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The irregular interannual variations observed in the Greenland ice sheet (GrIS) mass balance can be 
interpreted as stochastic. These variations often have large amplitudes, and, if not accounted for correctly 
in the mass change model parameterization, could have profound impacts on the estimate of the secular 
trend and acceleration. Here we propose a new mass trajectory model that includes both the conventional 
deterministic components and a stochastic component. This new model simultaneously estimates the 
secular rate and acceleration, seasonal components, and the stochastic component of mass changes. 
Simulations show that this new model improves estimates of model parameters, especially accelerations, 
over the conventional model without stochastic component. Using this new model, we estimate an 
acceleration of −1.6 ± 1.3 Gt/yr2 in mass change (minus means mass loss) for 2003-2017 using the 
Gravity Recovery and Climate Experiment (GRACE) data and an acceleration of −1.1 ± 1.3 Gt/yr2 using 
the modeled surface mass balance plus observed ice discharge. The corresponding rates are estimated 
to be −288.2 ± 12.7 Gt/yr and −274.9 ± 13.0 Gt/yr. The greatest discrepancies between the new and 
the conventional model parameter determinations are found in the acceleration estimates, −1.6 Gt/yr2

vs. −7.5 Gt/yr2 from the GRACE data. The estimated accelerations using the new method are apparently 
smaller than those estimated by other studies in terms of mass loss. Our quantitative analysis elucidates 
that the acceleration estimate using the conventional method is the lower bound (i.e., −7.5 Gt/yr2 for 
2003–2017) while the acceleration estimated by the new method lies in the middle of the possible 
ranges. It is also found that these discrepancies between the new and the conventional methods diminish 
with sufficiently long (>20 yr) observation records.

© 2020 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/).
1. Introduction

The Greenland ice sheet (GrIS) loses its ice mass through runoff 
of meltwater and ice discharge processes from the ice sheet to the 
ocean. Both processes have increased over the past two decades 
and have resulted in accelerated ice mass loss (Hanna et al., 2013; 
Velicogna et al., 2014; Khan et al., 2015; Seo et al., 2015; King et 
al., 2018; Aschwanden et al., 2019; Bevis et al., 2019). Ice loss from 
the GrIS has become one of the largest contributors to sea level 
rise (Cazenave and Remy, 2011; Shepherd et al., 2012; Jacob et al., 
2012; Chen et al., 2013; Andersen et al., 2015). This acceleration 
in GrIS ice mass loss was also accompanied by strong interannual 

* Corresponding author.
E-mail addresses: sggzb@whu.edu.cn (B. Zhang), liulin@cuhk.edu.hk (L. Liu), 

ybyao@whu.edu.cn (Y. Yao), tonie.vandam@uni.lu (T. van Dam), abbas@space.dtu.dk
(S. Abbas Khan).
https://doi.org/10.1016/j.epsl.2020.116518
0012-821X/© 2020 The Author(s). Published by Elsevier B.V. This is an open access artic
and seasonal variations (Velicogna et al., 2005; Chen et al., 2011; 
King et al., 2018; Zhang et al., 2019). The seasonal variations are 
much more regular than the interannual variations so that they are 
relatively straightforward to quantify and separate from the other 
components in the time series. However, the acceleration and the 
interannual variations that are associated with climate variability 
(Wouters et al., 2013; Seo et al., 2015; Bevis et al., 2019; Zhang 
et al., 2019) are not as predictable as the seasonal variations. In 
addition, the interannual variation can behave like an acceleration 
over certain time periods, which makes it more difficult to quan-
titatively separate the acceleration from the interannual variations. 
As a result, the acceleration will be incorrectly determined if the 
potential aliasing between the interannual variation and the accel-
eration is not given adequate consideration.

Greenland mass change is usually characterized by a mass tra-
jectory model consisting of a constant, a rate, an acceleration, and 
some periodic terms (e.g., Svendsen et al., 2013; Wouters et al., 
le under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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2013; Bevis et al., 2019). Some studies used a simpler model con-
sisting of only a constant, a rate and a quadratic term to describe 
Greenland mass changes (e.g., Velicogna, 2009; Seo et al., 2015). 
Many other studies have also used one of the above two mod-
els to estimate the rate and acceleration of Greenland mass loss 
(e.g., Rignot et al., 2011; Schrama and Wouters, 2011; Velicogna 
et al., 2014). However, significant differences exist between pub-
lished estimates of these rates and accelerations estimated from 
even the same Gravity Recovery and Climate Experiment (GRACE) 
data. Despite the differences in the time spans that were analyzed, 
a significant part of the discrepancies can be attributed to an im-
perfect understanding of the nature of Greenland mass change.

This is particularly evident in acceleration estimates of the GrIS 
mass loss. Based on GRACE data, Velicogna (2009) reported a rela-
tively large acceleration of −30 ± 11 Gt/yr2 for 2002–2009. Using 
only one more year of observations, Rignot et al. (2011) reported 
a much smaller acceleration of −17.0 ± 8 Gt/yr2 from April 2002 
to June 2010. Rignot et al. (2011) also reported an acceleration 
of −21.9 ± 1 Gt/yr2 for 1992–2009 based on the mass budget 
approach (modeled surface mass balance minus observed ice dis-
charge). Wouters et al. (2013) reported an acceleration of −25 ± 9 
Gt/yr2 for 2003–2012. Bevis et al. (2019) reported that Greenland 
ice mass had an acceleration of −27.7 ± 4.4 Gt/yr2 from 2003 to 
mid-2013 but decelerated after that. The deceleration after mid-
2013 was also pointed out by Ruan et al. (2019) and Zhang et 
al. (2019). After 2013, it is unclear whether the strong accelera-
tion in ice loss will persist into the future. Mouginot et al. (2019)
reconstructed the mass balance of the GrIS from 1972 to 2018 
and found that the acceleration in ice loss switched from positive 
in 2000–2010 to negative in 2010–2018 due to a series of cold 
summers. All these results suggest that the acceleration is highly 
variable and that we should exercise caution when extrapolating 
long-term trends from short-term records.

We share the opinion of Wouters et al. (2013) that ice sheet 
mass balance contains both a secular component and a stochastic 
component. The latter is related to stochastic behaviors of climate 
variability and can be large in amplitude (several hundred giga-
tonnes) (Lenaerts et al., 2019). Williams et al. (2014) found that 
correlated noise is present in GRACE-derived ice mass time series 
in Antarctica and pointed out this stochastic process is related to 
ice mass changes. Such strong stochastic variability in mass change 
can temporarily subdue or amplify any underlying secular signals, 
especially when the span of the observations is not sufficiently 
long to eliminate this influence. However, most of the previous 
studies did not give adequate consideration to the stochastic pro-
cess in ice mass change, which may result in inaccurate modeling 
of past mass change and inaccurate extrapolation of future mass 
change.

To improve our quantification of Greenland ice mass changes 
and to better understand the mass change process, this study 
proposes a new model to describe Greenland ice mass changes 
(including deterministic components and stochastic components). 
Using this new model, we improve the estimates of the secular 
mass changes from 2003 to 2017. We show that such improvement 
is important if one simply extrapolates the observation for future 
ice change. We also quantitatively assess the impacts of stochastic 
variations on estimating secular components.

2. Data and methods

2.1. Data used to estimate the Greenland ice mass changes

GRACE mascon solutions version 2 with the coastal resolution 
improvement filter (Wiese et al., 2016) from Jet Propulsion Labora-
tory are used to estimate the Greenland mass changes from 2003 
to 2017. The glacial isostatic adjustment (GIA) is removed using 
the model by A et al. (2013).

We also calculate the Greenland mass changes from Surface 
Mass Balance (SMB) and ice discharge (ID) data. The SMB model 
used is the regional climate model RACMO2.3p2 (Noël et al., 
2018). The RACMO2.3p2 provides 1 × 1 km monthly incremen-
tal SMB covering the whole GrIS and peripheral ice caps and 5.5 
× 5.5 km monthly cumulative precipitation, evapotranspiration, 
and runoff covering the surrounding tundra region. We obtain the 
RACMO2.3p2 SMB for the tundra covered regions by using pre-
cipitation minus ablation from evapotranspiration and runoff. We 
use the monthly ice discharge data (version b) over Greenland 
from Bamber et al. (2018a, 2018b). This new data set includes re-
sults from 1958 to 2016 by supplementing and extending Rignot 
et al. (2008) with a new data set that captures surface veloci-
ties at sub-annual temporal intervals for 195 outlet glaciers across 
Greenland. Ice thickness data are generally obtained from ice pen-
etrating radar data measurements. Ice discharge is the product of 
surface velocity and ice thickness along an outlet glacier flux gate. 
The error in ice discharge is conservatively estimated at 6% for 
years when ice thickness was observed (1992–2016) (Bamber et 
al., 2012). The sum of the SMB and ID gives the total mass change 
over Greenland.

2.2. A new model for describing temporal changes of Greenland ice mass

The conventional model used to describe Greenland ice mass 
changes usually consists of a constant, a rate, an acceleration, and 
four seasonal (annual and semi-annual) terms. However, this con-
ventional model does not take into account the interannual varia-
tions in Greenland ice mass, a contribution that has been proven 
to play an important role in Greenland mass change processes and 
impacts the estimation of secular rates and accelerations (Wouters 
et al., 2013; Zhang et al., 2019). Therefore, the conventional model 
is limited in its ability to describe the Greenland mass changes.

Since the interannual variations are not regular and behave 
more like a stochastic process, we therefore cannot use determinis-
tic functions to describe them. Here, we improve the conventional 
model by introducing a stochastic term to describe the interannual 
variations. Such a model is called augmented stochastic model in 
Blewitt (1998) and equivalent to the conventional model plus a 
stochastic term and can be mathematically described as

m(t) = a0 + a1t + a2t2

Secular

+ a3 sin(2πt) + a4 cos(2πt) + a5 sin(4πt) + a6 cos(4πt) + ξs + ξw

Seasonal Interannual

(1)

where m is the mass; t is the time in years; a0, a1, a2, a3, a4, a5, 
a6 are the coefficients for the deterministic components that are 
invariable with t; ξs describes the irregular interannual variations 
and changes with t; and ξw is the noise that obeys a normal dis-
tribution when the mass change is correctly modeled. Using this 
new model, we can not only estimate the trend, seasonal and in-
terannual variations simultaneously but also assess the impacts of 
interannual variations on the estimates of other parameters. For 
simplicity, we refer to this model as the new model hereafter.

We use a First-Order Gauss-Markov (FOGM) process (equivalent 
to autoregressive AR(1) noise) to describe the interannual varia-
tions (ξs). The spectrum of an FOGM process is controlled by a 
variance (σ 2

f ogm) for the overall power and by a correlation time, 
τ , for the transition from flat to the decreasing power. As τ ap-
proaches zero, an FOGM process degrades into a white noise pro-
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Fig. 1. Misfit RMS obtained by using different FOGM correlation time and variances. Red circles indicate that the fitting residuals are normally distributed tested by the 
Jarque-Bera test and Lilliefors test with a 95% confidence level. The white cross marks the point at (4000 Gt2, 180 days). The sampling intervals for correlation time and 
variance are 30 days and 100 Gt2. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)
cess. When τ approaches infinity, an FOGM process becomes a 
random-walk. Therefore, an FOGM process can describe stochas-
tic processes ranging from white noise to random-walk noise.

Practically, the FOGM process can be easily implemented in a 
Kalman Filter (KF) (Ji and Herring, 2013). In the KF model, a0, a1, 
a2, a3, a4, a5, a6 are constant, the state transition for ξs is denoted 
by ϕ f ogm

k and the filter process noise variance is denoted by q f ogm
k . 

They are related to the FOGM parameters τ and σ 2
f ogm by the Yule-

Walker equations:

ϕ
f ogm

k = exp(−�tk/τ ) (2)

q f ogm
k = σ 2

f ogm(1 − exp(−2�tk/τ )) (3)

where �tk = tk+1 − tk , k orders the observations. We follow Ji and 
Herring (2013) to use a forward-backward KF to solve Eq. (1). Be-
fore running this KF model, we use a 2-D grid search technique to 
search for the FOGM parameters (Ji and Herring, 2013). In this KF 
approach, two criteria are used: one is the least squares criterion 
and the other is the maximum likelihood criterion. Therefore, this 
approach belongs to the maximum likelihood estimation method. 
Additional technical details about the determination of the opti-
mized FOGM parameters and the KF model can be found in Ji and 
Herring (2013).

2.3. Determination of the FOGM parameters

When using the 2-D grid search technique (Ji and Herring, 
2013) to search for the FOGM parameters, we have difficulty find-
ing the global minimum of the misfit Root Mean Square (RMS). We 
attribute this to the short time span of the GRACE observations and 
the aliasing between the quadratic trend and the stochastic pro-
cess. Fig. 1 shows the misfit RMS when different FOGM variances 
and correlation time are used. We identify the misfit RMSs that 
result from normally distributed fitting residuals to indicate which 
FOGM parameters can be used to separate stochastic process from 
white noise process. It is observed that when the residuals obey 
normal distribution, the misfit RMS decreases with larger FOGM 
variance and increases with longer correlation time. It shows that 
the fitting residuals start to obey a normal distribution when the 
correlation time is greater than 180 days. Since the misfit RMS 
increases with increasing correlation time, we choose 180 days 
as the correlation time for the GRACE-estimated Greenland mass 
changes.
Fig. 2. Rate and acceleration estimates derived using different variances and fixing 
the correlation time at 180 days.

When the correlation time is fixed at 180 days, the residuals 
start to obey a normal distribution when the variance is greater 
than 1600 Gt2. Although the misfit RMS decreases with increasing 
variance, it changes very slowly once the variance is greater than 
1600 Gt2. We use the new method to estimate the rate and the 
acceleration using a fixed correlation time (180 days) and differ-
ent variances. The estimated rates and accelerations are shown in 
Fig. 2. Fig. 2a shows that the rate increases slowly with increas-
ing variance and the increment change is less than 2 Gt/yr when 
the variance increases from 100 Gt2 to 10000 Gt2. This finding 
indicates that the rate estimate is insensitive to the variance pa-
rameter. Fig. 2b shows that the estimated acceleration increases 
with larger variance until the variance is greater than 4000 Gt2. 
After this threshold, the acceleration remains essentially constant.

Fig. 3 shows the rate and acceleration estimates derived by 
using different correlation time and fixing the variance at 4000 
Gt2. It shows that when the correlation time increases from zero 
to 1000 days, the rate estimate decreases from −284.5 Gt/yr to 
−340.6 Gt/yr while the acceleration estimate increases from −7.5 



4 B. Zhang et al. / Earth and Planetary Science Letters 549 (2020) 116518
Fig. 3. Rate and acceleration estimates derived using different correlation time and 
fixing the variance at 4000 Gt2. The red crosses mark the rate and acceleration 
estimates derived from the conventional method.

Gt/yr2 to 11.7 Gt/yr2. This indicates that the rate and acceler-
ation estimates are sensitive to the correlation time. Therefore, 
we should carefully determine the correlation time. Based on the 
above findings, we choose τ = 180 days and σ 2

f ogm = 4000 Gt2 as 
the FOGM parameters.

3. Simulation tests to validate the new method

We conduct three simulations to evaluate the appropriateness 
and effectiveness of the new method, as detailed in Sections S1-S3 
of the Supplementary Materials (SM). We create synthetic observa-
tions based on Eq. (1). The reference deterministic components are 
obtained by fitting Eq. (1) without stochastic components to the 
GRACE-estimated GrIS mass changes from 2003 to 2017, and are 
shown in Table S1 of the SM. The stochastic component includes 
an FOGM process and white noise. The synthetic observations are 
calculated by adding different FOGM processes and white noise to 
the reference deterministic component. We test the performance 
of the new model in comparison with the conventional model in 
three cases by each time only varying: (1) the FOGM correlation 
time, (2) the FOGM variances, or (3) the length of the observa-
tions.

In Test 1 of the SM, we evaluate the Mean Absolute Errors 
(MAEs) of the estimated rate, acceleration, and seasonal ampli-
tudes when the FOGM correlation time varies but the FOGM vari-
ance and the white noise variances are fixed. Results show that 
all the parameters estimated by the new method have smaller 
MAEs than those estimated by the conventional method and the 
improvement signifies with increasing correlation time (up to 900 
days). These results suggest that the new method provides bet-
ter estimates of rate, acceleration, and seasonal amplitudes than 
the conventional method. The most significant MAE improvement 
appears in the acceleration determination, which, on average, can 
be as high as 14.1% of the acceleration itself. This result suggests 
that the stochastic variations are more likely to impact the estima-
tion of acceleration than the other parameters. This is explained 
by the fact that the stochastic variations in the Greenland ice mass 
change may have similar behaviors with the quadratic term (see 
the example presented in Fig. S2 of SM).

Fig. S1 of the SM also shows that the MAEs of the rate and 
acceleration estimates from both methods increase with increasing 
correlation time up until a correlation time of 900 days. This result 
suggests that larger correlation times have a greater impact on the 
estimates of rate and acceleration than smaller correlation times. 
Longer than 900 days, the MAEs of estimated rate and acceleration 
stay relatively stable. However, the MAEs of annual and semian-
nual amplitudes decrease with increasing correlation time, which 
suggests that larger correlation times have less impact on the es-
timates of both amplitudes. It should be noted that the impacts 
associated with the correlation time also depend on the length of 
the observations.

In Test 2 of the SM, we evaluate the MAEs of the rate, accel-
eration, and seasonal amplitudes when the FOGM variance varies 
but the FOGM correlation time and the white noise variance are 
fixed. Fig. S3 of the SM shows that the MAEs derived from the 
new method are smaller than those derived from the conventional 
model and the improvement becomes greater with increasing 
FOGM variance. This result indicates again that the new method 
outperforms the conventional model when FOGM process noise is 
present in the time series. We also confirmed the expectation that 
MAEs derived from both methods increase with increasing FOGM 
variance.

In Test 3 of the SM, we investigate the impact of data length 
on the parameter estimates. We use time spans ranging from 3 to 
50 yr to estimate the rate, acceleration, and seasonal amplitudes. 
Fig. S4 of the SM shows again that the rates, accelerations, and 
seasonal amplitudes estimated by the new method have smaller 
MAEs than those estimated by the conventional method. Further-
more, the MAE differences become smaller as the data time span 
increases. This result indicates that the new method yields bet-
ter estimates of rate, acceleration, and seasonal amplitudes than 
the conventional method, but this improvement decreases with in-
creasing data time span.

Fig. S4 of the SM also shows that the MAEs of all the param-
eters estimated by both methods decrease with increasing data 
length. It needs ∼20 yr for the MAE of rate to drop below 5 Gt/yr 
and ∼15 yr for the MAE of acceleration to drop below 5 Gr/yr2. 
However, the MAEs of the annual and semiannual amplitudes de-
crease quickly in the first 20 yr but decreases very slowly or even 
keep constant after that.

In summary, the new method provides improved estimates of 
the rate, acceleration, annual and semiannual amplitudes than the 
conventional method, especially when the data length is short (e.g., 
<20 yr). The errors in the above estimates become smaller and 
even negligible when the data length gets longer, which is espe-
cially true for the rate and acceleration estimates.

4. Results from GRACE Mascon Data and SMB plus ID data

When using the FOGM parameters determined in Section 2.3
to constrain the stochastic process and use the GRACE data to fit 
and solve Eq. (1), we successfully separate the trend (linear and 
quadratic terms), the seasonal variations, and the interannual vari-
ations. The Greenland mass change time series and the best-fit 
mass trajectory model are shown in Fig. 4. The new model fits well 
with the GRACE measurements having a misfit RMS of only 14.5 
Gt. The rate and acceleration are estimated to be −288.2 ± 12.7 
Gt/yr and −1.6 ± 1.3 Gt/yr2. When we use the conventional model 
to run the KF (in this case the KF is equivalent to the least square 
method), the rate and acceleration estimates become −284.5 ±
1.4 Gt/yr and −7.5 ± 0.2 Gt/yr2. The difference between estimates 
from the two models is small for the rate but is significant for the 
acceleration. This suggests that the stochastic component has a sig-
nificant impact on the estimate of acceleration, which is consistent 
with our simulations.

Fig. 5 shows the separated seasonal component, interannual 
component, and the fitting residuals. The peak-to-peak amplitude 
of the seasonal variations is 335.7 ± 11.4 Gt, which is greater 
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Fig. 4. GRACE mascon solution integrated over Greenland (blue dots) and the mass 
trajectory model fit to these data during 2003–2017. Solid red curve: Eq. (1) fit to 
the mass changes; Dashed curve: the quadratic fit (the first three terms in Eq. (1)) 
to the mass changes.

Fig. 5. Seasonal variations (a), interannual variations (b), and fitting residuals (c) 
extracted using Eq. (1).

than the long-term mass loss rate. The interannual variations are 
characterized by a gradual increase from 2003 to 2009, a sharp 
decrease from 2009 to 2013, then followed by an increase from 
2013 to 2017. The peak-to-peak amplitude of the interannual vari-
ations is as high as 568.8 ± 40.1 Gt, which is much greater than 
the long-term rate and the seasonal amplitude.

Fig. 6 shows the Greenland mass change time series estimated 
from the SMB plus ID data and its best-fit mass trajectory model. It 
shows that the new model fits well with the modeled mass change 
data. The rate of the mass change is estimated to be −274.9 ± 13.0 
Gt/yr and the acceleration is estimated to be −1.1 ± 1.3 Gt/yr2. The 
mass loss rate from SMB plus ID data is 13.3 Gt/yr lower than the 
GRACE-estimated rate and the mass loss acceleration is 0.5 Gt/yr2

smaller than the GRACE-estimated acceleration. These differences 
are within the uncertainty level.

Fig. S5 of the SM shows the mass change time series derived 
from SMB, ID, and their sum, and Fig. S6 of the SM shows the 
detrended ones. They together show that the interannual and sea-
sonal variations of mass changes were mainly contributed from 
SMB with little contribution from ID. This may indicate that the 
Fig. 6. Similar to Fig. 4 but for mass changes estimated by SMB plus ice discharge.

stochastic climate variability has more impacts on the SMB than 
ID over the GrIS. Fig. S7 of the SM shows the separated seasonal 
component, interannual component, and the fitting residuals de-
rived from the SMB plus ID. The FOGM component shows the same 
pattern as that from the GRACE result as shown in Fig. 5.

5. Impacts of stochastic variations on estimates of deterministic 
parameters

As highlighted in Section 4 that the interannual variations have 
a much greater amplitude than the secular rate in 2003–2017, it 
will certainly bring impacts on the estimates of secular terms, es-
pecially when the time span of observations is not long enough to 
eliminate this influence. When investigating the long-term trend 
using data only ranging from 2003 to 2013, we may easily esti-
mate a large mass loss acceleration (−32.8 ± 1.9 Gt/yr2 using the 
conventional model) because the interannual variations from 2003 
to 2013 resemble quadratic variations (Fig. 5b). But if we extend 
the time span beyond 2013, the estimated acceleration would de-
crease since the interannual variation pattern changed and started 
to decelerate after 2013.

Table 1 compares the rate and acceleration estimates from the 
new and the conventional models using the GRACE-estimated and 
the SMB plus ID mass changes. Although the estimates based on 
the GRACE and SMB plus ID data are different, these differences are 
relevant to the input data and irrelevant to methods. In this sec-
tion, we focus on the differences caused by the estimating method 
itself. The differences between estimates from different methods in 
rate or acceleration parameter are no more than 4 Gt/yr or 6 Gt/yr2

(Table 1). The differences are small for the rate given their magni-
tudes but are significant for the acceleration since the magnitude 
of the acceleration itself is only a few Gt/yr2. Taking the results 
based on the GRACE data for example: the conventional method 
estimates the acceleration to be −7.5 ± 0.2 Gt/yr2, which is actu-
ally in the lower range of acceleration estimates; whereas the new 
method estimates the acceleration to be −1.6 ± 1.3 Gt/yr2. The 
difference in the acceleration estimate can be as large as 5 Gt/yr2. 
If simply extrapolating the same quadratic trend into the future, 
such difference of 5 Gt/yr2 in acceleration would introduce a bias 
of ∼16,000 Gt in the GrIS mass balance and a resultant bias of 
∼44 mm in global sea level rise between 2020 and 2100.

When referring the uncertainties in Table 1, we note that the 
uncertainties of rate and acceleration of the new method are much 
larger than that of the conventional method. This is reasonable 
since the conventional method assumes white noise in the obser-
vations and thus estimates the least uncertainties. Williams et al. 
(2014) pointed out that the uncertainties of rate and acceleration 
estimates of Antarctica ice mass change should be scaled up when 
we use correlated noise model instead of white noise. This is also 
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Table 1
Comparisons between estimates from the new and conventional methods.

Estimates GRACE Data SMB + ID Data

Conventional This study Conventional This study

Rate (Gt/yr) −284.5 ± 1.4 −288.2 ± 12.7 −273.0 ± 2.3 −274.9 ± 13.0
Acceleration (Gt/yr2) −7.5 ± 0.2 −1.6 ± 1.3 −3.5 ± 0.2 −1.1 ± 1.3
Table 2
FOGM parameters for the GRACE data and the SMB plus ID data when neglecting 
the quadratic term and corresponding estimates of the rate and acceleration.

GRACE Data SMB + ID Data

τ (days) 526 347
σ f ogm (Gt) 125 82
Rate (Gt/yr) −301.3 ± 45.0 −277.6 ± 23.5
Acceleration (Gt/yr2) 5.3 ± 4.0 0.7 ± 2.2

applicable to Greenland ice mass changes. According to the the-
ory of Williams et al. (2014), the significant difference in rate and 
acceleration uncertainties between the new and the conventional 
method implies strong stochastic mass variations, which is consis-
tent with our previous findings in Fig. 5.

The studies mentioned in the introduction did not separately 
consider the acceleration and the stochastic process and take the 
stochastic process as a quadratic trend, therefore they actually esti-
mate the lower bounds of the acceleration, i.e., they overestimated 
the mass loss acceleration. Using this new method, we simultane-
ously estimate the acceleration and the stochastic variations that 
result in much smaller mass loss acceleration. As the length of 
GRACE time series is not sufficiently long to eliminate the impacts 
from stochastic process, using the new method can improve the 
estimates of the deterministic parameters, especially the acceler-
ation estimate, which is important for extrapolating future mass 
changes.

6. Discussion

To fully reveal the impacts of stochastic processes on the esti-
mates of rate and acceleration of the Greenland ice mass change, 
here we give the lower and upper bounds of these estimates. Since 
there is a strong aliasing between the acceleration and the stochas-
tic component, we assumed two extreme situations: (1) the accel-
eration does not exist, i.e., the quadratic trend is only part of a 
stochastic process; (2) the acceleration does exist and the stochas-
tic processes are neglected.

Under case (1), we remove the quadratic term from Eq. (1) and 
use the FOGM process to represent the possible stochastic process 
and quadratic trend. We first reestimate the FOGM parameters and 
then use these FOGM parameters to estimate the rate and acceler-
ation using the same method as in Section 2, whereby we obtain 
the upper boundary of the acceleration estimate (5.3 ± 4.0 Gt/yr2

from the GRACE data and 0.7 ± 2.2 Gt/yr2 from the SMB plus ID 
data). The reestimated FOGM parameters and the corresponding 
rate and acceleration estimates are listed in Table 2. In case (2), we 
essentially use the conventional mass change model. We have es-
timated the rate and the acceleration, which represents the lower 
bound of the acceleration estimate (−7.5 ± 0.2 Gt/yr2 from the 
GRACE data and −3.5 ± 0.2 Gt/yr2 from the SMB plus ID data).

Based on the results from the two extreme cases, we find that 
the possible range of acceleration of Greenland mass change from 
2003 to 2017 is estimated to be −7.5 to 5.3 Gt/yr2 from the GRACE 
data and −3.5 to 0.7 Gt/yr2 from the SMB plus ID data. The cor-
responding rate is estimated to be −284.5 to −301 Gt/yr from the 
GRACE data and −273.0 to −277.6 Gt/yr from the SMB plus ID 
data. As expected, estimates of the rate and the acceleration by the 
new method in Table 1 fall in the middle of the extreme values.
As revealed by this exercise, the conventional model, which 
does not consider the stochastic processes in Greenland mass loss, 
provides an estimate of the lower boundary of acceleration and 
the upper boundary of rate. In this study, we assume the interan-
nual variation to be a stochastic component of mass change. This 
stochastic mass change is due to climate variability (Zhang et al., 
2019) and if not well accounted for, will add uncertainty to ex-
trapolation of present-day changes to estimates of future mass loss 
(Wouters et al., 2013).

7. Conclusions

We propose a new mass trajectory model to describe Green-
land mass change by introducing a stochastic process to describe 
the interannual variations. Simulations verify that this new model 
better estimates the rate, the acceleration, and the seasonal com-
ponents than the conventional model, and can also reliably extract 
the interannual variations.

Our results show that the interannual variability is an impor-
tant component in Greenland mass change and can greatly impact 
estimates of the long-term rate and acceleration. The conventional 
model neglects this component and thus represents the lower 
bounds of acceleration and the upper bounds of rate. Using the 
new model, we estimate the acceleration to be −1.6 ± 1.3 Gt/yr2

from the GRACE data and −1.1 ± 1.3 Gt/yr2 from the SMB plus 
ID data for 2003-2017. The corresponding rate is estimated to be 
−288.2 ± 12.7 Gt/yr and −274.9 ± 13.0 Gt/yr, respectively. Under 
extreme assumptions, the acceleration is estimated to be −7.5 to 
5.3 Gt/yr2 from the GRACE data and −3.5 to 0.7 Gt/yr2 from the 
model data. The corresponding rate range is −284.5 to −301 Gt/yr 
and −273.0 to −277.6 Gt/yr, respectively.

This new model improves the estimates of Greenland mass 
change and changes our understanding of Greenland mass change 
patterns. The presence of the stochastic mass change is due to cli-
mate variability and has nonnegligible impacts on long-term rate 
and acceleration estimations. We should pay more attention to the 
stochastic mass change and its linkage to climate variability and 
exercise more caution when extrapolating future ice mass change 
and sea level rise from short-term observations.
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