 4500 5000 5500

f [Hz]

-20

0

20

40

60

80

S
P
L
[d
B
]

(c)

Figure 4.7: Optimization for an acoustic band-stop filter design. (a) optimized design.
(b) transmission of the optimized design in the considered frequency range. Black
line is the desired band-pass filter, blue line is the response of the optimized design,
gray dashed line is the response of the initial guess design. (c) averaged SPL response
of the optimized design calculated at the output, gray line is the empty acoustic duct,
blue line is the response of the optimized design. The figure is taken from paper P5.

When the optimized designs given in figures 4.6a and 4.7a are compared, it
can be said that the both designs resulted in highly different design configurations
and underwent significant topological changes compared to the initial configuration
(figure 4.5). Moreover, the lack of minimum feature size control for the optimization
process can be seen from the small features of the optimized designs. As it is pointed
out in section 4.1, the present results also signify the fact that a geometric robust
approach is needed when considering fabrication. Overall, the developed framework
is successfully applied for designing acoustic band-pass and band-stop filters.



4.2. Broadband applications 33

4.2.2 Validation study for an acoustic low-pass filter
This section considers the optimization for an acoustic low-pass filter design and aims
to validate the performance of the optimized design using a commercial software.
To this end, after the optimization is carried out, the optimized design is further
processed and meshed using a body-fitted mesh and a segregated analysis is carried
out using the COMSOL Multiphysics software [1]. As it has been introduced in
previous sections, the transmission S(f) of the design is calculated with applying
FFT on the transient response of the coupled system when the system is excited
with the incoming white noise realized with random pressure oscillations. However,
in order to compare and validate the calculated transmission S(f) of the design,
instead of using a transient analysis, widely utilized time-harmonic frequency domain
analysis is employed to realize a frequency-sweep on the system. This means that
the system is solved at discrete frequencies for the frequency range that is considered
by the optimization to realize steady-state solutions at each frequency. The system
is excited with an incoming sinusoidal wave for each frequency. The calculated
transmission S(f) is then compared against the one obtained with the developed
transient framework.

(a) Φ1 = 14.4407, Φ2 = 79.0555

f [Hz]

500 1000 1500 2000 2500 3000 3500

S
(f
)

10
-4

10
-2

10
0

(b)

Figure 4.8: Optimization for an acoustic low-pass filter design. (a) optimized design.
(b) transmission of the optimized design in the considered frequency range. Black
line is the desired low-pass filter, blue line is the response of the optimized design,
gray dashed line is the response of the initial guess design and the orange line is the
COMSOL calculation done in frequency domain with body-fitted analysis.

The low-pass filter considered by the optimization acts on the frequencies between
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500 Hz and 3500Hz. The pass-band region of the filter is realized at the frequencies
500 Hz ≤ f ≤ 2000Hz and the stop-band is at 2000 Hz < f ≤ 3500Hz. Differently
from the previous band-pass and band-stop filters, the stop-band of the current low-
pass filter is lowered to S(f) = 1× 10−4 in order to realize four orders of magnitude
decrease in the amplitude of the transmitted acoustic pressure compared to that of
an empty channel. The optimization utilizes the initial configuration given in figure
4.5 where the initial objective values are Φ1 = 0.0385819,Φ2 = 5.8394× 109.

(a)

(b)

Figure 4.9: Time-harmonic frequency domain analysis of the optimized design for
the acoustic low-pass filter showing the sound pressure level [dB] contours of the
design. (a) The result from the pass-band at f = 1100Hz. (b) The result from the
stop-band at f = 2900Hz.

The result of the acoustic low-pass filter optimization is given in figure 4.8 in which
the optimized design is shown in figure 4.8a. It can be seen that the optimized design
resulted in significant topological changes compared to the initial configuration. The
transmission S(f) of the optimized design in the considered frequency range is given
in figure 4.8b along with the desired low-pass filter and the transmission of the post-
processed design obtained with frequency domain calculation using COMSOL. As it
can be seen from the figure, the calculated transmission closely follows the pass-band
of the filter and after a sharp transition from the pass-band into the stop-band region,
which is around 2000Hz, the transmission is successfully lowered to approximately
S(f) = 1× 10−4. The figure further compares the calculated transmissions obtained
from the result of the optimization, using the transient framework with the cut
element method, to the body-fitted segregated analysis done in frequency domain.
As it is seen, the calculated transmission agrees well with the COMSOL calculation.
The small discrepancies in the response can be explained from the fact that, the
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frequency domain analysis realizes steady-state solutions at each discrete frequency
whereas the developed framework utilizes a finite transient signal in order to obtain
the transmission through the FFT operation. Meaning that the transient system is
not solved to steady-state as it would be computationally unreasonable since the
system is excited with random pressure oscillations. It should also be pointed out
that, when the optimized design is extracted from the zero iso-level of s̄ and meshed
with unstructured meshes, a slight alteration of the interface is unavoidable. Overall,
it can be said that the optimized design also shows a good performance as an acoustic
low-pass filter when analyzed with frequency domain methods using body-fitted
segregated analysis. The study validates the applicability of the developed transient
framework for broadband applications considering coupled vibroacoustic systems.

Furthermore, figure 4.9 shows the SPL fields of the optimized design from the
body-fitted COMSOL calculation. The pressure response at f = 1100Hz which is
given in figure 4.9a falls within the pass-band region of the considered frequency
range. As it can be seen from the figure, the design allows the incoming wave to pass
resulting in approximately constant SPL response at around 110 dB. On the other
hand, figure 4.9b shows the response of the system at the frequency f = 2900Hz
which is in the stop-band region of the filter. As it is seen, through the interaction
between the structural vibrations and pressure oscillations, the incoming wave is
stopped and the design realizes SPL values of below 0dB at the outlet of the acoustic
channel.





5 Conclusions

This part of the thesis presents generalized shape optimization of vibroacoustic
problems. The work extends the cut element approach to the coupled vibroacoustic
problems and improves upon the state-of-the-art methods with applying transient
optimization.

The developed framework utilizes a level set approach for the geometry description
where the geometry is implicitly defined from the zero iso-level of a scalar function
specifying the interface between acoustic and structural domains. In order to keep a
fixed background mesh throughout the optimization, the work utilizes an immersed
boundary cut element method which allows the elements to be cut by the interface
boundary. Using the method’s special integration scheme, the interface between the
two physics is accurately resolved without the addition of extra degrees of freedom
to the system. This way, the cut element method is easily be added into the existing
parallel FEM frameworks.

For optimization, exact and consistent gradients of objective and constraint
functions are calculated using the discrete adjoint method. Sensitivity analysis is
done following a general derivation in order to allow for the inclusion of different
time integration schemes. Moreover, for the cases where the objective function is
defined in frequency domain which are used to realize wideband optimization, the
implemented discrete adjoint approach also handles the FFT operation to calculate
consistent sensitivities.

A simple numerical study is carried out for the validation of the calculated
sensitivities using the discrete adjoint method. The study also compares the discrete
and semi-discrete methods in order to provide a further motivation for the utilization
of discrete adjoint approach. It is shown that the fully discrete approach always
produces consistent sensitivities. However for the semi-discrete approach, the number
of time steps used for the forward and adjoint equations significantly affect the quality
of the calculated gradients. Because of the inconsistent gradient calculation within
the semi-discrete approach, even wrong signed sensitivities can be calculated as it is
shown for an extreme case.

The applicability of the developed framework is first demonstrated with a transient
application in which the design of an acoustic pulse shaping device is considered. The
system is excited with an incoming acoustic pulse consisting of frequencies between
1000Hz and 3000Hz. The optimization tailors the pulse shape of the transmitted
acoustic pressure averaged at the outlet of the acoustic channel in order to fit it
to a predefined shape. The optimized design realizes approximately 99.5% percent
performance increase compared to the initial configuration and also shows topological
changes mainly due to the versatility of the used optimization approach.

In order to demonstrate the advantages of transient optimization, the Thesis
further presents the utilization of time-domain methods to realize broadband op-
timization in frequency domain considering coupled vibroacoustic problems. To
achieve this, the optimization framework is applied to the design of acoustic band-
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pass and band-stop filters, acting on the frequencies between 1000Hz and 5500Hz,
where the both optimized designs resulted in efficient acoustic filters. Significant
topological changes are realized for the optimized designs compared to the initial
configuration, again demonstrating the versatility of the developed framework. The
performances of the optimized designs can also be seen from the averaged SPL values
calculated at the outlet of the acoustic channel where the pressure is lowered to
around 0dB in the stop-band for both filters. Furthermore, a validation study is
carried out for the optimization of an acoustic low-pass filter where the result is
post-processed and compared against a commercial software that uses widely utilized
time-harmonic frequency domain analysis to realize a frequency-sweep on the system.
As it is illustrated, the transmission of the design calculated with the developed
transient framework agrees well with the one calculated with the frequency domain
analysis done on the post-processed design. The study validates the applicability of
the developed transient framework for broadband applications considering coupled
vibroacoustic systems.

5.1 Future work

This section presents some ideas for future work which could be implemented to extend
or improve upon the developed transient optimization framework for vibroacoustic
systems.

• As mentioned before, the developed transient optimization framework utilizes
parallel calculations and is built to be run on computer clusters. However,
the solver employs a parallel direct solver for the solution of linear sytem of
equations which do not exhibit scalability. Since the framework works on time-
domain calculations, the utilization of iterative solvers can be incorporated into
the framework (such as the multi-grid algorithm) which would greatly increase
the scalability of the code. This would pave the way for the optimization of
large-scale transient vibroacoustic systems.

• Even though implicit time-stepping schemes, such as the utilized Newmark
algorithm, bring stability and allow for large steps to be taken in time-stepping,
properly resolving vibroacoustic problems in time often require small time steps.
Hence, explicit schemes such as the family of Euler methods that do not require
solving a system for stepping in time can be considered to realize efficient and
fast transient optimization.

• The utilized methods and the developed methodology can be readily extended
to 3D calculations where i.e. a part of a hearing aid can be optimized. The
optimized design can be manufactured with 3D printing which in turn could
facilitate an experimental work for a further validation of the transient vibroa-
coustic optimization framework.

• Optimization of loudspeakers can be considered with applying the developed
broadband optimization methodology to include wide frequency range in the
optimization.



Part II

Topology optimization of turbulent
flow and forced convection systems

[P1,P2]
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6 Governing equations

6.1 Incompressible Reynolds-averaged Navier-Stokes
equations

Throughout the work, the fluid flow is modeled with the steady-state incompressible
Reynolds-averaged Navier-Stokes (RANS) equations which are written as

∇ · u = 0 (6.1)

∇ · (u⊗ u) = ∇ · (2νS)− 1
ρ
∇p+∇ ·Tt − λχ(γ)u (6.2)

where p is the pressure and the mean velocity vector is denoted by u, ρ and ν are the
density and the kinematic viscosity of the fluid, respectively. The standard Brinkman
penalization is employed to model the effect of solid material on the fluid flow where
λ is the so-called Brinkman parameter. χ(γ) is a dimensionless function which takes
values in the range of 0 ≤ χ(γ) ≤ 1. The function χ(γ) denotes a spatially varying
porosity field where the lower (χ(γ) = 0) and the upper (χ(γ) = 1) bounds represents
fluid and solid, respectively. Hence, no-slip boundary condition is approximated for
solid-regions when χ(γ) = 1 and a sufficiently large λ is used. The mean strain rate
tensor S in equation 6.2 reads as

S = 1
2

(
∇u +∇uT

)
(6.3)

and the additional effects of turbulence are modeled with the Reynolds stress tensor
given here as

Tt = −u′ ⊗ u′ = 2νtS−
2
3kI (6.4)

where the so-called turbulent fluctuating velocities are denoted with the prime
notation and k is the turbulent kinetic energy per unit mass. In order to achieve
closure, further equations are needed to define the turbulent eddy viscosity νt. The
work utilizes the two-equation k-ω model [45] which calculates the turbulent eddy
viscosity νt as

vt = k

ω̃
, ω̃ = max

ω,Clim
√

2S:S
β∗

 , Clim = 7
8 (6.5)
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Moreover, the turbulent kinetic energy k and the specific dissipation rate ω are
calculated from the solution of two additional steady-state transport equations

∇·(u k) = Tt:∇u− β∗ωk +∇·
[(

ν + σ∗
k

ω

)
∇k

]
− λχ(γ)k (6.6)

∇·(u ω) = αω

k
Tt:∇u− βω2 + σd

ω
∇k·∇ω +∇·

[(
ν + σ

k

ω

)
∇ω

]
+ λχ(γ) (ωb − ω)

(6.7)

More in-depth explanation for the k-ω model together with its closure constants are
given in P1. The turbulent kinetic energy k has a well defined boundary at walls
given as

kb = 0 (6.8)

Similar to momentum equations, enforcing the above condition for solidified regions
is done with using the Brinkman penalization as it can be seen from the last term
on the right hand side of equation 6.6.

Contrarily, the specific dissipation rate ω has a singular behavior near a wall.
Throughout the work, only the modelling of smooth walls are considered for which
ω utilizes an approximate non-homogeneous Dirichlet type boundary condition as
proposed by [33]

ωb = 60ν
β1y2

1
, β1 = 0.075 (6.9)

where y1 is the distance from the wall to the cell center nearest the wall. Throughout
the Thesis, y1 is defined as the half cell length since the work employs uniform elements
for meshing the computational domain for topology optimization of turbulent flows.
Physically, the wall boundary condition ωb ensures that turbulent eddies become
infinitesimally small as a wall is approached. Again, as it is seen from the last term of
equation 6.7, the Brinkman approach is used in order to enforce the non-homogeneous
Dirichlet boundary condition ωb in the solidified regions.

6.2 Conjugate heat transfer equation

Throughout the Thesis, the heat sink designs only consider forced convection where
it is assumed that the temperature differences in the flow are small enough such that
the fluid properties stay constant. Meaning that the system is only one way coupled
where the flow field is obtained from the solution of RANS equations which is then
supplied to the heat equation to calculate the temperature field.

The present method considers temperature variations both in fluid and solid
regions which is obtained from the conjugate heat transfer equation given here as

χt(γ)∇ · (u T ) = ∇ ·
[
α(γ)∇T

]
+Q(γ) (6.10)
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where T is the temperature. Through the convection term, which is in the left hand
side of equation 6.10, the effect of fluid flow is provided to the given heat equation.
The dimensionless function χt(γ) is used to turn on the convection term in fluid
(χt(γ) = 1) and turn it off in the solid regions (χt(γ) = 0). The volumetric heat
source Q(γ) is made design dependent and only realized in solidified regions. In order
to obtain the thermal diffusivity α based on the density variable γ, the function α(γ)
interpolates between the thermal diffusivity of the fluid αf and solid αs, which are

αf =
(
ν

Pr + νt
Prt

)
(6.11)

αs = ks
csρs

(6.12)

where Pr and Prt are the laminar and the turbulent Prandtl numbers, respectively.
Furthermore, the thermal conductivity is given by ks, cs is the specific heat capacity
and ρs is the density of the solid.

6.3 Discretization

The presented RANS equations with the two equation k-ω turbulence model and the
conjugate heat transfer equation are discretized using the finite volume method [16, 42]
with unstructured grid formulation. A segregated approach, namely the SIMPLE
(semi-implicit method for pressure-linked equations) algorithm [38] is followed to
deal with the pressure-velocity coupling of the RANS equations. For computational
fluid dynamics, due to its low memory requirements, the SIMPLE algorithm is one
of the most attractive schemes and usually preferred over a fully coupled approach
especially when considering large scale problems. Also, the method can handle both
steady and unsteady flows.

As mentioned before, the buoyancy effects on the flow are ignored for the current
study. This means that the fluid and the heat transfer equations are only weakly
coupled. Hence, firstly the SIMPLE algorithm is utilized to obtain the fluid velocity
and the pressure distribution of the flow. Afterwards, the scalar transport equation
for the heat transfer is solved using the converged fluid velocity.

The developed framework for flow and heat transfer problems is written utilizing
C++. The solutions of the linear system of equations are realized employing efficient
parallel sparse solvers from the PETSc library [8–10]. A thorough explanation of the
discretization details together with an experimental verification of the implemented
fluid dynamics solver are given in paper P1.





7
Design parameterization and

gradient calculation

7.1 Interpolation functions and the design parameterization

This section presents the interpolation functions that are used in the given thermal-
fluid model and the design parameterization followed in the subsequent topology
optimization.

Considering the momentum and turbulence equations, the interpolation between
solid and fluid is realized using the function χ(γ) [11], which is given as

χ(γ) = q
1− γ (γ)
q + γ (γ) (7.1)

Here, the curvature of the above function is controlled by the parameter q. The
overline notation denotes the so-called physical design variable which means that γ
is the current design configuration that is used in the flow and the subsequent heat
analyses. γ is obtained by first applying a filter operation [28] on the design variable
γ, which is then projected using a regularized Heaviside projection [43] to calculate
γ.

In order to effectively model impermeable solid regions in the computational
domain, the Brinkman penalization parameter λ must be chosen sufficiently high.
Throughout the work, the choice of λ is tied to the dimensionless Darcy number
which is defined as

Da = νU/L

λLU
= ν

λL2 (7.2)

The Darcy number represents the ratio of viscous forces to Darcy damping forces.
Here, characteristic velocity and length scales are denoted as U and L, receptively,
and define the given flow problem. Regardless of problem scale, using the Da,
the Brinkman penalization parameter λ can be chosen consistently. Through the
conducted numerical experiments, it can be said that choosing the λ parameter that
results in the Darcy number Da ≈ 10−5 − 10−6 is found to be sufficient to yield
nearly impermeable modelling of solid regions.

In order to calculate temperature variations on the current design configuration
γ (consisting of fluid, solid and intermediate regions), the following functions are
utilized in the heat equation to interpolate the convection, the diffusion and the
source terms as

χt(γ) = γ̄(γ)n (7.3)
α(γ) = αs +

(
αf − αs

)
γ̄(γ)n (7.4)

Q(γ) =
(
1− γ̄(γ)n

) q̇

csρs
(7.5)
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where the parameter n controls the curvature of the interpolation functions in
equations 7.3 to 7.5 and q̇ is the volumetric heat source.

7.2 Discrete adjoint via automatic differentiation

This section summarizes the sensitivity analysis used for the developed framework of
turbulent flows. The main motivation behind the utilization of automatic differentia-
tion (AD) for sensitivity analysis is that, since the system of equations are treated
with a segregated approach using an iterative scheme, the Jacobian of the residual
system of equations is not explicitly formed. Moreover, following a hand-coded
approach, the explicit calculation of the exact Jacobian for the discrete adjoint
equation is a long and highly error prone process considering the complexity of the
discretization. Hence, the work makes use of AD to simplify the calculation of exact
gradients with a computationally cheap procedure.

AD allows to evaluate derivatives of functions implemented as a computer code
using a set of software techniques. The main idea is that, every complex function is
represented by a set of primitive operations with well-known derivatives. AD then
records all of the primitive operations involved in the function evaluation and applies
chain rule on them to obtain the gradient of any function implemented as a computer
code. This way, the calculated derivatives are exact to machine precision. Utilization
of AD is generally achieved with using operator overloading techniques in modern
object oriented languages such as C++. Throughout the work, AD is employed in
reverse-mode and the code uses the Adept: automatic differentiation library [21].

In what follows, the section briefly summarizes the discrete adjoint method applied
with using AD. The developed methodology greatly increases the generality of the
optimization framework since any objective and constraint functions can be included
in the sensitivity analysis with minimum effort in implementation. Here it is noted
that, the reader is kindly referred to paper P1 for an in-depth explanation of the
utilization of AD in discrete adjoint method. The addition of heat transfer with
the subsequent derivation of discrete adjoint equations is given in paper P2. In
order to facilitate the sensitivity analysis efficiently, AD is used in a selective manner.
Meaning that the AD is applied only for calculating the required partial derivatives
for the adjoint equation and the gradient calculation. The overall implementation is
done locally without the need of parallel communications.

Following the discrete adjoint method, the adjoint equation is identified as

∂R
∂U

T

λλλ = − ∂C
∂U (7.6)

where R is the residual vector and the state vector containing the solution fields is
given as U. As it has been mentioned, AD is employed to calculate the Jacobian ∂R

∂U
and the partial derivative of the objective function with respect to the state variables
∂C
∂U . In order to efficiently calculate the Jacobian, the overloaded versions of cell-wise
residual functions for state variables are implemented that return a scalar value for
each cell. AD then records the call to each residual function evaluation in an element
loop and applies the reverse-mode to obtain a row of the Jacobian matrix for each
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residual. Moreover, a similar strategy is also followed for calculating ∂C
∂U . After the

assembly of the Jacobian ∂R
∂U , the adjoint equation given in equation 7.6 is solved

using the iterative GMRES method for which a SIMPLER-like preconditioner is
implemented to ensure rapid convergence. Using the solution of the adjoint equation,
the final vector of gradients is evaluated as

dC

dγγγ
= ∂C

∂γγγ
+ ∂R
∂γγγ

T

λλλ (7.7)

Again, AD is employed for evaluating the partial derivaties ∂C
∂γγγ and ∂R

∂γγγ .





8 Applications

This chapter presents a single optimization case for a heat sink device. For a broader
discussion, the reader is kindly referred to paper P2 where heat sink devices are
studied with various design configurations. Moreover, the results from paper P1 are
omitted here for brevity where the optimization for flow manifolds, body-fitted mesh
comparison and the investigation of the effect of frozen turbulence assumption on
the calculated sensitivities are presented.

8.1 Optimization of a 3D heat sink

Figure 8.1: Computational domain for the 3D heat sink problem. Due to the
symmetry, only a quarter of the domain is utilized for the optimization. Blue color
represents the fixed fluid regions for inlet and outlet, green color shows the design
domain Ωd and the red color specifies the fixed solid region Ωp (heated thin plate).
The figure is taken from paper P2.

The presented case aims to optimize flow channels to increase the heat transport
in order to minimize the temperature in a heated plate. The schematic illustration
of the problem setup can be seen in figure 8.1 where only a quarter of the domain
(highlighted sections) is considered in the optimization due to symmetry in both
y and z directions. The fixed inlet and outlet channels are highlighted with the
blue color and fully developed turbulent channel flow profiles are considered at
the inlet with a bulk velocity of Ub = 0.75m/s. Moreover, the design domain is
shown with the green color and a thin heated plate is illustrated with the red color.
The heated plate is treated as a fixed solid region for the optimization. A heat
flux of 175 kW/m2 is applied from the bottom face of the heated plate. For the
heat equation, a temperature of 300K is applied at the inlet and other than the
heated bottom surface, all other boundaries are realized as adiabatic walls. The
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optimization problem considers the minimization of the integral of the temperature
in the heated plate as an objective function. A volume constraint of 55% of the
whole computational domain for the fluid along with a constraint for the allowable
power dissipation are also considered in the optimization problem. Furthermore, the
fluid is taken as air and the solid material is chosen as aluminum. As it can be seen
from the figure, the geometry is scaled with the half the inlet channel height which
is chosen as H = 0.1m. The resulted Reynolds number for the optimization problem
is then calculated as Re = UbH/ν = 5× 103.

(a) Optimized design, with blue indicating the
flow channels.

(b) Optimized design, with blue indicating the
flow channels which are cut in half for better
visualization.

Figure 8.2: Topology optimization of 3D heat sink device for Re = 5000 with k-ω
model. Red color specifies the heated plates at the top and the bottom of the design
and blue color shows the optimized flow channels. The objective values of the end
design is C = 315. The figure is taken from paper P2.

Figure 8.3: Lower half of the optimized flow channels, showing the streamlines of
the flow. Streamlines on the right hand side are colored with the velocity magnitude
u
[
m/s

]
while the left hand side is colored by the temperature T [K]. The figure is

taken from paper P2.
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The computational domain is meshed with 216K hex cells which corresponds to
216K and 2.5M DOFs for the heat and the fluid problems, respectively.

The result of the optimization is shown in figure 8.2 where the shaded red areas
show the heated plates. The optimized flow channels shown in the figure exhibit
rather flat and thin topology which is mainly parallel to the heated plates. For better
visualization, figure 8.2b demonstrates the half of the optimized design which shows
the upper surface of the channels shaped to speed up of the flow for more efficient
cooling. Furthermore, figure 8.3 shows the resulted streamlines of the flow where it
can be seen that the optimized channel’s input section directs the flow to all corners
with covering the heated plate as much as possible resulting in almost uniformly
heated flow towards the outlet region.

(a) Extruded 2D design. (b) 3D optimized design.

Figure 8.4: Streamlines of the flow colored by temperature T [K]. Quarter of the
flow channels are shown. The figure is taken from paper P2.

In order to present the importance of full 3D optimization considering heat sink
devices, the section gives a further study where a 2D optimized heat sink is extruded
and compared against the presented 3D heat sink device. The streamlines of the
flows from the extruded 2D and the optimized 3D designs are compared in figure 8.4
where the streamlines are colored with the temperature field. As it can be seen from
figure 8.4a, since the heat can not be transferred to the mid sections of the channel,
the extruded 2D design results in an unevenly heated flow where the lower part of
the flow is excessively heated. Meaning that the flow can not extract heat from
the plate, realizing a low performing cooling device. On the other hand, through
the enhanced flow circulations and larger contact surface area in the 3D optimized
channel, the heat from the plate is extracted properly with uniformly heating the
flow (figure 8.4b). Furthermore, the superior cooling performance of the 3D design
can also be seen from figure 8.5 where the temperature distributions in the solid
parts of the extruded 2D and the optimized 3D designs are compared. As it is seen
from the figure, while the extruded 2D design results in an uneven cooling of the
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heated plates (figure 8.5a), the 3D design realizes an efficient cooling of the heated
plates as seen in figure 8.5b.

(a) Extruded 2D design, C = 329. (b) 3D optimized design, C = 315.

Figure 8.5: Temperature T [K] distribution of the solid regions of the optimized heat
sinks. Figures show the half of the domain (cut in z axis). The figure is taken from
paper P2.



9 Conclusions

This part of the thesis presents the developed methodology for the application of
Automatic Differentiation (AD) for obtaining exact sensitivities of 2D and 3D large
scale turbulent flow topology optimization problems. As the framework provides a
solution to the complex bookkeeping problems for coupled systems, easy accommo-
dation of turbulence models is achieved with minimal effort on the implementation.
The proposed adjoint solution procedure with the utilized preconditioner realizes a
scalable and computationally cheap way of calculating gradients. The study also
demonstrates that exact gradients can differ significantly when compared to gradi-
ents computed with a simplifying frozen turbulence assumption and the optimized
designs using exact sensitivities outperform those optimized under the simplifying
assumption.

Heat transfer coupling considering forced convection is added to the develop
framework to demonstrate the ease of handling additional physics. The work includes
an extensive study for topology optimization of heat sinks devices considering tur-
bulent flows and highlights the importance of carrying out full 3D optimization for
novel and better performing designs compared to simplified 2D approach. The work
also provides a further motivation on including turbulent flows in the optimization
process to allow for higher fluid velocities and increased design performance.

9.1 Future work

This section summarizes various ideas which could be implemented to improve the
developed framework of topology optimization of turbulent flows.

• Immersed boundary modeling can be implemented to realize well defined
boundaries throughout the optimization. This way, wall functions can be
utilized in the RANS and turbulence model equations to optimize for higher
Reynolds numbers without the need for extreme meshing.

• Coupling the immersed boundary modeling approach to a level set based
topology optimization framework would facilitate the possibility of obtaining
optimized topologies of even more complicated multi-physics problems.

• The developed flow framework can be considered for flow induced noise predic-
tion problems to couple the optimization to acoustics. This can be achieved
using aeroacoustic analogies in which the turbulent flow field obtained from
the RANS equations is utilized to calculate the acoustic pressure. Using the
proposed methodology, the optimization framework can be applied to problems
targeting noise reduction of realistic flow systems.

53





Bibliography

[1] URL https://www.comsol.com.

[2] N. Aage and B. S. Lazarov. Parallel framework for topology optimization using
the method of moving asymptotes. Structural and Multidisciplinary Optimization,
47(4):493–505, 2013. ISSN 16151488, 1615147x. doi: 10.1007/s00158-012-0869-2.

[3] N. Aage, T. H. Poulsen, A. Gersborg-Hansen, and O. Sigmund. Topology
optimization of large scale stokes flow problems. Structural and Multidisciplinary
Optimization, 35(NA):175–180, 2008. ISSN 16151488, 1615147x. doi: 10.1007/
s00158-007-0128-0.

[4] J. Ahrens, B. Geveci, and C. Law. Paraview: An end-user tool for large data
visualization. Visualization Handbook, 01 2005.

[5] P. R. Amestoy, I. S. Duff, J. Koster, and J.-Y. L’Excellent. A fully asynchronous
multifrontal solver using distributed dynamic scheduling. SIAM Journal on
Matrix Analysis and Applications, 23(1):15–41, 2001.

[6] P. R. Amestoy, A. Guermouche, J.-Y. L’Excellent, and S. Pralet. Hybrid
scheduling for the parallel solution of linear systems. Parallel Computing, 32(2):
136–156, 2006.

[7] C. S. Andreasen, M. O. Elingaard, and N. Aage. Level set shape and topology
optimization by density methods using cut elements with length scale control.
Structural and Multidisciplinary Optimization, Accepted, 2020.

[8] S. Balay, W. D. Gropp, L. C. McInnes, and B. F. Smith. Efficient management
of parallelism in object oriented numerical software libraries. In E. Arge, A. M.
Bruaset, and H. P. Langtangen, editors, Modern Software Tools in Scientific
Computing, pages 163–202. Birkhäuser Press, 1997.

[9] S. Balay, S. Abhyankar, M. F. Adams, J. Brown, P. Brune, K. Buschelman,
L. Dalcin, A. Dener, V. Eijkhout, W. D. Gropp, D. Kaushik, M. G. Knepley,
D. A. May, L. C. McInnes, R. T. Mills, T. Munson, K. Rupp, P. Sanan,
B. F. Smith, S. Zampini, H. Zhang, and H. Zhang. PETSc Web page. http:
//www.mcs.anl.gov/petsc, 2018. URL http://www.mcs.anl.gov/petsc.

[10] S. Balay, S. Abhyankar, M. F. Adams, J. Brown, P. Brune, K. Buschelman,
L. Dalcin, A. Dener, V. Eijkhout, W. D. Gropp, D. Kaushik, M. G. Knepley,
D. A. May, L. C. McInnes, R. T. Mills, T. Munson, K. Rupp, P. Sanan, B. F.
Smith, S. Zampini, H. Zhang, and H. Zhang. PETSc users manual. Technical
Report ANL-95/11 - Revision 3.10, Argonne National Laboratory, 2018. URL
http://www.mcs.anl.gov/petsc.

55

https://www.comsol.com
http://www.mcs.anl.gov/petsc
http://www.mcs.anl.gov/petsc
http://www.mcs.anl.gov/petsc
http://www.mcs.anl.gov/petsc


56 Bibliography

[11] T. Borrvall and J. Petersson. Topology optimization of fluids in stokes flow.
International Journal for Numerical Methods in Fluids, 41(1):77–107, 2003.
ISSN 1097-0363. doi: 10.1002/fld.426.

[12] J. Dahl, J. S. Jensen, and O. Sigmund. Topology optimization for transient
wave propagation problems in one dimension. Structural and Multidisciplinary
Optimization, 36(6):585–595, 2008. ISSN 16151488, 1615147x. doi: 10.1007/
s00158-007-0192-5.

[13] E. Dede. Multiphysics topology optimization of heat transfer and fluid flow
systems. In: Proceedings of the COMSOL users conference, 2009.

[14] Y. Deng, Z. Liu, P. Zhang, Y. Liu, and Y. Wu. Topology optimization of
unsteady incompressible Navier-Stokes flows. Journal of Computational Physics,
230(17):6688 – 6708, 2011. ISSN 0021-9991. doi: 10.1016/j.jcp.2011.05.004.

[15] J. Desai, A. Faure, G. Michailidis, G. Parry, and R. Estevez. Topology op-
timization in acoustics and elasto-acoustics via a level-set method. Journal
of Sound and Vibration, 420:73–103, 2018. ISSN 10958568, 0022460x. doi:
10.1016/j.jsv.2018.01.032.

[16] J. H. Ferziger and M. Peric. Computational Methods for Fluid Dynamics.
Springer Berlin Heidelberg, 2001. ISBN 9783540420743.

[17] M. Frigo and S. G. Johnson. FFTW: An adaptive software architecture for the
FFT. In Proc. 1998 IEEE Intl. Conf. Acoustics Speech and Signal Processing,
volume 3, pages 1381–1384. IEEE, 1998.

[18] A. Gersborg-Hansen, O. Sigmund, and R. B. Haber. Topology optimization of
channel flow problems. 30:– 181–192, 2005 2005.

[19] E. Hassan, E. Wadbro, and M. Berggren. Topology optimization of metallic
antennas. Ieee Transactions on Antennas and Propagation, 62(5):6750741,
2488–2500, 2014. ISSN 15582221, 0018926x. doi: 10.1109/tap.2014.2309112.

[20] E. Hassan, D. Noreland, R. Augustine, E. Wadbro, and M. Berggren. Topology
optimization of planar antennas for wideband near-field coupling. Ieee Trans-
actions on Antennas and Propagation, 63(9):7134720, 4208–4213, 2015. ISSN
15582221, 0018926x. doi: 10.1109/TAP.2015.2449894.

[21] R. J. Hogan. Fast reverse-mode automatic differentiation using expression
templates in C++. ACM Transactions on Mathematical Software, 40(4):26,
2014. ISSN 15577295, 00983500. doi: 10.1145/2560359.

[22] H. ISAKARI, K. KURIYAMA, S. HARADA, T. YAMADA, T. TAKAHASHI,
and T. MATSUMOTO. A topology optimisation for three-dimensional acoustics
with the level set method and the fast multipole boundary element method.
Mechanical Engineering Journal, 1(4):CM0039–CM0039, 2014. ISSN 21879745.
doi: 10.1299/mej.2014cm0039.



Bibliography 57

[23] B. P. Jacob and N. F. F. Ebecken. An optimized implementation of the
newmark/newton-raphson algorithm for the time integration of non-linear prob-
lems. Communications in Numerical Methods in Engineering, 10(12):983–992,
1994. ISSN 10990887, 10698299. doi: 10.1002/cnm.1640101204.

[24] A. A. Koga, E. C. C. Lopes, H. F. V. Nova, C. R. de Lima, and E. C. N. Silva.
Development of heat sink device by using topology optimization. International
Journal of Heat and Mass Transfer, 64(0):759 – 772, 2013.

[25] E. A. Kontoleontos, E. M. Papoutsis-Kiachagias, A. S. Zymaris, D. I. Papadim-
itriou, and K. C. Giannakoglou. Adjoint-based constrained topology optimization
for viscous flows, including heat transfer. Engineering Optimization, 45(8):941–
961, 2013. ISSN 10290273, 0305215x. doi: 10.1080/0305215X.2012.717074.

[26] S. Kreissl, G. Pingen, and K. Maute. Topology optimization for unsteady flow.
International Journal for Numerical Methods in Engineering, 87(13):1229–1253,
2011. doi: 10.1002/nme.3151.

[27] M. Lawry and K. Maute. Level set topology optimization of problems
with sliding contact interfaces. Struct. Multidiscip. Optim., 52:1107–
1119, 2015. ISSN 1615-147X. doi: 10.1007/s00158-015-1229-9. URL
http://link.springer.com/10.1007/s00158-015-1229-9{%}5Cnpapers3:
//publication/doi/10.1007/s00158-015-1229-9.

[28] B. S. Lazarov and O. Sigmund. Filters in topology optimization based on
helmholtz-type differential equations. International Journal for Numerical
Methods in Engineering, 86(6):765–781, 2011. ISSN 10970207, 00295981. doi:
10.1002/nme.3072.

[29] B. S. Lazarov, R. Matzen, and Y. Elesin. Topology optimization of pulse
shaping filters using the hilbert transform envelope extraction. Structural and
Multidisciplinary Optimization, 44(3):409–419, 2011. ISSN 16151488, 1615147x.
doi: 10.1007/s00158-011-0642-y.

[30] W. E. Lorensen and H. E. Cline. Marching cubes: A high resolution 3d surface
construction algorithm. Computer Graphics (acm), 21(4):163–169, 1987. ISSN
15584569, 00978930.

[31] C. Lundgaard, J. Alexandersen, M. Zhou, C. S. Andreasen, and O. Sigmund.
Revisiting density-based topology optimization for fluid-structure-interaction
problems. Struct. Multidiscip. Optim., 58(3):969–995, sep 2018. ISSN 1615-147X.
doi: 10.1007/s00158-018-1940-4. URL http://link.springer.com/10.1007/
s00158-018-1940-4.

[32] T. Matsumori, T. Kondoh, A. Kawamoto, and T. Nomura. Topology optimization
for fluid-thermal interaction problems under constant input power. Structural and
Multidisciplinary Optimization, 47(4):571–581, 2013. ISSN 16151488, 1615147x.
doi: 10.1007/s00158-013-0887-8.

http://link.springer.com/10.1007/s00158-015-1229-9{%}5Cnpapers3://publication/doi/10.1007/s00158-015-1229-9
http://link.springer.com/10.1007/s00158-015-1229-9{%}5Cnpapers3://publication/doi/10.1007/s00158-015-1229-9
http://link.springer.com/10.1007/s00158-018-1940-4
http://link.springer.com/10.1007/s00158-018-1940-4


58 Bibliography

[33] F. R. Menter. Two-equation eddy-viscosity turbulence models for engineering
applications. Aiaa Journal, 32:1598–1605, 1994. doi: 10.2514/3.12149.

[34] N. M. Newmark. A method of computation for structural dynamics. Journal of
the engineering mechanics division, 85(3):67–94, 1959.

[35] Y. Noguchi, T. Yamamoto, T. Yamada, K. Izui, and S. Nishiwaki. A level set-
based topology optimization method for simultaneous design of elastic structure
and coupled acoustic cavity using a two-phase material model. Journal of Sound
and Vibration, 404:15–30, 2017. ISSN 10958568, 0022460x. doi: 10.1016/j.jsv.
2017.05.040.

[36] T. Nomura, K. Sato, K. Taguchi, T. Kashiwa, and S. Nishiwaki. Structural
topology optimization for the design of broadband dielectric resonator antennas
using the finite difference time domain technique. International Journal for
Numerical Methods in Engineering, 71(11):1261–1296, 2007. ISSN 10970207,
00295981. doi: 10.1002/nme.1974.

[37] C. Othmer. A continuous adjoint formulation for the computation of topological
and surface sensitivities of ducted flows. International Journal for Numerical
Methods in Fluids, 58(8):861–877, 2008. ISSN 10970363, 02712091. doi: 10.1002/
fld.1770.

[38] S. Patankar. Numerical heat transfer and fluid flow. Hemisphere„ 1980. ISBN
0070487405.

[39] M. Pietropaoli, R. Ahlfeld, F. Montomoli, A. Ciani, and M. D’Ercole. Design for
additive manufacturing: Internal channel optimization. Journal of Engineering
for Gas Turbines and Power, 139(10):102101–102101–8, 2017. doi: 10.1115/1.
4036358.

[40] L. Shu, M. Yu Wang, and Z. Ma. Level set based topology optimization of
vibrating structures for coupled acoustic-structural dynamics. Computers and
Structures, 132:34–42, 2014. ISSN 18792243, 00457949. doi: 10.1016/j.compstruc.
2013.10.019.

[41] K. Svanberg. The method of moving asymptotes—a new method for structural
optimization. International Journal for Numerical Methods in Engineering, 24
(2):359–373, 1987. ISSN 10970207, 00295981. doi: 10.1002/nme.1620240207,10.
1002/(ISSN)1097-0207.

[42] H. Versteeg and W. Malalasekera. An Introduction to Computational Fluid
Dynamics: The Finite Volume Method. Prentice Hall, 2007.

[43] F. Wang, B. S. Lazarov, and O. Sigmund. On projection methods, convergence
and robust formulations in topology optimization. Structural and Multidis-
ciplinary Optimization, 43(6):767–784, 2011. ISSN 16151488, 1615147x. doi:
10.1007/s00158-010-0602-y.



Bibliography 59

[44] X. Wang and K.-J. Bathe. Displacement/pressure based mixed finite element
formulations for acoustic fluid-structure interaction problems. International
Journal for Numerical Methods in Engineering, 40(11):2001–2017, 1997. ISSN
0029-5981. doi: 10.1002/(SICI)1097-0207(19970615)40:11<2001::AID-NME152>
3.0.CO;2-W.

[45] D. Wilcox. Formulation of the k-ω Turbulence Model Revisited. AIAA Journal,
46:2823–2838, Nov. 2008. doi: 10.2514/1.36541.

[46] K. Yaji, T. Yamada, S. Kubo, K. Izui, and S. Nishiwaki. A topology optimization
method for a coupled thermal-fluid problem using level set boundary expressions.
International Journal of Heat and Mass Transfer, 81:878–888, 2015.

[47] K. Yaji, T. Yamada, M. Yoshino, T. Matsumoto, K. Izui, and S. Nishiwaki.
Topology optimization in thermal-fluid flow using the lattice boltzmann method.
Journal of Computational Physics, 307:355–377, 2016.

[48] G. H. Yoon, J. S. Jensen, and O. Sigmund. Topology optimization of acoustic-
structure interaction problems using a mixed finite element formulation. Inter-
national Journal for Numerical Methods in Engineering, 70(9):1049–1075, 2007.
ISSN 10970207, 00295981. doi: 10.1002/nme.1900.

[49] O. Zienkiewicz and R. Taylor. The finite element method. Butterworth Heine-
mann„ 2000. ISBN 0750650559.





Publications

61





Bibliography 63

Publication P1
Topology optimization of turbulent flows



64



Available online at www.sciencedirect.com

ScienceDirect

Comput. Methods Appl. Mech. Engrg. 331 (2018) 363–393
www.elsevier.com/locate/cma

Topology optimization of turbulent flows

Cetin B. Dilgen∗,1, Sumer B. Dilgen1,2, David R. Fuhrman, Ole Sigmund,
Boyan S. Lazarov3

Department of Mechanical Engineering, Technical University of Denmark, Nils Koppels Allé, Building 404, DK-2800, Denmark

Received 20 June 2017; received in revised form 25 October 2017; accepted 21 November 2017
Available online 5 December 2017

Highlights

• Presents a fast approach for topology optimization of turbulent flow systems.
• Demonstrates inclusion of turbulence models with minimal implementation effort.
• Demonstrates a scalable and computationally cheap procedure for gradient analysis.
• Demonstrates the shortcomings of frozen turbulence assumption.

Abstract

The aim of this work is to present a fast and viable approach for taking into account turbulence in topology optimization of
complex fluid flow systems, without resorting to any simplifying assumptions in the derivation of discrete adjoints. Topology
optimization is an iterative gradient-based design process which minimizes an objective and satisfies a set of selected design
constraints by distributing material in a design domain. The gradients are obtained using adjoint sensitivity analysis which requires
solutions of a forward state problem and an additional adjoint problem. In the presented article the forward solver is based on
finite volume discretized Reynolds-averaged Navier–Stokes equations coupled with either one- or two-equation turbulence closure
models, and the adjoint solver is obtained via automatic differentiation. The presented approach is demonstrated on the optimization
of several 2D and 3D examples including a detailed comparison to designs and sensitivities obtained with different turbulence
models and under a frozen turbulence assumption. The results demonstrate the importance of exact sensitivity analysis and open
new possibilities for the design of large scale multiphysics problems involving turbulent flows.
c⃝ 2017 Elsevier B.V. All rights reserved.

MSC: 00-01; 99-00

Keywords: Topology optimization; Automatic differentiation; Turbulent flow

∗ Corresponding author.
E-mail addresses: cedil@mek.dtu.dk (C.B. Dilgen), sydil@elektro.dtu.dk (S.B. Dilgen).

1 These authors contributed equally to this work.
2 Present address: Department of Electrical Engineering, Technical University of Denmark, Denmark.
3 Present address: School of Mechanical, Aerospace and Civil Engineering, The University of Manchester, UK.

https://doi.org/10.1016/j.cma.2017.11.029
0045-7825/ c⃝ 2017 Elsevier B.V. All rights reserved.

65



364 C.B. Dilgen et al. / Comput. Methods Appl. Mech. Engrg. 331 (2018) 363–393

1. Introduction

Computational fluid dynamics (CFD) is an extremely important tool in the design of complex flow systems.
Compared to experiments it offers a relatively inexpensive method for obtaining valuable information through virtual
flow simulations in a computer environment. However, even for relatively simple fluid systems, due to the inherently
complex nonlinear behavior, prior knowledge of potential design improvements is not often available. In such cases
the pursuit of better (optimal) designs can easily be prohibited by the inefficiency of trial-and-error approaches. To
this end, topology optimization [1] can provide valuable solutions by distributing a volume of material in a selected
design domain through optimization of a chosen criterion, without defining any initial shape or topology prior to the
optimization process.

Topology optimization is an iterative gradient-based design process. A material distribution is found by solving an
optimization problem, while satisfying a set of design constraints and governing equations that define the problem
physics. Ideally, the material distribution is represented by a density which takes values of either one and zero,
representing the two materials considered in the problem, i.e. if a point in the design domain is occupied with fluid
the density is equal to one, and if it is occupied with solid the density field is equal to zero. In order to utilize
gradient-based optimization techniques the discrete zero/one problem is relaxed, and the density field is allowed
to take intermediate values. Brinkman penalization is usually utilized to define a variable porous material which
corresponds to the intermediate density values [2]. The earliest examples of utilizing topology optimization for fluid
flow problems considered simplified Stokes flow models [2], with large scale examples found in [3]. More recently, [4]
presented a locally cubically convergent algorithm for topology optimization of Stokes flows. Later optimizations of
laminar flow problems using Navier–Stokes equations and Lattice Boltzmann methods have been demonstrated in
[5–7] and [8–10], respectively. For general shape optimization, the derivation and the application of the topological
sensitivities for Stokes and Navier–Stokes equations can be found in [11–13]. Considering the topology optimization
of turbulent flows, [14,15] utilized a simplified sensitivity analysis through the so-called frozen turbulence assumption,
i.e, variations of the turbulence field with respect to design variables are neglected. Following the derivation of
a continuous adjoint formulation for the Spalart–Allmaras turbulence model [16], recent work has demonstrated a
topology optimization framework in [17].

In contrast to all previous works, the focus of the present paper is on the development of a discrete forward
and adjoint Reynolds-averaged Navier–Stokes (RANS) solver for topology optimization with a scalable and
computationally cheap procedure for gradient analysis where exact sensitivities are obtained for the considered
discretization. The basic model will be coupled with different turbulence closures with minimal effort in terms of the
required development time. It should be noted that, both continuous and discrete adjoint methods produce consistent
sensitivities with the two approaches having their advantages/disadvantages (see [18,19] for comparison between
the two methods.). For complex CFD solvers, such as those utilizing segregated and iterative solution approaches
such as SIMPLE algorithms [20], derivation of discrete adjoints by hand is a non-trivial and error-prone task. To
this end, automatic differentiation (AD) [21,22] will likewise be employed for calculating the exact gradients of the
optimization objective and constraints in the topology optimization problems considered.

AD is a set of techniques enabling the exact numerical calculation of the gradients of a function implemented in
a computer program. Similar to traditional sensitivity analysis, two modes can be clearly distinguished: forward and
reverse modes, corresponding respectively to direct and adjoint differentiation. Depending on the capabilities of the
programming language, AD can be implemented either by source code transformations or by operator overloading
techniques; A detailed introduction can be found in [22]. The technique is mainly applied within shape and size
optimization problems with a relatively small number of control/design variables. A source transformation AD tool is
demonstrated in both reverse and forward modes to derive an exact adjoint version of the SIMPLE algorithm for shape
optimization in [23]. Operator overloading is demonstrated in [24], where the OpenFOAM library [25] is differentiated
in a black-box manner. The Dolfin-adjoint project [26] automatically derives the discrete adjoint given a differentiable
forward model and an example of its application for topology optimization of Stokes flow problem is given in [27].
Also, both the FEniCS project [28] and COMSOL Multiphysics software [29] have automatic differentiation support.
It should be pointed out that such black box differentiation brings immense memory requirements, and requires check-
point algorithms [30] to store intermediate computations and to reduce the memory consumption. Alternatively,
instead of differentiating the implemented code in a black box manner, the reverse mode of AD can be employed
selectively, as demonstrated in [31,32]. Herein, it is proposed to apply AD only in the formation of the exact discrete
adjoint equation, thus enabling a significant reduction in memory requirements. The proposed approach requires
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the explicit solution of an adjoint system of equations, and the obtained adjoint solution times are similar to those
of forward modes, in contrast to other results reported in the literature. The proposed methodology produces exact
consistent sensitivities and can be easily applied to any set of partial differential equations. Similar approaches for
shape optimization problems can be found in [31,33].

To the best of the authors’ knowledge, topology optimization of turbulent flows has not yet been demonstrated with
exact sensitivities obtained with discrete adjoint approach and without any simplifying assumptions in the derivation
of the discrete adjoints. Hence, the methodology developed in this paper can be seen as a contribution to the topology
optimization of complex flow problems. The present work provides the foundation for additional applications, and for
further investigation, development and expansion of the method on complex multiphysics problems.

This paper is organized as follows: First, the governing equations, along with the inclusion of Brinkman
penalization, are described in Section 2. Topology optimization is introduced in Section 3, together with the associated
adjoint sensitivity analysis. Automatic differentiation is then briefly presented in Section 4, and the implementation
and the verification of discrete adjoint solvers for (two equation) k–ω and (one equation) Spalart–Allmaras turbulence
models are discussed in Section 5. Comparison with results based on a frozen turbulence assumption is likewise
included. Finally, the developed techniques and methodology are demonstrated in the optimization of several 2D and
3D turbulent fluid flow problems in Section 6. Additional details on the employed finite volume discretization, the
implementation and the validation of the implemented finite volume solver are presented in Appendices A–C.

2. Governing equations

The considered problems are governed by the steady-state incompressible Reynolds-averaged Navier–Stokes
(RANS) equations given as

∇ · u = 0 (1)

∇ · (u ⊗ u) = ∇ · (2νS)−
1
ρ

∇ p + ∇ · Tt − λχ (γ )u (2)

where u is the mean velocity vector, p is the pressure, ν is the kinematic viscosity of the fluid, ρ is the fluid density, and
λ (formally having units of inverse time) is the so-called Brinkman penalization parameter. The dimensionless function
χ (γ ) takes values ranging from zero to one, with these limits representing pure solid and fluid, respectively; The exact
form of the interpolation function is discussed in Section 3. The Brinkman penalization term effectively models
spatially varying porosity, and is utilized for representing the solid/fluid distribution in the optimization process. The
penalization term with χ (γ ) = 1, and sufficiently large enough λ, approximates a no-slip boundary condition at the
fluid–solid interface. In the above, the mean strain rate tensor S is defined as

S =
1
2

(
∇u + ∇uT )

(3)

The additional effects of turbulence are modeled through the Reynolds stress tensor Tt , which accounts for
additional normal and shear stresses on the fluid caused by turbulent eddies present in the flow. The Reynolds stress
tensor is defined by invoking the so-called Boussinesq approximation as

Tt = −u′ ⊗ u′ = 2νt S −
2
3

kI (4)

where νt is the turbulent eddy viscosity, δi j is the Kronecker delta, and

k =
1
2

u′ · u′ (5)

is the turbulent kinetic energy per unit mass, with the prime superscript indicating fluctuating velocities. To achieve
closure, an additional set of equations defining the eddy viscosity νt is required. To this end, the present work
considers two different closure models, namely, the (1) two-equation k–ω model [34] and (2) the one-equation
Spalart–Allmaras (SA) model [35], which are described in the following sub-sections. Implementation details are
presented in Appendices A and B, and a validation of the solver is demonstrated in Appendix C.
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2.1. k–ω model

The k–ω model calculates turbulent eddy viscosity νt as

vt =
k
ω̃
, ω̃ = max

[
ω,Clim

√
2S:S
β∗

]
, Clim =

7
8

(6)

where : denotes the scalar product between two tensors (i.e. a:b = ai j bi j ). The turbulent kinetic energy (per unit mass)
k and the specific dissipation rate ω are obtained by solving two additional (steady state) transport equations

∇ · (u k) = Tt :∇u − β∗ωk + ∇ ·

[(
ν + σ ∗

k
ω

)
∇k

]
− λχ (γ )k (7)

∇·(u ω) =
αω

k
Tt :∇u − βω2

+
σd

ω
∇k·∇ω + ∇·

[(
ν + σ

k
ω

)
∇ω

]
+ λχ (γ ) (ωb − ω) (8)

where β = β0 fβ , fβ =
1+85χω

1+100χω
, χω =

⏐⏐⏐Ωi jΩ jk Ski

(β∗ω)3

⏐⏐⏐, Ω =
1
2

(
∇u − ∇uT

)
, σd = H (∇k·∇ω) σd0 and H (·) is the

Heaviside step function which returns a unity if the argument is positive and zero otherwise. It should be noted that
χω is zero for two-dimensional flows. The closure constants are α = 0.52, β0 = 0.0708, β∗

= 0.09, σ = 0.5,
σ ∗

= 0.6 and σd0 = 0.125.
The turbulent kinetic energy k has a well defined boundary at walls given as

kb = 0 (9)

The specific dissipation rate ω, on the other hand, has a singular behavior near a wall. For smooth walls (as uniformly
considered herein), the approximate (non-homogeneous Dirichlet type) boundary condition proposed by [36] will be
utilized, corresponding to

ωb =
60ν
β1 y2

1
, β1 = 0.075 (10)

where y1 represents the distance from the wall to the cell center nearest the wall. Assuming a uniform mesh in the
optimization domain, the distance y1 is defined as half the cell height.

In the solidified regions, the penalization of wall boundary conditions for k and ω (Eqs. (9) and (10), respectively)
is enforced through the Brinkman penalization term present in the last terms on the right hand sides of Eqs. (7) and
(8), respectively.

2.2. Spalart–Allmaras model

The second turbulence model utilized here corresponds to the one-equation Spalart–Allmaras model [35]. In the
past it has been utilized mainly for aerodynamic simulations, however, later modifications [37] have significantly
broadened its range of applicability, and the model has gained popularity due to its simplicity and good numerical
characteristics. In this model the eddy viscosity νt is obtained as follows:

νt = ν̃ fv1, fv1 =
χ̃3

χ̃3 + c3
v1

, χ̃ =
ν̃

ν
(11)

with the viscosity parameter ν̃ obtained via solution of the following transport equation

∇ · (u ν̃) = P − D +
cb2

σ
∇ν̃ · ∇ν̃ +

1
σ

∇ ·
[
(ν + ν̃)∇ν̃

]
− λχ (γ )ν̃ (12)

Here the production P and dissipation D terms respectively read

P = cb1 S̃ν̃, D = cw1 fw

(
ν̃

d

)2

(13)

where S̃ = Ω+
ν̃

κ2d2 fv2, Ω =
√

2Ω :Ω , d is the distance from the closest wall, r = min
[

ν̃

S̃κ2d2 , 10
]
, fv2 = 1−

χ

1+χ fv1
,

fw = g
(

1+c6
w3

g6+c6
w3

)1/6

and g = r + cw2(r6
− r ). The closure constants are cb1 = 0.1355, cb2 = 0.622, cv1 = 7.1,

σ = 2/3, cw1 =
cb1
κ2 +

1+cb2
σ

, cw2 = 0.3, cw3 = 2 and κ = 0.41.
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Since the turbulent kinetic energy k is not directly accessible in this model, the Reynolds stress tensor is calculated
from Tt = 2νt S. From comparison with the full Boussinesq approximation (Eq. (4)) it is noted that this neglects
turbulent normal stresses. The eddy viscosity parameter ν̃ in the Spalart–Allmaras model has a homogeneous Dirichlet
boundary condition defined at walls as

ν̃wall = 0 (14)

The additional penalization term, the last term on the right hand side of Eq. (12), approximates the wall boundary
condition for ν̃ (Eq. (14)) in the solidified regions.

As it can be seen from the model closure coefficients, the Spalart–Allmaras turbulence model needs the distance
to the closest wall d. This is obtained by adopting a Poisson-like approach [38,39]. For the distance calculation, the
Poisson equation has a homogeneous Dirichlet boundary condition on walls. In the presence of porous material, the
equation is penalized the same way as in Eq. (12) to be able to calculate the distance field d.

3. Topology optimization

A generic topology optimization problem, as utilized in the present work, can be defined as

min
γ

C(γ ,U(γ )) (15)

s.t. R(γ ,U(γ )) = 0 (16)
gi (γ ) ≤ 0, ∀i = 1, . . . , N (17)
0 ≤ γ ≤ 1 (18)

where C (·) is an objective function and γ represents the material (fluid/solid) distribution in the selected design
domain (γ is a vector which is a discrete representation of the density γ ), subject to an additional set of inequality
constraints gi . U is the vector of state variables, and R is the vector of governing equations written in residual form.
As stated earlier, the values of γ take value zero for cells filled with impermeable solid material and one for fluid. The
intermediate values can be interpreted as porous material with different porosities. The goal of the optimization is to
find the porosity distribution which minimizes the objective and fulfills the set of constraints.

The interpolation between solid and fluid is realized with the help of a function χ (γ ) [2], which is defined as

χ (γ ) = q
1 − γ (γ )

q + γ (γ )
(19)

where the parameter q controls the curvature of the above interpolation function. The interpolation functions for three
different values of q are presented in Fig. 1. Here it is seen that with q = 10 a near linear interpolation is realized.
Lowering q increases the curvature of the interpolation function, resulting in a sharper transition between fluid and
solid regions. In the presented results, all state fields, with the exception of ω, are penalized with q = 0.1. After a
number of numerical experiments, it has been found that a sharper transition is needed in the ω equation for robust
convergence in the presence of intermediate density/porosity regions. Thus, q = 10−4 is used in the penalization of ω.

The values of γ are obtained from regularized Heaviside projection [40], controlled by a sharpness parameter β
and a threshold η = 0.5. The projection is applied on a PDE filtered density field [41]. A detailed discussion of
this procedure, together with other alternatives, can be found in [42]. Gradients of the objective and constraints with
respect to the original design field γ are subsequently obtained by applying the chain rule, which accounts for every
field transformation.

The penalization parameter λ, in all state equations, must be sufficiently high to effectively result in impermeable
solid regions. If λ is relatively small, flow will diffuse through the porous media with finite velocity. On the other
hand, large λ may result in slow convergence of the optimization process, convergence to poorly performing locally
optimal solutions, and slow convergence of the forward state solver. To this end, the choice of λ is made based on the
dimensionless Darcy number defined as:

Da =
νU/L
λLU

=
ν

λL2 (20)

which represents the ratio of viscous forces to Darcy damping forces, where U and L are, respectively, characteristic
velocity and length scales defining a given flow problem (to be clarified in what follows). Utilizing the (dimensionless)
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Fig. 1. Interpolation function Eq. (19) for different values of curvature parameter q . γ = 1 represents fluid, whereas γ = 0 represents solid. Values
between 0 and 1 are referred to as “gray” or intermediate regions.

Da enables selection of (dimensional) λ in a consistent manner, regardless of problem scale. Through testing, it has
been found that selecting a sufficiently small Darcy number (Da ≈ 10−5–10−6) [43] is sufficient to yield nearly
impermeable solidified regions.

The solution of the optimization problem is obtained with the help of the Method of Moving Asymptotes
(MMA) [44,45]. Based on the gradients of the objective and the set of constraints, MMA updates the design field
in an iterative fashion. The gradients are obtained by adjoint analysis. After obtaining the state solution, an adjoint
system of equations is solved and the gradients of the objective and the constraints are computed with respect to
the selected parametrization of the density field. Based on the gradients and the values of the constraints, MMA
updates the design. Physically realistic designs require fine spatial resolution, resulting in a large number of degrees-
of-freedom (DOFs) for representing the state solution, and high computational cost. Therefore, the state, the adjoint
and the optimization solvers are parallelized, following the general strategy outlined in [46,47], in order to obtain a
final design in a reasonable amount of time.

Apart from the parallel implementation, the main difficulty in the above outlined optimization process is the
calculation of the gradients of the objective and the constraints with respect to the parametrization of the material
distribution. This calculation represents one of the main novel contributions of the present work. For estimations
based on finite differencing, the computational cost scales proportionally to the number of design parameters. Thus,
for topology optimization problems, which are characterized by a large number of design variables and relatively
small number of constraints, an adjoint-based sensitivity analysis is the preferred approach i.e. for each objective or
constraint function only a single state and adjoint solution is necessary to evaluate all sensitivities. Here, a discrete
adjoint approach is adopted, where the state problem is first discretized, followed by the evaluation of the objective,
the constraints and gradients, utilizing the discrete solution to the state problem.

3.1. Discrete adjoint

The evaluation of the gradients will now be demonstrated for a generic objective or constraint function C(γ ,U(γ )).
The state solution U(γ ) is required to satisfy the governing equation, which is written in residual form R(γ ,U(γ )) = 0.
The objective function is augmented with the help of a Lagrange multiplier vector λ, and the Lagrangian function L
is written as

L = C(γ ,U(γ )) + λT R(γ ,U(γ )) (21)

For zero residual the Lagrangian coincides with the objective/constraint function. The derivative with respect to design
parametrization can be written as
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dL
dγ

=
∂C
∂γ

+
∂C
∂U

dU
dγ

+ λT
(
∂R
∂γ

+
∂R
∂U

dU
dγ

)
=
∂C
∂γ

+ λT ∂R
∂γ

+

(
∂C
∂U

+ λT ∂R
∂U

)
  

=0

dU
dγ

(22)

The term dU
dγ

is computationally very expensive to evaluate. Thus, to avoid its computation the indicated part of the
above equation is set to zero. This requirement provides the adjoint equation for the optimization problem, which is
given as

∂R
∂U

T

λ = −
∂C
∂U

(23)

To obtain a Lagrange multiplier vector satisfying the adjoint equation, the final vector of gradients is evaluated as

dC
dγ

=
∂C
∂γ

+
∂R
∂γ

T

λ (24)

The adjoint procedure described above is applied to the already-discretized governing equations and a selected
function. As this approach operates on the discrete level, where the boundary conditions are already accounted for, it
can handle any cost function and governing equation in a robust way. Importantly, calculated sensitivities are always
exact for the considered discretization.

4. Discrete adjoint via automatic differentiation

The Jacobian ∂R
∂U in Eq. (23) is not formed explicitly during the state solution. Rather, the forward solution is

obtained iteratively using the SIMPLE algorithm [20]. The explicit formation of the Jacobian is an error-prone and
tedious task, due to the large number of coupled state fields and applied corrections required to ensure stability of the
discretization. Towards this end the presented work utilizes automatic differentiation (AD) in order to simplify, and at
the same time allow for, exact gradients in the evaluation [22].

AD calculates derivatives of a function implemented as a computer code. The basic idea behind AD is the fact that
every evaluation of the function can be decomposed to a set of primitive operations which are easy to differentiate.
AD keeps track of all primitive operations and calculates the gradient of any complicated function by invoking the
chain rule. The calculated derivatives are thus exact to machine precision. Thus, AD should be considered as a tool
which simplifies the evaluation of derivatives through software techniques. AD can be implemented though source
code transformations [48] or by using operator overloading features of modern programming languages such as C++
and Fortran90 [49,50]. The advantages and disadvantages of the two approaches, as well as comparison to hand coded
adjoints for several topology optimization problems, are discussed in detail in [32].

AD can differentiate a computer coded function using forward (tangent) and reverse (adjoint) modes. Forward
mode provides derivatives in a single direction. Thus, the derivatives of all output variables are computed with respect
to only one input variable in one forward sweep. A scalar valued function with n input arguments has to be executed
n times for evaluating the gradients in forward mode. On the other hand, reverse mode can be seen as analogous to
the discrete adjoint method described in Section 3.1. The approach calculates the full set of derivatives with respect
to all input variables by applying the chain rule from outputs to inputs. Thus, considering a scalar valued function, its
gradient vector can be obtained in a single call to a reverse AD routine after a record (a tape) of all primitive operations.
The tape records all operations during the forward evaluation of the objective/constraints functions. For a large number
of design parameters and long and complex evaluations the memory requirements can become prohibitive, and special
check pointing schemes are necessary to avoid excessive use of memory, as well as to reduce the number of repetitive
evaluations.

The considered topology optimization problems consist of one or a few constraints and a single objective.
Therefore, the natural AD differentiation mode is reverse mode. As the overloading approaches require fewer
modifications to the state solution solver, and a preliminary comparison in terms of speed between [50] and [49] did
not reveal significant differences, the gradients evaluation was implemented using the Adept: automatic differentiation
library [50]. Applying AD directly in the forward solution process combined with the following objective and
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constraint evaluations would require check pointing and careful organization of the evaluation structure. As the linear
algebra and the parallel communication libraries are not aware of the types and the structure of the AD differentiated
code, the selected implementation utilizes AD selectively only for local operations. The exact process consists in
forming a Jacobian, the right hand side of the adjoint equation, and finally evaluating the gradients using Eq. (24).

4.1. Implementation of residual vector functions

The developed incompressible Navier–Stokes solver utilizes a collocated (cell-centered) grid arrangement.
Linearization of the governing equations results in additional variables, in the form of face fluxes, which are introduced
and stored in the cell face centers. Due to the iterative nature of the forward algorithm, calculating face fluxes from the
interpolated face velocities does not satisfy the momentum residuals at convergence, i.e. during the iteration sequence,
residuals are satisfied through both convected (nodal) and convecting (face flux) velocities. For a hexagonal cell the
number of state variables is 12. These include the face fluxes and the state variables for the k–ω turbulence model. The
inclusion of the SA model in the adjoint analysis follows the same steps as for the k-ω model, hence its presentation
is omitted here for brevity.

The residual and the state vectors for the discrete model are given as

U =
[
u1 u2 u3 p f1 . . . f6 k ω

]T
(12Ne)×1 (25)

R =
[
Ru1 Ru2 Ru3 Rp R f1 . . . R f6 Rk Rω

]T
(12Ne)×1 (26)

where Ne is the total number of cells in the domain. u1, u2 and u3 denote the vectors of velocity components and fi is
the vector of face fluxes with i = 1, . . . , 6 for a hexagonal cell.

Residual calculations of the velocity components (Ru1 ,Ru2 ,Ru3 ) and turbulence model variables (Rk , Rω) are
easily differentiated, as for each cell, they reflect the governing equations and the transport equations for k and ω. The
generic explicit discrete form of these equations is given for a single cell as

Rφ = APφP −

∑
N

ANφN − Sφ ≈ 0

where φ stands for any variable other than pressure and fluxes (for more details see Appendix A).
The pressure residual is obtained from the iterative procedure and at convergence pl

≈ pl−1, where the superscript
indicates the iteration stage. Thus, a residual for the pressure can be derived from its correction, Eq. (B.13),

R p
= pP −

⎛⎝pP +
αp

aP

⎡⎣∑
N

aN p′

N −

∑
f

F∗

⎤⎦⎞⎠ ≈ 0 (27)

where F∗ is calculated as in Eq. (B.9). In the SIMPLE algorithm, the pressure correction is zero at convergence
(p′

≈ 0), therefore in the adjoint solver it is not necessary to declare the pressure correction as an independent
variable, and it is hence set to zero for differentiation. With the above modification (taking out the terms with pressure
correction) the residual for the pressure is calculated as

R p
= pP −

⎛⎝pP −
αp

aP

∑
f

F∗

⎞⎠ ≈ 0 (28)

Residual functions for fluxes are derived from their correction, Eq. (B.14), using the fact that p′
≈ 0

R fi = Fi − F∗

i ≈ 0 (29)

where subscript i denotes the face number.
All of the above residual functions are implemented in a cell-wise manner. The derivative of the residual vector

with respect to the state variables will be different than zero only for indices of state variables corresponding to a
limited number of cells located around the considered cell. Taking into account all convective and diffusive schemes
employed for the discretization, the stencil width for each row in the Jacobian is up to 33 for 3D, and up to 13 for 2D,
problems.
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4.2. Assembly of Jacobian matrices

Efficient calculation of the Jacobian matrices ∂R
∂U ,

∂R
∂γ

is crucial to yield good performance in the discrete adjoint
solver. To this end, instead of directly computing the Jacobian matrices (by differentiating the whole residual vector),
the implemented single-output residual functions are differentiated in an element loop. Thus, for each residual
function, a row in the Jacobian is obtained through AD. This approach is beneficial, not only in terms of memory
requirements, but also for parallel calculation, as all differentiations are performed locally without the need of any
parallel communications.

Active input variables are accompanied by a map structure containing the local and global indices of the current
stencil. Thus, the calculated gradients are assembled directly into the global matrix. Algorithm 1 illustrates the general
steps taken to differentiate the residual functions and assemble the Jacobian matrix.

Algorithm 1 Jacobian assembly
for Element ni , i = 1, ..., Ne do

Extract the required stencil for element based residual evaluation.
Initialize active input variables (u1,u2,u3,p, ..)
for Every residual r = 1, ..., NR do

Start new recording
Call overloaded residual function
Reverse sweep on the recording
for j = 1, ..., Nstencil do

Extract the gradients
Insert the gradients into the matrix

end for
end for

end for
Resulting matrices with sizes of: ∂R

∂U → (NR × Ne) × (NR × Ne)
∂R
∂γγγ

→ (NR × Ne) × (Ne)

In the above algorithm NR is the number of residuals per cell. For a hexahedron and the k–ω turbulence model
NR = 12. After differentiation and assembly, the Jacobian matrix has the following form:

∂R
∂U

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Ru1
u1

Ru1
u2

Ru1
u3

Ru1
p . . . Ru1

f6
Ru1

k Ru1
ω

Ru2
u1

. . .
...

Ru3
u1

. . .

Rp
u1

. . .

...
. . .

R f6
u1

R f6
f6

Rk
u1

Rk
k

Rω
u1

. . . Rω
ω

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(12Ne)×(12Ne)

,
∂R
∂γ

=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

Ru1
γ

Ru2
γ

Ru3
γ

Rp
γ

...

Rω
γ

⎤⎥⎥⎥⎥⎥⎥⎥⎦
(12Ne)×Ne

(30)

Each block, i.e. Ru2
u3 , in the matrix has size Ne × Ne where the subscripts define with respect to which variable the

differentiation is done. The Jacobian has a highly sparse structure which is exploited in terms of storage. As can be
seen from Eqs. (23) and (24), the adjoint equation requires the transpose of the matrix. In order to avoid the transpose
operation on the assembled system, the assembly is therefore performed directly on the transposed matrix.

4.3. Assembly of gradient vectors

Gradient vectors in the adjoint equation are solely based on the differentiation of the cost function C(γ ,U(γ )) with
respect to either the design variables γ or state variables U. For any scalar valued cost function, first an overloaded
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version is implemented, where the active inputs have size corresponding to the number of elements. After recording
the call to the overloaded objective function, gradients are computed and then extracted in an element loop. The
process is demonstrated in Algorithm 2.

Algorithm 2 Gradient vector assembly
Initialize active input variables (u1,u2,u3,p, ..)
Start new recording
Call overloaded objective function
Reverse sweep on the recording
for Element ni , i = 1, ..., Ne do

Extract the gradients
Insert the gradients into the corresponding vectors

end for
Resulting vectors with sizes of: ∂C

∂U → (NR × Ne) × 1
∂C
∂γγγ

→ (Ne) × 1

4.4. Adjoint solution method

The assembled adjoint equation is given as

∂R
∂U

T

λ = −
∂C
∂U

(31)

The solution can be obtained by a direct factorization method, though such an approach does not scale well for large
problems. Thus, an iterative solution technique would be preferable. The robustness of these solvers is controlled by
the supplied preconditioners. Here the GMRES iterative method implemented in the PETSc library, in combination
with a SIMPLER-like preconditioning scheme, ensures rapid convergence. Following the same idea behind the
implemented forward flow solver, where pressure–velocity coupling has been dealt with by employing the SIMPLE
algorithm, a similar preconditioner is set-up for the dual velocity–pressure coupling in the adjoint variables, without
employing any under-relaxation. The considered preconditioner is implemented by only utilizing the upper left 4 × 4
block of ∂R

∂U
T

(individual blocks of ∂R
∂U can be seen from Eq. (30)). Coupling to the rest of the system (adjoint fluxes and

turbulent variables) is ignored, and block-wise preconditioning is implemented for these remaining adjoint variables.
Hence, the following equation is considered[

A11 A12
A21 A22

] [
x1
x2

]
=

[
b1
b2

]
(32)

where each sub-block can be written as

A11 =

⎡⎢⎢⎢⎢⎣
(

Ru1
u1

)T
0 0

0
(

Ru2
u2

)T
0

0 0
(

Ru3
u3

)T

⎤⎥⎥⎥⎥⎦ , A12 =

⎡⎢⎢⎢⎢⎣
(

Rp
u1

)T(
Rp

u2

)T(
Rp

u3

)T

⎤⎥⎥⎥⎥⎦ (33)

A21 =

[(
Ru1

p

)T (
Ru2

p

)T (
Ru3

p

)T
]
, A22 =

[(
Rp

p

)T
]

(34)

The approximate Schur complement matrix is calculated as

S = A22 − A21Ã−1
11 A12 (35)

where, Ã11 is a diagonal matrix, whose entries are the diagonal part of the A11. With the matrices defined above, the
following steps define the application of the preconditioner on a vector

(
ru∗ , rp∗

)
with the resulting vector

(
ru, rp

)
r̄p = S−1

[
rp∗ − A21Ã−1

11 ru∗

]
(36)
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r̄u = A−1
11

[
ru∗ − A12r̄p

]
(37)

∆ru = A−1
11

[
ru∗ −

(
A11r̄u + A12r̄p

)]
(38)

∆rp = S−1 [
rp∗ −

(
A21 (r̄u + ∆u)+ A22r̄p

)]
(39)

ru = r̄u + ∆ru − Ã−1
11 A12∆rp (40)

rp = r̄p + ∆rp (41)

which follows closely the steps in the SIMPLER preconditioner [51,52]. Unlike utilizing SIMPLE-type methods as
iterative solvers, above operations (Eqs. (36)–(41)) are applied for preconditioning GMRES iterative solvers.

4.5. Objective and constraint functions

In the following examples the selected objective corresponds to volume-based power dissipation. An expression for
power dissipation stems from the energy equation, and can be derived with the scalar multiplication of the momentum
equations and the velocity vector. Taking into account the extra body force acting on the momentum equation due to
the added penalization term, volume-based power dissipation is given as

C =

∫
V

(
2νe f f S:S + χ (γ )u · u

)
dV (42)

The fluid volume is bounded, and the constraint is given as

g1(γ ) =
∆Vi γi

f V
− 1 ≤ 0, i = 1, . . . , Ne (43)

where ∆Vi and γi are respectively the cell volume and design variable of the i th cell, V is the total volume of the
design domain, and f is the prescribed fluid volume fraction.

For flow manifold optimization problems (Sections 6.2 and 6.3) multiple outlets are constrained, such that specified
mass flow rates across the outputs are obtained. The flux constraints are formulated as

g2(U(γ )) =

∫
Ai

n · u d A

−qi Fin
− 1 − ϵ ≤ 0 i = 1,m (44)

where m is the number of constrained outlets, Fin is the fixed inlet flow rate calculated at the input boundary, qi is
the desired mass flux fraction at outlet i , and ϵ is the tolerance on the flux constraint. A tight tolerance corresponding
to ϵ = 1 × 10−4 is utilized. It should be noted that, in terms of implementation, the above flux constraint g2 is a
function of face flux F , which is a state variable. Hence, for each constrained outlet, an adjoint equation has to be
solved in order to calculate the gradient of the constraint in Eq. (44) with respect to the design variables. For every
adjoint equation, AD is utilized only in the formation of the gradient vector ∂g2

∂U , which is the source term of the adjoint
equation. Jacobian matrices ∂R

∂U in the adjoint, Eq. (23), and ∂R
∂γ

, remain unchanged.

5. Gradient calculation

5.1. Sensitivity verification in a channel bend problem

The focus in this section is on verification of the adjoint sensitivity analysis. As an example, the considered
computational domain for a channel bend problem is shown in Fig. 2a. As seen, the domain consists of an empty
box, having a single inlet and outlet. Half of the input channel height is taken to be H = 0.1 m. A fully developed
turbulent flow profile is imposed as a boundary condition for velocities and turbulence model variables, obtained
directly through an a priori simulation. The inlet bulk velocity is set to Ub = 5 m/s and the kinematic viscosity of
the fluid is taken as ν = 5 × 105 m2/s. The Reynolds number, defined with half inlet height and bulk velocity, is
tailored to be Re = Ub H/ν = 104; H and Ub are likewise taken as the characteristic scales defined in Eq. (20). The
computational domain consists of 13 162 hexahedral cells clustered near the walls to ensure accuracy in the primal
solution. The distance of the first cell to the walls in wall coordinates is kept as y+

= yU f /ν < 1, where U f is the
friction velocity. A contour plot of the velocity magnitude from the primal solution utilizing the k–ω model, along
with resulting streamlines, is presented in Fig. 2b.
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(a) 90◦ channel bend schematic. (b) k–ω model, Re = 104, velocity magnitude contours [m/s]
with streamlines.

Fig. 2. Simulation setup and velocity contours for the channel bend problem.

Table 1
Validation of calculated sensitivities for the channel bend problem with the k–ω adjoint solver. Cells are chosen arbitrarily.

Derivative dC
dγ Finite difference Adjoint k–ω Frozen turbulence

CV1 −4.016668 × 10−3
−4.016381 × 10−3

−2.993492 × 10−3

CV2 −7.641710 × 10−4
−7.649730 × 10−4

−9.143874 × 19−4

CV3 +3.366152 × 10−4
+3.360705 × 10−4

−8.757109 × 10−4

CV4 −2.655306 × 10−2
−2.655305 × 10−2

−2.665780 × 10−2

The design domain, which coincides with the computational domain, is initialized with fluid only, i.e. γ = 1 is set
everywhere in the domain. The interpolation function, Eq. (19), is utilized in computing the Brinkman penalization
with curvature parameter q = 0.1 and penalization parameter λ = 103 s−1. The finite difference approximation for an
arbitrary cell is obtained as

dC
dγi

≈
C (γi + ∆h,U(γi + ∆h))− C (γi − ∆h,U(γi − ∆h))

2∆h
(45)

Thus, for each cell, two forward solutions are necessary for estimating the gradients of the selected objective by the
central finite difference scheme. The step size is selected to be ∆h = 10−6.

Simulations using both the SA and k–ω turbulence models have been performed. It should be stressed that
throughout the present work the dependence of the distance function in the SA turbulence model on the design
variables is neglected in the differentiation. The effect of this simplification on the calculated sensitivities with the
adjoint SA model is illustrated in Fig. 6. For the selected verification case, the design domain is occupied only by
fluid, and the distance function is not penalized. This allows for direct comparison between the gradients evaluated by
finite difference and the AD adjoint for the SA model.

Tables 1 and 2 provide comparisons of calculated sensitivities at randomly selected cells in the computational
domain, using finite difference, full turbulence adjoint, and a frozen turbulence model. As can be seen, the estimated
sensitivities agree well between the finite difference and the adjoint evaluations. As expected, utilizing a frozen
turbulence assumption results in inconsistent sensitivities. Furthermore, the frozen turbulence assumption is seen
to sometimes result in gradients having opposite sign, which would lead to anti-optimization steps! This effect is
demonstrated in Figs. 3 and 4, which compare calculated sensitivity fields (with and without the frozen turbulence
approximation), utilizing the k-ω and SA turbulence closure models, respectively. Although the sensitivities obtained
with frozen turbulence and exact adjoint follow the same general trend, consistent evaluation clearly requires the
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Table 2
Validation of calculated sensitivities for the channel bend problem with the SA adjoint solver. Distance function is not penalized. Cells are chosen
arbitrarily.

Derivative dC
dγ Finite difference Adjoint SA Frozen turbulence

CV1 −1.488273 × 10−3
−1.488297 × 10−3

−2.571103 × 10−3

CV2 +1.476542 × 10−3
+1.470075 × 10−3

−6.637291 × 10−4

CV3 +1.538834 × 10−3
+1.538780 × 10−3

−6.786502 × 10−4

CV4 −2.530123 × 10−2
−2.530116 × 10−2

−2.572755 × 10−2

(a) Discrete k–ω adjoint solver. (b) Discrete k–ω adjoint solver with frozen turbulence.

Fig. 3. Calculated sensitivity field of the power dissipation objective function C with respect to all design variables γ for the channel bend problem.
The cell values are scaled with cell volumes.

inclusion of the turbulence model variables in the gradient evaluation. A detailed comparison can be further seen in
Fig. 5, where, the gradients along a line connecting the lower left corner to the upper right corner of the computational
domain are presented in a one dimensional plot. Similar conclusions can be drawn from Fig. 6, which depicts the
sensitivities along the line (x, 0.5).

The distance function in the SA turbulence model accounts for changes in the topology of the design by penalization
techniques. However, in the adjoint analysis this dependence is neglected. As demonstrated in Fig. 6, the obtained
gradients agree very well with those which have taken into account changes in the topology and been computed
by finite difference techniques. As the present work demonstrates optimization using exact gradients for the k–ω
turbulence model, further investigations on the effect of this simplifying assumption in the SA model are left for
future studies.

6. Topology optimization of turbulent flow examples

In this section the proposed sensitivity adjoint analysis will be utilized directly within several topology optimization
examples. The first will consider detailed comparisons between designs obtained under the frozen turbulence
assumption and with numerically exact gradients. The effect of different parameters will likewise be studied in detail.
Finally, comparison to baseline designs will demonstrate the advantage of topology optimized solutions. The final
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(a) Discrete SA adjoint solver. (b) Discrete SA adjoint solver with frozen turbulence.

Fig. 4. Calculated sensitivity field of the power dissipation objective function C Eq. (42) with respect to the design variable γ for the channel bend
problem. All values are scaled with cell volumes.

(a) Solid line is full turbulence k–ω adjoint, dashed line is k–ω
adjoint with frozen turbulence.

(b) Solid line is full turbulence SA adjoint, dashed line is SA
adjoint with frozen turbulence.

Fig. 5. Sensitivity ∂C
∂γ

along a line connecting the lower left corner to the upper right corner in the channel bend problem.

examples, involving 2D and 3D manifold designs, will demonstrate the applicability of the presented techniques to
more complex, and computationally intensive, problems.

6.1. 2D U-bend

The first example considers the optimal configuration of a 2D U -bend, utilizing both k–ω and SA turbulence
models. The objective is given by Eq. (42), i.e. the aim is to minimize the energy dissipation in a 2D channel. The effect
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Fig. 6. Sensitivity ∂C
∂γ

along the line (x, 0.5) in the channel bend problem, showing the effect of neglecting the density dependence on the distance
function in the sensitivity analysis. The solid line represents the full turbulence SA adjoint, the dashed line represents frozen turbulence, markers
— finite difference calculations.

Fig. 7. Schematic illustration of the 2D U -bend problem. Here Ωd specifies the design domain. Blue and gray colors represent fixed fluid and
solid regions, respectively. At the inlet, fully developed turbulent channel flow profiles are imposed for velocity and turbulent model variables. The
geometry is scaled with the half inlet channel height H . (For interpretation of the references to color in this figure legend, the reader is referred to
the web version of this article.)

Table 3
Flow properties for the 2D U -bend problem.

Ub [m/s] H [m] ν [m2/s]

2 0.1 4.0 × 10−5

of the frozen turbulence assumption on the final design will be investigated by comparing against the full-turbulence
(numerically exact gradients) solutions. Moreover, the obtained designs will be further assessed by comparing the
performance of body-fitted meshes and a baseline U -bend channel.

The problem setup and domain boundaries can be seen in the definition sketch, Fig. 7, where, the geometry
is scaled with the half-inlet channel height H . The Reynolds number in the considered optimization problem is
Re = Ub H/ν = 5 × 103, where Ub is again the bulk velocity. Table 3 lists the properties utilized in the simulation.
The considered optimization parameters are likewise shown in Table 4.

The total number of optimization cycles in the simulation is set to 500. During the optimization cycle, the projection
parameter β is increased by a factor 1.5, starting from β = 1.5, after every 50 iterations. During the last 100 iterations,
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Fig. 8. Convergence of the constrained optimization problem involving the 2D U -bend.

Table 4
Parameter settings in the topology optimization of the 2D U -bend
problem.

λ [s−1] q r β f

2 × 103 0.1 0.01 1.5–14 0.30

Table 5
Cross check of the optimized designs from the k–ω and
SA turbulence models for the 2D U -bend problem. The
blue color indicates that a specific design outperforms all
others for the corresponding physical models utilized in the
optimization.

k-ω design SA design
k-ω Sim. 0.00535394 0.00615163
SA Sim. 0.0100847 0.00989088

it is fixed at β = 14 which results in a relatively sharp interface between solid and fluid regions. The convergence
history of the optimization process with the k–ω turbulence model is shown in Fig. 8. Once the volume constraint is
satisfied, the objective value starts decreasing monotonically.

The obtained topologies with both k–ω and SA turbulence models, including comparison of designs obtained
under a frozen turbulence assumption, are shown in Figs. 9 and 10. Even though the frozen turbulence assumption
results in inconsistent sensitivities, the objective functions C for the obtained designs are very close to those obtained
using exact sensitivities, in this example. This is due to the confinement of the losses in the immediate vicinity of
the solid/fluid boundary and to the similar length of these inter-phase boundaries. For faster flows and more confined
boundary layers it might be necessary to use logarithmic transformation of the objective in order to reflect the nature
of the problem on the design topology. In the current setup, a smooth curved topology is necessary to decrease the
pressure difference between the entrance and outlet sections. This appears due to high inertial effects, and is clearly
observed in the designs obtained with consistent sensitivities.

A cross check demonstrating the optimality of the obtained full turbulence designs is presented in Table 5. This
demonstrates that the turbulence model is reflected exactly in the optimization process, and further improvement of
the design performance can, in principal, only be obtained by further improving the ability of the models to describe
the physical flow within the system.

The performance gain of the optimized designs with respect to a reference design, both using a body fitted mesh, is
demonstrated in Tables 6 and 7. The body fitted profiles, shown in Fig. 11, are obtained using the threshold η = 0.5.
The inlet and the outlet in the simulations have been extended sufficiently in order to allow for fully-developed
turbulent profiles to enter in the design domain, and to avoid back flow in the computational domain. Power dissipation
objective values are calculated only in the design domain, corresponding to the section of the optimized pipes given
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(a) k–ω model, C = 0.00535, full turbulence adjoint. (b) k–ω model, C = 0.00558, frozen turbulence adjoint.

(c) Scaled velocity magnitude contour, full turbulence k–
ω design.

(d) Scaled velocity magnitude contour, frozen turbulence
k–ω design.

Fig. 9. Topology optimization of the 2D U -bend problem for Re = 5000 with k–ωmodel. The presented velocity contours are non-dimensionalized
with the bulk velocity. C is the objective function given by Eq. (42) and computed for the final designs.

in Fig. 11. Unstructured meshes are utilized in the simulations. For the boundary layers the distance (in dimensionless
wall units) from the first cell center to the wall is kept well below unity.

The estimated performances clearly demonstrate the advantage of utilizing consistent sensitivity analysis in
the optimization process. Designs obtained under a frozen turbulence assumption possess sharper corners and
connections. Although, all optimized designs exhibit significant improvements over the baseline, in both tables the
(two-equation) k–ω full turbulence design achieves the largest improvement (in percentage gain over the baseline).
The worst of the optimized designs is that obtained with (one-equation) SA model using a frozen turbulence
assumption.

As expected (see again Tables 6 and 7), the objective values calculated on the body fitted meshes are found to
be smaller than those computed with Brinkman penalization. The main reasons for this difference are the existence
of the gray transition regions between the solid/fluid phases and the mesh resolution utilized for the optimization,
which is y+

≈ 10. For further investigation, the convergence of the penalized model to the body fitted one for
increasing penalization is demonstrated in Fig. 12. The simulations are performed with the k–ω turbulence model
and the penalization coefficients are obtained with increasing projection level, which brings the topology optimized
solution near to a crisp 1–0 design. The convergence trend can be clearly observed and the predicted power dissipation
agrees on the first significant digit to the body-fitted result for a near crisp 1–0 design. It should be stressed that for
sharper transitions a refinement of the mesh around the transition region would be necessary in order to have a further
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(a) SA model, C = 0.009891, full turbulence adjoint. (b) SA model, C = 0.01016, frozen turbulence adjoint.

(c) Scaled velocity magnitude contour, full turbulence SA
design.

(d) Scaled velocity magnitude contour, frozen turbulence
SA design.

Fig. 10. Topology optimization of the 2D U -bend problem for Re = 5000 with the SA model. Presented velocity contours are non-dimensionalized
with the bulk velocity. C is the objective function for the optimized designs.

(a) Optimized U -bend profiles of k–ω and SA models. (b) Optimized U -bend profiles of k–ω and SA models with
frozen turbulence assumption.

Fig. 11. Comparison of topology optimized 2D U -bend profiles to the standard baseline model for Re = 5000. The body fitted meshes are
constructed from the presented curved boundaries.
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Table 6
Performance comparison in the 2D U -bend problem of different optimized designs
to the baseline model. The k–ω turbulence model and body fitted mesh are em-
ployed for simulating the responses.

Design performance with k–ω model Objective value Percentage gain

k–ω Full turb. design 2.222244 × 10−3 %66.03
k–ω Frozen turb. design 2.352015 × 10−3 %64.05
SA Full turb. design 2.567404 × 10−3 %60.76
SA Frozen turb. design 3.551443 × 10−3 %45.72
Base design 6.543049 × 10−3 –

Table 7
Performance comparison in the 2D U -bend problem of different optimized designs
to the baseline model. The SA turbulence model and body fitted mesh are em-
ployed for simulating the responses.

Design performance with SA model Objective value Percentage gain

k–ω Full turb. design 1.987655 × 10−3 %71.16
k–ω Frozen turb. design 2.101068 × 10−3 %69.52
SA Full turb. design 2.007504 × 10−3 %70.87
SA Frozen turb. design 2.277851 × 10−3 %66.95
Base design 6.893569 × 10−3 –

Fig. 12. Objective values for the 2D U -bend problem computed for different values of the projection parameter β.

agreement with the body fitted model. However, it is not presently computationally feasible to refine the optimization
mesh to use a resolution of y+

≈ 1.
Finally, comparisons of forward solutions of the optimized design with the k–ω model and of the baseline design

are presented in Figs. 13 and 14. The pressure distribution demonstrates that the pressure difference between the inlet
and the outlet is greatly reduced for the optimized case. The reason for the high performance gain can be explained
by closely examining the flow separation presented in Fig. 14, which is the main source of power dissipation.

6.2. 2D flow manifold

The second example considers the optimization of a 2D flow manifold. The objective is to minimize the power
dissipation calculated using Eq. (42) and restrict the mass flux at the outlets. The setup is shown in Fig. 15. The
k–ω turbulence model is utilized in the computations. The parameters utilized in the simulations and the optimization
process are shown in Tables 8 and 9. The Reynolds number is Re = 3500 and is again defined using the half inlet
channel height H and the bulk velocity Ub. Fully developed turbulence profiles are set for the stream-wise velocity,
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(a) Baseline design, pressure contour p [kg/ms2]. (b) Optimized design with k–ω model, pressure contour
p [kg/ms2].

Fig. 13. Optimized channel on a body fitted mesh for Re = 5000, showing the pressure field in comparison with that from the baseline model. The
simulations are performed with the k–ω turbulence model.

(a) Baseline design, velocity magnitude u [m/s]. (b) Optimized design with k–ω model, velocity magnitude
u [m/s].

Fig. 14. Optimized channel on a body fitted mesh for Re = 5000, showing the velocity magnitude in comparison to that from the baseline
model. This figure highlights that the main separation regions which occur in the baseline model are largely prevented in the optimized design. The
simulations are performed using k-ω turbulence model.

turbulent kinetic energy k and the specific dissipation rateω at the inlet. During the optimization process, the projection
parameter β is increased in the same manner as in Section 6.1.

The optimized topology is shown in Fig. 16. The resulting velocity and the kinetic energy distribution are shown
in Fig. 17. The diameter of the inner flow channels is smaller than the outlets. The optimization procedure links
the inner network of channels to the outlets by minimizing the power dissipation and distributing material only in
the design domain. The geometry of the outlets is fixed using Brinkman penalization, which results in rough jumps
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Table 8
Flow properties used in the 2D flow manifold problem.

Ub [m/s] H [m] ν [m2/s]

2 0.1 5.7 × 10−5

Table 9
Parameter settings in the topology optimization of the 2D flow manifold
problem.

λ [s−1] q r β f

2 × 103 0.1 0.028 1.5–14 0.43

Fig. 15. Schematic illustration of the 2D flow manifold problem. Here Ωd specifies the design domain. Blue and gray colors are fixed fluid and
solid regions, respectively. Fully developed turbulent channel flow profiles are imposed for velocity and turbulence model variables at the inlet. The
geometry is scaled with the half inlet channel height H . (For interpretation of the references to color in this figure legend, the reader is referred to
the web version of this article.)

at the connection between the inner channels and the outlets. In order to ensure smooth transition a prescribed set of
boundary conditions are enforced on the topology during the PDE filtering step [53]. These do not require any changes
in the optimization setup, and can provide computationally cheap enforcement of topological features, accounting for
physical characteristics, design, and manufacturing constraints not taken into account by the model.

6.3. 3D flow manifold

The final example considers topology optimization of a 3D manifold, as depicted in Fig. 18. The aim of this
example is to demonstrate the applicability of the proposed techniques on a real 3D large-scale problem. The k–ω
turbulence model is utilized in the optimization. The computational domain is scaled with the input pipe radius H .
The inlet length is 4H and the outlets are 8H . The design domain is a cube with dimensions 10H × 10H × 10H . A
fully developed turbulent pipe flow profile is mapped at the inlet boundary for the stream-wise velocity and turbulence
model variables. The Reynolds number considered corresponds to Re = Ub H/ν = 3500, where Ub is the bulk
inlet velocity. Flow properties corresponding to the turbulent pipe inlet are presented in Table 10. The optimization
parameters are likewise specified in Table 11. The optimized design is shown in Fig. 19.

The problem is discretized using 1.3M cells, corresponding to 16M DOFs for the forward and the adjoint solutions.
Every optimization step requires one forward solution and four adjoint solutions (one for the objective function and
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Fig. 16. Topology optimization of a 2D flow manifold problem for Re = 3500 using the k–ω turbulence model. The objective value of the end
design corresponds to C = 2.3 × 10−3.

(a) Velocity magnitude u [m/s]. (b) Turbulent kinetic energy k [m2/s2].

Fig. 17. Primal solutions on the topology optimization of a 2D flow manifold problem for Re = 3500 with the k–ω model.

three for the constraints). The optimized design, presented in Fig. 19, is obtained overnight after 200 iterations on 400
CPU cores (Intel(R) Xeon(R) CPU E5-2680 v2 @ 2.80 GHz). The projection parameter β is multiplied by 1.5 every
20 iteration with a maximum value of 8. The design domain at the initial optimization step is filled with fluid only.

Similar to other large scale problems reported in the literature [41,46,47], most of the computational time is spent in
solving the forward and the adjoint problems. The forward problem is solved iteratively using the SIMPLE algorithm.
During the first several optimization iterations the topology changes significantly. Once the rough shape of the design
is fixed during the initial optimization steps, the following designs are obtained by small incremental changes, mainly
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Table 10
Flow properties for the 3D flow manifold problem.

Ub [m/s] H [m] ν [m2/s]

2 0.1 5.7 × 10−5

Table 11
Parameter settings in the topology optimization of 3D flow manifold
problem.

λ [s−1] q r β f

2 × 103 0.1 0.028 1.5–8 0.12

Fig. 18. Computational domain for the 3D flow manifold problem. Constrained outlets are shown with the specified mass flow rates. The visible
box corresponds to the design domain, whereas pipes are fixed throughout the optimization.

on the boundaries of the fluid/solid interface. These incremental changes lead to small changes of the fluid velocity
and pressure distribution fields, thus requiring significantly fewer iterations. The same behavior can be observed in the
adjoint solution. Thus, the computational cost per optimization step, initially requiring 500–800 iterations for solving
the forward and adjoint problems, decreases significantly towards the end of the optimization process, resulting in 25
to 50 forward and adjoint iterations. The actual iteration time is often lower than the time required for assembling the
problem. These numbers demonstrate some of the advantages of the proposed schemes in terms of computational time.
Furthermore, the proposed adjoint and forward algorithms are scalable. The only serial step is the construction (the
action on a vector) of the Schur complement matrix given by Eq. (35). Thus, larger problems can be easily optimized,
provided that the implementation addresses efficiently the construction of the adjoint preconditioner.

7. Conclusions

The article demonstrates the application of Automatic Differentiation (AD) for obtaining exact sensitivities of
2D and 3D large scale turbulent flow topology optimization problems. Easy accommodation of new physics and
turbulence closure models is achieved with minimal implementation effort. The developed methodology demonstrates
a solution of the complex bookkeeping problem for coupled problems. The proposed adjoint solution provides a
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Fig. 19. Iso-views of the optimized 3D flow manifold for Re = 3500 with the k–ω turbulence model. Streamlines are colored based on the velocity
magnitude m/s. The objective value for the end design is C = 0.83. Constrained mass flux fractions are shown on outlets. (For interpretation of
the references to color in this figure legend, the reader is referred to the web version of this article.)

scalable and computationally cheap procedure for gradient analysis. It is shown that exact discrete gradients can differ
significantly from those computed under a simplifying frozen turbulence assumption, confirming similar observations
in the literature [16]. Optimized results are obtained using two different models for turbulence closure, corresponding
to the one-equation Spalart–Allmeras model and the two-equation k–ω model. The optimized designs without any
simplifying assumptions in the derivation of discrete adjoints outperform those optimized under a frozen turbulence
assumption.

It should be pointed out that improved preconditioners are necessary for more robust behavior and even lower
computational cost. Future research is required to demonstrate the applicability of the methodology to coupled fluid-
heat transfer problems and more complex multiphysics.
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Appendix A. Discretization overview

The solution of the state equations is obtained by finite volume discretization on a non-uniform grid. The
discretized Reynolds-averaged Navier–Stokes equations are solved using a segregated approach for the pressure–
velocity coupling, with the help of the SIMPLE (semi-implicit method for pressure-linked equations) algorithm [20].
The SIMPLE method and its variants are widely used in computational fluid dynamics due to their low memory
requirements and the ability to simulate both steady and unsteady flows. The implementation is based on the PETSc
library [54,55], which is utilized mainly for its efficient parallel sparse solvers.

The discretization procedure is demonstrated for a standard transport equation. All variables are stored in cell
centers (collocated grid arrangement). The fluxes are derived through a linearization procedure, and are stored in cell
face centers. Fig. A.20 illustrates two neighboring cells, where d is the vector connecting the cell centers P and N . A
is the normal area vector of the common face f , pointing outwards from the current cell P . A generic scalar transport
equation for the scalar variable φ is given below in vector notation, where the discretization of all spatial terms is
presented.

∇ · (uφ)  
convective term

= ∇ · (Γ∇φ)  
diffusion term

+ Sφ
source term

(A.1)
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Fig. A.20. General representation of a finite volume cell used in the discretization.

After integrating over a cell, and applying the Gauss divergence theorem, the following discrete form of the above
transport equation is obtained:∑

f

Fφ f  
convective term

=

∑
f

(Γ∇φ) f · A  
diffusion term

+ Sφ∆V  
source term

(A.2)

where surface integrals are realized as a sum over all faces of a cell, volume integrals are approximated as
∫

V dV =

∆V , and a new variable, corresponding to the face flux F , is introduced and lagged by an iteration∑
f

(ul−1
· A) f φ f =

∑
f

Fφ f (A.3)

The calculation of F is based on weighted linear interpolation of nodal velocities u between two neighboring cell
centers (P and N in Fig. A.20). Although linear interpolation is second-order accurate [56], it is not bounded. Hence,
using the same strategy for the calculation of φ f results in non-physical oscillatory solutions for convection dominated
flows. In order to ensure oscillation-free solutions, while still preserving second order accuracy, TVD (total variation
diminishing) schemes are employed here. The convective term is written as [57]

Fφ f = F
[
φU +

ψ(r )
2

(φD − φU )

]
(A.4)

where r is the ratio of the upwind to the downwind gradient, ψ(r ) is a limiter function that resides in the TVD
monotonicity region, and subscripts U and D represent upwind and downwind cells, respectively. Selection of these
cells is done based on the direction of the flow (the sign of the face flux F) between two neighboring cells (P and N
in Fig. A.20). The present work adopts a modified ratio r for unstructured grids [58]

r =

[
2∇φP · d
φD − φU

− 1
]

(A.5)

and the SUPERBEE limiter [59] is utilized for the function ψ(r ) which reads

ψ(r ) = max [0,min [1, 2r ] ,min [2, r ]] (A.6)

It should be noted that, to improve numerical stability, the first term on the right hand side of Eq. (A.4) is treated
implicitly, while the second term is calculated explicitly and added to the source in a deferred correction manner.

The calculation of the diffusive fluxes needs attention due the non-orthogonality of the cells. They are corrected
with the help of the over-relaxed approach proposed by [60] to ensure second-order accuracy.

Γ∇φ f · A = Γ |Ad |
φN − φP

|d|  
orthogonal

+ΓAr · ∇φ f  
non-orthogonal

(A.7)

The orthogonal part is treated implicitly, whereas the non-orthogonal part is calculated explicitly from the previous
iteration as a correction and added to the source. Ad represents the parallel part of A to d which is given as

Ad =
d

d · A
|A|

2 (A.8)
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The non-orthogonal part Ar is defined as the difference between the area vector and the orthogonal contribution
Ar = A − Ad . The explicit calculation of ∇φ f in the non-orthogonal correction is done by first approximating the
gradient at the cell center through the Gauss theorem as

∇φP =

∑
f φ f A
∆V

(A.9)

The resulting cell center gradients are then interpolated to the cell faces through weighted linear interpolation.
The final discrete form of the transport equation can be written as

APφP =

∑
N

ANφN + Sφ (A.10)

The implementation details for momentum, pressure correction, and turbulence model equations are presented in
Appendix B.

Appendix B. Implementation details

The steady state incompressible RANS equations read

∇ · (u ⊗ u) = ∇ · Tν −
1
ρ

∇ p + ∇ · Tt (B.1)

where the viscous Tν and Reynolds Tt stress tensors are

Tν = 2νS, Tt = 2νt S −
2
3

kI, S =
1
2

(
∇u + ∇uT )

(B.2)

The stress terms are combined, yielding an effective viscosity νe f f = ν + νt , as

T = 2νe f f S −
2
3

kI = νe f f
(
∇u + ∇uT )

−
2
3

kI (B.3)

Consequently, the total diffusion term in the RANS equations is treated as

∇ · T = ∇ · νe f f ∇u  
implicit

+ ∇ · νe f f ∇uT
− ∇ ·

(
2
3

kI
)

  
explicit

(B.4)

Utilizing the above procedure gives rise to the following discrete source contributions, due to both Reynolds stresses
and pressure gradients:

bP =

∑
f

(
νe f f ∇uT )

f · A − ∇ ·

(
2
3

kI
)
∆V −

∑
f

p f A (B.5)

The discretization techniques given in Appendix A can now be applied to the momentum equations to realize algebraic
linear equations having the generic form:

AP uP =

∑
N

AN uN + Su, Su = SP + bP (B.6)

Here SP represents the source contributions, arising from the discretization of convective and diffusive terms
(explicitly treated terms in Eqs. (A.4) and (A.7)). In order to improve the convergence properties and the diagonal
dominance of the system matrix, implicit under-relaxation is applied to the solution of the momentum equations as

AP

αu
uP =

∑
N

AN uN + Su, Su = SP + bP +

[
(1 − αu)

AP

αu

]
ul−1 (B.7)

The discretized form of the continuity equation, given in Eq. (1), reads∑
f

F = 0 (B.8)
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Due to the collocated storage of velocities and pressure at cell centers, Rhie–Chow interpolation [61] is applied on the
face fluxes before deriving the pressure correction equation, which directly links the face fluxes to the driving pressure
difference across faces.

F∗
= u f · A −

(
∆V
AP

)
f

(
pN − pP

|d|
− ∇ p f · e

)
|Ad | (B.9)

In the above e =
d
|d|

is the unit vector in the direction of the central vector. It should be stressed that F∗ is based
on the a solution of the momentum equations, and does not satisfy the continuity equation (B.8). Hence, it needs a
correction to satisfy the divergence free condition. Thus, defining a flux correction in accordance with [62] results in
the following discrete continuity equation∑

f

(
F∗

+ F ′
)

= 0 (B.10)

where the flux correction F ′ is defined as [20]:

F ′
= −

(
∆V
AP

)
f

(
p′

N − p′

P

|d|

)
|Ad | (B.11)

Substituting the flux correction F ′ into the discrete continuity equation, Eq. (B.10), yields the pressure correction
equation with a source of mass imbalance, written here in generic form as

aP p′

P =

∑
N

aN p′

N + SP −

∑
f

F∗

  
Source

(B.12)

where SP is the possible source contribution due to the diffusion discretization. The mass imbalance
∑

f F∗

approaches zero at convergence. With the help of the pressure correction p′, nodal velocities and pressures are obtained
as

uP = u∗

P −

(
∆V
AP

)
∇ p′

P , pP = p∗

P + αp p′

P (B.13)

where αp is the under-relaxation factor for pressure. Continuity is strictly enforced on the face fluxes F at each
SIMPLE iteration following the solution of the pressure correction

F = F∗
+ F ′ (B.14)

Considering the two-equation k–ω turbulence model, the terms on the right hand side of Eq. (B.15) require special
attention

∇ · (u k) − ∇ ·

[(
ν + σ ∗

k
ω

)
∇k

]
= Tt :∇u  

Production

− β∗ωk  
Dissipation

(B.15)

In order to preserve the positiveness of the solution and increase the numerical stability of RANS models, the positive
terms (production) on the right hand side are treated explicitly, while the negative terms (dissipation) are treated
implicitly. The total contribution to the central coefficient and source due to the production and dissipation terms in
the k equation are given as∫

V
Tt :∇u dV = 2νt (S:∇u)∆V −

2
3

(kI:∇u)∆V  
explicit

(B.16)

∫
V

−β∗ωk dV = −β∗ωk∆V  
implicit

(B.17)

Sk = 2νt (S:∇u)∆V −
2
3

(kI:∇u)∆V, aP(k) = β∗ω∆V (B.18)
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Similarly, the transport equation for ω is given as

∇ · (u ω) − ∇ ·

[(
ν + σ

k
ω

)
∇ω

]
=
αω

k
Tt :∇u  

Production

− βω2
Dissipation

+
σd

ω
∇k · ∇ω  

Cross Diffusion

(B.19)

the production term is handled in the same manner as above, where positiveness of the cross diffusion term is
ensured through the closure parameter σd . The dissipation term is discretized and linearized into the semi-implicit
form βωlωl−1∆V . The term proportional to ωl is added to the central coefficient.

The transport equation for the SA model is given as

∇ · (u ν̃) −
1
σ

∇ ·
[
(ν + ν̃)∇ν̃

]
= cb1 S̃ν̃  

Production

− cw1 fw

[
ν̃

yw

]2

  
Dissipation

+
cb2

σ
∇ν̃ · ∇ν̃  

Transport

(B.20)

Contributions to the central coefficient come from the linearization and implicit treatment of the dissipation term,
whereas production and transport terms are added to the source. The overall contribution reads∫

V
cb1 S̃ν̃ dV = cb1 S̃ν̃∆V  

explicit

,

∫
V

cw1 fw

[
ν̃

yw

]2

dV = cw1 fw

[
ν̃l−1

y2
w

]
ν̃l∆V  

implicit

(B.21)

∫
V

cb2

σ
∇ν̃ · ∇ν̃ dV =

cb2

σ
∇ν̃ · ∇ν̃∆V  

explicit

(B.22)

Sν = cb1 S̃ν̃∆V +
cb2

σ
∇ν̃ · ∇ν̃∆V, aPν = cw1 fw

[
ν̃

y2
w

]
∆V (B.23)

For the momentum equations and turbulence transport equations, residuals are checked against a prescribed
tolerance ϵ as:

Rφ =
⏐⏐⏐⏐Sφ − Mφl−1

⏐⏐⏐⏐
∞

≤ ϵ (B.24)

where φ stands for any state variable, before solving the discrete system of equations. If the norm of the residual
is smaller than the prescribed tolerance, then the solution from the previous iteration is considered to be sufficient
for the discrete system defined by the newly updated coefficients. For the pressure correction p′, mass imbalance is
considered for the convergence criteria (the source term of the pressure correction) (Eq. (B.12))

Rp =

⏐⏐⏐⏐⏐⏐
⏐⏐⏐⏐⏐⏐
∑

f

F∗

⏐⏐⏐⏐⏐⏐
⏐⏐⏐⏐⏐⏐
∞

≤ ϵ (B.25)

Overall steps involved in the SIMPLE algorithm can be found in [20,56,57].

Appendix C. Validation of the flow solver

The focus in this Appendix is on the simulation of turbulent flow in an asymmetric plane diffuser (Buice–Eaton
diffuser [63]) for validation of the developed RANS solver. The general setup is shown in Fig. C.21. The dimensions
are scaled with the channel height H . The computational domain does not contain any sharp edges around the starting
and ending sections of the diffuser ramp. A detailed description of the geometry can be found on the website provided
by NASA [64].

Table C.12 presents the utilized relevant parameters for defining the simulation. In the experiment made by [63],
the Reynolds number is defined using the upstream channel center line velocity (Ucl = 1.14Ub) and channel height
H , which results in Recl = 2×104. The computational grid consists of 66 080 hexahedral cells. The mesh is clustered
towards the walls such that the average value of the distance from the first cell center to the wall ensures that y+

≈ 1
for both upper and lower walls.

Both turbulence models are tested, and both perform well near the inlet of the diffuser (location x/H = −6
in Fig. C.22), where a fully developed turbulent channel flow profile can be clearly observed. In the diffuser ramp
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Fig. C.21. Illustrative schematic for the simulation of the asymmetric plane diffuser. The origin of the coordinate system is marked as o in the
figure.

Fig. C.22. Computed velocity profiles from the simulation of the asymmetric (Buice–Eaton) plane diffuser, with Recl = 2 × 104. The blue solid
lines indicate results from the k–ω model, the red solid lines indicate results from the Spalart–Allmaras model, and the circles correspond to the
measurement from [63]. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Table C.12
Properties used in the simulation of the asymmetric plane diffuser.

Ub [m/s] H [m] ν [m2/s]

19.812 0.015 1.695 × 10−5

section (locations x/H = 6, 14, 20) flow separation occurs due to adverse pressure gradients. The k–ω model slightly
outperforms the SA model, based on the measured mean velocity profiles. This result is expected, as the k–ω model is
known to perform well in adverse pressure gradient flow cases. In the outlet locations x/H = 30 and 40, both models
predict similar velocity profiles, generally matching the measurements, though with small differences at location
x/H = 40. Overall, the velocity profiles predicted with both models exhibit fine agreement with the experimental
data at the presented locations of the diffuser.
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Abstract
The focus of this article is on topology optimization of heat sinks with turbulent forced convection. The goal is to demonstrate
the extendibility, and the scalability of a previously developed fluid solver to coupled multi-physics and large 3D problems.
The gradients of the objective and the constraints are obtained with the help of automatic differentiation applied on the
discrete system without any simplifying assumptions. Thus, as demonstrated in earlier works of the authors, the sensitivities
are exact to machine precision. The framework is applied to the optimization of 2D and 3D problems. Comparison between
the simplified 2D setup and the full 3D optimized results is provided. A comparative study is also provided between designs
optimized for laminar and turbulent flows. The comparisons highlight the importance and the benefits of full 3D optimization
and including turbulence modeling in the optimization process, while also demonstrating extension of the methodology to
include coupling of heat transfer with turbulent flows.

Keywords Topology optimization · Automatic differentiation · Turbulent flow · Thermal-fluid · Heat sink

1 Introduction

Forced convection is one of the most popular methods
for cooling electronic devices and temperature sensitive
equipment. The heat extraction process utilizes a heat sink
built from highly conductive material, such as aluminum
or copper, and a moving fluid which transports the heat
away from the device. The performance depends on the
amount of conductive material and its distribution, the
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contact area between the fluid and the sink, the fluid velocity
distribution, temperature and thermal capacity. The fluid is
accelerated using a pump or a small fan. A sink usually
consists of plate or pin fins attached to a plate which
is in contact with the heat source. The performance can
be improved by parametric variations, e.g. changing the
number and the positions of predefined fins; optimizing
their shape; or changing completely in a non-uniform way
the distribution of the conductive material to minimize
the temperature of the device. The latter can be achieved
by topology optimization and is the main subject of this
article.

Topology optimization (Bendsøe and Sigmund 2003) is
a design process which distributes material in a design
domain by optimizing an objective function. For heat sinks,
the objective is usually to minimize some performance
measure, which is a function of the temperature on
the surface or inside the heat source. In modern high-
performance computing systems design, high density of
the different components is necessary to increase the
computational performance, and to decrease the cost and
the space requirements for the installation. In such restricted
space conditions the cooling is performed either in a closed
loop fluid-cooling system or carefully guided air streams. In
both cases, it is desirable to re-utilize the fluid for cooling
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of more than one component which requires decreasing the
energy dissipation or the pressure drop.

The material distribution in density based topology
optimization is modeled with the help of an index
function taking values of zero or one which, respectively,
represent solid and fluid distributions in the selected design
domain. Updates on the design are based on gradients of
the objective and the constraints. Thus, the problem is
relaxed, and the material distribution function is allowed to
take intermediate values. Following a nested optimization
approach, objective, constraints and gradient evaluations
require the solution of a fluid state problem, resulting in
fluid velocity and pressure distributions, and a subsequent
temperature convective problem, which represents the heat
conducted through the sink and transported through the
fluid.

Topology optimization was originally introduced in
solid mechanics problems where the methodology is well
developed and utilized on a regular basis in industrial
settings. In contrast, its development for mixed fluid-
heat transfer problems is far from mature and requires
further development and research. The first fluid mechanics
applications for Stokes flow were reported in Borrvall and
Petersson (2003). Large scale examples of Stokes flow
problems have been demonstrated in Aage et al. (2008).
Later applications to laminar flow can be found in Gersborg-
Hansen et al. (2005), Olesen et al. (2006), Pingen et al.
(2007). For general shape optimization, the derivation and
the application of the topological sensitivities for Stokes
and Navier-Stokes equations have been demonstrated
in Guillaume and Idris (2004), Amstutz (2005). The
fluid flow in forced convection is often turbulent which
further complicates the optimization process. Topology
optimization for such processes is applied in Othmer (2008)
by using the so-called frozen turbulence assumption, i.e.,
the variation of the turbulence fields with respect to the
design parametrization is neglected. In Zymaris et al. (2009)
a continuous adjoint formulation is presented based on
the Spalart-Allmaras (SA) turbulence model (Spalart and
Allmaras 1994). Discrete adjoint formulations based on
finite volume method for both the one-equation SA and
k−ω turbulence models (Wilcox 2008) have been presented
only recently in Dilgen et al. (2018). This work provides the
foundation of the current presentation, which is extended
further to include heat transport, hence demonstrating the
feasibility of the approach for large scale mixed thermo-
fluidic topology optimization problems.

For topology optimization of coupled thermal-fluid
problems, Koga et al. (2013) utilized Stokes flow and
used a multi-objective function that combines pressure
drop minimization and heat transfer maximization for the
optimization. Heat sink optimization with laminar flow has
been demonstrated in Matsumori et al. (2013), Yaji et al.

(2015, 2016), Dede (2009) where Matsumori et al. (2013)
carried out optimization of 2D heat exchangers for various
input power formulations and Yaji et al. (2015) utilized the
level set method for the topology optimization.

The extension to natural convection is described in
Alexandersen et al. (2016). Regarding turbulent flow
optimization of heat transfer systems, (Pietropaoli et al.
2017) utilizes the frozen turbulence assumption in the
calculated sensitivities, and Kontoleontos et al. (2013)
presents continuous adjoint formulation. The present
article demonstrates turbulent-flow heat-transfer topology
optimization problems where the fluid flow is modeled
by steady state incompressible Reynolds-averaged Navier-
Stokes (RANS) equations. Turbulence closure is achieved
utilizing the two-equation k-ω model, and the solution of the
problem is obtained using an already developed 3D finite
volume framework (Dilgen et al. 2018) which employs
automatic differentiation (Griewank and Walther 2008)
for calculating the adjoint equations and exact gradients
consistent with the considered turbulence model. To the best
of the authors’ knowledge, such topology optimization of
coupled thermal-fluid problems with turbulent flows has
not been previously demonstrated with exact sensitivities
obtained within the discrete adjoint approach, and without
any simplifying assumptions. Thus, demonstrating the ease
of handling additional physics by adding heat transfer to the
turbulent fluid solver is among the primary contributions of
the present work.

The paper is organized as follows: Section 2 describes
the governing equations along with the inclusion of the
utilized penalization method to realize the effect of solid
regions in the design domain. Section 3 introduces topology
optimization. The exact form of the interpolation functions
and the associated adjoint sensitivity analysis are also
included. Finally, the optimization of heat sink devices with
turbulent forced convection is demonstrated with several 2D
and 3D optimization cases in Section 4.

2 Governing equations

The fluid flow is modeled with the help of the steady-state
incompressible Reynolds-averaged Navier-Stokes (RANS)
equations. In what follows, it is assumed that the
temperature differences in the flow will be small enough
that the variations of the fluid properties are neglected.
Hence, temperature acts as a passive scalar and only one
way coupling is considered in the system. The RANS
equations are written as

∇ · u = 0 (1)

∇ · (u ⊗ u)=∇ · (2νS) − 1

ρ
∇p+∇ · Tt −λχ(γ )u (2)
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where u is the mean velocity vector, p is the pressure, ν is
the kinematic viscosity of the fluid, ρ is the fluid density and
the mean strain rate tensor is defined as S = 1

2

(∇u + ∇uT
)
.

The Reynolds stress tensor is given as

Tt = −u′ ⊗ u′ = 2νtS − 2

3
kI (3)

where νt is the turbulent eddy viscosity and

k = 1

2
u′ · u′ (4)

is the turbulent kinetic energy per unit mass, with u′
indicating turbulent fluctuating velocities.

The effect on the fluid motion from the material dis-
tribution is modeled using the so-called Brinkman penal-
ization (Arquis and Caltagirone 1984) parameter denoted
as λ, formally having units of inverse time. It is mul-
tiplied by a dimensionless function χ(γ ) taking values
ranging from zero to one. These limits represent solid
and fluid, respectively. The exact form of the interpola-
tion function is discussed in Section 3. The Brinkman
penalization term represents spatially varying inverse per-
meability and is utilized for realizing the solid/fluid distri-
bution in the optimization process. The penalization term
for value χ(γ ) = 1, and large enough λ, approximates a
no-slip boundary condition at the fluid-solid interface. γ

is a spatially varying function representing the materials
distribution.

The k-ω model of Wilcox (2008) will be utilized
to describe effects of turbulence. This model calculates
turbulent eddy viscosity νt as

νt = k

ω̃

ω̃ = max

[

ω,Clim

√
2 S : S

β∗

]

Clim = 7

8
(5)

where : denotes the scalar product between two tensors (i.e.
a:b = aij bij ). The turbulent kinetic energy (per unit mass)
k and the specific dissipation rate ω are obtained by solving
two additional (steady state) transport equations

∇ · (u k) = Tt : ∇u − β∗ωk

+∇ ·
[(

ν + σ ∗ k

ω

)
∇k

]
− λχ(γ )k (6)

∇ · (u ω) = αω

k
Tt : ∇u − βω2 + σd

ω
∇k · ∇ω

+∇ ·
[(

ν + σ
k

ω

)
∇ω

]
+ λχ(γ ) (ωb−ω) (7)

The closure coefficients and all other parameters are defined
as follows:

α = 0.52, β0 = 0.0708, β∗ = 0.09

β = β0fβ, fβ = 1 + 85χω

1 + 100χω

, χω =
∣∣
∣∣
�ij�jkSki

(β∗ω)3

∣
∣∣∣

σ = 0.5, σ ∗ = 0.6, σd0 = 0.125

σd =
{

σd0, ∇k·∇ω > 0
0, ∇k·∇ω ≤ 0

The mean vorticity tensor � utilized in the calculation of the
closure function χω in (8) is defined as

� = 1

2

(
∇u − ∇uT

)
(8)

It should be noted that χω is zero for two-dimensional flows.
The turbulent kinetic energy k has a well defined

boundary at walls given as

kb = 0 (9)

On the other hand, the specific dissipation rate ω has
a singular behavior near a wall. For smooth walls
(as uniformly considered herein), the approximate (non-
homogeneous Dirichlet type) boundary condition proposed
by (Menter 1994) given as

ωb = 60ν

β1y
2
1

, β1 = 0.075 (10)

is utilized in the computations. The value of y1 represents
the distance from the wall to the cell center nearest the wall.
The physical meaning of the wall boundary condition ωb

(10) is related to the length scale l = √
k/ω of turbulent

eddies where ωb ensures that turbulent eddies become
infnitesimally small as a wall is approached. During the
optimization process, both k and ω are penalized to their
wall boundary conditions in the solidified regions (Dilgen
et al. 2018). Since a regular mesh is used in the design
domain, y1 does not vary and is defined by the half cell
length for penalization of the wall boundary condition ωb

inside the design domain.
For detailed explanation of all equations and coefficients

presented above, interested readers are referred to Wilcox
(2006).

2.1 Heat transfer

The temperature variations in the fluid and the solid regions,
are captured using the conjugate heat transfer equation

χt (γ )∇ · (u T ) = ∇ · [α(γ )∇T ] + Q(γ ) (11)

where T is the temperature (in Kelvin), Q(γ ) is the
volumetric heat source, χt (γ ) is a non-dimensional function
to turn on and off the convection term in fluid (χt (γ ) =
1) and solid regions (χt (γ ) = 0), and α(γ ) interpolates
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between thermal diffusivity of the fluid and the solid
according to

αf =
(

ν

Pr
+ νt

Prt

)
(12)

αs = ks

csρs

(13)

Here Pr and Prt are the laminar and the turbulent Prandtl
numbers, ks is the thermal conductivity and cs is the specific
heat capacity. The considered interpolation functions for the
conjugate heat transfer are presented in Section 3.

2.2 Discretization

The above system of PDEs is discretized using the finite
volume method on a non-uniform computational grid
(Versteeg and Malalasekera 2007; Ferziger and Peric 2001).
The discrete set of algebraic equations is solved using
a segregated approach for the pressure-velocity coupling,
with the help of the SIMPLE (semi-implicit method for
pressure-linked equations) algorithm (Patankar 1980). The
SIMPLE algorithm is one of the most attractive schemes for
solving problems in computational fluid dynamics due to its
low memory requirements and the ability to simulate both
steady and unsteady flows. The present implementation is
based on the PETSc library (Balay et al. 1997, 2017a, b),
which is utilized mainly for its efficient parallel sparse
solvers. A verification of the implemented fluid dynamics
solver with a detailed explanation of the solution procedure
is presented in Dilgen et al. (2018). The additional heat
transfer (11) is discretized similarly, and the details will
be omitted here for brevity. It should be pointed out that
the fluid and the heat transfer set of equations are weakly
coupled since the buoyancy effects are ignored. Thus, the
solutions for the fluid velocity and the pressure distribution
are first obtained from the discrete RANS set of equations.
As a second step, the solution of the heat transfer equation is
obtained using the fluid velocity from the first solution step.

3 Topology optimization

The topology optimization problem is defined as

min
γ

C(γ ,U(γ ),T(γ )) (14)

s.t. RU(γ ,U(γ )) = 0 (15)

RT(γ ,T(γ ),U(γ )) = 0 (16)

gi (γ ) ≤ 0, ∀i = 1, . . . , N (17)

0 ≤ γ ≤ 1 (18)

where C (·) is the objective function, U and T are vec-
tors with discrete state variables representing flow (veloc-
ity, pressure and turbulence quantities) and temperature,

respectively. RU and RT are residual vector functions
obtained from the discretization of the governing equations
of velocity, pressure, turbulence quantities and tempera-
ture fields. The set gi (γ ), i = 1 . . . N represents addi-
tional inequality constraints and the vector γ the material
(fluid/solid) distribution in the design domain. The interpo-
lation between solid and fluid is realized with the help of the
function χ(γ ), which is defined as

χ(γ ) = q
1 − γ (γ )

q + γ (γ )
(19)

where the parameter q controls the curvature of the function.
The physical design field γ̄ is obtained using regularized
Heaviside projection (Wang et al. 2011), controlled by a
sharpness parameter β and a threshold η = 0.5. The
projection is applied on a filtered density field (Bourdin
2001). Gradients of the objective and constraints with
respect to the original design field γ are subsequently
obtained by applying the chain rule.

To model the impermeable solid regions, the Brinkman
penalization parameter λ must be sufficiently high. The
choice of λ is based on the dimensionless Darcy number
defined as

Da = νU/L

λLU
= ν

λL2
(20)

which represents the ratio of viscous forces to Darcy damp-
ing forces, where U and L are, respectively, characteristic
velocity and length scales defining a given flow problem.
To capture the temperature variations, the coefficients of the
heat equation are interpolated. The convection, the diffusion
and the source term coefficients in (11) are computed as

χt (γ ) = γ̄ (γ )n (21)

α(γ ) = αs + (
αf − αs

)
γ̄ (γ )n (22)

Q(γ ) = (
1 − γ̄ (γ )n

) q̇

csρs

(23)

where q̇ is the volumetric heat source which is only active
in the intermediate and the solid regions (γ < 1.0),
and n is the parameter which controls the curvature of
the interpolation function (see Fig. 1). The updating of
the design variables γ is determined using the method
of moving assymptotes (MMA) (Svanberg 1987), with
a parallel PETSc implementation presented in Aage and
Lazarov (2013), Aage et al. (2015).

3.1 Discrete adjoint

Obtaining the gradients and more precisely the discrete
adjoint equations for finite volume discretization of fluid
flow problems represents one of the main challenges in
the current work. The primary issue is that the Jacobian of
the residual system of equations is never formed explicitly.
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Fig. 1 Interpolation function (22) for different values of curvature
parameter n in which for illustration, αs and αf are considered to be 1
and 0, respectively. γ = 1 represents fluid, whereas γ = 0 represents
solid. Values between 0 and 1 are referred to as ”gray” or intermediate
regions

The state solution is obtained using the SIMPLE algorithm
in a matrix free fashion. The complexity of forming the
exact Jacobian for the distrece adjoint equation comes from
the large number of fully coupled physical fields (three
velocity components, the pressure, the turbulent kinetic
energy and the specific dissipation rate) in the governing
system of equations. Furthermore, due to the iterative nature
of the forward solution algorithm, an additional set of state
variables representing the fluxes for every finite volume
element is added to the original set of physical fields. The
complete details are described in Dilgen et al. (2018).

The Jacobian of such a complex set of fully coupled
equations is obtained with the help of Automatic Differen-
tiation (AD) (Griewank and Walther 2008). AD represents
a set of software techniques for evaluating derivatives of
functions implemented as a computer code. The general
idea is to apply the chain rule automatically for every
complex function by representing it as a set of simple
function evaluations with well-known derivatives. In mod-
ern object oriented languages like C++, such functionality
is achieved using operator overloading techniques (Hogan
2014; CoDiPack 2016). The obtained gradients are exact to
the machine precision. General discussion with examples on
the applicability to topology optimization are presented in
Nørgaard et al. (2017). Here, AD (Hogan 2014) is applied
for evaluating the Jacobian of the residual form. The gra-
dients of the objective and the constraints are computed
using standard adjoint analysis presented below. As dis-
cussed in Dilgen et al. (2018), Nørgaard et al. (2017)
such an approach saves a significant amount of memory.
The slow down regarding computational time is negligi-
ble compared to the speed-up of the actual implementation
process.

The objective is augmented with two sets of Lagrange
multipliers and the residuals for the fluid and the heat
transfer problems as

L = C (γ ,U(γ ),T(γ )) + λT
URU(γ ,U(γ ))

+λT
TRT(γ ,T(γ ),U(γ )) (24)

For zero residuals the Lagrangian function coincides
with the objective/constraint function. The derivative with
respect to the design parametrization can be written as

dL
dγ

= ∂C
∂γ

+ ∂C
∂U

dU
dγ

+ ∂C
∂T

dT
dγ

+λT
U

(
∂RU

∂γ
+ ∂RU

∂U
dU
dγ

)

+λT
T

(
∂RT

∂γ
+ ∂RT

∂T
dT
dγ

+ ∂RT

∂U
dU
dγ

)
(25)

To avoid computation of derivatives of the state variables,
which are expensive to evaluate, all terms containing these
derivatives are collected and required to be equal to zero.
This requirement provides the adjoint equations for the
optimization problem:

(
∂C
∂T

+ λT
T

∂RT

∂T

)
dT
dγ

= 0
(

∂C
∂U

+ λT
U

∂RU

∂U
+ λT

T
∂RT

∂U

)
dU
dγ

= 0 (26)

The temperature and flow adjoint problems are, respec-
tively, written as

(
∂RT

∂T

)T

λT = − ∂C
∂T

(27)

(
∂RU

∂U

)T

λU = − ∂C
∂U

−
(

∂RT

∂U

)T

λT (28)

and the final vector of gradients is evaluated as

dC
dγ

= ∂C
∂γ

+
(

∂RU

∂γ

)T

λU +
(

∂RT

∂γ

)T

λT (29)

The gradient evaluation procedure described above is
applied to the already-discretized governing equations and
a selected objective function. As this approach operates
at the discrete level, where the boundary conditions are
already accounted for, it can handle any cost function and
governing equation in a robust manner. Most importantly,
calculated sensitivities are always exact for the considered

discretization. The two Jacobians
(

∂RT
∂T

)T

,
(

∂RU
∂U

)T

, and all

partial derivative terms involved in the adjoint analysis are
computed and assembled cell-wise using AD as described
in Dilgen et al. (2018).
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3.2 Objective and constraint functions

In this work, the objective function is to minimize the
average temperature in solid domains. In 2D the considered
objective function is defined as

C =
∫
V (1 − γ ) T dV

(1 − f )
∫
V

dV
(30)

where f denotes the volume fraction of fluid in the design
domain. The main idea is that the 2D setup represents a
horizontal cut through the actual 3D model shown in Fig. 7.
Due to the high conductivity of the sink material, the heat
propagates through the solid material and later is extracted
and transported by the fluid. In 3D, the domain in which the
average temperature is minimized is passive (not depended
on design) and hence the objective function is

C =
∫
V

T dV
∫
V

dV
(31)

The fluid volume is bounded from above and the
constraint is given as

g1(γ ) = �Viγi

f V
− 1 ≤ 0, i = 1, . . . , Ne (32)

The above constraint ensures that the heat input to the
system is bounded from below. In addition to the above
objective and constraint, the power dissipation of the system
is controlled using a reference power dissipation value
of the initial design. This constraint avoids the formation
of designs with extremely high-pressure loss and hence
regulates power consumption. An expression for the power
dissipation stems from the energy equation and can be
derived as a scalar product of the momentum equations
and the velocity vector. Power dissipation between inlet and
outlet boundaries is given as

J = −
∫

�

[
u · n

(
1

2
u · u + p

)
− 2νeff (S n) · u

]
d� (33)

Here, n is the normal vector, S is the mean strain rate
tensor which is defined in Section 2 and νeff is the effective
viscosity given as νeff = νt +ν. With the above definitions,
the power dissipation is constrained as follows

g2(U) = J
w Jref

− 1 ≤ 0 (34)

where Jref is the reference value.
In the considered optimization cases Jref is calculated

starting with the design domain comprised only of the fluid
region (γ = 1). The parameter w is considered to be larger
than one in the presented examples, i.e. w > 1. It should
be noted that the above power dissipation constraint is a
function of the state fields of the RANS equations, i.e.,
velocities, pressure, fluxes and turbulence quantities. Hence,
for each optimization step, an additional adjoint equation

Table 1 Flow (air) properties considered for the cooling system
optimization

Ub [m/s] H [m] ν [m2/s] Pr Prt

0.75 0.1 1.5 × 10−5 0.7 0.9

has to be solved in order to calculate the gradient of the
constraint with respect to the design parameters.

4 Optimization of cooling systems

The procedure will now be demonstrated on several
topology optimization examples dealing with coupled
thermal-fluid problems. The first study deals with 2D heat
sink design, where the effect of the power dissipation
constraint on the optimized designs is studied in detail.
Following this, 3D heat sink examples will demonstrate
the advantages of optimizing design without reducing the
number of dimensions and including turbulence modeling
in the optimization process.

Throughout the present work, air and aluminum are
chosen as materials for fluid and solid, respectively. The
flow properties considered for the optimization cases are
given in Table 1. The geometry is scaled with half the inlet
channel height H . The Reynolds number in the considered
optimization problems is computed as Re = UbH/ν =
5×103 where Ub is the bulk inlet velocity. The solid material
properties used throughout are listed in Table 2. Considering
the listed material properties, the thermal diffusivity ratio of
the solid and the fluid is approximately αs/αf ≈ 4.5.

The Brinkman penalization parameter is set to λ = 400
s−1 which is sufficient to yield nearly impermeable solid-
ified regions (Da ∼ 10−6, taking Ub and H as the char-
acteristic velocity and length scales, respectively) without
adversely affecting the convergence of the optimization pro-
cess. The sharpness parameter of the regularized Heaviside
projection is taken as β = 6.

It has been found that the formulated optimization
approach is somewhat sensitive to the choice of parameter
q which controls the interpolation function that is utilized
in the penalization of fluid flow. To this end, a continuation
strategy is performed for the curvature parameters q and n

of the interpolation functions (19) and (21)-(23) to avoid
convergence to poorly performing locally optimal solutions.

Table 2 Thermo-physical properties of the solid (aluminum) consid-
ered for the cooling system optimization

ks [W/m K] cs [J/kg K] ρs [kg/m3]

237 900 2700
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Fig. 2 Schematic illustration of the 2D heat sink problem. Here �d

specifies the design domain. Blue color represents the fixed fluid
region as inlet and outlet channels. The geometry is scaled with half
the inlet channel height H . Solid regions are heated with q̇

The parameter q is initially set to 0.01 for which the
flow ignores a large section of the gray scale and diffuses
into solidified regions, enhancing the sensitivities, which in
turn provides a ”smart” initial guess for the optimization
problem (Borrvall and Petersson 2003). Hereafter, it is
increased in a step-wise manner to 0.1, 1.0 and 10.
Similarly, the parameter n which controls the interpolation
in the heat transfer equation takes values of 3 and 4 leading
up to its final value of n = 5.

The 2D and 3D optimization cases utilize a mesh reso-
lution which roughly keeps a distance in wall coordinates
y+ = yUf /ν ≈ 10 when calculated from the inlet chan-
nels, where Uf is the friction velocity. Since the location of
the wall along with the flow solution can not be known a
priori, y+ values are not necessarily ensured to stay within
an acceptable range during the optimization, though the
inlet conditions provide simple and generally useful scales.
Presently, it is not computationally feasible to use mesh size
comparable to y+ ≈ 1.

4.1 2D heat sink

The first example demonstrates the optimization of a 2D
heat sink, subject to a constraint on the power dissipation.
The objective is the minimization of the integral of the

temperature in the solid parts of the design domain �d as
defined in the (30). The fluid volume is limited to 55%
of the whole computational domain. The problem setup
can be seen in Fig. 2. The temperature is set to 300 K at
the inlet and zero gradient boundary condition is utilized
at the outlet. All other boundary conditions are realized
as adiabatic walls. Fully developed turbulent channel flow
profiles are mapped to the flow and the turbulence model
variables at the inlet. These values are obtained using
preliminary simulations of the inlet channel. Due to the
symmetry, only half of the domain is considered in the
optimization process. Following the assumption of infinitely
long channels, heat generation is only considered in the
solid regions with q̇ = 175 kW/m3 and the heat source is
evaluated using (23).

Figure 3 shows optimized designs for increasing value
of the power dissipation constraint. The complexity of
the design increases with the allowed power dissipation,
which results in a better cooling performance. The increased
cooling performance is evident from the objective values
of the end designs, shown in Fig. 3, as well as from the
temperature fields, shown in Fig. 4. The best performing
heat sink (lowest temperature rise) is obtained for 10
times increased power dissipation compared to the initial
reference state. The velocity magnitude contours for each
optimized design are shown in Fig. 5. For larger power
dissipation the size of the main channel is decreased
allowing higher velocity in the secondary channels, thus
providing better cooling performance.

In order to further investigate the validity of the followed
optimization approach, the 2D heat sink design that is
obtained for w = 10 (Fig. 3c) is simulated with a body-
fitted mesh. The body-fitted profile is obtained using a
sharp threshold of η = 0.5 on the optimized porosity field.
The boundary layer is fully resolved in the fluid channels
by keeping the distance (in dimensionless wall units) from
the first cell center to the wall well below unity. Figure 6
shows the results from the body-fitted mesh analysis on the
optimized design in which the calculated objective function
C = 300.58 agrees well with the objective value obtained
from the penalized model (Fig. 3c). From the investigation

Fig. 3 Topology optimization of 2D heat sink device for Re = 5000 with k-ω model. Figures show the optimized designs with increasing value
of the the power dissipation constraint and the objective value C of the end designs
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Fig. 4 Temperature distribution T [K] of the optimized designs from Fig. 3

of the velocity magnitude contour predicted with the body-
fitted mesh (Fig. 6a), it can be deduced that the fixed-
grid optimization model over-estimates the velocity in the
lowest secondary channel (Fig. 5c). This can be seen as a
shortcoming of the Brinkman penalization where the solid
regions still contain pressure gradients which affect the
velocity distribution in thin channels. The remedy can be
found in increasing the mesh resolution along the transition
region of the thin channels or increasing the Brinkman
penalization parameter λ. On the other hand, the predicted
temperature field in the penalized model (Fig. 4c) compares
well with the temperature distribution obtained from the
body-fitted mesh (Fig. 6c). Furthermore, Fig. 6b shows the
resulting turbulent kinetic energy in the fluid channels of
the optimized heat sink. Overall, a reasonable agreement is
found between the penalized and the body-fitted models.

4.2 3D heat sink with two heat sources

The 2D setup is a simplification of a real 3D problem.
Thus, to compare the performance of the 2D designs a full-
scale 3D model is considered as a second example. The

3D problem setup is shown in Fig. 7. Due to symmetry
in both y and z directions only a quarter of the domain is
considered for the optimization process. Blue color marks
fixed fluid inlet and outlet channels. Similar to the 2D
case, fully developed turbulent channel flow profiles are
mapped to the flow and turbulence model variables at the
inlet, now also accounting for the presence of the side wall.
The design domain �d is colored green in the provided
sketch. Heat to the system is provided from the bottom
and the top boundary of a fixed solid region (a thin heated
plate) which is fixed as solid throughout the optimization.
The heat source is colored with red. The heat enters the
system through the boundary. The heat source term utilized
in the previous section is changed in this case to a non-
homogeneous Neumann boundary condition

∂T

∂n
= q̇

ks

(35)

where the heat influx is set to q̇ = 175 kW/m2.
The objective in this case is the minimization of the

integral of the temperature in the heated plate �p (31).
A power dissipation constraint with parameter w = 10

Fig. 5 Velocity magnitude u [m/s] of the optimized designs
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Fig. 6 Optimized design from
Fig. 3c on a body fitted mesh.
The calculated objective value is
C = 300.58

(34) is utilized in the optimization process. The allowed
volume fraction for the fluid is the same as in the 2D
case. The temperature is set to 300 K at the inlet and a
zero gradient boundary condition is utilized at the outlet.
All other boundaries (excluding the heated boundaries) are
realized as adiabatic walls.

Figure 8 shows the optimized flow channels where the
shaded red areas illustrate the location of the heated plates.

The design consists of rather flat and thin channels parallel
to the heated plates. The half cut of the optimized design
shown in Fig. 8b demonstrates parts of the channel that
provide the required speed up of the flow for more efficient
cooling. The resulted streamlines of the flow are shown in
Fig. 9 and are colored with the temperature and the velocity
magnitude. The fluid is heated almost uniformly toward the
outlet region.

Fig. 7 Computational domain
for the 3D heat sink problem.
Due to the symmetry, only a
quarter of the domain is utilized
for the optimization. Blue color
represents the fixed fluid regions
for inlet and outlet, green color
shows the design domain �d

and the red color specifies the
fixed solid region �p (heated
thin plate)
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Fig. 8 Topology optimization of 3D heat sink device for Re = 5000 with k-ω model. Red color specifies the heated plates at the top and the
bottom of the design and blue color shows the optimized flow channels. The objective values of the end design is C = 315

The design domain consists of 216,000 hex cells which
result in 2.5M DOFs for the fluid problem and 216K DOFs
for the heat transfer problem. The number of optimization
iterations is 300 which takes around 10 h of computational
time on 100 Intel Xeon e5-2680v2 CPU cores.

4.3 Comparison between the 2D and 3D designs

To compare the 3D optimized heat sink to the 2D design
shown in Fig. 3c, the 2D topology is extruded. The heat
source is set in the same manner as for the 3D optimization
case. Figure 10 compares the streamlines of the flows from
the extruded 2D design and the 3D design, colored with
the temperature field. It is apparent from Fig. 10a that
the flow in the extruded 2D design is heated unevenly
and the heated lower part of the fluid cannot transfer the
heat to the mid parts of the domain. Hence, the large
bulk of the fluid cannot extract heat from the plate, in
contrast to the 3D optimized heat sink where the flow gets
heated almost uniformly (Fig. 10b). The actual performance
depends on the fluid-solid contact surface, the velocity and
the temperature of the fluid close to the heated plate and

on the temperature difference between the solid and the
fluid.

Figure 11 compares the temperature distributions in the
solid regions of the extruded and the 3D optimized design.
The superior cooling performance of the 3D optimized
design can be observed. For the 2D extruded design the
fluid heats up in thin channels close to the plate, and cannot
extract more heat from the source toward the outlet. This
effect is strongly pronounced in the thinner outer channels.
The mid channel performs reasonably well, however, due to
the limited contact area the fluid cannot extract more heat.
On the other hand, the 3D optimized design provides larger
contact surface area. Hence, a more uniform temperature
distribution is realized both in the solid and the fluid regions,
and the temperature gradient between the heated solid and
the fluid remains large even close to the outlet of the sink.
This effect allows the fluid to extract more heat which
explains the better performance of the 3D optimized design
and demonstrates the benefits of full 3D optimization.

Another possibility for a simplified 2D model is to take
a vertical cut through the middle of the 3D design domain.
The constraint of the fluid volume is not enforced as the

Fig. 9 Lower half of the
optimized flow channels,
showing the streamlines of the
flow. Streamlines on the right
hand side are colored with the
velocity magnitude u [m/s]
while the left hand side is
colored by the temperature
T [K]
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Fig. 10 Streamlines of the flow
colored by temperature T [K].
Quarter of the flow channels are
shown

heat input is supplied from the bottom and the top plates. In
this case, the optimizer distributes a thin layer of solid on
top of the heated plate. This distribution accelerates the flow
and increases the heat transport. However, due to the strict
constraint on the pressure drop, the amount of distributed
material is limited. The temperature in the plates increases
significantly in this case and the 3D objective is C = 348.
This 2D design is not shown for the sake of brevity.

4.4 3D heat sink with one heat source

Performance improvement due to increased design freedom
is further demonstrated in this section. To asses the
effect of including turbulence modeling in the optimization
framework, the section also provides a comparative study
with a heat sink design that is optimized for laminar flow.

The full length of the 3D model is utilized for
optimization. The setup considers a heat influx ( ∂T

∂n
= q̇

ks

with q̇ = 175 kW/m2) from the bottom boundary of

the heated plate and the top boundary is considered as an
adiabatic wall. The case utilizes the symmetry only in the z
direction and rest of the computational domain is the same
as presented in Fig. 7. The computational mesh consists
of 400,000 hex cells which results in 4.8M DOFs for the
fluid problem and 400K DOFs for the heat transfer problem.
The number of optimization iterations is 300 which takes
around 16 h of computational time on 120 Intel Xeon e5-
2680v2 CPU cores. The initial design consists of a porous
material, with a value of 0.5, distributed everywhere in the
design domain. The allowed volume fraction for the fluid
and power dissipation constraint parameter w (34) are the
same as in the previous 3D case (Section 4.2).

The optimized heat sink design with turbulent flow of
Re = 5000 is shown in Fig. 12a and c with different iso-
views. As can be seen from Fig. 12e, the additional freedom
allows the optimizer to accelerate the fluid close to the
heat source resulting in lower maximal temperature. The
design is much more sophisticated than the one presented in

Fig. 11 Temperature T [K] distribution of the solid regions of the optimized heat sinks. Figures show the half of the domain (cut in z axis)
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Fig. 12 Topology optimized design of 3D heat sink device for Re = 5000 with k-ω model (left column) and Re = 50 with a laminar model (right
column)

Fig. 8. The additional channels mix heated and colder fluid
streams, thus, keeping high-temperature gradient between
the plate and the cooler toward the sink outlet.

The same flow and solid properties are utilized for the
laminar flow optimization (as shown in Tables 1 and 2)
where the only difference is the lowered bulk velocity of
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the inlet flow which is taken to be Ub = 0.0075 [m/s],
and the Reynolds number of the flow is tailored to be
Re = 50. A laminar channel flow profile is used as
the inlet flow. The resulting optimized channels for the
laminar flow can be seen with different iso-views in
Fig. 12b and d. The optimization converges to a much
simpler design compared to the heat sink obtained with
turbulent flow (Fig. 12a and c). Although the heat sink is
optimized for the given Reynolds number of Re = 50,
an immense rise in temperature can be observed from the
temperature distribution of the flow field given in Fig. 12f.
This is mainly due to the laminar nature of the fluid
with lowered diffusivity where an effective cooling to the
plate can not be realized considering the chosen material
properties. To further investigate the effect of introducing
turbulence modeling to the optimization process and to
compare the designs obtained with turbulent and laminar
flow, the resulting designs are run for various Reynolds
numbers ranging from Re = 50 to Re = 5000. For
simulations, the RANS k − ω model is utilized for Re ≥
1000. Figure 13 shows the calculated objective values of
both designs in the given range of Reynolds numbers.
As expected, both designs outperform the other at the
Reynolds number which they are optimized for. This also
confirms that the turbulence model is correctly embedded
in the optimization process. Both the laminar and turbulent
designs achieve quite similar performance trends. However,
after a Reynolds number of Re ≈ 200 the design obtained
with turbulent flow optimization exhibits better cooling
performance than the laminar design as expected. Further
investigations regarding the behavior and comparison of
the two designs for higher Reynolds numbers must be
based on body-fitted meshes that resolve the boundary layer
accurately.
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Fig. 13 Objective values of the optimized 3D heat sink designs
computed for different values of Reynolds numbers where turbulent
design is shown in Fig. 12a and the laminar design is given in Fig. 12b

5 Conclusions

The article demonstrates the advantages of optimizing
realistic 3D designs compared to 2D simplified models.
The additional dimension provides extra freedom to the
optimizer for better material distribution. A comparative
study is provided between the designs optimized for laminar
and turbulent flows confirming that improved designs
can be obtained by including turbulence modeling in the
optimization process. For forced convection and similar
pressure drop, the larger design space leads to lower device
temperature. The inclusion of turbulence models introduces
additional complexity in the state and the adjoint solvers,
however, allows for higher fluid velocities. The complexity
is managed with the help of automatic differentiation.
The additional temperature field is introduced in the
simulation using the same techniques applied to the
turbulent fluid solver presented earlier in Dilgen et al.
(2018). Additional transport processes are handled without
significant changes to the code, thus demonstrating the
extendability and the feasibility of the approach for large-
scale optimization problems, and opening the possibility of
obtaining optimized topologies of even more complicated
multi-physics problems.
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Abstract
The pursuit for design improvements by geometry modifications can easily become prohibitive using a trial and error process.
This holds especially when dealing with multi-physics problems—such as acoustic-structure interaction—where it is difficult
to realize design improvements intuitively due to the complexity of the coupled physics. Compared to classical shape opti-
mization, where a near optimal shape has to be supplied as an initial guess, topology optimization allows for innovative
designs through a completely free material distribution, such that the topology can change during the optimization process.
The goal of this article is to provide a comprehensive critical review of the proposed strategies for topology optimization
of coupled acoustic-structure interaction problems. The work includes a comparison of topology optimization formulations
with density, level set, and evolutionary-based methods and discusses the corresponding strengths and weaknesses through
the considered application examples. The review concludes with recommendations for future research directions.

Keywords Vibro-acoustics · Topology optimization · Density methods · Level set methods

1 Introduction

Since its introduction in the late 1980s, gradient-based
topology optimization has diversified significantly both
in terms of application areas, but also with emerging
variants of the original design parameterization. The initial
homogenization approach (Bendsøe and Kikuchi 1988)
laid the foundation for the so-called density method,
often referred to as the SIMP method (Bendsøe 1989).
Here, a pixel (or in 3D: voxel)-based design description
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is used with continuous element-wise design variables
representing a relative “element density” (not to be
confused with the mass density of the involved material).
Elimination of intermediate-valued (grey) design variables
with the penalization approach combined with appropriate
regularization of the optimization problem using filtering
techniques and length-scale control (Bourdin 2001; Bruns
and Tortorelli 2001; Guest et al. 2004; Wang et al.
2011) led to a breakthrough regarding generation of well
defined (black-white) pixelized structures. The result is
that only limited post-processing (if any, e.g., Christiansen
et al. 2015) is needed before fabrication. Combined with
efficient adjoint sensitivity analysis and the use of robust
and versatile mathematical programming tools, e.g., The
Method of Moving Asymptotes (MMA) (Svanberg 1987),
this has paved the way for the tremendous popularity of this
approach. Recently, a milestone has been reached with the
report of giga-scale design of a full aircraft wing with more
than one billion 3D elements and corresponding design
variables (Aage et al. 2017). Moreover, the method has
also proven its worth for a number of other applications,
ranging from material design (Larsen et al. 1997), acoustics
(Park and Wang 2008), optics (Jensen and Sigmund 2011),
and microfluidics (Alexandersen et al. 2016) as well as
coupled multi-physics problems such as thermo-electro-
mechanical devices (MEMS) (Sigmund 2001), turbulent
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flow heat transfer systems (Dilgen et al. 2018), and many
other application areas.

As an inherent feature of the density-based approach,
the structural boundary is constantly evolving during the
optimization procedure. That is, boundaries may appear
and disappear in a seamless fashion due to the continuous
design variables. The corresponding structural appearance
with gray scale at intermediate design stages can, however,
cause uncertainty and ambiguity in identifying well defined
boundaries. This poses a challenge when dealing with
structures affected by, e.g., pressure boundary loads and
calls for specialized schemes to be developed (Olhoff et al.
1991; Sigmund and Clausen 2007).

The quest for a well-defined boundary has partly
motivated the use of level set methods (Osher and
Sethian 1988; Sethian and Wiegmann 2000) for structural
topology optimization. With the aim of keeping the full
design flexibility from the density approach and combining
this with the well-defined boundaries known from shape
optimization methods, a level set function implicitly defines
the structural boundary through its zero level iso-curve. The
level set function is evolved via design sensitivities and
holes may merge or new holes may appear, partially thanks
to the introduction of topological derivatives (Novotny and
Sokołowski 2013). Several variants of the method has
appeared using the original version based on a boundary-
fitted mesh and design updates based on the solution of
a Hamilton-Jacobi equation. Since then, many alternative
versions have been introduced, of which the one based
on fixed meshes, cutfem methods (Hansbo and Hansbo
2004) and the use of mathematical programming tools has
been reported well-suited for complex interface problems
cf. (Villanueva and Maute 2017). Moreover, variants of the
level set methods such as phase field methods and implicit
functions have also appeared, which share theoretical and
implementation details with the mentioned approaches. It
should be mentioned that the numerical implementation of
level set methods share many of same issues as the density
method, and we refer to the review paper by (Sigmund and
Maute 2013) for a thorough review and comparison of the
two methods for structural optimization applications.

When considering coupled multi-physics problems like
electro-thermo-elastic or elasto-optical, the density and
level set methods can be applied with only minor adaptation
and usually without altering the basic parametrization
scheme. However, a challenge arises when considering
coupled problems where different physical fields couple at
the structural boundary. Examples include fluid-structure
and acoustic-structure interaction. In this paper, we focus
exclusively on the acoustic-structure interaction problem,
where the fluctuating acoustic pressure field acts as a
boundary load on the structure and the structural vibrations
act as acoustic sources. In standard solution procedures, it

is thus imperative to know the location of this boundary.
The level set methods operate with a well-defined boundary
and in both Shu et al. (2014) and Desai et al. (2018), the
authors adapted the re-meshing-based level set approach to
the acoustic-structure interaction problem where the zero
level set is now used to separate the structural and the
acoustic domains. That is, one solves the standard structural
vibration problem where the level set is positive and the
acoustic Helmholtz equation is solved in regions where the
level set function is negative. Instead of using re-meshing,
the level set method has also been used in combination
with the density parametrization, i.e., using an erstatz
material model and phase field approach to drive the design
evolution. In this approach, the level set field is mapped
to an indicator function which in turn used to interpolate
the material properties of the acoustic and elastic mediums,
thus preventing the challenges of tracking the boundary
changes throughout the optimization. Using this technique,
Noguchi et al. (2015) employed the unified multiphase
(UMP) technique based on Biot’s theory for poroelastic
waves (Lee et al. 2012). In Noguchi et al. (2016), the authors
derived a topological derivative for a vibro-acoustic system
modeled by a two-phase material model. Using topological
derivatives and the same modeling approach, Noguchi et al.
(2017) and Miyata et al. (2018) carried out level set–based
topology optimization. The UMP technique has also been
used in context of density-based topology optimization of
acoustic-mechanical-septa distribution by (Lee et al. 2015).
The vibro-acoustic systems have also been studied with a
combined Boundary Element (BEM) and FE formulation to
take advantage of the BEM’s capabilities of the modeling
the unbounded acoustic domains, while relying on FEM for
the structural part. Isakari et al. (2017) studied the level set–
based topology optimization of an elastic sound scatterer
using such a BEM-FEM solver.

As argued, the density method does not naturally
provide knowledge of the location of the acoustic-structural
interface. However, the mixed FE formulation has been
used to circumvent this problem and facilitate a monolithic
density-based parametrization approach. This formulation
was also used in Sigmund and Clausen (2007) to treat
the static pressure-load problem. With this formulation, the
pressure is introduced as an auxiliary variable in addition
to the displacements which allows one to transfer pressure
loads without explicit indication of the boundary location.
This formulation was used in the seminal work on acoustic-
structure topology optimization presented in Yoon et al.
(2007) and has later been applied to design a porous
microstructures for increased loss factor (Kook and Jensen
2017).

In addition to these main methods, we will briefly
review acoustic-structure interaction problems solved by the
bi-directional evolutionary topology optimization (BESO)
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method as presented in Picelli et al. (2015), Vicente et al.
(2015), and Chen et al. (2017). It should be noted also
that a number of topology optimization problems have
been studied for which the topological changes do not
involve a change in the boundary between the structural and
acoustic domains. The main part of these involve problems
where a plate is coupled to an acoustic domain. For most
problems, the in-plane material distribution involving two
material constituents is optimized (Yamamoto et al. 2008;
2009; Du and Olhoff 2010; Yang and Du 2013), but
also optimal distribution of thin damping layers has been
considered (Zhang and Kang 2013) in addition to optimal
plate thickness distribution (Akl et al. 2009), laminated
composites (Niu et al. 2010), and piezoelectric structures
(Yoon et al. 2018). Also, a few studies have appeared
where the optimization problem has been defined so as to
circumvent the need for modifying the structural boundaries
and thus enables the use of standard parameterization
schemes (see, e.g., Søndergaard and Pedersen 2014).

In the present paper, we will conduct a review of the
methods that have appeared which allows for introducing
topological changes in the distribution of acoustic and struc-
tural domains, i.e., the level set method, the density-based
method using the mixed FE formulation, and the BESO
method as a special variant of the density-based method.
The computational framework for the density and level set
methods will be outlined and results for a series of test
problems will be critically examined. All results presented
will be based on the authors’ implementation of the
optimization algorithm. Based on this comparative review,
recommendations for future research will be provided.

2 Topology optimization approaches

The general goal of an acoustic-structure topology opti-
mization problem is to determine the optimal layout of the
structural and acoustic domains, such that a given perfor-
mance measure, that we may denote Φ(u(x, t), p(x, t)), is
minimized. This formulation indicates that the performance
measure may depend both on both the structural vibration

level (the vibration amplitude u) as well as the acoustic
pressure amplitude p.

Figure 1a shows an illustration of the initial configuration
for a typical acoustic-structure optimization problem. Here,
a mechanical structure has two internal acoustic cavities
and is surrounded by an external acoustic medium. The
structure is excited by a time-harmonic mechanical load
f (t) and also a time-harmonic acoustic load q(t). The
loads generate vibrations of the structure and also acoustic
pressure fluctuation in the acoustic medium. The aim of
the optimization problem is now to minimize the prescribed
objective function

min Φ(u(x, t), p(x, t)) (1)

which in the hypothetical scenario illustrated in Fig. 1
results in the optimized distribution of structural and
acoustic domains shown in Fig. 1b. During the optimization
process, the structural domain has been reshaped and one of
the internal acoustic cavities has been removed. Acoustic-
structure optimization problems will most often involve
additional constraints on the allowable performance or its
configuration. A typical constraint in topology optimization
is to enforce a maximum allowable volume of the structure,
which we can formulate as
∫
Ωs

dΩ
∫
Ω

dΩ
≤ V ∗ (2)

where Ωs is the domain occupied by the structure, Ω is the
total domain under consideration, and V ∗ is the allowable
volume fraction.

In order to solve this optimization problem, the following
key points should be addressed:

– Design parametrization. The methods reviewed apply
parametrization based on the density or the level set
approach.

– Analysis method. All strategies reviewed rely on finite
element analysis of the underlying structural and
acoustic problems. The formulations used depend on
the choice of parametrization applying either a standard
segregated analysis combined with a body-fitted and
adaptive FE mesh (level set approach) or a mixed

Fig. 1 Schematic illustration of
a typical optimization problem.
a Initial configuration. b
Optimized configuration
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formulation combined with a fixed and regular FE mesh
(density approach).

– Sensitivity analysis. The methods reviewed are
gradient-based (the BESO method only to a certain
extend) and apply sensitivity analysis based on the FE
analysis.

– Design updates. The choice of design update method
is also linked to the choice of parametrization scheme:
The works using the level set approach use an
update scheme based on a solution to the Hamilton-
Jacobi transport equation. The density approach uses
mathematical programming, e.g., MMA, while the
BESO uses a heuristic update scheme.

In the following, the strategies outlined in the four key
points will be described in details including implementation
considerations.

2.1 Design parametrization

Existing approaches for topology optimization of acoustic-
structure interaction problems can, as previously stated, be
split into two main groups depending on the choice of
design parametrization. Note, however, that although the
design representations used for the density and level set
approaches are conceptually very different, it can be argued
that when it comes to a numerical implementation, the
similarities actually outweigh the differences as reported for
the case of structural optimization in Sigmund and Maute
(2013).

2.1.1 The density approach

The basic idea of density-based structural optimization is
to describe the topology by a spatially varying design field,
here γ (x). In the discretized setting, this is achieved by
assigning a design variable to each of the computational
domain pixels (2D) or voxels (3D). For the case of acoustic-
structure interaction, this means that a pixel with γ = 1
is interpreted as being structure, while γ = 0 corresponds
to an acoustic medium. The only difference to classical
structural topology optimization is that γ = 0 corresponds
to void in that case. Also, it is worth noting that in the
density method, the same mesh is often used for both
analysis and design and the mesh is usually kept fixed
throughout the optimization process. Furthermore, the mesh
is often regular which means that elaborate mesh generation
or re-meshing is avoided. In order to apply gradient-
based optimization methods, the design variable field is
represented as continuous, i.e.,

0 ≤ γi ≤ 1 (3)

where i indicates the pixel (element) number.
A schematic of the entire density-based optimization

process is illustrated in Fig. 2. Figure 2a shows a possible
initial structure modeled by setting the appropriate design
variables to either 1 (black) or 0 (white). However, one
of the greatest strengths of the density approach is that
initial designs are often not needed. In fact, more often,
a uniform distribution of the design variables is applied

Fig. 2 Illustration of parametrization using the density approach. a Initial design using a design configuration, b initial design with homogeneous
distribution of pixel densities, c intermediate design with grey pixels, and d optimized design
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as illustrated in Fig. 2b. The choice of the initial design
distribution is in general arbitrary, but could be chosen
to match the volume constraint γi = V ∗, if such a
constraint is present. Naturally, a random distribution of the
densities can be applied as well. As the optimization process
progresses, the topology of the design evolves and often
grey regions appear as shown in Fig. 2c. Through different
filtering and projection methods, the intermediate design
variables are slowly suppressed until the design converges
to a completely black (1) or white (0) configuration. The
optimized design is illustrated in Fig. 2d which also shows
how the pixel-based representation leads to the so-called
staircasing phenomena. That is, although the design is
completely black and white, the interface between solid
and acoustic region is jagged. This might pose problems
in multiphysics settings, which is why it is sometimes
beneficial to allow the interface to be smeared over a couple
of pixels.

2.1.2 The level set approach

In level set–based topology optimization, the design
representation is most often separated from the underlying
analysis mesh. This is achieved by representing the topology
by a scalar function φ, and by defining the different material
phases and interface based on the following rule:

φ(x) > 0, x ∈ Ωs (structural domain)

φ(x) = 0, x ∈ ∂Ω (interface)

φ(x) < 0, x ∈ Ωa (acoustic domain) (4)

Figure 3a illustrates an example of a level set function
and how it can be used to define structural and acoustic
domains as well as their common interface. This definition
is a straightforward extension of the approach usually used

for structural topology optimization where φ < 0 then
corresponds to void.

The level set function is usually discretized on a regular
grid, similar to that for the design variables in the density-
based method. However, the level set values are most often
assigned to nodal points instead of element centers.

Figure 4a shows a representative level set function
discretized on a regular grid, whereas Fig. 4b shows the
corresponding design configuration described by the the
zero-level contour. During the optimization process, the
level set function evolves into a new configuration. This is
illustrated in Fig. 4c and d which shows the grid-based level
set function and its geometric interpretation, respectively.

The mapping of the level set function to the mesh used
for analysis can be done in several ways. The method
most often used in structural optimization is to apply
an ersatz material model and in this case the level set
method and the density-based method are very similar with
only minor differences. To the author’s knowledge, this
approach has not yet been applied to acoustic-structure
interaction problems. Instead, the approach used in the
existing works is to perform a complete remeshing-based
on the zero level contour, which ensures a crisp and well-
defined interface. However, we should note that recent
work on level set–based topology optimization applies novel
immersed boundary methods such as cut finite elements or
finite cell representations. These methods allow the analysis
and level meshes to coincide, while still maintaining the
crisp interface by using elaborate integration schemes (see,
e.g., Hansbo and Hansbo (2004) and Düster et al. (2008) for
more details).

Implicit representation of the interface using the values of
the level set function φ(x) also allows for easy calculation of
the geometric properties such as the unit normal vector and
the mean curvature, not only on the design interface ∂Ω ,
but everywhere in the domain D. The unit normal vector

Fig. 3 Level set model and the
design domain: a level set
function and its zero level set; b
Ωs and its embedding domain Ω
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Fig. 4 Illustration of the
discretized level set function.
a Grid values of the initial level
set function. b Initial design
described by the the zero-level
iso-curve. c Grid values of the
optimized level set function.
d Final design described by the
zero-level iso-curve

na pointing out from the acoustic domain is calculated
as

na = ∇φ

|∇φ| (5)

Likewise, the calculation of the mean curvature is also tied
to the level set function

κ = ∇ · na

= ∇ ·
[ ∇φ

|∇φ|
]

(6)

2.2 Finite element analysis of acoustic-structural
interaction (ASI)

Discretizing and meshing the analysis domain based on the
zero-level contour of the scalar level set function makes it
possible to employ standard segregated analysis. That is, the
structural equation is solved only in the solid region and the
acoustic wave equation is solved only in the acoustic region.
Thus, this approach is analogous to standard simulation of
acoustic-mechanical interaction problems as used in most
commercial and open source numerical tool boxes. In the
following section, we will describe how to perform the
segregated analysis using standard finite elements.

2.2.1 Segregated analysis

The governing equations for the time-harmonic motion of a
linear elastic body Ωs can be written as

∇T σ + ω2ρsu = 0 in Ωs (7)

σ = Cε (8)

ε = {ε11 ε22 2ε12}T (2D) (9)

ε11 = ∂u1

∂x
, ε22 = ∂u2

∂y
, ε12 = 1

2

(
∂u1

∂y
+ ∂u2

∂x

)

(10)

where body forces have been neglected, ρs is the density of
the solid, and ω is the radial frequency. Moreover, σ is the
Cauchy stress vector, C is the constitutive matrix, and the ε

is the strain vector. We consider the body to be subjected to
standard boundary conditions as well as being adjacent to
an acoustic medium in a part of the boundary. The boundary
conditions read

u = u0 in �sd (11)

nT
s σ = f in �sn (12)

nT
s σ = pna in �as (13)

where na is the normal vector of the acoustic boundary
pointing outward from the acoustic domain defined in (5)
and ns is the normal vector of the structural boundary
pointing to the acoustic domain. The vector f is the traction
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Fig. 5 The coupled acoustic-structure system: the acoustic fluid
domain Ωa and the structural domain Ωs coupled by integrals over the
acoustic-structure interface �as

force defined on the part of the structural boundary �sn.
The definitions for the coupled system is illustrated in
Fig. 5 including all boundary conditions used throughout the
presented work.

Similarly, the strong form of the Helmholtz equation
describing the pressure fluctuations in the acoustic domain
is written as

∇2p +
(

ω

ca

)2

p = 0 in Ωa (14)

along with the following common boundary conditions:

p = p0 in �ad (15)

nT
a ∇p = an in �an (16)

nT
a ∇p = −ω2ρanT

s u in �as (17)

nT
a ∇p + ikp = 2ikpin in �ar (18)

where ca is the speed of sound in the acoustic medium, ρa

is the density, k = ω
ca

is the wave number, i is the imaginary
unit and an is the prescribed Neumann boundary condition
which is zero for the hard wall boundaries.

Applying the standard Galerkin procedure to carry out
the finite element discretization of the governing equations,
the following weak form of the elasticity equation is
obtained
∫
Ωs

δεT Cε dΩ − ω2ρs

∫
Ωs

δuT u dΩ

− ∫
�as

δuT pna d� = ∫
�sn

δuT f d�
(19)

Similarly, the weak form of the acoustic domain reads
∫
Ωa

(∇δp)T ∇p dΩ − ω2

c2
a

∫
Ωa

δp p dΩ

−ω2ρa

∫
�as

δp nT
a u d� = ∫

�an
δp an d�

where the radiation boundary condition in (18) is excluded
from the derivation for brevity. Here, δε is the virtual
strain, δu and δp are the test functions for displacements
and the pressure field, respectively. In order to carry out
the discretization, the continuous variables u and p are

approximated using linear iso-parametric shape functions

u = Nuu

p = Npp

ε = ∂Nuu = Buu (20)

where ∂ is the differential operator and Bu is the linear
strain-displacement matrix. The discretized matrix system
of the weak form is then
[ (

Ks − ω2Ms

) −C
−ρaω

2CT
(
Ka − ω2Ma

)
] [

u
p

]

=
[
f
g

]

(21)

with the matrices and vectors being

Ks =
∫

Ωs

BT
u CBu dΩs (22)

Ms =
∫

Ωs

ρsNT
uNu dΩs (23)

f =
∫

�sn

NT
u fd�sn (24)

for the structural domain and

Ka =
∫

Ωa

BT
pBp dΩa (25)

Ma =
∫

Ωa

1

c2
a

NT
pNp dΩa (26)

g =
∫

�an

NT
pand�an (27)

for the acoustic domain where the matrix Bp = ∂Np. The
coupling matrix is found as:

C =
∫

�as

NT
u naNp d�as (28)

As previously mentioned, the mesh is usually adapted
to the acoustic-structural boundary in each step of the
optimization algorithm. Figure 6 shows an example of a
such finite element grid where the the boundary curve is
obtained utilizing the marching square algorithm and the
curve is fitted to the mesh using simple triangulation.

2.2.2 Mixed formulation

In the case of a density-based parametrization, it is no
longer possible to clearly define the acoustic and structural
parts of the domain due to the possible appearance of
“grey” pixels in the design. Therefore, a single monolithic
formulation governing both physics and their coupling
is needed. The mixed formulation has been proposed to
do exactly this, that is, to model the acoustic-mechanical
interaction problems without having an explicit boundary
representation. The mixed finite element formulation, also
called the u/p (displacement/pressure) formulation, can
be found in many references (see, e.g., Zienkiewicz and
Taylor (2000)). In Wang and Bathe (1997), the formulation
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Fig. 6 Illustration of a fitted
finite element mesh to realize
the boundary curve. a Whole
computation mesh. b Close up
view of the mesh showing the
triangulation

was proposed to model acoustic-mechanical interaction
problems. In Sigmund and Clausen (2007), the static
mixed FE-formulation was used to solve pressure load
problems in density-based topology optimization and in
Yoon et al. (2007), the formulation was used for the
first time for topology optimization of acoustic-structure
interaction problems.

In the following, we present and motivate the use of the
mixed formulation for density-based topology optimization.
The mixed formulation is derived by first defining a
pressure variable using the bulk modulus as follows:

p = −KmT ε (29)

which is valid for small strains. Here, K is the bulk modulus
and m = {1, 1, 0}T is the vector formulation for the
Kronecker’s delta considering two-dimensional analysis.
The stress-strain relationship can then be stated as

σ = 2Ge − mp (30)

where G is the shear modulus and the deviatoric strain
vector e reads

e = (I0 − 1
2mmT )ε (2D) (31)

with I0 defined as a diagonal matrix I0 = diag(1, 1, 0.5).
Moreover, the bulk and shear moduli are defined from the
Young’s modulus E and the Poisson’s ratio ν as

K = E

2 (1 − ν)
, G = E

2 (1 + ν)
(32)

in the case of 2D plane stress conditions. The coupled
equations derived from the mixed formulation can now be
written as

∇T (2Ge − mp) + ω2ρu = 0 (33)
p

K
+ mT ε = 0 (34)

which can be viewed as an alternative formulation of the
original structural equations (with the advantage that it can
be applied to perfectly incompressible materials as well).

However, it can also be shown that the Helmholtz
equation governing the acoustic pressure can be recovered
from this equation by substituting u in (33) into (34) and
setting the shear modulus to zero (G = 0). Thus, using the
mixed formulation, structural Ωs and acoustic Ωa parts of
the domain Ω can be realized by defining the bulk modulus
K , shear modulus G and density ρ as

K = Ks, G = Gs, ρ = ρs on Ωs

K = Ka, G = 0, ρ = ρa on Ωa (35)

In regions with intermediate values of γ , thus not
belonging to neither Ωs nor Ωa , it is proposed to interpolate
the values of K , G, and ρ between the structural and
acoustic values in (35). Such an interpolation is found in
Yoon et al. (2007):

K(γ ) = Ks

γ

1+(1 − γ ) n
+Ka

(

1− γ

1 + (1 − γ ) n

)

(36)

G(γ ) = Gs

γ

1 + (1−γ ) n
(37)

ρ(γ ) = ρsγ + ρa (1−γ ) (38)

in which the interpolation of K and G is based on
a two material RAMP interpolation scheme (Stolpe and
Svanberg 2001) used to avoid the artificial vibration modes
in low-density areas reported for the more standard SIMP
interpolation function (Pedersen 2000). Here, the parameter
n is a positive number that controls the curvature of the
interpolation function. As seen from the (38), the mass
density ρ is interpolated linearly between the acoustic and
the structural domains.

Acoustic boundary conditions for the mixed formulation
are derived using that ∇p = ω2ρsu. Figure 7 illustrates
the most commonly used boundary conditions for the mixed
formulation in the acoustic domain. Boundary conditions
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Fig. 7 Boundary conditions for the mixed finite element method
in acoustic domain Ωa . a Radiation, b dirichlet, c hard wall, and
d acceleration

for the structural domain remain the same and do not require
any special attention.

The weak form of the mixed formulation given in (33)
and (34) are obtained following the standard Galerkin
approach

∫

Ω

δεT 2GDε dΩ−
∫

Ω

δεT mp dΩ−ω2ρ

∫

Ω

δuT u dΩ =0 (39)
∫

Ω

δp
p

K
dΩ +

∫

Ω

δpmε dΩ = 0 (40)

where δε is the virtual strain, δu and δp are the test functions
for the displacement and the pressure field, respectively.
Moreover, the matrix D is defined as

D = I0 − 1
2mmT (41)

Again the continuous variables u and p are approximated
by the following shape functions

u = Nuu

p = Npp

ε = ∂Nuu = Buu (42)

where ∂ is the differential operator and Bu is the linear
strain-displacement matrix. Inserting the approximation in
(42), into the weak forms in (39) and (40), a matrix
formulation of the weak form is obtained as
[ (

K − ω2M
) −C

−CT −A

] [
u
p

]

=
[
f
g

]

(43)

where

K =
∫

Ω

2GBT
uDBu dΩ (44)

M =
∫

Ω

ρNT
uNu dΩ (45)

C =
∫

Ω

BT
umNp dΩ (46)

A =
∫

Ω

1
K
NT

pNp dΩ (47)

In order to realize a stable finite element solution to
the mixed u/p formulation, displacement variables should
use higher order interpolations than the auxiliary pressure
variable (Zienkiewicz and Taylor 2000; Wang and Bathe
1997). To this end, displacement variables are discretized
with second order Lagrangian shape functions whereas the
pressure field is represented using first order Lagrangian
shape function. For triangular and quadrilateral elements,
this corresponds to using T 6/3 and Q8/4 elements,
respectively.

2.3 Sensitivity analysis

A gradient-based optimization approach requires compu-
tation of the sensitivities of the objective function and
constraints with respect to the design variables. In the fol-
lowing, we will outline the basic procedure followed when
using the density and the level set approaches.

2.3.1 Density-based parametrization

In order to carry out the adjoint analysis, firstly the
Lagrangian is formed

L = Φ(γ , v(γ )) + λT r(γ , v(γ )) (48)

where r = Sv − h = 0 defines the residual vector, v =
{u, p}T is the vector of state variables, h = {f, g}T is the
source vector, S is the system matrix found from (43), and
λ is a vector of Lagrange multipliers. For zero residual,
the Lagrangian coincides with the objective function. The
derivative with respect to the design variable can be written
following the chain rule as

dL
dγ

= ∂Φ

∂γ
+ ∂Φ

∂v
∂v
∂γ

+ λT

(
∂r
∂γ

+ ∂r
∂v

∂v
∂γ

)

(49)

= ∂Φ

∂γ
+ λT ∂r

∂γ
+

(
∂Φ

∂v
+ λT ∂r

∂v

)

︸ ︷︷ ︸
=0

∂v
∂γ

Since the Lagrange multiplier can be freely chosen, it
is selected such that the underlined part of the equation
becomes zero to avoid the computationally expensive
evaluation of the term ∂v

∂γ
. The adjoint equation then

becomes

ST λ = −
(

∂Φ

∂v

)T

(50)

Here, it is noted that, the state variables can be complex
variables if, e.g., the radiation condition given in Fig. 7 is
utilized. In this case, the term ∂Φ

∂v on the right hand side
of the adjoint equation in (50) is realized as Dühring et al.
(2008)

∂Φ

∂v
= ∂Φ

∂vr

− i
∂Φ

∂vi

(51)
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where the subscripts r and i denote the real and the
imaginary parts of a complex number. Having calculated the
Lagrange multipliers that satisfy (50), the sensitivity of the
objective function is then calculated as

dΦ

dγ
= ∂Φ

∂γ
+ �

(

λT ∂S
∂γ

v
)

(52)

where �(·) denotes the real part of a complex quantity. The
�(·) operator is used to compress the sensitivity equation
into a simplified form and details of this derivation can be
extracted from the results in Jensen (2007).

It should be emphasized that the adjoint approach
presented here is especially efficient for a very high
number of design variables and a low number of constraint
functions. The main cost is associated with solving the
adjoint equation (50)—a step that is particularly cheap if the
original FE equation is solved using a direct solver since the
stiffness matrix is then already factorized.

2.3.2 Level set parametrization

Level set sensitivity analysis differs significantly from the
density-based analysis presented in Section 2.3.1 where
the differentiation was carried out with respect to an
element design variable γ . Instead, the derivatives are here
handled by treating the domain Ω as a continuous medium
and examining what happens when the boundary ∂Ω is
perturbed; i.e., the sensitivities take the form of shape
derivatives. However, there are also similarities, since the
adjoint method is employed for efficient computation. An
in depth introduction to shape derivatives can be found in
Choi and Kim (2005). Here, it is noted that we have left out
the overbar notation for the continuous variables to keep the
notation clean for the reminder of this work.

We will assume, without loss of generality, that the
objective function to be minimized can be written on the
following form:

J =
∫

Ωobj

Φ(u, p) dΩ (53)

The shape derivative of the objective function J is now
computed as

J̇ =
∫

Ωobj

∂Φ

∂p
p′ dΩ +

∫

Ωobj

∂Φ

∂u
u′ dΩ

+
∫

∂Ωobj

ΦVn d� (54)

where the prime superscript specifies a derivative with
respect to a pseudo-time, ∂Ω is the boundary variation and
Vn represents a normal (or design) velocity of the boundary.
For simplicity, we will assume that Ωobj is a fixed domain
and separate from the design domain. Hence, the third term

in (54) vanishes because Vn = 0 for ∂Ωobj since there is no
overlap between the design and objective domains.

In a similar way as for the density-based sensitivity
analysis, we will construct an adjoint problem in order
to avoid explicit computation of the terms p′ and u′. For
this purpose, a weak form of the governing equations
is constructed, where the test functions are replaced by
Lagrange’s multipliers λp and λu, corresponding to the
pressure and displacement fields, respectively. Furthermore,
the two weak forms are added into one single equation:

∫

Ωs

λT
ε Cε dΩ − ω2ρs

∫

Ωs

λT
u u dΩ

+
∫

Ωa

(∇λp)T ∇p dΩ − ω2

c2
a

∫

Ωa

λp p dΩ

−
∫

�as

λT
u na p d� − ω2ρa

∫

�as

λp nT
a u d� = 0 (55)

where λε has also been introduced as an adjoint strain field
which is calculated as λε = Buλu. In (55), the radiation
boundary �ar is not included and the Neumann boundaries
for both acoustic and structural domains (�an and �sn) are
considered to be zero for clarity.

For use in the subsequent derivation, we now take the
shape derivative of (55). Terms containing the pseudo-time
derivative of the adjoint fields recover the state equation of
the coupled system and sum to zero. This leaves us with the
following expression

∫

Ωs

λT
ε Cε′ dΩ−ω2ρs

∫

Ωs

λT
u u

′ dΩ

+
∫

Ωa

(∇λp)T ∇p′ dΩ− ω2

c2
a

∫

Ωa

λp p′ dΩ

−
∫

�as

λT
u na p′ d�−ω2ρa

∫

�as

λp nT
a u

′ d�

+
∫

∂Ωs

GsVn d�+
∫

∂Ωa

GaVn d�+
∫

�as

GasVn d�=0 (56)

where the G functions collect the boundary terms in (56)
that are the coefficients of the normal velocity Vn:

Gs = λT
ε Cε − ω2ρsλ

T
u u

Ga = (∇λp)T ∇p − ω2

c2
a

λp p

Gas = −∇
(
λT

u na p
)T

na − κ
(
λT

u na p
)

− ω2ρa

(

∇
(
λp nT

a u
)T

na − κ
(
λp nT

a u
))

(57)

and κ is the mean curvature defined in (6).
In order to construct the adjoint equation, the differen-

tiated weak form in (56) is added to (54) and the terms
containing p′ and u′ are collected together. The adjoint
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variables are now chosen so that the following adjoint
equation is fulfilled

∫

Ωs

λT
ε Cε′ dΩ − ω2ρs

∫

Ωs

λT
u u

′ dΩ

+
∫

Ωa

(∇λp)T ∇p′ dΩ − ω2

c2
a

∫

Ωa

λp p′ dΩ

−
∫

�as

λT
u na p′ d� − ω2ρa

∫

�as

λp nT
a u

′ d� =

−
∫

Ωobj

∂Φ

∂p
p′ dΩ −

∫

Ωobj

∂Φ

∂u
u′ dΩ (58)

Using the discretization approach outlined in (42), the
discrete form of the (58) takes the form

[ (
Ks − ω2Ms

) −C
−ρaω

2CT
(
Ka − ω2Ma

)
]T [

λu

λp

]

=
[

− ∂Φ
∂u

− ∂Φ
∂p

]

(59)

Considering optimization problems where the parts of
the acoustic boundary ∂Ωa and structural boundary ∂Ωs

subjected to design changes are equal to the boundary of
the coupled surface �as and having a set of Lagrange
multipliers that satisfies the adjoint equation (58), the
expression for the shape derivative of the objective function
J becomes

J̇ =
∫

�as

G�as Vn d� (60)

where

G�as = λT
ε Cε − ω2ρsλ

T
u u + (∇λp)T ∇p − ω2

c2
a

λp p

−
[

∇
(
λT

u na p
)T

na + κ
(
λT

u na p
)]

−ω2ρa

[

∇
(
λp nT

a u
)T

na + κ
(
λp nT

a u
)]

(61)

We note that, if the radiation boundary condition is
included in the acoustic domain, i.e., (18), the derivation
remains the same. However, the state and adjoint variables
become complex variables, in which case the shape
derivative of the objective function should be replaced by

J̇ =
∫

�as

� (
G�as

)
Vn d� (62)

In order to convert the optimization problem with an
inequality volume constraint to an unconstrained optimiza-
tion problem (Nocedal and Wright 2006), the following
augmented Lagrange function is proposed:

L = J + λ

[∫

Ωs

dΩ − V0

]

+ 1

2�

[∫

Ωs

dΩ − V0

]2

(63)

where λ is the Lagrangian multiplier and � is a penalization
parameter. The updating scheme is

λl+1 = λl + 1

�l

[∫

Ωs

dΩ − V0

]

, �l+1 = η�l (64)

where l is the number of the current iteration of the
algorithm and η is a smalll positive number (> 1) which
slowly increases the value of the penalization parameter
�. Thus, the shape derivative of the augmented Lagrange
function reads

L̇=
∫

�as

(

� (
G�as

)+λl+ 1

�l

[∫

Ωs

dΩ−V0

])

︸ ︷︷ ︸
Gtot

Vn d� (65)

Using the steepest decent method in which the decent
direction satisfies L̇ < 0, the design velocity Vn is chosen as

Vn = −Gtot (66)

which will be used in the update scheme presented later.

2.4 Design updatemethods

Before proceeding, we note that all reviewed methods are
based on an optimization cycle that consists of FE analysis,
sensitivity analysis, and design updates repeated in an
iterative fashion until a convergence criteria is met. The
procedures applied for the design updates for the density
methods and the level set method will be outlined in the
following.

2.4.1 Non-linear mathematical programming

The topology optimization problem can be posed by first
defining a real valued cost function Φ. The minimization of
this function with respect to the design variables γ is sought
while satisfying the given constraints ψi . Mathematically,
the problem is stated as

min
γ

Φ(γ , v(γ )) (67)

s.t. r(γ , v(γ )) = Sv − h = 0 (68)

ψi ≤ 0 (69)

0 ≤ γ ≤ 1 (70)

The solution to the above stated optimization problem
((67) to (70)) is solved using nonlinear programming
tools. A popular choice among the topology optimization
community is the method of moving asymptotes (MMA)
algorithm (Svanberg 1987, 2001). The algorithm requires
the derivatives of both the cost function Φ and the
constraints ψi with respect to the design variable γ . The
problem is solved in a nested manner, such that the state-
problem is left out of the optimization problem. It should
be noted that topology optimization problems are often
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characterized by a large number of design variables and few
constraints.

To introduce mesh independency and to avoid checker-
board problems, regulation techniques should be applied on
the design parametrization. For this purpose, either the con-
volution type density filtering (Bruns and Tortorelli 2001)
or the density filtering based on the solution of a Helmholtz
type equation (Lazarov and Sigmund 2011) is applied on the
design variable field. Also to achieve crisp designs, projec-
tion schemes on the filtered design variable can be applied
(Guest et al. 2004; Wang et al. 2011). Additionally, a con-
tinuation scheme is applied on the penalization parameter n

in the interpolation scheme in (36)–(36) which reduces the
risk for the optimization algorithm to get stuck in a local
minimum.

The overall algorithm for density-based topology opti-
mization of acoustic-structure interaction problems can be
stated as follows

1. Initialize the design variable field. This can be either
uniform, random or a specified design.

2. Apply filtering operation to obtain the physical design.
3. Solve the mixed state equation, (43).
4. Solve the adjoint equation, (50).
5. Calculate the sensitivity, (52), and apply chain rule to

take filtering operation into account.
6. Update the design using MMA.
7. Stop iterations when the change in design variables is

below a user defined tolerance or continue from the step 2.

2.4.2 BESO

As an alternative to using mathematical programming for
the design updates in density-based topology optimization,
the BESO formulation is also included in this work.
The overall optimization algorithm is identical to the one
presented in the previous section except for step 6 which is
replaced by:

1. [6.] Heuristic design updates based on the sensitivities
evaluated at the discrete design (without any intermedi-
ate densities and following a “soft-kill” approach where
only structural and acoustic elements are allowed).

This means that at all stages throughout the optimization
procedure the design will be fully discrete, meaning that
the removed structural elements are replaced with acoustic
elements and vice versa. The corresponding material
properties of both media are still calculated through the
interpolation functions given in the (35) to (38). Various
heuristic update schemes have been introduced for the
BESO approach (see, e.g., Huang and Xie (2007), (2009),
(2010); Huang et al. (2010)). Here, we use the BESO update

scheme presented in Huang and Xie (2009) and Huang et al.
(2010).

The BESO formulation has previously been presented
in Vicente et al. (2015) for acoustic-mechanical interaction
problems. However, it should be noted that our BESO
implementation is based on the mixed finite element
formulation (Section 2.2.2), hence the sensitivities are
calculated in the same fashion as presented in Section 2.3.1.
This means that our BESO approach differs from the one
in Vicente et al. (2015) where a segregated finite element
model is used to solve the acoustic-mechanical interaction
problem and only the structural part of the domain is
included in the sensitivity analysis.

2.4.3 Boundary shape evolution

When using the level set approach, the normal “design”
velocity Vn, computed such that J̇ < 0, is used to update
the design. A Hamilton-Jacobi type of equation (Osher and
Fedkiw 2003) is obtained by the defining a “time derivative”
of the level set function φ(x):

∂φ

∂t
− Vn|∇φ| = 0 in Ω, φ(x, 0) = φ0(x) (71)

As seen from the Hamilton-Jacobi equation, the design
∂Ω is updated by moving the zero level set (φ = 0) with
the normal velocity Vn of the moving boundaries.

Solution of the Hamilton-Jacobi, i.e., (71), is most
commonly realized by employing the finite difference
method. A number of different explicit upwinded finite
difference schemes can be found in the literature (Sethian
1999; Osher and Fedkiw 2003), which provide a robust and
stable solution to (71). In a finite element framework, Xing
et al. (2010) realized the solution of the Hamilton-Jacobi
equation by adding stabilizing diffusion in the streamline
direction, whereas (Liu et al. 2005) solved a reaction-
diffusion equation obtained by adding an artificial diffusion
term.

In our implementation, we make use of the finite volume
method and hence solve the following form of the Hamilton-
Jacobi equation

∂φ

∂t
− vn · ∇φ = 0 (72)

where vn = Vn

( ∇φ
|∇φ|

)
and the discretization is done on the

equivalent divergent form of (72), which reads

∂φ

∂t
− [∇ · (vnφ) − φ∇ · vn] = 0 (73)

First-order upwind scheme is utilized for the discretization
of the convective term and the temporal term is discretized
by the finite difference method using the first order
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forward Euler scheme. Stable time evaluation is realized by
satisfying the CFL stability condition

�t ≤ h

max |Vn| (74)

where h is the grid size in the level set mesh.
Furthermore, after a few design iterations, too steep or

flat regions can occur in the level set function which can
lead to inaccurate representation of the boundaries. In order
to regularize the optimization, the level set function is thus
periodically re-initialized into a signed distance function
by solving the re-initialization equation (Osher and Fedkiw
2003). We remark that many alternative regularization
methods exist. For example, Yamada et al. (2010) proposed
a level set method from the concept of the phase field model
which provides a perimeter constraint method to regularize
the optimization problem and does not require solving the
reinitialization equation throughout the optimization. The
following equation is used for reinitialization of the level set
function φ

∂φ

∂t
+ s · ∇φ = S(φ) (75)

where s = S(φ)
( ∇φ

|∇φ|
)

and the sign function S(φ) is

approximated as Peng et al. (1999)

S(φ) = φ
√

φ2 + |∇φ|2h2
(76)

Here, it is noted that S(φ) is updated at every time-step.
For the finite volume discretization of the reinitialization
equation, the second term on the left hand side of (76) is
also written in its equivalent divergent form as

∂φ

∂t
+ [∇ · (sφ) − φ∇ · s] = S(φ) (77)

For the examples considered in this work, the reinitialization
equation is discretized with a first-order upwind scheme for

the convective term and a first order forward Euler scheme
for the temporal term. Selection of the utilized time step �t

is again based on the CFL stability condition given in the
(74) where Vn is replaced by |s|.

The overall algorithm for the level set–based topology
optimization of acoustic-structure interaction problems is then

1. Initialize the level set function to represent the initial
design and update the mesh in the structural and
acoustic domains either by marching-squares algorithm
or by total re-meshing the both domains.

2. Solve the state equation (21).
3. Solve the adjoint equation (58).
4. Update the Lagrange multiplier according to 64.
5. Calculate the design velocity Vn (66) and extrapolate it

to the level set mesh.
6. Solve the Hamilton-Jacobi equation (73) to evolve the

shape. (See Section 2.4.3)
7. Re-initialize the level set function (77). (See

Section 2.4.3)
8. Update the mesh from the new level set function.
9. Stop iterations when the change in the objective

function is below a user defined tolerance or continue
from the step 2.

3 Comparison of methods

In the following sections, we use our implementations of the
density-based and level set topology optimization methods
to solve two representative topology optimization problems
in vibro-acoustics. Both problems concern the minimization
of the sound pressure in a prescribed objective domain, i.e.,

J (p) =
∫

Ωobj

|p| dΩ (78)

subject to a volume constraint.

Fig. 8 Schematic illustration of
the example 1 showing the
boundary conditions of the
optimization problem. Gray
color shows the design domain,
blue color illustrates the region
where the objective function is
evaluated
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Table 1 Material properties considered for the structure

E [Pa] ν ρs [kg/m3]

1000.0 0.3 1.0

3.1 Example 1

The first example is adopted from Yoon et al. (2007) and
a schematic illustration of the design problem, including
boundary conditions, is given in Fig. 8. The design problem
concerns the design of a flexible partition which minimizes
the downstream sound pressure in a duct. The model
is excited by an incoming plane wave with amplitude
pin = 1 kPa to the left and the right most boundary is
modelled as open using an absorbing boundary condition.
The optimization is carried out for a single frequency of
f = 1.0/π Hz. The allowed volume fraction is set to
55% of the design domain. The material properties of the
considered structure and the acoustic fields are listed in the
Tables 1 and 2. To allow for a fair comparison, the same
background mesh is used for both density-based and level
set topology optimization methods, i.e., an uniform mesh
with an element size of 2 × 10−2 m.

The problem is first solved using the density-based
formulation. To regularize the problem, a Helmholtz-type
density filtering (Lazarov and Sigmund 2011) with a
filtering radius of r = 0.015 m is used. Regularized
Heaviside projection (Wang et al. 2011) with a threshold
η = 0 is employed where the sharpness parameter is
taken as β = 3 at the start of the optimization. To avoid
getting stuck in a low-quality local minima, we apply
a continuation strategy on the convexity parameter n in
the RAMP interpolation functions ((36) to (38)) and the
sharpness parameter β. The process is started with n = 3
and at every 50th design cycle the value is increased by one
until it reaches n = 6. After this β takes the values of 7 and
then 14 in the subsequent 50 design iterations. The initial
material distribution is a uniform design with γ = 0.5.

The optimized design obtained using the density method
with the mixed formulation is shown in Fig. 9. The result
is the well-known structure from the literature and it
closely resembles the structure reported by Yoon et al.
(2007). We note that the problem closely corresponds to the
maximization of the clamped beam’s first natural frequency.

The example problem is then solved using the level
set formulation. In order to avoid too large or too small

Table 2 Material properties considered for the acoustic domain

ca [m/s] ρa [kg/m3]

1.0 1.0

Fig. 9 Optimized design with the density-based topology optimiza-
tion. The objective value of the end design evaluated with mixed
formulation, C = 48.9N

gradients of the level set function, we re-initialize it as a
signed distance function at every 6th iteration. Also, since
the level set method is known to be highly dependent on
the initial topology (Villanueva and Maute 2014), we use
two different initial configurations. First, the design domain
is initialized with a straight beam with holes distributed
periodically (Fig. 10a). Secondly, the design obtained from
the density-based optimization is considered as a “smart”
initial guess for the level set optimization. This is included
to investigate if the level set optimization keeps and/or
improves the structure obtained using the density method.

The optimized designs are given in Fig. 10 where the
displacement magnitude of the structures is included for
qualitative comparison. The corresponding level set surface
for the optimized design in Fig. 10b is shown in Fig. 11. We
note that the design obtained using the density-based result
as initial guess performs significantly better than the design
obtained with an initial configuration based on a beam
with holes. Qualitatively, the design obtained using the
density-based method is unaltered when used as input for
the level set method. However, interestingly, it is found that
the objective of the level set design in Fig. 10c constitutes a
28.6% reduction in objective value compared to the density
based result evaluated using the mixed formulation, c.f.
Fig. 9. To investigate this discrepancy further, we perform
a body-fitted mesh analyses of all three designs using
the segregated formulation. The density-based design is
thresholded at γ = 0.5 using the marching square algorithm
and the resulting frequency responses are collected in
Fig. 12. From the plot, it is clear that the performance of the
density-based design is practically identical to the best result
obtained using the level set method. Hence, the discrepancy
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Fig. 10 Displacement
magnitude |u| [m] contours
showing a initial structure for
the level set method, b optimized
design obtained with the level
set method, the objective value
of the end design C = 68.7N,
and c optimized design of the
level set method where the
initial guess is the optimized
design from the density-based
optimization, objective value of
the end design C = 34.9N

in objective value is due to the mixed formulation requiring
a finer mesh than the segregated analysis (Zienkiewicz and
Taylor 2000).

Figure 13 shows the sound pressure level (SPL) of the
acoustic domain. The plots confirm by visual inspection

Fig. 11 Level set surface of the optimized design

that the designs obtained by both initial guesses indeed
lower the sound pressure level in the objective domain when
compared to initial beam structure with holes. It is also clear
that the lowest pressure level is obtained for the optimized
design using the density-based result as an the initial guess.

Fig. 12 Frequency response of the objective function. Black line is the
optimized design with the density method (body-fitted mesh), blue line
is the optimized design with the level set method, and the red line is
the optimized design of the level set method where the initial guess is
the optimized design from the density method
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Fig. 13 Sound pressure level [dB] contours showing a initial structure for the level set method, b optimized design obtained with the level set
method, and c optimized design of the level set method where the initial guess is the optimized design from the density-based optimization

It is important to mention that the objective evolution of
any initial guess for the level set method is relatively smooth
(c.f. Fig. 14). This means that the design update scheme for
the level set function is likely to result in a local mimima,
which is similar to solving the density-based problem
without a continuation scheme, i.e., using a constant high
value for the penalization parameter. However, there is no
obvious way to introduce the same convexification in the
level set method using the Hamilton-Jacobi equation, and

Fig. 14 The iteration history of the objective function for the level set
method

hence, great care must be exerted when designing the initial
guess for the level set method.

3.2 Example 2

In Example 2, the design of a dome structure is considered.
The problem is adopted from Shu et al. (2014) and
Vicente et al. (2015) and a schematic illustration of the
model problem can be seen in the Fig. 15 along with the
dimensions of the computational domain. The boundary
condition for the bottom of the computational domain is
clamped for the structure and zero Dirichlet for the acoustic
domain. All other boundary conditions for the acoustic
problem are hard wall conditions. The system is excited
with a point pressure load in the acoustic domain inside the
dome and the objective is to minimize the absolute pressure
over the prescribed objective domain near the top boundary.
The design domain is fixed to the dome area shown at the
Fig. 15 and 80% of the design domain is allowed to be filled
with material. This example is solved for three frequencies,
i.e., 4 Hz, 5.3 Hz, and 6 Hz, and the sum of the absolute
pressures constitutes the objective function.

The material properties of the structure and the acoustic
field are listed in the Tables 3 and 4. We construct a
uniform mesh with an element size of 1.5 × 10−2 m for the
computational domain and carry out the optimization using
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Fig. 15 Schematic illustration
of example 2 showing the
boundary conditions of the
optimization problem. Gray
color shows the design domain,
blue color illustrates the region
where the objective function is
evaluated. The coordinates of
the lower left and upper right
corners of the objective domain
are (0.06, 1.44) and
(2.94, 1.485), respectively

the same mesh resolution for both the density-based and the
level set–based methods.

The density-based topology optimization approach uti-
lizes a similar continuation strategy for the convexity
parameter n and the sharpness parameter β as used in Exam-
ple 1 (c.f. Section 3.1). In this case, the parameter n is
increased at every 100th design cycle and after the final
value of n = 6, the parameter β takes the values of 7, 14,
and 28 for the subsequent 50 design iterations. The filtering
radius and the initial material distribution are taken to be the
same as in the previous example.

Figure 16 shows the optimized design obtained using the
density-based method. The structure contains one partial
hole at the top and the profile of the dome gets thinner
towards the sides of the dome. The structure is as thick as
the diameter of the prescribed design domain around the top
partial hole.

The problem is then solved using the level set
formulation. Similar to the first example, the level set
function is re-initialized as a signed distance function every
8th iteration. In Fig. 17, the level set surface of the optimized
design is shown. The optimized design contains no holes
and looks very similar to the structure reported in Shu et al.
(2014). Although in Shu et al. (2014), the dome structure is
optimized for a distributed load applied at the outer edge of
the dome.

To allow for a fair comparison of the performance of
the optimized designs, we once again apply a body-fitted

Table 3 Material properties considered for the structure

E [Pa] ν ρs [kg/m3]

100 × 103 0.3 100

mesh analysis. In Fig. 18, we compare the displacement
magnitude of the designs obtained using the density-based
and level set–based optimization methods to the initial
structure used for the level set optimization. Although the
structures obtained with both optimization methods have a
similar inner shape, the density-based design in Fig. 18c
clearly exhibits smaller displacements at the sides of the
dome compared to the level set result in Fig. 18b. Similarly,
the sound pressure level contours are shown in Fig. 19
clearly showing that both designs exhibit a significant
reduction of the acoustic pressure outside of the dome
compared to the initial dome structure with equally spaced
holes. Considering the objective values of the end designs
listed in Fig. 18, we note that the optimized design using the
density method performs approximately 40% percent better
than the structure optimized with the level set method.

Finally, the frequency responses of the dome structures
are shown in Fig. 20. We note that the plot consists of
the three designs, i.e., the initial beam with holes and two
optimization results as well as an extra design consisting
of the design domain fully filled with material. Firstly, it
is clear that both optimized designs outperforms the initial
design and the fully filled dome. Secondly, it is noted
that the optimization results in a minimization of the first
resonance frequency and maximization of the second. Third
and lastly, it is observed that the density-based method has a
better performance for two target frequencies, i.e., f = 4 Hz
and f = 6 Hz. However, from visual inspection of the

Table 4 Material properties considered for the acoustic domain

ca [m/s] ρa [kg/m3]

343 1.21
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Fig. 16 Optimized design with the density-based topology optimiza-
tion. The objective value of the end design evaluated with mixed
formulation, C = 0.0022N

frequency response, it is clear that the level set method
has the lowest response around the target frequency f =
5.3 Hz. This advocates the use of a finer frequency range
discretization though this is deemed outside the scope of the
current review paper.

3.2.1 BESO

The comparative study is concluded with a single design
obtained using the BESO formulation. The optimized
design is shown in Fig. 21 along with the sound pressure
level contour for a frequency of 4Hz. The resulting topology
is found to be in good agreement with the result presented
in Vicente et al. (2015).

The performance of the BESO design shows a similar
reduction of the acoustic pressure outside the optimized
dome compared to the level set and density method results
given in Fig. 19. The frequency response of the BESO
optimized dome is shown in the Fig. 22 which also includes
the response for the density-based design, both evaluated

Fig. 17 Level set surface of the optimized design

using a body fitted mesh and a segregated analysis.
The difference in response in the vicinity of the three
optimization frequencies are clearly observed, showing that
the density-based design has superior performance for the
target frequencies of 4 Hz and 6 Hz, whereas the BESO
design exhibits better performance around the second target
frequency 5.3 Hz similar to the level set design. It is
noted that for all methods, the reduction in the sound
pressure level in the specified frequency range is obtained
by reducing the first resonance frequency and increasing the
second resonance frequency of the coupled system. Here, it
is noted that, even though the BESO approach provides a
crisp design without any gray scale, the calculated objective
value of the final design shows a significant discrepancy in
the objective value compared to a body fitted analysis of the
design, c.f. Fig. 21. This further underlines the previously
mentioned inherent limitations of the standard u− p mixed
formulation wrt. modelling accuracy.

4 Conclusions and recommendations

The aim of this review paper has been to provide an
overview and comparison of the different approaches
that have currently been applied for solving topology
optimization problems in vibro-acoustics. In the following,
we summarize the most significant findings, highlight the
challenges, and conclude with recommendations for future
directions within the field of acoustic-mechanical topology
optimization.

For all studied examples, the density-based method
was shown to provide the best performing designs from
an arbitrary initial guess. We mainly ascribe this to the
possibility of designing a continuation scheme on the
penalization parameter that effectively and consistently
results in better local minima. On the contrary, the level
set approach does not facilitate such a continuation scheme
making the results more prone to stuck in local minima
and highly dependent on the initial design. Also, though
not presented here, we emphasize that the use of rigorous
mathematics such as non-linear programming methods
easily facilitates the inclusion of additional constraints on
both physics and geometry (Sigmund and Maute 2013).

However, this should not be interpreted as a rejection
of the level set–based methods. On the contrary, problems
having a multiphysical nature is often highly dependent on
the interface representation, i.e., the coupling conditions.
The examples presented here clearly demonstrated the
issues arising from intermediate density regions and thus a
poor interface representation. That is, poor accuracy in the
modeling using mixed formulation makes the density-based
optimization approach challenging and problematic for
problems which are strongly coupled and sensitive to design
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Fig. 18 Displacement magnitude |u| [m] contours for the frequency
f = 6 [Hz] showing a initial structure for the level set method, b opti-
mized design obtained with the level set method, the objective value of
the end design C = 0.0026N, and c body-fitted analysis of optimized

design obtained with the density method resulting in an objective value
of C = 0.0015N. The analysis in c is performed on a thresholded
design at γ = 0.5 using the marching squares algorithm

Fig. 19 Sound pressure level [dB] contours for the frequency f =
4 [Hz] showing a initial structure for the level set method, b optimized
design obtained with the level set method, and c body fitted analysis

of the optimized design obtained with the density method, thresholded
at γ = 0.5 using the marching squares algorithm
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Fig. 20 Frequency response of
the objective function for
example 2. The blue line is the
optimized design using the level
set method, the red line is the
initial design with holes, the
yellow line is the design domain
fully filled with material and the
purple line is the optimized
design using the density method

Fig. 21 Optimized design obtained from the BESO method with
mixed FE formulation showing a final optimized design field and b
sound pressure level [dB] contour for the frequency f = 4 Hz. The

objective value of the end design evaluated with mixed formulation,
C = 0.0029N and body fitted analysis of optimized design obtained
with BESO resulting in an objective value of C = 0.0019N

Fig. 22 Frequency response of the objective function. Black line is the optimized design obtained from BESO approach with mixed formulation,
and purple line is the optimized design with the density method
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changes at the interface. Another significant challenge for
the density-based methods is that the optimized designs
require a postprocessing step and a subsequent body
fitted analysis to verify its performance. This step can
be completely avoided when using the level set methods
with a crisp interface representation, which together with
the possibility to easily enforce complicated coupling
conditions advocates the continued use and development of
level set methods.

Finally, it was shown that the BESO method provided
comparable results in the second example. While the
method generally yields very good results for pure static
structural optimization where the design sensitivities are of
equal sign (more material is always better), its application
to more complicated problems involving dynamics and/or
multi-physics appears to be more problematic. Throughout
the work, the BESO method is found to be the least stable of
the considered methods and in some cases it leads to lack of
convergence. This we ascribe to the heuristic BESO update
algorithm that is not well suited for handling problems with
both positive and negative design sensitivities. However, the
BESO method also has its justification. That is, the method
is very easy to implement in commercial black-box codes
without the need to access element integration routines and
does not require expensive re-meshing schemes. In fact,
for many problems one can use energy expression to get
sensitivity information which makes it even simpler to adopt
into existing codes.

4.1 Recommendations

Firstly, we recommend that subsequent work on vibro-
acoustic optimization always includes a benchmark against
previous work as shown in this paper. That is, solving old
problems with new methods can only be justified if the
new method provides an improvement compared to existing
methods. In the following, we provide recommendations for
the density and level set method, separately.

For the density-based methods, we have the following
recommendations. Firstly, we note that the mixed formula-
tion is an expensive modeling tool since it can lead to poor
accuracy on coarse meshes, even with crisp designs, and
that the intermediate densities at the interface lack a phys-
ical explanation. The mixed formulation is also prone to
numerical instabilities arising from the choice of interpola-
tion functions (Wang and Bathe 1997), which means that for
a stable solution high order elements must be used which
in turn increases the computational complexity even further.
Therefore, we suggest that more work should go into new
interpolation schemes that, potentially, could alleviate the
need for the mixed formulation. On the other hand, a mono-
lithic formulation have many desirable properties and hence
another path to follow is to modify, or expand, the standard

u − p mixed formulation such that it is better at capturing
the sharp jumps in state fields that arise when performing
topology optimization.

For the level set–based methods, we have the following
recommendations. The main issue with level set methods
using the Hamilton-Jacobi update scheme is the problem
of adding more constraints. We therefore suggest that
focus is put on methods that ensure crisp interfaces, e.g.,
xFEM (Gerstenberger and Wall 2008) or CutFEM methods
(Hansbo and Hansbo 2004; Burman et al. 2014), together
with mathematical programming tools. This latter would
allow the optimization analyst to include more constraints
whereas the first means that tedious post processing can be
avoided.

5 Replication of results

All results presented in this work are in fact reproductions of
already published and developed methods. For replicating
the presented examples, the readers can find the relevant
information in the corresponding sections.
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Abstract
This paper propose a generalized shape optimization method for transient coupled
acoustic-mechanical interaction problems. The transient problem formulation allows
to optimize for a broadband frequency content and the possibility to investigate
transient phenomena such as pulse shaping. Throughout the work, the geometry is
defined with the help of a nodal based design field, for which its zero level contour
describes the interface between acoustic and structural domains. The approach uti-
lizes a fixed background mesh to represent the geometry and a cut element immersed
boundary method for the physical modelling. This provides accurate solutions to the
strongly coupled governing equations based on a special integration scheme. The
optimization problem is solved using a gradient based optimizer and employs a fully
discrete adjoint approach for calculating the sensitivity information. A numerical
examination on the accuracy of the sensitivity analysis compares the fully discrete
gradients to the commonly used semi-discrete adjoint approach for transient opti-
mization revealing the importance of consistent sensitivities. The transient design
formulation is validated on a 2D benchmark problem concerning the design of a
time-harmonic acoustic partitioner. The developed framework is then applied for the
design of vibroacoustic pulse shaping devices to demonstrate control of a transient
phenomena.
KEYWORDS:
Vibroacoustics, Transients, Generalized shape optimization, Cut elements, Gradients, Level set methods

1 INTRODUCTION

Shape and topology optimization1 have become widely popular in engineering design with ever widening application areas of
in both academia and industry. One of the most popular approaches is density based topology optimization, which is a method
to determine optimized material distributions that minimizes a given objective function. The key to the success of the density
method is to relax the material representation by introducing intermediate densities, meaning that the material properties are
commonly interpolated between solid and void phases. This approach readily facilitates the use of efficient gradient based opti-
mizers such as the method of moving asymptotes (MMA)2. However, for certain problem types in which the interface plays
a crucial role in the modelling, the physical interpretation of intermediate material realizations can pose severe and limiting
issues3. This can, for some problems, be mitigated through image processing filters4,5 and projection filters6,7 that serves to
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eliminate intermediate densities. These methods have paved the way for giga-scale structural optimization8 and made the den-
sity approach a commonly used tool in industrial design. Although primarily used for structural optimization, the method has
gained popularity in many other applications and different physics including fluid dynamics9,10, acoustics11,12,13, transient wave
propagation problems14,15,16, space-time methods17,18, optics19 and as well as multi-physics applications20,21,22.
However, the presence of the intermediate densities in the optimized design (including those appearing during the optimization

stage) can cause issues due to the lack of a clear boundary definition. Furthermore, for multi-physics problems coupled through
an interface it is often crucial to have a smooth boundary definition due to an inherent sensitivity to sharp boundary variations,
e.g. kinks. To this end, the so called staircase (pixelated) boundary representation introduces issues for density based topology
optimization when it is used for coupled multi-physics problems3,23. Another issue for interface dependent design problems
occurs after the optimization process. For example, for strongly coupled vibroacoustic problems, the final design’s performance
can be adversely affected after post-processing, especially for high frequency applications, due to a lack of physical interpretation
of small regions of gray material or the smoothing of jagged edges. So although density based methods have been successfully
applied to low frequency vibroacoustic design problems using a mixed finite element formulation24, the potential drawbacks as
mentioned above advocates the use of design and modelling approaches capable of a clear and crisp interface representation.
An often used alternative to the density design methodology is the level set method25,26. Such approaches implicitly defines

the geometry from the zero contour of a level set function which in turn facilitates a crisp representation of the design with
well-defined boundaries. However, it is important to remark that an accurate representation of the state fields at the interface is
not given by the level set method itself, but is completely dependent on the underlying numerical model. Nonetheless, multiple
variations of the level set approach has been used in the context of structural optimization for vibroacoustic problems including
those that employ ersatz-type material models27, those that depends on extensive remeshing28 and those that use an advection-
diffusion equation for the design update29,30. For a detailed comparison of density, level set and evolutionary based topology
optimization methods for vibroacoustic problems the reader is referred to the recent review paper31.
This work presents a level set based generalized shape optimization framework for transient vibroacoustic problems. The tran-

sient formulation of the vibroacoustic systems enables the optimization to be carried out for a broad frequency content while
also allowing the possibility to investigate transient phenomena. The developed design method is based on the cut element topol-
ogy optimization approach presented in32 which is extended to accommodate the coupled vibroacoustic state problem. The cut
element method can, to some extend, be seen as a special case of the finite cell method33 or X-FEM without enrichments34,35
in which the entire background mesh in maintained at all times. To the best of the authors’ knowledge, transient shape opti-
mization of vibroacoustic problems using a cut element method combined with a fully discrete adjoint approach has not been
demonstrated before. The thorough explanations of the level set parameterization, the utilized immersed boundary method and
the discrete temporal adjoint method that is applicable to any time integration scheme are also among the contributions of the
present work. The remainder of the paper is organized as follows: The governing equations with spatial and temporal discretiza-
tion of the coupled physics are introduced in section 2. Section 3 describes the employed level set parameterization used for
the optimization. The cut element method used for the accurate modelling of the coupling of structural and acoustic domains is
explained in section 4. Section 5 introduces the optimization problem and implementation aspects of the discrete adjoint method
for the sensitivity analysis. In section 6 the discrete sensitivities are compared to the semi-discrete approach and the optimiza-
tion setup for the develop framework is validated on a benchmark problem. The transient shape optimization for vibroacoustics
problems are then demonstrated on acoustic pulse shaping examples, after which the findings are discussed and summarized.

2 GOVERNING EQUATIONS

In this section, the governing equations that are used throughout the work considering the structural displacements and acoustic
pressure are introduced. Since the cut element method is utilized for the modeling of the coupled system and the subsequent
optimization, both the structural and acoustic fields are embedded in the domain Ω which consists of the entire computational
domain as

Ω = Ωs ∪ Ωa (1)
where Ωa denotes the current acoustic region and Ωs is the embedded structure. Similar to other fictitious domain approaches,
such as density methods, both physics are solved in Ω which allows for an automated evolution of the structure throughout
the optimization. Both physics are coupled through the interface Γas between Ωs and Ωa. Hence the correct definition of the
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boundaries and the coupling conditions are important for the modeling accuracy. The specifics of the cut element approach is
described in section 4.
The governing equations for linear elasticity considering a time dependent motion without the presence of a body force can

be written as
�s
)2u
)t2

− ∇ ⋅ ��� + �s�d
)u
)t
− ∇ ⋅

(
�d
)���
)t

)
= 0 in Ω (2)

u = 0 in Γsd (3)
ns ⋅ ��� = 0 in Γsn (4)
ns ⋅ ��� = pna in Γas (5)

where �s is the density of the solid material, u is the displacement vector, p is the acoustic pressure, ns is the normal vector
defined at the interface pointing outwards from the structural boundary, na is the normal vector pointing outwards from the
acoustic domain into the structural region. In order to approximately reflect the loss mechanism of the real world, the Rayleigh
damping is considered (the last two terms on the right hand side of the Eq. 2) in which �d and �d are the Rayleigh damping
parameters. Moreover, ��� is the Cauchy stress vector which is defined as

��� =  (
Es, �

)
��� (6)

Here,  (
Es, �

) is the plane stress constitutive matrix, Es is the Young’s modulus, � is the Poisson’s ratio and the strain vector
��� is defined as
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[
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+ )u2
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]T (7)
For the structural domain, coupling from the acoustic domain is realized through the boundary condition written in Equation 5
which means that the acoustic pressure p applies a pressure load onto the structural boundary.
The solution to the elasticity equation follows the cut element fictitious approach of32. That is, the solution of the displacements

in the fictitious domain, which is the void phase in Ωa for the structure, is obtained by altering the material properties of the
considered solid as

Es = �Ẽs, �s = ��̃s (8)
where � is a dimensionless contrast parameter and the tilde superscript is used to specify the original material properties of the
solid. Throughout the work, � takes the values of unity for the structure domain and 10−8 for the void phase of the structure.
The acoustic pressure is governed by the Helmholtz equation

1
Ka
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− 1
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= 2
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)pin
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Here ca is the speed of sound in the acoustic medium, �a is the density of the fluid, Ka is the bulk modulus for the acoustic
medium defined as Ka = �ac2a . Hard-wall boundary condition is given in the Equation 10 and the coupling to the structural
domain is given in Equation 11 which represents an acceleration boundary condition into the acoustic domain. Equation 12
describes an absorbing boundary condition with plane wave radiation where pin denotes the transient incoming pressure wave.
Similarly to the elasticity problem, the acoustic pressure solution in the fictitious domain, which is the rigid phase for the

acoustic pressure defined in Ωs, is obtained by changing the material properties of the acoustic medium as

Ka =
K̃a

�
, �a =

�̃a
�

(13)

Again, the � takes the values of unity for the acoustic domain and 10−8 for the rigid phase of the acoustic solution.
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2.1 Spatial discretization
The finite element discretization of the vibroacoustic system is obtained by a standard Galerkin procedure. However, note in the
following that the continuous state variables have been replaced by u and p such that the resulting discrete system can be written
without overbars. The resulting weak form can be stated as the following integral expression
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where the single and double dot notation denotes the first and the second time derivative of a variable, respectively. Further-
more, ���� is the virtual strain, �u and �p are the test functions for displacements and the pressure field. The computational
domain is meshed with regular Q-4 elements and the continuous variables u and p are approximated at the nodal points by their
corresponding time independent linear shape functions Nu and Np, respectively.

u = Nuu, ü = Nuü, ��� = Buu (16)
p = Npp, ṗ = Npṗ, p̈ = Npp̈ (17)

where Bu is the linear strain-displacement matrix. Inserting the above definitions into the weak forms (Eqs. 14 and 15) and
employing the standard Galerkin procedure36 where the test functions are replaced by the shape functions of the variables, the
discrete weak form of the coupled system can be written as

[
Ms 0
ST Ma

]

⏟⏞⏞⏞⏟⏞⏞⏞⏟
M

[
ü
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where the discretized finite element matrices are identified as
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BTuBu dΩ, Ms = �s ∫
Ω

NTuNu dΩ, S = ∫
Γas

NTu naNp dΓas (19)

C� = �s�d ∫
Ω

NTuNu dΩ, C� = �d ∫
Ω

BTuBu dΩ (20)

Ka =
1
�a ∫

Ω

(∇Np)T∇Np dΩ, Ma =
1
Ka ∫

Ω

NTpNp dΩ (21)

Cr =
1
ca�a ∫

Γar

NTpNp dΓas, g = 2
ca�a ∫

Γar

NTp
)pin
)t

dΓan (22)

We remark that the cut element approach used in this work requires a slightly modified version of the standard numerical
quadrature. This will be presented in section 4.1.

2.2 Time integration
After the spacial discretization the coupled system has the following semi discrete form

Mv̈n + Cv̇n +Kvn = hn (23)
where the contents of the combined mass matrixM, damping matrixC and stiffness matrixK are given in Equation 18. Here, the
superscript n denotes current time, the vector v is the solution vector v = [u , p]T and the vector h = [0 , g]T is the load vector
for the given dynamic system. Throughout the presented work a Newmark algorithm37, i.e. an implicit time-stepping scheme,
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is used for the temporal discretization. Here the first and the second time derivatives of the solution vector v are expressed as
v̇n = a1v̇n−1 + a2v̈n−1 + a3

(
vn − vn−1

) (24)
v̈n = −a4v̇n−1 − a5v̈n−1 + a6

(
vn − vn−1

) (25)
where the parameters a1 to a6 are the Newmark parameters. Substituting the above definitions (Eqs. 24 and 25) into the semi
discrete coupled system given in Equation 23, leads to the following fully discrete linear system of equations to be solved for vn
for the current time n

K̂vn = ĥn (26)
where K̂ and ĥn are the so called effective stiffness matrix and load vector, respectively. K̂ and ĥn are defined as

K̂ = K + a6M + a3C (27)
ĥn = hn +M

(
a4v̇n−1 + a5v̈n−1 + a6vn−1

)
+ C

(
−a1v̇n−1 − a2v̈n−1 + a3vn−1

) (28)
Moreover, the Newmark parameters are given as

a1 = 1 −
̃
�̃
, a2 =

(
1 − ̃

2�̃

)
Δt, a3 =

̃
�̃Δt

(29)

a4 =
1
�̃Δt

, a5 =
1
2�̃

− 1, a6 =
1

�̃Δt2
(30)

where Δt is the time step size. Following38, �̃ and ̃ are chosen such that the utilized time-stepping scheme is unconditionally
stable which are given as

�̃ = 1
4
, ̃ = 1

2
(31)

Throughout the work, the initial conditions v0 and v̇0 are assumed to be zero and the initial condition for the second time
derivative of the solution vector v̈0 is found by solving

Mv̈0 = h0 (32)
The numerical model presented here is implemented in C++ where the PETSc library39,40,41 is utilized for its parallel data

arrangement. The solution of equation 26 is obtained using the parallel direct solver MUMPS42,43.

3 DESIGN PARAMETERIZATION

The design parameterization used in the presented work follows the level set approach based on density methods presented in32.
That is, a continuous mathematical nodal design field s is introduced similar to that of classical density methods, i.e.

0 ≤ s ≤ 1 (33)
This choice of bounds for the design field means that standard optimizers such as theMethods ofMoving Asymptotes can readily
be applied2. However, to ensure that the interface does not progress to fast during the optimization process, a mesh dependent
mapping is used to introduce the element size to the parameterization as

−0.5ℎe ≤ s̃(s) ≤ 0.5ℎe (34)
where ℎe is the average element side length. The last step before feeding the design field to the finite element analysis is to
regularize the problem with a convolution filter. This is included to regularize the problem by increasing the zone of influence
of the design variables, and hence also the sensitivities, which stabilizes and speeds up the design process. The filter, which is
applied on s̃(s), is realized using a Helmholtz type differential equation44. Here it is noted that, for stability, the filter equation is
implemented employing the finite volume method in which the variables are stored in cell centers and represented as piece-wise
constants. Hence the field s̃(s) is first interpolated to cell centers. The filter equation reads

−r2∇2s̄c + s̄c = s̃c (35)
where the subscript c specifies variables that are defined in cell centers and r is the filtering radius. Utilizing finite volume
method for the filter equation allows us to use any filter size r. After filtering, the cell centered field s̄c is interpolated back to the

143



6 Cetin B. Dilgen ET AL

nodes leading to the physical design field s̄. It is noted that the two interpolation operations (from nodes to the element centers
and from element centers to the nodes) provide extra implicit filtering that is always active even when the filtering radius r is
set to zero.
The physical design field, s̄, can now be used as a level set field to determine if a given part of Ω is either acoustic, structural

or the interface based on the following rule
s̄(x) > 0, x ∈ Ωs (structural domain)
s̄(x) = 0, x ∈ Γas (interface) (36)
s̄(x) < 0, x ∈ Ωa (acoustic domain)

An illustrative example of the function s̄ can be seen in Figure 1 where the embedded structural and acoustic domains
are identified along with the shared interface between the two domains. Figure 1 also shows the projection of s̄ onto a fixed
background finite element mesh.

(a) (b)
s̄(x) > 0

s̄(x) = 0

s̄(x) < 0

Ωs

Ωa Γas

FIGURE 1 An example level set function showing the embedded physical domains. (a) shows the rule that is used for specifying
different physical domains embedded with the level set function, (b) shows the extracted structure from the zero iso-curve of
the level set function on a fixed finite element mesh.

As shown in figure 1 b, since both s and s̄ use linear shape functions, the resulted non-conforming boundary is represented
by linear straight curves inside cut elements. We note that a 2D level set method cannot introduce holes without a auxiliary hole
generation scheme, e.g. topological derivatives, but that a 3D version of the presented approach could. Therefore the proposed
2D method is termed a generalized shape optimization method. Finally, we remark that the proposed design parameterization
does not introduce a minimum length scale to the design problem. Although this could be included following the robust approach
e.g.7,32, this is deemed outside the scope of this manuscript since the focus is on the numerical methodology allowing for
transient vibroacoustic generalized shape optimization optimization.

4 CUT ELEMENT INTEGRATION

Having introduced the design parameterization, this section describes the modeling of non-conforming boundaries through a
simple cut element method. That is, instead of re-meshing with conforming elements along the interface, which is expensive
and difficult to parallelize, the cut element method realizes the exact boundary representation (piecewise linear) by special
integration of the elements cut by the zero contour of the level set field. The utilized method does not enrich the shape functions
or add additional degrees of freedom to the system. Hence, it is easily parallelizable as the integration that is done in the cut
elements are only local operations.
The cut element procedure can be summarized as follows. Firstly the cut elements are identified by looping through all

elements and checking for a sign change in the nodal level set field. Then, a triangulation algorithm is employed to sub-divide the
intersected element into triangles with respecting the partial interface inside the element. The present work utilizes the marching
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squares algorithm45 in which the nodal physical level set values are used to determine the location of the zero level contour
(intersecting boundary) along the edges of the element. The subsequent triangulation is done from a pre-generated look-up table
since in marching squares algorithm there are only 16 unique cases a Quad element can be intersected. Figure 2 illustrates the
cut element identification process.

Cut-element
s̄i < 0

s̄i > 0
Ωa

Ωs

s̄i > 0

s̄i > 0

FIGURE 2 An example finite element mesh where white color shows the uncut elements in the acoustic domain, gray color
shows the uncut elements in the solid region and the blue color shows the cut elements. Figure also shows an example of
identifying a cut element from its nodal level set values.

4.1 Sub-integration
This section describes the sub-element integration which is carried out for the elements that are cut by a non-conforming bound-
ary. Cut elements utilize the Gaussian quadrature rule for capturing the effect of the boundary description through weighted
integration. As such, it is important to correctly place the integration points in the sub-elements of the parent cut element. Here
it is noted that the triangulation in the cut elements are only carried out in order to correctly place the integration points in the
sub-elements and the interface line inside the parent cut element.
Figure 3 a shows an example of a cut element where the sub-elements are obtained through triangulation. Figures 3 b to 3 c

illustrates mapping the Gauss points defined at the reference domain of the sub-triangle element to the reference domain of the
parent element where the integration is carried out. The reader is referred to32 for details regarding the mapping of integration

x
y

�Q

�Q(a) (b) (c)
ΩsΩa

Ωa

Ωa

na

�T

�T

FIGURE 3 Illustration of a sub-cell integration in a cut element. (a) physical domains are identified for the triangulated cut
elements where white color is the acoustic domain, gray color is the structural domain and the blue line is the interface. (b)
Gauss points are inserted in an iso-parametric triangle sub-element in local coordinates. (c) Gauss points of the iso-parametric
triangle sub-element are mapped to the reference domain of the parent element for integration.
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points. Following the nomenclature of Figure 3 , the element matrix contribution for the stiffness part of linear system becomes

Ks =
ng∑
i=1
BTu (�Q,i, �Q,i)(Es, �)Bu(�Q,i, �Q,i)WQ,i ‖J (�Q,i, �Q,i)‖ (37)

Where the weight WQ,i is modified to take into account the area scaling between sub-triangle and parent element. Since
the vibroacoustic system also needs to include the coupling at the material interface, a similar procedure is applied to the line
integrals. The process is illustrated in Figure 4 and the subsequent integration over the quadrilateral is performed as

x
y

(a)
ΩsΩa

Ωa

Ωa

na

�L
(b)

�Q(c)

�Q

FIGURE 4 Illustration of a sub-cell interface integration in a cut element. (a) physical domains are identified for the triangulated
cut elements where white color is the acoustic domain, gray color is the structural domain and the blue line is the interface. (b)
Gauss points are inserted in an iso-parametric line sub-element in its local coordinates. (c) Gauss points of the iso-parametric
line sub-element are mapped to the reference domain of the parent element for integration.

S =
ng∑
i=1
NTu (�Q,i, �Q,i)naNp(�Q,i, �Q,i)WQ,i

l
2

(38)

where l is the length of the coupling boundary. Again, it should be emphasized that the contribution from the integration goes
to the original degrees of freedoms of the parent element.

5 OPTIMIZATION PROBLEM

In this section a generic optimization problem for a transient optimization is given where an objective function is sought to be
minimized while satisfying the considered constraints. The optimization problem is written as

min
s

Φ
(
s̄,U0(s̄),… ,UN (s̄)

)
=

N∑
n=0

�n (s̄,Un(s̄)) (39)
s.t. Rn (s̄,Un(s̄)) = 0, for n = 0, 1,… , N (40)

 i
(
s̄,U0(s̄),… ,UN (s̄)

) ≤ 0, for i = 0, 1,… , m (41)
smin ≤ s ≤ smax (42)

where s is the vector of design variables, Φ is the objective function, Un is the vector of state variables, the residual vector Rn
is obtained from the discretization of the governing equations (sections 2.1 and 2.2), N denotes the total number of time steps
considered in the optimization,  i are the m possible inequality constraints, smin = 0 and smax = 1 are the bounds for the design
variables.
As a consequence of using Newmark algorithm for temporal discretization, the vectorUn contains the state variables and their

first and the second time derivatives. Likewise, the residual vector Rn contains the corresponding residuals which are written as
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Rn =
⎡
⎢⎢⎣

rn1
rn2
rn3

⎤
⎥⎥⎦
, Un =

⎡
⎢⎢⎣

vn
v̇n
v̈n

⎤
⎥⎥⎦

(43)

where the individual residual vectors can be identified from the temporal discretization using the equations 24 to 28 as
rn1 =

[
K + a6M + a3C

]
vn −

[
a6M + a3C

]
vn−1 −

[
a4M − a1C

]
v̇n−1 +

[
a2C − a5M

]
v̈n−1 − hn (44)

rn2 = v̇
n − a1v̇n−1 − a2v̈n−1 − a3

[
vn − vn−1

] (45)
rn3 = v̈

n + a4v̇n−1 + a5v̈n−1 − a6
[
vn − vn−1

] (46)
The optimization problem (Eqs. 39 to 42) is solved using the Method of Moving Asymptotes (MMA)2. The present works

uses a parallel PETSc implementation of the optimizer, c.f.46,47.

5.1 Sensitivity analysis
The sensitivity analysis needed for the application of a gradient based optimizer is here presented considering the generic
objective function stated in Eq. 39. To this end a fully discrete sensitivity analysis is employed rather than the commonly used
semi-discrete sensitivities for transient optimization14,17. This approach is similar to that presented in16, however, here the
derivation is written in a general matrix form to ease the implementation and extension by others. The result is valid for any
objective function and the use of a fully discrete sensitivity analysis ensures that the sensitivities always are consistent. Moreover,
the quality of the calculated gradients does not depend on the utilized time step size or the time integration scheme since there is
no time integration for the adjoint equation. The process of obtaining the sensitivity expression follows the standard engineering
approach. That is, first the objective function is augmented using a vector of Lagrange multiplier � and the resulted Lagrangian
function  is written as

 = N∑
n=0

�n (s̄,Un(s̄)) + �nRn (s̄,Un(s̄)) (47)

Here it is used that the residual is always satisfied, i.e. Rn = 0, for any given time step n. As with the state variable Un, the
Lagrange multiplier vector consists of three fields as

�n =
⎡⎢⎢⎣

�n
�̇n
�̈n

⎤⎥⎥⎦
(48)

The derivative of the Lagrangian function with respect to the physical level set field s̄ can be written as
d
ds̄ =

N∑
n=0

)�n

)s̄
+ )�n

)Un
)Un
)s̄

+ �nT
[)Rn
)s̄

+ )Rn
)Un

)Un
)s̄

]
(49)

=
N∑
n=0

)�n

)s̄
+ �nT )R

n

)s̄
+
[
)�n

)Un
+ �nT )R

n

)Un

]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=0

)Un
)s̄

(50)

Since the Lagrangian vector can be freely chosen the calculation of the partial derivative )Un
)s̄ can be avoided if the underlined

part of the above equation 50 is set to zero. This gives rise to the following set of adjoint equations for each time step
()Rn
)Un

)T
�n = − )�

n

)Un
, for n = 0, 1,… , N (51)

or more compactly written
)R
)U

T
� = − )�

)U
(52)

where the superscript n is dropped to indicate that Eq. 52 now contains the all time steps used in the optimization. The partial
derivative of the residual vector with respect to the state variables )R

)U then has the following form
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)R
)U

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

AU00
BU01 AU11

⋱ ⋱
⋱ ⋱
BUN−2N−1 A

UN−1
N−1
BUN−1N AUNN

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(53)

where the subscripts denote the current time step and the superscripts show the corresponding state variables for the sub-matrices
in )R

)U . Here, the sub-matrices A and B are written in general form and will vary depending on the employed time integration
scheme. Considering the Newmark algorithm, the A and B sub-matrices are identified from the residuals written in equations
44 to 46. For a time step greater than zero, i.e. n > 0, these are constant and can be written as

A =
⎡⎢⎢⎣

[
K + a6M + a3C

]
−a3I I
−a6I I

⎤⎥⎥⎦
, B =

⎡⎢⎢⎣

[
−a6M − a3C

] [
−a4M + a1C

] [
−a5M + a2C

]
a3I −a1I −a2I
a6I a4I a5I

⎤⎥⎥⎦
(54)

Since these are constant the can be assembled once and reused throughout the optimization cycle. Considering the initial con-
ditions of the state equations where v0 and v̇0 are assumed to be zero and the initial condition of v̈0 is found by solving the
equation 32, the matrix A0 is written as

A0 =
⎡⎢⎢⎣

I
I
M

⎤⎥⎥⎦
(55)

(56)

As a consequence of the transpose operation on )R
)U in the adjoint equation (Eq. 52), the adjoint equation is decomposed into

reverse pseudo time steps as

(A)T �N = − )�
)U

N
(57)

(A)T �N−1 = − )�
)U

N−1
− (B)T �N (58)

⋮ (59)
(
A0

)T �0 = − )�
)U

0
− (B)T �1 (60)

This is the same type of reversal in time that is seen for the usual semi-discrete temporal adjoint approach. Now, having found
the Lagrange multiplier�which satisfies the adjoint equation (Eq. 52), the final sensitivity of the objective function is calculated
as follows

dΦ
ds̄ =

)�0

)s̄
+ �0T

[
)A0
)s̄
U0

]
+

N∑
n=1

)�n

)s̄
+ �nT

[)A
)s̄
Un + )B

)s̄
Un−1

]
(61)

As it can be seen from the final sensitivity expression, the state variables calculated from the solution of the forward problem
needs to be stored in order complete the summation. This is potentially extremely memory consuming, but for the 2D problems
considered in this work this has been possible. However, we remark that one could also write the forward solution to disc and then
load it as necessary when solving the adjoint problem. Or one could employ a check-pointing scheme, which is both memory
and disc-space efficient, although it comes at the cost of having to solve the forward problem twice.
The derivatives )A0

)s̄ , )A)s̄ and )B
)s̄ contain the partial derivatives of the finite element matrices (K,M and C) with respect to the

physical level set field s̄. For simplicity, these partial derivatives are approximated by a finite difference method using a central
difference scheme.
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It is also noted that the sensitivity calculation in equation 61 is only done in the cut elements, since the terms )A0
)s̄ , )A)s̄ and )B

)s̄
are zero elsewhere. For completeness, the matrices )A0

)s̄ , )A)s̄ and )B
)s̄ are written here as

)A
)s̄

=
⎡
⎢⎢⎢⎣

[
)K
)s̄ + a6

)M
)s̄ + a3

)C
)s̄

]

0 0
0 0

⎤
⎥⎥⎥⎦
,

)A0
)s̄

=
⎡
⎢⎢⎣

0
0

)M
)s̄

⎤
⎥⎥⎦

(62)

)B
)s̄

=
⎡
⎢⎢⎢⎣

[
−a6

)M
)s̄ − a3

)C
)s̄

] [
−a4

)M
)s̄ + a1

)C
)s̄

] [
−a5

)M
)s̄ + a2

)C
)s̄

]

0 0 0
0 0 0

⎤
⎥⎥⎥⎦

(63)

After calculating the sensitivities dΦ
ds̄ , the gradient with respect to the design variable s is obtained from the following chain

rule
dΦ
ds =

dΦ
ds̄

)s̄
)s̄c

)s̄c
)s̃c

)s̃c
)s̃
)s̃
)s

(64)

Above partial derivatives describe the operations involved in linking the physical level set s̄ to the design variable s in which
they are applied in reverse order to obtain the gradient of the objective with respect to the design variable dΦ

ds . Here the partial
derivatives )s̄

)s̄c
and )s̃c

)s̃ are easily calculated since they describe interpolating the variables from element centers to nodes and
from nodes to element centers, respectively. The term )s̄c

)s̃c
deals with the utilized PDE filter and its implementation is thoroughly

described in44. Finally, the partial derivative )s̃
)s is readily available since it describes changing the bounds on the level set field,c.f.32.

6 NUMERICAL EXAMPLES

The numerical investigations are conducted on the DTU Sophia cluster made up of 555 compute nodes each equipped with
two AMD EPYC 7351 16 core CPUS and 128GB RAM. A maximum of two nodes, i.e. 64 cores, are used since the MPI
parallelized direct solver MUMPS (42,43) is used for the solution to the state problem i.e. because direct solution methods are
inherently sequential and cannot scale indefinitely. For all the presented optimization examples the code was allowed to run for
1500 design iterations which took no more than 5 hours to complete. We remark that the convergence of the objective function
for all examples was monotone with small and insignificant oscillations towards the end. The settings for the MMA algorithm
is for all examples: an MMA asymptote initialization of 0.5, an MMA asymptote increase of 1.2, an MMA asymptote decrease
of 0.7, an MMA constraint penalization parameter of c = 1000 and an outer move limit of 0.5%.

6.1 Gradient validation
This fist numerical example concerns a validation study for the implemented discrete adjoint approach. Furthermore, in order to
motivate the discrete adjoint approach for transient optimization, the section also compares the method against the sensitivities
that are obtained with the commonly used semi-discrete approach14. In the semi-discrete approach derivation for the adjoint
equation and the subsequent gradient calculation is done analytically in time, i.e. before the temporal discretization, using an
already spatially discretized system of equations. This means the utilized time integration scheme does not play a role in the
derivation of the adjoint equation, i.e. the residual form of the chosen time stepping scheme is not considered. The derived
adjoint equation therefore only has the same form as the spatially distretized forward problem (Eq. 23). This means that one is
free to use a different time stepping algorithm for the adjoint problem, although the common practise is to reuse the one chosen
for the forward problem.
This section considers a straightforward problem setup to validate and compare the calculated sensitivities in which the

objective function is simply the summation of the absolute downstream acoustic pressure in the objective region over all time
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steps given as

Φ =
N∑
n=0

⎡
⎢⎢⎢⎣
∫
Ωobj

|pn| dΩ
⎤
⎥⎥⎥⎦
Δt (65)

Figure 5 shows a schematic illustration of the design problem. The left most boundary is excited with an incoming sinusoidal
acoustic plane wave with an amplitude of pin = 1kPa. The top and the bottom boundaries are set as hard-walls while the right
most boundary realizes an open boundary. The location where the objective function is evaluated is highlighted in the illustra-
tion with blue. A simple circular shaped structure is placed in the middle of the domain for which the calculated sensitivities at
its interface will be investigated.

na∇p = 0

na∇p = 0

pin pout
Ωs

ΦΩa

1.6m
1.6m

4.5m

2m

FIGURE 5 Schematic illustration of the sensitivity validation case showing the boundary conditions of the problem. Gray color
shows the initial circle structure having the center at (2.25m, 1.0m) with a radius of 0.16m. Blue region illustrates the region
where the objective function is evaluated.

Table 1 lists the material properties for the structural and acoustic domains, respectively. Regular quad elements having the
edge length of 0.02m is utilized for the computational mesh and the time step size is set to Δt = 0.05s for the calculations.

E [Pa] � �s [kg∕m3] ca [m∕s] �a [kg∕m3]

1000 0.3 15 1.0 1.0

TABLE 1 Material properties considered for the structural and acoustic media.

For the first comparison, the calculated sensitivities using both methods are checked against a backward finite difference
calculation. To this end, a random design variable contained in a cut element is chosen for investigation. The time step size Δt
is then held constant and a different number of time steps are utilized to illustrate the effect of the number of time steps on the
quality of the calculated sensitivities.
Figure 6 presents the result of the finite difference check comparison for semi and fully discrete adjoint methods. As it can be

seen from the figure, the finite difference check for the discrete adjoint method demonstrates the correct first order convergence
as the step size for finite difference is decreased. This result was expected since the discrete sensitivity analysis always produces
consistent sensitivities where the quality of the gradients does not depend on the utilized time step size or the number of time
steps. The correct convergence behavior for the sensitivities calculated using the semi discrete approach on the other hand
approached the first order convergence with an increasing the number of time steps.
In addition to finite difference comparison, the sensitivities that are calculated using both methods are numerically compared

to each other. To this end, the calculated sensitivities for the design variables located on the lower half of the circular structure
are extracted and compared to each other.
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FIGURE 6 Finite difference check for validating the calculated sensitivities. Blue color specifies the semi-discrete adjoint
method and the black color is the discrete adjoint method. For both methods, dashed lines are 50 time steps, solid lines are 100
time steps and dash-dot lines are 200 time steps.

FIGURE 7 Calculated sensitivities dΦ
ds on the nodes of the mesh which are cut by the zero level set. Blue markers show the

semi-discrete sensitivity calculation and black markers illustrate the discrete sensitivity calculation.

The calculation considers 50 time steps for both methods and the result is presented in the figure 7 . It can be seen from the
figure that sensitivities follow the same trend in magnitude. However, difference becomes more critical at the locations where
the calculated gradients changes sign. It is seen that the inconsistent gradients produced with semi-discrete approach result in
wrong signed sensitivities which would drive the design update in optimization towards the opposite direction. These findings
motivate the use of the fully discrete adjoint approach for calculating consistent gradients.

6.2 Benchmark problem comparison
The second example concerns the solution to a benchmark design problem taken from the seminal paper on vibroacoustic
topology optimization24. The problem deals with the design of an elastic partitioner placed in an acoustic duct under a steady
state assumption. The loading is through an incoming plane wave from the left and the duct is terminated with an open boundary
to the right, c.f. Figure 8 . The goal is to minimize the radiated acoustic pressure in the blue domain shown in the problem
sketch. The amplitude of the incident wave is set to pin = 1 kPa and a single frequency of f = 1∕� Hz is used to generate the
input signal. The material properties of both structure and acoustic medium can be seen in table 1 and the problem is solved
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for a total of 90 s using a time step of Δt = 0.006 s, i.e. a total of 1500 time steps. The objective function can be written in terms

na∇p = 0

pin pout

Φ
Ωa

1.6m
1.6m

2m
Ωs

na∇p = 0u = 0
2m 2m0.5m

na∇p = 0 u = 0 na∇p = 0

FIGURE 8 Schematic illustration of the benchmark example showing the boundary conditions of the optimization problem.
Gray color shows the design domain and blue color illustrates the region where the objective function is evaluated.

of the absolute acoustic pressure over the considered time span as

Φ =
N∑
n=n0

⎡⎢⎢⎢⎣
∫
Ωobj

|pn| dΩ
⎤⎥⎥⎥⎦
Δt (66)

Note, that since the original benchmark problem is posed under a steady state assumption, the initial transient effects are omitted
from this example by only summing over the final part of the time span. That is, the objective function calculation starts at the
time step n0 corresponding the time 70s. After this time the system response gets into an approximate steady state region, c.f.
the interval between the two red lines in Fig. 9 . Moreover, a volume constraint of 65% of the design domain is considered for
the optimization. The computational domain is meshed with regular quad elements having the edge length of 0.02m and the
filter radius is set to r = 0.06m throughout the optimization.
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FIGURE 9 Averaged transmitted acoustic pressure calculated at the objective region. Blue lines is the initial design, black line
is the optimized design. the vertical red lines illustrate the time span where the objective is calculated.

Figures 10 a and 10 b present the initial guess supplied to the optimization and the optimized design, respectively. As it can
be seen from the figure, the optimized design realizes approximately 53.4% performance increase compared to the initial guess
where the previously reported "hour glass" shape24 is obtained.
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(a) (b)

FIGURE 10 Benchmark example. (a) Initial design, Φ = 627.41 [Ns]. (b) optimized design, Φ = 292.06 [Ns].

Figure 9 compares the transient response of the volume averaged acoustic pressure over the objective calculation domain for
the initial guess and the optimized design. The reported performance increase is also apparent from the figure in which the peaks
of the transmitted acoustic pressure are approximately halved for the optimized design throughout the considered time span.

(a) (b)

FIGURE 11 Transient acoustic pressure response and the corresponding structural deformation. (a) Sound pressure level
SPL [dB]. (b) displacement magnitude |u| [m].

Moreover, Figure 11 shows the transient acoustic pressure response (figure 11 a) given in sound pressure level (SPL) and
the corresponding scaled structural deformation (figure 11 b) at the last time step. Here, the SPL is calculated as

SPL = 20 log10
[ |p(t)|
2 × 10−5

]
[dB] (67)

As it can be seen from Figure 11 b the structure is designed such that only the left-most bar is excited by the plane wave and
hence the majority of the acoustic signal is reflected towards to inlet in order to minimize the transmitted downstream acoustic
pressure.
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6.3 Acoustic pulse shaping
Having verified both sensitivities and the proposed transient optimization framework on a benchmark problem, the remainder of
the paper is devoted to the design of vibroacoustic devices that utilizes the temporal problem formulation. To this end, a pulse
shaping design problem inspired by the 1D counterpart from15 is employed and extended to 2D using both point and averaged
line objectives.

6.3.1 Pulse shaping at a point
The first example considers the design of a structure where the transmitted acoustic pressure pulse at a specified point is to be
fitted to a desired pulse shape after passing through a structural partitioner. Since the present case deals with the shape of the
acoustic pulse rather than the specific pressure oscillations, the calculation of the pulse shape has been done through an envelope
extraction of the recorded signal.

Signal

Hilbert transform

Envelope

FIGURE 12 An example acoustic pulse showing the original signal, its Hilbert transform and the extracted envelope.

u = 0 na∇p = 0na∇p = 0

pin pout

Ωa Ωs
0.1m

0.1m 0.2m

(0.4m, 0.1m)

FIGURE 13 Schematic illustration of the optimization case for acoustic pulse shaping at a point showing the boundary con-
ditions of the optimization problem. Top red line specifies the symmetry plane and gray color shows the design domain. Input
acoustic pulse and the desired pulse shape at the specified point are also shown.

For a single frequency modulated signal, extracting the envelope information in topology optimization has been done in48.
However, the current work utilizes the approach presented in15 in which the Hilbert is applied to transform and extract the
envelope information. This way, the envelope of an any signal containing a broad range of frequencies can be calculated. Figure
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12 illustrates an example signal where the Hilbert transform of the signal and the extracted envelope are shown. The envelope
calculation is done as

e(t) =
√
p2p + p̂2p (68)

where pp is the recorded transmitted acoustic pressure at a given location (point) and the hat notation used in p̂p specifies the
Hilbert transform of the recorded acoustic pressure.
The schematic illustration in Figure 13 shows the computational domain along with the considered boundary conditions. As

it can be seen from the figure, the bottom boundary is set as hard-wall condition for the acoustic pressure and the structure is
considered to be clamped. The top boundary is set as a symmetry plane for both physics in order to reduce the computational
cost. The left and right boundaries are absorbing boundaries in which the incoming acoustic pulse at the left most boundary is
shown in the figure. The acoustic pulse is realized as a plane wave and is composed of frequencies roughly between 1000 Hz
and 3000 Hz. The desired pulse shape for the acoustic pressure at the specified location is also shown in the figure. The material
used for the structural domain is rubber-like whereas the acoustic domain is taken as air, c.f. table 2 . In order to reflect the loss
mechanism of the real world, and to stabilize the optimization process, a Rayleigh damping is employed as described in section
2.1. The Rayleigh parameters �d and �d are calculated as49

�d = 2�
!1!2
!1 + !2

(69)

�d = 2�
1

!1 + !2
(70)

where the damping ratio � is taken to be � = 0.1. Moreover, the two natural frequencies !1 and !2 are assumed to be !1 =
1600 2� rad∕s and!2 = 2200 2� rad∕s. Formodeling and the subsequent optimization, the time step size is set toΔt = 2×10−5 s.
The overall calculation is chosen as 0.02 s which results in 1000 time steps for both forward and adjoint solutions. The filter
radius is set to r = 1 × 10−3m and the computational domain is meshed with regular quad elements having the edge length of
2 × 10−3m.

E [Pa] � �s [kg∕m3] ca [m∕s] �a [kg∕m3]

50 × 106 0.4 1000 1.21 343

TABLE 2 Material properties considered for the structural and acoustic domains.

The objective function uses a least squares type formulation in order to minimize the difference between the calculated and
the desired pulse shape as

Φ =
N∑
n=0

[
(en)2 − (f n)2

]2Δt (71)
where f (t) is the desired envelope shape. The above terms are squared in order to avoid division by zero when calculating the
adjoint source )Φ

)U which is due to p(t) = 0 at the start of the calculations. Here the vector U in )Φ
)U is given in the Eq. 43 which

contains the solution vector v = [u , p]T and its first and second time derivatives due to the Newmark algorithm. The derivation
of adjoint source term )Φ

)U is described in details in15.
The reported objective values are given in a normalized form in order to better asses the performance of the designs as

Φ∗ = Φ∑N
n=0 (f n)4Δt

(72)

Figures 14 a and 14 c shows the intial guess and the optimized designs, respectively. It can be seen from Figure 14 b that
the incoming acoustic pulse is completely smeared out after passing through the initial design configuration. The transmitted
signal can be seen to have an almost constant envelope shape, although slowly attenuating, after it first hits the measurement
point. The poor performance is also evident from the objective measure which very low, i.e. Φ∗ = 0.9258:
The optimized design, on the other hand, realizes an objective of Φ∗ = 0.00448% and by visual inspection of figure 14 d,

it is clear that the acoustic pulse shape follows closely the desired envelope shape. Comparing the initial and the optimized
design configurations (14 a and 14 c, respectively) shows that the optimization only changes the shape of the cavities present
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FIGURE 14 Optimization for acoustic pulse shaping at a point. (a) Initial configuration Φ∗ = 0.9258. (b) Calculated acoustic
pulse shape with the initial configuration, black line is the desired pulse shape and blue line is the calculated pulse shape. (c)
Optimized design Φ∗ = 0.0044. (d) Calculated acoustic pulse shape with the optimized design, black line is the desired pulse
shape and blue line is the calculated pulse shape.

in the initial design which clearly illustrates a strong initial guess dependency of the level set based shape optimization method.
The limited design change throughout the optimization and the resulting performance increase for the optimized design, also
indicates that the coupled vibroacoustic performance in a point is quite sensitive to small design variations. This also points to
the fact that tailoring the response in a point seems to be an easy optimization problem as well.

In summary, the result in Figure 14 shows that the proposed optimization setup can successfully tailor the transient response
of the coupled system in a point. Furthermore, inspecting a snapshot of the acoustic SPL at time 0.007s, as shown in Figure 15 ,
reveals that the vibroacoustic interaction caused by the shape of the optimized design, focuses the transmitted acoustic wave
towards to middle of the channel where the acoustic response is measured. Note that the selected snapshot corresponds to the
time of the second peak of the desired envelope shape.
It should be noted that if the optimized design is analyzed using a stiffer material, the envelope fitting is completely lost

and hence that the chosen structure indeed utilizes the vibroacoustic coupling to achieve the desired performance. Finally, it is
important to stress that the optimized design is quite sensitive to boundary variations, or defects, and hence that a geometric
robust approach should be included when considering fabrication. This could, as already mentioned, be done by e.g. the robust
level set approach of32, but is deeemed outside the scope of this manuscript.
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FIGURE 15 Sound pressure level [dB] contours of the optimized design for the first pulse shaping example. The given pressure
field is from the time 0.007 [s].

6.3.2 Pulse shaping over a line

u = 0 na∇p = 0na∇p = 0

pin pout

Ωa Ωs
0.1m

0.1m 0.2m

FIGURE 16 Schematic illustration of the optimization case for acoustic pulse shaping at the outlet showing the boundary
conditions of the optimization problem. Top red line specifies the symmetry plane and gray color shows the design domain.
Input acoustic pulse and the desired pulse shape at the outlet are also shown.

The last numerical example extends the pulse shaping problem from a point objective to an objective given as the average
over a line. This is considered to be a harder optimization problem as the optimizer can no longer focus the acoustic energy at
a point, but must match the target shape over the entire line in question. Hence, the envelope calculation has to be modified to
accommodate the new objective, i.e.

e(t) =
√

⟨p⟩2out + ⟨p̂⟩2out (73)
where ⟨p⟩out is the acoustic pressure signal averaged over the outlet boundary for at each time step and ⟨p̂⟩out is its Hilbert
transformed counterpart. The averaging is simply calculated as

⟨p⟩out =
∫Γout p(t) dΓ∫Γout dΓ

(74)
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The modified pulse shaping design problem is illustrated in Figure 16 in which the line used for the pressure averaging has
been highlighted. The pulse excitation, number of time steps, total time, discretization, material and damping parameters, as
well as the boundary conditions remain the same as those used in the previous design case.
This also goes for the objective function, however, in order to account for the pressure averaging, the adjoint source term is

modified as
)Φ
)U

= )Φ
) ⟨U⟩

) ⟨U⟩
)U

(75)
where the first term on the right hand side concerns the derivative of the Hilbert transform operation wrt the averaged acoustic
pressure and second the term, i.e. )⟨U⟩

)U , deals with the averaging operation.
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FIGURE 17 Optimization for acoustic pulse shaping at the outlet. (a) Initial configurationΦ∗ = 0.9945. (b) Calculated acoustic
pulse shape with the initial configuration, black line is the desired pulse shape and blue line is the calculated pulse shape. (c)
Optimized design Φ∗ = 0.0045. (d) Calculated acoustic pulse shape with the optimized design, black line is the desired pulse
shape and blue line is the calculated pulse shape.

The initial configuration together with the optimized design can be seen in Figures 17 a and 17 c, respectively. Inspecting
the initial configuration and its corresponding envelope measured at the outlet boundary, c.f. Figure 17 b, makes it clear that
the signal is almost killed (in an average sense) when reaching the outlet after the initial pulse has passed. This is contrary to
that observed for the point objective and is due to internal reflections in the initial structure resulting in highly non-uniform
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wave pattern reaching the outlet boundary. This is also evident in the initial objective value which is Φ∗ = 0.9945. Again, the
optimization process is capable of producing a design with a good fit to the desired pulse, c.f. Figure 17 d. This is also clear
from the objective value of the optimized design which reaches Φ∗ = 0.0045. More surprisingly is the topological change
observed in the optimized design compared to the initial configuration. That is, the initial configuration has a total of 45 holes
including those that touch the top and bottom boundary. On the other hand, the optimized has a total of 47 holes and has in
general undergone a more noticeable topological change compared to that of the point objective problem. As no hole generation
scheme is included in the presented work, the new holes are a consequence of the existing holes having merged at an early point
in the process to form large holes. The boundaries of these larger holes then subsequently meet at multiple points which leads
to the topological change. It is also worth to mention that the central half-circular holes at the top and bottom boundary has
moved away from the interface and thus also resulted in a topology change. Finally, it also seen that two very small holes remain
in the optimized design. However, by inspecting the SPL field plot in Figure 18 it is seen that the intensity in these holes are
negligible and hence, they have no significant influence on the performance of the pulse shaping device.
A couple of common observation are valid for both point and line objective formulations of the pulse shaping problem. First,

it is clear from the results that neither of the designs are capable of delaying the pulse impact on measurement point/line. That
is, from the transmission graphs in Figures 14 b, 14 d 17 b and 17 d it is seen that the initial impact of the acoustic pressure
occurs at the same time for both initial and optimized configurations. Based on the findings of15 it is expected that a significantly
wider design domain capable of representing multiple repeated Bragg gratings would be able to delay the impact of the pulse.
However, this would require a much larger numerical model for which more efficient solution strategies have to be employed for
an efficient solution. Secondly, it is also clear that the used objective measure favours to match the target envelope at the peaks
and not at the side lobes. This can again be related to the design domain size in the sense that multiple reflecting surfaces would
be necessary to efficiently reflect the input signal such that the transmitted signal would die out after desired target envelope
time has passed.

FIGURE 18 Sound pressure level [dB] contours of the optimized design for the second pulse shaping example. The given
pressure field is from the time 0.007 [s].

7 CONCLUSIONS

The article presents a generalized shape optimization problem for transient vibroacoustic problems. The work utilizes an explicit
level set approach where the nodal level set values are directly linked to the mathematical design variables to allow for the
use of efficient nonlinear programming tools e.g. the (MMA) algorithm. Instead of following the classical level set approach
in which the re-meshing is commonly done to capture the design for carrying out the analysis, the current work employs an
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immersed boundary cut element method which operates on a fixed background mesh. Using this method, complex geometries
can be accurately modelled for strongly coupled physics such as acoustic mechanical interaction problems. To accurately model
the coupling interface between the two physics, the cut element method uses a special integration scheme without adding extra
degrees of freedom to the system. Therefore the method can be included into existing parallel FEM frameworks with minimal
effort on the development. For the optimization, the discrete adjoint method is utilized for calculating the gradients of the objec-
tive and constraint functions. Overall the derivation of the discrete adjoint method has been done considering the utilized time
integration scheme which is the Newmark algorithm. However, the approach can readily be applied for any other time integration
scheme since the derivation is given in discrete residual form. The considered numerical examples starts with the validation of
the calculated sensitivities within the discrete adjoint approach. The example compares the calculated sensitivities considering
a test problem where the discrete and commonly used semi-discrete methods are compared. It is illustrated that the quality of
the calculated gradients using the semi-discrete approach depends on the number of time steps used for the forward model and
the adjoint equation. It is shown for an extreme case, the semi-discrete approach can lead to wrong signed sensitivities because
of inconsistencies in this approach. The fully discrete approach, on the other hand, always produces consistent sensitivities. The
developed transient framework is then employed on a benchmark problem which deals with designing of an elastic partitioner
in order to reduce the transmitted acoustic pressure. For time-harmonic topology optimization of vibroacoustic problems, the
problem has been introduced in24. By using a transient inlet sinusoidal acoustic plane wave and optimizing after the initial tran-
sient effects have passed, the previously reported "hour-glass" shaped structure is obtained. A transient application concerning
the design of an acoustic pulse shaping device is considered to demonstrate the tailoring of an acoustic reading at a specified
point. The structure is subjected to an incoming acoustic wave packet consisting of frequencies between 1000 Hz and 3000
Hz. The envelope of the transmitted acoustic pressure at the specified point is then calculated and fitted to a predefined shape.
Compared to the initial configuration, the optimization realizes a 99.5% performance increase. The same problem setup is then
modified to the tailoring of an envelope shape of the transmitted acoustic pressure averaged over a line. The optimized design
shows a similar performance increase and has a final objective close to zero. More interestingly, the design obtained using the
line objective also reveals significant topological changes. That is, the initial configuration has 45 holes whereas the optimized
shape has 47. This is possible due to the versatility of the used level approach, which, to a large extend is based on ideas from
density based topology optimization. Finally, the presented work will open the way for the optimization of complex transient
signals containing broad frequency content as well as broadband filter applications for vibroacoustic problems.
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Abstract

The focus of this article is on generalized shape optimization of transient vibroacoustic problems. The goal is
to demonstrate a transient problem formulation that allows to optimize for wide range of frequency content
for complex signals which are often of interest in industry. The work employs time domain methods to
realize wideband optimization in the frequency domain. To this end, the objective function is defined in
frequency domain where the frequency response of the system is obtained through a fast Fourier transform
(FFT) algorithm on the transient response of the system. The work utilizes a level set approach to implicitly
define the geometry in which the zero level describes the interface between acoustic and structural domains.
A cut element method is used in order to capture the geometry on a fixed background mesh by utilization
of an special integration scheme to accurately resolve the interface. This allows for accurate solutions to
strongly coupled vibroacoustic systems without having to re-mesh at each design update. Present work uses
the so called explicit level set approach where the nodal level set values are used as design variables in order
to use efficient gradient based optimizers. The discrete adjoint method is used to calculate the gradients
of objective and constraint functions. A thorough explanation of the consistent sensitivity calculation is
given involving the FFT operation which is needed to define the objective function in frequency domain.
Moreover, the developed framework is applied to various vibroacoustic filter designs.

Keywords: Vibroacoustics, Cut finite elements, Immersed boundary methods, Transient optimization,
Level set methods, Shape optimization

1. Introduction

Topology optimization [1] is a numerical method to determine optimal material distributions that mini-
mizes a given performance criteria under a set of constraint. The method has gained increasing popularity
across many areas in both research and industry since it allows for innovative designs through the free ma-
terial distribution. Considerable number of studies on topology optimization paved the way for giga scale
structural optimization for static problems [2]. The method has also been applied to the optimization of
fluid systems [3, 4] as well as several multi-physics applications [5, 6, 7]. Considering dynamics, after the
introduction of the adjoint method for transient problems [8, 9] examples of topology optimization under
transient loadings can be found in the works of [10, 11, 12]. Moreover, optimizing for complex signals con-
taining wide range of frequency content is usually of great interest in industry i.e optimizing a part of the
hearing aid device that is usually subject to a good performance expectancy for a wide frequency window.

∗Corresponding author
Email addresses: cedil@mek.dtu.dk (Cetin B. Dilgen), naage@mek.dtu.dk (Niels Aage)
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Commonly, frequency domain modelling and optimization only deals with discrete frequencies which are
usually selected from a limited window of the frequency band. Optimization can quickly become excessively
expensive when many frequencies are considered in order to widen the zone of influence of optimization on
the frequency response of the system. Examples of topology optimization in frequency domain can be found
considering eigenvalue problems [13], optics [14], acoustics [15, 16, 17] and vibroacoustics [18]. Transient
problem formulation is a promising alternative to address this issue since the optimization can be carried out
using a complex and compact signal that contains broad range of frequencies. This idea can be seen in the
works of [19, 20, 21] where a proper time-domain input pulse is selected to excite a broad frequency range
in order to carry out transient topology optimization of antennas. However, this approach still does not
provide the full control on the broad-band response in the frequency domain. This is because the objective
function is defined in the time domain and the optimization only indirectly effects the frequency content of
the signal that is being optimized.

Although density based topology optimization provides the most design freedom for optimization, there
are issues exist for multi-phsysics problems that are strongly coupled through the interface. Main reasons
for this can be listed as the lack of physical interpretation of the gray areas and the stair-case (pixelized)
boundary description. Generally, strongly coupled problems, i.e vibroacoustics, require accurate modelling
of the interface in order to correctly capture and model the interactions between the two physics. As an
alternative to realize a generalized optimization framework suitable for coupled multi-physics problems, level
set based methods [22] show great promise. The method implicitly defines the geometry, hence the interface
by the zero level contour. However, when the method is used with an ersatz material approach [23], meaning
the level set function is mapped onto a piece-wise constant density field and the interface is represented with
an interpolated gray area, the level set method also suffers the same drawbacks as the topology optimization
for coupled problems. The geometry defined by the zero level of the level set function can also be captured
with body fitted meshes [24], i.e. classical level set approach, in which a very accurate modelling of the
coupled physics can be realized depending on the quality of the elements along the re-meshed interface. This
approach commonly uses the solution of a Hamilton Jacobi type equation to update the design by moving
the interface based on the calculated shape sensitivities. However, due to the re-meshing operation at each
design iteration, the approach is not suitable for general parallel frameworks. Moreover, numerical noise
may be introduced on the sensitivities due to the extrapolation from the fitted mesh onto the background
mesh. Examples of classical level set approach for the optimization of vibroacoustic systems can be found
in [25, 26, 27]. A detailed comparative review of density, level set and evolutionary based optimization
methods for vibroacoustics can be found in the work of [28].

Cumbersome re-meshing operation can be avoided when the level set approach is coupled with im-
mersed boundary methods [29] to capture the geometry. The present work utilizes an immersed boundary
cut element method to model the exact boundary represented by the zero level of the level set function.
Throughout the optimization, a fixed mesh is used and the method allows the elements to be cut by the
interface boundary. Accurate modeling of the interface in the cut elements is realized through a special
integration scheme used on the cut elements. The employed cut element method can be categorized as a
special (simplified) case of CutFEM without stabilization [30], finite cell method [31] or X-FEM without
enrichment [32]. For the optimization, the utilized cut element method is coupled with the so-called explicit
level set approach [33, 34] in which the nodal level set values are directly tied to the mathematical design
variables. This approach enables the utilization of nonlinear programming tools, such as the method of
moving asymptotes (MMA) algorithm [35] that is used in the current work, and in turn allows for general
optimization frameworks where multiple objective and constraint functions can easily be considered for the
optimization.

The current work focuses on generalized shape optimization of transient vibroacoustic problems where a
transient problem formulation that allows to realize wideband optimization in frequency domain is demon-
strated. Throughout the work, the frequency response of the coupled vibroacoustic system is obtained
through a fast Fourier transform (FFT) algorithm applied to the transient response of the system. This al-
lows the objective function to be defined in frequency domain where the optimization can directly tailor the
response of the coupled system. To the best of the authors’ knowledge, utilization of time-domain methods to
realize wideband optimization in frequency domain have not been demonstrated before for generalized shape
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optimization of strongly coupled vibroacoustic problems. Moreover, the work utilizes the discrete adjoint
method for calculating the gradients of the objective function. A thorough explanation of the consistent sen-
sitivity calculation through the discrete adjoint framework that involves the FFT operation, which is needed
to define the objective function in frequency domain, is also among the contributions of the present work.
The current paper is organized as follows: The utilized governing equations for the coupled vibroacoustic
system together with the spatial and temporal discretization aspects are introduced in section 2. Section 3
introduces the geometry description and the cut element method. The design parameterization used for the
optimization is described in section 4. The optimization problem as well as the sensitivity analysis using
the discrete adjoint method are introduced in section 5. Section 6 describes the numerical setup that is used
for the considered examples throughout the work. The numerical examples are presented in section 7 where
the developed framework is applied for the optimization of various vibroacoustic filter designs.

2. Governing equations

This section describes the governing equations that are used throughout the work. For the considered
vibroacoustic systems, the structural response is defined with the elasticity equation and the solution of the
acoustic pressure is obtained with the Helmholtz equation. In order to realize an efficient parallel modelling
and optimization framework, the work utilizes a cut element method in which the solutions to both physics
are obtained in the entire computational domain Ω. Computational domain consists of both structural and
acoustic domains as

Ω = Ωs ∪ Ωa (1)

where Ωa is the acoustic domain and Ωs is the structure that is embedded in Ω. In order to solve both
physics in the total domain Ω, a fictitious domain approach is employed. For the structure, a void phase is
defined in the acoustic region Ωa where its solution is obtained through modifying the material properties
of the solid. For the solution of the acoustic pressure in its fictitious domain (structural domain Ωs), a
rigid phase is defined with again modifying the material properties of the acoustic medium. Since the work
deals with strongly coupled vibroacoustic systems, correct definition of the interface boundaries and the
application of the coupling condition between the two physics are imperative to obtain accurate solutions.
Coupling between the two physics is then realized along the interface Γas. The cut element method allows
the elements to be cut by the interface boundary Γas. A special integration scheme is used in the cut
elements to model the unfitted interface and the coupling condition between the two physics which will be
introduced in the subsequent section 3.1.

The developed framework deals with a transient problem formulation that allows to optimize for wide
range of frequencies. To this end, coupled vibroacoustic system will be modelled in time-domain where
the system will be excited using a signal that contains broad range of frequencies. For optimization, the
frequency response of the chosen performance criteria will be extracted using a FFT algorithm on its transient
response. To this end, considering a transient motion, the linear elasticity equation governing the structure
response is written as

ρs
∂2u

∂t2
−∇ · σσσ + ρsαd

∂u

∂t
−∇ ·

(
βd
∂σσσ

∂t

)
= 0 in Ω (2)

u = 0 on Γsd (3)

ns · σσσ = 0 on Γsn (4)

ns · σσσ = pna on Γas (5)

where u is the displacement vector, p is the acoustic pressure, ρs is the density of the solid, na is the
normal vector pointing outwards from the acoustic region likewise ns is the normal vector defined at the
interface pointing outwards from the structural domain. In order to reflect the loss mechanism, the work also
considers structural damping using the Rayleigh damping where αd and βd are called Rayleigh damping
parameters. Furthermore, Cauchy stress vector σσσ is defined as σσσ = CCC (Es, ν) εεε in which the constitutive
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matrix CCC (Es, ν) is a function of the Young’s modulus Es and the Poisson’s ratio ν and the strain vector is

defined as εεε =
[
∂u1

∂x ,
∂u2

∂y ,
∂u1

∂y + ∂u2

∂x

]T
. Moreover, equation 3 defines the fully clamped condition for the

structure, equation 4 specifies the traction free boundary condition and the coupling to the acoustic medium
is realized through the boundary condition given in equation 5. For calculating the transient response of
the structure both in structural domain and in its void phase (acoustic domain), the material properties of
the solid are altered as

Es = αẼs, ρs = αρ̃s (6)

where the tilde superscript specifies the original material properties and the parameter α is a dimensionless
contrast parameter that is unity for the structural domain and taken as 10−8 for the void phase of the
structure. The acoustic pressure on the other hand is governed by the transient Helmholtz equation which
is written as

1

Ka

∂2p

∂t2
− 1

ρa
∇2p = 0 in Ω (7)

na · ∇p = 0 on Γad (8)

na · ∇p = ρa
∂2 (ns · u)

∂t2
on Γas (9)

na · ∇p+
1

ca

∂p

∂t
=

2

ca

∂pin
∂t

on Γar (10)

where ρa is the density of the acoustic medium, ca is the speed of sound in the acoustic medium. The bulk
modulus Ka for the acoustic domain is defined as Ka = ρac

2
a. The boundary conditions that are used in the

current work for the transient acoustic pressure solution are hard wall condition given in equation 8, coupling
boundary condition for the acoustic domain written in equation 9 and the absorbing boundary condition
given in equation 10. The absorbing boundary condition is written with a plane wave radiation where pin
denotes the transient incoming acoustic wave. Similar to the structural equation, transient response of
the acoustic pressure both in the acoustic domain and its rigid phase (structural domain) is calculated by
changing the properties of the acoustic medium as

Ka =
K̃a

α
, ρa =

ρ̃a
α

(11)

Similarly, the dimensionless contrast parameter α takes the values of unity for the acoustic domain and
10−8 for the rigid phase of the acoustic solution. The illustration of the resulted coupled acoustic-structure
system is given in figure 1 along with the representation of the boundary conditions used throughout the
work.

na · ∇p = 0

Γad

Γas

ΓadΓad Γsn Γsd

Ωs

Ωa

na · ∇p = 0na · ∇p = 0 u = 0ns · σσσ = 0

Γar Γar

n
a
·∇

p
+

1 c
a

∂
p
∂
t

=
2 c
a

∂
p
i
n

∂
t

n
a
·∇

p
+

1 c
a

∂
p
∂
t

=
0

na ns

Figure 1: Schematic illustration of the coupled acoustic-structural system. Physical domains, the coupled interface and the
boundary conditions are showed.

4

169



2.1. Discretization

This section describes the general details of the spatial and temporal discretization for the coupled
vibroacoustic system introduced in the previous section. Integration scheme to realize the interface boundary
inside the cut elements will be described in section 3.1. Provided details are valid for the elements that are
not cut by the interface boundary Γas.

For general spatial discretization, standard continuous Galerkin method [36] is employed where the
coupled system is multiplied with test functions and integrated over the domain Ω. Integration by parts is
then applied to obtain the weak form. The computational domain is meshed with regular Q-4 elements and
time independent linear shape functions are utilized to approximate the continuous variables through which
the semi-discrete form of the coupled system is obtained as

Mv̈n + Cv̇n + Kvn = hn (12)

where M is the mass matrix, C is the damping matrix and K is the stiffness matrix. The superscript n in
equation 12 denotes the current time step. Solution vector v and the load vector h are given as

v =

[
u
p

]
, h =

[
0
g

]
(13)

where u and p are state vectors for structural displacement and acoustic pressure solutions, respectively. The
vector g denotes the source vector for the acoustic equation which is active when the absorption boundary
condition (Eq. 10) is utilized for radiating a plane wave. The weak form of the coupled system and the
identification of the individual element matrices given in equation 12 are thoroughly described in [Cetin].

For the temporal discretization, the current work employs an implicit time stepping scheme, namely the
Newmark algorithm [37]. The method expresses the first and the second time derivative of the solution
vector v as

v̇n = a1v̇
n−1 + a2v̈

n−1 + a3

(
vn − vn−1

)
(14)

v̈n = −a4v̇
n−1 − a5v̈

n−1 + a6

(
vn − vn−1

)
(15)

here the parameters a1 to a6 are called the Newmark parameters. In order to derive the linear system of
equations which is solved for finding the solution vector vn for the current time n, the definitions given
in equations 14 and 15 are substituted into the semi-discrete form of the coupled system (Eq. 12). The
resulted equation reads

K̂vn = ĥn (16)

where K̂ is the so-called effective stiffness matrix and ĥn is the effective load vector which are identified as

K̂ = K + a6M + a3C (17)

ĥn = hn + M
(
a4v̇

n−1 + a5v̈
n−1 + a6v

n−1
)

+ C
(
−a1v̇

n−1 − a2v̈
n−1 + a3v

n−1
)

(18)

Furthermore, the Newmark parameters are identified as

a1 = 1− γ̃

β̃
, a2 =

(
1− γ̃

2β̃

)
∆t, a3 =

γ̃

β̃∆t
(19)

a4 =
1

β̃∆t
, a5 =

1

2β̃
− 1, a6 =

1

β̃∆t2
(20)

where ∆t is the time step size. The current work uses a specific family of the Newmark algorithm [38] in
which the parameters β̃ and γ̃ are selected so that the employed time discretization becomes unconditionally
stable. β̃ and γ̃ are given as

β̃ =
1

4
, γ̃ =

1

2
(21)
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The work assumes the initial conditions v0 and v̇0 as zero. The initial condition for the second time
derivative of the solution vector v̈0 is found by setting the v0 and v̇0 to zero in equation 12 and solving the
following equation

Mv̈0 = h0 (22)

The implementation for the framework that solves the coupled vibroacoustic system has been done using C++

in which PETSc library [39, 40, 41] is employed for making use of its parallel data management. Moreover,
the parallel direct solver MUMPS [42, 43] is utilized for the solution of equation 16.

3. Geometry description

This section describes the utilized geometry description and the cut element method used to treat the
elements that are cut by the interface boundary. Throughout the work, the geometry is represented by a
scalar valued function s̄ called the level set function. In order to identify the acoustic and structure domains
embedded in the total computational domain Ω, the following rule is used

s̄(x) > 0, x ∈ Ωs (structural domain)

s̄(x) = 0, x ∈ Γas (interface) (23)

s̄(x) < 0, x ∈ Ωa (acoustic domain)

A robust way of defining or capturing complex geometries is realized using the rule given in equation 23
in which the positive values represent the structural domain and the negative values identify the acoustic
domain where the total of structural and acoustic domains forms the whole domain Ω. Here, the zero iso-level
of the function s̄ captures a clear definition of the interface Γas between the structural and acoustic domains.
This way, the geometry is implicitly represented by the level set function s̄ using a fixed background mesh.
In general, obtaining an accurate describtion of the interface Γas is critical for the accurate modelling when
a multi-physics system that is coupled from the interface is considered. Discretely, the level set function
s̄ is defined directly on the nodes of the computational mesh and represented by linear shape functions.
The resulted interface Γas from the zero iso-level of the level set field is then represented by linear straight
curves inside cut elements. An example level set function s̄ is given in the figure 2a. The figure identifies
the embedded structural and acoustic domains and the resulted interface using the rule given in equation
23.

s̄i > 0

s̄i > 0

Cut-element
s̄i < 0

s̄i > 0

(a)

s̄(x) = 0

s̄(x) < 0

Ωs

Ωa

(b)

s̄(x) > 0

Figure 2: An example level set function showing the embedded physical domains. (a) shows the rule that is used for specifying
different physical domains embedded with the level set function. (b) finite element mesh where white color shows the uncut
elements in the acoustic domain, gray color shows the uncut elements in the solid region and the blue color shows the cut
elements.
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Nodal level set values also provide an appropriate way of identifying the cut elements. To this end,
an element based indicator function is introduced to mark each element as cut or uncut element based on
their nodal level set values. As an example, if an element’s nodal level set values contain both negative
and positive values then this element is marked as a cut element. This situation is visually illustrated in
figure 2b where cut elements are identified using the nodal level set values of elements. Furthermore, if
an element’s nodal level set values only contain positive values (s̄ > 0) then it is marked as uncut solid
domain element in Ωs. Likewise if all of the nodal level set values are s̄ < 0, then that particular element
is marked as uncut acoustic domain element in Ωa. For uncut elements, no special further treatment is
done for the discretization of the coupled governing equations (section 2.1) where the integration is carried
out using the standard Gaussian quadrature rule considering bilinear quadrilateral (Q-4) elements. As
described in section 2, fictitious domain solutions for uncut elements are realized through changing their
material properties appropriately.

3.1. Cut element method

This section describes the cut element method which is used for modelling of non-conforming boundaries.
The main motivation behind using an immersed boundary method like the cut element method is that it
eliminates the expensive operation of re-meshing the interface with conforming elements. Using the method,
the exact boundary representation is obtained only by integration in the elements that are cut by the
interface. Meaning that the cut element method does not enrich the shape functions and the degrees of
freedom of the discrete system remains unchanged. Since the integration that is done in the cut elements is
only a local operation, the method can easily be included in an efficient parallel framework.

ξQ

ηQ

ξT

ηT

x

y

Ωs
Ωa

Ωa

Ωa

na

ξL

ηQ

ξQ

Figure 3: Illustration of a sub-cell integration in a cut element. Physical domains are identified in the cut elements where the
gray color is the structural domain, white color is the acoustic domain and the blue line is the interface. The figure shows the
process of placing the Gauss points on iso-parametric triangle and line elements then mapping the integration points to the
reference domain of the parent element for integration.

Cut elements uses the Gaussian quadrature rule for weighted integration in order to realize the effect
of the partial interface inside the cut elements. Hence, correctly placing the integration points carries
importance. After the cut element is identified, a triangulation algorithm is utilized in order to divide
the parent element into sub-triangle elements. Here the triangulation is only used to ensure the correct
placements of the integration points inside the parent cut element using the sub-triangle elements and
the interface line element. The current work uses the marching squares algorithm [44] to carry out the
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triangulation which determines the location of the partial interface inside the cut element using the nodal
level set values.

An example cut element can be seen in the figure 3 in which the sub-elements are obtained with tri-
angulation. Nodal level set values are further utilized to mark the sub-elements in order to distinguish
whether they belong to Ωs or Ωa. This information is utilized to correctly set the material properties of
the structural and acoustic domains to realize the fictitious domain solutions for both physics inside the
cut elements. The illustration of the sub-cell integration process is also given in the figure 3. After the
triangulation, firstly the Gauss points are inserted to the sub-triangule element in its reference domain.
Gauss points of the iso-parametric triangle sub-element are then mapped to the reference domain of the
parent element for integration. As it can be seen from the figure, the final integration only contributes to
the degrees of freedom of the parent Quad element through which the original layout of the sparse system
matrix is attained throughout the optimization. The final integration uses the Gaussian quadrature rule
with the Gauss points that are mapped from the reference domain of the sub-triangule to the reference
domain of the parent element. The associated weights for the sub-triangule’s Gauss points are scaled with
the factor of 4 ∆VT

∆VQ
where ∆VT and ∆VQ are the volumes of the sub-triangule and the parent quad element,

respectively. The factor 4 comes from the area scaling between a triangle and a quad element considering a
local coordinate system. Figure 3 also shows the process of integrating along the partial interface in the cut
element. The line integration is utilized to implement the coupling boundary conditions given in equations
5 and 9. After the interface boundary line is identified, Gauss points are inserted in the reference domain
of an iso-parametric linear line element. Integration points are then mapped to the reference domain of the
parent quad element where the integration is carried out. For the illustrated line integration inside the cut
element, associated weights for the sub-line element’s Gauss points are directly used in the final integration.
For further information on the cut element method and its implementation details, the reader is referred to
the works of [45][Cetin,Sumer].

4. Design parameterization

In this section the design variable used for the optimization and the employed design parameterization
for the current work are introduced. Throughout the work the mathematical design variable is denoted
as s and the previously introduced level set function s̄ is referred as the physical design variable since the
current design configuration is contained in s̄ and the finite element analysis is performed based on that.
The employed design parameterization describes the link between the design variable s and the physical
design variable s̄. Similar to s̄, the design variable s is also defined on the nodal points of the computational
mesh in which the utilization of the gradient based optimizers can be facilitated for the solution of the
optimization problem. Moreover, the design variable s has the following upper and lower bounds

0 ≥ s ≥ 1 (24)

Utilizing the above limits for the design variable s allow the usage of the gradient based optimizers in a
similar way that is employed for the density based topology optimization methods. In order to realize an
implicit limit on the speed at which the zero iso-level can change in one design update, the design variable s
is further mapped to the variable s̃ which has the upper and lower bounds of the half of the element size as

−0.5he ≥ s̃ ≥ 0.5he (25)

In order increase the zone of influence of the design variables for optimization a filtering operation is applied
on s̃. The utilization of a filter also stabilizes the optimization with providing a smoother interface boundary
description. The current work employs a filter based on a Helmholtz type differential equation from the
work of [46]. Here it is noted that the filter equation is implemented using the finite volume method in which
the variables are represented as piece-wise constants and stored in cell centers. Due to the finite volume
discretization, solutions obtained from the filter equation are always stable independent of the chosen filter
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size. In order to facilitate the filtering operation, the variable s̃ is first interpolated to cell centers. The filter
equation is given as

−r2∇2s̄c + s̄c = s̃c (26)

Here r is filtering radius and the subscript c specifies the variables that are stored in cell centers. After the
filter operation, the solution s̄c is interpolated back to the nodes of the mesh through which the physical
design variable s̄ is obtained. Physical design variable s̄ holds the current design configuration on which the
cut element method is utilized to carry out the finite element analysis in order to obtain the response of the
coupled vibroacoustic system. Here it is noted that, since the filter equation is solved in the element centers,
the two interpolation operations provide extra filtering effect which is always present even in the case the
filter radius r is set to zero. Unlike the density based topology optimization methods, the utilization of the
filter equation does not provide a minimum feature size for the considered framework. Since, the zero iso-
level of the nodal physical design variables describe the partial interface inside the cut elements and hence
the geometry, the minimum feature size is directly depends on the element size used in the computational
mesh.

5. Optimization problem

This section describes the general optimization problem which is solved for the optimization of wideband
vibroacoustic problems. The coupled system is solved in time domain in order to obtain the transient
response of the system. Objective function, which is sought to be minimized, is defined in frequency domain
to be able to tailor the specific frequencies present inside the transient response of the system. Objective
function uses the state variables defined in frequency domain which are obtained through a FFT operation
after the time domain solution is done.

The vectors of state variables and residuals are denoted as Un and Rn, respectively. As stated previously,
n specifies the current time step. The vector Un contains the solution vector and its first and second time
derivatives due to the utilization of the Newmark algorithm for temporal discretization. The vector Rn

holds the corresponding residuals which are written here as

Rn =




rn1
rn2
rn3


 , Un =




vn

v̇n

v̈n


 (27)

Here the individual residual vectors rn1 , rn2 and rn3 are identified from the discretized coupled system given
in the equations 14 to 18

rn1 = [K + a6M + a3C] vn − [a6M + a3C] vn−1 − [a4M− a1C] v̇n−1 + [a2C− a5M] v̈n−1 − hn (28)

rn2 = v̇n − a1v̇
n−1 − a2v̈

n−1 − a3

[
vn − vn−1

]
(29)

rn3 = v̈n + a4v̇
n−1 + a5v̈

n−1 − a6

[
vn − vn−1

]
(30)

Moreover, the generic optimization problem that is considered for the current work has the following form

min
s

Φ =

M∑

m=0

φm
(
Um
f (̄s)

)
(31)

s.t. Rn (̄s,Un(̄s)) = 0, for n = 0, 1, . . . , N (32)

smin ≤ s ≤ smax (33)

ψi ≤ 0 (34)

where Φ is the objective function defined in frequency domain, N is the total number of time steps, M is
the total number of discrete frequencies that is considered in objective function. Um

f is the vector of state
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variables in frequency domain that is obtained via FFT applied on the solution Un. Here it is noted that due
to the FFT operation, the state vector in frequency domain Um

f consists of complex numbers. Discretely,
length of the vectors U and Uf are equal to each other. Formally, the discrete Fourier transform is defined
as

Um
f =

N−1∑

n=0

Une−
i2π
N mn (35)

where i is the imaginary unit defined as i =
√
−1. Moreover, ψi denotes additional constraint functions

considered for the optimization. The vector of design variables is denoted as s where smin and smax are
its lower and upper bounds (Eq. 24) which are set as 0 and 1, respectively. The vector of physical design
variables s̄ is utilized for calculating the response of the coupled system as seen from the equation 32 and it
contains the current topology for the optimization. The link between s̄ and s is explained in section 4 and
the resulted chain rule that is used to obtain the gradient of the objective function Φ with respect to design
variables s will be explained in the following section 5.1.

The optimization problem stated in equations 31 to 34 is solved employing the method of moving as-
symptotes (MMA) algorithm [35]. Specifically, the present work includes the method’s parallel PETSc
implementation from [47] into the developed framework.

5.1. Sensitivity analysis

This section describes the sensitivity analysis considering the objective function given in equation 28.
The objective function is defined in frequency domain. Since the modelling is done in time domain, the
sensitivity analysis also considers the transformation from time domain to frequency domain via the utilized
FFT operation. The current work uses the FFTW library [48] for computing the discrete Fourier transform
of the transient response of the coupled system.

A common trend in time dependent sensitivity analysis is to use the so called semi-discrete adjoint
approach in which the problem is considered discrete in space but continuous in time. However, the semi-
discrete approach is not suitable for cases where the objective function is defined in frequency domain.
This is because the semi-discrete approach derives the adjoint equation assuming the objective function is
defined in time domain. This means that using a discrete FFT cannot be incorporated within the semi-
discrete approach. Recently in the work of [Cetin], it has also been shown that even for pure transient
optimization problems, the semi-discrete method may not produce consistent sensitivities which can result
in gradients having wrong signs. Hence, for calculating consistent and exact sensitivities, the work utilizes
a fully discrete sensitivity analysis for calculating the gradient of the objective function with respect to the
design variable.

In order to carry out the discrete sensitivity analysis, firstly the objective function is augmented with
using a vector of Lagrangian multipliers Λ. Lagrangian function L reads as

L = Φ (Uf (U(̄s))) +

N∑

n=0

ΛnRn (̄s,Un(̄s)) (36)

The objective function is written as a function of the state variables in frequency domain Uf which is an
explicit function of the transient state variables U. State variables are in turn an implicit function of the
physical design variables s̄. Here the Lagrangian function L equals to the original objective function Φ since
for each time step the residual of the coupled system is satisfied Rn = 0. Due to the Newmark algorithm,
similar to the state variables, the vector of Lagrangian multipliers also consists of three fields as

Λn =



λn

λ̇n

λ̈n


 (37)
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The derivative of the Lagrangian function with respect to the physical design variable s̄ is written as

dL
ds̄

=

N∑

n=0

(
∂Φ

∂Uf

∂Uf

∂U

)n

︸ ︷︷ ︸
∂Φ
∂U

n

∂Un

∂s̄
+ ΛnT

[
∂Rn

∂s̄
+
∂Rn

∂Un

∂Un

∂s̄

]
(38)

The term
(
∂Φ
∂Uf

∂Uf

∂U

)n
on the right hand side of the equation 38 constitutes the partial derivative of the

objective function with respect to the transient state variable ∂Φ
∂U

n
which also contains the chain rule

describing the connection between frequency and time domain. In order to calculate ∂Φ
∂U

n
, firstly the term

∂Φ
∂Uf

is calculated. Since Uf consists of complex numbers defined in frequency domain, the partial derivative
∂Φ
∂Uf

also consists of complex numbers which is realized as

∂Φ

∂Uf
=

∂Φ

∂Uf,r
+ i

∂Φ

∂Uf,i
(39)

where the subscripts r and i denote the real and imaginary parts of a complex number. The term
∂Uf

∂U links
the frequency domain to time domain. Since the applied discrete Fourier transform operation can be seen as
a linear transformation, the partial derivative

∂Uf

∂U describes the discrete Fourier transform operation itself.

Hence, the partial derivative of the objective function with respect to the transient state variable ∂Φ
∂U

n
is

rewritten as

∂Φ

∂U

n

=

(
∂Uf

∂U

T ∂Φ

∂Uf

)n
(40)

where
∂Uf

∂U

T
is the inverse discrete Fourier transform operation. Order of operations in equation 40 are

written as: Firstly the calculation of the partial derivative ∂Φ
∂Uf

is done, then the inverse discrete Fourier

transform operation is applied on it to calculate ∂Φ
∂U

n
which is defined in time domain.

Having introduced the chain rule describing the link between frequency and time domains, in order
to continue the sensitivity analysis, the derivative of the Lagrangian function with respect to the physical
design variable (Eq. 38) is rewritten as

dL
ds̄

=

N∑

n=0

ΛnT ∂Rn

∂s̄
+

[
∂Φ

∂U

n

+ ΛnT ∂Rn

∂Un

]

︸ ︷︷ ︸
=0

∂Un

∂s̄
(41)

Using the fact that the Lagrangian vector can be freely chosen, the underlined part in the above equation is
set to zero to prevent the calculation of the partial derivative ∂Un

∂s̄ . This gives rise to the adjoint equation

∂R

∂U

T

Λ = − ∂φ
∂U

(42)

where the superscript n notation is dropped in order to illustrate that the adjoint equation written in
equation 42 contains the all time steps considered in the given problem. The partial derivative of the
residual vector with respect to the state variables ∂R

∂U has the following general form

∂R

∂U
=




AU0

0

BU0

1 AU1

1

. . .
. . .

. . .
. . .

BUN−2

N−1 AUN−1

N−1

BUN−1

N AUN

N




(43)
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Here, the subscripts show the current time step and the superscripts denote the corresponding state variables.
Sub-matrices in ∂R

∂U written in general form considering a time integration scheme that depends on the current
time step and one previous time step in which the residual function for a time step n can be written as

Rn = A Un + B Un−1 (44)

Generally, as it can be seen from the above equation, the sub-matrices A and B remain constant for each
time step and can be identified from the residual equations given in equations 28 to 30. Explicit definitions
of the sub-matrices A and B considering the Newmark algorithm can be found in [Cetin]. Moreover, the
sub-matrix A0 is easily identified from the initial conditions.

Due to the transpose operation applied on ∂R
∂U for the adjoint equation given in equation 42, the solution

of the adjoint equation is realized from reverse pseudo time steps which are written as

(A)
T

ΛN = − ∂φ
∂U

N

(45)

(A)
T

ΛN−1 = − ∂φ
∂U

N−1

− (B)
T

ΛN (46)

... (47)

(A0)
T

Λ0 = − ∂φ
∂U

0

− (B)
T

Λ1 (48)

After the adjoint equation is solved for the Lagrangian variables Λn, the final sensitivity of the objective
function is calculated as

dΦ

ds̄
= Λ0T

[
∂A0

∂s̄
U0

]
+

N∑

n=1

ΛnT

[
∂A

∂s̄
Un +

∂B

∂s̄
Un−1

]
(49)

Considering a Newmark time stepping scheme, the explicit definitions of the partial derivatives ∂A0

∂s̄ , ∂A
∂s̄

and ∂B
∂s̄ are given in [Cetin]. As it can be seen from the gradient calculation in equation 49, state variables

from the solution of the transient coupled vibroacoustic system needs to be stored in order to carry out
discrete adjoint method for transient optimization problems. It is noted that the gradient calculation given
in equation 49 is only done for the cut elements since the partial derivatives ∂A0

∂s̄ , ∂A
∂s̄ and ∂B

∂s̄ are zero
elsewhere.

Sensitivity analysis provides the gradient of the objective function with respect to the physical design
variable s̄, the gradient with respect to the mathematical design variable s is obtained with applying the
following chain rule

dΦ

ds
=

dΦ

ds̄

∂s̄

∂s̄c

∂s̄c

∂s̃c

∂s̃c

∂s̃

∂s̃

∂s
(50)

As it can be seen from the above chain rule, the partial derivatives describe the link between the physical
design variable s̄ and mathematical design variable s. The partial derivatives in the chain rule are applied in
reverse order in order to calculate the gradient of the objective function with respect to the design variable
dΦ
ds . Here, the partial derivative ∂s̃

∂s describes changing the bounds on the mathematical design variable,
∂s̃c
∂s̃ describes the interpolating s̃ from nodes to the element centers, ∂s̄c

∂s̃c
is the chain rule regarding the

employed PDE filter in which its implementation details are thoroughly given in [46] and ∂s̄
∂s̄c

describes the
interpolation operation from element centers to the nodes of the mesh.

Here it is noted that, for each optimization case that is considered for the current work, the calculated
sensitivities are checked against a first order finite difference calculation. In the worst case, the difference
between the calculated sensitivity and the finite difference computation was well below 0.1% since the utilized
discrete adjoint method always yields exact and consistent sensitivities.
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6. Numerical setup

This section presents the numerical setup that is used for the optimization of transient vibroacoustic
filter designs. The section also introduces the objective function along with the computational domain and
material properties that are used throughout the work. In order to define the objective function which is
used for the optimization of acoustic filter designs for a wide frequency range, a measure of transmission
is needed to be defined. To achieve this, after the transient response of the state variables are obtained
from the solution of the transient coupled vibroacoustic system, the transmitted acoustic pressure signal is
integrated at the outlet of the considered acoustic duct as

p̂(t) =

∫

Γout

p(t) dΓ (51)

the frequency response of the transmitted acoustic pressure is found by the discrete Fourier transform

p̂(f) = FFT (p̂(t)) (52)

and the transmission S(f) is then defined as

S(f) =
p̂(f)

p̂0(f)
(53)

where the subscript 0 denotes the transmitted acoustic pressure when there is no structure in the acoustic
duct which is calculated the same way as p̂(f). As it can be seen from the above equation 53, when the
value of S(f) is unity for a particular frequency a full transmission is achieved. Meaning that the recorded
amplitude of the transmitted acoustic pressure for an empty acoustic duct at a certain frequency is equal to
that of an acoustic duct with a vibrating structure present in it. Moreover when the value of S(f) is zero
for a certain frequency, there is no transmission realized compared to the transmission of the empty duct.
In other words, the vibrating structure does not transmit acoustic pressure towards to outlet of the duct.

In order to reflect the so called pass-band and stop-band regions in the considered frequency span, two
objective functions are considered which are written as

Φ1 =

n2∑

f=n1

(S(f)− a)
2

a2
, a = 1 (54)

Φ2 =

n4∑

f=n3

(S(f)− b)2

b2
(55)

where the minimization of the function Φ1 fits the frequency response of the transmitted acoustic pressure
to that of an empty acoustic duct hence realizes a full transmission in a frequency window defined between
n1 and n2. The minimization of Φ2 on the other hand lowers the amplitude of the frequency response of
the transmitted acoustic pressure compared to the response of an empty acoustic duct in a frequency range
defined between n3 and n4. The order of magnitude difference between the transmitted acoustic pressure
in the stop-band region and the empty acoustic duct is defined by the parameter b in equation 55. The
study on the selection of b in order to realize an effective zero-transmission and its effect on the overall
optimization performance are given in section 7.1.

In order to realize an optimization problem where multiple objective functions are equally minimized,
the problem can be formally written in a so-called min-max formulation. However, since the min-max
formulation is not differentiable an additional variable is introduced and the optimization problem is cast
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as a bound formulation as

min
s, β

β (56)

s.t. Rn (̄s,Un(̄s)) = 0, for n = 0, 1, . . . , N (57)

Φ1 < β (58)

Φ2 < β (59)

0 ≤ s ≤ 1 (60)

where the additional variable β is the upper bound for the optimization. The formulation realizes the
minimization of the upper bound β where the objective functions Φ1 and Φ2 are defined as constraints in
the optimization problem, hence effectively minimizing both Φ1 and Φ2.

u = 0

na∇p = 0na∇p = 0

pin pout

Ωa Ωs

0.1m

0.1m

0.3m

Ωa

u = 0

na∇p = 0na∇p = 0

Figure 4: Schematic illustration of the optimization case for the design of acoustic filters showing the boundary conditions of
the optimization problem. Gray color shows the design domain. Incoming acoustic white noise and an example desired filter
shape at the outlet are also shown.

A schematic illustration of the numerical setup for the optimization of acoustic filter designs is given in
figure 4. As it can be seen from the figure, both top and bottom boundaries of the acoustic duct are set
as hard-wall condition for the acoustic pressure while the structure is considered to be clamped. For the
acoustic domain, both right and left most boundaries are treated as absorbing conditions. The incoming
acoustic plane wave from the left most boundary is also shown in the figure. In order to excite broad
frequency range in the coupled system, the incoming plane wave is realized as a white noise with random
acoustic pressure values between −1 Pa and 1 Pa. Moreover, the figure also illustrates an example filter
shape at the right most boundary (at the acoustic duct outlet) where the acoustic transmission of the design
S(f) is calculated in frequency domain and a certain filter shape is applied to it. Here it is noted that
the presented filter shape in the schematic illustration is given as an example. The work considers various
different filters for the optimization which are presented in the following sections.

The overall calculation time for the considered cases throughout the work is chosen as 0.02s as it can also
be seen from the incoming transient acoustic plane wave plot given in figure 4. In order to adequately resolve
the coupled vibroacoustic problem in time, the time step size is set to ∆t = 2×10−5s. The frequency content
of the white noise applied at the inlet of the acoustic duct to excite broad frequency range in the system
is given in figure 5. As it can be seen from the figure, the incoming acoustic wave has an approximately
constant energy content across all the frequencies present in the signal.
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Figure 5: Frequency content of the incoming white noise for the optimization of acoustic filters.

For the optimization, the acoustic domain is taken as air while the structure is considered to be a rubber-
like material. The material properties used for the structure and acoustic domains are listed in the tables 1
and 2, respectively.

E [Pa] ν ρs [kg/m3]

50× 106 0.4 1000

Table 1: Material properties considered for the structure.

ca [m/s] ρa [kg/m3]

1.21 343

Table 2: Material properties considered for the acoustic domain.

As described in section 2, the work also considers Rayleigh damping for structural damping. Damping
for structure is utilized both for the added stabilization of modelling and the subsequent optimization and
to reflect the loss mechanism of the real world. The Rayleigh parameters αd and βd are calculated according
to [49] as

αd = 2ζ
ω1ω2

ω1 + ω2
(61)

βd = 2ζ
1

ω1 + ω2
(62)

here ζ is called the damping ratio and is taken to be ζ = 0.1. Moreover, the work assumes that the two
natural frequencies ω1 and ω2 are ω1 = 1600 2π rad/s and ω2 = 2200 2π rad/s. Throughout the work, the
computational domain given in figure 4 is meshed with structured quad elements in which the each element
has an edge length of 2× 10−3m. For optimization, the filter radius r is set to 8× 10−3m.

Throughout the work, the utilized MMA algorithm for solving the optimization problem presented in
equations 56 to 60 uses the asymptote parameters of 0.5, 0.7 and 1.2 which are used for controlling the initial
adaptation, decrease and increase of the asymptotes, respectively. The penalty parameter which is used for
constraints in MMA algorithm is chosen as 1000. For all of the optimization cases that are considered, the
work does not consider a specific stopping criteria. Presented results are run for a set number of iterations.
Optimization iterations are terminated once a design having a good performance is obtained. Moreover, the
considered optimization problem does not include a volume constraint on the structure. Since, having only
a slab of solid material in the design domain does not form a trivial answer to the optimization problem.
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7. Numerical examples

7.1. Objective function study

This section presents the study that is done for the considered objective functions given in the equations
54 and 55. As it is introduced in the previous section 6, the pass-band and stop-band regions for the objective
functions are controlled with the parameters a and b, respectively. Minimizing the objective function Φ1

with having the a parameter as unity fits the calculated transmission value S(f) of the structure inside
an acoustic duct to 1, effectively realizing full transmission in the considered frequency range. Ideally, the
parameter b on the other hand needs to be set as 0 in order to realize zero transmission S(f) = 0 in the
frequency range defining the stop-band region of the filter that is considered for the optimization. However,
as it can be seen from the equations 54 and 55, an inverse weighting is utilized in the objective functions.
Through the carried out numerical experiments it has been found that, the utilized inverse weighting provided
designs with superior performances compared to the designs obtained using objective functions without any
weighting. Hence, a small positive number is used for the b parameter in order to avoid division by zero in
the objective function Φ2. This section investigates the effect of the b parameter on the optimization and
the final performance of the optimized design.
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Figure 6: Optimization for an acoustic low-pass filter design. (a) initial configuration used in the study. (b) Figure showing
the low-pass filters for the study where three different levels of transmission S(f) values are considered for the stop-band of
the filters which are 1 × 10−2, 1 × 10−3 and 1 × 10−4 (shown with black solid lines). Figure also shows the transmission S(f)
of the initial configuration with a dashed gray line.

Moreover, the section considers a low-pass acoustic filter design for the study. The objective function
Φ1 defining the pass-band region operates on the frequencies between 1000 Hz ≤ f ≤ 2500 Hz. For the
stop-band, the objective function Φ2 on the other hand is chosen to be active on the frequencies between
2500 Hz < f ≤ 4000 Hz. Three different b parameters are selected to carry out the study which are 1×10−2,
1× 10−3 and 1× 10−4.

Figure 6a shows the initial configuration that is used for the optimization. The physical design variables
s̄ that specifies the initial design is obtained first by calculating the following expression

sv = cos

(
r1πx

lx

)
cos

(
r2πy

ly

)
+ 0.1 (63)
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(a) Φ1 = 5.06428,Φ2 = 4.99466

(b) Φ1 = 10.3386,Φ2 = 10.5572

(c) Φ1 = 14.5365,Φ2 = 16.9208
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Figure 7: Optimization for an acoustic low-pass filter design. (a) optimized design for b = 1 × 10−2. (b) optimized design for
b = 1 × 10−3. (c) optimized design for b = 1 × 10−4. (d) transmission of the optimized designs in the considered frequency
range. Black line is the desired low-pass filter, blue line is the response of the design shown in Fig. 7a, orange line is the
response of the design shown in Fig. 7b, green line is the response of the design shown in Fig. 7c. (e) averaged SPL response
of the designs calculated at the output, gray line is the empty acoustic duct, blue line is the response of the design shown in
Fig. 7a, orange line is the response of the design shown in Fig. 7b, green line is the response of the design shown in Fig. 7c.

b Φ1 Φ2

1× 10−2 0.0455159 576902
1× 10−3 0.0455159 5.8754× 107

1× 10−4 0.0455159 5.8860× 109

Table 3: Calculated objective values Φ1 and Φ2 for various b parameters.

where x and y are the nodal coordinates of the mesh in the design domain, lx and ly is taken to be 0.1 and
r1 and r2 is chosen as 7. After calculating sv, the mathematical design variables s are obtained with the
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following rule as

si =

{
0, if sv,i ≥ 0.01

1, if sv,i < 0.01
(64)

With applying the design parameterization described in section 4, the physical design variables s̄ containing
the initial design is obtained. Physically, the initial design given in figure 6a can be considered as an infinitely
long acoustic duct in the out of plane direction where the two dimensional approximation realizes its cross
section view from the mid-section of the channel.

Figure 6b shows the desired acoustic low-pass filters with the three different levels of stop-band in which
the transmission S(f) is to be fitted to the values of 1 × 10−2, 1 × 10−3 and 1 × 10−4. As it can be seen
from the figure, the initial configuration nearly has a full transmission across the considered frequency range
of 1000 Hz to 4000 Hz. Table 3 lists the calculated objective values for the initial configuration for each
optimization case. As expected, since the same initial design is utilized and the parameter a is set to a = 1
for each case, the values of Φ1 are the same. However, the values of Φ2 increase two orders of magnitude for
each order of magnitude decrease in the b parameter. Since, the objective values Φ1 and Φ2 are inversely
weighted with the square of a and b, respectively.
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Figure 8: Optimization for an acoustic low-pass filter design. (a) optimized design for b = 1 × 10−5. (b) transmission of the
optimized design in the considered frequency range. Black line is the desired low-pass filter, blue line is the response of the
optimized design.

The result of the comparative study is given the figure 7. As it can be seen from the figures 7a to 7c,
although the optimized designs have highly complex topologies, a similar trend can be seen in how the
structures clustered inside the design domain for each case. Also, due to the lack of feature size control in
the optimization, minimum feature size is bound by the element size used in the computational mesh which
can be seen in the thin connections and small island structures present in the optimized designs.

The frequency responses of the optimized designs can be seen in the figure 7d where the calculated
transmission S(f) at the outlet is plotted for all optimized designs. It can be seen from the figure that the
the calculated transmission S(f) for each case respects the desired low-pass filter shape for the considered
frequency range. However, as the parameter b is decreased for having a lower transmitted acoustic pressure
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response at the stop-band region, the resulted optimized designs’ performances for the transition between
the pass-band and stop-band regions also decrease. This effect can also be seen in the presented objective
function values Φ1 and Φ2 for each optimized design in figures 7a to 7c where the objective values increased
as the transmission value is decreased in the stop-band of the acoustic filter. As it can also be seen from
the presented objective values, optimized designs’ Φ1 values actually end up at higher values compared to
the initial configuration which is due to the transition between the pass-band and stop-band regions for the
considered low-pass filter.

Overall, compared to the initial transmission given in figure 6b, it can be seen from the figure 7d
that the developed optimization framework can successfully tailor the frequency content obtained from
the transient response of the coupled vibroacoustic system, effectively designing acoustic filters. Moreover,
figure 7e compares the averaged sound pressure level (SPL) values at the outlet of the acoustic duct for the
considered frequency range. Compared to the SPL response of the empty acoustic duct, the considered low-
pass filter shape can also be seen from the SPL values of each optimized design. Here, the optimized designs
have nearly the same averaged SPL response with the empty acoustic duct from 1000 Hz to approximately
2250 Hz and after a sharp transition into the stop-band region, transmission S(f) values of 1×10−2, 1×10−3

and 1× 10−4 roughly corresponds to the averaged SPL values of 20 dB, 0 dB and −20 dB for the stop-band
region of the low-pass acoustic filter, respectively.

As a further study, the same optimization setup is again considered with a low-pass filter design where
the b parameter is lowered to b = 1× 10−5. Figure 8a shows the optimized design where a similar trend is
seen compared to the design presented in figure 7c. However, as it can be seen from the performance of the
acoustic filter given in figure 8b, optimization resulted in a low quality local-minimum. Meaning that the
optimized design fails to lower the transmission to S(f) = 1×10−5 for the stop-band region of the considered
low-pass filter. Considering the SPL values given in figure 7e and the corresponding performances for each b
parameter that is used for the objective function Φ2, b = 1×10−3 is deemed the most effective for optimizing
acoustic filters within the developed framework which will be used for the remaining of the work.

7.2. Initial guess study

This section carries out an initial guess study for the optimization of acoustic filters. Instead of the
low-pass filter design that is presented in the previous section 7.1, the section considers the optimization
of high-pass acoustic filters. For the optimization, the objective function Φ1 defining the pass-band of the
high-pass filter operates on the frequencies between 2500 Hz ≤ f ≤ 4000 Hz. Whereas, Φ2 for the stop-band
region of the high-pass filter is active between 1000 Hz ≤ f < 2500 Hz. The desired high-pass filter is
given in figure 9d in which the calculated transmission S(f) of the designs are to be lowered to a value
S(f) = 1× 10−3 in the stop-band region of the filter.

For the current study, three different initial configurations will be considered. The first initial design is
the same that was used in the previous section. The other two initial guesses are obtained with decreasing
the r1 and r2 parameters given in equation 63 from 7 to r1, r2 = 6 and r1, r2 = 5, respectively. Decreasing
the parameters r1 and r2 reduce the total number of circle structures in the initial configuration while
making their size bigger.

Figures 9a to 9c presents the initial configurations that are used for the optimization of acoustic high-
pass filters. As it is seen from the figures, initial structures have sparsely clustered features in order to
allow a high transmission across the frequencies that are considered in the high-pass filter given in figure 9d.
Initial structures’ features become larger from figure 9a to 9c. The figures also presents the objective values
Φ1 and Φ2 calculated with the initial designs where similar results are obtained. This points out similar
transmission responses between 1000Hz and 4000Hz for the initial configurations.

Figure 9e presents the transmission S(f) responses calculated at the outlet of the acoustic duct over the
considered frequency range. Here, the initial configurations given in figures 9a and 9b resulted in transmission
responses that closely follow each other between 1000Hz and 4000Hz where the calculated transmission S(f)
values are clustered around unity. Meaning that the initial configuration for the first two cases allows for
nearly full transmission in the frequency range that is considered for the optimization. Likewise, the initial
design given in figure 9c also allows for frequencies between 1000Hz and 2800Hz to pass. However, after
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approximately around 2800Hz, the last initial design has a lowered transmission response as it can also be
seen from the figure 9e which corresponds to the pass-band region of the considered high-pass acoustic filter.

(a) Φ1 = 0.0154458,Φ2 = 5.71289 × 107

(b) Φ1 = 1.0096,Φ2 = 5.89415 × 107

(c) Φ1 = 0.0573009,Φ2 = 5.71361 × 107
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Figure 9: Optimization for an acoustic high-pass filter design. Figures (a), (b) and (c) are the initial guess designs utilized
for the study. (d) Figure showing the desired high-pass filter. (e) transmission of the initial guess designs in the considered
frequency range, blue line is the response of the design shown in Fig. 9a, orange line is the response of the design shown in
Fig. 9b, green line is the response of the design shown in Fig. 9c.

The results of the optimization for the initial guess study are presented in figure 10. Moreover, the
optimized designs can be seen in figures 10a to 10c which are the optimized results of the initial designs
given in figures 9a to 9c, respectively. Here, the designs given in figures 10a and 10b have a similar structure
layout where the optimized structures in the design domain separated the domain roughly into three acoustic
partitions. Optimized design given in figure 10c resulted in the largest features compared to the first two
cases. Also, from the investigation of the objective values Φ1 and Φ2 given in figures 10a to 10c, it is
seen that the first two optimized designs successfully captured the high-pass filter response whereas the last
optimization failed in the pass-band region of the considered high-pass filter shape. This is also visually
shown in figure 10d where the calculated transmission S(f) for each optimized design is plotted over the
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(a) Φ1 = 13.7815,Φ2 = 11.6695

(b) Φ1 = 9.31977,Φ2 = 10.0032

(c) Φ1 = 50.7457,Φ2 = 19.9735
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Figure 10: Optimization for an acoustic high-pass filter design. (a) optimized design for the initial guess shown in Fig. 9a.
(b) optimized design for the initial guess shown in Fig. 9b. (c) optimized design for the initial guess shown in Fig. 9c. (d)
transmission of the optimized designs in the considered frequency range. Black line is the desired high-pass filter, blue line is
the response of the design in shown Fig. 10a, orange line is the response of the design shown in Fig. 10b, green line is the
response of the design shown in Fig. 10c. (e) averaged SPL response of the designs calculated at the output, gray line is the
empty acoustic duct, blue line is the response of the design shown in Fig. 10a, orange line is the response of the design shown
in Fig. 10b, green line is the response of the design shown in Fig. 10c.

considered frequency range. It can be seen in the figure that the optimized designs given in figures 10a and
10b perform successfully as acoustic high-pass filters with lowering the transmission to S(f) = 1×10−3 in the
stop-band and, after a sharp transition around 2500Hz, realizing nearly full transmission in the pass-band
region of the high-pass filter.

Furthermore, the figure 10d also shows the response of the design given in figure 10c in which the design
successfully realizes the stop-band of the high-pass filter. However, after the transition into the pass-band,
the design’s performance deteriorates as the calculated transmission S(f) lowers in the pass-band. Figure
10e compares the designs’ averaged SPL values at the outlet of the acoustic duct for the considered frequency
range against the response of an empty acoustic channel. Here for the optimized designs in figures 10a and
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10b, the SPL values in the stop-band are clustered around 0dB and goes up to around 60dB in the pass-band
with closely following the response of an empty acoustic channel. The failure of the design given in figure
10c can also be seen from the figure where the SPL values diverge from the response of an empty acoustic
channel in the pass-band of the high-pass filter.

Overall, the developed transient optimization framework for coupled vibroacoustic problems is success-
fully applied for the design of acoustic high-pass filters. Initial configuration given in figure 9c resulted in a
failed design due to the starting guess having larger structure members which limits the design complexity.
It is seen that the initial configurations that allow nearly full transmission (Figs. 9a and 9b) across the
frequencies that are considered by the optimization resulted in efficient acoustic high-pass filters.

7.3. Band-pass and band-stop acoustic filter designs

This section presents the optimization results for the design of acoustic band-pass and band-stop filters.
The section firstly carries out the optimization for the band-pass filter where the objective function Φ1,
defining the pass-band region of the band-pass filter, operates on the frequencies between 2500 Hz ≤ f ≤
4000 Hz. Stop-band regions defined by the objective function Φ2 are considered in the frequency window
of 1000 Hz ≤ f < 2500 Hz and 4000 Hz < f ≤ 5500 Hz. Initial structure considered for the optimization
is the same as in the figure 9a where the initial objective values are listed here as Φ1 = 0.0154458,Φ2 =
1.15859× 108.

Figure 11a shows the optimized design while the transmissions S(f) of the optimized design and the
initial configuration are given in figure 11b. As it can be seen from the figure 11b, the initial configuration
has a nearly full transmission across the frequencies 1000 Hz to 5500 Hz. The optimized design on the other
hand closely follows the desired band-pass filter shape. Interestingly, the optimized design (Fig. 11a) has a
similar structure arrangement compared to the design in 9a in which both designs have similar transmission
responses from 1000 Hz to 4000 Hz for a high-pass filter shape. The current design further tailors the
frequency response of the coupled system to realize an additional stop-band from 4000 Hz to 5500 Hz. Also,
from the optimized design’s objective values given in figure 11a and the visual inspection of the transmission
response in figure 11b, it can be said that the performance of the pass-band region is slightly lowered
compared to the designs presented in previous sections. This is mainly due to the added complexity of the
optimization where an additional stop-band is considered to realize a band-pass filter.

Figure 11c shows the calculated averaged SPL response of at the outlet of the acoustic channel, comparing
the optimized design and the empty acoustic channel. It can be seen from the figure that the optimized
design’s calculated SPL response at the outlet is clustered around 0dB for the stop-band regions of the
band-pass filter. At the pass-band, the design’s SPL response closely follow the SPL response of an empty
acoustic channel. Overall, the developed transient optimization framework is shown to successfully tailor
the frequency response of the coupled vibroacoustic system with designing an efficient acoustic band-pass
filter.

The framework is lastly applied for the design of a band-stop filter. The objective function Φ1 for the pass-
band regions of the considered band-stop filter operates on the frequency window of 1000 Hz ≤ f < 2500 Hz
and 4000 Hz < f ≤ 5500 Hz. For the stop-band region, the objective function Φ2 is active between the
frequencies of 2500 Hz ≤ f ≤ 4000 Hz. Again, the same initial configuration as the previous band-pass filter
optimization is utilized which resulted in initial objective values of Φ1 = 0.0552177,Φ2 = 5.8754× 107.

The optimized design is shown in figure 12a. Moreover, the desired band-stop filter shape along with
the transmissions S(f) of the optimized and initial designs are given in figure 12b. When the optimized
design is compared to the low-pass filter design given in figure 7b, it can be said that the both designs have
a similar performance between the frequencies from 1000 Hz to 4000 Hz with acting as an acoustic low-pass
filter. Overall, it can be seen in figure 12b that the initial transmission S(f) is successfully tailored during
the optimization in which the optimized design’s response closely follow the desired band-stop filter between
the frequencies of 1000 Hz to 5500 Hz. The performance of the optimized acoustic band-stop filter is also
seen from the averaged SPL values calculated at the outlet of the acoustic channel which is given in figure
12c. The figure shows that pass-band regions attains the overall 60dB SPL response while the stop-band
region of the filter lowers the SPL response to approximately around 0dB.
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(a) Φ1 = 20.4625,Φ2 = 24.4682
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Figure 11: Optimization for an acoustic band-pass filter design. (a) optimized design. (b) transmission of the optimized design
in the considered frequency range. Black line is the desired band-pass filter, blue line is the response of the optimized design,
gray dashed line is the response of the initial guess design. (c) averaged SPL response of the optimized design calculated at
the output, gray line is the empty acoustic duct, blue line is the response of the optimized design.

8. Conclusions

The article presents the utilization of time-domain methods to realize wideband optimization in frequency
domain. The developed framework carries out generalized shape optimization of transient vibroacoustic
problems in which the optimization considers acoustic filter designs. In order to achieve this, the objective
function is defined in frequency domain where the FFT operation is utilized to obtain the frequency response
from the transient response of the coupled system. Throughout the work, the level set approach is utilized
for the geometry description where its zero iso-level specifies the interface between acoustic and structural
domains. An immersed boundary method called the cut element method is employed for capturing the
geometry which operates on a fixed background mesh. The method uses a special integration scheme to
accurately resolve the interface between the two physics without the addition of extra degrees of freedom
to the system. Hence, the employed cut element method is suitable to include into the existing parallel
FEM frameworks with ease. Moreover, the work utilizes the discrete adjoint method for carrying out the
sensitivity analysis in order to calculate the gradients of the objective functions. The derivation of the
sensitivity analysis is kept general to allow for the inclusion of different time integration schemes in which
the handling of the FFT operation is explained to be able to define the objective function in frequency
domain. Furthermore, a study for the utilized objective function is carried out to asses the effect of the
inverse weighting that is used in the objective function where a design of acoustic low-pass filter is considered.
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(a) Φ1 = 24.8701,Φ2 = 60.3181
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Figure 12: Optimization for an acoustic band-stop filter design. (a) optimized design. (b) transmission of the optimized design
in the considered frequency range. Black line is the desired band-pass filter, blue line is the response of the optimized design,
gray dashed line is the response of the initial guess design. (c) averaged SPL response of the optimized design calculated at
the output, gray line is the empty acoustic duct, blue line is the response of the optimized design.

It has been found that having b = 1 × 10−3 for the objective function Φ2 to realize the stop-band region
of the considered filter resulted in a relatively sharp transition between the pass-band and the stop-band,
realizing an effective filter performance. The selected b parameter also reduces the averaged SPL values at
the outlet of the acoustic channel to approximately around 0dB in the stop-band. An initial guess study is
then carried out the determine the effect of different initial configurations to the end design considering the
optimization of an acoustic high-pass filters. It has been illustrated that with using initial configurations
that allow for nearly full transmission in the frequency range that is considered for the optimization, efficient
acoustic high-pass designs are obtained. The outcomes from both the objective function and the initial guess
studies are then utilized in optimization for more complex acoustic band-pass and band-stop filters. Overall,
the developed transient optimization framework is shown to successfully tailor the frequency response of the
coupled vibroacoustic system for the design of acoustic band-pass and band-stop filters. The presented work
will pave the way for the optimization of acoustic devices to realize efficient wideband operation. Also,
different objective functions may be studied to increase the stability of the optimization framework with
decreasing the effect of the initial configuration to the optimized design.
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