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Abstract 
The aim of present study was to model the lag in anaerobic microbial growth, occurring due to changes 
in operational conditions or the organic loading rate and affecting non-steady state process dynamics. 
For this end, a simplified and dynamic mathematical model considering a two-steps bioconversion 
process was set up, in which glucose is converted to acetic acid by acidogenic bacteria (step one) and 
acetic acid is converted to methane by acetoclastic methanogens (step two). The model considers 
Monod growth kinetics, inhibition of acidogens by acetic acid and fixed-rate microbial death, and 
involves five mass balance equations. For modeling the growth lag, a substrate-dependent step 
response function is proposed. Present theoretical growth implementation provides a realistic 
representation of the microbial growth lag seen in experiments and as such offers a promising addition 
to anaerobic digestion models currently in use. 
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INTRODUCTION 
In large-scale applications, the successful operation of anaerobic bioconversion systems depends to a 
great extent on the activity of the microorganisms involved (Rittmann et al. 2008). While managing 
such systems in steady-state is a well-established practice, microbial growth during startup periods, 
process imbalances, inhibition, substrate overload or other phenomena is less understood and therefore, 
such phenomena involved in anaerobic digestion (AD) processes deserve a more thorough and 
systematic investigation. 

Mathematical modeling, however, can provide the necessary framework to understand these aspects. 
Previous work in the field involves the use of delay differential equations to study the behavior of 
microorganisms when their growth is delayed in time (Khan et al. 2016). Such an approach might 
represent inhomogeneous reactor mixing quite well, yet it does not explain the biochemical aspects of 
the process, that is the appearance of the initial lag periods during microbial growth.   

The focus of this study was therefore to introduce a lag period in the modeled growth of anaerobic 
microorganisms, formulated as an aggregate delay to account for protein synthesis processes and the 
transport of molecules across the cell membrane. Considering Monod-type growth kinetics, this 
implementation is presented in a simplified two-step dynamic AD model. 

Biological concept description 
Although the latency of microbial growth response to changes in nutrient or inhibitor concentrations 
can be termed delay or lag in scientific literature, a distinction should be made between these two 
factors as they represent fundamentally different phenomena (Vadász & Vadász 2010). According to 
the terminology of present work, time delay is potentially a period before entering the initial growth 
phase of microorganisms, which is commonly known as lag phase. Figure 1 shows that compared to 



ordinary Monod-type growth from time zero (blue line), a delay shifts the starting point of this growth 
by a certain amount of time and creates a period with no growth (continuous red line). A simple reason 
for this phenomenon can be a delay of the microbes to adjust to new conditions, onset of enzymes, etc. 
However, this time delay is neglected by assuming complete substrate mixing in the fermenter and as 
such was not considered in this study. 

On the other hand, the lag that appears in the initial phase of microbial growth and is determined, 
among others, by the rate of enzyme generation and metabolic mass transfer processes has been the 
subject of many publications in past decades (Baranyi & Roberts 1994; Bush & Cook 1976), yet it is 
still not completely understood. In Figure 1, this lag is shown by a dashed red line and suggests that 
microbial growth reaches its maximum specific rate over time, rather than instantly. 

 
Figure 1. Visual explanation for the difference between delay and lag in a microbial cell growth context 

MATERIALS AND METHODS 
Simplified AD model description 
For modeling the microbial growth lag under anaerobic conditions, a simplified continuous digestion 
process was set up. It involved three substrates and two microbial degradation steps, which were 
glucose, acetic acid, methane and acidogenic bacteria and acetoclastic methanogens, respectively. The 
degradation process and the sequence of the microbial degradation steps can be seen below. 

Glucose 
acidogenic bacteria
�⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯� Acetic acid

aceticlastic methanogens
�⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯�Methane 

Mass balance equations for the process were set up for all substrates and microorganisms, assuming 
chemostat conditions and fixed-rate microbial death defined as 5% of the maximum growth rate. 
Although considering Monod-type kinetics, the microbial growth term of acidogenic bacteria was 
further extended by acetic acid inhibition. 
𝜇𝜇1 =  𝜇𝜇𝑚𝑚𝑚𝑚𝑚𝑚,𝑋𝑋1 ∗

𝑆𝑆1
𝑆𝑆1+𝐾𝐾𝑠𝑠,𝑋𝑋1

∗
𝐾𝐾𝑖𝑖,𝑋𝑋1

𝐾𝐾𝑖𝑖,𝑋𝑋1+𝑆𝑆2
 (1) 

𝜇𝜇2 =  𝜇𝜇𝑚𝑚𝑚𝑚𝑚𝑚,𝑋𝑋2 ∗
𝑆𝑆2

𝑆𝑆2+𝐾𝐾𝑠𝑠,𝑋𝑋2
 (2) 

where 𝑆𝑆1, 𝑆𝑆2, 𝑋𝑋1, and 𝑋𝑋2 stand for the concentration of glucose, acetic acid and acidogenic and 
methanogenic microorganisms, respectively, and are expressed on a mass per unit volume basis (g L-1). 
Furthermore, 𝜇𝜇𝑚𝑚𝑚𝑚𝑚𝑚,𝑋𝑋𝑛𝑛is the maximum growth rate of the microorganism, 𝐾𝐾𝑠𝑠,𝑋𝑋𝑛𝑛 is the substrate half-
saturation and 𝐾𝐾𝑖𝑖,𝑋𝑋1 is the inhibition constant of the microorganism. The initial substrate and bacterial 
concentrations in the simulated reactor and the growth parameters are shown in Table 1, the latter taken 
or adapted from (Angelidaki et al. 1999). 
 



Table 1. Initial concentrations and parameter values for the five mass balance equations of the model 

Variable 
Concentration  
in inoculum 

 Kinetic parameters  Yield coefficients 

 𝜇𝜇𝑚𝑚𝑚𝑚𝑚𝑚 𝐾𝐾𝑠𝑠 𝐾𝐾𝑖𝑖 𝐾𝐾𝑑𝑑  𝑣𝑣 

(g L-1)  (d-1) (g L-1) (g L-1) (%)  (gSx gX1
-1) (gSx gX2

-1) 
S1 0.2  - - - -  -8.369 - 
X1 0.2  5.088 0.5 4.874 5  - - 
S2 0  - - - -  6.338 -24.132 
X2 0.6  0.612 0.537 - 5  - - 
S3 0  - - - -  0.436 6.092 

Lag implementation 
Lag was introduced to the growth term of microbial equations in the form of a 1st order rate of change 
step response function, commonly known from chemical process engineering. The growth term 
following the change is as follows: 

𝜇𝜇(𝑡𝑡) = 𝜇𝜇(𝑡𝑡 − ∆𝑡𝑡) + �1 − 𝑒𝑒−
∆𝑡𝑡
𝜏𝜏 � ∗ ∆𝜇𝜇 (3) 

∆𝜇𝜇 = 𝜇𝜇𝑆𝑆𝑆𝑆(𝑡𝑡) − 𝜇𝜇(𝑡𝑡 − ∆𝑡𝑡) (4) 

where 𝑡𝑡 is the time point for which the specific microbial growth rate is to be calculated, 𝑡𝑡 − ∆𝑡𝑡 is the 
previous time point. 𝜇𝜇𝑆𝑆𝑆𝑆(𝑡𝑡) is the steady-state substrate-dependent specific growth rate at time t, 
calculated according to growth kinetics without lag, and 𝜏𝜏 is a time constant for growth rate change, 
which is assumed to be identical for the two microbial groups. 

It is important to note that time constant 𝜏𝜏 is related to the rate of microbial growth change, which is 
additional to the delay in building up concentration changes in a digester volume. 𝜏𝜏 can take any 
positive value and expresses the time it will take the growth rate to change 67% of the difference 
between the actual growth rate and the steady state growth rate corresponding to current environmental 
conditions. 

RESULTS AND DISCUSSION 
Simulation results with two feeding periods of 60 days and 5 g L-1 and 8 g L-1 of respective glucose 
feed concentrations are shown in Figure 2. It can be seen that the greater the growth time constant (𝜏𝜏) 
is, the longer the lag in the growth of the two microbial groups, and conversely the higher the peak in 
the concentration of their respective substrates. These results are in line with the real-life observation 
that contrary to Monod kinetics, microbial growth does not follow changes in substrate concentration 
instantly. Instead, microorganisms require some time to adapt their biochemical transport and synthesis 
processes to the changes in their environmental conditions. 

As future improvement to present work, growth time constant 𝜏𝜏 would be set to different values for 
various microbial groups, reflecting that these represent species with inherently distinct growth 
characteristics. Furthermore, suitable experimental data would be used to validate the model, before 
applying the growth lag concept to a more advanced model. 

CONCLUSIONS 
A theoretical two-step continuous bioconversion model was set up in present work, extended with a 
step response function that accounts for the lag in the growth of model microorganisms. By simulating 



the conversion of glucose to acetic acid (first step) and methane (second step), the results indicated that 
the simplified model forecasts the occurrence of a growth lag phenomenon seen in practice. Assuming 
further diversification and validation, present model could improve complex bioconversion models 
currently in use and increase their efficiency in AD monitoring under dynamic conditions. 

 
Figure 2. The simulation curves of the two-step glucose conversion to methane, showing the complete 120 days 
of simulation with no growth lag (A), the first day of the process with 5 g L-1 glucose feed (B) and the 61st day of 
the process where the glucose feed was increased to 8 g L-1 (C). The different curves in B and C show growth lag 
with varying 𝜏𝜏 values.    
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