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ABSTRACT

By applying a recently proposed coupled-Bloch-mode approach, we have derived the resonance condition for the
longitudinal modes of passive photonic crystal (PhC) line-defect cavities. We have derived simple expressions
for the electric field depending on the size of the cavity and the order of the resonant mode. We have shown
that, as the cavity becomes longer, the fundamental mode turns from FP-like to DFB-like and the fraction of its
wavevector components within the light cone is gradually suppressed. Importantly, we have clarified the physical
origin for this behaviour.

Keywords: Photonic crystal (PhC), photonic crystal cavities, Bloch modes, FP-like, DFB-like, radiation loss,
Q-factor, coupled-mode theory

1. INTRODUCTION

Photonic crystal (PhC) lasers are promising candidates for on-chip and chip-to-chip light sources, as the cavity
length can be scaled down to few micrometers while maintaining the quality-factor (Q-factor) high.1 This allows
PhC lasers to have low threshold current and small energy cost, with record values being recently reported.2

PhC lasers can be integrated on silicon3 and offer additional interesting functionalities, such as ultrafast fre-
quency modulation,4 self-sustained ultrashort pulse generation5 and increased stability against external optical
feedback.6

To maximize the Q-factor of a PhC cavity, the radiation loss must be kept as low as possible. At a given fre-
quency, the time-averaged power radiated out of the cavity is proportional to the integral within the light cone
of the spatial Fourier transform of the electric field intensity.7 Therefore, suppressing the wavevector compo-
nents of the field in the light cone is an effective strategy to maximize the Q-factor.8 Research works based on
finite-difference-time-domain (FDTD) simulations have distinguished the longitudinal modes of a passive PhC
line-defect cavity into FP-like or DFB-like depending on the size of the cavity size and the order of the resonant
mode.9 The particular nature of the mode has been also correlated with the fraction of wavevector field com-
ponents within the light cone, thus providing useful insights on the scaling of the Q-factor. However, a more
fundamental understanding of this classification is missing.
In this work, we employ a recently proposed coupled-Bloch-mode approach10 to analyze the resonance condition
and electric field distribution in passive PhC line-defect cavities. We show that this approach provides the simple
expressions suggested in9 and clarifies the physical origin of the classification contained therein. Furthermore, we
compute the relative fraction of the electric field intensity within the light cone for the fundamental mode and
show that the scaling with the size of the cavity is in agreeement with other results reported in the literature.11

This paper is organized as follows: in Section 2, we briefly summarize the coupled-Bloch-mode approach and
derive the resonance condition for a passive PhC line-defect cavity. In Section 3, we discuss the expansion
of the Bloch modes of the cavity in a Fourier series, which is a key point to explain the FP-like or DFB-like
nature of a resonant mode. In Section 4, we derive the real-space distribution of the electric field within the
cavity for a generic resonant mode. In Section 5, we focus on the fundamental mode and analyze its real- and
wavevector-space distribution. In Section 6, we finally draw the conclusions.
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2. RESONANCE CONDITION

Figure 1: A LN PhC cavity with N = 3. The reference system and the choice of the unit cell adopted in this
paper are shown. With this choice, a LN cavity is modelled as made up of N unit cells.

A so called LN cavity is obtained by omitting N holes in a PhC slab.9 As an example, Fig. (1) shows the top
view of a L3 cavity (the holes encircled by red are intented to be removed) together with the reference system
adopted in this paper. In,10 the coupled-Bloch-mode (CBM) approach has been applied to the analysis of various
PhC cavities based on line-defect waveguides (LDWGs). The electric field in a LDWG with a complex refractive
index perturbation is expanded on the forward- (+) and backward-propagating (-) Bloch modes

E(r, ω) = ψ+(z, ω)e+0 (r, ω)e+ikz(ω)z + ψ−(z, ω)e−0 (r, ω)e−ikz(ω)z (2.1)

Here, e±0 are periodic along z with the period given by the PhC lattice constant a and ψ±(z, ω) are slowly-
varying envelopes which account for gain and refractive index perturbations. The wavevector kz is taken in the
left around of the second Brillouin zone (BZ) (kz ∈ [π/a, 2π/a]), where its derivative with respect to frequency
is positive and the corresponding Bloch mode is thus forward-propagating. The slowly-varying envelopes are
governed by the CBM equations

∂zψ+ ' iκ11,q=0(ω)ψ+ + iκ12,q=1(ω)e+2iδ(ω)zψ−

−∂zψ− ' iκ21,q=−1(ω)e−2iδ(ω)zψ+ + iκ11,q=0(ω)ψ−
(2.2)

where δ(ω) = π/a − kz(ω) is the detuning from the band edge, κ11,q=0(ω) is the self-coupling coefficient and
κ12,q=1;21,q=−1(ω) are the cross-coupling coefficients. The CBM equations provide the evolution of the electric
field from the input (z = zi) to the output (z = zi+Na) of the perturbed section with N unit cells of a LDWG. In

Figure 2: General scheme to compute the complex loop-gain of a LN cavity. The reference plane is put at the
interface between two unit cells. SNL (SNR) is the scattering matrix of the waveguide located on the left (right),
with NL (NR) unit cells. The left (right) mirror is described by the scattering matrix SL (SR).

the formulation of Eq. (2.1) and Eq. (2.2), zi is implicitly set to zero. The amplitudes c±(z, ω) = ψ±(z, ω)e±ikz(ω)z
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at the input (i) and output (o) of the perturbed section are related through a scattering matrix[
c−i (ω)

c+o (ω)

]
= SN(ω)

[
c+i (ω)

c−o (ω)

]
(2.3)

whose general expression is reported in.10 The resonance condition of a given longitudinal mode is found by
computing the complex loop-gain (LG) of the cavity, as illustrated by Fig. (2). The reference plane to compute
the LG is put at the interface between two LDWGs of NL and NR unit cells respectively. The cavity is terminated
on the left (right) with a mirror modelled by a scattering matrix SL (SR) and the scattering matrix resulting
from the cascade of SL and SNL (SNR and SR) is denoted by S′ (S′′). The reflection coefficients at the reference

plane are
←−
Γ = S′22 and

−→
Γ = S′′11 and the LG is LG =

←−
Γ ·
−→
Γ . If the cavity is passive, the Bloch modes are only

coupled at the mirrors, with no distributed coupling. In this case, the self- and cross-coupling coefficients are
zero and SN reduces to

SN =

[
0 −e−iδ(ω)LN

− e−iδ(ω)LN 0

]
(2.4)

where LN = N a. This implies
←−
Γ = SL,22 e

−2iδ(ω)LNL and
−→
Γ = SR,11 e

−2iδ(ω)LNR , where LNL = NL a and
LNR = NR a. By assuming ∠SL,22 = ∠SR,11 = 0 and denoting by L the cavity length LNL +LNR , the resonance
condition ∠LG = n2π for the n− th longitudinal mode becomes

k2 −
π

a
= n

π

L
(2.5)

where we have denoted kz by k2. Eq. (2.5) is the resonance condition reported in.9 The fundamental resonant
mode is obtained for n = 1 and is that with the lowest frequency. Since we model a LN cavity as made up of N
unit cells (see Fig. (1)), Eq. (2.5) can be recast as

k2a

2π
=

1

2
+

n

2N
(2.6)

3. BLOCH MODES

We consider LN cavities with air cladding similar to those in.11 The forward-propogating TE-like Bloch modes
e+0 (r) of the LDWG on which the LN cavity is based are computed by the plane wave eigensolver MIT Photonic-
Bands (MPB).12 The backward-propagating modes e−0 (r) are obtained as the complex conjugate. We denote the
x-component of e+0 (r) at the middle of the PhC slab (x = y = 0) by e+x (z). Fig. (3) shows e+x (z) in magnitude (a)
and phase (b), with each colour corresponding to a different kz. As an example, each kz has been chosen as that
of the n−th resonant mode of a L11 cavity, with n = 1 (blue), n = 2 (red) and n = 3 (yellow). To understand the
distribution of the electric field within a LN cavity, we focus on the Fourier harmonics of the Bloch modes e+x (z),
which we denote by bq. Fig. (3c) shows them in magnitude at the same frequencies as Fig. (3a) and Fig. (3b).
Two important features can be noticed. Firstly, since the phase of e+x (z) within a unit cell is almost linear with
z, |bq| is negligigle for q 6= {0,−1}. Therefore, we can write e+x (z) and e−x (z) as

e+x (z) = b0 + b−1e
−i 2πa z

e−x (z) =
[
e+x (z)

]?
= b?0 + b?−1e

+i 2πa z
(3.1)

Secondly, the ratio |b−1/b0| changes with frequency. This is highlighted by Fig. (3d), which shows |b−1/b0| versus
kz. The closer to the band edge kz is and the larger the ratio becomes, because the peak-to-peak amplitude
of e+x (z) increases. Both the first and second are general features of the Bloch modes of a periodic structure13

and have a key role in determining if the resonant mode is either FP-like or DFB-like, as it will be clarified in
Sec. (5).
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Figure 3: e+x (z) in magnitude (a) and phase (b) and magnitude of the corresponding Fourier harmonics bq (c).
Each colour corresponds to the n − th resonant mode of a L11 cavity, with n = 1 (blue), n = 2 (red) and
n = 3 (yellow). (d) Magnitude of the ratio between b−1 and b0 as a function of kz. The Bloch modes have been
computed by MPB for an infitinely extended LDWG with air cladding and are normalized such that, at each
frequency, the time-averaged energy associated with the electric field e+0 (r) is unitary. The lattice constant is
438 nm and the thickness of the slab 250 nm, while the slab refractive index is assumed to be 3.17. The choice
of the unit cell is indicated in Fig. (1).

4. RESONANT MODES: REAL-SPACE DISTRIBUTION

We denote by Ex(z) the x-component of the total electric field within the cavity at the middle of the PhC slab.
For simplicity, in our analysis we ignore the other in-plane component of the field (z-), as the radiation loss is
mainly caused by the x-component.9 Fig. (4) shows the z-axis, with the centre of the cavity put at z = 0. The
reference plane of Fig. (2) is put at z = z0, at the interface between two unit cells. In addition, we assume that
an integer number of periods of e+x (z) fits into the cavity. With these assumptions, at z = 0 the magnitude of
e+x (z) has a maximum (minimum) if N is odd (even). As a consequence, b0 and b−1 are both real and positive if
N is odd. If N is even, b0 is real and positive, while b−1 is real and negative.

Figure 4: The z axis employed in this paper. The centre of the cavity is at z = 0. The reference plane of Fig. (2)
is at z = z0, at the interface between two unit cells.

To derive an expression for Ex(z), we need to determine the boundary conditions for the amplitudes ψ±. Since
there is no distributed coupling, ψ± are constant within the cavity. In practice, the field in the cavity is excited
by either optical or electrical pumping. Moreover, since the mirrors are highly-reflective, the output power is
collected in the vertical (y-) direction. However, for the sake of simplicity, we assume that the field is excited
from the outside at one of the two ends of the cavity. With reference to Fig. (2), we assume an impinging c+1 ,
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while c−2 = 0. Therefore, c±(z) at the reference plane are given by

c+(z0) = c+1
S′21

1− LG
c−(z0) = c+(z0)

−→
Γ

(4.1)

The amplitudes c±(z) in the other points are given by c±(z) = ψ±e
±ik2(z−z0). Therefore, we can compute ψ+

and ψ− as

ψ+ = c+1
S′21

1− LG
ψ− = ψ+−→Γ

(4.2)

The phase of ψ+ can be related to the phase of c+(z) at the centre of the cavity by

∠ψ+ = k2z0 + φ (4.3)

with φ = ∠c+(z = 0), while from Eq. (4.2) the phase of ψ− is obtained as

∠ψ− = ∠ψ+ + ∠
−→
Γ (4.4)

A mode propagating within a LN cavity is confined within it because it is evanescent within the mirrors.14 For
simplicity, we model the mirrors as concentrated and frequency-independent. Within this approximation, the
evanescent decay of the field within the mirrors cannot be reproduced and the field distribution can only be
recovered within the cavity, where the electric field can be approximately written as

Ex(z) = w(z, L)
[
ψ+e+x (z)e+ik2(z−z0) + ψ−e−x (z)e−ik2(z−z0)

]
(4.5)

Here, the window function w(z, L) accounts for the field confinement provided by the mirrors and is defined as

w(z, L) =

{
1, |z| ≤ L/2
0, |z| > L/2

(4.6)

The input and output plane of the cavity are put at z = −L/2 and z = L/2 respectively, as indicated in Fig. (1).

Since |
−→
Γ | = |SR,11|, then |ψ+| = |ψ−| if the right mirror reflectivity is unitary. For simplicity, we will assume in

the following |SR,11| = 1. Therefore, by taking into account that b0 and b−1 are both real and plugging Eq. (3.1)
into Eq. (4.5), we obtain

Ex(z) = w(z, L)
[
|ψ+|

(
b0 + b−1e

−i 2πa z
)
e+ik2(z−z0)e+i∠ψ+

+ |ψ+|
(
b0 + b−1e

+i 2πa z
)
e−ik2(z−z0)e+i∠ψ−

] (4.7)

Furthermore, consistently with,9 we define

k1 =
2π

a
− k2 (4.8)

4.1 LN cavity with N odd

If N is odd, z0 is given by z0 = ±
(
m+ 1

2

)
a, with m being an integer. By exploiting Eq. (2.5) and writing LNR

as LNR = L/2− z0 (see Fig. (4)), we can express the phase of
−→
Γ at the n-th resonance as

∠
−→
Γ = (n± 1)π − 2k2z0 (4.9)

This implies ∠ψ− = −k2z0 + (n ± 1)π + φ. Therefore, the electric field distribution Ex(z) is obtained from
Eq. (4.7) as

Ex(z) = w(z, L)e+iφ
[
|ψ+|b0e+ik2z + |ψ+|b−1e−ik1z

+ |ψ+|b0e−ik2ze+i(n±1)π + |ψ+|b−1e+ik1ze+i(n±1)π
] (4.10)
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Figure 5: (a) Fundamental mode real-space distribution in a L6 cavity computed by Eq. (5.1). (b) Fundamental
mode real-space distribution in a L15 cavity computed by Eq. (5.2). The input and output plane of the cavity
are those indicated in Fig. (1). Reproducing the evanescent decay of the field within the mirrors is beyond the
scope of this paper.

Since b0 and b−1 are both real and positive, Eq. (4.10) can be recast as

Ex(z) = w(z, L) 2|ψ+|e+iφ [|b0| cos (k2z) + |b−1| cos (k1z)] , for n odd

Ex(z) = w(z, L) 2i|ψ+|e+iφ [|b0| sin (k2z) + |b−1| sin (k1z)] , for n even
(4.11)

Consistently with,9 Ex(z) is even (odd) with respect to the centre of the cavity if n is odd (even).

4.2 LN cavity with N even

If N is even, then z0 = ±ma, with m being an integer. The phase of
−→
Γ can be written as

∠
−→
Γ = nπ − 2k2z0 (4.12)

from which ∠ψ− = −k2z0 + nπ + φ. Consequently, from Eq. (4.7) Ex(z) can be written as

Ex(z) = w(z, L)e+iφ
[
|ψ+|b0e+ik2z + |ψ+|b−1e−ik1z

+ |ψ+|b0e−ik2ze+inπ + |ψ+|b−1e+ik1ze+inπ
] (4.13)

Since b0 is real and positive, while b−1 is real and negative, Eq. (4.13) can be rearranged as

Ex(z) = w(z, L) 2i|ψ+|e+iφ [|b0| sin (k2z) + |b−1| sin (k1z)] , for n odd

Ex(z) = w(z, L) 2|ψ+|e+iφ [|b0| cos (k2z)− |b−1| cos (k1z)] , for n even
(4.14)

In agreement with,9 Ex(z) is odd (even) with respect to centre of the cavity if n is odd (even).

5. FUNDAMENTAL MODE

We focus now on the real-space and wavevector-space distribution of the fundamental mode. Based on the results
of Sec. (4), the analysis can be easily extended to higher-order longitudinal modes. If N is odd and n = 1, from
Eq. (4.11) Ex(z) is given by

Ex(z) = w(z, L)|ψ+|
[
|b0|e+ik2z + |b0|e−ik2z

+ |b−1|e+ik1z + |b−1|e−ik1z
]
, for N odd

(5.1)
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where we have put φ = 0. If N is even and n = 1, from Eq. (4.14) we obtain

Ex(z) = −w(z, L)i|ψ+|
[
|b0|e+ik2z − |b0|e−ik2z

+ |b−1|e+ik1z − |b−1|e−ik1z
]
, for N even

(5.2)

where we have put φ = −π/2. As an example, the fundamental mode is shown in Fig. (5a) for N = 6 and in
Fig. (5b) for N = 15. Independently if N is either odd or even, the real-space distribution of Ex(z) results from
the superimposition of two pairs of plane waves, with wavevectors ±k1 and ±k2. The ratio |b−1/b0| between the
amplitudes of these plane waves is the ratio between the Fourier harmonics of either of the two Bloch modes
circulating within the cavity. As N varies, the resonance frequency changes and the ratio |b−1/b0| correspondingly
varies. This is outlined by Fig. (6), which displays k2 and |b−1/b0| versus N. From (2.6) and (4.8), the wavevector
k1 can be also expressed as

k1a

2π
=

1

2
− 1

2N
(5.3)

where we have put n = 1. As N increases, both k1 and k2 move towards the band edge. Therefore, as

Figure 6: k2 as determined by the resonance condition (left) and corresponding |b−1/b0| (right) versus N.

outlined in Sec. (3), |b−1| gradually becomes comparable to |b0| and the fundamental mode tends to become
DFB-like according to the nomenclature proposed in.9 This nomenclature originates from the fact that the field
distribution in a DFB laser is determined by two pairs of wavevectors, namely ±k1 and ±k2.15 On the contrary,
the smaller N is and the more Ex(z) is determined by a single pair of plane waves, with wavevectors ±k2, as it
occurs in a FP laser. For this reason, the fundamental mode turns into FP-like. Eq. (5.1) and Eq. (5.2) coincide
with those reported in9 for the fundamental mode. However, these expressions are therein obtained through a
fitting procedure with FDTD simulations. As compared to,9 here we have shown that the expression for Ex(z)
naturally follows from the expansion of the field in the two counter-propagating Bloch modes of the cavity. In
addition, we have highlighted the physical meaning of b−1 and b0, as well as the origin for the dependence of
|b−1/b0| on the size of the cavity. Having shed light on the real-space profile of the fundamental mode, we focus
now on its distribution in the wavevector-space. From Eq. (5.1) and Eq. (5.2), we compute the spatial Fourier
transform of Ex(z) as

Ex(ζ) = |ψ+| [|b0|W (ζ − k2) + |b0|W (ζ + k2)

+ |b−1|W (ζ − k1) + |b−1|W (ζ + k1)] , for N odd
(5.4)

Ex(ζ) = −i|ψ+| [|b0|W (ζ − k2)− |b0|W (ζ + k2)

+ |b−1|W (ζ − k1)− |b−1|W (ζ + k1)] , for N even
(5.5)
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Figure 7: (a) Relative fraction of |Ex(ζ)|2 within the light cone as a function of N. (b) |Ex(ζ)| in arbitrary units
for the fundamental mode of LN cavities with different values of N. For each N, the white, dotted lines delimit
the light cone.

where ζ is the spatial angular frequency and W (ζ) is the spatial Fourier transform of w(z, L)

W (ζ) = L
sin (ζL/2)

ζL/2
= Lsinc

(
ζL

2π

)
(5.6)

For a given N, the wavevector components of the field fullfilling the condition |ζ| > (ω2/c)nclad are confined
to the slab in the vertical direction by total internal reflection. Here, nclad is the cladding refractive index (in
our case, nclad = 1) and ω2 is the angular frequency of the longitudinal mode. The other ζ components lie in
the light cone and couple to the continuum of radiative modes. As a measure of the scaling of the radiation loss
with the size of the cavity, we report in Fig. (7a) the relative fraction of the electric field intensity within the
light cone

η =

∫ +ζ0
−ζ0 |Ex(ζ)|2dζ∫ +∞
−∞ |Ex(ζ)|2dζ

(5.7)

where ζ0 = ω2/c is the upper limit of the light cone for a given N. The scaling is compatible with that reported
in11 for LN cavities without disorder and confirms that the radiation loss significantly decreases as the cavity
becomes longer. As N increases, k1 tends to π/a and W (ζ ± k1) departs from the light cone. In addition, the
spectral width of each of the sinc functions in Eq. (5.4) and Eq. (5.5) decreases as the cavity becomes longer.
This is evidenced by Fig. (7b), showing |Ex(ζ)| for different values of N. As a result, the mode spectrum shifts
outside the light cone and the relative fraction η decreases.

6. CONCLUSIONS

By applying the coupled-Bloch-mode approach presented in,10 we have derived the resonance condition for the
n-th longitudinal mode of a passive PhC line-defect cavity with N missing holes (a so called LN cavity) and simple
expressions for the electric field within it. We have outlined that the symmetry of the electric field with respect to
the centre of the cavity depends both on n and N and is consistent with that reported in.9 We have then focused
on then fundamental mode and shown that, as N increases, it turns from FP-like to DFB-like according to the
nomenclature proposed in.9 As compared to,9 we have clarified the physical origin for this behaviour and traced
it back to the Fourier harmonics of the Bloch modes circulating within the cavity. Finally, we have analyzed the
fundamental mode distribution in the wavevector-space. Consistently with,11 we have shown that the relative
fraction of the mode spectrum within the light cone is gradually suppresed as N increases. In conclusion, we
believe that the investigation illustrated in this paper will contribute to a more fundamental understanding of
the characteristics of PhC cavities and might provide useful insights for their design.
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