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Abstract Conventionally, topology optimisation is formulated as a non-linear
optimisation problem, where the material is distributed in a manner which
maximises the stiffness of the structure. Due to the nature of non-linear, non-
convex optimisation problems, a multitude of local optima will exist and the
solution will depend on the starting point. Moreover, while stress is an essen-
tial consideration in topology optimisation, accounting for the stress locally
requires a large number of constraints to be considered in the optimisation
problem, therefore, global methods are often deployed to alleviate this with
less control of the stress field as a consequence. In the present work, a strength-
based formulation with stress-based elements is introduced for plastic isotropic
von Mises materials. The formulation results in a convex optimisation prob-
lem which ensures that any local optimum is the global optimum, and the
problems can be solved efficiently using interior point methods. Four plane
stress elements are introduced and several examples illustrate the strength of
the convex stress-based formulation including mesh-independence, rapid con-
vergence and near-linear time-complexity.

Keywords Topology optimisation · Stress constraints · Plasticity · Von
Mises criterion · Second-order cone programming

1 Introduction

In the broad sense, topology optimisation is the process of distributing mate-
rial within a design domain in an optimal manner. The concepts of structural
optimisation were discussed as early as in the 19th century and at the turn
of the 20th century (see e.g. [27]). The field of structural topology optimisa-
tion can be divided into strength optimisation, i.e. limit analysis, and stiffness
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optimisation. Strength optimisation and the concept of fully stressed design
received considerable attention in the 1960, 70s, and 80s. Dorn et. al [11] dealt
with optimisation of trusses using an equilibrium formulation and linear pro-
gramming by optimising the size, i.e. the area, of each bar. The equilibrium
formulation is similar to that which would later become finite element limit
analysis. Prager and Taylor [37] treated the topic of optimal design of both
elastic and perfectly plastic structures, while Prager and Shield [36] introduced
a general method for optimal plastic design. Michell’s work on optimal trusses
was extended by Hegemier and Prager [16], and the concept was further ex-
panded to grillages [34,35] as well as archgrids [38]. Kohn and Strang [20] deal
with the issue of discrete densities by relaxing the problem and using compos-
ite materials. Shape optimisation and the inherited complexities of updating
the shape of domains and meshes of finite element models were also treated
extensively in the 1980s (see e.g. [31,15,39]).

Bendsøe and Kikuchi [4] were some of the first to present the concept of
layout optimisation, where the material distribution within a given domain
was optimised rather than the shape of the domain. Since then the field has
been subject to an extensive research effort. Topology optimisation has since
been extended from compliance design to many fields of engineering [3,10].
The majority of work within topology optimisation is, nevertheless, concerned
with the classic approach of compliance design, where the strain energy is
minimised to obtain stiff structures. This approach typically assumes a lin-
ear elastic material behaviour and has been extended to several applications
within structural engineering, e.g. mechanism design, dynamics, and large dis-
placements (see References [5,10] for extensive literature reviews).

Density-based approaches are some of the most widely used methodologies
in conventional topology optimisation. One of the strengths of conventional
stiffness-based topology optimisation is the solution scheme, where only few
constraints are included in the optimisation routine and the finite element
equations are solved outside the optimisation routine. Continuous density vari-
ables are desirable due to the challenges of solving large scale integer optimi-
sation problems and are therefore commonly used. Nevertheless, a black-white
design is often desirable and penalty methods are used to force the solutions
towards black-white designs, e.g the popular Solid Isotropic Material with Pe-
nilisation (SIMP) method [41]. Conventional topology optimisation is prone
to numerical issues such as mesh-dependency and checkerboarding [41], how-
ever, various filter methods are commonly deployed to alleviate this resulting
in a method with several parameters influencing the optimal solution. The
conventional formulation of density-based topology optimisation including pe-
nalisation and filters leads to a non-linear, non-convex optimisation problem.
These problems have a multitude of local optima and the solution will therefore
be dependant on the starting point as well as the solution scheme, e.g. MMA
[44] and the optimality criterion algorithm [40] may find different solutions.

It is essential to consider the stress field in the design of structures, but
the number of publications considering stress constraints is rather limited [13].
This is primarily due to the singularity phenomenon and the local nature of
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stress constraints [5]. The various techniques to constrain the stress field can be
classified as either local methods, global methods, or regional methods. Local
methods impose stress constraints on the element level, however, this leads to a
large number of constraints in the optimisation problem. Local constraints are
nevertheless needed when considering materials which e.g. behave differently
in tension and compression [9]. Global methods, on the other hand, deploy
some measure to combine the local stress states into a single criterion, e.g. a
p-norm measure [12].

In this work, a finite element approach with stress-based elements is used
to obtain a convex optimisation problem based on the work equation and local
stress constraints, i.e. the yield function enforced locally. A convex formulation
ensures that any local optimum will be the global optimum, and the solution
will therefore not depend on the starting point. Moreover, the proposed formu-
lation has virtually no mesh dependencies and is not prone to checkerboarding,
hence, filters and similar are not needed. The formulation is similar to finite
element limit analysis (FELA) [1,33,17] and the set of feasible stress states are
governed by the yield function assuming a rigid plastic behaviour. Kammoun
and Smaoui [18] presented a formulation for topology optimisation based on
FELA for plane strain Tresca materials. A lower bound approach was taken,
which ensures a statically admissible stress field, whereas in this paper, we
consider four different elements including the upper bound element, which
ensures a kinematically feasible solution. Identically to [18], the scope is to
minimise the volume of the structure for a given load case while the stress
field satisfies the yield function in the chosen stress interpolation points. In
many ways, the present formulation is identical to sizing optimisation, where
e.g. the cross sectional area of a bar is varied to minimise some cost function,
and in this sense it can be seen as a direct continuation where the variables,
i.e. the densities, can be interpreted as the thickness of the structure.

For FELA, the solution is governed by the strength rather than the stiff-
ness, and in this paper an isotropic von Mises material is assumed. Pedersen
[32] showed that the optimal strength design and the optimal compliance de-
sign will be identical if the yield criterion is consistent with the elastic energy
measure. For the von Mises criterion, this corresponds to an incompressible
material, i.e. with a Poisson’s ratio of ν = 0.5. The von Mises criterion can be
formulated exact in a closed form using conic constraints, and the resulting
optimisation problem will be a second-order cone program (SOCP), a subclass
of convex optimisation, which can be solved extremely efficiently by use of in-
terior point methods. Finally, four examples are used to show the strengths
and advantages of the presented framework.
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2 Formulation and finite elements

2.1 Volume minimisation

The formulation of strength-based topology optimisation is based on the work
equation similar to finite element limit analysis (FELA). Identically to FELA,
the resulting problem is a convex optimisation problem. As mentioned in the
introduction, we use a density-based approach, hence, a normalised density
field ρ is introduced. The yield strength of the material fy is assumed to be
proportional to the density,

fy = ρf0y (1)

where f0y is the maximum yield strength, and the density field can only take
values between 0 and 1, i.e. ρ ∈ [0, 1]. We now consider a solid body occupying
a volume V . The body is supported on the boundary Su and subject to external
loading t on the boundary Sσ as well as the body forces b acting on the volume,
see Fig. 1.

nV

b

SσSu

t

Fig. 1 Body subjected to external forces t and body forces b.

The behaviour of the body under the applied loads are governed by a set
of equations. First and foremost, equilibrium for the body forces is ensued by
the following equation:

∇Tσ + b = 0 in V (2)

Next, equilibrium at the boundary Sσ is ensured as follows:

Pσ = t on Sσ (3)

The supports on the boundary Su gives the following equation:

u = 0 on Su (4)

And finally, we have the strain-displacement relationship:

ε =∇u (5)
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Moreover, the stress field must satisfy the yield criterion, which in this case
also is a function of the density, ρ:

f(σ, ρ) ≤ 0 in V (6)

Minimising the total volume of the structure gives the following optimisation
problem where the stress field σ and the density field ρ are the variable quan-
tities:

minimise

∫
V

ρ dV

subject to ∇Tσ + b = 0, in V
Pσ = t, on Sσ
f(σ, ρ) ≤ 0, in V

(7)

Utilising the standard Lagrange multiplier technique, we transfer the second
constraint to the objective function by multiplying by a Lagrange multiplier
and integrating the product over the boundary. In this case, the Lagrange
multipliers can be interpreted as the displacements and will be denoted u:

min
ρ

min
u

∫
V

ρ dV +

∫
Sσ

uT (Pσ − t) dSσ

subject to ∇Tσ + b = 0, in V
f(σ, ρ) ≤ 0, in V

(8)

Using the conventional finite element methodology, we divide the domain into
finite elements. For each element, the stresses and displacements are approxi-
mated using shape functions:

σ ≈ Nσσ̂

u ≈ Nuû
(9)

where σ̂ and û are the discretised stresses and displacements, respectively, and
Nσ and Nu are the associated shape functions. Moreover, the density field is
likewise discretised:

ρ ≈ Nρρ̂ (10)

We now consider a single element and substitutes the approximations into (8):

min
ρ

min
u

vT ρ̂+ ûT B̂T σ̂ − ûT t̂

subject to ST σ̂ + b̂ = 0
f(σ̂, ρ̂) ≤ 0

(11)

with

B̂T =

∫
S

NT
uP Nσ dS

t̂ =

∫
S

NT
u t dS

v =

∫
V

Nρ dV

(12)
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By solving the displacement part of (11) first and incorporating the optimality
condition as a constraint, we then obtain the final minimisation problem:

min
ρ

vT ρ̂

subject to B̂T σ̂ = t̂

ST σ̂ + b̂ = 0
f(σ̂, ρ̂) ≤ 0

(13)

The matrix ST depends on the individual element and will be given in Sec.
2.4.

2.2 Yield function

In this paper we consider the von Mises criterion for plane stress which is
based on the second stress invariant, J2, and has the compact form√

3J2 ≤ fy = f0yρi, (14)

where J2 is given as

J2 = 1
6 (σx − σy)

2
+ 1

6 (σy − σz)2 + 1
6 (σz − σx)

2
+ τ2xy + τ2yz + τ2zx (15)

In the two-dimensional case, J2 (15) is reduced to

J2 = 1
6 (σx − σy)

2
+ 1

6σ
2
y + 1

6σ
2
x + τ2xy (16)

By introducing three auxiliary variables,

α1 = σx − 1
2σy, α2 =

√
3
2 σy, α3 =

√
3τxy, (17)

the von Mises criterion can be rewritten as

f0yρ ≥
√
α2
1 + α2

2 + α2
3, (18)

or

f0y ρ̂ ≥
√
α̂T α̂ (19)

which has the shape of a quadratic cone [6,22]. For the von Mises criterion, the
formulation (13) can be expanded to obtain the following second-order cone
program:

minimise vT ρ̂

subject to B̂T σ̂ = t̂,

ST σ̂ + b̂ = 0,

f0y ρ̂i ≥
√

(C σ̂i)
T

(C σ̂i), i = 1, 2, . . . ,m

ρ̂i ∈ [0, 1], i = 1, 2, . . . ,m

(20)
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where i refers to the ith stress node and the associated stresses, σi and density
ρi. The matrix C can be given as:

C =


1 − 1

2 0

0
√
3
2 0

0 0
√

3

 (21)

Large-scale optimisation problems (20) will be banded and display extreme
sparsity, i.e. low number of non-zeros to zeros. This is exploited by state-of-
the-art solvers and the problems can be solved remarkably efficient, which will
be shown in the following sections.

2.3 Second-order cone programming

Second-order cone programming (SOCP) is a class of convex optimisation
problems, which is a generalisation of linear programming and a subclass of
semidefinite programming. SOCP is used widely in many fields of engineering
and science today [23,8].

SOCP features a linear objective function which is minimised over the
intersection of an affine set and the Cartesian product of second-order cones
[2]. First and foremost, we introduce the set of the k-dimensional second-order
cone:

Qk =
{
x | x ∈ Rk, x1 ≥ ‖x2:k‖2

}
(22)

The notation x ∈ Qk is therefore equal to

x ∈ Qk ⇔ x1 ≥ ‖x2:k‖2 =
√
xTx =

√
x22 + x23 + · · ·+ x2k (23)

It is seen that (23) has the same shape as the von Mises criterion (19). We
now define Q as the Cartesian product of second-order cones,

Q = Qk1 ×Qk2 × · · · × Qkq , (24)

hence,
x ∈ Q ⇔ x1 ∈ Qk1 , x2 ∈ Qk2 , . . . , xq ∈ Qkq , (25)

where xi are parts of x associated with the ith cone. The standard form of
SOCP is commonly stated as:

minimise gTx

subject to Ax = b

x ∈ Q
(26)

where the vector x contains the problem variables. The matrix A and the
vector b define the linear equality constraints, while the vector g defines the
linear objective function.
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The problem (26) is commonly denoted the primal problem, which has the
following dual problem:

maximise bTy

subject to ATy + s = g

s ∈ Q
(27)

where y and s are the variables of the dual problem. The primal and dual
problems are solved simultaneously, and the dual problem (27) provides addi-
tional information about the primal problem. For this work, the dual problem
will contain information on the strain velocities and displacement velocities.

Second-order cone programming can be solved remarkably efficient using
interior point methods, a class of polynomial time algorithms originally pro-
posed by Kamarkar [19]. Modern solvers are capable of solving problems with
hundreds of thousands of variables in a matter of minutes on laptop comput-
ers. For an introduction to state-of-the-art solvers in convex optimisation, the
reader is referred to References [2,45].

2.4 Plane stress elements

Four plane stress elements are considered in the present framework. All finite
elements feature a linear stress field described by three stress nodes and a
quadratic displacement field described by six displacement nodes, see Fig. 2.

y

x

1

2

3

4
5

6
σ̂1

σ̂2

σ̂3

n3

n̂3

n1

n̂1

n2

n̂2

Fig. 2 Geometry of the triangular, six-node elements: Unit normal vectors to the three
sides and stress vectors are shown.

The linear stress field is given by three stress vectors, one for each corner.
These stress vectors are collected in an element stress vector, σ̂el:

σ̂el =

σ̂1

σ̂2

σ̂3

 , with σ̂i =

σxiσyi

τxyi

 (28)
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Associated with each side i, we have a unit normal vector:

ni =

[
nix
niy

]
(29)

Moreover, we define the following stress-to-traction arrays:

Pi =

[
nix 0 niy
0 niy n

i
x

]
P̃i = liPi

(30)

where li is the length of side i.

2.4.1 Relaxed lower bound element

Lower bound elements ensure a statically admissible stress field, i.e. traction
continuity in the case of 2D problems. The formulation of the lower bound
element is given by Sloan [42], however, the element has some issues in regards
to linear dependencies [25].

A relaxed version of the lower bound element, i.e. a mixed element, will be
used in this paper instead. The element was originally formulated by Krabben-
hoft [21]. Due to the linear stress field, the tractions vary linearly as well along
the element sides and can be stated as

ti(s) =

(
1

2
− s
)

Piσ̂k +

(
s− 1

2

)
Piσ̂j (31)

where j and k refer to the stress nodes (see Fig. 2), i refers to the side number
(opposite node i), and i, j, and k are permutations of 1, 2, and 3. Moreover, s ∈
[−1/2, 1/2] is a dimensionless length coordinate. To obtain a relaxed version of
the lower bound element, the tractions are distributed to the nodes according
to the quadratic displacement field described by the shape functions N i

j(s):

qij = li

∫ 1/2

−1/2
N i
j(s) ti(s)ds (32)

where qij is the contribution to the nodal force in node j from the tractions
along side i. The equilibrium matrix for the relaxed lower bound element can
now be stated as follows:

B̂T = −1

6



P̃1 0 0

0 P̃2 0

0 0 P̃3

0 2P̃2 + 2P̃3 2P̃3 + 2P̃2

2P̃1 + 2P̃3 0 2P̃3 + 2P̃1

2P̃1 + 2P̃2 2P̃2 + 2P̃1 0


(33)
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A central displacement node is needed for the original lower bound element,
and this is carried over to the relaxed element. The element may be subjected
to a uniformly surface load p, which give rise to the following differential
equation:

∂σx
∂x

+
∂τxy
∂y

+ px = 0

∂σy
∂y

+
∂τxy
∂x

+ py = 0
(34)

Introducing shape functions for the linear stress field, (34) can be written as

A

[
px

py

]
− 1

2

[
P̃1 P̃2 P̃3

]
σ̂el = 0 (35)

ST = −1

2

[
P̃1 P̃2 P̃3

]
, b̂ = A

[
px

py

]
(36)

The relaxed lower bound element is compared to three plane stress ele-
ments, namely two mixed elements, the Zouain element [7] and the standard
six-node element [22], as well as the upper bound element [43]. All three ele-
ments have been used extensively in the literature, and the equilibrium matrix
for the elements can be found in the appendix.

The Zouain element is a mixed element, which uses the corner nodes as
stress interpolation points and the midside nodes as integration points. For
finite element limit analysis, the element was first proposed by Borges et al. [7].
The element does not bound the exact solution, but it will be more conservative
than the upper bound and standard six-node elements.

The standard six-node element uses stress interpolation and integration
points which are located at (λj−1, λj , λj+1) =

(
1
6 ,

4
6 ,

1
6

)
, j = 1, 2, 3, where λj

are triangle area coordinates [22]. The element is widely used in finite element
analysis due to the accuracy.

In finite element limit analysis, the upper bound element will ensure a
kinematically admissible collapse mode and can be used to bracket the exact
solution. The formulation of the upper bound element was given by Sloan [43]
and has been used extensively since (see e.g. References [24,26,22]). The upper
bound element will in this work generally give the least conservative design,
i.e. the solution which requires the least material.

2.5 Densities as integers

The presented formulation assumes that the actual strength, fy, is proportional
to the density. This approach will necessarily lead to a grey-scale design, i.e. a
design with densities in-between zero and one. As discussed in the introduction,
in topology optimisation the SIMP approach [41] is often used to push the
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design towards a black-white design by introducing a penalty on grey-scale.
This is done by relating the actual stiffness to the density to some power p:

Cijkl(x) ≤ C0
ijkl ρ(x)p, p ≥ 1 (37)

where C0
ijkl is the stiffness tensor and p is the penalisation factor. A penalisa-

tion factor of 3 is usually sufficient to ensure a reasonable black-white design
[40]. For penalisation factors larger than 1, the relation (37) is concave and
will therefore not fit the presented convex formulation. For two-dimensional
problems, the density can be interpreted as the thickness, hence, a grey-scale
design can be desirable. This is especially true when considering 3D printed
reinforced concrete structures, where the thickness can be varied to create
optimal structures. Moreover, this interpretation is straight forward and does
not pose any requirements to the microstructure of the given material. Never-
theless, penalisation or similar schemes can be incorporated in a non-convex
generalisation of the formulation, possibly using the convex solution as the
starting guess.

Alternatively, treating the densities as integers guarantee a black-white de-
sign. The problem is now a so-called mixed-integer second-order cone program
(MISOCP) and can be stated as:

minimise vT ρ̂

subject to B̂T σ̂ = t̂,

ST σ̂ + b̂ = 0,

f0y ρ̂i ≥
√

(C σ̂i)
T

(C σ̂i), i = 1, 2, . . . ,m

ρ̂i ∈ [0, 1], i = 1, 2, . . . ,m

ρ̂ ∈ Zm

(38)

where Z is the set of integers. The vast majority of variables of the prob-
lem (38) will be continuous while few will be integers. Generally, optimisation
problems involving integers are difficult and extremely slow to solve. For con-
tinuous optimisation problems, e.g. linear programming or second-order cone
programming, algorithms with a polynomial worst-case complexity have been
developed during the last three decades (see e.g. References [19,30,2]). While
integer programming is used in many branches of mathematics and engineer-
ing, the problems are classified as NP-hard problems and have an exponential
worst-case time complexity [29].

3 Applications

Four examples will be presented in this section. Based on the four examples, the
convergence rate of the elements and the computational time will be analysed.
The mesh dependency and other numerical issues will be discussed as well.

Many of the commonly featured examples in topology optimisation involves
point loads and point supports. Using local stress constraints, point loads and
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supports are not feasible as they will give rise to local stress fields which cannot
satisfy the yield criterion. Supports and loads are therefore applied over a small
area instead.

The meshes presented in this paper is generated using Mesh2D for Matlab
[14], and the optimisation problems are solved using the commercial solver
MOSEK 8.0 [28]. The presented examples are solved on a laptop with an
Intel i7-6500 CPU (2.50 GHz, 4 cores). All calculated volume fractions and
computational times are listed in the appendix.

3.1 MBB-beam

The MBB-beam is a commonly used example for topology optimisation (see
e.g. [40]), and the beam will be examined here as well. The beam is subjected
to a (point) load acting in the centre and supported in both ends in the vertical
direction.

P

l/2

hDesign domain

Fig. 3 MBB-beam subjected to a point load. The symmetry is exploited and only half of
the beam is modelled.

The domain of the analysed MBB-beam has a total length of l = 36 and
a height of h = 6. As discussed, point loads and point supports may lead to
infeasible local stress fields, hence, infeasible optimisation problems. The load,
P , seen in Fig. 3 is therefore distributed over a length of s = 0.5. Similarly,
the point support near the leftmost end is modelled as a edge support over a
length of s = 0.5. The load P has a magnitude of 50, while a yield strength of
f0y = 100 is used for the present example.

Fig. 4 shows the optimal design of the MBB-beam for the four elements
where black indicates a volume fraction of one and white indicates a volume
fraction of zero. The relaxed lower bound element requires the largest volume
(19.75 %) while the upper bound element requires the smallest volume (19.59
%), which is to be expected. Nevertheless, all designs shown in Fig. 4 are
practically identical featuring thick flanges at midspan, where the bending
moment will be largest. In-between the flanges, a grey-scale area indicate that
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(a) Relaxed lower: V T ρ̂ = 0.1975 (b) Zouain: V T ρ̂ = 0.1969

(c) Standard: V T ρ̂ = 0.1962 (d) Upper: V T ρ̂ = 0.1959

Fig. 4 Optimal designs of the MBB-beam problem for the four elements using 4,988 ele-
ments.

a smaller amount of material is sufficient to carry the shear. Finally, an arch-
like structure is produced near the supports.

Fig. 5(a) shows that all four elements rapidly converge towards a common
volume fraction and design. For the coarsest mesh, the volume fraction of all
four elements are larger than the optimal design - even for the upper bound
element. At some point, however, the upper bound element reaches a minimum
and starts approaching the optimal design from below as expected.

The computational time for solving the optimisation problem is shown in
Fig. 5(b) in a double logarithmic coordinate system. The curves for all four
elements appear linear, hence, the time-complexity is polynomial. The dashed
line represents a curve for O(n1.1) in order to visualise that the computational
time of all four elements is approximately proportional to the problem size to
the power of 1.1.

3.2 Cantilever beam

The next example features a deep cantilever beam subjected to a point load.
The beam is supported in the left hand side and the design domain is a rect-
angle with the length l = 32 and the height h = 20, see Fig. 6. The point load
is distributed over a length of s = 1 and has a magnitude of 100. Like the
previous example, the yield strength of f0y = 100 is used here.

Fig. 7 that shows the solution, i.e. the design, is independent of the mesh.
A refined mesh gives a refined solution, but the overall design is unchanged.
Conventional topology optimisation, on the other hand, often requires filters to
obtain mesh independence. The design features an arch-like structure (similar
to the MBB-beam problem). Near the supports on the left hand side, material
is almost exclusively placed in the top and bottom in order to carry the bending
moment.
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O(n1.1)

(b)

Fig. 5 MBB-beam problem: a) Convergence for the four elements, b) computational time
for the four elements.

The convergence and time-complexity for the cantilever beam problem dis-
play the same tendencies as for the MBB-beam problem. Fig. 8(a) shows that
all elements rapidly converge towards a common volume fraction. It is no-
ticed, however, that even the upper bound element exclusively approach from
above, but it is still the least conservative design, i.e. lowest volume fraction.
Fig. 8(b) shows that the computational time is approximately proportional to
the problem size to the power of 1.1 - similar to the MBB-beam problem.
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P

l

hDesign domain

Fig. 6 Deep cantilever beam subjected to a point load at the bottom right corner. Left
boundary is assumed fixed.

(a) 576 elements, V T ρ̂ = 0.1603 (b) 2,331 elements, V T ρ̂ = 0.1587

(c) 9,297 elements, V T ρ̂ = 0.1582 (d) 32,494 elements, V T ρ̂ = 0.1580

Fig. 7 The optimal design the cantilever beam problem using the standard element is
independent of mesh.

3.3 Cantilever beam with circular hole

A circular hole is now added to the cantilever beam. The beam still has a
length of l = 32 and a height of h = 20. The centre of the hole is located
at (l/3, h/2) and has a radius of h/3, see Fig. 9. Identically to the cantilever
beam problem, the load is applied over a length of s = 1 and the magnitude
of the load is P = 100. A yield strength of f0y = 100 is applied here as well.
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Fig. 8 Cantilever beam problem: a) Convergence for the four elements, b) computational
time for the four elements.

The solution to the dual problem can be interpreted as the displacement
of the structure, see Sec. 2.3. Fig. 10 shows the optimal design and scaled
displacement field using a rather fine mesh of 100,656 upper bound elements.
The addition of the hole leads to a truss-like structure near the left hand side.
Near the hole, a significant portion of the available area is utilised. Fig. 10(b)
shows the determined displacement field associated with the optimal design.
It is observed that both bending and shear contributes considerably to the
displacements.

Fig. 11(a) shows that coarse meshes lead to very different volume frac-
tions for the different elements, however, as the mesh is refined a common
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l/3

h/2

h/3 Design
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Fig. 9 Cantilever beam with circular hole subjected to a point load at the bottom right
corner. Left boundary is assumed fixed.

(a) Design (b) Scaled displacement field

Fig. 10 Optimal design and failure mode of the cantilever beam with circular hole problem
using the upper bound element and 100,656 elements: V T ρ̂ = 0.2159.

volume fraction and design are obtained. The time-complexity of the problem
is identical to the previous problems as Fig. 11(b) shows.

3.4 Portal structure

The fourth and finale example is a portal structure subjected to a point load
in the centre. The symmetry of the structure is exploited and only half is
modelled. The portal is supported at the bottom of the domain as shown in
Fig. 12.

The portal structure has a length of l = 16 and a height of h = 8. The
width of the beam and column parts of the domain is given by b = 2. The
point load P = 25 is distributed a length of s = 1 in the centre, and f0y = 100
is used here as well.

Fig. 13(a) shows the optimal design of the rather narrow portal structure.
The design features wide flanges near midspan. It is seen that between the
corner and midspan, a hinge is present since the moment is close to zero and
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Fig. 11 Cantilever beam problem with circular hole: a) Convergence for the four elements,
b) computational time for the four elements.

only transfer of shear is needed. A moment-resisting corner is established by
use of a curved flange and a grey-scale web to carry shear and axial forces.

For comparison, the supports at the bottom are also modelled as rollers,
i.e. only supported in the y-direction, and the optimal design is shown in
Fig. 13(b). Compared to the fixed supports, the problem with roller supports
require considerably more material to carry the same load. The column part
of the domain will be subjected to a constant moment, which the design also
reflects as seen in Fig. 13(b). Moreover, it is observed that the hinge is located
closer to the column for this design, thus, the moment is larger at midspan.
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P

h

l/2

b

b

Fig. 12 Portal structure subjected to a point load in the centre. The symmetry is exploited
and only half of the structure is modelled.

(a) Fixed supports, V T ρ̂ = 0.3306. (b) Roller supports, V T ρ̂ = 0.4140.

Fig. 13 Optimal design of the portal structure problem for different support conditions
using the relaxed lower bound element and 233,100 elements.

Fig. 14(a) shows that all four elements approach the same design as the
mesh is refined. Moreover, it is observed that the design of the upper bound
element approach the optimal design from below for all meshes, while the
remaining three elements approach from above. Fig. 14(b) displays that the
portal structure problem exhibits a polynomial time-complexity identically to
the other examples.
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Fig. 14 Portal structure problem: a) Convergence for the four elements, b) computational
time for the four elements.

4 Conclusions

A strength-based formulation for topology optimisation of structures for von
Mises materials has been presented. The formulation is based on finite element
limit analysis and the governing equations can be derived from the work equa-
tion and are based on strength rather than stiffness. The stress constraints are
enforced locally for every stress interpolation point.

The resulting mathematical problem is a convex program, which can be
solved remarkably efficient using interior point methods. This was illustrated
with the four examples where optimisation problems with hundred thousand
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elements and millions of variables were solved in a few minutes on a laptop
computer. It was shown that the polynomial time-complexity of the interior
point methods is rather close to being linear for the presented formulation.
Moreover, the fact that the formulation is a convex program ensures that the
solution is indeed the global solution.

The examples also displayed that the optimal design is mesh-independent.
Refining the mesh will give a more refined design, but the overall design is
unchanged. All four plane stress elements converge rather quickly towards a
common design, with the upper bound and standard elements being the most
accurate. Moreover, the use of upper bound and relaxed lower bound elements
makes it possible to bound the optimal design.

Finally, while the present paper only is concerned with the von Mises cri-
terion, any convex yield function will fit the presented framework. This even
includes non-smooth yield functions such as Tresca and Mohr-Coulomb cri-
teria which can be formulated exact in two dimensions using second-order
constraints.

The convex nature of the formulation means that penalisation such as
the SIMP approach cannot be incorporated. Therefore, grey-scale designs are
currently unavoidable using the present framework. Using a discrete integer
formulation would guarantee black-white designs, however, as discussed the
NP-hardness of integer optimisation makes this undesirable for large-scale
problems. Alternatively, the problem can be extended to non-convex program-
ming, incorporating penalisation or similar. The convex solution can be used
as starting guess and the degree of penalisation can be increased over several
iterations.

As a final note it should be mentioned that the framework of finite element
limit analysis is widely used for three-dimensional problems in geotechnical
engineering. A generalisation to three-dimensional problems should therefore
be straightforward as finite elements and yield functions already have been de-
veloped for finite element limit analysis. Such generalisation will be considered
for future publications.
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A Equilibrium matrices for the plane stress elements

A.1 The Zouain element

B̂T = −
1

6



P̃1 0 0

0 P̃2 0

0 0 P̃3

−P̃1 P̃3 − P̃1 P̃2 − P̃1

P̃3 − P̃2 −P̃2 P̃1 − P̃2

P̃2 − P̃3 P̃1 − P̃3 −P̃3


(39)
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A.2 Standard six-node element

B̂T = −
1

18



5P̃1 −P̃1 −P̃1

−P̃2 5P̃2 −P̃2

−P̃3 −P̃3 5P̃3

−2P̃1 2P̃2 + 8P̃3 2P̃3 + 8P̃2

2P̃1 + 8P̃3 −2P̃2 2P̃3 + 8P̃1

2P̃1 + 8P̃2 2P̃2 + 8P̃1 −2P̃3


(40)

A.3 Upper bound element

B̂T = −
1

6



3P̃1 −P̃1 −P̃1

−P̃2 3P̃2 −P̃2

−P̃3 −P̃3 3P̃3

0 4P̃3 4P̃2

4P̃3 0 4P̃1

4P̃2 4P̃1 0


(41)

B Tabulated results

Table 1 Minimum volume and computational time for the MBB-beam problem.

Relaxed lower Zouain Standard Upper

nel vT ρ Time [s] vT ρ Time [s] vT ρ Time [s] vT ρ Time [s]

136 0.2336 0.26 0.2279 0.09 0.2168 0.11 0.2103 0.11

152 0.2267 0.27 0.2216 0.09 0.2126 0.11 0.2073 0.10

352 0.2079 0.42 0.2053 0.20 0.2012 0.25 0.1991 0.19

737 0.2025 1.03 0.2007 0.52 0.1984 0.62 0.1971 0.43

1,251 0.2004 0.75 0.1991 0.97 0.1974 0.57 0.1965 0.46

1,936 0.1992 1.33 0.1981 0.88 0.1968 1.15 0.1961 1.06

2,775 0.1985 1.88 0.1976 1.31 0.1966 1.67 0.1960 1.67

3,782 0.1979 2.60 0.1972 1.83 0.1964 2.14 0.1959 2.22

4,988 0.1975 3.32 0.1969 2.58 0.1962 3.32 0.1959 2.89

7,767 0.1970 5.38 0.1966 4.78 0.1961 4.67 0.1958 5.35

11,073 0.1967 8.29 0.1964 7.00 0.1960 7.95 0.1958 7.42

17,398 0.1964 14.10 0.1962 13.00 0.1959 12.90 0.1958 11.06

24,925 0.1963 21.50 0.1961 13.89 0.1959 16.99 0.1958 16.37

37,354 0.1961 33.43 0.1960 23.09 0.1958 27.45 0.1957 28.20

51,903 0.1960 50.86 0.1959 32.86 0.1958 39.94 0.1957 38.76

68,889 0.1959 74.80 0.1958 54.15 0.1958 60.12 0.1957 56.69
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Table 2 Minimum volume and computational time for the cantilever problem.

Relaxed lower Zouain Standard Upper

nel vT ρ Time [s] vT ρ Time [s] vT ρ Time [s] vT ρ Time [s]

83 0.1923 0.21 0.1865 0.08 0.1759 0.08 0.1652 0.09

163 0.1751 0.25 0.1718 0.11 0.1657 0.12 0.1610 0.11

576 0.1649 0.80 0.1633 0.37 0.1603 0.44 0.1589 0.33

1,320 0.1619 0.89 0.1609 0.61 0.1592 0.72 0.1583 0.69

2,331 0.1607 3.19 0.1599 1.27 0.1587 1.42 0.1581 1.42

3,582 0.1598 2.84 0.1593 2.01 0.1584 2.23 0.1580 2.17

5,238 0.1594 3.78 0.1590 3.05 0.1583 3.60 0.1580 3.28

7,140 0.1591 5.14 0.1588 4.04 0.1582 5.62 0.1579 5.91

9,297 0.1589 8.85 0.1586 5.94 0.1582 6.03 0.1579 6.65

14,384 0.1587 14.56 0.1584 9.83 0.1581 9.85 0.1579 9.58

20,826 0.1585 18.97 0.1583 14.68 0.1580 15.30 0.1579 15.89

32,494 0.1583 28.67 0.1582 22.37 0.1580 24.56 0.1579 24.81

46,654 0.1582 45.86 0.1581 35.79 0.1580 36.73 0.1579 36.74

69,365 0.1581 92.21 0.1581 57.14 0.1579 71.59 0.1579 68.09

97,056 0.1581 126.44 0.1580 78.68 0.1579 96.75 0.1579 92.67

129,387 0.1581 198.35 0.1580 114.76 0.1579 132.25 0.1579 127.73

Table 3 Minimum volume and computational time for the cantilever beam with circular
hole problem.

Relaxed lower Zouain Standard Upper

nel vT ρ Time [s] vT ρ Time [s] vT ρ Time [s] vT ρ Time [s]

76 0.3862 0.22 0.3344 0.07 0.2542 0.07 0.2148 0.06

143 0.2963 0.26 0.2691 0.09 0.2441 0.11 0.2268 0.10

475 0.2375 0.67 0.2319 0.30 0.2244 0.29 0.2195 0.24

1,024 0.2286 0.51 0.2252 0.43 0.2204 0.36 0.2180 0.38

1,820 0.2246 1.82 0.2223 0.84 0.2189 0.91 0.2172 0.89

2,776 0.2224 1.88 0.2207 1.39 0.2181 1.50 0.2168 1.38

4,011 0.2211 2.75 0.2197 2.07 0.2176 2.37 0.2166 2.41

5,444 0.2200 3.67 0.2189 3.00 0.2172 3.50 0.2164 3.14

7,060 0.2194 5.69 0.2184 3.84 0.2170 4.48 0.2163 4.14

10,903 0.2185 13.90 0.2178 6.13 0.2167 6.86 0.2162 6.74

15,714 0.2179 14.94 0.2174 9.22 0.2165 10.74 0.2161 9.97

24,693 0.2174 21.68 0.2170 15.06 0.2163 18.58 0.2160 16.97

35,292 0.2170 33.50 0.2167 23.19 0.2162 23.29 0.2160 26.56

53,840 0.2167 64.95 0.2165 37.32 0.2161 47.10 0.2160 41.56

75,432 0.2165 80.29 0.2164 55.72 0.2161 64.74 0.2159 64.75

100,656 0.2164 115.20 0.2163 78.87 0.2160 97.83 0.2159 90.87



26 Morten A. Herfelt et al.

Table 4 Minimum volume and computational time for the portal structure problem with
fixed supports.

Relaxed lower Zouain Standard Upper

nel vT ρ Time [s] vT ρ Time [s] vT ρ Time [s] vT ρ Time [s]

425 0.3569 0.52 0.3499 0.28 0.3366 0.38 0.3275 0.29

1,670 0.3408 0.87 0.3374 0.66 0.3317 0.74 0.3284 0.66

6,466 0.3343 4.95 0.3328 3.76 0.3304 3.08 0.3291 3.96

14,716 0.3324 11.79 0.3315 9.66 0.3302 9.55 0.3295 9.35

25,798 0.3317 21.62 0.3311 17.23 0.3301 22.67 0.3296 20.56

40,548 0.3313 36.66 0.3308 26.76 0.3301 31.57 0.3297 28.66

58,038 0.3310 53.41 0.3307 38.60 0.3301 44.73 0.3298 44.55

79,430 0.3309 77.82 0.3306 56.68 0.3301 71.17 0.3299 65.54

103,160 0.3308 104.19 0.3305 79.78 0.3302 82.85 0.3300 85.27

162,178 0.3307 168.58 0.3304 123.28 0.3302 156.06 0.3300 148.61

233,100 0.3306 286.91 0.3305 233.59 0.3302 226.84 0.3301 244.36


