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Abstract. The paper consider the use of prolate spheroidal wave functions as 
basic orthogonal functions in the wave description in the time domain first order 
reliability method applied to wave response statistics in stationary sea states. In-
tact stability of a ship in beam sea is considered as an example and the results for 
the most probable response and the associated statistics are evaluated and com-
pared to the usual procedure using trigonometric functions 
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1 Introduction 

The First Order Reliability Method (FORM) has proved to be an efficient method 
for extreme value predictions of various non-linear wave load responses of marine 
structures, e.g. Jensen (2009), Jensen (2015), Choi et al. (2017). In the time domain 
analyses the wave elevation and associated wave kinematics are discretized in a large 
number of trigonometric components, typical 30 to 100, each associated with a statisti-
cal independent random variable. Thereby, the FORM can be rather time-consuming 
due to the inherent optimization problem involving the same number of unknown. This 
is usually not a serious problem for simpler response models, e.g. 1D problems, but for 
6D problems the calculation time might be very large, Choi et al. (2017). In order to 
reduce the number of statistical variables an interesting proposal is suggested by 
Sclavounos (2012), where the trigonometric basic functions in the wave load predic-
tions are replaced by basic functions derived from prolate spheroidal wave functions 
(PSWF). Thereby, it might be expected that much fewer functions are needed to repre-
sent typical extreme wave load responses. For instance, an accurate estimation of the 
autocorrelation of the waves only requires 3 to 6 basic functions derived from the PSWF 
and the wave spectral density.  

In the present study, the PSWF are generated using sampling theory, Khare and 
George (2003), which provides a very efficient procedure. The transformation from the 
PSWF to the trigonometric wave components needed in the wave response model does 
not require FFT as the Fourier components directly are the PSWF functions at the as-
sociated wave frequencies. Thus, it is easy to modify the standard FORM procedure 
based on trigonometric wave components to use PSWF as input. 
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However, the application of PSWF to the time-domain FORM procedure might have 
some problems related especially to the memory effects of the wave response, because 
the time range covered by the PSWF is equal to the Slepian frequency  c  defining the 
PSWF divided by the highest frequency in the wave spectrum. For typical wave spectra, 
this frequency is close to 1 rad/sec, implying a time range close to c . Furthermore, the 
number of important PSWF components is approximately 2 /c π and this number 
should be much less than the trigonometric wave components typical used in FORM 
for wave response prediction. In the paper the application of PSWF to FORM is inves-
tigated using intact stability of a ship in beam sea as example. 

2 Prolate Spheriodal Wave Functions (PSWF) 

In the present study the PSWF are generated using the procedure described in Khare 
and George (2003). It uses the Whittaker-Shannon sampling theorem to determine the 
PSWF functions ( , )n x cψ :  
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where c  is denoted the Slepian frequency, Sclavounos (2012). Eq. (1) represents an 
interpolation between known values of ( , )n x cψ at discrete values /x m cπ= . These 
values are determined by the algebraic eigenvalue problem, Khare and George (2003): 
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    The matrix mkB  is real and symmetric and hence the eigenfunctions and eigenvalues 
are real. The eigenfunctions are ordered by decreasing eigenvalues starting from n =0.  
Furthermore, the matrix is also centrosymmetric implying that the eigenfunctions

( , )n x cψ   are either even (for n =0,2,..) or odd (for n =1,3,..) in .x  In the numeric cal-
culations the matrix is truncated to the dimension ,N N× i.e. the integers  

, ( 1) / 2, .., ( 1) / 2.m k N N= − − −  For 20c = , 51N =  proves sufficient. The matrix 
elements are calculated by a standard trapezoidal integration procedure. The largest 
eigenvalues are close to, but less than one. Only the largest 2 /c π eigenvalues are sig-
nificant, after that they become close to zero. The eigenfunctions are normalized as  
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 where mnδ  is Kroneckers delta. For 1x >  the eigenfunctions rapidly go to zero.  
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3 Wave Statistics Using PSWF 

Sclavounos (2012) suggests to use PSWF instead of trigonometric functions in the de-
scription of stationary stochastic waves in order to reduce the number of basic functions 
in time domain analyses.  Here only the main results are quoted. For a derivation, the 
very readable treatment by Sclavounos (2012) should be consulted. In the present for-
mulation, a one-sided wave spectrum ( )S ω  is assumed.  

   The time variation t  of the wave elevation ( )tς   is written in the form: 
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    Here nz  are independent standard normal distributed variables. The number 1Nς +  
of components in the wave representation must be less than or equal to the number 

1eN +  of PSWF used. The description is limited to the time range T t T− < < , 

where T  is the limit after which the PSWF rapidly decay to zero. This limit relates to 
the Slepian frequency c  and the upper limit Ω  of the frequency range used for the 
wave spectrum by, Sclavounos (2012), 

                     c T= Ω                                                                 (5) 

   Hence, the higher the upper frequency limit Ω  the smaller is the time range covered.  

   The coefficients (eigenvalues) ns  and the matrix (eigenvectors) njA  follow from the 
solution of the algebraic eigenvalue problem: 
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The coefficients nλ  are related to the eigenvalues nµ  from Eq. (2) by 

              
2 n

n c
πµλ = ±                       (7) 

The sign in Eq. (7) is determined from relations 
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Thus 0 for 2,6,10,... and  3,7,11,.... .n n nλ < = =   

   The summation in Eq. (4) is taken over PSWF with eigenvalues iµ  not close to zero, 

i.e. 2 /eN c π≈ . The functions ( )nf t  are normalized such that 
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   Due to the separation in Eq. (6) of contribution from even and odd PSWF terms, the 
functions ( )nf t also become either even or odd in time .t   

   The wave description, Eq. (4), is clearly normal distributed with mean value zero due 
to iz  and as shown in Sclavounos (2012) allows a representation of the autocorrelation 

function ( )R t  with only a small number of terms: 
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   This relation can serve as a check of the accuracy of the PSWF representation. Note 
that only the even functions of ( )nf t enters Eq. (10) as the odd functions are zero at t  
= 0. 

4 First Order Reliability Method Using PSWF 

When using the First Order Reliability Method (FORM) for extreme value predictions 
of wave-induced loads, the wave elevation is usually given in terms of trigonometric 
components, e.g. Jensen (2009): 
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Here ,i iu u  are independent standard normal distributed variables and iω  a set of 

discrete frequency covering the main part of the wave spectrum ( ).S ω  Often an equi-

distant frequency spacing 1i iω ω ω −∆ = −  is chosen with lower i upperωΩ ≤ ≤ Ω = Ω . 

With the wave elevation given by Eq.(11) any non-linear wave response can be deter-
mined by a proper hydrodynamic model, see e.g. Jensen (2015) for examples. 

In the FORM analysis, the design point * *, , ; 1, 2,..,i i i iu u u u i M= = correspond-
ing to the most probable wave elevation leading to a given response is determined by a 
non-linear optimization procedure.  As the number of unknowns ,i iu u are 2M , it 
might require a very large computational effort for complicated non-linear hydrody-
namic models, given that M  is typical of the order 15 to 50. Therefore, if ,i iu u are 

expressed in term of the variables nz  defining the stochastic properties in the PSWF 

wave elevation representation, Eq. (4), much fewer stochastic parameters Nς  have to 

be determined by the optimization procedure. The transformation between nz  and 

,i iu u  are readily obtained due to the Fourier invariance of the PSWF, Eq.(8), without 
any needs for FFT analyses. Combining Eqs (4), (8) and (11) yields 
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The deterministic coefficients ,in ina b  in Eq. (12) are calculated before the FORM 

optimization. Thus, when the optimization routine has determined a new set of Nς  

stochastic parameters nz , Eq.(12), provides the corresponding 2M  ,i iu u  parameters 
for input to the hydrodynamic response model. The result is feed back to the optimiza-
tion procedure and used to estimate a better estimate of the design point *

nz  and thereby 
* *,i iu u .  

5 Example: Intact Stability of a Ship in Beam Sea 

The use of PSWF in FORM is investigated by an example dealing with intact stability 
of a ship in beam sea. A 1D hydrodynamic model similar to the one used in Choi et al. 
(2017) is applied and the ship is the same, i.e. no forward speed and a GM=2.5m. How-
ever, only wave loads are included here, whereas the wind load is excluded for the sake 
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of brevity. 

   A Pierson–Moskowitz wave spectrum with significant wave height 8SH m=  and 

zero up-crossing period 12secZT =  is assumed. The cut-off frequencies are the same 
as in Choi et al. (2017): 

 
3

; 0.785 /lower upper
Z Z

rad s
T T
π π

Ω = Ω = = = Ω                    (14) 

In the FORM analysis in Choi et al. (2017) the number M of frequency components 
in Eq.(11) was chosen to 30. It could, however, be reduced to 15 without changing the 
result. Thus if the present PSWF approach should be a good alternative in FORM ap-
plications, the number of PSWF functions should be much less than 2 30,M = say, 
half the value. Hence, 20c =  is a reasonable choice for the present example. From 
Eqs. (5), (14) the time range parameter in Eq. (4) becomes 25sec,T =  which is, how-
ever, rather short compared to a memory time of about 50 sec for the present hydrody-
namic model of the roll angle. If 40c =  was chosen instead the memory time would 
have been covered better, but then the number of PSWF functions becomes close to the 
number of trigonometric terms in the existing wave description and the benefit of the 
PSWF vanishes. Hence, the present example will investigate how close the PSWF ap-
proach with 20c = can model the most probable wave and response scenario together 
with the associated statistics for a range of large roll angles. 

In the calculation of the PSWF functions, Eq. (2), 51N =  has been found to be suf-
ficient for 20c = . The eigenvalue problem, Eq.(6), are solved for 20eN =  and the 

eigenvalues ns  are shown in Fig. 1. Eq. (4) shows that ns  act as sort of wave ampli-

tudes on each ( )nf t  because of the normalization, Eq. (9). Only the first 15 eigenval-

ues are different from zero, in agreement with 2 .N cς π≈  About half corresponds to 

even ( )nf t  functions, the rest to odd functions. 

The autocorrelation ( )R t  follows from Eq. (10) and is shown in Fig. 2. Clearly the 

sum of 2 ( ) (0)n n ns f t f terms (green curve) is very close to the value obtained by direct 

integration of ( ) cos( )S tω ω  (red curve) within the range 0 25sec.t T≤ ≤ = How-
ever, outside this range the PSWF curve drops rapidly to zero and, hence, memory ef-
fects are not accounted for correctly for 25sect > . The figure also shows the contri-
bution to ( )R t from the first four even ( )nf t functions. The variance (0)R  is 3.75 m2, 

which differs slightly from the theoretical value 2 16 4SH = m2 mostly due to the cut-
off frequency .Ω  
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Fig. 1. Eigenvalues ns [m] from Eq. (6) 

 

Fig. 2. Autocorrelation ( )R t , Eq. (10). Direct integration (direct) and sum over
2 ( ) (0)n n ns f t f  terms (PSWF). 

    The findings above are in line with those in Sclavounos (2012) and show that within 
a short time range the use of PSWF can provide very accurate results with much fewer 
terms than by a trigonometric representation. 

   Implementation of the PSWF in the FORM procedure described in e.g. Choi et al. 
(2017) is straightforward using Eq. (12). The optimization for the design point is now 
performed in the variables ; 1, 2,..,iz i Nς= , where 13 ( 2 )N cς π= ≈ . This is a much 

smaller number than used in the original procedure with 2 60M =  ,i iu u variables. 
Therefore, the computational time is reduced by nearly an order of magnitude. The 
question is then how accurate the PSWF representation is regarding the extreme value 
statistics.   
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   The FORM procedure in Choi et al. (2017) using the trigonometric wave representa-
tion is executed with two set of input: A very accurate calculation using 2 100M =  
and a time 0 150sect =  between initialization of each time domain solution and the 

result (the roll angle) and a simpler one using 2 30M = and 0 75sect = .  As initial 

values the roll angle and roll angle velocity are taken as zero at 0t t= −  and the target 
value is then at t = 0. These two solutions are denoted “150s100trig” and “75s30trig” 
in Figs. 3-5. With the PSWF representation, a FORM solution is found with 
2 100M = and 0 75sec,t =  denoted “75s100pswtrig”. In this case, the number M  is 
nearly unimportant for the computational time as the optimization is done in the 

1 14Nς + =  variables iz  and with Eq. (12) applied for calculation of * *,i iu u using
*

n nz z=  . In all three cases the design point values * *,i iu u  are used in the hydrody-
namic calculations. 

   For a target roll angle of 34.4 deg (0.6 rad) the most probable wave elevation and 
corresponding roll angle response leading to this roll angle are shown in Fig. 3 and Fig. 
4, respectively. 

 
Fig. 3.Most probable wave scenario leading to a roll angle 34.4 deg at t=0. 

 

For the wave elevation in Fig. 3 an additional curve (“75s100psw”) based directly 
on Eq. (4) with *

n nz z=  is included, but as seen the two PSWF results 
“75s100pswtrig”, “75s100psw” are very close as they should be except for small nu-
merical inaccuracies in the generation of the ( )nf t  functions. The same holds for the 
reliability index results in Fig.5. 
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Fig. 4. Most probable roll angle scenario leading to a roll angle 34.4 deg at t=0. 

 

The two wave representations using  ,i iu u as optimization parameters yield very 
close results in Figs. 3, 4. However, the results using PSWF deviate significantly from 
these results. Especially, it is clear from Figs. 3, 4 that in the initiation period 

75sec 25sect− ≤ < −  both a significant wave elevation and roll angle exist in the 
most probable scenario using ,i iu u as optimization parameters whereas the properties 
of PSWF implies nearly no wave and response here. 

The reliability index β   

( )*2 *2 *2

1 0

eNM

i i n
i n

u u zβ
= =

= + =∑ ∑             (15) 

is a strong statistical measure as the probability of exceeding a given roll angle 0θ  in a 

stationary stochastic sea during at time τ (with a mean zero up-crossing rate 0ν ) can 
be estimated by, e.g.  Choi et al. (2017) 

 ( )2
0 0 0max ( ) 1 exp exp( 0.5 ( ) )P t

τ
θ θ ν τ β θ 

  
> = − − −                    (16) 
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Fig. 5. Reliability index β  as function of roll angle 

The FORM procedure provides as a main result the reliability index and it has been 
found in numerous studies, e.g. Choi et al. (2017), that the FORM results often are very 
close to results from Monte Carlo simulations when dealing with wave responses. The 
reliability index from the present study is shown in Fig. 5. A significant difference be-
tween the results using ,i iu u  and iz  as optimization parameters are clearly seen. The 
reliability index is much larger for the PSWF wave representation and will thus give a 
very un-conservative estimate of the probability of exceeding a given roll angle. The 
reason for the large difference must be the nearly zero wave elevation between

75sec 25sect− ≤ < −  using PSWF. This property with PSWF removes a large part of 
probable wave scenario that could give raise to roll angles exceeding 0θ  and therefore 
the PSWF basic functions cannot be considered useful in the present FORM context. 

6 Conclusions 

The paper consider the use of prolate spheroidal wave functions (PSWF) as basic 
orthogonal functions in the wave elevation description in the time domain first order 
reliability method applied to wave responses in stationary sea states. Intact stability of 
a ship in beam sea is considered as an example and the results for the most probable 
response and the associated statistics are evaluated as compared to the usual procedure 
using trigonometric functions. The finding is, unfortunately, that the procedure is not 
useful due to the rapid decay of the PSWF outside a zone close to the target response. 
Thereby, wave scenarios, which could lead to exceedance of the target response, are 
greatly reduced implying a very un-conservative estimate of the probability of exceed-
ance. If the time zone is increased to the size of the hydrodynamic memory the problem 
is probably solved, but in that case the number of PSWF needed will be comparable 
with the number of trigonometric functions normally used in FORM and thereby no 
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notably gain using PSWF will be achieved. Furthermore, for c>20, the present very 
efficient procedure, Eq. (2), for construction of PSWF breaks down due to too many 
eigenvalues close to unity (within 12 digits) and a more elaborate procedure based on 
expansion in Legendre polynomial, e.g. Xiao et al. (2001), must then be applied. 

The problem is in some way general as can be seen from the autocorrelation function 
for a constant spectrum with lower bound zero and upper bound Ω : 

( ) (0) sin( ) /R t R t t= Ω Ω . If the memory time T  is defined as a reduction of ( )R t  
by a number C , then T CΩ = . Thus the reduction C  resembles the Slepian fre-
quency c , Eq. (5), and shows that a lower upper bound frequency Ω  (i.e. a more nar-
row-banded process) is counteracted by a longer memory T . The memory time relates 
to the wave elevation process and if the response process has a shorter memory time 
the procedure might work.  However, that is not usually the case as the filtering of the 
wave spectrum with the response amplitude operator normally makes the response 
spectrum more narrow-banded implying a longer memory time.  
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