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Abstract
The acoustical properties of surfaces are essential to understand and optimize the
sound field in enclosures; thus they have been the subject of extensive research. Two
properties are typically studied, namely the absorption and the scattering of sound.
Nevertheless, the interaction between a sound field and a surface is a complex phe-
nomenon, which is often simplified for ease of use, e.g. for room acoustics modeling
and material specifications. Moreover, the traditional experimental techniques to
characterize surfaces occur in laboratories and assume specific sound field conditions.
As a result, the understanding of surface properties remains limited.

This PhD project introduces approaches to evaluate the properties of surfaces
based on sound field measurements. The proposed approaches make use of sensing
methods to measure spatial and temporal properties of the sound field near the sur-
face. More specifically, absorption is characterized by an angle-dependent surface
impedance, which can be obtained from the knowledge of the sound field on the stud-
ied surface. In this work, a measurement technique is presented, where microphone
array measurements and an equivalent source method are used to reconstruct the
sound field on the surface. Some essential aspects of the method are examined, such
as the array geometry and the finiteness of the sample under test. As for scattering, it
is formulated as a wave disturbance problem, where the effect of a given sample is de-
scribed with a complex directivity function, called the far-field pattern. This function
is uniquely defined by the sample and it contains extensive information, including not
only surface scattering but also absorption and finite-size effects. A method is pre-
sented to estimate the far-field pattern from near-field measurements of both sound
pressure and particle velocity around the sample, based on a discretized Helmholtz
Integral Equation (HIE). It is also shown that surface properties can be extracted
from the far-field pattern, by manipulating the HIE. Both impedance and far-field
pattern estimations were validated through numerical simulations and experimental
tests in anechoic conditions. The chosen measures are particularly informative, as
they include phase information and angle dependence.

The established methods make it possible to fully characterize acoustic samples
such as absorbers and diffusers, which can be beneficial for designing and modeling
such elements. The proposed measurement techniques also constitute applications
for microphone arrays and sound intensity probes.
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Resumé
Overfladers akustiske egenskaber er afgørende for at forstå og optimere lydfeltet i rum,
så de har været genstand for omfattende forskning. To egenskaber undersøges typisk,
nemlig absorption og spredning af lyd. Ikke desto mindre er samspillet mellem et lyd-
felt og en overflade et komplekst fænomen, som ofte forenkles til fordel for brugerven-
lighed, f.eks. til modellering af rumakustik og til materialespecifikationer. Desuden
foretages de traditionelle eksperimentelle teknikker til karakterisering af overflader i
laboratorier og antager specifikke lydfeltforhold. Som et resultat forbliver forståelsen
af overfladeegenskaber begrænset.

Dette ph.d.-projekt introducerer metoder til at bestemme overfladernes egensk-
aber baseret på lydfeltmålinger. De foreslåede metoder gør brug af sensormetoder
til måling af rumlige og tidsmæssige egenskaber af lydfeltet nær overfladen. Mere
specifikt er absorption karakteriseret ved en vinkelafhængig overfladeimpedans, som
kan opnås ud fra kendskabet til lydfeltet på den undersøgte overflade. I dette arbejde
præsenteres en måleteknik, hvor mikrofon-array målinger og en metode med ækviva-
lente kilder bruges til at rekonstruere lydfeltet på overfladen. Nogle væsentlige aspek-
ter af metoden undersøges, såsom array geometrien og den endelige størrelse på prøven
under test. Hvad angår spredning, formuleres den som et bølgeforstyrrelsesprob-
lem, hvor effekten af en given prøve beskrives med en kompleks direktivitetsfunktion
kaldet fjernfelt-mønsteret. Denne funktion er unikt defineret af prøven, og den in-
deholder omfattende information, herunder ikke kun overfladespredning, men også
absorption og effekter af den endelige størrelse. En metode præsenteres til at es-
timere fjernfelt-mønsteret fra nærfelt-målinger af både lydtryk og partikelhastighed
omkring prøven, baseret på en diskretiseret Helmholtz integralligning (HIE). Det vises
også, at overfladeegenskaber kan uddrages fra fjernfelt-mønsteret ved at manipulere
HIE. Estimeringer af både impedans og fjernfelt-mønster blev valideret gennem nu-
meriske simuleringer og eksperimentelle tests under frit-felt-betingelser. De valgte
mål er særligt informative, da de indeholder faseinformation og vinkelafhængighed.

Arbejdet i dette projekt har ført til etablering af metoder til at karakterisere
akustiske prøver fuldt ud som absorbenter og diffusorer, hvilket kan være til gavn for
udformning og modellering af sådanne elementer. De foreslåede målteknikker udgør
mulige anvendelser til mikrofon-arrays og lydintensitetsprober.



vi



Acknowledgments
First of all, I would like to thank Efren Fernandez-Grande for being an excellent main
supervisor. I learnt a lot from him during these last three years and really valued his
constructive inputs and his guidance.

Thanks also to Cheol-Ho Jeong and Jonas Brunskog for their great input all along
the project.

I am grateful to Peter Svensson for having me as a guest in NTNU, Trondheim.
The discussions we had during my stay were very insightful and productive.

As part of the project, I had the chance of collaborating with Microflown. There-
fore I would like to thank Dani Fernandez Comesaña for inviting us there, lending us
the measurement equipment and for his invaluable input to analysis and discussions.

The project gave me the occasion to meet and discuss several times with Jørgen
Hald, Karim Haddad and Wookeun Song from Brüel & Kjær. I appreciated their
input and their interest in my research.

Thank you as well to Vicente Cutanda Henriquez for his help on numerical meth-
ods.

It was also a great pleasure to be a part of the Acoustics Group of DTU during
these three years. Special thanks to Mélanie Nolan, Samuel Verburg, Gerd Marbjerg,
Peter Risby Andersen, Henrik Hvidberg and Alexander King for being so helpful and
supportive during my PhD.

Finally, I would like to thank my friends and family for all the support they offered.



viii



List of symbols

Symbols

a Specular absorption coefficient
c Speed of sound [m.s-1]
Eabs Absorbed energy
Einc Incident energy
Er(Ω) Angular distribution of the reflected energy
Eref Reflected energy
Escat Scattered energy
Espec Specularly reflected energy
f∞ Far-field pattern [Pa.m]
H Sensing matrix
p Sound pressure [Pa]
ps Scattered pressure [Pa]
pt Total pressure [Pa]
p0 Undisturbed pressure [Pa]
p Vector of measured pressures [Pa]
R Reflection factor
s Scattering coefficient
un Normal component of the particle velocity [m.s-1]
x Vector of source strengths
ZS Surface impedance
α Absorption coefficient
δ Diffusion coefficient
Πabs Absorbed power [W]
Πinc Incident power [W]
ρ Density [kg.m-3]
ψ Incidence angle [rad]
Ω Angular direction [sr]



x List of symbols

Abbreviations
BEM Boundary Element Method
BRDF Bidirectional Reflectance Distribution Function
CS Compressive Sensing
DISC Directional Scattering Coefficient
FEM Finite Element Method
HIE Helmholtz Integral Equation
ISO International Organization for Standardization
NAH Near-field Acoustical Holography



Publications
Paper A
A. Richard, E. Fernandez-Grande, J. Brunskog and C. Jeong, “Estimation of surface
impedance at oblique incidence based on sparse array processing,”
J. Acoust. Soc. Am., vol. 141, no. 6, pp. 4115–4125, 2017. doi 10.1121/1.4983756
Paper B
A. Richard and E. Fernandez-Grande, “Comparison of two array geometries for sur-
face impedance estimation,”
J. Acoust. Soc. Am., vol. 146, no. 1, pp. 501-504. doi 10.1121/1.5116705
Paper C
A. Richard, D. Fernandez Comesaña, J. Brunskog, C. Jeong and E. Fernandez-Grande
“Characterization of sound scattering using near-field pressure and particle velocity
measurements.”
(Under revision)
Report D
A. Richard, U. P. Svensson and E. Fernandez-Grande “Characterization of scattering
by a finite surface.”

The publications listed below were also published during the project, but they are not
essential to the dissertation. Some minor aspects specific to these publications are
however mentioned, so they are available as appendices.
Additional Paper 1
A. Richard, E. Fernandez-Grande, J. Brunskog and C. Jeong, “Impedance estimation
of a finite absorber based on spherical array measurements,”
Proceedings of the 22nd International Congress on Acoustics, Buenos Aires, Argentina,
2016 [83].
Additional Paper 2
A. Richard, E. Fernandez-Grande, J. Brunskog and C. Jeong, “Characterization of
acoustic scattering from objects via near-field measurements,”
Proceedings of Euronoise, Heraklion, Crete, 2018 [82].
Additional Paper 3
J. Hald, W. Song, K. Haddad, C. Jeong and A. Richard, “In-situ impedance and
absorption coefficient measurements using a double-layer microphone array,”
Appl. Ac., vol. 143, pp. 74–83, 2019. doi 10.1016/j.apacoust.2018.08.027 [39].



xii



Contents
Preface i

Abstract iii

Resumé v

Acknowledgments vii

List of symbols ix

Publications xi

Contents xiii

1 Introduction 1
1.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Tools for sound field analysis . . . . . . . . . . . . . . . . . . . . . . . 2
1.3 Objective . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.4 Structure of the thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2 Characterization of absorption 5
2.1 State of the art . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.2 Proposed method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.3 Comparison of two array geometries . . . . . . . . . . . . . . . . . . . 14
2.4 Numerical study of finiteness . . . . . . . . . . . . . . . . . . . . . . . 15
2.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

3 Characterization of scattering 19
3.1 State of the art . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
3.2 Proposed approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
3.3 Characterization of finite surfaces . . . . . . . . . . . . . . . . . . . . . 26
3.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
3.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

4 Discussion 31



xiv Contents

5 Conclusion and perspectives 33
5.1 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
5.2 Future work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

Bibliography 35

Paper A 43

Paper B 55

Paper C 61

Report D 73

Additional paper 1 87

Additional paper 2 99

Additional paper 3 109



CHAPTER1
Introduction

1.1 Background
Acoustics is a key aspect in the design of rooms, such as classrooms, auditoria, record-
ing studios, concert halls, etc. In order to ensure a comfortable environment, it is
necessary to control acoustic phenomena such as reverberation and sound reflections.
The sound field in such spaces depends heavily on the properties of their boundaries.
Therefore, there is a need to characterize surfaces precisely, as well as their effect on
their environment.

In architectural acoustics, the effect of boundaries is generally described using
high-frequency models, where an incident ray is reflected on an infinite surface [97],
as illustrated in Fig. 1.1. A surface in a room can absorb a part of the incident
energy, for instance due to visco-thermal effects, or transmit it to the exterior. The
rest of the energy is reflected by the surface back into the medium. A perfectly
flat infinite surface reflects the ray in one given direction, known as the specular
direction. Conversely, a rough surface causes at least a part of the reflection to
be scattered in multiple directions. This rather simple model illustrates the two
phenomena that must be characterized to describe surfaces, namely absorption and
scattering of sound. Actually, these two surface properties make it possible to adjust
the acoustic conditions in a room of given shape. This is typically done by applying
acoustic elements, such as absorbers (e.g. mineral wool) or diffusers (e.g. quadratic
residue diffusers) on the walls or the ceiling [21].

The reflection of sound by a surface is a complex three-dimensional process. It
has been the subject of extensive research, especially in order to quantify absorption
and scattering by the surface [12, 23]. Previous studies have led to the development
and the standardization of laboratory measurement techniques [46–50]. The existing
methods to describe sound absorption and scattering will be described more specifi-
cally in Chapter 2 and Chapter 3, respectively. However, it should be noted that the
characterization of surfaces is generally based on simplifying assumptions, so that
it is accessible to a wide variety of users. As a result of these simplifications, the
standardized approaches are not sufficient to fully characterize a given surface. They
ignore critical aspects such as phase information or spatial information.

An accurate characterization of surfaces is particularly important for the develop-
ment of numerical room acoustics models. Indeed, computer models offer an efficient
solution to predict sound field in enclosures. These models include boundary condi-
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Figure 1.1: Effects of a surface in a ray model.

tions, which are often simplified, in order to reduce the computation cost [87]. Nev-
ertheless, numerical models could greatly benefit from a more accurate description
of surfaces, which is made possible as computing capacity increases. For instance,
including phase information can improve predictions of the sound field in rooms [55,
63].

1.2 Tools for sound field analysis
In general, the acoustic properties of surfaces are characterized in a nondestructive
way by measuring the sound field above them. While the sound pressure can be
easily measured at one given location with microphones, the acoustic behavior of
surfaces can be better understood if more information on the sound field is captured,
in particular in terms of spatial variations. Such spatial features can nowadays be
measured with techniques based on array processing and other sensing methods.

Microphone arrays make it possible to measure the sound pressure simultaneously
at multiple locations, thus providing spatial information on the measured sound field
[8]. Therefore, they constitute a powerful tool to analyze the sound field. For in-
stance, beamforming techniques make it possible to estimate the direction of arrival
of a source [18]. Microphone arrays are also a central tool in near-field acoustical
holography (NAH) [64, 99], which aims at analyzing the sound field in the vicinity of
the array. NAH is typically used to study the behavior of a noise source but it also
makes it possible to reconstruct all sound field quantities, such as the sound pressure,
the particle velocity and the sound intensity [32].

In addition, a given sound field can also be described in terms of particle velocity,
besides sound pressure. According to Euler’s equation, the particle velocity is a
vector proportional to the gradient of pressure [53]. It thus conveys additional spatial
information on the sound field, which can for instance be used to estimate the sound
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intensity [52]. As a result, it has been of interest to develop techniques to measure
the particle velocity. The simplest approach is to measure the pressure with two close
microphones and use a finite difference approximation [45]. However, this approach
is problematic as it is sensitive to noise [51]. Alternatively, the introduction of the
Microflown sensor offers the possibility to obtain the particle velocity directly, by
measuring the temperature difference between two heated wires [27]. The resulting
estimation of the particle velocity is then more robust to noise, and it covers a broader
frequency range than the two microphone technique. The principle has also been
extended to a three-dimensional probe [101]. The use of particle velocity sensors has
been proven beneficial in array methods such as near-field acoustic holography [54].

In summary, the development of more complex measurement tools makes it possi-
ble to characterize sound fields more precisely, especially by adding spatial informa-
tion. This can be of interest for analyzing the sound field near a given surface, and
hence study the acoustic properties of the surface.

1.3 Objective
The goal of this work is to develop methods to characterize the acoustic properties of
surfaces, both in terms of absorption and scattering of sound. The proposed methods
rely on spatial and temporal information as a way to capture the effect of surfaces
on the sound field. Such information can be measured with array systems as well as
pressure and particle velocity sensors.

Conforming to the literature, the thesis treats absorption and scattering separately.
The same approach is adopted for each of the two properties. In the first place,
a proper quantity must be selected to describe the surface. The chosen quantity
must provide extensive information on the surface, including aspects such as phase
information. Secondly, a measurement method based on sound field measurements
must be proposed to evaluate the chosen quantity. An important sought-after feature
is the adaptability to in situ measurements, as opposed to approaches that require
specific laboratory conditions. The proposed methods are analyzed both through
numerical and experimental tests.

It should be noted that we focus on methodologies to characterize surfaces, and
not on the inclusion of the surface properties in the numerical models, which would
constitute a next logical step to the present work.

1.4 Structure of the thesis
The present thesis consists of four publications which examine the acoustic character-
ization of surfaces.

Chapter 2 presents the contribution with regards to absorption, focusing on a
microphone array method to reconstruct the sound field on the surface. The method
is presented and tested in Paper A. Several aspects of the method are also investigated,
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including the comparison between two array geometries. These aspects are discussed
in Paper B.

Chapter 3 focuses on the characterization of scattering. The chosen approach,
which is based on near-field pressure and particle velocity measurements, is described
in Paper C. Possible extensions of the method are also explored, such as the extraction
of surface properties, in Report D.

Finally, Chapter 4 elaborates on elements for discussion and Chapter 5 summarizes
the main findings and indicates possible directions for future work.



CHAPTER2
Characterization of

absorption
The absorption properties of surfaces have been extensively studied in the last century,
leading to the standardization of two measurement methods, the ISO10534 in an
impedance tube [46, 47] and the ISO354 in a reverberation chamber [50]. However,
research is still ongoing to improve the understanding of absorption and to measure
it accurately.

This chapter presents the work conducted to evaluate and measure absorption by
surfaces. Section 2.1 reviews the existing quantities and measurement techniques to
estimate absorption. Section 2.2 introduces an array method which was developed
to characterize large samples. The method is the subject of Paper A. Section 2.3
compares two different array geometries for the study of absorption –from Paper B.
Finally, Section 2.4 examines finiteness effects through a numerical study.

2.1 State of the art

2.1.1 Quantifying absorption
The most common absorption descriptor is the absorption coefficient α. Based on an
energy balance, the absorption coefficient is defined as

α = Πabs

Πinc
, (2.1)

where Πabs is the absorbed power by the surface and Πinc is the incident power. It is a
frequency-dependent real number between 0 and 1, where a value of 0 corresponds to a
totally reflective surface and 1 to a totally absorptive one. The demonstrative nature
of the absorption coefficient has made it very popular for surface characterization.
It appears in the existing standards [46, 47, 50] and it has been included in energy-
based room acoustics models such as ray-tracing. Note that the absorption coefficient
depends on the incident sound field. Therefore, different definitions can be found in
the literature depending on the incident field, such as random incidence, normal
incidence and oblique incidence [60].
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Another common approach is to compare the wave reflected by the surface to the
incident wave [60]. This can be done by means of a reflection factor R, which is the
ratio between the complex amplitudes of the reflected wave and the incident one. R
is a complex number, of amplitude inferior or equal to 1. It is related to the power
that is not absorbed, therefore

α = 1 − |R|2. (2.2)

A clear definition of the reflection factor requires a precise description of the reflected
wave, which is not always possible. A particular case where the reflected wave is
properly defined is the reflection of a plane wave on an infinite plane homogeneous
surface.

Finally, boundary conditions can generally be described using the concept of sur-
face impedance, which expresses the relation between the pressure and the particle
velocity at the surface. Impedance boundary conditions can be found in numeri-
cal models such as the Finite Element Method (FEM) and the Boundary Element
Method (BEM) [7]. The same information can also be presented in terms of surface
admittance, which is the inverse of the impedance. It is common to normalize the
surface impedance to the wave impedance of the medium (ρc), so that a value of 1
corresponds to a totally absorptive surface for normal incident plane waves,

ZS = 1
ρc

p

un
. (2.3)

In simple cases, it is possible to express the reflection factor as a function of the
surface impedance. For instance, for an incident plane wave on an infinite surface,
we have [60]

R = ZS cos(ψ) − 1
ZS cos(ψ) + 1

, (2.4)

where ψ is the incidence angle defined from the normal to the surface. This relation
is however not valid in general, as the reflection of an arbitrary wave by a surface is
also subject to diffraction. Nevertheless, Eq. (2.4) is frequently used to obtain a first
approximation of the reflection factor and the absorption coefficient, using Eq. (2.2).
In general, the surface impedance depends on the incident sound field. However,
in some cases a local reaction approximation can be made, where this dependence is
removed, in order to simplify the formulation of the sound field. For a locally reacting
surface, a local excitation at one point of the surface does not affect the rest of the
surface. Rigid materials with a relatively high flow resistivity can be considered as
locally reactive [13]. Moreover, local reaction is often assumed when a surface is
subject to an incident wave at near-normal incidence.

The case of an incident plane wave on an infinite boundary is extensively used,
due to the existence of simple relations between α, R and ZS . As an example, Fig. 2.1
shows the value of α as a function of ZS for normal incidence, following Eqs. (2.2)
and (2.4). The plot shows that a surface impedance of 1 corresponds to an absorption
coefficient of 1, and that large magnitudes of ZS represent reflective surfaces. The
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Figure 2.1: Absorption coefficient as a function of the surface impedance for an
infinite boundary and plane wave normal incidence.

figure also illustrates the fact that multiple values of ZS correspond to the same
absorption coefficient, as α does not contain any phase information.

A clear formulation of the reflected field is not always available, so the reflection
factor is generally not well defined. For instance, in the case of a point source above
an infinite absorbing plane surface, the formulation of the sound field shows that
the reflected wave is an integral that does not have a closed form [12]. Methods to
solve this equation numerically or to approximate it are frequent in the literature, e.g.
[94]. Simpler models have also been developed, which make it possible to estimate a
reflection factor from the formulation of the sound field. That is the case of Chien
and Soroka [17], who proposed a spherical reflection factor. Such models are however
only valid at high frequencies. In addition, for surfaces of finite size, the relation
between the absorption coefficient and the surface impedance is also more complex.
Thomasson showed that the finiteness of the sample could be understood as a so-called
field impedance, which led to an integral formulation of the absorption coefficient as
a function of ZS [93].

In summary, sound absorption by a surface is a process that depends on frequency
and on the incident sound field. The absorption coefficient is widely used to char-
acterize absorption, although it lacks phase information. The reflection factor is a
complex measure that compares the incident and the reflected wave, but it is poorly
defined in general. The surface impedance is therefore recognized as the most infor-
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mative quantity, as it is a complex number and it is directly related to the physical
behavior of the surface. Although these three quantities are easily related for a plane
wave impinging on an infinite plane boundary, more complex relations are in play for
more complex incident sound fields and for finite samples. In rooms especially, the
complex interaction between boundaries and the sound field makes the evaluation of
absorption challenging.

2.1.2 Measuring absorption
Two standardized measurement methods have been established in order to estimate
the absorption coefficient. In ISO10534 [46, 47], a small sample is placed at the end
of a narrow tube, named impedance tube, and a sound source is placed at the other
end. The pressure is measured at two different points inside the tube. Based on a
plane wave assumption, it is then possible to estimate the surface impedance, the
reflection factor and the absorption coefficient. It should be noted that the measured
quantities are only valid for normal incidence. In ISO354 [50], a large absorber sample
is characterized in a reverberation chamber. The absorption coefficient is estimated
using statistical considerations of the sound field (Sabine’s formula [85]), by compar-
ing the reverberation time in empty and occupied conditions. The incident field is
assumed diffuse, so that the obtained coefficient is defined for random incidence. It
should be noted that the two methods yield different absorption coefficients, due to
the different sound field conditions. Moreover, they offer a limited description of
absorption, for instance they do not include angle dependence. The experimental
conditions also bring uncertainties to the estimation; the sample in the impedance
tube may be subject to additional constraints [90], and the diffuse field assumption
in reverberation chambers is usually not entirely verified [56]. As a result of these
uncertainties, studies have shown that the estimated absorption coefficient can vary
considerably in different laboratories, as illustrated in Fig. 2.2 [44, 74].

The limitations of the ISO methods have led to the development of many alter-
native techniques. In particular, it has been of interest to study so-called in situ
methods, where surfaces are characterized in a real environment. The development
of such methods is commonly done in more controlled conditions, typically in free-
field. A review of in situ techniques to measure absorption can be found in [12]. A
first approach is to separate the incident and the reflected fields. The separation can
be done by time windowing [36], although it leads to poor estimation at low frequen-
cies. Another well-established separation method is the subtraction of the incident
field [67], which nonetheless depends heavily on the ambient conditions. Separation
methods are particularly suited to estimate the reflection factor.

Alternatively, the surface impedance can be estimated from sound field measure-
ments near the surface of a tested sample. Intuitively, the wave impedance, i.e. the
ratio of sound pressure and particle velocity above the sample, could serve as an
approximation of the surface impedance. However, the wave impedance is different
from the surface impedance, even at very small distances to the studied surface [6].
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(a) Impedance tube results [44].
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(b) Reverberation chamber results [74].

Figure 2.2: Inter-laboratory results for the estimation of the absorption coefficient
with the two standardized methods.

Therefore, the common practice is to fit measurements of the sound field to a sound
propagation model. The literature spans from simple plane wave models and local
reaction [4] to more complex formulations, including spherical waves and non-local
reaction (e.g. [3, 16, 73]). Similarly to the impedance tube, at least two sensors are
used in order to capture the spatial behavior of the sound field. The most common
approach makes use of a set of two pressure microphones (known as p-p measure-
ment) [4]. It is also possible to measure the pressure and the particle velocity above
the sample, with an intensity probe such as the one from Microflown (p-u measure-
ment) [14, 61]. It has been shown that the p-u measurement principle is more stable,
as it measures information at only one location, making it less dependent on the
propagation model [42]. However, these approaches depend on the accuracy of the
underlying sound field model, and they are restricted to specific incident conditions,
typically free-field. Most of the proposed free-field methods assume an incident wave
at oblique incidence, from which angle-dependent properties can be evaluated. How-
ever, other incident conditions have also been proposed so as to ensure a more realistic
environment, using several sound sources [75, 84].

It has also been proposed to measure the sound intensity close to the surface, in
order to estimate the absorption coefficient without the need of a sound field model [59,
95]. The drawback of characterizing sound intensity is that no phase information is
measured so only the absorption coefficient can be estimated. Note that the resulting
absorption coefficient in [59] is an “effective absorption coefficient” which is specific to
the incident field and the sample’s mounting conditions. Therefore it is not directly
comparable to laboratory measurements.

Microphone arrays have been used in absorption measurements as a way to mea-
sure the sound field at more locations, resulting in a larger amount of measured
information. Tamura [92] made use of pressure measurements on two parallel layers
and a spatial Fourier transform to separate the incident and reflected components
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and infer an angle-dependent reflection factor. The approach is valid for any sound
field. Arrays were also used to localize the incident and the reflected fields with
beamforming techniques, using a directive linear array [28] or a spherical array [80].
The aim was to estimate a reflection factor, especially in more complex environments.
Furthermore, fitting measurements to a numerical model can be implemented with a
microphone array, as proposed by Ottink et al. [76], who used a model of a plane
wave incident on a finite surface. Finally, methods have been proposed to reconstruct
the sound field on the surface, using near-field holography techniques [39, 76, 102].

In conclusion, the alternatives to the ISO techniques tend to favor measurements
close to the surface and they rely on sometimes strong assumptions on the sound field.
It should also be noted that most tests are carried out in controlled conditions, so
actual in situ measurements would probably bring experimental challenges.

2.2 Proposed method
A method was developed to estimate the angle-dependent surface impedance of a
large absorber sample, based on microphone array measurements and sound field re-
construction. The approach is similar to those presented in [39, 102]. One notable
specificity is that a spherical microphone array is used, as it has shown potential for
accurate sound field reconstruction [32] and source localization [77] as an omnidirec-
tional sensor. Paper A presents the method, as well as numerical and experimental
validations. This section summarizes the proposed method and points out its partic-
ularities with respect to the existing approaches.

A sketch of the experimental setup and a chart of the different steps of the method
can be found in Fig. 2.3. The method relies on the reconstruction of the sound field on
the surface of the tested sample. The reconstruction is based on the local expansion
of the measured sound field as a set of elementary waves, either with plane waves
[79] or with point sources [32]. We assume that the measured pressures by the M
microphones of the array are due to the superposition of L elementary waves. The
problem can be expressed as

p1
p2
...
pM

 =


h1,1 h1,2 · · · h1,L

h2,1 h2,2 · · · h2,L

...
... . . . ...

hM,1 hM,2 · · · hM,L



x1
x2
...
xL

 , (2.5)

or more simply
p = Hx, (2.6)

where p contains the pressures measured by the array pi (i = 1, ...,M), x is an
unknown vector of the source strengths xj (j = 1, ..., N) (plane wave amplitudes or
volume velocities of monopole sources), and H is a transfer matrix. H is often referred
to as sensing matrix. Equation (2.6) must be inverted in order to estimate x. A large
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Figure 2.3: Overview of the proposed impedance estimation method with a micro-
phone array.

number of elementary waves are used to ensure a sufficient spatial resolution of the
sound field. Therefore, Eq. (2.6) is typically underdetermined and it is solved with
regularization techniques [15, 40]. Once an estimate of x is found, the elementary
waves are propagated to the sample’s surface in order to calculate the pressure and
the particle velocity. The surface impedance is finally obtained, using Eq. (2.3).
In Paper A, numerical and experimental results show an accurate estimation for
incidence angles below 60° and for frequencies between 200 and 4000 Hz. The errors
are mostly due to a faulty estimation of the particle velocity, as the microphone array
only measures pressure information [32, 54].

The angle-dependent surface impedance is chosen as a characterizing quantity
because it offers extensive information on the surface, such as phase information on the
reflection and dependence on the incident sound field. By definition, it also describes
well the physical interaction between the sound field and the surface. Note that we
assume the tested materials to be homogeneous so that they can be characterized
by a constant surface impedance. Furthermore, we suppose that the incident field
is solely described by an incidence angle, which is true for plane wave incidence in
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free-field. We consider this assumption valid if the source is sufficiently far away from
the sample. That is why the numerical and experimental tests shown in Paper A
are carried out in free-field, with a source not too close to the sample. Moreover, as
was discussed in Sec. 2.1, the absorption coefficient can be calculated from the surface
impedance. Paper A makes use of a plane wave approximation and Eqs (2.2) and (2.4)
to obtain the absorption coefficient, which is only accurate for angles close to normal
incidence. Nevertheless, the surface characterization is based on the evaluation of
both the sound pressure and the particle velocity fields, which are actual physical
quantity, so other models to calculate the surface impedance and the absorption
coefficient can be applied.

The underlying wave decomposition carried out in the proposed method can be
used to analyze the measured sound field. The chosen basis of elementary waves,
whether plane or spherical, covers all possible directions of arrival. Therefore, any
incoming component on the microphone array can be detected. In Paper A, due to
the large size of the sample, the sound field is mainly composed of an incident and
a reflected component, which is clearly visible when inspecting the estimated source
strengths. This is in accordance with traditional simple reflection models, such as the
reflection of a plane wave on an infinite surface [60] or the image source model [5].
Furthermore, the accuracy of the sound field reconstruction is conditioned by how
well the elementary wave basis represents the sound field. This is especially true if
the reconstruction distance (i.e. the distance between the array and the surface) is
much larger than the wavelength. In Paper A, the wave basis is designed to fit the
image source model: the equivalent sources are placed on a sphere that includes the
source and image source locations (see Fig. 2.4).

Moreover, as Eq. (2.6) is underdetermined, it does not have a unique solution.

Figure 2.4: Positioning of the equivalent sources in the experiment of Paper A. The
source and image source locations are included.
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Figure 2.5: A comparison between an impedance estimation based on Tikhonov
regularization and Compressive Sensing on simulated results. Left side:
equivalent source strengths at 500 Hz. Right side: estimated surface
impedance (upper graph) and absorption coefficient (lower graph). A
theoretical reference based on Miki’s model for porous abosrbers [66]
and a plane wave model of the surface reflection [1] is added for both
the surface impedance and the absorption coefficient..

It is thus essential to select a physically acceptable solution x̃, in order to ensure a
good wave representation of the sound field, and hence an accurate sound field re-
construction. A conventional way of solving such inverse problems is the Tikhonov
regularization, which minimizes the energy of the solution [40], but other regulariza-
tion strategies are possible. The inclusion of prior knowledge on the solution x can
particularly improve the solving of Eq. (2.6). In Paper A, the measured sound field is
mainly composed of an incident and a reflected component, so it can be represented
with a few elementary waves. In that sense, we expect x̃ to be sparse, i.e. with few
non-zero components. Therefore, Compressive Sensing (CS) is used as a regulariza-
tion strategy instead, as it is designed to resolve such sparse problems [15]. In terms
of NAH, it has been shown that CS can greatly improve the reconstruction of sparse
sound fields, compared with traditional least-square methods [33, 34]. As an illus-
tration, Fig. 2.5 compares the present impedance estimation method using CS and
Tikhonov regularization on simulated measurement data. At 500 Hz, the CS solution
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to Eq. (2.6) clearly shows an incident and a reflected component, while the Tikhonov
solution shows a spread of energy over more wave components. Fig. 2.5 also demon-
strates that the estimation of both the impedance and the absorption coefficient is
more accurate and more robust to noise with CS. These results show that in free-
field, CS does improve the estimation of the surface impedance. However, it should
be noted that the sparsity assumption would not necessarily hold in more complex
sound fields. For instance, sound fields in rooms would present multiple reflections.

In conclusion, the presented method makes use of microphone array measurements
to characterize the sound field on the surface of a large sample. A surface impedance
can then be inferred, so phase information on the reflection is also included. The
method does not rely on any explicit model of the sound field, which makes it adapt-
able to more complex environments.

2.3 Comparison of two array geometries
The sound field reconstruction techniques that are used for the impedance estimation
are valid for any array geometry. Planar and spherical arrays are the most common
ones in NAH due to their spatial properties. Planar arrays can be positioned close to a
studied plane surface, which facilitates sound field reconstruction [35]. The use of two
close layers makes it possible to separate ingoing and outgoing sound field components
[10]. Such planar geometries are therefore useful to study the sound field locally on
a “patch”, e.g. on the surface of a vibrating body or of an absorber [38]. They
have also been used for impedance measurements [39, 76, 102]. On the other hand,
spherical arrays constitute an omnidirectional sensor, which is particularly suitable
for the spatial analysis of sound fields [78].

A comparison study of spherical and planar array systems was carried out to
evaluate their performance in absorption measurements. In particular, the effect
of the array geometry on the mathematical properties of the sensing matrix was
investigated. The study is reported in Paper B, which compares a double layer planar
array containing 128 microphones [39] and a rigid spherical array of 64 microphones,
used in Paper A (see Fig. 2.6). In addition to the study of the sensing matrix, Paper
B also compares the estimation of the impedance of a sample with the two arrays.

The comparison between the arrays is based on the study of the inverse problem
Eq. (2.6), and more specifically on the sensing matrix H. By definition, the sensing
matrix depends on the chosen elementary wave basis, the microphone array and
frequency. In Paper B, the wave basis is a set of propagating plane waves covering all
directions of arrival. Hence we focus on the influence of the array geometry on the
matrix H, as well as the matrix’s frequency dependence.

The study investigates the correlation between the columns of the sensing matrix.
Indeed, linearly dependent columns decrease the rank of the matrix, which worsens the
numerical conditioning of the inverse problem. Physically, linearly dependent columns
correspond to elementary waves that result in a similar set of measured pressures by
the microphone array, so they cannot be differentiated. The studied correlations are
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Figure 2.6: Photo of the investigated arrays. Left: double layer planar array (source:
B&K, Nærum, Denmark). Right: rigid spherical array.

in fact the terms of the Gram matrix, which is used in the literature as a coherence
measure for the sensing matrix [34, 100]. It is shown that the terms of the Gram
matrix decrease with frequency and that the planar array yields more correlated
columns than the spherical array. This means that the planar array captures more
redundant information, which makes it less favorable for solving Eq. (2.6).

In addition, the impedance of a large absorber is estimated with both arrays. The
estimation is more accurate and more robust to noise with the planar array, in spite
of its worse numerical conditioning. This is due to the small distance between the
planar array and the sample’s surface (1.3 cm). The pressure on the surface is similar
to the measured one, and the sound field reconstruction is less dependent on the
underlying wave expansion.

In conclusion, different array geometries are appropriate for different applications.
The spherical array captures more spatial information on the sound field, which in
return leads to a more accurate model of the measured sound field. On the other hand,
the planar array geometry ensures a small distance between all its sensors and the
studied surface, which is beneficial to evaluate the sound field locally on the surface.

2.4 Numerical study of finiteness
The finite size of the sample is a common issue in absorption measurement methods,
as they are generally based on infinite surface models. Both theoretical [93] and ex-
perimental [11, 42] investigations on the size effect can be found in the literature.
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Numerical simulations can be a way of studying such experimental challenges. Espe-
cially for free-field setups, BEM simulations remain relatively simple to recreate the
measurement conditions accurately [11, 72]. This section investigates the effect of
finiteness on the estimation of surface impedance through experimental and numer-
ical simulations, and it suggests approaches to address this issue. This study is not
included in the publications.

The studied setup consists of a monopole source, a rigid spherical array, a sample
of finite size and a large rigid backing plate, similar to the one in Paper A (see Fig. 2.3).
In order to accentuate finite size effects, experimental and numerical tests were made
on a smaller sample than in Paper A (dimensions 1.2 × 0.6 m2). Three different cases
are simulated, as presented in Fig. 2.7: case (a) represents an infinite sample that
is calculated analytically [94], case (b) consists of a finite sample on an infinite rigid
baffle, case (c) contains a finite sample and a finite rigid baffle. Cases (b) and (c) are
implemented using the OpenBEM software [24]. The finite rigid baffle in case (c) has
the same dimensions as the one used experimentally (14 m2).

Figure 2.8 compares the estimated surface impedance for the three numerical mod-
els and for the corresponding experimental results. An absorption coefficient is also
calculated as a first approximation with Eqs. (2.2) and (2.4). A reference theoreti-
cal curve is also shown, based on a porous absorber model [2, 66]. All estimations
deviate from the theoretical results below 250 Hz. The infinite sample model (a) is
the closest to the theoretical value, where only a small deviation in Re(ZS) is visible.
The introduction of sample finiteness in case (b) leads to an increase in both the real
and imaginary part of ZS , which increases the absorption coefficient. In addition,
the finiteness of the baffle in case (c) results in additional oscillatory effects, which
are also visible in the experimental results (e.g. at 150 Hz). Note that even case (c)
does not totally match the experimental estimation, although it is the most similar
to the experimental setup. The deviations can be due to the presence of noise in the
measurements. Indeed, given the array’s dimensions, the estimation is particularly
sensitive to noise at low frequencies.

In the proposed array method, a possibility to characterize the sample’s finiteness
is to represent edge scattering with some elementary waves of the basis. Provided
that the effect is well described by a set of waves, it could be possible to discard these
waves in the reconstruction. The remaining waves would then represent an infinite

Figure 2.7: Three numerical models to study the influence of finiteness.
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sample. This approach can be justified by high frequency models, such as [91], where
a clear contribution of the edges is represented with point sources. Initial numerical
tests were done in [83] (not included in the thesis). The results show that discarding
edge sources does affect the estimation of the absorption coefficient. Nevertheless, it
is unclear if the estimation is actually improved. CS is possibly not an acceptable
choice of regularization, as the matrix is highly coherent at low frequencies and the
wave decomposition is probably less sparse. Other regularization techniques could
possibly be tested, such as the elastic net, which minimizes both the ℓ-1 norm and
the ℓ-2 norm of the solution [81].

In summary, the impedance estimation is not only influenced by sample finiteness,
but also by the finite size of the baffle. The difficulty in compensating for such edge
effects is that they depend on multiple parameters, including the incident sound field
and the absorber’s properties.

2.5 Conclusion
An array method was presented to evaluate the surface impedance of a large ho-
mogeneous sample. The method provides an elementary wave decomposition of the
measured sound field, which is used to reconstruct the sound field and estimate the
impedance on the surface of the sample. Both numerical and experimental results
show that the impedance can be accurately estimated with the proposed method.
It should be noted that the validation of the present method relies on theoretical
impedance references, due to the lack of reference measurements at oblique incidence.
Moreover, although the presented tests are done in simple environments, the setup is
versatile and little prior information is required, so it can be adapted to more complex
situations.

Although the principle is valid for any microphone array, it was shown that the
array geometry directly affects the performance of the method. An extended volume
of the array ensures a better spatial model of the sound field. Besides, short distances
between the sensors and the sample favor an accurate sound field reconstruction.

The accuracy of the method is conditioned by the conformity of the underlying
wave model to the actual sound field. It would therefore be beneficial to fully charac-
terize the measured sound field, including spurious reflections and diffraction by the
edges of the sample.



CHAPTER3
Characterization of

scattering
Diffusers have been developed to enhance the acoustic conditions of rooms, for in-
stance in order to ensure a more even distribution of the sound field, or to avoid
strong reflection paths. The scattering effect that these elements introduce is due
to irregularities on boundaries, such as a non-flat geometry (e.g. Schroeder diffusers
[88]) or a varying surface impedance [69]. Such irregularities can be included in wave
based methods such as FEM and BEM, although they are computationally expen-
sive at high frequencies and in large spaces. Therefore, in the field of architectural
acoustics, scattering by rough surfaces is commonly characterized by a macroscopic
surface property [26], which is easier to implement in numerical models, such as in
geometrical acoustics. Similarly to the characterization of absorption discussed in the
previous chapter, several approaches have been tested to describe surface scattering,
which led to the development of different quantities and measurement methods.

The present chapter focuses on the contributions with respect to scattering char-
acterization. A literature review is presented in Sec. 3.1. The developed approach,
which is treated in Paper C, is introduced in Sec. 3.2. Section 3.3 presents the con-
tributions of Report D on the study of scattering by finite surfaces. Finally, the
proposed method is discussed in Sec. 3.4.

3.1 State of the art

3.1.1 Surface scattering measures
An introduction to the characterization of scattering in the field of architectural
acoustics can be found in [23]. Instead of characterizing the surface itself, the existing
approaches study the directional properties of the reflected sound.

Surface scattering is usually described using a high-frequency model of an incident
ray on an infinite surface (see for example [97]). In this model, the reflection over a flat
surface is purely specular and is represented by one ray in one direction. Conversely, a
rough surface redirects the reflected energy in multiple other directions. The difference
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Figure 3.1: A ray interpretation of surface scattering. (a) Reflection over a flat
surface. (b) Reflection over a rough surface.

between a flat and a rough surface is illustrated in Fig. 3.1.
The most complete description of surface scattering is the angular distribution of

the reflected field. It appears recurrently in the literature, for instance to demonstrate
the scattering effect of a diffuser design [88]. A similar directivity measure was pro-
posed by D’Antonio et al. [25], called Directional Scattering Coefficient (DISC) . This
angular distribution depends on the incident field and frequency. The dependence
on the incident field can be simplified to an incidence angle, if the incident field is a
plane wave. Given the large amount of data that such a distribution represents, it is
common to restrict it to one or two significant planes. In addition, coefficients have
been designed, so as to rate scattering with one figure of merit.

Firstly, the scattering coefficient is based on the energy balance at the surface,
namely [97]

Einc = Eabs + Eref = Eabs + Espec + Escat, (3.1)
where Einc represents the incident energy, Eabs is the absorbed energy, and the re-
flected energy Eref is separated into a specular part Espec and a scattered part Escat.
The scattering coefficient s is defined as the ratio

s = Escat

Eref
. (3.2)

It is a number ranging between 0 and 1. Combining Eqs. (3.2) and (2.2), the specular
energy Espec can be expressed as

Espec = (1 − s)(1 − α)Einc = (1 − a)Einc. (3.3)

The coefficient a is called “specular absorption coefficient”, and represents an apparent
absorption coefficient when the specular reflection is taken as the reflected field. The
following relation is obtained,

s = a− α

1 − α
, (3.4)

which shows that the scattering coefficent can be estimated from the characterization
of the specular reflection. The scattering coefficient represents the proportion of
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scattered energy by a given surface. It is commonly used in energy-based numerical
models, in order to determine the relative strengths of specular and diffuse reflections.
Diffuse reflections are typically represented with a simple model, such as Lambert’s
cosine law [43]. This illustrates that the scattering coefficient does not carry any
directional information. Generally, it is well suited to statistical studies, for instance
if a rough surface is described with a random variable [29].

Alternatively, the diffusion coefficient δ is a number between 0 and 1 that measures
the uniformity of the reflection. It is calculated from the angular distribution of
the reflected pressure. Several diffusion measures have been proposed [41], such as
standard deviation [20] or based on spherical harmonics [71]. The autocorrelation
of the response has been preferred in the literature, as it covers the whole range of
values between 0 and 1 [41]. For a discretized reflected energy distribution Er(Ωi) in
N angular directions Ωi (i = 1...N), δ can be calculated as [23]

δ =

(∑N
i=1 Er(Ωi)

)2
−

∑N
i=1 Er(Ωi)2

(N − 1)
∑N

i=1 Er(Ωi)2
, (3.5)

assuming that all the directions cover the same solid angle. The diffusion coefficient
represents a spatial characteristic of the reflected field. It is rarely included in numeri-
cal models, but it is used in diffuser design as a way of rating the efficiency of diffusers.
A drawback pointed out in [23, 41] is that, whereas values of 0 and 1 correspond to
well-defined cases (totally specular and totally diffuse reflection, respectively), the
rest of the scale does not have a clear physical meaning.

In summary, the reflection of sound by an irregular surface is a complex process,
which makes it challenging to fully characterize scattering by surfaces. Commonly,
scattering is described using spatial properties of the reflected field. Two coefficients
have been designed to describe it, namely the scattering and the diffusion coefficient.
They focus on different aspects of the reflection, so they have different applications.
As a result, there is no clear relation between them. Both coefficients are defined
under an infinite surface assumption, that holds at high frequencies. Finally, their
dependence on the incident field is often treated as an angle dependence, similarly
to absorption, although the concept of a diffuse incident field also appears for the
scattering coefficients [97]. Both the scattering and the diffusion have been included
in the ISO17497 standard [48, 49].

3.1.2 Measurement methods
As explained in Sec. 3.1, the scattering coefficient can be derived from the study of
the specular reflection. Vorländer and Mommertz proposed a measurement method
based on the rotation of the sample [97]. Assuming that the diffuse part of the
reflection is incoherent by rotation, it can be averaged out, making it possible to
isolate the specular reflection. Two setups have been presented, in free-field and
in a reverberation chamber, yielding respectively an angle-dependent and a random
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incidence coefficient. The reverberation chamber version has been standardized in
ISO17497 [48]; it bears similarities to the reverberation chamber method ISO354 to
measure the random incidence absorption coefficient.

Extensive information on scattering can be extracted from the angular distribu-
tion of the reflection. By definition, the diffusion coefficient is calculated from this
response, with Eq. (3.5). In addition, another definition of the scattering coefficient
has been proposed, based on the comparison of the reflected pressure with a reference
[68]. The reference is typically the reflected pressure from a flat rigid sample which
has the same dimensions as the measured sample. Note that this definition does not
correspond to the one given in [97], as it relies on a different averaging [86]. As a
result, many measurement methods in the literature actually aim at measuring such
an angular distribution [25, 30, 41, 57].

The distribution of the reflected field can be measured directly in free-field on
a half-circle or half-sphere above the sample, as proposed by Hargreaves et al. [41].
However, it has been shown that the measurements must be carried out in the far-field,
in order to avoid near-field interference effects [41]. As a result, the measurements
require large distances, which make experimental setups unpractical. Measurements
far away from the sample are also more likely to capture noise or unwanted reflections,
especially in non-anechoic environments. A way to reduce distances is to carry out
measurements on scale models (e.g. in [41]). In some studies, the reflected pressure
is measured on a plane above the sample and propagated on a larger hemisphere by
assuming a spherical decay of the reflected field [25, 30]. Still, the approximation
requires the plane to be far from the sample, and low angular resolution is obtained
in horizontal directions. It has also been proposed to use near-field measurements to
extrapolate the far-field pressure. Kleiner et al. captured the reflected pressure on
a plane near the sample and used a spatial Fourier transform to obtain the far-field
pressure [57]. However truncation errors are introduced, as the theoretical formulation
of the Fourier transform requires an infinite aperture. Müller-Trapet et al. measured
the reflected pressure on a sphere around the sample, which makes it possible to
estimate the far-field pressure with a spherical harmonics expansion [70].

3.1.3 Common challenges
First of all, the whole surface scattering framework has been developed under the
assumption of an infinite surface. However, all measurements are necessarily carried
out on samples of finite size, which introduce edge diffraction effects besides surface
roughness. These effects are thus disregarded in the estimation of the scattering
and diffusion coefficients. Due to finiteness, typical angular pressure distributions
present lobes whose width depends on frequency and the sample size, as seen for
instance for flat-rigid panels [22]. This poses a problem of definition for concepts
such as specular reflection, which was defined as a single ray over an infinite surface.
Although a specular lobe is indeed visible in the angular distribution, it is unclear
how to evaluate the specular energy needed to obtain the scattering coefficient. The
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alternative scattering coefficient proposed by Mommertz [68] was motivated by this
finiteness issue, claiming that if the sample and the reference have the same size, then
the coefficient does not include size effect. Still, this assertion is not readily verified,
and indeed edge diffraction effects are still detected at lower frequencies and at grazing
incidence [58]. For the sample rotation method, it has been recommended to use a
circular sample, so that the setup is axisymmetric and edge diffraction is constant thus
coherent by rotation [37]. Nevertheless, this approach overlooks possible interactions
between the edge and the surface.

Furthermore, the experimental setups that were proposed in the literature present
practical challenges. The ISO scattering method requires a reverberation chamber to
ensure diffuse field conditions. Additional aspects that can lead to uncertainties have
been investigated, such as time variance or mounting conditions [98]. As for the
determination of the angular distribution of pressure, free-field conditions must be
assumed. This can be achieved in an anechoic or a semi-anechoic environment (e.g.
[41, 70]) or in large spaces where the late reflections are suppressed [30]. Moreover,
as discussed in Sec. 3.1.2, the far-field response must be determined, which supposes
large measurement distances. The proposed methods to reduce these distances [57,
70] still require a very specific measurement apparatus, which may be impractical.
In addition, it is also necessary to separate the reflected field from the incident field.
This operation, which has already been discussed in Chapter 2 for absorption, is
also a source of uncertainty. Separation strategies that appeared specifically for the
evaluation of scattering include Wave Field Synthesis [30], which makes it possible to
visualize the incident and the reflected wave fronts.

Finally, the scattering coefficient is commonly used in room acoustics models,
although it does not contain any spatial information on surface scattering. Conse-
quently, it introduces errors in the modeling of diffuse reflections, that may lead to
an inaccurate simulated sound field.

3.2 Proposed approach
Whereas surface scattering approaches typically assume infinite surfaces, we propose
to study scattering by finite samples instead, which is a more realistic problem. The
approach is based on the general scattering theory [19, 69], which describes scattering
by finite objects, therefore effects such as edge diffraction are taken into account.
Paper C presents the approach as well as a near-field measurement method.

3.2.1 Object scattering background
Scattering by an object is a common problem that is treated in every scientific domain
involving waves. It appears for instance in underwater acoustics [65] or electromag-
netics [9]. The problem having been thoroughly studied, it also benefits from a strong
mathematical background [19]. The fundamental concepts are recalled in Paper C.
The proposed idea is to use these concepts to characterize diffuser samples.
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A general definition of scattering is the disturbance introduced by an object in a
given undisturbed field. It is characterized by a sound field ps, called scattered field,
which is defined outside of the object as

ps = pt − p0, (3.6)

where pt is the total field (with the object) and p0 is the undisturbed field (without
the object). An illustration of the undisturbed, total and scattered fields for a plane
wave scattered by a rigid sphere is shown in Fig. 3.2. The scattered field is a radiating
solution of the wave equation, as the effect of the object decays with distance. As
a result, it can be described in the far-field with a directivity function f∞, called
far-field pattern in [19]. The far-field pattern is uniquely determined by the object,
under a given undisturbed field.

In Paper C, the object scattering approach has been applied to study acoustic
samples, such as diffusers of finite size. The samples are characterized by their far-
field pattern, under plane wave incidence. In free-field, it is defined in all directions of
space, including behind the samples where the shadowing effect of the sample can also
be studied. The concept is similar to directivity measures in architectural acoustics,
such as the DISC [25]. The main difference with conventional architectural acous-
tic methods is that the entire sample is explicitly characterized, meaning that edge
diffraction effects are also included. Moreover, it benefits from a rigorous definition,
compared with architectural acoustics approach, where aspects like sample size and
incident field are not always clearly stated. Finally, the far-field pattern is a complex
function, so it includes phase information on the scattered field.

Paper C shows that the far-field pattern contains extensive information on the
sample, including not only surface scattering, but also absorption, finiteness and
shadowing. It has therefore the potential to fully characterize the sample. Actually,
the far-field pattern in reflected directions in front of the sample is similar to the
angular distribution of the reflected pressure, which is frequently used in architectural

p0 pt ps

Figure 3.2: Scattering of a plane wave by a rigid sphere. From left to right: undis-
turbed, total and scattered instantaneous pressures.
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acoustics (see Sec. 3.1.1). It can therefore also be used to derive usual coefficients,
such as scattering and diffusion coefficients [82], as well as an absorption coefficient
(Paper C).

3.2.2 Measurement method
A method is presented to estimate the far-field pattern in Paper C. Figure 3.3 shows a
sketch of the measurement method. The method consists of near-field measurements
on a surface enclosing the sample, from which the far-field pattern is calculated, based
on the Helmholtz Integral Equation (HIE). The method requires the simultaneous
measurement of both the pressure and the particle velocity, which can be achieved
with current 3D sound intensity probes [101]. In addition, the calculation of the
far-field pattern requires the knowledge of the measurement positions. The use of
Microflown’s Scan&Paint 3D system [31] makes it possible to track the position of a
hand-held intensity probe. An example of a scanning pattern is shown in Fig. 3.4

Figure 3.3: Sketch of the far-field pattern estimation method. The total field is
measured by a p-u probe on a surface enclosing the sample. The far-
field is extrapolated with an integral equation.

The presented method has several advantages from the common existing methods
in architectural acoustics. Firstly, as a near-field technique, it relies on a simple
measurement procedure, where the sound field is scanned manually on an arbitrary
surface. Note that the operation still takes some time with the present apparatus
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Figure 3.4: An example of the scanning pattern with the Scan&Paint3D. Screenshot
from Microflown’s software.

(typically 15 minutes for the tested samples). Furthermore, due to the properties
of the HIE, the far-field pattern can be directly estimated from the measured field,
without the need to subtract the incident field. In addition, the far-field pattern is
obtained through a simple forward problem, which ensures that the estimation of the
far-field pattern is robust, provided a sufficiently high sampling resolution. Finally,
the estimation does not rely on any far-field approximation, as the propagation to
the far-field can be directly included in the HIE.

The experimental validation presented in Paper C shows an accurate estimation of
the far-field pattern up to 1 kHz. A finer measurement mesh is needed if the method
is to capture surface scattering effects, which typically occur at higher frequencies. It
is pointed out that only a small proportion of the measured near-field data is used
to estimate the far-field pattern. Consequently, an improved processing of the mea-
surements could increase the frequency range, without the need of a slower scanning
procedure.

3.3 Characterization of finite surfaces
The far-field pattern describes scattering by the entire sample. However, for samples
containing an upper rough surface, it can be of interest to extract scattering infor-
mation that is only due to the surface, for instance to model it in room acoustics
simulations. Report D proposes to manipulate the HIE in order to isolate the effect
of the surface. The far-field pattern is expressed as a sum of a contribution by the
rough surface (surface contribution) and a contribution by the rest of the sample (box
contribution). Such decomposition is quite common in high-frequency models, such
as the Kirchhoff approximation [96].



3.4 Discussion 27

The separation is verified using a series of 2D-BEM models. The main point is
to verify that the surface and the box contributions are independent from each other,
which is in principle not true at low frequencies. For samples of width 1 m, it is shown
that the separation is valid and the surface and the box contributions are relatively
independent down to 250 Hz (wavelength 1.7 m).

In addition, a potential measurement method is proposed and verified numeri-
cally, following a similar principle to Paper C. The far-field surface contribution is
estimated using near-field measurements of the sound pressure and the particle ve-
locity. However, as the estimation relies on the integration of the sound field on an
open surface, it is necessary to subtract the incident field.

Report D also shows that it is possible to reconstruct the far-field pattern of an
entire sample from the separate knowledge of the surface and the box contributions.
Such an approach has potential to be included in numerical models, where surface
properties are added on top of an object.

The approach presented in Report D establishes a framework to characterize sur-
faces independently of their mounting conditions. The identification of the surface
contribution is particularly needed when the sample itself has an important scattering
effect, for instance due to its thickness or at grazing incidence. This is not really the
case of the samples presented in Paper C, for which surface effects are clearly seen in
the total far-field pattern.

3.4 Discussion

3.4.1 Possible applications
The far-field pattern provides a full three-dimensional characterization of scattering
by a sample. It includes any type of disturbance on the sound field, such as absorp-
tion and scattering by surfaces, but also finite-size effects. It also contains phase
information, as a complex quantity.

It has been shown that surface properties can be extracted from the far-field pat-
tern. Firstly, a complete directional description of the reflected field is readily iden-
tified as part of the far-field pattern. Moreover, it is possible to estimate the usual
absorption and scattering coefficients. As a result, the presented near-field measure-
ment technique can stand as an alternative to traditional surface characterization
methods.

Another possibility to characterize both absorption and scattering by the sample
is to make use of the concept of cross-sections, which is the common approach in
the object scattering literature [69]. The absorption and the scattering cross-sections
are defined as the absorbed and the scattered powers over the incident intensity,
respectively. These quantities depend on the size of the sample and they are directly
related to the far-field pattern. An example of the use of cross-sections to describe
surface properties can be found in [62], where the properties of an absorbing strip are
studied.
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In addition, the far-field pattern can potentially be implemented in numerical
models, as it contains more information than the traditional absorption and scatter-
ing coefficients. Actually, a similar concept is presented in the model proposed by
Siltanen et al. [89], where the boundary conditions are described in terms of Bidi-
rectional Reflectance Distribution Functions (BRDFs). These functions correspond
to directivities that describe surface reflections. More generally, the far-field pattern
could describe the effect of any object of finite-size introduced in a given environment,
which is quite a realistic scenario.

Finally, it should be noted that the far-field pattern does not describe the bound-
ary per se. Instead, it characterizes the effect of a sample on a given sound field,
which illustrates the fact that scattering is indeed a global concept. Moreover, the
propagation from the near-field measurements to the far-field pattern is a forward
smoothing operation. If one wishes to recover the actual “local” properties of the
surface, such as its shape and its surface impedance, they will be confronted with
an ill-posed inverse problem. This has been handled in the literature, as a so-called
“inverse scattering problem” [19]. Nevertheless, the far-field pattern is clearly more
informative than such local properties to describe sound scattering.

3.4.2 Dependence on the incident field

An important issue is that by definition, the scattered pressure and hence the far-
field pattern depend on the undisturbed field. Note that this is also the case of all
coefficients that have been used in architectural acoustics, whether for absorption or
scattering.

A common practice, which is also adopted in Paper C, is to assume that the
undisturbed field is a plane wave, in which case the far-field pattern depends only on
an incidence angle. More complex undisturbed fields could then be treated as a sum
of plane waves. However, plane wave incidence is not easily achieved experimentally.
In a setup like in Paper C, it can be assumed that the source is sufficiently far away
so that the incident wave front is almost plane.

Moreover, the undisturbed field does not always correspond to the incident field
on the studied surface. A typical example is a semi-anechoic environment, which
contains a flat rigid floor. Some scattering measurement methods use such spaces as
a way to model a rigid wall, e.g. in [70]. However, in a semi-anechoic environment,
the undisturbed sound field also contains the reflection by the baffle, as shown in
Fig. 3.5. As a result, the reflection by the sample is not clearly visible in the far-
field pattern. This issue was investigated in [82]. Further analysis is hence needed
to clarify the relation between the reflected field and the far-field pattern in more
complex environments.
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Figure 3.5: Comparison of the undisturbed field in an anechoic space and in a semi-
anechoic space. In the semi-anechoic case, the undisturbed field and
the incident field are different.

3.5 Conclusion
This chapter has presented an approach to characterize scattering by surfaces. As in
practice this effect is always due to an object of finite size, the problem was extended to
scattering by finite samples. The samples are uniquely characterized by a directivity
function called far-field pattern. This function provides a full description of the
sample, including both absorption and scattering effects.

Although the far-field pattern represents the entire sample, it is also possible to
extract surface information from it. Whereas this is straightforward for thin samples,
the effect of the surface can be uncoupled from its mounting conditions by manipu-
lating the HIE.

A near-field measurement method was also presented, where the far-field pattern
is obtained by measuring both pressure and particle velocity around the sample. The
estimation is accurate, provided that the sound field is sampled at a sufficiently high
resolution.

The far-field pattern can be used to infer already established architectural acous-
tics coefficients and it shows potential to be included in numerical models.
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CHAPTER4
Discussion

This work has presented the development of two methods to characterize acoustic
properties of surfaces, namely absorption and scattering. Absorption is quantified
by a surface impedance, which is estimated by reconstructing the sound field on the
studied surface. Scattering is defined for a sample of finite size. It is described with
a far-field pattern, which is obtained by propagating the sound field near the sample.
Both the surface impedance and the far-field pattern include angle and frequency de-
pendence as well as phase information. They are suitable for describing the complex
interaction between the sound field and the surface. Furthermore, it has been shown
that the usual architectural acoustics coefficients can be inferred, so the proposed
methods could be used as alternatives to the existing surface characterization tech-
niques. Several aspects should still be investigated, such as the repeatability of the
experimental procedure or tests with different materials.

The presented methods for absorption and scattering follow fundamentally dif-
ferent approaches. On the one hand, the impedance estimation method is based on
an inverse problem, which studies physical phenomena on the surface. On the other
hand, the scattering method consists of a forward propagation which characterizes
the effect of the sample on the sound field. Therefore, while the former focuses on
local properties, the latter aims at global properties instead. A global characteriza-
tion has the advantage that it does not depend on assumptions on the surface, such
as homogeneity or local reaction. Moreover, the far-field pattern makes it possible
to study simultaneously absorption and scattering. Conversely, scattering cannot be
clearly described with local surface information such as impedance, as it is in itself a
macroscopic effect due to surface irregularities.

As a result, the finiteness of the sample has different effects in the two approaches.
In the impedance method, edge diffraction contaminates the impedance calculation,
as the estimation is based on an infinite surface model. The resulting oscillations
appear frequently in the absorption literature [11]. In the scattering method, the size
effect is included in the far-field pattern. So far, it is unclear whether size independent
information can be extracted from it. All in all, the relation between edge effect and
surface properties is complex, and any attempt to model it or compensate for it is
very case dependent.

Finally, both methods benefit from a rather simple and portable experimental
setup, which is prone to an extension to in situ measurements. Nevertheless, the
present tests were carried out in free-field conditions, which ensure a simple sound field
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and a high signal-to-noise ratio. Special properties of the free-field were specifically
used to validate the methods. Assumptions like sparsity in Paper A and free-field
conditions in Paper C will not hold in actual rooms. Therefore, the adaptation of the
methods to in situ measurements requires further analysis.



CHAPTER5
Conclusion and

perspectives
5.1 Summary
This project has investigated the characterization of the acoustical properties of sur-
faces, focusing on absorption and scattering. The effect of surfaces on a given sound
field is a complex phenomenon, whose characterization can be of interest for appli-
cations like modeling or the design of acoustic elements. This work presented two
different approaches to address absorption and scattering respectively, based on sound
field measurements near the tested surface.

Sound absorption by a surface was characterized by an angle-dependent surface
impedance, which directly relates to the physical interaction between the medium and
the studied surface. A measurement method with a microphone array was proposed,
based on the full reconstruction of the sound field on the studied surface. Both the
pressure and the particle velocity were reconstructed using a wave expansion of the
sound field. Tests with different array geometries show that placing sensors close to
the the surface improves the sound field reconstruction, whereas sampling the sound
field over a more extended domain (e.g. with a spherical array) yields a better sound
field model. The method assumes an infinite surface, so the finite size of the sample
disrupts the estimation at low frequencies.

In order to characterize scattering, it was chosen to study the effect of a sample
instead of a theoretical infinite surface. Samples can be described with a unique far-
field pattern that only depends on the incident field. The far-field pattern contains
extensive information on the sample, including absorption, scattering and size effects.
Information specific to a finite surface can also be extracted by manipulating the
Helmholtz Integral Equation (HIE). A measurement method was developed where
the pressure and the particle velocity were measured in the near-field with a 3D
sound intensity probe. The far-field pattern was then estimated by propagating these
near-field measurements with the HIE. The estimation is particularly robust as it is
a forward problem. Some practical issues should be overcome, especially in order to
increase the frequency range and capture rough scattering effects.

All in all, the proposed work provides applications to sound field sensing tech-
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niques and instruments, such as microphone arrays and sound intensity probes. Both
methods make use of spatial and temporal information on the sound field in order to
infer an extensive description of the surface properties. The proposed measures show
potential to be included in numerical models. Moreover, the measurement procedures
have potential to be adapted to in situ conditions.

5.2 Future work
Regarding the impedance estimation method, it has been shown that the result is
dependent on the underlying wave model of the sound field. This could be investigated
further, for instance using alternative regularization strategies (e.g. the elastic net
minimizes both the ℓ-1 norm and the ℓ-2 norm of the solution [81]). If an accurate
representation of the sound field is ensured, then the proposed approach to detect and
suppress unwanted components can be tested further, with a potential to avoid edge
diffraction effects or adapt the method to more complex environments. Furthermore,
it could be of interest to benchmark the method with different materials, as the
estimation may dependent on the boundary conditions on the surface. For instance,
for reflective materials, the normal particle velocity is small so it should be more
challenging to reconstruct.

The scattering characterization approach shows potential for further development,
as it fully describes samples, both in terms of absorption and scattering. The depen-
dence of the far-field pattern on both of these properties could therefore be examined.
Moreover, it was shown that the far-field pattern was a size-dependent function. It
could be of interest to study the influence of sample size, especially for homogeneous
surfaces. In addition, the dependence of the far-field pattern on the sound field should
be investigated further. A better analysis of reflection properties is indeed needed
in more complex sound fields. A possibility could be to decompose a given complex
sound field as a superposition of plane waves. Finally, it should be noted that the
method is valid for any object geometry. Therefore, it could be possible to investigate
scattering by more complex objects, such as furniture.

An application to the proposed characterization methods is their inclusion in nu-
merical models, as they provide a more complete description of surface reflection than
the traditional energy-based absorption and scattering coefficients. In particular, the
far-field pattern would make it possible to characterize absorption and scattering si-
multaneously, similarly to the BRDF [89]. The far-field pattern representing a large
amount of data, it should be tested if its inclusion in a numerical model is tractable.
The required level of detail to obtain accurate predictions could be determined, espe-
cially in terms of frequency and angle resolution.
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A method is proposed to estimate the surface impedance of a large absorptive panel from free-field

measurements with a spherical microphone array. The method relies on the reconstruction of the

pressure and the particle velocity on the studied surface using an equivalent source method based

on spherical array measurements. The sound field measured by the array is mainly composed of an

incident and a reflected wave, so it can be represented as a spatially sparse problem. This makes it

possible to use compressive sensing in order to enhance the resolution and the quality of the estima-

tion. The results indicate an accurate reconstruction for angles of incidence between 0� and 60�,
and between approximately 200 and 4000 Hz. Additionally, experimental challenges are discussed,

such as the sample’s finiteness at low frequencies and the estimation of the background noise.
VC 2017 Acoustical Society of America. [http://dx.doi.org/10.1121/1.4983756]

[MV] Pages: 4115–4125

I. INTRODUCTION

The sound absorption properties of materials, which are

typically characterized by the surface impedance ZS or the

absorption coefficient a, are an indispensable input to acous-

tic simulations and predictions, e.g., in room acoustics, out-

door sound propagation, or the acoustics of vehicle cabins.

The two existing standardized measurement methods, the

impedance tube method1 and the reverberation chamber

method,2 yield limited information, especially in terms of

angle dependence. The absorption coefficient is determined

at normal incidence with the impedance tube method and at

random incidence with the reverberation chamber method.

However, information on the phase and angle dependence of

absorption is needed in various applications, such as phased

room acoustic simulations.3 Another example is the use of

the absorption coefficient at 45� incidence in order to approx-

imate in situ the random incidence value.4 The constraints

imposed by laboratory measurements in terms of equipment

or sample size have led to the development of various in situ
measurement methods, as summarized in Ref. 5. Some tech-

niques are based on characterizing the sound field above the

sample in order to infer the impedance on the surface, by

measuring the pressure at two close points6 or the pressure

and the particle velocity at the same point.7 Alternatively, the

absorption coefficient can be derived from the comparison of

the incident and the reflected fields. The separation of these

two components can be done temporally8 or spatially.9,10

Various approaches have been proposed to achieve this spa-

tial separation, such as the use of a spatial Fourier transform,9

a directional microphone array,10 or the study of the direc-

tions of arrival from a spherical array.11

This paper presents an impedance estimation method based

on array measurements and sound field reconstruction.12,13 We

consider a sample on which an incident wave impinges at a

given oblique angle. The sound field is measured with a

spherical microphone array. The array is a rigid sphere, which

is omnidirectional, and its scattering effect on the sound field

can be compensated for.14–17 The measured sound field is

expressed as a sum of elementary waves, following an equiva-

lent source method based on spherical array measurements

(S-ESM).18 This wave decomposition is used to reconstruct

the pressure and the normal particle velocity on the surface of

the absorber. The surface impedance is then derived from

these two reconstructed quantities. Furthermore, the sound

field is mainly composed of an incident and a reflected wave,

so that it is spatially sparse and can be represented with a few

elementary waves. For such a sparse problem, the use of com-

pressive sensing (CS)19 is well-suited, and improves the qual-

ity of the reconstruction.20,21

Like other methods in the literature,6–11 the proposed

methodology can estimate the angle dependence of the sur-

face impedance, which cannot be measured with the standard-

ized methods.1,2 The particularity of the present technique is

that it is based on the reconstruction of the actual sound field

(pressure and particle velocity) on the surface of the sample.

Although this study focuses on free-field measurements, the

method can be used to measure the surface impedance of

materials in situ, in more complex acoustic environments. The

design of the method is based on a simplified representation

of the sound field, in free-field conditions, assuming specular

reflection on the material, and disregarding the influence of

the sample’s finiteness. Still, these effects occur in a measured

sound field and have an impact on the results.

This paper is organized as follows: the theoretical

aspects and the methodology are first presented in Sec. II,

then two simulation examples are treated in Sec. III. Section

IV presents measurements performed in an anechoic room.

Finally, the strengths and limitations of the proposed method

are discussed in Sec. V.a)Electronic mail: apar@elektro.dtu.dk
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II. THEORY

A spherical coordinate system r ¼ ðr; h;uÞ is used,

where r is the radius, h the polar angle, and u the azimuth

angle, as defined in Fig. 1. The notation X ¼ ðh;uÞ is used

for simplification. The time convention is implicit and cho-

sen as ejxt. The medium (air) is characterized by a constant

density q and a speed of sound c.

The measurements are performed with a rigid spherical

array of radius a, positioned at the origin of the coordinate

system (r¼ 0). The array contains K flush-mounted micro-

phones. The method makes use of these measurements to

reconstruct the sound field on a studied surface. The imped-

ance of this surface is derived from the reconstructed pres-

sure and particle velocity.

A. S-ESM and sparsity framework

The S-ESM18 and its application to compressive sens-

ing20,21 are summarized. The pressure is measured at K
known microphone positions on the rigid spherical array and

is expressed as the sum of L elementary waves, using a set of

orthogonal functions Ym
n ðXÞ, i.e., spherical harmonics.14 The

elementary waves are spherical waves originating from L
equivalent point sources, situated at (r0,l, X0,l), l¼ 1,…, L. In

the general case, the method is used to model a homoge-

neous and source-free volume (all acoustic sources are out-

side of it). It is thus common practice to place the equivalent

sources outside the volume (to avoid their singularity), and

distribute them uniformly, so that it is possible to model

waves traveling in any direction.18 The choice of equivalent

source positions used in this study is explained further in

Sec. II B. The measured pressure at a position (a, X) on the

sphere takes the expression18

pt a;Xð Þ ¼ �
XL

l¼1

jqcQl

a2

X1
n¼0

Xn

m¼�n

h 2ð Þ
n kr0;lð Þ
h0 2ð Þ

n kað Þ
� Ym

n Xð ÞYm�
n X0;lð Þ; (1)

where Ql is the volume velocity of the lth point source, k is

the wave number, and hð2Þn is the spherical Hankel function

of the second kind. This expression includes the scattering

by the rigid sphere. When Eq. (1) is computed, it is neces-

sary to truncate the infinite sum to an order N, which should

satisfy the condition (Nþ 1)2�K for uniformly distributed

microphones.16,22 Equation (1) shows that pt is a linear com-

bination of a set of unknown volume velocities Ql.

Therefore, the vector of measured complex pressures pt at

the K microphone positions can be expressed in a matrix

form,

pt ¼ Hq; (2)

where q is the vector of the unknown volume velocities of

the equivalent sources. The number of equivalent sources is

usually much larger than the number of measured points,

making Eq. (2) an underdetermined system, which requires

regularization.

Solving Eq. (2) for q leads to an estimate of the volume

velocities of the equivalent sources ~q, which can be used to

reconstruct the sound pressure at M arbitrary points with18

~pr ¼ G~q; (3)

where G is a free-field transfer matrix of size M� L. Note

that the scattering by the rigid sphere does not appear in the

reconstructed field as it is not included in the matrix G. It is

also possible to reconstruct the particle velocity from ~q by

applying Euler’s equation to Eq. (3).18

Assuming that the chosen equivalent sources cover all

directions of arrival, a spatially sparse sound field composed

of waves from a few directions is represented by a sparse

vector q with a few non-zero coefficients. In that case, the

sparsity of the solution of Eq. (2) can be favored with

‘1-minimization,19,20,23 by solving

~q ¼ argmin
q

jjqjj1 subject to jjHq� ptjj2 � e; (4)

where e is an estimate of the noise floor of the measurement.

This equation is valid if the solution is sparse and the matrix

H has incoherent columns.19 This approach is referred to as

CS. Equation (4) is a convex optimization problem that we

solve with a package called CVX.24 The optimization prob-

lem can also be expressed in an unconstrained form, known

as LASSO.25

If spherical spreading can be neglected, it is possible to

expand the sound field as a sum of L plane waves originating

from the directions X0,l. In that case, Eq. (1) is replaced by26

pt a;Xð Þ¼�
XL

l¼1

4pp0;l

kað Þ2
X1
n¼0

Xn

m¼�n

jnþ1

h0 2ð Þ
n kað Þ

Ym
n Xð ÞYm�

n X0;lð Þ;

(5)

where p0,l is the amplitude of the lth plane wave. Note that if

a point source expansion is used, as in Eq. (1), the solution

vector consists of the volume velocities Ql, whereas when a

plane wave expansion is used, Eq. (5), the solution vector

consists of the amplitudes p0,l.

B. Single reflection in free-field

The wave expansion method presented in Sec. II A is

used to estimate the surface impedance of a large horizontal

sample. The sound field originates from a single wave at obli-

que incidence, which is reflected on the studied sample. The

spherical array is placed close to the surface of the sample,FIG. 1. Spherical coordinate system.
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with the distance between the array’s center and the surface

denoted as d. The sample is approximated as an infinite plate

so that diffraction from the edges is ignored. This approxima-

tion is commonly made in most previous methods.6–11 We

expect the sound field to be spatially sparse, consisting mainly

of an incident wave and a reflected wave. For instance, it is

common to model the reflection of a point source with a vir-

tual image source, which is symmetrical to the primary source

with respect to the sample, as seen in Fig. 2.

We consider either Eq. (1) or Eq. (5) as a wave expan-

sion, depending on the nature of the sound field. Although the

plane wave formulation is simpler, equivalent point sources

make it possible to account for spherical spreading and to

describe the near-field term of the particle velocity, which is

physically more correct if the sound source is close to the

sample. The chosen elementary waves have uniformly distrib-

uted directions of arrival to ensure that a spatially sparse

sound field can be represented with a sparse vector. In more

complex environments, it also makes it possible to localize

and eliminate unwanted noise, such as scattered waves or sec-

ondary reflections. In addition, for the point source expansion,

the equivalent sources are placed on a sphere centered on the

sample, so it contains the position of the source and the image

source, as shown in Fig. 2. When measuring an actual sound

field, the equivalent sources are expected to represent fairly

well the reflection, especially in terms of position of the

source and the image source. However, additional effects can

appear, such as edge diffraction or scattering on the surface.

The sound field is reconstructed on the sample,18 as

shown in Fig. 2. In the examples given in Secs. III and IV,

the pressure and the normal component of the particle veloc-

ity are calculated on M¼ 21� 21 points positioned on a

square grid of 10� 10 cm2 centered on the z axis. The posi-

tion of the grid is chosen to minimize the backpropagation

distance in order to improve the accuracy of the reconstruc-

tion. The normalized surface impedance on the material can

be calculated with

ZS rið Þ ¼ �
1

qc

p rið Þ
uz rið Þ

; i ¼ 1;…;M: (6)

Note that the surface impedance is generally a differential

operator due to wave propagation and surface effects,27 so

Eq. (6) is an approximation. The material’s estimated surface

impedance ~ZS is taken as the spatial average of all the results

from Eq. (6) over the grid,

~ZS ¼ hZSðriÞii¼1;…;M: (7)

The spatial averaging h�i is done in order to eliminate the

effect of random errors, and to obtain a single number for ZS.

The grid is small enough to ensure not too large spatial var-

iations of ZS in the frequency range of interest. Finally, the

estimated absorption coefficient is obtained using28

~a ¼ 1�
����

~ZS cos wð Þ � 1

~ZS cos wð Þ þ 1

����
2

; (8)

where w is the angle of incidence. This equation was estab-

lished in the case of plane wave incidence on an infinite sam-

ple,29 but it is used here as an approximation, even for

spherical wave incidence and finite samples.

Previous studies16,18 show that the scattering of the

reflected field by the array is negligible, even when the sur-

face is fully reflective.18

III. NUMERICAL RESULTS

The simulated sample is an infinite plate of porous

material. Miki’s model30 is used to calculate the sample’s

characteristic impedance Zc and propagation constant c from

its flow resistivity r and its thickness h. Under a plane wave

assumption and with a rigid backing, the surface impedance

is obtained as31

ZS ¼ �jZc
k

kn
cot knhð Þ; (9)

where kn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�c2 � k2 sin2ðwÞ

q
. Note that ZS varies with the

incidence angle w, which shows that this is not a locally

reacting model. In this section, we use h¼ 10 cm and

r¼ 12 900 Nsm–4, which correspond to the tested sample in

Sec. IV.

The method is tested for an incident plane wave (Sec.

III A) and an incident spherical wave (Sec. III B). Gaussian

noise is added to the simulated pressure with a signal-to-

noise ratio (SNR) of 30 dB. The array has a radius

a¼ 9.75 cm and 64 uniformly distributed microphones. For

such an array, the minimum truncation order is N¼ 7. The

distance between the array’s center and the sample is

d¼ 19.75 cm (10 cm distance between the array’s surface

and the material). The studied frequencies are the center fre-

quencies of 1/24 octave bands spanning from 100 to

4000 Hz, which concurs with the array’s working range.16

256 elementary waves with uniformly distributed directions

are used, as a compromise between spatial resolution and

computation speed. The noise floor e in Eq. (4) is calculated

for each frequency as

e ¼ jjptjj2 � 10�ðLSNR=20Þ: (10)
FIG. 2. Measurement principle to determine the surface impedance of a

given sample using S-ESM.
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A. Case 1: Plane wave incidence

First, the method is tested for incident plane waves, at

incidence angles of 0�, 30�, and 60�.
For an incident plane wave of amplitude p0, the reflected

field is also a plane wave of amplitude p1 with a symmetrical

direction of arrival with respect to the sample’s surface. The

amplitude of the reflected wave is characterized by a plane

wave reflection coefficient defined by

R ¼ p1

p0

¼ ZS cos wð Þ � 1

ZS cos wð Þ þ 1
: (11)

In this particular example, the incoming sound field on the

array is only composed of plane waves. Thus, a plane wave

model, following Eq. (5), is used in this section, instead of a

point source model, as in the rest of the paper.

Examples of estimated coefficients at 125 and 500 Hz

are shown in Fig. 3. The magnitude of the coefficients is rep-

resented in dB. The scale covers 30 dB, and its maximum

corresponds to the incident pressure amplitude. In general, a

sparse solution is obtained where both the directions of the

incident and reflected waves are clearly identified, as illus-

trated at 500 Hz. However, the estimation becomes less

accurate at low frequencies and large incidence angles. At

125 Hz, the localization is still effective at 0� and 30�, but it

loses accuracy at 60�. This is due to the wavelength being

much larger than the array’s dimensions, making the

recorded information redundant across the microphones. In

addition, at higher angles of incidence, the angular distance

between the incident and the reflected wave is reduced, mak-

ing it more difficult to separate these two components.

The sound field is reconstructed on the sample (z¼ –d),

at 21� 21 points on a square grid of dimensions 10� 10 cm2

centered on the z axis. The quality of the reconstruction is

assessed with the relative reconstruction error, defined for

pressure as

�p ¼
jj~p � ptruejj2
jjptruejj2

; (12)

where ~p is the vector of the reconstructed pressures at each

point of the grid and ptrue is the vector of the true pressures

at the same points. This error is also expressed in a dB scale

using

L�;p ¼ 20 log10ð1þ �pÞ: (13)

FIG. 3. (Color online) Magnitude of

the estimated coefficients in dB re.

20 lPa at 125 and at 500 Hz for the

simulation of an incident plane wave.

The crosses indicate the directions of

the incident wave and the reflected

wave. (a) 125 Hz, 0�; (b)500 Hz, 0�;
(c) 125 Hz, 30�; (d) 500 Hz, 30�; (e)

125 Hz, 60�; (f) 500 Hz, 60�.
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Analogous expressions are used for the particle velocity and

the impedance errors.

Figure 4 shows the relative pressure, velocity, and imped-

ance errors as a function of frequency, in percentage and in

decibels. The black dashed line corresponds to the noise floor,

given by 10�ðLSNR=20Þ ¼ 3:2%. At 0� and 30�, the pressure

error is lower than the noise floor for frequencies below

2000 Hz, and the velocity error for frequencies between 150

and 1000 Hz. Both the pressure and velocity errors increase at

higher frequencies for the three incidence angles, due to the

backpropagation distance becoming larger than the wave-

length. At low frequencies, the pressure is accurately esti-

mated, as Eq. (4) minimizes the error in pressure on the array,

and the reconstruction distance is much smaller than the

wavelength. Conversely, the poorer estimation of the plane

wave coefficients observed in Fig. 3 affects the reconstruction

of the particle velocity, especially at 60�. Indeed, the particle

velocity is a relatively small quantity at low frequencies, as

dependent on the pressure gradient, which makes it more sen-

sitive to noise.18,32 In addition, the quantity of interest is the

normal component of the particle velocity, which is mainly

reconstructed from the elementary plane waves with normal

directions. This becomes problematic at larger angles of inci-

dence, where the sound field is represented by waves with a

small normal particle velocity component. In that case, Eq.

(6) is close to a singularity, for uz ! 0. For instance, in Fig.

3(e), the incident and the reflected field are represented by

three waves each. The directions closer to the normal predom-

inate in the calculation of uz, although they do not correspond

to actual sound field components. This amplifies the estima-

tion error. Finally, the resulting error in impedance remains

below 20% for 0� and 30� incidence with a slight rise at low

frequencies, but it is consistently higher at 60�—the imped-

ance error is below 20% only between 250 Hz and 1800 Hz.

The impedance error is mainly ascribed to the errors in the

particle velocity estimation.

The estimated impedance and absorption coefficient can

be seen in Fig. 5. The surface impedance calculated from

Miki’s model shows very little variation with the incidence

FIG. 4. (Color online) Relative reconstruction error on pressure (a), normal

component of particle velocity (b), and surface impedance (c) for plane

wave incidence in the presence of noise (SNR 30 dB). Angles of incidence

0� (—), 30� (� � �), and 60� (- - -).

FIG. 5. Surface impedance and absorption coefficient for plane wave incidence, from Miki’s model (–) and from the simulation (� � �). (a) Surface impedance.

Real part in black, imaginary part in gray. (b) Absorption coefficient.
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angle up to 60�, which indicates that a local reaction approx-

imation could be valid in this simulation. The method suc-

ceeds to give accurate estimates of the material’s impedance

and its absorption coefficient between 200 Hz and 4 kHz.

The estimation presents small deviations at high frequencies

due to errors in the field reconstruction. The presence of

noise affects mostly the low frequencies and the larger

angles of incidence. Furthermore, although more important

errors appear at 60�, the estimation still follows the same

trend as the reference value.

B. Case 2: Spherical wave incidence

The impedance estimation method is tested with a sound

field originating from a point source. The source is placed

1.5 m from the array’s center at different polar angles h0 (0�,
30� and 60�); the corresponding angles of incidence w are

0�, 24� and 48�. Equivalent point sources are used for the

sound field reconstruction, following Eq. (1). The simulation

of the sound field follows a formulation described by

Wenzel33 and Thomasson.34 The procedure to obtain the

sound field scattered by the spherical array is described in

the Appendix.

The reconstruction is done on a square grid at z¼ –d, of

dimensions 10� 10 cm2, consisting of 21� 21 points and

centered on the z axis. The relative reconstruction errors of

the sound field quantities are calculated using Eq. (12) and

plotted in Fig. 6 as a function of frequency. The pressure

error increases with frequency, especially at 60�. Indeed,

using equivalent point sources increases the ill-posedness of

the problem as the pressure decay with distance needs to be

accounted for. The particle velocity error also becomes

larger at low frequencies. Indeed, the particle velocity is

reconstructed as the sum of the particle velocities of equiva-

lent spherical waves, which have a large nearfield term at

low frequencies. This tends to amplify errors in the estima-

tion of the source strengths.18 In any case, the impedance

error is similar to the plane wave case (Fig. 4), with an error

around the noise floor level at 0 and 30� above 200 Hz. The

FIG. 6. (Color online) Relative reconstruction error for spherical wave inci-

dence with a SNR of 30 dB. (a) pressure, (b) normal component of particle

velocity, and surface impedance (c). Angles of incidence 0� (—), 30� (� � �),
and 60� (- - -).

FIG. 7. Surface impedance and absorption coefficient for spherical wave incidence. Miki’s model (–), estimation from the simulation (� � �). (a) Surface imped-

ance. Real part in black, imaginary part in gray. (b) Absorption coefficient.
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60� case presents an error greater than 20% outside the range

250–1600 Hz, and a minimum of 6%, which is still above

the noise floor.

Figure 7 shows the resulting estimation of both the

impedance and the absorption coefficient at the three angles

of incidence. The result is accurate and quite robust to noise

above 200 Hz, with larger discrepancies appearing for a

polar angle of 60�, although the trend is similar.

In summary, these two examples (Secs. III A and III B)

demonstrate that the surface impedance of a given material

can be properly estimated, with limitations appearing at 60�.
The frequency range of validity decreases when the angle of

incidence increases. The quality of the estimation depends

on the accuracy of the reconstructed pressure and velocity. It

was also shown that the particle velocity is more prone to

errors, especially at low frequencies, which is in accordance

with previous findings.18,32,35

IV. EXPERIMENTAL RESULTS

The proposed method is tested experimentally with a

similar setup to the simulation in Sec. III B. The measure-

ments take place in a large anechoic room at the Technical

University of Denmark, with an approximate volume of 1000

m3, ensuring free field conditions down to 50 Hz.36 The exper-

imental setup is presented in Fig. 8. The tested sample is a

large plate of mineral wool of dimensions 1.8 m� 2.4 m,

thickness 10 cm, and flow resistivity 12900 Nsm–4. This

sample is placed on a rigid backing plate with a surface of

about 14 m2. The rigid spherical array has a radius of 9.75 cm

and 64 prepolarized 1
4

in. microphones, which are uniformly

distributed over the surface. The array’s center is positioned

above the sample under test at a height d¼ 19.75 cm. The

sound source is an OmniSource Loudspeaker type 4295 pro-

duced by B&K (Nærum, Denmark) driven with white noise.

The source is placed on a half-circle of radius 1.5 m centered

on the backing plate. Three source positions are studied, at 0�,
30�, and 60� from the normal, as presented in Fig. 8(b); the

corresponding incidence angles w are 0�, 28�, and 57�. The

data are processed by a B&K PULSE analyzer, where the fast

Fourier transform (FFT) of the signal is calculated with a fre-

quency resolution of 1 Hz and a bandwidth of 6400 Hz. A

Hanning window is used and at least 200 averages are

taken with 75% overlap. The sound field reconstruction is car-

ried out using a point source expansion as in Eq. (1). As in

Sec. III, the reconstruction points are distributed on a square

grid of dimensions 10� 10 cm2 with 21� 21 points on the

specimen.

The determination of the parameter e in Eq. (4) is cru-

cial to estimate q in Eq. (2), as it serves as a stopping crite-

rion in the optimization algorithm. If e is greater than the

actual noise floor in the measurement, there is a risk of dis-

carding the reflected wave as noise. If it is lower than the

actual noise floor, then the solution is contaminated by noise

and may present additional components. However, in the

experimental setup, other sources of error add up to the pres-

ence of background noise, such as positioning errors or mis-

match between the transducers. As a result, the single

transducer SNR may not correspond to the true noisefloor as

in Eq. (10). In addition, the measured SNR is mostly around

45 dB but with important frequency variations, which indi-

cates that e is also frequency dependent. In this study, a

choice of e corresponding to a SNR of 28 dB—mostly above

the actual noise floor—yields a spatially sparse wave config-

uration, with visible incident and reflected directions only.

The optimal choice of e has been addressed in the litera-

ture23,37 and is out of the scope of this paper.

Examples of equivalent source coefficients at 500 Hz

and 1000 Hz are shown in Fig. 9. At 500 Hz, for the three

source positions, the non-zero components of ~q are found

close to the source and image source locations. At 60�, the

representation of the reflected field does not match with the

image source, which may indicate that reflection approach-

ing grazing incidence is no longer specular. At 1000 Hz,

deviations appear at 30� and 60�. Especially at 60�, the

reflected field is not detected, probably due to a too high

absorption. However, it is difficult to determine if the

observed deviations are due to actual physical phenomena or

to a faulty source strength estimation.

The measured surface impedance and absorption coeffi-

cient are presented in Fig. 10. A simulation with an infinite

sample is also plotted, where the sample’s surface imped-

ance is derived from Miki’s model. The estimates from the

simulation are the average of 10 runs with different noise

realizations. We use the surface impedance and the absorp-

tion coefficient derived from Miki’s model for reference. At

0�, we also include the absorption coefficient measured in an

FIG. 8. (Color online) Measurement setup in DTU’s large anechoic chamber.

The spherical array and the omnidirectional source are hung above the rectan-

gular sample. The three studied positions are shown in the drawing (b).
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impedance tube as additional reference. First, in Fig. 10(b) at

0�, the impedance tube measurement and Miki’s model dif-

fer. Above 300 Hz, the microphone array measurement is

actually closer to the impedance tube result than to Miki’s

model. This indicates that Miki’s model is not an ideal refer-

ence. It is an empirical model, which relies on assumptions

including the isotropy of the material. It also depends on the

quality of the flow resistivity measurement. In both Figs.

10(a) and 10(b) at 0�, the simulation follows Miki’s model,

except at low frequencies, due to the reconstruction errors

discussed in Sec. III B. The measured surface impedance and

absorption coefficient follow globally the same trend as the

simulation. In addition, we observe oscillations below

300 Hz in the experimental curves, due to diffraction from

the edges of the sample. The obtained absorption curves are

similar to other studies made on finite samples, which also

showed oscillations at low frequencies.38 At 30�, Figs. 10(a)

and 10(b) show again a good agreement between the simula-

tion and Miki’s model, with errors appearing below 250 Hz.

As in the normal incidence case, the measurement results

generally follow the simulation and present oscillations

below 250 Hz. The 60� case illustrates the limits of the

method. As discussed in Sec. III B, more important recon-

struction errors limit the accuracy of the estimated imped-

ance. In Fig. 10(a), the simulated result at 60� is much less

accurate than for smaller angles of incidence, especially

below 250 and above 3000 Hz. The measured surface imped-

ance shows a larger deviation and even more pronounced

oscillations. These oscillations are attributed to edge diffrac-

tion at low frequencies. Additionally, on the whole fre-

quency range, the normal component of the particle velocity

is smaller towards grazing incidence, and therefore more

sensitive to noise.

In summary, a good agreement is found between the

measured impedance and the available references for the

angles 0� and 30� and for frequencies above 300 Hz. At

lower frequencies and larger angles of incidence, edge dif-

fraction effects, which were not accounted for, dominate and

disrupt the results.

V. DISCUSSION

The numerical and experimental results prove the validity

of the presented method for angles below 60� and between

200 and 4000 Hz. It is possible to estimate an angle-

dependent surface impedance, which cannot be obtained with

neither of the two standardized methods. Moreover, the differ-

ent sound field components can be easily determined, in terms

of their amplitudes and directions of arrival, as shown in Figs.

3 and 9. This makes it possible to detect, in principle, other

sound field components such as reflections, diffraction from

edges and extraneous sources.

FIG. 9. (Color online) Magnitude of the

estimated equivalent source coefficients

at 500 Hz and 1000 Hz from experimen-

tal measurements, in dB relative to the

maximum. The crosses indicate the

positions of the source and the image

source. (a) 500 Hz, 0�; (b) 1000 Hz, 0�;
(c) 500 Hz, 30�; (d) 1000 Hz, 30�; (e)

500 Hz, 60�; (f) 1000 Hz, 60�.
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Another particularity of the method is that the imped-

ance is inferred directly from the reconstructed sound field

on the material’s surface, whereas methods such as in Refs.

8–11 rely on the estimation of the reflection coefficient.

Finally, it should be noted that not much prior information

on the setup is used in the processing, apart from assuming

spatial sparsity (i.e., few waves). The method could be

improved by including such information; for instance the

knowledge of the source positions,16,39 or ensuring that the

incident power is larger or equal to the reflected one. The

method can be used in situ, where the measurement takes

place in an ordinary room. It should be noted that in this

case, the sound field is fundamentally different, due to the

presence of secondary reflections, and especially due to the

modal behavior of the sound field at low frequencies.

Limitations in terms of frequency and incidence angle

were identified. At high frequencies, the backpropagation

distance limits the accuracy of the result. Reducing this dis-

tance, for instance using transducers close to the surface of

the sample, would be beneficial. The largest errors occur

when the trace wavelength in the normal direction is much

larger than the array, namely at low frequencies and at graz-

ing incidence, where the amplitude of the normal particle

velocity is smaller. Indeed, the impedance estimation is par-

ticularly affected by errors in the normal particle velocity

estimation. It can be noted that a more robust reconstruction

of particle velocity is possible using velocity sensors.40

In addition, a better knowledge of the sound field could

improve the method. In particular, the finiteness of the sam-

ple has a considerable impact on the experimental results at

low frequencies, as shown in Fig. 10. If one wants to

characterize the material independently of its size and shape,

the influence of edge diffraction should be identified and

compensated for. For instance, it is possible to formulate the

effect of finiteness as a radiation impedance29 and include it

in the absorption calculation.41 This approach does not rely

on the estimation of the normal particle velocity, which

might be beneficial. Nevertheless, it relies on the quality of

the model used to characterize edge diffraction, which also

makes it more case dependent. Furthermore, the sphericity

of the wave front should be included in the calculation of ZS

and a.

Finally, the actual impedance and absorption coefficient

values are only partially known, which complicates the vali-

dation of the experimental results. At normal incidence, the

impedance tube method can be used as a reference, but at

other incidence angles Miki’s model, which is empirical,

was used due to the lack of experimental reference data.

Miki’s model assumes an isotropic material, but it is not the

case of the tested sample, which is fibrous.

VI. CONCLUSION

This paper shows how microphone array measurements

can be used to estimate a sample’s surface impedance by

sound field reconstruction. In particular, the use of S-ESM18

and CS lead to an accurate sound field reconstruction,20,23

which enhances the quality of the impedance estimation,

especially at mid and high frequencies.

The simulations presented in this study show the valid-

ity of the method between 200 and 4000 Hz (the operating

frequency range of the array). Discrepancies appearing at

60� incidence also illustrate the difficulty to estimate the

FIG. 10. (Color online) Estimated surface impedance and absorption coefficient from experimental measurements (—) and from simulations (� � �) at 0�, 30�,
and 60� incidence. Comparison with Miki’s model (- - -) and an impedance tube measurement (� -). (a) Surface impedance. The real part is positive and the

imaginary part negative. (b) Absorption coefficient.
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surface impedance approaching grazing incidence, due to

the trace wavelength being much larger than the array and

the normal component of the particle velocity being smaller.

Experimental results in laboratory conditions show a

good agreement with reference data above 300 Hz and for

angles below 60�. Challenges still to be addressed are the

finiteness of the studied samples, the estimation close to

grazing incidence, and the characterization of the measure-

ment noise.
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APPENDIX: CALCULATION OF THE SOUND FIELD
ORIGINATING FROM A POINT SOURCE

In the simulation, Sec. III B, a model for the reflection

of spherical waves by an infinite plane is needed. A spherical

reflection factor formulation42 was initially tested, but the

resulting pressure proved to be inaccurate at low frequencies

and larger angles of incidence. Instead, an expression pro-

posed by Wenzel33 is used,

p ¼ jxqQ

4pR1

e�jkR1 þ jxqQ

4pR2

e�jkR2 þ pR: (A1)

The two first terms correspond to an equal contribution from

a point source and an image source. The term pR is a correc-

tion term, which is calculated as

pR ¼
qck2�

2p

ð1
0

je�mh

m jk� � mð Þ J0 jrð Þdj; (A2)

with

m ¼ ðj2 � k2Þ1=2; ReðmÞ � 0; (A3)

h ¼ zþ z0; (A4)

r ¼ ðx� x0Þ2 þ ðy� y0Þ2
h i1=2

; (A5)

(x, y, z) being the coordinates of the receiver point and (x0, y0,

z0) the ones of the source. Thomasson proposed an efficient

way of computing this integral using a steepest-descent con-

tour.34 The formulation proposed by Thomasson is a series of

equations [Eqs. (32) to (41) in Ref. 34], one of them including

a semi-infinite integral from 0 to infinity. This term is evalu-

ated numerically using the MATLAB function integral, which is

a global adaptive quadrature algorithm, with an absolute toler-

ance of 10–10 and a relative tolerance of 10–6.

The scattering by the spherical array is expressed by

expanding the incident field in spherical harmonics, but the

spherical harmonic expansion of Eq. (A1) is not trivial.

Therefore, a plane wave approximation of the incident field

is used. This field is assumed to be composed of 1000 uni-

formly distributed plane waves of unknown amplitudes and

is computed at 1000 points on the sphere using Eq. (A1) and

Eq. (A2). This leads to the system

pinc ¼ HPWAPW; (A6)

where pinc is the vector of the calculated incident pressures

on the sphere, APW the unknown plane wave amplitudes and

HPW a transfer matrix of size 1000� 1000. APW is estimated

by using the pseudo-inverse of HPW, due to the high condi-

tion number of the matrix. The high spatial density of the

calculated pressures on the sphere ensures that the sound

field is well represented on the spherical array.

Once the plane wave amplitudes APW are determined, the

scattered pressure at the microphone positions on the sphere

can be derived as a superposition of scattered plane waves,

pt ¼ H2APW: (A7)

This equation follows exactly the same idea as Eq. (2),

where H2 is a transfer matrix between the 1000 plane waves

and the K measurement points and includes the scattering by

the sphere.
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I. INTRODUCTION

Absorbing materials are typically characterized in terms of

surface impedance ZS or absorption coefficient a. However, the

standardized methods to estimate these quantities only provide

limited information.1,2 Therefore, alternative methods have

been proposed, in particular to study the angle dependence.3

Several of these methods make use of microphone array mea-

surements. A first approach is to separate the incident and

reflected components of the sound field, using a spatial Fourier

transform,4 beamforming,5 or near-field acoustic holography.6

It has also been proposed to reconstruct the sound field (pres-

sure and particle velocity) on the tested material, from which

the surface impedance is calculated.7–9

Different array configurations have been used for

impedance measurements. Planar arrays are well-suited to

capture the behavior of the sound field near a plane sur-

face.10 Spherical arrays are omnidirectional sensors, that

have proved useful for the experimental capture and analysis

of the sound field.8,11 However, a direct comparison of such

arrays seems missing in the literature. The present study

investigates the influence of the array geometry on an imped-

ance estimation method. The method is described in Ref. 8;

it is based on reconstructing the sound field on the tested sur-

face with a wave expansion model.12 Two geometries are

compared in this study, namely, a planar double layer array

and a rigid spherical array. The numerical properties of the

wave expansion are examined, and the accuracy of the

impedance estimation is investigated experimentally.

II. METHODOLOGY

Consider a microphone array placed close to a horizon-

tal surface, and a given incident sound field on the surface.

We assume that the measured pressures at the M micro-

phones of the array can be represented locally as a superposi-

tion of L propagating plane waves, with directions of arrival

distributed over the whole space.13 A matrix equation is

obtained,

p ¼ Hx; (1)

where p 2 C
M contains the measured pressures, x 2 C

L con-

tains the unknown plane wave amplitudes, and H 2 C
M�L

is

called the sensing matrix containing propagation functions.

Usually, L�M, which makes Eq. (1) an underdetermined

inverse problem. Equation (1) is solved using Tikhonov regu-

larization, which is expressed as the optimization problem14

~x ¼ argmin
x

kHx� pjj22 þ kkxjj22
� �

; (2)

where k is a regularization parameter. k is selected automati-

cally by generalized cross-validation.14 Other regularization

strategies are possible, such as ‘1-norm regularization,16 but

the Tikhonov regularization is chosen as a conventional way

of solving the inverse problem.

Once the vector x has been estimated, the pressure ~p and

the normal component of the particle velocity ~un can be recon-

structed on any point rS of the surface, as a sum of plane waves.

A pointwise normalized surface impedance is calculated,

ZSðrSÞ ¼ �
1

qc

~pðrSÞ
~unðrSÞ

: (3)

The pointwise impedance is then averaged over a small surface

in order to smooth out variance errors due to noise. Finally, an

absorption coefficient is estimated using a plane wave model,

a ¼ 1�
����

~ZS cos ðwÞ � 1

~ZS cos ðwÞ þ 1

����
2

; (4)

where ~ZS is the spatially averaged surface impedance and w
is the angle of incidence of the incident wave. This approxi-

mation is valid if the incident wave is quasi-plane, which we

assume to be true if the sound source is sufficiently far away

from the surface.

III. COMPARISON OF MICROPHONE ARRAYS

We consider an experimental setup that consists of a large

plane sample placed on a backing plate, an omnidirectionala)Electronic mail: apar@elektro.dtu.dk
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source, and a microphone array close to the surface of the sam-

ple, as shown in Fig. 1(a). The setup is placed in an anechoic

room of about 1000 m3 at the Technological University of

Denmark. Two different array geometries are tested, a planar

double layer array and a rigid spherical array. A basis of

L¼ 256 plane waves is used for the plane wave expansion.

The directions of arrival of the plane waves are uniformly dis-

tributed over a sphere.

The planar array [Fig. 1(b)] consists of M1 ¼ 128 channels,

arranged in two square layers of 64 microphones, with a vertical

spacing of 2.9 cm between the two layers and a horizontal spac-

ing of 2.5 cm. The array aperture is 17.5 cm� 17.5 cm. We

assume that the planar array does not disturb the sound field.

Therefore, the sensing matrix coefficients correspond to plane

wave terms in free-field,

Hi;j ¼ e�jkj�ri ; (5)

where kj is the wave vector of the jth plane wave (j¼ 1,…,

L) and ri is the position vector of the ith microphone

(i¼ 1,…, M1).

The spherical array [Fig. 1(c)] contains M2 ¼ 64 uni-

formly distributed microphones, which are flush-mounted on

a rigid sphere of radius a¼ 9.75 cm. The average spacing

between the microphones is about 4 cm. The spherical array

introduces scattering, which is accounted for analytically in

the sensing matrix,15

Hi;j ¼ �
4p

ðkaÞ2
X1
n¼0

Xn

m¼�n

jnþ1

h
0ð2Þ
n ðkaÞ

Ym
n ðhi;uiÞYm�

n ðh0;j;u0;jÞ;

(6)

where k is the wavenumber, (a, hi, ui) are the spherical coor-

dinates of the ith microphone on the sphere (i¼ 1,…, M2),

(h0,j, u0,j) represents the direction of arrival of the jth plane

wave (j¼ 1,…, L), hð2Þn is the spherical Hankel function of

the second kind of order n and Ym
n is the spherical harmonic

of order (n, m).

First, the numerical differences between Eq. (5) and Eq.

(6) are examined. It is known that redundancies between the

columns of H introduce linear dependencies that make it

rank-deficient. In that case, the inversion of Eq. (1) becomes

more sensitive to noise.16 These redundancies are studied

using the Gram matrix C 2 RL�L, which contains the corre-

lations between the columns of H, noted h1,…, hL. The term

ði0; j0Þ of C is given by16

Ci0;j0 ¼
jh�i0hj0 j
khi0 k khj0 k

; (7)

with i0 ¼ 1;…; L and j0 ¼ 1;…; L. C is a symmetric matrix,

with terms ranging from 0 to 1. Large values in C indicate

pairs of plane waves that have a similar effect on the array,

so they cannot be easily distinguished.

Figures 2(a)–2(f) represent the elements of the Gram

matrix for the two array configurations at 250, 1000, and

4000 Hz. In general, plane waves with close directions of

arrival are highly correlated, which explains for instance the

larger coefficients close to the diagonal of C. At 250 Hz [Figs.

FIG. 1. (Color online) Experimental setup. (a) Sketch. (b) Planar array

setup. (c) Spherical array setup.

FIG. 2. (Color online) Gram matrix coefficients for the planar array at (a) 250 Hz, (b) 1000 Hz, and (c) 4000 Hz. Gram matrix coefficients for the spherical

array at (d) 250 Hz, (e) 1000 Hz, and (f) 4000 Hz. (g) Matrix coherence. (h) Condition number.
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2(a) and 2(d)], both microphone arrays show large values in

C, as the wavelength (1.4 m) is much larger than the two

arrays’ dimensions. The correlations for the planar array in

Fig. 2(a) are generally higher than for the spherical array in

Fig. 2(d), due to the smaller distances between its micro-

phones. In addition, values in the upper left corner (small i0

and large j0) are higher for the planar array. These elements

correspond to correlations between plane waves traveling nor-

mally to the layers of the planar array. Such plane waves

would yield the same pressure on an entire layer, which intro-

duces redundancies in the sensing matrix. At 1000 Hz [Figs.

2(b) and 2(e)], the values of C are lower than at 250 Hz for

both arrays, due to the smaller wavelength (34 cm). The dif-

ferences observed in the upper left corner are also more pro-

nounced. At 4000 Hz [Figs. 2(c) and 2(f)], the correlations

continue to decrease for both arrays, with still higher values

for the planar array. Figure 2(g) presents the matrix coherence

l, which is the maximum off-diagonal of the Gram matrix, as

a function of frequency. l decreases with frequency and it is

overall higher for the planar array. Figure 2(h) shows the con-

dition number of H, denoted j, which is the ratio between the

maximum and the minimum singular value of H. j is lower

for the spherical array, which indicates that the inverse prob-

lem Eq. (1) is better conditioned for the spherical array.14

This is also a consequence of the lower coherence, as j is

bounded by a function of l.16 The sensing matrices remain

severely ill-conditioned at low frequencies for both configura-

tions, where the same information is measured by all the

microphones. In conclusion, the spherical array captures less

redundant information on the sound field than the planar

array, leading to a better conditioned inverse problem.

IV. EXPERIMENTAL IMPEDANCE ESTIMATION

The surface impedance of a porous absorber sample is

estimated with both arrays. The sample is a plate of glass

wool. It has a flow resistivity of 10 900 Nsm�4 and dimen-

sions of 1.8 m� 2.4 m� 10 cm. The source is placed at a

distance of 1.5 m from the sample. The planar array is placed

directly on the sample, its layers parallel to the surface, with

a distance of 1.3 cm between the lower layer and the surface

[see Fig. 1(b)]. The spherical array is suspended above the

sample. Due to experimental constraints, the distance

between the surface and the bottom of the sphere is 10 cm

[see Fig. 1(c)]. The estimated surface impedance is an aver-

age of 441 pointwise impedances calculated on a grid of

dimensions 10� 10 cm2 below the microphone arrays.

Figure 3 shows the estimated surface impedance and

absorption coefficient for the two arrays, at 0�, 30�, and 45�

incidence. A theoretical surface impedance is obtained as ZSðwÞ
¼ �jZCðk=knÞcotðknhÞ, where kn ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�c2 � k2 sin2ðwÞ

q
, h is

the sample’s thickness, and the parameters ZC and c are calcu-

lated using Miki’s model.17,18 An absorption curve from an

impedance tube measurement is also used as reference for nor-

mal incidence in Fig. 3(d) (tube diameter 3 cm). At 0� incidence

[Figs. 3(a) and 3(d)], the spherical array performs better than the

planar array below 400 Hz, due to its better numerical condition-

ing, discussed in Sec. III. Between 400 and 1000 Hz, the estima-

tion is accurate with both microphone arrays. Above 1000 Hz,

the planar array results are more accurate than the spherical

array ones. Indeed, the planar array benefits from being very

close to the reconstruction surface, so that errors in the wave

expansion are not amplified in the reconstruction.12 The estima-

tion with the spherical array can be considerably improved using

other regularization techniques to solve Eq. (1) (e.g., compres-

sive sensing).8,16 However, compressive sensing is not suitable

for the planar array, due to the high coherence of its sensing

matrix observed in Fig. 2(g). At 30� incidence, in Figs. 3(b) and

3(e), the impedance estimates are similar to those found at nor-

mal incidence, which shows that the surface impedance of this

particular sample can be considered independent of the angle up

to 30�. At 45� incidence [Figs. 3(c) and 3(f)], the spherical array

result shows deviations from the theoretical value, due to stron-

ger edge diffraction and a smaller normal particle velocity, which

lead to reconstruction errors. Overall, although the numerical

FIG. 3. (Color online) Estimated surface impedance at (a) 0�, (b) 30�, and (c) 45� incidence. Estimated absorption coefficient at (d) 0�, (e) 30�, and (f) 45� inci-

dence. Planar array (—), spherical array (� � �), theoretical results (- - -), impedance tube measurement (- � -).
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conditioning of the spherical array does lead to a better imped-

ance estimation at low frequencies, the small distance between

the sample and the planar array (1.3 cm) is beneficial at high fre-

quencies and larger incidence angles. The estimation with the

planar array worsens as the distance increases (not shown).

V. CONCLUSION

This study presents a comparison of two microphone

arrays (double layer planar array and spherical array with a

regular spacing) for estimating the impedance of a surface,

based on a plane wave expansion. In this specific study, the

spherical array captures less redundant information on the

sound field, which improves the numerical conditioning of

the wave expansion. However, the sound field is more accu-

rately reconstructed with the planar array at high frequen-

cies, due to its proximity to the sample. Although the results

are specific to the present study, they demonstrate that the

choice of a suitable array depends on several aspects, includ-

ing numerical properties due to the array configuration (size,

microphone spacing, etc.) as well as experimental conditions

like the distance to the sample.
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The acoustic properties of surfaces are commonly evaluated using samples of finite size, which
generate edge diffraction effects that are often disregarded. This study makes use of sound
scattering theory to characterize such finite samples. In a given sound field, the samples can
be described by a unique complex directivity function, called far-field pattern. Numerical
results show that the far-field pattern contains extensive information on the tested samples,
including sound absorption and surface scattering as well as scattering due to finiteness. In
this paper, a method is introduced to estimate the far-field pattern of a finite sample. The
method relies on measurements of the sound pressure and the acoustic particle velocity in the
near-field of the sample, and it makes use of the Helmholtz integral equation. The proposed
technique is examined in an anechoic room, where the sound field near the test sample is
scanned with a 3D sound intensity probe. The estimated far-field pattern is compared with
numerical predictions up to 1 kHz.

I. INTRODUCTION

The characterization of the acoustical properties of
surfaces has been the subject of extensive research, as
they are an essential input to room acoustics models.1

Surfaces are typically described in terms of sound absorp-
tion (energy dissipation in the material)2 and scatter-
ing (energy dispersion due to surface roughness).3 Stan-
dards have also been proposed to measure both sur-
face absorption4,5 and surface scattering.6,7 Current mea-
sures include the absorption coefficient,8 the scattering
coefficient9 and the diffusion coefficient.10 The definitions
of these coefficients are based on the assumption that the
surfaces are infinitely large, so that they are suitable for
high-frequency models, such as geometrical acoustics.1

However, in actual rooms and in measurement se-
tups, surfaces are inevitably of finite size, so the behav-
ior of the reflected sound field deviates from the infi-
nite panel theory, especially at low frequencies.11 This is
also evidenced when modeling scattering by a rectangu-
lar panel, which does not lead to a specular reflection.12

These discrepancies lead to errors in experimental esti-
mations, e.g. for the absorption coefficient.13 Further-
more, some of the existing metrics present conceptual
challenges related to finiteness. In the case of the scat-
tering coefficient, which quantifies the amount of non-
specular energy in the reflection, additional assumptions
are needed to define the specular reflection for finite sam-
ples. For instance, the specular reflection can be mod-
eled as the part of the reflection which is coherent by
rotation.6,9 Finally, reflection by a finite surface is a com-
plex process, which cannot be entirely described by a
single figure. That is why more complete representations
of the reflection including spatial information have also

been proposed, such as the directional scattering coeffi-
cient (DISC).14,15

In order to conform to the theory, methods have been
suggested to exclude, or at least minimize finite-size ef-
fects, both for the measurement of absorption and surface
scattering. Using large enough samples may be the easi-
est solution,16 although too large samples can become im-
practical in experimental setups. Thomasson suggested
to apply a correction to the measured absorption coeffi-
cient at random incidence to account for edge effects.17 In
terms of surface scattering, it has been recommended to
use circular samples in the standardized rotation method,
so that edge effects can be considered invariant thus co-
herent by rotation.18 Note that the finite size effect is
then still included in the estimated specular energy. Al-
ternatively, it has also been proposed to include the ef-
fect of sample size in the metric. For instance, the finite
size effect can be included in an absorption coefficient by
modeling it as a radiation impedance.19 Such approach
can be more suitable for studying sound scattering, which
is in fact both due to surface roughness and the sample’s
shape.

More generally, the reflection of sound by a given
finite sample can be studied as a general object scatter-
ing problem, i.e. by comparing the sound field with and
without the sample. In that sense, scattering can be un-
derstood as the combination of all disturbances on the
sound field caused by the sample. This includes tradi-
tional rough surface scattering, but also absorption and
effects due to the size and shape of the sample. This pro-
cess benefits from a strong mathematical background.20

In particular, an object can be characterized by a far-field
directivity function, which is uniquely defined. There-
fore, it is possible to use such a function to describe
acoustic samples of finite size, such as absorbers and dif-
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fusers. We refer to this function as far-field pattern, fol-
lowing Ref. 20, but it appears in the literature under
many other names, for instance as directivity factor21

or scattering amplitude.22 Note that directivity measures
exist to characterize surfaces, such as the DISC14 and the
bidirectional reflectance distribution function (BRDF),23

but a fundamental difference is that the far-field pattern
explicitly includes finite size effects. Moreover, using a
far-field measure aligns with the architectural acoustics
literature, which recommends to study surface scattering
in the far-field, both in terms of measurements14,15 and
modeling.24,25

The far-field pattern requires large receiver distances
to be measured directly.10 However, it is possible to make
use of near-field measurements in order to extrapolate
far-field information. This has been achieved for assess-
ing surface scattering using planar arrays15 or spherical
arrays.26 We propose to extend the principle, where the
far-field pattern is directly inferred from near-field pres-
sure and particle velocity measurements on an arbitrary
domain. Such data can be measured with the advent of
particle velocity sensors.27

This study aims at examining the properties of the
far-field pattern for finite acoustic samples, and espe-
cially at investigating its relation to traditional archi-
tectural acoustics concepts, such as absorption and sur-
face scattering. The samples are studied under plane
wave incidence in free-field, so that the far-field pattern
only depends on frequency and an incidence angle. The
proposed measurement principle, i.e. predicting far-field
properties from near-field data, is validated experimen-
tally. Section II presents object scattering concepts and
the proposed near-field measurement methodology. Sec-
tion III examines the properties of the far-field pattern
through numerical examples. The measurement method
is validated in Sec. IV. Finally, the approach is discussed
in Sec. V.

[Footnote: parts of this work were presented in Eu-
ronoise 2018, in the paper ”Characterization of acoustic
scattering from objects via near-field measurements”.28]

II. METHODOLOGY

This section introduces useful object scattering con-
cepts for characterizing arbitrary acoustic samples, and
presents a near-field measurement method to estimate
the far-field pattern, based on the Helmholtz integral
equation.

A. Object scattering and far-field pattern

The formalization of object scattering appears in var-
ious scientific fields. In this paper, we refer to Ref. 20,
which presents inverse scattering problems in acoustics
and electromagnetics.

We consider a homogeneous medium characterized
by its speed of sound c and its density ρ. Let a point
in the medium be located at a distance r from an ar-
bitrary origin O, in the direction of a unitary vector r̂.

The point can be represented by the vector r = rr̂ (see
Fig. 1). The direction indicated by r̂ can also be spec-
ified as a set of a polar angle and an azimuth angle in
spherical coordinates. The undisturbed pressure at the
location r is noted p0(r). The introduction of an object
in the medium modifies the sound field, and the result-
ing pressure at r is called the total pressure pt(r). The
scattered pressure ps(r) is defined as

ps(r) = pt(r)− p0(r). (1)

Note that while p0(r) and pt(r) are physical quantities
that can potentially be measured, ps(r) is a mathematical
construction.

The scattered field fulfills Sommerfeld’s radiation
condition, which makes it possible to express it in the
far-field as

ps(r) =
r→+∞

e−jkr

r

(
f∞(r̂) +O

(
1

r

))
, (2)

where k is the wavenumber. Equation (2) shows that the
radial and the angular dependence of ps can be separated
in the far-field. The radial part follows a spherical decay,
whereas the angular part f∞(r̂) is a complex directiv-
ity function, called far-field pattern.20 For a given undis-
turbed sound field p0, the far-field pattern is uniquely
determined by the object, and is therefore directly linked
to the scattering properties of the object.

B. Helmholtz integral equation and application

FIG. 1. Sketch of the setup on which the Helmholtz Integral

Equation is applied. The scattered field is calculated at the

position r and the integral is calculated on the surface S.

We study scattering of a plane wave by a given acous-
tic sample. We focus on flat samples that have an absorp-
tive or a diffusive upper surface, but the method can be
applied to any other object with any shape and boundary
conditions.

Let S be an arbitrary surface enclosing the sample,
as shown in Fig. 1. S is assumed to be sufficiently close to
the sample so that it does not contain any sound source.
The Helmholtz integral equation (HIE) relates the scat-
tered pressure at a given position r to the scattered sound
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field on S. Outside of the surface, the scattered pressure
is given by20

ps(r) =

∫∫
S

(
ps(rS)

∂G(r, rS)

∂n

−∂ps(rS)

∂n
G(r, rS)

)
dS(rS), (3)

where rS is a point on the surface S, ∂
∂n is the normal

derivative with respect to S, and G is a Green’s function,
solution to the Helmholtz equation, which is assumed to
be known analytically. A significant property of Eq. (3)
is that if no source is enclosed by S, then it is also valid
when ps is replaced by the total pressure pt in the inte-
gral.

In the right-hand side of Eq. (3), r only appears in
G(r, rS). Furthermore, assuming that G is a radiating
solution, it has the same form as Eq. (2) in the far-field,

G(r, rS) =
r→+∞

e−jkr

r

(
G∞(r̂, rS) +O

(
1

r

))
. (4)

The term G∞ can be calculated analytically. For in-
stance, if we consider the free-field Green’s function due
to a point source at the position rS

G′(r, rS) =
e−jk||r−rS ||

4π||r− rS ||
, (5)

the corresponding far-field function G′∞ in the direction
given by r̂ is20

G′∞(r̂, rS) =
ejkr̂·rS

4π
. (6)

When r → +∞, Eq. (4) can be inserted into Eq. (3).

The term e−jkr

r is factorized, and by identification, one
obtains

f∞(r̂) =

∫∫
S

(
ps(rS)

∂G∞(r̂, rS)

∂n

−∂ps(rS)

∂n
G∞(r̂, rS)

)
dS(rS). (7)

Equation (7) relates the far-field pattern of the sam-

ple to the sound field on the surface S. ∂ps
∂n is propor-

tional to the normal particle velocity us,n through Euler’s
equation of motion, so Eq. (7) can also be expressed as a
function of the pressure and the normal particle velocity
on S,

f∞(r̂) =

∫∫
S

(
ps(rS)

∂G∞(r̂, rS)

∂n

+ jρckus,n(rS)G∞(r̂, rS)

)
dS(rS). (8)

Furthermore, like Eq. (3), Eqs. (7) and (8) are valid when
pt is used instead of ps in the integral, provided that there
are no sources inside S.

C. Measurement method

We assume that the pressure and the normal par-
ticle velocity can be obtained on a surface S enclosing
the sample at M discrete positions rj (1 ≤ j ≤ M).
Such measurements are possible with a sound intensity
probe.27 Equation (7) can be discretized to obtain a ma-
trix equation in the form

f∞ = Ap + Bun, (9)

where p and un are vectors of size M containing the
measured pressures and normal particle velocities, and
f∞ is the estimated discrete far-field pattern in N angular
directions r̂i (1 ≤ i ≤ N). The elements of the matrices
A and B are calculated from Eq. (7) and depend on the
interpolation scheme chosen to discretize the integral (see
Ref. 29 for instance). The choice of the interpolation is
out of the scope of this paper.

Equation (9) makes it possible to estimate the far-
field pattern from near-field measurements of the pres-
sure and the particle velocity. It is similar to the bound-
ary element method (BEM), in which the scattered pres-
sure is obtained from the sound field on the object’s
boundaries, based on Eq. (3).30 The difference is that
in BEM, the sound field on the boundaries is calculated
numerically, whereas the present method relies on mea-
sured sound field quantities. Furthermore, BEM does
not directly yield the far-field pattern, which can still be
approximated by calculating the scattered pressure far
from the sample. Nevertheless, it could be possible to
develop an asymptotic version of BEM that directly cal-
culates the far-field pattern, based on the discretization
of Eq. (7) instead of Eq. (3).

It is worth noting that equation (9) is a linear forward
problem, which makes it robust to noise. Furthermore,
similarly to Eq. (7), either the total or the scattered field
can be used in the vectors p and un. Therefore, it is pos-
sible to estimate the far-field pattern without separating
the incident and the reflected fields (as in Refs. 26 and
15). Finally, the setup does not require large distances
between the sample and the measurement locations (as
in Refs. 14 and 10).

III. NUMERICAL RESULTS: STUDY OF FAR-FIELD PAT-

TERNS

Numerical simulations are performed using the two-
dimensional version of OpenBEM31 in order to analyze
the features of the far-field pattern for different samples.
A 2D simulation allows for faster calculations than full
3D models, and simplifies the analysis of the results, as
the far-field pattern then depends on only one angle.
Finite-size effects are expected to be different from ac-
tual samples, but this is not problematic when studying
the properties of the far-field pattern as a function. The
geometries are discretized using six elements per mini-
mum wavelength, as recommended in Ref. 30.
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A. Simulation setup

FIG. 2. Tested sample geometries. A: flat rigid surface. B:

flat absorptive surface. C: sinusoidal rigid surface.

Sketches of the studied samples are presented in
Fig. 2. The three samples have a width L =1.07 m and
a thickness l =10 cm. They have different upper bound-
aries,

• Sample A: flat and rigid, where specular reflection
is expected to dominate;

• Sample B: flat and absorptive, where the upper sur-
face represents a porous absorber of flow resistivity
10900 N.s.m-4 and thickness 10 cm;

• Sample C: sinusoidal and rigid, with an amplitude
h = 5.2 cm and a spatial period Λ = 18.5 cm, where
we expect the energy to be redirected in specific
directions at high frequencies.32

The side and lower boundaries are defined as rigid for the
three samples. Note that the sinusoidal upper boundary
makes sample C thicker than the two others, its total
thickness being 20.4 cm. Moreover, for sample B, the sur-
face impedance of the upper boundary, which is needed
for the BEM simulation, is obtained in two steps. First, a
characteristic impedance and a propagation constant are
calculated with Miki’s model.33 Then, these two param-
eters are used to infer the surface impedance, following
Eq. (3.39) of Ref. 34.

A position r is located using a polar coordinate sys-
tem (r, θ), as shown in Fig. 3. The samples are placed
in free-field and are subjected to an incident plane wave.
The angle of incidence of the plane wave φ0 is defined
from the normal to the upper boundary, so that normal
incidence corresponds to 0°. Under these conditions, the
far-field pattern of a given sample only depends on the
incidence angle and frequency. The tests are carried out
at 500 Hz and 2500 Hz, for incidence angles of 0° and 45°.

FIG. 3. Simulation setup and definition of the polar coordi-

nate system.

The BEM model makes it possible to calculate the
pressure at any location with the same computational
cost. Consequently, the scattered pressure is calculated
on a large circle of radius 106 m, with an angular resolu-
tion of 0.5°. In 2D, the radiating waves follow a cylindri-
cal divergence, so Eq. (2) becomes

pS(r) =
r→+∞

e−jkr

√
r

(
f∞(θ) +O

(
1

r

))
, (10)

and the far-field pattern is estimated by compensating for

the radial dependence e−jkr
√
r

. At such a large distance, the

far-field pattern can be estimated with negligible error.
For one given frequency and one incidence angle, the

calculation of the far-field pattern takes approximately
one minute for a CPU speed of 1.6 GHz. The computa-
tion time is ascribed to the implementation of the BEM
algorithm, and in particular the calculation of the inter-
polation matrices.

B. Results

Figure 4 shows the amplitude of the far-field patterns
for the three tested samples. Two key angular directions
are indicated by dashed vertical lines. The specular di-
rection θ0 = 90°− φ0 corresponds to the direction of the
reflected wave for an infinite flat surface. The forward
direction θf = 270° + φ0 is the direction of propagation
of the incident plane wave. Additional dashed lines cor-
respond to the angles at which the reflected field is redi-
rected for an infinite sinusoidal surface of spatial period
Λ, according to the formula32

cos(θn) = cos(θ0) + n
λ

Λ
, (11)

where λ is the acoustic wavelength. Note that θ0 is al-
ways a solution of Eq. (11), for n = 0. In addition, mul-
tiple reflected directions only exist if the right-hand side
of Eq. (11) is between -1 and 1. For instance, at normal
incidence, this implies that λ < Λ, or f > c

Λ . These ad-
ditional lines thus only appear at 2500 Hz, in Figs. 4(b)
and 4(d).

In all cases, the far-field pattern amplitudes present
lobes due to the finite size of the samples. The far-field
pattern has a sinc-like behavior similar to the far-field

4 Characterization of scattering with near-field measurements
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FIG. 4. Far-field pattern amplitudes of the three samples (– flat sample A, · · · absorptive sample B, −·− sinusoidal sample C)

at 500 Hz and 2500 Hz, incidence angles of 0° and 45°. The vertical dashed lines indicate the specular direction θ0, the forward

direction θf and the expected reflected directions θn for the sinusoidal surface.

Fraunhofer solution for flat rigid panels.12 Local maxima
can be observed in the specular and the forward direc-
tions. The specular lobe shows the existence of a reflec-
tion above the samples, whereas the forward one indi-
cates a shadowing effect behind the samples. In Fig. 4(a),
at normal incidence and at 500 Hz, samples A and C have
similar far-field patterns. Indeed Λ� λ so the sinusoidal
upper boundary behaves like a flat surface. The specular
and the forward lobes have the same amplitude, which
seems to be characteristic of totally reflective samples
with no surface scattering. The far-field pattern of sam-
ple B resembles the two others, but it is attenuated in
the directions above the sample (θ ≤ 180°), due to ab-
sorption by the upper surface. In Fig. 4(b), at 2500 Hz,
the lobes are narrower and the amplitude maxima are
higher. As frequency increases, the far-field patterns con-
verge towards the theoretical behavior of infinite surfaces
under plane wave incidence, where the energy is reflected
in discrete directions. The far-field pattern of sample A
presents a specular and a forward main lobe, both having
the same amplitude. Sample B shows a strong attenua-
tion of the far-field pattern for angles below 180°, again
due to absorption on its upper surface, whereas it behaves
like the flat sample above 180°. For sample C, additional
peaks can be seen at 42° and 138°, where a part of the
reflected energy is redirected, as predicted by Eq. (11).
Above 180°, its far-field pattern resembles the two others,

with small differences outside of the interval [240°; 300°],
attributed to its larger thickness. At 45° incidence, for
the three samples, the left side is more exposed to the
incident field than at normal incidence, so it has more
influence on the scattered field. In Fig. 4(c), at 500 Hz,
the observations made at normal incidence are still valid.
In addition, the two main lobes overlap on the right side
of the samples, around 0° and 360°, which increases the
far-field pattern amplitude in this region. In Fig. 4(d), at
2500 Hz, the samples show the same features as at normal
incidence, such as strong lobes in the reflected directions.
Furthermore, for all samples, the far-field pattern am-
plitude is higher than at normal incidence around 180°.
This increase represents reflection by the left side of the
samples, whose length is comparable to the wavelength
(λ = 14 cm). Sample C behaves differently than the two
other samples, due to its larger thickness.

In order to illustrate the dependency of the far-field
pattern with respect to size, Fig. 5 shows the amplitude
of the far-field pattern for samples similar to sample A,
with a flat rigid upper surface and different widths (1 m,
2 m and 5 m). The frequency is set to 500 Hz and the inci-
dence angle is 0°. When the width increases, the far-field
pattern converges towards a Dirac-like function, with a
peak in the specular direction (90°) and a peak in the for-
ward direction (270°). Note that the effect is similar to
what occurs at higher frequencies, as evidenced by Fig-
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ure 4(b) and (d). In conclusion, the oscillations observed
in the far-field pattern are both due to frequency and
sample size, as expected.
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FIG. 5. (Color online) Far-field pattern amplitude for flat

reflective samples of 1 m, 2 m and 5,m at 500 Hz, under 0°
incidence.

In general, these examples show that the far-field
pattern can be separated into two regions: the direc-
tions below 180° represent the reflected field, while the
ones above 180° describe the shadowing effect of the sam-
ple. At high frequencies, this separation agrees well with
the Kirchhoff approximation, where the scattered field is
decomposed into a reflected component, dominating in
backward directions, and a shadowing component preva-
lent in forward directions.35 The shadowing part depends
on the shadow cross-section, i.e. the maximum area cov-
ered by the sample in the direction perpendicular to the
incident wave. Consequently, the forward part is sim-
ilar for the three samples at high frequencies and small
incidence angles. It should be noted that the angular sep-
aration between a reflected and a shadowed component
is only possible because the undisturbed field contains a
single wave traveling in one direction, i.e. towards the up-
per surface of the sample. The reflected wave is then the
only component traveling backwards. Under more com-
plex undisturbed sound fields, with several waves trav-
eling in multiple directions, shadowing and reflection by
the sample will be mixed in the resulting far-field pattern.

C. Application: calculation of architectural acoustics coeffi-

cients

The backward part of the far-field pattern, for θ ∈
[0°; 180°], contains information on the properties of the
upper surfaces, such as absorption and surface scattering.
The surface effects are particularly visible at high fre-
quencies, where the wavelength is much smaller than the
sample width. Moreover, in free-field, the far-field pat-
tern for θ ≤ 180° can be assimilated to the angular distri-
bution of the reflected pressure, which is commonly used
in the literature to estimate scattering by surfaces.10,36

Therefore, a potential application is to make use of the
far-field pattern to infer already known coefficients, as
suggested in a previous study.28 Simple examples of cal-
culations are presented. However, the point of this study
is not to develop a full methodology to obtain these coef-
ficients, as the far-field pattern rather aims at the char-
acterization of finite samples.

With regard to surface scattering, the derivation of
the standardized diffusion coefficient is straightforward,
as it is based on the autocorrelation of the reflected
pressure.7 Specifically, if the far-field pattern is known
in N discrete directions θi(i = 1, ..., N) above the sam-
ple, the diffusion coefficient is calculated with

δ =

(∑N
i |f∞(θi)|2|

)2

−
∑N
i |f∞(θi)|4

(N − 1)
∑N
i |f∞(θi)|4

, (12)

assuming that the far-field pattern is sampled in uni-
form directions.3 It indicates the uniformity of the reflec-
tion. Figure 6 shows the calculated diffusion coefficient
for the three samples, at 0° incidence. For the three sam-
ples, the diffusion coefficient is highest at low frequencies
(about 0.6), where the far-field pattern is smoother (see
Fig. 4(a)). In this frequency range, scattering is mostly
due to the finite size of the samples, which explains the
similarity between the three curves, as the samples have
the same widths. Overall, samples A and B behave the
same on the whole frequency range, which is sensible as
both have a flat upper surface. As for sample C, it redi-
rects sound above 1.8 kHz according to Eq. (11), therefore
the diffusion coefficient increases again above 2 kHz.
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FIG. 6. (Color online) Estimated diffusion coefficient for the

reflective sample A, the absorptive sample B and the sinu-

soidal sample C as a function of frequency, under normal in-

cidence.

Concerning the scattering coefficient, the samples are
in free-field, therefore it is not possible to use the ISO
definition, which requires a diffuse field.6 Moreover, the
rotational definition introduced in Ref. 9 can not be ap-
plied in two dimensions. Instead, the definition proposed
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by Mommertz,36 which is also based on the angular dis-
tribution of the reflected pressure, can be estimated with
the far-field pattern, restricted to backward directions.
The Mommertz coefficient is calculated as

sM = 1−
|
∑N
i f∞(θi)f

∗
∞,ref (θi)|2∑N

i |f∞(θi)|2
∑N
i |f∞,ref (θi)|2

, (13)

where f∞,ref is the far-field pattern of a reference (typ-
ically a flat rigid sample of the same dimensions as the
tested sample). This coefficient measures the dissimi-
larity of the reflection from the reference, so the latter
should be representative of a specular reflection with no
surface scattering. Sample A is thus chosen here as a
reference. Figure 7 shows the Mommertz scattering co-
efficient for samples B and C. For the absorptive sam-
ple B, the scattering coefficient is overall below 0.2, as
it has a flat upper surface. However, it is greater than
zero because the far-field pattern of sample B differs from
the one of sample A, due to absorption by the surface.
This illustrates that the reference sample should gener-
ally have the same absorption properties as the tested
sample, which might be difficult to achieve in practice.
Finally, sample C is reflective, just as sample A, which
is then a more valid choice of reference. For sample C,
sM increases with frequency. At low frequencies, as dis-
cussed in Sect. III B, it behaves like a flat surface so sM
is close to 0. Above 1.8 kHz, the reflection propagates in
several direction, which yields significant differences with
the reference far-field pattern of sample A. This explains
the sharp increase of sM above 2 kHz.
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FIG. 7. (Color online) Estimated Mommertz scattering coef-

ficient for the absorptive sample B and the sinusoidal sample

C as a function of frequency, under normal incidence. Sample

A is used as a reference in the calculation.

In addition, Fig. 4 showed that absorption reduces
the far-field pattern amplitude in the reflected directions.
We can also assume that the forward lobe is representa-
tive of the incident field. Therefore, for flat samples, a
reflection factor R is calculated as the ratio between the
specular peak and the forward peak. An absorption co-

efficient can then be obtained as

α = 1− |R|2. (14)

Figure 8 shows the estimated absorption coefficient for
the two flat samples, reflective A and absorptive B, fol-
lowing Eq. (14). Theoretical references are also shown:
for sample A, α is expected to be 0. For sample B, a the-
oretical reflection factor is calculated with Eq. (3.44) of
Ref. 34, under an infinite sample assumption, and the
corresponding absorption coefficient is calculated with
Eq. (14). For both samples, good agreement is found
above 1000 Hz. At lower frequencies, deviations with the
theoretical references are visible, as the lobes are also in-
fluenced by the finiteness of the samples. In particular,
for sample A, the negative absorption coefficient indi-
cates that the reflected lobe is actually stronger than the
shadowing lobe. Overall, the estimation seems valid for
kL ≥ 10, where L is the width of the sample (in the
present example, f ≥ 500 Hz).
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FIG. 8. (Color online) Absorption coefficient derived from

the far-field pattern amplitude for the reflective sample A and

the absorptive sample B. The black lines indicate theoretical

absorption coefficient values, derived from a porous absorber

model.

In summary, the far-field pattern offers a complete
description of scattering by the sample. It shows the
directional properties of the scattered pressure and it
contains information on both absorption and scattering
of sound by the upper surface. Moreover, the far-field
pattern has a potential for estimating existing architec-
tural acoustics coefficients. However, these traditional
coefficients assume infinite surfaces, although they are
necessarily measured with finite samples. Using the far-
field pattern will not overcome this shortcoming as finite
size effects are inherently included in the scattered field.
Therefore, all the tested metrics are influenced by the
sample size at low frequencies. The proposed coefficient
derivations are only valid in cases where size effects are
negligible. Typical examples are large surfaces, near nor-
mal incidence and high frequencies. In other cases, the
scattered field is a combination of effects effects due to
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the surface properties and the shape of the sample, which
is entirely captured and described by the far-field pattern
as a directivity measure.

IV. EXPERIMENTAL RESULTS

Experimental tests were conducted in order to vali-
date the feasibility of the measurement method presented
in Sec. II C. The aim of these tests is to validate that far-
field scattering information can be obtained from near-
field measurements. A Microflown 3D sound intensity
probe was used to measure the pressure and the particle
velocity around the sample in a free-field environment.

A. Setup

The tests are carried out on two rectangular samples
of dimensions 1.07 m × 54 cm × 10 cm. The two sam-
ples are boxes made of wooden plates and filled with a
porous absorber of flow resistivity 10900 N.s.m-4. The
first sample has its front face covered with a flat wooden
plate, so that it is expected to be reflective, whereas the
second one has an open front face so it remains absorp-
tive. These samples are similar to samples A and B in
Sec. III, so the same terminology is used in this section.
The samples are suspended in a large anechoic room in
the Technical University of Denmark (Kongens Lyngby,
Denmark), of volume 1000 m3. A loudspeaker is placed
in front of the samples, at a distance of 3 m. Stationary
white noise is used as a source signal. A picture of the
experimental setup is shown in Fig. 9.

FIG. 9. (Color online) Experimental setup in the anechoic

room. The sample is suspended in front of a loudspeaker. The

camera and the data acquisition system of the Scan&Paint 3D

system are also visible.

A Scan&Paint 3D system from Microflown (Arnhem,
Netherlands) is used to manually scan the sound field
around the sample.37 The system uses a 3D sound in-
tensity probe comprising one pressure microphone and
three orthogonal particle velocity transducers. The pres-

sure and particle velocity signals are recorded with a
multi-channel data acquisition system. As phased data is
needed in Eq. (9), the electrical signal sent to the source
is also recorded to serve as phase reference. The position
and the orientation of the probe are tracked by a stereo
camera (visible in Fig. 9). The space is discretized into
cubic cells of dimensions 2 × 2 × 2 cm3. A Fast Fourier
Transform (FFT) is applied on each cell where the probe
has been detected by the camera. In this experiment, the
signals’ sampling frequency is set to 24 kHz, and 2048
samples are used per time window for the FFT. The
scanning takes about 15 minutes, and requires two differ-
ent tracking camera locations to obtain a closed surface
around the samples.

The resulting cloud of measurement points depends
on the scanning process. Following Eq. (7), a surface en-
closing the sample must be defined from the measured
points. The surface must be relatively smooth and con-
tain as many points as possible in order to obtain a good
estimate of the far-field pattern. The Matlab function al-
phashape, which produces a polygon enclosing the cloud
of points, is used to select the points, with an alpha radius
of 12 cm. The required particle velocity term in Eq. (7) is
obtained by projecting the velocity vector on the normal
to the obtained surface.

In this study, in order to simplify the implementa-
tion, the far-field pattern is calculated using the three-
dimensional BEM code OpenBEM.31 The scattered pres-
sure is calculated at a distance of 106 m from the origin,
and the radial dependence is compensated for, following
Eq. (2). The far-field directions are sampled on a sphere
of 61 × 61 points. With about 2300 near-field points
and 3721 far-field directions, the calculation of the far-
field pattern takes 8:30 minutes for each frequency. As
in Sect. III, the computation speed depends on the im-
plementation of the BEM code.

B. Results

Due to the relatively large size of the samples, the
near-field scanning procedure takes about 10 minutes per
sample and leads to a rather coarse mesh of data points.
The resulting measurement points which define an en-
closing surface have an average distance of 6 cm, which
generates aliasing effects above 1 kHz. Therefore, the
present results are only valid in the low to mid-frequency
range. A higher spatial resolution can be obtained by
scanning the volume for a longer time.

Figure 10 shows estimated directivity plots for the
flat sample A and the absorbing sample B, under nor-
mal incidence, at 500 Hz and 800 Hz. The direction of
propagation of the incident wave is from left to right, as
indicated by the arrow. The obtained directivity plots
are suitable for a qualitative analysis of scattering. In
Fig. 10(a), at 500 Hz, sample A shows mainly a forward
and a backward lobe, with much smaller side lobes which
result from the finiteness of the sample. The backward
lobe has a smaller amplitude, which indicates that the
surface of sample A is partially absorptive. Indeed, the
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FIG. 10. (Color online)
Far-field pattern amplitudes ob-
tained experimentally for the
reflective sample A and the ab-
sorber sample B, at 500 Hz and
at 800 Hz. The arrows indicate
the direction of propagation of
the incident wave.

sample is made of plywood and it is not entirely rigid
at low frequencies. In Fig. 10(b), at 800 Hz, the far-field
pattern presents stronger and narrower side lobes. The
backward and the forward lobe are of more comparable
size than at 500 Hz, showing that the surface is more re-
flective at this frequency. For the absorptive sample B,
the far-field pattern at 500 Hz in Fig. 10(c) also shows
two main lobes. The backward lobe has a much smaller
amplitude than the forward one, which is due to absorp-
tion by the porous surface of the sample. Note that the
forward lobe is smaller than for sample A, which is pre-
sumably due to transmission of sound through the sam-
ple. In Fig. 10(d), at 800 Hz, the lobes are again narrower
and stronger, with the presence of side lobes due to the
sample’s finiteness. Absorption by the surface is also
clearly shown by the smaller amplitude of the backward
lobe. Figure 10 thus shows that the far-field pattern fully
captures the scattering behavior of the sample in 3D.

In order to validate the experimental results and
complement them with a quantitative analysis, the far-
field patterns of samples A and B are restricted to the
central azimuth plane and compared with the 2DBEM
results from Sec III. As the power of the source is a pri-
ori unknown, the far-field patterns are normalized by
their maximal amplitude. Figure 11 shows the compari-
son for the two samples at 500 Hz and at 800 Hz, under
normal incidence. It should be noted that the three-
dimensional experimental results are compared with a
two-dimensional model, which explains deviations, espe-
cially in the lower side lobes. In Fig. 11(a), for sample
A at 500 Hz, the location of the reflected and the for-
ward lobe agrees with the numerical results. The slight

offset between the numerical and the experimental re-
sults in the main lobe directions is attributed to a small
misalignment of the sample and the source in the exper-
iment. The reflected lobe has a lower amplitude than
the forward lobe, as seen in Fig. 10(a). In Fig. 11(b),
at 800 Hz, the two curves are similar not only around
the main lobes, but also around side lobes such as at
56°, 125°, 236°, 305°. In particular, the amplitudes of the
forward and the reflected lobes correspond quite well to
the ones in BEM. In Fig. 11(c), sample B shows good
agreement between the experimental and the numerical
results at 500 Hz. The relative amplitude difference be-
tween the reflected lobe and the forward lobe is similar
for both curves, which indicates similar absorption prop-
erties between the sample and the numerical model. In
Fig. 11(d), at 800 Hz, good agreement is found for the
forward and reflected lobes, and as for sample A, some of
the side lobes are also recovered. These results show that
the near-field measurement method makes it possible to
capture the main characteristics of the far-field pattern.
However, the numerical and the experimental setups are
not entirely identical. For example, in the experiment,
the incident field is not a plane wave and the sample is
not in perfect free-field. In addition, the samples may
have different acoustical properties than their numerical
models. For instance, the wooden box that is used for
sample A is not perfectly rigid.

V. DISCUSSION

The far-field pattern is a suitable quantity to char-
acterize scattering by objects, as it is exact, unique and
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FIG. 11. (Color online)
Comparison of the experimen-
tal far-field patterns (—) and
the numerical results (· · · ) over
a horizontal circle, for the reflec-
tive sample A and the absorb-
ing sample B, at 500 Hz and at
800 Hz, and normal incidence.

it offers a full three-dimensional description of the scat-
tered field. It can be applied to any object, such as acous-
tic elements (absorbers, diffusers) or furniture. The ob-
ject under characterization must however be of finite size,
which makes the far-field pattern a size-dependent func-
tion. Furthermore, the far-field pattern depends on the
undisturbed field. In this study, free-field and plane wave
incidence have been assumed in order to simplify this de-
pendence to only one parameter, namely the incidence
angle. The scattered sound field behaves differently un-
der other wave fronts, which has been shown for example
for a porous layer backed by a hard surface under an in-
cident spherical wave.38 The far-field pattern of a given
object is therefore different if it is placed in another en-
vironment or if it is subject to another incident field.

The proposed measurement method relies on new
sensing principles (near-field pressure and particle veloc-
ity measurement) and an exact formulation of the scat-
tering problem, using the HIE. Fundamentally, scattering
is described in the far-field, where the sound field behaves
regularly, based on near-field information, that can be
measured at attainable distances from the sample. The
mathematical propagation from near-field to far-field is a
linear forward operation, which smooths data and limits
the sensitivity to noise. The proposed scanning proce-
dure is carried out on an arbitrary closed surface with one
single probe. This relaxes geometrical constraints intro-
duced in the existing near-field array methods to study
scattering (e.g. planar15 or spherical26). Moreover, the
use of a closed measurement surface means that neither
truncation of the underlying equations15 nor subtraction
of the incident field15,26 are required. One challenge is
the quality of the measured input data. The estima-
tion of the far-field pattern relies on phased data, and
especially on the phase difference between pressure and
particle velocity. Therefore, the method is sensitive to
phase mismatch between the measurement channels of
the probe. Moreover, the use of the HIE is generally a
low frequency approach. Although it is in theory appli-

cable in any frequency range, higher frequencies require
a finer spatial resolution and hence an increasing amount
of near-field data. In BEM methods, a spacing of λ

6 is

typically recommended.30

The current experimental validation proves the fea-
sibility of the measurement principle. However, several
improvements are needed to fully characterize scatter-
ing, especially by rough surfaces. Firstly, the measure-
ments were carried out in free-field, with a single incident
wave. A total characterization would thus require repeat-
ing the measurement for other incidence angles. This
is a typical drawback of free-field methods to measure
angle-dependent properties.10 On the other hand, plac-
ing multiple receivers in the far-field to describe the direc-
tional properties of the scattered field (as in Refs. 10,14)
is no longer needed. Furthermore, in the presented ex-
perimental setup, the samples are hung freely in the air,
so that they are the only source of scattering. This sit-
uation rarely occurs in practice, and tends to amplify
edge diffraction. More realistic scenarios, such as a dif-
fuser placed on a wall, should therefore be considered.
In that case, however, the undisturbed field also con-
tains reflection by the wall, which travels away from
the sample’s surface. The scattered field and the subse-
quent far-field pattern then also include interaction with
this reflection.28 A possible solution to treat more com-
plex sound fields is to use a different Green’s function in
Eq. (8), which describes a more appropriate wave prop-
agation. Finally, rough surface scattering is not visible
in the present experimental results, as it typically occurs
at higher frequencies. This can be overcome with a more
thorough and longer scanning of the volume. Neverthe-
less, it is also possible to optimize the processing of the
measured data. Indeed, many measurement points were
discarded in order to define an enclosing surface (typi-
cally about 60% of them). The upper frequency limit
could be increased by including this measured informa-
tion in the calculation, for instance with near-field holog-
raphy techniques.39
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Finally, the far-field pattern and its measurement
show potential applications in architectural acoustics.
The absorptive and scattering properties of surfaces are
included in this directivity function, so techniques can
be implemented to derive traditional measures, such as
absorption and scattering coefficients. In fact, the far-
field pattern is conceptually close to the directional dis-
tribution of the reflected pressure, which has been ex-
tensively used in the literature for characterizing surface
scattering.10,15,26,36 Such approaches are directly appli-
cable by substituting the reflected pressure with the far-
field pattern. Nevertheless, the far-field pattern and the
reflected pressure are size-dependent, so the estimation is
only valid when surface reflection dominates over finite-
size effects. This is the case for example for large surfaces
(kL ≥ 10) and small incidence angles. More generally,
scattering as defined in this study contains a combination
of effects due to shape and boundary conditions, so it can-
not simply be understood as a surface property. Instead,
it is possible to characterize a given sample with the
far-field pattern, including absorption, surface scatter-
ing and finiteness simultaneously. The far-field pattern
could then serve as an input to numerical simulations, in
a similar way as the bidirectional reflectance distribution
function (BRDF).23 The far-field pattern differs from the
BRDF as it describes an entire object – not a surface.
However, it can be argued that such a directivity func-
tion represents an overly large amount of information for
inclusion in numerical models.14,15

VI. CONCLUSION

This study proposes a framework to characterize
scattering by finite samples. Scattering is defined as the
disturbance of the sound field by the sample, due to its
shape and its boundary conditions. It is described with
a complex directivity function, called far-field pattern.

The far-field pattern provides a full 3D directional
representation of the scattered field, and it includes ab-
sorption, rough surface scattering and finite-size effects
simultaneously. Therefore, the far-field pattern can po-
tentially be used in architectural acoustics to describe the
effect of any given object on the sound field, such as fur-
niture, absorbers or diffusers. However, it is by definition
a size-dependent function.

A near-field measurement method with a 3D sound
intensity probe was proposed and validated experimen-
tally, based on the measurement of pressure and particle
velocity. The methodology offers a robust estimation of
the far-field pattern and a simple scanning measurement
procedure. Although the methodology is also valid at
higher frequencies, a long measurement duration is re-
quired to study frequencies above 1 kHz, and hence to
capture rough surface scattering effects. The method has
been developed in free-field, but it can be extended to
more complex environments such as actual rooms.
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Foreword

This report presents the work conducted during a research stay in the Acoustics group of the Norwegian
University of Science and Technology (NTNU) in Trondheim, from April to June 2018.

1 Motivation

In room acoustic simulations, the inclusion of scattering by rough surfaces can improve predictions [1]
which has motivated extensive research to characterize this effect [2]. However, most studies of surface
scattering rely on an infinite surface model, although all proposed measurements are necessarily performed
on samples of finite size. In [3], it has been proposed to characterize samples in their entirety, by using
an object scattering approach. Scattering by a sample under given incident field conditions is described
by its far-field pattern, which is a complex directivity function.

This study aims at characterizing scattering by a finite surface when submitted to an incident sound
field. Such a surface is typically mounted on some kind of box, which also influences the sound field.
Applying the method presented in [3], one would obtain a far-field pattern which describes both scattering
by the surface and by the shape of the mounting box. The proposed method consists of manipulating
the Helmholtz Integral Equation (HIE) to separate the effect of the surface from the rest of the sample.
The extracted data can be used to study the same surface when mounted on a different box.

The structure of this report is as follows. Section 2 presents the methodology. Section 3 contains
numerical examples, including power considerations, a comparison with a Kirchhoff approximation and
a study of the influence of the sample thickness. A measurement method is proposed in Sec. 4, along
with a numerical example. Finally, Sec. 5 presents a possible application, where the surface scattering
information is applied to another box.

2 Methodology

The studied samples consist of an upper (rough) surface which is mounted on a box, as shown in Fig. 1.
We aim at characterizing the scattering effect of the upper surface, independently of the box.

Figure 1: Geometry of the studied samples, separation into a surface (red) and a box (black).

To begin with, some concepts to characterize the entire sample are recalled. Let r be a point outside
of the sample, defined by its spherical coordinates (r,Ω). r is the distance to the origin of the coordinate
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system and Ω is a solid angle representing an angular direction. The total sound pressure p(r) can be
decomposed into

p(r) = p0(r) + ps(r), (1)

where p0(r) is the undisturbed pressure obtained without the sample. The term ps(r) is called the
scattered pressure. It is a radiating solution, so it can be expressed in the far-field as

ps(r) =
r→∞

e−jkr

r

(
f∞(Ω) +O

(
1

r

))
, (2)

where f∞(Ω) is called the far-field pattern [4]. This quantity can be used to study scattering by the
entire sample [3], which includes effects both from the upper surface and from the box.

In [3], an equation is presented to relate the far-field pattern in a direction Ω to the scattered sound
field on a surface enclosing the sample. This equation is applied to the boundary of the sample S, yielding

f∞(Ω) =

∫
S

(
ps(rS)

∂G∞(Ω, rS)

∂n
− ∂ps(rS)

∂n
G∞(Ω, rS)

)
dS(rS), (3)

where ∂
∂n represents the normal derivative with respect to the surface S, and G∞ is an asymptotical form

of a Green’s function in the far-field. This equation is derived from the HIE. As no source is enclosed in
S, Eq. (3) also holds if the scattered field in the integral is replaced by the total field [4].

As seen in Fig. 1, the sample’s boundary S can be decomposed into two parts, namely the upper
surface S1 and the box S2, so that

S = S1 ∪ S2. (4)

We define the surface contribution f∞,surf by integrating the kernel of Eq. (3) on the upper surface only,

f∞,surf (Ω) =

∫
S1

(
ps(rS)

∂G∞(Ω, rS)

∂n
− ∂ps(rS)

∂n
G∞(Ω, rS)

)
dS(rS). (5)

Similarly, we define the box contribution f∞,box(Ω) as an integral on the box boundary S2,

f∞,box(Ω) =

∫
S2

(
ps(rS)

∂G∞(Ω, rS)

∂n
− ∂ps(rS)

∂n
G∞(Ω, rS)

)
dS(rS), (6)

By additivity of the integral, Eq. (3) can be rewritten into

f∞(Ω) = f∞,surf (Ω) + f∞,box(Ω). (7)

We want to use f∞,surf to describe scattering by the upper surface. Like the far-field pattern, this
quantity is a complex directivity function that characterizes the properties of the sound field scattered
by the surface S1. In general, in Eq. (5), the sound field integrated on S1 can be influenced by the rest
of the sample. However, for f∞,surf to be a good scattering descriptor, it should be independent of the
mounting conditions of the upper surface. Then, f∞,surf would only depend on the incident field and
the geometry of S1. Such assumption is verified in special cases, such as at normal incidence, at high
frequencies, and for convex objects. In terms of geometrical acoustics, this approach is equivalent to
assuming that the far-field pressure is mainly due to specular reflection and first-order edge diffraction,
while higher order diffraction terms are neglected [5]. Similar considerations can also be made on the box
contribution f∞,box, for it to be representative of the effect of the box.

The proposed approach is based on the calculation of integrals on open domains (S1 ansd S2), so using
the total or the scattered field in the integrals leads to different values (conversely to Eq. (3)). As the
far-field pattern is defined from the scattered field (see Eq. 2), we use the scattered field decomposition
in this study. The use of the total field p instead would lead to a different decomposition.

3 Numerical validation

In order to validate the proposed separation, numerical tests are implemented in a 2D boundary element
model (2D-BEM) [6] for different samples presented in Fig. 2. All the samples are rigid and have the
same width of 1 m. The two tested upper surfaces are a flat one (samples 1 and 2) and a sinusoidal
one (samples 3 and 4). The sinusoidal profile has an amplitude of 2 cm and a period of 25 cm. Two
rectangular mounting boxes are tested, a thin one of 10 cm (samples 1 and 3) and a thick one of 50

2



Figure 2: Geometry of the tested samples in the numerical simulations.

cm (samples 2 and 4). The calculation of field points in BEM is also based on the HIE applied on the
sample’s boundary S, so an integral separation similar to Eq. (7) can be implemented in BEM to estimate
the surface and the box contributions.

The simulation setup is shown in Fig. 3. The samples are submitted to a plane wave at oblique
incidence. The tested incidence angles are 0°, 30°, 60° and 90°, defined from the normal to the sample.
The frequency dependence is also investigated.

Figure 3: Simulation setup. The incidence angle is defined from the normal of the upper surface and the
observation scattering angle from the horizontal.

3.1 Example of decomposition

We study the components of Eq. (7) for sample 4 (sinusoidal surface, thick box), based on the integration
of the scattered field.The decompositions of other samples can be found in the appendix.

Figure 4 shows the amplitude of the surface contribution, the box contribution and the far-field pattern
at 250 Hz and at 2000 Hz for a plane wave at normal incidence. At 250 Hz, the surface contribution
dominates above the sample (θ ≤ 180°), whereas the box contribution dominates below (θ ≥ 180°). This
shows that the surface mostly reflects sound, while the box has a shadowing effect. The sides (below 50°,
between 130° and 220° and above 310°) are influenced by both components. At 2000 Hz, all functions
exhibit lobes due to the finite size of the sample. Moreover, the box and surface contribute to scattering
in very distinct directions so that

f∞(θ) ≈ f∞,surf (θ), θ ≤ 180°; (8)

f∞(θ) ≈ f∞,box(θ), θ ≥ 180°. (9)

Therefore, at 2000 Hz, the proposed decomposition in Eq. (7) is not very useful as it can be done directly
on the far-field pattern.

In conclusion, these examples show that at normal incidence, the surface mostly contributes to re-
flection and the box to shadowing. At low frequencies, the chosen far-field decomposition proved the
existence of regions where scattering is due to both the surface and the box.
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Figure 4: Far-field pattern decomposition for sample 4 (sine - thick) under a plane wave at normal
incidence, at 250 Hz and at 2000 Hz.

3.2 Scattered power

A way to evaluate which of the surface or the box scatters more is to calculate the scattered power over
all directions. The scattered power by an entire sample is proportional to the scattering cross-section σ,
which is given by [7]

σ =

∫
|f∞(θ)|2dθ. (10)

Similarly, we can replace the far-field pattern in Eq. (10) by f∞,surf or f∞,box to obtain a measure of the
power scattered by the surface and the box, respectively.

Figure 5 shows the contribution of the surface and the box in terms of scattering cross-section following
the chosen decomposition, as well as the total scattering cross-section. The scattered power depends on
the shadow area, i.e. the maximum area covered by the sample in the direction perpendicular to the
incident wave. At normal incidence, this area is the same for the box and the surface, which explains
why they have almost equal contributions. When the incidence angle increases, the shadow area covered
by the surface decreases faster than the one by the box, and there is almost no shadow by the surface at
90°. Consequently, scattering by the box dominates at high incidence angles. In addition, the scattered
power generally increases with frequency as the wavelength becomes smaller relative to the sample.

In conclusion, the effect of the box and the surface depends on the incidence angle and frequency. In
particular, the surface scatters sound mostly at small incidence angles.

3.3 Comparison with a Kirchhoff approximation

The Kirchhoff approximation (KA) is common in the scattering literature as a high frequency approxima-
tion, for small incidence angles [8]. It makes it possible to calculate the HIE directly, by approximating
the sound field on the surface of the object (which is usually unknown). For instance, for rigid boundary
conditions, the normal derivative of the pressure is set to 0 everywhere, and the pressure is assumed to
be twice the incident pressure on the regions “illuminated” by the incident wave, and zero elsewhere.

A similar approach is tested in order to simplify the calculation of the surface contribution, as its
definition relies on similar assumptions (high frequencies, low incidence angles). The sound field on the
upper surface is approximated from the incident field. The approximation is based on the knowledge of
the geometry of the upper surface S1, the boundary conditions (rigid boundaries) and the undisturbed
field (incident plane wave). We decompose the total field in the same way as Eq. (1) on the surface S1,
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Figure 5: Scattering cross-sections for sample 4 (sine - thick) as a function of frequency and incidence
angle.

both in terms of pressure and its normal derivative,

p(rS) = p0(rS) + ps(rS); (11)

∂p

∂n
(rS) =

∂p0
∂n

(rS) +
∂ps
∂n

(rS). (12)

The undisturbed components p0(rS) and ∂p0

∂n (rS) can be calculated from the incident field. For rigid
boundary conditions, the following approximations are made on the total field on S1,

p(rS) ≈ 2p0(rS); (13)

∂p

∂n
(rS) ≈ 0. (14)

Therefore, in terms of scattered sound field, we have

ps(rS) ≈ p0(rS); (15)

∂ps
∂n

(rS) ≈ −∂p0
∂n

(rS). (16)

These approximations can then be incorporated in Eq. 5 to estimate the surface contribution f∞,surf .
It should be noted that this approach is slightly different from a traditional KA, as the sound field is set
to zero everywhere outside of the upper surface, even in illuminated regions of the box.

KA is a high frequency approximation, as at lower frequencies the sound field on the boundary
cannot be represented directly from the incident field. Conditions of validity for random rough surfaces
are summarized by Embrechts [9]. For a random surface with a correlation length l and a rms height σ,
the conditions are

σ < 0.25l; (17)

l > λ. (18)

In addition, both incident and receiver angles should be smaller than 60° from the normal. Such conditions
cannot easily be applied to a flat surface, for which σ = 0 and l is undefined. However if we apply these
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conditions to the tested deterministic sine surface, using the period instead of the correlation length,
condition (17) is always verified and condition (18) requires f > 1372 Hz.

For illustration, the sound fields calculated with BEM and KA on the upper surface of sample 2
(flat, thick) are compared in Fig. 6, at 250 Hz and at 2000 Hz, at normal incidence. The resulting
far-field surface contributions are also shown. Figure 6 shows that for sample 2, the sound field on the
upper surface is simplified with KA (no oscillations), but the surface contribution in the far-field is well
approximated, even at 250 Hz. Figure 7 shows the same test on sample 4 (sine, thick). For this sample,
KA is not as accurate, especially at 2000 Hz where the amplitude of the peaks is not correctly estimated,
although the conditions (17) and (18) are met.

Figure 6: Comparison of KA with the BEM results at normal incidence at 250 Hz and 2000 Hz for sample
2 (flat surface, thick box). The upper graphs show the scattered pressure amplitude on the upper surface.
The lower graphs show the surface contribution in the far-field.

In conclusion, the use of KA greatly simplifies the sound field on the upper surface of the sample, and
still leads to a fair approximation of the far-field surface contribution. However, inaccuracies may occur,
even at frequencies where KA is valid in theory.

3.4 Independence of the surface contribution from the box

For the surface contribution f∞,surf to be a useful quantity, it should be independent from the box on
which the surface is mounted. In this section, we compare f∞,surf measured on thin and thick boxes. We
study both the flat surface (samples 1 and 2) and the sinusoidal surface (samples 3 and 4). A mean-square
deviation measure is calculated as

δ =
∑
n

∣∣f thin∞,surf (θn)− f thick∞,surf (θn)
∣∣2 . (19)

Figure 8 shows δ as a function of frequency and incidence angle. A very similar behaviour is obtained
for both studied surfaces. At high frequencies and small incidence angles (upper left corner), the surface
contribution is independent from the box. Below 1000 Hz, the error is still low for small incidence angles,
and it increases with incidence angle. The largest difference is obtained at 125 Hz, where the sound field
on the surface and on the box can no longer be considered independent.

4 Measurement method

We propose a method to estimate the surface contribution f∞,surf , based on near-field measurements of
the scattered pressure and particle velocity. The method is inspired by [3], which makes it possible to

6



Figure 7: Comparison of KA with the BEM results at normal incidence at 250 Hz and 2000 Hz for sample
4 (sine surface, thick box). The upper graphs show the scattered pressure amplitude on the boundary of
the sample. The lower graphs show the surface contribution in the far-field.

Figure 8: Mean-square deviation between the surface contribution obtained from a thin box and a thick
box, as a function of frequency and incidence angle. Left: flat upper surface. Right: sinusoidal upper
surface.

calculate the total far-field pattern f∞ from measurements on a surface enclosing the sample.
In order to estimate f∞,surf , the scattered pressure and the normal scattered particle velocity are

measured on discrete points on a measurement surface Sm. The geometry of Sm is arbitrary, as long as
it encloses the whole upper surface of the sample, from edge to edge, as seen in Fig. 9. A discretized
f∞,surf is then obtained by discretizing an equation similar to Eq. (3), where the integration domain is
Sm. This approach is valid if no source is contained between the studied surface and Sm.

The method is tested using a 2D-BEM simulation. The surface contribution of sample 4 (thick,
sinusoidal surface) is estimated from the sound field on a domain Sm, defined like the one in Fig. 9. A
reference is obtained directly from the BEM model, by propagating the sound field on the upper surface
to the far-field. Figure 10 compares the estimated surface contribution to the reference. The surface
contribution is accurately estimated, with very minor deviations on the sides (0°, 180°, 360°), which
proves the validity of the measurement method. The equation in use is a forward problem, which makes
it possible to estimate f∞,surf accurately for a sufficient sampling of the sound field. However, the main
difference with [3] is that the scattered field must be used in the equation, as the total field would yield
another result, due to the integration on an open domain. This implies that the incident sound field
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Figure 9: Position of the measurement points (blue dots) above a sample (black solid line).

Figure 10: Estimated surface contribution for sample 4. The dashed line is the reference calculated
directly from BEM.

must be subtracted from the measured quantities, which can be problematic [10]. Nevertheless, it is still
preferable to carry out this operation in the near-field than in the far-field in order to limit phase errors.
If the integral decomposition is carried out on the total field instead, this subtraction is not necessary.

In an experimental setup, additional errors could occur, for instance due to background and transducer
noise. However, the forward nature of the calculation should make the estimation robust to noise.

5 Application: an example

In this section, f∞,surf is used to predict scattering by a sample of different thickness. We aim at recon-
structing the total far-field pattern of sample 4 (sinusoidal surface, thick box). The surface contribution
is first estimated from a thin sample (sample 3 in Fig. 2, thickness 10 cm) while the box contribution is
obtained for a sample with a flat surface (sample 2 in Fig. 2). The far-field pattern of sample 4 is then
estimated as

f̃ (4)∞ = f
(3)
∞,surf + f

(2)
∞,box. (20)

Figure 11 shows examples of the reconstruction, at 250 and 2000 Hz, and under incidence angles of 0°
and 60°. The reconstruction is accurate on all the tested examples. At 60°, the box contribution dominates
(see Fig. 5) so the result is accurate, despite the deviations in the surface contribution discussed in Sec.
3.4.

For each case, the relative mean-square error ε between the estimated total far-field pattern f̃∞ and
the true far-field pattern f∞ is calculated as

ε2 =

∫
|f̃∞(θ)− f∞(θ)|2dθ
|f∞(θ)|2dθ

. (21)
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Figure 11: Reconstructed far-field pattern of sample 4 at incidence angles 0 and 60 degrees and at
frequencies 250 Hz and 2000 Hz. The reference is the far-field pattern of sample 4 obtained directly from
BEM.

Figure 12: Relative mean-square reconstruction error for the far-field pattern of sample 4 (sin, thick) as
a function of frequency and incidence angle.

Figure 12 shows the relative error ε in percents. In all cases, the relative error is below 5%. Note that the
smallest errors are obtained at low incidence angles, and at high frequencies, which is the region where
KA applies.

The same test is carried out to estimate the far-field pattern of the thin sinusoidal sample (sample 3).
The surface contribution is obtained from the thick sinusoidal sample (sample 4) and the box from the
thin flat sample (sample 1). The total far-field pattern is then estimated as

f̃ (3)∞ = f
(4)
∞,surf + f

(1)
∞,box. (22)

In that case, the relative error, plotted in Fig. 13 is high at grazing incidence, with a maximum at 4000Hz
of 98% (note that the color range of Fig. 13 was restricted from 0 to 10%). At grazing incidence, both
the surface and the thin box have a small scattering effect, so f∞ has a small amplitude, which makes
it more sensitive to errors. However, for incidence angles lower than 60°, the error is below 1.5%, which
shows that the reconstruction of the far-field pattern is accurate.
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Figure 13: Relative mean-square reconstruction error for the far-field pattern of sample 3 (sin, thin) as a
function of frequency and incidence angle.

6 Conclusion

The far-field pattern of an acoustic sample can be decomposed into the contribution by its upper surface
and the rest of the sample (mounting box), by separating the integration domain of the HIE. The
decomposition is carried out on the scattered field, as it contains meaningful information on scattering.
The surface contribution is assumed to describe scattering by the upper surface only, independently of
the box. This approach implies that the sound field on the upper surface is only determined by the
incident field and the surface geometry, which is valid in special cases such as at high frequencies, at
small incidence angles and for convex objects.

Numerical results show that scattering by the surface is relatively independent from the box above
250 Hz and up to 60° incidence, which is a much larger range than expected. Moreover, it was shown that
for a flat surface, it is possible to approximate the scattered sound field on the upper surface to simplify
calculations (Kirchhoff approximation). However, the approximation was not as accurate for a sinusoidal
surface.

A measurement method was proposed, based on near-field measurements of the scattered pressure
and particle velocity on an integration domain that encloses the studied upper surface. The accuracy of
the method depends on the resolution of the sound field sampling and on the subtraction of the incident
field from the total field.

A possible application is the prediction of the far-field pattern of a sample from the separate knowledge
of the surface and the box contributions. The prediction is accurate if either of the two contributions
(surface or box or both) is non-negligible. Such approach could be adopted in numerical acoustic models,
and can be compared to adding texture to objects in computer graphics.
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Appendix: far-field decompositions

We present far-field decompositions for the four samples, at 250 Hz and 2000 Hz, for a plane wave incidence
of 0° and 60°.

Figure 14: Far-field pattern decomposition for sample 1 (flat - thin), at 250 Hz and at 2000 Hz, incidence
angles 0° and 60°.

Figure 15: Far-field pattern decomposition for sample 2 (flat - thick), at 250 Hz and at 2000 Hz, incidence
angles 0° and 60°.
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Figure 16: Far-field pattern decomposition for sample 3 (sin - thin), at 250 Hz and at 2000 Hz, incidence
angles 0° and 60°.

Figure 17: Far-field pattern decomposition for sample 4 (sin - thick), at 250 Hz and at 2000 Hz, incidence
angles 0° and 60°.
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[6] V. Cutanda Henŕıquez and P. M. Juhl. OpenBEM - An open source Boundary Element Method
software in Acoustics. In Proceedings of Internoise, 2010.

[7] A. Levitas and M. Lax. Scattering and Absorption by an Acoustic Strip. The Journal of the
Acoustical Society of America, 23(3):316–322, 1951.

[8] E. Thorsos. The validity of the Kirchhoff approximation for rough surface scattering using a Gaussian
roughness spectrum. The Journal of the Acoustical Society of America, 83(1):78–92, 1988.

[9] J. J. Embrechts, D. Archambeau, and G.B. Stan. Determination of the Scattering Coefficient of
Random Rough Diffusing Surfaces for Room Acoustics Applications. Acta Acustica united with
Acustica, 87:482–494, 2001.

[10] E. Mommertz. Angle-dependent in-situ measurements of reflection coefficients using a subtraction
technique. Applied Acoustics, 46(3):251–263, 1995.

13



Additional paper 1



SP - Signal Processing in Acoustics. Acoustics Array Systems:
Paper ICA2016-506

Impedance estimation of a finite absorber based on
spherical array measurements

Antoine Richard(a), Efren Fernandez-Grande(b), Jonas Brunskog(c), Cheol-Ho Jeong(d)

(a)Acoustic Technology, Technical University of Denmark, Kongens Lyngby, Denmark,
apar@elektro.dtu.dk
(b)efg@elektro.dtu.dk
(c)jbr@elektro.dtu.dk
(d)chj@elektro.dtu.dk

Abstract:

A method to characterize the surface impedance of materials is presented. The estimation is
based on pressure measurements with a spherical microphone array. These measurements are
used to reconstruct the sound pressure and particle velocity on the sample’s surface, from which
the material’s impedance is inferred. The accuracy of the reconstruction is improved by using
compressive sensing, where the wave field is represented with only a few components, ideally an
incident and a reflected wave. However, at low frequencies, diffraction from the edges contributes
considerably to the sound field. This leads to a deterioration of the impedance estimation, which
is clearly visible in initial experimental results. The proposed methodology makes it possible to
characterize the edge effect, and subsequently compensate for it in the processing, emulating
measurements on an infinite sample.

Keywords: Impedance measurement, Spherical array



Impedance estimation of a finite absorber based on
spherical array measurements

1 Introduction
The absorption properties of surfaces constitute important input data for acoustic predictions,
and their measurement in-situ has gained interest as an alternative to the standardized meth-
ods in laboratory conditions. A review of the existing techniques can be found in [1]. Some
typical examples are the use of two pressure microphones [2], a pressure-velocity probe [3],
measurements in two parallel planes [4], or with a spherical array [5]. Such methods make it
possible to measure the absorption coefficient at oblique incidence. However, studies showed
that these measurements lead to substantial errors at low frequencies due to the finite size of
the sample, which causes diffraction from the edges [6]. To reduce these effects, recommen-
dations on the sample’s size have been proposed [7]. Another way is to characterize the edge
diffraction in order to minimize its effect. For example, Brandão et al. identified a region of
the sample which is less affected by diffraction, although this region depends on the geometry
of the sample [8]. Alternatively, it is possible to include the finiteness in terms of a radiation
impedance in the modeling of the sound field [9].

This study presents a method to estimate the surface impedance of a sample, based on mea-
surements with a rigid spherical array of microphones. The array is placed near the studied
sample, while the sound field originates from a source at oblique incidence. The use of such
a microphone array enables the application of sound field reconstruction techniques. In partic-
ular, the S-ESM (Spherical Equivalent Source Method) relates the measured pressures on the
array to a representation of the sound field as a superposition of elementary spherical waves
[10]. This method makes it possible to reconstruct the sound field accurately around the array,
in terms of pressure and particle velocity. Therefore, the impedance can be estimated from
these two quantities. Moreover, the direct and reflected waves can be represented with only a
few components. For such a sparse problem, combining S-ESM with the compressive sensing
theory [11] enhances the resolution of the reconstruction [12]. Finally, the different components
of the sound field can be spatially separated with the equivalent source method. This is often
referred to as sound field separation [13]. One would typically expect to identify the most signif-
icant contributions to the field, including the direct sound, its specular reflection and, depending
on the size of the sample, diffracted wave components.

This paper consists of initial numerical tests, first with an infinite sample based on an analytical
formulation of the sound field, and second with a finite absorber using a boundary element
method.
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2 Theory
2.1 Wave expansion method

The S-ESM is based on measurements with a rigid spherical array. The array has a radius a
and contains K flush-mounted microphones. Spherical coordinates are used, with the center
of the array as the origin. The measured pressure at a given microphone position (a,θ ,ϕ) is
assumed to be the sum of L spherical waves scattered by the array [10]. This is expressed as
an expansion in spherical harmonics Y m

n [14],

pt(a,θ ,ϕ) =
L

∑
l=1
− jρcQl

a2

∞

∑
n=0

n

∑
m=−n

h(2)n (kr0,l)

h
′(2)
n (ka)

Y m
n (θ ,ϕ)Y m∗

n (θ0,l,ϕ0,l), (1)

where ρ is the density of the medium, c the speed of sound and h(2)n the spherical Hankel func-
tion of the second kind. The spherical waves originate from equivalent point sources of volume
velocities Ql, positioned at (r0,l,θ0,l,ϕ0,l). Note that the time convention is implicit and chosen as
ejωt . Equation (1) underlines the linear relationship between the measured pressure at a given
position and the set of the volume velocities Ql from the equivalent sources. Consequently, it
is possible to express the vector of measured pressures pt as a matrix product,

pt = Hq, (2)

where q = [Q1;Q2; ...;QL]. Equation (2) needs to be inverted in order to estimate the volume
velocities of all the equivalent sources. The sound field can then be reconstructed at any point
of space by summing the contributions of these sources.

Usually, the number of equivalent sources in use is much larger than the number of microphone
positions, making equation (2) an underdetermined problem, which requires regularization to be
solved. Whereas conventional regularization methods are based on least-squares minimization,
an alternative for sparse problems is to minimize the `1-norm of q [10, 11],

q̃ = argmin
q

||q||1 subject to ||Hq−pt||2 ≤ ε, (3)

where ε represents the noise floor of the measurement. The validity of this approach, known
as Compressive Sensing, requires the matrix H to have incoherent columns and the solution q
to be sufficiently sparse.

2.2 Impedance estimation

The proposed approach to estimate the surface impedance of a sample is based on studying
the reflection of a given sound wave on the surface of interest. The setup is composed of a
sound source, resulting in an incident wave at oblique incidence angle and a spherical array
placed close to the sample, as illustrated in Figure 1. As a first step, the edge effect is ignored.

The reflection is assumed to be specular, which justifies the predominance of the source and
its image source in the sound field representation. The equivalent sources are uniformly dis-
tributed on a sphere which is centered on the surface of the sample. This choice ensures that
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both the source and the image source are well represented with some of the chosen equivalent
sources, as shown in Figure 1.

Figure 1: Measurement principle.

Once the volume velocities of the equivalent sources have been determined from equation (3),
the pressure and the particle velocity are reconstructed on the sample’s surface just below the
array, where the distance between the array and the sample is the smallest. The calculation
consists in summing the free-field contributions of all the equivalent sources,

p̃(ri) = ∑
L

jωρQ̃l
e−jk||ri−rl ||

4π||ri− rl||
. (4)

The vertical particle velocity uz(ri) is obtained by applying Euler’s equation to equation (4) [10].
The calculation is done on a small square grid of 10×10 cm2, in order to average out potential
errors. The normalized surface impedance is then calculated at each point of the grid from its
definition,

ZS(ri) =−
1

ρc
p(ri)

uz(ri)
. (5)

The estimated surface impedance Z̃S is defined as the spatial average of all the point impedances
obtained from (5). It is also possible to calculate the material’s absorption coefficient with the
formula [15]

α̃(ψ) = 1−
∣∣∣∣ Z̃S cos(ψ)−1
Z̃S cos(ψ)+1

∣∣∣∣2 , (6)

where ψ is the angle of incidence.

2.3 Measurement of a finite sample

In the case of a finite sample, the sound field formulation is more complex than the contribution
of the source and its image. Analytically, the Helmholtz integral equation for a finite absorber
on a rigid baffle shows an additional term in the sound field, which depends on the geometrical
and acoustical properties of the sample [16]. In the proposed equivalent source representation,
this is expected to appear as additional contributions in the equator of the sphere.
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The proposed approach is to make use of sound field separation [13] in order to discard the
components due to edge scattering in the sound field reconstruction. First, the equivalent
sources that are close to the actual source and its image are selected, using the criteria

||rl− rsource||< 0.3rsphere

or
||rl− rimage||< 0.3rsphere,

(7)

where rl is the position of the equivalent sources, rsource and rimage the positions of the source
and the image source respectively, and rsphere the radius of the sphere on which the equiva-
lent sources are located. These constraints are chosen in order to include several equivalent
sources in the regions of interest, namely around the source and the image, while keeping
these regions small. Then, for the sound field reconstruction in equation (4), only the equiva-
lent sources verifying (7) are used.

3 Numerical results
3.1 Reflection on an infinite sample

The method is first tested for a point source above an infinite sample, using an analytical
formulation of the sound field [17]. The source is placed at an angle of 30° and at a distance
of 2 m from the array’s center. The impedance of the sample results from Miki’s model for
porous absorbers [18], based on its flow resistivity, set to 12900 N.s.m−4 and its thickness
to 10 cm. The array is a rigid sphere of radius 9.75 cm and contains 64 microphones. The
distance between the array’s center and the absorber is set to d = 20 cm. Noise is added to
the simulated measurements following a normal distribution and scaled relative to the measured
pressures to ensure a Signal to Noise ratio of 30 dB.

Figure 2 shows the strength of the equivalent sources obtained at different frequencies. These
figures show that the solution of equation (3) is sparse, with both the directions of the source
and the image source being properly estimated. In addition, as frequency increases, the
strength of the image source decreases compared with the true source, as expected from
the behavior of a porous material.

The relative error in pressure is calculated as

errp =
||p̃−ptrue||2
||ptrue||2

, (8)

where p̃ contains the reconstructed pressures at each point of the grid and ptrue contains the
true pressures at the same points. Analogous errors are obtained for the vertical component of
the particle velocity and the surface impedance, as erru and errZ respectively. The evolution of
these three errors with frequency is shown in Figure 3. Between 300 Hz and 2000 Hz, the three
quantities are properly reconstructed. The error tends to increase at high frequencies, due to
the reconstruction distance becoming much larger than the wavelength. At low frequencies,
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(a) (b) (c)

Figure 2: Estimated amplitude of the volume velocities Ql as defined in equation (1) at
different frequencies. The black crosses show the true location of the source and the
image source.

the reconstruction accuracy drops for the particle velocity. Indeed, the problem is more ill-
conditioned for the particle velocity, which is related to the gradient of pressure. This tends to
amplify errors, especially at low frequencies. As the impedance is directly related to the particle
velocity, it also shows large errors at low frequencies.

Figure 3: Relative reconstruction error in pressure, vertical particle velocity and surface
impedance for an angle of incidence of 30°.

The estimated impedance and absorption coefficient are plotted in Figure 4. These graphs
show that the estimation is very accurate above 300 Hz. Below this frequency, the errors in the
velocity estimation mentioned earlier result in deviations, for both estimations of the impedance
and the absorption coefficient.

3.2 Finite sample with BEM

A numerical simulation using the Boundary Element Method (BEM) is carried out in order to
study the effect of the finiteness of the sample. The chosen geometry is axisymmetric for a
faster computation [19]: the studied sample is therefore circular with a radius of 50 cm. The
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Figure 4: Estimated impedance and absorption coefficient for a reflection over an infinite
sample. The dashed lines correspond to the estimated results and the plain lines to the
values derived from Miki’s model. For the impedance, the real part is drawn in blue and the
imaginary part in red.

incident field is a spherical wave at normal incidence, originating from a point source placed
3 m above the array. The same material properties as in section 3.1 are applied to the sample.
The noise is mainly caused by approximations in the BEM, such as discretization errors, so it
is not explicitly known. As a first approach, the noise floor estimate ε in equation (3) is set
to 0.05||pt||2. For this setup, the estimation of the equivalent sources proves more challenging.
This is illustrated in Figure 5, which shows the estimated coefficients at different frequencies.
The equivalent sources circled in black are those verifying equation (7). At 250 Hz, all the
significant equivalent sources are situated near the source and the image source. However,
at higher frequencies, additional components attributed to edge scattering can be identified,
generally around the equator. The observed pattern varies with frequency, in terms of position
and strength of the equivalent sources.

Once the equivalent sources are estimated, two reconstruction methods are compared. The
first naive approach uses all the equivalent sources in the reconstruction. In the second one,
the sound field is reconstructed using only the equivalent sources verifying condition (7). The
resulting relative errors in impedance, the estimated impedances and the absorption coeffi-
cients are compared in Figure 6. Firstly, it is clear that for both methods, the estimation is
generally less accurate than in section 3.1, with important errors appearing at low frequencies,
and the estimates oscillating around the theoretical values. In addition, below 400 Hz, both
calculations have the same result. Indeed, as illustrated in Figure 5a, all the significant contri-
butions are contained around the source and the image source positions. Therefore, discarding
the equivalent sources does not affect the estimation. The wrong estimation of impedance at
low frequencies may indicate that the edge effect is attributed to the vertical source contri-
butions, so that it can not be easily separated from the source and the image source. At
mid-frequencies (400 Hz - 1000 Hz), discarding the equivalent sources does not bring any sig-
nificant improvement. However, above 1000 Hz, the impedance error is reduced.
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These observations show that discarding irrelevant equivalent sources seems to be a good
approach only at high frequencies. This underlines the difficulty of characterizing the effect of
a finite sample with the current configuration of equivalent sources. The main challenge is that
edge diffraction can be interpreted as a continuous source and it is here represented with a
discrete set of points. Moreover, although the high frequency improvement is quite promising,
one should note that the error obtained with the naive method is already satisfactory. No
improvement could be obtained at low frequencies, which constitute the most critical part of
the curve.

(a) (b) (c)

Figure 5: Estimated volume velocity of the equivalent sources at different frequencies for
a finite absorber

Another important aspect is that the estimated solution q̃ of equation (3) depends on the choice
of the parameter ε. Increasing ε would result in discarding more components of the sound field
as noise, which could reduce the accuracy of the solution. It is therefore important to properly
estimate the level of noise, which might prove challenging. A better regularization strategy is
therefore needed.

Figure 6: Results for a reflection over a finite sample (BEM). Comparison between a re-
construction with all sources (- -), a reconstruction with the sources accounting for the
incident and the reflected field (··) and Miki’s model for an infinite sample (–). For the
impedance, the real part is plotted in blue and the imaginary part in red.
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4 Conclusion
This paper shows how spherical array measurements can be used to estimate the acoustic
impedance of surfaces. The method is based on a sound field reconstruction method using
equivalent sources. Although the method works particularly well in sparse configurations, the
finiteness of the sample appears as one of the main experimental challenges.

Initial numerical simulations showed that it is possible to characterize diffraction from the edges
and discard this component, in order to improve the estimation. However, the efficiency of this
method is currently limited and still depends on frequency. Further investigation is needed to
validate this approach.
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Summary
Acoustic scattering is defined as the disturbance of a given incident sound field due to an object’s
shape and surface properties. The effect of scattering can be expressed in terms of a scattered sound
field, which is calculated as the difference between the sound field when the object is present and the
incident field without the object. The scattered sound field obeys Sommerfeld’s radiation condition.
Therefore its radial dependence (spherical decay) and its angular dependence can be separated in the
far-field. The angular component, so-called the far-field pattern, is a complex directivity function,
which is uniquely determined by the scattering object for a given incident sound field. Therefore,
this quantity constitutes a good scattering measure, which includes both scattering from the surface
(roughness scattering) as well as from the shape of the object (volume scattering). There are two
main challenges associated to measuring the far-field pattern directly: i) it requires large distances
between the object and the measurement points, and ii) the incident and the scattered fields need
to be separated. In this study, we propose a method to estimate the far-field pattern via near-field
pressure and particle velocity measurements. The sound field is measured on a closed arbitrary
surface enclosing the object. The far-field pattern is estimated from an asymptotical formulation of
the Helmholtz Integral Equation. It is possible to use either the total sound field or just the scattered
part in the integral. Boundary element simulations show that the far-field patterns of different objects
are correctly recovered, provided that the measurement points are less than half a wavelength apart.

PACS no. 43.20.Fn, 43.55.Br

1. Introduction

The widespread use of diffusers in room acoustics has
led to the development of methods to characterize
surface scattering, both for design and modeling pur-
poses [1]. Surface scattering refers to the scattering
of sound waves when they are reflected by a rough
surface. The common approach to characterize it is to
study the properties of the sound field reflected by the
surface. The reflected sound field is most completely
described by its directional distribution, as suggested
for instance in [2]. However, such a distribution con-
tains a large amount of data, which has led to the
definition and the standardization of single-number
coefficients (scattering coefficient [3] and diffusion co-
efficient [4]) in ISO [5].

The existing methods to evaluate surface scatter-
ing present three issues. The first issue is that the
size of the sample is usually disregarded, which poses

(a) apar@elektro.dtu.dk

a problem of definition. For a finite-sized sample at
low frequencies, the so-called reflected field is in fact
the result of both surface scattering and edge diffrac-
tion. Measurement methods based on sample rota-
tion, like the ISO scattering coefficient method [5],
addressed this issue by preferring circular samples,
so that only surface scattering varies with rotation.
Mommertz also proposed an alternative scattering co-
efficient that compares the sample to a flat reference
sample of the same dimensions [7]. However, it has
been shown that this coefficient does not necessarily
match other definitions of the scattering coefficient [8].
A second issue is that the sound field must generally
be measured in the far-field, as the reflected field con-
tains interference effects close to the surface [4]. The
required large measurement distances can be difficult
to achieve in practice. This explains the frequent use
of scale models in the literature. Alternatively, Kleiner
et al. made use of near-field acoustical holography to
estimate the pressure in the far-field, by measuring
the pressure on a plane [9]. Still, the sample needed to
be mounted on a totally absorbing baffle, so that the
measurement domain could be limited to a finite re-



gion. Müller-Trapet [10] also proposed to use a spher-
ical harmonic decomposition on the measured pres-
sure field to extrapolate the far-field pressure, which
requires a spherical configuration of microphones. The
third issue is the need to separate the incident field
and the reflected field. Different methods to achieve
this are reviewed in [10], including time windowing,
subtraction and sound field separation, but inaccura-
cies can occur, especially at lower frequencies.

Scattering is a central concept in many scientific
areas, including not only acoustics but also electro-
magnetics, optics or quantum mechanics. In general,
the studied effect is volume scattering, namely the dis-
turbance caused by the introduction of an object in a
given wave field. The scattered field is defined as the
difference between the total field in the presence of the
object and the undisturbed field without the object.
In the far-field, the scattered field can be described by
a directivity function, which is uniquely defined by the
object [11]. This function appears frequently in the
scattering literature under different names, such as
far-field pattern [11], directivity factor [12] or scatter-
ing amplitude [13]. This approach to scattering, which
is common to many fields, benefits from a solid math-
ematical background.

This study proposes to characterize scattering due
to finite-sized samples by estimating their far-field
pattern under plane wave incidence. It is shown that
the far-field pattern can be estimated from near-field
measurements of pressure and particle velocity, with
no need to subtract the incident field. Finally, for sam-
ples with a rough surface, the relation between the
far-field pattern and surface scattering is examined.

The paper first reviews concepts of surface scatter-
ing and volume scattering in Sec. 2. The near-field
measurement method is then presented in Sec. 3. Sec-
tion 4 exposes numerical results and studies scattering
by different samples. Finally, Sec. 5 discusses the rel-
evance of the far-field pattern and its limitations.

2. Background of acoustic scattering

2.1. Characterization of surface scattering

The concept of surface scattering is extensively used
in geometrical acoustics. It arises from a high-
frequency model, where an incident sound wave im-
pinges on a rough surface. The properties of the sur-
face are inferred from the reflected field, which is com-
monly decomposed into a specular and a diffuse com-
ponent. Two coefficients were developed to evaluate
surface scattering, known as scattering coefficient and
diffusion coefficient. The reflected field depends on the
incident sound field, so these coefficients are defined
for specific incidence conditions, typically a free-field
oblique incidence or a diffuse field. Many measure-
ment methods (e.g. [4] or [7]) rely on the knowledge
of a discretized angular distribution of the reflected
pressure in the far-field p(θi), at n different positions.

The scattering coefficient s is defined as the ratio
of reflected energy directed away from the specular
component [3]. It is mostly used in numerical room
acoustic models. The scattering coefficient depends
on the definition of the specular component, which
is not clear for samples of finite size. In order to iso-
late the specular part, several methods rely on the
assumption that the specular and the diffuse compo-
nent are statistically uncorrelated. That is the case of
the ISO method [5] and its free-field version [3], where
the diffuse component of the reflection is averaged out
by rotating the sample. Alternatively, the correlation
scattering coefficient introduced by Mommertz [7] is
based on the correlation between p(θi) and the pres-
sure distribution pref (θi) obtained for a reference flat
sample with the same dimensions,

sM = 1−
|
∑

i p(θi)p
∗
ref (θi)|2∑

i |p(θi)|2
∑

i |pref (θi)|2
. (1)

As the comparison is made between two samples of
the same dimensions, it is claimed that the calculated
coefficient does not include the size effect.

The diffusion coefficient δ quantifies the uniformity
of the reflection, and is of interest mostly for diffuser
manufacturers and their customers. The standardized
coefficient is based on the autocorrelation of the an-
gular distribution as

δ =

(∑
i |p(θi)|2|

)2 −∑i |p(θi)|4

(n− 1)
∑

i |p(θi)|4
, (2)

assuming a uniform sampling of pressure [1].
Equations (1) and (2) show that both diffusion and

scattering can be evaluated from the far-field pres-
sure distribution p(θi). However, p(θi) is dependent on
the size of the sample, whereas the surface scattering
framework was developed for infinite surfaces. More-
over, the measurement of p(θi) must be performed in
the far-field, so it requires large distances between the
sample and the microphones.

2.2. Volume scattering theory

The problem of wave scattering by an object of fi-
nite size appears in various fields, which share a simi-
lar mathematical background. In this paper, we refer
to [11] which studies inverse scattering problems in
acoustics and electromagnetics.

Let a point be defined by its spherical coordinates
r = (r,Ω), where r is the distance to the origin and Ω
is an angular direction. We consider an undisturbed
sound field p0(r) in a medium characterized by its
speed of sound c and its density ρ. The introduction
of an object of finite size in the field leads to a new
sound field p1(r), called total field. The scattered field
pS(r) is then defined as

pS(r) = p1(r)− p0(r). (3)



Note that while p0 and p1 exist physically, pS is a
mathematical construction.

The scattered field fulfills Sommerfeld’s radiation
condition, which makes it possible to express it in the
far-field as

pS(r) =
r→+∞

e−jkr

r

(
f∞(Ω) +O

(
1

r

))
. (4)

Equation (4) shows that the radial and the angular de-
pendence of pS can be separated in the far-field. The
radial part decays as a spherical wave, whereas the
angular part f∞(Ω) is a complex directivity function,
called far-field pattern in [11]. For a given undisturbed
sound field p0, the far-field pattern is uniquely deter-
mined by the object, and is therefore directly linked
to the scattering properties of the object. As f∞ is a
complex function, it contains more information than
the common energy directivity functions in the liter-
ature, such as in [2].

3. Methodology

We aim at following the object scattering approach
presented in Sec. 2.2 to estimate the far-field pattern
of acoustic samples. The far-field pattern is estimated
from near-field measurements of pressure and particle
velocity, using the Helmholtz integral equation. We
focus on flat samples, whose upper surfaces have dif-
fusing or absorbing properties. The measurement in-
cludes both the effects of the sample’s geometry and
the surface properties.

3.1. Helmholtz integral equation and applica-
tion

Let S be a surface enclosing the scattering object.
The Helmholtz integral equation relates the scattered
pressure at a given position r to the sound field on S.
Outside of the surface, the scattered pressure is [11]

pS(r) =

∫∫
S

(
pS(rS)

∂G(r, rS)

∂n

−∂pS(rS)

∂n
G(r, rS)

)
ds(rS), (5)

where ∂
∂n is the normal derivative with respect to the

surface S, and G is a Green’s function, solution to the
Helmholtz equation, which is assumed known analyt-
ically. If no source is enclosed by S, then Eq. (5) is
also valid when pS is replaced by the total field p1 in
the integral.

In Eq. (5), r only appears in G(r, rS). Furthermore,
assuming G is a radiating solution, it follows the same
form as Eq. (4) in the far-field,

G(r, rS) =
r→+∞

e−jkr

r

(
G∞(Ω, rS) +O

(
1

r

))
.(6)

G∞ can be understood as the far-field pattern of G for
a point source at position rS, and it can be calculated
analytically.

Consequently, the far-field pattern can be expressed
from Eq. (5) by setting r to +∞ and by using Eq.
(6). The term e−jkr

r can then be factorized, and by
identification, one obtains

f∞(Ω) =

∫∫
S

(
pS(rS)

∂G∞(Ω, rS)

∂n

−∂pS(rS)

∂n
G∞(Ω, rS)

)
ds(rS). (7)

Again, Eq. (7) is valid when p1 is used instead of pS in
the integral, provided that there are no sources inside
S. Furthermore, ∂p

∂n is related to the normal particle
velocity un through Euler’s equation, so Eq. (7) can
also be expressed as a function of the pressure and
the normal particle velocity on the surface S.

3.2. Measurement method

We make use of Eq. (7) to estimate the far-field pat-
tern of a sample. We assume that it is possible to
measure both the pressure and the normal particle
velocity on a surface S enclosing the sample at M
discrete positions rj(1 ≤ j ≤ M). Equation (7) can
be discretized to obtain a matrix equation in the form

f∞ = Ap + Bun, (8)

where p and un are vectors of size M containing the
measured pressures and particle velocities and f∞ con-
tains the estimated far-field pattern at discrete angu-
lar directions Ωi(1 ≤ i ≤ N). The matrices A and B
are calculated from Eq. (7). In this study, the integral
is approximated as a Riemann sum, where S is sub-
divided in elements of equal size δs and each element
is assigned a measurement point rj , so that

Ai,j =
∂G∞(Ωi, rj)

∂n(rj)
δs, (9)

Bi,j = jρckG∞(Ωi, rj)δs, (10)

with 1 ≤ i ≤ N and 1 ≤ j ≤ M . Other finer interpo-
lation strategies are of course possible.

So far, no assumption is made on the incident field,
apart from the fact that there is no source inside S.
This makes it possible to use either the total field or
the scattered field in the measurement vectors p and
un.

Equation (8) is a forward problem, so the far-field
pattern can be easily estimated from near-field mea-
surements and the operation is not sensitive to noise.
The proposed setup does not require large measure-
ment distances as in [2] or [4], nor the separation
between the incident and the reflected fields that is
needed in [9] or [10] for instance.



(a) (b)

(c) (d)

Figure 1. Tested samples. (a): flat rigid surface. (b): flat
absorptive surface. (c): sinusoidal surface. (d): half-circle.

4. Numerical tests in 2D

The method presented in Sec. 3 was tested using a
Boundary Element Model (BEM) in two dimensions
[16]. Note that the equations were adapted, as radi-
ating waves in the far-field follow a cylindrical decay
e−jkr
√
r

in 2D. Geometries were discretized using the
common rule of six elements per wavelength.

4.1. Tested samples

Samples with different scattering properties are
tested, as shown in Fig. 1. For all samples, the lower
boundary is a segment of length 2m and the left and
right sides are segments of length 10 cm. The samples
have different upper boundaries, which are referred to
as surfaces in the following, namely:
(a) flat and rigid, where the specular reflection is ex-

pected to dominate;
(b) flat and absorptive, where the surface impedance

is set to ρc;
(c) sinusoidal and rigid, with an amplitude h = 1 cm

and a period Λ = 20 cm, where we expect the
energy to be redirected in specific directions;

(d) a half-circle of radius 1m, which should redirect
sound in all directions.

4.2. Simulation setup

The simulated measurement setup is shown in Fig.
2. A polar coordinate system is used r = (r, θ). The
samples are placed in a free-field, under normal inci-
dence of a plane wave with an amplitude of 1Pa. The
frequency is set to 2500 Hz, corresponding to a wave-
length λ = 14 cm. The choice of the measurement do-
main is arbitrary, but it should enclose the object. For
this example, the pressure p and the particle veloc-
ity un in Eq. (8) are measured on a rectangle slightly
larger than the sample (2.1m×0.25m for samples (a),
(b), and (c); 2.1m×1.25m for sample (d)). The dis-
tance between the sampling points must be smaller
than half of the wavelength to avoid aliasing effects,
according to the Nyquist theorem [15]. Therefore it

Figure 2. Simulation setup. The sample is placed in free-
field. The polar coordinate system r = (r, θ) is also shown.
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Figure 3. Amplitude in Pa of the pressure and the nor-
malized normal particle velocity for the total field and the
scattered field.

is set to 5 cm. Note that the discretization of Eq. (7)
depends on the choice of the domain as well as the in-
terpolation. The estimated far-field pattern f∞ in Eq.
(8) is sampled with a resolution of 0.5°.

The BEM method also makes it possible to directly
estimate the far-field pattern for reference: the scat-
tered pressure is calculated on a circle of a large radius
(200m) and the radial dependence e−jkr

√
r

is compen-
sated for.

4.3. Far-field pattern estimation

In this section, we focus on the results for test sample
(a) as similar observations could be done for the other
samples. Figure 3 shows the amplitude of the pressure
and the normal particle velocity at the measurement
points, both for the total and the scattered fields. The
particle velocity has been multiplied by ρc so that it
has the dimension of a pressure. For the total field,
both the pressure and the particle velocity have low
amplitudes below the sample, which shows that the
object shadows the sound field in this region. On the
upper part of the measurement domain, the total field
is the result of the interference between the incident
and the reflected wave, with low pressure and high
particle velocity. Indeed, the distance between the up-
per surface of the sample and the measurement points
is 10 cm, which is quite close to 3

4λ, where the pressure
would be canceled and the velocity amplitude maxi-
mal with an infinite rigid sample. With respect to Eq.



(7), the distribution of the total field indicates that,
for such a large sample and at normal incidence, the
far-field pattern does not depend much on the sound
field below the sample. As for the scattered field, it
is by definition the difference between the total field
and the undisturbed field. In Fig. 3, both the scattered
pressure and normal particle velocity present low am-
plitudes on the sides, which shows that the sample
has little influence in these regions.

Figure 4 shows the estimated amplitude of the far-
field pattern of the flat rigid sample as a function of θ,
compared with the reference directly calculated in the
BEM model. The far-field pattern is very accurately
estimated from the near-field measurements, both for
the scattered field and the total field as inputs, even
with the rather coarse interpolation used to discretize
Eq. (7). This is due to the forward nature of the prob-
lem. Results not shown here confirm that the same
level of accuracy is also obtained for other shapes of
the measurement domain.

4.4. Comparison of the far-field patterns

The far-field patterns of the tested samples are plot-
ted in Fig. 5. These results are specific to the undis-
turbed field p0, which corresponds to a plane wave at
normal incidence in free-field. The graph can be di-
vided into two angular domains, materialized by the
vertical black dashed line.

The interval θ ∈ [0°; 180°] corresponds to backscat-
tering and contains the reflection by the upper sur-
face. It clearly shows the expected behavior of the
samples, with respect to surface scattering. For the
flat rigid surface, a main lobe appears in the specular
direction at 90°, with side lobes due to edge diffrac-
tion. For the absorptive surface, the amplitude is very
close to 0, as almost no energy is reflected back. For
the sinusoidal surface, three main directions are visi-
ble. These directions agree with the theory for infinite
sinusoidal surfaces [14], which states that the sound
field is radiated in distinct directions θn. These direc-
tions fulfill the equality

cos(θn) = cos(θ0) + n
λ

Λ
, (11)

where θ0 corresponds to the specular direction – 90°
in this case. These directions are indicated by dot-
ted vertical lines in Fig. 5. Finally, for the half-circle,
the amplitude of the far-field pattern is quite con-
stant, which shows that the reflected field is evenly
distributed.

The interval θ ∈ [180°; 360°] corresponds to forward
scattering and mainly shows the shadowing of the
sound field by the object. Note that in the present
tests, the shadowing effect is similar for all samples,
due to their same overall dimensions. The half-circle
result has similar main lobes to the three other sam-
ples close to 270°, but the sample’s larger thickness
results in marked differences on the sides.

Table I. Estimated correlation scattering coefficient sM
and diffusion coefficient δ from the backscattered part of
the far-field pattern.

Samples Flat Absorptive Sinsusoidal Half-circle

sM 0 0.999 0.294 0.978
δ 0.015 0.306 0.042 0.492

4.5. Calculation of coefficients from the far-
field pattern

By definition, the far-field pattern is directly linked to
the directional properties of the scattered field. More
precisely, in a free-field configuration, the backscat-
tered part of the far-field pattern (θ < 180°) repre-
sents the angular distribution of the reflection by the
tested surfaces. Therefore it can be used as the far-
field pressure distribution that appears in Eqs. (1) and
(2).

As an example, the correlation scattering coefficient
and the diffusion coefficient defined in Sec. 2 were cal-
culated for the studied samples in Table I. For the
correlation scattering coefficient, the reference sample
is the flat rigid one, which explains why that sample
yields a value of 0. The scattering coefficient of the
absorptive sample is almost equal to 1, due to the sig-
nificant difference between its far-field pattern and the
reference’s. Note that as there is almost no reflection,
the definition of the scattering coefficient as a ratio
of the reflected power does not really apply here. The
sinusoidal surface leads to a coefficient of about 0.3,
due to the redirection of energy in a few specific di-
rections. The half-circle yields a correlation scattering
coefficient of almost 1, as expected by the amount of
energy radiated in all directions and the considerably
lower amplitude in the specular direction.

As for the diffusion coefficient, the lowest value is
obtained for the flat rigid sample, for which the re-
flected energy is concentrated around the specular di-
rection. The diffusion coefficient of the sinusoidal sur-
face is still rather low, as the reflected field is not uni-
form. Both the absorptive sample and the half-circle
show a higher value as their angular response is flat-
ter.

These examples show that the far-field pattern con-
stitutes valid information for estimating known coef-
ficients from the surface scattering literature, if it is
restricted to backscattering only. For the present ex-
amples, it was not possible to follow sample rotations
methods, as they require measurements in 3D.

4.6. Angle dependence

This section investigates the influence of the angle of
incidence on the far-field pattern for the sinusoidal
sample (b). The far-field pattern is plotted for inci-
dence angles 0°, 30°and 60° in Fig. 6. As in Sec. 4.4,
the graphs can be divided into a backscattering part
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Figure 5. Comparison of the far-field pattern amplitudes of the tested samples: flat rigid, flat absorptive, sinusoidal,
half-circle.

(θ ≤ 180°) and a forward scattering part (θ ≥ 180°).
The expected directions of the backscattered sound
field from Eq. (11) are shown as dashed lines, the
thickest one corresponding to the specular direction.
For the three incidence angles, peaks appear at these
directions. In the three graphs, the forward scatter-
ing part presents only one main peak corresponding
to the direction of propagation of the incident wave.

The lobes of the far-field pattern tend to be smeared
as the angle of incidence increases. This effect is partly
due to the fact that at grazing incidence, the backscat-
tered sound is also influenced by the sound field below
the sample. At large angles of incidence, backscatter-
ing and forward scattering are no longer independent.

4.7. Dependence on the environment

In the previous tests, the samples were placed in a
free-field. The introduction of boundary conditions in
the environment modifies the undisturbed sound field

p0. As a result, the scattered field and the correspond-
ing far-field pattern are not the same as in free-field.
For instance, the sample can be placed on a rigid baf-
fle (semi-anechoic chamber) which is common in the
literature [10]. In that case, at normal incidence, the
undisturbed field p0 is a standing wave, composed of
the incident plane wave and its specular reflection by
the baffle. It is still possible to define a radiating scat-
tered field and a far-field pattern.

Figure 7 shows the resulting far-field patterns for
the samples studied in Sec. 4 on an infinite rigid baf-
fle. Note that the angle θ is only defined from 0 to
180°. The effects of the different surfaces are still vis-
ible. The flat rigid sample exhibits a main lobe in the
specular direction. The absorptive sample leads to a
reduced amplitude of the far-field pattern. As opposed
to the free-field case, it is not close to 0, because the
scattered field interferes destructively with the reflec-
tion by the baffle. For the sinusoidal sample, peaks in
the three expected directions are again visible . Fi-
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Figure 6. Far-field pattern amplitude for the sinusoidal
surface and a plane wave with incidence angles 0°, 30°and
60°

nally, the half-circle shows oscillations at all angles,
and the uniformity of the reflection is much less obvi-
ous than in the free-field case.

It should be noted that in this semi-anechoic setup,
one cannot describe the reflected field as easily as in
free-field. The reflected field is here the sum of the
scattered field and the specular reflection by the baf-
fle, which is not decaying with distance. Therefore,
the far-field pattern does not represent the reflection
as clearly as in the free-field case.

5. Discussion

The results of Sec. 4 show that the proposed method
makes it possible to accurately estimate the far-field
pattern of acoustic samples. The method does not re-
quire large measurement distances nor any processing
on the measured sound field, as opposed to the exist-
ing techniques to characterize surface scattering.

The far-field pattern depends on the incident sound
field, as stated in Sec. 2. That is what motivated the
choice of an incident plane wave in the tests: the in-
cident field is then defined by only one parameter,
namely the direction of the plane wave. With that
framework, we have information that is dependent on
both incidence angle and frequency, as it is gener-
ally the case in architectural acoustics. Random inci-
dence could then be studied by integration over the
incidence angle. Nevertheless, a different far-field pat-
tern would be obtained with a more complex incident
sound field.

The far-field pattern provides a complete descrip-
tion of scattering by acoustic samples, including not

only surface scattering, but also edge diffraction and
shadowing. The fact that it includes the size effect can
be of interest in architectural acoustics, as any object
introduced in an environment would naturally have
a certain geometry. Nevertheless, it is not possible to
totally separate surface scattering from other effects
in the far-field pattern. In the conditions of Sec. 4
(large samples, small incidence angles, free-field), the
backscattered field constitutes a fair approximation of
the reflected field by the surface, although the effect
of sample size is still clearly visible as lobes in the
far-field pattern.

Furthermore, it was assumed that the backscattered
part did not depend on the sound field below the sam-
ple, which is not always true, for instance at large
incidence angles. In the literature, the sample is com-
monly placed on or in a baffle (absorbing or rigid),
to ensure that the back of the sample does not play
any role on the scattered field. However, the baffled
problem is fundamentally different from the free-field
one and it cannot be used to study surface scattering
directly. Further investigation is therefore needed to
analyze scattering in complex environments.

6. Conclusion

This study examines the characterization of scatter-
ing by acoustic samples, using the concept of far-field
pattern. This quantity is a complex directivity func-
tion that is uniquely defined by the sample and the
incident field.

Numerical tests in two dimensions show that the
far-field pattern can be accurately estimated from
near-field measurements of both pressure and particle
velocity, using either the total field or the scattered
field. Samples with different surface properties were
also studied in free-field under normal plane wave in-
cidence. Numerical results show that the far-field pat-
tern contains information on both surface scattering
and edge diffraction in the backscattered directions.
Surface scattering dominates due to the large size of
the samples and the small incidence angle. In general,
more important coupling effects occur, for example at
larger angles of incidence. Finally, the same samples
positioned on an infinite baffle yield different results,
demonstrating the dependence of the far-field pattern
on the environment.

The far-field pattern can be beneficial in architec-
tural acoustics as it fully describes the effect of acous-
tic samples, including both scattering and absorption.
It provides phase and directional information on the
scattered sound field, which can be of interest in nu-
merical models.
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a b s t r a c t

Acoustic impedance is typically measured using an impedance tube, which requires a material sample
physically fitted to the tube. However, the impedance can vary greatly between the material mounted
in the tube and the material located in a real environment, where the mounting conditions are likely
to be different. Also, oblique incidence cannot be measured in an impedance tube. In this paper, we inves-
tigate the use of a double-layer microphone array for in-situ measurement of surface impedance and
absorption coefficient. With the array positioned near the material surface, a source emits broad-band
sound towards the array and the material. A measurement is taken, and the sound pressure and the
surface-normal particle velocity at the material surface are calculated using Statistically Optimized
Near-field Acoustical Holography (SONAH). From the surface pressure and velocity, the impedance across
a selected area is calculated, and finally the absorption coefficient is calculated from the impedance. A set
of tests has been performed on porous material samples in an anechoic chamber as well as in a fitted
room. Different sample sizes and different sound incidence angles have been considered. The results
show consistency between the measurements in the anechoic room and the ordinary room as well as
good agreement with Miki’s model up to large oblique incidence angles.

� 2018 Elsevier Ltd. All rights reserved.

1. Introduction

Various computer simulation techniques, such as wave-based
simulations and geometrical acoustics simulations, have been
applied for optimizing the Noise, Vibration and Harshness (NVH)
of vehicles for many years. The accuracy of such 3D room acoustic
simulations depends heavily on the acoustic properties of materials
as well as boundary conditions [1–4]. For that purpose, ISO 10534-2
[5] outlines a method of determining the acoustic absorption coef-
ficient and surface impedance of materials using impedance tubes,
while the method of ISO 354 [6] assumes a perfectly diffuse sound
field with random incidence of waves. These standardized methods
measure material properties under controlled conditions, i.e. free-
field normal incidence on a small material sample in a tube or dif-
fuse random-incidence on a single investigated component. None of

these conditions represents well the typical application of the
materials in a vehicle cabin: The materials are typically mounted
in ways very different from that in an impedance tube, and the
actual operational sound field will not provide diffuse random inci-
dence. Like other in-situ measurement techniques [7,8], the
method of the present paper is applicable to materials mounted
for their intended application, for example on the ceiling of a vehi-
cle cabin or on a seat. The incident sound field, however, must
locally be close to a single plane wave, and the reflected field must
locally be close to the response to the single plane wave. Thus, the
method cannot be used with a typical operational sound field in a
vehicle cabin. A single-source excitation is needed. But unlike the
impedance-tube method, normal incidence is not required, and
therefore the dependence of the acoustic properties on the sound
incidence angle can be measured. Such information clearly
improves the accuracy of acoustic simulations as shown in [9].
The proposed newmethod, which was first introduced in reference
[10], measures the angle-dependent acoustical properties using a
double-layer microphone array located near the material surface
and a single loudspeaker at a fixed position.

An in-situ method using a single microphone was introduced in
[11]. The method separates the direct component of an impulse

https://doi.org/10.1016/j.apacoust.2018.08.027
0003-682X/� 2018 Elsevier Ltd. All rights reserved.
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response function from the reflected part for calculation of the
impedance. It is simple in terms of instrumentation, but the
method suffers from reflections from other surfaces as well as chal-
lenging cases in which the reflected part of impulse responses can-
not be separated from the incident part, e.g., at near-grazing
incidence angles. A more reliable estimation may be achieved by
a p-u probe measuring sound pressure as well as surface velocity
on a surface directly [12]. However, the method requires a time-
consuming calibration procedure and seems to be sensitive to
reflections from neighbouring surfaces [13].

Several array-based methods for measurement of material sur-
face properties have been published. Tamura [14] introduced a
method based on use of a double-layer regular rectangular array
in combination with spatial-DFT-based Near-field Acoustical
Holography. Using the pressure measured in two parallel planes,
the method can resolve the incident and resulting reflected plane
waves. For each available incidence direction, the reflection coeffi-
cient can be estimated as the ratio between the incident and the
corresponding reflected plane wave. Due to the periodicity
assumed by the spatial DFT, the method suffers from replicated
aperture errors, which can be minimized using large planar panel
sections and large arrays, using suitable spatial windowing, and/
or by use of a source that focuses the incident field on a limited
area. At the lowest frequencies, the method probably also suffers
from the errors, which are a main motivation for the method of
the present paper, related to the fact that the spacing between
the two planar microphone layers must be less than half of the
wavelength at the highest frequency of interest. This typically
means that the layer spacing is much less than wavelength at the
lowest frequency of interest, leading to poor resolution of incident
and reflected waves.

Hald et al. [15,16] presented a similar method of estimating
material properties by making use of a small double-layer micro-
phone array in combination with a so-called patch-holography
method called Statistically Optimized Near-field Acoustical Holog-
raphy (SONAH) [17,18]. SONAH avoids the use of spatial DFT and
therefore does not produce any replicated aperture errors, allowing
the use of quite small material samples and arrays. The method
separates incident waves from reflected waves, and it maps the
incident and absorbed sound intensity components, Iinc and Iabs,
on the material surface. Integration over a small surface area pro-
vides the incident and absorbed sound power, Winc and Wabs, from
which the average absorption coefficient across the selected area is
calculated:

a ¼ Wabs

W inc
ð1Þ

This so-called energy-based method can be used in-situ and with
the incident sound field equal to or close to that of the intended
application of the absorbing material. The method cannot provide
estimates of the surface acoustic impedance. The study presented
in Refs. [17,18] made use of a set of omni-directional sources
behind a microphone array to create an incident sound field similar
to that in an aircraft cabin during flight. For practical reasons, such
a set-up is challenging to handle inside a small car cabin, where in
addition the very low frequencies are of primary importance. At
these frequencies, separation of the reflected waves from the inci-
dent waves is difficult due to the previously mentioned small phys-
ical spacing between the twomicrophone layers. Experience shows
that significant errors may be introduced, typically below 1 kHz for
an array like the one used in the present paper. Advantages of the
method include that only power quantities are used in the area
integration/averaging, avoiding the need for phase information
across that area. Thus, it is not critical that the mapping surface fol-
lows strictly the panel surface. Also, local reaction is not required
after suitable area integration.

Another array-based method called the finite-surface method
was suggested in reference [19] to estimate the acoustic property
of a finite-sized absorber for oblique incidence by comparing a
sound field model over a finite surface with a measured sound
pressure distribution. Good results were obtained with small
material samples, which satisfy the original assumption of the
finite surface model.

Recently, an in-situ spherical-array-based measurement
method was proposed based on sparse array processing. The
method successfully estimated the acoustic properties of porous
materials up to an incidence angle of 60� between 200 and
4000 Hz, [8].

The present paper describes a new array-based method similar
to the energy-based method, but instead of calculating the incident
and absorbed sound power data, the sound pressure and particle
velocity of the total field are calculated on the material surface
and used to calculate the acoustic impedance. Assuming a single
incident plane wave with known incidence direction across the
measurement area, the absorption coefficient can be calculated
from the impedance based on a large-surface approximation. Thus,
the method does not directly use measured quantities of the inci-
dent and absorbed sound field components. If several angles of
plane-wave incidence must be covered, one measurement is
needed for each angle with a single source in the chosen direction.
The paper is organized as follows: Section 2 gives a short theoret-
ical description of the proposed method. Section 3 describes a set
of simulated measurements in support of the results of actual mea-
surements to be presented in Section 4. Both deal with the use of a
double-layer array for measurements on a specific type of highly
absorbing material. Section 5 presents the results from some fur-
ther simulated measurements to clarify the influence of array
size, microphone phase mismatch and level of absorption. Finally,
Section 6 contains the conclusions.

2. Theory

The proposed method is based on use of SONAH to estimate the
sound pressure and the normal component of the particle velocity
on the material surface based on measurement with a double-layer
array some small distance above the material. SONAH uses a model
of the sound field in terms of plane propagating and evanescent
waves, one set to represent the incident sound field and another
set to represent the reflected field. Based on the sound pressure
measured by the microphones, the complex amplitudes of these
elementary waves are estimated by the solution of a set of linear
equations, and with these amplitudes known, the total (incident
plus reflected) pressure and particle velocity on the material sur-
face can be calculated. The system of linear equations is by nature
ill-conditioned and needs regularization to limit the amplification
of weak components in the measured pressure data. Typically, a
Singular Value Decomposition is performed on the coefficient
matrix, and the regularization can be specified as an applied
dynamic range of singular values used in the solution. Use of a
large dynamic range (allowing large amplification) will support
the reconstruction of sound field components with a low presence
in the measured pressure, but it will also have the effect of heavily
amplifying noise and errors in the data. This will become evident in
the results to be presented in Section 5.

As mentioned already, the new impedance-based method uses
the same type of double-layer array and the same SONAH hologra-
phy algorithm for in-situ measurements as the energy-based
method [15,16]. For estimation of the absorption coefficient, how-
ever, it requires excitation with a single (dominating) incident
plane wave with known incidence angle across the measurement
area. Experience has shown that the method is much more stable
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at the lowest frequencies than the energy-based method. An exam-
ple is included in Fig. 6b in Section 4. According to the new
method, the complex frequency-domain sound pressure p(ri) and
the normal component of particle velocity un(ri) for the total (inci-
dent plus scattered/reflected) sound field are calculated at a mesh
of points ri on the panel surface. The ratio between these two
quantities is the surface impedance. Notice that this calculation
involves no plane-wave or spherical-wave assumption as does
for example the two-microphone method of reference [20]. For a
locally reacting panel and for a non-locally reacting planar, infinite,
homogeneous panel with a single incident plane wave, this surface
impedance is constant across the panel surface, see for example
reference [21]. An area averaging can therefore be performed by
requiring the unknown normalized surface impedance Zs to fulfil
the equation

pðriÞ ¼ qcZsunðriÞ ð2Þ
for all points ri within the considered panel segment, q being the
density of air and c the sound propagation speed in air. Arranging
the area-related quantities p(ri) in a vector p and the corresponding
quantities qcunðriÞ in a vector u, we then estimate the normalized
surface impedance Zs for the selected segment by solving the
over-determined set of linear equations p ¼ Zsu in a least squares
sense:

Zs ¼ pHp
pHu

ð3Þ

Here, H represents Hermitian (conjugate) transpose. The
method will of course be sensitive to the complex surface impe-
dance being rather constant across segments of the calculation
mesh used for the least-squares estimation. Use of a single point
source at short-to-medium distance will cause the surface impe-
dance to vary across the surface (see for example Ref. [22]) and
therefore require the use of a very small averaging area.

If the panel is infinite and planar with a plane wave incident at
an angle h from the surface normal, then the complex pressure
reflection coefficient (the ‘‘reflection coefficient” in what follows)
Rs can be calculated as, [21]:

Rs hð Þ ¼ Zs cos hð Þ � 1
Zs cos hð Þ þ 1

ð4Þ

and the absorption coefficient a is then:

a hð Þ � 1� jRs hð Þj2 ¼
4Re Zsf g 1

cos hð Þ

jZs þ 1
cos hð Þ j

2 ð5Þ

where the operator Re{} returns the real part of a complex number.
In connection with practical measurements, where an (approxi-
mate) monopole point source is used at a finite distance, the
plane-wave assumption is replaced by the use of a local plane-
wave model/assumption. The errors introduced by that assumption
in Eqs. (4) and (5) could be investigated numerically by use of the
analytical spherical wave-front models applied in reference [22]. This
has not been done, but could be a topic for a future investigation.
The 1.5 m source distance, used in practical measurements in the
present paper, will introduce some errors, mainly at the lowest
frequencies.

The infinite panel assumption implicit in Eqs. (4) and (5) could
be generalized as described in reference [19] using a finite-surface
model:

a hð Þ ¼
4Re Zsf g 1

cos hð Þ

jZs þ ZF j2
ð6Þ

where ZF is the normalized specific radiation impedance. For an
infinite planar area, ZF ¼ 1

cos hð Þ. This finite-surface extension covers

only planar material surfaces, and it will not be investigated further
in the present paper. Other investigations of the challenges associ-
ated with finite-sized material samples can be found for example in
Refs. [23–26].

3. Simulated measurements

The present section will describe some simulated measure-
ments in support of the real tests to be presented in Section 4.
The material is an infinite sheet of 100 mm thick ceiling absorber
of type Industry Modus (manufactured by Ecophon) mounted on
a rigid backing and with a specific air-flow resistivity r of
10,900 Nm�4s (provided by Ecophon). Sound propagation inside
the material was simulated using an isotropic, equivalent-fluid
model with the complex wavenumber kc and the normalized char-
acteristic impedance Zc obtained from the single-parameter Miki
model, [27], requiring only the flow resistivity as input. For the
simulated measurements, we assumed an infinite planar sheet of
material and a single plane wave incident at an angle h from the
surface normal, while for the practical tests a finite sample was
of course used with a single source at a finite distance.

Following Ref. [21], the simulated-measurement model (infinite
material with plane-wave incidence) predicts the following nor-
malized material-surface impedance:

Zs ¼ �jZc
kc
kc;n

cotgðkc;ndÞ ð7Þ

where d = 0.1 m is the material thickness, j is the imaginary unit and
kc;n is the component of the wavenumber vector in the material in
the direction normal to the surface. That wavenumber component

is obtained from the requirement k2c ¼ k2c;n þ k2c;t , where kc;t is the
tangential component in the material, which must equal the tan-
gential wavenumber component ksinðhÞ in air. This leads to:

kc;n ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2c � ksinðhÞð Þ2

q
ð8Þ

where k ¼ x=c is the wavenumber in air,x ¼ 2pf is the angular fre-
quency, and f is the frequency. In the above, the implicit time
dependence has been assumed to be ejxt . The ‘‘true” plane-wave
reflection coefficient Rs at the material surface and the ‘‘true”
absorption coefficient a can then be calculated by use of Eqs. (4)
and (5), respectively.

Once the reflection coefficient has been calculated, the reflected
pressure resulting from a given incident plane wave can be recon-
structed, and the complex sound pressure can be calculated at all
microphone positions of a simulated array. A SONAH calculation
can then be performed to estimate the sound pressure and particle
velocity on the material surface, and based on that information, an

estimate of the surface impedance, Z
�
s, can be obtained using Eq.

(3). For this, a calculation mesh identical to the array mesh was
used, but with one row/column removed at all four edges, because
reconstruction errors will be largest near the edges. Thus, with an
8 � 8-element regular quadratic array we get a 6 � 6-point calcu-
lation mesh, and with a 3 � 3 array we get only a single calculation

point, which implies no area averaging. Finally, Z
�
s can be used in

Eqs. (4) and (5) to get an estimate a
�
of the absorption coefficient.

By comparing Z
�
s against Zs and a

�
against a it is possible to get an

indication of the level of uncertainty added by the array processing
under ideal conditions, i.e. with no measurement errors and no
added noise. For the single calculation points on the material sur-
face, the errors in the reconstructed pressure and particle velocity
will depend on the array geometry (number of rows, number of
columns and element spacing), the measurement distance and
the parameters used for the SONAH calculation. In general, a large
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array with a small microphone spacing (many channels) used at a
small distance will minimize the errors - see Ref. [17] for a descrip-
tion of these so-called Inherent Errors of SONAH sound field recon-
structions. These errors are due to SONAH not making any
assumptions about the sound field, requiring many measurement
points to be able to accurately reconstruct all types of sound field.
Section 5 presents an investigation on the reconstruction errors,
when in addition input data are noisy. The investigation shows
that area averaging is effective at suppressing the impact of the
point-wise errors on impedance and absorption-coefficient esti-
mates (provided that the true surface impedance is constant across
the averaging area).

The same array geometry was used in the simulations as in the
practical measurements: A planar double-layer array with 8 � 8
microphones in each one of the two identical parallel layers. The
quadratic regular grid array in each plane had a pitch equal to
25 mm, the separation between the layers was 29 mm, and the dis-
tance from the material surface to the nearest parallel array plane
was 13 mm. With these microphone spacings, the upper limiting
frequency for SONAH calculations will be around 5 kHz, while
the lower limiting frequency will be around 200 Hz. Neither mea-
surement errors (e.g. microphone phase mismatch) nor noise were
added. The SONAH calculation parameters were chosen to be equal
to those used for the real measurements.

Fig. 1 shows the relative error on the estimated surface impe-

dance in percent, 100% � jZ
�
s � Zsj=jZsj, for four different values of

the plane-wave incidence angle: 0�, 30�, 60� and 75�. The error
added by the array processing is seen to be small for frequencies
up to around 5 kHz, typically within 5%, when area averaging is
applied. Above 5 kHz, the error increases steeply. The errors shown
in Fig. 1 are the minimum errors introduced by the array process-
ing, i.e. with no measurement errors and no noise. They are the
inherent errors of SONAH sound-field reconstructions mentioned
earlier, but with an error reduction obtained by the area averaging
in the impedance estimation. Other simulations have been per-
formed with randommicrophone phase errors within ±0.25� added
to the simulated measurements. The only effect was some fluctua-
tions added to the curves of Fig. 1, concentrated at the low frequen-
cies. Examples will be given in Section 5.

Fig. 2 shows the true and estimated absorption coefficient spec-

tra, a and a
�
, for plane-wave incidence angles 0�, 30�, 60� and 75�. In

general, the deviations are small, but slightly increasing with
increasing off-normal incidence angle. The frequency averaged

percentage errors, 100% �P ja� �aj=Pa, where summation is over
frequencies, are 0.2%, 0.2%, 0.2%, 0.3%, 0.6% and 1.4% for incidence
angles 0�, 15�, 30�, 45�, 60� and 75�, respectively. The frequency

lines used in the summations were equidistant on the logarithmic
frequency axis of Fig. 2.

The errors introduced by the array processing are clearly very
small under ideal conditions. In realistic in-situ measurements,
the material sample will probably not be perfectly planar, be inho-
mogeneous, have finite extent, be subject to a complicated incident
field etc. Some of these factors will be investigated through the real
measurements to be presented subsequently.

4. Measurements

A measurement campaign has been carried out using a double-
layer 8 � 8 � 2-element microphone array with the same geome-
try as defined above and an omni-directional sound source (B&K
type 4295) excited by white noise to generate the sound field
impinging on a material. To investigate the capabilities of the pro-
posed method, different factors are considered in the tests: type of
room, incidence angle of the sound wave and sample size.

Reflections from different surfaces in a room will introduce
errors in the estimation of impedance and absorption coefficient,
since basically a single incident plane wave is assumed with
known incidence angle, ref. Eq. (4). To examine this influence on
the estimation, measurements have been performed in two very
different rooms: 1) an anechoic chamber with dimensions
12 � 10 � 9 m3 and 2) a fitted room with dimensions
6.3 � 6.8 � 3.1 m3 and with T30 reverberation times 0.67, 0.45,
0.48, 0.48, 0.50 and 0.50 s in the octave bands from 125 Hz to
4 kHz. In the anechoic condition, reflections are minimized, and
the results can be used as a reference. In the fitted room, floor, ceil-
ing, walls and different objects create reflections.

A single source has been used at different incidence angles: 0�
(normal incidence), 30�, 60� and 75� (75� was applied only in the
anechoic chamber). To precisely explain the geometry, we define
the point on the material surface under the array center as the ref-
erence point. The incidence angle is defined as the angle between
the material surface normal at that point and the line from the ref-
erence point to the source. The distance of the source from the ref-
erence point was always approximately 1.5 m. This guaranteed a
dominating direct spherical sound wave (in comparison with
reflections), while keeping the direct wave close to a plane wave
across the averaging area used in Eq. (3): The variation in spherical
wave propagation direction is within a 6.7� wide interval around
the angle at the reference point.

Finally, three different quadratic panel sizes have been tested:
small sample (0.1 m2), medium sample (1.4 m2) and large sample
(4.3 m2). All the panels contain the same type and thickness of

Fig. 1. Relative error on the estimated surface impedance in percent for four
different plane wave incidence angles: 0�, 30�, 60� and 75�.

Fig. 2. True absorption coefficient from Miki model a (solid) and from array
calculation ~a (dashed) for four different plane-wave incidence angles: 0�, 30�, 60�
and 75�.
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porous material mounted in a wooden frame, and all panels were
placed on a larger rigid surface. Some of these configurations are
shown in Figs. 3 and 4. The approximate 13 mm distance between
the array and the material surface was ensured by 4 small ‘‘feet”
mounted in the corners of the array.

The two graphs in Fig. 5 show (with solid line) the real and
imaginary parts, respectively, of the measured impedance for dif-
ferent angles of incidence in the case of the measurements on
the medium-size panel in the anechoic chamber. The theoretical
values directly from the Miki model are shown dash-dotted for
comparison. The measured real parts of the impedance show some
significant deviations from the theoretical curves, especially at
high frequencies and large incidence angles. When comparing
measured and theoretical values one must be aware of the fact that
the theoretical predictions assume an infinite material surface,
while measurements were taken on a 1.4 m2 sample in a frame.
The finite sample size will introduce some errors (ripples), mostly
at low frequencies, where also the spherical form of the incident

wave will introduce errors. Other important causes for the differ-
ences are errors associated with the Miki model:

1) The parameters of the isotropic, equivalent-fluid Miki model
were derived from only normal-incidence (impedance tube)
measurements.

2) The test samples were made from glass wool, which can be
quite far from isotropic, see for example Ref. [28].

Despite the significant differences between measured and the-
oretical impedances, the absorption coefficients in Fig. 6 show
good agreement between measurement and theory, except for
the extreme angle of 75�. For all incidence angles except 75�, the
absorption coefficient spectra are very similar, both the theoretical
and the measured spectra. At 75� incidence, both the measurement
and the Miki model show a strongly reduced absorption coefficient
when comparing with the smaller incidence angles. In the second
graph of Fig. 6, only the normal-incidence data are included, but
the result of applying the energy-based method to the array mea-
surement has been added. That result shows an example of the
instability of the energy-based method at low frequencies (below
approximately 1 kHz for the array used here): The estimated
absorption coefficient sometimes exceeds 1.0 in some frequency
bands. In general, the method has been found to produce some-
times poor results at the low frequencies.

Fig. 7 shows impedances and absorption coefficients measured
in the fitted room. These can be compared against the anechoic-
room results in Figs. 5 and 6. Similar tendencies are observed,
although some fluctuations have been added in the fitted-room
results. To get a clearer picture of the influence of the reflections
in the fitted room, Fig. 8 compares the results from the two rooms
directly for normal incidence and for the different panel sizes.
These graphs confirm that the impedance and absorption estima-
tions are very similar between the two different rooms. We notice
that the estimations from the anechoic chamber are smoother than
the ones from the fitted room. The ripples added in the fitted-room

Fig. 3. Examples of setup in the anechoic chamber. a) Small panel, source at 0�. b)
Medium panel, source at 45�. c) Large panel, source at 60�.

Fig. 4. Examples of setup in the fitted room. a) Small panel, source at 60�. b)
Medium panel. c) Large panel, source at 0�.
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results are probably due to reflections from the surroundings. We
notice also a slightly over-estimated absorption coefficient at low
frequencies for all the panels when measured in the fitted room.
This may be because of relatively strong low-frequency reflections
impinging from oblique angles. An observation to justify this is
that the results of simulated tests to be presented in Figs. 10 and
11 show a higher low-frequency absorption at oblique incidence
(Fig. 11) than at normal incidence (Fig. 10). However, in general
the agreement is good, and it shows the robustness of the method
against different room conditions.

For realistic in-situ measurements, objects under test are not
always large, and surfaces are not necessarily planar. Fig. 9 com-
pares the measured impedances and absorption coefficients

between the different panel sizes for the case of sound incidence
at 0� in the anechoic room. Clearly, the estimated material proper-
ties are very similar between the medium and the large panel. Dif-
ferences are seen with the small panel below 400 Hz due to
reflection from the surrounding rigid backing surface (‘‘floor”)
and diffraction around the wooden sample frame. At 400 Hz, the
frame dimensions are approximately equal to ¼ wavelength.

5. Discussion

The results presented in Section 4 have all been dealing with
measurements with an 8 � 8 � 2 element array on 100 mm thick

Fig. 5. Effect of the sound incidence angle on the measured impedance for the medium-size sample in the anechoic chamber. The two graphs show the real and imaginary
parts separately. The dash-dotted lines show the values directly from the Miki model.

Fig. 6. Effect of incidence angle on the measured absorption coefficient for the medium-size sample in the anechoic chamber. Solid lines: Impedance method applied to
measurement. Dash-dotted lines: Values directly from the Miki model. Dotted line: Energy-based method applied to measurement.

Fig. 7. Effect of the angle of incidence on the medium sample in the fitted room. The upper curves in the impedance plot are real values, and the lower ones are imaginary
values.
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Fig. 8. Effect of the rooms on the estimations for 0� incidence angle. The upper curves in the impedance plot are real values, and the lower ones are imaginary values.

Fig. 9. Effect of panel size on the estimations in the anechoic room for 0� incidence angle. The upper curves in the impedance plot are real values, and the lower ones are
imaginary values.
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Industry Modus material. For that material, the absorption coeffi-
cient is quite close to 1 over the major part of the considered fre-
quency range, so the reflected wave is weak, and the particle
velocity at the material surface is close to that of the incident field.
The present section will describe some simulated measurements to
investigate the effects of array size, microphone phase mismatch
and material thickness. An infinite sheet of Industry Modus mate-
rial mounted on a rigid backing and with a specified flow resistivity
equal to 10,900 Nm�4s is used, and simulations are performed
using the Miki model. Reconstruction of pressure and particle
velocity on the material surface from simulated array measure-
ments has been performed using a quite high 30 dB dynamic range
with SONAH. This provides high reconstruction accuracy, but it
also amplifies noise and errors as we shall see.

In Figs. 10 and 11, still 100 mm thick material is considered, but
phase errors with rectangular random distribution within ±0.25�
have been added to the simulated complex microphone pressure
values. The phase errors were generated independently for each
one of the 1000 simulated frequency lines. This of course does
not represent a typical microphone response, but it will show the
spreading of the results that can occur due to the phase errors.
Three different double-layer arrays are considered with 3 � 3,
5 � 5 and 8 � 8 microphones, respectively, in each one of the
two parallel layers with 29 mm in between. The corresponding cal-
culation meshes on the material surface have 1 � 1, 3 � 3 and
6 � 6 points, respectively, i.e. with edges removed. Fig. 10 shows
the results for the case of normal incidence: The relative errors

100% � jZ
�
s � Zsj=jZsj on the estimated surface impedance and the

absorption coefficients (true and estimated values). Clearly, the
smooth part of the impedance error decreases with increasing
array size, because the SONAH calculation becomes more accurate

and due to averaging over a larger area. For the 3 � 3 array there is
only one calculation point, i.e. no area averaging. The fluctuations
due to phase errors also decrease with increasing array size,
because SONAH can better filter out the errors, and because of
the larger averaging area. Considering the estimated absorption
coefficient, the values from the different-size arrays agree quite
well, except at frequencies just below 5 kHz. But again, the larger
arrays can better suppress the effects of phase errors. Fig. 11 con-
tains results equivalent to those in Fig. 10, only for the case of
plane-wave incidence at 60� angle from the surface normal. Basi-
cally, the same trends are observed. In particular for the small
3 � 3 array, an increased impedance error level is observed above
2 kHz, probably because the small array has very poor angular
resolution.

Figs. 12 and 13 contain results equivalent to those in Figs. 10
and 11, only with the 100 mm thick material replaced by a
15 mm thick infinite sheet mounted also on a rigid backing. For
the thinner material, the absorption coefficient is very low at the
lowest frequencies, and the normal component of the particle
velocity is very small on the material surface. Accurate reconstruc-
tion of that small component from the measured pressure data
requires a large applied dynamic range in the SONAH holography
calculations, and therefore the reconstruction will be very sensitive
to measurement errors and noise. Even with the applied 30 dB
dynamic range, quite large errors (neglecting fluctuations due to
phase errors) are observed in the estimated impedance below
approximately 1 kHz. The error level could be reduced by an
increase of the dynamic range applied in SONAH, but at the cost
of even larger fluctuations due to the phase errors. Increasing the
applied dynamic range to 35 dB reduced the low-frequency impe-
dance error by approximately 10% for the 5 � 5 array with 0� sound

Fig. 10. Effect of array size with microphone phase errors within ±0.25� for 0� wave incidence angle. Material thickness is 100 mm.

Fig. 11. Effect of array size with microphone phase errors within ±0.25� for 60� wave incidence angle. Material thickness is 100 mm.
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incidence, but increased the fluctuations. In real measurements,
the effects of phase errors on the impedance and absorption spec-
tra will not be fast fluctuations as seen here, but smooth variations
because the microphone phase errors will be smooth functions of
frequency. That makes the effects harder, if not impossible, to
distinguish.

Despite the larger impedance errors, the general trend of the
absorption coefficient is accurately estimated, but with fluctua-
tions due to phase errors. At the lowest frequencies, the surface
impedance has a large dominating imaginary part, which is not
accurately identified as can be seen from the impedance error
spectra. But as long as the imaginary part is dominating, Zs � jYs

with Ys � 1, the reflection coefficient of Eq. (4) will always have
an amplitude close to one, and the absorption coefficient will be
small, even with large errors on Ys. Fig. 12 shows the results for
the case of normal wave incidence, while Fig. 13 contains results
for oblique incidence at 60� from the surface normal. When com-
paring with Figs. 10 and 11, phase errors clearly have a larger
impact for the thinner material, in particular with oblique sound
incidence, where the small 3 � 3 array shows very poor perfor-
mance. This is due to the required reconstruction of a very small
particle velocity component at the surface of the thin material
sample.

Concerning the selection of array size, a dual layer 3 � 3 array
seems to be too small, providing poor SONAH reconstructions
and no area averaging in the impedance calculation. The large
8 � 8 array provides best accuracy, but requires also a large, nearly
planar, homogeneous sample to make full use of the area-
averaging possibility. A 5 � 5 array supports averaging over an area
of the same size as the central 3 � 3 sub-array, and it provides
quite good accuracy.

6. Conclusion

The paper has described a newmethod for in-situ measurement
of surface impedance and absorption coefficient using a double-
layer array of microphones. Based on a sound pressure measure-
ment with the array, the pressure and particle velocity (normal
component) on the material surface are computed using SONAH.
This allows the surface impedance to be calculated as the ratio
between the two quantities using a least-squares approach that
introduces an area averaging. Provided the incident field is mainly
from a single direction, and provided the material sample is suffi-
ciently large and planar, the absorption coefficient can be calculated
from the surface impedance. Simulated measurements on infinite
planarmaterial samples using theMikimaterial model showed that
the SONAH reconstruction of the sound field on thematerial surface
introduces only very small errors. Real measurements were per-
formed onmaterial samples of different sizes under anechoic condi-
tions and in a fitted room. Good agreement was found between the
measurements in the two different environments for all sample
sizes. Good agreement was also observed between the measure-
ments on different sample sizes, except for the lowest frequencies
as one should expect. Except for very large off-normal sound inci-
dence angles, themeasured absorption coefficients agreedwellwith
the predictions directly from the Miki model.
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