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June 4, 2019

Abstract The capability to support optical waves with
very large wave vectors (high-k) is one of the principle fea-
tures of hyperbolic metamaterials (HMMs). These waves
play the key role in HMM applications such as imaging
and lifetime engineering. Effective medium approxima-
tion (EMA) as widely used analytical method to predict
HMMs behavior, has shortcomings in calculating high-
k modes of practical structures. EMA is applicable to
a subwavelength unit-cell of implicitly infinite periodic
structures. Using conventional EMA, in the present pa-
per, boundary effects and spatial dispersion are taken into
consideration to properly compute the high-k modes of
finite-thickness multilayer HMMs. Applying nonlocal ho-
mogenization to stacks of alternating metal-dielectric lay-
ers, the corresponding effective medium is examined as a
high-k waveguide sandwiched between the substrate and
an ambient superstrate. The developed theory enables
us to recognize two types of bulk waves coined as short-
range and long-range propagating modes. Number of such
modes as well as their cut-off conditions are quantified for
the first time. Validity of the developed theory is verified
both numerically by rigorous simulations of the multi-
layer structures with the transfer matrix method and ex-
perimentally by optical characterization of the HMMs in
infrared regime.
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Existence conditions of high-k modes in finite hyperbolic
metamaterials
Maryam Mahmoodi1, Seyed Hassan Tavassoli1,*, Osamu Takayama2,Johneph Sukham2, Radu
Malureanu2 and Andrei V. Lavrinenko2

1. Introduction

Artificial materials with unique properties are ap-
proaching toward practical implementation as ma-
terial science and nano-fabrication technologies are
rapidly developing. Artificially engineered structures
with distinctive electromagnetic and optical proper-
ties known as metamaterials, [1] have been stand-
ing out of top research interests in the last decade.
Among them stands the promising class of hyperbolic
metamaterials (HMMs), [2, 3] with applications such
as sub-diffraction imaging, [4–6] sensing, [7, 8] nano-
scale manipulation of light-matter interaction like di-
rectional propagation of light, [9–13] and lifetime engi-
neering. [14–19] Subwavelength metal-dielectric multi-
layer HMMs [20,21] amongst the other configurations
such as nanotrenches [8,13] and nanowires, [7,22] have
attracted widespread interests due to relatively ease
of fabrication and extended nomenclature of materials

enabling the hyperbolic regime over a broad range of
frequencies.

It is ascertained that the open form (hyperboloid-
shaped) of HMMs iso-frequency surface leads to op-
tical modes with high effective mode index and re-
spectively high wave vectors. In spite of the vital role
of these high-k bulk Bloch modes in HMMs appli-
cations, [23] a comprehensive theory predicting their
behavior in real case (finite-size structures) is still
missing. Bloch theory is the principal approach to in-
vestigate infinite periodic composites via their band
structures. Yet, it is unable to explicate appearance
and existing conditions for the high-k modes in mul-
tilayer structures. Homogenization theories applied to
a subwavelength unit cell of infinite periodic multilay-
ers, [24] can be used to describe the composites with
uniform effective media rather than band structures.
However, the effective medium approximation (EMA)

1 Laser and Plasma Research Institute, Shahid Beheshti University, Tehran, Iran 2 Technical University of Denmark, Dept. of
Photonics Engineering, Ørsteds plads, bldg. 345V, 2800 Kgs. Lyngby, Denmark
* Corresponding author: e-mail: h-tavassoli@sbu.ac.ir

Copyright line will be provided by the publisher



2 M. Mahmoodi et al: High-k modes in finite thickness HMMs

being vastly used in literature, [25] also shows major
flaws in predicting behaviour of HMMs in terms of
supporting high-k modes. EMA is generally applied
to one unit cell of periodic structures and cannot dis-
criminate properties of effective media obtained from
stacks having different number of periods. Indepen-
dence of EMA from number of periods (or alternatively
from the HMM thickness) has raised challenges to cor-
rectly assert effective medium properties out of a real
multilayer stack with finite thickness. On the other
hand, necessity for the unit cell of periodic structures
to be deeply subwavelength poses notable nonlocality
effects not considered in the conventional EMA. Conse-
quently, it fails to correctly calculate the high-k modes
and provide adequate proof for their effective mode
index cut-offs reported in many experimental and nu-
merical studies. [26–29] Meanwhile, although straight
numerical calculations, such as the well-known trans-
fer matrix method (TMM), [30, 31] deliver practically
exact solutions, they suffer from ambiguity in explain-
ing nature of the modes. Therefore, it leaves a great
demand for a simple theory that deliver high-k modes
properties in practical HMMs.

In the present paper we developed a theory based
on the effective medium approximation to overcome
notorious limitations of conventional EMA, nonlocal-
ity [32–34] and boundary effects. [35] To probe the
high-k modes of finite multilayer HMMs, the nonlocal
homogenization procedure is applied. The correspond-
ing effective medium is considered as a waveguide-like
slab with a finite thickness supporting propagation of
high-k modes. Consequently, two kinds of bulk prop-
agating modes in the HMM slab are distinguished
and named as short-range and long-range propagat-
ing modes. The developed dispersion relations properly
explain the cut-off conditions and number of modes
in any arbitrary multilayer HMMs. Transfer matrix
method and experimental characterization of HMMs
consisting of gold-alumina multilayers ascertain the re-
sults of developed theory.

2. Infinite HMMs: Nonlocal Homogenization

By definition, hyperbolic metamaterials are identi-
fied as anisotropic media possessing hyperbolic isofre-
quency surface for TM-polarized waves. [36] This def-
inition denotes the effective medium approximated
from the sub-wavelength structures. The conventional
homogenization can be done by the well-known Maxwell
Garnett approach. Considering multilayer structures
composed of periodic nonmagnetic metal-dielectric lay-
ers with permittivities εm, εd and thickness tm, td
(<< λ ) respectively, the local EMA predicts a uniaxial
permittivity tensor for the effective medium with the

following elements.

εo = pεm +(1− p)εd

εe =

(
p

εm
+

1− p
εd

)−1 (1)

where λ is the vacuum wavelength and p is the metal
fill fraction in the unit cell of t = tm+ td. The extraordi-
nary εe and ordinary εo permittivities must satisfy the
condition εe · εo < 0 in order for the effective medium
to be in the hyperbolic regime. For working frequen-

Figure 1 Isofrequency surface of type II hyperbolic
metamaterials, implementing a) local b) nonlocal effective
medium approximation.

cies in visible-IR, metal-dielectric stacks are typically
characterized as type II HMMs with positive εe and
negative εo. [28] Recently, the local homogenization of
subwavelength multilayer structures was shown to be
inadequate to accurately calculate the effective prop-
erties. [37–40] To resolve the limitation, homogeniza-
tion procedure must become nonlocal by taking depen-
dency of permittivities to wavevector into considera-
tion. To account for nonlocality, we utilized operator
approach effective medium theory where the compo-
nents of permittivity tensor can be represented in a
power series of k0 t, with k0 being the vacuum wavenum-
ber. [41] For periodic multilayer structures with a bi-
layer unit cell, as common and most used one, the
nonlocal permittivity components written up to (k0 t)2

can be defined as

εnl
o = εo +

(k0 t)2

6
σ ε∥ f (β ) (2a)

εnl
e =

{ 1
εe

+
(k0 t)2

6
σ (

2p−1
εr

− f (β )
ε⊥

)
}−1

(2b)
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Where followings are parameters related to the unit-
cell feature and β is the normalized transverse wavevec-
tor. Henceforth we identify β as effective index.

ε∥ = pεm − (1− p)εd,

ε⊥ = (
p

εm
− 1− p

εd
)−1

εr = (
1

εm
+

1
εd

)−1,

σ = p(1− p)(εd − εm),

f (β ) =
β 2

εr
−1

The well-known dispersion equation of bulk high-k
waves of the HMMs is given as [28]

k2
x + k2

y

εe
+

k2
z

εo
= k2

0 (3)

where the coordinate system is chosen such as its z-axis
coincides with the optical axis (being normal to the
layer interfaces). To display the above dispersion rela-
tion, a typical subwavelength multilayer structure con-
sisting of gold and alumina layers is considered. Figure
1a represents the hyperboloidal isofrequency surface of
the correspondng type II hyperbolic metamaterial. By
replacing local with nonlocal parameters in Eq. (3),
the isofrequency surface in nonlocal regime is depicted
in Figure 1b. The 2D views, shown in the same scale,
are beneficial for better comparison. Figure 1 visual-
izes the significant role of nonlocality in dispersion of
the high-k waves and associated wave vectors.

Following from Eq. (3) and utilizing nonlocal pa-
rameters, vertical component of the wavevector, kz,
will be as

kz = k0

√
−εnl

o

(
β 2

εnl
e
−1

)
(4)

Note that due to symmetry in x and y axes, with-
out loss of generality, the wave vector k is taken as
k = βk0 x̂+ kz ẑ and β = kx

k0
. Since the permittivity pa-

rameters are complex values, kz is generally a complex
parameter. Dependency of nonlocal parameters of per-
mittivity to the effective index, makes a complicated
relation between kz and β . However, for type II HMMs
with εnl

o < 0 and εnl
e > 0, we can analytically explore

two plausible scenarios for propagation of bulk high-k
waves inside the HMM structures;

Long-Range (LR) high-k waves
Considering the inequality εnl

e < β 2, the expression un-
der above square root would be a positive value and
provides kz with a major real part. Consequently, the
waves will be propagating along the z axis with a mi-
nor damping caused by the imaginary part. We coined
the waves of this category as Long-Range (LR) propa-
gating high-k waves of HMMs.

Short-Range (SR) high-k waves
On the contrary, if εnl

e > β 2 it results in a large imag-
inary part for kz. Under this condition, bulk high-k
waves propagate in the HMM within a short propa-
gation length and undergo a major decay. These high
damping bulk waves are conceived and coined as Short-
Range (SR) propagating high-k waves of HMMs.

Summing up our considerations, nonlocality results in
two mutable categories of propagating high-k waves in
multilayer HMMs. Variation in extraordinary permit-
tivity

√
εnl

e (β ) by changing effective index, rules short
or long range propagation of the HMMs high-k waves.
We would like to mention that our theory takes into
consideration the nonlocality effect arising from geome-
try of the layers, but not from the materials properties.
In order to account for deviation of permittivity of the
materials involved from standard descriptions, such as
nonlocality of very thin metallic films, [42] one should
use the corrected expressions of εm and εd in the above
equations. However, such case is beyond the scope of
this article.

Figure 2 Finite-thickness HMMs represented as asymmet-
ric waveguides for HMMs high-k waves.

3. Finite HMMs; Waveguide-like HMM slabs

The simplest configuration to deliberate a finite thick-
ness HMM would be a slab of effective medium sand-
wiched between two semi-infinite media. Following dis-
cussions in the previous section, HMMs generally sup-
port short-range and long-range propagating waves
having large wave vectors that cannot exist outside
the HMMs. Thus, a finite thickness HMM looks like
a waveguide for these high-k waves by keeping them
confined within the HMM core. Figure 2 schematically
shows the finite thickness HMMs in such waveguide
configuration. In general, an asymmetric waveguide
consisting of the HMM slab as core and dielectrics
with permittivities ε1 and ε2 as cladding is considered,
taking ε1 ⩽ ε2 for simplicity. Within the framework of
conventional optical slab waveguides, the effective re-
fractive index of the middle layer must be greater than
those of the surrounding media to satisfy confinement

Copyright line will be provided by the publisher



4 M. Mahmoodi et al: High-k modes in finite thickness HMMs

condition. In our case, this condition √
ε1 ⩽

√
ε2 < β is

automatically satisfied, since HMM high-k waves pos-
sess large effective index β that makes them evanescent
outside the core.

Naturally hyperbolic material [43] and multilayer
HMMs [44–46] are recently studied as alternative con-
figurations of plasmonic waveguides, looking for con-
fined waves to the interfaces. Seeking for a general
scheme, the present work investigates all kinds of pos-
sible bulk high-k waves in the HMM core; those propa-
gating in the HMM slab over a long length and the ones
more confined to the interface of HMM and soround-
ings. Therefore, considering the general rules and con-
ditions of conventional waveguides, we continue our
theoretical discussion to find dispersion relations of
the SR and LR propagating modes in finite thickness
HMMs.

3.1. Theoretical model

Considering three segments shown in Figure 2 as homo-
geneous media, electromagnetic handling of the prob-
lem is relatively straightforward. Solution of Maxwell’s
equation in homogeneous media are plane waves. [30]
TM and TE polarization in the surrounding dielectrics
and ordinary and extraordinary modes in the HMM
slab, are normal modes of the media. [47] Since the op-
tical axis lies in z direction, the two modes are separa-
ble in terms of polarization, extraordinary corresponds
to TM and ordinary corresponds to TE polariza-
tion. Starting with Maxwell’s equations, we investigate
propagation of monochromatic TM-polarized plane
waves along the z-axis in an anisotropic medium. Thus,
Ex, Ez and Hy of field components remain nonzero. Con-
sidering changes along the x-axis as ∂

∂x = i kx and no
field changes in y-axis, i.e. ∂

∂y = 0, the electric field
amplitudes would be

Ez =
−kx

ωεz
Hy Ex =

−i
ωεx

∂
∂z

Hy (5)

Using H simply instead of Hy, one obtains the following
eigenvalue expression with the parameter α = εx

εz
.

∂ 2H
∂ z2 +α(−k2

x + εz µ0ω2)H = 0 (6)

For the HMM slab, α is a negative value and for
the isotropic dielectrics, it is equal to unity. Applying
the latter equation separately in each homogeneous
segment of the waveguide, we conclude to the follow-
ing equations for evanescent waves in the surrounding
dielectric media and for evanescent and propagating
waves in the HMM slab.

∂ 2H
∂ z2 − k2

0

(
β 2 − ε1,2

)
H = 0 (7a)

∂ 2H
∂ z2 − k2

0

(
− εnl

o (1− β 2

εenl
)

)
H = 0 (7b)

∂ 2H
∂ z2 + k2

0

(
− εnl

o (
β 2

εenl
−1)

)
H = 0 (7c)

To note, β is conserved in all segments. Trial solutions
for the H fields of evanescent waves in dielectrics, SR
and LR high-k waves in the HMM slab are taken re-
spectively as

H1,2(x,z, t) = H1,2(z)ei(k0β x−ωt) (8a)

HSR(x,z, t) = HSR(z)ei(k0β x−ωt) (8b)

HLR(x,z, t) = Hm
LR(z)ei(k0β x−ωt) (8c)

Here, Hm
LR(z) is the wave function of the LR high-k

waves in z direction and m = 1,2,... refers to the mode
number. Now, following the standard routine with con-
tinuity of Ex, Ez and H across the interface of the HMM
slab and applying Eq. (5) to Eq. (8) and using Eq. (7),
one can derive dispersion relations of SR and LR high-
k modes as

tanh(KSR k0 h) =
KSR(ε1K2 + ε2K1)
ε1 ε2
−εnl

o
K2

SR − εnl
o K1K2

(9a)

tan(KLR k0 h) =
KLR(ε1K2 + ε2K1)
ε1 ε2
εnl

o
K2

LR − εnl
o K1K2

(9b)

where h stands for thickness of the HMM slab and
K1 =

√
β 2 − ε1 and K2 =

√
β 2 − ε2 are the normalized

vertical wavevectors of evanescent waves in surround-
ing media, KSR =

√
−εnl

o (1− β 2

εenl
) and KLR =

√
−εnl

o ( β 2

εenl
−1)

are those of SR and LR high-k waves in the HMM slab
respectively. The above relations indicate that the bulk
high-k modes dispersion of the HMM slab is strongly
dependent on surrounding media as well as thickness
of the effective medium h, which in turn is defined by
the number of periods N, and thickness of the unit cell
t, as h = N t. Solving the dispersion equations, the val-
ues of effective index β for allowed bulk high-k modes
in HMM slabs can be determined.

Figure 3 shows the high-k modes dispersion of mul-
tilayer stacks composed of 10nm-thick Au and Al2O3
in alternating order having a unit-cell of p = 0.5. It
should be pointed out that metal’s thickness correction
to the Drude−-Lorentz model, [48] is implemented in
calculation of εm. The corresponding HMM (effective
medium) is sandwiched between a glass substrate (n2
= 1.51) and air as the superstrate (n1 = 1). The black
lines show the SR modes; blue and red lines indicate
the odd and even LR high-k modes in the HMM slabs.

Copyright line will be provided by the publisher



5

Figure 3 High-k modes developed dispersion for multilayer HMM slabs consisting of 10 nm thick Au – Al2O3, with the
total thicknesses corresponding to a) 3, b) 4, c) 5, d) 7, e) 8, and f) 10 periods, sandwiched between glass substrate and
air superstrate. Black lines show the short-range high-k modes, blue and red lines indicate the odd and even long-range
high-k modes, respectively. The high-k modes lower and upper cut-offs are shown with the green dotted (lower) and
dashed (upper) lines.

We exemplify cases with the HMM thickness of 60, 80,
100, 140, 160 and 200 nm equivalent to 3, 4, 5, 7, 8,
and 10 periods. The SR high-k modes appear for thin
HMM slabs; as slabs thickness increases with an in-
creased number of periods, short-range modes tend to
fade as broadband waves. On the contrary, long-range
high-k modes appear in HMM slabs with considerable
thickness. By increasing thickness of the slab number
of broadband LR modes increases and the correspond-
ing effective mode index shifts to lower β .

3.2. Cut-off Conditions

As mentioned before, simulation and experimental
studies of multilayer HMMs have shown that there ex-
ists a minimum as well as a maximum value for effec-
tive index of high-k modes of the structures. Neither
minimum nor maximum values can be explained by
applying conventional EMA. Due to the constraints
imposed through boundaries and nonlocality, the de-
veloped theory provides us with the possibility of pre-
diction and calculation of the limited span of possible
β for the effective mode indices of high-k waves.

In terms of mode confinement, a cut-off is reached
when the modes begin to radiate outside the HMM-
core waveguide so that the condition of high-k modes
of the HMM slab is no longer satisfied. Following from

section 2, relation between the effective index β and
extraordinary permittivity, εnl

e of the HMM slab is a
quite important parameter which determines how fast
the bulk modes decay inside the HMM slab. The men-
tioned conditions together with the waveguide general
constraints will determine the possible effective mode
indices for the SR and LR modes.

ε1 ⩽ ε2 < β 2 < εnl
e (10a)

ε1 ⩽ ε2 < εnl
e < β 2 (10b)

For short range modes, β should satisfy the relation
mentioned in Eq. (10a) and for the long range modes
Eq. (10b) must be satisfied. Thus, two cut-offs can
be recognized there. The lower cut-off, βlcf =

√
ε2, de-

notes the smallest possible effective mode index for the
bulk modes. However, the upper cut-off is absolutely
defined by the imposed nonlocality. Based on the non-
local homogenization, εnl

e is the function of effective
index β . The bigger the β is, the smaller gets the εnl

e .
From Eq. (10a) one can conclude that SR modes ex-
ist with the effective mode indices spanning from βlcf

to
√

εnl
e . As β gets bigger, long range modes start

to appear. Equation(10)b implies that β attains its
maximum value when εnl

e reaches its minimum possi-
ble value ε2. Consequently, the upper cut-off for bulk
high-k modes can be found through imposing εnl

e ≈ ε2

Copyright line will be provided by the publisher



6 M. Mahmoodi et al: High-k modes in finite thickness HMMs

constraint. Applying this condition to Eq. (2b) and
defining εwg as the waveguide permittivity,

1
εwg

=
1
ε2

− 1
εe

(11)

one concludes to the following expression for LR modes
upper cut-off, βucf.

βucf =

√
εr + ε⊥ (2p−1)− εr ε⊥

εwg

3
2π2σ

(
λ
t
)2 (12)

It makes evident that the upper cut-off is related to
the refractive index of the denser cladding as well as
to the operating wavelength in addition to unit cell fea-
tures. In Figure 3 the high-k modes cut-offs are shown
with the green dotted (lower) and dashed (upper) lines.
Figure 3 signifies that number of LR modes goes up
as thickness of the HMM slab increases, yet the high-
k modes themselves are enclosed by the cut-off condi-
tions which are independent from the HMM thickness.

3.3. Number of LR modes
Shown in Figure 3, number of LR modes grows up as
thickness of the HMM slab increases. However, as a
fact, number of high-k modes must be finite. At the
point where β reaches the maximum possible effective
mode index, condition for existence of the high-k waves
inside the HMM slab is not satisfied anymore and the
wave is said to be cut-off. Writing the LR dispersion re-
lation, Eq. (9a), at β = βucf and considering the upper
cut-off parameter Uucf as

Uucf =

tan−1(

√
−εnl

0 (
β 2

ucf
εnl

e
−1) (ε1

√
β 2

ucf − ε2 + ε2

√
β 2

ucf − ε1)

ε1 ε2
−εnl

o
(−εnl

0 (
β 2

ucf
εnl

e
−1))+ εnl

o (
√

β 2
ucf − ε1

√
β 2

ucf − ε2)
)

(13)

one can derive the following equation where integer m
defines the number of propagating modes supported
by the

k0 h

√
−εnl

0 (
β 2

ucf
εnl

e
−1) = mπ −Uucf (14)

HMM slab, m = 1, 2, ... and the parameter Uucf would
be less than π

2 . Solving the latter equation for m results
in the subsequent expression

m =

[
1
π
(2π N

t
λ

√
−εnl

0 (
β 2

ucf
εnl

e
−1)+Uucf)

]
int

(15)

where [...]int stands for the first integer number greater
than or equal to the value inside the brackets. Equa-
tion (15) indicates existence of finite number of modes
in the finite thickness HMMs.

3.4. Origin of LR and SR high-k modes

Macroscopic behavior of bulk high-k modes in multi-
layer HMMs is well defined by the developed disper-
sion relations for finite HMMs. To shed light on the
long-range and short-range propagating high-k modes
from the microscopic point of view, one should gain
insight into plasmonic phenomena behind the multi-
layer HMMs properties. It is shown that coupling of
surface plasmon polaritons (SPPs) at metal-dielectric
interfaces of the whole multilayer stacks result in bulk
modes of the HMMs. [40]

SPPs on two adjacent interfaces can be coupled
through either the dielectric or the metal layers. In
this regard, there are two configurations for the SPPs
coupling: metal - dielectric - metal (MDM) and dielec-
tric - metal - dielectric (DMD). Surface waves coupled
through the metal layer, DMD configuration, are
called plasmonic slab-like modes and coupled through
the dielectric layer, MDM configuration, are called
plasmonic gap-like modes. [49] Figure 4a displays the
DMD coupling and Figure 4b indicates the MDM cou-
pling dispersions. Figure 4a,b also show the lossless
dispersion of SPPs at a single Au – Al2O3 interface in
green dashed line. It lies below the surface plasmon fre-
quency of metal layer that is shown with the horizontal
dotted line. By coupling of SPPs, the single interface
dispersion splits into two branches, below and above
the single SPP ones. The red branch corresponds to
symmetrically coupled and the black one corresponds
to anti-symmetrically coupled SPPs. Insets of Figure
4a,b show magnetic field profiles of the symmetrically
and anti-symmetrically coupled waves.

Microscopically describing bulk modes of the HMM
structure with multiple metal-dielectric interfaces, one
should analyze it as a composite of DMD and MDM
couplings configurations. The case of considering gap-
like and slab-like dispersion relations simultaneously
(a simplified case happening for stacks having 2 peri-
ods), is shown in Figure 4c. One can see changes in
the symmetry of fundamental mode by sweeping over
kx which corresponds to sweeping over effective index
β . For lower kx the symmetric gap-like mode appear as
the fundamental mode (the branch in red), for higher
kx, the fundamental mode changes to the slab-like anti-
symmetric mode (the branch in black). [50] However,
in general, existence of such crossing region depends
strongly on the layers material and thickness as well
as number of periods. For stacks having low number of
periods two branches may be anti-crossing. But, there
would appear a transition in fundamental mode from
the symmetric gap-like to the anti-symmetric slab-like
modes by adding more layers and consequently widen-
ing each branch and having them crossing. As num-
ber of layer increases, each branch splits more and
more that finally instead of branches there will be a
band of symmetric and anti-symmetric modes (Bloch
theorem). In multilayer stacks, there are always com-
peting conditions between the slab-like and gap-like

Copyright line will be provided by the publisher
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Figure 4 Dispersion of coupled surface plasmon polaritons in a) DMD, b) MDM coupling configurations. Green line
shows the lossless dispersion of SPPs at the interface of Au – Al2O3, red and black lines indicate symmetrically and
anti-symmetrically coupled SPPs, respectively. Insets schematically show associated Hy mode profile for both symmetric
(red) and antisymmetric (black) coupled modes. c) Combination of DMD and MDM coupled waves dispersion relations.

modes. Considering only the slab-like coupled modes
with large propagation constants may mislead to re-
duced number of accepted high-k modes in the HMM
structure. [51]

To summarize, at lower effective indices, symmet-
ric gap-like modes prevail in coupling of SPPs on all
interfaces and thus leads to the symmetric bulk high-
k waves in multilayer structures. Since the symmetri-
cally coupled waves possess strong surface confinement
and very high losses, [52] it is expected that symmet-
ric high-k modes bear strong damping and result in
short-range propagation length along the slab thick-
ness. On the other hand, in the region of larger effec-
tive indices where anti-symmetric slab-like modes dom-
inate, anti-symmetrically coupled SPPS show weaker
surface confinement and lower loss. [52, 53] Therefore,
predominating anti-symmetric coupled SPPs at all in-
terfaces brings about high-k bulk modes which be-
have as long-range propagating waves in the HMM
slab. In the meantime, the mode number definition
of the LR propagating high-k modes can be well ex-
plained with anti-symmetric coupling description. As
the mode number corresponds to the number of zero-
crossing in the Hy field profile of the corresponding
mode, the anti-symmetric coupling provides multiple
zeros in the field profile across the HMM slab. [51] Back
to the macroscopic behaviour of bulk modes, distinc-
tive properties of SR and LR high-k modes could be
further understood. In general, LR high-k modes are
weakly localized at the HMM boundaries and largely
exist in the HMMs. As a result, most of the mode’s en-
ergy resides in the HMM structures. A relatively long
propagation length of LR modes is suitable for uti-
lizing HMM slabs for imaging applications. Also, the
low losses associated to LR modes makes them appro-
priate for HMMs applications for spontaneous emis-
sion enhancement. In contrast, SR high-k modes as
strongly confined to the interfaces, make the energy
located at the HMM interfaces and the surrounding
media. Thus, subwavelength localization of the electric

field in exchange of a shorter propagation length can
be achieved. It should be noted that losses attributed
to HMM modes are considerably lower than that of
a plasmonic mode of a single metal layer. Therefore
highly localized SR modes can be advantageous for
waveguiding as well as sensing applications of HMMs.

Figure 5 Otto configuration for high-k modes excitation;
a high refractive-index prism is used for k-matching condi-
tion.

4. Numerical and experimental validation

4.1. Transfer Matrix Method

To examine the developed theory, high-k modes dis-
persion derived in section 3.1 are compared with the
results delivered by transfer matrix method. TMM as
a robust numerical approach reveals dips in the reflec-
tion spectra that signify high-k modes excitation in
the multilayer structures. Using TMM, reflection spec-
tra of multilayer HMM slabs consisting of 10 nm thick
alternating Au and Al2O3 layers with a total thickness
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Figure 6 High-k modes dispersion in multilayer HMM slabs consisting of 10 nm thick Au – Al2O3 layers, with the
total thickness equivalent to (a,d) 3, (b,e) 8 and (c,f) 10 periods. TMM reflection spectra shown in the background are
calculated from a configuration of high-index prism – air superstrate (n1 = 1, 20 nm) – Multilayer stacks – glass substrate
(n2 = 1.51). In (a-c) a ZnSe prism transparent in VIS-NIR is considered. Due to the effective index provided by ZnSe
prism with the range of β = [1.17 2.46], only SR high-k mode is excited. In (d-f) a Ge prism with higher refractive index,
non-absorptive in Mid-IR, is taken to provide higher β in the range of β = [1.88 3.94]. High-k modes dispersion, white and
red dashed lines, indicate excitation of lowest 2 and 3 LR high-k modes in HMMs having 8 and 10 periods respectively.

equal to 60, 160 and 200 nm equivalent to 3, 8 and 10
periods respectively, are calculated; where the whole
stack is sandwiched between the glass substrate (n2 =
1.51) and air superstrate (n1 = 1). In order to provide
k-matching condition for excitation of high-k modes,
we considered a high refractive-index semi-infinite ma-
terial coupled with the structure resembling a prism
in Otto configuration. For realistic analysis we chose
a 20 nm thick air gap (the superstrate) between the
high-index material and the multilayer stack. TM po-
larized light is directed through the upper layer to the
structure. The system is alike to the one shown in Fig-
ure 5.
High-k modes in visible to near-infrared wavelengths is
shown in Figure 6a-c. A zinc selenide prism, nZnSe ≈ 2.5,
is considered here owing to its transparency in the
operating wavelengths. Implementing incidence angles
in the interval ϕ = [28◦ 80◦], the normalized trans-
verse wavevector (effective index) lies in the interval
β = [1.17 2.46]; according to β = nZnSe sinϕ . High-k
modes dispersion given by Eq. (9) are also shown in
Figure 6a-c; the black lines correspond to short-range
propagating modes. It indicates that only SR high-k
modes can be excited for the provided β and no LR
modes appear. To provide higher β , a Ge prism with
higher refractive index, nGe ≈ 4 non-absorptive in Mid-
IR is considered that provides β = [1.88 3.94]. High-

k modes dispersion of the same structures in Mid-IR
wavelengths are shown in Figure 6d-f. Lack of any ex-
cited mode in Figure 6d indicates that for HMMs hav-
ing low thickness, the LR high-k modes possess high
effective mode indices (as Figure 3a implies) that can
not be excited commonly. On the other hand, it can
be noticed from Figure 3a that the SR mode shown
in black line, is not extended to higher wavelengths.
Thus, for HMMs with 3 periods shown in Figure 6d, no
modes can be seen. High-k modes dispersion, shown as
white and red dashed lines in Figure 6e,f, point out ex-
citation of odd and even LR modes, with use of the Ge
prism, in HMM slabs having higher thicknesses. Figure
6d-f show very well agreement between the theoretical
high-k modes dispersion and TMM reflection spectra
shown in the background and authenticate the fact
that increasing number of periods in multilayer stack
results in shifting LR high-k modes to lower effective
mode indices.

4.2. Optical experiments

In order to demonstrate validity of theory predictions
and observe high-k modes, we conducted reflection
measurement of the structure in Otto configuration
including Ge hemispherical prism – Air gap – HMM
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slab – glass substrate as illustrated in Figure 5. The
HMM structure consists of 8 periods with a unit cell
of Al2O3 (10 nm) – APTMS (1 nm) – Au (10 nm) –
APTMS (1 nm). Here, APTMS stands for aminopropy-
ltrimethoxysilane and is used as a lossless adhesion
layer between Au and oxide layers, which is advanta-
geous for highly localized propagating surface plasmon
waves. [48] The HMM slab is fabricated on a 500 µm-
thick glass substrate. Each Au film is sputtered and
Al2O3 film is deposited by atomic layer deposition. To

Figure 7 Experimental reflection spectrum from Ge prism –
Air gap (20 nm) – HMM slab – glass substrate. The HMM
slab is made of 8 periods of Al2O3(10 nm) – APTMS(1
nm) – Au(10 nm) – APTMS(1 nm) unit cell. Note that
vertical noises around λ = 3.4 µm and λ = 4.2 µm are
caused by the light absorption by water and CO2 in the
air, respectively. The white and red dashed lines show the
odd and even LR high-k modes.

excite high-k modes using a Ge prism provides us with
one of the highest refractive index of nGe ≈ 4.0 in the
mid-infrared wavelength range. Its transparency win-
dow λ > 2.0 µm (5000 cm−1) suits well for the mid-
IR waves. It has been used, for example, to observe
plasmons on doped semiconductors [54] and surface
waves on hyperbolic metamaterials. [13] Using a hemi-
spherical Ge prism, the incident angles are varied in
the range ϕ = [28◦ 80◦] with 2◦ steps. This provides
the larger range of effective index, β = [1.88 3.94], ex-
tended enough to excite LR high-k modes. According
to the dispersion in Figure 3e, the available β enables
us to observe not only the lowest, but also the sec-
ond lowest long range propagating modes. The mea-
surements were performed by the Fourier Transform
Infrared (FTIR) spectrometer (VERTEX 70, Bruker)
with the TM-polarized incident light in the wavelength
range of λ = 2 – 5.5 µm (5000 – 1882 cm−1). The pre-
sented reflection spectra are averaged from 32 scans.
For the reference spectrum, TM reflectance from Ge
prism without HMM sample is taken at the angle of

incidence ϕ = 78 ◦. The incident beam has angular
variation of ∆ϕ = ± 1.7 ◦. Note that the critical angle
between the Ge prism and air is 14.5◦, so the mod-
eling and experiment were conducted well above the
critical angle. Therefore, we can assume that any re-
flection dip should correspond to excitation of a high-k
HMM mode. The thickness of the air gap is found to
be 20 nm by fitting the experimental results with the
simulated reflection spectra. The measurements show
two branches of high-k modes as shown in Figure 7.
White and red dashed lines illustrate theoretical pre-
dictions for the LR propagating high-k modes. The
lowest mode is the odd LR and the upper one is the
even LR modes. The experimental reflection shows
qualitatively good agreement with the theoretical pre-
dictions for high-k modes, as well as with the TMM
results. A low Q-factor of the measured reflection spec-
tra is mainly due to the measurement uncertainties
in the FTIR setup including angular beam divergence
and unavoidable polarization mixture.

5. Engineering high-k modes in HMM slabs

5.1. Determining effective mode index

While propagation of waves with very large effective
index is the essential property of hyperbolic metamate-
rials, excitation as well as out-coupling of these modes
have been an important challenge in multilayer HMMs
applications. High-k modes dispersion shown in Figure
3, for HMMs consisting of Au – Al2O3 layers with 10
nm-thick, corroborate that corresponding LR modes
possess such high β that they could not be excited
in visible wavelengths (see Figure 6a-c). Referring to
Eq. (10b), the relation between εnl

e and β mainly deter-
mines the lowest possible effective mode index of LR
modes. Hence, HMMs specification can be engineered
to shift the LR modes to lower β by manipulating the
extraordinary permittivity component.

Equation (2b) points out dependency of εnl
e on unit-

cell materials, εd, εm and thickness, t as well as metal
fill fraction, p that provide degrees of freedom to prop-
erly design HMMs. One can deduce that decreasing p,
t and εd result in a lower εnl

e and consequently lower
effective mode index of LR modes. To investigate the
effect of reduction in εd, we chose SiO2 (nSiO2 ≈ 1.44)
as an alternative dielectric material. Thus, HMM slabs
consisting of 10 nm-thick Au–SiO2 alternating layers
are considered between a glass substrate (n2 = 1.51)
and air superstrate (n1 = 1). Figure 8a-c show the high-
k SR (black line) and LR (blue dashed line) modes as
well as TMM reflection spectra for the structures hav-
ing 3, 8 and 10 periods; similar to the case in Figure
6a-c but permittivity of dielectric layer is reduced by
a factor of one, εAl2O3 −εSiO2 ≈1. In comparison to Fig-
ure 6a-c, one can see excitation of the first LR mode
in the HMM slab having 10 periods. It indicates that
the LR effective mode index is shifted to lower values
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Figure 8 High-k modes of multilayer HMM slabs consisting of Au – SiO2 alternating layers with (a-c) 10-10 nm, (d-f)
6.66-13.34 nm and (g-i) 15-30 nm thicks, respectively. The total thickness corresponds to (a,d) 3, (b,e) 8 and (c,f) 10
periods. Black lines show the short-range, blue and red dashed lines show the odd and even long-range high-k modes.
TMM reflection spectra are shown in the backgrounds.

that for the case in Figure 6c could not be excited
in the provided range of β . Subsequently, a unitcell
of Au–SiO2 with thickness 6.66 and 13.34 nm respec-
tively, are chosen to survey the effect of decreasing
fill fraction. Figure 8d-f indicate that in comparison
to the results in Figure 8a-c, decreasing fill fraction
from 0.5 to 0.33 leads to a decrease in effective indices
of the modes. Figure 8g-i represent the significance of
unit-cell thickness on engineering the HMMs high-k
modes in order for easier excitation-extraction. As an
another configuration, HMMs with unit cell of 15 nm
Au and 30 nm SiO2 are considered to study the effect
of unit-cell thickness with a fill fraction of 0.33 simi-
lar to the case in Figure 8d-f. Figure 8g-i show high-k
bulk modes dispersion for the HMM slabs with total
thickness equivalent to 3, 8 and 10 periods. The high-k
modes realized here possess much lower effective mode
indices. In other words, shifting the modes to lower β
we could excite higher number of LR modes.
Figure 8 indicates well matching between results of the
developed theory and TMM as a numerical approach.
And, it gives information about high degree of free-
dom in controlling effective mode index of LR high-k
modes to be in desire range of β by carefully designing
multilayer structures.

5.2. Number of modes

As discussed earlier, multilayer HMMs provide finite
number of long-range propagating high-k modes. With
regard to importance of engineering HMM slabs for
the propagating modes, we provide investigations on
the potentially effective parameters. Based on Eq. (15),
number of periods N, ambient media ε2 and ε1 , unit
cell thickness t, and metal fill fraction p, are significant
involving parameters affecting number of LR modes.
In what follows multilayer structures consisting of Au
– Al2O3 are probed while wavelength is kept constant
at λ = 800 nm.

Figure 9a shows number of LR modes for HMM
slabs consisting of 2–10 periods, where t = 20 nm, p =
0.5, n2=1.51 and n1=1. The fitted black line exposes
a direct relation but not one-to-one correspondence
between the number of periods and modes. Depen-
dency of m on N looks like an affine function that
neither scale multiplicatively nor necessarily preserve
distances between points.
As it is clear from Eq. (13) and (15), dependency of
m on the ambient media seems more complicated. For
HMM slabs having N=3, p=0.5 and air superstrate
n1=1, Figure 9b shows inverse-nonlinear relation be-
tween m and substrate refractive index; wherein n2 =
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Figure 9 Dependency of high-k modes of Au – Al2O3 HMMs at λ = 800 nm to a) number of periods, N = 2-10 (p =
0.5, t = 20 nm, n2=1.51, n1=1). b) ambient media, n2= 1, 1.33, 1.4, 1.51, 1.75, 2 and 2.5 (p = 0.5, t = 20 nm, N=3,
n1=1). The inset shows n1= 1, 1.33, 1.4, 1.51, 1.75, 2 and 2.5 (p = 0.5, t = 20 nm, N=3, n2=1.51). c) thickness of unit
cell, t = 15, 20, 24, 30, 40 and 60 nm, with constant total thickness (h = 120 nm, p = 0.5, n2=1.51, n1=1). d) metal fill
fraction p = 0.33, 0.50 and 0.66. Circles indicate tm = 20 nm and td = 10, 20 and 40 nm. Diamonds represent the same
fill fraction for td = 20 nm and tm = 10, 20 and 40 nm; with constant total thickness (h = 120 nm, n2=1.51, n1=1).

1, 1.33, 1.4, 1.51, 1.75, 2 and 2.5. Number of modes
is trending downward as n2 is increasing and finally
m gets to zero as n2 overtakes

√
εnl

e that violates
the condition mentioned in Eq. (10b). For the same
HMM slabs, the inset in Figure 9b indicates almost
constant dependency of m on n1, while n2 is equalled
to 1.51 (glass substrate). Number of modes suddenly
goes down to zero referring to the presumption that
ε1 ⩽ ε2. Figure 9b implies that effect of denser sur-
rounding medium is more pronounced in defining num-
ber of LR modes in addition to its main impact on
the upper cut-off effective index (refer to Eq. (11) and
(12)) and the direct effect on the lower cut-off.
To infer the impact of t on HMMs high-k modes, Fig-
ure 9c presents number of LR modes vs. unit-cells
thickness. Here, t= 15, 20, 24, 30, 40, and 60 nm while
total thickness is kept constant, h= 120 nm and p =
0.5, n2 = 1.51 and n1 = 1. Inverse-nonlinear relation
between t and m can be concluded; the thinner unit-
cell results in a higher number of modes.
Figure 9d shows investigation on high-k modes depen-
dency on the metal fill fraction p. Keeping the total
thickness of HMM slab fixed at h = 120 nm, the metal-
dielectric ratio of 2:1, 1:1, 1:2 are examined while n2
= 1.51 and n1 = 1. Circles in Figure 9d indicate the
number of modes for p = 0.33, 0.50, 0.66 correspond-
ing to unit cells with dielectric layer thickness td =
10, 20 and 40 nm and metal layer thickness tm = 20
nm. Diamonds represent the same fill fractions for the
case that the dielectric layer thickness kept constant
as td = 20 nm and metal layer thickness is changed
as tm = 10, 20 and 40 nm. The immediate inference

would be a direct relation between metal fill fraction
and number of high-k modes. Increasing p generally
raise high-k modes in HMMs slabs. That aside, Figure
9d also implies that multilayer stacks having thinner
unit cell thickness provide a higher number of modes.
For example, at p = 0.33 the blue circle represents a
unit-cell of t = 60 nm while the pink diamond repre-
sents t = 30 nm. The blue dotted line implies sharp
increasing number of modes from left to right because
of simultaneously increasing p from 0.33 - 0.66 and
decreasing t from 60 to 30 nm, in total accordance
to the results deduced from Figure 8d-i. On the con-
trary, almost monotonic behaviour of pink dotted line
shows competitive impact of increasing fill fraction as
a positive factor and increasing unit-cell thickness as
a negative factor in raising number of high-k modes.

6. Conclusion

The present paper soughs to address the bulk high-
k modes of empirically finite thickness multilayer hy-
perbolic metamaterials. In this regard, we developed
a theory based on nonlocal homogenization of multi-
layer HMMs by applying operator approach EMA and
considering waveguide rules for the finite thickness ef-
fective medium placed in semi-infinite boundary me-
dia. Distinguishing short-range and long-range propa-
gating waves, we managed to interpret the bulk high-k
modes of the metal-dielectric HMMs. The criteria for
classification of the two modes and delineation for their
effective mode index cut-offs is introduced. As well, a
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12 M. Mahmoodi et al: High-k modes in finite thickness HMMs

set of governing conditions to estimate the number of
such modes for arbitrary multilayer HMM structures
are properly deduced. While the TMM approach can-
not unveil the nature and number of such modes, and
conventional EMA itself is unable to give us a hint
for proper HMM engineering towards different applica-
tions, we believe that the developed theory will assist
on-purpose design of multilayer hyperbolic metamate-
rials with desired properties.
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