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Abstract 
 
All-dielectric metamaterials constitute an interesting route 
in the artificial material design due to their low-loss 
properties. Such constructs require high permittivity 
materials which support the excitation of Mie resonances, 
thereby enabling the underlying inclusions to be of small 
electrical sizes. Optics mostly relies on silicon, while 
several materials are used in the microwave range. 
Presently, we consider the potential of simple water as the 
inclusion in practical artificial materials due to its high 
permittivity and tunable dynamic properties through e.g., 
frequency and temperature variations. To this end, we 
undertake an analytical study of Mie resonances in water 
spheres and examine primarily the effects of frequency and 
temperature variation on the excitation and isolation of 
electric and magnetic dipoles. We also demonstrate 
directive patterns in forward and backward directions in 
water spheres with balanced electric/magnetic dipole 
excitations. As such, our results may not only be used 
directly in or as a guideline for metamaterial design, but 
they may also pave the way for simple and directive 
antennas.  
 
1. Introduction 
 
All-dielectric metamaterials (MMs) are a growing trend in 
photonics and electromagnetics in which high permittivity 
inclusions are employed in low index matrices to excite 
Mie resonances [1]. It has recently been shown that water 
can be used as an alternative material for inclusions of all-
dielectric MMs and metasurfaces (MSs) due to its 
advantageous properties as bio-friendliness, abundancy, 
inexpensiveness and high permittivity in the microwave 
range [2-5]. Water-based MMs can be tuned thermally by 
heating/cooling of elements due to its temperature-
dependent permittivity [2, 6-7], and mechanically by 
reshaping/deforming its volume or rotating partially filled 
containers [2, 8]. Even chemical reactions can be applied 
for designing of reconfigurable systems [9]. On the other 
hand, a great variety of water-based MSs with rather 
broadband and high absorbance have been reported 
recently [10-11]. Placing a metallic layer behind the 
surface effectively removes the transmittance, thereby 
enhancing the absorbance. Another type of MS consisting 

of ‘rod-like’ water-elements in a foam material was shown 
to have reflection and transmission modulation capabilities 
through a simple mechanical rotation of the surface [5]. 
The modulation was improved significantly by stacking 
several MSs in a multilayer array.  
 
Thus far, most of the studies on water-based structures 
were performed for 2-D and 3-D arrays using numerical 
tools. Presently, we examine the properties of electric and 
magnetic dipole resonances (Mie resonances) in isolated 
water spheres. The spherical geometry constitutes a well-
known canonical problem which can be treated analytically 
using spherical vector wave formulation. With the 
analytical solution at hand, a range of fundamental 
properties and effects of water spheres may easily be 
revealed. Particular attention is devoted to the potential of 
such water spheres to support both isolated (for MM 
design) as well as balanced (for directive antenna design) 
dipole resonances, and to assess their behaviors with 
frequency and temperature change of the water 
permittivity. Throughout the paper, we consider a plane 
wave illumination of a water sphere at low frequencies 
mainly where the losses in water are low enough so that 
strong and isolated resonances can be excited. We show 
that the resonances at room temperature results in low 
scattering and high absorption due to the losses in water. 
Increasing the temperature effectively reduces the losses 
and therefore improves the intensity and isolation of the 
resonances. At last, we show that Kerker’s conditions can 
be satisfied at non-resonant frequencies resulting in mainly 
forward or backward scattering. Throughout the work, the 
time-factor exp	(𝑗𝜔𝑡), with 𝜔 being the angular frequency 
and t being the time, is assumed and suppressed. 
 
2. Configuration and analytical expressions 
 
The water sphere of radius 𝑟+ is situated in free-space and 
is illuminated by a linearly polarized plane wave with the 
electric (magnetic) field 𝐄- (𝐇-) as shown in Figure 1(a). A 
Cartesian coordinate system (𝑥, 𝑦, 𝑧), with its associated 
spherical coordinate system (𝑟, 𝜃, f	), is placed with the 
origin placed at the center of the sphere. The solution to the 
spherical wave expansion of internal ( 𝐄4 , 	𝐇4 ) and 
scattered (𝐄+,	𝐇+) fields is well-known, and the amplitude 
coefficients of the fields are [12, Sec. 4.3] 
 



𝑎6 =
𝜀9,4𝑗6(𝑘4𝑟+)𝑗6;(𝑘<𝑟+) − 𝑗6;(𝑘4𝑟+)𝑗6(𝑘<𝑟+)

𝜀9,4𝑗6(𝑘4𝑟+)ℎ6
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(?)(𝑘<𝑟+)
 (1) 

 

𝑏6 =
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𝑑6 =
𝑗6(𝑘<𝑟+)ℎ6
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where 𝑎6  and 𝑏6  (𝑐6  and 𝑑6 ) are the coefficients of the 
TM9  and TE9  field components, respectively, of the 
scattered (internal) fields. 𝑘4 and 𝑘< are the wavenumbers 
in water and free-space, respectively, while 𝑗6 and ℎ6

(?) are 
the 𝑛th order spherical Bessel function of the first kind and 
spherical Hankel function of the second kind, respectively. 
The prime ′  denotes the operation 𝑔6′(𝑥) = 𝑑[𝑥𝑔6(𝑥)]/
𝑑𝑥. 
 
The absorption, extinction and scattering efficiencies are 
used to describe the response of the sphere, and they are 
related by [12, Sec. 3.4] 

𝑄PQR = 𝑄STU − 𝑄RVP (5) 

where 

𝑄RVP =
2

(𝑘<𝑟+)?
X(2𝑛 + 1)(|𝑎6|? + |𝑏6|?)
\

6]C

 (6) 

 

𝑄STU =
2

(𝑘<𝑟+)?
X(2𝑛 + 1)Re{𝑎6 + 𝑏6}
\

6]C

 (7) 

 

The induced electric (𝐩 [C·m]) and magnetic (𝐦 [A·m2]) 
dipole moments (𝑛 = 1) can be determined by the volume 
integrals [13] 

𝐩 =
1
𝑗𝜔c𝐉ef

𝑑𝑣;,						𝐦 =
1
2c𝐫′ × 𝐉ef

𝑑𝑣′ (8) 

with 𝐉e = 𝑗𝜔𝜀<(𝜀9,4 − 1)𝐄4  being the polarization 
current density inside the water sphere, 𝑉 being the volume 
of the sphere, 𝑑𝑣′ being the differential volume element 

and 𝐫′  denoting the position vector. Performing the 
integrations, one obtains the following 

𝐩 = 𝐞lm4𝜋𝑟+p𝜀<q𝜀9,4 − 1r𝐸<𝑐C
𝑗C(𝑘4𝑟+)
𝑘4𝑟+

 (9) 
 

𝐦 = 𝐤u m × 𝐞lm2𝜋𝑟+v𝜔𝜀<q𝜀9,4 − 1r𝐸<𝑑C
𝑗?(𝑘4𝑟+)
𝑘4𝑟+

 (10) 
 

where 𝐞lm  and 𝐤u m  are the unit vectors of the incident 
electric field and wave vector, respectively. 
 
In the temperature range from 0 to 100 °C and under 
normal pressure, water is a liquid; it thus adopts the body 
of a provided container as well as preserves its volume. The 
highly temperature dependent dielectric permittivity is 
described by the Debye formula [2, 6] 

𝜀9,4(𝜔, 𝑇) = 𝜀9,4; − 𝑗𝜀9,4;; = 𝜀\(𝑇) +
𝜀+(𝑇) − 𝜀\(𝑇)
1 − 𝑗𝜔𝜏(𝑇)  (11) 

with 𝑇  [°C] being the temperature of water. 𝜀\(𝑇)  and 
𝜀+(𝑇) are the optical and static permittivities, respectively, 
while 𝜏(𝑇) is the rotational relaxation time. The relative 
permittivity of pure water is shown in Figure 1(b). 
 
3. Resonant water sphere 
 
In this section, we consider a sphere with a radius of 21.6 
mm and an x-polarized incident plane wave of amplitude 
𝐸< [V/m] travelling in the positive z-direction. At first, the 
temperature is kept at 𝑇 = 20 °C and the resulting 
absorption and scattering efficiencies as functions of 
frequency are shown in Figure 2(a). The scattering 
efficiency calculated in COMSOL is included for 
validation.  
 
The first two peaks of the absorption efficiency are due to 
the induced magnetic (0.767 GHz) and electric (1.092 
GHz) dipole resonance. This is confirmed by magnetic and 
electric dipole moments shown in Figure 2(b) as well as the 
field profiles shown in Figure 2(c) and (d). The curve of the 
scattering efficiency has a pronounced peak coming from 
the magnetic dipole resonance, while the electric dipole 
only gives rise to a small increase in the scattering 
efficiency. Both of the resonances do not make the 
scattering efficiency exceed that found in the optical 
region. However, the absorption efficiency is significantly 
increased by the resonances making it exceed that found at 
non-resonant frequencies i.e. frequencies below 0.7 GHz 
and above 5 GHz. Since the absorbed power in water is 
related to the ohmic heating by 𝑃PQR =
0.5𝜔𝜀<𝜀9,4;; ∫ |𝐄4|?f 𝑑𝑣′, the internal fields, and hence the 
induced dipoles, must be strong.  
 
In the homogenization of artificial materials, usually it is 
important to have well-isolated (non-coupling) dipole 
resonances. The isolation of the induced dipoles is shown 
in Figure 3(a) by the magnitude of the internal coefficients 
for their first and second modes. The magnetic dipole (𝑑C) 
at the resonance is well-isolated, while the electric dipole 

 
Figure 1. (a) Sketch of the water sphere in free-space 
illuminated by a plane wave and (b) relative permittvity of 
water as a function of frequency and temperature. 

 

𝜀9,4;  

𝜀9,4;;  



(𝑐C) is not, due to the presence of the magnetic dipole and 
quadrupole.  
 
In Figure 4, the effects of the temperature and frequency 
variation on the scattering and absorption efficiencies, as 
well as the magnetic and electric dipole moments, are 
examined. Clearly, the resonances are more pronounced at 
higher temperatures causing higher efficiencies as well as 
better isolated resonances (see Figure 3(b)). Especially at 
the magnetic dipole resonance the scattering efficiency 
increases from 0.4 to 9.7 with a temperature increase from 
0 to 100 °C, while the absorption efficiency increases from 
4.2 to 9.5 from 0 to 70 °C. This behavior is due to the 
decrease of 𝜀9,4;; : at 0.767 (1.092) GHz and 𝑇 = 20  °C, 
𝜀9,4;; ≈ 3.4 (4.9), while at 𝑇 = 40 °C, it has dropped to 1.9 
(2.7). From this, we could state that the absorption 
efficiency should decrease by an increase in temperature. 
However, we observe the opposite behavior due to the 
enhancement of the dipole moments (i.e. internal fields) as 
seen in Figure 4(c) and (d). Besides the more pronounced 
induced resonances, increasing the temperature causes a 
blue-shift of the spectrum due to the decrease of 𝜀9,4; . This 
blue-shift corresponds to approximately 190 MHz (25 %) 

of the magnetic dipole resonance frequency with an 
increase in the temperature from 0 to 100 °C. 
   
In general, the maximum absorption (𝑄PQR ≈ 13.6) in a 
water sphere is found for 𝑟+ ≈ 288	mm at 𝑇 = 0 °C, and is 
due to a magnetic dipole resonance at 80 MHz. The 
maximum scattering efficiency is found for 𝑓 → 0  Hz 
since 𝜀9,4;; → 0 . Smaller spheres exhibiting dipole 
resonances at higher frequencies have much less profound 
resonances and efficiencies compared that investigated in 
Figure 2-5. E.g. a water sphere with 𝑟+ ≈ 3.3 mm at 20 °C 
exhibits a magnetic dipole resonance at 5 GHz, but has a 
scattering (absorption) efficiency less than 0.1 (1.5). 
Increasing the temperature brings a dramatic enhancement 
to the induced resonances due to the decrease of 𝜀9,4;; . 
 
The losses in water must be low enough to achieve 
pronounced and well-isolated resonances if water-
inclusions are to be used in MMs and MSs. Generally, this 
is achieved at low frequencies and/or high temperatures. 
 
Several ways to maximize the scattering in one direction 
have been proposed, where recently a directive antenna 
with a needle-like radiation pattern has been demonstrated 
theoretically in [14]. In our simple configuration, it is 
possible to attain directed scattering as well by satisfying 
Kerker’s conditions. The dipole moments (magnitude and 
phase) shown in Figure 2(b) and  3(c)-(d)  are normalized 
as 𝐦/(𝑐𝑟+p𝜀<𝐸<) and 𝐩/(𝑟+p𝜀<𝐸<), where 𝑐 is the speed of 
light, since the difference in their units is [m/s]. When 
𝑚/𝑝 = 𝑐 (where 𝐩 = 𝐞lm𝑝 and 𝐦 = 𝐤u m × 𝐞lm𝑚), then the 
scattering will be maximized in the forward direction, 
while if 𝑚/𝑝 = −𝑐, it will be in the backward direction. 
These cases are marked by the black circles in Figure 2(a). 
In Figure 5, the normalized differential scattering cross 
section [12, Sec. 3.4] is shown at these frequencies as well 
as the magnetic dipole resonance frequency. Such effects 
are interesting in MMs, MSs and directive antennas 
designs, since only forward (backward) scattering 

 
Figure 4. Variation of temperature. Sphere with 𝑟+ = 21.6 
mm showing the (a) scattering efficiency, (b) absorption 
efficiency, (c) magnetic dipole moment and (d) electric 
dipole moment as functions of frequency and temperature. 

 
Figure 3. Isolation of resonances shown by internal 
coefficients at the magnetic (𝑓�) and electric (𝑓�) dipole 
resonance frequencies in (a) for 0 °C and (b) 0–100 °C. 

 
Figure 2. Sphere with 𝑟+ = 21.6 mm: (a) the absorption 
and the scattering efficiencies as functions of frequency 
(logarithmic scale); (b) the magnitude and phase of the 
normalized induced magnetic and electric dipole moments 
as functions of frequency; (c) and (d) the magnitude of the 
total electric field normalized with that of the incident at 
the frequencies 0.767 and  1.092 GHz, respectively, in the 
xz-plane. The arrows indicate the direction of the electric 
field. 
 



corresponds to zero reflection (transmission). The 
frequency of the forward scattering can be controlled by the 
temperature and size of the sphere. For enhanced forward 
scattering, a different shape could be pursued, where the 
magnetic and electric dipoles (or higher order multipole 
moments [15]) are overlapping. Here, it is important that 
the dipoles have the right orientation and the losses in water 
are minimal, so that not all the energy is absorbed [10-11].  
 
4. Conclusions 
 
We investigated the performance of a water sphere 
resonant around 1 GHz. The spectrum of the absorption and 
scattering efficiencies as well as the induced magnetic and 
electric dipole moments were calculated using analytical 
expressions provided in Section 2. The magnetic dipole 
resonance was the most profound and isolated resulting in 
enhanced scattering and absorption. However, due to the 
losses in water at room temperature, most of the energy was 
absorbed by it. An increase in temperature resulted in both 
more profound and isolated resonances, all desirable 
features for a prospective MM and MS design. The 
temperature increases also lead to higher efficiencies 
(especially in scattering), and blue-shifted the spectrum 
due to the decrease in the dielectric constant of water.  
Smaller spheres resonating at higher frequencies, where 
losses are even higher, were also briefly discussed. 
Moreover, we demonstrated designs with balanced 
magnetic and electric dipole moments which resulted in 
primarily forward or backward scattering. The observed 
effects are very interesting not only in the area of artificial 
material design, but also for the design of directive 
electrically small antennas utilizing such simple materials 
as pure water. 
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