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Abstract  

The Cubic-Plus-Association (CPA) Equation of State (EoS) is unable to correctly describe the vapor-liquid critical behavior 

of pure fluids and mixtures due to its classical behavior. In fact, the traditional parametrization procedure, i.e. to match the 

saturated pressure and liquid density curves far from the critical point, causes an over-prediction of the critical pressures and 

temperatures of pure components. Besides, the deviations with respect to experimental data are even larger for systems 

containing hydrogen-bonding species, in comparison to systems composed of non-associating molecules. In order to 

improve the representation of the thermodynamic properties of fluids in near-critical regions with CPA, we have applied 

White’s recursive procedure to introduce density fluctuations in the classical model, allowing the correct description of the 

non-analytical behavior of real fluids close to the critical point. The resulting model, i.e., the Crossover CPA (CCPA) EoS, 

is capable of accurately representing the phase behavior of fluids, specifically normal alkanes and alcohols, carbon dioxide, 

water, as well as some of their binary mixtures, far away from and close to the critical region. This is shown by the 

comparison of the results obtained from CCPA and classical EoS with the experimental data. 

___________________________________________________________________________________________________ 
 

1. Introduction 

 

Industrial processes in the field of chemical and 

petroleum engineering usually require detailed 

knowledge of the phase behavior and thermophysical 

properties of the fluids in order to achieve an efficient 

design of equipment and operation control.1 Because of 

the difficulties involving the acquirement of experimental 

data for different operational conditions, the simulation 

of industrial processes usually relies on the accuracy of a 

thermodynamic model to estimate the properties of 

fluids. As an example, compositional reservoir simulators 

use cubic Equations of State (EoS), due to their 

simplicity and capacity to correctly describe the phase 

behavior of pure fluids and mixtures containing 

hydrocarbons.2 Nevertheless, challenging situations are 

observed when theoretical equations of state are applied 

to represent systems containing highly non-ideal species, 

e.g. associating molecules,3 or conditions close to the 

critical point, due to the non-analytical and asymptotic 

behavior of real fluids.4,5 

Regarding the first issue, it is known in the literature 

that the traditional cubic EoS are often incapable of 

satisfactorily represent the phase behavior of complex 

systems containing hydrogen bonding species.6,7 In order 

to improve the representation of such systems, the Cubic-

Plus-Association (CPA) EoS8 has been developed and 

this model combines the Soave-Redlich-Kwong (SRK)9 

equation with Wertheim’s association term,10 thus 

resulting in a model that is based on a simple equation, 

which is widely used in the petroleum industry, but also 

describes the hydrogen-bonding between molecules of a 

system using the perturbation theory.3 Nevertheless, due 

to its classical behavior and the traditional 

parametrization procedure, i.e. to match saturated 

pressure and liquid density curves far from the critical 

point,11 this approach is particularly successful for 

representing the behavior of associating systems far from 

the critical point, where the fluctuations of the order 

parameter are negligible.12 

In the vicinity of the critical point, the 

thermodynamic properties of fluids cannot be accurately 

described by classical equations of state (EoS).13 The 

classical formulations neglect the fluctuations in the 

order parameter associated with the critical phase 

transition, hence they predict an analytical behavior of 

the systems close to the critical point, leading to incorrect 

estimation of the critical exponents and other 

properties.14 On the other hand, far away from the critical 

point, where the inhomogeneities are negligible,12 

classical EoS yield a quantitative representation of the 

phase behavior of fluids and represent an important tool 
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for engineering calculations. Therefore, a model that is 

capable of describing the global phase behavior of 

thermodynamic systems, i.e. far away and close to the 

critical point, is of great scientific and technical 

relevance.15 

Several efforts have been made over the last three 

decades towards the development of a global EoS with a 

crossover treatment that corrects the classical behavior in 

the critical region. This correction is normally done by 

taking into account the fluctuations of the order 

parameter, which for the vapor-liquid transition is 

density, using methods based on the renormalization 

group (RG) theory.16–19 The purpose of a RG 

transformation is to reduce the degrees of freedom of a 

system by renormalizing its Hamiltonian, that is, to 

integrate out the microscopic degrees of freedom.20 One 

of the main crossover approaches stems from the Landau-

Ginzburg-Wilson theory of the critical phenomena.12,13, 21-

26 In this case, the nonlinear RG equations are solved by 

mapping the solution of the renormalized to the classical 

equation at a cutoff point. The application of this 

procedure is done by decomposing the system's free 

energy into an analytical and a non-analytical part, in 

which the asymptotic critical scaling laws are explicitly 

incorporated using the crossover transformations. The 

second main approach was developed by White and co-

workers,27–30 and has been applied in many different 

works in the literature.31–38 It is an expansion of Wilson's 

phase-space cell approximation.39 The idea behind this 

method is to reduce the degrees of freedom of the system 

using a series of renormalized Hamiltonians, in which the 

fluctuations of the order parameter are averaged. The 

recursive expressions allow the calculation of explicit 

values for the critical exponents. 

In this work, we use White’s procedure to introduce 

density fluctuations into the classical CPA EoS. The 

resulting thermodynamic model takes into account 

hydrogen bonding between molecules and, due to the 

recursive method to correct the free energy density of the 

system, it is also capable of representing the behavior of 

real fluids close to and far away from the critical point. 

The developed is referred to as the crossover CPA 

(CCPA) EoS. Although the CCPA EoS has been used in 

the representation of pure species and binary 

alkanol/alkane mixtures,35,36 it has not been applied in the 

evaluation of both subcritical calculations, including 

vapor-liquid (VLE) and liquid-liquid (LLE), and critical 

conditions. Besides, this work also deals with the 

representation of the critical locus of cross-associating 

and solvating binary mixtures. 

The extension of the model for representing the phase 

behavior of mixtures is done using the isomorphism 

assumption, which means that the thermodynamic 

potential of a mixture is considered to have the same 

universal form as a one-component fluid. Additionally, 

the mole fractions are used as independent variables 

instead of the chemical potential.23 

In the next section, we present the equations 

concerning the thermodynamic models utilized in this 

work. The following sections contain the procedure for 

obtaining the parameters for pure components and binary 

mixtures as well as the results, and the last section 

summarizes of the findings of this work. 

 

 2. The CCPA EoS  
 

As mentioned in the previous section, the CPA EoS is 

a combination of the SRK model and the association term 

from Wertheim's theory. The pressure explicit expression 

of this equation is given by the expression: 

 

𝑃 =
𝑅𝑇

𝑣−𝑏
−

𝑎

𝑣(𝑣+𝑏)
− 

1

2

𝑅𝑇

𝑣
(1 + 𝜌

𝜕 𝑙𝑛 𝑔 

𝜕𝜌
 ) ∑ 𝑥𝑖𝑖 ∑ (1 − 𝑋𝐴𝑖

)𝐴𝑖
   (1) 

 

where 𝑃 is pressure, 𝑅 is the universal gas constant; 𝑣 

molar volume, 𝜌 is the molar density, 𝑇 is temperature 

and the term 𝑋𝐴𝑖
 represents the molar fraction of sites 𝐴 

of the molecule 𝑖 that does not bond to other active sites. 

40 The term 𝑋𝐴𝑖
 is related to the association strength, 

𝛥𝐴𝑖𝐵𝑗 , between two sites belonging to two different 

molecules and is calculated by:  

 

𝑋𝐴𝑖
= (1 + 𝜌 ∑ 𝑥𝑖𝑖 ∑ 𝑋𝐵𝑗

𝛥𝐴𝑖𝐵𝑗
𝐵𝑗

)
−1

      (2) 

 

The association strength is given by: 

 

𝛥𝐴𝑖𝐵𝑗 = 𝑔(𝜌) [𝑒𝑥𝑝 (
𝜀

𝐴𝑖𝐵𝑗

𝑅𝑇
− 1)] 𝑏𝑖𝑗𝛽𝐴𝑖𝐵𝑗     (3) 

 

In this work we used the simplified radial distribution 

function,41,42 𝑔(𝜌), which is evaluated at contact distance 

and is determined by the expression: 

 

𝑔(𝜌) = [1 − 1.9 (
𝑏𝜌

4
)]

−1
                   ( 4 ) 

 

The constant 𝑎 from the attraction term of the SRK 

equation is dependent on temperature in the form: 

 

𝑎 = 𝑎0 {1 + 𝑐1 [1 − (
𝑇

𝑇𝑐
)

0.5
]}

 2

                ( 5 ) 

 

The application of the CPA EoS in the calculation of 

the thermodynamic properties requires the estimation of 

the pure component parameters which are 𝑎0, 𝑏, 𝑐1, 휀𝐴𝑖𝐵𝑗  

and 𝛽𝐴𝑖𝐵𝑗  for associating compounds, but reduce to the 

first three in the case of inert species. Additionally, the 

model is dependent on the association scheme. In this 
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work, we have used the 2B scheme for alcohols and 4C 

for water, following Huang and Radosz notation.40  

In the case of mixtures, we used the classical van der 

Waals mixing rules for the parameters in the attractive 

and repulsive terms, as described by the following 

expressions: 

 
𝑎 = ∑ ∑ 𝑥𝑖

𝑛
𝑗=1 𝑥𝑗𝑎𝑖𝑗

𝑛
𝑖=1                  ( 6 ) 

 

𝑏 = ∑ 𝑥𝑖𝑏𝑖
𝑛
𝑖=1                  ( 7 ) 

 

where xi is the fraction of component i in a particular 

phase. 

A binary interaction parameter in the cross-energy 

term was also used for some of the mixtures studied in 

this work: 

 

𝑎𝑖𝑗 = (𝑎𝑖𝑖𝑎𝑗𝑗)
1

2(1 − 𝑘𝑖𝑗)                 ( 8 ) 

 

where 𝑘𝑖𝑗 is the binary interaction coefficient. For the 

cross-association between two associating components, 

the following combining rules were used: 

 

휀𝐴𝑖𝐵𝑗 =
𝜀𝐴𝑖𝐵𝑖+𝜀

𝐴𝑗𝐵𝑗

2
                  ( 9 ) 

 

𝛽𝐴𝑖𝐵𝑗 = √𝛽𝐴𝑖𝐵𝑖𝛽𝐴𝑗𝐵𝑗               ( 10 ) 

 

Finally, another possibility of cross-association 

occurs between carbon dioxide and a hydrogen-bonding 

molecule, due to the induced association between the 

inert and the associating species. These systems are 

called solvating mixtures, and a modified CR1 rule can 

be used to improve the representation of the 

thermodynamic properties.3 In the modified CR1 rule the 

cross-association energy parameter is given by eq 9, 

while the cross-association volume is obtained from 

fitting experimental data. 

The CPA EoS is a model that successfully represents 

systems containing hydrogen bonding species.3 

Nonetheless, like any other classical model, it fails to 

describe the near-critical behavior of real fluids, since it 

does not account for the long-range fluctuations that are 

significant in the vicinities of the critical point.12 

Therefore, we applied White’s recursive procedure in 

which the long (Ω𝑛
𝑙 ) and short (Ω𝑛

𝑠 ) range interactions are 

added to the free energy density (𝑓) via the recursive 

procedure described by the following expressions: 

 

𝑓 = 𝑓0
𝐶𝑃𝐴 + ∑ 𝛿𝑓𝑛𝑛                  ( 11 ) 

 

𝛿𝑓𝑛 = −𝐾𝑛 𝑙𝑛(𝛺𝑛
𝑠 /𝛺𝑛

𝑙 )                ( 12 ) 

 

𝐾𝑛 = 𝑘𝑏𝑇/23𝑛𝐿3               ( 13 ) 
 

Ω𝑛
𝜆 = ∫0

min(𝜌,𝜌𝑚𝑎𝑥−𝜌)
𝑑𝑦 exp(−𝐺𝑛

𝜆/𝐾𝑛)            ( 14 ) 

 

𝐺𝑛
𝜆(𝜌, 𝑦) = 0.5[𝑓�̅�

𝜆(𝜌 + 𝑦) + 𝑓�̅�
𝜆(𝜌 − 𝑦) − 2𝑓�̅�

𝜆(𝜌)]        ( 15 ) 

 

𝑓�̅�
𝑙(𝜌) = 𝑓𝑛−1(𝜌) + 𝛼𝜌2              ( 16 ) 

 

𝑓�̅�
𝑠(𝜌) = 𝑓𝑛−1(𝜌) + 2−2𝑛𝜙𝛼𝜌2             ( 17 ) 

 

where 𝑘𝑏  is the Boltzmann’s constant, the superscript 𝜆 

refers to both the long-range (𝑙) and short-range (𝑠) 

correlations, while 𝜙  and 𝐿 are two additional 

parameters. The first is the inverse of the initial shortest 

wavelength and the second is the cutoff length.27  

The calculation of the free energy corrections due to 

the fluctuations in the order parameter requires the use of 

an initial free energy expression that accounts for the 

short-range interactions only.27 The zero-order solution 

of the Helmholtz energy density for CPA, i.e. 𝑓0
𝐶𝑃𝐴, is 

given by the expression: 

 

𝑓0
𝐶𝑃𝐴 =

−𝑅𝑇 ln(𝑣−𝑏)

𝑣
−

𝑎

𝑏𝑣
ln (

𝑣−𝑏

𝑣
) +

𝑅𝑇

𝑣
∑ 𝑥𝑖𝑖 [∑ (ln 𝑋𝐴𝑖  −𝐴𝑖

𝑋𝐴𝑖

2
  +

1

2
)] + 𝛼𝜌2                 ( 18 ) 

 

where 𝛼𝜌2 is the correction of the attractive part 

calculated by the expression: 

 

−𝛼𝜌2 = −0.5𝑎𝜌2              ( 19 ) 

 

The constant 𝑎 in the previous expression is 

calculated by eq 5. This is the same expression used in 

the crossover approach for the SRK model and it is 

explained in detail in our recent work.31 It is important to 

note that, for systems composed entirely of non-

associating species, the association term from 

Wertheim’s theory is discarded and the CPA EoS reduces 

to SRK.3 Similarly, eq 18 of the CCPA model becomes 

equal to the expression for the crossover SRK EoS 

(CSRK),31 i.e. CCPA reduces to CSRK. 

In addition to the eq 11 to eq 19, the application of 

the method requires the determination of the number of 

iterations in the mathematical procedure (n), which were 

chosen to be 5, as well as the number of density steps 

(Δ𝜌) used in the numerical integration of eq 14, which 

were chosen to be 500. In both cases, the choice for the 

number of iteration and steps were based on other 

studies.31–38 Finally, 𝑓(𝜌) is obtained with a spline 

function. 

The recursive procedure also requires mixing rules 

for the additional parameters. Following the isomorphism 

assumption, the expressions are given by: 
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𝐿3 = ∑𝑥𝑖𝐿𝑖
3               ( 20 ) 

𝜙 = 𝑥𝑖𝜙𝑖                ( 21 ) 

 

The model summarized by the equations presented in 

this section was applied in the calculation of the critical 

and phase equilibrium and critical properties of pure 

fluids and binary mixtures. The estimated pure 

component parameters and the comparison with 

experimental data, as well as the underlying classical 

model, are shown in the following section.  

 

3. Application of CCPA to pure fluids  
 

The application of the CCPA in the representation of 

the thermodynamic properties of pure fluids and mixtures 

require the estimation of the pure component parameters, 

i.e. 𝑎0, 𝑏, 𝑐1, 휀𝐴𝑖𝐵𝑗  and 𝛽𝐴𝑖𝐵𝑗  for the classical EoS and 𝐿, 

and 𝜙 for the recursive procedure.  

The parameters were estimated by fitting the 

experimental saturated data: vapor pressure and saturated 

liquid and vapor densities; as well as the critical 

temperature, pressure and volume of the compounds. The 

following equation shows the objective function used in 

the optimization procedure: 

 

𝑂. 𝐹. = ∑ |
𝑃𝑠𝑎𝑡

𝑒𝑥𝑝
−𝑃𝑠𝑎𝑡

𝑐𝑎𝑙𝑐

𝑃𝑠𝑎𝑡
𝑒𝑥𝑝 |𝑁

𝑖=1 + ∑ |
𝑣𝑙𝑖𝑞

𝑒𝑥𝑝
−𝑣𝑙𝑖𝑞

𝑐𝑎𝑙𝑐

𝑣
𝑙𝑖𝑞
𝑙𝑖𝑞 |𝑁

𝑖=1 +

∑ |
𝑣𝑣𝑎𝑝

𝑒𝑥𝑝
−𝑣𝑣𝑎𝑝

𝑐𝑎𝑙𝑐

𝑣𝑣𝑎𝑝
𝑒𝑥𝑝 |𝑁

𝑖=1 + |
𝑃𝑐

𝑒𝑥𝑝
−𝑃𝑐

𝑐𝑎𝑙𝑐

𝑃𝑐
𝑒𝑥𝑝 | +  |

𝑇𝑐
𝑒𝑥𝑝

−𝑇𝑐
𝑐𝑎𝑙𝑐

𝑇𝑐
𝑒𝑥𝑝 |   +  |

𝑣𝑐
𝑒𝑥𝑝

−𝑣𝑐
𝑐𝑎𝑙𝑐

𝑣𝑐
𝑒𝑥𝑝 | 

            ( 22 ) 

 

where the superscripts 𝑒𝑥𝑝 and 𝑐𝑎𝑙𝑐 represent the 

experimental and calculated properties, respectively; 

while the subscripts 𝑃𝑠𝑎𝑡  is the saturated pressure, 𝑣𝑙𝑖𝑞  

and 𝑣𝑣𝑎𝑝 is the saturated liquid and vapor densities, and 

the subscript 𝑐 stands for the critical properties. The 

range of reduced temperatures used in the calculations of 

the saturated properties was from 0.5 to 0.99. 

Table 1 shows the optimum parameters obtained for 

the normal alkanes studied in this work, while Table 2 

shows the parameters for the normal alcohols. Table 3 

contains the values of the optimum parameters for carbon 

dioxide and water. The three tables also exhibit the 

deviations from experimental saturated and critical 

properties, where it is possible to see that all the 

properties are precisely described by the model. It should 

be noted that the parameter ϕ for the n-alkanes, carbon 

dioxide and water was kept constant and equal to 2, while 

for the alcohols and water it was used as an adjustable 

parameter. 

 

 

Table 1: Parameters of CCPA for methane to n-decane and the deviations from experimental saturated and critical data.  

 

Substance 

  Parameters   Deviations 

 

𝑎0 

(
𝑏𝑎𝑟.𝑐𝑚6

𝑚𝑜𝑙
)  

𝑏 

(
𝑐𝑚3

𝑚𝑜𝑙
) 

𝑐 

(−) 

𝐿 

(Å)  

𝛥𝑃𝑠𝑎𝑡 ∗ 

(%) 

𝛥𝑣𝑙𝑖𝑞 ∗ 

(%) 

𝛥𝑣𝑣𝑎𝑝* 

(%) 

𝛥𝑃𝑐* 

(%)  

𝛥𝑇𝑐* 

(%)  

𝛥𝑣𝑐* 

(%)  

C1 
 

2.317 28.20 0.3913 4.345 
 

2.5 1.2 3.4 0.01 0.06 0.05 

C2 
 

5.585 42.44 0.5242 4.950 
 

2.5 1.5 2.1 0.01 0.19 2.0 

C3 
 

9.214 57.76 0.6167 5.353 
 

2.5 1.5 2.3 0.03 0.48 0.77 

C4 
 

13.41 73.11 0.6906 5.694 
 

2.0 1.7 2.4 0.02 0.67 0.10 

C5 
 

18.45 90.63 0.7501 6.073 
 

2.3 1.5 1.6 0.01 0.49 1.2 

C6 
 

23.55 106.4 0.8137 6.23 
 

2.3 1.5 1.8 0.20 0.56 1.3 

C7 
 

29.34 125.0 0.8954 6.581 
 

2.2 1.5 1.4 0.21 0.71 3.1 

C8 
 

35.26 141.8 0.9612 6.731 
 

2.2 1.7 1.2 0.06 0.73 4.5 

C9 
 

41.45 159.7 1.025 6.941 
 

2.2 1.7 1.2 0.14 0.75 5.0 

C10 
 

48.31 178.5 1.078 7.176 
 

2.2 1.4 1.2 0.78 0.60 5.5 

Average   - - - -   2.3 1.5 1.9 0.15 0.52 2.4 

*Average Absolute Deviation (AAD%)=(1 𝑛⁄ )(∑ |𝑋𝑐𝑎𝑙𝑐 − 𝑋𝑒𝑥𝑝| 𝑋𝑒𝑥𝑝⁄ ) ∗ 100 
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Table 2: Parameters of CCPA for methanol to n-octanol and the deviations from experimental saturated and critical data.  

Substance 

  Parameters           Deviations 

 

𝑎0 

(
𝑏𝑎𝑟.𝑐𝑚6

𝑚𝑜𝑙
)  

𝑏 

(
𝑐𝑚3

𝑚𝑜𝑙
) 

𝑐 

(−) 

휀

𝑅
 

(𝐾)  

𝛽 

(−) 

𝐿 

(Å) 

𝜙 

(−)  
 

𝛥𝑃𝑠𝑎𝑡  

(%) 

𝛥𝑣𝑙𝑖𝑞  

(%) 

𝛥𝑣𝑣𝑎𝑝 

(%) 

𝛥𝑃𝑐 

(%)  

𝛥𝑇𝑐 

(%)  

𝛥𝑣𝑐  

(%)  

C1OH 
 

4.091 30.95 0.4430 2935 0.0166 5.6229 0.585 
 

1.67 3.75 1.08 0.01 0.17 0.00 

C2OH 
 

8.037 48.04 0.6820 2739 0.0081 5.4745 0.747 
 

0.93 1.24 1.17 0.72 0.13 0.74 

C3OH 
 

12.59 63.54 0.8855 2414 0.0076 5.4617 1.202 
 

2.00 1.43 2.15 0.00 0.70 0.00 

C4OH 
 

17.19 78.34 0.9716 2305 0.0063 5.6365 1.457 
 

3.12 2.94 4.13 0.01 1.12 0.12 

C5OH 
 

21.33 96.92 0.9444 2552 0.0060 6.2664 1.527 
 

3.77 3.32 2.93 0.06 1.36 0.25 

C6OH 
 

27.10 113.2 0.9741 2487 0.0057 6.4820 1.576 
 

5.61 3.81 2.65 0.00 0.97 0.00 

C7OH 
 

31.78 128.2 0.9494 2748 0.0040 6.6191 1.638 
 

5.18 2.09 4.23 0.02 1.34 0.00 

C8OH 
 

38.70 145.0 1.0389 2574 0.0037 6.8000 1.695 
 

5.60 4.19 2.67 0.00 1.03 0.00 

Average   - - - - - - -   3.5 2.8 2.6 0.10 0.85 0.1 

 

 

Table 3: Parameters of CCPA for carbon dioxide and water and the deviations from experimental saturated and critical data.  

Substance 

  Parameters         Deviations 

 

𝑎0 

(
𝑏𝑎𝑟.𝑐𝑚6

𝑚𝑜𝑙
)  

𝑏 

(
𝑐𝑚3

𝑚𝑜𝑙
) 

𝑐 

(−) 

휀

𝑅
 

(𝐾)  

𝛽 

(−) 

𝐿 

(Å)  

𝛥𝑃𝑠𝑎𝑡  

(%) 

𝛥𝑣𝑙𝑖𝑞  

(%) 

𝛥𝑣𝑣𝑎𝑝 

(%) 

𝛥𝑃𝑐 

(%)  

𝛥𝑇𝑐 

(%)  

𝛥𝑣𝑐  

(%)  

CO2 
 

3.580 26.91 0.6503 - - 4.0528 
 

1.71 2.41 1.77 0.01 0.15 0.20 

H2O 
 

1.228 14.51 0.6736 2003 0.0692 5.7000 
 

1.83 1.08 4.23 0.53 0.52 8.70 

Average   - - - - - -   1.8 1.7 3.0 0.27 0.33 4.4 

 

Table 4 shows the average deviations of the saturated 

and critical properties calculated with the classical CPA 

with the parameters taken from the literature.42,43 The 

comparison of Tables 1 to 4 shows that although there is 

an increase in the deviations related to the saturated 

properties, only the crossover model is capable of 

simultaneously representing the critical and phase 

equilibrium properties. 

 

Table 4: Overall AAD calculated with the CPA EoS for 

the normal alkanes and alcohols studied in this work. 

Substance 

  Deviations 

 

𝛥𝑃𝑠𝑎𝑡  

(%) 

𝛥𝑣𝑙𝑖𝑞  

(%) 

𝛥𝑣𝑣𝑎𝑝 

(%) 

𝛥𝑃𝑐 

(%)  

𝛥𝑇𝑐 

(%)  

𝛥𝑣𝑐  

(%)  

HC 
 

0.90 1.50 2.90 13.7 2.20 11.8 

Alc   1.90 1.20 4.40 25.0 3.20 8.70 

CO2  0.30 1.64 6.45 1.91 11.3 11.2 

H2O  0.80 2.08 5.26 5.26 38.1 1.03 

 

In addition to the calculations of the deviations of the 

critical and saturated properties, the saturated pressure 

and the coexisting diagrams are shown graphically for the 

normal alkanes (Figure 1) and alcohols (Figure 2), as 

well as carbon dioxide and water (Figure 3). The figures 

also contain the results obtained with the classical SRK 

and CPA. The plots indicate that both SRK and CCPA are 

capable of describing the critical temperature and 

pressure of the pure components, while CPA overpredicts 

it. On the other hand, the classical and crossover CPA 

EoS superior to the cubic model in the representation of 

the properties of the components far away from the 

critical point. The introduction of the fluctuations in the 

classical CPA EoS corrects the overprediction of the 

critical point and improves the simulations of coexistence 

curve in the vicinity of the critical point, as the crossover 

model yields better representation than the cubic one for 

the near-critical and critical volume. The comparison of 

Figure 1 to the other two shows that the application of the 

recursive procedure is more important for associating 

components, since the deviations for non-associating 

species are less pronounced.  
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(a) 

 

 
(b) 

Figure 1: Saturation pressure as a function of temperature 

(a) and temperature as a function of the coexisting phases 

density (b) for selected n-alkanes (from methane to n-

decane). Experimental data (open circles) taken from the 

DIPPR database,55 while the dashed black lines, dash-

dotted blue lines and solid red lines correspond to SRK, 

CPA and CCPA, respectively. 

 

The discrepancy in the prediction of the critical point 

with the classical model is better observed in Figure 4, 

which shows the critical temperatures, pressures and 

densities of the substances studied in this work as a 

function of the molecular weight. The comparison of the 

predictions obtained from the classical and crossover 

CPA EoS indicates that the introductions of the 

fluctuations in the classical EoS are especially useful for 

correcting the critical pressures and densities, since there 

is only slight overprediction of the experimental critical 

temperature data. Additionally, it is possible to observe 

that the association term deteriorates the description of 

the critical pressure, since the comparison of the results 

for alcohols and hydrocarbons with experimental data 

shows that the hydrogen bonding substances result in a 

much larger deviation in terms of this property, and this 

is reduced as the carbon chain length increases, 

weakening the association between molecules. 

 

 
(a) 

 

 
(b) 

Figure 2: Saturation pressure as a function of temperature 

(a) and temperature as a function of the coexisting phases 

density (b) for selected n-alkanes (from methane to n-

decane). Experimental data (open circles) taken from the 

DIPPR database,55 while the dashed black lines, dash-

dotted blue lines and solid red lines correspond to SRK, 

CPA and CCPA, respectively. 

 

Another important test, in order to evaluate the 

capability of the crossover model to describe the non-

analytical nature of the thermodynamic properties in the 

vicinity of the critical point, is the calculation of the 

critical exponents. Figure 5 shows the plots of the 
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difference between the saturated liquid and vapor 

densities divided by the critical density as a function of 

the dimensionless distance to the critical temperature, as 

well as the dimensionless distance to the critical chemical 

potential as a function of the dimensionless distance to 

the critical density. In the first case the slope of the curve 

represents the critical exponent 𝛽, while in the second 

case the slope represents the critical exponent 𝛿. The 

classical values for these two exponents are 0.5 and 3.0, 

while the ones obtained in our calculations are 0.370 and 

4.668, respectively, which are closer to the universal 

values 0.326 and 4.8.44 

 

 
(a) 

        

(b) 

Figure 3: Saturation pressure as a function of temperature 

(a) and temperature as a function of the coexisting phases 

density (b) for carbon dioxide and water. Experimental 

data (open circles) taken from the DIPPR database,55 

while the dashed black lines, dash-dotted blue lines and 

solid red lines correspond to SRK, CPA and CCPA, 

respectively. 

 
(a) 

 
(b) 

 
(c) 

Figure 4: Deviations of the critical temperature (a), 

pressure (b) and density (c) as a function of the molecular 

weight of the alkanes (open circles) and alcohols (open 

squares). The deviations between the calculated and 

experimental critical properties were obtained with the 

CPA (blue circles and squares) and the CCPA (red circles 

and squares) EoS. Experimental data used in the 

comparison was taken from the DIPPR database.55 
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(a) 

        
(b) 

Figure 5: Critical exponents 𝛽 (a) and 𝛿 (b) calculated for 

1-propanol using the CCPA EoS. 

 

4. Application of the CCPA EoS to binary mixtures 

 

The estimation of the pure component parameters, 

along with the application of the combining and mixing 

rules described in the second section, allows the 

representation of the thermodynamic properties of 

mixtures. In this work, we have applied the classical SRK 

and CPA EoS, as well as the and crossover version of the 

association model, to describe the phase equilibrium and 

critical properties of binary mixtures comprised of 

normal alkanes and 1-alkanols, specifically primary 

alcohols with straight alkane chains. In addition, we 

studied the phase behavior of some cross-associating 

systems, containing 1-alkanols, and solvating systems, 

containing carbon dioxide and a hydrogen bonding 

component. In both cases, only the classical and 

crossover models with the association term were used in 

the simulations. 

 

 

4.1. Binary mixtures of normal alkanes and 1-alkanols 

 

The first binary mixtures studied in this work were 

the methanol/n-hexane to methanol/n-decane systems. 

We have evaluated both phase equilibrium calculations in 

the vapor-liquid (VLE) and liquid-liquid (LLE) region, as 

well as the critical lines of these systems and compared 

the results with experimental data.  

Figure 6 shows the experimental VLE (Figure 6a) and 

LLE (Figure 6b) data of methanol/n-hexane for 

conditions far away from the critical points and the 

calculated curves with SRK, CPA and CCPA EoS. In the 

case of the VLE calculations, the results were obtained 

for a temperature of 318.15K, while for the LLE diagram 

was correlated at 1bar. In both cases, it is seen the 

crossover and classical CPA are superior to the cubic one 

and behave similarly, indicating that the fluctuations are 

negligible and that CCPA reduces to CPA. 

 
(a)

 
(b) 

Figure 6: Experimental VLE at 318.15K45 (a) and LLE at 

1 bar46 (b) for the methanol/n-hexane mixture. The 

simulated dashed black lines, dash-dotted blue lines and 

solid red lines correspond to SRK, CPA and CCPA, 

respectively. 
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(a)                                                                                        (b) 

 
(c)     (d) 

 

Figure 7: Experimental near-critical VLE data for the ethanol/n-hexane47 system. The calculated dashed black lines, dash-

dotted blue lines and solid red lines were obtained with SRK, CPA and CCPA, respectively. Figure (a) shows the 

comparison of the three models for a temperature of 473.15K, while figures (b) to (d) show the performance of each model 

for temperatures ranging from 473.15 to 500.15K. The binary interaction parameters from (a) were used in all figures. 

 

The association term is crucial for the correct 

description of the systems at temperatures far away from 

the critical one. Figure 6 indicates that the attempt to 

correlate the data with the cubic model yields incorrect 

phase splits in the VLE diagram (Figure 6a) and much 

higher compositions of the associating component in the 

alcohol rich phase Figure (Figure 6b), in the case of LLE. 

Both behaviors are well known and widely discussed in 

the literature.3 

On the other hand, as the critical point is approached, 

the introduction of the density fluctuations becomes 

important for the correct representation of the phase 

equilibrium properties of mixtures, while the association 

term becomes less significant. Figure 7a shows the 

calculated and experimental data of the VLE diagram of 

ethanol/n-hexane at 473.13K, while Figures 7b to 7d 

presents the phase diagram for several temperatures up to 

500.15K calculated with SRK, CPA and CCPA, 

respectively. It is possible to conclude from the figure 

that the classical models require higher binary interaction 

parameters to correlate the experimental the vapor 

compositions and bubble point pressures. Yet, the phase 

envelopes simulated with SRK are smaller than the 

experimental ones, while CPA results in larger two-phase 

regions. The comparison of the results with experimental 

data shows that CCPA is superior to both models in the 

correlation of the VLE data as temperature increases. 
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At the critical point, where the correlation length goes 

to infinity, the effect of the density inhomogeneities is 

substantial. Figures 8 and 9 show the critical curves of 

methanol/n-alkane and ethanol/n-hexane systems. The 

calculations were pure predictions, as no binary 

interaction parameters were used. This was done in order 

to appropriately compare the three models, since the 𝑘𝑖𝑗 

does not correct the models close to pure component 

conditions.  

The representation of the methanol/n-alkane system 

with the SRK and CPA EoS was thoroughly evaluated in 

a previous work.11 It was demonstrated that the 

traditional parameterization procedure of CPA causes an 

overprediction of the critical point, resulting in larger 

deviations, as seen in figures 8b and 9. Rescaling the 

parameters of the model improves the description of the 

critical data, but deteriorates the representations far away 

from the critical point, in special the LLE diagrams. On 

the other hand, the cubic model is unable to capture the 

trend in the experimental data, which seems to indicate 

that the hydrogen bonding term is still important even at 

critical conditions. This behavior is also corroborated by 

the results from the CCPA EoS, which corrects the 

overprediction of the classical model and is superior to 

both the classical cubic and association EoS. In fact, it is 

the only model capable of representing the phase 

behavior of the methanol/n-hexane both the far away 

from and close to the critical point. It is important to 

note, that similar results were obtained by Xu et al.,36 

while using a slightly different version of the crossover 

CPA EoS.  

The comparison of the three models for methanol/n-

alkane mixtures indicates better representation of the 

experimental data is obtained for the lighter n-alkanes. 

On the other hand, the deviations increase for heavier 

molecules, which is related to the increase in the 

asymmetry of the weight of the components in the 

mixture.  

Finally, the classical and crossover EoS were applied 

in the description of the critical locus of the ethanol/n-

hexane system (Figure 9). In this case, the pressure-

composition (Figure 9a) and temperature-composition 

(Figure 9b) diagrams show that the classical models 

predict higher critical properties for the mixture or are 

unable to get a good description of the minimum critical 

temperature. Nonetheless, the use of the association term 

and recursive procedure to account for density 

fluctuations results in a precise prediction of the critical 

behavior of the system. 

 

 
(a) 

 
(b)

 
(c) 

Figure 8: Experimental critical loci of methanol/n-hexane 

to methanol/n-decane mixtures.48 The predicted curves 

(kij=0) were obtained with SRK (a), CPA (b) and CCPA 

(c). 
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(a) 

       

 
(b) 

Figure 9: Experimental critical temperature (a) and 

pressure (b) as a function of ethanol mole fraction for the 

ethanol/n-hexane mixture.48 The predicted (kij=0) dashed 

black lines, dash-dotted blue lines and solid red lines 

correspond to SRK, CPA and CCPA, respectively. 

 

4.2. Binary mixtures of cross-associating 1-alkanols 

 

Calculations for cross-associating systems composed 

of two alcohols, i.e. methanol/1-propanol and 

methanol/1-butanol, were also performed in this work, 

using only the models with an association term. This is 

due to the fact that poor behavior has been observed 

when cubic models with traditional mixing rules are 

applied to describe cross-associating systems.3 The same 

is valid for solvating mixture, therefore it is not used in 

the next section as well.  

The importance of these calculations is to test the 

models for cross-associating systems. As mentioned 

previously, we have used the CR1 combining rule to 

calculate the interaction between the different associating 

energies and volumes. As seen in Figure 10, the trends of 

the critical pressures and temperatures are similar, 

although CPA yields larger deviations than the crossover 

model. These results show that the recursive procedure 

yields a quantitative prediction of the experimental data 

by reducing the critical temperatures and pressures of the 

simulated values. However, the similarity in the trends 

indicates that the recursive procedure does not change the 

features of the classical EoS, implying that, in addition to 

the renormalization group correction, the association 

term and the combining rule are fundamental for the 

correct representation of the experimental data. 

 

 
(a) 

 
(b) 

Figure 10: Experimental critical temperature (a) and 

pressure (b) as a function of methanol mole fraction for 

the methanol/1-propanol49 and methanol/1-butanol50 

mixtures. The simulated dash-dotted blue lines and solid 

red lines were obtained using the CPA and CCPA EoS, 

respectively. 
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4.3. Binary mixture of carbon dioxide and water 

 

Finally, we investigated systems containing carbon 

dioxide and an associating component, specifically the 

CO2/methanol and CO2/water systems. Different from the 

previous subsection, the solvation rule was applied to 

model the interaction between the non-associating 

component (CO2) and the hydrogen-bonding one (water 

or methanol). 

 
(a) 

       

 
(b) 

Figure 11: Experimental VLE data of carbon dioxide 

and methanol at 290K51 (a) and carbon dioxide and water 

at 308K52 (b). The calculated dash-dotted blue lines and 

solid red lines were obtained using the CPA and CCPA 

EoS, respectively. 

 

The results for the calculations of the VLE region of 

the mixtures containing carbon dioxide and an 

associating component indicate that the models behave 

similarly. However, CCPA performs better for the 

mixture with water in comparison to the mixture with 

methanol. This is an indication that the solvation 

approach is important for yielding the correct behavior of 

the fluids; nonetheless, the pure component properties for 

methanol should be reevaluated in order to yield a better 

representation of the experimental data at higher 

pressures. 

Although accurate representation of the fluids in 

conditions far from critical was attained with the two 

models, large deviations for the critical lines are observed 

(Figure 12). The incorporation of the density fluctuation 

into the classical model via the recursive procedure 

proposed by White corrected the CPA EoS close to the 

critical point of the pure hydrogen-bonding component; 

nevertheless, as the composition of carbon dioxide 

increases, the crossover model behaves more similarly to 

the classical one. The large deviations observed in the 

critical diagrams might be related to the utilization of kij 

regressed for the classical model in sub-critical 

conditions, or a temperature-independent 𝛽 parameter in 

the solvation model, fitted to experimental VLE data at 

temperatures far away from the critical point. In fact, the 

precise thermodynamic modeling of CO2 and hydrogen 

bonding systems over a wide range of conditions is a 

challenging task, and different methods are suggested in 

the literature.  

In the case of classical models, Polishuk et al.56 

introduced interaction parameters for the repulsive term 

(lij) in different EoS for describing sub-critical and 

critical behavior of mixtures containing CO2 and 

alkanols. A different approach was applied by Kolář and 

Kojima,57 using the Predictive SRK EoS (PSRK). PSRK is 

a combination of local mixing rules, the UNIFAC group 

contribution method and the SRK with Mathias-Copeman 

alpha-function, which considerably increases the 

versatility of the cubic model and allows the 

representation of complex systems over a wide range of 

conditions. Nonetheless, for the case of methanol and 

CO2, the authors modified the original parameters of the 

model, correlating it to the experimental critical data. The 

original model overpredicted the measured points and 

predicted a Type V phase behavior, similar to the one 

given by CPA in Figure 12a. The correlated model was 

able to describe the correct phase behavior of the 

mixture, i.e. Type I, and to reduce significantly the 

deviations with respect to the experimental data. In this 

work, the CCPA EoS is not capable of correctly 

describing the experimental critical points; nonetheless, it 

yields the correct phase behavior (Type I), since the 

critical points of the two pure components are connected 

by a single continuous critical line. 

One attempt to represent the critical behavior of 

solvating systems with crossover models is found in the 

literature. Llovell et al.15 obtained excellent results with 

the crossover Soft-SAFT EoS using a model that takes 
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into account the quadrupolar moment of the non-

associating molecule. In this case, the solvation method 

is replaced by a quadrupolar model, in order to correctly 

describe the behavior of CO2 in mixtures with alkanols. 

Apart from the introduction of a quadrupolar term in the 

crossover EoS, better results may be achieved with a 

different implementation of the renormalization 

procedure for mixtures.  

In this work, it is assumed that a mixture's 

thermodynamic potential has the same universal form as 

the one-component fluid. This implementation is referred 

to as the isomorphism assumption, and the global density 

of the system is used as the isomorphic variable. A 

different approach is called the “phase-space cell 

approximation”, originally suggested by Wilson.16,17 The 

properties of the mixture are determined by calculating 

the density fluctuations of each component independently 

of the other components density fluctuations. Tang and 

Gross37 compared both methods using a crossover PC-

SAFT EoS for describing binary alkane-alkane systems 

and mixtures with CO2 and H2S. The authors concluded 

that the phase-space cell approximation assumption 

yields slightly superior results in comparison to the 

isomorphic approximation. Nonetheless, the computation 

time required for the calculations rises dramatically with 

the number of components,38 making it less suitable for 

practical applications. 

 

Conclusions 

  

In this work, we have applied the CCPA EoS to 

represent the phase equilibrium and critical properties of 

n-alkanes and alcohols, and compared the results with the 

classical EoS, namely SRK and CPA. 

We have obtained new pure component parameters 

for the substances studied, and with these parameters, the 

model is able to precisely predict the saturated properties 

of the species studied, as well as the critical point, 

although an increase in the deviations of the vapor 

pressure is observed in comparison with the CPA EoS. 

The crossover equation was also applied in the 

calculation of two critical exponents and values close to 

the universal ones were found, indicating the non-

analytical nature of the thermodynamic model. 

The application of the CCPA EoS to describe the VLE 

and LLE diagrams of the binary mixtures far away from 

the critical point showed that the crossover model 

behaves similarly to CPA, and it is superior to the cubic 

model. Additionally, as the critical point is approached, 

CCPA also yields better results than both classical 

formulations, except for systems containing carbon 

dioxide and a hydrogen-bonding molecule. Besides, large 

deviations were observed in the description of the critical 

lines of solvating mixtures. The reason for this behavior 

might be related to the large quadrupolar moment of CO2, 

which is not taken into account by the model developed 

in this work. 

Finally, the models were also used in the calculation 

of the critical lines of the alcohol/n-alkane, 

alcohol/alcohol binary mixtures. It was seen that, apart 

from the solvating mixtures, the use of the association 

term and the recursive procedure for introducing density 

fluctuations into the classical model results in a precise 

prediction of the experimental critical pressures and 

temperatures. 

 

 
(a) 

 
(b) 

Figure 12: Experimental critical loci of the carbon 

dioxide/methanol53 (a) and carbon dioxide/water54 (b) 

systems. The calculated dash-dotted blue lines and solid 

red lines were obtained using the CPA and CCPA EoS, 

respectively. 
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List of symbols 
 

Abbreviations 

AAD: average absolute deviation (
100

𝑁𝑒𝑥𝑝
∑ |

𝑥𝑐𝑎𝑙𝑐−𝑥𝑒𝑥𝑝

𝑥𝑒𝑥𝑝
|) 

Alc: Alcohol(s) 

CPA: Cubic-Plus-Association equation of state 

CCPA: Crossover Cubic-Plus-Association equation of 

state 

DIPPR: The Design Institute for Physical Properties 

EoS: equation of state 

HC: Hydrocarbon(s) 

LLE: Liquid-liquid equilibrium 

NIST: National Institute of Standards and Technology 

SRK: Soave-Redlich-Kwong equation of state 

VLE: Vapor-liquid equilibrium 

 

Roman letters 

𝑎: Energy parameter of CPA  

𝑏: Size-related parameter of CPA  

𝑐1: Parameter of CPA  

𝑓: Free energy density 

𝑔: Simplified radial distribution function 

𝐺: Functions of the modified free energy density 

𝑘𝑏: Boltzmann constant 

𝑘𝑖𝑗: Binary interaction coefficient 

𝐾𝑛: Recursive procedure coefficient 

𝐿: Cutoff length 

𝑁: Number of experimental points 

𝑃: Pressure 

𝑅: Ideal gas constant  

𝑇: Temperature 

𝑣: Molar volume 

𝑥: Mole fraction or liquid phase mole fraction 

𝑋𝐴𝑖
: Monomer fraction 

𝑦: Vapor phase mole fraction 

 

Greek letters 

𝛼: Attractive term correction in the recursive procedure 

𝛽: Critical exponent 

𝛽𝐴𝑖𝐵𝑗: Association volume parameter 

𝛿: Critical exponent 

Δ𝐴𝑖𝐵𝑗: Association strength 

휀𝐴𝑖𝐵𝑗: Association energy parameter 

𝜌: Molar density 

𝜙: Initial shortest wavelength parameter 

Ω: Contributions of the density fluctuations 

 

Super/subscripts 

𝑎𝑙𝑐: Alcohol rich phase 

𝑐: Critical property 

𝐶1𝑂𝐻: Composition of methanol 

𝑐𝑎𝑙𝑐: Calculated property 

𝑒𝑥𝑝: Experimental property 

ℎ𝑐: Hydrocarbon rich phase 

𝑖, 𝑗: Component index 

𝑙𝑖𝑞: Liquid phase property 

𝑛: Iteration index 

𝑠𝑎𝑡: Saturated property 

vap: Vapor phase property 
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Description of the algorithm used in the critical point 

calculations with the crossover EoS.  
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