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Abstract

This thesis investigates the micro-mechanical material behavior leading to ductile
fracture of thin metal plates. The main focus has been on how the micro-mechanical
mechanisms that control ductile fracture can be linked to the phenomenological
simulation tools. Tools that allow engineers, in a cost-efficient manner, to conduct
accurate predictions of crack growth in large-scale plate structures subject to extreme
loading conditions. The work demonstrates that tuning the key parameters defining
the cohesive zone is required to represent accurately the failure predicted by micro-
mechanics based Gurson simulations. For instance, when extensive crack growth takes
place in a thin metal plate or when the damage-related microstructure (number, size,
and distribution of voids) diverges from a homogeneous configuration. Throughout
the thesis, mode I tearing is considered the primary loading condition, but the work
also considers an additional shearing fracture mode. The effects from mixed mode
loading conditions on the crack initiation and the interaction between microscopic
voids are investigated as well as on the key parameters for the cohesive traction-
separation relations for a steadily growing crack. Finally, attention is drawn to
the steady-state mode I tearing setup in comparison to the plane strain bending
test, which are two typical loading scenarios encountered in the deformation of
plate structures at the engineering scale. Despite both loading conditions experience
the same nominal stress state, two significantly different fracture strains have been
reported experimentally. The micro-mechanical Gurson model constitutes an in-
depth analysis to search for the mechanisms leading to the fracture strain difference
and reveals two significantly different localization phenomena. Additionally, a new
parameter based on the through-thickness stress variation to distinguish the mode I
tearing loading condition from plane strain bending test is defined.
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Resumé

Denne afhandling undersøger den mikromekaniske materialeadfærd, der leder frem
til et duktilt brud i tynde metalplader. Hovedfokus har været på, hvordan de
mikromekaniske mekanismer, der kontrollerer duktilt brud, kan forbindes til de
fænomenologiske simuleringsværktøjer. Værktøjer, der på en omkostningseffektiv
måde gør det muligt for ingeniører at opnå nøjagtige forudsigelser om revnevækst i
store pladekonstruktioner under ekstreme belastningsforhold. Studiet viser, at det
er nødvendigt at justere nøgleparametrene, der definerer den kohæsive zone, for
nøjagtigt at repræsentere det strukturelle kollaps, der er forudsagt af mikromekaniske
Gurson-simuleringer. Det er gældende f.eks. når der sker omfattende revnevækst
i en tynd metalplade, eller når den skadesrelaterede mikrostruktur (varierende an-
tal, størrelse og distribution af kaviteter) afviger fra en homogen konfiguration af
materialet. I afhandlingen betragtes “mode I” som den primære belastningstilstand
for revnevæksten, men studiet betragter også en supplerende forskydningsbelast-
ning. Effekten af belastningerne på revne-initieringen og interaktionen mellem
mikroskopiske kaviteter undersøges såvel som på nøgleparametrene for den kohæsive
træk-forskydningsrelation for en konstant propagerende revne. Slutteligt sammen-
lignes den konstant propagerende revne i “mode I” med en bøjningsbelastning under
plan tøjning, som er to typiske belastningsscenarier, der ofte opstår ved deformation
af store pladekonstruktioner. På trods af, at begge belastningssituationer oplever den
samme nominelle spændingstilstand, viser eksperimenter to signifikant forskellige
brudtøjninger. En dybdegående analyse med brug af den mikromekaniske Gurson-
model forsøger at klarlægge de mekanismer, der fører til forskellen i brudtøjning, og
afslører to markant forskellige lokaliseringsfænomener. Derudover er en ny parameter
introduceret, der er baseret på spændingsvariationen igennem tykkelsen i de to
belastningssituationer. Denne parameter er i stand til at skelne en propagerende
revne under en “mode I” belastning fra en bøjningsbelastning under plan tøjning.
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1 Introduction

Many structures in the automotive, aerospace, or maritime industries comprise thin
metal plates. These plates have large in-plane dimensions compared to the thickness
and are often referred to as metal sheets. The application for the plates, e.g., a ship
hull or a car frame, often dictates the material to be ductile, which can be, but are
not limited to, many different types of steel or aluminum. The benefit of ductile
materials is the capability of sustaining a significant amount of plastic deformation
in the structure and thereby withstand a significant energy dissipation. This energy
dissipation is vital for, e.g., a car frame that needs to dissipate energy in case of an
accident. For such an extreme loading condition, severe plastic deformations develop
and lead to the initiation of the fracture. The severe deformation may, in some cases,
be beneficial, but exceeding the maximum load-carrying capacity of the structure
will compromise the integrity.

Evidence of the fundamental micro-mechanical mechanisms defining severe plastic
deformations preceding ductile fracture dates back to the late 1960s (McClintock,
1968; Rice and Tracey, 1969). The mechanisms governing a ductile fracture are void
nucleation and growth, followed by void coalescence, the formation of micro-cracks,
whereafter the structure is prone to global failure. These mechanisms have been
experimentally verified (see, for instance, Benzerga et al., 1999, 2016; Barsoum and
Faleskog, 2007; Noell et al., 2018). The voids typically nucleate from debonding
inclusions, nucleate from cracking second-phase particles, or grow from pre-existing
voids due to a high level of stress triaxiality in the material. Depending on the
material, the voids may vary in size and be clustered or spread out and, hence,
the interaction between the voids will differ. These differences highly affect the
material’s ability to withstand fracture. A persistent high stress triaxiality state will,
nevertheless, lead to micro-crack formation in the material, which eventually creates
macro-cracks leading to global failure.

To numerically predict ductile fracture, the micro-mechanics based Gurson mate-
rial model (Gurson, 1977) has been proven very well suited and, in detail, capture
and describe the fundamental mechanisms (Tvergaard, 1990; Benzerga et al., 2016).
Although the Gurson material model is highly acknowledged to capture ductile
fracture, the material model is not appropriate for large-scale structures, which is
in the interest of the industry. The element size has to scale with the dominant
void spacing in the material to stay true to the underlying mechanics and to provide
accurate predictions from a finite element model (Besson et al., 2003). The dominant
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2 CHAPTER 1. INTRODUCTION

void spacing for ductile materials is, however, on the order of ∼10-100µm (Pardoen
et al., 2004). Such a fine mesh resolution requires many finite elements on a small
length-scale to discretize the structure and prevents the use of the Gurson model for
larger structures since the computational costs will be too high. Therefore, ductile
fracture in engineering structures is analyzed typically with help from the much
less computationally demanding, but phenomenological, cohesive zone modeling
approach. This numerical approach can be embedded in shell element based finite
element models, which already are the preferred numerical tool to analyze large-scale
plate structures. In contrast to the Gurson material model implementation, cohesive
elements can possess a size up to several plate thicknesses, which make them ideally
suited for analyzing ductile fracture within this kind of structure.

To link the micro-mechanical behavior preceding crack initiation and extensive
crack growth to the real-life large-scale plate structure, the engineer must first
understand the sequence of events leading up to the fracture on both on a microscopic
as well as a macroscopic level. An in-plane tearing load acting on the structure can
cause the stress state in the material to enter the plastic regime and eventually to
reach the maximum allowable stress in any material point in the structure. Voids are
on the microscopic level nucleating, growing, and subsequently interacting with each
other. The deformation on the macroscopic level leads to a diffuse thinning in the
highly stressed region of the plate in which the deformation localizes with concurrent
unloading in the remaining plate. This diffuse thinning then becomes more severe and
localizes further such that it extends only a couple of plate thicknesses. Subsequently,
the deformation localizes within a narrow shear band, followed by the inevitable
fracture. This sequence of events is a highly three-dimensional problem and thus
cannot be captured directly from shell element based finite element models since they
inherently assume a plane stress state in the thickness direction. Furthermore, the
shell element model enriched with a cohesive zone that is supposed to predict crack
growth does not have an adequate level of detail. Before the activation of the cohesive
zone, the shell element based finite element structure describes the deformations until
reaching the maximum allowable stress in the material. The cohesive zone, which
is controlled by a simplified constitutive behavior to predict the damage evolution,
represents the softening or degrading material response. Furthermore, the engineer
has to define the crack path in which the cohesive zone is embedded or embed the
cohesive elements in-between all the shell elements. Finally, the fracture surfaces are
for ductile thin plate structures typically inclined 45◦, also known as a slant fracture.
This response is not captured unless a 3D cohesive zone model is chosen, which again
is computationally demanding.

It is a too rough assumption that real-life structures always experience in-plane
tensile loads. The treatment of this basic loading condition provides a fundamental
and, nevertheless, essential understanding of the micro-mechanical mechanisms
governing the ductile failure of such structures. The three-dimensionality of complex
loading conditions acting on structures, however, gives rise to a more sophisticated
stress state, and the consequent effects on void interaction and other micro-mechanical
processes need attention. Three different fracture modes, which can be combined
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arbitrarily, can be considered for ductile fracture and initiation of such. Therefore,
the investigations of mixed mode loading conditions constitute a vital element within
the study of ductile fracture since the failure of the large-scale plate structures cannot
be unaffected by the change in the angle of action for the overall loading conditions.

This thesis aims to expand the knowledge base within the field of ductile fracture
and pursues to link the micro-mechanical material behavior to the phenomenological
models by in-depth investigations of the governing micro-mechanical mechanisms
leading to ductile fracture.

1.1 Outline of the thesis
The outline of the thesis is as follows: Chapter 2 introduces the different fracture
modes as well as the concept of linking micro-mechanical simulations to cohesive zone
modeling, followed by a thorough exposition in Chapter 3 of the material models
used in the thesis. The material models include the fundamental plasticity model
and the micro-mechanics based Gurson material model along with some of the crucial
extensions to this model. The numerical framework is explained in Chapter 4, which
encounters the finite element method considering both a static formulation as well
as a dynamic formulation in a finite strain setting. In-house Fortran codes and the
commercial finite element software Abaqus have been utilized to obtain the work in
this thesis. Chapter 5 includes a concise survey of the work:

• “Micro-mechanics based cohesive zone modeling of full scale ductile plate
tearing: From initiation to steady-state” (publication [P2]) presents a 3D
analysis of ductile plate tearing taken into account a Gurson material, and
from here, detailed information of the fracture process from crack initiation to
steady-state crack growth is extracted. This information will then be used as
cohesive zone parameters in a much more simple 2D cohesive zone model to
replicate the global response.

• “Void-by-void versus multiple void interaction under mode I-mode II or mode
I-mode III loading conditions” (publication [P3]) takes the work by Tvergaard
and Hutchinson (2002) and extends it to mixed mode loading conditions.
The study examines the void growth and intervoid ligament deformation to
investigate how void interaction mechanisms change when two types of mode
mixity are applied. Furthermore, the work addresses the void rotation that
occurs due to the shearing fracture modes.

• “Cohesive traction-separation relations for plate tearing under mixed mode
loading” (publication [P1]) extends the work by Nielsen and Hutchinson (2012)
to consider mixed mode loading conditions for the 2D plane strain model and
investigates the influence on the key parameters going into a cohesive zone of
the shearing fracture modes. The cohesive sweep into the mode mixity space
is also investigated.
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• “Cohesive traction-separation relations for tearing of ductile plates with ran-
domly distributed void nucleation sites” (publication [P4]) identifies the role
of imperfections in a material by considering a heterogeneous material in the
same overall setup as in Nielsen and Hutchinson (2012). Here, the relation
between the damage-related microstructure and the cohesive zone parameters
is investigated together with statistical evidence for these parameters.

• “Fundamental differences between plane strain bending and far-field plane
strain tension in ductile plate failure” (publication [P5]) compares a bending
and a tension test, both displaying fracture under a seemingly plane strain
tension state. The work provides insight into the fundamental mechanisms
governing the fracture of a plate subject to the two loading conditions and
reports the significant differences in the localization phenomena.

Chapter 6 presents an unpublished study. Here, [P5] inspires to investigate further
the difference between the far-field plane strain tension case and the plane strain
bending case since a shell element based finite element framework cannot distinguish
one from the other when dealing with damage accumulation and fracture. The
through-thickness stress quantities predicted from micro-mechanics based Gurson
simulations are examined in detail and provide the fundamental ingredients for the
calculation of a parameter capable of differentiating between the two load cases.

Finally, Chapter 7 gives the conclusions on the publications [P1]-[P5] as well as
the unpublished work presented in this thesis.



2 Mechanical concepts

2.1 Fracture modes

The work presented in this thesis investigates ductile fracture. Fracture, in general,
is described from the three distinct loading modes (see, for instance, Anderson, 2005).
The fracture loading modes are illustrated in Fig. 2.1 and categorize the applied
loading into mode I (Fig. 2.1a) being a tensile fracture mode that separates the two
fracture surfaces, mode II (Fig. 2.1b) being an in-plane shearing fracture mode, and
mode III (Fig. 2.1c) being an out-of-plane shearing fracture mode. The fracture
modes can be applied independently but can also be applied in combination such
that several modes act simultaneously. This thesis considers both an independent
mode I loading condition as well as a mixed mode loading condition where a mode I
loading is acting in combination with either a mode II or mode III contribution. The
mode I load contribution will be, in all cases, the dominant fracture mode, ensuring
a primary normal separation to take place. The mixity of the normal separation and
shear mode is given as the shear mode contribution (mode II or mode III) over the
normal mode contribution (mode I) such that the ratio is zero for a pure mode I
loading and non-zero for non-zero shearing mode contributions.

The fracture modes can be applied to a structure in different ways depending
on, e.g., the geometry and material definition. Publication [P3] adopts the small-

(a) (b) (c)

Figure 2.1: The three fundamental fracture modes: (a) mode I (normal separation), (b)
mode II (in-plane shearing), and (c) mode III (out-of-plane shearing).

5



6 CHAPTER 2. MECHANICAL CONCEPTS

scale yielding method, and this particular model setup comprises a sufficiently large
computational domain such that the size of the plastic zone is much smaller than
the outer dimensions. A far-field displacement field governs the fracture loading
modes acting on the computational domain. The equations for the displacement
field in each Cartesian direction are additive when considering mixed mode loading
conditions. The complete set of equations reads:

u1,I = KI

2Gs
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2π cos
(
ψ

2

)κ− 1 + 2 sin2
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2

)
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Gs

√
Rff

2π sin
(
ψ

2

)

where the first index on u (1, 2, or 3) represents the Cartesian coordinate axis, and
the second index (I, II, or III) represents the fracture loading mode. Furthermore,
KI , KII , and KIII are the stress intensity factors for mode I, mode II, and mode III,
respectively. The stress intensity factors express the near-tip stress state for linear
elastic materials and are related to the energy release rate (Irwin, 1957). The far-field
radius of the computational domain is designated Rff , and the shear modulus for the
material is Gs = E(1 + ν)/2. Finally, the angle ψ defines the angle to the material
point on the far-field boundary in which the set of displacements acts.

For [P1]-[P2] and [P4]-[P5], as well as for the unpublished work in Chapter 6, large-
scale plasticity takes place, i.e., a significant part of the material in the numerical
domain enters the plastic regime during the deformation. For this application, the
above equations are no longer valid, and the fracture modes are applied directly
through macroscopically governing boundary conditions similar to the ones showed
in Fig. 2.1. These boundary conditions are applied as prescribed displacements
of the finite element nodes. The choice of prescribed displacements in contrast to
prescribed forces relates to the numerical analysis to failure, which encompasses
material softening.
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2.2 From micro-mechanics to cohesive zone
modeling

Cohesive zone parameters for crack growth in large-scale plate structures are pre-
dicted typically through a combination of experiments and numerical simulations.
Publications [P1], [P2], and [P4] considers the latter and links the micro-mechanical
Gurson simulations to cohesive elements, increasing the level of detail to encounter
the underlying fundamental material behavior introduced by the void nucleation
and growth to coalescence. The force-displacement curve from the micro-mechanical
Gurson simulations similar to that shown in Fig. 2.2 is the basis for extracting
the key parameters (see Section 4.4) comprising the peak traction as well as the
cohesive energy. In shell element based finite element models where the cohesive
zone typically is employed, the shell elements are fully capable of representing
the material behavior until the onset of necking and where the peak traction is
reached. From here, the damage evolution initiates, and the material gradually
loses its load-carrying capacity. This material behavior, as well as the description of
the localization processes governing ductile fracture, are embraced by the cohesive
elements. The nominal peak traction, Tpeak, for the cohesive element is found to
be the maximum attained force, Fpeak, during the deformation history divided by
the original cross-sectional area. The cohesive energy, Γ0, is the energy needed to
fully develop the neck, the shear localization, and free fracture surfaces. Therefore,
the area under the force-displacement curve from the peak force until complete
loss of load-carrying capacity defines the cohesive energy. In this fashion, the key
parameters governing the constitutive response of a cohesive element through the
traction-separation relation can be linked to the micro-mechanical material response.

Figure 2.2: The link between the micro-mechanical material behavior on the left side to
the phenomenological cohesive zone representation on the right. The cohesive energy, Γ0,
represents the area under the force-displacement curve from peak force, Fpeak, to complete
loss of load-carrying capacity.
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The generic traction-separation relation shown in Fig. 2.2 can be considered for
each independent fracture mode from Fig. 2.1. If a mixed mode loading condition is
applied to some structure, a mode mixity space for the traction-separation relations
is formulated. Figure 2.3 illustrates the mode mixity space in-between two fracture
modes and outlines a rotational sweep from the relation governing the normal
separation to that governing the tangential separation. The two representations of
the traction-separation relation do not necessarily have to be identical, but variations
are allowed. Publication [P1] will consider this three-dimensional representation of
the traction-separation relation.

Figure 2.3: The mode mixity space with a rotational sweep of the traction-separation
relation from the normal fracture mode (mode I), δI/δI,0, to the tangential fracture mode
(mode II or mode III), δII/δII,0 or δII/δIII,0, respectively.



3 Material models

This chapter introduces the material models used for the work in this thesis. First,
the behavior of fully dense material is described, which governs the material response
for uniaxial tension from the elastic to the plastic regime. This formulation addi-
tionally governs the microscopic material response for the porous material model. A
description of the J2 flow theory follows, which outlines the fundamental constitutive
equations for metal plasticity in multiaxial stress states. Finally, the constitutive
equations for the Gurson-Tvergaard-Needleman material model are described together
with the extensions used for the numerical simulations.

3.1 Uniaxial tension
A stress state exceeding the yield limit of a material initiates irreversible plastic
deformations. Here, dislocations on the atomistic level are introduced in the material
crystalline lattice, which causes the material to harden (the so-called deformation
hardening). The material-specific strain hardening curve for a uniaxial response
gives the relation between true stresses and logarithmic strains in the plastic regime.
Various relations can be considered depending on the material and application,
e.g., the Ramberg-Osgood relation (for rate-independent materials, see Osgood
and Ramberg, 1943) or the Johnson-Cook relation (for rate-dependent materials,
see Johnson and Cook, 1985) among others. Throughout this thesis, only rate-
independent isotropic materials are considered. The following true stress-logarithmic
strain relation, the so-called power hardening law (see discussion in Zahoor, 1982),
for uniaxial tension, characterizes the elastic and plastic response of the material:

σ =


Eε for ε < εy

σy

(
ε
εy

)N
for ε ≥ εy

(3.1)

in which σ is the true stress with σy (denoted σ0 in [P4] and [P5]) being the initial
yield stress, ε is the logarithmic strain with εy (denoted ε0 in [P4] and [P5]) being
the yield strain, E is Young’s modulus, and N is the strain hardening exponent. The
tangent modulus, Et, describes the slope of the power hardening curve (Et = dσ/dε).
This particular stress-strain relation has been used widely within micro-mechanical
studies of ductile materials as well as ductile fracture throughout the literature due

9
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to its high capability to describe the dense matrix material behavior in the plastic
regime (see, e.g., Xue et al., 2013, for a material fit to two steel types).

3.2 J2 flow theory
The J2 flow theory describes the plastic response of materials experiencing multiaxial
stress states. In this thesis, the J2 flow theory assumes an isotropic hardening
material, but can also assume a kinematic hardening material. The theory is
governed by the von Mises yield surface formulated in a six-dimensional stress space:

Φ = 3sijsij/2− (σe)2
max = 0

where sij = σij −Gijσkk/3 is the (contravariant) deviatoric Cauchy stress tensor with
Gij being the contravariant metric tensor (Section 4.1 gives an introduction to the
metric tensors), σij is the (true) Cauchy stress tensor, σe =

√
3sijsij/2 is the effective

von Mises stress, and ()max refers to the maximum effective von Mises stress attained
throughout the entire stress history. The Latin indices, which may be denominated
arbitrarily, range from 1 to 3, and the rule of summation applies (Einstein’s rule of
summation). Stress states within the von Mises yield surface (Φ < 0) dictate the
material to behave elastic, but stress states on the yield surface (Φ = 0) dictate
a plastic material response. Upon a further increasing loading, the yield surface
expands equally in all directions (the definition of isotropic hardening) and without
any translations to create a subsequent yield surface. If elastic unloading takes place,
the yield surface will retain its current size.

Strains express the deformation of the material and are determined from the
derivatives of the displacement field. The increment of the total strain, ε̇ij, consists
of two additive contributions; an elastic, ε̇Eij, and a plastic contribution, ε̇Pij (ε̇ij =
ε̇Eij + ε̇Pij). The elastic contribution to the strain increment can be found from
ε̇Eij =Mijklσ̇

kl where σ̇kl is the increment of the Cauchy stress tensor andMijkl is
the elastic flexibility tensor (the inverse of the elastic stiffness tensor Lijkl) given in
a finite strain formulation (see also Chapter 4) as:

Mijkl = 1
E

[
1 + ν

2
(
GikGjl +GilGjk

)
− νGijGkl

]

with ν being the Poisson’s ratio and Gij the covariant metric tensor in the convected
coordinate system. The plastic strain increment, ε̇Pij, is found as:

ε̇Pij = µ
9

4σ2
e

(
1
Et
− 1
E

)
sijsklσ̇

kl

where µ is the measure for plasticity in the material being active defined as:

µ =
1 for σe = (σe)max and σ̇e ≥ 0

0 for σe < (σe)max or σ̇e < 0
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where continuous plasticity takes place if the effective stress withstands with a
positive increment. Conversely, if the effective stress is less than the maximum
attained or the increment is negative, the material becomes elastic.

The relation between the Cauchy stresses and logarithmic strains on the incre-
mental form is given as:

σ̇ij = Lijklε̇kl

with Lijkl being the incremental stiffness tensor given as:

Lijkl = E

1 + ν

[
1
2
(
GikGjl +GilGjk

)

+ ν

1− 2νG
ijGkl − µ3

2
E/Et − 1

E/Et − (1− 2ν)/3
sijskl

σ2
e


It is important to note that the von Mises yield surface is independent of

the hydrostatic stress, σkk/3, and plastic incompressibility is assumed, εPkk = 0.
Furthermore, in a total Lagrangian formulation, as used in this thesis, the distinction
between co- and contravariant quantities is necessary to consider the finite strain
implementation (see also Chapter 4).

3.3 Gurson-Tvergaard-Needleman material
model

Real-life materials for thin metal plates very often contain alloying elements to
increase the strength. Also, imperfections in the material may emerge during casting
and, hence, the material behavior can be approximated using a plasticity model for
porous materials. One particular famous porous plasticity model for considering a
defective material is based on the pioneering work by Gurson (1977), who developed
a continuum approach to describe a porous (voided) material macroscopically. The
material model is derived from an upper-bound solution based on a micro-mechanical
cell study of a spherical void within a spherical domain and assumes the void
to remain spherical throughout the deformation. The cell study considered an
incompressible, isotropic hardening, rigid-perfectly plastic von Mises matrix material
and, thereby, inherently captures the dilational material behavior for an expanding
or contracting void. The Gurson yield surface was later extended also to consider
kinematic hardened materials (see, e.g., Mear and Hutchinson, 1985). This extension
has, however, not been under consideration in this work. The highly acknowledged
Gurson material model appears with some modifications introduced by Tvergaard
(1981) and Tvergaard and Needleman (1984), and this version is recognized as the
Gurson-Tvergaard-Needleman (GTN) material model. The following yield surface
approximates the continuum description of the macroscopic material response:

Φ =
(
σe
σM

)2

+ 2q1f
∗ cosh

(
3q2

2
σm
σM

)
− (1 + q3(f ∗)2) = 0 (3.2)
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in which σe =
√

3sijsij/2 is the effective macroscopic von Mises stress with sij =
σij −Gijσkk/3 being the (contravariant) deviatoric part of the Cauchy stress tensor.
The microscopic stress in the undamaged, dense matrix material surrounding the
voids is denoted σM (following a true stress-logarithmic strain relation, e.g., Eq. (3.1)),
and σm is the hydrostatic stress defined from σm = σkk/3. The parameters, q1, q2,
and q3, are fitting parameters introduced by Tvergaard (1981) to improve the Gurson
model capabilities for an enhanced representation of an array of voids. The modified
yield surface reduces to the original formulated by Gurson if the fitting parameters
are all chosen to one. Section 3.3.3 presents the effective void volume fraction, f ∗.

3.3.1 Stress-strain relation
The stress and strain measures used in the finite strain implementation of the Gurson
material model are the Kirchhoff stress tensor, τ ij , and the work conjugate Lagrangian
strain tensor, ηij . The Lagrangian strain tensor is ηij =

(
ui,j + uj,i + uk,iuk,j

)
/2 with

ui being the displacement vector and (),i means differentiation with respect to i.
The relation between the Lagrangian strains and Kirchhoff stresses establishes on
incremental form through the constitutive stiffness tensor Lijkl:

τ̇ ij = Lijklη̇kl

where Lijkl is the instantaneous modulus. The relation between the Kirchhoff stresses
and the Cauchy stresses are τ ij =

√
G/gσij. For a damage-free material, G = g and

the two stress measures will be equal. The relationship between the increment of
the Kirchhoff stress tensor and the increment of the Cauchy stress tensor, σ̇ij , reads:

τ̇ ij =
√
G

g
σ̇ij + τ ijGklη̇kl

The increment of the Lagrangian strain tensor, η̇ij, consists of an elastic con-
tribution, η̇Eij , and a plastic contribution, η̇Pij , which are additive contributions
(η̇ij = η̇Eij + η̇Pij) following the same principle from the J2 flow theory. The constitutive
equations of the elastic contribution are obtained from the following relationship:

O
σij = Rijklη̇Ekl = σ̇ij + (Gikσjl +Gjkσil)η̇kl

with O
σij being the Jaumann rate of the Cauchy stress tensor, Rijkl is the hypo-elastic

incremental stiffness tensor (hypo-elastic in the sense that it cannot be derived from
a work potential) defined as:

Rijkl = E

1 + ν

[
1
2
(
GikGjl +GilGjk

)
+ ν

1− 2νG
ijGkl

]

The hypo-elastic approximation is, however, assumed to have very little influence
on the numerical predictions since the elastic strains are negligible compared to the
plastic strains.
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The plastic strain increment is given as:

η̇Pij = 1
H
mG
ijm

F
kl

O
σkl

where:

α = f ∗

2 q1q2 sinh
(

3q2

2
σm
σM

)
; γ = α + BσM6

∂Φ
∂f

mG
ij = 3

2
sij
σM

+ αGij ; mF
ij = 3

2
sij
σM

+ γGij

H = σM
2

[
−3α(1− f)∂Φ

∂f

−
(
∂Φ
∂f
A+ ∂Φ

∂σM

)
EEt
E − Et

1
1− f

(
σ2
e

σ2
M

+ α
3σm
σM

)
− ∂Φ
∂f

kωfω
σe
σM


which also contains the shear extension explained in Section 3.3.4 (the last term in
H). The expressions for H and γ include the parameters A and B which relate to
void nucleation (see Section 3.3.2).

The relation between the increment of the equivalent plastic work done in the
matrix material and the increment of the macroscopic plastic work is defined as
σij η̇Pij = (1− f)σM ε̇PM with ε̇PM = (1/Et− 1/E)σ̇M . This relation is used to calculate
the increment of the effective microscopic stress in the dense matrix material:

σ̇M = EEt
E − Et

σij ε̇Pij
(1− f)σM

Lastly, the constitutive stiffness tensor (or instantaneous moduli) Lijkl that relates
the increments of the Kirchhoff stresses and Lagrangian strains is found by:

Lijkl = Lijkl − µM ij
GM

kl
F

in which the following applies:

Lijkl =
√
G

g

[
Rijkl − 1

2
(
σikGjl + σjkGil + σilGjk + σjlGik

)
+ σijGkl

]
M ij

G = RijklmG
kl ; Mkl

F = mF
rsRrskl

µ =


√

G
g

(
H +mF

ijRijklmG
kl

)−1
for plastic loading

0 for elastic unloading

where µ is the parameter for active plasticity as in the formulation for J2 flow theory.
Plasticity initiates when Φ = 0 (from Eq. (3.2)) and Φ̇ > 0 and continuous plastic
loading requires that Φ = 0 and mF

kl

O
σkl/H ≥ 0. As an aside, the last term in Lijkl

dictates an asymmetric stiffness matrix in the numerical simulations.
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The fundamental Gurson material model is based on the von Mises yield surface.
Therefore, for an absent evolution of f (i.e., f = 0 throughout the simulation),
the GTN yield criterion reduces to that governing the von Mises yield surface
performing conventional plasticity (Φ = (σe/σM )2 − 1). Tvergaard (1990) provides a
comprehensive overview of the GTN material model and the governing equations for
a numerical implementation.

3.3.2 Void nucleation and growth
The evolution in total void volume fraction, f , and, hence, accumulation of damage
in the material may come from several sources. The expansion and contraction of
pre-existing voids and already nucleated voids in a material depend on the plastic
strain increment and the current void volume fraction:

ḟgrowth = (1− f)Gij η̇Pij (3.3)

with η̇Pij being the plastic increment on the Lagrangian strain tensor. The foundation
for the expression is the assumption of plastic incompressibility of the dense matrix
material.

For some types of metals, the matrix material might be non-porous initially, but
containing second-phase particles from where voids can nucleate. Void nucleation
occurs either due to debonding or particle cracking, but in any case, a void emerges.
The nucleation of voids can either be strain-controlled (Needleman and Rice, 1978)
or stress-controlled (Chu and Needleman, 1980). The contribution to the total void
volume fraction takes the general form:

ḟnucl = Aσ̇M + Bσ̇kk/3 (3.4)

where A and B are defined differently whether the void nucleation is strain-controlled,
stress-controlled, or both (in the latter case, the two terms of either A or B, respec-
tively, are additive):

Strain-controlled: A =
(

1
Et
− 1
E

)
fN

sN
√

2π
exp

−1
2

(
εPM − εN
sN

)2
 , B = 0

for εPM =
(
εPM
)

max
and ε̇PM > 0

Stress-controlled: A = B = fN

sN
√

2π
exp

−1
2

σM + σkk/3− σN
sN

2


for σM + σkk =
(
σM + σkk/3

)
max

and
(
σM + σkk/3

)
˙> 0
(3.5)

where sN is the standard deviation of the void nucleating particles, εN is the mean
strain for nucleation, σN is the mean stress for nucleation, and εPM is the microscopic
equivalent plastic strain. The parameter fN is the void volume fraction of the void
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nucleating particles. Only the strain-controlled void nucleation has been employed
in the thesis.

The contributions to the increment of the total void volume fraction are additive,
such that:

ḟ = ḟgrowth + ḟnucl + ḟshear

where ḟshear is described in Section 3.3.4.

3.3.3 Void coalescence
An effective void volume fraction, f ∗, is introduced, and the following coalescence
criterion proposed by Tvergaard and Needleman (1984) prevents an unrealistic
damage evolution, which would delay the failure of the material. Void coalescence
defines the thinning of the intervoid ligaments, leading to micro-cracks in the material.
The definition of the effective void volume fraction is two-fold:

f ∗ =
f for f ≤ fC

fC + f∗
U−fC

fF−fC
(f − fC) for f > fC

(3.6)

where f is the total void volume fraction originating from the Gurson material model,
fC is the critical void volume fraction, dictating when voids start to link up and
coalesce, and fF is the final void volume fraction controlling the complete loss of
load-carrying capacity (where the yield surface essentially has shrunk to a point).
The critical and final void volume fraction often take the values fC = 0.15 and
fF = 0.25 (Brown and Embury, 1973; Andersson, 1977; Xue et al., 2013), but highly
depends on the initial void volume fraction. The ultimate void volume fraction, f ∗U ,
is defined as f ∗U = (q1 +

√
q2

1 − q3)/q3, which reduces to 1/q1 when q3 = q2
1.

3.3.4 Extensions to the GTN material model
The GTN material model formulation is based on an axisymmetric stress state and
relies on non-zero hydrostatic stress for void growth to take place. That is, it is
ideally suited for stress states comprised of moderate to high stress triaxiality, but
the material model underestimates or lacks void growth for stress states comprised
of low triaxiality such as in pure shear. Bao and Wierzbicki (2004) reported that
stress triaxiality by itself is not capable of capturing the micro-mechanical behavior
for ductile fracture since a zero mean stress as in pure shear will also induce void
growth. Therefore, Nahshon and Hutchinson (2008) proposed an additional void
growth term to describe void expansion and contraction under low triaxiality stress
states. The shear contribution, ḟshear, is formulated as:

ḟshear = kωfω(σ)
sij η̇Pij
σe



16 CHAPTER 3. MATERIAL MODELS

where kω is the intensity or magnitude of the shear contribution and typically
lies in the range of [0, 3] where the shear extension vanishes for k = 0, sij is the
deviatoric part of the Cauchy stress tensor, η̇Pij is the increment of the plastic
strain tensor, and σe is the effective macroscopic von Mises stress. The quantity
ω(σ) = 1− (27J3/(2σ3

e))2, with J3 being the third deviatoric stress invariant, obtains
a value within the range [0, 1] and determines the stress state in the material, i.e.,
ω = 0 for an axisymmetric stress state and ω = 1 for a pure shear stress state.
That is, the contribution has full effect on the shear stress state and no effect for an
axisymmetric stress state (as considered by Gurson, 1977). A unique feature of the ω
measure is that it also evaluates to unity for a plane strain tension state. The shear
extension turns f into a damage parameter and, thereby, transforms the material
model from a micro-mechanics based material model to a phenomenological model.

Other extensions
Innumerable extensions to the Gurson material model have been developed through
time to encounter different phenomena (Benzerga et al., 2016). However, the
extensions presented in this section are not considered in this thesis. Section 3.3.4
explains how stress triaxiality is the main driver for void growth, but as of equal
importance is the void growth under zero mean stress as acknowledged by Nahshon
and Hutchinson (2008). Dæhli et al. (2018) also reported the influence of the third
stress invariant as well as the Lode parameter with inspiration from Nahshon and
Hutchinson (2008) but chose to change the formulation of ω(σ) slightly such that it
now reads ω(σ) = (1 + 27J3/(2σ3

e))/2. Thereby, the shear extension distinguishes
between generalized compression and generalized tension (controlled by the Lode
parameter) in contrast to the one proposed by Nahshon and Hutchinson (2008).
Dæhli et al. (2018) emphasized that the shear extension should be considered as a
void distortion term rather than a void growth term.

Void changes have been studied extensively since the leading mechanisms to
ductile fracture are very complex. The fact that voids may not initially be spherical,
but obtain an oblate or prolate shape or that they do not necessarily remain
spherical during deformation under a low or moderate stress triaxiality has been
investigated. One reformulation of the Gurson model to consider void shape changes
is the Gologanu-Leblond-Devaux yield surface potential developed by Gologanu
et al. (1993, 1994, 1997), where the voids can be prolate-shaped or oblate-shaped
and with different orientations. The void shape effect has been further extended
by Madou and Leblond (2012a,b) such that arbitrary ellipsoidal void shapes can be
considered. Very recently, the Gurson yield surface has been extended to encounter
strain gradients by introducing additional Q parameters (Niordson and Tvergaard,
2019; Holte et al., 2019).

Also, the void coalescence criterion has been subject to further development, as
shown by Thomason (1985a,b, 1990). Here, the void coalescence criterion couples to
the micro-mechanical void shape changes in the material in contrast to the simple
phenomenological coalescence criterion used in this thesis formulated by Tvergaard
and Needleman (1984).



4 Numerical implementation

This thesis is a numerical study and utilizes the finite element method to predict the
ductile fracture in large-scale plate structures numerically. The study employs several
different codes from in-house Fortran codes to commercial finite element software.
This chapter goes through the fundamentals of finite element software. Firstly, the
metric tensors are introduced, followed by the principle of virtual work, the governing
equilibrium equation for the finite element formulation. The different codes, adding
up to four, use different integration schemes that are introduced afterward. Finally,
cohesive elements are presented.

4.1 Metric tensors
The numerical analyses have been conducted in a total Lagrangian formulation such
that all field quantities are referred back to some reference geometry, which is chosen
to be the initial undeformed geometry. The covariant base vectors of the convected
coordinate system in the reference and current configuration are defined as:

ei = ∂r
∂ξi

, ēi = ∂r̄
∂ξi

where ξi is the convected coordinate axes, and r and r̄ are material position vectors
defined in the reference and current configuration, respectively, such that the dis-
placement vector is u = r̄− r. Based on the covariant base vectors, the covariant
metric tensors establishes through the following expressions:

gij = ei · ej , Gij = ēi · ēj
i.e., a dot product between the covariant base vectors and with gij and Gij repre-
senting the reference and current configuration having the determinants g and G,
respectively. The contravariant metric tensors denoted gij and Gij are defined as
the inverse of the covariant metric tensors.

4.2 Principle of virtual work
The finite element method is a numerical tool to predict, e.g., deformations and
stress states in structures, but also for predicting crack growth. The finite element

17
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method relies on the principle of virtual work, which is a set of equilibrium equations
on a weak form stating that the internal strain energy inside the domain must
equal the external energy induced by forces acting on the domain. This applies to
all kinematically admissible displacement fields. The large deformations leading
to ductile fracture explicitly require the numerical tool to take into account large
strains (exceeding 10 %), and an ordinary infinitesimal strain formulation is not
suited. Furthermore, the material response is path-dependent due to plasticity, which
requires an incremental solution method. The principle of virtual work for finite
strains on incremental form reads:∫

V

(
τ̇ ijδηij + τ iju̇k,iδuk,j

)
dV =

∫
S
Ṫ iδuidS (4.1)

where V and S are the volume and surfaces, respectively, of the computational
domain in the reference configuration, τ ij is the Kirchhoff stress tensor, ηij is the
work conjugate Lagrangian strain tensor, T i are the tractions acting on the surfaces,
S, and ui are the displacements. Also, the dynamic form of the principle of virtual
work (see also Tvergaard, 1996) has been employed in this study:

∫
V
τ ijδηijdV =

∫
S
T iδuidS −

∫
V
ρ
∂ui

∂t2
δuidV

where the last term builds upon d’Alembert’s principle in which ρ is the material
density, and t is time. The d’Alembert’s principle accounts for the inertia effects
from body forces, e.g., mass.

A thorough guide on implementing the Gurson-Tvergaard-Needleman material
model in a finite strain framework utilizing tensor notation can be found in Hutchinson
(1973), Tvergaard (1990), and Tvergaard (1996).

4.3 Numerical integration schemes
Depending on the problem, various integration schemes are used to solve the finite
element models. The need for integration schemes arises due to the introduction
of material and geometrical nonlinearities and to ensure a converged solution. De-
pending on the finite element code, the solution to the non-linear model is found
differently:

• Abaqus/Standard (Dassault Systémes Simulia Corp, 2016) used in [P2] uses a
Newton-Raphson integration algorithm to ensure static equilibrium during the
finite element simulation.

• Abaqus/Explicit (Dassault Systémes Simulia Corp, 2016) used in [P4] and [P5]
uses an explicit central-difference time integration rule to ensure equilibrium
during the dynamic computations.
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• The in-house 2D Fortran code (Andersen, 2016) used in [P1] and [P3] uses the
Euler integration algorithm with an adequate number of increments to ensure
a converged solution.

• The in-house 3D Fortran code (Felter and Nielsen, 2017) used in [P2] uses the
explicit Newmark’s method with β = 0 (Newmark, 1972).

4.4 Cohesive elements

Numerical modeling of crack growth can be conducted using different simulation
tools, e.g., the extended finite element method (XFEM) (Moës et al., 1999), phase-
field modeling (Bourdin et al., 1998), or cohesive zone modeling (Dugdale, 1960;
Barenblatt, 1962). This study has been focusing entirely on the cohesive zone
modeling approach.

4.4.1 Traction-separation relations

The constitutive response of cohesive elements can be defined in different manners,
but one way is to relate the deformation to the force through a traction-separation
relation. As the name implies, the separation is dependent on the traction on the
element. The work with cohesive zone modeling is carried out using the commercial
finite element software Abaqus, and here, the traction-separation relation describes
the relationship between the nominal stress (the traction) and the nominal strain
(the separation). The appearance of the traction-separation relation significantly
varies, as shown in Fig. 4.1 and depends on the desired material behavior. Hillerborg
et al. (1976) showed that the linearly decaying (bi-linear) traction-separation relation
in Fig. 4.1a works well for brittle materials as well as for delamination problems
in, for example, fiber composites. In contrast, ductile materials are represented
well by the tri-linear traction-separation relation seen in Fig. 4.1b, which has been
described by Tvergaard and Hutchinson (1992) (see also the discussions in Cornec
et al., 2003, 2013). Finally, Fig. 4.1c presents a differentiable version of the tri-linear
relation (Scheider, 2001; Scheider and Brocks, 2003) to enhance numerical stability.
The initial slope on the traction-separation relations in Fig. 4.1 will ideally be absent,
such that the cohesive element will predict no initial separation before the attainment
of the peak traction. Instead, prior deformation will be captured and described by
the continuum finite element mesh. The absent slope can introduce stability issues
in the numerical simulation, and therefore it is suggested to attain the peak traction
before 0.05δ0.

Three essential parameters define the fundamental cohesive traction-separation
relation, i.e., the cohesive energy, the peak traction, and the separation at frac-
ture (Cornec et al., 2003; Scheider and Brocks, 2006), where only two of them are
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(a) (b) (c)

Figure 4.1: Different traction-separation relations governing the constitutive response of
cohesive elements. (a) shows the bi-linear relation from Hillerborg et al. (1976), (b) shows
the tri-linear relation from Tvergaard and Hutchinson (1992), and (c) shows a smooth
tri-linear relation (Scheider, 2001).

independent. The relationship between the three key parameters is:

Γ0 =
∫ δ0

0
T (δ)dδ

where δ0 is the separation at failure, T is the traction, and Γ0 is the cohesive energy.
The cohesive energy, Γ0, is a measure of the energy going into creating one unit area
of fracture surfaces and represents the area under the traction-separation relation,
as discussed in Section 2.2. It should be noted that the choice of the appearance of
the traction-separation relation affects the cohesive zone parameters, i.e., the key
cohesive parameter set is not unique.

4.4.2 Mode mixity
Figure 4.1 shows generic realizations of the traction-separation relation but is implic-
itly thought of as defining the fracture mode I relation (see Section 2.1). Fracture in
large-scale plate structures is much more sophisticated, and shear fracture modes
may also act on the structure in combination with the fracture mode I. Therefore,
the cohesive elements can be adjusted to consider shearing fracture modes (either
mode II or mode III), but usually, no distinction is made between mode II or mode
III. Tvergaard and Hutchinson (1993) suggested a mode mixity relation through an
effective separation:

λ =
√

(δn/δcn)2 + (δt/δct )2

where δn and δt are the normal (mode I) and tangential (mode II or mode III) separa-
tion, respectively, and ()c indicates the critical separation at fracture (corresponding
to ()0 in Fig. 4.1). The effective separation, λ, corresponds to δ in Fig. 4.1, but acts
in the mode mixity space presented in Fig. 2.3. The peak traction depends on both
the normal and tangential separation through λ, and the cohesive energy (or traction
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potential) is defined as:

φ(δn, δt) = δcn

∫ λ

0
T (λ′)dλ′

which yields the energy needed to create a unit area of fracture surfaces. Under the
assumption that the cohesive energy is equal for the pure normal separation as well
as the pure tangential separation, the normal traction, and the tangential traction,
respectively, can be found as:

Tn = ∂φ

∂δn
= T (λ)

λ

δn
δcn

; Tt = ∂φ

∂δt
= T (λ)

λ

δcn
δct

δt
δct

The rotational sweep of the cohesive traction-separation relations into the mode
mixity space for δcn/δct = 1 will assume identical traction-separation relations for the
normal and tangential direction, but of course this ratio can be varied to take into
account other relationships.

Other relations have been developed for the mixed mode fracture (Scheider and
Brocks, 2003; van den Bosch et al., 2006; Dimitri et al., 2015).





5 Summary of results

This chapter summarizes the work conducted during the PhD study, which has been
reported in publications [P1]-[P5]. This summary opens with [P2] in Section 5.1,
where fracture in a large-scale plate structure has been investigated in full 3D.
Here, by applying appropriate boundary conditions, crack initiation to steady-state
crack growth has been predicted successfully, and the key parameters for a cohesive
zone have been extracted from the detailed micro-mechanical numerical simulation.
Publication [P3] in Section 5.2 investigates the crack initiation on a very small
length-scale. In a small-scale yielding setup, [P3] focuses on the void interaction
and the effects on such when introducing shearing fracture modes to the dominant
mode I loading. Additionally, the study demonstrates how the variety of void sizes
and loading conditions influence the void rotation and fracture resistance quantified
as an intervoid ligament reduction. Publication [P1] in Section 5.3 focuses on the
steady-state crack growth, after the tearing crack has grown several plate thicknesses,
and will extract detailed information about the key parameters defining the tearing
process in a ductile plate material. The study investigates the influence on the
cohesive energy and peak traction from adding a shear fracture mode to the overall
mode I loading. The numerical framework from [P1] is adopted and modified for [P4]
in Section 5.4 so that the computational domain contains discretely modeled void
nucleation sites and thereby replicates a heterogeneous material. The aim here is to
shed light on the effect of an imperfect material on the cohesive zone parameters,
which includes the cohesive energy and peak traction, but also the point of secondary
localization, a point that defines the overall strain hardening capacity. Lastly, [P5]
in Section 5.5 compares the well-known steady-state mode I tearing setup from [P1]
to a plane strain bending case to demonstrate the micro-mechanical phenomena
that drive the difference in fracture strain. The two tests show completely different
localization phenomena, where the plane strain bending case displays developing
surface instabilities in the region where fracture initiates.

5.1 From crack initiation to extensive crack
propagation, [P2]

The inspiration to [P2] originates from the study conducted by Simonsen and Törn-
quist (2004), where the large-scale plate tearing and the extensive crack propagation
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have been investigated experimentally. Later, Woelke et al. (2015) considered the
experimental study and succeeded in fitting the global response predicted from a
numerical cohesive zone model to that of the experimental plate. Woelke et al.
(2015) used a trial-and-error approach with a basis in the findings by Nielsen and
Hutchinson (2012) to find a set of cohesive zone parameters for the extensive crack
growth from crack initiation to steady-state crack growth. The aim with [P2] is
to extract the cohesive zone parameters directly from the micro-mechanics based
3D finite element simulation, later referred to as the 3D solid model, and utilize
the parameter set in a simplified 2D cohesive zone model, later referred to as the
2D plane model. Figure 5.1 presents the extensive crack growth from the full 3D
simulation that demonstrates the transition from crack initiation to steady-state
crack growth. Here, the simulated crack length is approximately 12 plate thicknesses.

The numerical analysis of the 3D solid model considers a plate having the same
geometrical parameters as well as the boundary conditions as the experimental
test conducted by Simonsen and Törnquist (2004). However, a material fit is not
accomplished due to the massive computational effort needed to run such a simulation.
The simulation is conducted using an in-house Fortran code (see Felter and Nielsen,
2017, for further details) that sets up a dynamic framework to perform the plate
tearing analysis in a quasi-static setting. The key parameters outlined in Section 2.2
that define the fracture of thin ductile plates from crack initiation to steady-state
crack growth are extracted from the 3D simulation. These parameters, which are
a function of the current crack length, will enter the embedded cohesive zone in a
simplified 2D plane model in an attempt to replicate the global response of the 3D
solid model.

The plate tearing setup is sketched in Fig. 5.2, with the height, H, width, W ,
and a plate thickness of t. The upper and lower plate surfaces (in the xz-plane),

Figure 5.1: Large-scale plate tearing simulation (the 3D solid model), where the crack
initiates from a blunt pre-crack. The model employs the GTN material model, and the crack
length is approximately 12 plate thicknesses resolved by 64 elements through-thickness.
(Original figure: Figure 1 in [P2])
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Figure 5.2: The numerical domain mimicking the experimental setup from Simonsen and
Törnquist (2004). Here, H, W , and t are the height, width, and thickness, respectively, of
the plate. The origin of the coordinate system coincides with the notch in the undeformed
configuration, and the crack length is denoted xc. (Original figure: Figure 2 in [P2])

a and b, rotate around the hinges, A and B, respectively, and the surfaces are
assumed to be completely rigid, mimicking a fully clamped plate ends. The fracture
initiates from a pre-crack having an initial blunt crack tip radius rpc and length Lpc.
The current crack length is designated xc. The GTN material model governs the
entire numerical domain, and void growth to coalescence is taken into account (see
Chapter 3). A very fine resolution on the finite element mesh has been adopted,
and a through-thickness element length of Le/t = 64 is adequate for resolving the
slant fracture. The loading in the numerical setup is applied to the upper and lower
surfaces (a and b) as prescribed rotations around the hinges (A and B) and, thus,
the plate experiences a global mode I field.

The crack initiates in the center of the pre-crack (at origo) due to a sufficiently
high stress triaxiality, and the crack surfaces are nearly flat initially (see Fig. 5.1).
After approximately one plate thickness of crack growth, the fracture surfaces tilt into
a slant fracture and continues to grow with a roughly 45◦ inclination. This behavior
is expected for this kind of plate structure due to the intermediate level of stress
triaxiality (∼ 0.57). According to Woelke et al. (2015), the crack is fully developed
after growing approximately seven plate thicknesses wherefrom the cohesive zone
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parameters become constant, i.e., the crack length dependence vanishes. The peak
traction and the cohesive energy are extracted from the 3D solid model (see details
in [P2]), and Fig. 5.3 depicts these quantities as a function of the current crack
length, xc. Fracture initiation has a pronounced effect on these parameters, starting
with a reduced level for both quantities. A plateau is reached after roughly two plate
thicknesses for the peak traction and seven for the cohesive energy indicating that
steady-state plate tearing takes place, which agrees with the findings by Woelke et al.
(2015). The cohesive energy is, in this case, the decisive parameter for defining the
steady-state crack growth. Figure 5.3 presents several other curves that are under
investigation in [P2] to address the influence of the parameter sets for the cohesive
zone in the simplified 2D plane model. The effect is brought out by simplifying the
crack growth and disregarding the crack initiation region and is collected into three
input sets, namely Input A, B, and C. Input A is defined as the actual peak traction
and cohesive energy dependency on the crack length (the distance from the crack
initiation site), xc. Input B considers only the steady-state values of the two key
parameters (the values at xc = 12). “Theoretical” values define Input C consisting of
the steady-state peak traction level found from the Considére condition (see discussion
in Nielsen and Hutchinson, 2012) Tmax/σy = 2/

√
3
(
2NE/(

√
3σy)

)N
e−N and the

steady-state cohesive energy found from a simplified 2D plane strain model (see
Nielsen and Hutchinson, 2012, as well as [P1]).

The simplified 2D plane model of the plate tearing setup comprises plane stress
elements and is built in the commercial finite element software Abaqus (Dassault
Systémes Simulia Corp, 2016). The 2D plane model is exploited as an attempt to
replicate the global response from the 3D analysis to avoid dealing with an advanced

(a) (b)

Figure 5.3: The detailed information from the 3D solid model of (a) the peak traction
and (b) the cohesive energy, showing the dependency on the crack length, xc. The circles
indicate the input values for a characteristic cohesive element length of LCoh

e /t = 1.
(Original figure: Figures 6 and 7 in [P2])
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micro-mechanical material model, the cumbersome mesh-dependency dictating a
finely discretized mesh, and to ensure industry-friendly computation times. The
detailed peak traction and cohesive energy dependencies showed in Fig. 5.3 define the
cohesive zone parameters in the fracture process zone. The crack path is known from
the 3D solid model prediction and is assumed to continue along the x-direction for any
further crack growth. Besides the three sets of input parameters, the investigations
also consider the appearance of the cohesive traction-separation relation with respect
to the relationship δ1/δ2. Here, δ1 is the strain where the substantial loss of load-
carrying capacity sets in, and δ2 is the strain at complete fracture (see examples in
Hillerborg et al., 1976; Tvergaard and Hutchinson, 1992, and in Section 4.4). The
ratio δ1/δ2 ≈ 0 is available in Abaqus, for which reason it is under consideration
in this study. A ratio close to unity is, however, preferred based on the actual
force-displacement curves, but the numerical capabilities prevent this (see discussion
in Section 4.4), and the best trade-off between stability and full analysis is for this
study found to be δ1/δ2 = 0.5.

Figure 5.4 depicts the global response of the 2D plane model employing the
key cohesive zone parameters from Input A (see Fig. 5.3). Here, ∆y and Fy are
the displacement and force, respectively, of the upper left corner of the plate (at
(x, y, z) = (−Lpc, H/2, 0)). The 2D plane model response (thin solid line) shows
a qualitatively similar response compared to that of the 3D solid model (thick
solid line). However, the overall peak force is slightly underpredicted together with
significantly lower energy dissipation with an almost vanishing force at the final
displacement. Changing the parameter set to that of Input B increases the peak
force such that it reaches the 3D solid model prediction, but the post-peak response
is again significantly lower with an almost vanishing force. Employing Input C, the
post-peak response is replicated satisfactory, but with an overpredicted peak force.
These findings insinuate that the dependency on the crack length, xc, for the key
parameters is highly essential, but also that the parameter prediction from the 3D
solid model is at a too low level.

An up-scaling of the parameter set from Input A is accomplished in relation
to the findings above. The entire parameter dependency on the crack length is
up-scaled such that the steady-state level of the peak traction is 3 % higher, and the
cohesive energy level is 10 % higher. At these up-scaled levels, the key parameters
for a crack length exceeding seven plate thicknesses (xc/t ≥ 7) reach the “theoretical”
steady-state values. The up-scaled parameter set demonstrates in Fig. 5.5a the
global response of the 2D plane model almost to match that of the 3D solid model.
The initial slope of the two responses falls on top of each other, and the global peak
forces obtain a perfect match. Furthermore, the post-peak response of the 2D plane
model is below that of the 3D analysis resulting in slightly less dissipated energy and,
hence, providing a conservative fracture prediction. Figure 5.5b depicts the actual
crack length, where the parameter set from Input A with no modifications, yields a
significantly larger crack length prediction than the 3D solid model. The effect of
up-scaling the key parameters replicates much better the crack length obtained with
the 3D solid model.
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Figure 5.4: The global responses for the two numerical models for a ratio of δ1/δ2 = 0.5
for the different sets of input data. The element size in the cohesive zone is LCoh

e /t = 1.
(Original figure: Figure 8b in [P2])

(a) (b)

Figure 5.5: Comparison of (a) the global responses and (b) the crack lengths from the
3D solid model and the 2D plane model. The 2D plane model employs Input A together
with an up-scaled Input A (3 % on peak traction and 10 % on cohesive energy). (Original
figure: Figures 12 and 13 in [P2])
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5.2 Void interaction and fracture initiation, [P3]
Interaction between voids is of particular interest within ductile fracture as the
interaction has a tremendous influence on the crack resistance and, thereby, the
necessary energy for the crack to initiate and propagate. The crack path depends on
the material’s microstructure and the level of homogeneity of inclusions, imperfections,
and voids (see, for instance, Srivastava et al., 2017). Several studies have considered
void growth and interaction by modeling discrete voids in front of an initial blunt
crack tip. The studies have considered a variety of different setups in terms of
the void layout: from a single void to several voids (e.g., Aravas and McMeeking,
1985; Gu, 2000), from one row to several rows (e.g., Gao et al., 2005; Hütter et al.,
2013), circular cylindrical voids in 2D or spherical voids in 3D (e.g., Tvergaard
and Hutchinson, 2002; Kim et al., 2003), and mode I or mixed mode loading
conditions (e.g., Roy and Narasimhan, 1999). Publication [P3] adopts the void layout
considered by Tvergaard and Hutchinson (2002) and engages the specialized finite
element formulation described in [P1] (and in detail in Andersen, 2016) to consider
mixed mode loading conditions. According to Tvergaard and Hutchinson (2002), the
void interaction mechanisms are divided into the void-by-void growth, where one
void grows at a time, and the multiple void interaction where several voids grow
simultaneously.

Figure 5.6 illustrates the numerical model and resembles a small-scale yielding
domain. The model contains an initial blunt crack tip as well as six discretely modeled
circular cylindrical voids laid out equidistant (with the length X0) in continuation of
the pre-crack, see Fig. 5.7. All six voids have the same initial radius, R0, yielding
an approximate initial void volume fraction of f0 = π(R0/X0)2 (also employed by
Tvergaard and Hutchinson, 2002). The initial radius of the blunt crack tip, r0, is
independent of the initial void radius and has been investigated initially. The far-field
boundary radius is denoted Rff , and it is sufficiently large such that the majority of
the domain remains elastic (Rff = 10, 000X0). The material is governed by the J2
flow theory (see Section 3.2) with the strain hardening relation described in Eq. (3.1).
The far-field boundary is subject to mixed mode loading conditions with a dominant
mode I loading and a shearing mode (either mode II or mode III loading) such that
the overall loading condition will be mode I-mode II or mode I-mode III. The fracture
modes are applied as prescribed far-field boundary displacements (see Section 2.1),
and the total applied loading is a linear combination of the contributions from the
normal mode and shearing mode. The total applied loading will be evaluated as the
far-field load intensity, J/(σyX0), where

J = K2
I
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E
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with KI , KII , and KIII being the stress intensity factors and E and ν being Young’s
modulus and Poisson’s ratio, respectively. The magnitude of the shear modes is
subject to change such that θ = [0, 0.1, 0.2, 0.5] with θ being the mode mixity ratio
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Figure 5.6: The small-scale yielding domain in a 2D plane strain setup where the far-field
radius is denoted Rff with prescribed boundary conditions resembling either mode I, mode
I-mode II, or mode I-mode III. (Original figure: Figure 1 in [P3])
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Figure 5.7: Close up of the initial blunt crack tip, and the six discretely modeled voids
(from 1 to 6 ) with radii r0 and R0, respectively, laid out equidistant with the length X0
of the intervoid ligaments (from 1 to 6 ). (Original figure: Figure 2 in [P3])

defined as the ratio between the stress intensity factors for the shear mode and
normal mode (KII/KI and KIII/KI). An indispensable assumption for this void
layout is that the crack will grow along the x1-direction. For a sufficiently large
mode II contribution, the crack may want to diverge from this direction, but the
mode mixity ratio is assumed sufficiently low for the crack to advance along with
the voids.

The reduction of ligament 1 , denoted χ/χ0, is under investigation in Fig. 5.8.
The length of the ligament is computed as the distance in the x1-direction between
the two nearest finite element nodes, in the undeformed configuration, at the void
boundaries of two adjacent voids. In this study, the ligament has to reduce to
χ/χ0 = 0.5 for coalescence to occur. Figure 5.8 compares the present findings for a
mode I load case (θ = 0) to that of Tvergaard and Hutchinson (2002) and displays a
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Figure 5.8: The far-field load intensity, J/(σyX0), as a function of the initial void volume
fraction, f0. The data points show the far-field load intensity necessary to reduce ligament
1 to χ/χ0 = 0.5 in the case of an initial blunt crack tip radius of r0/X0 = 1/30. (Original
figure: Figure 7a in [P3])

good resemblance (although Tvergaard and Hutchinson, 2002, used a larger radius
of the initial blunt crack tip). The initial blunt crack tip radius of r0/X0 = 1/30
demonstrates slightly increased far-field load intensity, J/(σyX0), but by using the
same initial radius yields a near-perfect match (see [P3]). Prescribed mode mixity
ratios of θII/I = θIII/I = 0.2, respectively, increase the necessary far-field load intensity
substantial for void coalescence to initiate. That is the case for all initial void volume
fractions considered with a dependency on the initial radius of the blunt crack tip as
well as the type of mode mixity. The difference between the mode I-mode II and the
mode I-mode III is, however, small despite the difference in the type of loading.

A reduction of the ligaments is tied directly to the expansion of the discretely
modeled voids. The expansions of void 1 and 2 are evaluated in Fig. 5.9 to shed
light on the increased fracture resistance for mixed mode loading conditions deduced
from Fig. 5.8. The material configuration considered (a small R0/X0) dictates a
void-by-void growth, hence the insignificant expansion of void 2 within the range
of far-field load intensity shown (J/(σyX0) ∈ [0, 1]). A severe void 1 expansion of
almost 40 times its original volume at J/(σyX0) = 1 is observed for the absence of
any shear mode loading. At the same deformation, the void expansion for the mixed
mode loading conditions regardless of the type of mode mixity is significantly lower,
with expansions only reaching approximately 15 times the original volume. However,
the initiation of the void expansion occurs approximately at the same far-field load
intensity for all loading conditions. The limited void growth at the far-field intensity
of J/(σyX0) = 1 and the fact that the void 1 expansion here drives the reduction
of ligament 1 , delays the compliance of the coalescence criterion in case of a mixed
mode loading condition compared to the mode I loading condition.
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Figure 5.9: Expansion of void 1 and 2 for r0/X0 = 1/30 and R0/X0 = 1/60 (f0 =
0.000873). Here, by showing the same load cases as in Fig. 5.8. (Original figure: Figure 8
in [P3])

Figure 5.10 depicts the far-field load intensity, J/(σyX0), as a function of the
reduction of ligament 1 , χ/χ0, for all mode mixity ratios, and both types of
mode mixity loading conditions. Two initial void volume fractions are presented
where Fig. 5.10a depicts the lower (R0/X0 = 1/60, f0 = 0.000873) and Fig. 5.10b
depicts the higher initial void volume fraction (R0/X0 = 1/15, f0 = 0.014). For
a ligament reduction of χ/χ0 = 0.9, the far-field load intensity is similar for all
load cases (depending on the initial void volume fraction), except at θII/I = 0.5 for
R0/X0 = 1/60. The far-field load intensity level for the lowest initial void volume
fraction is almost twice as large as for the high initial void volume fraction. The
progressions of the necessary far-field load intensity reveal the type of void interaction
mechanism that governs the specific geometrical as well as material configuration.
The necessary far-field load intensity to further reduce ligament 1 increases for the
void-by-void growth mechanism as only one ligament is deformed at a time. On the
other hand, the larger initial void volume fraction exhibits an almost flat plateau in
necessary far-field load intensity for an increased ligament 1 reduction due to the
multiple void interaction. That is the case for all loading conditions, but a trend
towards the void-by-void growth for this large initial void volume fraction is observed
vaguely for the largest mode mixity ratio considered, regardless of the type of mode
mixity.

The void interaction mechanism is depicted in Fig. 5.11 for the two initial void
volume fractions: f0 = 0.000873 (R0/X0 = 1/60) in Fig. 5.11a and f0 = 0.014
(R0/X0 = 1/15) in Fig. 5.11b. The figures show the reduction of all ligaments at
the point in deformation, where ligament 1 complies with the chosen coalescence
criterion (χ/χ0 = 0.5). The smallest initial void volume fraction (f0 = 0.000873)
shows a deformation restricted to the first two ligaments, which leaves the remaining
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(a) (b)

Figure 5.10: The far-field load intensity, J/(σyX0), as a function of the ligament 1
reduction for varying mode mixity ratios, θ and a fixed initial crack tip radius of r0/X0 =
1/30. Two initial void volume fractions are shown, (a) R0/X0 = 1/60 (f0 = 0.000873) and
(b) R0/X0 = 1/15 (f0 = 0.014). (Original figure: Figure 9 in [P3])

of the ligaments essentially undeformed. This characterizes the void-by-void growth
where one void grows at a time, which Tvergaard and Hutchinson (2002) also reported.
The shearing contribution is not changing this conclusion as all ratios and the two
types of mode mixity show nearly the same trend. The higher initial void volume
fraction in Fig. 5.11b reveals a significant deformation in all ligaments, and this
is a clear picture of the multiple void interaction since the ligament reduction is
directly equivalent to void growth. The increased mode mixity ratio will, however,
change the void interaction and approach the void-by-void growth for the highest
ratio considered in this study, regardless of the type of mode mixity. Indications of
this have also been reported in Fig. 5.10b.

An increased far-field load intensity is a proven necessity for mixed mode loading
conditions, which requires the computational domain to allow for more plasticity to
take place. An analysis is conducted to investigate the void rotation as plasticity in
the material surrounding the voids in combination with a shearing fracture mode can
cause a rotation of the voids. Figure 5.12 depicts the void rotation, φ, of void 1 - 6 ,
and indications for the two void interaction mechanisms are evident. For the lowest
initial void volume fraction in Fig. 5.12a, the void-by-void interaction mechanism
manifests itself with a significant rotation of void 1 and a decaying rotation for the
remaining voids at a large mode mixity ratio. The lowest mode mixity ratios show an
almost vanishing void rotation. Conversely, the multiple void interaction mechanism
shows the same rotation for basically all voids for the lowest mode mixity ratio and
both types of mode mixity. The void rotation linearly decays for an increased mode



34 CHAPTER 5. SUMMARY OF RESULTS

(a) (b)

Figure 5.11: Reduction of ligament 1 - 6 extracted when ligament 1 reduces to
χ/χ0 = 0.5 for an initial void volume fractions of (a) R0/X0 = 1/60 (f0 = 0.000873) and
(b) R0/X0 = 1/15 (f0 = 0.014). (Original figure: Figure 12 in [P3])

mixity ratio regardless of the type of mode mixity, but this might be an artifact
of only including six discrete voids. These findings are in line with that of the
ligament reduction from Fig. 5.11. The void rotation explains the higher far-field
load intensity necessary to deform the ligaments due to the increased deformation
of the material surrounding the voids, as the rotation dictates the deformation not
only to be confined to the ligaments but also the material above and below the row
of voids.

5.3 Steady-state crack growth, [P1]

The parameters governing the extensive crack growth similar to the plates considered
by Simonsen and Törnquist (2004) are not predicted from experiments easily (see
discussion in Cornec et al., 2013). Under the assumption that a fully developed
crack grows under a steady-state condition (see also discussion in Woelke et al.,
2015, and [P2]), Nielsen and Hutchinson (2012) proposed a 2D plane strain model
approximation. This model predicts the key cohesive zone parameters and entails
reducing the computational efforts for an otherwise expensive numerical simulation
(see discussion and the computational cost in [P2]). The plate tearing processes
governing steady-state crack growth are sketched in Fig. 5.13 and comprise (A)
the onset of local thinning (following the Considére condition), (B) severe local
thinning, (C) localization of deformation in a narrow band (shear band), and (D)
complete loss of load-carrying capacity (final fracture). Nielsen and Hutchinson
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(a) (b)

Figure 5.12: Void rotation, φ, of void 1 - 6 for all the considered load cases (except
θ = 0) for (a) R0/X0 = 1/60 (f0 = 0.000873) and (b) R0/X0 = 1/15 (f0 = 0.014).
(Original figure: Figure 13 in [P3])

(2012) considered a mode I loading condition and predicted the peak traction and
cohesive energy numerically, which can be employed into a cohesive zone model
for extensive crack growth. Publication [P1] investigates the effects of mixed mode
loading conditions as real-life structures rarely experience an ideal normal separation
and, hence, utilizing mixed mode cohesive zone formulations are necessary. Mixed
mode loading conditions employing all three fracture modes are considered in [P1],
but with a dominant mode I contribution to drive void growth to coalescence. The
work compares the key parameters obtained from the micro-mechanics based finite
element simulations to that of the assumed sweep into mode mixity space of the
traction-separation relation (see Sections 2.2 and 4.4).

The numerical 2D models are shown in Fig. 5.14 and resemble the simplified
steady-state crack growth procedure from Fig. 5.13. The initial aspect ratio for the
outer dimensions of the computational domain is L0/W0 = 3, which is sufficiently
large to engulf the necking region. According to the steady-state crack growth
assumption, an assumed out-of-plane plane strain condition exists (in the crack
growth direction along the x2-direction). Void growth to coalescence and final
fracture is considered from an already existing homogeneously distributed initial void
volume fraction and is predicted by the GTN material model. The considered mode
mixity ratios, ∆II/∆I and ∆III/∆I , describe the ratio of the prescribed displacement
for the shearing contribution and the normal contribution. The ratios are subject
to a parameter study in the range of ∆II/∆I ,∆III/∆I ∈ [0, 0.6] to investigate
the influence of the shearing modes on the peak traction and cohesive energy and,
subsequently, the influence on the cohesive traction-separation relations in the mode
mixity space. The prescribed boundary displacements for mode I-mode II loading
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Figure 5.13: Steady-state crack growth approximation, which includes; (A) onset of local
thinning, (B) severe local thinning, (C) onset of shear localization, and (D) final fracture.
(Original figure: Figure 1 in [P1])

condition are sketched in Fig. 5.14a, where the mode I loading is applied to the finite
element nodes attached to the top and bottom boundary, and the mode II loading is
applied to the finite element nodes connected to the top and bottom row of elements.
The mode I-mode III loading condition is sketched in Fig. 5.14b and the mode I
loading also is applied to the finite element nodes attached to the top and bottom
boundary. The mode III loading is applied to the finite element nodes attached to a
plane, perpendicular to the applied mode I loading, extending L0/4 into the plate
section from the top and bottom boundary.

The peak traction is identified as the maximum force attained during the defor-
mation history and can be found from the force-displacement curves. The maximum
force for a mixed mode loading condition is computed as a vectorized quantity:
F =

√
F 2
I + F 2

II (or F =
√
F 2
I + F 2

III), where FI , FII , and FIII is the total sum
of nodal forces induced by the mode I, mode II, and mode III, respectively. The
maximum force for a fully dense material subject to a mode I loading can be approx-
imated from Considére condition (see Section 5.1), but the maximum force decreases
for an increased initial void volume fraction. The Considére condition for the fully
dense material evaluates to Tmax/σy = 1.505. The peak traction variation for the
mode I-mode II loading condition is depicted in Fig. 5.15a and for the mode I-mode
III loading condition in Fig. 5.15b for all mode mixity ratios considered and for three
values of the initial void volume fraction. The peak traction for a mode I load is the
largest (but still lower than the Considére prediction) with a decreasing trend for an
increased mode mixity ratio regardless of the type of mode mixity. The peak traction
level for the mode I-mode II loading condition yields a decrease of approximately
3.5 % for the highest mode mixity ratio, whereas the decrease is only 0.5 % for the
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Figure 5.14: Schematic overview of the applied prescribed boundary conditions for (a)
the mode I-mode II and (b) the mode I-mode III loading conditions. (Original figure:
Figure 2 in [P1])

mode I-mode III loading condition at the highest mode mixity ratio. Varying the
initial void volume fraction does not change the conclusions.

The cohesive energy is evaluated according to Section 2.2 and Fig. 5.16 depicts
the cohesive energy variation for the two types of mode mixity, the considered
mode mixity ratios, and various initial void volume fractions. The energy levels are
normalized with that of the mode I loading condition (i.e., ∆II/∆I = ∆III/∆I = 0).
The predicted cohesive energy for the mode I-mode II loading condition case is
steadily increasing concurrently with the increasing mode mixity ratio and reaches
a level between 20 % and 35 % above that of the mode I loading depending on
the initial void volume fraction. Since the peak traction is basically constant (see
Fig. 5.15), the strain at failure must change in order to match the variance in cohesive
energy. Contrary, the cohesive energy for the mode I-mode III loading condition
initially decreases 5-9 % (depending on the initial void volume fraction) for mode
mixity ratios below ∆III/∆I = 0.3. Beyond this point, the cohesive energy level
starts increasing to follow the trend of the mode I-mode II loading condition. At
larger mode mixity ratios considered (∆III/∆I > 0.5), the energy level is again back
at the level for a mode I loading condition (dependent of f0) and seemingly continues
to increase for increasing mode mixity ratios.

A cohesive traction-separation relation governing in the mode mixity space can
be created from the peak traction and the cohesive energy constituting the key
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(a) (b)

Figure 5.15: The peak traction as a function of the mode mixity ratio for (a) ∆II/∆I

(mode I-mode II) and (b) ∆III/∆I (mode I-mode III). Results are shown for three values
of the initial porosity, f0. (Original figure: Figures 6 and 10 in [P1])

(a) (b)

Figure 5.16: Cohesive energy as a function of the mode mixity ratios of (a) ∆II/∆I and
(b) ∆III/∆I for three values of the initial void volume fraction, f0. The cohesive energy is
normalized with the value for the mode I loading condition, in this case Γ0,I/(σyW0) =
[0.5178, 0.4339, 0.3291] for f0 = [0.005, 0.01, 0.02], respectively. (Original figure: Figures 8
and 12 in [P1])
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parameters for a cohesive zone. The traction-separation relation from Fig. 4.1b is
used but simplified by means of omitting the initial finite slope such that attainment
of the peak traction occurs at zero separation. Furthermore, the separation controlling
the end of the plateau in peak traction is determined as the point where fmax = fC in
any material point. The peak traction from Fig. 5.15 is assumed to be constant since
a variation is not possible for this type of traction-separation relation, and it is a
reasonable approximation for the two types of mode mixity. Therefore, the cohesive
energy variation in Fig. 5.16 provides a good estimate of how the traction-separation
relations evolve in the mode mixity space. A rotational sweep into the mode mixity
space of the mode I cohesive traction-separation relation is depicted together with
the relations obtained through the micro-mechanical simulations. Both the mode
I-mode II loading condition in Figs. 5.17a and 5.17b and the mode I-mode III loading
condition in Figs. 5.17c and 5.17d diverge substantially from the sweep. The mode
mixity representation of the mode I-mode II traction-separation relation continuously
increases with the increasing mode II contribution, whereas the mode I-mode III
starts decreasing, followed by an increase up to the level of the sweep. This means
that by use of this mode mixity space representation for a mode I-mode II loading
condition significantly overestimates the crack growth since the rotational sweep will
assume too low cohesive energy. Conversely, it underestimates the crack growth for
mode I-mode III loading conditions until the larger considered mode mixity ratios
(i.e., ∆III/∆I > 0.5) are reached.

5.4 Crack growth in an imperfect plate material,
[P4]

Experiments (see, e.g., Babout et al., 2004) have shown that ductile plate materials
contain imperfections and are somewhat microstructural heterogeneous. These
imperfections can be used to tailor the material behavior, e.g. if the material
needs additional strength. Srivastava et al. (2017) approached the heterogeneous
material composition differently and embedded larger islands of stress-nucleating
voids in a matrix material with smaller, evenly distributed strain-nucleating voids.
In this setup, the resulting crack has been predicted to grow along this path of
imperfections yielding an increased overall crack resistance due to the sinusoidal
crack path. The GTN material model can represent the material behavior of voided
or imperfect materials under the assumption that the voids or imperfections are laid
out homogeneously in the material matrix. As discussed, this is far from reality
for real-life materials. Publication [P4] demonstrates the effect of having randomly
distributed discrete void nucleation sites within the homogeneously voided material.
The cohesive energy, as well as the peak traction, is evaluated in the adopted 2D
plane strain setup developed by Nielsen and Hutchinson (2012) to investigate the
influence of a heterogeneous plate material on the cohesive zone parameters when the
void layout and thereby the damage-related microstructure changes. Void nucleation



40 CHAPTER 5. SUMMARY OF RESULTS

∆II

0

0.1

0.2

0.4

0.3

∆I

0.2

0.1

0

0

0.5

1.5

1

T
/
σ
y

(a)
∆

I
I

0

0.05

0.1

0.15

0.2

0.25

∆I

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

f0 = 0.005

f0 = 0.01

f0 = 0.02

(b)

∆III

0

0.1

0.2

0.4

0.3

∆I

0.2

0.1

0

0

1.5

0.5

1

T
/σ

y

(c)

∆
I
I
I

0

0.05

0.1

0.15

0.2

0.25

∆I

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

f0 = 0.005

f0 = 0.01

f0 = 0.02

(d)

Figure 5.17: A 3D representation into mode mixity space of the cohesive traction-
separation relations for either (a)-(b) a mode I-mode II or (c)-(d) a mode I-mode III
loading conditions for three values of f0. (Original figure: Figures 9a, 9c, 13a, and 13c in
[P1])

sites of varying size, the number of sites, as well as the distribution of sites, are
subject to an investigation in order to replicate an entire series of materials.

Figure 5.18 presents the computational 2D domain, where the height and width
are designated H0 and W0, respectively. The width, W0, corresponds to the thickness
of the plate. The initial height-to-width aspect ratio for the plate section is H0/W0 =
4 and, thus, sufficiently large to engulf the necking region. The 2D domain is
divided into two regions; the top and bottom regions (grey sections) governed by
a non-porous J2 material and the middle region (blue section with h0/W0 = 2)
governed by the GTN material model considering strain-controlled nucleation of
voids. The discretely modeled randomly distributed circular void nucleation sites



5.4. CRACK GROWTH IN AN IMPERFECT PLATE MATERIAL, [P4] 41

Figure 5.18: The numerical setup considered in [P4] shown for one realization of the
damage-related microstructure (Np = 50 and Rp/Le = 15). The middle region (blue
section), having a height of h0/W0 = 2, contains discrete randomly distributed void
nucleation sites and the total height of the domain is H0/W0 = 4. (Original figure: Figure
1b in [P4])

(Np = [10, 25, 50, 75, 100] nucleation sites having a size of Rp/Le = [3, 6, 9, 15, 18])
are all situated within the middle region (blue section). The initial void volume
fraction of nucleating voids is higher inside the void nucleation sites than outside
(fN,void nucleation sites > fN,middle region). Three different realizations of the random void
distribution are considered to provide statistical evidence of the cohesive zone
parameters since the effective overall material composition is not changing. The
2D domain is subject to a mode I loading condition applied as prescribed nodal
displacements (similar to Nielsen and Hutchinson, 2012) while locking a single node
at the top and bottom surface prevents rigid body translations. The mesh element
size in the middle region is very small (yielding 800 elements along the x1-direction)
to ensure a reasonable resolution of the smallest void nucleation site size.

Section 2.2 describes two independent key parameters for a cohesive zone to
be the peak traction and the cohesive energy. Publication [P4] investigates how
the damage-related microstructure influences these key parameters, but also the
effect on the onset of the secondary localization, defined as the point of substantial
loss of load-carrying capacity before the final fracture. Publication [P1] treats
this point as when fmax = fC , but this approach is not suitable for this setup
because the void volume fraction is significantly lower at the final failure of the
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heterogeneous plate sections. Figure 5.19 presents the global force-displacement
response for three different damage-related microstructures; one with a few small
void nucleation sites (Np = 10 and Rp/Le = 3), one with many large void nucleation
sites (Np = 100 and Rp/Le = 18), and one intermediate microstructure (Np = 50
and Rp/Le = 6) to cover a broad spectrum of material compositions. The global
responses express the enormous influence of the damage-related microstructure, where
an almost homogeneous, initially non-porous material with little damage (Np = 10
and Rp/Le = 3) shows a significant ductile response and thereby a large overall
strain hardening capacity, which is qualitatively similar to that of a homogeneously
voided Gurson material. The intermediate microstructure (Np = 50 and Rp/Le = 6)
displays a limited amount of ductility in the post-peak response and an aberrant loss
of load-carrying capacity. Post-peak ductility is virtually absent in the case of many
large void nucleation sites (Np = 100 and Rp/Le = 18), and an abrupt complete
loss of load-carrying capacity sets in shortly after attainment of the peak force.
This results in a low overall strain hardening capacity. Although the three material
compositions show very different post-peak responses, the pre-peak responses are
basically the same. This similarity indicates that the damage-related microstructure
has a highly limited influence on the initial plastic response, although voids have
nucleated at this point, and the material becomes porous.

Figure 5.20 depicts the peak force as a function of the number of void nucleation
sites (Np in Fig. 5.20a) and the size of the void nucleation sites (Rp/Le in Fig. 5.20b).
Since the global force-displacement curves are nearly flat in the proximity of the peak
force (see Fig. 5.19), the peak force is extracted at ∆x2/H0 = 0.1, which corresponds
nearly to the logarithmic strain predicted by the Considére condition (see discussion
in Nielsen and Hutchinson, 2012). The smallest size of the void nucleation site

Figure 5.19: Global force-displacement responses for three different damage-related
microstructures where the number, Np, and size, Rp/Le, of the void nucleation sites are
varied. (Original figure: Figure 3 in [P4])
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(a) (b)

Figure 5.20: Peak force as a function of (a) number (Np) and (b) size (Rp/Le) of the
void nucleation sites. The confidence interval is 3σ, with σ being the standard deviation.
(Original figure: Figure 5 in [P4])

(Rp/Le = 3) has a vague decreasing effect on the peak force for increasing the
number of sites (seen from Fig. 5.20a). The decreasing effect is linear and becomes
more severe for an increased void nucleation site size. If the number of sites is
kept constant and the size is varied as Fig. 5.20b shows, the larger sites have a
more pronounced decrease in the peak force. The total decrease in force is still
somewhat limited and is restrained to 0.2 %. Therefore, it is a good assumption
that the number and size of the void nucleation sites are not influencing the global
response prior to peak force. Based on the small predicted dispersion, the difference
in peak traction between the three realizations is diminishing, indicating that the
peak traction is not seeing the small variations in material composition but instead
is evaluated in an averaged manner.

The definition of the cohesive energy follows the procedure from Section 2.2 (and
also used in [P1] and [P2]) as the total area under the global force-displacement
responses from the peak force (in this case, at ∆x2/H0 = 0.1) until complete loss
of load-carrying capacity (when F/(σyA0) = 0). Figure 5.19 depicts very different
post-peak global responses for the different damage-related microstructure, and this
directly affects the cohesive energy. Figure 5.21 presents the cohesive energy as a
function of either the number or size of the void nucleation sites (in Fig. 5.20a and
5.20b, respectively). The damage-related microstructure containing a few small void
nucleation sites (Np = 10 and Rp/Le = 3) predicts a substantial cohesive energy
level. This ties to the global deformation of the computational model exhibiting a
severe neck before the final fracture. A significantly decreased energy level is, on
the other hand, predicted from the model containing many large void nucleation
sites (Np = 100 and Rp/Le = 18). The difference between the two extremities within
the damage-related microstructure is substantial (Γ0/(σyW0) ≈ 0.62 (Np = 10 and
Rp/Le = 3) versus Γ0/(σyW0) ≈ 0.035 (Np = 100 and Rp/Le = 18)). The confidence
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(a) (b)

Figure 5.21: Cohesive energy for the investigated material compositions as a function of
(a) number (Np) and (b) size (Rp/Le) of the void nucleation sites. The confidence interval
is 3σ, with σ being the standard deviation. (Original figure: Figure 6 in [P4])

interval is, however, large for most of the considered material compositions. The
evolution in cohesive energy for a fixed void nucleation site size seems to stabilize for
an intermediate to a high number of void nucleation sites (Np ≥ 50). Conversely, for
a fixed number of void nucleation sites, the cohesive energy continuously decreases
for increasing size.

The fracture morphologies reported in Tekoğlu and Nielsen (2019) explain the
significant variation in cohesive energy and, hence, the overall strain hardening
capacity. The highest cohesive energy level is tied to an independent growth of each
void nucleation site, which eventually links up through the internal necking of the
intervoid ligaments. The linkage yields substantial necking of the entire domain
to take place before fracture. In contrast, the fracture morphology for a material
composition showing low cohesive energy (many large void nucleation sites) typically
displays a through-thickness shear band where several void nucleation sites link up
across the entire domain width. Thus, the void nucleation sites act as an imperfection
band and yield very limited ductility together with almost no necking.

5.5 The peculiarity of plane strain bending, [P5]
The sudden deformation pattern arising when a plate structure crumples in, e.g., a
car crash event, leads to considerable ambiguity when engineers try to predict the
fracture under such complex load cases numerically. In this case, the material must
be governed by an appropriate fracture strain, which is vital to evaluate an energy
dissipation in the structural members accurately. However, problems emerge as the
strain at fracture is significantly different for an in-plane tension load, e.g., a mode
I tearing load as considered in [P1] (see Section 5.3), compared to a bending load
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both under a seemingly plane strain tension state (see discussions in, e.g., Pack and
Mohr, 2017; Butcher and Dykeman, 2017; Woelke et al., 2018). Publication [P5]
provides an in-depth comparison between the far-field plane strain tension test and
the plane strain bending test and will bring out the micro-mechanical mechanisms
leading to fracture in the plate subject to either of the two loading conditions. The
micro-mechanics based Gurson material model provides the fundamental basis for the
numerical analysis to final failure and discusses the localization phenomena preceding
fracture. This difference in localization leads to the experimentally observed fracture
strain variation for the seemingly equal stress states.

The plane strain bending case sketched in Fig. 5.22a consists of the plate, i.e.,
the plate having a length, L, and thickness, t, located on top of two rollers with
radius Rr. The rollers are fixed in space with the distance 2lr in-between. A punch
with radius Rp is located above the plate and is restricted to displacements in the
negative z-direction to perform a three-point bending-like deformation (following
ISO 7438:2016, E). Frictional contact is defined between the plate and the rollers,
as well as the punch, to mimic the experimental test setup. The non-zero rolling
coefficient of friction furthermore prevents rigid body translations in the y-direction.
The setup for the far-field plane strain tension case sketched in Fig. 5.22b has a
length L and thickness t. The 2D domain is similar to that from [P1] (see Section 5.3)
but with an aspect ratio of L/t ≈ 7. The prescribed boundary conditions are applied
to the finite element nodes on the top and bottom boundaries and mimic a far-field
mode I loading condition. The quasi-static analyses are conducted in a dynamic
framework employing the GTN material model with a non-zero initial void volume
fraction to take into account the void growth to coalescence leading to macroscopic
failure of the plates.

Figure. 5.23a depicts overall bending angle-bending moment curves for three
different materials (varying initial void volume fraction, f0, and strain hardening
exponent, N). The overall response has the same features as the far-field plane strain
tension response. The bending moment increases until a peak bending moment is
attained, followed by a gradual loss of load-carrying capacity. Eventually, the final
fracture sets in, which is dependent on the initial void volume fraction and strain
hardening exponent. In contrast to the far-field plane strain tensions case, the peak
bending moment is dependent on both the material, but also the geometrical setup
as it appears when the reaction force on the rollers in the y-direction exceeds that of
the z-direction. In the search for the micro-mechanical peculiarities that separate
the two tests, the first noticeable difference relates to the Considére localization and
through-thickness thinning recognized from the far-field plane strain tension case
that are absent for the plane strain bending case. As discussed by Woelke et al.
(2018), a flattening occurs on the tension side of the plate in plane strain bending,
and this leads to an investigation of the curvature, κ, of the tension side of the plate.
Figure 5.23b depicts the curvature in the range −1 ≤ y/t ≤ 1 (the punch is located
at y = 0). The curvature is evaluated at four stages during the deformation history
(see Fig. 5.23a). At εPeff/ε0 ≤ 10, the curvature is approximately constant, but at
εPeff/ε0 = 100 four apexes of increased curvature arise. Between the two middle
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Figure 5.22: (a) The plane strain bending test with plate length, L, plate thickness, t,
punch radius, Rp, roller radius, Rr, and distance in-between rollers, 2lr. (b) The far-field
plane strain tension test with length L and thickness t. (Original figure: Figures 1 and 2
in [P5])
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(a) (b)

Figure 5.23: (a) Representative bending moment-bending angle curves for three material
configurations. (b) Curvature, κ, of the tension side of the plate in plane strain bending at
four stages during deformation according to (a). The curvature is presented for N = 0.05
and f0 = 0.02. (Original figure: Figures 4b and 8a in [P5])

apexes (in the range of −0.2 < y/t < 0.2), the curvature rests for εPeff/ε0 ≥ 200.
Nevertheless, the curvature is still non-zero, and thus, the plate only appears flat.
When this curvature relaxation sets in, the curvature continuously evolves outside
the region, causing the stresses in the mid-section (in −0.2 < y/t < 0.2) to reduce
gradually. Shortly after the curvature has terminated, surface instabilities arise, and
surface waves occur, leading to several shear bands, where deformation localizes in
one of them, and eventually, fracture initiates. Surface instabilities have been found
in previous work as well (Hutchinson and Tvergaard, 1980; Dykeman, 2019).

The fracture surfaces for the plane strain bending load case are shown in Fig. 5.24
for a punch displacement of ∆z,punch/t ≈ 12. An imperfection band has been
introduced to the model, where the initial void volume fraction is increased by
f0,imp = f0 + ∆f0, where ∆f0 = [0, 0.001, 0.01, 0.05, 0.1]f0. The material is identical
(f0 = 0.02, N = 0.05) in the two figures, but the plate in Fig. 5.24b contains an
imperfection band with magnitude ∆f0 = 0.01f0, whereas the plate in Fig. 5.24a is
imperfection-free. The imperfection band is two elements wide, extending t/6 into
the plate in a 45◦ angle, where it stops under the punch (at y ≈ 0). Even with an
imperfection, the crack initiates outside the imperfection band for all imperfection
magnitudes considered suggesting that the imperfection is used solely to trigger the
shear band. For the imperfection-free plate in Fig. 5.24a, two crack initiation sites
are observed. The numerically predicted fracture surfaces display a qualitatively
good consistency with experimentally observed fractures (see, e.g., Kaupper and
Merklein, 2013; Dykeman, 2019), where a direct comparison can be found in [P5]
between the numerical study and a 22MnB5 boron steel.

Figure 5.24 depicts a significant difference in crack length, where the imperfection-
free plate display less crack growth. The influence of the embedded imperfection
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(a)

(b)

Figure 5.24: Fracture surfaces for the material parameter set N = 0.05 and f0 = 0.02
shown with (a) no embedded imperfection and (b) an embedded imperfection on the initial
void volume fraction of magnitude ∆f0 = 0.01f0. The imperfection band (shown in red
across the fracture surfaces) extends, in the undeformed configuration, in a 45◦ direction
with a length of t/6 into the plate and is two elements wide. (Original figure: Figures 9b
and 9c in [P5])

band on the overall bending moment-bending angle response is depicted in Fig. 5.25.
Regardless of the imperfection magnitude, the predictions until peak bending moment
are unaffected, and the major effect sets in afterward. The significant loss of load-
carrying capacity is highly dependent on the imperfection magnitude with decreasing
angle, and this leads to a corresponding dependence in macroscopic fracture strain.
The reduction in the critical bending angle, where the precipitous drop occurs, can be
translated into a ductility measure of the plate since a larger bendability is observed
typically for a more ductile material.

Figure 5.26 compares the macroscopic fracture strain, (∆LG/L0
G)/ε0, for the

imperfection-free plane strain bending case to that of the far-field plane strain
tension case. The fracture strain is evaluated for five virtual strain gage lengths,
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Figure 5.25: Overall bending moment-bending angle responses for the plane strain
bending case with varying imperfection magnitude. (Original figure: Figure 10a in [P5])

L0
G/t = [0.25, 0.5, 1, 1.5, 2], to cover the suggested gage lengths for plane strain bend-

ing (Cheong et al., 2018) to that suggested for far-field plane strain tension (Woelke,
2020). The figure presents the three material parameter sets from Fig. 5.23a, where
the initial void volume fraction is f0 = [0.015, 0.02] and the strain hardening exponent
is N = [0.05, 0.1]. The macroscopic fracture strain for the two tests both exhibits
a high value for the lowest gage length and a lower value for the large gage length,
but at significantly different overall levels. The difference between the two tests is
almost constant, with a factor of 2-2.5 depending on the material parameter set.
The explanation is found in the micro-mechanics at play in the two tests. The plane
strain bending test experiences a stress triaxiality level of T = 1/

√
3 in the crack

initiation site on the tension side of the plate, and this level decreases slightly when
the evolution in curvature stops (see Fig. 5.23b). The far-field plane strain tension
test, on the other hand, experiences a substantial higher stress triaxiality in the
crack initiation site. This elevated level relates to the arising neck and subsequent
shear localization (also discussed by Nielsen and Hutchinson, 2012). This significant
difference in micro-mechanical behavior, where one deformation pattern displays
severe thinning, and the other shows no sign of thinning, leads to fracture under
two substantially different micro-mechanical conditions and thus the macroscopic
fracture strain cannot be expected to be the same. Along the same lines, the study,
in combination with Fig. 5.26 also demonstrate the difficulty in comparing fracture
strains between the two tests, since the underlying mechanisms are fundamentally
different.
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(a) (b)

Figure 5.26: Comparison of the macroscopic fracture strain as a function of the gage
length, L0

G, for three different sets of material parameters (the same as in Fig. 5.23a). (a)
presents the fracture strain variation for a fixed f0 = 0.02 and N = [0.05, 0.1] and (b) for a
fixed N = 0.05 and f0 = [0.015, 0.02]. (Original figure: Figure 11 in [P5])



6 Further developments

This chapter presents an unpublished study, which is carried out in collaboration
with J.G. Londono, P.B. Woelke, and K.L. Nielsen during the PhD study. The
unpublished study is . The presented work comes as an extension to [P5] (see
Section 5.5) and uses the numerical simulations presented in [P5] together with an
additional set of simulations employing a different material parameter set. The
investigations propose a parameter based on the through-thickness stress variation
to distinguish between the far-field plane strain tension and the plane strain bending.
The parameter is thought of as being implemented for shell element based finite
element simulations, but details on the implementation will not be discussed here.

6.1 Method for identifying bending and tension
Shell element modeling is a valuable numerical tool for large-scale plate structures as
micro-mechanical modeling of such is cumbersome due to the computational costs.
Shell element based finite element models are capable of capturing the correct plastic
behavior and deformations for tension and bending, but they cannot describe through-
thickness stress variations, e.g., if a through-thickness stress component becomes
non-zero. Also, shell elements cannot describe the differences in damage evolution
as [P5] highlights for two specific types of tests: the far-field plane strain tension
test and the plane strain bending test. An analog distinction between plane strain
bending and far-field plane strain tension can be difficult for engineers to comprehend,
when the shell element based finite element models constitute investigations of, e.g.,
a car crash or ship grounding. Costas et al. (2019) recently proposed a strain-based
parameter to distinguish a plane strain bending test from a far-field plane strain
tension test. This parameter compares the through-thickness strain component on
either side of the plate to evaluate the overall loading condition. The study in this
chapter establishes a parameter to distinguish between the two loading conditions,
but here based on the stress invariants through the entire thickness of the plate.

This study considers the far-field plane strain tension test and the plane strain
bending test presented in [P5] and Section 5.5 utilizing two material parameter
sets. The material parameter set used in [P5], which exhibits a ductile material
response (results are in this chapter shown for N = 0.05 and f0 = 0.02) as well as
higher-strength steel displaying limited ductility defined by the material parameters

51
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Table 6.1: Material properties for the manganese-boron steel.

Parameters Notation Value
Density ρ 7850 kg/m3

Young’s modulus E 200 GPa
Poisson’s ratio ν 0.3
Yield stress σ0 1000 MPa
Strain hardening exponent N [0.05, 0.1, 0.2]
Gurson fitting parameters q1, q2, q3 1.6, 1.3, 2.56
Initial void volume fraction f0 [0.001, 0.005, 0.01]
Critical void volume fraction fC 0.012
Final void volume fraction fF 0.2

listed in Tab. 6.1. Here, the initial void volume fraction, as well as the critical void
volume fraction, are relatively small, and also, the fitting parameters introduced
by Tvergaard (1990) differ from the common values. The GTN material parameters
have been fit to experimental data of manganese-boron steel (similar to MBW1500
steel (thyssenkrupp AG, 2019)) through numerical simulation of the far-field plane
strain tension case. The two material parameter sets will demonstrate the capabilities
of the proposed distinction parameter. The simulations, employing the material
configuration in Tab. 6.1, have been conducted with an element size of Le/t = 1/64
in the finely meshed region (following the same mesh procedure as in [P5]). This
element size is adequate to resolve the shear localization (in far-field plane strain
tension) and fracture surfaces.

Figure 6.1 shows representative overall responses for the two loading conditions
employing the material in Tab. 6.1 with N = 0.05 and f0 = 0.005. Figure 6.1a
presents the far-field plane strain tension response, where the plastic response leads to
Considére thinning whereafter the deformation localizes in a shear band, and fracture
initiates. The plane strain bending response in Fig. 6.1b displays an increasing
bending moment with a fluctuating response. These fluctuations are caused by the
frictional contact algorithm and are mesh-dependent. The peak bending moment
predicted in [P5] is not reached for this type of material (Tab. 6.1). Common for
both tests is that the effective plastic strain, εPeff , in the material fiber where fracture
initiates, reaches significantly lower levels at fracture for the higher-strength steel
compared to the material in [P5] (εPeff/ε0 ≈ 60 versus εPeff/ε0 > 200). This is caused
by the fact, that the critical void volume fraction, fC , is very low compared to the
initial void volume fraction, f0. Thus, fC is quickly reached during the deformation.

Publication [P5] emphasizes the stress triaxiality levels in the two tests to have
significant importance for the difference in fracture strain. Figure 6.2 depicts the
through-thickness (along the z-axis) variation of the stress triaxiality for both far-field
plane strain tension and plane strain bending utilizing the material in Tab. 6.1. The
triaxiality has been normalized with the value for the plane strain tension state
(TPlane strain = 1/

√
3 for thin plates), and the three stages during deformation are
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(a) (b)

Figure 6.1: Representative overall responses from (a) the far-field plane strain tension
case and (b) the plane strain bending cases, both employing the material in Tab. 6.1 with
N = 0.05 and f0 = 0.005.

highlighted in Fig. 6.1. The through-thickness stress triaxiality variation for the far-
field plane strain tension is displayed in Fig. 6.2a and a uniform level is predicted for
εPeff/ε0 ≤ 10, corresponding to the deformation stages prior to Considére localization.
When the deformation localizes within the neck, the stress triaxiality in the plate
center increases to a level of more than 20 % larger than the plane strain tension
state. This increase in stress triaxiality has also been reported for the material in
[P5]. Figure 6.2b depicts the stress triaxiality for the plane strain bending case and
predicts a sign reversal around the neutral axis. The neutral axis shifts towards the
compression side of the plate (also observed by Triantafyllidis et al., 1982), where
the stress triaxiality level is highly affected by the punch. The maximum level of
the stress triaxiality in the material fiber where fracture initiates (at z/t ≈ −0.5)
does not exceed that of the plane strain tension state (TPlane strain = 1/

√
3). This

fundamental difference has also been concluded in [P5] and Section 5.5.

The stress triaxiality is defined as T = σm/σe and, hence, the stress variations
that underlie Fig. 6.2 can be examined. The through-thickness variation of the mean
stress, σm, and the effective stress, σe, are depicted in Figs. 6.3a and 6.3b for the
far-field plane strain tension case and the plane strain bending case, respectively.
The three stages of deformation from Fig. 6.1 are again considered to show the
variation as deformation progresses. The far-field plane strain tension in Fig. 6.3a
exhibits a uniform pre-localization stress variation for both σm and σe, followed by an
intensification of σm and relaxation of σe in the material fiber where fracture initiates.
Furthermore, a symmetric response around z/t = 0 for both stress quantities is
observed. The plane strain bending in Fig. 6.3b exhibits a stress reversal across the
neutral axis for the mean stress (likewise, the stress triaxiality) and an approximate
symmetry around the neutral axis for the effective stress at all stages of deformation,
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(a) (b)

Figure 6.2: Through-thickness stress triaxiality at y = 0 (see Fig. 5.22) for (a) the
far-field plane strain tension case and (b) the plane strain bending case, both employing
the material in Tab. 6.1 with N = 0.05 and f0 = 0.005.

which is similar to the far-field plane strain tension test. This difference in stress
variation will be of great significance in the following.

Micro-mechanical modeling of large-scale structures has been proven cumbersome
and time-consuming. Therefore, the need arises for a shell element based finite
element models capable of describing the damage accumulation to final failure. Here,
based on the far-field plane strain tension and plane strain bending tests, an effective
fracture strain for a shell element, εshell

f , can be treated as:

εshell
f = βεtension

f + (1− β)εbending
f (6.1)

with εtension
f and εbending

f being the experimentally obtained fracture strains for far-
field plane strain tension and plane strain bending, respectively. The β parameter
introduced in Eq. (6.1), acts as the distinction parameter. For β = 0, the effective
fracture strain will be represented solely by the fracture strain in plane strain bending,
and for β = 1 the far-field plane strain tension fracture strain will constitute the
effective fracture strain. The β parameter is proposed to take the form:

β =

∣∣∣∣∣∣∣
∫ t/2
−t/2 σmdz∫ t/2
−t/2 σedz

∣∣∣∣∣∣∣
1

TPlane strain
(6.2)

where t is the plate thickness along the z-axis, and TPlane strain is the stress triaxiality
in plane strain tension (TPlane strain = 1/

√
3). A special feature of the β parameter
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(a)

(b)

Figure 6.3: Through-thickness investigation at y = 0 (see Fig. 5.22) of the mean stress,
σm, and the effective stress, σe, for (a) the far-field plane strain tension case and (b) the
plane strain bending case, both employing the material in Tab. 6.1 with N = 0.05 and
f0 = 0.005.
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is in fact that the mean stress and the effective stress both are invariants (with an
appropriate factor) and thereby independent of the coordinate system. The mean
stress is defined as σm = I1/3 with I1 being the first invariant of the stress tensor,
and the effective stress is defined as σe =

√
3J2 with J2 being the second invariant of

the deviatoric stress tensor. The β parameter yields zero for a plane strain bending
case due to the sign reversal in the through-thickness mean stress. On the other
hand, the β parameter yields unity for the far-field plane strain tension case due to
the symmetry in both stress quantities. The absolute sign in Eq.(6.2) is introduced
to avoid negative values of β, which are predicted in the punch-affected area. The
value of β can be larger than unity. Larger values become relevant for far-field plane
strain tension as the localization causes larger values of β, but due to the inherent
plane stress assumption governing the shell elements, the through-thickness stress
quantities will remain constant yielding β = 1.

Figures 6.4 and 6.5 present the evaluation of the β parameter for the two material
parameter sets. The β parameter is evaluated at three different locations, i.e.,
y/t ≈ −1, y/t ≈ −0.5, and y/t = 0 (see Fig. 5.22) to investigate the influence from
the non-uniform deformation patterns arising in both tests. The evaluation of β is
accompanied by figures of the deformed structure (1) at 90 % of the deformation
to failure and (2) at fracture initiation (fmax = fF ) to provide insight into the
level of deformation. Figure 6.4 presents the plane strain bending case, where a
significant difference in bending angle between the two material parameter sets is
evident. The material from Tab. 6.1 shows an almost uniform curvature on the
tension side of the plate, whereas the material from [P5] displays a much more
non-uniform deformation, where the so-called flattening appears. The β parameter
is evaluated to approximately zero for both materials, but initially, the β parameter
yields elevated values directly under the punch at (y/t = 0) corresponding to the
elastic region. After plasticity initiates, the β parameter evaluates to zero for both
materials, but for higher bending angles (α > 60◦ experienced by the material in
[P5]), the β parameter starts increasing. The higher β level is assigned the punch
as well as the special localization phenomenon revealed in [P5] (see Section 5.5)
since β approaches zero along paths in the distance to the punch (i.e., y/t ≈ −1
and y/t ≈ −0.5). The material from Tab. 6.1 predicts a sudden through-thickness
fracture due to the limited ductile response, whereas the crack develops much slower
when utilizing the material from [P5]. In the latter case, the crack has only grown a
couple of elements, see Fig. 6.4b.

Figure 6.5 presents the evaluation of β for the far-field plane strain tension case.
Initially, the β parameter obtains a lower value than anticipated, and as for the plane
strain bending, this corresponds to the elastic region. The β parameter increases
to unity when plasticity sets in and maintains this level until necking initiates
(approximately at ∆y/L = 0.05 corresponding to the strain hardening exponent),
and the through-thickness stress quantities start diverging due to the localization.
Here, the mean stress increases in the plate center, whereas the effective stress
decreases. The level of β increases significantly at y/t = 0, where the deformation
localizes, and the complex three-dimensional stress state develops with a non-zero
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(a)

(b)

Figure 6.4: Evaluation of the β parameter for the plane strain bending case employing
the material parameters from (a) Tab. 6.1 with N = 0.05 and f0 = 0.005 and (b) [P5] with
N = 0.05 and f0 = 0.02. Three through-thickness evaluation paths are chosen; y/t ≈ −1,
y/t ≈ −0.5, and y/t = 0.

through-thickness stress component (in the z-direction). In the distance to the
localization region at y/t ≈ −1, a β value of approximate unity is predicted. This
prediction emphasizes that shell elements are only capable of evaluating β to unity.
Both material parameter sets show a confined thinning region, most pronounced
for the material from [P5], see Fig. 6.5b. As with the plane strain bending case,
the material from Tab. 6.1 exhibits an abrupt through-thickness fracture, whereas
the material from [P5] allows the shear bands to develop more intensely before the
fracture initiates and grows in one of the shear bands toward the free surfaces to
create the slant fracture.
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(a)

(b)

Figure 6.5: Evaluation of the β parameter for a far-field plane strain tension case defined
by the material parameters from (a) Tab. 6.1 and (b) [P5]. Three through-thickness paths
are chosen; y/t ≈ −1, y/t ≈ −0.5, and y/t = 0.



7 Conclusion

Numerical investigations of ductile fracture in large-scale plate structures have been
conducted during this PhD study. The J2 plasticity theory, as well as the micro-
mechanics based Gurson material model, have created the foundation for modeling
crack initiation as well as steady-state crack growth. A 3D fracture simulation
from crack initiation to steady-state crack growth has been under consideration
in [P2], whereas [P3] has focused entirely on the void interaction mechanisms for
crack initiation. Steady-state crack growth in homogeneous porous materials subject
to mixed mode loading conditions has been investigated in [P1], and imperfect
plate materials subject to the mode I loading condition has been considered in [P4].
Finally, [P5] investigates two loading conditions to demonstrate the micro-mechanical
differences that underlie the variation in fracture strain. This study further facilitates
an investigation of how to distinguish one loading condition from the other in a shell
element based finite element model.

Publication [P2] conducts a 3D numerical simulation utilizing the Gurson
material model to demonstrate the micro-mechanical material behavior for extensive
crack growth. The key parameters for a cohesive zone, i.e., the peak traction
and cohesive energy, change along with the crack length, and this dependency has
been extracted from the detailed 3D simulation. A 2D plane stress cohesive zone
model has been enriched with the information about the key parameters and highly
overestimates the crack length if the parameters are employed directly. Using up-
scaled key parameter dependencies from the 3D simulation (3 % for the peak traction
and 10 % for the cohesive energy) yields a near-perfect match of the global responses
from the two numerical setups. The simulations demonstrate that the steady-state
values (for xc/t ≥ 7) should correspond to the Considére condition for plane strain
tension loads and the energy level approximated with the 2D plane strain setup
introduced by Nielsen and Hutchinson (2012). Furthermore, the dependency on
the crack length is critical, together with the appearance of the traction-separation
relation.

Publication [P3] investigates the interaction between voids in front of an initial
blunt crack tip in a small-scale yielding setup. The study also investigates the
influence of mixed mode loading conditions with a dominant mode I loading on the
intervoid ligament reduction leading to the coalescence of adjacent voids as well as on
the void rotation. Regardless of the type of mode mixity (either mode I-mode II or
mode I-mode III), a substantial increase in the far-field load intensity is necessary to
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comply with the criterion for void coalescence due to an inhibited void growth. The
inhibited void growth occurs due to increased plastic deformation of the surrounding
material above and below the voids and, hence, the deformation leading to void
coalescence is not confined to the intervoid ligaments. The two mechanisms reported
by Tvergaard and Hutchinson (2002) still govern void interaction under mixed mode
loading conditions, but the multiple void interaction mechanism that governs larger
initial void volume fraction approaches that of the void-by-void growth for larger
mode mixity ratios. The two mechanisms are also evident from the void rotation
since the material above and below the voids deforms plastic depending on the
void interaction. The void rotation becomes more severe as the mode mixity ratio
increases.

Publication [P1] extends the 2D plane strain study from Nielsen and Hutchinson
(2012) to consider mixed mode loading conditions comprising of mode I-mode II and
mode I-mode III loading conditions for an investigation of the influence on the key
cohesive parameters. The key cohesive parameters for steady-state crack growth
are changing with the mixed mode loading condition, but the parameters evolve
differently for each of the two types of mode mixity. The peak traction for a mode
I-mode II loading condition decreases slightly for an increasing mode mixity ratio
but is essentially unchanged for mode I-mode III loading conditions. For the cohesive
energy, the mode I-mode II loading conditions display a steadily increasing cohesive
energy, whereas the cohesive energy for mode I-mode III loading conditions initially
decreases, and again increases for a mode mixity ratio larger than ∆III/∆I > 0.3.
The mode I energy level is attained for the larger considered mode mixity ratio (also
depending on the initial void volume fraction). The transfer to a cohesive sweep
into the mode mixity space is therefore also affected, where the predicted mixed
mode traction-separation relations deviate significantly from the simplified rotational
sweep, for which reason the mode mixity formulation of cohesive elements for a mode
I-mode III loading conditions may underestimate the actual crack growth.

Publication [P4] examines a heterogeneous material in a similar overall setup
as [P1]. The computational domain contains discretely modeled void nucleation sites
that are distributed randomly. A total of 25 different material compositions, where
the number and size of the void nucleation sites are varied, are investigated for three
different realizations of the layout to get statistical evidence for the key parameters
going into a cohesive element. The void nucleation sites are found to have a limited
effect on the initial plastic response until peak traction. Consequently, the peak
traction is found to be virtually unaffected and predicted with minimal dispersion
for all considered material compositions of the damage-related microstructure. The
post-peak response that governs the cohesive energy is, on the other hand, very much
dependent on the damage-related microstructure. A few small void nucleation sites
predict a relatively large cohesive energy displaying severe plastic deformations due
to the independent growth of the void nucleation site. Many large void nucleation
sites yield limited to none overall ductility due to an immediate linkage between
the void nucleation sites across the width of the plate. The cohesive energy varies
tremendously by a factor of almost 18 between the two extremities. Furthermore, the
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large dispersion predicted for the cohesive energy for almost all material compositions
signals a significant dependence on the layout of the void nucleation sites. The
statistical evidence is, however, obtained through a very small sample size that limits
the statistical power and, thus, this study acts as an initial study within statistical
investigations of solid mechanics.

Publication [P5] propounds the micro-mechanical differences between the far-
field plane strain tension test and the plane strain bending test. By simulating the
two tests to failure, the micro-mechanical mechanisms leading to two very different
localization phenomena have been investigated. Emphasis has been on the plane
strain bending case, which demonstrates, after sufficient deformation, a non-uniform
curvature in the mid-section of the tension side of the plate, and this appears to
be a flattening. Succeeding the arresting curvature, several surface instabilities
(undulations) occur on the surface. Here, shear bands start forming, and the crack
initiates in one of them. This special localization phenomenon sustains a stress
triaxiality level corresponding to the plane strain tension state, which is significantly
different from that observed for far-field plane strain tension after localization occurs.
Thus, the significant difference in fracture strain between the two tests can be
assigned to the different localization phenomena. It is also important to realize that
the difference in the localization phenomena and deformation history complicates the
comparison of the fracture strains between the two tests. The underlying mechanical
phenomena leading to fracture are not the same.

Finally, the unpublished work presented in Chapter 6 proposes a new parameter
for the distinction between plane strain bending and far-field plane strain tension
to circumvent the fracture strain ambiguity in shell element based finite element
models. The difference in localization phenomena that underlie this ambiguity
has been discussed in [P5]. Stress invariants evaluated through-thickness enter the
parameter, β, to evaluate the loading condition. The β parameter shows capabilities
of distinguishing between far-field plane strain tension and plane strain bending,
and promising results are obtained through two sets of material parameters, both
exhibiting a somewhat ductile material response. The β parameter evaluates to
zero for the plane strain bending but tends to increase as deformation progresses
due to the numerical model setup. On the other extreme, β evaluates to unity for
far-field plane strain tension, but the emerging three-dimensional stress state yields a
β parameter exceeding unity in the center of the localization region. Since the shell
elements are not able to capture the localization phenomenon due to the inherent
plane stress assumption, a β parameter exceeding unity is, however, not concerning.

This PhD study has focused on advancing the description of phenomenological
models for numerical prediction of ductile crack growth in thin metal plates by
in-depth investigations of the micro-mechanical mechanisms preceding fracture. The
PhD study has demonstrated how loading conditions affect the micro-mechanical
responses and how the damage accumulation depends on the loading conditions as
well as material compositions.
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A B S T R A C T

The present study investigates a sequence of failure events related to steady-state tearing of large-scale ductile
plates by employing the micro-mechanics based Gurson-Tvergaard-Needleman (GTN) model. The fracture
process in front of an advancing crack is approximated by a series of 2D plane strain finite element models to
facilitate a comprehensive study of mixed mode fracture behavior as well as a parameter study of the cohesive
energy and tractions involved in the process. The results from the conducted GTN model simulations are used to
define cohesive zone models suitable for plate tearing simulations at large scale. It is found that mixed mode
loading conditions can have a significant effect on the cohesive energy as well as relative displacement (in
reference to pure mode I loading), while peak traction is practically unaffected. Specifically, increasing mode II
contribution leads to monotonic increase of the cohesive energy. In contrast, the effect of mode III is more
complicated as it leads to reduction of the mixed mode cohesive energy (in reference to pure mode I loading) at
low to medium levels of mode mixity ratios (0–0.3). However, increasing mode III contribution beyond the mode
mixity ratio of 0.3, reverses this trend with cohesive energy potentially exceeding the pure mode I level when at
mode mixity ratio of 0.6 or higher. This behavior cannot be captured by the interactive cohesive zone models
that rely on a simple rotational sweep of mode I traction-separation relation. Depending on the shear mode
contribution, i.e., mode II or mode III, these models can lead to overly conservative (mode II) or unconservative
(mode III) prediction of the crack growth resistance.

1. Introduction

The main focus of the present work is on determination of the co-
hesive zone model parameters that can be used to approximate the
complex ductile fracture process evolving in large-scale plate tearing
under mixed mode loading conditions. When the tearing crack in a
large-scale plate has advanced several plate thicknesses, under mono-
tonic loading, and the failure process ahead of the crack tip has reached
a steady-state propagation, the energy dissipation proceeds through a
sequence of events which includes: i) local thinning that takes place
some distance ahead of the crack tip; ii) shear localization that subse-
quently develops on a smaller scale inside the thinning region closer to
the tip, and; iii) final separation that advances the crack (see also dis-
cussion in Nielsen and Gundlach, 2017; Nielsen and Hutchinson, 2017).
This complex plate tearing process is driven by the mechanism of void
nucleation and growth to coalescence and it can be captured by the
micro-mechanics based Gurson-Tvergaard-Needleman material model
in a full 3D framework (Felter and Nielsen, 2017). To accurately re-
present the complexity of the plate tearing process, a through-thickness

resolution that scales with the dominant void spacing (e.g. ∼ 100 μm) is
required (see also Xue et al., 2010; Nielsen and Hutchinson, 2012).
Such resolution is presently only possible for coupon specimens and
small components. Thus, engineers rely heavily on the phenomen-
ological alternatives, such as cohesive zone models embedded in shell
elements, to ensure computation times that are short enough for in-
dustrial applications (see also discussion in Li and Siegmund, 2002;
Woelke et al., 2017).

When modeling failure in thin-walled structures using shell ele-
ments, one needs to consider constraints related to the plane stress
condition, which is an inherent assumption in shell mechanics.
Maintaining a plane stress state within a shell element requires that its
in-plane dimensions are larger than the thickness. Since the height of
the localized neck is on the order of sheet thickness, only a single ele-
ment can be used to represent necking and failure. This is, of course, not
sufficient to capture the detailed geometry of local thinning. To address
this deficiency, cohesive zone models can be employed to represent the
effects that cannot be captured by large shell elements. In this case, the
cohesive zone must take over as soon as through-thickness localization
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starts and describe the remaining part of the fracture process.
Tvergaard and Hutchinson (1992) studied the relation between ductile
crack propagation and the cohesive zone parameters that govern the
fracture process. An interesting conclusion in their work is that in plane
strain, it is the peak traction and the cohesive energy that primarily
control the tearing response, whereas the shape of the traction-se-
paration relation is of minor importance. In a later work, Nielsen and
Hutchinson (2012) made an attempt to design a cohesive traction-se-
paration relation for extensive crack propagation in tough ductile plates
where the tearing energy and the peak traction were direct outcomes of
the underlying micro-mechanics. Here, by considering a cross-section of
the plate with the normal along the crack growth direction, modeled in
2D plane strain, a detailed micro-mechanical study of the slant failure
was performed using the shear extended GTN modeling framework
(Gurson, 1977; Tvergaard, 1990; Nahshon and Hutchinson, 2008). In
this approach, the cohesive zone takes over once the peak traction of
the plate cross-section has been reached and both the localization
process and final failure were treated in a rigorous, but phenomen-
ological, manner. Thus, the cohesive zone model reflects the actual
micro-mechanics that lead to crack propagation once the fracture pro-
cess has settled into a steady-state (Scheider and Brocks, 2006). Despite
only treating mode I loading, the traction-separation relation proposed
by Nielsen and Hutchinson (2012) has been successfully applied by
Woelke et al. (2013, 2015) to investigate large-scale plate tearing. By
adopting the micro-mechanics based traction-separation relation, a
near perfect match to experimentally measured load-deflection curves
was obtained for the macroscopic structural response. As an aside,
Woelke et al. (2015) concluded that for plane stress conditions, the
shape of the traction-separation relation is also important for accurate
prediction of crack growth resistance. However, these considerations
were limited to pure mode I loading, whereas real life structures often
encounter mixed mode loading. A common practice in modeling mixed
mode loading with cohesive zone relies on essentially a rotational
sweep of the normal mode I traction-separation relation, T δ( )n , into the
tangential separation (between fracture surfaces) space such that the
traction curves become T δ( )t1 and T δ( )t2 in pure mode II or pure mode
III, respectively (see Eq. (1)). The work of separation is thus tradi-
tionally assumed to be unchanged between modes (Li and Siegmund,
2002) and mode mixity is calculated as

∫= = ⎛
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Here, Γ0 is the work of separation (equal for all modes), δn is the normal
separation, δt1 and δt2 are the tangential separations of the fracture
surfaces related to mode II and mode III separation, respectively. The
present study will show that this approach does not represent reality in
ductile plate tearing under mixed mode loading. It will be demonstrated
that after peak traction is reached, the work of separation depends on
mode mixity. The goal of the current study is twofold: i) to highlight the
effects of mode mixity on the overall cohesive energy as well as other
parameters defining the traction-separation relation, and; ii) to develop
a new mixed mode traction-separation relation that readily fits into the
framework of combining plane stress shell elements with cohesive zone
modeling without sacrificing the accuracy for mixed mode loading.
Details of the traction-separation relations will be developed through
micro-mechanics modeling, which in turn will form the basis for
guidelines on how parameterized traction-separation relations can be
constructed without compromising accuracy. The employed modeling
framework has been adopted from Nielsen and Hutchinson (2012), but
with modifications to take out-of-plane actions into account.

The paper outlines the constitutive relations and finite element
model in Section 2. The problem formulation is described in Section 3,
after which the cohesive zone model is defined in Section 4 by identi-
fying key parameters to be extracted from the micro-mechanics based
numerical simulations. Results are given in Section 5 with focus on

improving accuracy within the field of cohesive zone modeling of large-
scale plate tearing. Conclusions are listed in Section 6.

2. Model: constitutive relations and finite element formulation

2.1. Material description

The undamaged (matrix) material in this study is assumed to follow
a true stress-logarithmic strain power hardening relation described as:
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where σy is the initial yield stress, E is the Young's modulus, and N is the
hardening exponent. To account for the softening effect of the damage
that evolves during severe plastic straining, the material is assumed to
be governed by void growth to coalescence and to follow the flow rule
for a porous ductile GTN material (Gurson, 1977) with the yield surface
modified by Tvergaard (1981).
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Here, =σ s s3 /2e ij
ij is the effective macroscopic Mises stress, with

= −s σ G G σ /3ij ij ij
kl

kl being the stress deviator where Gij and Gij are the
co- and contravariant component of the metric tensor, respectively,
associated with the deformed geometry. The microscopic stress in the
matrix material is denoted σM , whereas q1 and q2 are fitting parameters
introduced by Tvergaard (1981), and f * is a function of the porosity
that takes void coalescence into account. Tvergaard and Needleman
(1984) suggested the following phenomenological model to accelerate
the damage increase once micro-voids link up in the coalescence pro-
cess:

=
⎧
⎨
⎩

≤

+ − >−
−

f
f f f

f f f f f

, for 

( ) , for 

C

C
f f
f f C C

*
U C

F C

where f is the accumulated damage (or porosity), fC and fF are the
critical and final porosity, respectively. The ultimate damage, fU , is
defined as q1/ 1.

The development of damage in the material is partly controlled by
void growth and partly a shear contribution, such that the total rate of
damage reads:

= +f f f˙ ˙ ˙
growth shear

where a damage contribution from nucleating voids is omitted for
clarity of results in the present study. Void growth follows from plastic
incompressibility and can be expressed as:

= −f f G η˙ (1 ) ˙growth
ij

ij
p

where η̇ij
p is the increment of the plastic strain tensor. It is known,

however, that evolution of the damage predicted by the GTN model
stops if the stress triaxiality goes to zero, e.g. for a pure shear loading
case. In order to investigate the effect of shear damage, the shear ex-
tension introduced by Nahshon and Hutchinson (2008) will be con-
sidered as part of the analysis. The governing equation for the shear
contribution to total damage is:

= σf k fω
s η

σ
˙ ( )

˙
shear ω

ij
ij
p

e (2)

where = −σω J σ( ) 1 (27 /(2 ))e3
3 2. Here, J3 is the third invariant of Cauchy

stress deviator and kω is the amplification factor for the shear con-
tribution, which typically lies in the range of [0; 3] (see also Tvergaard
and Nielsen, 2010). It is worth mentioning that the Nahshon-Hutch-
inson extension is purely phenomenological and it is, therefore, only
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considered as a supplement to the GTN model in this analysis. When
=k 0ω , the material model reduces to the GTN model. It should also be

stressed, that =k 0ω unless stated otherwise. All material parameters
are listed in Table 1 (see also Tvergaard, 1990, for further details).

2.2. Finite element formulation

The analyses are carried out in a finite strain setting, which has been
embedded in a quasi-static framework using a total Lagrangian for-
mulation. The incremental expansion of the principle of virtual work
reads:

∫ ∫+ =τ δη τ u δu V T δu S( ˙ ˙ )d ˙ d
V

ij
ij

ij
i
k

k j S
i

i, ,

where τij is the Kirchhoff stress tensor, ηij is the Lagrangian strain
tensor, ui is the displacement field and Ti are the tractions. Here, the
Lagrangian strain tensor is given as; = + +η u u u u( )ij i j j i i

k
k j

1
2 , , , , , and the

relation between the rate of strains and the rate of Kirchhoff stresses is
given by:

=τ L η˙ ˙ij ijkl
kl

where Lijkl is the incremental modulus. The incremental computational
procedure follows that of Tvergaard (1990).

3. Problem formulation

3.1. Model description

The considered boundary value problem is inspired by the work of
Nielsen and Hutchinson (2012) who examined a crack propagating at
steady-state through a large-scale plate subjected to pure mode I
loading. The plate tearing process is illustrated in Fig. 1, where the
plate dimensions in the x1- and x2-direction are much larger than the
out-of-plane plate thickness (dimension in the x3-direction). In the 2D
set-up employed, a section with the normal along the crack growth
direction, i.e., the x1-x3-plane, is imagined cut from the full 3D plate and

the deformation experienced by this section is assumed to be plane
strain ( =η 022 ). As the plastic flow localizes, and all subsequent de-
formation takes place in this region (see Fig. 1C), the domain above and
below the thinning region elastically unloads and this enforces a con-
straint on the deformation along the x2-direction leading to a near tip
plane strain condition (see also Nielsen and Hutchinson, 2017). The
section considered maintains an initial aspect ratio of =L W/ 30 0
throughout, and this ensures that the complete localization process is
captured, see Fig. 2. The adopted set-up is an approximation as no
gradients can develop in the crack growth direction.

The present study covers both mode I-mode II loading and mode I-
mode III loading and thus, two different sets of boundary conditions are
employed for the geometric model, see Eqs. (3) and (4). In order to
capture the material softening beyond onset of local thinning, pre-
scribed displacements are employed in all the computations. For the
mode I-mode II load case, prescribed displacements in the x1- and
x2-direction are enforced according to (see also Fig. 2a):

= ∈ − =
= − ∈ − = −
∈ ∈ − =
∈ − − ∈ − = −

u x L x W W Δ
u x L x W W Δ
u x L L x W W Δ
u x L L x W W Δ

( /2, [ /2, /2])
( /2, [ /2, /2])
( [9 /19, /2], [ /2, /2])
( [ 9 /19, /2], [ /2, /2])

I

I

II

II

1 1 0 3 0 0

1 1 0 3 0 0

2 1 0 0 3 0 0

2 1 0 0 3 0 0 (3)

For the mode I-mode III load case, prescribed displacements in the
x1- and x3-direction are enforced according to (see also Fig. 2b):

= ∈ − =
= − ∈ − = −
∈ = =
∈ − − = = −

u x L x W W Δ
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( [ /4, /2], 0)
( [ /4, /2], 0)

I

II

III

III

1 1 0 3 0 0

1 1 0 3 0 0

3 1 0 0 3

3 1 0 0 3 (4)

The chosen boundary conditions attempt to mimic the deformation
inside the plate section that contains a tearing crack, imposed by global
displacements of a large-scale plate. As a result, curvature continuity
between the plate section that contains the crack and the remainder of
the plate structure (not modelled explicitly) is achieved. Thereby,
plastic flow localization near the top or bottom strip is avoided.

The amount of shear (mode II or mode III) contributing to the total
load is varied to investigate the influence of the mode mixity on the
cohesive traction-separation relation. Results will be presented for
mode mixity ratios of Δ /ΔII I (mode I-mode II) and Δ /ΔIII I (mode I-mode
III) within the range from 0 to 0.6.

The computations are carried out using a modified isoparametric 8-
node plane strain element employing reduced integration (2×2 Gauss
points). The element is modified by expanding the nodal degrees of
freedom from two degrees of freedom to three degrees of freedom per
node. It is worth mentioning, that the shape function structure is un-
changed as the element has no extension in the out-of-plane direction.
Thus, the shape functions are only defined in 2D, in the original co-
ordinate system. This also means, that the Jacobian matrix is

Table 1
Material properties.

Parameters Notation Value

Young's modulus E 210 GPa
Poisson's ratio ν 0.3
Yield stress σy 630MPa
Hardening exponent N 0.1
Initial porosity f0 [0.005; 0.01; 0.02]
Critical porosity fC 0.15
Final porosity fF 0.4
Gurson fitting parameters q1, q2 1.5, 1.0
Nahshon-Hutchinson shear parameter kω [0.0; 1.0; 2.0; 3.0]

Fig. 1. Sequential fracture process governing crack advance in a ductile metal plate subject to mode I loading, (A) onset of local thinning, (B) severe local thinning,
(C) intensification of shear localization, and (D) slant failure.
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unchanged since the partial derivatives with respect to the element's
out-of-plane axis is zero. However, the strain-displacement matrix is
changed when introducing the additional degree of freedom as addi-
tional terms in the displacement gradient vector are needed. This finite
element formulation provides the ability to analyze the model dis-
placements along all three axes, and thus enables conducting the mode
mixity investigation without the need for full 3D analysis. The plane
strain condition is maintained by constraining the strain component
along the crack growth direction to zero ( =η 022 ), although the strain
will still have a non-zero elastic and an equal and opposite plastic strain
contribution.

Fig. 3 illustrates the discretized models. A fine mesh is introduced in
the middle region as this is where the local thinning and subsequent
slant fracture develops. The elements are initially quadratic in shape
and have a side length of =L W /63e 0 adopted from Nielsen and
Hutchinson (2012). In the bottom and top regions a coarser dis-
cretization is used as the deformation remains nearly homogeneous
during loading. In these regions, the largest elements have a side length
of =L W /7e 0 . While the GTN model solution is inherently mesh de-
pendent, this only affects the cohesive energy related to the shear lo-
calization which is a second order contribution to the cohesive energy
(see Fig. 4 and discussion in Nielsen and Hutchinson, 2012).

An imperfection zone, controlled by a small drop in the initial yield
stress (see Eq. (5)), is embedded in all models in a ∘45 band stretching
across the center of the plate. The imperfection ensures that only one
active shear band will develop, within the fracture process zone, which
otherwise may be symmetric (Nielsen and Hutchinson, 2012).
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where =β 0.001 such that the yield stress is 0.1% lower in the middle of
the band, while the width of the imperfection zone is controlled by b
(chosen to W /50 ). The imperfection zone is illustrated in Fig. 2. It is
worth to notice that the initial ∘45 inclination of the softer band is a
choice (with practically no influence on the peak traction and tearing
energy), and the single active shear band will form independently. That
is, rather than pre-defining the crack path as in the work of Besson et al.
(2013), the damage is free to develop.

4. Outlining the cohesive zone model for ductile plate tearing

Fig. 4 displays a representative traction-separation relation, ex-
tracted from the 2D model setup. The onset of local thinning and the
point of intensified shear localization are designated as two key de-
formation stages that identify the cohesive zone model. The peak
traction occurs at the onset of local thinning, which in combination
with the point of intensified shear localization (here defined as the
deformation state where the damage evolution severely intensifies and
coalescence is first initiated, =f fC) determines the associated cohesive
energy (this is in line with the key parameters identified by Tvergaard
and Hutchinson, 1992).

Since large shell elements cannot capture the details of the plate
thinning and shear localization, cohesive zone is used to represent the
deformation after peak traction has been reached. Under mode I plane
strain tension condition, one can readily derive the peak traction and
corresponding displacement for the cohesive zone model using the
Considère condition (see also Nielsen and Hutchinson, 2012). The
majority of the energy that goes into the ductile fracture process is
dissipated during the local thinning (denoted ΓI in Fig. 4) and identified
to be the area under the traction-separation relation between the peak
traction and the intensification of the shear localization. By taking the
deformation beyond the intensification of the shear localization, da-
mage will intensify in a narrow region, eventually leading to a complete
loss of load carrying capacity. The energy going into this last part of the
tearing process is minor (denoted ΓII in Fig. 4), and it is the only part
that will be influenced by the inherent mesh dependency of the GTN
model (see Section 2). Thus, the cohesive energy, computed from the
simulated traction-separation relations, is; = +Γ Γ ΓI II0 , and constitutes
the energy required for complete separation. A simple bi-linear trac-
tion-separation relation, described in Appendix A, is uniquely defined
by the peak traction, the point where the load carrying capacity di-
minishes (here corresponding to the intensification of the shear loca-
lization), and the cohesive energy, Γ0 (the area under the traction-se-
paration relation). Thus, the focus of the micro-mechanical modeling
approach is on accurate determination of these key parameters.

Under mixed mode loading, the cohesive traction-separation rela-
tion has to take into account all load contributions (also illustrated in
Fig. 2). Thus, effective quantities are introduced for each of the two

Fig. 2. Illustrations of the two mode mixity models; (a) and (b) show the plate section with imperfection zone and imposed boundary conditions for the mode I-mode
II and the mode I-mode III load case, respectively. Throughout the analyses, the initial ratio =L W/ 30 0 is kept constant.
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load cases (mode I-mode II and mode I-mode III) such that the dis-
placements and the forces are computed as:

= + = + −− −F F FΔ Δ Δ and  for mode I mode III II I II I II I II
2 2 2 2

and

= + = + −− −F F FΔ Δ Δ and  for mode I mode IIII III I III I III I III
2 2 2 2

where ΔI is the prescribed displacement applied, corresponding to a
mode I, which results in a force of FI etc. That is, the total cohesive
energy is calculated from the effective quantities as:

∫= − −FΓ dΔI II I III0 Δ

Δ
/

peak

failure

which naturally accounts for changes to the cohesive energy that ori-
ginates from changes to both the necking zone and the shear band or-
ientation (if any) for the various loading cases. Recall that no restriction

is put on the shear band and that it can form with any inclination angle.

5. Results

The load-deformation history for the 2D plate section is evaluated
when subjected to mode I-mode II loading, and subsequently to mode I-
mode III loading. The part of the simulated load-deflection curve re-
levant to the cohesive zone modeling of large-scale plate tearing is then
extracted and cohesive traction-separation relations are determined
based on the procedure laid out in Section 4. The key parameters, i.e.,
the peak traction, Tpeak, the point of intensified shear localization, δs,
and the cohesive energy, Γ0, are determined for a range of mode mixities
and three values of initial porosity, i.e., =f 0.0050 , =f 0.010 , and

=f 0.020 .

5.1. Shear related predictions by the GTN model

Both modes II and III introduce an overall shear component to the
loading on the plate section. To address shear damage and softening,
the Nahshon-Hutchinson shear extension is used in the analyses (see Eq.
(2)). In relation to this, it is also important to point out that the stress
triaxility for the results presented throughout is moderate and
resembles that of plane strain tension (being ≈σ σ/(3 ) 0.6k

k
e ), and that

the σω ( )-function introduced by Nahshon and Hutchinson (2008) takes
values close to one when the deformation is well into the plastic regime
(see also discussion in Nielsen and Tvergaard, 2010).

Figure 5 presents the cohesive energy as function of the shear am-
plification parameter, kω, which scales the shear damage contribution
(see Eq. (2)). Results are shown for; i) the pure mode I loading, ii) a
mode I-mode II load case with =Δ /Δ 0.3II I in Fig. 5a and with

=Δ /Δ 0.6II I in Fig. 5b, and iii) a mode I-mode III load case with
=Δ /Δ 0.3III I in Fig. 5a and with =Δ /Δ 0.6III I in Fig. 5b. All results are

shown for two distinct values of initial porosity, i.e., =f 0.0050 and
=f 0.020 (for comparison, the cohesive energy at different mode mixity

ratios are depicted in Figs. 8 and 12 for =k 0ω ). The shear damage

Fig. 3. Discretization details; (a) shows the inner square section of the plate, where the fine mesh has been employed, together with the top and bottom regions,
where a coarser mesh is adequate. (b) shows the discretized plate section considered in the present work where the side length of the elements is taken to be

=L W /63e 0 in the fine region.

Fig. 4. Illustration of the energy contributions, with ΓI being the cohesive en-
ergy contribution that governs the plate thinning process, and ΓII being the
energy contribution going into the subsequent shear localization and fracture.
The cohesive energy is; = +Γ Γ ΓI II0 .
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contribution has an equally strong influence on all loading configura-
tions considered. This is tied to the fact that the ω-function takes values
close to one in all cases. That is, the shear parameter also influences the
pure mode I load case and a nearly linear decrease in the cohesive
energy is predicted for increasing shear parameter, kω. Moreover, the
slope on all the curves in Fig. 5 is close to equal although the energy
levels are different. Taking the pure mode I case as baseline it is found
that introducing mode I-mode II mixity leads to an increase in cohesive
energy for all considered values of kω and mode mixity ratios. In ad-
dition, the distance between comparable curves is nearly constant, as
shown in both Fig. 5a and b. This is an important finding, since it ba-
sically shows that adding in-plane shear loading (i.e. mode II) to mode I
tensile deformation increases the cohesive energy. This will be further
discussed in Section 5.2. The effect of mode I-mode III is equally pro-
nounced for a moderate mode mixity ratio ( =Δ /Δ 0.3III I ), except that
the cohesive energy is reduced in reference to pure mode I, i.e., the
opposite trend to what was found for mode I-mode II interaction.

However, cohesive energy reduction is completely reversed at high
mode mixity ratio ( =Δ /Δ 0.6III I ) and the mixed mode energy curve
closely follows the pure mode I case. This behavior is related to changes
in the amount of the energy dissipated in the cohesive zone, vs. outside
of it, as will be further discussed in Section 5.3.

Another important observation related to the numerical aspect of
this study is that the σω ( )-function is nearly constant in all analyzed
cases. This indicates that neglecting the shear damage contribution by
setting =k 0ω will not qualitatively change the results.

5.2. Mode I-mode II

The peak traction, related to the onset of local thinning (and where
the cohesive elements start governing the response), is evaluated for the
various ratios of Δ /ΔII I and presented in Fig. 6. The analyses indicate
approximately parabolic decrease in the peak traction for all considered
values of initial porosity. While the peak traction gradually decreases
with increasing levels of mode II contribution, the drop is not sig-
nificant, i.e., below 4% in reference to pure mode I for the largest mode
II contribution ( =Δ /Δ 0.6II I ). Thus, it is reasonable to consider the peak
traction unaffected by the mode II loading in the development of a
parametric cohesive zone model for large-scale plate tearing. Moreover,
it is evident from Fig. 6 that the negligible effect of the mode II con-
tribution on peak traction holds for a range of porosities encountered in
engineering materials.

Another important point on the traction-separation relation is
where the shear localization intensifies. This point is defined by a
traction, Ts, and a relative displacement, δs, defined as the far boundary
displacement that develops during the deformation between the onset
of necking (i.e. at the attainment of peak traction) and the in-
tensification of the shear localization. Both the relative displacement
and traction are depicted in Fig. 7 as function of the mode mixity ratio
(here normalized by the corresponding values for the pure mode I load
case). The displacement at intensified shear localization increases sig-
nificantly with increasing mode mixity ratio Δ /ΔII I . Moreover, the effect
is found to be reinforced by increasing the initial porosity - particularly
for the high mode mixity ratios. That is, the separation that develops
within the cohesive zone has its low point for the pure mode I load case
while the added mode II increases the separation by 30–45%, de-
pending on the initial porosity, and yields a more ductile overall re-
sponse prior to the final material separation. In similar fashion, though
opposite trend, the traction at intensified shear localization decreases
by 10–12% for increasing mode mixity ratio. This follows the trend for

Fig. 5. Development of the cohesive energy for various values of kω for pure
mode I loading as well as for a) = =Δ /Δ Δ /Δ 0.3II I III I and b)

= =Δ /Δ Δ /Δ 0.6II I III I . Results are shown for two extreme values of the initial
porosity, f0.

Fig. 6. Development of the peak traction for various mode mixity ratios of
Δ /ΔII I . Results are shown for three values of initial porosity, f0.
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the peak traction, but the decrease is much greater.
The cohesive energy is presented in Fig. 8 as a function of the mode

mixity ratio Δ /ΔII I , and normalized by the energy level for that of the
pure mode I load case. It is found, that the cohesive energy increases
with the mode mixity ratio, which is basically caused by a restricted
damage evolution. This increase in cohesive energy is consistent with
the results shown in Fig. 7. Since the peak traction remains essentially
unchanged, and the drop in traction at intensified shear localization is
moderate, the change in cohesive energy is tied to the trends observed
in the relative displacement δs. The additional energy needed for the
mixed mode I-mode II fracture is expanded by double curvature
bending, and dispersion of plastic localization, as the plate section
complies with the prescribed boundary conditions. The observations
hold for all values of the initial porosity although the overall energy
level decreases for increasing initial porosity. The additional energy

going into a mode I-mode II fracture, when compared to the pure mode
I load case, reaches a level of just below 20% for the lowest value of the
initial porosity ( =f 0.0050 ) and 35% for the highest values of the initial
porosity ( =f 0.020 ), when considering the largest mode mixity ratio

=(Δ /Δ 0.6)II I . This is a significant difference, which is very con-
sequential for both understanding of mixed mode fracture, but also for
development of more accurate interactive cohesive zone models for
large-scale plate tearing.

Small sensitivity of the peak traction to mode mixitiy suggests that
simple cohesive models based on a commonly applied rotational sweep
of the traction-separation relation (see Eq. (1)), would be appropriate
(see Fig. 6). However, increasing contributions of mode mixity have
significant effects on both cohesive energy and separation at failure,
which cannot be captured with simple rotational mode interaction
models. The additional energy dissipated through double curvature
bending of the plate section during mode I-mode II loading is simply not
accounted for in the pure mode I traction-separation relation. A simple
bi-linear traction-separation relation (see Appendix A) fit to the mode I
load case and swept into the mode mixity space (dotted lines) is shown
in Fig. 9 together with the cohesive relation obtained in this study (bold
lines). The latter sweep is found by plotting the traction-separation
relations for each simulated load case where the location in the mode
mixity space is controlled by the mode mixity ratio, Δ /ΔII I . It is evident
from Fig. 9 that the two approaches lead to very different cohesive
models and that the relations diverge significantly as the mode mixity
ratio increases.

5.3. Mode I-mode III

The mixed mode I-mode III load case is subsequently considered,
and the peak traction is first evaluated in Fig. 10 for various ratios of
mode mixity (Δ /Δ )III I . The analyses indicate that the peak traction re-
duces gradually with increasing mode III contribution, but this reduc-
tion is below 1% and can be neglected.

Variation of the displacement, δs, and the traction, Ts, at intensified
shear localization are shown in Fig. 11. As previously, the results are
normalized with the corresponding values for the pure mode I load
case. Compared to the mode I-mode II load case, the effect of increasing
mode III contribution is more complicated. The displacement first de-
creases by 3–8% to reach a minimum in the interval ∈Δ /Δ [0.25; 0.3]III I
depending on the initial porosity. In fact, the minimum is attained at

Fig. 7. Development of the (a) displacement, δs, and (b) traction, Ts, at in-
tensification of the shear localization for various mode mixity ratios of Δ /ΔII I

and for three values of initial porosity. The displacements and tractions are
normalized with displacement and traction, respectively, for the pure mode I
load case being =δ [0.1162; 0.0975; 0.0749]s

0 and =T [1.2647; 1.2969; 1.3115]s
0 for

=f [0.005; 0.01; 0.02]0 , respectively.

Fig. 8. Development of the cohesive energy for various mode mixity ratios of
Δ /ΔII I for three values of the initial porosity, f0. The energies are normalized
with the value for the pure mode I load case, in this case

=σ WΓ /( ) [0.5178; 0.4339; 0.3291]I y0, 0 for =f [0.005; 0.01; 0.02]0 , respectively.
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larger mode mixity for increasing initial porosity. After reaching a
minimum for δs, further increase of the mode mixity ratio results in an
increase of the relative displacement, which eventually becomes larger
than that of the pure mode I load case (except for the highest initial

porosity considered here). The predicted traction has a similar beha-
viour; a decrease to a minimum at ∈Δ /Δ [0.2; 0.3]III I depending on the
value of the initial porosity is observed and followed by an increase that
leads to the level for pure mode I loading. The variation in traction at
intensified shear localization is, however, much more moderate at a
level below 3%.

Fig. 12 presents the normalized cohesive energy as a function of the
mode mixity ratio Δ /ΔIII I . Introducing mode III loading results in a
decrease of the cohesive energy for moderate levels of mode mixity
ratios <(Δ /Δ 0.3)III I . For higher ratio, the energy level increases. In
fact, the trend shows that the energy level for high mode mixity ratios
eventually will exceed that of the pure mode I load case. The variation
in the cohesive energy level is not surprising considering the variation
in the traction and the relative displacement at intensified shear loca-
lization. It is noted that the cohesive energy is tied directly to these
quantities and as the traction levels remain nearly constant, the change
in energy level follows the change in relative displacement. This be-
havior is fundamentally different from that of the mode I-mode II load
case, where a steadily increasing trend was seen. This is caused by the
shear banding mechanism, which is basically a self-constituting mode
III. The mode III displacement is initially constrained (at low mode
mixity), but eventually, increasing mode III loading overcomes this
initial constraint encouraging transverse shear displacement (at high
mode mixity). In other words, at low mode mixity ratios, the two halves
of the plate above and below the shear band want to displace in the
direction of the prescribed mode III loading, but the pure mode I

Fig. 9. Comparing the rotational sweep of the mode I curve with the micro-mechanics based mode mixity curves. Dotted lines are the sweep of the pure mode I bi-
linear traction-separation relation whereas the bold lines are the corresponding bi-linear traction-separation relation fit to the results obtained in this study for a
varying mode mixity ratio of Δ /ΔII I , here shown for =f [0.005, 0.01, 0.02]0 .

Fig. 10. Development of the peak traction for various mode mixity ratios of
Δ /ΔIII I . Results are shown for three values of initial porosity, f0.
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loading constrains them, thereby maintaining a high energy. This was
also shown by Nielsen and Hutchinson (2012), who investigated two
different sets of boundary conditions; i) =Δ 0III , and ii) ΔIII unspecified,
and with the conclusion that an increased energy level was present for

=Δ 0III . A slight prescribed mode III will release this constraint and
lower the energy level. At the other extreme, the self-constituting mode
III will be overruled and the parts are forced to displace at large mode
mixity ratios, causing the energy level to rise. This mechanism is also
evident when the reaction force acting perpendicular to the large-scale
plate surface, is investigated. This reaction force is zero at mode mixity
ratio that yields the lowest cohesive energy.

The above analysis provides a fundamental insight into the mixed
mode fracture behavior in large ductile plates. In addition, the para-
metric studies conducted here offer valuable lessons for formulation of
accurate, mixed mode cohesive traction-separation relations. The co-
hesive relation in the mode I-mode III space is depicted in Fig. 13,

where the mode I cohesive energy is swept into the mode mixity space
(dotted lines) and the simulated curves from this study is depicted in
bold lines. A concave trend is observed in the cohesive traction-se-
paration relation, which is related to the decrease in separation when
shear localization intensifies for mixed mode loadings. This observation
holds for all considered values of the initial porosity. As the loading
becomes dominated by the mode III, the cohesive relation again mat-
ches the rotational mode I sweep but the trend suggests that a deviation
will emerge to the opposite side - comparable to the results for the
mode I-mode II load case (see Fig. 9).

6. Concluding remarks

Fundamental aspects of mixed mode ductile fracture behavior have
been investigated, with a specific focus on the key parameters defining
the mixed mode cohesive zone model, suitable for large-scale ductile
plate tearing simulations. This work can be considered a natural ex-
tension of Nielsen and Hutchinson (2012), where only mode I was
considered. Two distinct mode mixities have been investigated, i.e.,
mode I-mode II and mode I-mode III, at different mode mixity ratios
and for three typical values of the initial porosity. The study is based on
a finite strain, quasi-static finite element Fortran code implemented
with a special 2D plane strain element that can account for out-of-plane
deformation and which facilitates studying the two sets of loading
conditions. The study has employed the Gurson-Tvergaard-Needleman
material model as well as the shear extension to this classical model
proposed by Nahshon and Hutchinson (2008).

Initial part of the study has been aimed at investigation of the effect
the Nahshon-Hutchinson shear extension of the GTN model under
mixed mode loading conditions. While the shear extension does have a
significant influence on the cohesive energy, this influence is constant
for all mode mixity ratios investigated (including pure mode I). This
indicates that for all load scenarios, the traditional GTN model is sui-
table for the analyses defining the relationships between individual
modes. However, it is emphasized that the shear extension is necessary
for accurate determination of the cohesive energy.

For simplicity, a bi-linear traction-separation relation has been
chosen as reference, as it is easily related to characteristics of the
traction-separation relations predicted by the micro-mechanical mod-
eling. The key parameters of the cohesive zone model are: i) the onset of
local thinning which gives the peak traction, Tpeak, ii) the point of

Fig. 11. Development of the (a) displacement, δs, and (b) traction, Ts, at in-
tensification of the shear localization for various mode mixity ratios of Δ /ΔIII I

and for three values of initial porosity. The displacements and tractions are
normalized with displacement and traction, respectively, for the pure mode I
load case being =δ [0.1162; 0.0975; 0.0749]s

0 and =T [1.2647; 1.2969; 1.3115]s
0 for

=f [0.005; 0.01; 0.02]0 , respectively.

Fig. 12. Development of the cohesive energy for various mode mixity ratios of
Δ /ΔIII I for three values of the initial porosity, f0. The energies are normalized
with the value for the pure mode I load case, in this case

=σ WΓ /( ) [0.5178; 0.4339; 0.3291]I y0, 0 for =f [0.005; 0.01; 0.02]0 , respectively.
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intensified shear localization, δs, and iii) the cohesive energy, Γ0. The
numerical analyses have shown that the peak traction is approximately
equal for all load cases, but depends on the initial porosity. Only a slight
decrease in peak traction (though never above 4%), was observed when
increasing the mode mixity. On the other hand, the relative displace-
ment at the point of intensified shear localization is dependent not only
on the load case, but also on the mode mixity ratio. For the mode I-
mode II load case, the displacement increases monotonically for an
increasing mode mixity ratio, suggesting an increased ductility in re-
ference to pure mode I case. In the case of the mode I-mode III loading,
the relative displacement decreases initially at a relatively low mode
mixity ratio of 0.3, and then increases again when mode III contribution
grows. It should be noted that, since the cohesive traction remains
approximately constant until intensification of shear localization, a
direct relationship can be established between displacement and co-
hesive energy for different mode mixities. Even more importantly, the
results show that a commonly applied cohesive zone model that relies
on a rotational sweep of mode I traction-separation relation, cannot
reproduce the observed trends in behavior. Specifically, using the ro-
tational sweep to analyze mode I-mode II loading condition will lead to
overestimated crack growth, and the error becomes larger with

increasing mode II contribution. On the other hand, crack growth under
mode I-mode III conditions at moderate mode mixity ratio will be un-
derestimated by the cohesive zone model relying on the rotational
sweep.

These findings clearly show that mixed mode ductile fracture be-
havior of large-scale plates is quite complicated and caution is war-
ranted when simulating ductile tearing of large-scale plates with co-
hesive zone models. Some of the most common methodologies
employed today to address these problems, may be inadequate, de-
pending on the objective of the analyses.
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Appendix A. Bi-linear cohesive relation

Figure A.14 presents the bi-linear traction-separation relation chosen as reference in the present study. In this illustration, Tpeak is the peak
traction, Γ0 is the cohesive energy, and δs defines the separation at the intensification of the shear localization.

Fig. 13. Comparing the rotational sweep of the mode I curve with the micro-mechanics based mode mixity curves. Dotted lines are the sweep of the pure mode I bi-
linear traction-separation relation whereas the bold lines are the corresponding bi-linear traction-separation relation fit to the results obtained in this study for a
varying mode mixity ratio of Δ /ΔIII I , here shown for =f [0.005, 0.01, 0.02]0 .
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Fig. A.14. The bi-linear traction-separation relation employed as basis for parameterizing the micro-mechanics based numerical results.
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a b s t r a c t 

Ductile plate tearing, where the crack propagates multiple plate thicknesses, is targeted by the micro- 

mechanics based Gurson-Tvergaard-Needleman (GTN) model. The focus is on extracting detailed infor- 

mation on the fracture process that governs ductile crack initiation from a blunt pre-crack until the crack 

reaches steady-state propagation in order to enhance accuracy of the traditionally used cohesive zone 

traction-separation relations. The aim is to facilitate an accurate representation of the tearing process 

within the cohesive zone modeling framework as such simplistic models are largely exploited by engi- 

neers worldwide. Unfortunately, accuracy in the representation of crack propagation is often sacrificed 

for computation speed, but the present work allows correlating the cohesive zone modeling to a much 

more accurate, though computational expensive, micro-mechanics based (full 3D) model response. In the 

modeling of large-scale plate tearing, shell elements are typically employed to represent the engineering 

scale of the structure while the cohesive zone represents the micro-scale in terms of crack initiation and 

growth process. Thus, the cohesive zone essentially has to take over at the onset of the first localization 

(thinning far ahead of the crack tip). Calibration of the cohesive zone parameters has earlier been made 

in accordance with experimental observations such that the overall response of the system is well re- 

produced. But, the present work takes the calibration of the cohesive zone one step further and exploits 

details from a large-scale GTN model calculation. The goal is to match the response from the GTN model 

with the much less computation demanding cohesive zone modeling approach by incorporating knowl- 

edge of the loading history for individual cross-sections, in front of the pre-crack, through which the 

tearing crack propagates. The full 3D micro-mechanics based model set-up allows tracking of key param- 

eters, such as peak traction and tearing energy, which goes into the cohesive traction-separation relation. 

The dependency on distance from the crack initiation site of the cohesive zone parameters is determined 

- from crack initiation to steady-state propagation - and followed up by a discussion on how to construct 

a traction-separation relation for ductile plate tearing. 

© 2018 Elsevier Ltd. All rights reserved. 

1. Introduction 

The micro-mechanics based modeling framework developed 

from the pioneering work by Gurson (1977) ; Tvergaard (1981) ; 

Tvergaard and Needleman (1984) (the GTN material model) facil- 

itates a rather accurate prediction of the ductile failure process 

governed by void nucleation and growth to coalescence. Combining 

this micro-mechanics based material model with the finite element 

method it constitutes a powerful computational tool. However, the 

modeling approach suffers one significant drawback as it is inher- 

ently mesh dependent and the localization of damage depends on 

∗ Corresponding author. 

E-mail address: rgra@mek.dtu.dk (R.G. Andersen). 

the size of the finite elements (see Besson et al., 2003 ). In fact, 

for the model to stay true to the underlying micro-mechanics, the 

element size must be on the order of the dominant void spacing 

(say ≈ 100μm). This makes the GTN model computational costly 

and typically considered impractical to real-life engineering pur- 

poses. This despite, the GTN model is known to capture the long 

complex sequence of events that comprises the tearing process of 

thin plates ( Mathur et al., 1996; Besson et al., 2003; Nielsen and 

Hutchinson, 2012; Felter and Nielsen, 2017 ). Here, a plate is con- 

sidered thin when its thickness is much smaller than the in-plane 

dimensions such that the far-field boundary enforces little con- 

straint on the out-of-plane deflection for material near the fracture 

process zone. As the tearing crack evolves, through-thickness lo- 

cal plate thinning first occurs some distance ahead of the leading 

crack front and stretches roughly one plate thickness above and 

https://doi.org/10.1016/j.ijsolstr.2018.10.027 

0020-7683/© 2018 Elsevier Ltd. All rights reserved. 
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below the crack face ( Pardoen et al., 2004 ). In this way, the size 

of the plastic zone, r p , traveling with a tearing crack tip at steady- 

state will be greater than the plate thickness ( r p > t ), whereas r p < t 

may be the case during the crack initiation where the crack tip is 

subject to a high level of through-thickness constraint. The thin- 

ning process (related to necking under uni-axial tension) intensi- 

fies in the region close to the crack tip and fertilize localization in 

shear bands immediately in front of the tip. In the case where one 

of the shear bands becomes dominant, the crack slants to propa- 

gate in a roughly 45 ° orientation. On the micro-level, the mech- 

anisms of void nucleation and growth to coalescence eventually 

lead to material separation ( Xue and Wierzbicki, 2008; Morgeneyer 

and Besson, 2011; Hickey and Ravi-Chandar, 2015; Benzerga et al., 

2016 ). 

To circumvent the numerically costly GTN modeling approach, 

the engineers typically rely on much less costly methods to rep- 

resent fracture and crack propagation, but in the adoption of 

such methods also the simulation largely loses the link to the 

underlying mechanics. The present work will focus on the reestab- 

lishment of this link and tighten the connection to the underly- 

ing mechanics when engineers choose to employ cohesive zone 

modeling in combination with shell modeling to represent crack 

initiation and growth in plate structures. As discussed in Nielsen 

and Hutchinson (2012) , the shell elements surrounding the co- 

hesive zone are capable of correctly describing the elastic-plastic 

loading/unloading up to the point where local thinning initiates in 

front of the crack, whereafter the cohesive traction-separation re- 

sponse has to take over. The onset of thinning for a plate cross- 

section, in the path of the crack, is set by the peak traction in 

the traction-separation relation and hence the cohesive elements 

must represent the softening part of the material behavior. That is, 

the cohesive energy has to consist of the energy going into both 

forming the local plate thinning, the shear banding, and the cre- 

ation of new fracture surfaces. Nielsen and Hutchinson (2012) de- 

veloped a 2D modeling framework, incorporating the GTN model, 

to determine such details for a steadily growing tearing crack (also 

recently extended to mode mixity in Andersen et al., 2018) . By iso- 

lating a single cross-section, subject to separation by the tearing 

crack, a state of plane strain along the crack growth direction can 

be enforced on the section, and both the peak traction and en- 

ergy dissipation can be estimated. The present work extends the 

effort in Nielsen and Hutchinson (2012) to include the crack initi- 

ation process and the associated dependency on the distance from 

the crack nucleation site of cohesive zone parameters by expand- 

ing the model to 3D. The starting point is the experimental setup 

by Simonsen and Törnqvist (2004) , where a large-scale plate is 

subjected to combined tension and in-plane bending (mode I) un- 

der which the crack propagates several ( > 10) plate thicknesses. 

A corresponding large-scale plate tearing simulation by the GTN 

model is here presented and the flat to slant transition is neatly 

demonstrated (without any shear extensions to the GTN model). 

The reader should bear in mind, that the aim with the present 

work is not to compare the numerical results with existing exper- 

imental work, but rather is it to focus on the micro-macro bridg- 

ing. The associated energy dissipation and traction level for various 

cross-sections in front of the tearing crack are extracted from the 

micro-mechanics based calculation and conveyed to the cohesive 

zone parameters. The key questions are now; how will the overall 

model response for a cohesive zone setup compare to the GTN model 

prediction? And; how will the predictions compare to related findings 

in Nielsen and Hutchinson (2012) and in Woelke et al. (2015) for 

cohesive traction-separation relations applicable to tearing of ductile 

materials? 

To a first order, the cohesive elements are controlled by two key 

parameters; the peak traction and the cohesive energy ( Tvergaard 

and Hutchinson, 1992; Cornec et al., 2003; Wang and Ru, 2016 ), 

while the shape of the traction-separation separation offers some 

control of the crack extension. As the near-tip condition changes 

from crack initiation to crack growth, one must also expect a 

dependency on the distance from the crack nucleation site of 

the traction-separation relation. Several authors (see e.g. Schwalbe 

et al., 2013 , and references therein) have reported the existence of 

varying parameters for the peak traction and cohesive energy as a 

function of distance to the crack growth. Schwalbe et al. (2013) dis- 

cuss the possibility of splitting the numerical model into two re- 

gions with different cohesive parameters; first region, where the 

crack initiates, governed by parameters for a flat crack and the sec- 

ond region governed by parameters for a slanted crack. Woelke 

et al. (2015) took as starting point the peak traction and en- 

ergy level estimated in Nielsen and Hutchinson (2012) for steady- 

state propagation and manually fit the cohesive zone parameters 

for the crack initiation process to match the experimental results 

by Simonsen and Törnqvist (2004) . In fact, a constant level (or 

steady-state) for the cohesive zone parameters is only reached 

after the crack has propagated approximately seven plate thick- 

nesses. This is tied to the change in stress state in the vicinity 

of a propagating crack; as it initiates from a pre-crack a condition 

of plane strain exists in the through-thickness direction (making 

the crack to initiate in the plate center), while the near-tip con- 

dition changes to plane stress (through thickness) at steady-state. 

The change in stress state and its impact on the ductile damage 

development is also evident from the 3D model simulation, em- 

ploying the GTN material model, that serves as the backbone in 

the current study. Figure 1 presents the deformed plate where the 

tearing crack has propagated to reach steady-state. The high reso- 

lution employed in the finite element calculation allows the tear- 

ing crack to initiate in the center of the plate (at the blunt pre- 

crack) due to elevated levels of stress triaxiality, while it evolves 

into a slanting crack after roughly one plate thickness of propaga- 

tion. As in the study by Woelke et al. (2015) , the local thinning and 

crack front evolution are fully developed after roughly seven plate 

thicknesses of propagation. It is the effect of such details that the 

present work aims to bring into cohesive zone modeling. 

In Section 2 , the problem at hand is described in details, after 

which the constitutive relations and details regarding the numeri- 

cal framework are presented in Section 3 . The approach to link the 

two modeling frameworks (cohesive vs. micro-mechanics based) is 

laid out in Section 4 , and the results are presented in Section 5 . 

Conclusions are given in Section 6 . 

2. Problem formulation: The plate tearing setup 

Large-scale plate tearing is considered such that the crack de- 

velops from a blunt pre-crack and grows several plate thicknesses 

into the plate under mode I far-field loading. The geometry con- 

sidered is the same as in the experimental work by Simonsen 

and Törnqvist (2004) and Fig. 2 shows a schematic overview 

of the setup. A direct comparison to the experimental findings 

of Simonsen and Törnqvist (2004) is, however, not in focus. The in- 

plane dimensions of the plate are denoted W and H as the width 

and height, respectively, and the out-of-plane thickness is denoted 

t . The thickness, t , is here much smaller than the in-plane dimen- 

sions in order to limit the constraint on the out-of-plane deflec- 

tion originating from the far-field boundary. This is to mimic a free 

standing plate, though small scale yielding is not valid due to the 

extent of the plastic deformation (see e.g. Simonsen and Törnqvist, 

2004; Woelke et al., 2015 ). Moreover, it is not the intention to en- 

ter a range of plate thicknesses where the microstructure becomes 

important and, thus, the plate is considered sufficiently thick to 

approximate the material as initially homogeneous. The blunt pre- 

crack is defined by the initial length, L pc , and radius, r pc . The re- 

spective values are listed in Table 1 . 
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Fig. 1. 3D solid model calculation, employing the GTN material model, of extensive ductile tearing showing the development from flat to slant crack growth. The mesh 

consists of 1,0 02,80 0 elements with the element size in the fracture zone being on the order of 400 μ × 150 μm × 150 μm corresponding to 64 elements through thickness. 

Fig. 2. Schematic of the problem considered: Large-scale pre-cracked plate described by Simonsen and Törnqvist (2004) , where H, W , and t is the height, width, and 

thickness, respectively, of the plate. The points A and B act as hinges around which the surfaces a and b , respectively, rotate. The origin of the coordinate system coincides 

with the notch in the undeformed state, and from here the crack growth is denoted x c . 

Table 1 

Plate dimensions. 

Parameters Notation Value 

Width W 0.58 m 

Height H 0.6 m 

Thickness t 0.01 m 

Pre-crack radius r pc 2.5 mm 

Length of pre-crack L pc 0.15 m 

The plate is subjected to a monotonic increasing displacement 

of surface a and b , which allows the gradual growth of the crack 

over a distance of several plate thicknesses ( x c > 10 t ). The exter- 

nal load is applied by a coupling between hinge A and the sur- 

face a in Fig. 2 (respectively, hinge B and surface b ), such that the 

two surfaces rotate around their respective hinge, i.e., clockwise for 

surface a and counter-clockwise for surface b . The hinges A and 

B are fully fixed and cannot translate. The coupling moreover en- 
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Table 2 

Material properties. 

Parameters Notation Value 

Density ρ 2700 kg/m 

3 

Young’s modulus E 70 GPa 

Poisson’s ratio ν 0.3 

Yield stress σ y 210 MPa 

Yield strain εy 0.003 

Hardening exponent N 0.05 

GTN fitting parameters q 1 , q 2 1.5, 1.0 

Initial void volume fraction f 0 0.014 

Critical void volume fraction f C 0.2 

Final void volume fraction f F 0.4 

sures that the relative displacement between nodes on both sur- 

face a and b remains zero throughout the computations. In this 

way, the applied load mimics that of the Simonsen and Törnqvist 

(2004) setup when assuming the fixture infinitely stiff and the 

plate fully clamped. The results presented in this work are based 

on the force, F y , and corresponding displacement, �y , of the upper 

left corner of the plate (i.e., point (x, y, z) = (−L pc , H/ 2 , 0) ). Thus, 

the moment around hinge A is converted into a force which acts 

in the y -direction. 

3. Model: constitutive relations and finite element formulation 

3.1. General material parameters 

The elastic-plastic material in the present study follows a power 

law hardening relation given by: 

ε = 

⎧ ⎪ ⎨ 

⎪ ⎩ 

σ

E 
, for σ < σy 

σy 

E 

(
σ

σy 

)1 /N 

, for σ ≥ σy 

where ε is the macroscopic true strain, σ is the macroscopic true 

stress, σ y is the yield stress, E is Young’s modulus, and N is the 

hardening exponent. The material considered resembles a ductile 

aluminum and values for the various material parameters are listed 

in Table 2 . The material reflects the aluminum used by Simonsen 

and Törnqvist (2004) , but no attempts have been made to fit the 

actual material response. The material in Table 2 and the afore- 

mentioned constitutive relation are governing the plastic strain 

hardening of both the 3D solid model and the 2D plane cohesive 

zone enriched model discussed in the following. 

3.2. 3D solid model - the micro-mechanics based model 

The main purpose for the 3D solid model is to facilitate a 

micro-mechanical basis from which the governing parameters of a 

cohesive zone traction-separation relation can be determined, and 

in this way allows the cohesive zone to make a strong link to the 

sequence of failure mechanisms involved in ductile plate tearing. 

The GTN material model for a porous material (developed in Gur- 

son, 1977 ; Tvergaard, 1981 ; Tvergaard and Needleman, 1984) is 

considered for this purpose in the 3D modeling of plate tearing. 

Here, employing a rate-independent formulation such that the ma- 

terial yield surface is given by: 

φ(σ, f ∗, σy ) = 

σ 2 
e 

σ 2 
M 

+ 2 q 1 f 
∗ cosh 

(
q 2 
2 

σkk 

σM 

)
−

(
1 + ( q 1 f 

∗) 2 
)

where the void volume fraction f ∗ is adopted to accelerate the 

damage evolution when void coalescence sets in: 

f ∗ = 

{ 

f, for f ≤ f C 

f C + 

f̄ U − f C 
f F − f C 

( f − f C ) , for f > f C 

Fig. 3. Mesh used in a) the 3D solid model with 64 elements through the thick- 

ness in the fracture process zone (only the white part is considered while rota- 

tional symmetry is applied at y = 0 ), and b) the 2D plane model here shown for a 

cohesive element length of L Coh 
e /t = 1 . 

For clarity of results, void nucleation is not taken into account in 

this work and moreover are the recent shear extensions to the Gur- 

son model omitted (e.g., Nahshon and Hutchinson, 2008 ; Tvergaard 

and Nielsen, 2010; Nielsen and Tvergaard, 2010 ; Dæhli et al., 2018) . 

All GTN related material parameters are listed in Table 2 . 
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Fig. 4. Traction-separation relation employed in the 2D plane model for; a) δ1 / δ2 ≈ 0 and b) δ1 / δ2 � = 0. The initial stiffness is K Coh = 100 E/h, T peak is the nominal peak traction, 

and 	 is the cohesive energy. The displacements δ1 and δ2 determines where the degradation of the cohesive element starts and where the cohesive element completely 

loses the load carrying capacity, respectively. 

The 3D solid model is based on 20 node hexahedral elements 

and all integration are evaluated by reduced Gaussian quadrature 

(i.e., 2-by-2-by-2 Gauss points). The mass matrix is, however, com- 

puted using full integration (3-by-3-by-3 Gauss points), whereafter 

the mass matrix is lumped following the HRZ-scheme. An explicit 

dynamic framework, including material inertia, is adopted as it 

makes the model very suited for parallel computing. The time inte- 

gration is carried out by a standard Newmark’s method with β = 0 

( Newmark, 1959 ) and implemented into an in-house code written 

in Fortran 2008 using MPI for multiple processor communication. 

A fine resolution of the fracture process zone is accomplished 

by using 64 elements across the plate thickness (an element size 

of approximately ≈ 150μm in the z -direction) in front of the pre- 

crack as well as in the entire region where the crack propagation 

is expected (see Fig. 3 a). The crack is, however, not confined to 

grow in any specific direction. Along the x -axis the element size 

is ≈ 400μm. Transition layers, around the high-resolution region 

where fracture takes place, are used in all three spatial directions 

to achieve coarsening of the mesh and reduce the overall number 

of elements. Due to the symmetry in geometry and rotational sym- 

metry of the typical tearing surfaces (cup-cup, slanting, flipping) 

only the upper half of the plate is considered. This is possible by 

exploiting the rotational boundary conditions discussed in Nielsen 

(2008) ; Felter and Nielsen (2017) . The final 3D solid model con- 

sists of 1,0 02,80 0 elements (see Fig. 3 a) and the loading is applied 

sufficiently slow to neglect the effect of material inertia such that 

quasi-static conditions can be assumed. In this case, the simula- 

tion consists of 8,40 0,0 0 0 time steps with a total simulation time 

of 0.016 seconds. One calculation is on the order of 12 days on 640 

cores (32 × dual Intel Xeon E5-2680v2 CPU’s with 10 cores). 

From the early study by Mathur et al. (1996) it is well known 

that two shear bands develop inside the plate near the crack tip 

as the crack propagates (see also Nielsen and Hutchinson, 2012; 

Felter and Nielsen, 2017; Andersen et al., 2018 ). Thus, a small per- 

turbation in the yield stress is used to favor one shear band over 

the other. The perturbation is introduced in a plane inclined 45 ° to 

the xz -plane (see Fig. 2 ) in the undeformed configuration and ex- 

tends one half plate thickness along the x -axis (the crack growth 

direction). The initial yield stress is lowered by 1% for the ele- 

ments in this region. It is important to emphasize that the imper- 

fection band only acts as a trigger to ensure one active shear band 

and thus the subsequent crack propagation is not controlled in any 

way. 

3.3. 2D plane model - the phenomenological model 

The phenomenological model takes as off-set a 2D plane frame- 

work to represent the engineering scale of the problem at hand, 

while the tearing process is modeled by cohesive elements with 

an initial out-of-plane thickness equal to the plate thickness. The 

employed traction-separation relations are illustrated in Fig. 4 and 

the key parameters are; the peak traction, T peak , cohesive energy, 

	, and the separations, δ1 and δ2 . It is these parameters which will 

be linked to the underlying mechanics governing the plate tearing 

process. 

The commercial finite element software, Abaqus ( Dassault Sys- 

témes Simulia Corp, 2016 ), is employed to create the 2D plane 

model enriched by cohesive elements. A static analysis is consid- 

ered and finite strain, plane stress elements (CPS4) are used to dis- 

cretize the structure (see Fig. 3 b). This element type has four nodes 

and full integration is chosen. Initially quadratic shaped elements 

surround the cohesive zone which is modeled with zero-thickness 

elements of type COH2D4. The constitutive thickness of the cohe- 

sive elements is equal to one (default in Abaqus, see Dassault Sys- 

témes Simulia Corp, 2016 ) and the stacking direction for the cohe- 

sive elements is parallel to the y -axis (see Fig. 2 ). The damage evo- 

lution within the cohesive elements is controlled by the quadratic 

maximum stress criterion ( Dassault Systémes Simulia Corp, 2016 ). 

To limit the number of elements a degradation of the mesh resolu- 

tion is introduced in the y -direction. For comparison with the 3D 

solid model one calculation with the phenomenological 2D plane 

model takes on the order of 5 minutes on one core (Intel Core i7- 

5600U CPU @ 2.60GHz). 

4. Acquisition of micro-mechanics based data and linking of 

models 

As discussed by Woelke et al. (2015) , the cohesive zone param- 

eters must be expected to depend on the distance from the pre- 

crack. To determine this dependency, data is here extracted from 

the 3D solid model, which employs the GTN material model, as 

this set-up automatically deals with the changing stress state - 

from crack initiation to steady-state propagation. The data extrac- 

tion from the 3D solid model calculation is facilitated by grouping 

elements in so-called “bins” along the growth path of the crack. 

Here being the center line of the plate due to the applied far-field 

mode I loading (see Fig. 5 a). In this way, each bin essentially acts 

as a plate cross-section (much like the 2D section considered in 

Nielsen and Hutchinson, 2012; Andersen et al., 2018 ) from which 

detailed information on the traction history, the elongation, and 

the energy dissipation can be evaluated. Each individual bin has 

a width equal to the plate thickness, t , the height is denoted 2 h 

and stretches 1.3 plate thicknesses across both the lower and upper 

part of the plate such that the entire region influenced by the local 

thinning, that precedes crack growth, is covered by the bins. The 

length of each bin, l , in the crack growth direction (along the x - 

axis) corresponds to the element size in this direction ( ≈ 400μm). 

This yields approximately 500 bins in total along the crack with 

the adopted discretization of the plate (see Fig. 3 a). The fine reso- 

lution allows for a detailed investigation of the conditions experi- 

enced by the material. 
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Fig. 5. a) The pre-crack for the 3D solid model. The peak traction and cohesive energy are extracted from bins along the crack propagation direction with height 2 h , length 

l , and plate thickness t . b) the pre-crack for the 2D plane model with the embedded cohesive zone. The length of the cohesive elements is denoted L Coh 
e and further, the 

cohesive elements are assumed to have initial zero-thickness (in the y -direction). 

The cohesive zone parameters described in Section 3.3 are here 

defined as (mimicking Nielsen and Hutchinson, 2012 ); i) the nom- 

inal peak traction, T peak , determined as where the sum of vertical 

force acting on the top face of each bin reaches its maximum value 

(computed from the element internal forces and divided by the ini- 

tial area). At this point, the local thinning is said to initialize and 

thus the cohesive zone must take over the deformation as the sur- 

rounding shell elements cannot capture the thinning, and ii) the 

cohesive energy, 	, determined from the plastic dissipation within 

the bin and essentially mimics intensification of the thinning, the 

shear band development, and the creation of new fracture surfaces. 

iii) the two separations, δ1 and δ2 , which will be subject to a para- 

metric study in the following as major numerical instabilities was 

experienced in the 2D plane model when pushing for a high ratio 

of δ1 / δ2 which unfortunately is suggested from the data extracted 

from the GTN model calculation. In principle, the separations δ1 

and δ2 should be determined such that the traction-separation re- 

lation resembles the load-deflection curve extracted from the indi- 

vidual bins in the 3D solid model calculation. Nielsen and Hutchin- 

son (2012) ; Andersen et al. (2018) suggest a high ratio of δ1 / δ2 to 

conform with the localization of damage into shear bands. 

Moreover, the developed traction-separation relation starts at 

(T , δ) = (0 , 0) with an initially high stiffness ( K 

Coh = 100 E/h, 

where K 

Coh is the elastic stiffness and h is the constitutive thick- 

ness for the cohesive element) to avoid numerical stability issues. 

The opening associated with this high initial stiffness is concluded 

negligible in the results. 

5. Results 

Figures 6 and 7 presents the dependency on the distance from 

the crack nucleation site of the peak traction and cohesive en- 

ergy, as a function of the crack growth, extracted from the bins 

introduced in the 3D solid model. The crack length is here nor- 

malized with the initial plate thickness, the peak traction is nor- 

malized with the Considére criterion in plane strain ( T Consid ̀e re = 

2 √ 

3 
( 2 √ 

3 

NE 
σ y 

) N e −N σy being the nominal traction), and the cohesive 

energy is normalized with the steady-state energy found from a 

corresponding 2D plane strain steady-state model presented in 

Andersen et al. (2018) . In this case, the values for the Considére 

criterion and steady-state energy are T Consid ̀e re ≈ 267 × 10 6 N / m 

2 

and 	0 ≈ 574 × 10 3 N / m 

2 , respectively. From Figs. 6 and 7 , a tran- 

sient phase related to the crack initiation is clearly observed before 

a steady-state level is reached. The peak traction starts at a level 

just above half the level set by the Considére criterion. From here it 

increases rapidly as the crack propagates through the plate and af- 

ter the crack has advanced a couple of plate thicknesses, the peak 

traction level reaches a steady-state level just below the Consid- 

ére criterion. As soon as the peak traction reaches the steady-state 

Fig. 6. The 3D dependency on the distance from the crack nucleation site 

of the peak traction normalized with the Considére condition ( T Consid ̀e re ≈
267 × 10 6 N / m 

2 ) as a function of the crack propagation normalized with the plate 

thickness, t . Input A is highlighted with circles for L Coh 
e /t = 1 . 

Fig. 7. The 3D dependency on the distance from the crack nucleation site of the 

cohesive energy normalized with the 2D steady-state energy level ( 	0 ≈ 574 ×10 3 

N/m 

2 ) as a function of the crack propagation normalized with the plate thickness, 

t . Input A is highlighted with circles for L Coh 
e /t = 1 . 
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Fig. 8. Overall response of the plate for; a) δ1 / δ2 ≈ 0 and b) δ1 /δ2 = 1 / 2 for the 

different sets of input data. The element size in the cohesive zone is L Coh 
e /t = 1 . 

level, it remains at this level up until 12 plate thicknesses of crack 

growth simulated in the 3D solid model. The cohesive energy at 

initiation starts at a level just below half of the plane strain steady- 

state energy level. From here it increases drastically to a level of 

around 80% of the steady-state energy level. This level is observed 

already after the crack has propagated just one half plate thickness, 

whereafter the level steadily increases from 80% to 90% of the en- 

ergy predicted by the 2D plane strain code. The 90% steady-state 

level is reached after around seven plate thicknesses. This is con- 

sistent with the findings in Woelke et al. (2015) , who suggested 

that the steady-state energy should be reached after seven plate 

thicknesses. However, the starting point (crack initiation) for both 

the peak traction and the cohesive energy is significantly lower 

in the work by Woelke et al. (2015) (compared to Fig. 5 in their 

work). The pre-crack radius obviously affects the initial peak trac- 

tion level, but the present work includes no attempt to quantify 

this. 

The overall response from the 3D solid model simulation is 

used as reference. In all figures, a thick solid curve is represent- 

Fig. 9. Convergence study comparing the overall response of the plate with the 2D 

plane model in which the cohesive element length, L Coh 
e , increases from L Coh 

e /t = 0 . 1 

(1 mm) to L Coh 
e /t = 5 (50 mm). Input A is used as basis for the cohesive traction- 

separation relation. Two different cohesive zone appearances are considered, with 

a) bi-linear relation ( δ1 / δ2 ≈ 0), and b) tri-linear relation ( δ1 /δ2 = 1 / 2 ). 

ing this response. The overall response increases nearly linear in 

the beginning and flattens out due to plastic deformation before 

reaching a peak. The post-peak response, where the crack propa- 

gates, performs a nearly linear decrease. 

Besides the response of the 3D solid model, three different in- 

terpretations of how to realize the peak traction and cohesive en- 

ergy, respectively, are presented in Figs. 6 and 7 , and used in the 

following analysis as input to the cohesive traction-separation re- 

lation. Their interpretation will be laid-out through the results sec- 

tion, while the origin of the different inputs is as follows: 

• Input A: The predicted dependency on the distance from the 

crack nucleation site of the peak traction and cohesive energy is 

taken directly from the 3D solid model with the specific values 

circled in Figs. 6 and 7 transferred to the 2D plane model, en- 

riched by a cohesive zone with an element length of L Coh 
e /t = 1 

(corresponding to 10 mm). The cohesive zone values are ex- 

tracted at the midpoint of each cohesive element such that the 

specific values at x c /t = 0 . 5 are used as input to the first cohe- 
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Fig. 10. Overall response of the plate for an increasing ratio of δ1 / δ2 , which changes 

the appearance of the tri-linear cohesive relation (see Fig. 4 ). The element size in 

the vicinity of the cohesive zone is L Coh 
e /t = 1 and input A is used as basis for the 

cohesive traction-separation relation. 

sive element closest to the pre-crack, the values at x c /t = 1 . 5 

are used as input to the second cohesive element, etc. 

• Input B: The steady-state level for both the peak traction and 

cohesive energy, predicted by the 3D solid model after 12 plate 

thicknesses of crack growth, is used in all cohesive elements. 

• Input C: The steady-state level for the peak traction is based on 

the plane strain Considére condition and the cohesive energy 

is determined from a micro-mechanics based 2D plane strain 

model ( Andersen et al., 2018 ). 

The focus is first to investigate the influence of the different in- 

puts (A, B, and C) and in particular to bring out the effect of the 

transient phase observed until steady-state is reached. Initially, the 

traction-separation relation integrated into Abaqus is employed, 

where the damage evolution is energy controlled with linear soft- 

ening, after reaching the peak traction. This corresponds to a ratio 

of δ1 / δ2 ≈ 0 (see Fig. 4 a) when the small strain at peak traction is 

disregarded. The overall response of the 2D plane model is pre- 

sented in Fig. 8 a for the different inputs described above. In this 

analysis, an element size of L Coh 
e /t = 1 is chosen within the cohe- 

sive zone along the x -direction. The thin solid curve is generated 

by the raw data highlighted with circles in Figs. 6 and 7 , and cor- 

responds to input A, i.e., the dependency on the distance from the 

crack nucleation site of the peak traction and cohesive energy pre- 

dicted in the 3D solid model simulation. The thin dashed line dis- 

plays the overall response using input B, while the remaining curve 

gives the response for input C. It is clear from Fig. 8 a, that the peak 

level obtained in the 2D plane model simulation is not reaching 

the same level as the 3D solid model analysis when using input 

A. In fact, the peak of the overall response is off by approximately 

14%, while the total dissipated energy, quantified by the area un- 

der the curve, is largely underestimated. This, in turn, yields too 

low crack resistance for the 2D plane model. The rapid decrease 

in the post-peak response may be caused by the fact that once 

the peak traction in the cohesive element is reached, the degra- 

dation of the cohesive element starts and the traction level de- 

creases. This puts a larger stress on the neighboring cohesive el- 

ement and the peak traction is thereby reached at an early state 

afterward and without much plastic dissipation in the surrounding 

shell elements. To circumvent this, an attempt is made to eliminate 

the transient phase from the dependency on the distance from the 

crack nucleation site of the peak traction and the cohesive energy 

Fig. 11. Parameter study for the 2D plane model, displaying; a) peak traction vari- 

ation and b) cohesive energy variation. For both figures, the ratio δ1 /δ2 = 1 / 2 is 

employed together with the element size of L Coh 
e /t = 1 and input A is used as basis 

for the cohesive traction-separation relation. 

(input B). This increases the peak of the overall response slightly, 

however, the post-peak response is essentially unchanged. In a fi- 

nal attempt to lift the post-peak response, the “theoretical” value 

for the Considére condition is used in combination with the cohe- 

sive energy from a 2D plane strain steady-state model (input C). 

The peak in overall response now approaches the 3D solid model 

response, but the agreement is still not satisfactory as the post- 

peak response is largely underestimated. 

The underestimation in the overall material response is tied to 

the energy dissipation in the plate material surrounding the co- 

hesive zone being too little. To increase the load carrying capac- 

ity of the plate and thereby shorten the fracture process zone, the 

appearance of the traction-separation relation is changed from a 

bi-linear relation ( Fig. 4 a) to a tri-linear relation ( Fig. 4 b) by set- 

ting δ1 /δ2 = 1 / 2 (see also Cornec et al., 2003 ). The investigation 

of different sets of input is subsequently repeated, but now with 

the tri-linear traction-separation relation. The overall responses are 

depicted in Fig. 8 b. The added plateau in the relation has a sig- 

nificant effect on the overall response for the 2D plane model. By 
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Fig. 12. Overall response from the 3D solid model and the 2D plane model, re- 

spectively. In the latter, input A is employed, although the energy dependency on 

the distance from the crack nucleation site is up-scaled by 10% and the peak trac- 

tion dependency is up-scaled by 3%. Furthermore, δ1 /δ2 = 1 / 2 is employed together 

with the element size of L Coh 
e /t = 1 . 

employing input A, the overall peak force is closer to that of the 

3D solid model as the decrease in the post-peak response is not 

as distinct for the tri-linear case. But, changing to input B yields 

an increase in overall peak force, while the post-peak response is 

very similar to that of input A since the steady-state conditions are 

equal in the two sets of input. The overall response using input C 

yields a slight overshoot of the peak but is found to match the 3D 

solid model response rather well in the post-peak response. This 

suggests, that the 2D plane strain estimation of the steady-state 

level made through the Nielsen and Hutchinson (2012) framework 

is reasonable, but also that the dependency on the distance from 

the crack nucleation site of the peak traction and cohesive energy 

that stems from the crack initiation, and well predicted in the 3D 

solid model, is important (also reported in Woelke et al., 2015 ). A 

combination of the inputs A-C might thus match the overall re- 

sponse from the 3D solid model. 

Before making an attempt to combine the inputs it is impor- 

tant, however, that a mesh-independent solution is ensured in the 

2D plane model. A mesh convergence study is presented in Fig. 9 a 

for the bi-linear relation ( δ1 / δ2 ≈ 0, Fig. 4 a) and in Fig. 9 b for the 

tri-linear relation (in this case δ1 /δ2 = 1 / 2 , Fig. 4 b). Input A is 

used in both studies. The elements surrounding the cohesive zone 

are always initially quadratic in shape, i.e., have the dimension 

L Coh 
e × L Coh 

e . The total number of elements increases from 153 el- 

ements for the coarsest mesh to just above 270 0 0 elements for 

the finest mesh, both including the cohesive elements. The num- 

ber of cohesive elements increases from 9 elements to 431 ele- 

ments going from the coarse to the fine mesh, respectively. Figs. 9 a 

and 9 b show that the mesh size has a minor effect on the over- 

all response (also evident in Woelke et al., 2015 ). Only a small 

increase in the load is observed as the cohesive element length, 

L Coh 
e , decreases. This relates to the discretization of the fracture 

process zone as smaller cohesive elements have the capability to 

describe this zone in more details. For an element length smaller 

than L Coh 
e /t = 1 , the difference between the responses is at a neg- 

ligible level. However, for a ratio of δ1 /δ2 = 1 / 2 a large deviation 

is observed for the largest element size considered in this study. 

In this case, the discretization is far from capable of capturing the 

deformation history sufficiently accurate. 

The initial investigation (recall Fig. 8 ) revealed a large change 

in the overall response when changing the appearance of the 

traction-separation relation going from the bi-linear relation 

( δ1 / δ2 ≈ 0 in Fig. 4 a) to the tri-linear relation ( δ1 / δ2 > 0 in Fig. 4 b). 

To further investigate this dependency, Fig. 10 presents a study for 

different values of the ratio δ1 / δ2 in the tri-linear relation. The 

cohesive element size remains fixed at L Coh 
e /t = 1 , while the ra- 

tio is investigated in the range of 0 ≤ δ1 / δ2 ≤ 2/3 (see also Fig. 4 ). 

Input A is employed throughout. It is seen from Fig. 10 that the 

large change arises when introducing the plateau in the traction- 

separation relation ( δ1 / δ2 > 0), but that the change gradually de- 

creases for increasing ratios. In fact, above δ1 /δ2 = 1 / 2 little differ- 

ence between curves is observed. However, the increase in δ1 / δ2 

allows a better representation of the overall response from the 

3D solid model and the load-deflection curves coming from the 

individual bins in the 3D solid model suggest high ratios to be 

used. However, increasing the ratio above 2/3 has proven to give 

numerical issues in the adopted commercial software and the ra- 

tio δ1 /δ2 = 1 / 2 is therefore employed in the following parametric 

study. 

Bearing in mind Fig. 8 , where the 2D plane model combined 

with input C essentially only overshoot the part of the overall re- 

sponse that has to do with crack initiation an effort is now made 

to combine findings for an even better match between models. 

Throughout, a tri-linear relation with δ1 /δ2 = 1 / 2 is used (based 

on Fig. 10 ) along with a cohesive element size of L Coh 
e /t = 1 (based 

on Fig. 9 ). First consider Figs. 6 and 7 ; i) it is here obvious that the 

peak traction extracted from the 3D solid model is not reaching the 

corresponding value for the Considére condition (used in input C), 

and in a similar fashion; ii) the cohesive energy level predicted for 

steady-state in the 3D solid model does not reach the correspond- 

ing value obtained from a 2D plane strain steady-state model (used 

in input C). To counteract the overshoot found from using input C 

(recall Fig. 8 b), the following study circles around input A as this 

will mimic the crack initiation process through the dependency on 

the distance from the crack nucleation site of the peak traction and 

cohesive energy level. Focus is on the effect of the level of the peak 

traction and the cohesive energy, and the above observations set 

an upper bound on the parameters to be considered, namely that; 

i) the Considére condition acts as upper bound for the steady-state 

peak traction, and ii) the 2D plane strain model prediction serves 

as upper bound for the steady-state cohesive energy. 

Results from upscaling the peak traction in input A is found in 

Fig. 11 a, where the up-scaled quantities are denoted by ( ̂ ) . The 

dependency on the distance from the crack nucleation site of both 

the peak traction and energy level is here maintained, while only 

the peak traction level is up-scaled. Even a rather small change 

to the peak traction is found to have a significant influence on 

the overall response, and the 2D plane model setup starts to ap- 

proach that of the 3D solid model - both in terms of load level 

and the displacement where the peak force is attained. The upper 

bound value (an up-scale of 3%) is, however, not enough to make 

the curves match. 

To further compensate the largely underestimated overall load- 

deflection curve, the energy going into the cohesive zone is up- 

scaled. However, a much less pronounced effect is here found 

when up-scaling the energy (still maintaining the dependency on 

the distance from the crack nucleation site) and keeping the peak 

traction as predicted by the 3D solid model ( Fig. 6 ). As seen from 

Fig. 11 b an up-scale of 10% yields only a slightly elevated over- 

all response, while the overall peak force is increased and delayed 

(also seen when up-scaling the peak traction). 

From the analysis above it is obvious that the influence from 

the up-scaled peak traction is more significant on the overall re- 

sponse when compared to the influence of the up-scaled cohesive 

energy. Moreover, the dependency on the distance from the crack 

nucleation site of both the peak traction and cohesive energy prior 

to steady-state is important as it prevents the initial overshoot in 
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Fig. 13. Comparison of the crack growth between the 3D solid model and the 2D 

plane model. The 2D plane model is investigated with input A and an up-scaled 

input A. The final displacement of the upper right corner is �y /t = 2 . 14 for the 3D 

solid model and �y /t = 2 . 25 for the 2D plane model. For this investigation, δ1 /δ2 = 

1 / 2 has been employed together with the element size of L Coh 
e /t = 1 . 

the load-deflection curve (seen from Fig. 8 b). Up-scaling either the 

peak traction or the cohesive energy brings the overall response in 

the desired direction to match the 3D solid model, and with this in 

mind Fig. 12 depicts the overall response from the 3D solid model 

together with the overall response from the 2D plane model where 

the peak traction dependency is up-scaled by 3% and the cohe- 

sive energy dependency is up-scaled by 10%. The dependency on 

the distance from the crack nucleation site remains equal to that 

of Figs. 6 and 7 (extracted from the 3D solid model). The overall 

responses for the 3D solid model and the 2D plane model now 

match reasonably well, with only a small underestimation by the 

2D plane model. 

Fig. 13 presents the associate crack growth versus the applied 

force needed to propagate the crack. Here comparing the 3D solid 

model prediction to that of the 2D plane model where input A is 

up-scaled by 3% for the peak-traction dependency and by 10% for 

the cohesive energy dependency. A reasonable match is found be- 

tween the 2D plane model and the 3D solid model. In comparison, 

the force as a function of crack propagation is also depicted for the 

2D plane model employing input A without any corrections. 

6. Concluding remarks 

A full 3D Gurson model simulation of ductile plate tearing at 

engineering scale has been conducted with the focus to extract de- 

tailed knowledge on the complex sequence of events that controls 

material separation within the fracture process zone. Key param- 

eters are tracked from the first local thinning, through crack ini- 

tiation, to crack propagation at steady-state. The new insight into 

the fracture process allows a subsequent calibration of a cohesive 

traction-separation relation fit for thin plate structures modeled by 

shell elements. It is widely known that the tearing process evolves 

from initiation to steady-state and the present study relates this 

dependency on the distance from the crack nucleation site to the 

change in the cohesive zone parameters in a rigorous manner. 

Boiling the description of the individual cohesive elements down 

to three controlling parameters (being; i) the cohesive traction- 

separation relation appearance, ii) the peak traction, and iii) the 

cohesive energy), the key findings for each are; 

i) Changing from a bi-linear relation to a tri-linear traction- 

separation relation has a great influence on the overall load- 

deflection curve. This is attributed the plateau in the tri- 

linear relation which forces large energy dissipation in the sur- 

rounding elastic-plastic shell elements. This is demonstrated 

in Fig. 10 , where the overall load-deflection curves are seen 

to lift when increasing the ratio δ1 / δ2 (only to saturate for 

δ1 / δ2 > 0.5). This contrasts the conclusion in Tvergaard and 

Hutchinson (1992) where a negligible influence of the shape for 

the traction-separation relation was observed. However, this is 

consistent for the range of δ1 / δ2 they considered. 

ii) The peak traction estimated from the 3D solid model simu- 

lation appears too low compared to the Considére condition 

in plane strain. The deviation is approximately 3% and by up- 

scaling the peak traction dependency by this factor the 2D 

plane model simulation approaches the overall load-deflection 

curve from the 3D model significantly. The misfit can partly be 

assigned the fact that the initial porosity, present in the 3D 

solid model simulation, is not accounted for in the 2D plane 

model (nor the Considére criterion) and this will make the 3D 

solid model underestimate the Considére level. Another factor 

worth investigating in a future study would be the possibility 

of shear stresses acting on each side of the individual bins to 

be responsible for the underestimated peak traction. Due to the 

three dimensional nature in the plate tearing problem (the bins 

do not remain planar) the shear state on each face may not be 

equal and, hence, an additional tensile component is needed to 

ensure equilibrium. This is, however, neglected in the present 

study. 

iii) The cohesive energy determined by introducing the bins are 

likewise too low compared to the steady-state cohesive energy 

computed from a simplified 2D plane strain model. Here, an 

up-scaling of the extracted dependency of 10% is required be- 

fore the same overall energy level is reached. Up-scaling the co- 

hesive energy lifts the overall response, but not as significant 

as observed with the peak traction. The lack of cohesive energy 

may be due to the fact that not all deformation of each individ- 

ual bin is in the plane of the bin. 

A noticeable observation to make is that the steady-state 

plateau in both the peak traction and the cohesive energy pre- 

dicted by the 3D solid model is in rather good agreement with 

that of Nielsen and Hutchinson (2012) . In fact, the steady-state co- 

hesive zone parameters has to be scaled to this level for the 2D 

plane model to match the overall load-deflection curve reasonably 

well, while the dependency on the distance from the crack nucle- 

ation site of the individual parameters, from initiation to steady- 

state, can be taken from the 3D solid model calculation presented 

in this work. However, the parameter set, i.e., the ratio of δ1 / δ2 , 

the peak traction, and the cohesive energy is not unique and other 

combinations can lead to similar predictions. 

In the greater content, the engineers can extract the depen- 

dency on the distance from the crack nucleation site of the in- 

dividual cohesive zone parameters (for example the peak traction 

and cohesive energy) from the present work, and are urged to keep 

in mind that a ductile tearing crack that has propagated less than 

seven plate thicknesses has yet to reach steady-state and that this 

has to be reflected by the cohesive zone model. 
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A B S T R A C T

Ductile crack initiation, governed by void growth to coalescence, is controlled by two distinct
mechanisms, namely: (i) void-by-void growth, where substantial growth of the void closest to the
crack tip precedes growth of other voids, and (ii) multiple void interaction, where the voids grow
simultaneously and interact in the vicinity of the crack tip prior to crack advance. Tvergaard and
Hutchinson (2002) [Int. J. Solids and Struct, 39: 3581-3597] studied the two mechanisms in
detail under far-field mode I loading conditions and demonstrated their interference by changing
the size and spacing of discretely modeled voids. The present numerical work focuses on mixed
mode loading conditions rather than limiting the study to mode I and takes up the question; how
will a change in the far-field loading conditions affect the shift between the two mechanisms? A pre-
existing straight crack with nearby discretely modeled voids in an elastic-plastic material is
considered by a specialized 2D plane strain setting capable of out-of-plane displacements to allow
for combinations of mode I, mode II, and mode III. Details of the void-by-void growth versus the
multiple void interaction mechanisms are laid out for a range of load cases and geometrical void
configurations, and increasing the mode mixity is found to favor void-by-void growth accom-
panied by a higher load intensity required on the far-field boundary to initiate the crack. The
change between the two mechanisms is tied to a change in the deformation field that surrounds
the voids, and the study reveals significant deformation that stretches above (and below) the row
of discrete voids for increasing shear mode contributions yielding an increase in the void rota-
tion.

1. Introduction

The mechanism of ductile failure plays an important role in the assessment of structural integrity and several mechanisms,
spanning multiple scales, are known to interact through a long sequence of events that eventually leads to material separation [13].
At severe plastic deformation, voids typically emerge from inclusions in the material either by debonding or particle cracking (see for
instance [12,4]). Upon further loading, the voids grow and coalesce to lead a propagating tearing crack. That is, the growth me-
chanism of the individual voids and their interaction are crucial to the ductile tearing process and of key importance to understand
and enhance plate tearing toughness. Aravas and McMeeking [2], Hom and McMeeking [7] studied a blunt crack tip with a single
void located immediately in front of the tip and exposed the setup to mode I loading under the assumption of small-scale yielding.
Their results show the void growing primarily towards the crack tip and perpendicular to the applied mode I loading direction, which
later has been confirmed in similar studies where a row of several voids was embedded in front of the crack tip. Gu [6], Tvergaard and
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Hutchinson [17], Kim et al. [11] included six discretely modeled voids in their studies and revealed increasing crack resistance for
decreasing initial void volume fraction. The mechanisms behind the change in crack resistance are that the voids grow individually
with little influence from the neighboring voids (the so-called void-by-void mechanism) for a small initial void volume fraction in the
homogenized material, whereas the voids grow simultaneously and neighboring voids interact (the so-called multiple void me-
chanism) for a large initial void volume fraction. This conclusion was reached for both circular cylindrical voids modeled in 2D plane
strain [17] and for spherical voids modeled in 3D [11]. Furthermore, Kim et al. [11] concluded that model predictions based on the
circular cylindrical 2D voids in plane strain underestimate the crack resistance compared to the 3D spherical voids - in particular for
low values of the initial void volume fraction.

Several investigations have been dedicated to studying the effect of introducing additional rows of voids above and below the
primary row immediately in front of the crack tip, changing the void shape of the discretely modeled voids, introducing second phase
particles, and shifting the relative location of voided rows [5,9,10]. It has been demonstrated that by adding additional rows of voids
above and below the primary row shield the voids in the vicinity of the tip (serving as the subsequent crack path) which results in
stagnant crack growth and, hence, higher crack resistance. Srivastava et al. [15] discovered several advantages of designing such
microstructure and put forward a numerical demonstration of their findings by introducing a systematic wave formed pattern of voids
that forces the crack to grow in a certain direction and thereby increasing the overall tearing toughness.

The main focus in the literature has been on mode I loading in an effort to bring out a clear picture of the mechanisms involved in
ductile crack initiation and growth. Real life loading scenarios, however, comprise of mixed mode conditions and knowledge on the
interaction from such conditions on a pre-existing crack path is limited. Roy and Narasimhan [14] investigated the evolution of a
single void embedded in front of a blunt crack tip under mixed mode I-mode II loading conditions and demonstrated significant void
growth for pure mode I (which has been documented earlier) whereas the void growth eventually saturated for the highest mode
mixity ratio considered. The present study takes the study of Roy and Narasimhan [14], and the study of Tvergaard and Hutchinson
[17], one step further and focuses attention on a single row of several voids subjected to mixed mode loading conditions. The present
work addresses; (i) the void growth and the related reduction in the ligaments between voids, and (ii) evaluate changes to the fracture
toughness, accordingly, for mixed mode I-mode II and mixed mode I-mode III.

The paper is structured as follows. The problem at hand is outlined in Section 2, after which the material model is presented in
Section 3 together with the numerical model. The obtained results are discussed in Section 4 and concluding remarks are given in
Section 5.

2. Problem formulation

This study considers the problem illustrated in Fig. 1, modeled in the x x1 2-plane under plane strain condition. The setup mimics
the original problem considered in Tvergaard and Hutchinson [17] but loads the blunt crack tip by mixed mode far-field loading
conditions. Although the mixed mode loading conditions can be considered using anti-symmetric boundary conditions, the entire
domain is modeled here. The initial blunt crack tip has radius r0, which is discretely modeled together with six circular cylindrical
voids as depicted in Fig. 2. The radius of the individual voids is denoted R0 and all voids are located along the x1-axis at =x 02 . The
relative spacing between two neighboring voids is X0 (measured from void center to void center). For ligament , X0 is measured
from the crack tip center to the center of void (see Fig. 2). The domain boundary is modeled as being far from the crack tip by
imposing =R X10, 000ff 0, where Rff is the outer radius. Thus, an assumption of small-scale yielding is valid.

Nomenclature

E Young’s modulus
f0 initial void volume fraction
g determinant of the metric tensor in the reference

configuration
G determinant of the metric tensor in the current

configuration
Gs elastic shear modulus
J far-field load intensity
K K K, ,I II III stress intensity factors for mode I, mode II, and

mode III, respectively
Lijkl instantaneous moduli
N hardening exponent
r0 initial crack tip radius
R0 initial void radius
Rff far-field radius
s s,ij

ij covariant and contravariant components,

respectively, of the Cauchy stress deviator
Ti surface tractions
ui displacement in the ith direction
xi Cartesian coordinates
X0 spacing between voids

ij Lagrangian strain tensor
,II/I III/I mode mixity ratio for mode I-mode II and mode I-

mode III, respectively
Poisson’s ratio
von Mises stress

ij Cauchy strain tensor
y initial yield stress
ij Kirchhoff stress tensor

void rotation angle
deformed ligament width

0 initial ligament width
angle to a material point on the far-field boundary
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The initial void volume fraction, f0, of the homogenized material covering the vicinity of the individual voids is controlled by the
void radius and void spacing as follows; =f R X( / )0 0 0

2 (defined in [17]) on which the initial crack tip radius, r0, has no influence.
The present study will investigate pure mode I loading as well as mixed mode loading conditions comprising of mode I-mode II

loading and mode I-mode III loading, respectively. The mixed mode loading conditions will be applied as linear combinations of the
following far-field displacement components, ui,
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where K K,I II , and KIII are the stress intensity factors for mode I, mode II, and mode III, respectively, = 3 4 in plane strain,
= +G E/(2(1 ))s is the shear modulus, E is Young’s modulus, is Poisson’s ratio, and [ ; ] is the angle to the material point on

the far-field boundary ( = 0 coincides with the x1-axis and positive counter-clockwise, see Fig. 1). The total far-field load intensity
will be quantified through the stress intensity factors for the three individual fracture modes in the following manner:

= + + +J K
E

K
E

K
E

1 1 1 .I II III
2

2
2

2
2

(1)

In the presentation of results, this far-field quantity is normalized by the initial yield stress, y, and the initial void spacing, X0.
Throughout, for the results on mode I-mode II loading =K 0III , while for mode I-mode III loading =K 0II .

Fig. 2. Schematic of the discretely modeled voids. Here, X0 is the center-to-center void spacing, r0 is the initial radius of the blunt crack tip, and R0 is
the initial radius of the voids. The circled numbers indicate void number and the framed numbers indicate ligament number.

Fig. 1. Schematic of the 2D plane strain, small-scale yielding model. Here, Rff is the far-field radius and the x3-component is out-of-plane (not
shown). The far-field boundary loading corresponds to either mode I loading, mixed mode I-mode II loading, or mixed mode I-mode III loading.
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The loading is applied by increasing the far-field stress intensity factors monotonically from zero. During loading, the void related
deformation simultaneously yields a deformation of the ligaments between the voids which is largely dependent on the far-field mode
mixity. The focus is on this deformation and the crack is assumed to initiate growth when the ligament between the initial blunt crack
tip and void (ligament ) has reduced to a critical width of =/ 0.50 (as in [17]). A generic representation is presented in Fig. 3,
where 0 defines the undeformed ligament width and defines the width of the same ligament but in its deformed configuration.
Both 0 and are determined as the projected distance parallel to the x1-axis between the two highlighted nodes in Fig. 3. These two
nodes are chosen such that, in the undeformed configuration, the distance between them is the smallest possible. Displacements along
the x2-direction are not taken into account when calculating 0 and . It should be mentioned that the approach taken to calculate the
ligament reduction is only suitable for the low contributions of the shear modes considered. A relative increase in the shear con-
tribution may deform the ligaments such that the shortest distance can no longer be approximated by the horizontal distance.

In addition to the void growth, the void rotation denoted is considered as an indication of the level of deformation going into the
material surrounding the voids (see Fig. 4). The angle is defined solely in the x x1 2-plane for the mode I-mode II load case by the
rotation of the dashed line connecting the node at the top and bottom of the void in the undeformed state (see Fig. 4a). The mode I-
mode III load case is treated in a similar manner, but solely in the x x2 3-plane (see Fig. 4b). The embedded single row of voids is located
in the desired path for a pure mode I crack. However, this is not necessarily the desired path for a mixed mode crack as it might
deviate from a straight crack path in an isotropic solid. The shear mode contribution considered in this study is, however, small and
hence it is reasonable to approximate the crack path as straight. Furthermore, the choice of only including one single row of voids is
to investigate the fundamentals of mode mixity on crack tip void interaction.

3. Model: constitutive relations and finite element formulation

3.1. J2-flow theory

An isotropic elastic-plastic material following J2-flow theory is employed in the computations. Finite deformations are accounted
for and the uni-axial true stress-logarithmic strain relation takes the form

=
<

( )
for

for

E y

E

N
y

1/y
y (2)

where E is Young’s modulus, y is the initial yield stress, N is the strain hardening exponent, and = s s3/2 ij
ij is the von Mises

effective stress, where sij is the Cauchy stress deviator. From Eq. (2), the tangent modulus is defined by =E d /dt . In this work, a
total Lagrangian formulation is used within a hypo-elastic framework, assuming small elastic strains but large plastic strains. In this

Fig. 3. Generic representation of the ligament reduction, / 0.

Fig. 4. Generic representation of the void rotation, , for (a) mode I-mode II loading and (b) mode I-mode III loading.
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formulation, ij is the Lagrangian strain tensor given as = + +u u u u( )ij i j j i i
k

k j
1
2 , , , , . The incremental relationship between Kirchhoff

stresses, ij and Lagrangian strains is

= Lij ijkl
kl

where Lijkl are the instantaneous moduli taken from Hutchinson [8], and the total strain increment decomposes into an elastic part,
ij
e, and a plastic part, ij

p, respectively. Here, with the plastic strain increment being calculated on basis of the Jaumann rate of the
Cauchy stress tensor and the Cauchy stress deviator. The relation between the Kirchhoff and Cauchy stress tensor is = G g/ij ij,
where g and G are the determinant of the metric tensor in the reference configuration and current deformed configuration, re-
spectively. The principle of virtual work is on incremental form described as

+ =u u V T u S( )d d
V

ij
ij

ij
i
k

k j S
i

i, ,

where ij is the Kirchhoff stress tensor, ui is the deformation tensor and Ti are the surface tractions. The left-hand side is integrated
over the volume V whereas the right-hand side is integrated over the surface S, both in the undeformed configuration. A compre-
hensive description of the governing equations can be found in Tvergaard [16].

3.2. Finite element formulation

All analyses are carried out using a quasi-static, finite element framework built into an in-house Fortran code. The material
domain, depicted in Fig. 1, is discretized using a special eight-node 2D plane strain element with an additional nodal degree of
freedom to account for out-of-plane deformations. The purpose-built element is described in Andersen et al. [1], sustaining the plane
strain condition by enforcing the total out-of-plane strain component, 33, to zero. Shortly described, the basis of the element is a 20-
node 3D brick element, but here collapsed in the x3-direction such that it has no physical extension in this direction and all coinciding
nodes are merged. All dependencies of the displacement gradients in the x3-direction are thereby written out of the element for-
mulation. This gives the opportunity to investigate the desired mixed mode load cases without introducing computationally costly 3D
elements with constraint equations.

Figure 5 displays the discretization in the vicinity of the voids, here for the model parameter set of =r X/ 1/100 0 and =R X/ 1/150 0 .
For all models, a fine mesh area consisting of 7,960 elements in the path of the crack is used to capture the void expansion, the
thinning of the ligaments, and the resulting crack initiation. The mesh is coarsened in the radial direction towards the far-field
boundary in order to reduce the total number of elements without compromising the accuracy of results. A total of 9,526 elements
with 88,035 degrees of freedom are used.

4. Results

The initial void spacing, X0, is kept constant throughout, while both the initial crack tip radius, r0, and the initial void radius, R0,
are subject to a parameter study in the range (here normalized with X0)

r X
R X

/ [ 1/30 ; 1/10 ]
/ [ 1/60 ; 1/15 ]

0 0

0 0

where the latter yields an initial void volume fraction in the range: f [ 0.000873 ; 0.014 ]0 . The choice of parameter intervals is
adopted from Tvergaard and Hutchinson [17] to facilitate a direct comparison of results. Pure mode I loading is considered to form a
basis for comparison, while the primary focus is on mixed mode loading conditions with a dominant mode I component. The ratio
between the shearing mode (mode II or mode III) to the normal mode (mode I) is in the range of

Fig. 5. Mesh discretization method for the domain near the crack tip and voids. Here shown for the parameter set of =r X/ 1/100 0 and =R X/ 1/150 0
( =f 0.0140 ).
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[ 0 ; 0.5 ]
[ 0 ; 0.5 ]

II/I

III/I

where = K K/II III/I and = K K/III IIII/I , respectively. The mode mixity ratios are, throughout, chosen sufficiently low such that voids
remain open rather than collapsing, as would be expected for intense mode II or mode III. All material parameters used in the
following are listed in Table 1 and resembles ductile medium-strength steel.

To demonstrate the deformation inflicted by the individual load cases, Fig. 6 presents the deformation contours for a setup with an
initial crack tip radius of =r X/ 1/300 0 and an initial void volume fraction of =R X/ 1/150 0 ( =f 0.0140 ). Each subfigure shows, re-
spectively, the pure mode I load case, the mode I-mode II load case with a ratio of = 0.2II/I , and the mode I-mode III load case with a
ratio of = 0.2III/I . The applied far-field load intensity is approximately J X/( ) 0.5y 0 in all contour plots, with J calculated from Eq.
(1). The deformation is concentrated near the voids (disregarding deformation in the u3-direction) for pure mode I loading, whereas it
spreads largely above and below the voids for mode I-mode II and mode I-mode III, respectively. Since the far-field load intensity is
equal in the three load cases, the mode I contribution will be different and the results clearly underline that mode I loading is
responsible for void growth while the shearing modes are responsible for shear deformation in the material surrounding the voids.
The out-of-plane deformation, u3, (in the x3-direction) is depicted in Fig. 6c and exists only in the mode I-mode III load case.

The first investigation focuses on how the initial crack tip radius influences the far-field load intensity (quantified by the relation
in Eq. (1)) required to deform ligament to a level of =/ 0.50 . Figure 7 depicts with asterisks the applied far-field load intensity in
pure mode I ( = = 0II/I III/I ) as a function of the initial void volume fraction, f0, for two different initial crack tip radii, =r X/ 1/300 0
(Fig. 7a) and =r X/ 1/100 0 (Fig. 7b). Also depicted in both figures is a reference curve, shown as a dotted line, which has been
extracted from the work of Tvergaard and Hutchinson [17] for the case of =r X/ 1/100 0 . A good agreement with Tvergaard and
Hutchinson [17] is obtained for the same parameter set (see Fig. 7b) and the exponential-like increase in far-field load intensity, and
thereby also the increase in fracture toughness, is reproduced. Comparing Fig. 7a and b, a small increase in far-field load intensity is
revealed in the former for the decrease in initial crack tip radius going from =r X/ 1/100 0 to =r X/ 1/300 0 .

The exponential-like increase in far-field load intensity for decreasing initial crack tip radius also exists when applying a shearing
mode to the far-field boundary. Figure 7 presents additionally the far-field load intensity for a mode mixity ratio of = 0.2II/I (mode I-
mode II) and = 0.2III/I (mode I-mode III) required to reach =/ 0.50 . For each value of initial void volume fraction, an increase in
fracture toughness is evident when applying a mixed mode loading condition, although the effect is dependent on both the mode
mixity and initial void volume fraction. Both mode I-mode II and mode I-mode III load cases display nearly the same toughness for the
largest initial void volume fraction ( =f 0.0140 ), whereas the mode I-mode III load case displays the largest fracture toughness at the
lower initial void volume fraction ( =f 0.0008730 ). This difference in fracture toughness between loading conditions is more distinct
for the smaller initial crack tip radius (compare Fig. 7a and b).

The far-field load intensity determined by Eq. (1), and employed in Fig. 7, takes into account the contributions from both mode I,
mode II and mode III. However, disregarding mode II and mode III contributions, and thereby only considering the mode I con-
tribution, for the mode mixity load cases will not lower the far-field load intensity to the level predicted for pure mode I (see Fig. 7).
Thus, a shielding effect on the void growth originates from the far-field shear mode contributions yielding delayed crack initiation.

The fracture toughness dependency on the loading conditions is directly linked to the void expansion presented in Fig. 8. Here, the
relative volume expansions V V/ 0 for void and are shown for an initial crack tip radius of =r X/ 1/100 0 and an initial void volume
fraction of =R X/ 1/600 0 ( =f 0.0008730 ). In the pure mode I load case, depicted with a thin solid line, void grows rapidly. In
contrast, the volume of the first void evolves slower when a shear mode is applied (with mode I-mode III being slowest), cementing
that mode I drives void growth. It should, however, be noted that due to the plane strain assumption only the displacements in the
x x1 2-plane is taken into account when calculating the void volume, thus it yields a projected image of the void growth in the case of
mode I-mode III loading (leaving out the u3-displacements in the volume calculations). The slower evolution in the void volume for
mixed mode loading conditions also manifests itself through a higher toughness (see Fig. 7). The void-by-void growth mechanism
here reveals itself by void showing insignificant growth in the range of the far-field load intensity considered. To compare with
earlier studies, a reference curve from the work by Tvergaard and Hutchinson [17] (thick solid lines) is included in Fig. 8.

To focus attention on the influence of mode mixity on the transition from void-by-void growth to multiple void interaction, the
remaining study is limited to the smallest crack tip radius ( =r X/ 1/30o 0 ). Throughout, a crack will be assumed to initiate whenever

=/ 0.50 in ligament (see e.g. [3]). At this level of deformation, the elements near the free surface of the voids, and near the
initial blunt crack tip, still maintain a decent aspect ratio and no remeshing is employed.

Table 1
Material properties.

Parameters Notation Value

Young’s modulus E 200 GPa
Poisson’s ratio 0.3
Yield stress y 600MPa
Hardening exponent N 0.1
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Fig. 6. Contour plots, each comprises the mode I, mode I-mode II ( = 0.2II/I ), and mode I-mode III ( = 0.2III/I ) loading, showing the displacement
field components in (a) the x1-direction, u1, (b) the x2-direction, u2, and (c) the x3-direction, u3, at a far-field load intensity of J X/( ) 0.5y 0 . The
model parameters used are =r X/ 1/300 0 and =R X/ 1/150 0 ( =f 0.0140 ).
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4.1. Deformation of ligament and void

Figure 9 shows the relationship between the applied far-field load intensity, J X/( )y 0 , and the reduction of ligament , / 0, for
=r X/ 1/300 0 and =R X/ 1/600 0 in Fig. 9a and =R X/ 1/150 0 in Fig. 9b, respectively. In line with Fig. 7a, an increased mode mixity

ratio requires higher far-field load intensity to thin ligament to =/ 0.50 , which in turn signals higher toughness. That is, the far-
field load intensity at which a crack will initiate is highly dependent on both the initial void volume fraction, the mode mixity ratio,
and the type of mode mixity. It is evident that a large far-field load intensity is necessary to thin ligament and thereby causes crack
initiation ( =/ 0.50 ) for the low initial void volume fraction considered in Fig. 9a. This can be assigned to the void-by-void growth
mechanism, where only one void grows at a time, essentially limiting the deformation to the first ligament. In contrast, crack
initiation occurs at a lower far-field load intensity for the larger initial void volume fraction (see Fig. 9b), which results in a more
compliant material response and a lower fracture toughness. The easier crack initiation is tied to the multiple void interaction
mechanism which causes several ligaments to reduce simultaneously. Independent of the initial void volume fraction, however, the
far-field load intensity at crack initiation is significantly increased by introducing mode mixity loading which again indicates that a
major part of the energy from the shearing modes are going into the surrounding material rather than going into reducing ligament .
The diffuse dissipation of energy in the material above (and below) the row of voids is not observed to the same extent for the pure
mode I loading.

The rotation of void is considered in the following to investigate the influence of mode mixity as the material above and below
the row of voids seems to deform additionally when increasing mode mixity. In the same manner as Fig. 9, the rotation angle, , of
void (see also Fig. 4) is depicted in Fig. 10 as a function of the reduction of ligament , / 0. For a low initial void volume fraction,
Fig. 10a displays a rotation largely dependent on both the type of mode mixity and the mode mixity ratio. For example, the rotation of
void reaches 40° (the most extreme case) for the largest mode I-mode II ratio considered, whereas the void rotation is only 33° for

Fig. 7. Applied far-field load intensity, J X/( )y 0 , extracted when ligament reaches =/ 0.50 . Here, shown as function of initial void volume
fraction and an initial blunt crack tip radius of (a) =r X/ 1/300 0 and (b) =r X/ 1/100 0 .

Fig. 8. Void expansion curves for =r X/ 1/300 0 and =R X/ 1/600 0 ( =f 0.0008730 ) for different load cases. Results from Tvergaard and Hutchinson
[17] are included for comparison.
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the largest mode I-mode III ratio. It is also observed from Fig. 10 that the amount of void rotation is clearly dependent on the two
types of mode mixity for the lowest initial void volume fraction, whereas the difference diminishes for larger initial void volume
fractions (see Fig. 10b). It is also worth to note that void obtains the largest rotation when subject to mode I-mode III loading at low
mode mixity ratios when compared to mode I-mode II loading. However, this changes when the mode mixity ratio increases as the
rotation under mode I-mode II loading exceeds that of mode I-mode III.

A relationship between the rotation, , for void and the mode mixity ratio, , for both types of mode mixity and fixed energy
dissipation is brought out in Fig. 11. Here, considering a relatively small far-field load intensity at =J X/( ) 0.25y 0 , so that crack
initiation has not occurred and >/ 0.50 in all cases. It is deducted that lower contributions of the shear mode (either mode II or
mode III) will reduce void rotation and concentrate the deformation in ligament , whereas the void rotation increases for higher
shear contributions and spread large parts of the energy dissipation to the material surrounding the row of voids. The relationship

Fig. 9. Applied far-field load intensity, J X/( )y 0 , as a function of reduction of ligament for different mode mixity ratios, , a fixed initial crack tip
radius of =r X/ 1/300 0 , and two initial void volume fractions, (a) =R X/ 1/600 0 ( =f 0.0008730 ) and (b) =R X/ 1/150 0 ( =f 0.0140 ).

Fig. 10. Void rotation of void as a function of reduction of ligament for different mode mixity ratios, and a fixed initial crack tip radius of
=r X/ 1/300 0 . Here shown for (a) =R X/ 1/600 0 ( =f 0.0008730 ) and (b) =R X/ 1/150 0 ( =f 0.0140 ).
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between the rotation and the mode mixity ratio is, however, not the same for the two types of mode mixity. A highly non-linear
relation is predicted for mode I-mode II loading with the mode mixity ratio having almost no influence on the void rotation for low
shear contributions, whereas the void rotation increases dramatically as the mode mixity ratio increases. On the other hand, a nearly
linear relation between the mode mixity ratio and the void rotation is predicted for the mode I-mode III loading condition.

4.2. Deformation of ligaments through and voids through

Crack initiation has until this point been examined by investigating the reduction of ligament through the criterion =/ 0.50 .
Next, the reductions of all ligaments ( through ) are subject of investigation and the interaction between voids is highlighted.
Figure 12 presents all six ligament reductions at the far-field load intensity required for ligament to reduce to =/ 0.50 (see Fig. 9
for the specific far-field load intensity for each mode mixity case). Here, the two extreme cases for the initial void volume fraction are
considered. Figure 12a depicts clearly the void-by-void growth mechanism for low initial void volume fraction (see also in Fig. 8),
where almost no deformation is present in the ligaments other than the first two. In fact, the reductions of the individual ligaments

Fig. 11. Void rotation of void as a function of mode mixity, , for different initial void volume fractions, R X/0 0, and a fixed initial crack tip radius
of =r X/ 1/300 0 . The values are extracted when the applied far-field load intensity reaches =J X/( ) 0.25y 0 .

Fig. 12. Ligament reduction of each ligament at the point when ligament has reduced to =/ 0.50 at different mode mixity ratios, and a fixed
initial crack tip radius of =r X/ 1/300 0 . The initial void volume fractions are (a) =R X/ 1/600 0 ( =f 0.0008730 ) and (b) =R X/ 1/150 0 ( =f 0.0140 ).
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are nearly identical for all mode mixity ratios and type of mode mixity considered. Only the case of = 0.5II/I displays some de-
formation of all ligaments for low initial void volume fraction.

Figure 12b displays severe deformation in all of the ligaments for all mode mixities. Here, considering the large initial void
volume fraction. This is in line with the findings in Tvergaard and Hutchinson [17], where interaction between multiple voids was
found for larger initial void volume fractions. The multiple void interaction is particularly evident for load cases with small shear
contributions. But, a tendency towards a shift in the mechanism from multiple void interaction to void-by-void growth is seen for
higher ratios as the deformation intensifies in ligament , while diminishing in all others. This suggests that for even higher mode
mixity ratios, the void-by-void growth mechanism could well be achieved. It is, however, important to emphasize that the far-field
load intensity, J X/( )y 0 , is not the same across the mode mixity ratios and the type of mode mixity depicted in Fig. 12. In fact, a great
difference is predicted in the required far-field load intensity to reach a deformation in ligament of =/ 0.50 (also evident from
Fig. 9b).

Figure 13 depicts the rotation of all six voids, at the fixed far-field load intensity =J X/( ) 0.5y 0 , for different mode mixity ratios.
Figure 13a considers the smallest initial void volume fraction ( =f 0.0008730 ) and shows a significant variation of the rotation
between the voids, where void rotates much more than the remaining five voids. This is tied to the void-by-void growth me-
chanism. However, by comparing Figs. 12a to 13a it is seen that ligament through remain nearly undeformed, while the related
voids undergo rotations. Thus, the increased deformation above and below the row of voids introduced by the shear modes primarily
affects the void rotation.

Figure 13b considers a case of large initial void volume fraction and displays a significant change in the void rotation when
compared to the corresponding case of lower initial void volume fraction (compare to Fig. 13a). The rotation is evident for both mode
I-mode II and mode I-mode III loading conditions which, in turn, ties to the multiple void interaction mechanism being active. This is
especially true for low mode mixity ratios and nearly equal rotation for all voids ( = °5 ) is predicted for the lowest mode mixity
ratios ( = = 0.1II/I III/I ). However, the approximately equal rotation of all voids ceases as the mode mixity ratio increases and for

= 0.2II/I , and above, the mode I-mode II loading condition approaches the void-by-void growth mechanism. The same case is
predicted for the mode I-mode III loading condition but only for = 0.5III/I . The tendency of a decreasing void rotation for low mode
mixity ratio, however, may be an artifact of only including six discrete voids in the model.

5. Concluding remarks

The void interaction that takes place in front of an initial blunt crack tip is investigated with focus on how mixed mode loading
conditions affect the shift from void-by-void growth to multiple void interaction observed by Tvergaard and Hutchinson [17] under
mode I loading. A specialized 2D plane strain, finite strain, finite element model is employed with six discretely modeled voids
embedded in front of the initial crack tip. Two types of mode mixity are considered, these being; mode I-mode II and mode I-mode III
loading, respectively, with mode I as the dominant loading component. The key findings are;

• Mode I-mode II loading condition favors a shift towards the void-by-void growth mechanism for sufficiently large mode II con-
tribution ( > 0.2II/I ), even for a large initial void volume fraction (see Fig. 12). This is tied to the competition between the mode II
contribution, that attempts closing the voids, and the mode I contribution that opens the voids. Thus, an increased far-field load

Fig. 13. Void rotation of each row of voids for different mode mixity ratios, , at a far-field load intensity of =J X/( ) 0.5y 0 and a fixed initial crack
tip radius of =r X/ 1/300 0 . Here shown for (a) =R X/ 1/600 0 ( =f 0.0008730 ) and (b) =R X/ 1/150 0 ( =f 0.0140 ).
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intensity is required compared to mode I loading to thin the first ligament sufficiently to achieve crack initiation. The increased
load intensity contributes to a deformation spread out above and below the ligaments and as a result, severe in-plane void rotation
is predicted for increased mode II contributions (see Figs. 10 and 13). Similarly, the void rotation seems to follow the void growth
mechanism with a shift from void-by-void rotation to multiple void rotation as the initial void volume fraction increases.
However, this is highly dependent on the mode mixity ratio with large ratios favoring multiple void rotation.
• Mode I-mode III loading condition has a similar influence on the overall response as predicted for the mode I-mode II loading
condition. However, the mode III loading does not involve the same void closing effect and, thus, the competition between the
opening mode and shear mode is essentially absent. This is also evident from Fig. 11, where a nearly linear relation is predicted
between the out-of-plane void rotation (in the x x2 3-plane) and the prescribed mode mixity ratio. The void rotation, however,
originates from a shear deformation of the material above (and below) the row of voids, and this leads to an increase in the far-
field load intensity required to initiate the crack (see Fig. 9). The introduced mode III loading is found to favor a shift from
multiple void interaction towards void-by-void growth for the largest initial void volume fraction as well as the highest mode
mixity ratio considered (see Fig. 12). In the same fashion, a shift from multiple voids rotation towards void-by-void rotation is
predicted (see Fig. 13).

The findings for mixed mode loading conditions are in line with the original study by Tvergaard and Hutchinson [17], where the
void-by-void growth mechanism exists for low initial void volume fractions, while multiple void interaction sets in for materials with
a high initial void volume fraction. However, a shift from multiple void interaction to void-by-void growth is predicted for large
initial void volume fractions when the shear contribution is increased.
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Abstract

Cohesive zone traction-separation relations, and the related phenomenological param-
eters, for steady-state ductile plate tearing are strongly tied to the micro-mechanics
governing the void nucleation and growth process leading to localized deformation and
micro-crack formation. The effects of such local variations on the damage evolution and
cohesive zone parameters, respectively, are brought out in this study. A 2D plane strain
model set-up, first considered in Nielsen and Hutchinson (2012) [Cohesive traction-
separation laws for testing of ductile metal plates, Int. J. Impact Eng., 48:15-23], is
adopted, but here by discretely modeling a finite number of finite-size void nucleation
sites distributed randomly in the plate material. It is found that the heterogeneous ma-
terial conditions, resulting from the nucleation process, strongly affect the localization
of damage and fracture, which influence the cohesive energy. By considering a number
of realizations of the random distribution for each material configuration, it is con-
cluded that: i) the peak force in the cohesive traction-separation relation is, essentially,
unaffected by the heterogeneity coming into play through the damage-related micro-
structure, while ii) the cohesive energy decreases when either increasing the number
or the size of the nucleation sites. The cohesive energy is found to be in the range of
those previously reported for heterogeneous materials, but a direct comparison should
be made with caution. The implications of the results are that care should be taken
if the actual material configuration diverges from a homogeneous micro-structure such
as when considering very thin plates and for plates with a few void nucleation sites.

Keywords: Ductile failure, Gurson model, Micro-mechanics, Size effect, Finite
element method

1. Introduction

A homogenized continuum finite element model must be approached with care when
imperfections in a material have a significant influence on the response of the structure.
The heterogeneity originating from the discrete events of void nucleation and growth
to coalescence is no exception to this. In a recent study, Srivastava et al. (2017) showed
that discrete void nucleation events can alter the crack growth path in ductile metals.
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They engineered the damage-related micro-structure of a metal plate, within a micro-
mechanics based numerical framework, and not only did they tailor the crack path, but
they also achieved a much-improved fracture toughness of the engineered material (see
a related study in Osovski et al., 2019). Srivastava et al. (2017) exploited the fact that
the ductile crack tip follows the path where localization is the easiest (i.e., requiring
the least amount of energy). A similar approach to increasing the fracture toughness
for Al/NiTi composites was taken by Zhao et al. (2019) where a local pre-stress state
was deliberately introduced near the inclusions within the matrix to divert the prop-
agating tearing crack. This interaction between nucleation sites is rarely dealt with
and the local (at times intense) variation in stress/strain is homogenized by adopting
a continuum framework such as the classical Gurson model (Gurson, 1977; Gologanu
et al., 1997). Nonetheless, the class of Gurson type models facilitates a micro-mechanics
based approach to link the underlying damage event to the failure of a structure on
the engineering scale.

In recent years, cohesive traction-separation relations suited for ductile plate tearing
have been based on the predictions of the Gurson model, homogenizing the material,
and these phenomenological models have further been used to predict the response of
structures on the engineering scale (see Woelke et al., 2015). In a first study, Nielsen and
Hutchinson (2012) considered a mode I crack propagating under steady-state ductile
plate tearing and developed a simplified 2D plane strain framework that allows the
key parameters for the cohesive zone relation to be extracted. The cohesive traction-
separation relation must engage at peak traction, related to the Considère condition,
when the plate cross-section starts to thin and the post-localization has to be accounted
for through the energy going into the traction-separation relation. The appearance of
the traction-separation relation can, in practice, be approximated by a tri-linear relation
with an initial slope of nearly infinite stiffness, a subsequent nearly flat part connecting
the peak traction to a point identified as the onset of secondary (shear) localization
within the thinning region (failure occurs in a slant manner), and a final part that
governs the intensification of the secondary (shear) localization and the associated loss
of load-carrying capacity (fracture) (see the discussion in Cornec et al., 2003). The 2D
set-up was later used in Andersen et al. (2018) to investigate the effect of mode mixity
within a specialized numerical model that allows for combinations of mode I/II and
mode I/III. A minor change to the peak traction was observed when increasing the mode
mixity, whereas the relative displacement at the point of secondary (shear) localization
and the cohesive energy depend on both the load case and the mixity ratio. The cohesive
traction-separation relations extracted from 2D plane strain Gurson calculations have
recently been compared to full 3D simulations accounting for the crack propagation
from initiation to steady-state (see Andersen et al., 2019). A near-perfect agreement
between the 2D and 3D simulation results was obtained at steady-state, cementing the
validity of the 2D approach to a rather complex ductile fracture problem.

Random distributions of void nucleation sites within the fracture process zone
largely determine both the fracture toughness and the roughness of the fracture sur-
faces (Srivastava et al., 2014). In fact, it is easy to imagine that randomly distributed
nucleating voids, which affect the micro-mechanics of failure, can also trigger the tran-
sition between different fracture surface morphologies (see Pardoen et al., 2004; Noell
et al., 2018, for comprehensive reviews). For example, a substantial amount of nearby-
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lying nucleation sites give rise to multiple void interaction, while a few widespread nu-
cleation sites will link-up through the void-by-void mechanism (Tvergaard and Hutchin-
son, 2002). The 2D plane strain set-up first considered in Nielsen and Hutchinson (2012)
was further exploited in Tekog̃lu and Nielsen (2019) to demonstrate the transition be-
tween fracture surface morphologies as the size and the number of void nucleation sites
change. Here, by considering various realizations of a random distribution of the nucle-
ation sites. The fracture surface morphology is largely tied to the type of interaction
between the void nucleation sites. Essentially, the morphology is determined by the
overall strain hardening capacity of the plate material, taking into account the number
and size of the void nucleation sites, and not only the strain hardening of the matrix
material. Tekog̃lu and Nielsen (2019) have investigated a large spectrum of materials
spanning both plates with a high overall hardening capacity (with few small nucleation
sites), where cracks predominantly propagate in a cup-cup morphology, and plates with
a low overall hardening capacity (with many large nucleation sites) that typically dis-
play slant crack propagation. The present work takes up the study in Tekog̃lu and
Nielsen (2019) with the aim to reveal the effects of introducing discrete void nucleation
sites in thin plate tearing under mode I on the cohesive energy and peak force, and to
relate the governing micro-mechanisms to the tearing energy. The numerical framework
from Tekog̃lu and Nielsen (2019) is adopted with the intention to extract cohesive zone
relations for steady-state ductile tearing in line with Nielsen and Hutchinson (2012).

The 2D approximation of the mode I tearing problem is outlined in Section 2,
along with the details on how the cohesive traction-separation relation is identified.
The constitutive relations and finite element framework are presented in Section 3,
and the results for the energy dissipation, the peak force, and the appearance of the
traction-separation relation are given in Section 4. Section 5 summarizes the main
findings of this study.

2. Problem formulation and cohesive zone identification

2.1. Problem formulation

Steady-state plate tearing under far-field mode I loading of a homogeneous, though
porous, metal plate was first addressed within a 2D plane strain set-up in Nielsen
and Hutchinson (2012) following the line of argument that: as plastic flow localization
and thinning in the plate cross-section takes place far ahead of the leading crack tip
(Considère-like thinning), the material above and below the thinning region unloads
to enforce a plane strain condition for the cross-sections in the fracture process zone
with surface normal vectors along the crack growth direction (an assumption later val-
idated by Andersen et al., 2019, in 3D simulations). Nielsen and Hutchinson (2012)
used the 2D model set-up to extract information about the peak force at the onset of
the thinning (the primary localization), the energy going into developing the thinning
and the fracture, as well as knowledge on the onset of the (secondary) shear local-
ization. The present study adopts a similar 2D plane strain framework but allows for
discrete modeling of randomly distributed void nucleation sites to bring out the ef-
fect of material heterogeneity. The set-up is an approximation as the tearing process
for such heterogeneous, or dual-phase like, metal plates never settles into steady-state
at the very tip. However, the 2D model set-up is expected to give a first indication
of the trends for the key parameters going into cohesive traction-separation relations
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which could be obtained if the same comprehensive parameter study was conducted
in a 3D setting. Figure 1(a) presents a schematic of the plate tearing process with
the 2D cross-section of the fracture process zone highlighting various stages during a
monotonically increasing mode I loading ((1)-(4)). It is assumed that extensive crack
growth has taken place such that the cut-out cross-section is located at a distance away
from the crack initiation region which holds the transient history. The 2D section has
the initial width W0, corresponding to the plate thickness, and the total height, H0, is
sufficiently large to engulf the thinning region that develops in the plate. The thinning
spans approximately the region denoted by h0, and complete elastic unloading above
and below this domain takes place once the thinning initiates. Throughout all of the
analyses, the initial aspect ratio of the domain is kept constant such that: H0/W0 = 4
and h0/W0 = 2. The loading is applied on the top and bottom edges of the 2D sec-
tion. Here, monotonically increased by prescribing boundary displacements along the
x2-direction to mimic the far-field mode I loading condition.

The grey domains in Fig. 1(b), located above and below the region of interest, is
taken to be composed of a homogeneous J2 flow material (to reduce the computational
cost), while only the fracture process zone is enriched by discrete and randomly dis-
tributed void nucleation sites (representing second phase particles). Figure 1(b) shows
one realization of the model with the number of nucleation sites being Np = 50, while
all nucleation sites share the same size of; Rp/Le = 15. Each nucleation site is modeled
by prescribing a Gaussian bell distribution of the amount of damage that can nucle-
ate (see Table 1 for the material parameters, and Osovski et al., 2015; Morgeneyer
et al., 2016; Srivastava et al., 2017, for related studies). The nucleation sites are cir-
cular in shape with an initial radius of Rp/Le, where Le is the edge length of the
initially square-shaped finite elements used in the fracture process zone (see Section 3
for the details on the finite element model). The damage-related micro-structure is
created such that no nucleation sites overlap for Rp/Le ≤ 9 nor can they intersect the
boundaries of the cross-section (for all values of Rp/Le). A low background porosity,
homogeneously distributed, is moreover allowed to nucleate in the domain surrounding
the discrete nucleation sites (also governed by the Gurson model, see Section 3) to
allow the discrete nucleation sites to grow, interact and coalesce. Both types of nucle-
ating voids are governed by strain-controlled nucleation (see Section 3). In this way,
the model set-up allows the size, Rp/Le (with Rp/Le ∈ [3, 6, 9, 15, 18]), the number,
Np (with Np ∈ [10, 25, 50, 75, 100]), and the distribution of second phase particles to
enter the prediction of the cohesive zone parameters suited for tearing of thin plates.
All combinations of the damage-related micro-structure parameters are considered for
three realizations of the random distribution of discrete nucleation sites. Throughout,
the plate material is assumed to be non-porous initially before the deformation and
with the mechanical properties summarized in Table 1.

2.2. Cohesive traction-separation relation

The material separation process, here governed by the micro-mechanics leading to fail-
ure, is typically implemented into a cohesive element through a traction-separation
relation when dealing with large-scale shell element based models. In the case of plate
tearing, the traction-separation relation holds the information about the separation
after the peak force is attained and material softening is initiated, covering extensive
thinning, secondary localization, and complete loss of load-carrying capacity (fracture).
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The adopted 2D modeling framework allows approximating this response by extracting
the force-displacement curves for the cross-section considered. By relating the simula-
tion response to a tri-linear traction-separation relation it is possible to identify: i) the
peak force (Fpeak), i.e. the maximum force reached for the cross-section. This essentially
coincides with the prediction of the Considère criterion (see the discussion in Nielsen
and Hutchinson, 2012). To facilitate a comparison basis between the various material
configurations under investigation in this study, it was chosen to extract the peak force
at ∆x2/H0 = N , with N being the strain hardening exponent in the matrix material
(the Considère strain). The choice was made due to difficulties in determining the peak
force from a nearly flat response curve subject to minor fluctuations. ii) The point of
secondary localization (Fsec.loc., ∆sec.loc.) is considered where the cross-section shows a
great loss in load-carrying capacity. This is quantified as the point where the slope on
the normalized curves takes the value of ≤ −12 (a value estimated to match all cal-
culations performed), and both the force and separation is recorded at that point. iii)
The cohesive energy (Γ0) is determined as the area underneath the force-displacement
curve extracted for the cross-section. It is worth to mention that these key parameters
unambiguously define the tri-linear cohesive relation. The tri-linear relation, thereby,
starts out with a nearly vertical inlet from zero traction and zero separation until the
peak force is reached, with almost zero separation. The inlet is followed by a linear part
that connects the peak force to the point of the secondary localization, after which the
force drops to zero at some final separation set by the cohesive energy (see Fig. 2).

3. Material and finite element model

3.1. Gurson material model

The material in the fracture process zone of the 2D cross-section is assumed to be gov-
erned by the Gurson-Tvergaard-Needleman (GTN) material model. The yield surface
for the GTN material model is as follows:

Φ =

(
σe
σM

)2

+ 2q1f
∗ cosh

(
3q2

2

σm
σM

)
− (1 + q3(f ∗)2) = 0

where σe =
√

3sijsij/2 is the effective macroscopic von Mises stress with sij being
the deviatoric part of the Cauchy stress tensor, σM is the instantaneous yield stress
of the fully dense matrix material, σm = σkk/3 is the mean stress, f ∗ is the effective
void volume fraction, and q1, q2, and q3 are fitting parameters introduced by Tvergaard
(1981). The effective void volume fraction, f ∗, takes into account the coalescence crite-
rion based on a critical void volume fraction, fC , and a final void volume fraction, fF .
When f = fC is reached, the effective void volume fraction accelerates in the following
manner:

f ∗ =

{
f , for f ≤ fC

fC + f̄F−fC
fF−fC

(f − fC) , for f > fC

with f̄F = (q1 +
√
q2

1 − q3)/q3, which reduces to f̄F = 1/q1 when q3 = q2
1.

The total void volume fraction, f , evolves due to contributions from nucleation and
growth of voids: ḟ = ḟnucl + ḟgrowth. Nucleation of voids is strain-controlled such that
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ḟnucl is given as:

ḟnucl =
fN

sN
√

2π
exp


−1

2

(
εplM − εN
sN

)2

 ε̇plM

where εplM is the microscopic equivalent plastic strain in the matrix material, εN is the
microscopic mean strain for nucleation, sN is the standard deviation, and fN is the
void volume fraction that can potentially nucleate. The void growth contribution is
controlled by the change in plastic strains following: ḟgrowth = (1− f)ε̇plkk.

The matrix material follows the uni-axial stress-strain behavior:

σ =




Eε for ε < ε0

σ0

(
ε
ε0

)N
for ε ≥ ε0

where E is the Young’s modulus, ε0 the initial yield strain, and N the strain hardening
exponent. All material parameter values are listed in Table 1.

3.2. Finite element model

The finite element model is generated in Abaqus/Explicit and is schematically shown in
Fig. 1(b). The element type chosen to discretize the fracture process zone is the bilinear
element type CPE4R with four nodes, reduced integration, governed by the assumption
of plane strain. The fracture process zone in the middle of the 2D cross-section consists
of initially square-shaped elements with an edge length of Le/W0 = 1/800 in the
undeformed configuration (along the x1-direction). The top and bottom regions, where
the material is governed by J2 flow theory, are discretized freely (i.e. by using both
quadrilateral CPE4R and three-node linear CPE3 elements; see ABAQUS (2016) for
detailed element properties) to increase the element size from the finely meshed fracture
process zone towards the top and bottom boundaries. The finite element simulations
are carried out in a dynamic framework but the loading is assumed to be quasi-static
by controlling the deformation rate and ensuring the kinetic energy to be much lower
than 10 % of the total energy in the system. The CPU time for each simulation is less
than 24 hours when performed on four central processing units in parallel on an HP
Z420 workstation.

4. Results: Cohesive zone parameters

Figure 3 depicts the force-displacement curves for a wide span of plate materials with
very different configurations of the damage-related micro-structure. The displacement
is the total elongation of the 2D cross-section normalized with the height H0, and the
force is calculated as the sum of the nodal forces, along x2, on the top boundary (

∑n
i Fi)

normalized with the initial yield stress and the initial surface area in the x1x3-plane
(see Fig. 1). In one end of the spectrum of materials investigated here is the case with a
few small nucleation sites (Np = 10 and Rp/Le = 3) that withstands severe plastic de-
formation even after the peak force is attained (yielding a large cohesive energy), while
a material with little to none ductility, due to strong interactions between many large
nucleation sites, stands in the other end (Np = 100 and Rp/Le = 18). Between these two
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extremes is a well of configurations that display intermediate ductility where the micro-
mechanics governing localization and failure cannot be tied to a specific mechanism (see
discussion in Tekog̃lu and Nielsen, 2019). The distinct shift in the force-displacement
curves signals that a strong dependency exists on the damage-related micro-structure
and the implications for the cohesive traction-separation relation await to be revealed.
A first glimpse of the dependency is presented in Fig. 4 where the fracture morphology
is shown for the three plates whose stress-strain curves are depicted in Fig. 3. The
fracture morphology varies significantly between the different configurations of the size
and number of the nucleation sites. The procedure outlined in Section 2.2 is pursued
in the following to extract knowledge on the key parameters for the cohesive traction-
separation relation when dealing with heterogeneous nucleation events during plate
tearing.

4.1. The peak force

Figure 5 shows the peak force for a fixed size of the nucleation sites versus the number of
sites (Fig. 5(a)) and for a fixed number of sites versus size (Fig. 5(b)). It is clear that the
mean peak force is essentially unaffected by the discrete event of void nucleation and the
largest drop in the peak force is on the order of 0.2% between the various material con-
figurations. The lack of variation is due to the interaction of nucleation sites being tied
to the plastic straining that follows from the post-localization deformation (thinning),
while the material largely responds as if it was homogeneous prior to the thinning (also
justifying the modeling assumption in Section 2). In fact, comparing the model pre-
diction to that of the Considère condition for a non-porous homogeneous cross-section

subject to plane strain tension, given by; Tmax/σy = 2/
√

3
(
2NE/(

√
3σy)

)N
exp−N ,

yields nearly coinciding predictions. The difference is on the order of 0.1% (based on
the average value predicted), with the numerical model predicting higher values. This
deviation is assigned to small inertia effects associated with the use of an explicit dy-
namic formulation. Nonetheless, it is seen from Fig. 5 that the mean peak force drops
as the number of nucleation sites increases while keeping the size of the nucleation
site fixed and that the same holds when increasing the size while keeping the number
of sites fixed. The largest drop in mean peak force is predicted in the cases of many
large nucleation sites. Three realizations for the random distribution are considered
for each micro-structure configuration (giving a total of 75 simulations), allowing both
a mean and a standard deviation for the model predictions to enter into the results
(see Fig. 5). Despite the standard deviation being of substantial dispersion for the
largest nucleation sites considered, the results in Fig. 5 clearly demonstrates statisti-
cal evidence for a lower peak force when either increasing the number or size of the
nucleation sites.

4.2. The cohesive energy

The trend for the cohesive energy is much more pronounced when compared to that of
the peak force predictions as the model shows a significant drop in the mean energy,
going into material separation, when increasing either the number or size of the nu-
cleation sites. For example, the mean cohesive energy drops from Γ0/(σyW0) ≈ 0.258
to 0.035, when increasing the number of sites from 10 to 100, while keeping the size
constant at Rp/Le = 18 (the largest sites considered). The rather low cohesive energy
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predicted for such large nucleation sites is tied to an early interaction between sites
which allows localization across the entire cross-section to take place shortly after the
peak force is attained. As seen in Fig. 4(c), this results in a limited thinning of the
plate. Tekog̃lu and Nielsen (2019) categorized the interaction between the individual
void nucleation sites into three different mechanisms: I local ±45◦ shear bands near
the void nucleation sites interact to form a global localization, II new shear bands are

created through “void sheeting” where neighboring voids interact, and III neighboring
void nucleation sites merge by internal necking of the ligament connecting them. The
predicted drop in the mean cohesive energy is associated with the shift from failure
by mechanism II to failure by mechanism I . The void sheeting mechanism (mecha-

nism II ) is prevailing in the case of a few large nucleation sites, which leads to a slant
fracture at an angle lower than 45◦, whereas mechanism I sets in when the number
of nucleation sites is large, allowing existing 45◦ local shear band that emanate from
the individual sites to coalesce and form global localization at an angle of 45◦ across
the entire plate thickness (see Fig. 4(c) and Fig. 9 in Tekog̃lu and Nielsen, 2019). Con-
sistent slant fracture is predicted for all realizations of the random distribution with
large nucleation sites, which, in turn, results in the rather narrow interval of confidence
(using 3σ with σ being the standard deviation) seen in Fig. 6(a). In contrast, the inter-
val of confidence is somewhat larger for the case of small nucleation sites (Rp/Le = 3).
This has to do with the fracture surface morphology being much less well-defined and
with, essentially, all of the three mechanisms identified by Tekog̃lu and Nielsen (2019)
coming into play. In these cases, the linking of nucleation sites requires pronounced
thinning of the plate, yielding a higher mean cohesive energy due to severe plastic de-
formation when the crack opens. It is important to emphasize that for this case where
Rp/Le = 3, despite that the mean cohesive energy displays a drop for an increasing
number of nucleation sites, the interval of confidence is too wide to form a statistical
basis for a general conclusion.

Keeping a fixed number of nucleation sites and increasing their size (see Fig. 6(b))
also yield a consistent drop in the mean cohesive energy within the parameter interval
considered. This is despite overlapping intervals of confidence (using 3σ). Thus, a plate
material with a few small nucleation sites displays the highest mean cohesive energy,
while the energy is the lowest in the case of many large sites. Recall that this shift in
the mean cohesive energy is tied strongly to the thinning of the plate prior to fracture
and, thus, the strain hardening capacity - also discussed in Nielsen and Hutchinson
(2012) for homogeneous porous plate materials. The change in the plate thinning is
realized by consulting Fig. 11 in Tekog̃lu and Nielsen (2019). In fact, a shift in the
failure mechanism clearly occurs when increasing the size of the nucleation site while
keeping the distribution and number of sites fixed. Small nucleation sites give rise to

severe thinning and failure by a mixture of mechanisms I through III , while large

sites primarily link up by mechanism I . For an intermediate size of the nucleation
sites a mixture of mechanisms I and II is obtained. In addition, comparable energy
levels are observed when consulting the predicted level for the mean cohesive energy
in Fig. 6 to that of the homogeneous porous plate material considered in Nielsen and
Hutchinson (2012). A direct comparison between the two studies, however, should be
made with care as the damage in the fracture process zone is very different. The highest
value for the cohesive energy in Fig. 6 is predicted for the case with; Rp/Le = 3 and
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Np = 10, which is slightly higher than for the homogeneous porous material in Nielsen
and Hutchinson (2012). However, the general decrease in energy level, when accounting
for nucleation sites, underlines that great care must be taken for plate materials that
either diverge from a homogeneous initial configuration (e.g. in thin plates) or are prone
to significant discrete nucleation events.

4.3. Secondary localization and loss of load carrying capacity

The displacement at the onset of the secondary localization, where the material rapidly
loses its load-carrying capacity, is reported in Fig. 7. The displacement at this point
displays a similar dependency on the damage-related micro-structure as the cohesive
energy. This is not surprising as the area under the force-displacement curve, which
defines the cohesive energy, is strongly related to the displacement at the secondary lo-
calization. Despite the somewhat large standard deviations, especially for the smallest
nucleation sites, the displacement at the onset of the secondary localization increases
for the diminishing size of the nucleation sites – for all cases considered – as this leads
to higher ductility, severe diffuse thinning, and postponed secondary localization. Es-
sentially, smaller particles give rise to a higher overall strain hardening capacity. On
the other hand, the case with many large sites shows a low overall strain hardening
capacity with secondary localization and rupture shortly after the peak force is at-
tained. The force level at the onset of the secondary localization is depicted in Fig. 8
and it is found to be much less influenced by the damage-related micro-structure. The
interval of confidence is wide for nearly all configurations, but the tendency is that the
force drops with decreasing size of the nucleation sites (see Fig. 8(a)). In fact, the shift
in ductility with respect to changes to the damage-related micro-structure is clearly
brought out in Fig. 8. There exists a threshold on the number of sites (this is dependent
on the size of the nucleation sites) where the force at the secondary localization essen-
tially takes the value of the peak force attained at the primary localization set by the
plate thinning. Thus, the secondary localization occurs simultaneously with, or shortly
after, the primary localization (a related discussion on microscopic versus macroscopic
localization can be found in Tekog̃lu et al., 2015; Tekog̃lu and Nielsen, 2019).

The fairly large dispersion in the predictions for the force at the onset of the sec-
ondary localization, when considering different random distributions, is highlighted by
Fig. 9. Here showing the curves for three realizations of randomly distributed nucle-
ation sites when Rp/Le = 3 and Np = 100. A close-up of the load-displacement curves
reveals fluctuations in the curve at the point (automatically) identified with the onset
of the secondary localization (see also Section 2.2).

5. Concluding remarks

The relation between the configuration of the damage-related micro-structure and the
parameters going into a cohesive traction-separation relation is brought out and a link is
created between the underlying micro-mechanics and the otherwise phenomenological
parameters. Plate materials with randomly distributed discrete void nucleation sites,
of various sizes and numbers, have been analyzed and the main results of the analyses
are summarized below.

(i) The peak force is nearly unaffected by changes to the number and size of the dis-
crete nucleation sites as well as their distribution (see Fig. 5). In fact, the model
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predictions for the heterogeneous material agree closely with similar calculations
for a homogeneous porous plate material considered in Nielsen and Hutchinson
(2012) and the peak force may be approximated by the Considère criterion for
plane strain tension. The peak force predicted for the various heterogeneous ma-
terials all display low standard deviations yielding a firm statistical basis for this
conclusion.

(ii) The cohesive energy is demonstrated to depend highly on both the number and
size of the discrete nucleation sites. An increase in either one causes a decrease in
the mean cohesive energy which, in turn, leads to the reduction in overall strain
hardening capacity of the plate. Large nucleation sites and/or a great number
of nucleation sites induce a macroscopic through-thickness shear band, yielding
limited ductility. On the other hand, small nucleation sites and/or a small number
of nucleation sites give severe thinning of the plate section and high cohesive
energy. Despite partially overlapping interval of statistical confidence, the trends
are clear from Fig. 6.

(iii) The onset of secondary localization, in terms of the displacement, follows the
trend for the cohesive energy and displays a substantial drop when increasing the
number and/or size of the nucleation sites (see Fig. 7). On the other hand, the
force at the secondary localization shows only a minor decrease when compared to
the peak force. Moreover, one key observation is that there exists a threshold on
the number of sites (depending on their size) for which the secondary localization
occurs simultaneously with, or shortly after, the primary localization as reported
in Fig. 8 (see also Tekog̃lu et al., 2015, for a related discussion).

A rather large dispersion on the standard deviation is observed for the cohesive
energy and an attempt to reduce this dispersion has been made by including additional
realizations. By including two more realizations, giving a total of five, for Rp/Le = 6
and for all values of Np did, however, not give the desired reduction. The study is
therefore presented with three realizations for each material configuration.

Nielsen and Hutchinson (2012) separated the cohesive energy into a part coming
from the diffuse thinning and a part related to the secondary localization. Such dis-
tinction between energies has not been possible for the current setup as the point of
final separation displays a large standard deviation (Fig. 3 indicates this large scatter).
Nonetheless, the study clearly demonstrates that the parameters going into the cohesive
traction-separation relation require to be tuned as the damage-related micro-structure
diverges from a homogeneous configuration.
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Table 1: Material properties

Parameters Notation Value
Density ρ 2700 kg/m3

Young’s modulus E 70 GPa
Poisson’s ratio ν 0.3
Yield stress σ0 300 MPa
Strain hardening exponent N 0.1
Gurson fitting parameters q1, q2, q3 1.5, 1.0, 2.25
Initial void volume fraction of void nucleating particles fns

N , fm
N 8 · 10−3, 1 · 10−5

Mean strain for nucleation εnsN , εmN 1 · 10−2

Standard deviation for mean strain snsN , smN (1/3) · 10−2

Critical void volume fraction fns
C , fm

C 1 · 10−2

Final void volume fraction fns
F , fm

F 5 · 10−2
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Figure 1: (a) Schematic of the plate tearing process with different locations of the 2D plane strain
cross-sections. (b) One realization of a plate with Np = 50 and Rp/Le = 15. The fracture process
zone with discrete nucleation sites, highlighted in blue, has the height of h0/W0 = 2 and the height
of the total domain is H0/W0 = 4. Prescribed boundary conditions are applied at the top/bottom
boundaries. The left upper and lower nodes are constrained in the x1-direction to prevent the two
parts from moving freely after separation.
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Figure 2: Cohesive energy is defined from peak force to fracture (left figure). This is transferred to
a cohesive traction-separation relation (right figure) controlling the behavior of the cohesive element.
Here, T is traction and δ is separation. The appearance of the relation is governed by the peak force,
Fpeak, and cohesive energy, Γ0.

Figure 3: Representative normalized force-displacement curves for various values of number (Np) and
size (Rp/Le) of void nucleation sites.
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Figure 4: Fracture surface morphology for three parameter sets corresponding to the ones shown in
Fig. 3: (a) Np = 10, Rp/Le = 3, (b) Np = 50, Rp/Le = 6, and (c) Np = 100, Rp/Le = 18.

16



(a)

(b)

Figure 5: Peak force as a function of (a) number (Np) and (b) size (Rp/Le) of void nucleation sites.
The interval of confidence shown is 3σ, with the standard deviation being σ. The Considère force for
a corresponding, non-porous, homogeneous cross-section is: FConsidère/(σyA0) = 1.452.
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(a)

(b)

Figure 6: Cohesive energy as a function of (a) number (Np) and (b) size (Rp/Le) of void nucleation
sites. The interval of confidence shown is 3σ, with the standard deviation being σ.
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(a)

(b)

Figure 7: Strain at secondary localization as a function of (a) number (Np) and (b) size (Rp/Le) of
void nucleation sites. The interval of confidence shown is 3σ, with the standard deviation being σ.
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(a)

(b)

Figure 8: Force at secondary localization as a function of (a) number (Np) and (b) size (Rp/Le) of
void nucleation sites. The interval of confidence shown is 3σ, with the standard deviation being σ. The
Considère force for a corresponding, non-porous, homogeneous cross-section is: FConsidère/(σyA0) =
1.452.
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Figure 9: Zoom in on the overall response approaching fracture where the asterisks denote the onset
of secondary localization according to the procedure employed. Model parameter set here is Np = 100
and Rp/Le = 3.
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Abstract

The objective of this paper is to investigate the ductile fracture behavior of thin
metal plates under nominally plane strain conditions, with an emphasis on the differ-
ences between far-field plane strain tension and plane strain bending. Recent experi-
mental results show that the fracture strain obtained using far-field plane strain tension
tests is significantly lower than that obtained under plane strain bending conditions.
Investigating the source of these differences is of critical importance for multiple indus-
tries since it affects formability, crashworthiness and ductile failure of thin metal plates.
The present work provides critical insights into this issue based on the results of a de-
tailed numerical investigation of both tests to failure, using the micro-mechanics based
Gurson material model. The numerical simulations reveal many similarities between
plane strain bending and far-field plane strain tension until the onset of localization.
In the far-field plane strain tension case, after Considére thinning, a through-thickness
shear localization occurs, followed by a micro-crack formation in the center of the
plate. This is accompanied by an increase of the stress triaxiality well above the nom-
inal plane strain tension level (i.e., ∼0.57 for thin plates). In contrast, the absence of
thinning in plane strain bending yields a stress triaxiality that equals nominal plane
strain tension, which results in a significantly lower void growth rate (in reference to
far-field plane strain tension). A surface instability (undulations) eventually forms on
the tension side of the plate in plane strain bending, followed by multiple shear bands.
The crack initiates inside the dominant shear band and propagates from the surface
into the plate. These differences in the localization mechanisms and local stress states
are responsible for the difference in the macroscopic fracture strain obtained under
far-field plane strain tension and plane strain bending.

Keywords: Plane strain failure, Gurson model, Fracture strain

1. Introduction

Ductile fracture of thin metal plates in tension has been investigated in great detail over
the past several decades. While many challenges remain, the fundamental mechanisms
of localization and fracture in tension are fairly well understood. This is in contrast
to the corresponding mechanisms occurring in bending of thin metal plates, which

URL: rgra@mek.dtu.dk (R.G. Andersen)



received limited attention. The most obvious differences between tension and bending
arise due to a state of uniform stress in the tension case (prior to localization), while
stress reversal through the thickness is present in the bending case. Lack of stress
uniformity in bending is consequential for localization, since the compression side of
the plate constraints the deformation of the tension side. This leads to a very different
fracture behavior of plates in bending in reference to tension. In a recent experimental
study, Butcher and Dykeman (2017) showed that the strain at fracture measured using
a far-field plane strain tensile specimen is significantly lower than the fracture strain
obtained using plane strain bending tests. This observation is consistent across multiple
investigated structural alloys. Understanding this difference in the fracture strain, and
specifically the underlying mechanics, is the main objective of this paper.

The present work builds on a prior investigation by Woelke et al. (2018), where
J2 plasticity was used to represent the material in order to investigate the stress state
in thin plates under far-field plane strain tension versus plane strain bending. This
previous work focused primarily on the through-thickness necking in the far-field plane
strain tensile specimen and demonstrated the lack of local thinning in the plane strain
bending case. Development of shear bands and subsequent fracture were not inves-
tigated since that would require a more advanced constitutive model. In the present
paper, the aim is to provide such detailed insight by employing the micro-mechanics
based Gurson-Tvergaard-Needleman (GTN) material. The GTN model takes into ac-
count the complexity of the fracture process (from crack initiation where voids grow and
coalesce to micro-crack formation) as well as the stress triaxiality dependence. Since
hydrostatic tension drives void growth (see e.g. Gurson, 1977; Tvergaard, 1981; Koplik
and Needleman, 1988), a difference in the stress triaxiality history in the far-field plane
strain tension versus plane strain bending contributes to the difference in the fracture
strain. Thus, the GTN model is well-suited to address the problem investigated in this
paper.

It is important to note that the differences in ductile fracture behavior of thin plates
under far-field plane strain tension versus plane strain bending are particularly relevant
for large-scale industrial problems. The global efforts to reduce emissions and improve
the efficiency of multiple transportation systems (e.g., road and rail vehicles, aircraft)
have generated a need for significant improvements in material technology used in the
construction of these systems. A particular emphasis has been placed on the strength-
to-weight ratio, as well as ductility and predictability of large-scale structural responses
under extreme loading conditions (Mohr and Ebnoether, 2009; Woelke and Abboud,
2012; Woelke et al., 2015; Omer et al., 2017; Pack et al., 2018). The three-dimensional
meshes of solid elements required when adopting the GTN model are computationally
prohibitive for such problems and using shell elements is the only practical approach to
predict material and structural behavior (Andersen et al., 2019). The main problem is
that shell elements cannot capture through-thickness necking and associated evolution
in the local stress state. Thus, shell elements cannot resolve the differences between
fracture in bending versus tension, as discussed by Stoughton and Yoon (2011); Roth
and Mohr (2016); Pack and Mohr (2017). Most recently, Woelke (2020) proposed a sim-
plification of the GTN model for plane stress problems as well as a detailed calibration
procedure for shell elements. In the work by Woelke (2020), the strain tensor has been
split into membrane contribution and curvatures, which allows accounting for different
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damage accumulation rates under bending versus tension, without resolving the details
of necking. Another interesting approach was proposed by Costas et al. (2019) where
a regularization procedure has been used to address the bending-tension discrepancies.
Both Costas et al. (2019) and Woelke (2020) suggest that the shell element size reg-
ularization, which is necessary in tension to account for mesh-dependence, should not
be used in bending since the latter case does not involve through-thickness necking.
These conclusions are based on analyses that do not attempt to explicitly capture the
effects of shear localization in bending. The current work, however, provides additional
details about the entire deformation process including shear localization immediately
preceding fracture and its effects on the characteristic length dependence in bending.
This will be discussed in greater detail in the following sections of the paper.

The paper is structured as follows. Section 2 outlines the problem, introducing
the two test cases and briefly goes through the 2D plane strain model setup. The
material model and finite element framework are introduced in Section 3, and Section 4
presents the findings from the numerical analyses. Details on the local conditions
governing failure under plane strain bending are laid out and a special localization
phenomenon is discussed. A comparison to the far-field plane strain tension test is
presented. Concluding remarks are given in Section 5.

2. Problem formulation

2.1. Plane strain bending case

The plane strain bending case, illustrated in Fig. 1 (following ISO 7438:2016, E), is of
primary interest in this work. The test setup consists of a thin plate (the test speci-
men) of length L along the y-axis and thickness t along the z-axis in the undeformed
configuration. The plate dimension along the x-direction is assumed sufficiently large
such that a plane strain assumption is valid. A rigid punch having a tip radius Rp

is located above the plate at y = 0 and, moreover, two rigid rollers with radius Rr

are located on the side opposite to the punch. The half distance between the rollers
is denoted lr and is determined from the plate thickness (2lr = 2Rp + 3t) such that
the plate and the punch cannot jam between the two rollers. Friction between the
punch/rollers and the plate is accounted for with a rolling coefficient of friction of
µfr = 0.02. This represents contact between non-sliding steel rollers and the plate, and
allows fully locking all degrees of freedom for the rollers. A prescribed displacement of
the punch in the negative z-direction mimics the experiment and the friction between
the parts prohibits rigid body translations of the plate along the y-axis (only relevant
at low bending angles). Table 1 summarizes the model parameters for the plane strain
bending case.

2.2. Far-field plane strain tension case

The far-field plane strain tension case can be investigated using a double-edge notched
tension (DENT) tests (see Fig. 2). The DENT specimen geometry confines the plastic
deformation of the specimen to the region between the two notches. The dimension
of the specimen is such that, once the plastic flow initiates between the notches, the
material is subject to a constraint along the x-axis resulting in approximately plane
strain conditions (i.e., the total strain along the x-axis is approximately zero). This
allows approximating the deformation of the center ligament (i.e., x = 0) with a 2D
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plane strain model. Therefore, a 2D plane strain cross-section of thickness, t, and
length, L, is considered with the tensile load applied to the ends of the domain (y =
±L/2, see Fig. 2) through nodal displacements. Rigid body translation in the z-
direction is prevented by fixing a single finite element node at both ends of the domain
(i.e., y = ±L/2, see Fig. 2). The length, L, in the y-direction of the 2D section is
chosen to be sufficiently large (the length to thickness ratio exceeds 7 (L/t ≈ 7.1)) to
include the through-thickness necking (plane strain necking), shear localization, and
fracture related to ductile tearing (see discussion in Nielsen and Hutchinson, 2012;
Andersen et al., 2018). The model parameters for the far-field plane strain tension
case are collected in Table 2.

2.3. Defining a macroscopic fracture strain

To demonstrate the influence of the local stress-strain history at the crack initiation
site in the two considered tests, a gage length measure of the macroscopic fracture
strain is defined as ∆LG/L

0
G, as shown in Fig. 3a for the far-field plane strain tension

case and in Fig. 3b for the plane strain bending case. This definition of the macroscopic
fracture strain is adopted from experimental procedures (see Cheong et al., 2018) and
constitutes a measure of the average maximum elongation of the “material fiber” along
the y-path. The region covered by the gage length corresponds to the region between
the grips of a physical extensometer. If digital image correlation is used, the above
gage length definition corresponds to the virtual gage length.

The gage length-dependence of macroscopic fracture strains is an important con-
sideration for both experimental material characterization and ductile fracture simula-
tion. Thus, it is important to note, that for the two cases considered here, i.e., far-field
plane strain tension and plane strain bending tests, the gage length effects on fracture
strain are not directly comparable. This is because the state of stress and deforma-
tion inside the gage length is different in the two tests, even before localization. The
pre-localization stress-strain field is uniform in the far-field plane strain tension test,
whereas in the plane strain bending test, the stress varies from a maximum directly
under the punch (maximum bending moment) to zero at the supports. In addition, the
localization mechanisms in the two investigated cases are very different, which further
complicates the issues, as will be discussed more thoroughly in Section 4.

3. Micro-mechanics based finite element model

3.1. Constitutive relations

The Gurson-Tvergaard-Needleman (GTN) material model is employed in the simula-
tions to describe the material damage evolution by void growth to coalescence during
plastic deformation. This modeling approach is chosen to understand the interplay of
micro-mechanics and localization phenomenon (or the absence of such) when damage
evolves. The uni-axial true stress-logarithmic strain relation for the undamaged matrix
material is assumed to follow a power-law hardening relation:

σ =




Eε for ε < ε0

σ0

(
ε
ε0

)N
for ε0 ≤ ε
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where ε is the logarithmic strain, σ is the true stress, σ0 is the initial yield stress with ε0
as the corresponding yield strain, E is Young’s modulus, and N is the strain hardening
exponent. The GTN model yield surface takes the form:

Φ =
σ2
e

σ2
M

+ 2q1f
∗ cosh

(
3q2
2

σm
σM

)
−
(
1 + q3 (f ∗)2

)

where σe =
√

3sijsij/2 is the macroscopic effective stress in the material with sij as
the deviatoric stress tensor, σM is the microscopic stress in the undamaged matrix
material, and σm = σkk/3 is the mean stress. Here, Einstein’s summation rule applies.
The fitting parameters introduced by Tvergaard (1981) are q1, q2, and q3, whereas f ∗

is the effective void volume fraction taking into account void coalescence formulated
by Tvergaard and Needleman (1984) as:

f ∗ =

{
f , for f ≤ fC

fC +
f∗
U−fC

fF−fC
(f − fC) , for f > fC

where fC and fF are the critical and final void volume fraction, respectively, while
f ∗
U = (q1+

√
q21 − q3)/q3 reduces to f ∗

U = 1/q1 for q3 = q21 (see discussions in Tvergaard,
1990; Dassault Systèmes Simulia Corp, 2016). All material parameters are listed in
Tab. 3. Void nucleation is, for simplicity, not taken into account in this work.

3.2. Finite element formulation
All simulations are carried out using the commercial finite element software Abaqus/Explicit
(2016) in a quasi-static manner by ensuring that the ratio of kinetic energy to internal
energy is well below 10 % (see sec. 6.3.3 in Dassault Systèmes Simulia Corp, 2016).
Both the far-field plane strain tension model and the plane strain bending model are
built in a 2D setting, employing finite strains to allow for large deformations. Four-
node isoparametric plane strain elements with reduced integration (CPE4R) are used
in both models. A finely meshed area is introduced through the entire thickness of the
plate in the region where fracture is expected, while the element size increases closer
to the ends of the computational domain (away from the expected fracture region) to
limit the computational cost. This allows the element size, Le = t/128, to scale roughly
with the dominant void spacing (see Besson et al., 2003) and ensure a sufficiently high
resolution of the fracture surfaces. The contact conditions in the plane strain bending
case, however, sets a requirement on a maximum element size to ensure a smooth out-
put. This discretization approach leads to 33,603 elements in the far-field plane strain
tension model and 36,409 elements in the plane strain bending model. The punch and
the rollers for the plane strain bending case are modeled as rigid analytical surfaces,
since they are much stiffer than the test specimen (the plate). Hard normal contact
is introduced between the punch and the plate as well as between the rollers and the
plate, allowing separation, but not penetration. Additionally, frictional contact with a
rolling friction coefficient, µfr, is used for the tangential direction (using the penalty
approach). The model and material parameters are summarized in Tabs. 1-3.

In both the tension and the bending case, displacements are prescribed to the
appropriate finite element nodes using the smooth amplitude function available in
Abaqus/Explicit. The amplitude function ensures a slowly increasing acceleration and
deceleration of the applied boundary conditions avoiding dynamic effects such as stress
waves traveling through the plate.
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3.3. Material properties

The material parameters used in the GTN material model simulations are collected
in Tab. 3. These parameters represent a ductile medium-strength steel. The strain
hardening exponent, N , and the initial void volume fraction, f0, are subject to a
parameter study as they directly influence the localization phenomenon that governs
ductile failure under far-field plane strain tension. The chosen values for the parameter
study are N = [0.05, 0.1, 0.2] and f0 = [0.005, 0.01, 0.015, 0.02]. All combinations of
N and f0 have been investigated, but only the most relevant subset of the results is
discussed in detail in the following sections. The values for the fitting parameters q1,
q2, and q3 as well as the critical and final void volume fraction (fC and fF , respectively)
are typical values for medium-strength metals (see Tab. 3 and Tvergaard, 1990; Nielsen
and Hutchinson, 2012; Xue et al., 2013).

4. Results

The material considered here (parameters given in Tab. 3) has been analyzed in a
number of published studies on ductile failure. The material displays sufficient ductility
for failure not to occur in the plane strain bending case, unless a relatively high initial
void volume fraction, f0, and/or relatively low strain hardening exponent, N , are used.
Thus, this section focuses on three combinations of initial void volume fraction and
strain hardening exponent that all result in complete failure in the plane strain bending
simulations.

4.1. Overall macroscopic response: far-field plane strain tension versus plane strain
bending

The macroscopic response for far-field plane strain tension is depicted in Fig. 4a. The
engineering stress is calculated as the total force in the y-direction acting on the top
boundary divided by the initial surface area (in the xz-plane). The engineering strain
is calculated as the total elongation of the specimen divided by the initial length, L (see
also Nielsen and Hutchinson, 2012; Andersen et al., 2018). At peak load, Considére
localization and local thinning initiate leading to a gradual reduction of the load-
carrying capacity. Upon further loading, shear localization develops inside the thinning
region, followed by fracture and a complete loss of the load-carrying capacity. An
increase in the initial void volume fraction results in a slightly lower peak load and a
significant decrease of the fracture strain. Conversely, increasing the strain hardening
exponent delays the Considére localization, which leads to a significant increase in both
the peak load and the fracture strain. In absence of the inertia effects (the quasi-static
analysis), the overall response and the details of yielding, Considére necking and shear
localization are dependent only on the material properties.

Figure 4b presents the macroscopic response for the plane strain bending case where
the punch force is converted into an equivalent bending moment and plotted as a
function of the bending angle given by (according to ISO 7438:2016 (E))

α = 2 arcsin

(
pc+ w(∆z,punch − c)
p2 + (∆z,punch − c)2

)
180

π
with





p = Rr + lr
c = Rp +Rr + t

w =
√
p2 + (∆z,punch − c)2 − c2

(1)
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While the analytical representation of the bending angle, α, gives a good basis for
comparison, it diverges somewhat from the values obtained through the detailed sim-
ulations. This divergence is dependent on the material parameters. Nevertheless, the
analytical bending angle, α, provides a conservative measure and will be used for com-
parison purposes. As in the far-field plane strain tension case, the macroscopic response
for the plane strain bending case shows significant ductility. The plate first experiences
yielding at the outer layers (tension at the bottom and compression at the top) with
the plasticity progressing steadily towards the center of the plate upon further loading.
This progressive plastic yielding through the thickness, along with the normal stress
reversal, sets the bending test apart from the far-field plane strain tension test.

A gradual reduction of the load-carrying capacity is observed after the peak bending
moment is reached, followed by final failure. Increasing the initial void volume fraction
results in a slight drop in the peak bending moment, as shown in Fig. 4b. Conversely,
the peak bending moment increases significantly when the strain hardening exponent
is increased. This is similar to the far-field plane strain tension case. However, in the
plane strain bending case, the peak bending moment (i.e., peak load) is reached when
the reaction force experienced by the rollers in the y-direction exceeds the corresponding
reaction force in the z-direction (see Fig. 1). Thus, the peak bending moment depends
on both material properties and the overall geometry of the test specimen and test
fixture. Similarly, the “softening” predicted after the peak is also dependent on both
the material properties and the test geometry (friction also plays a role). This is
expected, since the roller diameter determines the active beam span, which has a
significant effect on the peak moment and overall response.

4.2. Investigation of stresses and strains along-the-length (y-path) and through-thickness
(z-path)

A detailed analysis of the deformation and the stress history is conducted to investigate
the fundamental differences in the mechanics of the two different tests. Two paths - one
along the y-axis (y-path) and one along the z-axis (z-path) - are defined in each spec-
imen along which the stress triaxiality and the equivalent plastic strain are extracted
for comparison. The two perpendicular paths (in the undeformed configuration) are
illustrated in Fig. 3. For the plane strain bending case, the z-path is located directly
under the punch (at y = 0) and the y-path is located along the “material fiber” on the
tension side of the plate (row of elements at z/t ≈ −0.5) where fracture initiates. For
the far-field plane strain tension case, the z-path is located in the middle of the necking
region (at y = 0), and the y-path is in the center of the plate (at z/t ≈ 0). Four different
stages of deformation, determined by the maximum equivalent plastic strain along the
y-path, are extracted from both tests in order to track the stress-strain history in the
“material fiber” where fracture initiates. These four stages of deformation are marked
on the force-displacement and bending moment-bending angle curves, respectively, in
Fig. 4. For clarity, only data for a strain hardening exponent of N = 0.05 and an
initial void volume fraction of f0 = 0.02 is considered. While details differ, the overall
conclusions are the same for all other values of N and f0.

The evolution in the stress triaxiality and the plastic straining for the far-field
plane strain tension case is summarized in Fig. 5. The deformation of the plate is
homogeneous at an earlier stage of the loading (illustrated by the stages at εPeff/ε0 ≤
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10). Upon loading (i.e., εPeff/ε0 > 10), a Considére localization sets in and a through-
thickness neck develops. The material outside the neck constrains the deformation
inside the neck in the through-thickness direction, which causes an increase in the
through-thickness normal stress. This, in turn, increases the stress triaxiality to a level
significantly above that of plane strain tension (TPlane strain = 1/

√
3) (illustrated by the

stages at εPeff/ε0 ≥ 100). This is also tied to the evolution of plastic straining. The
equivalent plastic strain develops homogeneously until the onset of localization (and
thinning). Further loading causes localization of plastic straining into a narrow shear
band immediately in the center of the plate, followed by final failure (εPeff/ε0 ≥ 100).
It is important to note that failure initiates in the middle of the plate, within the shear
band, where the stress triaxiality level is substantially higher than the nominal plane
strain tension level for a thin plate (TPlane strain = 1/

√
3).

The evolution in the stress triaxiality and the plastic straining for plane strain
bending is fundamentally different than that of the far-field plane strain tension case.
This is evident from Fig. 6, where the plane strain bending values are depicted along the
y- and z-path, respectively, for the same four deformation stages (controlled by εPeff ).
At first, all points along the “material fiber” on the tension side of the plate (y-path)
experience essentially the same deformation, whereas the through-thickness variation
in the stress triaxiality is determined by the normal stress reversal between tension and
compression. At this stage, the neutral axis remains roughly in the middle of the plate
and the stress triaxiality at the compression side is primarily driven by the contact
between the punch and the plate. As bending progresses, the stress triaxiality remains
nearly constant, and equal to that of plane strain tension (TPlane strain = 1/

√
3 for thin

plates) along the y-path while the neutral axis shifts towards the compression side (also
reported by Triantafyllidis et al., 1982). The stress triaxiality level in the region where
fracture initiates hardly changes throughout the entire bending deformation to failure.
This is due to absence of the Considére localization and its consequences observed for
the far-field plane strain tension case (i.e., constraint of the plastic flow and rise of stress
triaxiality). Only a slight drop in the stress triaxiality is predicted immediately before
failure, while the equivalent plastic strain increases at extreme fibers on both the tension
and the compression side (compression side triaxiality is driven primarily by the punch
contact). At the final stage of the bending test, prior to fracture, local fluctuations in
the equivalent plastic strain are predicted along the y-path at the outermost surface on
the tension side. These fluctuations, also visible in the displacement field, constitute a
surface instability that allows localization of the plastic flow into shear bands (Fig. 7a).
This behavior is consistent with experimental observations (see Fig. 7b and Kaupper
and Merklein, 2013; Dykeman, 2019) and the phenomenon is investigated in detail in
the following section.

4.3. Localization and surface instability in plane strain bending

In order to understand the mechanisms leading to shear localization and crack initi-
ation during plane strain bending, the tension side of the deformed plate is analyzed
for the variation in local curvature (see Figs. 7a and 8). Only the region corresponding
to −1 ≤ y/t ≤ 1 in the undeformed configuration (the finely meshed area in Fig. 7a)
is considered. Figure 8 shows the evolution of the curvature at four stages of the
deformation (also highlighted in Fig. 4b) and for a material configuration with low
strain hardening (N = 0.05) and high initial void volume fraction (f0 = 0.02). At
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the early stages of deformation, the curvature remains nearly constant on the tension
side (the center section). However, the curvature becomes nonuniform as the bend-
ing test progresses. At εPeff/ε0 ≥ 100, the model predictions show that the surface
curvature in the mid-section stops evolving and maintains a nearly constant level (see
Fig. 8a). This apparent “flattening” of the mid-section on the tension side has also
been observed in experiments (see also Kaupper and Merklein, 2013; Woelke et al.,
2018; Dykeman, 2019). However, the curvature variation in the final deformation stage
(i.e. εPeff/ε0 = 200) indicates that the middle section only appears flat in reference to
the sections of the plate that are outside the middle section (i.e., > 0.2t away from
the center in both directions). Thus, the uniform deformation in the mid-section is
effectively interrupted, which causes a gradual reduction of the tensile stresses along
the material fiber (i.e., y-direction) and in the plane strain direction (i.e. x-direction).
The ratio between these two stress components remains constant, as shown in Fig. 8b,
which keeps the stress triaxiality at approximately the plane strain tension level, while
additional straining develops as the test progresses. At the final stage, a surface insta-
bility develops (appearing as surface undulations or wrinkles) inside the region where
the curvature has stopped from evolving. This is seen as waves in the curvature when
εPeff/ε0 ≥ 200. The wavelength is on the order of ∼ 0.08t and corresponds to 8-10
elements (largely stretched at this deformation). The specific pattern of these instabil-
ities as well as their wavelength are dependent on the material properties. Eventually,
a number of shear bands develop (see Fig. 7a) and the localization into one of these
bands leads to crack initiation and growth as observed in the experiments (see Kaupper
and Merklein, 2013; Dykeman, 2019, and Fig. 9d).

A similar surface instability was investigated by Hutchinson and Tvergaard (1980),
who analyzed this phenomenon using a J2 deformation theory, a corner theory, and
a smooth J2 plasticity surface with isotropic hardening. Interestingly, simulating the
plate deformation using a smooth J2 plasticity surface with isotropic hardening has
not produced any surface instabilities, while a surface with a corner captures the phe-
nomenon quite well (as did the J2 deformation theory). This suggests that the smooth
J2 surface with associated plasticity results in the material response that is “too stiff”
to predict the surface instabilities. The GTN model used in this study accounts for ma-
terial softening, which makes it well suited to predict the surface instabilities, similarly
to the corner or deformation theory.

4.4. The effect of imperfections in plane strain bending

As discussed in the previous section, model predictions show multiple shear bands de-
veloping in the mid-section with symmetric distribution with respect to the center of
the plate, i.e., y = 0 (see Fig. 7a). Fracture of the plate usually occurs when one of
these bands becomes dominant. In simulations of a perfect plate, the dominant shear
band is determined by numerical precision, which suggests a strong dependency on
imperfections. This can be investigated by introducing a single band acting as imper-
fection with increased initial void volume fraction in reference to material outside the
imperfection (f0,imp = f0+∆f0, where ∆f0 = [0, 0.001, 0.01, 0.05, 0.1]f0 is investigated).
In the finite element model, the imperfection band is two elements wide, extending ap-
proximately t/6 into the plate, and angled at 45◦ relative to the surface on the tension
side. The imperfection band terminates inside the specimen at y ≈ 0 (see Fig. 9a). The
imperfection only acts to trigger the localization and, thus, fracture initiates outside
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the imperfection band in all the simulations. Figures 9b and 9c compare the frac-
ture surfaces without and with an imperfection (∆f0 = 0.01f0), respectively. At the
same level of punch displacement, ∆z,punch, the crack in the plate with imperfection
is noticeably longer than in the imperfection-free plate. Consequently, the imperfec-
tion causes a noticeable reduction of the critical bending angle, at which a precipitous
drop in the load-carrying capacity initiates, as shown in Fig. 10a. Incremental increase
of the severity of the imperfection results in a clear shift in the curves, with gradual
reduction of the critical bending angle. However, for all considered cases, the peak
moment (and the maximum load-carrying capacity) is not affected, even at the most
significant imperfection, i.e., ∆f0 = 0.1f0. The critical bending angle can be related to
the overall ductility of the plate (for a given test configuration, i.e. bending span, etc.),
which suggests that a similar dependence on the imperfection level must be expected
for the material ductility. Macroscopic fracture strain calculated using different gage
lengths for all considered imperfection levels is given in Fig. 10b. The gage length is
introduced along the y-path (see Section 2.3), as shown in Fig. 3b. As expected, the
fracture strain gradually decreases with increasing imperfection level. Moreover, the
sensitivity to imperfections is greatest for the smallest gage length, which is related to
nonuniform deformation following the bending localization phenomenon discussed in
the previous Section 4.3.

The effect of imperfections highlights the importance of controlling the surface
roughness in the manufacturing process, especially for structural components designed
to sustain significant plastic deformation before fracture in bending. This can be
illustrated by close examination of the deformed 22MnB5 boron steel plate given in
Fig. 7b (used here for qualitative comparison purposes). Aluminum-silicon coating is
typically used to prevent oxidation and decarburization of the 22MnB5 boron steel
during hot forming. The coating, visible in light color on the tensile side of the plate
in Fig. 7b, cracks during the bending deformation, which usually occurs long before
any cracks in the steel. These coating cracks are likely sufficient to introduce surface
imperfections that can act as a trigger for the surface instability (see Section 4.3) and
fracture.

4.5. Fracture strain predictions: far-field plane strain tension versus plane strain bend-
ing

The macroscopic fracture strain is calculated for both tests, i.e., far-field plane strain
tension and plane strain bending, using a range of gage lengths, L0

G, defined in Sec-
tion 2.3. Three different combinations of material parameters are selected with the
strain hardening exponentN = [0.05, 0.1] and initial void volume fraction f0 = [0.015, 0.02],
as shown in Fig. 11. The models are again imperfection-free. As previously discussed,
the macroscopic fracture strain is defined as the elongation of the gage length, LG,
until the void volume fraction reaches the final level, fmax = fF . As an aside, the cor-
responding macroscopic strain at the onset of void coalescence (at fmax = fC) has also
been investigated, but its values basically coincide with the macroscopic fracture strain
for all considered cases. Thus, only the fracture strain values are plotted in Fig. 11.

The results show that the macroscopic fracture strain for plane strain bending is
significantly higher than in the case of far-field plane strain tension. This is true for
all considered material configurations and gage lengths, which is consistent with ex-
perimental observations (Butcher and Dykeman, 2017). Moreover, while the difference
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in fracture strain increases as the gage length reduces, the ratio between the fracture
strains for the two tests is approximately constant across the entire interval of gage
lengths considered. The differences in fracture strain and the dependency on the gage
length are caused primarily by the differences in the localization phenomena and the
stress state in these two tests, as discussed in Sections 4.2 and 4.3. Since the through-
thickness Considére neck is absent in plane strain bending, while prominent in far-field
plane strain tension, the crack nucleation sites in the two tests are subject to very differ-
ent stress triaxiality levels. This results in large differences in the local fracture strains
as well as differences in the gage length dependency, as shown in Fig. 11. Bearing in
mind the macroscopic fracture strain is an average value over a region with large spa-
tial variations in the stress-strain history, the value obtained with smaller gage lengths
approach the local fracture strain at the crack initiation site.

It is important to note that the issue of gage length-dependence complicates both
the comparison and the use of the measured fracture strains in predictive modeling. As
previously discussed, a common gage length is difficult to achieve for the two considered
tests. This is because the pre-localization strain field is uniform in the far-field plane
strain tension test, whereas in the plane strain bending case, the y-direction stress
and strain vary from a maximum directly under the punch to zero at the supports.
This is especially important for relatively large gage lengths, i.e., exceeding the plate
thickness. In addition, the plane strain tension localization region covers roughly 1-2
plate thicknesses, and fracture typically initiates in the center of the plate (i.e., not
on the surface). In contrast, in plane strain bending, the localization initiates on the
surface and covers the region that is a fraction of the plate thickness. This highlights
the importance of the gage length effects for both tension and bending and indicates
that further work in this area is necessary.

5. Summary and conclusions

Ductile fracture behavior of thin metal plates under plane strain bending versus far-
field plane strain tension is investigated in this paper. The study is motivated by recent
experimental observations, which show that the fracture strain of thin metal plates in
plane strain bending is significantly higher than in far-field plane strain tension (Pack
and Mohr, 2017; Butcher and Dykeman, 2017; Woelke et al., 2018). Despite the im-
portance of this problem for multiple industries, the underlying mechanics that govern
this behavior have not previously been investigated.

In this work, detailed Gurson model simulations are performed for both test condi-
tions, with the focus on the difference in the localization phenomena and ductile frac-
ture. The far-field plane strain tension case displays the well-known through-thickness
Considére thinning and constrained plastic flow localization. This causes an increase
of the stress triaxiality inside the neck (in reference to the pre-thinning stage) to levels
far exceeding the nominal plane strain tension state (for thin plates). This results
in an accelerated void growth inside the thinning region. Eventually, a shear band
develops in the center of the plate followed by fracture initiation. This process is
well understood, and the current investigation merely emphasizes the key points to
contrast with the plane strain bending behavior. In the plane strain bending case,
no through-thickness necking occurs, which prevents development of any appreciable
through-thickness stresses. Consequently, the stress triaxiality remains approximately
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at the nominal plane strain tension level (for thin plates) throughout the deformation
process. At the final stage, a surface instability develops appearing as surface undula-
tions or waves within the mid-section on the tension side. This then leads to multiple
shear bands initiating from the surface, followed by crack initiation and growth within
the dominant shear band. The surface crack subsequently propagates towards the
center of the plate (in the thickness direction). The final stage of the deformation
process as well as fracture propagation show significant sensitivity to material and geo-
metric imperfections. These differences in the localization mechanisms and associated
local stress states, occurring under the far-field plane strain tension versus plane strain
bending, are the key factors responsible for the experimentally observed differences in
fracture strain (both local and macroscopic).

Other important findings and conclusions of this study and their practical implica-
tions are as follows:

• The surface instability that precedes shear band formation on the tension side
in plane strain bending could be used in sheet metal forming applications as a
predictor of the forming limit (also noted by Hutchinson and Tvergaard, 1980).
This is analogous to the existing tensile forming limits, which are typically used
for both tension and bending operations. Since the localization mechanisms and
fracture are clearly different in the two loading cases, tailored forming limits for
bending operations could potentially result in significant material savings.

• The deformation capacity after the onset of instability in bending is relatively
small in comparison to tension (i.e., small safety margin). Thus, accurate pre-
diction is particularly important for determining the bending limit. The current
work (in conjunction with Woelke et al. (2018) and the work of Hutchinson and
Tvergaard, 1980) shows that surface instabilities that occur in bending cannot be
predicted with a smooth plasticity surface and isotropic hardening. A softening
model, such as the GTN model used here, corner theory, or deformation theory
of plasticity are necessary.

• The surface instabilities increase the imperfection sensitivity of the response in
bending, which highlights the importance of the manufacturing process and con-
trolling the surface roughness of critical components. This is also relevant for
non-structural protective coatings that can crack before the protected metal com-
ponent. In such case, the protective coating can introduce local surface imper-
fections that trigger the instability and subsequent localization, leading to lower
ductility (a smaller critical bending angle) and premature fracture.

• The differences in the localization phenomena occurring under far-field plane
strain tension versus plane strain bending make it difficult to directly compare
the fracture strain measurements or gage length dependence for these two loading
conditions. Additionally, plane strain bending localization immediately precedes
fracture with minimal amount of remaining deformation capacity. Thus, captur-
ing the actual bending localization experimentally as well as its influence on the
measured fracture strain is likely difficult.

The challenges outlined above are consequential for both experimental mechanics
and material characterization, as well as for predictive modeling. This is especially rel-
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evant for simplified modeling approaches based on shell mechanics, where phenomeno-
logical treatment of the differences between plane strain bending versus far-field plane
strain tension is necessary. Clearly, further work is needed to address these challenges.
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Tables

Table 1: Model parameters for the plane strain bending case.

Parameters Notation Value
Length of plate L 60 mm
Plate thickness t 1.4 mm
Punch radius Rp 0.43 mm
Roller radius Rr 20 mm
Distance between rollers 2lr 5.06 mm
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Table 2: Model parameters for the far-field plane strain tension case.

Parameters Notation Value
Length of plate section L 10 mm
Plate thickness t 1.4 mm

Table 3: Material parameters.

Parameters Notation Value
Density ρ 7850 kg/m3

Young’s modulus E 210 GPa
Poisson’s ratio ν 0.3
Yield stress σ0 630 MPa
Strain hardening exponent N [0.05, 0.1, 0.2]
Gurson fitting parameters q1, q2, q3 1.5, 1.0, 2.25
Initial void volume fraction f0 [0.005, 0.01, 0.015, 0.02]
Critical void volume fraction fC 0.15
Final void volume fraction fF 0.25
Friction coefficient µfr 0.02
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Figure 1: Schematic of the plane strain bending test with punch radius, Rp, roller radius, Rr, distance
between rollers, 2lr, length of the plate, L, and thickness of the plate, t. The global xy-coordinates lie
in the plane of the plate and the z-axis coincides with the through-thickness normal of the undeformed
plate. All model parameters are listed in Tab. 1.
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Figure 2: Schematic of the far-field plane strain tension test. Only the highlighted 2D section with
length, L, and thickness, t, located between the notches is considered in the numerical simulations (see
also Nielsen and Hutchinson, 2012). All model parameters are listed in Tab. 2.
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(a) (b)

Figure 3: Schematic of the gage lengths in the interval L0
G/t = [0.25, 0.5, 1, 1.5, 2]. Representing (a)

far-field plane strain tension, and (b) plane strain bending. The top figures show the undeformed
configurations and the bottom figures show the deformed configurations. Also shown is the y-path
and the z-path along which data are extracted for comparison in Section 4.2.
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(a)

(b)

Figure 4: (a) Normalized force-displacement curve for the far-field plane strain tension test with ∆y

being the applied deformation on the plate section, and (b) normalized bending moment-bending
angle curve for the plane strain bending test with α being the bending angle defined in Eq. (1). The
figures show the response for the material parameters treated in Section 4 (and outlined in Tab. 3).
The asterisks highlight when fmax = fC .
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Figure 5: Variation in the stress triaxiality, T , and the effective plastic strain, εPeff , at different stages
of the deformation for the far-field plane strain tension case (see also Fig. 4a). The top figure shows
the along-the-length variation (along the y-path), and the bottom figure shows the through-thickness
variation (along the z-path). All curves have been extracted for N = 0.05 and f0 = 0.02.
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Figure 6: Variation in the stress triaxiality, T , and the effective plastic strain, εPeff , at different stages
of the deformation for the plane strain bending case (see Fig. 4b). The top figure shows the along-the-
length variation (along the y-path), and bottom figure shows the through-thickness variation (along
the z-path). All curves have been extracted for N = 0.05 and f0 = 0.02.
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(a)

(b)

Figure 7: (a) Contour plot of the equivalent plastic strain at a late stage of deformation during
plane strain bending. Surface instabilities on the tension side are predicted by the Gurson model
simulations and multiple shear bands develop. (b) Experimental surface instabilities of a 22MnB5
boron steel coated with an aluminum-silicon coating (Dykeman, 2019).
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(a)

(b)

Figure 8: (a) Plane strain bending curvature, κ, (calculated as the so-called Menger curvature) of the
tension side for N = 0.05 and f0 = 0.02 at different stages in the deformation history (see Fig. 4b).
(b) The three major stress components along the coordinate axes at the material point on the tension
side directly opposite to the punch, here depicted as a function of the equivalent plastic strain.
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(a)

(b)

(c)

(d)

Figure 9: Illustration of (a) the embedded imperfection band being two elements wide (t/64) and
extending approximately t/6 into the plate from the surface. The tip of the band is located at y ≈ 0
and the band is oriented at an angle ψimperf = 45◦ relative to the free surface of the plate. (b)-(c)
Shows fracture in the plane strain bending test the same ∆z,punch, without and with an embedded
imperfection with magnitude ∆f0 = 0.01f0, respectively. The material parameter set employed is
N = 0.05 and f0 = 0.02. (d) Shows an experimentally obtained crack growth in a 22MnB5 boron
steel (Dykeman, 2019) for a qualitative comparison.
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(a)

(b)

Figure 10: (a) Normalized bending moment-bending angle curves for the plane strain bending test
with an imperfection of magnitude; ∆f0 = [0, 0.001, 0.01, 0.05, 0.1]f0, embedded on the tension side of
the plate (see Fig. 9a). (b) Macroscopic fracture strain for different gage lengths, L0

G, and for the five
imperfection magnitudes considered. The material parameter set employed is N = 0.05 and f0 = 0.02.
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(a)

(b)

Figure 11: Macroscopic fracture strain for both tests as a function of the gage length, L0
G, (see Fig. 3)

for the material parameter sets presented in Fig. 4 (following the same line style). (a) Presents the
variation in fracture strain of going from N = 0.05 to N = 0.1 for a fixed f0 = 0.02 and (b) from
f0 = 0.015 to f0 = 0.02 for a fixed N = 0.05.
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