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ABSTRACT 1 

Since McFadden linked his logit formulation with random utility theory in the 1970s, discrete 2 

choice modelers have been mostly relying on the multinomial logit model (MNL) and its variants 3 

due to the connection provided to economic theory. In the last decades, the use of machine learning 4 

(ML) methods has grown rapidly in many fields such as mobile/web apps, computer vision, natural 5 

language processing, and robotics, to name a few. As for transportation, machine learning has been 6 

applied to the area of traffic control, traffic forecasting, incident detection, and prediction of 7 

transportation mode from raw GPS/mobile phone data. However, discrete choice modelers, mainly 8 

econometricians, still count on econometric models instead of machine learning. This may be due 9 

to the missing link with economic theory and the lack of simple interpretability that econometric 10 

models usually provide. This research tries to combine machine learning with traditional discrete 11 

choice models (DCM) in a hybrid framework that makes use of the advantages of both fields while 12 

maintaining the economic interpretability of the choice model. In particular, Gaussian Mixture 13 

Models (GMM), an unsupervised machine learning algorithm, is added to the traditional Latent 14 

Class Choice Model (LCCM) as an alternative to the class membership model that 15 

classifies/clusters people into homogenous groups. Results show that the proposed hybrid 16 

approach provides similar goodness-of-fit measures compared to LCCM with slightly better 17 

prediction accuracy. In addition, the new approach is able to identify more latent classes than 18 

LCCM. 19 

Keywords: Demand Modeling, Econometric Models, Discrete Choice Models, Latent Class 20 

Choice Models, Machine Learning, Gaussian Mixture Models.  21 
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INTRODUCTION 1 

Predicting people’s choices remains a complex and challenging task. Modeling and 2 

understanding human decision-making are crucial for estimating the impact of new policies or 3 

services, especially within the transportation field. All around the globe, there are concerns 4 

regarding the consequences of high levels of traffic congestion, parking demand, vehicular 5 

emissions, etc. To develop sustainable travel policies that lessen the negative impacts of the 6 

transport system, it is crucial to understand behavioral patterns of commuters and forecast their 7 

travel mode choices with respect to changes in attributes of the transportation system. 8 

Moreover, the digital revolution is reshaping every aspect of our life including the way we 9 

travel. New modes of transport, from car- and bike-sharing to Mobility on Demand (MOD) and 10 

Demand-Responsive Transit (DRT) services, are emerging as alternatives to classic public 11 

transportation systems with fixed routes and timetables. In addition, given the rapid growth rate at 12 

which the motor industry and its relevant technologies are evolving, autonomous and connected 13 

vehicles are expected to become commercially available in the near future. Predicting the impacts 14 

of such new modes on travel demand and mobility patterns is of utmost concern to researchers, 15 

transportation planners, policymakers, and operators alike.  16 

Modeling and forecasting the demand for travel modes are usually done using discrete choice 17 

models (DCM), such as the multinomial logit model (MNL) and its variants, which are rooted in 18 

traditional microeconomic theory of consumer behavior. These models assume that each decision-19 

maker associates a utility to each available alternative and selects the alternative with the highest 20 

utility. The utility of an alternative is usually specified as a linear-in-the-parameters function of 21 

the alternative attributes and socio-economic characteristics of the decision-maker, in addition to 22 

a random term that represents the effect of unobserved variables.  23 

Recently, due to the availability of advanced computer hardware and big data from mobile 24 

phones, social networks, and Internet-of-things, several studies have tried to apply machine 25 

learning (ML) algorithms to different transportation research areas. Machine learning algorithms 26 

are non/parametric approaches that try to learn from the data without imposing strict statistical 27 

assumptions and can be used to capture complex patterns. However, most of these algorithms are 28 

known as a “black box” and suffer from a lack of interpretability (1, 2). Such methods are able to 29 

achieve high classification and prediction accuracy (e.g., prediction of transport modes used), but 30 

unlike discrete choice models, cannot be used to directly infer marginal effects and economic 31 

indicators such as elasticities, willingness to pay, and consumer welfare measures, which are 32 

important measures used in transportation policy and project evaluation. 33 

This research aims at bridging the gap between discrete choice models and unsupervised 34 

machine learning by developing a simultaneous hybrid model that combines Latent Class Choice 35 

Models (LCCM) and Gaussian Mixture Models (GMM) to better estimate and predict the decision-36 

making process of people when faced with different choice alternatives. LCCM is a nonparametric 37 

random-utility model used to identify behavioral heterogeneity by allocating individuals 38 

probabilistically to a set of homogenous latent classes while GMM is a parametric model-based 39 

clustering technique. To the authors’ knowledge, this is among the first approaches that attempts 40 

to combine the two fields simultaneously. Using an application to the population of the American 41 

University of Beirut (AUB), the proposed hybrid model is compared to LCCM on the basis of 42 
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parameter estimates’ signs, value of time, statistical goodness-of-fit, and k-fold cross-validation 1 

tests. 2 

The remainder of this paper is organized as follows. First, we review the literature on discrete 3 

choice models and machine learning. Second, we present the mathematical formulation of the 4 

proposed hybrid model. Third, we present the case study of AUB and the conducted commuter 5 

survey which formed the basis for the model estimation. Next, we present, discuss and compare 6 

the estimation results of the proposed hybrid model and LCCM. Finally, we summarize our 7 

findings and discuss future extensions of this work. 8 

LITERATURE 9 

We start by reviewing discrete choice models and McFadden’s formulation before discussing 10 

the concept of taste heterogeneity. Next, we review studies which have used machine learning 11 

techniques in travel mode choice modeling and discuss the differences between machine learning 12 

and econometric models. Finally, we review studies which have tried to combine the two 13 

approaches. 14 

Discrete Choice Model 15 

Discrete choice models derived from random utility maximization theory have been widely used 16 

to model choices made by decision-makers among a finite set of discrete alternatives. These 17 

models are used in different fields such as transportation, economics, finance, marketing, 18 

medicine, etc. Early forms of random utility maximization models were developed during the 19 

1960s. However, it was McFadden’s contribution to discrete choice analysis during the 1970s, the 20 

conditional logit model (3), that received more attention from econometricians and researchers (4, 21 

5). This is mainly due to the fact that he linked his MNL formulation to the classical consumer 22 

demand theory (6).  23 

According to McFadden’s formulation, any econometric behavioral model should fulfill four 24 

main properties (4). First, the model should be consistent with utility theory, meaning that a 25 

decision-maker 𝑛 facing a finite set of alternatives would select the alternative that maximizes 26 

his/her utility. Second, researchers must be able to forecast decision-makers’ choices under 27 

different/new conditions and/or in different populations. This is achieved by defining the utility 28 

𝑈𝑛𝑗, that a decision-maker 𝑛 might gain from choosing alternative 𝑗, as a function of some 29 

observed attributes of alternative 𝑗 (𝑋𝑛𝑗) and characteristics of decision-maker 𝑛 (𝑆𝑛). Third, the 30 

econometric analysis should account for the fact that the researcher will generally not be able to 31 

observe all aspects of the utility. Typically, some attributes of the alternatives and characteristics 32 

of the decision-makers will be missing from the data in-hand. Therefore, utility 𝑈𝑛𝑗 is decomposed 33 

into two parts, a systematic utility 𝑉𝑛𝑗 and a random disturbance term 𝜀𝑛𝑗. The systematic utility 34 

𝑉𝑛𝑗, also known as representative utility, is the product of the observed components (𝑋𝑛𝑗 and 𝑆𝑛) 35 

and a vector of unknown parameters 𝛽 that need to be estimated statistically using the available 36 

data. The disturbance 𝜀𝑛𝑗, a random term with a specific density hypothesized by the modeler, 37 

accounts for the contribution of the unobserved factors. Once the distribution of 𝜀𝑛𝑗 is fully 38 

specified, the researcher can estimate the probabilities of the decision-makers’ choices. Finally, 39 

the econometric model should be computationally practical (4). 40 
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Researchers have trusted this MNL formulation due to its connection to consumer theory, 1 

closed-form choice probabilities, and simple interpretability. However, logit models suffer from 2 

strict statistical assumptions, such as the independence of irrelevant alternatives (IIA) which leads 3 

to proportional substitution patterns across alternatives (7). While the IIA assumption captures 4 

people’s behavior accurately in some situations, it might generate biased demand estimates in 5 

many other applications. In addition, the logit model can only represent taste variations 6 

(differences in choice behavior among individuals) when heterogeneity in the choice process 7 

varies systematically and not randomly and can only deal with panel data (i.e., data collected from 8 

the same individuals over time) when unobserved factors are uncorrelated over time and 9 

individuals.  10 

During the last decades, different advanced discrete choice models have been developed to 11 

relax the behavioral limitations of the MNL while concurrently satisfying the above four 12 

properties. However, the field of discrete choice modeling still struggles with the question of how 13 

to better represent heterogeneity in the choice process (8). Heterogeneity is known as taste 14 

variation across decision-makers and is usually captured through systematic or random 15 

specifications. When tastes vary systematically with observable variables, heterogeneity in the 16 

choice process is represented through interactions between socioeconomic characteristics related 17 

to the decision-makers and attributes of the alternatives. However, systematic specifications can 18 

lead to false conclusions, unreliable parameter estimates, and incorrect forecasts in case tastes vary 19 

randomly across decision-makers or are related to unobserved variables (9, 10). Random taste 20 

heterogeneity is typically captured through mixed logit models which can approximate any random 21 

utility model (11). Mixed logit probabilities are defined as a weighted average of standard logit 22 

probabilities evaluated over a continuous mixing distribution (density) of parameters. This 23 

specification allows for different tastes/coefficients within the population. Most mixing 24 

distributions fall typically under two categories: parametric and non-parametric distributions. 25 

Parametric distributions have predefined forms (e.g., normal, lognormal, etc.) with fixed 26 

parameters and usually provide great fit to the data. However, the choice of a proper distribution 27 

can be complicated and computationally expensive. Researchers have to make a prior assumption 28 

about the proper distribution or estimate different models with different distributions and then 29 

choose the best model based on statistical goodness-of-fit measures and behavioral interpretation 30 

of the parameter estimates (8).  31 

To overcome these constraints, researchers have relied on nonparametric distributions which 32 

do not have predefined shapes and do not require the researcher to make certain assumptions 33 

regarding the distributions of parameters across decision-makers. LCCM remains the most known 34 

and used nonparametric distribution. It is a random-utility model that extends the multinomial logit 35 

model by using the concept of latent class formulation and allows capturing heterogeneity in the 36 

choice process by allocating people probabilistically to a set of 𝐾 homogeneous classes that differ 37 

behaviorally from each other.  38 

Machine Learning  39 

In recent years, the use of machine learning techniques has increased exponentially. Such methods 40 

are being applied to problems from different fields (speech processing, computational biology, 41 

finance, robotics, computer vision, natural language processing, etc.). As for transportation, 42 

researchers have been exploring the feasibility of applying machine learning techniques to 43 
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different transportation research areas such as traffic control (12, 13), incident detection (14, 15), 1 

traffic forecasting (16, 17) and prediction of transportation modes from raw GPS data and/or 2 

mobile phone sensors as accelerometers and gyroscopes (18, 19). 3 

Moreover, supervised machine learning techniques are increasingly being used in mode 4 

choice modeling as alternative methods to traditional econometric models. While most of the 5 

contrast studies have shown that ML outperforms DCM in terms of prediction accuracy (20–25), 6 

some studies have shown no clear advantage of machine learning (26, 27). However, 7 

econometricians and transportation researchers are still relying on traditional econometric models 8 

instead of machine learning techniques. This may be due to the differences in the underlying 9 

philosophy and goals of the two approaches. Machine learning models can be referred to as 10 

“predictive” models that target high classification and prediction accuracy at the expense of 11 

interpretability. On the other hand, traditional discrete choice models are known as “explanatory” 12 

models that assume parametric relationships between the utility of each alternative and its potential 13 

attributes. They can be used to directly infer marginal effects and economic indicators such as 14 

elasticities, willingness to pay, and consumer welfare measures. However, these explanatory 15 

models might not guarantee high prediction accuracy. Moreover, traditional DCMs are rooted in 16 

microeconomic theories of human decision-making behavior (28). It is believed that this 17 

connection is the main reason econometricians have heavily relied on discrete choice models and 18 

specifically the MNL formulation of McFadden (5, 6). It is also believed that the main reason that 19 

kept econometricians from trusting machine learning is the missing link with economic theories 20 

(5). 21 

Combining the two approaches 22 

Recently, some efforts have been made to combine the two approaches. Gazder and Ratrout (29) 23 

developed a sequential logit-ANN framework for mode choice modeling and investigated its 24 

performance in different existing and hypothetical situations. First, they developed several logit 25 

models for each situation. Second, they trained different ANN models to predict the mode choice 26 

using the logit probabilities as input. Finally, they compared the accuracy of the integrated 27 

approach with separate logit and ANN models. It was found that single logit models have slightly 28 

better accuracies in predicting binary choice problems while the integrated logit-ANN approach 29 

performs better in multinomial choice situations. Sifringer et al. (30) also proposed a hybrid 30 

sequential approach to enhance the predictive power of a logit model. The approach consists of 31 

adding an extra term, estimated by a Dense Neural Network (DNN), in the utilities of the original 32 

logit model. This extra term is estimated separately by using all disregarded variables in the logit 33 

model as input to the DNN model. This framework increased the final log-likelihood, the 34 

maximum joint probability of the observed dependent variables given the estimated parameters, 35 

by more than 15% while keeping the original DCM parameters statistically significant. 36 

While most of the previous studies have focused on applying supervised machine learning 37 

(classification) to mode choice modeling or combining the two approaches in sequential 38 

approaches, this research aims at embedding unsupervised machine learning (clustering) in an 39 

econometric framework that satisfies McFadden’s vision of a proper choice model. Clustering 40 

methods are used to discover heterogeneous subgroups or latent classes within a population by 41 

allocating similar observations to the same class/cluster. Different clustering techniques can be 42 

used including heuristics, hierarchical, k-means, and model-based clustering. We opt to use model-43 

based clustering which is based on parametric mixture models. In such methods, each observation 44 
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is assumed to be generated from a finite mixture of distributions where each distribution represents 1 

a latent class/cluster (31). The rationale for using model-based clustering in this study is twofold. 2 

First, a probabilistic method is needed to estimate the proposed latent class – choice model 3 

framework simultaneously as opposed to a two-stage sequential approach. Second, such 4 

techniques provide a framework for evaluating the clusters, meaning that interpretability can be 5 

maintained to some extent (32). 6 

MODEL FRAMEWORK AND FORMULATION 7 

We propose a hybrid framework that combines the positive traits of both disciplines and 8 

captures taste heterogeneity without weakening the behavioral interpretation of discrete choice 9 

models. The proposed hybrid model consists of using Gaussian Mixture Models (GMM), a model-10 

based clustering approach, as a first-stage clustering tool to divide the population into homogenous 11 

groups/classes while utilizing discrete choice models to develop class-specific choice models. This 12 

is similar to the well-known LCCM that allows capturing heterogeneity in the choice process by 13 

allocating people to a set of 𝐾 homogeneous classes.  14 

The next section presents the LCCM formulation while the subsequent section develops the 15 

formulation and estimation technique of the proposed hybrid latent class choice model (HLCCM). 16 

Latent Class Choice Model 17 

LCCM consists of two sub-models, a class membership model and a class-specific choice model 18 

(Figure 1-a). The class membership model formulates the probability of assigning a decision-19 

maker to a specific class, typically as a function of his/her characteristics. The utility of decision-20 

maker 𝑛 belonging to class 𝑘 is specified as follows: 21 

𝑈𝑛𝑘 = 𝑆′𝑛𝛾𝑘 + 𝜈𝑛𝑘 (1) 

Where 𝑆𝑛 is a vector of characteristics of decision-maker 𝑛 including a constant, 𝛾𝑘 is a vector of 22 

corresponding unknown parameters that need to be estimated statistically using the available data, 23 

and 𝜈𝑛𝑘 is a random disturbance term that is assumed to be independently and identically 24 

distributed (𝑖𝑖𝑑) Extreme Value Type I over decision-makers and classes.  25 

The probability of decision-maker 𝑛 belonging to class 𝑘 is then expressed as follows: 26 

𝑃(𝑞𝑛𝑘|𝑆𝑛, 𝛾𝑘) =
𝑒𝑆𝑛

′ 𝛾𝑘

∑ 𝑒𝑆𝑛
′ 𝛾𝑘′𝐾

𝑘′=1

 (2) 

𝑞𝑛𝑘 = {
1 𝑖𝑓 𝑑𝑒𝑐𝑖𝑠𝑖𝑜𝑛 − 𝑚𝑎𝑘𝑒𝑟 𝑛 𝑏𝑒𝑙𝑜𝑛𝑔𝑠 𝑡𝑜 𝑐𝑙𝑎𝑠𝑠 𝑘
0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                                                             

 (3) 

Conditioned on the class membership of the decision-maker, the class-specific choice model 27 

estimates the probability of choosing a specific alternative as a function of the observed exogenous 28 

attributes of the alternatives. The utility of individual 𝑛 choosing alternative 𝑗, conditional on 29 

him/her belonging to class 𝑘, is specified in the following manner: 30 

𝑈𝑛𝑗|𝑘 = 𝑋𝑛𝑗
′ 𝛽𝑘 + 𝜀𝑛𝑗|𝑘 (4) 
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Where 𝑋𝑛𝑗 is a vector of observed attributes of alternative j including a constant, 𝛽𝑘 is a vector of 1 

corresponding unknown parameters that need to be estimated statistically using the available data, 2 

and 𝜀𝑛𝑗|𝑘 is a random disturbance term that is independently and identically distributed (𝑖𝑖𝑑) 3 

Extreme Value Type I over decision-makers, alternatives, and classes.  4 

Conditional on class 𝑘, the probability of decision-maker 𝑛 choosing alternative 𝑗 is 5 

expressed as follows: 6 

𝑃(𝑦𝑛𝑗|𝑋𝑛𝑗, 𝑞𝑛𝑘, 𝛽𝑘) =
𝑒𝑉𝑛𝑗|𝑘

∑ 𝑒𝑉𝑛𝑗′|𝑘𝐽
𝑗′=1

 (5) 

Where 𝐽 is the number of alternatives. Let 𝑦𝑛 be a 𝐽-dimensional vector consisting of choice 7 

indicators 𝑦𝑛𝑗 defined below. Conditional on class 𝑘, the probability of the choice of decision-8 

maker 𝑛 is expressed as follows: 9 

𝑃(𝑦𝑛|𝑋𝑛, 𝑞𝑛𝑘 , 𝛽𝑘) = ∏ (𝑃(𝑦𝑛𝑗|𝑋𝑛𝑗, 𝑞𝑛𝑘))
𝑦𝑛𝑗

𝐽

𝑗=1

 

𝑦𝑛𝑗 = {
1 𝑖𝑓 𝑑𝑒𝑐𝑖𝑠𝑖𝑜𝑛 − 𝑚𝑎𝑘𝑒𝑟 𝑛 𝑐ℎ𝑜𝑜𝑠𝑒𝑠 𝑎𝑙𝑡𝑒𝑟𝑛𝑎𝑡𝑖𝑣𝑒 𝑗
0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                                                                    

 

(6) 

(7) 

The unconditional probability (or likelihood) of the observed choice of individual 𝑛 can be 10 

obtained by mixing the conditional choice probability over the probability of belonging to each 11 

class 𝑘: 12 

𝑃(𝑦𝑛) = ∑ 𝑃(𝑞𝑛𝑘|𝑆𝑛, 𝛾𝑘)𝑃(𝑦𝑛|𝑋𝑛, 𝑞𝑛𝑘, 𝛽𝑘)

𝐾

𝑘=1

 (8) 

Finally, the likelihood over all decision-makers N is formulated as such, assuming the 13 

availability of a sample of independent decision-makers: 14 

𝑃(𝑦) = ∏ ∑ 𝑃(𝑞𝑛𝑘|𝑆𝑛, 𝛾𝑘)𝑃(𝑦𝑛|𝑋𝑛, 𝑞𝑛𝑘, 𝛽𝑘)

𝐾

𝑘=1

𝑁

𝑛=1

 (9) 

Hybrid Latent Class Choice Model 15 

We propose to replace the class membership model, 𝑃(𝑞𝑛𝑘|𝑆𝑛, 𝛾𝑘), by a Gaussian Mixture Model, 16 

a probabilistic machine learning approach used for clustering (Figures 1-b and 1-c). GMM is a 17 

combination of 𝐾 Gaussian densities where each density, 𝒩(𝑆𝑛|𝜇𝑘, Σ𝑘), is a component of the 18 

mixture and has its own mean 𝜇𝑘 (with dimension 𝐷 equal to the number of elements in 𝑆𝑛), 19 

covariance Σ𝑘, and mixing coefficient 𝜋𝑘 (the overall probability that an observation comes from 20 

component 𝑘) (33). These models are more flexible than other clustering techniques (e.g. k-means 21 

or hierarchical clustering) since the covariance matrix of GMM can account for correlation 22 

between explanatory variables and clusters using different structures (34). We believe this 23 
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approach would help capture underlying behavioral heterogeneity and complex behavioral patterns 1 

within the population.  2 

However, replacing the class membership probability by a GMM is not a straightforward 3 

task. The probability of decision-maker 𝑛 belonging to class 𝑘, 𝑃(𝑞𝑛𝑘|𝑆𝑛), is the posterior 4 

probability of the GMM and cannot be part of the likelihood function that needs to be maximized. 5 

Instead, we estimate the probability of observing decision-maker 𝑛 with characteristics 𝑆𝑛 given 6 

that he/she belongs to latent class 𝑘 (Figure 1-b). The graphical representation of the proposed 7 

hybrid model is shown in Figure 1-c. 8 

The joint probability of 𝑆𝑛, 𝑦𝑛, and 𝑞𝑛𝑘 can be specified as the product of the class probability 9 

(first term on the right hand side below), the density of 𝑆𝑛 conditional on the class (second term) 10 

and the choice probability conditional on the class (third term), as follows: 11 

𝑃(𝑆𝑛, 𝑦𝑛, 𝑞𝑛𝑘) = 𝑃(𝑞𝑛𝑘|𝜋𝑘)𝑃(𝑆𝑛|𝑞𝑛𝑘 = 1, 𝜇𝑘, Σ𝑘)𝑃(𝑦𝑛|𝑋𝑛, 𝑞𝑛𝑘, 𝛽𝑘) (10) 

Where: 12 

𝑃(𝑞𝑛𝑘|𝜋𝑘) =  𝜋𝑘 (11) 

∑ 𝜋𝑘

𝐾

𝑘=1

= 1 (12) 

𝑃(𝑆𝑛|𝑞𝑛𝑘 = 1, 𝜇𝑘, Σ𝑘) = 𝒩(𝑆𝑛|𝜇𝑘, Σ𝑘)  

=
1

√(2𝜋)𝐷|Σ𝑘|
𝑒𝑥𝑝 (−

1

2
(𝑆𝑛 − 𝜇𝑘)𝑇Σ𝑘

−1(𝑆𝑛 − 𝜇𝑘)) 
(13) 

With |Σ𝑘| the determinant of the covariance matrix. 13 

The joint probability of 𝑆𝑛 and 𝑦𝑛 can be then obtained by summing the expression (9) over 14 

all components 𝐾: 15 

𝑃(𝑆𝑛, 𝑦𝑛) = ∑ 𝑃(𝑞𝑛𝑘|𝜋𝑘)𝑃(𝑆𝑛|𝑞𝑛𝑘 = 1, 𝜇𝑘, Σ𝑘)

𝐾

𝑘=1

𝑃(𝑦𝑛|𝑋𝑛, 𝑞𝑛𝑘, 𝛽𝑘) (14) 

Finally, the likelihood function of the proposed hybrid model for all decision-makers 𝑁 is 16 

formulated as such: 17 

𝑃(𝑆, 𝑦) = ∏ ∑ 𝜋𝑘𝒩(𝑆𝑛|𝜇𝑘, Σ𝑘)

𝐾

𝑘=1

∏ (𝑃(𝑦𝑛𝑗|𝑋𝑛𝑗, 𝑞𝑛𝑘, 𝛽𝑘))
𝑦𝑛𝑗

𝐽

𝑗=1

𝑁

𝑛=1

 (15) 

Usually, traditional discrete choice models are estimated using maximum likelihood 18 

estimation techniques which aim at maximizing the likelihood of the observed data given the 19 

model parameters. However, maximizing the log-likelihood of both LCMM and HLCCM is a 20 

complex task due to the summation over 𝑘 that will appear inside the logarithm of equations 9 and 21 
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15. Setting the derivatives of the log-likelihood to zero will not lead to a closed-form solution (33). 1 

To overcome this, we refer to the Expectation-Maximization (EM) algorithm (35) a powerful 2 

method used for maximum likelihood estimation in models with latent variables.  3 

EM Algorithm 4 

The first step of the EM algorithm requires writing the likelihood function assuming that the 5 

clusters (latent classes, 𝑞𝑛𝑘) are observed: 6 

𝑃(𝑆, 𝑦, 𝑞) = ∏ ∏[𝜋𝑘𝒩(𝑆𝑛|𝜇𝑘, Σ𝑘)]𝑞𝑛𝑘

𝐾

𝑘=1

𝑁

𝑛=1

∏ ∏ ∏ [
𝑒𝑋𝑛𝑗

′ 𝛽𝑘

∑ 𝑒𝑋𝑛𝑗′
′ 𝛽𝑘𝐽

𝑗′=1

]

𝑦𝑛𝑗𝑞𝑛𝑘𝐽

𝑗=1

𝐾

𝑘=1

𝑁

𝑛=1

 (16) 

Taking the logarithm of the likelihood, the function breaks into two separate parts, one for 7 

each of the two sub-models, as follows: 8 

𝐿𝐿 = ∑ ∑ 𝑞𝑛𝑘𝑙𝑜𝑔[𝜋𝑘𝒩(𝑆𝑛|𝜇𝑘, Σ𝑘)]

𝐾

𝑘=1

𝑁

𝑛=1

+ ∑ ∑ ∑ 𝑦𝑛𝑗𝑞𝑛𝑘𝑙𝑜𝑔 [
𝑒𝑋𝑛𝑗

′ 𝛽𝑘

∑ 𝑒𝑋𝑛𝑗′
′ 𝛽𝑘𝐽

𝑗′=1

]

𝐽

𝑗=1

𝐾

𝑘=1

𝑁

𝑛=1

 (17) 

Now, the unknown parameters {𝜇𝑘, Σ𝑘, 𝜋𝑘 , 𝛽𝑘} of each component 𝑘 can be found by setting the 9 

derivatives of the above log-likelihood with respect to each one the unknown parameters to zero if 10 

and only if the sufficient statistic 𝑞𝑛𝑘 is known. To find the values of the latent variables, we estimate 11 

the expectation of 𝑞𝑛𝑘 (E-step) using Bayes’ theorem. 12 

𝑃(𝑞𝑛𝑘|𝑦𝑛, 𝑆𝑛, 𝑋𝑛, 𝜇𝑘, Σ𝑘, 𝜋𝑘, 𝛽𝑘)
∝ 𝑃(𝑞𝑛𝑘|𝜋𝑘)𝑃(𝑆𝑛|𝑞𝑛𝑘, 𝜇𝑘, Σ𝑘 )𝑃(𝑦𝑛|𝑋𝑛, 𝑞𝑛𝑘, 𝛽𝑘 ) 

∝ 𝜋𝑘𝒩(𝑆𝑛|𝜇𝑘, Σ𝑘) ∏ [
𝑒𝑋𝑛𝑗

′ 𝛽𝑘

∑ 𝑒𝑋𝑛𝑗′
′ 𝛽𝑘𝐽

𝑗′=1

]

𝑦𝑛𝑗𝐽

𝑗=1

 

(18) 

𝐸[𝑞𝑛𝑘] = 𝛾𝑞𝑛𝑘
=

𝜋𝑘𝒩(𝑆𝑛|𝜇𝑘, Σ𝑘) ∏ [
𝑒

𝑋𝑛𝑗
′ 𝛽𝑘

∑ 𝑒
𝑋𝑛𝑗′

′ 𝛽𝑘𝐽
𝑗′=1

]

𝑦𝑛𝑗

𝐽
𝑗=1

∑ [𝜋𝑐𝒩(𝑆𝑛|𝜇𝑐, Σ𝑐) ∏ [
𝑒

𝑋𝑛𝑗
′ 𝛽𝑐

∑ 𝑒
𝑋𝑛𝑗′

′ 𝛽𝑐𝐽
𝑗′=1

]

𝑦𝑛𝑗

𝐽
𝑗=1 ]𝐾

𝑐=1

 (19) 

Next, the likelihood should be maximized to find the unknown parameters. However, since 13 

equation 17 cannot be maximized directly due to the presence of latent variables (𝑞𝑛𝑘), we consider 14 

instead the expected value of the log-likelihood, where the expectation is taken w.r.t. 𝑞𝑛𝑘.   15 
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Making use of equations 17 and 19, gives: 1 

𝐸[𝐿𝐿] = ∑ ∑ 𝛾𝑞𝑛𝑘
𝑙𝑜𝑔[𝜋𝑘𝒩(𝑆𝑛|𝜇𝑘, Σ𝑘)]

𝐾

𝑘=1

𝑁

𝑛=1

+ ∑ ∑ ∑ 𝑦𝑛𝑗𝛾𝑞𝑛𝑘
𝑙𝑜𝑔 [

𝑒𝑋𝑛𝑗
′ 𝛽𝑘

∑ 𝑒𝑋𝑛𝑗′
′ 𝛽𝑘𝐽

𝑗′=1

]

𝐽

𝑗=1

𝐾

𝑘=1

𝑁

𝑛=1

 

(20) 

Setting the derivatives of the expected log-likelihood with respect to the unknown parameters 2 

to zero, we obtain the solutions of the unknown parameters as follows: 3 

𝜇𝑘 =
1

𝑁𝑘
∑ 𝛾𝑞𝑛𝑘

𝑆𝑛

𝑁

𝑛=1

 (21) 

Σ𝑘 =
1

𝑁𝑘
∑ 𝛾𝑞𝑛𝑘

(𝑆𝑛 − 𝜇𝑘)(𝑆𝑛 − 𝜇𝑘)𝑇

𝑁

𝑛=1

 (22) 

𝜋𝑘 =
𝑁𝑘

𝑁
 (23) 

𝛽𝑘 = 𝑎𝑟𝑔𝑚𝑎𝑥𝛽𝑘
∑ ∑ 𝑦𝑛𝑗𝛾𝑞𝑛𝑘

𝑙𝑜𝑔 [
𝑒𝑋𝑛𝑗

′ 𝛽𝑘

∑ 𝑒𝑋𝑛𝑗′
′ 𝛽𝑘𝐽

𝑗′=1

]

𝐽

𝑗=1

𝑁

𝑛=1

 (24) 

Where we have defined: 4 

𝑁𝑘 = ∑ 𝛾𝑞𝑛𝑘

𝑁

𝑛=1

 (25) 

Equations 21 to 23 are the closed-form solutions of the mean matrix, covariance matrix and 5 

mixing coefficients, respectively. As for the parameters 𝛽𝑘 (equation 24), no closed-form solution 6 

can be obtained. Instead, we resort to the gradient-based numerical optimization method BFGS (36).  7 

To sum up, the EM algorithm alternates between the E-step and M-step until convergence is 8 

reached. First, we initialize the unknown parameters. Second, we estimate the expected values of the 9 

latent variables using equation 19 (E-step). Next, we update the values of the unknown parameters 10 

using equations 21 to 24 (M-step). Finally, we evaluate the log-likelihood using the current values of 11 

the unknown parameters and check for convergence. If the convergence criterion is not met we return 12 

to the E-step. 13 

Final Likelihood 14 

After reaching convergence, we evaluate the marginal probability 𝑃(𝑦) of observing a vector of 15 

choices 𝑦 of all decision makers 𝑁 as follows: 16 
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𝑃(𝑦) = ∏ ∑ 𝑃(𝑞𝑛𝑘|𝑆𝑛, 𝜇𝑘, Σ𝑘, 𝜋𝑘)

𝐾

𝑘=1

∏ (𝑃(𝑦𝑛𝑗|𝑋𝑛𝑗, 𝑞𝑛𝑘 , 𝛽𝑘))
𝑦𝑛𝑗

𝐽

𝑗=1

𝑁

𝑛=1

 (26) 

Where 𝑃(𝑞𝑛𝑘|𝑆𝑛, 𝜇𝑘, Σ𝑘, 𝜋𝑘) is the posterior probability of vector 𝑆𝑛 being generated by cluster 𝑘. 1 

The posterior probability can be formulated using Bayes’ theorem: 2 

𝑃(𝑞𝑛𝑘|𝑆𝑛, 𝜇𝑘, Σ𝑘, 𝜋𝑘) =
𝑃(𝑞𝑛𝑘|𝜋𝑘)𝑃(𝑆𝑛|𝑞𝑛𝑘, 𝜇𝑘, Σ𝑘 )

∑ 𝑃(𝑞𝑛𝑐|𝜋𝑐)𝑃(𝑆𝑛|𝑞𝑛𝑐, 𝜇𝑐, Σ𝑐 )𝐾
𝑐=1

=
𝜋𝑘𝒩(𝑆𝑛|𝜇𝑘, Σ𝑘)

∑ 𝜋𝑐𝒩(𝑆𝑛|𝜇𝑐 , Σ𝑐)𝐾
𝑐=1

 

(27) 

The above marginal probability (equation 26) is used for comparing the HLCCM with the 3 

traditional LCCM (equation 9) and for calculating out-of-sample prediction accuracies. 4 
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a) Traditional Latent Class Choice Model b) Proposed Hybrid Latent Class Choice Model 

 
c) Graphical Representation of the Proposed Hybrid Latent Class Choice Model 

Figure 1: Traditional and proposed hybrid LCCM 1 
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APPLICATION 1 

An application of the above modeling approaches is developed using the case study of the 2 

American University of Beirut (AUB) in Lebanon, a major private university with about 8,094 3 

students, 4,173 staff, and 2,168 faculty members (37). It is located in a dense urban area within 4 

Municipal Beirut over an area of 250,000 m2. The surrounding neighborhood suffers from high 5 

levels of congestion and parking demand. The university is considering providing alternative 6 

sustainable transport modes, such as shared-taxi and shuttle services. The shared-taxi is defined as 7 

a door-to-door service that would provide on-demand transport for students, faculty, and staff 8 

between AUB gates and their residence (and vice versa) by consolidating rides of users living in 9 

proximity to each other and having similar schedules. A central server would receive a commuter’s 10 

ride request, allocate the passenger to a taxi or minibus, give/send a confirmation call/SMS, and 11 

communicate with the taxi/minibus driver to ensure the successful completion of the ride. The 12 

shuttle service is defined as a first/last mile service between AUB gates and satellite parking hubs 13 

(and vice versa) where commuters could park their cars. The satellite parking locations would be 14 

located just a few kilometers from AUB. The shuttle would operate as a non-stop service between 15 

a satellite parking and AUB gates. 16 

Data Collection 17 

A web-based commuting survey was designed and sent to all AUB students, faculty, and staff in 18 

the Spring of Academic Year 2016-2017 to investigate their commute (daily travel) to and from 19 

AUB and whether they would utilize ‘shared-ride taxi’ and ‘shuttle’ services if they were 20 

implemented. The stated preferences survey was divided into six different sections: Section 1 21 

contains questions about the respondent’s daily travel (commute) to AUB. Section 2 identifies the 22 

respondent’s place of residence. Section 3 offers the respondent four hypothetical scenarios that 23 

differ by the values of several attributes of the presented modes, such as cost, travel time, waiting 24 

time, etc., and in each scenario the respondent has to specify how many weekdays per week he/she 25 

will use the proposed shared-taxi and shuttle services as well as his/her current mode of commute. 26 

An example of how the scenarios and the choice question were presented is shown in Figure 2. 27 

Section 4 asks the respondent to indicate his/her level of agreement, using a seven-point Likert 28 

scale, with several statements related to the proposed shared-taxi, shuttle services, and ridesharing 29 

in the context of commuting to AUB. Section 5 asks about individual characteristics, i.e. age, 30 

gender, educational status for students, academic status for faculty members, grade level for staff, 31 

etc. Finally, section 6 enables the respondent to state his/her comments towards the survey and the 32 

proposed services. 33 

We use a sub-sample of car users who come five days per week to AUB. The sub-sample 34 

consists of 650 respondents and 2,600 choice observations.   35 
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Shared-Taxi Shuttle 
Your Current Commute to 

AUB 

Door-to-door travel time 

33 min 

Waiting time for late pick-up and/or 

early drop-off 

0 to 5 min 

Number of passengers sharing a ride 

4 to 6 (Minivan) 

Access travel time 

12 min (by car) 

Frequency 

Every 5 min 

 

In-Shuttle travel time 

27 min 

Total Travel Time 

30 min 

Mode of Travel 

Car 

 

Mobile App/Wi-Fi/Live tracking 

Available 

Wi-Fi/Live tracking 

Not Available 

 

One-way fare 

4,000 L.L. 

One-way shuttle fare including 

parking cost 

1,000 L.L. 

One-way fuel cost (for access by 

car)  

700 L.L. 

Parking cost 

5,000 L.L. 

 

One-way fuel cost 

1,800 L.L. 

Based on this scenario, and considering your current pattern to AUB, how many weekdays per week will 1 
you use the proposed services? Remember that you indicated earlier that you come on 5 weekdays per week 2 
to AUB. 3 

Shared-Taxi 0, 1, 2, 3, 4, 5 

Shuttle 0, 1, 2, 3, 4, 5 

Your Current Commute to AUB 0, 1, 2, 3, 4, 5 

Figure 2: Hypothetical scenario and choice question example from the survey 4 

MODEL ESTIMATION AND APPLICATION 5 

We model the weekly frequency of commuting by three different modes (shared-taxi ‘ST’, 6 

shuttle ‘SH’, and current mode ‘Car’). The choice data is multivariate count data with a fixed total 7 

count as the number of times that an individual commutes to AUB per week is fixed and 8 

exogenous. We use a full enumeration of all count combinations to model the choices (38). In such 9 

an approach, the universal choice set would consist of all possible combinations of weekly 10 

frequencies of using the three available modes. The weekly scheduling for those who travel 5 days 11 

per week to AUB involves a choice from a choice set consisting of 21 alternatives. The systematic 12 

utility of an alternative can then be specified as follows: 13 

𝑉𝑛(𝑆𝑇𝑖, 𝑆𝐻𝑗 , 𝐶𝑎𝑟𝑘)
𝑡

= 𝐶𝑆𝑇𝑖
+ 𝐶𝑆𝐻𝑗

+ 𝐶𝐶𝑎𝑟𝑘
 

+ 𝑖 × (𝛽𝐶𝑜𝑠𝑡𝑆𝑇
𝐶𝑜𝑠𝑡𝑛,𝑆𝑇,𝑡 + 𝛽𝑛,𝑇𝑇𝑆𝑇

𝑇𝑇𝑛,𝑆𝑇,𝑡) 

+ 𝑗 × (𝛽𝐶𝑜𝑠𝑡𝑆𝐻
𝐶𝑜𝑠𝑡𝑛,𝑆𝐻,𝑡 + 𝛽𝑛,𝑇𝑇𝑆𝐻

𝑇𝑇𝑛,𝑆𝐻,𝑡 + 𝛽𝐻𝑒𝑎𝑑𝐻𝑒𝑎𝑑𝑛,𝑆𝐻,𝑡) 

+ 𝑘 × (𝛽𝐶𝑜𝑠𝑡𝐶𝑎𝑟
𝐶𝑜𝑠𝑡𝑛,𝐶𝑎𝑟,𝑡 + 𝛽𝑛,𝑇𝑇𝐶𝑎𝑟

𝑇𝑇𝑛,𝐶𝑎𝑟,𝑡) 

+ 𝑎 × (𝛽𝑇𝑎𝑥𝑖𝑇𝑎𝑥𝑖𝑛,𝑆𝑇,𝑡 + 𝛽𝐴𝑝𝑝𝑆𝑇
𝐴𝑝𝑝𝑛,𝑆𝑇,𝑡) 

(28) 
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Where 𝑖, 𝑗, and 𝑘 (0, 1, 2, 3, 4, 5) are the number of weekly trips by shared-taxi, shuttle and 1 

car, respectively; 𝑎 is a dummy variable equal to 1 if the alternative includes at least one trip by 2 

shared-taxi (𝑖 > 0) and 0 otherwise (𝑖 = 0). Finally, the 𝐶𝑠 replace the traditional alternative-3 

specific constants and are related to the frequencies of using the three modes per week. Eighteen 4 

constants (6 for each mode) have to be defined since the frequency of using each mode varies 5 

between 0 and 5 in a specific week. Four constants, 𝐶𝑆𝑇0, 𝐶𝑆𝐻0, 𝐶𝐶𝑎𝑟0 and 𝐶𝐶𝑎𝑟5, are set to zero for 6 

identification purposes. The specification assumes that the impact of time, headway, and cost 7 

variables on the utility is proportional to the number of times per week that a certain mode is used. 8 

Table 1 shows the explanatory variables used in both models, LCCM and HLCCM. Several 9 

other variables such as income, household car ownership, and parking location were tested but 10 

they proved to be insignificant. The coefficients of cost and travel time are specified as alternative 11 

(mode)-specific to account for variations in value of time (VOT) across users of different modes 12 

(39).  13 

Tables 2 and 3 present a summary of the sub-models of LCCM and HLCCM with two classes 14 

in addition to the VOT estimates (values between parentheses are t-statistics). A tied covariance 15 

structure, where all classes share the same full covariance matrix (4x4), was used for the class-16 

membership model of the HLCCM. However, covariances’ estimates are not shown for 17 

conciseness. Both models were estimated in Python and the open source lccm package (40) was 18 

used for the LCCM. Results show that the estimates of the class-specific choice models of the two 19 

approaches are almost the same. All cost and travel time parameters have the expected negative 20 

sign. Members of the second class seem to be more sensitive to travel time. The availability of a 21 

mobile application would increase the percentage of shared-taxi trips for both classes while a small 22 

taxi (1 to 3 passengers) would only affect users from the second class. Results of the class 23 

membership model of the LCCM reveal that members of the first class are more likely young 24 

people and staff with low grades, having less cars, and sharing rides to AUB. The signs of the 25 

means from the class membership model of the HLCCM lead to the same conclusion. Members 26 

of the first class have similar VOT for car and shuttle, which is also a trip by car where a user parks 27 

his/her car in a parking garage and uses the shuttle as a first/last mile service to/from AUB, while 28 

members of the second class have higher VOT for car. In terms of log-likelihood, both models 29 

have the same fitted value. 30 

The predictive power of the models is compared using the 5-fold cross validation technique. 31 

The dataset is divided into 5 subsets and each model is trained 5 times. Each time, the models are 32 

trained on 4 different subsets and tested on the remaining one. Next, the log-likelihood of each of 33 

the test sets is calculated and the average value is reported. Results show that the average log-34 

likelihood of HLCCM is slightly higher than the average value of LCCM, suggesting that the 35 

proposed hybrid model performs better in terms of prediction accuracy. We believe that this slight 36 

improvement is due to the changes in the class membership model since the parameter estimates 37 

of both class-specific choice models are almost the same.  38 

Moreover, HLCCM was able to estimate a model with three behaviorally different latent 39 

classes while LCCM couldn’t identify more than two latent classes. Results of HLCCM with three 40 

clusters are presented in Table 4. A spherical covariance structure, where each class has one single 41 

variance, was used. Individuals from the third class appear to be insensitive towards travel cost of 42 

car and travel time of shuttle, hence the high and low VOTs of car and shuttle, respectively. Finally, 43 



Sfeir, Abou-Zeid, Rodrigues, Pereira, and Kaysi 

 

17 

the final log-likelihood and the prediction accuracy are better than both LCCM and HLCCM with 1 

two latent classes. 2 

Table 1: Explanatory variables used in the models 3 

Variable Type Description Sub-Model 

𝑪𝒐𝒔𝒕𝑺𝑻 Continuous variable 
Cost of a one-way trip by shared-ride taxi (in 1,000 
L.L.) 

Class-specific 
choice model 

𝑪𝒐𝒔𝒕𝑺𝑯 Continuous variable 
Cost of a one-way trip by shuttle including parking 
cost at the satellite parking (in 1,000 L.L.) 

𝑪𝒐𝒔𝒕𝑪𝒂𝒓 Continuous variable 
Fuel and parking cost of a one-way trip by car (in 
1,000 L.L.) 

𝑻𝑻𝑺𝑻 Continuous variable Travel time of one-way trip by shared taxi (in hours) 

𝑻𝑻𝑺𝑯 Continuous variable 
Travel time of one-way trip by shuttle including ac-
cess time to the satellite parking (in hours) 

𝑻𝑻𝑪𝒂𝒓 Continuous variable Travel time of one-way trip by car (in hours) 

𝑯𝒆𝒂𝒅 Continuous variable Shuttle headway (in hours) 

𝑨𝒑𝒑𝑺𝑻 Dummy variable 

A value of 1 indicates the availability of a mobile ap-
plication including services like booking a ride, 
monitoring a driver’s location in real time in addition 
to Wi-Fi service in the shared-ride taxi. A value of 0 
indicates the unavailability of Wi-Fi, internet, and 
mobile application. 

𝑻𝒂𝒙𝒊 Dummy variable 
A value of 1 indicates the shared-ride taxi vehicle is a 
small taxi (1-3 passengers), and a value of 0 indicates 
the SRT vehicle is a minivan (4-6 passengers). 

𝑨𝒈𝒆 Continuous variable Age of the respondent (in years/10) 

Class         
membership 

model 

𝑮𝒓𝒂𝒅𝒆 Continuous variable 
A number between 1 and 16 used to specify the job, 
seniority, and salary of a staff member  

𝑪𝒂𝒓𝒔
/𝑫𝒓𝒊𝒗𝒆𝒓𝒔 

Continuous variable 
Ratio of number of cars available over number of li-
censed drivers per household 

𝑵𝒃 Continuous variable 
Number of people who are usually present in the car 
during the trip from home to AUB 

  4 
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Table 2: LCCM – K = 2 1 

Variable 
Class 1 Class 2 

Class-specific choice model 

𝐶𝐶𝑎𝑟1 -2.57 (-3.73) 0.376 (3.25) 

𝐶𝐶𝑎𝑟2 -2.05 (-4.63) 0.301 (2.74) 

𝐶𝐶𝑎𝑟3 -2.34 (-4.45) 0.523 (5.05) 

𝐶𝐶𝑎𝑟4 -3.01 (-4.35) -0.426 (-2.80) 

𝐶𝑆𝑇1 -1.64 (-2.25) -0.703 (-5.55) 

𝐶𝑆𝑇2 -2.16 (-4.72) -0.404 (-2.52) 

𝐶𝑆𝑇3 -1.06 (-2.18) -0.346 (-1.57) 

𝐶𝑆𝑇4 -3.11 (-3.23) -0.574 (-1.85) 

𝐶𝑆𝑇5 -0.20 (-0.78) -0.449 (-1.26) 

𝐶𝑆𝐻1 -2.25 (-3.64) -0.278 (-2.29) 

𝐶𝑆𝐻2 -2.99 (-5.96) 0.409 (3.10) 

𝐶𝑆𝐻3 -2.20 (-4.82) 0.667 (3.78) 

𝐶𝑆𝐻4 -3.86 (-4.31) 0.355 (1.60) 

𝐶𝑆𝐻5 -1.45 (-7.81) 0.344 (1.27) 

𝛽𝐶𝑜𝑠𝑡_𝐶𝑎𝑟  -0.0446 (-7.31) -0.0468 (-9.58) 

𝛽𝐶𝑜𝑠𝑡_𝑆𝑇 -0.102 (-8.93) -0.110 (-9.72) 

𝛽𝐶𝑜𝑠𝑡_𝑆𝐻 -0.0402 (-4.24) -0.100 (-9.38) 

𝛽𝑇𝑖𝑚𝑒_𝐶𝑎𝑟  -0.405 (-10.79) -0.661 (-21.00) 

𝛽𝑇𝑖𝑚𝑒_𝑆𝑇  -0.371 (-8.06) -0.654 (-12.06) 

𝛽𝑇𝑖𝑚𝑒_𝑆𝐻  -0.251 (-7.38) -0.387 (-9.67) 

𝛽𝐻𝑒𝑎𝑑 - -0.559 (-5.32) 

𝛽𝑇𝑎𝑥𝑖 - 0.150 (1.65) 

𝛽𝐴𝑝𝑝_𝑆𝑇 0.112 (0.74) 0.326 (3.55) 

Variable Class membership model 

𝐴𝑆𝐶 - 2.28 (5.92) 

𝛽𝐺𝑟𝑎𝑑𝑒 - -0.572 (-3.39) 

𝛽𝐴𝑔𝑒 - -0.584 (-6.12) 

𝛽𝐶/𝐷  -0.293 (-0.98) 

𝛽𝑁𝑏 - -0.0882 (-1.18) 

 𝑽𝑶𝑻 ($/𝒉𝒓) 

𝐶𝑎𝑟 6.05 9.42 

𝑆𝑇 2.43 3.98 

𝑆𝐻 4.16 2.57 

Number of parameters: 49 2 

Log-likelihood (estimation sample): -4,906.68 3 

Prediction test average log-likelihood: -1,024.05 4 

Table 3: HLCCM – K = 2 5 

Variable 
Class 1 Class 2 

Class-specific choice model 

𝐶𝐶𝑎𝑟1 -2.52 (-3.54) 0.366 (3.17) 

𝐶𝐶𝑎𝑟2 -2.04 (-4.57) 0.292 (2.67) 

𝐶𝐶𝑎𝑟3 -2.37 (-4.43) 0.514 (4.98) 

𝐶𝐶𝑎𝑟4 -3.01 (-4.18) -0.433 (-2.86) 

𝐶𝑆𝑇1 -1.65 (-2.18) -0.703 (-5.56) 

𝐶𝑆𝑇2 -2.15 (-4.65) -0.406 (-2.53) 

𝐶𝑆𝑇3 -1.08 (-2.19) -0.346 (-1.58) 

𝐶𝑆𝑇4 -3.17 (-3.17) -0.574 (-1.85) 

𝐶𝑆𝑇5 -0.20 (-0.78) -0.443 (-1.25) 

𝐶𝑆𝐻1 -2.29 (-3.54) -0.282 (-2.33) 

𝐶𝑆𝐻2 -3.02 (-5.94) 0.400 (3.04) 

𝐶𝑆𝐻3 -2.23 (-4.85) 0.653 (3.72) 

𝐶𝑆𝐻4 -3.94 (-4.23) 0.338 (1.53) 

𝐶𝑆𝐻5 -1.45 (-7.76) 0.346 (1.29) 

𝛽𝐶𝑜𝑠𝑡_𝐶𝑎𝑟  -0.0443 (-7.24) -0.0473 (-9.70) 

𝛽𝐶𝑜𝑠𝑡_𝑆𝑇 -0.101 (-8.90) -0.110 (-9.79) 

𝛽𝐶𝑜𝑠𝑡_𝑆𝐻 -0.0403 (-4.23) -0.100 (-9.41) 

𝛽𝑇𝑖𝑚𝑒_𝐶𝑎𝑟  -0.405 (-10.76) -0.657 (-20.93) 

𝛽𝑇𝑖𝑚𝑒_𝑆𝑇  -0.371 (-8.03) -0.649 (-12.03) 

𝛽𝑇𝑖𝑚𝑒_𝑆𝐻  -0.251 (-7.36) -0.384 (-9.62) 

𝛽𝐻𝑒𝑎𝑑 - -0.556 (-5.32) 

𝛽𝑇𝑎𝑥𝑖 - 0.151 (1.66) 

𝛽𝐴𝑝𝑝_𝑆𝑇 0.112 (0.74) 0.324 (3.54) 

Variable Class membership model 

𝜋 0.577 0.423 

𝜇𝐺𝑟𝑎𝑑𝑒 0.224 -0.305 

𝜇𝐴𝑔𝑒 0.300 -0.409 

𝜇𝐶/𝐷 0.0482 -0.0657 

𝜇𝑁𝑏 0.0516 -0.0704 

 𝑽𝑶𝑻 ($/𝒉𝒓) 

𝐶𝑎𝑟 6.09 9.25 

𝑆𝑇 2.44 3.93 

𝑆𝐻 4.15 2.56 

Number of parameters: 63 6 

Log-likelihood (estimation sample): -4,906.85 7 

Prediction test average log-likelihood: -1,011.75 8 
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Table 4: HLCCM – K = 3 1 

Variable 
Class 1 Class 2 Class 3 

Class-specific choice model 

𝐶𝐶𝑎𝑟1 -2.28 (-3.63) 0.454 (3.66) -0.101 (-0.28) 

𝐶𝐶𝑎𝑟2 -1.83 (-4.35) 0.301 (2.48) 0.328 (1.14) 

𝐶𝐶𝑎𝑟3 -2.08 (-4.17) 0.692 (6.00) -0.040 (-0.15) 

𝐶𝐶𝑎𝑟4 -2.87 (-4.96) -0.217 (-1.28) -1.26 (-3.13) 

𝐶𝑆𝑇1 -1.67 (-2.75) -0.611 (-4.39) -1.16 (-3.60) 

𝐶𝑆𝑇2 -2.39 (-5.48) -0.277 (-1.59) -0.955 (-2.21) 

𝐶𝑆𝑇3 -1.10 (-2.35) -0.234 (-0.97) -0.978 (-1.72) 

𝐶𝑆𝑇4 -3.24 (-3.73) -0.323 (-0.97) -1.81 (-1.73) 

𝐶𝑆𝑇5 -0.228 (-0.89) -0.533 (-1.31) -0.271 (-0.34) 

𝐶𝑆𝐻1 -2.11 (-4.13) -0.240 (-1.79) -0.446 (-1.44) 

𝐶𝑆𝐻2 -3.17 (-6.44) 0.567 (3.97) -0.309 (-1.00) 

𝐶𝑆𝐻3 -2.08 (-4.75) 0.871 (4.59) -0.616 (-1.55) 

𝐶𝑆𝐻4 -4.30 (-5.04) 0.639 (2.71) -1.16 (-2.25) 

𝐶𝑆𝐻5 -1.43 (-7.58) 0.603 (2.07) -0.559 (-1.10) 

𝛽𝐶𝑜𝑠𝑡_𝐶𝑎𝑟  -0.0451 (-7.28) -0.0723 (-12.46) -0.0165 (-1.54) 

𝛽𝐶𝑜𝑠𝑡_𝑆𝑇 -0.100 (-8.84) -0.107 (-8.57) -0.124 (-4.44) 

𝛽𝐶𝑜𝑠𝑡_𝑆𝐻 -0.0422 (-4.37) -0.0836 (-7.28) -0.122 (-5.64) 

𝛽𝑇𝑖𝑚𝑒_𝐶𝑎𝑟  -0.408 (-10.83) -0.717 (-20.54) -0.606 (-7.82) 

𝛽𝑇𝑖𝑚𝑒_𝑆𝑇  -0.384 (-8.34) -0.794 (-12.56) -0.337 (-2.64) 

𝛽𝑇𝑖𝑚𝑒_𝑆𝐻  -0.258 (-7.50) -0.521 (-12.02) -0.0992 (-1.05) 

𝛽𝐻𝑒𝑎𝑑 - -0.763 (-6.52) - 

𝛽𝑇𝑎𝑥𝑖 - 0.174 (1.74) 0.144 (0.61) 

𝛽𝐴𝑝𝑝_𝑆𝑇 0.118 (0.79) 0.409 (4.06) - 

Variable Class membership model 

𝜋 0.573 0.334 0.091 

𝜇𝐺𝑟𝑎𝑑𝑒 0.256 -0.170 -0.981 

𝜇𝐴𝑔𝑒 0.326 -0.312 -0.897 

𝜇𝐶/𝐷 0.0468 -0.225 0.540 

𝜇𝑁𝑏 0.0787 0.0847 -0.810 

𝑽𝑶𝑻 ($/𝒉𝒓) 

𝐶𝑎𝑟 6.03 6.61 24.50 

𝑆𝑇 2.57 4.95 1.81 

𝑆𝐻 4.08 4.15 0.54 

Number of parameters: 82 2 

Log-likelihood (estimation sample): -4,888.72 3 

Prediction test average log-likelihood: -997.478  4 
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CONCLUSION 1 

In this paper, we investigated the feasibility of combining Gaussian Mixture Models with 2 

Latent Class Choice Models. We contributed to the literature by formulating and estimating 3 

simultaneously a hybrid demand model that combines unsupervised machine learning and 4 

econometric models without jeopardizing the behavioral and economic interpretability of the 5 

choice models. To the authors’ knowledge, this is the first approach that tries to combine LCCMs 6 

with machine learning methods in a simultaneous framework. The proposed hybrid model is 7 

inspired by LCCMs which include two sub-components: a class membership model and a class-8 

specific choice model. The class membership model, which predicts the probability of a decision-9 

maker belonging to a specific latent class/cluster, is replaced by a GMM. Conditioned on the class 10 

assignments, the class-specific choice model formulates the probability of a particular alternative 11 

being chosen by a decision-maker. The model was tested and compared to the traditional LCCM 12 

using a case study from AUB. Results showed that the two models, with the same number of 13 

classes (𝐾 = 2), have similar goodness-of-fit measures and VOTs. However, the cross-validation 14 

results revealed that the proposed HLCCM has a slightly better prediction accuracy. In addition, 15 

HLCCM was able to identify three different groups with different behavioral characteristics while 16 

the traditional LCMM couldn’t estimate a model with more than two latent classes. 17 

There are three extensions that we would like to explore in future work. Firstly, GMM can 18 

only account for continuous variables. Future research must extend the hybrid model to allow for 19 

categorical variables within the class membership model. Secondly, the proposed model will be 20 

applied to different types of datasets (e.g. revealed and stated preferences) with different sample 21 

sizes and different choice set sizes. Finally, though the focus of the application was on travel mode 22 

choice, the model can be applied to any application with a finite discrete choice set where it’s 23 

believed that taste heterogeneity exists among decision-makers. It is hoped that these extensions 24 

could provide a stronger evidence base for the potential merits of the proposed framework to the 25 

choice modeling community.  26 
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