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Foreword  
  

 
 Motivated by the continuous development of turbo machines ranging in both size and complexity, vibration 
problems in rotating machinery are still a theme of high interest in both industry and academia. Large rotors 

of wind turbines and flywheel energy storage systems as well as small turbochargers in automotive 

applications highlight the spectrum of turbo machinery sizes. The thematic of the 13th International 
Conference on Dynamics of Rotating Machinery (SIRM 2019) held at the Technical University of Denmark 

from February 13th till 15th, 2019, fits perfectly within the context of Industry 4.0, and includes: 

 the deep, fundamental understanding of the vibration causes and effects; 

 the development of computer models based on Multiphysics approaches for describing and 

predicting abnormal vibrational behaviors; 
 the mitigation and the control of vibration levels via passive and active systems; 

 the usage of sensor signals and big-data for mining machines' normal and abnormal 

behaviors aimed at monitoring and diagnosing failures, as well as validating complex Multiphysics 

computer models (digital twins) 

 
 The proceedings of the 13th International Conference on Dynamics of Rotating Machinery (SIRM 2019) are 

structured exactly like the conference program. The 10 main topics are: 1 Gas-foil Bearings, 2 Journal 
Bearings, 3 Magnetic Bearings, 4 Rotor Fluid Interaction & Instability, 5 Rotor-Foundation Dynamics, 6 

Balancing, 7 Advanced Numerical Tools & Nonlinearities, 8 Active Control, 9 Analysis – Monitoring – 

Diagnose & Prognosis, and 10 Case Studies & Application Tools. The technical contributions and 
participants come from 17 different countries, namely, Australia, Austria, Brazil, Chile, Czech Republic, 

Denmark, France, Germany, Greece, Israel, Netherlands, Poland, Russia, Sweden, Switzerland, United 

Kingdom, and the USA.   
  

As chairman of SIRM 2019, I sincerely thank all colleagues from the Department of Mechanical Engineering 

Department, especially Gerda Helene Fogt, Torben Bender Christensen, Frederik Bredal Merser, Magnus 

Bech Schouw, and Jacob Andersen Trolle, for their support with the organization of the event. I also express 
my gratitude to all members of my research team, namely Ph.D. students, research assistants, Master's 

students, and postdocs, for their assistance and help with all technical and practical issues involved with the 

conference organization and laboratory visit: Michael Gani, Vergílio Torezan, Alejandro de Miguel, Thomas 
Thougaard Paulsen, Mikael Mosbech Eronen, Sebastian von Osmanski, Nikolaj Dagnæs-Hansen, Simon Bo 

Jensen, Svend Erik Andersen, Troy Snyder, Massimiliano Deon, Maria Gomez-Polo, Ignacio Escudero, 

Alvaro Brandes Gorriz, Aleksander Andersen, and Josephine Villefrance. 

 
The sponsorships of GEA, Bently Nevada, and Technical University of Denmark are acknowledged and very 

much appreciated. 

 
I wish you all a fruitful and inspiring time at the SIRM 2019 and at the Technical University of Denmark. 

  

 

Ilmar Ferreira Santos, Professor, Dr.-Ing., dr.techn., Livre-Docente 

Department of Mechanical Engineering 

Technical University of Denmark 

Building 404, Room 006 

2800 Lyngby, Denmark 
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Abstract 

Campbell diagrams (describing free linearised vibration) of rotor/foil-air bearing (FAB) systems are currently 

based on the linearised force coefficients (FC) method, which eliminates the air film and foil state variables from 

the eigenvalue analysis.  Individual modes of FC-based Campbell diagrams have not been verified by transient 

nonlinear dynamic analysis (TNDA) at low amplitudes and significant discrepancies between FC and TNDA 

stability predictions have been reported.  This paper introduces a new method that avoids the FC method by 

extracting the Campbell diagram directly from the nonlinear state-space model.  Through appropriate scaling of 

the eigenvectors and the application of a minimum journal amplitude criterion, it is found that the multitude of 

eigenvalues/eigenvectors of the state Jacobian could be filtered to extract the relevant modes.  Where 

appropriate, a maximum damping criterion should also be applied.  Each extracted mode is precisely verified 

using TNDA with mode-specific initial conditions.  The methodology is successfully applied to a symmetric 

rigid rotor on single-pad FABs with the pad modelled by the simple equivalent foundation model.  The 

simulation results correlate well with observations reported in an independent study that used a more advanced 

foil model but was restricted to TNDA (no Campbell diagram). 

1   Introduction 

The dynamics of FAB-rotor systems are governed by the nonlinear interaction between the air film, foil 

structure, and rotor domains, where each domain is governed by time-based differential equations [1].  Such 

systems can therefore be cast into the non-linear state-space format used to represent generic dynamical systems 

[1, 2]: 

𝐬′ = 𝛘(𝜏, 𝐬) (1) 

where ( )′ denotes differentiation with respect to the time variable 𝜏, 𝐬 is the state vector which contains state

variables from all three domains (air film, foil and rotor), and 𝛘 is a vector of nonlinear functions of 𝜏 and 𝐬.  The 

explicit presence of 𝜏 arises from the vector of unbalance excitation forces 𝐟𝐮.

 

 

(a) (b) 

Figure 1.  System considered: (a) symmetric rigid rotor/FAB system; (b) single-pad FAB (configuration 

shown is for a clamped leading edge/free trailing edge (CLE/FTE)). 

.
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A rotordynamic system with FABs was first expressed as a dynamical system (eq. (1)) in 2013/14 by Bonello 

and Pham [3-5].  For the case of the symmetric rigid rotor-FAB system running in single-pad FABs (Figure 1), 

with foil pad modelled using the simple equivalent foundation model (SEFM) [6], and air film modelled by the 

finite difference (FD) method, as considered in [4] and the present paper, the state vector 𝐬 is given by 

𝐬 = [𝛙T �̃�T 𝛆T 𝛆′T]T (2) 

where the subvectors 𝛙,  �̃�, (𝛆, 𝛆′) respectively contain state variables relating to the air film, the foil, and the 

rotor, where 𝛆 = [𝑥 𝑐⁄ 𝑦 𝑐⁄ ]T is the journal eccentricity vector (𝑐 is the radial clearance).  Bonello and Pham

[3-5] then used readily available implicit integrator routines to obtain the nonlinear response for given initial 

conditions 𝐬(0) i.e. performed the simultaneous time domain solution by applying transient nonlinear dynamic 

analysis (TNDA) to the complete system in eq. (1).  Bonello and Pham [4, 5] also devised a rapid method for 

computing the static equilibrium condition 𝐬 = 𝐬𝐄, and assessing the stability of small free perturbations 𝚫𝐬
about this condition, for each given speed within a range.  This process was referred to as static equilibrium 

stability analysis (SESA) [5].  In the first part of SESA, the static equilibrium condition 𝐬 = 𝐬𝐄 can be obtained

by setting 𝐬′ = 𝟎 for 𝐟𝐮 = 𝟎  in eq. (1) and solving the resulting set of nonlinear algebraic equations:

𝛘(0, 𝐬)|𝐟u=𝟎 = 𝟎 (3) 

In the second part of the current form of SESA, the stability of the dynamical system (eq. (1)) to small 

(linear) free perturbations ∆𝐬 about 𝐬 = 𝐬𝐄 is determined by performing an eigenvalue analysis of the state

Jacobian matrix  

𝐉 = 𝛛𝛘 𝛛𝐬⁄ |𝐟𝐮=𝟎,𝐬=𝐬E
(4) 

A change in sign (from negative to positive) of the real part of one of the eigenvalues marks the birth of self-

excited vibration (Hopf bifurcation) [2].  

The purpose of this paper is to develop the eigenvalue analysis of the Jacobian to determine the Campbell 

diagrams, which describe the variation with speed of the free linearised vibration modes about the static 

equilibrium condition, and are an important tool that is used to aid the interpretation of the full nonlinear 

response e.g. [7-9].  The novel contribution lies in the fact that, in contrast to the current method for deriving 

Campbell diagrams, the proposed method avoids the use of linear force coefficients (FC) [10, 11].  There are two 

reasons that motivate the development of such a method, which is directly based on the Jacobian: 

 The FC-method eliminates the air film and foil state variables from the eigenvalue analysis through an

assumption that relates them to the journal motion [10-12].

 The above assumption has not been tested by verifying individual modes by (low amplitude) TNDA of the

original system (eq. (1)).  Indeed, significant discrepancies have been reported between FC and (low

amplitude) TNDA predictions for the onset of instability speed (OIS) for certain conditions [12].  This

contrasts with the invariable consistency between TNDA and SESA results for the OIS [1, 4, 5].

The FC method, as used in FAB-rotor systems, is based on Lund’s method [10], who used the procedure on

gas bearings with rigid sleeves (no foil) and oil-lubricated bearings [12].  It was extended to FAB-rotor systems 

by Peng and Carpino [11] and since then has been used extensively (e.g. [7-9]) to predict features of the linear 

dynamics of FAB-rotor systems, such as stability, Campbell diagrams, and synchronous unbalance response, as 

reported in [12].  Lund’s FC method assumes that the air-film pressure 𝑝 is a function of (𝛆, 𝛆′), which are 

assumed to be harmonic of assumed frequency (whirl frequency), and 𝑝 is then approximated by a first-order 

Taylor series expansion [10-12].  The harmonic foil deflection is similarly eliminated.  Having found the FC 

(stiffness and damping coefficients), the dynamics of small perturbations about the static condition are 

investigated by considering only the linearized rotor equations since the FC effectively replace the air film and 

foil domains. 

The use of the Jacobian (eq. (4)) for stability analysis, and its presently proposed use for Campbell diagram 

derivation, has only been made possible fairly recently.  Prior to the work of Bonello and Pham [3-5], it has been 

the practice to decouple the air film, foil and rotor equations by approximating the air film equations as 

algebraic, rather than differential, equations e.g. [13]. This traditional solution technique for the full nonlinear 

response was therefore a non-simultaneous “time lagging” approach that did not preserve the true simultaneous 

coupling between the three domains, since it was not based on the dynamical system representation (eq. (1))  [4].  

Although the state-space formulation introduced in [3-5] has now been taken up by a growing number of 

researchers e.g. [6, 12, 14, 15], these have used it only for TNDA, even for small perturbation analysis.  For 

example, the same OIS determined by Larsen and Santos [12] through TNDA from initial conditions 𝐬(0) = 𝐬𝐄

could have been more rapidly determined using the SESA approach introduced in [4, 5]. 

Unlike the FC method, the new method of this paper retains the air film and foil state variables within the 

eigenvalue analysis.  It shall be shown that each mode so computed can be verified by TNDA of the original 

dynamical system (eq. (1)) using mode-specific initial conditions.  The new method is tested on a two-degree-of 
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freedom system comprising a rigid symmetric rotor-FAB system with single-pad FABs.  The pad is modelled 

using the simple equivalent foundation model (SEFM) [6] and air film conditions appropriate for two alternative 

pad configurations: (i) clamped leading edge/free trailing edge (CLE/FTE, Figure 1(b)); (ii) free leading edge 

and clamped trailing edge (FLE/CTE).  The CLE/FTE configuration is unusual for single pad-FABs [1], but is 

considered since the results of the simulation can be correlated with those of an independent study by Nielsen 

and Santos [14] which used a more advanced foil model (allowing top foil detachment) incorporated into the 

state-space format (eq. (1)).  The study in [14] was restricted to TNDA and did not derive the Campbell diagram, 

but made certain observations that can be correlated with the findings of this paper.   

2   Dynamical System Model 

The differential equations governing the nonlinear dynamics of the symmetric rotor-FAB system in Figure 1 

are expressed in the dynamical system form of eq. (1) as follows [4]: 

𝛙′ = 𝐠RE(𝛙, �̃�, 𝛆) (5a) 

�̃�′ =  2(𝐩g,𝜃(𝛙, �̃�, 𝛆) (𝑐𝐾b)⁄ − �̃�) 𝜂⁄ (5b) 

[
𝛆
𝛆′]

′

=   [
𝛆′

4

𝑀𝑐𝛺2 {𝐟𝐮(𝜏) + 𝐟𝐬 + 𝐟𝐉(𝛙, �̃�, 𝛆)}
] (5c) 

where the non-dimensional time is defined as 𝜏 = 𝛺𝑡 2⁄   (𝛺 being the rotational speed) and the equations (5a), 

(5b), (5c) relate to the coupled domains of the air film, foil and the rotor respectively.   

In equation (5c), 𝐟𝐮, 𝐟𝐬, 𝐟𝐉 are 2 × 1 vectors containing the Cartesian components of the unbalance force,

static load and air film force respectively, acting on one half of the symmetric rotor of total mass of 2𝑀.   

Equations (5b) govern the pad deflection according to the SEFM, which is based entirely on the bump foil 

i.e. the stiffness and inertia of the top foil are neglected and it is assumed to be in contact with the bumps at all

times for the purpose of determining the local radial deflection 𝑤 of the top foil.  It is additionally assumed that

𝑤 is a function of 𝜃 only. �̃� is the 𝑁𝜃 × 1 vector of values �̃�𝑗 = �̃�(𝜃𝑗), where �̃� = 𝑤 𝑐⁄  and 𝜃𝑗, 𝑗 = 1, … , 𝑁𝜃,

are discrete values of 𝜃 according to the Finite Difference (FD) grid used to discretize the Reynolds Equation

(RE).  𝐾b is the stiffness per unit area of the bump foil and 𝜂 is the damping loss factor, for which the equivalent

viscous damping coefficient is assumed to be 𝐶damp,eq = 𝐾b𝜂 𝛺⁄ .  𝐩g,𝜃  is the vector of the averages of the gauge

pressure 𝑝g over the axial direction for discrete values of 𝜃.

Equations (5a) are obtained by using the FD method to discretize the RE, as described in [1].  The RE is 

formulated in terms of the combined state variable 𝜓 ≡ 𝑝ℎ̃ where 𝑝  and ℎ̃  are the non-dimensional air film 

pressure and thickness at a position (𝜉, 𝜃) where 𝜉 is the non-dimensional axial coordinate.  The FD grid has 

𝑁𝜉 × 𝑁𝜃  points spaced by Δ𝜉, Δ𝜃 in the axial and angular directions respectively, where 𝜉 = 𝜉𝑖, 𝑖 = 1, … , 𝑁𝜉  and

𝜃 = 𝜃𝑗, 𝑗 = 1, … , 𝑁𝜃.  Hence, in eqs. (5a), 𝛙 is the 𝑁𝜉𝑁𝜃 × 1 vector of variables 𝜓𝑖,𝑗 = 𝜓(𝜉𝑖 , 𝜃𝑗 , 𝜏).  The grid

covers only half the axial length of the FAB due to symmetry (bearing is open at both ends).  Following the work 

in [1], for the single-pad FAB with CLE/FTE, a “finite 𝜃” air film model with Gümbel condition [1] is used. The 

Gümbel condition truncates subatmospheric pressures when integrating 𝑝g for 𝐟𝐉 [6].  It is a retrospective

correction for the detachment of the top foil that is good for CLE/FTE [16], but not FLE/CTE [16, 1].  For 

FLE/CTE, a “continuous 𝜃” air film model with no Gümbel condition was considered satisfactory in [1]. 

3   Extraction of Campbell Diagrams 

The dynamical system of eq. (1) is linearised as follows [5]: 

(𝚫𝐬)′ = 𝐉(𝚫𝐬) (6) 

where the Jacobian 𝐉 is given by eq. (4).  The eigenvalue analysis of the matrix 𝐉 yields 𝑁s eigenvalues that

comprise 𝑁e real eigenvalues and 𝑁o pairs of complex conjugate eigenvalues 𝜆𝑛,Re ±j𝜆𝑛,Im, 𝜆𝑛,Im > 0 (𝑛 =
1 … 𝑁o).  The complex conjugate eigenvalues have associated conjugate eigenvectors 𝛒(𝑛), 𝛒(𝑛)∗.  The

oscillatory part of the general solution of eq. (6) is: 

𝚫𝐬 = ∑ 𝑐𝑛e−𝜁𝑛𝜛u,𝑛𝑡mod{𝛒(𝑛)} .∗ cos(𝜛d,𝑛𝑡 + arg{𝛒(𝑛)} + 𝛼𝑛)
𝑁o
𝑛=1 (7) 

In eq. (7): 𝑐𝑛, 𝛼𝑛 are arbitrary real scalar constants; mod{𝛖}, arg{𝛖} respectively denote the vectors of moduli

and phases of the complex elements of vector 𝛖; 𝐚.∗ 𝐛 denotes a vector containing the products of corresponding 

elements of two vectors 𝐚, 𝐛; 𝜛d,𝑛, 𝜁𝑛, 𝜛u,𝑛 are, respectively, the damped natural circular frequency, equivalent

viscous damping ratio, and the undamped natural circular frequency of (oscillatory) mode no. n: 

𝜛d,𝑛 = 𝛺𝜆𝑛,Im 2⁄ ,  𝜁𝑛 = −𝜆𝑛,Re (𝜆𝑛,Re
2 + 𝜛d,𝑛

2 )
0.5

⁄ , 𝜛u,𝑛 = 𝜛d,𝑛 (1 − 𝜁𝑛
2)0.5⁄ (8a-c) 
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The number of oscillatory modes 𝑁o at each given rotational speed 𝛺 is typically very high since the

dimension of the Jacobian is very high (due to the discretisation of air film spatial domain).  Hence, as shall be 

revealed later, the eigenfrequency vs speed map is a dense accumulation of dots, but most of these dots do not 

represent any significant vibration (whirl) of the rotor.  The Campbell diagram of the FAB-rotor system therefore 

needs to be extracted from the eigenfrequency vs speed map by applying a filtering criterion.   

The eigenvectors 𝛒(𝑛) first need to be scaled by an appropriate factor 𝜅(𝑛), which is chosen so that, for mode

no. n, the greatest non-dimensional amplitude of vibration within the FAB (considering both journal and pad 

vibration) is a prescribed fraction 𝜎 of the nominal radial clearance:  

𝜅(𝑛) = 𝜎 �̃�(𝑛)⁄ (9) 

where �̃�(𝑛) is the greatest non-dimensional vibration amplitude within the FAB: 

�̃�(𝑛) = max (mod{𝛒𝛆
(𝑛)

}, mod{𝛒�̃�
(𝑛)

} ) (10) 

where 𝛒𝛆
(𝑛)

, 𝛒�̃�
(𝑛)

are the complex amplitudes of the damped harmonic perturbations ∆𝛆
(𝑛)

, ∆�̃�
(𝑛)

 respectively,

which, from eq. (7), are given by: 

∆𝛆
(𝑛)(𝑡) = 𝑐𝑛e−𝜁𝑛𝜛u,𝑛𝑡mod{𝛒𝛆

(𝑛)
} .∗ cos (𝜛d,𝑛𝑡 + arg{𝛒𝛆

(𝑛)
} + 𝛼𝑛) (11) 

∆�̃�
(𝑛)(𝑡) = 𝑐𝑛e−𝜁𝑛𝜛u,𝑛𝑡mod{𝛒�̃�

(𝑛)
} .∗ cos (𝜛d,𝑛𝑡 + arg{𝛒�̃�

(𝑛)
} + 𝛼𝑛) (12) 

The complex vectors 𝛒𝛆
(𝑛)

, 𝛒�̃�
(𝑛)

are obtained by partitioning the eigenvector 𝛒(𝑛) into its constituent sub-vectors

according to the composition of 𝐬 (eq. (2)). The scaled eigenvectors are denoted by 𝛒⏞
(𝑛)

 where

𝛒⏞
(𝑛)

= 𝜅(𝑛)𝛒(𝑛) (13) 

The sub-vectors of the scaled eigenvectors 𝛒⏞
(𝑛)

 are given similar notation i.e. 𝛒⏞
𝛆

(𝑛)
, 𝛒⏞

�̃�

(𝑛)
,…etc. and the result of 

eq. (10) using these vectors becomes �̃�(𝑛) = 𝜎.

Let 𝐴⏞𝛆

(𝑛)
 denote the mean of the x, y non-dimensional scaled vibration amplitudes of the FAB journal: 

𝐴⏞𝛆

(𝑛)
= mean (mod {𝛒⏞

𝛆

(𝑛)
} ) (14a,b) 

The filtering criterion to be adopted sets a minimum journal amplitude such that mode no. n will be rejected 

from the Campbell diagram unless 𝐴⏞𝛆

(𝑛)
 is greater than C times 𝜎, where C is a cut-off threshold: 

𝐴⏞𝛆

(𝑛)
> 𝐶𝜎 (15) 

In this work, 𝜎 = 0.2 and 𝐶 = 0.1.  In other words, the eigenvector of the mode no. n is scaled so that the 

greatest vibration amplitude within the FAB, considering both pad and journal, is 20% of the radial clearance, 

and the scaled mode is rejected if the amplitude of the journal vibration (average of x, y vibrations) it is not 

greater than 2% (i.e. 0.1 of 20%) of the radial clearance.   

The journal and pad vibrations in mode no n, and the whirl direction, are determined by plotting 𝛆(𝑛) = 𝛆𝐄 +

𝚫𝛆(𝑛) and �̃�(𝑛) = �̃�𝐄 + 𝚫�̃�(𝑛) at a number of discrete times covering the period 2𝜋 𝜛d,𝑛⁄  (where 𝚫𝛆(𝑛), 𝚫�̃�(𝑛)

are from eqs. (11, 12) using scaled eigenvectors 𝛒⏞
𝛆

(𝑛)
, 𝛒⏞

�̃�

(𝑛)
, and 𝛆𝐄, �̃�𝐄 are from the static solution (eq. (3)).

The initial conditions to induce the dynamical system defined by eq. (1) to respond in one specific mode only 

(with no unbalance excitation applied) are given by: 

𝐬(𝜏 = 0) = 𝐬𝐄 + 𝑐𝑛mod {𝛒⏞
(𝑛)

} .∗ cos (arg {𝛒⏞
(𝑛)

} + 𝛼𝑛) (16) 

4   Discussion of Simulation Results 

The parameters of the system (Figure 1) are as in [4] and negligibly different from [14]: 𝑀 = 3.061 kg; 

𝐟𝐬 = [0 −3.061 × 9.81]T; 𝑐 = 32 × 10−6m; radius 𝑅 = 19.05 × 10−3 m; length 𝐿 = 38.1 × 10−3 m; air

viscosity 𝜇 = 1.95 × 10−5 Pa∙s; 𝑝a = 101325 Pa; 𝐾b = 4.739 GN/m3;  𝜂 = 0.25.  In the simulations

performed, the grid size (covering half axial length of FAB) was 7 × 71 in the case of the finite 𝜃  model 

(CLE/FTE) and 7 × 72 in the case of the continuous 𝜃 model (FLE/CTE), as per procedure explained in [1]. 

The dimension of the Jacobian 𝐉 was therefore 572 × 572 for the CLE/FTE case (section 4.1) and 580 × 580 

for the FLE/CTE case (section 4.2).  In all TNDA simulations presented, the unbalance force 𝐟𝐮 = 𝟎.
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4.1 FAB with SEFM/Finite 𝜽 Gümbel Air Film (appropriate for CLE/FTE) 

The first task was to verify that the model used here (SEFM/finite 𝜃 FD air film/Gümbel condition) agreed 

with TNDA results presented in [14] for the same rotor-FAB system.  Figure 2 shows the TNDA result for the 

journal trajectory at 12 krpm over 20 revolutions from initial conditions corresponding to 𝛆, 𝛆′ = 𝟎, �̃� = 𝟎 and 

air film at atmospheric pressure.  The journal trajectory in Figure 2 agrees very closely with those calculated by 

the two models used in Figure 3 of Nielsen and Santos [14] i.e. 

1) the detachable top foil/bilinear bump foil/Finite Element (FE) air film model,

2) the SEFM/FE air film/Gümbel model used to validate model (1) at 12 krpm.

With regards to pad deformation, the present model (SEFM/finite 𝜃 FD air film/Gümbel) gives the same

result as model (2), whereas model (1) naturally gives a different result in the upper right hand quadrant due to 

the detachment of the top foil. 

 

 

 

 

 

Figure 2.  TNDA result journal trajectory over 20 

revolutions from initial conditions corresponding to 

𝛆, 𝛆′ = 𝟎, �̃� = 𝟎 (SEFM/Finite 𝜽 Gümbel) 
(compare with Figure 3 of Nielsen and Santos [14]). 

.

Figure 3.  Loci of static equilibrium journal positions 

over a range of speeds for SEFM/Finite 𝜽 Gümbel 

(CLE/FTE) (stable – red squares). 

.

Figure 4.  Unfiltered eigenfrequency 𝜛d,𝑛 (2𝜋)⁄  vs speed map for SEFM/Finite 𝜽 Gümbel (CLE/FTE).

.

Fig ure 5.  Campbell diagram for SEFM/Finite 𝜽 Gümbel (CLE/FTE), extracted from the unfiltered 

eig enfrequency vs speed map of Figure 4 using minimum journal amplitude criterion, eq. (15) with 𝐶 = 0.1: 

for ward whirl (black squares); reverse whirl (red circles); unstable mode points overlaid with a cross; EO 

(engine order).  
 . 
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Figure 3 shows the loci of the static equilibrium positions of the journal for the speed range 8-25 krpm.  The 

onset of instability speed (OIS) in this paper is defined as the first speed, in increments of 500 rpm, to register a 

negative damping ratio in one of the modes.  The OIS in this case is 22.5 krpm and compares well with the OIS 

of ~20 krpm reported from the TNDA simulations by Nielsen and Santos [14], considering that they used the 

detachable top foil/bilinear bump foil/FE air film model (in [14], the latter model was compared with the 

SEFM/FE air film/Gümbel model at only one speed). 

The free vibration about the static equilibria in Figure 3 is next considered.  Figure 4 shows the unfiltered 

eigenfrequency (𝜛d,𝑛 (2𝜋)⁄ ) vs speed map, which is seen to comprise a multitude of eigenmodes.  However, the

application of the minimum journal amplitude (eq. (15)) to Figure 4 results in the extraction of the “clean” 

Campbell diagram of Figure 5.  The two modes (“mode points”) at individual speeds each lie on distinct curves 

(labelled “mode 1” and “mode 2”) covering the speed range.  This is consistent with the system having two 

degrees of freedom.  Figure 6 shows two examples of modes that were rejected from the Campbell diagram by 

the minimum journal amplitude criterion.  In these modes, the vibration in the FAB is virtually entirely in the 

pad, with negligible vibration of the journal.  Such modes were also found to be highly damped, although still 

oscillatory (as evident by the non-zero frequencies).  

 

 

 

 

The Campbell diagram of Figure 5 indicates the direction of whirl and the state of stability of the two modes. 

Mode 1 is forward whirl over the entire speed range and becomes unstable beyond 22 krpm.  The frequency of 

mode 1 varies from 84 Hz at 8 krpm to 98 Hz at 20 krpm.  This correlates well with the following observation 

made by Nielsen and Santos [14]: “This frequency increases slightly from approximately 80 Hz at 8,000 r/min to 

around 100 Hz at 20,000 r/min”.  This observation from [14] related to a subharmonic frequency observed in the 

waterfall diagram of the initial 0.22s of the simulated transient response (as the rotor was dropped from the 

centralised initial conditions) with 5 g∙mm unbalance, using the detachable top foil/bilinear bump foil/FE air film 

model (Figure 13 in Nielsen and Santos [14]).  This subharmonic frequency was transient and, therefore, a mode 

i.e. it was absent from the waterfall diagram of the steady-state vibration (Figure 12 of [14]).  Figure 5 shows

that mode 2 is in reverse whirl for most of the speed range.  Evidence for the existence of mode 2 is not provided

in the transient unbalance response result of [14], but this is to be expected since reverse whirl modes are not

normally excited by the unbalance [17].  However, mode 2 shall be verified by TNDA in the present paper.

Figure 7 shows modes 1 and 2 at 22 krpm i.e. just before the OIS (22.5 krpm).  Mode 2 is seen to be 

considerably more damped than mode 1.  The two modes in Figure 7 were verified by TNDA using mode-

specific initial conditions (eq. (16)), which caused the unforced nonlinear dynamical system (eq. (1)) to respond 

in mode 1 only (Figure 8(a), (b)) or mode 2 only (Figure 8(c), (d)).  The orbital trajectories in Figures 8(a), 8(c) 

confirm the stability, orientation and direction of whirl of the orbits in Figures 7(a), 7(b) respectively (orbit in 

Figure 8(a) winds anticlockwise, whereas orbit in Figure 8(c) winds clockwise, as predicted in Figure 7).  The 

time histories in Figures 8(b), (d) were used to check the values for damped frequency 𝑓d,𝑛 = 𝜛d,𝑛 (2𝜋)⁄  and the

damping ratio 𝜁𝑛 given in the captions of Figure 7 (that were calculated from eigenvalue analysis and eqs. (8a-

c)).  The estimates for 𝑓d,𝑛 and 𝜁𝑛 shown in Figure 8(b), (d) were determined by calculating the period and

applying the logarithmic decrement method [18] and are seen to be reasonably close those of Figure 7: 0.4%, 

2.1% difference in frequency for modes 1, 2 respectively; 8.75%, −0.53% difference in damping ratio for modes 

1, 2 respectively.  The higher discrepancy in the damping ratio at mode 1 is attributed to the inherent accuracies 

in the application of the logarithmic decrement method to the time history of Figure 8(b), considering its light 

damping, uneven time steps and higher frequency. 

Figure 6.  Two examples of modes rejected by the minimum journal amplitude criterion, eq. (15), for 

SEFM/Finite 𝜽 Gümbel (CLE/FTE): (a) mode at 22 krpm with 𝑓d,𝑛 = 𝜛d,𝑛 (2𝜋)⁄ = 141.97 Hz, 𝜁𝑛 = 0.96288;

(b) mode at 22 krpm with 𝑓d,𝑛 = 67.60 Hz, 𝜁𝑛 = 0.99801 (NB: for clarity of display, the exponential decay

factor e−𝜁𝑛𝜛u,𝑛𝑡 in eqs. (11), (12) was omitted when calculating the modal vibration).

.
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 Figure 9 shows the TNDA simulation of the journal trajectory using initial conditions specific to mode 1 at 

22.5 krpm (for which this mode is unstable, Figure 5).  As predicted by the Campbell diagram, the trajectory is 

seen to diverge.  The estimates for 𝑓d,𝑛 and 𝜁𝑛 from the time history in Figure 9(b) agree closely with the

eigenvalue analysis values in the caption (0.4%, 6.15% difference in 𝑓d,𝑛 and 𝜁𝑛  respectively).  Figure 10 shows

the TNDA journal trajectory at two unstable speeds – 22.5 krpm (onset of instability speed OIS) and 25 krpm – 

from initial conditions specific to mode 2 which is stable at both these speeds.  At 22.5 krpm (Figures 10(a,b)), 

the degree of instability (|𝜁𝑛|) of mode 1 is very low and the trajectory can still converge unhindered along mode

2 to the static equilibrium position - the integration errors in the TNDA time steps (equivalent to physical 

perturbations) do not reach a sufficient level to excite mode 1 and diverge the trajectory.  However, at 25 krpm 

(Figures 10(c,d)), where the degree of instability of mode 1 is 10 times higher than at the OIS, the trajectory 

initially converges along mode 2 (reverse whirl) but then starts diverging along mode 1 (forward whirl). 

 

 

 

 

 

 

 

Figure 7.  Modes at 22 krpm taken from Campbell diagram in Figure 5: (a) mode 1 (𝑓d,𝑛 = 99.59 Hz, 𝜁𝑛 =

0.002533, forward whirl); (b) mode 2 (𝑓d,𝑛 = 135.33 Hz, 𝜁𝑛 = 0.14976, reverse whirl) (NB: for readers of digital

version, temporal sequence of vibration is indicated by colour sequence black-red-green-magenta; for clarity of 

display, the exponential decay factor e−𝜁𝑛𝜛u,𝑛𝑡 in eqs. (11), (12) was omitted when calculating the modal vibration).

.

Figure 8.  Transient nonlinear dynamic analysis (TNDA) journal trajectories and time histories at 22 krpm 

using mode-specific initial conditions (eq. (16)) taken from Campbell diagram of Figure 6: (a), (b) mode 1; 

(c), (d) mode 2; (P1: point at  𝑡 = 0; P5 : point four time steps later; displayed estimates for 𝑓d,𝑛, 𝜁𝑛 were

determined from the corresponding time histories and should be compared with the Campbell diagram analysis 

values in caption of Figure 7). 

.
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4.2 FAB with SEFM/Continuous 𝜽 non-Gümbel Air Film (appropriate for FLE/CTE) 

Figure 11 shows the loci of the static equilibrium positions of the journal for the speed range 8-25 krpm. 

Comparing with Figure 3, the static equilibria are at a higher level and the OIS is considerably lower (15 krpm, 

as reported in [4]).  The removal of constraints on the air film is seen to lower the OIS, as observed in [1].   

Figure 12 shows the unfiltered eigenfrequency (𝜛d,𝑛 (2𝜋)⁄ ) vs speed map for free vibration about the static

equilibria, from which the Campbell diagram of Figure 13 is extracted by the minimum journal amplitude 

criterion (eq. (15)).  Like the previous one of Figure 5, the Campbell diagram of Figure 13 shows two modes that 

describe significant rotor whirl – one in forward whirl that becomes unstable at 15 krpm, the other in reverse 

whirl that is stable over the speed range considered.  These two modes are depicted in Figures 14(a,b) and are 

seen to have similar orientations to those in Figures 7(a,b).  However, the Campbell diagram of Figure 13 also 

shows a low journal amplitude mode that manages to pass the minimum journal amplitude criterion with 

Figure 9.  Transient nonlinear dynamic analysis (TNDA) journal trajectory and time history at 22.5 krpm using 

mode-specific initial conditions (eq. (16)) taken from mode 1 @ 22.5 krpm (unstable) on Campbell diagram of 

Figure 5 (P1: point at  𝑡 = 0; P5 : point four time steps later; displayed estimates for 𝑓d,𝑛, 𝜁𝑛 were determined

from the time history and should be compared with the values output from the Campbell diagram analysis 

𝑓d,𝑛 = 100.4, 𝜁𝑛 = −0.00273).

.

Figure 10.  Transient nonlinear dynamic analysis (TNDA) journal trajectories and time histories at two speeds, 

one at the onset of instability (22.5 krpm: (a), (b)) and the other above this (25 krpm: (c), (d)), for mode-specific 

initial conditions (eq. (16)) taken from stable mode 2 on Campbell diagram of Figure 5 (P1: point at  𝑡 = 0; P5 :

point four time steps later; values of 𝜁𝑛 in figures are taken from Campbell diagram analysis).

.
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𝐶 = 0.1.  An example of such a mode is given in Figure 14(c), where it is seen that the vibration is mainly in the 

pad (as in the rejected modes e.g. Figure 6).  The low journal amplitude mode in Figure 13 was found to have a 

high damping ratio (above 0.7) over the entire speed range and therefore would have little practical significance.  

Therefore, rather than raising the value of the threshold 𝐶 in the minimum journal amplitude criterion (eq. (15)), 

a better way of eliminating such a mode from the Campbell diagram of Figure 13 would be to apply a maximum 

modal damping criterion in conjunction with the minimum journal amplitude criterion. 

 

 

 

 

 

Figure 11.  Loci of static equilibrium journal 

positions over a range of speeds for continuous 𝜃 

non-Gümbel (FLE/CTE) (stable – red squares). 

.

Figure 12.  Unfiltered eigenfrequency 𝜛d,𝑛 (2𝜋)⁄  vs

speed map for continuous 𝜃 non-Gümbel (FLE/CTE). 

.

Figure 13.  Campbell diagram for continuous 𝜃 non-Gümbel (FLE/CTE), extracted from the unfiltered 

eigenfrequency vs speed map of Figure 12 using minimum journal amplitude criterion, eq. (15) with 𝐶 = 0.1: forward 

whirl (black squares); reverse whirl (red circles); unstable mode points overlaid with a cross; EO (engine order).  

.

Figure 14.  Modes at 15 krpm taken from Campbell diagram in Figure 13: (a) mode 1 (𝑓d,𝑛 = 82.97 Hz, 𝜁𝑛 =

−0.000166 i.e. unstable, forward whirl); (b) mode 2 (𝑓d,𝑛 = 140.05 Hz, 𝜁𝑛 = 0.25546, reverse whirl); (c) low

journal amplitude mode (𝑓d,𝑛 = 178.11 Hz, 𝜁𝑛 = 0.81155) (NB: for readers of digital version, temporal sequence of

vibration is indicated by colour sequence black-red-green-magenta; for clarity of display, the exponential decay factor 

e−𝜁𝑛𝜛u,𝑛𝑡 in eqs. (11), (12) was omitted when calculating the modal vibration). 

.
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7   Conclusions 

This paper has introduced a new method for deriving the Campbell diagram of a rotor/foil-air bearing (FAB) 

that does not depend on Lund’s linearised force coefficient (FC) method.  It was based on the eigenvalue 

analysis of the state Jacobian of the dynamical system (nonlinear state-space) representation of the fully coupled 

air film/foil/rotor model.  Through appropriate scaling of the eigenvectors and the application of a minimum 

journal amplitude criterion, the multitude of eigenvalues/eigenvectors of the Jacobian could be filtered in order 

to extract only the relevant modes.  Where appropriate, a maximum damping criterion should also be applied. 

Each extracted mode could be precisely verified using transient nonlinear dynamic analysis (TNDA) with mode-

specific initial conditions derived directly from the eigenvalue analysis.  The methodology was successfully 

applied to a two-degree-of freedom (rigid-symmetric) rotor on single-pad FABs with the pad modelled by the 

simple equivalent foundation model.  Two types of air film conditions were considered, respectively suitable for 

alternative pad configurations.  The simulation results correlated well with observations reported in an 

independent study in the literature that used a more advanced foil model but was restricted to TNDA (no 

Campbell diagram).  A forthcoming journal paper shall present this method for a generic rotor-FAB system. 
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Abstract
Despite its merits, the Gas Foil Bearing (GFB) suffers from several inherent limitations which could likely

be overcome using active radial injection. This hence represents a natural next step, even though several issues
relating to the foil structure modelling remain unresolved. A prerequisite for the development of any model-based
feedback control scheme is a model capturing the effects of gas injection on the system dynamics. The currently
presented work on a generic numerical recipe for GFB simulation is intended as a step towards such a model.

The aim of the present work is to consolidate the existing state of the art knowledge on GFB modelling into a
generic framework that can act as an efficient platform for further research. By creating a structure where the same
pieces of code can be applied for simulation of a wide range of rotors supported by any number of rigid or compliant
type gas bearings — with or without injection — the available experimental results can be utilized optimally for
validation. Furthermore, the programming intensive optimizations necessary to obtain tolerable solution times can
be more easily reused.

The framework consists of three domains treating the rotor, the foil structure and the fluid film respectively,
along with clear-cut domain interfaces based on linear mappings. In the fluid domain, the film is modelled using the
Modified Reynolds Equation dizcretised using finite volume, leaving the injection flow to an auxiliary model. Both
the rotor and the compliant structure are represented in generic state-space formats facilitating various different
models for both domains. The global system is solved both statically and in time using efficient general purpose
routines exploiting e.g. analytical Jacobian matrices and sparse direct linear solvers.

Nomenclature
BC Boundary Condition
CDS Central Differencing Scheme
CFD Computational Fluid Dynamics
CSR Compressed Sparse Row
CV Control Volume
DAE Differential/Algebraic Equation
DOF Degree of Freedom
EOM Equation of Motion
FD Finite Difference
FE Finite Element
FV Finite Volume
GFB Gas Foil Bearing
IC Initial Condition
IVP Initial Value Problem
LUDS Linear Upwind Differencing Scheme
MRE Modified Reynolds Equation
ODE Ordinary Differential Equation
SEFM Simple Elastic Foundation Model
UDS Upwind Differencing Scheme (1st order)
(Ü) Time derivative, d2/dτ2

(Û) Time derivative, d/dτ

(˜) Non-dimensional quantity
∇· Divergence
∇ Gradient
Ab Bearing surface area Ab = [0, L] × [0, 2π]
Ai In-film area of the i-th CV
L, L̃ Bearing length, L̃ = L/R
Mg Molar mass of gas
Minj,i Integrated injection flux for the i-th CV
R Journal radius
Ru Universal gas constant
Si In-film circumference of the i-th CV
Sτ Non-dimensional group, Sτ =

6R2µωτ

C2pa

Tiso Isothermal gas temperature
U Unbalance, mass × eccentricity
aj FV stencil coefficients constituting AFV
ftol Global force tolerance
h, h̃ Film height, h̃ = h/C
ltol Global length tolerance
lf Foil domain length scale
lr Rotor domain length scale
mr Rotor domain mass scale
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minj Injection flux field
ncv Number of CVs (per bearing)
nrdof Number of rotor domain DOFs
nub Number of unbalance masses
nb Number of GFBs
p, p̃ Film pressure, p̃ = p/pa

ptol Global (derived) pressure tolerance
pa Ambient pressure, fluid pressure scaling
p f Foil domain pressure scale
pi Pressure at i-th CV centre
rFV,i FV equation residual for i-th CV
t Physical time
xg, yg, zg Fluid film coordinates, yg is curvelinear
xr, yr, zr Rotor coordinates
Ω, Ω̃ Angular velocity Ω̃ = Ω/ωτ

Ξ FV stencil, i.e. a set of CV indices
α Bearing index, α = 1, . . . , nb
µ Dynamic gas viscosity
ωτ Characteristic frequency
φ Phase of unbalance
ρg Density of gas
τ Dimensionless time, τ = ωt t
θ Circumferential angle
θ̃ Circumferential coordinate, θ̃ = yg/R
fub Rotor unbalance force vector
fµ,α Foil structure friction forces in bearing α
fb Bearing force vector
f f w,α Foil structure static loads in bearing α
fp,α Foil structure pressure loads in bearing α
frw Rotor static force vector
h0,cvc Initial film heights at CV centres
h0,cve Initial film heights at CV edges
hc,cvc Compliant film heights at CV centres
hc,cve Compliant film heights at CV edges
hr,cvc Rigid film heights at CV centres
hr,cve Rigid film heights at CV edges

n Outward pointing unit normal vector
pα, p̃α Bearing α CV centre pressures, pα = pap̃α

rscale Nondimensionalization scalings for rr
rtol Dimensional system residual tolerances
rr Rotor residual vector
rFV,α FV residual vector for bearing α
r f ,α Foil structure residual in bearing α
ug, ũg Gas in-film velocity vector, ug =

{
uθ uz

}T

xr , x̃r Rotor DOF vector
x f ,α, x̃ f ,α Foil structure DOF vector for bearing α
zr Rotor state vector
z f ,α Foil structure state vector for bearing α
A f Foil structure state-space inertia
Ar Rotor state-space inertia
AFV FV coefficient matrix, Couette & Poiseuille
B f Foil structure state-space stiffness/damping
Br Rotor state-space stiffness/damping
BFV FV coefficient matrix, squeeze term
Cr Rotor state-space gyroscopic matrix
CFV FV coefficient matrix, local expansion term
D f , D̃ f Foil structure damping matrix
Dr , D̃r Rotor damping matrix
Gr , G̃r Rotor gyroscopic matrix
Hcvc, f Mapping from x̃ f ,α to hc,cvc
Hcvc,r Mapping from x̃r to hr,cvc
Hcve, f Mapping from x̃ f ,α to hc,cve
Hcve,r Mapping from x̃r to hr,cve
H fb,p Mapping from bearing pressures to Tr f̃b
H fp,p Mapping from pα to T f f̃p,α
I Identity matrix
K f , K̃ f Foil structure stiffness matrix
Kr , K̃r Rotor stiffness matrix
M f , M̃ f Foil structure mass matrix
Mr , M̃r Rotor mass matrix
T f Foil structure DOF to state-space mapping
Tr Rotor DOF to state-space mapping

1 Introduction
Rotor–bearing systems supported by Gas Foil Bearings (GFBs) often display complex dynamics originating

from the non-linear behaviour of the compressible gas film and its interaction with the compliant structure. To
understand and predict such a behaviour, several researchers have contributed improvements to the available GFB
modelling tools over the recent years. These include the introduction of the simultaneous solution approach [2]
and work on various foil structure models [11, 19, 15]. Even though several issues remain uresolved for conven-
tional GFBs, especially regarding the foil structure damping, a natural next step concerns active radial injection.
This could potentially overcome some of the passive GFB’s inherent issues and work on hybrid GFBs have been
presented [21, 22].

The aim of the present work is to generate a fast and versatile simulation tool for radial GFBs. This should be
capable of modelling an arbitrary number of rigid or compliant type gas bearings supporting a variety of rigid or
flexible rotors. The tool should rely on fast and readily available general purpose solvers to provide simultaneous
steady-state solutions as well as time integrations while reusing as much code as possible. This allows the available
base of experimental and theoretical gas bearing results from the literature to be utilised optimally for validation
purposes.

A prerequisite for the development of any model-based feedback control scheme would be a model capturing
the effects of gas injection on the system dynamics. The currently presented work on a generic numerical recipe
for GFB simulation is intended as a step towards such a model.
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Figure 1: (a): A three-pad GFB augmented with a single injector. (b): Illustration of the discretized fluid film
along with its coordinate system and the rotor. Notice that the fluid film is unwrapped meaning that yg is curvilinear
in the illustration.

2 Rotor Domain
The model is build to support any type of rotor representable in a general state-space form using the rotor

Degree of Freedom (DOF) vector x̃r as[
0 M̃r

I 0

]
︸   ︷︷   ︸

Ar

{
Û̃xr
Ü̃xr

}
︸︷︷︸

Ûzr

+

( [
K̃r D̃r

0 −I

]
︸    ︷︷    ︸

Br

+Ω̃

[
0 −G̃r

0 0

]
︸    ︷︷    ︸

Cr

) {
x̃r
Û̃xr

}
︸︷︷︸

zr

−

[
I
0

]
︸︷︷︸

Tr

(
f̃rw + f̃b + f̃ub

)
= rr, (1)

where M̃r , D̃r , G̃r and K̃r are the non-dimensional rotor mass, damping, gyroscopic and stiffness matrices, re-
spectively. The static forces are kept in f̃rw , while f̃ub represents the unbalance forcing and f̃b holds the bearing
forces. No restrictions are made on the origin of the rotor equations which could represent a point mass with just
two linear displacement DOFs in x̃r , a rigid rotor with a mix of rotational and linear displacement DOFs or a Finite
Element (FE) based rotor with potentially hundreds of DOFs. For some models, involving e.g. a reduced order
rotor, a more complicated Tr would be required. Notice that the momentum balance in eq. (1) is equated to a
rotor residual rr , which should be minimized when solving the non-linear system either in time as an IVP or as an
algebraic system in steady-state.

All quantities in the rotor domain are non-dimensionalized using a global characteristic frequency ωτ , a rotor
length scale lr and a rotor mass scale mr . The frequency ωτ gives a non-dimensional angular velocity Ω̃ = Ω/ωτ

which is shared between the domains. It will often be sensible to define ωτ simply as the angular velocity implying
Ω̃ = 1, but other choices could be advantageous for some simulations [12, 2]. The choice of rotor length and mass
scales depends on the specific rotor and the underlying mathematical model, but these can be tuned to enhance
the numerical properties of the rotor matrices. A point mass rotor supported by a single GFB will have D̃r , G̃r

and K̃r equal to zero, hence the scales could be chosen to provide M̃r = I while maintaining sensible numerical
force values. For a more complex rotor, based on e.g. FE discretization with beam elements, a good choice is less
obvious.

The force vector fb contains the vertical xr and horizontal yr components of the fluid film forces on the rotor
stemming from all GFBs in the system and hence has 2nb non-zero elements. For each bearing, the forces are
found from the usual integration of the projected fluid film pressures as{

fb,xr
fb,yr

}
=

∬
Ab

(p − pa)

{
cos θ
sin θ

}
RdA where Ab = [0, L] × [0, 2π] . (2)

The force vector f̃ub contains the components of the unbalance forces due to each unbalance mass U attached
to the rotor and hence has 2nub non-zero elements. For one particular unbalance mass attached to a node of the
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rotor, the unbalance forces are found using the usual projections as

{
f̃ub,xr
f̃ub,yr

}
=

{
cos

(
Ω̃τ + φ

)
sin

(
Ω̃τ + φ

) } ŨΩ̃2, (3)

where the non-dimensional unbalance mass is given as Ũ = U/(mr lr ).

3 Foil Domain
Various different foil structure models are available in the literature of which the majority are based on varia-

tions over the Simple Elastic Foundation Model (SEFM). The available models include purely algebraic equation
systems (stiffness only), first order systems (including stiffness and damping) as well as full second order systems
including also mass and possibly friction. In the current implementation, a format capable of containing all these
variations is desirable. Therefore the foil structural model in a bearing α is represented using the non-dimensional
foil DOF vector x̃ f ,α in the general state-space residual format as

[
0 M̃ f

I 0

]
︸   ︷︷   ︸

A f

{
Û̃x f ,α
Ü̃x f ,α

}
︸ ︷︷ ︸

Ûz f ,α

+

[
K̃ f C̃ f

0 −I

]
︸     ︷︷     ︸

B f

{
x̃ f ,α
Û̃x f ,α

}
︸ ︷︷ ︸

z f ,α

+

[
I
0

]
︸︷︷︸

T f

(
f̃ f w,α + f̃p,α + f̃µ,α

)
= r f ,α, (4)

which is suitable for the most general class of foil models. The non-dimensional foil structure mass, damping
and stiffness matrices are given as M̃ f , D̃ f , K̃ f respectively, while the static loads are represented in f̃ f w,α, the
fluid film pressure loads are contained in f̃p,α and the friction forces (if any) are held by f̃µ,α. For a non-zero
mass matrix, this represents a system of Ordinary Differential Equations (ODEs), but for many models, such as
the widely applied case of an inertialess SEFM incorporating a structural loss factor, eq. (4) turns into a system of
Differential/Algebraic Equations (DAEs). If friction forces are not included, the DAE structure could still be used
directly as discussed in [20], but this is unnecessarily complicated. Instead, the implementation also supports a
decayed version of eq. (4) given simply as

C̃ f︸︷︷︸
A f

Û̃x f ,α︸︷︷︸
Ûz f ,α

+ K̃ f︸︷︷︸
B f

x̃ f ,α︸︷︷︸
z f ,α

+ I︸︷︷︸
T f

(
f̃ f w,α + f̃p,α

)
= r f ,α, (5)

representing a system of first order ODEs for non-zero damping matrices or an algebraic equation system in the
case of zero damping. As for the rotor domain equations, all quantities in the foil domain are non-dimensionalized.
This is achieved using the characteristic frequency ωτ , a foil domain length scale lf and a foil domain pressure
scale p f . For an SEFM-like model, the obvious choices for these would be the clearance and ambient pressure, but
for more complex models other scales might be advantageous.

4 Fluid Film Domain
To model the gas film separating the journal from the rigid or compliant surfaces of the bearing, we will

apply the Modified Reynolds Equation (MRE) under the assumption of isothermal, isoviscous conditions. The
compressibility is introduced by assuming ideal gas behaviour providing the relation for the gas density ρg

ρg =
Mg

RuTiso
p, (6)

where Mg, Ru and Tiso are the (average) molar mass of the gas, the universal gas constant and the isothermal
gas temperature, respectively. A natural extension would be to drop the assumption of isothermal conditions
and simultaneously solve the energy equation. This has been done for rigid gas bearings, a least using non-
simultaneous approaches [16], but for foil bearings the thermal BCs are less clearly defined. The maximum
temperature differences in the circumferential and axial directions were found experimentally by Żywica et al.
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[23] for a specific GFB to be approximately 35 ◦C and 2 ◦C, respectively. This would imply density variations
on the order of ±5 %, which is not considered sufficient to justify the inclusion of the energy equation. If this
was nevertheless to be attempted, experimental validation of the resulting temperature field would be necessary to
adjust the applied thermal BCs.

4.1 The Modified Reynolds Equation in Terms of Flows
To formulate a discretization scheme for the MRE, it is convenient to consider the underlying velocity profiles.

Expressing the journal surface velocity as uθ
(
xg = 0

)
= ΩR and assuming the pressure and viscosity to be constant

across the film thickness h, the velocity profiles can be derived from the Navier–Stokes equations using an order
of magnitude analysis followed by an integration across the film thickness [7] as

ug =
{
uθ uz

}T
=

{
−xg

h−xg
2µ

∂p
∂yg
+ΩR

h − xg
h

−xg
h−xg

2µ
∂p
∂zg

}T
, (7)

giving the in–film fluid velocities in m/s as functions of the pressure gradients and the journal surface velocity.
Note that the axial velocity of the journal is neglected leaving only the Poiseuille component in this direction.

The MRE can be obtained by inserting the velocity profiles into the continuity equation augmented with a
source term to represent injection and integrating it across the film thickness as∫ h

0

(
∂ρg

∂t
+ ∇ ·

(
ρgug

) )
dxg = minj, (8)

where ρg is the fluid density and minj = minj
(
yg, zg

)
represents an injection source term field in kg/(m2 s). The

inflow due to injection could be obtained using analytical expressions, possibly including empirical correction
factors, as suggested by various authors [1, 14, 17, 21] or by an external Computational Fluid Dynamics (CFD)
routine, but this is outside the present scope.

Replacing the fluid density by its average across the film thickness and applying Leibniz’ rule, eq. (8) produces
the MRE on the form

−
∂

∂yg

(
ρgh3

12µ
∂p
∂yg

)
−

∂

∂zg

(
ρgh3

12µ
∂p
∂zg

)
+
ωR
2
∂ρgh
∂yg

+
∂

(
ρgh

)
∂t

= minj, (9)

which can alternatively be expressed in terms of the flow vector qg with units kg/(m s) [3] as

∇ · qg = −
∂

(
ρgh

)
∂t

+ minj where qg =
{
qθ qz

}T
= −

ρgh3

12µ
∇p +

ΩR
2
ρgh

{
1 0

}T
. (10)

Equation (10) can be non-dimensionalised using the clearance C and radius R as through-film and in-film length
scales respectively, the ambient pressure pa as the pressure scale and a frequency ωτ as time scale. Assuming
isothermal conditions in the fluid film, the viscosity can be assumed constant and the gas density can be expressed
using the ideal gas law. This gives the version of the MRE implemented in the model

∇ · q̃g = −2Sτ
∂

(
p̃h̃

)
∂τ

+ m̃inj, (11)

where

Sτ =
6R2µωτ

C2pa
, q̃g =

{
q̃θ q̃z

}T
=

(
−p̃h̃3∇p̃ + SτΩ̃p̃h̃

{
1 0

}T
)

and m̃inj =
12R2µRuTiso

p2
aC3Mg

minj. (12)

Notice that before eq. (11) is non-dimensionalised, insertion of the ideal gas law and multiplication by RuTiso/Mg

changes its units into J/(m2 s), such that the conserved quantity is rather energy than mass. Subsequently, the
equation is divided by the viscosity µ resulting in the rather awkward unit J Pa s/(m2 s) or N2/m3.
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Figure 2: The fluid film discretization. (a): Mesh of a single pad showing the BCs and the naming convention for
the neighbours and faces of the i-th CV. (b): Contributions to the integrated conservation equation for the i-th CV.

4.2 Finite Volume Discretization
Having the MRE represented in terms of flows as given in eq. (11), the Finite Volume (FV) method can be

applied and implemented following an intuitive approach. Equation (11) represents the differential form of the
conservation equation which can be integrated over a Control Volume (CV) i with in-film area Ai and circumference
Si . Applying the divergence theorem, this can be written as∫

Si

q̃g · ndS = −2Sτ

∬
Ai

∂

∂τ

(
p̃h̃

)
dA +

∬
Ai

m̃injdA, (13)

where the three terms represent the flux across the CV boundary to the neighbouring cells, the accumulation
within the CV and the injection influx, respectively. Limiting the implementation to rectilinear non-uniform grids,
i.e. grids of quadrilateral CVs, the integral over the CV circumference in eq. (13) can be split into four components
as illustrated in fig. 2b. Representing the flow q̃g at each face by its midface value and the unsteady term ∂

∂τ

(
p̃h̃

)
by its cell centre value (both being second order approximations), the FV residual equation for the i-th CV can be
written as

∆z̃i (q̃θ |e − q̃θ |w) + ∆θ̃i (q̃z |n − q̃z |s) + 2Sτ∆z̃i∆θ̃i

(
p̃i
∂ h̃i
∂τ
+ h̃i

∂ p̃i
∂τ

)
− M̃inj,i = rFV,i, (14)

where ∆θ̃i , ∆z̃i are the CV dimensions, p̃i , h̃i are the CV centre pressure and film height and q̃θ , q̃z are the flow
components evaluated at the midpoint of the respective CV faces as indicated in fig. 2a. For now, the integrated
value of the injection flux over the cell area is denoted simply as M̃inj,i since its treatment depends on the applied
injection model.

4.3 Cell Face Fluxes
To evaluate eq. (14), the components of the flow must be known at the CV faces. These are given from

eq. (12) and hence depend on the face pressure, face pressure gradient and face film height. The gradient at the
midpoint of each face is reconstructed using linear interpolation between the centres of the two CVs sharing the
face following a Central Differencing Scheme (CDS). This approximation is of second order on a uniform mesh,
but formally decays to first order for a non-uniform mesh. For reasonable grid expansion rates it will, however, still
produce convergence characteristics close to that of a second order scheme [5]. Referring to fig. 2a, the gradient
at the eastern face is thus reconstructed using the CV centre values i and E . If formal second order accuracy
was requested, one could apply the ”Quadratic Upstream Interpolation for Convective Kinematics” scheme or a
fourth-order CDS using three or four cell centres, respectively.

The face pressure values could likewise be reconstructed using CDS to provide a second order accurate ap-
proximation. It is, however, argued by Arghir et al. [1] that these ”convected pressures” should be treated using an
upwind procedure to stabilize the numerical solution. The approach presented in [1] is intended for unstructured
grids where the implementation of higher order upwind schemes is complicated, thus the Upwind Differencing
Scheme (UDS) relying on a single upstream cell is used. The current work is limited to structured grids where
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it is straightforward to include an additional upwind cell in the stencil to produce the Linear Upwind Differenc-
ing Scheme (LUDS). This provides second order accuracy for the face pressure, but has the potential to produce
unbounded solutions when used without limiters.

Considering the structure of the resulting equation system, the combination of CDS for face pressure gradients
and UDS for face pressure values gives a computational molecule for each cell with five contributions: the cell
itself and its four immediate neighbours E , N , W and S. Using LUDS for the face pressures, four additional
contributions from the next set of neighbours EE , NN , WW and SS should furthermore be included.

Prior to applying any of the upwind schemes, the flow direction at the given face must be evaluated. Noting
that the pressure is always positive, the sign of the flow vector components can be judged from eq. (12) as

sign (q̃θ ) = sign
(
−h̃3 ∂ p̃

∂θ̃
+ SτΩ̃h̃

)
and sign (q̃z) = sign

(
−h̃3 ∂ p̃

∂ z̃

)
, (15)

where the CDS approximations for the pressure gradients are used while the film height at the face is supplied by
the rotor and foil models. Knowing the sign of the flow, the face pressure itself can be reconstructed using cell
centres in the upwind direction only.

At the outer boundaries where ambient pressure is prescribed (see fig. 2a), corresponding to a Dirichlet type
Boundary Condition (BC), only the face gradient needs reconstruction. This is achieved using a one-sided FD
scheme relying on two CV centres into the mesh. If a symmetry condition is imposed at the bearing mid plane,
corresponding to a Neumann type BC, the flux at these faces should simply be set to zero. Both types of BCs are
used if the LUDS is requested to reconstruct face pressures too close to a boundary for two upstream CV centres
to be available.

Lastly, the model implements a cyclic condition which is physically meaningful for rigid and single-pad foil
bearings. In this case, the cyclic boundary face fluxes are reconstructed exactly as for the internal faces using the
corresponding CVs from the opposite end of the mesh.

4.4 Finite Volume Residual Equation
Using the FD schemes described in the preceding section to evaluate the fluxes across each CV face and

plugging these into eq. (14), one obtains a residual equation on the form∑
ξ ∈Ξ

aj p̃j + 2Sτ∆z̃i∆θ̃i
(
p̃i Û̃hi + h̃i Û̃pi

)
− M̃inj,i = rFV,i, (16)

where Ξ is the set of stencil members making up the computational molecule, e.g. Ξ = {i, E, N,W, S} for the case
of a CDS+UDS combination. The stencil coefficients aj depend on the present pressure values across the stencil,
the current film heights at the cell faces and the dimensions of the cell. In a steady-state simulation, the cell centre
temporal pressure derivative Û̃pi is zero, while it is directly available in a time integration. The film heights at
the cell centre and faces as well as the temporal derivative at the cell centre Û̃hi are given from the rotor and foil
domains.

For a bearing α discretized using ncv CVs, the pressure state vector holding all CV centre pressures can be
written

pα =
{

p̃1, . . . , p̃ncv

}T
, (17)

using which the FV residual vector can be assembled for the entire bearing as

AFV
(
pα, xr, x f ,α

)
pα︸                     ︷︷                     ︸∑

ξ∈Ξ a j p̃ j

+BFV
(
Ûxr, Ûx f ,α

)
pα︸                ︷︷                ︸

2Sτ∆z̃i∆θ̃i Û̃hi p̃i

+CFV
(
xr, x f ,α

)
Ûpα︸                ︷︷                ︸

2Sτ∆z̃i∆θ̃i h̃i Û̃pi

+ fFV︸︷︷︸
M̃inj, i

= rFV,α, (18)

where AFV holds the FV coefficients originating from the Couette and Poiseuille terms of the MRE, while the co-
efficients in BFV and CFV represent the squeeze and local expansion terms respectively. The injection contribution
is represented by fFV which will generally depend on the bearing pressure and possibly variables from the rotor
and fluid domains.
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5 Domain Interfaces
To evaluate the FV residuals from eq. (16), the film height h̃ is required at all CV edges and centres. This

contains three contributions: (a) a constant describing the initial geometry such as clearance and pad inlet slopes;
(b) a rigid contribution stemming from the movement of the rotor; and (c) the compliant contribution due to
deformation of the foil structure (if simulating a compliant bearing).

Recalling the rigid contributions to be given merely as trigonometric projections of the eccentricity compo-
nents, written usually like ex cos θ + ey sin θ, this can be represented as a constant linear mapping applied to the
rotor DOF vector x̃r . Collecting the rigid film heights from all CV centres and edges across all bearings in the
vectors hr,cvc and hr,cve respectively, these can be calculated as

hr,cvc = Hcvc,r x̃r and hr,cve = Hcve,r x̃r, (19)

where the mapping matrices can be assembled offline knowing: (a) the angular positions of the CV centres/edges;
(b) the indices of the rotor DOFs representing the eccentricity components in each bearing; and (c) the length
scaling between the two domains. The row dimensions correspond to the combined number of CV centres/edges
across all bearings while the column dimensions equal the number of rotor DOFs nrdof , but only 2nb columns will
contain non-zero elements.

Analogously to the rigid contributions in eq. (19), the compliant film heights at all CV centres and edges can
be represented as constant linear mappings from the foil DOF vectors x̃ f ,α. This can be written as the linear
combinations

hc,cvc = Hcvc, f

{
x̃T
f ,1 . . . x̃T

f ,nb

}T
and hc,cve = Hcve, f

{
x̃T
f ,1 . . . x̃T

f ,nb

}T
(20)

but the content of the mapping matrices will be dependent on the applied foil model. The currently implemented
SEFM places one foil node for each circumferential CV centre position. In this case, Hcvc, f maps each foil DOF
directly to all CV centres sharing the same circumferential position and applies a length scaling. The mapping
to CV edges Hcve, f , on the contrary, will furthermore contain FD coefficients interpolating from the foil DOFs
locations to the CV edges. Having prebuild the mapping matrices and the constant contribution vectors h0,cvc and
h0,cve, the film heights can hence be found at runtime simply as

hcvc = h0,cvc+Hcvc,r x̃r +Hcvc, f

{
x̃T
f ,1 . . . x̃T

f ,nb

}T
and hcve = h0,cve+Hcve,r x̃r +Hcve, f

{
x̃T
f ,1 . . . x̃T

f ,nb

}T
. (21)

To evaluate the rotor residual from eq. (1), the bearing forces must be obtained by integration of the pressure as
given in eq. (2). For a single bearing, this is evaluated numerically by summing the projected force contributions
from all CVs as {

f̃b,x
f̃b,y

}
=

paR2

lrmrω
2
τ

ncv∑
i

∆θ̃i∆z̃i (p̃i − 1)
{
cos θcvc,i
sin θcvc,i

}
, (22)

where p̃i and θcvc,i are the the i-th CV centre pressure and circumferential position respectively, while paR
2

lrmrω
2
τ

is
the inter-domain force scaling. Notice that eq. (22) effectively applies the midpoint rule within each CV, but a
higher order numerical integration scheme could likewise have been applied. This would require the trigonometric
functions to be sampled and the pressure value to be reconstructed using FD at a number of locations within each
CV, thus making the force contribution from each CV dependent also on the neighbouring cells. Regardless of
the integration scheme applied within each CV, the scaling, integration and summation can be represented using a
constant linear mapping

Tr f̃b = H fbp

{
pT

1 − 1, . . . , pT
nb

− 1
}T
, (23)

calculating the state-space sized bearing force vector as a single matrix–vector product. H fbp has row dimension
equal to the rotor state-space, i.e. 2nrdof , and column dimension matching the combined number of CVs across all
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bearings, i.e. nbncv. Generally, each bearing will give rise to two bearing force components, meaning that H fbp

will contain 2nbncv non-zero elements. For GFBs it is common to apply the Gümbel condition such that sub-
ambient pressures are discarded during the integration. In this case, H fbp becomes non-constant as the columns
corresponding to CVs with sub-ambient pressures should be zeroed. In practice, this is achieved by prebuilding
the full non-Gümbel H fbp and continuously restoring a copy of this before zeroing out the sub-ambient columns.

Lastly, the pressure forces on the foil structure should be integrated to calculate f̃p,α in eq. (4) or eq. (5). For
each bearing α, this can be achieved analogously to the bearing force integration in eq. (23) using a constant linear
mapping as

T f f̃p,α = H fpppα, (24)

where the exact content of H fpp depends on the foil model. For the currently implemented SEFM, the mapping
will simply calculate the average pressure at each circumferential position multiplied by the surface area ascribed
to each foil DOF and the inter-domain force scaling paR

2

p f l
2
f

. The row dimension should match the number of foil

states while the column dimension is ncv, but the number of non-zero elements depends on the foil model.
The mapping matrices introduced in this section usually have sparse structures and are used mostly for calcu-

lating matrix–vector products. They are hence build and stored in Compressed Sparse Row (CSR) format to lower
the storage requirements and provide efficient matrix–vector products.

6 System Assembly
For a rotor–bearing system comprising nb GFBs, the coupled state-space and residual vectors are defined as

z =
{

pT
1 · · · pT

nb
zT
f ,1 · · · zT

f ,nb
x̃T
r
Û̃xT
r

}T
and r =

{
rT

FV,1 · · · rT
FV,nb rT

f ,1 · · · rT
f ,nb

rT
r

}T
(25)

using which the global non-linear system of equations can be written on fully implicit form like

fG (τ, z, Ûz) = fG,t (τ, z, Ûz) + fG,s (z) + fG,0 = r, (26)

with a global residual function fG (τ, z, Ûz) which can be partitioned into its transient, steady and constant compo-
nents fG,t (τ, z, Ûz), fG,s (z) and fG,s (z) respectively. The main advantage of this partitioning is to clearly separate
out all time dependent terms such that fG,t (τ, z, Ûz) = 0 at steady-state, thus allowing the exact same implementation
of fG,s (z) and fG,0 to be used for steady-state solutions as well as in time integrations.

It is common to treat IVPs for ODE systems on explicit first order form where a system function evaluates
the temporal derivative of the state vector directly. In the current model, the fluid film FV equations could have
been formulated explicitly in terms of the alternative variable ψ = p̃h̃, if this had been substituted into eq. (11)
as demonstrated by Bonello and Pham [2]. For many cases, explicit forms of the rotor and foil equations could
likewise have been obtained by inverting Ar and A f in eqs. (1), (4) and (5). In the GFB models by Larsen and
Santos [10] and Gu et al. [6], the global systems are formulated on linearly implicit form where the product of a
”mass” matrix and the state vector derivative is provided by the system function. In [10], this matrix is constant
such that the system can be solved on explicit form by evaluating and inverting it, while a dedicated solver for
the linearly implicit form is used in [6] where the ”mass” matrix is state dependent. In the present work, the
fully implicit form is maintained for several reasons. It allows the implementation to span the largest possibly
variety of foil structure models, including those resulting in a DAE system. Any explicit matrix inversions can be
avoided and the use of only physically meaningful variables simplifies the implementation of BCs as well as the
interpretation of errors and intermediate results. Furthermore, it is an advantage when it comes to friction models
that the variable Ûz is available when evaluating the residual. The disadvantages of using the fully implicit form
are mainly the added complexity of defining consistent Initial Conditions (ICs) and a smaller selection of available
time integrators.

Assembling the contributions from the three domains, the global equation system can be written on the fully
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implicit format of eq. (26) as



BFV
(
Û̃xr, Û̃x f ,1

)
p1 + CFV

(
x̃r, x̃ f ,1

)
Ûp1

...

BFV
(
Û̃xr, Û̃x f ,nb

)
pnb
+ CFV

(
x̃r, x̃ f ,nb

)
Ûpnb

A f Ûz f ,1 + T f f̃µ
(
p1, z f ,1

)
...

A f Ûz f ,nb + T f f̃µ
(
pnb

, z f ,nb
)

Ar Ûzr + Tr f̃ub (τ)

︸                                                      ︷︷                                                      ︸
fG,t (τ, z, Ûz)

+



AFV
(
p1, x̃r, x̃ f ,1

)
p1

...

AFV

(
pnb

, x̃r, x̃ f ,nb

)
pnb

B f z f ,1 + T f f̃p (p1)
...

B f z f ,nb + T f f̃p
(
pnb

)
(
Br + Ω̃Cr

)
zr + Tr f̃b

(
p1, . . . , pnb

)

︸                                               ︷︷                                               ︸
fG,s (z)

+



fFV,1
...

fFV,nb

T f f̃ f w,1
...

T f f̃ f w,nb

Tr f̃rw

︸         ︷︷         ︸
fG,0

= r,

(27)
where the upper rows represent the non-linear FV equations governing the fluid film while the midmost rows can
either be left out (to model a rigid bearing) or represent a linear/non-linear foil structure. The lowermost rows hold
the rotor model. Notice that the injection contributions, if any, are currently located in the constant part fG,0, while
most injection models would be state dependent and hence should be relocated to the non-constant parts.

Depending on the system size, ranging potentially from a few hundred to tens of thousands of states, and the
system stiffness, it is advantageous or downright necessary to formulate analytical expressions for the Jacobian
matrices. This is the case for steady-state solutions, but particularly when integrating in time. For the steady-state
case where fG,t (τ, z, Ûz) = 0, the Jacobian with respect to the state vector z is given as

Jz,s =
∂fG,s

∂z
=



∂AFVp1
∂p1

· · · 0 ∂AFVp1
∂z f ,1

· · · 0 ∂AFVp1
∂x̃r 0

...
. . .

...
...

. . .
...

...
...

0 · · ·
∂AFVpnb

∂pnb

0 · · ·
∂AFVpnb

∂z f ,nb

∂AFVpnb

∂x̃r 0
H fpp · · · 0 B f · · · 0

0...
. . .

...
...

. . .
...

0 · · · H fpp 0 · · · B f

H fbp 0 Br + Ω̃Cr


. (28)

The upper left and midmost blocks reflect the changes in FV residuals within each bearing as the pressure and foil
deflection (governing the compliant film height) vary within that same bearing. The upper right block gives the FV
residual changes due to the rotor position (governing the rigid film height). These blocks are all state-dependent,
i.e. non-constant. The blocks in the midmost rows are constant and represent the changes in foil residuals within
each bearing due to changes in pressure and foil states within that same bearing. If a friction model was included,
this would likely cause additional non-constant contribution to the left and midmost of these blocks. Notice that
the foil residuals are not directly affected by the rotor states, which is physically meaningful since the rotor and
foil domains are only coupled through the fluid film. The lower left block governs the change in rotor residuals
due to pressure changes across all bearings. As discussed in relation to eq. (23), this block is pressure dependent
if the Gümbel condition is applied, but constant if the full bearing surface is included in the pressure integration.
The lower right block is constant and contains the rotor stiffness, damping and gyroscopic contributions governing
the change in rotor residuals due to changes in rotor states. Again, the nature of the foil–rotor coupling is evident,
as the rotor residuals are not directly affected by the foil states.

For the transient case, the Jacobian with respect to both the state vector and to its temporal derivative are
necessary. The Jacobian with respect to z is now the sum of Jz,s = ∂fG,s/∂z from eq. (28) and an additional
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contribution ∂fG,t/∂z given as

∂fG,t

∂z
=



BFV · · · 0 ∂CFV Ûp1
∂z f ,1

· · · 0 ∂CFV Ûp1
∂x̃r 0

...
. . .

...
...

. . .
...

...
...

0 · · · BFV 0 · · ·
∂CFV Ûpnb

∂z f ,nb

∂CFV Ûpnb

∂x̃r 0
0 0 0
0 0 0


, (29)

which represents the additional pressure and film height dependencies originating from the local expansion and
squeeze terms of the MRE. If a friction model was included, this would possibly give rise to additional contributions
in this matrix. Since ∂fG,s/∂ Ûz = 0 by definition, the Jacobian with respect to the temporal derivative of the state
vector Ûz is given as

J Ûz =
∂fG,t

∂ Ûz
=



CFV · · · 0 ∂BFV p1
∂Ûz f ,1

· · · 0 ∂BFVp1
∂ Û̃xr

0
...

. . .
...

...
. . .

...
...

...

0 · · · CFV 0 · · ·
∂BFVpnb

∂Ûz f ,nb

∂BFVpnb

∂ Û̃xr
0

0

A f · · · 0

0...
. . .

...
0 · · · A f

0 0 Ar


, (30)

where the FV residual derivatives in the uppermost blocks are, once again, stemming from the MRE’s local ex-
pansion and squeeze terms. A f represents either foil inertia or damping depending on whether eq. (4) or eq. (5)
is employed and Ar holds the rotor inertia. Notice that the content of eq. (30) is decisive to the overall system
structure. When J Ûz has full rank, the model is a system of ODEs, while a singular J Ûz implies a DAE system.

7 Steady-state and Transient Solution
The entire model is implemented in C where eq. (27) is solved in steady-state using the general purpose

non-linear algebraic solver ”KINSOL” and integrated in time using the ODE/DAE IVP solver ”IDA”. Both are
readily available and part of the ”SUNDIALS: SUite of Nonlinear and DIfferential/ALgebraic Equation Solvers”
developed by the Lawrence Livermore National Laboratory [8]. In both cases, a Modified Newton iteration is
employed to solve the non-linear equation systems using the Jacobian matrices given in eqs. (28) to (30). Like the
mapping matrices, the Jacobians are constructed in the CSR format and the linear equation systems emerging from
the Newton iterations are solved using sparse LU factorization provided by the KLU sparse solver library [4].

7.1 Ill-conditioning and Tolerances
Equation (27) presents a multi-domain problem, hence the numerical quantities involved will have varying or-

ders of magnitude. To some extent, this can be alleviated using the scaling parameters within each domains, but the
specification of meaningful solver tolerances still requires each equation to be assessed separately. Rotordynamics
codes are often organized in a segregated fashion using an inner routine to solve for the pressure distribution (and
related fields, such as temperature) while an independent outer routine searches for the rotor static equilibrium or
steps the dynamic rotor equations forward in time. In these constructions, separate equation systems are solved
for each domain and the solver tolerances should hence also be set separately. This can usually be achieved using
scalar values as the variables/residuals within each domain are homogeneous. In the present model, all equations
are solved simultaneously by a single solver, meaning that a vector of absolute tolerances must be supplied.

This is achieved by supplying global absolute force and length tolerances ftol [N] and ltol [m] which are then
used to construct equivalent tolerances for each state and residual quantity involved. As an example, the fluid
film state variables physically represent pressure with unit Pa. Assuming the absolute tolerances to be specified in
the vicinity of 1 N and 1 m respectively, the corresponding relative tolerances can be added and multiplied by the
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derived base value for the relevant quantity as

ptol =
1 N

(1 m)2

(
ftol
1 N
+

2ltol
1 m

)
, (31)

which for realistic values ftol = 1 × 10−3 N and ltol = 1 × 10−8 m is completely dominated by the force tolerance
and gives ptol = 1.000 02 × 10−3 Pa. One could argue that other base values than 1 N and 1 m should be used, but
for now this is utilized as a systematic way of producing tolerances across the equation system. This approach
is beneficial since the tolerances on some quantities, such as the FV residual given in J Pa s/(m2 s) = N2/m3, are
challenging to define based on physical intuition.

Collecting the system residual scaling factors implied by the non-dimensionalizations in the vector rscale and
the corresponding absolute tolerances derived as shown above in the vector rtol, the convergence criterion used for
steady-state solutions can be written as

| |diag (rscale) diag (rtol)
−1 r| |∞ < 1, (32)

where | | | |∞ denotes the infinity norm. When integrating in time using the IDA solver, the tolerances are set on
the local truncation error as estimated by the integration routine within each time step [9]. This is done in a way
similar to the well-known Matlab integrators using a vector of absolute tolerances and a scalar relative tolerance.
The first is here calculated as diag (rscale)

−1 rtol consistently to eq. (32), while the latter is set to around 1 × 10−6.

8 Results
The current implementation has been validated against two previously presented codes treating rigid and com-

pliant gas bearings respectively.
In the case of a rigid bearing, the midmost rows representing the foil structure in eqs. (25) and (27), along

with the corresponding Jacobian rows and columns in eqs. (28) to (30), are simply left out. The same is the case
for the compliant film height contribution in eq. (21). In this configuration, the code has been used to simulate
the rotor–bearing system presented in [18]. This comprises a flexible rotor weighing approximately 4 kg modelled
using FE which is supported by a ball bearing and a single rigid gas bearing. Placing an unbalance of 10 g mm at
the disc, this system has been integrated in time to obtain the forced steady-state orbit at 5 kRPM. The same has
been simulated using the code presented in [13] utilising an FD discretization of the fluid film, a reduced order
rotor and an explicit time integration scheme. The resulting orbits are very similar, as it can be seen from the
comparison in fig. 3a.

To validate the full model including a foil structure, the test rig presented in [10] has been simulated. This
is composed of a rigid shaft with a mass of 21.1 kg supported by two identical three-pad GFBs. The SEFM
is employed to model the foil structure under the assumption of an axially uniform displacement field. For the
present code, this is implemented by locating foil nodes at each circumferential CV position and to incorporate the
calculation of the average pressure at each of these locations in the pressure–foil mapping matrix from eq. (24).

Simulating in time at 15 kRPM with unbalances of 40 g mm and −2.5 g mm at the bearing locations, the forced
steady-state orbits measured in the two bearings are obtained as shown in fig. 3b. These are compared to results
from the code presented in [10], where a FE discretized fluid film is used, and the orbits are seen to agree well for
both bearings.

9 Conclusions & Future Aspects
In the paper, a recipe for a simultaneously formulated model for simulation of rigid as well as compliant type

gas bearings supporting a wide variety of rotor configurations has been treated. This has included the mathematical
formulation as well as selected aspects of the numerical implementation.

Two main features of the presented model are the full coupling between the domains and the residual form
of the system. For steady-state solutions, the presented formulation allows a single general purpose non-linear
algebraic solver to be used while given full system knowledge through the Jacobian. This is not possible in the
more common segregated solution approaches involving (at least) two independent solvers. For time integrations,
the same formulation allows all state variables to be solved simultaneously in time using a general purpose IVP
solver. The residual, or fully implicit, form of the equation system has numerical advantages as no explicit matrix
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Figure 3: Time integrated unbalance driven steady-state orbits compared to benchmark codes: (a): Flexible rotor
supported by a rigid gas bearing as described in [18] simulated as given in [13] at 5 kRPM with a 10 g mm unbal-
ance at the disc. (b): Rigid rotor supported by two identical GFBs (”A” and ”B”) using the geometry and code
described in [10] at 15 kRPM with 40 g mm and −2.5 g mm unbalances at the bearings.

inversions are necessary, but it is mainly chosen to allow a wider variety of foil models. Unfortunately, a limited
number of IVP solvers are available for this form, and calculation of consistent ICs is required, something which
is not generally necessary for explicitly formulated systems.

In the future, several extensions to the model should be made. One is the inclusion of reduced order rotors,
e.g. through modal truncation, which will primarily require the left eigenvectors or similar to be included in the
Tr matrix of eq. (1). The resulting reduction in overall system size would usually be limited, as even the full rotor
would most often require much fewer states than the fluid film, but removing the high frequency modes of a full
FE rotor model would allow the IVP solver to take much larger time steps. Another interesting extension would
be to include a bump foil model with frictional dissipation as described in [19], possibly coupled to a top foil as
described in [15].

The original and main motivation for developing the presented model has been to prepare an efficient platform
for research into GFBs with active radial injection. For rigid bearings, several analytical expressions are available
in the literature, but the additional compliance–injection interaction in GFBs complicates the identification of the
empirical correction factors, or ”discharge coefficients”, most often involved. This could possibly be circumvented
by simultaneously solving a miniature CFD model for the injection zones, but this has not yet been proven feasible.
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Abstract 

The article discusses the analysis of displacements of the structural supporting layer in a gas foil bearing. 
Instead of a traditional measurement of the displacements of the bearing journal, the measurement was done 
using an ultra-high-speed camera. It turned out that doing so can give a far richer picture of what is happening in 
gas foil bearings during their operation. When recordings are watched in slow-motion, one can observe 
displacements of the journal and of the bump foils. Furthermore, vibrations of small fragments of the bump foil 
are clearly visible. The registered motion of the journal and of particular fragments of the foil can be compared 
with results obtained from numerical models, thus allowing their further development. 

1   Introduction 

An evaluation of displacements in fluid-flow machinery is often done using accelerometers, eddy current 
sensors, laser sensors or other types of sensors. High-speed cameras are rarely used for that purpose. Our article 
aims at filling this gap. At the same time, we want to show that a high-speed camera can serve as a useful tool to 
analyse the operation of a foil bearing. In addition to tracking the motion of the bearings’s journal or sleeve 
(which can easily be done using traditional sensors), it is possible to analyse displacements of the bump foil 
(which is impossible for the great majority of above-mentioned sensor types). In this section of the article, we 
will present a few methods that can be used for performing tests of foil bearings and discuss several examples of 
the application of high-speed cameras for the purposes of conducting research on similar structures. Based on 
our observations deriving from the literature review, we are in a position to claim that the use of high-speed 
cameras in different fields of science is rising.  

A foil bearing is the type of bearing that is relatively new but growing very fast. A coupled thermo-
elastohydrodynamic model has been developed by Aksoy and Aksit [1] to predict three-dimensional thermal, 
structural and hydrodynamic performance of foil bearings. The bearing’s deformations and pressure of the 
lubricating film were coupled in a FEM model that considers thermal/centrifugal growths as well as thermo-
mechanical material properties. The authors solved the energy equation for the temperature of the lubricating 
film using the finite difference method, and it was also incorporated into the FEM model via successive 
iterations. The augmented Lagrangian method and thermal contact models were applied to solve mechanical and 
thermal contacts. The predicted values were compared with published measurement results and it turned out that 
a significant correlation exists between them. Moreover, a parametric study was conducted for various rotational 
speeds of the shaft and various load conditions to assess the performance of the bearing. 

Bagiński et al. [2] presented the results of experimental research carried out on foil bearings operating under 
elevated temperature. Dynamic properties of the bearings were also investigated when a cooling system was 
turned on. In order to protect rotors and foil bearings operating at high temperatures from being overheated and 
damaged. This article presents various methods for cooling foil bearings and discusses the impact of these 
methods on dynamic parameters of the rotating system equipped with such bearings. To be able to assess the 
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temperature inside such a bearing, there was a need to apply a reliable measurement method. The authors of the 
article measured the temperature of the top foil using thermocouples and showed that their measurement method 
does not exert any significant impact on the operation of the rotor-bearings system.  

Żywica et al. [3] wrote an article in which they discussed experimental research and simulation testing on 
prototypical foil bearings. All experimental tests were conducted on a special test rig which makes it possible to 
operate in various conditions and within a wide range of speeds. As a result of the study, it turned out that 
adverse operating conditions caused almost instant bearing damage, accompanied by a significant rise in 
temperature. The main factors affecting the durability of foil bearings were material covering mating surfaces, 
bearing geometry, way of assembling the bearing, rotational speed and load. To better understand the physical 
phenomena occurring in foil bearings, a numerical model has been developed which allowed carrying out 
thermal analyses. The research showed that the development of a new foil bearing is a very difficult task and 
requires many aspects to be taken into account, including the aspects directly related to the operation of the 
bearing itself, as well as those related to the rotor's operation and characteristics of the machine.  

A fast-speed camera works particularly well in research on cavitation occurring in hydrodynamic bearings. 
The effect of viscosity on the cavitation characteristics of a high-speed sleeve bearing was investigated 
theoretically and experimentally by Wang and Lu and described in article [4]. The cavitation characteristics, the 
cavitation shape and the cavitation location of a spiral oil wedge hydrodynamic bearing were investigated 
experimentally by using the transparent bearing and the high-speed camera. The generalised Reynolds equation 
was established with considerations of the cavitation mechanism based on the modified Elrod method and the 
cavitation of different viscosity sleeve bearings was analysed and compared. The experiment results (measured 
by high -speed camera) in general are consistent with the theoretical results.  

In order to accurately estimate deformations of the test object, it is sometimes necessary to prepare 
recordings in two different planes using a high-speed camera. In such cases, a high-speed camera is used in 
combination with a mirrors, and one of those cases is described in article [5] by Yu and Pan. They carried out 
full-frame, high-speed 3D shape and deformation measurements using stereo-digital image correlation (stereo-
DIC) technique and a single high-speed colour camera. Compared with existing two-camera high-speed stereo-
DIC or four-mirror-adapter-assisted singe-camera high-speed stereo-DIC, the proposed single-camera high-
speed stereo-DIC technique offers prominent advantages of full-frame measurements using a single high-speed 
camera but without sacrificing its spatial resolution.  

High-speed cameras are also used for registering fast-changing processes. Staudt et al. [6] presented results 
from observations of deep penetration laser welding process using a hyperspectral imaging (HSI) technique. For 
In today’s business environment, the trend towards more product variety and customization is unbroken. Due to 
this trend there is the need for monitoring different types of laser-based material processing. Staudt et al. 
developed an appropriate high-speed camera-based HSI system. This systems agile and reconfigurable 
production systems emerged to cope with various products and product families. To design and optimize 
production enables us to derive spectra of the deep penetration welding process with high time resolution.  

Research using high-speed cameras is often conducted during flow analyses, which was shown by Miles in 
article [7]. Since 2000 there has been a revolution in diagnostics of high-speed air flows. The foundations for this 
revolution were laid over the past few decades, but with the development of new short pulse and pulse burst laser 
technologies, higher laser powers and higher pulse energies, new high-speed cameras, better laser control and 
improved detection and laser delivery methodologies, many very effective new capabilities have been developed. 
Newly developed methods for molecular tagging velocimetry provide high fidelity visualization of transport 
properties and may be extended to simultaneous temperature measurements.  

The impingement dynamics of water drops onto solid substrates at high velocities was investigated 
numerically by Cimpeanu and Papageorgiou [8]. Current methodologies in the aircraft industry estimating water 
collection on aircraft surfaces are based on particle trajectory calculations and empirical extensions thereof in 
order to approximate the complex fluid-structure interactions. Cimpeanu and Papageorgiou performed direct 
numerical simulations (DNS) using the volume-of-fluid method in three dimensions, for a collection of drop 
sizes and impingement angles. The high-speed background air flow was coupled with the motion of the liquid in 
the framework of oblique stagnation-point flow. Qualitative and quantitative features were studied in both pre- 
and post-impact stages. Drop deformation, collision, coalescence and microdrop ejection and dynamics, all 
typically neglected or empirically modelled, were accurately accounted for. In particular, they identified new 
morphological features in regimes below the splashing threshold in the modelled conditions. An experimental 
setup consisting of a monosize droplet dispenser, a rotating arm with a model wing fixed at its end, as well as 
associated motor and camera equipment were used to capture the drop dynamics as the solid body approached 
the liquid droplets at velocities of up to 100 m/s.  
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Applications of an easy-to-implement, compact but practical single-camera high-speed (SCHS) stereo- 
digital image correlation (DIC) technique for full-field transient 3D deformation measurement during ballistic 
impact were shown by Pan et al. [9]. The established SCHS stereo-DIC system relies on a four-mirror adapter to 
convert a single high-speed camera into two virtual high-speed cameras, which view a specimen from different 
angles and record the surface images of the test object onto two halves of the camera sensor. The system 
configuration, measurement principles and experimental procedures of the proposed SCHS stereo-DIC technique 
for full-field transient 3D deformation measurement were described first. Then, the effectiveness and accuracy of 
the established system were verified by measuring the static deformation of a stationary carbon fibre reinforced 
polymer (CFRP) panel and transient deformation of an aluminium panel under the impact of a cylindrical foam 
projectile. Finally, full-field in-plane and out-of-plane deformations of the CFRP panel under rigid steel sphere 
impact were determined using this system, which shed light on the deformation behaviour and failure 
mechanism of the CFRP panel under transient ballistic impact. The results confirm that the SCHS stereo-DIC is 
a cost-effective and practical technique for full-field transient 3D deformation measurement. 

2   Research equipment 

We carried out research on the foil bearing’s structure on a specially prepared test rig, located in the 
Vibrodiagnostics Laboratory of the Institute of Fluid-Flow Machinery of the Polish Academy of Sciences (IMP 
PAN), in Gdańsk (Poland). The tested bearing was mounted on the shaft with a diameter of 34 mm. The shaft 
was put in rotational motion using an electro-spindle whose maximal speed is 24,000 rpm. A diagram that shows 
how the bearing is mounted on the shaft is presented in Figure 1. 

During the research, the shaft’s journal was inserted into the bearing sleeve. If the shaft rotated at a high 
enough speed, a gaseous lubricating film was formed between the top foil and the bearing journal. During the 
research, the bearing sleeve was not able to rotate. 

Figure 1: The way of mounting a foil bearing on the shaft. 

Within the framework of the research described herein, an impulse excitation force was applied to the sleeve 
during operation of the bearing. The Vision Research’s v2511 ultrahigh-speed camera (shown on the left-hand 
side of Figure 2) recorded what happened during the impact. An analysis of the recording in slow-motion 
followed. The camera is equipped with a CMOS sensor that allows capturing high-resolution images at very high 
speeds (offering full megapixel resolution of 1280 x 800). Moreover, the CMOS sensor has pixels with 
a diameter of 28 µm. Acquiring around 25 gigapixels-per-second of data enables frame rates up to 1,000,000 fps 
at 128 x 32 resolution. When recording with maximal resolution, the maximal frame rate is 25,600 frames-per-
second. We connected the camera with the measurement computer using the Ethernet communication interface. 
Phantom Camera Control (PCC) is the Vision Research’s software that allows controlling every camera 
function. We also used TEMA Motion, produced by Image Systems, which is the software for advanced motion 
analysis. For recording purposes, we used a Zeiss 100mm f/2 macro lens whose main features are the following: 
maximum reproduction ratio is 1:2 and minimum focusing distance is 0.4 m. 

Rotating shaft 

Bearing sleeve 

Top foil 

Bump foil 
X 

Y 
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Figure 2: Vision Research’s v2511 ultrahigh-speed camera (left). Extension tubes that enable 
achieving higher macro magnification (right). 

Two sets of extension tubes (shown on the right-hand side of Figure 2) were placed between the lens and the 
camera. The extension tubes do not include any magnifying lenses but can be combined if we want to increase 
the reproduction ratio. As a matter of fact, those adapter rings enable increasing the distance between the focal 
plane of the lens and the CMOS sensor, thus increasing the reproduction ratio. In practice, the farther we move 
the lens away from the camera (using the extension tubes), the better magnification of the test object we get. One 
set of extension tubes includes rings with three widths (7 mm, 14 mm and 28 mm) and two bayonet fixings 
between the camera and the lens. After assembling two such sets, the distance between the lens and the camera 
was 128 mm. 

Figure 3 shows the laboratory test rig with an ultrahigh-speed camera. The camera was controlled by the 
measurement computer that is also shown in this figure. We used two 60W LED lamps (PRO 2X Oslon 60 
model, manufactured by Easy LED) for better illumination of the tested bearing. Each lamp can deliver light 
output up to 6,000 lumens.  

Figure 3: Test rig with the foil bearing and computer-controlled camera 

For the purposes of analysing the motion of the foil bearing’s components, we employed the TEMA Motion 
software, developed by Image Systems. A dialogue box that enables setting relevant parameters to track a chosen 
point on the bearing is demonstrated in Figure 4. Parameters of the recording were reciprocally coupled with 
each other.  

Ultrahigh-speed camera 
kamera

LED lamps 

Tested bearing 

Measurement computer 
pomiarowy
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3   Research results 

Figure 5 shows a portion of the tested bearing at two different points in time after an impulse excitation was 
applied. On the left-hand side, we can see the maximum deflection of the foils due to the impact and it was the 
moment when the distance between the bearing sleeve and the rotating rotor was the shortest. The biggest 
deflection was observed for the bump foil, whose height was approx. 400 µm before the excitation and decreased 
by around 50 per cent after it. On the right-hand side of Figure 5, we presented a photo of the bearing which was 
taken after its operation became stable again. The bearing was overloaded only for a short period of time and 
then the journal returned to its previous position. 

Figure 4: The dialogue box that enables setting relevant parameters to track the motion of a point 
located on the outer surface of the bearing sleeve after an impulse excitation was applied. 
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Figure 5: Maximum deflection of the foils caused by an impulse excitation (left). Stable operation 
of the bearing (right). 

In Figure 6, we showed the displacement of the bearing sleeve versus time, registered after an impulse 
excitation was applied during operation at a rotational speed of 24,000 rpm (maximum speed). This time, the 
magnitude of the excitation force was higher than the magnitude of the force used in the case shown in Figure 5. 
It turns out that when the magnitude of the excitation force was too large, plastic deformation of the bump foil 
took place. Even though the bearing was still able to operate, its operational characteristics changed.  

In a foil bearing, the pre-clamp is a very important parameter. If the pre-clamp is not firm enough, the entire 
space between the top foil and the bearing sleeve will not be filled properly by the bump foil. In such a case, 
during operation at the nominal speed, the rotor (due to the unbalance) keeps pressing against the top foil that 
can deflect in places in which the bump foil is not tightened strongly. The vibration amplitude of the rotor is then 
significantly increased. We observed such behaviour only in several cases when we used the bump foil whose 
bumps were not high enough.  

During operation at a constant speed, we noticed the vibration of the portion of the top foil, which was 
situated between the bump foil’s bumps. The vibration frequency was the same as the frequency of rotational 
speed of the rotor. We observed one cycle of the sinusoidal waveform per one complete revolution of the rotor. 
Such vibrations were not present in each configuration of the tested bearing. Łagodziński and Miazga [10] have 
already conducted an investigation into this phenomenon using numerical simulations. In addition to numerical 
research, they carried out experimental research that showed how making the foils assembly more rigid (by 
mounting an additional intermediate foil) improved dynamic parameters of the bearings. Another way of 

Figure 6: Displacement of the bearing sleeve in the Y direction (vertical direction), registered 
after an impulse excitation was applied vs. time. 
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improving the dynamic properties of a foil bearing is to make its top foil more rigid. The phenomenon observed 
by other scientists cannot be viewed with the naked eye. Only after the preparation of recordings using an 
ultrahigh-speed camera, it was possible to thoroughly analyse the phenomenon perceived before based on 
numerical research. 

4   Conclusion 

Within the framework of the research presented herein, we conducted a visual analysis of displacements of 
the foil bearing’s subassemblies. Recording video images using the set including only an ultrahigh-speed camera 
and a macro lens did not permit a high enough magnification to see details on the foils and, therefore, it was not 
possible to use it for analysing the motion of components of the foil bearing during its operation. Nevertheless, 
we also used two sets of extension tubes during our research. They allowed increasing the distance between the 
lens and the CMOS sensor, thus decreasing the minimum focusing distance and increasing the reproduction 
ratio. After we used six extension tubes, the distance between the lens and the CMOS sensor increased by 128 
mm. As a result of using these accessories, 2 or 3 bumps of the bump foil were visible in each display frame. The
magnification was high enough to analyse their motion and observe particular portions of the bearing.

We observed different portions of the bearing (e.g. its top part, side and the lock). Recordings presented 
various regimes such as a stable operation of the bearing at the nominal speed, a beginning of the operation and 
a run-up (during which the rotational speed was increased gradually). We also carried out several tests that were 
aimed to check the behaviour of the bearing after it was subjected to an impulse excitation. Depending on the 
magnitude of the excitation force, the bearing was able to function normally again (if the impact was not strong) 
or plastic deformation of its structural supporting layer occurred (after a strong impact).  

During the research, we noticed something that was very interesting to us, namely the vibration of the portion 
of the top foil which was located between bumps of the bump foil. During operation at the maximum rotational 
speed (24,000 rpm), the vibration frequency of the top foil was equal to the frequency corresponding to the 
current rotational speed.  
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Abstract 

The paper presents the synchronous amplitudes of unbalance responses of a rigid rotor supported by an 
aerodynamic foil bearing and a ball bearing. The foil bearing is affected by bump height manufacturing errors. 
The paper describes the main points of the theoretical model dealing with foil manufacturing errors. The model is 
based on contact mechanics algorithms and uses an augmented Lagrangian approach for dealing with normal 
contact forces and penalties for the Coulomb friction forces. The top and the bump foils are described by individual 
stiffness matrices. The equations of motion of the rigid rotor are integrated by using an explicit Euler algorithm 
where the mass and the structural damping of the foils are neglected. Unbalance response results are calculated for 
speeds comprised between 5 krpm and 55 krpm. The results show that the presence of bump height manufacturing 
errors modifies the value of the resonance speed and has a non-negligible impact on the damping introduced by 
the foil bearing. 

Nomenclature 

Cr, design radial clearance, [m] 
C, damping, [Ns/m] 
E, Young modulus of elasticity, [Pa] 
e, foil thickness, [m] 
F, F, force and force vector, [N] 
f, friction coefficient 
g, gap, [m] 
h, film thickness, [m] 
hb, bump height, [m] 
Ip, Id, polar and diametral moment of inertia, [kgm2] 
K, stiffness matrix, [N/m] 
L, matrix, [N/m] 
M, M, mass [kg] and mass matrix 
L, bearing length, [m] 
l0, bump half width, [m] 
N, number of contacts 
n, number of iterations in eqs. and  
nb, number of bumps  
nx, number of circumferential discretization points 
P, ��, pressure, [Pa] 
pb, bump pitch, [m] 
R, bearing radius, [m] 
T, rotation period, [s] 
t, ∆t, time and time step, [s] �, �, displacement and displacement vector, [m] ��,�, static load, [N] 
x, y, z, Cartesian coordinates 

X, Y, axes of the Cartesian coordinates system 	, dynamic viscosity, [Pa·s] 
, penalty parameter, [N/m] �, structural damping coefficient 
σ, standard deviation, [m] �̅, augmented Lagrange multiplier, [N]�, angular coordinate, [rad] �, standard deviation, [m]Π, potential energy, [j]�, Poisson coefficientΩ, rotation speed, [rad/s]

Subscripts 
ALM, augmented Lagrange multiplier 
ax, axially averaged 
b, bump 
cntct, contact 
ext, external ambient 
f, friction 
i, j, bump number 
n, normal 
p, pressure 
r, R, rotor 
rlt, ball bearing 
t, top foil 
ub, unbalance 
0, initial value 
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1   Introduction 

Figure 1 depicts a first generation aerodynamic foil bearing of the kind used in the present work. The first foil 
bearing models consider the compliant structure as a Winkler foundation [6]. The stiffness of an isolated, single 
bump of infinite length was calculated from a simplified model using Castigliano’s method and was uniformly 
distributed over the bearing surface. The model is very convenient being economic and easy to code but has some 
weaknesses. First, the structure has uniform stiffness in the axial direction. This supposes that the predicted 
deformations of the foils are constant in the axial direction. The second drawback is discarding the interactions 
between bumps. By assimilating the compliant structure to a Winkler foundation, the model supposes that all 
bumps respond in the same way when loaded. This is not true because the friction forces between the bumps and 
the top foil and the bumps and the sleeve may restrict displacements through stick-slip effects. The third drawback 
is the fact that these simplified models cannot reproduce the damping effect due to structural friction forces. An 
ad-hoc structural loss coefficient has been introduced to overcome this limitation [3, 8, 10]. The values of the 
structural loss coefficient were triggered from experiments but they are correct only for single frequency 
excitations while foil bearings may experience multiple frequencies responses even for simple excitations. 
However, the simplified models were and still are extensively used and enable at least the qualitative 
characterisation of foil bearing dynamic responses. 

At the opposite side of the scale are approaches were the compliant structure is described by using complex, 
non-linear elasticity, finite element models [4, 5, 12, 15]. Commercial codes are generally used for this purpose. 
The numerical solution of Reynolds equation describing the thin film compressible flow and the time integration 
of the rotor-bearing dynamic model are treated by independent user-defined subroutines that are linked to the code 
solver. The resulting models are quite complex and need important investments but they offer the best insight into 
the physics of the foil bearing. One of the analysis made possible by the use of these very complex approaches 
was the impact of manufacturing errors on the operating characteristics of foil bearings. Indeed, the foil bearing 
structure results from a complex manufacturing process involving plastic deformations and heat treatments of the 
thin, highly allied foils. Therefore, the manufacturing process is inevitably accompanied by errors [11]. The 
theoretical manufacturing errors were considered by introducing gaps between different parts of the foil bearing. 
The impact of these errors on the stiffness of the foil structure and on the unbalance response of a two-dimensional 
rotor-bearing system was shown in [4] and [5], respectively.  

Another category of models lye between the two previously exposed. They try to eliminate some (but not all) 
of the drawbacks of the very simplified models while introducing approaches simpler than those based on non-
linear finite element analyses. One of the first models of the kind was introduced in [9]. The bump foil was 
modelled by a system of spring/trusses (Figure 2). The elasticity of the bump foil was still constant in the axial 
direction but a stiffness matrix could be assembled in a manner very similar to finite elements models. Friction 
forces were considered by using a first order differential equation based on a regularization of the Coulomb law. 
The model could therefore consider the interactions between bumps and showed clearly stick/slip transitions of 
the contacts. Similar models were subsequently introduced and used for the dynamic analysis of foil bearings [7, 
13]. The top foil was discarded in [9] because its stiffness was supposed negligible compared to bumps and it was 
assumed that all contacts were closed. The results of complex finite element analyses presented in [4] showed this 
is not the case even for foil structures free of manufacturing errors. The static loading of an ideal foil structure by 
an impinging rotor lead to close/loose contacts between the bump and the top foil and between the bump and the 
sleeve. 

The model introduced in [9] was therefore extended for considering these effects [1]. The structure of the top 
foil and an additional degree of freedom per bump were added to the model.  

Figure 1. First generation bump foil bearing  
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Figure 2. Structural model of the bump foil used in [9] 

These additions enabled the definitions of gaps between the elements of the foil bearing. Normal contact forces 
were calculated with the augmented Langrangian multipliers method while friction forces were treated with 
penalties. The results of the new model were extensively confronted with the model introduced in [9] as well as 
with the full non-linear analysis presented in [4] for bump height manufacturing errors. Start-up torque and lift-off 
speed calculations as well as results obtained for full operating speeds and high static loads were presented in [2] 
and systematically compared with experimental data.  

The present work introduces the unbalance response results of a rotor-bearing system with four degrees of 
freedom (4dof). The rotor is rigid and is supported by an aerodynamic foil bearing and a ball bearing. The results 
show the impact of bump height manufacturing errors of the foil bearing on the unbalance response. The main 
traits of the computational model are presented before discussing the unbalance results of the rotor-bearing system. 

2   The foil bearing model 

The main improvement of the new model is its capacity to deal with gaps i.e. with open/loose contacts between 
the foils of the compliant structure, the bearing sleeve and the rotor. The bump foil is discretized following the 
same model than in [9] but each bump has now four degrees of freedom as depicted in Figure 3: two displacements 
of its top (ub,1/2, ub,5/6, etc.) and two displacements of its bottom (ub,3/4, ub,7/8, etc.). The radial displacements of the 
bump bottom (ub,4 and ub,8 in Figure 3) are newly introduced compared to the model in [9]. The top foil is now 
also considered. Its degrees of freedom in Figure 3 are ut,1 and ut,2 and correspond to the top of the bumps. 

The gaps taken into account by the model are: 

- the gap between the rotor and the top foil: ��,� � �� � ������� � ������� � � ,� ! 0 ( 1) 
- the gap between the top foil and the bump foil: 	� ,� � �$ ,� % � ,� � �&,'()*�+', ! 0 ( 2) 

- the gap between the bump foil and the sleeve: �&,� � �$&,� % �&,)()*�+', ! 0 ( 3) 

If non-zero, the initial gaps, �$ ,� and �$&,� can describe manufacturing errors of the foil structure. Following 

the non-interference condition, all gaps must positive (open/loose) or null (closed). This is mathematically 
described by the Signorini-Moreau condition [14] 

�� ! 0	 ∧	./,� 0 0	 ∧	��./,� � 0 

The potential energy of the structure with gaps must consider these constraints. The normal contact forces are 
calculated by using the augmented Lagrange multipliers method for the bump/top foil contacts and for the 
bump/sleeve contacts and the penalty method for the rotor/top foil contacts. The potential energy of the foil 
structure is then: 

Figure 3. Gaps and degrees of freedom of the new structural model 
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Friction forces at closed bump/top foil and bump/sleeve contacts are also added to the potential energy. They 
are calculated with the penalty method for stick contacts and with the Coulomb law for slip contacts. The Lagrange 
multipliers in eq. (4) correspond to normal contact forces, �̅� � ./,� 0 0. 

The equations obtained by minimizing the potential energy (4) yield: 

V64 � W44 W47W47X 67 � W77Y Z�4�7[ � \]4]7 ^ ( 5) 

The bump and the top foil stiffness matrices were presented in [1, 2] and are now omitted for brevity. The 
coupling matrices W44, W47, W77 and the vectors ]4 and ]7 contain the Lagrange multipliers and the penalties. 
Equation (5) is non-linear because the vector ]4 contains terms of the kind ��̅����G�M&,�H.  

The second part of the foil bearing model is the compressible thin film flow between the rotor and the top foil. 
The thin flow is modelled by using the compressible Reynolds equation. For an isothermal flow of an ideal gas 
obeying the state law this yields: 

__� `��ℎb12	 _�_�c � __d `��ℎb12	 _�_dc � eΩ2 _G��ℎH_� � _G��ℎH_f ( 6) 

where �� are “upwinded” pressures. Ambient pressure is imposed along the axial welding (Figure 1) and at the 
two ends of the bearing. The equation is discretized following the finite volume method on a rectangular grid 
corresponding to the unwrapped bearing. The discretized system of equations is non-linear due to �� and is solved 
by using the Newton-Raphson method. Equation (6) is not sufficient for modelling the pressures between the top 
and the rotor. If the local film thickness is smaller than three times the equivalent standard deviation of the 
roughness heights, then contacts between roughness asperities may occur. The mixed lubrication regime is then 
considered by calculating a local contact pressure following a statistical contact model [2]. 

Coupling the structural model with Reynolds equation is another important point. First, the structural model 
considers the variation of the foils stiffness only in the circumferential direction and discards the axial direction. 
The pressure field calculated from Reynolds equation and from the contact model is two-dimensional; the pressure 
varies in the circumferential and the axial direction. The first step for coupling the present foil structure model 
with the pressure field is to consider that axially averaged pressures load the top foil. 

�g� � 1hi *� � �j/ j ,kd2
$

( 7) 

and the corresponding radial force is: 

k. � G�g� % �l� Hek�h ( 8) 

The forces acting on the rotor are: 

.� � m k.����)n$ , .� � m k.����)n$  ( 9) 

The assumption that axially averaged pressure forces load the top foil is coherent with the foil structure model 
but it supposes that the thin film thickness is constant in the axial direction. This is not exactly true in aerodynamic 
foil bearings where the pressure varies axially from the mid plane to the bearing ends for satisfying the boundary 
condition, � � �l�  @ d � ±h 2⁄ . The real film thickness has a similar variation, decreasing from a maximum
value at the bearing mid plane to a minimum value at the bearing ends. Experimental results showed a systematic 
wear of the foils at the bearing ends. Considering the axial direction in the structural model of the foils would lead 
to approaches of the kind presented in [4] while the goal of the present work is to introduce a model requiring less 
calculation time. The modelling assumption of an axially constant thin film thickness is the condition for a simple 
structural model and the thin film thickness will then be the gap given by eq. (1). 
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Figure 4. Circumferential discretization oft the top and bump foils 

The second point in coupling the foil structure model with the thin film pressure field is the fact that the 
circumferential discretization points of Reynolds equation are more numerous and do not correspond to the top of 
the bumps. This situation is depicted in Figure 4. The number of circumferential discretization points of Reynolds 
equation is at least the double of the number of bumps, nb. In the present structural model, the stiffness matrix of 
the bump foil has 4nb lines and columns. The stiffness matrix of the top foil is obtained by considering the nb 
bumps and the nx discretization lines of Reynolds equation organised for the increasing circumferential coordinate. 
However, the contact algorithm requires a clear distinction between the nb nodes where contacts may occur and 
the rest. Therefore, after its calculation, the stiffness matrix and the degrees of freedom of the top foil are re-
organized as its follows. 

q67r � V67ss 67st67stX 67ttY, u�7v � Z�7s�7t[ ( 10) 

where �7s are the nb degrees of freedom of the top foil associated to the bumps (where gaps are defined and 
contacts may occur) and �7t are the nx degrees of freedom associated with the discretization lines of the Reynolds 
equation. The complete non-linear system of equation replacing eq. (5) is now: 

w64 � W44 W47 xW74X 67ss � W77 q67stry4,yzx 67stX 67tt
{ |�4�7s�7t} � ~ ]4]7s � ]�s]�t � 

( 11) 

For solving, the system is decomposed into two sub-systems: 

G647s % W7st67tt+s W7tsHNOOOOOOPOOOOOOQ647
�47s � ]47s % W7st67tt+s ]�tNOOOOOPOOOOOQ]47

( 12) 

647s � V64 � W44 W47W74 67ss � W77Y, 	�47s � Z�4�7s[, ]47s � \ ]4]7s � ]�s^ ( 13) 

�7t � 67tt+s G]�t % W7ts�47sH ( 14) 

where eq. (12) and (14) represent systems of non-linear and linear systems of equations, respectively. 
For given pressure loading, the system is solved following a special algorithm that detects closed/loose gaps 

and stick/slip contacts. The algorithm first detects if the gaps are closed or loose depending on the initial values of 
the displacements. The augmented Lagrange multipliers �̅ have zero initial values. If gaps are closed, then they 
are supposed to be in stick state and a first estimation of the friction forces is calculated using the penalty method. 

.F ��g� � 
FG�& % �&*$,H ( 15) 

where �&*$, is the displacement at the previous loading step. The non-linear system of equations (12) is solved
using a Newton-Raphson algorithm. This is the innermost loop of the algorithm. The solution yields the new values 
of the displacements, ub, ut1 and ut2.  

The algorithm then checks if the contacts are in stick or slip state. 
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|�L	�.F ��g�� < L��̅�	fℎ��	.F*�, � .F ��g� , �f���	�f�f��fℎ������	.F*�, � L�̅����G�M  �*�,H, ����	�f�f�
( 16) 

and the solution of the non-linear system of equations (12) is repeated until the convergence of the friction forces. 
This is the second loop of the algorithm. The values of the augmented Lagrange multipliers are kept constant 
during the calculation of the friction forces. Once the friction forces are converged, the augmented Lagrange 
multipliers are updated: 

�̅�*/(', � �̅�*/, � 
123��*/(', ( 17) 

and the whole algorithm is repeated until convergence. This is the third loop of the algorithm. After the 
convergence of the augmented Lagrange multipliers the close/loose state of the contacts is checked. The whole 
calculation is repeated if the initial assumption of close/loose state of the is not verified.  

The algorithm consists of four embedded loops and proceeds in an iterative manner. The key point ensuring 
the robustness of the contact algorithm is keeping the augmented Lagrange multipliers (i.e. the normal contact 
forces) constant while calculating the friction forces. 

Once the algorithm is converged the film thickness is calculated in all points following eq. (1), i.e. ℎ� � ��,�. 
It should be underlined that defining the film thickness as a gap and treating it subsequently avoids any artificial 
(i.e. numerical) interpenetration between the top foil and the rotor. 

2   The dynamic analysis of the foil bearing 

The foil bearing is analysed in the context of a dynamic system. Traditional methods for dynamic analysis of 
bearings involve the use of rotordynamic coefficients. For bearings lubricated with oil or water (i.e. with 
incompressible lubricants), the rotordynamic coefficients are defined by using the small perturbation assumption 
and do not depend on the excitation frequency and amplitude. For bearings lubricated with compressible fluids, 
the perturbed forces (i.e. bearing impedances) depend on the excitation frequency. The dependence of the 
perturbed forces on the excitation frequency can be more or less important depending on the compressibility of 
the fluid and on the values of the analysed frequencies. If the dependence is too strong, then rotordynamic 
coefficients can be replaced by transfer functions. Nevertheless, the small perturbation assumption is supposed to 
be valid. For foil bearings, the situation is different because their characteristics depend also on the excitation 
amplitude. Simple experiments have shown that the stiffness of the foil structure is non-linear. Moreover, the 
friction damping introduced by the compliant structure depends on the amplitude of dynamic displacements. It is 
therefore quite difficult to apply the small perturbation approach to foil bearings and to define rotordynamic 
coefficients or transfer functions. This problem is still an open discussion in the literature.  

The remaining possibility is the full non-linear analysis. Following the orbit method, the equations of motion 
of the dynamic system are time integrated together with the model of the foil bearing. For example, the equations 
of motion of the two degrees of freedom (2dof) rotor-bearing system are: 

�� \���� ^ � \.�.�^*�,�,�M ,�M , �����Ω) \���*Ωt,���*Ωt,^ � \����^ ( 18) 

with the initial conditions, 

� � � � �M � �M � 0 @ f � 0 ( 19) 

This system of equations can be time integrated by using either implicit or explicit methods. Foil bearing forces 
must be calculated at least once at every time step. This means that Reynolds equation (6) and the dynamic model 
of the foil structure are time integrated in a coupled manner. A dynamic model of the foil structure could be simply 
developed, for example:  

�47�� 47s � �47�M 47s � 647�47s � ]47 ( 20) 

where 647, �47s and ]47 where defined in eqs. (12, 13). A diagonal mass matrix could be estimated from a lumped 
model of the foils while the damping matrix could be estimated by using a structural damping. However, a more 
simple approach was adopted. 

Implicit methods are often preferred because they do not suffer from time step stability limitations. The time 
step is controlled only by the desired accuracy of the result. In the meantime, the bearing forces are non-linear  
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Table 1. Geometry of the journal bearing and of the foil structure 

Rotor radius, R 19.05 mm Bump height, hb 0.508 mm 
Axial length, L 38.1 mm Foil thickness, eb=et 0.102 mm 
Radial clearance, Cr 31.8 µm Young modulus, E 214 GPa 
Bump pitch, p 4.572 mm Poisson’s ratio, ν 0.29 
Bump length, 2l0 3.556 mm Friction coefficient, f 0.25 

Figure 5. Dynamic displacements of the rotor calculated with different time steps 

because they depend on the state variables �, �, �M , �M . This means that a non-linear algorithm must be applied at 
every time step of the implicit time integration. Repeated calculations of the bearing forces proved to be very time 
consuming and therefore the implicit algorithm was abandoned. 

The explicit algorithm requires only a single estimation of the bearing forces per time step. However the time 
step is limited because the algorithm must deal with all time scales of the model. The dynamic structural model 
(20) may introduce very small time scales because the mass of the foils is very small compared to their stiffness.
Experience showed that explicit dynamic models of foil bearings based on complex finite element analysis are
submitted to very strong time step limitations. The necessity of accurately dealing with the eigenmodes of the top
and bump foils in the context of rotor-bearing dynamics can be questioned. In the present work, the dynamic model
of the foils described by eq. (20) was not used. The mass and the structural damping of the foils were discarded
and only the static equation (10) was integrated at each time step. The explicit integration could then use reasonably
large time steps.

However, the numerical accuracy of an explicit time integration algorithm is more difficult to control than of 
an implicit one. For a rigorous control, the calculations should be repeated at each step with different values of the 
time increment and the results compared. This would lead again to repeated calculations of foil bearing forces at 
each time step. Therefore, the accuracy of the time integration was only a posteriori verified for a 2dof rigid rotor 
supported by two identical foil bearings with characteristics given in Table 1. Figure 5 depicts the dynamic 
displacements obtained for MR=1 kg, Wx=30 N, Wy=0, Ω=30 krpm, eub=0 (i.e. a non-linear stability analysis) and 
the initial conditions given by (19). The results were obtained for three different time steps ∆t=T/512, T/1024 and 
T/2048. The results obtained with ∆t=T/1024 and T/2048 are very close at all time steps. The results obtained with 
∆t=T/512 show differences in the first time steps when the accelerations are large but tend to the same values of 
the displacements when time progresses. The results obtained with ∆t=T/1024 were therefore considered accurate 
enough. 

2   Unbalance response of a 4DOF rotor-bearing system 

The impact of bump height manufacturing errors is presented for the unbalance response of a rigid rotor 
supported by a foil bearing and a ball bearing (Figure 6). The e.o.m of the 4dof rotor are: 

���
������� � .�' � .�) � �� � ����Ω)���*Ωt,									����� � .�' � .�) � �� � ����Ω)���*Ωt,									����� � ��Ω�M � �'.�' � �).�) �����Ω)�&���*Ωt,���� % ��Ω�M� � %�'.�' % �).�) % ����Ω)�&���*Ωt, ( 21) 

The displacements at the bearings centers are: 

��   �� � ���, ��   �� % ����, � � u1,2v ( 22)
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Figure 6. Notations and coordinate system for a rigid rotor 

where it was supposed that ����   � and �����   ��. Similar relations hold for velocities at the bearings centers. 
The e.o.m (22) are expressed as a system of first order differential equations. 

 \¡M¡� ^ � Vx ¢£¤£x %�+'¥Y Z¡¡M [ �
���
�� u0v¦.�' � .�) � �� �����Ω)���*Ωt,.�' � .�) � �� � ����Ω)���*Ωt,�'.�' � �).�) � ����Ω)�&���*Ωt,%�'.�' % �).�) % ����Ω)�&���*Ωt,§�̈

�©
( 23) 

 ¡ � ª�������«, � � ¬�� 0 0 00 �� 0 00 0 �� 00 0 0 ��, ¥ � ¬0 0 0 00 0 0 00 0 0 ��Ω0 0 %��Ω 0  
( 24) 

that is integrated following an explicit Euler method with initial conditions: 

¡ � ¡M � 0 @ f � 0 ( 25) 

The inertia characteristics of the rotor are MR=2 kg, Ip=0.0175 kgm2, Id=0.0032 kgm2. The foil bearing and the 
ball bearing are equally spaced from the centre of inertia, �) � %�) � 0.1�¯. An unbalance eub=0.32 gmm was 
considered at the rotor centre of inertia. 

The ball bearing has a stiffness Krlt=2.5·108 N/m and a structural damping ���� � 0.5%, both constant with the 
rotation speed.1 

The geometry of the foil bearing is described in Table 1. Bump height manufacturing errors are depicted in 
Figure 7. It is supposed that the manufacturing errors have a natural distribution of given standard deviation while 
the average bump height is the design value. A random number generator is used for obtaining a set of nb values 
of unit average and 1% or 2% standard deviation. These values are then scaled to the design value of the bump 
height. This corresponds to 5 µm or 10 µm of standard deviation. Only two sets of random bump heights errors 
(HBE1 and HBE2) both with 5 µm and 10 µm standard deviations were used in the present study. A systematic, 
statistical analysis would require a much larger number of random bump height sets. 

Calculations were performed for distinct rotation speeds comprised between 5 krpm and 55 krpm. Each 
calculation was performed for a time interval corresponding to 200 periods of the rotation speeds. Generally, the  

Figure 7. Bump height manufacturing errors 

1 Introducing a structural damping coefficient is equivalent of using a rotation speed dependent damping, 	��� � ��� ²�� Ω⁄ .
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orbits became stabilized after 100 periods and in all cases the stabilized orbits showed only synchronous responses. 
The X synchronous amplitudes of the 5 calculations cases (no manufacturing errors i.e. HBE0, HBE1/�³& � 5	μ¯, 
HBE2/�³& � 5	μ¯, HBE1/�³& � 10	μ¯, HBE2/�³& � 10	μ¯) are depicted in Figure 8.  

The top left Figure 8 compares the amplitudes in the foil bearing obtained for cases HBE0, HBE1/�³& � 5	μ¯ 
and HBE2/�³& � 5	μ¯. The resonance of the conical forward mode is visible just before 30 krpm for the HBE0 
case. Adding 5% bump height manufacturing errors modifies the resonance speed either increasing or decreasing 
it but most noticeable the resonance amplitude is higher. This means the foil bearing brings less damping to the 
rotor-bearing system. This observation is reinforced by the top right Figure 8 showing the amplitudes in the foil 
bearing for the cases HBE0, HBE1/�³& � 10	μ¯ and HBE2/�³& � 10	μ¯. Compared to the 5 µm bump height 
errors, the resonance speeds are not modified but the resonance amplitudes increased considerably with increasing 
the standard deviation of manufacturing errors. These figures show that the damping of the foil bearing decreases 
non-linearly with the increase of the bump height manufacturing errors. 

The amplitudes in the ball bearing are depicted in the lower left and right part of Figure 8. The values of the 
synchronous amplitudes are much smaller than in the foil bearing and increase continuously with the rotation 
speed. The remarks made for the foil bearing hold also for the ball bearing amplitudes. 

Figure 8. Synchronous amplitudes of the unbalance response of the 4dof rotor-bearing system 

7   Conclusion 

The bump height errors influence the unbalance response of rotors supported by aerodynamic foil bearings. 
The present results showed that the value of the resonance speed is moderately modified by the manufacturing 
errors. This indicates that the stiffness of the foil bearing might either increase or decrease due to manufacturing 
errors. On the other hand, the values of the resonance amplitudes are always higher when manufacturing errors are 
present and they increase non-linearly with the magnitude of the errors. This indicates that the damping introduced 
by the foil bearing decreases with bump height manufacturing errors. 
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Abstract
This paper discusses a comprehensive modeling approach for the fully coupled analysis of rotating machinery

using refrigerant-lubricated gas foil bearings (GFBs). To account for possible vapor–liquid phase transitions in
the lubricant, a fluid model for non-ideal gases is established by coupling a Peng–Robinson equation of state to
a generalized Reynolds equation. Knowing that GFBs are particularly sensitive to energy dissipation in the foil
structure, the presented bump foil model captures dry friction by implementing an elasto-plastic bristle friction
law. Completed by an adapted Jeffcott–Laval rotor model, the resulting nonlinear dynamical system is investigated
making use of numerical bifurcation and stability analysis combined with solution continuation techniques.

1 Introduction and Motivation
With the growing awareness of energy efficiency and environmental sustainability in aeronautics and space

engineering, an important technological breakthrough of the 21st century is expected from the further development
and promotion of oil-free turbomachinery with high-speed rotors supported by self-acting gas foil bearings (GFBs).
Due to the absence of solid-to-solid contact between the bearing structure and the gas-borne rotor journal, GFBs
are characterized by almost wear-free operation, an outstandingly low power loss, and the ability to overcome
speed, temperature, size, weight, and cleanliness limitations of conventional rolling-element or oil bearings [6].
The remarkable potential of this technology has been confirmed by successful applications in vapor-compression
refrigeration systems within air cycle machines of commercial aircraft. In order to reduce the complexity of such
systems and thus the susceptibility to failure, it is an obvious choice to simply deploy the surrounding refrigerant (for
instance, 1,1,1,3,3-pentafluoropropane) as the lubricating fluid instead of supplying the GFBs with ambient air [5].
Unfortunately, rotors supported by GFBs often suffer from different instability phenomena and tend to exhibit self-
excited vibrations with large amplitudes, which may ultimately lead to machine failure [2, 7]. As a countermeasure,
the compliant and slightly movable bump foil inside the lubrication gap of most GFBs acts as a passive vibration
control device, which dissipates some of the excessive energy by deliberately introduced dry friction [9, 11].

In recent years, research on GFBs has gained a remarkable scientific interest mainly focused on computational
analysis, given the complexity and costliness of experiments. Computational time being a highly critical aspect in
simulating coupled fluid–structure–rotor interaction models, the lubricant pressure is typically described by a rather
simple Reynolds equation for compressible ideal gases [12, 15]. Moreover, it is often avoided to establish realistic
foil structure models considering dry friction energy dissipation, knowing that excessively elaborate approaches
prove inapplicable for a transient analysis of the dynamical system. However, most notably when investigating
refrigerant-lubricated GFBs under severe loading, neither thermodynamic effects such as phase transitions nor
dissipative effects inside the foil structure can be neglected without introducing substantial inaccuracies [5, 7].

In this perspective, the present study establishes a fluid model for non-ideal gases by coupling a Peng–Robinson
equation of state to a generalized Reynolds equation, thus enabling the prediction of liquid condensation and
two-phase flow. Moreover, the novel bump foil model described in this paper captures the true nature of dry friction
assuming either regularized Coulomb friction or elasto-plastic bristle friction, the latter being capable of reproducing
stiction. Completed by an adapted Jeffcott–Laval rotor model, the resulting nonlinear dynamical system is thoroughly
investigated using a monolithic simulation approach. Since brute-force time integration is time-consuming and only
of limited suitability for systematic insight into the vast variety of relevant phenomena, this work is the first to make
use of bifurcation analysis and solution continuation techniques applied to a refrigerant-lubricated GFB rotor model.
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Figure 1: Global overview of the considered fully
coupled rotating machinery model: (a) interaction
chart relating the fluid–structure–rotor submodels,
(b) sketch of the rotor journal (orange) inside the
GFB model with greatly magnified lubrication
gap (light blue) and excessively deformed foil
structure (yellow) for better visibility.
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2 Theory and Modeling
The presented rotating machinery model is composed of three mechanical submodels, which are a fluid model

for non-ideal gases (see Sec. 2.1), a foil structure model considering dry friction (see Sec. 2.2), and an adapted
Jeffcott–Laval rotor model (see Sec. 2.3). Knowing that the pressurized fluid film in the lubrication gap interacts
strongly with both the compliant foil structure and the movable rotor shaft [2, 7, 10], a realistic prediction of the
nonlinear system dynamics requires a monolithic simulation approach. To this effect, as illustrated by the interaction
chart in Fig. 1a, all submodels are fully coupled to each other and, as previously discussed in [1, 2, 8], all governing
equations are solved simultaneously. In other words, the ultimate goal is a mathematical description of the entire
dynamical system using one single autonomous first-order ordinary differential equation (ODE) system of the form

dx(τ)

dτ
=

d

dτ

xF(τ)
xS(τ)
xR(τ)

 = f


xF(τ)
xS(τ)
xR(τ)

,Λ
 = f

{
x(τ),Λ

}
. (1)

In Eq. (1), the nonlinear vector field f : Rn × R→ Rn depends on the fluid–structure–rotor (FSR) state vector x(τ)
itself and on the nondimensional rotational speed Λ, which is subsequently considered the bifurcation parameter.

2.1 Fluid Model for Non-Ideal Gases
The bearing geometry is described by the axial length L and by the inner radius R of the undeformed foil

structure. Depending on the outer radius r of the rotor journal, the height of the lubrication gap is characterized
by a nominal clearance parameter C = R− r. Under the thin-film assumption C/R� 1, any radial dependence
of the fluid properties as well as the curvature of the lubrication gap can be neglected, reducing the latter to a
two-dimensional, rectangular domain. According to the schematic sketch of the overall model depicted in Fig. 1b,
the nondimensional thickness of the fluid film (at any nondimensional instant of time τ = t/t0) is given by

H = H(ϕ, τ) =
h(ϕ, τt0)

C
=

Clearance

1

Structure deformation

−Q(ϕ, τ)

Rotor journal displacement

− ε(τ) cos
[
ϕ− γ(τ)

]
, (2)

which is a superposition of the nominal clearance, the foil structure deformation field Q = Q(ϕ, τ) = q(ϕ, τt0)/C,
and a sinusoidal contribution of the rotor journal displacement obtained by linearization w.r.t. the eccentricity ε(τ) =
e(τt0)/C, whereas the attitude angle is denoted by γ(τ) = Γ(τt0). It is evident that Eq. (2) is independent of the
axial coordinate Z under the widely accepted assumptions of plane deformations [13, 14] and perfectly aligned
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journals [2, 14]. When the bearing is operated within the full fluid film lubrication regime with a continuous gas
film thick enough to completely separate the surfaces, the compressible flow in the lubrication gap is governed by

1

2


Poiseuille flow

∂

∂ϕ

[
DH3

V (T )

∂P (D,T )

∂ϕ

]
+ κ2 ∂

∂Z

[
DH3

V (T )

∂P (D,T )

∂Z

] Couette flow

− Λ
∂(DH)

∂ϕ

 =
∂(DH)

∂τ

=
∂D

∂τ

Fluid
compression

H +D

 − ∂Q

∂τ

Structure
squeeze

− ε′(τ) cos
[
ϕ− γ(τ)

]
− ε(τ)γ′(τ) sin

[
ϕ− γ(τ)

]
Rotor journal squeeze

 , (3)

which is a generalized, transient form of the classical Reynolds equation [12, 15] with the nondimensional rotational
speed (bearing number) Λ = t0ω0 = 6µ0ω0/p0(R/C)2. At each of theNG foil fixation gaps (ϕ = ϕ0, . . . , ϕNG−1)
and at the unsealed bearing edges (Z = ±1/2), ambient density is prescribed by appropriate Dirichlet boundary
conditions. Given that Eq. (3) involves both the nondimensional density field D = D(ϕ,Z, τ) = ρ(ϕ,ZL, τt0)/ρ0

and the nondimensional pressure field P = P (ϕ,Z, τ) = p(ϕ,ZL, τt0)/p0, an additional constitutive equation
is required for the solution of this partial differential equation (PDE). Moreover, the nondimensional viscosity
field V = V (ϕ,Z, τ) = µ(ϕ,ZL, τt0)/µ0 is directly obtained from the nondimensional temperature field T =
T (ϕ,Z, τ) = ϑ(ϕ,ZL, τt0)/ϑ0 by application of Sutherland’s law, which is based on an idealized kinetic theory [5].

According to Gibbs’ phase rule NDoF = 3 − NPhases for a single-component system in thermodynamic
equilibrium, the local condition of the fluid is entirely determined by knowledge of at most two independent state
variables. Hence, the relation between pressure, density, and temperature is always given by a thermal equation
of state, commonly written in the pressure-explicit form P = P (D,T ). For the simplest case of an ideal gas law
with P ∝ DT , the resulting phase diagram is shown in Fig. 2a with three exemplary isothermal curves. While this
might be a sufficient model for high-temperature applications or when considering GFBs operated with ambient
air, the use of a refrigerant such as 1,1,1,3,3-pentafluoropropane typically demands a more sophisticated real gas
law. Considering the phase diagram depicted in Fig. 2b, it is evident that such a nonlinear equation of state must be
capable of reproducing phase boundaries and phase transitions at constant equilibrium vapor pressure. Following
a proposition by Garcia et al. [5], the considered refrigerant can be modeled in good approximation by the cubic
Peng–Robinson equation of state

PPR(D,T ) =
1

p0

 Rmϑ0T(
Mm

ρ0D

)
− b
− a(ϑ0T )(

Mm

ρ0D

)2

+ 2b
(
Mm

ρ0D

)
− b2

 , (4)
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Figure 2: P,D, T phase diagrams based on (a) an ideal gas law and (b) a real gas law.
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Figure 3: Efficient phase
transition regularization
of the Peng–Robinson
eq. of state visualized
in (a) the P,D phase
diagram and (b) the
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with inverted abscissa.

with the temperature-dependent molecular cohesion parameter

a(ϑ0T ) ≈ 0.46R2
m

ϑ2
c

pc

1 +
(

0.38 + 1.5ωa − 0.17ω2
a + 0.020ω3

a

)(
1−

√
ϑ0T

ϑc

) (5)

and the constant molecular covolume b ≈ 0.078Rmϑc/pc. In these expressions, the molar gas constant Rm, the
molar mass Mm, the critical pressure pc, the critical temperature ϑc, and the acentric factor ωa are readily obtained
from a suitable database of fluid properties [5].

For temperatures inferior to the critical temperature (i.e., T < ϑc/ϑ0), the cubic function from Eq. (4) takes a
characteristic s-shape as shown in Fig. 3a by the dashed blue curve. The resulting negative slopes with ∂P/∂D < 0
violate a necessary condition for thermodynamic stability, thus making the analytical model nonphysical in such
regions. To overcome this deficiency, the pure vapor and the pure liquid zones must be connected by straight
two-phase coexistence curves at the temperature-dependent equilibrium vapor pressure Psat(T ). According to the
classical Maxwell construction, the equilibrium vapor pressure must be such that the orange and the purple areas in
the phase diagram with inverted abscissa in Fig. 3b become equal. However, computational times can be improved
without significant loss of accuracy by fitting the solution of a simplified Clausius–Clapeyron equation

Psat(T ) = exp
(
C0 − C1T

−1 − C2 lnT
)

(6)

to values obtained from a database of fluid properties [5]. When setting equal Eqs. (4) and (6), the resulting cubic
equation PPR(D,T ) = Psat(T ) has up to three real roots Dv(T )<Dm(T )<Dl(T ), which can be calculated
algebraically. Eventually, the strictly increasing solid red curve in Fig. 3a is found by introducing a very small
regularization slope. Knowing the roots Dv(T ) and Dl(T ), the mass fraction of liquid is obtained by the lever rule

Wl(D,T ) =
D −Dv(T )

Dl(T )−Dv(T )
. (7)

Using the regularized Peng–Robinson equation of state, pressure can be eliminated in Eq. (3) and the Reynolds
equation is then solved for the time derivative of density ∂D/∂τ (fluid compression). All spatial derivatives are
approximated by a finite difference upwind scheme on a uniform computational grid with ∆ϕ = 2π/(Nϕ − 1)
and ∆Z = 1/(NZ − 1). After splitting the domain according to the number of foil fixation gaps NG and taking
advantage of the axial symmetry, a reduced number of discrete density values Di,j(τ) is collected in the state vector

xF(τ) =
[
· · · Di,j(τ) Di,j+1(τ) · · · Di+1,j(τ) Di+1,j+1(τ) · · ·

]>
∈ R

1
2 (Nϕ−NG−1)(NZ−1). (8)

This approach is original in the sense that it integrates the non-ideal gas law directly into the simultaneously
solved dynamical system from Eq. (1) instead of treating the Peng–Robinson eq. of state and the Reynolds eq. in a
sequential procedure. As this paper focuses on qualitative effects of the non-ideal fluid behavior, the energy equation
is ignored and only isothermal conditions with prescribed average temperature throughout the film are considered.
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Figure 4: Sketch of
the lumped-element
foil structure model,
which implements
dry friction based
on an elasto-plastic
bristle friction law.

2.2 Foil Structure Model Considering Dry Friction
The sketch in Fig. 4 shows the lumped-element foil structure model, in which each of the NB bumps (width 2lB,

undeformed apices spaced by lS = 2πR/NB) is modeled as a triangular arrangement of two massless rods (length lH)
and a horizontal spring (stiffness kB). Despite the foil mass being negligible even in a transient analysis of the
overall model [10], discrete particles (mass mB) are introduced between the bumps for the sole purpose of obtaining
a system of ODEs instead of differential-algebraic equations (DAEs). Taking into account the fixation of the foil strip
and the interaction between adjacent bumps, the nondimensional apex deflection of the n-th triangle is a function of
two mass particle displacements Un(τ) = un(τt0)/C and Un+1(τ) = un+1(τt0)/C, giving the kinematic relation

Qn(τ) =
qn(τt0)

C
=

1

2

√
4L2

H −
[
2LB + Un(τ)− Un+1(τ)

]2 −√L2
H − L2

B. (9)

On top of each triangle, another spring (stiffness kW) accounts for possible deformations even when both ends of
a bump are stuck due to friction. As indicated by the yellow curve in the sketch, the top foil is represented by a
segmented beam model superposed to the bump foil model, according to an earlier publication by the authors [8].

For the consideration of dry friction in a transient GFB analysis based on numerical time integration, the
authors have proposed [9] the implementation of an elasto-plastic bristle friction law according to Dupont et al. [4],
which allows to capture presliding displacements and true stiction without spurious drift. Using such a dynamic
friction model, the elastic deformation of the n-th bristle (stiffness σz) is described by the nondimensional
displacement Zn(τ) = zn(τt0)/C, whereas the corresponding plastic deformation, obviously identified with
the covered sliding distance in Fig. 4, writes Wn(τ) = wn(τt0)/C = Un(τ) − Zn(τ). Resulting from the
pressurized fluid film and from a constant nondimensional preload force f⊥,p due to mounting, the nondimensional
normal force acting on the n-th contact zone between bump foil and bearing sleeve is approximated by

f⊥,n(τ) = max

0,

∫ (n+ 1
2 )LS

(n− 1
2 )LS

∫ + 1
2

− 1
2

[
P (ϕ,Z, τ)− P0

]
dZ dϕ+ f⊥,p

, (10)

with the maximum function ensuring that nonphysical negative normal forces are cut off in the case of foil
detachment. The dynamics of the internal state variables Zn(τ) being governed by NB additional ODEs, the
nondimensional friction forces are finally retrieved from the elastic restoring forces of the deformed bristles. Despite
the elasto-plastic friction model being superior to most other friction models in quantitative simulations of the
isolated foil structure, it appears unreasonably complex for the identification of qualitative effects concerning the
overall system dynamics. As a matter of fact, comparisons between different friction models reveal that it is usually
sufficient to assume a regularized Coulomb friction law with sliding friction coefficient µC, which neglects the
existence of true stiction and the accompanying non-uniqueness of solutions. In this case, friction forces between
bump foil and bearing sleeve are obtained after smoothing the sign-change discontinuity around zero-velocity by

sgnU ′n(τ) ≈ tanh ΞU ′n(τ), Ξ� 1. (11)
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The generic foil structure model can be adapted to multi-pad GFBs with NG foil fixation gaps oriented by some
angle χ. However, to keep formulas short and clear, only equations obtained for a GFB with one foil strip fixed
at ϕ = 0 (i.e., χ = 0) are stated in this paper. According to the classical Euler–Lagrange equations evaluated for the
discussed lumped-element model, the dynamics of the bump foil structure are governed by the equations of motion


U0(τ)
U1(τ)

...
UNB−2(τ)
UNB−1(τ)



′′

+ Ω2
B


+1 −1 0
−1 +2 −1

. . . . . . . . .
−1 +2 −1

0 −1 +2




U0(τ)
U1(τ)

...
UNB−2(τ)
UNB−1(τ)



=
1

MB




φ0(τ)

φ1(τ)− φ0(τ)
...

φNB−2(τ)− φNB−3(τ)
φNB−1(τ)− φNB−2(τ)

− µC


f⊥,0(τ) tanh ΞU ′0(τ)
f⊥,1(τ) tanh ΞU ′1(τ)

...
f⊥,NB−2(τ) tanh ΞU ′NB−2(τ)
f⊥,NB−1(τ) tanh ΞU ′NB−1(τ)




, (12)

with the effective fluid pressure leading to the generalized force components

φn(τ) =
1

2

2LB + Un(τ)− Un+1(τ)√
4L2

H −
[
2LB + Un(τ)− Un+1(τ)

]2
∫ (n+1)LS

nLS

∫ + 1
2

− 1
2

[
P (ϕ,Z, τ)− P0

]
dZ dϕ. (13)

For the computational analysis, a state-space representation of Eq. (12) is established introducing the state vector

xS(τ) =
[
U0(τ) U ′0(τ) · · · UNB−1(τ) U ′NB−1(τ)

]>
∈ R2NB . (14)

2.3 Adapted Jeffcott–Laval Rotor Model
To capture a possible maximum of relevant rotordynamic phenomena while still being computationally efficient,

an adapted Jeffcott–Laval rotor model with unbalanced disk is considered in the following. As visualized by the
sketch in Fig. 5, the shaft of stiffness k is symmetrically mounted on two GFBs and the horizontal rotor is exposed
to gravity. In contrast to the classical Jeffcott–Laval rotor model, a small proportion α/2 (with 0 < α � 1) of
the total mass m is shifted from the disk to each of the journals such that a system of ODEs instead of DAEs can
be stated [1]. Possible dissipative effects caused by the working fluid, which circulates around the rotor disk, are
represented by a stationary (i.e., nonrotating) viscous damping b.

The journal positions are described by the Cartesian coordinates X(τ) = ξ(τt0)/C and Y (τ) = η(τt0)/C,
whereas the coordinates of the disk are denoted by XD(τ) = ξD(τt0)/C and YD(τ) = ηD(τt0)/C. For coupling
the journal motion to the fluid model via the film thickness expression from Eq. (2), the Cartesian coordinates must
be transformed to polar coordinates. When assessing the dynamics of the rotor, it is sufficient to analyze only the

L
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α
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u0 Foil
Structure
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Disk

Figure 5: Sketch of the
adapted Jeffcott–Laval
rotor model, which is
mounted on two GFBs.
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bearing force created by one of the GFBs due to the assumption of symmetry, giving the equations of motion


X(τ)
Y (τ)
XD(τ)
YD(τ)


′′

+
2BΩ

1− α


0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1



X(τ)
Y (τ)
XD(τ)
YD(τ)


′

+ Ω2


1
α 0 − 1

α 0
0 1

α 0 − 1
α

− 1
1−α 0 1

1−α 0

0 − 1
1−α 0 1

1−α



X(τ)
Y (τ)
XD(τ)
YD(τ)



=
2

αM

∫ 2π

0


sinϕ
cosϕ

0
0


∫ + 1

2

− 1
2

P (ϕ,Z, τ) dZ dϕ

Scaled bearing force

−G


0
1
0
1


Gravity

− U0Λ2


0
0

sin(Λτ)
cos(Λτ)


Disk unbalance

. (15)

When deriving a state-space representation of Eq. (15), the rotor disk unbalance obviously violates the requirement
of an autonomous ODE system stated in Eq. (1). Following a common approach to solve this issue, two coupled
nonlinear and self-excited oscillators [3]

s′Λ(τ) = +ΛcΛ(τ)− sΛ(τ)
[
sΛ(τ)2 + cΛ(τ)2 − 1

]
,

c′Λ(τ) = −ΛsΛ(τ)− cΛ(τ)
[
sΛ(τ)2 + cΛ(τ)2 − 1

] (16)

are artificially added to the equations of motion, knowing that they possess asymptotically stable solution components
sΛ(τ) = sin(Λτ) and cΛ(τ) = cos(Λτ). Consequently, the periodic forcing terms in Eq. (15) can be directly
substituted by two newly introduced state variables in order to obtain an autonomous ODE system. Altogether, an
appropriate state-space representation is found using the state vector

xR(τ) =
[
X(τ) X ′(τ) Y (τ) Y ′(τ) XD(τ) X ′D(τ) YD(τ) Y ′D(τ) sΛ(τ) cΛ(τ)

]>
∈ R10. (17)

3 Results and Discussion
The numerical results presented hereafter are based on data of a bump-type GFB with three pads, similar to

GFBs discussed in a great number of both experimental and numerical investigations [13, 14]. In the code, following
an object-oriented modular concept, the right-hand side f of Eq. (1) is assembled by calling a submodel library
implemented in C++ according to Eqs. (3), (12), and (15). For the bifurcation and stability analysis, this submodel
library is then linked to AUTO 2000, a widely-used software package written in C, which implements an orthogonal
collocation method for the continuation of periodic solutions [3]. The use of compiled programming languages
makes it possible to explore even high-dimensional state-spaces Rn with n� 100 within only a few minutes.

3.1 Classification of Possible Bifurcation Scenarios
Prior to looking at some important effects due to non-ideal gas behavior, dry friction, and rotor shaft deformations,

it appears indispensable to firstly understand in principle what kind of bifurcation scenarios can possibly be observed
for 3-pad GFB rotor systems. Therefore, in the first part of this study, the limiting case of a rigid rotor in rigid GFBs
is considered under high-temperature conditions, which legitimates the use of an ideal gas law with P ∝ DT .

The bifurcation diagram in Fig. 6a visualizes stationary and periodic solutions found for the simplified system
by plotting minima and maxima of the vertical rotor displacement as a function of rotational speed. Moreover,
the a priori unknown subsynchronous frequencies of the periodic solutions are traced in Fig. 6b in relation to the
speed-synchronous frequency. For a rather lightweight rotor (green curve:m = 50 g), the initially stable equilibrium
points become unstable at some critical speed Λc via a supercritical Hopf bifurcation (HB). At the bifurcation point,
a branch of limit cycle oscillations, stable according to the Floquet multipliers, is born and causes the characteristic
half-frequency whirling with Λsub ≈ Λ/2. Looking at a mediumweight rotor (orange curve: m = 250 g), the
occurring HB is now identified as being subcritical, which means that limit cycle oscillations directly emerging
from the bifurcation point are unstable. Following the branch, however, these periodic solutions become stable via a
limit point of cycles bifurcation (LP) at some speed inferior to the critical speed Λc at the HB, suggesting that one
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Figure 6: Bifurcation diagrams showing (a) vertical rotor journal displacements and (b) vibration frequency ratios
for different rotor masses found by numerical solution continuation with rot. speed Λ as bifurcation parameter (solid
lines: stable solutions, dashed lines: unstable solutions, HB: Hopf bifurcation, LP: limit point of cycles bifurcation).
The symbol in the upper left corner visualizes the foil fixation gap orientation of the vertically loaded 3-pad GFBs.

(a)

m = 50 g

(b)

m = 250 g

(c)

m = 500 g

(d)

m = 2500 g

Figure 7: Rotor journal operating points and orbits for (a)–(d) different rotor masses (blue dots: stable stationary
solutions, red dots: unstable stationary solutions, black asterisk: Hopf bifurcation, blue solid lines: stable periodic
solutions, red dashed lines: unstable periodic solutions, black chain-dotted lines: limit point of cycles bifurcation).

stationary and one periodic solution may coexist in the phase-space. From the frequency ratio diagram, it can be
observed that half-frequency whirling motions slow down as the rotor mass is increased. When considering a rather
heavyweight rotor (blue curve: m = 500 g), the HB becomes supercritical again, but is now followed by a double
LP. In this very interesting case, there is a possible coexistence of two periodic solutions in the phase-space with
very distinct amplitudes and frequencies. The primary periodic branch gains influence with growing rotor mass
(magenta curve: m = 2500 g), whereas the secondary branch finally goes undetected when the fluid film collapses.

Projecting some of the n-dimensional solutions onto the rotor journal coordinate subspace as shown in Figs. 7a–d,
it becomes even more obvious that varying the rotor mass may have strong qualitative effects on the stationary
operating point locus curve (dots on yellow background) and the shapes of periodic orbits. Interestingly, stable limit
cycle oscillations with vibration amplitudes small enough to be tolerable for operation seem to be possible throughout
the investigated range of rotor masses, notwithstanding the structural change of the underlying phase-space.

3.2 Influence of Rotor Shaft Flexibility
As is generally known, the flexibility of any real rotor shaft may add important effects to the dynamics of rotating

machinery, which cannot be reproduced by considering perfectly rigid rotor models. Therefore, the second part of
this study compares the behavior of the flexible Jeffcott–Laval rotor model (m = 500 g) with varying stiffness k to
results from Sec. 3.1 based on a rigid rotor model. During the comparison, the simplifying assumptions of an ideal
gas law and of rigid GFBs are maintained so that all sensitivities can be directly attributed to the stiffness parameter.
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Figure 8: Bifurcation diagrams showing vertical (a) rotor journal displacements and (b) rotor disk displacements
for different rotor shaft flexibilities found by numerical solution continuation (see Fig. 6 for line types and symbols).

The vertical displacements of the rotor journal are visualized by the bifurcation diagram in Fig. 8a, whereas
the plot in Fig. 8b shows the corresponding behavior of the rotor disk. Coming from the limiting case of a rigid
rotor (green curve), it can be observed that the double limit point of cycles bifurcation (LP) becomes more important
as the rotor shaft is getting more flexible. For an extremely low shaft stiffness (magenta curve: k = 100 N mm−1),
the equilibrium point is destabilized at a significantly lower speed, but the onsetting self-excited vibrations are stable
over a relatively wide range and exhibit only small amplitudes. However, the secondary branch of periodic solutions
shows a sudden critical rise in amplitudes directly related to the natural frequency of the rotor. The occurrence of
a second Hopf bifurcation (HB) is not further investigated in the present study as this happens only at rotational
speeds beyond the interesting operating range.

3.3 Significance of Fluid Model Refinements
It becomes evident from Eqs. (13) and (15) that both structural dynamics and rotor dynamics are strongly

influenced by the actual shape of the pressure field. In this regard, the implications of a non-ideal gas behavior merit
a closer look in the following third part of the analysis, in which the considered equation of state is varied.
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for different equations of state found by numerical solution continuation (see Fig. 6 for line types and symbols).
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According to the bifurcation diagrams in Figs. 9a–b, there seem to be only slight and purely quantitative
differences between the results predicted by an ideal gas law (green curve) and the results obtained with the
regularized Peng–Robinson equation of state (orange and blue curves). However, when the non-ideal gas law is
parameterized with a rather low temperature such as 20 ◦C, it turns out that the rotor journal is actually predicted to
suddenly collide with the lower part of the bearing structure at Λ ≈ 0.25 (orange curve). This can be explained by
the fact that the pressure field is obviously bounded by the temperature-dependent equilibrium vapor pressure, at
which liquid droplet formation begins abruptly once the (mostly dynamic) loading induces a critical pressurization.
Notwithstanding the importance of this pressure-limiting effect, the evaluation of the mass fraction of liquid reveals
that only less than 1 % of the fluid are actually condensed in the concerned regions. Moreover, taking into account
that heat transfer typically leads to elevated fluid temperatures such as 120 ◦C under heavy loading conditions (blue
curve), this detrimental effect of the refrigerant behavior may be compensated due to the increasing vapor pressure.

3.4 Passive Vibration Control by Dry Friction
In the last part of the analysis, the ability of the foil structure to dissipate excessive energy by deliberately

introduced dry friction is investigated by considering the lumped-element model with varying friction coefficient µC

in the regularized Coulomb friction law. The essential question is whether and to what extent this passive mechanism
stabilizes the system and if it is therefore capable of avoiding or mitigating unwanted self-excited vibrations.

The bifurcation diagram in Fig. 10a suggests that already by the simple addition of structural compliance, with
or without friction, the characteristic supercritical HB succeeded by a double LP vanishes and only subcritical HBs
are possible. In addition to the resulting delay of vibration onset, there is also an amplitude reduction compared to
rigid GFBs (magenta curve) if the friction coefficient is chosen appropriately (e.g., blue curve: µC = 0.8). Plotted
in Fig. 10b, the frequencies of periodic solutions also show a strong dependence on the friction coefficient.
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Figure 10: Bifurcation diagrams showing (a) vertical rotor journal displacements and (b) vibration frequency ratios
for different friction coefficients found by numerical solution continuation (see Fig. 6 for line types and symbols).

(a)

µC = 0

(b)

µC = 0.4

(c)

µC = 0.8

(d)

Rigid GFB

Figure 11: Rotor journal op. points and orbits for (a)–(d) diff. friction coeff. (see Fig. 7 for line types and symbols).
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The importance of frictional energy dissipation within the foil structure is confirmed by the rotor orbits visualized
in Figs. 11a–d. Apparently, compliant GFBs exhibiting a minimum amount of vibration can only be constructed if a
properly designed foil structure adds an adequate amount of energy dissipation to the system. Even though the rigid
model also performs well, excessively stiff GFBs are of limited practical use because structural compliance stabilizes
stationary operating points (see above), increases manufacturing tolerances, and improves thermal resistance.

4 Conclusion and Perspective
This paper discusses the bifurcation and stability analysis of rotating machinery using refrigerant-lubricated

gas foil bearings (GFBs) by implementing three fully coupled submodels for the fluid, the foil structure, and the
rotor. Depending on system parameters such as rotor mass or shaft flexibility, qualitatively different bifurcation
scenarios may lead to the occurrence of either harmless or dangerous self-excited vibrations. When reproducing a
realistic refrigerant behavior by a regularized Peng–Robinson equation of state, it can be observed that the lubricant
pressurization is bounded by the temperature-dependent equilibrium vapor pressure, thus limiting the operating
range. Finally, the consideration of a lumped-element foil structure model proves that GFB rotor systems benefit
from structural compliance as long as an adequate amount of frictional energy dissipation can be passively provided.

Future work will focus on an extension of the fluid model with regard to non-isothermal conditions and heat
transfer inside the lubrication gap. Moreover, the presented fluid–structure–rotor model will be subject to more
detailed analyses considering further bifurcation scenarios and mechanisms preventing subsynchronous vibrations.
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Abstract 

This case study shows that rolling element bearing damage on an extruder was detected from on-line remote 

monitoring vibration data. Though vibration level was well below the acceptable limit, its abnormal signatures 

warranted a shutdown action. It was then observed that for each bearing, the whole outer raceway was spalled 

circumferentially into a “washboard” pattern. This was caused by electrical corrosion or fluting due to poor 

insulation resulted from damaged insulating washers. After replacing the bearings with insulated ones, vibration 

level and signatures have then become normal ever since its restart. 

1   Introduction 

It is often a practice in the field that vibration level determines whether a machine is safe to operate or not. 

This may not be true for rolling element bearing machines. Besides the magnitude of direct (broadband) 

vibration, its signatures should be reviewed carefully that includes its spectrum and/or timebase data. Its 

vibration trending should also be monitored closely. Otherwise, unanticipated machine failure would occur. The 

current case study discusses a rolling element bearing failure on a motor where vibration amplitude was still far 

below the acceptable level.  

Rolling element bearings are widely used in many machines, especially on electrical motors where they can 

be crucial for daily operations in some petrochemical plants. Harris addressed all aspects of rolling element 

bearings from design to maintenance in [1]. Numerous research papers in detecting rolling element bearing 

defects have been published.  The author even developed defect detection methodology using high-gain 

displacement transducers in [6].  Most researchers have used casing-mounted transducers to diagnose the rolling 

element bearing defects, as shown in [2] and [5]. Qiu, etc. explained bearing defects and lifespan from spectrum 

plots in [3]. Case studies have often been presented to show how defects would look like as shown in [4]. 

In the current case, velocity transducers were installed on motor bearing casing for monitoring vibration. 

When vibration level was found trending up slightly but still well below the acceptable limit, in-depth review of 

vibration data was carried out, which led to successful detection of severe outer race damage. Its root-cause of 

outer race failure was also found with a good action plan.     

2   Case Study 

This was a pelletizer motor supported by two deep groove ball bearings at a petrochemical facility, as shown 

in Figure 1. Motor was running at 350-390 rpm. Vibration was monitored by velocity transducers at each end of 

bearing housing. Continuous safe operation of its extruder and pelletizer is crucial to daily petrochemical 

processing. When all vibration data was reviewed on this machine, it was observed that both DE and NDE motor 

vibration readings slightly trended up but still were very low. Could the machine still be operated continuously 

without any action? It would be a big loss if a malfunction developed to destroy the machine and have an 

unscheduled forced outage.  However, shutdown of the unit for inspection with lost production without finding 

anything malfunctions would be very costly as well.    
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2.1 Problem Statement 

Vibrations on this machine including motor bearings were measured by casing-mounted velocity transducers 

with an on-line remote monitoring system. High vibration readings triggered alarm events on this extruder. The 

alarms, however, occurred in other locations, not on motor bearings. These alarms were later found to be due to 

signal noise issues. When vibrations at adjacent locations were also examined at that time, direct amplitudes 

were found trending up from two velocity sensors mounted on DE and NDE bearings of the motor, as shown in 

Figure 2.  It was observed that vibration readings had slowly trended up from approximate 2 mm/s pk to 3 mm/s 

pk at running speed of about 380 rpm. The readings were still within the acceptable limit. Would the machine 

still be safe to keep its running, or need to shut down for some actions?  

Figure 1: Pelletizer motor supported by rolling element bearings 

Figure 2: Motor bearing vibration trending up but still within the acceptable limit 
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2.2 Data review 

The motor speed was fairly stable, and varied only with slight step changes due to changes in operational 

condition, as shown in Figure 3. The vibration trend did not seem to match speed trend completely. From 

14NOV2015 to 20 NOV2015, speed was almost constant, but vibration amplitude slowly increased if comparing 

speed and vibration trends. In order to know the root-cause of growing vibration, waterfall plots at DE and NDE 

bearings were reviewed. Figures 4 and 5 shows their corresponding waterfall plots within this time period. At 

DE bearing as shown in Figure 4, spectrum was fairly clean at the very beginning besides speed-related 

components and possible low-frequency noise from the transducer. But a frequency component at around 233-

237 Hz plus rich harmonics of 26-26.3 Hz later appeared and gradually increased. The step change in frequency 

was due to the step change in running speed from 380 to 385 rpm. These components seemed to be real, not due 

to any signal noise issue. The 237 Hz happened to be approximately 9 times 26.3 Hz at speed of 385 rpm. 

Similar vibration signatures were also observed at NDE bearing as shown in Figure 5. 

Figure 3: Motor speed trend, comparison with vibration trends in Figure 2 

237 Hz

Change 
in speed

Figure 4: Waterfall plot at DE bearing 

Figure 5: Waterfall plot at NDE bearing 
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 Spectrum plots at 385 rpm were reviewed at both bearings, as shown in Figures 6 and 7. It was found that 

increasing vibration was due to 26.3 Hz harmonics, which  was about 4.1 times shaft speed. The 237 Hz (9x26.3 

Hz) component could be close to one of the natural frequencies of the rotor/bearing system of the motor.   

Rolling element bearing defects, are usually associated with fault frequencies in spectrum plot. These 

excitation frequencies are dependent of bearing geometry and shaft speed. If the bearing dimensions are known, 

these frequencies can be calculated.  There are four defect frequencies: Ball-Pass-Frequency of Inner race 

(BPFI), Ball-Pass-Frequency of Outer race (BPFO), Fundamental Train Frequency (FTF) or cage frequency, and 

Ball Spin Frequency (BSF). Their expressions are as below: 
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Note: 1X=26.3 Hz = 4.1 x Shaft Speed

Figure 6: Spectrum plot at DE bearing, showing vibration climbing due to 26.3 Hz harmonics 

Note: 1X=26.3 Hz = 4.1 x Shaft Speed

Figure 7: Spectrum plot at NDE bearing, showing vibration climbing due to 26.3 Hz harmonics 
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For this bearing, its defect frequencies can be obtained as shown in Table 1. If expressed in terms of shaft 

speed, its outer race defect frequency can be given in the following format: 

4.1 shaft speedBPFO  

Therefore, Figures 4 to 7 clearly indicates outer race damage. Could the unit still run continuously without 

shutdown now? 

2.3 Bearing life estimation 

Reference [3] discusses about four stages of bearing remaining life in terms of frequency zones (A, B, C, and 

D). They can be summarised as shown in Figures 8 and 9. 

Table 1: Bearing fault frequencies at 385 rpm 

Normal 
components 
related to 
speed 

A
m

p
lit

u
d

e

Frequency

1X

2X

3X

Bearing fault 
frequencies

Bearing/casing 
natural frequencies

High 
frequencies

A B C D

Four Stages of bearing life
➢ Stage 1: 10-20% life left, 

frequencies in Zone “A” &
“D”

➢ Stage 2: 5-10% life left, 
frequencies in Zone “A” , 
“C” & “D”

➢ Stage 3: <5% life left, plus
additional Zone “B” with 
bearing frequencies

➢ Stage 4: <1% life left, Zone 
“B” & “C” replaced with 
random noise.

Figure 8: Four  frequency zones (A, B, C, and D) related to four stages of bearing life 
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The current outer race damage seemed to be in later Stage 3, towards Stage 4, as BPFO frequency and its 

harmonics could be seen clearly in classical spectrum, without having to utilize enveloping techniques. Its 

progression of damage appeared to be fast as shown in waterfall plots (See Figures 4 and 5). 

2.4 Recommendations 

After on-line remote data review and diagnosis, similar vibration signatures were measured via off-line 

portable devices. The following recommended actions were made quickly: 

• Stop the machine within a few days

• Inspect the two bearings to confirm the damage

• Find the root-cause of the damage

• Install the new bearings

2.5 Inspection and findings 

The machine was shut down 3 days after the initial diagnosis and recommendations. It was observed that 

both inboard and outboard rolling element bearings were severely damaged.  For each bearing, the whole outer 

raceway was spalled circumferentially into a unique “wash-boarding” pattern plus worn balls and inner race, as 

shown in Figures 10 and 11.   

1X
2X

3X

A B C D

Still a “good bearing”Stage 1

1X
2X

3X
Stage 2

1X
2X

3X
Stage 3 BPFO

BPFI

1X
2X

3X
Stage 4 Random

Early stage, damage only 
detectable via enveloping 

Bearing fault frequency 
detectable on direct 
spectrum

Close to total failure 

DE Bearing Outer Race

DE Bearing Inner Race

“Washboard” pattern 
across the entire outer race 
circumferentially, plus 
wear on inner race and 
dark discoloration on balls  

DE 
Bearing 
Balls

Figure 10: DE bearing damage during inspection 

NDE Bearing Outer Race

Similar damages on 
NDE bearing

NDE Bearing Inner Race

NDE 
Bearing 
Balls

Figure 11: NDE bearing damage during inspection 

Figure 9: Four stages of bearing life based on frequency zones 
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This “washboarding” pattern damage seemed to indicate that electrical erosion was the culprit, likely due to 

poor insulation to prevent electric currents from passing through. Further investigation found that insulated 

washers were damaged on the end cover of NDE bearing, as shown in Figure 12.     

The root-cause can be explained as shown in Figure 13. The presumed insulation was broken due to damaged 

insulation washers. Then the stator and rotor generated charge accumulation, which passed through the motor 

shaft to the bearings and discharged from the balls with enough energy to pit the outer race, resulting in electrical 

corrosion or fluting. 

The bearings were then replaced with insulated bearings. Vibration levels and signatures have then become 

normal ever since its restart. 

2.6 Resolution and final vibration results 

Since the insulation washer had not been reliable to prevent electrical corrosion, insulated bearings were 

installed to replace the previously damaged ones. On these insulted bearings, aluminum oxide is coated on the 

external surface of outer ring for electrical resistance. As shown in Figure 14, no loop can be formed for 

electrical current with insulated bearings. 

After the bearing replacement, the machine was started with low but stable vibration readings as shown in 

Figure 15. Abnormal 26.3 Hz and its rich harmonics totally disappeared as shown in Figure 16.  

DE NDE

Presumed 
insulation

End cover

Bearing sleeve

Bearing

Bolt

Insulated End Cover Assembly

Insulation tube

Insulation washer

Damaged 
insulation 
washer

Figure 13: Illustration of  root-cause of the bearing damage 

Insulated 
washers End 

cover 

Figure 12: Insulated washers damaged on end cover of NDE bearing 

Damaged bearings Insulated bearings
Replaced by 

Figure 14: Replacement with insulted bearings as resolution 
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3   Discussions and Summary 

If the machine had continued its operation with the damaged bearings while maintaining electric arcing 

without knowledge, further deterioration would have led to complete bearing failure, and unscheduled equipment 

downtime and unanticipated maintenance costs would have likely followed. Electric erosion can damage 

bearings very fast, and rolling elements can be welded to the raceways.    

It is shown in this case that even if vibration is still within the acceptable level, it cannot warrant no 

malfunction. A change in vibration is more important than vibration level itself. Examining and understanding of 

the change are crucial to ensure a safe reliable operation of the machine.    

References 

[1] Harris, T.A. (1991): Rolling Element Bearing Analysis. John Wiley & Sons, Inc.

[2] Mathew, J., and Alfredson, R. J., (1984): The Condition Monitoring of Rolling Element Bearings Using

Vibration Analysis,’’ Transactions of the American Society of Mechanical Engineers, Journal of

Vibration and Acoustics, (106), pp. 447– 453.

[3] Qiu, H., Luo, H. and Eklund, N. (2009): On-board bearing prognostics in aircraft engine: Enveloping

analysis or FFT?  AFRL-RX- WP - TP -2009-4141, Air Force Research Laboratory, USA.

[4] Upadhyay R.K., Kumaraswamidhas, L.A., and Sikandar Azam, Md. (2013): Rolling element bearing

failure analysis: A case study. Case Studies in Engineering Failure Analysis (1)  15–17.

[5] Wang, D., and Miao, Q. (2015): Some Improvements on a General Particle Filter Based Bayesian

Approach for Extracting Bearing Fault Features. Transactions of the American Society of Mechanical

Engineers, Journal of Vibration and Acoustics, (137), 041016-1.

[6] Yu, J. J., Bently, D.E, Goldman, P., Dayton, K.P., and Van Slyke, B.G.  (2002): Rolling Element Bearing

Defect Detection and Diagnostics Using Displacement Transducers. Transactions of the American Society

of Mechanical Engineers, Journal of Engineering for Gas Turbines and Power, (124), pp.517-527.

after

before

Figure 16: Vibration spectrum before and after bearing replacement 

before after
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Abstract 

It was shown many years ago that gear transmission error (TE) could be measured very accurately using high 

quality shaft encoders on the free ends of the shafts on which the gears are mounted. TE is defined as the difference 

in torsional vibration of the gears, scaled so as to represent linear motion along the line of action. The torsional 

vibration can be measured most accurately using phase demodulation of the encoder pulse signals, since the 

accuracy of the encoders themselves corresponds to fractions of a micron of TE. The main intended application at 

the time was to measure the TE in operation at different speeds and loads. We are now applying TE measurement 

to a wider range of diagnostic applications, such as measuring the geometric TE (low speed, low load), and loaded 

TE, including elastic deformation of teeth etc (low speed, full torque), and finally dynamic TE, including dynamic 

effects at higher speed (full speed, full torque). This can be used to update simulation models which should be 

much simpler for torsional models than for complete models, including lateral DOFs and many irrelevant 

resonances. Torsional models are also much less susceptible to modulations due to the passage of faults past a 

fixed transducer. Even where only the overall TE can be measured, between the input and output of a gear train, 

the TE for an individual stage can be extracted by synchronous averaging. 

1   Introduction 

It was shown as long ago as 1996 [1] that the simplest and most accurate way of measuring gear transmission 

error (TE) is by using phase demodulation of the pulse signals from high quality shaft encoders on the free ends 

of the shafts on which the gears are mounted. TE is defined as the difference in torsional vibration of the gears, 

scaled so as to represent linear motion along the line of action, this being common to the two gears in mesh, as 

opposed to the angular deviations, directly obtained by phase demodulation, which are scaled according to the 

pitch radius of the gears. It is convenient to divide TE up into three categories, (1) Geometric TE (GTE), obtained 

when the load is only sufficient to keep the gear teeth in contact, and thus tending to be dominated by local high 

spots on individual teeth, (2) Static TE (STE), which takes into account static (ie stiffness controlled) elastic 

deformations of the teeth, and (3) Dynamic TE (DTE), where the loads on the teeth, and thus tooth deflections, are 

dependent on dynamic loads, due to inertial effects at higher speeds where the stiffness controlled deformations 

are no longer dominant. 

It has recently been realised that these three types of TE can be measured experimentally, as long as it is 

possible to make measurements over a sufficiently wide range of speeds and loads. GTE can be measured at low 

speed, low load; STE at low speed, high load; and DTE at high speed, high load, and the purpose of this paper is 

to demonstrate some of the advantages to be gained from this.  

Firstly, the TE signal itself is much closer to the source than response vibration measurements, and does not 

have the wide variation of the latter (through different transmission paths) and so provides a very robust condition 

indicator. Secondly, simulation models of the rotational degrees-of-freedom (DOFs) are much simpler than those 

involving much more numerous lateral DOFs, and even when the latter are included, the rotational DOFs are often 

largely decoupled, and not influenced by resonances such as many that are primarily related to the casing. Thirdly, 

simulation models often require an estimate of GTE as an input to the dynamic model, and this can be directly 

measured at several stages through the operation of the gearbox, rather than just assuming a typical (random) 
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pattern scaled according to the gear quality, or requiring the modified profile to be inferred from vibration 

measurements, a much more difficult proposition. 

Note that the concept of using the measured TE as a diagnostic parameter has been suggested before, and is 

summarised in Section 5.4.2 of [2], but was only described for the TE encountered under operating conditions. 

2   Test setups and measurements 

Two gearbox test rigs were used to illustrate different aspects of the topic. The first is a single stage spur gear 

reduction gearbox, with 19 teeth on the input pinion and 52 teeth on the driven gear, with module 2. It is shown in 

Fig. 1. 

Figure 1: The spur gear test rig at UNSW. (a) photo; (b) schematic diagram 

The 4 kW drive motor has a variable frequency drive (VFD) and variable torque load is applied by an 

electromagnetic particle (EMP) brake. The “encoders” are actually slip rings with a built-in encoder, but it was 

discovered in doing the measurements that there is a resonance at just over 200 Hz which limits the use of the 

encoders for high frequency measurements. The highest input shaft rotational speed for which TE could be 

measured up to a reasonable number of harmonics of the gearmesh frequency was 2 Hz, even though measurements 

had been done for speeds up to 20 Hz. The results from this rig are thus limited to measurements of GTE and STE, 

since inertial effects were only significant at higher speeds. Vibration responses at higher speeds can, however, be 

shown. 

The two encoders give a once-per-rev tacho signal as well as 512 per rev encoder pulses, and recordings were 

made of all these as well as vibration signals from two accelerometers (B&K type 4394 and 4396) mounted on the 

upper rim of the casing above the bearings at the brake end of the gearbox. The initial sample rate was 100 kHz 

on all channels.  

The second test rig is shown in Figure 2 and has a planetary gear set driven by an input parallel gear reduction 

stage with ratio 42T:55T. The planet carrier forms the input to the planetary gear set, which consists of three equi-

spaced 23T planets, a fixed 80T ring gear and a 34T sun gear (output). All planetary stage gears are module 2. The 

AC induction motor has a VFD, but the circulating power hydraulic motor/pump system is able to apply 

considerably higher torque to the gearbox, than that delivered by the electric motor itself. The two timing belt 

drives, introduced for alignment purposes, are in fact 1:1 ratio, and do not change the overall transmission ratio 

from motor to brake.  

The two encoders mounted on the free ends of the input and output shafts of the gearbox are both Heidenhain 

type ROD 426, but that on the input shaft gives 900 pulses per rev (ppr) and that on the output shaft gives 225 ppr, 

and both also give once-per-rev tacho signals. Accelerometer measurements are taken from the top of the ring 

gear. 
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Figure 2: The planetary gear test rig at UNSW. (a) photo; (b) schematic diagram 

3   Results and discussion 

3.1 Parallel gear rig 

A series of experiments was carried out on this rig to develop natural faults. The gears were of mild steel, 

whose properties were such that they would fail through surface distress before developing tooth root cracks. The 

gears were run at a series of different speeds and loads, and periodically through the series, moulds were taken of 

a number of teeth around both the pinion and gear, in order to monitor the development of surface pits. The 

impressions could be made in situ during the tests, without dismantling the gearbox.  

The surface profile of the impressions could be measured using a laser scanner, but here only microscopic 

photographs of the tooth flanks are used to show the development of the surface. Pits often develop close to the 

pitchline, because this is where the sliding velocity is zero, and thus the oil film has the greatest likelihood of 

breaking down. It is also usually where the whole load is taken by a single tooth pair rather than shared between 

two. However, in this case the pitting first occurred close to the base of the pinion tooth, where the tip of the mating 

tooth comes into mesh, possibly because there was no tip relief, and an impulsive contact would occur. Figure 3 

shows a series of stages of the development of this pitting on the pinion, each of whose teeth had a greater number 

of contacts in proportion to the rotational speed. The results are for a particular tooth (aligned to show the same 

section), but the deterioration was fairly uniform around the gear. Pitting on the gear was similar but more sparse, 

and it occurred much later in the test. 

Figure 3: Development of pitting after different times of operation. Horizontal dotted line shows pitchline. 

The encoder signals were first order tracked using the tacho signals as reference, and using the phase demodulation 

method described in [2]. The TEs between the input and output shaft were then measured by first phase 

demodulating each encoder signal, as described in [1]. Rather than scaling the TE to the distance along the line of 

action, it has been scaled as equivalent rotation of the input shaft (in radians) by multiplying that of the output 

(a) 

(b) 

Encoder 
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shaft by the gear ratio before subtraction, and then detrended. When performing the demodulation, the bandwidth 

was reduced to the total spread of the sidebands around each carrier frequency (the rotational speed of each shaft 

multiplied by the number of ppr of the encoder), and was resampled to give a fixed number of samples per tooth 

spacing (20) and thus be the same for both gears. 

The TE for each gear could then be extracted by synchronous averaging over an integer number of rotations 

for that gear, this corresponding to a different total number of samples because of the different tooth numbers and 

“hunting tooth” design (no common factors). The records were truncated symmetrically by one rotation to remove 

wrap-around errors caused by the FFT processing. Most results were obtained for the pinion, this being the most 

damaged. Because of the relatively short records available (19 rotations of the pinion) the averaging was 

accomplished by an efficient procedure involving comb filtering in the frequency spectrum. Since there was an 

integer number of periods of the gear in question, the harmonics of that gear’s rotation were located in single lines 

of the FFT spectrum, and all other frequency lines could be set to zero. Noise at those harmonics is reduced by the 

same amount as if the averaging were done conventionally in the time domain [4], but was very low in this case. 

The harmonics of the other gear, though smeared because of the non-integer number of periods in the record, were 

almost entirely removed, except in the very small number of cases where they overlapped with the other discrete 

harmonics, and so were reduced to a larger extent than from time domain averaging [4]. This worked very well 

even for the gear, with a much smaller number of rotations, although this paper concentrates on the results for the 

pinion. 

As mentioned in section 2, only the GTE and STE could be measured, at an input speed of 2 Hz, the GTE with 

a load close to zero, and the SE with an input torque of 20 Nm. Figure 4 shows the TEs for these two loads, at 

times approximately 0 hrs, 3 hrs, 6 hrs and 45 hrs, corresponding roughly to the four stages in Fig. 3. Note that 

two rotations are depicted in each case, although the starting phase is not matched. The latter can be judged from 

the low frequency (once per rev) fluctuation in each case, which does not change with wear, and is presumably 

dominated by slight eccentricity of the pitch circle with respect to the centre of rotation. The higher frequency 

ripple in each case corresponds to the toothmesh frequency, and becomes clearer as the wear progresses. It is 

interesting that the application of the load, to give the STE, decreases the toothmesh component for the first three 

stages of wear. This is not unexpected, as the GTE is dominated by high spots on the teeth, whose effect tends to 

be smoothed (lowpass filtered) by preferential deflection of the high spots by Hertzian deformation, but with not 

a great change in the mean tooth profile, except near the root where the initial wear occurs. The reverse situation 

at the final stage of wear, after 45 hrs, where the STE is now bigger than the GTE, is likely because the pitting is 

so widespread, including the zone near the pitch circle, that it does change the mean profile, and the load now 

serves to force the mating gear into “holes” in the profile, deforming local high spots. 

It is interesting to compare the results for TE with those for acceleration. Figure 5 shows acceleration power 

spectra, but only for the initial condition (0 hrs) and final condition (45 hrs). The figures have a harmonic cursor 

set to the gearmesh frequency, and it is obvious that this does not dominate the spectrum at this low speed, even 

for the high load. The origin of the high vibration levels in the vicinity of multiples of 50 Hz, is not fully known 

but appears to be a function of the VFD at this very low speed. They were not prominent in vibration signals at 

higher speed. In contrast to the TEs in Fig. 4, there is very little difference in the first harmonic of gearmesh 

frequency from initial to final condition, which can be explained by the fact that at low speed there is little 

resistance to angular motions by inertial effects. On the other hand, there is a considerable increase in this first 

harmonic with increase in load from zero to 20 Nm, and this is probably because it is the tooth deflection rather 

than the GTE component of the overall TE which dominates the mesh forces under load. The fact that the STE has 

actually decreased with load for the first three wear stages shows that the information given by TE and vibration 

is quite different, although there may be more similarity between vibration and DTE, at higher speed, where it was 

not possible to make comparisons in this case. 

It is also interesting that the TE measurements in Fig. 4 were little affected by the above-mentioned 

disturbances from the VFD, even though they made it difficult to extract synchronously averaged signals from the 

acceleration signals with such a small number of averages at the rotational frequency. It is an illustration of the 

fact that TE is not very sensitive to many forces causing substantial lateral vibrations. 

The actual vibration response spectra for 20 Hz input speed are given in Figure 6, for both zero and 20 Nm 

torque load, for initial and final wear conditions, for comparison with the equivalent cases in Fig. 5 for 2 Hz speed. 

As in that case, there is little increase in the first two harmonics of gearmesh frequency with increasing pitting, but 

the higher harmonics (3-5) have increased by about 10 dB. 

Unfortunately, it has not yet been possible to give results for simulation, to compare with the measurements, 

or for higher speed responses, as explained above, but these are part of work to be carried out in the near future, 

when the new encoders are mounted. 
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Figure 4: Development of TE with wear. (Left – GTE, 0 Nm);  (Right – STE, 20 Nm) 

Figure 5: Comparison of vibration spectra at 2 Hz, load 0 Nm and 20 Nm, for initial and final wear 

0 hrs 0 hrs 

3 hrs 3 hrs 

6 hrs 6 hrs 

45 hrs 45 hrs 
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Figure 6: Comparison of vibration spectra at 20 Hz, load 20 Nm, for initial and final wear 

3.2 Planetary gear rig 

Comparisons can be made between simulations and measurements for the planetary gear rig, but only for 

relatively low speed, where dynamic effects are not pronounced. This is a limitation of the drive motor and its 

VFD. The simulations presented here are similar to those presented at a recent international rotor dynamics 

conference [5], but are here compared with measured TEs. A major goal of the project is to develop diagnostic 

techniques to distinguish between tooth root cracks and spalls, to follow the work initiated for single stage parallel 

gears in [6, 7], and continued for planetary gearsets in [8-10]. In the latter case, the difference was clarified between 

faults on a single flank of a planet gear tooth, such as a spall, which only contacts either the ring gear or sun gear, 

and a fault, such as a cracked or chipped tooth, which affects bending stiffness in both directions, and so has an 

effect when meshing with both sun and ring gear. These two contacts can be quite different, however, both because 

of different stiffness for a crack opening or closing, but also because of the very different contact ratio for the two 

meshes, giving a large difference in the ratio of time intervals for single tooth pair and double tooth pair contact. 

Results are compared here in Figure 7 for a spall interacting with the sun gear, a spall interacting with the ring 

gear, and a tooth root crack, with input shaft speed close to 2 Hz (planet carrier speed 1.53 Hz, sun gear output 

speed 5.31 Hz). The input stage to the planetary section was not included in the simulation model, so simulated 

TE results were estimated and are given for the planetary stage directly, ie the TE from the planet carrier shaft to 

the sun shaft. On the other hand, there was no encoder mounted on the planet carrier shaft, so the measured TE 

was between the input shaft and the output shaft, and included the input parallel gear stage. However, it was found 

to be possible to extract the TE of the planetary stage by using synchronous averaging synchronised with the 

rotation speed of the planet gears, ie a period corresponding to the meshing of 23 teeth. It is necessarily a composite 

overall TE for the three planet gears, and cannot indicate on which planet gear the fault is located. If there were a 

fault on more than one gear, they would all show up in this composite average. 

Firstly, before making a detailed comparison of the results, there is an immediate obvious difference in the 

background ripple frequency related to the gearmesh frequency. Because of the tooth numbers in the gearset, it 

has so-called sequential tooth-meshing, with the meshing of the teeth on one planet offset by 1/3 of a tooth spacing 

compared with each of the others. For there to be synchronous tooth meshing, the numbers of teeth on all three 

components (sun, planet, ring) would have to all be divisible by 3, Since the simulation is for initially perfect teeth 

on all gears, apart from that on which each fault was introduced, the background ripple for the simulations has a 

fundamental frequency corresponding to the third harmonic of the gearmesh frequency (ie 69 periods per gear 

rotation). 

It was therefore at first surprising that the measured results had clear background ripple at gearmesh frequency 

(23 periods per rotation), but then it was realised that this could be ascribed to the limited resolution given by the 

encoder on one shaft, the output shaft, with only 225 ppr, compared with 900 ppr for the other. Originally, both 

gave 900 ppr, but one had been modified for an earlier experiment, with the pulse count divided by 4. It will be 

possible to correct this in future work, but it does not significantly detract from the results of this paper showing 

the effects of local faults on one gear. Even though the TE signal was resampled during the analysis to a higher 

sample rate, the TE signal was effectively lowpass filtered prior to this at less than three times the gearmesh 

frequency, because of the small number of pulses per tooth spacing. Since the second harmonic of gearmesh 

frequency was virtually not present in any case, the background ripple is dominated by the fundamental gearmesh 

frequency. 
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Figure 7: Simulated vs measured TE for planetary gear faults  (Left) Simulations  (Right) Measurements 

(Top - 2 loads) Spall – ring gear  (Mid – 2 loads) Spall – sun gear  (Bottom – 2 loads) Crack   

It should be noted that the scaling of the TEs has not been unified for the two cases of simulation vs 

measurement, although attention will be paid to this point in future work, particularly after the lumped parameter 

simulation model has been updated to correct natural frequencies etc. This should in fact be much simpler for the  

torsional natural frequencies than the much greater number of lateral natural frequencies, which all require 

updating for a full model. The other obvious difference is that the TE has been measured in the inverse direction 

for the two cases.  

The simulation records are for exactly one planet rotation (23 teeth) so show only one pulse per record for the 

spalls, but two for the crack, whereas the records for the measurements are displayed over thirty teeth, with a once-

per-rotation spacing of 23 teeth. 

Comparing now the upper two sets of curves in Fig. 7, for the spall interacting with the ring gear, and for two 

different applied loads (30 Nm and 65Nm at the input shaft), there is seen to be a similar pattern for simulation 

and measurement, and not much effect of load. This can be explained, as the spall primarily gives a change in 

GTE, but little change in tooth stiffness, which might be load dependent. In this case, the spall was narrow, and 

didn’t enter into the region with double tooth pair meshing, but the latter would happen with a somewhat wider 

spall, even though it might stay in the single tooth pair meshing region for the sun-planet interaction.  

For the next two sets of curves, with the spall interacting with the sun gear, the results are very similar, though 

the TE deviations are more triangular, as in [10]. If the spall were wider, and stayed within the single tooth pair 

meshing region, as mentioned above, this might give more differentiation between the two interactions [10]. 

The bottom two sets of curves, for a simulated tooth root crack, show obvious differences compared with the 

spalls. In both simulations and measurements there are now two responses per revolution, one with the sun gear 

and one with the ring gear, though these are not the same. Neither are they uniformly spaced, both because of the 

odd number of teeth and the fact that the effective contact points with sun and ring are on the same side of a 

diametral line through the planet gear. The length of interaction is now greater than for a spall, as it corresponds 

to the entire time the faulty tooth is engaged, ie longer than the tooth spacing, in accordance with [5, 10], although 

the part with larger deviation extends further for contact with the sun than with the ring [5, 10]. 
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It should be mentioned that the regularly repeating part of the signal can be removed from simulations, to give 

a so-called “residual TE” or RTE, as shown in [5, 10], and something similar can be achieved in measurements, 

by using linear prediction, as shown in [11]. This will be tested in future work. 

4   Conclusion 

This paper gives a number of examples of how measured gear TE can be useful in gear diagnostics, as an 

alternative, or supplement, to vibration measurements. It explains for the first time how GTE, STE and DTE can 

be measured if it is possible to run the machine at low speed and low load (GTE), low speed and high load (STE) 

and high speed and high load (DTE), although the latter case could not be demonstrated here because of equipment 

limitations, which will be overcome in the near future. It is also shown how the TE for a hidden internal stage can 

be extracted using synchronous averaging from the overall TE from input to output if shaft encoders can only be 

mounted on the input and output shafts. Another point demonstrated is that where the major disturbance of the 

effects of a particular gear is from other gears, or other discrete frequency sources, the synchronous averaging can 

often be carried out more effectively by comb filtering in the frequency domain, in particular when there is a 

limited record length. 

Potential advantages of using TE for gear diagnostics are: 

1) The measurement is closer to the source, and less disturbed by transfer function effects than vibration

responses, which not only vary considerably between different positions, but can also be time-varying.

2) It is easier to get a good correspondence with simulations, because the torsional parts of simulated systems

are simpler, and affected by fewer resonances than lateral vibrations, so model updating should be

simpler.

3) The measurement of GTE at different times during the life of a gearbox, as well as giving a more direct

measurement of wear, will make possible the inclusion of more accurate versions of this parameter in

simulation models, including those giving lateral vibrations as outputs.

The technique does require the mounting of accurate encoders on at least the input and output shafts of the gear 

transmission, but does not necessarily require them to be mounted on all shafts, which can be difficult for internal 

components. However, the inclusion of such encoders is already implemented in some machines, for operational 

purposes, and this is likely to increase with the wider implementation of the Internet of Things. 

It is hoped in future work to overcome some of the limitations caused by equipment, which is in the process of 

being updated, so that, for example, it will be possible to demonstrate the differences with GTE at different speeds, 

and better comparisons with vibration measurements over a wider range of conditions. It should also be possible 

to demonstrate the inclusion of measured GTE in simulation results. 
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Abstract
Model based monitoring using wireless sensor nodes gains in importance for industry, but standard high order

models are not applicable on these micro-controlled systems. Consequently, an efficient, validated rotor model is
required as a base for holistic digital twins. Here, we propose a modelling method for a common rotor type with
reduced degrees of freedom. It represents the core of a cage motor with overhung impeller as characteristic feature,
whereby the transition between shaft and impeller constitutes the principal point.
Within a reference simulation, we create a detailed finite element model. Subsequently, we build up a reduced one,
considering radial displacement and axial bending degrees of freedom only. Therefore, we split the rotor into three
substructures and use Timoshenko beam theory except for the transition between shaft and impeller. That junction
represents a thin, circular plate and shows pronounced deformation at the first two bending mode shapes. For
identification of this plate stiffness, we use an analogous model. The outcome is implemented into the rotor model
via a connecting element stiffness matrix. Thereupon, the first two mode shapes and natural frequencies of the
resulting model match with the reference. Finally, the simulations are validated by experimental modal analysis.

1 Introduction
Monitoring systems are rarely applied to rotating machinery in drives and plants despite their broad impact.

A valid reason for that is the price for condition monitoring sensor technology. A possible solution of this cost
issue may be provided by MEMS1 accelerometers. This sensor technology offers the advantage of cost-efficient
methods for machines, which are not monitored up to now, because their price including signal condition unit is
about 10 % or less compared with conventional accelerometer systems [1]. An extension option is the MEMS
integration into wireless sensor nodes. Here, the brief signal chain due to the accelerometer‘s digital interfaces
supplies huge benefits. Hence, local signal processing on these micro-controlled systems and subsequent wireless
transfer of preprocessed data snapshots or key performance indicators with less file size is possible. Apart from
that, entirely signal based assessment cannot serve as a solution for tasks, where the fault quantification plays a
role and big operational data is not available. Therefore, combined model and signal aided monitoring implies an
expedient approach. However, calculation power and wireless transmission speed of micro-controlled sensor nodes
is strictly limited. Hence, an applied model has to be very efficient while containing only few degrees of freedom.
Although several model reduction techniques as described in [3] are well established and have great benefits in
decreasing calculation time, we are aiming at a simple solution for modelling a common kind of rotor. Therefore,
we do not use a classical numeric approach for model order reduction, but rather split it into substructures and
apply appropriate, section specific methods.
For this purpose, we use an exemplary blower application, which is shown in figure 1. The regarded rotor type
sucks air axially, displaces it radially and subsequently redirects it axially along the housing of pumps and blowers.
Within our application, the rotor is responsible for air cooling of drives.

1Micro-Electro-Mechanical System
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Air in

Air out

Shaft

Bundle of laminations

Thin circular disc

Impeller blades

Flow guiding cover

with bearing
seats

Figure 1: Left: Drive cooling blower as exemplary application with housing (black), cage motor (orange) and
rotor (blue). Right: Extracted rotor with characterized main parts.

The depicted application consists of the housing with struts (black), cage motor (orange) and the rotor (blue), at
which we have a closer look hereinafter. On the right hand side of the picture, referring to modelling, the extracted
rotor is outlined by its main sections:

1. Shaft with bundle of laminations and bearing seats at the bottom and beneath the impeller,
2. A thin, circular disc as transition between shaft and impeller blades and
3. The impeller blades, extending to the flow guiding cover.

2 Reference Model of the Rotor
We start with a rotor reference finite element model using ANSYS SOLID 187, tetrahedral volume elements

and a fine mesh with 575 718 degrees of freedom. In order to later compare simulation and experimental results, we
assume ”free-free” boundary conditions. In detail, we use the experimentally determined, elastic threads stiffness
approximation explained in section 4. For axial flexibility approach, we divide the thread stiffness in relation to the
active surface, which is defined by the impeller underside. Similarly, the twice, radially projected cross-sectional
area of the impeller disc is used. By this, radial, soft ”clamping” is realized in order to obtain the base stiffness in
N/m3 needed by ANSYS for the eigenvalue calculation. In figure 2, the first two resulting bending mode shapes
are mapped.

Mode 2:Mode 1:
795.20 Hz81.63 Hz

Figure 2: First and second bending mode shape at associated resonance frequencies.

The first mode shows pronounced bending at the plate between shaft and impeller. This thin disc also plays
an important role at the second natural frequency, where furthermore, the upper bearing seat undergoes large
deflection. These effects must be properly accounted for in subsequent modelling of the reduced rotor.
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3 Reduced Model
Hereinafter, we set the origin of global coordinate system at the lower shaft end and orientate the z-coordinate

along the rotor axis. Radial x- and y-orientations are illustrated in figure 3. For the subsequent finite element
modelling programmed in MATLAB, we split the rotor into three substructures, enumerated in section 1. Thereby,
we apply a thread stiffness used for boundary conditions described in section 4, which is analogue to the base
stiffness of the reference model.

3.1 Rotor Shaft Discretization
The rotor shaft is described by Timoshenko beam elements along the z-axis [6]. It contains bearing seats

and bundle of laminations as components of the cage motor. For discretizing the beam elements, cross-sectional
areas and geometrical moments of inertia are key variables. The general axial (Ix, Iy), polar (Ip) and mixed (Ixy)
geometrical moments of inertia [2], are defined as

Ix =

∫
A

y2 dx, Iy =

∫
A

x2 dy Ip = Ix + Iy and Ixy = −
∫
A

xy dA. (1)

Here, the geometrical and polar moments of inertia Ix = Iy and Ip are characterized by circle and ring sections
(outer and inner diameter Do and Di) as

Ix =
π · (D4

o −D4
i )

64
, Ip = 2 · Ix, (Di,circle = 0). (2)

3.2 Impeller Blades Discretization
Considering the impeller blades, we have sections with constant and variable cutting areas depending on the

z-coordinate. Henceforth, we derive their geometrical moments of inertia regarding the global coordinate system.
The geometry required for transformations is depicted in figure 3.

η

x

y

xs

ys

ξ

r2

ϕ

yS

S

D
r1

a

rti
rvi

MS

M
x

y

z

Figure 3: Rotor section plane extract with two marked blades and global coordinate system (blue) besides relative
systems and geometrical parameters for blade transformation.
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For the following considerations, just one single blade with constant cross-section area is regarded. It spreads
over ϕ with its circle center MS . When splitting it into two circle segments with radii r1, r2 and distances to each
centroid yS1/2 with areas A1/2 ,

yS1/2 =
4 · sin

(
ϕ
2

)
· r1/2

3 · ϕ
and A1/2 = r21/2 ·

ϕ

2
, (3)

we get the resulting yS-distance to the blade centroid according to [4] in the form of

yS =
yS2 ·A2 − yS1 ·A1

A2 −A1
=

4 · sin
(
ϕ
2

)
·
(
r32 − r31

)
r22 − r21

. (4)

The geometrical moments of inertia Ixs
, Iys and Ixsys relating to the centroid S are

Ixs =

(
sin
(
ϕ
2

))3
3

·
(
(r2 − ys)

3 − (r1 − ys)
3
)
· cos

(ϕ
2

)
· (r1 + r2) , (5)

Iys =

(
cos
(
ϕ
2

))3
3

·
(
r31 + r32

)
· sin

(ϕ
2

)
· (r2 − r1 − 2ys) , and (6)

Ixsys = −
(
sin
(
ϕ
2

))2
2

·
(
(r2 − ys)

2 − (r1 − ys)
2
)
·

(
cos
(
ϕ
2

)2)
2

·
(
r21 + r22

)
. (7)

Now, we can rotate the blade to η, ξ-axes around the centroid S. The resulting geometrical moments of inertia
Iη and Iξ can be written as

Iη =
1

2

(
Ixs + Iys

)
+

1

2

(
Ixs − Iys

)
· cos (2ϕn) + Ixsys · sin (2ϕn) , and (8)

Iξ =
1

2

(
Ixs + Iys

)
− 1

2

(
Ixs − Iys

)
· cos (2ϕn)− Ixsys · sin (2ϕn) with (9)

ϕn = ϕn0 + n · 2 · π
N

, (10)

where ϕn0 is the start angle for the first regarded blade referred to η− ξ-axes, n = 0...N − 1 stands for the further,
respective blade index and N for the total amount of blades. Finally, we shift the rotated moments of inertia via η
and ξ to absolute coordinates x and y. Hence we get

Ix = Iη + y2s ·A and Iy = Iξ + x2s ·A using A =
(
r22 − r21

)
· ϕ
2

and (11)

xs = a · sin
(ϕ
2

)
and ys =

rvi + rti
2

− a+ a ·
(
1− cos

(ϕ
2

))
, where a =

r1 + r2
2

− ys. (12)
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In the next step, we consider the variable, z-coordinate dependent cutting plane areas. Therefore, we introduce
the angle ϕvn(z) to deduct it from ϕ in order to obtain the angle ϕv(z) as substitute for ϕ. The reason is, that the
blades cut surface lessens along rotor axis in the tapering flow guiding cover part. In figure 4, the corresponding
approximation with required geometry is pictured.

rvi(z)

γ

Approximation

d(z)

r2

r1
r2−r1

2

MS

ϕvn

rvi0

γ

Figure 4: Illustration of a blade with decreasing cross-sectional area (blue) along the z-coordinate and geometrical
assumptions for ϕvn approximation.

Thus, we get the new blades spread angle ϕv(z) using the subtrahend ϕvn(z) over the length d(z)

ϕv(z) = ϕ− ϕvn(z) with ϕvn(z) = arctan

(
2 · d
r1 + r2

)
, d(z) = sin (γ) · (rvi0 − rvi (z)) . (13)

3.3 Flow Guiding Coverage Discretization
In connection with the blades, a flow guiding cap covers the impeller. To obtain sufficiently correct ring radii

approximations avo(z) and avi(z) = avo(z)− dw, we divide it into four segments (z0 to z1, z1 to z2, z2 to z3, z3
to z4) with sectionally defined discretization laws (geometry in figure 5).

At the first section, avo is constant. We define for the second segment

avo(z) = avo(z0)− ra1 · (sinϕd(z)− sinϕd0) , (14)

ϕd(z) = arccos

(
z0 − z

ri1
+ cos (ϕd0)

)
− ϕd0, (15)

for the third segment

avo(z) = avo(z2)− ra2 · (sinϕd(z)− sinϕd(z2)− sinϕd0) , (16)

ϕd(z) = arccos

(
z2 − z

ri2
+ cos (ϕd(z2))

)
− ϕd(z2), (17)

and for the last, that avo is constant. As concluding remark regarding the discretization, note that the rotor mass
differences due to volume depending on discretization step width of the impeller along the z-axis. Therefore, we
set the increment dz to 20 mm. At this threshold, the overall volume deviation to the reference model is less than
2 % with a resulting overall mass of 22.20 kg and the degrees of freedom result in a small amount of 136.
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Figure 5: Sectional view of the flow guiding coverage in x-z plane.

3.4 Transition Stiffness Approximation

At the transition between shaft and impeller, we need an analogous stiffness for the thin, circular plate. For this
purpose, we simulate a load condition with fine mesh, similar to section 2 (mapped in figure 6).

FbFbFb
Fb

φ

Ds

d

Figure 6: Left: Schematic drawing of the deformed, circular plate with circumferential, rigid clamping at outer
diameter Ds and axial bending moment generating forces Fb at a distance of d, generating a bending
angle φ. Right: Corresponding impeller finite element model (ANSYS) with labelled clamping and
bending forces

Two oppositely orientated unit forces Fb are applied at the interface between shaft and impeller at a distance
of d. Meanwhile, the disc is clamped circumferential at the outer diameter Ds. Based on the resulting bending
moment M = Fb · d and -angle φ, we obtain the stiffness kb = M/φ, which is essential for the rotor model
completion. Furthermore, we assume the stiffness against lateral force kinf towards infinity due to the short length
and high diameter of the finite element representing the disc. This is necessary, because the disc is represented by an
element and not by a constraint between two axial degrees of freedom. In detail, we take the corresponding stiffness
value of the adjoining shaft element (diameter d) and multiply it with 106 to get the approximation of the plate‘s
stiffness against lateral force. In sumary, we neglect the coupling terms between rotational φ and translational u
degrees of freedom and obtain the element lateral forces F as well as bending moments M approximation in the
formulation
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F1

M1

F2

M2

 =


kinf 0 −kinf 0
0 kb 0 −kb

−kinf 0 kinf 0
0 −kb 0 kb



u1
φ1
u2
φ2

 . (18)

Finally, we link the adjoining shaft and impeller nodes by this element stiffness matrix.

3.5 Results
By solving the eigenvalue problem using the axial and radial stiffnesses evoked by the elastic threads (derived

in section 4), we get the first two bending mode shapes at eigenfrequencies 82.12 Hz and 812.96 Hz (figure 7).
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Figure 7: First (blue) and second (orange) bending mode shape of the reduced model with horizontally aligned
rotor axis.

The first bending mode shape has its antinode at 0.335 m rotor axis position, which complies exactly with
the disc location. Similarly, the second mode shape shows this pronounced bending at the same point, but in
opposite direction. Comparing the results with figure 2, we note the same qualitative axis displacement. Moreover,
the second mode shape antinode at upper bearing seat (z = 0.27 m) behaves equally. The first natural frequency is
0.6 % and the second one 2.3 % higher compared to the reference result. This deviation can be justified by differing
element types and -sizes (see [5], p.316) besides all above described approximations and is, however situated in an
acceptable range.

4 Experimental Validation
For simulation validation, we use experimental modal analysis with multiple inputs (x, y, and z-direction) and

multiple outputs at 21 measurement points, spread over the whole rotor, in all three measurement directions. We
apply the excitation force (Fe in figure 8) with an impact hammer (Brüel & Kjaer 8204) at the lower bearing seat
position in two orthogonal radial directions and measure the response using piezoelectric accelerometers (Kistler
8688A) acquired by LMS Test Lab. For the modal analysis, we use the roving accelerometer method (3 sets with 7
accelerometers each) in order to obtain a completely defined Matrix containing the Frequency response functions.
On behalf of post processing and modal parameter estimation, we employ the LMS PolyMAX frequency domain
tool.
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4.1 Test Set Up
In order to approximate ”free-free” boundary conditions with minimum stiffness of the suspension, we hang up

the rotor on four elastic threads. In order gain this approximation, we calculate the thread stiffness. The set in angle
ϕs of each thread due to radius ra, original length l0, gravity Fg and elongation δl is marked in figure 8. Thus, we
get the approximated, linearised stiffnesses against axial and radial Forces Fax = Fg and Fr = Fg · tan(ϕs) for
the model boundary conditions in sections 2 and 3.

Fr, ra

Fg, Fax, l0 + δl
ϕs

Fe
x

y
z

Figure 8: Left: Hung rotor, supported by four elastic threads, first set of attached accelerometers below and global
coordinates. Middle: Schematic drawing with excitation force Fe. Right: Force and geometry sketch
for thread stiffness approximation.

4.2 Results
By way of illustration, the resonance frequencies of the first two bending mode shapes, the averaged x- and

y- frequency response functions (FRFs) are plotted in figure 9. In detail, the mean value of all FRFs between
x-acceleration at 21 measurement points and x-excitation at the reference point (marked as force application at
figure 8) is plotted in black. The same measurement results are shown for the y-direction (grey plot in figure 9).
Besides the two resonance peaks, f1 at 79.86 Hz and f2 at 810.34 Hz we see a third, small one at about 523 Hz.
This magnification has its origin in impeller bending around x- as well as y-axis and consequently does not show in
our reduced simulation model. Furthermore, not only peak level but also narrow width of the relevant resonances
is striking. Thus, damping ratio is very low (0.07 % at f1 and 0.52 % at f2). Additionally, the discrepancy between
x- and y-FRFs is conspicuous. This deviation can be justified by the impeller asymmetry, since the rotor blade
amount is 11 and consequently, particularly the stiffness depends on x-y axis alignment.
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Figure 9: Averaged frequency response functions in x- and y-direction with marked resonance frequencies f1 at
79.86 Hz (dashed line) and f2 at 810.34 Hz (dotted line).

In figure 10, we see the x-axis projection of the first two mode shapes. Apparent measurement points are
plotted and connections delineated. We recognize the undeformed geometry in black for relative displacement
illustration.

f1 = 79.86Hz f2 = 810.34Hz

Figure 10: Experimentally determined, axial bending mode shapes at resonance frequencies f1 and f2. Marked
leftwards impeller tilt at mode shape 1 and marked antinode at upper bearing seat position at mode
shape 2

The frequency related to the first mode shows a deviation to the reference model of 2.2 % and 2.8 % to the
reduced one. Deflections are particularly distinct at excitation point as well as at shaft extension inside the impeller.
Striking bending occurs at the thin, circular disc, qualitatively equal to the simulation results. Thus, the impeller
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tilts leftwards in figure 10. The second relevant natural frequency is 1.9 % away from the reference and differs
0.3 % from the reduced model. Its mode shape deflection at the disc is in accordance with the simulation results.
Furthermore, we see the similar antinode at upper bearing seat position tightly below the impeller, displaced to
the left. The natural frequency deviations between simulation and experiment could be explained by the mass
distribution. Although we checked the reference and reduced model masses and corrected them especially at
the bundle of laminations, the mass distribution might differ from reality. Moreover, the corrosion protection
paint is not included in the simulations. Additionally, approximated stiffnesses notably at the impeller contains
errors, because of numerous welding seams which reinforce the structure. In sum, the natural frequency deviations
between simulation and experiment are low and the mode shapes similarly, representing a satisfactory quality of the
reduced rotor model despite of huge degrees of freedom reduction from 575 718 to 136. Particularly, a deviation
up to 10 % between finite element simulation and experimental modal analysis is within a standard range ([5],
p.316), therefore the results can be valued very positively. Table 1 shows a final comparison.

Table 1: Simulated and experimental identified axial bending resonance frequencies f1 and f2

Resonance Frequencies Reference Reduced Experimental

f1 81.63 Hz 82.12 Hz 79.86 Hz

f2 795.20 Hz 812.96 Hz 810.34 Hz

5 Conclusion and Future Research
The new presented model reduction method constitutes a solution for building up a base for efficient simulations

of a widely rotor type. A combination of Timoshenko beam theory and an analogous stiffness of the characteristic,
circular impeller plate, represents the rotor structural dynamics, resulting in nearly the same first two axial bending
resonance frequencies as identified by experimental modal analysis with just 136 degrees of freedom.
For closing the gap to sensor positions of a condition monitoring system in future, we plan to couple the rotor
model to remaining components of the application. Nevertheless, further supplements like the bearing stiffnesses
and the operational, gyroscopic effects have to be implemented. Advanced model reduction may be realized by
regarding the impeller as a ideally stiff, coupled mass. Subsequently, specific fault forces can be applied to the
rotor. Henceforth, the optimized model is ready for a condition monitoring system based on wireless sensor nodes.
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Abstract 
In this paper an automated wind turbine gearbox bearing diagnosis algorithm is presented. The algorithm is 

based on most recent research results for separating discrete (gear) from random (bearing) frequency 
components using Cepstral Editing Procedure (CEP) based signal Pre-Whitening (PW). The proposed automated 
procedure builds up on the semi-automated procedure described by Sawalhi et al. in 2007. The procedure is 
updated with regards to the most recent achievements made concerning signal separation and extended with a 
frequency content identifier and rule based diagnosis to fully automate the diagnosis process. Furthermore, this 
paper gives a selection of important statements made in literature throughout the last decade to summarize the 
algorithms used and focus on the most important issues. Each of the involved processing steps is discussed with 
respect to its effectiveness based on real data.  

The proposed procedure is applied to wind turbine data coming from seventeen wind turbines of the 2 MW 
class, for which vibration data are available containing both healthy and damaged states. Three application 
examples are given, where the automated procedure successfully diagnosed High Speed Shaft (HSS) bearing 
damages in the data sets. 

Nomenclature 
AIC = Akaikes entropy based information criterion 
ANC = Adaptive noise cancellation  
AR = Autoregressive  
BPFI = Ball pass frequency inner race 
BPFO = Ball pass frequency outer race 
BSF = Ball spin frequency 
CEP = Cepstral editing procedure 
DRS = Discrete/random separation 
FCI = Frequency content identifier 
FL = Fuzzy logic 
FFT = Fast Fourier transformation 
FTF = Fundamental train frequency 
FRF = Frequency response function 
HSS = High speed shaft 
IMS = Intermediate speed shaft 
LP = Linear prediction 
MED  = Minimum entropy deconvolution 
MF = Membership function 
OT = Order tracking 
PSD = Power spectral density 
PW = Pre-whitening 
RMS = Root mean squared 
RPM = Revolutions per minute  
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SANC = Self adaptive noise cancellation 
SCADA = Supervisory control and data acquisition 
SK = Spectral kurtosis 
SRM = Stochastic resonance model 
STFT  = Short time Fourier transform 
TS = Time series 
TSA = Time synchronous average  
WTG  = Wind turbine generator 

1   Introduction 
Wind turbine condition monitoring is of increasing importance as the wind turbines are built more and more 

in remote locations. A special challenge is the placement of wind turbines at sea (offshore). Here the energy 
yield is usually much higher than on land (onshore), but special (expensive) logistics is required for construction, 
service & maintenance and decommissioning. Although the higher energy yield is desirable, the cost of energy is 
still very high in comparison to onshore turbines. From a society perspective a sharp drop in cost of energy must 
be achieved in the coming years. Next to the usually high construction costs of wind power plants offshore, 
unexpected downtime due to component failure bears large potential for cost reduction, if faults can be foreseen.  

Difficulties with effective monitoring of wind turbines arise from the number installed units, which is 
increasing rapidly. A 2 GW conventional power station may consist of four 500 MW units, which can be 
monitored constantly in a cost effective manner [1], but several hundred 3 MW offshore wind turbines would be 
required to achieve this installed capacity, each in need of monitoring. Hence, a high degree of automation is 
required to reduce monitoring costs.   

Due to their crucial role the components main bearing, gearbox and generator are usually monitored via 
vibration measurements at offshore turbines. Vibration analysis is by far the most prevalent method for machine 
condition monitoring [2]. However, also other information sources can be considered such as Supervisory 
Control And Data Acquisition (SCADA) data, e.g. temperatures, currents, voltages, power output, etc. in case no 
vibration measurements are available or to enhance diagnostics [3]. In general, operators should consider all 
information at hand in order to schedule their service & maintenance and achieve their cost reduction targets. In 
this research the focus lies on automated wind turbine gearbox bearing diagnosis based on vibration data analysis 
using signal Pre-Whitening (PW).  

A large part of condition monitoring consists of separating the mixed signals at each measurement point into 
components coming from individual sources [2]. Here the task is to separate the deterministic (e.g. originating 
from gears) from the random and cyclostationary (e.g. originating from rolling element bearings) components in 
the signal. Signal PW is a comparably new method and can be used for this separation.  

In 2007 Sawalhi and Randall [4] proposed a semi-automated method for diagnosing bearing faults. Using 
three case studies Sawalhi and Randall show the applicability of their method. It consist of (I) removal of speed 
fluctuations (II) removal of discrete frequencies (III) removal of the smearing effect of the signal transfer path 
(IV) determination of the optimum band for filtering & demodulation and (V) determination of the fault
characteristic frequencies.

In the same year Sawalhi et al. [5] studied the enhancement of fault detection and diagnosis in rolling 
element bearings using Minimum Entropy Deconvolution (MED) combined with Spectral Kurtosis (SK). This 
corresponds to step III and IV of the semi-automated procedure. The results show that using the MED technique 
dramatically sharpens the pulses originating from the impacts of the balls with the spall and increases the 
kurtosis value to a level that reflects the severity of the fault [5]. In this work a good match between the fault size 
and the Spectral Kurtosis (SK) value was found, when MED is applied to enhance the signals impulsiveness. 
The effect of MED as pre-process is further studied and a significant increase in diagnostic information found by 
Barszcz and Sawalhi [6] in 2012. These findings are further discussed in this research for the case of wind 
turbine gearbox bearings.   

Using the same three test cases as described by Sawalhi and Randall [4], the proposed semi-automated 
method is summarized and further developed in 2011 by Randall and Antoni [7] who presented a tutorial for 
rolling element bearing diagnostics. In this tutorial different processing techniques for discrete and random 
separation are summarized (corresponding to step II of the semi-automated procedure), which are: Linear 
Prediction (LP), Adaptive Noise Cancellation (ANC), Self Adaptive Noise Cancellation (SANC), Discrete/ 
Random Separation (DRS) and Time Synchronous Averaging (TSA).  

In the LP approach an autoregressive linear model built with past values is used to model the current value. 
Such a model can only represent the deterministic part of the signal. The random part is given by the residual. 
However, the model order (number of previous values considered) is generally unknown, which requires some 
search for an optimum order. 
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The ANC algorithm requires a simultaneously measured coherent signal from a different location, for 
adjustment of the adaptive filter. Such synchronous data recordings are not always available for operators. In this 
case the SANC algorithm can be used, in which a delay of the input signal is taken for adoption of the adaptive 
filters. Antoni and Randall [8] show however, that the same effect could be achieved, but much more efficiently 
using DRS.  

In DRS the efficient Fast Fourier Transformation (FFT) is used. The transfer function between the primary 
signal and its delayed version (representing only the deterministic part) is calculated in the same way as the H1 
Frequency Response Function (FRF) [9]. This has a value near one at discrete frequencies and near zero at other 
frequencies [9]. This property is used to filter the signal by fast convolution in the frequency domain. However, 
it does give a notch filter of fixed width that can have detrimental effects at high and low frequencies [9]. At low 
frequencies (low harmonics of the bearing frequencies if they exist), the bearing harmonics may still be within 
the bandwidth of the comb filter, and they may be treated as discrete frequencies [9]. At high frequencies, some 
random modulation of the discrete frequency components may be left in the form of a narrow-band noise and not 
completely removed [9].  

In TSA specific discrete frequency components can be removed by averaging together a  series of signal 
segments each corresponding to one period of a synchronising signal [7]. The drawback is that it requires 
separate operation for every different harmonic in the signal including a separate resampling in each case so as to 
give a specified integer number of samples per period [7]. 

Further research was carried out by Sawalhi and Randall with regards to the separation of the discrete and 
random components (corresponding to step II of the semi-automated procedure). In 2011 a method based on 
cepstrum editing is proposed by Sawalhi and Randall [10] to remove selected components from a time signal. 
The cepstrum collects uniformly spaced harmonics and sideband families such as arise from gear mesh 
harmonics and modulations of these by the gear rotational speeds [10]. For removal of undesired components, 
the real cepstrum is computed, selected components (quefrencies) are set to zero and the result inverse 
transformed back to the initial time domain.  

Also in 2011 this procedure was given the name Cepstral Editing Procedure (CEP) by Randall and Sawalhi 
[9]. Further application examples are given and a performance comparison to the traditionally used TSA and 
DRS method is made. It is pointed out that this method has a number of advantages compared with alternative 
methods. Unlike TSA and DRS, it can remove sidebands as well as harmonics and also narrow-band noise peaks 
rather than just discrete frequency harmonics [9].  

Sawalhi and Randall [11] presented an even more drastic editing in the cepstrum, by setting all components to 
zero except that at zero quefrency. 

In 2012 Niaoqing et al. [12] tested the method using test rig data and inner ring faults with different fault 
sizes. They used a Stochastic Resonance Model (SRM) to enhance the Envelope spectrum. The method proved 
to be robust and suitable for the application with more vibration interference. However, the stochastic resonance 
method requires tuning of the system parameters, which can be difficult in practical applications, involving a 
large number of units to be monitored. In this work, also the SK value as fault size indicator (first used by Dyer 
and Stewart [13]) was examined. Results show that the SK after signal processing, contains some fluctuations, 
but in general is sensible to the fault size. The findings confirm the findings from Sawalhi et al. [5], who 
conclude that the SK value can be used as fault size indicator after impulsiveness enhancement. In the case of 
Sawalhi et al. this was achived by MED in contrast to the SRM algorithm used by Niaoqing et al. [12].  

The main original contribution of this paper lies in the further evaluation of signal PW using the CEP in 
combination with the SK value as a fault size indicator for wind turbine gearbox bearings. Furthermore an 
automated method for bearing diagnosis is presented using the achievements made by Sawalhi and Randall, as 
well as own research results. In this respect the semi-automated method as proposed by Sawalhi and Randall is 
updated with regards to the most recent developments and further developed with regards to automated envelope 
spectra diagnosis as it is required for wind turbine gearbox bearing diagnosis.  

For this purpose data from seventeen operating wind turbines are available, both in fault free states as well as 
in states where the fault signatures indicate bearing damage. Using these data the effectiveness of the automated 
procedure is shown. Additionally the use of the SK value as fault size indicator is discussed using the available 
data and faults.   

In this paper many statements are collected from related papers in this research area in order to summarize 
the most important conclusions and findings necessary for the understanding of the automated procedure. These 
statements are consistently cited, allowing finding more information about the specific topics of interest in the 
original source.   
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In section 2 of this paper, the available data sets are introduced. In section 3 the automated procedure for 
bearing fault diagnosis is described in detail with a focus on the individual processing steps involved. 
Furthermore the efficiency and the effect the involved pre-processes are evaluated. Three application examples 
are given in section 4. Results and Discussion are made in section 5 and necessary future research discussed in 
section 6. Finally conclusions are drawn in section 7.  

2   Data Set Descriptions 
The data sets available come from seventeen Wind Turbine Generators (WTGs) of the 2 MW class, where 

vibration measurements are recorded cyclically every second week. The gearbox is equipped with three 
accelerometers (type: Gram&Juhl GJ1200M8), with one sensor placed at the planetary stage, one in the Inter 
Mediate Shaft (IMS) region and one in the High Speed Shaft (HSS) region (see Figure 1).  

The cyclic measurements available for research are sampled with the settings as summarized in Table 1. 

Table 1: Summary of recordings 

Name Sampling 
freq. 

Sample 
lengths 

Number of 
samples 

#1 2.59 kHz 12.51 s 32000 
#2 15.36 kHz 4.17 s 64100 
#3 41.67 kHz 1.54s 64100 

Around 32 measurements per turbine, sensor and sampling frequency are available from the past 1.5 years of 
operation. Thus in total around 1632 recordings are available. The recording system is set up to only record, 
when the turbine is operating under full load to allow comparison of measurements at different times (causing 
the slight differences in number of measurements available for each turbine). 

Figure 1: Wind turbine schematic 

Due to their longer recording times of measurement #1 and #2, these time series are given by the system as 
tracked time series. By tracking, speed variations are encountered by resampling the signal synchronous to the 
speed of the shaft. Here these data are resampled to the nominal speed. For #3 resampling is not necessary as the 
recording length is short. 

3   Automated procedure for bearing fault detection 
The semi-automated procedure presented by Sawalhi and Randall [4] in 2007 consists of a five step strategy 

to arrive at the envelope spectrum to be interpreted for fault signatures. Due to recent advances made by the 
different researchers, this procedure requires an update with regards to the algorithms used and the signal 
processing steps involved.  

The following update is proposed to fully automate diagnosis: 

1. Order tracking – Remove speed fluctuations (optional)
2. Pre-Whitening (PW) based on CEP - Signal decomposition
3. Minimum Entropy Deconvolution (MED) – Remove smearing effect of the signal transfer path (optinal)
4. Spectral Kurtosis (SK) – Determine optimum band for filtering and demodulation (optional)

rotor 
gearbox generator brake 

IMS HSS planetary 
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5. Envelope analysis – Determine fault characteristic frequencies
6. Frequency content identification – Identify  frequency components and modulations

3.1 Order Tracking 
Order Tracking (OT) means resampling the time series according to the angular position of the shaft. It is 

useful for variable speed machines in order to remove the rotational speed related frequency fluctuations. For OT 
generally a tacho signal or a once per revolution trigger is required that indicates the shafts angular position. In 
case no tacho signal is available Bonnardot and Randall [14] found it to be possible to extract the instantaneous 
speed information by phase demodulation of a number of gear mesh frequencies.  

When applying digital or analog OT, frequency components which are independent of the shaft speed such as 
natural frequencies will shift and consequentially their amplitude in the spectra will decrease.  

For the automated bearing diagnosis algorithm OT is recommended, but not necessarily mandatory, if the 
speed variations are limited and the CEP is used [9]. 

3.2 Pre-whitening 
Decomposition of vibration signals into deterministic and nondeterministic parts is recommended for 

machinery diagnostics as it can be used for the separation of signals emitted from different machinery elements 
[15]. One of the major sources of masking the relatively weak bearing signals is discrete frequency “noise” from 
gears, since such signals are usually quite strong, even in the absence of gear faults [7]. Even in machines other 
than gearboxes, there will usually be strong discrete frequency components that may contaminate frequency 
bands where the bearing signal is otherwise dominant [7]. It is usually advantageous therefore to remove such 
frequency noise before proceeding with bearing diagnostic analysis [7].  

The fundamental idea of separation is based on the assumption that gear related vibrations are phase locked to 
the rotational speed, i.e. after order tracking they will appear as discrete frequencies in the spectrum. However, 
bearings virtually always have some slip for the following reason: the load angle ϕ from the radial plane varies 
with the position of each rolling element in the bearing as the ratio of local radial to axial load changes, and thus 
each rolling element has a different effective rolling diameter and is trying to roll at a different speed [2]. The 
cage ensures that the mean speed of all rolling elements is the same, by causing some random slip [2]. This slip 
is typically of the order of 1-2%, both as deviation from the calculated value and as a random variation around 
the mean frequency [2]. The slip, while small, does give a fundamental change in character of the signal, and is 
the reason why envelope analysis extracts diagnostic information not available from frequency analysis of the 
raw signal [2].  

The separation method here is signal PW for the reasons given in the introduction. 
Basic element of the signal PW procedure is the real cepstrum. The cepstrum has a number of versions and 

definitions, but all can be interpreted as a “spectrum of a log spectrum” [9]. The complex cepstrum reads:  

𝐶𝐶(𝜏𝜏) = ℑ−1log[|ℑ[𝑥𝑥(𝑡𝑡)]|] (1) 

𝐶𝐶(𝜏𝜏) is the complex cepstrum; ℑ−1 is the inverse Fourier transform; ℑ is the Fourier transform; 𝑥𝑥(𝑡𝑡) is the 
time signal.  

In order to arrive at the real cepstrum, only the real part of the complex cepstrum in considered. Information 
about the history of the cepstrum is summerized by Oppenheim and Schafer [16]. Additional general information 
in the context of vibration analysis is given by Randall and Hee [17] and in the context of cepstrum editing by 
Randall and Sawalhi [9].  

The procedure to achieve signal PW is depicted in Figure 2. In order to proceed from the real cepstrum to the 
edited cepstrum, all quefrencies are set to zero, apart from the first, which is determining the mean value of the 
log spectrum and thus giving appropriate scaling of the resulting signals [9].  

After editing, the edited log amplitude spectrum is exponentiated and recombined with the original phase 
spectrum to form the complex log spectrum [9]. When processing the signals with Matlab® the required polar to 
cartesian coordinate transformation can be done with the pol2cart function using the phase and the exponentiated 
edited log amplitude spectrum as input. The output can be interpreted as the real and imaginary part of the 
complex spectrum. 
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Figure 2: PW based on CEP schematic 

Since the procedure is based on the efficient Fast Fourier Transformation (FFT), the whole editing procedure 
is very fast to calculate and can be fully automated without the need of parameter optimization. The real 
cepstrum before editing of #3, measurement 29 at WTG 02 is shown in Figure 3.  

Figure 1: Real cepstrum before editing (#3, HSS, meas. 31, WTG 02) 

The HSS mesh frequency as well as the HSS speed can be clearly identified, together with other 
deterministic components of unknown source. The effect of PW on the corresponding time series as well as the 
Root Mean Squared (RMS) spectrum is illustrated in Figure 4. 
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Figure 2: The effect of signal PW (#3, HSS, meas. 31, WTG 02) 

Prior PW, the raw time series (a) was contaminated with deterministic components causing cyclical 
fluctuations. The PW procedure removed the dominance of these components and reduced them to the noise 
level (b). The RMS spectrum before PW contained dominating frequency components and frequency bands 
containing more energy (c). After PW the RMS spectrum has the same level for all frequencies (d). 

3.3 Minimum Entropy Deconvolution 
The Minimum Entropy Deconvolution (MED) method is designed to reduce the spread of impulse response 

functions, to obtain signals closer to the original impulses that gave rise to them [7]. It was first proposed by 
Wiggins [18] to sharpen the reflections from different subterranean layers in seismic analysis [7]. The basic idea 
is to find an inverse filter that counteracts the effect of the transmission path, by assuming that the original 
excitation was impulsive, and thus having high kurtosis [7].  

(2) 

K is the Kurtosis; 𝑠𝑠 is the standard deviation; 𝑁𝑁 is the number of data points; 𝑌𝑌� is the mean. 
The name MED derives from the fact that increasing entropy corresponds to increasing disorder, whereas 

impulsive signals are very structured, requiring all significant frequency components to have zero phase 
simultaneously at the time of each impulse [7]. Thus, minimizing the entropy maximizes the structure of the 
signal, and this corresponds to maximizing the kurtosis of the inverse filter output (corresponding to the original 
input to the system) [7]. The method might just as well be called maximum kurtosis deconvolution because the 
criterion used to optimize the coefficients of the inverse filter is maximization of the kurtosis (impulsiveness) of 
the inverse filter output [7]. The MED method was applied to bearing diagnostics by Sawalhi, Randall and H. 
Endo [5].  

Using the MED method, the kurtosis can be increased, if impulses are present. Note that in case the discrete 
frequencies are not removed prior the MED, they will also be amplified. 

The Matlab® code used for performing the MED was developed by G.McDonald [19] based on the algorithm 
proposed by Wiggins [18].   

A critical choice using MED is the filter size. If the filter size is chosen too large, start-up and ending 
transients may occur, dominating the minimization method and leading to a loss of diagnostic information. The 
effect of the filter size on the time series is illustrated in Figure 5, for a time series with start-up and ending 
transients for large filter size (a) and medium filter size (b). For a low filter size (c) reasonable impulse 
amplification is achieved without transients. (d) shows the Time Series (TS) after PW without MED.  

This is in contrast to the findings of Barszcz and Sawalhi [6] who found very large filters (filter size > 2000) 
to perform better in case of their surveyed wind turbine gearbox bearing inner ring damage.  
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Figure 3: Time series after PW & MED a) filter size = 30; b) filter size = 15; c) filter size =6; d) signal after 
PW without MED (#3, HSS, meas. 19, WTG 05) 

Figure 4: Time series after PW & MED a) filter size = 30; b) filter size = 15; c) filter size =6; d) signal after PW 
without MED (#3, HSS, meas. 32, WTG 05) 

Their finding is based on the kurtosis values achieved, apparently using a TS where MED does did not lead to 
start-up and end transients. For blind analysis the filter size used should give reasonable results for all TS 
processed.  
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Figure 6 shows the effect of the filter size for a time series without transients. It is seen that choosing a filter 
size of six already gives a reasonable impulse amplification and increase in kurtosis, which is why this filter size 
is used throughout the research as a stable compromise. 

Figure 7 illustrates the kurtosis as a function of the filter size for the TS with and without transients. 

Figure 5: Kurtosis value as function of the filter size; blue (#3, HSS, meas. 19, WTG 05) and red (#3, HSS, 
meas. 32, WTG 05) 

The kurtosis for the TS without transients occurring converges with increasing filter size, whereas the 
kurtosis values with transients stepwise increases. The transients are believed to be caused by the first and the 
last value in the time series. In case of their occurrence, these values may be modified or deleted to avoid the 
transients and obtain proper results. However, further root cause investigation is required, which is outside the 
scope of this paper.       

For the proposed automated procedure, applying MED is not necessarily required, since after successful PW 
the impulsiveness of the TS is already enhanced, building a good basis for a consecutive envelope analysis. 
Figure 8 shows the effect of MED of the PW signal in the time domain.  

In the raw time series (a) the individual impulses are visible, but they are embedded in the cyclic variations 
of the deterministic components. Signal PW removes the deterministic components, but leaves a high noise level 
embedding the impulses (b). Applying MED enhances the impulses and gives the clearest signal (c). The 
kurtosis increased from 4.5 after PW to 8.0 after PW & MED. After introduction of the envelope spectrum the 
influence of MED in the frequency domain will be discussed.   

3.4 Spectral Kurtosis 
Spectral kurtosis (SK) provides a means of determining which frequency bands contain a signal of maximum 

impulsivity [7]. The definition is given by equation 3. 

(3) 
SK is the spectral kurtosis, 𝐻𝐻(𝑡𝑡, 𝑓𝑓) is the Amplitude envelope function. 

Figure 6: The time series a) no processing, b) PW, c) PW & MED (#3, HSS, meas. 31, WTG 02) 
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It was first used in the 1980s for detecting impulsive events in sonar signals [20]. It was based on the Short 
Time Fourier Transform (STFT) and gave a measure of the impulsiveness of a signal as a function of frequency 
[7]. The spectral kurtosis extends the concept of the kurtosis, which is a global value, to that of a function of 
frequency that indicates how the impulsiveness of a signal, if any, is distributed in the frequency domain [7]. The 
principle is analogous in all respects to the Power Spectral Density (PSD) which decomposes the power of a 
signal vs frequency, except that fourth-order statistics are used instead of second order [7]. This makes the 
spectral kurtosis a powerful tool for detecting the presence of transients in a signal, even when they are buried in 
strong additive noise, by indicating in which frequency bands these take place [7]. However, the optimal window 
length used for the STFT is generally unknown. To obtain a maximum value of kurtosis, the window must be 
shorter than the spacing between the pulses but longer than the individual pulses [2]. The center frequency and 
bandwidth (window length and center) is thus varied continuously from low to high values, while recording the 
SK of each window and thus arriving at a full kurtogram, which can be used to identify the optimum filter 
settings (center frequency and bandwidth). This procedure is used for bearing diagnosis by Antoni and Randall 
[21].  

The signal is filtered according to the optimum filter settings determined, arriving at a signal that has 
maximum kurtosis for envelope analysis. 

However, computation of the kurtogram for all possible combinations of center frequencies and bandwidths is 
obviously costly and not convenient for practical purposes [7]. Therefore the fast kurtogram was proposed by 
Antoni [22] in 2007. A „1/3-binary tree“ was used, where each halved-band is further split into three other 
bands, thus producing a frequency resolution in the sequence 1/2 , 1/3, 1/4, 1/6, 1/8, 1/12,…,2-k-1 with 
corresponding “scale levels” k=0, 1, 1.6, 2, 2.6,… to compute the SK in this bands. 

With this limited amount of combinations the computational time could be drastically decreased, but virtually 
the same result can be achieved than with using the full kurtogram. The fast kurtogram algorithm for detection of 
transient faults proposed by Antoni [22], was made available for public in terms of a Matlab® function [23], 
which is used here.  

Figure 9 shows the kurtogram for the example wind turbine and time series after PW and PW & MED. 

Figure 7: Kurtogram based on 4th order statistics a) raw time series, b) PW, c) PW & MED (#3, HSS, meas. 
31, WTG 02) 

The maximum SK is achieved at different frequency bands, depending on the processing involved. The 
kurtogram for the raw time series (a) has its maximum at k = 2.6, corresponding to a center frequency of 12.1 
kHz and a bandwidth of 3.7 kHz. After PW (b) maximum SK is in the band with a center frequency of 17.6 kHz 
and a band width of 6.9 kHz (k=1.6). After PW & MED (c), maximum kurtosis is in the full frequency band.  
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Sawalhi and Randall [11] conclude in their research, based on a fault in a planetary bearing at a helicopter 
gearbox, that even without filtration in the optimum frequency band, complete whitening of the spectrum means 
that faults have a good chance of manifesting themselves in an envelope analysis covering the full frequency 
range, because the most impulsive bands will tend to dominate peaks in the time signal. It is further concluded, 
that if desired, spectral kurtosis can in any case be applied after cepstral PW, to give an optimal result. In 
general, a shift of the maximum kurtosis to a lower scale level (broader band) is desirable, as this allows a 
broader frequency spectrum to be analyzed in the envelope spectrum. A small bandwidth can cause problems in 
spectra interpretation as the higher harmonics may not be visible, due to the limited maximum frequency. 

3.5 Envelope Analysis 
Envelope analysis has become one of the prominent vibration signal processing techniques for detection and 

diagnosis of rolling element bearing incipient failure [24].  
The envelope can be calculated by performing a Hilbert transform of the squared signal. The signal is band 

pass filtered according to the band width and center frequency identified through the SK and the kurtogram 
beforehand. The envelope is then further transformed via a FFT to the frequency domain to arrive at the squared 
envelope spectrum, which can be used to identify the damage frequencies. Next, the effect of the different pre-
processing algorithms (PW, MED and SK) on the squared envelope spectrum is discussed. 

3.5.1 The effect of PW 
The focus lies on the improvement of the envelope spectra when the time series is pre-whitened. A 

comparison is made between the raw TS, the PW TS and the LP residual.  
The LP (AutoRegressive (AR)) model used here for comparison takes the form 

(3) [2]

𝑥𝑥�(𝑛𝑛) is the predicted current value, 𝑝𝑝 is the number of previous values (model order), 𝑎𝑎(𝑘𝑘) is the weighting 
coefficient and  𝑥𝑥(𝑘𝑘 − 𝑛𝑛) is the previous value.  

The weighting coefficients are obtained using the Yule-Walker equations model and Akaikes entropy-based 
Information Criterion (AIC) [25] to estimate the model order 𝑝𝑝.  

Although the model order can be estimated using AIC it must be determined for each time series individually 
as the rotational speed can vary slightly, influencing the discrete frequency components and hence requires 
different model parameters. The model order can be quite high for time series with a high sampling frequency. 
The AIC lead to an optimum model order of 598 for the example TS used. Here PW gives some advantage as no 
parameter must be optimized, making PW a computationally very efficient method.  

Figure 10 emphasizes that the PW procedure gives virtually the same result as LP (b and c for all WTGs are 
very similar). The fundamental IMS frequency (6.4 Hz), the IMS meshing frequency (115.1 Hz), the HSS 
meshing frequency (550 Hz) component as well as the modulations of the meshing frequency have been 
successfully removed by both methods at all WTGs (b,c), leaving the bearing damage frequency (297 Hz), its 
harmonics and shaft speed modulations (±24.8 Hz) together with the fundamental shaft speed (24.8 Hz). The PW 
based on CEP thus gives good results in a very efficient manner.  

Without separation, the envelope spectra can be dominated by the deterministic frequencies (compare 
WTG 04 (a) and WTG 10 (a)), making it impossible to diagnose the bearing defect reliably. 

3.5.2 The effect of MED 
It was already shown that the MED method can increase the kurtosis value in the time domain and enhance 

the impulsiveness of the signal. In this section it will now be investigated, whether or not this gives an advantage 
in respect of fault visibility in the envelope spectra using the available data sets. The fault visibility is increased, 
when typical fault patterns (e.g. damage frequencies) are enhanced, allowing a certain diagnosis. Figure 11 
shows the squared envelope spectra of the TS with PW and PW & MED. The strongest improvement archived is 
at WTG 04. Here the shaft speed modulations around the damage frequency (297 Hz ± 24.8Hz) are stronger 
pronounced with MED. The same is true for WTG 02. At the other turbines the improvement is marginal as (a) 
and (b) are very similar. However, the amplitudes of PW & MED are higher, which becomes evident by the 
lower noise level.  

It can be concluded, that MED can improve the results and is thus recommended, but diagnosis should also 
be possible without MED. 
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3.5.3 The effectof band pass filtering using SK 
The time series of the four example WTGs of Figure 10 and Figure 11, have the highest SK value in the full 

band after applying MED. Hence SK filtering does not give any improvement. Figure 12 compares the envelope 
spectra with and without optimal band pass filtering prior MED, but after PW.  

Both spectra clearly show the present inner race damage signature, which consists of the Ball Pass Frequency 
Inner race (BPFI) (297 Hz) and present modulations at the shaft speed (24.8 Hz). Differences exist in the 
amplitudes and the higher modulation of the shaft speeds around the second harmonic of the BPFI. The results 
appear to be slightly better with band pass filtering. The conclusion drawn by Sawalhi and Randall [11] can thus 
be confirmed with the data at hand at least prior MED. 

Figure 8: The effect of signal PW; a) no processing, b) linear prediction, c) PW (#3, HSS, meas. 31, WTG 
01, 02, 04, 10) 

The SK algorithm is fast to compute, (the kurtogram shown in Figure 9 was calculated in 0.5s using a regular 
2.6 GHz processor). It is therefore recommended to apply optimal band filtering based on the SK, bearing in 
mind that in most cases, no improvement to the envelope spectra is made. However, a few cases existed in the 
data, where the maximum SK was not in full band. In these cases, it is expected that SK filtering improves the 
envelope spectrum in a fault situation. 
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3.6 Frequency content identification 
For bearing diagnosis, the bearing damage frequencies as well as the individual shaft speeds are required. 

This information is usually available, either through theoretical calculations based on the geometry and design or 
in terms of damage frequencies coming from the bearing manufacturer (potentially originating from 
experimental studies). For further analysis it is assumed that these frequencies are available. In case those 
frequencies are not at hand, estimation methods can be applied.  
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Figure 9: Envelope spectra with and without band pass filtration (PW without MED) (#3, HSS, meas. 31, WTG 
02) 

As pointed out by Randall and Antoni [7], the deviations from the theoretical values of the damage 
frequencies may be in the range of 1-2%. Any algorithms developed must therefore be capable of dealing with 
variations of this order, without affecting the diagnosis.  

The Frequency Content Identifier (FCI) developed here deals with this by applying a tolerance band around 
the known damage frequency with a variation tolerance of 2%. Next to the pure damage frequencies, the 
presence of modulation sidebands is of interest, too. The developed concepts of damage and modulation 
frequency identification are visualized in Figure 13.  

Before applying the FCI the envelope spectrum must first be checked for present peaks. 
A data point is a local peak if (a) it is large and locally a maximum value within a window; the value need 

not necessarily be large nor a global maximum; and (b) it is isolated i.e. not too many points in the window have 
similar values [26].  

Using this definition two types of peak detectors are set up, which are visualized in Figure 14. Both detectors 
consist of a moving window shifting along the whole envelope spectrum. 
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Figure 10: Frequency content identification principle 
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Window centered Window max 

Figure 11: Two types of peak detectors 

Differences exist in which of the values within the window is checked for being a peak. In the window 
centered method two conditions are checked, before the value is assigned a peak:  

• Is the centered value larger than the maximum value in the window excluding itself?
• Is the centered value larger than the mean plus x times the standard deviation of the values in the

window excluding itself?

In the window max method only one condition is checked, before the value is assigned a peak: 

• Is the maximum value in the window larger than the mean plus x times the standard deviation of the
values in the window excluding the maximum value?

The properties of these two peak detectors are quite different. While the window centered method cannot 
detect multiple values per peak, the window max detector has this property. In both methods the window is 
moving value by value. Dependent on which property appears to be more suitable either of the methods can be 
applied. For peak detection in the envelope spectrum the window max method is more suitable, since the peaks 
in the envelope spectrum can be spread over more than one spectral line, and the spectral components can be 
close to each other.   

Since the peaks used for analysis should be clearly distinct, a tough bound with x = 6 (multiplier of the 
standard deviation) is chosen for peak definition here. In order to avoid false diagnosis, the detected peaks 
should be of reasonable magnitude. If it is assumed that the random noise in the envelope spectrum is normal 
distributed, it can be an option to mark detected peaks as true peaks only if they are larger than five times the 
standard deviation of the envelope values. This gives a high likelihood that the detected components are 
significant and thus carry some information. This filter is applied after peak detection here. Figure 15 illustrates a 
zoom of the squared envelope spectrum and the detected peaks using this setting. 

Figure 12: Envelope spectrum and detected peaks using window max method width = 15, x = 6 (#3, HSS, 
meas. 29, WTG 02) 

In the following the true value of the envelope spectrum is only kept where a peak is detected and set to zero 
otherwise (see Figure 16).  
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Figure 13: Envelope spectrum after peak filtering (#3, HSS, meas. 29, WTG 02) 

The remaining envelope spectrum can now be analyzed for different frequency contents. For bearing 
diagnosis, the frequency contents given in Table 2 and Table 3 are checked for. 

Table 1: Wanted frequency contents 

Frequency Harmonic 
RPM 0, 1, 2, 3, 4*) 
BPFI 0, 1, 2, 3, 4*) 
BPFO 0, 1, 2, 3, 4*) 
FTF 0, 1, 2, 3, 4*) 
BSF 0, 1, 2, 3, 4*) 

*) 0: fundamental frequency; 1: first harmonic;  
2: second harmonic etc. 

Table 2: Wanted modulation contents 

Modulation frequency 

 
RPM BPFI BPFO FTF BSF 

Fu
nd
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RPM - 0, 1*) 0, 1*) 0, 1*) 0, 1*) 
BPFI 0, 1*) - 0, 1*) 0, 1*) 0, 1*) 
BPFO 0, 1*) 0, 1*) - 0, 1*) 0, 1*) 
FTF 0, 1*) 0, 1*) 0, 1*) - 0, 1*) 
BSF 0, 1*) 0, 1*) 0, 1*) 0, 1*) - 

In these tables RPM is the shaft speed; BPFI is the ball pass frequency inner race; BPFO is the ball pass 
frequency outer race; FTF is the fundamental train frequency and BSF is the ball spin frequency. 

The result of the FCI for each component is stored in a matrix (see Table 4). If the frequency content is 
present (Pres.) the matrix entry will contain a one or zero otherwise. This matrix can afterwards be used to set up 
rules for automatic diagnosis. Note that the frequency contents labeled Mod_ are identified using the modulation 
frequency identifier and the other frequency contents are identified using the damage frequency identifier 
(compare Figure 13). 

Table 3: Content matrix 

No. Freq. Cont. Pres. No. Freq. Cont. Pres. No. Freq. Cont. Pres. 
1 RPM_h0 0/1*) 23 BSF_h2 0/1*) 45 Mod_BPFO_h0_BPFI_h1 0/1*) 
2 RPM_h1 0/1*) 24 BSF_h3 0/1*) 46 Mod_BPFO_h0_FTF_h0 0/1*) 
3 RPM_h2 0/1*) 25 BSF_h4 0/1*) 47 Mod_BPFO_h0_FTF_h1 0/1*) 
4 RPM_h3 0/1*) 26 Mod_RPM_h0_BPFI_h0 0/1*) 48 Mod_BPFO_h0_BSF_h0 0/1*) 
5 RPM_h4 0/1*) 27 Mod_RPM_h0_BPFI_h1 0/1*) 49 Mod_BPFO_h0_BSF_h1 0/1*) 
6 BPFI_h0 0/1*) 28 Mod_RPM_h0_BPFO_h0 0/1*) 50 Mod_FTF_h0_RPM_h0 0/1*) 
7 BPFI_h1 0/1*) 29 Mod_RPM_h0_BPFO_h1 0/1*) 51 Mod_FTF_h0_RPM_h1 0/1*) 
8 BPFI_h2 0/1*) 30 Mod_RPM_h0_FTF_h0 0/1*) 52 Mod_FTF_h0_BPFI_h0 0/1*) 
9 BPFI_h3 0/1*) 31 Mod_RPM_h0_FTF_h1 0/1*) 53 Mod_FTF_h0_BPFI_h1 0/1*) 
10 BPFI_h4 0/1*) 32 Mod_RPM_h0_BSF_h0 0/1*) 54 Mod_FTF_h0_BPFO_h0 0/1*) 
11 BPFO_h0 0/1*) 33 Mod_RPM_h0_BSF_h1 0/1*) 55 Mod_FTF_h0_BPFO_h1 0/1*) 
12 BPFO_h1 0/1*) 34 Mod_BPFI_h0_RPM_h0 0/1*) 56 Mod_FTF_h0_BSF_h0 0/1*) 
13 BPFO_h2 0/1*) 35 Mod_BPFI_h0_RPM_h1 0/1*) 57 Mod_FTF_h0_BSF_h1 0/1*) 
14 BPFO_h3 0/1*) 36 Mod_BPFI_h0_BPFO_h0 0/1*) 58 Mod_BSF_h0_RPM_h0 0/1*) 
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15 BPFO_h4 0/1*) 37 Mod_BPFI_h0_BPFO_h1 0/1*) 59 Mod_BSF_h0_RPM_h1 0/1*) 
16 FTF_h0 0/1*) 38 Mod_BPFI_h0_FTF_h0 0/1*) 60 Mod_BSF_h0_BPFI_h0 0/1*) 
17 FTF_h1 0/1*) 39 Mod_BPFI_h0_FTF_h1 0/1*) 61 Mod_BSF_h0_BPFI_h1 0/1*) 
18 FTF_h2 0/1*) 40 Mod_BPFI_h0_BSF_h0 0/1*) 62 Mod_BSF_h0_BPFO_h0 0/1*) 
19 FTF_h3 0/1*) 41 Mod_BPFI_h0_BSF_h1 0/1*) 63 Mod_BSF_h0_BPFO_h1 0/1*) 
20 FTF_h4 0/1*) 42 Mod_BPFO_h0_RPM_h0 0/1*) 64 Mod_BSF_h0_FTF_h0 0/1*) 
21 BSF_h0 0/1*) 43 Mod_BPFO_h0_RPM_h1 0/1*) 65 Mod_BSF_h0_FTF_h1 0/1*) 
22 BSF_h1 0/1*) 44 Mod_BPFO_h0_BPFI_h0 0/1*) 

*) 0: Frequency component not present; 1: frequency component present 

This setup allows for future addition of further contents in envelope spectra that may be checked for. This 
could be for instance higher harmonics of interest. In this case the content matrix can be extended.  

For the application example used here the frequency content around the BPFI frequency together with the 
tolerance limits is shown in Figure 17.   

In line with Figure 17, the entries: BPFI_h0 and Mod_RPM_h0_BPFI_h0 will contain a “1”, since the 
fundamental BPFI frequency as well as shaft speed modulations around this frequency are present. 

3.7 Diagnosis 
The FCI outputs the content matrix containing the indicators of whether a particular frequency or frequency 

pattern (modulation) is present in the envelope spectrum. 

Figure 14: Envelope spectrum after peak filtering and the tolerance limits (#3, HSS, meas. 29, WTG 02) 

Based on this matrix rules can be set up which allow the expert to implement his knowledge in fault 
diagnosis. Rules based on common knowledge about typical bearing damages are for instance:   

• When BPFI frequency present & shaft speed modulations around BPFI present then Inner race damage
• When FTF frequency present then Rolling element damage
• When BPFO frequency present  then Outer race damage
• When BPFO frequency present & shaft speed modulations around BPFO present then Outer race damage +

unbalance or misalignment

Instead of formulating rules in a classical way, Fuzzy Logic (FL) is applied, since FL rules can be expressed 
in a very compact manner. Note that the advantages of fuzzification are not used here. Each line in the content 
matrix has its own input variable to the FL system. Because the content matrix does only contain two values - 
either “0” (frequency content not present) or “1” (frequency content present) - the shape of the Membership 
Function (MF) does not influence the result. The applicable MF has always full membership, due to the 
functions being centered around 0 and 1. The output is the diagnosis based on the rule evaluation. The initialized 
MFs are visualized in Figure 18 and Figure 19.  
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Figure 15: Membership functions initialized for each input variable 

Figure 16: Membership functions initialized for each diagnosis 

The rules are specified in a table whose structure is shown in Figure 20. 

Figure 20: Rule specification table structure 

4. Application examples
From the seventeen wind turbines in the power plant, six have inner race damage at the high speed shaft

bearing. Unfortunately this bearing cannot be inspected by endoscopic methods due its closed design. Hence 
tracking of the fault size was not possible. However, after bearing replacement factory investigations confirmed 
straight axial cracks.  

In this section three application examples for the automated fault detection algorithm are given, using the 
proposed procedure. 

4.1 Example 1 
The available discontinuous measurements are evaluated for faults after PW & MED and SK processing. The 

envelope spectra after filtering are analyzed via the FCI and the rules specified. Figure 21 shows a waterfall plot 
of the envelope spectra together with the spectral kurtosis values of the full frequency band of the most recent 
ten measurements.  
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Rising amplitudes in the envelope spectra are visible. This corresponds nicely with the increase in SK of the 
full frequency band. Since March 2012 a rise in SK value can be observed. Although it is not proven here, the 
findings of Sawalhi et al. [5], Niaoqing et al. [12] and Sawalhi and Randall [27] make it very likely that the 
increase in SK can be linked to the crack growths at the inner ring.  

Note that here the SK of the full band is plotted, instead of the SK of the band with maximum impulsiveness. 
This choice was made to avoid fluctuations in the SK trend, simply due to shifts in the frequency band with 
maximum SK. In this sense the same reference band is used.  

Figure 21: Envelope spectra and spectral kurtosis (WTG 02 

Moreover it was realized that the MED algorithm makes the SK values in a healthy state more fluctuating. 
Hence the SK trend in Figure 21 is based on SK values prior application of MED. It is visible that the SK trend 
corresponds with the envelope spectra. Repair took place in November 2012. 

Figure 22 illustrates the SK trend after applying MED as a comparison. This figure presents a novelty as for 
the first time the SK evolution is shown over time covering both, the long healthy and the damaged period 
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The fluctuations in the healthy state are characterized by a large variation. Once the crack develops, the SK 
values stabilize and indicate a trend, most likely linked to the crack size. Beyond 2012-08-19 the SK values 
decrease. A similar behavior was observed by Sawalhi and Randall [28]. They suspected the decrease to be due 
to the fact that the entry and exit edges of the spall would tend to wear [2]. The actual fault here aids this 
presumption, as the characteristic fault frequency amplitude deceases in the later time series, but rich sideband 
modulations occur.  

Differences in the SK trend with and without MED exist in the healthy period as well as in the overall 
amplitude level. The fluctuating pattern of the SK trend prior fault development makes the SK trend after MED a 
more difficult parameter to monitor, which is why the SK trend without MED is preferred.  

A further difference can be observed at 2011-12-06, where the SK trend without MED shows a noticeable 
increase, whereas it is not as obvious in the SK trend after MED. The increase at 2011-12-06 has its reason, as in 
this period the envelope spectra gives indication of fault (see Figure 23), which disappear again after 2012-01-
03. This phenomenon is potentially caused by flattening of the developing crack due to overrollment and a
continuous crack growth beyond 2012-03-17.

Figure 18: Envelope spectra and spectral kurtosis (WTG 02) 

Figure 24 shows the envelope spectrum for the most recent measurement together with the most important 
frequency contents. 
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Figure 19: Envelope spectrum and detected peaks (top); envelope spectrum after peak filtering (#3, HSS, meas. 
34, WTG 02) 

The BPFI0 is around 297.8 Hz, f0 around 24.8 Hz and BPFO0 221.6 Hz. After FCI, the following entries in 
Table 4 contain a “1” for frequency content being present.  

• RPM_h0 (f0)
• RPM_h1 (f1)
• BPFI_h0 (BPFI0)
• BPFI_h1 (BPFI1)
• BPFI_h2
• BPFI_h3
• BPFI_h4
• BPFO_h0
• BPFO_h1

• BPFO_h2
• BPFO_h3
• BPFO_h4
• FTF_h4
• BSF_h2
• Mod_RPM_h0_BPFI_h0
• Mod_RPM_h0_BPFI_h1
• Mod_BPFO_h0_BPFI_h
• Mod_BPFO_h0_BPFI_h1

The following four rules were established based on common faults pattern of different failures: 

a) If BPFO_h0 & BPFO_h1 & Mod_RPM_h0_BPFO_h0 & Mod_RPM_h0_BPFO_h1 then outer race signature
+ unbalance or misalignment

b) If BPFO_h0 & BPFO_h1 & BPFO_h2 then outer race signature + unbalance or misalignment

c) If BPFI_h0 & BPFI_h1 & BPFI_h2 & Mod_RPM_h0_BPFI_h0 then inner race signature

d) If FTF_h0 & FTF_h1 & FTF_h2 & then rolling element signature

Next to the speed and BPFI components also BPFO and BSF components have been detected. The BPFO is
around 216 Hz and thus close to BPFI_h0 – RPM_h2 (219 Hz). BPFO_h2 (649 Hz) is close to BPFI_h1 + 
RPM_h2 (653 Hz). A similar explanation can be found for the BPFO_h3, the BPFO_h4 and the BSF component.   

In classical logic, this fact would give problems in diagnosis, since there is the risk of collision with rule b). 
However, with FL each rule can be assigned a weight. Although in this example the outer race signature rule 
would not have fired, it proved useful assigning simple rules (based on simple patterns) a lower weight to avoid 
misdiagnosis. In such cases the rule with the higher weight would fire.  

Applying the rules, rule c) fired indicating an inner race fault at the HSS bearing. 
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4.2 Example 2 
The automated analysis highlighted five more turbines with inner race signature and inner race damage. 

Figure 25 shows a waterfall plot of the envelope spectra together with the SK trend of the most recent ten 
measurements of WTG 05.  

Figure 20: Envelope spectra and spectral kurtosis (WTG 05) 

At this turbine a very clear trend in SK is visible since January 2012, with the recent measurements slightly 
fluctuating. The envelope spectra follow this trend, with rising amplitudes and more harmonics showing up. 
Repair took place in November 2012. Plotting the SK trend after MED gives the results presented in Figure 26. 
Also for this turbine the SK has a high variance in the healthy period. A trend first establishes at 2011-03-18, 
which is two month later than with the SK values without MED. Hence, for the data sets available, it appears 
preferable using the SK values without MED for trending. However, this is in contrast to the findings of Sawalhi 
et al. [5] in which a case is shown where SK trending was not possible without MED.  

Figure 27 shows the most recent envelope spectrum, the detected peaks and the filtered spectrum passed to 
the FCI. 

Figure 21: Spectral kurtosis trend after MED (WTG 05) 
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Figure 22: Envelope spectrum and detected peaks (top); envelope spectrum after peak filtering (#3, HSS, meas. 
31, WTG 05) 

The identified frequency contents by the FCI are: 

• RPM_h0 (f0)
• RPM_h1 (f1)
• RPM_h3 (f3)
• BPFI_h0 (BPFI0)
• BPFI_h1 (BPFI1)
• BPFI_h2 (BPFI2)
• BPFI_h3

• BPFI_h4
• BPFO_h3
• BSF_h2
• Mod_RPM_h0_BPFI_h1
• Mod_RPM_h0_BPFI_h1
• Mod_BPFO_h0_BPFI_h2

The present frequency contents evaluated via the rules implemented highlight the inner race signature and the 
potential damage fully automatized, together with the correct diagnosis. 
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4.3 Example 3 
Another turbine with detected inner race damage is WTG 04. Again the most recent ten envelope spectra and 

the spectral kurtosis trend is illustrated in Figure 28 and the SK trend with MED in Figure 29. 

Figure 23: Envelope spectra and spectral kurtosis (WTG 04) 

At this turbine many measurements in a healthy state exist, as the crack develops comparably late. However, 
the SK sharply increases 2012-06-29 again well in line with the envelope spectra amplitude rise. Bearing 
replacement took place in October 2012. 

Figure 24: Spectral kurtosis trend after MED (WTG 04) 

Also the SK after applying MED shows the steep rise. However, the healthy state is also for this turbine 
characterized by a larger variance. Because of this a trend is reliably detectable first at 2012-07-27, in contrast to 
trend establishment in the SK values without MED, where the trend can be identified two weeks earlier.  

0
5

10
15
20
25
30

Spectral kurtosis trend (full freq. band) with MED

S
K

20
11

-0
4-

12
20

11
-0

5-
12

20
11

-0
6-

14
20

11
-0

7-
13

20
11

-0
8-

11
20

11
-0

9-
12

20
11

-1
1-

01
20

11
-1

2-
06

20
12

-0
1-

03
20

12
-0

2-
01

20
12

-0
2-

29
20

12
-0

3-
30

20
12

-0
5-

01
20

12
-0

5-
29

20
12

-0
6-

29
20

12
-0

7-
27

20
12

-0
9-

05
20

12
-1

0-
03

20
12

-1
0-

31
20

12
-1

2-
03

20
13

-0
1-

03

200 400 600 800 1000 1200 1400

0

1

2

Envelope spectra: WTG 04

Frequency [Hz]

2012-04-16
2012-05-01

2012-05-15
2012-05-29
2012-06-13

2012-06-29
2012-07-13

2012-07-27
2012-08-20
2012-09-05

2012-09-19
2012-10-03

A
m

pl
itu

de

0

2

4

6

8
Spectral kurtosis trend (full freq. band)

S
pe

ct
ra

l k
ur

to
si

s 
[-]

20
11

-0
4-

12
20

11
-0

5-
12

20
11

-0
6-

14
20

11
-0

7-
13

20
11

-0
8-

11
20

11
-0

9-
12

20
11

-1
1-

01
20

11
-1

2-
06

20
12

-0
1-

03
20

12
-0

2-
01

20
12

-0
2-

29
20

12
-0

3-
30

20
12

-0
5-

01
20

12
-0

5-
29

20
12

-0
6-

29
20

12
-0

7-
27

20
12

-0
9-

05
20

12
-1

0-
03

20
12

-1
0-

31
20

12
-1

2-
03

20
13

-0
1-

03

111



Figure 30 visualizes the most recent envelope spectrum and the detected beaks together with the envelope 
spectrum passed to the FCI and important frequency components. 

Figure 25: Envelope spectrum and detected peaks (top); envelope spectrum after peak filtering (#3, HSS, 
meas. 31, WTG 04) 

The detected frequency content is: 

• RPM_h0 (f0)
• RPM_h1 (f1)
• RPM_h2
• BPFI_h0 (BPFI0)
• BPFI_h1 (BPFI1)
• BPFI_h2 (BPFI2)
• BPFI_h3
• BPFI_h4
• BPFO_h0

• BPFO_h2
• BPFO_h3
• BPFO_h4
• BSF_h2
• Mod_RPM_h0_BPFI_h0
• Mod_RPM_h0_BPFI_h1
• Mod_BPFO_h0_BPFI_h0
• Mod_BPFO_h0_BPFI_h1

Based on the frequency content present, an inner race signature was automatically detected, which is the 
correct diagnosis for the pattern existing. 

5. Results and discussion
The given examples emphasize the successful application of the proposed procedure to real measured data

and fault diagnosis. 
Moreover research showed the benefits of using the CEP based signal PW for signal separation into 

deterministic and non-deterministic components. The performance of PW is close to the LP residual, but without 
the need of parameter optimization, which makes it an efficient method and very fast to compute. 

Using MED as a further pre-process step prior envelope calculation proved useful to emphasizing present fault 
pattern both in the time and frequency domain. Attention must be paid, to the choice of filter order. It was found 
that a too high filter order can lead to start-up and end transients in the time series preventing successful 
diagnosis. For practical applications, it is thus recommended using a rather low filter order, accepting that the 
impulse amplification may be less effective than with a higher filter order, but avoiding the risk of transients.  

Furthermore the effect of the spectral kurtosis based optimal filter band selection was studied. Results show 
that in many cases the combination of PW & MED lead to the situation that band pass filtering gives no 
improvement. However, in some cases a frequency band can be found that gives higher spectral kurtosis values 
and accordingly a clearer fault pattern in the envelope spectrum. By applying the fast kurtogram (proposed by 
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Antoni [22]) the search for an optimal frequency band is fast to compute and should thus supplement the 
automated procedure.  

Finally the effect of MED on the SK values trend (used as a fault size indicator) was under research. A higher 
variance of the SK values was observed for bearings in a healthy state when MED is used prior SK value 
calculation. This variance lead in some cases to a later establishment of observable trends, but both methods 
(with and without MED) show trends in the fault state, potentially linked to the crack size. The SK without MED 
appears to be superior to use, because of the more direct link between present patterns in the envelope spectra 
and high SK values as well as lower variance in the values. 

6. Future research
Identifying HSS bearing faults in wind turbine gearboxes is a comparably simple task, because of the high

rotational speed. Future research will focus on the efficiency of the proposed method to automatically detect and 
diagnose faults in the IMS and the planetary stage of wind turbine gearboxes. At least for the IMS stage (rotating 
with approx. 350 rpm) it is expected that the proposed procedure will give good results. However, the available 
data sets did not contain any bearing damages of the IMS or the planetary stage. Hence the efficiency for 
intermediate and low speed bearings must still be evaluated and is left for future research.  

7. Conclusions
The proposed procedure proved capable of automatically process and analyse vibration time series for

bearing defect frequencies in the envelope spectra. The diagnosis is based on rules which are set up using 
common knowledge about typical bearing fault signatures. The rules are implemented using fuzzy logic, 
building the basis for flexible and reliable fault diagnosis.  

The proposed technique is an extension of the semi-automated procedure for bearing diagnosis (originally 
proposed by Sawalhi and Randall [4]) with regards to the application of a frequency content identification and 
rule based diagnosis. Moreover state of the art pre-processing techniques, namely CEP based signal PW and 
MED have been successfully applied and their effectiveness shown. In comparison to LP models for separating 
random from discrete components, CEP based signal PW proved to be an efficient and fast to compute method 
for separation. 
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Abstract 
Growing share of renewables and consequently increasing risk of sub-synchronous torsional interactions 

between electrical grid and power plant machinery, constitute a demand for a robust, reliable and accurate 
torsional vibration monitoring approach. In addition, the torsional vibration measurements are frequently 
required by customers to validate rotor dynamic models and to prove sufficient separation between shaft-line’s 
torsional modes and the excitation frequencies (in case of rotor retrofits). This paper presents various case 
studies of torsional vibration measurements starting from component level validation tests to full shaft train 
operational measurements. It describes also application of a model-based torsional vibration monitoring, where 
numerical rotor dynamic models were used to predict stresses and vibration amplitudes in non-observable 
locations along the rotor (including stress estimation in subcomponents like blades or retaining rings of turbo-
generators). 

1   Introduction 
Torsional vibration refers to oscillatory torsional deformations of the machine rotor sections. For large 

rotating machinery (power generation trains), the mechanical system will consist of several rotors that are joined 
by relatively slender intermediate shafts and couplings. Each rotor in the system will oscillate following a 
torsional disturbance resulting in twisting in the shafts and to a lesser extent in the large diameter rotor bodies 
themselves (see Figure 1). 

These twisting motions following severe torsional excitations may be sufficient to cause fatigue or overload-
related damage to machine couplings and other components (steam turbine blades, generator’s retaining rings). 

The electrical disturbance that causes torsional vibration of turbo-generator units comes from: 
- faults (short circuits in the grid or at generator’s terminals, failed auto-reclosing events)
- switching of transmission lines
- continuous oscillation due to unbalanced phases (so called “negative sequence currents”)
- out-of-phase synchronisation of a generator

The above excitation mechanisms are typically included in the OEM design criteria. If the model quality is 
adequate, safe operation can be guaranteed by a sufficient separation between natural frequencies of the rotor 
and the harmonics of grid frequency (mainly 1x and 2x). 

Component-level testing to validate the torsional models and leveraging fleet experience gives additional 
level of confidence for the machine manufacturer with respect to these torsional stimuli cases, especially needed 
when rotor retrofit studies are carried out. More information about these basics characteristic of torsional 
vibration in the context of turbomachinery can be found in [2, 6, 7, and 9]. 
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Figure 1 – Typical low-frequency mode-shapes of a turbo-generator shaft-line (1080MW coal fired power plant) 

2   New Challenges 
Changes in the electrical grid that can be observed today (triggered primarily by the growing share of 

renewables in the network), can have a big impact on torsional vibration risks adding new challenges for the 
owners of power plants. 

The additional sources of torsional interaction between todays grid and power plant machinery are: 
- application of power electronics (power stations located close to terminals of HVDC lines at risk)
- installation of series compensating capacitors in the transmission lines (risk of sub-synchronous

resonance SSR; thermal power stations located far from load centres)
- large AC arc furnaces
- variable frequency electric drives (VFDs)

In all these situations, very high levels of torsional vibration can be induced by interactions between 
mechanical oscillations of the shaft-line and the electrical current oscillations in the grid (see [10] for more 
information). 

Difficulty for power plant designers and machine manufacturers comes from the fact that these interactions 
can’t be sufficiently handled on the power station level. As the turbo-generator’s rotor interacts with the 
regulating system of the DC power converters the net torsional oscillation damping (representing coupled 
electro-mechanical system) can become very low or even negative. In such case the damaging fatigue cycles of 
the rotor accumulate much faster than assumed in the design or, in worst case, sub-synchronous instability leads 
to immediate failure. 

Following some severe incidents, certain countermeasures were developed on the electrical side to protect 
against these problems (filters, excitation controllers, static VAR compensators). This protective equipment is 
designed to ensure that the harmful frequency components wouldn’t enter the generator armature of the impacted 
machine. 

On the mechanical side, the torsional vibration monitoring and protection systems are necessary to supervise 
the mechanical integrity of the shaft and detect the events, where the abnormal levels of torsional excitation 
impact the residual fatigue life of the rotor. 

angular displacement (2nd torsional mode) 
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As the most endangered elements (i.e. turbine blades and generators’ retaining rings) are not accessible for 
measurement in operation, it is critical to incorporate the OEM’s component knowledge in the protection logic 
(model-based monitoring). 

3   Measurement Technique 
Most of the contemporary, industry-wide accepted measurement technologies (strain gage with telemetry, 

optical probes, laser) fit well the short-term test needs but their lack of robustness and durability as well as 
problematic installation, impacting machine operation do not allow considering them for the long-term 
monitoring applications (see [1, 3, 4, 9]). 

Based on the experience of authors (summarized in [8]), these drawbacks are overcome with the use of 
encoder-based measurement technologies (i.e. incremental pulse timing technique). This digital measurement 
method for torsional vibration is based on sampling at equidistant angular intervals around the rotating shaft. 
This can be generally accomplished by one of three methods: 

• mounting an incremental rotary encoder onto the shaft
• scanning a toothed wheel with a magnetic or eddy-current pickup
• targeting reflective/non-reflective (black/white) bar patterns (‘zebra tape’) with an optical sensor1

The counter card together with edge detection circuitry identifies tooth tip (or zebra stripe) passing time 
(based on voltage thresholds fixed by the user).  Assuming that the angular velocity is constant between adjacent 
pulses, the instantaneous angular velocity values may be calculated by dividing the actual angular spacing of the 
physical steps (between gear teeth or encoder lines) by the elapsed time from one positive edge to the next. 
Speed signal is then integrated to angular vibration waveform, which is filtered and re-sampled to obtain 
vibration values uniformly distributed in time. More detailed description of the processing routines and 
extensions of this measurement technique can be found in [5]. 

4   Case Study 1 (component-level testing) 
Before a specific rotor model can be included in the torsional vibration monitoring algorithm, it is necessary 

to thoroughly study all torsional modes that could interact with the grid-related instabilities. In certain cases, it is 
necessary to confirm the numerical models with a test.  

Figure 2 (left) shows a test arrangement that was used for a model validation of a generator rotor. As this 
machine was designed to be coupled with a dedicated frequency converter, the natural frequency of the local, 
component modes (twisting of a retaining ring for example, see Figure 2 right) had to be very accurately 
determined. In the numerical model, the retaining rings, and the main fan have been modelled as flexible 
components and the anticipated torsional modes were calculated as high as in the range of 1kHz. 

Figure 2 – Test arrangement (left) and FE model of a retaining ring (right) 

1 This last method is applicable for short-term testing mainly. 

118



The torsional vibrations of this rotor have been measured at full operational speed in a high-speed balancing 
facility. The ‘zebra-tapes’ that have been glued on the surface of main fan and retaining rings where a target for a 
laser to capture rotational velocity fluctuations. 

As there’s no special actuation to excite torsional modes (apart from the broadband, system-borne noise) the 
main challenge in this type of test comes from very low level of vibrations. 

5   Case Study 2 (nuclear power plant) 
A demand for a torsional vibration monitoring approach, which is sufficiently robust, reliable and accurate to 

be acceptable as a practical solution for power generation business, is particularly high in case of large steam 
turbine trains (fossil as well as nuclear power plants). To meet the most stringent safety requirements, the 
torsional vibration monitoring strategy must offer highest and proven reliability and accuracy. 

This example demonstrates the use of model-based measurement approach that has been deployed in a 
1300MW nuclear plant. 

The torsional vibration was measured only in a single plane, utilizing existing speed wheel behind the 
generator’s exciter (see Figure 3). Combination of accurate measurement of angular vibration (high signal to 
noise ratio in 0-500Hz range; 0.01mrad/sec resolution) with a detailed rotordynamic model allows insight into 
every critical location along the shaft-line. 

The spectrum of measured torsional vibration proves the accuracy and validity of the model. The modes of 
the low-pressure steam turbine blades (coupled with rotor modes) where successfully measured despite the 
distance between vibrating blades and sensor location (more than 25m). 

Figure 3 – Measured torsional vibration spectrum (frequency range around 2x grid frequency) 
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6   Case Study 3 (monitoring system) 
The torsional vibration monitoring and diagnostics (TVMD) system has been developed to allow continuous, 

real-time insight into the torsional vibration state of the turbo-generator trains. 

Applications that were industrialised and tailored to the needs of power plant operators enable collecting and 
analysing torsional data to: 

- protect against abnormal excitation in off-design grid conditions (considering specific excitation
mechanisms due to SSR, HVDC converters)

- support targeted maintenance and localisation of faults via model-based and comparative analytics
(fleet outliers, anomalies)

The stability and reliability of the system were intensively tested in Birr Power Plant (Switzerland) where it 
was deployed to protect a heavy-duty gas turbine (~300MW output) driving a converter-controlled generator (4-
pole, hydrogen cooled). 

Figure 4 – Encoder wheel and measurement heads 

The angular vibration was measured with a magnetic encoder installed on the non-drive-end side of the 
generator (see Figure 4). With the use of the detailed rotordynamic model, this single measurement plane 
allowed to accurately assess torsional vibration levels along the whole train (same approach as in the example 
described in the previous section). 

The interface of the monitoring system (see Figure 5) gives a quick overview of the machine’s condition. A 
list of events associated with abnormal levels of torsional vibration allows a very quick identification of the 
nature of the alarm: 

• short time (possibly linked with transmission line switching)
• repetitive (e.g. load dependent for cycling unit)
• continuous (unbalance of voltage phases in electrical network)
• others

With the included OEM’s component knowledge (i.e. insight into stresses of critical but non-observable 
components) a smarter, focused and predictive maintenance is enabled. The locations of the shaft-line (shaft-end 
between two LP rotors highlighted in red in the presented example) that have been exposed to higher stresses 
due to torsional vibration are easily identified and can be selected for inspection at the next service interval 
which leads to plant maintenance cost reduction. 

Practically unlimited cloud-based storage solutions available today are being coupled with the advanced 
analytics (statistics, patterns recognition). Predix© platform creates opportunities that, only a couple of years 
ago, were not conceivable. Tracking and comparison of torsional characteristics of different turbo-generator 
trains that are monitored in the system will allow robust identification of anomalies and outliers and early fault 
detection and assessment (if accompanied by a change in torsional frequency response function for instance). 
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Figure 5 – Predix© screen of the torsional vibration monitoring system 

7   Summary 
As the risk of sub-synchronous interactions between the electrical grid and the power plant machinery 

increases, the manufacturers of rotating equipment must address these new challenges. In addition to the 
described mitigation measures on the grid side, robust torsional vibration monitoring solutions are necessary to 
guarantee the mechanical integrity of the turbo-generator shaft-lines. 

An overview of the authors' experience gained from the development and implementation of the model-based 
measurement and monitoring systems for power generation trains’ torsional vibration was presented. 

It was shown that the combined use of the incremental pulse timing measurement technique together with the 
detailed model results (available for OEMs) allows reliable evaluation of the alternating torque levels in all 
machine sections, including critical subcomponents like blades or retaining rings of turbo-generators. The 
number of necessary signal sources was reduced to one, which is very important from a practical standpoint, as it 
makes the approach suitable for most existing turbomachinery (already equipped with an encoder-based speed 
measurement system). 

Several permanent monitoring systems employing the described approach are currently being installed on a 
number of critical units. 
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Abstract 

Fast rotating structures can exhibit several vibration modes within their operating speeds; some of these modes 

become active only under specific circumstances and are therefore not visible by sensors during normal run-up.  

 The present paper combines Autoresonance and modal filtering [1,2] to actively excite one particular mode of 

vibration at a time, while speed of rotation and therefore the frequency are changing. Rotating structures exhibit 

forward or backward whirling motion that encapsulate potentially important physical features of the system. 

Autoresonance actively excites any mode of vibration in either forward or backward whirling direction and 

automatically tracks the change of natural frequency with speed of rotation, thereby identifying a specific branch 

of the Campbell diagram, in situ. Since rotating structures exhibit rich dynamics, some special filtering needs to 

be employed so as to eliminate the disturbances and the additional dynamics. The paper briefly describes the 

methodology and shows some numerical and experimental results. 

1   Introduction and motivation 

Fast rotating structure like turbo-chargers, gas-turbines and jet engines store a large amount of kinetic and strain 

energy and therefore can pose a great danger if not operated within safe regimes  [1–6]. Obtaining a precise 

model is thus necessary to verify the model-based design and to ensure proper and safe operation. Identification 

is carried out via modal testing [7] or using in-situ, run-up measured data [8–10]. 

Several difficulties arise in implementing modal testing which is a comprehensive approach to extracting modal 

information from which a complete model can be assembled. Some of these difficulties are a) The model 

parameters, in particular the natural frequencies, vary with speed of rotation; b) The rotating parts are barely 

accessible for application of any external forces needed to excite hidden dynamics; c) A limited number of 

sensors can be placed on the structure. For these reasons a method using a small number of actuators and sensors 

that can track the changing dynamics with speed or rotation is sought.  

 The present paper develops a method whereby up to two actuators and two sensors are employed to quickly lock 

onto specific branches of the Campbell diagram while the system is undergoing speed variations. Because of the 

Autoresonance (AR) technique, one is not dependent on the imbalance forces to excite the various modes and 

both forward and backward whirling modes can be made visible. In order to obtain precise estimates of the 

natural frequencies, special phase-locked-loop style filtering is employed jointly with wide bandpass filtering 

illuminating the frequency range of interest.  

 The paper begins by describing the AR technique combined with modal filtering, later a simplified model of a 

gyroscopic system capable of performing whirling motions is described and the conditions for locking onto the 

natural frequencies are outlined. Some simulated and experimental results are shown to verify the proposed 

approach.  

2   Autoresonance and modal filtering for automatic excitation of specific modes 

Consider a multi-degrees of freedom system being excited by a monochromatic (single frequency) vector of 

forces. The equation of motion can be described by  
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Consider a linear combination of the measured response as output, we obtain 
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It has been shown before (see [11]) that for well-separated modes, one can make a structure vibrate at one of its 

natural frequencies by employing modal filtering. A modal filter measuring the pth mode is obtained by 

choosing , 
T

p=c M , which by orthogonality of normal modes [6,7], isolated a single mode of the summation:
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The AR combined with modal filtering replaces the right hand force in (1) with a 90 degrees shifted version of 

( )y t , e.g. a differentiator, fed to a relay nonlinear limiter [12]. In this case an ideal relay would yield a signal 
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where  ( )y t  is 90 degrees shifted version of ( )y t , realized in the present example by a derivative.

Now, combining modal filtering with AR, one can see, by employing the Describing Function (DF) approximate 

analysis (see [13][12]). It can be shown that (5) can be approximated for sinusoidal input, as 
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In the frequency domain, one obtains for the DF of 
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The realization of a multi degrees of freedom system (MDOF) with Autoresoance (AR) in a loop is shown: 
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Figure 1: A MDOF system, ( )G  in an Autoresonance closed loop with modal filtering 

Examination of Fig.1, making use of (7),  allows us to write 
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Equation (8) holds if the system exhibits limit cycle oscillations, therefore 
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Clearly, to maintain (9) we must have 
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p MG b is should be lagging by 90 degrees, which takes place for the natural frequency of mode p, i.e. 

for p = . And ( )y  is such that the vibrations amplitude is 
( )4

( )

T

p p

p

y
 


 

=
MG b

. 

This result is best illustrated by an example using the simplest gyroscopic system possible, i.e. the Stodola-Green 

model [1,5,14]. 

 Auto resonance of a single mode gyroscopic system using a modal filter – an example 

 Consider a gyroscopic Stodola-Green model, obeying  
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where ,t pI I are the diameter and polar moments of inertia, k is the bending stiffness and  spin speed. ,x yQ Q
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Nonrotating simulation 

 When the system is not rotating, 0 = , we can employ the AR on, say 
x and adding viscous damping, one 

has 
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Time domain simulation of the diagram in Fig.1, results in Fig.2 

Figure 2: Non-rotating system under Autoresonance excitation. Right: zoomed area showing the excitation by 

the relay and the synchronized response. Response is exactly at 10Rad/s when it reaches steady-state 

 The intermediate conclusions from Fig.2 are that the system locks immediately onto the natural frequency from 

the first cycle, therefore allowing for a quick identification of the natural frequency. The steady state amplitude 

is 2% lower than the predicted amplitude from (10). The latter accounts for the numerical simulation accuracy 

and the approximate expression of the nonlinear relay DF. 

Rotating case example 

Once the system is rotating, there are two close natural frequencies that make the identification task more 

difficult. But by employing modal filtering, and making use of the natural 90 degrees phase shift between x and 

y, a modified approach can be used. The natural frequencies and eigenvectors are a function of rotation speed  
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Choosing a modal transformation, 
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 Equation (11) can be diagonalized and 2 independent equations are obtained (see [15]) 
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Figure 3: Schematic description of the proposed method showing 2 sensors and 2 actuators connected with a 

‘relay’ (sign function) in a cross-coupled manner. 
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Substituting (13), we have 
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When the external force is rotating in a forward direction, i.e. 
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This means that both the backward (
1 ) and the forward (

2 ) modes are excited, but when  +→ the second

term dominates and we have nearly pure forward whirl motion 
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Alternatively, choosing a backward rotating force, i.e. 
i i

, i
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= = , we obtain 
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Once more, when  −→ , in the presence of light damping, we would have
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which is clearly dominated by the backward whirl. 

Rotating case simulation example 

 To analyze the conditions for self-excitation at the natural frequency with the Autoresonance technique we 

employ a cross-connection scheme as illustrated in Fig.3. To analyze this case when we have 2 force inputs and 

2 output degrees of freedom, we rewrite (17) in matrix form 
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Now, employing 2 relays, as shown in Fig.3 and substituting (6), assuming harmonic response 
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where ,x y  are scalars to be selected later. Substituting (24) in (23), and adding the effect of small viscous 

damping, while neglecting its effect on the eigenvectors, one obtains 
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By factoring out the response amplitudes, the limit cycle harmonic oscillations require here 
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We can now examine 4 candidate frequencies for limit cycle oscillations, ,  − +=   . 

Case  += + , one has from (18) 
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Once (27) is substituted in (26), we obtain 
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that leads to 

ix y = (29) 

which indicates perfect forward whirling motion. Clearly, this is accomplished by choosing 0,x ya a =  = − .  

 A similar exercise, choosing  −= +  would lead to the requirement 0,x ya a =  = − that would lead to

backward whirling motion under the same conditions. 

 Matlab Simulation 

 To assess the validity of the above analysis a Matlab™ /Simulink simulation was created with the system 

presented (11) in the configuration shown in Fig.3 and with added viscous damping of 0.5%. 

Figure 4: Simulink™ simulation of the Autoresonance method on the model in Fig.3 

To verify the ability to drive the system such so it locks to the forward and backward whirling branches of the 

Campbell diagram, the whirl direction parameter shown in the diagram was switched at time t=12 from +1 to -1. 

Figure 5: Left: Autoresonance forward response, converted to backward whirl at time=12 upon changing the 

sign of both AR feedbacks. Right: closer look at the switching area showing the change from x leading y by 90 

degrees (forward) to y leading x by 90 (backward whirl) 

2   Experimental verification 

The proposed method was realized on a laboratory simulator of a fast-rotating engine, shown in Fig.6 

Figure 6: Experimental system showing 2 voice coil actuaotrs applying the necessary Fx,Fy 

Whirl 
direction

STODOLA model

y

u

Fy
Fx
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In the labroatory system several difficulties have been observed concerning the imperfection of the current 

amplifiers (see Fig.6), additional dynamics and imperfect signal to noise ratio. To remedy these obstacles, some 

additional signal conditioning had to be applied and a detailed description of these actions are beyond the scope 

of this paper and are to appear in [16]. 

Before applying the method on the real system, a Finite element simulation in Ansys(tm) and Matlab was 

carried out. The procedure was set to identify the forward and backward modes of a higher mode as shown 

below. 

Figure 7:  Left: ANSYSTM model of the rotor’s third bending mode. Right: MatlabTM based simplified finite 

element model used in the time domain simulations. 

The rotation speed was dictated by the PC in a for-loop. For each new iteration, the loop waited 30 seconds for 

the new speed to reach steady state. After the first branch was complete the for-loop was repeated for the second 

branch. The rotation speeds were increased from 500 to 5000 RPM in steps of 500 RPM. Two experimental 

Campbell Diagrams are presented in Fig.8 to show repeatability.  

Figure 8:  Two acquired Campbell Diagrams, third bending mode of the experimental system. 

4 Conclusions 

This paper presents a method to quickly lock on to a natural frequency of a gyroscopic, rotating ssystem in-

situ by employing an Autoresonance feedback.  

 The advantages of the demonstrated approach are fast locking to the true frequency and the ability to isolate 

close modes of forward and backward whirl that do not lend themselves to identification by natural imbalance 

excitation. 

 The proposed method can be used to excite gyroscopic or any other axisymmetric structure in its natural 

frequency while causing it to present a wave-like response, which is manifested by whirling motions in rotating 

shafts. The method was verified in theory in numerical simulations and on a dedicated experimental system. 
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Abstract
Full-floating journal bearings are commonly used in automotive turbochargers. Subsynchronous vibrations in

such applications are often caused by oil-whirl and -whip phenomena. The small rotor weight in combination with
very high rotational speeds provoke this unstable rotor-bearing behavior. This often leads to high vibration ampli-
tudes, undesired noise or even risks rotor integrity. Models are commonly used to predict the complex nonlinear
interaction of shaft, casing, floating-ring and oil film. Those models are based on basics of mechanics, experiences
and are normally calibrated with simplified experiments.
In this paper a unique set of experimental data are compared to different simulation methods providing an overview
of the physical behavior of a typical automotive turbocharger rotor and the model complexity needed to account
for such phenomena. Experimental data are gathered at the hot gas test stand at Technische Universität Darmstadt.
Intensive high-speed instrumentation is used providing information of the relative radial movement of the shaft at
both ends of the rotor. Additionally, the rotational speed of both floating rings is monitored, and the axial move-
ment of the shaft is recorded. The turbocharger is operated with realistic oil and gas temperatures and pressures.
Acceleration and deceleration sweeps with different aerodynamic throttlings are recorded accounting for varying
axial thrust.
Experimental results are compared with a model results presented by Köhl 2015 [1] and related to simulation re-
sults conducted by the Fraunhofer institute LBF with the simulation tool MADYN 2000. The rotor model by Köhl
is using Ritz-Ansatz functions. These ansatz functions have to discretize the rotor eigenmodes and fulfill the geo-
metrical boundary conditions of the rotor system. In MADYN 2000 the rotor is modelled by using the Timoshenko
beam theory and Finite-Elements with Hermite polynomials to model properties of the rotor including gyroscopic
effects. The forces in the floating bearing system are calculated by integration of the fluid film pressure. Those are
derived from the solution of the Reynolds equations numerically solved using the Finite-Volume method.

Full-floating bearings in automotive turbochargers
Full-floating bearings are commonly used for high-speed rotor application because of their superior damping

behavior and cost. A disadvantage nevertheless are undesired self-excited vibration in the bearing which can lead
to noise emission or even risks rotor integrity. In figure 1 a typical rotor setup of a turbocharger rotor with shaft,
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Figure 1: Turbocharger rotor with instrumentation (not to be scaled)

turbine, compressor wheel and radial bearings is visualized. The full-floating bearing consists of the bearing shell, a
floating ring and the shaft (figure 2). Oil is induced through the casing and guided to the shaft with communication
holes in the ring. The inner and outer oil film velocities lead to low friction losses and the double film induces
extra damping in comparison to single oil film bearings. In the application at automotive turbocharger full-floating
bearing on the other hand tend to induce Oil-Whirl and -Whip instabilities. The resultant subsynchronous vibration
pattern with an almost constant frequency can cause tonal emissions typically in a range of 600 - 900 Hz. Oil-Whirl
and -Whip instabilities are often reported (for example by Muszynska [2], Schweizer [3], [4], [5] and Woschke
[6]). The low rotor weight in combination with very high rotational speed promote this phenomena at the outer
and inner lubrication film of the radial bearings.
A schematic of the bearing system with inner and outer oil film is shown in figure 2. With some assumption and

considering simple flow profile the right schematic in figure 2 shows a typical oil-whirl and oil-whip excitation.
In this diagram possible frequencies of vibration are shown in dependence of the angular velocities of the shaft
ΩS . Beside the two usually harmless oil whirl frequencies (dotted lines) the more critical oil whip frequencies
(full lines) have to be considered, when the two whirl frequencies are crossing and exciting the circular natural
frequencies ω1+ and ω2+ and eigenmodes of the rotor system. Oil films show a log on effect by adopting rotor
dynamic frequencies leading to a self excitation of the system. A shift of excitation frequencies and mechanisms
are sometimes reported during rotor ramp ups. Those correspond to a change of excitation mechanism from the
outer to the inner oil film.
As long as the whirl frequency of the lubrication films is not logged on to an eigenfrequency of the rotor, it is
usually not a critical excitation mechanism. Nevertheless, it is typically visible in a frequency spectrum. In case
of full-floating bearings two excitation whirl mechanisms coexist, which are correspondent to the inner and outer

shaft
bearing shell

floating bushing

eccentricity

oil communication 
hole

Ω fb

Ω s

um2

um1

Ωs

Ωs

ω1-

ω1+

ω2+

ω2-

Ωfb

um2
Rm2

um1

Rm1
Ωr

Figure 2: Schematic of a full-floating bearing (left) and correspondent excitation mechanisms (right) (not to be

scaled)

133



Figure 3: Experimental setup at the Institute of Gas Turbines and Aerospace Propulsion (GLR) at Technische

Universität Darmstadt

oil film. The complexity of this coupled system between inner, outer oil film, rotor dynamics and motion of the
floating ring is superimposed by complex boundary conditions.
Cavitation of oil and the correspondent effects on rotor stability are intensively investigated during recent years
and modeling approaches are presented among others by Ausas et al. [7], Grando et al. [8] and Li et al. [9]. The
influence of heat transfer is presented by many researchers and thermodynamic models accounting for its effects
on compressor and turbine performance are available ([10], [11] and [12] for example). The interaction of heat
transfer with oil, bearings and rotor dynamic is a topic aldready published by Han et al. [13] but nevertheless still
of high importance. Finally the influence of axial load and therewith the aerodynamic operating point can influence
the rotor dynamic behavior of a turbocharger significantly.
Therefore, the rotor dynamic simulation of a complete automotive turbochargers is complex and time consuming.
To achieve results in an acceptable time during development processes, the complexity of the system is typically
reduced. Models must be validated and calibrated with appropriate experimental results. The aim of this paper
is to give an overview of a currently developed measurement setup for detailed investigations. The influence of
aerodynamic throttling condition on oil-whirl and -whip is presented. Results are compared with results from
modeling techniques and the limitation of these models are shown.

Experimental setup
After a major rebuild, the turbocharger laboratory at the Institute of Gas Turbines and Aerospace Propulsion

(GLR) at Technische Universität Darmstadt was commissioned in 2014. Turbine and compressor are aerodynami-
cally decoupled in the open loop test facility. A screw compressor, which delivers up to 0.3 kg s−1 mass flow rate
at a maximum pressure of 4.5 bar is used to power the turbine and an electrical heater provides a constant and
controllable turbine inlet temperature. This heater allows to vary turbine inlet temperature for sensitivity studies.
On the other hand, the maximum turbine inlet temperature is limited to 573 K. The power limitation currently
allows to measure a complete compressor map with a maximum compressor wheel diameter of 60 mm. Aerody-
namic performance and operating point are monitored and controlled with a standard instrumentation in accordance
with[14]. Therefore, four static pressure tappings and three thermocouples type K are located at five wheel diame-
ters upstream and two wheel diameters downstream of the compressor. An orifice with corresponding pipe length
and diameter is designed in accordance to DIN EN ISO 5167-1:2004-01 and DIN EN ISO 5167-3:2004-01 to
determine mass flow rate of the compressor. Repeatability is ensured by controlling test cell and oil conditions.
For rotor dynamic investigations the turbocharger is mounted to a 500 kg table and flexible pipes are used for iso-
lation to prevent from excitation (figure 3). The goal was to constrain the turbocharger casing, because sensors are
attached to it and shaft movements are measured relative to the casing.
Inductive high speed sensors with a maximal resolution of 100 kHz, measurement range of 1 mm and accuracy of
2 µm are used to determine the relative displacement of the shaft at the compressor and turbine end (cf. figure 1).
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The turbocharger wheel and floating ring speed at compressor and turbine end are measured with the same sensor
type. In these cases only impulses at the sensor are counted which correspond to moving blades or communication
holes in the floating ring. The application of this type of senor at the turbine is only possible due to the low inlet
temperature controlled by the electrical heater.
The turbocharger rotor system under investigation features two subsynchronous eigenfrequencies and correspond-
ing rigid body modes, which depend on the stiffness of the bearing and bearing housing. In addition to those, two
bending eigenfrequencies and -modes were determined with experimental modal analyses (EMA) by Köhl et al.
[1] and compared to modeling approaches (cf. figure 4)

Experimental results
The aerodynamic compressor map of the turbocharger is shown in figure 5. The total pressure is plotted over

corrected mass flow rate which corresponds to inlet Mach-number. Five speed lines with constant circumferential
Mach-number are measured covering a range from low to high speed operation. The aerodynamic standard proce-
dure of Mach-number reduction is used to account for varying inlet conditions, in particular day to day temperature
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Ma =
c√
κRT

(1)

A constant speed line is determined by gradually closing a valve at the pressure side of the compressor while cir-
cumferential velocity of the turbocharger is controlled with the power input to the turbine (controlling of the mass
flow rate through the turbine). The reduction of cross flow section in the valve increases the throttling pressure to
the compressor. This leads to a gradual reduction of inlet velocity and correspondent Mach-number. At high mass
flow rates and low circumferential Mach number, speed lines are limited by pressure losses. In case of high speed
operation the flow is reaching supersonic conditions in the smallest cross section of the compressor which can lead
to very high pressure drops.
At very low inlet velocity, compressor blades tend to suffer flow separation. At a certain point this leads to com-
pressor surge at which flow is reversed and air is periodically discharging from exit of the compressor to its inlet.
This phenomenon is well known and intensively investigated. From a mechanical point of view the periodic un-
loading of pressure leads to a very high fluctuating axial force normally not tolerable.
The resultant axial force of a turbocharger during normal operation depends mainly on turbine inlet and compres-
sor outlet pressure. The exit pressure at the compressor manifests itself at the backside of the impeller and induces
an axial force in direction to the compressor inlet. The inlet pressure of the turbine induces a force counteracting
to that of the compressor side. The resultant force therefore depends on the operating condition of compressor and
turbine.
In figure 5 the results of the axial distance measurements at the compressor end (c.f. figure 1) is shown to demon-
strate the change of resultant axial force. At high compressor throttling (i.e. low inlet Mach-number) the pressure
ratio of the compressor is high and the shaft moves towards the compressor end while for high mass flow rates the
shaft moves towards the turbine and the distance to the sensor increases.

Transient acceleration and deceleration measurements
In addition to steady state experiments at certain operating points the equipment allows to perform transient

maneuvers. Two examples are shown in the compressor map of figure 5 at which the turbocharger is accelerated
and decelerated with a constant compressor throttling. The axial displacement of the shaft is monitored during
these maneuvers and shown at the right side of figure 5.
A main result of these maneuvers is shown at the left side of figure 6. The circumferential speed of the floating
ring at turbine and compressor end is visualized as the ratio of the shaft speed during acceleration and deceleration.
In the range of investigation, the axial force has no influence on the speed of the floating rings. A significant
difference between the ring velocity at compressor end to the ring at the turbine end is resolved. Furthermore, a
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measurement position (cf. figure 1)

small difference between acceleration and deceleration maneuvers is visible.
At the right side of figure 6 a Campbell diagram is shown based on the signal of the radial distance sensors at the
turbine end. The signals of a deceleration maneuver are post-processed representative for all transient runs. A high
signal strength is visible for synchronous rotational frequencies. Since the radial distance sensors are used for the
Campbell diagram, a synchronous signal is expected due to the presence of a balancing groove (cf. figure 1). The
rotor was dynamically balanced prior to testing with a residual field balancing quality and acceleration sensors
show rather small signals at synchronous frequencies and the subsynchronous pattern is the predominant vibration
phenomenon. Depending on the rotational speed, the amplitude of subsynchronous vibrations are 2-5 times higher
than those of synchronous vibrations.
The subsynchronous vibration frequencies are equivalent to the rotational frequency of the floating ring at turbine
and compressor end. Based on these observations it is obvious, that the subsynchronous frequencies are a self
excited vibration patterns induced by the full floating bearings.
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Subsynchronous orbits of the shaft at turbine and compressor end
Since the turbine can be operated at low temperatures it is possible to apply inductive sensors at the compressor

and turbine end surfaces (cf. figure 1). At synchronous frequencies the signal of these sensors are corrupted by
the balancing grooves. After filtering the signals, the subsynchronous orbit of the turbine and compressor can
be visualized. In figure 7 the radial displacement due to subsynchronous vibrations of the shaft at the turbine
and compressor end are shown for varying rotational speeds. The absolute displacement from peak to peak is
limited which is in the expected range due to measured bearing clearances. In general, the displacement decreases
with rotational speed which can be explained by the stiffening of the bearing system with rotational speed. The
signals can be used to visualize the three dimensional displacement of the shaft. Therefore, phase information
of compressor and turbine end are considered. Figure 8 shows the bandpass filtered shaft motion for the two
predominant subsynchronous vibration patterns. The motion between compressor and turbine is not measured.
Therefore, bending of the shaft can not be visualized here.

Simplified modeling results
Experimental results can be compared to the model presented by Köhl [1]. This model is using Ritz-Ansatz

functions for modeling the rotor. The forces in the floating bearing system are calculated with a finite volume
method resolving the Reynolds equations for the oil films. Some simplifications are applied which are:

1. constant oil viscosity (no temperature distribution or change of temperature)
2. incompressible fluid
3. pressure variations in the radial direction are neglected
4. no tilting of the bearing rings
5. rigid bearing housing and no deformation of the bearing rings
6. the influence of axial forces are neglected
7. Gümble boundary conditions

Detailes of the model can be found in the publication [1]. At this point only a qualitative comparison is visualized
in figure 9. It is apparent, that the simulated floating ring speed of the turbine is in the same range as the measured
one. The floating ring at the compressor end show a high discrepancy to experimental results and also the decline
of rotational speed ratio for high speed is overestimated by the simulation. At the right side of figure 9 the shaft
displacement due to subsynchronous vibrations at the turbine and compressor end are evaluated at the measurement
positions. Till medium speed of approximately 80 krpm no relevant subsynchronous vibrations are predicted
by the simulation model. Between 80krpm and 100krpm subsynchronous vibrations increase and the induced
displacement of those is clearly visible in figure 9. In addition to the qualitative difference the predicted amplitude
of shaft displacements is almost two times larger than the one observed in the experiments.
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A modeling approach with MADYN2000
With the intent to reproduce and understand the experimental results, a numerical model of the examined

turbocharger was constructed using the commercial rotordynamic software MADYN2000. Using the geometrical
data provided by IHI Charging Systems International GmbH, a simple model consisting of 16 shaft elements and
5 disc elements was created (figure 10). Since the detailed geometries of the turbine and compressor wheel are too
complex to be modeled, they have been taken into account as simple cylindrical elements considering their mass
moments of inertia.
Regarding the floating ring bearings, some assumptions have to be made. While the bearing housing has only one
oil-outlet in the middle between both floating rings, the model consists of two radial outlets (one at each side).
Outlet and inlet are modeled as radial holes in the bearing housing above the floating ring. They are placed with a
definite circumferential distance from each other.
The Madyn2000 bearing model is based on the assumption of perfectly circular short bearings, the loads in both
bearings (T-end and C-end) are calculated from a static analysis and applied as the only external force in the
floating ring bearing. The unbalanced loads are located in the T-end and C-end with the same magnitude and a
phase difference of 90◦ between them. Results for the floating ring at the turbine and compressor end, regarding
speed ratio and clearances of the floating rings are visualized in figure 11.
According to Köhl 2015 [1], the speed ratio is related to the differences in viscosity of the oil and the clearances at
the outer and inner gap between floating ring, shaft and housing. Since oil temperatures are very high, the dynamic
viscosity is almost constant over the investigated speed range. Therefore, the only dominant effect causing the
change in speed ratio of the floating rings and shaft is the variation of inner and outer clearance. This relation can
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be observed in figure 11. While the outer clearance diminishes with increasing speed the inner clearance rises. At
the same time the speed ratio of the floating rings drop with the rotational speed increasing.

Summary
Oil-whirl and -whip are two important excitation mechanisms to be considered during the design process of

full-floating journal bearings. The resultant subsynchronous vibration can lead to noise emissions or even risks ro-
tor integrity. The precise prediction is difficult since rotordynamic, fluid dynamic and thermodynamic mechanisms
are coupled and induce a complex system to be resolved with numerical methods.
A new test rig for rotordynamic related turbo charger investigations at Technische Universität Darmstadt is pre-
sented. The infrastructure and measurement setup delivers highly resolved signals while the turbo charger is
operated with realistic temperature, pressure and rotational speed. The radial shaft movement at compressor and
turbine side as well as the floating ring speeds are resolved with inductive sensors. In addition the axial movement
of the shaft is measured.
An aerodynamic map of the compressor is shown and the corresponding axial displacement of the shaft is visu-
alized. This mainly dependends on the static pressure at compressor outlet and turbine inlet varying for different
rotational speeds and throttling conditions.
The subsynchronous vibration pattern observed during first experimental investigations causes a tonal noise emis-
sion between 600 and 750 Hz. Observations of several transient accelerations and deceleration procedures indicate
that the axial displacement of the shaft does not influence the speed ratio of the floating rings in the radial bearings.
The floating ring speeds at compressor and turbine are considerably different. The frequency of the subsynchronous
vibration pattern is close to the rotational frequency of the floating ring at the turbine side.
The subsynchronous shaft orbits at compressor and turbine side are shown for several rotational speeds. Those can
be compared to simulations results conducted with a simplified model presented by Köhl 2015. The model shows
a decrease of speed ratio between floating ring and shaft speed with increasing rotational speed. A similar phe-
nomenon was observed within the experiments. Nevertheless, considerable differences between modeling results
and experiments are shown ascribed to the model assumptions applied.
In addition the system is modeled with the commercial software Madyn2000. Likewise the results show a decrease
of floating ring speed ratio with increasing operation speed. The model depicts that the clearance between shaft
and floating ring decreases with increasing speed and at the same time the clearance between floating ring and
shaft is decreasing. This indicates that the ring is widened with rotational speed. The pressure difference between
inner and outer oil film increasing with rotational speed causes this effect.
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NOMENCLATURE
Latin
u oils speed
R radius
EMA Experimental Modal Analysis
Ma Mach number
MFR Mass Flow Rate
PR pressure ratio
R gas constant
T temperature

Greek
κ isentropic exponent
Ω rotational speed
ω eigenfrequency

Subscripts
cor corrected
s shaft
t total to total
fb floating ring
1 inner oil film
2 outer oil film
+ forward traveling
- backward traveling
m median
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Abstract
The rotating shaft of automotive turbo-chargers are commonly supported in floating ring bearings with two

fluid films in serial connection. They are – due to the high rotational shaft speed – often designed as full floating
ring bearings with a free rotating ring between shaft and housing. The ring is driven by the shear stresses on the
inner and outer surface of the fluid films, which depend on the rotational speed gradient in the fluid and the pressure
distribution in the fluid films. Furthermore the pressure distribution and the ring speed interdepend, because the oil
speed determines the frequency of the oil whirl excitation. If this frequency meets a natural frequency of the system
the oil-whirl locks in an oil-whip and causes a circular motion of the shaft in the bearing with very high amplitudes.
Finding an optimal bearing design as a result of these nonlinear relations is a sophisticated task. Several parameters
of the floating rings could be tuned to avoid such oil-whip effects. Hence, a holistic simulation approach is used to
calculate the run-up of the turbocharger by using the simulation software EMD, which contains solution methods
for the nonlinear fluid film equations in order to solve them in every time step. However, the simulation has
to be validated against measurements. For this sake, the ring speed is measured using a miniature eddy-current
sensor during an electric driven run-up on a test rig, yielding an integral quantity containing all relevant effects.
Furthermore, the shaft motion is measured and compared to simulation in form of spectrograms.

1 Introduction
The bearing system of high speed rotating systems are often based on fluid bearings. Due to their simple and

cheap design and good damping characteristics they are often used in automotive turbochargers (TC). To enlarge
the damping of the fluid bearings a floating ring is introduced to add an additional outer fluid bearing. Depending
on the rings capability to rotate either as full floating or as semi floating ring bearing results, whereat in the latter
case, the outer fluid film acts as a squeeze film damper. This design has some advantages like higher damping
but also some disadvantages like nonlinear behaviour caused by two fluid films which can both induce oil-whirl
excitations. Therefore other bearing designs become more and more popular. Ball bearings can in some case
replace the fluid bearings. The advantages are high stiffness and low friction, which decreases the power loss. The
authors presented some different bearing designs, which have been compared for an automotive turbocharger [1].
Nevertheless the full floating ring design is still common in automotive turbochargers, since the production costs
are low in case of pure cylindrical bearings. An integral state variable of these bearings is the ring speed. It depends
on different bearing parameters like clearance, bearing width and of course the resulting pressure distribution in
the fluid films. For comparison of simulation and measurement the ring speed is essential. Other researcher groups
have also performed measurements of the floating ring speed. One of the first is from Kettleborough [2], which was
published in1954. On a relative large test rig for a single bearing, the ring speed was determined stroboscopically.
Later, Domes [3] used a simple rotor, which was smaller, but still larger than an automotive turbocharger. The ring
speed was obtained using a hall sensor in combination with a permanent magnet, which was glued in the rings
surface. Köhl et al. [4] built a transparent printed housing to get the possibility to arrange a high speed camera on
the area of the rings oil feed holes. By image processing the passing oil feed holes are counted and so the ring
speed could be determined. The problem of the printed housing is the low stiffness and the temperature durability,
which prohibits measurements with hot oil. Furthermore, air bubbles in the oil film impede the optical observation
of the oil feed holes. Summarising, in the context of turbochargers, it is still a challenge to apply a speed sensor to
a floating ring without changing the bearings behaviour significant. Finally the measured ring speed could be used
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to validate the numerical simulation results of the TC.

2 Electric test rig for TC
The test rig used in the present study consist of a simplified turbocharger, where the turbine- and compressor

wheel are substituted by equivalent cylindrical masses. This reduces the friction loss during run-up and neglects
the majority of aerodynamic effects acting on the blades. The shaft and the bearing system are still in the original
configuration. The run-up is realised by an electric synchronous motor with approx 2000W and an idle speed of
50000 rpm. This does not cover the whole speed range of this turbocharger, but it is enough to show the relevant
effects like oil-whirling motions of the shaft. The shaft displacement is measured at the compressor side by two
redundant displacement sensor, a laser triangulation sensor and a capacitive sensor for the sake of comparability.
The first allow a large distance to the shaft, but optical reflections on the rotating surface can cause problems.
Contrarily, the latter has to be arranged very near to the shaft surface, but is much cheaper. The shaft speed is
measured by an optical speed sensor at the turbine side. The speed of one floating ring is measured by an eddy
current sensor placed at the compressor side bearing - Fig. (3). The turbine side bearing was not measured because
the housing is unfavourable for direct access with tapped hole. The connection from the motor to the turbocharger
was realised with a steel wire to get a coupling with low bending stiffness, nevertheless the connection to the shaft
of the turbocharger is difficult. The thread at the shafts end is used for the adapter with the collet chuck for the
steel wire, but the thread is not able to center the adapter properly. This leads to a skewing of the adapter, which
induces unintentional excitations to the turbocharger and of course limits the maximum speed. Fig. (3) shows the

Figure 1: Electric driven test rig for TC.

Figure 2: Position measurement at the compressor side with laser triangulation sensor and capacitive sensor.
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Figure 3: Ring speed measurement at bearing on the compressor side in the sickle groove.

installation of the eddy current sensor EU05 in the sickle groove of the oil inlet. This ensures that the tapped hole
for the sensor has no hydrodynamical influence on the system. However, there is somewhat leakage at the sensor
inlet, which is in comparison to the oil consumption of the bearing system very low.

3 Measurement of floating ring speed
The speed of the ring is measured by counting the oil feed holes in the floating ring. This is realised by

measuring the position of the floating ring in the midplane using an eddy current sensor. The signal is disturbed by
the oil feed holes in the floating ring. Fig. (4) illustrates the signal of the eddy current sensor. In regions of without
oil inlet holes the sensor measures the position of the floating ring. The passing oil inlet hole disturbs the position
signal and seemingly enlarges the distance measured by the sensor. The transition is continuously and not like a
rectangular signal because the hole is much smaller compared to the surface of the sensor.

Figure 4: Signal from eddy current sensor.

Anyway, the signal could be easily converted into a rectangular signal in order to count the edges for speed
measurement. With this information the time signal could be recovered by eliminating the regions of the holes. By
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using a spline interpolation the leaks could be recovered in order to get a smooth function. Thus two signals could
be obtained with the eddy current sensor at the same time, which will additionally help to compare with simulation
results.

4 Simulation of run up
The equation of motion of the rotor dynamic system, which includes the rigid and elastic bodies – here consid-

ered as finite Timoshenko beam elements – form a system of second order equations

M
rigid

∙ q̈ + b(q, q̇) = h(t, q, q̇, x, ẋ) (1)

M
elastic

∙ ẍ + (D
elastic

+ Ω G
elastic

) ∙ ẋ + K
elastic

∙ x = f(t, q, q̇, x, ẋ) (2)

which is solved numerically in time domain using appropriate semi-implicit time integration solvers like [5, 6].
The pressure distribution in full floating ring bearing is represented by the Reynolds equation
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Eq. (3) is solved numerically in every time step for the input quantities h and ∂h/∂t for the inner and outer oil
film. For this sake the finite volume method is used to build a system of equations. Due to the proposed cavitation
algorithm the equation can either be linear or nonlinear. Daniel [7] shows an finite difference approach for Gümbel
cavitation, which yields a linear equation. For Elrod [8] or Bi-Phase [9] cavitation models an iterative solution
method based on fix-point iteration has to be used, which enlarges the numerical effort [10]. Stability problems
of this algorithms could be bypassed using a regularisation approach, which additionally allows the application
of Newton-Raphson leading to a remarkable speed-up [11–13]. A detailed description of the overall simulation
approach including validation against experimental data is given in [14]. However, after the solution of Eq. (3) the
pressure distribution p(x, y) is known and the shear stresses at the radial bearing surface can be calculated

τs = −
h

2
∙
∂p

∂x
+ η ∙

Δu

h
. (4)

The friction torque consists of two parts, the shear stress due to the velocity gradient and the shear stress due
to the pressure gradient. Felscher [15] showed that the second part becomes important for high eccentricities and
should not be neglected. For calculation of the resulting torque the reference point determines whether only shear
stresses or additional normal stresses have to be taken into account. However, Vogelpohl [16] has shown that the
result is the same regardless whether the centre of the shaft or the centre of the shell is used as reference. Here the
formula is developed for the centre of the shell with the radius rs

Mfr =
∫

τ(x, y) ∙ rs dA . (5)

The friction torque Mfr is acting on the inner side of the floating ring which accelerates the ring, the torque at
the outer surface decelerates the ring. In addition to the friction torque at the radial surfaces, the friction torque at
the axial side of the floating ring is present. It can be determined by integrating the shear stresses due to relative
velocity

Mfai =
∫ ra

ri

2π ∙ r3 ∙
η

s
∙ Ωring dr . (6)

Domes has mentioned this equation in his thesis [3] and has used it for comparison with measurements at a sample
rotor. Here the sum of both acting friction torques on the axial sides of the floating ring are formulated as function
of the axial gaps s1 and s2. These values are usually unknown, and also depend on the axial thrust load acting on
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the floating ring, which is hard to measure. So there is a kind of uncertainty by setting the parameter for the axial
gaps

Mfa = Mfa1 + Mfa2 =
π

2
∙
(
ra

4 − ri
4
)
∙ η ∙

(
1
s1

+
1
s2

)

∙ Ωring . (7)

The resulting ring speed Ωring depends on all acting torques and inertias,, which are a result of the numerical time
integration process. The ring speed could hardly be estimated a-priori because it is a function of the pressure
distribution and vice versa. Especially in regions of oil-whirl motions the friction torque rises immediately and
could speed up or drag down the ring depending on whether the oil whirl is in the inner or outer bearing.

5 Comparison of predicted and measured ring speed
The boundary conditions of the system are well known. For the simulation the temperature and the pressure of

the oil are set to the values which are pretended at the test rig. The clearances of the bearings were measured at
room temperature (20◦C) - Tab. (1).

Figure 5: Geometry of TC

Table 1: Bearing parameter measured at 20◦C.

parameter inner bearing outer Bearing

diameter 10.00 mm 16.00 mm

width 7.00 mm 10.00 mm

clearance (diameter) 30 μm 80 μm

clearance (axial) 300 μm 300 μm

The oil (FUCHS 600639273 10W-40) was fed with 3 bar and 60◦C. The change of clearance due to the
different bearing materials is regarded in the simulation, but the temperatures are assumed to be constant during
the run up. Fig. (6) shows the results of measurement of shaft and ring speed. The measured shaft speed is a
boundary condition for the shaft speed in the simulation. Only the ring speed is a result of the acting torques
caused by the fluid films in the inner and outer bearing. The predicted ring speed meets the measurements pretty
good. Only the harmonic changing in the measured ring speed can not be seen in the simulation, but the unbalance
and eccentricity of the coupling to the electric motor unit was seriously high, which imposes large excitations of
the shaft and the floating ring. This could lead to a periodical friction torque, which influences the rotational speed
of the ring.
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Figure 6: Comparison between measured and simulated floating ring speed (Elrod / 10μm).

The prediction of the axial position of the ring also influences the resulting ring speed. The assumption of
a mid position leads to the smallest friction torque and to the highest ring speed. If the ring moves to one axial
border, the difference of the axial gap s1 and s2 becomes larger and due to Eq. (7) the axial friction torque rises.
Fig. (7) shows the influence of the minimal axial gap on the resulting ring speed in case of a Gümbel cavitation
model.

Figure 7: Influence of smallest axial gap of the floating ring (Gümbel).

The Gümbel approach used here assumes a totally filled gap in the cavitation domain. Due to outgas and pour
in of air the gap in this domain is only partly filled, leading to a reduced surface, on which the shear stress can take
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Figure 8: Influence of smallest axial gap of the floating ring (Elrod).

effect. This effect can be considered in the simulation using e.g. the Elrod cavitation algorithm.
Comparing Gümbel Fig. (7) and Elrod Fig. (8), the choice of cavitation model changes the absolute values

but the qualitative results for the ring speed behaviour stays the same. Nevertheless with the Elrod algorithm, the
simulation is able to follow the experimental results more precisely.

6 Conclusion
The paper showed a method for ring speed measurement of automotive turbochargers by using a small sized

eddy current sensor. The oil feed holes in the floating ring influences the signal of displacement measurement
if they are passing the sensor. Otherwise the position information is measured. It could be shown that a simple
signal processing is able to separate the ring speed information from the position information of the ring. As a
consequence of less information during passing of oil feed holes the position signal is a bit deranged but sufficient
to analyse to movement of the ring. The advantage of using an eddy current sensor compared to other speed sensor
concepts is the duality of measurement results and the possibility to use it on small bearings without disturbing the
bearings behaviour.

The comparison to the nonlinear simulation with EMD shows a good prediction of the ring speed. The influence
of the axial friction torque was studied w.r.t. the ring speed. It could be shown, that this torque has a significant
influence depending on the axial position of the ring. Nevertheless the value of the axial position of the floating
ring is not a priori known. An automatic axial arrangement of the ring by solution of the according equation of
motion is difficult, because there are no directed forces on the ring.

In future work, the test rig will be improved. Therefore the steel wire between electrical drive and shaft will be
replaced by a double flexible multi disc clutch. Hence, the operational speed range can be enlarged, which allows
to observe further subharmonic vibrations and their interaction with the ring speed.
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148
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Abstract
The paper describes the application of the narrow groove theory to transient rotor dynamics. The presented

approach is verified against literature. Furthermore, a comparison to a numerical solution with local discretised
groove-ridge pairs is given, whereat differences in the results are discussed in the context of computational costs.

1 Introduction
A herringbone grooved journal bearing (HGJB) is a special case of journal bearing with groove-ridge pairs in

the surface, which are arranged in a herringbone configuration. Additionally to the circumferential fluid transport
of a plain journal bearing this configuration causes a fluid transport towards the bearings centerline. This kind of
bearing is mainly used in hard disk drives and optical drives (CD, DVD) [1] and for miniature fan motors [2]. Here
they are replacing ball bearings because of their long life, low noise and low friction.

In other applications, where it might be difficult to ensure an external fluid supply, another property of HGJBs
is the decisive factor: If properly engineered, self-sealing behaviour can be realised, so a single initially filled
fluid amount is sufficient for the whole lifetime. Such applications are e.g. the support of gyroscope flywheels in
spacecraft [3] or in medical devices as support of the rotating anode inside an X-ray tube [4].

Due to the X-ray principle the anode and therefore the rotor has to be driven in a vacuum, which is one reason
for the application of HGJB. The rotating anode is necessary to distribute the heat generated by the impact of the
electron beam on a larger area, cf. Fig. (1). The induced heat has to be transferred through the bearings, which is
why liquid metal (mixture of Indium, Gallium and Tin) is used as fluid [5].

For design purposes, the pressure distribution in the fluid film has to be known. Hence, the Reynolds par-
tial differential equation (R-PDE) has to be solved, which is nowadays done via Finite Difference- [6, 7], Finite

Figure 1: Temperatures in a rotating anode:1200◦C on anode base,2000◦C on burn trace and upto2600◦C on

the focal spot (left). Typical HGJB profile on a rotating anode (right). [5]
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Volume- [1, 8] or Finite Element Method [9–12]. In order to map the the groove-ridge pairs accurately, a fine mesh
with a high number of unknowns is necessary. While the resulting computational effort is acceptable under steady
state conditions, it is not under transient conditions within a rotor dynamic research. In this case, a numerical time
integration in combination with an online solution of R-PDE leads to very high computational time.

At this point, a review of papers from the early days of HGJB-computations is helpful: Since the computational
power was low at that time, the narrow groove theory (NGT) was developed, which enables a possibility to calculate
a mean pressure over a groove-ridge pair if a sufficient number of such pairs exist [13–15]. Therefore, the R-PDE
can be reformulated in terms of the smoothed pressure, which afterwards has also to be solved numerically, but on
a considerable coarser mesh. Hence, bearing forces needed for the rotor dynamics can be calculated much faster,
resulting in a reduction of the overall effort.

In case of bearings driven with fluids instead of gas, the question of cavitational effects arises. For this sake,
Jang and Chang [1] as well as Lee et al. [6] used Elrod’s cavitation algorithm [16] in combination with local
discretised groove-ridge pairs.

They found, that the influence of cavitation on the load capacity is lower compared to plain journal bearings
because it starts at high eccentricity values. Nevertheless, a handling of cavitation is necessary, since the effect of
side leakage has to be mapped.

As the NGT was developed, Elrod’s cavitation algorithm was not yet invented. Instead, researchers at that time
tried to map the so called side effect by modifying the gap geometrically in order to influence the pressure there
[17, 18] or by adapting the film width numerically in order to satisfy the mass conservation [15].

In the present paper the NGT is used and will be combined with a modern form of Elrod’s cavitation algorithm,
which was proposed by the authors [19–22]. The resulting algorithm is then applied to a transient rotor dynamic
or multi body simulation, as described in [23], whereat the bearing forces are calculated via an online approach.

2 Reynolds Equation for Narrow Groove Theory
The Reynolds PDE assuming the NGT is given by Bootsma [15] for radial, axial and combined bearings as
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whereinp0 denotes the pressure averagedover a groove-ridge pair
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The rotational speeds of theplain and the grooved surface are namedωp andωg respectively. Forfurther use, the
relations
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Figure 2: Geometry of herringboneprofile: Definition of groove-ridge pair (left) and orientation angle (right) [24].

Due to the averaging process of Eq. (2), some mainly geometrical quantities are introduced
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which are on the one handdetermined by the orientation angleα between the groove-ridge pattern and the direction
of rotation and on the other hand by the functionIj , which reads for a rectangulargroove cross section according
to Fig. (2)
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with γ =
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. (5)

3 Application of r egularised Elrod cavitation algorithm
Assuming incomressibility would lead to tensile stresses inside the fluid in regions, where the fluidfilm heigth

increases w.r.t. the direction of rotation. In practice, gas enters the gap from the axial boundaries or is dissolved
from the fluid, which yields a mixture of gas and fluid. In the bearings context this behaviour is known as cavitation.
Based on the ideas of Elrod [16], Kumar and Booker [25] introduced the film fractionϑ in order to describe density
ρ and viscosityη of the mixture

% = ϑ %liq + (1 − ϑ) %gas ≈ ϑ %liq and η = ϑ ηliq + (1 − ϑ) ηgas ≈ ϑ ηliq . (6)

Introducing Eq. (6) intoR-PDE, Eq. (4), reads
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with the complementary unknownsp andϑ: In regions wherep > pcav, the film fraction is knownϑ
!
= 1; otherwise

p
!
= pcav holds and the film fraction varies0 < ϑ < 1. At this point it is convenient to introduce dimensionless
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quantities

H =
hr

ΔR
, X =

r ϕ

r
, Y =

s

r
, η̄=

ηliq

η∗
, ωm =

ωshaft+ωshell

2
, P =

p (Δr)2

η∗ ωm r2
, T = t ωm, ω̄=

ω

ωm
(8)

and, following Shi and Paranjpe [26], a universal unknownΠ as well as a switch functiong in the way that

Π(X,Y )
!
=

{
ϑ(X,Y )−1 (X,Y ) ∈ Ωϑ

P (X,Y ) (X,Y ) ∈ Ωp

⇐⇒
ϑ(X,Y ) = (1−g) (Π(X,Y )+1) + g

P (X,Y ) = g Π(X,Y )
. (9)

Inserting Eq. (8) and Eq. (9) into Eq. (7) and reordering w.r.t. terms of the switch functiong yields the final
R-PDE under the conditions of the NGT and considering cavitation effects

[
∂

∂X

(
1

12η̄

(

A
∂(gΠ)
∂X

+B
∂(gΠ)
∂Y

))

+
∂

∂Y

(
1

12η̄

(

B
∂(gΠ)
∂X

+C
∂(gΠ)
∂Y

))

−
ω̄

2

(
∂F

∂X
+

∂G

∂Y

)

−
∂H

∂T

]

︸ ︷︷ ︸
pressure region

+

[
ω̄

2

(
∂((g−1) Π F )

∂X
+

∂((g−1)Π G)
∂Y

)

+
∂((g−1)ΠH)

∂T

]

︸ ︷︷ ︸
cavitation region

= 0 .

(10)

Depending on the design ofthe axial boundary, certain boundary conditions can be assumed. Either ambient
pressureΠamb holds or the boundary is sealed

Π = Πamb or
∂Π
∂Y

= 0 . (11)

Eq. (10) and Eq. (11) build an initial boundary value problem with elliptical character. Due to the partial deriva-
tives, an analytical solution is not known. Hence, a solution has to be obtained via a numerical method. Here,
the Finite Volume Method according to Patankar [27] is used to derive a system of equations. For this sake, the
fluid film is discretized with a 2-D mesh in circumferential and axial direction with a numer of volumesn. Due to
the mixed derivatives, a nine-point stencil results from the discretisation procedure. In the pressure region central
differences are suitable while in the cavitation region upwinding is necessary, which leads to backward differences
there. Finally, the nonlinear system of equations

A(g) p = r(g) with p = Π1 . . . Πn (12)

results, wherein the asymmetric systemmatrixA shows a sparsity pattern witheight secondary diagonals.
The nonlinearity results from the switch functiong, which is usually chosen to be the Heaviside function,

what induces some drawbacks. This choice necessarily leads to the application of fix point iteration and in some
load cases causes oscillatory solutions with, if at all, a poor convergence rate. The root cause is the discontinuity
between the two regions and the necessity, that the border between them is bounded to the numerical grid.

In a transient simulation in rotor dynamics or multi body dynamics, where a lot of online solution steps of
R-PDE are necessary, the convergence must be guaranteed, even on a somewhat coarse mesh. Hence, the authors
have developed a regularised algorithm, with a smooth switch function

g(Π) =
1
π

arctan

(
Π

1 − Π∗

)

+
1
2

. (13)

This enables a finite volume to be a part of both regions at the same time – the mentioned border is no longer
bounded to the grid. This ensures the existence of the solution and allows for the application of a Newton-Raphson
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Figure 3: Switch function ofsigmoid type according to Eq. (13) for different values of parameterΠ∗. ForΠ∗ → 1

a transition to Heaviside functiontakes place.

scheme, leading to a much higher convergence rate [19–22]. Therefore, Eq. (12) has to be interpreted as a function
of Π or p, respectively

f(p) 7→ r(p) − A(p) p = 0 . (14)

The Newton-Raphson scheme, startingfrom an initial guessp(0), yields the increment

p(i+1) = p(i) − J(p(i))−1 f(p(i)) (15)

with the Jacobian

J(p(i)) =
∂f

∂p

∣
∣
∣
∣
p(i)

=
∂r

∂p

∣
∣
∣
∣
p(i)

−



A(p(i)) +
∂A

∂p

∣
∣
∣
∣
p(i)

p(i)



 , (16)

whereat the derivatives can be expressed analytically.

4 Validation and numerical studies
Neglecting the derivative w.r.t. time in Eq. (10), a stationary problem remains. Under this assumption, the

described method is compared to results from Bootsma [15], which were achieved with the Finite Difference
Method. The relevant bearing parameters are listed in Tab. (1). The dimensionless load capacity

W̄ =
W (ΔR)2

η ω R4
(17)

is plotted against increasingvalues of the bearings relative eccentricityε for two different values of groove depth
h0 in Fig. (4). As canbe expected, with increasing groove depth, the load capacity is decreasing. However, the
agreement between both methods is very good for moderate eccentricitiesε = 0 . . . 0.6, but for higher values some
differences occur, which are acceptably small and may occur due to different cavitation handling.

Table 1: BootsmaFDM

parameter value set 1 value set 2 unit

B/D 1 1 [−]
α 33 33 [◦]
ωg 0 0 [rad/s]
ωp ω ω [rad/s]
γ 1 1 [−]

h0/ΔR 1.0 3.0 [−]

Table 2: Bootsmameasurement

parameter value set 1 value set 2 unit

B/D 2 2 [−]
α 14.2 14.2 [◦]
ωg 0 ω [rad/s]
ωp ω 0 [rad/s]
γ 1 1 [−]

h0/ΔR 5.0 5.0 [−]
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Figure 4: Dimensionless load capacitȳW vs. eccentricityε for different values of groove depthh0.

Figure 5: Dimensionless load capacitȳW vs. eccentricityε. Comparison to measurements, where either the

grooved part or the plain part rotates. For the present model, a grid of 90x60 with 5220 unknowns was used.
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Another configuration, taken also fromBootsma [15], allows the comparison to experimental obtained data.
Here, a comparatively large groove depth was chosen, cf. Tab. (2), because in this case differences in the load
capacity occur depending on wether the plain member or the grooved member rotates.

For the sake of comparability, simulation results from the reference were also plotted, which in this case are
obtained by a perturbation method based on the NGT. Again the simulation results show a good accordance, but the
difference to the measurement results are quite large. When comparing to measurements, the production accuracy
and error of measurements should be considered. Unfortunately, in the reference no information concerning this
matter is present. Nevertheless, the influences of orientation angleα and groove depthh0 were investigated.
Whereas theorientation angle has a minor influence on the load capacity, the groove depth shows a major one.
Diminishing the groove depth by≈ 10% yields a much better congruence of simulation and measurements, cf.
Fig. (5).

Before the method is used in further analyses, the convergence properties should be investigated. Hence, the
numerical grid was refined successive and the change in load capacity was observed w.r.t. a quasi exact solution
obtained with 30000 unknowns. As mentioned earlier, the HGJB behaviour differs related to the part, which is
rotating – the grooved or the plain one. Therefore, the convergence study was performed for both cases, cf. Fig. (6).

Figure 6: Relative errorerel =
W̄nxny−W̄quasiexact

W̄nxny
for different grids(nx ∙ ny) and different values of bearing eccen-

tricity ε. Grooved member rotates (top), plain member rotates (bottom). Bearing parameters according to Tab. (1)

with H0/ΔR = 1.
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Figure 7: MBS/rotor dynamic model of rotatinganode inside a X-ray device with pressure distribution due to

herringbone bearings and forces caused by unbalance distribution (left). Film content of HGJB with partial initial

filling (right).

Additionally, the bearing eccentricity was varied between a weak load stateε = 0.1 and a heavy load stateε = 0.9.
For use in rotor dynamics, it should be convenient, if the relative error concerning the bearing force is about1%.
Assuming moderate load states this is the case if approximately2500 unknowns are used, whereat the failure is
slightly higher when the plain member rotates.

5 Comparison of NGT-algorithm with conventional R-PDE within rotor dynamics
In order to demonstrate the possibilities of the developed NGT algorithm, the differences compared to a so-

lution, which uses online R-PDE with local discretisation of the herringbone grooves, are studied. Therefore, the
bearings are discretised with a relatively fine rectangular mesh of395 × 120 finite volumes, which causes high
computational effort. On the contrary, using the NGT, a mesh of60 × 22 is sufficient. The model consists of
a cantilever shaft, which holds the herringbone profile for the two bearings and the rotor, which is designed as
outside runner, cf. Fig. (7). The remaining model parameters are given in Tab. (3).

The computed rotor orbits of both methods are compared in Fig. (8). It can be seen that the NGT orbit is
somewhat smaller and its midpoint is closer to the bearing center, which both induces a higher stiffness. In this
context it should be mentioned that the conventional R-PDE method on a rectangular mesh has a limited capability
to map the herringbone grooves with the orientation angleα accurately. A further refinement of the mesh shows a
trend towards smaller orbits.

Additionally, the pressure distribution for a given time is compared in Fig. (9) between both methods. The
global form and also locus as well as value of maximum pressure coincide very well, while the size of the cavitation
region (white areas) differs. Due to the averaging character of the NGT the film content has to be interpreted as a
mean value over the grooved area. Hence, the NGT solution yields a smaller cavitation area.

However, on the same machine (a I7–7820X desktop PC, using a single core), the conventional R-PDE method
requires ≈ 3.7 hours, while the NGT method needs only ≈ 100 seconds which underlines the effectiveness of the
described algorithm.

Table 3: Parameters of rotor and bearings for comparison between NGT and conventional R-PDE.

Parameter Value Unit Parameter Value Unit Parameter Value Unit

B 0,026 [m] runbalance 0.0001 [m] ΔR/R 0.001 [−]

D 0,024 [m] ω 500 [rad/s] h0/ΔR 1.166 [−]

mrotor 5 [kg] gy -9,81 [m/s2] η 0,0015 [Pa s]
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Figure 8: Comparison of rotor orbit (top) and relative eccentricity (bottom) between conventional R-PDE method

with local discretised grooves and NGT based method.
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Figure 9: Comparison of pressure distribution between conventional R-PDE method with local discretised grooves

(top) and NGT based method (bottom). White areas indicate the occurrence of cavitation.
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6 Conclusion
The application of the NGT for herringbone grooved journal bearings within the transient rotor dynamic sim-

ulation was shown. In order to take cavitational effects into account, the NGT was combined with a regularised
variant of the Elrod algorithm, which ensures both, numerical stability and low computational costs. The de-
scribed algorithm was verified and validated against measurements and calculations present in the literature, which
showed good congruence. Finally, the method was compared to a conventional R-PDE with local mapping of the
herringbone profile.
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Abstract
The work at hand presents simulation results for the motion of a laval rotor supported by hydrodynamic journal

bearings with a detailed model to represent the instationary thermo-hydrodynamic behaviour of the system. This
model incorporates a transient solution of the full three-dimensional energy equation in the lubricating films as
well as transient solutions of the heat conduction equations for the bushing and the shaft. The comparison of
the simulation results with measurement data clearly shows, that the comprehensive temperature algorithm yields
better results than isoviscous approaches. However, the calculation times are significantly longer. Therefore,
different strategies are tested in the second part of this paper to accelerate the calculations. The combination of
suitable strategies enables to limit the increase of computational time to 30 %.

1 Introduction and motivation
Hydrodynamic bearings are commonly used to support high speed rotors because of their low production costs

and wearlessness, as long as the surfaces of rotor and bearing are fully separated. On the downside, these bearings
are characterised by non-linear stiffness and damping matrices, which are unsymmetric and lead to self-induced
vibrations known as oil-whirl and oil-whip, cf. [20]. Moreover, the bearing behaviour is determined by cavitation
phenomena, where a rupture in the oil-film takes place, and thermal effects, which can result from frictional heat in
the lubricating film or thermal boundary conditions. Thermal effects can lead to a distinct alteration of the lubricant
properties, especially the viscosity. All these influences cause an extremely non-linear behaviour of hydrodynamic
bearings.

Nevertheless, precise and robust simulation algorithms are needed to predict the behaviour of high-speed rotor
systems such as exhaust turbochargers reliably. This does not only help to ensure safe operation in the long-term,
but also to exploit existing potentials for optimisation, e.g. regarding efficiency (smaller gaps in gas-carrying
structures) and noise reduction (lower vibrations).

The modelling approach used in this paper is based on a time integration of the equation of motion of the
(flexible) rotor with non-linear force elements which solve the Reynolds partial differential equation (Reynolds
PDE) to account for the hydrodynamic bearings. It has been presented in various publications (see section 2) and
is enhanced by a temperature algorithm in this paper (see section 3). The calculation results of the isothermal as
well as the enhanced, non-isothermal models are compared to measurement results by Eling for a laval rotor in
plain journal bearings presented in [8].

The first goal of this paper is to show that non-isothermal calculations yield more realistic results than isother-
mal calculations (see section 4). Due to the increased modelling depth, there is a significant increase in calculation
times. Therefore, the second goal of the paper is to explore different approaches to reduce the numerical effort for
the thermo-hydrodynamic model without reducing the quality of the results (see section 5).

2 Simulation methods and state of research on thermally extended rotordynamics
2.1 Simulation approaches

Various approaches have been used to model rotor systems supported by hydrodynamic bearings, starting with
linearised stiffness- and damping coefficients around single operating points [17]. These linearised coefficients
are not suitable for the description of non-linear lubricating-film-induced vibrations, but can provide a reasonable
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approximation of the resonance frequencies of a bearing-rotor-system if the elastic properties of the rotor are taken
into account for the analysis [9].

It is possible to calculate stiffness and damping coefficients for a multitude of rotor positions and store them
in a lookup-table for subsequent use in rotordynamic analyses such as the simulation of a rotor run-up, which is
also known as mobility method [4] or impedance method [5]. Therein, interpolations are carried out to account for
intermediate shaft positions. This lookup-table-approach has been used commonly, for instance in [19, 13, 18, 32,
11]. However, the numerical effort increases substantially if additional effects are to be modelled. These effects
include rotor deflection, which causes a resulting torque on the rotor and has a major influence on the minimal
fluid film gap [7], cavitation phenomena, thermal influences or additional lubricating films. The latter appear in
floating ring bearings, where a (non-)rotating ring is positioned between shaft and bushing. If more effects are
incorporated, the lookup-table approach loses its advantage in performance compared to a transient approach.

Therefore, a third approach utilises a solution of the equation of motion of the (flexible) rotor in the time
domain while taking the non-linear bearing forces into consideration by an online-solution of the Reynolds PDE
in every time step. With this method, retroactions of the hydrodynamic forces on the kinematic state of the rotor
are fully represented. Such an approach has been described in [21, 34, 2, 37, 26] for instance and is enhanced by a
detailed thermal model in the publication at hand.

2.2 Thermally extended rotordynamics
The long history of thermo-hydrodynamic modelling of journal bearings is thoroughly reviewed in [15, 16, 10].

In older publications, thermal considerations are usually restricted to stationary solutions, whereas thermally ex-
tended rotordynamics require instationary approaches to account for frictional heat and the comparatively slow
(not instantaneous) warming of the surrounding parts of the lubricating film. A number of lumped thermal models
have been proposed to account for temperature changes in the lubricating films during rotor run-up, for instance
in [6] and [31]. Keogh and Morton presented one of the first non-steady-state approaches to model the thermo-
hydrodynamic behaviour of a journal bearing in the context of rotordynamics [14]. The analysis was restricted
to stationary forward and backward synchronous orbits. Paranjpe and Han [28] presented a more general ap-
proach including solutions of the generalized Reynolds PDE and the full three-dimensional energy equation for
unsteady load. They showed that the temperature in the lubricating film will react to changes of the load almost
instantaneously and considered different time scales for the different bearing parts leading to a quasi-steady state
formulation for the journal and the bushing. Therefore, the lubricating film was not directly coupled to the sur-
rounding parts. There are many works, which include stationary solutions of the (full) energy equation, but not a
single publication is known to the authors, where all describing equations are solved in their full form for general
non-steady-state conditions to investigate the thermo-hydrodynamic performance of journal bearings for rotors.
The dissertation of Eling [8] and preliminary works [1, 9] describe the most sophisticated model known, which
is based on a time integration and contains transient, online solutions of the Reynolds PDE including shaft tilting
and a mass-conserving cavitation model developed by Alakhransing [1]. Furthermore, the model uses online solu-
tions of a 2D-formulation of the energy equation with constant temperature over the gap height and incorporates
these into a lumped thermal network model to account for temperature changes of the shaft and the bushing. This
lumped thermal network model was parametrised using conjugate heat transfer models and the approach was used
to conduct rotordynamic analyses, however with quite long calculation times.

Therefore, a fully transient approach including a solution of the three-dimensional energy equation in the fluid
film and heat equations for shaft and bushing is unknown to the authors and will be presented here with regard to
calculation times.

3 Theory
As mentioned above, the core of the simulation is the transient solution of the equations of motion with a

numerical time integration scheme like [30, 33] or similar. The equation of motion can be derived using either
multi body dynamics, structure dynamics or rotor dynamics depending on the kind of application. Here the latter
was chosen, leading to

M · ẍ+ (D + ΩG) · ẋ+K · x = f(t, x, ẋ) . (1)

The mass-, stiffness- and gyroscopic matrices are derived using finite beam elements for rotor dynamic analy-
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ses, cf. Nelson [22]. Usually and also in this work, the damping matrix is obtained using the Rayleigh approach

D = αM + β K . (2)

The bearings’ behaviour enters in Eq. (1) in terms of the right hand side f , which thereby depends on time,
shaft position and orientation as well as its translational and rotational velocity. The correlating bearing forces
and moments (due to friction and tilting) are obtained by an online solution of the Reynolds PDE in every time
step of the time integration. This equation, including cavitational effects [24] and expressed in terms of the non-
dimensional pressure Π, reads

[
∂

∂X

(
H3

12η̄

∂(gΠ)

∂X

)
+

∂

∂Y

(
H3

12η̄

∂(gΠ)
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∂ ((g−1)ΠH)

∂X
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∂T

]
= 0 .

(3)

Therein, the first bracket accounts for the pressure region while the second bracket is active in the cavitational
region, depending on the value of the switch function g. The Eq. (3) is discretised in the bearing domain using the
finite volume method, leading to a non-linear system of equations, which can be solved with a Newton-Raphson
approach, if the switch function is of sigmoid type instead of the usually used Heaviside type. By means of
integration w.r.t. the bearing domain, the current forces and moments can be computed depending on the rotor
surface velocity um, the gap function H and its time derivative ∂H/∂T . The corresponding coordinate system in
the lubricating gap is shown in Figure 1.

Besides this direct link to the rotor motion, the force values depend on thermal expansion of the bearing
partners as well as the current viscosity of the fluid, which varies due to the temperature distribution T in the
film. Moreover, the film temperature is influenced by the heat fluxes from the shaft and from the bearing housing.
Hence, the energy transport equation has to be solved in the fluid film and the surrounding structure. This equation
is derived from the change of energy in an infinitesimal control volume with respect to time, cf. [27] or [36], and
is stated as
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︸ ︷︷ ︸
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(4)

in Cartesian coordinates with the indicated mechanisms of energy transport. Main input properties are the hydro-
dynamic pressure, which determines the fluid flow velocities u, v, w and the lubricant fraction, which is obtained
from the cavitation model and which is essential for solving the energy equation to calculate the effective physical
properties ρ, λ and cp of the fluid. Otherwise, the temperatures calculated are too high, because the dissipation
function is over-estimated. To solve this equation on an equidistant, time-invariant mesh, it is transformed to a
cuboid domain using the relation z̃ = z

h(x,y) , which is depicted on the right of Figure 1.
The frictional heat leads to a warming of the shaft and the bushing, which in turn leads to even higher temper-

atures in the lubricating gap. Because of this mutual influence, constant temperatures cannot be assumed for these
surrounding parts and they are accounted for by solving the respective heat conduction equation which results from
Eq. (4) by removing all velocity dependent terms and reads

∂T

∂t
=

λ

ρcp

(
1

r2
∂2T

∂ϕ2
+
∂2T

∂y2
+

1

r

∂

∂r

(
r
∂T

∂r

))
(5)

in cylindric coordinates. The shaft temperature is assumed to be constant over the circumference because of the
high sliding velocity. Similar to Eq. (3), Eqs. (4) and (5) are solved using the finite volume method, which is
extensively described in [29] and the solution is stabilised with the hybrid scheme that is also described therein. At
the interfaces between fluid film and surrounding parts, it is presumed that the oil sticks to the respective surface
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Figure 1: Left: Plain journal bearing with coordinate system. Middle to right: Transformation of the lubricating

gap to a cuboid domain with the dimensionless coordinate z̃.

which allows to model the heat transfer over these interfaces as pure heat conduction. This leads to a single
equation system for all three domains, which is solved in every time step for the full non-isothermal approach.

The resulting temperatures in the lubricating film T can be used to calculate the following input parameters
for the solution of the Reynolds PDE: oil viscosity η (obligatory for thermo-hydrodynamic models), oil density ρ
(small influence, not considered in this work) and changes in gap height due to thermal expansion ∆htherm (small
influence for the system considered in this work, see section 4.3, but not generally).

4 Case Study: Laval rotor in cylindric hydrodynamic bearings
4.1 Technical data of the analysed rotor system

It is reasonable to test new calculation models using simple systems with an overseeable number of (measur-
able) input parameters to keep the uncertainties of the input as low as possible. In the field of rotordynamics, the
laval rotor is such a simple system. Eling conducted measurements for a laval rotor supported by two identical
plain journal bearings, which were documented in [9, 8] alongside with simulation models of varying modelling
depth. It was stated in [8], that the calculation of a run-up experiment (tsim = 20 s) takes 100-200 hours on four
processors for the most sophisticated model, which was outlined in section 2.2.

The rotor analysed by Eling is depicted in Figure 3 and has three disks: One main disk, where different
unbalances can be mounted and two small disks adjacent to the bearings. Various run-up experiments from 250 rpm
to 52 000 rpm were conducted with an acceleration of 1000 rpm per second and the rotor displacements were
measured at each disk. The reference operating conditions were defined as

- Tambient = 298 K
- TOil supply = 298 K
- pOil supply = 2.8 bar
- mUnbalance = 250 mg mm

and the properties of the rotor-bearing-system are listed in Figure 2.

4.2 Measurements by Eling
During the run-ups, various parameters were recorded from which especially the rotor displacement at the

main disk will be analysed. The left part of Figure 4 depicts the measured displacements at the main disk during
a run-up from 250 rpm to 52000 rpm at reference operating conditions as recorded by Eling. Right at the start of
the recording, the displacements are greater than zero indicating that the measurement started from an eccentric
rotor position. With increasing rotational speed, the rotor drifts to a more centric position, which is typical for
hydrodynamically supported systems. Furthermore, two characteristic areas can be identified in both graphs (x-
direction and y-direction). Firstly, the rotor passes the resonance after approximately 23 s at a rotational frequency
of approximately 380-390 Hz. At this point, the excitation frequency of the rotating unbalance force equals a
(current) eigenfrequency of the bearing-rotor system. Beyond the resonance, the amplitudes decline until secondly
a sudden jump occurs at approximately 42 s (700 Hz). This point marks the onset of subharmonic vibrations
(the frequency content can be examined by representing the measurement data as spectrogram, cf. [8]), which
are excited by the lubricating films in both bearings. From 42-52 seconds, there is a very steep increase of the
vibrational amplitudes reaching maximal values of +40 µm/-50 µm in the x-direction and +50 µm/-60 µm in
the y-direction during the last two seconds of the plot, where the rotational speed was supposedly held constant,
and are therefore quite asymmetric. However, Figure 4 shows that there seems to be a drift in the measurement
signal, which can be regarded as an explanation why this asymmetric behaviour is reproduced only very slightly
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Figure 2: Physical parameters of the rotor system accord-

ing to [8] in comparison with current simulation model
Name Value nominal Value current sim.

Bearings dbear 6.022 mm 6.022 mm

dshaft 6.000 mm 6.000 mm

b 3.6 mm 3.6 mm

ψ 3.6533 e− 03 3.6533 e− 03

Rotor m 105.8 g 106.9 g

Steel 1.2379 Ipol 10.4 e− 06 kg m2 10.27 e− 06 kg m2

E – 226 GPa

fcrit 764 Hz 780.3 Hz

unbal. 50...350 mg mm 250 mg mm

Oil ϑin 298...348 K 323 K

Mobil 15W30 pin 1.0...5.0 bar 2.8 bar

B

B

Figure 3: Top: Rotor used for experiments, ’B’ marks

the bearing positions [35], Bottom: Current simula-

tion model, red arrows mark the bearing positions
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Figure 4: Left: Measurement results published in [8] at ref. conditions, gray line added by author. Middle:

Simulation with isoviscous models. Right: Simulation with enhanced model as described in section 3, three-

dimensional distribution of the oil viscosity.

in the simulations in y-direction (because of the gravitational load). The plots show that the amplitudes of the
subharmonic vibrations can reach significantly higher values than the resonance amplitudes and this highlights the
fact that they have to be looked at closely when designing rotor systems supported by hydrodynamic bearings.
This requires efficient and realistic models to allow for suitable simulations of the dynamic behaviour.

To parametrise a heat transfer model for the surrounding parts, Eling conducted detailed conjugate heat transfer
analyses. An important result of these analyses was that the changes in gap height due to thermal expansion lie in
the order of 0.5 µm, which is fairly small compared to the nominal height of the lubricating gap (11 µm) and it
was concluded that these changes are negligible. The same assumption is made for all simulations presented in the
following sections, which were therefore carried out with constant bearing clearance.
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Figure 5: Overview of the different simulation models presented in chapters 4 and 5
Number Thermal model Remarks Section

Model 1 Isothermal, therefore also isoviscous Tfilm = Tsupply 4.4

Model 2 Isoviscous, but not isothermal Film temp. taken from measurement as shown in Figure 12.

The temp. is constant over the film, but not constant over time.

4.4

Model 3 Full non-isothermal model Transient solution of the energy and heat eq. in every time step. 4.5

Model 4 non-isothermal model with piecewise con-

stant temperatures in lubricant film

Transient solution of the energy and heat eq. NOT in every

time step.

5.1

Model 5 non-isothermal model with coarser mesh Transient solution of the energy and heat eq. in every time step,

but with coarser mesh than in Model 3.

5.2

Model 6 combination of model 4 and model 5 – 5.3

4.3 Simulation model
All simulation results which are presented in this work are based on the same basic model: The rotor is

modelled as an elastic beam with finite elements based on the Timoshenko-theory, cf. for instance [22, 23].
Mass, polar mass moment of inertia and first eigenfrequency (free-free condition) of the model agree very well
with the measured data, see Figure 2. The first eigenfrequency was adapted by a slight alteration of the Young’s
modulus because otherwise the resonance would occur too early in the simulations. The two bearings are modelled
according to the geometric data given in [9] and are located at the prescribed axial positions. Oil is supplied from
one circular hole at the top of each bearing. The solution of the Reynolds PDE includes the rotor deflection and the
mass-conserving regularised Elrod Algorithm published in [26, 25] is used to account for cavitation. As mentioned
in the previous section, the bearing clearance is assumed to be constant. Besides the bearing forces, which are
calculated by integration of the discrete pressure values over the bearing surface, gravitation and unbalance act on
the rotor. In analogy to the measurements, run-up simulations were conducted from 250 rpm up to 52000 rpm. The
simulation time was set to 5 s with the rotor being located in a centered position initially. For better comparability
with the measurements, all simulation results shown in Figure 4 were scaled to an end-time of 52 s. The table in
Figure 5 shows an overview of the different models that are presented in this paper.

4.4 Simulation results with isoviscous models
Isothermal approach (Model 1) As a reference for calculation time, simulations were carried out with an
isothermal model at first. With this modelling approach, the oil temperature does not change with increases of
rotational speed, it is equal in the whole fluid film and the approach is therefore also called an isoviscous model.
The oil supply temperature is the only thermal boundary condition which has to be defined. It was set to 323 K and
therefore 25 ◦C higher than the value defined in the reference operating conditions because a major temperature
increase was reported to occur in the oil supply channel [8].

The dark curve in the middle of Figure 4 shows the results of this isothermal calculation. Because the rotor
starts from a centered position, there is no bearing force at the beginning, which leads to a slight drop of the rotor
in the first second of the calculation. The two characteristic areas which were pointed out in the measurements are
visible in the simulation results as well. The calculated resonance frequency of the rotor-bearing systems matches
the measured resonance frequency: Both lie at 23.7 s (approximately 380-390 Hz). However, the rotor amplitude
is over-predicted and, as already mentioned, asymmetries of the displacements in x-direction are not reproduced
by the model. More importantly, the vibration amplitudes of the subharmonics are predicted to be smaller than
the resonance amplitudes, which is a major disadvantage of this model. The calculated maximal displacements at
maximal rotational speed reach roughly 50 % of the measured displacements. The calculation takes 52 minutes on
a single processor with a comparatively coarse mesh of 60x16 for the solution of the Reynolds PDE equation in
each bearing.

Temperature boundary conditions from measurement, constant viscosity in lubricating gap (Model 2) The
second isoviscous model utilises the comprehensive data basis of the case study and uses the measured oil tem-
peratures (see black plot in Figure 12) as boundary conditions with linear interpolations in between. This enables
an examination of the correctness of lumped thermal models as the measured data should be close to the real tem-
peratures, even if some changes in oil temperature might occur between the lubricating film and the thermocouple
position at the outlet. The simulation results obtained with these boundary conditions are shown in the middle of
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Figure 4 as the light blue curve. Regarding the resonance, the calculation results are very similar to the results
obtained with the isothermal approach. However, the predicted amplitudes in the subharmonic domain are consid-
erably lower than predicted by the isothermal model. Clearly, this was not expected, as the boundary conditions
are more realistic than with the isothermal ansatz. On the other hand, the onset of the subharmonic vibrations is
predicted at about 43 s and therefore noticeably closer to the measurements, where the onset was recorded at 42 s.

4.5 Simulation results with full non-isothermal approach (Model 3)
Results For distinction between the non-isothermal reference model, which incorporates a solution of the energy
equation in every time step and the reduced models presented in chapter 5, the former will be called ’full non-
isothermal approach’. The simulation results attained with the full non-isothermal model are depicted on the
right-hand side of Figure 4. Just as in the isothermal results, a slight drop of the rotor can be observed in the
first second of the calculation. However, contrary to the isothermal calculation, this initial displacement leads to
vibrations during the first seconds of the calculation. A possible explanation is given by the boundary conditions:
In opposition to the isothermal simulation, the non-isothermal simulation starts at cold conditions and therefore
with a comparatively high oil viscosity, which connotes higher bearing stiffness. As a result, the rotor is pushed
back closer to the bearing center than in the isothermal calculation and drops again. This is repeated several times
with decreasing amplitudes. The same behaviour can be observed at the results of the non-isothermal, isoviscous
model and the same explanation applies.

The transition through the resonance and the onset of the subharmonic oscillations are clearly visible in this
simulation as well. Neither the maximal amplitude nor the passing time of the resonance differ from the isoviscous
calculations, probably because the mean temperatures do not differ significantly at that time (323 K vs. 312 K,
compare black and blue curve in Figure 12 at approximately 23 000 rpm).

However, significant differences exist regarding the prediction of the subharmonics. The increase of the vi-
brational amplitudes is steeper and the maximal displacement in the positive x-direction matches the measured
displacements at this point much better than the isothermal solution.

Deviances remain regarding the displacements in the negative x- and in the y-direction compared to the mea-
surements and the asymmetry that was recorded in the measurements is only slightly represented in the y-direction.
Moreover, no considerable change is visible regarding the onset of the subharmonic oscillations compared to the
isothermal solution, which is still predicted too early.

Boundary conditions As the full non-isothermal approach implies a thermo-hydrodynamic model for the bear-
ings including heat conduction equations for the bearing housing and the shaft, more temperature boundary condi-
tions are required.

1. Initial temperatures have to be defined – these are set to the ambient temperature (25 ◦C).
2. Interfaces of fluid film and surrounding parts: As explained in section 3, pure heat conduction is assumed

at the interfaces between fluid film and surrounding parts, which means that no explicit boundary conditions
have to be defined at these locations.

3. Axial boundaries of the shaft: The heat flow at the axial boundaries of the shaft is not known. However, steep
axial temperature gradients were reported outside of the bearings in [8]. To keep the system boundaries as
large as possible, this is modelled by defining an isothermal system boundary (T = Tamb), which is positioned
in a reasonable distance lamb to each axial bearing-edge. Heat is conducted from the axial bearing boundaries
to these system boundaries. By choosing the distance to be lamb ≥ b, the temperatures in the lubricating film
are not influenced significantly by the ambient temperature and can adjust almost freely. In the current work,
the distance was defined to be equal to the bearing width lamb = b at each axial boundary of the calculation
domain.

4. Axial boundaries of the lubricating film: It is assumed, that the oil can leave the bearing freely at the axial
boundaries, which leads to the requirement that the temperature gradient must be zero there [29].

5. Axial boundaries of the bushing: The bushing is quite narrow [8] and therefore, free convection is assumed at
this boundary. This results in the calculation of a heat transfer coefficient αFC [3], which is then incorporated
in the calculations as a heat flow boundary condition.

6. Radial boundary of the bushing: This boundary condition is equivalent to the condition formulated for the
shaft’s axial boundaries (item 3), because the heat flow over the radial boundaries is not known. Therefore,
a system boundary dsys was defined outside of the calculation boundary dcalc and the following values were
chosen: dcalc = 45 mm, dsys = 2 · dcalc = 90 mm.

7. Oil mixing in the inlet: It is difficult to state the boundary condition of the effective temperature in the oil inlet
area in the lubricating film, because a part of the hot oil sticks to the shaft and rotates over this area, whereas
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another part of the hot oil mixes with the fresh oil from the oil supply channel. The proportion of these parts
is strongly dependent on load and rotational speed. Presently, an investigation to find a good compromise is
still pending and therefore, the simplest possible approach has been chosen: A heat balance in the oil supply
region without empirical parameters as stated by Heshmat and Pinkus in [12].

These boundary conditions are used to solve the energy equation in each time step of the time integration, which
causes a heavy increase in calculation time: The calculation takes 25.4 hours with a mesh size of 60x16x25 in the
lubricating films and 60x16x11 in the bushing. The gap height of the fluid film was meshed with a comparatively
large number of elements to account for the high temperature gradients which can occur across the fluid film. As
mentioned before, all calculations were carried out on a single processor.

4.6 Conclusion of the simulations
The calculation results show clearly, that the enhanced temperature algorithm yields a better prediction of the

rotor amplitudes than both isoviscous approaches. The growth of the amplitudes of the subharmonic vibrations is
predicted more correctly and the maximal amplitudes are close to the maximal measured amplitudes. It is very
surprising that the non-isothermal, isoviscous model performs significantly worse. Because the changes in gap
height as a result of thermal expansion are neglected, there are only two possible explanations:

1. The local temperatures in the lubricating film are higher than the measured temperatures at the outlet. This
would mean that the viscosity of the oil is actually lower in the lubricating film leading to lower damping and
therefore higher vibrational amplitudes at high rotor speeds.

2. It is essential to calculate locally resolved temperatures and viscosities respectively to achieve a valid approx-
imation of the subharmonic oscillations. This explanation seems to be more likely to be correct at first, as
the simulation model of Eling also contained locally resolved viscosity and did also match the measurements
better than the non-isothermal, isoviscous approach presented in section 4.4.

By averaging the temperatures resulting from the full non-isothermal approach and using them as boundary
condition for the simulations, significantly better results are achieved (not shown). Therefore, explanation 1.
applies and this means that the calculation results are exceptionally sensible to the temperatures.

The full non-isothermal model is the only approach, which does not predict a decline of the subharmonics at
high rotational speeds and does therefore match their global behaviour best. The onset is calculated a little bit
too early (measurement: 42 s, simulation: 38.7 s), but it is essential for the safety of a machine to predict the
critical operating points correctly and a late prediction would be potentially more harmful. Therefore, the full
non-isothermal approach yields much more reliable results.

5 Speed-up of thermally extended rotordynamics: Approach and results
Due to the increased modelling depth of the full non-isothermal model, there is a significant increase in calcu-

lation times. Therefore, different approaches to reduce the numerical effort for the thermo-hydrodynamic model
will be explored in this section of the paper. All calculation results will be compared to the rotor displacements
calculated with the full non-isothermal approach in x-direction.

5.1 Piecewise constant temperatures in lubricating film (Model 4)
The thermal processes in hydrodynamic bearings show significant differences regarding the time scales. On the

one hand, the temperature rises very quickly in the lubricating film and very slowly in the surrounding parts. On
the other hand, the temperatures in the lubricating film are strongly dependent on the wall temperatures. Therefore
it is reasonable to solve the energy equation not in every time step because low changes in the wall temperatures
are expectable after small time increments. Simulations were conducted with the number of time steps n until a
new solution is carried out = 10, 25, 50, 100.

The simulation results shown in Figure 7 illustrate clearly, that this procedure is valid for the system investi-
gated in this work. There are only very slight deviations regarding the onset of the subharmonic oscillations as
shown in the detail on the right of Figure 7, where a slight phase-shift between the rotor responses can be seen,
possibly due to slight differences in the temperatures. The amplitudes reached at the final rotor speed are the
same and there are vast savings in computational time up to a speedup of 14 (see Figure 6). However, the factor
n = 100 is rather high. With a maximal time step size in the magnitude 10−5 s and a maximal rotational frequency
of 866.7 Hz in this model, the temperatures are solved approximately once in every revolution at maximal rotor
speed. Choosing n = 25 leads to 4-5 solutions of the thermal model at maximal speed and still allows for major
savings in computational time with a speedup of 7.
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Figure 6: Calc. times

for model 4
Calc. time

n = 1 25.4 h

n = 10 7.7 h

n = 25 3.7 h
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Figure 7: Left: Sim. results for different numbers of time steps n between each

solution of the thermal model. The upper envelope of the rotor displacements is shown

for better distinguation between the curves. Right: Detail of the onset of subharmonic

vibrations.

Figure 8: Calc. times

for model 5
nzfilm Calc. time
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Figure 9: Left: Sim. results for different meshes. The upper envelope of the rotor

displacements is shown for better distinguation between the curves. Right: Detail of

the onset of subharmonic vibrations.

5.2 Coarsening of the mesh (Model 5)
The same mesh has been used for all of the previously shown simulations: 60x14x25 nodes in the lubricating

film and 60x14x11 nodes in the bushing with constant radial spacing. A coarsening of the mesh could be possible
without significant changes in the results, especially with regards to the simple oil-supply model, which was
described in item 7 in section 4.5. It leads to constant film temperatures over the gap height in the oil-supply
region and this means that fine meshing in radial direction is not required there. Secondly, it is not necessary to
use a mesh with constant radial spacing for the bushing as only the temperatures on the inside of the bushing are
relevant for the oil film temperature. As an alternative, progressive radial spacing can be used for the bushing
with a constant growth factor of the radial increment. This has two advantages: Firstly, the inner elements can be
made smaller which leads to a better prediction of the friction induced heating on the inner side of the bushing
and secondly, using less elements leads to smaller equation systems and therefore faster calculation times. All
simulations shown in this section were carried out with a solution of the thermal model in every time step.

Coarsening of the mesh in the lubricating film only The following element numbers across the height of the
lubricating film were used: nzfilm = 15,10,5. Figures 8 and 9 show the calculation times and the rotor vibrations,
respectively. With the simple boundary condition for the oil mixing in the inlet, the mesh size over the lubricating
gap has no visible influence on the calculation results at all. However, the calculation times drop significantly and
a speedup of 5 is achieved.

Coarsening of the the lubricating film and in the bushing with progressive radial spacing To achieve pro-
gressive radial spacing in the bushing, the radial increment of the first element in the bushing next to the oil film
was fixed to the value ∆r1 =

rbushing

100 and is therefore smaller than before: ∆rkonst ≈ 8·rbushing

100 . The simulation results
are shown in Figure 11 for different meshes. All results with the coarser mesh are similar, but differ considerably
from the reference solution as the subharmonic vibrations start much earlier. This can be explained by the smaller
mesh size of the bushing next to the lubricating film and leads to the following conclusion: 1.) The mesh size of the
reference solution is not fine enough 2.) The boundary conditions have to be reviewed because the temperatures
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Figure 10: Calc. times

for model 5
nzfilm Calc.

+ nzbushing time
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Figure 11: Left: Sim. results for different meshes. The upper envelope of the rotor

displacements is shown for better distinguation between the curves. Right: Detail of

the onset of subharmonic vibrations.
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Figure 12: Left: Upper envelope of the calculated rotor displacements for model 6. Right: Average temperature in

the lubricating film as measured by Eling [8] compared to different simulation models.

become distinctly higher than in the measurement as shown in Figure 12. Figure 10 shows the calculation times for
various mesh sizes. It has to be pointed out, that the solution times become longer for mesh sizes similar to the ref-
erence mesh and an investigation of this showed that more time is needed to solve the equation system. Probably,
the system is not as well-conditioned as before because of the different element sizes in the bushing. Nevertheless,
a speedup of approximately 5 has been achieved between the reference solution and the coarsest mesh.

5.3 Combination (Model 6)
It is obvious that the greatest speedup can be achieved if the approaches shown sections 5.1 and 5.2 are com-

bined. The following parameters were chosen for that calculation: n = 25, nzfilm= 5 and nzbushing= 4. The left part
of Figure 12 shows the calculation results in comparison to a) the reference solution from section 4.5 and b) the
last variant of the model with coarser mesh (nzfilm= 5 and nzbushing= 4) from section 5.2. There are no differences
visible between the latter and the simulations results achieved with the combination of both approaches. The same
applies to the calculated temperatures, which are shown in the right part of Figure 12. Therefore, the differences
are caused only by the different mesh sizes at the inner side of the bushing.

The calculation times for the last model amounts to 1.1 h (67 min), which means a very high speedup of 23. In
fact, this calculation takes only 30 % more time than the isothermal model presented in section 4.4 while maintain-
ing the increased modelling depth of the full model. As mentioned before, the boundary conditions for the thermal
model will have to be reviewed.

6 Conclusion
This work presents simulation results for the motion of a laval rotor supported by hydrodynamic journal bear-

ings. The thermo-hydrodynamic behaviour of these bearings is described in very high modelling depth, which
has not been presented before and it is shown, that this model enables much better results regarding subharmonic
vibrations than isoviscous models. This approach is associated with very long computational times which can be
handled by two simple approaches and it becomes clear, that it is not necessary to solve the thermal model in every
time step because of the widely differing time scales of lubricating film and surrounding parts. Moreover, it is
acceptable to use few elements over the gap height if simple thermal boundary conditions are used to model the oil
supply. With these approaches, the increase in calculation time can be limited to a factor of two compared to the
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isothermal model. The thermal boundary conditions of the model will have to be reviewed, but this work still offers
a very good perspective for a better description of hydrodynamically supported rotor systems. Further possibilities
to reduce simulation times include a scaling of the instationary terms in the heat equation to speed up the heating
in the surrounding parts. Preliminary work on this topic has shown that the results might not be equivalent, but the
reason for this remains unclear.

Other than that, future work will include the adaptation of the shown procedure to full floating ring bearings,
where it might have an even greater impact because the ring speed has a major influence on the bearing’s behaviour
and the correct prediction of the ring speed requires reliable knowledge of the temperatures in both oil films.
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Abstract
The improvement of rotor-dynamic systems being supported by oil-lubricated journal bearings represents an

ongoing field of research. As the rotational speed of the rotor is increased instability phenomena of the ’oil-whirl’
and/or ’oil-whip’ type can be detected. In order to suppress or at least to decrease the resulting oscillations of
these unwanted effects, various modifications have been proposed in literature. The present work deals with the
improvement of the rotor system by applying a variable change in geometry of the supporting journal bearings.
Starting from an initially circular profile the bearing is elastically deformed by an appropriate actuation mechanism
to an oval shape. The effect of this change in geometry is investigated by means of a systematic stability analysis
in dependence of various system parameters. It can be shown that the change in geometry can have positive
effects depending on the respective parameter set, such that the admissible rotational speed can be shifted to
even higher values. In addition to a static deformation a small harmonic variation of the bearing’s geometry is
superimposed in order to improve the system’s behaviour even further. The harmonic geometry variation leads
to a system with parametric and self-excitation, which shows interesting stability properties in case of certain
combination frequencies. As the self-excitation phenomena destabilize the equilibrium solution, a suitable choice
of the parametric excitation frequency can lead to a stabilization, which is most probably caused by an interaction
of the involved modes.

1 Introduction
The non-linear fluid-solid interaction within journal bearings represents a self-excitation mechanism, which

can lead under certain circumstances to tremendously increasing oscillation amplitudes of the rotor-dynamic sys-
tem. These phenomena are often referred to as ’oil-whirl’ and/or ’oil-whip’ and are well explained in literature
(cf. [6, 9]). Various countermeasures for suppressing or at least for decreasing these unwanted effects have been
developed, some of which are shortly listed below. It is thereby focused on concepts which are based on the general
idea of adjustable, non-cylindrical bearing geometries, as these have shown to have a significant influence on the
dynamic behaviour of the rotor system.
Journal bearings with non-cylindrical geometries like multi-lobe [1,16,18] or tilting pad bearings [17] have proved
themselves to have a stabilizing effect for certain parameter configurations. As these concepts are considered to be
rather passive, an active intervention from outside is not possible.
More recent works focus on the idea of actively adjustable journal bearings. An insight into the current state of
the art can be found in [24]. Some of these concepts focus on the introduction of additional elements which lead
to a change of the bearing’s geometry. By actively modifying the properties of these elements, the system can
successfully be influenced. E.g. CHASALEVRIS ET AL. [7, 8] suggest a displaceable lobe which is connected to a
visco-elastic element. KRODKIEWSKI ET AL. [15] present a modification via an elastic element, whose displace-
ment can be partly controlled by means of a hydraulic pressure unit.
Other concepts with an even more actively controlled change in geometry can be found as well. PRZYBYLOW-
ICZ [22] or TŬMA ET AL. [29] introduce the idea of a rigid cylindrical bearing which can actively be displaced.
Another approach is given by so-called active tilting pad bearings, which are investigated in the works of SAN-
TOS [23], DECKLER ET AL. [10] or WU ET AL. [31]. Their concept is based on the radial displacement of the pivot
points of the single tilting pads in order to influence the pressure distribution in a desired way. Among different
other aspects the design of an appropriate controller represents one of the main objective in these works.
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In all of the previously mentioned cases it has been shown (experimentally and/or numerically) that the behaviour
of the rotor system can be improved significantly by using these active journal bearings.

The following work rather considers the systematic analysis of the solution evolution of a rotor system in-
volving a slightly modified approach of an active journal bearing without covering the question of an appropriate
controller.
Like captured by PFAU ET AL. [20] who investigate a two-lobe bearing with harmonically changing geometry, it
is thereby focused on the theoretical aspects from the mathematical/mechanical point of view. The whole rotor
system should therefore be interpreted as some kind of coupled non-linear oscillators with a harmonic parametric
excitation, caused by a time-dependent change of the bearing’s geometry. Various examples (e.g. [13, 20, 27]) re-
vealed a stabilizing effect caused by an appropriate choice of the frequency of this parametric excitation for similar
systems.
A more elaborated model of an actively deformable journal bearing is presented in section 2.1, for which the ge-
ometry adjustment is realised, in contrast to the above mentioned concepts, by an elastic deformation of an initially
cylindrical bearing. The overall rotor model is presented in section 2.2 and the corresponding computational results
can be found in section 3.

2 Modelling
The modelling requires a description of the bearings’s geometry as well as of the fluid pressure distribution.

Both are then used to set up the corresponding equations of motion of the whole rotor system.

2.1 Bearing Model
Like depicted in fig. 1, an initially cylindrical journal bearing with inner Radius R0 is considered to be elasti-

cally deformed by an appropriate actuation mechanism in order to obtain an ovally-shaped profile. The deformation
should be controlled by a predefined displacement of the upper and lower point respectively.
For simplification reasons it is assumed that the resulting fluid pressure does not influence the bearing deformation
at all. This seems rather strict, but in the context of a first investigation indeed reasonable.
The rotational speed of the journal is described by its angular frequency ω, which is also used for the definition of
the dimensionless time τ = ωt.

undeformed bearing

deformed bearing

u∗

rigid journal

ω RJ

eϕ

ϕ

h(rJ
, ϕ)

ey

ex

er

rJ

R0

u(ϕ,
τ)

u∗

ez

Figure 1: Ovally deformed journal bearing [2]

2.1.1 Elastic Deformation and Bearing Geometry
The bearing is modelled as thin circular beam with rectangular cross-section corresponding to a rather ’short’

bearing in the axial ez−direction. The radial displacement field ur = uer thereby depends on the predefined
displacements u∗ = −u(ϕ = ±π/2) of the upper and lower point respectively, assuming a complete symmetric
behaviour (cf. fig. 1). In accordance to the classical BERNOULLI theory, a 1D-stress state is assumed. A detailed
derivation of the displacement field can be found in [21].

175



For the described case of a short, thin cylinder which is deformed at its upper and lower point respectively, the
radial displacement field (cf. [21]) is given by the 2π periodic continuation of:

u = u∗
(

2π

π2 − 8

){ 4
π − ϕ sinϕ− cosϕ ϕ ∈

[
−π2 , π2

]
4
π − (π − ϕ) sinϕ+ cosϕ ϕ ∈

[
π
2 ,

3π
2

] . (1)

By using the initial bearing clearance C = R0 − RJ a non-dimensional radial displacement U = u/C, is defined,
which is assumed to be of the same magnitude as the clearance C, i.e. U = O(1).
As the deformation should be time-dependent, the following harmonic approach is chosen for the displacement of
the upper and lower point of the bearing:

U∗ =
u∗

C
= Û [1 + δU cos(ΩUτ)] . (2)

The value Û = 0 for the mean displacement thereby corresponds to the ’classical’ bearing with circular profile.

2.1.2 Pressure Distribution
The non-dimensional pressure distribution Π(ϕ, z) is modelled by the non-dimensional form of the REYNOLDS

equation (cf. [26]) for a rather short bearing (γ > 1)

γ2
∂

∂z

(
∂Π

∂z
H3

)
= 6

∂H

∂ϕ
+ 12

∂H

∂τ
, H(XJ , YJ , ϕ, τ) =

h

C
= 1 + U −XJ cosϕ− YJ sinϕ (3)

on the domain (ϕ, z) ∈ [0, 2π] × [−1, 1] with the corresponding axial boundary conditions Π(z = ±1) = 0 and
the commonly used parameters

z =
2z

B
, Π =

C2

R2
0

p

µω
, γ =

2R0

B
. (4)

The axial coordinate is denoted by z, the fluid pressure by p and the dynamic viscosity of the fluid by µ. The
coordinates XJ = xJ/C and YJ = yJ/C result from a rescaling of the journal coordinates (i.e. rJ = xJex + yJey)
by means of the initial bearing clearance.
As the short-bearing-approach has been applied, eq. (3) can directly be integrated and the pressure reads out to be:

Π =
3

γ2
(1− z2)

−∂H∂ϕ − 2∂H∂τ
H3

. (5)

In a physical sense all negative pressures have to be neglected, such that the following expression is used:

Π+ =
1

2
(Π + ||Π||) =

3

γ2
(1− z2)

(
−∂H∂ϕ − 2∂H∂τ

2H3
+

∣∣∣∣∣
∣∣∣∣∣−

∂H
∂ϕ − 2∂H∂τ

2H3

∣∣∣∣∣
∣∣∣∣∣
)

︸ ︷︷ ︸
=:g

(6)

2.1.3 Bearing Forces
With the determined pressure distribution (eq. (6)) the corresponding fluid forces can be calculated by an

integration over the journal’s surface. As the integration in z can directly be performed, the forces are given by:

Fx = −F0Sm

2π∫
0

g cosϕdϕ

︸ ︷︷ ︸
:=fx

, Fy = −F0Sm

2π∫
0

g sinϕdϕ

︸ ︷︷ ︸
:=fy

. (7)
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The parameter Sm corresponds to the modified Sommerfeld-Number according to the parameter definitions (11)
(cf. [26]) and F0 represents a characteristic force which is used for the non-dimensional representation. As the
integrals fx, fy cannot be solved analytically, an approximation via a trapezoidal rule with Nϕ = 151 equally
distributed sampling points is performed, resulting in

fx ≈

 2π

Nϕ − 1

Nϕ−1∑
i=1

g(ϕi) cosϕi

 , fy ≈

 2π

Nϕ − 1

Nϕ−1∑
i=1

g(ϕi) sinϕi

 . (8)

2.2 Rotor Model
An elastic Jeffcott rotor system (cf. [14]) is used like depicted in fig. 2. The rotor of mass M is mounted on

an elastic shaft with stiffness cs and is exposed to an additional external viscous damping da. Furthermore, the
rotor is considered to be perfectly balanced and tilting is not permitted. The rotor’s centre of mass coincides with
the centre of the shaft, whose position can be described by the vector rR = xRex + yRey which represents the
projection on the e˜x − e˜y−plane.
The shaft is supported by two journal bearings of the described type, whereby additional masses m � M are
allocated to each journal at the two bearing positions since the non-linear fluid forces cannot be solved explicitly
for the corresponding journal velocities.
In the following the case of a vertical rotor is investigated, such that no additional static loads (e.g. through gravity)
are considered. As outlined by CHILDS [9], the vertical rotor in cylindrical bearings has no stable equilibria, unless
non-cylindrical bearings are used. The vertical rotor is chosen, as for the case of additional static loads and the
desired geometry variation, no equilibrium solution exist any more (cf. [3]).

m

M

da

B

J

B m
J

da

ω cS

rR

ez

ey

ex

Figure 2: Jeffcott rotor supported by journal bearings

2.2.1 Equations of Motion
The corresponding equations of motion in non-dimensional form (cf. [6]) with (..)′ = d/dτ(..) are given by

ω2X ′′R +daωX
′
R +

XR −XJ

Γ
= 0 , ηω2X ′′J +

XJ −XR

Γ
−2σωfx(XJ , YJ , X

′
J , Y

′
J , τ) = 0

ω2Y ′′R +daωY
′
R +

YR − YJ
Γ

= 0 , ηω2Y ′′J +
YJ − YR

Γ
−2σωfy(XJ , YJ , X

′
J , Y

′
J , τ) = 0

(9)

with the non-dimensional coordinates

XR/J =
xR/J

C
, YR/J =

yR/J

C
(10)

and the following set of parameters:

ω2 =
MC

F0
ω2, Sm =

B3µRJω

2C2F0
, σ =

Sm
ω
, η =

2m

M
, Γ =

F0

cs C
, da =

√
C

MF0
da. (11)
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The parameter Γ represents the shaft compliance, da characterizes the external viscous damping and η describes
the mass ratio of the rotor and journal masses. The modified Sommerfeld-Number Sm is used for the definition
of the bearing load parameter σ, which is independent of the rotational speed. In the given case of a vertical rotor
the characteristic force F0 represents just a scaling quantity. The rpm-parameter ω is considered to be essential for
the following stability investigations. The support reactions from the fluid-solid interaction within the bearings are
represented by fx and fy from eqs. (8).
The equations of motion (eqs. (9)) can alternatively be represented by the following first-order system

d
dτ

z˜ = f˜ (z˜, τ) , f˜ : R8 × R→ R8, z˜ = [XJ , X
′
J , XR, X

′
R, YJ , Y

′
J , YR, Y

′
R]
T
. (12)

3 Simulation Results
The derived system is systematically investigated by means of numerical solution continuation (MATCONT

[11]) as well as transient simulations involving FLOQUET and eigenvalue analysis.
The following section is divided into two parts. The first deals with stability investigations of the rotor system
involving ’static’ non-cylindrical bearings. Afterwards, the influence of a harmonic geometry variation is investi-
gated. As it is dealt with the vertical rotor, the trivial solution z˜0 = 0˜ is of interest for all following investigations.

3.1 Static Bearing Geometry
For the considered case the parametric excitation is switched off, i.e. δU = 0.

Focusing on the trivial solution z˜0 it can be shown that its stability is lost at a certain critical value of the rpm-
parameter, corresponding to a subcritical Hopf-Bifurcation. From the bifurcation point unstable limitcycle oscilla-
tions start to evolve until a cyclic fold bifurcation, which connects the branch of stable limitcycles to the branch of
the unstable ones originating from the Hopf-Bifurcation (cf. fig. 3). A detailed description of this transition can be
found in [6].
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Figure 3: Solution continuation in ω for δU = 0 (dashed: unstable solution)

In fig. 4 the stability borders in dependence of the bearing parameter σ can be found for different configurations.
If not stated differently, a standard set of parameter values is used as follows:

Û = 0.3, η = 0.25, Γ = 1, da = 0.01. (13)

The curves correspond to the locations of the Hopf-Bifurcations at which the trivial solution loses its stability.
Therefore, in the parameter area above the curve (or ’enclosed’ by the curve) the solution is unstable. In the
following the system is called to be ’stable’ if the trivial solution z˜0 is stable.
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Figure 4: Stability border of trivial solution in σ − ω−plane for different cases (a)-(d)

For some parameter configurations (e.g. in fig. 4a for Û = 0.3) a backward turn of the curve can be observed.
This phenomenon corresponds to the occurrence of a second Hopf-Bifurcation at higher rpm-values, at which the
solution regains its stability. The same behaviour can be observed as well in rotor systems with cylindrical bearings
and is therefore considered to be reasonable (cf. [6]).
Concerning the principle character of the system, the following conclusions can be stated. As shown in fig. 4a, a
stable region for the vertical rotor can be established by means of bearings with non-circular profiles. By increas-
ing the displacement factor Û (=̂ more oval profile) the stability properties can be further improved. The same
qualitative change can be observed for different external damping factors as depicted in fig. 4b.
An increasing shaft compliance has two mentionable effects, which can both be seen in fig. 4c. Firstly, the expan-
sion of the unstable region in σ is reduced. Secondly, the critical value of the rpm-parameter is decreased.
The mass ratio η of journal and rotor does not seem to have a significant influence (cf. fig. 4d) and is therefore
considered to be rather irrelevant.
As it can be seen in the depicted cases, there exists a critical range between σ ≈ 10−2 and σ ≈ 10−1, in which
the stability is lost at quite small values of the rpm-parameter, no-matter how the parameters are chosen. This is
considered to be the critical case for which the described idea of a time-varying bearing geometry should come
into play.
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3.2 Varying Bearing Geometry
In the following section the geometry variation from eq. (2) with relative amplitude δU 6= 0 and frequency ΩU

is used.
As it is shown for the famous MATTHIEU equation in the context of the inverse pendulum problem (e.g. in [5]), a
stabilization can be reached by an appropriate parametric excitation. Nevertheless, the problem of self-excitation
is not considered in this classical example.
Focusing on systems with multiple degrees of freedom, the problem becomes rather complex, as the different de-
grees can also interact. NAYFEH [19] describes that there exist several resonance cases in such systems: Internal or
external as primary, secondary or combination-type resonances. E.g. in the case of internal resonances, energy is
continuously exchanged between the involved modes. If one of these participating modes is damped, the system’s
energy will be continuously reduced as it is being exchanged.
This conceptional idea was taken by TONDL [27,28] who describes for the simplified case of a linear system, how
parametric excitations can be used to obtain a coupling of different system modes, such that an energy exchange
between a self-excited mode and another ’damped’ mode is enforced, resulting in a supression of the self-excited
oscillations. It turns out that this effect can be reached for certain sets of combination frequencies (cf. [28]). Many
adoptions of this stabilization effect can be found as well in literature, e.g. in [12, 13].

Based on the described idea, a stability analysis of the trivial solution of the rotor system under the influence
of the parametric excitation is performed by means of FLOQUET analysis.
Recalling the previous results from fig. 4 the value σ = 6 · 10−2 within the critical range of the bearing load
parameter is chosen along with the parameter set (13). For this case of a static bearing geometry (i.e. δU = 0) the
stability of the trivial solution is lost at ω ≈ 1.9.
Various stability maps in the the ω − ΩU−parameter plane for different, non-vanishing excitation amplitudes
δU 6= 0 are depicted in figs. 5 to 7. The shaded areas thereby represent parameter configurations for which the
trivial solution is unstable.
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Figure 5: Stability map for δU = 0.2 (shaded: unstable)

In fig. 5 the different effects of the applied parametric excitation can be seen. For small excitation frequencies
the stable region is decreased to lower rpm values (ω ≈ 1.5) compared to the case of a static geometry. The results
in figs. 6 and 7 emphasize the fact that an increasing amplitude δU in the lower frequency domain of the excitation
has a destabilizing effect. A recall of the results for the inverse pendulum in [5] could validate this observation.
As an overall effect, an increasing frequency ΩU seems to have some kind of ’dominant’ stabilizing effect. The
stable region on the left-hand sides of the diagrams is extended to higher rpm values. Assuming no dominant mode
interaction in this region, this result could also be explained by the inverse pendulum problem (cf. [5]).

180



2=(λ
4 )

=(λ
4)

=(λ
2 ) + =(λ

4 )

ω

Ω
U

1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 6

0.1

0.2

0.3

0.4

0.5

0.6

primary/secondary frequencies combination frequencies

Figure 6: Stability map for stronger excitation δU = 0.25 (shaded: unstable)
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Before proceeding to further effects, it is focused on the system’s behaviour without parametric excitation.
Figure 8 depicts the real and imaginary parts of the eigenvalues λi of the trivial solution for the static bearing,
which have been computed according to the characteristic equation:

det

 df˜(δU = 0)

dz˜
∣∣∣∣∣
z˜0
− λ1

 = 0. (14)

In the regarded range four pairs of complex conjugated eigenvalues are obtained, whereby =(λi) (i = 1..4) denote
the positive eigenfrequencies. The eigenvalue λ4 thereby belongs to the only unstable mode (<(λ4) > 0) caused
by the self-excitation.

Using the computed eigenvalues back in fig. 5, it can be shown that the stable region follows exactly the curve
of the combination frequency ΩU = =(λ2) + =(λ4). It is assumed that this frequency links the unstable mode
corresponding to λ4 to another damped mode, such that the above described energy transfer takes place and the
self-excited oscillations can be suppressed.
Focusing on figs. 6 and 7 it is obvious that the desired ’coupling’ highly depends on a sufficiently large excitation
amplitude δU . As δU can be interpreted as coupling strength, there definitely exist parameter constellations which
require a higher coupling strength than others in order to allow the desired stabilization; i.e. in fig. 7 the stable

181



λ1 λ2 λ3 λ4

ω

<(
λ
i
)/
||λ

i
||

1 2 3 4 5 6

−0.6

−0.4

−0.2

0

(a) normalized real parts

ω

=(
λ
i
)

1 2 3 4 5 6
0

1

2

(b) imaginary parts (positive)

Figure 8: Pairs of conjugated Eigenvalues in dependence of ω for δU = 0 (shaded: unstable solution)

region is completely lost between ω ≈ 3 and ω ≈ 5.2 in the case of a weaker excitation.
Furthermore, the influence of a secondary parametric resonance can be seen in fig. 6 for a stronger excitation. The
frequency of the secondary type ΩU = 2=(λ4) has a clear destabilizing effect.
The unusual topology of the stability border at this point could be explained by the competitive effects of the
secondary resonance and the previously described ’dominant’ stabilization caused by an increasing frequency ΩU .

4 Conclusion and Outlook
A significant influence of journal bearings with non-circular profile on the dynamic behaviour of a Jeffcott

rotor system has been shown. Besides the stabilizing effect of a static non-cylindrical geometry in the case of a
vertical rotor, also a positive influence of a time-varying bearing geometry has been shown.
In order to assess the stability properties a FLOQUET analysis has been performed in the considered parameter
regions. As the parametric excitation enforces some kind of mode-coupling, self-excited oscillations in the higher
rpm-ranges can be completely suppressed. In this context a strong dependence on the eigenfrequencies of the
corresponding linearised system has been revealed, emphasizing the described approach of a mode coupling.
In case of a horizontal rotor, which involves additional static loads (e.g. through gravity), no equilibrium solution
exist anymore and the system performs small periodic oscillations even in parameter ranges without any self-
excitation effects. In this special case an investigation by means of a FLOQUET analysis is considered to be rather
complicated, if not impossible due to potentially occurring incommensurable frequencies.
Apart from that, the assessment of the stability via a FLOQUET analysis is rather time-consuming as transient sim-
ulations have to be performed for a huge set of parameter combinations. Therefore, future works will deal with
a more elaborated approach for a systematic investigation by means of an associated spectral system (cf. [25]),
which has yielded already promising results in former works (cf. [3, 4]).
Furthermore, the modelling is about to be improved, which comprises an inclusion of an elastic bearing deforma-
tion due to the pressure field (cf. [30]) as well as the usage of circumferential terms in the REYNOLDS equation.
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terdrückung von Instabilitäten mittels Parameter-Antiresonanzen. In: First IFToMM DA-CH (2015)

[21] Prescott, J.: Applied elasticity. Longmans, Green and Co. (1924)

[22] Przybylowicz, P.: Active stabilisation of a rigid rotor by piezoelectrically controlled mobile journal bearing
system 1(2), 123–128

[23] Santos, I.: Design and evaluation of two types of active tilting pad journal bearings (1994)

[24] Santos, I.: Trends in controllable oil film bearings. In: IUTAM symposium on emerging trends in rotor
dynamics, pp. 185–199. Springer (2011)

[25] Schilder, F., Vogt, W., Schreiber, S., Osinga, H.: Fourier methods for quasi-periodic oscillations. International
journal for numerical methods in engineering 67(5), 629–671 (2006)

[26] Szeri, A.: Fluid film lubrication: theory and design. Cambridge University Press (2005)

[27] Tondl, A., Ecker, H.: On the problem of self-excited vibration quenching by means of parametric excitation.
Archive of Applied Mechanics 72(11-12), 923–932 (2003)
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Abstract 

Fixed profile bearings for industrial applications of medium and high speed are implemented in transient 
rotordynamic analysis with bearing subroutines called at every discrete time step of integration. Despite the 
development of bearing numerical solutions in terms of accuracy and time efficiency, the evaluation of bearing 
impedance forces requires still a considerable net time in transient rotor dynamic analysis of MDOF systems like 
industrial turbines and turbosystems. The database method renders a severe reduction (up to hundred times 
compared with direct method) of evaluation time spent on the bearing models in a transient rotor run-up, and has 
been widely applied in bearings of mostly plain circular profile. The current paper presents the implementation 
of the method in fixed geometry journal bearings (of complex geometry) for industrial applications. The 
application covers the generic case of noncircular profile (preloaded pad) with the fluid film thickness functions 
and boundary conditions for the lubrication problem (Reynolds equation) to include the parameters of the journal 
mobility (position and velocity) and also the respective bearing profile coordinates. A four parametric database 
can be established with those parameters to vary in a certain range (-1 to 1) that allows the construction of a 
database. Enhanced THD bearing models can be implemented through the use of parallel processing for the 
construction of the database. A 4-D interpolation (linear or Lagrange interpolation) is then applied in the 
database and the bearing model output (forces and moments) are implemented in the rotordynamic algorithm up 
to 100 times faster compared to the conventional approach (solution of the lubrication problem at every discrete 
time step). The method is presented in this paper and is applied in a large medium speed system of a turbine-
generator. The resulting run up time is reduced to one third, and this support the consideration of nonlinear 
transient analysis in standard rotordynamic design evaluation of large rotating machinery. 

1   Introduction 

In most rotor bearing systems of medium and high speed, the fluid film bearing forces have to be solved at 
every discrete time step of the integration of system equations when nonlinear transient response is evaluated. 
This may require a considerable evaluation time spent on bearing subroutines of the rotordynamic algorithm. 
The evaluation time is a very important matter in rotordynamic design tools as the engineer should be able to try 
geometrical and physical properties conveniently, in terms of time required to get results for unbalance response 
and other standard calculations. Due to the fact that the accurate and relatively fast analytical models of finite 
length journal bearing forces are still cumbersome (and available only for simple bearing profiles) [1,2], and that 
despite the computational capacity of computers, the numerical bearing models may still require a considerable 
sum of evaluation time (for an entire rotor run-up), a database model for any complex profile bearing of fixed 
profile has been proposed to overcome the above shortcomings [3-5].  

For all rotor systems supported by fluid film bearings, the linear stability assessment which implements 
linear bearing stiffness and damping properties (the well-known 8 matrix elements), is not able to predict 
response at speeds higher than the instability threshold. Further to that, and probably of higher importance, is the 
fact that the linear theory (linear bearing properties and linear stability assessment) cannot predict that originally 
stable systems may go unstable when a sudden external excitation is applied. For these major reasons, the 
nonlinear stability study has attracted more and more attention [4]. 

The most popular ways to implement nonlinear fluid film forces is the direct solving of the Reynolds 
equation [6-8], the approximate short and long bearing theory [6-8], and the use of higher order stiffness and 
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damping coefficients [6-8]. Millions of integration steps are required to evaluate a transient rotor bearing 
response and the Reynolds equation is repeatedly solved in each of these time steps. Supposing a multi-bearing 
shaft train, the Reynolds equation should be solved for each bearing. Even for a high speed turbocharger rotor 
mounted on floating ring bearings, the Reynolds equation should be solved four times at each time step of the 
transient response (two bearings, and two films at each bearing). The approximate methods are very fast, but 
their accuracy is not applicable in common bearing profiles e.g. of industrial turbines, as their length to diameter 
ratio neither corresponds to a short nor a long bearing. 

The database technique, developed initially in [9], puts forward a fast and accurate implementation of fluid 
film forces in rotordynamic algorithms. Application of the method on simple bearing profiles and Jeffcott rotor 
has proved that the method not only had practically the same accuracy as the direct solving method, but also 
reduced dramatically the computation time of transient response. Recently, the method was applied in grooved 
floating ring bearings [10] where it was shown that transient response of turbosystems with simple circular 
floating rings can be evaluated on such a low time that enables different considerations on the design of such 
systems. 

The key to apply the database technique is on the transformation of the Reynolds equation parameters 
varying theoretically from -
from -1 to 1. This is described in this paper for the representative case of a fixed lobe bearing of complex 
geometry (industrial applications) in different way than what presented before [3-5,9,10]. The difference is that 4 
parameters are considered in the database, enabling the calculation of oil film forces for a flow on a theoretically 
arbitrary profile. The key benefit of the current approach is that the database may consider the position of the 
journal attitude angle with respect to the bearing profile configuration (e.g. scallops) when talking for a fixed 
profile bearing. Furthermore, with the current approach, the database can be established for the case of floating 
ring bearings where the floating ring includes radial holes for the communication of oil between inner and outer 
film, and axial grooves as well. In the current paper, only the fixed lobe bearing profile is considered, and the 
example of floating ring bearing with axial grooves or radial holes is considered for a future work. 

Another benefit of the database method is that a very precise journal bearing model can be considered, 
including e.g. evaluation using commercial edge tools on THD lubrication principles. Parallel processing can be 
applied for the a priori to the rotordynamic analysis creation of the database with respect to the 4 parameter 
variation within finite range intervals (sparse or dense). However, in this paper, a Finite Difference Method 
(FDM) is used to evaluate the lubricant pressure depending on the four parameters of the database, without the 
type of the numerical solution to be restrictive for the applicability of the method. Using the database method, a 
very precise prediction of the bearing performance (e.g. using CFD) can be implemented in a rotordynamic 

The paper presents the application of the database method in a turbine shaft train consisting of 3 rotors 
connected with rigid couplings. and 4 oil film bearings with profile which combines partial circular arcs. As a 
general rule, if two bearings have equal dimensionless geometric parameters (e.g. length to diameter ratio, 
clearance to radius ratio), then the oil film forces can be deducted from the same database. However, if a 
dimensional geometrical or physical parameter is different (e.g. dynamic viscosity), then two different databases 
are needed (one for each dynamic viscosity value). The rotors are modelled using the Transient Transfer Matrix 
Method (TTMM) [11]
applying. The model includes flexible bearing pedestals as lumped mass models on linear springs and dampers. 

The results depict the considerable reduction of the evaluation time for a rotor run-up from 0 to 3000RPM to 
approximately one third of the time needed when bearing forces are implemented directly. The evaluation time 
spent solely on the call-return of one bearing subroutine is reduced from 0.022s to 0.00038s; the bearing 
database returns the oil film forces c.a. 100 times faster than the direct method (solution of the Reynolds and 
calculation of forces). Depending on the rotordynamic problem (type of machine), the bearing database method 
can reduce the evaluation time of the entire rotordynamic algorithm at a similar level (100 times); this happens 
for systems with few degrees of freedom, e.g. a rigid rotor mounted on floating ring bearings  simulation of a 
turbocharger. Depending on the time consumption of the bearing subroutine with respect to the overall 
calculations, the database method renders a corresponding reduction of the total evaluation time. 

2   The database method and its application in journal bearings of fixed profile 
A journal bearing of fixed geometry is represented in figure 1. As a matter of generality, the bearing consists of 
two circular sectors: a) a concentric to the bearing centre  circular sector of radius  for 

, and b) a circular sector of radius , for  or , centred at . The latter sector is a 
preloaded lobe (preloaded pad) as its centre does not coincide to the bearing centre. Such a geometric 
configuration increases the journal bearing effective eccentricity and this is the principle behind the enhanced 
bearing stability of preloaded bearings [6-7], known also as elliptical bearings or lobe bearings. When the journal 
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centre  does not coincide to the bearing centre , the eccentricity  forms a fluid film 
thickness h between the sliding surfaces of the journal and the bearing, well approximated by the formulas in 
equation (1), which can be expressed in dimensionless form as . 

(1) 

In equation (1),  (see figure 1), while ;  is the bearing clearance (or 
assembly clearance), and  is the pad clearance (or machined pad clearance). It is clear that in figure 
1,  (or ), and thus the lobe sector is preloaded with a preload . Furthermore, the 
bearing has a length in Z direction, the lubricant is characterized by a dynamic viscosity  which for 
simplicity is assumed constant in this paper (isoviscous flow of the lubricant), and the journal rotates around its 
centre with a rotating speed  (spinning speed). Under dynamic conditions, the journal will perform whirling 
motion inside the bearing clearance, with velocities  and .  

Figure 1: Representation of a fixed geometry journal bearing and its key geometric properties. 

The lubrication problem (evaluation of lubricant pressure distribution inside the bearing clearance for laminar 
isothermal flow) is defined by the Reynolds equation which includes all the previously defined geometric and 
physical parameters, see equation (2) [6,7].   

With the use of equation (1), the right hand side (RHS) of equation (2) is written now after some math as in 
equation (3).  

Setting dimensionless variables in equation (4), equation (2) is written in equation (5). 

The problem on establishing a database for bearing performance directly from the Reynolds equation is that 
whiles the input parameters  and  can receive values within the domain , the rest input 
parameters , cannot be defined within a specific domain. To overcome this problem, Reynolds equation in 
the form of equation (5) is divided by , where  . Then, Reynolds  
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equation can be written in equation (6) with the new variables and functions to be defined in equations (7) and 
(8).  

Reynolds equation (6) can be solved with the four variables , , ,  to receive specific values in the 
domain (-1,1). The solution can be a numerical solution scheme e.g. Finite Difference Method. Supposing that 
the FDM is implemented, with a definition of finite difference grid as , the respective intervals are 
defined as  and . The angles  and can be any angles on the circumference if 
the corresponding fluid film functions have been defined. Two cases are defined for the evaluation of : 

1) When , the resulting fluid film forces are given in dimensionless form in equation (9): 

For G mbel boundary conditions, only  values are implemented in the double sum. 

2) When , the resulting fluid film forces are given in dimensionless form in equation (10): 

 values are implemented in the double sum. 

In both cases 1) and 2) the resulting fluid film forces in dimensional form are defined in equation (11). 

The bearing forces database dat can be then constructed simply as in equation (12) where variables  and 
vary from the value -0.9 to the value 0.9 within INT = 100 intervals, while variables  and  vary from the 

value -0.99 to the value 0.99 within 100 intervals. Further columns can be added in the database corresponding 
to further outputs like e.g. resulting frictional moment. The number of INT=100 intervals can be sufficient to 
create a database that corresponds well in the demands for bearing forces under mild dynamic conditions 
(relatively low response around equilibrium). However, parallel processing can offer higher number of intervals 
(e.g. 400 or even 600) with the number of intervals to be different for each variable. It makes sense the database 

 to include combinations of  and such that they will render . 

For the use of the database in a rotordynamic algorithm for transient response analysis a 4-D interpolation should 
be implemented. The interpolation scheme can be linear or of higher order. The linear 4-D interpolation is 
presented hereby and the results following in the next sections depict its efficiency.  

for i,j,k,m from 1 to INT 

next m,k,j,i 
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At a discrete time moment of transient response, the bearing model should require at least 5 input variables in 
order to render the output forces and moments: the horizontal and vertical displacement of the journal  and , 
their respective velocities  and , and the rotating speed  . When the bearing support motion is included as a 
parameter in the algorithm, the journal bearing lubrication problem still requires five inputs: two relative 
displacements and two relative velocities of the journal with respect of the bearing, and the rotating speed. 
Suppose that a group of , , , , and  are rendered from the dynamic problem to the bearing subroutine at 
the time moment , then the four variables , , , and  are computed from equations (4) and (7). If INT is 
the number of intervals for each variable (as in Table of equation (12)), then the index , , ,  (real 
numbers) of each variable in the database (equation (12)) that corresponds to the actual values , , ,  will 
be defined in equation (13). Then the side indexes will be defined as , , , (integers) and , , ,  
(integers) in equation (13).  

For a 4- cients should be calculated in order to implement the interpolation of the 
given values in the database [13]. Furthermore, the sign of  will indicate if the dimensionless forces 
should be collected from the ,  values, or from the , values. The 16 coefficients are defined in 
equation (14). 

, 

, 

, 

,     (14) 

, 

, 

, 

, 

For the interpolation of , supposing that e.g. , 16 values of  are picked from the database dat, 
corresponding to all combinations of the integer indexes evaluated in equation (13), as in equation (15). 

The interpolated values for  and  are then evaluated from equation (16). For  used in equation (16), 
equation (15) should be written for the values  in advance. 

The benefit of the method is the evaluation time of bearing forces, which is decreased up to c.a. 100 times. A 
Lagrange interpolation scheme can be also implemented. However, the forces will not obtain that different 
values compared to the linear interpolation, in order to raise concerns for the type of the interpolation method. 
Furthermore, the bearing forces included in the database can be calculated with enhanced bearing models such as 
thermohydrodynamic models (THD models) from any commercial software or other code. The user should bear 
in mind that 4 variables is the minimum to describe the operating conditions of a non-circular bearing (e.g. 
lemon bore, 3-4 Lobe, offset halves, partial arc bearing). For the implementation of the method in floating ring 
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bearings, 4 variables are still required if the floating ring includes holes for the flow of the lubricant from the 
outer to the inner film. At the case of plain circular floating ring bearing without holes in the ring (or plain 
circular bearing), 3 variables are enough to create the database [10]. As a generic approach, if the bearing profile 
is always symmetric with respect to any attitude angle of the journal, then 3 variables are enough to create a 
database (not the case for the bearing of Figure 1). Furthermore, the method can be applied in squeeze film 
dampers, and other bearing elements. 

3   Application in medium speed system of turbine generator shaft train 

The database method in its extended form as described in previous section is applied in a rotor bearing 
system of an industrial turbine generator for power generation, represented in Figure 2 [12]. The system consists 
of three rotors and four journal bearings. The profile of the journal bearings consist of a combination of partial 
arcs. The central partial arc is concentric to the bearing centre (no preload), while the two partial arcs on the 
sides of the central are preloaded, see Figure 1. The bearings have different L/D ratios, while the ratio of pad 
clearance to journal radius is equal at all bearings. Therefore, due to the fact that length to diameter ratio is 
different, all bearings require their database. The lubricant dynamic viscosity is considered equal at all bearings. 
Thermal effects are not taken into account in the evaluation of bearing performance. However, thermal effects 
can be considered in the database method as mentioned also in Section 2, but, when a different inlet oil 
temperature or pressure (in general oil inlet condition) is applied, a new database has to be defined. Furthermore, 
each bearing is mounted on a flexible pedestal with linear properties of stiffness and damping in horizontal and 
vertical direction. 

Figure 2: Representation of a turbine generator system with three rotors and four bearings. 

(a)      (b) 
Figure 3: Relative eccentricity a) ,and b)  of Journal #3 at vertical plane as a function of time during run-up. 

A virtual run-up of the rotor system is performed from 0 to 3000RPM with a linearly varying rotating speed for 
the time duration of 30s. Unbalance excitation is considered in all three rotors in positions so that 1st, 2nd, and 
3rd mode of each rotor can be excited, and the unbalance magnitude is defined per ISO. The rotor system 
response develops some transient phenomena at the beginning of the run-up, as the initial condition locates the 
system approximately at the center of each bearing. After c.a. 5s these transients have been quenched and the 
rotor journals continue the normal lift towards the centre of the bearing as the rotating speed increases, see 
Figure 3a. The first critical speed of the generator rotor appears at c.a. 11s (1100RPM) with a horizontal mode, 
and at c.a. 13s (1300RPM) for the vertical mode. Only the response at Bearing #3 is considered in Figure 3. In 
Figure 3b, where the horizontal response is plotted, a stepped progress appears between c.a. 3s and 7s; this is due 

189



to the low relative accuracy of the numerical solver at this stage of response so as the solver to proceed fast to 
the transient response during passage through resonance which is of more interest for the dynamics of the 
system. The solver implements dynamic time interval and varying relative accuracy. As the rotor approaches the 
speed of 2800RPM, instability occurs and the system enters a supercritical Hopf bifurcation, where under 
constant rotating speed the system whirls at a stable limit cycle of constant shape (extent). However, the rotating 
speed is increased further (end speed is 3000RPM) so as to achieve a higher response and to study the efficiency 
of the database method in such a case; this is why an unstable design has been chosen in this paper. Figure 3 
depicts that a sparse database of 100 intervals (INT = 100, see equation (12)) is efficient to evaluate an accurate 
(compared to direct method) response only at relatively low amplitudes. It is clear that after the 15s, a slight 
divergence appears between the responses evaluated with the two methods for bearing forces. The difference is 
clearer at Figure 4 where the response is plotted at a narrow time range. In Figure 4a, the sparse grid (INT = 100) 
is efficient to render an accurate response (close to the response evaluated through the direct method) when the 
response is low (e.g. at 10s - 1000RPM). When the response amplitude increases (e.g. during instability at 30s), 
the sparse grid is not sufficient anymore as severe divergence appears between the two methods. A dense grid of 
e.g. INT = 600 intervals is then required to render an excellent much between the two methods (also INT = 400
can be sufficient but of not that excellent match). The number of INT = 600 intervals is high enough, and the
database requires time to be computed. It is redundant to say that the database is calculated in advance of the
rotordynamic calculations.

(a)      (b) 
Figure 4: Relative eccentricity , of Journal #3 at vertical plane for narrow time range at a) 10s and b) 30s. 

Figure 5: Progress of the four input parameters in the database for Bearing #3 ( , , , and ). 
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The progress of the four input parameters in the database ( , , , and ) is depicted in Figure 5 for the 
corresponding run-up shown in Figure 3. These four parameters will be always varying in -1 < , , ,  < 1, 
and therefore, according to Figure 5, somebody can realize that an interval of e.g. 1 / INT = 0.01 (sparse grid) 
might be large compared to 1 / INT = 0.002 (dense grid). 

(a)      (b) 
Figure 6: Progress of Bearing #3 vertical fluid film forces (dimensionless) implemented from the database and 

the direct calculation, at a) 10s and b) 30s. 

(a)      (b) 
Figure 7: Progress of Bearing #3 horizontal fluid film forces (dimensionless) implemented from the database 

and the direct calculation, at a) 10s and b) 30s. 

Figures 6 and 7 show the efficiency of the database method to predict identical to the direct method forces in all 
circumstances of small journal whirling around an equilibrium position (e.g. at 10s, see Figures 6a and 7a) or 
large journal whirling on a limit cycle (e.g. at 30s during instability, see Figures 6b and 7b).  

Table 1 depicts the actual benefit of the database method. Bearing forces are returned from the database method 
subroutine in only 0.00038s while the direct method subroutine will return forces in 0.022 using the same CPU. 
This is a reduction of approximately 100 times. Furthermore, it has to be highlighted that the database method 
has the possibility to implement enhanced THD bearing models with any boundary condition or to implement a 
CFD model for the bearing performance. The time on the database subroutine (from call to return) will be 
retained at the same low level (e.g. 0.00038s at the specific CPU) whatever the method for the lubrication 
performance is. Depending on the rotor-bearing system (type of application), low or high number of degrees of 
freedom is used for the rotor model, and as a result, it may happen that the reduction of the net time spent in the 
bearing routines is not enough to decrease the total time of a rotor run-up. For instance, a turbocharger transient 
run-up with a rotor model as a rigid body will experience a tremendous reduction on evaluation time when the 
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database method is used, as the number of DOFs is low (even 10 DoFs are enough to model such system), and 
therefore the run-up time is influenced much from the bearing subroutines. At the current example (see Figure 2) 
the total time for rotor run-up is reduced to c.a. one third by using the database method, from 186hrs to 57hrs.  

Evaluation time needed for 
the forces of a bearing 

Total time for 
rotor run-up 

Direct Method 0.022s 186hrs 
Database Method 0.00038s 57hrs 

Table 1: Comparison of time needed for response and bearing forces using database method and direct method. 

4   Conclusion 

Standard rotordynamic design evaluation of large turbomachinery does not include evaluation of nonlinear 
transient response due to the still high evaluation time which cannot support design procedures. However, in 
small turbochargers and turbopumps, and generally in high speed turbomachinery, nonlinear transient analysis is 
mandatory for the accurate prediction of dynamics and therefore of mechanical integrity and operating 
performance. The evaluation time spent in bearing subroutines is considerable, and this paper aims to support the 
introduction of bearing database modules with enhanced THD models to the rotordynamics of large and small 
turbomachinery. Large turbomachinery does not really demand nonlinear transient response for the calculation 
of unbalance response (linear harmonic analysis yields very similar results in most times), but, the nonlinear 
stability analysis may be proved very beneficial as slender rotors operate very close to the stability threshold 
(e.g. 60Hz generators). The present paper aims to provide the tool for a nonlinear rotordynamic analysis with 
emphasis on the prediction of response on or close to unstable regimes, which today are not avoided on site. 
With a severe reduction of the evaluation time needed for a run-up, the rotordynamic engineer may compose a 
DoE with various bearing modules or bearing configurations so as to ensure that the system will not enter 
unstable regimes, or if it enters to instability, this will not cause severe vibrations and trip of operation. The 
method can implement enhanced THD bearing models without the evaluation time to be a problem. Regarding 
the evaluation time of nonlinear transient response of high speed systems (mandatory for their design), this can 
be severely reduced and perform DoEs (Design of Experiments for the definition of clearances, groove 
dimensions, bearing length, etc) without time to be a matter, even high the most accurate bearing THD models. 
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Abstract
Operational modal analysis (OMA) is used to place piezoelectric inertial mass actuators optimally on a test rig

for active vibration control (AVC). The test-rig can operate small planetary gearboxes at arbitrary speed and load.
The estimation of the frequency response functions consists of several steps: Run-ups are performed for roving
sensors and stationary reference sensors. From the time signals the spectra are computed. A moving average filter
is used in the frequency domain to remove interference caused by the presence of multiple orders in the gearbox
vibration. The mode shapes are fitted and then used to derive optimal actuator positions. The placement is validated
by applying a narrow-band phase-exact FxLMS-algorithm on the test rig.

1 Introduction
Active vibration control (AVC) enables quiet operation in many applications. Ideally, AVC should be part of

the design process of a product. In practice however, it often needs to be applied to existing devices. Here, inertial
mass actuators are preferred because they may be placed freely on the surface of the housing or other structural
parts. An informed decision on the placement of the actuators requires knowledge of the mode shapes and of
the excitation mechanism. These may be computed using finite element analysis, which is difficult for planetary
gearboxes. The gear meshing is inherently non-linear and the modulation effects caused be the revolving planet
gears further complicate the task. For existing machinery, it is not only easier but also more accurate to rely on
operational modal analysis (OMA).

The modulation observed in the vibration of planetary gearboxes has stimulated scientific discussion. The
classic paper by McFadden and Smith [13] offers the first useful description of the phenomenon. McNames [14]
interprets the vibration as Fourier series. Inalpolat and Kahraman [9] provide a very detailed treatment of the topic,
which is not undisputed as Morika et al. [17, 18] show results not consistent with the findings of Inalpolat and
Kahraman. The authors recently published an article [25] on the vibration of small planetary gearboxes which
further investigates this topic. The conflicting part of the current research concerns the presence of certain orders
in the vibration, which is of no consequence for the present investigation. All relevant authors however agree on
the representation of gearbox vibration by Fourier series, which will be assumed subsequently.

Several implementations of an AVC system for gearboxes have been proposed in the literature. Active primary
or secondary bearings [22, 5] as well as inertial actuators mounted directly on gears [2] can be applied inside
the gearbox. Rotating inertial actuators can be used to reduce gearbox shaft vibration [27]. Active struts enable
reduction of vibration transmission [12]. Finally, a modulation of the driving electric motor torque can lead to
reduced gearbox vibration [1]. While parallel shaft gearboxes have been extensively covered, this is not the case
for planetary gearboxes where only few publications with experimental results exist [10]. Especially the complex
geometry and modulation mechanisms make the design of an AVC system challenging. Actuators based on piezo
stacks are well suited for gear mesh frequencies in the kilohertz range [16, 26]. Adaptive feedforward control can
be seen as state of the art approach [20] that permits high vibration reductions. Requirements for an AVC system
for small planetary gearboxes have been analyzed experimentally by the authors in [24]. The selection of suitable
actuator positions using OMA techniques has not been treated in literature so far.

In order to place the actuators optimally, the structural dynamics of the system must be considered. Methods for
optimizing placement of piezoelectric actuators are reviewed by Gupta et al. [6], and range from requiring modal
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Figure 1: Experimental Set-up for active vibration control. Wireframe view: Sensor locations used for OMA.

parameters to requiring full state space representations of all inputs and outputs of the system. The effort required
to model the boundary conditions associated with a revolving planet carrier and the non-linear gear contact is high.
In many cases, this makes an finite element or multi-body simulation impractical. Experimental modal analysis
also suffers from significant drawbacks. As the gearbox is not truly a linear system, it is difficult to enforce a
realistic mesh stiffness between the gears in an experiment unless the gearbox operates at realistic load and speed.
Therefore, OMA will be used to estimate modal parameters such as natural frequencies, damping, and mode shapes
of the system during operation. However, there are multiple different OMA methods [21, 28] to consider.

In a recent investigation [23], we have found that OMA techniques show good promise for planetary gearboxes.
There, we could identify natural frequencies and damping ratios using data recorded from run-up experiments. We
used a moving average (MA) filter on recorded vibration spectra to estimate the magnitude of the frequency re-
sponse functions (FRF) of the test-rig. The drawback of this approach is the loss of phase information. In this
contribution, we will show how the method can be extended to estimate complex FRFs, including phase informa-
tion. These will be used to estimate the mode shapes of the test rig. The knowledge of the natural frequencies
and the corresponding mode shapes allows an informed decision on the actuator location. The performance of two
different configurations will show the effectiveness of the proposed method.

2 Experimental Set-Up
Figure 1 shows the central components of the test-rig used in this investigation. The test-rig is designed in a

modular fashion. It can support various planetary gearboxes, actuator and sensors. By means of an asynchronous
motor and an eddy current brake (both outside of the displayed area) the planetary gearbox can run at arbitrary
speed and load. These machines are connected via torque sensors by metal bellow couplings to the gearbox. A
supporting structure carries the planetary gearbox. It features 28 possible mounting points for sensors or actuators
realized as M5 bores. Those which were used in the experiments and which are visible in the photo are marked by
numerical identifiers. The exception is the reference position, which is denoted by R. Mounting cubes enable the
sensors to be aligned with any direction of the coordinate system. There were two locations (located 26 and 27)
where an accelerometer could not be mounted in the x-direction. The x-direction was therefore ignored for these
two points. All other measurement locations were measured in all three directions.

In this investigation, piezoelectric accelerometers are primarily used. Beyond these, tri-axial load cells, tem-
perature sensors, microphones, incremental encoders and torque sensors are available. The control algorithm
explained in Section 5 uses two piezoelectric inertial mass actuators which may be attached to any of the mounting
points as well. It also uses the incremental encoder on the brake shaft to generate the reference signal. Control and
recording are executed by a real-time computer.
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The inertial mass actuator consists of prestressed low-voltage piezo stacks of type PI P-842.10 with an electric
capacitance of 1.5 µF. The inertial mass is designed as a hollow steel cylinder and weighs 80 g. The actuators are
driven by switching amplifiers of type PI E-617. The amplifiers feature a switching frequency of 100 kHz and a
peak current of 2 A. This qualifies them for the desired frequency range of 1.5 kHz to 5 kHz in which the gear
mesh frequency of the test rig may be found.

3 OMA
Due to the highly modulated nature of the vibrations induced by a planetary gearbox, care must be taken to

excite all frequencies evenly so that OMA techniques can be applied. First, experiments will not be run at single
speeds because steady state operation would excite only isolated frequencies. Instead, run-up experiments will be
performed. Run-up experiments consist of starting the gearbox at very low speed and increasing the speed at a
constant acceleration up to the a maximum speed. During this procedure, the orders of the gearbox will sweep
through the entire frequency band; acting as a multi-sine sweep. However, unlike the procedure used by Janssens
et al. [11], in this work order tracking will not be employed. The presence of high orders causes a high slew rate
in their associated frequencies which makes order tracking unreliable. In this work the limitations without order
tracking can be accepted since the end of order effects which order tracking eliminates are not prevalent. However,
the FRF will be under-estimated at high frequencies as the number of contributing orders decreases with increasing
frequency. The second part of the procedure to obtain a reliable FRF estimate is to apply a moving average filter
to the frequency spectrum estimate in the frequency domain. This flattens out any interference of the orders in the
frequency response.

Run-up experiments were conducted for each measurement location with sensors mounted at that location in
all three directions. During each experiment, accelerometers were also kept in all three directions at the reference
point. They are used as reference sensors. This allows a roving sensor procedure to be implemented while still
obtaining phase information between different run-ups. The same processing of data as applied by Zhou et al.
[28] is used in this work. The cross spectra between all outputs and the three reference sensors are be used as
FRF estimates to estimate the modal parameters of the system. In order to find the spectra for each measurement
location, first the cross correlation R of the acceleration signals from the measurement location and the reference
sensor must be computed. In the following, signals will be considered time series. Thus, the ith term of the
acceleration signal for the measurement location is yi and the ith term of the signal for the reference sensor is ri.
The index variable i assumes values between 1 and the number of acquired samples N . The ith term of the cross
correlation is:

Ri =
1

N

N−i−1∑
k=0

yk+irk . (1)

From these cross correlations, the terms of the half spectra S+
yr can be found through a DFT of these correla-

tions:

S+
yr(ω) =

R0

2
+

L∑
k=1

Rke
−jωk∆t , (2)

where ∆t is the time between samples and L is the maximum number of time lags used to estimate the spectrum.
Once the half spectra were calculated, a moving average filter was applied to the complex spectra to remove the
mutual interference between the multiple sine sweeps. As the length scale of the interference in the frequency
domain is much lower than that of a resonance peak, a clean separation is possible. Finally, the spectra were fitted
with an open source least-squares fitting algorithm called ‘vecfit3’ (available online from the Surrogate Modeling
lab from Ghent University) [8, 7, 3]. The same workflow as used by commercial least squares OMA programs
was followed: spectra estimates were fitted with increasing model orders; stable poles with stable mode shapes
were selected and a final least squares fit created the final model [28]. The stabilization diagram is shown in
Fig. 2. A total of 22 stable modes were chosen with frequencies ranging from 0.3 kHz to 6 kHz based on stability
in frequency, damping, and mode shape over increasing model orders. Fig. 3 shows three example mode shapes,
which are within in the frequency range where validation experiments will be run.
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Figure 2: Stabilization diagram showing the estimated FRFs for all measurement locations. Measurements in the
x-direction are shown in red, y-direction are shown in green, and z-direction are shown in blue. The sum of all
FRFs is also shown in black. The modes identified are shown from model orders 6 to 32 with triangles.

Mode 6: 2013 Hz Mode 11: 4401 Hz Mode 12: 4503 Hz

Figure 3: Examples of mode shapes 6, 11, and 12 visualized over a wireframe of the test set-up.

4 Optimization of Actuator placement
In order to find out what frequency range should be considered for active vibration control, a series of stationary

speed experiments were conducted ranging from 1000 min−1 to 10 000 min−1, and ranging from 0 Nm to 30 Nm of
torque. For each operating condition, the A-weighted sound pressure was measured using a microphone aimed at
the gearbox (20 × 10−6 Pa was used as the reference pressure). The maximum dBA recordings for each frequency
were combined to represent the loudest condition, and are shown in Fig. 4.

The maximum sound pressure recorded was around 88 dBA. The United States’ Occupational Safety and
Health Administration (OSHA) sets a limit of 85 dBA, over which workers are required to wear hearing protection
if they will be exposed to sound of that level for 8 hours a day [15]. Further, the United States’ Environmental
Protection Agency has reported a level of 76.4 dBA under which there is no risk for noise induced hearing loss
(NIHL) for exposures 8 hours long [4]. This NIHL cutoff is recognized by the World Health Orgainzation as
accurate [19]. We will therefore look for the frequeny range of any peaks where the sound level surpasses the
NIHL limit, and choose to control all modes in that frequency range. In our measurements, the only peaks that
surpass the NIHL cutoff are all between 1.8 kHz and 4.8 kHz. We find 8 modes in this range. We selected two
different optimization scenarios: the first configuration aims at good vibration control over all modes in the selected
frequency range. The second configuration prioritizes the best operation over a smaller frequency range focused at
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Figure 4: Maximum A-weighted sound pressure for each frequency. OSHA and NIHL limits are shown with
horizontal lines, and the frequency range (1800 Hz to 4725 Hz) containing all peaks over the NIHL limit is shown
with vertical lines.

higher frequencies. For configuration 1, we seek to control all 8 modes from 1.8 kHz to 4.8 kHz. For configuration
2, we seek to control the 2 modes between 4.3 kHz and 4.6 kHz. This range is centered over the highest peak in
the sum of all FRFs, and represents a steady-state operating condition near the top speed of the gearbox.

After choosing the modes which will be controlled, an optimization criterion for determining actuator place-
ments must be chosen. Gupta et. al. give a good overview of various optimization criteria for placement of
piezoelectric actuators on smart structures [6]. In our case, two inertial piezoelectric actuators will be placed on
the structure. Inertial actuators can be viewed as a point force acting on the structure. Since the OMA provided the
mode shapes of the structure, we have chosen to maximize the ability to control the selected modes by maximizing
the modal force applied to those modes. Other optimization criteria would require more information, for example
a full state-space model of the system with the actuators as inputs. In order to maximize the modal forces input to
the modes, the uncoupled system of equations will be considered:

ü + Λu = ΦTF = f , (3)

where u contains the modal coordinates, Λ is a diagonal matrix of the eigenvalues, Φ is a matrix of the mode
shapes, F is the force vector input to the physical domain, and f are the modal forces. The columns of the matrix Φ
are the mode shapes, φn, and the values within φn represent the response (in this case acceleration was measured)
of each location during excitement of that mode. If there are Nm modes and Nl measurement locations the mode
shape matrix is

Φ = [φ1, . . . , φNm
] , (4)

and each mode shape is a vector,

φn = [φ1, n, . . . , φNl, n]T . (5)

An actuator placed at the location where a mode shape has a maximum value will maximize the modal force
input into that mode. Therefore the mode shape value of the mode at an actuator location will be used to represent
the modal force put into that mode. For a given frequency range, it is desired that all modes will have a sufficient
force input in order to be able to control all modes. The configuration is limited by the minimum modal force input
over all modes. This minimum force therefore should be maximized for optimal performance. We consider each
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actuator configuration C a Na-tuple, where Na is the number of actuators. For each configuration, the maximum
force input into each mode is determined by finding the maximum value, φmax, from the mode shape φn at the
locations of the Na actuators in configuration C. This value is taken to be the level of control over that mode.
Then, the mode with the minimum input force in the frequency range of interest is found. The control value on this
mode is the minimum performance of the configuration over that frequency range. This way, each mode can be
well controlled by at least one of the actuators in the optimal configuration, Copt. A visualization of this process is
shown in Fig. 5, and the optimization can be represented by the procedure

Copt = arg max
C

min
n=1...Nm

max
m∈C

φm,n . (6)

As previously stated, two frequency ranges will be investigated: a large frequency range and a small range in
the high end of the whole frequency range. For this discussion the modes will be renamed with their index in the
larger frequency range. For example, the first mode in the frequency range (at 2013 Hz) is mode 6 overall, but will
be referred to as mode 1 within this range. Table 1 shows a summary of the control over the 8 modes for each
configuration, derived from the mode shape values. Configuration 1 has a minimum control value of 5.2 within
it’s frequency range of interest of 1.8 kHz to 4.8 kHz. The second frequency range only contains modes 6 and 7,
and has a minimum control value of 11.0 over it’s frequency range of 4.3 kHz to 4.6 kHz. However if the second
configuration is extended to control modes over the whole frequency range, the control value drops to a minimum
of 1.3 at the first mode.

5 Validation
The two optimization goals of Section 4 yielded two significantly different actuator configurations. In order

to assess the effectiveness of the proposed placement method, the performances of both configurations need to be
validated. For that, the actuators were mounted on the test-rig as shown in Figure 1.

The control algorithm used is a narrow-band, phase-exact FxLMS as documented in [26]. This algorithm be-
longs to the class of adaptive feedforward control. Reference oscillators are fed with the instantaneous angle of the
planet carrier. For each vibration order to be canceled a complex valued output weight is adapted online such that
the amplitude of the order is driven to zero. Complex look-up tables are used to reduce computational complexity
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Table 1: Performance of the chosen configurations. Configuration 1 was optimized for all of the 8 selected modes,
configuration 2 was optimized for modes 6 and 7.

Configuration 1 Configuration 2
Mode Frequency (Hz) Actuator 1 Actuator 2 φmax Actuator 1 Actuator 2 φmax

1 2013 6.7 2.2 6.7 0.8 1.3 1.3
2 3104 4.9 11.3 11.3 2.0 3.7 3.7
3 3342 17.1 7.8 17.1 5.6 8.5 8.5
4 3602 3.8 6.0 6.0 13.3 15.4 15.4
5 3849 5.0 10.3 10.3 5.5 13.2 13.2
6 4401 5.2 1.8 5.2 4.3 11.0 11.0
7 4503 1.1 10.1 10.1 13.8 2.9 13.8
8 4714 1.9 11.0 11.0 2.2 9.6 9.6
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Figure 6: Acceleration spectrum for configuration 1 at position of actuator 1 without and with AVC while driven
at low speed. Vibration orders 75 to 92 are controlled.

for secondary path filtering instead of FIR-filters. The control algorithm is implemented with a closed-loop sam-
pling frequency of 50 kHz on the real time system. A total of 18 vibration orders are selected for cancellation in
the vicinity of the nominal gear mesh order 84 as depicted in Fig. 6. Further details on the implemented control
algorithms are given in [26]. To assess the achieved vibration reduction the ratioW of rms-values for both with and
without control is evaluated. It describes the relative remaining vibration with activated control and is calculated
using

W =

√∑92
k=75 Acc2

on(k)√∑92
k=75 Acc2

off(k)
(7)

where Acc(k) denotes the acceleration amplitude of the k-th vibration order. The lower the value of W the better
the control performance. Each actuator configuration is investigated for the low (gear mesh frequency of 2013 Hz)
and high (gear mesh frequency of 4452 Hz) operating speed. The structural model obtained by OMA approach
yields three predictions according to Tab. 1:

1. Configuration 1 is well suited for both operating points
2. Configuration 2 is well suited only for the high-speed operating point
3. Configuration 2 should be more efficient than configuration 1 for the high-speed operating point

There are multiple approaches in comparing the performance of the chosen configurations. Generally the
performance is related to the reduction in vibration and to the effort needed to achieve this reduction. Well placed
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Figure 7: Results for both actuators in both configurations for low-speed (LS) and high-speed (HS) operating
points. LEFT: Remaining vibration. RIGHT: Efficiency in m/s2 /V describes ratio between achieved absolute
acceleration reduction and used voltage.

actuators should not only yield a significant reduction, but also require a low control voltage in doing so. As the
precise control objective depends on the placement of the actuator and their collocated sensor, reductions may not
be compared immediately between configurations. Instead, an individual assessment needs to be made for each
configuration. The results of the experiments are shown in Fig. 7. Configuration 1 achieves remaining vibrations
of 10 % or less for both operating speeds. Configuration 2 achieves good performance for high-speed but has
problems for low-speed where the remaining vibration is comparatively high. Thus the first two predictions can
be clearly confirmed by the experimental results. The first actuator of configuration 2 at high-speed exhibits the
highest efficiency. However the efficiency of the second actuator is smaller than for both actuators of configuration
1 at high-speed. Consequently prediction 3 is partly fullfilled.

6 Conclusion
This contribution shows how OMA can be used in the design process of AVC on a real-world system. OMA

was chosen to gather information about the system to inform the decision of where to place AVC actuators. The
proposed method does not require prior in-depth knowledge of the system or complex modelling techniques. High-
quality FRF estimates were obtained despite the highly modulated vibrations caused by the planetary gearbox due
to the application of run-up testing and moving average filtering. Least-squares based OMA was applied to the FRF
estimates to estimate the natural frequencies and mode shapes of the system. A procedure to choose an optimal
actuator configuration was presented which is able to guarantee a minimum level of performance in the targeted
frequency range.

Two configurations were investigated using the mode information from OMA and applying the optimization
procedure over two frequency ranges. As predicted by the optimization procedure from the modal information,
configuration 1 performed well at both operating speeds and configuration 2 only performed well at the high speed.

The success of this contribution to implement effective AVC on a planetary gearbox system shows the appli-
cability of the methods presented. OMA techniques provide a reliable method for determining optimal actuator
placement using only measurements of the system in operation. Therefore the methods presented could be straight-
forwardly applied to an AVC scenario. Finally, the ability to make predictions about the performance of different
actuator configurations which were validated using an AVC test-rig show the promise of this method.
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Abstract 

Flexible rotors supported by cylindrical hydrodynamic journal bearings generally face two main problems 

during operation, crossing the first critical speed and fluid-induced instability. Active control techniques can be 

applied to mitigate these issues. The main objective of this paper is to compare and experimentally validate 

different control methods aiming to attenuate the vibration amplitude at the first bending critical speed and 

stabilize the oil-whip effect by using an active magnetic bearing as actuator. Three different control synthesis 

methods were employed: classic dynamic H∞, µ-synthesis and gain scheduled static H∞ dependant on the 

rotational speed. The final performances of the designed controllers were compared by numerical simulation and 

also with an experimental test rig. 

1   Introduction 

Hydrodynamic bearings offer a set of advantageous mechanical properties, therefore, they are widely applied 

by industry, such as in pumps, compressors and turbines. However, the classical cylindrical journal bearing is 

susceptible to oil-whirl phenomenon, which is known to provoke system fluid-induced instability (oil whip). 

Usually, the oil-whip occurs above twice the first critical speed and may compromise the machine components 

integrity due to high lateral amplitude vibration, thus establishing an operational threshold. Many studies can be 

found suggesting passive solutions for this problem such as geometric modifications, tilting pads and dampers. 

Nevertheless, in some cases passive solutions may not achieve the growing requirements of modern industry [4] 

and [10], thus, active methods arise as in hybrid-bearings with piezo or magnetic actuation, active oil injection, 

smart materials, etc. 

In this paper an active magnetic bearing (AMB) is utilized not as a classical load supporting bearing, but 

rather as an auxiliary active vibration controller. Such approach demands less magnetic force, and therefore, 

might allow the use of smaller, lighter and more energy-economic hardware. Studies using similar approaches 

can be found in [3], [4], [10] and [11]. 

The control methods applied in this paper are all model based. Therefore, finite elements method (FEM) is 

used to describe the basic system. However, simple linear time invariant (LTI) does not capture the strong 

rotational speed dependence of journal bearing supported rotors. To deal with this issue, the parametrical 

variation is considered in uncertainty and linear parametrical varying (LPV) form. The objective is to study and 

compare the achieved experimental performances of a standard H∞ to robust (µ-synthesis) and adaptive (gain-

scheduled H∞) controllers. This paper is focused mainly in the practical validation of the proposed methods. 

More detailed theoretical aspect can be found in [16]. 

2   Test rig 

To validate the proposed control methods an experimental test rig, shown in Figure 1, was utilized. The rotor 

is composed by a 795 mm length and 8 mm diameter steel shaft, supporting a 0.71 kg steel disc, a 0.92 kg steel 

journal (for the AMB) and a 1.02 kg brass journal (hydrodynamic journal bearing). The rotor is supported by two 

self-aligning roller bearings on the motor side, and the journal bearing on the other extremity, according to 

Figure 1. The journal bearing has 27 mm length, 54 mm diameter, radial gap of 100 µm and is lubricated by 

ASOLA ZS 10 oil. The first bending critical speed is at 28.5 Hz with this configuration and the oil-whip occurs 
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at about 60 Hz. The equivalent residual unbalance for the first bending mode is approximately 16.1x10-6 kg.m. 

The acquisition and real-time control are performed by a DSpace board ds1006, which allows to perform the 

experiments with a frequency rate of 8192 Hz. For a more convenient handle of data, the acquisition was down 

sampled by 1/16, resulting in a Nyquist frequency of 256 Hz, that is above the maximum rotational speed and 

range of interest of 90 Hz. The rotor is monitored by pairs of Eddy current displacement sensors placed at the 

disc, on each side of the magnetic bearing and on each side of the journal bearing. The rotor is powered by a 

servomotor. And the magnetic control force is performed using an 8 poles AMB, studied in [13], supplied by a 

Mecos PA 8-50 power amplifier. 

Figure 1: Test rig. 

3  Rotor modelling 

In this section the procedure to obtain the model representations of the rotor utilized in this paper is 

described. Four different models were utilized for different purposes is described. Firstly, a full standard FEM 

model, which was utilized for numerical simulations. Secondly, a simple reduced model utilized to calculate a 

standard H∞ controller, a third one, considering parametrical uncertainties, which served as base for µ-synthesis 

controller, and a fourth one, which consists in a polynomial system used to find the LPV controllers.  

3.1   FEM rotor modelling 

The base for all four models is the finite elements model of the shaft and rigid elements. For that the well-

known Nelson’s finite elements matrices [8] were employed. With the basic mass (Mfem), stiffness (Kfem), 

damping (Dfem) and gyroscopic (Gfem) matrices that compose the basic equation of motion of the system, Eq. (1), 

it can easily be written in space-state form, Eq. (2), which is more convenient for control design and analysis. 

Where Ω is the rotational speed, w is the unbalance force and y represents the sensors readings. 
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The full model was divided in 30 nodes, as shown in Figure 2. Each node has 4 degrees of freedom (DOF), 

two translations and two rotations. And so, in space-state model it results in order 240. This value can be 

considered as too high for control applications, both for optimization problems and for real-time implementation. 

For that reason, the Guyan reduction [5] is employed, allowing to reduce the system while preserving the 

physical meaning of the remaining DOF making easier to add the varying bearing and gyroscopic parameters. 

Literature suggests that best results for Guyan reduction are obtained when preserving nodes with most 

concentrated masses. Thus, preserving the main nodes for the control (disc, journals and bearings), which 

provide signals for feedback and performance measurement are quite convenient. And so, only the translation 

DOF of nodes 4, 10, 18 and 26 were kept. Thereafter, the reduced space-state model presents 16 states, allowing 
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to describe the first four forward and backward modes. When dealing with cylindrical journal bearing supported 

rotors, usually one does not expect to need more than the first pairs of modes since the oil-whip effect commonly 

limits the operation between the first and the second critical speed. 

Figure 2: Model of the rotor. 

3.2   Bearing coefficients modelling 

To express the influence of the bearing coefficients it is utilized the equivalent linear approximation, which is 

obtained by numerically solving the Reynolds equation via finite volumes [7]. The solution represents the oil 

film pressure inside the journal bearing at the actual position. By integrating the pressure distribution, one finds 

the resultant forces applied to the rotating shaft. It is possible to expanding these non-linear force expressions 

into Taylor series. Generally, the most relevant terms are the ones related to zero and first order. The latter are 

equivalent to the external stiffness and damping coefficients applied to the rotor which can be directly added to 

the respective nodes on the FEM model matrices. 

Since the solution depends on the rotational speed, the equivalent coefficients are also speed-dependent. 

Consequently, in addition to the gyroscopic effect, at each rotational speed the rotor dynamics changes. In case 

of journal bearing supported rotors, this phenomenon is fundamental to represent the fluid-induced instability. In 

linear approximation, the oil-whip is represented by the occurrence of poles at the right-hand side of the complex 

plan, which mainly occurs due to the variation of the cross-coupled stiffness coefficients. 

To solve the Reynolds equation for each speed step is not computational efficient, therefore a common 

practice is to find the solution for a set of points distributed along the operational speed range and interpolate the 

results. In order to take these variations into account when designing the controllers, explained in further 

sections, one more step is taken in this approximation: it is considered that the equivalent coefficients can be 

described by polynomial approximations on the rotational speed. In this paper it is adopted a second-degree 

polynomial, but other degrees can be utilized if necessary. Therefore, the bearing stiffness and damping matrices 

can be approximated by the format in Eq. (3). 

2
1 1 = + +0 1 2K K K K and

2
1 1 = + +0 1 2D D D D (3) 

with 
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=
 −

3.3   Uncertain model 

A system deviation from the nominal model, or uncertainty, can be described by many different forms, 

depending on its nature [17]. Here the parametrical uncertainties form is chosen. Following the framework from 

Figure 3 and the second-degree approximation leads to the augmented Eq. (4), where auxiliary output g and 

input h are added connecting the normalized uncertainty matrix Δ to the system P. 
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Figure 3: Uncertain loop. 
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3.4   Polynomial model 

The polynomial formulation is quite straight forward, and it consists in adding the polynomial stiffness and 

damping matrices, Eq. (5). For the sake of obtaining less conservative results, it is interesting to homogenise the 

system writing it in terms of a unitary simplex (6), with 2n = , according to the structure in Eq. (7).
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3  Control 

For the main control of the rotor, only the feedbacks from the journal bearing and AMB displacement sensors 

are considered. Since in real applications usually the availability for sensor placement is limited, although 

readings of the disc displacements are available, they are utilized only for performance analysis. In addition to 

the main controller other important elements must be mentioned. To eliminate the offset values, avoiding the 

onerous procedure to calibrate the center of the journal bearing, the lower frequencies (<1 Hz) components are 

subtracted from filtered journal bearing signals, as shown in Figure 4. Besides, the journal bearing naturally does 

not run centered in the gap. It tends to move according to the rotational speed following an arch-like path to the 

center [9]. If this eccentricity is not considered, extra effort is put into the controller for bringing the journal 
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bearing to the center. This additional force is not only unnecessary, but might even bring the system to instability 

since it would change the equivalent bearing coefficients. 

Generally, when AMBs are applied in levitation they operate near the modal nodes. Thus the orbits can be 

small enough to be considered inside the linear region when using the differential configuration [12][13]. In this 

paper, the AMB is not utilized as a proper bearing since it is not used to provide sustaining force (reducing 

energy consumption), moreover, it is placed almost at the center of the first mode bending arc. Consequently, at 

the first critical speed high amplitude orbits are observed inside the AMB, which may reach nonlinear regions. 

Trying to attenuate the effects of nonlinearities and noise generated by the current amplifier, derivative gains 

(equivalent to a damping of approximately 50 Ns/m) are included in the ‘control force to voltage’ block. It was 

also noticed that changing the eccentricity of the AMB could generate considerable deviations in its behavior 

when operating in high amplitudes due to the magnetic circuit nonlinearities. Therefore, a small integration gain 

is added which allows to fix the orbit center at the AMB at an initial position, which is practically negligible to 

the system dynamic. Since the shaft is very flexible the required forces for displacing the AMB center are 

considered small enough to not have major influence on the journal bearing coefficients. Hence, the main 

variance of the system dynamics is resultant from the main control block, which implements the methods briefly 

described in the next subsections. 

Figure 4: Control Scheme. 

3.1 Classic H∞ 

The classical framework for designing H∞ controllers involves creating an augmented system including 

auxiliary performance output signals z, as in Eq. (8). The main control objective is to reduce the H∞ norm from 

the transfer matrix between the exogenous input signals w, such as imbalance forces, and performance z, Eq. (9). 

The signal z typically is composed by the actual output that one wants to control (disc node displacement in this 

paper) and the control force u. 

:
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where Fl is the Redheffer star product between the elements. 

Since the H∞ norm can be considered as analogous to the peak of a Bode diagram applied to a MIMO system, 

when H∞ control is applied to rotors, it leads to attenuation of the biggest vibration peak, which is generally at 

the first bending critical speed. However, finding analytical solution for the H∞ is very challenging. Therefore, 

many distinct formulation and numerical approaches to obtain suboptimum solutions were developed in the last 

three decades. Here, the dynamic output-feedback H∞ control was obtained by the well-known LMI formulation 

[6], which is implemented in the Matlab Robust Control Toolbox™. 
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3.2 µ-Synthesis 

H∞ controllers can be casted in a robust approach by considering an uncertain structure as in Figure 3. 

However, it is known to be a conservative method [17]. To tackle this issue the structured singular value (SSV), 

or µ, metric was formulated. The general idea is to use the a priori information about the uncertainty structure, 

explained in section 3.3, to determine the smallest norm that would lead the system to instability, Eq. (10). The 

SSV is considered a semi-norm and it is rarely possible to determine its precise value. But it was demonstrated 

that the SSV lays between the systems spectral radius and system maximum singular value, Eq. (11), see [17]. 

The µ-Synthesis control objective is, therefore, to reduce the µ norm between h and g, and w and z. Evidently, 

numerical methods must be applied. The most utilized algorithm to obtain a dynamic output-feedback µ-

Synthesis controller is the so-called DK-iteration [14], which iteratively finds a fitting matrix D, minimizing the 

upper bound of µ, and then calculates a control K which minimizes the estimated µ value, Eq. (12). This 

technique is also implemented in the Matlab Robust Control Toolbox™. 
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3.3 LPV H∞ control 

As stated before, applying H∞ controllers to rotating machinery problems have two main advantages, 

reducing the critical speed peak and obtaining robust solutions. For the LVP control, it is chosen to apply the H∞ 

control property only to obtain the vibration attenuation, the robustness problem is guaranteed by the quadratic 

Lyapunov stability in the LMI formulation. 

Using the polynomial model from section 2.4, a static output-feedback control is obtained by means of the 

two-stage LMI formulation described by [1]. In the first stage a generic stabilizing state-feedback gain K(α) is 

obtained. In the second stage, a matrix inequality which is not linear is proposed. However, utilizing the result 

for the first stage as a slack-variable, the second stage also becomes a LMI, which can be easily solved by 

convex optimization. 

Because of the linearization, this procedure does not hold the necessity property. To increase the chances of 

finding solution it is usually utilized some auxiliary variable in the first stage to allow generating different 

possibilities for K(α). Here only one auxiliary variable ε is utilized. Both LMI problems are solved in Matlab 

using the LMI packer toolboxes Rolmip [15] and the solver SDPT-3 [2]. More details about this implementation 

can be found in [16]. 

3.4 Weighting filters 

When dealing with multi-objective controllers, a fundamental aspect is the choice of weighting filters. These 

filters allow to compensate for different units, scales, or “priority” along frequency range and have strong effects 

over the final performance. They can be placed at different inputs and outputs of the plant for different effects, 

and the tuning depends on the designer experience. Here, weights are applied to the components of the 

performance output z, which is composed by the disc displacement and control force. This allows to demand 

higher amplitude attenuations at lower frequencies (first critical speed and instability) and low control efforts at 

higher frequencies, avoiding spill-over. The general formulation for the weighting functions are proper low and 

high-pass band filters, as in Eq. (13). 
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For comparison reasons, the parameters for displacement filters and control force filters We and Wu, 

respectively, are the same for all the designed controllers. Only for the µ-synthesis control ge and gu were both 

multiplied by 103 to have approximate the same scale of the uncertainties inputs and outputs. 
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4   Results 

This section is divided in two parts. The first part is focused on the identification and validation of the 

models. The second part concerns the analysis and comparison of the achieved control performances. For shorter 

nomenclature the systems will be referred as: open-loop (OL), closed-loop with dynamic H∞ control (CLhinf), 

closed-loop with µ-synthesis (CLmu), and for closed-loop with degrees of dependence 0, 1 and 2 (CL0, CL1 and 

CL2, respectively).  

4.1 System identification 

Although the starting FEM model achieves relatively good estimation of the expected behaviour, it is 

necessary to make fine adjustments to get better matching between some key points: frequency and amplitude of 

the first bending mode as well as instability threshold. The frequency can be adjusted by slightly changing the 

diameters between shaft and disc elements that composes the additional pieces fixed in the shaft. The on-set 

stability and amplitude are heavily dependent on the bearing parameters. Some improvement can be achieved by 

considering reduced length (due to some possible border effect) and small variations in the load (due to assembly 

misalignments). The calculated bearing parameters and the second-degree polynomial approximation, obtained 

by least square fitting, are plotted in Figure 5. Extra weighting was considered on higher rotational speeds, since 

there the instability problem is critical. 

   (a)          (b) 

Figure 5: Reynolds (blue) bearing stiffness (a) and damping (b) coefficients, and approximations (red). 

To analyse the rotor response to unbalance, measurement acquisitions of 5 s were accomplished with the 

rotor operating at the values from Table 1. Between each change of speed there was a delay of 4 s to allow the 

system to achieve stationary condition. Combining all the collected signal spectrum from AMB Z direction 

displacement is obtained the waterfall diagram from Figure 6. 

From the same data, the unbalance response diagram (URD) for the maximum amplitude of the orbit at each 

rotational speed was also created. Despite showing less details about the signal composition, the URD allows 

better visualisation when comparing different curves. Figure 7 shows the comparison among the behaviour of the 

AMB displacement. The critical speed peak at approximately 28.5 Hz is clearly observed in OL curve. The 

distinct behaviour of the oil-whip is noticed by the OL amplitude amplification at 60 Hz at the URD and is 

confirmed in Figure 6 by the high amplitude at 0.5x line. In Figure 7 a peak at about 15 Hz is perceptible, and is 

attributed to assembly misalignment. The peak occurs when the 2x harmonic coincides with the rotor resonance. 

To fit the amplitude, the Rayleigh damping coefficient was adjusted proportional to the stiffness, Eq. (14). 

For this procedure the AMB displacement curve was utilized, which apparently had less non-modelled 

influences in its response (lower amplitudes outside the critical speed). The result of the modelling can be seen in 

Figure 7 together with the response with AMB demmanding force zero (OLamb). It is possible to state that both 

the model and the internal AMB control are well calibrated, since the three curves coincide. 

In OLamb the anticipation of oil-whip is expected since the integrator force relieve some of the journal 

bearing load. Regarding the numerical simulation, it is based on a linear model, thus the instability is determined 

by the first occurrence of positive real part of the eigenvalues. In instability condition the linear model outputs 

tend to infinity, for this reason, the simulation line of URD is interrupted when a system with unstable poles is 

generated. In test, the rotor speed is automatically brought back to stable values when the sudden increase of 
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amplitude is detected. Therefore, in this paper, the URD value at oil-whip condition does not capture the 

amplitude that would be achieved in regime condition. 

42.2 10−= fem femD K (14) 

Table 1: Unbalance response rotational speeds 

Measurement nº. 

(init:final) 
1:17 18:38 39:45 46:54 55:58 59:64 

rotation [Hz] 

(init:step:final) 
10:1:26 27:0.2:31 32:1:38 40:2:56 57:1:62 63:2:69 

Figure 6: Waterfall diagram of OL at AMB Z direction. 

Figure 7: AMB displacement URD of OL, OLamb and Simulation. 

4.2 Control performance 

The control synthesis, described in section 3, utilized the parameters from Table 2. And the standard H∞ 

design considered the reduced rotor model at 28 Hz (critical speed). The simulated URD with the resultant 

performances is shown in Figure 8. Note that all the controllers should assure stability for the whole considered 

rotational speed range. And different degrees of attenuation at critical speed were expected. Increasing the 

degree of dependence of the LPV controllers on the rotational speed rendered better attenuation. However, due 

to their static structure, the LPV controllers are limited to influence only the stiffness of the system. On the other 

hand, dynamic controllers are able to create forces with damping properties, and therefore acchieving better 

attenuation at critical speed. 
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Figure 9 compares the experimental results. The experiment was conducted with rotor speeds up to 89 Hz. 

All the controllers presented stability for the whole designed range, which accomplishes the extention of the 

stablility region by about 50% of the original stability limit. The test would probably be able to continue above 

90 Hz, but due to the significanty high second mode amplitude, regarding  the second plane unbalance (not 

accounted for during simulation) it risked reaching the non-linear region of the AMB, which would likely 

compromise the rotor stability and integrity. The comparison of the amplitudes shows clearly that a behavior 

considerably close to that what was simulated was obtained. Better performance was in fact observed by 

increasing the dependance on the rotational speed, and the dynamic controllers H∞ and µ-synthesis acchieved the 

best attenuations. Table 3 compares the acchieved peak attenuation by the controllers in comparisson to the OL. 

Table 2: Control synthesis parameters. 

ω (Hz) ku Mu εu gu gu ε 

CL0 180 4 1 0.01 2x10-5 2x10-5 3.2x10-3 

CL1 180 4 1 0.01 2x10-5 2x10-5 3.2x10-3 

CL2 180 4 1 0.01 2x10-5 2x10-5 3.2x10-3 

CLhinf 180 4 1 0.01 2x10-5 2x10-5 - 

CLmu 180 4 1 0.01 2x10-2 1x103 - 

Table 3: Control performance max(CL)/max(OL). 

Attenuation [%] CL0 CL1 CL2 CLhinf CLmu 

numerical 34.63 47.52 47.52 84.90 85.77 

experimental 24.09 30.57 36.91 52.13 55.36 

Figure 8: Simulated URD at the Disc for different controllers. 

Figure 9: Experimental URD at the disc for different controllers. 

214



5   Conclusion 

In this work the flexible rotor dependence on the rotational speed was successfully modelled. Model based 

controllers were synthetized considering the AMB only for active vibration control purposes. The control 

performances were validated and compared in an experimental test rig. All proposed methods presented results 

coherent to those predicted by numerical simulations. Extended rotor stability range was achieved by avoiding 

oil-whip, while considerably attenuating the first bending critical speed. The LPV controllers showed 

improvements in performance when the degree of dependence of the rotational speed increased, but due to its 

static-gain nature, which limit their action to stiffness modification, the capability to suppress the vibration at 

critical speed were inferior to the dynamic versions of H∞ and µ-synthesis. 
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Abstract 
Sensor energy consumption is a growing concern with the advent of the fourth industrial revolution and the 

arising need of condition monitoring. The necessity of alternative power sources is of increasing interest to the 
industry and the ambient vibration energy harvesting is a viable technology. The most common energy 
harvesters disseminated in the literature uses piezoelectric material to transform vibrational energy into electrical 
energy and therefore is the harvester type considered in this work. 

The present work analyzes the feasibility of energy harvesting from a piezoelectric cantilever beam excited 
by an imposed motion at its tip due to the tilting pad motion. This bending introduces a stiffness in the pad that 
should be considered in the rotor dynamics with the purpose of assuring that the original behavior is not affected. 
Consequently, the tilting pad journal model with full coefficients must be used in order to determine the motion 
of each pad independently. 

A Laval rotor was simulated with two tilting pad journal bearings with piezoelectric harvesters coupled with 
each pad. Changes in beam geometry were investigated and better parameters were determined in order to 
increase power output. It was possible to conclude that because this application produces 1mW of harvested 
energy, it is feasible and justifies further studies. 
Keywords: Energy harvesting, piezoelectric, vibration, tilting pad 

1 Introduction 
With the advent of the fourth industrial revolution and the internet of things, there is an increasing necessity 

of condition monitoring in order to control site production and automate processes. Thus, power sources other 
than disposable batteries are desired, as batteries are power sources with limited lifespan and may induce 
machine down time in order to replace drained ones [1]. One alternative technology capable of powering sensors 
is ambient energy harvesting, being the solar energy harvesting the one with the biggest power-density, followed 
by thermophotovoltaic and piezoelectric harvesting [2] [3]. Piezoelectric harvesting is typically used to harvest 
vibrational energy and transform it in electrical energy with some advantages over other harvesting methods, 
such as ease of application [3], no need of external voltage source and a high electromechanical coupling [4]. 
This way, the energy harvesting mechanism used in the present paper is the piezoelectric. 

Piezoelectric harvesters started being used almost 40 years ago [5], but only in the last decade has the study 
and development of piezoelectric harvesters increased due to the need of wireless, smart and independent sensors 
[6]. Typically, the piezoelectric harvester is made in the shape of a beam with two piezoceramic layers (bimorph) 
that act as capacitors plates. When the piezoelectric material is mechanically loaded, it develops a strain that is 
responsible for the creation of an electric field that charges this capacitor, thus inducing an electrical current. 
Due to the vibrational motion, the electrical current and the voltage generated are alternating and they need to be 
rectified to direct current/voltage through a diode rectifier bridge and a smoothing capacitor, in order to charge 
batteries or be used by DC sensors [3]. 

Despite the growing studies related to energy harvesting in recent years, most approaches have application in 
structural dynamics, with few works related to the dynamics of rotating machines. Regarding the application that 
will be proposed, this work aims to evaluate the energy harvesting system applied to journal bearings which are 
one of the most important components used in rotating machines. This component is responsible for the 
lubrication and support of the shaft that rotates with respect to the housing, in order to avoid the contact and wear 
between the components. One type of journal bearing is the cylindrical journal bearing that presents some 
advantages, as reduced price, ease of manufacturing and ease of assembling. However, it is subjected to 
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destabilizing forces that induce an unstable behavior to the machine in certain critical rotation speeds [7]. A 
tilting pad journal bearing is composed by a number of pads that are free to rotate and cannot resist external 
moments. Due to this ability, the destabilizing forces are greatly reduced or eliminated, and this component is 
not a source of machine instability anymore [8]. Because of this behavior, tilting pad bearings are vastly used in 
high-speed rotating machines. 

Rotating machines are also subjected to unbalance inherent in the rotor that drives the shaft into making an 
orbit inside the bearing. In a tilting pad bearing, this orbit forces the pads to oscillate with a fixed frequency and 
amplitude, usually equal to rotor speed and due to constant unbalancing moment, respectively, enabling the use 
of piezoelectric harvesters in the bearing’s pads. 

This work brings these effects together, creating a model that evaluates the electrical energy that may be 
harvested from tilting pad bearings in order to power wireless sensors that are becoming a trend in the fourth 
industrial revolution era. The objective is to analyze the feasibility of this application, in order to know if the pad 
vibration generates enough energy to power its monitoring and to analyze the impact in power output due to 
changes in beam geometry. 

2 Methodology 
This section aims to present the main concepts and formulations used to model the piezoelectric harvester 

and the tilting pad bearing behavior. An ideal beam may theoretically oscillate in infinite frequencies and shapes 
and its displacement is the sum of all vibrations modes. Because each mode has a shape, they induce different 
strains in the beam material that will be calculated automatically by the model shown in this section. For this 
paper, all beams are considered to have the same geometry and are installed in the same spot on each tilting pad. 

The tilting pad bearing used in this study is described in [9]. Typical applications do not need to consider the 
pads degrees of freedom and so only uses the reduced order stiffness-damping model. However, this paper aims 
to study the pad vibration and so the full coefficients model must be used. The guidelines to evaluate these 
coefficients are described in [8]. The coupling between bearing and piezoelectric harvester is described later in 
section 2.3. The complete model may be viewed in Figure 1. In this figure, it is possible to see the bearing pad 
with its pivot point, the bearing support and the piezoelectric beam. 

Figure 1 – Application Scheme with the bearing pad and the piezoelectric beam 

2.1 Piezoelectric Harvester 
The modeling of the piezoelectric harvester is assisted by Figure 2 that shows a bimorph piezoelectric beam, 

with two layers of piezoceramic material. According to this figure, 𝐿𝐿𝑏𝑏 is the beam length, 𝑡𝑡𝑝𝑝 is the piezoelectric 
height of each layer, 𝑡𝑡𝑠𝑠 is the substrate height and b is the beam width. In this study, the piezoelectric material 
has the same width and length of the substrate. 
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Figure 2 – Beam geometric variables (the hatched region represents the substrate material) 

Some of the equations developed in this section were described by Sodano et al [10]. The first step is the 
deduction of the beam displacement as evaluated by Equation (1). 

𝑢𝑢(𝑥𝑥, 𝑡𝑡) = �𝜙𝜙𝑛𝑛(𝑥𝑥)𝑟𝑟𝑛𝑛(𝑡𝑡)
𝑁𝑁

𝑛𝑛=1

= 𝜙𝜙(𝑥𝑥)𝑟𝑟(𝑡𝑡) (1) 

Where 𝑢𝑢 is the beam displacement, 𝜙𝜙𝑛𝑛 is the beam mode shape of the n-th natural frequency, 𝑟𝑟𝑛𝑛 is the 
temporal coordinate of the displacement of the n-th natural frequency and 𝑁𝑁 is the total number of modes being 
considered in the analysis. According to [11], the mode shape of a cantilever beam is represented by Equation 
(2). This equation is necessary in order to evaluate the beam properties, such as stiffness and displacement. 

𝜙𝜙𝑛𝑛(𝑥𝑥) = cos(𝛽𝛽𝑛𝑛𝑥𝑥) − cosh(𝛽𝛽𝑛𝑛𝑥𝑥) −
cos(𝛽𝛽𝑛𝑛𝐿𝐿𝑏𝑏) + cosh(𝛽𝛽𝑛𝑛𝐿𝐿𝑏𝑏)
sin(𝛽𝛽𝑛𝑛𝐿𝐿𝑏𝑏) + sinh(𝛽𝛽𝑛𝑛𝐿𝐿𝑏𝑏)

[sin(𝛽𝛽𝑛𝑛𝑥𝑥) − sinh(𝛽𝛽𝑛𝑛𝑥𝑥)] (2) 

With 𝛽𝛽𝑛𝑛 being a beam constant, for each mode, that relates inertia to the stiffness. For a cantilever beam, 𝛽𝛽𝑛𝑛 
may be found as the result of the Equation (3) with initial estimate equal to 𝛽𝛽𝑛𝑛 = (2𝑛𝑛 − 1)𝜋𝜋/2 . 

cos(𝛽𝛽𝑛𝑛𝐿𝐿𝑏𝑏) cosh(𝛽𝛽𝑛𝑛𝐿𝐿𝑏𝑏) + 1 = 0 (3) 

The following equations were obtained considering Figure 2. The mass, stiffness and damping matrix are 
diagonal. The mass matrix is defined as the sum of the substrate mass and the piezoelectric material mass shown 
in Equation (4). 

𝑀𝑀 = 𝑀𝑀𝑠𝑠 + 𝑀𝑀𝑝𝑝 = ���𝜌𝜌𝑠𝑠𝜙𝜙𝑇𝑇(𝑥𝑥)𝜙𝜙(𝑥𝑥)𝑑𝑑𝑉𝑉𝑠𝑠 + ���𝜌𝜌𝑝𝑝𝜙𝜙𝑇𝑇(𝑥𝑥)𝜙𝜙(𝑥𝑥) 𝑑𝑑𝑉𝑉𝑝𝑝

= 𝑏𝑏𝐿𝐿𝑏𝑏(𝑡𝑡𝑠𝑠𝜌𝜌𝑠𝑠 + 2𝑡𝑡𝑝𝑝𝜌𝜌𝑝𝑝) �

1 0 ⋯ 0
0 1 0
⋮ ⋱ ⋮
0 0 ⋯ 1

� 
(4) 

Where 𝜌𝜌𝑠𝑠 is the substrate density, 𝜌𝜌𝑝𝑝 is the piezoelectric density, 𝑉𝑉𝑠𝑠 is the substrate volume and 𝑉𝑉𝑝𝑝 is the 
piezoelectric volume. The stiffness matrix is evaluated by Equation (5). 

𝐾𝐾 = 𝐾𝐾𝑠𝑠 + 𝐾𝐾𝑝𝑝 = ���𝑦𝑦2𝜙𝜙𝑇𝑇(𝑥𝑥)′′𝑐𝑐𝑠𝑠𝜙𝜙(𝑥𝑥)′′ 𝑑𝑑𝑉𝑉𝑆𝑆 + ���𝑦𝑦2𝜙𝜙𝑇𝑇(𝑥𝑥)′′𝑐𝑐𝑝𝑝𝜙𝜙(𝑥𝑥)′′ 𝑑𝑑𝑉𝑉𝑃𝑃

=
𝑏𝑏

12
�𝑐𝑐𝑠𝑠𝑡𝑡𝑠𝑠3 + 𝑐𝑐𝑝𝑝 ��𝑡𝑡𝑠𝑠 + 2𝑡𝑡𝑝𝑝�

3 − 𝑡𝑡𝑠𝑠3���

⎣
⎢
⎢
⎢
⎡𝜙𝜙1

′′
(𝑥𝑥)
2 0 ⋯ 0

0 𝜙𝜙2′′(𝑥𝑥)
2 0

⋮ ⋱ ⋮
0 0 ⋯ 𝜙𝜙𝑁𝑁′′(𝑥𝑥)

2
⎦
⎥
⎥
⎥
⎤𝐿𝐿𝑏𝑏

0

𝑑𝑑𝑥𝑥 
(5) 

Where ‘𝑦𝑦’ is the vertical coordinate, 𝑐𝑐𝑠𝑠 is the Young’s Modulus of the substrate, 𝑐𝑐𝑝𝑝 is the Young’s Modulus 
of the piezoelectric material measured at constant electric field, 𝜙𝜙𝑛𝑛′′ is the second derivative of the beam mode 
shape 

The damping matrix is considered as proportional structural, being described by Equation (6). 

𝐶𝐶 = 𝛼𝛼𝑀𝑀 + 𝛽𝛽𝐾𝐾 (6) 
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Where 𝛼𝛼 is the Rayleigh coefficient proportional to mass and 𝛽𝛽 is the Rayleigh coefficient proportional to 
stiffness. 

The transition between mechanical and electric energy is made by the factor 𝜃𝜃. Each mode has a different 
value that is considered in the array evaluated by Equation (7). A higher value of 𝜃𝜃 implies that more energy is 
traded between mechanical and electrical energies. 

𝛩𝛩 = −���𝑦𝑦𝜙𝜙𝑇𝑇(𝑥𝑥)′′𝑒𝑒𝑝𝑝𝜓𝜓(𝑦𝑦) 𝑑𝑑𝑉𝑉𝑝𝑝 = 𝑒𝑒𝑝𝑝𝑏𝑏�𝑡𝑡𝑠𝑠 + 𝑡𝑡𝑝𝑝�� �
𝜙𝜙1(𝑥𝑥)
𝜙𝜙2(𝑥𝑥)
𝜙𝜙3(𝑥𝑥)

�

′′

𝑑𝑑𝑥𝑥

𝐿𝐿𝑏𝑏

0

 (7) 

With 𝑒𝑒𝑝𝑝 being the PZT coupling coefficient that relates the stress to the applied electric field and 𝜓𝜓 being 
evaluated by Equation (8). 

𝜓𝜓(𝑦𝑦) = �
−1/𝑡𝑡𝑝𝑝, 𝑡𝑡𝑠𝑠/2 < 𝑦𝑦 < 𝑡𝑡𝑠𝑠/2 + 𝑡𝑡𝑝𝑝

0,  − 𝑡𝑡𝑠𝑠/2 < 𝑦𝑦 < 𝑡𝑡𝑠𝑠/2
 1/𝑡𝑡𝑝𝑝, −𝑡𝑡𝑠𝑠/2 − 𝑡𝑡𝑝𝑝 < 𝑦𝑦 < −𝑡𝑡𝑠𝑠/2

(8) 

In addition, the two piezoelectric layers of the beam act like a capacitor in parallel with the electrical system 
[3]. This capacitor is not beneficial, as the harvester should charge it before transferring energy to the electrical 
sensor. This way, a big capacitance prevents the energy from going from the harvester to the sensor being 
powered by it and so its value should be minimized. The capacitance is evaluated by Equation (9). 

𝐶𝐶𝑃𝑃 = ���𝜓𝜓𝑇𝑇(𝑦𝑦)𝜀𝜀𝜓𝜓(𝑦𝑦) 𝑑𝑑𝑉𝑉𝑃𝑃 =
2𝜀𝜀𝑏𝑏𝐿𝐿
𝑡𝑡𝑃𝑃

(9) 

Where 𝜀𝜀 is the dielectric constant measured at constant strain. With every parameter defined, it is possible to 
evaluate the dynamic motion of the beam, evaluated by Equation (10) along with Equation (11). 

𝑀𝑀�̈�𝑟(𝑡𝑡) + 𝐶𝐶�̇�𝑟(𝑡𝑡) + 𝐾𝐾𝑟𝑟(𝑡𝑡) − 𝛩𝛩𝛩𝛩(𝑡𝑡) = �𝜙𝜙(𝑥𝑥𝑖𝑖)𝑓𝑓𝑖𝑖(𝑡𝑡)

𝑛𝑛𝑓𝑓

𝑖𝑖=1

 (10) 

𝛩𝛩𝑟𝑟(𝑡𝑡) + 𝐶𝐶𝑃𝑃𝛩𝛩(𝑡𝑡) = 𝑞𝑞(𝑡𝑡) (11) 

With 𝑓𝑓𝑖𝑖 being the force applied at 𝑥𝑥𝑖𝑖 and 𝑛𝑛𝑓𝑓 being the number of external loads considered. In this case, there 
is only one load at the end of the beam. In addition, if there is no resonance in higher frequencies, the first 
frequency mode is responsible for the majority of the vibrational energy. This way, in order to simplify the 
model without substantial losses, only the first mode will be considered in this analysis. 

Considering only one load applied at the end of the beam (see Figure 1) and only the first modal mode, the 
Equations (10) and (11) may be rewritten as Equations (12) and (13). 

𝑀𝑀�̈�𝑟(𝑡𝑡) + 𝐶𝐶�̇�𝑟(𝑡𝑡) + �𝐾𝐾 +
𝛩𝛩2

𝐶𝐶𝑃𝑃
� 𝑟𝑟(𝑡𝑡) −

𝛩𝛩
𝐶𝐶𝑃𝑃
𝑞𝑞(𝑡𝑡) = 𝜙𝜙(𝐿𝐿𝑏𝑏)𝐹𝐹(𝑡𝑡) (12) 

�̇�𝑞(𝑡𝑡) = −
1
𝐶𝐶𝑃𝑃𝑅𝑅

𝑞𝑞(𝑡𝑡) +
𝛩𝛩
𝐶𝐶𝑃𝑃𝑅𝑅

𝑟𝑟(𝑡𝑡) (13) 

Where 𝑅𝑅 is the electrical resistance, 𝑞𝑞 is the capacitor charge, �̇�𝑞 is the electrical current and 𝐹𝐹 is the force 
between the pad and the piezoelectric beam. 

2.2 Tilting Pad Bearing 
The tilting pad bearing should be incorporated in the finite element method normally using full bearing 

coefficients. The discretized rotor is represented in Figure 3. The bearings are represented by the red triangles on 
the second and on the tenth elements and the disk is represented by the yellow pentagon on the sixth element. 
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Figure 3 – Rotor scheme with the bearings being evidenced with the triangles and the disk in the center 

Normally there is not an external moment in the pads and so the external moment is set to zero, however in 
the model here presented, there is a moment due to the piezoelectric beam force at the tip of the pad. In the pad 
equation, this should be considered, so that the bearing equation is shown as Equation (14). 
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⎪
⎬

⎪
⎫

+

⎣
⎢
⎢
⎢
⎢
⎡
𝐶𝐶𝑥𝑥𝑥𝑥 𝐶𝐶𝑥𝑥𝑥𝑥 𝐶𝐶𝑥𝑥𝛼𝛼1 ⋯ 𝐶𝐶𝑥𝑥𝛼𝛼𝑛𝑛𝑝𝑝
𝐶𝐶𝑥𝑥𝑥𝑥 𝐶𝐶𝑥𝑥𝑥𝑥 𝐶𝐶𝑥𝑥𝛼𝛼1 ⋯ 𝐶𝐶𝑥𝑥𝛼𝛼𝑛𝑛𝑝𝑝
𝐶𝐶𝛼𝛼1𝑥𝑥 𝐶𝐶𝛼𝛼1𝑥𝑥 𝐶𝐶𝛼𝛼1𝛼𝛼1 0
⋮ ⋮ ⋱

𝐶𝐶𝛼𝛼𝑛𝑛𝑝𝑝𝑥𝑥 𝐶𝐶𝛼𝛼𝑛𝑛𝑝𝑝𝑥𝑥 0 𝐶𝐶𝛼𝛼𝑛𝑛𝑝𝑝𝛼𝛼𝑛𝑛𝑝𝑝⎦
⎥
⎥
⎥
⎥
⎤

⎩
⎪
⎨

⎪
⎧
�̇�𝑥
�̇�𝑦
�̇�𝛼1
⋮
�̇�𝛼𝑛𝑛𝑝𝑝⎭

⎪
⎬

⎪
⎫

+

⎣
⎢
⎢
⎢
⎢
⎡
𝐾𝐾𝑥𝑥𝑥𝑥 𝐾𝐾𝑥𝑥𝑥𝑥 𝐾𝐾𝑥𝑥𝛼𝛼1 ⋯ 𝐾𝐾𝑥𝑥𝛼𝛼𝑛𝑛𝑝𝑝
𝐾𝐾𝑥𝑥𝑥𝑥 𝐾𝐾𝑥𝑥𝑥𝑥 𝐾𝐾𝑥𝑥𝛼𝛼1 ⋯ 𝐾𝐾𝑥𝑥𝛼𝛼𝑛𝑛𝑝𝑝
𝐾𝐾𝛼𝛼1𝑥𝑥 𝐾𝐾𝛼𝛼1𝑥𝑥 𝐾𝐾𝛼𝛼1𝛼𝛼1 0
⋮ ⋮ ⋱

𝐾𝐾𝛼𝛼𝑛𝑛𝑝𝑝𝑥𝑥 𝐾𝐾𝛼𝛼𝑛𝑛𝑝𝑝𝑥𝑥 0 𝐾𝐾𝛼𝛼𝑛𝑛𝑝𝑝𝛼𝛼𝑛𝑛𝑝𝑝⎦
⎥
⎥
⎥
⎥
⎤

⎩
⎪
⎨

⎪
⎧
𝑥𝑥
𝑦𝑦
𝛼𝛼1
⋮
𝛼𝛼𝑛𝑛𝑝𝑝⎭

⎪
⎬

⎪
⎫

=

⎩
⎪
⎨

⎪
⎧

𝐹𝐹𝑥𝑥
𝐹𝐹𝑥𝑥

−𝐹𝐹1𝐿𝐿1
⋮

−𝐹𝐹𝑛𝑛𝑝𝑝𝐿𝐿𝑛𝑛𝑝𝑝⎭
⎪
⎬

⎪
⎫

(14) 

Where 𝑀𝑀𝑒𝑒 is the shaft mass seen by the bearing, 𝐽𝐽𝑝𝑝 is the pad moment of inertia, 𝐶𝐶𝑖𝑖𝑖𝑖 and 𝐾𝐾𝑖𝑖𝑖𝑖  are the damping 
and the stiffness of the bearing in direction ‘i’ with respect to motions in direction ‘j’, 𝐹𝐹𝑖𝑖 is the force in each 
direction and 𝐿𝐿𝑖𝑖 is the length between the point of the application of the piezoelectric beam force and the pad 
pivot for each pad (they are set to be equal in this paper). Note that this model considers each pad as an 
independent degree of freedom, so that even if the piezoelectric beams are equal, their power output may not be, 
because each pad vibrates with different amplitudes. 

2.3 Complete Model 
In order to unify both models, it is necessary to use the same degrees of freedom for both of them. This way, 

as seen in Figure 4, there is always contact between the piezoelectric beam and the pad, so that it is possible to 
write Equation (15) that relates 𝑟𝑟 (the piezoelectric beam variable) with 𝛼𝛼 (the tilting pad variable). 

Figure 4 – Evidence that the displacement of the pad tip is equal to the displacement of the beam tip 
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𝑢𝑢(𝐿𝐿, 𝑡𝑡) = 𝐿𝐿𝛼𝛼(𝑡𝑡) = 𝜙𝜙(𝐿𝐿𝑏𝑏)𝑟𝑟(𝑡𝑡) → 𝑟𝑟(𝑡𝑡) =
𝐿𝐿

𝜙𝜙(𝐿𝐿𝑏𝑏)𝛼𝛼
(𝑡𝑡) (15) 

So, rewriting Equations (12) and (13) in this coordinate system, the Equations (16) and (17) are obtained as: 

𝑀𝑀
𝐿𝐿2

𝜙𝜙2(𝐿𝐿𝑏𝑏) �̈�𝛼
(𝑡𝑡) + 𝐶𝐶

𝐿𝐿2

𝜙𝜙2(𝐿𝐿𝑏𝑏) �̇�𝛼
(𝑡𝑡) + �𝐾𝐾 +

𝛩𝛩2

𝐶𝐶𝑃𝑃
�

𝐿𝐿2

𝜙𝜙2(𝐿𝐿𝑏𝑏)𝛼𝛼
(𝑡𝑡) −

𝛩𝛩𝐿𝐿
𝜙𝜙(𝐿𝐿𝑏𝑏)𝐶𝐶𝑃𝑃

𝑞𝑞(𝑡𝑡) = 𝐹𝐹𝐿𝐿 (16) 

�̇�𝑞(𝑡𝑡) +
1
𝐶𝐶𝑃𝑃𝑅𝑅

𝑞𝑞(𝑡𝑡) −
𝛩𝛩𝐿𝐿

𝐶𝐶𝑃𝑃𝑅𝑅𝜙𝜙(𝐿𝐿𝑏𝑏)𝛼𝛼
(𝑡𝑡) = 0 (17) 

Even if the piezoelectric beams coupled with each pad are equal, because their tip displacement is different, 
the external moment applied to the pad is different. This way, Equation (16) should be substituted in Equation 
(14) once for each pad opening one extra degree of freedom to the system for each capacitor charge 𝑞𝑞𝑖𝑖.

The bearing state-space matrix is shown in Equation (18).

�
[𝐼𝐼] [0] [0]
[0] �𝑀𝑀𝑖𝑖 + 𝑀𝑀𝑏𝑏� [0]
[0] [0] [𝐼𝐼]

� �
{�̇�𝑥}
{�̈�𝑥}
{�̇�𝑞}

� =

⎣
⎢
⎢
⎢
⎡

[0] [𝐼𝐼] [0]
−�𝐾𝐾𝑏𝑏 + 𝐾𝐾𝑖𝑖� −�𝐶𝐶𝑏𝑏 + 𝐶𝐶𝑖𝑖� [𝛩𝛩∗]

[𝛩𝛩∗]
𝑅𝑅

[0] �−
1
𝐶𝐶𝑝𝑝𝑅𝑅

�
⎦
⎥
⎥
⎥
⎤
�

{𝑥𝑥}
{�̇�𝑥}
{𝑞𝑞}

� + �
{0}
�𝐹𝐹𝑖𝑖�
{0}

� (18) 

Where I is the identity matrix, 𝑀𝑀𝑖𝑖, 𝐾𝐾𝑖𝑖  and 𝐶𝐶𝑖𝑖 are the tilting pad journal bearing mass, stiffness and damping 
matrixes, respectively, defined in Equation (14) and the other matrixes are described from Equation (19) to (23). 

[𝑀𝑀𝑏𝑏] = 𝑀𝑀
𝐿𝐿2

𝜙𝜙2(𝐿𝐿𝑏𝑏)
[𝐼𝐼]𝑛𝑛𝑝𝑝×𝑛𝑛𝑝𝑝 (19) 

[𝐾𝐾𝑏𝑏] = �𝐾𝐾 +
𝛩𝛩2

𝐶𝐶𝑃𝑃
�

𝐿𝐿2

𝜙𝜙2(𝐿𝐿𝑏𝑏)
[𝐼𝐼]𝑛𝑛𝑝𝑝×𝑛𝑛𝑝𝑝 (20) 

[𝐶𝐶𝑏𝑏] = 𝐶𝐶
𝐿𝐿2

𝜙𝜙2(𝐿𝐿𝑏𝑏)
[𝐼𝐼]𝑛𝑛𝑝𝑝×𝑛𝑛𝑝𝑝 (21) 

[𝛩𝛩∗] =
𝛩𝛩𝐿𝐿

𝜙𝜙(𝐿𝐿𝑏𝑏)𝐶𝐶𝑃𝑃
[𝐼𝐼]𝑛𝑛𝑝𝑝×𝑛𝑛𝑝𝑝 (22) 

�−
1
𝐶𝐶𝑅𝑅

� = −
1
𝐶𝐶𝑝𝑝𝑅𝑅

[𝐼𝐼]𝑛𝑛𝑝𝑝×𝑛𝑛𝑝𝑝 (23) 

Note that theses matrices may be written in this way because all beams are equal and applied at the same spot 
in the tilting pad. By integrating the bearing model into the finite element method for the rotor, it is possible to 
evaluate the rotor behavior along with the piezoelectric beam charge and current output. Finally, the mean 
electrical power output was evaluated by Equation (24): 

𝑃𝑃𝑚𝑚𝑒𝑒𝑚𝑚𝑛𝑛 =
∫ 𝑅𝑅�̇�𝑞(𝑡𝑡)2𝑡𝑡+𝛥𝛥𝑡𝑡
𝑡𝑡 𝑑𝑑𝑡𝑡

𝛥𝛥𝑡𝑡
(24) 

Where 𝑃𝑃𝑚𝑚𝑒𝑒𝑚𝑚𝑛𝑛 is the mean power output and 𝛥𝛥𝑡𝑡 is a time interval big enough to smooth eventual power peaks. 

3 Results and Discussion 
As previously stated, the purpose of this work is to estimate the power output of a piezoelectric harvester in 

order to power the tilting pad bearing sensors and to study the feasibility of this application. According to [1], 
the power output necessary to activate a wireless sensor is 1mW and that was set to be the target power output 
necessary to ensure the feasibility of this application. Figure 3 shows the Laval rotor considered in these 
analyses, with the parameters presented in Table 1. This rotor is being excited by an unbalance moment in the 
disk that introduces a rotating load at both tilting pad bearings, whose parameters are presented in Table 2. 
Finally, this unbalance is the responsible of the vibration the pads, exciting the piezoelectric beam and 
generating power. The beam parameters are presented in Table 3. 

221



Table 1 – Rotor parameters used in the computational simulations 

Parameters and units Symbols Values 
Elastic modulus [GPa] 𝐸𝐸 200 
Poisson’s ratio [] 𝜐𝜐 0.3 
Material density [kg/m³] 𝜌𝜌 7850 
Shaft external diameter [m] 𝐷𝐷𝑒𝑒𝑥𝑥  0.180 
Shaft internal diameter [m] 𝐷𝐷𝑖𝑖𝑛𝑛  0.000 
Shaft element length (journal bearing) [m] 𝐿𝐿𝑖𝑖 0.050 
Shaft element length (disk) [m] 𝐿𝐿𝑑𝑑 0.150 
Shaft element length (other) [m] 𝐿𝐿𝑜𝑜 0.975 
Rayleigh coefficient for mass matrix [] 𝛼𝛼 0 
Rayleigh coefficient for stiffness matrix [] 𝛽𝛽 4e-4 
Disc width [m] 𝐿𝐿𝑑𝑑𝑖𝑖𝑠𝑠𝑑𝑑  0.300 
Disc internal diameter [m] 𝐷𝐷𝑑𝑑𝑖𝑖𝑛𝑛 0.180 
Disc external diameter [m] 𝐷𝐷𝑑𝑑𝑒𝑒𝑒𝑒 1.391 
Unbalance momentum [kg.m] 𝜂𝜂𝜂𝜂 0.0175 
Rotor speed [rpm] 𝑛𝑛 6000 

Table 2 – Tilting pad journal bearing parameters used in the computational simulations 

Parameters and units Symbols Values 
Number of pads [] 𝑛𝑛𝑝𝑝 4 
Bearing diameter [m] 𝐷𝐷𝑖𝑖  0.180 
Bearing length [m] 𝐿𝐿𝑖𝑖 0.080 
Radial Clearance [μm] ℎ0 260 
Viscosity SAE [mPa.s] 𝜇𝜇𝑜𝑜𝑖𝑖𝑜𝑜  46 
Load configuration − Load on pad 
Bearing load in vertical direction [N] 𝐹𝐹𝑥𝑥 -21580
Bearing load in horizontal direction [N] 𝐹𝐹𝑥𝑥 0

Table 3 – Piezoelectric beam parameters used in the computational simulations 

Parameters and units Symbols Initial values 
Distance between force application and pivot 

[m] 𝐿𝐿 0.065 
Beam length [m] 𝐿𝐿𝑏𝑏 0.020 
Beam width [m] 𝑏𝑏 0.005 
Substrate material thickness [m] 𝑡𝑡𝑠𝑠 0.001 
Piezoelectric material thickness [m] 𝑡𝑡𝑝𝑝 0.0005 
Substrate material density [kg/m³] 𝜌𝜌𝑠𝑠 9000 
Piezoelectric material density [kg/m³] 𝜌𝜌𝑝𝑝 7500 
Substrate elasticity modulus [GPa] 𝑐𝑐𝑠𝑠 105 
Piezoelectric elasticity modulus [GPa] 𝑐𝑐𝑝𝑝 60.6 
Piezoelectric coupling coefficient [C/m²] 𝑒𝑒𝑝𝑝 -16.6
Dielectric constant [nF/m] 𝜀𝜀 25.55

Section 3.1 analyzes the rotor model without the piezoelectric beam in order to establish the nominal rotor 
behavior without the inclusion of the beam. Section 3.2 presents the analysis of the piezoelectric beam alone in 
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order to find the best geometries and properties that will be used in the complete model and finally section 3.3 
joins both models and analyzes its dynamic. 

3.1 Dynamic Analysis of the Tilting Pad Bearing without the Piezoelectric Beams 
The first analysis made is of the bearing without the piezoelectric beams. This analysis aims to provide 

information about the current operation status of the equipment. With the addition of the beams, the orbit may 
not drastically change, in order for the pad not to introduce instabilities in the system. Figure 5 shows the shaft’s 
orbit of the journal inside the tilting pad bearing. It is possible to verify that the bearing is almost centered in the 
horizontal with a smaller vertical orbit with an ellipsoid overall shape. The horizontal peak-to-peak displacement 
is 8,0μm and the vertical displacement is 1,8μm. 

Regarding the tilting pad displacement, the analysis showed that its tip displacement is 2,2μm. This value is 
expected to decrease once the beams are integrated, because they introduce extra damping in the system [3]. 
Thus, a tip displacement of 2μm will be considered in section 3.2 and validated in section 3.3. 

Figure 5 – a) Shaft orbit of the journal inside the tilting pad bearing without the piezoelectric beams
b) Variation of tilting pad displacement without the piezoelectric beams

3.2 Piezoelectric beam analysis 

The second analysis approached the piezoelectric beam. Some initial parameters were determined in order to 
analyze which one had more influence in the beam response. These parameters are presented in the first line 
(Case 1) of the Table 4. With these parameters, it was possible to simulate the power output of the beams 
considering two beams per pad symmetrically installed (one beam on each side). One important variable for this 
analysis is the tilting pad tip displacement. If this displacement increases, then the beam is more requested and it 
yields a bigger strain, producing a bigger power output. Other important variable is the vibration frequency. For 
the same tilting pad tip displacement, if the frequency increases, the power output tends to increase as well. 
However, for this equipment, the frequency is set to be the same as the rotation speed since that is the unbalance 
excitation frequency (only synchronous excitation). As discussed in section 3.1, the tip displacement that will be 
considered has a value of 2μm. 

In order to analyze the sensibility of each parameter in the power output, each one was doubled one at a time. 
The results are shown in Table 4. Notice that this analysis also evaluated the stiffness of the beam, because a 
beam stiffness in the same order of magnitude of the bearing stiffness can affect rotor orbit. 

a) b) 
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Table 4 – Power output for each configuration considering a pad tip displacement of 2μm and four beams 
per pad for a total of sixteen beams. 

As can be seen in Table 4, there are some parameters that does not alter significantly the power output, such 
as the distance between the pad pivot and the point of application of the beam (L), the material density of both 
materials (𝜌𝜌𝑖𝑖) and the elasticity modulus of both materials (𝑐𝑐𝑖𝑖). Some changes decreases the power output, such 
as increases in the beam length and in the dielectric constant (𝜀𝜀). Finally, increases in the beam width (𝑏𝑏), both 
material thicknesses (𝑡𝑡𝑖𝑖) and in the piezoelectric coupling coefficient (𝑒𝑒𝑝𝑝) increases the power output. Since the 
power output necessary for this application is of 1mW, the parameters were changed in order to achieve this 
value and the results are shown in the last line of the table with the label “Enhanced”. Note that this is not the 
optimized configuration, as no optimization algorithms were used. However, future work may use one in order to 
maximize the power output with proper boundary conditions. These enhanced parameters are the ones shown in 
Table 3. In addition, the beam stiffness is two orders of magnitude smaller than the bearing stiffness, which 
should not change the rotor behavior. 

This way, the result found in the last line of the table are used in the dynamic analysis of the complete system 
with the piezoelectric beams, the tilting pad bearing and the rotor. 

3.3 Dynamic Analysis of the Complete System 
In this section, the complete system is analyzed. The data used in this simulation are described in Table 1, 

Table 2 and Table 3. The shaft orbit inside the bearing is displayed in Figure 6. 

Figure 6 – a) Shaft orbit of the journal inside the tilting pad bearing with the piezoelectric beams.           
b) Variation of tilting pad displacement with the piezoelectric beams

Case L Lb b ts tp ρs ρp cs cp ep ε Power Stiffness
Units m m m m m kg/m³ kg/m³ GPa GPa C/m² nF/m mW N/m

1 0.065 0.030 0.010 0.001 0.0005 9000 7500 105 60.6 -16.6 25.55 0.1716 231
2 x2 0.1716 925
3 x2 0.0214 29
4 x2 0.343 463
5 x2 0.4766 853
6 x2 0.5796 741
7 x2 0.1716 231
8 x2 0.1716 231
9 x2 0.1716 274

10 x2 0.1720 402
11 x2 0.6862 285
12 x2 0.0858 222

Enhanced 0.065 0.040 0.020 0.002 0.0014 9000 7500 105 60.6 -16.6 25.55 2.1078 2650

a) b) 
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It is possible to see that the shape of the orbit and the amplitude value of the motion are the same as the ones 
without the piezoelectric beams. The horizontal peak-to-peak displacement is 7,9μm and the vertical 
displacement is 1,9μm. The bigger change is that the orbit is not centered in 𝑥𝑥𝑒𝑒𝑒𝑒 = −0.5𝜇𝜇𝜇𝜇 horizontal position, 
but has moved to 𝑥𝑥𝑒𝑒𝑒𝑒 = 0,4𝜇𝜇𝜇𝜇. However, because the journal is still far from the pads this change should not 
bring a big influence to system dynamic. 

The pad tip displacement was reduced, as expected, but to a value of 2,1μm. With this final displacement, it 
was possible to evaluate the total power output of the system 𝑃𝑃𝑜𝑜𝑜𝑜𝑡𝑡𝑝𝑝𝑜𝑜𝑡𝑡 = 1.16𝜇𝜇𝑚𝑚. According to [1], this is 
enough to power the sensors, enabling the use of this application. 

4 Conclusion 
As discussed in the previous section, it is possible to conclude that the objective of this study was 

successfully achieved. A mathematical model that predicts the power output of a piezoelectric harvester installed 
in a tilting pad bearing was made and simulated. The simulations predict a power output of the order of 1mW, 
enough to power a sensor that monitors this bearing. 

A sensibility analysis of the piezoelectric beam was made in order to establish which parameters were more 
important. It was seen that the beam length, the beam width, the layers thicknesses, the dielectric constant and 
the piezoelectric coupling coefficient are the main variables that alters the power output of the system. 

In this paper, no optimization analysis were carried in order to maximize the power output. However, a 
simple enhancement of the parameters assured the feasibility of the application, justifying further analysis. 

Finally, the inclusion of the piezoelectric beam in the bearing does not cause significant changes in the rotor 
response, showing that the energy harvesting system can be used in this application. 
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Abstract 
A rotor support element composed of a squeeze film damper and a hydrodynamic bearing is characterized for 
high loading capacity, high damping, and increased stability of lateral vibration of rotating machines. A simple 
dynamical analysis shows that minimizing amplitude of the rotor vibration and of the force transmitted between 
the rotor and its stationary part in a wide interval of running velocities requires to adapt the damping effect in the 
rotor supports to the current operating speed. It implies it is worth to investigate a new design element that 
consists of a classical hydrodynamic bearing placed in a magnetorheological squeeze film damper, the damping 
effect of which can be controlled. Its mathematical model was developed and implemented in the procedures for 
analysis and stability evaluation of the steady state vibration of rigid rotors. The performed computational 
simulations show that the magnetorheological damper enables to reduce amplitude of the rotor vibration and of 
the force transmitted through the support elements in a wide range of operating speeds and to extend the stability 
limit by controlling the damping force. The proposal of a novel controllable rotor support element, the 
development of its mathematical model, its implementation into the computational procedures for analysis of 
oscillation of rotating machines, and learning more on its effect on vibration attenuation are the principal 
contributions of the carried out research work. 

1   Introduction 
Unbalance is one of the principle sources of excitation of lateral oscillation of rotating machines and of 

increase of time varying forces transmitted between the rotor and its stationary part. 
The rotors are often mounted in hydrodynamic bearings for their high load capacity, high damping and quiet 

operation. Their applicability is limited by the critical speed. After its exceeding the oscillation produced by the 
rotor unbalance becomes unstable and self-excited vibration with large amplitude is developed. The stability 
limit can be increased if the hydrodynamic bearings are inserted in damping elements.  

The analysis reported in [1] shows that the damping effect produced by the damping elements placed in the 
rotor supports must be adaptable to the current operating speed to achieve the optimum compromise between 
reducing the vibration amplitude and minimizing the force transmitted between the rotor and its stationary part. 
In the interval of lower angular speeds the damping should be maximum. For higher velocities the damping 
should be minimum but still sufficiently high to be able to prevent setting on the self-excited vibration.  

The technological solution that makes it possible to adapt the damping effect to the current running speed is 
represented by magnetorheological squeeze film dampers. There is a number of articles and conference papers 
that deal with their design, function, experimental investigations and applications for the vibration attenuation of 
rotating machines [2], [3]. Zapoměl et al. developed the mathematical model of a short squeeze film 
magnetorheological damper, which is based on representing the magnetorheological oil by a bilinear material 
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[4]. The results of the study of distribution of magnetic flux in the damper body and of determination of 
magnetic induction in the lubricating film are reported by Ferfecki et al. [5]. 

This paper deals with a new semiactive support element that is a combination of a hydrodynamic bearing and 
a magnetorheological squeeze film damper, with development of its mathematical model and with its 
implementation into computational procedures for analysis of dynamical behaviour of rigid rotors. Results of the 
computational simulations show that an appropriate control of the damping effect enables to minimize amplitude 
of the rotor vibration and of the transmitted force in a wide extent of the operating speeds and increase of the 
stability limit of the rotor lateral oscillation. The development of a mathematical model of the new support 
element and learning more on its influence on the rotor vibration are the principle contributions of this paper.  

2   Modelling of the support element  
The proposed support element (Fig. 1) consists of a magnetorheological squeeze film damper and a 

hydrodynamic bearing. The principal parts of the damper are two concentric rings between which there is a layer 
of magnetorheological oil. The inner ring is connected to the damper housing by a spring element (e.g. a cage 
spring) and to the shaft journal by a hydrodynamic bearing. Lateral oscillation of the rotor squeezes the oil film 
between the rings, which produces the damping effect. In the damper housing there are embedded electric coils 
generating magnetic flux passing through the magnetorheological oil. As resistivity against the flow of 
magnetorheological fluids depends of magnetic induction, the change of the applied current changes the damping 
force.   

Figure 1: Investigated support element. 

The mathematical model of the proposed support element is based on assumptions of the classical theory of 
lubrication [6]. The hydrodynamic bearing is considered to be of a finite length. The pressure distribution in the 
oil film is described by the Reynolds equation [6], [7]   
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pHD is the pressure in oil film of the hydrodynamic bearing, ηO is the normal oil dynamic viscosity, ZB, φB are the 
hydrodynamic bearing axial and circumferential coordinates, respectively, hB is the oil film thickness, RB is the 
shaft radius, ω is the angular speed of the rotor rotation and (.) denotes the first derivative with respect to time.  

The boundary conditions express that the pressure at both ends of the oil film is equal to the pressure in the 
ambient space and that the pressure at locations of the oil inlets is equal to the input one.  

In the developed mathematical model the magnetorheological oil is represented by bilinear theoretical 
material and the damper is considered to be short and symmetric relative to its middle plane. The pressure 
distribution in the lubricating layer is governed by the Reynolds equation adapted to bilinear material 
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 pMR is the pressure in the film of magnetorheological oil, MRp′  stands for the pressure gradient in the axial 
direction, Z is the axial coordinate, hD is the oil film thickness, τy is the yielding shear stress, τc is the shear stress 
at the core border (the core is the region in the oil layer where the velocity rate is low and the oil behaves almost 
as a solid matter [8]), ηC, η are the dynamic viscosities of the oil inside and outside the core area, respectively, ZC 
defines the axial coordinate of the location where the core touches the rings surfaces, and      denotes the pressure 
gradient in the axial direction at location ZC. 

Cp′

The boundary conditions express that pressure in the magnetorheological oil at the ends of the lubricating 
film is equal to the pressure in the ambient space. More details on derivation of equations (2) - (5) and on their 
solving can be found in [4].  

In the developed mathematical model it is assumed that in areas in the oil film where the pressure drops to a 
critical level a cavitation takes place and that pressure of the medium in cavitated regions remains constant and 
equal to the pressure in the ambient space pA   

 for   , (6)HDB pp = AHD pp ≥

   for AB pp = AHD pp < , (7)

 for   , (8)MRD pp = AMR pp ≥

   for AD pp = AMR pp < . (9)

The y and z components of the hydraulic bearing force acting on the shaft journal (Fhdy, Fhdz) and of the 
magnetorheological damping force acting on the inner damper ring (Fmry, Fmrz) are calculated by integration of 
the pressure distribution in the oil films taking into account different pressure profiles in noncavitated and 
cavitated areas 

,  (10)∫ ∫−=
BL

BBBBBhdy ZpRF
0

2

0

ddcos ϕϕ
π

, (11)∫ ∫−=
BL

BBBBBhdz ZpRF
0

2

0

ddsin ϕϕ
π

∫ ∫−=
2

0

2

0

ddcos2

DL

DDDDDmry ZpRF ϕϕ
π

, (12)

∫ ∫−=
2

0

2

0

ddsin2

DL

DDDDDmrz ZpRF ϕϕ
π

, (13)

where RD is the mean gap radius of the damper, LB and LD is the length of the bearing and damper, respectively. 

The pressure distribution in the magnetorheological oil film depends of the yielding shear stress. Its 
dependence of magnetic induction B is approximated by a power function 

. (14)yn
yy Bk=τ

Here, ky and ny are material constants of the magnetorheological oil. 
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The damper body is assumed to be consisted of a set of meridian segments and each segment as a divided 
core of an electromagnet having the gap filled with magnetorheological oil. This idea makes it possible to 
determine dependence of magnetic induction of the applied current and thickness of the lubricating film 

D
MRB h

IkB μμ0= . (15)

μ0 is the vacuum permeability, μMR is the magnetorheological oil relative permeability, I is the applied current, 
and kB is the design parameter. More details on determination of the design parameter kB can be found in [5].  

3   The investigated rotor system 
The rotor and the stationary part (Fig. 2) of the studied rotor system are rigid. The rotor consists of a shaft 

and of   one disc. The shaft is supported by hydrodynamic bearings mounted in magnetorheological squeeze film 
dampers at both its ends. The rotor turns at constant angular speed and is loaded by its weight and excited by the 
disc unbalance. The whole system can be considered as symmetric with respect to the disc middle plane. 

Figure 2: The investigated rotor system. 

The task was to study the steady state vibration of the rotor, its amplitude, magnitude of the force transmitted 
between the rotor and the stationary part and the oscillation stability in dependence of the damping force 
magnitude. 

In the computational model the rotor and the stationary part are represented by absolutely rigid bodies, the 
hydrodynamic bearings by forces and the dampers by springs and magnetorheological hydraulic forces. 

Because of the system symmetry lateral vibration of the rotor system is described by four nonlinear equations 

( )TTRhdyRPRR temFybym ψωω ++=+ cos2 2&&& ,  (16)

( ) gmtemFzbzm RTTRhdzRPRR −++=+ ψωω sin2 2&&& ,  (17)

DDmryhdy ykFF −+−=0 , (18)

DDmrzhdz zkFF −+−=0 . (19)

mR is the rotor mass, bP is the external damping coefficient, kD is the cage spring stiffness, eT, ψT are the 
eccentricity and phase shift of the rotor unbalance, respectively, g is the gravity acceleration, yR, zR are the 
displacements of the rotor centre in the horizontal and vertical directions, yD, zD are the displacements of the 
damper inner ring in the horizontal and vertical directions, t is the time, and (..) denotes the second derivative 
with respect to time. 

The trigonometric collocation method was used to obtain steady state solution of the governing equations. 
The vibration stability was evaluated by employing the Floquet theorem. This requires to calculate the transition 
matrix over the span of time of one period. The oscillation is stable if magnitudes of all its eigenvalues are less 
than 1. More details on these computational procedures can be found in [7], [9], [10].  

4   Results of the computational study 
The technical parameters of the studied rotor system are: the rotor mass 450 kg, the coefficient of the rotor linear 
damping caused by the environment 10 Ns/m, the stiffness of one damper cage spring 4.0 MN/m, the 
eccentricity and phase shift of the rotor centre of gravity 40 μm, 0.0 rad, the hydrodynamic bearing length/
diameter 60/110 mm, the width of the bearing gap 0.1 mm, the oil dynamic viscosity (hydrodynamic bearing) 
0.008 Pas, the magnetorheological squeeze film damper length/diameter 40/150 mm, the width of the damper 
gap 0.8 mm, the magnetorheological oil dynamic viscosity not effected by a magnetic field 0.3 Pas,the  

229



magnetorheological oil dynamic viscosity for very low velocity rate if effected by a magnetic field 300 Pas, the 
magnetorheological oil proportional and exponential constants 10000, 0.5, respectively, the oil relative 
permeability 5, the damper design parameter 60. 

The task was to analyse behaviour of the studied system for different magnitudes of the operating speed. 
Figs. 3 and 4 show orbits of the disc centre and time history of the force transmitted to the stationary part in 

the vertical direction for three angular speeds of the rotor rotation and two magnitudes of the applied current. 
Higher damping effect reduces amplitude of the vibration for lower velocities (140, 300 rad/s) but it has little 
influence on the orbit size for velocity 700 rad/s. The mean value of the transmitted force is not zero, which is 
caused by the rotor weight. To reduce the force in the interval of higher velocities (300, 700 rad/s) the damping 
should be minimum. 
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Figure 3: Orbits of the disc centre. 
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Figure 4: Force transmitted to the stationary part in the vertical direction.  

Fig. 5 shows the distribution of images of eigenvalues of the transition matrix set up over the span of time of 
one period in the Gauss plane. The results are related to the design case when the rotor is supported only by 
hydrodynamic bearings and turns at angular speed of 900 rad/s. Magnitude of one eigenvalue is greater than 1, 
which means the steady state response of the rotor on unbalance excitation is instable. 
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Figure 5: Eigenvalues of the transition matrix - support by hydrodynamic bearings.  
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Fig. 6 is related to the case when the rotor is supported by hydrodynamic bearings inserted in 
magnetorheological squeeze film dampers, to the speed of the rotor rotation of 900 rad/s and to two magnitudes 
of the applied current 0.0, 4.0 A. The figure shows that all eigenvalues of the transition matrix set up over the 
span of time of one period lie inside a unit circle, which means the rotor vibration is stable. It implies presence of 
the damping devices increases the stability limit. 
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Figure 6: Eigenvalues of the transition matrix - support by hydrodynamic bearings and dampers.  

5   Conclusion 
The subject of investigation presented in this paper is a new controllable rotor support element consisting of a 

hydrodynamic bearing inserted in a magnetorheological squeeze film damper. Its mathematical model was 
developed and implemented in the computational procedures for analysis of the steady state response of a rigid 
rotor on unbalance excitation and for evaluation of its stability. The simulations proved that application of higher 
current (higher damping effect) in the interval of lower angular velocities (approximately below the critical 
speed) arrives at reduction of the amplitude of the rotor vibration and of the force transmitted between the rotor 
and the stationary part. On the contrary, in the interval of higher velocities higher current leads to increase of the 
transmitted force. It implies a suitable control of the damping effect enables to achieve optimum compromise 
between reducing the rotor vibration and minimizing the magnitude of the transmitted force. The stability 
analysis shows that inserting the hydrodynamic bearings in the damping devices increases the stability limit of 
the rotor response on unbalance excitation. The advantage of this design solution is that controlling the damping 
effect is simple, the damping device can work only in the on/off regime in dependence of speed of the rotor 
rotation. The proposal of the new coupling element, the development of its mathematical model, its 
implementation into the procedures for dynamical analysis of rigid rotors and learning more on its effect on 
dynamic properties of rotor systems are the main contributions of this paper.  
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Abstract
In this work, shape memory alloy (SMA) actuators are applied to wind turbine blades, aiming at reducing blade

vibrations during operation. The work is focused on the application of SMA wires in thermal equilibrium on a
5 MW wind turbine blade (61.5 m long). The frequency response function of the SMA wire is modeled considering
the thermal conditions of the blade and the constitutive law of the SMA material. This function is included in the
state space model of the blade and a PD controller is designed by root locus analysis. The SMA wire geometry
is found according to the maximum possible power output in the wind turbine blade. The numerical results show
that this strategy is not feasible because the actuation force of the SMA is too small to make a significant effect on
the blade dynamics. The necessary number of SMA wires to dynamically affect the blade is impractical.

Nomenclature

As austenite temperature transformation P SMA wire dissipated power
AS SMA wire cross section area RS SMA wire radius
CS SMA wire specific heat S SMA wire heat transfer surface area
dS SMA wire diameter t time
e0 bias voltage To blade surface temperature
EM SMA wire Young modulus TS SMA wire temperature
fS SMA wire axial force T∞ environment temperature

GP , GD proportional and derivative gains V SMA wire volume
G gyroscopic matrix of the blade model
h heat convection coefficient Γ SMA wire operating condition parameter
k thermal conductivity of the blade material ε SMA wire normal strain
K stiffness matrix of the blade model Θ SMA wire thermal expansion coefficient
l2 distance from SMA wire to environment ρe SMA wire electric resistivity
LS SMA wire length ρS SMA wire density
M inertia matrix of the blade model σ SMA wire normal stress
NS number of SMA wires (one side of blade) ω frequency

1 Introduction
Vibration problems are among the top five causes of blade failure in the field [1]. The main reasons of such

problems are the excessive bending moments, which can cause interlaminar failure and delamination, and high
tip deflection, which can make the blades hit the tower [2]. All these failures are due to flapwise motion of the
blade, but edgewise vibration can also occur during turbine parking or idling by vortex generation [3], which can
cause trailing edge buckling. Trailing edge buckling can also be caused by an excessive weight load on slender
blades [4].

Considering these facts, it has been increasingly necessary to include some sort of control device (passive or
active) in the blades to mitigate vibration. The simplest approach to reduce blade vibrations is to include a tuned
mass damper (passive control device) in the blades. However, in most of the times, wind excitation presents no
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dominant frequency and, therefore, a more robust approach shall be looked for. Hence, many different active
control devices have been investigated to tackle this problem: jet actuators, trailing edge flaps, microtabs, resonant
controllers, active tendons, and active tuned mass dampers, among others, all of them presenting successful results
in mitigating blade vibrations. A review of the morphing concepts and materials for wind turbine blade applications
can be found in [5].

In this context, a shape memory alloy (SMA) actuator can be used in both control conditions: passive or active.
Shape memory alloy is the generic name given to alloys which exhibit the unusual property of a strain-memory
which can occur either at constant temperature or on changes of temperature [6]. Active application of SMAs were
originally employed in helicopter blades [7]. In this case, SMA wires were used to control tabs in the trailing edge
of the blades, aiming at keeping the blades in the same track during operation, thus representing a static operation
of the SMA (actuation bandwidth was not a problem). More recently, SMA wires were employed to change the
geometry of airfoils [8]. In this case, two antagonistic wires work together to move the trailing edge of an airfoil
with successful results but presenting an actuation frequency bandwidth of∼0.5 Hz (quasi-static application).

As we see in the literature, the long-time accommodation periods of thermal systems jeopardize the active
application of SMAs, thus resulting in low bandwidth actuators. A possible solution to this problem is the adoption
of SMAs working in its elastic phase and subjected to variations in temperature that will expand and contract the
material. The best results were obtained in [9] with two antagonistic actuators in a pull-push operating condition
(frequency bandwidth of 30 Hz). In this work, the feasibility of such strategy is numerically studied in the case of
a 61.5 m long wind turbine blade with SMA wires mounted on its outer layers. The frequency response function
of the SMA wire is modeled considering the thermal conditions of the blade and the constitutive law of the SMA
material. This function is included in the state space model of the blade and a PD controller is designed by root
locus analysis. The SMA wire geometry is found according to the maximum possible power output in the wind
turbine blade.

2 Model of the SMA Actuator in Thermal Equilibrium
One way of using the SMA as actuators is avoiding the transformation of phase from martensite to austenite,

i.e. by working in temperatures belowAs. For that, the SMA will work in its elastic phase, but variations in
temperature will extend or contract the SMA wire, thus allowing to act on the structure it is mounted on. In this
case, better results are obtained when two antagonistic actuators act together, in a pull-push operating condition
[9]. To avoid the long-time accommodation periods of thermal systems that jeopardize actuation bandwidth, a bias
electric voltage (e0) is applied to the antagonistic wires and they work in the thermal equilibrium.

In the present case, the antagonistic SMA wires will be mounted in the top and bottom panels of the wind
turbine blade, as shown in Fig. 1. By applying a bias electric voltagee0 to both SMA wires, such configuration
will present the temperature distribution in thermal equilibrium shown in Fig.2.

Figure 1: Cross section of the blade with the SMA wires in the top and in the bottom panels (flapwise direction).

Hence, the thermal equilibrium between the SMA wire and the surface of the blade is given by the heat dissi-
pated by the electric voltage and the heat conducted to the blade surface:

−
kS

l2
(TS − To) +

e20
RS

= 0 ⇒ TS = To +
l2e

2
0

kSRS
(1)
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Figure 2: Thermal model of a wind turbine blade with embedded SMA wires in thermal equilibrium.

whereS is the heat transfer area of the wire (S = πdSLS/2, half perimeter area).
In the surface of the blade, the heat conducted in the blade material is in equilibrium with the heat convection

of the wind:

k

l2
(TS − To)− h (To − T∞) = 0 ⇒ To =

kTS/l2 + hT∞

h+ k/l2
(2)

Hence, from Eqs.(1) and (2) and considering thatS = πdSLS/2 andRS = 4LSρe/πd
2
S , then the temperature

of the SMA wire in the thermal equilibrium is:

TS = T∞ +

(
l2
k
+

1

h

)
dSe

2
0

2ρeL2
S

< As (3)

whereρe is the electrical resistivity of the SMA wire.
Hence:

Γ =
dse

2
0

L2
S

<
2ρe

l2/k + 1/h
(As − T∞) (4)

whereΓ is a parameter of the operating conditions of the SMA wire (function of the SMA wire diameter and
length, and of the bias voltage).

The maximum admissibleΓ increases by decreasing the thicknessl2 and the ambient temperature. Considering
that higherΓ values allow the adoption of larger SMA wire diameters (dS) and higher bias voltage (e0), one can
achieve higher force in the SMA actuator with such higherΓ values. Hence, one will adopt in the following
analyzes the smallest thicknessl2 of 5 mm. Considering that the maximum admissibleΓ value decreases with the
ambient temperature, one will adopt in the following analyzes the ambient temperature of 15oC, for safety reasons
(if temperature decreases, the maximum admissibleΓ increases).

Hence, considering the data in Table 1, the maximum admissibleΓmax value used in the following analysis
will be 0.00265 V2/m. Then, we can calculate the necessary length of the SMA wire as a function of its diameter
and electric bias voltage:

dSe
2
0

L2
S

≤ Γmax ⇒ LS ≥

√

dSe20
Γmax

(5)

3 Actuator Frequency Response Function
When the pair of antagonistic actuators operate, an additional electric voltage is added to the bias electric

voltagee0. Therefore, the thermal equilibrium is disturbed and the temperature in the SMA wire changes, thus
resulting in actuation forces. Hence, in the transient thermal regime, we have:
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Table 1: Parameters used in the thermal equilibrium analysis of the blade with SMA wires.

parameter value unit

electric resistivity of the SMA wire (ρe) 80×10
−8

Ω.m

start temperature of austenite transformation (As)1 80 oC

heat convection coefficient (h) 40 W/m2.K

thermal conductivity of the blade material (k) 0.35 W/m.K

1 high temperature SMA.

ρSCS
∂T

∂t
= −

kS

l2V
(T + TS − To) +

(e+ e0)
2

RSV
(6)

If e ≪ e0 and considering the equality of the thermal equilibrium in Eq.(1), then:

ρSCS
∂T

∂t
= −

kS

l2V
T +

2e0
RSV

e (7)

Considering that no phase transformation is expected in the SMA material and it will work in its elastic phase,
the constitutive law of the SMA material [10] reduces to:

σ = EMε+ΘT ⇒ T =
fS

ΘAS
−

EM

Θ
ε (8)

By inserting Eq.(8) into Eq.(7), we have:

ḟS +
kS

ρSCS l2V
fS = ASEM ε̇+

ASEMkS

ρSCSl2V
ε+

2ΘAS e0
ρSCSRSV

e (9)

which in Laplace form gives:

F (jω) = ASEME(jω) +

(
b0

jω + a0

)

︸ ︷︷ ︸

H(jω)

U(jω) (10)

where:

a0 =
kS

ρSCS l2V
=

2k

ρSCS l2 dS
and b0 =

2ΘAS e0
ρSCSRSV

=
πΘ d2S e0

2ρSCSρe L2
S

(11)

for AS = πd2S/4, V = πd2SLS/4, S = πdSLS/2, andRS = 4ρeLS/πd
2
S .

As one can see in Eq.(10), the actuator force is proportional to the strain and it is a function of the electric
voltage in the frequency domain. The amplitude of the force of the actuator in the frequency domain is given by:

|H(ω)| =
b0

√

ω2 + a20
=

πΘ l2 Γmax d
2
S

2ρee0
√

(ω ρSCS l2 dS)2 + 4k2
≈

πΘl2Γmaxd
2
S

2ρee0 ω ρSCS l2 dS
(12)

and the dissipated power in the actuator is given by:

P =
e20
RS

=
πd2Se

2
0

2ρeLS
=

πΓ
1/2
max e0 d

3/2
S

4ρe
(13)
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Table 2: Parameters used in the calculation of the amplitude of actuator force and dissipated power.

parameter value unit

electric resistivity of the SMA wire (ρe) 80×10
−8

Ω.m

density of the SMA wire (nitinol) (ρS) 6,500 kg/m3

specific heat of SMA wire (nitinol) (CS) 836 J/kg.K

thermal expansion coefficient of the SMA material (Θ) 0.55 MN/m2.K

maximumΓ value (Γmax) 0.00265 V2/m

thermal conductivity of the blade material (k) 0.35 W/m.K

thickness of blade material (l2) 5.0 mm

frequency of analysis (ω) 1.0 Hz

By calculating the amplitude of the actuator force at the frequency of 1 Hz (frequency near the first two natural
frequencies of the wind turbine blade) and the respective dissipated power in the SMA wire, one obtained the
results shown in Fig. 3 for different values of wire diameter and bias electric voltage using parameters listed in
Table 2. As one can see, the actuator force increases with higher SMA wire diameters and lower bias electric
voltages. The dissipated power in the SMA wire also decreases with lower electric bias voltage. Therefore, the
bias electric voltage ofe0 = 1 V will be adopted in the following analysis. On the other hand, the dissipated
power increases for higher SMA wire diameters, thus showing that higher forces require higher dissipated power
in the SMA wires. The maximum actuator force achieved in the analysis (|H | = 0.38 N/V @ 1 Hz) occurs for
dS = 4.5 mm, e0 = 1.0 V, andLS = 1.3 m. A response force of 0.38 N/V is rather small by taking into account
that 15.3 W is dissipated in the SMA wire (a single wire).
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Figure 3: Amplitude of the actuator force at the frequency of 1 Hz and the respective dissipated power in the SMA

wire for different values of wire diameter and bias electric voltage.

4 Actuator Design for Maximum Power Output in the Wind Turbine Blade
The problem of mounting antagonistic SMA wires on a wind turbine blade is the dissipated power in the

wires. As shown in Fig. 3, the maximum actuation force is obtained with the maximum power dissipation. Hence,
one cannot use an infinite number of SMA wires on the blade otherwise the dissipated power would also tend to
infinite. Considering that the nominal output power of the turbine is 5 MW, it is interesting to establish a limit
to the dissipated power in the actuation system. In this work, one adopted the limit of 1% of the nominal output
power of the wind turbine, i.e. a limit of 50 kW.

From Eq.(13), considering two antagonistic SMA wires and knowing that the maximum dissipated power
(Pmax) is 50 kW, one can calculate the maximum number of SMA wires in each side of the blade (NS) based on
the number of actuators along the blade (NA):
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NS =
2 ρePmax

πNA Γ
1/2
max e0 d

3/2
S

(14)

The length of each SMA wires is given by Eq.(5).
The model described in [11] will be used to calculate the maximum tip displacement and the maximum bending

angle of the blade, with no wind and no rotation. This is a finite element model of the 61.5 m long blade of the up-
wind reference turbine [12], considering flapwise translation, edgewise translation, axial translation, and torsion
in every node of the model. The actuation forces and moments of the SMA wires on the blade are applied to the
nodes of the model, considering that the stress in the SMA wires in the i-th node of the model is:

σi = EMεi +
πΘ l2 e0 d

3
S

4kρeL2
S

ei (15)

wherei = 1, 2, ..., NA, and one considered thatω = 0 Hz (static case – see Eq.(12)).
The maximum control voltageei is 0.2 V, and the SMA wires are mounted 5 mm apart from the surface of

the blade (l2). Two different configurations of SMA actuators are tested: actuators distributed along the blade
(NA = 12, Fig. 4a) and actuators concentrated at the end of the blade (NA = 6, Fig. 4b). Figure 5 presents the
results as a function of the SMA wire diameter.

(a) (b)

Figure 4: Distribution of antagonistic SMA wires on the blade: (a) along the blade (NA = 12); (b) at the end of

the blade (NA = 4).
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Figure 5: Maximum number of SMA wires, wire length, and maximum blade tip displacement as a function of the

SMA wire diameter for a maximum dissipated power in the actuation system of 1% of the turbine output power

(50 kW).
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As we can see in Fig. 5, the maximum displacements of the blade occur for an SMA wire diameter of 4.5
mm. Better results are obtained by concentrating the actuators at the end of the blade, which is in accordance to
previous results [11]. The length of the SMA wires does not depend on the distribution of SMA along the blade.
Considering these results, the best set of parameters are:NA = 4 (distribution on the blade),NS = 410 (number
of wires in each side of the blade),dS = 4.5 mm (wire diameter), andLS = 1.3 m (wire length).

It is important to emphasize that the above results are valid for static operation (ω = 0 Hz). For dynamic
operation, one has to analyze the system in closed loop feedback, considering the dynamics of the controller.

5 Closed-Loop Feedback and Root Locus Analysis
The equation of motion of the blade in Laplace form is:

(
s2M+ sG+K

)
X(s) = Fc(s) (16)

whereX(s) is the vector of degrees-of-freedom of the blade model, andFc(s) is the vector of control forces.
The control forces come from the SMA wires, whose dynamics is described by Eq.(10), which in Laplace

domain is:

Fc(s) = −BASEMC1X(s)−B

(
b0

s+ a0

)

U(s) (17)

where the forces and moments are embedded in matrixB, and we considered that there is a linear relationship
between the strain and the degrees-of-freedom of the system embedded in matrixC1 (E(s) = C1X(s)).

The control voltageU(s) comes from the chosen control law. In this work, we adopted a PD-control law, in
the form:

U(s) = (GP + sGD)C2X(s) (18)

whereGP andGD are the proportional and derivative gains of the controller, respectively, andC2 is the observa-
tion matrix. Hence, we can write:

[
s2 (s+ a0)M+ s (s+ a0)G+ (s+ a0)K+

(s+ a0)BASEMC1 + sBb0GDC2 +Bb0GPC2]X(s) = 0

(19)

which gives:

[
s3A3 + s2A2 + sA1 +A0

]
X(s) = 0 (20)

where:

A3 = M

A2 = a0M +G

A1 = a0 G+K+B b0 GD C2 +BASEMC1

A0 = a0 K+ a0 BASEMC1 +B b0 GPC2

(21)

From Eq.(20), we have:

A3

...
q +A2q̈+A1q̇+A0q = 0 (22)

or, in matrix form:
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=







0

0

0






(23)
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which gives the eigenvalue problem of the system with control feedback:

−KZ = MZλ (24)

whereλ is the eigenvalue andZ is the eigenvector.
Considering that the eigenvalue problem of Eq.(24) is composed of matrices three times bigger than those of

the mathematical model of the blade, it is interesting to perform a model reduction, in the form:

q = Φη (25)

whereΦ is the reduced normal mode matrix composed of chosen eigenvectors, andη is the vector of modal
coordinates.

Hence, the eigenvalue problem is reduced to:

− KrZr = MrZrλ (26)

whose matrices are given by Eq.(23), but with the following coefficients:

A3 = Mr

A2 = a0 Mr +Gr

A1 = a0 Gr +Kr +Er + b0G
D
r

A0 = a0 Kr + a0 Er + b0G
P
r

(27)

where:

Mr = ΦTMΦ

Gr = ΦTGΦ

Kr = ΦTKΦ

Er = ΦT (BASEMC1)Φ
GD

r = ΦT (BGD C2)Φ
GP

r = ΦT (BGPC2)Φ
(28)

Equation (26) is used to calculate the eigenvalues of the system is closed loop to verify the effect of the SMA
actuators in the dynamics of the blade. The reduced model of the blade considers the first ten normal modes listed in
Table 3. Again, the blade is not subjected to wind and it does not rotate (same model used in the previous sections).
A modal damping of 2% is added to the structure. The displacements and velocities of the nodes of the blade where
the SMA wires are mounted are used as feedback parameters. The PD-controller gains are considered to be the
same for all SMA actuators, and the derivative gain is scaled to be 5% of the proportional gain (GD = 0.05GP ).
The parameters of the SMA actuators are those listed in Table 2, which presented best performance in the static
analysis. By solving the eigenvalue problem of Eq.(26) for different values of the proportional gainGP , we
obtained the results shown in Fig. 6.

-4 -3 -2 -1 0

(a)

Real Part

0

50

100

150

200

Im
ag

in
ar

y 
P

ar
t

ζ = 0.2

ζ = 0.04

ζ = 0.02

ζ = 0.01

-2 -1.5 -1 -0.5 0

(b)

Real Part

0

20

40

60

80

Im
ag

in
ar

y 
P

ar
t

ζ = 0.2

ζ = 0.04

ζ = 0.02 ζ = 0.01

Figure 6: Loci of the eigenvalues of the blade model as a function of the proportional gain (0<GP < 108 V/m):
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Table 3: Normal modes considered in the reduced model of the blade.

mode frequency (Hz) type

1 0.868 1st. flapwise bending

2 1.044 1st. edgewise bending

3 2.702 2nd. flapwise bending

4 3.939 2nd. edgewise bending

5 5.987 3rd. flapwise bending

6 6.595 1st. torsion

7 9.284 3rd. edgewise bending

8 10.52 4th. flapwise bending

9 11.53 2nd. torsion

17 30.20 1st. axial

As we can see in Fig. 6, by increasing the proportional gain and, consequently, the derivative gain, the loci of
the eigenvalues of the blade model move in the imaginary plane. The first and the third eigenvalues (associated
to the first two bending modes in the flapwise direction) move towards higher damping regions. Such effect also
happened to the sixth and to the ninth eigenvalues (associated to the first two torsion modes), but with small extent.
On the other hand, the fifth and the eighth eigenvalues (associated to the third and fourth bending modes in the
flapwise direction) move towards lower damping regions, thus showing that the system may become instable for
higher gain values. The second, fourth, and seventh eigenvalues (associated to the first three bending modes in
the edgewise direction) and the tenth eigenvalue (associated to the first axial mode) are not affected by the control
system.

Hence, it is possible to change the eigenvalues of the blade by mounting the SMA actuators at its upper end.
However, by looking at the necessary gain values to achieve such change, one can note that the application is
not feasible. For example, the necessary proportional gain to double the amount of damping in the first bending
mode of the blade (ζ = 0.04, flapwise direction) is 3.3×106 N/V. It means that, if the blade moves 1 mm, the
resultant control signal will be 3,300 V, which is much greater than the expected control signale of 0.2 V from
design. By limiting the control signal to 0.2 V, the maximum proportional gain would be 200 N/V (for a blade
displacement of only 1 mm), and the resultant damping factor of the first bending mode in flapwise direction would
beζ = 0.020012 (the same, for practical reasons).

6 Conclusion
This paper presents the mathematical modeling and the numerical analysis of the feedback control of a wind

turbine blade with SMA wires working in thermal equilibrium. The results show that, the application of antagonis-
tic SMA wires in a wind turbine blade is not feasible. Even adopting the best set of SMA parameters, the actuation
force is too small to make any significant effect on the blade dynamics. In order to achieve a significant effect on
the blade, it would be necessary a much higher number of SMA actuator and, consequently, much higher energy to
operate. Considering that all the results presented here were obtained for a dissipated energy in the SMA actuators
of 1% of the total output energy of the turbine, which is already a high value, a further increase in dissipated power
would be impractical. And one must not forget that the turbine has three blades (all the previous analyses refer to
a single blade).
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Abstract
This work presents theoretical and experimental results regarding the feasibility of introducing an active lubri-

cation concept in tilting pad journal bearings (TPJBs) featuring the leading edge groove (LEG) lubrication system.
The modification of the oil flow into each pad supply groove by means of servovalves renders the bearing active,
due to the resulting alteration of the oil film pressure field. Experimental results obtained in a suitable test rig
enables verification of the concept feasibility at the component level, considering a single tilting pad, load on pad
configuration, supporting a rigid rotor. Secondly, theoretical results portray the application of this technology in
a 5-pad, load between pad LEG TPJB, aimed at performing active control of vibrations in a flexible rotor setup.
The proposed technology exhibits benefits in terms of the ability to excite system dynamics to perform in-situ
identification experiments, as well as to reduce the rotor vibration amplitude.

1 INTRODUCTION
Among the different fluid film bearing designs, the oil lubricated tilting pad journal bearing is widely used in

the industry. Key features from this machine element are its ability to endure high rotational speed and high load
applications, its damping characteristics due to oil film squeeze effect, and its enhanced stability properties [1]
when compared to other oil film bearing designs.
Since its introduction during the first half of the 20th century, its basic design has been continuously improved,
based on the knowledge gained from theoretical and experimental investigations, as well as the experience gained
from their industrial usage. The latest publications related to this bearing design deal with a number of issues:
the effect of reduced oil supply rates over its steady state and dynamic behavior [2, 3], the influence of the pivot
design over the bearing properties [4], the usage of superconductor materials to incorporate magnetic forces to the
bearing load carrying capacity [5], the effect of composite liners installed on the pad surface [6]. The common
denominator for these research activities revolves around the need to expand the operational envelope of the tilting
pad bearing, enabling it to operate at even higher rotational speed, higher load, lower oil supply rate with a high
level of reliability and low power consumption.
Some key parameters that have been the target of the bearing optimization process are the oil film temperature, oil
flow consumption and oil shear viscous losses. In order to obtain an energy efficient bearing, it is desirable that
all three of these parameters are diminished. Several configurations have been tested, being the so called “directed
lubrication” or “leading edge groove” technology one of the alternatives widely implemented in the industry. As
its name indicates, it resorts to a deep groove machined close to the pad leading edge to feed the bearing clearance
with the lubricant. Its performance has been studied [7, 8, 9, 10] in terms of oil consumption rates and bearing
viscous losses, exhibiting significant benefits when compared to other tilting pad bearings lubrication methods.
Together with its characteristics related to energy efficiency, the improvement of the tilting pad bearing dynamic
properties has been widely investigated. In general, for rotating machinery that is usually designed to operate in
the supercritical rotational speed range, it is desirable that the damping provided by the tilting pad bearing is high
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enough to ensure safe crossing of critical speeds, and to counteract the onset of instability due to destabilizing
forces acting over the supported rotor [11, 12]. Several strategies can be followed to achieve this objective, being
the introduction of the “mechatronic” approach one that has received attention in the late years.
The mechatronic approach consists of the synergetic coupling of traditional mechanical elements with sensors,
processing units and actuation elements derived from electronic or electromechanical engineering [13]. In the case
of the studied bearing, the presence of the tilting pads entails some advantages for the application of this approach.
Among the different designs that have been tested over the years to render the tilting pad bearing “mechatronic”
or “active” one can mention: linear and rotational actuators acting over the bearing pads [14, 15, 16], pads with
embedded magnetic actuators [17], and pads with controllable oil injection. The later design, denominated “active
lubrication” system [18, 19], entails the usage of servovalve controlled injection of pressurized oil into the bearing
clearance through nozzles located radially across the bearing pads. The consequent modification of the oil film
flow and pressure field gives the possibility to alter the resulting force over ther rotor, as a function of the servo-
valve electrical control signals. An extensive series of studies has dealt with the improvement of the mathematical
modelling of such active bearing design [20, 21, 22], as well as with its experimental application to control the
dynamics of a rotor system [23, 24, 26, 25] and to perform parameter identificacion procedures in situ [27, 28].
Within this framework, a recent research effort has focused on attempting to combine the mechatronic characteris-
tics arising from the “active lubrication” technology, with the energy efficient features of the leading edge groove
tilting pad bearing. The basic concept entails the introduction of servovalves into the oil supply system for the pad
leading edge groove, yielding active regulation of the inlet flow and oil film pressure field. Therefore, the leading
edge groove tilting pad bearing can be transformed into a mechatronic machine element in a non-invasive fashion,
since only the oil supply system needs to be modified.
Two steps have been accomplished within this research effort. In [29], the mathematical model for the LEG tilting
pad bearing with active lubrication was presented, featuring an elastothermohydrodynamic lubrication model, cou-
pled with the dynamics of the servovalve controlled oil supply system. Theoretical results portrayed the viability of
the proposed active bearing design. Followingly, in [30] the mathematical model was validated at the component
level, in a test rig featuring a single pad, and LEG inlet flow regulated by a single servovalve.
The objective of the current article is to provide insights into the actively lubricated LEG tilting pad bearing tech-
nology (ALEG TPJB). Firstly, experimental and theoretical results are presented, depicting the capabilities of the
mechatronic pad design as a calibrated actuator. For this purpose, the subject of investigation corresponds to a
simplified setup, consisting of a single active LEG tilting pad supporting a rigid rotor in load on pad configuration.
Secondly, theoretical results portray the application of the active bearing design in a configuration resembling in
a closer manner an industrial application. The studied setup consists of a flexible rotor supported by two TPJBs,
featuring 5 pad, load between pads configuration, where one of them features the ALEG system. Active control
schemes synthetized via pole placement and LQR techniques are simulated, depicting the feasibility of reducing
the rotor vibrations via the proposed mechatronic bearing design.

2 STUDIED SETUPS
2.1 SETUP 1 (DTU-MEK, Denmark)

The first system to be experimentally and theoretically analyzed is the one depicted in Figure 1. Key param-
eters of the setup are listed in Table 1. It consists of a rigid rotor supported by a single tilting pad in load on pad
configuration. The tilting pad features the leading edge groove oil supply configuration. One end of the oil supply
line is connected to the groove chamber, and the other one to the exit port of a high response servovalve, governed
by electrical signals synthetized in a control unit. Consequently, the groove inlet flow is actively regulated.
The rigid rotor is attached via roller bearings to a leverer arm, which features a pivot point and a free side. The free
side is used to install displacement sensors and accelerometers to measure indirectly the rotor vertical position.
Furthermore, it is used to apply vertical static loading via helical springs, as well as vertical dynamic loading by
means of a stinger connected to an electromagnetic shaker. The leverer arm is mounted so that the horizontal
movement of the rotor is negligible. All analyses are restricted to the frequency range where the leverer arm flex-
ible dynamics is not dominant, hence the system is modelled considering only one degree of freedom (arm tilting
angle), where the rotor only exhibits vertical motion.
A detailed depiction of the LEG tilting pad can be observed in Figure 1. The pad includes the leading edge groove
system to provide the oil supply, via the feedline which is connected to the servovalve exit port to render the system
controllable. Since the full amount of the oil supply flow reaching the LEG cavity passes through the servovalve,
care must be taken to provide a sufficiently high bias voltage to the control signal. This ensures that the pad does
not sufffer oil starvation during testing.
Refering to Figure 1, the pad is instrumented with a piezoelectric pressure sensor to measure directly the pressure
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Figure 1: Setup 1: Test rig for the component level study of the ALEG tilting pad. It is composed by: (1)

servovalve, (2) LEG tilting pad, (3) leverer arm pivot point, (4) leverer arm free end, (5) rigid rotor, (6) leading

edge groove, (7) LEG oil supply line, (8) piezoelectric pressure transducer, (9) thermocouple

within the groove chamber. Furthermore, a thermocouple installed in the pad trailing edge enables to characterize
the oil temperature.

2.2 SETUP 2 (PUCV, Chile)
The second system under analysis is depicted in Figure 2. It corresponds to a flexible rotor supported by two

identical tilting pad journal bearings featuring the LEG supply configuration. The bearing on the rotor free end
includes the ALEG setup. Nevertheless, any of the two bearings are suitable to implement the active system, since
the modifications required for it take place outside the bearing itself. The parameters that define the bearing con-
figuration are listed in Table 2. The test rig is currently being assembled and tested, hence for this article only
simulation results are presented.
Setup 2 clearly differs from Setup 1, aiming at providing a closer approximation to a real implementation of the
studied mechatronic bearing design. It also differs in the manner in which the hydraulic supply system is config-
ured. In Setup 1, the full amount of oil supply reaching the LEG cavity passes through the servovalve mounted in
the system, forcing to impose a sufficiently large bias voltage to avoid oil starvation issues. In Setup 2, a “passive”
and “active” hydraulic system coexist, enabling to operate the servovalve with zero bias voltage, while preventing
oil starvation.
Refering to Figure 3, the passive lubrication system (in black) provides oil supply at all times for each LEG pad.
The active lubrication system (in red and blue) enables to modify the oil supply flow reaching each LEG pad via
electrical control signals. The output ports of servovalve 1 (SV1, marked in blue) are connected to the supply lines
for “upper” pad and the two “lower” ones, whereas servovalve 2 (SV2, marked in red) is associated with pads
“left” and “right”. Check valves are installed between the passive and the active lubrication system, in order to
prevent counterflow towards the “passive” supply pumps.
The presence of the “passive” supply system enables to operate the servovalves in the vicinities of their closed
position (zero bias voltage). Furthermore, the two output ports from the servovalve are connected to “opposite”
pads, enabling actuation over the rotor in all relevant directions. For instance, for SV2 a positive voltage signal
directs the active flow to the “left” pad, whereas a negative value redirects it to the “right” pad. A similar operation
mode is achieved for SV1 and the “upper” and two “lower” pads.

3 MATHEMATICAL MODEL
The mathematical model of the actively lubricated LEG tilting pad bearing technology (ALEG TPJB) has been

thoroughly presented in [29, 30]. Consequently, the following presentation is constrained to provide the key points
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Figure 2: Setup 2: Test rig for the system level study of the ALEG technology. On the right, a detailed view of the

pad arrangement in each bearing is provided. The test rig consists of: (1) ALEG TPJB, (2) Excitation Bearing, (3)

Unbalance Disk, (4) Passive LEG TPJB, (5) Driving Transmission and Electric Motor

Figure 3: Setup 2: Schematics of the hydraulic system providing the oil supply for the ALEG TPJB.

about its formulation. The reader is advised to refer to the cited publications for an in-depth presentation.
The global linearized mathematical model for the two setups under study is formulated with the following structure:

{Ẋ } = [A] {X}+ [B] {U}
{Y} = [C] {X}
{X} = {δxr, δb, δqxV

}T

{U} = {δuV , fr}T

(1)

In Equation (1), the system state vector X is defined by the degrees of freedom related to the rotor δxr, the
tilting pads δb, and the servovalves spool driven flow δqxV

. The state variables are denoted with the δ operator
to indicate that they have been linearized around the steady state equilibrium of the system. The system inputs U
consist of the servovalves control signals δuV and external excitation forces fr applied to perturb the rotor equi-
librium position in the experimental setup. The system measurements Y are provided by the displacement sensors
registering the rotor movement at specific positions.
In open loop operation, a predefined servovalve input signal δuV affects the servovalve flow δqxV

, with the con-
sequent modification of the oil supply flow reaching each pad LEG. As a result, the rotor and pads states δxr, δb
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Figure 4: Setup 2: Schematics of the flexible rotor arrangement and node numbering for its finite element dis-

cretization.

are altered, due to the modification of the oil film and LEG pressure field. In closed loop operation, the servovalve
input signals δuV are synthetized by means of suitable control gains. Such controller requires the output of an
observer, fed with the measured rotor states Y .
Equation (1) corresponds to a linearized mathematical model, suitable to apply linear control theory. Such model
stems from the linearization of the following relationships:

1. Rotor Model: The modelling of the rotor states δxr differs in the two analyzed setups. In Setup 1, Newton
Second Law is applied to model the vertical movement of the rigid rotor supported by the tilting pad. The rotor
inertia is corrected to account for the tilting frame that supports it. Consequently, a single degree of freedom
representation is obtained. In Setup 2, the finite element method considering Euler-Bernoulli beam elements
is applied, to obtain a discretized set of equations. The model accounts for the rotor inertial, gyroscopic
and lateral flexibility effects. Figure 4 depicts the rotor finite element discretization and further details are
provided in Table 3. The ALEG bearing is mounted at node 2 close to the rotor free end, whereas the passive
LEG TPJB is located at node 10, close to the driven end. The sensors measuring the rotor horizontal movement
are located at nodes 4, 6 and 8. The excitation disk mounted at node 5 is meant to be used in conjunction with
an electromagnetic shaker, in order to provide controlled perturbation forces over the rotor. Furthermore, an
unbalance disk is mounted at node 7, with the purpose of incrementing the bearing static load and allowing to
apply unbalance loads to the rotor.

2. Tilting Pads Model: The tilting pads are discretized using the finite element method in two dimensions (radial
and circumferential direction), by means of plane stress assumption and second order quadrilateral elements.
Linear elasticity equations and boundary conditions related to the tilting motion around the pivot point are
imposed. The obtained finite element model is defined by an equivalent mass and stiffness matrix Mb and
Kb. Such model is then used to obtain mode shapes vectors related to tilting motion, pivot flexibility and
first bending mode, which are arranged in a pseudomodal matrix V. Consequently, the pad dynamics can
be modeled in a reduced manner using the pseudo modal reduction scheme [31, 21] considering only three
degrees of freedom per pad, arranged in a modal coordinates vector b as follows:

[V]
T

[Mb] [V] {b̈}+ [V]
T

[Kb] [V] {b} = [V]
T {fb (p)} (2)

3. Oil Film Pressure Field: In order to calculate this field in the circumferential x̂ and axial direction ẑ of the
bearing clearance, the Reynolds Equation for incompressible lubrication is employed:

∂

∂x̂

(
h3

12µ

∂p

∂x̂

)
+

∂

∂ẑ

(
h3

12µ

∂p

∂ẑ

)
=

ΩR

2

∂h

∂x̂
+
∂h

∂t
(3)

Boundary conditions are imposed to solve numerically Equation (3) via the finite element method. Zero
pressure is imposed at the pad surface limits, except for the one between the bearing clearance and the LEG
cavity. In this boundary, the imposed value is equal to the pressure at the LEG cavity plus a correction
value due to the Rayleigh step effect. A simplified model developed by [32] is implemented to determine it.
The viscosity µ used for Equation (3) is corrected due to thermal effects, based on the oil temperature field
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determined by means of a thermal model. Such model is stated following [33], considering the coupled finite
element solution of an energy equation for the oil film and heat conduction through the pad via Fourier law.
The formulation determines the temperature field in circumferential and radial direction.

4. Leading Edge Groove Flow and Pressure: Within the leading edge groove cavity, the mass conservation
principle dictates the following relationship:

qV + qlead − qtrail − qside = 0

qlead =

∫ LLEG
axial

0

[
ΩRh

2
− h3

12µ

∂p

∂x̂

]
lead

dẑ

qtrail =

∫ LLEG
axial

0

[
ΩRh

2
− h3

12µ

∂p

∂x̂

]
trail

dẑ

qside =

∫ LLEG
trail

LLEG
lead

[
h3

12µ

∂p

∂ẑ

]
side

dx̂

(4)

Equation (4) dictates that the oil supply flow qV reaching the LEG through the inlet must be equal to the oil
flow entering or leaving the cavity through its leading, trailing and side boundaries. Such flow is modelled
by means of the Pouseuille and Couette flows, based on the Reynolds model for incompressible lubrication.
Consequently, Equation (3) and (4) must be solved in a coupled manner.

5. Hydraulic System Model: the oil supply flow qV provided by the hydraulic system to the LEG cavity can be
modelled as:

qV = q∗V + qxV
−Kpqpport

pport − pLEG =
8µLline

πR4
line

qV

q̈xV
+2ξV ωV q̇xV

+ ω2
V qxV

= ω2
VRV uV

(5)

Equation (5) states that the LEG supply flow qV is modelled following a first order linearization, composed
of a steady state flow q∗V , a servovalve spool driven flow qxV

and pressure dependent term given by the Kpq

coefficient and the pressure at the servovalve port pport. The pressure difference between the servolvave port
pport and the LEG cavity pLEG is quantified following the Hagen-Pouiseuille model, whereas the relation-
ship between servovalve spool driven flow qxV

and control signal uV is given by a second order differential
equation that captures the frequency dependant relationship between these parameters.

4 SETUP 1: COMPONENT LEVEL RESULTS
4.1 ALEG Pad as Calibrated Actuator: Theory and Experiment

The first of results deal with the application of the ALEG pad as a calibrated actuator. The experimental and
theoretical results aim at evaluating the capability of this mechatronic machine element to generate controllable
forces in a wide frequency range. In this case, such forces are applied vertically over the rigid rotor in Setup 1.
The experimental arrangement involves fixing the free end of the tilting arm in Setup 1, see Figure 1, with a load
cell and an adjustment screw. The arrangement is used to set the rotor vertical position on top of the LEG tilting
pad, applying a static load over it. Followingly, a chirp voltage signal is fed to the servovalve, and the resulting
force over the rotor is measured indirectly by means of the tilting arm load cell. The postprocessing of these two
experimental signals delivers a frequency response function in force/voltage units, that informs how much force
is applied over the rotor by the active LEG pad at different frequencies, as well as the phase relationship between
input voltage and rotor force.
These experimental frequency response functions can be compared with the ones delivered by the linearized model
presented in Equation 1. Since this model includes the dynamics of the hydraulic supply system and the tilting pads,
it should be able to portray the frequency dependant relationship between servovalve input voltage and resulting
force over the rotor, both in amplitude as well as in phase. The comparison between theory and experiment is
provided in Figure 5 and 6. It can be seen that the theoretical model is able to provide a good prediction of the
active force generated at the active LEG pad. A critical issue for obtaining good resemblance between theory
and experiment is to provide the model with a good estimation of the servovalve cut-off frequency ωV and the

249



Figure 5: Setup 1: Frequency response function between servovalve input signal and active vertical force over

the rotor. A comparison between theoretical model and experimental results is depicted, for rotational speed 1000

RPM and three different static loads over the ALEG pad.

voltage flow linerized coefficient RV . This is a hidden cost of resorting to a simplified linear model strategy. For
higher frequencies, the coherence between theory and experiment diminishes. This is an artifact of the simplified
mathematical model that governs the relationship between servovalve spool driven flow and input signal, see
Equation 5. The implemented second order model provides better coherence with the servovalve behavior for
lower frequencies than higher ones. Furthermore, in the experimental setup the flexibility of the arm becomes
relevant as an additional dynamic effect at higher frequencies. Such effect is not accounted for in the theoretical
model.
These results prove that the active LEG pad is able to provide measurable forces over the rigid rotor in a wide
frequency range. It can be seen that the active force over the rotor tends to diminish for higher static loads, due to
predominance of the oil film pressure field in comparison with the pressure developed within the LEG cavity. On
the other hand, when varying the rotor rotational speed the frequency dependency between input signal and active
force tends to be modified. This is an effect of the alteration of the pad dynamics when incrementing the rotational
speed. When analyzing the active bearing as linear system, the pads transfer function is a key component of the
global transfer function between servovalve input signal, and rotor resulting force.

4.2 Obtaining Frequency Response Functions by means of the ALEG Pad as Excitation Source
A direct application of the active LEG pad capabilities as a calibrated actuator is to use it as excitation source

to perform modal testing in Setup 1. A chirp signal is fed into the servovalve, and the resulting movement of the
tilting arm free end is measured by means of displacement sensors. Consequently, a frequency response function
can be obtained in displacement/force units, if the active LEG pad calibration function is obtained as portrayed in
the previous section. These results can be compared with the benchmark obtained when exciting the tilting arm
free end with an electromagnetic shaker equiped with a piezoelectric load cell.
The comparison between the benchmark results and the ones obtained with the active LEG pad as the excitation
source are portrayed in Figure 7. It can be observed that the active pad can effectively replace the electromagnetic
shaker to perform modal testing in the studied setup, achieving good coherence and good resemblance with the
benchmark results. This set of results implies that a bearing equiped with active LEG pads could be employed
to perform modal testing in an industrial rotor without the need of installing additional equipment. However, it
also requires a good theoretical prediction of the active bearing calibration function, i.e. the transfer function
between servovalve input signal and active force over the rotor. This fact justifies the effort in obtaining a good
mathematical model of the studied mechatronic bearing.

5 SETUP 2: SYSTEM LEVEL RESULTS
5.1 ALEG Bearing as Calibrated Actuator: theoretical results

The mathematical model for the ALEG bearing can provide a prediction of the active force that can be exerted
over the rotor. This model was validated considering the results for Setup 1 presented in the previous section.
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Figure 6: Setup 1: Frequency response function between servovalve input signal and active vertical force over

the rotor. A comparison between theoretical model and experimental results is depicted, for rotational speed 3000

RPM and three different static loads over the ALEG pad.
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Figure 7: Setup 1: Experimental frequency response function of the rotor vertical displacement versus applied

force. Benchmark results are obtained using an electromagnetic shaker as excitation source, whereas the ALEG

results resort to the controllable forces generated by the active pad. Two operational conditions are tested, charac-

terized by two rotational speeds and applied static loads.

Hence, it could be inferred that the model should also be able to simulate the behavior of the ALEG bearing
in Setup 2, regarding the frequency response functions between servovalve input signal and resulting force, in a
similar manner to the analysis presented before for Setup 1.
Figure 8 and 9 portray the frequency response functions for the simulated bearing between servovalve control
signals and active force over the rotor. Two different rotational speeds are included in the simulations. In both
cases, it can be seen that the hydraulic arrangement illustrated before in Figure 3 enables to obtain almost purely
vertical active forces as actuation for servovalve 1, whereas horizontal forces are obtained by means of servovalve
2. In both cases, some actuation is obtained over the “other” direction, but its magnitude is negligible.
In general, an increment of the rotational speed entails a reduction of the active force magnitude. This is due to the
increment of the oil film pressure in comparison to the LEG cavity pressure, as well as the reduction of the LEG
cavity pressure. Since the journal retrieves oil from the groove at a faster rate for higher rotational speeds, a lower
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Figure 8: Setup 2: Frequency response function between the two servovalve input signals and active force over

the rotor in horizontal and vertical direction. Theoretical model results are depicted for rotational speed of 3000

RPM.
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Figure 9: Setup 2: Frequency response function between the two servovalve input signals and active force over

the rotor in horizontal and vertical direction. Theoretical model results are depicted for rotational speed of 9000

RPM.

pressure is developed in it for the same active input flow. The simulation indicates that the actuation capabilities
of the ALEG bearing extend to a wide frequency range, making it suitable to implement active control strategies
to limit the rotor vibrations.

5.2 Active Rotor Vibration Control via ALEG Bearing
In this case, the active LEG bearing actuation capability is aimed at reducing the amplitude of the rotor response

around resonant areas. For doing so, suitable control laws must be established to synthetize the servovalves control
signals. In particular, two methods are implemented to determine the control law: pole placement and LQR. The
study is performed by theoretical means, taking advantage of the linearized state space model already presented in
Equation 1.
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Figure 10: Setup 2: Active rotor vibration control using the ALEG bearing as actuator, for 3000 RPM. Control

law synthetized via pole placement.

The simulation is setup by applying simultaneously a perturbation force in horizontal and vertical direction over
node 5 of the rotor finite element model. The force corresponds to a chirp of amplitude 50 N and frequency
ranging from 5 Hz to 200 Hz. The response is measured in node 4, where displacement sensors are mounted in the
experimental setup. The time domain simulation results include displacement in the vertical direction at that node,
plus the servovalve signals depicting the control effort necessary to alter the rotor dynamics. The frequency domain
results deal with the frequency response function between applied load in vertical and horizontal direction, and the
resulting displacements in the same directions (i.e. only the direct terms of the frequency response function are
plotted). The control objective is to decrease the rotor response amplitude around the resonant areas, while keeping
the servovalve input signals within the ±1V range. This is to ensure that the actuation system operates within the
linear range of these devices.
Figures 10 and 11 depict the results obtained at two different angular speeds for the passive and active lubrication
regimes. In order to close the loop, a pole placement strategy was firstly implemented. The control objective to
define the pole placement was to increase by 10% the damping ratio for the poles with damping ratio below 0.5,
and to increase their natural frequency in the same order of magnitude, in order to maintain the amplitude of the
system response at lower frequencies.
Figure 10 shows that the system frequency response at the resonance around 40 Hz is significantly reduced when
the control strategy is implemented. Additionally, the time domain results show that the maximum system response
does not surpasses the two tenths of milimiter in the vertical direction nor horizontal (unshown). The control effort
is bounded between ±1V for both servovalves. Similar results are obtained at 9000 RPM in Figure 11 regarding
reduction of system response around resonance, although with an increased control effort which is slightly above
±1V.
In order to diminish the control effort required to improve the rotor dynamic behavior, a LQR control law is
implemented instead of the previous one. For obtaining the LQR control, the weighting matrices are selected in
such a way that the control effort does not surpass ±1 V and the response from the system poles in the studied
range are equally penalized. Figure 12 and 13 show that LQR results are comparable to figures 10 and 11 in terms
of reducing the rotor response in the resonant areas. However, some benefits can be observed in terms of reduced
control effort, ensuring that the servovalves operate within their linear range.

6 CONCLUSIONS AND FUTURE PERSPECTIVES
This work provided insights into the actively lubricated LEG tilting pad bearing technology (ALEG TPJB),

by means of experimental and theoretical results. This technology derived from the extensive previous research
effort on the active lubrication concept for TPJBs, and aims at introducing it in a non invasive manner in passive
industrial bearings featuring the leading edge groove design.
The main focus of this article was set on presenting the capabilities of this novel mechatronic pad design as a
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Figure 11: Setup 2: Active rotor vibration control using the ALEG bearing as actuator, for 9000 RPM. Control

law synthetized via pole placement.
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Figure 12: Setup 2: Active rotor vibration control using the ALEG bearing as actuator, for 3000 RPM. Control

law synthetized via LQR.

calibrated actuator, at the component and system level. Firstly, a theoretical and experimental study was carried
out for an experimental facility representing a component level implementation of the studied bearing design. The
obtained results portrayed the feasibility of employing the active LEG pad to apply controllable forces over a
rotor in a wide frequency band. A good resemblance between experimental and theoretical results was obtained,
particularly for the lower frequency range, regarding the active LEG pad calibration function, i.e. the transfer
function between servovalve input signal and resulting force over the rotor. Experimental results also validated the
capabilities of the active LEG pad as an actuator for performing in-situ and non invasive modal testing in rotors.
Secondly, simulations of a flexible rotor supported by active LEG bearings were performed, in order to portray
an industrial application of the studied mechatronic bearing design. No experimental results were included since
the test rig is still under assembly process. It was theoretically demonstrated that the 5 pad ALEG bearing is able
to exert controllable forces over a rotor in a wide frequency range. Such capability was then applied to simulate
the feasibility of reducing the vibration amplitudes of a flexible rotor, when state feedback control strategies are
implemented.
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Figure 13: Setup 2: Active rotor vibration control using the ALEG bearing as actuator, for 9000 RPM. Control

law synthetized via LQR.

The next step within this research effort is to obtain experimental data to validate the ALEG TPJB concept at
the system level, concerning the active vibration control of a flexible rotor supported by this novel mechatronic
machine element. The experimental facilities to carry out this objective are currently being assembled at PUCV
Chile, and should deliver results to complement the theoretical results presented here for Setup 2.
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Table 1: Parameters for Setup 1

Parameter Value

Pad inner radius 49.920 mm
Journal radius 49.692 mm

Bearing axial direction length 60 mm
LEG axial length 50 mm

LEG angular position (measured from pad edge) 5 ◦

LEG circumferential direction width 10 mm
LEG depth 12 mm

Number of pads 1
Pad arc 70 ◦

Offset 0.5
Load Angle On pad

Pad thickness 16 mm
Oil type ISO VG22

Pad material Brass
Pivot insert material Steel

Pivot design Rocker
Oil Supply Pump Maximum Pressure 250 bar

Oil Supply Pump Maximum Flow 2.5 liters per minute
Servovalve cut-off frequency ωV 150 Hz

Servovalve leakage flow q∗V Variable
Servovalve flow pressure coeff. Kpq 1e-12 m3/(s Pa)
Servovalve flow voltage coeff. RV Variable

Servovalve damping ratio ξV 0.95

Table 2: Parameters for Setup 2

Parameter Value

Pad inner diameter 99.840 mm
Journal diameter 99.347 mm

Preload 0.35
Bearing axial direction length 50 mm

LEG axial length 45 mm
LEG angular position (measured from pad edge) 8 ◦

LEG circumferential direction width 8 mm
LEG depth 10 mm

Number of pads 5
Pad arc 65 ◦

Offset 0.5
Load Angle Between pad

Applied Load 500 N
Pad thickness 16 mm

Oil type ISO VG32
Pad material Brass

Pivot insert material Steel
Pivot design Rocker

Servovalve cut-off frequency ωV1
150 Hz

Servovalve cut-off frequency ωV2
150 Hz

Servovalve 1 flow pressure coeff. Kpq1 1e-12 m3/(s Pa)
Servovalve 2 flow pressure coeff. Kpq2 1e-12 m3/(s Pa)

Servovalve flow voltage coeff. RV1
Variable

Servovalve flow voltage coeff. RV2 Variable
Servovalve damping ratio ξV1

0.95
Servovalve damping ratio ξV2

0.95

258



Table 3: Finite element discretization for the flexible rotor in Setup 2

Element number # 1 2 3 4 5 6 7 8 9 10 11 12

Diameter [mm] 99.350 99.350 100 100 100 100 100 100 99.350 99.350 80 40

Length [mm] 50 50 20 180 100 200 180 20 50 50 80 50
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Abstract
Classical experimental modal analysis is done using an impulse hammer or a shaker and a few acceleration

sensors. The problem is to mount the sensors on a rotating shaft. Even when using contact-less sensors, the
problem of exciting without touching the rotor persists. If the rotor is partially or fully supported by Active
Magnetic Bearings, the bearings can be used both as actor and sensor.

This contribution shows a first approach of how a full experimental modal analysis of the running rotor without
disturbing the machine dynamics could be done. The aim of the method is to use commercial modal analysis
systems in combination with the magnetic bearings and their position sensors of the system. The magnetic bearing
is used to excite the system with an arbitrary signal coming from the modal analysis system. Contact-less eddy
current sensors are used to measure the rotor vibrations.

Special issue of this article is the investigation of the dynamics of the magnetic bearing and how to account for
it when analyzing a force signal in the modal analysis system. This signal is needed to calculate the correct transfer
functions for the modal analysis algorithm. Therefore, the AMB has to be calibrated and the dynamic behavior has
to be considered. This calibration is done numerically as well as experimentally.

1 Introduction
Active Magnetic Bearings (AMB) are commonly used to support rotors in highly demanding environments

like undersea compressors or high speed turbo pumps. One request is to monitor the condition of these systems
without stopping the rotor for maintenance. Using the concept of experimental modal analysis, it is possible to
get some very characteristic properties of the rotor system. Implementing the modal analysis calculation in-situ
requires quite some computational resources on the controller. This paper proposes a method where an external
modal analysis system is applied to an existing system without the need of major changes in the control system.
Using an academic example, the feasibility of the method is shown. Therefore, a test rig with two Active Magnetic
Bearings is used. But also, the results show further potential for research and application.

2 Dynamic Model of the Magnetic Bearing
An Active Magnetic Bearing is a machine element that supports a rotating shaft using only magnetic forces.

The forces are generated by currents running through coils around a magnetic core enclosing the shaft. To model
the Active Magnetic Bearing, it is a common approach to build a quasi static model. Different aspects are discussed
in [4]. To calculate the resulting forces from the current, it is common to consider a linearization for the relation
between force, current, position.

The AMB used in this investigation is a radial 8-pole heteropolar magnetic bearing, as depicted in fig. 1. It is
arranged in a X-shape to load the poles equally under gravity. This assures equal behavior in the horizontal (x) and
vertical (y) direction. The current is controlled using a current controller.

This paper tries to use the AMB for exciting a dynamic system in a dynamic bandwidth of frequencies. The-
refore, one key aspect is the transfer function between current and generated force. In the following section, this
aspect will be discussed theoretically and practically.
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Figure 1: Conceptual diagram of the Active Magnet Bearing in X arrangement

2.1 Theoretical estimations
There are three different effects that have to be thought of when considering dynamics. These are the wave

propagation by changing the current in the coils, the eddy currents that occur on changing magnetic fields and
the effects of the hysteresis in the material. Similar considerations can be found in [5] and were adapted to the
application of Active Magnetic Bearings.

Wave propagation The propagation of an electromagnetic wave is generally determined by transforming the
Maxwell equations, as written in eq. (2). Here E is the electrical field, H the magnetic field, ε is the permittivity,
µ the permeability and σ the conductivity of the material. The volumetric charge density is noted as ρ0 and the
surface current density as j0.

εµ
∂2E

∂t2
+ µσ

∂E

∂t
−∆E = −∇(

ρ0
ε

)− µ∂j0
∂t

(1)

εµ
∂2H

∂t2
+ µσ

∂H

∂t
−∆H = rot j0 (2)

With regard to the investigation of electrodynamic effects, air can be regarded, in good approximation, as vacuum.
The permittivity of air deviates only very slightly from the electrical field constant ε0 in vacuum. The specific
conductivity is negligibly low (σAir ≈ 0) due to the lack of particles for charge transfer. Since no external current
sources occur in the air, j0 = 0 applies. These assumptions simplify equation (1) or (2) in the one-dimensional
case to:

εLµL
∂2u

∂t2
− ∂2u

∂x2
= 0 (3)

The wave field u(x, t) is a cartesian component of the E or H field. From the D’Alambert’s solution of the
homogeneous wave equation (3), the velocity of propagation of the wave results in:

c =
1√
εµ

i.e. in vacuum: c0 =
1√
ε0µ0

= 2.997× 108
m

s
(4)

From this, the wavelength λ can be calculated as a function of the frequency f :

λL =
2πc0
ω

=
c0
f

(5)

The electromagnetic waves occurring in the magnetic bearing typically have frequencies in the range of fMG =0 kHz
to 1 kHz. To be on the safe side, a maximum frequency fmax = 100 kHz is assumed. This results in a minimum
wavelength for vacuum resp. air of λLmin = 3 m.
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For physical estimation of electromagnetic effects in the different domains of the system, dimensionless key
values are introduced. The parameter g1 represents the ratio of wavelength to a definable characteristic length of
the domain:

g1 = (
λ

Lc
)2 (6)

For g1 � 1 the problem is purely magnetic or electric.
For g1 ≈ 1 the problem is electromagnetic.
For g1 � 1 methods of geometrical optics have to be applied.

For Active Magnetic Bearings, the air gap between stator and rotor is defined as the characteristic length. Ac-
cording to g1 = ( λLmin

Lairgap
)2 = 9× 106�1, the problem in the air gap is purely magnetic or electric. Therefore,

there is no electromagnetic coupling, which is why the displacement current density ∂D
∂t is negligible. Hence the

quasistatic equation with which the magnetic force on the bearing is calculated, remains valid for the application
in the air domain.

Eddy Currents Another key value compares the electrical conductivity with the electrical displacement:

g2 =
σ

2πfε
(7)

For g2 � 1 the approach is electrokinetic.
For g2 ≈ 1 the approach is electrodynamic.
For g2 � 1 the approach is electrostatic.

The characteristic factor g2 can also be interpreted as the ratio of conduction current density j to displacement
current density ∂D

∂t [3]:

j

Ḋ
=

σE

ε0εrĖ
∼ σ

ε

Since the conductivity σ in air is infinitesimally low, for the air domain we have g2 � 1. Therefore, the problem
is electrostatic in the air gap. But as there is no potential between the stator and the rotor, there are no forces
expected. In the iron and copper domain, where g2 is getting very big (g2 � 1) because of the high conductivity
of the materials in the range of σ =1× 106 S

m to 10× 107 S
m , the displacement current density compared to the

conduction current density is to be neglected up to very high frequencies, so that the quasi-stationary approach is
permissible [3].

If the electrokinetic equation (8) is applied on the iron domain (i.e. the rotor and stator), jsource = 0 is valid,
since no external power sources are present.

∇×H = jsource + σ(E + v ×B) (8)

In addition, the assumption that the velocity of the rotor in the bearing is zero v = 0 holds, as the controller should
avoid big vibrations of the rotor. With the identity ∇(∇ ×H) = 0, it follows that ∇(σE) = ∇jeddy = 0. The
electron flow generated by the electric field is therefore solenoidal, i.e. jeddy is an eddy current. Thus, in the iron
domain, eddy currents occur which draw energy from the electromagnetic field.

Due to the high conductivity of iron, penetrating electromagnetic waves are strongly damped. This so-called
skin effect is characterized by the damping factor α.

α =

√
σµω

2
=

√
σµπf (9)
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or the penetration depth

δ =
1

α
=

1√
πfσµ

. (10)

The depth of penetration thereby indicates the length after which the electromagnetic field has decayed by a factor
of 1

e ≈ 37 %. The following values result for the iron domain: It can be seen that the skin effect increases with

f δ(f)

1 Hz 3.57 mm

1 kHz 0.11 mm

100 kHz 0.01 mm

Table 1: δ(f) for iron (σ = 107 S
m and µ = 2000µ0)

increasing frequency. For the AMB this has the most significant influences. By construction, the induced current
changes its direction two times during one rotation. Superimposed are the currents induced by the change of the
magnetic field due to the position controller. The effect of the rotation happens in the range of 50 Hz, while the
effect of the controller is around 1 kHz.

In the following, we assume that the rotor is not rotating. For the eddy currents in the rotor and stator, this
means that, in the frequency range fMG ≈1 kHz, they only occur in the boundary layers. Additionally, the iron
packages are made of laminated sheet metals that reduce the eddy current further. For that paper, eddy currents are
neglected, but future FEM-Simulations will give better insights in the effects of eddy currents.

Hysteresis effects Another dynamic effect in the magnetic bearing is the magnetic hysteresis. This occurs by
passing through the magnetization curve of a ferromagnetic material. The so called Weiss districts are microsco-
pically small areas of ferromagnetic materials in which the magnetic moments of the atoms are already aligned in
parallel, i.e. magnetized, without the application of an external magnetic field. When remagnetizing, energy must
be expended to change the orientation of these domains so that the magnetic moments within the entire material
point in one direction. This leads to heating of the material. The losses can be measured quantitatively using
the hysteresis curve of the respective substance; the area between the hysteresis loop corresponds exactly to the
necessary volume-related energy required for complete remagnetization Wh = VfeABH . The area (respectively
the energy) expenditure can be thus influenced by the choice of material and the amplitude of the induction Bm
[6]. As for this investigation the rotor is not rotating and the controller currents are small, the losses due to the
hysteresis effects are neglected.

2.2 Experimental Data
As we saw in the theoretical estimations, the AMB should have a constant transfer function for a non rotating

rotor. To obtain experimental data, a test rig was built. The predecessor construction of the test rig is shown in [4].
To investigate the dynamics of the magnetic bearings, the test rig has to be build much stiffer to allow dynamic
measurements without deforming the test rig in an unintended way.

To measure the forces, a 6-dof piezo electric force measurement device is used, allowing measuring in a wide
frequency range without distortions. Three different measurements with different currents were taken. The current
is oscillating around the precurrent with the given amplitude in a sinus sweep from 0 Hz to 400 Hz. Then the
frequency response function (FRF) between current and force is computed. As fig. 3a shows, there seem to be two
peaks in the transfer function.

To check the unexpected result, the test rig was equipped with additional acceleration sensors. On the housing
of the bearing, the shaft and the mounting platform where the force sensor is located. Repeating the measurements,
fig. 3b show that there is still some movement of the test rig. The main motion is detected in the region of the
frequencies where the peaks in the current to force FRF is detected.

The interpretation of the two graphs indicates that the dynamics of the test rig dominates the whole measure-
ments for frequencies higher than 100 Hz. To validate the theoretical estimations it is necessary to even increase
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Figure 2: View of the test rig
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Figure 3: Results of the measurements on the test rig show that the dynamic is dominated by the test rig stiffness

the experimental effort. Concluding this chapter, the dynamics for this magnetic bearing in the desired working
point will be neglected up to 200 Hz in a first approximation. Better measurements or a fem simulation could bring
more accurate results.

2.3 Modeling the Force of the Magnetic Bearing
Taking together all the results from the previous sections, it is sufficient to model the force of the AMB as a

linear function of the current. The position of the shaft is considered to be constant as the disturbing current is very
small to not change the rotors stability.

3 Concept of non-intrusive Modal analysis
To bring modal analysis to closed systems with black box controllers it is necessary to bring in an external

modal analysis system. The proposed concept of the non-intrusive modal analysis is described in the following
section and applied to an academic example. The non-intrusive modal analysis uses any built-in actuator to excite
a system, even during operation, and using all built-in sensors to perform a modal analysis. Mechatronic systems
that have some kind of actuator and any kind of sensor can be used for this method. The minimum requirements
are that it is possible to get at least access to the control current and the position values of each actuator.

In fig. 4 the basic components of the academic test rig are shown.
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Figure 4: Concept of non-intrusive modal analysis

4 Modal Analysis of a rotor system
This section gives a brief introduction to the test environment and the experiments done. A slender rotor with

one disk in the middle is supported by two magnetic bearings. The bearings measure the position of the rotor shaft
using eddy current sensors in two planes. A PID controller and an attached amplifier are responsible for controlling
the position of the shaft to the middle of the bearing. The controller system is just seen as a black box.

Figure 5: View on the test rig
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4.1 Test Environment
For the whole survey, the rotor is never rotating but always levitating in the Active Magnetic Bearings. There

will be three different experiments. On the one hand, the classical impact modal analysis and an operational
modal analysis with piezo accelerometer sensors. On the other hand, the new approach for the non-intrusive modal
analysis under the use of one AMB to excite the system and all the built-in sensors of the test rig to measure the
displacements.

The impact measurements are done with 8 3D acceleration sensors (marked in blue) that were fixed on the
shaft as seen in fig. 6. Only the x-direction is evaluated. During levitation (a PID-controller is active), the shaft
was excited using a manual impact hammer. For the operational measurements the right magnetic bearing was
loaded with an sinusoidal sweep force that is additionally applied to the current from the acting PID-controller. As
sensors, the acceleration sensors were used. The non-intrusive measurement was also taken with the sweep of the
AMB. But this time only the eddy-current sensors of the bearings itself and one additional laser distance sensor in
the middle of the rotor are evaluated. The positions of the sensors are marked in green in fig. 6.

z
y

x

Figure 6: Setup for the modal analysis

For excitation of the structure, we use a sine sweep in a frequency range of 0 Hz to 500 Hz with a duration of
50 s. It is necessary that the duration of the sweep is slow to ensure the system gives a steady-state like response.

4.2 Modal Analysis
The key principle of experimental modal analysis (EMA) is to find the modal parameters of a system to fit the

measured data best. To achieve this, FRFs from the sensor nodes to the reference input nodes are computed. These
FRFs describe the response (e.g. acceleration or displacement) of the system to a known input force. [2]

αjk(ω) =
N∑
r=1

rAjk
ω2
r − ω2 + iηrω2

r

(11)

For the most simple method in the frequency domain, there are mainly three steps to perform. First, individual
peaks are chosen in the FRF plots. These are the eigenfrequencies of the modes ωr. Second, damping is evaluated
by the so called ’half-power points’. Using the distance on the frequency axis between this half-power points the
modal parameters for the damping ηr are calculated. Third, the modal constant rA is determined by looking at the
maximum value of the FRF to fit the generic model to the right scaling. This procedure is done for as many modes
N as are to be evaluated to build the modal superposition in eq. (11).

More advanced fitting algorithms (like MDOF, PolyMAX) also consider the neighbor modes to perform the fit
of the modal parameter. They may perform better, but the principle idea is similar. It is obvious that one critical
part for the result is the quality of the FRF. That means, also the input force has to be known very well.
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4.3 Operational Modal Analysis
While in the previous section, we used the virtual force measurement of the magnetic bearing to perform EMA

to find mode shapes, we now want to consider a possibility that does not rely on an accurate force measurement.
Operational Modal Analysis (OMA) uses only the system’s outputs and assumes an excitation with a flat spectrum,
ideally white noise. In this case, a very basic OMA technique was tested and used on the same measurements as
for the EMA, i.e. the results from a sine sweep excitation. Just as a band-limited noise, the sweep signal has a flat
spectrum in the band of interest, such that the central assumption of OMA is fulfilled.

We now want to briefly look into the tested technique [1]: It starts with an n-dof system, whose first eigen-
frequencies are well separated. Usually, also a randomness of the excitation in time and space is important when
using OMA. Concerning the randomness in time, however, the correlation function of a sine sweep is quite similar
to the one of random noise as there is also no recurring pattern in the time signal. The randnomness in space,
meaning multiple uncorrelated inputs is important to detect closely spaced poles, but on this simple structure, the
first few eigenmodes are expected to be well-separated. Thus, it seems reasonable to only use one input in this
case. In this case of well separated eigenfrequencies, the system’s output in a band around one eigenfrequency is
dominated by only one mode shape:

y(t) = φq(t) (12)

with the vector of displacements y(t), the dominating eigenvector φ in the frequency band of interest and the
modal coordinate q(t).

From the measured time data y(t), one can compute the correlation function matrixR(τ) using equation 12:

R(τ) = E[y(t)y(t+ τ)T ] = φE[q(t)q(t+ τ)]φT = Rq(τ)φφT

with the (scalar) correlation function Rq(τ) of the modal coordinate. Transforming this last equation into the
Fourier space in order to obtain spectral density functions (G) instead of correlation functions:

Gy(f) = Gq(f)φφT (13)

We can see clearly, that under the assumptions made above, the spectral density matrix near a resonance frequency
is a rank one matrix whose columns (and rows) are the corresponding eigenmode φ with varying scaling factors.

The spectral density function is also used to find the resonances of the system by simple peak-picking. After
choosing the eigenfrequencies, one evaluates the spectral density matrix at those specific frequencies to find the
estimates to the mode shapes according to equation 13.

4.4 Results and Comparison
In this section, the results of the different methods will be explained and compared. In fig. 7 the first three ei-

genmodes are evaluated for the classical impact measurement, the operational modal analysis and the non-intrusive
measurement. The impact measurements are evaluated with LMS Test.LAB 17A using the PolyMAX algorithm.
The results for the OMA are computed as described above. The conditions for measuring high quality FRFs are
very harsh. All sensors receive some noise from the fact that the rotor is levitating and the PID-controller acting.
Also the excitation has to be very low to not disturb the rotor too much.

In general the impact- and the operational modal analysis results fit quite well. On the one hand there were
more sensors used, on the other hand inaccuracies due to the calibration of the Active Magnetic Bearing’s dynamics
are not weighted. This is a clear advantage of the OMA method.

The measurements for the non-intrusive method are also calculated with LMS and the PolyMAX algorithm.
These measurements are much more difficult to process. But the results show at least qualitatively the same
behavior. The coherence of the single FRFs look very noisy and bad. This is probably because of the vibrations
induced by the two PID-controllers. Looking at the MAC-criterion shows a good separation of the identified
modes.
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Bearing1 Disk Bearing2

Mode 1

Impact Measurement: 16.34Hz
Non-Intrusive: 17.1Hz

OMA: 16Hz

Bearing1 Disk Bearing2

Mode 2

Impact Measurement: 98.7Hz
Non-Intrusive: 99.2Hz

OMA: 99Hz

Bearing1 Disk Bearing2

Mode 3

Impact Measurement: 161.9Hz
Non-Intrusive: 163.0Hz

OMA: 164Hz

Figure 7: Comparison of the Modeshapes between Impact Testing and Non-Intrusive Modalanalysis and OMA

5 Conclusion
Active Magnetic Bearings provide an elegant way to excite a machinery system to achieve modal measure-

ments. The results of the classical impact measurement and of the operational modal analysis show good simila-
rities. The results with the displacement sensors integrated in the bearing show the same characteristics but are
not nearly as good as the measurements with the attached accelerometers. However, using enough sensors that
are well placed is critical to achieve good results for the modal analysis. The excitation can be done very well
with the Active Magnetic Bearings. Further development needs to be done in further investigation of the dynamics
of Magnetic Bearings and to create simple reduced models of it to make use of the driving force for the modal
analysis. Also research is necessary to determine the influence of the PID-controller used to levitate the rotor. The
signals of the displacement sensors could maybe be filtered to achieve better results.
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Abstract 

The purpose of this paper is to create a concept of the structurally simple and operationally robust support of 
high-speed rotors in the electrodynamic passive magnetic bearings (EDPMB). Since this kind of a magnetic 
suspension in its fundamental version is dynamically unstable, in order to avoid such an essential disadvantage 
there is proposed the addition of external damping by the use of the newly designed combined, self-stabilizing 
electrodynamic passive magnetic bearing. The electromagnetic stiffness- and damping characteristics of the 
combined EDPMB have been determined for various shaft rotational speeds by means of the advanced 3D finite 
element method. The dynamic investigations are performed for a single-span, high-speed flexible rotor-shaft. In 
the computational part a dynamic interaction between the rotor-shaft and the passive magnetic suspension is 
carried out for a support in the fundamental EDPMBs and in the proposed combined, self-stabilizing passive 
magnetic bearings. Here, the main attention is focused on asymptotic stability of the both rotor-shaft suspension 
variants. In addition, for the considered rotor-shaft-bearing system amplitude-frequency characteristics of forced 
steady-state bending vibrations have been determined. By means of this investigation there is demonstrated a 
resonance suppression ability using the external damping generated by the proposed combined EDPMBs.  

1   Introduction 

Electrodynamic passive magnetic bearings (EDPMB) are now viewed as a feasible option when looking for 
support for high-speed rotors of vacuum pumps, kinetic energy storage flywheels, turbines, turbochargers and 
many others. Nevertheless, because of the skew-symmetrical visco-elastic properties of such bearings, they are 
prone to operational instability. In order to avoid this, a sufficient amount of additional external damping should 
be introduced into the rotor-shaft-bearing system. Such external, rotor-to-stator damping expected to stabilize a 
support in EDPMBs has been called in [1] “peripheral” damping. The sense of inserting additional damping into 
a radial EDPMB supporting a rigid rotor is presented in [2] and [3], where they offer a combined passive-active 
magnetic support for rigid rotor-shafts, as well as in [4] using external damping generated passively. In [5] a 
vibration energy dissipation allocated for an effective stabilization of the horizontal, flexible rotor-shaft support in 
EDPMBs has been carried out using three means acting simultaneously, i.e. a simple active magnetic damper, an 
appropriately soft visco-elastic embedding of the EDPMBs in their housings as well as an optimum selection of 
the passive magnetic bearing radial stiffness. On the one hand, all the above mentioned approaches used in [2-5] 
lead to more or less effective stabilization of rotor-shafts suspended in passive magnetic bearings. But on the other 
hand, they require an application of additional electronic devices or advanced visco-elastic materials which can be 
expensive, sensitive to exploitation faults or insufficiently resistant to high temperatures.  

To reconcile the efficiency of stabilization with a structural simplicity and operational reliability, in this paper 
a combined design of the EDPMBs supporting a flexible rotor-shaft is proposed. The general idea of a combined 
electrodynamic passive magnetic suspension of a rotating disk has been initially signalized in [6,7]. Namely, 
basing on the analytical solution of Maxwell’s equations, it has been proved that a permanent magnet mounted on 
a shaft rotating relative to the stationary conductor embedded in a bearing housing is a source of ‘in-plane’ viscous 
and elastic levitation forces without any cross-coupling components. Such an inverse magnet-to-conductor mutual 
orientation in comparison with that of the classical, fundamental transverse load carrying main EDPMB can be a 
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source of an effective stabilization of vibrating rotor-shafts suspended in such a passive magnetic support. Thus, 
the rotating magnet with the stationary conductor assembled on the rotor-shaft in the vicinity of a main support in 
the form of a conductor rotating relative to the stationary permanent magnet will create a combined, self-stabilizing 
EDPMB. In comparison with the passive magnetic bearing stabilization methods applied in the literature items 
cited above, the proposed approach, in addition to an effective stabilization ability, is structurally very simple and 
assures a robust operation in high-speed rotating machines, particularly in these characterized by small geometrical 
dimensions.  

2   Modelling of the rotor-shaft-bearing system 

The object of considerations is a rotor-shaft of the typical automotive engine turbocharger. This rotating 
element was originally suspended in two floating-ring oil journal bearings which have been virtually substituted 
by electrodynamic passive magnetic supports. Full geometrical shapes, material constants and inertial parameters 
of the rotor-shaft are taken from [8]. This rotating system is expected to operate within the rotational speed range 
0−210,000 rpm. It consists of the flexible stepped shaft of the total length 0.16 m with attached two heavy disks 
corresponding respectively to the turbine- and compressor rotor. The considered rotor-shaft is characterized by the 
entire mass of ca. 0.566 kg and by the bearing span equal to 0.05 m. Such a structure can be very representative 
for a broad variety of turbochargers applied in internal combustion piston engines as well as for various stationary 
turbo-compressors working in heavy industry.  

2.1  Modelling of the rotor-shaft 

In order to obtain sufficiently reliable results of theoretical calculations for the considered flexible rotor-shaft-
bearing system, the dynamic analysis will be performed by means of the one-dimensional hybrid structural model 
consisting of continuous visco-elastic beam finite elements and rigid bodies. In this hybrid model successive 
cylindrical segments of the stepped rotor-shaft are represented by flexurally deformable cylindrical macro-
elements of continuously distributed inertial-visco-elastic properties. With an accuracy that is sufficient for 
practical purposes the turbine and compressor massive rotors can be substituted by the rigid bodies attached to the 
respective macro-element extreme cross-sections. Such a hybrid model of the investigated rotor-shaft is presented 
in Fig. 1a. As it can be noticed, the beam finite elements applied here are not discretized in space and remain 
naturally continuous, which is the only difference between the hybrid model applied here and the classical one-
dimensional finite element model of the same structure.  

a)   b) 

Figure 1: The single-span rotor-shaft supported in the main EDPMBs (a); the view of the main EDPMB (b). 

Since the electrodynamic passive magnetic bearings are characterized by relatively much smaller radial 
stiffness than that of their housings made of metallic materials, a visco-elastic suspension of the rotor-shaft by 
means of such supports can be described by mass-less springs and dampers attached to the middle cross-sections 
of the continuous finite macro-elements representing shaft journals, as shown in Fig. 1a. This approach makes 
possible to represent with a relatively high accuracy kinetostatic and dynamic anisotropic and anti-symmetric 
bearing properties in the form of constant or variable stiffness and damping coefficients.  

2.2  Modelling of the combined electrodynamic passive magnetic bearing 

The principle of a classical radial EDPMB operation can be reduced to a mutual, non-contact interaction 
between a rotating conductor (at room-temperature) and permanent magnets, thus creating a stator, [1], [9-11]. 
This was initially achieved by a fundamental, transverse load carrying, main bearing support that consist of a 
conducting sleeve attached to the rotor-shaft journal and permanent magnets embedded in the bearing housing, as 
illustrated in Fig. 1b. In order to assure a sufficiently high transverse load ability for such a bearing, the permanent 
magnets must be appropriately mutually placed and also separated by the iron pole shoes in the way resulting in 
the so called heteropolar or homopolar type of the radial passive magnetic bearing, [1], [10].  
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Here, a dynamic modelling of the main EDPMBs is intended to calculate their electromagnetic stiffness- and 
damping characteristics. For this purpose, by means of the advanced 3D finite element code for various shaft 
rotational speeds it is necessary to calculate the bearing global radial ‘in-plane’ stiffness K regarded as a derivative 
of the Lorenz force with respect of the conductor-to-stator radial proximity. In the considered case the bearing ‘in 
plane’ transverse global stiffness K can be defined as:  

d ( )
( ) , where: ( ) ( )d (1)

d( )

F
K F J B V

r
V

Ω
Ω Ω

∆
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is the Lorenz force, J and B denote respectively the current volume- and external magnetic flux densities, ∆r is the 
journal-to-bushing radial proximity, [1], [11], and Ω denotes the current shaft rotational speed. Then, basing on 
the solution of the Maxwell equations and according to [6], the actual forces acting on a rotating shaft, that depend 
respectively on radial displacement ��(�) and velocity ���(�), can be expressed as: 
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These forces are mutually perpendicularly oriented in phase and their respective projections on the vertical and 
horizontal plane result in the following equation of equilibrium with the reaction force of the flexible rotor-shaft:  
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where vi(z,t)=ui(z,t)+jwi(z,t) is the lateral journal to bushing displacement with components in the vertical direction 
ui(z,t) and in the horizontal direction wi(z,t), z denotes the rotor-shaft axial co-ordinate, j is the imaginary number, 
θ = arc tan(R/Ω L) is the so called ‘force angle’ expressed as a function of the magnetic bearing coil resistance R
and inductance L and Γ ([[vi]]) denotes the reaction force of the hybrid model i-th beam finite macro-element
representing the bearing journal with the cross-sectional shear stiffness GAi, bending stiffness EIi, mass moment
of inertia ρIi and the retardation time e, see Fig. 1a. In the case of an application of the Timoshenko beam theory
this reaction force is described in the following operator form:
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where [[vi(z,t)]] and [[φi(z,t)]] denote respectively the partially differentiated complex steps of bending 
displacements and shear angles on the left- and right-hand side of the bearing planes shown in Fig. 1a. When the 
Rayleigh rotating beam theory is used, this reaction force can be expressed as:  
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then, kxx(Ω)=kyy(Ω)) and dxx(Ω)=dyy(Ω)) become here the coefficients of the ‘in-plane’ horizontal and vertical 
stiffness- and damping components, respectively. Consequently, the symbols kxy(Ω)=−kyx(Ω)) and dxy(Ω)=−dyx(Ω)) 
denote the coefficients of the cross-coupling stiffness- and damping components which are skew-symmetrical.  

a)        rotational speed [rev/s] b)                               rotational speed [rev/s]  

Figure 2: Stiffness (a) and damping (b) characteristics of the EDPMB without- and with magnet pole shoes. 
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This property is responsible for the mentioned above instability of the rotor-shaft suspension in the classical, main 
EDPMBs. The plots of these coefficients expressed as functions of the rotor-shaft angular speed Ω are 
demonstrated in Fig. 2 for the case of the main EDPMB without- and with pole shoes built in the stator permanent 
magnets. They are qualitatively identical with those obtained in [1,9] for high-speed rotor machines different than 
investigated here. 

In order to make such a passive magnetic support stable, it is necessary to introduce additional ‘in-plane’ 
damping force components into the rotor-shaft-bearing system. This goal can be realized by means of the so-called 
“combined EDPMBs”. Namely, for this purpose the main, transverse load carrying EDPMB is going to be 
supplemented with an additional part which consists of the rotating disk made of a permanent magnetic material 
attached in a given, possibly adjacent shaft segment and the conductor built in the bearing housing, as shown in 
Fig. 3a. As it follows from the thorough theoretical and experimental analysis performed in [6,7], such an inverse 
magnet-to-conductor orientation generates ‘in-plane’ visco-elastic forces ��(�) only, both in the vertical and 
horizontal direction, according to the following equation:  
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L and R denote respectively the conductor inductance and resistance, n is the number of coils creating the 
conductor, dB/dr denotes the radial magnetic induction gradient in the air gap between the stationary conductor 
and the rotating disk made of the magnetic material with surface area S and γ  is the relationship between the 
magnetic force and the electric currents induced in the conductor, which follows from the fundamentals of electro-
magnetism, [6,7]. Since the elastic forces are caused by the usually negligible inductances L of the stationary 
conductor, they are omitted here. Thus, the actual rotor-to-stator interaction force ��(�) reduces to the dissipative 
one and symbol D in (6) becomes here the stabilizing damping coefficient. For the assumed number n of coils with 
resistances R each, the damping coefficient D has to be determined numerically by means of the 3D finite element 
model of this additional bearing part expected to stabilize an operation of the entire combined EDPMB.  

a)  b) 

Figure 3: Scheme of the EDPMB damping part (a); the rotor-shaft supported in the combined EDPMBs (b). 

3   Solution of the problem 

The complete mathematical formulation and solution for the rotor-shaft system hybrid model applied here can 
be found e.g. in [12] and [13]. In this model the flexural motion of cross-sections of each visco-elastic finite macro-
element is governed by the partial differential equations derived using the Timoshenko and Rayleigh rotating beam 
theory. In such equations there are contained gyroscopic forces mutually coupling rotor-shaft bending vibrations 
in the vertical and horizontal plane. The analogous coupling effect caused by the system rotational speed dependent 
shaft material damping, described using the standard body model, is also taken into consideration. Mutual 
connections of the adjacent finite beam macro-elements are described by means of kinematic conditions of 
transverse- and angular displacement agreements as well as using dynamic conditions of equilibrium for inertial, 
elastic, viscous and external transverse forces and bending moments. Equation (3) is an exemplary dynamic 
condition for transverse forces acting in the cross-section corresponding to the bearing support plane. The solution 
for the bending vibration analysis has been obtained using the analytical-computational approach demonstrated in 
details in [12,13]. In the considered case it is to remember that, according to formulae (4)-(6), the visco-elastic 
bearing support parameters are rotational speed dependent. But for a constant Ω in time, numerical values of all 
these quantities are also constant. Thus, for each Ω one can solve the differential eigenvalue problem for the 
orthogonal system. Then, an application of the Fourier solutions in the form of fast convergent series in orthogonal 
eigenfunctions leads to the set of modal equations  
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The symbols M(Ω), K0(Ω) denote respectively the rotational speed dependent diagonal modal mass and 
stiffness matrices, C0(Ω) is the non-symmetrical damping matrix containing the damping coefficients (5) and (6) 
of the passive magnetic bearings and Cg(Ω) denotes the skew-symmetrical matrix of gyroscopic effects. Skew- or 
non-symmetrical elastic properties of the bearings are described by matrix Kb(Ω). Anti-symmetrical effects due to 
the standard body material damping model of the rotating shaft are expressed by the skew-symmetrical matrix 
Kd(Ω). Of course, because of the reasons mentioned above, for given constant values of Ω all these matrices are 
regarded constant. The modal coordinate vector q(t) consists of the unknown time functions standing in the Fourier 
solutions. The number of equations (7) corresponds to the number of bending eigenmodes taken into consideration 
in the frequency range of interest.  

In order to determine eigenvalues of the rotor-shaft dynamic model, it is convenient to transform its modal 
motion equations (7) to analogous equations in the modal state co-ordinates. Then, one can solve a standard 
eigenvalue problem in which a characteristic non-symmetrical matrix is reduced to the Hessenberg form using the 
Hausholder transformation. Then, the final computation of the eigenvalue real- and imaginary parts for each 
bending eigenmode of the considered system is achieved by means of the commonly known QR algorithm, [14].  

For constant rotational speeds Ω equations (7) are a system of linear ordinary differential equations with 
constant coefficients and harmonic external excitation due to residual unbalances. For the harmonic excitation the 
induced steady-state vibrations are also harmonic with the same synchronous circular frequency Ω. Thus, 
analytical solutions for the successive modal functions contained in vector q(t) can be assumed in an appropriate 
harmonic form. Then, by substituting them into (7), derived here for Ω=const, one obtains well-known respective 
systems of linear algebraic equations which can be found e.g. in [13]. By means of this approach amplitude-
frequency characteristics of steady-state forced vibrations can be effectively determined.  

4  Stability analysis of the rotor-shaft-bearing system 

A stability analysis, in the form of determination of rotor-shaft system eigenvalue imaginary and real parts, 
will be performed initially for two variants of a suspension in the main EDPMBs, i.e. without- and with pole shoes 
built in the stationary permanent magnets and in the expected rotational frequency range 0-210,000 rpm, which 
corresponds to 0-3500 rev/s. As it follows from the respective stiffness- and damping coefficient characteristics 
depicted in Figs. 2a,b, particularly for greater shaft rotational speeds, the variant “without pole shoes” results in 
significantly bigger coefficient values of the ‘in-plane’ and cross-coupling stiffness- and damping components. 
This feature shall have a remarkable influence on a system instability, when only the main EDPMBs are used, as 
shown in Fig. 1a, as well as on its stabilization by means of the combined EDPMBs demonstrated in Fig. 3b. In 
the case of both support variants, the values of the static rotor-shaft vertical displacement off-set due to the 
gravitational forces are contained within the bearing radial clearance and they amount between 0.05 and 0.11 mm. 

In Fig. 4 there are presented characteristics of the eigenvalue imaginary parts in the form the Campbell diagram 
for the rotor-shaft suspended in the main EDPMBs without magnet pole shoes. For a better clarity, on the left-
hand sides of this diagram also the respective lateral eigenfunctions are depicted. The analogous Campbell diagram 
determined for the bearing suspension variant “with pole shoes” is almost identical to that shown in Fig. 4 and 
thus, it has not been presented in a graphical form. Because of the relatively soft suspension in the EDPMBs in 
relation to the rotor-shaft flexibility, from among the fundamental lateral eigenforms one can distinguish first two 
similar to ‘rigid-body’ ones. In the considered synchronous external excitation frequency range 0-3500 Hz in the 
both cases of bearing support variants four lateral eigenforms of the investigated rotor-shaft have been determined, 
respectively with their backward and forward whirl branches. Moreover, the first two eigenforms are characterized 
by relatively small damped natural frequencies not exceeding 250 Hz observed for the forward whirl of the second 
eigenmode, as shown in Fig. 4. Since values of these frequencies fluently start from zero at the zero shaft rotational 
speed, their plots do not cross the synchronous excitation line 1X. Thanks to this fact, in the cases of the first two 
eigenmodes critical speeds are practically not observed. However, the only critical speed occurs for the forward 
precession of the third eigenmode at ca. 1210 rev/s.  

In Figs. 5 and 6 there are shown characteristics of the eigenvalue real parts determined for the main EDPMB 
suspension variants “without-“ and “with pole shoes”, respectively. But here, the appropriately corresponding to 
each other plots of eigenvalue real parts are characterized by significant qualitative and quantitative differences. 
First, from the plots illustrated in these figures it follows that not every eigenvalue real parts are negative, what 
means that the both considered bearing variants pain a lack of stability. Namely, in the case of the support “without 
pole shoes” the first eigenmode within the entire considered range of rotational speeds is drastically unstable. 
Moreover, for greater shaft rotational speed values also backward precessions of the third and fourth eigenmode 
are unstable, see Fig. 5. However, the bearing variant “with pole shoes” built in the permanent magnets results in 
unstable backward precessions only, but of all four eignemodes. Here, in the case of the first two of them this 
instability is observed within the entire range of rotational speeds 0–3500 rev/s. But the backward whirls of the 
third and fourth eigenmodes are unstable at greater rotational speed values, as shown in Fig. 6. In addition, it is 
worth noting that in the case of the bearing variant “without pole shoes” ca. two times greater maximal positive 
real part values are observed than these obtained for the variant “with pole shoes”. According to the above, the  

276



IV

III

II

 I

      rotational speed [rev/s] 

Figure 4: Eigenvalue imaginary parts of the rotor-shaft supported in the EDPMBs without pole shoes. 
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Figure 5: Eigenvalue real parts of the rotor-shaft supported in the EDPMBs without pole shoes. 
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Figure 6: Eigenvalue real parts of the rotor-shaft supported in the EDPMBs with pole shoes. 

former variant of the main EDPMBs seems to be more difficult to stabilize than the latter one. 

An application of the combined EDPMBs enables us a full stabilization of the considered rotating system if a 
sufficient magnitude of the additional external damping can be generated by such bearings. For this purpose n=3 
stationary conductor coils have been designed with the wire diameter 0.5 mm and with 100 windings, each. Then, 
the overall resistance of this assembly was calculated to be R=0.0543 Ω. In the case of the commercial ring shaped 
permanent magnets with the standard remanence Br of 1.24 T that create the rotating disks shown in Fig. 3b, the 
numerically determined radial induction gradient dB/dr along the diameter of each disk reached 1307 T/m. From 
results of virtual simulation of the electromechanical interaction between the stationary conductor coils and the 
rotating magnets it follows that the obtained magnetic force-to-electric current ratio γ  was in the range within 
7−7.5 N/A, depending on the effective coil placement radius.  

Independently, it turned out that if for the main bearing variant “without pole shoes” a numerical value of 
damping coefficient D defined in (6) was greater than 250 Ns/m, the stabilization effect has been entirely achieved, 
as it follows from the plots of corresponding the greatest eigenvalue real parts shown in Fig. 7. The analogous 
stabilization in the case of main bearing variant “with pole shoes” is already obtained when D was greater than 
150 Ns/m, which demonstrate the respective plots in Fig. 8. In Figs. 7 and 8 there are presented eigenvalue real 
part characteristics corresponding to the first eigenmode which is the most sensitive to instability. Numerical 
values of the real part characteristics of the remaining einenmodes are even smaller and, of course, always negative. 
The additional damping generated by the combined EDPMBs to stabilize the considered system does not influence 
remarkably the eigenvalue imaginary parts of the all four eigenmodes, both in the case of the main bearing variant 
“without-“ and “with pole shoes”. Thus, the respective plots have not been presented in a graphical form.  

Here, in order to achieve the stabilization effects demonstrated in Figs. 7 and 8 by means of the combined 
EDPMBs with the structure and numerical parameters specified above, the surface area S of the permanent magnets 
in the form of the rotating disks had to be initially determined. Assuming for this purpose the inner diameter of 
these disks 0.012 m and the force-to-current ratio γ =7.5 N/A, the stabilizing damping coefficient D of 250 Ns/m 
can be obtained using formula (6) for the outer disk diameter greater than 0.0363 m. However, the smaller damping 
coefficient value of 150 Ns/m, sufficient to stabilize the main bearing variant “with pole shoes”, can be achieved 
for the outer magnet diameter not exceeding 0.03 m and for the force-to-current ratio γ reaching 7.0 N/A only.  
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Figure 7: Maximal eigenvalue real parts of the rotor-shaft supported in the combined EDPMBs without pole 
shoes obtained for the minimal stabilizing damping coefficient D equal to 250 Ns/m.  
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Figure 8: Maximal eigenvalue real parts of the rotor-shaft supported in the combined EDPMBs with pole shoes 
obtained for the minimal stabilizing damping coefficient D equal to 150 Ns/m.  

5 Amplitude-frequency characteristics of the steady-state forced vibrations 

In addition to the investigation of eigenvibration properties of the considered rotor-shaft supported in the main 
and combined EDPMBs, there are going to be compared also amplitude-frequency characteristics of the steady-
state forced dynamic responses due to synchronous excitations caused by unavoidable residual unbalances. 
According to [8], 0.6⋅10-6 kgm unbalance of the turbine rotor and 0.4⋅10-6 kgm unbalance of the compressor rotor 
have been assumed. Here, two unbalance orientations will be investigated, i.e. the commonly called “static 
unbalance”, when the turbine and compressor rotor unbalances are mutually oriented ‘in phase’, and the “dynamic 
unbalance”, for which these two unbalances are mutually oriented ‘in anti-phase’. In order to determine the 
amplitude-frequency characteristics, equations of motion (7) had to be solved analytically for the both mentioned 
above unbalance orientations and for the two considered kinds of bearing suspension, i.e. in the main and combined 
bearings, each for a support without- and with permanent magnet pole shoes, and within the investigated rotational 
speed range 0-210,000 rpm corresponding to the harmonic synchronous excitation frequency band 0-3500 Hz.  

Figs. 9 and 10 demonstrate amplitude-frequency characteristics of the steady-state dynamic responses excited 
by the static and dynamic unbalance of the rotor-shaft supported in the main EDPMBs only. For the case of the 
static unbalance in Fig. 9a the lateral displacement amplitudes of the turbocharger rotors are depicted and in Fig. 
9b the bearing vertical reaction force amplitudes are plotted. In an identical way Figs. 10a and 10b illustrate 
respectively amplitude-frequency characteristics of the analogous dynamic responses excited by the dynamic 
unbalance of the rotor-shaft. In all these figures the black and green lines correspond to the bearing support variant 
“without pole shoes” and the blue and pink lines illustrate the support variant “with pole shoes”.  

From the plots presented in Figs. 9 and 10 it follows that the assumed two extremely different from each other 
unbalance orientations result in completely different dynamic responses of the investigated object qualitatively 
and quantitatively. Namely, in the case of static unbalance very severe single resonance peaks are observed, both 
of rotor displacements and bearing forces. These peaks occur at the rotational speed of 1210 rev/s which 
corresponds to the only critical speed of the considered rotor-shaft for its third eigenmode, see Fig. 4. The 
analogous peaks obtained in the case of dynamic unbalance are characterized by ca. one order smaller numerical 
values, as shown in Figs. 10a and 10b. It is worth noting that in the both cases of unbalance orientations, the 
bearing support variant “without pole shoes” results in significantly smaller response amplitude values than that 
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“with pole shoes”. This fact can be substantiated by the greater damping magnitudes generated by the main 
EDPMBs, when their permanent magnets are not equipped with pole shoes, which illustrate the respective damping 
coefficient characteristics presented in Fig. 2b.  

a)    rotational speed  [rev/s] b)    rotational speed  [rev/s] 

Figure 9: Amplitude characteristics of the turbine- (T) and compressor (C) rotor displacements (a) and of the 
bearing vertical forces (b) obtained for the support in the main EDPMBs and static residual unbalance.  

a)    rotational speed  [rev/s] 
b)    rotational speed  [rev/s] 

Figure 10: Amplitude characteristics of the turbine- (T) and compressor (C) rotor displacements (a) and of the 
bearing vertical forces (b) obtained for the support in main EDPMBs and dynamic residual unbalance.  

a)    rotational speed  [rev/s] b)    rotational speed  [rev/s] 

Figure 11: Amplitude characteristics of the turbine- (T) and compressor (C) rotor displacements (a) and of the 
bearing vertical forces (b) obtained for the support in the combined EDPMBs and static residual unbalance.  

a)    rotational speed  [rev/s] b)    rotational speed  [rev/s] 

Figure 12: Amplitude characteristics of the turbine- (T) and compressor (C) rotor displacements (a) and of the 
bearing vertical forces (b) obtained for the support in the combined EDPMBs and dynamic residual unbalance. 
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However, the magnitudes of the additional external damping generated by the combined EDPMBs that stabilize 
the considered rotating system, appropriately in the case “without-“ and “with pole shoes”, are high enough to 
eliminate the resonance associated with the mentioned critical speed. This supplementary advantage of the passive 
magnetic bearing modified in the proposed way is confirmed by the analogous amplitude-frequency characteristics 
shown respectively in Figs. 11 and 12.  

7   Final remarks and conclusions 

In the paper there was proposed a concept of the structurally simple and operationally robust electrodynamic 
passive magnetic bearing which is able to assure an entirely stable support of high-speed rotor-shaft systems. It 
turns out that a supplementing of the classical EDPMB with a rotating permanent magnet and a stationary 
conductor enables us a generation of additional rotor-to-stator external damping with a magnitude sufficient to 
stabilize all lateral eigenmodes of the rotor-shaft. But for the realistic parameters of the stationary conductor coils 
and permanent magnets, the greater sufficient magnitude of the additional damping to stabilize the rotor-shaft 
system, the larger area of magnets in the form of rotating disks is required. Thus, the main EDPMB variant “with 
pole shoes”, for which less stabilizing damping is necessary, leads to a more compact combined bearing design.  

As already known, thanks to a relatively small radial stiffness of the EDPMBs, the first, fundamental 
eigenmodes are like these of the rigid shaft ones and they are usually not affected by resonances associated with 
critical speeds. But this is not the case for higher, flexible eigenmodes which can be excited to very severe resonant 
bending vibrations, as demonstrated by means of results of the dynamic analysis performed here. Luckily, 
however, it turns out that the external stabilizing damping magnitude generated by the combined EDPMBs is high 
enough to suppress effectively such resonance effects, as well. This makes the proposed rotor shaft magnetic 
suspension in the form of combined EDPMBs additionally advantageous.  
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Abstract
The need for low cost reliable energy storage for mobile applications is increasing. One type of battery that can

potentially solve this demand is Highspeed Flywheel Energy Storage Systems. These are complex mechatronic
systems which can only work reliably if designed and produced based on interdisciplinary knowledge and exper-
tise. This paper gives an overview of state-of-the-art flywheel systems through graphs, tables and discussions. Key
performance indicators, technologies, manufacturers, and research groups are presented and discussed. The focus
is put on energy density and power of the flywheel systems and on the magnetic bearing technology used to obtain
the best performance.

1 Motivation
A crucial component of any electrical grid is energy storage. It is used to smooth out fluctuations in power

demand and supply, especially in the case of renewable energy sources such as solar cells and wind turbines.
Smaller electrical grids, called micro-grids are found in vehicles such as cars and ships. Here, the demand for
higher capacity energy storage is increasing due to the growth in demand of electric and hybrid vehicles.

When dealing with energy storage in transportation, the key performance indicator is the specific energy density
e [ J

kg ]. If the system is to function, not only for energy storage, but also as peak shaver, the specific power density
p [ W

kg ] must also be regarded. When it comes to a Flywheel Energy Storage System (FESS), the stored kinetic
energy is proportional to flywheel mass moment of inertia and the square of flywheel rotational speed. For a modern
high-speed FESS, the energy is sought to be increased by maximising rotational speed rather than flywheel size
and mass. In this way, power and energy densities are also maximised. The limitations of rotational speed are
related to the following:

- For high rotational speeds, the centripetal stresses will at some point cause the flywheel to burst. The speed
limit is thus dictated by the maximum tensile strength of the flywheel material.

- The high rotational speed also leads to an undesirable large amount of friction between the flywheel surface
and the surroundings. This necessitates the use of a vacuum environment which complicates the use of conven-
tional hydrodynamic and ball bearings due to the vaporisation of bearing lubricant. Furthermore, limitations
related to stability, damping, and friction make conventional bearings unsuitable if FESS is to compete with
electrochemical batteries on energy density as well as efficiency and reliability.

2 Literature Review
The above listed limitations have until recently caused FESSs to be inferior to electrochemical batteries.

However, recent technological advancements within lightweight fibre composites with large tensile strength, mo-
tor/generators, and Active Magnetic Bearings (AMBs) have now enabled an increase in rotational speed and con-
sequently high energy and power densities. A sketch of a modern FESS can be seen in Fig. 1.

AMBs first got into the spotlight of FESS applications in the 1960s with the introduction of high-strength
fibre composite flywheels that dramatically improved the stress limitations and consequently the limit on rota-
tional speed [15] [32] [71]. This led to the first reports on magnetically suspended flywheels in the start 1970s
where aerospace agencies such as NASA among others found them relevant [84] specifically for attitude con-
trol [87] [40] [82] [77], energy storage [72], and the combination of the two [62]. Although the above references are
primarily focused on experimentally demonstrating the concept, it was from the beginning acknowledged that the

282



Rotor

Rotor fibre composite hub

Motor/generator

Radial magnetic bearing

Axial magnetic bearing

Vacuum enclosure

Figure 1: Modern high-speed FESS.

whole system dynamics must be accounted for when designing AMBs: ”Unlike ball bearings, magnetic bearings
are an intimate part of the overall design, and cannot be specified in terms of simple mechanical interfaces” [77].
This is because AMBs use closed-loop control of electromagnetic coils which, as opposed to conventional bear-
ings, introduce additional degrees of freedom into the system. To begin with, however, simple spring-mass-damper
models were used to design the AMBs. Through the years, the models improved to more advanced rotor-bearings
models accounting for flexible modes and more advanced AMB controls [23]. Consequently, FESS performance
has been continuously increasing to a point where too high stresses in the flywheel material again becomes the
limiting factor. Experts are looking towards the potential of using new flywheel materials such as graphite in order
to further increase rotational speed [10] [75]. Currently, FESSs with energy densities up to 80 Wh/kg have been
manufactured [20]. In comparison, modern lithium-ion batteries can contain up to approximately 180 Wh/kg [6].
An overview of the specific energy and power density in different FESSs found in the literature can be seen in
Table 1 accompanied by Fig. 2. Items 1 and 2 in the table are both Integrated Power and Attitude Control Systems
(IPACSs) from NASA, which function as combined energy storage and attitude control for satellites. Items 3-15
are university prototypes (PT). Items 16-22 are commercially available Uninterruptible Power Sources (UPS) and
large scale energy storage systems. Items 23-26 are Kinetic Energy Recovery Systems (KERS) for race cars. Item
27 is also aimed for vehicle applications with a highly repetitive duty-cycle such as excavators and commuter trains
or buses.

As seen, Li-Ion batteries still have higher energy and power densities than FESSs. However, the flywheels have
now reached levels of same orders of magnitude as the electrochemical batteries, which make them a lucrative
alternative due to numerous advantages which are listed by the FESS vendor Calnetix in [41] and included here as
Table 2. Successful tests of 112,000 discharge cycles are carried out in [8] and the round-trip efficiency is reported
as high as 85-95% [14]. In [31], the self-discharge time constant for a 500 Wh FESS is reported to be several days.
The NASA G3 IPACS from Table 1 has a total parasitic loss of around 80 W when going full speed storing 2136
Wh.

The FESS examples from Table 1 form only a fraction of all the actors currently involved with the technology
– a list of 27 different manufacturers and 28 different research groups are given in [39]. The applications are both
stationary systems such as the UPS systems seen in Table 1, storage for renewable energy sources, and mobile
systems.

The mobile systems are in particular challenging to design due to vehicle movements, especially because
they cause large gyroscopic effects. The gyroscopic loads are proportional to the mass moment of inertia, the
rotational speed, and the tilting rate of the flywheel rotational axis, and they will thus inherently be large when a
high speed, high inertia flywheel is subject to movements. The flywheel will strongly resist any tilt motions and
will reciprocate large forces through the bearings and the rest of the system. This is utilised for satellite attitude
control in the IPACS shown in Table 1, but are otherwise regarded as unwanted and are significantly increasing
the required load capacity of the bearings. This means that mobile FESSs usually comprise a suspension made of
conventional bearings. This is, for example, the case for the KERSs seen in Table 1.

Magnetic suspension is, however, needed if FESSs are to compete on life-time, efficiency, and energy density.
As seen for stationary and satellite FESS systems, the proper design of AMBs is based on proper determination
of forces and dynamics through rotor-bearing models of varying complexity. This is also the case for a mobile
FESS although here, the movement of the foundation (base motions) might have to be accounted for. This includes
dynamics of bodies such as the housing as well as accelerations of the vehicle/vessel from e.g. manoeuvring or
outer perturbations. The following gives an overview of previous work related to this modelling problem.
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Name Manufacturer e Wh
kg

er
Wh
kg

p W
kg

pr
W
kg

Ref.

1 G3 IPACS NASA 35.5 80 54.8 124 [20]

2 G2 IPACS NASA 5.3 23.1 10.1 44 [1]

3 Uppsala PT Uppsala Uni. 11.9 18.6 64.4 101 [4] [5]

4 Chemnitz PT Chemnitz Uni. 3.0 - 375 - [52]

5 Bialystok PT Bialystok TU - 18.5 - 667 [60]

6 Darmstadt PT TU Darmstadt - 13.9 - 392 [70]

7 Austin low-cost Uni. at Austin 2.2 6.0 279 774 [38]

8 Zhejiang PT Zhejiang Uni. - - - 347 [13]

9 Chiayi PT C. C. Uni. - 1.32 - 24.1 [86]

10 500 Wh PT FZ. Jülich - 18.7 - 652 [31]

11 Shaftless PT Texas A&M - 16.7 - 16.7 [51]

12 Maryland PT Maryland Uni. - 14 - - [95]

13 Calnetix PT Uni. at Austin - 32.7 - 2213 [57]

14 Wien PT TU Wien - 3.33 - 6.66 [79]

15 ComFESS KOYO SEIKO - 12 - 4 [45]

16 VDC XXE Calnetix 2.5 13.0 365 1923 [41]

17 XT 250 UPS ActivePower - 6.3 - 919 [66] [67]

18 HD 675 UPS ActivePower - 3.8 - 875 [65] [67]

19 Powerbridge Piller Power Sys. 1.0 2.0 400 828 [12] [41]

20 BP 400 Beacon Power - 22.0 - 88 [68]

21 EnWheel22 Stornetic - 5.1 - 31 [79] [83]

22 Model 32 Amber Kinetics 7.1 - 1.76 - [46]

23 KERS GT3R Porsche 6.6 - 3158 - [69]

24 KERS E-Tron Audi 3.6 - 5556 - [69]

25 KERS MK4 Williams HP 8.3 - 2182 - [69]

26 KERS F1 sys. Flybrid Autom. 4.4 22.2 2400 12000 [3]

27 TorqStor Ricardo 0.56 - 1010 - [76]

Prediction NASA - 3·103 - - [75]
Table 1: Energy and power density, e and p, for different FESSs. The energy and power density only accounting for rotor mass

and not housing is also given as er and pr . A prediction made by NASA is also included. It is based on a flywheel rotor made

of nanofiber. Abbreviations used in table: Integrated Power and Attitude Control (IPACS), ProtoType (PT), Uninterruptible

Power Source (UPS), Kinetic Energy Recovery System (KERS).
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Flywheel DC Source Lead Acid Battery

Maintenance Minimal/Annual Frequent/Quarterly

HVAC costs None High

Availability (MTBF) >50,000 hrs >2,200 hrs

Life expectation 20 years 3-4 years

Installation cost Low Medium to High

Hazardous Materials None Lead and Acid

Toxic, explosive gas emissions None Hydrogen

Footprint Small Large to very large

Diagnostics / monitoring Accurate Speculative

Disposal requirements None Yes

Fire hazard permitting None Often

Shelf life No Yes
Table 2: Advantages of FESSs as presented by the FESS vendor Calnetix in [41]. Abbreviations used in the table: Heating,

ventilation, and air conditioning (HVAC); mean time between failures (MTBF)

Figure 3: Gimbal-mounted FESS

In 1980, T. McDonald [55] and H. Otaki [63] presented simple gyrodynamic calculations of a vehicle FESS that
can be used for bearing design. In 1989, Genta demonstrated the usefulness of using modelling to improve mobile
FESS performance [33]. He presents a finite element nonlinear rotor-dynamic model of a kinetic energy storage for
a hybrid bus. The flywheel is assumed rigid and the focus is put on the compliant roller element bearings used for
suspension. Using the model, structural improvements are introduced to the bearings and supports which results
in a system that can run steady in the operation range. One of the first investigations of AMBs for a transportable
FESS, rather then roller bearings, is found in [58]. The article focuses on a transit bus application and provides
acceleration data from real measurements to quantify bearings loads. The loads are categorised as shock, vibration,
and manoeuvring with one important sub-category of manoeuvring: gyrodynamics. They advise that the flywheel
spin axis should be vertically oriented and that a passive gimbal mount is used to avoid large gyroscopic loads
as seen in Fig. 3. In [35] a gimbal-mounted FESS with magnetic bearings is experimentally tested when subject
to perturbations equivalent to 150 % of maximum expected bus frame values. In [29], endurance performance
testing of the same experimental test rig is presented. In [73] [80], a FESS is mounted in an active gimbal, installed
in a reconfigured golf cart, and successfully used to power the vehicle. For the mitigation of gyroscopic loads,
the Toyota Central R&D Laboratory in cooperation with Nagoya University developed a test rig with a FESS in
an active gimbal in [61]. For ship applications in particular, no experimental tests have been reported. Calnetix
presents the conceptual design of a FESS for naval application in [42] based on the above mentioned FESS for
transit bus application which has already proven operational during base motions. The naval Surface Warfare
Center together with FESS vendor Beacon Power discuss technical challenges of operating a FESS onboard a ship
in [56]. The discussion comprises shock tolerances and the dynamical shipboard environment. In [91], a control
algorithm for AMBs is presented which is designed specifically for reducing vibration in marine applications
where the AMB-rotor system is subject to wave motions. Comprehensive overviews of literature dealing with
AMB-suspended rotors subject to base motions can be found in [44], [91], and [22]. Here, the outer perturbations
are handled through tailored control schemes. For FESSs in particular, rather than rotors in general, it can be
ascertained from the above mentioned examples on experimental FESS tests, that the gyroscopic forces can easily
become too large for the controller to handle and instead the FESS is mounted in a gimbal.

A brief overview of literature concerning the design of magnetic suspension for FESS is given below. Three dif-
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ferent types of magnetic bearings are used for flywheel application: Permanent Magnet Bearings (PMBs), AMBs,
and high temperature superconducting (HTS) bearings. The latter have the strong advantage of creating a stable
equilibrium without any active control. It does, however, only provide low damping on its own [43] and is expected
to be used in combination with other forms of damping [2] such as eddy-current dampers (ECDs) or AMBs. Fur-
thermore, HTS bearings rely on operating temperatures around and below 80 K, and finally, the force density and
stiffness is about 3 − 4 times larger for AMBs than HTS bearings [90]. The HTS bearings will not be regarded
further in this paper due to their lack of damping, their need of a cooling system, and their lower force density.

PMBs
The motivation for looking into pure passive PMBs is that they are used in multiple FESS designs from different

independent insitutions [89] [92] [53] [86] [88] [70]. Due to the low damping in PMBs, it is a challenge to
ensure sufficient axial damping. Also, because PMBs do not provide stable levitation on their own [24], they will
contribute with a radial negative stiffness to the system which increases the work load one the radial AMBs. A
detailed literature review on PMBs is found in [18].

AMBs
An AMB consists of four components: position sensor, controller, amplifier and electromagnet. In Table 3, an

overview of the hardware components chosen for different FESS solutions is given.
The state-of-the-art AMB technology for FESSs is well represented in the NASA IPACS [1]. To increase

reliability, each IPACS AMB has six electromagnets. Only three electromagnets are necessary for full control in a
plane and thus the AMB has three redundant electromagnets. In case the AMB still fails, backup/touchdown ball
bearings are present to catch the rotor. The IPACS backup bearings are designed based on a rotordynamics analysis
of the touchdown event. The design is aimed at preventing whirl mode instabilities. O-rings and squeeze-film
dampers are used to control stiffness and damping. The backup ball bearings are rated to operate beyond 150 oC
making them able to function even when a large amount of heat is dissipated due to friction during touchdown.
In IPACS AMBs, the eddy-current energy losses are reduced by using a homopolar configuration and insulated
steel sheet laminations. Finally, permanent magnet (PM) bias is used rather than a bias current to avoid ohmic
losses from the bias current. The amplifiers are of the pulse width modulated (PWM) type with power filters to
reduce current ripples resulting in a low energy loss amplifier solution. This means that only the hysteresis and
eddy-current losses are of any significance. For the IPACS G2 AMBs, these losses are estimated to be around 1
W [1] at full speed (525 Wh).

Another way of avoiding ohmic losses from bias currents is to simply avoid using any bias which was done by
Rachmanto et al. [73] [80] in a FESS used to power a golf cart. Notably for the AMBs used for this FESS is the
air gap between the AMB stator and rotor, which has a recorded low between 0.125 mm [73] and 0.2 mm [74].

With regard to sensors, eddy-current proximity probes are most commonly used as seen in Table 3. How-
ever, low-cost inductive sensors are now seeing use in commercial products such as AMB solutions from Cal-
netix [28]. Even though inductive sensors have lower bandwidth than eddy-current sensors, their bandwidth is
still high enough for most FESS applications. They are furthermore easy to co-align axially with the rest of the
components as they can be made using the same hardware components as a radial AMB electromagnet. Due to
their low cost and their easy coaxial alignment, they are an obvious choice for future commercial FESSs. Low cost
eddy-current sensors printed on PCBs are also available under the name of transverse flux sensors [50]. They have
been patented by the AMB vendor MECOS [9]. Finally, there are different types of flux sensors, for example one
patented by FESS vendor Calnetix [26].

With regard to amplifiers, it can be seen in Table 3 that PWM amplifiers are commonly used. The amplifiers
usually have an inner feedback control loop, which controls the current based on current measurements from a
hall-effect sensor or a shunt-resistor. This loop is operated with a higher sampling time than the outer position
control loop. Alternatively, the inner current control loop and the outer position control loop can be combined into
a better performing multiple input, multiple output (MIMO) voltage controller [81] or flux controller [25].

As seen in Table 3, the controller hardware commonly consists of some rapid development platform like
dSPACE or National Instruments FPGA or Real-Time hardware. Low-cost digital signal processors (DSPs) e.g.
from Texas Instruments (TI) are used for more commercially mature FESSs. Many different forms of control algo-
rithms have been implemented successfully in operational FESSs. From simple decentralised PID-algorithms [4]
to model-based MIMO modal control with special focus on damping eigenmodes and dealing with the large gyro-
scopic effects present in FESSs [21] [37]. Another important controller feature in FESS application is the reliability
which can be improved using robust control in [86] [78] [59]. The energy efficiency is also important, thus the
controller can be synthesised for minimum control effort as in [60]. Another way to reduce control effort is to use
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a nonlinear zero-bias controller as in [7]. Generally speaking, the control effort is reduced by aiming at giving
the AMB a low stiffness when used in FESS applications. However, due to the external perturbations present in
mobile applications, one should take care to ensure that the controller is not imposing too low stiffness and that it
is still reactive during large accelerations. Finally, another obvious AMB feature that can be utilised to reduce the
control effort, is unbalance compensation as seen in e.g. [64].

In order to ensure system safety even in the case of AMB failure, experimental tests of drop down events have
been carried out [36] [30] [93] as well as analytical predictions such as the above mentioned simulations from
NASA [1].

3 Ongoing FESS research at the Technical University of Denmark
As seen in the above literature study, gimbal mounts are commonly used to mitigate the unavoidably large

gyroscopic effects present in a mobile FESS. As also seen, mobile FESSs with magnetic bearings have been
experimentally demonstrated in only a few research projects, whereas the theoretical basis of the designs are
undocumented except for a few simple cases. This raises a number of research questions.

First, to design the AMBs properly, their load-carrying capacity must be accurately determined. The forces
provided by the AMBs are frequency-dependent meaning that the force magnitude will depend on how fast the
bearing has to provide the force. In this connection:

- Is it possible to theoretically and experimentally quantify the frequency-dependant AMB forces, as well as the
other forces in the system, based on the movements of the vehicle? If yes, how accurately?

- Is it possible to quantify the difference in force magnitudes for a gimbal-mounted and non-gimbal-mounted
system? If yes, how accurately?

Second, the implementation of a gimbal mount will introduce additional dynamics such as movements of the
flywheel housing. This might have negative consequences:

- Will the controller face difficulties in stabilising the flywheel when the housing and gimbal can move and their
inertia effects cannot be neglected?

- Are there cases, where the additional dynamics can cause unintended large movements of the gimbal and
housing?

- When gimbal-mounted, the system will resemble a gyrocompass which functions by having a rotating disc
interacting with the rotation of the Earth. Will the gimbal mount cause the flywheel to behave as a gyrocompass
and will this be a problem?

Last, in addition to the AMBs, the magnetic suspension also consists of PMBs. In this connection:

- Is it possible to quantify the forces in the PMBs – both the forces related to axial and radial rotor displacements
(stiffness) and related to axial rotor velocities (eddy-current damping)? If yes, how accurately?

These questions have been answered in a number of recent articles [16], [17], [19], and [18]. The dynamic
consequences of introducing a passive gimbal mount is dealt with in [16]. A global mathematical model is pre-
sented, which couples the dynamics of the flywheel rotor, active and passive magnetic bearings, housing, and a
passive gimbal. The original contribution consists of coupling a multi-body model of a gimbal-mounted FESS
subject to outer perturbations with the magnetic forces from active and passive magnetic bearings. The magnetic
forces are represented in vector form using moving reference frames. The housing and the gimbal are moving and
their inertias are included in the model. Their interactions with the rotor-bearing dynamics are investigated. The
coil dynamics of the active magnetic bearings are included in the model as well as the controller dynamics. The
model is applied to three different test scenarios showing bearing loads as well as rotor and housing movements
with and without the gimbal mount.

In [17], the above mathematical model is validated by comparing simulated and experimentally obtained move-
ments of flywheel rotor and housing. The experimental results are obtained using a novel test bench with a modular
design making it ideal for testing different types of designs. The AMBs are designed and manufactured in coop-
eration with FESS manufacturer WattsUp Power and have been produced with high focus on economic feasibility.
The original contribution consists of, in addition to the experimental validation, a thorough documentation of the
test bench design and a comprehensive set of experimental data, which can be used for other researchers, e.g. for
benchmarking and validation.
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In [19], the above mathematical model and the experimental test bench are used to investigate the forces recip-
rocated through the system. The AMB bearing loads are given particular focus. The original contribution consists
of presenting theoretically and experimentally obtained maximum reaction forces when the foundation is moving.
The forces in a gimbal-mounted FESS are compared with the forces when no gimbal mount is present. The differ-
ences in force amplitudes are highlighted.

Article [18] deals with the design and test of PMBs. Already established methods for finding bearing stiffness
and damping are applied to the specific application of a mobile FESS. The original contribution consists of further
developing the established methods with the following:

- The analytical method presented by Lang and Lembke in [49] for evaluating forces and stiffness in a compu-
tationally efficient way may have limited applicability due to the assumption that all materials have relative
permeability equal to one. This work investigates the limitations of this assumption by comparing the method
with a numerical method and with experimental results in a test case where some material with relative per-
meability much higher than unity is present.

- If the AMB forces are nonlinear within the operational area, the PMBs cannot be modelled using a single
linear stiffness. This work presents a semi-analytical method for determining the radial forces in the general
3-dimensional case. The method is accurate for small perturbations and can thus be used to asses the linearity
of the radial force. The method is validated experimentally.

- A method for estimating eddy-current damping has been validated against cases where the magnets approx-
imate dipoles in [34]. This work contributes further to the validation of the method in [34] and shows that
the method agrees well with experimental results in cases where the magnets cannot be modelled as dipoles.
This work also shows how to numerically assess whether self-inductance can be neglected when estimating
eddy-current damping.

4 Conclusion
This paper has given an overview of FESS with special focus on mobiles applications. The power and energy

densities of physical systems produced and tested around the world have been presented and compared to conven-
tional electrochemical batteries. It is seen that the power and energy densities of FESSs are still lower than those
of the Li-Ion batteries, although the FESS densities are now reaching the same level of magnitudes. Advantages
of FESS over electrochemical batteries have furthermore been presented. An overview of the AMB components
used in FESS applications has also been given and discussed. This provides useful insight for choosing the right
components when designing the AMBs.

For mobile applications, the gyrodynamics become a challenge and thus only a few research groups have been
dealing with FESSs with AMBs. One way to mitigate the gyrodynamic loads are by using a gimbal mount which
has also been suggested and tested in the literature.

At the Technical University of Denmark, a mathematical model has been developed that can simulate the
dynamics of a FESS suspended in both active and permanent magnetic bearings and gimbal-mounted when subject
to base motions. The model has been experimentally validated using a test rig fully resembling the simulated
system. The model and the experiments agree in terms of flywheel rotor movements, housing movements, AMB
forces and coil currents, and finally PMB forces.
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Abstract 
During commissioning a newly installed Gas Turbine Generator (GTG) experienced unusual behavior on 

October 20th, 2017 when the circuit breakers unexpectedly opened on two separate occasions, resulting in two 
separate trip related events. Post the circuit breaker related trip events and during subsequent restarts, the 
gearbox high speed shaft (HSS) drive end bearing (3) direct vibration values were found to breach the OEM 
assigned Danger set-point (trip value) during early loading, resulting in further vibration related trips. 

Review of the post trip event vibration data indicated high levels of sub-synchronous vibration at the gearbox 
HSS drive end bearing (3) which manifest immediately post synchronization during the initial (early) loading 
period, with the dominant frequency of vibration measured at 0.41x shaft rotation frequency orders. This 
dominant gearbox sub-synchronous vibration was attributed to a fluid-based instability issue, with dominant 1x 
synchronous vibration only measured across the coupling at the gas turbine drive end bearing (gas turbine 
imbalance symptoms). 

It was reasoned that the alignment between the gas turbine and the gearbox had likely changed, with the 
gearbox possibly twisting and/or deforming during the two-initial high-torque trip related events. Verification of 
the gas turbine to gearbox alignment should be the first course of action, as part of a full mechanical 
investigation. If the gearbox had indeed moved and/or deformed during the high-torque circuit breaker related 
events, gearbox internal alignment related issues would be expected, such as tooth meshing issues, as well as the 
potential for increased gearbox oil seal clearances and potential bearing damage. 

When a full mechanical investigation was finally completed some six weeks post the initial circuit breaker 
trip related events, a gas turbine to gearbox misalignment condition was indeed confirmed. Additionally, it was 
verified that the gearbox HSS oil seals had in fact rubbed and all gearbox low speed shaft (LSS) bearings had 
“wiped” (badly worn bearings). Finally, internal inspection of the gear set revealed abnormal tooth contact. 

After the completion of the GTG repair, the gearbox high speed shaft fluid-based instability issue has been 
fully resolved with the gearbox sub-synchronous frequency no longer evident through the various load ranges. 
The remaining gas turbine imbalance issue was only then resolved by BHGE, with in-situ trim balancing (one 
shot balance) was performed, which resulted in a notable decrease in gas turbine 1x synchronous vibration. 

Nomenclature 
GTG – Gas Turbine Generator 
DE Brg– Drive End bearing, 
NDE Brg – Non-Drive End bearing, 
HSS – High Speed Shaft, 
LSS – Low speed shaft, 
GB – Gearbox, 
FSNL – Full Speed No Load condition. 
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1  Introduction 
BHGE’s Machinery Diagnostic Services team was invited to perform vibration data acquisition and 

subsequent analysis during start-up of a newly commissioned 22 MW GTG unit. The drive train consists of gas 
turbine driving a step-down gearbox driving a two-pole, air cooled 50 Hz generator (3, 000 rpm). The generator 
rotor is supported by elliptical journal bearings with a rigid design gearbox low speed shaft to generator 
coupling. 

 All GTG drive train bearings are monitored via Bently Nevada X/Y Proximity probe systems, orthogonally 
mounted (45° L & 45° R) and connected to the control panel. Gas turbine rotation is counter-clockwise, when 
viewed from gas turbine to generator (driver to driven). 

The GTG is a newly installed and commissioned unit which experienced unexpected impact due to the 52B 
circuit breaker unexpectedly opening and closing on two separate occasions on October 20th, 2017, with the unit 
tripping off-line on both occasions.  

After the two separate October 20th, 2017 circuit breaker trip related events, gas turbine and gearbox radial 
direct vibration values increased with the gearbox high speed shaft drive end bearing values breaching the OEM 
assigned Danger (trip) set-point. Additionally, the initial start-up gas turbine direct and 1x synchronous vibration 
values exceeded the OEM Alert set-point (imbalance symptoms). 

2  Data collection 
Shaft relative vibration data acquisition was performed utilizing a Bently Nevada ADRE 408 DSPi which 

was connected to all field instrumentation via the control panel. See figure 1. 

Figure 1: GTG drive train diagram with transducer measurement locations. 

After the generator was synchronized and before 2 MW load was achieved, gearbox HSS drive end bearing 
direct vibration values breached the OEM Danger set-point. Figure 2 presents the HMI direct vibration trends for 
the October 23rd, 2017 start-up verifying that the GTG tripped off-line with high vibration measured at vibration 
channel 007A (gearbox HSS drive end bearing 3).  
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Figure 2: Gearbox shaft relative vibration, historical HMI trends, µm pp. 

The October 23rd, 2017 vibration trip related event data was reviewed. It was determined that during early 
loading direct vibration values measured at the gearbox HSS drive end bearing (3) were variable with the 
corresponding 1x synchronous vibration remaining steady throughout. See Figure 3. 

Figure 3: Gearbox shaft relative vibration FSNL, loading up to 2 MW. 

Based on ISO 7919-4 (Mechanical vibration of non-reciprocating machines – Measurements on rotating 
shafts and evaluation criteria – Part 4: Gas turbine sets) standards, the Generator unit vibration levels for the 
relative vibration transducers were in zone B – machines with vibration within this zone normally considered 
acceptable for unrestricted long-term operation. However, for newly commissioned machines the vibration 
within zone A is expected. 

3  Data analysis and malfunction investigation. 
The maximum gearbox shaft relative vibration direct values were measured during the 2 MW load period. 

The OEM Danger (trip) set-point for the high-speed shaft bearings is 107 µm pp. This value was breached hence 
the unit tripped off-line. 

The direct (compensated) orbit/timebase plots for gearbox HSS bearing 3 obtained on October 25th, 2017 
presented in Figure 4 are circular with forward precision. The dominant frequency was < 1/2x synchronous (8 
Keyphasor dots per 3.5 revolution) with direct values increasing/decreasing in line with load increases/decreases. 
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Figure 5 presents the full spectrum asynchronous waterfall plots for the two gearbox HSS bearings (3 & 4) 
during the full speed no load (FSNL) and early loading (2 MW) periods highlighting the dominant sub-
synchronous vibration at 0.41x shaft rotation frequency orders. 

Figure 4: Direct orbit/time base plots (compensated) of bearing #3 during steady state 

Figure 5: Full spectrum asynchronous waterfall plots for bearing 3 & 4 highlighting the manifestation of 
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Fluid induced instability (oil whirl) was suspected for the gearbox high speed shaft bearings. Such 
phenomena could also manifest due to unloading of the high-speed shaft bearings [1,2].  

Two gear forces are imposed on the pinion, one is termed the tangential force which acts upward, and one is 
termed the separating force which acts to push the pinion away from the gear. The magnitudes of both forces are 
function of transmitted load and hence may vary as the machine condition is changed.  

The configuration is a double helical gear. The tangential force is the total transmitted divided by the pitch 
radius. For the separating force the pressure angle is needed which we don’t see on the documentation available. 
With common pressure angles (around 20 deg.), typically the separating force will work out to be about 1/3 the 
tangential force. Thrust of course is cancelled when assuming a 50%/50% torque split. 

With the rotor weights, the free body diagram can be constructed showing the force acting on each rotor at 
given speed and load. The pinion weight is 7553 N (769.6 kg) and the gear weight is 62408 N (6361.7 kg).  Gear 
tangential and separation forces due to transmitted torque at 2 MW load were calculated to define both rotors 
movements in the direction of resulting forces [3]. (Fig.6-7, Equations 1-5): 

Figure 6: Gear loading (down mesh reducer type) 

𝑃𝑃 = 2𝑇𝑇
𝐷𝐷

 ,        (1) 

𝑇𝑇 = 𝑁𝑁
𝜔𝜔

 ,       (2) 

𝑆𝑆 = 𝑃𝑃 ∗ tan𝜙𝜙 ,       (3) 

FP = �(𝑃𝑃 −𝑊𝑊P)2 + 𝑆𝑆2 ,     (4) 

FG = �(𝑃𝑃 + 𝑊𝑊G)2 + 𝑆𝑆2 ,      (5) 

where, 
P – tangential force, N; 
S – separation force, N;  
FP – resultant force on pinion, N; 
FG – resultant force on gear, N; 
D – pinion pitch diameter, m; 
T – torque, Nm; 
N – power, Watt; 
ω – pinion speed, rad/s; 

 𝜙𝜙–  is normal pressure angle in degrees; 
WP – pinion weight force, N; 
WP – gear weight force, N. 

Tangential force, P = 20587 N; 
Separation force, S = 7493 N; 
Resultant force on pinion, FP = 15034 N; 
Resultant force on gear, FG = 83333 N; 
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Figure 7: Estimation of designed active gear elements forces at 2MW load condition. 

For the rotation shown, the pinion, which is the driver, will tend to lift with the driven gear moving in the 
opposite downward direction. The summation of the vertical forces on the pinion is the net of the tangential force 
acting upward with the rotor weight acting downwards. For the gear set in our case, the tangential force and rotor 
weight both act downward. At 2 MW load it can be shown that the resultant of these forces coupled the rotor 
weight defines a pinion driven upward and to the right as shown in Figure 7. 
Based on the calculations in Figure 6, the gearbox high speed shaft pinion should lift to the upper quadrants of 
the diametrical bearing clearances. However, as the actual pinion movement is contrary to the expected 
movement, additional forces acting upon the pinion can be expected hence the pinion movement is deemed as 
abnormal. For example, preloading due to misalignment or rub condition can overcome the resultant calculated 
forces presented in figure 6. Thereafter, unexpected (abnormal) pinion operating position can result, as in this 
instance, with the potential to induce a fluid-based instability condition. 
The calculated resultant force on the HSS at 2MW load is about two times that of the gravity force, forcing the 
pinion to be located in the upper half of the bearing clearance. 

Figure 8: Gearbox HSS shaft bearing 3 & 4 shaft centerline plots 
during startup (blue), steady state (black) & shutdown (red) operating states 

The gearbox HSS shaft centerline plots are presented in Figure 8. Gearbox bearing 3 and 4 high speed shaft 
startups, full speed no load and early loading (up to 2 MW) operating positions do not match the expected 
positions as per the calculations presented in figure 7, with the high-speed shaft (pinion) moving in the opposite 
direction to the gear loading calculations (down mesh reduction gear set). Additionally, the “at rest” or zero rpm 
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high speed shaft positions, required for meaningful shaft centerline plot compensation, could not be accurately 
determined. 

Improper Gearbox bearing loading, coupled with preload forces was suspected. The likely root cause of the 
suspected radial preload was attributed to gearbox casing deformation resulting in both external and internal 
gearbox misalignment inducing the high-speed shaft bearing 3 fluid induced instability issue.  

the below recommendations were provided to the customer: 
• Verify the alignment condition between gas turbine and gearbox high speed shaft.
• Verify the gearbox high speed shaft bearing 3 clearances.
• Investigate potential blockages associated with the lubricating oil path oil paths with emphasis

placed in and around the bearing 3 location.
• Verify the internal alignment by performing a contact (blue) test on gear set.

During inspection below malfunctions were found: 
• Gas turbine to gearbox high speed shaft misalignment.
• Gearbox high speed shaft oil seal rubs.
• Wiped gearbox low speed shaft (LSS) bearings.
• Distorted/twisted gearbox casing.
• Improper gear tooth contact.

It should be noted that the gearbox HSS bearing clearances remained within OEM specifications with no 
remedial maintenance activities required. 
During corrective maintenance activities, the gas turbine to gearbox and gearbox to generator alignment issues 
were resolved (re-alignment) as was the gear tooth contact issue. The gearbox high and low speed shaft oil seals 
were replaced as were both low speed shaft plain bearings. Thereafter, the as per design gear loading was 
achieved with no evidence of the fluid induced instability phenomena.  

Figure 9: Gearbox high speed shaft bearing 3 full spectrum asynchronous waterfall plot 
 (post gearbox repair). 

304



Figure 10: Gearbox high speed shaft bearing 3 compensated direct orbit/time base plots – pre (left hand plot) 
& post (right hand plot) repair during steady state operation. The dominant pre-repair vibration frequency was < 

1/2x synchronous with dominant 1x synchronous vibration only post the repair. 

The high levels of gas turbine 1x synchronous vibration (unbalance symoptoms) measured during the initial 
start-up are presented in the figure 11 1x polar plot, with gas turbine bearing (compensated) direct and 1x filtered 
orbit/time base plots presented in figure 12. 

Figure 11: Gas turbine bearing 1 (NDE) 1x compensated polar plot with > 100 µm pp measured during steady 
state operation (unbalance symptoms) 

Blue line data represents a normal start-up 
Red line data represents the vibration trip event (abnormal shutdown) 

Figure 12: Post repair gas turbine compensated direct orbit/timebase plots are elliptical with forward 
precession and are indicative of an imbalance condition. This issue was corrected by BHGE by means of in-situ 

trim balancing (one shot solution) 
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Figure 13: Post repair gas turbine compensated 1x filtered orbit/timebase plots are elliptical with forward 
precession and are indicative of an imbalance condition. This issue was corrected by BHGE by means of in-situ 

trim balancing (one shot solution) 

 Trial weight calculation recommendation: 
Rotor weight ≈ 9, 100 kg; balancing speed ≈ 5, 110 rpm; balancing plane radius ≈ 139.7 mm; calibration 

weight ≈ 10%; trial weight ≈ 224 gram @135° (ref: XT-1X CW). 
In accordance with Gas turbine OEM reference for trim balance: 
• Minimum added weight for one hole: 28 grams (short screw without shim)
• Maximum added weight for two holes: 312 grams
• Available weight locations: 14 holes.

Finally, available trial weights were installed on available locations: 
• 90 grams on bolt #5 (102.8° from XT-1X CW)
• 90 grams on bolt #6 (128.5° from XT-1X CW).

The two calculated trial weights above were installed on the accessory gearbox coupling hub. This resulted in 
a significant decrease in 1x synchronous gas turbine vibration, as can be viewed in figures 13 (1x polar plot) and 
14 (1x filtered orbit plot). No further trim balancing was required thereafter (one shot solution). 

Figure 14: Gas turbine bearing 1 compensated 1x polar plots 
pre-repair (Red) post balancing (Blue) 
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 Figure 15: Gas turbine bearing 1 1x filtered (compensated) orbit plots 
pre-repair (Orange) post balancing (Blue)  

4  Conclusions 

The October 20th, 2017 circuit breaker related trip events had a negative impact on the drive train gearbox 
integrity resulting drive train misalignment, gearbox oil seal deterioration and wiped low speed shaft bearing as 
well as foundation and gear set tooth meshing related issues. During subsequent re-starts, a fluid induced 
instability condition was diagnosed at the gearbox high speed shaft drive end bearing (3) which was specifically 
attributed to unloading of the bearing during early loading.  

Performing corrective maintenance activities as per BHGE’s recommendations, namely gas turbine to 
gearbox re-alignment and gearbox foundation corrections negated the gearbox high speed shaft fluid-based 
instability issue. This enabled a successful GTG re-start with subsequent loading/generation thereafter.  

The single shot balance solution applied to the gas turbine rotor (accessory gearbox coupling hub) resulted in 
a significant decrease in 1x synchronous vibration with gas turbine direct vibration reduced to within ISO 
specifications within the shortest possible time frame. 
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Abstract 

The paper discusses the selection and optimisation of the bearing system for a high-speed rotor of the 

turbogenerator with a vapour microturbine. The turbogenerator was designed for the use in a domestic organic 

Rankine cycle (ORC) system. Its maximum rotational speed is 120,000 rpm, which requires special attention to 

be given to the bearings. Within the framework of the conducted research, kinetostatic and dynamic properties of 

the turbogenerator’s rotor were analysed, taking into account the following variants for its bearing system: 

rolling, gas and foil bearings. After analysing the research results, aerostatic gas bearings powered with a low-

boiling medium have been finally chosen. The article discusses the results of analyses conducted on the rotor 

bearings–system for a wide range of rotational speeds. The obtained results are a proof that the turbogenerator’s 

rotor can operate stably even at the maximum rotational speed. Because the selected bearings do not need oil 

lubrication, it was possible to design the turbogenerator in the oil-free technology. 

1   Introduction 

The demand for micro-power devices that allow generating thermal and electrical energy grew stronger with 

the development of distributed power engineering. Among the various energy systems available on the market, 

ORC (organic Rankine cycle) systems are becoming more and more popular as they enable the production of 

electricity by using thermal energy both from different renewable and non-renewable resources [1]. For the 

production of electric energy, such systems use various kinds of expanders, e.g. screw, scroll, vane or piston 

expanders [17]. Due to their small size and high power density, various types of microturbines are also 

increasingly employed in ORC systems as expanders [7]. Since the rotors in those microturbines operate at very 

high rotational speeds, special bearing systems are required. 

Even though some advances in the development of foil bearings have been taking place in recent years, such 

bearings are still regarded as innovative [3,8]. They do not need an external lubrication system and can be 

lubricated using air or another substance situated in their immediate surroundings. Among various types of foil 

bearings that can be used in rotating machines, gas foil bearings show enormous potential in vapour 

microturbines. The working medium from the thermodynamic cycle may serve as a lubricant in gas foil bearings. 

Such foil bearings can be operated at a high ambient temperature and their rotational speed can exceed 120,000 

rpm. Foil bearings are characterised by high durability and exceptional vibration-damping abilities compared to 

rolling bearings [10,15] that are the most commonly used nowadays. Some modern high-speed machines also 

use magnetic bearings [5], in particular, active magnetic bearings [14]. However, such application is quite rare 

due to the high price of the multi-component system of devices that are needed to control the position of the 

rotor within the gap. Their prices decrease from year to year, opening up an ever-widening range of applications, 

for example, in microturbines. In the field of bearing systems, the use of slide bearings lubricated with 

electrorheological and magnetorheological liquids is a novel solution. The use of such liquids allows controlling 

the properties of the bearing node during its operation [9,13]. In such a system, the electromagnetic field can be 

used to support the operation of slide bearings, altering their dynamic characteristics and load capacity. As a 

matter of fact, such bearings are not widely used in practice. What is more, they are not good candidates for the 
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operation in a high ambient temperature. When discussing innovative bearing systems, shape memory alloys are 

also worth mentioning. As was shown by Enemark et al. in article [4], such alloys can be used for changing the 

characteristics of supports in rotor-bearings systems, which also allows us to actively control dynamic properties 

of the rotor. The authors of this article also have considerable experience in research on high-speed rotors 

supported on gas bearings with a rigid sleeve [7]. Bearings of this type can use an external lubrication system, 

which enables a safe start of the rotor and the operation at low rotational speeds (when the aerodynamic 

lubricating film is not yet stable). 

2   Preliminary selection of a bearing system 

Before selecting the bearings for the turbogenerator’s rotor, analyses of various bearing systems were carried 

out. At the preliminary stage of the research, both widely available and well-known solutions (which are most 

commonly used in this type of machines) as well as unconventional foil bearings were analysed. A rolling 

bearing is a type of bearing which is the most commonly used in engineering. Such bearings are also used in car 

turbochargers that are operated under similar conditions to those of the analysed turbogenerator. Rotors of 

turbochargers used in the automotive industry are usually supported on slide bearings lubricated with oil 

supplied under pressure. However, in the case discussed herein, it was assumed that the turbogenerator would be 

an oil-free device [12]. Therefore, already at the initial stage of the work, the option of using oil-lubricated 

bearings was abandoned. Gas bearings are also a very popular solution in high-speed fluid-flow machinery [7]. 

They can be self-acting (aerodynamic) or aerostatic (which means that they utilise a thin film of high-pressure air 

to support a load). Compared to rolling bearings they are characterised by lower frictional losses and can be 

operated at higher rotational speeds. Therefore, gas bearings were considered in further analyses. Additionally, 

in the framework of preliminary analyses, the possibilities of using gas foil bearings were explored. Bearings of 

this type have a number of advantages and the research team — of which the authors of this article are members 

of — has considerable experience in both modelling such bearings [18] as well as conducting experimental 

research on them [16]. 

Figure 1: The concept of the rotor’s geometry with basic dimensions. 

The nominal rotational speed of the turbogenerator’s rotor is 100,000 rpm. At this speed, the turbogenerator 

should have an electric power of approx. 1.5 kW. It was assumed that the maximum rotational speed is equal to 

120,000 rpm. Because the turbogenerator will be powered by a low-boiling medium’s vapour (instead of steam), 

the operating temperature will not be high. A low-boiling medium’s fresh vapour will be used for powering the 

turbine and its temperature will be around 150 °C. Regardless of the target bearing system, some dimensions of 

the rotor were kept constant during the design process. The values that were not changed throughout the whole 

design process are as follows: dimensions of the generator’s rotor (its length as well as its inner and outer 

diameter) and dimensions of the rotor disc (its length, outer diameter and height of the blades). The initial design 

of the rotor and the dimensions of its basic components are presented in Fig. 1. The dimensions of the rotor disc 

result from the previously performed thermal and flow analyses as well as the optimisation of the blade system. 

The generator’s rotor (whose dimensions are presented herein) was selected based on the offer of one of the 

manufacturers and perfectly met the requirements regarding the rotational speed and the generated power. The 

remaining dimensions of the shaft were adjusted, given the specificity of individual bearing systems. As far as 

rolling bearings are concerned, it was necessary to use at least two bearings in order to support both lateral and 

axial loads. When slide bearings (gas or foil bearings) had been chosen, it was necessary to use at least four 

bearings, namely two radial bearings and two thrust bearings. It had a direct effect on the geometry of the 

analysed rotor and the construction of the turbogenerator. 

A comprehensive analysis of rolling and gas bearings, as well as a comparison between each of them, can be 

found in publication [2]. Major advantages and disadvantages of each of the analysed bearing systems, as well as 

main conclusions resulted from the analyses performed so far, are briefly discussed in the following sections of 

the article. 
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2.1 Rolling-element bearings 

Rolling bearings are manufactured by many companies, which makes them widely available on the market 

and their prices are not high. As far as the bearing system for the turbogenerator’s rotor is concerned, it is 

necessary to use bearings designed for special applications that can be operated at very high rotational speeds 

and at increased temperatures. Such requirements are met by, for example, high precision angular ball bearings. 

Several manufacturers offer such bearings in a hybrid version, i.e. with balls made of ceramic materials. They 

can be operated in increased temperatures and under poor lubrication conditions.  

The use of rolling bearings in the case discussed herein was associated with the necessity of introducing 

considerable structural modifications. Since the maximum rotational speed of rolling bearings depends on the 

diameter of the journal, it was necessary to adapt the rotor design to bearings that can be operated at a speed of 

120,000 rpm. The rotor design was ultimately changed in such a way that journals of the bearings had a diameter 

equal to 8 mm [2]. It enabled the selection of appropriate bearings that have a greater safety margin (in terms of 

the maximum rotational speed), but at the expense of a significant decrease in the stiffness of the shaft. 

Unfortunately, it also caused that the critical speed of the rotor decreased so much that it was lower than its 

nominal speed, which in turn caused a considerable increase in the vibration level. Roling bearings are 

characterised by low damping, which worsened the dynamics of the system. Such a rotor could result in big 

operating problems. As a consequence, the search for better solutions regarding bearing systems for the 

turbogenerator’s rotor went on.  

2.2 Gas bearings 

When gas bearings are employed in a rotating system they enable its operation at higher rotational speeds 

compared to oil-lubricated slide bearings. Like in the case of hydrodynamic bearings, the operation of gas 

bearings can be unstable under certain conditions. Nevertheless, by using appropriate constructional solutions, it 

is possible to reduce the probability of occurrence of this unfavourable phenomenon. A low load capacity is one 

of the disadvantages of gas bearings, which results from the low viscosity of gases. The operation of 

aerodynamic bearings at low rotational speeds is particularly dangerous as damage to the mating surfaces of the 

journal and the sleeve can occur. This problem can be avoided by using aerostatic bearings supplied with a gas 

of the suitable pressure.  

As far as the investigated turbogenerator’s rotor is concerned, preliminary calculations were made for gas 

bearings whose journals had almost the same diameter as the diameter of the generator’s rotor. The length of the 

radial bearings was equal to the diameter of the journal (i.e. the L/D coefficient was equal to 1.0). Results of the 

preliminary calculations showed that the rotor supported on aerodynamic gas bearings has very good dynamic 

properties. Even though the vibration level increased as the rotational speed increased, the vibration amplitude 

did not surpass a value of 2 µm for throughout the whole tested speed range, i.e. up to a speed of 150,000 rpm 

[2]. Such good dynamic properties stemmed not only from the high stiffness of the rotor but also from good 

vibration-damping properties of gas bearings whose operational performance at high speeds was excellent. All in 

all, the preliminary results confirmed that it is possible to use gas bearings. Such bearings should ensure stable 

operation of the turbogenerator rotor in a wide range of rotational speeds, but their final geometry should be 

subject to further, more detailed analyses.  

2.3 Gas foil bearings 

Owing to their certain advantages, foil bearings are increasingly being used in fluid-flow machines operating 

under harsh conditions. When they are carefully designed (with appropriately chosen constructional materials), 

they can be operated at extremely high rotational speeds and at very high temperatures. As a matter of fact, foil 

bearings are more advanced aerodynamic bearings, in which appropriately shaped thin foils are placed between 

the journal and the sleeve. Those added elements enable us to affect the dynamic properties of bearings, in 

particular, to improve their vibration damping capacity. Because the research team, which performed the work 

described herein, gained considerable experience in researching foil bearings and has in-house software for 

modelling them, they are considered as one of the possible solutions in the turbogenerator that is still at the 

design stage. 

A greater dynamic stability of the rotor at high rotational speeds could be the major benefit of using foil 

bearings in the turbogenerator in question. According to results of the calculations made earlier for the rotor 

supported on classical gas bearings, neither the high vibration level nor the dynamic instability was not a 

problem in the analysed rotating system. Results of the analysis of the rotor with foil bearings showed that even 

though achieving a decrease in the vibration level occurring at some speeds was possible, it was only by several 

per cent. Considering the accuracy of calculations and poor repeatability in manufacturing foil bearings of a 

given geometry it can be concluded that in the analysed case no substantial benefits resulting from the use of 

such bearings would be obtained. Additionally, foil bearings have certain drawbacks such as high starting torque 
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and low accuracy of the rotor alignment. There are no reasonable benefits stemming from the use of foil bearings 

in the analysed case, mainly due to the operating conditions of the turbogenerator. The rotational speed of the 

rotor is very high, but the expected temperature in the immediate vicinity of bearings does not surpass a value of 

130 °C. Foil bearings cannot show their full potential under such operational conditions. That is why it was 

decided to finish works relating to the use of foil bearings in the discussed turbogenerator.   

3   Optimisation of the gas bearing system 

3.1 Numerical model 

Computer programs belonging to the MESWIR series, developed at the Institute of Fluid-Flow Machinery of 

the Polish Academy of Sciences (IMP PAN), were employed for the optimisation of the construction of the rotor 

and the bearing system. Programs from this software package enable conducting kinetostatic and dynamic 

analyses of various types of fluid-flow machines, which can be equipped in different types of bearings. This 

package has been developed for many years [6]. In the last few years, its capabilities have been expanded. 

Among other things, it is now possible to analyse gas bearings and foil bearings. Characteristics of aerodynamic 

gas bearings are determined based on an isothermal model. During calculations, the Navier-Stokes momentum 

equation (assuming constant pressure along the thickness of the lubricating film) and the equation of continuity 

(without mass transfer) are solved, assuming standard boundary conditions used in the analyses of self-acting gas 

bearings. Ultimately, pressure distribution is calculated on the basis of the following Reynolds equation for 

compressible fluids: 
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where: 

p – gas pressure, ρ – gas density, h – thickness of the lubrication, R and Θ – the radial and angular coordinates 

(respectively) in the polar coordinate system, µ - viscosity, z – bearing length, ω – angular speed. 

In the discussed case, the model of the turbogenerator’s rotor consists of 27 Timoshenko-type beam 

elements, with six degrees of freedom at each node. The FEM (finite element method) model of the rotor, for 

one of the analysed geometrical variants, is presented in Fig. 2. In this model, the rotor disc, keep plates of the 

thrust bearings as well as the generator sleeve were considered. It was assumed that the rotor is supported on two 

radial bearings whose dimensions were submitted for optimisation. The diameter of the keep plates of the thrust 

bearings was selected using simplified models of such bearings. The diameter of the rotor disk and of the 

generator’s rotor was constant throughout the whole analysis. The entire shaft was made of steel with a density 

of 7,860 kg/m3 and the rotor disc was made of aluminium alloy with a density of 2,700 kg/m3.  

Figure 2: FEM model of the turbogenerator’s rotor (D – discs, B – bearings, UB – unbalance). 

The numerical model of a gas bearing was used for the purposes of the analysis of the bearing system. In this 

model, dynamic stiffness and damping coefficients are calculated using the perturbation method. For each 

bearing, four stiffness coefficients and four damping coefficients (both direct and cross-coupled) were 

determined for each analysed rotational speed. Vapours of a low-boiling medium — the same medium that 

drives the microturbine — served as a lubricant for the bearings. This medium has a viscosity of 1.01 · 103 

N·s/m2 at a temperature of 130 °C. During the analysis of gas bearings, only aerodynamic phenomena were 

taken into account. This approach allowed us to estimate the lift-off speed of bearings with various dimensions, 

depending on the operating conditions. 
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3.2 Determination of the lift-off speed of gas bearings 

Already the results of preliminary analyses of the rotor supported on aerodynamic gas bearings show that the 

rotational speed at which a stable gaseous lubricating film forms itself is too high (for preliminary values of 

parameters). When both the diameter and the length of each bearing was 16 mm, the lift-off speed (determined 

by a simulation study) was 27,000 rpm (Fig. 3). This means that the dry or mixed friction takes place between 

the journal and the sleeve, which, in other words, means that those components of the gas bearings come into 

physical contact with each other. Although materials of the journal and the sleeve of gas bearings are always 

selected in such a way that no seizing occurs during short contact between them, longer operation under such 

conditions can cause permanent damage. Therefore, before the preparation of the manufacturing documentation 

of the rotor and of the bearings, it was decided to carry out extended research aimed at selecting the bearings’ 

geometry that will enable efficient and failure-free operation of the machine.  

Figure 3: Predicted vibration amplitudes versus rotational speed of the rotor with gas bearings whose diameter 

and length are equal to 16 mm. 

The extended research included the selection of all main dimensions of two radial bearings, with 

simultaneous selection the diameters of the thrust bearings’ keep plates (their inner diameter depended on the 

diameter of the radial bearings’ journals). It was assumed that the optimally selected diameter of the radial 

bearings’ journals has to be in the range of 16 mm to 24 mm. It was also assumed that the bearing length should 

not be greater than that resulting from the L/D ratio (L/D=1.2). The radial clearance of the bearing had to be 

determined as well. Its value was limited to the range of 12 – 20 µm. The number of possible constructional 

variants of the bearings was greater than 200. Moreover, in the analysis, it was possible to use different geometry 

for each of the two bearings due to the fact that the bearings were not evenly loaded (the rotor is not 

symmetrical). It seemed reasonable because regardless of the diameter of the journals, the load of the bearing 

situated at the free end of the shaft was about two times smaller than the load of the bearing located between the 

rotor disc and the generator. The possibility of using two bearings of different dimensions allowed to find a 

better solution.  

The minimum speed at which a stable gaseous lubricating film forms itself (lift-off speed) was the basic 

criterion for selecting the geometry of the bearings. For each consecutive value of the diameter (16, 18, 20, 22 

and 24 mm), series of calculations were carried out in which the length of the bearings and their nominal radial 

clearance were changed. The minimum rotational speed at which gas bearings started to operate properly was 

determined for each of the analysed variants. A load of a bearing was assumed to be the force resulting from the 

static load and transmitted by the support of this bearing. The minimum lift-off speeds of one of the bearings 

(with a journal diameter of 20 mm) are shown in Fig. 4. Those speeds were obtained for the bearing that was 

more loaded (by a static force of a value of 2.3 N) than the another bearing. Looking at the graph, it is clear that 

the lift-off speed decreases as the bearing length increases (but only to its certain value). The lift-off speed also 

decreases as the radial clearance decreases. In the case presented below (the journal diameter is 20 mm), the 

lowest lift-off speeds were obtained for bearings whose radial clearances were the lowest and whose lengths 

were the highest. 

When selecting the dimensions of a bearing, attention should also be paid to technological aspects and 

limitations related to the manufacturing accuracy. A bearing with a greater length and a smaller radial clearance 

requires higher machining precision and could cause some operational problems. Only after the final geometry 

was chosen, technological aspects of the manufacturing process were taken into account. 
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Figure 4: Minimum lift-off speed of the gas bearing with a diameter of 20 mm at the static load equal to 2.3 N 

versus radial clearance (for different values of the bearing length). 

Other criteria for selecting the geometry of gas bearings were the dynamic properties of the rotor and the 

frictional losses occurring within the bearings themselves. While the dynamic properties of the rotor, which 

mean (in this case) keeping the rotor vibration at a low level in a wide range of rotational speed, made it possible 

to indicate the most optimal solutions, the analysis of the frictional losses proved to be of little use. The frictional 

losses were very slight due to small overall dimensions of the analysed bearings and the low value of the 

coefficient of friction (which stems from the low viscosity of gases). Changes in the geometry of bearings had a 

negligible impact on the power losses. Therefore, power losses were not considered during the selection of the 

target bearing system.  

3.3 Characteristics of the optimised rotating system 

Conducting many analyses of various variants of gas bearings enabled to select their optimal geometry. Basic 

dimensions of the bearings are shown in Table 1. It turned out that when the requirements regarding the 

manufacturing accuracy are met, bearings with a diameter of 24 mm and a length of 22 mm seem to be the best 

choice. The optimal value of the radial clearance is 20 µm. The choice of such a radial clearance was mainly 

based on technological aspects. A lower value of the radial clearance would guarantee higher load capacity at 

lower speeds, but at the same time would necessitate narrower manufacturing tolerance and could cause 

assembly problems. Lower radial clearance could also cause permanent damage to a bearing due to rubbing of 

the journal against the sleeve during operation or uneven heating up of these components. The target solution 

contains two bearings with the same dimensions. In support of that solution, it should be pointed out, first of all, 

that different dimensions of the bearings provided only a slight improvement in the analysed parameters. What is 

more, fabrication of two identical bearings is not only less time-consuming but also relatively less expensive.  

Table 1: Basic dimensions of gas bearings used in the turbogenerator. 

Bearing No. Radial static load Diameter Length Radial clearance 

Bearing 1 1.0 N 24 mm 22 mm 0.02 mm 

Bearing 2 2.3 N 24 mm 22 mm 0.02 mm 

Based on the optimal dimensions of the bearings and dimensions of the remaining components of the rotor, a 

3D CAD model was developed, shown in Fig. 5. This model considers the generator’s rotor, the keep plates of 

the thrust bearings and the impulse microturbine’s disc. The bearing sleeves will be made of bronze and the steel 

journals will be subjected to toughening. In order to ensure sufficient manufacturing accuracy and a low value of 

the surface roughness, it is planned to grind surfaces of the journals and sleeves during finishing.  
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Figure 5: Geometry of the optimised rotating system with gas bearings. 

The basic dynamic characteristics of the rotor supported on the target bearings are shown in Figs. 6 – 8. 

Figure 6 presents the vibration amplitudes of chosen components of the rotor versus its rotational speed (in the 

speed range of 0 – 150,000 rpm). Up to a speed of approx. 60,000 rpm, the vibration level of the rotor goes up as 

the rotational speed increases. At higher speeds, the vibration level is quite stable. Even though it goes up more 

for some discs (mainly disc No. 4), its highest value is still low. In the whole speed range, assuming that the 

residual unbalance complies with the ISO1940 standard, vibration amplitudes of all components of the rotor did 

not exceed 2 µm. This bears witness to very good dynamic properties of the tested system. Vibration trajectories 

enabled a better understanding of the dynamic characteristics of the analysed rotor. Selected vibration 

trajectories of the entire rotor and of the bearing journals are demonstrated in Figs. 7 and 8. Because of the 

limitation for the number of pages, the vibration trajectories are presented only for two rotational speeds (i.e. 

75,000 rpm and 100,000 rpm). These results also bear witness to the stable operation of the rotor supported on 

the designed gas bearings.  

Figure 6: Predicted vibration amplitudes versus rotational speed of the rotor with gas bearings of a diameter and 

length equal to 24 mm and 22 mm, respectively. 

Figure 7: Vibration trajectories for the rotor with gas bearings with a diameter and length equal to 24 mm and 

22 mm respectively, at a rotational speed of 75 krpm (a) and 100 krpm (b). 
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Figure 8: Vibration trajectories for gas bearings with a diameter and length equal to 24 mm and 22 mm 

respectively, at a rotational speed of 75 krpm (a) and 100 krpm (b). 

On the basis of the obtained results, it can be stated that the turbogenerator’s rotor can operate reliably at high 

rotational speeds. However, its characteristics obtained at low speeds gave rise to some concerns. According to 

the results presented in Fig. 6, a stable gaseous lubricating film, which ensures the required bearing capacity, 

formed itself at a speed about 8,000 rpm. This means that at lower speeds there will be physical contact between 

the journal and the sleeve, which could cause damage to the bearing. Therefore, the target construction of the 

bearings includes additional feed holes that will enable safe start-up and shut-down of the machine. Because of 

such a light rotor, it was enough to use eight holes with a diameter of less than 0.5 mm, placed evenly around the 

circumference of each bearing. In the turbogenerator in question, the bearings will be supplied with vapours of 

the same low-boiling medium that will feed the microturbine. Since the bearings are small in size, the amount of 

the low-boiling medium needed for their proper operation at low speeds is small. The constructional solution 

discussed herein has already been used in larger microturbines (with an electric power of 3 kW [7]) and enabled 

their failure-free operation with negligible efficiency losses. 

4   Conclusion 

Simulation studies, aimed to select a bearing system for the high-speed turbogenerator that will be operated 

in a cogeneration system, have been discussed in the article. Preliminary analyses were performed for several 

bearing systems, inluding rolling bearings, gas bearings and foil bearings. Due to the very high rotational speed 

and the lack of possibility to use a conventional lubricating medium, the research work on rolling bearings was 

finally discontinued. The analysis of foil bearings showed that the rotor would derive little benefit from the use 

of such bearings. Due to such inconveniences as high starting torque and low alignment accuracy, the possibility 

of using foil bearings in the new turbogenerator was not considered any more. Preliminary analyses, however, 

indicated that gas bearings have considerable potential as they enable stable operation of the rotor over a broad 

speed range. That is why those are the bearings to which more attention has been paid. 

Further works were aimed at selecting optimal dimensions of the bearings, particularly in respect of 

operating conditions of the turbogenerator that will be operated in a cogeneration system. The analyses of gas 

bearings and the rotor supported on such bearings were carried out using the package of computer programs 

named MESWIR, developed at the IMP PAN. Out of many possible geometrical variants, bearings with a 

diameter of 24 mm and a length of 22 mm were finally picked. The optimal value of the radial clearance was 

0.02 mm. The choice of this value was linked to certain operational aspects. Therefore, this value is higher than 

the value of the radial clearance for which the required bearing capacity at the lowest rotational speed was 

obtained. Due to the large difference in the load of the bearings, the possibility of using two bearings with 

different dimensions was also taken into account. The calculation results showed, however, that this could cause 

only a slight improvement in dynamic properties. This fact could not justify the use of a more complex 

construction of the turbogenerator. The calculation results obtained for the target bearing system indicate a stable 

operation of the rotor without any dynamic problems. However, due to the lack of conditions for the proper 

lubrication at low rotational speeds, it was decided that the bearings will be supplied with vapours of a low-

boiling medium. Only the small amount of vapour will be sufficient to protect the bearings against damage at 

low rotational speeds. 
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The selection of the optimal bearing system resulted in the completion of design works and the preparation of 

the construction documentation of the new prototype. Currently, the turbogenerator prototype with gas bearings 

is being prepared for laboratory tests. Only after carrying out experimental research on the designed bearing 

system the credibility of the simulation results will be verified. After the experimental verification made on the 

prototype, it is planned to prepare thechnical documentation of the turbogenerator, which will be intended to 

serial production. 
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Abstract 
This case is a site vibration issue on a Power generation module. The machinery diagnostics Engineer was 

requested on site to collect startup and steady state data using a multichannel data collector. Power generation 
module consists of high/intermediate pressure, double flow low pressure stages steam turbine and synchronous 
generator. The machine train is equipped with online vibration monitoring & protection system. When machine 
was running at full load condition, vibration at high/intermediate pressure stage of steam turbine suddenly 
increased and exceeded Alert setpoint. Operation at this condition is unsafe and can be result of serious unit 
damage. 

This case study is designed to outline how the high vibration issue was successfully diagnosed, the root cause 
for the high vibration found and correction actions recommended.  

The review of collected data indicated that vibration amplitudes are rapidly raised up at full load - 163MW. 
While the unit kept full load, the high vibration situation was suddenly occurred. The dominant of high vibration 
level – 170 um pp, higher than Alert setpoint was sub synchronous (22.5Hz or 0.375 orders component for full 
speed, dominated in horizontal direction). 

In addition, at unit shut down status, this high vibration situation is disappeared immediately after shutdown 
command. It is not speed related condition, but load and some operation conditions related. There are no any 
significant changes in the shaft centerline detected during mentioned 22.5Hz component appearing at Unit full 
load.  

The phase data analysis of filtered 22.5Hz shaft rotation component demonstrating approximately 40 degrees 
phase leading for drive end bearing plane. 

The source of mentioned sub synchronous excitations is steam induced instability – steam whip, detected in 
HP/LP turbine seals, closer to drive end bearing. 

This turbine was initially equipped by antiswirl packages. It was confirmed that this system is installed or 
operated not properly, non-original spare parts was installed during last overhaul. It was made by local company 
and installed without OEM installation guide. 

Original antiswirl package installation was suggested to customer to increase stability threshold and allow 
unit to operate at full load with acceptable vibration level. 

Nomenclature 
BHGE - Baker Hughes, a GE company 
OEM - Original equipment manufacturer 
HIP - High/Intermediate pressure stage 
STG - Steam turbine generator 
FSNL- Full speed no load  
um pp - Micrometers, peak to peak amplitude 
RPM - Rotations per minute 
DE BRG - Drive end bearing  
NDE  BRG - Non-drive end bearing 
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1 Introduction 
Baker Hughes, a GE company (BHGE) is the world’s first and only full stream provider of integrated oilfield 

products, services and digital solutions.  Bently Nevada is part of the BHGE Measurement & Controls division, 
it has 60 years history, 134 machinery diagnostic engineers with cumulative experience more than 1000 years 
worldwide.  

BHGE’s the machinery diagnostics engineer was requested on site to collect startup and steady state 
data using a multichannel data collector. Power generation module consists of high/intermediate pressure, double 
flow low pressure stages steam turbine and synchronous generator. The machine train is equipped with online 
vibration monitoring & protection system. When machine was running at full load condition, vibration at 
high/intermediate pressure stage of steam turbine suddenly increased and exceeded Alert setpoint. Operation at 
this condition is unsafe and can be result of serious unit damage. 

This unit was installed in 1999, there are 8163 operating hours and 4585 starts since commissioning. Unit 
consist of high/intermediate pressure, double flow low pressure stages steam turbine and synchronous generator. 

The regular planned outage in 1~31 October 2016 was done as below: 
• HP #1, 2, 3, 4 stages: processed to remove cracks from wheel heat grooves & steam balance holes,
• 10 visually identified cracks: 11.2 mm of maximum crack depth (HP 1 stage front),
• estimated growth speed of cracks of 8.75 μm/cycle (trend analysis),
• correction of HIP turbine rotor bending: 0.30 mm max. → 0.05 mm based on mid-span,
• replace to HIP retractable packings (1 anti-swirl conv./14 retr. /2 brush) and N2 conventional packings,
• structural change and removal of sound-absorbing materials to reduce vibrations related to axial

resonance of the LP hood

Based on information received from customer, after mentioned outage, the vibration values of HP/IP drive 
end bearing raised up to 279 um pp with a main 22.5Hz component during first operation test 1 Nov. On 4th of 
Nov, the customer had a field balancing at HP/IP stage during FSNL condition, but vibration spike at 22.5 Hz 
wasn’t significantly affected and remained at high amplitude (213 um pp). After this, two more attempts were 
made to start the unit: 

• at the first start up, STG was tripped at 1635rpm because of high vibration (up to 231 um pp).
• at the second start up, STG starting procedure was changed with 60 minutes holding time at 300 rpm,

then the vibration amplitude raised up to 175 um pp at 1688rpm and 137 um pp at FSNL,
• after synchronization, for 10 minutes, a 22.5Hz sub synchronous component was noticed with direct

values raising up to 223 um pp.
• when load was 33MW, this sub synchronous component decreased to 78 um pp.

2 Data collection 

Scope of the visit was to collect vibration data during start up, steady state operation at different operating 
modes (different load conditions) and shutdown to understand the root cause of the problem.  
During visit other measurements were performed: the shafts relative vibration was collected by multichannel 
data collector, using permanently installed probes connected to protection system racks. Following 
measurements were used for analysis: 

• Stopped unit.
• Cold startup.
• Unit at steady state operation at full speed no load.
• Unit at steady state operation at full speed with loading up to nominal load.
• Unit planned shutdown.

Train diagram with measurement point location is presented in fig.1
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Figure 1: Train diagram with permanently installed transducers, connected to monitoring system. 

Figure 2: Direct trend, shaft relative vibration during startup, loading and operation at nominal load. 
Vibration sudennly increased at full load. 
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HP/IP direct shaft relative vibration trend analysis for unit startup and loading up to nominal load on 26th of 
Nov 2016 indicated that vibration amplitudes of BRG#1,2 were rapidly raising up at full load(163MW). While 
the unit was kept at full load, high vibration event suddenly occurred. The direct vibration amplitude of BRG#2 
increased by 63um pp, increased by 22 um pp for BRG#1. This vibration increase was not due to 1X component 
(See fig.2, 3 for details). The 1X component did not change during that event.  

Figure 3: Trend of 1X filtered component, shaft relative vibration during startup, 
loading and operation at nominal load.  

There aren’t any changes in 1X component when the direct level increased. 

In addition, at unit shut down status, this high vibration level subsynchronous component disappeared 
immediately after shut down command - at 3540 RPM (fig. 4). It was concluded that vibration spike at 22.5 Hz 
nature was not speed related, but load and some operation conditions related.  
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Figure 4: Trend of direct shaft relative vibration during unit shutdown. 
(The yellow spikes - generator NDE bearing X probe should be ignored – it is temporary line connection 

issue, because of using BNC T connectors to split signal for different system usage). 

3 Data analysis and malfunction investigation. 

The analysis of full spectrum waterfall plot indicated that the dominant component was 22.5 Hz with forward 
precession. This subharmonic was close to 0.375X component of generator nominal operation speed (fig. 5). It 
could be noticed on the full spectrum of BRG#2 that this 22.5Hz component was appearing and disappearing. 
The filtered 0.375X component trend lines indicated that this sub synchronous component was suddenly raising 
like the direct trend while the Unit was already at the full load (fig 6).   
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Figure 5: Full spectrum waterfall shaft relative vibration during Unit startup, loading and shutdown. 
Amplitude changes for 22.5Hz component during Unit operation. 

Figure 6: Trend of 0.375X filtered component, shaft relative vibration during startup,  
loading and operation at nominal load. Vibration amplitude suddenly increased at nominal load. 
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The shutdown trend of 0.375X component is also showing almost the same trend behavior as the one of the 
direct trend. The amplitude of this component decreased significantly just after shutdown (fig. 7).  

Figure 7: Trend of 0.375X filtered component, shaft relative vibration during Shutdown. 
High vibration level subsynchronous component disappeared immediately after shut down command. 

The phase data analysis of filtered 0.375X shaft rotation component was demonstrating app. 40 degrees 
phase leading for BRG#2 (fig. 8). From this analysis it could be assumed that the source of instability was close 
to BRG#2. This analysis of the sub synchronous component relative phase made it possible to assume the 
location of the source of instability. The source of instability was on the side of the plane with the leading phase, 
BRG#2 plane. Final conclusion would be possible made only using modeling, based on rotor design.  

Figure 8: Orbit plot for of 0.375X filtered component, shaft relative vibration during  
High vibration event at full load. 40 degrees phase leading for BRG#2 plane detected. 
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No significant changes in the shaft centerline was detected when the 22.5Hz component appeared at FSFL 
and disappeared during SD (fig. 9). 

 Figure 9: Shaft centerline plots for HP/IP turbine bearings, Blue - Unit startup, Red -  shutdown. 
Stable shaft centerline position during steady state operation mode. 

There was clear sign of discussed 22.5Hz component in the waterfall plot after overhaul condition, whereas 
before overhauling it was absent (Fig. 10). This historical data presented by customer was using legacy condition 
monitoring software. Based on data collected by customer prior overhaul there were no any abnormalities, 
mechanical malfunctions, abnormal bearing load conditions detected for this unit. 

Figure 10: Full cascade plots of BRG#2. Left-before overhaul, right-after overhaul. 

When reading historical report, it was found the following comment “Replace to HIP retractable packings (1 
antiswirl conv./14 retr. /2 brush) and N2 conventional packings.”. This high vibration situation had not occurred 
before ST outage (2016 10.01 ~ 10.31 class A).  
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The HP / IP stage of this steam turbine is equipped with anti-swirl system (fig. 11), which is designed to 
prevent the circular motion of steam in the seals. Based on the data provided, it is possible to derive a conclusion 
about the malfunctioning of this anti-swirl packages. 

 Figure 11: Replaced Original Anti-swirl packages. 
When the machine becomes unstable, the source of the instability is the steam in motion. By definition, the 

frequency of the steam in motion will be λΩ (the average circumferential steam velocity ratio times the rotative 
speed). Typically, λ is less than one-half synchronous speed. Under this condition, the Keyphasor dots on the 
orbit will appear to be rotating opposite sense of rotation of the shaft on the scope. This effect is an illusion and 
can best be explained using illustration (fig.12). The Keyphasors appear to be moving on the orbit and appear to 
be moving opposite the direction of vibration when the frequency is less than 1/2X. The sequence of the 
blank/bright on the orbit and the direction of precession from the timebase shows that the vibration is forward 
precessing. The forward precession is reasonable because the exciting force is the circumferential flow of the 
fluid matched with the shaft rotation. The steam circular flow in the seals, that is moving at the frequency equal 
to the rotor’s natural frequency excites the rotor’s 1st horizontal natural frequency and these forces increase at 
higher load/steam flow and disappeared just after steam cut during shutdown process. 

Figure 12: Examples of steam in circumferential motion (left) and Orbit plot (right), approximately two 
Keyphasor dots occurring within each cycle of vibration, changing their position slowly from cycle to cycle. 

4 Conclusions. 

The reason for this investigation was the increased shaft relative vibration level of the steam turbine after the 
planned overhaul. The STG BRG#1,2 direct level reached the Danger setpoint of 229 um pp established by the 
turbine manufacturer. 

A sudden increase in the level of vibration during the operation of the turbine at nominal load is recorded. 
The dominated component of vibration was 22.5 Hz (0.375 harmonic of the rotor nominal speed). The amplitude 
of this component decreased significantly just after shutdown command. 
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The HP / IP stage of this steam turbine is equipped with anti-swirl system, which is designed to prevent the 
circular motion of steam in the seals. Based on the data provided, it is possible to derive a conclusion about the 
malfunctioning of this anti-swirl packages. 

This analysis of the sub synchronous component relative phase makes it possible to assume the location of 
the source of instability. The source of instability was on the side of the plane with the leading phase, BRG#2 
plane.  

Based on presented data analysis it was recommended to inspect installed HP/IP steam turbine stage anti-
swirl system, as it was expected that this system was installed or operated not properly. Original anti-swirl 
package installation had been suggested to the customer to increase stability threshold and allow Unit to operate 
at full load with acceptable vibration level. 

Below are short-term and long-term solutions, accepted by customer: 
• short term - to limit unit load, operate below stability threshold, MW;
• long term: steam turbine replacement by new, same model unit.

After one year of operation with limited load turbine was replaced by a new one.
This case is a good example of how proper machinery diagnostic service, based on deep machinery

diagnostic service team’s theoretical knowledge and practical skills, allowed reasonable corrections actions to be 
taken on site based on correct analysis. 
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Abstract
Quasi-periodic oscillations are a typical phenomenon in rotordynamics: unbalance induced rotor motions can

become unstable e.g. due to self-excitation adding another frequency to the synchronous one. In general, the
irrational quotients of two or more frequencies lead to an infinitely long period duration making time integration
inexpedient for computing stationary solutions. To circumvent this problem, methods have been proposed in
literature, which transform the time argument to a higher dimensional, but finite coordinate space. An often
encountered problem in continuing these solutions along e.g. the rotational speed is synchronisation. This can lead
to a failure of these methods since the dimension of the coordinate space is suddenly reduced due to the entrained
frequency. In this contribution, this problem is approached numerically. A modified Newton-scheme is presented
which identifies synchronisation automatically. The algorithm in combination with a Fourier-Galerkin method is
demonstrated for a forced van-der-Pol oscillator and a Jeffcott-rotor with a visco-elastically supported seal.

1 Introduction
Many systems in nature and technique contain more than one source of excitation: the occurrence of solar

flares is influenced by energy load/unload releases and magnetohydrodynamic processes [19]. Another example
is the electrical activity in the gastrointestinal tract, which is dictated by different muscle sections, each having
its own frequency [15]. In electronics, frequency mixer circuits are driven by multiple external input signals with
different frequencies [8]. Such multiple excitation mechanisms can also be found in the field of rotordynamics:
material damping, non-circular shafts, fluid forces in journal bearings/ seals and the ever-present mass unbalance.
These different sources of excitation might enforce stationary system responses with distinct frequencies. In gen-
eral, these frequencies do not maintain a fixed ratio to each other under system parameter variations. For example:
a frequency due to excitation by mass unbalance and a self-excited frequency due to forces in journal bearings (oil
whirl) do not maintain a fixed ratio when the rotor speed is changed. Furthermore, such frequencies do not have
to be whole-number multiples of each other: in this case they are incommensurable. If a signal is in addition not
sensitive to its initial conditions (which would be the case of chaos [5]), then it is called quasi-periodic.
These distinct kinds of solutions have been known since the 19th century, when integrable Hamiltonian systems
were investigated: here, quasi-periodic solutions emerge naturally since the angle variables can be viewed as a
torus of n−th dimension [2]. One important consequence from a practical point of view is, that the incommensu-
rability of the frequencies leads to an infinitely long period duration. Thus, the choices of methods for computing
stationary quasi-periodic solutions are limited, since standard methods like time integration are not able to fully
characterise the solution and classical shooting methods are not applicable.
During the last 80 years, different classes of specialised solution methods were developed to address this problem.
Krylov and Bogoliubov started in the 1930’s amongst others to investigate quasi-periodic solutions of weakly non-
linear systems by usage of perturbation methods (for a review article see [1]). Probably the first numerical method
was developed by Brommundt in 1970 [6], where he approximated quasi-periodic solutions by neighbouring pe-
riodic solutions. In 1981, Chua and Ushida used the Spectral Harmonic Balance Method1 to characterize signals
known from time simulation by multifrequent Fourier series.
Using Poincaré maps and sections is another approach: periodic orbits appear as points, whereas quasi-periodic

1Spectral Harmonic Balance often describes the generalization of the Harmonic Balance Method for quasi-periodic solutions.
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solutions densely fill out a closed curve2. In 1985, Kaas-Peterson defined probably the first method for quasi-
periodic solutions. The advantage of these methods is, that statements on solution stability can be formulated
relatively ’easy’.
One important group of methods (referred to as Tori of ODEs by [23]) tackles the problem of infinitely long
solution periods w.r.t. the time coordinate t by introducing multiple new coordinates. As a consequence the def-
inition domain is now higher-dimensional but finite and one has, therefore, to solve partial differential equations
for the invariant (solution) manifold rather than an ordinary one. In 1987 Samoilenko used a multidimensional
Fourier series [22], whereas Dieci et al. [9] used a leap-frog scheme in 1991 to solve the mentioned PDEs. Both
parametrized the manifold with radii and angles (torus coordinates), whereby the angles are not constant. Schilder
et al. introduced in 2005 a new parametrization of the work of Samoilenko which leads to constant angles. Schilder
et al. solved the resulting PDEs with finite differences [23] and with a Fourier-Galerkin series in 2006 [24], which
is the approach used in this publication.
The investigation of quasi-periodic motions in rotordynamics with the aforementioned methods started - as far as
the authors are aware - in 1993 with publications from van der Heijden [11] on drill string dynamics and Zhao et al.
[26] on squeeze film damper supported stiff rotors. Both used Poincaré maps to access the behaviour. One of the
first uses of the now popular Spectral Harmonic Balance Method (aka Fourier-Galerkin Method) in rotordynamics
was by Kim et al. in 1996/1997 [13, 14] who looked at a Jeffcott rotor with bearing clearances. The same system
was also investigated in more recent publications by Guskov et al. in 2008 [10] and Peletan et al. in 2014 [21],
who automatically selected harmonic multiples.

2 Theory and Method
2.1 Mathematical Background
Incommensurability p frequencies γj are said to be rationally independent (incommensurable) to each other, if
a>γ =

∑p
j=1 ajγj = 0, with the coefficients being integers a ∈ Zp, holds only for a = [0, 0, .., 0]>. In a signal

with at least two incommensurable frequencies no finite period length can be found.
Quasi-periodic function A function x(γ>t) = x(γ1t, γ2t, ..., γpt) ∈ Rq×1 is called quasi-periodic, if γ is a
vector containing p incommensurable frequencies and if the function is periodic in each single frequency with the
other ones fixed.
Base frequencies The incommensurable frequencies γ ∈ Rp of a quasi-periodic function x(γ>t) are called base
frequencies, if there is no other set of frequencies γ̃ ∈ Rs with s < p for which x(γ>t) = x(γ̃>t) holds. Please
note, that γ is not unique.
Torus function, torus and coordinates A function u(θ) = u(θ1, θ2, ..., θp) ∈ Rq×p, θi ∈ [0, 2π), i = 1, .., p is
called torus function. The image of that function is a manifold and called a p−torus. θ are called torus coordinates
and the domain of the function u coordinate torus.
Density If the torus function u is a solution or an invariant manifold, respectively, then the solution trajectories of
the corresponding quasi-periodic function x(γ>t) are lying on that torus and fill this torus densely [5]. This is,
broadly speaking, one of the properties which allows the investigation of quasi-periodic motions by torus functions.
Stone-Weierstraß approximation theorem The theorem states in particular that a torus function u(θ) can be
approximated by a multidimensional Fourier series uN (cf. eq. (6)) since lim

N→∞
‖u − uN‖0 = 0 holds. Due

to the fact, that x(γ>t) fills u(θ) densely, x(γ>t) can be approximated by a quasi-periodic Fourier-series xN

(cf. eq. (2)), since there exists a N for which sup
t∈R

‖x− xN‖ < ε holds for any ε > 0 [16].

2.2 Fourier-Galerkin Method
The ordinary differential equation

Mẍ+Bẋ+Kx+ f(ẋ,x,Ωt) = 0, (1)

is considered, where M, B and K are the mass, velocity- and position-proportional matrices, x ∈ Rq is a solution
vector, f is a vector containing all non-linear and explicitly time-dependent terms and Ω =

[
Ωj

]>
, j = 1, ..,m is a

vector containing all m non-autonomous incommensurable base frequencies. Suppose that (1) has a quasi-periodic
solution with p incommensurable base frequencies γ =

[
Ωj , ωk

]>
, j = 1, ..,m, k = (m+ 1), .., p, where ωk are

autonomous incommensurable base frequencies (e.g. due to self-excitation). This solution is approximated with a

2Depending on the number of base frequencies, several appropriate Poincaré maps might be needed.

331



generalised truncated Fourier series

xN (t) = c0 +
∑

‖(H)n‖≤R

[
cn cos((H)>n γ t) + sn sin((H)>n γ t)

]
, (2)

where the approximation is reasonable, since the Stone-Weierstraß approximation theorem holds. c0, cj , sj are
Fourier coefficient vectors and (H)n is the n−th column of the harmonic multiples matrix H ∈ Z(p×N), where

H =

[
1 0 1 2 ...
0 1 1 1 ...

]
cos(H>

4 γt) = cos(
[
2 1
](Ω

ω

)
t) = cos(2Ωt+ ωt) (3)

shows an example for two base frequencies. The scalar N is the number of possible combinations, which meet the
condition ‖(H)n‖ ≤ R (multi-index). The torus coordinates (also called hyper time) θ = θj j = 1, .., p and the
implied differential operator are defined by

θ = γt → d
dt

=

p∑
j=1

γj
∂

∂θj
= γ>∂θ. (4)

Inserting (4) into equations (1) and (2) gives

M
[
γ>∂θ

]2
u(θ) +B

[
γ>∂θ

]
u(θ) +Ku(θ) + f

([
γ>∂θ

]
u(θ),u(θ), [θ1, .., θm]>

)
= 0 (5)

uN (θ) = c0 +
∑

‖(H)n‖≤R

[
cn cos((H)>n θ) + sn sin((H)>n θ)

]
. (6)

Equations (5) are partial differential equations and u(θ),uN (θ) : Rp 7→ Rq×p. Describing an invariant manifold3,
equations (5) are often referred to as invariance equations. The transformation to torus coordinates is a valid
operation since x lies densely in u, which applies to equations (5) and (6) equally, as does the Stone-Weierstraß
approximation theorem. Inserting the Fourier series (6) into PDEs (5) defines the residuum vector

R(θ) = M
[
γ>∂θ

]2
uN (θ) +B

[
γ>∂θ

]
uN (θ) +KuN (θ) + f

([
γ>∂θ

]
uN (θ),uN (θ), [θ1, .., θm]>

)
. (7)

By projecting R to the subspace spanned by the base functions {1,
{
cos((H)>n θ), sin((H)>n θ)

}
, n = 1, .., N}

1
(2π)p

∫
θ

R(θ)dθ = 0,

{
1

(2π)p

∫
θ

R(θ) cos((H)>n θ)dθ = 0, 1
(2π)p

∫
θ

R(θ) sin((H)>n θ)dθ = 0

}
n = 1, .., N (8)

q× (2N +1) equations are attained to determine the q× (2N +1) Fourier coefficients. Here,
∫
θ
(.)dθ is a multiple

integral over all p dimensions of the coordinate torus in the intervals [0, 2π). The projection of the linear parts can
be performed analytically, whereas the projections of the non-linear terms f is in general not explicitly available.
In fact, the projection via multiple integrals over a finite interval [0, 2π) instead of one integral over an infinite time
period is the pay-off for the transformation from a one- to a p−dimensional space. Since the p −m autonomous
frequencies ωk are also unknowns, additional equations are needed. Due to the fact, that solutions modelled by
autonomous differential equations are translational invariant (which means that a time or phase shifted solution
of the equation is also a solution) so-called phase condition can be implied. There are multiple possibilities to
formulate such equations. Here, the integral Poincaré condition [24]

1

(2π)p

∫
θ

〈 ∂ũ
∂θj

, u〉dθ = 0 j ∈ [m+ 1, p], (9)

3 In this context, an invariant manifold is a solution to a dynamical system and constitutes a hyperplane in phase space, where trajectories
stay on that plane if they started on it [25].
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is used, where 〈(.)〉 is the scalar product between functions. This condition can be derived by demanding a minimal
deviation between the current solution u and a close neighbouring solution4 ũ w.r.t. time or phase translation of
the autonomous solution [20]. The now closed algebraic equation system

b =



Kc0 +
1

(2π)p

∫
θ

fdθ = 0[
K−

(
(H)>n γ

)2
M
]
cn +(H)>n γB sn + 1

(2π)p

∫
θ

f cos((H)>n θ)dθ = 0

−(H)>n γB cn +
[
K−

(
(H)>n γ

)2
M
]
sn + 1

(2π)p

∫
θ

f sin((H)>n θ)dθ = 0

n ∈ [1, N ]

1
(2π)p

∫
θ

〈∂ũN

∂θj
, uN 〉dθ = 0 j ∈ [m+ 1, p]

(10)

has q × (2N + 1) + (p − m) equations for q × (2N + 1) unknown Fourier coefficients and (p − m) unknown
autonomous frequencies.

Implementation The method was implemented in MATLAB using a Newton-type solver and the Alternating
Frequency Time Method [7]: the AFT uses n-dimensional FFT to efficiently compute the projection of the non-
linear forces f on the (in this case complex) base functions. In contrast to the original AFT, the term f is not
evaluated with the inverse FFT of the Fourier coefficients but rather with an explicitly set up Fourier series.

2.3 Synchronisation
Within this publication, synchronisation (also called entrainment) is understood as the phenomenon, where one

autonomous base frequency disappears in a signal x over a finite parameter interval due to frequency aka phase
locking. The p−torus is reduced to a p − 1 torus. This can happen e.g. via a Neimark-Sacker bifurcation or a
Saddle-Node bifurcation of maps (both leading from a quasi-periodic to a periodic solution).
Synchronisation in solutions approximated by Fourier-Galerkin Methods are problematic when the solution is
continued along a parameter. In general, the exact location of a synchronisation point is not known. Running into
or over (in a numerical sense) such a point whilst continuing renders the used ansatz Fourier series inadequate
since it is still build up with the synchronised and now vanished base frequency. This leads to numerical problems
in terms of ill-conditioned Jacobian matrices.

A|j=
[
∂b
∂z ,

∂b
∂ω̂

]
j

cond(J |j)
∥∥∥ ∂b
∂ωi

∥∥∥
∞

J|jj=j+1
‖b‖ No

finished

Yes

No

Yes

No

z0
ω0

[ ]

<tol1 >tol2 <ε

finished

Yes

to bad
finished due

condition

‖b‖
<tol3

Yes

zj+1

ωj+1

[ ]
=

∆z
∆ω

[ ]
zj
ωj

[ ]
+

J|j ∆z
∆ω

[ ]
= −b (zj ,ωj)

No

start

zj+1

ω̂j+1

[ ]
=

∆z
∆ω̂

[ ]
zj
ω̂j

[ ]
+

=−
(
A|>j A|j

)−1
A|>j b(zj , ω̂)

∆z
∆ω̂

[ ]
=−
(
A|>j A|j

)−1
A|>j b(zj , ω̂)

j=j+1

Figure 1: Flow chart of a Newton-like algorithm capable of dealing with synchronised frequencies.

Example To illustrate the problem and a solution strategy, the Fourier-Galerkin Method is exemplarily applied
to an arbitrary ODE. A solution u is now continued having a non- and an autonomous base frequency γ = (Ω, ω)>.
Ω is the bifurcation parameter. The solution is a 2−torus (quasi-periodic) for Ω = Ω1 and looses a base frequency
due to synchronisation at Ω = Ω2 rendering it a 1−torus (periodic). Suppose the synchronisation point was passed
unnoticed and the solution u at Ω2 is falsely tried to be approximated with a 2-dimensional Fourier series

u2 = c0 + c1 cos(θ1) + c2 cos(θ2) + s1 sin(θ1) + s2 sin(θ2). (11)

4Such a solution is always known within this scheme, since it can be computed by the initial conditions for the Newton-algorithm. These
initial conditions are either known from a preceding continuation step or from a appropriate initialisation.
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Applying a Newton(-like) algorithm to b(c0, c1, c2, s1, s2, ω) = 0 (cf. eq. (10)) to solve for
[
c0, c1, c2, s1, s2, ω

]>
=[

z, ω
]>

gives in the j−th Newton iteration

J|j

∆z

∆ω

 = −b (zj , ωj) ,

zj+1

ωj+1

 =

zj
ωj

+

∆z

∆ω

 , (12)

where J is the Jacobi matrix. This algorithm will break down for Ω = Ω2 due to poor condition of J, since

J|j =
[
∂b

∂z
,

∂b

∂ω

]
j

,

∥∥∥∥ ∂b∂ω
∥∥∥∥
∞

< ε (13)

is valid at a specific iteration j̃. The inequality
∥∥ ∂b
∂ω

∥∥
∞ < ε with the maximum norm ‖(.)‖∞ is fulfilled if the

biggest element is smaller than ε � 1. For Ω = Ω2 the solution u does no longer depend on ω. The associated
Fourier coefficients become consequently very small c2 ≈ 0, s2 ≈ 0. The projected residuum b does therefore
no longer vary w.r.t. ω leading to

∥∥ ∂b
∂ω

∥∥
∞ < ε and, thus, to a poor condition of the matrix.

Implementation The flow-chart of an algorithmic solution to that problem can be seen in figure 1. For con-
venience only, a Newton algorithm is used. With the starting values z0, ω0 the Jacobian J|0 is evaluated. The
condition number cond(J|0) is computed and the algorithm continues in the well known fashion, as long as the
condition number stays below a tolerance tol2. If it is not meeting the tolerance criteria in some j−th iteration,
then the algorithm checks whether there is one column of J|j , where all absolute values of the contained numbers
are smaller than a tolerance ε. In that case, the corresponding column ∂b

∂ωi
is deleted, where ωi is the relevant, now

synchronised frequency. ω̂ are the remaining (p −m) − 1 autonomous frequencies. The matrix A|j=
[
∂b
∂z ,

∂b
∂ω̂

]
j

is now set up without the relevant column and the Moore-Penrose inverse A|+j = (A|>j A|j)−1A|>j is used to
compute the new iterated solution vector [zj+1, ω̂j+1]

>. This is repeated until ‖b‖ < tol3 is fulfilled. The advan-
tages of this approach are besides its relatively simple implementation, the ability to determine the synchronised
frequency as well as to distinguish between a bad conditioned Jacobian due to synchronisation or due to some
other reasons.

3 Results
3.1 Forced van-der-Pol Oscillator

In a first example, the discussed methods from section 2 are applied to the forced van-der-Pol oscillator

ẍ− µ(1− x2)ẋ+ x = Γcos(Ωt), (14)

where a small non-linearity µ = 0.1 and a strong forcing Γ = 1.2 is assumed. The non-autonomous frequency Ω is
the bifurcation parameter. Equation (14) posses parameter regimes with stable quasi-periodic and unstable periodic
solutions (self-excited frequency ω, forced frequency Ω) and parameter regimes with stable periodic solutions due
to synchronisation (forced frequency Ω) (cf. e.g. [12]). An analysis of a great part of the dynamics of the van-
der-Pol oscillator can be found in [17]. In order to investigate these two regimes the two invariance equations

Ω2 d2u
dθ21

− µ(1− u2)Ω
du
dθ1

+ u = Γcos(θ1) (15)

Ω2 ∂
2u

∂θ21
+ ωΩ

∂2u

∂θ1∂θ2
+ ω2 ∂

2u

∂θ22
− µ(1− u2)

[
Ω

∂u

∂θ1
+ ω

∂u

∂θ2

]
+ u = Γcos(θ1) (16)

are solved with the stated Fourier-Galerkin method. The synchronisation algorithm enables to decide within the
continuation where to solve which equation by detecting synchronised solutions. The result of the continuation
can be seen in figure 2. Here, the orbital radius in phase space ρ =

√
u2 + (γ>∂θu)2 is plotted against the non-

autonomous frequency Ω. The area contained between the minimal min(ρqp) and the maximal radius max(ρqp)
of the quasi-periodic orbits (plotted in green) is colour-filled. In contrast, the area between the minimal min(ρp)
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and the maximal radius max(ρp) of the stable/ unstable periodic solution (straight blue line/ dashed blue line) is
not filled. Black crosses or black dotted lines display solutions from sufficiently long time simulations with high
accuracy and small time-steps as a reference. Leaving the synchronised area at Ω ≈ 1

3 for the moment aside, it
can be seen that the quasi-periodic solution vanishes in a Neimark-Sacker bifurcation at Ω ≈ 0.37. Here, two
of the computed Floquet multipliers enter the unit circle with non-vanishing imaginary parts. The autonomous
frequency ω gets locked on the non-autonomous frequency Ω. The periodic solution becomes stable at that point
and shows a resonance phenomenon around the eigenfrequency. The stability of the periodic solution is lost in a
second Neimark-Sacker bifurcation.
Figure 3 and 4 show the periodic solution at Ω = 1 (red line in figure 2) in phase space and torus coordinates,
respectively. Figures 5 and 6 show the solutions at Ω = 1.75 (red line in figure 2). In figure 5, the Fourier series
solution, evaluated here with respect to time t, and the time simulation fill the manifold densely. The benefit of
the Fourier-Galerkin method can be seen in figure 6, where the green surface representing the 2-torus solution is
plotted as defined by the multidimensional Fourier series. This manifold contains the complete information of the
solution. The exact maximum and minimal amplitude can be easily determined, which would be one of the main
application-based interests. The black dotted trajectories of the time simulation would fill the manifold densely for
t → ∞. The forced van-der-Pol oscillator does not only show a synchronisation phenomenon around Ω = 1 but
also a supercritical synchronisation or so-called 1:3-synchronisation5 at Ω = 1

3 ,
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Figure 2: Bifurcation diagram of the forced van-der-Pol oscillator; minimal min(ρ(.)) and maximal radius
max(ρ(.)) of the orbit in phase space of quasi-/periodic solutions are plotted. NSB: Neimark-Sacker Bifurcation.
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Figure 3: Periodic/ synchronised solution of the
forced van-der-Pol oscillator at Ω = 1 in phase space:
Fourier-Galerkin Method (blue/ FGM) and time sim-
ulation (dotted black/ TS).
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Figure 4: Periodic/ synchronised solution of the
forced van-der-Pol oscillator at Ω = 1 in torus space:
Fourier-Galerkin Method (blue/ FGM) and time sim-
ulation (dotted black/ TS).

5In literature, the term ’1:3 resonance’ is also common. However, ’synchronisation’ is used here to avoid confusion with the phenomenon
of superelevation of amplitudes near eigenfrequencies.
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Figure 5: Quasi-periodic solution of the forced van-
der-Pol oscillator at Ω = 1.75 in phase space:
Fourier-Galerkin Method (green/ FGM) and time sim-
ulation (dotted black/ TS) fill space densely.

Figure 6: Quasi-periodic solution of the forced
van-der-Pol oscillator at Ω = 1.75 in torus space:
Fourier-Galerkin Method (green/ FGM). Time sim-
ulation (dotted black/ TS) fills manifold densely for
t → ∞.

which can be seen in figure 7. Here, the autonomous frequency ω synchronises on three times the non-autonomous
frequency Ω. The synchronisation takes again place in a Neimark-Sacker bifurcation. In order to illustrate the
operating principle of the synchronisation algorithm, figure 8 shows the course of the condition number cond(J|j)
over the iteration number of the Newton algorithm for the last two continuation steps (black/ grey line) before the
first Neimark-Sacker bifurcation and the first step after (red line), respectively. The course of the red line shows,
that the Newton algorithm starts with comparatively low condition numbers. In the third iteration the condition
number grows considerably: the algorithm checks (in this case) the last column of the Jacobian J|3 and detects a
synchronisation. The last column is eliminated and the solution of the overdetermined algebraic equation system
is computed by means of the Moore-Penrose Inverse. The next continuation step is then executed with invariance
equation (15) for periodic manifolds.
The van-der-Pol oscillator exhibits also a 3:1 synchronisation in an interval around Ω = 3, which is not shown.
For this case the autonomous frequency ω synchronises on 1

3Ω, which is the new, lowest base frequency. Without
modification, the Fourier-Galerkin Method as stated in section 2.2 cannot approximate this type of solutions, since
the wrong base frequency is chosen. It would require an entry in the matrix of harmonic multiples H of 1

3 .
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3.2 Jeffcott-rotor with visco-elastically supported seal
The second example is an unbalanced Jeffcott(Laval)-rotor with a rigid seal ring, which is visco-elastically

supported. Figure 9 shows the minimal model. The leakage flow in the seal is assumed to be fully turbulent and
Jeffcott-rotor and seal are modelled linearly. The fluid forces
Ff due to the leakage flow are modelled non-linearly in the
position vector x =

(
xTR, xTS

)
by means of the Muszynska

model [18]. This leads to the equations of motionMR 0

0 MS

 ẍ +

DR 0

0 DS

 ẋ +

KR 0

0 KS

 x = ...

ẽΩ2

(
cos(Ωt)
sin(Ωt)

0
0

)
+

 Ff (x)

−Ff (x)

 , (17)

where M, D and K are the mass, velocity- and position-
proportional matrices. The subscript R indicates rotor-related
and the subscript S seal-related variables and parameters. The
normed mass unbalance ẽ is responsible for the external forc-
ing with the (non-autonomous) rotor speed Ω. Dependent on

Figure 9: Jeffcott-rotor, rigid seal ring visco-
elastically supported.

Ω and ẽ the fluid forces Ff lead to self-excitation with the autonomous frequency ω. A more in-depth model
description can be found in [3]. The invariance equations for the periodic and quasi-periodic solutions are defined
accordingly to equation (6). In figure 10 the rotor radius6 is plotted over the normed rotor speed Ω for a normed
rotor damping of DR = 0.05. Due to the symmetry of the system, the rotor orbits are always point symmetric.
The black crosses mark exemplary results of time simulations. The solution shows a resonance phenomenon at
the first eigenfrequency. Increasing Ω, the solution looses its stability in a first Neimark-Sacker bifurcation. The
solution then resynchronises in a second Neimark-Sacker bifurcation. This point is detected by the described al-
gorithm. The synchronisation interval coincides with an area around the second eigenfrequency, where the seal
ring shows increased amplitudes due to resonance [3]. In a third Neimark-Sacker bifurcation the system looses its
stability again and large quasi-periodic limit cycles occur. Figure 11 shows the same system except for a vanishing
rotor damping DR = 0 and a slightly different parameter setting [4]. The solution behaviour stays qualitatively
the same except for the first quasi-periodic regime: increasing Ω from the first Neimark-Sacker bifurcation on,
the solution exhibits a Secondary Fold Bifurcation (Fold Bifurcation of Maps). The branch reverses, the quasi-
periodic solutions becomes unstable (green filled area/ dotted boundary) and vanishes in a second Neimark-Sacker
Bifurcation. Depending on the technique which is used to continue the solution curve, the synchronisation al-
gorithm detects either the Secondary-Fold Bifurcation (constant predictor) or the Neimark-Sacker Bifurcation, if
the curve is continued around the Secondary-Fold Bifurcation/ turning point (tangent predictor/ pseudo-arc-length
parametrization).
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Figure 10: Bifurcation diagram for the Jeffcott-rotor with flexible seal for a normed rotor damping of DR = 0.05;
minimal min(ρ(.)) and maximal radius max(ρ(.)) rotor radius of quasi-/periodic solutions are plotted. Seal radius
is not shown. NSB: Neimark-Sacker Bifurcation.

6The bifurcation path of the seal motion is not shown in this contribution.
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Figure 11: Bifurcation diagram for the Jeffcott-rotor with flexible seal for a normed rotor damping of DR = 0;
minimal min(ρ(.)) and maximal radius max(ρ(.)) rotor radius of quasi-/periodic solutions are plotted. Seal radius
is not shown. NSB: Neimark-Sacker Bifurcation; SFB: Secondary Fold Bifurcation; source [4]

.

4 Conclusion
This contribution presented a Fourier-Galerkin Method, an extension for synchronised solutions and some

results of the application to the forced van-der-Pol oscillator and to a Jeffcott-rotor model with visco-elastically
supported seal.
The presented Fourier-Galerkin Method is able to approximate periodic and quasi-periodic solutions, whereby au-
tonomous and non-autonomous frequencies in the signal can be handled. The autonomous case demands the addi-
tional consideration of phase conditions. The problem of synchronisation/ entrainment of autonomous frequencies
in quasi-periodic solutions has been treated with a numerical approach: synchronisation points are detected by
monitoring the Jacobi matrix of the used Newton algorithm. In case of synchronisation, the convergence of the
algorithm is ensured by forming an overdetermined equation system and using the Moore-Penrose inverse.
The algorithms have been applied to the forced van-der-Pol oscillator, where periodic and quasi-periodic as well as
the transitions via a 1:3 and a 1:1 synchronisation could be approximated. The results for the Jeffcott-rotor model
showed resonances, quasi-periodic regimes and synchronisation. The stable solutions of the Fourier-Galerkin
Method compared well to results from time integration.
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Abstract
Gas Polymer Bearings (GPBs) have a wide range of usability as replacements for common Gas Foil Journal

Bearings (GFBs). The most important benefit of these kind of bearings is the simple manufacturing process
and the wide range of suitable materials for many applications for example in organic rankine cycle processes
and turbomachinery in food industry. The present work examines the implementation of a viscoelastic model of
the structure to describe the behavior of polymer materials and their frequency dependent stiffness and damping
characteristic. The model is based on discrete rheological elements and embedded into a transient model of a rotor
bearing system (RBS). Following the model description, the parametrization process of the rheological elements is
explained. Finally the results of transient simulations of a rotor-bearing-system are presented and discussed with
regards to the parametrization process.

1 Introduction
In the field of rotating machinery at high speeds hydrodynamic air bearings have many advantages in compari-

son to common rolling bearings or oil based hydrostatic and hydrodynamic bearings. The most important benefits
are the simple bearing system design without additional lubrication components, the low abrasive wear and the
high degree of efficiency in case of the small friction torque. Due to the low viscosity of gases, air bearings exhibit
a lower load capacity and damping ratio in comparison to oil lubricated bearings. Another problem is the occur-
rence of nonlinear sub- and super harmonic vibrations, which can lead to instabilities in the system behavior.
In order to avoid these disadvantages bearings with an elastic air film support, called Gas Foil Bearings (GFB)
were developed. The elastic deformation under the impact of the pressure field leads to an optimized gap geometry
and increases the bearable load capacity. Furthermore, friction processes during dynamic deformation generate
additional, external damping with positive effects on system stability and the rotor vibration level, ref. Heshmat et
al [1].
Dellacorte et al [2] made a comparison between bearings with different realizations of the deformable bearing
housings up to 1998. The most appreciable solutions were the Leaf (LFB) and the bump-type Bearings (BFB).
While Leaf type bearings use the bending stiffness of thin metal sheets, the bump-type bearings make use of a
corrugated metal foil. Dellacorte et al. [2] have shown that the steady progression leads to more than four times
higher load capacities. These results indicate the high influence of the structure properties for possible operating
ranges.
San Andres et al [3] investigated concepts based on a metal mesh as a replacement for the most frequently used
bump foils. Metal Mesh Foil Bearings (MMFB) have the advantage of continuous distributed stiffness and damping
properties in circumferencial and axial direction. An experimental performance analysis of a BFB and a MMFB
with similar size performed by San Andres et al.[4] in 2012 revealed better damping characteristics for the metal
mesh type. The determined loss factor as indicator for the external mechanical damping of the MMFB was two
times higher than the loss factor of the contemplated BFB. In 2003 Lee et al [5] tried to improve the performance
of a common BFB of the first generation by integrating a viscoelastic material between top and bump foil. The
Viscoelastic Foil Bearing (VEFB) had superior damping characteristics. Especially near the first bending critical
speed and in the range beyond, the magnitude of the rotor amplitudes could be intensively reduced.
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Sim and Park [6] executed measurements on an electrical drive with three different bearing types. First conven-
tional BFBs, as second Gas Polymer Bearings (GPB) with a polymer layer instead of the bump foil and as third
a hybrid version like Lee et al [5] investigated were used for the rotor support. The results of the experiment
are similar to these from Lee. The integration of the polymer layer had positive effects for the dynamic of the
driven rotor. The greatest loss factors could be determined for the GPB. It is obvious that viscoelastic materials,
especially polymers, offer other benefits, for example a simple manufacturing and the possibility to set material
characteristics specifically.

Despite the higher performance of improved structures it is still complicated to conceptualize a system with GFBs.
Numerical simulations and measurements have to be conducted. Today, focus in research on GFBs is to build high
efficient numerical models to simulate the rotordynamic behavior in order to increase the speed of development
processes and reduce its costs. For GPBs only experimental studies are available. Several models for simulations
with bump-type-bearings in frequency and time domain were developed up until today. However, numerical mod-
els for GPBs do not exist yet. The objective of the present work is to implement a model for transient simulations
of a rotor supported by GPBs and to give a description of the frequency domain based parametrization method.

2 Theory
The description of the nonlinear behavior of polymer materials is an important part of research. The dynamic

characteristics generally depend on the deformation magnitude and its velocity. Furthermore, the material temper-
ature has a high impact on the polymer properties. With respect to the dominating radial load, which is initialized
by the pressure field, all crosswise deformations of the polymer layer will be neglected. Commonly used charac-
terization methods for one-dimensional models consider the material response on harmonic excitation. Based on
this, frequency-dependent stiffness and damping coefficients can be determined. Figure (1) illustrates coefficients
for a perfluoro-caoutchouc (FFKM), which are based on a master curve by Bormann [7].
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Figure 1: Frequency-dependent stiffness and damping coefficients of a perfluoro-caoutchouc based on a measure-

ment published by Bormann [7]: (left) stiffness coefficients , (right) damping coefficients

The following statements apply in general for polymer materials:

• The stiffness coefficients are increasing with the frequency.
• The damping coefficients are decreasing with the frequency.
• An increase in temperature reduces the stiffness and damping performance.
• For a constant frequency, a higher deformation magnitude results in lower stiffness and higher damping coef-

ficients.
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Model Pre-Limitations
The following structure model is an early and simple implementation for the viscoelastic behavior of polymer

structures. It considers the frequency dependence of the stiffness and damping coefficients, under the assumption of
one-directional displacements without element couplings. Because the model is isothermal, new sets of parameters
have to be generated for different temperatures. Due to the small ratio between deformation and layer thickness
the dependence of the deformation magnitude is neglected.

3 Structure Model
In order to describe the nonlinear behavior of polymers under dynamic loads, discrete rheological elements

are commonly used. These complex elements consist of linear basic elements, like the Hookean (HE) and the
Newton element (NE). While the HE corresponds to a linear stiffness the NE represents a linear damper. A
nonlinear material behaviour can be modeled by creating networks of these basic elements. A high number of
complex networks is available for effects like crawling and relaxation. Based on the generalized Kelvin-Voigt
model (GKV) and the generalized Maxwell model (GM) depicted in Figure (2), it is possible to create the behavior
of any complex network of HE’s and NE’s.

Figure 2: Complex rheological elements with inner parameters for the discrete springs and dampers under the load

of a pressure field: (left) Generalized Maxwell Model, (right) Generalized Kelvin-Voigt Model

3.1 Parametrization - Frequency Domain
In order to approximate the frequency dependence for the stiffness and damping coefficients a complex stiffness

(with respect to the Complex Shear Module, ref. Popov [8]), can be defined,

K∗(ω) = K
′
(ω) + jK

′′
(ω) (1)

where the stiffness and damping coefficient for a specific frequency can be calculated from the real and imaginary
part.

k̃(ω) = Re{K∗(ω)} , c̃(ω) = Im{K∗(ω)}/ω (2)

With the complex stiffness of the HE and the NE,

K∗
HE = ǩ , K∗

NE = jωč (3)

where ǩ = kh0/pa and č = ch0Ω/pa are the discrete normalized stiffness and damping values of the basic
elements, pa is the ambient pressure and h0 is the nominal gap. For the GM and GKV network

K∗
GM (ω) =

[
ǩ0 +

Nre∑
i=1

ǩič
2
iω

2

ǩ2
i + č2iω

2

]
+ j

[
č0ω +

Nre∑
i=1

ǩ2
i čiω

ǩ2
i + č2iω

2

]
(4)

and
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K∗
GKV (ω) =

(
Nre∑
i=0

1

ǩi + jωči

)−1

(5)

can be obtained. Thus, the given Eqs. (4) and (5) in combination with Eq. (2) enable a comparison between model
and measured data. For an initial set of 2Nre inner parameters ǩi and či with i = 0, ..., Nre the local mismatch
for each frequency can be determined. It is reasonable to avoid a different weighting for the measured stiffness k̄
and damping c̄ in the parametrization process. The local difference at ωk has to be normalized by the measured
values k̄k or c̄k. A high global accordance can be achieved by adding up the local relative errors. To enable a
comparison of global errors from measured data sets with different grid sizes the global error is divided by the
number of frequency grid points K. The resulting, nonlinear minimization problem is defined in Equation (6).

Err =
1

K

[
K∑
k=1

(
k̃k − k̄k

) 1

k̄k
+

K∑
k=1

(c̃k − c̄k)
1

c̄k

]
=⇒ min (6)

In the 2n-dimensional parameter space a high number of local minimums are located, therefore gradient based
minimization methods are not suitable. As solver for the problem, metaheuristical methods like genetic algorithms
(GA) or particle swarm optimizer are to prefer.

3.2 Time Domain

In contrast to the frequency domain model, with only one external degree of freedom (DOF), the time domain
model needs several inner DOFs. In Figure (3) the extension of the GM and GKV is depicted. For each DOF

Figure 3: Complex rheological elements with inner parameters for the discrete springs and dampers and inner

degrees of freedom, under the load of a pressure field: (left) Generalized Maxwell Model, (right) Generalized

Kelvin-Voigt Model

an equilibrium in forces leads to an equation of motion. The Equations (7) up to (9) build a system of ordinary
differential equations (ODE) for the GM, which can be solved by common ODE solvers.

p̃ = ǩ0w̃ + ǩ1(w̃ − w̌1) + . . .+ ǩi(w̃ − w̌i) + č0 ˙̃w (7)
0 = ǩ1(w̌1 − w̃) + č1 ˙̌w1 (8)

...
0 = ǩn(w̌n − w̃) + čn ˙̌wn (9)
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The same procedure for the GKV results in the system of the Equations (10) up to (13).

p̃ = ǩ0(w̃ − w̌1) + č0( ˙̃w − ˙̌w1) (10)
0 = ǩ1(w̌1 − w̌2) + č1( ˙̌w1 − ˙̌w2)− ǩ0(w̃ − w̌1)− č0( ˙̃w − ˙̌w1) (11)

...
0 = ǩn−1(w̌n−1 − w̌n) + čn−1( ˙̌wn−1 − ˙̌wn)

−ǩn−2(w̌n−2 − w̌n−1)− čn−2( ˙̌wn−2 − ˙̌wn−1) (12)
0 = ǩnw̌n + čn ˙̌wn − ǩn−1(w̌n−1 − w̌n)− čn−1( ˙̌wn−1 − ˙̌wn) (13)

For both elements the ODE system has the form of Equation (14), with K(e) and C(e) as resulting stiffness and
damping matrices. The vector w contains the displacement of the external DOF, which has an impact on the height
of the air film. The other DOFs are the inner ones, which do not interact with the fluid film or the rotor. The load
vector f contains the external load initiated by the pressure field.

f (e) = C(e)ẇ(e) + K(e)w(e) (14)

4 Transient Model

Figure 4: Schematic model of a rotor supported by GPBs

In Figure (4) a rotor supported by GPBs is schematically illustrated. Under the assumption of symmetry, only
one bearing and half of the shaft have to be considered. The following model is based on the work of Bonello
and Pham [9], who introduced a state variable ψ that allows a simultaneous time integration of the whole rotor-
bearing-system. As a model for the fluid film a dimensionless form of the Reynolds Equation (15) is used. The
definitions for ψ and the normalized pressure p̃, gap height h̃, time τ and the axial coordinate Z are presented in
Equation (16).

∂ψ

∂τ
=

1

Λ

{
∂

∂Θ

[
ψ

(
h̃
∂ψ

∂Θ
− ψ ∂h̃

∂Θ

)]
+

∂

∂Z

[
ψ

(
h̃
∂ψ

∂Z
− ψ ∂h̃

∂Z

)]}
− ∂ψ

∂Θ
(15)

ψ = p̃h̃ , p̃ =
p

pa
, h̃ =

h

h0
, τ =

Ω

2
t , Z =

L

R
(16)

To create a system of ODEs from the partial differential equation (15), finite difference formulas were used to
approximate the derivatives. The discretization of Equation (15), with NΘ and NZ grid points in circumferential
and axial direction, can be written in a vectorized form, see Equation (17). It has to be mentioned that all vectors
have to be multiplied elementwise.

dψψψ

dτ
=

1

Λ

(
h̃hh

(
∂ψψψ

∂Θ

∂ψψψ

∂Θ
+
∂ψψψ

∂Z

∂ψψψ

∂Z

)
+ h̃hhψψψ

(
∂2ψψψ

∂Θ2
+
∂2ψψψ

∂Z2

)
− ψψψ

(
∂h̃hh

∂Θ

∂ψψψ

∂Θ
+
∂h̃hh

∂Z

∂ψψψ

∂Z

)
−ψψψ2

(
∂2h̃hh

∂Θ2
+
∂2h̃hh

∂Z2

))
− ∂ψψψ

∂Θ
(17)
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The differential equation for the rotor is defined in Equation (18), where the vector εεε = {εx, εy}T contains the
displacement of the shaft center normalized by the nominal gap h0. The tilting DOFs are neglected under the
assumption of a symmetric system.

d2

dτ2
εεε =

4

mrh0Ω2
(ff + fu + fp) (18)

The motion of the rotor depends on the three force components on the right hand side of the system. The vector ff
contains the gravitational force and fu gives the effect of the unbalance, see. Equations (19). Both forces are rotor
specific ones,

ff = {0,mrg}T , fu = F̂u{sin(2τ), cos(2τ)}T (19)

whereas the vector fp contains the gas forces induced by the pressure field, see Equation (20).

fp = −paR2

∫ 2π

0

∫ R/L

0

{
ψ

h̃
− 1

}[
cos(Θ)
sin(Θ)

]
dZdΘ (20)

The second order equation (18) has to be transformed into state space to enable a later use of standardized ODE
solvers, ref. Equation (21).

∂

∂τ

(
εεε
ε̇εε

)
=

(
ε̇εε

4
mrh0Ω2 (ff + fu + fp)

)
(21)

As approximation for the structure behavior, a Nonlinear Viscoelastic Foundation Model (NVEFM) is realized
by a single GM or GKV element for each angular mesh position. At a discrete node the load for each structure
element corresponds to the mean value of the pressure in axial direction. The ODE system of the structure given
in Equation (22) is an assembly of the element formulation in analogy to Equation (14),

fS = CSẇS + KSwS (22)

with

fS = {fe1,1, fe1,2, . . . , fe1,NZ
, . . . , feNΘ,1, . . . , f

e
NΘ,NZ

}T , (23)

wS = {we1,1, we1,2, . . . , we1,NZ
, . . . , weNΘ,1, . . . , w

e
NΘ,NZ

}T , (24)

diag(CS) = {Ce
1,1,C

e
1,2, . . . ,C

e
1,NZ

, . . . ,Ce
NΘ,1, . . . ,C

e
NΘ,NZ

}, (25)

diag(KS) = {Ke
1,1,K

e
1,2, . . . ,K

e
1,NZ

, . . . ,Ke
NΘ,1, . . . ,K

e
NΘ,NZ

}. (26)

In order to transform the system to the same form as Equation (17) and (21), the Equation (22) has to be rewritten
as follows:

ẇS = C−1
S (fS −KSwS). (27)

The normalized height of the gap at each discrete point of the fluid film grid can be calculated with Equation (28).
It defines the gap geometry for the fluid film and depends on the rotor displacements and the structure deformation.
The simultaneous coupling of the system is defined by Equation (28) in combination with Equation (20) for all
a = 1 . . . NΘ and b = 1 . . . NZ .

h̃a,b = 1− εxcos(Θa)− εysin(Θa) + w̃a,b (28)
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Boundary Conditions
The objective with subsequent bearing prototypes is to manufacture the bearings by an injection molding

process with a closed loop top foil. The absence of the fixture point is considered by using a continuous, circular
condition for the mesh ends in circumferential direction, ref. Equations (29) and (30).

ψNΘ+1,b = ψ1,b b = 1 . . . NZ (29)

h̃NΘ+1,b = h̃1,b b = 1 . . . NZ (30)

At the bearing edges, constant ambient pressure is assumed, for that reason the edges are removed from the fluid
film and structure mesh. Nevertheless the assumption of the constant ambient pressure has to be considered for the
derivatives, for all a = 1 . . . NΘ the Equation (31) is used in the finite difference formulas.

ψa,NZ+(1)
= h̃a,NZ+(1)

, ψa,1−(1) = h̃a,1−(1) (31)

The gap function at the bearing edges, see Equations (32) and (33), depends on the deformation of the structure. By
the assumption of ambient pressure, theoretically there is no deformations at the edges. However, for the purpose
of considering the axial bending stiffness of the top foil, a constant deformation in axial direction is implemented.

h̃a,NZ+(1)
= 1− εxcos(Θ)− εysin(Θ) + w̃a,NZ+(1)

(32)

h̃a,1−(1) = 1− εxcos(Θ)− εysin(Θ) + w̃a,1−(1) (33)

5 Numerical results
The results presented are based on the data set of the FFKM at a temperature of T = 20◦C and were calculated

for a material thickness of tL = 2mm. As solver for the minimization problem, a genetic algorithm was used.
Figure (5) shows the resulting coefficients for a GM and a GKV model with a number of 2Nde = 14 discrete
springs and dampers. In general the increasing character of the stiffness and the decreasing behavior of the damping
are well represented by both models.
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Figure 5: Frequency dependent stiffness and damping coefficients generated by the GM and the GKV models in

comparison to the original measured coefficients: (left) stiffness, (right) damping

In Figure (6) the local, relative discrepancy of the coefficients from the original data is depicted. For each
excitation frequency the local error for the GM is less than 10%. The parameter set for the GKV has a higher
discrepancy to the measured data. The local relative errors are only in the same decade of the measured data. The
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approximation quality has to be improved in future development. For both models it is theoretically possible to
approximate the data set in the same quality, but due to the series build character of the GKV it is more difficult
to find suitable parameters. Inside of the GM model each pair, consisting of a discrete spring and damper, has a
specific character in the frequency domain without influence on other pairs. Furthermore, it is possible to control
the activation frequency for a discrete spring by its damping parameter. In contrast every change of a parameter
inside of the GKV can in- or decrease the effect of other pairs.
As mentioned before, the mountainous landscape character of the minimization problem in Equation (6) leads to
parameter sets, that represent local minimums. Regarding to the stochastically generated initial population, it is
unlikely to regenerate the exact same solution twice. Nevertheless, the dynamic behavior of two sets with nearly
the same global error level is very similar. A higher number of discrete elements can lead to a better concurrence
between model and measured data, but also increases the numerical effort in the time domain. Furthermore it
becomes more difficult to define the parameter ranges for the sampler and the optimizer. On the experimental side,
the measurement of more data points in frequency domain even has a positive effect.

0.5Hz 2Hz 10Hz 20Hz 50Hz 80Hz 100Hz 200Hz 350Hz
0

20

40

60

80

100
∆k̃ GM ∆c̃ GM ∆k̃ GKV ∆c̃ GKV

Figure 6: Overview of the local model discrepancy, for the generalized Maxwell Model and the Generalized

Kelvin-Voigt Model, relative to the coefficients of the measured coefficients from literature

The transient model pertains to the properties listed in Table (2), while the generated parameter sets for the

GM and the GKV are listed in Table (1). The mesh size for the fluid film is NΘ × NZ with NΘ = 72 and

NZ = 24. The structure contains NΘ generalized elements. The resulting trajectories describe the motion of the

rotor falling from the center position at a constant rotational speed. As solver for the ODE system an explicit

3rd-order Runge-Kutta-Method with embedded step control was used.

GM GKV

i ǩi či ǩi či

0 1.362E+09 1.605E+07 2.950e+010 1.612e+010

1 4.150E+10 1.110E+08 1.182e+011 2.380e+007

2 5.767E+09 2.988E+09 2.505e+010 1.690e+009

3 1.735E+10 4.522E+08 1.062e+009 6.466e+010

4 6.400E+09 3.303E+09 4.816e+010 2.623e+010

5 1.125E+10 1.135E+08 8.855e+010 5.186e+008

6 3.946E+10 3.120E+07 7.500e+010 3.527e+010

Table 1: Damping and stiffness parameters for the gen-

eralized Maxwell-Model

RBS parameter

half of rotor mass mr 5.0 kg

bearing radius R 20 mm

bearing length L 40 mm

nominal clearance h0 50 µm

air viscosity µ 19.5 N/mm2

ambient pressure pa 0.1 MPa

FFKM thickness tL 2 mm

Table 2: Damping and stiffness parameter for

the generalized Maxwell-Model

Figure (7) illustrates the trajectories for the RBS without unbalance for different rotational speeds. Despite the
difference in the approximation quality, both models show a similar behaviour for each case. In the simulation for
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12krpm on the left side, the center of the rotor moves quickly to its equilibrium position. Shortly before the spiral
movement of the rotor ends, a creep effect can be detected. These effects are typical for polymers. Regarding
the model, this effect is caused by the gradually decreasing influence of the discrete dampers. Thus, for the GM
the static equilibrium position of the rotor center is the same, as for a simulation with only the parameter ǩ0 .
The simulations with 18krpm and 24krpm show, that the magnitude of the shaft motion increases with the rotor
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Figure 7: Trajectories of the shaft center under different rotational speeds: (left) at 12000rpm, (middle) at

18000rpm, (right) at 24000rpm

speed. In case of 24krpm the center does not reach an equilibrium, because of sub harmonic vibrations. In Figure
(8) the normalized shaft displacement εx in horizontal direction over time is illustrated for 18krpm, 24krpm and
25krpm. The initial vibration for 18krpm disappears quickly, whereas the vibration for 24krpm rises. As shown
in the lower figure, for higher speeds the motion of the shaft becomes dominated by a subharmonic vibration, after
a short period of time.
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Figure 8: Time signals for the motion component in horizontal direction: (upper left) at 18000rpm, (upper right)

at 24000rpm, (bottom) at 25000rpm
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6 Conclusion
This paper’s overall contribution has been the implementation of a structure model for analysis of rotors sup-

ported by Gas Polymer Bearings in the time domain. The developed Nonlinear Viscoelastic Foundation Model
uses generalized rheological elements to include the frequency dependent behaviour of polymers. Furthermore,
the description of a procedure to generate suitable parameter sets for the structure model was subject of this paper.
Due to the neglected temperature and amplitude dependencies, the presented NVEFM has to be seen as an early
basic model, which has to be expanded in future. For the enhancements it is essential to perform an experimental
material study with respect to the required information density.
The next phase of research includes the set up of a test rig to build a data basis, to validate the material models on
the measured data and to develop GPB-prototypes for rotordynamic analysis.
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Nomenclature
p pressure
k,K stiffness
c damping coefficient
w structure deformation
h gap height
mr rotor mass
L axial bearing length
R bearing radius
ε norm. rotor displacement
Λ = 6µΩ/pa(R/h0)2

µ air viscosity
ω excitation frequency
Ω rotational speed
ψ ph couple value

K stiffness matrix
C damping matrix
f force vector
εεε rotor displacement vector

(̃·) normalized external value
(̌·) normalized inner value
(·)∗ complex value
(̄·) measured normalized value
˙(·) time derivative

Z,Θ polar coordinates
x, y cartesian coordinates
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Abstract
The occurrence of quasiperiodic motions in nonlinear rotor dynamical systems with unbalance is often reported

in the literature. Typical, such motions stem from simultaneously acting vibrational excitations which are uncor-
related. This work presents a numerical approach to calculate invariant manifolds for quasiperiodic motions in
dynamical systems. Basically, this approach is based on a reparametrization from physical time to the separated
time scales of the individual excitation mechanisms. Eventually this yields a description of the invariant manifold in
the extended phase space by means of a partial differential equation, which is discretized using a finite-difference-
scheme. Being a special case with only one time scale, periodic motions can also be analyzed. The approach is
applied to two rotor dynamical examples from literature which feature a superposition of unbalance and additional
self- or forced excitation stemming from another source.

1 Introduction
In an abstract view, rotating machines contain bodies which undergo complex spatial motion at usually high

speeds and which are often influenced by manifold multiphysical interactions. Consequently, the dynamics of such
machinery is very complex and demands for a thorough analysis in order to guarantee safe operation.
As a consequence of the rotational motion, real machinery exhibits unbalance effects which are directly correlated
to the rotation speed. Thus, practically any rotor system will show vibrations that contain the rotation frequency.
On the other hand, there is a huge variety of forces and excitation mechanisms which may produce vibrations at
frequencies that differ from the rotation frequency of the rotor. Typical examples are

– forced vibrations due to unbalanced magnetic pull (UMP) [3, 4, 10, 24]
– non-smooth forced vibrations due to rotor-stator-contact [1, 5, 6, 8, 13, 12, 17, 23, 18]
– self-excited vibrations due to co-rotating damping (internal damping) [11, 14]
– self-excited vibrations due to nonlinear bearing or sealing forces [2].
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Figure 1: On the systematical occurrence of quasiperiodic motion in rotordynamics

If only one mechanism is active or if – under rather special conditions – two or more mechanisms of vibrational
excitation synchronize, periodic motions may result. For such periodic cases, a variety of analytical and numerical
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methods exists to calculate stationary solutions (the so-called invariant manifolds): common tools are FOURIER-
GALERKIN methods, shooting methods or time-marching techniques for instance. However, if multiple individual
mechanisms affect the system simultaneously, and synchronization does not occur, the resulting motion usually
will not be periodic anymore (cf. figure 1) and standard approaches to directly find periodic solutions will fail.
As a consequence of non-periodicity, such motions do not exhibit a finite period time and any trajectory of finite
length will only fill a fraction of the invariant manifold. Due to the lack of alternative methods, for such non-
periodic cases many authors resorted to direct time integration techniques in order to analyze the system behavior
[5, 6, 18, 1, 24, 10]. Although necessary when analyzing the transient behavior [8, 4], this is obviously not the most
efficient method investigating stationary solution since the interval of time integration has to be sufficiently large
in order to eliminate transitory motion and approximate the invariant manifold. An additional drawback of direct
time integration approaches is that only attractively stable motions may found. This paper presents an approach
to directly calculate the invariant manifold which circumvents the problems arising from the infinite time interval
of non-periodic vibrations stemming from multiple cyclic motions. To this end, a partial differential equation
describing the invariant manifold is derived and solved using a finite-differences-scheme.

2 Quasiperiodicity: basic theory and methods
In this section only some basic aspects of quasiperiodic motions will be explained. A brief summary of es-

tablished methods for the calculation of quasiperiodic motions will finish this section. Further details on the
mathematical background as well as the presented methods may be found in [20, 19, 15] for instance. Consider an
autonomous ordinary differential equation (ODE)

ż = f(z,γ), z ∈ Rn, γ ∈ Rm, (1)

where z represents the state vector, γ is a parameter vector and f(z,γ) is a sufficiently smooth vector field. For a
given γ equation (1) may exhibit different stationary solutions which are assumed to be either periodic or quasi-
periodic. Chaotic motions will not be considered in the following. Let be z̃S(t) one of these stationary solutions
for a given γ. In case of an attractively stable solution the determination can simply be achieved using a time
marching technique for sufficiently long integration time. Analyzing an arbitrary coordinate z̃i, i ∈ 1, ..., n with
the Fast-FOURIER Transformation, a typical result may look like depicted in figure 2. The signal in figure 2

Periodic motion (ω1) Quasiperiodic motion (ω1, ω2)

ω

A

z i

2ω1
3ω1 4ω1 5ω1

z i

t

ω

A

t

ω1
ω1

ω2

ω2-ω1

2ω1

3ω1

ω1+ω2

5ω1-4ω2

(a) (b)

Figure 2: Schematic spectra of (a) periodic motions and (b) quasiperiodic motions (e.g.: fig.8 in [17], fig.7 in

[23], fig.8 in [24], fig.5 in [10], fig.2 in [13])

(a) is a non-harmonic periodic signal which has one base frequency and higher harmonic terms. In contrast to
this periodic motion figure 2 (b) outlines the essential characteristics of a quasiperiodic motion: here, two (or
more) basis frequencies are observed which have no common multiplier1. Such frequencies are referred to as

1Through the presence of multiple internal (basis) frequencies and nonlinearities, combinations of those frequencies can be present in the

spectrum.
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’incommensurable frequencies’, meaning that the ratio of frequencies is an irrational number (e.g. ω1 = 1, ω2 =
π). The mathematical condition reads

〈k,ω〉 =

p∑
l=1

klωl = 0 ∀ k ∈ Zp, (2)

meaning that by determining a minimal number of frequencies not fulfilling equation (2) a basis of the quasiperi-
odic motion is found. Due to the incommensurability of frequencies the solution can be rewritten z̃S(t) →
zS(ω1t, . . . , ωpt). Noteworthy is that in case of a periodic solution zS(ω1t) corresponds to a solution parametrized
on dimensionless time. It can be motivated that due to incommensurable frequencies each ωit describes an inde-
pendent time domain. In the broadest sense this approach is similar to the method of multiple time scales [16] but
without small parameter. The parametrization and time derivation read

zS(ω1t, . . . , ωpt)→ zS(θ1, . . . , θp);

θ1 = ω1t
...

θp = ωpt

;

d(.)

dt
=
∂(.)

∂θ1

dθ1
dt

+ . . .+
∂(.)

∂θp

dθp
dt

=
∂(.)

∂θ1
ω1 + . . .+

∂(.)

∂θp
ωp

, (3)

where θ1, . . . , θp are 2π periodic variables. By using this parametrization a carrier of the quasiperiodic motion can
be defined, the torus (cf. figure 3)

Tp =
{
θ | θ = [θ1, . . . , θp]

>
, θi ∈ R mod 2π, i = 1, ..., p

}
. (4)

.
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Figure 3: Parametrization of a coordinate zi on a T2 with subsequent bending of the space.

Some important characteristics hold for the torus. Because of incommensurable frequencies, a quasiperiodic solu-
tion fills the surface of the torus densely and ensures a unique solution on every point of it (for further details see
[20]). It is important to note, that a torus is merely the carrier (parametrization) of a quasiperiodic motion. The
resultant solution is described with a manifold

M = {(θ,γ, z) | z = z(θ,γ), θ ∈ Tp, γ ∈ Rm, z ∈ Rn} ⊂ Tp × Rm × Rn, (5)

where the manifold is embedded in the phase space, parametrized on a torus. Furthermore holds that the manifold
is invariant, meaning that solutions on the manifold stay on it2. In addition a nearly always made assumption is
that analyzed manifolds are isolated (normal hyperbolic) solutions3.
To calculate an invariant manifold the parametrization has to change from time to the torus coordinates. Different
concepts for the argumentation of this transition can be found in the literature, for example describing the flow in
the tangential space T(θ,γ,z)M of the manifold [15], but with a substitution of the time derivation from equation
(3) in equation (1) the invariance equation

∂z

∂θ1
ω1 + . . .+

∂z

∂θp
ωp = f(z,γ), (6)

2A periodic solution is also a manifold parametrized on a T1 and a fixed point is a manifold parametrized on a T0.
3This condition is a generalization of hyperbolic equilibrium points.
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can be obtained, whereby the equation consists of a system of partial differential equations (PDE) (for more details
see [19, 22, 21]). Since [ω1, ..., ωp] in equation (6) are the internal frequencies of the quasiperiodic motion, it is
advantageous to distinguished between known frequencies Ωi

4 (e.g. rotation speed of unbalance) and unknown
frequencies ωj (e.g. self-excitation).

m∑
i=1

∂z

∂θi
Ωi +

p∑
j=m+1

∂z

∂θj
ωj = f(z,γ) (7)

The analysis of equation (7) is in the case of m = p (just known frequencies are present) without any further
considerations possible, since the PDE has n unknowns ([z1, ..., zn]) and the same number of equations. If m < p
(unknown frequencies are present) the system of PDE has k = p− (m+1) more unknowns than equations. A well
known special case of this problem is a dynamical system with a periodic solution resulting from self-excitation
(m = 0, p = 1). The equations of motion with dimensionless time read

dz

dθ1
ω1 = f(z,γ),

2π∫
0

f(z0,γ)> · z dθ1 = 0, (8)

whereby the second equation is an integral POINCARÉ phase condition, which fixes the free phase θ1 resulting
from the unknown frequency ω1. Furthermore, z0 represents a nearby solution (for example obtained by a previ-
ous continuation step). In other words, the invariance equation describes the periodic solution uniquely but due to
self-excitation the zero point of the phase is not unique.
Generalizing this idea to quasiperiodic motions under the consideration of torus coordinates (different time scales),
a phase condition has to be added for every free phase [22] and the projection on the vector field

(
f(z0,γ)> · z

)
has just to fix the phase in the direction of the associated torus coordinate (time scale). The equations for describing
a quasiperiodic motion on a finite interval read:

Equation system: general formulation

m∑
i=1

∂z

∂θi
Ωi +

p∑
j=m+1

∂z

∂θj
ωj = f(z,γ) θ ∈ Tp, γ ∈ Rm, z ∈ Rn

2π∫
0

. . .

2π∫
0

(
∂z0
∂θj

)>
· z dθ1 . . . dθp = 0, j = m+ 1, ..., p.

(9)

With this system of equations the problem of solving an ODE on an infinite, one dimensional time interval can be
transformed to solving a PDE on finite, multidimensional internals (time scales), the torus coordinates θi.
In the literature two methods are mainly used to solve equation (9). The first one is a generalization of the
FOURIER-GALERKIN method (FGM), whereby instead of one internal frequency, multiple internal frequencies
are taken into account [21, 17]. Problems can arise from the initialization of the FOURIER coefficients and the
number of ansatz functions which are taken into account. Roughly speaking, with a higher degree of nonlinearities
more terms of the FOURIER series have to be taken into account resulting in large calculation costs. Methods
to overcome this problem in a certain degree base on a selection of harmonic terms, whereby a Fast-FOURIER
Transformation is applied to the residuum identifying missing terms in the ansatz functions [9, 17]. The second
approach used to solve equation (9) base upon a finite-difference method (FDM) [7, 22]. A typical drawback of
this method is the geometry of the discretized area, but since the area is well known through the parametrization
on the 2π periodic torus the method is well suited. The discretization of the phase condition can be handled point
wise [21]. In this work all further results are calculated with a FDM algorithm implemented in MATLAB, whereby
the derivatives approximation is of third order and the nonlinear system solver FSOLVE is used.

4In the context of autonomous equations known frequencies describe the increasing velocity of corresponding phase space coordinates,

whereby in the invariance equations are those coordinates the torus coordinates (zk = Ωit = θi, under the assumption of internal frequencies).
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3 Application to model problems from the literature
In this section two example problems from literature a re-examined using the approach described above. Since

the results in the reference sources have been obtained using different methods, the following examples may serve
as a validation of the presented approach. In order to facilitate validation, the choice of parameters and variable
names has been adopted from the original publications.
The first one is a simple model of the lateral vibrations of a rotor of an electric generator with unbalanced magnetic
pull (UMP) [24]: In this example one cyclic excitation stems from the unbalance, the other one is related to the
UMP: in this example are both excitation frequencies known and predetermined. The second example is a rotor-
to-stator contact system [17], where one frequency is predetermined and the second one, if present, is unknown
since it results from self-excited vibration.

3.1 Generator rotor with unbalanced magnetic pull (UMP)
The considered model stems from [24], whereby merely all significant information for an implementation are

mentioned5. The rotor is modeled as a JEFFCOTT-rotor and the magnetic field is modeled by means of the air-gap

: Shaft
: Center of mass

α

~ex

~ey

a

R2

R1

r0

δ(α, t)

Figure 4: Geometry of the generator.

permeance approach. The investigated model describes vibrations of
a generator rotor with dynamic and static eccentricity (DSE). While
often the dynamic eccentricity (motion due to unbalance) is consid-
ered in the literature, static eccentricity (eccentric shaft) is rarely in-
vestigated. Due to unbalance the rotor is always deflecting when ro-
tating. On account of a deflection the electromagnetic forces are no
longer canceling each other out, whereby a second mechanism with
a different frequency excites the rotor. Both frequencies are predeter-
mined and uncoupled, whereby in general (from a numerical point of
view) quasiperiodic motion result. In the case of a (small) common
period the motion will be periodic, but since both frequencies stem
from different sources this scenario is limited to exact values which
will in general not occur6. Since the air-gap permeance approach
is used, the determination of the air-gap geometry is required. The
air-gap can be approximated with

δ(α, t) ≈ δ0 − r0 cos(α)− r cos(α− θ), (10)

where δ0 = R1 −R2 is the air-gap of a centered rotor, r0 is the static eccentricity, (r, θ) are the Polar coordinates
of the shaft deflection concerning to the Cartesian coordinates (x, y) and α is a air-gap coordinate (cf. figure 4).

3.1.1 Modeling
Since the rotor is modeled as a JEFFCOTT rotor, the left hand side of the equation is linear. The right hand side

consists of a linear part, due to unbalance, and a nonlinear part, due to electromagnetic forces. The dimensionless
equation of motion read

 1 0

0 1

Ẍ
Ÿ

+

 2ξ 0

0 2ξ

Ẋ
Ẏ

+

 1 0

0 1

X
Y

 =

Πλ2 cos(λT )

Πλ2 sin(λT )

+

 F ump
x

mω2
nδ0

F ump
y

mω2
nδ0

 , (11)

where T = ωnt is the dimensionless time concerning to the natural angular frequency of the rotor ω2
n = k

m and
F ump
x , F ump

y are the resultant forces of UMP in ~ex- and ~ey-direction. These forces

F ump
x = R2L

2π∫
0

σ(α, t) cos(α)dα; F ump
y = R2L

2π∫
0

σ(α, t) sin(α)dα (12)

5If more detailed descriptions are required or of interested see [24].
6E.g. is a motion with ω1 = 2 and ω2 = 0.999999999999 better approximated as a quasiperiodic than as a periodic motion.
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can be determined by integrating the horizontal and vertical component of the MAXWELL stress σ(α, t) on the
surface of the rotor. Under some assumptions (see [24]) the MAXWELL stress

σ(α, t) =
B(α, t)2

2µ0
(13)

can be described with the radial component of the magnetic flux density B(α, t) and the magnetic permeability of
the vacuum µ0. To calculate the magnetic flux density

B(α, t) = ∆mmf(α, t)Λ(α, t), where
∆mmf(α, t) = Fc cos(λ0T − pα)

Λ(α, t) =
µ0

δ(α, t)

(14)

the fundamental magnetomotive force (MMF) of the air-gap ∆mmf , whereby Fc is the amplitude of the MMF, p
is the number of pole-pair and λ0 is the dimensionless supply frequency, and the air-gap permeance Λ(α, t) are
needed. Note that the second excitation mechanism is the MMF.

3.1.2 Continuation of stationary motion
According to the literature, the parameters are chosen to 2ξ = 0.0156, Π = 0.2273, m = 18.15 kg, k =

1.526 · 106 N
m , δ0 = 2.2 · 10−3m, R2 = 59 · 10−3m, L = 0.1551 m, µ0 = 4π · 10−7 H

m , Fc = 684 A, λ0 =
1.0835 and p = 1. The static eccentricity r0 is given in percent of δ0 and is analyzed for different values. After
transforming equation (11) into the phase space, the invariance equations (9) of this problem read

Equation system: generator rotor with unbalanced magnetic pull

∂z

∂θ1
Ω1 +

∂z

∂θ2
Ω2 = f(z, γ) θ = [θ1, θ2] ∈ T2, γ = λ ∈ R1, z =

[
X,Y, Ẋ, Ẏ

]
∈ R4, (15)

where both frequencies are given (Ω1 = λ, Ω2 = λ0) and the continuation parameter is the normalized rotation
frequency of the rotor. Since both frequencies are given, no phase condition is required.
To obtain results, the position of the rotor (r, θ) has to be updated in each calculation step of the nonlinear solver
to get the current air-gap shape (equation (10)). Furthermore, the resultant forces of UMP from equation (12) have
to be evaluated in each calculation step. Since the resulting manifolds are relatively smooth, an approximation
with 21 × 23 elements is sufficient. In figure 5 are the invariant submanifold7 of the maximal deflection radius

7

6

5
2π

2π
π

π

0 0 θ1

θ2

R

10−3

Figure 5: Invariant manifold of the rotor ra-

dius compared to a time simulation (r0 =

0, λ = 0.11).
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Figure 6: Continuation of λ for different static eccentricities

7The whole manifold is defined asM⊂ T2×R4 for a fixed λ and would require a six dimensional plot to be depicted, since z1, z2, z3, z4

have to be plotted against θ1, θ2.
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(R =
√
z21 + z22) and the results of a finite, stationary time simulation depicted. The solution of the time simulation

lies on the predicted manifold and if the time interval is enlarged, the trajectory would fill the manifold densely (cf.
chapter 2). According to the source, the investigation will focus on the under critical operating regime. Looking
in figure 6 at r0/δ0 = 0% the classical behavior can be identified. Due to a centric rotor the maximal deflection is
at low rotation frequencies small, since the unbalance excites the rotor weakly and the resultant forces of UMP are
also weak. As soon as the frequency increases, the maximal deflection grows. When a static eccentricity is con-
sidered interesting phenomena occur. First, although small deflections for low rotating frequencies are expected,
the resultant deflections are large. The origin of this behavior is founded in the resultant forces of the UMP since
through a static eccentricity the forces are exciting the rotor strongly from the beginning8. Second, as soon as
a certain deflection is reached, the continuation cannot find any solutions. This stems from the pull properties
of the resultant UMP forces, since once the rotor comes in a certain distance to the stator it gets pulled against
the stator resulting in fatal failure of the machinery. The last interesting phenomena is the presence of extensive
deflections at λ ≈ 0.32. With an increasing static eccentricity the two peaks begin to take shape and enlarge with
higher values of static eccentricity. At r0/δ0 = 11% the peaks have split again, but due to large deflections at
r0/δ0 = 12% the large amplitudes are sufficient to let the rotor come into contact with the stator whereby the
operating regime lessens significantly. The reason for this behavior lies in the resultant forces of the UMP and
continuing investigations will be carried out in further work.

3.2 Rotor-to-stator contact system

The considered model is taken from [12], whereby it has already been investigated from [17] in terms of
quasiperiodic motions by means of a multifrequent FOURIER-GALERKIN method. This model9 is used to describe
rotor to stator interaction by means of a penalty contact using a dry friction COULOMB approach (cf. figure 7).
This model can exhibit four classical types of stationary solutions resulting form different constellations of the
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O
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~ey
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r

rdisk

ωcrωw

meω2

µFn

Fn

α~ez

~ey

Figure 7: Schematic depiction of the rotor-to-stator contact system with a rigid and circular stator (source [12]).

external forcing due to unbalance and internal forcing due to circulatory terms arising from dry friction. The four
types are: 1. No-rub The rotor is not in contact with the stator. This can be model as an unbalanced JEFFCOTT
rotor, the motion is circular and periodic. 2. Full annular rub: The rotor is in permanent contact with the stator.
This can be considered by adding circulatory and corresponding stiffness terms, the motion is circular and periodic.
3. Partial rub: The rotor switches between in contact and out of contact states. Adding a HEAVISIDE function
the rubbing terms can be active or neglected, the motion is quasiperiodic. 4. Dry whip: The rotor can rub or roll
on the inner surface of the stator. Consider a counter rotation oscillation of the rotor (due to self-excitation) to the
rotor rotation itself (cf. figure 7: ωw and ω). A relative velocity between the stator and rotor results whereby its
sign determine the direction of friction forces, the motion is quasiperiodic.

8Orbits concerning to this motion can be found in [24]
9If more detailed descriptions are required or of interested see [12, 13, 17].
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3.2.1 Modeling
Since this model is taken from the literature the parameters and variables are chosen after [17] to simplify the

consultation of the source. The dimensionless equations of motion modeling the mentioned four steady states read[
1 0
0 1

] [
X ′′

Y ′′

]
+

[
2ζ 0
0 2ζ

] [
X ′

Y ′

]
+

[
β 0
0 β

] [
X
Y

]
+Θ(R)

(
1− R0

R

)[
1 −µ sign(Vrel)

µ sign(Vrel) 1

] [
X
Y

]
=

[
Ω2 cos(Ωτ)
Ω2 sin(Ωτ)

]
,

(16)
where

R =
√
X2 + Y 2, Θ(R) =

{
0, R < R0

1, R ≥ R0

, Vrel = RdiskΩ +Rωb. (17)

The HEAVISIDE function considers the nonlinearities in fact instantaneous, but due to the term (1 − R/R0) a
continuous changeover is warranted. Furthermore, it is noteworthy that the dimensionless dry whip frequency ωb
is negative

ωb = −

 ζ

µ
+

√
β +

(
ζ

µ

)2
 (18)

and corresponds to the unstable natural frequency of the coupled rotor-stator system (cf. [13]).

3.2.2 Continuation of stationary motion
According to the literature, the parameters are chosen to 2ζ = 0.1, β = 0.04, R0 = 1.05, Rdisk = 20R0 and

µ = 0.2. To investigate the different types of behavior and define a reference solution a time integration is carried
out (cf. figure 9). Doing a quasi stationary run up simulation the four described states can be identified. Note-
worthy is a jump phenomena occurring between the partial rub and the dry whip motion at Ω ≈ 0.46 suggesting
a bifurcation. Since a simple JEFFCOTT rotor is the basis of this model it can be deduced, that a no-rub motion
has to exists at higher rotational speeds. Starting on this motion and doing a run down simulation two more jump
phenomena can be observed. The first one between the no rub and dry whip motion at Ω ≈ 0.86 and the second
the other way around at Ω ≈ 0.04. The questions arising are how are the periodic motions connected and can the
quasiperiodic motion be continued efficiently. After transforming equation (16) into phase space some distinctions
have to be made. The continuation starts with the no-rub periodic motion, whereby the invariance equation (9) of
these solutions read:

Equation system: rotor-to-stator contact system (periodic solution)

dz

dθ1
Ω1 = f(z, γ) θ1 ∈ T1, γ = Ω ∈ R1, z = [X,Y,X ′, Y ′] ∈ R4. (19)

Like mentioned in chapter 2 a periodic solution is just a special case of a quasiperiodic motion with one internal
frequency (Ω1 = Ω) and can therefore be calculated with the used framework. Here, a phase condition is not
required since the frequency is predetermined. During the continuation the FLOQUET multipliers are monitored to
analyze the stability and identify (possible) arising quasiperiodic solutions through a NEIMARK-SACKER bifurca-
tion10. If quasiperiodic solutions are present the invariance equation (9) of this type of solutions read

Equation system: rotor-to-stator contact system (quasiperiodic solution)

∂z

∂θ1
Ω1 +

∂z

∂θ2
ω2 = f(z, γ) θ = [θ1, θ2] ∈ T2, γ = Ω ∈ R1, z = [X,Y,X ′, Y ′] ∈ R4

2π∫
0

2π∫
0

(
∂z0
∂θ2

)>
· z dθ1dθ2 = 0.

(20)

10Often referred to as a HOPF bifurcation of maps.
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In the case of quasiperiodic solutions a phase condition is required, since ω2 is a frequency arising from self-
excitation. Note again, that the projection of the phase condition is just carried out on the differentiation of the time
scale θ2, since this scale represents the free phase. Furthermore, a common task in the literature is the determina-
tion of a nearby solution z0 and an initial guess for the nonlinear solver at the internalization of the continuation11.
In this contribution it is implemented with a time simulation. The results of the continuation are depicted in figure
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Figure 8: Invariant manifold of

the rotor radius compared to a fi-

nite time simulation (Ω = 0.33).
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Figure 9: Continuation of Ω compared to time integrations.

9, where R =
√
X2 + Y 2 is the maximal rotor amplitude. Starting with a periodic no-rub motion the transition to

the full annular rub happens when the rotor comes in contact with the stator. The full annular rub gets unstable at
Ω ≈ 0.29 through a NEIMARK-SACKER bifurcation and a quasiperiodic motion arises, the partial rub. Since the
invariance equation holds also for unstable solution, the periodic branch can be continued. It regains stability when
the amplitudes of the full annular decrease and the rotor is no longer in contact with the stator. The quasiperiodic
branch of the partial rub can also be continued until it stops existing. The stationary results are in good accordance
with the time integrations and the literature [17]. In figure 8 an approximated invariant submanifold of the partial
rub motion and a time simulation are depicted. The trajectory fills the manifold densely when the time interval
increases. The stationary solutions of the dry whip motion are not investigated in context of this contribution and
will be considered in further works.

4 Conclusion
In this work a brief summary of the systematic appearance of quasiperiodic motion in rotor dynamical ap-

plications is given. It has been shown that quasiperiodic oscillations are often found in the literature but usually
analyzed with time marching techniques. This circumstance originated due to the lack of established programs
to continue quasiperiodic motions. Furthermore, the basic theory of formulating equations to calculate quasiperi-
odic on finite boundaries is given. In this context the connection between periodic and quasiperiodic solutions
concerning internal frequencies is stressed out and put into one framework. The two main approaches, used in
the literature, to solve the resulting system of PDE are outlined (FOURIER-GALERKIN method (FGM) and finite-
difference method (FDM)) whereby the FDM is used in this work. The method is applied to two examples from
the literature covering the main concepts of quasiperiodic occurrence in unbalanced rotor systems. The first one
is a generator rotor with unbalanced magnetic pull (UMP), where both frequencies are predetermined. The inves-
tigation led to interesting behavior when considering static eccentricities of the rotor, like lessen of the operation
regime. The second considered model is a rotor-to-stator contact system in which one frequency is predetermined
and the other one not. Concerning to this investigation it is shown that the stationary quasiperiodic solutions can
be predicted correctly, which is verified by time simulations. Furthermore, it is shown that periodic solution are
included in the framework of quasiperiodic motions.
Although the presented method is merely applied to relatively small models, the framework is easily applicable to
larger dynamical systems.

11During a continuation one can use the solution of a previous continuation step.
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Abstract
The correlation between theoretical and experimental modal models can be quantified by the Modal As-

surance Criterion, which has also been used for rotor systems. However, the conclusions drawn from the
Modal Assurance Criterion may not be valid for non-symmetric systems since the underlying orthogonal-
ity relations are violated. Therefore, a Rotor Correlation Criterion is proposed, which incorporates right and
left eigenvectors, eigenvalues, and mass and stiffness matrices. Applications of model correlation for test
data assessment, sensor placement, mode pairing, and model updating are discussed in the context of ro-
tors. For two numerical examples, the modified correlation approach is compared to the Modal Assurance
Criterion. Considering the availability of experimentally determined left eigenvectors, these examples deal
with a damped rotor under special support conditions and a purely gyroscopic rotor under more general
conditions.

1 Introduction
The Modal Assurance Criterion (MAC) [2] is widely used to assess the correlation between theoretical and

experimental modal models. If the mass or stiffness weighted MAC of a non-rotating structure is proportional
to the identity matrix, mode shapes are perfectly correlated. For many structural models, the weighting ma-
trix is not essential, and a similar MAC is obtained without weighting. The unweighted MAC only requires the
mode shapes, which suggests that it could be suited for any type of system. However, the properties of the
MAC depend on the underlying orthogonality relations, which are violated by non-symmetric models. Since
the system matrices of rotors are in general non-symmetric, there is no guarantee that the usual conclusions
from the MAC are still valid.

For a flexible rotor in journal bearings, the main MAC diagonal of theoretical and experimental modes
has been calculated in [6]. Four out of ten values were below the recommended limit of 0.9 and could not be
improved by model updating. Moreover, significant differences appeared between the MAC values of right
and left eigenvectors. In this case, model correlation would have required a modified approach.

For the model correlation of rotor systems, one might consider the modal matching array from [1], which
is defined for general second-order systems. It incorporates right and left eigenvectors as well as all system
matrices. In a comparison between theoretical and experimental modal models, approximate mass and stiff-
ness matrices will be available, while damping will hardly be known; this discourages the use of the modal
matching array, which also involves rather complex calculations. The difficulty of obtaining left eigenvectors
from experiments has been discussed in [3]. For purely gyroscopic rotors [7, 8] or special support conditions
[9, 10], they can be calculated from right eigenvectors so that the rotor only has to be excited in one degree
of freedom. In this paper, the results from [9, 10] are used to ensure the practical applicability of a modified
correlation approach.

Besides the comparison between theoretical and experimental modal models, the MAC is used in other
applications such as the validation of experimental modal models [2], optimal sensor placement [11], and
the objective function for model updating algorithms [12]. Future success in the model updating of rotor
systems will depend on an efficient treatment of these issues and requires an appropriate approach to model
correlation.
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This paper is based on a general orthogonality relation for non-symmetric systems. It proposes a corre-
lation criterion that incorporates right and left eigenvectors, eigenvalues, and mass and stiffness matrices.
Various applications of model correlation are discussed with an emphasis on their importance for rotors.
The advantage of the modified correlation approach is demonstrated by numerical examples. These exam-
ples consider special types of rotor systems for which appropriate experiments are feasible. They investigate
various applications of model correlation for a rotor in damped isotropic bearings and a rotor in undamped
bearings with minor anisotropy.

2 Modified correlation criterion
To derive the required orthogonality relation, the equation of motion

Mü+ (C + G )u̇+ (K + N )u= 0 (1)

for an autonomous rotor system with the displacement vector u, the symmetric mass matrix M , the symmet-
ric damping matrix C , the skew-symmetric gyroscopic Matrix G , the symmetric stiffness matrix K , and the
skew-symmetric circulatory matrix N is transformed into

A

�

u̇
ü

�

+ B

�

u
u̇

�

= 0 (2)

where

A=

�

C + G M
M 0

�

(3)

and

B =

�

K + N 0
0 −M

�

. (4)

Equation (2) leads to the first order right eigenvalue problem

(λn A+ B )θr n = 0, (5)

in which both eigenvalues λn and right eigenvectors θr n appear as complex conjugate pairs. The first order
left eigenvalue problem

θT
l n (λn A+ B ) = 0T (6)

yields the same eigenvalues λn and the left eigenvectors θl n , which also appear as complex conjugate pairs.
In general, right and left eigenvectors do not coincide.

If Eq. (5) is premultiplied by the transpose of the left eigenvector θl m , one obtains

θT
l m (λn A+ B )θr n = 0. (7)

Expressing Eq. (6) for the index m and postmultiplying by the right eigenvector θr n results in

θT
l m (λm A+ B )θr n = 0. (8)
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For m 6= n , the combination of Eqs. (7) and (8) proves the orthogonality relation

θT
l m Bθr n = 0. (9)

The right and left eigenvectorsψr n andψl m of the system (1) satisfy the relations

�

λ2
n M +λn (C + G ) + K + N

�

ψr n = 0 (10)

and

ψT
l m

�

λ2
m M +λm (C + G ) + K + N

�

= 0T , (11)

respectively. It follows from Eqs. (3-6), (10), and (11) that

θr n =

�

ψr n

λnψr n

�

(12)

and

θl m =

�

ψl m

λmψl m

�

. (13)

With Eqs. (4), (12), and (13), the orthogonality relation (9) becomes

ψT
l m (K + N )ψr n −λmλnψ

T
l m Mψr n = 0, (14)

which constitutes the basis of the correlation criterion proposed in this paper.
In the various applications of model correlation, two sets A and B of both right and left eigenvectors are

considered. They may be obtained from theory or by experiment and sometimes they coincide. Omitting the
circulatory matrix for brevity, Eq. (14) suggests the abbreviation

Sm An B =ψ
T
l m A Kψr n B −λm Aλn Bψ

T
l m A Mψr n B ; (15)

using Eq. (15), the elements of the Rotor Correlation Criterion (RCC) matrix are defined as

RCCmn =
|Sm An B | · |Sn B m A |
|Sm Am A | · |Sn B n B |

. (16)

If the two sets of eigenvectors A and B coincide, an auto-RCC is obtained, which should be close to the identity
matrix. In theory, it yields the identity matrix if the circulatory matrix remains in Eq. (15).

Section 4 uses the elements of the classical MAC matrix for comparison. They are given by

MACmn =

�

�ψH
r m Aψr n B

�

� ·
�

�ψH
r n Bψr m A

�

�

�

�ψH
r m Aψr m A

�

� ·
�

�ψH
r n Bψr n B

�

�

, (17)

which is based on the orthogonality relation

ψT
r m Mψr n = 0 (m 6= n ) (18)

for undamped symmetric systems [4].
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Figure 1: Schematic of a flexible rotor.

3 Applications of model correlation

In structural dynamics, the MAC has a wide range of applications; typical uses are listed in [2]. Some
applications of model correlation will be essential for modal testing and model updating of rotor systems. In
practical cases, access to a rotor is limited and vibration measurements are restricted to a small number of
degrees of freedom. The preparation of measurement points may cause a considerable effort, which should
be made for optimal positions to avoid repeated trials. This issue is addressed by optimal sensor placement.
For non-rotating systems, an appropriate method has been described in [11]. It considers the auto-MAC
matrix of Finite Element mode shapes that are sampled at the selected sensor positions. This matrix should
come close to identity. For rotor systems, it can be replaced by the RCC matrix. In the RCC formula, right and
left eigenvectors have to be sampled at the selected sensor positions, and mass and stiffness matrices must
be reduced to the measured degrees of freedom.

In view of the practical difficulties that arise with excitation and measurement under rotation, an exper-
imental modal rotor model should be validated to ensure the quality of measurements. The validation of
experimental modal models was an original intention of the MAC [2]. For non-rotating systems, it requires
an auto-MAC matrix of experimental mode shapes, which can be calculated in the absence of a theoretical
model. If the RCC matrix is calculated for the validation of experimental mode shapes from a rotor system,
the formula also requires experimental left eigenvectors as well as a first estimate of reduced mass and stiff-
ness matrices. It seems easier to use the MAC, but this may lead to misjudgement. For an experimental modal
rotor model, the auto-RCC matrix should be near identity.

The validation and, if possible, the successful correction of a physical model may be considered as the
ultimate goal of modal testing. Once the quality of measurements has been ensured, the correlation between
theoretical and experimental modal models can be used to validate the physical model. For non-rotating
systems, the MAC matrix of theoretical and experimental mode shapes should have main diagonal values
above 0.9 and off-diagonal values below 0.1 to ensure a good correlation [4]. For rotor systems, the RCC matrix
can be used in a similar way. Reduced mass and stiffness matrices can be estimated from the theoretical
model.

Model updating aims at the correction of physical model parameters. The objective function can be com-
posed of theoretical and experimental eigenvalues, eigenvectors, or the correlation criterion itself [12]. For a
reasonable definition of this function, it is essential to identify matching mode pairs, which are indicated by
the correlation criterion. If the MAC is used for rotor mode pairing, the objective function may be misleading
and model updating may fail. The RCC shoud be used instead. In an iterative approach, reduced mass and
stiffness matrices could be recalculated from updated model parameters.
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4 Numerical examples
The rotor under consideration is depicted in Fig. 1. The non-symmetric rotor system consists of a rigid

disc attached to a flexible shaft, which is supported by a bearings at both ends. In the examples, two different
configurations of these bearings will be considered. The coordinate system in Fig. 1 is aligned with the prin-
cipal axes of the left bearing with stiffness constants in directions x and y denoted as kx 1 and ky 1; respective
damping constants cx 1 and cy 1 are used in the first example. The left shaft section with radius r1 and length
l1 is described by its mass m1 =ρl1r 2

1 π and transverse area moment of inertia J1 = r 4
1 π/4;ρ denotes the mass

density. The mass of the disc with radius r2 and thickness l2 is m2 = ρl2r 2
2 π. Its transverse and polar mass

moments of inertia are It 2 = ρl2r 4
2 π/4 and Ip 2 = ρl2r 4

2 π/2, respectively. For the right shaft section with ra-
dius r3 and length l3, m3 =ρl3r 2

3 π and J3 = r 4
3 π/4. The stiffness constants of the right bearing are denoted as

kx 3 and ky 3. Respective damping constants cx 3 and cy 3 are used in the first example. Below, a cross-coupled
stiffness kx y 3 appears in the second example.

To keep the model simple, each of the two shaft sections is described by a beam element neglecting shear
deflection [5]. The displacement vector is defined as

u=
�

x1 β1 x2 β2 x3 β3 y1 α1 y2 α2 y3 α3

�T
(19)

with translations x1, y1, x2, y2, x3, y3 and rotations α1, β1, α2, β2, α3, β3 at the left bearing (index 1), the
disc center (index 2), and the right bearing (index 3); α and β describe rotations about the x - and y -axes,
respectively. The mass matrix associated with the displacement vector u reads

M =

�

M x 0
0 M y

�

(20)

with

M x = M 2+
1

420















156m1l1 22m1l 2
1 54m1l1 −13m1l 2

1 0 0
22m1l 2

1 4m1l 3
1 13m1l 2

1 −3m1l 3
1 0 0

54m1l1 13m1l 2
1 156 (m1l1+m3l3) −22

�

m1l 2
1 −m3l 2

3

�

54m3l3 −13m3l 2
3

−13m1l 2
1 −3m1l 3

1 −22
�

m1l 2
1 −m3l 2

3

�

4
�

m1l 3
1 +m3l 3

3

�

13m3l 2
3 −3m3l 3

3
0 0 54m3l3 13m3l 2

3 156m3l3 −22m3l 2
3

0 0 −13m3l 2
3 −3m3l 3

3 −22m3l 2
3 4m3l 3

3















(21)

and

M y = M 2+
1

420















156m1l1 −22m1l 2
1 54m1l1 13m1l 2

1 0 0
−22m1l 2

1 4m1l 3
1 −13m1l 2

1 −3m1l 3
1 0 0

54m1l1 −13m1l 2
1 156 (m1l1+m3l3) 22

�

m1l 2
1 −m3l 2

3

�

54m3l3 13m3l 2
3

13m1l 2
1 −3m1l 3

1 22
�

m1l 2
1 −m3l 2

3

�

4
�

m1l 3
1 +m3l 3

3

�

−13m3l 2
3 −3m3l 3

3
0 0 54m3l3 −13m3l 2

3 156m3l3 22m3l 2
3

0 0 13m3l 2
3 −3m3l 3

3 22m3l 2
3 4m3l 3

3















, (22)

where

M 2 =















0 0 0 0 0 0
0 0 0 0 0 0
0 0 m2 0 0 0
0 0 0 It 2 0 0
0 0 0 0 0 0
0 0 0 0 0 0















. (23)

Note that signs are changed between Eqs. (21) and (22). The damping matrix is given by

C =

�

C x 0
0 C y

�

(24)
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with

C x =















cx 1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 cx 3 0
0 0 0 0 0 0















and C y =















cy 1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 cy 3 0
0 0 0 0 0 0















. (25)

The gyroscopic matrix reads

G =

�

0 G0

−G T
0 0

�

(26)

with

G0 =















0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 −Ip 2Ω 0 0
0 0 0 0 0 0
0 0 0 0 0 0















, (27)

in which Ω denotes the rotational speed. The stiffness matrix is given by

K =

�

K x K x y

K T
x y K y

�

(28)

with

K x =















kx 1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 kx 3 0
0 0 0 0 0 0















+E
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, (29)

K y =















ky 1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 ky 3 0
0 0 0 0 0 0
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, (30)
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and

K x y =















0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 kx y 3 0
0 0 0 0 0 0















, (31)

where E denotes the modulus of elasticity. Again, signs are changed between Eqs. (29) and (30).
For a mixture of translations and rotations, the MAC cannot be calculated since this would require an

addition of squared lengths and squared angles. The model is therefore reduced to the translational cooor-
dinates

x=
�

x1 x2 x3 y1 y2 y3

�T
(32)

by a static condensation [5]. The matrix S sorts the displacement vector u so that

�

x
a

�

= Su (33)

with the remaining coordinates x and the condensed coordinates

a=
�

β1 β2 β3 α1 α2 α3

�T
. (34)

The stiffness matrix associated with the sorted displacement vector is partitioned in 6×6 blocks according to

�

S−1
�T

K S−1 =

�

K x x K x a

K a x K a a

�

, (35)

and the static relationship can be expressed by

�

x
a

�

=

�

I (6×6)
−K−1

a a K a x

�

x. (36)

Using the reduction matrix

R = S−1

�

I (6×6)
−K−1

a a K a x

�

, (37)

the condensed system matrices are given by R T M R , R T C R , R T G R , and R T K R .

4.1 Rotor in damped isotropic bearings
The first example considers a rotor system whose parameters are given by r1 = 10 mm, l1 = 100 mm, r2 =

100 mm, l2 = 20 mm, r3 = 5 mm, l3 = 100 mm, ρ = 7860 kg m−3, E = 2.1 · 1011 N m−2, kx 1 = ky 1 = 30E J1/l
3
1 ,

kx 3 = ky 3 = 0.1kx 1, kx y 3 = 0, cx 1 = cy 1 = 0.01
p

kx 1m2/2, cx 3 = cy 3 = 0.01
p

kx 3m2/2, and Ω = 20000 rpm. Both
the original and the reduced model comply with the conditions in [9, 10]. This means that the calculation of
the RCC does not require additional measurements for the experimental determination of left eigenvectors.
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To compare theoretical MAC and RCC matrices, the eigenvalue problem is solved for the reduced model.
The auto-RCC of the reduced model yields the identity matrix. The respective auto-MAC matrix is given by

MAC :















1.0000 0.0000 0.2532 0.0000 0.0153 0.0000
0.0000 1.0000 0.0000 0.2735 0.0000 0.0400
0.2532 0.0000 1.0000 0.0000 0.1249 0.0000
0.0000 0.2735 0.0000 1.0000 0.0000 0.4306
0.0153 0.0000 0.1249 0.0000 1.0000 0.0000
0.0000 0.0400 0.0000 0.4306 0.0000 1.0000















.

Since this matrix contains large off-diagonal values, it should not be used for the validation of an experimental
modal rotor model. Otherwise, perfect measurements might be dismissed.

If the eigenvalue problem is solved for the original model and eigenvectors are sampled at the transla-
tional degrees of freedom, the question of sensor placement can be addressed. There is little alternative to
measuring six translations, which results in the auto-RCC matrix

RCC :















1.0000 0.0000 0.1488 0.0000 0.0009 0.0000
0.0000 1.0000 0.0000 0.0848 0.0000 0.0511
0.1488 0.0000 1.0000 0.0000 0.0488 0.0000
0.0000 0.0848 0.0000 1.0000 0.0000 0.6426
0.0009 0.0000 0.0488 0.0000 1.0000 0.0000
0.0000 0.0511 0.0000 0.6426 0.0000 1.0000















;

relaxing the limit for off-diagonal values to 0.2, it can be concluded that the omission of rotations is acceptable
for the lowest five modes. In contrast, the auto-MAC matrix becomes

MAC :















1.0000 0.0000 0.9827 0.0000 0.0155 0.0000
0.0000 1.0000 0.0000 0.0007 0.0000 0.0040
0.9827 0.0000 1.0000 0.0000 0.0028 0.0000
0.0000 0.0007 0.0000 1.0000 0.0000 0.8001
0.0155 0.0000 0.0028 0.0000 1.0000 0.0000
0.0000 0.0040 0.0000 0.8001 0.0000 1.0000















;

this would mean that the omission of rotations cannot be accepted at all.
It is now assumed that experimental right eigenvectors are available for a rotor system whose actual model

parameters differ from those of the theoretical model. The stiffness constants of the right bearing are kx 3 =
ky 3 = 0.06kx 1 in this assumption. Experimental left eigenvectors can be obtained by changing the signs in the
lower halves of the right eigenvectors [9, 10]. The RCC matrix of theoretical and experimental modal models
reads

RCC :















0.9744 0.0000 0.0000 0.0000 0.0000 0.0000
0.0000 0.9971 0.0000 0.0000 0.0000 0.0000
0.0005 0.0000 0.9939 0.0000 0.0000 0.0000
0.0000 0.0000 0.0000 1.0039 0.0000 0.0019
0.0127 0.0000 0.0035 0.0000 0.9874 0.0000
0.0000 0.0016 0.0000 0.0045 0.0000 0.9892















.

Its main diagonal indicates a better correlation than the main diagonal of the MAC matrix

MAC :















0.9946 0.0000 0.1876 0.0000 0.0153 0.0000
0.0000 0.9839 0.0000 0.1595 0.0000 0.0400
0.2191 0.0000 0.9629 0.0000 0.1247 0.0000
0.0000 0.3471 0.0000 0.8429 0.0000 0.4317
0.0384 0.0000 0.2776 0.0000 1.0000 0.0000
0.0000 0.1042 0.0000 0.7483 0.0000 1.0000















,
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which underestimates the theoretical model. This demonstrates that the MAC may not be able to recognize
the quality of a theoretical rotor system model.

4.2 Rotor in undamped bearings with minor anisotropy
In the second example, cx 1 = cy 1 = cx 3 = cy 3 = 0, and kx y 3 = 0.0005kx 3. All the other parameters are

the same as in the first example. Both the original and the reduced model comply with the conditions in [7].
Again, the calculation of the RCC does not require additional measurements for the experimental determina-
tion of left eigenvectors. While the auto-RCC of the reduced model yields the identity matrix, the auto-MAC
matrix

MAC :















1.0000 0.0000 0.2532 0.0000 0.0126 0.0027
0.0000 1.0000 0.0000 0.2699 0.0070 0.0328
0.2532 0.0000 1.0000 0.0000 0.1029 0.0220
0.0000 0.2699 0.0000 1.0000 0.0845 0.3931
0.0126 0.0070 0.1029 0.0845 1.0000 0.0000
0.0027 0.0328 0.0220 0.3931 0.0000 1.0000















would not allow for a fair assessment of measurements. If the eigenvalue problem is solved for the original
model, the auto-RCC matrix with eigenvectors sampled at the translational degrees of freedom reads

RCC :















1.0000 0.0000 0.1488 0.0000 0.0007 0.0003
0.0000 1.0000 0.0000 0.0843 0.0138 0.0361
0.1488 0.0000 1.0000 0.0000 0.0347 0.0134
0.0000 0.0843 0.0000 1.0000 0.1815 0.4737
0.0007 0.0138 0.0347 0.1815 1.0000 0.0000
0.0003 0.0361 0.0134 0.4737 0.0000 1.0000















.

In contrast, the respective auto-MAC matrix

MAC :















1.0000 0.0000 0.9827 0.0000 0.0112 0.0043
0.0000 1.0000 0.0000 0.0006 0.0011 0.0029
0.9827 0.0000 1.0000 0.0000 0.0020 0.0008
0.0000 0.0006 0.0000 1.0000 0.2336 0.6058
0.0112 0.0011 0.0020 0.2336 1.0000 0.0000
0.0043 0.0029 0.0008 0.6058 0.0000 1.0000















would not recommend the omission of rotations.
Experimental right eigenvectors shall now be available for a reduced shaft stiffness according to J1 =

0.7r 4
1 π/4. Experimental left eigenvectors can be obtained as the complex conjugates of the right eigenvectors

[8]. The RCC matrix of theoretical and experimental modal models then reads

RCC :















0.9999 0.0000 0.0000 0.0000 0.0003 0.0000
0.0000 0.9973 0.0000 0.0000 0.0000 0.0003
0.0000 0.0000 0.9963 0.0000 0.0074 0.0009
0.0000 0.0002 0.0000 0.9996 0.0227 0.1876
0.0000 0.0002 0.0016 0.0001 0.7813 0.0090
0.0000 0.0011 0.0003 0.0003 0.0075 0.7811















.

Its main diagonal indicates a worse correlation than the main diagonal of the MAC matrix

MAC :















1.0000 0.0000 0.2123 0.0000 0.0135 0.0016
0.0000 0.9899 0.0000 0.2339 0.0036 0.0307
0.2514 0.0000 0.9789 0.0000 0.0994 0.0118
0.0000 0.3102 0.0000 0.9806 0.0479 0.4028
0.0133 0.0151 0.1938 0.1090 0.9889 0.0102
0.0028 0.0706 0.0415 0.5071 0.0105 0.9889















,
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which overestimates the theoretical model. This demonstrates that the MAC may approve a theoretical rotor
system model that does not comply with measurements.

5 Conclusions
It has been demonstrated by numerical examples that the Modal Assurance Criterion may not be suited

for rotor systems. A Rotor Correlation Criterion has been defined as an alternative. Its advantage concern-
ing the validation of experimental modal models, sensor placement, and the correlation between theoretical
and experimental modal models has been demonstrated numerically. Since the Rotor Correlation Criterion
requires left eigenvectors, the examples discuss rotors for which a relationship between right and left eigen-
vectors is known. Model correlation for other rotors would be facilitated if more general results on the deter-
mination of left eigenvectors were available.
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Abstract 

Composite materials have been extensively used in engineering applications over the past few decades, 

enabling new possibilities in engineering design. These materials appear to be an interesting solution for many 

rotating machinery applications, due to their associated low weight and high strength. For the modeling of 

composite shafts, simplified theories are often used. In the present contribution, a finite element model based on 

the Simplified Homogenized Beam Theory (SHBT) was used to predict the dynamic behavior of a thick-walled 

composite hollow shaft. The finite element model of the shaft is based on the Timoshenko beam theory and 

considers the contribution of the shear stress in the dynamic model. For the purpose of validation, a test rig with 

a thick-walled carbon-epoxy composite hollow shaft, two aluminum disks, and two self-aligning ball bearings 

was experimentally tested and numerically simulated. The developed model was updated based on the 

experimentally measured frequency response functions, obtained from the rotor test rig. Numerical and 

experimental unbalance responses were compared, considering two rotation speeds of the test rig. Results show 

promising outcomes from the model, for it precisely predicts the first critical speed and the corresponding 

unbalance responses, both in time and frequency domains.  

1   Introduction 

Rotor dynamics is one of the areas with interest in the use of composite shafts since they are a viable solution 

to overcome the intrinsic limitations of metal shafts [1]. The low weight of composite shafts allows for faster 

acceleration and deceleration when compared with conventional rotating machines [2], and also reduces effects 

related to rotational inertia. However, in supercritical operations (flexible rotors) the vibration responses 

associated with the shaft bending, dynamic stress, stability, and fatigue should be carefully evaluated [3]. 

In composite material shafts, it is possible to change stiffness and damping properties by manipulating some 

characteristics, such as adjusting fiber and matrix composition, fiber orientation, number of layers, stacking 

sequence, layer thickness, and other geometric properties [4]. This allows for critical velocities to be conveniently 

changed according to the project requirements for the rotor system. Additionally, it is possible to attenuate the 

vibration amplitudes when the system undergoes critical speeds [1], depending on the structural damping 

properties of the composite [5]. The internal structural damping can significantly affect the dynamic behavior of 

composite shafts. It can reduce the vibration amplitude of the shaft at critical speeds, but also make the system 

unstable [1, 6]. In rotors with metallic shafts, the internal damping influence can be omitted in most cases, 

nevertheless, in composite shafts, it can be up to twice as large as on a metal shaft [7]. In this context, the 

characterization of the internal damping is important to the design of rotating machines, aiming to establish a safe 

operating condition [8, 9]. 

Various recent finite element formulations based on homogeneous beam theory, equivalent layer theories and 

the costly layerwise models have been recently proposed for the analysis of composite materials [10, 11, 12, 13, 

14]. The Equivalent Modulus Beam Theory (EMBT) [15, 16] can be effectively used for the modeling of tubular 
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composite shafts, and even be extended to represent rotating dynamics accordingly. However, the EMBT model 

has some limitations, mainly regarding the coupling of the vertical and horizontal directions, most evident in 

composite asymmetric rotors [17]. A Layerwise Beam Theory (LBT) [9] presents an excellent prediction of the 

composite shaft dynamics in rotating applications, but nevertheless have an exponentially higher computational 

cost, given the complexity of the beam element it utilizes. LBT is a degeneration of the Layerwise Shell Theory 

(LST), considering that the cross-section of the beam suffers no distortion whatsoever [16]. Even alternate 

solutions, such as the Rayleigh-Ritz method, were recently used in the modeling of composite shafts [8]. An 

intermediary approach, which could provide accurate results and low computational cost, was therefore 

researched, resulting in some modified EMBT models [4] and in the Simplified Homogenized Beam Theory 

(SHBT) [18]. 

In this study, the SHBT model [18] was used to model the dynamic behavior and unbalance response in sub-

critical speeds of an experimental test rig with a thick-walled carbon fiber composite shaft. The adopted model 

allows for modeling any stacking sequence of the plies, considers the structural damping of the composite, and 

also takes into account the shear stress acting transversely on the shaft. 

Aiming to present original experimental results and provide a proper confirmation of the proposed 

methodology results, an experimental validation was performed. An experimental test rig composed by a 

multilayered thick-walled carbon-epoxy composite hollow shaft, two aluminum disks, and two self-aligning ball 

bearings was assembled. Various experimental measurements were carried out, acquiring displacement and 

acceleration data both in the vertical and horizontal directions of the two disks by means of two pairs of proximity 

probes.  

2   Rotor model 

2.1 Equations of motion 

The formulation of the composite shaft will follow that developed by [19], obtaining a differential equation 

that represents the dynamic behavior of a flexible onboard rotor operating in a steady state condition [4]. In this 

formulation, the shaft is characterized by its strain and kinetic energies, the disks and unbalance mass by their 

kinetic energy only, and the bearings by the virtual work produced by their lift forces. Therefore, to produce the 

Equations of Motion for the rotor one must proceed accordingly to the Lagrange formulation. 

2.2 Composite shaft kinetic and potential energies 

The kinetic and potential energies for the composite shaft and the potential energy for the metallic disk need 

to be determined. As such and explained beforehand, the Lagrange model for the composite shaft rotor becomes 

Eq. (1): 

𝑑

𝑑𝑡
(
𝜕𝑇

𝜕�̇�𝑖
) −

𝜕𝑇

𝜕𝒒𝑖
+

𝜕𝑈

𝜕𝒒𝑖
= 𝑄𝑖  (1) 

where 𝑇 and 𝑈 are the kinetic and potential energies, respectively, and 𝑄𝑖 is the generalized efforts.

Concerning the shaft contribution to the overall dynamics, a beam element considering shear stresses is 

adopted with 4 Degrees of Freedom (DoFs) per node, being 2 linear displacements (𝑢 and 𝑤), and 2 rotations (𝜃 

and 𝜑), resulting in 8 DoFs per element, this element is able to represent the coupling between 𝑢 and 𝑤 directions. 

Formulating the shape functions for the said element [19], the rotation 𝜃 is the partial derivative of 𝑤 relative to 

𝑦, and in a similar fashion, the rotation 𝜑 is the negative partial derivative of 𝑢 relative to 𝑦. The transverse strain 

fields for each element are described by a third degree polynomial, as in Eq. (2): 

{
𝑢 = 𝑵1𝒒𝑢
𝑤 = 𝑵2𝒒𝑤

, 𝑤ℎ𝑒𝑟𝑒 {
𝒒𝑢 = {𝑢1, 𝜑1, 𝑢2, 𝜑2}

𝒒𝑤 = {𝑤1 , 𝜃1, 𝑤2 , 𝜃2}
;  {

𝑵1 = {1 −
3𝑦2

𝐿2
+

2𝑦3

𝐿3
,   − 𝑦 +

2𝑦2

𝐿
−

𝑦3

𝐿2
, 

3𝑦2

𝐿2
−

2𝑦3

𝐿3
 , 

𝑦2

𝐿
−

𝑦3

𝐿2
}

𝑵2 = {1−
3𝑦2

𝐿2
+

2𝑦3

𝐿3
,   𝑦 −

2𝑦2

𝐿
−

𝑦3

𝐿2
, 

3𝑦2

𝐿2
−

2𝑦3

𝐿3
, −

𝑦2

𝐿
+

𝑦3

𝐿2
}

(2) 

being 𝑵1 and 𝑵2 the shape functions to the beam element. The shaft kinetic energy becomes Eq. (3):

𝑇𝑆 =
𝜌𝑆

2
∫ (�̇�2 + �̇�2)𝑑𝑦
𝐿

0
+

𝜌𝐼

2
∫ (�̇�2 + �̇�2)𝑑𝑦
𝐿

0
+ 2𝜌𝐼Ω2 + 2𝜌𝐼Ω∫ �̇�𝜃𝑑𝑦

𝐿

0
 (3) 

being 𝜌 the linear density for the composite shaft, 𝑆 the transverse section area and 𝐼 the transverse section area 

inertia.  

As for the shaft strain energy during the rotating motion, it is obtained from the analysis of the strain 휀 and 

stress 𝜎 terms. Assuming that the shaft itself is symmetric, considering that the shaft cross section remains circular, 

and that 𝐶 is the shaft geometric center, one can determine a physical model where the static system is (𝑋,𝑌, 𝑍) 
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and the rotating one is (𝑥, 𝑦, 𝑧). The point 𝐶 coordinates are (𝑢,𝑤) in the static system and (𝑢∗, 𝑤∗) in the rotating 

one, also, the rotation of one system relative to the other is given by Ω𝑡 [19]. Disregarding axial stresses, the shaft 

strain becomes Eq. (4): 

𝑈 =
𝐸𝐼

2
∫ [𝒒𝑢

𝑡 𝑑
2𝑵1

𝑡

𝑑𝑦2

𝑑2𝑵1
𝑡

𝑑𝑦2
𝒒𝑢 + 𝒒𝑤

𝑡 𝑑2𝑵2
𝑡

𝑑𝑦2

𝑑2𝑵2
𝑡

𝑑𝑦2
𝒒𝑤] 𝑑𝑦

𝐿

0
 (4) 

where 𝐸 is the shaft elasticity modulus and 𝐼 its inertia. By applying the Lagrange equation (Eq. (1)) into Eq. (4), 

one can obtain the stiffness matrix 𝑲, 𝜕𝑈 𝜕𝒒⁄ = 𝑲𝒒. 

2.3 Disk potential energy 

In this contribution, the disk is considered rigid, as it is not the main focus of this work. The stationary 

coordinate system is represented by 𝑅0 = (𝑋, 𝑌, 𝑍), and the mobile system, attached to the disk geometric center,

by 𝑅 = (𝑥, 𝑦, 𝑧). The disk have 4 DoFs, two lateral displacements 𝑢 and 𝑤, and two rotations 𝜃 and 𝜑. From that 

one can obtain the node displacement vector 𝒒𝐷 = {𝑢,𝑤, 𝜃, 𝜑}
𝑡  and, assuming a symmetric disk and that 𝜃 and 𝜑

are sufficiently small to be disregarded, one can simplify the disk kinetic energy into Eq. (5): 

𝑇𝐷 =
1

2
𝑚𝐷(�̇�

2 + �̇�2) +
1

2
𝐼𝐷(�̇�

2 + �̇�2) +
1

2
𝐼𝐷𝑦(Ω

2 + 2Ω�̇�𝜃)  (5) 

where 𝑚𝐷 stands for the disk mass, 𝐼𝐷𝑥, 𝐼𝐷𝑦 and 𝐼𝐷𝑧 for the inertias relative to 𝑅 corresponding axes and 𝜔𝑥,

𝜔𝑦and 𝜔𝑧 the angular velocities, also relatives to 𝑅 corresponding axes, and the gyroscopic effect is given by

𝐼𝐷𝑦Ω�̇�𝜃. According to [3], and the formulation in the present contribution, the disk is added to the general model

by coupling its influences to a single beam node, adding the components into the shaft model global matrices.  

2.4 Bearing virtual work and Unbalanced mass kinetic energy 

Regarding the bearings, these components are modeled as stiffness and viscous damping coefficients (𝑘 and 𝑐 
respectively), and are introduced in the movement equations of the composite rotor through the virtual work of 

the lift forces acting on the shaft. As for the unbalanced mass, it is represented by a punctual mass 𝑚𝑢, located at

a distance 𝑑 from the shaft geometrical center, that have coordinates 𝑢 and 𝑤. Both developments can be further 

explained by reference [21], and will ultimately be introduced into the equations of motion, resulting in Eq. (6). 

This is the equation of motion of the proposed model, already introducing the dissipative effects associated with 

composite materials [18]: 

𝑴�̈� + [𝑫+ Ω𝑫𝑔 + 𝑫𝑖]�̇� + [𝑲 + Ω̇𝑲𝑠𝑡 +Ω𝑲𝑖]𝒒 = 𝑾+𝑭𝑢 + 𝑭𝑚  (6) 

where 𝑴 is the mass matrix, 𝑫 is the damping matrix associated with the bearings and 𝑫𝑔 represents the

gyroscopic effect. All boldfaced terms are in the global level of the FE formulation. The vector d represents the 

generalized displacements of the shaft (lateral displacements) and 𝑾 is the rotation speed. 𝑾 stands for the weight 

of the rotating parts and 𝑭𝑢 represents the unbalance forces. 𝑫𝑖 and 𝑲𝑖 are the internal damping and the stiffness

matrices, respectively, both associated with the composite material. 

2.6 Internal damping: 

The internal damping is represented by using a Kelvin-Voigt rheological model [18], where the stiffness is 

represented by σ1 = 𝐸ε1, and the damping by σ2 = 𝜂ε̇2. The representative element of this approach is a spring-

damper parallel association, in which the spring is the elastic fraction of the deformation, following Hooke’s law, 

and the damper is assumed to be linear, with a resulting stress expressed as a function of the strain rate [25]. The 

relationship between the stress 𝜎 and the deformation 휀 of the Kelvin-Voigt [22] model is given by σ = 𝐸휀 + 𝜂휀̇, 
where σ = σ1 + σ2 and ε = ε1 + ε2. Here, 𝜂 is the viscosity and 휀̇ is the deformation rate. The relaxation time 𝛼
is given by the relation: 𝛼 = 𝜂 𝐸⁄ . The internal dissipative effects of the composite are described by Eq. (7): 

𝛿𝑊 = ∫ ∫ 𝛼𝐸 [𝑥2
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𝜕𝑦2
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 (7) 

2.7 Homogenization method: 

This method considers equivalent properties for each beam section, calculated by SHBT homogenization. A 

new coordinate system (1, 2, 3) is developed, where it is guided with direction 1 parallel to the fibers, direction 2 

orthogonal to them and direction 3 normal to the plane of the composite. Here, a transversely orthotropic material 
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is considered, having 5 mechanical constants. Assuming that each individual ply is thin enough to be a plate/shell 

element, and therefore under a plane stress state, its mechanical properties matrix can be described by Eq. (8): 

𝑸 =

[
 

𝐸1

1−𝜈12𝜈21

𝐸2𝜈12

1−𝜈12𝜈21
0

𝐸1𝜈12

1−𝜈12𝜈21

𝐸2

1−𝜈12𝜈21
0

0 0 𝐺12]

= [
𝑄11 𝑄12 0
𝑄21 𝑄22 0
0 0 𝑄66

]   (8) 

being 𝐸, 𝐺, and 𝜈, associated to directions 1 and 2 of the new coordinate system. 

After this procedure, the SHBT is applied to determine the equivalent properties to be used in the element-

level matrices of Eq. (6). It permits to consider the structural damping and shear stress in the beam elements and 

also allows for any stacking sequence. The SHBT model [18] considers a homogenized flexural stiffness with 

Young’s modulus 𝐸𝑘
𝑦
 and inertia moment of area 𝐼𝑘 for each ply 𝑘 of the composite material, as shown in Eq. (9):

{
𝐼𝑘 =

𝜋

4
(𝑅𝑘

4 − 𝑅𝑘−1
4 )

𝐸𝑘
𝑦
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1

𝐺12
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−1   ⇒  𝐸𝐼 = ∑ 𝐸𝑘

𝑦𝑁
𝑘=1 𝐼𝑘    (9) 

Regarding to the shear stresses, the following Eq. (10) give the undamped components: 

{

𝑆𝑘 = 𝜋(𝑅𝑘
2 −𝑅𝑘−1

2 )

𝐺12
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⇒ 𝐺𝑆𝑘 = ∑ 𝐺12

𝑘 𝑆𝑘𝑁
𝑘=1  (10) 

where 𝐺𝑆𝑘  is the equivalent term for the whole beam element. In order to obtain the equivalent damped bending

stiffness matrix, Eq. (11) is utilized: 

𝛼𝐸𝐼𝑘 = ∑ �̃�𝑦
𝑘𝐼𝑘𝑁

𝑘=1  ⟹ 

{

𝑸𝜓 = [
𝜓11𝑄11 𝜓11𝜈21𝑄11 0

𝜓22𝜈21𝑄11 𝜓22𝑄22 0
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] , 𝑖𝑛 (𝑋, 𝑌, 𝑍), 𝑎𝑛𝑑:
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𝑠𝑖𝑛2(𝜃𝑘) 𝑐𝑜𝑠2(𝜃𝑘) −2𝑠𝑖𝑛(𝜃𝑘)𝑐𝑜𝑠(𝜃𝑘)
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] .

 (11) 

The resulting matrix �̅�𝜓 is used to determine the equivalent damped stiffness modulus, as given by Eq. (12): 

{
𝑪 = [�̅�𝜓]

−1

�̃�𝑦
𝑘 = [𝑪(2,2)]−1

(12) 

3   Experimental setup: 

The experimental setup is represented by an overhung rotor [23] as shown in Figure 1. It is composed of a 

horizontal composite tube and two aluminum disks, supported by two self-aligning bearings. Relative to the end 

of the aluminum coupling that connects the motor to the shaft, the center of the rotor components are given by the 

following distances: a) Bearing #1, 80 mm; b) Disk #1, 145 mm; c) Bearing #2, 680 mm; d) Disk #2, 885 mm. 

Figure 1: Composite rotor test rig. 
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The composite shaft is made of special high-modulus and pre-impregnated carbon fiber plies, presenting 

twenty layers with the following stacking sequence: [0, 0, 0, 0, 90, 90, 45, -45, 0, 0, 0, 45, -45, 90, 90, 0, 0, 0, 0, 

0/90] (degrees of inclination, relative to the Y direction of Fig. 3), from the most internal to the most external ply. 

The last layer is made of a crossed mesh, with woven filaments (fibers at 0 and at 90 degrees). The geometric 

properties of the shaft and its plies are shown in Table 1. 

Table 1: Geometric properties of the shaft 

Shaft 

Properties 

Length 

[m] 

Outer diameter 

[m] 

Inner diameter 

[m] 

Density 

[kg/m³] 

Value 0.9070 0.0180 0.0128 1667 

The disks were positioned using adjustable sleeves for a better grip and placement. The bearings are self-

aligning ball bearings, also positioned along the shaft using sleeves and locking nuts. The system was mounted in 

bipartite pillows and locked in place using bolts, equally placed using a torque wrench. The motor used is run by 

a digital controller, set to 1000 and 1400 RPM. This system features a laser encoder, effectively measuring the 

system rotating speed without contact. The system stabilized its rotating speed slightly below the set velocity (no 

variations greater than ±5 RPM around the dynamically stable speeds were measured). 

4   Numerical model 

By using the previously described formulation, the SHBT based FEM model was assembled to represent the 

test rig, having 39 beam elements. A simple description is given by Figure 2. 

Figure 2: FEM model for the experimental test rig. The numbers below the figure represent the corresponding 

element. 

For updating some of the rotor system physical properties, such as the Young’s and shear modulus of the shaft, 

unbalanced mass and bearing coefficients, a fine-tuning was performed by solving a typical inverse problem. The 

chosen objective function is based on the difference between the numerical and experimental frequency response 

functions. In this case, the Differential Evolution (DE) approach was used [15, 24], as shown in Table 2: 

Table 2: Shaft parameters, bearing stiffness and damping coefficients, and unbalance masses 

Variable 
Minimum 

Limit 

Optimized Value 

at 992 RPM 

Optimized Value 

at 1387 RPM 

Maximum 

Limit 

Young’s modulus 00 [Pa] 70x109 103.67x109 103.68x109 150x109 
Young’s modulus 900 [Pa] 70x109 127.05x109 127.06x109 150x109 

Young’s modulus 00/900 [Pa] 20x109 47.49x109 47.50x109 80x109 
In-plane shear modulus [Pa] 1x108 8.98x108 8.98x108 10x109 

In-plane shear modulus 00/900 

[Pa]

1x108 3.04x109 3.05x109 10x109 

Major Poisson’s ratio 0.05 0.3050 0.3051 0.5 
Major Poisson’s ratio 00/900 0.05 0.2802 0.2803 0.5 

𝜂1 1x10-8 2.67x10-7 2.67x10-7 1x10-5 
𝜂2 1x10-8 7.11x10-6 7.12x10-6 1x10-5 
𝜂3 1x10-8 6.58x10-6 6.58x10-6 1x10-5 

Bearing #1 - kxx [N/m] 1x103 866.77x103 866.77x103 1x107 
Bearing #1 - kzz [N/m] 1x103 182.37x103 182.37x103 1x107 

Bearing #1 - dxx [Ns/m] 1x102 64.58x103 64.58x103 1x106 
Bearing #1 - dzz [Ns/m] 1x102 6.86x103 6.86x103 1x106 

Bearing #2 - kxx [N/m] 1x103 10.01x103 10.01x103 1x107 
Bearing #2 - kzz [N/m] 1x103 10.00x103 10.00x103 1x107 
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Bearing #2 - dxx [Ns/m] 1x102 9.06x103 9.06x103 1x106 
Bearing #2 - dzz [Ns/m] 1x102 1.02x103 1.02x103 1x106 

Mass unbalance - disk #1 [Kg] 1x10-6 2.10x10-3 1.82x10-3 1x10-2 
Phase - disk #1 [rad] 0 4.30 5.88 2π 

Mass unbalance - disk #2 [Kg] 1x10-6 6.72x10-5 4.58x10-5 1x10-2 
Phase - disk #2 [rad] 0 3.49 5.19 2π 

5   Results 

5.1 Frequency Response Functions 

First, a free-free condition was considered by suspending the shaft through low stiffness nylon cords, attached 

to its extremities. The second condition was obtained with the system fully assembled, bolted in the bearing 

pillows and with the motor attached via an aluminum coupling. In both cases, an impact hammer and two 

accelerometers were used measuring the vibration responses in the 𝑋 and 𝑍 directions for each disk. It is 

noteworthy that only the first two frequencies were of interest and only they were adjusted in the model, as seen 

in Figure 3 and Table 3.  

Table 3: Numeric model and experimental data comparison, featuring: a) numeric frequency values for the 3 

first natural frequencies; b) experimental values of the 3 first natural frequencies; c) numerical amplitude values 

for the 3 first natural frequencies; d) empirical amplitude values for the 3 first natural frequencies 

Mode and 

direction 

a) Numeric freq.

value [Hz] 

b) Test rig freq.

value [Hz]

c) Numeric

amp. [N/m]

d) Test rig

amp. [N/m]

Free-free 

condition 

Mode 1 X 164.7 162.8 7.024 x10-4 9.033 x10-4 

Mode 1 Z 164.7 162.8 7.512 x10-4 9.748 x10-4 

Mode 2 X 449.9 449.8 2.183 x10-5 3.465 x10-4 

Mode 2 Z 449.3 499.9 1.623 x10-5 3.648 x10-4 

Assembled 

condition 

Mode 1 X 63.2 63.2 1.407 x10-3 1.096 x10-3 

Mode 1 Z 63.2 63.2 1.727 x10-3 1.365 x10-3 

Mode 2 X 188.2 188.2 1.721 x10-4 2.992 x10-4 

Mode 2 Z 188.2 188.2 2.459 x10-5 2.674 x10-5 

Figure 3: FRF for the free suspended shaft and for the assembled system, in X and Z directions 
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5.2 Time signal data acquisition and Order analysis 

After assembling the complete machine and performing the FRFs, the settled system was run at two conditions, 

1000 and 1400 RPM, for 2 hours each. At steady-state condition, the rotating speeds the system settled in were 

992 and 1387 RPM, respectively. In total, four proximity probes were used for each analysis, again measuring the 

response in the 𝑋 and 𝑍 directions for each disk. Table 4 presents the comparative results. 

Table 4: Numeric model and experimental (proximity probes) results in comparison, featuring: a) phase lag 

between experimental and numeric time signal data; b) order analysis numeric amplitude values for the 1𝑋 peak; 

c) order analysis experimental test rig amplitude values for the 1𝑋 peak

Disk and direction a) Phase lag [rad] b) Numeric amp. [mm] c) Test rig amp. [mm]

Ω = 992 RPM 

Disk 1 - Horizontal 0.07 4.002 x10-5 4.103 x10-5 

Disk 1 - Vertical 0.61 6.563 x10-5 5.274 x10-5 

Disk 2 - Horizontal 0.00 1.186 x10-4 1.154 x10-4 

Disk 2 - Vertical 0.00 1.612 x10-4 1.450 x10-4 

Ω = 1387 RPM 

Disk 1 - Horizontal 0.05 4.821 x10-5 4.837 x10-5 

Disk 1 - Vertical 0.64 6.392 x10-5 6.749 x10-5 

Disk 2 - Horizontal 0.04 2.537 x10-4 2.480 x10-4 

Disk 2 - Vertical 0.58 2.462 x10-4 3.386 x10-4 

5.3 Rotor orbits 

Figure 4 presents the overlaid orbits, for both the numeric response and experimental measurements. 

Figure 4: Orbit analysis for both disks, comparing numerical and experimental results, where blue lines are 

experimental and red lines, numeric results 
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5.4 Campbell diagram 

Having an adjusted model, a Campbell diagram was produced numerically. Due to safety concerns, given the 

unstable behavior of the system at high speeds, this analysis was not performed experimentally. The 1st backward 

speed was determined at 26.97 Hz, while the 1st forward speed is present at 27.30 Hz, for this rotor system, as 

presented in Figure 5.  

Figure 5: Campbell diagram for the assembled rotating machine 

6   Conclusions 

In this contribution, a numerical model was proposed to represent the dynamic behavior of rotating machines 

with thick-walled composite shafts. The formulation was able to precisely predict the dynamic of the experimental 

test rig. Even though the proposed methodology accounts for additional physical characteristics, the resulting 

FEM model is still sufficiently simple to be subject to optimization procedures via heuristic optimization methods. 

The computational cost of the proposed model is on pair with similar simplified models, such as the Rayleigh-

Ritz and the EMBT models, while better representing the physical characteristics of the rotor system. 

In regard to the experimentation performed, the tests were executed in a controlled environment, with 

stabilized temperature and on steady-state conditions for the machine. Appropriate running time was allowed for 

the bearings and eventual pre-stresses to settle in place, resulting in a better experimental similarity to conditions 

found in standard industrial machinery. The motor and controller were able to provide stable torque, to keep the 

machine operating steadily in the set conditions, allowing for the data acquisition to run smoothly. 

Specifically, on the FRFs results, it can be seen that for lower frequencies the model predictions tend to match 

those of the experiment, while for higher frequencies there is a loss in precision due to damping misinterpretation. 

Some notable features can be obtained from the optimized values of the physical parameters of the test rig, 

displayed in Table 2. Particularly on the bearing parameters, one observes the following: a) the bearings show an 

unusually low stiffness; b) also the bearings have a high damping, which will affect the general behavior of the 

shaft. 

On the time signal comparison, a clear agreement, and some other characteristics can be noted. Primarily, the 

amplitude and phase of the horizontal measurements show no significant discrepancies from the model results, 

for both rotation speeds of 992 and 1387 RPM. Notably, the modeled response tends to be slightly off the 

experimental response phase in the vertical direction. This effect is believed to be due to high order directional 

coupling effects of the composite, which were neglected in the present formulation.  

     The phase lag can be more clearly observed in the orbits, where the numerically generated orbits tend to be 

more ovalized than the experimentally determined ones. In addition, the orbits show that higher order signals are 

seen in the experimental results, however they do not appear in the numerical data. These higher order signals 

appear at two and three times the rotating speed Ω (2Ω and 3Ω) of the rotor, and similarly to metallic shafts, mostly 

come from the same origins: ordinarily due to the experimental test rig presenting small geometrical and 

fabrication imperfections, such as warping of the shaft, misalignment of the disks, eventual residual stress inside 

the composite mesh, imperfections in the epoxy curing process, bearing clearances and other smaller factors. 

Nevertheless, both the numerical and experimental responses have the same order of magnitude. 
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Abstract
The application of the rotor machines is made in different types of industry. These equipments are subject

to many faults, which should be studied, so an early diagnosis can be done. The quantified parameters of the
faults by identification methods have uncertainties, which should be considered in the mathematical model. The
deterministic problem, become a stochastic problem. A common approach for this problem is the Monte Carlo
method, which consists of the evaluation of a large number of random samples and, then, do a statistical analysis.
The method is simple to implement and allows use deterministic solver. However, the processing cost is high due
to the large number of samples needed. The generalized Polynomial Chaos Expansion can approximate stochastic
processes and resumes the problem into evaluate the expansion coefficients. The Stochastic Collocation method is
straightforward to implement and allows the use of a deterministic solver, as well. This method needs less samples
than the Monte Carlo one. In this work, the validation of the polynomial expansion to approximate the stochastic
response of a rotor system with faults is made. This approximation of the stochastic response presents satisfactory
convergence with a smaller processing time.

1 Introduction
Rotor machineries are used in different segments of the industry. Therefore, the knowledge of its behaviour

and faults are fundamental. Mathematical models and experiments are developed to understand such machines.
These are generally approached by the Finite Elements method. Nelson and McVaugh [7] used the Timoshenko
beam to approximate the shaft of the rotor system. Their model includes the gyroscopic effect, as well. These
machines, generally, are supported by hydrodynamic bearings and their effects have to be considered in the model
of the system.

The rotating machines are subject to faults. Generally, these faults are identified by the vibration levels of the
system. In case of a fault, the vibration amplitude tends to increase and can damage the machine. According to
[2], the most common faults are the unbalance mass, bowed shaft and crack.

The unbalance fault is the most studied one, due to its presence in almost every rotor system. The bowed shaft
can be caused by a thermal distortion or, even, a prolonged high unbalance force. The force caused by a bent shaft
is similar to the one caused by a unbalance mass. They are slightly different, although. Therefore, it is necessary
to recognize this difference and correctly identify the fault in question.

A crack on the shaft can be caused by fatigue or failures. The ”breathing” movement of the crack cause a
signature vibration on the system response. Al-Shudeifat [1] studied this signature vibration. The author uses the
harmonic method to model the dynamic effects of the crack.

If the rotor system is connected to another one, a shaft or a engine, this connection is made by a coupling.
This element is subject to the misalligment, both angular and parallel. Lees [5] presents model for rigidly coupled
rotors. The author considered two rotors connected by bolts and develop the forces and stiffness on the system
from displacement of the bolts edges.

The quantification methods of the faults parameters has inherent uncertainties. These has to be added in the
mathematical model for robustness. Therefore, it is necessary a stochastic model. The solution of the stochastic
problem is generally evaluated by the Monte Carlo method. It is straightforward and easy to implement, after the
uncertainties are already modelled. First, samples are generated, then they are simulated by a deterministic solver.
Finally, a statistical analysis is made with the results. The convergence of the method is guaranteed by the Law of
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Large Numbers and the Central Limit Theorem. However, a large number of samples is needed. If the deterministic
solver has a reasonable processing cost, the Monte Carlo simulation will take a very high computational cost.

The generalized Polynomial Expansion is proposed to approximate the stochastic response of the system.
Wiener [9] presented the ”Homogeneous Chaos”, which was the approximation of Gaussian process through a
series of Hermite polynomials. Then, this idea was expanded by Xiu and Karniadakis [10] into more polyno-
mial families. This approximation by a polynomial expansion, resumes the stochastic problem into evaluate the
expansion coefficients.

The evaluation of the expansion coefficients can be done by the Stochastic Collocation method. The method
needs a deterministic solver, as the Monte Carlo one. However, samples are not random generated, they respect
a quadrature rule. Then, the expansion coefficients are calculated by solving a linear system. The Stochastic
Collocation method need less samples than the Monte Carlo one. Nonetheless, if the number of random variables
is large, the number of samples will be similar for both methods.

In this work, it is proposed the study of the effects of the faults uncertainties in the stochastic response of
a rotor system. The harmonic method will be used to approach the dynamical response of the system and the
unbalance, bent shaft, cracked shaft and misalignment faults will be considered. The stochastic response will
be approximated by the generalized polynomial chaos expansion and the coefficients evaluated by the Stochastic
Collocation method. To validate the usage of the proposed method, it results will be compared with Monte Carlo
stochastic response.

2 Rotor system and faults models
2.1 General equation of a rotor system

The studied system is presented in Fig.1. The system consists of two rotors connected by a series of N bolts.
Each rotor is supported by two journal bearings and has a rigid disc at the middle of the shaft, equidistant from the
bearings. Only one rotor will be considered bent and with a transversal crack. Both will be considered unbalanced.
Table 1 presents the parameters of the model.

0 0.2 0.4 0.6 0.8 1 1.2 1.4

x [m]

-0.1

0

0.1

y
, 
z
 [
m

]

Figure 1: Studied rotor system

The rotor system is modelled by the Finite Elements Method. The formulation is the same as presented by
[7]. Each node has 4 degrees of freedom, displacements and rotations in the vertical and horizontal axis. After the
damping, mass and stiffness matrix of each element are calculated, the final equation of motion of the system is
shown by Eq. 1.

M · q̈ + (C + ωG) · q̇ + K · q = f (1)

with M,C,G,K as the mass, damping, gyroscopic and stiffness global matrices, f as the forces applied in the
system, which includes the forces caused by the faults and gravity.q̈, q̇,q are the acceleration,velocity and dis-
placement of the degrees of freedom and ω is the rotating speed of the shaft.
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Table 1: Model Parameters

Parameters Dimensions Parameters Dimensions

Length of each shaft 631.5 · 10−3 m Diameter of the coupling discs 0.04 m

Diameter of the shaft 0.012 m Number of bolts N 4

Inner diameter of the discs 0.012 m Axial stiffness of the bolt ka 5 · 103 N/m

Outer diameter of the discs 0.09 m Transversal stiffness of the bolt kb 13 · 103 N/m

Thickness of the discs 45 · 10−3m Unbalance moment meunb 50 · 10−6 kg ·m

Young modulus of elasticity E 2.1 · 1011 N ·m2 Unbalance force phase ψunb 0o

Shear modulus G 0.796 · 1011 N ·m2 Maximum amplitude of the bent shaft 22.57 · 10−6 m

Density ρ 7860 kg/m3 Bent shaft force phase ψb 0o

Bearing diameter 0.031 m Parallel displacement at the coupling 2.03 · 10−3 m

Radial clearance of the bearing 90 µm Angular displacement at the coupling 0.2o

Viscosity of the lubricant oil 0.04 Pa · s Non-dimensional crack depth µ 0.2

2.2 Hydrodynamic Bearings model
The hydrodynamic bearings are included in the model by the stiffness and damping coefficients, as proposed

by Lund [6]. The model of the short bearing, developed by Ocvirk[8], is considered. By solving the Reynolds
equation, it is possible to obtain the horizontal and vertical forces acting in the shaft (Eq. 2 as functions of the
eccentricity ratio of the shaft ε, the attitude angle ϕ and rotational speed of the shaft ω. The Equations 2 to 4 were
proposed by [4]

Fx = Fηfx(ε, ε̇, ϕ̇) cos(ϕ)− Fηfy(ε, ε̇, ϕ̇) sin(ϕ)

Fx = Fηfx(ε, ε̇, ϕ̇) cos(ϕ) + Fηfy(ε, ε̇, ϕ̇) sin(ϕ)
(2)

ε =
e

h0
Fη =

ηL3ωR

2h20
(3)

fx(ε, ε̇, ϕ̇) =

(
1− 2ϕ̇

ω

)
· 2ε2

(1− ε2)2
+ π

ε̇

ω
· 1 + 2ε2

(1− ε2)5/2

fy(ε, ε̇, ϕ̇) =

(
1− 2ϕ̇

ω

)
· ε

(1− ε2)3/2
− ε̇

ω
· 4ε

(1− ε2)2

(4)

which, h0 is the radial clearance, L and R are, respectively, the length and radius of the bearing.
By partially differentiating Eq. 4 with respect to the horizontal and vertical displacements and its velocities,

it is obtained the stiffness and damping coefficients, respectively. Therefore, the dynamical coefficients can be
included in the respective matrix in the positions that correspond with the bearings location.

2.3 Rotor machineries faults
Brief definitions and mathematical models are present in this section. It will be considered a rotor system with

unbalance, bend, crack, parallel and angular misalignment.
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2.3.1 Unbalance
The unbalance is the most common fault presented in rotor machines. It is when the center of mass of the shaft

or an disk is not in the rotating axis of the system. This fault is, generally, modeled as a eccentric mass in a disk
or shaft of the rotor. The force caused by the unbalance of the system is presented in Eq. 5 with constant rotating
speed.

funb = meunb · ω2 ·
[
cos(ωt+ ψunb) sin(ωt+ ψunb) 0 0

]T
(5)

which meunb as the equivalent unbalance moment and φunb as the phase of the unbalance force.

2.3.2 Bowed shaft
The bow in a shaft can be caused by many situations, such as different temperatures on different parts of the

shaft or it is stored bi-supported for a long period. In this work, the bow will be represented by its maximum
amplitude. The Equation 6 presents the motion equation of a rotor system with a bent shaft.

Mr · q̈r + Cr · q̇r + Kr · (qr + ybr ) = fr (6)

The subscript r refers to the rotating frame. The vector ybr is the displacements caused by the bent rotor and it
has the form below, which ybk is the displacement of the kth node, in the rotating frame, and n is the total number
of nodes of the model. These displacements are interpolated from the maximum amplitude and its location on the
shaft. This deformation can be expressed by the force:

fbr = Kr · ybr , ybr =
[
yb1 yb2 · · · ybn

]T (7)

Using a transformation matrix, the force can be in the fixed frame and rewrite with the form:

fb = fbc · cos(ωt+ ψb) + fbs · sin(ωt+ ψb) (8)

2.3.3 Cracked rotor
It will be considered a traversal crack. The crack removes material of the shaft, which change the area moments

of inertia of the shaft. Therefore, the stiffness of the shaft change in the section where the crack is located. A brief
presentation of the mathematical model developed by [1] is shown below.

The stiffness matrix can be written similarly to the asymmetric shaft. The area moments of inertia of the
cracked element on the centroidal fixed axes Y f and Zf are calculated using the centroidal area moments of
inertia on the rotating frame Y Z.

IY f
(t) =

IY + IZ
2

+
IY − IZ

2
cos (2ωt) + IY Z sin (2ωt)

IZf
(t) =

IY + IZ
2

+
IY − IZ

2
cos (2ωt)− IY Z sin (2ωt)

IY fZf
(t) = −

IY − IZ
2

sin(2ωt) + IY Z cos(2ωt)

(9)

with:

IY = IY −Ace · e2, IZ = IZ

Ace = R2(π − cos−1(1− µ) + (1− µ)
√
µ(2− µ)

e =
2R3

3Ace
(µ(2− µ))

3
2

383



which Ace is the area of the cracked cross-section and e is the centroid location on Z axis. IY and IZ are the area
moments of inertia of the cracked element cross-section about the rotating axe Y Z and are given by

IY =
πR4

4
+
R4

4
((1− µ)(2µ2 − 4µ+ 1)γ + sin−1(1− µ))

IZ =
πR4

4
− R4

12
((1− µ)(2µ2 − 4µ− 3)γ + 3 sin−1(γ))

(10)

which γ =
√
µ(1− µ) and µ = h/R is the non-dimensional crack depth and h is the crack depth in the radial

direction. The stiffness matrix of the cracked element in the rotating frame is:

Kcrack =
E

l3
·



12IY 0 0 6lIY −12lIY 0 0 6lIY
0 12IIZ −6lIZ 0 0 −12IZ −6lIZ 0
0 −6lIZ 4l2IZ 0 0 6lIZ 2l2IZ 0

6lIY 0 0 4l2IY −6IY 0 0 2l2IY
−12lIY 0 0 −6lIY 12IY 0 0 −6lIY

0 −12IIZ 6lIZ 0 0 12IZ 6lIZ 0
0 −6lIZ 2l2IZ 0 0 6lIZ 4l2IZ 0

6lIY 0 0 2l2IY −6IY 0 0 4l2IY


(11)

Using the transformation matrix that alter the frame from the rotating one to the fixed one, the stiffness matrix can
be write in the static frame. The stiffness matrix of the cracked can be write as the form of Eq. 12, as shown in [1].

Kcrack = Kcrack0 + Kcrackc · cos(2ωt) + Kcracks · sin(2ωt) (12)

Therefore, assembling these matrices in the global system equation, the effect of the crack in the rotor system.

2.3.4 Misalignment
The model proposed by Lees[5] is used to model the parallel misalignment. Two parallel rotors are coupled

by Nb bolts, each one with transversal stiffness kb. The rotors have a relative vertical displacement of δb. On the
first rotor, the bolts are distributed in a circle of radius rb concentric with the shaft. In the second rotor, there is the
same circle with an off-set of δb. It will be considered that both rotors are in the same rotating speed. Therefore, it
will not have torsional deflection.

The stiffness of the coupling is presented by Eq. 13 and the force due to the parallel misalignment is presented
by Eq. 14.

Kpar = Nb · kb ·


1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

 (13)

fpar = Nbkbδb ·
[
sin(ωt) 1− cos(ωt) 0 0

]T
(14)

The angular misalignment it is composed of two discs with a angular offset αb. Due to this angular displacement,
it is considered that one bolt has a stiffness of ka + k′ and the others has ka.
The stiffness due of the misalignment coupling and its force is presented by the Eqs. 15 and 16, respectively.

Kang =
1

2
(3ka + k′)r2b


0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1

+
1

2
k′r2b


0 0 0 0
0 0 0 0
0 0 cos(2ωt) sin(2ωt)
0 0 sin(2ωt) − cos(2ωt)

 (15)
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Fang = −1

2
αbr

2
b

[
0 0 3ka + k′ + k′ cos(2ωt) k′ sin(2ωt)

]T
(16)

2.4 Solution of the system equation
Let the solution of the Eq. 1 and the forces be expressed as Fourier series:

q = A0 +
n∑
k=1

Ak · cos(kωt) + Bk · sin(kωt)

f = f0 +
n∑
k=1

fsk · cos(kωt) + fck · sin(kωt)
(17)

and, therefore, the matrix K can be wrote as:

K = K0 +Kck cos(kωt) +Ksk sin(kωt) (18)

Therefore, the Equation 1 is reformulated for the linear system presented by Eq.19.

[
H
]
·
{
AB

}
=
{
F
}

(19)

which:

[
H
]
=



K0 0 0 0.5Kc 0.5Ks 0 0 0 0 ··· 0 0
0 K0−ωM+0.5Kc K0−ωM+0.5Ks 0 0 0.5Kc 0.5Ks 0 0 ··· 0 0

0 −K0+ωM+0.5Ks K0−ωM+0.5Kc 0 0 −0.5Ks 0.5Kc 0 0 ···
...

...

Kc 0 0 K0−2ωM 2ωC 0 0 0.5Kc 0.5Ks

. . . 0 0

Ks 0 0 −2ωC K0−2ωM 0 0 −0.5Ks 0.5Kc

. . . 0.5Kc 0.5Ks

0 0.5Kc 0.5Ks 0 0 K0−3ωM 3ωC 0 0
. . . −0.5Ks 0.5Kc

0 −0.5Ks 0.5Kc 0 0 −3ωC K0−3ωM 0 0
. . . 0 0

...
. . . . . . . . . . . . . . . . . . . . . . . . . . . 0 0

0 0 0 0 ··· 0 0.5Kc 0.5Ks 0 0 K0−nωM nωC
0 0 0 0 ··· 0 −0.5Ks 0.5Kc 0 0 −nωC K0−nωM


{
AB

}
=
[
A0 A1 B1 A2 B2 · · · An Bn

]T{
F
}
=
[
f0 fs1 fc1 fs2 fc2 · · · fsn fcn

]T
Solving the system for

{
AB

}
, the static position, the dynamic response and its harmonic components can be

calculated.

3 Uncertainties analysis
In this work, it will be considered uncertainties in the faults parameters. Therefore, it will be needed a stochas-

tic model and, then, evaluate the stochastic response of the problem.
The Monte Carlo method is generally used to solve stochastic problems, due to its easy implementation and ac-
curacy in response. Which consists of: modelling the uncertainties, it can be used common ones as the Gaussian
distribution, Gamma distribution, etc.; Generate samples based on these distributions; Simulate each sample; And
proceed with a statistical analysis. However, if the solver used to simulate each sample is computationally expen-
sive, the Monte Carlo simulations will have a huge processing cost.

It is proposed the Stochastic Collocation method with generalized Polynomial Chaos Expansion (gPCE). The
stochastic response is approximated by a polynomial series and the stochastic problem resumes into evaluate the
expansion coefficients.
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3.1 Generalized Polynomial Chaos Expansion
The gPCE was first presented as the ”Homogeneous Chaos” by [9]. The author proposed to approximate

Gaussian processes via a series of Hermite polynomials. Later, Xiu and Karniadakis [10] spread the concept for
more polynomials families. The theory of the gPCE is briefly presented below.

The stochastic response is dependent of random variables λ and deterministic variables p. It will be approxi-
mated by a truncated polynomial series, as in Eq.20.

qPN =
M∑
i=1

q̂i(p) · Φi(λ) (20)

which P is the maximum degree of the polynomial and N is the number of random variables. M is give Eq.21 :

M =

(
N + P

N

)
(21)

For multi-variables problems, N ≥ 2, the polynomials basis is constructed with uni-variable basis and a tensor
product, presented in Eq. 22

ΦP
N =

⊗
|d|6P

φi,di (22)

which d = [d1, d2, ...dN ] is the vector of the degrees of each uni-variable polynomial for each term of the series,
di is the degree of the polynomial i in that term of the expansion. Therefore, the stochastic problem resumes into
evaluate the expansion coefficients q̂i(p). To do so, the Stochastic Collocation will be used.

3.2 Stochastic Collocation method
The Stochastic Collocation method is a non-intrusive stochastic method, which permits the usage of a deter-

ministic solver. The method consists in evaluating the deterministic problem in chosen nodes and, then, evaluate
the expansion coefficients through a linear system.

To define which node will be calculated the deterministic problem, the sparse grid method is used. The method
have the same accuracy as the case of using the full grid, but with less nodes. After all the simulations, the
expansion coefficients can be evaluated solving the overdetermined system, i.e. Q > M , represented by Eq. 23.

Φ1(λ
(1)) · · · ΦM (λ(1))

...
. . .

...
Φ1(λ

(Q)) · · · ΦM (λ(Q))

 ·


q̂1(p)

...
q̂M (p)

 =


q̂(λ(1),p)

...
q̂(λ(Q),p)

 (23)

which λ(i) are the pre-chosen nodes. The system is solved by hte minimum square method. Therefore, with
the expansion coefficients evaluated, statistical data can be calculated. The mean and the variance calculus are
represented by Eq.24.

E[qPN ] = µ =

∫
ρ(λ) ·

M∑
i=1

q̂i(p) · Φi(λ) = q̂1(p)

E[(qPN − µ)2] = σ2 =

∫
ρ(λ) ·

( M∑
i=1

q̂i(p) · Φi(λ)− µ
)2

=
M∑
i=2

q̂2
i (p)

(24)

4 Numerical example
The effects of the uncertainties on the system response are presented in this section. The approximation by

the polynomial expansion will be validated by comparing it with the stochastic dynamical response evaluated by
Monte Carlo simulations.
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4.1 Stochastic model
The rotor system was presented in section 2.1. It is considered that the unbalance moment, maximum amplitude

of the shaft bow, parallel displacement and angular displacement at the coupling and non-dimensional crack depth
have uncertainties. The means of the parameter are presented in table 2.1 and it is considered a 5% variance
coefficient. The fault parameters do not have negative values. Therefore, the Gamma distribution is considered.
Equation 25 presents the relation of the shape α and scale β parameters with the mean µ and variance σ2, necessary
to construct a Gamma distribution.

The generalized Laguerre should be used, due to the choice of the Gamma distribution. The polynomial family
uses the shape parameter to be constructed. However, the shape parameters has high values, because of the low
coefficient of variation value. To avoid this, the memoryless transformation is used. Making possible the usage of
the Hermite polynomials. The theory of the method can be seen in [3]

α =
µ2

σ2
, β =

σ2

µ2
(25)

4.2 Comparison of the methods
It was simulated six cases to validate the usage of the polynomial approach. Two cases consist of the rotor

subjected to the unbalance and the bowed shaft, separately, with uncertainties. Other three cases the rotor system
is subject to the unbalance without uncertainties and the crack or the misalignment (angular and parallel) with
uncertainties. And a final case with all faults with uncertainties.
For the cases with only one fault parameter uncertain, it was simulated 1000 samples for the Monte Carlo method
and 65 samples and a maximum polynomial degree of 3 for the stochastic collocation. The Monte Carlo simulations
took about 20 hours and the stochastic collocation simulations took 80 minutes. For the case of the five fault
parameters with uncertainties, it was simulated 6000 samples for the Monte Carlo method and 801 samples and
a maximum polynomial degree of 3 for the stochastic collocation. The Monte Carlo simulations took about 125
hours and the stochastic collocation ones took about 18 hours.

4.2.1 One fault parameter with uncertainty
First it is compared the stochastic response evaluated by the Monte Carlo method and the stochastic collocation

for the cases of only one fault parameter has uncertainties.
The Figures 2 to 9 present the unbalance response of the shaft in the first bearing with a zoom in the peak of

the first critical speed. Some faults have influence in higher harmonic components of the response, which is the
case of the cracked shaft, Figures 4 to 6, and angular misalignment fault, Figures 8 and 9. Therefore, it is presented
more components for these faults. The unbalance (Fig. 2), bowed shaft (Fig. 3) and parallel misalignment (Fig.
7) have almost no influence in the higher components of the response, so these components are neglected. The
Figures 2 to 9 show the mean and a confidence interval of three standard deviation evaluated by both methods for
the amplitude of the response. The phase did presented a very small influence to the uncertainties, because of that
they are not presented in this work.

Figure 2 presents the unbalance response when the rotor is subjected to only to the unbalance fault with un-
certainties. The mean and the envelope evaluated by the stochastic collocation method has similar values to the
ones evaluated by the Monte Carlo simulations. The 5% variance ratio has higher influence on the variance of
the response when compare with others stochastic responses, illustrated by the distance between the mean and the
envelope. Figure 3 presents the unbalance respond when the rotor is subjected to only to the bowed shaft fault with
uncertainties. The same is observed as in the case when the rotor is subjected only to the unbalance fault. It is
observed as well, how similar are the response of the system for these faults, which difficult the differentiation of
them in fault identification methods.

Figures 4 to 6 present the unbalance respond when the rotor is subjected to the crack shaft fault with uncertain-
ties and unbalance. Again, the stochastic response evaluated by the stochastic collocation is very similar to the one
evaluated by the Monte Carlo simulations. The second and third harmonic components have some influence of the
variance ratio. However, the first component has almost none. This fact, highlight the importance of considered
more harmonics components when working with a rotor system with cracked shaft.

Figure 7 presents the unbalance respond when the rotor is subjected to the parallel misalignment fault with
uncertainties and the unbalance. The same as the case when the rotor is subjected only to the unbalance and only
to the bowed shaft, similar stochastic responses and higher influence of the variance ratio. However, for the case
of the angular misalignment (Figs. 8 and 9) the stochastic responses still are very similar, but the variance ration
has almost none influence in the variance of the response.
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Figure 2: Frequency response of the shaft in the first bearing subjected only to unbalance with uncertainty - first
harmonic component
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Figure 3: Frequency response of the shaft in the first bearing subjected only to bowed shaft with uncertainty - first
harmonic component
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Figure 4: Frequency response of the shaft in the first bearing subjected to cracked shaft with uncertainty and
unbalance - first harmonic component

4.2.2 All faults with uncertainties
The case that the rotor system are subjected to all faults considered in this work: unbalance, bowed shaft,

cracked shaft, angular and parallel misalignment. It will be considered uncertainties in the parameters of these
faults.
Figures 10 to 12 present the stochastic response of the rotor system. Again, the results of the stochastic collocation
are very similar to the ones evaluated by the Monte Carlo method. The the variance of the second harmonic
component has almost no influence of the variance ratio of the input parameters with uncertainties. The first and
third harmonic components has a higher influence.

5 Conclusion
The generalized polynomial chaos expansion was proposed to approximate the stochastic response of a multi-

fault rotor system. The stochastic collocation method was use to evaluate the expansion coefficients. The poly-
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Figure 5: Frequency response of the shaft in the first bearing subjected to cracked shaft with uncertainty and
unbalance - second harmonic component
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Figure 6: Frequency response of the shaft in the first bearing subjected to cracked shaft with uncertainty and
unbalance - third harmonic component
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Figure 7: Frequency response of the shaft in the first bearing subjected to parallel misalignment with uncertainty
and unbalance - first harmonic component

nomial approximation was compared to the results evaluated by the Monte Carlo method. It was simulated six
cases. Two of them consist of the rotor system subjected to the unbalance with uncertainties and bowed shaft with
uncertainties, separately. Three of them consist of the rotor system subjected to cracked shaft, parallel and angular
misalignment, all with uncertainties and each one together with unbalance. And the last one has all the faults of
this work with uncertainties considered.
The results evaluated by the stochastic collocation method are very similar to the ones evaluated by the Monte
Carlo method. Which means, that the means and interval of confidence evaluated of each method has a small
difference. Therefore, the polynomial approximation with the stochastic collocation is a valid method to evaluate
the stochastic frequency response of a faulty rotor. The method presents good accuracy and it is faster than the
Monte Carlo method.
The first component of the cracked shaft and the first and second components of the angular misalignment have a
almost no envelope. However, for the majority of the frequency responses and higher components, the uncertain-
ties has some influence on.

389



0 20 40 60 80 100 120 140

Frequency [Hz]

0

1

2

A
m

p
lit

u
d

e
 [

m
]

10-5 SC

0 20 40 60 80 100 120 140

Frequency [Hz]

0

1

2

A
m

p
lit

u
d

e
 [

m
]

10-5 MC

36 36.5 37
1

1.5
10-5

36 36.5 37
1

1.5
10-5

Figure 8: Frequency response of the shaft in the first bearing subjected to angular misalignment with uncertainty
and unbalance - first harmonic component
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Figure 9: Frequency response of the shaft in the first bearing subjected to angular misalignment with uncertainty
and unbalance - second harmonic component
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Figure 10: Frequency response of the shaft in the first bearing subjected to all faults with uncertainties - first
harmonic component

For the case of all faults with uncertainties, all harmonic components evaluated by the stochastic collocation are
very similar with the ones evaluated by the Monte Carlo method.
Overall, the approximation by the generalized polynomial chaos expansion of the stochastic frequency response
has a good convergence for the case of a multi-faulty rotor. And can be an alternative of the Monte Carlo method,
due to this last one takes a high computational cost.
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Figure 11: Frequency response of the shaft in the first bearing subjected to all faults with uncertainties - second
harmonic component

0 20 40 60 80 100 120 140

Frequency [Hz]

0

1

2

3

A
m

p
lit

u
d

e
 [

m
]

10-7 SC

0 20 40 60 80 100 120 140

Frequency [Hz]

0

1

2

3

A
m

p
lit

u
d

e
 [

m
]

10-7 MC

13 14
1

2

10-7

13 14
1

2

10-7

Figure 12: Frequency response of the shaft in the first bearing subjected to all faults with uncertainties - third
harmonic component
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Abstract
Tilting-pad journal bearings (TPJB) are commonly used by the industry in turbomachinery due to their ex-

cellent stability properties. The main drawback is the lack of damping at high rotational speeds, which can be
overcome by using a squeeze-film damper attached to their housing (passive approach) or active radial oil injection
(mechatronic approach). TPJB with active oil injection (ATPJB) uses high-pressure oil to adjust the rotor posi-
tion and increase damping. Modelling these controllable bearings is not a trivial task from the viewpoint of fluid
dynamics and strong fluid film forces couple the lateral movements of the rotor to the bearing housing and founda-
tion. In this framework the entire rotor-bearing-foundation system must be considered and the coupled dynamics
modelled. In this paper the complex coupling between rotor, bearing, and foundation dynamics is described by a
multi-physics model instead of approaching the foundation dynamics via equivalent impedance.

Individual components of a test-rig composed of a flexible rotor, ATPJB, pedestals, and flexible foundation are
discretised using FE methods in MatLab and ANSYS, based on the geometrical and material properties of each
component. By implementing solid 3D models in ANSYS and using Craig-Bampton reduction, the accuracy and
efficiency of the model is evaluated. Experimental modal analysis (EMA) is used to measure the natural frequen-
cies, damping ratios and mode shapes of the coupled rotor-bearing-foundation system. The results are used to
validate the mathematical multi-physics model.

The theoretical and experimental results fit with a high degree of accuracy, the first 7 theoretical and experi-
mental natural frequencies and mode shapes deviate less than 8%. More tuning and optimisation of the model is
recommended, particularly the coupling between ATPJB and other components. Nevertheless the current model
provides useful insights to how these rotor-bearing-foundation systems can be described and is a step closer to-
wards regulating the ATPJB using model-based control design.

1 Introduction
In this paper a finite-element based approach to modelling rotor-bearing-foundation systems is presented as an

alternative to equivalent impedance methods. The demand for more efficient energy solutions in rotating machin-
ery has pushed the development of active bearings, that can overcome the limits and disadvantages of conventional
passive bearings. Active tilting-pad journal bearings (ATPJB) that combine passive hydrodynamic lubrication
with active hydrostatic lubrication is a promising solution to this problem. In ATPJBs hydrostatic lubrication is
achieved by injecting oil at high-pressure through inlets in the tilting pads which can be controlled to adjust the
rotor position and increase damping. A theoretical model of this concept was presented by Santos and Russo [14]
and later expanded with thermohydrodynamic theory by Santos and Nicoletti [15]. For model-based control of
ATPJBs, accurate and efficient mathematical models of the machine dynamics must be developed to calculate the
system dynamics in real time. Because of strong fluid film forces in the ATPJB there is a strong coupling between
rotor, bearing housing, and foundation. If the foundation is sufficiently flexible the foundation dynamics must be
included in the model to obtain a reasonable accuracy. An example presented by Vance et al. [18] shows that
the omission of foundation dynamics can cause critical speeds to be missed entirely. Based on several numerical
examples, Krämer [8] concluded that the coupling between rotor and foundation can significantly affect the natural
frequencies, resonance amplitudes and stability lines with a flexible foundation. This suggests that a fully coupled
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rotor-bearing-foundation multi-physical model is necessary to model systems with ATPJBs.

Nelson and McVaugh [9] presented a finite-element procedure for modelling rotor-bearing system consisting of
rigid discs, rotor segments and linear bearings. This rotor-bearing model was coupled with the ATPJB model in [16]
to investigate the theoretical limits and feasibility of active lubrication and shows how the ATPJB can successfully
be coupled with a rotor model. The influence of the foundation is typically included in rotor-bearing-foundation
models by using equivalent impedance. An early schematic of the impedance method is given by Bachschmid et
al. [2] where the impedance of three different foundations in coupled with a rotor to study the effect on critical
speeds. The impedance is defined as the forces transmitted from the foundation to the bearings and can be obtained
either experimentally or analytically. Because the impedance coefficients are frequency dependent and time con-
suming to measure directly, a lot of research has been devoted to alternative ways of defining them. These include
modal analysis [3], frequency response functions [17], numerical analysis [6], and finite-element methods [10]. A
similar method based on the foundation receptance is given by Gasch [7], which requires experimental measure-
ments of the foundation to include its effects in a numerical rotor-bearing model. One of the main benefits of the
impedance method is that very few extra degrees of freedom (DOFs) are added to the system. In some situations
experimental measurement of the impedance may also reduce the modelling work significantly. The impedance
method allows for steady-state analysis in the frequency domain. Nevertheless, it cannot be used for time-domain
analysis and stability calculations which are required to design and regulate the ATPJB. Nevertheless, it cannot
be used for time-domain analysis and stability calculations which are required to design and regulate the ATPJB.
Alternative hybrid methods also exist that combine numerical and experimental techniques to determine equivalent
inputs from the foundation. In an effort to reduce the computational effort a hybrid approach using a combination
of the transfer matrix and modal analysis to model rotor-bearing-foundation systems was developed by Zhang et
al. [20]. This method relies on measurements of the foundation and avoids modelling issues for structures with
complicated interactions to the environment.

The novelty of the rotor-bearing-foundation model presented lies in the “physics-based” approach to mod-
elling the foundation, rather than impedance or hybrid methods, and using reduction techniques to minimize the
computational cost. The model is derived having an experimental setup in mind, i.e. a test-rig composed of a
flexible rotor, an ATPJB, pedestals, and a flexible foundation. The purpose of the model is to aid the design of a
model-based controller for the ATPJB, which requires calculation of system stability and time-domain analysis.
Due to the limitations of the equivalent impedance method for this type of applications, a finite-element approach
is used to include the effects of the foundation. Finite-element models of the foundation are generally avoided in
rotor-bearing-foundation models due to the computational cost, but by implementing the Craig-Bampton reduction
technique [11] it is possible to reduce the model to a reasonable size. The model is then compared to experimental
results coming from experimental modal analysis carried out using the test-rig. It is important to emphasize that
the main goal of the work is to achieve the reduced rotor-bearing-foundation model, not to design the ATPJB con-
troller. Such a model should have a minimum of DOFs and be able to describe the system dynamics in the range
of up to 200 Hz.

2 Test Facility and Experimental Modal Testing
The test-rig is designed to test ATPJBs under realistic circumstances that could be found in industrial com-

pressors. Figure 1 shows the test-rig setup during this work. Call-outs show the important components of which
test-rig that are relevant to understand its operational principle. These components are all fixed on the foundation
with ’T’ shaped slots (T-slot plate). A coordinate system is shown on the figure, representing the global coordinate
system in the model. The x-axis goes in the axial direction of the rotor, the y-axis is perpendicular to the rotor in
the horizontal direction and the z-axis is perpendicular to the foundation.

At the left end (drive end) the drive motor is located. It is coupled to a drive coupling using a V-belt to drive the
rotor. The drive coupling is connected to the rotor via a flexible coupling that uses a special joint so only rotation is
transmitted. It decouples the dynamics of the drive motor from the rotor while maintaining the ability to transmit
rotation. The ball bearing which supports the left end of the rotor is housed in the blue pedestal, located right
after the coupling point between rotor and flexible coupling. Three sensor pedestals are mounted on the test-rig,
two of them between the ball bearing and magnetic bearing, and one of them at the far right end. These can be
used to measure the horizontal and vertical displacements of the rotor but were not used in this work. Because
their size and mass is very small relative to the foundation and other components, these pedestals are neglected
in the mathematical model. After the second sensor pedestal, a magnetic bearing is located and can be used to
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Figure 1: Photo of the test-rig with call-outs to major components.

excite the rotor without being in contact with it. Directly to the right of the magnetic bearing the rotor is supported
by the ATPJB, housed in a large grey pedestal. This bearing provide hydrodynamic lubrication by injecting oil
using a low-pressure pump and hydrostatic lubrication by using a high-pressure pump. Both of these pumps are
located next to the foundation but are not shown in the picture. The two diagonally mounted valves supply the
high-pressure oil and the vertically mounted valve provides the low-pressure oil. Finally at the right end of the
rotor discs can be mounted. The most important components when modelling the test-rig dynamics are the ones
relating the foundation to the rotor. They consist of the rotor, the discs that can be mounted on it, the ATPJB, the
pedestals coupling the rotor and foundation, the stiffeners, the foundation, and the damping mat. The estimated
geometrical and physical properties of these components are listed in Table 1. The specified values are used in the
modelling described in Section 3.

In order to verify the model, experimental modal analysis is carried out to get insights into the test-rig dy-
namics. Impact testing is used as the measure the response of the test-rig as it requires very little setup and is
convenient for the given conditions. The equipment consists of a Brüel&Kjær impact hammer type 8202 with
a Manfred Weber M68D1 charge amplifier, a Brüel&Kjær accelerometer type 4730 with a charge amplifier type
2635, and a National Instruments DAQ. For a high spatial resolution the foundation is divided into a 4 × 15 grid
and the rotor is divided into 7 points, as shown on Figure 2. The blue and green dots indicate where the test-rig
is struck by the impact hammer and the red dot indicates where the accelerometer is mounted. Data from three
experiments is used in order to verify the model at different stages. For the first experiment the entire test-rig is
suspended in the air using a crane, ensuring ’free-free’ boundary conditions and eliminating the damping mat from
the measurements, shown on Figure 3. In the second experiment the test rig is resting on the damping mat, adding
damping to the system. For the third experiment vibration data is obtained, with the test-rig resting on the damping
mat and the rotor is driven at 1000 RPM.

Each set of measurements is analysed using signal processing and modal analysis to find the natural frequen-
cies, mode shapes, and modal parameters of the test-rig under the given conditions. This is done by calculating the
frequency response function (FRF) of the measured signals and then using the single degree of freedom (SDOF)
method on the peaks in the frequency domain via least squares method [5].
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Table 1: Estimated geometrical and physical properties of the test-rig components.

Component Property Value Material
Rotor Length 1150 mm Steel

Diameter 90 mm
Mass 49.3 kg

Disc 1 Thickness 80mm Steel
Mass 37.3 kg

Disc 2 Thickness 100 mm
Mass 48.5 kg

Diameter 295 mm
Ball Bearing Pedestal Top Dimensions 50× 160× 250 mm Steel

Base Dimensions 150× 280× 50 mm
Mass 28.5 kg

Ball Bearing Stiffeners Outer Dimensions 50× 50× 500 mm Steel
ATPJB Pedestal Top Dimensions 100mm× 300mm× 300mm Aluminium

Base Dimensions 150mm× 480mm× 50mm

Mass 70.0 kg
ATPJB Stiffeners Outer Dimensions 100mm× 50mm× 500mm Steel

Foundation Outer Dimensions 3500mm× 1100mm× 105mm Cast Iron
Mass 3000.0 kg

Figure 2: Sketch of all measurement points on the test rig.

3 Dynamic Modelling
The most significant components of the test-rig that must be included in the model are a) rotor and disc, b)

ATPJB, c) pedestals, d) stiffeners, and e) foundation.

3.1 Rotor, Disc and Ball Bearing
The rotor, disc and ball bearing are modelled using the finite-element method presented by Nelson and McvVaugh[9].

This means that the rotor consists of 2-node beam elements with 4 DOFs per node that are assembled to form the
the entire rotor. Each node can translate in the y and z direction and rotate about the y and z axes. These DOFs
are given by the vector qrn = {V,W, β,Γ}. The radius and length of different elements re and le varies slightly
to match the actual dimensions of the rotor. The disc consists of a single node with the same 4 DOFs as the rotor.
It is assumed to be rigid and only contributes with mass and gyro. The ball bearing is modelled as a linear spring
which is simply added to the DOFs of the rotor where it is attached. The equations of motion for the rotor and disc
are given in (1) and (2) where M is the mass matrix, K is the stiffness matrix, G is the gyroscopic matrix, q is the
displacement vector, Q is the force vector, Ω is the angular velocity. The superscripts r and d refer to the rotor and

397



Figure 3: Photo of the test-rig in ’free-free’ conditions.

disc respectively.

Mrq̈r − ΩGrq̇r + Krqr = Qr (1)

Mdq̈d + ΩGdq̇d = Qd (2)

The rotor and disc model was validated with 22 elements using experimental results from a ’free-free’ measure-
ments of the rotor natural frequencies with disc 1 mounted on it. The results showed less than 5% deviation for the
first three natural frequencies which were within the range of interest. The total number of DOFs in this model is
92.

3.2 ATPJB
The full derivation of the ATPJB model is given in the work by Santos and Russo [14], Santos and Nicoletti

[15], and Varela et al. [19]. The DOFs of a 1-pad ATPJB subsystem are defined as vertical and horizontal trans-
lations of the rotor {X ′J , Y ′J} and rotation and two translations of the tilting pads {α′, ξ′η′}. For a 4-pad ATPJB
this results in a total of 20 DOFs. In order to couple these with the global rotor-bearing-foundation model, the
translational DOFs related to the rotor and pad are rotated to the global coordinates and added together, resulting
in a total of 8 DOFs for the ATPJB element q = {XJ , YJ , α1, α2, α3, α4, ξ, η}. The resulting equations of motions
for the ATPJB is given in equation (3) where C is the damping matrix.

Matpjbq̈atpjb + Catpjbq̇atpjb + Katpjbqatpjb+ = Qatpjb (3)

3.3 Pedestals
Both pedestals were modelled using rectangular 2-node beam elements with 6 DOFs per node, x,y,z translation

and rotations as illustrated on Figure 4. These are given by the vector qrn = {X,Y, Z,Rx, Ry, Rz} . The equations
of motion for the pedestals are derived by turning the governing differential equation for a beam (strong formu-
lation) into an integral equation (weak formulation). This equation states the deformation at the nodes and uses
shape functions to interpolate between them. Completing the integration gives the equations of motion (4) with
the mass matrix M, stiffness matrix K, displacements q, forces Q, and the superscript p′ refers to the pedestal in
its local coordinate system.

Mp′ q̈p
′
−Kp′qp

′
= Qp′ (4)
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Figure 4: Sketch of a 2-node beam element with 12-DOFs.

The prime indicates the these are defined in a local coordinate system. A coordinate transformation matrix is
defined that transforms the xyz-coordinates to the global coordinate system which is then assembled into the full
pedestal element transformation matrix (5). The transformation equation to rotate the pedestal DOFs is given by
(6).

Ty,π/2 =

 cos(π/2) 0 sin(π/2)
0 1 0

− sin(π/2) 0 cos(π/2)

 , Tp
y,π/2 =


Ty,π/2 0 0 0

0 Ty,π/2 0 0
0 0 Ty,π/2 0
0 0 0 Ty,π/2

 (5)

Kp = (Tp
y,π/2)TKp′Tp

y,π/2 (6)

Note that in the full model assembly, it is assumed that the pedestal nodes can only be displaced in the DOFs
of the component they are coupled with. This means that the {X,Rx} DOFs are eliminated from the node cou-
pled with the rotor. For nodes coupled with the foundation (described later) and ATPJB the {Rx, Ry, Rz} and
{X,Rx, Ry, Rz} DOFs are eliminated. This results in 7 × 7 dynamic matrices for the ball bearing pedestal and
5× 5 dynamic matrices for the ATPJB pedestal.

3.4 Stiffeners
To develop the equations of motion and system matrices for the stiffeners they are viewed as two dimensional

bar elements in the yz-plane, shown on Figure 5. Each stiffener can deform axially in each node in their local

Figure 5: Sketch of the stiffener element.
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coordinate systems, as indicated by u1, u2 for the left stiffener. By transforming the local stiffness matrix for each
bar to the global coordinate system, as shown in equations (7) and (8) for the left stiffener, they can be added
together to form a single 3-node bar element with 2 DOFs per node qsn = {U1, U2}. The superscript s′l refers to
the left stiffener in its local coordinate system and sl refers to the left stiffener in the global coordinate system.

K
s′l
1 =

EsAs

ls

 1 0 −1
0 0 0
−1 0 1

 , Tsl
1 =

− cos θ sin θ 0 0 0 0
0 0 0 0 0 0
0 0 0 0 cos θ sin θ

 (7)

Ksl
1 = (Tsl

1 )TK
s′l
1 Tsl

1 (8)

This process is repeated for the mass matrix, giving the equations of motions for each stiffener element (9), where
the dynamic matrices are of size 6× 6.

Msq̈s −Ksqs = Qs (9)

3.5 Foundation

The foundation is modelled using three different types of elements, Kirchoff plate elements, Mindlin plate ele-
ments and 3D elements. A description of both types of plate elements can be found in [4] and a description of the
SOLID186 element used for the 3D model is given in the ANSYS documentation [1]. The results on Table 2 show
that neither Kirchoff or Mindlin plate elements are suitable to model the foundation while the 3D model is very
accurate for the first 12 modes (only 7 are shown in the table). Therefore the 3D foundation model is implemented
in the rotor-bearing-foundation model.

Table 2: Comparison of measured natural frequencies and calculated natural frequencies for a T-slot plate using

Kirchoff elements, Mindling elements and 3D elements.

Mode Experiment [Hz] Plate - Kirchoff [Hz] Plate - Mindlin [Hz] 3D - SOLID186 [Hz]
ωn1

94.1 146.1 55.3% 119.0 26.5% 94.7 0.7%
ωn2

160.0 159.1 -0.6% 153.8 -3.9% 154.8 -3.3%
ωn3

218.6 218.0 -0.3% 281.9 13.5% 224.5 2.7%
ωn4

248.4 334.9 34.8% 287.2 31.3% 244.7 -1.5%
ωn5 285.2 365.2 28.0% 356.4 25.0% 287.3 0.7%
ωn6

439.6 448.5 2.0% 429.3 -2.3% 426.4 -3.0%
ωn7 578.6 597.2 3.2% 534.5 3.3% 594.5 2.7%

Based on the results of a convergence study, the final size of the foundation 3D model consisted of 41.020 nodes
or approximately 820.000 DOFs. To cut down on computational effort Craig-Bampton reduction is used to reduce
the model. Because both the static and dynamic modes are included in the reduction the dynamic properties of the
foundation are still preserved with a high degree of accuracy. The static modes Ψ are computed from equation
(10) where the subscript i indicates inner nodes and b indicates boundary nodes. The dynamic modes consist of
the modal matrix Φ which is obtained when solving the eigenvalue problem given by (11). The reduction matrix
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is given by (12) and the reduced stiffness matrix is given by (13).

Ψ = −K−1ii Kib (10)

(Kii − λ2jMii) = 0 (11)

R =

[
Ψ Φ
I 0

]
→
{

qi

qb

}
= R

{
qb
η

}
(12)

Kr = RTKR (13)

The nodes included in the reduction are chosen based on the geometric locations where the pedestals and stiffeners
are fastened on the foundation. Additional boundary nodes are chosen in a grid pattern for the drive motor in the
upper left, and in a grid pattern across the bottom of the foundation to add springs and dampeners representing the
damping mat. The amount of damping and stiffness added by the mat is controlled by adjusting the value added to
these nodes. This is illustrated on Figure 6 which is generated from a MatLab program that imports and reduces the
ANSYS foundation model. The colored dots indicate nodes that are included as boundary nodes in the reduction.
The size of the reduced matrices is equal to the number of boundary nodes in the reduction nb plus the amount

Figure 6: Plot of the foundation bottom mesh and DOFs picked for CB reduction.

of modes in the modal matrix j. Using this method the number of DOFs in the foundation model can easily be
reduced to the order of 100 DOFs without significant loss of accuracy, while reducing the computational effort
extensively. One should note that the reduced matrix will be dense and, in some cases, can outweigh the benefits
of the reduced size. To plot the mode shapes the full system must be reconstructed so the physical displacements
can be found.

3.6 Model Assembly
The global model is assembled by adding together the dynamic matrices of all components of the rotor-bearing-

foundation system. For components that are coupled the DOFs will be mapped on to each other and summed. This
means that the total size of the global matrices is equal to the number of unique DOFs in all the components.

The unique DOFs shown are the rotor DOFs, the ATPJB pad rotation DOFs, the y and z translation DOFs of the
top ATPJB pedestal node and finally the reduced foundation DOFs. Both stiffeners and the ball bearing pedestal
are coupled to these DOFs and therefore do not have their own unique placement in the matrix. A plot of the matrix
entries in the global stiffness matrix assembled in MatLab is shown on Figure 7. The resulting equation of motion
for the rotor-bearing-foundation system is given by (14) where the superscript g refers to the global system. By
solving the eigenvalue problem of this equation the natural frequencies and mode shapes are extracted.

Mgq̈g + (Cg − ΩGg)q̇g + Kgq = 0 (14)
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Figure 7: Example showing the component mapping in the global stiffness matrix.

4 Theoretical and Experimental Results
For all three cases, the first 3 experimentally measured mode shapes and corresponding calculated mode shapes

are shown on Figure 8a and 8b. From these figures it is very clear that the predicted foundation mode shapes match
those measured experimentally. The measured mode shapes also show the coupled rotor-foundation motions which
confirms that the foundation should not be neglected in the model. Although not shown here, a total of 7 measured
mode shapes were found to match the predicted mode shapes very well in the interval of 20-200 Hz for all three
cases.

Table 3 compares the natural frequencies of the model to the experimental data under the three sets of condi-
tions for the 7 modes. These show that with exception of the third mode in the ’1000-RPM’ experiment, the natural
frequencies calculated by the model are very accurate, with deviations under 8%. This shows that a reduced finite-
element model of the foundation is a viable method of including foundation dynamics in a rotor-bearing-foundation
system. The damping ratios are compared on Table 4 and also show a reasonable degree of accuracy, especially for
the ’damping-mat’ experiment. For these results the damping values of the mat were adjusted to fit the results from
the experiment. For the ’1000-RPM’ experiment the damping parameters were not changed, although a similar
accuracy could likely be reached by adjusting them further.

To be useful when designing a model-based controller for the ATPJB [12, 13] the rotor-bearing-foundation
model must be very computationally efficient. When using the reduced finite-element foundation model it is there-
fore important to include a suitable amount of modes and boundary DOFs in the reduction, to have a reasonable
accuracy and model size. In the original results the reduced foundation model contained 348 DOFs and it can
be shown that the number of DOFs can be reduced to a total of 190 without significantly affecting the natural
frequencies in the ’damping-mat’ case. The change in natural frequencies is given on Table 5. This is achieved
by reducing the number of foundation nodes coupled with the damping mat and only including 20 modes in the
reduction. The number of coupling points with the stiffeners, pedestals and drive motor is not changed. Using
reduction methods on the rotor-bearing part of the model could potentially further reduce the number of DOFs. By
reducing the number of DOFs the average solution time of the eigenvalue problem is reduced by 48.4%, i.e. from
0.33 seconds to 0.17 seconds.
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Figure 8: First three mode shapes for all three cases. a) measured mode shapes, b) calculated mode shapes.

5 Model Limitations and Necessity of Further Improvements
While rotor and foundation dynamics is accurately described by means of the finite-element method the

pedestal and stiffener model needs further refinement. It should be stressed that in the presented results, the
Young’s modulus used for the pedestals and stiffeners is set to Ep = 106 N

m2 to avoid a locking issue with the
foundation modes. Because the pedestal and stiffener elements consist of very few nodes the stiffness is very
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Table 3: Comparison of calculated and measured natural frequencies for three different cases.
Mode RFB-3D Model [Hz] ’Free-Free’ Experiment [Hz] Discrepancy [%]
ωn1

25.0 25.0 0.2
ωn2

30.7 32.4 -5.3
ωn3

67.4 63.3 6.4
ωn4 70.4 70.8 -0.6
ωn5

117.7 122.9 -4.1
ωn6 131.2 129.3 1.5
ωn7

138.7 139.4 -0.5

Mode RFB-3D Model [Hz] ’Damping-Mat’ Experiment [Hz] Discrepancy [%]
ωn1

28.5 28.7 -0.8
ωn2

33.2 36.4 -8.7
ωn3

68.6 65.0 5.6
ωn4

71.5 72.1 -0.8
ωn5 118.5 123.6 -4.1
ωn6

131.9 129.0 2.2
ωn7 139.3 138.0 1.0

Mode RFB-3D Model [Hz] ’1000-RPM’ Experiment [Hz] Discrepancy [%]
ωn1 28.4 27.3 4.1
ωn2

33.3 34.8 -4.5
ωn3 68.6 58.2 17.9
ωn4

71.5 70.8 1.0
ωn8

118.5 124.8 -5.0
ωn9

139.3 136.8 1.9
ωn10

184.8 180.0 2.7

Table 4: Comparison of calculated and measured damping ratios for the ’damping-mat’ and ’1000-RPM’ cases.
Damping Ratio RFB-3D Model [Hz] ’Damping-Mat’ Experiment [Hz] Discrepancy [%]

ξ1 0.042 0.045 -7.3
ξ2 0.046 0.043 6.7
ξ3 0.023 0.026 -12.7
ξ4 0.021 0.020 4.5
ξ5 0.015 0.017 -7.3
ξ6 0.012 0.012 -5.0
ξ7 0.012 0.025 -51.6

Damping Ratio RFB-3D Model [Hz] ’1000-RPM’ Experiment [Hz] Discrepancy [%]
ξ1 0.042 0.043 -2.6
ξ2 0.046 0.139 -66.8
ξ3 0.023 0.055 -58.7
ξ4 0.021 0.026 -19.2
ξ8 0.015 0.026 -41.2
ξ9 0.012 0.020 -39.5
ξ10 0.011 0.019 -40.5

high compared to the foundation nodes. This creates an artifical increase in stiffness in the connections between
foundation, pedestals, and stiffeners, splitting some of the mode shapes in two. By lowering the stiffness the issue
is resolved, although the value is not realistic. This also appears to decouple the rotor from the foundation as seen
on the calculated mode shapes on Figure 8. With exception of the first mode, the comparison shows that the rotor
mode shapes do not match very well. In the model there is no motion of the rotor for any modes above the first,
which contradicts the measurements that show different kinds of rotor motion for most modes. These limitations
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Table 5: Comparison of discrepancies for the ’damping-mat’ experiment with different reduced foundation model

sizes.
Mode Shape Discrepancy - 348 DOFs [%] Discrepancy - 190 DOFs [%]

ω1 -0.8 3.2
ω2 -8.7 -4.4
ω3 5.6 7.4
ω4 -0.8 0.4
ω5 -4.1 -2.8
ω6 2.2 2.6
ω7 1.0 1.7

clearly show that the pedestal and stiffener models must be revisited. Pedestals and stiffeners should be modelled
using 3D solid elements as done for describing the foundation dynamics, as illustrated on Figure 9, followed by a
reduction of the DOFs. The rotor will be coupled to the pedestals which are already connected to the foundation
and stiffeners through the 3D model. This will reduce the number of DOFs in the system and should solve the
coupling issue.

Figure 9: 3D model of foundation, pedestals and stiffeners in ANSYS.

6 Conclusion and Future Aspects
In this paper a mathematical rotor-bearing-foundation model of an ATPJB test-rig was presented and validated

through experimental measurements. The foundation was implemented using a finite-element approach with Craig-
Bampton reduction to manage the computational cost, instead of the conventional equivalent impedance methods.
Even though the foundation looks like a plate it was found that plate elements were not suitable for describing
its dynamics. Instead a full 3D model was necessary, using 20-node brick elements. By using experimental data
from a similar T-slot plate, the dynamic foundation model was validated, with the first 12 natural frequencies being
within 5% of measured values.

The natural frequencies and damping ratios of the rotor-bearing-foundation model were compared to exper-
imentally measured values for three cases, ’free-free’, ’damping-mat’ and ’1000-RPM’. The first seven natural
frequencies were found to be within 8% of the measured values in all three cases (with exception of one mode),
suggesting a very good model accuracy. The mode shapes were also compared and found to be very accurate. The
solution time for the eigenvalue problem of the model could be cut in half by reducing the number of DOFs and
modes included in the foundation reduction, without significant changes to the natural frequencies. The smallest
model size tested was 190 DOFs. This can likely be optimised further by including pedestals and stiffeners as
3D elements follow by Craig-Bampton reduction. The accuracy and efficiency of the model should be tested for
designing model-based controllers for the ATPJB in the near future.

405



REFERENCES
[1] ANSYS Documentation, https://www.sharcnet.ca/Software/Ansys/16.2.3/en-us/

help/ans_elem/Hlp_E_SOLID186.html

[2] Bachschmid, N., Pizzigoni, B., and Di Pasquantonio, F. (1977): Method For Investigating the Dynamic
Behaviour of a Turbomachinery Shaft on a Foundation. ASME Pap, (77).

[3] Cheli, F., Diana G., Curami A., and Vania A. (1985) On the Use of Modal Analysis to Define the Mechanical
Impedance of a Foundation. American Society of Mechanical Engineers

[4] Cook R.D., Malkus D.S., Plesha M.E., Witt R.J., (2002) Concepts and Applications of Finite Element Analy-
sis. John Wiley Sons, United States.

[5] Ewins, D. J. (2008): Modal Analysis and Modal Testing. Handbook of Noise and Vibration Control, pp. 565–
574.

[6] Feng, N. S. and Hahn, E. J. (1995): Including Foundation Effects on the Vibration Behaviour of Rotating
Machinery. Mechanical Systems and Signal Processing. 9(3), pp. 243– 256.

[7] Gasch, R. (1976): Vibration of Large Turbo-Rotors in Fluid Film Bearings on an Elastic Foundation. ASME,
J. Vib., Acoust., Stress, and Reliab., 47(1), pp. 53– 73.
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Abstract 

Rotor-foundation dynamic interaction is one of the major concerns in scientific and industrial fields. The 

stronger the rotor-foundation coupling and/or the more flexible the foundation, the greater the effects of this 

dynamic interaction. To investigate this issue, two methods are proposed in this work to approach rotor-foundation 

interaction. The first method concerns the identification of the mechanical impedance matrix of the complete 

system. This method requires a square modal matrix with as many natural modes of the foundation as there are 

degrees of freedom shared by rotor and foundation. The second method, called mixed coordinates, proposes a 

more comprehensive use of experimental information since the modal matrix must not be square. In fact, the modal 

matrix for this approach can only contain identified natural modes of the foundation within the frequency operation 

range of the machine. The comparison between these two approaches is presented in this paper for a rotor 

(simulated in physical and directional coordinates) connected by hydrodynamic bearings to a steel plate that is 

coupled to an inertial table by four rigid pillars in its corners. The results are relevant to better understand coupling 

effects in complex identification problems, namely, fault detection and identification in rotating systems. 

1   Introduction 

The rotor-foundation dynamical interaction is a classical issue in scientific and industrial applications of 

rotating machines [1-10,17,19]. Especially in the last four decades, engineers and researchers have worked to 

accomplish a better understanding of the coupling of rotor-foundation systems and its effects. From the point of 

view of the rotor, a flexible foundation may alter the resonant frequencies and/or amplitudes of the machine. From 

the point of view of the foundation, the forces transmitted from the rotor may not be properly damped, imposing 

dangerous vibrations not just to the foundation, but also to the surrounding buildings [10]. Therefore, this paper 

aims to contribute to this field of research proposing the analysis of a rotor-foundation system via two different 

methods: the mechanical impedance matrix technique and the mixed coordinates technique. 

In the first method, the mechanical impedance matrix (a square matrix) of the foundation is built via numerical 

finite element simulation or via experimental modal analysis. This matrix is assembled with the rotor and the 

bearings in a global set of equations and the resultant system is solved in the time or the frequency domain 

[1,2,9,17]. This technique has the disadvantage of being mandatory to identify as many natural modes of the 

foundation as there are degrees of freedom (DOF) shared simultaneously by rotor and foundation (i.e. the total 

number of coupling degrees of freedom). 

As an alternative to that strict limitation of the impedance matrix method, the mixed coordinates method 

proposes a transformation in the foundation representation: instead of being associated to physical coordinates, the 

foundation is represented by modal or principal coordinates. This coordinate transformation is achieved via the 

modal matrix (i.e. the matrix of the eigenvectors of the foundation) and since this matrix may not be square it is 

feasible to work with as many identified or known modes as possible [2-8,17,19]. 

Finally, to better understand the coupling effects on the rotor, another transformation is proposed: instead of 

being represented by physical coordinates, the rotor will be represented by directional coordinates. Directional 

coordinates allow a clear identification of the rotor precession movement direction, facilitating the comprehension 

of several phenomena present in rotating machine, mainly associated to anisotropic effects inserted in the global 

system by the bearings and by the foundation [4,13]. 
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2   Theoretical development 

In this section, a brief review of the theoretical development regarding the methods for coupling the foundation 

to the rotor is carried out. The section contemplates two coordinate changes: the first from physical to modal 

coordinates for the foundation, and the second from physical to directional coordinates for the rotor. 

2.1 Impedance matrix: physical representation of the foundation 

In the present work, the rotor was modeled by finite Timoshenko beam elements that consider the shear and 

the secondary effect of rotatory inertia. For this kind of element, 4 DOF (2 translational and 2 rotational) in a plane 

parallel to the bearing’s planes were adopted for each node (see [2,16,17]). This process led to a general 

displacement vector for the i-th node defined as follows. 

𝐱𝑖
(𝑟)
= {𝑦𝑖

(𝑟) 𝑧𝑖
(𝑟) 𝜃𝑦𝑖

(𝑟) 𝜃𝑧𝑖
(𝑟)}

𝑇
 (1) 

Two subsequent nodes define one element in a way that if the rotor is discretized in 𝑛𝑟 nodes, there are 𝑛𝑟 − 1
elements. Once the displacement vector was stablished for the rotor, its equation of motion could be written. 

𝐌(𝑟)�̈�(𝑟) + (𝐂(𝑟) + 𝛺𝐆(𝑟))�̇�(𝑟) + 𝐊(𝑟)𝐱(𝑟) = 𝐟(𝑟)  (2) 

In Equation (2), 𝐌(𝑟), 𝐂(𝑟), 𝐆(𝑟) and 𝐊(𝑟) are, respectively, rotor matrices of mass, damping, gyroscopic effect

and stiffness (all of order 4𝑛𝑟 × 4𝑛𝑟). 𝐟(𝑟) is the vector of forces acting on the rotor (the unbalance force is

accounted for within this vector). 

For the rotor damping, a proportional structural approach was made. Therefore, the matrix 𝐂(𝑟) is a linear

combination of the matrices 𝐌(𝑟) and 𝐊(𝑟) through constants 𝛼(𝑟) and 𝛽(𝑟), respectively.

𝐂(𝑟) = 𝛼(𝑟)𝐌(𝑟) + 𝛽(𝑟)𝐊(𝑟)  (3) 

For the foundation, another mesh of finite elements was proposed. Only horizontal and vertical displacements 

were considered (angular displacements were neglect since the connecting points with the rotor were the bearings), 

resulting in 2 DOFs per node. Thus, if one considers a foundation discretized in 𝑛𝑏 nodes, the general vector of

displacements for the foundation would be as follows (displacements on the axial direction of the rotor were 

neglected). 

𝐱(𝑓) = {𝑦1
(𝑓)

𝑧1
(𝑓)

⋯ 𝑦𝑛𝑏
(𝑓)

𝑧𝑛𝑏
(𝑓)
}
𝑇

 (4) 

And the equation of motion for the foundation could be established considering 𝐌(𝑓), 𝐂(𝑓) and 𝐊(𝑓),
respectively, the foundation matrices of mass, damping and stiffness (all of order 2𝑛𝑏 × 2𝑛𝑏). 𝐟(𝑓) is the vector of

forces acting on the foundation. 

𝐌(𝑓)�̈�(𝑓) + 𝐂(𝑓)�̇�(𝑓) + 𝐊(𝑓)𝐱(𝑓) = 𝐟(𝑓)  (5) 

The damping matrix of the foundation also was composed according to the structural proportional damping 

technique [2]. 

𝐂(𝑓) = 𝛼(𝑓)𝐌(𝑓) + 𝛽(𝑓)𝐊(𝑓)  (6) 

For the complete rotor-foundation system, the displacement vector is composed by the respective displacement 

vectors from the rotor and the foundation. 

𝐱 = {𝐱
(𝑟)

𝐱(𝑓)
}  (7) 

Analogously, the complete rotor-foundation equation of motion would be: 

  𝐌�̈� + 𝐂�̇� + 𝐊𝐱 = 𝐟  (8) 

It’s well known from literature [18] that, for hydrodynamic bearings, a first-order Taylor expansion is proposed 

to approximate the complete solution of the Reynold’s equation for the oil pressure distribution field within the 

bearings. Through this technique, equivalent direct and cross-coupled damping and stiffness coefficients, 

rotational speed 𝛺 dependent, are obtained for each bearing. Thus, the linearized force transmitted from the j-th 

bearing to the i-th rotor node as a function of rotor displacements is [17]: 
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𝐅𝑗
(𝑏𝑟)(𝛺) = −

[

𝑘𝑦𝑦𝑗
(𝑏) (𝛺) 𝑘𝑦𝑧𝑗

(𝑏) (𝛺) 0 0

𝑘𝑧𝑦𝑗
(𝑏)(𝛺) 𝑘𝑧𝑧𝑗

(𝑏)(𝛺) 0 0

0 0 0 0
0 0 0 0]{

𝑦𝑖
(𝑟)

𝑧𝑖
(𝑟)

𝜃𝑦𝑖
(𝑟)

𝜃𝑧𝑖
(𝑟)
}

−

[

𝑐𝑦𝑦𝑗
(𝑏) (𝛺) 𝑐𝑦𝑧𝑗

(𝑏)(𝛺) 0 0

𝑐𝑧𝑦𝑗
(𝑏)(𝛺) 𝑐𝑧𝑧𝑗

(𝑏)(𝛺) 0 0

0 0 0 0
0 0 0 0]{

�̇�𝑖
(𝑟)

�̇�𝑖
(𝑟)

�̇�𝑦𝑖
(𝑟)

�̇�𝑧𝑖
(𝑟)
}

 (9) 

𝐅𝑗
(𝑏𝑟)(𝛺) = −𝐊𝑗

(𝑏𝑟)(𝛺)𝐱𝑖
(𝑟) − 𝐂𝑗

(𝑏𝑟)(𝛺)�̇�𝑖
(𝑟)

 (10) 

On the other hand, if there is a force transmitted from the foundation to the rotor, there is a reaction from the 

rotor to the foundation (also transmitted through the bearings). Therefore, the linearized force transmitted from the 

bearing to the j-th foundation node as a function of foundation displacement is: 

𝐅𝑗
(𝑏𝑓)(𝛺) = − [

𝑘𝑦𝑦𝑗
(𝑏) (𝛺) 𝑘𝑦𝑧𝑗

(𝑏) (𝛺)

𝑘𝑧𝑦𝑗
(𝑏) (𝛺) 𝑘𝑧𝑧𝑗

(𝑏)(𝛺)
] {
𝑦𝑗
(𝑓)

𝑧𝑗
(𝑓)
} − [

𝑐𝑦𝑦𝑗
(𝑏) (𝛺) 𝑐𝑦𝑧𝑗

(𝑏)(𝛺)

𝑐𝑧𝑦𝑗
(𝑏)(𝛺) 𝑐𝑧𝑧𝑗

(𝑏)(𝛺)
] {
�̇�𝑗
(𝑓)

�̇�𝑗
(𝑓)
}  (11) 

𝐅𝑗
(𝑏𝑓)(𝛺) = −𝐊𝑗

(𝑏𝑓)(𝛺)𝐱𝑗
(𝑓)
− 𝐂𝑗

(𝑏𝑓)(𝛺)�̇�𝑗
(𝑓)

 (12) 

Equations (9)-(12) consider the force through the bearings as function of the rotor displacements only or as 

function of the foundation displacements only. Naturally, the resultant bearing forces are function of the relative 

displacements between rotor and foundation, and thus this force can be only estimated by the difference between 

equations (10) and (12). 

From equations (9)-(12), the missing elements in the global matrices of equation (8) can finally be assembled. 

𝐊(𝑟𝑟)4𝑛𝑟×4𝑛𝑟 = 𝑑𝑖𝑎𝑔(⋯𝐊𝑗
(𝑏𝑟)(𝛺)⋯ ) , 𝐊(𝑓𝑓)2𝑛𝑏×2𝑛𝑏 = 𝑑𝑖𝑎𝑔 (⋯𝐊𝑗

(𝑏𝑓)(𝛺)⋯ )  (13) 

𝐊(𝑓𝑟)2𝑛𝑏×4𝑛𝑟 =

[

⋯ ⋯ ⋯ ⋯ ⋯ ⋯

⋯ 𝑘𝑦𝑦𝑗
(𝑏) (𝛺) 𝑘𝑦𝑧𝑗

(𝑏)(𝛺) 0 0 ⋯

⋯ 𝑘𝑧𝑦𝑗
(𝑏)(𝛺) 𝑘𝑧𝑧𝑗

(𝑏)(𝛺) 0 0 ⋯
⋯ ⋯ ⋯ ⋯ ⋯ ⋯]

,     𝐊(𝑟𝑓)4𝑛𝑟×2𝑛𝑏 = 𝐊(𝑓𝑟)
𝑇

 (14) 

Naturally, the process is analogous for the damping terms 𝐂(𝑟𝑟), 𝐂(𝑓𝑓), 𝐂(𝑓𝑟), and 𝐂(𝑟𝑓); and, therefore, they

will be omitted here for brevity. With all terms stablished and neglecting the inertia effects of the oil-film within 

the bearings, the global matrices for the complete rotor-bearings-foundation system can be obtained as follows. 

𝐌 = [𝐌
(𝑟) 𝟎
𝟎 𝐌(𝑓)

]  (15) 

𝐂 = [𝐂
(𝑟) + 𝛺𝐆(𝑟) + 𝐂(𝑟𝑟) −𝐂(𝑟𝑓)

−𝐂(𝑓𝑟) 𝐂(𝑓) + 𝐂(𝑓𝑓)
]  (16) 

𝐊 = [𝐊
(𝑟) + 𝐊(𝑟𝑟) −𝐊(𝑟𝑓)

−𝐊(𝑓𝑟) 𝐊(𝑓) + 𝐊(𝑓𝑓)
]  (17) 

For the vector of external forces in equation (8), it’s assumed that no external force is applied to the foundation. 

The only forces acting on the foundation are those transmitted from the rotor through the bearings. Therefore, this 

vector of forces can be rewritten. 

𝐟 = {𝐟
(𝑟)

𝐟(𝑓)
} = {𝐟

(𝑟)

0
}  (18) 

2.2 Mixed coordinates: modal representation of the foundation 

In subsection 2.1 the global system of equations (equation (8)) was assembled considering that the mass, 

damping, and stiffness of the foundation were previously known or could be determined (e.g. the impedance matrix 

of the foundation analytically or experimentally obtained). To solve the complete rotor-bearing-foundation system 

in the frequency domain, the global matrices should be squared (to be invertible). Since the rotor matrices are 

already square, the foundation matrices should also be square. Thus, for any approach chosen, it would be 

necessary to know as many natural modes of the foundation as there are coupling degrees of freedom (i.e. 2𝑛𝑏).

Otherwise, numerical techniques should be employed to approach the problem (e.g. matrix pseudo-inverse 

technique), bringing still more uncertainties to the solution. 

However, the method presented in this subsection overcomes this strict limitation of the previous method, 

resulting in square global mass, damping and stiffness matrices without being mandatory to find or determine 2𝑛𝑏
natural modes for the foundation. Consequently, the present method is a powerful tool [2-8,17,19] to use the 
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empirical data available for the foundation together with an analytical model of the rotor and the bearings to 

analyse the complete system. 

Considering 𝚽 the modal or eigenvector matrix, each column of 𝚽 is an eigenvector associated with one natural 

mode of the foundation. The rows of 𝚽 represents the degrees of freedom considered for the foundation. If 𝑙 is the 

number of natural modes, then the order of 𝚽 would be (2𝑛𝑏 × 𝑙).

  𝚽 =

[

𝑦1,1
(𝑓)

⋯ 𝑦1,𝑙
(𝑓)

𝑧1,1
(𝑓)

⋯ 𝑧1,𝑙
(𝑓)

⋮ ⋮ ⋮

𝑦𝑛𝑏,1
(𝑓)

⋯ 𝑦𝑛𝑏,𝑙
(𝑓)

𝑧𝑛𝑏,1
(𝑓)

⋯ 𝑧𝑛𝑏,𝑙
(𝑓)
]

 (19) 

With the modal matrix, the physical coordinates of the foundation, 𝐱(𝑓), may be expressed as a function of its

principal or modal coordinates, 𝐪(𝑓). Analogously, the foundation force vector associated with physical

coordinates, 𝐟(𝑓), may be converted to a generalized force vector, 𝐰(𝑓)[2].

𝐱(𝑓) = 𝚽𝐪(𝑓) ⟺ 𝐪(𝑓) = 𝚽−𝟏𝐱(𝑓)  (20) 

𝐟(𝑓) = 𝚽𝐓−𝟏𝐰(𝑓) ⟺𝐰(𝑓) = 𝚽𝐓𝐟(𝑓)  (21) 

Substituting equations (20) and (21) in equation (8), the terms in equations (15)-(17) become: 

�̅� = [𝐌
(𝑟) 𝟎
𝟎 �̅�(𝑓)

]  (22) 

�̅� = [𝐂
(𝑟) + 𝛺𝐆(𝑟) + 𝐂(𝑟𝑟) −𝐂(𝑟𝑓)𝚽

−𝚽T𝐂(𝑓𝑟) �̅�(𝑓) +𝚽T𝐂(𝑓𝑓)𝚽
]  (23) 

�̅� = [𝐊
(𝑟) + 𝐊(𝑟𝑟) −𝐊(𝑟𝑓)𝚽
−𝚽T𝐊(𝑓𝑟) �̅�(𝑓) +𝚽T𝐊(𝑓𝑓)𝚽

]  (24) 

In equations (22)-(24), �̅�(𝑓), �̅�(𝑓) and �̅�(𝑓) are modal matrices of mass, damping and stiffness respectively. 

The relations among these matrices and the original ones (in physical coordinates) are stated in equations (25)-

(27). It must be remarked that the process of pre-multiplying by 𝚽T and post-multiplying by 𝚽 results in

diagonalized matrices [17]. 

�̅�(𝑓) = 𝚽T𝐌(𝑓)𝚽 = 𝑑𝑖𝑎𝑔(𝑚1
(𝑓)
, ⋯ ,𝑚𝑙

(𝑓)
)  (25) 

�̅�(𝑓) = 𝚽T𝐂(𝑓)𝚽 = 𝑑𝑖𝑎𝑔(𝑐1
(𝑓)
, ⋯ , 𝑐𝑙

(𝑓)
)  (26) 

�̅�(𝑓) = 𝚽T𝐊(𝑓)𝚽 = 𝑑𝑖𝑎𝑔(𝑘1
(𝑓)
, ⋯ , 𝑘𝑙

(𝑓)
)  (27) 

The global rotor-bearings-foundation system, synthetically described in equation (28) and expressed in terms 

of mixed coordinates, can be solved in the frequency domain no matter the quantity of identified modes for the 

foundation (i.e. the number of columns in the modal matrix 𝚽). 

�̅� {
�̈�(𝑟)

�̈�(𝑓)
} + �̅� {

�̇�(𝑟)

�̇�(𝑓)
} + �̅� {

𝐱(𝑟)

𝐪(𝑓)
} = {𝐟

(𝑟)

0
}  (28) 

2.3 Directional coordinates for the rotor 

Subsections 2.1 and 2.2 presented two different approaches to write the equation of motion for the complete 

rotor-bearings-foundation system that could be solved either in time or frequency domains. However, the core 

difference between those subsections was precisely the coordinate system chosen to represent the foundation 

dynamic behavior. The impedance matrix interprets the foundation with physical coordinates. The mixed 

coordinates technique proposes a representation of the foundation by modal coordinates. This subsection presents 

a new interpretation of the rotor dynamics with directional coordinates [4,13]. 

According to [13], a transformation matrix 𝐓𝑖
(𝑟)

 capable of converting the physical coordinates of the i-th rotor

node to directional coordinates is given by equation (29), where 𝑗 is the complex unit (𝑗2 = −1).

𝐓𝑖
(𝑟) = [

1 1 0 0
−𝑗 𝑗 0 0
0 0 1 1
0 0 −𝑗 𝑗

] (29)
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Then, the global transformation matrix 𝐓(𝑟) is:

𝐓(𝑟)(4𝑛𝑟+𝑙)×(4𝑛𝑟+𝑙) = 𝑑𝑖𝑎𝑔(⋯𝐓𝑖
(𝑟)⋯)  (30) 

And the relations between the physical rotor coordinates 𝐱(𝑟) and directional coordinates 𝐩(𝑟), and also between

the force 𝐟(𝑟) in physical coordinates and its correspondent 𝐫(𝑟) in directional coordinates are:

𝐱(𝑟) = 𝐓(𝑟)𝐩(𝒓) ⟺ 𝐩(𝒓) = 𝐓(𝑟)
−𝟏
𝐱(𝑟)  (31) 

𝐟(𝑟) = 𝐓(𝑟)𝐫(𝒓) ⟺ 𝐫(𝒓) = 𝐓(𝑟)
−𝟏
𝐟(𝑟)  (32) 

Substituting equations (31) and (32) in equation (8), the terms in equations (15)-(17) become: 

𝐌𝑇 = [𝐓
(r)−𝟏𝐌(𝑟)𝐓(r) 𝟎

𝟎 𝐌(𝑓)
]  (33) 

𝐂𝑇 = [
𝐓(r)

−𝟏
(𝐂(𝑟) + 𝛺𝐆(𝑟) + 𝐂(𝑟𝑟))𝐓(r) −𝐓(r)

−𝟏
𝐂(𝑟𝑓)

−𝐂(𝑓𝑟)𝐓(r) 𝐂(𝑓) + 𝐂(𝑓𝑓)
]  (34) 

𝐊𝑇 = [
𝐓(r)

−𝟏
(𝐊(𝑟) + 𝐊(𝑟𝑟))𝐓(r) −𝐓(r)

−𝟏
𝐊(𝑟𝑓)

−𝐊(𝑓𝑟)𝐓(r) 𝐊(𝑓) + 𝐊(𝑓𝑓)
]  (35) 

And the global equation of motion for the complete system in directional coordinates, 

𝐌𝑇 {
�̈�(𝑟)

�̈�(𝑓)
} + 𝐂𝑇 {

�̇�(𝑟)

�̇�(𝑓)
} + 𝐊𝑇 {

𝐩(𝑟)

𝐱(𝑓)
} = {𝐫

(𝑟)

0
}  (36) 

Analogously, substituting equations (31) and (32) into equation (28), the terms (22)-(24) become: 

�̅�𝑇 = [𝐓
(r)−𝟏𝐌(𝑟)𝐓(r) 0

0 �̅�(𝑓)
]  (37) 

�̅�𝑇 = [
𝐓(r)

−𝟏
(𝐂(𝑟) + 𝛺𝐆(𝑟) + 𝐂(𝑟𝑟))𝐓(r) −𝐓(r)

−𝟏
𝐂(𝑟𝑓)𝚽

−𝚽T𝐂(𝑓𝑟)𝐓(r) �̅�(𝑓) +𝚽T𝐂(𝑓𝑓)𝚽
]  (38) 

�̅�𝑇 = [
𝐓(r)

−𝟏
(𝐊(𝑟) + 𝐊(𝑟𝑟))𝐓(r) −𝐓(r)

−𝟏
𝐊(𝑟𝑓)𝚽

−𝚽T𝐊(𝑓𝑟)𝐓(r) �̅�(𝑓) +𝚽T𝐊(𝑓𝑓)𝚽
]  (39) 

And the global equation of motion, equation (28), becomes equation (40). 

�̅�𝑇 {
�̈�(𝑟)

�̈�(𝑓)
} + �̅�𝑇 {

�̇�(𝑟)

�̇�(𝑓)
} + �̅�𝑇 {

𝐩(𝑟)

𝐪(𝑓)
} = {𝐫

(𝑟)

0
}  (40) 

Both equations, (36) and (40), can be solved in the frequency domain. 

3   Rotor, bearings and foundation characterization 

Once the equations of motion for the problem are established, the geometrical and physical features, and the 

finite element discretization of all elements (rotor, bearings, and foundation) may be presented. 

3.1 Rotor and bearings characteristics 

The rotor simulated in this paper has a steel shaft with a total length of 1.08 m, a diameter of 30 mm and 

proportional structural damping coefficients 𝛼(𝑟) = 0 e 𝛽(𝑟) = 1.60 × 10−4 s. It is supported by four

hydrodynamic bearings with 30 mm diameter, 18 mm length and radial clearance of 90 µm. The distances between 

the bearings are 0.28 m, 0.39 m and, 0.33 m. In the half distance between each pair of bearings there is a solid disc 

of length 47 mm, outer diameter of 95 mm and mass of 2.57 kg. 

The rotor is discretized in a total of 23 nodes, and the discs influences are concentrated in their corresponding 

nodes, as illustrated in figure 1. 

Figure 1: Finite element model of the rotor. 
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3.2 Foundation characteristics 

The foundation is composed by a 1170 mm length, 280 mm width, and 10 mm thick, steel plate with holes for 

the assembly of the bearing housings and other auxiliary equipment needed in the test rig. The plate is supported 

by four pillar structures (one at each corner of the plate). The pillars are the connection elements consisting of 

hollow cylinders (outer diameter of 60 mm, inner diameter of 40 mm and 100mm length) that act as support 

columns joining the plate to an inertial structure. The ensemble of plate and pillars was simulated in commercial 

software of mechanical analysis (CREO 2.0®) and a large mesh was automatically created by the software. The 

result of this simulation was a set of 3D linear and angular displacements of all nodes of the finite element mesh. 

Next, a careful revision of the resultant modes was carried out to separate only modes that really could affect the 

rotor dynamic behavior (i.e. modes in axial direction were excluded). Then, 4 nodes, in the positions of each 

bearing, were selected and their information was separated and used to determine the mass, damping, and stiffness 

matrices of the foundation, which would compose the complete system equation of motion (equation (8)). 

Figure 2 illustrates the plate and pillars set. For damping matrix of the foundation, the proportional structural 

damping coefficients 𝛼(𝑓) = 0 e 𝛽(𝑓) = 1.00 × 10−5 s were adopted.

Figure 2: Foundation composed by a thin plate and 4 hollow pillars. 

4   Numerical results 

Initially, a comparison between the rotor responses with and without the foundation is presented to evidence 

the influence of the foundation in the dynamic behavior of the rotor. Figure 3 presents the rotor dynamics 

(including the bearings) for a rotation of 30 Hz in two comparative representations: physical coordinates and 

directional coordinates, while figure 4 presents the same comparison, now including the foundation via impedance 

matrix. The results presented consider the transfer function between an excitation applied at node 12 (second disc) 

and measured at node 3 (first bearing). 

The representation of the rotor in directional coordinates (figure 3b) clearly separates the direct response 

(purely forward and purely backward) from the crossed terms, thus evidencing the anisotropy effects in the system. 

This valuable information is masked in physical coordinates (figure 3a). In Figure 3b, for instance, it can be seen 

how the direct terms (ff and bb) stand out from the crossed terms, revealing a low level of anisotropy. The same 

behaviour cannot be readily inferred from the response in physical coordinates (Figure 3a). 

(a) Physical coordinates. (b) Directional coordinates.

Figure 3: FRF (a) and dFRF (b) of the rotor and bearings at a rotation speed of 30Hz. 
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It is clear from Figure 3b that the subsystem rotor-bearings has three main peaks within the range 0Hz-100Hz 

(considering the ff and bb curves): the first about 15Hz in the ff curve is related to the oil-whirl and the two peaks 

about 48Hz (one in the ff and one in the bb curves) are the first forward and first backward bending modes. 

When the foundation is included in the system (figure 4), the anisotropy level of the system is increased. This 

effect is evidenced by the crossed terms fb and bf which become as high as the direct terms ff and bb in Figure 4b. 

With the increase of the system anisotropy, the possibility of having backward whirl when the rotor is excited by 

pure forward excitation (such as unbalance) also increases. Operate the rotor in backward whirl is not desired since 

it can lead to fault by fatigue; thus, reinforcing the importance of considering foundation effects in rotor dynamics 

analyses. The analysis of the system response in direction coordinates is also beneficial in fault detection and 

identification since many faults, such as bearing wear, increase the anisotropy of the system (see e.g. 

[11,12,14,15]). 

The frequency positions of the main amplitude peaks are considerably changed when the subsystem foundation 

is coupled (figure 4) and even new amplitude peaks arise, totalizing 5 amplitude peaks for the complete rotor-

bearings-foundation system about 1Hz, 10Hz, 23Hz, 40.5Hz and 45.5Hz. 

However, one will not find a pure natural frequency from the subsystem rotor-bearing or from the subsystem 

foundation in the resonances of the complete system (figure 4). As expected, the complete system is a complex 

combination of the dynamics of its component subsystems. 

(a) Physical coordinates. (b) Directional coordinates.

Figure 4: FRF (a) and dFRF (b) of the rotor, bearings, and foundation at a rotation speed of 30Hz. 

(a) Complete vs. reduced models (considering 5 to 7

modes). 
(b) Complete vs. reduced models (considering 1 to 4

modes). 

Figure 5: Modal reduction of the foundation through an energy criterion. In the legends, 7M is the model 

reduced to 7 natural modes via mixed coordinates technique, and so on. 
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(a) (b) 

(c) (d) 

(e) (f) 

(g) (h) 

Figure 6: Rotor-bearings-foundation system obtained via impedance matrix (8 modes for the foundation) and 

via mixed coordinates technique (1 to 8 modes for the foundation). Rotation speed of 30Hz. 
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Figure 5 compares the FRFs (considering an excitation applied at node 12 and measured at node 3) of the 

complete foundation subsystem with 8 DOFs (2 per bearing) considering the original 8 modes and its reduced 

versions. At each step of the reduction process one natural mode of the foundation (the one with less energy) was 

removed. The original resonance frequencies of the foundation were at 41.2Hz, 110.0Hz, 113.3Hz, 223.7Hz, 

229.1Hz, 362.4Hz, 369.6Hz and 435.5Hz. At last, figure 6 presents a comparison between the full-system 

response, in directional coordinates at the rotational speed of 30Hz, with the complete model of the foundation (8 

modes) and with its reduced versions (figure 5). 

For the three first reduced models (foundation with 7, 6 and 5 modes) practically no information was lost in 

the complete system dFRFs, as it can be seen in figures 6a, 6c, 6e, and 6g. The fifth reduction (foundation with 3 

modes) preserved the original two first natural frequencies in the right positions, but the amplitude (mainly in the 

second peak) was considerably increased; figures 6b, 6d, 6f, and 6h. The sixth reduction (foundation with 2 modes) 

could also maintain the first peak in the right frequency position but altered its amplitude. The last reduction 

(foundation with 1 mode) could only approximate in frequency and amplitude the original first resonant peak. 

Therefore, only four modes would be enough for the foundation in the system analysis. 

5   Conclusion 

The present work demonstrated the influence of a flexible foundation in the dynamic response of a rotating 

machine. Moreover, the resultant system (composed by rotor, bearings, and foundation) response is not a simple 

combination of the responses of its constituent elements. 

It was also shown that the directional coordinates better evidence the anisotropy effects introduced in the 

complete model by the hydrodynamic bearings and by the foundation. This representation clarifies the direction 

of the rotor precession motion and allows for a better comprehension of its dynamics. 

For the foundation, the modal coordinates representation proved to be a strong tool when dealing with coupled 

rotor-foundation systems. This technique allows the use of any number of identified natural modes for the 

foundation together with a numerical model of the rotor and the bearings. Besides, the results presented in this 

paper showed that, even for a number of identified modes equals to the half of the total number of connection 

DOFs, no information was lost in the complete system dynamics. It is remarked that the number of foundation 

modes to be considered depends on a complex relation between the frequency range of interest, and the relative 

stiffness and damping of each foundation mode and the rotor modes. 

The present work made a careful review of the theoretical development necessary to obtain a global equation 

of motion for a coupled system composed by two subsystems: rotor-bearings and foundation considering physical 

and directional coordinates for the rotor and physical and modal coordinates for the foundation.  
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Abstract
Flywheel energy storage systems (FESSs) based on active and passive magnetic bearings (MBs) have a huge

energy storing potential in mobile applications. Under such operating conditions the FESS is exposed to gyroscopic
forces, which can be handled by mounting the FESS in a passive gimbal. The purpose of this article is to investigate
the coupled dynamics among the flexible bodies: gimbal, housing, and rotor in a FESS. This is carried out by
theoretical modal analysis of each body and the FESS by utilizing the finite element (FE) method. Modeling of
the bodies are carried out in ANSYS MAPDL using SOLID186 elements. The model of the FESS has been built
by assembling the FE models of the bodies, representing the MB forces by linear springs using the MATRIX27
element. The first six natural frequencies and mode shapes have been identified for the gimbal, housing, and
rotor occurring in the range of 195-801 Hz, 2882-4580 Hz, and 1346-6504 Hz respectively. The model of the
FESS indicates 23 natural frequencies in the range 0-2000 Hz. Decoupled vibrations are noticed, such as isolated
vibrations corresponding to the fifth mode shape for the gimbal and the first bending mode for the rotor. Coupled
vibrations are also observed between the gimbal, housing, and rotor for which the active MB controllers must be
designed taking such dynamics into account.

1 Introduction
Today’s modern society is still highly dependent on fossil fuels in terms of oil and natural gasses [7]. These

are typically extracted from the ground by drilling. Often, this is carried out offshore where drillships are used in
locations with very deep water and where drilling depths of up to 12.000 meters are needed [8]. During the drilling
process, huge amounts of energy are sometimes wasted which are desired to store instead.
The risks of explosive gas emissions and fire hazards in a potential battery used to store the energy on the drillships
should be minimized, which can be achieved by storing the excess energy as kinetic energy in a flywheel. These
type of batteries are called flywheel energy storage systems (FESSs).
The amount of kinetic energy stored is increasing quadratically with rotational speed of the flywheel and the life
time is expected to be up to 20 years for such systems [3]. To compete with other battery types, the rotational
speeds of FESSs must be very large and the friction and wear should be very low to achieve a high energy density.
This can be achieved by implementation of magnetic bearings for supporting the flywheel instead of traditional
ball bearings or hydrodynamic based bearings.
Support of the flywheel in the axial direction can be achieved by permanent magnetic bearings and active magnetic
bearings can be utilized for radial support of the flywheel. When the FESS is installed in a mobile setting like a
ship, it will be imposed to large gyroscopic forces, which in most cases are difficult to handle for active magnetic
bearings. In [9] and [10] it is suggested how manoeuvring, vibrations, and gyrodynamics imposed to the FESS can
be removed by implementing a passive gimbal mount. To investigate the coupled dynamics of a passive gimbal
mounted rotor supported by active magnetic bearings, a test-rig has been designed at the Technical University of
Denmark.
The flywheel energy storage system considered consists of a tilting frame, a gimbal, a housing, and a rotor. The
gimbal frame is implemented into the test-rig with the sole purpose of removing gyroscopic forces, which is desired
if the FESS described is to be implemented in mobile applications. Furthermore, magnetic bearings are mounted
inside the housing to keep the rotor levitated and positioned in the centre. The energy is supplied to the system
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by blowing air on a compressor wheel mounted on the top of the rotor and thus, the energy is stored in the rotor
which acts as the flywheel. A picture of the test-rig can be observed in figure 1 where only the top of the rotor can
be seen and the compressor wheel is not mounted.

Figure 1: Flywheel energy storage system

A mathematical model has been developed of the FESS in [3] where the multi-body dynamics of the gimbal,
housing, and rotor is coupled to the forces from the magnetic bearings. In this model the parts have been assumed
rigid. However, results [4] indicates that there might be an influence on the dynamics from the fact that the parts
are flexible and not rigid. The purpose of this article is to investigate the flexibility effects on the dynamics of the
FESS and the coupled vibrations between the flexible bodies through a theoretical modal analysis.

2 Finite Element Model
Theoretical results in terms of natural frequencies and mode shapes are determined by setting up mathematical

models for the considered structures. These mathematical models are designed by utilizing the finite element
method through the commercial program ANSYS. The finite element model of the FESS consists of individual FE
models of the gimbal, housing, and rotor which are assembled together.
During the investigation of the flexibility effects, the FESS will only be modeled with the rotor levitated but not
rotating. Thus, gyroscopic forces are not considered. Furthermore, damping is neglected and contact modeling
between the assembled parts in the housing and rotor is not taken into account. It is assumed through out the report
that all materials are isotropic and homogeneous. The main materials used in the model are aluminum and steel.
In table 1 Young’s modulus, E, Poisson’s ratio, ν, and the density, ρ, for the steel and aluminum types considered
are listed provided from [1],[2].

Material E [GPa] ν ρ [kg/m3]
Aluminum 71 0.33 2770

Steel 210 0.3 7830
Table 1: Material properties for aluminum and steel

In the following the FE model of the gimbal, housing and rotor as well as the final global model of the FESS is
considered. The tilting frame will not be taken into account. All parts are modeled using the SOLID186 element
type, which is a quadrilateral 20 node solid element with 3 DOF: translation in x, y, and z-direction. The inter-part
connections are modeled using linear springs through the MATRIX27 element type, which is an arbitraty element
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in ANSYS that can be used to relate the movement of two nodes to each other by defining the element type as a
stiffness matrix. When analyzing the gimbal, housing, and rotor individually, they are assumed in a free condition.
Moreover, the global model of the FESS is assumed clamped at the locations where the gimbal is mounted to the
tilting frame (see figure 1). Further information regarding the FE models of the gimbal, housing, rotor, and FESS
can be found in [6].

2.1 Gimbal
In order to represent the gimbal model using FEM, a simplification of the physical structure is carried out. Bolt

holes for the gimbal parts and connecting bolts are neglected. These are instead represented by contact surfaces.
In figure 2a the simplified structure of the gimbal is shown, consisting of four side parts (blue), four corner parts
(red), and eight contacts regions (green). Furthermore, the global coordinate system for the model is shown. It
should be noted that two different corner parts are used, the ones connecting the gimbal to the housing and the
ones to the tilting frame with reference to figure 1, however, their geometries are close to similar.

(a) Simplified gimbal structure (b) Sketch of spring directions in a contact region
Figure 2: Contact regions in gimbal

The contact regions are modeled using linear springs relating the translation DOF in the coincident nodes from
the corner parts and side parts. One spring is used for each translational DOF as shown on figure 2b. Here kn
is the spring stiffness assigned to the spring relating the translational DOF in the normal direction to the contact
surface. The spring stiffnesses kp and and kz are assigned to the springs relating the translational DOF in the
parallel direction and global z-direction respectively.
The spring stiffnesses are determined by adjusting them to obtain a minimum sum of squares fit between the
six first theoretical and experimental obtained natural frequencies. Details on the experimental obtained natural
frequencies can be found in [1] and the obtained stiffnesses are:

kn = 2871 000N/m kp = 3065 000N/m kz = 1748 000N/m (1)

A convergence study has been carried out to assure that a suitable amount of elements is used to describe the
gimbal and the FE model consists of 7098 elements with 98892 DOF.

2.2 Housing
The housing consists of multiple parts assembled together with contact surfaces perpendicular to the axial

direction. A picture of the CAD model of the housing can be observed in figure 3a. In order to simplify the
physical structure of the housing the following assumptions are made. The active magnetic bearings (AMB)
actuator geometries are approximated as cylinders. The ball bearings can be described as steel cylinders. The
permanent magnetic bearings (PMB) are made only of aluminum. The bearings are perfectly connected to the
housing parts. The housing can be modeled as one solid part and the mounting holes for the house parts can be
neglected. Based on these assumptions the simplified geometry of the housing can be observed in figure 3b as a
section view.
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(a) CAD model of physical structure (b) Discretized geometry
Figure 3: Housing

On the figure the global coordinate system is shown which is aligned with the global coordinate system for the
gimbal model. Furthermore, the ball bearing volumes, AMB volumes, and aluminum volumes are designated. The
overall material properties for the AMB volumes are estimated by volume fractions of copper and steel from the
CAD model. A convergence study has been carried out and the housing FE model consists of 8568 elements with
133023 DOF.

2.3 Rotor
The rotor consists of a steel shaft where aluminum hubs and stacked steel sheet hubs (identical to the AMB

stator steel component) are pres-fitted onto. Furthermore, the PMB rotor part is mounted by a bolt. A cross
sectional view of the CAD model of the rotor can be observed in figure 4a. In order to describe the physical
structure of the rotor, it is modeled as one solid part and the compressor wheel is neglected. The simplified
geometry of the rotor is shown in figure 4b.

(a) CAD model of physical structure (b) Discretized geometry
Figure 4: Rotor

On the figure the different materials are designated. The steel laminates are not modeled but instead the
mass contribution from the steel sheets are added by increasing the density on the steel shaft segments where the
laminates are attached by scaling with the steel sheet laminate volume. This adjustment were carried out to obtain
better results compared to experimental ones. It should be noted that the top part of the rotor is identical to the
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PMB rotor part and therefore, the rotor is symmetric around the (x,y)-plane w.r.t. the global coordinate system. A
convergence study of the rotor FE model yielded 5816 elements with a total of 74283 DOF to be sufficient.

2.4 Global model
The FE models of the gimbal, housing and rotor are assembled into the global FE model of the FESS. This is

carried out by implementing the ball bearings, magnetic bearings, and the steel rods connecting the housing to the
gimbal. In order to simplify the inter-part connections, the connection of the gimbal corner part to the surroundings
is regarded as clamped, the ball bearings and magnetic bearings are represented by linear springs, and the steel
rods are perfectly connected to the housing. Based on these assumptions, the physical FESS is simplified such that
it can be represented by the mechanical model illustrated in figure 5. Here the springs in the gimbal corner part
holes represent the ball bearings, and the springs between the housing and rotor represent the magnetic bearings.

Figure 5: Mechanical model of the FESS

The steel rods are modeled using SOLID186 elements, and a suitable mesh is assured by a convergence study.
The ball bearings are modeled by linear springs in the radial direction and axial direction. Four connection points
in the radial direction are chosen at every 90 degrees. This is carried out with the purpose of ”spreading out” the
ball bearing effect into the corner parts. Furthermore, this connection is carried out at three points in the axial
direction as shown on figure 6.

Figure 6: Ball bearing spring arrangement

The ball bearing stiffnesses are not available and therefore, to make sure that these do not affect the results, a
convergence study has been carried out yielding a stiffness of kBB = 1× 1011 N/m. The ball bearing stiffnesses
can then be adjusted to fit experimental results for future aspects.
The AMBs are implemented in the same manner as the ball bearings, however, only with one supporting point for
each AMB and are only supporting the rotor in the radial direction with a spring stiffness from [5] to be:

kr,AMB = 284/2 kN/m (2)

The PMB is modeled by springs connected between a node in the bottom of the housing model and a node in the
PMB part on the rotor model by linear springs with stiffness:

kz,PMB = 15 kN/m kr,PMB = −12 kN/m (3)
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It should be noted that the stiffness obtained for the PMB cannot change. This is not the case for the AMBs, as this
depends on the controller settings. However, fixed stiffnesses for the AMB springs are used in the model.

3 Results
Theoretical natural frequencies and corresponding mode shapes for the gimbal, housing, rotor, and global FESS

model have been obtained and are represented in the following. Furthermore, experimental results are available
for the gimbal and rotor, which the theoretical results are compared to.

3.1 Gimbal
In table 2 the experimental and theoretical obtained natural frequencies for the gimbal and the discrepancies

between the two are listed. The experimental results are obtained from [1].

Freq. no. f1, f2 f3 f4 f5 f6
Experimental [Hz] 193.4 384.9 426 767-778 767-778 ∼801
Theoretical [Hz] 195.4 380.5 426 772 775 801

ERROR [%] 1.03 1.14 0 0.65-0.77 0.39-1.04 0
Table 2: Experimental and theoretical natural frequencies for gimbal

It is observed from the discrepancies that a good agreement between the experimental and theoretical results
are obtained. This indicates that the FE model represents the behaviour of the real physical structure well. The
theoretical obtained mode shapes for the third and fifth natural frequency for the gimbal is shown in figure 7.

(a) f3 = 426Hz (b) f5 = 775Hz

Figure 7: Third and fifth theoretical mode shape for gimbal

3.2 Housing
In table 3 the theoretical obtained natural frequencies for the housing are listed. As indicated by the table

experimental results are not available.

Frequency f1 f2 f3 f4 f5 f6
Mode type [Hz] bend. bend. tor. bend. bend long.
Theoretical [Hz] 2882 2903 3741 4299 4316 4580

Table 3: Theoretical natural frequencies for housing
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It is observed that the first natural frequency for the housing is rather large and therefore, the flexibility effects
for the housing might not become of interest in the global FE model of the FESS. Due to a lack of experimental
results, the housing model was not adjusted further. In figure 8 two selected mode shapes for the housing are
illustrated.

(a) f1 = 2881.9Hz (b) f3 = 3740.5Hz

Figure 8: First and third theoretical mode shape for housing

From the figures, it is observed that the mode shapes behave in the same manner as the first two bending modes
for a beam in free condition. Furthermore, it is observed that the spacers in the top of housing appear to be the
most flexible part of the housing.

3.3 Rotor
In table 4 the experimental and theoretical obtained natural frequencies for the rotor and the discrepancies

between the two are listed. The experimental results are obtained by frequency response functions (FRF) based on
experimental data, where the response of the rotor at different points is measured by a accelerometer under impact
from a hammer with the input measured by a force transducer.
From table 4 it is seen that fairly low discrepancies are obtained, however, they are not in same order of magnitude
as for the gimbal. Better theoretical results might be obtained if inter-part contact were modeled as well. In order
to do so, more detailed experimental results are needed to justify these modifications.

Frequency f1 f2 f3 f4 f5 f6
Experimental [Hz] 1237 1237 3023 3023 4797 4797
Theoretical [Hz] 1347 1347 3224 3224 3644 6504

Error [%] 8.81 8.81 4.19 4.19 32.39 35.58
Table 4: Experimental and theoretical natural frequencies for rotor

It should be noted that the FE model of the rotor has mainly been updated according to the first natural fre-
quency, since this frequency were verified by two experiments: based on the before mentioned FRF and under
excitation of the rotor using the AMBs. In figure 9 the first two mode shapes for the rotor is shown.
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(a) f1 = 1347Hz (b) f3 = 3224Hz

Figure 9: First and third theoretical mode shape for rotor

As for the case with the housing, the first two bending mode shapes look very similar to the first two bending
modes for a slender beam.

3.4 Global Model
In table 5 the theoretical obtained natural frequencies for the global model of the FESS are listed. It is observed

that a total of 23 natural frequencies are occurring in the interval from 0 to 2000 Hz.

Freq. f1 f2 f3 f4 f5 f6 f7 f8 f9 f10 f11 f12
[Hz] 0 0 10.10 26.33 27.79 59.75 64.25 68.51 68.87 111.4 270.8 365.1
Freq. f13 f14 f15 f16 f17 f18 f19 f20 f21 f22 f23 -
[Hz] 504.4 641.8 801.0 1086 1095 1226 1238 1347 1347 1396 1693 -

Table 5: Theoretical natural frequencies for the global model of the FESS in the range of 0-2000 Hz

The first two natural frequencies occur at 0 Hz. The first mode is a rigid body mode for the housing and rotor
rotating together about the ball bearing axis. The second mode is the rotor rotating about the centre axis, which is
a movement the magnetic bearings allow. In figure 10 a few selected mode shapes are shown.
In general, it is observed that a lot of the mode shapes appearing in the interval 0-2000 Hz are non-rigid body
motions, which means that the flexibility effects play a role in the mode shapes. This is especially true for the
gimbal, steel rods, and rotor, whereas the housing behaves more as a rigid body. Therefore, a more simple rigid
model of the housing might be sufficient in the global model.
The mode shape corresponding to the sixth natural frequency is shown in figure 10a, where the gimbal and hous-
ing is vibrating together with the rotor almost standing still. Here the flexibility effects of the bodies do not play a
large role in the mode shape. However, the flexibility effects are clearly seen on the 11th mode shape in figure 10c.
Here a kind of bending mode for the steel rods is observed where the housing is twisted around the global z-axis.
This mode clearly illustrates a scenario of coupled vibrations where energy is exchanged between the housing and
gimbal. As illustrated by this mode shape the steel rods tends to be the most flexible part in the FESS. Furthermore,
a strong coupling between gimbal and housing is often seen in the mode shapes.
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(a) f6 = 59.75Hz (b) f10 = 111.4Hz

(c) f11 = 270.8Hz (d) f14 = 641.8Hz

(e) f17 = 1095Hz (f) f20 = 1347Hz

Figure 10: Selected theoretical mode shapes for global model of the FESS
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In general, the coupling between the housing and rotor is weak. As an exception mode shape 10 shows coupled
vibrations between the housing and rotor. In contrast to this, mode shape 20 serves as a great example of decoupled
vibrations. Here the rotor is solely vibrating alone with a natural frequency and mode shape corresponding to the
first natural frequency and mode shape of the rotor itself in free condition as shown on figure 9a. ”Isolated” mode
shapes are not only observed for the rotor only but also the gimbal. This is seen in the 14th and 17th mode shape
where only the gimbal is vibrating. These two modes look similar to the third and fifth mode shape for the gimbal
model shown in figure 7. However, the frequencies are a lot higher which indicates that the vibrations are still
affected by the coupling to the other parts and the implementation of the BC.
Further details on the results and illustrations of all the mode shapes can be found in [6]. Finally it should be
mentioned that in order to verify the mode shapes and natural frequencies obtained by the FE models a experimental
modal analysis should be carried out.

4 Conclusion and Future Aspects
Theoretical natural frequencies and mode shapes have been obtained for the gimbal, housing, and rotor indi-

vidually. Six natural frequencies have been identified in the range of 0 to 800 Hz for the gimbal with the first
natural frequency occurring at 193.4Hz. Furthermore, a maximum discrepancy of 1.14% between the theoretical
and experimental natural frequencies were obtained, which indicates that the FE model of the gimbal represents
the physical structure well.
A FE model of the housing has been developed and six theoretical natural frequencies have been identified in the
range of 0-4580 Hz with the first natural frequency occurring at 2882 Hz. However, the flexibility effects of the
housing do not appear to be relevant in the interval from 0 to 2000 Hz in the global model due to the high natural
frequencies for the housing. The FE model of the rotor indicates the first natural frequency to occur at 1347 Hz,
which yields a discrepancy of 8.81% compared to the experimental obtained first natural frequency. However,
further adjustments of the rotor were not carried out due to lack of experimental data.
The theoretical results for the global FE model of the FESS indicate that the flexibility effects have an influence
on the dynamics of the FESS, since some of the components are not behaving as rigid bodies in the mode shapes.
Furthermore, coupled vibrations also occur between the flexible bodies for which the AMBs must be properly
designed taken these into account.

A FE model of the FESS has been designed, however, the FE model should be validated according to experimental
results. Therefore experimental modal analyses (EMAs) should be carried out to determine the natural frequencies
and mode shapes experimentally. It is suggested that an EMA is carried out for the gimbal, housing, and rotor
separately so the components in the FESS can be validated individually and an EMA of the FESS for validating
the global model of the FESS.
Furthermore, aspects such as reducing the model in terms of number of DOF could be of relevance in order to
simplify the model. Finally, gyroscopic forces could be introduced by simulating the FESS under operational con-
ditions, that is, by giving the flywheel/rotor an angular velocity. This will affect the natural frequencies and mode
shapes obtained for the system. The FE model of the FESS under operational conditions should be validated by
experimental results as well. Therefore, a operational modal analysis should be carried out.

REFERENCES
[1] Andersen, A. [2017]. Design of Gimbal Mounting for Offshore Flywheel Applications – Theory & Exper-

iment. Bachelor Thesis, Department of Mechanical Engineering, Technical University of Denmark, Kgs.
Lyngby.

[2] CES EduPack [Computer software]

[3] Dagnaes-Hansen, N. and Santos, I.F. [2018]. Magnetically suspended flywheel in gimbal mount – nonlinear
modelling and simulation. Journal of Sound of Vibration, (432):327–350.

[4] Dagnaes-Hansen, N. and Santos, I.F. [2018]. Magnetically suspended flywheel in gimbal mount – test bench
design and experimental validation. Journal of Sound of Vibration. Accepted for submission.

[5] Dagnaes-Hansen, N. and Santos, I.F. [2019]. Magnetic bearings for non-static flywheel energy storage sys-
tems (FESS). In Proceedings of the 10th International Conference on Rotor Dynamics – IFToMM, pages
116–131. Springer International Publishing.

427



[6] Hansen, F.T. [2018]. Flexibility Effects on the Dynamics of Gimbal Mounted Flywheels – Theory & Ex-
periment. Master Thesis, Department of Mechanical Engineering, Technical University of Denmark, Kgs.
Lyngby.

[7] Energistyrelsen, Energistatistik 2016. Available online: https://ens.dk/sites/ens.dk/files/Statistik/estat2016.pdf
[Accessed June 21st 2018].

[8] Maersk Drilling, The drilling industry. Available online: https://www.maerskdrilling.com/en/about-us/the-
drilling-industry [Accessed June 21st 2018].

[9] Flynn, M.M. and Zierer, J.J. and Thompson, R.C. [2005]. Performance Testing of a Vehicular Flywheel
Energy System. Advanced Hybrid Vehicle Powertrains, SAE Technical Papers 2005.

[10] Hawkins, L. and Murphy, B. and Zierer, J. and Hayes, R. [2003]. Shock and Vibration Testing of an AMB
Supported Energy Storage Flywheel. JSME International Journal Series C, (46):429–435.

428



429



 

 

 

 

 

 

 

 

Balancing 
 

  

430



431



SIRM 2019 – 13th International Conference on Dynamics of Rotating Machines, 

Copenhagen, Denmark, 13th – 15th  February 2019 

Balancing high-speed gyroscopic systems at low rotation speeds 

Izhak Bucher, Shachar Tresser, Amit Dolev 

Dynamics Laboratory, Mechanical Engineering, Technion Israel Institute of Technology, Haifa 3200003, Israel 

Abstract 

  The present paper describes a method to balance flexible high-speed rotating systems using data measured at 

low rotation speeds. The method required external, non-synchronous excitation that blends the effect of 

imbalance and any high frequency mode to isolate the projection of imbalance on a specific mode and therefore 

on the vibration at a specific critical rotation speed. The latter is accomplished using a digital signal processor 

(DSP) synthesizing an excitation is applied to the system such that it amplifies the desired parts. 

 The projection of the distributed mass imbalance along a rotating shaft produces the effective modal forces that 

affect the level of vibration at critical speeds. Unfortunately, one can measure and identify the effect of mass 

imbalance on at high speeds only by rotating the system at a frequency close to the relevant critical speed. 

     The paper describes a formulation for gyroscopic system and will discuss the controlled sensitivity to 

imbalance and the anticipated accuracy for a realistic system. Some simulated and experimental result will be 

shown and discussed.  

Nomenclature 

If you use lots of symbols in your paper it might be a good idea to make a table or list and include it here. If 

not needed just delete this section and define symbols and acronyms the first time they appear. 

1   Introduction 

 High-speed systems pass several critical speeds during their normal operation and therefore several modes of 

vibration need to be balanced, one mode at a time. The balancing process consists of measuring the effect of 

mass imbalance on the particular mode being balanced.  By placing a set of corrective masses at designated 

locations such the projection of imbalance on the corresponding mode is zero the effect excitation due to 

imbalance on this mode is eliminated.  Once a certain mode is balanced, speed can be increased to get to the next 

critical speed and a set of corrective masses is placed such that they do not spoil the balancing of previously 

balanced modes, while eliminating the imbalance of this mode. The calculation of the corrective masses employs 

traditionally either influence coefficients or modal balancing techniques. 

 When it is not possible to rotate the system at sufficiently high-speed during balancing one must resort to a 

method such as presented here. Although more complex, the proposed method can predict the corrective masses 

at higher rotation speed related mode while rotating at a constant speed, and these can be balanced 

simultaneously. To find the effective imbalance on each mode, trial masses need to be placed on the system for 

every mode being balanced and a set of corrective masses can be computed. 

 The response of the structure to these forces, comprises a combination of all of the mode shapes, where each 

mode is excited proportionally to the projection of the distributed imbalance on it [1,2], and by the vicinity of the 

spin speed to its corresponding natural frequency. The response of the structure is minimized by a mass 

balancing procedure, where small correction masses are added or removed from the structure. These corrective 

masses are calculated from measured vibrations [3–6]. High-speed machinery usually operates above one critical 

speed or more, where the rotor exhibits bending, such rotors are usually balanced by either the “Influence 

Coefficient Method” or “Modal Balancing” [3–11]. Since all of the aforementioned methods are based on 

vibration readings, they require the rotor to be rotated close to critical speeds. 
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 When it is impossible to run the system to be balanced at the operating speed during the balancing stage, a 

different method needs to be introduced. Such a method was previously introduced, whereby a tunable 

parametric amplifier, which employs a dual frequency excitation and a hardening, Duffing-type nonlinearity, 

was recently introduced for non-rotating systems [12,13].  

The dual frequency parametric excitations consist of a principal parametric resonance term, which results in 

great amplification of the response, and of a combination resonance term, which yields sensitivity to an external 

force. The nonlinearity keeps the system from producing excessive vibration levels and leads to oscillations with 

steady amplitudes. The mentioned amplifier was applied to a rotating system, to selectively detect the projection 

of the imbalance on different modes, while rotating much slower than their critical speeds [12,13]. In [13], the 

imbalance was identified both numerically and experimentally with an accuracy higher than 90% in a single 

balancing iteration, but the formulation and implementation were limited to 2 degrees of freedom, non-

gyroscopic system.  

The paper includes a brief summary of the proposed balancing method of [19], and of the results which were 

obtained. Following, in Sections 2-3, gyroscopic effects are added to the model. Finally, in Section 3 simulations 

are shown to verify the analytic model, and the proposed balancing scheme, which includes both gyroscopic 

effects and use of only two actuators. The numeric example also demonstrates that rigid rotor balancing is not 

suitable for flexible rotors. 

2   Modelling, mathematical background and suggested procedure 

 Considering a high-speed rotating system undergoing mass balancing. The system has means to apply 

external forces via of electromagnetic actuators that deflect a flexible mount through a thin rod. The vibratory 

response is measured at the actuators and along the shaft. A representative system is depicted in Fig.1. 

Figure 1: Cad model of a representative fast-rotor undergoing mass balancing using the proposed method. 

Unlike traditional mass balancing approaches, the proposed method actively applies forces not synchronous 

with the rotation speed, based on the specific mode being balanced and, on the data, measured from the 

vibrations of the structure. The proposed method applies several forces according to 

  3

, , 3,
cos( ) cos( )

i a i a a b i b b i i i
f t t x k x     = − − + − − . (1) 

Here, 
, ,, , , ,a i a a b i b     and

3,ik are tunable parameters and
ix is the measured displacement of the rotor at 

the ith location and where 
if are the applied forces. The frequencies of the parametric excitations are set such 

that one is the principal parametric resonance, leading to high oscillations, and the other is a combinations type 

resonance, coupling the response to the imbalance [12-17] 

2 2 ,a n b n     = + = −+ . (2) 

The symbol   is a detuning parameter, and   is a small non-dimensional number, 0 1  . 
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Figure 2: Block-diagram of the overall system showing the flow of signals and their meaning. 

 As shown in Fig.2, the external forces are generated by a digital signal processor (DSP) that implements the 

amplification scheme based on the expression in (1) reported in detail in [12-17]. The input to the algorithm is 

the specific critical speed one wishes to perform mass balancing for,
n .The excitation signal that extracts the 

imbalance for this particular mode of vibration consists of 3 parts, all realized in a form of time-dependent 

nonlinear feedback, geared to extract the sought information. within the DSP, several gain and phase parameters 

are set to obtained the highest sensitivity and find the magnitude and phase of imbalance. The main difficulty in 

identifying the effect of imbalance on a higher speed related mode is that the signal is weak and is composed of 

the contribution of several modes.  The external forces produce a response that is greatly dominated by the 

contribution of the imbalance to the target mode of vibration. A multiple time-scale asymptotic analysis helps in 

producing a concise expression for the measured response. It has been shown (see [12-17]) that the proposed 

excitation scheme in (1) gives rise to an asymptotic expression for the steady-state vibratory response amplitude, 

0na , at the selected mode’s frequency - 
n

( )

( )
0

0

, 0 1

sin

sin 2 ( ) 4

nn b n n b

n

a n n a n

a
t

   

   

− + +
=

+ −
 . (3) 

 Here 
n represents the projection of distributed mass imbalance on the relevant mode of vibration - 

n , which 

is the effective imbalance of the selected mode to be balanced (see [15]). And 
0n is the phase of the response at

steady state (see [12-17]), due to the additional excitation and 
n is the phase with no external forces. 

   As , , , ,
na n b a b    are all tunable within the DSP (see Fig. 2.) the measured response amplitude can be 

controlled by, say, sweeping the phase, 
b of one of the external force components. As it turns out, 

0na is 

periodic in 
b with a period of  . By sweeping, 

b  twice with and without a trial mass, the mass imbalance 

magnitude and phase can be identified. 

   The abovementioned result and analysis, ignored the coupling to other modes, assuming they are not excited 

and the gyroscopic effect was neglected too. The new formulation presented below considers both these effects. 

3   MDOF gyroscopic system modelling, analysis of the proposed approach 

 Assuming small damping and feedback forces, the equations of motion for a constant speed of rotation, written 

in complex vector form, are: 

( ) ( ) ( )i2 te t + + + =  + +
u nl pe

Mq C G q Kq f f f f ,  (4) 

 Here, M , C , G  and K  are the mass, damping, gyroscopic and stiffness matrices respectively,  ,
u pe

f f  and 
nl

f

are the imbalance, parametric excitation and nonlinear force vector respectively, q  is the vector of degrees of 

freedom, and   the rotation speed. The equation of motion (EOM) can be written in the state-space as: 

( )t 
 
 

f
Ar + Br =

0
 , (5) 

where 

  
2 1, Nx

+     
    

     

M 0 G C K q
A = , B = , r = r

0 K -K 0 q
.          (6) 

As will be shown later on, the solution is based on the multiple-scales expansion, hence the modal analysis is 

done by neglecting damping. As shown in [2], the system (5) (with damping neglected) admits pairs of equal and 

Sensor

Actuator

Speed

Actuator
Sensor



n 

a, b  

a, b  

Digital Signal 

Processor
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pure imaginary eigenvalues, whose corresponding eigenvectors are linearly independent. The 2N eigenvectors, 

which are expressed by: 

 As shown in [2], the system (5) (with damping neglected) admits pairs of equal and pure imaginary 

eigenvalues, whose corresponding eigenvectors are linearly independent. The 2N eigenvectors, which are 

expressed by: 

ir r r= +w z  , (7) 

and are collected in columns of a real matrix 2 2Nx NΦ  , where: 

 1 1 ... N=Φ w z z . (8)

 In this paper the tilde sign is used for eigenvectors and modal matrices expressed in the state-space.  The 

response may be expressed as a superposition of all eigenvectors as: 

( ) ( ) ( )
1

N

s s s s

s

t t t 
=

= + =r w z Φχ , ( ) ( ) ( ) ( ) ( ) 1 1 ...
T

N Nt t t t t   =χ (9) 

As shown in [2], the eigenvectors are orthonormalized with respect to the matrix A , so that 

( ) ( )
( ) 1

20

T
ft

t t
f

   
+ =    

  

* f
Iχ ω χ Φ  ,   

*
0

0

n

n





 − 
=    

  

ω diag . (10) 

For undamped systems, the eigenvectors represent whirling motions, and can be written as (assuming that the 

coordinate system coincides with the principle axes of stiffness) [25]: 

2 1,

x
j j j j j Nx

j j j y
j j j

i
i

i

           
+ = = =      

          

w z
  


  

. (11) 

By substituting (11) into (8), the modal matrix is (shown for the corresponding columns of the jth
 mode) 

0

0
,

0

0

x

j j

y

j j

j jx

j

y

j





  
  

−   = =
  
  
 

   

w z









(12) 

The projection of any force vector ( )tF  on the jth mode is:

( ) 1

2

0 0

0 0 0

0

x

yT xT yT

j j j j jy

xT yT xT

j j j j j

f
t

f

 

 

 
    − −     

= = =      
         

  

y

x

f

ff
F

f

  

  
(13) 

At this point, the formulation deviates from the previous results ([2]) as additional terms need to be added. 

Equation (10) can be written as a 2nd order modal EOM, assuming isotropic supports for sake of brevity 

2 2

2 2

yT xT

j j j j j j j

xT yT

j j j j j x j j

    

    

+ = − +

+ = +

y x

y

f f

f f

 

 
 , (14) 

and from (10) 

2 1
,

j j

j j

j j

f f 
 

 

− + −
= = . (15) 

Defining the external forces comprising of the parametric excitation, nonlinear forces and imbalance forces 

( ) ( ) 
3

2

3 3
t k t

                    
= + + = − + +                                  

x pex nlx ux

p u

y pey nly uy

f f f f x x
K f

f f f f y y
 . (16)
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The parametric excitation matrix, ( )tp
K is chosen to decouple (mostly) the nth mode from the rest.

Combining (14),(15) and (16) and adding light modal damping with negligible effect on the eigenvectors one

obtains two modal equations, one in the x and the other in the y direction 

( )( ) ( )( )2 22 yT xT

n n n n n n n n n n         + + = − + + + + +
uy pey nly ux pex nlx

f f f f f f 

( )( ) ( )( )2 22 xT yT

n n n n n n n n n n         + + = + + + + +
ux pex nlx uy pey nly

f f f f f f  . (17) 

 At this point one must resort to asymptotic solution methods, and the multiple time-scales approach is utilized 

here. Using the following, standard, multiple scales expansion [16,21] 

0 1 0 1( ) ( , ) ( , ), i

it t t t t t t  + =
0 1

ξ ξ ξ . (18) 

The EOM are arranged by orders of magnitude: 

    ( ) ( )( )0 2 2 2

0 0: nO D + = 
m

I diag ξ f

   ( ) ( )( ) ( )( )1 2 2

0 1 0 0 0 0 1 0: 2nO D D t D D + = − + − −
m mm p nl

I diag ξ C K ξ f I η . (19) 

 Here the subscript m is used for vectors and matrices expressed in the modal coordinates. 

At this point it proves useful and convenient to introduce some simplifying assumptions: 

(a) Forward modes are denoted by even numbers, and backward modes by odd numbers;

(b) The jth forward mode is the excited mode (the mode to be balanced) and is denoted by the subscript 2 j ,

and the jth backward mode (twined with the excited mode) is denoted by the subscript 2 1j − ;

(c) The system is axisymmetric, and therefore the modes represent circular whirls and are related by [26]

12 2 2 1 2 12 2,n

y x y x

n n nn n− − −= − = − = =       ; (20) 

(d) The spin speed is significantly lower than the critical speed of all modes, so the forward and backward

mode shapes of all modes are quite similar (even when the natural frequencies exhibit gyroscopic split):

2 2 1n n−  ; (21) 

(e) No combination resonance nor sub-harmonic resonance exist, so the spin speed and natural frequencies

should comply with [15]:

3 ,2 , ,3 ,2 ,2 ,i k k j k k j j j k l                   . (22) 

(f) Modes which are much higher than the excited mode are neglected (i.e. 
210i j   ). 

Following the routine solution cascade method of solution [15], the steady-state response of the nth mode is: 

( ) ( ) ( ) ( )
( ) ( )0 00 0

1

0 1 0 1, 1
2 2

n nn n
ni t i ti t i tn n

n n n nA t e e cc I A t e e cc
   

+ −  −  
= + + = + − + 

 
. (23) 

where T

n 
n u

f is the response to imbalance and cc represents the complex conjugate of previous terms. 

The projection of imbalance on the backward and forward modes is similar so: 

2 1 2j j −  , (24) 

In this case, the steady state amplitude, denoted by 2 ja , may be simplified to: 

( )
( )

2

2

2

cos

cos 2 / 4 2 2

j bb

a

j

a j

R
a



   

  





+ + −

+ +


−
 . (25) 

where 

( ) ( ) ( )

( )

2 2
2

2 2 1 2 2 1 2

2 2 1 2 1

2 2 1 2

1 1

1
tan ,

1

j j j j j

j j j

j j j

R



− −

− −

−

=  + +  − =  +

 + +
= =  =
 − − 

 . (26)
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The ratio   depends only on the natural frequencies and the spin speed. 

2 1 2 1 2

2 2 2 1

j j j

j j j

 

 

− −

−

 −
 = =

 +
 , (27) 

Clearly, (27) indicates that the measured response (25) is dominated by the forward mode. 

The response (25) can be measured at a range of frequencies around the design mode’s  natural frequency, 
2 j . 

It tuns out that there is a tradeoff between signal’s (response) strength and sensitivity to imbalance. This 

sensitivity is measured by two expressions 

,
j ja a

S S




 
= =
 

 . (28) 

 Where S
measured the change in amplitude to the imbalance mass and S  the change in measured response 

due to change in the angular location of the effective imbalance mass. 

2 Suggested Balancing Procedure 

 Once the levels of and frequency of excitation has been set to the optimal values, the value of the parametric 

excitation's phase 
b  can be swept, until minimal amplitude is reached, denoted by 

0b . The location of the 

modal imbalance 
j is found according to the numerator of (25), and has two possible solutions, 180 degrees 

apart: 

2 0 0 , 0,1j b n n    = − − + = (29) 

 By placing a modal trial mass of
mf , the true location and magnitude of the imbalance can be found. The total 

modal imbalance at the trial run is 

( )j j ji i i

m m mf e f e f e
   − − − +
= +   . (30) 

The phase 
j  is found by sweeping 

b  , until a minimal (or maximal) amplitude is reached (again, two 

possible solutions 180 degrees apart). The maximal change in 
j is achieved when the modal trial mass is 

placed 90 degrees apart from
j . The true location of 

j  (and 
j ) are the ones for which the imbalance at the 

trial run lies between 
j and  . The magnitude of the modal imbalance is calculated by the following 

expression, and shown graphically in Fig.3: 

( )
( )

sin

sin

m j

m

j

f
f

  



 − −
=


 . (31) 

The imbalance identification is illustrated graphically in Fig.3, as if it is a single plane system. In fact it is related 

to a multi-plane balancing as it is performed in the modal domain using the modal vector to project its 

distribution on the real system. 

Figure 3: Graphical representation of the trial mass measurement and imbalance calculation 

3 Numerical example 

The analytical model was verified numerically for the system shown in Fig.4, which comprises of a rotor 

mounted on bearings having substantial stiffness compared to the shaft, and subjected to the external forces of 

(1). The numerical example demonstrates the use of the new balancing method, which is also compared to results 

that would have been obtained if the rotor was balanced by a commercial balancing machine as a rigid body. 
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The response is measured at four locations along the shaft, as shown in Fig.4Error! Reference source not 

found.. The properties of the rotor are given in Appendix A. The system was modelled by finite elements, using 

Timoshenko beams and concentrated mass elements. The numerical simulations comprised of numerical 

integration of (17), without any assumptions or neglections. 

Figure 4: CAD Model of the rotor in the numerical example. The parametric excitation and cubic spring are 

applied at the bearing, represented by tunable springs. Sensors are placed at the locations indicated by 
1 4,..s s  . 

  The model has a total of 36 DOFs (18 at each plane). The Campbell diagram of the rotor is shown Fig.5, 

showing the operating speed and the speed at which the balancing procedure is carried out using dashed lines. 

Figure 5: Campbell diagram. Operating speed and balancing speed shown by vertical dashed lines. Line of 

resonance shown by inclined dashed line 

 The rotor is to be balanced by using two balancing planes, since the operating speed is above two critical speeds 

and substantially below the third. Although the rotor requires balancing of only the first two modes, there are 

four dominant modes contributing to the imbalance response at the balancing speed, hence four sensors are 

required (the natural frequency of the fifth mode is over 5300 Hz). The mode shapes at the balancing speed are 

shown in Error! Reference source not found. (only forward whirling modes are shown). The analytical 

solution considers a total of eight relevant modes (four backward and four forward).  

Figure 6: First 4 forward mode shapes at the balancing speed. Bearings locations shown by •  .  2 567 Hz =

(a) ,  4 777 Hz = (b) ,  6 1499 Hz = (c) ,  8 3048 Hz =  (d).
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  In order to fine-tune the external excitation frequency, the parametric excitation is tuned according to (2) by 

sweeping the detuning paraeter,  . The response amplitude curves vs the detuning frequency for both modes 

are shown in Fig.7 (for Run 0). Sweeping through the phase of the excitation 
b  is performed for a detuning 

value of 
2/ 0.3j  = −  , and so is the calibration process. 

Figure 7:  Response amplitude curve for 18

2 2 ,2 2 ,2 2 31, 1.02 , 2 10
a b

j j j j j j k   = = = =    1st forward mode (a) and 

2nd  forward mode (b). 

It should be mentioned that the optimal detuning frequency is a compromise between high amplitude (good 

signal to noise) and sensitivity to imbalance. Returning to (28), one can plot the sensitivity of imbalance phase 

Figure 8:   Response curve of the 1st forward whirling mode for the example shown here (a). Sensitivity to the 

phase  or angular location of the imbalance. 

Figure 8 shows that one should choose a compromise between signal amplitude and sensitivity and indeed, the 

preferred frequency region where the imbalance identification takes place is close to the maximal sensitivity.  

3.1 Balancing simulation results 

The results of the process of sweeping through 
b   are shown Fig.9, and summarized in Tables 1,2Error! 

Reference source not found..  It should be emphasized the the numerical simulation includes the whole model 

with no approximations takes place. Although balancing is carried out at low speed such that the effect of 

gyroscopics is not fully effective and the modes separation is partial, and there are only 2 excitation locations 

and 4 sensors, the procedure seems successful. 

Figure 9:   Sweep through b  at the first run. Amplitude of the 1st mode (a), Amplitude of the 2nd mode (b), 

phase of the 1st  mode (c) and phase of the 2nd mode (d). The continuous line presents the analytical, 

asymptotic approximation and the dotted line presents the numerically simulated full model. 

439



Table 1:   Results of sweeping through 
b . All phases in degrees.

Mode 
0b 2 j

calib Evaluated 
2 j * True 

2 j Modal Trial mass 

1st fw Run 0 170 85 -1.9 -163/17 -160 0 

Trial 

run 

12 -95 -1.9 174.9/354.9 178 ( )10
4 10 exp 1.9i

−


2nd fw Run 0 170 84 -49 -160/22 -154 0 

Trial 

run 

120 84 -49 -110/70 -103 ( )10
4 10 exp 2i

−


The procedure described in (30),(31) is carried out and the simulated imbalance is identified 

Table 2:   Projection of imbalance on the modes 

Mode Evaluated imbalance True imbalance Relative error 

1st fw 197
i

10 18010.047 10 e


−
−

200
i

10 18010.1 10 e


−
−

5.3 [%] 

2nd fw 160
i

10 1803.36 10 e


−
−

154
i

10 1803.18 10 e


−
−

12 [%] 

Once the calculated correcting mass are applied, the simulated response to imbalance obtains the following form 

Figure 7:  Imbalance response -  displacement at the plane of the rear bearing (a), zoom view at the 2nd critical 

speed (b).   

Balancing the rotor as a rigid body would have improved the response of the rotor at low speeds, where the rotor 

is truly rigid, but as the spin speed increases, the balancing masses become less effective, and even deteriorate 

the rotors response. The presented balancing method improves the rotors response throughout the entire speed 

range, and by more than 90% at the critical speeds. 

4 Conclusions 

This paper presents a method to balance high frequency flexible modes, without the need to rotate the rotor to 

high speeds. The method is based on the method presented in previous work [16–19], which includes a dual 

frequency parametric excitation and a cubic stiffness term. The frequencies of the parametric excitation are 

selected such as to excite a desired mode, while rotating significantly below its natural frequency, while the 

nonlinear stiffness keeps the response bounded. The present paper presents solutions to two main weaknesses 

that arose in [17]: (i) A method that allows the excitation to be orthogonal to undesired modes, even when only 

actuators can be implemented only in two planes. (ii) Including gyroscopic effects, to cases where the spin speed 

needs to be increased in order to increase the forces caused by imbalance, hence improving the sensitivity of the 

balancing procedure. 

The analytical model was verified by numerical simulations, where vibration levels were decreased by 

approximately 90%.  
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Abstract 
On October 2017 at a power plant, a machine train consisting of a gas turbine (LM6000), a gearbox and a 

generator rotating at 3000rpm, faced a short circuit issue on the grid and the unit tripped. 10 days later the level 
of vibration of the generator reached the level of alarm. The 17th of October 2017, a first vibration survey done 
by a third party recommended to check the alignment of the machine train. All foundation nuts were found well 
tightened and there was no obvious sign of generator movement. The generator was re-aligned with no success: 
the level of vibration was still over the alarm level. Then BHGE (Baker Hughes a GE Company) Machinery 
Diagnostic Services team was invited to investigate the vibration issue. Relative vibration data were collected 
from the Bently Nevada’s Rack 3500 monitor buffered outputs. Each of the generator bearings was monitored by 
Bently Nevada XY proximity probe pair and shaft was rotating counter clockwise, when viewed from the driver 
(Gas Turbine) to the driven (Generator). 

 The analysis of the data concluded that the high level of vibration of the generator was due to an unexpected 
residual unbalance of a second mode since 1X filtered vectors were opposite of phase from one side to another 
side of the machine. One could understand to have unbalance evolution over the time for a gas turbine or a 
compressor (due to dirty gas or blade worn for example). However, it was not expected to have an evolution of 
the residual unbalance for a generator. Even if the root cause of this unbalance could have not been identified, it 
was decided to balance the generator. A modal method and 2 balancing planes were used to successfully 
decrease the level of vibration from 75µm pp to 20 µm pp.  

At the same time a lateral analysis of the generator using XLTRC² software was carried out to check that the 
generator had a vibration behavior as expected by design. In fact, a high 1X response was identified and it led to 
an unbalance issue. However, an evolution of the generator dynamic stiffness (bearing, shaft or bearing support) 
could have also increased the 1X vector amplitude. The transient data measured at the generator were compared 
with the theoretical ones. The damped critical speed map allowed to identify important characteristics of the 
generator vibration behavior.  

An important characteristic, was the fact that the frequency of the “pivotal mode” was increasing with the 
speed and was following the 1X frequency without crossing the 1X line. This was confirmed with measurement. 
Several other parameters were confirmed. Finally, an unbalance response was calculated with the software that 
allowed us to draw the conclusion that measurement and theoretical response were matching well. This 
comparison between measurement and theoretical behavior allowed us to be confident with the fact that the root 
cause was a real modification of the unbalance of the generator and/or a slight increase of the bearing clearances. 
The customer decided to wait for the next overhaul for a complete inspection of the generator and the machine 
train was re-connected to the grid. 
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1 Introduction 
At a power plant, a machine train consists of a gas turbine (LM6000), a gearbox and a generator rotating at 

3000rpm. faced on October 2017 a short circuit issue on the grid and the unit tripped. 10 days later the level of 
vibration of the generator reached the level of alarm (75µm pp). The 17th October 2017, a first vibration survey 
done by a third party recommended to check the alignment of the machine train. All foundation nuts were found 
well tighten and there was no obvious sign of generator movement. The generator was re-aligned with no 
success, the level of vibration (80µm pp) was still over the alarm level. BHGE Machinery Diagnostic Services 
team was then invited to investigate vibration issue. 

2 Analysis of the vibration data 
Relative vibration data were collected from the Bently Nevada’s Rack 3500 monitor buffered outputs. Each 

of the generator bearings were monitored by Bently Nevada XY proximity probe pair and shaft was rotating 
counter clockwise, when viewed from the driver (Gas Turbine) to the driven (Generator). 

The data were collected for two identical runs consisting of  a cold start up, a steady state at full speed no 
load (FSNL), a steady state at full speed full load (FSFL) and a shutdown.  From these data, it was observed that 
the vibration signal was mainly due to synchronous component (1X) and the 1X component was increasing with 
the speed. The behaviour of the machine was the same during both start up and both shutdowns, which means 
that the vibration behaviour of the generator was repeatable. It was also observed that the orbit shapes were 
ellipticals with a forward precession and that the shaft reached a normal position inside the bearing at nominal 
speed. All these characteristics indicated that the high level of vibration of the generator was most probably due 
to an unexpected residual unbalance. 

However,  if the level of synchronous vibration (𝑑𝑑𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆ℎ������������⃗ ) increases it can be due to an increase of the residual 
unbalance (𝐹𝐹𝑈𝑈𝑆𝑆𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑆𝑆𝑆𝑆𝑈𝑈��������������������⃗ ) or a diminution of the synchronous dynamic stiffness (see Eq 1). 

𝑑𝑑𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆ℎ������������⃗ = 𝐹𝐹𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈���������������������������⃗

𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆ℎ𝑟𝑟𝑟𝑟𝑆𝑆𝑟𝑟𝑟𝑟𝑟𝑟 𝐷𝐷𝑆𝑆𝑆𝑆𝑈𝑈𝐷𝐷𝐷𝐷𝑆𝑆 𝑆𝑆𝑆𝑆𝐷𝐷𝑆𝑆𝑆𝑆𝑆𝑆𝑈𝑈𝑟𝑟𝑟𝑟���������������������������������������������������������������������������������⃗  (1) 

One could suspect to have an unbalance evolution over the time for a gas turbine or a compressor (due to 
dirty gas or blade worn for example). However, it was not expected to have an evolution of the residual 
unbalance for a generator. Even if the root cause of this unbalance could have not been identified, it was decided 
to balance the generator to reduce the level of synchronous vibration. In parallel, a lateral analysis was carried 
out (with XLTRC² software) to confirm that the synchronous dynamic stiffness of the machine had not 
significantly changed. This point was important in order for the customer to be confident to wait the next 
scheduled overhaul for inspection. The next chapter will describe the balancing activity and the result of the 
lateral analysis compare to the measurements. 

3 Balancing of the generator 
As explained previously, it was suspected that the level of 1X vibration at full speed was mainly due to a 

residual unbalance. To determine if two planes are needed to balance such a machine, the first thing to do is to 
compare the phase relationship between DE 1X vectors and NDE 1X vectors. Obviously, this comparison needs 
to be done for probes which are installed at the same angular position. The objective is to understand which 
lateral rotor mode dominates the dynamic behaviour of the rotor. An alternative is presented in figure 3, the DE 
1X forward vector and the NDE 1x forward vectors are compared. As a reminder, a 1X filtered orbit is obtained 
from the 1X filtered vectors of a pair of orthogonal proximity probes. An orbit will be always circular or 
elliptical. From mathematics, an ellipse is the sum of a vector rotating in one direction and a vector rotating in 
the opposite direction.  The 1X forward vector, which is rotating with the same direction of rotation of the shaft, 
can be filtered out. As the unbalance force is forward and synchronous, the vibration response of the unbalance 
force is the 1X forward vector. Principally, the 1X reverse vectors is mainly due to the anisotropy of the support 
stiffness.  This technic allows us to  focus on the 1X forward  synchronous response of the unbalance force. 
From polar plots (figure 3), it appears that the 1X forward vectors from one to another side of the machine are 
opposite of phase. At nominal speed, the 2nd lateral rotor mode dominates the dynamic behaviour of the rotor and 
the residual response of the first mode seems to be negligible. In such a case, there are several balancing methods 
such as influence vector, Static-Couple method and modal methods that could be applied. Since a generator has a 
quasi-symmetric design the modal method can be applied. The advantage of this method is that one trial run can 
be saved and consequently limits the unavailable time of the machine for the customer.  Moreover, the vibration 
behaviour of the generator was quasi-similar between FSFL and FSNL so it was decided to balance the unit at 
FSNL. This method saves also time and cost to balance the unit.  

The modal method considers that each mode of the machine is independent, consequently each mode could 
be balance independently without any effect on the other one. One way to be able to implement such a method is 
to install two similar weights at the same time on both balancing plane of the machine (DE and NDE). Let’s 
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consider a simple symmetric machine with two discs equally spaced from DE and NDE bearing. The first mode 
is cylindrical, and the second mode is pivotal. Assuming two similar weights are installed at the same angular 
location on both balancing plane of the machine (DE & NDE), the first mode (cylindrical) will be unbalance 
since both weights will act in the same direction. However, the second mode (conical) will not be affected since 
the weights will act in opposite direction and will cancel each other as it can be visible on figure 1.  

 

Figure 1: Illustration of modal method (dual weights) applied on symmetric machine. 

Selecting a trial weight can be a dangerous task. In many cases, the vibration on the machine is already high, 
and adding an excessive trial weight at a wrong location could increase the vibration amplitudes. So, a good 
practice is to at least get a correct trial weight location to be opposite at the actual residual unbalance location 
and add enough weight to get some response. This selection is not easy unless a reasonable amount of 
information is known about the machine. Adequate trial weight would be enough weight to produce a 10% 
change in vibration vector based on the original vibration. For this generator, both balancing planes at DE and 
NDE planes have a groove just under the blades of the cooling fans. A total trial weight of 400g was used. 
Before defining the angular location of the trial weights, it is important to remind that the high spot (1X response 
in displacement) and the heavy spot (unbalance) are in phase when the machine is running well below a 
resonance. Looking at the polar plot (Figure 3), it can be observed that a first resonance is crossed around 
1800rpm. From 2500rpm to 3000rpm the 1X vector amplitude increases but the 1X phase stays almost constant. 
It means that at 3000rpm the machine operates below the 2nd resonance since there is no phase shift visible that 
could indicate that the machine operates close or after the resonance.  
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3.1 Trial run with dual mass opposite of phase. 
From the previous statement, and because only the second mode had to be balanced, it was decided to install 

the trial weights opposite to the 1X vectors.  One trial weight of 200g was installed at 90° CW from the angular 
reference (45°R) on the DE balancing plane and another one of 200g was installed at the opposite location (270° 
CW) on the NDE balancing plane (See figure 4). 

 

 

Figure 3: 1X forward polar plot for DE and NDE generator proximity probes (compensated around 2000rpm) 

The polar plots (figure 4) show that the weight had an influence on the vibration since the 1X amplitude and 
the 1X angle changed. Both C vectors, which are the response of the trial weight only, are almost opposite of 
phase as expected. Consequently, a calculation was done to find the final weights. The principle is to calculate 
the amplitude and the angular location of the final weights for the C vectors to be opposite and equal to the 
original 1X vectors. This step is not explained here since this method is well known and it is not the purpose of 
this paper.  

  

Figure 4: 1X forward polar plot for DE and NDE generator proximity probes. BLUE curve is the reference run 
and RED curve is the trial run.  

One final weight of 300g was installed at 20° CW from the angular reference (45°R) on the DE balancing 
plane and another one of 300g was installed at the opposite location (200° CW) on the NDE balancing plane 
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(See figure 5). As it can be seen of the next polar plot, the balancing activity was a success since the 1X 
vibration level decrease by 95 % for DE side and 70% for NDE side. 

Figure 5: 1X forward polar plot for DE and NDE generator proximity probes. BLUE curve is the reference run; 
RED curve is the trial run; GREEN run is the final run. 

4 Rotor modelling and lateral analysis 
The need to do the lateral analysis on site was supported by the fact that the residual unbalance of a generator 

is not expected to change over time. The 1X vectors augmentation could also be due to a diminution of 
synchronous dynamic stiffness. Moreover, the synchronous response of the generator for the trial weights was 
not exactly as expected. As explained in the previous chapter, well below a resonance the high spot and the 
heavy spot are in phase. According to the data, at 3000rpm the generator is running below the 2nd resonance so 
the C vectors, which is the response due to only the trial weight, should have been in phase with the trial weight. 
However, the result shows that the C vectors lags the trial weights by approximately 70°. It means that the 
machine is close to the 2nd resonance at full speed instead of being well below. Again, from the analysis of the 
measurement it is impossible to have such conclusion.  The lateral analysis will help us to understand this point. 

 
 

Figure 6: Relationship between C vectors and trial weight in respect to running speed and compared to the 
resonance. 

3.1 Model of the rotor and Undamped Critical Speed Map. 
The original lateral analysis of the generator was not available at site in the OEM documentation. However, a 

drawing with all shaft generator sections, material, local masses, local inertias and bearings information was 
available.   

3x100g @ 200° 

3x100g @ 20° 

Wcal Wcal Wcal Wcal 

C
C 

C 
C 

Below resonance 
C and Wcal are in phase 

At resonance 
C lags Wcal by 90° 

After resonance 
C and Wcal are out of 

Our case study 
C lags Wcal by 70° 

446



 Figure 7: Geometry of the generator rotor as seen in XLTRC², and Undamped Critical Speed Map 

The Undamped Critical Speed (UCS) map shows the evolution of the critical speeds versus the bearing stiffness. 
As it can be seen on Figure 7, both first modes are bearing stiffness dependent. From UCS, it can be concluded 
that the generator should have two critical speeds around 1850 rpm and 4500 rpm in horizontal direction and two 
critical speeds around 2000 rpm and 5000 rpm in vertical direction.  

3.1 Comparison between Damped Critical Speed Map and measurements. 
The type of bearing, the diametral clearances, the bearing length and the type of oil were known. All this 

information was sufficient to calculate the evolution of the bearing stiffness and damping with the rotor speed. 
The Damped Critical Speed (DCS) map was then calculated to show the evolution of the natural frequencies 
versus the rotor speed (Figure 8). Several “key” points are labelled on the figure 8. They correspond to 
intersections between synchronous lines (1X or 2X) and natural frequencies.    

Figure 8: Damped Critical Speed Map of the generator with nominal bearing clearances of 280µ m pp. 

The points B, D, Fand J corresponds to intersections with reverse modes, which are not interesting for this 
historical case. The point A shows the intersection between the 1X line and the 1st forward bending mode at a 
rotor speed close to 1680rpm.This information is coherent with the measurements that indicate also a resonance 
around 1680rpm with the 1X vectors in phase from one side to another side of the generator (See figure 9). Then, 
the 1X line crosses the 2nd forward bending mode around 4500rpm (point C). From the measurement, it is 
impossible to confirm this last characteristic since the maximum operating speed is 3000rpm. To be sure that the 
model of the rotor is correct, it is necessary to find other similarity between the measurements and the 
calculation. 
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Figure 9: 1X polar plots for DE and NDE proximity probes of the generator during start up after the balancing 
job. Both loops (red) with a maximum amplitude around 1680rpm are in phase.  

The other points that were used to validate the model are located on the 2X line. From theory, it is known 
that 2X vibration can be present if a preload (constant and unidirectional force) acts on a rotor that has stiffness 
anisotropy.  For this case, both conditions are true since a 2 poles generator has a rotor design with a significant 
stiffness anisotropy and the gravity is a constant unidirectional force that acts on the rotor. Moreover, this level 
of 2X vibration is amplified when the rotor speed is close to half a critical speed.  Therefore, the point E and G 
were used for comparison. Point E shows that the 2X line cross the 1st forward bending mode around 950rpm. 
The 2X polar plots (figure 10) shows a resonance around 900rpm with 2X vectors almost in phase from one side 
to another side of the machine. Again, the measurement and the calculation are closed. 

Figure 10: 2X polar plots for DE and NDE proximity probes of the generator during start up after the balancing 
activity. Both loops (red) with a maximum amplitude around 900 rpm are almost in phase.  

Point G and H shows that the 2X line crosses respectively the 2nd forward bending mode in horizontal 
direction at 2300rpm and in vertical direction at 2400rpm. The 2X polar plot (figure 11) for NDE side shows that 
there is a typical loop of split resonance between 2300rpm and 2400rpm. However, on DE side there is no loop. 
Looking at the mode shape (figure 11), it can be noticed that the DE probe is located close to a node whereas the 
deflection is important at NDE probe location. To conclude Point G and H seem to validate the model rotor as 
well. 

The 2X polar plots (figure 11) do not show a resonance at 3000rpm (point I) but they show a resonance at 
2680rpm which was named point X. Looking at the DCS map, it can be observed that there is an intersection 
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between the 2X line and a resonance at 3000rpm (Point I) instead of 2680rpm (point X). Therefore, 
measurements and calculation do not match for point I.  

Figure 10: 2nd forward bending mode shape at 2400rpm (Point G). 

Figure 11: 2X polar plots for DE and NDE proximity probes of the generator during start up. At NDE side a 
typical split resonance loop is visible between 2300rpm and 2500rpm.  

To have a DCS map which matches also with point X and I, it was decided to increase the bearing clearances 
until the 2X line matches the 3rd forward bending mode close to 2680rpm. The bearing diametrical clearances 
were increased from 280µm to 325µm. This point will be reminded in the conclusion of this article. It is 
interesting to note that an increase of the clearances has an impact mainly on the 3rd forward bending mode, the 
forward cylindrical mode and the forward pivotal mode. The points A, C, D, E, G and H are still at the same 
position. The point X and I are now identical, and they fit with the measurement as seen on 2X polar plots 
(figure 11).  

Figure 13: DCS map, Mode shape of forward pivotal mode and Mode shape of cylindrical mode. 
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To conclude, assuming that the bearing clearances are slightly bigger than expected, the comparison between 
the resonances determined from the measurements and the resonances calculated by the model are very close for 
all the points (A, E, G, H and I).  

It allows us to be confident with the rotor model  and it confirms that the forward bending modes are well 
estimated.   

Hence, the point C (figure 8), which is the intersection between the 1X line and the 2nd forward bending 
mode at 4500 rpm, can be consider as well calculated in the DCS map. As a reminder, the DCS map was 
calculated to understand why the data from 1X polar plots indicate that from 2500rpm to 3000rpm the rotor 
seems to operate well below a “2nd mode”, whereas the result of the balancing activity indicates that at 3000rpm 
the rotor is close to a “2nd mode” resonance. For sure, the 2nd forward bending mode (point C) is too far from the 
operating speed to explain the phenomena describes previously. At 3000rpm the machine operates well below 
the 2nd forward bending mode, so the phase relationship between the unbalance and the heavy spot for this mode 
should be in phase. 

Since DCS map is trustable, it is interesting to look into details at the evolution of the mode named “Forward 
cylindrical mode” and “Forward pivotal mode”. It can be observed that the natural frequencies of those both 
modes are always close to the 1X line from zero rpm to operating speed.  From the measurement, it seems that 
the effect of the forward cylindrical mode is negligible on the vibration behaviour. It is most probably due to the 
facts that the cylindrical mode was well balanced and its damping (log dec ~ 7) is much more significant than the 
pivotal mode (log dec ~3.5). Let’s focus on the evolution of the forward pivotal mode which is shown on figure 
14. The blue line and the red line are respectively the forward pivotal mode assuming 280µm and 325µm. It can
be observed that there is always a gap of 600rpm between the 1X line and the natural frequency of the forward
pivotal mode (280µm) (figure 12). The result of increasing the clearances up to 325µm, moved the natural
frequency of the forward pivotal mode closer to the 1X line. At 2000rpm there is gap of 600rpm and then the gap
slightly decreases to reach 200rpm at operating speed. It means that between 2000rpm and 3000 rpm the shaft
operates always “close” to the resonance of the forward pivotal mode. In this speed range, it makes sense to have
a quasi-constant phase relationship between the heavy spot and the high spot. Furthermore, the phase lag of 70°
observed between the heavy spot and the high spot during the balancing activity can be explained since at
3000rpm the machine operates close to the resonance of the forward pivotal mode.  The clearances of 325µm
would have for effect for the machine to operate closer to the resonance at 3000 rpm than with clearances of
280µm.

Figure 14: DCS map with evolution of the natural frequency of the forward pivotal mode assuming bearing 
clearances of 280µm (BLUE curve) and 325µm clearances (RED curve). On right, forward pivotal mode shape 

for 325µm clearance at 3000rpm  

3.1 Comparison between simulated synchronous response and measurement. 
Finally, several synchronous forced responses were simulated to check the 1X response at DE and NDE 

probes locations. Only the synchronous response with one imbalance of 300g installed at the DE balancing plane 
is presented in this article. It allows to excite cylindrical, pivotal and bending modes. As it can be observed on 
figure 15 the 1X vectors behaviours are similar between measurement and simulation. From 2500rpm to 
3000rpm it is observed that the 1X vectors are opposite of phase, the 1X amplitude increases and the 1X phase is 
almost constant. These characteristics are seen on measurement and simulation.  
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Figure 15: 1X polar plots for DE and NDE probes. The 1X vectors obtained from simulation are the black 
curves and the 1X vectors from measurements are the Blue curves.   

5 Conclusion 
It is important to always remember that if the 1X level of vibration increases, it can be due to an increase of 

the unbalance force or a diminution of the synchronous dynamic stiffness. The analysis of the data didn’t show 
any sign of malfunction, so a modal method was carried out to balance the generator and it was a success to 
reduce the synchronous level of vibration (1X) by 70% with only 3 runs.  However, it was unexcepted for a 
generator to have a change of the residual unbalance. Thus, to continue the diagnostic a lateral analysis was 
carried out. It helped to confirm that the stiffness of the generator shaft was as expected since the 1st forward 
bending mode and 2nd forward bending mode crossed the synchronous lines as expected compare to the 
measurements. Moreover, several naturals frequencies were dependant of the bearing clearances (Stiffness and 
damping dependant).  The increase of the bearing clearances had two main effects. The first one was to decrease 
the 3rd forward bending mode and the second one was to move the forward pivotal mode close to the 1X line. To 
have a rotor model that matches the measurement it was necessary to increase the bearing clearances from 
280µm to 325µm. For a constant residual unbalance, if a natural frequency moves close to an excitation 
frequency (1X in this case) then the response amplitude would be larger than before. 
It means that one of the root cause that lead to the increase of the 1X level of vibration could be a worn bearing.  
For this case, it was concluded that an increase of the bearing clearances by 45µm was acceptable and the 
customer could continue to safely operate the machine train until the next outage. One year later, the level of 
vibration was similar than after the balancing activity and no issue were reported. The bearings are supposed to 
inspected at next maintenance opportunity.  
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Abstract 

Recently, a low speed modal balancing method in which the rotor needs to rotate up to the first critical speed 

only was proposed. Once the rotor is at the first critical speed, energy can be transferred to higher modes via 

parametric excitation at the combination resonance frequencies. This procedure allows obtaining the response of 

higher modes without the need to accelerate the unbalanced rotor up to higher critical speeds; thus, reducing the 

time consumed in the balancing procedure and avoiding high levels of vibration when the unbalance is critical. 

Similar to the traditional balancing procedure, it is important that the rotor measurements present a high signal-to-

noise ratio (SNR), so that the modal responses are obtained effectively. The main issue of the proposed method is 

that the parametric excitation needs to be tuned carefully, in terms of frequency and amplitude, to realize a 

sufficient transfer of energy to higher modes and to increase the SNR of these modes. In this context, this work 

analyses the energy transfer sensitivity to the parametric excitation frequency and amplitude. The analyses are 

performed through numerical simulations of a flexible rotor with three critical speeds in its operational range and 

sustained by active magnetic bearings. 

1   Introduction 

Rotating machines are largely used in many industrial sectors due to their broad range of applications, and 

rotor balancing is a well-established and common procedure. A complete review of the balancing methods can be 

found in [13], [6] and [11]. 

Nowadays, most of the methods used are based on the influence coefficient method, which consist of adding 

test masses in each balancing plane, and measuring the rotor response near to the critical speeds. The measurements 

taken are used to calculate influence coefficients and to obtain the final correction masses. The inherent 

disadvantage of the traditional balancing method is the time consumed during run-up/run-down cycles, once the 

rotor must be stopped and re-accelerated for every test mass added.  

An attempt to mitigate this problem was presented in [17], where a model-based approach was used to 

determine the influence coefficients for a rotor train of a power plant. The drawback of this approach is that many 

errors are involved due to inaccuracies of the model, mainly due to non-modelled dynamics. 

Another possibility to overcome the limitations presented is to apply parametric excitation at very specific 

frequencies. This triggers high-frequency modes which become visible at low rotor speed, i.e. without the need to 

accelerate the rotor close to higher critical speeds. Parametric excitation is mathematically described similarly to 

Eq. 1; where pk  is the nominal value of the parameter and ε  is is its amplitude variation. 

If the parametric excitation frequency 
nkl,υ is tuned properly, the effect over the system may have a

destabilizing or a stabilizing characteristic. In Eq. 2, the parametric excitation frequency is called a principal 

parametric resonance for lk = , and a parametric combination resonance for lk ≠ ; where kω  and lω  are the k-th

and l-th damped natural frequencies of the system, and n  denotes the parametric resonance order. 

( ) ( )( )tktK nkl
pp

,sin1 υε+=  (1) 

nlk
nkl ωωυ m=,

,  K,2,1, =lk (2)
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The vast majority of the literature was dedicated to the destabilizing effect of parametric excitation (see e.g. 

[2], [4], [12], [23], [24], and [15]), and Tondl [18] was the first to study the beneficial effect of parametric excitation 

by using it to suppress self-excited vibrations. The author mathematically formulated the conditions for full 

vibration suppression in [19]. Later, other authors ([1], [7], and [10]) presented such conditions using an alternative 

approach. In the works of [8] and [9], active magnetic bearings (AMB) were used to implement the parametric 

excitation and increment the system damping. Recently, [5] extended this concept to rotors in fluid-film bearings. 

A balancing method based on parametric excitation was developed in the works of [3], [20], [21], and [22]. 

The authors applied a parametric excitation to transfer energy from the first rotational speed harmonic, due to 

unbalance, to the mode to be balanced, similar to the effect obtained in the parametric combination resonance. 

Simultaneously, an unstable response of the correspondent mode is induced to amplify its vibration also using a 

parametric excitation at the principal parametric resonance of the correspondent mode, and a non-linear force is 

applied to limit the vibration amplitude. 

Recently, a simpler approach using parametric excitation was presented in [14]. In the proposed balancing 

method, the test masses are also used and, instead of accelerating the rotor close to each critical speed of interest, 

the rotor is accelerated only up to the first critical speed. Once the rotor is close to the first critical speed, there is 

no need to amplify the mode response or to use a nonlinear term to control any instability or to limit the vibration 

amplitude. The responses of higher modes are obtained by transferring energy from the first mode to higher modes 

using parametric excitation at combination resonance frequencies. The parametric excitation is induced in the 

active magnetic bearings (AMBs), which support the rotor, by a time-periodic PID controller in analogy to [8]. 

However, the parametric excitation applied in the system should be carefully tuned to maximize the energy 

transferred to the system. The main parameters to be adjusted are the amplitude ε and the excitation frequency 
nkl,υ . This work presents a short review of the method developed in [14], and analyzes the influence of both

parameters mentioned in the energy transfer. The results present were obtained from numerical simulations of a

simple rotor sustained by two active magnetic bearings.

2   Balancing via Parametric Excitation 

The similarities between the balancing method proposed by [14] and the traditional influence coefficients 

method are illustrated by the Campbell Diagram presented in Fig. 1; which corresponds to the rotor simulated in 

this work, presented in section 4. 

As previously mentioned, the traditional balancing procedure consists of placing single test masses at the pre-

defined balancing planes. For each mass, the rotor is accelerated as close as possible to each critical speed of the 

modes to be balanced. That means that, in the traditional balancing, the rotor operates over the 1x line (black 

dashed line in the Campbell Diagram – Fig. 1) and the measurements are taken at the red dots (critical speeds). 

The measurements acquired are used to calculate the influence coefficients, which are used to obtain the correction 

masses. In summary, the rotor must be accelerated up to the last critical speed to be balanced and stopped once per 

balancing plane, and once with the residual unbalance. 

In the proposed balancing method, the rotor is accelerated at the first critical speed only (red dashed line). Once 

this rotational speed is reached and the response of the first critical speed is measured, parametric excitation at the 

combination resonance frequencies is used to induce a kinetic energy transfer to the higher modes (blue triangles); 

to one mode at time. Thus, the higher modes responses can be obtained without the need to accelerate the rotor 

further than the first critical speed. After the measurements are obtained, the processes of calculating influence 

coefficients and correction masses are the same used in the traditional balancing method. A limitation of the 

proposed method, in its present form, is that the relations between the responses of the system obtained via 

parametric excitation (blue triangles) and by accelerating the rotor up to the correspondent critical speed (red dots) 

must be known. The implication of such limitation is that the method is only worth if more the one similar rotor 

must be balanced, than the same relations obtained for the first rotor can be used by the following ones. A detailed 

description of the method and its limitations are found in [14]. 

3   Analysis Procedure 

The objective of the analysis performed is to evaluate the sensitivity of the kinetic energy transfer between 

modes when the system is subjected to parametric excitation at the combination resonance frequencies. In the 

balancing procedure, it is desired that the maximum amount of energy is transferred to the mode under analysis, 

resulting in a higher signal-to-noise ratio. Similarly, in the case which parametric excitation is used to increase the 

system damping, it is desired that as much energy as possible is transferred to the heavily damped mode. 

In the simulations performed, the system was rotating at the first critical speed (65.93 rad/s) and kinetic energy 

was transferred to the higher modes (blue triangles at the Campbell Diagram – Fig. 1), at 241.45 rad/s and 429.23 

rad/s, by inducing a parametric excitation simultaneously in both directions of both bearings. 
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Figure 1: Campbell diagram of the simulated rotor illustrating the similarities between the traditional method 

and the method proposed by [14]. 

The procedure to obtain the results presented is summarized in Fig. 2. It starts by initializing the variables of 

the simulation such as the rotational speed (the first critical speed), the sampling time of the simulation, and the 

parameters of the parametric excitation. Other parameters that must be set to precisely calculate the DFT of the 

response signal in the desired frequency are the settling time and the number of periods to be considered; these 

parameters are used to compute the simulation time. 

Next, the simulation is performed and the displacements in the AMBs are obtained. Before calculating the 

DFT, the transient response is discarded from the results (only steady state response is considered) and Hanning 

window is applied. Finally, the DFT is calculated at the frequency of interest from the windowed signal. 

The results presented correspond to the horizontal displacement at the first active magnetic bearing (node 1). 

The displacement in the vertical direction and the displacements in the second bearing presented similar results 

and were omitted. 

4   Rotor Model 

The simulated rotor, presented in Fig. 1, is composed of a steel shaft of 400 mm length and 3.2 mm diameter. 

The shaft model is divided into 8 elements (red numbers), resulting in 9 nodes (black numbers); the model 

considers rotatory inertia, gyroscopic moments, and transverse shear effects [16]. The damping matrix of the rotor 

is proportional to its stiffness matrix by a factor of 1.5·10-5 s. 

Five aluminium discs are distributed along the shaft: two at each end where the active magnetic bearings are 

placed (nodes 1 and 9), one at the shaft midspan (node 5), and two discs placed at 75 mm from each bearing (nodes 
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3 and 7). Due to the complex geometry of the discs, each disc is modelled using three disc elements according to 

Table 1. 

The properties considered for aluminium and steel are found in Table 2; and the unbalance distribution 

considered is presented in Table 3. Nodes 2, 4, 6, and 8 are in the midspan between the discs. 

Figure 2: Procedure to obtain the simulated results for the analysis. 

Figure 3: Finite element model of the rotor considered in the analysis. 

The bearings have a nominal gap 0g  of 0.5 mm, a constructive constant mK  of 4·10-6 N.m²/A² and work with 

a bias current 0i  of 0.04 A. A linearized magnetic force mF  was considered, as presented in Eq. 3 and [8]; where 

cK  is the actuator-gain and xK  is the open-loop stiffness. Each axis of the AMBs is governed by a PID controller, 

according to Eq. 4; where pK  = 1760, iK  = 20000, dK  = 36.5 and fT  = 0.002. 

Table 1: Dimensions of the rigid disc elements composing each of the five discs of the system. 

Property 1st element 2nd element 3rd element 

Inner Diameter 3.2 mm 16 mm 50 mm 

Outer Diameter 16 mm 50 mm 63 mm 

Length 12 mm 4 mm 24 mm 
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Table 2: Properties of materials. 

Material Elastic Modulus Poisson’s Coefficient Shear Modulus Density 

Steel 2.05∙1011 N/m2 0.3 0.796∙1011 N/m2 7850 kg/m3 

Aluminium 6.90∙1010 N/m2 - - 2766 kg/m3 

Table 3: Dimensions of the discs composing the AMB journals and the central mass. 

Disc Node Mass Eccentricity Angular Position 

1 1 0.1 g 25 mm 0° 

2 3 0.2 g 25 mm 230° 

3 5 0.2 g 25 mm 120° 

4 7 0.1 g 25 mm 180° 

5 9 0.3 g 25 mm 270° 

The Campbell Diagram of the closed-loop system is presented in Fig. 1 along with the mode shapes. The rotor 

operational speed is 600 rad/s. During acceleration, the rotor crosses three critical speeds due to the first three 

forward bending modes, at 65.93 rad/s, 263.15 rad/s, and 456.48 rad/s, respectively, as marked by the red dots in 

Fig. 1. The natural frequencies of the second and third modes when the rotor is running at the first critical speed 

(represented by the blue triangles) are, respectively, 241.45 rad/s and 429.23 rad/s. Unbalance is a forward 

excitation, thus, only forward critical speeds are considered; moreover, the rigid modes are not considered because 

their modal damping is higher than 0.97. 
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To transfer kinetic energy between modes during the balancing procedure, the parametric excitation is realized 

by a periodic change in the AMBs stiffness in analogy to [8]. This is implemented by a periodic open-loop control 

of the proportional constant ( )tK p  in Eq. 4, similar to equation Eq. 1. The parametric excitation is applied in both 

directions of both bearings. The parametric combination frequencies applied are 
1,12

aυ = 175.52  rad/s (for an 

energy transfer from the first to the second mode) and 
1,13

aυ = 363.30  rad/s (for an energy transfer from the first

to the third mode). 

5   Results and Discussion 

The sensitivity analysis performed considered two parameters: the amplitude of the parametric excitation ϵ and 

the frequency of the parametric excitation ν. The parametric excitation amplitude was evaluated from 0.1 to 0.9. 

In this analysis, ν is treated as a percentage of the nominal value of the combination resonance frequencies of each 

mode. It was considered an interval of 80% (0.8) to 120% (1.2) around each parametric resonance frequency 

(
1,12

aυ  = 175.52  rad/s for the second mode, and 
1,13

aυ  = 363.30  rad/s for the third mode). It is important to recall

that the parametric excitation was applied in both directions of both bearings with the same amplitude, frequency 

and phase. The results regarding the energy transfer from the first to the second mode are presented in Figs. 4a and 

4b, and regarding the energy transfer from the first mode to the third mode are presented in Figs. 4c and 4d. 

From the results obtained for both modes (Figs. 4a and 4c), it can be concluded that, for a given parametric 

excitation frequency, the response amplitude of the mode receiving energy increases linearly with the increase of 

the amplitude of the parametric excitation. However, the increase rate in amplitude changes as the parametric 

excitation frequency changes. In the specific case where AMBs are used to induce the parametric excitation, it is 

important to analyse if the resulting current due to the amplitude used ( ε ) does not lead the bearing to a magnetic 

saturation; which could drive the system unstable. 

The front views of both surfaces are presented in Figs. 4b and 4d. The result of the second mode (Fig. 4b) 

shows that, when the parametric excitation is applied precisely at the combination resonance frequency (
1,12

aυυ =
), the energy transfer from the first mode to the second mode is a little lower than if a small detuning is applied 

to    
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the excitation frequency. If the parametric excitation frequency is set to 90 % of the nominal value (
1,129.0 aυυ = ),

the amplitude of the second mode increases only by a factor of 1.085, considering a parametric excitation amplitude 

of 5.0=ε  (red line in Fig. 4a and b).  The result obtained for the third mode (Fig. 4d), however, show that the 

energy transfer is 4 times higher if the parametric excitation frequency is set to 90% of the nominal value 

(
1,139.0 aυυ = ); a parametric excitation amplitude of 5.0=ε  (red line in Fig. 4c and d) was considered. Therefore, 

the parametric excitation frequency may have an important influence in the energy transfer depending on the mode 

receiving energy and, thus, needs to be tuned properly for each mode. 

(a) (b) 

(c) (d) 

Figure 4: Horizontal displacement at the AMB at node 1 in the presence of parametric excitation as a function of 

ϵ and ν: (a) and (b) second mode; (c) and (d) third mode. 

Finally, a phase shift in the time-periodicity of the bearings is introduced in order to analyse the influence of 

the controllability on the induced energy transfer. The speed-dependent mode shapes in Fig. 1 suggest that mode 2 

is excited the best if the bearings are moved synchronously with a phase shift of 180 degrees. In terms of parametric 

excitation this translates to 

bearing 1: ( ) ( )( )tktK nkl

pp

,

1, sin1 υε+= ,

bearing 2: ( ) ( )( )πυε ++= tktK nkl

pp

,

2, sin1  (5) 

This change results in the corresponding sensitivity maps shown in Fig. 5. Contrary to Fig. 4, vibration energy is 

transferred now between mode 1 and 2 instead of mode 1 and mode 3. 
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(a) (b) 

(c) (d) 

Figure 5: Horizontal displacement at the AMB at node 1 in the presence of parametric excitation with a phase 

shift of 180° between bearings as a function of ϵ and ν: (a) and (b) second mode; (c) and (d) third mode. 

6   Conclusion 

The beneficial effect of parametric excitation at different combination resonances is related to the effect similar 

to a kinetic energy transfer between modes. Whether it is used to increase system damping or for rotor balancing, 

the parametric excitation must be properly tuned to maximize this energy transfer. Specifically, in the case of rotor 

balancing, a higher energy transfer ensures a higher signal-to-noise ratio, which directly influence the quality of 

the measurements used in the balancing procedure. 

This work analysed the sensibility of the energy transfer between modes in the presence of parametric 

excitation in a horizontal rotor sustained by AMBs. The results have shown that the parametric excitation 

frequency and amplitude should be carefully tuned to maximize the energy transfer between modes. As 

demonstrated by the simulations, in the case studied, depending on the mode receiving energy a proper frequency 

tuning resulted in a response 4 times higher. The results also have shown that a higher amplitude for the parametric 

excitation results in a higher response. However, it is important to recall that the parametric excitation amplitude 

should be limited to avoid magnetic saturation in the bearings; which could drive the system unstable. 

Acknowledgement 

The first author would like to thank grants #2015/20363-6 and #2018/05703-3, São Paulo Research Foundation 

(FAPESP), for the financial support for this research. The second author would like to thank for the financial 

support within EFRE-LEADER-Project “Campus Technik Lienz”. 

458



References 

[1] Abadi, A. (2003): Nonlinear Dynamics of Self-excitation in Autoparametric Systems, PhD Thesis, Utrecht

University, Utrecht.

[2] Bolotin V. V. (1964): Dynamic stability of elastic systems. Holden-Day, San Francisco.

[3] Bucher, I., Tresser, S., Dolev, A. (2017): Detecting inbalance of high-speed rotors with dual frequency

parametric excitation. In Proceedings of the International Conference on Computational & Experimental

Engineering and Science – ICCES2017, Funchal, Madeira Island, Portugal, June 26-30.

[4] Cartmell, M. (1990): Introduction to linear, parametric and nonlinear vibrations. Chapman and Hall,

London.

[5] Chasalevris, A., Dohnal, F. (2016): Enhancing stability of industrial turbines using adjustable partial arc

bearings. Journal of Physics: Conference Series, 744 (012152), pp. 1-13.

[6] Darlow, M. S. (1989): Balancing of High-Speed Machinery. Springer-Verlag, New York.

[7] Dohnal, F. (2003): Application of the averaging method on parametrically excited 2dof-systems. Technical

Report, Institute for Machine Dynamics and Measurement, Vienna University of Technology, Austria.

[8] Dohnal, F (2012).: A contribution to the mitigation of transient vibrations. Parametric anti-resonance:

theory, experiment and interpretation. Habilitation thesis, Technical University Darmstadt, Germany.

[9] Dohnal, F., Markert, R. (2011): Enhancement of external damping of a flexible rotor in active magnetic

bearings by time-periodic stiffness variation. J Syst Des Dyn, 5, pp. 856–65.

[10] Fatimah, S., Verhulst, F. (2003): Suppressing flow-induced vibrations by parametric excitation. Nonlinear

Dynamics, 23, pp.275–297.

[11] Foiles, W. C., Allaire, P. E., Gunter, E. J. (1998): Review: Rotor balancing. Shock and Vibration, 5, pp.

325-336.

[12] Hsu, C. S. (1963): On the parametric excitation of a dynamic system having multiple degrees of freedom.

J Appl Mech Trans ASME, 30, pp. 367–70.

[13] Kellenberger, W. (1987): Elastisches Wuchten (in German). Springer-Verlag, Berlin.

[14] Mendes, R.U., Dohnal, F. (2018): Modal Balancing Using Parametric Combination Resonance. In

Proceedings of the 10th International Conference on Rotor Dynamics – IFToMM Vol. 4, Rio de Janeiro,

Brazil, Sept. 23-27, pp. 129-144.

[15] Nayfeh, A. H., Mook, D. T. (1995): Nonlinear oscillations. John Wiley and Sons, New York.

[16] Nelson, H. D. (1980): A Finite Rotating Shaft Element Using Timoshenko Beam Theory. Journal of

Mechanical Design, 102, pp. 793-803.

[17] Nordmann, R., Knopf, E., Abrate B. (2018): Numerical Analysis of Influence Coefficients for On-Site

Balancing of Flexible Rotors. In Proceedings of the 10th International Conference on Rotor Dynamics –

IFToMM Vol. 4, Rio de Janeiro, Brazil, Sept. 23-27, pp. 157-172.

[18] Tondl, A. (1978): On the Interaction between Self-excited and Parametric Vibrations. Monographs and

Memoranda, Vol. 25, National Research Institute for Machine Design, Prague.

[19] Tondl, A. (1998): To the problem of quenching self-excited vibrations. Acta Technica CSAV, 43, pp. 109-

116.

[20] Tresser, S., Bucher, I. (2016): A method for balancing high-speed rotors using low rotation speed

measured data through parametric excitation. In Proc. of the IMechE 12th International Conference on

Vibrations in Rotating Machinery (VIRM11). Manchester, United Kingdom, Sept. 13-15, pp. 769-783.

[21] Tresser, S., Dolev, A., Bucher, I. (2017): Dynamic balancing of super-critical rotating structures using

low-speed data via parametric excitation. Journal of Sound and Vibration, 415, pp. 59-77.

[22] Tresser, S., Dolev, A., Bucher, I. (2018): Balancing high-speed rotors at low rotation speeds using

parametric excitation. In Proceedings of the 10th International Conference on Rotor Dynamics –

IFToMM Vol. 4, Rio de Janeiro, Brazil, Sept. 23-27, pp. 327-339.

[23] Yakubovich, V. A., Starzhinskii, V. M. (1975): Linear differential equations with periodic coefficients, vol.

1 and 2, Wiley, London.

[24] Yamamoto, T., Saito, A. (1970): On the vibrations of summed and differential types under parametric

excitation. Memoirs of the Faculty of Engng, Nagoya Univ. Japan, 22, pp. 54–123.

459



 

 

 

 

 

 

 

Case Studies & Application 

Tools 
 

460



461



SIRM 2019 – 13th International Conference on Dynamics of Rotating Machines, 
Copenhagen, Denmark, 13th – 15th February 2019 

Case Study on resolving high vibration on a vertical motor 

Sanker Ganesh1, Mustafa Shalabi 2 

1 Machinery Diagnostic Technical Leader, Baker Hughes a GE Company (Bently Nevada), Doha, Qatar, 
sanker.ganesh@bhge.com 
2Lead Machinery Diagnostics Engineer, Baker Hughes a GE Company (Bently Nevada), 31261, Dhahran, Saudi 
Arabia, Mustafa.shalabi@bhge.com 

Abstract 
This case is about a single stage vertical pump installed in Acetic Acid area in a petrochemical plant. The unit is 
vertical HP reactor feed pump (High speed single stage, 230 Kw, 12338 rpm & 3.444 gear ratio) driven by induction 
motor through a flexible shim pack coupling. 
High vibration levels were observed on the motor, pump and structure for more than 2 years with 1X dominant 
vibration (1X of motor). Assuming that the issue was of complete structural issue even though this motor had been 
running well in the past, some structural modifications had been carried out at site without any proper engineering 
calculations.  The modifications included welding a total mass of 100 Kg on the structure in addition to the 
installation of braces to the structure which did not yield any positive results. A systematic structural measurement 
along with the Operating Deflection Shape carried out at site with the help of experts did not reveal any significant 
issue with the structure itself except for the structural natural frequency slightly closer to the running frequency of the 
motor. The timely right decision by the experts to carry out an onsite balancing on the motor which was intended to 
remove the excitation force yielded good results which exposed additionally a mistake in the balancing activities 
carried out by a local vendor at work shop.  
This case study is designed to outline how the high vibration issue was successfully diagnosed using various tests at 
site including the operating deflection shape, the root cause for the high vibration and finally how it was mitigated.  

Nomenclature 
• BHGE - Baker Hughes, a GE company.
• HP - High Pressure.
• Kw - Kilowatt.
• Rpm - Revolutions Per Minute.
• Kg - Kilogram.
• ODS - Operating Deflection Shape.
• Fig – Figure.
• SU/SD - Start Up/Shut Down.
• OB - Outboard.
• IB - Inboard.
• V - Vertical.
• H - Horizontal.
• A - Axial.
• Str - Structure.
• Hz - Hertz.
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1 Introduction 
BHGE Machinery Diagnostic Services team was requested to perform vibration measurement and evaluation of 
the HP reactor feed pump installed in Acetic Acid area at one of the customers in the Middle East. The unit is 
vertical HP reactor feed pump (single stage, 230 Kw, 12338 rpm & 3.444 gear ratio) driven by induction motor 
(260 Kw, 3585 rpm, ball bearings) through a flexible shim pack coupling. The unit rotates in the counter-
clockwise direction when looking from top of the motor. As reported from the customer, high vibration levels 
were observed on the motor, pump and structure for more than 2 years with 1X dominant vibration (1X of 
motor). Onsite trials were done to reduce the vibration problem by welding total mass of 100 Kg on the structure 
in addition to installing additional braces to the structure to change the natural frequency of the system however, 
vibration levels remained at higher values. 

2 Data collection 
In order to diagnose the problem, the Bently Nevada™ data acquisition unit was connected to temporary 
velomitors installed on the motor, pump and structure with reference to a temporary laser keyphasor. SCOUT140 
portable data collector was used to collect data for ODS & impact test purposes. 

The scope of the job is defined by the following objectives: 
• Collect and analyze the transient and steady state data.
• Analyze the vibration data and assess the machine condition.
• Collect steady state data on the motor and structure for operating deflection shape ODS.
• Provide recommendations on further action as and if necessary.

Machine train diagram with measurement point locations is presented in Fig. (1). 

Figure 1: Machinery Arrangement & Structure Measurement Locations 

2.1 Coupled Run (as found) 
On 16th January 2017, the unit was started up and reached full speed. The unit remained at full speed for 
about 4 hours to collect data of ODS points. High vibration levels were observed at full speed on the motor 
and pump along with the structure especially at the upper surface of the structure, moreover extremely high 
vibration levels were observed while passing the 2nd critical speed as observed from Fig. (2). The motor 
transient SU/SD data analysis via polar plot confirmed the high residual unbalance response. 
Motor polar plots during transient SU showed exactly 180 degrees phase difference (out of phase) between 
motor OB and IB bearings while passing the 2nd critical and at full speed as observed from Fig. (2). 
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Figure 2: Motor Coupled Run Startup Polar Plot showing high amplitude at second critical speed 

3 Data analysis and malfunction investigation 
During steady state, the structure was vibrating with high amplitude levels especially at the points nearest to the 
upper surface of the structure as shown in Fig. (3) (see Fig. (1) for the measurement locations), moreover each 
side of the structure was vibrating in phase (same phase) and opposite side of the structures were vibrating in out 
of phase (180 degree phase difference) as shown in Fig. (4) so the structure was vibrating in a circular motion 
shape (slightly elliptical due to weak stiffness in one side). 

Figure 3: Structure Vibration Trend at Measurement Locations 1 to 16 shown in Fig.(1)

180˚ Phase Shift Between Motor IB 
(Left) and OB (Right) at the Second 
Critical Speed with high amplitudes. 

Refer Fig-1 for the location 
numbering in the plots here 
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Figure 4: Structure Phase Relationship during Steady State at Measurement Locations 1 to 14 
shown in Fig. (1) 

3.1 Original Solo Run (as found) 
On 17th January 2017, the unit was started up for solo run test and reached full speed. The unit remained at 
full speed for about 4 hours to collect ODS data. High vibration levels were observed at full speed on the 
motor and pump along with the structure especially at the upper surface of the structure similar to the 
coupled run test. Moreover, extremely high vibration levels were observed while passing the 2nd critical 
speed as shown in Fig. (5), the motor transient SU/SD data analysis via polar plot also confirmed the high 
residual unbalance response. 
Motor polar plots during transient SU showed exactly 180 degrees phase difference (out of phase) between 
motor OB and IB bearings while passing the 2nd critical and at full speed as shown in Fig. (5). 

Figure 5: Motor Solo Run Startup Polar Plot 

Points (1) and (2) in 
phase 
Points (4) and (5) in 
Phase 
Points (7) and (8) in 
Phase 
Points (10) and (11) in 
Phase 
Points (13) and (14) in 
Phase 
 

Points (1) and (2) 180 
out of phase with Points 
(7) and (8)
Points (4) and (5) 180
out of Phase with Points
(10) and (11)

 

180˚ Phase Shift Between Motor IB 
(Left) and OB (Right) at the Second 
Critical Speed (similar to couple run) 

Refer Fig-1 for the location 
numbering in the plots here 
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3.2 Solo Run (after adding trial balance weight on the hub) 
On 17th January 2017, Polar plot from IB- V was used for balancing calculations and a calibration balance 
weight of 178 grams was installed at 247 degrees on the motor hub (2 bolts were added to the hub) resulted 
significant decrease in vibration levels subsiding well below acceptable levels as seen in Fig. (6) and Fig. 
(7). 

Figure 6: Motor Radial Sensors Startup Polar Plot (Blue-as found condition, Red-after 
calibration weights Addition) 

Figure 7: Motor Axial Sensors Startup Polar Plot Comparison (Blue-as found condition, Red-
After Balancing Weights Addition)  

3.3 Solo Run (after removing existing wrong balance weights on the cooling fan) 
On 18th January 2017, it was decided to install the final balance weight on the motor cooling fan since the 
requirement for final correction weight was little bit more than the calibration run and there was no more 

Comparison of startup polar plot before and after adding 
calibration weight of 178 gms at 247 degrees (Blue-
Before, Red-After). Very good improvement noticed 

Good improvement noticed on the 
axial direction also after adding the 
calibration weight 
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place to add weights in the coupling. Hence motor cooling fan was inspected, after opening the cooling fan 
cover, it was discovered that there were already some balancing weights which were found exactly opposite 
to the required location (three fans had one bolt each) with almost the same amount as per the calculation. 
This observation confirmed that those balance weights were the source of unbalance response. So, the 
balancing weights originally added at the motor cooling fan was removed.  
Then, the unit was started up and reached full speed. Normal and acceptable casing vibration levels were 
observed on all locations of the machine train component (motor, pump & structure) as seen in Fig. (8). 

Figure 8: Motor Radial Sensors Startup Polar Plot (Blue-as found condition, Red-After 
Balancing Weights removal) 

3.4 Coupled Run (after balancing) 
On 19th January 2017 and after removing the wrong existing balance weights from the motor cooling fan 
blades (seen in Fig. (9)), the unit was started up and reached full speed. The unit revealed normal and 
acceptable casing vibration levels on all the unit component (motor, pump & structure) as can be seen in Fig. 
(10) and (11) at all conditions (critical speed and steady state).

Total of 187 g- Removed 

Comparison of startup polar plot before and 
after removing the weights at Motor cooling 

fan (Blue-Before, Red-After).  
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Figure 9: Existing wrong balance weights (removed from the cooling fan) 

Figure 10:  Motor Startup Bode Plot Comparison (dark blue-direct vibration as found 
condition, red-1X vibration as found condition, green-direct vibration after balancing weights 
removed, light blue-1X vibration after balancing weights removed) 

Figure 11: Pump Startup Bode Plot Comparison (dark blue-direct vibration as found 
condition, red-1X vibration as found condition, green-direct vibration after balancing weights 

removed, light blue-1X vibration after balancing weights removed) 

Comparison of Second Critical Speed 
Vibration Amplification before and after 
removing balance weights (Couple run) 

Pump side also noticed a drastic 
reduction of vibration amplitude at 
second critical and at steady state 
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3.5 Impact Test 
It was decided to conduct a modal impact test to verify for any natural frequencies on the structure close to 
the running speed. The impact modal test conducted on 19th Jan 2017 showed excitation of natural frequency 
at 55 Hz (close to the steady state running speed of the motor) at structure point#5 as seen in Fig. (13) (See 
Fig. (12) for test locations).  

Figure 12: Impact Test Locations   

Figure 13: Impact Test at Point#5 

mm/sec Peak 
Coupled Run 

Before Balancing 
Solo Run 

Before Balancing 
Solo Run 

After Balancing 
Coupled Run 

After Balancing 
Overall 1Xmotor Overall 1Xmotor Overall 1Xmotor Overall 1Xmotor 

M
ot

or
 

OBH 9.6 5.8 6.6 4.9 3 1.8 2.9 1.5 
OBV 8 6.5 6.9 5.8 3.2 2.4 2.9 2.4 
OBA 9.2 6.2 8.6 7 2.4 0.8 2.5 0.6 
IBH 10.7 9.8 10.5 9.9 2.8 2.1 3 2.5 
IBV 11 10.2 11 10.2 2.6 1.7 2.5 1.9 
IBA 6.3 3.8 5.8 4.3 1.6 0.7 2.2 0.4 

48.5Hz 

55Hz 
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Pu
m

p H 6.3 2.6 3.6 3.1 1 0.6 3.8 0.7 

V 8.5 5.1 5.4 4.7 1.3 0.6 4.3 1.3 
St

ru
ct

ur
e 

Str#1 12.9 11.2 11.5 11.2 2.2 1.6 3.1 1.8 
Str#2 8.5 6.2 6.7 6.2 1.6 0.9 3.6 1 
Str#3 1.3 0.2 0.4 0.2 0.3 0 1.1 0 
Str#4 12.5 11.2 11.6 11.2 2.7 2.3 3.3 2.6 
Str#5 9.1 6.7 7.3 6.7 2 1.5 4.7 1.7 
Str#6 1.7 0.5 0.7 0.5 0.3 0.1 1.4 0.1 
Str#7 13.7 12.4 12.6 12.4 2.2 1.8 2.8 2 
Str#8 9.8 7.3 7.8 7.3 1.7 0.9 2.6 1.1 
Str#9 1.4 0.7 1 0.7 0.3 0 0.8 0.1 

Str#10 12.7 11.5 11.9 11.5 2.7 2.4 3.2 2.7 

Str#11 10.2 6.8 7.3 6.8 1.8 1.2 4 1.5 
Str#12 1.6 0.7 0.9 0.7 0.4 0.1 1.2 0.1 
Str#13 10.1 10.1 10.4 10.3 2.4 2 3.1 2.5 
Str#14 11.2 10.5 10 9.9 2.3 1.9 3.4 2.4 
Str#15 3.1 0.9 1.5 0.9 1.2 0.4 2.9 0.3 
Str#16 4.1 0.9 2.4 1.2 1.1 0.5 2.2 0.4 

Table 1: Vibration comparison at steady state for different scenarios 

4 Conclusions. 
Based on a detailed evaluation of the acquired information, it was concluded that extremely high vibration levels 
were observed on the motor, pump and structure with 1X of motor dominant frequency mainly due to motor rotor 
residual unbalance. 

In-situ balancing reduced vibration levels on all the location of machine train components to acceptable values by 
removing the wrong existing balance weights from the motor cooling fan (see Table (1) for complete comparison 
of the vibration of the machine and structure before and after the balancing), however it is recommended to 
closely monitor the vibration levels on the motor and pump bearings since the unit was subjected to high 
vibration levels for an extended period. 
It should be mentioned that the source of the unbalance mass was on the motor OB (top bearing), however the 
higher vibration values were observed on the upper surface of the structure. This was actually due to the fact that 
the structure resonance frequency was found close to operating speed frequency which amplified the vibration of 
the structure at operating speed of the machine, therefore it is recommended to review the structural design with 
the OEM to shift the structure resonance frequency for at least 20% above or below the operating speed 
frequency.  
ODS showed circular motion due to unbalance response in addition to slightly structure twisting motion; after 
balancing, the twisting motion remained due to the natural frequency of 55 Hz as indicated from the impact test 
data. 
It should be considered to change the motor cooling fan with a new one as the existing fan is missing two blades. 

Table (2) shows the comparison of ODS files during steady state and different scenarios. The ODS 
animations will be played during the presentation.  

Coupled Run Before Balancing Solo Run Before Balancing Coupled Run After 
Balancing 

ODS 

Coupled Run Before 
Balancing_59Hz.wmv 

Coupled Run Before 
Balancing_55Hz.wmv 

Solo Run Before 
Balancing_59Hz.wmv 

Solo Run Before 
Balancing_55Hz.wmv 

Coupled Run After 
Balancing_59Hz.wmv 

Coupled Run After 
Balancing_55Hz.wmv 

Comments Circular + twisting motion Circular + twisting motion Twisting motion 

Table 2: Operational Deflection Shape Comparison during Steady State 

References 

470



GE Oil & Gas, DS Bently Nevada Machinery diagnostic technical training. Balancing. (2015) 
GE Oil & Gas, DS Bently Nevada Advanced machinery dynamic training. Structural Analysis using ODS 
& Modal (2015) 

471



SIRM 2019 – 13th International Conference on Dynamics of Rotating Machines, 
Copenhagen, Denmark, 13th – 15th February 2019 

Case study on resolving structural vibration issues on a multi stage pump 

Nicolas Péton 1, Sanker Ganesh 2
1 MDS Global Director, Baker Hughes a GE Company (Bently Nevada), 44300, Nantes, France, 
nicolas.peton@bhge.com 
2Machinery Diagnostics Technical Leader, Baker Hughes a GE Company (Bently Nevada), Doha, Qatar, 
sanker.ganesh@bhge.com 

Abstract 
There are three multistage pumps supplied as part of a new project where these pumps are being used for 
transporting diesel from one location to another. Earlier, the transportation of diesel was carried out by using 
trucks by road at this facility. The availability of these pumps are critical to make sure that the diesel 
transportation happens smoothly without the need to use the truck services. The machine train is equipped with 
online vibration monitoring & protection system with online diagnosis software.  
During the commissioning, it was noticed that these pumps were not able to reach the full speed of 3040 rpm 
(50.7Hz) and tripping on high vibration at the pump casing. The operation of these pumps were limited with the 
speed restrictions using the VFD system. The data review from the online diagnostics system revealed that these 
pumps were tripping on high vibration due to the excitation of pump vane pass frequency (195 Hz), when the 
pump was reaching the speed of 2340 rpm (39Hz). Further tests concluded that the pump casing natural 
frequency was matching with the vane pass frequency of 195 Hz.  
This case study is designed to outline how the high vibration issue was successfully diagnosed, the root cause for 
the high vibration and finally how it was mitigated using some of the structural analysis techniques (modal 
analysis, Operating Deflection Shape etc). Lessons learned are also discussed on the discovery methodology 
using expert system available at site, project point of view as well as from design point of view, which will be 
very much useful for the audience. 

Nomenclature 
BHGE - Baker Hughes, a GE company 
Hz - Hertz 
VFD - Variable Frequency Drive 
l/s - Litres/sec 
Kw - Kilowatt 
Rpm - Revolutions Per Minute 
DE - Drive End 
NDE - Non-Drive End 
Rms - root mean square 
ODS - Operating Deflection Shape 
Fig - Figure 
FRF - Frequency Response Function 
OEM - Original Equipment Manufacturer 
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1 Introduction 
Baker Hughes, a GE company (BHGE) is the world’s first and only full stream provider of integrated oilfield 
products, services and digital solutions.  Bently Nevada is part of the BHGE Measurement & Controls division, 
it has 60 years history, 134 machinery diagnostic engineers with cumulative experience more than 1000 years 
worldwide.  
BHGE Machinery Diagnostic Services team was requested to perform vibration measurement and evaluation of 
the shipper pump installed at a customer site in the Middle East. These pumps are being used for transporting 
diesel from one location to another. Earlier, the diesel transportation was carried out by trucks. The availability 
of these pumps is very critical.  
The unit is a four-stage centrifugal pump (Flow capacity 285 l/s) driven by a variable speed motor (2600 Kw) 
through a flexible shim pack coupling. The maximum continuous speed of the pump is 3040 rpm whereas the 
maximum rated speed is 3229 rpm. The pump installed with 4 proximity probes (two probes on the DE and two 
on the NDE) for monitoring the shaft vibration. In addition, one casing probe is installed at pump NDE side 
vertically and this probe is connected to a protection system for high vibration trips. For the continuous 
monitoring and analysis, the pump is connected to an online diagnostics software.  
During commissioning, these pumps were not able to reach the maximum continuous speed of 3040 rpm and 
were tripping on high casing vibration at Pump NDE side while crossing the speed range of 1800 to 2300 rpm.  
The original Alarm/Danger set points of 0.17/0.26 in/s rms were revised and increased to 0.26/0.35 in/s rms 
respectively to avoid the trip.  
When the machine was reaching the speed of 2340 rpm (39 Hz), the pumps were tripping on high casing 
vibration with 195 Hz dominant frequency which is matching with the pump vane pass frequency (Number of 
impeller vanes – 5).  
Since the issue has existed in all the pumps, one of the pumps (Pump A) was selected as pilot to carry out a 
detailed analysis including ODS to identify the root cause and the rectifications. Once the issue is resolved, it 
was planned to implement the solutions to other pumps also.  

2 Data collection 
In order to diagnose the root cause of high casing vibration problem, the data was reviewed from the online 
diagnostic software for the analysis of shaft vibration and bearing temperature. In addition to SCOUT140 
portable data collector for ODS & impact test purposes. The data in this report has been selected from all the 
recorded data and is limited to the most relevant plots only.  

The scope of the job is defined by the following objectives: 
Collect and analyze the transient and steady state vibration data. 
Collect steady state data on the pump structure for operating deflection shape ODS. 
Provide recommendations on further action as and if necessary. 

Machine train diagram is presented in Fig.1 

Figure1: Machine Train Diagram 
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With the revised alarm/Danger set points, the pump trial run was taken to review the vibration behavior. The 
review of shaft vibration levels on the Motor and pump revealed acceptable vibration levels of less than 1 mils 
PP up to the speed of 2780 rpm (See Fig 2 and 3). However, the pump casing direct vibration levels were 
increasing and crossing the original alarm set point of 0.17 in/s rms (See Fig-4), while crossing the speed zone of 
1800 – 2300 rpm with the increase of 5X component (See Fig-5 & 6)) due to excitation of vane pass frequency 
(Number of impeller vanes – 5).  

Figure 2: Motor shaft vibration Startup Bode Plot 

Figure 3: Pump shaft vibration Startup Bode Plot 

Figure 4: Pump NDE seismic vibration Startup Bode plot – Direct vibration crossing the 
original Alarm set point 

Normal level of shaft 
vibration on the Motor 

Shaft vibration on the Pump is 
below alarm limits 

Direct vibration crossing the 
original alarm set point at around 
2000 rpm  
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Figure 5: Half spectrum captured at 2300 speed shows dominant 5X component 

Figure 6: Half spectrum waterfall shows excitation of 5X component while startup as well as 
shutdown while reaching the speed range of 1800 to 2300 rpm. 

3 Data analysis and malfunction investigation. 
To identify the root cause for the excitation of pump vane pass frequency (5X), it was decided to conduct a bump 
test on the pump bearing housing to see if there are any correlation between the pump vane pass frequency and 
the pump casing natural frequency. The bump test on the bearing housing at Pump NDE clearly showed a natural 
frequency at 198 Hz, which is matching with the pump vane frequency of 198 Hz (Fig-7). This is the direction at 
which the pump has a vibration sensor for online monitoring. The bump test carried out on Horizontal direction 
of pump NDE plus the DE bearing of both Vertical and Horizontal did not show a similar excitation at 198 Hz 
(Fig-8)  

Frequency spectrum shows a peak at 
187.5 Hz which is 5 times the pump 
operating speed of 2250 rpm   

Half spectrum waterfall plot shows 
excitation of 5X component when the 
speed range of close to 2000 rpm   
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Figure 7: Bump test spectrum at Pump NDE Vertical 

Figure 8: Bump test spectrum at Pump NDE Horizontal 

The Operating Deflection Shape (cross spectrum) performed at 2380 rpm shows the motion of vibration at the 
rotating speed at 39.6 Hz and 198 Hz (5X) showed horizontal deflections (Fig-10 & 11).  
The Operating Deflection Shape (ODS FRF) performed at 3140 rpm shows the motion of vibration at rotating 
speed at 52.3 Hz and 261.2/262 Hz (5X) showed vertical deflections. (Fig-12 & 13) 
The ODS using cross spectrum is very sensitive to change in load levels (and so amplitude levels) between 
measurement sets.  
Both ODS from cross spectrum and ODS FRF show a horizontal deflection at running speed. (Fig 10 & 12). 
Both ODS from cross spectrum and ODF FRF show a vertical deflection at 5 times running speed.  (Fig 11 & 
13). 
At 52.3 Hz the most dominant motion is seen in the horizontal direction.  
The actual animations will be shown during the conference presentation. 

Bump test at Pump NDE Vertical shows 
natural frequency at 198Hz which is close 
to 5 times the pump operating speed of 
2300 rpm    

Bump test spectrum at Pump 
NDE Horizontal does not show 
the same frequency of 198 Hz  
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Figure 9: ODS measurement locations  

Figure 10: ODS Animation (using cross spectrum) with running speed=2380 rpm (39.67 Hz) 

The numbering on the diagram shows 
the ODS measurement locations.   

Horizontal deflections at 39Hz noticed. 
The animations will be shown during the 
presentation of the case 
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Figure 11: ODS Animation (using cross spectrum) at 198 Hz (5X). 

Figure 12: ODS Animation (ODS FRF) with running speed=3140 rpm (52.3 Hz)

Vertical deflections at 198Hz noticed. 

Horizontal deflections at 52Hz noticed. 
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Figure 13: ODS Animation (ODS FRF) with running at 5X or 262 Hz (1X=3140 rpm)

4 Conclusions.

The conclusions from the ODS analysis is as follows: 
• The pedestal of the pump support structure appears to be the weak point in the vertical and horizontal

direction.
• The left drive end pedestal appears to cause a problem in the vertical direction.
• The Non-Drive End Bearing appears to move much more in the vertical direction than the Drive end

bearing.
• Recommendation would be to modify the pedestals of the pumps and check the Non-drive end bearing

housing.

Based on the above conclusions, the pump pedestal was modified by pump OEM as per the picture below (Fig 
14 & 15) 

Vertical deflections at 262 Hz noticed. 
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Figure 14: Old Pump Support Pedestal: 

Figure 15: New Pump Support Pedestal: 

Following the pump pedestal modification, the bump test, ODS measurement and the pump trial was taken to 
verify the effectiveness of the modification.   

The bump test showed a significant shift in the natural frequency from 198 Hz to 260 Hz (Fig-16). The startup 
Bode plot showed a significant improvement of vibration level (almost 50% reduction) which helped in reaching 
the full speed without any alarm (Fig-17).  

Before modification of the pedestal 

After modification of the pedestal 
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Figure 16: Bump test post pedestal modification shows shifting of natural frequency 

Figure 17: Startup Bode plot comparison before and after the modification shows very good improvement in the 
vibration levels 
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DE SideNDE Side

Pedestal modification shifted 
the natural frequency of the 
structure to 260Hz from 198 Hz 

No frequency seen close to the 5 times 
the pump operating speed 

Very good improvement noticed after the pedestal 
modification. The direct vibration at around 2000 rpm 
reduced to a value lesser than the original Alarm set 

i t
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Abstract 

The subject of the paper is to present the capabilities of rotor modeling and of “rotor-bearings” system 

simulation in the early concept phase of turbocharger calculation project, considering 3D frequency domain 

linearized dynamics solution using software tool AVL EXCITETM Designer. The resonances of main bearing 

forces and moments resulting from the forced response are compared to the critical speeds predicted by 

gyroscopic modal analysis. The behavior of rotor when passing through critical speeds is illustrated. 

Nomenclature 

N – number of vibrating nodes in the model, with 6 degrees of freedom (DOF) per each node; 

𝐌 – mass matrix; 

𝐊 – stiffness matrix of rotor elastically supported in bearings; 

𝐃 – viscous damping matrix; 

𝐆– gyroscopic/Coriolis matrix; 

𝐂 – centrifugal matrix; 

𝐇 – viscoelastic (hysteretic) damping matrix 

𝐪, 𝐪,̇ �̈�   – vectors of translational/rotational displacement, velocity, acceleration as functions of rotation angle; 

𝐟 – vector of excitation force/moment as function of rotation angle; 

𝐪𝑛– complex-value vector of translational/rotational displacements in the nth harmonic order;

𝐟𝑛– complex-value vector of forces/moments in the nth harmonic order.

𝜔𝑛 = 𝑛𝛺 – harmonic frequency of nth order;

𝛺 − angular velocity of the rotor; 

j – imaginary unit. 

1   Introduction 

Turbocharger dynamic analysis is an example of AVL strategy for developing multi-level simulation 

software EXCITETM: there are two modes of operation, one for concept phase (Designer) and the other one – for 

detailed analysis phase (Power Unit), with a common GUI, shared data set and equivalent modelling of flexible 

bodies, but based on different calculation principles. 

In the concept phase, simulation is based on restricted set of input data and is performed in frequency 

domain. It must not be very accurate, but is usually very fast and robust, thus giving an opportunity to perform 

multiple runs while varying some of the few design parameters. The goal at this early stage of calculation project 

is the coarsely optimized primary layout of mechanical system [18], [19]. 

The subsequent analysis phase is based on the full set of input data available and is performed in time domain 

to take all the non-linear properties and physical effects into account. It must be very accurate, but is not very 

fast as a rule. The goal here is to verify and eventually to refine/tune the primary layout, as well as to calculate 

the absolute levels of stresses, pressures, etc. for the final assessment of the system performance [2]. 

Only the combination of these two levels represents a complete workflow and assures a time-efficient 

execution of calculation project while targeting at the same quality requirements.  
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It is important to note, that the modelling depth on both levels is often application related, i.e. it is driven by 

the types of the mechanical sub-systems analyzed, as well as by the availability of measured or pre-calculated 

data. 

2   Literature survey 

There is a number of publications on modal analysis of rotors, including those of turbochargers, taking the 

spin effects into account [1]-[9], where the critical speeds (resonance points) are being found considering 

Campbell diagram. In [2]-[6], [9]-[12], forward and backward whirl effects are additionally analyzed, and 

journal orbits in absolute and in rotating coordinate systems are considered. Stability issues have received much 

attention in [2]-[8], [11]-[14]. For the analysis, the “rotor-bearing” systems are modelled both in 2D [3], [9] and 

in 3D [3], [16]. Both time integration [3], [4], [8] and [13] and frequency response [4], [15] and [17] are used to 

solve the equations of motion. 

The theoretical groundwork for developing a software tool for gyroscopic modal analysis and frequency-

domain forced response of rotating structures, as well as the corresponding application cases are described in 

[16] and [17]. Based on these previous developments, the present paper focuses on application of these methods

to simulate the dynamics of automotive turbochargers. For practice-oriented modelling, specific requirements on

modeling of turbocharger rotors using coaxial and compound shafts, are taken into account.

3   Turbocharger rotor modeling 

Turbocharger rotors have complex geometry, especially the compressor and turbine wheels (see Figure 1). 

Therefore, for obtaining accurate results depending on specific application (e.g. durability of blades, gas flow, 

acoustics) the modeling has to be done taking the real shape of the rotor into account, which is mostly attained 

by using 3D CAD and subsequent volumetric FE-modeling.  

Figure 1: Turbocharger rotor 3D CAD model. 

In other applications not directly related to the actual shape of the rotor wheels (e.g. bearing dynamic load 

estimation), an approximation of the rotor shape with cylindrical steps, which are then transformed into 

equivalent quality rotor mass and stiffness characteristics, can be a reasonable alternative. 

 Here the turbocharger rotor is modeled using a pre-processor called Shaft Modeler that is integrated into 

AVL EXCITETM. This approach uses analytical calculation of the lumped mass parameters resulting from mass 

discretization, and of the stiffness parameters of elastic elements connecting these mass points, based on 

Timoshenko beam theory, without involving any volumetric FE-modeling.  

For building up a rotor model, the user puts in geometric and material parameters of cylindrical steps (with or 

without central bore), constituting the rotor shaft. The turbine and compressor wheels are also approximated by 

cylindrical steps. Figure 2 below shows an example of such a modeling. 

Figure 2: Model of turbocharger rotor 
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Taking the specific design based requirements for modeling of turbocharger rotors into account, some advanced 

modeling options of shaft-in-shaft elements are also foreseen (Figure 3). 

Figure 3: Modeling options of “shaft-in-shaft” element 

In course of assembling, the pre-processor transforms the data mentioned above into a bar-mass model as 

shown in Figure 4, which consists of 6 DOF nodes representing mass lumps, connected by elastic elements. 

Figure 4: Bar-mass model of turbocharger rotor after assembling 

4   Turbocharger rotor modal analysis 

To evaluate the intrinsic dynamic properties of the „rotor-bearing“ system, its modal analysis has to be 

performed.  

Here, we consider undamped gyroscopic modal analysis of the turbocharger rotor in bearings, which is 

governed by the solution of the following linear system: 

𝐌�̈� + 𝐆�̇� + (𝐊 + 𝐂)𝐪 = 𝟎  (1) 

The methods to solve such equations are well described in the literature (see, e.g. [16]). 

The critical speed diagrams (Figure 5) show the eigenfrequencies of gyroscopic modes vs rotor speed. Lines 

of different color track the modes of the same whirl and shape type. In the relative coordinate system, the whirl 

changes its sign (dashed color lines) when passing through the critical speed (marked with U1..U3 and vertical 

lines) [16]. 
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Figure 5: Critical speed diagram of gyroscopic modal analysis of turbocharger 

(in relative and in absolute coordinate systems) 

At each critical speed, one of the eigenvalues of the effective stiffness matrix (𝐊 + 𝐂) becomes zero, which 

means that the additional (negative) stiffness coefficients due to rotor spin effects become equal to some stiffness 

coefficients of the „rotor-bearings“ system. An example of such eigenvalue analysis of the effective stiffness 

matrix (𝐊 + 𝐂) is shown in Figure 6. 

Figure 6: Eigenvalues of the effective stiffness matrix (𝐊 + 𝐂) vs. speed 

The numerical values of critical speed and corresponding frequencies in relative and in absolute coordinate 

systems are summarized in Table 1. 

Table 1: Resonances in relative and in absolute coordinate systems 

485



Figure 7: One of the forward-whirl bending modes of the turbo charger rotor 

5   Turbocharger “rotor-bearings” system forced response 

In general case, a system of 6N linear equations describes the dynamic vibrations of a system with 6N 

degrees of freedom (DOF), which can be written in rotor coordinate system rotating with constant speed as: 

𝐌�̈� + (𝐃 + 𝐆)�̇� + (𝐊 + 𝐂 + 𝑗𝐇)𝐪 = 𝐟  (2) 

To solve the system of equations (2) in frequency domain, we split it up into n harmonics: 

[−𝜔𝑛
2𝐌 + 𝑗𝜔𝑛(𝐃 + 𝐆) + (𝐊 + 𝐂 + 𝑗𝐇)]𝐪𝒏 = 𝐟𝒏  (3) 

The main application case considered in practice, is the steady state rotation of the turbocharger rotor having 

residual unbalances, i.e. rotation under the action of inertia load, without any other external loads applied on it. 

That means, that the linear system (3) has to be solved for the 0th harmonic order only, representing the 

kinetostatic equilibrium condition (which is equivalent to the 1st harmonic order in absolute coordinate system): 

[𝑗𝛺𝐃𝟎 + (𝐊 + 𝐂)]𝐪𝟎 = 𝐟𝟎  (4) 

Here we consider an example of simulation of rotor supported by two radial slider bearings having the same 

linear stiffness and viscous damping coefficients. The compressor and the turbine wheel both have residual 

unbalance at 180°. Under action of inertia load, the rotor bends and rotates at constant speed without vibration. 

This rotor bending induces forces and moments in bearings, which show some resonances in the operation speed 

range (Figure 8). 

Figure 8: Main bearing forces and moments vs speed 

486



These resonances show a very good match with the critical speeds shown in Table 1 – some slight 

differences are due to damping used in forced response. 

The rotor bent line is shown in Figure 9 for the speeds around the critical one at about 13 527 rpm. As 

expected, near this speed, the rotor bending line (axial view) re-orients by passing from values near 180° at sub-

critical speed, through 270° (or -90°) at the resonance, and near 0° at super-critical speeds. 

Figure 9: Rotor bent line (in projections) when passing through resonance. 

7   Conclusion and outlook 

To evaluate turbocharger dynamics, including bearing loads in the early concept phase of calculation project, 

the rotor can be sufficiently well represented as 3D bar-mass model. This is attained by an automatic pre-

processor assembling such a model based on geometric and material data, and definition of residual unbalances 

as non-structural masses. Extended options to model “shaft-in-shaft” elements are also covered by the tool to 

fulfill the design requirements specific to turbocharger rotors. 

As a result of gyroscopic modal analysis, critical speeds diagram is presented, which tracks mode lines 

featuring the same whirl and mode shape. The critical speeds are shown to correspond to the singularities of 

effective stiffness matrix taking the rotor spin effects into account. 

As a result of forced response in frequency domain performed by own software tool, main bearing forces and 

moments are evaluated showing resonances at critical speeds predicted by the gyroscopic modal analysis. The 

rotor bent line is calculated, showing an expected behavior when passing through resonances. 

Further extensions of the software tools are planned in the following directions: 

1) for modal analysis: taking viscous and hysteretic damping into account;

2) for forced response: modeling semi-floating and floating short and long bushings, as well as

non-linearities in bearing stiffness and damping characteristics.
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Abstract 
The special requirements of rotor dynamics engineering are illustrated by means of different examples of 

turbomachines. The properties of magnetic bearings and the more common fluid film bearings are pointed out in 
the examples of two turbo compressors. The importance of the correct consideration of bearing support properties 
is shown for a turbine generator train. The impact of seal forces is demonstrated for the turbo compressor supported 
on fluid film bearings. Two of the considered seals are honeycomb seals. Bearings and seals can have frequency 
and speed dependent characteristics; complex supports have non-negligible couplings between bearings and are 
frequency dependent as well. The consequences of the coupling of lateral and torsional vibrations in gears are 
illustrated for a gear compressor with three pinions. All examples have a practical background from 
troubleshooting and engineering work, although they do not exactly correspond to real cases. 

Nomenclature 
B Width of bearings 
d Damping coefficient of bearings or seals 
D Diameter of bearings 

Damping ratio 
f Frequency 
k Stiffness coefficient of bearings or seals 
m Pad preload of fluid film bearings 

1   Introduction 
Rotors are structures with special properties due to their rotation (causing e.g. the gyroscopic effect), due to 

their bearings (fluid film bearings, magnetic bearings) and in many cases due to surrounding fluids (seal forces). 
Therefore, rotor dynamics requires special engineering tools although the structural properties of the rotors and 
their supports could well be modeled by any general finite element program.  

Tools for rotor dynamics and bearings have been developed for many years. Nordmann, Nelson and Gasch  
introduced the finite element method to rotor dynamics (see [1] to [4]). Glienicke and Lund developed the basics 
for fluid film bearings (see [5] and [6]), which were further refined by many researchers. 

The recent development of magnetic bearings, which are now more and more introduced in industrial 
applications of turbomachines, required an extension of existing rotordynamic tools to model the specific 
characteristics of this bearing type and the controllers. Spirig et al. [7] give insight into the control design process 
for three practical examples. This process has been further developed in the meantime and standards for design 
goals have been created as explained by Schmied et al. [8]. 

The bearing properties and resulting rotor dynamic behaviors for support on classical tilting pad fluid film 
bearings and magnetic bearings are illustrated for two turbo compressor examples. 

The impact of the dynamics of a casing as bearing support is shown for the example of a turbine generator train 
with fluid film bearings. 

The interaction of fluid forces in seals with rotors has been investigated by Nordmann [9] and Childs [10] to 
name two of the most well-known researchers in this area. A few years ago, fluid forces were mainly modeled as 
stiffness and damping coefficients. Recently it is more and more recognized thanks to more sophisticated analysis 
tools and measurements, that this approach is too restrictive. Honeycomb seals for example can have more complex 
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frequency dependent characteristics as shown by Kleynhans et al. [11]. Still, the rotor dynamic tools for the 
consideration of fluid forces are not as established as for fluid film bearings and strongly simplified engineering 
approaches are frequently used, for example the procedure described in the standard by the American Petroleum 
Institution [12] as stability level I analysis. In this paper an approach is described for a high-pressure turbo 
compressor, which could be used as stability level II analysis. 

In train arrangements with gears the lateral and torsional vibrations are coupled. The influence of this 
coupling, which is not considered in standard analyses, is shown for a gear compressor.  

All analyses in this paper were carried out with the general rotor dynamic program MADYN 2000. Its 
capabilities are described in detail by Schmied in [13]. The fluid film bearing module in MADYN 2000 is based 
on more than 30 years research in the German consortium FVV (Forschungsvereinigung 
Verbrennungskraftmaschinen / Research Association for Combustion Engines). Fuchs [14] comprehensively 
describes the status at the beginning of the century, which has been further developed, but basically is still valid 
today. The magnetic bearing module has been developed over several years based on practical needs starting with 
the industrial applications of magnetic bearings in turbo compressors. The developers of the module were involved 
from the very beginning of this area. Early applications are described by Schmied and Nijhuis et al. in [15] and 
[16]. 

2   Description of the examples 
Four rotor arrangements are considered in this paper, which are described in the following chapters. 
The rotor structures are modeled with finite elements according to the Timoshenko beam theory considering 

the shear deformation and gyroscopic effects as described by Nordmann [1], Nelson et al. [2], Gasch [4], Lund et 
al. [6] and Krämer [17]. Each cross section can consist of superimposed cross sections with different mass and 
stiffness diameter as well as different material properties. The contours shown in the rotor plot represent the 
resulting mass diameter with the density of the basis cross section, which is normally steel. 

Stiff shrunk parts on the rotor, e.g. impellers, can be modeled as rigid parts. They are represented by mass, 
equatorial and polar moments of inertia. In the rotor plots they are drawn as equivalent disks. In case only the mass 
is given and no moments of inertias they are drawn as spheres. These parts can be fixed rigidly to the shaft, or if 
necessary, flexibly for example to consider disk or blade vibration modes. To model a blade mode, it may be 
necessary to split the mass into a rigidly mounted mass and a flexibly mounted mass representing the effective 
modal mass. 

Several analytical results of the examples will be shown: Campbell diagrams, i.e. damped natural vibration 
modes at different speeds, and the response to unbalance loads. The damping in the Campbell diagrams is described 
as damping ratio, which can easily be transformed to an amplification factor in resonance. The damping from the 
Campbell diagram is unequivocal and accurate in contrast to the damping from an unbalance response received by 
the half power width method, as it is described in for example in the standard American Petroleum Institution [12]. 
The stability can also be assessed by the damping ratio; an unstable rotor has a negative damping ratio. 

2.1 Turbo compressor supported on fluid film bearings with seals 
The model of the turbo compressor is shown in figure 1. Its maximum speed is 12’000 rpm and the total rotor 

weight 220 kg. This example will also be used to demonstrate the impact of seal fluid forces. The location of the 
two considered labyrinth seals and honeycomb seals with the highest gas density are shown in the figure. 

Figure 1: Compressor rotor on fluid film bearings with seals. 

The geometry of the 4 tilting pad bearings is illustrated in figure 2. The bearing has a load between pads 
arrangement. The pads have a central support. 

Labyrinths Honeycomb seals 
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Figure 2: Radial fluid film bearing geometry and clearance plot. 

2.2 Turbo compressor on magnetic bearings 
The model of the turbo compressor is shown in figure 3. Its maximum speed is 12’600 rpm and the total rotor 

weight 550 kg. The bearings are represented by their sensor and actuator. The triangle in the plot indicates the 
actuator location, the bar the sensor location.  

Figure 3: Turbo compressor on magnetic bearings. 

2.3 Turbine generator train 
The model of the turbine generator train is shown in figure 4. Its nominal speed is 3’000rpm. Turbine and 

generator are supported on fixed pad fluid film bearings. 

Figure 4: Turbine generator shaft train. 

The turbine rotor casing is considered as a state space model, which is gained from the natural modes of a finite 
element model of the casing. The method is described by Krüger in [18]. In the present case ANSYS was used to 
receive the state space matrices in a so called spm-file, which can directly be imported to MADYN 2000 as 
explained by Schmied in [19]. When importing the state space matrices to MADYN 2000 a structural damping 
can be defined, in our example it is 1%. The ANSYS system does not have any damping. The amplitudes of the 
transfer functions of the coupled turbine casing can be seen in figure 5. 

Each column in figure 5 corresponds to the location/direction of an excitation and each row to the 
location/direction of the response. Locations are the turbine NDE (left, STA 4) and DE (right STA 100) bearings 
and directions are 2 (vertical) and 3 (horizontal). The couplings of the casing between the two bearings are rather 
strong, i.e. their amplitude has the same order of magnitude as the amplitude of the direct transfer functions on the 
diagonal, whereas the couplings between the directions is weak. 

The generator and exciter have simple spring, mass supports. Each support has a resonance in horizontal and 
vertical direction in the range of three times operating speed. Such support models are used in traditional rotor 
dynamic analyses. In case a support has only one relevant resonance in each direction and the coupling between 
supports is negligible, such a model is sufficient. 

For the turbine such a support model was also used originally. It proved to be insufficient as we will see later 
in this paper. 
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Figure 5: Transfer functions of the turbine casing. 

In a shaft train consisting of two rotors with two bearings each and coupled with a solid coupling the static 
bearing load and thus the bearing characteristics depend on the alignment, which may change due to thermal 
growths of supports and casings. MADYN 2000 allows static analyses for different alignments and finding an 
optimal alignment for minimum forces in the coupling flanges. In this example the influence of different 
alignments is relatively small due to the high weight of the rotors and the flexibility of the solid coupling. 

2.4 Gear compressor 
The model of the gear compressor consisting of a bull gear and three pinions is shown in figure 7. All rotors 

are supported on fluid film bearings, the pinions on tilting pad bearings and the bull gear on cylindrical bearings. 
The meshing is modelled as explained in the figure next to the model plot. The spring is aligned with the tooth 
contact force. Its direction is indicated by the magenta line. 

Figure 6: Gear compressor with explanation of the gear mesh model. 
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3   Rotor dynamic behaviour with fluid film bearings and magnetic bearings 

3.1 Rotor on fluid film bearings 
The stiffness and damping coefficients of the fluid film bearings in the 2-3 coordinate system of figure 2 are 

shown in figure 7 together with the static position in the bearing at different speed (Gümbel curve). Due to the pad 
arrangement the bearing is isentropic, i.e. the coefficients in 2- and 3-direction are equal. Moreover, there are no 
cross-coupling terms. The coefficients of the two bearings are almost the same. For this reason, the results of only 
one bearing is shown. 

Figure 7: Stiffness and damping coefficients of the fluid film bearing with Gümbel curve. 

The coefficients of fluid film bearings are load dependent (the load in the present case is the rotor weight) and 
speed dependent. However, for tilting pad bearings they can additionally be frequency dependent, i.e. the stiffness 
and damping at a certain speed for vibrations with non-synchronous frequencies is different. This effect can be 
considered by a full model of the tilting pad bearing, i.e. keeping the tilting angles in the bearing model and not 
reducing them, what is normally done under the assumption, that tangential pad forces are negligible. A full model 
can be represented in state space form with the rotor displacement and velocities as inputs, the radial forces as 
outputs and the pad tilting angles and their derivatives in time as states. More details are described by Schmied et 
al. [20]. The non-synchronous coefficients of the same bearing at the nominal speed of 210 rps are shown in figure 
8. The synchronous coefficients are highlighted with data tips. They correspond to the coefficient in figure 7 at
210 cps. For lower frequencies at this speed the stiffness increases and the damping decreases. These trends tend
to reduce the damping of modes in the sub-synchronous frequency range.

Figure 8: Non-synchronous stiffness and damping coefficients at nominal speed of 210 rps. 

The Campbell diagram (natural frequencies and damping ratios as a function of speed) calculated with the full 
model i.e. correct non-synchronous characteristics is shown in figure 9. The dashed line for the damping is for 
mode 2 calculated with bearing coefficients neglecting the frequency dependence, i.e. in the traditional way. It can 
be seen, that the damping with the correct non-synchronous characteristics is indeed lower at nominal speed, as 
expected from the trends in figure 8. The damping reduces from 10.6% to 8.2%. 
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Figure 9: Campbell diagram (dashed line damping mode 2 with syn. coeff.) and mode shapes in critical speeds 

The mode shapes in critical speeds can also be seen in figure 9 in compact form. MADYN 2000 has another 
3-dimensional presentation of modes. In the compact form they are shown in two planes at the instant when the
maximum deflection occurs. The first plane is determined by the maximum deflection and the rotor axis and the
second plane is perpendicular to this plane. The first plane is indicated by the bold line in the 2-3 coordinate system
and the second plane by the thin line. The whirling direction is also indicated in the figure. A circular forward
whirling orbit has the value +1 and a circular backward whirling mode the value -1. Elliptic orbits have values
between 0 and +1 and -1 respectively.

The rotor runs clearly above its first bending. The tilting mode is very close to the nominal speed. It has a large 
damping ratio of more than 30%, thus this resonance is not a problem. Standards such as API allow running in a 
resonance, if the damping is above 20% corresponding to an amplification factor smaller than 2.5. 

3.2 Rotor on magnetic bearings 
In figure 10 the bearing characteristics of the magnetic bearings are shown as transfer functions describing the 

relation between the rotor displacement at the sensor and the actuator force. The characteristics are highly 
frequency dependent. However, they do not change with speed. The hardware consisting of sensor, amplifier and 
actuator, the controller and digitization effects are included in the transfer functions. The hardware causes a 
continuous phase lag with increasing frequency, i.e. a reduction of damping. The ranges with bold lines indicate 
where the bearings have a damping characteristic (phase angles between 0 and 90 degree or below -180 degree). 
The eigenvalues (natural frequency and damping ratio) of the complete system (bearing and rotor) at maximum 
speed are also shown in figure 10. The transfer functions are determined to a large extent by the controllers. The 
design of a controller requires extensive engineering effort. It is described for example by Schmied et al. [8]. Goals 
of the design are to receive a robust, stable system with enough damping in the speed range. Robustness must be 
fulfilled against system changes (the model deviates to some extent of the real system) and against noise in the 
magnetic bearing system, which requires the gain to remain below a certain level. 

The mode shapes in two perpendicular planes as described for figure 9 are shown in figure 11. The shapes 
move on circles, because the bearings are completely isotropic. 

It can be seen, that all modes below maximum speed are well damped and that all modes in the higher frequency 
range are stable. Some modes are not determined by the rotor but by the controller, which augments the system 
and causes additional modes. 

Compared to the rotor on fluid film bearings the behaviour is quite different. There are two pairs of forward 
and backward whirling well damped rigid body modes at low frequencies. They appear due to low bearing stiffness 
in this frequency range, which can be recognized in the transfer function in figure 10. The transfer function has a 
value well below 108 N/m. This is lower than the stiffness of the fluid film bearing of the other rotor, despite the 
fact, that the rotor for fluid film bearings is considerable smaller. The first bending modes occur at 155Hz and 
162Hz, respectively. Their shape corresponds more to a free - free bending mode shape. In the present case this 
mode is within the speed range and the damping of more than 20% allows running in resonance. 

with synchr. coefficients 
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Figure 10: Magnetic bearing transfer functions and eigenvalues (damping and natural frequencies) 

Figure 11: Natural modes nominal speed. 

4. The influence of bearing supports
The Campbell diagram of the turbine generator shaft train including the turbine casing and the spring mass

supports for the generator and exciter bearings is shown in figure 12. The number of modes is huge, because the 
system has many turbine casing modes. Some of the turbine modes couple with the rotor, some not. In figure 12 
two examples of modes in critical speeds are shown: one mode which is mainly a casing mode, and another coupled 
rotor casing mode. The casing mode has no relative displacement between rotor and casing displacement in 
contrast to the coupled mode. Casing modes are also characterized by their damping of 1%, which is the structural 
casing damping. Casing modes, which couple with the rotor, have a different damping; normally it is higher, 
because some of the bearing damping is transferred.  

The Campbell diagram of a coupled rotor casing systems can be complex. Unbalance response analyses are a 
big help to find the relevance of modes and their resonances. Some of the casing modes for example may be 
difficult to excite, due to their shape or due to their big effective mass. The relative vibrations at the turbine bearings 
of a response to an unbalance are shown in figure 13 for the model with the complex casing characteristics and a 
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model with simple bearing support. A comparison of the two responses reveals the importance of a correct casing 
model. The resonances are completely different. The traditionally still widely used simple supports are not always 
suitable. 

Figure 12: Campbell diagram with two exemplary critical mode shapes (dominated by casing and coupled). 

Figure 13: Unbalance load and response (relative vibrations at turbine bearings). 

5. The impact of seal forces
The tangential and radial seal forces of the labyrinths of the rotor in figure 3 for a circular unit shaft orbit are

shown in figure 14. They are the forces from the seal on the rotor, i.e. positive tangential forces destabilize forward 
whirling modes and positive radial forces are in the same direction as the orbit radius, i.e. they bring the rotor out 
of centre and thus soften the system.  

The labyrinth seal forces were calculated with a Navier Stokes solver described by Weiser in [21]. The 
tangential as well as radial force show a slight curvature caused by inertia effects. To include them in the model, 
mass coefficients are necessary. In the present case the inertia effect is small. 

Complex casing characteristic 
considered according to figure 5. 

Simple spring mass support. 
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Figure 14: Radial and tangential labyrinth seal forces 

The frequency at which the tangential force is zero, the so-called swirl frequency, allows a rough assessment, 
which rotor modes are destabilized by the seals: Forward whirling modes with lower frequencies will be subjected 
to a damping reduction. For the labyrinth seals this frequency is beyond the shown frequency range to 300Hz. 

The honeycomb seal forces in figure 15 for circular backward (neg. frequency) and forward (pos. frequency) 
orbits are strongly frequency dependent. They were calculated according to the method described by Kleynhans 
in [11] and cannot be simply modelled by stiffness, damping and mass coefficients. They must be modelled by 
transfer functions in a similar way as magnetic bearings. 

The swirl frequencies of the balance piston and interstage seal are around 50Hz and 70Hz, respectively. 

Figure 15: Radial and tangential honeycomb seal forces 

The eigenvalues of the system with and without the seals are shown in figure 16. The seals are considered in 
two steps for a better interpretation of the results. In a first step only the labyrinth seals are considered and in a 
second step all seals. 

The labyrinth seals mainly influence the forward and backward whirling first bending mode. The damping of 
the forward mode is decreased, of the backward mode increased. The other modes are almost not affected. 

The impact of the honeycomb labyrinth seals is very big in a frequency range up to 250Hz. The system with 
honeycomb seals is well damped. This is due to the large stiffening effect at higher frequencies (negative radial 
force) and the relatively low swirl frequency. 

Figure 16: Eigenvalues at nominal speed without and with consideration of seal forces 

Without seals as in the 
Campbell diagram in figure 10 

Damping reduction 
of forward whirling With labyrinth seals 

With all seals 

498



6. Coupling of torsional and lateral vibrations in gears
The coupling of lateral and torsional vibrations in gears is normally not considered. An additional coupling

with axial vibrations can also occur. Lateral torsional coupling is of interest for the following reasons: 
Due to the lateral vibration component the radial bearings can influence the damping of the torsional vibration 

modes. Normally they add damping, but they can also destabilize as reported for example by Viggiano et al. in 
[22]. This reference also contains a comparison of measured and calculated stability thresholds, verifying this type 
of analysis. 

Lateral excitations such as the unbalance can excite torsional vibrations and vice versa torsional excitations 
excite lateral vibrations. By means of a coupled model this can be simulated. 

The natural vibration modes of a lateral torsional coupled model can be different from those of the decoupled 
systems. For our example this is shown in figure 17, where a selection of modes of the standalone pinion 1 are 
shown together with modes of the coupled system, which are dominated by this pinion. 

Some modes practically do not change due to the coupling as the mode at 118 Hz. On the other side completely 
new modes can appear as the mode at 173 Hz and modes can couple as the torsional mode at 345 Hz and the lateral 
mode at 419 Hz of the pinion, which are combined to a coupled lateral torsional mode at 360 Hz. 

Figure 17: Lateral and torsional modes of pinion 1 of the coupled and uncoupled system 

7   Conclusion 
The requirements of a modern tool for rotor dynamic analyses are demonstrated for four examples, covering 

different types of bearings, the influence of casing dynamics, seal forces acting on rotors and coupled vibrations 
as they can occur in gears. 

Some of the requirements are new due to new bearing technologies (e.g. magnetic bearings) or new research 
results (e.g. the frequency dependence of seal forces and tilting pad bearings). In both cases the forces caused by 
rotor displacements are strongly frequency dependent and cannot be simply modelled by stiffness, damping and 
mass coefficients. 

To cover these needs MADYN 2000 uses state space representation for frequency dependent bearings. State 
space matrices are also used for the import of complex support structures. For support structures the input to the 
system are forces and the outputs displacements and velocities, whereas for the bearings the inputs are 
displacements and velocities and the outputs forces. 

f = 118Hz 
D = 5.0% 
whirling dir. +0.44 f = 118Hz 

D = 5.0% 
whirling dir. +0.52 

f = 173Hz 
D = 8.3% 
whirling dir. +0.1 

f = 360Hz 
D = 4.7% 
whirling dir. +0.04 

f = 345Hz 
D = 0.0% 

 

f = 419Hz 
D = 33.7% 
whirling dir. +0.21 
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Abstract
In modern engineering, the use of advanced materials is state of the art. Due to material combinations and

complex manufacturing processes, calculations based on constant input values are not very accurate. In electrical
machines, especially in the laminated rotor stack, different materials are used. Due to the manufacturing process,
the steel sheets in the rotor stack are not perfectly planar. This, as well as the resin and air in the gap, affects
the contact conditions between the different sheets of the stack. As a result, the stiffness of the stack may show
significant local fluctuations, which influences the dynamic properties.
This paper analyzes the influence of the Young’s modulus of the laminated rotor stack by varying one specific pa-
rameter in the rotor stack. Afterwards, heterogeneous material parameter series are generated by a series expansion
method called Karhunen-Loève expansion. The series with different statistical attributes are used as input param-
eters. To determine the influence of the variations of the input parameters, a modal analysis is used to analyze the
eigenfrequencies, especially the first bending mode. The numerical model is a 3D FE model with about 1.5 million
nodes.
The aim of the paper is to show the influence of the Young’s modulus on the eigenfrequency. Furthermore, the
heterogeneity is represented in contrast to the homogeneous reference calculation. The influence of the deviation
of the series along the rotor and the mathematical method to describe the resulting value of a heterogeneous system
is shown.

Nomenclature

ξ(θ) Random variable

µ Mean value of random variables

σ2 Variance of random variables

σ Standard deviation of random variables

x Position vector in the random field

CHH(x,x′) Autocovariance function of two local positions

ρ(x,x′) Correlation function

H(x) Random field

λ Eigenvalue

φ(x) Eigenfunction

δ Kronecker delta
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1 Introduction

Modal analysis of electrical machines, especially of the rotor, is a very common technique in the design phase
of a machine. Different material combinations in the rotor, especially in the laminated rotor stack, and the man-
ufacturing processes lead to varying parameters. Due to the lamination, the stiffness parameters of the laminated
rotor stack is significantly less than the parameters of the solid component [2]. With respect to the combination
of materials, the influence of Young’s modulus on the eigenfrequencies need to be determined. In practice, these
fluctuations of parameter values in the laminated rotor stack are often neglected.
After the examination of the basic influence of the Young’s modulus on the eigenfrequencies, the influence of
the deviation of the parameter needs to be determined. During the last decades, one method called Monte Carlo
Simulation (MCS) became increasingly popular for the investigation of systems with random influences. MCS
was developed in the 1940’s [10] and uses variable input parameters, which are constant (homogeneous) along
the model, to describe the statistical behavior of the model. Modelling each steel sheet and its contact conditions
separately would result in a very large computational effort. In order to reduce this to a manageable load, a ho-
mogenization of the rotor is used. Therefore, constant input parameters with a statistical distribution are generated.
A large number of input parameters is needed to describe the statistical properties correctly. These requirements
increase the computational load for detailed MCS enormously.

Increasing computational performance and mathematically advanced methods allow for the calculation of more
physically realistic models with a manageable effort. In the following, MCS is used in two ways: first, a ”homoge-
neous model” is analyzed in order to derive basic dynamical features of the rotor. In a second step, local parameter
fluctuations are included to analyze the effect of local parameter changes on the dynamics. We will call the later
the ”heterogeneous model”. If fluctuations are taken into account, several possibilities to generate fluctuating ran-
dom fields exist. A random field is a parameter configuration of variable values, which follows a mathematical
description. The process of the generation of a random field is named discretization. A discretization method is a
mathematical process to simplify a complex system to a mathematical system by approximation. Sudret and Der
Kiureghian divide the possibility of representing heterogeneity (generate random fields) in three main categories
[13] named point discretization methods, average discretization methods and the series expansion methods.

Point discretization methods use single random variables to describe a part of a global domain. A representa-
tive method for this type of discretization is the so called midpoint method. It was introduced by Der Kiureghian
and Ke (1988) [1]. The method uses one single random variable to describe one subdomain, which is a spatial
division of the global domain. The random variable is located in the centroid of the local subdomain. This method
uses standard random variables to illustrate the stochastical influence. The advantages are the simple generation
of a random variable and the fast implementation of the system. The disadvantages are the non-linked variables
and the high load of preliminary work. Based on the non-linked random variables, systems, which are physically
not realistic, can be generated. The high preliminary work is caused by the knowledge of the system and the indi-
vidually generation of random fields. For example, if the system varies, the whole random field must be generated
again.
Average discretization methods use a high number of random variables to include all the information of the statis-
tics. To minimize the computational load, the values are averaged. A representative method of this kind of dis-
cretization is the so-called spatial average method, which was introduced by Vanmarcke and Grigorius (1983) [15].
This method divides a global domain into subdomains. Afterwards, the random variables are generated along the
global domain. As a simplification, all variables inside one subdomain are averaged. Based on the values near the
edges of the subdomain, a small influence of the variables between two neighboring subdomains is given.
Series expansion methods were presented by Spanos and Ghanem (1989) [12], Zhang and Ellingwood (1994) [16]
and Li and Der Kiureghian (1993) [5]. They are based on continuous parameter distributions. The initial point of
series expansion methods are the correlation functions. These functions represent the correlation, and furthermore
the manipulation, of two points in a domain. Li and Der Kiureghian (1993) give an overview of the most important
correlation functions in [5]. For example, in the Karhunen-Loève expansion method Spanos and Ghanem (1989)
used the decomposition of the correlation function to generate weighting factors and distribution functions. Based
on this information the series expansion is formed, which reflect the variation of the parameters. The values along
the series are controlled by the correlation function. Based on this advantage, physically realistic systems are
generated. The size of a system has no influence on the generated random fields due to the effect of the continues
series generation. A disadvantage is the high effort to generate random field series.
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2 Theoretical background
In this section, the theoretical background of Gaussian distributed random fields and series expansions is ex-

plained. First, a short overview of Gaussian distributed random variables is given and the series expansion is
explained in detail, focusing on the decomposition and the generation of the series.

2.1 Gaussian distributed random fields
A Gaussian random variable ξ is a variable depending on the Gaussian distribution function [14]

fξ(ξ;µ, σ) =
1√
2πσ2

exp
(
− (ξ − µ)2

2σ2

)
, ξ ∈ R (1)

where µ is the mean value and σ2 is the variance. A random field is generated by a discretization method. A
discretization method is a mathematical process to simplify a complex system to a mathematical system by ap-
proximation. Sudret and Der Kiureghian [13] categorize this methods as point discretization method, average
discretization method and series expansion method. Further series expansion methods will be explained in detail.

2.2 Series expansion methods
There are several methods to generate random fields. In this paper, the fluctuation of the input parameter

(random field) is generated by a series expansion method called Karhunen-Loève expansion (KLE). The main
advantage of series expansion methods is the continuity and the resulting independence of the numerical system.
Discrete methods need information on the size of the system and the number of divisions to generate a suited
random field. Series expansion methods generate continous series independence of the numerical system. Another
advantage of series expansion methods is the correlation between the values inside the series. Hence, physically
systems can be generated, while unsteady behavior can exist in descrete random fields.
The KLE was developed by Karhunen (1947) [4] and Loève (1948) [6]. Spanos and Ghanem introduced the
method for engineering problems (1989) [12]. The KLE is a method to represent random fields as continuous se-
ries based on a linear combination of orthogonal functions. These functions are the eigenfunctions of a Fredholm
integral equation resulting from the spectral decomposition of the autocovariance function CHH(x,x′) [3]. The
autocovariance function CHH(x,x′) describes the parameter variation between two local positions x and x′ in
the random field.

In this paper, the Gaussian function is used to correlate the random variables. The correlation function ρ(x,x′)
is defined with [5]

ρ(x,x′) = exp
(
−|x− x

′|2

a2

)
(2)

while x and x′ represent the local positions in the random field. The correlation length a describes the influence of
the parameters with 0 < a <∞. By multiplying the correlation function with the variance σ(x) the autocovariance
function CHH(x,x′) is generated with

CHH(x,x′) = σ(x)σ(x′)ρ(x,x′) = E [(H(x)− µ)(H(x′)− µ)] (3)

where E[ ] is the expectation value of the values inside the brackets and H(x) is the value of the random field at
the position x.

To decompose the autocovariance function CHH(x,x′) mercer’s theorem is used. Mercer’s theorem was
introduced in 1909 [9] and is defined by

k(x1,x2) =
∞∑
i=1

λiφi(x1)φi(x2) (4)
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with k(·, ·) as a continuous symmetric function, λ as the eigenvalue and φ(x) as the eigenfunction in dependence
of the local position x at the random field. Due to the fact that CHH(x,x′) is continuous symmetric the decom-
position with Mercer’s theorem is following [12]

CHH(x,x′) =
∞∑
i=1

λiφi(x)φi(x
′) (5)

The eigenvalues λi and the eigenfunction φi(x) are the solution of the homogeneous Fredholm integral equation
of the second kind given by [12]

∫
Ω

CHH(x,x′)φi(x)dx
′ = λiφi(x) (6)

Based on the attributes of the autocovariance function (symmetric and positive definite), the eigenfunctions are
orthogonal to [12]

∫
Ω

φn(x)φm(x)dx = δmn (7)

with δmn as Kronecker delta. Spanos and Ghanem [11] show the connection between the random field and the
decomposed covariance kernel function with

H(x, θ) = µ(x) +
∞∑
i=1

√
λiφi(x)ξi(θ) (8)

with ξi(θ) as uncorrelated Gaussian standard random variables. Loève (1977) [7] showed that if H(x, θ) is a
process with gaussian random variables, the series converges. In addition, the autocovariance function can be
decomposed into a series of weighted functions, multiplied with standard gaussian random variables with zero
mean and standard deviation. Due to the fact of a finite number of series, the approximated random field H̃(x,x′)
with the truncation factor M can be written to

H(x, θ) ≈ Ĥ(x, θ) = µ(x) +
M∑
i=1

√
λiφi(x)ξi(θ) (9)

while H̃(x,x′) represents the approximated random field.

3 Description of the model
In the following section, the rotor and the methods to generate the FE model are explained in detail.

In this paper, a rotor of a wind engine is analysed. The machine is an asynchronous induction machine which con-
tains a shaft, the bridges, a laminated rotor stack including windings and the end plates. In Figure 1, the principle
sketch of the rotor is shown. In Figure 2, the cross-section of the laminated rotor stack is illustrated. The stack
is split into the laminated core stack, which consists of non-planar thin metal sheets and a mix of air and resin in
the interspaces, the spacer ribs and the windings. For simplification the end windings end in the end plates. The
bridges on the shaft, in combination with the spacer ribs, are used to cool the rotor during the usage.
The rotor bearing is modelled as a fixed-floating bearing. The bearings are linear isotropic springs with a stiffness
value of 2 · 108 N

m2 .
The 3D FE model is generated with ANSYS®18.1. The model contains linear homogeneous structural solid ele-
ments and includes about 1.5 million nodes. The rotor stack diameter is 900 mm with a length of 2650 mm.
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Figure 1: Design of the rotor

Figure 2: Section A of the rotor

4 Parameter description
In this section, the material parameters relevant for the eigenfrequency of the rotor are explained, which in-

cludes the homogeneous parameters as well as the heterogeneous parameters. The numerical values are collected
in Table 1.
The calculations for the homogenous model contain constant parameter values in all components of the rotor. The
shaft, the bridges and the spacer ribs use an isotropic material model. All the components are made of steel, so the
standard values of the Young’s modulus, the poisson ratio and the density are applied. The windings are modelled
by a combination of the material parameters of copper and resin. Also, in this case the isotropic material model
is used. The laminated rotor stack consists of a combination of steel, air and resin (see Figure 3). The air and
resin must be taken into account because of the resulting inclusions between two steel sheets. The materials in
the laminated rotor stack have an influence on the stiffness along the rotor axis and also orthogonal to the axis.
Hence, an isotropic material model is used because of the influence of the matrix material (resin) in all directions.
The value of the Young’s modulus is lower than the value for solid steel, but Poisson’s ratio and the density are
equivalent to steel. In the homogeneous calculations, Young’s modulus is varied between Emin = 2 · 108 N

m2 and
Emax = 2 · 1011 N

m2 to show the influence of Young’s modulus on the eigenfrequency. The density is equal to the
density of steel to allocate upcoming phenomena to the variation of Young’s modulus.

506



Table 1: Material parameters

Shaft Bridges Spacer ribs Windings Laminated core stack

mean value = 20 · 109

Young’s modulus Ex [ Nm2 ] 200 · 109 200 · 109 200 · 109 70.9 · 109 (statistically distributed

in heterogeneous model)

Poisson ratio νxy [−] 0.3 0.3 0.3 0.2996 0.3

Density ρ [ kgm3 ] 7850 7850 7850 6123.2 7850

Table 1 shows the used material parameters to calculate the eigenfrequencies of the rotor. The material param-
eter of the shaft, the brides and windings based on Mair (2016) [8]. The spacer ribs are made of steel, thus the
same value is used as for the shaft and the bridges. For Young’s modulus of the laminated core stack a mean value
of 20 · 109 N

m2 is used.

Figure 3: Principle sketch of the laminated core stack

The calculations for the heterogeneous model include the variation of parameter values along the laminated
core stack. All other material parameters are equal to the homogeneous model. The variation is generated with the
KLE method explained in Section 2. The Gaussian function (see equation 2) is used as the correlation function
ρ(x,x′) with a supposed correlation length of a = 0.5. Due to the unknown composition of the material parameters
and the influence of the manufacturing process a deviation of Young’s modulus of 25% is assumed.
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Figure 4: Series representation of 5% fluctuation
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Figure 4 shows the series expansion where Young’s modulus varies along the normed rotor axis for the different
elements of the series: each thin line represents one possible Young’s modulus variation. The mean values of all
series expansions and the series itself are Gaussian distributed. The statistical error between the mean of this series
and the given mean is 3.21%.
To calculate the eigenfrequency of the rotor, the FE model divides the continues series into as many parts as ele-
ments in rotor axis direction exist. Inside the elements the Young’s modulus is constant. Due to this manipulation,
the mean value of the series is not identical to the arithmetic mean. Each element poses as a spring with local
constant stiffness values. The springs are connected in serial direction, so the resulting mean value is defined by

Eres = n · 1
n∑
i=1

1

Ei

(10)

while n is the number of elements and Ei as the local value of Young’s modulus.

5 Computational Results
In the first step, the influence of Young’s modulus on the first eigenfrequency is analysed. For the homogeneous

model, Young’s modulus varies between Emin = 2 · 108 N
m2 and Emax = 2 · 1011 N

m2 for different rotor stacks.
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Figure 5: First eigenfrequency with variation of the Young’s modulus of a homogeneous model

Figure 5 shows the influence of the Young’s modulus on the first eigenfrequency. In practice the stiffness of
the laminated rotor stack is often disregarded (due to the low value of the stiffness of the rotor stack) and only
mass is included in the model. Due to this simplification, the first eigenfrequency is lower as compared to the
models which include the stiffness. Within the range of parameter values considered, the eigenfrequency changes
approximately 11.4% due to the effect of Young’s modulus. So the theory that Young’s modulus and all parameters
have no influence in the first eigenfrequency cannot be confirmed.

As a next step, variations of Young’s modulus along the axis of the rotor are included. A series of heteroge-
nous rotor models is generated and the first eigenfrequency is determined. As a reference, this eigenfrequency is
compared to the eigenfrequency of a homogeneous rotor for which Young’s modulus is the mean of the moduli
of the heterogeneous model. Figure 6 shows the influence of the heterogeneity of the variable Young’s modulus.
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Depending on the series deviation, the gap between the heterogeneous and the reference calculation fluctuates. It
is shown, that with nearly the same resulting Young’s modulus different first eigenfrequencies are calculated due
to the fluctuation of the series of the Young’s modulus along the rotor axis.
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Figure 6: Influence of heterogeneous input parameters

For comparison, the different results for heterogeneous rotor models are shown in Figure 7 and compared to
the results of the homogeneous rotor model (reference calculation).
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Figure 7: Eigenfrequencies for homogeneous vs. heterogeneous rotor models
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The heterogeneous calculations with a resulting Young’s modulus which is lower than 2 · 1010 N
m2 show higher

eigenfrequencies than the reference calculations. However, the heterogeneous calculations with values which are
higher than 2 · 1010 N

m2 are very similar to the reference results.

This phenomenon is based on the deviation of the series fluctuation. Softer parts of a rotor with a low value
of Young’s modulus affect the mean significantly, but these softer parts do not chance the eigenfrequency of the
otherwise stiff rotor significantly.
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Figure 8: Example of a series fluctation

As an example, series number 8 is ploted in Figure 8. The deviation of low and high Young’s modulus values
is statistically given. The first eigenfrequency of this series is 37.43Hz, the homogeneous model with the same
mean of Young’s modulus has its first eigenfrequency at 36.93Hz. This variation, due to the heterogeneous series
expansion, is 1.35% in relation to the homogeneous model.
Referencing Young’s modulus to the same result of the first eigenfrequency, series number 8 has a resulting Young’s
modulus of 4.2 ·109 N

m2 . The homogeneous reference calculation with the same first eigenfrequency has a resulting
Young’s modulus of 12.3 · 109 N

m2 . So a system with the same first eigenfrequency has a deviation of the Young’s
modulus of 65.85%, due to the difference of a calculation between a heterogeneous and a homogeneous system.

6 Conclusion
This paper shows of the influence of Young’s modulus of a laminated rotor stack on the first eigenfrequency.

Two effects are considered: Variations of Young’s modulus in a homogeneous rotor model and heterogeneous rotor
models which include the variations of Young’s modulus along the length of the axis. In the second case, a mean
value of Young’s modulus can be defined and used for a reference calculation with the homogeneous model.
The calculations show that rotors with softer sections may have a relatively low mean value of Young’s modulus,
but the effect of the soft section on the eigenfrequency is not very significant. On the other hand, for rotors with
a high mean value of Young’s modulus, the difference between the homogenous and the heterogenous model is
negligible.
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