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Abstract

The objective of this paper is to investigate the ductile fracture behavior of thin
metal plates under nominally plane strain conditions, with an emphasis on the differ-
ences between far-field plane strain tension and plane strain bending. Recent experi-
mental results show that the fracture strain obtained using far-field plane strain tension
tests is significantly lower than that obtained under plane strain bending conditions.
Investigating the source of these differences is of critical importance for multiple indus-
tries since it affects formability, crashworthiness and ductile failure of thin metal plates.
The present work provides critical insights into this issue based on the results of a de-
tailed numerical investigation of both tests to failure, using the micro-mechanics based
Gurson material model. The numerical simulations reveal many similarities between
plane strain bending and far-field plane strain tension until the onset of localization.
In the far-field plane strain tension case, after Considère thinning, a through-thickness
shear localization occurs, followed by a micro-crack formation in the center of the
plate. This is accompanied by an increase of the stress triaxiality well above the nom-
inal plane strain tension level (i.e., ∼0.57 for thin plates). In contrast, the absence of
thinning in plane strain bending yields a stress triaxiality that equals nominal plane
strain tension, which results in a significantly lower void growth rate (in reference to
far-field plane strain tension). A surface instability (undulations) eventually forms on
the tension side of the plate in plane strain bending, followed by multiple shear bands.
The crack initiates inside the dominant shear band and propagates from the surface
into the plate. These differences in the localization mechanisms and local stress states
are responsible for the difference in the macroscopic fracture strain obtained under
far-field plane strain tension and plane strain bending.

Keywords: Plane strain failure, Gurson model, Fracture strain

1. Introduction

Ductile fracture of thin metal plates in tension has been investigated in great detail over
the past several decades. While many challenges remain, the fundamental mechanisms
of localization and fracture in tension are fairly well understood. This is in contrast
to the corresponding mechanisms occurring in bending of thin metal plates, which
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received limited attention. The most obvious differences between tension and bending
arise due to a state of uniform stress in the tension case (prior to localization), while
stress reversal through the thickness is present in the bending case. Lack of stress
uniformity in bending is consequential for localization, since the compression side of
the plate constrains the deformation of the tension side. This leads to a very different
fracture behavior of plates in bending in reference to tension. In a recent experimental
study, Butcher and Dykeman (2017) showed that the strain at fracture measured using
a far-field plane strain tensile specimen is significantly lower than the fracture strain
obtained using plane strain bending tests. This observation is consistent across multiple
investigated structural alloys. Understanding this difference in the fracture strain, and
specifically the underlying mechanics, is the main objective of this paper.

The present work builds on a prior investigation by Woelke et al. (2018), where
J2 plasticity was used to represent the material in order to investigate the stress state
in thin plates under far-field plane strain tension versus plane strain bending. This
previous work focused primarily on the through-thickness necking in the far-field plane
strain tensile specimen and demonstrated the lack of local thinning in the plane strain
bending case. Development of shear bands and subsequent fracture were not inves-
tigated since that would require a more advanced constitutive model. In the present
paper, the aim is to provide such detailed insight by employing the micro-mechanics
based Gurson-Tvergaard-Needleman (GTN) material. The GTN model takes into ac-
count the complexity of the fracture process (from crack initiation where voids grow and
coalesce to micro-crack formation) as well as the stress triaxiality dependence. Since
hydrostatic tension drives void growth (see e.g. Gurson, 1977; Tvergaard, 1981; Koplik
and Needleman, 1988), a difference in the stress triaxiality history in the far-field plane
strain tension versus plane strain bending contributes to the difference in the fracture
strain. Thus, the GTN model is well-suited to address the problem investigated in this
paper.

It is important to note that the differences in ductile fracture behavior of thin plates
under far-field plane strain tension versus plane strain bending are particularly relevant
for large-scale industrial problems. The global efforts to reduce emissions and improve
the efficiency of multiple transportation systems (e.g., road and rail vehicles, aircraft)
have generated a need for significant improvements in material technology used in the
construction of these systems. A particular emphasis has been placed on the strength-
to-weight ratio, as well as ductility and predictability of large-scale structural responses
under extreme loading conditions (Mohr and Ebnoether, 2009; Woelke and Abboud,
2012; Woelke et al., 2015; Omer et al., 2017; Pack et al., 2018). The three-dimensional
meshes of solid elements required when adopting the GTN model are computationally
prohibitive for such problems and using shell elements is the only practical approach to
predict material and structural behavior (Andersen et al., 2019). The main problem is
that shell elements cannot capture through-thickness necking and associated evolution
in the local stress state. Thus, shell elements cannot resolve the differences between
fracture in bending versus tension, as discussed by Stoughton and Yoon (2011); Roth
and Mohr (2016); Pack and Mohr (2017). Most recently, Woelke (2020) proposed a sim-
plification of the GTN model for plane stress problems as well as a detailed calibration
procedure for shell elements. In the work by Woelke (2020), the strain tensor has been
split into membrane contribution and curvatures, which allows accounting for different
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damage accumulation rates under bending versus tension, without resolving the details
of necking. Another interesting approach was proposed by Costas et al. (2019) where
a regularization procedure has been used to address the bending-tension discrepancies.
Both Costas et al. (2019) and Woelke (2020) suggest that the shell element size reg-
ularization, which is necessary in tension to account for mesh-dependence, should not
be used in bending since the latter case does not involve through-thickness necking.
These conclusions are based on analyses that do not attempt to explicitly capture the
effects of shear localization in bending. The current work, however, provides additional
details about the entire deformation process including shear localization immediately
preceding fracture and its effects on the characteristic length dependence in bending.
This will be discussed in greater detail in the following sections of the paper.

The paper is structured as follows. Section 2 outlines the problem, introducing
the two test cases and briefly goes through the 2D plane strain model setup. The
material model and finite element framework are introduced in Section 3, and Section 4
presents the findings from the numerical analyses. Details on the local conditions
governing failure under plane strain bending are laid out and a special localization
phenomenon is discussed. A comparison to the far-field plane strain tension test is
presented. Concluding remarks are given in Section 5.

2. Problem formulation

2.1. Plane strain bending case

The plane strain bending case, illustrated in Fig. 1 (following ISO 7438:2016, E), is of
primary interest in this work. The test setup consists of a thin plate (the test speci-
men) of length L along the y-axis and thickness t along the z-axis in the undeformed
configuration. The plate dimension along the x-direction is assumed sufficiently large
such that a plane strain assumption is valid. A rigid punch having a tip radius Rp

is located above the plate at y = 0 and, moreover, two rigid rollers with radius Rr

are located on the side opposite to the punch. The half distance between the rollers
is denoted lr and is determined from the plate thickness (2lr = 2Rp + 3t) such that
the plate and the punch cannot jam between the two rollers. Friction between the
punch/rollers and the plate is accounted for with a rolling coefficient of friction of
µfr = 0.02. This represents contact between non-sliding steel rollers and the plate, and
allows fully locking all degrees of freedom for the rollers. A prescribed displacement of
the punch in the negative z-direction mimics the experiment and the friction between
the parts prohibits rigid body translations of the plate along the y-axis (only relevant
at low bending angles). Table 1 summarizes the model parameters for the plane strain
bending case.

2.2. Far-field plane strain tension case

The far-field plane strain tension case can be investigated using a double-edge notched
tension (DENT) test (see Fig. 2). The DENT specimen geometry confines the plastic
deformation of the specimen to the region between the two notches. The dimension
of the specimen is such that, once the plastic flow initiates between the notches, the
material is subject to a constraint along the x-axis resulting in approximately plane
strain conditions (i.e., the total strain along the x-axis is approximately zero). This
allows approximating the deformation of the center ligament (i.e., x = 0) with a 2D
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plane strain model. Therefore, a 2D plane strain cross-section of thickness, t, and
length, L, is considered with the tensile load applied to the ends of the domain (y =
±L/2, see Fig. 2) through nodal displacements. Rigid body translation in the z-
direction is prevented by fixing a single finite element node at both ends of the domain
(i.e., y = ±L/2, see Fig. 2). The length, L, in the y-direction of the 2D section is
chosen to be sufficiently large (the length to thickness ratio is L/t ≈ 7.1) to include
the through-thickness necking (plane strain necking), shear localization, and fracture
related to ductile tearing (see discussion in Nielsen and Hutchinson, 2012; Andersen
et al., 2018). The model parameters for the far-field plane strain tension case are
collected in Table 2.

2.3. Defining a macroscopic fracture strain

To demonstrate the influence of the local stress-strain history at the crack initiation
site in the two considered tests, a gage length measure of the macroscopic fracture
strain is defined as ∆LG/L

0
G, as shown in Fig. 3a for the far-field plane strain tension

case and in Fig. 3b for the plane strain bending case. This definition of the macroscopic
fracture strain is adopted from experimental procedures (see Cheong et al., 2018) and
constitutes a measure of the average maximum elongation of the “material fiber” along
the y-path. The region covered by the gage length corresponds to the region between
the grips of a physical extensometer. If digital image correlation is used, the above
gage length definition corresponds to the virtual gage length.

The gage length-dependence of macroscopic fracture strains is an important con-
sideration for both experimental material characterization and ductile fracture simula-
tion. Thus, it is important to note, that for the two cases considered here, i.e., far-field
plane strain tension and plane strain bending tests, the gage length effects on fracture
strain are not directly comparable. This is because the state of stress and deforma-
tion inside the gage length is different in the two tests, even before localization. The
pre-localization stress-strain field is uniform in the far-field plane strain tension test,
whereas in the plane strain bending test, the stress varies from a maximum directly
under the punch (maximum bending moment) to zero at the supports. In addition, the
localization mechanisms in the two investigated cases are very different, which further
complicates the issues, as will be discussed more thoroughly in Section 4.

3. Micro-mechanics based finite element model

3.1. Constitutive relations

The Gurson-Tvergaard-Needleman (GTN) material model is employed in the simula-
tions to describe the material damage evolution by void growth to coalescence during
plastic deformation. This modeling approach is chosen to understand the interplay of
micro-mechanics and localization phenomenon (or the absence of such) when damage
evolves. The uni-axial true stress-logarithmic strain relation for the undamaged matrix
material is assumed to follow a power-law hardening relation:

σ =

Eε for ε < ε0

σ0

(
ε
ε0

)N
for ε0 ≤ ε

4



where ε is the logarithmic strain, σ is the true stress, σ0 is the initial yield stress with ε0
as the corresponding yield strain, E is Young’s modulus, and N is the strain hardening
exponent. The GTN model yield surface takes the form:

Φ =
σ2
e

σ2
M

+ 2q1f
∗ cosh

(
3q2
2

σm
σM

)
−
(
1 + q3 (f ∗)2

)
where σe =

√
3sijsij/2 is the macroscopic effective stress in the material with sij as

the deviatoric stress tensor, σM is the microscopic stress in the undamaged matrix
material, and σm = σkk/3 is the mean stress. Here, Einstein’s summation rule applies.
The fitting parameters introduced by Tvergaard (1981) are q1, q2, and q3, whereas f ∗

is the effective void volume fraction taking into account void coalescence formulated
by Tvergaard and Needleman (1984) as:

f ∗ =

{
f , for f ≤ fC

fC +
f∗
U−fC

fF−fC
(f − fC) , for f > fC

where fC and fF are the critical and final void volume fraction, respectively, while
f ∗
U = (q1+

√
q21 − q3)/q3 reduces to f ∗

U = 1/q1 for q3 = q21 (see discussions in Tvergaard,
1990; Dassault Systèmes Simulia Corp, 2016). All material parameters are listed in
Tab. 3. Void nucleation is, for simplicity, not taken into account in this work.

3.2. Finite element formulation
All simulations are carried out using the commercial finite element software Abaqus/Explicit
(2016) in a quasi-static manner by ensuring that the ratio of kinetic energy to internal
energy is well below 10 % (see sec. 6.3.3 in Dassault Systèmes Simulia Corp, 2016).
Both the far-field plane strain tension model and the plane strain bending model are
built in a 2D setting, employing finite strains to allow for large deformations. Four-
node isoparametric plane strain elements with reduced integration (CPE4R) are used
in both models. A finely meshed area is introduced through the entire thickness of the
plate in the region where fracture is expected, while the element size increases closer
to the ends of the computational domain (away from the expected fracture region) to
limit the computational cost. This allows the element size, Le = t/128, to scale roughly
with the dominant void spacing (see Besson et al., 2003) and ensure a sufficiently high
resolution of the fracture surfaces. The contact conditions in the plane strain bending
case, however, sets a requirement on a maximum element size to ensure a smooth out-
put. This discretization approach leads to 33,603 elements in the far-field plane strain
tension model and 36,409 elements in the plane strain bending model. The punch and
the rollers for the plane strain bending case are modeled as rigid analytical surfaces,
since they are much stiffer than the test specimen (the plate). Hard normal contact
is introduced between the punch and the plate as well as between the rollers and the
plate, allowing separation, but not penetration. Additionally, frictional contact with a
rolling friction coefficient, µfr, is used for the tangential direction (using the penalty
approach). The model and material parameters are summarized in Tabs. 1-3.

In both the tension and the bending case, displacements are prescribed to the
appropriate finite element nodes using the smooth amplitude function available in
Abaqus/Explicit. The amplitude function ensures a slowly increasing acceleration and
deceleration of the applied boundary conditions avoiding dynamic effects such as stress
waves traveling through the plate.
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3.3. Material properties

The material parameters used in the GTN material model simulations are collected
in Tab. 3. These parameters represent a ductile medium-strength steel. The strain
hardening exponent, N , and the initial void volume fraction, f0, are subject to a
parameter study as they directly influence the localization phenomenon that governs
ductile failure under far-field plane strain tension. The chosen values for the parameter
study are N = [0.05, 0.1, 0.2] and f0 = [0.005, 0.01, 0.015, 0.02]. All combinations of
N and f0 have been investigated, but only the most relevant subset of the results is
discussed in detail in the following sections. The values for the fitting parameters q1,
q2, and q3 as well as the critical and final void volume fraction (fC and fF , respectively)
are typical values for medium-strength metals (see Tab. 3 and Tvergaard, 1990; Nielsen
and Hutchinson, 2012; Xue et al., 2013).

4. Results

The material considered here (parameters given in Tab. 3) has been analyzed in a
number of published studies on ductile failure. The material displays sufficient ductility
for failure not to occur in the plane strain bending case, unless a relatively high initial
void volume fraction, f0, and/or relatively low strain hardening exponent, N , are used.
Thus, this section focuses on three combinations of initial void volume fraction and
strain hardening exponent that all result in complete failure in the plane strain bending
simulations.

4.1. Overall macroscopic response: Far-field plane strain tension versus plane strain
bending

The macroscopic response for far-field plane strain tension is depicted in Fig. 4a. The
engineering stress is calculated as the total force in the y-direction acting on the top
boundary divided by the initial surface area (in the xz-plane). The engineering strain
is calculated as the total elongation of the specimen divided by the initial length, L (see
also Nielsen and Hutchinson, 2012; Andersen et al., 2018). At peak load, Considère
localization and local thinning initiate leading to a gradual reduction of the load-
carrying capacity. Upon further loading, shear localization develops inside the thinning
region, followed by fracture and a complete loss of the load-carrying capacity. An
increase in the initial void volume fraction results in a slightly lower peak load and a
significant decrease of the fracture strain. Conversely, increasing the strain hardening
exponent delays the Considère localization, which leads to a significant increase in both
the peak load and the fracture strain. In absence of the inertia effects (the quasi-static
analysis), the overall response and the details of yielding, Considère necking and shear
localization are dependent only on the material properties.

Figure 4b presents the macroscopic response for the plane strain bending case where
the punch force is converted into an equivalent bending moment and plotted as a
function of the bending angle given by (according to ISO 7438:2016 (E))

α = 2 arcsin

(
pc+ w(∆z,punch − c)
p2 + (∆z,punch − c)2

)
180

π
with


p = Rr + lr
c = Rp +Rr + t

w =
√
p2 + (∆z,punch − c)2 − c2

.

(1)
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While the analytical representation of the bending angle, α, gives a good basis for
comparison, it diverges somewhat from the values obtained through the detailed sim-
ulations. This divergence is dependent on the material parameters. Nevertheless, the
analytical bending angle, α, provides a conservative measure and will be used for com-
parison purposes. As in the far-field plane strain tension case, the macroscopic response
for the plane strain bending case shows significant ductility. The plate first experiences
yielding at the outer layers (tension at the bottom and compression at the top) with
the plasticity progressing steadily towards the center of the plate upon further loading.
This progressive plastic yielding through the thickness, along with the normal stress
reversal, sets the bending test apart from the far-field plane strain tension test.

A gradual reduction of the load-carrying capacity is observed after the peak bending
moment is reached, followed by final failure. Increasing the initial void volume fraction
results in a slight drop in the peak bending moment, as shown in Fig. 4b. Conversely,
the peak bending moment increases significantly when the strain hardening exponent
is increased. This is similar to the far-field plane strain tension case. However, in the
plane strain bending case, the peak bending moment (i.e., peak load) is reached when
the reaction force experienced by the rollers in the y-direction exceeds the corresponding
reaction force in the z-direction (see Fig. 1). Thus, the peak bending moment depends
on both material properties and the overall geometry of the test specimen and test
fixture. Similarly, the “softening” predicted after the peak is also dependent on both the
material properties and the test geometry. This is expected, since the roller diameter
determines the active beam span, which has a significant effect on the peak moment
and the overall response. Additionally, friction between the plate and supports also
plays a role. A brief parametric study of the influence of friction has shown that the
peak moment increases by approximately 5 % for the maximum rolling coefficient of
friction considered, i.e., µfr = 0.04, in reference to frictionless contact (i.e., µfr = 0.0).
However, the friction effect on the calculated fracture strain is negligible.

4.2. Investigation of stresses and strains along-the-length (y-path) and through-thickness
(z-path)

A detailed analysis of the deformation and the stress history is conducted to investigate
the fundamental differences in the mechanics of the two different tests. Two paths - one
along the y-axis (y-path) and one along the z-axis (z-path) - are defined in each spec-
imen along which the stress triaxiality and the equivalent plastic strain are extracted
for comparison. The two perpendicular paths (in the undeformed configuration) are
illustrated in Fig. 3. For the plane strain bending case, the z-path is located directly
under the punch (at y = 0) and the y-path is located along the “material fiber” on the
tension side of the plate (row of elements at z/t ≈ −0.5) where fracture initiates. For
the far-field plane strain tension case, the z-path is located in the middle of the necking
region (at y = 0), and the y-path is in the center of the plate (at z/t ≈ 0). Four different
stages of deformation, determined by the maximum equivalent plastic strain along the
y-path, are extracted from both tests in order to track the stress-strain history in the
“material fiber” where fracture initiates. These four stages of deformation are marked
on the force-displacement and bending moment-bending angle curves, respectively, in
Fig. 4. For clarity, only data for a strain hardening exponent of N = 0.05 and an
initial void volume fraction of f0 = 0.02 is considered. While details differ, the overall
conclusions are the same for all other values of N and f0.
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The evolution in the stress triaxiality and the plastic straining for the far-field
plane strain tension case is summarized in Fig. 5. The deformation of the plate is
homogeneous at an earlier stage of the loading (illustrated by the stages at εPeff/ε0 ≤
10). Upon loading (i.e., εPeff/ε0 > 10), a Considère localization sets in and a through-
thickness neck develops. The material outside the neck constrains the deformation
inside the neck in the through-thickness direction, which causes an increase in the
through-thickness normal stress. This, in turn, increases the stress triaxiality to a level
significantly above that of plane strain tension (TPlane strain = 1/

√
3) (illustrated by the

stages at εPeff/ε0 ≥ 100). This is also tied to the evolution of plastic straining. The
equivalent plastic strain develops homogeneously until the onset of localization (and
thinning). Further loading causes localization of plastic straining into a narrow shear
band immediately in the center of the plate, followed by final failure (εPeff/ε0 ≥ 100).
It is important to note that failure initiates in the middle of the plate, within the shear
band, where the stress triaxiality level is substantially higher than the nominal plane
strain tension level for a thin plate (TPlane strain = 1/

√
3).

The evolution in the stress triaxiality and the plastic straining for plane strain
bending is fundamentally different than that of the far-field plane strain tension case.
This is evident from Fig. 6, where the plane strain bending values are depicted along the
y- and z-path, respectively, for the same four deformation stages (controlled by εPeff ).
At first, all points along the “material fiber” on the tension side of the plate (y-path)
experience essentially the same deformation, whereas the through-thickness variation
in the stress triaxiality is determined by the normal stress reversal between tension and
compression. At this stage, the neutral axis remains roughly in the middle of the plate
and the stress triaxiality at the compression side is primarily driven by the contact
between the punch and the plate. As bending progresses, the stress triaxiality remains
nearly constant, and equal to that of plane strain tension (TPlane strain = 1/

√
3 for thin

plates) along the y-path while the neutral axis shifts towards the compression side (also
reported by Triantafyllidis et al., 1982). The stress triaxiality level in the region where
fracture initiates hardly changes throughout the entire bending deformation to failure.
This is due to absence of the Considère localization and its consequences observed for
the far-field plane strain tension case (i.e., constraint of the plastic flow and rise of stress
triaxiality). Only a slight drop in the stress triaxiality is predicted immediately before
failure, while the equivalent plastic strain increases at extreme fibers on both the tension
and the compression side (compression side triaxiality is driven primarily by the punch
contact). At the final stage of the bending test, prior to fracture, local fluctuations in
the equivalent plastic strain are predicted along the y-path at the outermost surface on
the tension side. These fluctuations, also visible in the displacement field, constitute a
surface instability that allows localization of the plastic flow into shear bands (Fig. 7a).
This behavior is consistent with experimental observations (see Fig. 7b and Kaupper
and Merklein, 2013; Dykeman, 2019) and the phenomenon is investigated in detail in
the following section.

4.3. Localization and surface instability in plane strain bending

In order to understand the mechanisms leading to shear localization and crack initi-
ation during plane strain bending, the tension side of the deformed plate is analyzed
for the variation in local curvature (see Figs. 7a and 8). Only the region corresponding
to −1 ≤ y/t ≤ 1 in the undeformed configuration (the finely meshed area in Fig. 7a)
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is considered. Figure 8 shows the evolution of the curvature at four stages of the
deformation (also highlighted in Fig. 4b) and for a material configuration with low
strain hardening (N = 0.05) and high initial void volume fraction (f0 = 0.02). At
the early stages of deformation, the curvature remains nearly constant on the tension
side (the center section). However, the curvature becomes nonuniform as the bend-
ing test progresses. At εPeff/ε0 ≥ 100, the model predictions show that the surface
curvature in the mid-section stops evolving and maintains a nearly constant level (see
Fig. 8a). This apparent “flattening” of the mid-section on the tension side has also
been observed in experiments (see also Kaupper and Merklein, 2013; Woelke et al.,
2018; Dykeman, 2019). However, the curvature variation in the final deformation stage
(i.e. εPeff/ε0 = 200) indicates that the middle section only appears flat in reference to
the sections of the plate that are outside the middle section (i.e., > 0.2t away from
the center in both directions). Thus, the uniform deformation in the mid-section is
effectively interrupted, which causes a gradual reduction of the tensile stresses along
the material fiber (i.e., y-direction) and in the plane strain direction (i.e. x-direction).
The ratio between these two stress components remains constant, as shown in Fig. 8b,
which keeps the stress triaxiality at approximately the plane strain tension level, while
additional straining develops as the test progresses. At the final stage, a surface insta-
bility develops (appearing as surface undulations or wrinkles) inside the region where
the curvature has stopped from evolving. This is seen as waves in the curvature when
εPeff/ε0 ≥ 200. The wavelength is on the order of ∼ 0.08t and corresponds to 8-10
elements (largely stretched at this deformation). The specific pattern of these instabil-
ities as well as their wavelength are dependent on the material properties. Eventually,
a number of shear bands develop (see Fig. 7a) and the localization into one of these
bands leads to crack initiation and growth as observed in the experiments (see Kaupper
and Merklein, 2013; Dykeman, 2019, and Fig. 9d).

A similar surface instability was investigated by Hutchinson and Tvergaard (1980),
who analyzed this phenomenon using a J2 deformation theory, a corner theory, and
a smooth J2 plasticity surface with isotropic hardening. Interestingly, simulating the
plate deformation using a smooth J2 plasticity surface with isotropic hardening has
not produced any surface instabilities, while a surface with a corner captures the phe-
nomenon quite well (as did the J2 deformation theory). This suggests that the smooth
J2 surface with associated plasticity results in the material response that is “too stiff”
to predict the surface instabilities. The GTN model used in this study accounts for ma-
terial softening, which makes it well suited to predict the surface instabilities, similarly
to the corner or deformation theory.

4.4. The effect of imperfections in plane strain bending

As discussed in the previous section, model predictions show multiple shear bands de-
veloping in the mid-section with symmetric distribution with respect to the center of
the plate, i.e., y = 0 (see Fig. 7a). Fracture of the plate usually occurs when one of
these bands becomes dominant. In simulations of a perfect plate, the dominant shear
band is determined by numerical precision, which suggests a strong dependency on
imperfections. This can be investigated by introducing a single band acting as imper-
fection with increased initial void volume fraction in reference to material outside the
imperfection (f0,imp = f0+∆f0, where ∆f0 = [0, 0.001, 0.01, 0.05, 0.1]f0 is investigated).
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In the finite element model, the imperfection band is two elements wide, extending ap-
proximately t/6 into the plate, and angled at 45◦ relative to the surface on the tension
side. The imperfection band terminates inside the specimen at y ≈ 0 (see Fig. 9a). The
imperfection only acts to trigger the localization and, thus, fracture initiates outside
the imperfection band in all the simulations. Figures 9b and 9c compare the frac-
ture surfaces without and with an imperfection (∆f0 = 0.01f0), respectively. At the
same level of punch displacement, ∆z,punch, the crack in the plate with imperfection
is noticeably longer than in the imperfection-free plate. Consequently, the imperfec-
tion causes a noticeable reduction of the critical bending angle, at which a precipitous
drop in the load-carrying capacity initiates, as shown in Fig. 10a. Incremental increase
of the severity of the imperfection results in a clear shift in the curves, with gradual
reduction of the critical bending angle. However, for all considered cases, the peak
moment (and the maximum load-carrying capacity) is not affected, even at the most
significant imperfection, i.e., ∆f0 = 0.1f0. The critical bending angle can be related to
the overall ductility of the plate (for a given test configuration, i.e., bending span, etc.),
which suggests that a similar dependence on the imperfection level must be expected
for the material ductility. Macroscopic fracture strain calculated using different gage
lengths for all considered imperfection levels is given in Fig. 10b. The gage length is
introduced along the y-path (see Section 2.3), as shown in Fig. 3b. As expected, the
fracture strain gradually decreases with increasing imperfection level. Moreover, the
sensitivity to imperfections is greatest for the smallest gage length, which is related to
nonuniform deformation following the bending localization phenomenon discussed in
the previous Section 4.3.

The effect of imperfections highlights the importance of controlling the surface
roughness in the manufacturing process, especially for structural components designed
to sustain significant plastic deformation before fracture in bending. This can be
illustrated by close examination of the deformed 22MnB5 boron steel plate given in
Fig. 7b (used here for qualitative comparison purposes). Aluminum-silicon coating is
typically used to prevent oxidation and decarburization of the 22MnB5 boron steel
during hot forming. The coating, visible in light color on the tensile side of the plate
in Fig. 7b, cracks during the bending deformation, which usually occurs long before
any cracks in the steel. These coating cracks are likely sufficient to introduce surface
imperfections that can act as a trigger for the surface instability (see Section 4.3) and
fracture.

4.5. Fracture strain predictions: far-field plane strain tension versus plane strain bend-
ing

The macroscopic fracture strain is calculated for both tests, i.e., far-field plane strain
tension and plane strain bending, using a range of gage lengths, L0

G, defined in Sec-
tion 2.3. Three different combinations of material parameters are selected with the
strain hardening exponentN = [0.05, 0.1] and initial void volume fraction f0 = [0.015, 0.02],
as shown in Fig. 11. The models are again imperfection-free. As previously discussed,
the macroscopic fracture strain is defined as the elongation of the gage length, LG,
until the void volume fraction reaches the final level, fmax = fF . As an aside, the cor-
responding macroscopic strain at the onset of void coalescence (at fmax = fC) has also
been investigated, but its values basically coincide with the macroscopic fracture strain
for all considered cases. Thus, only the fracture strain values are plotted in Fig. 11.
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The results show that the macroscopic fracture strain for plane strain bending is
significantly higher than in the case of far-field plane strain tension. This is true for
all considered material configurations and gage lengths, which is consistent with ex-
perimental observations (Butcher and Dykeman, 2017). Moreover, while the difference
in fracture strain increases as the gage length reduces, the ratio between the fracture
strains for the two tests is approximately constant across the entire interval of gage
lengths considered. The differences in fracture strain and the dependency on the gage
length are caused primarily by the differences in the localization phenomena and the
stress state in these two tests, as discussed in Sections 4.2 and 4.3. Since the through-
thickness Considère neck is absent in plane strain bending, while prominent in far-field
plane strain tension, the crack nucleation sites in the two tests are subject to very differ-
ent stress triaxiality levels. This results in large differences in the local fracture strains
as well as differences in the gage length-dependency, as shown in Fig. 11. Bearing in
mind the macroscopic fracture strain is an average value over a region with large spa-
tial variations in the stress-strain history, the value obtained with smaller gage lengths
approach the local fracture strain at the crack initiation site.

It is important to note that the issue of gage length-dependence complicates both
the comparison and the use of the measured fracture strains in predictive modeling. As
previously discussed, a common gage length is difficult to achieve for the two considered
tests. This is because the pre-localization strain field is uniform in the far-field plane
strain tension test, whereas in the plane strain bending case, the y-direction stress
and strain vary from a maximum directly under the punch to zero at the supports.
This is especially important for relatively large gage lengths, i.e., exceeding the plate
thickness. In addition, the plane strain tension localization region covers roughly 1-2
plate thicknesses, and fracture typically initiates in the center of the plate (i.e., not
on the surface). In contrast, in plane strain bending, the localization initiates on the
surface and covers the region that is a fraction of the plate thickness. This highlights
the importance of the gage length effects for both tension and bending and indicates
that further work in this area is necessary.

5. Summary and conclusions

Ductile fracture behavior of thin metal plates under plane strain bending versus far-
field plane strain tension is investigated in this paper. The study is motivated by recent
experimental observations, which show that the fracture strain of thin metal plates in
plane strain bending is significantly higher than in far-field plane strain tension (Pack
and Mohr, 2017; Butcher and Dykeman, 2017; Woelke et al., 2018). Despite the im-
portance of this problem for multiple industries, the underlying mechanics that govern
this behavior have not previously been investigated.

In this work, detailed Gurson model simulations are performed for both test condi-
tions, with the focus on the difference in the localization phenomena and ductile frac-
ture. The far-field plane strain tension case displays the well-known through-thickness
Considère thinning and constrained plastic flow localization. This causes an increase
of the stress triaxiality inside the neck (in reference to the pre-thinning stage) to levels
far exceeding the nominal plane strain tension state (for thin plates), and this acceler-
ates void growth. Eventually, a shear band develops in the center of the plate followed
by fracture initiation. This process is well understood, and the current investigation
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merely emphasizes the key points to contrast with the plane strain bending behavior.
In the plane strain bending case, no through-thickness necking occurs, which prevents
development of any appreciable through-thickness stresses. Consequently, the stress
triaxiality remains approximately at the nominal plane strain tension level (for thin
plates) throughout the deformation process. At the final stage, a surface instability
develops, appearing as surface undulations or waves, within the mid-section on the ten-
sion side. This then leads to multiple shear bands initiating from the surface, followed
by crack initiation and growth within the dominant shear band. The surface crack
subsequently propagates towards the center of the plate (in the thickness direction).
The final stage of the deformation process as well as fracture propagation show sig-
nificant sensitivity to material and geometric imperfections. These differences in the
localization mechanisms and associated local stress states, occurring under the far-field
plane strain tension versus plane strain bending, are the key factors responsible for the
experimentally observed differences in fracture strain (both local and macroscopic).
Other important findings and conclusions of this study and their practical implications
are as follows:

• The surface instability that precedes shear band formation on the tension side
in plane strain bending could be used in sheet metal forming applications as a
predictor of the forming limit (also noted by Hutchinson and Tvergaard, 1980).
This is analogous to the existing tensile forming limits, which are typically used
for both tension and bending operations. Since the localization mechanisms and
fracture are clearly different in the two loading cases, tailored forming limits for
bending operations could potentially result in significant material savings.

• The deformation capacity after the onset of instability in bending is relatively
small in comparison to tension (i.e., small safety margin). Thus, accurate pre-
diction is particularly important for determining the bending limit. The current
work (in conjunction with Woelke et al. (2018) and the work of Hutchinson and
Tvergaard, 1980) shows that surface instabilities that occur in bending cannot be
predicted with a smooth plasticity surface and isotropic hardening. A softening
model, such as the GTN model used here, corner theory, or deformation theory
of plasticity are necessary.

• The surface instabilities increase the imperfection sensitivity of the response in
bending, which highlights the importance of the manufacturing process and con-
trolling the surface roughness of critical components. This is also relevant for
non-structural protective coatings that can crack before the protected metal com-
ponent. In such case, the protective coating can introduce local surface imper-
fections that trigger the instability and subsequent localization, leading to lower
ductility (a smaller critical bending angle) and premature fracture.

• The differences in the localization phenomena occurring under far-field plane
strain tension versus plane strain bending make it difficult to directly compare
the fracture strain measurements or gage length-dependence for these two loading
conditions. Additionally, plane strain bending localization immediately precedes
fracture with minimal amount of remaining deformation capacity. Thus, captur-
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ing the actual bending localization experimentally as well as its influence on the
measured fracture strain is likely difficult.

The challenges outlined above are consequential for both experimental mechanics
and material characterization, as well as for predictive modeling. This is especially rel-
evant for simplified modeling approaches based on shell mechanics, where phenomeno-
logical treatment of the differences between plane strain bending versus far-field plane
strain tension is necessary. Clearly, further work is needed to address these challenges.
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Tables

Table 1: Model parameters for the plane strain bending case.

Parameters Notation Value
Length of plate L 60 mm
Plate thickness t 1.4 mm
Punch radius Rp 0.43 mm
Roller radius Rr 20 mm
Distance between rollers 2lr 5.06 mm

Table 2: Model parameters for the far-field plane strain tension case.

Parameters Notation Value
Length of plate section L 10 mm
Plate thickness t 1.4 mm
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Table 3: Material parameters.

Parameters Notation Value
Density ρ 7, 850kg/m3

Young’s modulus E 210 GPa
Poisson’s ratio ν 0.3
Yield stress σ0 630 MPa
Strain hardening exponent N [0.05, 0.1, 0.2]
Gurson fitting parameters q1, q2, q3 1.5, 1.0, 2.25
Initial void volume fraction f0 [0.005, 0.01, 0.015, 0.02]
Critical void volume fraction fC 0.15
Final void volume fraction fF 0.25
Friction coefficient µfr 0.02
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Figure 1: The plane strain bending test setup with: punch radius, Rp, roller radius, Rr, distance
between rollers, 2lr, length of the plate, L, and thickness of the plate, t. The origin of the global
xyz-coordinate system is in the center of the plate and the z-axis coincides with the through-thickness
normal of the undeformed plate. All model parameters are listed in Tab. 1.
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Figure 2: The far-field plane strain tension test setup. Only the highlighted 2D section with length,
L, and thickness, t, located between the notches is considered in the numerical simulations (see also
Nielsen and Hutchinson, 2012). All model parameters are listed in Tab. 2.
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(a) (b)

Figure 3: Definition of the gage lengths in the interval L0
G/t = [0.25, 0.5, 1, 1.5, 2]: (a) far-field plane

strain tension, and (b) plane strain bending. The top figures show the undeformed configurations with
the y- and z-paths along which the data are extracted for comparison in Section 4.2. The bottom
figures show the deformed configurations.

18



(a)

(b)

Figure 4: (a) Normalized force-displacement curve for the far-field plane strain tension test with the
applied deformation on the plate section ∆y, and (b) normalized bending moment-bending angle curve
for the plane strain bending test with the bending angle α defined in Eq. (1). The figures show the
response obtained with the material parameters discussed in Section 4 (and outlined in Tab. 3). The
asterisks highlight the failure point, i.e., fmax = fC .
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Figure 5: Variation in the stress triaxiality, T , and the effective plastic strain, εPeff , at different stages
of deformation for the far-field plane strain tension case (see also Fig. 4a). The top figure shows
the variation along-the-length (i.e., the y-path defined in Fig. 3), and the bottom figure shows the
through-thickness variation (i.e., along the z-path defined in Fig. 3). All curves have been extracted
for N = 0.05 and f0 = 0.02.
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Figure 6: Variation in the stress triaxiality, T , and the effective plastic strain, εPeff , at different stages
of deformation for the plane strain bending case (see Fig. 4b). The top figure shows the variation
along-the-length (i.e., the y-path defined in Fig. 3), and bottom figure shows the through-thickness
variation (i.e., along the z-path defined in Fig. 3). All curves have been extracted for N = 0.05 and
f0 = 0.02.
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(a)

(b)

Figure 7: (a) Contour plot of the equivalent plastic strain at a late stage of the plane strain bending
deformation. Surface instabilities on the tension side of the plate are predicted by the Gurson model
simulations, followed by multiple shear bands. (b) A photograph of the plane strain bending deforma-
tion of the 22MnB5 boron steel plate with an aluminum-silicon coating (Dykeman, 2019). Multiple
shear bands are visible in the plate, as predicted by the simulations. Cracking of the protective
coating, which precedes the plate fracture and could promote surface instabilities, is also visible.
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(a)

(b)

Figure 8: (a) Plane strain bending curvature, κ, (the Menger curvature) of the tension side of the
plate obtained for N = 0.05 and f0 = 0.02 at different stages in the deformation history (see Fig. 4b).
(b) The three normal stress components along the x-, y-, and z-directions at the material point on
the tension side of the plate directly under the punch for plane strain bending as a function of the
equivalent plastic strain.
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(a)

(b)

(c)

(d)

Figure 9: Illustration of (a) the embedded imperfection band with the width of two elements (t/64)
and extending approximately t/6 into the plate from the bottom surface. The tip of the band is located
at y ≈ 0 and the band is oriented at an angle ψimperf = 45◦ relative to the free surface of the plate.
The imperfection is introduced by increasing the initial void volume fraction within the imperfection
by ∆f0 = [0, 0.001, 0.01, 0.05, 0.1]f0. (b)-(c) fracture in the plane strain bending case for the same level
of punch displacement ∆z,punch, without and with the imperfection of ∆f0 = 0.01f0. The material
parameters used in this calculation are N = 0.05 and f0 = 0.02. (d) experimentally obtained crack
growth in a 22MnB5 boron steel under plane strain bending – qualitative comparison (Dykeman,
2019). 24



(a)

(b)

Figure 10: (a) Normalized bending moment-bending angle curves for the plane strain bending test
with an imperfection of magnitude; ∆f0 = [0, 0.001, 0.01, 0.05, 0.1]f0, embedded on the tension side
of the plate (see Fig. 9a). (b) Macroscopic fracture strain for different gage lengths, L0

G, and for the
five imperfection magnitudes considered. The material parameters used are N = 0.05 and f0 = 0.02.
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(a)

(b)

Figure 11: Macroscopic fracture strain for both far-field plane strain tension and plane strain bending,
as a function of the gage length, L0

G, (defined in Fig. 3) for the material parameter sets presented in
Fig. 4 (following the same line style). (a) Variation in fracture strain for different strain hardening
exponents, i.e., N = 0.05 and N = 0.1, and fixed void volume fraction f0 = 0.02, and (b) variation
in fracture strain for different void volume fraction levels, i.e., f0 = 0.015 and f0 = 0.02 for a fixed
strain hardening exponent N = 0.05.

26


