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ABSTRACT

Differently from the sensitivity based finite element (FE) model updating technique in which the dis-
crepancies between the FE and experimental modal properties are reduced iteratively by modifying the
FE modelling assumptions, the one-step FE model updating technique based on modal orthogonality and
the local correspondence (LC) principle updates the FE model in a single step. When updating an FE
model with the one-step updating approach, it is assumed that the discrepancies between a FE model
and the (physical) modelled structure are small and distributed over the model’s degrees of freedom. If
this assumption is fulfilled, it is verified that the one-step method efficiently updates the FE model, so
that its modal properties match very well the ones obtained from experimental vibration tests. In this
paper, the performance of the one-step updating technique in detecting localized changes is investigated
by means of a practical application example in which the experimental modal properties of a t-shaped
steel structure are used to update the corresponding FE model.

Keywords: FEM updating, one-step FEM updating, operational modal analysis; local correspondence
principle; sensitivity method; matrix mixing technique, modal orthogonality

1. INTRODUCTION

One of the main objectives of finite element (FE) model updating is to improve the precision of the model
being updated, so that it can predict, in a more accurate way, the structural behaviour of the modelled
physical structure. Traditionally, basically two main FE updating approaches based on experimental
modal properties are widely used to improve the accuracy of the FE models: the sensitivity [1] and
the one-step based methods [2]. The sensitivity methods basically consists of iteratively updating a se-
lected number of FE model parameters in order to optimize a cost function that measures the differences
between the modal properties estimated with the FE model and those experimentally determined from
vibration tests. It turns out that sensitivity based updating techniques can be time consuming, particularly
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when a complex FE model containing a very high number of Degrees of Freedoms (DoFs) is iteratively
updated.

Furthermore, depending on the complexity of the FE model and the number of modelling parameters
being optimized, issues such as cost function converging to local minima or convergence not being
reached might as well occur. The one-step updating techniques, on the other hand, updates the FE modes
in a single step by making use of the orthogonality equations of the mass and stiffness matrices [3, 4].
These techniques are regarded as perturbation-based updating approaches, meaning that the errors, i.e.
the discrepancies between FE model and the modelled physical structure, are assumed to be small and
distributed over the DoFs of the FE model. In [3, 4], it is shown that if these assumptions are fulfilled, the
one-step updating based on mode shape orthogonality, matrix mixing [2] and local correspondence [5]
can update the FE model so that the FE modal properties match very well the ones experimentally
obtained from operational modal analysis (OMA).

In this paper, it is investigated how the one-step updating approach performs in terms of localization of
structural changes when dealing with localized discrepancies between model and physical structure. To
this end, the paper aim at assessing the capacity of the one-step method introduced in [3, 4] to provide
information about localized mass changes in a structure. In order to assess its performance from a
practical perspective, the aforementioned one-step approach is applied to detect localized mass changes
in a FE model of a t-shaped steel structure in the final part of the paper.

2. FE MODEL UPDATING BASED ON THE LINEAR CORRESPONDENCE PRINCIPLE

The one-step updating equations establish a clear correspondence between the physical properties of the
FE model, mass and stiffness matrices, to the FE modes. This allows the introduction of the experimental
identified modal properties in substitution of the corresponding FE modal properties [3] [4]. Moreover,
the number of DoFs measured in experimental vibration tests is much lower than the number of DoFs de-
fined in FE models, thus an expansion of the experimental mode shapes is required. To carry out this task,
an algorithm based on the local correspondence (LC) principle [5] is used to express the experimental
mode shapes as linear combinations of FE modes.

2.1. One-step method

The one-step updating procedure is based on the orthogonality of the FE modes with respect to the
stiffness and mass matrices (see e.g. [7]). In case of mass normalized modes, this orthogonality condition
can be expressed as:

BTMB = I (1)

BTKB = [ω2
n] (2)

where B =
[
b1 b2 · · ·bN

]
is a N × N matrix gathering all the FE mode shape vectors, bn

(
∀n ∈

{1, 2, . . . , N}
)
, and [ω2

n] is a diagonal matrix containing the squared angular frequencies of the FE
modes, with N denoting the number of DoFs in the FE model. Then, the inverse of the mass matrix can
be expressed as:

M−1 = BBT =
N∑
i=1

bib
T
i (3)

The sum of the outer products can be divided in two sets. For this method, the first set contains the modes
to be updated (m) and the second comprises the rest of the FE modes that remains unchanged:

M−1 =

m∑
i=1

bib
T
i +

N∑
i=m+1

bib
T
i (4)



The updating will basically consist in the replacement of the first set by the outer products of the expanded
experimental modes, an:

Mu
−1 =

m∑
i=1

aia
T
i +

N∑
i=m+1

bib
T
i (5)

The set containing the outer products of the non-updated modes is expressed as:

N∑
i=m+1

bib
T
i = M−1 −

m∑
i=1

bib
T
i (6)

Finally, introducing equation (6) into equation (5) yields the one-step updating equation for the mass
matrix:

Mu
−1 = M−1 −

m∑
i=1

bib
T
i +

m∑
i=1

aia
T
i (7)

With the same procedure, the updated stiffness matrix is obtained:

Ku
−1 = K−1 −

m∑
i=1

ω−2
b i bib

T
i +

m∑
i=1

ω−2
a i aia

T
i (8)

2.2. LC principle

As previously mentioned, the experimental mode shapes need to be expanded. For this task, an algorithm
based on the LC principle [5] is used to express the experimental mode shapes as linear combinations
of FE modes. The LC principle is based on the expansion theorem that states that any deformation
of a mechanical system can be expressed as a linear combination of mode shape vectors. For each
experimental mode shape, a chosen number of FE mode shapes are reduced to the experimental DoFs
and then, the LC principle selects which of these FE mode shapes to include in an optimal FE mode
shape cluster. Then a transformation matrix that relates the experimental mode shape vector and the
optimal cluster of FE modes is estimated in a linear least squares sense. Finally, the experimental modal
vector can be expanded to all DoFs of the FE model by means of the estimated transformation matrix. A
more detailed description of the LC expansion itself as well as the optimization of the cluster of modes
used in the expansion of the experimental mode shape vectors can be found, for instance, in [5, 3]. A
brief description of the LC expansion is herein presented in the following paragraphs for completeness.
Letting Brn be the optimal mode shape cluster at experimental DoFs, the nth experimental mode shape
vector at the experimental DoFs, arn, can be expressed as:

arn = Brntn (9)

with tn standing for the transformation matrix. An estimate for this matrix is obtained in linear least
squares sense from

t̂n = Brn
+arn (10)

where (•)+ denotes the pseudo-inverse of a matrix. Once the transformation matrix estimate, t̂n, is
obtained, the experimental mode shape vector at the experimental DoFs is expanded by simply replacing
Brn by the optimal mode shape cluster at all the FE DoFs, Bn, in equation (9):

ân = Bnt̂n (11)

Finally, the expanded experimental mode shape vector is mass normalized to be used in equations (7)
and (8):

an =
ân√

âTnMân
(12)



3. CASE STUDY

In this section, a brief description of the experimental and modelling setups is presented and the ad-hoc
updating steps for this particular case are explained.

3.1. Experimental tests

In order to assess the efficiency of the previously explained updating technique in cases of localized mass
changes, experimental data from the t-structure depicted in Figure 1a was used. The experimental tests
and the data processing were carried out in [6]. Using OMA techniques [7], the experimental natural
frequencies for the first 8 modes and the corresponding mode shape vectors for the experimental DoFs
(see Figure 1b) were obtained. The mass perturbations were placed at two different locations (see Figure
1c), the coordinates of the locations are gathered in Table 1.

(a) Geometry and global coordinates (b) Experimental DoFs (c) Locations of the mass perturba-
tions

Figure 1: Illustration of the tested t-structure

Table 1: Coordinates of the localized mass perturbations

Location x coord y coord z coord
[m] [m] [m]

1 0.25 0 1.48
2 0 0 0.92

3.2. FE Model

The FE model was built using an FE modelling Matlab toolbox developed in the civil engineering de-
partment of the Technical University of Denmark (DTU). It was decided to compute the global mass
matrix using particle-lumped mass matrix for the beam elements [8]. The particle lumping technique
allows for a more intuitive analysis of the updated mass matrix, since it only has values in the diagonal.
The discretization of the structure was fine enough to obtain reasonable values for the natural frequencies
compared to the natural frequencies of a model using a consistent mass matrix.

3.3. Updating procedure

For this structure, the first stage is to update the FE model using the experimental mode shape vectors
and natural frequencies of the structure without any mass change. This updated FE model is hereinafter
referred as the reference FE model, since it will be used as reference for detecting mass changes with
the one-step updating technique. In the second step, the reference mass matrix is updated with the



modal information obtained from tests in which localized masses are added to the physical structure.
The updated mass matrix obtained from the second step are hereinafter denoted as updated matrices.
Usually, in FE model updating with one-step approach, the experimental mode shapes are mass scaled.
However, since only localized mass changes are addressed in context of this paper, it is obvious to assume
that the stiffness matrix remains unchanged when the model is updated. Under this circumstance, the
experimental mode shapes can be stiffness scaled. In order to perform the stiffness scaling, it is assumed
that the same modal stiffness for the reference and updated modes:

ku i = ki → mu i =

(
ω i

ωu i

)2

mi (13)

where mi and ki are the reference modal mass and stiffness of mode i; mu i and ku i are the modal mass
and stiffness of mode i of the updated FE model.

The differences between the updated mass matrix and the reference mass matrix are the basis for the mass
detection analysis. Lumped mass matrices only have terms in their diagonal in the positions correspond-
ing to nodal translational DoFs (and zeros for the rotational DoFs). For a given node, the subtraction of
each translational DoF (x, y and z) in the reference mass matrix from the corresponding translational
DoF in the updated mass matrix yields the mass added to the physical model. The difference between
reference and updated nodal masses are then evaluated in order to assess the performance of the one-step
updating approach in detecting the localized mass changes.

4. RESULTS OF THE CASE STUDY

The results from the two mass perturbation cases are now presented, processed and analysed. In both
cases, the results presented belong to the maximum perturbation tested.

4.1. Location 1: mass perturbation- 304 gr

The largest localized perturbation tested in Location 1 (see Figure 1c) was 304 gr, which corresponds to
a 4.05% of the total mass of the structure (7.5 kg). Figure 2 shows the nodal mass increments along the t-
structure (the illustrations of the t-structure are none dimensional) detected for each global direction x, y
and z (see Figure 1a). The mass detection in the x direction is constant alongside the horizontal beam and
lower than the other two cases. Most of the mass change detected in the y and z directions is in the beam
side of the localized mass, but the maximum mass change is close to the edge. Moreover, the sum of the
nodal mass increments for the three cases is a much lower value than the actual perturbation of 304 gr.
It was expected that this updating technique was going to express the mass perturbation as a distributed
mass change along the structure, yet the results presented so far provide very vague information about
the possible location of the mass perturbation.

Since the mass matrix is a diagonal matrix, the inverse mass matrix is also diagonal. Observing equation
(4), each diagonal term of the inverse mass matrix is formed by the contribution of the outer products of
the updated mode shapes and the outer products of the rest of mode shapes. One of the reasons behind
the underestimation of the mass is the low contribution of the outer products of the updated mode shapes
to the inverse mass matrix terms. Thus, the nodal increments at each DoF were normalized according to
the contribution of the outer products of the updated mode shapes to the term of the inverse mass matrix
corresponding to that DoF. As an example, the nodal mass for node 10 in the x direction is placed at the
diagonal term (55,55) of the mass matrix. The mass increment detected at the latter position is 0.194%.
The value for the term (55,55) in the inverse mass matrix is 7.5911 and the value in the matrix composed
by the outer products of the m = 8 updated mode shapes is 0.4872 (see expression (14)). Then, the
detected mass increment 0.194% is multiplied by 7.5911/0.4872. Following this procedure for all the



(a) x direction (b) y direction (c) z direction

Figure 2: Location 1- nodal mass increments detected in global directions x, y and z

DoFs, the new normalized increments are shown in Figure 3 for the global directions x, y and z.

1

M(55, 55)︸ ︷︷ ︸ =
m∑
i=1

bi(55)b
T
i (55)︸ ︷︷ ︸+

N∑
i=m+1

bi(55)b
T
i (55)︸ ︷︷ ︸

7.59 0.49 7.1

(14)

(a) x direction (b) y direction (c) z direction

Figure 3: Location 1- normalized nodal mass increments detected in global directions x, y and z

Most of the normalized mass increment detected in the x direction (Figure 3a) is in the horizontal beam
and it is constant. This might just be because there is only one experimental DoF in the x direction
measured on the horizontal beam (see Figure 1b). The largest part of the normalized mass increment
detected in z direction (Figure 3c) is in the side of the horizontal beam where the localized mass was
placed and it is almost constant. The reason for this might be the fact that there are two experimental



DoFs measured in the z direction, one at each edge of the horizontal beam. The most interesting result
is provided by the normalized mass increment detected in the y direction (Figure 3b). Most of the
mass increment is detected again in the beam side of the localized mass but in this case, the largest
mass increment coincides with the placement of the localized mass. Three experimental DoFs in the y
direction were measured (two in the edges and one in the center).

Furthermore, the total normalized mass increments for the different directions were calculated. The
results are shown in Table 2 and have the same order of magnitude than the actual localized mass pertur-
bation, which imply that the normalization approach has some physical significance.

Table 2: Location 1- Total normalized mass increments

Localized mass in x mass in y mass in z
mass [gr] [gr] [gr] [gr]

304 416 246 354

4.2. Location 2: mass perturbation- 152 gr

The largest localized perturbation tested in Location 2 (see Figure 1c) was 152 gr, which corresponds
to a 2.03% of the total mass of the structure (7.5 kg). In this case, there is no mass detection in the z
direction since the mass in Location 2 is not activated by the first 8 modes in this direction (see modes
in Figure 6 in Appendix). Figures 4a and 4b show the nodal mass increments in the x and y direction,
respectively. The nodal mass increment is maximum very close to the placement of the punctual mass
for direction y. For the x direction, the maximum mass change is detected lower than the punctual mass
location.

(a) x direction (b) y direction

Figure 4: Location 2- nodal mass increments detected in global directions x and y

As for location 1, the nodal mass increments were normalized with the same procedure. Figure 5a
and Figure 5b show the normalized nodal increments detected in the x direction and y, respectively.
For the y direction, the normalized mass increments are distributed similarly as the originally detected
increments. However, for the x direction, the normalized mass increments are approximately constant
and at maximum from the base of the structure until the proximity of the punctual mass placement, where
the mass increments decrease abruptly.



(a) x direction (b) y direction

Figure 5: Location 2- normalized nodal mass increments detected in global directions x and y

The summation of normalized mass increments for the two directions is presented in Table 3. Again, the
estimations of the mass perturbation are in the same order of magnitude as the actual punctual mass.

Table 3: Location 2- Total normalized mass increments

Localized mass in x mass in y
mass [gr] [gr] [gr]

152 234 187

5. CONCLUSIONS

This paper aimed at assessing the performance of the one-step updating method based on the LC principle
and modal orthogonality when dealing with localized mass changes. The scaling method for the detected
nodal mass increments based on the contribution of the outer products of the updated modes to the terms
of the inverse mass matrix, described in the previous chapter, provided hints about the placement of
the localized masses and estimations for the mass change in the same order of magnitude as the actual
mass perturbation. As expected, the mass increments detected by the proposed updating procedure were
distributed along the structure and varied for the different global directions. Nonetheless, it is clear that
the distribution of the nodal mass increments can shed light on the position of a localized mass.

It can be concluded that the two most crucial factors for this updating technique in the detection of
localized masses are the deformation outline of the mode shapes to be updated and the placement of the
experimental DoFs. Since the mode shapes detected with OMA techniques are the low frequency modes,
the outer products of these mode shapes have a low contribution to the inverse mass matrix. This fact
seemed to have an underestimating effect in the updating of the mass matrix. In contrast, the contribution
of low frequency mode shapes to the the inverse stiffness matrix is higher because the outer products of
the mode shapes are divided by the their squared angular frequency to define the inverse stiffness matrix.
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APPENDIX - MODAL SHAPES OF THE T-SHAPED STRUCTURE AFTER FE UPDATING
WITH ONE-STEP APPROACH

(a) Mode 1 (b) Mode 2 (c) Mode 3 (d) Mode 4

(e) Mode 5 (f) Mode 6 (g) Mode 7 (h) Mode 8

Figure 6: Mode shapes of the t-shaped steel structure obtained with the updated FE model
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