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Wind turbine wakes in directionally varying wind shears

Mahdi Abkar, Fernando Porté-Agel and Jens N. Sørensen

Abstract In the atmospheric boundary layer, the Coriolis force associated with the Earth’s rotation 
induces a spanwise wind shear in addition to the wall-normal one leading to a continuous change 
in wind direction with height. The spanwise wind shear in directionally sheared inflow has a signif-
icant impact on the formation and development of wind-turbine wakes. The present work aims to 
provide an analytical framework for predicting wind-turbine wakes in directionally varying wind 
shears.

1 Introduction

In the atmospheric boundary layer, the Coriolis force associated with the Earth’s rotation induces 
a spanwise wind shear in addition to the wall-normal one leading to a continuous change in wind 
direction with height. The spanwise wind shear in directionally sheared inflow h as b een shown 
to have a significant impact on t he formation and development of wind-turbine wakes [1–6]. In 
particular, it causes a skewed spatial structure in the wake downwind of the turbine and significantly 
affects the operation of the waked wind turbines [7, 8].

In the present work, we aim to provide an analytical framework for wake-flow prediction in direc-
tionally varying wind shears. Two sets of wake models are presented. The first approach generalizes 
the well-known Jensen wake model [9] by assuming a skewed top-hat shape for the wake down-
wind of the turbine. The second approach extends the Bastankhah and Porté-Agel wake model [10] 
by considering a skewed Gaussian-like shape for the velocity defect [11]. We use large-eddy sim-
ulation (LES) data of the wind-turbine wake in the conventionally neutral regime to evaluate the 
presented wake models. The rest of the chapter is organized as follows. In Sect. 2, a summary of 
the LES setup are provided followed by the key simulation results. The analytical wake models are 
described and assessed in Sect. 3. Finally, a summary is given in Sect. 4.

https://link.springer.com/chapter/10.1007/978-3-030-22196-6_49
au586809
Highlight
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2 Large-Eddy Simulation

The LES code used here solves the filtered mass conservation and momentum equations and the
filtered heat equation. The governing equations include buoyancy and the Coriolis effects. The
turbine effect are accounted via the standard actuator-disk approach, and the scale-dependent dy-
namic approach with the Lagrangian averaging scheme is utilized for the subgrid-scale modeling.
The reader can refer to [12–16] for a detailed description of the numerical code.

The inflow condition is generated by simulating a conventionally neutral boundary layer (i.e.,
a neutrally stratified boundary layer capped by a stably stratified free atmosphere [17]) over a
flat terrain. Note that, as shown in previous studies [18–20], the free-atmosphere stratification and
the capping inversion significantly affect the structure of the boundary layer and, consequently, the
development of wake flow behind wind turbines. The boundary layer is driven with a 8 m/s uniform
geostrophic wind. The Coriolis parameter is set to 1.39×10−4 rad/s, the potential laps rate in the
free atmosphere is 10 K/km, and the aerodynamic surface roughness is 0.1 m. A horizontal-axis
wind turbine with a hub height (zh) of 70 m, a rotor diameter (D) of 80 m and a thrust coefficient of
0.75, is immersed in the flow. The domain is 24D×12D×5.9375D in the streamwise (x), spanwise
(y), and wall-normal (z) directions, respectively, and it is divided uniformly into 192× 96× 96
computational nodes. The wall shear stress is specified according to the Monin-Obukhov similarity
theory [21], and the wall heat flux is set to zero. The mean wind speed is forced to be aligned with
the turbine axes using a wind-direction controller proposed in [22]. The total simulation time is 9
hours. The instantaneous turbulent fields during the last hour are used in the wake-flow simulation.

The time-averaged horizontal wind speed and wind direction profiles obtained from the precursor
simulation are shown in Fig.1. The inflow has a mean hub-height velocity of Uh ≈ 6.3 m/s with a
total turbulence intensity of about 6.7%. Figure 2 illustrates the two-dimensional field of the mean
velocity defect (∆U =Uin−U), normalized by Uh, at different cross-sectional planes downstream.
Here, Uin is the incoming wind in the x-direction. In addition to the recovery of the wake with
downwind distance, the skewness of the wake, as a result of the spanwise wind shear, can be
visually acknowledged in this figure.

Fig. 1 Time-averaged profiles of the streamwise (U) and spanwise (V ) velocity (a) and wind direction (b) in the conventionally neutral
regime. The horizontal dotted lines show the rotor extent.

Next, we use the LES data, for the first time, to explore the footprint of the spanwise wind shear
on the spatial distribution of the most energetic modes. In this regard, we apply the proper orthogo-
nal decomposition (POD) on the instantaneous velocity deficit field at the y− z plane downwind of
the turbine as, ∆uN(t,y,z)/Uh = ∑

N
j=1 a j(t)φ j(y,z), where the number of snapshots is denoted by
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Fig. 2 Normalized velocity defect contours (obtained from the LES) at different cross-sectional planes downstream. The turbine location is
shown with a black circle.

N, φ j(y,z) are the spatial modes, and a j(t) are the time-dependant weighting coefficients. Figure 3
show the spatial modes at x/D = 5 downwind of the turbine. As can be understood from this figure,
the vertical wind veer induces a skewed structure not only on the velocity deficit field, but also on
the spatial distribution of the most energetic modes. This is an important finding which can be used
in stochastic modeling of wake flow based on POD analysis similar to the one introduced in [23].

Fig. 3 Time-averaged field and POD modes of the normalized velocity defect at 5D downstream. From left to the right: mode 1 (time-
averaged field), mode 2, mode 3 and mode 4.

3 Analytical Wake Models

Figure 4a illustrates a sketch of the skewed wake in directionally varying wind shears. As discussed
in [11], the spanwise wake displacement can be approximated as

∆ywake ≈Vin∆ t where ∆ t ≈ x/Uin⇒ ∆ywake ≈ x Vin/Uin = x tan(αin), (1)

where the mean spanwise velocity is denoted by Vin, ∆ t is the airflow travel time from the turbine to
the position x downstream, and αin represents the incoming wind direction. The normalized velocity
defect at each x downstream can be described using the skewed version of the previously mentioned
top-hat and Gaussian-like wake models [9, 10]. The skewed top-hat wake model, including the
effect of spanwise wind shear, can be written as

∆U
Uh

=

{
2a/(1+ kwx/D)2 if

[
(y− x tan(αin))

2 +(z− zh)
2]≤ (D/2+ kwx)2,

0 for the other locations,
(2)
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where the expansion rate of the wake is denoted by kw, and a represents the axial induction factor
which can be estimated using the one-dimensional momentum theory as a=(1−

√
1− ct)/2, where

ct denotes the thrust coefficient of the turbine. In a similar way, the wake velocity deficit can be
represented via the skewed Gaussian-like wake model [11] as

∆U
Uh

=
∆Umax

Uh
× exp

(
−1

2

[(
y− x tan(αin)

k∗x+ εD

)2

+

(
z− zh

k∗x+ εD

)2
])

,

∆Umax

Uh
=

(
1−
√

1− ct

8(k∗x/D+ ε)2

)
,

(3)

where k∗ represents the wake expansion rate, and ε = 0.2
√

(1+
√

1− ct)/(2
√

1− ct) [10]. Note
that the analytical formula for the maximum velocity defect in (3) is based upon the self-similar
behaviour of the wake. Hence, close to the turbine, where the full self similarity is not achieved,
it might diverge. In order to address this issue, we use the one-dimensional momentum theory and
assume that ∆Umax/Uh cannot be greater that 2a and, consequently, its magnitude is set to 2a in the
near-wake region [11]. In this study, we adopt kw ≈ 0.04 and k∗ ≈ 0.027 that fit the data best.

Figure 4b describes the variations of the maximum velocity defect, normalized by Uh, obtained
from the analytical models and the LES simulation. As can be acknowledged, there is an excellent
agreement between the Gaussian-like wake model and LES data, while the top-hat wake model
underpredicts the normalized maximum velocity deficit downstream.

Fig. 4 (a) Sketch of the skewed wake [11]. The green arrows correspond to the spanwise velocity. (b) Maximum velocity defect (normalized
by Uh) as a function of the downwind location.

In Fig. 5, the mean fields of the normalized velocity defect predicted by the two wake models at
different y− z planes downstream are shown. A more detailed comparison between the analytical
models and the LES results are also given in Fig. 6. As can be seen, there is an acceptable agreement
between the low-order wake models and the LES results in wake flow prediction. Specifically, both
models are able to capture the wake skewing associated with the spanwise wind shear. However, the
skewed Gaussian-like wake model provides a more accurate prediction for the spatial distribution
of the wake compared to the skewed top-hat model.
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Fig. 5 Same as Fig. 2 but obtained from the skewed top-hat model (top) and the skewed Gaussian-like model (bottom).

Fig. 6 Velocity defect profiles (normalized by Uh) in the wall-normal (left) and the spanwise (right) directions through the turbine center
downstream. LES data (◦), the skewed top-hat model (−·), and the skewed Gaussian-like model (−).

4 Summary

We proposed two types of analytical wake models to predict wind-turbine wakes in directionally
varying wind shears. While both models satisfy the mass continuity and the momentum conser-
vation, the first model assumes a skewed top-hat distribution and the second approach considers
a skewed Gaussian-like shape for the wake velocity defect downstream. In order to evaluate the
analytical models, we used the simulation data obtained from the LES of the conventionally neu-
tral boundary layer through a wind turbine. It is shown that both models can capture the wake
skewing induced by the spanwise wind shear. However, the skewed Gaussian-like model provides
more accurate results in predicting the wake velocity defect (both the magnitude and the spatial
distribution) compared to the skewed top-hat counterpart. Note that the proposed models can be
implemented in the available numerical codes used for optimization and control purposes under
veering inflow conditions [24].

Acknowledgements This paper benefited from comments by Dr. Majid Bastankhah.
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4. M. Abkar, F. Porté-Agel, Phys. Rev. Fluids 1, 063701 (2016)
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