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Abstract
Hearing aids and transducers have become an integral part of our everyday lives, with
the desire to make these devices smaller and more efficient pushing the limits of the
materials and components used in their construction. This thesis focuses on two effects
which complicate the design and control of these transducers, namely, viscoelasticity of
the rubber polymers, and lossy inductance due to eddy currents. While these effects have
been studied before, the models commonly used in electroacoustics are either inaccurate
or difficult to incorporate into the nonlinear case. It is therefore relevant to develop
methods that accurately describe the linear frequency dependencies of viscoelasticity
and lossy inductance, but that can also be used in the nonlinear case.

To this end, fractional derivative based models, which incorporate a form of memory
into the system, are shown to accurately describe measurements of the viscoelastic and
lossy inductance effects. In the case of viscoelasticity, this was done by characterizing the
material properties of two viscoelastic rubber polymers over a wide frequency range using
dynamic mechanical analysis. Different fractional order viscoelastic model structures
were then compared with these results. Similar component level fractional viscoelastic
models are used to predict the long-term viscoelastic creep of a loudspeaker suspension,
over a much longer time-scale than is commonly analyzed. In terms of lossy inductance,
measurements of the impedance for four different loudspeaker voice coils showed that the
fractional model parameters change nonlinearly with position. These findings motivated
the development of a novel variable order lossy inductance model, where the order of
the fractional derivative is no longer constant.

The time domain versions of these fractional viscoelasticity and lossy inductance
are then incorporated into an electromechanical loudspeaker model with two nonlinear
effects: a nonlinear position dependent suspension stiffness, and a nonlinear position de-
pendent voice coil impedance. Simulations of this nonlinear fractional order state-space
model produce the expected harmonic and intermodulation distortion components, as
known from loudspeaker measurements. Further simulations using a nonlinear variable
order state-space model of the nonlinear inductance also show this characteristic distor-
tion pattern. The newly developed nonlinear fractional order and variable order state-
space models of a loudspeaker are applicable to both design and control applications,
where the new method may form the basis for better nonlinear compensation schemes,
based on the improved prediction of the transducer response. Advances in technology
are likely to make these techniques for improving sound quality even more widespread,
but the results will only ever be as good as the underlying model.
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Resumé
Høreapparater og transducere er en integreret del af vores hverdag og i takt med ud-
viklingen mod mindre og mere effektive enheder bliver materialer og komponenter i
disse udsat for større og større belastninger. Denne afhandling fokuserer på to effekter
som vanskeliggør design og modellering nemlig viskoelastisitet i gummi og ikke ideelle
spoler med tab p.gr.a. hvirvelstrømme. De eksisterende modeller for disse effekter har
enten begrænset nøjagtighed i større frekvensområder og/eller er svære at anvende i det
ulineære område. Der er derfor behov for modellerings teknikker som nøjagtig beskriver
både frekvensafhængigheden over et stort frekvensområde og de ulineære effekter.

Det demonstreres at modeller baseret på ikke heltallige afledte har den ønskede nø-
jagtighed mht . frekvensafhængigheden både for viskoelasticitet og for impedansen af
spoler med hvirvelstrømstab. To typer af viskoelastisk gummi blev karakteriseret eksper-
imentelt over et stort frekvensområde og forskellige modellers evne til at beskrive egen-
skaberne blev testet. Modeller baseret på ikke heltallige afledte udmærker bla. ved
også at kunne beskrive den viskoelastiske effekt, der kan observeres som en krybende
bevægelse, når en komponent udsættes for en konstant kraft. Et eksperiment med en
højttaler som udsættes for en konstant kraft over meget lang tid bekræftede at de ikke
heltallige afledte også er nyttige ved meget lave frekvenser.

Målinger af svingspole impedansens positions afhængighed, viste at ordnen af den
ikke heltallige afledte også afhænger af positionen af svingspolen og dette demonstrerede
behovet for the model som tillader en variabel ikke heltallig afledt.

Tidsdomæne modeller for viskoelasticitet og ikke idelle spoler er blevet kombineret
i en model for den elektrodynamiske højttaler med to positions afhængige ulineariteter:
stivhed af ophænget og impedansen af svingspolen, og modellen viser det forventede
mønster af forvrængnings produkter. Modellen blev endvidere udvidet til at inkludere
afledte af variabel orden og viste også det forventede mønster.

De opnåede forbedringer i modellerne forventes både at kunne lede til bedre designs
af komponenter og systemer, men kan også anvendes i forbindelse med ulineær kontrol,
som oftest er afhængig af et nøjagtigt estimat af f.eks. svingspolens position hvilket
typisk fås fra en model beregning.
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ẋ mechanical velocity (m/s)
xm state vector
ym output vector
Z electrical impedance (Ω)



xvi



CHAPTER 1
Introduction

The world is never quiet, even its silence
eternally resounds with the same notes, in
vibrations which escape our ears.

—Albert Camus, French philosopher, author
and journalist, 1913–1960

Modern transducers, such as hearing aids and loudspeakers, play a significant role in
many people’s everyday life. Advances in this technology will not only increase the qual-
ity of life for those hard of hearing, but also for people without hearing loss, by improving
sound reproduction used in communication and recreational settings. Consumer demand
for high quality audio, from devices such as cell phones and portable loudspeakers, has
increased the need for ever smaller and more efficient designs. As these limits are tested,
understanding the inherently nonlinear and strongly frequency dependent materials and
components of the device becomes increasingly necessary [1–4]. This underlying system
model of the transducer is especially important in nonlinear control applications [5–9].
This thesis aims to address some of the drawbacks of existing techniques used to describe
these materials and components, and to help future engineers in modeling, identification
and control of such electroacoustic systems.

Two linear frequency dependent effects are of primary concern: the viscoelasticity
of the loudspeaker suspension and the lossy inductance of the voice coil, both of which
have been difficult to model accurately and are typically included in a frequency domain
model using crude approximations. While these approximations may be suitable for
some applications, they often result in a plethora of parameters and can be complicated
to transform for use in time domain nonlinear models. In this thesis, techniques from
fractional calculus, and the extension to variable order calculus, are shown to accurately
model these effects over a large frequency ranges, while using a relatively simple model
structure with few parameters. Equally important, these fractional calculus based mod-
els have an equivalent time domain representation that can be used along with existing
nonlinear modeling techniques. The improved accuracy of the fractional order system
model is beneficial both in the design stage and in control, where they form the basis
of digital signal processing algorithms, such as nonlinear distortion compensation for
improving sound quality and system efficiency [10, 11].



2 1 Introduction

1.1 Modern Moving-Coil Loudspeakers
While general in its applicability, most of the theory in this thesis is developed with a
moving-coil loudspeaker in mind. Such systems are scientifically interesting in that they
have a variety of linear and nonlinear mechanisms that interact over a large frequency
range. At the same time, making accurate measurements is relatively simple using
standard frequency domain techniques [12–14]. Thus, the loudspeaker is used as a
repeated example and case study. The cross-section of a typical moving-coil loudspeaker
is shown in Figure 1.1. The device consists of an inductive coil of wire, termed the voice

Figure 1.1: Cross-section of a moving-coil loudspeaker created by Iain (CC BY-SA 3.0)
[15]. The rubber surround has fractional order viscoelastic properties, while eddy cur-
rents in the iron pole piece and top plate result in a fractional order voice coil impedance.

coil, which is placed in a permanent magnetic field. When a voltage is driven through
the coil, the resulting current interacts with the permanent field, creating a Lorentz
force on the coil. This force results in mechanical motion that is then radiated by the
diaphragm as sound. The viscoelastic outer suspension and the lossy inductance of the
voice coil are of particular interest in this work.

1.2 Fractional Calculus & Frequency
Dependent Effects

While very different in their basis, viscoelasticity and lossy inductance effects can both
be modeled using fractional calculus. Viscoelasticity is a material phenomena based
in rheology, which causes a material to change properties when excited at different
frequencies. One important consequence of this is viscoelastic creep, where a material
will continue to slowly deform when subject to a constant force. On the other hand, lossy
inductance has its origins in electromagnetics, where the magnetic field of an inductive
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coil will create eddy currents in the surrounding conductive materials, dissipating energy
and affecting the coils inductance.

Figure 1.2 shows a comparison of an integer order and a fractional order model
with a typical loudspeaker response, as measured for the PSA02 loudspeaker [16]. The
benefit of including fractional components is clearly seen. The two loudspeaker models
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Figure 1.2: Comparison of the integer order and the fractional order loudspeaker models
with measured data of the PSA02 loudspeaker [16]. The upper curve is the magnitude of
the displacement to current transfer function |X/I| and the lower curve is the magnitude
of the impedance |Z|.

are introduced in Chapter 6 on loudspeaker modeling, with the integer order model in
Eq. (6.1) and the fractional order model in Eq. (6.2). A major outcome of the thesis was
incorporating the more accurate fractional models into a nonlinear framework, as seen
in Paper A.

1.2.1 Fractional Calculus
Fractional calculus has a long history in the field of mathematics [17–20] and has found
application in a wide variety of engineering applications . Both the viscoelastic effect and
lossy inductance are the result of memory in the system, making fractional calculus a
useful tool in their modeling and control [21–24]. This memory means that the response
of the system is not only dependent on the current state, but on its complete history.
Traditional modeling techniques are limited by the fact that integer order derivatives are
local operators that only consider information in their immediate vicinity, i.e. the slope
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of a function at a certain point. On the other hand, fractional operators are non-local,
relying on information from the entire function in a similar manner to integral equations.
This non-locality makes them well suited for modeling systems with hereditary or mem-
ory effects, as the past states are included inherently. This so-called memory effect has
found application in a variety of fields including physics, biology and economics [21, 22,
25], with further development in Chapter 2.

These fractional order models are simple to use in the frequency domain, as is com-
mon in linear acoustic applications, where the operator manifests as a power law fre-
quency dependency proportional to (jω)α, where j is the imaginary unit number, ω is
the angular frequency and α ∈ R is the fractional order. This is in contrast to the fixed
frequency dependencies seen for typical integer order derivatives and integrals, when
α → n, n ∈ Z. In many applications, this additional degree of freedom greatly improves
the accuracy, with only a slight increase in the number of parameters. Much more com-
plex models are necessary to achieve the same level of accuracy using traditional integer
order models. The fact that the models are relatively simple in the frequency domain
means that standard frequency domain measurement techniques can still be used to
identify the model parameters.

In the time domain, the Grünwald-Letnikov definition of a fractional derivative, de-
fined in Sec. 2.2, is especially useful, as it can be easily discretized for numerical simu-
lations [19, 21]. The theory of fractional calculus is further extended to variable order
calculus and variable order system theory in Chapter 3, where the fractional order is
no longer constant, giving even greater freedom in modeling [26–29]. This proves useful
in modeling the position dependency of lossy voice coils later on in Chapter 5 and in
Paper E.

1.2.2 Fractional Viscoelasticity
Viscoelasticity is important both in hearing aid and moving-coil loudspeaker suspensions.
In hearing aids, the optimal design is influenced by the material properties of the trans-
ducer suspension. This is especially important as the suspension works to isolate the
microphone from the loudspeaker, the latter commonly being referred to as a receiver in
the industry. If this isolation is not properly designed, feedback will occur, making the
device unusable. In larger loudspeakers, the viscoelastic suspension shows a frequency
dependency such that it becomes softer as the frequency decreases. This effect interacts
with nonlinearities in the system, degrading performance.

The theory of linear viscoelasticity is covered extensively by various monographs [30–
33], with the extension to fractional viscoelasticity studied in [34–43]. The theory has
proved useful in many applications including loudspeaker suspension modeling [44–48].

The important concepts of viscoelasticity are introduced in Chapter 4, with an in
depth analysis conducted in the papers. Paper C and comparison of three different mate-
rial level viscoelastic models in, which are compared with measurements using dynamic
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mechanical analysis (DMA). In Paper B, two component level models are used to model
a loudspeaker suspension undergoing viscoelastic creep. The fractional order suspension
models are used in Paper A.

1.2.3 Fractional Lossy Inductance
Lossy inductance effects manifest as changes in an inductors impedance. The effect
occurs when an inductors magnetic field generates eddy currents in nearby conductive
materials. The eddy currents produce their own magnetic field which opposes that of
the inductor, changing the inductance. The eddy currents also dissipate energy, adding
a resistive real term to the inductors impedance. It can be theoretically proven that an
infinitively long coil with a solid conductive core has an impedance which increases with
the square root of frequency, equivalent to a 1/2-order fractional derivative. While not
as developed as fractional viscoelasticity, there are still a number of publications on the
topic [49–55].

The theory of fractional lossy inductance is introduced in Chapter 5. Different frac-
tional order lossy inductance models are developed and compared to measurements in
Paper D. The nonlinear position dependency of the coil impedance is also investigated
along with its effect on the model parameters. Paper E expands on this by modeling the
nonlinear position dependency using variable order calculus. To the authors knowledge,
this is the first such position dependent variable order lossy inductor model of its kind.
The lossy inductance effect is also investigated using COMSOL multiphysics simulations
in order to isolate the position dependency from other nonlinearities in the system.

1.3 Nonlinear Loudspeakers
The development of nonlinear distortion compensation techniques has increased the
audio quality, reduced the size and improved the efficiency of many devices using loud-
speakers [10, 11]. These techniques typically rely on an accurate model of the system
that can be mirrored to modify the input to achieve a desired output [5–9, 56, 57]. The
interaction between viscoelasticity, lossy inductance and various nonlinearities in the sys-
tem are of particular interest. The usefulness of fractional calculus in describing these
effects is demonstrated in Paper A where two common distortion mechanisms of moving
coil loudspeakers are modeled, namely the stiffening effect of the viscoelastic suspension
and the position dependence of the lossy inductance. The variable order extension is
also discussed in Paper E.

Results show that the fractional order and variable order nonlinear models produce
the expected harmonic and intermodulation distortion components typical of such a
loudspeaker driven at high levels. These results are promising in their potential to
improve the auditory quality for a wide variety of applications, ranging from small
devices such as hearing aids and cell phones, to large scale public address systems and
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the home systems used by hi-fi enthusiasts. It is important to note that while focused on
electroacoustic transducers, the fractional calculus and variable order calculus techniques
that were developed can model myriad dynamic systems and time series.

1.4 Structure & Scope
As investigations into new topics go, different topics warranted different depths of anal-
ysis, and many plausible theories were proved false. For the most part, these often time
consuming trails did not make it into the thesis, while others are still being followed to
their end. Some notable examples were explorations into nonlinear generalized Hammer-
stein models for modeling nonlinear suspensions as demonstrated by Maillou et al. [48].
While there are interesting discoveries to be made using fractional order generalized
Hammerstein models, research into this area ceased, as feedback mechanisms between
the mechanical and electrical parts of a loudspeaker raised other issues in the model.
It should be said that other areas were very time consuming, such as determining the
material properties of the viscoelastic materials in Paper C. A variety of other methods
were attempted over the course of a year and a half, before the opportunity to test them
using dynamic mechanical analysis presented itself. Similarly, the FEA performed in
Paper E was extremely time consuming, both in the length of running a single simula-
tion, as well as the amount of troubleshooting needed to create a functioning model; a
process that is continuing.

The structure of this thesis is based around five published and unpublished articles
and manuscripts: Papers A-E, while the preceding chapters are used to introduce the
topics and add context to the more focused research papers. First, an introduction to
fractional calculus is given, along with specifics of fractional order state-space modeling.
This is expanded to variable order calculus and variable order state-space models. Next,
the theory of fractional order viscoelasticity and its application for modeling hearing aid
and loudspeaker suspensions is discussed. This is followed by a chapter on fractional
derivative models of lossy inductance, and the nonlinear position dependency of the lossy
inductance effect. Finally, the fractional order viscoelastic and lossy inductance models
are incorporated into a nonlinear loudspeaker model, demonstrating their effectiveness
for the prediction and control of dynamic systems. From micro-speakers in cell phones
and hearing aids, to large public address systems, an improved knowledge and predictive
model of their underlying physics is both commercially valuable and of benefit to the
public.



CHAPTER 2
Fractional Calculus

“I just take the train from platform nine and
three-quarters at eleven o’clock,” he read.
His aunt and uncle stared.
“Platform what?”
“Nine and three-quarters.”
“Don’t talk rubbish,” said Uncle Vernon, “there
is no platform nine and three-quarters.”

—J. K. Rowling, Harry Potter and the
Philosopher’s Stone, 1997

Fractional calculus, or more specifically non-integer order calculus, has interested
mathematicians and philosophers for more than 300 years. Its origin are from a letter
sent from L’Hospital to Leibniz in 1695. In the letter, L’Hospital ponders the notion
of a half-order derivative, to which Leibniz replied “This is an apparent paradox from
which, one day, useful consequences will be drawn” [58]. First developed as a purely
theoretical field of mathematics, fractional derivatives have found numerous applications
by scientists and engineers in areas of physics, control engineering, and signal processing
among many other fields [21, 25, 59]. General information on fractional calculus is
covered in various monographs [17–19, 60], with ongoing analysis in a variety of journals
[25, 59, 61]. The purpose of this chapter is to introduce the basic operators and their
behavior. A time domain operator is then incorporated into the commonly used state-
space equations for system modeling.

2.1 Fractional Order Operators
Fractional calculus arises naturally as a generalization of integer order differentiation
and integration, and can be expressed by the non-integer order operator aDα

t , where a
and t are the bounds of the operation and α ∈ R is the order of the operation. The term
fractional derivative is only used out of convention, and would be better referred to as a
non-integer order derivative, as there are no restrictions that the order of the derivative
must be rational. While out of the scope of this thesis, it is even possible to take the
derivative using a complex valued order [24].
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The continuous diffo-integral operator is then defined as:

aD
α
t =


dα

dtα : α > 0
1 : α = 0∫ t

a(dτ)α : α < 0
(2.1)

One sees that the operator acts as a differentiator for α > 0, and as an integrator
for α < 0. When α = 1, the operator returns the ordinary first-order derivative. In
application, it is typical to set the lower limit a = 0, which will be denoted by the
absence of a in the fractional order operator. The upper bound is assumed to be t unless
stated otherwise. In that way, the fractional order operator can be denoted as Dα or dα

dtα

interchangeability. This work is mainly concerned with 0 ≤ α ≤ 1, α ∈ R, and assumes
that the derivative is with respect to time unless otherwise specified.

An illustration of the fractional derivative of a simple function x(x) = t is shown for
different values of 0 ≤ α ≤ 1 in Figure 2.1. Formulations involving fractional derivatives
in both space and time are also possible [62].
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Figure 2.1: Fractional derivative of x(t) = t for different values 0 ≤ α ≤ 1.

As many authors have proposed different definitions of a fractional derivative, it is
important to be aware of under which conditions they can be treated as equivalent or
not [63]. Some definitions of fractional operators have even turned out to be false under
further analysis [64]. In Ortigueira and Machado [65], they proposed five conditions for
defining a fractional derivative operator, following the wide sense criterion and the strict
sense criterion, as follows:
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• Linearity: the operator must be linear.

• Identity: the zero order derivative of a function is equal to the function itself.

• Backward compatibility: the fractional derivative is equal to an ordinary derivative
for integer orders.

• Index law:
DαDβf(t) = Dα+βf(t) (2.2)

• Generalized Leibniz rule:

Dα (f(t)g(t)) =
∞∑

i=0
D if(t)Dα−ig(t) (2.3)

Note that there is still ongoing debate between many well known authors in the field
as to what constitutes a fractional derivative [65–70]. This thesis approaches fractional
calculus using mostly an applied engineering perspective, with the five criterion above
used for guidance.

As seen in Eq. (2.3), fractional derivatives as defined here do not follow the traditional
Leibniz rule, also known as the product rule [66, 71]

Dα (f(t)g(t)) ̸= f(t)Dαg(t) + g(t)Dαf(t). (2.4)

This is an important factor when considering the nonlinear lossy inductors in Section 5.2,
and is further elaborated on in Papers A & E. Similarly, the chain rule for fractional
derivatives becomes much more complicated [72].

Definitions of the operator used in this thesis are first presented in the Laplace
and frequency domains, as they are relatively simple. Next, the forward Grünwald-
Letnikov time domain definition is introduced and discretized, before being used to
solve a fractional order state-space system of equations.

2.1.1 Laplace and Frequency Domains
It is instructive to look at the fractional order operator through its Laplace and Fourier
transforms, which are defined for the α order derivative as

L [Dαf(t)] = sαF (s), (2.5)

and
F [Dαf(t)] = (jω)αF (ω). (2.6)

where α ∈ R [19]. It is easy to see that Eqs. (2.5) and (2.6) still hold for integer values
α → n, n ∈ Z. In general α may be a complex number but this is not necessary here.

From Eq. (2.6) one sees that the fractional order α changes the slope of the fre-
quency response, as shown in Figure 2.2. This type of power law frequency response
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Figure 2.2: Frequency response of the fractional derivative operator for different values
of 0 ≥ α ≥ 1.

is often seen in measurements of viscoelastic materials (Papers B & C), lossy inductors
(Papers D & E) as well as complete loudspeakers (Paper A). The frequency domain
definition from Eq. (2.6) is especially useful in linear acoustics, mechanics and electro-
magnetics as the form allows simple and fast parameter identification using reliable
measurement techniques [12–14]. This is seen throughout the papers when identifying
model parameters.

2.1.2 Time Domain
The effect of the fractional derivative in the time domain can be seen by generalizing
the classical differential equations for relaxation and oscillation

Dx(t) + x(t) = F (t) (2.7)

and
D2x(t) + x(t) = F (t) (2.8)

The general fractional order equation can be written as [21]

Dαx(t) + x(t) = F (t) (2.9)

The solution to Eq. (2.9) can be found in a similar manner to the ordinary differential
equations in Eqs. (2.7) and (2.8) [21]

x(t) = F (t) ∗ tα−1Eα,α(−tα), (2.10)
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where the input F (t) is convolved with the impulse response

h(t) = tα−1Eα,α(−tα). (2.11)

The Mittag-Leffler function Eα,β(t) is a generalization of the exponential function and
often arises in the solution of fractional differential equations [19]

Eα,β(t) =
∞∑

k=0

tk

Γ(αk + β)
, R(α) > 0, R(β) > 0. (2.12)

The behavior of these systems can be inferred by looking at the impulse response
h(t) from Eq. (2.11) for different values of α, as shown in Figure 2.3. A relaxation type
response is seen for 0 ≤ α ≤ 1 and oscillatory response for 1 ≤ α ≤ 2.

0 1 2 3 4 5 6 7 8 9 10

Time (s)

0

0.5

1

h(
t)

 = 0.2
 = 0.4
 = 0.6
 = 0.8
 = 1

0 1 2 3 4 5 6 7 8 9 10

Time (s)

-1

-0.5

0

0.5

1

h(
t)

 = 1.2
 = 1.4
 = 1.6
 = 1.8
 = 2

Figure 2.3: Relaxation and oscillation behavior of the fractional derivative impulse re-
sponse h(t) for different values of 0 < α ≤ 2.

While the above was determined analytically, most fractional differential equations
are solved using one of three common definitions for the diffo-integral in Eq. (2.1):
the Riemann-Liouville definition, the Caputo definition, and the Grünwald-Letnikov
definition. All three definitions are equivalent over a wide class of functions given certain
conditions [19, 21, 59]. Some important considerations on what constitutes a fractional
derivative can be found in [65]. The Grünwald-Letnikov definition form of a fractional
derivative, presented below, is especially useful when calculating numerical solutions to
fractional order differential equations.
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2.2 Grünwald-Letnikov Fractional Derivative
The Grünwald-Letnikov fractional derivative takes the form of a summation, making
it well suited for numerical simulations. The definition can be made by following the
classical definition of a derivative, where one takes the limit of a finite difference as the
time step T goes to zero, and then generalizing to non-integer orders. For the first order
derivative

d
dt

f(t) = lim
T →0

f(t) − f(t − T )
T

. (2.13)

This can be generalized to an expression for the n-th order derivative by taking more
derivatives sequentially. The second derivative is then

d2

dt2 f(t) = lim
T →0

1
T 2 [f(t) − 2f(t − T ) + f(t − 2T )], (2.14)

and the third

d3

dt3 f(t) = lim
T →0

1
T 3 [f(t) − 3f(t − T ) + 3f(t − 2T ) − f(t − 3T )]. (2.15)

Finally, the n-th order derivative can be written by induction as

dn

dtn
f(t) = lim

T →0

n∑
k=0

(−1)k

(
n

k

)
f(t − kT )

T n
, (2.16)

where the binomial coefficient is defined(
n

k

)
= n(n − 1)(n − 2) · · · (n − k + 1)

k!
, (2.17)

with n, k ∈ Z.
It is then possible to generalize the factorial to non-integer values n → α, α ∈ R

using the Gamma functions, allowing the first terms in the summation of Eq. (2.16) to
be written as

wα(k) = (−1)k

(
α

k

)
= (−1)k Γ(α + 1)

Γ(k + 1)Γ(α − k + 1)
. (2.18)

where wα(k) is defined as the weighting function, with the name referring to the role
it plays in weighting past values of f(t) in the summation. The Grünwald-Letnikov
fractional derivative is then defined as

Dαf(t) = lim
T →0

1
T α

∞∑
k=0

wα(k)f(t − kT ), (2.19)

where the upper limit of the summation n has been replaced by ∞. This change in
limit gives meaning to negative values of α but does not effect the summation when
α = n, n ∈ Z, as the weighting function wα(k) = 0 for k > n due to the poles in the



2.2 Grünwald-Letnikov Fractional Derivative 13

Gamma function at nonpositive integers [24]. Removing the limit gives the discrete time
Grünwald-Letnikov fractional derivative [21, 24]

Dαf(t) ≈ ∆αfm = 1
T α

∞∑
k=0

wα,kfm−k. (2.20)

Note that the subscripts are used for compactness and to distinguish discrete values,
such that fm is the sample at the current time step f(mT ) and fm−k is the sample k
time steps in the past f(mT −kT ). The sampling time is T , which may also be expressed
as the sampling frequency fS = 1/T . The k-th term of the α-order weighting function
from Eq. (2.18) is then written as wα,k.

Assuming that f(t) = 0, t ≤ 0 lets the upper limit of the summation be rewritten as

∆αfm = 1
T α

m∑
k=0

wα,kfm−k, (2.21)

where the number of samples in the memory is m = ⌊t/T ⌋ with ⌊·⌋ being the floor
function. This form will be useful for the numerical state-space calculations described
in Section 2.3 and in Paper A where it is used to calculate the solution of a nonlinear
state-space model of a loudspeaker. Eqs. (2.19) and (2.20) also form the basis of the
continuous and discrete forms of the variable order operator discussed in Chapter 3 and
used in Paper E for modeling a variable order lossy inductor.

Insight into the fractional derivative can be found by examining the weighting func-
tion wα(k), plotted in Figure 2.4. This effectively weights past values of f such that the
derivative is a kind of moving average with potentially infinite memory. The weighting
of the sample at the current time wα(0) = 1 if k = 0, while the weighting one sample
in the past is wα(1) = α if k = 1. As k is increased, the magnitude of the weighting
function asymptotically approaches zero, effectively reducing the influence of past values
of f(t). It can be shown that wn(k) = 0 if k > n, n ∈ Z. For higher values of α, the
weighting function decreases more rapidly, especially at low values of k, or the most re-
cent history. This is consistent with the fact that for α = 1, the weighting function will
only be non-zero for the current sample, and one sample in the past, reducing Eq. (2.20)
to the normal backward difference.

One can see that the discrete fractional derivative in Eq. (2.21) implies causality
as the summation takes place over past values of f(t) [22]. For integer order values
of α ∈ Z, the approximation simplifies to an ordinary backward difference formula,
consistent with the theory of discrete integer order calculus. The infinite summation in
Eq. (2.20) therefore makes it a non-local function with infinite memory, where the most
recent past is most important. This non-locality is similar to an ordinary integral that
has upper and lower limits, meaning the function must be known over the domain of
interest and zero otherwise. On the other hand, an integer order derivative is a local
function that can be calculated from a neighborhood of points in the vicinity of the
argument. Even without the infinite sum, as in Eq. (2.21), one sees that the upper
limit of the summation grows as t → ∞, meaning the number of computations increases
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Figure 2.4: Weighting function of the Grünwald-Letnikov fractional derivative, wα(k),
decreases for larger values of k. The rate of change of the weighting function is decreasing,
meaning consecutive samples are weighted more and more closely over time. Note the
log-log scale of the plot.

with O(m2). This can be problematic for numerical solutions, showing the need for the
approximations discussed in the following.

2.2.1 Fractional Order Approximations
In most applications, the summation of past states in Eq. (2.21) must be approximated,
as it will otherwise grow too large to compute efficiently [21, 24]. There are a number
methods for this with the most simple being to truncate the summation to some fixed
length m = L, often referred to as the short-memory principle [19]. This approach
reduces the number of calculations needed, but also introduces error from the truncation.
If the function fm in Eq. (2.21) is bounded such that fm ≤ M over the interval of interest,
then the memory length L for a desired accuracy ϵ can be determined as [19]

L ≥
(

M

ϵ |Γ(1 − α)|

)(1/α)

. (2.22)

On the log-log plot in Figure 2.4, one sees that the weighting function wα(k) decays
with time. This means that consecutive historical samples are weighted more and more
closely to one another, allowing for other approximations of the summation in , such
as an adaptive memory grid [73]. For example, the computations in the summation
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of Eq. (2.21) can be spaced logarithmically, opposed to uniformly, greatly reducing the
computational load when using the same memory length L [74]. During these doctoral
studies, the author co-supervised two Master theses that investigated similar reductions
in computations, drawing on inspiration from multi-rate signal processing [16, 75].

Other methods rely on approximating the behavior of a fractional order transfer
function using an integer order transfer function [23]. Some common examples are
the CRONE toolbox for MATLAB [76], which uses the Oustaloup approximation, or
methods based on continued fraction expansion [21]. Higher order finite difference ap-
proximations can also be used in formulating the discrete fractional derivative [77].

2.3 Fractional Order State-Space
Before introducing the fractional state-space, two types of fractional order systems
should be considered: commensurate order and non-commensurate order systems. Com-
mensurate order systems have derivatives which are integer multiples of each other,
whereas non-commensurate order systems contain derivatives of arbitrary order. As real
physical systems, including loudspeakers, are not constrained to derivatives in integer
multiples, the more general non-commensurate order definition is presented here. A
thorough development of fractional-order systems and control was made by Monje et al.
[21]. Using the fractional finite difference from Eq. (2.21), the non-commensurate order
fractional state-space is written as

∆αxm+1 = Axm + Bum, (2.23a)
ym = Cxm + Dum, (2.23b)

where the capital bold letters represent matrices, and the bold lowercase letters represent
vectors. The matrices are of size n × n and the vectors have a length n. The fractional
finite difference vector on the left hand side of Eq. (2.23a) is then

∆αxm+1 =


∆α1x1,m+1

∆α2x2,m+1
...

∆αnxn,m+1

 (2.24)

given the fractional orders α =
[
αi, . . . , αn

]
for i = 1, . . . , n, when 0 ≤ αi ≤ 1. Note that

the index of m + 1 on the left hand side of Eq. (2.23a) comes from shifting argument of
the fractional derivative one time step forward, in order to facilitate finding the solution
for xm+1 presented next in Eq. (2.25). This is necessary as Eq. (2.21) is dependent only
on the previous time steps due to the causality constraint.

The state and input vectors of the system are represented as xm and um respectively.
The matrices A and B have coefficients representing the dynamics of the system. They
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relate the state vector and the input vector to a change in state ∆αxm+1. The com-
mensurate order solution can be recovered by setting the fractional order vector α to a
single value α [21].

The non-commensurate order solution can be written in terms of the approximated
Grünwald-Letnikov fractional derivative of Eq. (2.20) as

xm+1 = TαAxm −
m+1∑
k=1

Wα,kxm+1−k + TαBum (2.25)

where Tα is a diagonal matrix of the fractional sampling periods, computed as T αi where
αi is the i-th fractional order in α,

Tα =


T αi

T αi+1

. . .
T αn

 . (2.26)

The fractional sampling periods act as a kind of time normalization in Eq. (2.25), ac-
counting for the different time scales of the fractional orders in α and preserving the
units in xm+1. The weighting matrix Wα,k = diag{wαj ,k} for j = 1, . . . , n, where wαj ,k

is the weighting function from Eq. (2.18).
Note that if α consists of integer values, then the weighting function Wα(i) inside

the summation will only have one term, reducing Eq. (2.25) to a forward Euler solution.
This form of the solution is especially useful for modeling physical systems as in Paper A
[21]. The stability of this type of discrete state-space model was analyzed by Dzielinski
and Sierociuk [78]. The controllability and observability of these systems is assessed
by Guermah et al. [79]. The stability, controllability and observability are important
properties in system identification and control.

A nonlinear version of the state-space representation from Eq. (2.23) is used to
model a loudspeaker in Chapter 6 and Paper A. In Paper B, a similar method is used
to model viscoelastic creep in the time domain.The fractional order state-space can also
be extended to the variable order case using theory from Chapter 3, with applications
for nonlinear lossy inductor modeling as seen in Chapter 5 and Paper E.



CHAPTER 3
Variable Order Calculus

All generalizations are dangerous, even this one.

—Alexandre Dumas, French novelist and
playwright, 1802–1870

Variable order calculus is a generalization of fractional order calculus, where the
fractional order of the derivative is no longer constant but may vary over the function
space [28]. The fact that the fractional order is no longer constant gives further freedom
in modeling dynamic systems whose properties change with respect to another system
variable such as time or space. Recently, researchers have began using variable order
models to describe a variety of effects in mechanics, electromagnetics and control [80–
85]. The aim of this chapter is to give a brief introduction to variable order calculus
such that the reader has enough knowledge to understand its usefulness in engineering
applications. In this thesis, the variable order derivative is primarily used in Chapter 5
in order to describe the position dependence of a lossy inductor, as well as in Paper E,
where a variable order nonlinear state-space model is used to simulate the behavior of a
lossy inductor in the time domain. Further applications to viscoelasticity and nonlinear
systems are also interesting [80–84, 86, 87].

While there are a variety of fractional order generalizations that result in a variable
order derivative, they are not all equal and have different behavior and interpretations
[26, 29, 83]. Ortigueira and Machado analyzed a variety of variable order operators in
[29] determining that many do not meet the requirements from Sec. 2.1, set forth in
[65], to be a fractional derivative, and therefore should not qualify as a variable order
derivative. The authors go on to develop a variable order operator that satisfies these
properties, which will be used in the following. More information on variable order
operators can be found in [26–29, 83].

3.1 Variable Order Operators
Starting with the Grünwald-Letnikov fractional derivative from Eq. (2.19), one can make
the fractional order α(t) time-dependent, giving the variable order operator

Dα(t)f(t) = lim
T →0

1
T α(t)

∞∑
k=0

(−1)k

(
α(t)

k

)
f(t − kT ), (3.1)
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such that the fractional order is no longer constant. The time dependent weighting
function wα(t)(k) is defined in a similar manner to the weighting function from Eq. (2.18)

wα(t)(k) = (−1)k

(
α(t)

k

)
= (−1)k Γ(α(t) + 1)

Γ(k + 1)Γ(α(t) − k + 1)
. (3.2)

In this case, the variable order α(t) weights the past values of f(t) based on the current
state of the system. Other variable order generalizations are possible but the meaning
of memory in the system will be somewhat different [26]. The variable order definition
in Eq. (3.1) was chosen because it has been shown to be consistent with the theory
of fractional derivatives and reduces to the fractional order case for constant values
α(t) := α [29].

3.2 Variable Order State-Space
The variable order derivative definition from Eq. (3.1) can be used to solve a set of
variable order differential equations in a similar manner to the fractional order state-
space solution in Eq. (2.25). The discrete variable order state-space is then

∆αmxm+1 = Amxm + Bmum, (3.3a)
ym = Cmxm + Dmum. (3.3b)

with the solution given as

xm+1 = TαmAmxm −
m+1∑
k=1

Wαm,kxm+1−k + TαmBmum, (3.4)

where Tαm and Wαm,k now depend on the variable order αm. This form of variable order
state-space model from Eq. (3.3) is also nonlinear as the matrices Am, Bm, Cm and Dm

are discrete time dependent, which is used in Paper E to model a nonlinear fractional
inductance. The solution method is applicable to other variable order phenomena as
well.



CHAPTER 4
Viscoelasticity
The best material model of a cat is another, or
preferably the same, cat.

—Norbert Wiener, Philosophy of Science, 1945

Viscoelastic materials, such as the carbon filled rubber polymers found in hearing aid
and loudspeaker suspensions, are widely used for their elastic energy storage properties
as well as their viscous dissipation of energy as heat. From car tires and large seismic
structural absorbers like the one in Figure 4.1(a), to the micro-scale hearing aid sus-
pension components in Figure 4.1(b), viscoelasticity is ubiquitous. The study of these
materials falls under the field of rheology, or the study of how matter flows.

(a) Seismic base isolator photographed by
Marshelec (CC BY-SA 3.0) [88].

(b) Viscoelastic hearing aid suspension, indi-
cated as 10, used to isolate the receiver from the
microphone [89].

Figure 4.1: Varied uses of viscoelastic rubber polymers for vibration isolation

Determining these rheological, or viscoelastic properties, accurately is especially im-
portant for acoustic and structural mechanics applications, where the damping behavior
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is often used to reduce vibration or isolate sensitive components from outside noise. The
audio band applications raise particularity interesting issues due to their large frequency
range. This is seen when modeling hearing aid suspensions, like the one in Figure 4.1(b),
as choosing the wrong material may cause feedback from the receiver (loudspeaker) to
the microphone, rendering the device unusable. Viscoelasticity is also important for
moving-coil loudspeakers, where interactions with nonlinearities complicates optimal
system design and increases control complexity. These interactions are discussed in
Chapter 6 and Paper A.

The fundamental theory of linear viscoelasticity is investigated in Papers B & C,
where different fractional order models are studied at the component level and material
levels respectively. The fractional order component models in Paper B find later use in
modeling a loudspeaker suspension as introduced in Chapter 6. Paper A extends the
concept of a fractional order viscoelastic suspension by developing a nonlinear fractional
order solution method for a fractional suspension model with a nonlinear hardening
stiffness. General information on linear viscoelasticity can be found in a variety of
monographs on the topic [30–33]. Other areas of interesting research include finite
element analysis for parameter identification and combining fractional viscoelasticity
with amplitude dependent effects [90, 91].

4.1 Integer Order Models of Viscoelasticity
In general, viscoelastic materials have dynamic and static properties that are neither
completely elastic or completely viscous, but instead display characteristics of both:
namely, energy storage and energy dissipation. The theory of linear time dependent
viscoelasticity has been developed to describe these characteristics over a broad range of
frequencies and temperatures. This can be done at the material level where constitutive
relationship is used to relate a time dependent stress σ(t) to a time dependent strain
ϵ(t) [92–94]. Given certain assumptions, the relationship can be formed using lumped
parameters at the component level, where the viscoelastic model describes the relation-
ship between force F (t) and displacement x(t). This is common when studying dynamic
systems and mechanical vibrations [95]. These type of models are simple to represent
as equivalent electrical circuits and can be solved quickly and efficiently using frequency
domain techniques.

The equation of motion for a single degree of freedom harmonic oscillator, known as
a mass-spring-damper system, is then

F (t) = Mẍ(t) + Dẋ(t) + Kx(t), (4.1)

where M is the mass, K is the elastic stiffness and D is the viscous damping coeffi-
cient. This differential equation relates the time dependent displacement x(t) and its
derivatives, represented by dots, to the time dependent force F (t) [95]. When analyzing
Eq. (4.1), it is common to look at the natural angular frequency ω0 and the damping
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ratio ζ. The natural angular frequency ω0 is then defined as

ω0 =
√

K

M
, (4.2)

and the damping ratio ζ is
ζ = D

2
√

KM
, (4.3)

where a damping ratio ζ = 0 gives an undamped system, ζ < 1 is underdamped, ζ = 1
is critically damped and ζ > 1 is overdamped.

Taking the Fourier transform of Eq. (4.1) gives the frequency response function

F (ω)
X(ω)

= (jω)2M + (jω)D + K, (4.4)

where F (ω) and X(ω) are the Fourier transform of the force and displacement. The
frequency response from Eq. (4.4) is shown in Figure 4.2 with ω0 = 1 and different
values of ζ.
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Figure 4.2: Frequency response of a harmonic oscillator for different values of ζ.

The mass-spring-damper system from Eqs. (4.1) and (4.4) is equivalent to the me-
chanical system of the integer order loudspeaker model introduced in Chapter 6, with
F (t) equal to the Lorentz force, as generated by the magnetic coupling. Fractional
order extensions of Eq. (4.1) are developed below and find use in Chapter 6 and in
Papers B and A when modeling the viscoelastic behavior of loudspeaker suspensions.
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The general frequency response function of a mass M connected to a viscoelastic
model can then be written as

F (ω)
X(ω)

= (jω)2M + K∗(ω), (4.5)

where the complex stiffness K∗(ω) is a frequency dependent term describing the stiffness
and damping in the system,

K∗(ω) = K ′(ω) + jK ′′(ω). (4.6)

The real part K ′ determines the elastic properties while the imaginary part K ′′ describes
the dissipation. A similar expression for the complex modulus is seen later in Eq. (4.8).

The complex stiffness K∗ is typically described using springs and dampers. A variety
of such integer order linear viscoelastic models are displayed in Table 4.1 along with their
equivalent complex stiffness. These models are easily incorporated into larger, more
complicated systems, and are simple to implement using frequency domain methods.
For example, substituting the Kelvin-Voigt model into Eq. (4.5) for K∗(ω) yields the
well known equation for a mass-spring-damper from Eq. (4.4).

Note that the simple Maxwell model is only able to express stress relaxation but
not strain retardation, and vice versa for the simple Kelvin-Voigt model. This means
they are not suitable for describing viscoelasticity on their own, but are still included
here as they form the basis of other models. It is interesting to note that there is a
known equivalence between some of the model structures, e.g. the two standard linear
solid (SLS) models are conjugates of each other [31]. While the same behavior can
be described using either model, the parameters of each will have different values; the
variable names are only reused for convenience. It can also be shown that the generalized
Maxwell model is equivalent to the fractional linear solid model presented in the next
section [96]. This implies there should be a fractional equivalence for the generalized
Kelvin-Voigt model as well.
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Table 4.1: Integer order viscoelastic models and their equivalent complex stiffness

Model Diagram Complex Stiffness
K∗(ω)

Hookean Spring
K

K

Newton Damper
D

jωD

Maxwell Model
K D

jωDK

K + jωD

Kelvin-Voigt Model
K

D

K + jωD

Standard
Linear Solid

(Maxwell Form)

K0

K1 D1

K0 + jωD1K1

K1 + jωD1

Standard
Linear Solid

(Kelvin-Voigt Form) K0

K1

D1

K0(K1 + jωD1)
K0 + K1 + jωD1

Generalized
Maxwell Model

K0

K1 D1... ...

Kn
Dn

K0 +
n∑

i=1

jωDiKi

Ki + jωDi

Generalized
Kelvin-Voigt Model K0

K1

D1

· · · Kn

Dn

1
1

K0
+

n∑
i=1

1
Ki + jωDi
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4.2 Fractional Order Models of Viscoelasticity
Fractional order models of K∗(ω) typically incorporate so called Scott-Blair elements,
named after George William Scott Blair, who first applied fractional modeling to the
study of rheology [97]. The complex stiffness of the Scott-Blair element is proportional to
the fractional derivative of the displacement, which increases the stiffness proportionally
with frequency to the power α,

K∗(ω) = (jω)αKα (4.7)
where α is the fractional order of the derivative. The viscoelastic models incorporating
fractional Scott-Blair elements can be substituted into Eq. (4.5) and are especially useful
due to their accuracy over a broad frequency range based using a small number of
parameters.

A selection of fractional order viscoelastic models are shown in Table 4.2, with more
information on fractional viscoelasticity found in Paper B and C.

The response of Eq. (4.5), where K∗ is replaced by the fractional Scott-Blair model
from Eq. (4.7), is shown in Figure 4.3 for M = 1, Kα = 1 and different values of α. It is
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Figure 4.3: Frequency response of a fractional order oscillator with different values of α.

seen that the Scott-Blair element has both elastic and viscous behavior, as it transitions
from fully elastic when α = 1 to fully viscous when α = 1. This increase in damping is
accompanied by an increasing slope towards low frequencies, known to be characteristic
of viscoelastic creep in loudspeaker suspensions, as discussed later in Section 4.2.2. Note
that α = 0 returns the undamped response from Figure 4.2.
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Table 4.2: Fractional order viscoelastic models and their equivalent complex stiffness

Model Diagram Complex Stiffness
K∗(ω)

Fractional
Scott-Blair Model1 Kα

(jω)αKα

Fractional
Maxwell Model K Kα

jωKKα

K + jωKα

Fractional
Kelvin-Voigt Model

K

Kα

K + (jω)αKα

Damped Fractional
Scott-Blair Model

Kα

D

(jω)αKα + (jω)D

Damped Fractional
Kelvin-Voigt Model

K

Kα

D

K + (jω)αKα + (jω)D

Fractional
Linear Solid

Model

K0

K1 Kα

K0 + (jω)αK1Kα

K1 + (jω)αKα

Fractional
Linear Fluid

Model

Kβ

K1 Kα

(jω)βK0 + (jω)αK1Kα

K1 + (jω)αKα

The dynamic and viscoelastic creep response of fractional viscoelastic models is ex-
plored further below. Other resources on fractional viscoelasticity include [34–37, 40].

1Thank you to Romano Giannetti for adding the viscoelastic component to the LATEX CircuiTikZ
package.
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4.2.1 Dynamic Viscoelastic Behavior
Returning to the material level models, the elastic properties are commonly described
using modulus parameters, like the Young’s or tensile modulus E, shear modulus G
and bulk modulus K. These can be used to model the one, two or three-dimensional
relationship between stress σ(t) and strain ϵ(t) beginning from first principles [92–94].
The Poisson’s ratio ν, relating the Young’s modulus to the bulk modulus, as well as the
Lamé coefficients λ and µ are also commonly used when describing a material. For a
homogeneous and isotropic material, the elastic properties are fully described by two of
these moduli.

In general, materials are not purely elastic, but have a viscous component, making
the moduli frequency dependent. This can be expressed as a complex valued function
in the frequency domain, where the complex tensile modulus is written as

E∗ = σ(ω)
ϵ(ω)

= E ′(ω) + jE ′′(ω), (4.8)

and E ′(ω) and E ′′(ω) are the frequency dependent storage modulus and loss modulus
respectively. This is similar to the complex stiffness in Eq. (4.6), meaning that complex
modulus can often be expressed using the models from Tables 4.1 and 4.2. The other
moduli, e.g., the shear modulus, can be expressed in the same manner. The moduli can
be determined experimentally using dynamic mechanical analysis (DMA) machine like
the one in Figure 4.4. This type of test makes use of the time-temperature superposition

Figure 4.4: Dynamic mechanical analysis (DMA) machine used to find the storage and
loss modulus of the rubber polymers over a wide frequency range.

principle to extrapolate the material properties over a wide frequency range [98].
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The material level modulus from Eq. (4.8) can be used to analyze complex geometries
and non-isotropic materials through continuum mechanics formulations [94] and are well
suited for finite element analysis (FEA) as often used when designing transducers [99,
100]. FEA considers geometrical effects when determining the deformation of a material,
bridging the gap between the material level models and component level models, such
as in a steel spring, where the Young’s modulus and the geometry determine the overall
mechanical stiffness of the component level spring.

It is important to note that the constitutive relationships developed here are only
valid up to a certain magnitude of stress and strain (force and displacement), referred
to as the linear viscoelastic limit. The stress-strain linearity condition means that an
increase in either stress or strain must increase the other proportionally. The linear
time dependence means that a response is equal to the sum of individual responses,
also known as time shift invariance [31]. When these limits are exceeded, the material
properties change and the parameters become nonlinear, often varying in time. The
nonlinear theory of viscoelasticity is covered in [101, 102], with nonlinear fractional
order extensions in [91, 103–106]. Variable order viscoelasticity and dynamics, making
use of concepts from Chapter (3) are researched in [80–82, 84, 86, 87, 107].

4.2.1.1 Four and Five Parameter Fractional Order Viscoelastic
Models

One goal of this thesis was to find a fractional order model of viscoelasticity that accu-
rately predicts the material properties of rubber polymers commonly found in hearing
aid suspensions, such as the one depicted in Figure 4.1(b). To this end of the complex
modulus of two viscoelastic rubber polymers was measured using DMA, with the test
machine shown in Figure 4.4.

Paper C then develops and compares the measurements to three different fractional
viscoelastic models of the complex modulus E∗(ω) from Eq. (4.8): a four-parameter
fractional order viscoelastic (FOV4) model, a five-parameter fractional order viscoelastic
(FOV5) model, and a five-parameter fractional order viscoelastic fluid (FOV5F) model.

The results of the DMA tests for the two materials are shown in Figures 4.5 and 4.6,
and are compared with the responses of the three fractional order viscoelastic models.
The figures have been reproduced from Paper C for clarity. All the models developed
in Paper C show similar accuracy, largely due to the amount of variability between
measurements. This variability occurs when measuring the same sample in different
excitation modes as well as between repeated measurements using the same excitation,
and may arise due to a variety of factors as discussed in Paper C, Sec. 4. It is plausible
that the more advanced models would be useful given a more repeatable measurement
technique.

It was still of interest to determine if the additional model parameters gave more
information about the material. This was checked using the adjusted R-squared R2

adj as
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Figure 4.5: Dynamic mechanical analysis results of Sample A, with the FOV4, FOV5
and FOV5F model fits.
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Figure 4.6: Dynamic mechanical analysis results of Sample B, with the FOV4, FOV5
and FOV5F model fits.
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a measure of model accuracy, as it penalizes over-fitting of the model by adjusting for the
number of parameters. The results show that the FOV4 model gives the best estimate of
E ′ and E ′′, based on R2

adj, over a frequency range from approximately 1 Hz to more than
1 GHz. The transition region, where the material properties change most rapidly, from
a rubbery to a glassy state, is seen to be between 1 Hz and 1 MHz in Figures 4.5 and 4.6.
This is particularly important for acoustic applications as it overlaps with the human
audible range.

The complex modulus of the FOV4 model can be written as

E∗(ω) = E0 + (E∞ − E0)
(jωτ)α

1 + (jωτ)α
, (4.9)

where E0 is the rubbery or low frequency modulus, E∞ is the glassy or high frequency
modulus, τ is the the relaxation time, with 1/τ being the frequency where the loss mod-
ulus is maximum, and α is the fractional order describing the distribution of relaxation
times in the material [41]. The model from Eq. (4.9) can be thought of at the component
level as the fractional linear solid model shown in Table 4.2. The four model parameters
can then be used to determine the complex modulus properties at any frequency, as for
FEA simulations or in other system models.

4.2.1.2 Notes on Dynamic Mechanical Analysis (DMA)
As discussed in Paper C, the fractional viscoelastic material models often provide a
greater degree of accuracy than can be achieved by the measurement procedure itself,
i.e., the material model is only as good as the data it is based on. This was seen when
using the DMA setup from Figure 4.4, where the large variability across measurements
meant that the FOV4 model from Eq. (4.9) was just as accurate as the more complicated
models on a parameter adjusted basis. The rest of this section briefly discusses some of
factors that made these DMA measurements difficult.

First, the DMA method used converts the modulus factors determined through dif-
ferent excitation modes to a Young’s modulus using a constant Poisson ratio and geomet-
rical considerations of the excitation, i.e., tension, single cantilever or double cantilever.
However, it is likely that the Poisson ratio is not constant but frequency dependent,
adding uncertainty to this conversion [108–111]. Small differences between the actual
sample dimensions and those used to determine the modulus will also introduce error.
It was also seen that repeated measurements of the same sample, tested in the same con-
figuration, may yield widely different modulus values. This may be due to differences in
the boundary conditions between repeated measurements, as well as differences in the
prestresses in the sample.
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Harkening back to the epigraph at the beginning of the chapter, the author has a
few suggestions when determining material properties:

• Measure the material in situ if at all possible.

• If in situ measurement is not possible, try to use the same deformation mode.

• Repeat measurements to assess variability.

• Learn to accept that no measurement is perfect.

Other methods of determining the material properties have also been explored, such as
laser vibrometry of forced oscillations in the material [112], and the use of finite element
analysis in determining the dynamic stiffness at the component level [90].

4.2.2 Viscoelastic Creep
The behavior of viscoelastic rubber subject to a constant force also differs from the
approximations made using the integer order spring and damper models in Table 4.1.
These materials instead experience a continuous distribution of relaxation times, as is
well documented in loudspeaker suspensions, impacting the performance of the device
[44–48, 113].

The viscoelastic effect is typically interpreted in the frequency domain as a continued
softening of the suspension at frequencies below the resonance. This softening may be
desirable in woofers and subwoofers where increased bass output is of interest, but at
the same time, the increased output is accompanied by larger displacements, causing the
device to behave more nonlinearly when driven at high levels [3, 4]. As the position of
the diaphragm influences many of the nonlinearities in the system, a correct prediction of
the loudspeaker position is necessary for many distortion compensation techniques [5–9].
The ability to include the viscoelastic effect in these type of models is demonstrated in
Chapter 6 and Paper A, where the damped fractional Kelvin-Voigt model from Table 4.2
is used to simulate the response of a fractional order state-space model of a loudspeaker.
The fractional state-space model is then made nonlinear, simulating nonlinear distortion
with a viscoelastic suspension.

To study the creep effect further, a Peerless P17 loudspeaker was tested using the
fixture seen in Figure 4.7, where the complete loudspeaker was mounted vertically so
that gravity creates a constant force on the diaphragm. This loudspeaker was chosen
due to its widespread use and documented creep response [44–46]. This is documented
in Paper B, where the suspension continued to deform over 350 hours. This experiment
is ongoing at the time of writing, such that paper B will be updated with more creep
data before seeking publication.

Common frequency domain identification techniques are band limited, making it
difficult to accurately determine the material properties at very low frequencies. This is



4.3 Viscoelasticity in Hearing Aids and Loudspeakers 31

(a) The text fixture is placed on a
large box of sand to isolate it from
background vibrations.

(b) The displacement laser tracks
the position of the loudspeaker di-
aphragm.

Figure 4.7: Test fixture for measuring the viscoelastic creep of a loudspeaker suspension.

both due to the large amount of time needed for the measurements and the sensitivity
to background vibration and noise. Nonetheless, these dynamic identification methods
remain the standard when testing a large batch of speaker, e.g., on a production line.
Paper B uses these common frequency domain methods to identify the parameters of the
fractional Scott-Blair and fractional Kelvin-Voigt models from Table 4.2, with an added
parallel damper, for the same P17 loudspeaker used in the creep measurement. These are
referred to as the damped fractional Scott-Blair (FSBD) and damped fractional Kelvin-
Voigt (FKVD) models. Both models show a high degree of accuracy over the 1 Hz
to 10 kHz frequency range of the dynamic measurement, but behave very differently
when using the identified parameters to model the creep response. The simulations,
reproduced in Figure 4.8 from Paper B, show that the fractional Scott-Blair model gives
a much more realistic creep response, while the fractional Kelvin-Voigt model quickly
reaches an equilibrium displacement, making the FSBD model better suited for modeling
when using standard identification techniques.

4.3 Viscoelasticity in Hearing Aids and
Loudspeakers

The fractional order viscoelastic theory here is useful both in hearing aid and loud-
speaker design, as well as in control applications. The ability to model both static and
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Figure 4.8: Viscoelastic creep response of a loudspeaker suspension under the force of
gravity, compared with numerical step responses of the damped fractional Scott-Blair
(FSBD) model and the damped fractional Kelvin-Voigt (FKVD) model.

dynamic properties over a large frequency range is especially convenient for broadband
applications. As the fractional derivative models have a known numerical solution in
the time domain, they can also be included in nonlinear simulations. The work done
here shows that the FOV4 model from Paper C is sufficient for modeling the rubber
polymers used in hearing aid suspensions. Similarly, the fractional Scott-Blair model is
a good replacement of the integer order spring commonly used in loudspeaker modeling,
showing the appropriate response characteristics of the dynamic response, as well as the
long term creep behavior.

Further work can be made on improving the model identification techniques at low
frequencies. The potential to include the fractional derivative models in FEA is also
interesting and would allow for modeling of complex phenomena, such as a drop test of
a hearing aid with a viscoelastic shell. There are also clear research paths into nonlinear
fractional order viscoelasticity and variable order viscoelasticity. As it stands now, it
would be relatively simple to include the viscoelastic creep effect in the variable order
state-space models described from Sec. 3.2, or as a simple extension of the mechanical
model used used later in Eq. (5.10b), where the motion of a variable order lossy inductor
is modeled. It will be interesting to see if these applications require a variable order vis-
coelastic definition. The future development of variable order identification techniques,
as mentioned in Chapter 3, is therefore important as well.



CHAPTER 5
Lossy Inductors

We wind a simple ring of iron with coils; we
establish the connections to the generator, and
with wonder and delight we note the effects of
strange forces which we bring into play, which
allow us to transform, to transmit and direct
energy at will.

—Nikola Tesla, Serbian-American inventor,
engineer and futurist, 1856–1943

Modern loudspeaker designs make use of this ability “to transform, to transmit and
direct energy at will” as observed by Tesla in the epigraph, in order to convert an
electrical signal, such as a musical recording, into sound. This is seen in the moving-
coil loudspeaker from Figure 1.1, where a diaphragm for radiating sound is attached to
an inductive voice coil. This coil is surrounded by a permanent magnetic, creating a
stationary magnetic field which interacts with the current in the coil. The impedance of
such a coil can be expressed most simply as [1, 2]

Z(ω) = R + jωL, (5.1)

where R represents resistive losses in the voice coil windings and L is the inductance of
the coil. Eq. (5.1) is shown as an electrical circuit in Figure 5.1. The stationary magnetic

R L

Figure 5.1: Integer order voice coil model.

field produced by the permanent magnet, creates a force on the coil proportional to the
coil current i(t), known as the Lorentz force FL. This is coupled back to the electrical
side as a voltage VEMF, known as the counter electromotive force (EMF) or back EMF,
which is proportional to the coil velocity ẋ [1, 2]. This coupling can be written as,

FL(t) = Bl · i(t), (5.2a)
VEMF(t) = Bl · ẋ(t). (5.2b)
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where Bl is the magnetic force factor, having the units N/A. The force factor Bl
describes the strength of the magnetic coupling and depends on the amount of magnetic
flux crossing the total length of voice coil windings. As the force in Eq. (5.2a) is directly
related to the coil current, it becomes important to have an accurate model of the
frequency dependent coil impedance Z(ω), which relates the voltage to the current.

Most loudspeakers use iron pole pieces to strengthen and direct the magnetic field
across the inductive voice coil, as seen in Figure 5.2. As iron has a much higher mag-

(a) Loudspeaker voice coil, connected to the
voice coil former and diaphragm. The rubber
outer suspension and resin filled inner suspen-
sion are used to connect the diaphragm to the
loudspeaker basket.

(b) Magnetic system of a loudspeaker, as seen
from above. The permanent magnetic sits below
and is connected to the iron pole pieces. The
loudspeaker basket and part of the inner suspen-
sion are also pictured.

Figure 5.2: Unassembled moving coil loudspeaker. The inductive voice coil in 5.2(a)
fits in the air gap between the iron pole pieces seen in 5.2(b), such that it crosses the
magnetic field of the permanent magnet. The current in the coil interacts with the
permanent magnetic field, causing the coil to move through the Lorentz force.

netic permeability than air, it is easier for the magnetic flux to flow, increasing the
inductance. The time-varying magnetic flux of the coil also interacts with the surround-
ings, generating eddy currents inside the iron pole pieces and in any shorting devices,
such as copper rings used to linearize the position dependent inductance, as discussed
in Paper D. These eddy currents are small current loops that form in conductive mate-
rials due to time-varying magnetic fields [49]. This is illustrated using the finite element
analysis from Paper E, where eddy currents form in the iron pole pieces, as seen in
Figure 5.3 for a 10 Hz harmonic input. The low frequency was chosen as the skin depth
is larger, making it easier to visualize. It is known that these eddy currents increase the
real part of the coil impedance due to resistive losses, and also introduce an opposing
magnetic field reducing the imaginary part of the impedance. This can be thought of as
a frequency dependent change in the free air impedance of the coil.

There are different ways of including the lossy inductance effect in the impedance
model, giving varying levels of accuracy. Some of the most common are the L2R2 model
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Figure 5.3: Finite element simulation of eddy currents generated by an inductive coil
(seen as the rectangle between the iron pole pieces) in the iron pole pieces, shown here
for a 10 Hz harmonic input. More information on the finite element analysis can be
found in Paper E.

[4, 114], the semi-inductance models [49, 52, 53] and the Leach model, later recognized
as a fractional order model [50, 51, 54, 115]. This model is further investigated in
Papers A, and D, along with an extension, the LβR2 as introduced in the next section.
Note that a semi-inductance is equivalent to a one-half power fractional inductance.

One goal of this work was to improve upon the accuracy of the L2R2 impedance
model commonly used in loudspeaker modeling. This has become the typical choice, as
it is relatively simple to incorporate into nonlinear state-space formulations in the time
domain, as often used in nonlinear compensation. As the Leach model is now known
to be a fractional derivative based model, it can also be solved in the time domain
using the theory from Chapter 2. The rest of this chapter introduces the fractional
order derivative based lossy inductor models, and discusses their ability to model the
nonlinear position dependency as measured in Paper D and simulated through FEA in
Paper E. As will be shown, this nonlinear position dependency necessitates a variable
order inductor model, using the theory from Chapter 3. The detailed development of
this new model variable order model is also found in Paper E, where initial simulations
produce a similar nonlinear distortion pattern to that known from measurements.

Some simplifications were made in the following. For example, the force factor is ac-
tually nonlinear and depends on position Bl(x), as the amount of magnetic flux crossing
the coil changes when the coil moves. This was neglected in order to isolate the nonlin-
earity of the voice coil impedance, as discussed in Section 5.2 and Paper E. The analysis
also neglects ‘magnetic attraction forces’ as first analyzed by Cunningham in 1949 [116].
This force is proportional to the spatial rate of change of the self-inductance of the voice
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coil and results in distortion at the second harmonic. The concept was generalized by
Risbo et al. [117] who show that the force can be interpreted as a modulation of the
force factor, linked to the flux in the coil. One exception to ignoring these forces is in
the finite element analysis conducted in Paper E, where they are included inherently by
the model physics. More information about this is found in the paper. In the future, it
would be interesting to incorporate the spatial dependencies of the fractional derivative
models developed above into the analysis of Risbo et al. [117].

5.1 Fractional Order Lossy Inductor Models
As Leach found, the impedance of most voice coils obeys a power-law like relationship
with frequency, which was later seen to be equivalent to a fractional derivative model of
the inductance [50, 51, 54, 115]. Using the theory of fractional calculus from Chapter 2
one can write the fractional version of the inductor in Eq. (5.1) as [49, 54]

Z(ω) = R + (jω)βLβ, (5.3)

where Lβ is a fractional inductance term and β is the order of the fractional derivative.
This forms the basis of the electrical models analyzed in Papers A, D and E. Note that the
fractional inductance term Lβ has the units Ωsβ due to the fractional time derivative.
Eq. (5.3) can be represented graphically as the electrical circuit in Figure 5.4, where
the fractional order lossy component is represented as an inductor with a core. The

R Lβ

Figure 5.4: Fractional order voice coil model

fractional inductor model from Eq. (5.3) has strong theoretical basis and is known to be
more accurate than integer order models while using much fewer parameters [49–51, 54,
115]. The frequency response is show in Figure 5.5 for different value of 0.5 ≤ β ≤ 1,
with R = 4 and Lβ = 1 mΩsβ.

The lossy inductor model from Eq. (5.3) is also used in the electrical system of
the loudspeaker in Chapter 6 and in Paper A where the inductance is made nonlinear.
Paper D investigates the nonlinear position dependency of Eq. (5.3) as well as a new
fractional order model, with a parallel resistance for modeling eddy current losses in
shorting devices. This was referred to as the FO-R2 model in Paper D, but the the
author suggests the improved naming convention LβR2 for future use. The model is
depicted in Figure 5.6 and has an impedance,

Z(ω) = R + (jω)βLβR2

(jω)βLβ + R2
, (5.4)

The second resistor R2 was shown to help model resistive losses in common shorting
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Figure 5.5: Frequency response of a fractional order lossy inductor for different values
of 0.5 ≤ β ≤ 1, with R = 4 and Lβ = 1 mΩsβ.
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Figure 5.6: Fractional order voice coil model with parallel shorting resistor, referred to
as the LβR2 model (FOR2 in Paper D).

devices, like the conductive voice coil former in Paper D, used to linearize the position
dependent inductance. The influence of position dependent effects on the impedance is
introduced below.

5.2 Nonlinear Position Dependent Inductors
As mentioned, the impedance of a loudspeaker voice coil changes as it moves relative to
its surroundings [3, 4]. This position dependence can be thought of as an increase or
decrease in the coupling between the coil and the iron pole pieces and shorting devices.
Changes to this coupling has two primary aspects: changes in the magnetic permeability
of the surrounding materials, and changes in the conductivity of the materials. The
differences in magnetic permeability affect how easy it is for the coil to generate flux,
affecting the inductance, or the imaginary part of the impedance. If the surroundings
are also conductive, the amount of eddy currents generated will change, influencing both
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the real and imaginary part of the impedance as discussed previously. When driven at
high levels, changes in this coupling become significant resulting in nonlinear distortion.
As measurements show, this nonlinear position dependence of the impedance is most
prominent at high frequencies, primarily producing intermodulation distortion [4].

To this end, Paper D investigated four different voice coil constructions and the
position dependency of the impedance. The test fixture is seen in Figure 5.7, where
the voice coil is positioned relative to the magnetic structure of a loudspeaker using a
mandrel attached to a step motor. This setup was the same as created by Halvorsen
for measuring flux modulation in loudspeakers [118]. The measurements were used to

Figure 5.7: Test fixture for measuring voice coil impedance at different positions, using
a step motor to adjust the voice coil coupling.

identify the parameters of the fractional inductor model in Eq. (5.3) and the LβR2 model
in Eq. (5.4), showing them to be more accurate than the commonly used L2R2 model. It
was also found that the parameters change with position, as seen in Figures 5.8 and 5.9,
showing the nonlinearity of the inductance. From this, the R2 resistor in the LβR2
model seems to account for resistive losses in the conductive voice coil former, which is
independent of position. This is because the conductive voice coil former moves with
coil, making the amount of eddy currents relatively steady. The fact that the fractional
inductance Lβ and fractional order β from Eqs. (5.3) and (5.4) changes with position
motivates the development of the nonlinear fractional order and variable order state-
space model of a loudspeaker as described in the next chapter, with formal development
and applications found in Papers A and E.

From Eq. (5.3), the voltage V (t) across a nonlinear lossy inductor with constant
fractional order can be written as the time derivative of the magnetic flux, Φ(x, t) =
Lβ(x) · i(t),

V (t) = DβΦ(x, t) = Dβ (L(x) · i(t)) , (5.5)
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Figure 5.8: Position dependency of the identified fractional inductor model parameters.

such that it depends on both the coil position x and the time varying current in the coil
i(t), where the time dependence of the coil position x is implied, but separated from the
time dependence of the current for clarity. The integer order case of Eq. (5.5) gives

V (t) = L(x)di(t)
dt

+ i(t)dL(x)
dt

= L(x)∂i(t)
∂t

+ i(t)∂L(x)
∂x

∂x

∂t
. (5.6)

through the use of the Leibniz rule. As the Leibniz rule does not hold for the fractional
case, as seen in Eqs. (2.3) and (2.4), the nonlinear fractional inductance must remain in
the form from Eq. (5.5), making the impedance from Eq. (5.3)

Z(ω) = R + (jω)βΦ(ω), (5.7)

where the position dependence of Lβ(x) becomes a frequency modulation of the magnetic
flux Φ(ω). This novel change of variables eliminates the computational complexity of
Eq. (2.3) that would otherwise be necessary when writing the impedance in terms of the
Lβ(x) and i(t). The instantaneous position dependent inductance term Lβ(x) can then
be defined as

Lβ(x) = Φ(x, i)
i(t)

, (5.8)

which will be used later in the nonlinear state-space matrices for describing the dynamics
of the fractional order loudspeaker in Chapter 6 and Paper A as well as the variable
order moving inductor model in Paper E. It is shown that using the flux as a state
variable results in an overall simpler state-space representation of the system. The
author believes this work to be the first investigation into the position dependence of



40 5 Lossy Inductors

-10 -5 0 5 10
0

5

10
L

 [m
 s

 ]
48PI
48AL
49PI
49AL

-10 -5 0 5 10
0.6

0.8

1

-10 -5 0 5 10

Position [mm]

0

250

500

R
S

S
 [

]

Figure 5.9: Position dependency of the identified L2R2 model parameters.

fractional order inductor models and the use of variable order derivatives in modeling
the position dependency.

5.3 Finite Element Analysis with COMSOL
The position dependence of the lossy inductance was also investigated using finite el-
ement analysis (FEA) in COMSOL, a numerical multi-physics software [119]. This
allowed exploration of the nonlinear inductance while neglecting other frequency depen-
dent and position dependent effects that would be difficult to control when measuring on
a full loudspeaker. In this way, a linear mechanical system governing the dynamic mo-
tion could be assumed, along with a linear magnetic force factor Bl and linear magnetic
materials. The FEA model was simplified to the 2D rotationally symmetric cross-section
of the loudspeaker’s magnetic system as seen in Figure 5.10, which was used for both
frequency and time domain studies. A full description of the model setup and simulation
settings are included in Paper E, Appendix A.

The frequency domain simulations were used to determine the inductors impedance
at different positions, which could then be modeled using Eq. (5.3). Both the slope in
the impedance and the position dependency were seen to be similar to the measured
voice coils from Paper D. These results were then interpolated across position and used
as an input to the variable order inductor model introduced below. More information is
found in Paper E, Sec. 2.5.
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(a) Coil at −10 mm. (b) Coil at 0 mm. (c) Coil at 10 mm.

Figure 5.10: Axisymmetric geometry of the lossy inductance FEA model, showing the
copper colored asymmetrically positioned coil, surrounded by the gray colored pole
pieces. The surroundings are modeled as air in blue. The rectangular box around
the coil was used as the moving mesh domain, such that it was allowed to deform as the
coil moves in the time domain study.

The FEA model was also solved in the time domain, with the goal of investigat-
ing the nonlinear distortion generated by a moving lossy inductor. This method was
deemed easier than isolating the affect of the nonlinear position dependent inductance
in a measurement, but had many of its own challenges, with ongoing work to improve
the model. First of all, the time domain simulations are extremely demanding compu-
tationally. The simulations were conducted on a high performance computing (HPC)
cluster node consisting of 2x Intel Xeon Processor 2650v4 (12 cores, 2.20 GHz each) and
512 GB of shared memory, with a 0.25 second simulation taking around 4.5 days to com-
plete, utilizing five processes and approximately 199 GB of memory. This is primarily
due to the large frequency range of interest, and the very fine mesh needed to resolve
the eddy currents. The fine spatial mesh in turn requires an extremely high sample rate
of 162 kHz to properly resolve the time-dependent behavior [120].

As discussed in Paper E, there are some clear problems with the time domain sim-
ulations, with both the input tones and harmonics shifting down in frequency. This is
seen in Figure 5.11 along with the results of the nonlinear variable order state-space
as described in the next section. The figure is reproduced from E. The reasons for the
frequency shift have proved elusive, with ongoing work to find the cause. One may think
this has to do with the spatial and time resolution, but this would be surprising as the
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Figure 5.11: The frequency response of the voice coil acceleration, to a two-tone input,
as calculated from the FEA simulation and the nonlinear variable order state-space
model. The input tones at 100 Hz and 2025 Hz produce harmonic and intermodulation
distortion in the output. There is a clear frequency shift in the FEA results, highlighting
the difficulties of the method.

effect is also seen at lower frequencies, where both the mesh resolution and time stepping
should be sufficiently high. A significant amount of effort was spent refining the time
domain FEA model, and it is hoped that its inclusion here and in Paper E will help
guide future work in the area.

Despite these issues, the model does show the characteristic harmonic and intermod-
ulation distortion patterns reminiscent of nonlinear voice coils. There is also a noticeable
increase in the frequency component corresponding to the second harmonic, as seen in
Paper E, Fig. 6. This is not typically seen from an asymmetrical nonlinear inductance,
and is instead likely a result of the so-called ‘magnetic attraction force’, that are inher-
ently included in the FEA due to the self-inductance of the coil [116, 117].

5.4 Variable Order Lossy Inductors
As Papers D and E show, the order of the fractional derivative in Eqs. (5.3) and (5.4)
varies with the position of the coil meaning β → β(x), where the time dependency of the
displacement is implied. As the fractional order now changes with respect to another
system variable, one sees that the weighting function from Eq. (2.18) will also change
depending on the position of the coil. This can be interpreted as the inductor having
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more or less memory of the previous magnetic flux. Using the theory of variable order
calculus from Chapter 3, Eq. (5.5) can be written as

V (t) = Dβ(x)Φ(x, t) = Dβ(x) (L(x) · i(t)) , (5.9)

where Dβ(x) is a variable order derivative from Eq. (3.1). Variable order derivatives can
also be used to model the frequency dependency of the inductance, with initial research
conducted by Bezzola et al. [121].

Eq. (5.9) was then included in a coupled variable order electromechanical system,

V (t) = Ri(t) + Dβ(x)Φ(x, t) + Bl
dx(t)

dt
, (5.10a)

Bli(t) = M
d2x(t)

dt2 + D
dx(t)

dt
+ Kx(t). (5.10b)

More information on coupled problems in regards to loudspeaker modeling can be foudn
in Chapter 6. The coupled system in Eq. (5.10) can be written in the discrete variable
order state-space form of Eq. (3.3) and solved in the time domain using Eq. (3.4). The
response to a two-tone input is shown in Figure 5.11, along with the response of the
FEA model. While the variable order state-space response is more realistic than the
FEA model, when compared to the typical behavior of a nonlinear lossy inductor, more
work is needed before the the variable order model can be validated.

Recalling that both the fractional order and variable order Grünwald-Letnikov deriva-
tives have summations which increase in terms over time may make one cautious about
the computational power needed to solve Eq. (5.9). Fortunately, the value of β(x) is
typically larger than 0.5, meaning the derivative has a relatively short memory length,
as seen from the weighting function in Figure 2.4. This makes approximations of the
fractional and variable order derivative based on the short memory principle from Sec-
tion 2.2.1 possible without introducing too much error. Even using the full memory
results in a calculation much faster than can be achieved using FEA, with a 0.25 second
variable order simulation taking 109 s on an, Intel Xeon Processor E5-1620 v3 (4 cores,
3.50 GHz), opposed to the 4.5 days using FEA on the HPC cluster node. Clearly, fur-
ther advances in the algorithm are needed before being used in real-time applications,
with efficient implementations continuing to be researched. Nonetheless, the increased
accuracy of the variable order lossy inductance model will be useful in both the design
and control of systems using such components.
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CHAPTER 6
Nonlinear Loudspeaker

Modeling
The best prophet of the future is the past.

—Lord Byron, British poet, peer and politician,
1788–1824

This chapter returns to the moving-coil loudspeaker from Figure 1.1 and develops
a time domain solution method using a nonlinear fractional order state-space model.
Proper modeling of the nonlinear response is important for nonlinear compensation
algorithms, which are growing in use [5–9, 56, 57]. The performance of these nonlinear
control algorithms is directly related to the accuracy of their underlying model, i.e., the
control algorithm can only correct what the model can predict. If this prediction is off,
even by a small amount, the overall response may end up worse than the uncompensated
response.

As a starting point, the low frequency response of a loudspeaker is often approximated
as a set of integer order coupled differential equations [1, 2]

V (t) = Ri(t) + L
di(t)
dt

+ Blẋ(t), (6.1a)

Bli(t) = Mẍ(t) + Dẋ(t) + 1
C

x(t). (6.1b)

where Eq. (6.1a) represents the electrical system and Eq. (6.1b) represents the mechan-
ical system. The electrical system is seen to be equivalent to the integer order lossy
inductor model from Eq. (5.1) driven by a voltage V (t), which is coupled to the mechan-
ical mass-spring-damper from Eq. (4.1). The compliance of the suspension C = 1/K is
used instead of the stiffness, as is common in loudspeaker modeling. The force factor
coupling from Eq. (5.2) transforms the electrical current in Eq. (6.1a) to a mechanical
force in Eq. (6.1b).
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6.1 Fractional Order Loudspeaker Model
Similarly to Eq. (6.1), the fractional order coupled loudspeaker model can be formed
using the fractional lossy inductor model from Eq. (5.3) and the fractional viscoelastic
model from Eq. (4.7) as

V (t) = Ri(t) + LβDβi(t) + Blẋ(t), (6.2a)

Bli(t) = Mẍ(t) + Dẋ(t) + 1
Cα

Dαx(t), (6.2b)

where Dα and Dβ are fractional derivatives of orders α and β, as defined in Chapter 2.
Eq. (6.2) can be expressed visually as the coupled electromechanical system in Figure 6.1.

−
+V (t)

R Lβ

−
+Blẋ(t)

i(t)

Bli(t) M

D

Cαx(t)

Figure 6.1: Coupled electro-mechanical loudspeaker system.

The parameters of Eq. (6.2) can be identified as explained in Paper A, where voltage
and current measurements are used along with measurements from a displacement laser
to determine the response to a known excitation signal. The setup was similar to the one
in Figure 6.2, seen with the P17 loudspeaker. Recalling Figure 1.2, the measurements
show that the fractional order model from Eq. (6.2) is much more accurate than the
integer order model from Eq. (6.1). This is illustrated for a second speaker, the PSA01,
in Figure 6.3, also measured in one of the Master theses co-supervised by the author
[16].

This fractional order loudspeaker from Eq. (6.2) forms the basis of the nonlinear
loudspeaker analysis conducted in Paper A. The following section introduces two position
dependent nonlinear effects into Eq. (6.2): the nonlinear stiffening of the suspension
and the nonlinear lossy inductance. While actual nonlinear compensation is outside
the scope of this thesis, it is important that the models developed here fit into the
commonly used nonlinear state-space framework, allowing them to be used in nonlinear
control applications.
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Figure 6.2: Measurement setup for determining the frequency response of a loudspeaker,
pictured with the P17. The voltage and current are measured simultaneously to the
laser displacement.

6.2 Nonlinear Fractional Order Loudspeaker
Model

Two nonlinear effects were of interest: the hardening effect seen in loudspeaker suspen-
sions when driven to large displacements, as well as the position dependency voice coil
impedance as the coil moves. These nonlinearities can be incorporated into the fractional
order loudspeaker model from Eqs. (6.2) by modifying (6.2a) with a position dependent
fractional inductance Lβ(x) and adding a position dependent compliance C0(x) to (6.2b),

V (t) = REi(t) + DβLβ(x)i(t) + Blẋ(t), (6.3a)

Bli(t) = MMSẍ(t) + RMSẋ(t) + 1
Cα

Dαx(t) + 1
C0(x)

x(t), (6.3b)

where Lβ(x) and C0(x) can be expanded as polynomials as in Paper A and E. Later
research in Paper B suggested that a constant C0 may not be necessary when modeling
viscoelastic suspension creep, but the nonlinear dependency of such a model was not
explored. The choice of making C0(x) nonlinear in Paper A, opposed to Cα, was made
to separate the effect of the nonlinearity from the fractional order term. It is seen that
Eq. (6.3) reduces to the linear fractional loudspeaker in Eq. (6.2) if C0(x) = 0. Recall
that the ‘magnetic attraction forces’ have been neglected.
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Figure 6.3: Comparison of the integer order and fractional order loudspeaker models with
measured data of the PSA01 loudspeaker [16]. The upper curve is the magnitude of the
displacement to current tranfer function |X/I| and the lower curve is the magnitude of
the impedance |Z|.

The two nonlinear parameters in Eq. (6.3), Lβ(x) and C0(x), can be identified through
measurements or numerical simulations and are well approximated using polynomials [3,
4, 122]. One procedure is explained and demonstrated for the nonlinear inductance in
Paper D. Notice that Lβ(x) has been moved inside the fractional derivative in Eq. (6.3a)
as it now depends on a time-varying position. Other nonlinearities can be incorporated
in a similar manner.

At this point, literature using an integer order inductance usually separates the
fractional derivative in Eq. (6.3a) into two terms using the product rule. For fractional
order derivatives the product rule, also known as the Leibniz rule, is no longer valid
as seen in Eq. (2.4) [66, 71]. To overcome this challenge, Papers A and E use a newly
developed state-space model where the magnetic flux of the voice coil Φ(x, t) = L(x)i(t)
is used as a state variable instead of the coil current i(t). This method proves extremely
useful in circumventing the computational challenges associated with the generalized
Leibniz rule in Eq. (2.3) that would need to be used otherwise.

Eq. (6.3) can be written in a nonlinear version of the fractional order state-space
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from Eq. (2.23), giving the state and input vectors,

xm =
[
Φm xm Dαxm ẋm

]T

, (6.4)

um = Vm, (6.5)
and the vector of fractional orders,

α =
[
β α 1 − α 1

]
, (6.6)

corresponding to the order of derivatives of xm, as seen in Eq. (2.24). The now nonlinear
state-space matrices are:

Am =



− R
Lβ(xm) 0 0 −Bl

0 0 1 0

0 0 0 1

Bl
MLβ(xm) − 1

C0(xm)M − 1
CαM

− R
M


, (6.7a)

B =
[
1 0 0 0

]T

, (6.7b)

Cm =



1
Lβ(xm) 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1


(6.7c)

D =
[
0 0 0 0

]T

. (6.7d)

In this case B and D are constant. Note the output matrix Cm is used to obtain the
output vector ym, where the magnetic flux Φ is transformed to the voice coil current im.
The flux based formulation turns out to be much simpler than using the current as a
state variable as in previous work with nonlinear inductances. The variable order case
is described in Section 6.2.2 below and in Paper E.

6.2.1 Nonlinear Position Dependent Suspension Stiffness
The nonlinear fractional order loudspeaker model from Eqs. (6.4) to (6.7d) incorporates
a position dependent compliance C0(x) with a quadratic nonlinearity, becoming stiffer
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with displacement. This system was solved numerically using Eq. (2.25) based on the
discrete Grünwald-Letnikov fractional derivative from Eq. (2.21). The simulation results
are shown in Figure 6.4. Note that the output has been converted to a sound pressure
level. The fractional inductance terms were held constant to isolate the effect of the
nonlinear suspension.
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Figure 6.4: Harmonic distortion predicted by the fractional order model of the PSA01
loudspeaker with a symmetric nonlinear compliance produces the expected odd order
harmonics plus additional even order harmonics due to the long transient introduced
by the fractional order model of viscoelasticity. These extra even order harmonics lose
amplitude over time and are not present in an integer order system, which quickly reaches
steady-state oscillations.

It is seen that the fractional order model generates the expected harmonic distor-
tion components at odd multiples of the input frequency, as expected for this kind of
symmetric nonlinearity. Additionally, the long transients due to the viscoelastic affect
interact with the nonlinearity, producing even order harmonics that would not normally
be expected. It is seen that these additional transients decay over time, as the system
approaches a pseudo-steady state. The system will never reach a steady state condition
in the traditional sense, due to the infinite memory of the fractional derivative.

The addition of viscoelastic creep, seen as a softening of the suspension at low fre-
quencies as in Figure 1.2, makes the fractional order model better at predicting the future
displacement of the mass compared to the integer order model. This improvement is
beneficial for nonlinear control, where loudspeaker nonlinearities commonly create DC
voltages in the system, resulting in static forces on the suspension. These step like inputs
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to the system may not be audible, but can cause the speaker to move to a new position,
activating nonlinearities which degrade the system response. In nonlinear compensation,
inaccuracies in the loudspeaker position model may add more distortion to the output
than was in the uncompensated signal.

6.2.2 Nonlinear Position Dependent Lossy Inductance
The nonlinear position dependency of the voice coil impedance, as discussed in Chapter 5
and Papers D and E, was also included in the nonlinear fractional order loudspeaker
model of Paper A. When excited by a two-tone input, a low and high frequency, one
sees that the nonlinearity produces the expected intermodulation distortion pattern, as
illustrated in Figure 6.5.
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Figure 6.5: Intermodulation distortion from the integer order and fractional order models
of the PSA01 loudspeaker, with a nonlinear inductance. A 100 Hz input signal, not seen
in the figure, was used in all simulations in order to generate enough displacement for
the intermodulation components to appear.

It was seen that the differences in the high frequency slope of the impedance change
the level of the intermodulation components when compared to a similar integer order
nonlinear model. As the fractional order inductance has relatively short time constants,
due to a fractional order close to one, it is possible to avoid some of the numerical
difficulties associated with the infinite memory of the fractional order. This can be seen
from the weighting function in Figure 2.4, which shows that higher fractional orders
have a weaker memory effect.
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As the measurement and simulation results from Paper D and E showed that both the
fractional inductance Lβ(x) and the fractional order β(x) depend on the coil position,
the variable order derivative methods from Chapter 3 became necessary. A variable
order nonlinear state-space model was then developed in Paper E to account for the
position dependent Lβ(x) and β(x). The position dependent parameters are modeled
using polynomial expansions in a similar manner to C0(x) and other loudspeaker non-
linearities [122]. Including the non-integer order frequency dependency, makes variable
order model more accurate than the commonly used L2R2 model, as demonstrated in
Paper D.

At high levels, β(x) varies with position, producing harmonic and intermodulation
distortion components as commonly seen when working with nonlinear loudspeaker
impedance. This was shown for a two-tone signal in Figure 5.11 along with results of
an FEA model. To the authors knowledge, this is the first use of variable order deriva-
tives in modeling position dependent lossy inductors. There has been some preliminary
work into describing a frequency dependency in the fractional order of an inductor using
variable order derivatives by Bezzola et al. [121], but this is outside the scope of this
thesis.



CHAPTER 7
Conclusions

I would rather write 10,000 notes than a single
letter of the alphabet.

— Ludwig van Beethoven, German composer
and pianist, c. 1770–1827

Many ‘notes’ were made during the writing of Papers A through E, with motifs of
acoustic technology and fractional calculus throughout. As seen, the materials and com-
ponents used in hearing aids and other transducers, like moving-coil loudspeakers, are
subject to both linear and nonlinear effects that influence the performance of the device.
Experiments showed that fractional derivative and variable order derivative formulations
from Chapters 2 and 3 are far more accurate than traditional integer order models when
describing two such linear effects: the viscoelastic behavior of rubber polymers from
Chapter 4 and the lossy inductance of loudspeaker voice coils seen in Chapter 5. The
usefulness of these new formulations was demonstrated by creating a nonlinear fractional
order state-space model of a loudspeaker, for predicting nonlinear distortion as seen in
Chapter 6.

The main findings from the different studies will now be reviewed following the
structure of the thesis. Many of the questions posed at the beginning of this work
have been answered, while ever more continue to make themselves known. Conclusions
regarding fractional and variable order calculus are presented from an applied engineering
perspective, followed by the specific findings related to viscoelastic materials and to lossy
inductors. Finally, conclusions found through the application of fractional viscoelasticity
and fractional lossy inductance to nonlinear loudspeaker modeling are discussed, along
with general findings related to nonlinear fractional order systems. The current state
and future perspectives of the different research areas are mentioned throughout.

7.1 Fractional & Variable Order Calculus
The inherent memory effect of fractional derivatives makes them well suited for modeling
a variety of phenomena, including viscoelasticity and lossy inductance. The frequency
domain representation from Eq. (2.6) allows for simple parameter identification using
common measurement techniques and numerical minimization schemes. The resulting
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models are accurate over a broad frequency range, while using relatively few parameters.
In the time domain, the fractional derivative allow these complex linear effects to be
included in nonlinear analysis. The method used here solves a nonlinear fractional order
state-space model using the discrete form of the Grünwald-Letnikov fractional derivative
from Eq. (2.20), with the solution given in Section 2.3.

While highly accurate, there are still some numerical challenges associated with using
fractional derivatives in the time domain. This is due to the summation in (2.20) grow-
ing larger over time, causing the number of computations to increase O(m2). Nonethe-
less, there are various methods of reducing the number of computations as seen in
Section 2.2.1, with continued research in the area. The author believes these meth-
ods, along with the steady increase in affordable high powered microprocessors, will
soon allow for highly accurate real-time fractional order prediction models, across large
frequency ranges.

The theoretical basis of the fractional order relationships gives further motivation
for their use, with the fractional order of the derivative often having a clear physical
interpretation. This is seen in viscoelasticity as the continuous variation from elastic
energy storage to viscous dissipation, as the order goes from zero to one. Similarly,
in electrical circuits, changes in the fractional order represent the transition from fully
inductive behavior of a component, where energy is stored in the magnetic field, to fully
resistive behavior, where all of the energy is dissipated as heat.

7.2 Viscoelasticity
Fractional derivative models of viscoelasticity were shown to give a precise constitutive
relationship between stress and strain at the material level as seen in Paper C, as well
as between force and displacement at the component level as in Paper B. The fractional
viscoelastic models can be represented simply in the frequency domain, while the time
domain solution can be used for non-harmonic inputs as well as in the nonlinear case.
Another major benefit of the fractional viscoelastic models is in their ability to link the
static and dynamic properties of materials and components, giving a single model for
both harmonic analysis and creep and relaxation tests.

Component level viscoelastic models from Paper B were seen to provide an accurate
description of frequency dependency properties as seen in loudspeaker suspensions. It
was shown that, depending on the model structure, the frequency domain identification
techniques commonly used in loudspeaker modeling may or may not give the correct
viscoelastic creep response of the suspension. From this, it was concluded that using
a damped fractional Scott-Blair suspension model is a better choice than a damped
fractional Kelvin-Voigt model. Still, there are clear improvements to the identification
techniques, as the model does not necessarily predict the correct amplitude of the creep
response. The choice of model may be improved using new identification techniques at
lower frequencies, or by identifying the parameters directly from creep measurements.
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Unfortunately, this type of low frequency measurement is likely too time consuming and
sensitive to background noise for widespread use.

Paper C showed that the three material level viscoelastic models analyzed can all
accurately predict the dynamic response of two carbon filled rubber polymers over nine
decades in frequency. The four-parameter fractional order viscoelastic (FOV4) model
from Eq. (4.9) was shown to be the best choice based on the adjusted R-squared between
the model and DMA measurements. The similar accuracy of the models was likely
due to the precision of the DMA measurements, where the large amount of variation
limited the effectiveness of more complex fractional order model structures, such as the
FOV5 and FOV5F models from Section 4.2.1.1. At the same time, these more advanced
model structures were shown to give different asymptotic behavior at high and low
frequencies, which may be useful for different load cases. This can be seen from the
newly developed FOV5F model, which displays fluid-like behavior at low frequencies,
resulting in viscoelastic creep which never reaches an equilibrium. This type of model
behavior can be important when considering constant stresses on the material, as in the
nonlinear case.

7.3 Lossy Inductors
Similarly, the fractional order lossy inductance model from Eq. (5.3) was seen to be
far more accurate than integer order models when estimating the impedance of a loud-
speaker. The theory described in Chapter 5 showed how the order of the fractional
derivative is related to the amount of eddy currents generated in the conductive sur-
roundings of the coil. Specifically, Paper D showed that changes in position effect the
model parameters in way corresponding to their physical interpretation. This was ob-
served as the fractional order changing from some value near one-half towards a value of
one as the coil moves away from the iron pole pieces towards free air. The fractional in-
ductance term was shown to decrease as the coil moves away from the high permeability
of the iron.

The electrical measurements were seen to be fast and accurate, as the lossy induc-
tance is most important at high frequencies, where the time constants are shorter. They
are also far less sensitive to noise than the viscoelastic measurements from Chapter 4.
The shorter distribution of time constants typically relaxes some of the computational
constraints imposed by the infinite memory of the fractional derivative, as approxima-
tions of the Grünwald-Letnikov fractional derivative such as the short memory principal
are more accurate for higher fractional orders. These lumped models were far faster and
easier to use than the FEA of the same system.

The variable order lossy inductor model, developed to account for the position de-
pendence of the fractional order, was shown to produce the expected harmonic and
intermodulation distortion pattern known to be a symptom of a nonlinear loudspeaker
inductance. There are many possibilities to use the improved impedance models, in-
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cluding in ongoing research into magnetic attraction forces and force factor modulation,
where the spatial dependence of the inductance influences the effect. Improvements
in dynamic identification techniques of the nonlinear position dependency should also
prove useful in refining the variable order behavior. The nonlinear fractional and vari-
able order impedance models that were developed can now be used in the transducer
design process and for control of systems using lossy inductors.

7.4 Nonlinear Loudspeaker Modeling
While the frequency domain representation is extremely useful for linear modeling, it is
the time domain version of the fractional derivative that is novel in modeling nonlinear
behavior of loudspeakers. To this end, the nonlinear fractional order state-space method
in Paper A, and later the variable order version in Paper E, were shown to predict the
nonlinear response of the system, while including viscoelasticity and lossy inductance.
The state-space simulations produced both harmonic and intermodulation distortion, as
expected of such nonlinear systems.

Paper A showed how the frequency dependence of the fractional stiffness effects the
harmonic distortion produced by a nonlinear stiffness, as in Eq. (6.3b). It was shown that
the long time constants introduced by the viscoelastic effect create long transients, such
that the system will only ever reach a pseudo-steady state. These long transients then
interact with the nonlinear stiffness term, producing additional energy at the harmonics
than would otherwise be expected. Further measurements and advances in identification
techniques are needed to confirm this behavior in real loudspeakers.

The inclusion of the creep effect is especially important, as the nonlinearities can
produce DC terms, moving the speaker to a different position and activating various
nonlinearities. In the future, the authors hope this type of nonlinear state-space model,
incorporating a fractional suspension and inductance, can be used for more accurate pre-
dictions both in the design stage and when running nonlinear correction algorithms, as is
becoming more common through real-time digital signal processing. As work continues
on improving the numerical implementation of the fractional derivative, the increased ac-
curacy of the model should soon be computationally reasonable to use in control schemes
for nonlinear compensation.

7.5 Synopsis
The work of this thesis spans topics of electrical and mechanical systems as found in
acoustic transducers. Specifically, fractional order models of viscoelasticity and lossy
inductance were shown to be more accurate than their traditional integer order counter-
parts in predicting the complex frequency dependencies inherent in these devices. The
frequency domain material and component models were then transformed to the time
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domain and incorporated into a nonlinear fractional order state-space model of a moving-
coil loudspeaker, which was solved using a discrete time Grünwald-Letnikov fractional
derivative. Specifically, the nonlinear position dependent stiffness of the loudspeaker sus-
pension, and the nonlinear position dependence of the lossy voice coil. Further studies
into the nonlinear position dependencies of the lossy inductance necessitated a nonlin-
ear variable order state-space model, where the fractional order is not constant, which
was then solved using a variable order version of the discrete time Grünwald-Letnikov
definition. It was shown that the viscoelastic and lossy inductance effects interact with
nonlinearities in the system, generating both harmonic and intermodulation distortion
patterns that are influenced by the fractional order frequency dependencies. The au-
thor believes this is the first such nonlinear loudspeaker model including fractional order
frequency dependencies in the response.

The implicit memory of non-integer order derivative and variable order derivative
based methods, including the nonlinear fractional order state space solution, make them
useful far beyond acoustics, mechanics and electromagnetics. The generalization from
integer order derivatives to fractional order derivatives has the potential to benefit any
system that is modeled using differential equations, especially ones where memory ef-
fects are important. The theory and methods used to develop the nonlinear fractional
order state-space loudspeaker model drew on ideas from a variety of diverse fields and
disciplines. One can hope that the problems solved in this thesis will also aid studies
across these different areas. Since the first question was asked by L’Hospital to Leibniz,
the thought of non-integer order derivatives continues to fascinate researchers, with new
applications and generalizations yet to be discovered. Leibniz was clearly correct in
predicting the ‘useful consequences’ of these fractional order operators.
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Papers A-E
Paper A: Fractional Derivative Loudspeaker Models for Nonlinear
Suspensions and Voice Coils
Paper A was peer-reviewed and published in the Journal of the Audio Engineering
Society in 2018. It demonstrates the usefulness of the newly formed nonlinear fractional
order state-space model of a loudspeaker for predicting nonlinear distortion. The author
believes this is the first use of a discrete Grünwald-Letnikov fractional derivative in
modeling nonlinear time domain loudspeaker responses.

Paper B: Fractional Derivative Models of Viscoelastic Creep in
Loudspeaker Suspensions
Paper B investigates the fractional order loudspeaker suspension models in further detail.
The viscoelastic creep experiment of a loudspeaker suspension is ongoing. As the longest
running measurement of its kind, the suspension continues to creep. Conclusions made
in the paper will be updated as more experimental data becomes available, with plans
to submit the manuscript for publication.

Paper C: Fractional Derivative Material Modeling and Dynamic
Mechanical Analysis of Viscoelastic Rubber
Paper C also investigates fractional order viscoelasticity, characterizing two carbon filled
rubber polymers using dynamic mechanical analysis. The characteristics of three frac-
tional order models are investigated, showing that four-parameters are enough to de-
scribe the response given the variability of the measurements. This paper will be sub-
mitted for publication.
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Paper D: Position Dependence of Fractional Derivative Models for
Loudspeaker Voice Coils with Lossy Inductance
Paper D was presented at the 142nd Audio Engineering Society Convention, showing the
position dependence of the fractional order lossy inductance models. This work inspired
the variable order derivative models in Paper E.

Paper E: Variable Order Derivative Models of Nonlinear Position
Dependent Lossy Inductors
Paper E uses variable order derivative models of the lossy inductance to predict nonlinear
intermodulation distortion. While the variable order model shows promising results,
further work is needed in order to verify the behavior. Ongoing improvements to the
FEA simulations hope to make this possible, with new measurement techniques also
being considered. This may be combined with Paper D and submitted for publication,
pending more conclusive results.
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Moving-coil loudspeakers exhibit a number of linear effects, such as viscoelastic suspen-
sion creep and lossy inductance of the voice coil, which complicate their frequency response.
Nonlinear models of the loudspeaker must include these effects in order to make accurate
predictions for nonlinear compensation algorithms. While viscoelasticity and lossy induc-
tance have been modeled using a variety of methods in the frequency domain, the discrete
time-domain description using fractional derivatives is both accurate and easily incorporated
into existing nonlinear models. To demonstrate, a full bandwidth loudspeaker model, with a
fractional order viscoelastic suspension and a fractional order lossy voice coil, is fit to mea-
surement data from two loudspeakers. Further simulations with a nonlinear position dependent
suspension and a nonlinear position dependent inductance are conducted, revealing unexpected
frequency components due to the infinite memory of fractional derivatives. The computational
complexity of such methods is also discussed briefly.

1 INTRODUCTION

The small-signal response of moving-coil loudspeakers
can be accurately modeled using lumped parameters when
the size of the loudspeaker is small compared to the wave-
length. Solving these integer order differential equations in
the frequency domain is efficient and useful for predict-
ing a loudspeaker’s output [1]. Loudspeakers can also be
modeled in the time domain using a state-space representa-
tion and a finite difference approximation to calculate the
derivatives numerically. This type of numerical solution is
more computationally intensive than the frequency domain
solution but has the added benefit of allowing nonlinearities
to be easily incorporated into the system, which is necessary
for modeling the large-signal behavior [2–4].

While both the frequency and time domain representa-
tions of the lumped parameter model are well developed,
suspension creep and eddy current losses are not easily ac-
counted for, especially in the nonlinear domain. Viscoelas-
tic effects, which are often interpreted as frequency depen-
dent compliance and damping, manifests as an increased
displacement at frequencies below the resonant frequency
of the loudspeaker [5–9]. Above the resonance, the lossy in-
ductance of the voice coil due to eddy currents, changes the
loudspeaker’s electrical impedance when compared with
models of lossless inductors [10–14].

This paper first investigates the fractional order derivative
operator in the time and frequency domains. The discrete
time domain representation of the fractional derivative is in-

corporated into the state-space representation of a dynamic
system, yielding a finite difference based fractional order
state-space solution. A fractional order oscillator is then
analyzed where the effect of the fractional order derivative
below the resonance is clearly seen.

Two fractional order effects are then incorporated into the
lumped parameter model of a moving-coil loudspeaker: a
fractional order viscoelastic suspension and a fractional or-
der lossy voice coil. The fractional order loudspeaker model
is fit to measurement data in the frequency domain and
compared with the integer order loudspeaker model. Two
nonlinearities, i.e., a position dependent compliance and a
position dependent inductance, are introduced to the frac-
tional order model of the loudspeaker. This nonlinear frac-
tional order state-space is simulated using the previously
identified fractional order loudspeaker parameters. The re-
sulting harmonic and intermodulation distortion caused by
the nonlinearities and their interaction with the fractional
order derivatives are discussed and compared with those
predicted by a similar nonlinear integer order loudspeaker
model.

2 FRACTIONAL CALCULUS

Fractional calculus, or more specifically non-integer or-
der calculus, has interested mathematicians for over 300
years. The theory has its origins in a letter sent from Leib-
niz to L’Hospital in 1695, where he discusses the notion of
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a half-order derivative [15, 16]. The subject developed as
a purely theoretical branch of mathematics until its recent
application by scientists and engineers to areas of physics,
control engineering, signal processing, and other fields [17].

Fractional calculus arises naturally as a generalization
of integer order differentiation and integration, and can be
expressed by the non-integer order operator aDα

t , where a
and t are the bounds of the operation and α ∈ R is the order
of the operation. Therefore, the continuous diffo-integral
operator is defined as:

aD
α
t =

⎧⎨
⎩

dα

dtα : α > 0
1 : α = 0∫ t

a (dτ)α : α < 0
(1)

In application, it is typical to set the lower limit a =
0, which will be denoted by the absence of a in the frac-
tional order operator. The upper bound is assumed to be
t unless stated otherwise. In that way, the fractional order
differential operator will be written as Dα.

It is instructive to first look at the fractional order differ-
ential operator in the Laplace domain where one sees that
the α parameter affects the slope of the transfer function.
For zero initial conditions, the Laplace transform of the
fractional derivative is written [15]:

L
[
Dα f (t)

] = sαF(s) (2)

In the time domain, the three most common definitions
for fractional diffo-integrals are: the Riemann-Liouville
definition, the Caputo definition, and the Grünwald-
Letnikov definition. All three definitions are equivalent over
a wide class of functions given certain conditions [15–18].
The Grünwald-Letnikov definition of a fractional derivative
is especially useful when calculating numerical solutions to
fractional order differential equations and will be used in
this paper. The discrete approximation of the Grünwald-
Letnikov fractional derivative is defined as [16, 18]:

�αx(kT ) = 1

T α

k∑
i=0

(−1)i

(
α

i

)
x((k − i)T ) (3)

where k and T are the sampling index and sampling period
respectively, and

(
α

i

)
is the binomial coefficient given α and

i. It has been assumed that the initial conditions are zero for
all t < 0. As the summation takes place over past values of
x, the fractional derivative implies causality [19].

Eq. (3) simplifies to a backward difference solution for
integer order values of α, making it consistent with integer
order derivatives. For example, when α = 1:

�1x(kT ) = x(kT ) − x((k − 1)T )

T
(4)

Non-integer order values of the binomial coefficient
(
α

i

)
can be expressed in terms of the Gamma function, yielding
the fractional weighting function wα(i), shown in Fig. 1
[20]:

wα(i) = (−1)i

(
α

i

)
= �(i − α)

�(−α)�(i + 1)
(5)

Evaluating Eq. (5), the weighting of the current sample,
i = 0, is 1, while the weighting one sample in the past, i =
1, is −α. As i is increased, the magnitude of the weighting
function asymptotically approaches zero, effectively reduc-
ing the influence of past values of x. From this, one sees
that the fractional order derivative operator from Eq. (3) is
a non-local function with infinite memory, where the com-
plete history affects the next state, with the most recent past
being most important.

For higher values of α, the weighting function decreases
more rapidly, especially at low values of i or the most recent
history. This is consistent with the fact that for α = 1 the
weighting function is only non-zero for the current sample,
and one sample in the past, reducing Eq. (3) to the normal
backward difference.

Depending on the application, this summation of past
states may be truncated to a limited memory length by
using a moving lower limit [16]. This approach reduces
the number of calculations needed but also introduces error
from the truncation. On the log-log plot from Fig. 1, one
sees that the weighting function wα(i) has a negative slope
related to α. This means that the weighting of consecutive
historical samples becomes closer to one another, allowing
for other approximations, such as an adaptive memory grid
[21]. Higher order finite difference approximations can also
be used in formulating the discrete fractional derivative,
which introduces more complexity but also reduces the
approximation error [22].

2.1 Fractional Order State-Space
Before introducing the fractional order state-space, two

types of fractional order systems should be considered:
commensurate order and non-commensurate order systems.
Commensurate order systems have derivatives that are in-
teger multiples of each other, whereas non-commensurate
order systems contain derivatives of arbitrary order. As
real physical systems, including loudspeakers, are not con-
strained to derivatives in integer multiples, the more general
non-commensurate order definition is presented here.

Using the discrete form of the Grünwald-Letnikov frac-
tional order derivative from Eq. (3), the non-commensurate
fractional order state-space is

�αx((k + 1)T ) = Ax(kT ) + Bu(kT ) (6)

y(kT ) = Cx(kT ) + Du(kT ) (7)

where

�αx((k + 1)T ) =

⎡
⎢⎢⎢⎣

�α1 x1((k + 1)T )
�α2 x2((k + 1)T )

...
�αn xn((k + 1)T )

⎤
⎥⎥⎥⎦

and α = [
α j , . . . , αn

]
for j = 1, . . ., n and 0 � αj �

1 [23]. Note that the index k + 1 on the left hand side is
due to leading Eq. (3) by one sample in order to obtain a
model that depends on the previous state in a direct way.
This is comparable to using a forward difference solution
in the integer order case.
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Fig. 1. The fractional weighting function, wα(i), decreases for greater values of i. The rate of change of the weighting function is
decreasing, meaning consecutive samples are weighted more and more closely over time. Note the log-log scale of the plot.

The state and input vectors are represented by x(kT ) and
u(kT ) respectively. The matrices A and B are the state
and input matrices, which have coefficients representing
the dynamics of the system, while C and D are the output
and feedforward matrices respectively. The commensurate
order solution is recovered by setting the fractional order
vector α to a single value α.

Using Eq. (3), the non-commensurate fractional order
state-space solution is

x((k + 1)T ) = (T ᾱ A + ᾱ)x(kT ) + T ᾱ Bu(kT )

−
k+1∑
i=2

w̄α(i)x((k + 1 − i)T ) (8)

where ᾱ = diag{α j } for j = 1, . . ., n, and the weighting
matrix w̄α(i) = diag{wα j (i)}, where wα j (i) is the weighting
function from Eq. (5) for a given αj. Note that if ᾱ consists
of integer values, then the weighting function w̄α(i) inside
the summation will be zero, reducing Eq. (8) to a state-
space solution using a forward difference approximation of
the derivative.

3 FRACTIONAL ORDER OSCILLATOR

The differential equation of a linear integer order forced
harmonic oscillator is written as

Mm D2x(t) + Rm D1x(t) + 1

Cm
x(t) = F(t) (9)

where Mm is the mechanical mass, Rm is the mechanical
resistance, Cm is the mechanical compliance, x(t) is the
displacement as a function of time, and F(t) is the input

force as a function of time. The Laplace domain transfer
function with zero initial conditions is then

H (s) = X (s)

F(s)
= 1

Mms2 + Rms + 1/Cm
(10)

where X(s) and F(s) are the Laplace transforms of x(t) and
F(t) respectively.

The simplest form of a linear fractional order oscillator
occurs when the compliance and resistance terms of Eq. (9)
are replaced by a fractional order term. Therefore the equa-
tion of motion of the forced fractional order oscillator is

Mm D2x(t) + 1

Cα

Dαx(t) = F(t) (11)

where Cα is the fractional compliance and α is the order of
the fractional derivative. The transfer function is then

G(s) = X (s)

F(s)
= 1

Mms2 + 1
Cα

sα
(12)

The frequency response of Eq. (12) is shown in Fig. 2
for 0 � α � 1, where s has been replaced by jω.

First notice that for α = 0, Eqs. (11) and (12) reduce
to the undamped cases of Eqs. (9) and (10), where Rm =
0. Increasing α effectively adds damping to the system as
the fractional derivative transitions from elastic to viscous
behavior, reducing both the amplitude and frequency of
the resonance peak. When α = 1, the system becomes a
mass-damper system without any elastic energy storage.

The interesting behavior occurs for 0 < α < 1, where
the fractional oscillator behaves very differently from the
universal oscillator at frequencies below the resonance.
Making the fractional order even a small amount greater
than zero results in an increased response towards low
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Fig. 2. Frequency response of the fractional order oscillator for different fractional orders α.

frequencies. Without an additional limiting compliance, the
response increases indefinitely towards lower frequencies
with a slope of 20α dB per decade, and a phase which varies
from –απ/2 far below the resonance to −π far above the
resonance [16].

One can think of the fractional order term in Eqs. (11)
and (12) as a frequency dependent spring, which becomes
softer, and therefore moves more, at lower and lower fre-
quencies. This type of frequency response is characteristic
of viscoelastic creep where a DC force applied to a material
results in an infinitely increasing displacement. The frac-
tional order derivative has very little contribution above
the resonance where the mass term dominates. The frac-
tional order model is an improvement over the commonly
used logarithmic model of the compliance, which predicts a
physically impossible negative compliance above a certain
frequency [8].

4 MOVING-COIL LOUDSPEAKER

Lumped parameter loudspeaker models representing the
electrical, mechanical, and acoustical systems of the loud-
speaker are well developed in both the linear and nonlinear
domains [1, 2]. The linear coupled model can be readily
solved using frequency domain methods and is well approx-
imated in the time domain by solving the corresponding
system of differential equations using the system’s state-
space representation and numerical methods discussed
previously.

4.1 Integer Order Loudspeaker Model
The simplest integer order loudspeaker model is de-

scribed by the following differential equations for the
electrical and mechanical systems, where the acoustics

have been incorporated into the mechanical system for
simplification:

eg = REic + Le D1ic + Bl D1xD (13)

Blic = MMS D2xD + RMS D1xD + 1

CMS
xD (14)

The input voltage and current through the voice coil are
eg and ic respectively, while the displacement of the loud-
speaker diaphragm is xD. The voice coil resistance is RE,
the inductance is LE and the magnetic force factor is Bl. The
mass of the diaphragm and air load is MMS, the mechani-
cal damping of the suspension is RMS, and the mechanical
compliance is CMS.

Various improvements to this simple integer order model
have been proposed, such as the logarithmic model of the
loudspeaker suspension [5–7] and the L2R2 model of the
lossy voice coil [2], but these have various drawbacks [8,
24].

The integer order loudspeaker model from Eqs. (13) and
(14) can be written in the state-space form of Eqs. (6)
and (7) where α = [1, 1, 1], the state and input vectors are
x = [

ic, xD,D1xD
]′

and u = eg , along with the state and
input matrices

A =
⎡
⎣− RE

L E
0 − Bl

L E

0 0 1
Bl

MMS
− 1

CMS MMS
− RMS

MMS

⎤
⎦ and B =

⎡
⎣

1
L E

0
0

⎤
⎦.

The output and feedforward matrices C and D are an iden-
tity matrix and a zero matrix respectively.

4.2 Fractional Order Loudspeaker Model
A fractional order viscoelastic model of the suspension

can be incorporated into the state-space model of the loud-
speaker by replacing the mechanical compliance of the
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suspension CMS with a fractional order compliance Cα and
an integer order compliance C0. This is equivalent to the
suspension model proposed by Novak [9]. A fractional or-
der inductance is included by replacing the voice coil induc-
tance LE with a fractional inductance Lβ, which is equivalent
to the Leach model [11]. More information on modeling
lossy inductors using fractional derivatives can be found in
[25]. In this way, the differential equations representing the
loudspeaker are

eg = REic + Lβ Dβic + Bl D1xD (15)

Blic = MMS D2xD + RMS D1xD

+ 1

Cα

DαxD + 1

C0
xD (16)

where the fractional order of the derivative of the loud-
speaker displacement is α and the fractional order of the
derivative of the current passing through the inductor is
β. The mechanical mass MMS, the fractional order compli-
ance Cα, and the fractional order α largely determine the
loudspeakers response, while the limiting compliance C0

limits the displacement of the loudspeaker from becoming
infinite at very low frequencies. The damping term RMS

accounts for viscous losses in the suspension and has the
largest influence around the loudspeaker resonance. Recall
that the fractional order terms also introduce damping to
the system.

Eqs. (15) and (16) can be expressed in the fractional
order state-space form of Eqs. (6) and (7) where the orders
of the derivatives are α = [β, α, 1 − α, 1]. The state and
input vectors are x = [

ic, xD,DαxD,D1xD
]′

and u = eg ,
along with the state and input matrices

A =

⎡
⎢⎢⎣

− RE
Lβ

0 0 − Bl
Lβ

0 0 1 0
0 0 0 1
Bl

MMS
− 1

C0 MMS
− 1

Cα MMS
− RMS

MMS

⎤
⎥⎥⎦ and

B =
[

1

Lβ

, 0, 0, 0

]′
.

The fractional derivative of order β on the current ic mod-
els the lossy inductance of the voice coil by making the
inductance term partly resistive to account for eddy current
losses. An extra state variable, which will be referred to as
the fractional velocity DαxD , helps model the viscoelastic
suspension.

Matrices C and D are again an identity matrix and a
zero matrix respectively. This will not be the case for the
nonlinear state-space later on, where the fractional order
derivative acting on the nonlinear inductance requires for-
mulating the equations using the magnetic flux of the voice
coil � as a state variable instead of the voice coil current ic.

4.3 Loudspeaker Model Fitting
The integer order and fractional order loudspeaker mod-

els from Eqs. (13), (14), (15), and (16) are fit to experi-
mental measurement data from two loudspeakers termed

PSA01 and PSA02. The two loudspeakers are identical ex-
cept for the stiffness and damping of their surrounds, mean-
ing the identified values of the electrical system should be
the same for the two speakers except for minor manufactur-
ing differences. The measurement data includes the electri-
cal impedance Zmeas and the transfer function between the
displacement and the current (XD/Ic)meas at logarithmically
spaced frequencies ω. More information on the experimen-
tal setup can be found in [26].

The lumped parameters of the loudspeaker are deter-
mined by minimizing a cost function κ in the frequency
domain. The cost function is based on the difference be-
tween the measurements of the electrical impedance and
displacement to current transfer function and those pre-
dicted by the models. The integer order model has six free
parameters to fit, while the fractional order model has nine
free parameters.

The displacement of the two models can be written in
the frequency domain as

X D = 1

jω

Bl

ZE ZM + Bl2
Eg (17)

where the electrical impedance ZE is

ZE = ZE,BL K + Bl2

ZM
. (18)

The blocked electrical impedance and the mechanical
impedance of the integer order model are

ZE,BL K = RE + jωL E (19)

ZM = jωMMS + RMS + 1

jωCMS
(20)

and

ZE,BL K = RE + Lβ( jω)β (21)

ZM = jωMMS + RMS + 1

Cα( jω)1−α
+ 1

jωC0
(22)

for the fractional order model.
The cost function κ is written as

κ = ‖ZE − Zmeas‖
‖Zmeas‖ + ‖(X D/Ic) − (X D/Ic)meas‖

‖(X D/Ic)meas‖ (23)

where ‖ · ‖ denotes the 2-norm of a vector. ZE, Zmeas,
(XD/Ic), and (XD/Ic)meas are vectors with components at the
discrete measurement frequencies ω. The displacement to
current transfer function was fit from 1 mHz to 1 kHz,
while the impedance was fit from 0.1 Hz to 8 kHz. All the
logarithmically spaced frequencies are weighted equally.

The fitted responses for the PSA01 and PSA02 loud-
speakers can be seen in Figs. 3 and 4 respectively, including
both the displacement transfer function and the impedance.
The fitted parameters can be seen in Table 1 for the integer
order model and Table 2 for the fractional order model.

The PSA01 loudspeaker has a low compliance, high loss
surround making it stiff in comparison to the PSA02, which
has a low loss surround with a high compliance. The high
compliance of the PSA02 is seen clearly from its lower
resonance frequency. Also note that the magnitude of the
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Fig. 3. Comparison of the PSA01 loudspeaker’s measured displacement to current response and impedance, with that predicted by the
integer order and fractional order models.
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Fig. 4. Comparison of the PSA02 loudspeaker’s measured displacement to current response and impedance, with that predicted by the
integer order and fractional order models.

Table 1. Fitted parameters of the PSA01 and PSA02 loudspeakers
using the integer order model of the suspension.

Bl (T m) RE (�) LE (mH) MMS (g) RMS ( N s
m ) CMS ( mm

N )

PSA01 2.63 3.15 0.167 2.27 0.589 0.452
PSA02 2.75 3.14 0.167 2.91 0.324 0.745
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Table 2. Fitted parameters of the PSA01 and PSA02 loudspeakers using the fractional order
model of the suspension.

Bl (T m) RE (�) Lβ (mHβ) β MMS (g) RMS ( N s
m ) C0 ( mm

N ) Cα ( mm
Nα ) α

PSA01 3.05 3.13 0.865 0.828 3.52 0.318 0.970 0.863 0.107
PSA02 3.02 3.16 0.764 0.841 3.88 0.095 0.977 3.510 0.156

response is relatively low for the PSA01 compared to the
PSA02 with less damping.

One sees that the fractional order model does a good
job of predicting both the PSA01 and PSA02 frequency
response, where the low frequency creep effect is clearly
modeled by the fractional order component. The slope of
the low frequency portion is equal to −20α dB, where
α is the order of the fractional derivative. This is a large
improvement over the integer order model, which predicts
a flat response below the resonance. The fractional order
model also does a better job of capturing the frequency
dependency of the lossy inductance compared to the integer
order model, which affects the electrical impedance as well
as the displacement transfer function above the resonance.

The differences in the surround are apparent when com-
paring the PSA01 and PSA02 parameters for the two mod-
els. PSA01 has a larger value for RMS, corresponding to
higher losses in the suspension, as expected. The higher
compliance of the PSA02 is reflected in the CMS parameter
of the integer order model. Comparing the compliance in
the fractional order case is slightly more complex, as the
impedance of this term depends on Cα, α, and the C0 param-
eters. Nonetheless, both Cα and C0 are larger for PSA02.
The α parameter is also larger, reflecting the higher amount
of suspension creep. The fractional compliance term, Cα,
behaves somewhere between an elastic element and a vis-
cous element depending upon the value of 0 � α � 1.
From the model fit, we see that α is closer to zero than to
one, meaning the element is of a more elastic nature, while
still adding damping. Therefore, the higher α value of the
PSA02 is partially responsible for the low RMS value.

The moving mass MMS is very close for the two loud-
speakers in both models but is slightly more stable in the
fractional order case. This is expected as the two loudspeak-
ers have the same diaphragm, while the minor variation
may be accounted for by the different surrounds affecting
the mechanical mass. The two loudspeakers have identical
electrical systems, except for minor manufacturing differ-
ences, so it is expected that the identified electrical parame-
ters will be consistent for the two loudspeakers. This is true
for both loudspeaker models, where only small differences
are seen. The inductance parameters are slightly less stable
in the fractional order case, but the model fits are much
closer to the measured values than the integer order case.
Notice that the two models have different Bl values showing
that the parameters are affected by the model structure.

5 NONLINEAR LOUDSPEAKER

Nonlinearities can be included in the fractional order
state-space model of Eqs. (6) and (7) by making the state-

space matrices, A, B, C, and D time-dependent and up-
dating them after each time step based on the current state
[2–4]. One method of updating the matrices is the so-called
polynomial approach of modeling nonlinearities [3, 27].
Volterra series and Generalized Hammerstein models are
also possible [9]. The nonlinear version of Eqs. (6) and (7)
is therefore:

�αx((k + 1)T ) = A(kT )x(kT ) + B(kT )u(kT ) (24)

y(kT ) = C(kT )x(kT ) + D(kT )u(kT ) (25)

where the state-space matrices are now time-dependent
and have additional terms to model the nonlinear behav-
ior. This can be solved by substituting the time-dependent
matrices A(kT ) and B(kT ) into Eq. (8).

First, a nonlinear position dependent compliance is in-
corporated into both the integer order and the fractional
order model of the loudspeaker suspension in order to in-
vestigate how it interacts with the fractional order deriva-
tive. Next, the fractional order inductance of the full loud-
speaker model is made position dependent and compared
with the nonlinear integer order version. Real loudspeakers
have other nonlinearities that affect the system in a more
complicated manner, but they have been omitted to simplify
the analysis [2].

5.1 Position Dependent Stiffness
The Duffing oscillator is a simple nonlinear system com-

monly used in analysis. The equation of motion is written:

F(t) = MMS D2x(t) + RMS D1x(t)

+ 1

CMS
x(t) + μx(t)3 (26)

where μ is the nonlinear stiffness, or the amount of non-
linearity in the the restoring force [28]. When μ > 0, the
nonlinearity can be thought of as a hardening spring, be-
coming stiffer with increasing displacement. Conversely, μ
< 0 represents a softening spring. The damped harmonic
oscillator of Eq. (9) is recovered for μ = 0. This paper fo-
cuses on the case where μ > 0, as the hardening phenomena
is commonly seen in loudspeaker suspensions [2]. The non-
linearity is included in the integer order loudspeaker model
by replacing Eq. (14) with Eq. (26), where the forcing func-
tion is F(t) = Blic(t).

There are several ways to extend the Duffing oscillator of
Eq. (26) using fractional order derivatives. One such way
is to add an additional fractional compliance Cα, which
is proportional to the α-order fractional derivative of the
displacement. The normal compliance CMS has also been
replaced by C0 to distinguish it from the integer order case.
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Fig. 5. Harmonic distortion predicted by the fractional order model of the PSA01 loudspeaker with a symmetric nonlinear compliance
shows the expected odd order harmonics plus additional even order harmonics due to the long transient introduced by the fractional
order model of viscoelasticity. These extra even order harmonics lose amplitude over time and are not present in an integer order system,
which quickly reaches steady-state oscillations.

Eq. (26) then becomes

F(t) = MMS D2x(t) + RMS D1x(t)

+ 1

Cα

Dαx(t) + 1

C0
x(t) + μx(t)3 (27)

which is similar to the mechanical model of the fractional
order loudspeaker in Eq. (16). In this case the nonlinearity
is still dependent on the displacement x(t). For C0 = 0,
RMS = 0 and μ = 0, one sees that Eq. (27) reduces to the
fractional order oscillator of Eq. (11).

The fractional order loudspeaker model is then made
nonlinear by replacing Eq. (16) with Eq. (27), where the
forcing function is again F(t) = Blic(t). While the actual
nonlinearity is more complex, Eqs. (26) and (27) represent
two simple ways of modeling the symmetric case of the
hardening spring effect seen in loudspeaker suspensions,
while more complex position dependencies can be modeled
using higher order polynomial terms [3].

Simulations of the nonlinear fractional order model from
Eq. (27) were conducted using the fitted parameters of the
fractional order model of the PSA01 loudspeaker, along
with μ = 185 MN/m3. This value of μ was chosen as it ap-
proximately doubles the nominal stiffness, 1

C0
, at a displace-

ment of 0.25 cm. The input force consists of a pure tone at
100 Hz with an amplitude of 10 V in order to generate har-
monic distortion. These values were chosen to highlight the
behavior of the nonlinearity. The results are shown in Fig. 5,
where an early and a late FFT of the 0.25-s-long simulated
output was found. The early FFT was conducted after 0.076

seconds and the late FFT after 0.236 seconds. Both FFTs
were performed on a 0.04 second section of the output.

The integer order loudspeaker model, with a symmetric
nonlinearity, produces the expected harmonics at odd mul-
tiples of the input frequency [2]. These odd harmonics are
also present in the fractional order case as seen at 300 Hz,
500 Hz, 700 Hz, and 900 Hz. Unlike the integer order sys-
tem, the fractional order case also produces low-level even
order harmonics as seen at 200 Hz, 400 Hz, and 600 Hz.
These can be interpreted as an effect of the fractional or-
der derivative’s memory, which introduces a long transient
that continues to influence the system over an extended pe-
riod of time. This long transient decays as the simulation
progresses, in turn reducing the amplitude of the even or-
der harmonics, as seen for the late FFT. The long transient
seems to slightly affect the odd order harmonics as well.

The additional distortion components from the fractional
order derivative are about 60 dB lower than the fundamental
frequency when using this choice of loudspeaker parame-
ters, and would often be neglected in practice. They may
be stronger in other situations such as for higher values of
α. Note that without a limiting compliance, the system will
never reach fully steady-state behavior due to the infinite
memory of the fractional order derivative. While not seen
here, the transient nonlinear harmonics are also present in
the non-steady-state response of integer order systems with
very low damping and strong nonlinearities. While typi-
cally so low in level as to be ignored, it is important to
be aware that these transient effects are present. Unfortu-
nately, measurements to isolate these additional distortion
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components are difficult due to their low level and the dis-
tortion caused by other loudspeaker nonlinearities at the
same frequencies. More work is needed to determine how
best to model the nonlinear suspension in the fractional
order case.

5.2 Position Dependent Inductance
A full loudspeaker was also modeled with a position de-

pendent nonlinear inductance in order to see if it affects
the production of intermodulation distortion components.
In the integer order case a normal inductance is made non-
linear, while in the fractional order case the nonlinear term
affects the fractional order inductance.

Introducing a position dependent inductance L(x), the
voltage across the inductor is

v(t) = d�(x, t)

dt
= d(L(x)i(t))

dt

= L(x)
di(t)

dt
+ i(t)

dL(x)

dt
(28)

where �(x, t) is the position and time-dependent magnetic
flux of the inductor and v(t) and i(t) are the time-dependent
voltage and current respectively.

In the integer order case, L(x) is typically separated into
two terms using the chain rule, as seen in the last step of
Eq. (28). In the fractional order case, the infinite memory
means that the chain rule does not hold [29] and the voltage
across the fractional order inductor must be written as

v(t) = Dβ�(x, t) (29)

where β is the fractional order of the derivative on the
flux.

As the nonlinear L(x) cannot be separated, the state-
space equations must be written in terms of the flux �,
instead of the voice coil current ic. In the fractional order
state-space form of Eqs. (6) and (7), the state and input
vectors become x = [

�, xD,DαxD,D1xD
]′

and u = eg ,
along with the state-space matrices:

A =

⎡
⎢⎢⎢⎣

− RE
Lβ(x) 0 0 −Bl

0 0 1 0
0 0 0 1
Bl

MMS Lβ(x) − 1
C0 MMS

− 1
Cα MMS

− RMS
MMS

⎤
⎥⎥⎥⎦,

B =

⎡
⎢⎢⎣

1
0
0
0

⎤
⎥⎥⎦, C =

⎡
⎢⎢⎣

1
Lβ(x) 0 0 0

0 1 0 0
0 0 1 0
0 0 0 1

⎤
⎥⎥⎦ and

D =

⎡
⎢⎢⎣

0
0
0
0

⎤
⎥⎥⎦

where α = [β, α, 1 − α, 1]. The matrix C is used to convert
the output from the magnetic flux � to the voice coil current
ic. The nonlinear integer order state-space can be formed
in a similar manner without affecting the output and is
simpler than the traditional nonlinear formulation where a
derivative of the inductance appears in the state matrix.

The nonlinear inductance is then modeled by making
L(x) depend on position as seen for the integer order and
fractional order cases respectively

L E (x) = L E (1 + ηxD(t)) (30)

Lβ(x) = Lβ(1 + ηxD(t)) (31)

where η is the nonlinear inductance parameter. When η < 0,
the inductance will decrease for positive displacements and
increase for negative displacements, as is normally the case
for loudspeakers [2]. Higher order polynomials can also be
used to more accurately describe the position dependency
of the inductance.

For the following simulations, the nonlinear parameter
was set to η = −100 m−1 for both the integer order and
fractional order cases. This represents a 25% change in LE

and Lβ at displacements of ±0.25 cm. In the integer order
case, the nonlinearity only affects the inductance, but in
the fractional order case a changing Lβ(x) means that both
the inductance and the resistance of the model will change
as the fractional order derivative of the flux has both an
inductive and resistive part.

The simulation results of four different cases are plotted
in Fig. 6 below, two for the integer order case and two for
the fractional order case. All four cases have an excitation
at 100 Hz to create enough displacement for intermodu-
lation distortion to occur. A secondary tone at 2025 Hz
or 6025 Hz provides the high frequency around which the
difference tones are generated. The levels of the two fun-
damental frequencies were adjusted independently so that
both amplitudes were equal in the two models, and the FFTs
are calculated on the last 0.04 seconds of a 0.25 second long
simulations.

Both the integer order and fractional order models pro-
duce the expected intermodulation components at positive
and negative integer multiples of the low frequency tone
relative to the high frequency tone, but the models do not
show the same level of distortion. In the 2025 Hz case, the
fractional order model produces more distortion than the
integer order model. This is due to the higher impedance of
the fractional order model at 2025 Hz as seen in Fig. 3. At
6025 Hz, the opposite is true, with the integer order model
producing more distortion. This again corresponds to the
higher impedance of the integer order model at this fre-
quency. From this, one sees that the slope of the impedance
at high frequencies impacts the level of the intermodulation
components. In practice, the strength of the nonlinearity is
adjusted in order to model the correct amount of distortion,
but this will likely be more precise when using the more
accurate fractional order model of the impedance. Work has
begun on finding a correct description of the nonlinearity in
the fractional order case but more research is needed [24].

6 CONCLUSION

Using notions from fractional calculus, a fractional or-
der derivative based loudspeaker model was developed to
describe the viscoelastic nature of the loudspeaker suspen-
sion and the lossy inductance of the voice coil based on
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Fig. 6. Intermodulation distortion predicted by the integer order and fractional order models of the PSA01 loudspeaker, with a nonlinear
inductance. A 100 Hz input signal, not seen in the figure, was used in all simulations in order to generate enough displacement for the
intermodulation components to appear.

the physical principles of these components. The fractional
order derivative operator was incorporated into a time do-
main state-space representation commonly used in nonlin-
ear modeling. The influence of the fractional order deriva-
tive is demonstrated using a fractional order oscillator, re-
sulting in a response that closely resembles viscoelastic
suspension creep in a loudspeaker, or an increase in dis-
placement towards low frequencies. The amount of creep
is shown to be proportional to the order of the fractional
derivative. A fractional order loudspeaker model with a
fractional order viscoelastic suspension and a fractional or-
der lossy voice coil is fit to measurement data with a high
degree of accuracy, showing the usefulness of fractional
order parameters in accounting for these effects.

The fitted parameters are then used in a nonlinear frac-
tional order state-space model of the loudspeaker with a
symmetric nonlinearity in the suspension. It is shown that
the fractional order case generates the same odd harmonic
distortion components as the integer order case but also
produces even order harmonics due to long time constants
introduced by the fractional derivative’s infinite memory.
These additional harmonics are attenuated over time, as the
transient part of the solution decays, but will never disap-
pear as the system never reaches steady-state behavior. This
is very relevant for real music signals as they are constantly
changing. A nonlinear inductance is also modeled in the
integer order and fractional order cases, where it is shown
that the two cases produce different levels of intermodula-
tion distortion due to the difference in the slope of the high
frequency impedance. Eventually, this type of wide-band,
nonlinear model may be used during the design process
to reduce the impact of nonlinearities or can be included

in nonlinear compensation techniques to reduce unwanted
distortion components in the loudspeaker output.
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[18] I. Petráš, Fractional-Order Nonlinear Systems,
Nonlinear Physical Science (Springer, Berlin, Heidelberg,

2011), [Online]. Available: https://doi.org/10.1007/978-3-
642-18101-6.

[19] M. D. Ortigueira, Fractional Calculus for Scientists
and Engineers, vol. 84 of Lecture Notes in Electrical Engi-
neering (Springer, Dordrecht, 2011), [Online]. Available:
https://doi.org/10.1007/978-94-007-0747-4.

[20] R. Garrappa, “Some Formulas for Sums of
Binomial Coefficients and Gamma Functions,” Int.
Math. Forum, vol. 2, no. 15, pp. 725–733 (2007
Mar.), [Online]. Available: https://doi.org/10.12988/
imf.2007.07064.

[21] C. L. MacDonald, N. Bhattacharya, B. P. Sprouse,
and G. A. Silva, “Efficient Computation of the Grünwald–
Letnikov Fractional Diffusion Derivative Using Adap-
tive Time Step Memory,” J. Comput. Phys., vol. 297,
no. C, pp. 221–236 (2015 Sep.), [Online]. Available:
https://doi.org/10.1016/j.jcp.2015.04.048.
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Abstract

The carbon filled rubber polymer used for the outer
suspension of moving-coil loudspeakers has viscoelas-
tic characteristics which manifests as a softening
at low frequencies. This increase in compliance re-
sults in a larger displacement below the resonance,
which is known to be well modeled using fractional
derivatives. This paper investigates four viscoelas-
tic models incorporating fractional order springs,
which are used to model the dynamic viscoelastic
response and the creep response to a constant force.
The behavior of the models is compared with creep
measurements on a real loudspeaker under the force
of gravity. Is is shown that the damped Scott-Blair
model displays viscoelastic creep behavior, when
using the model parameters identified by dynamic
measurement techniques, while the damped frac-
tional Kelvin-Voigt model quickly reaches a steady
state displacement. Both models show differences
when compared to the measurement, highlighting
the need for better parameter identification tech-
niques.

1 Introduction

Loudspeaker suspensions commonly consist of an
outer suspension made from a viscoelastic carbon
filled rubber polymer and an inner suspension made
of impregnated fiber, termed the spider. The com-
bination of these components primarily determines
the stiffness and damping of the mechanical system,
playing a large role in the overall system perfor-
mance. The material of the outer suspension, and
possibly the spider, cause the suspension to behave
in a viscoelastic manner, somewhere between an
elastic spring and a viscous damper [1–4]. This vis-

coelastic effect changes the linear frequency response
of the loudspeaker, affecting the sound quality and
efficiency [5, 6].

Viscoelasticity may manifest itself as viscoelastic
creep, or the continued deformation of a material
when a constant force is applied. This creep effect
interacts with nonlinearities in the device, where
asymmetries in the construction can create DC volt-
ages. These DC voltages create a static force on the
mechanical system through the Lorentz force, which
changes the equilibrium position of the speaker and
therefore its linear response [7, 8]. As many nonlin-
earities depend on the position of the speaker, this
complicates both the design process and increases
the complexity of nonlinear control schemes used to
improve the sound quality and efficiency [9–11].

Viscoelastic loudspeaker suspensions have been
researched by several authors with various models
proposed, although not all are physically plausible.
One example is the logarithmic model, which gives
a negative compliance above a certain frequency
[12–15]. Recently, fractional derivatives have began
to be incorporated into loudspeaker suspension mod-
els, giving an accurate and physically meaningful
description with only a few parameters [16, 17].

This paper looks at four component level mod-
els of fractional viscoelasticity, namely a fractional
Scott-Blair (FSB) model, a fractional Kelvin-Voigt
(FKV) model, and their damped versions, denoted
FSBD and FKVD, which add an integer order
damper in parallel with the underlying model. The
models are developed in Sec. 2.2, where the damped
versions are known from loudspeaker suspension
modeling [16, 17]. Sec. 3.1 identifies the model pa-
rameters using a dynamic measurement and then
uses the identified models to predict the creep re-
sponse. The modeled creep response is compared
with a viscoelastic suspension creep measurement
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conducted with a common loudspeaker driver, the
P17. It is shown that while the FSBD and FKVD
models have similar behavior over the audible range,
their creep response is very different with the FSBD
model predicting a long term creep effect, while the
FKVD model quickly reaches a steady state dis-
placement. The difficulties of using dynamic mea-
surements to predict the viscoelastic creep response
are also discussed.

2 Theory and Methods

When modeling loudspeaker suspensions, it is of
interest to determine if there is an effective low
frequency limit where the stiffness of these parts
becomes constant, or whether suspension continues
to become softer as the frequency is decreased [18,
19]. A constant stiffness means the system will reach
an equilibrium displacement when a constant force is
applied, while the lack of a constant stiffness implies
that the suspension will continue to creep towards
infinity, eventually contacting another component
or fracturing. This type of infinite creep phenomena
is reminiscent of fluids.

2.1 Low Frequency Loudspeaker
Model

In loudspeaker modeling, it is often convenient to
consider component level models of the suspension,
opposed to the material models used in continuum
mechanics and finite element analysis. Component
level viscoelastic models are typically composed by
a set of springs with stiffness K and dampers with
viscous damping D. These parameters, along with
the mass M , determine the relationship between a
force F (t) and the displacement x(t).

The mechanical part of a loudspeaker is then
most simply modeled as a mass-spring-damper sys-
tem, also known as a mechanical oscillator. The
spring and damper, representing the suspension,
are connected in parallel as seen in Fig. 1. The low
frequency response may then be approximated by a
set of coupled differential equations [17, 20, 21]

Bli(t) = M
d2x(t)

dt2
+Dẋ(t) +Kx(t), (1a)

Blẋ(t) = Ri(t) + Lβ
dβi(t)

dtβ
, (1b)

K

D

Figure 1: Kelvin-Voigt model.

where ẋ(t) is the velocity. Eqs. (1a) and (1b) are
magnetically coupled through the force factor Bl to
a fractional order electrical model, consisting of a
resistance R and a fractional inductance Lβ , where
β is the fractional order of the derivative of the
current i(t). The fractional inductance model, also
known as the Leach model, improves the accuracy
of the impedance estimation [17, 22, 23].

The combination of spring and damper in Eq. (1a)
is often referred to as a Kelvin-Voigt model. Addi-
tional springs and dampers can be used to model
more complicated behavior, with the most typical
being the standard linear solid models of viscoelas-
ticity [12]. While a good first approximation, the
Kelvin-Voigt model used in Eq. (1a) does not ac-
curately describe the behavior of a loudspeaker at
very low frequencies, where a variety of studies have
shown that the displacement response continues to
increase below the resonance [12–17]. This type
of behavior indicates that the suspension is likely
subject to the viscoelastic creep phenomena.

In recent years, fractional derivative based models
have proved useful in predicting this increased dis-
placement [16, 17]. While most models incorporate
some sort of limiting stiffness, some uncertainty still
exists surrounding the low frequency limit of the
response, such that it is unknown whether it will
reach an equilibrium position or not [18, 19]. The
viscoelastic behavior above the resonance is of little
interest, as the mass term from Eq. (1a) dominates
the response.

2.2 Fractional Loudspeaker Suspen-
sion Models

Four different fractional order viscoelastic models
are described below, starting with the fractional
Scott-Blair (FSB) model and the fractional Kelvin-
Voigt (FKV) model. These are followed by their

2
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damped extensions, the damped fractional Scott-
Blair (FSBD) model and the damped fractional
Kelvin-Voigt (FKVD) model, where the damped
versions are useful for loudspeaker suspension mod-
eling.

2.2.1 Fractional Scott-Blair (FSB) Model

The simplest fractional order extension of Eq. (1a)
is created by replacing the spring and damper terms
by a fractional stiffness Kα, where the force from
the fractional spring is proportional to the α order
fractional derivative of the displacement,

F (t) = Kα
dαx(t)

dtα
. (2)

The FSB model from Eq. (2) has both elastic and
viscous properties due to the nature of the fractional
derivative. This can be seen in the limiting cases,
where for α = 0 it becomes completely elastic, and
for α = 1 it becomes completely viscous. The FSB
model is represented as a mechanical component
in Fig. 2, such that it can be connected to other
components in series or parallel.

Kα

Figure 2: Fractional Scott-Blair (FSB) model, where
the force is proportional to the fractional derivative
of the displacement.

Taking the Laplace transform Eq. (2) gives the
transfer function between displacement and force of
the FSB model

X(s)

F (s)
=

1

sαKα
, (3)

where X(s) = L {x(t)} and F (s) = L {F (t)}. It
is clearly seen that

lim
s→0

(
X(s)

F (s)

)
= lim
s→0

(
1

sαKα

)
=∞, (4)

making the model unbounded in the lower limit.
The frequency response is obtained by setting s =
jω in Eq. (3). It is shown in Figure 3 for Kα = 1
with different values of 0 ≤ α ≤ 1 along with the
frequency response of the FKV model from the
following section.

If the input force is a step function F (s) =
L {H(t)} = 1/s then Eq. (3) becomes

X(s) =
1

s

1

sαKα
. (5)

The inverse Laplace transform of Eq. (3) can be de-
termined analytically, using fractional order Laplace
tables [24]. This gives the time domain response of
the displacement to a step input force as

x(t) = L −1

{
1

s

1

sαKα

}
=

tα

Kα
E1,1+α(0),

(6)

where E is the Mittag-Leffler function, a generaliza-
tion of the exponential function [24].

The asymptotic behavior of the displacement can
be seen by taking the limit of Eq. 6 as t goes in
infinity

lim
t→∞

x(t) = lim
t→∞

(
tα

Kα
E1,1+α(0)

)
=∞, (7)

with the response illustrated in Fig. 4 along with the
response of the FKV model from the next section.
Taking the derivative of Eq. (6)

ẋ(t) =
dx(t)

dt
=
αtα−1

Kα
E1,1+α(0), (8)

one sees the the velocity decreases with tα−1, mean-
ing the creep rate decays towards zero but the com-
ponent will never stop deforming.

2.2.2 Fractional Kelvin-Voigt (FKV)
Model

An alternative fractional extension of Eq. (1a) can
be made by replacing K and D in Eq. (1a) with
the FKV model: an integer order spring in parallel
with a FSB element,

F (t) = Kα
dαx(t)

dtα
+K0x(t), (9)

as illustrated in Fig. 5. Taking the Laplace trans-
form of Eq. (9) gives the transfer function

X(s)

F (s)
=

1

sαKα +K0
. (10)
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Figure 3: Frequency response of the fractional Scott-Blair (FSB) model ( ) and the fractional Kelvin-
Voigt (FKV) model ( ) with Kα = K0 = 1 for different values of 0 ≤ α ≤ 1.
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Figure 4: Step response of the fractional Scott-Blair (FSB) model ( ) and the fractional Kelvin-Voigt
(FKV) model ( ) for different values of α.
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K0

Kα

Figure 5: Fractional Kelvin-Voigt (FKV) model.

This type of model assumes that there is some con-
stant stiffness in the system, meaning the model has
a lower limit 1/K0 as s goes to zero,

lim
s→0

(
X(s)

F (s)

)
= lim
s→0

(
1

sαKα +K0

)
=

1

K0
(11)

The frequency response, where s = jω in Eq. (10),
is shown in Figure 3 for different values of 0 ≤ α ≤ 1
and K0 = Kα = 1.

The time domain response of the FKV model in
Eq. (10) to a step input in force F (s) = L {H(t)} =
1/s was determined in a similar manner to Eq. (6)
using an analytical inverse Laplace transform [24]

x(t) = L −1

{
1

s

1

sαKα +K0

}

=
1

K0
− 1

K0
Eα

(
−K0

Kα
tα
)
,

(12)

where Eα is the Mittag-Leffler function, which is
a continuous interpolation between an exponential
and a power-law [25]. The asymptotic representa-
tion of Eα (−tα) is given as [26],

Eα (−tα) ∼


exp

(
− tα

Γ(1+α)

)
, t→ 0,

t−α

Γ(1−α) , t→∞,
(13)

where Γ(·) is the Gamma function. From Eq. (13),
one can deduce that the displacement in Eq.(12) will
eventually stop creeping and reach an equilibrium
value,

lim
t→∞

x(t) = lim
t→∞

(
1

K0
− 1

K0
Eα

(
−K0

Kα
tα
))

=
1

K0
,

(14)

where it is easily seen that ẋ = 0 in the limit.
The step response is shown in Fig. 4 along with
the response of the FSB model from the previous
section.

2.2.3 Damped Fractional Scott-Blair
(FSBD) Model

The damped version of the Scott-Blair model is
formed by adding an integer order damper in parallel
with the fractional spring as seen in Fig. 6. The

D

Kα

Figure 6: Damped fractional Scott-Blair (FSBD)
model.

equation of motion of the FSBD model is then,

F (t) = D
dx(t)

dt
+Kα

dαx(t)

dtα
, (15)

with the transfer function

X(s)

F (s)
=

1

sD + sαKα
. (16)

The frequency response shown in Fig. 7 along with
that of the FKVD model form the next section. The
addition of the damper creates a transition in the
frequency response, with different slopes at high
and low frequencies. It can be seen that Eq. (16)
goes to infinity in the limit as s → 0, meaning it
never reaches an equilibrium position, similar to the
FSB model. This means that the FSBD model will
creep infinitely in response to a step input.

2.2.4 Damped Fractional Kelvin-Voigt
(FKVD) Model

The FKVD model is formed in a similar manner
to the FSBD model, with the mechanical diagram
given in Fig. 8 and as the differential equation

F (t) = D
dx(t)

dt
+Kα

dαx(t)

dtα
+Kx(t). (17)
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Figure 7: Frequency response of the damped fractional Scott-Blair (FSBD) model ( ) and the damped
fractional Kelvin-Voigt (FKVD) model ( ) with K0 = Kα = D = 1 for different values of 0 ≤ α ≤ 1.

D
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Figure 8: Damped fractional Kelvin-Voigt (FSBD)
model.

The Laplace transform of Eq. (17) can then be
written as

X(s)

F (s)
=

1

sD + sαKα +K0
, (18)

with the frequency response shown in Fig. 7.
Eq. (18) goes to 1/K0 as s → 0, giving it simi-
lar asymptotic behavior to the FKV model. The
step response will then reach an equilibrium position

after some time, much like the undamped version.

2.3 Viscoelastic Suspension Creep
Measurements

Viscoelastic creep tests characterize a material by
measuring its displacement over time when a con-
stant force is applied. In this case, the viscoelastic
creep of a Scan-Speak A/S P17WJ-00-08 (here after
denoted as the P17) moving-coil loudspeaker was
measured for 350 hours under the force of gravity.
It was of interest to determine if the suspension will
continue to creep over this period, or whether it
will reach some constant displacement. The P17
was chosen due to its widespread use and strong
viscoelastic effect [12–14, 27].

2.3.1 Experimental Design

The loudspeaker was mounted vertically to a spe-
cially designed test fixture seen in Fig. 9. The
loudspeaker was positioned such that gravity acts
on the mass of the diaphragm M , estimated to be
between 16 g and 18 g using the method described
in [17]. The test fixture was situated on top of a

6
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(a) The test fixture holding the loudspeaker and dis-
placement laser is placed on a large box of sand for
vibration isolation.

(b) Displacement laser situated above the loudspeaker
for monitoring the viscoelastic creep.

Figure 9: Test fixture for measuring the viscoelastic creep of a loudspeaker suspension. Note that the
loudspeaker is connected for the initial dynamic measurement and then disconnected for the creep test.

large box of sand in order to isolate it from back-
ground vibrations, with the entire setup inside of
a temperature controlled laboratory. The temper-
ature control was used to minimize changes in the
stiffness due to temperature variations, with the
ambient temperature monitored using a thermistor
in close proximity to the loudspeaker.

To start the measurement, the test fixture was
flipped vertically 180◦, approximating a step change
in gravity. As the direction of gravity changes,
the change in force on the suspension if twice the
acceleration due to gravity multiplied by the mass
of the diaphragm ∆F ≈ 2·9.8·MMS ≈ 0.35 N. This
force will be used as an input when calculating the
step response of the FSBD and FKVD models in
Sec. 3.2, using a fractional order state-space solution
developed in [17].

2.3.2 Data Acquisition

The position of the loudspeaker diaphragm was
tracked using a Keyence LK-G32 displacement laser.
The laser was first calibrated by finding a linear
regression of the output voltage over its measure-

ment range of ±5 mm. At the beginning of the
experiment, the laser was positioned at the extreme
of its range, such that when flipping the test fix-
ture 180 degrees, gravity will pull the diaphragm
towards the other extreme. The temperature was
determined by measuring the voltage across a ther-
mistor assuming a linear change in resistance with
temperature. Both the loudspeaker displacement
and the temperature signals were recorded using a
National Instruments USB-6356 interface with the
MATLAB data acquisition toolbox.

3 Results

Before beginning the viscoelastic creep measure-
ment, the mechanical parameters of the P17 were
identified for the FSBD and FKVD suspension mod-
els, using the technique described in [17]. The un-
damped models were also identified but are not as
accurate, indicating that there is seemingly some
integer order damping in the spider or outer sus-
pension of the loudspeaker. The parameters of the
FSBD and FKVD models are shown in Table 1.
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Table 1: Mechanical parameters of the P17 loudspeaker identified using a damped fractional Scott-Blair
(FSBD) and damped fractional Kelvin-Voigt (FKVD) model of the suspension.

Suspension
Model

M
(g)

D
(N sm−1)

K
(kNm−1)

Kα

(Nsα/m)
α

FSBD 16.6 1.7 - 845 0.1

FKVD 17.6 0.2 1.0 24.7 0.6

The viscoelastic suspension creep was then moni-
tored using the test setup described in Sec. 2.3, and
compared with the simulated step responses of the
FSBD and FKVD models using the previously iden-
tified mechanical parameters. The step responses
were computed numerically using a fractional or-
der state-space model of the mechanical system, as
developed by the author in a previous publication
[17].

The magnitude of the frequency response of
the displacement to current transfer function
|X(ω)/I(ω)| and the electrical impedance |Z(ω)|
are shown in Fig. 10, where the models have been
calculated at lower frequencies than measured to
better see the response. Note the low frequency
noise in the displacement measurement as well as
the noise above 1 kHz. The models are very simi-
lar across most of the frequency range, but show
slightly different behavior at low frequencies, where
the displacement response of the FKVD model is
seen to flatten out and become constant. Alterna-
tively, the FSBD model has a constant slope at low
frequencies, never reaching a constant value.

3.1 Loudspeaker Suspension Creep

The displacement of the loudspeaker diaphragm
was measured for 350 hours, along with the ambient
temperature. The results in Fig. 11 show that the
suspension crept 0.7 mm in this time. Various activ-
ity in the room caused the temperature to fluctuate
between approximately 22 ◦C and 24 ◦C during the
measurement. Runtime errors on the data acquisi-
tion laptop caused the measurement to stop near
170 hours and again between 200 hours and 290
hours. The system was restarted without affecting
the diaphragm position measurement as the dis-
placement laser outputs an absolute voltage. There
is also an outlier in the displacement measurement

near 110 hours, that may be due to an electrical
spike. The temperature was noticeably more stable
during the first half of the measurement, while the
second half shows an slight increase and larger fluc-
tuations. This is likely due to the building where the
laboratory is situated being closed, and the central
heating system turned off, meaning the lab relied
solely on the internal thermostat to regulate the
temperature.

3.2 Modeled Step Responses

The FSBD and FKVD viscoelastic suspension mod-
els were substituted for K and D in Eq. (1a) and
simulated for 50 seconds with a step input in force,
using the fractional order state-space method de-
scribed in [17]. The step response is plotted in
Fig. 12, where the mechanical parameters from Ta-
ble 1 were used. The transient spikes at the begin-
ning of the model responses are due to aliasing from
the low sampling rate of 10 kHz. Higher sample
rates proved too computationally expensive and do
not yield additional information about the long term
response of interest here. As an example the step
response of the FSBD model took approximately 75
minutes to simulate using an Intel Xeon CPU E5-
1620 v3 (3.50 GHz, 4 cores). More information on
the numerical method and computational challenges
can be found in [17].

4 Discussion

The loudspeaker suspension is one of the primary
components determining the speaker’s frequency
response and is therefore important in both design
and control. The choice of viscoelastic model used
to describe the suspension is often a trade off be-
tween accuracy and complexity, as there are integer
order models that have sufficient accuracy but with

8
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Figure 10: Measured frequency response of the displacement to current transfer function |X(ω)/I(ω)|
(upper curve) and the electrical impedance |Z(ω)| (lower curve) from the P17 loudspeaker, along with the
damped fractional Scott-Blair (FSBD) and damped fractional Kelvin-Voigt (FKVD) models as identified
from the measurement.

complicated model structures and many parame-
ters [12–15]. Other factors, such as the frequency
range of interest and the asymptotic qualities of a
model may influence the choice as well, especially
the creep response to constant forces, as can be
generated during nonlinear operation of the speaker
[7, 8]. It was shown that the fractional derivative
based models are well suited for this, given their
simple frequency domain representation, and time
domain solution [16, 17].

In loudspeaker modeling, it is of interest to have
a model whose parameters can be quickly and ac-
curately identified on a production line for use in
prediction and control, as was done when deter-
mining the mechanical parameters in Table 1. It
is clearly seen that the choice of model structure
influences the parameter values. For example, the
mass, which should remain constant, is thought to
be 1 g heavier when using the FKVD model than
when using the FSBD model. One also sees that
the fractional stiffness Kα is smaller in the FKVD
model, as the parallel spring K helps with the elastic

energy storage. Interestingly, the fractional order
α is much higher in the FKVD case, presumably
due to the parallel spring having a large impact on
the low frequency response. The higher fractional
order also means that the fractional element has
more viscous losses, likely reducing the value of R.

While both models are very accurate in describing
the dynamic response, they are known to have very
different asymptotic behavior as shown by Eqs. (7)
and (14). The differences in model behavior can also
be seen in the identified frequency response from
Fig. 10, which shows the FKVD model flattening
out at low frequencies, while the FSBD model has a
constant slope, increasing towards low frequencies.
Recall that the dynamic measurement used to iden-
tify the mechanical parameters was made between
1 Hz and 300 Hz, making it difficult to accurately
determine the low frequency behavior. It is possible
to take dynamic measurements at even lower fre-
quencies as in [12, 19, 28], but it is time consuming
and sensitive to noise, making it unreasonable to
use in a production setting. That said, there may
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Figure 11: Creep response of a loudspeaker suspension due to the force of gravity, along with the ambient
temperature. There is a gap in the data close to 170 hours and between approximately 200 and 290
hours. The spike close to 110 hours is assumed to be from electrical noise.

be combinations of FKVD parameters such that
the constant stiffness takes over at much lower fre-
quencies, giving a longer creep response, but this
increases the identification and model complexity.

The long term viscoelastic creep measurement
showed that the loudspeaker suspension continued
to deform for over 350 hours as seen in Fig. 11. It
is then compared to the step responses simulated
for 50 seconds using the identified loudspeaker pa-
rameters from Table 1, with the responses shown
in Fig. 12. One sees that the FKVD model quickly
reaches a constant displacement around 0.36 mm
after one second, while the FSBD model continues
to creep, almost reaching 0.6 mm by the end of the
simulation. One sees that neither model accurately
predicts the initial part of the creep response, with
the measurement quickly reaching a larger displace-
ment than either model. While this high frequency
behavior is not described by the FSBD model, the
longer term creep response begins to approach that
of the measurement. Longer simulations of the step
response were too computationally demanding, but
are planned for future work. It can be inferred

that if the slope of the creep response is different,
then the model will either over or under estimate
the effect of creep in the long term, becoming less
accurate over time.

The differences between the measurement and
models are likely due to wrong estimations of the
mechanical parameters, caused by the band limited
identification procedure. This may be improved by
identifying the parameters at even lower frequencies,
as in [12, 19, 28], or directly from the creep measure-
ment. Unfortunately, these types of measurements
are difficult due to both their long duration, and the
long simulation times of the model step response,
which would need to be performed thousands of
times in the identification procedure.

Overall, the FSBD model seems to be a better
choice for modeling viscoelastic creep, as it is both
simpler and shows the desired response. While the
FKVD model can also give a creep-like response
down to some low frequency limit, this type of be-
havior was not seen when using the parameters
identified from the limited frequency range measure-
ment. If not included in the loudspeaker model,

10
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Figure 12: Step response of the damped fractional Scott-Blair (FSBD) and damped fractional Kelvin-Voigt
(FKVD) suspension models using the mechanical parameters identified from a P17 loudspeaker. The
initial transient spikes are due to the low sampling rate used for numerical efficiency, while the long term
behavior remains the same.

the viscoelastic effect may make the estimated dis-
placement more inaccurate over time, negatively
affecting nonlinear control schemes which rely on
an accurate prediction of the loudspeaker position.

5 Conclusions

The viscoelastic suspension creep measurement
showed that some loudspeakers, such as the P17,
will continue to deform on very long time scales
when a constant force is applied. The effect of vis-
coelasticity is especially important when driving the
speaker at high levels, where nonlinearities create
constant forces on the suspension. The resulting
change in position affects the material properties of
the suspension as well as the nonlinear coupling of
the electromagnetic system, influencing the system
output throughout typical operation. This was seen
in the viscoelastic creep measurement, where the
suspension continued to deform for more than 350
hours.

Two fractional order suspension models, FSBD
and FKVD, were shown to have very different step
responses when using the mechanical parameters
identified from the dynamic loudspeaker measure-
ments, where the model structure was also seen to
affect the parameter values. While differences in
the slope and amplitude of the response exist, the
FSBD model was shown to predict a continued creep
response, much like the one seen during the mea-
surement. Alternatively, the FKVD model quickly
reached an equilibrium displacement and did not
predict the creep response using the identified pa-
rameters. From this, the FSBD model seems like
the better choice in loudspeaker suspension model-
ing. As this type of dynamic measurement is often
used to identify the parameters for modeling and
control, it is important that the chosen model struc-
ture gives an accurate prediction for both static
and dynamic inputs. New advances in measurement
and identification procedures may still improve the
accuracy of these fractional viscoelastic models.
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Abstract

Viscoelastic materials have frequency dependent
storage and loss moduli representing a form of mem-
ory in the material. It is well known that this
memory effect is well modeled using a fractional
derivative based constitutive relationship between
stress and strain. The accuracy of these fractional
viscoelastic models spans multiple decades in fre-
quency using only a few parameters. In this work,
the dynamics response of three fractional deriva-
tive based material models of viscoelasticity are
investigated: a four-parameter model and two five-
parameter models. Measurements of two rubber
polymers using dynamic mechanical analysis (DMA)
are compared with the frequency dependent stor-
age modulus and loss factors computed from the
models. It was found that the large variability in
measurement data means the four-parameter model
is sufficient for modeling both the storage modulus
and loss factor for over ten decades in frequency.
The investigated models with more parameters do
not provide a meaningful increase in accuracy.

1 Introduction

Viscoelastic materials, such as carbon filled rubber,
are used in a wide variety of applications, ranging
from small hearing aid and loudspeaker suspen-
sions to large seismic vibration dampers used to
protect buildings from earthquakes. Such materials
have both elastic and damping properties, often
expressed as a complex modulus E∗(ω) that varies
greatly with frequency. Describing these frequency

dependent material properties is especially impor-
tant for acoustic applications, as when designing
hearing aid suspensions, which are very sensitive
to feedback due to the close proximity between the
microphone and sound source. To compound this
problem, the human audible range falls in the tran-
sition region of many viscoelastic materials, where
the properties change most rapidly.

First developed empirically, fractional derivative
based viscoelastic models have been shown to accu-
rately describe this frequency dependency using a
limited number of parameters. It is now known that
the fractional order generalization arises naturally
from Rouse’s molecular theory, giving a theoretical
basis for their use [1, 2]. They also fulfill the thermo-
dynamic requirements of nonnegative internal work
and nonnegative energy dissipation [3]. The creep
and relaxation response demonstrate how the frac-
tional derivative constitutes a continuous transition
from solid to fluid like behavior [4]. An extensive
development of the theory can be found in [5].

In this work, the parameters of three fractional
order material models, referred to as the four-
parameter (FOV4), the five-parameter (FOV5) and
the five-parameter fluid (FOV5F) fractional order
viscoelastic model. The FOV4 model was researched
by Bagley & Torvik [1–3], while the FOV5 model
was introduced by Pritz to address the asymmet-
ric loss factor and increase in the storage modulus
at high frequencies seen in measurements [6]. The
FOV5F model is novel in that it describes fluid-like
behavior, where the storage modulus has a slope
at both high and low frequencies, with the latter
implying viscoelastic creep.
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The model parameters are identified and used to
analyze the results from measurements of two vis-
coelastic rubber polymers conducted using dynamic
mechanical analysis (DMA). The DMA technique
uses the time-temperature superposition principle
to extrapolate measurements made in a limited fre-
quency to a larger range by varying the temperature
during the measurement [7]. More information is
given in Sec. 2.3.2. While good for measurements
above approximately 1 Hz for many materials, other
techniques are needed to determine the properties
at lower frequencies, such as measuring the creep
response to a constant stress [8].

It is of interest to determine whether the addi-
tional parameter used in the FOV5 and FOV5F
models is beneficial, as increasing the number of
parameters increases the model complexity. It is ex-
pected that the frequency range of interest will also
influence model selection. The necessary aspects of
linear viscoelasticity and the fractional derivative
based models are developed below. The topic of
linear viscoelasticity is covered extensively in [9–12].
More information on fractional calculus and its ap-
plications for system modeling and control can be
found in [13–19].

2 Theory and Methods

The frequency dependent relationship between the
stress and strain can be accurately described over
multiple decades using a constitutive equation based
on fractional order derivatives. In this work, the
fractional derivative is defined through its Fourier
transform such that

dαf(t)

dtα
= F−1 {(jω)αF (jω)} , (1)

where F is the Fourier transform operator, and
F (jω) is the Fourier transform of the time do-
main function f(t) [15]. While more complicated
to compute, time domain definitions of the frac-
tional derivative, such as the Grünwald-Letnikov
derivative, are especially useful when considering
nonlinear systems [20].

2.1 Viscoelastic Constitutive Equa-
tions

The constitutive equations relating the stress σ(t)
to the strain ε(t) typically take one of two forms: an

integral equation based on the Boltzmann superpo-
sition principal, or a differential equation containing
integer order derivatives in its classical form. The
integer order differential form is shown in Eq. (2),
where t is the time and a0, ai and bi are material
parameters with i ∈ N,

σ(t) +
n∑
i=1

bi
diσ(t)

dti
= a0ε(t) +

m∑
i=1

ai
diε(t)

dti
. (2)

There is a constraint on the order of the derivatives,
such that m = n or m = n+ 1, which ensures the
equation fulfills the thermodynamic requirements of
nonnegative internal work and a nonnegative rate of
energy dissipation, as well as causality in the system
as explained later in Sec. 2.1.1 [5, 21].

In the frequency domain, Eq. (2) can be expressed
as

E∗(ω) =
σ(ω)

ε(ω)
= E′(ω) + jE′′(ω), (3)

where E∗(ω) is the frequency dependent complex
modulus, which can be expressed as a storage mod-
ulus E′(ω), describing the elastic behavior in the
stress-strain relationship, and the loss modulus
E′′(ω) describing viscous damping. The theory
is presented here assuming the one-dimensional
Young’s modulus but the results can be easily gen-
eralized to the shear modulus, as well as to three-
dimensional anisotropic materials [9, 10]. The ther-
modynamic requirement of nonnegative internal
work is fulfilled if the real part of the complex mod-
ulus in Eq. (3) is greater than or equal to zero
for all positive frequencies, E′(ω) ≥ 0 ∀ ω > 0,
and similarly the requirement for a nonnegative
rate of energy dissipation is fulfilled as long as the
imaginary part is nonnegative for all frequencies
E′′(ω) ≥ 0 ∀ ω > 0 [3].

Another common quantity to consider is the loss
factor η(ω), or loss tangent, which is the ratio of
the storage modulus to the loss modulus,

η(ω) = tan(δ(ω)) =
E′′(ω)

E′(ω)
. (4)

This is a measure of the amount of energy dissipated
in the material, to the amount of energy stored.

2.1.1 Kramers-Kronig Relations

When defining E∗(ω), it is important that the sys-
tem remains causal, i.e. that the response does not

2
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precede the excitation. This is enforced through the
Kramers-Kronig (K-K) relations, known as disper-
sion relations, which imply that the storage modulus
is not independent of the loss modulus. This re-
lation can be expressed for a complex modulus of
elasticity as [10, 22, 23]

E′(ω) =
2ω2

π
p.v.

∫ ∞
0

E′′(u)/u

ω2 − u2
du+ Ee, (5)

E′′(ω) = −2ω2

π
p.v.

∫ ∞
0

E′(u)

ω2 − u2
du (6)

where Ee is the equilibrium value of the modulus,
u is the integration variable and p.v. stands for the
Cauchy principal value of the integral.

It can be seen that Eqs. (5) and (6) take the form
of a Hilbert transform and implies causality in the
system [10]. Not satisfying the K-K relations hap-
pens to be a major flaw of the commonly used linear
model of hysteretic damping, which assumes a con-
stant loss factor for all frequencies, thus breaking
the principle of causality and contradicting phys-
ical reality [24]. The causality of the constitutive
equation can also be enforced by specifying that
there are derivatives of equal order on both sides of
Eq. (2) and the proper choice of initial conditions
as discussed in [5]. This constraint has the added
benefit of improving the stability of the model, as
it implies that waves can only propagate at finite
speeds. Without this the models may predict an in-
finite wave speed introducing a numerical instability
[5].

2.2 Fractional Order Viscoelasticity

The extension to fractional order constitutive re-
lationships is made by allowing the time deriva-
tives in Eq. (2) to be of fractional order, such that
i := α ∈ R with 0 ≤ α ≤ 1. In this work, three
fractional order constitutive models are investigated:
the four-parameter (FOV4), five-parameter (FOV5),
and five-parameter fluid (FOV5F) fractional order
viscoelastic models.

2.2.1 Four-Parameter Fractional Order Vis-
coelastic Model (FOV4)

The four-parameter model FOV4 was thoroughly
studied by Bagley & Torvik [1–3] and subsequently
by Pritz [21]. The differential constitutive equation

of the FOV4 model is written as

σ(t) + τα
dα

dtα
σ(t) = E0ε(t) + E∞τ

α dα

dtα
ε(t). (7)

Taking the Fourier transform of Eq. 7 and rearrang-
ing gives the complex modulus

E∗(ω) = E0 + (E∞ − E0)
(iωτ)α

1 + (iωτ)α
, (8)

where the parameter E0 is the static modulus of elas-
ticity, or relaxed modulus, E0 = limω→0E

∗(ω), and
E∞ is the unrelaxed modulus E∞ = limω→∞E∗(ω),
which is the high frequency limit of the dynamic
modulus. The relaxation time τ is related to the
frequency 1/τ where the loss modulus is maximum.
Finally, the fractional order α is related to the dis-
tribution of relaxation times in the material, and
influences the slope of the transition from low to
high frequencies [21]. The normalized storage and
loss moduli and loss factor are plotted for differ-
ent values of α in Fig. 1, where E∞/E0 = 100 and
ωn = ωτ is the normalized frequency

2.2.2 Five-Parameter Fractional Order Vis-
coelastic Model (FOV5)

Based on experimental data showing an increasing
storage modulus towards high frequencies and an
asymmetrical loss factor, Pritz developed the so-
called five parameter fractional order Zener model
(FOV5) by increasing the number of derivatives
retained from Eq. (2) and adding the additional
fractional order β [6, 25]. The FOV5 constitutive
equation between stress and strain can be written
as

σ(t) + τβ
dβ

dtβ
σ(t) = E0ε(t) + E0τ

β dβ

dtβ
ε(t)

+ (E∞ − E0)τα
dα

dtα
ε(t),

(9)

with the Fourier transform giving the complex mod-
ulus

E∗(ω) = E0 + (E∞ − E0)
(iωτ)α

1 + (iωτ)β
, (10)

where E∞ takes on a different meaning than in the
FOV4 model. The constraint α > β must be fulfilled
in order to have a physically meaningful model that
is casual and satisfies thermodynamic requirements
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Figure 1: Storage modulus, loss modulus and loss factor of the FOV4 model for different values of α.
E0 = 1 and E∞ = 100. The loss modulus E′′ is zero when α = 0 and is not shown.

[6]. The response is plotted in Fig. 2 for different
values of β, with α = 1 and E∞/E0 = 100. The
response has similar characteristics for other values
of α. The rapid increase in η for β = 0 is due to E′′

increasing more rapidly than E′ at high frequencies.

2.2.3 Five-Parameter Fractional Order Vis-
coelastic Fluid Model (FOV5F)

The use of the FOV5F model is novel suggestion
for this paper, based on the hypothesis that some
viscoelastic materials may continue to deform over
their lifespans, never reaching a constant strain.
This creep like behavior may be characteristic of
some viscoelastic materials, considering the long
time scales of the system, such as in loudspeaker sus-
pensions, where measurements down to 1 mHz show
continued deformation [20, 26–29]. The FOV5F
model again uses two fractional orders, but in a
different way than the FOV5 model. In the time
domain, the model is described by the fractional

order differential equation

σ(t) + τα
dα

dtα
σ(t) = E0τ

β dβ

dtβ
ε(t)

+ E0τ
α+β dα+β

dtα+β
ε(t)

+ (E∞ − E0)τα
dα

dtα
ε(t),

(11)

In this case, the β parameter is used primarily to
model a slope in E′ at low frequencies, as seen in
the complex modulus,

E∗(ω) = E0(iωτ)β + (E∞ − E0)
(iωτ)α

1 + (iωτ)α
. (12)

Notice that this means E0 has a different mean-
ing than in the other two models, as the FOV5F
model will never reach an equilibrium displacement.
The response for different values of β, with α = 1,
E0 = 1 and E∞ = 100, is shown in Fig. 3. At
low frequencies, the slope in the storage modulus
depends on both α and β, while at high frequencies
it depends only on β, as the last term in Eq. (12)
becomes constant. The large increase in η at low
and high frequencies is due to the different slopes
of E′′ and E′.
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Figure 2: Storage modulus, loss modulus and loss factor of the FOV5 model for different values of β.
α = 1, E0 = 1 and E∞ = 100.
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Figure 3: Storage modulus, loss modulus and loss factor of the FOV5F model for different values of β.
α = 1, E0 = 1 and E∞ = 100.
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2.3 Dynamic Mechanical Analysis

The frequency dependent material properties of two
types of carbon filled viscoelastic rubber, referred
to as Sample A and Sample B, were measured using
dynamic mechanical analysis (DMA). The DMA
tests were conducted at the Department of Met-
allurgy and Material Engineering of KU Leuven
using a DMA Q800 dynamical mechanical analyzer
from TA Instrument Corporation. The experimen-
tal method and analysis used is similar to that done
by Rouleau [30].

2.3.1 Measurement Setup

The DMA tests were conducted in three different
loading configurations: tension, single cantilever
and double cantilever. Shear mode tests were also
attempted, but the material became too stiff at
low temperatures and overloaded the machine. The
DMA machine is shown in Fig. 4, with the tem-
perature chamber open. The chamber is closed
during testing such that liquid nitrogen and a heat-
ing element can be used to vary the temperature
as needed, to make use of time-temperature super-
position principle as explained in Sec. 2.3.2. All

Figure 4: Dynamic mechanical analysis was used
to find the storage and loss modulus over a wide
frequency range.

modulus values are converted to a Young’s modu-
lus valid for tension and compression, assuming a
constant Poisson’s ratio of 0.49.

2.3.2 Time-Temperature Superposition
Principle

Application of the Time-Temperature Superposi-
tion Principle (TTSP) consists in applying shift
factors to the isotherms of the modulus in order
to build the master curves of the material at one
master temperature to represent the complex dy-
namic modulus as a function of frequency. For
this, the method described by Rouleau et al. [7]
is used. The method determines both horizontal
(frequency) and vertical (magnitude) shift factors
by means of a least square method which is based
on the Kramers-Kronig relations from Sec. 2.1.1,
enforcing the causality principle.

2.3.3 Model Parameter Identification

The parameters of the three viscoelastic models
from Section 2.2 were found using the nonlinear op-
timization algorithm fmincon in MATLAB. Before
identification, the skewness γ1(·), a measure of the
symmetry of a distribution was checked, as highly
skewed data can be problematic when using com-
mon regression based identification techniques [31].
A perfectly symmetric distribution has a skewness
of zero, while a positive skewness means the data is
more spread out to the right of the mean, and vice
versa for negative values.

The large changes in modulus value skews the
data and tends to preferentially reduce the norm
at high frequencies where E′ is large. One way of
compensating for skewed data is by taking the loga-
rithmic transform. In the following, the logarithmic
transform will be represented by a subscript, such
as log10(E′) = E′log for the storage modulus.

The objective function is shown in Eq. (13a),
which is minimized when the relative error between
the logarithmically transformed storage modulus
and the loss factor are minimized, with ‖·‖2 repre-
senting the L2-norm over frequency. The storage
modulus Ê′log and the loss factor η̂ are calculated
from the respective model, and E′log and η are mea-
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sured values,

arg min
ρ

∥∥∥Ê′log(ρ, ω)− E′log(ω)
∥∥∥2∥∥∥E′log(ω)

∥∥∥2 (13a)

+
‖η̂(ρ, ω)− η(ω)‖2

‖η(ω)‖2

subject to E0 > 0, E0 ∈ R, (13b)

E∞ > 0, E∞ ∈ R, (13c)

τ > 0, τ ∈ R, (13d)

0 ≤ α ≤ 1, α ∈ R, (13e)

0 ≤ β ≤ 1, β ∈ R, (13f)

E0 < E∞, (13g)

α ≥ β. (13h)

The free parameters in the objective function are
ρ = (E0, E∞, τ, α, β), with β removed for the FOV4
model. The constraints in Eqs. (13b) to (13h) en-
sure that the models fulfill thermodynamic con-
straints

2.3.4 Error Analysis and Model Compari-
son

As the FOV5 and FOV5F models are both exten-
sions of the FOV4 model, using an additional param-
eter, they are suspected to be at least as accurate
as the later. As adding additional parameters to a
model may reduce the amount of error without actu-
ally adding information about the system, known as
over-fitting, it was important to compare the mod-
els on a parameter adjusted basis. To address this,
the adjusted R-squared value R2

adj was chosen as it
penalizes over-fitting by adjusting for the number
of model parameters. It is calculated as [31]

R2
adj = 1−

(
n− 1

n− p− 1

)
n∑
i=1

(yi − ŷi)2

n∑
i=1

(yi − ȳi)2

 , (14)

where p is the number of parameters in the model,
n is the number of samples in the measurement, y is
the measured value, ŷ is the calculated model value,
and ȳ is the mean of y.

Table 1: Skewness of the storage modulus E′, loga-
rithmically transformed storage modulus log10(E′),
and the loss factor η.

Material γ1(E′) γ1(E′
log) γ1(η)

Sample A 1.7 0.26 0.27

Sample B 1.6 0.51 0.51

3 Results

The dynamic modulus E′(ω) and the loss factor
η(ω) of the DMA tests for Samples A and B are
shown in Fig. 5 and Fig. 6 respectively, along with
the identified FOV4, FOV5 and FOV5F models.

The skewness of E′ and E′log are shown in Ta-
ble 1, along with the skewness of the loss factor.
It can be seen that the storage modulus values are
more evenly distributed after taking the logarith-
mic transform, which is beneficial for parameter
identification.

The identified parameters of the three models
are shown in Table 2. In order to compare the
models, the R2

adj was determined, and is shown as

a percentage in Table 3. An R2
adj of 100 % would

mean that the model completely accounts for all of
the variability in the data. All of the models show a
high degree of accuracy, with only minor differences
when accounting for the number of parameters.

4 Analysis & Discussion

Fractional derivative based constitutive models of
viscoelasticity are well suited for modeling the dy-
namic and long term viscoelastic creep behavior of
a wide range of materials, where they are known to
be more accurate than integer order models using
a comparable number of parameters [2, 30]. When
selecting a model to use, choices must be made in
terms of accuracy, complexity, as well as the fre-
quency range of interest.

The three models, FOV4, FOV5 and FOV5F,
were compared over multiple decades using the R2

adj

of E′log and η. In general, the models account for
over 96 % of the variability in the storage modulus,
and over 88 % of the variability in the loss factor.
All three models seem to underestimate the storage
modulus at the beginning of the transition region,
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Figure 5: Dynamic mechanical analysis results of Sample A, with the FOV4, FOV5 and FOV5F model
fits.
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Figure 6: Dynamic mechanical analysis results of Sample B, with the FOV4, FOV5 and FOV5F model
fits.
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Table 2: Parameters of the FOV4, FOV5 and FOV5F models which minimize Eq. (13a) for Sample A
and Sample B. Note that the parameters have different meanings for the different models.

Material Model E0 (MPa) E∞ (GPa) τ (µs) α β

Sample A

FOV4 3.4 1.4 3.3 0.68 -

FOV5 3.4 1.1 4.6 0.70 0.64

FOV5F 7.4 1.28 3.9 0.70 0.08

Sample B

FOV4 3.5 1.0 1.7 0.69 -

FOV5 3.5 0.83 2.6 0.71 0.63

FOV5F 4.6 1.0 1.8 0.69 0.03

Table 3: Adjusted R-squared values for the FOV4, FOV5, and FOV5F model fits of the logarithmically
transformed storage modulus and loss factor.

Material Model R2
adj

(
E′

log

)
(%) R2

adj (η) (%)

Sample A

FOV4 97.9 92.1

FOV5 98.0 93.0

FOV5F 97.9 92.5

Sample B

FOV4 96.7 88.1

FOV5 96.4 89.4

FOV5F 96.7 88.1

and overestimate it at the upper end of the transi-
tion. The FOV5 model had the highest R2

adj when
modeling the storage modulus of Sample A. On
the other hand, the FOV4 and FOV5F models per-
formed 0.3 % better when modeling Sample B. The
FOV5 model was approximately 1 % better in pre-
dicting the loss factor η, likely due its ability to
model asymmetry in the loss factor peak. These
minor improvements make it difficult to justify us-
ing the more advanced models, such that the FOV4
model is deemed the best choice for modeling this
kind of measurement, as it uses the fewest parame-
ters.

A variety of factors made the DMA measurements
difficult and added uncertainty to the results. First
of all, the strain mode needs to be chosen appro-
priately for the material. Attempts were made to
test the rubber polymers in the shear mode but
the strain required exceeded the stress limits of the
machine. The DMA method and time-temperature
superposition worked well above approximately 1 Hz
but to attempts to measure lower frequencies, corre-

sponding to heating the material to higher temper-
atures, made the rubber polymer too soft to record
reliable stress measurements. Other methods of
measuring at lower frequencies could be used, such
as measuring the creep response to a constant stress
or the stress relaxation from a constant strain [32].

There was notable variability between repeated
measurements, as Sample A was measured twice in
tension, yielding very different results. This may
be due to small differences when clamping the sam-
ple into the test fixture, introducing different ini-
tial stresses into the material. The importance of
accurate measurements when trying to use such
models in numerical calculations should not be un-
derestimated. Ideally, the determination of material
properties should be done in situ, but this is often
difficult due to size and other physical constraints.

The rest of the variability in the results is likely
due to uncertainty between measurements, and ul-
timately limits the usefulness of adding additional
model parameters. One source of error may be from
differences in the strain mode used for the mea-
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surement, i.e., single cantilever, double cantilever
and tension, where a constant Poisson ratio was
assumed when converting the measured modulus
to the reported Young’s modulus. This likely intro-
duces errors in the measured values as the Poisson
ratio is known to show some frequency dependency,
along with the frequency dependency of the complex
modulus [33–35]. Minor differences in sample geom-
etry from that used in the conversion equations will
also affect the results.

The measurements spanned over ten decades in
frequency, but many applications are only concerned
with a more limited frequency range, which may
affect the choice of model. For example, the FOV5
model is well suited for materials with an asym-
metric loss factor, and a dynamic modulus that
increases towards high frequencies. The slope of
the storage modulus for the FOV5 model is related
to the difference between fractional orders α − β
[6]. Still, in the measurements conducted here, the
FOV4 model performed just as well.

The FOV5F model uses the additional parameter
β in a different way, changing the meaning of the
low frequency modulus E0. The interaction between
E0 and β is seen clearly from Eq. (12) and shows
up in the identified parameters in Table 2, where
the values are significantly different from the other
two models. The creep like behavior of the FOV5F
model is seen in the very low frequencies of Figure 5
and 6, where the FOV5F model has a slight slope
and seems to give an improved fit of the loss factor
in that region. It is interesting that β is close to
zero, making the behavior quite close to the FOV4
model for the rest of the frequency range.

Overall, the five-parameter fractional models give
more freedom in modeling the low and high fre-
quency extremes of viscoelastic behavior. Nonethe-
less, looking at the R2

adj shows that the additional
parameters did not yield much benefit when consid-
ering the DMA measurements conducted here. It
would be interesting to take measurements at even
lower frequencies, such as a creep measurement, to
see if there is a benefit from using the more advanced
models.

5 Conclusion

Fractional derivative based viscoelastic models are
accurate tools for describing viscoelastic behavior
both on a material level as well as at a compo-
nent level. The ability to model both the dynamic
response as well as viscoelastic creep and stress
relaxation adds to the models utility. In general,
the four parameter material model (FOV4) from
Eq. (8) is sufficient for characterizing the stress-
strain relationship across more than 14 decades in
frequency. A fifth parameter, as used in the FOV5
and FOV5F models makes them slightly more accu-
rate, but has limited benefit considering the large
variability in material properties across samples and
the error introduced by the measurement techniques.
Nonetheless, these models are interesting as they can
describe the slope in the modulus at low and high
frequencies as seen in the measurement results. Ul-
timately, the accuracy when applying these models
is determined by the accuracy of the measurements
used to identify their parameters. Based on the
measurements obtained here, the more advanced
models do not seem to give a meaningful increase in
accuracy, but they may still be relevant when mod-
eling specific cases. Overall, the usefulness of these
fractional order models is especially apparent when
the material properties are of interest over multiple
decades in frequency, as the storage modulus and
loss factor can quickly be determined from a simple
algebraic equation with few parameters.
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ABSTRACT

Commonly used models of moving-coil loudspeaker voice coils, which include effects from eddy current losses,
are either inaccurate or contain an abundance of parameters, and are difficult to extend to the nonlinear domain.
On the contrary, fractional derivative models accurately describe the frequency and position dependence of the
lossy inductance, with meaningful connections to the underlying physics, while keeping the number of parameters
low. These fractional derivatives are also compatible with state-space polynomial methods of modeling nonlinear
behavior. It is shown that the fractional order derivative approaches a value of 1, corresponding to an ideal
inductance, when the voice coil is completely outside the magnetic system. Finally, the developed model reveals
details about the effect of conductive voice coil formers.

1 Introduction

The voice coil of a moving coil loudspeaker is most
simply modeled as a resistor RE , in series with an ideal
inductor LE . The blocked impedance of this simple
model is then

Z( jω) = RE + jωLE . (1)

Note that the impedance Z does not include effects of
the motional impedance. This simple inductor model
predicts that the impedance increases proportionally to
frequency jω . Meanwhile, various authors have shown
that voice coil impedance actually increases propor-
tionally to ( jω)β , where β is some power, typically
ranging from 0.6 to 0.7 [1, 2, 3, 4, 5, 6]. This discre-
pancy between models and reality negatively affects

the design process, as well as complicates nonlinear
distortion compensation, which relies on an accurate
model of the system [7, 8, 9, 10].

This lossy, non-ideal behavior of the voice coil is due to
its placement inside the loudspeaker’s magnetic struc-
ture. As the current in the voice coil changes, the as-
sociated magnetic field varies as well. This oscillating
magnetic field then creates electric currents, known as
eddy currents, in the conductive parts of the magnetic
structure, namely any iron pole pieces or other shorting
devices. The dissipation of energy by these eddy cur-
rents is dependent upon the depth the magnetic field pe-
netrates into the material, known as the skin depth. Van-
derkooy and Dash have independently shown, through
Maxwell’s equations, that the skin depth of an infintily
long inductor wrapped around a semi-infinite iron core,
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(a) L2R2 model
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Lβ

(b) Leach model

RE LEB
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(c) Thorborg model
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Lβ

RSS

(d) Fractional order derivative and parallel resistor (FO-R2)
model

Fig. 1: Equivalent electrical circuits of common lossy
inductor models.

decreases with the square root of frequency towards
high frequencies [1, 11]. This reduction in skin depth
effectively shrinks the cross-section of the conductor,
increasing its resistance, and reducing the frequency
dependency of the voice coil impedance

Z ∝
√

jω. (2)

Common attempts to capture the effect of this so-called
lossy inductance, include the L2R2 model, the Leach
model, and the Thorborg model [3, 2, 4, 5]. A new
fractional order derivative model with a parallel resistor,
referred to as the FO-R2 model, is also developed and
evaluated. The equivalent electrical circuits of the four
lossy inductor models are shown in Fig. 1 and described
in the following subsections.

1.1 L2R2 model

The L2R2 model consists of an additional parallel con-
nected inductor and resistor in series with the resistor
and inductor from the simple voice coil model as seen
in Fig. 1a. The impedance is then

Z( jω) = RE + jωLE +
jωL2R2

jωL2 +R2
. (3)

The additional resistor and inductor change the fre-
quency response of the model at high frequencies by
introducing additional losses above a certain frequency.
While this helps to capture the effect of losses due to
eddy currents, it only models this behavior over a li-
mited frequency range, and the parameter values are
difficult to relate to the physical design of the voice coil
[5, 6]. Nonetheless, the L2R2 model is commonly used
due to the simplicity of incorporating it into a nonlinear
framework [3, 8].

1.2 Leach model

Leach proposed modelling the eddy current losses
using a frequency dependent resistor and frequency
dependent lossless inductor based on a weighted power
law, with its electrical circuit shown in Fig. 1b [2, 3].
The model separates the voice coil inductance from
its series resistance, and uses two parameters to model
the lossy inductor, which can be determined from a
linear regression analysis of the measured voice coil
impedance. The impedance is then

Z( jω) = RE +( jω)β Lβ (4)

where Lβ and β are constants [2]. Setting β = 1/2 in
the Leach model makes it equivalent to Vanderkooy’s
theory of the semi-inductance from Eq. (2).

The Leach model gives a very accurate fit over a large
frequency range, but has not gained widespread use due
to difficulties representing it as an equivalent electrical
circuit in the time-domain, or implementing it into a
digital system [3]. It should be noted that these issues
are beginning to be addressed, with solutions becoming
feasible in both the frequency and time domain [6, 12].

While Leach found this model empirically, it is in fact
a fractional derivative model of the lossy inductance,
and therefore the parameter β refers to the order of
the fractional derivative on current passing through the
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voice coil [6, 12, 13]. The impedance of the fracti-
onal order inductance Lβ can then be written in the
frequency domain as

Z( jω) = Lβ ( jω)β , (5)

or in the time-domain as

Z(t) = Lβ Dβ i(t), (6)

where Dβ is the fractional derivative of order β with
respect to time, and i(t) is the time-dependent current
through the voice coil. Note that care must be taken
when manipulating the fractional derivative functions,
as different definitions exist depending on the initial
conditions [14, 15]. It is assumed here that the system
is at rest for t ≤ 0.

In thinking about the fractional inductor, it is instructive
to look at two extreme cases: β = 0 and β = 1. When
β = 0, there is no derivative on the current in Eq. (6),
and the fractional inductance becomes a simple resis-
tance. When β = 1, there is a first-order derivative on
the current, making the fractional inductance equiva-
lent to a normal lossless inductor. For 0 < β < 1, the
fractional inductor shows both inductive energy storage,
and resistive dissipation.

1.3 Thorborg Model

The Thorborg model takes the concept of Vanderkooy’s
semi-inductance, or a half-order fractional derivative,
and incorporates it into a lossy inductance model con-
sisting of an ideal resistor and inductor in series with
a parallel connected semi-inductance and ideal induc-
tance [4]. Thorborg’s model is shown in Fig. 1c, with
the impedance

Z( jω) = RE + jωLEB + jωLE‖
√

jωKE . (7)

Thorborg says that LEB mostly represents the small in-
ductance due to an overhung section of the voice coil.
LE represents the inductance if there was only the re-
luctance of the airgap around the voice coil, while KE
is a semi-inductance, representing an infinitely long in-
ductance with a semi-infinite iron core [4]. This model
tries to fit the high frequency slope of the impedance
by balancing the magnitudes of the parallel connected
inductor and semi-inductor.

Thorborg’s model can be further extended to account
for other aspects of the loudspeakers electrical system,
such as shorting rings and copper caps [5]. While the
Thorborg model helped motivate the following FO-R2
model, it will not be discussed further.

1.4 Fractional order derivative and parallel
resistor (FO-R2) model

This fractional order derivative model with a parallel
resistor (FO-R2) consists of the nominal resistance
in series with a fractional order inductor, equivalent
to Leach’s lossy inductance, which is shunted by an
additional simple resistor. The impedance of the FO-R2
model is then

Z( jω) = RE +
( jω)β Lβ RSS

( jω)β Lβ +RSS
, (8)

where Lβ is the fractional order inductance and β is
the order of the fractional derivative. RSS is a con-
stant resistance, which shorts the fractional inductor
at high frequencies. The fractional order model uses
the same number of parameters as the Thorborg model,
but makes use of the more general fractional order in-
ductor, opposed to the limited semi-inductance, which
is effectively a 1/2 order fractional inductor. This ge-
neralization allows the high frequency slope of the
impedance to change through the β parameter.

2 Methods

The impedance of four different voice coils were mea-
sured in order to investigate the frequency dependence
of the lossy inductance. The method of measuring the
voice coil impedance is similar to that used by Halvor-
sen when investigating flux modulation in loudspeakers,
where the voice coil is held in place inside the airgap
using an actuated mandrel [16]. Pink noise was used
to excite the voice coils and determine the impedance.
The magnetic system, similar to the one seen in Fig. 2,
was used for all the measurements, and did not contain
any shorting devices or a copper cap.

This method of measuring the blocked impedance elimi-
nates any influence from the loudspeaker’s mechanical
system, allowing the electrical system to be analyzed
independently. The voice coil impedance was measu-
red at a set of 19 discrete points, spaced 1 mm apart,
ranging from completely inside the magnet system at
-9 mm, with the voice coil former touching the base
of the pole piece, to completely outside the magnetic
system at +9 mm, where the pole piece should have
very little effect.

The four voice coils measured will be referred to as
48PI, 48AL, 49PI and 49AL, where the 48 and 49 refer

AES 142nd Convention, Berlin, Germany, 2017 May 20–23
Page 3 of 10



King and Agerkvist Position Dependence of Fractional Order Lossy Voicecoils

Fig. 2: Loudspeaker magnetic system and voice coil,
similar to that used in the measurements.

to two different types of windings. The 48 series has 4
layer twin, or bifilar, aluminum windings with 66 turns,
while the 49 series has 2 layer copper windings with
59 turns. PI refers to a polymidei non-conductive voice
coil former, and AL refers to an aluminum conductive
voice coil former. The 48 series voice coils have a
resistance of 3.49 Ω, while the 49 series voice coils
resistances are 3.36 Ω. The 48 series overall diameter is
slightly larger, and the winding length slightly shorter,
but otherwise the voice coils are relatively the same.

The impedance measurements of the four different
voice coils were used to fit the different lossy induc-
tance models at different positions inside the magnetic
system using the fmincon optimization algorithm in
MATLAB. The cost function used for the optimization
is defined as

k =
|Zmodel( jω)−Zmeas( jω)|

|Zmeas( jω)|
(9)

where Zmodel( jω) is the impedance calculated for the
model at each frequency, and Zmeas( jω) is the measu-
red impedance at each frequency. Zmodel( jω) is calcu-
lated using Eqs. (3), (4) and (8) depending on the model
considered. RE was held constant at its measured DC
resistance value, while the other parameters were left
free. These fits were conducted for each position in-
dividually, giving a set of model parameters unique to
that position for each voice coil.

3 Results

The three models, L2R2, Leach and FO-R2, were used
to fit the measured impedance of the four voice coils at
all 19 positions. The results of the fitting are shown for
the 49PI voice coil in Figs. 3–5 for the L2R2, Leach,
and FO-R2 models respectively. The magnitude and
phase is only shown for three of the measured positions,
-9 mm, 0 mm, and 9 mm, to increase clarity. Similar
quality fits were found for the other positions as well
as the other three voice coils. Note the small peaks
in the measurement results around 5 kHz are due to a
resonance in the measurement system. Measurement
data from 3 kHz to 7.5 kHz was excluded when fitting
the models in order to avoid these peaks.
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Fig. 3: Magnitude and phase of the L2R2 model versus
the measured 49PI voice coil for three positi-
ons.

The L2R2 model results shown in Fig. 3 fit the measu-
red data quite well when the voice coil is outside the
magnetic system, as in the 9 mm position. As the voice
coil is moved into the magnetic system, the model starts
to become less accurate in both magnitude and phase.
This is especially apparent at the -9 mm position, where
the model is unable to fit the data properly, and instead
oscillates around the measured result.

The Leach model seen in Fig. 4 shows a very good fit in
both the magnitude and phase for the whole frequency
range, with only minor deviations from 1 kHz to 10
kHz.

The FO-R2 model plotted in Fig. 5 shows almost iden-
tical results to the Leach model, with only minor im-
provements in the overall error, as seen by evaluating
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Fig. 4: Magnitude and phase of the Leach model versus
the measured 49PI voice coil for three positi-
ons.
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Fig. 5: Magnitude and phase of the fractional deriva-
tive model versus the measured 49PI voice coil
for three positions.

the cost function from Eq. (9) with the final parameter
values for Zmodel.

3.1 Position Dependence

Looking at the position dependence of the L2R2, Le-
ach and FO-R2 model parameters gives insight into
how the models behave, both in terms of their position
dependency inside the magnetic structure, but also in
terms of how the models react to changes in the voice
coil former and winding materials. The position de-

pendencies of the L2R2, Leach and FO-R2 models are
shown in Figs. 6–8 respectively.

For the L2R2 model seen in Fig. 6, when the voice
coils are completely inside the magnetic system, both
inductances LE and L2 are relatively high, along with a
high resistance R2. As the voice coil is moved out of
the magnetic system, both L2 and R2 decrease, with a
small flattening out between -5 mm and -1 mm, before
continuing to decline. LE also decreases with position
initially, but starts increasing again past -4 mm. Recall
that the model fit of the L2R2 model was not very good
at negative positions, meaning the initial decrease in LE
should be interpreted with care. L2 and R2 also have
different position dependencies, indicating different
nonlinear behavior.
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Fig. 6: Parameters of the L2R2 model for four different
voice coils from -9 mm to 9 mm.

For the Leach model seen in Fig. 7, the fractional in-
ductance Lβ decreases approximately logarithmically
as the voice coil is moved outwards, while the fracti-
onal order β increases almost linearly over the same
range. The four different voice coils all show different
fractional inductances while the voice coil is inside
the magnetic system, but they all converge towards an
inductance of 0.4 mΩsβ when the voice coil is moved
outside. Again, the parameters somewhat flatten out
between -5 mm and -1 mm.

The 48 series voice coils show a higher fractional in-
ductance than their 49 series counterparts, as expected.
The fractional order β clearly splits into two different
curves: one when the voice coil former is made from
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Fig. 7: Parameters of the Leach model for four diffe-
rent voice coils from -9 mm to 9 mm.

polymidei, and another when it’s made from aluminum.
The slope of β versus position for the two different
voice coil formers is approximately the same, with a
constant offset between them.
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Fig. 8: Parameters of the FO-R2 model for four diffe-
rent voice coils from -9 mm to 9 mm.

The FO-R2 model shown in Fig. 8, again has a close to
logarithmic relationship between Lβ and position, and
an almost linear relationship between β and position.
The same flattening out of Lβ and β happens between
-5 mm and -1 mm, but to a smaller degree.

The overall change in Lβ with position is less than that
seen in the Leach model for all four voice coils, but
again the 48 series voice coils have a higher fractional

inductance than the 49 series voice coils. This time, the
48 series voice coils show fractional inductance values
very close to each other, while the 49 series voice coils
are also similar.

The fractional order β was found to be approximately
the same for all four voice coils, independent of the
voice coil former material. This is different than what
was seen in the Leach model. Instead, the different
voice coil formers affect the value of RSS, with the
aluminum former giving a relatively constant resistance
of between 60 Ω and 160 Ω, first decreasing slightly
and then increasing as the voice coil is moved out of
the magnetic system. The polymidei former causes
RSS to take a higher value throughout the range, which
then increases sharply when the voice coil is outside
the magnetic system.

4 Discussion

Below approximately 500 Hz the impedance is domi-
nated by the resistance RE . Above this the lossy in-
ductance of the voice coil begins to take over, with
the overall impedance increasing proportionally with
frequency to some power. All three models attempt
to fit the frequency dependence of the magnitude and
phase through a balance of their parameters.

In the case of the L2R2 model, this is accomplished
by creating a secondary transition using the shunt R2.
The Leach and FO-R2 model address the frequency
dependence more directly, where the fractional order
of the derivative on the current causes the impedance
to increase with frequency to the power β

Z ∝ ( jω)β . (10)

Using the fractional derivative clearly provides a more
accurate description of the lossy voice coil at high
frequencies in both the magnitude and phase. This
confirms the results from various previous authors
[2, 6, 13].

Changing the position of the voice coil also changes
its impedance, since the amount of eddy currents ge-
nerated by the voice coil depend upon the magnetic
flux of the coil, which varies with position. Due to the
continuity of Maxwell’s equations, the change in im-
pedance should be continuous for continuous changes
in the position. The three voice coil models account
for these effects to varying degrees, by changing their
parameters as seen in Figs. 6–8.

AES 142nd Convention, Berlin, Germany, 2017 May 20–23
Page 6 of 10



King and Agerkvist Position Dependence of Fractional Order Lossy Voicecoils

It is also interesting to compare the four sets of voice
coil parameters found for an individual model, and see
how they relate to what is known about each voice coil.
One would expect to see similarities between the two
voice coils with the same type of windings, series 48 or
49, as well as similarities when the voice coil former is
of the same material, polymidei or aluminum.

All three models show higher inductance or fractional
inductance values for the 48 series voice coils compa-
red to the 49 series, especially when inside the magnetic
system. Looking at the formula for the inductance L of
a long, thin coil:

L =
µ0N2A

l
(11)

where µ0 is the magnetic permeability in a vacuum, N
is the number of turns, A is the cross-sectional area,
and l is the length of the coil, it is apparent that the
inductance will increase proportionally to the number
of turns N, squared. This matches what is known about
the voice coils, where the 48 series has a larger number
of windings than the 49 series.

4.1 L2R2 model

For the L2R2 model shown in Fig. 6, there are only a
few clear connections between the parameters and the
design of the voice coil. First, the two 48 series voice
coils, with the same windings, both have higher LE
and L2 values compared to their 49 series counterpart,
corresponding to the larger number of windings.

When changing from the polymidei to an aluminum
voice coil former, there is a drop in the inductance
LE of about 0.03 mH for both voice coil series. This
decrease in the inductance is expected due to eddy cur-
rents being created in the conductive aluminum former,
which dissipates some of the magnetic energy. On
the contrary, the inductance L2 increases around 0.02
mH when switching to an aluminum former, partially
compensating for the reduced L2 value. Further cal-
culations are needed to see how much these changes
balance each other.

The resistance R2 also has a higher value for an alumi-
num former compared to the polymidei former, with the
resistance of the 48 series voice coils being higher than
the 49 series in both cases. The increased resistance
with the aluminum former accounts for the additional
dissipation of the eddy currents. Overall, it appears

that differences in the windings and former material
influence all three parameters of the L2R2 model. This
is unfortunate, as it would be nice to see a change in
the voice coil design reflected in a single parameter.

Thinking of LE as the ideal part of the inductance, and
the L2 ‖ R2 branch as the lossy part, Fig. 6 shows that
the inductance is highest when the voice coil is com-
pletely inside the magnetic system. That said, the fit
is very poor in these positions, making it difficult to
draw conclusions. As it is moved out, the quality of
the fit improves. Both the ideal and lossy parts begin to
decrease due to changes in the magnetic flux and eddy
currents. Between -5 mm and -1 mm, the parameters
remain relatively constant, indicating that the average
magnetic flux around the coil is more or less the same
in this range. As the position increases further, L2 and
R2 continue to decrease, while LE instead begins to
increase. This can be thought of as the voice coil tran-
sitioning back to an ideal inductor as it is moved away
from the magnetic system.

One also sees that the overall shape is relatively the
same for all four voice coils. Upon closer inspection,
there is more resemblance between the shape of the
position dependencies when the voice coil formers are
the same, opposed to when the windings are the same.
This indicates that the voice coil former may play a
larger role than the actual voice coil in determining
how the parameters of the L2R2 model change with
position.

4.2 Leach model

Comparing the Leach model parameters from Fig. 7 for
the four voice coils, it is again apparent that the model
increases the inductance in response to the additional
windings of the 48 series coil. When changing to a
conductive aluminum former, the model responds by
reducing the β parameter by about 0.08. The smaller
β parameter makes the lossy inductor Lβ behave more
like a resistor, accounting for the additional losses in
the conductive former. Somewhat counter-intuitively,
the drop in β causes Lβ to be larger for an aluminum
former.

It is interesting to note that the β parameter changes
by an almost constant amount, independent of position,
when changing voice coil formers. This position inde-
pendent change gives evidence that the eddy current
losses in the voice coil former have a constant effect
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upon the fractional order of the component. This makes
sense, as the voice coil former is traveling along with
the voice coil, reducing its position dependency.

As the voice coil is moved outwards, the fractional in-
ductance Lβ decreases. At first, one might expect the
inductance to increase as the voice coil moves away
from the magnetic system and returns to it’s free air
inductance, as is seen in the L2R2 model. This discre-
pancy can be understood by considering the β parame-
ter. Looking at Eq. (5), one sees that Lβ must increase
for lower values of β in order to maintain a constant
impedance. It seems that the model is increasing Lβ

so that the imaginary part of the complex impedance
in Eq. (5) is partially maintained, resulting in different
parameter values, even though the voice coil windings
are the same. Changing β also effects the real part of
the impedance, corresponding to the resistance. This
relationship between β and Lβ should be explored furt-
her. The decrease in inductance when changing to an
aluminum former is expected, as the eddy currents in
the former will create a magnetic field opposing the
field from the coil.

Again, as the voice coil moves outward, there is an
almost linear increase in β . This can be thought of as
a rotation around the complex plane for the fractional
impedance, as it transitions towards fully inductive
behavior when it is away from the magnetic system.
The increase in β also corresponds to less resistive
losses. One may conclude that the fractional order will
never reach a value of one when there is a conductive
voice coil former, where eddy currents can develop.

4.3 FO-R2 model

Looking at the FO-R2 model parameters in Fig. 8 leads
to many of the same conclusions about Lβ and β as
discussed for the Leach model. The main difference
is that β is almost the same for both voice coil former
materials. Instead, the conductive aluminum former
shows itself in the RSS parameter, where the lower value
allows some current to flow through that branch of the
parallel connection. The higher resistance seen for
the polymidei former will dissipate less energy, as a
smaller current is passing through. There are still small
differences in the β when changing formers, which
then affects the Lβ parameter as discussed previously.
Overall, RSS seems to correspond to eddy currents in
the voice coil former.

The position dependencies of Lβ and β are much the
same as in the Leach model, again flattening out slig-
htly between -5 mm and -1 mm. This is likely due to
a more constant magnetic flux throughout this region.
The position dependence of RSS is relatively minor for
the aluminum voice coil former. On the other hand, RSS
increases drastically when the voice coils with polymi-
dei formers are moved out of the magnetic system. This
sharp increase effectively blocks any current from tra-
veling through this branch, reducing the FO-R2 model
to the Leach model. There are still some losses since
β < 1, but the fractional inductor is much closer to the
ideal inductance when outside the magnetic system.

5 Summary

Three lossy inductance models, the L2R2, Leach and
FO-R2 model, were used to fit the measured complex
impedance of four lossy voice coils. The commonly
used L2R2 model is fairly accurate when the voice coil
is positioned outside the magnetic system and losses are
low, but it becomes less accurate, especially at high fre-
quencies, as the voice coil is moved inwards and more
eddy current losses are generated. The Leach model
and the FO-R2 model both fit the measured impedance
very accurately across the whole frequency range, and
at all the measured positions. The accuracy of the fracti-
onal derivative based Leach and FO-R2 models, and
their ability to adapt to position changes, makes them
much more suited for predicting the behavior of lossy
voice coils. Continued work on applying fractional
derivatives in the time domain will hopefully lead to
useful algorithms for loudspeaker control applications.

It was shown that the three models account for changes
in the voice coil design in different ways. For all three
models, increases in the number of inductor windings
manifest as increases in the inductance or lossy induc-
tance parameters. Changing from a non-conductive
polymidei to a conductive aluminum voice coil former
also affects the parameters. For the L2R2 model, these
design changes affect all three model parameters, ma-
king it difficult to use this model to choose components
in the design stage. In the Leach model, the conductive
former, directly affects the fractional order β , turning
the system more resistive. This change also influences
the fractional inductance Lβ due to both parameters
influence on the overall inductance of the system. In
the FO-R2 model, the eddy current losses in the alu-
minum former are accounted for by the parallel RSS
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branch instead of the fractional order β . In the non-
conductive case, RSS becomes large, blocking current
in that branch.

Changes in the voice coil impedance with position was
investigated to see how the three models react to vari-
ations in the inductance and amount of eddy current
losses. When the voice coil is completely inside the
magnetic system, it couples strongly with the magnetic
circuit, increasing the inductance. All three models
account for this by showing the highest inductance at
this point. At the same time, the conductive iron pole
pieces allow eddy currents to be created, resulting in
resistive losses, which in turn reduce the inductance
by some amount. These additional eddy current losses
are accounted for by an increased R2 parameter in the
L2R2 model. The Leach and FO-R2 models account
for these losses by reducing the fractional order β , tur-
ning the fractional inductor more towards its resistive
nature.

As the voice coil moves outwards, the overall induc-
tance lowers, before reaching a range of positions
where the measured inductance is almost constant, in-
dicating no large changes in the average magnetic field
generated. This low point in the inductance is likely
due to a high amount of eddy currents being generated
here. All three models keep their parameters relati-
vely constant throughout this range. As the voice coil
continues outward, away from the magnetic circuit, it
will produce less eddy current losses due to its distance
from the conductive iron in the magnetic system.

The L2R2 model accounts for this by increasing the
LE parameter and reducing L2 and R2 associated with
the lossy part of the inductance. On the other hand,
the Leach and FO-R2 models increase the fractional
order β as the position increases, directly turning the
fractional inductor towards its more inductive nature.
The Lβ parameter reduces in response to the change in
β in order to maintain the overall level of inductance.
In the FO-R2 model, the RSS parameter is relatively
constant for an aluminum voice coil former with a
small increase at large positions. A constant part is
likely due to the position independent eddy currents
being generated in the former. That said, some position
dependent effects still influence the value of RSS. When
using a non-conductive former, RSS is larger, reducing
the current through that branch. In this case, when the
voice coil is outside the magnetic system RSS becomes
very large, effectively reducing the FO-R2 model to the
Leach model.

Overall, it is clear that the three models account for
changes in the voice coil design differently. While the
L2R2 model makes it difficult to directly see how these
changes affect the parameters, they become more appa-
rent for the Leach and FO-R2 models. Comparing the
Leach and FO-R2 models, one sees that constant eddy
currents generated in a conductive voice coil former,
may be accounted for either in the fractional order β ,
or in the parallel resistor RSS. Other resistive additions
such as shorting rings or a copper cap, would likely
show up in these parameters as well, although their
position dependency would change the slope of the RSS
value versus position, opposed to the more constant
affect of the conductive former.

Future work includes modeling these position depen-
dencies using polynomial functions, and looking into
additions to the FO-R2 model structure, such as a con-
stant lossless inductance term. Hopefully, this addition
to the knowledge around lossy voice coils will lead to
better nonlinear distortion compensation performance,
and overall better sound quality.
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Abstract

Inductive coils are often used to generate motion in
moving-coil loudspeakers, where eddy currents are
known to add additional losses to the coil impedance,
causing the frequency dependence to vary from an
ideal inductance. This frequency dependence of
the impedance can be modeled using a fractional
derivative of the coil current, where the fractional
order represents a form of memory in the system.
The impedance of the coil is also known to vary
with position, causing intermodulation distortion
when a loudspeaker is driven at high levels. A
variable order state-space model is developed to
incorporate the position dependency of the lossy
inductance model: namely, the variable position
dependent order of the derivative, and the position
dependent fractional inductance. Simulations using
the variable order state-space model are compared
with finite element analysis, where the models show
similar intermodulation patterns to those known
from loudspeaker measurements.

1 Introduction

The electromechanical coupling between the Lorentz
force and counter electromotive force (back EMF)
is commonly used to convert between electric sig-
nals and mechanical motion, as done in moving-coil
loudspeakers, dynamic microphones and many other
devices [1, 2]. In loudspeakers, an inductive voice
coil is placed in a permanent magnetic field and is
acted on by the Lorentz force when excited by a
current. In the simplest models, the voice coil is
represented as

Z = R+ jωL, (1)

where the impedance Z increases proportionally
with frequency ω, and j is the imaginary unit num-
ber. The resistance R has been added in order to
account for the conductivity of the coil windings.
The amount of flux generated by the coil, and there-
fore the inductance L, is determined by the coil
dimensions, the number of windings, and the mate-
rial properties of the surroundings as is discussed
later.

In reality, the frequency dependency of the coil
impedance is different from that in Eq. (1), where
the magnitude of the impedance instead increases
with frequency ω to some power. This is known to
be well represented as a fractional derivative, such
that the coil acts somewhere between an ideal in-
ductor and a resistor [3–11]. The balance between
the resistive real part of the impedance and the
inductive imaginary part is determined by the frac-
tional order, represented as the Greek letter β in
the following.

The fractional derivative representation is known
to be more accurate than other approximations
such as the L2R2 model, which adds a parallel con-
nected resistor R2 and inductor L2 in series with
the impedance from Eq. (1) [10].

1.1 Position Dependent Nonlinear
Lossy Inductors

In addition to the frequency dependency, the
impedance of the coil will change as it moves relative
to the surrounding magnetic structure. This nonlin-
earity complicates system design and is known to
produce intermodulation distortion, a particularly
disturbing kind of distortion [12, 13]. It is possible
to reduce some of this nonlinear distortion and in-
crease the sound quality but the accuracy of these
techniques often rely heavily on a complete model
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of the system, including the lossy inductance ef-
fects [14–18]. A system model combining frequency
dependent lossy effects with nonlinear behavior is
therefore necessary to make full use of the system
resources when designing and controlling such elec-
tromechanical transducers for optimal efficiency [19,
20].

The following develops the theory of a dynami-
cally excited moving inductor placed in a permanent
magnetic field. A frequency domain finite element
analysis (FEA) is carried out for different coil posi-
tions relative to the iron pole pieces. The impedance
of the coil changed in a similar way to a previ-
ous study which measured the position dependent
impedance of four different voice coils [10]. The
parameters of a fractional order lossy inductance
model are then identified from the impedance at
each position, and interpolated using a polynomial
expansion, as is common in nonlinear loudspeaker
modeling and control.

Finally, the nonlinear parameters are used in a
variable order state-space model to simulate the
behavior of a moving lossy inductor in a magnetic
field. The variable order model is solved in the time
domain using a discrete version of the Grünwald-
Letnikov fractional derivative, with an order that
is updated after each time step. The nonlinear
inductance and variable order of the derivative are
clearly shown to produce intermodulation distortion
as is characteristic of a nonlinear loudspeaker before
distortion compensation. The variable order model
is compared to a time domain FEA model, but
limitations of the FEA make it difficult to form
conclusions. To the authors knowledge, this is the
first time the nonlinear position dependence of a
lossy inductor has been modeled using variable order
derivatives. These time domain models may be the
basis for new nonlinear compensation techniques to
improve sound quality and efficiency.

1.2 Discrete Grünwald-Letnikov
Fractional Derivative

The time domain Grünwald-Letnikov definition of
a fractional derivative is discretized as ∆β for later
use in numerical simulations [21, 22],

Dβf(t) ≈ ∆βfm =
1

T β

m∑
k=0

wβ,kfm−k. (2)

For convenience, a subscript is used to indicate the
time step of the function fm, where m is the current
time step and T is the sampling period used to
discretize f(t). This means fm−k is the sampled
value of f(t − kT ). Note that the argument of
the fractional derivative will be shifted one time
step forward in Sec. 2.3.2, in order to facilitate the
solution of a variable order state-space model at
fm+1.

The weighting function wβ,k is then defined for
the fractional order β at the k-th term of the sum-
mation as

wβ,k = (−1)
k

(
β

k

)
=

Γ(k − β)

Γ(−β)Γ(k + 1)
, (3)

and determines the importance of past values of
fm−k. The weighting function is defined using bi-
nomial coefficients, and can be calculated at non-
integer order values using the Gamma function Γ (·),
a generalization of the factorial function [21, 22].
One sees that the summation in Eq. (2) takes the
form of a discrete convolution with an additional
term being added each time step. This can also be
thought of as a type of moving average, that has
additional ‘memory’ of past values as it progresses.
More information of fractional calculus and impor-
tant considerations for numerical simulation can be
found in [21–27].

2 Theory and Methods

When used in a transducer, the inductive coil is typ-
ically surrounded by a permanent magnet creating
a background magnetic field over the coil [1, 2]. An
iron core and iron pole piece of higher magnetic per-
meability help direct the magnetic flux such that it
is strongest across the coil, improving the efficiency.
As the iron is conductive, the magnetic field cre-
ates small eddy current loops, dissipating energy as
heat. These currents are delayed in phase, creating
a magnetic field in opposition to that of the coil,
which reduces the inductance [3, 4]. As the strength
of the eddy currents is frequency dependent, so is
their effect on the coil impedance. An example of
the voice coil and magnet system is shown in Fig. 1.

First, the existing fractional order derivative
model of a lossy inductor is described in Sec. 2.1.
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(a) Loudspeaker voice coil, connected to the voice coil
former and diaphragm. The rubber outer suspension
and resin filled inner suspension are used to connect the
diaphragm to the loudspeaker basket.

(b) Magnetic system of a loudspeaker, as seen from
above.The permanent magnetic sits below and is con-
nected to the iron pole pieces. The loudspeaker basket
and part of the inner suspension are also pictured.

Figure 1: Example of a disassembled moving coil loudspeaker. The inductive voice coil in 1a fits in the
air gap between the iron pole pieces seen in 1b, such that it crosses the magnetic field of the permanent
magnet. The current in the coil interacts with the permanent magnetic field, causing the coil to move
through the Lorentz force.

This is then coupled to a simple mechanical mass-
spring-damper system in Sec. 2.2, which can be used
to approximate the motion of a coil in a magnetic
field. This linear model is a good approximation for
low voltages but is limited at higher levels where
the system becomes nonlinear. In Sec. 2.3, this
nonlinearity is accounted for by allowing the param-
eters of the fractional derivative model to vary with
the position of the coil. It will be seen that the
fractional order also varies with position, requiring
a variable order lossy inductance model. The new
variable order inductor model is later shown in Sec. 3
to produce the well documented intermodulation
distortion frequencies characteristic of moving-coil
loudspeakers.

2.1 Fractional Derivative Models of
Lossy Inductors

Measurements have shown that the eddy cur-
rent effects often result in a frequency dependent
impedance Z that increases with frequency to some
power, typically between 0.4 and 0.8, opposed to
a power of one for an ideal inductance [3, 4, 6–11].
This dependence can be accurately modeled in the

frequency domain as a resistance R in series with a
constant order fractional inductor Lβ

Z(ω) = R+ (jω)βLβ , (4)

where ω = 2πf is the angular frequency and j the
imaginary unit number [6, 9–11]. The subscript on
Lβ is used to distinguish it from an ideal integer
order inductance.

This kind of lumped parameter model approx-
imates the physics at the component level. The
relationship can also be solved from first principles
using Maxwell’s equations as is done in the FEA
model. This approach was also used by Vanderkooy
to show that an infinitely long inductor with a solid
iron core will have a fractional order of 0.5 at high
frequencies, transitioning to a normal inductance at
low frequencies [3].

The fractional order β is seen to directly affect the
slope of the frequency response. Lβ then represents
a component somewhere between a resistor and
inductor, changing from purely resistive behavior
when β = 0 to purely inductive behavior when
β = 1. As a consequence of the fractional order β,
the fractional inductance Lβ does not have the unit
of Henry like an ideal inductor, where H = Ω s, but
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instead has the units Ωsβ . The fractional order β
can be interpreted as an inhomogeneous time scale
of the system [28].

Solving for the voltage and taking the inverse
Fourier transform gives the time domain relation
between the voltage V (t) and the current i(t) across
the coil, where assuming zero initial conditions
i(0) = 0, and that there is no response before time
zero i(t) = 0 for t < 0,

V (t) = LβD
βi(t), (5)

where Dβi(t) is fractional time derivative of the
current in the coil and β is the order of the derivative.
The fractional derivative operator Dβ from Eq. (5)
can be defined using a variety of definitions with the
Grünwald-Letnikov fractional derivative chosen here
as it is well suited for numerical implementations.
The requirement that the response is f(t) = 0, t ≤ 0
will become clear in the following.

2.2 Coupled Electromechanical Frac-
tional Order Lossy Inductor

When used as a transducer, one would often like
to know the position of the coil. Representing the
mechanical motion as a simple mass-spring-damper
system gives the following set of coupled differential
equations, where the fractional inductor model from
Eq. (4) is used to represent the electrical system,

V (t) = Ri(t) + LβD
βi(t) +Bl

dx(t)

dt
, (6a)

Bli(t) = M
d2x(t)

dt2
+D

dx(t)

dt
+Kx(t). (6b)

The mass M of the coil is connected via a stiffness
K and damping D to a rigid reference point. The
magnetic force factor Bl couples the two sides to-
gether through the Lorentz force and the voltage
generated by the counter electromotive force [1, 2].
The magnetic force factor Bl in Eq. (6) is assumed
to be constant. This is also done later in the FEA
model in order to isolate the effect of the nonlinear
position dependent inductance. There is no problem
to extend the theory to the case of a nonlinear force
factor, where Bl(x) depends on the coil position x.
The coupled Eqs. (6a) and (6b) can be solved in
the frequency domain by taking the Fourier trans-
form, or in discrete time by separating them into

a set of first order ordinary differential equations
and approximating the derivatives using the discrete
Grünwald-Letnikov derivative from Eq. (2).

2.3 Nonlinear Position Dependent
Lossy Inductors

As Eqs. (6a) and (6b) show, the coil will move
with respect to the magnet and pole pieces when
excited by a voltage V (t). For large excitations, the
coil displacement exceeds the linear range of the
previous model, triggering a variety of nonlinear
effects [12, 13]. This work focuses on the nonlinear
position dependence of the coil impedance, resulting
from the coil moving relative to the magnetic system
as seen in Fig. 1.

It is known that the spatial change in the induc-
tance results in what Cunningham calls the ‘mag-
netic attraction force’ [29]. This concept has been
further interpreted as a force factor modulation by
Risbo et al. [30]. This effect will be ignored in order
to isolate the effect of the nonlinear inductance, with
an exception for the FEA models, where this effect
is included inherently, due to the self-inductance
of the coil. Other nonlinear effects such as mag-
netic saturation in the materials, which results in a
current dependent inductance are ignored in the fol-
lowing. The position dependence of the impedance
arises when the coil moves, changing the amount of
eddy currents generated in the iron pole pieces. A
previous study showed that the position dependence
effects both the fractional inductance Lβ as well as
the fractional order β [10].

In making Lβ(x) depend on position, it becomes
inherently time dependent and cannot be separated
from the fractional time derivative in Eq. (6a). The
voltage across the inductor must then be written as
the fractional derivative of the magnetic flux

V (t) = DβΦ(x, t) = Dβ (Lβ(x)i(t)) , (7)

where x = x(t) and the magnetic flux from the coil
Φ(x, t) is defined at a certain coil position and time
as Φ(x, t) = L(x)i(t). The position and time depen-
dencies are treated separately in order to distinguish
from the time dependence of the flux at a constant
position. Eq. (7) reduces to a blocked inductance
model when there is no mechanical motion.

For the integer order nonlinear case, Eq. (7) can
be separated into two parts using the product rule,
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also known as the Leibniz rule,

V (t) = L(x)
di(t)

dt
+ i(t)

dL(x)

dt

= L(x)
∂i(t)

∂t
+ i(t)

∂L(x)

∂x

∂x

∂t
.

(8)

The last step uses the chain rule to separate the time
dependence from L(x), giving a velocity term and a
spatial derivative of L(x). One can clearly see that
Eq. (8) is nonlinear, as the velocity is multiplied by
the current, creating new frequencies for harmonic
inputs [12, 13].

The product rule does not hold in the fractional
order case, meaning the fractional derivative of the
product of two functions is [31–33]

Dα (f(t)g(t)) =
∞∑
i=0

D if(t)Dα−ig(t). (9)

To circumvent the numerical difficulties introduced
by Eq. (9), the postiion dependent fractional induc-
tance Lβ(x) will not be separated from the current
i(t) in Eq. (7), and will instead remain inside the
derivative as the magnetic flux Φ(x, t). Substituting
Eq. (7) into Eq. (6a) gives a coupled moving coil
model with a position dependent fractional induc-
tance. Previous work used the same method to incor-
porate a position dependent fractional inductance
into a nonlinear state-space model of a loudspeaker
[11]. The same concept will be used when solving
the variable order state-space described below.

2.3.1 Variable Order Lossy Inductors

As the order of the derivative β(x) is known to vary
with position [10], Eq. (4) can be modified to the
variable order equation

V (t) = Dβ(x)Φ(x, t) = Dβ(x) (Lβ(x)i(t)) , (10)

where the derivative operator Dβ(x) is known as
a variable order derivative [34–36]. The field of
variable order calculus has emerged in the last two
decades as a useful extension of fractional order
calculus, where the fractional order is no longer con-
stant but is dependent on another system variable.
A variable order version of the Grünwald-Letnikov
derivative in Eq. (2) is used, as it is known to be
both casual and simple to discretize in the time

domain. The discrete version is given by [35, 36]

∆βmfm =
1

T βm

m∑
k=0

wβm,kfm−k, (11)

where the variable order at the current time step
βm is a sampled version of the position dependent
β(x(t)). The formulation which follows holds for
other time dependent fractional order dependencies
as well.

Different definitions of the variable order operator
are possible, but result in memory kernels that may
or may not be physically meaningful [34–37]. In
this definition, the weighting function at the current
time step wβm,k describes a time varying modulation
of memory in the system, which is dependent on
the fractional order βm,

wβm,k = (−1)
k

(
βm
k

)
=

Γ(k − βm)

Γ(−βm)Γ(k + 1)
. (12)

This means that the memory of the fractional deriva-
tive becomes more or less important, depending on
the magnetic coupling of the coil. Values of βm close
to zero result in a long tailed weighting function,
representing a long memory at that position. As
the value of βm increases, the tail of the weighting
function decays more quickly, finally vanishing when
βm = 1 for k > 1. This results in a memory free first
order finite difference, representing an integer order
inductor in free air with no coupled eddy currents.

Substituting Eq. (10) into Eq. (6a) gives the cou-
pled equations,

V (t) = Ri(t) + Dβ(x)Φ(x, t) +Bl
dx(t)

dt
, (13a)

Bli(t) = M
d2x(t)

dt2
+D

dx(t)

dt
+Kx(t), (13b)

which is seen to be a variable order lossy inductor
coupled to a mechanical mass-spring-damper system
through a constant magnetic force factor.

2.3.2 Variable Order State-Space Solution

The response of a variable order system can be
determined in the time domain using the variable
order state-space solution, where the variable or-
der nonlinear state-space is written as the matrix
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equations [38],

∆βmxm+1 = Amxm +Bmum, (14a)

ym = Cmxm +Dmum, (14b)

where matrices are represented as bold capital let-
ters and vectors as bold lowercase letters unless
otherwise specified. Note that the index of xm+1

has been shifted one time step forward inside the
discrete fractional derivative. This is necessary later
in Eq. (19), where one must solve for the next time
step of the state vector xm+1. Nonetheless this
adds a delay between the variable order and the sys-
tem state, as the weighting function wβm,k cannot
depend on some future value βm+1.

The variable order moving coil from
Eqs. (13a) and (13a) can be written in the
form of Eqs. (14a) and (14a), giving the variable
order vector βm,

βm =
[
β(xm) 1 1

]
. (15)

The state vector xm is

xm =
[
Φm xm ẋm

]T
, (16)

where Φm is the magnetic flux from the coil, xm is
the coil displacement, and ẋm is the velocity of the
coil, where the dot represents the first derivative
with respect to time. Notice that both the spatial
and time dependencies of Φ(x, t) are assumed to af-
fect the discretized magnetic flux Φm. The magnetic
flux is used as a state variable because the infinite
memory of the variable order derivative means that
the inductance term cannot be separated from the
current [11, 31, 32].

The input vector is then the voltage um = Vm.
Using Eqs. (15) and (16), the discrete variable order
derivative of the state vector one time step ahead
xm+1 is [38],

∆βmxm+1 =
[
∆β(xm)Φm ∆1xm ∆1ẋm

]T
.
(17)

The matrices Am and Bm are the state and input
matrices, which have coefficients representing the
dynamics of the system, while Cm and Dm are the
output and feed-through matrices. The state-space
matrices depend on the current sample m, making
the system nonlinear. The nonlinear state-space

matrices are then

Am =

−
R

Lβ(xm) 0 − Bl
Lβ(xm)

0 0 1
Bl
M −K

M − D
M

 , (18a)

B =
[
1 0 0

]T
, (18b)

Cm =


1

Lβ(xm) 0 0

0 1 0

0 0 1

 and (18c)

D =
[
0 0 0

]T
, (18d)

where in this case B and D are constant. The
output matrix Cm is used to convert the magnetic
flux Φm to a current im, which is easier to observe
than the flux.

Combining Eqs. (11) with (14a) and solving for
the state vector one time step in the future xm+1

shows that the next state of the system can be
calculated from the input um and the current and
past values of the state vector x,

xm+1 = TβmAmxm + TβmBmum

−
m+1∑
k=1

wβm,kxm+1−k

(19)

where the variable sampling period matrix Tβm is a
diagonal matrix, computed as T βm,i where βm,i is
the variable order at the current time step for the
i-th entry in βm. In this case, using the variable
orders from Eq. (15) gives

Tβm =

T
β(xm) 0 0

0 T 0

0 0 T

 . (20)

Each row of the variable order weighting matrix
wβm,k is calculated as wβm,k from Eq. (12). The
variable order state space solution from Eq. (19) re-
duces to a first order finite difference approximation
if βm ∈ Z.
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2.4 Finite Element Analysis of a
Nonlinear Lossy Inductor

Finite element analysis (FEA) in COMSOL multi-
physics was used to investigate the impedance of
a lossy inductor in a magnetic field. This FEA is
conducted in both the frequency domain, and later
in the time domain such that nonlinear effects can
be incorporated. The model was inspired by the full
loudspeaker FEA conducted in [39, 40], although
only the low frequency transient response was cov-
ered there. It is important to note that research into
improving the time domain FEA model is ongoing,
with some major issues still to be resolved. These
will be discussed later on.

The focus of the FEA was to investigate the non-
linear position dependencies of the impedance, while
neglecting other nonlinearities in the system, as
in the variable order model developed previously.
This was deemed easier than isolating the nonlinear
position dependent effect from dynamic voice coil
measurements, where the nonlinear distortion is in-
fluenced by a variety of other effects at the same
frequencies as those under investigation [12, 13]. In-
vestigations using specialized test setups may prove
useful for future measurement based identification
techniques.

The axisymmetric geometry used to model the
coil and iron pole pieces are shown in Fig. 2 for
three coil positions, where the coil is the copper
colored rectangle, surrounded by the gray iron pole
pieces with air in blue. The axisymmetric model
is a good approximation of a real coil and greatly
reduces the number of computations compared to
a full three-dimensional model. The zero position
was chosen to be near the top of the pole pieces
as to introduce an asymmetrical nonlinearity as is
usually seen in real loudspeakers [13]. The open
design of the pole pieces is being used while refining
the model as to avoid the coil colliding with the
iron during testing. It also simplified the meshing
process. The consequences of this choice will be
commented on later.

The magnetic force factor Bl was kept constant
by applying the electromechanical coupling directly
as a force on the coil proportional to the coil cur-
rent. This choice was made to avoid a nonlinear
force factor resulting from spatial variations in the
magnetic field, as would be the case when using a
permanent magnet model.

The frequency domain simulations consisted of an
electromagnetic study at 21 different coil positions
relative to the iron pole pieces. These were used as
inputs to the identification procedure in Sec. 2.5 for
determining the fractional order inductance param-
eters from Eq. (4). These parameters will be used
along with the constant mass-spring-damper param-
eters seen in Table 1 to simulate a variable order
state-space model of a moving coil. The parameters
identified can be interpolated across positions using
polynomials, for use in the nonlinear variable order
solution in Eq. (19).

The FEA model is then solved in the time domain
in order to model nonlinear distortion. The input
voltage V (t) consists of two sinusoids of 100 V each:
one at f1 = 100 Hz and the other at f2 = 2025 Hz,
such that the input vector is

V (t) = 100 sin(2πf1t) + 100 sin(2πf2t). (21)

This input was chosen as it is known that a nonlin-
ear transducers produce intermodulation distortion
(IMD) when excited by a two tone input [12, 13].
This often happens when there is a low frequency
tone f1 below the resonance that creates a large
displacement, thus activating the nonlinearity. The
IMD occurs when the low frequency tone interacts
with a second high frequency tone f2 to produce
additional intermodulation frequencies not present
in the input. These intermodulation frequencies are
the integer differences between the high and low
frequencies fIMD,n = f2 − nf1, n ∈ Z. The amount
of IMD can be calculated as the ratio of power in
the nonlinear intermodulation components to the
power of the higher fundamental frequency [13, 41].

The time domain FEA solution was computed
using a backwards difference formula with a sample
rate appropriate for the mesh size given the fre-
quency range of interest [42, 43]. Complete details
of the model setup and simulation settings can be
found in Appendix A.

2.5 Parameter Identification

The parameters of the lossy inductor model from
Eq. (4) were found from the impedance deter-
mined at each position of the FEA model using
the fmincon optimization algorithm in MATLAB.

7
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(a) Coil at −10 mm. (b) Coil at 0 mm. (c) Coil at 10 mm.

Figure 2: Axisymmetric geometry of the FEA model, showing the copper colored asymmetrically
positioned coil, surrounded by the gray colored pole pieces. The surroundings are modeled as air in blue.
The rectangular box around the coil was used as the moving mesh domain, such that it was allowed to
deform as the coil moves in the time domain study.

Table 1: Constant mechanical mass-spring-damper parameters and magnetic force factor, used in the
FEA simulations and .

Bl (T m) M (g) D (N s m−1) K (kN m−1)

12.6 10 10 10

The optimization problem is defined as,

arg min
R,Lβ , β

‖ZFRAC(R,Lβ , β, ω)− ZFEA(ω)‖2

‖ZFRAC(R,Lβ , β, ω) + ZFEA(ω)‖2

(22a)

subject to R > 0, R ∈ R, (22b)

Lβ > 0, Lβ ∈ R, (22c)

0 ≤ β ≤ 1, β ∈ R (22d)

where ZFRAC(R,Lβ , β, ω) is the impedance calcu-
lated from the fractional model in Eq. (4), and
ZFEA(ω) is the impedance determined by FEA.
Eq. (22a) is minimized over a chosen frequency

range using the L2-norm ‖·‖2. The identification
was conducted for each position individually, giving
a set of model parameters related to that position.

Once the parameters were found for each posi-
tion, they were interpolated over position using
the polyfit function in MATLAB, giving a set
of coefficients that can later be used to update
Eqs. (18a) and (18b) during nonlinear state-space
simulations. R was modeled using a constant, while
Lβ and β were interpolated using first-order poly-
nomials. Higher order can also be used without
difficulty. More advanced nonlinear identification
procedures may be helpful when determining these
parameters from measurements [9, 44, 45].

3 Results

This section describes the results of the FEA sim-
ulations and variable order state-space model of
the lossy coil. The results of the frequency domain
FEA are shown to be well approximated using the

8
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frequency domain fractional derivative model from
Eq. (4). The identified parameters show a position
dependency that is interpolated and used in a non-
linear variable order state-space model, producing
harmonic and intermodulation distortion compo-
nents characteristic of moving-coil loudspeakers. A
similar analysis could be conducted using measure-
ment data of real coils, e.g. the results from [10].
Attempts to reproduce the nonlinear behavior are
made using a time domain solution of the FEA
model resulting in a similar distortion pattern, but
shifted down in frequency.

3.1 Frequency Domain Simulations

The setup and simulation settings of the FEA model
are described in Sec. 2.4 and Appendix A. The posi-
tion dependent impedance of the coil was calculated
by solving the coupled electromechanical problem in
the frequency domain, at 21 different coil positions,
−10 mm ≥ x ≥ 10 mm in 1 mm increments, using
the geometry shown in Fig. 2 for the center posi-
tion and two extremes. Fig. 3 shows the impedance
of the FEA model along with the fractional order
impedance identified from Eq. 4 for five of the po-
sitions. The impedance has a peak at ∼155 Hz,
which is close to the natural frequency of the mass-
spring-damper system fn =

√
K/M/2π ≈ 159 Hz.

Note that the high frequency slope of the impedance
changes with coil position.

The parameters R, Lβ and β from Eq. (4) were
then identified using the optimization technique de-
scribed in Sec. 2.5. They are plotted versus the
position of the FEA simulation in Fig. 4, along with
the polynomial interpolations obtained using the
method described in Sec. 2.5. The first order inter-
polation of the parameters given by the following
equations for the fractional inductance Lβ(x) and
the fractional order β(x),

Lβ(x) = 9.40− 744x mΩsβ , (23)

β(x) = 0.813 + 3.92x, (24)

where the time dependence of x is implied. This will
be used in the nonlinear time domain simulations
that follow.

3.2 Nonlinear Time Domain Simula-
tions

First, the linear response of the coupled electri-
cal and mechanical FEA was compared with the
fractional order state space solution as shown in
Fig. 5. The fractional order state-space solution
solves Eq. (6) using Eq. (19) with constant state-
space matrices A, B, C and D, and the constant
fractional orders β. This was done to verify the
time domain solution method in the constant order
case.

The nonlinear variable order state-space model
described by Eqs. (14) to (18) was then solved for
the two-tone input from Eq. (21) using the solution
method from Eq. (19). The state-space matrices in
Eq. (18) are updated at each time step by evaluating
Eqs. (23) and (24) using the position at the current
sample xt. The simulation was conducted for 0.25 s,
corresponding to 25 periods of the low frequency
tone in the input, with a sampling frequency FS =
1/T = 162 kHz, which is the same as used in the
FEA model. The last five periods were then taken
to avoid any transient effect and converted to the
frequency domain using an FFT algorithm.

The results of the variable order state-space simu-
lation are presented in Fig. 6 alongside the results of
the time domain FEA simulations using the model
from Sec. 2.4. It was chosen to plot the acceleration
of the coil, as it relates closely to the sound pres-
sure level when the coil is used in a loudspeaker,
where the nonlinear affects may be audible. The
FEA model was solved for 0.25 s using a high perfor-
mance computing (HPC) cluster node consisting of
2x Intel Xeon Processor 2650v4 (12 cores, 2.20 GHz
each) and 512 GB of shared memory. The solution
took 4.5 days to solve utilizing five processes and
approximately 199 GB of memory. More info on
the time domain FEA, including the mesh, can be
found in Appendix A.

One sees that the asymmetric variable order
model produces the expected harmonic and inter-
modulation distortion pattern expected from a non-
linear system. The FEA model produces a similar
distortion pattern but with the input and distortion
components shifted down in frequency and with
some differences in level, plus additional numerical
noise. Possible reasons for this are discussed in
the following section. Note that the FEA simula-
tions also show a second harmonic that is stronger
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Figure 3: Coupled electrical impedance of the FEA model (◦) at different coil positions compared with
the fractional order lossy inductance model (–) from Eq. (6).

than the first. This is likely do to the ‘magnetic
attraction forces’ as described by Cunningham [29,
30].

4 Analysis & Discussion

Fractional order and variable order models were
used to analyze the behavior of a nonlinear lossy
inductor. These will be discussed along with the
results of the FEA conducted in both the frequency
and time domain. The frequency domain models
are discussed first in Sec. 4.1, as they were used to
identify the parameters for the variable order time
domain simulations discussed in Sec. 4.2.

4.1 Frequency Domain Simulations

The linear frequency domain FEA simulations
are well approximated using the fractional order
impedance from Eq. (4) as seen in Fig. 3. The
accuracy is similar to that seen when identifying
the model parameters from blocked impedance mea-
surements as in [10], where possible improvements
are also discussed. Looking at Fig. 3, the fractional

order model estimates a slightly lower impedance
than the FEA model at high frequencies. There is
also deviation in the phase, where the FEA model
has a phase that begins to decrease again at very
high frequencies. This is likely due to an under re-
solved mesh, which cannot model the high frequency
behavior properly.

Looking at the position dependence of the frac-
tional order model parameters in Fig. 4 gives some
insight into the model behavior. First, the resis-
tance R is approximately constant, matching the
expectation of a constant resistance due to the con-
ductive windings of the coil. The small variations
are due to R being a free parameter in the opti-
mization problem from Eq. (22). It could also be
held constant based on the lowest frequency value
of the impedance, but it was interesting to check
the robustness of the identification procedure.

One also sees that the fractional inductance Lβ
is highest when the coil is at negative positions, in
closer proximity to the iron pole pieces. In these
positions it is easier for the coil to generate flux due
to the higher magnetic permeability of iron. This
coupling decreases as the coil moves in the posi-
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Figure 4: Parameters of the fractional order inductance model as identified from the results of FEA
simulations at different coil positions. The resistance R was fixed to a constant value, while first order
polynomials were used to interpolate Lβ and β.

tive direction, decreasing the fractional Lβ . The
fractional order β also shows a dependence on posi-
tion, varying from 0.79 at −10 mm to 0.85 at 10 mm.
These fractional orders are relatively higher than
typically seen in measurements [10], and may be
due to the ‘open’ design of the magnet system seen
in Fig. 2, where the two separate pole pieces give a
smaller path for the eddy currents to travel.

Recall that a low fractional order increases the
real part of the term, becoming purely resistive when
β = 0. At the fractional order increases, so does the
imaginary part of the impedance, becoming purely
inductive when β = 1. The lower fractional order
at negative positions can then be attributed to the
resistive losses from the eddy currents in the iron
pole pieces. As the coil moves in the positive direc-
tion, these eddy currents decrease and the fractional
order β becomes larger, i.e. less resistive. One can
imagine that at large enough displacements β → 1,
representing an ideal inductance when the coil is
completely uncoupled from the iron. While not the
focus of this paper, there is a frequency dependency
of the fractional order that can also be modeled as

a variable order inductor, where the order depends
on frequency, although the solution technique will
be different [46].

4.2 Time Domain Simulations

The effect of the position dependent fractional induc-
tance and variable order is seen in the time domain
simulations from Fig. 6, where they are compared
with the FEA results. The plot shows that the
nonlinear variable order state-space solution pro-
duces the expected intermodulation distortion com-
ponents, as is well documented for nonlinear voice
coils [12, 13]. The peaks are sharp, with a very low
noise floor. The asymmetric nonlinearity is seen to
produce both even and odd order harmonics.

The results of the FEA simulation are not as clear,
with the distortion pattern noticeably shifted down
in frequency. This may be due to an under resolved
mesh, or an inadequate sample rate, but this seems
unlikely as the lower frequencies are also affected.
The length and memory requirements of the simu-
lations makes it difficult to troubleshoot. The FEA
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Figure 5: Displacement over current response, and electrical impedance of the frequency domain FEA
simulation compared to the constant order time domain state-space solution.

results also have a markedly higher noise floor than
the variable order state-space model. This is partly
due to transforming the displacement calculated in
the FEA to an acceleration using the derivative,
which amplifies the numerical noise. As mentioned,
the increase energy at the second harmonic is likely
due to the ‘magnetic attraction forces’ of Cunning-
ham, which are inherently included in the FEA.
This can also be thought of as a modulation of the
force factor, following the analysis of Risbo et al.
[29, 30]. The issues faced in the FEA make it clear
that modeling the full problem is difficult, especially
considering that many effects were neglected in the
simplified FEA performed here.

The variable order model has the advantage of
including the frequency dependent lossy inductance
effects in the familiar state-space form, with greater
accuracy than the integer order equivalent, while
still modeling nonlinear distortion. This type of
solution makes it simple to include other frequency
dependencies and nonlinearities into the system, as
is done with a nonlinear fractional order suspension
in [11]. A nonlinear fractional order state-space
model was used there, but the same methods work

in the variable order case.

From a modeling viewpoint, the variable order
state-space solution is much faster to setup and
solve than the full FEA model. Simulating the cou-
pled problem for a 0.25 seconds long input takes
approximately one second using the variable order
state-space model, opposed to 4.5 days using the
FEA model. The ability to quickly determine the
model parameters in the frequency domain is an-
other advantage.

In application, the assumptions of zero initial con-
ditions x(0) = 0 and x(t) = 0 for t < 0 in Eq. (2)
are not true, introducing error to the variable order
results. The fact that the summation in Eq. (19)
grows larger over time is also problematic from a nu-
merical standpoint, as the number of computations
needed grows exponentially. This can be addressed
by truncating the summation, called the short mem-
ory principle, thereby limiting the memory of the
system [21]. Other adaptive memory approaches
have also been proposed [47]. Another possibility is
to approximate the irrational fractional derivative
operator using rational integer order derivatives [22,
26, 35]. The choice of approximation is dependent
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Figure 6: The frequency response of the voice coil acceleration as calculated from the FEA simulation
and the nonlinear variable order state-space model. The input tones at 100 Hz and 2025 Hz produce
harmonic and intermodulation distortion in the output. There is a clear frequency shift in the FEA
results, highlighting the difficulties of the method.

on the fractional order, as high fractional orders
with relatively short memory can be well approxi-
mated using the short memory principle.

5 Conclusions

This work used FEA simulations to determine the
nonlinear position dependence of an inductive coil;
one of the main nonlinearities. The frequency de-
pendence of the impedance was modeled at each
position using a fractional order inductor model
based on fractional derivatives. This showed that
the fractional inductance term Lβ(x) and the frac-
tional order β(x) change with position, confirming
the nonlinear coupling between the coil and the sur-
rounding iron pole pieces. Analysis showed that this
coupling determines the magnitude of resistive eddy
current losses and corresponding changes in the
inductance, as represented by the coil impedance.

In deriving the nonlinear fractional order state-
space, and later the variable order state-space, it
was shown that the typical choice of using the coil

current i(t) as a state variable is not valid in the
fractional case, as the fractional derivative of two
functions does not follow the product rule, but in-
stead must be found using a generalized Leibniz
rule. To overcome this challenge, the magnetic flux
of the coil Φ(t) was used as a state variable instead
of the current i(t), when solving the variable order
state-space. This modification results in simpler
nonlinear state-space matrices, seen in Eq. (18),
which can also be used in the integer order case.

The nonlinear position dependence of the frac-
tional inductance Lβ(x) and the fractional order
β(x) were then simulated using a variable order
state-space model, which generates the expected
harmonic and intermodulation distortion compo-
nents that are typical of position dependent induc-
tors. The variable order derivative in the inductor
model is seen to represent a form of ‘memory’ of
the magnetic flux, where past states of the flux con-
tinue to influence the coil impedance when there
are eddy currents. The importance of past values
of the flux then changes as the coil moves. The
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distortion generated using the variable order state-
space model was compared with a nonlinear time
domain FEA, but problems in the FEA make it dif-
ficult to validate the variable order model behavior.
Possibilities of validating the model experimentally
should also be explored. This new type of model has
the potential to improve transducer designs relying
on lossy inductors and may help reduce nonlinear
distortion by providing an accurate system model
for nonlinear compensation algorithms.
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Appendix A:

Finite Element Analysis (FEA)
in COMSOL

Finite element analysis (FEA) was conducted in
the frequency domain and time domain, in order
to analyze both the linear response and nonlinear
behavior of a coupled electromechanical system,
composed of an inductive coil of wire connected
via a spring damper to a rigid reference point. The
mass of the coil is acted on through the Lorentz
force, which occurs when the time varying current
in the coil interacts with a permanent magnetic field.
The model geometry, material definition, meshing
and physics modeling were all done using COMSOL
Multiphysics. Details of the FEA implementation
described in Sec. 2.4 are introduced below, with
inspiration found in the frequency domain and time
domain modeling examples shared by COMSOL [39,
40].

A.1 Geometry

The axisymmetric geometry of the model is com-
posed of an inductive coil domain, with two pole
pieces: an outer ring and a solid core. The zero
position of the coil is positioned asymmetrically to
the pole pieces as seen in Fig. 2, where the whole
system is surrounded by free air. The round edges
of the pole pieces make the boundary layers simpler
to mesh as described in A.3 and also help avoid
singularities that can arise from sharp corners in
the geometry.

A.2 Materials

Several simplifications were made in modeling the
material properties of the iron pole piece and coil.
First, it was assumed that the soft iron pole pieces
are linear, meaning the effective relationship be-
tween B and H is kept constant, neglecting satu-
ration effects. The material properties of the coil
were also kept constant, neglecting any heating ef-
fects. The material properties used are shown in
Tab. 2, where σ is the conductivity, εr is the rela-
tive permittivity and µr is the relative permeability.
The mechanics of the system were described using
lumped parameters as seen below in A.5.

Table 2: Material properties used in COMSOL finite
element model.

Material σ (MS m−1) εr µr

Coil Windings 60 1 1

Soft Iron 10 1 5000

Air 0 1 1

A.3 Meshing

A boundary layer mesh of 20 layers was made on the
exterior edges of the iron core and surrounding iron
pole piece. The first layer has a thickness of 25µm,
corresponding to two elements per skin depth at
an upper frequency of 8.1 kHz. The skin depth δ is
defined as the depth at which the current density
has decreased to 1/e of the current density at the
surface for a certain angular frequency ω,

δ =

√
2

ωµ0µrσ
, (25)

where µ0 is the magnetic permeability of free space.
It is possible that more elements per skin depth
should be used to resolve the upper frequencies, but
this will also increase the computational time [42,
43].

The time domain study used the mesh, along with
the moving mesh and automatic remeshing capabil-
ities of COMSOL. The moving mesh feature allows
the coil to move, deforming the mesh. The velocity
of the coil is then coupled back to the electrical side
through the moving frames of the mesh. For large
displacements, where the mesh deformation is high,
the automatic remeshing feature will create a new
mesh. In this case, the criteria for remeshing was
based on the maximum mesh distortion as defined
in [40]. This criterion helps maintain an accurate
mesh, even for large coil displacements.

A.4 Electromagnetic Fields

The electromagnetic system is primarily modeled
using the Maxwell equations and the material prop-
erties from Tab. 2. Additionally, the coil domain
was made to act as an inductor in a constant mag-
netic field. The coil was defined using the homoge-
nized multi-turn conductor model from COMSOL’s
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Magnetic Fields interface. The coil had a radius
r = 20 mm and N = 100 windings. The windings
each had a cross section of 0.035 mm2 using the
material properties from Tab. 2.

It was chosen to model a constant magnetic field
around the coil, in order to isolate the position de-
pendent effect of eddy currents in the iron pole struc-
ture from other nonlinearities. This was defined as
a constant magnetic force factor Bl = 2πrNB0,
where B0 = 1 T.

A velocity term is included to account for the
counter electromotive force, known as the back
EMF, which is the voltage produced on the electrical
which opposes the motion of the coil. It is important
that this voltage is applied with the correct sign
relative to the coupled Lorentz force as described in
the next section. In time domain simulations, this
back EMF is automatically included through the
moving mesh.

A.5 Solid Mechanics

The Solid Mechanics interface was used to model
the movement of the coil. First, the coil domain was
specified as a rigid body such that it can move but
will not deform. An added mass M = 10 g was used
to model the mass of a loudspeaker diaphragm, with
a spring foundation defined on the bottom edge of
the coil, where the stiffness and damping was defined
as K = 10 kN m−1 and R = 10 N/m2, representing
the loudspeaker suspension. This single degree of
freedom mass-spring-damper system is commonly
used as a simple model for the mechanical part of a
loudspeaker [1].

The Lorentz force was applied to the coil in two
parts: a body load accounting for the constant
background magnetic field, and a body load using
the built in Lorentz force contribution to account
for Lorentz forces arising from the inductor crossing
its own magnetic field.

A.6 Coupled Frequency Domain
Simulation

The coupled electromagnetic-mechanical model de-
scribed above was solved in the frequency domain
at different coil positions using a parametric sweep.
Each coil position had its own mesh. The solution
was found using a frequency domain perturbation
at 50 logarithmically spaced frequencies. The fully

coupled model was then solved using the direct
multifrontal massively parallel sparse direct solver
(MUMPS) [48, 49]. An initial stationary electro-
magnetics problem was used to determine the initial
conditions of the fully coupled electromechanical
case.

A.7 Nonlinear Time Domain Simula-
tion

The COMSOL model was solved in the time do-
main using a fifth-order backward difference formula
(BDF) with manual time steps ∆t = 1/FS [50]. The
sampling frequency fS = 162 kHz was determined
to be satisfactory for resolving the time dependent
magnetic waves according to a Courant-Friedrichs-
Lewy (CFL) condition of CFL = 0.1 as described
in [42],

fs =
NBLfmax

CFL
, (26)

where NBL = 2 is the number of elements in the
boundary layer per skin depth σ at a chosen maxi-
mum frequency, in this case fmax = 8.1 kHz.

Using the nonlinear controller in the COMSOL
solver and indicating that there may be a singular
mass matrix seemed to help the solution converge.
A segregated solver, which calculates the spatial
mesh displacement in a separate step from the rest
of the physics, was also used to help convergence.

The coil displacement was then exported as a
time signal, for post-processing in MATLAB. The
post processing consisted of removing the transient
and calculating the fast Fourier transform (FFT) of
the time domain signal as seen in Fig. 6.
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