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Abstract Energy system models are frequently being influenced by simplifications, assumption er-
rors, uncertainties, incompleteness, and soft constraints which are challenging to model in a good
way. In capacity expansion modeling, also the long time horizon and the high shares of renewable
energies feed into the uncertainties. Consequently, a single optimal solution might not provide enough
information to stand alone. Contrarily, a portfolio of different solutions, all being within an accep-
tance span of the system costs, would create more valuable decision support tool. This idea is known
from the literature where a near optimal solution space typically is explored by introducing integer
cuts that iteratively cut off solutions as they are found.

Generalizing this idea, we suggest an approach that explores the near optimal solution space by
iteratively finding new solutions which are as different as possible from earlier solutions with respect
to investment decisions. Our method deviates from the literature since it maximizes the difference
of the found solutions rather than finding k similar solutions. An advantage of this approach is that
the resulting portfolio holds high diversity which creates a better basis for good decision making.
Moreover, it overcomes a potential struggle of getting symmetric solutions and it strengthens the
robustness arguments of the different investment decisions. Furthermore, we suggest to search for
alternative solutions in an aggregated solution space whereas the original solution space typically
has been used for the search in previous work. We hereby exploit the speed-up achieved through
aggregation to find more solutions, and we observe that these solutions might indicate must have

investments of the non-aggregated problem.

The suggested approach is tested on a case study for three different limitations on the system costs.
Results show that our approach, by far outperforms the approach known from the literature when the
neighborhood size exceeds 0.7%. Furthermore, using our approach a portfolio of eight solutions with
high diversity is found within the same time as the corresponding non-aggregated optimal solution.
By looking into the different solutions, the relative importance of each unit investment is clearly
identified, which potentially could be used to limit the gap between aggregated and non-aggregated
solutions. Also, the portfolio in itself compensates for errors introduced by aggregation.
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1 Introduction

With the climate goals of the Paris agreement trying to keep the global warming below 2◦C, a main
goal of energy optimization is focused on reaching future renewable energy targets [1], and hence
substantial investments in renewable energies are necessary. Which energies to use for fulfilling the
goals and at which cost, are however the big decisions to be made [1,2,3]. As a consequence of
introducing more renewable energy, the variability in production also increases significantly, hence,
to find the best investments, one needs to optimize the combined long- and short-term capacity
expansion energy system model [4,5,6,7,8]. However, the combination of a long time horizon with
a fine-grained resolution, makes the resulting problems very complex to solve, and hence significant
simplifications are frequently needed to make the problems solvable.

Simplifying methods both apply to the modeling and to the solution procedure. Despite of most
simplifications being a necessity due to complexity challenges, some simplifications are introduced
because of limitations to the optimization methodology such as neglection of real-time operations,
linearization of nonlinear features, or compromisation of multi-objective aspects [7,9]. Frequently seen
is also the omission of technicalities in the model, such as unit commitment, which compromises the
solution quality [10]. The most common method to simplify the model is to reduce it in size by aggre-
gating either the time or the spacial domain [11,12,13,14,15]. The general idea of domain reduction
is to identify patterns in the input data and use these to reduce the data such that each pattern is
represented by less variables. For capacity expansion models, this is typically seen as regions or sup-
plying units being aggregated into one, or as a disregard of time slices not being part of an intelligent
selection. Especially time aggregation has achieved a lot of recent attention with various studies com-
paring different techniques and experimentally quantifying the gains and errors [16,17,18,19]. The
common conclusion is a tremendous speed-up at the cost of a slightly compromised solution quality.
Moreover, due to imperfect foresight, deterministic models tend to introduce assumption errors by
assuming future values for uncertain parameters in the model. Alternatively, such uncertainties are
handled by introducing stochastic modeling [20,21] however, typically by compromising other detail
levels, to account for the larger complexity introduced by the stochasticity [10]. Ideally the energy
system models are solved to optimality using state-of-the-art solvers such as CPLEX or Gurobi [22,
23]. However, heuristic or math-heuristic approaches are used as well, potentially compromising the
optimality of the solution [24,25,26]. Alternatively, relaxations are applied to integer variables such
as investment decisions, causing yet more quality compromised solutions [22,23,27,28].

In the end, such simplifications affect the balance between solution quality and available resources.
Nevertheless, all of the above mentioned references have a tendency of focusing only on the optimal
solution. But with the models being dominated by uncertainties, assumptions, simplifications and
imperfections due to incapabilities of modeling specific real life situations, the optimal solution might
just be an approximation of the ’true’ optimal solution [9,29]. Furthermore, a single optimal solution
only provides a picture of the cheapest solution. It does not say anything about the importance of
the decisions made nor how far from the second best solution it is, which essentially becomes highly
relevant in a strategic investment framework. Imagine that the future renewable energy targets are
reached in the cheapest way by making a lot of changes to the current system. However, frequently
there is an ǫ more expensive solution which utilizes the current system better and therefore reaches
the targets with less changes. With a cost function typically arising from both estimations and
linearization, an ǫ difference in costs might be insignificant. Similarly, the single optimal solution
might prioritize an investment which is not seen in any of the nearby solutions, wherefore this
investment might be very sensitive to the imperfection of the modeling.

A straightforward idea is therefore to explore the near optimal solution space to find a set of so-
lutions that respect some limit on the change in objective. This is typically achieved by introducing
integer cuts which iteratively cuts away solutions from the solution space, as they are found [30].
Hereby, the k best solutions are identified, all being structurally different with respect to invest-
ments. Either k is a predefined number or the algorithm terminates when the change in objective
exceeds a predefined limit [30]. This approach is also seen in [31] both as a standlone approach
and in combination with parametric optimization. Parametric optimization is typically applied to
multi-objective problems where part of the objective function is discretized and the problem is then
iteratively solved for the discretized parameter [32,33]. Similarities to this idea is also seen in the
proximity search method [34] where the objective is replaced by a proximity goal, ensuring the search
for a new solution to be within a neighborhood around the last found solution. The idea of searching
a neighborhood around a solution is that, the assumption of the maximum change in the objective
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lying within the range of uncertainties, justifies each of the solutions in the neighborhood to be
equally good. A portfolio of solutions from the near optimal space therefore provide a better basis
for an investor to decide on a future energy system [30]. More importantly, the different solutions
provide a picture of the robustness of the different investment decisions and by that indicate the
importance of each unit to the system. However, if many solutions exist in the chosen near optimal
space, the resulting portfolio of solutions might not be particularly diverse, wherefore the robustness
to its optimality is not stressed. Consequently we suggest to expand the approach in [30] to include a
new objective, turning the old objective into a proximity constraint. To be more specific, we suggest
an approach that not only searches for alternative solutions but searches for the portfolio of solutions
containing highest diversity according to investments. Our approach explores the nearby optimal
solution space by maximizing the differences among the found solution. Herewith, the arguments for
the robustness of the decisions are strengthened while our approach provides an investor with a more
fulfilling picture of the different investment possibilities within the cost limitations.

The remainder of this paper is structured as follows; Section 2 presents the suggested solution
approach while Section 3 introduces a version of the near optimal solution approach from the lit-
erature. Section 4 describes a case study problem while the results are discussed in Section 5. All
observations are concluded in Section 6.

2 Maximized Diversity Solutions

In the following we present the suggested exploration approach in the framework of Capacity Expan-
sion Problems (CEP), but the approach is applicable to any problem considering investment decisions.
The CEP categorization covers several problems such as the Generation Expansion (GEP), demand
forecasting, distribution expansion planning and transmission expansion planning [35]. All problems
have the common goal of finding the optimal design of the considered part of the energy system,
wherefore also combined models frequently are seen. GEPs specifically consider power plant mixes,
wherefore the aim is to find an optimal mix between existing and candidate generation facilities,
as well as the individual size, location and construction time. With an assumption of considering a
single location with no existing capacities, the problem reduces to the decision of capacity instal-
lation of candidate units only, and this is mainly the problem considered in this paper. However,
with the resent combination of long- and short-term models, both capacity mix decisions and hourly
commitment of the installed units are to be decided such that the operational and investment costs
are minimized [8]. Each GEP is associated to a set of constraints ensuring a match between demand
and supply, balancing of the energies and further technicalities of the system to be respected. The
latter applies to capacity and system related restrictions.

Let any CEP be defined as P with the general problem structure as follows:

min Z = c · y

s.t. y ∈ Sp,
(P)

where Sp is the set of feasible solutions. Assuming that Ẑ is the optimized costs and ŷi is the optimal
investment strategy to the problem P, the suggested exploration approach aims at finding a strategy
as different from ŷi as possible, without changing Ẑ with more than ǫ. This is achieved by imposing
a new objective on the problem;

max
∑

i∈I

|ŷi − yi| (1)

while transforming the old objective into a constraint, and adding a limit to the change in system
costs;

|Ẑ − Z|

Ẑ
≤ ǫ, Ẑ = c · ŷ (2)

To avoid non-linearities normally imposed by the absolute value in (1), we reformulate by exploiting
the variables being binary. To maximize the objective we have the following two cases;

- The known variable ŷi is 1: We want to minimize yi, hence maximize −yi
- The known variable ŷi is 0: We want to maximize yi, hence maximize +yi
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A general formula transforming yi according to the above cases, is defined as follows;

(1− 2 · ŷi) · yi (3)

Using the reformulation (3), we now define the maximized diversity problem (Q) as follows:

max
∑

i∈I

(1− 2 · ŷi) · yi

s.t. Z = c · y

y ∈ Sp

|Ẑ − Z|

Ẑ
≤ ǫ, Ẑ = c · ŷ

(Q)

Solving (Q) now provides a solution being as different as possible to the optimal solution ŷ with
respect to investment decisions. To achieve a portfolio of maximized diversity solutions, problem Q

is solved in an iterative manner. We suggest two different diversity definitions, namely Qmaxmin and
Qsum. For the problem Qmaxmin the solution in iteration k is found such that it maximizes the
minimum distance to the previous k-1 solutions. In Qsum, the k th solution maximizes the sum of
distances to all k-1 solutions. Furthermore, we introduce a cut constraint which in each iteration cuts
off the solution just found, ensuring duplicates in the portfolio to be avoided. The cut constraint is
defined as follow: ∑

i

ŷ
n
i − 1 ≥

∑

i

(2 · ŷni − 1) · yki ∀n ≤ k − 1 (4)

Here, the right hand side represents a solution n in terms of the new solution variable yki such that
variables of the units included in solution n have a positive sign and units not included in solution n

have a negative sign. The left hand side restricts this expression to be less than the sum of invested
units in solution n subtracted by one. Consequently, a new solution k must activate at least one of the
units not included in solution n if the set of activated units in solution k and n is equal. Otherwise,
the set of activated units cannot be equal, which essentially ensures that the exact same solution
structure cannot appear again.

Finally, even though we maximize differences among the different investment solutions, it is still
beneficial to avoid symmetric investments. This occurs in the realistic set-up where equal units are
not aggregated into one. In that case, identical investment strategies might turn up in different
iterations wherefore we impose symmetry constraints on the problem. Basically, such constraints are
imposed on every group of identical investments. The idea is to order the investments and ensure
that investments are not made in units with a higher order than the last invested unit. Formally for
each technology type t ∈ T , this is defined as:

y
k
it ≤ y

k
it−1 ∀it ≥ 1 (5)

To summarize, the two formulations Qsum and Qmaxmin are as follows:

max

k−1
∑

n=1

∑

i∈I

(1− 2 · ŷni ) · y
k
i

s.t.
∑

i

ŷni − 1 ≥
∑

i

(2 · ŷni − 1) · yki ∀n ≤ k − 1

ykit ≤ ykit−1 ∀it ≥ 1, t ∈ T

|Ẑ{1} − Zk|

Ẑ{1}
≤ ǫ, Ẑ = c · ŷ

Z = c · y

y ∈ Sp

(Qsum)

max M

s.t. M ≤
∑

i∈I

(1− 2 · ŷni ) · y
k
i ∀n ≤ k − 1

∑

i

ŷni − 1 ≥
∑

i

(2 · ŷni − 1) · yki ∀n ≤ k − 1

ykit ≤ ykit−1 ∀it ≥ 1, t ∈ T

|Ẑ{1} − Zk|

Ẑ{1}
≤ ǫ, Ẑ = c · ŷ

Z = c · y

y ∈ Sp

(Qmaxmin)

Notice that for k = 2, Qsum and Qmaxmin become the same problem. In that case, k1 finds the
optimal solution while k2 returns the solution with an investment strategy as different to the optimal
one as possible. With k > 2 the problem becomes more constrained for each iteration, wherefore none
of the solutions found in iterations k > k2 would exceed the investment differences obtained in k2. We
therefore refer to the solution of iteration k2 as the Maximized Investment Different solution (MID),
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whereas all following solutions are referred to as Alternative solutions or simply Maximized Diversity

Solutions (MDS), with both terminologies also possibly covering the MID. A further observation is
that, since we no longer minimize costs in Q, the decision variables (apart from yi) no longer are
assigned optimized values minimizing costs. To obtain the minimized cost solution to the specific
investment strategy achieved from (Q), the investment strategy must be fixed in (P).

2.1 Time Aggregation Framework

Qsum and Qmaxmin can immediately be applied to problems (P) of arbitrary time horizon. Never-
theless, with (P) being NP-hard it is often hard to solve, and adding the suggested maximization
approach, increases the solution complexity even further. Since, Qsum or Qmaxmin must be solved
in each iteration, we suggest to apply a problem reduction in order to reduce time usage. From the
research area of capacity expansion energy system models, time aggregating simplification methods
show strong time reductions without compromising the solution quality significantly [18,19]. There-
fore, we suggest to aggregate the problem (P) in each iteration k. For this purpose, any aggregation
technique ATQ can be used, see [19] for an overview and comparison of different techniques. The
basic idea of time aggregation is to smartly reduce the time domain, and then solve the problem on
the aggregated time domain only. The goal is to perform the reduction, such that the aggregated
time series reflect essential features of the non-aggregated time series.

Since we cut off found solutions we might end up searching for nothing. To limit the consequences
of this and to ensure that too much time is not wasted on unfortunate searches, we suggest to impose
a time limit Tmax on each iteration. We accept solutions found after reaching the time limit, or move
to the next iteration if no solution was found.

The procedure of finding a portfolio of maximized diversity solutions is seen in Procedure 1. The
algorithm takes as input the problem P, the set of data series DS, the number of iterations k, the
aggregation technique ATQ, the allowed change in cost ǫ, and the time limit Tmax for each iteration.

Procedure 1 Portfolio of Maximized Diversity Solutions (PoMDS)

1: procedure PoMDS({P,DS},k, ATQ, Tmax ,ǫ)
2: Apply ATQ on the DS to achieve the reduced series DSagg

3: Solve P (DSagg) to optimality and observe optimal cost Ẑ and investment decisions ŷ1i .
4: For(n = 1 to k − 1){

5: Include the investment strategy ŷn−1
i in the Qmaxmin or the Qsum problem

6: Solve Qmaxmin{DSagg} or Qsum{DSagg} with a time limit Tmax to achieve ŷni
7: }

As already mentioned, using a time domain reduction approach has the advantage of regaining
tractability in the problem. From the literature [18,19] we see that the solutions found with a time
domain reducing approach still provide high quality solutions. We hereby find a portfolio of good
quality solutions in a time comparable to the time of solving the non-aggregated problem. However,
despite the record of high quality solutions, there is no guarantee that the minimized costs of the
portfolio of aggregated solutions stays within a ǫ-range from the optimal costs, when solved in a
non-aggregated framework.

3 Near Optimal Solution Approach from Literature

The dominating approach to exploit near optimal solutions known from the literature is an iterative
cutting procedure [30,31]. The original optimization problem (P) is preserved, and the k th solution
is found by cutting away the (k-1 ) earlier found solutions. In that sense, this procedure finds the k

best solutions with respect to minimized costs. We hereby argue that this approach does not have
the same value as the PoMDS approach from an investment perspective. Being able to present the
diversity in solutions within an acceptance range of the system costs to an investor leaves them with
a wider picture for making decisions. Moreover, studying the diversity in investment choices for an
uncertainty range of the system costs also provide a stronger indication of the relative importance
of each investment. To investigate this claim further we suggest a comparison procedure as seen in
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Procedure 2. This algorithm finds all solutions in the ǫ neighborhood of the optimized costs, or if
this amount exceeds k, it finds the k best solutions.

Procedure 2 Near Optimal Solutions(NOS)

1: procedure NOS({P,DS},k, ǫ)
2: Apply ATQ on the DS time series to achieve the reduced series DSagg

3: Solve P (DSagg) to optimality and observe optimal cost Ẑ and investment decisions ŷ0i .
4: For(n = 1 to (k − 1)){
5: If(toll ≤ ǫ){

6: Add the cut achieved from investment strategy yn−1
i to the P (DSagg) problem

7: Solve P (DSagg) to optimality and observe optimal cost Zn and investment decisions yni

8: Update toll =
|Ẑ−Zn|

Ẑ

9: }
10: }

4 Case Study

The following case study is used to illustrate the suggested approaches. We reuse the sandbox model
from [19] which is a single-region capacity expansion model featuring unit commitment. Both invest-
ment capacities and dispatch decisions are optimized such that total system costs are minimized. The
mathematical formulation is described in Appendix A along with the technological input parameters
assigned for this case study (Table 5). We refer to [19] for further details. Technologies available for
investments are wind and PV representing Variable Renewable Energy (VRE) capacities, nuclear
and coal representing base-load capacities and Open- and Combined- Cycle Gas Turbines (OCGT
and CCGT) representing flexible capacities. For each technology {Wind, PV, Nuclear, Coal, CCGT,
OCGT} an initial capacity of zero is assumed. Furthermore, the same three data sets from [19] are ap-
plied here, covering demand, wind and PV time series of the Danish system from the years 2014, 2015
and 2016. These are publicly available at [36] and graphically illustrated in Figure 12 in Appendix
C. For the remainder of this paper, we refer to the three problems as P2014, P2015 and P2016.

4.1 Aggregation Technique: Exhaustive Search (ES)

We arbitrarily select an ATQ for the case study, being the exhaustive search for an optimal set of
weeks (ES). The approach is explained and tested in several papers from the literature [13,19,37].
With the input data series being demand (D), wind (W) and PV (PV), we initially calculate the
residual loads for each hour h as: Lh

res = Dh − Wh · CW − PV h · CP , where CW and CP are the
assumed maximal capacities of wind and PV in the system, respectively. The residual load duration

curve (RLDC) is created by sorting the residual loads in ascending order. We then search for the
X weeks which minimize the distance between the original RLDC and the RLDC achieved from
the X selected weeks scaled up to match the original time horizon. The search is an exhaustive
search meaning that we search through all possible combinations of X weeks. Algorithmically, this is
achieved by a nested loop for each week selected, where each loop goes through all elements possible
for selection. The ES is therefore only suitable for small values of X. For the purpose of this case
study, we select X = 4 meaning that we reduce the data from 52 weeks to 4 (8736 hours to 672
hours). The appearance of the selected weeks in the aggregated time series respect the original time
chronology. The ES algorithm is outlined in Procedure 3 in Appendix B and the resulting aggregated
profiles are graphically illustrated in Figure 13 and statistically represented in Table 7 both appearing
in Appendix C. How the aggregation influences the size of the mathematical problem is seen in Table
6 in Appendix C.

4.2 Approach set-up

We apply the PoMDS algorithm to each problem P2014, P2015 and P2016, both when using Qmaxmin

and Qsum. In each case we select k = 10 resulting in a portfolio of ten solutions. We define the
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near optimal solution space to be the spaces allowing a 0.5%, a 1% and a 5% difference in system
costs respectively and we impose a two hour limitation on each iteration. Furthermore we apply
the NOS algorithm to each of the problems P2014, P2015 and P2016, searching for solutions with a
maximum of 5% deviation in system costs, and a maximum of 500 solutions before termination. Also
here we impose a two hour time limit on each iteration, and furthermore we terminate the search
after 48 hours. All test cases are summarized in Table 1, from which it is seen that the PoMDS
is represented by 18 different tests while the NOS is represented by 3 different tests. All models

Table 1: A summary of the different tests included in the case study. Here ǫ refers to the size of the
neighborhood and k refers to the amount of iterations. ATQ lists the applied aggregation technique.

Test Name Problem Algorithm k Time Limit (sec) ǫ(%) ATQ

M0.5%
2014 P2014 Qmaxmin 10 7200 0.5 ES

M1%
2014 P2014 Qmaxmin 10 7200 1 ES

M5%
2014 P2014 Qmaxmin 10 7200 5 ES

M0.5%
2015 P2015 Qmaxmin 10 7200 0.5 ES

M1%
2015 P2015 Qmaxmin 10 7200 1 ES

M5%
2015 P2015 Qmaxmin 10 7200 5 ES

M0.5%
2016 P2016 Qmaxmin 10 7200 0.5 ES

M1%
2016 P2016 Qmaxmin 10 7200 1 ES

M5%
2016 P2016 Qmaxmin 10 7200 5 ES

S0.5%
2014 P2014 Qsum 10 7200 0.5 ES

S1%
2014 P2014 Qsum 10 7200 1 ES

S5%
2014 P2014 Qsum 10 7200 5 ES

S0.5%
2015 P2015 Qsum 10 7200 0.5 ES

S1%
2015 P2015 Qsum 10 7200 1 ES

S5%
2015 P2015 Qsum 10 7200 5 ES

S0.5%
2016 P2016 Qsum 10 7200 0.5 ES

S1%
2016 P2016 Qsum 10 7200 1 ES

S5%
2016 P2016 Qsum 10 7200 5 ES

Test Name Problem k Time Limit (sec) ǫ(%) Termination (hour)

NOS2014 P2014 500 7200 5 48

NOS2015 P2015 500 7200 5 48

NOS2016 P2016 500 7200 5 48

have been implemented in GAMS 24.9.2 and solved using CPLEX 12.7.1.0 with standard settings
for MIPs and a 0.01% optimality gap. All experimental runs have been performed on a server with
a node configuration of 2x Intel Xeon Processor 2650v4 (12 core, 2.20GHz) and 256 GB RAM. For
each run a single core is used and 80GB of memory is allocated. Despite the allocation of solution
resources, different server loads might still influence the solution times of the runs.

5 Results

In the following section, we present the results from our case study. In relation to the suggested
methods, the most essential results are the degree of diversity among investment strategies achieved
for the two methods Qmaxmin and Qsum. Furthermore, also the balance between the solution time
and degree of solution diversity is of interest, as this illuminates the benefits of the PoMDS algorithm
compared to the NOS approach. We also look into the diversity of objective values achieved both in
the aggregated and non-aggregated case. This is especially relevant for the question whether the non-
aggregated objective value stays within the neighborhood of the optimal solution value. Moreover, a
consequence of applying the diversity search to the aggregated solution space, is that the resulting
investment strategies might turn up infeasible to the non-aggregated solution space, wherefore an
analysis of the relation between the non-aggregated and the aggregated system costs gives relevant
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insight to the applicability of the PoMDS approach. Lastly, as we solve each iteration with a fixed time
limit and a fixed amount of iterations, hence it is also important to look into how these parameter
values affect the results. With the interesting question of how much an investment strategy can deviate
from the optimal one without exceeding the costs limitations, we structure the following section by
first analyzing the most diverse solutions of each PoMDS configuration (the MIDs) followed by an
analysis of the full solution portfolios.

5.1 Maximized Investment Different Solution

One of the key messages of the PoMDS algorithm is to explore how different an investment strategy
one could make without increasing the overall system costs too much. Therefore, the iteration with
the most diverse solution is identified and are, together with the corresponding solution time and
value, listed in columns 2-4 in Table 2. As expected from the definition of the PoMDS algorithm,

Table 2: Overview and specifics of the solution being most different to the optimal solution both in
relation to investment decisions and in relation to the aggregated and non-aggregated system costs.
Also, the degree of diversity added per solution is seen. ”It.” refers to the iteration of the PoMDS
in which the specific solution was found. Since one solution is found in each iteration, ”It.” basically
indicates when the specified solutions appears in the portfolio.

Max. Investment Diff. Maximum change in System Cost Avg. Investment

Name It. Value Time It. (Agg.) Value (Agg.) It. (non-Agg.) Value (non-Agg.) Differences (per sol.)

M0.5%
2014 2 4 1075 2 0.497 7 0.666 5.5

M1%
2014 2 7 882 7 0.966 9 0.859 1.1

M5%
2014 2 12 824 3 5.000 2 3.822 4.0

M0.5%
2015 2 3 1345 7 0.494 7 0.628 3.3

M1%
2015 2 6 1171 2 0.997 4 1.085 3.3

M5%
2015 2 11 268 10 4.320 6 4.298 2.0

M0.5%
2016 2 4 826 2 0.486 9 0.024 3.0

M1%
2016 2 7 831 2 0.988 5 0.366 2.9

M5%
2016 2 12 316 3 4.908 9 3.630 2.0

S0.5%
2014 2 4 1107 2 0.497 10 0.399 9.1

S1%
2014 2 7 839 5 0.966 4 0.701 4.3

S5%
2014 2 12 797 6 4.960 8 8.074 2.8

S0.5%
2015 2 3 2241 7 0.494 7 0.628 7.0

S1%
2015 2 6 1201 2 0.997 4 1.085 10.3

S5%
2015 2 11 239 7 4.870 7 4.990 4.3

S0.5%
2016 2 4 856 2 0.486 5 0.024 3.4

S1%
2016 2 7 898 8 0.998 9 0.369 3.9

S5%
2016 2 12 295 8 4.929 8 4.485 5.2

the most diverse solution is found as the first solution after the optimal one (iteration 2). Since
the two approaches, Qmaxmin and Qsum, are identical in the first two iterations, they obtain the
same value of unit investment differences. Therefore, also similar solution times are seen for the two
approaches, but since each solution time only covers a single run, deviations occur. Nevertheless,
a clear tendency of larger neighborhoods resulting in more diverse solutions combined with smaller
solutions times are seen (for a graphical illustration, see Figure 17 in Appendix D). In many cases, the
5% neighborhood finds solutions, which not only are three times more diverse compared to solutions
of the 0.5% neighborhood but also are found more than two times faster. On average, the most
diversified solution is found in 1242s in the 0.5% neighborhood, 970s in the 1% neighborhood and
457s in the 5% neighborhood. These average solution times suggest a decrease in solution time of
approximately 130s for each factor the neighborhood is enlarged.
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(a) In the 0.5% neighborhood.

(b) In the 1% neighborhood.

(c) In the 5% neighborhood.

Fig. 1: Illustration of the difference between the Optimal and the Maximized Investment Different
(MID) solution for each of the three neighborhoods. Each graph represent results of problem P2014.
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To emphasize on the degree of diversity in the solutions, it is seen that 43% of the investment
decisions in the optimal solutions are changed in the 5% neighborhood, whereas this change is 25%
in the 1% neighborhood and 14% in the 0.5% neighborhood. An illustrative way of presenting this
is seen in Figure 1 (solutions related to P2014), which also indicates how the investment strategy is
expanded as the neighborhood is enlarged. In general, since more diversified solutions are found for
larger neighborhoods, it indicates that the constraints limiting the change in system costs indeed are
binding. In the framework of this case study, the gas units seem to be activated at first, followed by
the coal units. Lastly, the nuclear units are activated, in which case some of the otherwise consistent
renewable energy units are deactivated. However, recall that, in the maximization framework system
costs are no longer minimized, wherefore this unit priority might not be the optimal one. Nevertheless,
we argue that as the solution still have to be near optimal, the priority might be near optimal as
well.

5.1.1 Change in system costs

To see how the diversity in investments relates to the deviation in system costs, the solution with
the highest deviation in system costs is identified both within the aggregated and within the non-
aggregated solution space (columns 5-8 in Table 2). For the aggregated solution space, maximum
investment difference and maximum system costs appear in the same solution in seven out of the 18
tests, of which none relates to the largest neighborhood. Contrarily, the maximum non-aggregated
system costs only appear for one out of the 18 MID solutions. However, this solution does not also
share the maximum aggregated system costs. Specific solutions covering the maximum change in
both aggregated and non-aggregated system costs are seen for four of the 18 tests. It can therefore
be concluded that the solution providing maximum difference to the optimal solution according to
investment decisions does not necessarily lead to a binding constraint on the change in system costs.
However, since different solutions are obtained for the three neighborhoods, it is known that the
increase in neighborhoods are exploited in each case. From Table 2 it is seen that frequently smaller
changes are observed in the non-aggregated system costs compared to in the aggregated system costs,
which could be a consequence of aggregation techniques having a tendency of overestimating systems
costs [19,38,39,40]. Another consequence introduced by aggregation appears in the maximum change
of non-aggregated system costs as these in some cases exceeds the neighborhood limit. This is seen in
five out of the these 18 solutions, with the largest violation being 3% (in a 5% neighborhood). Notice
that, when considering the full portfolios (all 180 runs) slightly more iterations violating the neigh-
borhood limit are seen, which is discussed in Section 5.2 together with other irregularities appearing
in the runs.

Lastly, to initiate the consideration of the whole portfolio, we look into the overall degree of diver-
sity according to investments. This is measured as the difference between each solution of the portfolio
to the optimal one. Due to the imposed time limit, iterations might terminate without solutions (see
Section 5.2), wherefore each portfolio not necessarily includes ten solutions. We therefore study the
portfolio diversity per solution which is seen in column nine in Table 2. In general, more diversity
per included solution is created in the Qsum approach compared to in the Qmaxmin approach. This
is to be expected due to the objective being different in the two approaches. Nevertheless, for both
approaches, the degree of diversity added per solution does not seem to have a relation to the size of
the neighborhood.

5.2 Irregular Runs

In achieving a portfolio of solutions some deviational situations might occur. Based on our test
results no such situations were observed in either of the two first iterations wherefore the solutions
with the most different investment strategy in every case were found without problems. However,
increasing the portfolio size to include more than two solutions might introduce some irregularities.
We introduce the term regular run for a run if no irregularities have occurred and irregular run if at
least one irregularity occurs. We define five different types of irregularities as follows:

IR1: If a run is terminated due to the time limit and no solution has been found
IR2: If a run is terminated due to the time limit and the best solution found so far is returned
IR3: If the investment strategy leads to infeasibility in the aggregated solution space
IR4: If the investment strategy leads to infeasibility in the non-aggregated solution space
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IR5: If the non-aggregated system costs deviates from the optimal costs with more than {0.5%, 1%, 5%}

Notice that, some of the defined irregularities might overlap. An IR1 always prevent any other
irregularity to occur, like IR4 prevents IR5. Contrarily, IR2 likely causes either IR3, IR4 or IR5 to
happen as well, and similarly IR3 can overlap with both IR4 and IR5. Therefore the total amount
of irregular runs deviates from the sum of the numbers seen in Figure 2.

Fig. 2: Irregular runs for each method, where each bar covers the irregularities observed for the ten
iterations of the specified method. A run is irregular if it exceeds the time limit, in which case either
no solution has been found or the best solution found so far is returned. Furthermore, irregular runs
also appear if the found investment strategy is infeasible either according to the aggregated or the
non-aggregated problem. Lastly, non-aggregated system costs deviating with more than x% from the
optimal costs also causes the run to be irregular. The number on top of the bars summarizes the total
amount of irregularities occurring among the runs associated to the specified method. The amount of
stars following these numbers indicate the overlapping irregularities (hence subtracting the amount
of starts from the number results in amount of irregular iterations.)

We observe 52 irregular runs out of the 180 performed. Of these, five runs contain multiple
irregularities, where the majority is the IR2 irregularity (termination with best solution due to time
limit) causing either a IR4 or a IR5 (infeasible solution in non-aggregated solution space and non-
aggregated objective value exceeding the limitation). A single run contains the combination of a IR3

and a IR4, meaning that the investment strategy is infeasible both according to the aggregated and to
the non-aggregated solution space. This run is associated with a 5% neighborhood, which illustrates
the risk of looking into too large neighborhoods. In fact, all cases of overlapping irregularities occur in
the runs related to a 5% neighborhood, (see Figure 2 where the (*) indicates the single occurrences),
which also is the neighborhood with the highest amount of irregularities. The dominating type of
irregularity is the infeasibility in the non-aggregated solution space, which is a irregularity never
occuring in the 0.5% neighborhood. On the other hand, the benefit of the 5% neighborhood is that
no iterations terminate without a solution, whereas this is the dominating irregularity of both the
0.5% and the 1% neighborhood. Furthermore, from Figure 2 it is seen that slightly more irregularities
occur in the runs related to the Qmaxmin approach compared to those related to the Qsum approach.
The irregularities of the Qmaxmin runs frequently are infeasibility in the non-aggregated solution
space, while the Qsum runs are more affected by the time limit termination both with and without
solutions returned. Naturally, the amount of irregularities seems to be related to the specific problems
with (in this case) P2014 causing the most irregular runs and P2016 the least irregular runs.
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5.3 Portfolio Analysis

Now, considering portfolios rather than single solutions, the aim of the PoMDS algorithm is to explore
the near optimal solution space in the search for a set of different investment strategies. Therefore,
we again look into the distance between the obtained investment strategies to the optimal ones, but
now for each solution contained in the portfolio. These results are seen in Figure 3, where each bar
account for the accumulated diversity of the iterations for each method (a portfolio). The number on

Fig. 3: Diversity in the investment strategies illustrated for each method according to iteration runs.
Diversity is measured as the amount of single unit investments, which differentiates iteration run 1 to
all other iteration runs. The number on the top of the bars indicates the amount of runs terminated
with a solution. Since iteration i1 finds the optimal solution the difference is 0, wherefore it is not
represented in the stacked bar.

top of each bar indicates the amount of iterations terminated with a solution. As expected, a general
tendency of larger neighborhoods leading to overall larger diversity is seen. Furthermore, despite
a slightly smaller total amount of solutions included in the Qsum runs, the solutions achieved here
contain a significant higher degree of diversity. As concluded in Section 5.1, the single run covering the
largest difference is the second (i2) iteration, in which the differences are identical for the Qmaxmin

and Qsum approaches. The higher degree of diversity seen in the Qsum runs are therefore caused
by the investment solutions of the remaining iterations deviating more from the optimal solutions
(see Figure 14 in Appendix D). Contrarily, the remaining iterations of the Qmaxmin runs are seen
to be more similar to the optimal solution. Therefore, if the goal is to find the single most deviating
investment strategy, the Qmaxmin and Qsum perform equally well, but if one looks for a portfolio of
solutions with generally higher diversity, the Qsum might provide better results. As an illustrative
example, Figure 15 and Figure 16 in Appendix D show the iteration-wise investment strategy of
the PoMDS when the Qmaxmin and Qsum are applied, respectively. The graphs cover the P2014

with a 5% limit on the change in system costs. From these figures, both the individual development
in investment strategies are seen throughout the PoMDS iterations and the differences in these
developments between the Qmaxmin and Qsum runs.

Since the purpose of this analysis is to illustrate the properties of the PoMDS algorithm, the case
study is based on a sandbox problem, wherefore the single investment strategies are less essential
to analyze. Nevertheless, Figure 4 illustrates the investment strategies of each of the 180 runs. This
figure gives an indication of the diversity in the different solutions in relation to total amount of
invested units. Moreover it illustrates how the size of the neighborhood might influence the investment
strategies found in each iteration. When the PoMDS approach is applied to a real-size energy system
problem, a figure of this type is of course essential as it provides the different investment strategies
to be presented for a potential decision maker.
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Fig. 4: Investment strategies for each iteration run for each method tested. Investment strategies
equal to the zero investment are caused by the termination due to the time limit, where no solution
was found.

An essential observation from Figure 4 is the investment decisions which are frequently made
among the different strategies. By analyzing the occurrences of a single unit investment among
all runs, an indication of the relative importance of this unit investment is achieved. Doing so for
each single unit investments, a graph as seen in Figure 5 is obtained. Disregarding the no-solution

Fig. 5: The likeliness of an investment being made based on the results of the 180 runs.

iterations, it is seen that the Qmaxmin and the Qsum runs share the same tendency, however with
generally more units being frequently used in the Qsum runs. We claim that, with a single unit
investment being performed in a high share of the runs, it indicates that this unit investment not
only is important to the investment strategy, but also likely is a more trusted investment to be part
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of the optimal non-aggregated investment strategy. Applying the terminology of [30], we refer to an
investment which is activated in each iteration, as must haves (MH). In relation to the presented case
study here, each of the units related to the wind technology appear as (MHs) (see Figure 5). The
same goes for the majority of the units related to the PV technology and to some degree also some
of those related to the Coal technology. Further following the terminology of [30], unit investments
appearing in at least one iteration are referred to as Real Choices (RC). As an extension to this
definitions we introduce multiple levels of the real choices, such as weak and strong levels; RCW and
RCS , indicating different degree of membership to the total amount of solutions. From Figure 5 we
see that, in our sandbox toy problem, every unit possible for investments is included in the set of
(RCs). Therefore this problems does not have any Must Avoids (MA), defined as unit investments
never performed by any run [30]. An illustration of this terminology is seen in Figure 6, highly inspired
by [30].

Fig. 6: Illustrative explanation of the different categorized investment decisions. The illustrative
example contains a solution space with one optimal and two alternative solutions identified. Each
investment is then categorized as either Must Avoids, Weak Real Choices, Strong Real Choices or
Must Haves.

5.4 Diversity in the Objective values

In Section 5.1 we concluded that the investment strategy having highest diversity does not nec-
essarily cause the largest change in system costs. Furthermore, also that the solution property of
having highest change in system costs in the aggregated solution space not necessarily is pursued
when projecting the solutions onto the non-aggregated solution space. In this section we look into
these relations when the whole portfolio is considered. The percentage deviation in system costs is
illustrated in Figure 7a for the aggregated problem and in Figure 7b for the non-aggregated problem.
First, we notice that, despite the conclusion of the MID solutions not having the largest change in
system costs, the actual change in system costs for these solution seems to be in the large end of the
scale. In general, holding the height of each bar against the amount of solutions included (number on
the top of the bar) gives an indication of the degree to which the objective value limiting constraint
is binding for each solution. The general picture, both in the aggregated and in the non-aggregated
case, is that the larger the neighborhood, the more frequently iterations are terminated with a higher
change in system costs. This indicates a generally good exploration of the full neighborhood size.
However, it is also clear that the deviation in system costs generally tends to be smaller in the non-
aggregated solution space. A consequence of using the aggregated solution to search for alternative
solutions is therefore a limited exploration of the full non-aggregated neighborhood. Another very
interesting relation between the two solution spaces is that the deviations in the non-aggregated case
actually also turns up negative, indicating one of the alternative solutions being more cost effective
than the assumed optimal one. This is again a consequence of the decrease in solution quality when
aggregation techniques are applied [19]. However, it also strengthen the applicability of the PoMDS
algorithm as this approach then counteracts the errors introduced by aggregating. Nevertheless, as
already mentioned, cases in which the non-aggregated neighborhood is exceeded also occurs (4% of
the tests, equally distributed on the Qmaxmin and Qsum runs) with the highest violation being 3%.
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(a) Aggregated Objective

(b) Non-aggregated Objective

Fig. 7: The percentage deviation from the objective of iteration run 1 to the objective of all other
iteration runs. Figure 7a shows the deviations observed in the aggregated problem, while Figure 7b
shows deviations concerning the original objective. The number on top of the bars indicates the
amount of solutions covered by the bar.

5.5 Solution Times

One of the advantages of the PoMDS algorithm is that it provides a portfolio of investment strategies
based on the aggregated problem in comparable time to a single run of the non-aggregated problem.
As argued in Section 1, a lot of uncertainties are influencing the non-aggregated problem, a portfolio
of strategies might bring more valuable information, despite these being based on the aggregated
solution space. However, with the added layer of investment diversity maximization increasing the
complexity of the problem, it is essential to analyze the solution times for verifying, under which
conditions, the claim of comparable solution times of the aggregated portfolio and the single non-
aggregated run, holds. For this purpose, each non-aggregated problem is solved to a 0.01% optimality
gap, from which the following solutions times are obtained; TP2014

= 20466s, TP2015
= 16351s and

TP2016
= 8114s. Due to the PoMDS algorithm being performed with a time limit, the choice of time

limit, naturally influences the overall solution time of the portfolio. Figure 8a illustrates the iteration-
wise accumulated solution times for each method with a two hour limitation on the solution time
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of each iteration, while Figure 8b shows the solution times when interrupted runs are disregarded.
Notice that, iteration i1 is the optimal solution run and it is succeeded in all cases, wherefore it is

(a) Solution Times of all iteration

(b) Solution Times of non-interrupted iterations

Fig. 8: Solution Times of the different iteration for each method. Figure 8a includes the 7200s time
limit for interrupted runs wherefore the number on top of each bar indicates the amount of solutions
found in all iterations. Figure 8b disregards interrupted runs and the number on top of the bars
therefore indicate the amount of iterations not terminated due to the time limit.

included in each stacked bar in both figures. However, due to the solution times related to these runs
being significantly lower compared to the other runs, the bar is not visible in the graphs.

First, we notice that, despite a negative correlation between solution time and neighborhood sizes
being observed for iteration i2, neither of the figures seems to indicate any such relation. Contrarily,
a slight tendency of larger neighborhoods more frequently causing longer solution times per iteration
are seen from Figure 8b. Looking into the total solution time (Figure 8a) it is seen that generally
similar solution times are observed for the Qmaxmin and the Qsum runs. In both cases the maximum
completion time of ten iterations appears for problem P2015 associated to a 1% neighborhood, and
the time is in both cases around 40000s. The quality of the two iteration is, however, higher for the
Qmaxmin method. On the other hand, higher quality and much lower solution times are seen for
the Qsum runs when the P2016 problem is considered. In fact, using a 0.5% neighborhood in the
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Qsum method provides a portfolio of ten different solutions without exceeding the solution time of
the non-aggregated problem. With a portfolio size of ten solutions and a time limit of two hours, this
property is not seen for each tested problem.

5.5.1 Tuning the time limit parameter

Figure 9 illustrates the share of iterations which are completed within the solution times of the non-
aggregated problems. From this it is seen that in 11 out of the 18 tests, it is possible to complete
at least eight iterations, which, in best case, provides eight different solutions. In all but one test,
five iterations are possible to complete and in four tests all ten iterations are completed. On average,
seven iterations are completed in the Qmaxmin runs while this is increased to eight when the Qsum

runs are considered. Now, to study the effect of the time limit, an estimation of similar test runs with

Fig. 9: Illustration of the share of iterations possible to complete within the time it takes to solve the
non-aggregated problem with a 0.01% optimality gap. Also an estimation of the affect of decreasing
the time limit is shown.

a one hour limitation are performed and showed by the dotted line in Figure 9. We refer to this as an
estimation since no new test runs are performed, but we simply adjust the time limit in the already
achieved run times. Consequently, this adds 11 more iterations to the interruption category, wherefore
the quality of these, and the quality of the already interrupted iterations, potentially decrease (if runs
with a one hour limitation actually were performed). Nevertheless, by changing the time limit we
now see ten iterations being completed within the timeframes in ten out of the 18 tests. The average
completion is increased by one for both approaches meaning that an average Qmaxmin run completes
eight iterations while an average Qsum run now completes nine iterations. Of course this should be
considered in relation to the potential quality decrease, wherefore these results only are an indication
of the potential for tuning the parameter values of the PoMDS algorithm.

5.6 Results of the NOS approach

To highlight the benefits of the PoMDS algorithm, we compare the above results to similar results
achieved from the NOS approach. The comparison is made for each of the neighborhood sizes se-
lected for the PoMDS. We therefore study, in which iteration the neighborhood specific investment
differences achieved in the PoMDS, are found by the NOS. In each case we state the iteration, the
solution time and the change in system costs in aggregated and non-aggregated solution spaces ob-
tained for this iteration. These results are seen in Table 3. Since the NOS algorithm was terminated
after 48 hours, a solution matching the PoMDS solution of the 5% neighborhood was not obtained.
Consequently, the stated numbers for this neighborhood indicate how far the NOS algorithm came
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Table 3: Overview and specifics of the NOS iteration which provide similar diversity solutions as
obtained for each neighborhood in the PoMDS algorithm. The sign ’>’ indicates that the actual
numbers from the NOS algorithm would be higher than the stated, if the solution was to match
the one achieved in the PoMDS algorithm. However, due to the overall termination time, the stated
numbers indicate how far the NOS algorithm came.

Max. Investment Diff. Maximum change in System Cost

Name It. Value Time Value (Agg.) Value (non-Agg.)

NOS2014(matching 0.5% neighborhood) 26 4 2942 0.42 0.27

NOS2014(matching 1% neighborhood) 132 7 129645 0.91 0.05

NOS2014(matching 5% neighborhood) >149 >7 >169368 0.95 0.47

NOS2015(matching 0.5% neighborhood) 15 3 3111 0.38 0.33

NOS2015(matching 1% neighborhood) 137 6 74347 0.99 0.07

NOS2015(matching 5% neighborhood) >193 >6 >168163 1.18 0.4

NOS2016(matching 0.5% neighborhood) 28 4 2391 0.48 -0.28

NOS2016(matching 1% neighborhood) 124 7 110793 0.98 -0.25

NOS2016(matching 5% neighborhood) >144 >7 >165492 1.06 0.37

and the sign ’>’ indicates that the actual number would be higher if more time was given. Comparing
the results in Table 2 (0.5% neighborhood) to the corresponding results in Table 3, we see that the
NOS algorithm requires 15-28 solutions before reaching the same amount of investment differences
as the PoMDS solution. Consequently, the solution time is 2-2.8 times higher than the corresponding
solution times of the PoMDS (with highly similar change in system costs both in the aggregated and
in the non-aggregated space). Going to the 1% neighborhood solutions it is now seen that the NOS
require 124-137 iterations to obtain the same amount of investment differences as was found by the
PoMDS in the second iteration. This means that the NOS algorithm would spend 21-36 hours to find
the solution which by the PoMDS is found in 831-1201s. However, the solution found by the PoMDS
are associated to the slightly higher changes in system costs especially in the non-aggregated solution
space. For the 5% neighborhood, a direct comparison cannot be made since the NOS algorithm is not
able to find a portfolio of sufficient diverse solution within the 48h time limit. However, what can be
concluded is that the NOS algorithm within 48 hours is not able to find a solution which differentiates
itself to the optimal one with more than 25% whereas the PoMDS finds solutions diverging with up
to 43% in 300s. This clearly illustrates the advantage of the proposed PoMDS algorithm and we
argue that this advantage is strengthen as we search for more diverse solutions. To verify this, we
study the evolution of solution time, change in system cost and investment differences throughout
the iterations which is illustrated in Figure 10.

Figure 10a shows that the diversity in investments increases as more iterations are completed, but
also that the solution time seems to increase a lot as later iterations are reached. For the change in
system costs, Figure 10b shows a nice logarithmic increase for each problem in the aggregated solution
space while this trend is far from projected to the non-aggregated space where instead shifting high
and low changes are seen. However, the changes do have an overall increase in the sense that as
later iterations are reached the high change in system costs are obtained. Notice that, again the
change in system costs in the non-aggregated space tends to be negative for the P2016. This means
that, the system costs found in the alternative solutions are more optimal than the assumed optimal
solution, which is a consequence of the small errors introduced by aggregating. As more iterations
are completed, it seems that the changes in system costs become more often positive and that the
negative changes decrease in size. To study the impact in solution time of obtaining larger changes
in system costs, a direct comparison is seen in Figure 11. Here, the change in system costs of the
aggregated system are shown together with the accumulated solution time when the NOS is applied
to each of the three problems P2014, P2015 and P2016. It is here even more clearly seen that the initial
0.8% change in system costs actually is obtained fairly cheaply with respect to solution time (5 hours)
and that it is the changes > 0.8% that takes a lot of time to obtain. From Figure 8 it was seen that the
PoMDS algorithm found portfolios of approximately ten solutions in a little more than 7000-40000s
corresponding to 2-11 hours. Therefore, these time limits are illustrated in Figure 11 wherefrom it is
seen that the solutions achieved within a two hour limit differentiates with 0.5%-0.65% and within an
11 hour time frame a change of 0.7%-0.88% is achieved. The portfolio being found within two hours
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(a) Illustration of the difference in investment costs between the optimal solution and the solution found in each
iteration in the NOS algorithm. Additionally, the evolution in solution time throughout the iterations are seen.

(b) Illustration of how the difference in system costs evolves throughout the iterations both within the aggregated
and within the non-aggregated solution space.

Fig. 10: Illustration of how the difference in investments, change in system costs and solution time
evolve through the iterations of the NOS algorithm. In Figure 10a the accumulated solution time and
the difference in investments are seen. Figure 10b shows the change in system costs both within the
aggregated and the non-aggregated solution space.

with the PoMDS is associated to a 0.5% wherefore the solutions are comparable to the ones achieved
with the NOS algorithm both according to change in system costs and to deviations in investments.
However, as the 11 hour time limit is the overall highest for any portfolio obtained from the PoMDS
algorithm, the maximum difference in investments is in this case 12 associated to a 5% change in
system costs. With the NOS algorithm, the 11 hour time limit means that no solution differentiating
with more than 5 (6 in P2016) units and 0.88% (0.7% in P2016) system costs is found.
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(a) Relation between solution time and aggregated system costs change with 2h indicated.

(b) Relation between solution time and aggregated system costs change with 11h indicated.

Fig. 11: Illustration of the iteration-wise trade-off between solution time and change in system costs
for the NOS algorithm applied to the aggregated solution space.
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6 Conclusions

In this paper, we suggested the Portfolio of Maximized Diversity Solutions (PoMDS) algorithm to
explore the near optimal solution space such that the diversity in investment strategies are maximized.
This approach challenges the idea of just searching for one optimal solution and hereby we introduce a
new way of accounting for errors introduced by simplifications. A model of an energy system typically
constitutes a simplification of the real world, wherefore near optimal solutions might be as good as
the optimal one. Providing a decision maker with a diversity of solutions therefore provides a stronger
picture. Furthermore, such a set of solutions also indicate the relative importance of each investment
decisions.

The value and applicability of the PoMDS algorithm was illustrated through a case study covering
different small capacity expansion problems.

Two alternative objectives for maximizing the investment differences were proposed. Either the
summed differences between alternative and optimal solutions were maximized (Qsum), or the mini-
mum distance between alternative solutions and optimal solution was maximized (Qmaxmin). Results
showed that the Qsum provided higher diversity among the alternative solutions compared to the
Qmaxmin objective and that the solution quality in the non-aggregated solution space was higher
with the Qsum. However a higher share of the iteration related to the Qsum runs were terminated
by the time limit. The recommendations for the two alternative methods therefore depend on the
overall diversity needs.

Furthermore, it was seen that by allowing a 5% change in system costs the PoMDS algorithm
found an investment strategy deviating with more than 40% from the optimal one within 5-14 min.
Comparing this to the so far best known Near Optimal Solution (NOS) algorithm from the literature
[31,30], a solution with that level of diversity was not possible to find within 48 hours. Furthermore,
even when increasing the near optimal solution space the maximized diversity solution is found in
the first iteration by the PoMDS algorithm whereas the NOS algorithm requires more iterations and
for both algorithms the solution time increases with the amount of iterations performed.

Consequently, for small gap values the advantages of the proposed method above the one known
from the literature is limited, but the advantages grow rapidly as the gap values are increased, which
in our case study appeared already at a maximum change in system costs of 0.7%.

Lastly, the case study clearly illustrated how the PoMDS approach provided relative importance
of the different investments. From the resulting portfolio of solutions, each investment was categorized
according to their appearance. We here encourage further research to study whether this potentially
could be used to identify optimal investments of the non-aggregated problem. One might be able to fix
certain investments in the non-aggregated space based on the categorization of the aggregated space,
and then search for alternative solutions in the non-aggregated space using the PoMDS approach on
the original data.
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Nomenclature

ǫ Maximum change in System Cots (Neighborhood Size)
Agg. Aggregated
ATQ Aggregation Technique
CCGT Closed Cycle Gas Turbine
CEP Capacity Expansion Problems
DS Data Series
DSagg Aggregated Data Series
ES Exhaustive Search
GEP Generation Expansion Problems
IRx Irregular Run, type x

MA Much Avoids
MDS Maximized Diversity Solution
MH Must Haves
MID Maximized Investment Different solution
non−Agg. Non Aggregated
NOS Near Optimal Solution
OCBT Open Cycle Gas Turbine
Px Capacity expansion problem based on data series x
PoMDS Portfolio of Maximized Diversity Solutions
PV Photovoltaics
Qmaxmin Problem where the objective maximizes the minimum distance to the previous solutions
Qsum Problem where the objective maximizes the sum of distances to all previous solutions
RC Real Choices
RCS Strong Real Choices
RCW Weak Real Choices
RLDC Residual Load Duration Curve
Tmax Time limit for each iteration
V RE Variable Renewable Energy

A Mathematical Formulation

Equation (6)-(19) cover the mathematical formulation of the capacity expansion model, where expansion costs are
minimized subject to technical and operational constraints. A detailed description of the constraints is provided
right after the mathematical model. Sets, parameters and variables are listed in Table 4 while Table 5 provides an
overview of the specific values applied in our case study. Notice that, for simplicity reasons, it is assumed that the
variable costs are equal for all hours.

Minimize
∑

i∈I

(

CINV
i + CFOM

i

)

yi +
∑

i∈I

∑

j∈J

(

CV AR
i + CV OM

i + PFUEL
i HRi

)

xij + CSTUP
i zij (6)

Subject to
∑

i∈I xij ≥ Dj ∀j ∈ J (7)

xij ≤ P iyi ∀i ∈ I, ∀j ∈ J (8)

xij ≤ P iCFWIND
j ∀i ∈ IW , ∀j ∈ J (9)

xij ≤ P iCFSOLAR
j ∀i ∈ IS , ∀j ∈ J (10)

uij − uij−1 = zij − vi,j ∀i ∈ IT , ∀j ∈ J \ {1} (11)

wij = xij − uijP i ∀i ∈ IT , ∀j ∈ J (12)

wij ≤ uij(P i − P i) ∀i ∈ IT , ∀j ∈ J (13)

wij − wij−1 ≤ R
U
i ∀i ∈ IT , ∀j ∈ J \ {1} (14)

wij−1 − wij ≤ R
D
i ∀i ∈ IT , ∀j ∈ J \ {1} (15)

uij ≥
∑j

j′>j−M
U

i

zij′ ∀i ∈ IT , ∀j ∈ J (16)

1− uij ≥
∑j

j′>j−M
D

i

vij′ ∀i ∈ IT , ∀j ∈ J (17)

yi, uij , vij , zij ∈ {0, 1} ∀i ∈ I, ∀j ∈ J (18)

xij , wij ≥ 0 ∀i ∈ I, ∀j ∈ J (19)
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Table 4: Sets, Parameters and Variables of the capacity expansion model with unit commitment
constraints

Set name Description Alias

J Time periods of the analyzed time series {j, j
′

}

I Units, which potentially are built i

IW Units of wind type IW ⊂ I

IS Units of solar type IS ⊂ I

IT Units of thermal type (Nuclear, coal, CCGTs and OCGTs) IT ⊂ I

Parameter Description Unit

CINV
i Investment costs of unit i [✩/year]

CFOM
i Fixed Operation & Management costs of unit i [✩/year]

CV AR
i Variable costs of unit i [✩/MWh]

CV OM
i Variable Operation & Management costs of unit i [✩/MWh]

CSTUP
i Start-up costs of unit i [✩]

PFUEL
i Fuel Price of unit i [✩/MBTU]

HRi Heatrate of unit i [MBTU/MWh]

Dj Demand for time period j [MWh]

R
U
i Upper Ramping limit of unit i (Maximum hour-by-hour increase in generation) [MWh/h]

R
D
i Lower Ramping limit of unit i (Maximum hour-by-hour decrease in generation) [MWh/h]

P i Maximum power generation capacity of unit i [MW]

P i Minimum power generation capacity of unit i [MW]

M
U
i Minimum amount of hours unit i needs to be online after start-up [-]

M
D
i Minimum amount of hours unit i needs to be offline after shut-down [-]

CFWIND
j Capacity factor of wind units in hour j (Availability of wind) [-]

CFSOLAR
j Capacity factor of solar units in hour j (Availability of solar) [-]

Variable Description Domain

yi Building decision for unit i, if 1 the unit is built {0, 1}

uij Commitment state, if 1 unit i is online in time j {0, 1}

zij Start-up decision, if 1 unit i is started up in time j {0, 1}

vij Shut-down decision, if 1 unit i is shut down in time j R+ (or {0, 1})

xij Power output decision, amount of energy generated by unit i in time j R+

wij Power generation over minimum capacity of unit i in time j R+

The objective function (6) minimizes fixed and variable costs of investments and operations. The fixed costs CFOM
i

cover investment costs and fixed O&M costs, while the variable costs CV OM
ij consist of fuel costs, variable O&M

costs and variable operational costs. Constraint (7) ensures energy balance while constraints (8)-(10) handle the
capacities. From these it is seen that curtailment is allowed at no extra cost. Constraints (11)-(17) represent the
unit commitment, meaning that these account for the commitment state, updating of shut-down and start-ups,
ramping restrictions and minimum up- and down times. Constraint (12) defines the auxiliary variable wij as the
power generated above the minimum level of the unit. In (18)-(19) the domain of the variables are defined. Note,
that constraints (8) and (12) implicitly secure zero commitment state for non-built units.

Table 5: Technological parameter values assumed for the case study of this paper. We assume R
U
i =

R
D
i wherefore only R

U
i is listed. The unit column refers to the amount of candidate units available for

investments. The values have been adjusted such that a wide pallet of technologies are being selected
in the original solution. Also, the cost of VRE technologies are kept low to make these preferable to
the system in order to analyze a system highly reliable on VRE.

Units

(#)

CINV
i

(✩/year)

CFOM
i

(✩/year)

CV OM
ij

(✩/MWh)

PFUEL
i

(✩/MBTU)

HRi

(MBTU/MWh)

CV AR
ij

(✩/MWh)

CSTUP
ij

(✩)

M
U
i

(h)

M
D
i

(h)

P i

(MW)

P i

(MW)
R

U
i

(MWh/h)

Wind 6 105000 1750 0 0 0 0 100 0 0 1000 0 1000

PV 6 45000 1000 0 0 0 0 100 0 0 600 0 600

Nuclear 4 140600 8750 2.04 3.43 10.49 16.5 100 4 3 1800 650 900

Coal 4 86000 3970 4.25 2.22 8.8 23.8 100 2 3 1800 870 1080

CCGT 4 99900 10390 6.43 5.81 7.05 58.5 100 2 2 1200 300 960

OCGT 4 76000 9980 14.7 5.81 10.85 99.4 100 1 1 1200 120 960
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B Aggregation Technique and Aggregated Problem

This section provides further details on the Exhaustive Search (ES) aggregation technique which is applied in
the case study. An outline of the algorithm is provided in Procedure 3. Recall from Section 4.1 that Lh

res =
Dh −Wh · CW − PV h · CP , where D is demand, W is wind and CW and CP are the assumed maximal capacities
of wind and PV in the system, respectively. Moreover the algorithm introduces the Normalized Root Mean Square
Error (NRMSE) which is calculated as follows;

NRMSE =

√

∑

t∈T

(

RLDCt −RLDCt

)2

|T |
, (20)

where RLDCt is the original RLDC, RLDCt is the approximated RLDC and |T | is the amount of hours in the
original instance (8736 hours in our case study). We furthermore introduce χ ∈ X as a week χ belonging to the
set of all weeks X. In our case study we selects 4 weeks out of 52 weeks, corresponding to a 92% data reduction.
How this affects the Mathematical Problem Formulation is seen in Table 6. Some statistical relations between the
non-aggregated and aggregated input time series are seen in Table 7. Figure 12 illustrates how the input time series
differ among the three problem instances P2014, P2015 and P2016, which similarly is seen for the aggregated time
series in Figure 13.

Table 6: Relation between non-aggregated and aggregated problem sizes (Notice, these relate to P
and not to Q problems). The mathematical model size is equal for the three different problems
P2014, P2015 and P2016, wherefore only one non-aggregated and one aggregated problem size are seen.
The solution time, however, differs for the three instances and the listed solution times therefore
relate to the average values.

Model Constraints Variables Non-Zero entries Discrete Variables Solution Time

Non-Aggregated 1.441.409 1.013.405 3.878.673 524.188 4.2 hours

Aggregated 110.871 77.981 298.301 40.348 42 sec

Procedure 3 Exhaustive Search (ES)

1: procedure ES({Lres,X})
2: Sort Lres in ascending order to obtain RLDC

3: Initialize NRMSEbest = 0 and L
(agg)
res = ∅

4: For(χ1 = 1 to X){
5: IF(χ1 + 1 ≤ X){
6: For(χ2 = (χ1 + 1) to X){
7: IF(χ2 + 1 ≤ X){
8: For(χ3 = (χ2 + 1) to X){
9: IF(χ3 + 1 ≤ X){
10: For(χ4 = (χ3 + 1) to X){

11: Scale Lres{χ1, χ2, χ3, χ4} up by 13, and sort in ascending order to achieve RLDC

12: Calculate the NRMSE between RLDC and RLDC to obtain NRMSEnow

13: IF (NRMSEnow < NRMSEbest){

14: Update NRMSEbest = NRMSEnow and L
(agg)
res = Lres{χ1, χ2, χ3, χ4}

15: }
16: }
17: }
18: }
19: }
20: }
21: }
22: }
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C Input Data

The non-aggregated input time series consist of hourly demand profiles and hourly wind and PV availability profiles.
Each problem {P2014, P2015, P2016} covers a single region and hence is associated to a single input time series of each
type. Graphical illustrations of the non-aggregated input time series are seen in Figure 12, while the corresponding
aggregated profiles are illustrated in Figure 13. To further illustrate differences among time series of the different
years and differences among aggregated and non-aggregated time series, a selection of statistical measures for each
profile are seen in Table 7.

Table 7: Statistical measures of the three types of input time series; demand, wind and PV both in
non-aggregated and aggregated forms. Values are seen for each of the three years; 2014, 2015 and 2016.
Sum relates to the cumulative values throughout the period (MWh), while Mean, Max and Min relate
to the single hour values (MWh/h). Wind and PV are illustrated as predicted capacities meaning
that the values indicate the wind and PV capacities arising from an investment in all candidate units
of the respective type.

Non-Aggregated Time Series Aggregated Time Series

Profile Year Sum Mean Max Min Sum Mean Max Min

Demand

2014 33.357.780 3818 2296 6033 2.650.526 3944 2398 5646

2015 33.526.849 3838 2275 5741 2.700.963 4019 2370 5670

2016 33.802.803 3869 2213 6115 2.663.858 3964 2642 5409

Wind

2014 15.997.033 1831 0 5455 1.342.075 1997 11 5087

2015 16.621.458 1903 0 5267 1.417.248 2109 41 5130

2016 14.444.281 1653 0 5333 1.182.706 1760 42 5182

PV

2014 4.313.297 384 0 3500 208.275 310 0 3152

2015 4.263.148 488 0 3500 287.205 427 0 3359

2016 4.273.258 489 0 3500 352.316 524 0 3477
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Fig. 12: Graphical illustration of how the input time series differ for the three years 2014, 2015 and
2016. Wind and PV are illustrated as predicted capacities throughout the year. This means that the
graphs illustrate the wind and PV capacities arising from an investment in all candidate units of the
respective type.
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Fig. 13: Graphical illustration of how the aggregated input time series differ for the three years
2014, 2015 and 2016. Wind and PV are illustrated as predicted capacities throughout the aggregated
period. This means that the graphs illustrate the wind and PV capacities arising from an investment
in all candidate units of the respective type.
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D Supplementary Graphs for the Result Section

Fig. 14: The evolution of the deviation in investment strategies across the iterations. As the method
prevents the occurrence of identical solutions, missing columns are caused by non-existing solutions.



30 Stefanie Buchholz et al.

(a) Optimal solution (b) Maximum Investment Different Solution

(c) Alternative solution (iteration 3)
(d) Alternative solution (iteration 4)

(e) Alternative solution (iteration 5) (f) Alternative solution (iteration 6)

Fig. 15: Investment decisions for each iteration of the PoMDS algorithm solving the Qmaxmin prob-
lem. The solutions are related to P2014 and a maximum deviation in system costs of 5%.
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(g) Alternative solution (iteration 7) (h) Alternative solution (iteration 8)

(i) Alternative solution (iteration 9) (j) Alternative solution (iteration 10)

Fig. 15: (Continued) Investment decisions for each iteration of the PoMDS algorithm solving the
Qmaxmin problem. The solutions are related to P2014 and a maximum deviation in system costs of
5%.
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(a) Optimal solution (b) Maximum Investment Different Solution

(c) Alternative solution (iteration 3)
(d) Alternative solution (iteration 4)

(e) Alternative solution (iteration 5) (f) Alternative solution (iteration 6)

Fig. 16: Investment decisions for each iteration of the PoMDS algorithm solving the Qsum problem.
The solutions are related to P2014 and a maximum deviation in system costs of 5%.
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(g) Alternative solution (iteration 7) (h) Alternative solution (iteration 8)

(i) Alternative solution (iteration 9) (j) Alternative solution (iteration 10)

Fig. 16: (Continued) Investment decisions for each iteration of the PoMDS algorithm solving the
Qsum problem. The solutions are related to P2014 and a maximum deviation in system costs of 5%.

Fig. 17: Illustration of the solutions being the most different from the optimal one with respect to
investment decisions. The relation between the degree of difference and the associated solution time
is seen.
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