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Abstract

Electronics has grown at a phenomenal rate over the last 50 years, impacting human
society in ways that are even hard for economists to quantify. This pace is now relent-
lessly slowing down because devices are being scaled down to the atomic scale, where
quantum physics sets new rules for electron transport. Turning the three-dimensional
(3D) play �eld into two dimensions (2D), employing for example one-atom-thick materi-
als like graphene, o�ers great opportunities to brighten the electronics horizons. In this
thesis we look into some of these opportunities, in particular by exploring the potential
of pristine and nanoporous graphene (NPG) for next-generation nanodevices. We show
how graphene's exotic charge carriers can be employed to realize a 2D Dirac Fermion
microscope, 2D version of a traditional 3D electron microscope, where ballistic electrons
move within a fully-�edged graphene �vacuum chamber� obeying the laws of optics. We
harness graphene's high sensitivity to demonstrate a new concept of memory device: a
ferroelectric molecular switch where polar gases in proximity of graphene edges govern
the operation of micrometer-scale devices. We further demonstrate that fascinating opti-
cal phenomena, such as the Talbot interference e�ect, can also emerge in nanostructured
graphene, namely in NPG recently synthesized with unprecedentedly high quality. We
propose routes to prove this experimentally and strategies to engineer the NPG lattice so
as to obtain 1D electron con�nement along its networked nanometer-wide channels. All
of the presented results are obtained through atom-by-atom quantum-mechanical device
modeling and state-of-the-art computational tools. In particular, in conjunction with the
non-equilibrium Green's function (NEGF) transport formalism, we use density functional
theory (DFT) for describing the device's local electronic structure, chemical contacts (e.g.
electrodes) and electrostatics, all very important in the context of one-atom-thick mate-
rials. We also use tight-binding (TB) models to pare the system's degrees of freedom
down to the essential, leaving out complex chemical or electrostatic descriptions and thus
enabling simulations of devices on an experimentally relevant scale. As a main result,
we propose a simple and e�cient multi-scale approach based on a seamless integration of
DFT and TB models. This provides a comprehensive, predictive description of real-sized
graphene-based devices which accounts for critical local perturbations, like metal contacts
or defects.





Resumé (summary in Danish)

Elektronik er vokset med en fænomenal hast i løbet af de seneste 50 år. Tempoet sænkes
imidlertid i disse år, fordi transistorerne har nået den skala hvor den atomare struktur
og kvantefysik sætter nye begrænsninger og regler for elektron transport. Det har åb-
net op for eftersøgningen af alternative materialer og komponenter. En fremtrædende
ide er at erstatte de normale tredimensionale (3D) byggematerialer med materialer med
kun to dimensioner (2D), f.eks. i form af det een-atom-tykke grafen. I denne afhandling
undersøger vi nogle af disse muligheder, især ved at undersøge potentialet for grafen
i sin rene form samt nanoporøst grafen (NPG), til næste generations nanokomponen-
ter. Vi viser, hvordan grafens eksotiske ladningsbærere kan anvendes til at realisere
et 2D Dirac Fermion-mikroskop � 2D-versionen af et traditionelt 3D-elektronmikroskop,
hvor ballistiske elektroner bevæger sig inden for et grafen � vakuumkammer �, og føl-
ger optiske lovmæssigheder. Vi benytter grafens høje følsomhed til at demonstrere et
nyt koncept for en hukommelsesenhed: En ferro-elektrisk molekylær tænd-sluk kontakt,
hvor polære gasser i nærheden af grafens kanter styrer ledningsevnen af en mikro-meter
stor grafen leder. Vi viser endvidere at fascinerende optiske fænomener, såsom Talbot-
interferens e�ekten, også kan dukke op i nanostruktureret grafen, nemlig i NPG, der
for nylig er syntetiseret med hidtil uset høj kvalitet. Vi foreslår veje til at bevise dette
eksperimentelt, og strategier til at konstruere NPG gitteret for at opnå 1D elektron trans-
port langs de nanometer-brede kanaler i NPG. Alle de præsenterede resultater opnås ved
atomistisk, kvantemekanisk, komponent modellering, og state-of-the-art beregningsværk-
tøjer. Specielt i forbindelse med den anvendte transportformalisme med ikke-ligevægt
Greens funktioner (NEGF) bruger vi tæthedsfunktionsteori (DFT) til at beskrive en-
hedens lokale elektron struktur, kemiske forbindelser (e.g. til elektroder) og elektrostatik,
begge meget vigtige for at beskrive de elektroniske egenskaber ved eet-atom-tykke krys-
taller. Vi bruger også tight-binding (TB) modeller til at forsimple systemets elektroniske
struktur, sammenkoblet med de komplekse kemiske eller elektrostatiske beskrivelser fra
DFT, og muliggør derved simuleringer af enheder på en eksperimentelt relevant skala.
Som et hovedresultat foreslår vi en enkel og e�ektiv multi-skala tilgang baseret på inte-
gration af DFT- og TB-modeller. Dette giver en omfattende, prædiktiv, beskrivelse af
grafen-baserede komponenter, der kan tage højde for de afgørende, lokale perturbationer,
så som metal-kontakter, eller defekter.
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CHAPTER1
Introduction

Man has recently landed on Mars for the eighth time in human history [3], and many all
over the world have been able to witness it real-time using a smartphone. What is maybe
as impressive is that a smartphone, able to �t in the palm of our hand, owns enough
computational power to send a man to the moon and back 1.

All of this is possible because both the smartphone and NASA's super-computer
handling the �Mars Insight Lander� are built upon the same fundamental electronics
pillars, i.e. complementary metal oxide semiconductor devices (CMOS) and integrated
circuits (IC). The transistor 2, building block of the latter two technologies, has nowadays
reached size, speed, power, cost and abundance which Neil Armstrong and his fellow
moon-walkers were only able to imagine �fty years ago, impacting human society in ways
that are even hard for economists to quantify [7].

Getting to this point in history was possible thanks to uncountable e�orts made
worldwide by scientists, engineers and researchers in industry, who are now called upon
to maintain the momentum of progress in an era where the demand for more and better
electronics is as high as ever [8].

1.1 The electronics horizons

Ever since J. Kilby's �rst IC demonstration in 1958 the technological horizons have been
entirely calibrated on a �law�, dictated and then revisited by Intel's co-founder G.E.
Moore, stating that the number of components (i.e. transistors) �crammed� onto ICs would
double every two years [10�12]. Down-scaling of devices has been remarkably steady since
then, leading e.g. in 2014 to mass release of Intel's 14-nm generation technology 3 [9, 13,
14] (see Fig. 1.1).

But troubles are slowly emerging: as the size is pushed down towards the funda-
mental limit of smallness, i.e. the atom, complexity rises signi�cantly, fabrication costs
are boosted and fundamental physical limitations prove hard to cope with, causing e.g.

1IBM's mainframes of the guidance computer handling NASA's �Apollo 11� moon mission was 61 ×
32 × 17 cm and 32 kg, featuring processors operating at 1 MHz, 4 KB RAM and 72 KB storage [4]. A
modern smartphone far exceeds this: for example, each of the two cores of the iPhone 5S run at 1.3 GHz,
with 1 GB RAM and at least 16 GB storage, all in just 13× 6× 8 cm and 112 g [5]

2A transistor is a switch. When a voltage is applied to its gate, current �ows through the channel
between two source and drain electrodes and the transistor is on. When no voltage is applied, no current
�ows and the transistor is o�. The on-o� states represent the 1s and 0s that are the fundamental language
of computers. [6]

3Intel generations are usually indicated with the transistor's minimum gate dimension.
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Figure 1.1 | Intel's 2nd generation Tri-gate 14 nm FinFET. (a) Comparison of
various length scales, including the height of Intel's Senior Fellow Mark Bohr. (b)
Cross-section sketch of a FinFET tri-gate device. (c) Cross-section TEM image
of Intel's 14nm tri-gate FinFET. (d) Artistic illustration of Intel's 14nm tri-gate
FinFET. (e) 14nm Intel Core M Processor, featuring 1.3 billion transistors on a 82

mm2 die. All images are taken from [9].
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Figure 1.2 | Evolution of density, speed, cost and power dissipation over the last
generations of chip technology. The data, collected by Economist in 2016 [6], shows
a general increase in cost per transistor as well as evident saturation of speed and
thermal design power (i.e. the fraction of power that does not get wasted during

operation) upon generation (year).

power leakage and interconnect delay [7, 12, 15] (see Fig. 1.2). The boundary itself be-
tween �devices� and �materials� as two di�erent physical concepts is beginning to blur
out [16]. Loud and clear signals are e.g. Intel's reiterated announcements about delaying
the launch of 10-nm generation technology, originally planned for 2016 [17], or Global-
Foundries' decision of putting its 7nm FinFET research program on hold inde�nitely [18].
Overall, it is apparent that in the long term device scaling alone will not be able to keep
up with the desired technological advancements 4.

Progress in the modern 'post-Moore' era has therefore started to be pursued along two
new trajectories, drawn over the last 15 years of the International Technology Roadmap
for Semiconductors (ITRS) [12, 19, 20].

The �rst one, de�ned 'More-than-Moore', foresees a diversi�cation of CMOS plat-
forms in addition to their miniaturization. Through heterogeneous integration of new
functionalities this strategy aims at deploying highly specialized devices tailored to spe-
ci�c applications, ranging from communication to environmental control, from healthcare
to Internet of Things, and much more5 [7, 21]. In other words, the goal is to boost the
capabilities of CMOS technology to interact with the outside world and the users [22].

The second one, de�ned 'Beyond CMOS', is radically di�erent. It consists in devel-
oping a whole new paradigm for processing, transferring and storing information in a
device, exploiting intrinsic properties of matter which do not su�er from the same phys-
ical limitations a�ecting charge transport in CMOS technology [7, 21]. These �emerging
research devices� [19], including among others quantum computers, spin-based devices,

4A joke by vice-president of Microsoft Research P. Lee, reported by The Economist, states: �There's
a law about Moore's law. [...] The number of people predicting the death of Moore's law doubles every
two years� [6].

5Other applications include Micro-electro-mechanical systems (MEMS) (e.g. sensors, actuators), radio-
frequency applications (e.g. Wi-Fi, GPS), �exible electronics and machine learning applications (e.g.
imaging, language recognition, robotics)



4 Chapter 1. Introduction

molecular/atomic switches and neuromorphic architectures, are growing very rapidly and
expected to rede�ne completely the next-generation information technology in the long
term [7]. A general tendency, often taking inspiration from natural systems, is to try
to encode AI algorithms directly into the hardware. For example recent integration of
so-called 'memristors' and 'memcapacitors' 6 into entire 'memtransistors' is being pur-
sued as potential route to emulate the computing archetype of the biological brain, which
transcends typical CMOS constraints such as serial execution, separation of memory and
logic units, power ine�ciency, and programming intensive issues [23�26].

In general, in both 'More-than-Moore' and 'beyond CMOS' perspectives, exploration
of the potential of novel materials is essential for disclosing ground-breaking opportuni-
ties [7, 27]. For this reason several institutions around the world 7 are starting to dispose
massive investments to foster materials innovation infrastructures, in particular towards
development of novel high-throughput and multi-scale computational tools to boost ma-
terial discovery and performance assessment.

This thesis falls precisely within this context, as it focuses on i) investigating a new
class of materials by means of advanced computational tools and ii) contributing to the
development of multi-scale approaches for large-scale devices simulation.

1.2 2D materials for next-generation electronics

One-atom-thick crystals, more commonly known as two-dimensional (2D) materials, are
among the most promising candidates for next-generation nanoelectronics [30�37]. Since
the day a physics professor in Manchester and his PhD student created graphene [38],
�the thinnest known material in the universe and the strongest ever measured� [39], 2D
materials have prompted extensive research, investments and media attention. Originated
by the graphene �singularity� the universe of 2D materials has expanded exponentially
over the past 15 years, counting today more than 2000 di�erent structures [37], some
of which obtained top-down by exfoliating a layered crystal, some others grown bottom-
up directly from molecular precursors. A fully-�edged encyclopedia has even become
recently available on the web [40, 41], storing detailed information about 2D metals,
semiconductors and insulators. These present a vast gamma of electrical, optical and
mechanical properties, and exhibit a variety of physical phenomena, from magnetism to
superconductivity [32, 39, 42].

Many promising more-than-Moore technologies based on 2D materials have been pro-
posed over last decade and are now receiving a lot of attention [43]. These include �exible
electronics [44], printable circuitry [45], ultrasensitive sensors [46], supercapacitors and
many more [32]. A few 2D material-based beyond CMOS options are also receiving signif-
icant resonance, although still mainly at a research level. A large fraction of these focus
on the realization of spin [21, 47] and �psuedo-spin�-based computing [48], while recently
even promising neuromorphic computing solutions have been put forward [49].

Besides their obvious natural compatibility with the continuous technology miniatur-
ization [50], there are several reasons why 2D materials are being classi�ed as promising
candidates for more-than-Moore and beyond CMOS applications.

6Memristors are two-terminal resistive devices with an inherent memory which can be dynamically
recon�gured vie electrical stimuli. In memcapacitors signals are expressed as a voltage rather than a
current. See [23] for further details

7For example remarkable initiatives are the Obama's Materials Genome Initiative [28] and many other
'Materials Genomics' projects in the context of European Research Council's Horizon 2020 program [29].
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Figure 1.3 | Electron trajectories in graphene can be ballistic (with almost no
scattering), can be refracted in proximity of gate-induced p − n doping junctions
emulating light refraction and can be manipulated using magnetic �elds. In this
thesis we combine these e�ects in a new concept of a 2D (Dirac fermion) electron

microscope. Figures taken from [68, 69] and Paper I.

1.2.1 New physics brought into play

The �rst reason, especially relevant in the 'beyond CMOS' perspective, is that in this
��atland� unconventional physics is often brought into play. Graphene, main object of
study in this thesis, represents one of the most compelling examples [51]. Due to the par-
ticular sp2 hybridization of carbon atoms in its honeycomb lattice, charge carriers (either
electrons or holes) in devices made of this 2D crystal behave as relativistic massless Dirac
Fermions, governed by a linear dispersion relation [52]. Under appropriate conditions
8, this peculiar feature has proven to be the origin of outstanding mesoscopic phenom-
ena, involving e.g. ballistic and coherent transport (i.e. without scattering or dephasing
9) across µm long devices [53, 55], charge carriers penetrating high and wide barriers
without re�ection [59�61], and even light-like behavior like refraction, interference or
wave-guiding [60, 62�67]. Based on this a whole new paradigm for next-generation 2D
electronics complying with the principles of optics (indeed referred to as 'electron-optics')
is rapidly �nding its way in the 2D materials community [60, 68].

In this thesis we will show how state-of-the-art electron-optics concepts can be brought
together into a '2D Dirac Fermion microscope', 2D version of a traditional 3D electron mi-
croscope, where electrons and holes are emitted, collimated, steered, focused and detected
within a fully-�edged graphene 'vacuum chamber' (see Fig. 1.3).

8Appropriate conditions are typically accessed by encapsulating graphene within hexagonal boron-
nitride (hBN) [53] and/or cleaning it with advanced methods 4�7, so as to push scattering rates to the
theoretical limits de�ned by electron�phonon2,5,8,9 and electron�electron10,11 interactions.

9µm-long mean free paths have so far been observed at room temperature [54], reaching up to 30 µm at
lower temperatures [55]. At cryogenic temperatures electron waves are also able to maintain their phase
over several µm, enabling observation of quantum coherence e�ects in transport measurements [56�58].
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Figure 1.4 | Artistic illustration showing water interacting with the exposed edges
of encapsulated graphene. In this thesis we explain how this interaction can be

exploited to create a novel two-dimensional memory architecture.

1.2.2 New levels of sensitivity

Graphene is basically a 2D electron gas with very low electron density, exhibiting very
high sensitivity to atomic scale perturbations or minimal environmental variations.

One well-known consequence is that its local carrier concentration can be very precisely
manipulated by using simple electrostatic gating, generating e.g. sharp doping pro�les
needed for several electron-optics applications [54, 64, 67, 70�72].

Another one is that even one extra electron, introduced in large graphene devices
due to e.g. adsorption of a single molecule on the basal plane, can have notable reper-
cussions on macroscopic electric measurements [46, 73, 74]. Although this can certainly
be regarded as a good quality for sensor applications, or even for opening a bandgap in
graphene [74, 75], it also represents a clear disadvantage for the potential use of graphene
in next-generation transistors, as minimal environmental perturbations can signi�cantly
degrade carriers mobility. �Protecting� the basal plane of graphene by encapsulating it
in hBN10 has partially solved this problem [53, 76, 77], since only edges are exposed to
the external environment. However, from a theoretical point of view, edges can still have
an impact on the electrical properties of graphene [78�82], although their contribution is
often neglected in experimental device measurements.

In this thesis we will show that edges in graphene devices, even micro-meter sized,
can have enormous relevance and even be pivotal for developing new unconventional
technology. In particular, we will harness their complex interaction with polar molecules
for realizing a novel memcapacitive system (see Fig. 1.4).

10Hexagonal Boron-Nitride
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a) b) 

2nm 

Figure 1.5 | 2D materials open new opportunities for device engineering. One
opportunity stems from mixing their properties by assembling them into 'LEGO'-
like heterostructures, illustrated in (a) (bottom-right is a cross-section TEM image).
Another option is to nanostructure or chemically engineer them, e.g. making ribbons

or nanoporous structures as shown in (b). Figures taken from [37, 96].

1.2.3 New routes for device engineering

The reduced dimensionality and special crystal structure of 2D materials provide addi-
tional degrees of freedom for device engineering at the atomic scale, where CMOS tech-
nology is hard to improve. For instance, assembling 2D crystals into vertical [31, 34],
lateral [16] or even �origami�-like heterostructures [83, 84] has opened an entire spectrum
of possibilities in the direction of atom-by-atom transistor design, where properties are
tailored to the application's speci�c needs (see Fig. 1.5a).

This �material-on-demand� paradigm becomes even more exciting when entertaining
the possibilities of tuning the properties of individual 2D building blocks, e.g. by nanos-
tructuring, functionalizing or chemically engineering them [85�88]. Recent research, for
example, has also clearly demonstrated the potential of chemical engineering for design-
ing bottom-up nanostructured 2D materials with high atomic precision [85, 89, 90]. An
emblematic example is nanoporous graphene (NPG) (see Fig. 1.5b) [85, 91�93]. Its regu-
larly arranged holes lead to opening of a bandgap [94, 95] and thus overcome the problem
of turning o� graphene-based transistors [33, 39]. Fabricating it with atomically precise
pores, using advanced chemical synthesis [85] or lithographic techniques [91�93], opens
unprecedented opportunities for distributing and controlling currents at the nanoscale.

In this thesis we will explore one of these opportunities, fundamentally hinging on a
fascinating wave interference phenomenon exhibited by electrons within chemically syn-
thesized NPG. Particular focus will also be devoted to explore how to chemically engineer
the geometry of the NPG in order to achieve 1D con�nement of the current along its nm-
wide networked channels.

1.3 Multi-scale atomistic modeling

Nowadays the use of computational tools to simulate charge transport in realistic elec-
tronic devices is essential for researchers working in basically any technological context
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[97]. Besides easing interpretation and/or benchmark of experimental results, theoretical
modeling especially represent a formidable asset to explore the potential of new materials
and technologies, enabling pinpoint the most promising research strategies and prototype
designs for IC production [98].

A plethora of methods are available today, spanning from ab-initio parameter-free
methods able to capture the quantum-mechanical nature of nuclei and electrons to para-
metric semi-classical and compact models needed to explore transistors performances at
a IC level [99]. Depending on the target, the choice of method is usually driven by the
best tradeo� between accuracy and computational costs. Quantum-chemical detail is of-
ten key to capture electronic behavior at the nano-scale, where classical physics breaks
down. At the same time the computational resources required to compute the desired
information needs to be kept at the minimum. The latter is crucial to enable simulations
at device length scales, where currents travel over several micrometers and the electronic
structures of di�erent materials and interfaces need to be taken into account [97].

A very powerful approach which is rapidly growing into many di�erent research di-
rections, including 2D materials [99�101], is to seamlessly integrate multiple levels of
physical abstraction (atoms, materials, devices and circuits) into a single multi-scale sim-
ulation, where locally 'ad-hoc' interfaces11 ensure information exchange between di�erent
functional blocks in the considered system [97].

All the materials and devices involved in this thesis will be addressed by perform-
ing atomistic simulations, i.e. modeling them atom-by-atom, using very popular meth-
ods in the computational nanoelectronics community [99, 101], namely ab-initio density
functional theory (DFT), the parameterized tight-binding approximation (TB), and the
Non-Equilibrium Green's Functions (NEGF) transport formalism.

In particular, along the lines of emerging multi-scale computational approaches, we
will present a general multi-scale scheme for full-scale NEGF electron transport simu-
lations of 2D nanoelectronic devices based on DFT and TB levels of abstraction (see
Fig. 1.6).

1.4 Outline of the thesis

The outline of the thesis is as follows.

• In Chapter 2 we present the electronic structure and electron transport methods
adopted throughout this thesis, namely DFT, TB and NEGF, along with the various
implementations used. We illustrate how to simulate electrostatic gating in DFT,
explain how to include doping, magnetic �eld or absorptive regions in TB+NEGF
calculations and introduce the main tools needed to understand electron transport
in the NEGF framework.

• In Chapter 3, based on Papers I and II, we give a quick introduction to electron
optics and then present a fully quantum-mechanical framework for the �2D Dirac
fermion microscope�, comparing it to semi-classical transport simulations. In par-
ticular we emphasize the importance of boundary conditions when dealing with
ballistic transport in graphene.

• In Chapter 4 (Paper III) we present a new concept of memcapacitive 2D device in the
form of a �graphene-edge ferroelectric molecular switch�. We describe experimental
evidences and theoretical background, putting particular emphasis on the role that

11The idea is to make the de�nition of these interfaces automated [99].
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Figure 1.6 | The multi-scale electron transport method introduced in this thesis
allows to replace small portions in a large device TB model with chemically accurate
regions simulated using DFT. We will show how it can be used to investigate electron

transport in (a) pristine and (b) nano-porous graphene.

DFT atomistic simulations play in understanding the interactions among graphene
edges, adsorbed polar molecules and gate-induced electric �elds.

• In Chapter 5 (Paper IV), we present a multi-scale method to seamlessly integrate
DFT and TB models in the NEGF transport framework. We explain the details of
the method providing numerous didactic examples and point out the main challenges
regarding its implementation. We then apply it to study current propagation in 100-
nm-scale pristine and defected graphene systems, injected by chemically accurate
contacts simulating scanning tunneling microscopy (STM) probes.

• In Chapter 6 (Paper V), we exploit the versatility and generality of the multi-scale
method introduced in Chapter 5 to study injection and current propagation in a
recently bottom-up synthesized NPG. In particular we show that carriers propa-
gating in this material give rise to the so-called 'Talbot e�ect', a fascinating wave
interference phenomenon which typically manifests in discrete optical wave-guide
systems.

• Lastly in Chapter 7, after assessing the limits and reliability of computationally
cheaper TB models compared to the multi-scale DFT+TB models used in Chapter
6, we exploit these to analyze more complex NPGs designs. We test the robustness
of Talbot e�ect with respect to pores orientation, size and homogeneity. Not only
that, we also propose di�erent strategies to engineer the NPG so as to suppress the
interference e�ect and achieve ultra-narrow current con�nement.





CHAPTER2
Methods

In this Chapter, after brie�y comparing various electronic structure methods in terms of
scalability, we introduce the basic formalisms of the ones we adopt throughout the rest
of the thesis, i.e. DFT/TB + NEGF.

2.1 Brief overview of atomistic computational methods

Computational chemistry o�ers a plethora of possible atomistic approaches to electronic
structure calculations. These are covered in detail within several books [102, 103]. Here
we give a brief overview of the most popular ones, without going too much into details,
rather focusing on their relative computational cost.

From the �rst Hartree-Fock (HF) descriptions of atomic systems in terms of single-
particle wavefunctions, made almost a century ago [104, 105], ab-initio (i.e. non parame-
terized) wavefunction-based methods have experienced great advances [106, 107], leading
e.g. to post-HF methods like Møller-Plesset perturbation theory (MP), con�guration in-
teraction (CI) and coupled cluster (CC), but also Green's function based methods like
GW [108, 109]. However, improvements in accuracy come with higher computational de-
mand, so that description of many-particle systems such as large organic molecules, large
solids, DNA, or condensed systems are intractable [110]. For instance, while the formal
scaling of HF is O(N4) [111], with N number of electrons, post-HF methods scale at least
like O(N5) [107], in practice limiting the treatable systems sizes to several tens of atoms.

Kohn-Sham Density Functional Theory (DFT) can be thought as a complementary
method from a di�erent perspective [112, 113]. Instead of dealing with a 3N-dimensional
space of single-particle states, all physical quantities here are de�ned by the local three-
dimensional electron density, while the basis set is either based on plane-waves (PW)
or linear combinations of atomic orbitals (LCAO) [102]. Normally large and computa-
tionally expensive LCAO basis sets are needed to describe all the occupied bands in a
system at the same level as PW-based calculations, although sometimes a clever adjust-
ment of orbitals in a cheaper LCAO basis set can be enough to capture selected bands
[114]. In general, compared to other ab-initio methods, this represents a better compro-
mise between accuracy and scalability, especially suitable to complement material science
experiments involving defects, interfaces, contacts, disorder, spin-orbit coupling, electron-
phonon coupling and much more [111, 115] For the last 40 years computational chemists
and physicists have been developing over 200 ��avours� of DFT, each with its own ap-
proximated exchange-correlation functional [116, 117]. While the complexity of standard
diagonalization algorithms in DFT is O(N3) [118], massively parallel methods such as
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the Siesta-PEXSI enables reductions down to at most O(N2) [118], and linear scaling
algorithms [119, 120] have also been implemented, overall pushing DFT accessible sizes
up to tens of thousands of atoms. Despite these ever-increasing improvements, the sizes
intrinsically accessible by DFT are currently limited to isolated portions of a realistic
device, such as bulk, interfaces or locally perturbed regions.

In order to access simulations at larger scales, approximating the Hamiltonian via
appropriate parameterizations and basis set reduction becomes essential. One popular
approach to this is the Density Functional Tight-Binding (DFTB) [121, 122], which is
based on a Taylor series expansion of the Kohn-Sham DFT total energy. Once a reli-
able element or compound-speci�c parametrization is obtained in terms of atomic Mul-
liken charges, chemical hardness parameters and electrostatic factors, either comparing
to experiments or higher-level ab-initio calculations, DFTB is able to capture selected
properties of a given system with the same accuracy as DFT [122]. The main advan-
tage of DFTB is that, depending on the implementation and target system, it can even
be two to three orders of magnitude faster than DFT [123], overall enabling simulations
with several thousand atoms within reasonable time and without need for massive par-
allelization. On the other hand a systematic parametrizations across the periodic table
is still needed [122]. Another e�cient approach is Wannier Tight-Binding (WTB) [124,
125], where maximally localized Wannier functions (MLWF) are constructed ad-hoc to
reproduce electronic bands from a Bloch-based DFT calculation within optimized energy
windows. Automated implementations are rapidly turning this method into an everyday
tool in modern computational material science [100, 101, 126]. Like DFTB, WTB cannot
be trivially applied to arbitrary compounds due to the need for system speci�c parameter-
izations, as well as de�nition of good initial trial orbitals [126]. Once a parameterization is
found, samples containing more than hundreds thousand atoms become accessible [127].
Both of the previous examples represent successful attempts to increase the accuracy
of the traditional textbook Tight-Binding (TB) representation of the Hamiltonian [102,
128]. This is traditionally constructed by hand using a single orbital basis, including
only couplings among nearest neighbors and �tting parameters to experiments or ab-
initio calculations without involving any self-consistent treatment. Under these extreme
simpli�cations the size of atomistic electronic structure calculations can be pushed to its
ultimate limits, reaching up to a million atoms with a�ordable computational burden
[129]. In some very special cases, including for instance basic graphene systems, tailor-
made energy and structural rescaling can even enable simulations at the micrometer scale
[130, 131].

2.2 Density functional theory

In this section we provide a quick primer of the DFT fundamentals, advantages and
limitations1 Since DFT is a very large subject we invite the more interested readers to
check out several books2 available on this �eld, or the Perspective published by Axel D.
Becke [111], where the state of the art of DFT is outlined in a clear and comprehensible
way.

1The sections on DFT are almost entirely taken from a related chapter in the G. Calogero's (i.e. the
author of this thesis) Master's thesis [132].

2Some excellent introductions to DFT are F. Jensen's Introduction to computational chemistry [133],
R.M. Martin's Electronic structure: basic theory and practical methods [102], or D.S. Sholl's J.A. Steckel's
Density Functional Theory: a practical introduction [134]. For a more formal approach, one can refer to
R.M. Dreizler's and E.K.U. Gross's Density Functional Theory: an approach to the quantum many-body

problem [135], or S. Lundqvist's and N.H. March's Theory of the inhomogeneous electron gas [136].
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DFT represents today one of the most elegant and ambitious approaches to describe
the quantum behavior of atoms and molecules. Over the years 3 it has rapidly evolved
from a highly specialized branch at the cutting edge of quantum mechanics, practiced
only by a few physicists and chemists, to the most popular electronic structure method
in computational science, exploited by a large cadre of active researchers in physics,
chemistry, materials science, biology, geology, or even astrophysics [134].

Its origin goes back to 1926, several decades before the publication of the seminal
papers by Hohenberg, Kohn and Sham [112, 113]. The �rst hunches are indeed already
contained in the theory developed by L.H. Thomas [138], E. Fermi [139] and P.A.M. Dirac
[140], where they propose that the exchange and kinetic energies of a many-electron
system could be locally approximated by their one-electron ground-state density, ρ(r).
Despite its simplicity, this method was unable to reproduce atomic shell structure, and
later it turned out to be too rough to bind molecules [141]. The Hartree-Fock (HF)
method proposed in 1928 [104], and further improved in the mid 1900s by Slater [142]
in the HFS theory, enables the �rst complete modellization of the electronic structure,
even for complex condensed-matter systems, foreshadowing the success of DFT. The main
downside of this theory is that electron correlations are completely neglected, and thus
some fundamental properties in solid state physics are not reproducible.

The solution comes in 1964 with the publication of the �rst paper on DFT by Ho-
henberg and Kohn [113]. For a system of N interacting electrons in an external nuclear
potential Ve−n, hence described by the Hamiltonian4

H = −1
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i

∇2
i +

∑

i

Ve−n(ri) +
1

2

∑

j 6=i

∑

i

1

|rj − ri|
, (2.1)

they demonstrate that

the ground-state energy from Schrödinger equation is a unique functional of
the electron density ρ.
(1st Hohenberg-Kohn theorem),

and that

the electron density that minimizes the energy of the overall functional is the
true electron density corresponding to the full solution of the Schrödinger equa-
tion
(2nd Hohenberg-Kohn theorem).

This means that all the (ground-state) properties of a many-electron system are com-
pletely and exactly determined by ρ, which indeed is considered as the basic variable in
DFT. In principle, once speci�ed and minimized the energy functional, one can �nd the
ground state of the system.

In the most popular version of DFT in use today, based on the results published by
Kohn and Sham in 1965 [112], the energy functional can be written as

E(ρ) = Eknown(ρ) + Exc(ρ), (2.2)

where Exc, called exchange-correlation (xc) term, is de�ned to include all the quantum
mechanical e�ects that are not included in the �known� term5. Kohn and Sham also show

3An analysis of Web of Science citation data undertaken at Tulane University [137] reveals that DFT
has been the clear citation leader of physics during the 30-year period 1980-2010.

4In atomic units, i.e. ~ = me = e = 4πε0 = 1.
5The term Eknown in eq. (2.2) includes the electron kinetic energies, the Coulomb interactions between

the electrons and the nuclei, those between pairs of electrons and those between pairs of nuclei. Under
the Born-Oppenheimer approximation, the kinetic contribution by the nuclei is assumed negligible.
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that the N-electron Schrödinger equation can be decomposed into a set of single-electron
equations

−1

2
∇2ΨKS

i + VeffΨKS
i = εiΨi, (2.3)

where
{

ΨKS
i

}
is a set of single-particle orbitals whose density ρ is de�ned to be exactly

that of the real system, and Veff is a new potential de�ned to include the e�ects of exchange
and correlation6 incorporated in Exc. Electrons in atoms, molecules, and solids can be
thus viewed as independent particles moving in this e�ective potential. As a result, from
an operational viewpoint, Kohn-Sham DFT can be considered an independent-particle
theory, even simpler than Hartree-Fock, which delivers, in principle, the exact density
and exact total energy of any interacting, correlated electronic system. The key point is
the functional Exc: once its analytical form is speci�ed, then the main DFT computa-
tional problem comes down to a self-consistent numerical solution of the KS equations,
carried out as outlined in Fig. 2.1. Once the self-consistent loop illustrated in Fig. 2.1
is converged for a certain �xed con�guration of nuclei, the forces acting on each of them
can be evaluated by invoking the Hellmann-Feynman theorem [102, 133]. The atomic
positions, as well as the shape or volume of the unit cell, can then be updated accord-
ingly and a new static calculation can begin, based on the resulting con�guration. This
procedure can be iterated until a (local) energy minimum is achieved, corresponding to a
stable con�guration of the system. Such an optimization problem, usually referred to as a
geometry relaxation, can be solved by employing proper numerical methods [133], such as
quasi-Newton methods or the conjugate gradient method, and the main parameter that
needs to be set is a reasonable threshold value for the forces acting on each atom, referred
to as a stopping criterion.

2.2.1 Our DFT toolbox

DFT is nowadays implemented in a plethora of commercial and open-source codes, each
one with its advantages and limitations. In this thesis we use three main implementations
of DFT, namely Siesta [144, 145], Atomistik ToolKit (ATK) [146�148] and Vasp
(Vienna Ab initio Simulation Package) [149, 150]. These mainly di�er in the ways Kohn-
Sham wave-functions are modeled, namely the type of basis set adopted to approximate
them.

Basis sets

In codes like Vasp the Kohn-Sham wave functions are expanded in terms of plane waves
(PW-DFT)

φk(r) =
∑

G

ck+G exp [i (k + G) · r] , (2.4)

where the summation is over all reciprocal lattice vectors G. According to this expression,
evaluating the solution at even a single point in k-space would involve a summation over
an in�nite number of possible values for G. However, since these functions can be seen
as solutions of the Schrödinger equation with kinetic energy E = (~2/2m) |k + G|2, and
since solutions at lower energies are usually more physically important than those at very
high energies in an electronic structure calculation, in practice one can signi�cantly save
computational time by truncating the in�nite sum in eq. (2.4) to include only plane waves

6Note that since this VKS is a rather good representation of both exchange and correlation, the results
are usually considerably more reliable than those of the full HF equations, in which correlation e�ects
are not considered.
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Figure 2.1 | Flow chart of the Kohn-Sham iteration procedure. An initial guess for
the electron density is assumed, which is required to evaluate the e�ective potential
Veff . This is in turn used to solve the Kohn-Sham equations with respect to the single-
particle wave functions, Ψi. The electron density ρ and the total energy related to
these wave functions are subsequently calculated and compared to the initial guess
values. This procedure is iterated until these values are converged within a certain
accuracy criterion. When self-consistency is achieved for this loop, the electronic
part of the system is solved, and various physical quantities can be estimated, such
as eigenvalues or forces on the ions that make up the system. Image adapted from

[143].

with energy below a certain cut-o� value Ecut. The higher the value of this cuto�, the
higher the accuracy and computational cost of the calculations.

In Siesta and Atomistik ToolKit instead the Kohn-Sham wave functions are de-
scribed via linear combinations of atomic orbitals (LCAO-DFT) [144, 145], using pseudo-
atomic orbitals (PAO) φ con�ned within a maximum range [151, 152]:

φαlmz(r) = φαlz(r− rα)Ylm

(
r− rα
|r− rα|

)
. (2.5)

Here α is an atomic index, l,m the angular momenta and z the multiple basis index
for orbitals with same angular momentum but di�erent radial dependence. The latter
multiple similar orbitals are referred to as multiple-ζ basis functions, e.g. single-ζ (SZ),
double-ζ (DZ), etc. Ylm is the spherical harmonic, i.e. a collection of orthogonal polyno-
mials. These atomic orbitals are centered on the atom with a decaying tail into vacuum,
whose length limits the reciprocal interaction range. As a result the Hamiltonian can
is modeled as a computationally convenient sparse matrix, with non-zero elements only
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where two basis orbitals overlap [144]. The overall accuracy of LCAO-DFT can be im-
proved by tuning various parameters (typically more than PW-DFT), e.g. increasing the
radial dependence, adding additional ζ orbitals or introducing extra 'polarization orbitals'
which account for deformations induced by bond formation [144].

A LCAO basis set is non-orthogonal, thus a so-called overlap matrix Sµν = 〈φν |φµ〉
is always involved in the calculations, such that (µ and ν represents the complex set of
indices for the atomic orbitals φ). With this de�nition the Kohn-Sham functions can be
expanded as

ψi(r) =
∑

µ

φµ(r)cµi, (2.6)

cµi = S−1
νµ 〈φµ|ψi〉 (2.7)

and the coe�cients cµi can be obtained by diagonalizing H and S:

∑

µ

Hνµcµi = εi
∑

µ

Sνµcµi . (2.8)

Within a LCAO framework, decomposing a given system into separate regions in
real-space is intuitively easy. This aspect is particularly useful in conjunction with the
NEGF transport formalism7 (see below) and will also play a crucial role in the multi-scale
method presented in Chapter 5.

Basis sets for carbon-based systems

When dealing with carbon-based systems, main protagonist of this thesis, choosing the
appropriate basis set for the investigated problem is often crucial. To approximate the
electronic bands of graphene around the Fermi level a single pz-orbital (z ⊥ graphene)
per carbon atom (M = 1, with M being the number of basis orbitals per atom) and
nearest-neighbour interactions are enough for many purposes[155]. For a more detailed,
but still somewhat basic, description of the occupied bands a single-ζ (SZ) basis is a good
starting point, with a single orbital per valence state per carbon atom corresponding
to one s and three p orbitals (M = 4). This can then be improved by splitting each
PAO into a part representing the center and another part representing its tail, doubling
the number of ζ-functions describing each valence orbital (double-ζ or DZ) [144]. To
improve further orbitals with higher angular momentum l than present in the valence
shell are added, which for carbon amounts to the d-shell, l = 2. These additional basis
functions are termed �polarization� and can be generated by applying a perturbing polar-
izing electric �eld to the free atom [144]. Standard LCAO basis sets both in Siesta[145]
and Atomistik ToolKit are thus the single-ζ plus polarization (SZP), amounting to
M = 4 + 5 = 9 basis functions per carbon, and the double-ζ plus polarization (DZP),
amounting to M = 2× 4 + 5 = 13. The latter typically provides an accurate description
of all the occupied bands, comparable to the result of PW-DFT calculations. Sometimes
however this is not good enough. For example, the DZP basis fails completely in re-
producing the lowest unoccupied states [156], making it impossible to correctly describe
e.g. interlayer states, surface reactivity, intercalation[157, 158], tunneling into graphene,
where the inelastic phonon scattering plays a dominant role[159, 160] or also di�use molec-
ular orbitals, so-called Super Atom Molecular Orbitals (SAMOs), observed in many STM
experiments [85, 161�163]. This lack can be obviated by applying again the splitting
procedure[144] to generate more re�ned bases, including triple-ζ or double-polarization,
boosting the number of orbitals per atom to M > 18. An alternative, computationally

7Note that NEGF transport calculations can also be performed using plane waves [153, 154]
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Figure 2.2 | (a) Schematics of the gate implementation by redistribution of charge.
The gate electrode has a certain charge −q (blue) and charges the system by an equal
positive amount +q. Atoms are shown as black dots. The charge redistribution for
the system and the electric �eld are self-consistently calculated by solving Poisson
equation. Figure adapted from [164]. (b) The Poisson equation can also be solved
with Dirichlet (Neumann) boundary condition at the bottom gate electrode (top
vacuum boundary). This approach is adopted to simulate gated graphene in Chapter

4. Credits: Tue Gunst.

simple and e�cient approach to reproduce at least the �rst two unoccupied bands is
that discussed in Paper III, consisting in supplementing the standard DZP-basis with one
(M = 14) or two (M = 17) Bessel functions with a long spatial extension.

2.2.2 Gating in LCAO-DFT

In this thesis we will often consider gated systems in the context of LCAO-DFT calcula-
tions. In general a �eld e�ect setup comprises a metallic gate, a dielectric and the system,
stacked in that order. Applying a voltage between the gate and the system induces an
electrostatic potential gradient across the dielectric and a net charge in the system, in
capacitor-like fashion. The additional charge redistributes and polarizes the system along
the electric �eld direction.

Electrostatic gating, as well as induced charge doping, has often been simulated in a
DFT calculation by rigidly shifting the position of the Fermi level or the chemical poten-
tial8 without explicitly including gate or dopants [165�168]. However, despite accounting
for some of the e�ects, these approaches neglect the self-consistent response of the device
to the additional charge doping or the gate-induced electric �eld.

Often this can be accounted for by solving the Poisson equation with appropriate
boundary conditions. In this case a parallel plate capacitor setup illustrated in Fig. 2.2a
is considered, where it is assumed that an applied gate voltage V induces a charge +q
in the system and a corresponding counter-charge −q in the gate plane. In practice
such situation is realized in a DFT calculation by charging the system with q = δe−,
and distributing homogeneously the corresponding counter-charge −δe− in a well de�ned
region of the unit-cell (the gate), so that the overall supercell remains charge neutral. For
q > 0 the system is n-doped, whereas for q < 0 it is p-doped. The voltage drop V and the
electric �eld E between the gate and the system are then obtained by solving the Poisson
equation during the self-consistent cycle.

When the simulated cell has periodic boundary conditions in all directions a slab
dipole correction [169] is often needed, in order to terminate the periodic electric �eld

8This is similar to what is typically done in a TB model. See Sec. 2.5.2
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Figure 2.3 | Band structure of graphene computed with a �rst nearest neighbor
TB model for its carbon pz orbitals. The energy E is shown as a function of the
Bloch wavevectors kx and ky, where x, y de�ne the graphene plane. In the vicinity
of K and K ′ (Dirac points) the dispersion is linear, and hence locally equivalent to a
Dirac cone (inset). In undoped graphene, the Fermi energy lies at the Dirac points,
i.e. the valence band is �lled with electrons and the conduction band is empty. An
external electrostatic �eld or chemical interactions can shift the cone up or down in
energy, respectively p- or n-doping graphene. Figure taken from [170]. Credits: M.

Goerbig.

induced by the charge redistribution. This is the approach we adopt throughout this
thesis when simulating gated systems with Siesta (Chapter 6 and Chapter 5).

An alternative approach, which avoids the use of slabs and dipole corrections, consists
in changing the cell boundary conditions in the direction z normal to the system, as
illustrated in Fig. 2.2b. In this case Dirichlet boundary condition (V (z) = constant) are
applied on the gate (bottom boundary) and homogeneous Neumann boundary conditions
(∂V (z)/∂z = constant) are instead set on the top vacuum boundary. This is the method
we use in Chapter 4, where gated graphene systems are simulated using Atomistik
ToolKit.

In general both these approaches allow arbitrary gate shapes and con�gurations. Yet,
since Atomistik ToolKit is born as a tool for device simulations, its Poisson solver
o�ers more �exibility compared to Siesta, which was instead originally thought for mod-
eling bulk systems. For example additional voltage drops due to multiple dielectric and
metallic regions can be accounted for in the calculations.

2.3 Tight-binding approximation for graphene

As aforementioned, the TB approximation is intrinsically an empirical model where the
Hamiltonian is constructed by hand with parameters from experiments or ab-initio cal-
culations [102]. For this reason it is ideal to single out and study the e�ects of various
physical mechanisms governing complex systems.

In the standard TB model for graphene, originally proposed by P.R. Wallace [171],
the Hamiltonian is orthogonal and includes only interactions between nearest-neighbor π
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(pz) orbitals:

H = −t
∑

〈i,j〉,σ

(
a†σ,iaσ,j + h.c.

)
. (2.9)

Here aσ,j (a†σ,j) annihilates (creates) an electron with spin σ =↑, ↓ on site ri, while
t ≈ 2.7 eV is the nearest neighbor hopping energy [52]. This simple approximation yields
a band structure like that illustrated in Fig. 2.3, with conduction and valence bands
touching at two inequivalent points K and K ′ at the corners of the hexagonal Brillouin
zone in reciprocal space.9 In the vicinity of these points the energy is linearly proportional
to the momentum, thus making electrons (or holes) behaving similar to massless particles
obeying the 2D relativistic Dirac equation10. This is the root of many fascinating prop-
erties of graphene [52, 155, 172, 173], like ballistic transport and electron-optics, which
will be discussed in more detail in Chapter 3.

Due to its versatility, this approximation has often been at the center of new im-
provements and developments. Particularly remarkable is the scaling approach proposed
by Liu et al. [130, 174], who provide a simple condition to obtain band structure invari-
ance, while simultaneously adjusting the lattice constant and the hopping parameter t.
A similar approach is the one suggested by Beconcini et al. [131], who manage to achieve
band structure invariance by using the Fermi energy as key scaling parameter, thus ac-
cessing simulations of multi-terminal devices and nonlocal transport measurements. In
more detail, they show that a geometrical downward scaling of the system size can be
accompanied by an upward scaling of the Fermi energy in such a way that the num-
ber of electronic states responsible for transport is kept constant. Both of these scaling
approaches have proven to be very e�cient tools to interpret magnetic focusing experi-
ments involving micron-size multi-terminal devices [175, 176], where factors such as edges,
chemical functionalization, structural disorder or contact with metal do not disrupt the
relevant transport features.

2.4 Electron transport with Green's functions

Electron transport can be addressed using several formalisms [177].
With reference to large-scale transport in graphene, for example, hybrid Monte Carlo

algorithms on lattice [178] or wave-packet dynamics [179�182] have often been used. The
latter in particular is a very intuitive method which has the advantage of giving direct
access to the real-space and real-time electron wave-packet propagation over a graphene
lattice. Here energy resolution can be obtained by Fourier transforming in time domain,
at the cost of including a very �ne time discretization [182].

The majority of the other transport formalisms are based on the Landauer-Büttiker
theory. The Kubo-Greenwood formalism is a very popular example [183�187], which turns
out to be an ideal choice when studying di�usive large-scale graphene systems described
by a mobility or conductivity.

Complementary to this, the NEGF method is a very popular choice [146, 188�191]. In
this case the target is most often conductance including explicit descriptions of multiple
electrodes, rather than conductivity, aiming at giving a self-consistent description of the
non-equilibrium electron density.

9From a band theory perspective undoped graphene would be denoted as a zero gap semiconductor.
More precisely, since �nite conductance has been observed at cryogenic temperatures, it is more correctly
classi�ed as a semi-metal.

10For this reason the aforementioned points are also denoted as Dirac points.



20 Chapter 2. Methods

∞∞

VRVR 

𝚺R

VL VL

𝚺L HD , SD

VL VL,D VR,D VR

GD

Figure 2.4 | Device con�guration in a 2-probe NEGF calculation for a quasi-1D
system. The device (thick line) is partitioned into a central part and two electrodes
on the sides. The self-energies Σ, recursively calculated and projected on the elec-
trodes, couple the device states to semi-in�nite bulk systems (dashed lines) along the
transport direction via Eq. (5.4). Periodicity (transparent areas) can be used along

the transverse direction.

All the transport calculations presented in this thesis are entirely carried out using
NEGF, of which below we present the basic concepts. We do it while considering a non-
orthogonal basis set, like the LCAO-DFT ones. All the results can be readily extended
to the case of an orthogonal basis (S = 1). We point out that we will always apply
the NEGF formalism only to calculate physical quantities at zero bias, unless stated
otherwise. We refer the reader to comprehensive reviews and books for further details on
the capabilities of the complete method [146, 152, 188, 192]. In the following we drop
explicit dependence on energy and k, indicating it explicitly only where necessary.

2.4.1 The device Green's function

In the context of NEGF a device is con�gured by decomposing a system into multiple
regions in real-space, typically a scattering region and a number of semi-in�nite electrodes
[146].

The Hamiltonian H and overlap S of e.g. a two-electrode device (see Fig. 2.4), obtained
either self-consistently in a non-orthogonal form or by direct parameterization, can thus
be expressed in the form of block matrices:

H =




HL VL,D 0
VD,L HD VD,R

0 VR,D HR


 , (2.10)

S =




SL SL,D 0
SD,L SD SD,R

0 SR,D SR


 , (2.11)

where V described the coupling between a central scattering region D and two electrodes
L and R, completely decoupled to each other.

The Kohn-Sham problem for this semi-in�nite system can then be expressed in terms
of the unperturbed single particle retarded Green's function G0, given by

[(ε+ iη)S−H] G0 = 1, η → 0+ . (2.12)
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Combining the three expressions above and solving for the central part of G0 yields the
Green's function for the device region

GD =

[
SD (ε+ iη)−HD −

N∑

α

Σα

]−1

, (2.13)

where Σα are called self-energies of the semi-in�nite electrodes. These are de�ned as

Σα(ε) = (VD,α − εSD,α)G0
α(ε)(Vα,D − εSα,D) (2.14)

and are typically calculated using a recursive method [146]. Basically Σα describes how
orbitals in the scattering region D are �perturbed� by those in electrode α. A self-energy
indeed represents a correction to a primary unperturbed layer of the scattering region,
at the boundary with the corresponding electrode, in terms of a re-normalization and
broadening of its energy levels. It couples the device to all the Bloch states in the semi-
in�nite electrode region, e�ectively integrating out the whole de�nition of k sampling
along the corresponding direction. In other words it allows a limited part of the scattering
region to replace completely the entire density of states for a semi-in�nite region [152].

The concept of self-energy will again be discussed in Chapter 5, where it will play a
pivoting role to connect TB and DFT models in a multi-scale transport framework.

2.4.2 Useful quantities in terms of Green's functions

In this thesis we will mostly express result in terms of transmission, density of states,
spectral density of states and bond currents. All these quantities have a well-de�ned
expression in terms of Green's functions.

Transmission Transmission between any two leads i and j of a N-electrode device with
Hamiltonian H and overlap S is given by the well-known Landauer-Büttiker formalism:

Tij = Tr
[
GDΓiG

†
DΓj

]
(2.15)

Γi = i
(
Σi −Σ†i

)
(2.16)

where Γi represents the broadening of device states due to electrode i. From this the total
current between two leads can be easily derived [192]:

Iij =
G0

e

∫ ∞

−∞
dε Tij [fi(ε)− fj(ε)], (2.17)

with e being the elementary charge, G0 = 2e2

h the conductance quantum and fL/R Fermi
distributions.

Density of states The device density of states can be expressed as

DOS(ε) = − 1

π
=Tr[GD(ε)S] (2.18)

and can also be decomposed into spectral contributions from each of the electrodes it is
connected with

ADOSi(ε) =
1

2π
<Tr[Ai(ε)S], (2.19)
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where Ai = GDΓiG
†
D is called 'spectral function' of electrode i. For all of the cases

studied in this thesis, DOS(ε) =
∑

i ADOSi(ε) [152]. Likewise, the local DOS on orbital
µ can be written as:

DOSµ(ε) = − 1

π
=[GD(ε)S]µ, (2.20)

ADOSµi (ε) =
1

2π
<[Ai(ε)S]µ . (2.21)

Bond currents Bond currents allow imaging of spatial pro�les of non-equilibrium
charge and current densities in solid-state[188, 193, 194] as well as molecular-scale sys-
tems[195]. They represent local current coming from a speci�c electrode i and �owing in
the inter-atomic bonds. They are de�ned as the sum:

Ji,αβ =
∑

ν∈α

∑

µ∈β
Ji,νµ, (2.22)

where α, β are atom indices, µ, ν are orbitals indices and

Ji,νµ =
e

~
= [Ai,νµ(Hµν − εSµν)−Ai,µν(Hνµ − εSνµ)] (2.23)

is called orbital current. Any sum of bond currents crossing a surface separating the
originating electrode from the remaining device region results in the total current, due to
the current continuity equation [152].

Despite their great usefulness, there is no well established way of visualizing bond
currents. In general they can be visualized as �ow lines mapped on the network of lattice
bonds. Arrow vectors are typically used, whose thickness or length is proportional to
the magnitude of the current �owing between each pair of neighbouring atoms [196�199].
This approach provides useful information about both magnitude and direction of the
current �owing through the system. However if large geometries are considered it is not
feasible due to the overwhelming number of connections to be visualized. A solution to
this is to visualize bond currents on a coarse grained grid, where only a proper average of
bond currents within each cluster is shown as a single arrow [200]. In this case the �nal
result will of course depend on the cluster size and on the way the average is carried out,
but nevertheless it allows to scale the dimensions of the image at wish enabling access to
useful current maps for very large system dimensions.

In this thesis we choose to visualize bond currents using two approaches. One consists
in plotting all bond currents as line segments of length a0/2 aligned along a line connecting
each pair of neighbour sites. This is illustrated for example in Fig. 2.5, where the source
of currents is the narrow ribbon at the bottom of the system and the drain is periodic
graphene on top. We select only positive bond currents and for each of them we draw a
segment having one extremity at the lattice site from which the relative current originates.
We scale the segment thickness and color in proportion to the current magnitude, so that
areas with low to zero current will appear white because the bond width is reduced to
zero. This approach allows us to access graphene geometries with arbitrary large size,
retaining full information about current directionality without a need for user-de�ned
post-processing of the data. The same color map is adopted and color and thickness
are always normalized to the maximum value of bond-current in the system. Sometimes
the color range is adjusted in order to enhance contrast. If not stated otherwise, bond
currents are always computed at E = EF.
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(a)

(b)

Figure 2.5 | (a) Positive valued bond currents plotted as segments of length a0/2
connecting nearest neighbor sites, each anchored to the atom from which the corre-
sponding current originates. Thickness and color is scaled with current magnitude
so that areas with low to zero current appear white. (b) A 2D interpolated map
of bond currents obtained by summing all positive currents originated from each
atom. The interpolation mask used to create this �gure has been adapted from a

post-processing routine implemented in kwant [201].

If one is not interested in directionality, sometimes a homogeneous 2D colormap can
provide a better representation of current density in the system. This can easily be
obtained by summing the bond currents originating from each site and interpolating them
onto a 2D mesh grid, as shown in Fig. 2.5b for bond currents injected into an in�nite
graphene �ake from a nanoribbon linked at its bottom.

2.4.3 Our transport toolbox

Many simulation packages are now implementing the NEGF scheme as a standard feature
to calculate electron transport in nanostructures, enabling its application to TB Hamil-
tonians as well as other electronic structure models with higher level of accuracy such as
DFT [146, 189]. Normally these codes implement recursive Green's function algorithms,
and as such costs scale linearly with length of the system in the transport direction.

In this thesis we mainly use the TBtrans and sisl [191, 202] tools distributed with
the open-source TranSiesta software package [191].

TBtrans is born as a �post-processing� NEGF code which provides a �exible interface
to DFT but can be used as well to compute NEGF physical quantities from user-de�ned
TB Hamiltonians, using Python as back-end. However it also enables large-scale TB
transport calculations of spectral physical quantities, interpolated I-V curves, transmis-
sion eigenchannels [191] and/or orbital/bond currents for setups that can easily exceed
millions of orbitals on few-core machines. The possibility of using Bloch expansion for
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electrodes with periodicity transverse to the transport direction and customizing the ef-
fective shape of the device region makes it possible to increase the scale of transmission
calculations even further[152].

sisl was developed as a Python package to create and manipulate large-scale (non-
)orthogonal TB models for arbitrary geometries, with any number of orbitals and any
periodicity. It allows to read external Hamiltonians and real-space grids from various
DFT programs (e.g. Siesta [145] or Wannier90 [203]), providing user-friendly routines
for post-processing and output of electronic structure and transport calculations.

2.5 TB+NEGF transport calculations

In this thesis we use large-scale TB models in conjunction with NEGF, including e�ects
of doping, magnetic �eld or absorptive potentials in devices. These are practically imple-
mented using sisl and TBtrans capabilities for customizing the device Green's function
GD via real (complex) k- (energy-) dependent δH(E,k) perturbative terms: c

GD(E,k) =

[
S0(k)(E + iη)−H0(E,k)−

∑

i

Σi(E,k)− δH(E,k)

]−1

. (2.24)

Here S0 and H0 are the unperturbed overlap and Hamiltonian in the device region,
while Σi is the self-energy for each semi-in�nite electrode i. If we call δHp−n, δHCAP

and δHB the k- and energy independent perturbations to the Hamiltonian caused by
p-n junctions, absorptive regions (like those simulated using complex absorbing potential
(CAP) [204, 205]) and magnetic �eld B, respectively, we can incorporate the e�ects of
these mechanisms in the expression for δH as:

δH = δHp−n + δHCAP + δHB . (2.25)

In the following sections we provide details on the physics behind the terms in Eq. (3.2)
and how we construct them in a TB calculation involving a typical two-electrode device
setup. These will be the basis of the calculations presented in Chapter 3.

2.5.1 Complex absorbing potential (CAP)

In standard NEGF transport problems one usually deals with in�nite open systems, where
semi-in�nite leads are included in the calculation of the Green's function via a self-energy
in the device Hamiltonian. For large geometries a major computational limitation is the
size of semi-in�nite leads. This limitation can be e�ciently overcome by replacing the
Hamiltonian of the leads with CAP that completely absorb the incident wave-function
[204, 205]. This method allows reduction of the original open system to a �nite closed
system without disrupting current conservation. For example, the Hamiltonian matrix
for a two-probe system where CAP is used to replace the electrode self-energies can be
written as the sum of the standard two-probe Hamiltonian matrix plus a purely imaginary
δHCAP term added to the diagonal matrix elements:

δHCAP =



−iWL(r) · δij 0 0

0 0 0
0 0 −iWR(r) · δij


 . (2.26)
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Figure 2.6 | Comparison between a standard NPG-based device calculation with
two electrodes and a calculation where one of the electrodes self-energies Σ is replaced
with a δHCAP. Two di�erent transport directions across the NPG are considered,
namely left-right and bottom-top (see insets around the central graph). The graph
shows ADOS coming from the left (bottom) electrodes for the case of the left-right
(bottom-top) con�guration. We �nd that for ∆r ≈ 3 nm using Σ or δHCAP yields

the same physical picture.

Here we assume transport to occur along the r direction, and de�ne WL(r) and WR(r)
as

WL/R(r) =
~2

2m

(
2π

∆r

)2

f(r), (2.27)

where f(r) is a smooth function of the form

f(r) =
4

c2

[(
∆r

rf − 2ri + r

)2

+

(
∆r

rf − r

)2

− 2

]
. (2.28)

Here ri and rf are the starting and ending points of the CAP region in the device,
respectively, ∆r = rf − ri is its length and c is a constant numerical parameter set to
be equal to 2.62 [205]. Note how f(r) diverges as r tends to rf , turning the semi-in�nite
lead into a �nite lead. The CAP expression in Eq. (2.27) is based on purely semiclassical
arguments, and may lead to re�ection at rf , which reduces the �nal transmission. However
this can be mitigated by increasing the length ∆r of the CAP region, until the spectra
are in agreement with those obtained in the original open system. In order to estimate
a suitable value for the thickness of CAP regions in our device con�guration we �rst set
up a device with semi-in�nite source and drain electrodes along a certain (longitudinal)
direction and periodic boundary conditions (PBC) along the transverse direction. We
then compare the ADOS coming from one of the electrodes with that obtained from a
separate calculation where one of the electrodes is replaced with a δHCAP. We gradually
increase ∆r until we �nd reasonable agreement between the ADOS obtained in the two
cases. Such an analysis, for example, is shown in Fig. 2.6 for a device based on nano-
porous graphene discussed in Chapter 6. In this case we �nd that ∆r ≈ 3 nm provides
reasonable agreement. We point out that CAP can also be used within the device region
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Figure 2.7 | Comparison between sisl-TBtrans and kwant with regard to the
implementation of magnetic �eld in TB models. We consider the square lattice with
the constriction shown in the inset and calculate transmission across it at various
magnetic �elds, con�rming the reliability of our sisl-TBtrans implementation of
the Peierls substitution. Geometry and TB parameters are taken from [201]. Mag-
netic �eld is represented in terms of inverse magnetic �ux. No �eld is present in the

electrodes and there is no disorder in the device.

to design narrow absorbing areas, generated e.g. by contacts with grounded electrodes
[206]. We will show examples of this in Chapter 3.

2.5.2 p-n junctions

In an orthogonal TB model doping is straightforward to introduce via a global or local
adjustment of the diagonal (on-site) elements of the Hamiltonian. In our calculations we
generate smooth symmetric p-n junctions using:

δHp−n =




∆E/2 · δij 0 0
0 Eon(r) · δij 0
0 0 −∆E/2 · δij


 , (2.29)

where the junction potential pro�le is given by

Eon(r) =
∆E

2

[
2

1 + exp[−α(r − rp−n)/w]
− 1

]
(2.30)

and w is the width of the junction. The junction pro�le rp−n can be chosen to be linear
or can conveniently be shaped to achieve, for example, Veselago lensing of electrons [60]
(see Chapter 3).
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2.5.3 Magnetic �eld

A transverse magnetic �eld in a graphene device can be included in the o�-diagonal
elements of the Hamiltonian via Peierls substitution [207, 208]. We can formally write
this as an additive term to the unperturbed Hamiltonian,

δHB = H0 · eiφ(R,R′) −H0 , (2.31)

where the phase factor is multiplied on each matrix element of H0. In a coordinate system
where the x axis is aligned with graphene armchair direction the phase can be written as

φ(R,R′) =
π

2

B

Φ0
(x+ x′)(y′ − y), (2.32)

with Φ0 = 2.07 · 105 T ·Å2 being the quantum magnetic �ux.
We implement this approach in sisl/TBtrans and as a benchmark in Fig. 2.7 we

compare to the results of the popular quantum transport code kwant. We show that we
can reproduce almost perfectly the e�ect of magnetic �eld on the transmission across a
square lattice constriction, reported as one of the examples in the kwant seminal paper
[201].





CHAPTER3
Large-scale TB+NEGF simulations
of electron optics in the 2D Dirac

Fermion Microscope

Graphene's linear gapless dispersion, highly tunable properties and relatively long mo-
mentum relaxation mean free path are at the origin of outstanding mesoscopic e�ects. Its
charge carriers are massless Dirac quasiparticles that can propagate freely as quantum-
mechanical waves over long distances almost uninterrupted by external perturbations.
Micro-meter-long ballistic trajectories have been observed at room temperature[54], reach-
ing even 30 µm at lower temperatures [55]. At cryogenic temperature these electron waves
are also able to preserve their phase while traveling over several µm, enabling observation
of quantum coherence e�ects in transport measurements [56�58]. Numerous con�rma-
tions of relativistic Dirac fermions transport in the mesoscopic regime have been reported
over the past years [54, 55, 60, 62, 63, 65, 67, 72, 76, 92, 209]. Many of these fall under
the �eld of so-called �electron-optics�, which is a new paradigm for 2D electronics where
carriers are governed by the same principles of optics. Overall, considering the steady
improvements in making high-quality graphene devices [53, 76, 210], the possibility of
utilizing relativistic charge carriers in this special 2D crystal for practical purposes in
More than Moore / beyond CMOS applications is becoming more and more realistic.

In this chapter, based on Paper I and mostly on Paper II, we present the main prin-
ciples governing electron-optics in graphene and propose how these can be combined into
a �2D Dirac fermion microscope� (DFM), where charge carriers are emitted, collimated,
focused and detected in a graphene 2D �vacuum chamber�, in analogy to conventional 3D
electron microscopes.

Our main focus is to model from a fully atomistic quantum-mechanical perspective
some key electron-optics features of the DFM, using large TB models of graphene and
the NEGF formalism. In doing this we will highlight similarities and di�erences with
the results of the semiclassical simulations performed in Paper I, emphasize the e�ects of
device boundaries on the observed current �ow, and pinpoint the role of phase-coherence
in this new framework for ballistic transport.

3.1 Electron optics

Electrons, being leading protagonists in the quantum-mechanical description of matter,
obey wave-particle duality. Their half wave-like nature makes them similar to light,
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Figure 3.1 | (a) Illustration of two Dirac cones o�set by a potential step of height
V0 and width w. An electron state hitting the step from the n-side will be partly
transmitted to a valence band state on the p-side. This leads to negative refraction
and, hence, focusing. (b) The transmission through a potential step depends strongly
on α = 2πw/λF, with large w exhibiting a larger chance of re�ection at oblique
angles. Here the analytical angular distributions [170] from sharp to soft junctions
(w = 40 nm at ne = nh = 1012cm−2) are shown, with intermediate curves calculated
by Cayssols interpolation curve [211] for α = 0.44 − 244. (c) Transmission across a
barrier of a dimensionless width l = V0d/2π = 1, as a function of the incident angle
and the carriers dimensionless energy ε = E/V0. Fabry-Pérot resonances are clearly

visible. The �gures are adapted from [60, 170] and Paper I.

so their motion can also be described by the concepts of ray optics. This is the root
of electron-optics. Engineering the �ow of electron waves in materials, however, is ex-
tremely challenging, as sub-wavelength structuring is necessary to observe typical wave
phenomena such as interference or di�raction [68].

Graphene's low-energy Dirac-like dispersion comes as an ideal alternative framework
to observe wave-like behavior. Near the corners of graphene's hexagonal Brillouin zone
(the Dirac points K and K ′), the dispersion and group velocity for electron states (con-
duction band), obtained by the TB approximation, are given by Ec(k) = ~vFk and
Vc = dEc(k)/d(~k) = vFk/k, while for holes (valence band) they are Ev(k) = −~vFk
and Vv = −vFk/k (vF is Fermi velocity and ~ = h/2π is the reduced Planck's con-
stant). The momentum is therefore parallel to the velocity in the electron band, and it
is antiparallel in the hole band.

3.1.1 Electron optics with graphene p-n junctions

A p-n junction is an interface between a region where the dispersion (Dirac) cone is shifted
down by ~vFkc and another one where it is shifted up by ~vFkv (see Fig. 3.1a), where
kc(v) corresponds to the radius of the Fermi circle in the conduction (valence) bands. Due
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to these shifts the n-type region has an excess electron density of ne = k2
c/π, while the

p-type region has an excess hole density of nh = k2
v/π.

An electron state hitting the junction from the n-side with V = (vF cos θc, vF sin θc)
and k = (kc cos θc, kc sin θc) will be partly transmitted to a valence band state on the
p-side, with V = (vF cos θv, vF sin θv) and k = (−kv cos θv,−kv sin θv). For conservation
of the momentum projection along to the interface (or equivalently the pseudospin [170]),
the following equality has to be ful�lled:

kc sin θc = −kv sin θv. (3.1)

This has the same form of the well known Snell's law of optical rays propagating in a
material with negative refraction index, n = −1 [212, 213]. The main consequence of
this is that a divergent �ow of electrons emitted by a source on the n-side of the junction
is turned into a convergent �ow on the p-side. Analogous conclusions can be drawn for
holes hitting the junction from the p-side. In the case of a symmetric junction (ne = nh)
this results in focusing, similar to what happens to light interacting with a lens [213].

The probability of crossing the junction re�ects the principles of so-called Klein tun-
neling [59, 170]. This phenomenon is well known in quantum-mechanics and has to do
with the suppression of backscattering due to pseudospin conservation for an electron
impinging on any potential step or barrier. For normal incidence it predicts total trans-
mission across the barrier with unity probability [59, 170]. In the case of graphene p-n
junctions this probability depends basically on the angle θc and the e�ective junction's
smoothness α = 2πw/λF, with w being the junction's width and λF the Fermi wavelength
(see Fig. 3.1b). A sharp junction pro�le (α � 1) guarantees high transmission with a
broad angular acceptance window, and is therefore well suited for realizing electron lens-
ing, where re�ection is best kept at a minimum. A smooth junction (α� 1) has instead a
strong tendency to �lter oblique angles, and can thus be used to obtain collimated beams
[214] or realize electron guides and mirrors [215].

Graphene p-n junctions are typically created by electrostatic gating, as the split bot-
tom gates or combinations of bottom and top gates [60, 61, 63, 64, 67, 209, 216], control-
ling the junction width by tailoring the thickness of the dielectric between the graphene
and the gate. An alternative route is to use chemical gating, where metal islands de-
posited directly on graphene provide the charge transfer necessary to induce potential
steps or barriers with di�erent shapes and pro�les [217, 218]. Great e�orts are currently
being devoted to improve the junction's quality, e.g. by minimizing its roughness, and the
control over its width [70, 219].

The manifestation of these electron-optical e�ects, in the context of encapsulated or
suspended graphene devices, have enabled several demonstrations of ballistic transport in
graphene micrometer-scale devices [65�67, 72, 209]. By using p-n junctions as mirrors, the
electronic counterparts of photonic cavities or optical �bers have been fabricated [66, 209],
exhibiting e.g. very clear signatures of Fabry-Pérot oscillations [66, 170] (see Fig. 3.1c).
Furthermore, using a perpendicular magnetic �elds, snake-like trajectories in proximity
of the p-n junction and focusing-induced caustics have also been observed [67, 72]. In
general a perpendicular magnetic �eld provides a means of de�ecting the path of ballistic
electrons in a way that is predictable and easy to control [54, 65, 71, 176]. The cyclotron
radius is given by Rc = ~kFe

−1B−1. Since kF =
√
πne(h) it follows from Rc scales with

the square root of the electron (hole) density ne(h), and that the cyclotron motion �ips
direction upon reversal of either B or carrier polarity, i.e. from n to p-doped regions.
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Figure 3.2 | (a) Schematics of a typical electron microscope, where electrons are in-
jected, collimated, de�ected and detected inside a 3D vacuum chamber. (b) Schemat-
ics of a 2D DFM, where electrons move in straight trajectories within 2D graphene
in analogy to electrons traveling inside a 3D vacuum chamber. By using p-n junc-
tions as tunable lenses and magnetic �elds for de�ection, electrons can be injected,
collimated, directed and focused onto various targets. (c) Snapshots of simulated
semiclassical trajectories of electrons, showing injection into graphene, collimation
via a grounded aperture and a parabolic p-n junction, scattering of the collimated
beam o� a circular p-n junction. Figures are adapted from Paper I, to which the

reader can refer for further details.

3.2 The 2D Dirac Fermion Microscope

One interesting perspective, showing the potential of combining di�erent graphene-based
electron-optics components in a single practical framework, is the DFM, illustrated in
Fig. 3.2. In this hypothetical platform electron point-like sources, absorbing apertures
[206], tunable p-n junctions and external weak magnetic �elds are imagined to be in-
corporated in a graphene �vacuum chamber� to obtain emission, collimation, focusing
de�ection and detection of ballistic carriers. This could potentially allow imaging of dif-
ferent types of targets, e.g. metal-graphene interfaces, grain boundaries, edges, defects,
adsorbed molecules, nanoparticles, quantum dots, or plasmonic superstructures.

In Paper I we provide a thorough description of how such a tool can be realistically
implemented and operated, proposing practical architectures and design rules for all of
its 2D components, based on state-of-the-art achievements in graphene electron-optics
technology.

3.2.1 Semiclassical vs. Quantum-mechanical approaches to electron-
optics

The approach used in Paper I for large-scale electron transport simulations is purely
semiclassical and belongs to a broadly used class of simulation known as billiard models.
In the last few years these models have proven to successfully provide insights on the
overall magneto-transport characteristics of graphene [72, 220�222] and other large-scale
ballistic devices in the mesoscopic limit [223].
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However, despite allowing computation with little time and memory consumption,
semiclassical transport simulations always need to be calibrated with measured macro-
scopic parameters, such as mobility or di�usion coe�cients. Most importantly, quantum
e�ects such as coherence are not naturally included in semiclassical simulations, despite
their importance for describing phenomena such as magnetic focusing, chiral tunneling in
the ballistic regime or conductance �uctuations in the di�usive regime [216, 217]. Di�rac-
tion is also expected to have major implications in devices where Dirac fermions pass
through apertures smaller than their Fermi wavelength λF or scatter o� small objects.
Future realization and operation of complex relativistic electron-optics graphene systems
thus calls for a deeper understanding of transport at the quantum level, where the full
quantum nature of Dirac fermions is accounted for.

Along this line it is also decisive to be able to access simulations at the scale of experi-
mental devices, which often range from hundreds of nano-meters to a few microns. At the
same time it is crucial to provide reliable benchmarks to measurements in the presence
of defects, interfaces, or disorder, where details matter on the atomic scale. The huge
number of atoms contained in the typical experimental systems prohibits the application
of usual ab-initio electronic structure techniques like DFT, where the detailed quantum-
chemical structure of every atom is taken into account. Hence, the development of novel
high-performance computational methods to enable quantum transport simulations at
experimentally relevant device dimensions is essential.

3.2.2 Details of TB+NEGF calculations

Our quantum transport simulations are based on the NEGF method and a nearest-
neighbour TB Hamiltonian using the standard expressions of transmission in terms of
the retarded Green's function [188, 192]. For the particular implementation we use the
open-source TBtrans and sisl [191, 202] tools distributed with the TranSiesta soft-
ware package [191].

We use sisl to set up a nearest-neighbor orthogonal TB Hamiltonian for a two-probe
graphene device, with carbon-carbon bond length a0 = 0.142 nm and hopping parameter
t0 = 2.7 eV. Our general setup is shown in Fig. 3.3. Inspired by the hetero-dimensional
graphene junctions studied in [224], it consists of a 2 nm wide zigzag1 graphene nanoribbon
acting as point-like source electrode, at the edge of a 100 nm×100 nm graphene �ake with
395.940 atoms (sites). We inject current through the nanoribbon and collect it in a wide
drain lead located at the opposite edge. We de�ne the source-drain direction as y and
the transverse one as x.

In order to simulate a DFM we need the source for a collimated beam of electrons.
This can be done by choosing a cleverly shaped p-n junction and letting the light-like
behavior of electrons do the rest. Such clever shape was �rst suggested by Liu et al.who,
inspired by everyday telecommunication infrastructures, thought of producing nice elec-
tron collimation using a parabolic p-n junction with focal point located at a point-shaped
source [71]. In our model for the DFM source we choose to reproduce this shape, plac-
ing the parabola at a focal distance f ≈ 4 nm from the injection point, as illustrated in
Fig. 3.3a,b. In the same �gure we show that this method also can be used to construct
circular p-n juctions, so-called Veselago dots (VD) [225], used here as targets for the
collimated beam of electrons.

A proper collimation mechanism based on such parabolic junction still requires an
isotropic point-like source of electrons. Unluckily, a hetero-dimensional graphene junction,

1Momentum injection in the �ake has a di�erent anisotropy depending on whether the ribbon is zigzag
or armchair [224]. Since CAP absorptive apertures used in this work make the overall injection isotropic
(see below), the �nal conclusions do not change.
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Figure 3.3 | (a) General Fermi-like pro�le of the smooth parabolic p-n junction.
On-site energy along an axis passing through the parabola's vertex is shown as
a function of distance between the ribbon/�ake interface and the junction average
position. Red (grey) sites in the overlaid ribbon/�ake geometry have Eon = +0.05 eV
(Eon = −0.05 eV), whereas all other sites have gradually varying Eon according to
Eq. (2.30). (b) Geometry of the graphene device considered here where p-doped
(red) parabolic and circular regions are created on a n-doped (grey) graphene �ake.
(c) Sites in geometry equipped with CAP are shown in red. Absorption occurs
gradually starting from ∆r ≈ 30Å from the yellow lines, where maximum absorption

takes place due to the singularity in Eq. (2.28).
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such as the ribbon-�ake system considered here, is known to produce isotropic injection
only for electron energies very close to the Dirac point, whereas preferential injection
takes over at higher energies, with angles depending on the ribbon symmetry [224]. In
order to solve this issue and ensure isotropic injection we place an absorptive CAP-based2

pinhole with an opening of 1.5 nm at a distance of 3 nm from the ribbon/�ake interface,
mimicking apertures generated by grounded electrodes [206]. This is shown in Fig. 3.3c,
where we highlight in red the areas of our model where a CAP is used and with a yellow
line the points where the on-site imaginary part diverges from both sides. Importantly,
notice how CAP can be separately set on front- and back-side of the pinhole, labeled
A+ and A−, respectively. Fig. 3.3c also shows CAP set at the cell boundaries along x.
Having these absorptive walls will prove essential to capture the correct electron �ow (see
next section). In order to estimate a suitable value for the thickness of CAP regions we
have calculated transmission using semi-in�nite source and drain electrodes along ±y and
applying periodic boundary conditions along the transverse direction x. We have then
compared this with the transmission obtained by setting CAP rather than on the cell
boundaries along x and found that an almost exact overlap between the two spectra is
achieved by setting ∆r ≥ 0.3 nm.

In Fig. 3.4 we illustrate the de�nitive model that we use to generate collimated electron
beams in our calculations. Electrons are injected by a ribbon, �ltered by an absorptive
pinhole and further collimated by a parabolic p-n junction. As reported in [224], injection
at the interface between the ribbon and the large �ake is largely anisotropic and can
be made isotropic by using a CAP region as an absorptive pinhole. The result is in
good agreement with both the semiclassical calculations reported in Paper I and the TB
calculations by Liu et al. [71].

Overall, we include the e�ects of doping, magnetic �eld or absorptive potentials in
our system by exploit the TBtrans δH capability introduced in Chapter 2:

δH = δHp−n + δHCAP + δHB. (3.2)

3.2.3 Importance of boundary conditions

Most graphene electron optics device geometries reported in literature, such as Hall bar
or van der Pauw, have sidewalls within a distance from the current pathways which is
comparable to lmfp. In the ballistic limit, the nature of these walls plays a crucial role.
Re�ecting walls, for example, may add a non-trivial background to the conductance signal
of interest, which may become more complex in coherent conditions [176, 226], similar to
reverberation and standing acoustic waves in a poorly dampened room. Semi-in�nite walls
can be used to fully randomize the carriers momentum and phase before they return in
the active region of the device, or di�usive walls can re�ect them in a non-specular fashion
so as to avoid the occurrence of strong background interference features. Another option
is to use electrically grounded electrodes to create absorbing walls, removing completely
carriers from the device and preventing them from re�ecting or di�using back towards
the relevant carriers paths [206].

From a theoretical point of view, choosing the correct boundary conditions is also
essential for reproducing the wanted physical picture. In general periodic boundary con-
ditions represent a very popular choice for electronic structure calculations, where even
the presence of local perturbations in the system, e.g. defects or adsorbed molecules,

2See Chapter 2 for details on CAP.
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Figure 3.4 | (a) Schematic setup of pin-hole injection with collimation p-n junction.
(b) Semiclassical calculation of schematic setup. (c) Bond currents in proximity of
the device source. Electrons are injected by a ribbon, �ltered by an absorptive
aperture and collimated by a parabolic p-n junction, in agreement with [71]. CAP
walls are shown in yellow. The color scale is normalized di�erently before and after
passing across the absorptive aperture to compensate for the current density loss.

(a) and (b) are adapted from Paper I.

can sometimes be dealt with very accurately just by increasing the cell size and thus
minimizing the periodic interactions.

However, the goal of the DFM calculations presented here is to study collimated
beams of ballistic electrons injected into large graphene samples (one could say �in�nite�)
contacted by a single isolated electron source. Periodic boundary conditions applied to
the supercell discussed so far would obviously make this physical situation unrealizable.
No matter how wide the supercell is along x and how far periodic repetitions of the source
are apart: in a ballistic device, by de�nition, electrons will �feel� their presence. In this
section we will show how this re�ects in the current �ow.

Fig. 3.3c is referred to in the following, where we call L (R) the left (right) boundary
of the large �ake, A+ the CAP region that acts as pin-hole injector and A− the pinhole
side that faces opposite to the source. On the opposite side of injection a regular lead
is placed. In Fig. 3.5 we analyze bond currents in the area beyond the parabolic lens at
di�erent applied magnetic �elds and various boundary conditions, progressively switching
on the CAP regions at L, R and A−.

Let us assume that CAP at A+ is always used to ensure a collimated pin-hole in-
jector. As already anticipated, the most straight-forward approach here would be to
use periodic boundary conditions at L and R, as considered in Fig. 3.5a. As shown in
Fig. 3.5a, despite the very large cell used (≈ 100 nm), the interaction between periodic
repetitions of the source gives rise to signi�cant interference in the currents pattern. At
B = 0 the collimated beam is still visible behind the interference fringes, while it gets pro-
gressively suppressed as the magnetic �eld increases. The situation is somewhat similar
when periodicity in L and R is replaced with hard-wall high potentials acting as barriers
(Fig. 3.5b), except that in this case much more interference occurs at high B �elds. An
e�ective solution to this problem is to use CAP at L and R, similar to what Lagasse and
coauthors suggest in Ref. [176]. In Fig. 3.5c the interference is indeed reduced, especially
at higher B �elds, where the beam is now clearly visible beyond the fringes. Nevertheless
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Figure 3.5 | Bond currents at di�erent applied magnetic �elds and various boundary
conditions, showing a collimated beam scanning across a 100 nm× 100 nm graphene
cell with an energy EF = 1.0 eV. Electrons are injected from the top side of the
device, source and collimating lens are not shown so as to enhance beam contrast.
All simulations have CAP at A+ of the pinhole injector. (a) Periodic boundary
conditions at L/R lead to a high degree of scattering, similar to (b) where hard-wall
potentials on L/R regions con�ne electrons. (c) Adding CAP on L/R drastically
reduces scattering from neighbouring cells but does not retain a collimated beam
from a pin-hole injection. (d) Introduces the entire pin-hole e�ect by absorbing
backscattering from the p-n junction. (e) Final model with CAP on L/R and A−.
This model correctly retains a collimated beam while showing the beam in the limit

of in�nite graphene.

one can notice that the electron beam is still not very well collimated: already at B = 0 it
splits into several narrow beams after crossing the parabolic lens. This is due to internal
re�ections occurring between the parabolic junction and the region A− of the pinhole,
which in Fig. 3.5c is not equipped with CAP. This is an arti�cial e�ect, since realistic
grounded electrodes contacting graphene to create apertures would at least partly [206]
absorb electrons impinging onto them from all possible directions. In Fig. 3.5d we demon-
strate that this backscattering e�ect can be eliminated by switching on CAP at the A−

region. The combined application of CAP in L, R, A− eventually allows us to get rid of
most interference e�ects for all magnetic �elds considered, see Fig. 3.5e.

We conclude that investigating an injected beam in the limit of in�nite graphene de-
vices requires a speci�c and an elaborate set of boundary conditions to �lter out arti�cial
backscattering processes. Importantly a A−-side CAP is necessary to absorb backscat-
tered electrons from the p-n junction as well as beam-bending from the magnetic �eld.
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Figure 3.6 | Comparison of bond-current pattern of two VDs with di�erent size
and energy but same diameter vs. Fermi-wavelength d/λF = 4.9. Both maps show
a 100 nm × 75 nm area of the device in front of the collimation area. The scaling
method is used in (b) showing that the electron �ow inside and outside the VD in

(a) can be qualitatively reproduced by using appropriate scaling parameters.

3.2.4 Comparison with semiclassical simulations

In order to gain a deeper insight on the role of quantum coherence e�ects in the DFM,
we consider some of the systems studied in Paper I, where collimated electron beams
are focused onto circular VDs of various size. We concentrate on the mesoscopic limit,
lmfp > L� λF, where the mean free path lmfp of electrons is larger than the characteristic
length L of the system, which in turn is much larger compared to the Fermi wavelength
λF. In the following we consider explicitly the situation that the phase coherence length
is in�nite, i.e. that the system is fully coherent.

We note that the area available for the quantum simulations is smaller than the
structures considered in realistic setups such as those in Paper I. We deal with this
by e�ectively scaling the graphene bond-length while retaining the number of atoms in
our TB model via a scaling parameter s = d0/d, de�ned as the ratio between the real
diameter d0 of the full, non-scaled VD that we would like to simulate and the actual
diameter d of the VD designed in our geometry. We assume n0 = 1012 cm−2 to be
the electron density in the non-scaled pristine graphene system, which (in the linear
band approximation) corresponds to EF0 = ~vF

√
πn0 = 0.113 eV and λF0 = 2π/

√
πn =

35.4 nm. A qualitatively correct electron �ow around the VD of diameter d in our bond
currents calculations can thus be captured by simply dividing the Fermi wavelength by
the scaling factor s, yielding λF = λF0/s and EF = sEF0. The key step of the scaling
procedure is to keep the diameter vs. Fermi-wavelength ratio constant [216, 217, 227].
This approach can be thought as a particular case of the more general scaling method
presented in [131], hence we refer readers to this for further details.

Our scaling method is exempli�ed in Fig. 3.6. Let us assume that the VD on the
left with d0 = 50 nm is the original non-scaled VD that we want to study (s = 1). In
Fig. 3.6b we demonstrate that by applying the scaling procedure with s = 1.25 we are
able to reduce the VD size and produce bond currents inside and outside the VD which
are indistinguishable from Fig. 3.6a. In general, this approach enables us to e�ectively
simulate systems that are s times larger than the actual 100 nm × 100 nm geometry
considered in our calculations. Using s = 2, for example, is equivalent to analyze a
200 nm× 200 nm graphene system with an equivalent number of atoms.

In the following we will always indicate above every �gure the full, non-scaled diameter
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d0 of the VD, while below we will provide the diameter vs. Fermi-wavelength ratio d/λF

considered and the value of s used to scale the system down to our ∼ 400.000-orbitals
TB model.

Figure 3.7 shows caustic patterns inside VD with di�erent scaled diameters, namely
d0 = 428 nm, 257 nm and 86 nm, generated by scattering of a wide beam of electrons
collimated with a f ≈ 10 nm parabolic lens in front of a 1.5 nm aperture. These diameters
correspond to scaling parameters s = 8.56, 5.14 and 1.72, respectively, allowing us to
compare to some of the systems studied by semi-classical simulations in Paper I. We
focus on the area inside the dot and observe characteristic caustic patterns at all energies
which are in reasonable agreement with the results reported in Paper I and by Agrawal
et al. [228]. This is especially true with regard to the position of the main cusp in the �rst
caustic line. A better description of the higher order caustics while keeping Fermi energies
(< 1 eV) within the limits of the linear band approximation would require creation of
VD with scaled diameters at least 2�3 times larger than the ones considered here, i.e.
d ≥ 200 nm, which is not possible within our 100 nm×100 nm graphene �ake. For similar
dot dimensions quantum mechanical calculations using plane waves have indeed proven to
reproduce reliable optical geometrical features such as peaks in forward scattering [217].

Figure 3.8 shows a sharper electron beam, focused and collimated by combining a
1.5 nm aperture and a f = 4 nm parabolic lens, scattering on a VD with various non-
scaled diameters d0 and similar ratio d/λF. In particular Figure 3.8a has the same scaled
diameter d0 = 707 nm as the VD simulated in many of the structures considered in Paper
I, thus comparing well both with respect to the emission jets and the internal, polygonal
current resonances. Clearly interference e�ects are of higher importance in the quantum
mechanical calculations, which are seen as beam broadening inside and outside the VD.

In Fig. 3.9 we show the bond currents obtained by scanning the beam using di�erent
magnetic �elds, ranging from B = 0 T to B = 32 T. Also in this case we �nd a good
qualitative agreement with the semi-classical studies in Paper I, capturing both emitted
jets and whispering channels within the circular p-n junctions.

The beam size di�erence as well as the interference in and outside the VD are the main
di�erences that amount to the leaking of electrons in the VD. We point out that when we
model a large physical system such as that in Fig. 3.9b with a scaled-down model we have
to scale the magnetic �eld such that the �ux is the same. This is done by using the relation
B = s2B0, where B0 is the original non-scaled magnetic �eld [131]. In addition to this
scaling we make use of larger magnetic �elds compared to the semiclassical simulations
in Paper I, in order to access beam scattering o�-axis with respect to the VD center. By
doing this we compensate the small source/VD distance in our 100 nm×100 nm geometry,
which could not be further extended due to limits of applicability of the scaling procedure
(e.g. see Fig.2 in [131]).
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Figure 3.7 | Bond current caustic patterns around VD with (a) d0 = 428 nm,
(b) 257 nm and (c) 86 nm non-scaled diameter, in comparison with (d) current den-
sity obtained in Paper I via semiclassical simulations. The classical caustics from
Ref. [225] are superposed in (b) and (d). The source and collimation area comprising

ribbon emitter, absorptive pinhole and parabolic lens is not shown.
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Figure 3.8 | A focused DF beam is impinging on a large circular VD with di�erent
non-scaled diameters d0 and similar ratio d/λF. The bond currents for d0 = 707 nm
is in agreement with (e) the semiclassical current density of the 700 nm dot diameter
from Paper I. Comparison of (a-d) con�rms that structures with similar d/λF ≈ 16

have very similar bond current distribution.

Figure 3.9 | Collimated DF beam scanning across a small VD with non-scaled
diameter d0 = 239 nm and ratio d/λF = 6.8. The bond current scattering patterns
in (a) roughly resemble the semiclassical simulations from Paper I, shown in (b).
The scaled values of magnetic �eld used in our model are B = 0 T, 8 T, 16 T and

32 T.
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3.3 Summary

In conclusion, we carry out large-scale quantum transport calculations based on simple
TB models for graphene and the NEGF method. We report on how to include the e�ects
of p-n junctions, magnetic �eld and complex absorptive potentials into the calculations,
as simple perturbative terms to the Hamiltonian. We show how di�erent choices of
boundary conditions lead to di�erent current features in the system, and how setting
up local CAP regions can be an e�ective way to suppress unwanted interference in the
current patterns and mimic realistic scenarios of ballistic devices. We reproduce, from
a fully atomistic perspective, some key features of electron transport in a DFM, such as
electron beam collimation, de�ection and scattering o� circular p-n junctions, presenting
a direct comparison with the semi-classical results reported in Paper I. As expected,
the quantum transport simulations show that current density of structures, which are
large compared to the Fermi wavelength, show reasonable resemblance with the classical
calculations. On the other hand, it is evident that quantum coherence leads to bond
current patterns with richer emission and re�ection structures, which describe the correct
physics in a phase coherent experiment.



CHAPTER4
DFT study of a graphene-edge

ferroelectric switch

In general at the 2D surface of a 3D crystal the e�ective potential landscape, or more
precisely its work function and vacuum level position, are di�erent than in the bulk
[229]. This has a signi�cant impact on the electronic structure, and hence on the charge
distribution in its surroundings. In the case of a 2D crystal like graphene, the edges can
be regarded as its one dimensional �surface�.

In Paper III, on which this Chapter is based, we have proven experimentally, and
con�rmed theoretically, the enormous relevance of edges in graphene devices, even when
micro-meter sized. Speci�cally, we have shown that a large, ambipolar charge bistability
emerges in the electrical characteristics of gated graphene devices encapsulated in hBN
and exposed to a gas environments containing polar molecules.

Not only that, we have also demonstrated that such notable e�ect can be harnessed
to realize a novel 2D memcapacitive1 molecular switch, i.e. a capacitor with memory
capabilities where information can be dynamically stored and retrieved thanks to the
ferroelectric behavior of molecules con�ned at the edges.

4.1 Experimental results

Fig. 4.1a shows a micrograph of one of the micrometer-scaled gated �eld-e�ect devices
studied in Paper III as platform for the graphene-edge ferroelectric molecular switch.
These have been fabricated following published techniques for exfoliation and van der
Waals assembly of 2D materials [76, 230�232]. The edges of these graphene devices are
either oxidized or �uorinated by means of plasma treatments during and after fabrication.

The main experimental result suggesting a huge impact of polar molecules on these
devices is shown in Fig. 4.1b. This shows the measured resistance R = V/I of one of the
devices whose edges are treated with oxygen plasma, as a function of the gate-voltage
Vg under three di�erent environmental conditions: vacuum (10−3 mbar, red), dry air
(blue), and dry air mixed with 1% water vapor (black). In each of these cases, two gate-
voltage sweeps in opposite directions have been performed, either starting from a positive
or negative maximum gate-voltage V max

g . Results for each of the three environmental
conditions are shown with the negative sweep direction +V max

g → −V max
g as continuous

1Memcapacitors are basically capacitors with an inherent memory which can be dynamically recon�g-
ured vie electrical stimuli. Contrary to the so-called memristors, here signals are expressed as a voltage
rather than a current [23].
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5 μm 

a) b) 

Figure 4.1 | (a) Scanning electron micrograph (SEM) of one of the devices studied
in Paper III. (b) Resistance R = V/I measured across the device in (a) after oxygen-
plasma treatment, immersed in three di�erent environments: vacuum (red), dry air
(blue), and dry air with 1% water vapor (black). The resistance is measured following
two sweep sequences: +V max

g → −V max
g (continuous line) and −V max

g → +V max
g

(dashed-dotted lines). Figures are taken from Paper III.

lines and the positive sweep direction −V max
g → +V max

g as dashed-dotted lines. For both
the vacuum and dry air curves, the resistance R(Vg) is independent of the sweep direction,
with a charge neutrality point VCNP located at −4V (V 0

CNP) due to residual dopants near
the graphene layer [76, 230, 231]. Strikingly, the charge neutrality point in R(Vg) under
1% water vapor turns out to shift symmetrically around V 0

CNP by ∆VCNP ≈ +7V or
−7V when starting the gate-sweep from +V max

g or −V max
g , respectively. This proves

that such graphene device with oxygen-plasma-treated edges exhibits large, symmetric,
and switchable episodes of homogeneous p- or n-type doping depending on the respective
starting point of the Vg sweep sequence.

A number of follow-up experiments, thoroughly described in Paper III, have further
demonstrated that:

• This hysteretic doping behavior is almost completely quenched in the same encap-
sulated device when the edges are �uorinated, regardless whether the environment
contains polar gases or not (see Fig. 4.2a).

• After one sweep, doping of the device is stable at room temperature for at least 30
s (see Fig. 4.2b).

• Application of a larger gate voltage V max
g results in a larger ∆VCNP (see Fig. 4.2c).

• The same e�ect manifests with various polar molecules (H2O, NH3 and NO2) to dif-
ferent degrees, thus ruling out exclusive water-water [233], oxygen-water or carbon-
water interactions as the dominant mechanisms causing this e�ect (see Fig. 4.2d).

These �ndings clearly indicate that interactions between polar molecules and the oxi-
dized graphene edge are responsible for the observed charge bistability, while other parts
of the device, such as the hBN and SiO2 dielectrics or the metal contacts, are not. Impor-
tantly, the symmetric doping behavior suggests that polar molecules adsorbed at graphene
edges exhibit somehow two macroscopic, preferential con�gurations when conducting gate
sweeps in the devices. The existence and dependence of these two con�gurations on an
applied external electric �eld are con�rmed by simpli�ed atomistic models of the system
based on DFT calculations, which are described in detail in the next section.
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a) 

c) 

b) 

d)

Figure 4.2 | Electrical measurements of micrometer-size gated graphene devices
in di�erent conditions. (a) Resistance R = V/I measured across the same device of
Fig. 4.1 after �uorine (violet) and oxygen (black) edge treatments. Measurements are
performed in dry air with 1% water vapor, following two sweep sequences: +V max

g →
−V max

g (continuous line) and −V max
g → +V max

g (dashed-dotted lines). (b) Change
of charge neutrality point in a second device (O-passivated edges, immersed in dry
air with 1% water vapor) when sweeping Vg following the sequence 0 → V max

g → 0
two consecutive times. During the �rst sweep the charge neutrality point changes
from V 0

CNP ≈ 0.5V to V ∗CNP ≈ 20V , indicating that molecules at the edges became
polarized. After waiting 30 s at Vg = 0V , a second sweep 0→ V max

g is undertaken,
leaving V ∗CNP unmodi�ed (despite a small shift due to depolarization e�ects occurring
at room temperature). This suggests that molecules remained polarized. (c) R
measured across a third device (O-passivation, immersed in dry air with 1% water
vapor) while sweeping up to |V max

g | = 20V (black) and 40V (red). This suggests that
suggesting that a larger applied electric �eld results in a higher degree of molecular
polarization at the edge. (d) R measured across a fourth device (O-passivation)
immersed in dry air with 1% water vapor (black), dry air with 1% nitrogen dioxide
(green), and dry air with 1% ammonia (blue). ∆VCNP progressively increases for the
NO2, NH3, and H2O cases, following the di�erences in the respective dipole moment:
µNO2

d (0.4D) < µNH3

d (1.74D) < µH2O
d (1.85D). Vertical dashed lines in panels (c)

and (d) indicate the position of VCNP when devices are measured in vacuum. All
�gures are taken from Paper III.
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Figure 4.3 | (a) DFT model of gated GNR with molecules adsorbed at one edge.
The GNR is periodic along y and has width W (3, 13, and 23 nm). A gate electrode
is underneath at a distance b. Taken from Paper III. (b) At �nite gate voltage, a
charge is added to the GNR (z ≈ 17Å) and the Poisson equation is solved with
Dirichlet (Neumann) boundary condition at the gate electrode (z = 0Å) (vacuum
boundary (z = 35Å)). This charge screens the electrostatic potential of the gate in
the vacuum region above the GNR. (c) Average Hartree electrostatic potential along
z for di�erent values of charge density navg introduced in the GNR (here terminated
with H). For each curve we subtract the result obtained for navg = 0 and then shift
the �nal ∆VH curves to align them to the same vacuum level. The value of ∆VH
inside the metallic region represents the gate voltage Vg that corresponds to having

a carrier density navg in the GNR. If navg > 0, then Vg < 0, and viceversa.

4.2 DFT calculations

The key ingredients extracted from the experimental behavior are the gating of a �nite-
size graphene sheet, the oxidized or �uorinated graphene edge and the polar molecules
aligned in front of it. In this context a computationally convenient atomistic approach,
typically adopted to study graphene-edge related e�ects [234�236], is to use a graphene
nanoribbon (GNR).

A typical periodic DFT cell used in our calculations is shown in Fig. 4.3a, featuring
H2O molecules adsorbed at an O-passivated edge. The e�ects of a gate voltage are
accounted for by including a metallic region with a thickness of 1Å at the bottom of the
cell, at a distance b = 17Å from the GNR. We appropriately scale the ribbon width W
and its distance to the gate electrode b to have the same fringe �eld than the experiment.
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Model for electrostatic gating The resulting electrostatics in the cell is schematically
illustrated in Fig. 4.3b. A potential variation across z in the cell is generated by solving
the Poisson equation with Dirichlet boundary condition applied in the bottom boundary
of the metallic region and homogeneous Neumann boundary conditions, ∂V (r)/∂r = 0,
at the top vacuum boundary. The application of a voltage Vg is then simulated by simply
adding a charge ±q to the GNR and �xing zero potential in the metallic region [237]. In
practice, the e�ect of adding this additional charge in the GNR is to generate a mirror
opposite charge ∓q in the metallic region, yielding an actual capacitor-like setup where
the GNR is one of the plates, with chemical potential µ = Vg, and the gate is the other,
with µgate = 0. For instance, by providing the GNR with an extra positive charge we
induce a negative charge on the gate, generating an electric �eld between the two �plates�
oriented towards the gate. The chosen boundary conditions will lead to a shift of the
potential in the vacuum far above the GNR when its carrier density navg ≡ q/A changes
(A is the area of the GNR unit cell). To further clarify this we plot in Fig. 4.3c the average
Hartree electrostatic potential VH along the out-of-plane direction z for several values of
navg. Here we have subtracted the curve obtained for navg = 0 and shifted the �nal ∆VH
pro�les such that they are all aligned with the same vacuum level. By extracting the
value of ∆VH inside the metallic region we can estimate the voltage Vg that corresponds
to having a carrier density navg in the GNR. For example a value navg > 0 corresponds
to having Vg < 0 applied to the gate, with graphene being grounded. With this in mind,
in the following we will always identify a certain value of gate voltage with a unique
�induced� charge density navg in the GNR.

Computational details The calculations are performed with the software ATOM-
ISTIX TOOLKIT. The wave functions are expanded in terms of a localized single-ζ-
polarized basis set and double-ζ-polarized basis set. We �nd that the optimized con�g-
urations with both single- and double-ζ polarized basis sets are in good agreement with
other DFT studies in the literature at zero gate voltage [79, 233]. We use norm-conserving
Troullier-Martins pseudopotentials with a density mesh cuto� of 75 Hartrees and and a
1× 5× 1 (6× 6× 1) kpoint grid with origin at Γ. The LSDA functional by Perdew and
Zunger [238] is thoughout the study used to describe exchange-correlation e�ects, unless
stated otherwise.

4.2.1 Structural optimization: two minimum energy con�gurations

We consider adsorption of various polar molecules at the oxydized or �uorinated edges,
namely the same ones investigated in the experiments: H2O, NH3 and NO2. In order
to assess the robustness of the results with respect to intermolecular interactions, we
introduce 1, 2, or 4 polar molecules per unit cell. Due to periodic boundary conditions
in the y direction, this corresponds to having an in�nitely long edge with coverages 0.25,
0.5, and 1 of the bay sites [233].

In order to �nd the equilibrium con�gurations in all these cases we set navg = 0 (i.e.
Vg = 0V ) and place the molecules in front of one edge. We then optimize their coordinates
self-consistently, along with those of all the atoms in the GNR, until all forces in the system
are lower than 0.01 eV/Å. We repeat the structural optimization twice, starting from the
con�gurations where molecules have their center of mass located slightly out-of plane 2,
either side of the GNR plane w.r.t. the gate. The equilibrium positions are shown in
Fig. 4.4 for all combinations (polar molecule and element passivating the graphene edge)
covered. Instead of moving above or below the bulk GNR, the molecules naturally tend

2In order to check whether the water dipoles would orient out-of-plane, one needs to break the planar
symmetry of the system.
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Figure 4.4 | Optimized geometry for the two stable con�gurations (above and below
the graphene plane w.r.t. the gate) of of H2O (top-left panel), NO2 (top-right panel),
and NH3 (bottom-left panel) at graphene edges passivated with oxygen. Bottom-
right panel shows the relaxed structure of H2O at graphene edges passivated with

�uorine (green). Figure taken from Paper III.

to remain localized at the edge. More importantly, two overall con�gurations turn out
to be allowed for molecules adsorbed at the GNR edge, presenting total energy di�erence
of less than 1 meV and a mirror symmetry with respect to the graphene basal plane, a
behavior that has already been reported in previous studies [80].

4.2.2 Binding energy vs. adsorbed molecule and edge termination

Before turning on electrostatic gating, we investigate the binding energies of the various
adsorbed molecules at the edges of an oxygen-passivated GNR.

For this purpose we use the LSDA approximation including Basis Set Superposition
Error (BSSE) correction in order to avoid overestimated values when comparing to ex-
perimental results [80]. We de�ne the binding energy εb of a molecule M adsorbed on the
edges of the zzGNR as

εb = εM + εGRN − εM+GRN, (4.1)

where εM, εzzGRN and εM−zzGRN are the energies of an isolated molecule, the GNR super-
cell and the molecule-GNR system, respectively. The results are illustrated in Tab. 4.1.
In general, values of εb between 0.5 and 1 eV are obtained for all three polar molecules
adsorbed at oxidized graphene edges, close to those reported in literature [79, 80]. Instead
εb is more than 3 times smaller for the calculated case of H2O adsorbed at �uorinated
graphene edges. This behavior agrees with the fact that C-O bonds at the edges enhance
the adsorption strength of polar molecules at those positions [79, 80].

4.2.3 Gate-induced alignment of polar molecules at O-terminated edges

The e�ect of the screening interaction (induced charge density in the monolayer) has
been predicted to align the dipoles of adsorbed polar molecules placed in front of a
graphene sheet normal to its basal plane, even at room temperature [239]. However the
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Figure 4.5 | (a) Optimized geometries for two stable con�gurations (above and
below the graphene plane w.r.t. the gate) of water molecules at graphene edges pas-
sivated with oxygen, and preferential placement depending on Vg. The graphs below
show a schematic of the total energy landscape εtot, represented as a double well
with two minimum positions below, ε(z<0)

tot , and above, ε(z>0)
tot , the GNR plane and

its evolution with Vg. (b) Total energy di�erence between the two stable con�gura-
tions, as a function of the average carrier density in the system navg (or equivalently
Vg or Eloc) for three di�erent types of polar molecules: H2O, NO2, and NH3. Insets
show additional dependencies on the edge termination (upper) and edge coverage

(lower) for adsorbed H2O. Figures are adapted from Paper III.
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edge termination polar molecule εb (eV)

oxygen water (H2O) 0.508
oxygen nitrogen dioxide (NO2) 0.937
oxygen ammonia (NH3) 0.534
�uorine water (H2O) 0.159

Table 4.1 | Calculated Binding Energies of Di�erent Molecules Adsorbed at
Graphene Edges with Di�erent Terminations. Taken from Paper III.

complex e�ective potential characterizing the edges, depending, e.g. on passivation [78,
82], complicates the situation.

We �nd that at Vg = 0V , after relaxing the structure, individual polar molecules
are randomly trapped in one of the two allowed equilibrium positions (see Fig. 4.5a).
However, this equally probable trapping is broken for devices with oxygenated edges
when Vg 6= 0V , i.e. in the presence of the local electric �eld Eloc existing at the edge of
�nite-size graphene devices.

We demonstrate this by calculating (see Fig. 4.5b) the total energy di�erence ε(z<0)
tot −

ε
(z>0)
tot between the energies of the systems where polar molecules are placed below, ε(z<0)

tot ,
and above, ε(z>0)

tot , the graphene plane (z = 0), for di�erent averaged carrier densities
in the device navg (or equivalently Vg or Eloc). The energy di�erence ε(z<0)

tot − ε
(z>0)
tot

increases linearly with navg, crosses the origin, and changes sign with navg. First, this
behavior indicates that one of the two available con�gurations is favored for Vg 6= 0V for
oxygenated graphene edges. Second, a larger fraction of the population of polar molecules
are positioned in the more favorable con�guration for larger navg, with the �nal occupation
depending ultimately on the maximum value of carrier density reached nmax

avg (or Emax
loc or

V max
g ). Finally, the more favorable position for an individual molecule �ips upon changing

the sign of navg; i.e. the system is ambipolar.
Remarkably, we �nd that the preferential trapping in any of the two calculated possible

con�gurations observed in devices with oxygenated edges does not exist in the case of
�uorinated edges for any value of Vg. This is clearly shown in the upper inset of Fig. 4.5b,
where the energy di�erence ε(z<0)

tot − ε
(z>0)
tot does not change with navg in a GNR with

�uorine passivated edges.
We also �nd that this behavior is qualitatively the same for all the studied polar

species, although quantitative di�erences in ε
(z<0)
tot − ε

(z>0)
tot at any �xed navg are ob-

served (i.e. di�erent slopes) and are present even for a full edge coverage (lower inset of
Fig. 4.5b).

4.2.4 Comparison with experiments

These simulations agree with the experimental trends. First of all, the favoring of one
of two available positions for the polar molecules at the graphene edge when Vg 6= 0V
is consistent with the observed bistable macroscopic charge states in the gated encap-
sulated device (Fig. 4.1b). Second, the population of these two molecular states in the
system (i.e. molecular alignment) is indeed regulated by the external �eld Eloc and de-
pends quantitatively on the actual dipole moment of the polar molecule, as observed in
experiments (Fig. 4.2d). Third, we have con�rmed that when edges are �uorinated the
population of the two states is not controlled by an external �eld, in perfect agreement
with the quenched charge bistability observed in the encapsulated graphene devices after
a �uorine-based plasma treatment (Fig. 4.2a).
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a) b) 

Figure 4.6 | (a) Total energy di�erence between the two minimums (stable molec-
ular positions), at di�erent averaged carrier densities navg in a GNR with zigzag
(black) and armchair (red) chirality. Calculations are done for H2O as the polar
molecule and H as edge-termination. The preferential orientation of H2O molecules
above or below the graphene plane for di�erent gate voltages behaves qualitatively
the same for both edge chiralities. Figure taken from Paper III. (b) Total energy
di�erence for the same system as in (a), with H2O as the polar molecule and O as
edge-termination, for three di�erent widths w of the GNR, namely 3, 13, and 23 nm.

Credits: Anthony Impellizzeri.

Notably, the scaling of GNR width and GNR/gate distance performed in the calcu-
lations is enough to reproduce the same fringe �eld than the experiments. This is clearly
seen in the generated carrier densities in the device, navg (Fig. 4.5b), having values sim-
ilar to those observed in experiments. Thus, Eloc and the electrostatic energy of inter-
action µdEloc (playing a role in εtot) are similar for simulated ribbons and experimental
micrometer-size devices.

The DFT results show the same behavior3 for both zigzag and armchair termination
of the GNR (see Fig. 4.6a), providing a compelling reason for the charge bistability
phenomenon being present in the experimental graphene devices, having edge roughness
∼ 1 nm [240] and thus likely composed of a mixture of both edge chiralities. Furthermore,
although the simulated GNR is much smaller than the experimental micrometer-size
devices, the total energy di�erence ε(z<0)

tot − ε
(z>0)
tot is independent of the extent of the

graphene basal plane [79]. We have checked this by simulating ribbons of di�erent widths
W equal to 3, 13, and 23 nm, obtaining very similar results in all these cases (Fig. 4.6b).

We also point out that in this simpli�ed atomistic model the presence of the hBN
dielectric is not explicitly accounted for. However we do not expect dielectric screening
e�ects to play a central role, as the experiments show that edge termination (O or F) is the
main determinant for the amplitude of the hysteresis alongside the adsorbant molecular
dipole moment.

Lastly, complete (1:1) edge coverage of polar molecules in the devices under experi-
mental temperature and pressure conditions has been predicted by statistical mechanics
calculations, as described in detail in Paper III. The latter calculations explicitly account

3Fig. 4.6a also con�rm that using hydrogen-passivated GNRs can yield the two observed preferential
molecular alignments.
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for the e�ect of molecular mobility (rotation, vibration) and the possible adsorption and
desorption of polar species from graphene edges.

4.3 Phenomenological device model

By combining the DFT results presented here with a phenomenological device model the
bistable, hysteretic behavior of carriers seen in the experiments can be explained both in
qualitative and quantitative terms. The detailed description of this model is reported in
Paper III. Below we summarize the main idea.

The resistance R of a micrometer-size, gated graphene transistor is inversely propor-
tional to the total charge Q that exists in the monolayer [241]:

R ∝ 1√
Q2 +Q2

res

, (4.2)

whereQres is a residual charge due to unwanted doping and/or thermally activated carriers
[241].

In the case studied here Q will depend on both the back gate-voltage Vg and the net
dipole moment pz along the edge of graphene generated by the collectively oriented and
correlated polar molecules, favoring either of the two observed states at graphene edges.
Up to a �rst approximation, pz has the following expression [242]

pz = µdNη, (4.3)

where µd is the dipole moment of a single polar molecule, N the total number of adsorbed
polar molecules at the edges (corresponding in our case to the total number of available
binding sites4), and η = (N (z>0)−N (z<0))N−1 is the relative di�erence in the number of
molecules above, N (z>0), and below, N (z<0), the graphene plane with respect to the gate
electrode. Considering µd and N as �xed parameters for a given system, −1 < η < 1
determines its current state and consequent behavior.

The total surface charge density σ(Vg, pz), and thus the total charge Q(Vg, pz), in the
system can then be calculated as the sum of two contributions, σ = σB + σC . The �rst
contribution, σB, represents solely the bulk contribution due to the direct gate-induced
carrier injection in the system. σC is instead the additional contribution due to the aligned
polar molecules, which have a notable e�ect close to the edges of the gated device. We
note that σC and η are so far the only free parameters of the electrostatic model and can
be extracted from the experimental data.

By assuming full edge occupancy of polar molecules (ηmax = 1 and N = 4L/ab,
with 4L being the device perimeter and ab the average distance between edge binding
sites), and considering the cases where they are all aligned in one of the two possible
orientations (pz = µdN), the considerable ambipolar doping (shift in VCNP) observed
in the experimental device characteristics can be reproduced. The evolution of σc (or
equivalently η) with respect to Vg therefore describes the ferroelectricity of the system.

In addition to this, in Paper III we also propose a ferroelectric model of molecular
switching, inspired by the mean-�eld Curie-Weiss model of magnetism, which is able to
predict the fraction η(Vg, T ) of polarized molecules at a given Vg and temperature T , or
equivalently the charge distribution σC(Vg, T ) induced in our graphene device due to the
presence of polar molecules. Notably, in this model we introduce only one free parameter

4This has been demonstrated using a statistical mechanics considerations taking into account all
molecular degrees of freedom, as well as temperature and pressure. The calculation is reported in the
supporting information to Paper III
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K, which takes into account the in�uence of hBN dielectric encapsulating graphene as
well as the intricate molecule-graphene edge and intermolecular interactions, including
for instance e�ects of possible molecular clusters existing around the graphene edge.

Remarkably, this phenomenological mean-�eld model also allows to demonstrate that
the experimental device capacitance C(Vg, pz) = Q(Vg, pz)/Vg is hysteretic, ambipolar,
and divergent, which are three unique features of predicted memcapacitive architectures
[243, 244].

4.4 Summary

In Fig. 4.7 we summarize the main results of this chapter. We have reviewed the main ex-
perimental and theoretical �ndings which brought to the discovery of the graphene-edge
ferroelectric molecular switch. In this system a twostate, switchable and stable align-
ment of polar molecules at graphene edges leads to the appearance of ferroelectricity in
micrometer-scale devices. In particular we have focused on describing the DFT-based
atomistic model which was used to predict the existence and gate-�eld dependence of the
two molecular states. This overall ferroelectric molecular system represents an experi-
mental instance of newly envisioned memcapacitive devices [243, 244], here conceived at
a molecular level, on the same line of recently fabricated single-molecule transistors or
tunable photoconductors [245, 246].

Water  
(or other polar molecules) 

Hexagonal Boron Nitride  
(encapsulation) 

Graphene  
(only exposed at the edges) 

Figure 4.7 | Schematics of the graphene-edge ferroelectric molecular switch. hBN
is widely used as an airtight encapsulation of graphene, protecting it from the en-
vironment, and helping graphene's charge carriers moving with minimal resistance.
Molecules can still reach the graphene layer at the exposed edges. An electrical �eld
generated by an electrostatic gate can align polar molecules in two distinct con�gu-
rations. This a�ects the carrier distribution and ultimately switches the graphene's
characteristic resistance peak back and forth between negative and positive values.
The e�ect depends on the dipole moment of the molecule, the passivation of graphene

edges and the gate voltage applied. Adapted from [247] and Paper III.





CHAPTER5
Multiscale transport method with
seamlessly integrated DFT and TB

Developing high-performance computational strategies to simulate electronic devices is a
fundamental asset for prototype design and research planning in basically any technolog-
ical context [97, 98, 103]. Being able to model nanometer-scale devices with atomic reso-
lution has become particularly crucial for e.g. novel low-dimensional materials, molecular
junctions, or, generally, ballistic quantum systems which have appeared on the electron-
ics horizon in the last decades[31, 32, 37, 42, 85, 245, 246, 248, 249]. Quantum-chemical
details are often critical for describing local electronic structure, chemical contacts (e.g.
electrodes [232, 250]) and electrostatics in realistic nano-electronic devices. This is espe-
cially clear in a context of one-atom-thick two-dimensional (2D) devices [16, 33, 37], where
details on the atomic scale govern the electronic behavior [46, 73, 74, 251, 252]. These
details can be accessed using any of the ab-initio methods mentioned in Sec. 2.1, in partic-
ular density functional theory (DFT), which can be used to simulate up to tens thousand
atoms in the most optimized cases [118�120]. This is typically enough to simulate isolated
portions of a realistic device, such as bulk regions, interfaces or locally perturbed areas,
but it is not suitable to simulate all the di�erent length-scales involved in the operation
of realistic devices. A powerful solution is to develop �multi-method� computational ap-
proaches, able to simulate device on an experimentally relevant scale and at the same
time describe critical parts such as surfaces, defects, interfaces, gates, and applied bias,
on a atomistic, quantum-chemical level. Here we present an advancement in this direc-
tion: a multi-scale method which enables parameter-free current calculations for large
devices by linking a perturbed region described by DFT to an unperturbed large-scale
region described by an e�ective TB model parametrized from DFT. All the contents of
this Chapter are included in a paper currently in preparation (Paper IV).

Below we �rst quickly review some popular multi-scale approaches that inspired us
in developing our method. Then we proceed with explaining the theoretical background
and main implementation issues of such method, didactically providing concrete exam-
ples based on simple graphene two-electrode devices. We present applications of the
multi-scale approach for imaging real-space �far-�eld� currents (i.e. far from the source)
in pristine or defected graphene, injected by chemically accurate contacts simulating STM
probes. Not only that, in order to further emphasize the versatility of the method we will
also show an example where multiple DFT-precision regions from various DFT calcula-
tions are included in the same large-scale TB transport simulation.
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Figure 5.1 | Example of hybrid multi-scale QM/MM setup for a MgO/water in-
terface. A key element of this setup is the separation of a system into (at least)
two regions: a smaller high-level one where all interactions are accounted for by an
accurate QM model and a large low-level one treating interactions by an empirical
MM model. Combining the QM model and the MM force �eld with adequate cou-
pling potentials enables large-scale accurate simulations without the requirement of

arti�cially keeping atoms at �xed positions. Figure adapted from [253].

5.1 A bird's eye view on multi-scale methodologies

Great e�orts have been made over the last few years in the direction of developing new
hybrid multi-scale simulation approaches [97, 99, 253�260]. Normally these are based on
treating a system as a 'ladder' of increasingly accurate levels of physical abstraction [99],
where the most accurate layer is used to directly obtain parameters for the next one in
the hierarchy.

A powerful strategy which is rapidly taking o� consists in embedding accurate quantum-
mechanical models within e�cient empirical environments, in a piecewise multi-scale fash-
ion [253]. An inspiring example coming from a biomolecular context is the quantum
mechanics/molecular mechanics (QM/MM) technique1 (see Fig. 5.1). The key general
idea behind this and other multi-scale approaches is to partition a system of interest into
a number of subregions and treat them as a hierarchy of increasingly accurate layers.
The chemically most relevant areas are treated with an accurate but time-consuming
quantum-mechanical method (e.g. DFT), while less time-consuming yet less accurate

1Originally developed by Nobel laureates Warshel, Levitt and Karplus [261] to simulate biomolecular
systems, it has been later generalized to study solid-state surfaces and interfaces [253].
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empirical potentials describe interactions in the other regions. A bu�er layer is then gen-
erated at the interface between the layers in order to guarantee a smooth transition in
the force �eld. Interesting perspectives gaining ground within this context consist in ex-
ploiting high-throughput DFT calculations, automated work�ows and machine-learning
algorithms to more cleverly de�ne the various levels of abstraction throughout a system
[256, 257]. The key problem of multi-scale approaches is to partition the system into
a number of subregions and, most importantly, to ensure a smooth, physically sound,
transition among them [97].

Electronic structure methods employing a LCAO basis set provide an intuitive route
for elaborating multi-scale approaches analogous to QM/MM for simulating electron
transport, as the accuracy and scalability of LCAO-based approaches can be �tuned�
via clever approximations of the Hamiltonian. Popular examples are the DFTB, the
WTB or the simple 1-orbital TB models introduced in the previous chapters. Combina-
tion of Classical Molecular Dynamics (CMD) and DFT with Langevin Dynamics [254],
combination of CMD, DFTB, and wave function propagation [255], or combination of TB
models with patched Green's function techniques [200] are only some of the QM/MM-like
multi-scale approaches which have been proposed based on these LCAO models.

5.2 Our approach: (DFT+TB)+NEGF

In this section we present a multi-scale scheme based on seamless integration of a number
of perturbed regions described by DFT and an unperturbed extended region represented by
a simple representative LCAO model, namely TB. We parametrize the TB Hamiltonian
directly from DFT, such that the resulting multi-scale model is de�ned without any �tting
parameter or by hand adjustments. The obtained models can be combined with the non-
equilibrium Green's function (NEGF) formalism [146, 188, 190, 191] to enable current
simulations of over 100nm× 100nm large devices with local quantum-chemical detail.

5.2.1 TB models from orbital-projected DFT

Our starting point is a pristine structure of a periodically repeated unit cell, illustrated
in Fig. 5.2, and a DFT Hamiltonian describing this system with a localized basis. We
will here consider a LCAO basis for the DFT calculation, φα, but it could equally well
be a basis obtained from e.g. maximally localized Wannier states. We will from this
construct a smaller TB-like basis, which only describe the bands in a region around the
Fermi energy, EF , set via a projection P ,

{φ̄α} = P{φα} . (5.1)

In the simplest case, which we will consider here, this will just involve selecting a partic-
ular subset of the original DFT basis function, however one may imagine more involved
projections. Our prime example is shown in Fig. 5.2b, where we consider the well known
bandstructure of graphene obtained with DFT and a LCAO basis with a single orbital
for each s, p and d states (so-called single-ζ plus polarization basis). A TB-like model
can be readily constructed by projecting on to the pz orbitals of the DFT LCAO Hamil-
tonian (and overlap), by extracting all rows and columns associated to pz orbitals. This
cheaper model is su�cient to capture the π bands of graphene (Fig. 5.2c). Likewise, the
σ bands further away from the Dirac point energy can be captured using a TB model
parametrized from s, px and py DFT orbitals (Fig. 5.2d). Importantly, as highlighted
(dashed lines) in Fig. 5.2c, a partial pz-projection where only couplings among nearest
neighbors are retained results in signi�cant band-misalignment and rescaling. Analogous
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(b) 

V V
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V

…

VTB VTBVTB

… …Orbital projection

𝐻 
DFT 𝐻 

TB 
(c) (d)

Figure 5.2 | (a) Schematic illustration of the orbital-projection method to create TB
models out of DFT Hamiltonians. The red/white pattern indicates regions de�ned
by a subset of the original DFT basis. (b) Orbital-resolved graphene bandstructure
from a DFT calculation with a single-ζ polarized (SZP) basis set (9 orbitals per C
atom). Contributions from pz (s + px + py) orbitals are highlighted in blue (red).
Orbital weights are normalized to the total contribution given by all orbitals (grey).
(c) Graphene π bands from a 1-orbital TB model generated by projecting the DFT
Hamiltonian onto all pz orbitals in the system (solid), in comparison with those from
a standard 1st nearest neighbor orthogonal TB model with hopping t = −2.7 eV
(dotted). Dashed-dotted is DFT subset and limiting to 1st couplings. (d) Graphene
σ bands from a 3-orbital TB model generated by projecting the DFT Hamiltonian

onto all s, px and py orbitals in the system. Adapted from Paper IV.

but less dramatic deviations are observed when using a standard nearest neighbor model
with hopping t = 2.7 eV.

5.2.2 Multi-scale approach

In the following we omit energy and k dependence, highlighting it only where necessary.
The multi-scale method presented in this chapter is based on the NEGF transport formal-
ism discussed in Sec. 2.4. In the NEGF framework transmission between any two leads i
and j of a N -electrode device with Hamiltonian H and overlap S is given by

Tij = Tr
[
GDΓiG

†
DΓj

]
(5.2)

Γj = i
(
Σj −Σ†j

)
, (5.3)
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where the device Green's function GD is given by

GD =

[
S (E + iη)−H−

N∑

i

Σi

]−1

(5.4)

and Σ are the so-called self-energies of the semi-in�nite electrodes.
It is precisely these self-energies that will play a pivoting role in connecting TB and

DFT models. In the following we show that it is possible to locally replace small perturbed
regions of a large TB device with DFT-precision models by simply including one or more
�special� self-energies in the sum of Eq. (5.4). The reason for this roots in the fact that the
solution of a system under any type of external perturbation only requires the self-energy
of the perturbation.

Self-energy for a partitioned system

To understand the construction of these special self-energies it is instructive to recall the
de�nition of self-energy connecting two subregions of a generic binary system. We do this
by simply generalizing the derivation of self-energy for a simple system divided into two
parts [152].

Let us consider the system in Fig. 5.3a, with Hamiltonian H, and overlap S ≡ 1 (we
use an orthogonal basis without loss of generality),

H + V =

[
H1,1 0

0 H2,2

]
+

[
0 V1,2

V2,1 0

]
, . (5.5)

Here we have explicitly indicated with V the coupling of region 1 (H1,1) to the neighboring
region 2 (H2,2). In the following we are only interested in the Green's function in region
G1,1, and thus a derivation of this matrix is required. The full Green's function is

[z1−H−V] G(z) = 1, (5.6)

with z = E + iη and η → 0+. By using the Dyson equation

G = G0 + G0VG, (5.7)

we can express the Green's function in only one region

G1,1 = G0
1,1 + G0

1,1V1,2G2,1, (5.8)

G0
1,1 = [z1−H1,1]−1, (5.9)

G2,1 = G0
2,2V2,1G1,1, (5.10)

and thus

G1,1 = G0
1,1 + G0

1,1V1,2G
0
2,2V2,1G1,1 (5.11)

=
[
zI−H1,1 −V1,2G

0
2,2V2,1

]−1
(5.12)

=
[
zI−H1,1 −Σ′(z)

]−1
, (5.13)

Here the term
Σ′(z) = V1,2G

0
2,2(z)V2,1 , (5.14)

is the self-energy describing how region 1 is perturbed by the coupling to the degrees of
freedom in region 2. The real part of the self-energy is a energy renomarlization/shift,
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Figure 5.3 | (a) Illustration of a system divided into a pristine region 1, consisting
of a repeated unitcell, and a perturbed region 2 having a hole in its structure. The
potential V′′ (red) in proximity of the hole is screened far from it (pink), saturating
to a constant value V. (b) Illustration of an unperturbed system where the hole is
substituted by a self-energy Σ′. (c) Comparison between transmission across a DFT
two-electrode graphene device with a hole (TLR) and a DFT device with pristine
scattering region and a self-energy Σ′R substituting the hole (TLR′). Geometries are
shown in the inset with the electrodes highlighted in red. The opaque area on the
right side of the lower panel indicates the region which is replaced by Σ′. Adapted

from Paper IV.

while the, possibly �nite, imaginary part corresponds to a �nite life-time or broadening of
the energy levels in region 1. Additionally the self-energy Σ′ is independent of H1,1 and
may thus be used in any other system Hext so long as the coupling matrix is unchanged,
i.e. V1,2 = Vext,2.

In Fig. 5.3a, we see the above exempli�ed using an extended system with a hole
perturbing the local potential (dark colors). After two layers the perturbation goes to
zero and the coupling between neighbouring cells turns to the bulk value(V). At this
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point one can calculate Σ′ for region 2, insert it into an external pristine system (equal
to region 1 in Fig. 5.3b) and, in turn, reproduce the correct Green's function in region 1,
as though the new system was connected with the hole.

Example: graphene device with DFT-DFT connection

In the following we illustrate with a concrete example where the two models, connected
by Σ′, are constructed using the same method (here DFT), then e�ects of the pertur-
bation can be propagated from one model to the other with 100% accuracy. Consider
the basic DFT two-electrode graphene device illustrated in Fig. 5.3c (upper inset). This
has periodic boundary conditions along y, semi-in�nite electrodes L and R along ±x and
a hole in the scattering region. Total transmission TLR across the device can easily be
computed by using Eq. (5.2) and is plotted in Fig. 5.3c. One can choose to split this
device into two sections, a bulk part (region 1) and a perturbed region 2 (hole). Since
the potential of the hole is fully screened in region 1, we have that the coupling between
V2,1 equals the bulk coupling, V. Hence one can construct the self-energy Σ′R′ which
contains the e�ects of region 2 propagated into region 1 using Eq. (5.14). This can then
be incorporated as a new electrode on the right side of an external DFT device which has
no holes in the scattering region (lower inset) and verify that TLR′(E) = TLR(E) for all
E within the numerical accuracy.

5.2.3 Self-energy for DFT-TB connections

We now turn to the more interesting situation where the perturbation and the external
unperturbed system hosting its self-energy Σ′ are modeled using di�erent basis sets, e.g.
DFT and TB. We have already anticipated with the example in Fig. 5.2 that the electronic
structure of a DFT system within a particular energy window often can be reproduced
by a small TB model obtained as an projection of the DFT Hamiltonian. The drastically
reduced number of parameters in a TB model makes it potentially very convenient for
generating unperturbed external host systems with large dimensions, normally unaccessi-
ble by DFT calculations. By generalizing the de�nition of the self-energy, Σ′, it becomes
possible to incorporate DFT-precision perturbations in TB models. However determin-
ing a self-energy for a DFT-TB connection is not as trivial as for the basic DFT-DFT
connection described in the previous section.

Consider now the system as shown in Fig. 5.4a. Instead of having both regions (1 and
2) using the same basis set, we change the basis set in region 1 to be a TB parameter-
ized basis set, P{φα} = {φ̄α}, as discussed in Fig. 5.2. Here the approximation lies in
VDFT−TB. By the same arguments outlined in the theory section, we create the subset
of VDFT−TB such that the rows correspond to the full basis set {φα} and the columns
correspond to the projection orbitals P{φα}. Using VDFT−TB in Eq. (5.14) results in a
projection of the self-energy onto the parameterized orbitals. Importantly, the fact that
some elements of the original DFT coupling, V, are now missing in VDFT−TB = PV
inevitably leads to some scattering at the DFT-TB boundary.

Example: graphene device with DFT-TB connection

We have demonstrated that a TB model fully parametrized from DFT can reproduce the
π bands of graphene with only minimal deviations (Fig. 5.2c). As a result DFT results
can be reproduced, within accuracy, using the multi-scale DFT-TB approach. Let us
consider again the graphene device with a hole, as shown in Fig. 5.4a. The only di�erence
between DFT-DFT and DFT-TB is that here V1,2, in Eq. (5.14), is chosen such that the
columns of V1,2 project onto the parameterized pz orbitals. This yields a self-energy only
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Figure 5.4 | (a) Generic DFT model for a binary system. Region 1 is de�ned
using a subset P{φα} = {φ̄α} of orbitals from the original DFT basis set {φα}.
Region 2 has a hole in its structure and is de�ned using {φα}. The hole potential
V′′ (red) is screened to the bulk value V far from it (pink), and is reduced to
VTB in region 1 using orbital pruning (red/white pattern). VDFT−TB connects the
selected orbitals in region 1 to all orbitals in region 2. (b) An external unperturbed
TB model, where the DFT-modeled hole from (a) is replaced by a self-energy Σ′.
(c) Comparison between transmission across a DFT two-electrode graphene device
with a hole (TLR) and across a TB device with pristine scattering region and a self-
energy Σ′ substituting the DFT hole (TLR′). The TB model is parameterized from pz
orbitals of an unperturbed DFT calculation with SZP basis set. Four cases are shown
where all the pz couplings from DFT, or only those up to 1st, 2nd and 5rd nearest
neighbors, are retained in the TB parameterization. Insets shows schematically the
procedure to calculate Σ′R′ . Electrodes are highlighted in red and the opaque area

shows the geometry which is replaced by Σ′R′ . Adapted from Paper IV.
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existing on the pz orbitals in the TB model. However, one may additionally play with
the number of neighbors each atom connects with, e.g. 1, 2, 3 or all neighbors (with �all�
de�ned by the DFT basis).

In Fig. 5.4c the transmission for the hole system is shown at four levels of precision
compared to the full DFT calculation. We �nd that if the TB parametrization contains
only DFT couplings among nearest neighbors then the transmission spectrum undergoes
signi�cant scattering ∼0.1 eV away from the Dirac point. When the range of interaction is
extended to 2,3 or 4 neighbors the transmission spectrum becomes comparable to DFT in
a wider energy range, except for a shift at positive energies. As soon as couplings among
5 nearest neighbors are included we obtain an almost perfect agreement with DFT.

5.2.4 Self-energy of isolated perturbations

In all the examples considered so far periodic boundary conditions was employed in the
DFT calculations from which the connecting self-energy Σ′DFT−TB was constructed. This
means that the perturbation, e.g. the hole, is periodically repeated along the transverse
direction y. However, if the potential is screened to the bulk value one may replace
the surrounding periodic images by other environments with the same potential and
Hamiltonian. In this way one may e�ectively change the boundary conditions.

The origin of this versatility lies in the fact that the two regions in which the perturbed
DFT model is divided can have arbitrary size, shape and periodicity. For example, with
reference to Fig. 5.4, one could choose to de�ne the pristine DFT region 1 as the outermost
frame-shaped area of the cell surrounding the perturbation, while treating all the orbitals
enclosed by it as region 2. The same formalism discussed above can be readily applied to
this case, with the only di�erence that periodic boundary conditions are removed from
DFT Hamiltonian before constructing the self-energy Σ′DFT−TB.

An example is illustrated in Fig. 5.5. The top geometry is the DFT region which is
used in calculating Σ′DFT−TB. The bottom geometry is the TB parameterization and the
red atoms indicate the overlay region where the self-energy is transferred from region 1
(DFT) to region 2 (TB). We point out that this particular approach provides the basis for
�modular� multi-scale simulations, where multiple DFT-precision perturbations, modules,
are incorporated into the same large TB device. We will present concrete applications of
this in the second part of the chapter.

5.2.5 Challenges and implementation

Despite re�ecting a conceptually simple theory, the general protocol to embed DFT-
precision perturbations locally into an unperturbed TB region parametrized from DFT
implies a number of critical issues when it comes to its practical implementation. Let us
brie�y go through the procedure to include non-periodic DFT perturbations into large
TB models step-by-step:

1. Generate a DFT model of the perturbation. This can be represented by either a
bulk (periodic) or device (semi-in�nite electrodes) setup and must be large enough
to ensure the potential turns constant in its outermost areas;

2. De�ne two regions in the DFT system, one containing all orbitals involved in the
perturbation and the other involving the projection orbitals. The latter needs to be
as far as possible from the perturbation so as to ensure VDFT−TB = constant;

3. Represent the DFT Hamiltonian and overlap in real-space (without periodic bound-
ary conditions);
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Figure 5.5 | Illustration of non-periodic calculation of Σ′DFT−TB enabling studies
of far-�eld e�ects. Top geometry is the DFT simulation cell, while the bottom is the
extended parameterized TB model. The DFT region is split into two regions, 1 and 2
as indicated via Hi,i, with the �rst region only retaining the parameterized orbitals.
The projected self-energy is calculated on the marked atoms in the DFT system and
transferred as an electrode into the TB model, thus retaining DFT accuracy of the

electronic structure between the tip and graphene. Adapted from Paper IV.

4. Compute the self-energy Σ′ using equation Eq. (5.14);

5. Generate a DFT model of the same system, but without the perturbation;

6. Construct a large TB model using parameters from the projection of the unper-
turbed DFT calculation.

7. Incorporate the self-energy Σ′ locally into the TB model using Eq. (5.4).

To begin with, most of the described steps require �exible manipulation of the DFT
Hamiltonian and overlap matrices. Extraction of selected on- and o�-diagonal elements
exclusively associated to a subset of orbitals is crucial to compute G2,2, extract VDFT−TB

or to create TB models parametrized from DFT. Secondly, to ensure the correct couplings
at the DFT-TB interface when incorporating Σ′ into the TB model, it is important that
region/atoms selected to host Σ′ in the large TB geometry have a one-to-one correspon-
dence with those in region 1 of the DFT geometry. User-friendly tools to access and
compare lattice coordinates of the various involved geometries are therefore highly desir-
able.
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Furthermore, the self-energy, Σ′, needs to be stored into external �les with general
and compact format, readily accessible for usage in NEGF calculations. Being able to
�exibly input/output self-energies into external host models is especially crucial to carry
out multi-scale calculations where several DFT-precision regions are accounted for in the
same large TB device.

Overall, the computation of Σ′ through Eq. (5.14) and NEGF transmissions needs to
be optimized both time and memory-wise, so as to e�ciently handle dense DFT matrices
and large sparse TB ones, as well as calculation of the self-energy for a �ne k grids and
several energy values.

Here we tackle all these issues using Siesta/TranSiesta [145, 191], TBtrans and
sisl [191, 202] introduced in Chapter 2.

5.3 Point-like injection and far-�eld transport in graphene

In the second part of this chapter we show how the multi-scale approach can be used to
study the far-�eld behavior of electrons injected from atomic-scale contacts into large-scale
graphene-based devices.

Being able to interpret and predict the behavior of electrons over large-scale devices is
of importance for graphene-based electronics, especially in the exploding �eld of electron
optics. Real-space visualization of charge (or spin) transport can be achieved experimen-
tally using various quantum imaging techniques, including probe microscopy [262, 263],
superconducting interferometry [264] and magnetometry with diamond-NV centers [265].
It has been shown that defects and contacts with tips at the atomic scale yield strong
spatial variations of current �ow in graphene devices [65, 266].

Modeling realistic atomic-scale contacts to inject current in graphene devices, while
simultaneously accessing current �ow far away from them, is a challenge for state-of-the-
art atomistic transport calculations. Large graphene devices can be accessed using the
TB approximation. Despite allowing for good scalability, in this context the complex
chemical nature of defects or tip contacts is often subject to drastic simpli�cations. For
instance a STM probe is usually modeled as a constant, on-site, level broadening (iΓ) self-
energy term in the Green's function [248, 267], a localized e�ective force or electrostatic
�eld [179, 268], or even as a narrow semi-in�nite in-plane electrode [226]. On the other
hand, DFT-based models have often demonstrated to successfully corroborate probe mi-
croscopy measurements on graphene, even when involving complex tip functionalizations
or inelastic e�ects [1, 269�271]. This is due to an accurate description of tip structure
and orbital symmetries, as well as charge and potential variations in the sampled regions.

The essential need for both scalability and accuracy in this problem calls for the
multi-scale approach described above. In the following we will provide a bird's eye view
on carrier injection from point sources into pristine and defected graphene. Furthermore,
In order to further emphasize the versatility of the method, we will show an example
where multiple DFT-precision regions from various DFT calculations are included in the
same large-scale TB transport calculation.

Using wave-packet dynamics simulations to inject currents from an e�ective electro-
static �eld model of STM tip, Mark et al. reported anisotropic electron current in graphene
[272]. The authors predicted that a well-de�ned six-fold asymmetry current pattern oc-
curs when the wave packet is injected in the middle of a hexagon in the graphene lattice
[272]. Below we con�rm this anisotropic signature by looking at the far-�eld currents
�owing up to 10 nm away from the injection. The system is modeled by TB and is
coupled to a small DFT-precision injection region through a self-energy ΣDFT−TB. We
will limit our focus to a single representative energy value where this six-fold anisotropy
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Figure 5.6 | DFT model of our three-probe graphene-based device in contact to
a model STM tip. The cell is periodic along x. Atoms de�ning the two graphene
electrodes (semi-in�nite along y) and the tip electrode (semi-in�nite along z) are
indicated with red bonds. The red underlying area indicates region 1 only retaining
the parameterized orbitals, while the rest of the device represents region 2, whose
degrees of freedom will e�ectively be replaced with the self-energy ΣDFT−TB. Green

bonds in the tip indicate �bu�er� atoms [191]. Adapted from Paper IV.

is clearly visible. A full study of transport over the full energy spectrum is beyond the
scope of this chapter.

We start by setting up a three-electrode DFT model device (see Fig. 5.6) consisting
of a semi-in�nite gold tip placed ≈ 2.0Å above the center of a graphene hexagon and two
semi-in�nite graphene electrodes along y. The tip structure is chosen so as to ensure a �at
local density of states on the tip apex over a wide energy interval, namely [−0.75, 1] eV.
We optimize the tip apex atom and the nearest ∼ 20 C atoms in Siesta until forces are
less than 0.01 eV/Å, using periodic boundary conditions along x and y, a 3 × 3 × 1 k-
point Monkhorst-Pack grid, the GGA-PBE exchange-correlation functional [273], a SZP
basis set and an energy cuto� of 300 Ry. We then calculate bond-currents �owing across
the three-electrodes device using the tip as a source, using 30 k-points to sample the x
direction in TBtrans. In order to avoid arti�cial crosstalk with periodic images of the
tip when computing the injected bond-currents, we substitute the self-energies for the
two graphene electrodes with a new self-energy term Σavg in Eq. (5.4),

Σavg = 〈S〉k(E + iη)− 〈H〉k − 〈G〉−1
k , (5.15)

where 〈·〉k represents an average over all k-points along x, i.e. the quantities in the princi-
pal unit cell in real-space. In e�ect, this is equivalent to setting up a new drain electrode
in the border region of the cell.

The results for E − EF = 0.8 eV are summarized in Fig. 5.7. We �nd that there are
mainly three transmission eigenchannels[274] which contribute to transmission from tip
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Figure 5.7 | (a) DFT geometry of a model gold tip in contact to pristine graphene.
Real and imaginary part of the anisotropic transmission eigenchannel, existing at
E −EF = 0.8 eV between the tip and two graphene electrodes along y, are shown in
red and blue. (b) Bond-currents injected by the tip at E − EF = 0.8 eV, calculated
using a real-space self-energy in the outermost DFT region. (c) Far-�eld bond-
currents injected by the DFT-precision tip into a large-scale TB model of graphene

parameterized from DFT. Adapted from Paper IV.
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Figure 5.8 | (a) Far-�eld bond-currents injected at E − EF = 0.8 eV by a model
STM tip into a large-scale TB+DFT model of graphene, obtained using a circularly
shaped outermost DFT region to compute ΣDFT−TB. (b) Far-�eld bond-currents
injected by the tip at the same energy into a TB+DFT model of N-substitutional
dopant in graphene, where the N dopant sits on one of the sites contacted by the
tip. (c) On-site potential and couplings among C − pz orbitals in the DFT model of
STM contacted N-doped graphene as a function of xy-distance from the tip. Beyond
≈ 17Å the couplings are approximately constant, and di�erent from the average
ones expected from a DFT calculation of non-contacted pristine graphene (dashed).
The y axis is chosen to emphasize this di�erence at large distance (hence some of
the data at small r − rtip are out of the y-axis range). Adapted from Paper IV.

to drain. While the two with largest contribution are mostly delocalized over the whole
graphene structure, the third one exhibits preferential propagation along the six armchair
lattice directions departing from the probed graphene hexagon (Fig. 5.7a). We �nd that
this six-fold anisotropy is dominating the bond-current pattern injected by the tip at the
same energy (Fig. 5.7b).

Then, using the approach discussed in Fig. 5.5, we insert the DFT-precision injection
region inside a larger TB model parameterized from DFT, using CAP to absorb currents
at the cell boundaries (see Chapter 2). As shown in Fig. 5.7c we �nd that the six-
fold anisotropic propagation can still be observed far away from the source, although
collimation is rapidly lost. As a check we estimate transmission outgoing from the tip by
summing over positive bond-currents which cross a circle of radius R centered at the tip
(x, y) coordinates. The result, T = 0.558, is only slightly larger than the value found for
the smaller all-DFT system, T = 0.551, regardless the choice of radius R.

Importantly, we �nd that the result does not change if the shape of the DFT region in
which ΣDFT−TB is computed is modi�ed from a rectangular to a circular one (Fig. 5.8a).
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Figure 5.9 | Far-�eld currents from a multi-scale calculation of a TB graphene
device parameterized from a DFT calculation of gated graphene, with N = 4 DFT-
precision regions, i.e. two STM tip contacts (solid red rectangles) and two epoxy
defects (dotted red rectangles). We use two semi-in�nite electrodes along y and
CAP along x. Bond currents are injected at E − EF = 0.8 eV from the upper tip.

Colors are scaled to enhance contrast. Adapted from Paper IV.

5.3.1 E�ects of single N defect on far-�eld currents

One major advantage of the multi-scale approach is that complex situations, e.g. where
di�erent perturbations simultaneously a�ect the same region, can be described with chem-
ical accuracy. An illustrative example is depicted in Fig. 5.8b, where the multi-scale
method has been used to study how a N substitutional dopant, in proximity of the Au
tip contact, a�ects the far-�eld currents. We �nd that, due to the local doping induced
by the N atom, electrons injected by the tip are prevented from propagating towards the
defect (Fig. 5.8c).

We point out that, compared to the simple case discussed in Fig. 5.4, the presence of a
metal contact in these systems alters the graphene work-function, and hence its potential
and couplings far from the tip. As a result, parameterizing the TB model directly from
a DFT calculation of pristine graphene would induce some degree of coupling mismatch
at the interface between the two models. The solution we adopt here to ensure constant
coupling VDFT−TB is to parameterize the TB model from the pristine-like DFT elements
associated to the atoms far away from the tip, namely those further than ≈ 17Å from it
(Fig. 5.8c).

5.3.2 Modularity: Large-scale TB with N>1 DFT-precision regions

Another advantage of the multi-scale method is that one can accommodate any number
of perturbed regions in the TB model, by simply including a corresponding number of
self-energy terms in Eq. (5.4). This is exempli�ed in Fig. 5.9, where we show results from
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multi-scale TB+DFT calculations where multiple DFT-precision regions have been set up
within a single large-scale TB model. Fig. 5.9a illustrates far-�eld currents from a multi-
scale transport calculation of a 55 × 35 nm2 TB graphene device with seven self-energy
terms. Two of these model regular graphene electrodes semi-in�nite along y. The third
one simulates a CAP in the outermost 5 nm of the cell along x. The remaining N = 4
represent DFT-precision regions, namely two Au tips in contact to graphene (≈ 2Å above
an hexagon) and two epoxy groups, which preserve the sp2 nature of graphene [275] and
are of particular interest for e.g. engineering the thermal conductivity [276] or catalytic
activity [277] of carbon/graphene-based systems. Both DFT systems are described using
a SZP basis set and have been optimized with force threshold 0.01 eV/Å. Self-energies are
computed once for each of the two systems, while a bottom gate induces −1013 e−/cm2

into graphene. Bond-currents injected at E − EF = 0.8 eV by the upper Au tip into
the large TB model clearly show how the six-fold anisotropic electron wave scatters o�
the defects and the second tip. We point out that, once the corresponding self-energies
have been computed and stored, the DFT-precision regions can be moved around the
large-scale TB model very e�ciently. In the Supplementary Material we show how the
bond-currents landscape looks like for di�erent positions of an epoxy defect relative to
two STM tip contacts.

5.4 Summary

In conclusion, we have presented a multi-scale method which enables currents calculations
in devices longer than 100 nm, by linking a perturbed region described by DFT to an
unperturbed large-scale region described by an e�ective TB model parametrized from
DFT. We have introduced the theory behind the method using basic concepts in the
Green's function framework, provided numerous didactic examples and pointed out the
main di�culties connected with its implementation. By applying the method to study
realistic current injection by STM probes into pristine and defected graphene devices we
have highlighted versatility and e�ciency of the method. Similar to hybrid QM/MM
techniques, combining the advantages of DFT and TB methodologies using this scheme
provides an adequate framework for embedding regions where accuracy is necessary into
regions where size matters more. We have illustrated the method in the simple case
where the mapping from DFT to TB is a simple projection. However, this could be other
mappings. The important point is to de�ne the TB to be computationally manageable,
along with a coupling between the pristine TB and DFT regions, such that the interface
scattering is much smaller than the scattering mechanisms under study.

Moreover, the principles behind the presented multi-scale method are general and
not limited to only basic graphene systems presented here. We will show an example of
this in the next chapter by applying it to study nanoporous graphene structures, which
are inherently semiconducting and have an anisotropic band structure [85]. We will also
exploit the modular capabilities of this method for proposing a concrete experimental
setup for detection of a new fascinating e�ect exhibited by electrons propagating in this
structure.



CHAPTER6
Electron transport in nanoporous

graphene: Probing the Talbot e�ect

Designing platforms where electron waves interference can be reliably controlled has been
on the agenda of physicists and material scientists for a long time [278, 279]. This is a
cornerstone for future electronics research, as it gives opportunities to harness the wave-
like nature of electrons for novel technologies, such as quantum information [280], sensing
[281] or even electron beam splitting [282]. A major experimental breakthrough was
recently achieved where nanoporous graphene (NPG) was fabricated with unprecedented
sample sizes and quality via bottom-up techniques [85]. This achievement has received so
much attention that, after less than 9 months from publication, the precursor molecule
used for fabricating the NPG has been recognized in ACS's c&en magazine as the most
memorable molecule of 2018 [283].

In this Chapter, based on Paper V, we tackle two essential questions in this context:
i) whether these transmission channels interfere with each other and ii) how the wave
pro�le can be tuned and controlled over long propagation distances. The outline of the
Chapter is as follows: �rst we address the problem from a DFT point of view, extending
the calculations reported in [85] to the case of a gated NPG-based device. Using an sharp
gold STM tip in chemical contact with the NPG as model for a realistic point source, we
study currents behavior in the near-�eld (near the contact). Second, using the multi-scale
approach presented in Chapter 5 we demonstrate that an electron wave injected from a
point-like source into this NPG exhibits interference. And not any kind of interference.
What we �nd can be interpreted as a manifestation of the so-called Talbot e�ect, a
fascinating interference phenomenon predicted to occur in coupled optical waveguides
[284�289]. Interestingly we prove that this peculiar wave pro�le is entirely de�ned by the
chemical details of the molecules used to assemble the NPG. We prove the robustness
of the electronic Talbot e�ect by injecting current from an STM tip in contact to NPG
into various positions, and under various gating conditions. By inserting a second DFT-
precision tip in the TB model we also provide a proof of principle for how this interference
might be measured in a dual-probe experiment.

6.1 Nanoporous graphene

Making holes in graphene is a very e�cient way to turn this revolutionary 2D material into
a semiconductor. The well-controlled size and regularity of the holes and the opening of
a bandgap provide nanoporous graphene (NPG) with novel functionalities that enable its
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use as active logic component in ultra-high speed transistors [95] or as selective nanosieve
for DNA sequencing [290], water puri�cation [291] and gas �ltering [292].

For years NPG has been fabricated as a graphene anti-dot lattice (GAL), using top-
down techniques based on high-precision lithography. Since the �rst prediction of the
electronic and transport properties of GAL, made 10 years ago, several studies have
followed [94, 95]. In the last few years, thanks to the progress in electron beam lithography
(EBL) and encapsulation in hBN, material scientists have been able to fabricate in a
reproducible way GALs with high mobilities and pattern densities, where hole diameters
and neckwidth reach down to 30 nm [91]. Thanks to these achievements, measurements
and simulations of transport through GALs have started to converge also quantitatively
[92, 93]. Being able to make these holes very clean and regularly arranged provides
additional degrees of freedom for distributing and controlling currents in NPG, as details
at the atomic scale start to play signi�cant role [94, 95].

6.1.1 Bottom-up synthesized nanoporous graphene

Bottom-up synthesis of NPG has recently been achieved by Moreno et al. [85], who man-
aged to obtain high-quality NPG domains with sizes up to 50 × 70nm2 and atomically
identical regularly arranged Å-scale pores (see Fig. 6.1a-b). By further managing to trans-
fer this atomically precise NPG from the metallic original substrate to a dielectric (SiO2)
they have paved the way for fabrication of high-quality NPG-based devices (Fig. 6.1c).
The electrical characteristics measured under electrostatic gating and at room tempera-
ture exhibit high yield and a ∼ 104 on-o� ratio for 30 nm-long channels.

Remarkably, by combining STM measurements and ab-initio calculations, they discov-
ered that the particular edge topology of the ribbons (GNRs) used to assemble the porous
mesh results in a pronounced in-plane anisotropy of the NPG, which is re�ected in its
electronic structure as a peculiar energy-dependent localization of the electron states near
the conduction band (Fig. 6.1d-e). The ∼ 0.7 eV bandgap observed in the experiments
has been shown to be determined entirely by carbon s- and p-electrons dispersing along
the GNRs. These 1D longitudinal channels seem to represent the only means of trans-
port through the NPG for all electrons with energies up to ∼ 1.5 eV above the conduction
band (Fig. 6.1f). At higher energies the inter-ribbon coupling triggers the formation of 1D
transversal modes running across the GNRs array and providing a new orthogonal routes
for carriers in the NPG. Electrons that manage to get excited at even higher energies, e.g.
∼ 2.2 eV above the conduction band, begin to occupy di�use non-atom-centered states
which are entirely con�ned in the vacuum space inside the pores. Such states, known as
Super Atom Molecular Orbitals (SAMOs) [114, 161], have been considered key for a whole
new paradigm for molecular electronics where charge carriers can free from the constrains
of tightly bound π molecular orbitals and move as nearly-free-electrons throughout the
solid [161, 163, 293, 294].

This particular kind of porous mesh, e�ectively representing an array of linked well-
de�ned, ultra-narrow propagation channels, potentially represents an innovative techno-
logical platform to manipulate electron transport at the nanoscale. Further functionaliza-
tion or engineering of the pore edges could also o�er additional opportunities (an inspiring
example is Paper III).

6.1.2 Electron transport in NPG: open questions

Two-terminal electrical measurements and simulations performed by Moreno et al. [85]
successfully proved both the semiconducting nature of NPG and the anisotropic electron
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Figure 6.1 | Bottom-up synthesized NPG (a) Scheme of the NPG synthesis,
from the molecular precursor to the �nal porous structure. (b) Left: a Laplacian-
�ltered topographic close-up image of a 50× 70nm2 NPG high-quality domain with
regularly arranged identical pores. Right: High-resolution image obtained by using
a CO-functionalized tip in constant-height mode, with the NPG lattice overlaid. (c)
Ids − Vg curves of a NPG device with 30 nm channel, gated by a 90- nm-thick SiO2

gate oxide. (d) DFT bandstructure of the NPG, showing gap, L bands (yellow)
and T bands (purple). (e) Wave functions at Γ for L and T bands highlighted in
(c). Guiding stripes indicate their dispersion directions. (f) Conductance along y
(yellow) and x (purple) directions, in comparison with that of pristine graphene
(black). Colored backgrounds highlights the NPG gap (white), the energy range
where only L states exist (yellow), and that where both L and T states do (purple).

Figure adapted from [85].
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propagation within the mesh. However, important questions regarding the actual real-
space electron dynamics was still unsolved. For instance, while longitudinal bands in
the NPG bandstructure seem to suggest a predominant 1D electron transport, it was
not obvious how transmitted electrons are con�ned in a single GNR and whether one-
dimensional directed electron �ow is possible. Would electrons injected from a point
source into a ribbon of the NPG travel inexorably inside it or would the inter-ribbon
coupling disrupt their con�nement and spread them over the neighbor channels? The
particular device setup considered in experiments and simulations, characterized by �xed
and extended electrodes, could not answer this question.

As we have seen in Chapter 3, there is a clear analogy between the behavior of electrons
in graphene and photons in dielectrics [60, 217, 295, 296], due to the linear Dirac-like
bands of graphene. It is not clear instead whether a similar optical analogy is applicable
for nanostructured graphene, where bands are generally distorted and charge carriers are
not massless Dirac Fermions.

Visualizing current �ow in NPG represents the most direct route to tackle these ques-
tions in an experiment. Several techniques based on superconducting interferometry [264,
297], scanning gate microscopy [65] or diamond-NV centers [266] have demonstrated how
imaging real-space current �ow in graphene structures can pro�tably underpin standard
electrical measurements for classical or quantum transport phenomena, while scanning
probe spectroscopies are rapidly proving to be able to probe these currents at the atomic
scale [263].

While waiting for imaging experiments to be performed on the newfound NPG, theory,
as usual, can help with predicting what to expect. Here we try to provide such predictions
in the most realistic possible way: simulating a full-scale sample under realistic gating
conditions and with realistic point-like metal electrodes in contact to it. Our overall goal
is to investigate to what extent one can inject currents along individual GNR channels in
gated NPG-based devices contacted chemically to a STM probe.

6.2 DFT approach

6.2.1 Unit cell

The DFT electronic structure and optimized geometry for the NPG unit cell in Fig. 6.2a,
with alternate A−B and B−A bridge environment as in Moreno et al. [85], are obtained
using the Siesta code [145, 191]. The unit cell is orthogonal, contains 100 atoms, namely
80 C and 20 H atoms passivating the pores. It is de�ned on a single-ζ polarized basis
set with 0.01 Ry energy shift. This choice neglects the existence of high-energy SAMO
states, usually captured by more accurate basis sets [85, 114]. However, since longitudinal
bands occupy much lower energies, this computationally more e�cient basis guarantees
su�cient accuracy for the purposes of this work. We use norm-conserving Troullier-
Martins pseudopotentials with a mesh cuto� of 400 Ry and the PBE [273] �avour of the
generalized gradient approximation (GGA) for the exchange-correlation functional. The
Brillouin zone is sampled using a 15×51×1 Monkhorst-Pack k-point mesh, and structural
optimization is performed using a force threshold of 0.01 eV/Å.

In order to describe a more realistic experimental environment we include a bottom
gate in the calculations. This is done by �xing spatial charge in a gate-layer placed 15Å
beneath the NPG, so as to dope it by ±1013 e−/cm2 [164].

The electrostatic potential and charge distribution in the NPG are a�ected by appli-
cation of a gate voltage as illustrated in Fig. 6.2b-c. The potential varies more rapidly
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Figure 6.2 | DFT model and bands of gated NPG (a) NPG unit cell. C =
grey, H = white. (b) Di�erence in electrostatic Hartree potential ∆VH = VH(ng >
0) − VH(ng < 0) between the systems with positive and negative values of gate-
induced electron density ng. (c) The resulting change in charge density distribution
∆ρ = ρ(ng > 0)− ρ(ng < 0). (d) Band structure of the NPG unit cell in two gated
conditions inducing either n-type (blue) or p-type (red) doping. States with energies
in the shaded areas, i.e. up to ∼ 0.7 eV above (below) the conduction (valence)
band, disperse more along Γ − Y than along Γ − X, hence de�ning predominantly

longitudinal transport channels. Figure adapted from Paper V.

in proximity of the narrower sections of the 7-13 GNRs. The doping charge density dis-
tribution re�ects this variation, with a tendency to polarize in proximity of the regions
where the potential varies the most.

The main e�ect of gating on the NPG electronic structure is a rigid band shift of
±0.35 eV for n- and p-type doping cases, respectively (see Fig. 6.2d). We �nd in both
cases a bandgap of ∼ 0.7 eV between symmetric valence and conduction bands, in good
agreement with results obtained for non-gated NPG [85]. Bands with predominant lon-
gitudinal character are clearly visible at energies up to 0.7 − 0.8 eV above (below) the
conduction (valence) band (shaded areas), where states along Γ−Y indeed disperse more
than those along Γ−X.

6.2.2 Three-electrode device setup

We run zero-bias DFT-NEGF calculations with TranSiesta considering the NPG three-
electrode device shown in Fig. 6.3. The supercell is a 2 × 7 tiled version of the unit
cell discussed above. It contains a total of 1449 atoms, covering 6.5 × 5.5 nm2. It is
periodic along the transverse direction x and with two semi-in�nite electrodes (top and
bottom) along the longitudinal direction y. Contrary to the device setup already reported
by Moreno et al. [85], here we use semiconducting NPG electrodes rather than metallic
pristine graphene ones. We use 5 × 5 × 1 k-points to self-consistently determine the
electron density in Siesta and then 71× 1× 1 k-points to compute transmission among
the three electrodes in TBtrans.

A model Au tip is in chemical contact with the NPG, with Au-C bond-length of
∼ 2.0Å. Its geometry has been optimized so as to ensure a �at density of states over the
range of energies relevant for this study. The positions of the outermost tip atom and up



76 Chapter 6. Multi-scale (DFT+TB)+NEGF study of Talbot e�ect in NPG

c) 

d) 

Vg
z 

x 

y 

b) n-doped p-doped

p-dopedn-doped

Figure 6.3 | DFT model of NPG device in contact with STM tip. DFT
model of gated NPG-based device with contact to STM tip. Electrodes are high-
lighted in red. Insets show the optimized contact regions for ribbon and bridge
positions. The shaded area delimits the device region. Figure adapted from Paper

V.

to 20 C atoms nearby are optimized until forces are less than 0.01 eV/Å. We consider
two di�erent positions of the tip, namely on top of a C atom in the middle of a ribbon
or at a bridge between two C atoms linking two ribbons (see inset to Fig. 6.3). In the
former case the C atoms below the tip are pushed ∼ 0.3Å below the NPG plane, while
at the bridge site the tip binds to two aromatic rings causing a slight torsion.

The contact with the tip causes a local variation of the C pz potential which is screened
at ∼ 0.5 nm from the tip. The results for tip contacting a NPG which is p-doped by the
gate are shown in Fig. 6.4a. A maximum local n-type doping of ≈ −1.7 eV and ≈ −1.3 eV
is reached depending on contact position. When the NPG is n-doped by the gate the maps
look very similar but the n-type doping is reduced by ≈ 0.34 eV and ≈ 0.24 eV for the
two tip positions. We think this is due to a higher electron population in the NPG which
makes it less favorable for electrons to transfer from the tip to the NPG. As further
illustrated in Fig. 6.4b, regardless of the tip position or the gating we always �nd that
the doped region in proximity of the contact region extends with a radius ∼ 0.5 nm. This
proves that the supercell we use is large enough to ensure an unperturbed potential in its
outermost regions, which is indicated by the shaded grey frame in Fig. 6.3.

The transmission between the two NPG electrodes along the y direction is shown in
Fig. 6.4c). In absence of tip contact for all energies in the longitudinal regime transport
is essentially one-dimensional along the GNRs, due to the weak inter-ribbon coupling.
The onset at E ∼ 0.9 eV of bands with dominant transverse character disrupts the 1D
con�nement and conductance quantization is lost. The local potential variation induced
by the tip causes an overall degradation of the spectra.

The transmission spectra for electrons traveling from the gold tip to the two NPG
electrodes is also shown in Fig. 6.5a. For all energies up to 0.7− 0.8 eV above the lowest
unoccupied band, transmission is quite constant if the tip lies in the middle of a ribbon,
whereas it slowly increases when it lies at a bridge site. The onset of transversal bands
at higher energies complicates the spectra signi�cantly.
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Figure 6.4 | Potential and transmission in gated NPG+tip device (a) On-
site potential Epz of C pz orbitals in a p-doped NPG, for two positions of the tip.
Values are relative to the average potential E0

pz in the bulk of ribbons ∼ 0.5 nm
away from the tip. Beyond this distance the perturbation from the tip is e�ectively
screened. (b) Di�erence ∆Epz = Epz (ng > 0)− Epz (ng < 0) between the on-site pz
potential for the n-doped and p-doped devices, for the two di�erent tip positions.
(c) Transmission between the two NPG electrodes, with and without tip contact, for
two di�erent tip positions and gated conditions. Figure adapted from Paper V.
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Since all the considered gating conditions and tip positions yield qualitatively similar
electronic and transport features, in the following analysis without loss of generality we
choose to focus on n-doped NPG probed at a ribbon site, highlighting di�erences only
where relevant.

6.2.3 Near-�eld current �ow

In order to visualize the current �ow near the contact we calculate bond currents1 among
C atoms while injecting electrons at various energies from the STM tip, as illustrated
in Fig. 6.5b. We �nd that, at least up to distances comparable to the DFT cell size,
electron injected with energies ranging from the conduction band up to ∼ 0.7 eV above
it are con�ned inside the probed ribbon. When the tip is at bridge site the injected
currents propagate in both the two ribbons connected by the probed bridge. At around
0.77 eV currents start to spread across the bridges and propagate in the neighbor ribbons,
as suggested by the marked spike in the transmission of Fig. 6.5a. At higher energies
crosstalk between neighbor periodic images of the tip makes it hard to visualize the
correct current �ow in the system.

6.3 Need for a multi-scale approach

As discussed in Chapter 2, while parameter-free DFT models guarantee high levels of
accuracy, they limit the accessible device sizes to only a few nanometers. Obviously we
cannot keep using this approach if we want to see electrons �ow and, possibly, interfere in
regions far away from the source. On the contrary TB models can capture basic transport
features in much larger pristine systems.

The multi-scale method presented in Chapter 5 represents a natural choice in this
case. Below we use it to seamlessly embed the DFT-precision region around the contact
inside a much larger TB model of pristine NPG.

6.3.1 Protocol and assessment of applicability

The multi-scale method is applied here according to the following protocol: i) choose a
DFT model of the contact between NPG and a STM tip; ii) compute the self-energy
which connects all C pz orbitals in the outermost unperturbed area of the DFT cell (i.e.
the grey shaded frame in Fig. 6.3) to all the other orbitals in the system; iii) construct
a large TB model of pristine NPG by projecting a pristine DFT Hamiltonian onto C pz
orbitals only; iv) incorporate the self-energy locally into this TB model as a standard
electrode.

One important requirement is that the DFT cell containing NPG and tip is large
enough to have an unperturbed potential in its outermost regions, which is where the
self-energy needs to be projected. As already anticipated, this condition is ful�lled here
for all gates and tip positions (see Fig. 6.4a).

Another crucial requirement is that the TB model is as compatible as possible to the
DFT model. As already discussed in Chapter 5 this can be accomplished by de�ning the
TB parameters directly as the elements in the DFT Hamiltonian and overlap associated
to the main orbitals governing transport in the energy range of interest.

For the NPG case, analysis of the various orbital contributions to the DFT band-
structure reveals that longitudinal bands are predominantly dominated by C pz orbitals
(Fig. 6.6a). The NPG bandstructure obtained with this parametrized TB model is similar

1Bond currents are de�ned in Chapter 2
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Figure 6.5 | Transmission and near-�eld bond currents from tip to DFT-
modeled NPG (a) Transmission spectra for electrons injected by the tip and reach-
ing top and bottom NPG electrodes, for the two tip positions under the two gated
conditions. No signi�cant di�erences between transport towards top and bottom
NPG electrodes are observed, so we plot the sum of transmissions towards the two
NPG electrodes. (b) Bond currents in the n-doped NPG scattering region, injected
by the tip while positioned at ribbon and bridge sites of a n-doped NPG. Currents

are shown for E = EF or 0.77 eV above it. Figure adapted from Paper V.
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a) b) c) 

d)

Figure 6.6 | (a) Fat bands from the DFT model of NPG, showing a predominant
contribution of C pz orbitals to the longitudinal bands. (b) Comparison between
the NPG bandstructure obtained using DFT, a TB model fully parametrized using
pz orbitals from DFT and a nearest neighbor TB model with hopping t = −2.7 eV.
(c) Comparison between the NPG bandstructure obtained using DFT and the TB
model fully parametrized using pz, Pdyz and Pdyz orbitals from DFT. (d) Compar-
ison between the NPG bandstructure obtained using DFT and the TB model fully
parametrized using pz orbitals from DFT, for di�erent gated conditions. Figure

adapted from Paper V.
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Figure 6.7 | (a) Bands velocity vectors at sampled k-points, con�rming the pre-
dominantly longitudinal or transversal nature of the electronic states within di�erent
energy ranges. (b) Velocity-angle-resolved density of states for the unit cell of NPG,
obtained using the DFT model and the TB model fully parametrized using pz or-
bitals from DFT. Maps resolution is converged using a �ne grid of k-points. Figure

adapted from Paper V.
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to that from DFT, short of some rescaling (Fig. 6.6b). For example the TB �rst unoc-
cupied band is shifted almost rigidly 0.15 eV above the DFT one. Compared to a typical
nearest-neighbor TB model for graphene with hopping t = −2.7 eV, the parametrized
model used here is non-orthogonal and the range of interaction between TB sites extends
as much as in the DFT basis set. Nevertheless such a simpli�ed model also yields bands
which compare qualitatively to DFT (Fig. 6.6b). Such similarity, although not good
enough for embedding a DFT-precision region via a self-energy (which is intrinsically
non-orthogonal), suggests that it can be used as a simple toy-model for NPG.

The di�erences between parametrized TB model and DFT can be entirely attributed
to pruning of the DFT basis set. In fact, although pz orbitals almost entirely de�ne DFT
bands and govern transport across the system, there are other orbitals in the basis which
have a similar symmetry to pz, such as the polarized dxz and dyz. These would normally
hybridize to some extent and give rise to deviations in the bands. These deviations can
be accounted for by incorporating these few extra orbitals into a multi-orbital TB model
(Fig. 6.6c). Application of a gate a�ects the TB bands the same way as the DFT ones
(Fig. 6.6d).

Analysis of the band velocity vectors (Fig. 6.7a) con�rms the predominantly longitu-
dinal or transversal nature of the electronic states as a function of energy, both for the
DFT and TB models. Like the current maps reported in Fig. 6.5b this seems to corrobo-
rate the hypothesis of complete electron con�nement within individual ribbons. However
a closer look to the density of states in the NPG (see Fig. 6.7b) reveals that states in
the longitudinal regime do not all propagate along the longitudinal direction, but rather
their angle of propagation is distributed over ±20◦ (regardless the particular DFT or TB
nature of the model used to describe them). The spread of this angular distribution is
expected to depend strongly on the precise NPG chemical details. Later in this Chapter
we will show that it has strong repercussions on the far-�eld behavior of electrons.

Quantitative benchmark

Before pushing the scale of the simulations to the experimentally relevant ones, we bench-
mark the applicability of the method by embedding the DFT-precision injection region
in a TB-region which has the same boundary conditions and size of the DFT transport
setup, i.e. open along the longitudinal direction y and periodic along x. The results,
summarized in Fig. 6.8, conclusively show that we can reproduce the DFT transmission
spectra in the longitudinal regime by the combined DFT+TB model. In general we �nd
smaller deviations between DFT and DFT+TB when NPG is n-doped and when the
STM tip is located at a ribbon site. This trend can be attributed to the fact that the
bridge site probed by the tip is too close to the outermost region where the connecting
self-energy is projected (see Fig. 6.4a), thus preventing an optimal match between the
outermost DFT potential and the external TB regions. Deviations are expected to be
smaller for larger DFT cell sizes. Conclusively the comparison presented here con�rms
that the electronic structure of DFT+TB are in very good agreement with the DFT ones,
both in terms of bands shape and velocities, despite the band-misalignment and rescaling
caused by orbital-projection of the DFT Hamiltonian (see Fig. 6.6).

6.3.2 Far-�eld electrons behavior

Given our previous assessment, we now proceed with embedding the DFT injection region
as electrode in a large 100 nm × 120 nm (∼ 400.000 atoms) TB model of a device with
two NPG electrodes along y and CAP [204, 226] along x (see Fig. 6.9a).

The transmission spectra from tip to the two large NPG electrodes compare well to
DFT (see Fig. 6.9b), regardless the particular gated conditions or tip position (only ribbon
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Figure 6.8 | (a) Schematics of the multi-scale method applied to a setup with same
size and boundary conditions of the DFT model. The perturbed area in the �guest�
DFT model illustrated on the top is e�ectively embedded in the TB model at the
bottom using a self-energy projected on the unperturbed sites around the tip contact
region. The red frame-shaped area in the middle contains the self-energy coupling
DFT and TB, whereas the two red regions at the top and bottom sides contain
the self-energies of two semi-in�nite NPG electrodes. The cell has been elongated
a little along the semi-in�nite direction to ensure no connections among the three
electrode regions. (b) Transmissions among the two NPG electrodes obtained using
the multi-method approach, in comparison to the ones obtained by DFT, for di�erent
gates and tip positions. We shift the original curves from DFT+TB by −0.15 eV
to compensate the orbital-pruning induced o�set discussed in Fig. 6.6d. The best
agreement is found at energies in the shaded range. (c) Same as (b) but comparing
transmissions from the DFT region to the two NPG electrodes. In this case the
original curves from DFT+TB have not been shifted. Figure adapted from Paper V.
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Figure 6.9 | (a) Schematics of our multi-method multi-scale approach, showing a
DFT region with local contact to a gold tip incorporated into a 65 nm × 80 nm TB
modeled 2-probe device by means of a coupling self-energy. (b) Total transmission
from tip to the two large NPG electrodes obtained using our multi-method multi-
scale approach, in comparison to the one obtained by DFT, for the two di�erent
gated situations and a tip located at a ribbon site. Figure adapted from Paper V.
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tip position is shown). Deviations can be attributed to the aforementioned pruning-
induced band rescaling.

While bond currents and real-space injected density of states2 clearly demonstrate
electron con�nement inside the probed ribbon up to distances comparable to the DFT
cell size (see Fig. 6.10a-b), this larger DFT+TB model reveals that at distances beyond
the DFT cell size the currents spread signi�cantly along x (see Fig. 6.10c). Current splits
into neighboring ribbons with a certain periodicity of ∼ 7− 8 nm.

The resulting �beams� diverge from the y direction with a maximum angle which varies
slightly with energy (see Fig. 6.11). In particular when the tip injects into a ribbon site this
angle decreases from ∼ 30◦ for E−EF < 0.3 eV to ∼ 20◦ for 0.4 eV < E−EF < 0.7 eV. At
∼ 0.7 eV the electrons wavelength becomes comparable to the ribbons width (w ≈ 0.5 nm)
hence a �ner structure appears.

Similar results are observed when the injection occurs in proximity of a bridge con-
necting two neighboring ribbons, although the interference pattern in this case is more
blurred. Based on the bond currents of Fig. 6.5b, we interpret this as due to an overlap
between currents which start out by propagation into the two bridged ribbons.

We also �nd that application of a �nite bias voltage between the the tip and the NPG
does not disrupt the interference pattern (see Fig. 6.12).

2The real-space injected density of states is calculated by summing the absolute modules of the three
eigenchannels [274] which contribute the most to transmission from the tip to the NPG electrodes.
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Figure 6.10 | Talbot e�ect from multi-scale calculations. The �gure shows
(a) DFT geometry and density of states injected by the tip, (b) bond currents at
E−EF = 0.2 eV obtained with the DFT model and (c) a large-scale TB model with
DFT-precision injection, and (d) the best-�t to the Talbot e�ect equations. In (d)
the local spectral density of states (ADOS) from the tip is shown in yellow, scaled
by y − ytip to compensate damping occurring far from the tip. The �tted equations
ψn are plotted in blue underneath the ADOS. The integers n ∈ [−26, 26] in the
expression for ψn index the 53 GNRs assembling the 100 nm× 120 nm NPG. Figure

adapted from Paper V.
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a) 

b) 

Figure 6.11 | Dependence of the interference pattern on energy and tip position, for
a TB model of n-doped NPG with DFT-precision injection region. Figure adapted

from Paper V.
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Figure 6.12 | Transmission (a) between the two NPG electrodes and (b) from the
tip to the two NPG electrodes, for zero bias and under a bias V = 0.5V (Vtip =
−0.25V , VNPG = +0.25V ). The tip is contacting one of the ribbons of the p-doped
NPG (ng = −1013 cm−2). Despite the expected additional bias-induced energy shift,
we �nd that the spectra are in qualitative good agreement. In particular the quasi-
1D nature of the spectrum in (a) is preserved. (c) Near-�eld and (d) far-�eld bond
currents injected by the tip at E − EF = 0.005 eV (the maps are very similar for
all energies within the bias window). The far-�eld bond currents clearly show the

Talbot interference pattern. Figure adapted from Paper V.



6.4. The Talbot e�ect 89

6.4 The Talbot e�ect

The interference pattern observed here resembles what happens to light incident on a
phase-grating or propagating in an array of coupled waveguides: the so-called Talbot
e�ect [284�289, 298] (see Fig. 6.13).

Traditionally the e�ect refers to repeated self-imaging of a di�raction grating [285],
as illustrated in Fig. 6.13a. The �ne detail of Talbot wave interference is the origin of
various technological applications, ranging from lithography [299, 301, 302] (Fig. 6.13b)
to X-ray phase-contrast interferometry [303, 304], from tunable GHz lasers [305, 306] to
even fundamental applications such as prime number decomposition [307].

Here we focus on the particular case of discrete Talbot interference, observed when a
narrow input beam is incident on a periodic discrete system, whose period is comparable to
the beam width. The detail of Talbot wave interference can be fully understood in terms
of standard coupled-mode theory. In this context it can be shown that the wavefunction
ψn inside the nth element of an in�nite array of weakly coupled discrete channels aligned
along y obeys the following discrete di�erential equation [286, 300, 308, 309]

i
dψn
dy

(y) + κc [ψn−1(y) + ψn+1(y)] = 0, (6.1)

where κc represents the inter-channel coupling coe�cient. The coe�cient κc can be
regarded as a �gure-of-merit for the degree of 1D con�nement in the elements of the
array: the lower the value of κc, the lower the spread into the weakly coupled adjacent
channels.

In the particular case when only a single channel is initially excited, i.e. ψn=0 = ψ0,
the solutions for Eq. (6.1) can be written as [289, 308, 309]

ψn(y) = ψ0 i
n Jn(2κcy), (6.2)

where Jn is the Bessel function of the nth order.3

Interestingly, while this e�ect has been observed countless times in optical systems
[298] (see Fig. 6.13c), it is not a prerogative of light. For instance, it was predicted to
occur for generic massless Dirac Fermions [288] as well as surface plasmon polaritons in
single-mode GNRs arrays [289] (see Fig. 6.13d), although experimental con�rmations in
these contexts are still missing. What nobody predicted or observed so far was whether
electrons propagating in an existing, experimentally synthesized material could exhibit
such peculiar behavior.

Best �t to large-scale simulations

We �nd that the square modulus of Eq. (6.2) can be �tted to the far-�eld spectral density
of states originating from the tip. The best �t on a set of 53-channels of a 100 nm×120 nm
n-doped NPG is illustrated in Fig. 6.10d. The �tted values at E = 0.2 eV are ψ0 = 0.037
and κc = 0.012Å−1. The latter varies slightly with energy as shown in Fig. 6.14b.

6.4.1 Origin of Talbot e�ect in NPG

The Talbot e�ect originates due to interference of the two longitudinal Bloch states
ψ1 and ψ2. From the momentum di�erence one can estimate the coupling strength as

3The Bessel function Jn(x) is the solution to the Bessel di�erential equation, x2 d
2y
d x2

+ x d y
d x

+ (x2 −
n2)y = 0, which are non-singular at the origin. They can be de�ned by the contour integral Jn(x) =
1

2πi

∮
e(x/2)(t−1/t) t−(n+1) d t, where the contour encloses the origin and is traversed in a counterclockwise

direction ([310], p. 416).
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Figure 6.13 | The Talbot e�ect (a) Optical Talbot e�ect exhibited by monochro-
matic light incident on a grating. The di�raction pattern on the left is reproduced
on the right, one Talbot length (zT ) away from the grating. Halfway the same pat-
tern appears at regular fractions of zT , shifted and/or rescaled. Such self-similar
pattern is a fractal known as �Talbot carpet�. Adapted from [298]. (b) Example of
interference lithographic (IL) technique based on the Talbot e�ect. Adapted from
[299]. (c) On top an optical microscopy of a polymer waveguide array with 75 single
mode waveguides (L = 8.5µm, W = 3.5µm). The most extreme case where a single
waveguide is excited is illustrated in the bottom. The resulting di�raction pattern is
the Green's function of the array. These �gure are taken from one of the �rst works
reporting the Talbot e�ect as �anomalous� light di�raction in evanescently coupled
homogeneous waveguide arrays [300]. (d) Schematics of alternately excited GNR
arrays laying on a dielectric substrate (L = 200nm, W = 100nm). Bottom shows
calculated magnetic intensity distribution of surface plasmon polaritons propagating
along y upon single waveguide excitation with Fermi energy EF = 0.4 eV. Talbot

interference is clearly visible. Adapted from [289].
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Figure 6.14 | Origin of Talbot e�ect (a) Longitudinal bands for a pz TB model
of n-doped NPG parameterized from DFT. (b) Energy dependence of inter-GNR
coupling κc from �t to the Talbot equations Eq. (6.2), in comparison to ∆k/4 =
|k2 − k1|/4. (c) Amplitude of ψ1 + ψ2 at E −EF = 0.2 eV, showing the interference

underlying the Talbot e�ect. Figure adapted from Paper V.

κc = ∆k/4 = |k2 − k1|/4 [288, 289]. In Fig. 6.14c we plot |ψ1 + ψ2| for the NPG with-
out tip contact, showing the regular interference pattern expected when all GNRs are
simultaneously excited [288].

6.5 Dual-probe multi-scale calculations

The latest developments in STM have enabled measurements with up to four tips [57] and
control over tip-tip distance down to tens of nm [263]. Within this context, we propose to
use dual-probe STM to prove the electronic Talbot e�ect experimentally. One probe can
be used to inject current into the NPG at a �xed position as discussed above while the
second probe is used to map out the interference pattern. We use the modular capability
of the multi-scale approach to embed two DFT-precision tips in the large TB model. Both
tips are located ∼ 2Å above NPG and we �x the probe-tip distance to around 30 nm from
the source. The probe-tip is moved between the bridge and ribbon positions along the
white line shown in the inset of Fig. 6.15a. The calculated transmission between the two
tips, injecting electrons at E − EF = 0.2 eV into n-doped NPG, is shown in Fig. 6.15a.
The maxima of transmission reproduce the maxima of bond currents injected from the
source in absence of the second tip within 5%. This proves that, despite the scattering
caused by the second tip (see Fig. 6.16), the signal in electric current detected by the
second tip can map out the Talbot interference pattern.
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Figure 6.15 | Probing the Talbot e�ect. Transmission at E − EF = 0.2 eV
(green) measured by a 2nd DFT-precision tip probing ribbon and bridge sites of n-
doped NPG along the white line shown in inset, in comparison with bond currents
�owing in absence of the 2nd tip (red stars). These are obtained on a �per ribbon�
basis by summing all bond currents passing through the white line, without distinc-
tion between ribbon and bridge sites, and then scaling by a factor 1/16. The inset
shows injected currents scattering o� the 2nd tip for one of the scanned positions.
Here the location for the two tips is indicated with red rectangles. Figure adapted

from Paper V.
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Figure 6.16 | Bond currents in the NPG with two DFT-precision tips, showing
how the second tip, besides detecting, also acts as a signi�cantly strong scattering
source. Currents are plotted for E−EF = 0.2 eV for di�erent positions of the probe
tip. Both tips are on top of a ribbon. When the probe tip is on bridges the scattered

currents look very similar. Figure adapted from Paper V.
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6.6 Summary

In conclusion, we have explored how electrons injected by a STM probe in chemical
contact to gated NPG-based devices behave in near and far �eld. By performing multi-
scale parameter-free calculations of large-scale TB models of NPG with DFT-precision
regions we found a clear signature of phase-coherence of electron waves, manifested in
the far �eld as a Talbot interference e�ect. The origin of this phenomenon is the cross-
talk between the longitudinal 1D channels (GNRs) making up the NPG. Using proof-of-
principle multi-probe calculations we have shown this interference e�ect may be observed
in a dual-probe STM experiment. From a computational perspective, besides presenting
an application of the multi-scale DFT+TB transport method, we have provided useful
insights on how simple TB models compare to DFT for NPG systems. In particular we
have demonstrated that the e�ects of a gate in the system can be interpreted as a simple
rigid energy shift of the band structure, i.e. the on-site terms of a TB Hamiltonian.
More accurate models of point-like charge injection into DFT, and hence into multi-scale
DFT+TB models, are available and leave room for improvements. Overall, this cross-
disciplinary study is both of general interest and relevant for the experimental community
involved in the broad �eld of 2D materials, as it illustrates concepts and principles which
can be veri�ed using readily available technologies.

0 120 nm 

tip Talbot interference 

Figure 6.17 | Electrons propagating in newly synthesized nanoporous graphene
exhibit Talbot interference e�ect, analogous to photons in coupled waveguides. This
is predicted by atomistic transport simulations of real-sized samples, seamlessly in-
tegrating regions with di�erent levels of accuracy. Scanning probe microscopy may
be used to provide experimental evidence of the e�ect. TOC �gure from Paper V.



CHAPTER7
Engineering NPG towards full 1D
con�nement: a TB+NEGF study

In this Chapter, after assessing the limits and reliability of computationally cheaper TB
models compared to the optimal DFT+TB coupled model considered in the previous
Chapter, we exploit them to analyze more complex NPGs designs. We provide insights on
the robustness of the Talbot e�ect with respect to pores orientation, size and homogeneity.
We also suggest two di�erent, but complementary, strategies to engineer the NPG and
achieve total 1D con�nement within individual ribbons.

7.1 TB+iΓ vs. DFT+TB model

So far we have described the injection from an accurate DFT perspective, in an attempt
of providing a realistic point-like contact between the NPG and a metal. Yet we �nd that
transmission from tip to the two large NPG electrodes, as well as the far-�eld Talbot-like
behavior, can be approximately reproduced by a pure TB description of the system where
injection is carried out empirically by introducing a generic on-site iΓ term in the Green's
function. This is shown in Fig. 7.1, where we compare the transmission spectra obtained
using the multi-scale DFT+TB method to the TB spectra obtained by localizing iΓ on
the same site which is probed by the DFT. Parameters for this pz-projected TB model
are extracted from a DFT calculation of the pristine NPG system. A rather smooth
transmission in the longitudinal energy range is found to characterize both models, the
main di�erence being that the �ne electronic structure of the Au tip in chemical contact
to the NPG, observed at higher energies in the DFT+TB model, cannot be captured by
the simpler iΓ injection model. Here we have set Γ = 1 eV but anyways, apart from an
obvious rescaling of the currents, we basically �nd no dependence on the absolute value
of Γ used.

We further point out that even a simple textbook �rst-nearest neighbor TB approxi-
mation for graphene, with t = −2.7 eV, is expected to provide reliable qualitative results,
provided the inspected energies are within the longitudinal regime. This is clear from the
bandstructures comparison in Fig. 6.6b, which shows good qualitative agreement with
DFT, short of obvious energy rescaling. Further below we will also show that the an-
gular distribution of states in the NPG is in good qualitative agreement with DFT and
DFT-parameterized TB.
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a) b) 

Figure 7.1 | Total transmission from tip to the two large NPG electrodes for two
di�erent gated situations and a tip located at a ribbon site. The spectrum obtained
using the multi-method multi-scale approach is shown in comparison to the one
obtained by using a fully TB description of the system. Parameters for this pz TB
model are extracted from a DFT calculation of the pristine NPG unit cell. Injection
is achieved by de�ning an on-site Γ at the same site which is probed by the tip in

the DFT+TB model.
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Aware of all the limitations, we choose to perform the rest of the calculations in this
Chapter by adopting either one of these two cheaper approaches. In the bond currents
maps reported below the colors are always normalized to the maximum plotted value.

7.2 Far-�eld currents in NPGs with various pores orienta-
tions

The measurements reported by Moreno et al. [85] reveal that the NPG actually consists
of multiple regions with well de�ned pores orientation. We will now show that the bond
currents in more complex NPG structures with various coexisting porous domains present
the same Talbot-like interference pattern which has been observed so far, using a 1st

nearest-neighbor TB Hamiltonian.
In Fig. 7.2 we plot the bond-current maps injected in NPGs by the iΓ term for var-

ious porous con�gurations. We �nd that regardless the domains size, symmetry, spatial
arrangement or the particular site of injection currents always manifest the expected inter-
ference phenomenon. This not only suggests that the Talbot e�ect should be su�ciently
robust to be observed in any of the fabricated samples, but also remarkably demonstrates
that the electrons behavior in these structures is dictated by the local topology of the
pores edges.

7.3 Far-�eld currents in NPGs with various pores sizes

It should be clear at this point that a higher density of bridges at the edges of a NPG
channel would lead to a more rapid spread of electrons into the neighbor ones. In Fig. 7.3
we try to emphasize this concept by plotting bands and currents for 1st nearest-neighbor
TB models of NPG structures with various pores longitudinal size. Such structures could
be realized by using more elongated precursor molecules and state-of-the-art bottom-up
synthesis techniques [85, 311].

We �nd that as the pores are elongated the coupling between the ribbons is reduced,
the bandstructure resembles more and more that of an individual 7aGNR and the maxi-
mum distance covered by currents into individual channels increases.

Interestingly, this seems to suggest that smart engineering of the NPG precursor
molecules, and hence the NPG �nal structure, holds good potential for limiting the inter-
channel interactions and get 1D con�nement of electcrons within single ribbons over long
distances.

7.4 Strategies to improve 1D con�nement

The results reported in the previous sections showed that total 1D con�nement of electrons
within individual GNRs cannot be achieved with the existing NPG structures reported
by Moreno et al. [85]. At the same time they support the interpretation of the NPG
as an array of coupled parallel electron waveguides, suggesting that the key to control
propagation lies in the chemical details of the NPG structure. This is indeed what controls
the electronic structure of the NPG, in particular the momentum di�erence between the
longitudinal Bloch states, directly related to the coupling strength κc (see Fig. 6.14),
as well as the overall spread in angular distribution (see Fig. 6.6). In this last section,
supported by proof-of-principle calculations, we propose two possible routes to engineer
the NPG so as to prevent charge from crossing the bridges linking the various ribbons,
and thus improve 1D con�nement.
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Figure 7.2 | Bond currents in NPG structures with various coexisting porous
domains, all presenting the Talbot-like interference pattern. The calculations, non-
gated, are based on a 1st nearest-neighbor TB model with on-site iΓ injection. CAP
is used at all cell boundaries to absorb the electron wavefunctions. (a) Bond cur-
rents obtained for NPG structures having two di�erent types of porous domains,
with opposite pores orientation, distributed along x. The panels from left to right
illustrate the currents in systems where the domains are composed of Nd = 2, 3, 4
or 5 vertical lines of pores, for E = 0.54 eV. Currents exhibit the typical Talbot-like
interference pattern regardless of the domains arrangement. (b) Same as (a), but
where two opposite domains of Nd = 5 lines of pores are embedded into domains
with Nd = 1. The results are still unchanged, even in the very asymmetric case of a

not-centered injection, shown on the right.
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a) b) 

Figure 7.3 | (a) Bandstructure from 1st-nearest neighbor TB models of NPGs with
di�erent pore longitudinal sizes. As the pores are elongated the coupling between
the ribbons is obviously reduced and the bandstructure resembles more and more
that of an individual 7aGNR. (b) Bond currents at E − EF = 0.8 eV obtained from
transport simulations with on-site iΓ injection for the three considered models.

Bandgap engineering

Driven by the increasingly backed up analogy between GNRs, photonic crystals and opti-
cal waveguides [312, 313], we suggest a ultra-narrow waveguiding architecture consisting
of a single slightly wider GNR laterally encapsulated between two NPGs.

Velocity-angle-resolved density of states and bond currents for the homogeneous NPG
structure considered so far, but calculated for a 1st nearest-neighbor model, are reported
in Fig. 7.4 along with those obtained for geometries where one of the longitudinal channels
has been made slightly wider than the rest of the mesh.

We �rst of all point out how the angular distribution of states obtained for the homo-
geneous NPG with this 1st nearest-neighbor TB model compares qualitatively well with
that reported in Chapter 6 for DFT and DFT-parametrized TB models, thus con�rming
the qualitative reliability of such simpli�ed approximation.

Secondly we notice that the maximum angle of propagation for states in the lon-
gitudinal regime gets narrow over a wider range of energies as the width of the probed
channel increases. Bond currents clearly reveal complete con�nement of electrons injected
into the selected channel. Propagation therein further features beatings and resonances,
resembling resonant modes inside long narrow cavities.

We interpret this in terms of the usual analogy between electrons, which are massless
Dirac fermions in graphene, and photons in dielectric media, speci�cally in 2D photonic
crystals waveguides [312, 313]. Photonic crystals are engineered in a periodic fashion and
with a high refractive index contrast so as to control light propagation. In the NPG case,
if all the ribbons have the same width (which is the case of an homogeneous NPG) the
energy gap, related to an e�ective refractive index, of the GNRs making up the mesh
are all equal. Spreading of currents across the bridges is therefore likely to occur and
generate Talbot interference. On the other hand, if the probed GNR has an even slightly
di�erent width compared to the rest of the surrounding ones, the resulting di�erence in
e�ective refractive index will set o� total internal re�ection and lead to full 1D electron
con�nement.
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Figure 7.4 | (a) Velocity-angle resolved density of states and (b) bond currents at
various energies for the homogeneous NPG considered so far and for ultra-narrow
NPG-based waveguide architectures consisting of a single slightly wider GNR embed-
ded between two 7-13-based NPG domains. The angular distribution gets narrower

for a wider range of energies as the width increases.

Chemical engineering

We have already demonstrated that at the origin of the interference is the �nite magnitude
of the coupling parameter κc appearing in Eq. (6.2). Here we show an example of how
chemical engineering of the NPG inter-ribbon bridges can enable �ne-tuning of κc and
obtain total 1D con�nement over hundreds of nanometers.

The strategy is based on the observation that the bridges connecting the GNRs in the
NPGs considered so far are all characterized by a para topology (see Fig. 7.5a). A para
connectivity favors electronic delocalization in the molecule, eases electron transfer across
the bridge and therefore represents the main reason why current spreads in the NPG. One
possibility for these bridges to act as �bad molecular wires� is to convert their molecular
structure from a para to a meta topology (see Fig. 7.5e). It has indeed been demonstrated
by spectroelectrochemistry measurements that electron transfer in a molecule where two
redox centers are connected by a bridge with meta topology is negligibly small compared
to the amount of transfer occurring in the isomer where the bridge has para topology
[314, 315].

In Fig. 7.5f we illustrate the unit cell that we have designed to carry out DFT cal-
culations of a meta-connected NPG1. The structure is the same as the para-connected
NPG, just with one additional aromatic ring in the bridges. We �nd that the electronic
bandstructure is still dominated by longitudinal Bloch states in the same energy range
found for the para-connected NPG (see Fig. 7.5g). More importantly, we �nd that dis-
persion along X − Γ, as well as momentum di�erence ∆k between the two longitudinal

1The settings of these DFT calculations are the same as those used so far for studying the original
NPG system.
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Figure 7.5 | Comparison between (a-d) para and (e-h) meta-connected NPGs,
showing enhanced electron 1D localization in the latter case. (a,e) Example of para
and meta intramolecular connections in two isomeric polychlorotriphenylmethyl di-
radicals. Adapted from [314]. (b,f) Periodic unit cells for the original para-connected
NPG and the proposed meta-connected NPG. (c,g) Bandstructure of the two NPGs,
obtained directly with DFT and with a TB model parameterized from DFT. (d,h)
Bond currents injected at E − EF = 0.6 eV into the two parameterized TB models
for the NPGs by an on-site iΓ term located at the position indicated by the red dot.
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states, are signi�cantly reduced for the meta-connected NPG.
Conclusions can thus be immediately drawn by looking at the bond currents in the

meta-connected NPG, obtained by using iΓ injection into a pz TB model parameterized
from DFT (see Fig. 7.5h). As expected currents are now completely localized within the
probed GNR up to 120 nm from the injection point. The maximum distance covered
by currents before spreading changes slightly with energy within the longitudinal range,
proportionally to the small variation in ∆k. Nevertheless currents is never observed to
spread beyond the �rst neighbor GNR within the considered device length, i.e. 120 nm,
which is twice as long as the largest clean NPG domain experimentally synthesized so
far [85]. Overall, these calculations suggest that con�nement would therefore be good
enough for applications involving NPG domains within the 100 nm scale.

Combined strategy

When comparing the two strategies discussed above one could conclude that, in terms
of practical feasibility, chemical engineering sounds the more promising route to achieve
1D con�nement in NPGs. One great advantage of this strategy compared to bandgap
engineering is that it preserves the periodic nature of the porous mesh. This means that
every channel can be addressed individually, which is very promising for applications.
This is not possible by bandgap engineering the para-connected NPG, as in this case
total con�nement can be achieved only when a single wider GNR is embedded into two
regions with higher pore density (see Fig. 7.6). On the other hand bandgap engineering
has the advantage of achieving a higher degree of localization over a wider range of energies
compared to themeta-connected NPG, at least the one considered in the previous section.

Here we show how the two strategies discussed above may be combined together to
get rid of the relative disadvantages. The platform we propose is shown in Fig. 7.7b-c. It
simply consists of a meta-connected NPG structure where every second GNR is slightly
wider than the others. Both the DFT bands and the TB+iΓ bond currents show that in
this case bands dispersion along X − Γ is completely suppressed, even at high energies
where the homogeneous meta-connected NPG bands were slightly dispersing. The e�ects
of this on the electrons propagation for example particularly evident when looking bond
currents at E−EF = 0.8 eV, where the small spread observed in the homogeneous meta-
connected NPG is lifted o� in the new structures.

7.5 Summary

Using simple but reliable TB models we have analyzed a variety of NPG-like systems. Our
calculations assess the robustness of the Talbot e�ect with respect to pores orientations
and size. We have also explored the possibility of realizing ultra-narrow parallel electron
waveguides platforms using inhomogeneous NPG structures, via bandgap engineering, in
analogy to 2D photonic crystal waveguides, or via chemical engineering of the bridges
topology. From a computational perspective we have found that a constant on-site iΓ
type of injection into the TB model, although unable to capture the electronic structure
of the metal tip, yields currents in good qualitative agreement with those injected by a
DFT-precision injection.

A DFT study of the NPGs with di�erent porous orientation, size or homogeneity
could maybe reveal unexpected insights.
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Figure 7.6 | Comparison between bands and bond currents for three di�erent
para-connected NPGs, namely one (a-c) where all GNRs have the same width and
two (d-i) where they have been engineered by periodically varying their width. The
top schematics is the same as in Fig. 7.5a. (a,d,g) Periodic unit cells used for the
DFT calculations of the three systems. In (d) and (g) a red box indicates the
atoms which have been added to the cell (a) to make every second GNR slightly
wider. (b,e,h) Bandstructures calculated directly with DFT and with a TB model
parameterized from DFT. The green dashed line indicates the energy at which bond
currents are plotted, i.e. E−EF = 0.8 eV. (c,f,i) Bond currents injected into the three
parameterized TB models by an on-site iΓ term located at the position indicated
by the red dot. These con�rm that bandgap engineering cannot be used to create

periodic waveguide arrays with short inter-channel distance.
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Figure 7.7 | The same analysis of Fig. 7.6 performed for meta-connected NPGs
rather than para-connected ones. It shows that combining chemical engineering with

bandgap engineering further improves 1D electron con�nement.



CHAPTER8
Conclusions & Outlook

8.1 Conclusions

In this thesis we have explored the potential of pristine and nanostructured graphene for
development of next-generation nanoelectronic devices, by carrying out atomistic trans-
port simulations. For every considered device we have been able to identify the most crit-
ical details and choose the state-of-the-art computational approach which is best suited
to model them within e�ciency and accuracy.

Using large-scale TB+NEGF models we have examined the possibility of employing
graphene's light-like charge carriers in a 2D Dirac Fermion microscope. In this frame-
work ballistic electrons (or holes) are emitted, collimated, steered and focused within a
fully-�edged graphene �vacuum chamber�. We have shown that the main features of bal-
listic currents scattering o� structures which are large compared to the Fermi wavelength
can be captured by semi-classical simulations. Nevertheless our TB+NEGF calculations
show that phase coherence leads to current patterns with richer emission and re�ection
structures, which describe the correct physics in a phase coherent experiment. We have
explained how to include a magnetic �eld and various p-n junctions into a TB+NEGF
calculations using TBtrans and sisl. The huge impact of boundary conditions on the
simulated current �ow has also been pointed out. Setting up local CAP regions has been
proposed as an e�ective way to suppress unwanted interference due to the �nite cell geom-
etry, and thus access realistic scenarios of ballistic devices. We have harnessed graphene's
high sensitivity to show that �details�, such as edges in micron-scale devices, can some-
times drastically matter. Their enormous relevance has been proven experimentally, and
con�rmed theoretically, in the context of a graphene-edge molecular switch. Speci�cally
we have shown that a twostate, switchable and stable alignment of polar molecules at the
edges of gated encapsulated graphene leads to ferroelectricity, and in turn to an inher-
ent memory capacity. Reading/writing information within this framework is achieved by
monitoring a large, ambipolar charge bistability in the device's electrical characteristics.
Using simple DFT calculations we have been able to predict the critical existence and
gate-voltage dependence of the two aforementioned molecular states. Supported by these
calculations, a phenomenological model has also been proposed, able to quantitatively
explain the behavior observed in the experiments.

Taking advantage of the good scalability of TB and the high accuracy of DFT, we
have presented a new multi-scale methods for parameter-free device simulations beyond
the 100 nm scale. This consists in seamlessly integrating a perturbed region described
by DFT into an unperturbed large-scale region described by DFT-parameterized TB.
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We have introduced in detail the theory behind such approach, using basic concepts in
the Green's function framework and providing numerous didactic examples. After point-
ing out the main di�culties connected with its implementation, we have shown how to
overcome them by combining the capabilities of TranSiesta, TBtrans and sisl. Re-
markably, the method can be used to embed a number of DFT-precision regions into a
single TB model. We have demonstrated the versatility and e�ciency of the method by
studying realistic current injection by STM probes into pristine and defected graphene
devices. Applications of the (DFT+TB)+NEGF methodology are not limited to basic
graphene systems. We have indeed demonstrated that it can be applied to simulate
electron transport within a recently synthesized NPG structure, which is an inherently
semiconducting and nanostructured system. We have predicted that electrons propagat-
ing in this porous mesh exhibit the interference Talbot e�ect, analogous to light traveling
in coupled waveguides. Interestingly, this suggest that an optical analogy between elec-
trons and photons, similar to that characterizing pristine graphene, also exists for such
nanostructured carbon-based system, where carriers do not behave as relativistic Dirac
fermions. Thanks to the local DFT accuracy embedded in our multi-scale simulations, we
could prove that modi�cations of the NPG atomic structure and electron density due to
the tip-NPG chemical contact do not suppress the manifestation of the Talbot e�ect. At
the same time, building large TB models allowed us to visualize the behavior of currents
over large areas (comparable to that of synthesized samples) and conclude that the in-
terference pattern is entirely determined by the coupling strength between the quasi-1D
channels (GNRs) making up the NPG. On this basis, we have adopted simple TB+NEGF
models to further assess the robustness of the Talbot e�ect in a variety of NPG struc-
tures, with e.g. di�erent pores orientations and sizes, or other GNRs morphologies. This
exploration culminated in the proposal of di�erent strategies for suppressing currents
dispersion in the NPG and achieving complete 1D con�nement. These include bandgap
engineering, in analogy to 2D photonic crystal waveguides, or chemical engineering of the
inter-GNRs bridges topology.

8.2 Outlook

All of the topics presented in this thesis are all proofs of principle. Hence, by de�nition
there is plenty of room for improvements. Here we list some interesting perspectives for
each of the covered topics.

The idea of manipulating relativistic charge carriers, as in the Dirac fermion micro-
scope of Chapter 3, is very general and can be adopted to study a wide variety of phys-
ical targets in graphene, including grain boundaries, edges, defects, adsorbed molecules,
nanoparticles, quantum dots, plasmonic superstructures, spin-polarized nanostructures
etc. Edges, in particular, have proven to be critical in the operation of micron-scale
graphene-based devices (e.g. the molecular switch of Chapter 4). Therefore it could be
interesting to probe these using ballistic electron beams. Applications of the multi-scale
(DFT+TB)+NEGF approach of Chapter 5 in this ballistic transport context are count-
less. One could think, for example, of locally embedding DFT models to account for edge
reconstruction or chemical/physical interactions with the external environment in the cal-
culations. Multiple DFT-precision regions could be included in the large TB template to
simulate defects or adsorbates in large portions of devices. Another interesting possibility
is to use local DFT-precision to include more realistic p-n junctions and metal contacts
in the calculations to investigate in greater detail electron-optics phenomena.

The graphene-edge ferroelectric switch presented in Chapter 4 represents one clear
example of how control of collective, long-range dipolar interactions between molecules
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con�ned to surfaces of reduced dimensionality can integrate advanced electronic capabil-
ities into emerging technologies [316�320], such as in this case a memory capacity. In the
short term it would be interesting to explore more options to functionalize the edges of
graphene to make the e�ect more robust and controllable. One possibility could be to
chemically bind molecules with very large dipole moment. Another interesting perspec-
tive is to carry out additional experiments and DFT calculations in order to examine the
potential of this architecture for sensing applications. From a more general point of view
the presented results suggest interesting opportunities for studying correlated molecular
systems [317�320] or neuromorphic hardware architectures [26, 244].

Turning to NPG, the simulations in Chapter 6 have shown that the Talbot e�ect,
and by extension the 1D electron con�nement discussed in Chapter 7, might be detected
using a multi-probe STM setup. This being said, we do not exclude that evidence of these
optics-like phenomena may also be obtained by devising other types of experiments. In
anticipation of such an experimental observation, further computational investigations
could potentially shed light on the impact of defects, substrate or pore functionalization
on the current �ow. More accurate models for point-like charge injection into DFT, and
hence into multi-scale DFT+TB models, could be explored. A more thorough study
of the stability (or instability) of the special NPG structures proposed in Chapter 7,
as well as predictions of possible chemical reactions leading to their synthesis, might
help the experimental community to fabricate them. In general what we presented in
Chapter 6 and Chapter 7 represents only one possible example of optical analogy applied
to charge transport in NPG. Other light-like phenomena might be discovered in the future.
We also speculate that optical analogies may emerge in other (e.g. top-down fabricated)
2D nanomeshes [92], other anisotropic 2D materials, e.g. black phosphorus [321�323]
or borophene [324, 325], anisotropic surface states [326] or array-like superstructures
patterned by adsorbed nanostructures, molecules or metals [217]. On a longer term
it might also be of interest to simulate electron injection at much higher energy (e.g.
E−EF > 2 eV), where SAMO-mediated electron transport (i.e. transport via nearly-free
electron orbitals) might take place [294]. In this case more accurate basis sets would
need to be used, such as that reported in Ref. [85] or the simple basis proposed in Paper
VI. Besides this, we think that the Talbot e�ect in elastic, phase-coherent transport
may be used to gain insights into the phase-breaking length in these structures due to
various scattering mechanisms such as electron-phonon coupling. Since topologically non-
trivial states were found at the edges of chiral GNRs [89, 90], further studies might also
potentially reveal whether topological signatures could emerge in NPG.

From a technical point of view many points may be worth improving, optimizing or
generalizing, especially with regard to the multi-scale method discussed in Chapter 5,
which can be considered the main computational contribution made in this thesis. We
have shown that it is possible to obtain a reliable TB model by directly projecting a
DFT Hamiltonian onto a subset of orbitals. However in the current implementation,
when N > 1 orbitals in a given basis set are all relevant for transport, a N -orbital TB
model needs to be constructed in order to capture the correct physics, with consequent
increase of the computational cost needed to simulate large systems. For example a DZP
basis set for C atoms in graphene, where two orbitals with pz character exist and equally
contribute to the bandstructure, at least a 2-orbital TB model should be considered. A
more e�cient solution could be to reduce the DFT basis set to an e�ective 1-orbital
TB model, where contributions by N − 1 orbitals are included as a global perturbative
term to a single reference orbital. E.g. in the case of a C DZP basis one could pivot
on one of the two pz orbitals and account for the contribution of the other one as a
perturbative term to the Hamiltonian, set up using e.g. the δH functionality of TBtrans
(discussed in Chapter 2). Other improvements include providing the code with a more
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automated work�ow to determine the TB parameterization, or choosing the location of
the embedded DFT models based on realistic experimental inputs, e.g. measurements of
real-space morphologies or defects distributions. Similar to hybrid QM/MM techniques,
combining the advantages of DFT and TB methodologies using this scheme could provide
an adequate framework for the study of generic interfaces. It is also worth to mention
that the concepts behind this multi-scale method can be readily generalized to investigate
phonon transport. For this purpose the open-source PHtrans tool [152] can be used
analogously to TBtrans for electron transport.

Lastly, we note that in this thesis we have often considered atomic-scale contacts
between sharp metal electrodes (e.g. STM tips) and graphene or NPG. These represent
a major topic of interest for many future applications, as devices are reaching more
and more rapidly the atom scale. Accurate simulations of electron injection and far-�eld
propagation in presence of e.g. spin-polarized nanostructures might provide useful insights
in view of using graphene and related 2D materials for beyond CMOS nanoelectronics.
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The electron microscope has been a powerful, highly versatile workhorse in the fields of

material and surface science, micro and nanotechnology, biology and geology, for nearly 80

years. The advent of two-dimensional materials opens new possibilities for realizing an

analogy to electron microscopy in the solid state. Here we provide a perspective view on how

a two-dimensional (2D) Dirac fermion-based microscope can be realistically implemented

and operated, using graphene as a vacuum chamber for ballistic electrons. We use semi-

classical simulations to propose concrete architectures and design rules of 2D electron guns,

deflectors, tunable lenses and various detectors. The simulations show how simple objects

can be imaged with well-controlled and collimated in-plane beams consisting of relativistic

charge carriers. Finally, we discuss the potential of such microscopes for investigating edges,

terminations and defects, as well as interfaces, including external nanoscale structures such

as adsorbed molecules, nanoparticles or quantum dots.
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G
raphene has proven to be an ideal host for spectacular
mesoscopic effects, in particular after the introduction of
hexagonal boron-nitride encapsulation1–3 and efficient

cleaning methods4–7, which reduces scattering rates towards the
theoretical limits as mainly defined by electron–phonon2,5,8,9 and
electron–electron10,11 interactions. At low temperatures,
encapsulated graphene with mean free paths of up to 28 mm
has been reported12, whereas the phase coherence length of
several micrometres can be reached13,14.

Efforts have mainly been devoted to explore the Dirac fermion
counterpart of conventional mesoscopic phenomena, occurring
in finite effective mass electronic systems at cryogenic tempera-
tures: integer9,15 and fractional16 quantum Hall effect, weak
localization17,18, Fabry–Perot oscillations13, commensurability
oscillations19–21, universal conductance fluctuations22,23,
Aharonov–Bohm oscillations24,25, magnetic focusing13,26,27 and
quantized conductance28,29. Here, several factors set graphene
apart from conventional two-dimensional (2D) systems. First, the
linear gapless dispersion of graphene30 gives rise to qualitatively
different behaviours, such as Klein tunnelling31,32 through
potential barriers and Berry phase9,15 in magnetic fields. Klein
tunnelling allows Dirac fermions to penetrate high and wide
barriers with zero reflection, which makes scattering at energy
barriers resemble the transmission of light across an interface
with an effective refractive index that can be tuned to negative
values. Simply put, a single p–n junction constitutes an electron
lens capable of focusing a beam of electrons, which was
predicted for Dirac fermions by Veselago33, shown to apply
to graphene by Katsnelson et al.31 and Cheianov et al.32, and
observed experimentally by numerous groups6,13,27,34,35. Second,
in contrast to a 2D electron gas at the buried interface of GaAs
and GaAlAs semiconductor crystals, graphene can be considered
an open 2D electron gas, exhibiting highly tunable properties that
strongly depend on its environment, as observed in Moiré
superlattices20 for graphene on hexagonal boron nitride
and trigonal warping of the energy bands in bilayer graphene36.
Third, momentum relaxation mean free paths may reach
up to micrometre scale at room temperature2,3,12,14,37, hinting
that ballistic transport could lead to new opportunities for
electronics38,39 and optoelectronics40,41. It was recently shown
that the electron–electron scattering length, ‘ee, at elevated
(room) temperature can be significantly smaller than the elastic
mean free path, ‘mfp, as well as typical device dimensions, W, for
ultraclean samples. It has been pointed out that high-temperature
transport resembles viscous flow and may be understood in terms
of hydrodynamics, see for example, refs 10,42. Some microscopic
manifestations of ballistic transport such as magnetic focusing26

and negative differential resistance43, however, have been shown
to survive at room temperatures. In the following, we exclusively
focus on cryogenic temperatures, where both electron–electron
and electron–phonon scattering processes are strongly
suppressed, and where an upper limit for the mean free
path is yet to be determined. With the steadily improving
graphene device quality and the numerous confirmations that
graphene is capable of supporting transport in the mesoscopic
regime ð‘mfp4L � lF; lfÞ2,6,12,19,26,34,35,44,45, we find that
complex instruments that utilize relativistic charge carriers for
practical purposes has become realistic.

An ordinary scanning electron microscope (SEM) is an
extreme, yet familiar application of ballistic electron transport,
which since its early incarnations more than 50 years ago has
been a cornerstone of micro- and nanotechnology, surface and
material science, as well as many other branches within natural
sciences. The electron microscope is based on four functions:
emission, focusing, deflection and detection of a focused beam of
ballistic electrons in a vacuum chamber, with the aim of analysing

the shape, structure and chemistry of crystals, surfaces and small
objects. The operation and individual components of an electron
microscope in fact possess a striking number of similarities
with state-of-the-art Dirac electron optics devices6,19,26,34,46

and we note that the essential components and functions
needed to realize such an instrument have been demonstrated
experimentally. In particular, two essential electron optics
components were very recently proposed: the absorptive
pinhole collimator by Barnard et al.47 and the parabolic lens by
Liu et al.48.

We examine here such an apparatus: a 2D electron microscope,
based on the combination of elementary electron-optics
components in a graphene device, which we in the following
refer to as a Dirac fermion microscope (DFM). In this
hypothetical intstrument, Dirac quasiparticles move in straight
trajectories within 2D graphene rather than within a three-
dimensional vacuum chamber. Electron beams may be focused
onto intrinsic features such as grain boundaries, edges and
defects, interfaces, contacts and edge terminations, and extrinsic
nanoscale structures such as adsorbed molecules, nanoparticles,
quantum dots and plasmonic superstructures to study their
properties through their interaction with the electron system.
Semiclassical ballistic calculations are effective in describing the
overall magnetotransport characteristics in the mesoscopic limit49

and are used to compare concrete architectures and designs suited
for different types of target objects and applications.

Results
Anatomy of the DFM. It is instructive to revisit the conventional
SEM and its components (see Fig. 1a). In an electron gun,
electrons are extracted from a metal by thermal or field emission,
and collimated and accelerated by electrical fields and apertures.
The electron beam is then focused into a small spot on the target
surface by tunable electrostatic or magnetic lenses, which can be
scanned across the surface by another set of magnetic or
electrostatic deflectors. A detector located nearby captures
either backscattered or secondary electrons returning from the
irradiated surface, allowing an image to be generated.

In the following we consider how these four tasks may be
carried out with a graphene device, using an arrangement such as
illustrated in Fig. 1b. The 2D vacuum chamber is provided by
graphene itself; at sufficiently low temperatures, the mean free
path can be at least several tens of micrometres2,12. As the
lithographic resolution offered by high-end electron beam
lithography can be of order 0.01 mm, there are nearly four
orders of magnitude difference between the dimensions of the
components and the characteristic transport lengths, such as the
Fermi wavelength, which is lFE2p1/2n� 1/2E35 nm at a carrier
density of n¼ 1012 cm� 2, typical numbers for ballistic graphene
devices. The 2D analogy of an electron gun can be realized by
combining the functionality of basic components such as ballistic
point contacts, apertures47, Veselago lenses32,34 and superlattice
collimators50,51. Focusing of Dirac fermions can be carried by
p–n junctions, where the carrier density can be controlled by
electrostatic gates independently in the p- and n-doped regions.
For the deflection of the beam, a perpendicular magnetic field
provides a highly predictable means of controlling electron
motion, as demonstrated in magnetic focusing13,26,35,44,47,52 and
snake states6,45. Detection can be done by large catch-all
electrodes or by arrays of smaller electrodes to provide position
or angular-resolved measurements34. Figure 1c shows a trajectory
density plot (arbitrary scale) in the proposed DFM calculated
by a semiclassical Monte Carlo simulator (see Methods). The
trajectory density corresponds roughly to the current density, as
the Dirac fermions have a constant velocity. The electron gun is
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here a point injection contact and a grounded aperture47, and the
lens is a symmetric, linear p–n junction.

Graphene as a 2D vacuum chamber. The vacuum chamber must
provide an unobscured path for the electron beam, with a low
presence of scatterers and with sidewalls of the microscope
removed out of the beam path. Most graphene electron optics
devices published in literature, such as Hall bar or van der Pauw
geometries, have sidewalls within a distance of lmfp from the
current pathways. In the ballistic limit, reflecting walls may add a
non-trivial background to the conductance signal of interest,
which may become more complex in coherent conditions (see, for
example, ref. 53, Fig. 4), analogous to reverberation and standing
acoustic waves in a poorly dampened room. This may lead to a
conductance background in the vein of weak localization,
conductance fluctuations, Fabry–Perot oscillations and
Aharonov–Bohm oscillations. If the confining potential has
strong geometric symmetries, the conductance fluctuations can
exhibit pronounced regular features. We suggest that a graphene
vacuum chamber should be designed either with semi-infinite
sidewalls, that is, L � ‘mfp; ‘f such that the electron momentum
and phase are fully randomized before the carriers return, or by
diffusive walls, that is, with non-specular reflection to suppress
unwanted ballistic and coherent reflections. Recently, electrically

grounded electrodes were shown to act as walls that remove
carriers from the vacuum chamber and prevent them from
returning to the main path of the beam47.

Sidewalls are themselves relevant as objects of study with a
DFM, given their importance for ballistic transport and devices
depending thereof. Magnetic focusing of Dirac fermions has
already been used to characterize the edge roughness and
scattering properties of lithographically defined graphene
edges46,47. An intriguing possibility is to probe pristine
microcleaved edges; these offer near-zero structural disorder
with either armchair or zig-zag structure that have been predicted
to exhibit distinctly different scattering properties54.

Electron guns. The electron gun is the component, or collection
of components, which together generate a collimated, intense
beam of electrons. In graphene devices, electrons are directly
injected by metal–graphene contacts6,12,35,52, or by ballistic
graphene contacts where the metal–graphene contact region is
located outside the main device area34,46. Although both these
contact types are suitable, they result in point-like injection, as the
task of focusing an electron beam to achieve a narrow diameter at
the target area is greatly simplified if the electrons are injected
from a point-like source, in analogy with light and electron optics.
In analogy with classical wave mechanics, a point contact will
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Figure 1 | Conventional SEM versus DFM. (a) Illustration of a SEM with the electrons travelling in straight lines inside a vacuum column, from the emitter,

through an aperture and a set of lenses that focus the electrons into a sharp beam at the surface. A deflection lens directs the electrons to a specific spot on

the surface, from which they scatter back and are measured by a detector. (b) The 2D equivalent is a graphene device, where a narrow metal contact or an

opening plays the role of the electron emitter, while a p–n junction provides guiding/lensing of the electron trajectories. A back electrode (2) collects

electrons that are not intercepted by a target. Backscattered electrons are picked up by side electrodes (3 and 4), allowing an image to be formed by

measuring the transmission current. (c) Trajectory or current density from ballistic Monte Carlo simulation of a DFM, where carriers are injected from a

point-like emitter contact (1), collimated by an aperture and focused by a symmetric p–n junction electron lens. Part of the beam is reflected from the p–n

junction as indicated. The electron beam is seen to backscatter from one of the three targets, giving rise to a current flowing between electrodes 1 and 3,

instead of 1 and 2.
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have a wide distribution of injection angles47, with the special
case of a rectangular, ballistic contact having a cos y
distribution55. Although size effects such as conductance
quantization28,29, Fabry–Perot-like interferences and sidewall
roughness in the electron emitter may alter the angular
distributions, we consider here the mesoscopic limit, where
coherence and diffraction effects do not mask the overall
behaviour56. For electron optics as for any type of optics,
apertures provide straightforward means of reducing the angular
spread of the beam, which was recently demonstrated
experimentally by Barnard et al.47. The authors showed that a
metal contact aperture connected to electrical ground can be used
to obtain a significant reduction of the beam divergence in a
graphene device, while at the same time removing stray electrons
from the device.

Electron lenses and focusing. Klein tunnelling has been
extensively described in literature, for example, refs 31–33, as well
as comprehensively reviewed by Allain and Fuchs57. Here we
outline just a few particularly relevant features. Klein tunnelling is
the suppression of backscattering due to pseudospin conservation
for an electron impinging on a potential step or barrier so that it
will be transmitted with unity probability as illustrated in Fig. 2a.
Although the transmission is unity for incident angle yi¼ 0,
the angular transmission function depends on the width w of
the potential step compared with the electron wavelength,
translating into an effective smoothness a¼ kFw of the step. For
a hard, symmetric potential step, ki¼ kr and ao1, the angular
distribution57 is given by T(yi)¼ cos2yi. For a carrier density
of n¼ 1012 cm� 2, which we use throughout the simulations,
the Fermi wavelength is lFE35 nm, whereas the effective

smoothness a is unity for a width of w¼ 5.6 nm. Analytical
expressions for the optical properties of potential steps and
barriers in the sharp and soft limits are known for a number of
situations57, and we use here Cayssols39,57 interpolation formula
that connects the two regimes, see Fig. 2b. As illustrated in Fig. 2c,
the incident and refracted angles, yi and yr, follow the Snell–
Descartes law:

ki sin yi ¼ � kr sin yr ð1Þ

where ki and kr are the Fermi wavenumbers corresponding to the
carrier densities in the two regions, ni and nr, and the
effective negative refractive index is given by � (ni/nr)1/2. The
transmission probability is unity for perpendicular incident angle,
sin yi¼ 0, and the case of reflection gives yr¼p� yi, as illustrated
in Fig. 2c. Although p–n junctions constitute electron lenses
capable of focusing a beam of electrons in graphene, steep and
smooth p–n junctions behave very differently and should serve
different purposes in the 2D electron microscope (see Fig. 1a).
The steep p–n junction provides high transmissivity with a broad
angular acceptance window and is well suited for electron lensing,
where reflection is best kept at a minimum. A smooth p–n
junction has a strong tendency to filter oblique angles, which can
be used to collimate beams51 as well as for electron guides and
mirrors52.

Such a p–n junction can be formed by electrostatic gating, such
as the split bottom gates6,58 or top gates34, or by chemical gating,
where metal islands deposited directly on top of the graphene
provide the charge transfer necessary to induce potential steps or
barriers59. For electrostatic gates, the width of the p–n junction
can be controlled by the thickness of the dielectric spacer between
the graphene and the gate34, which suggests that an architecture
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Figure 2 | Electron gun and optics. (a) Illustration of two Dirac cones offset by a potential step of height V0. The width of the potential step is w. Carriers

moving from the left (n-type) to the right (p-type) perpendicular to the step, but cannot be backscattered due to conservation of pseudospin. (b) The

transmission through a potential step depends strongly on a¼ kFw, with large w exhibiting a larger chance of reflection at oblique angles. The analytical

angular distributions57 from sharp to soft (w¼40 nm at n¼ 1012 cm� 2) p–n junctions, with intermediate curves calculated by Cayssols interpolation

curve77 for a¼0.44–244 are shown. (c) Electrons impinging on a p–n junction at an angle yi with respect to the normal, are transmitted/refracted

according to Snell–Descartes law, or specularly reflected. (d) An aperture limiting the angular distribution. (e) A p–n junction lens with a parabolic shape

and the point contact positioned in the focus, will co-align the transmitted trajectories. (f) A combination of an aperture and a parabolic lens produces an

electron beam with a long focal length.
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that supports both reflective/filtering and transmission/lensing
components could be realized with two top and bottom dielectric
layers of different thickness.

Until now, little has been done to explore the possibilities and
properties of curved p–n junctions for electron optics, perhaps
due to the fact that the linear p-n junction itself is perfectly
capable of focusing a Dirac electron beam33. In the language of
optics, the linear Veselago lens suffers from significant aberration
for non-zero magnetic fields, which makes it a less suitable
starting point for a scanning beam microscope based on magnetic
deflection. Inspired by parabolic mirrors that convert divergent
rays from a source placed at the focus point into parallel rays, we
employ the same principle to collimate and manipulate the
electron beam as illustrated in Fig. 2e. A symmetric, parabolic
p–n junction with the point contact placed in the focal point
constitutes a parabolic electron gun with perfect collimation of
transmitted electrons yr¼ 0 for all yi according to equation (1) as
well as reflection of trajectories with yr¼ �p. The parabolic p–n
junction greatly reduces the angular spread and increases the
focal depth of the electron beam, ultimately offering a possibility
of maintaining a parallel, focused beam across large scanning
fields with much reduced aberration. Recent work by Richter and
colleagues48 solves the real-space Greens function in a tight-
binding framework to analyse the detailed properties of the
parabolic p–n junction. They predict that a parabolic p–n
junction is capable of co-aligning a beam of Dirac fermions, and
that such a beam can be deflected by a weak magnetic field
without losing the collimation.

Deflection. A perpendicular magnetic field provides a means of
deflecting the path of ballistic electrons in a way that is
predictable and easy to control, as demonstrated for magnetic
focusing in large number of experiments in both III–V and
graphene mesoscopic systems44,46,47,49,52,54. The cyclotron radius
is given by Rc¼ :kFe� 1B� 1. It follows from kF¼ (pn)1/2 that the
cyclotron radius scales with n1/2, whereas the cyclotron motion
changes direction by reversal of either B or carrier polarity, that
is, from n- to p-doped regions. In magnetic focusing, wide
distributions of injected electrons lead to trajectories with
pronounced caustics, which result in an oscillatory conductance
with maxima at the point where the caustics intersect with
the extraction point contact. In analogy with conventional optics,
the width and shape of the caustic beam should indeed depend on
the sidewalls and could therefore be used to extract information
of the sidewall roughness47 and electrostatic potential near
edges46. As only certain discrete reflection points are being
probed at each geometrically resonant magnetic field, imaging of
the edge as such cannot be carried out, unless an array
of contacts34 is used to provide spatial or angular resolution.
Although magnetic focusing is normally carried out at
intermediate magnetic fields, RcrL, where L represents the
characteristic dimensions of the sample, we consider in this work
exclusively the low magnetic field limit, that is, RccL, where only
slight bending of the electron beam is used to scan the focused
beam spot across a feature; this situation closely mimics the image
formation in a SEM. An example of how this could be done is
shown in Supplementary Fig. 2.

Detectors and image formation. The simplest detector consists
of a point contact. Imaging requires the extraction of the spatial
distribution of some characteristic property, following an
interaction between the sample and the probe, which in this case
is a beam of Dirac fermions. Although it is tempting to use an
array of electrodes to pick up spatial information, similar to
the charge coupled device sensor in a transmission electron

microscope, we consider a simpler scenario here that bear some
resemblance to the architecture of a SEM, see Fig. 1. We find that
two large catch-all contacts (left and right) are sufficient to
generate images that discern between sizes, shapes and
orientations of obstacles with sizes comparable to or above the
beam diameter. The back-plane is an absorptive electrode, which
can be used to catch the carriers similar to a Faraday cup,
allowing the beam current to be measured as in a conventional
SEM. The images are constructed from the transmission between
source and detector/drain electrodes as a function of magnetic
field, which is the number of electrons arriving at the detector
electrode, divided by the number of electrons emitted by the
source. The transmission includes the ballistic contact resistance
of the electron gun, which depends greatly on the exact gun
configuration. However, as in a conventional microscope, only
the relative intensity variations matter; hence, contrast and
brightness adjustments are needed to achieve a useful image.
Transmission values and trajectory (current) densities are
therefore arbitrary scale.

Scanning DFM microscopy with single emitter. We have
performed extensive Monte Carlo trajectory simulations to
compare different microscope configurations and have analysed
the behaviour of the microscope components and simulated
the image formation in scanning DFM (see Methods for details).
The lens components we combine, to obtain control of the shape,
angle, divergence and position of the beam, are the grounded
aperture (absorptive pinhole collimator)47, the parabolic p–n
junction for co-aligning the electron trajectories and the linear
Veselago lens32 for refocusing a divergent beam. The beam profile
and angular distributions, as well as linearity of beam position
with respect to magnetic field are shown in Supplementary Fig. 1.

In Fig. 3, we compare simulated images of the three microscope
configurations. The target consists of three antidots; two circular
shapes of different diameter and a triangular shape. Figure 3a–c
show the overlaid trajectory density as well as the transmission
between source 1 and either drain 2 (the backplane electrode) or
drains 3 or 4 (detector electrodes), with two magnetic fields for
each microscope configuration. Owing to the constant carrier
velocity, nFE106 m s� 1, the trajectory density is directly
proportional to the semiclassical (non-coherent) current density.
Figure 3d,e show the transmission T12, T13 and T14 as a function
of the magnetic B-field, between injection electrode 1 and the
three drain electrodes 2, 3 and 4, respectively. As the magnetic
field sweeps the electron beam across the target, shape-specific
features appear in the magneto-transmissions T13 and T14, which
in the following will be referred to as transmission images. The
spherical scatterers generate two peaks of equal height and shape,
spaced roughly by the projected width of the circular potential.
The triangle gives rise to a narrow peak from the leftmost
corner and a broader peak or plateau corresponding to the flat,
right-hand side. Although these features are recognizable in all
three configurations, they are more sharply defined for Fig. 3b
compared with Fig. 3a, which is distorted by the broader
angular distribution of incoming electrons, and Fig. 3c, which is
characterized by a long focal length, but also a wider beam
diameter. The relative transmission for Fig. 3b and to a lesser
extent Fig. 3c is decreasing with magnetic field, as large field
magnitudes cause the electron trajectories to intersect the p–n
junction at higher angles, thereby reducing the transmission
probability. The Supplementary Note 4 shows the imaging
process for two different aperture sizes, with only minor
difference in image quality.

In general terms, a symmetric Veselago lens creates a mirror
image of the point-like source, which is distorted by varying the
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carrier density on one side32, or by a finite magnetic field. Owing
to the pronounced caustics resulting from Dirac fermions passing
a linear Veselago lens, it is still possible to generate an image with
a high spatial resolution. Moreover, the caustic beam spot
position is nearly perfectly linear in magnetic field, see
Supplementary Fig. 1. This situation can be augmented by
introducing other lens components. An aperture will limit the
angular spread by blocking most of the diverging beam, whereas a
parabolic lens reduces the angular spread by co-aligning the
beams. The combination can give a beam with exceedingly low
angular spread and therefore very long focal depth.

Another strategy to provide spatial image resolution is to use
arrays of collector electrodes. This approach could be useful for

imaging by magnetic focusing, where the reflection point can be
swept across an edge, whereas the collector array picks up the
backscattered electrons. An example of such a magnetic focusing-
based imaging of edge roughness using five electrodes is shown in
Supplementary Fig. 2 and Supplementary Movie 5.

Imaging of Veselago dots. A different type of scattering potential
is the closed p-n junction, which we here term a Veselago dot
(VD). Gutierrez et al.60 found that few-nanometre graphene p–n
junctions formed in continuous graphene on copper due to local
variations in surface interactions and surface potential showed the
signatures of distinct quantum states corresponding to periodic
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Figure 3 | Imaging with Dirac fermions. Current density maps of three DFM microscope configurations, (a) Veselago, (b) Pinhole/Veselago and

(c) Pinhole/Parabolic lens. In each case, the current density for two different magnetic fields are overlaid, indicated with black and red dots in panels below.

Colour scales ranging from 0% (zero current density) to 100% (high current density) are used to visualize zones with different carrier polarity p and n.

(d–f) The dashed black curves show the transmissions from electrode 1 to the back electrode 2, whereas red and blue curves represent carriers exiting at the

right (3) and left (4) electrodes, respectively, as also indicated in a. The magnetic field axis is intentionally reversed to correctly align the red and black dots in

f with the simulated electron beams in c. The transmission images from the three target objects are distinctly different, with the spherical objects leading to

relatively symmetric peaks and the triangular object giving rise to a sharp transmission peak from reflection at the left corner of the triangle, and a broader

peak or plateau corresponding to reflection from the flat, right-hand side of the triangle. Of the three selected configurations, the configuration a exhibits the

largest aberration and image distortions, configuration b the sharpest features due to highly focused beam, whereas c maintains a constant transmission

current across the image field. The three configurations are analysed with respect to beam profile, angular distribution and linearity with respect to the

magnetic field in Supplementary Note 1 and Supplementary Fig. 1. The imaging is showing during operation in Supplementary Movie 1.
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polygonal trajectories inside the potential. Caridad et al.59 formed
arrays of VD by depositing metal dots directly on graphene to
locally pin the electrostatic potential, leading to sharp, circular
p–n junctions by tuning of the back gate to the opposite polarity.
The VD-like behaviour was corroborated by measurement of
Mie-like scattering of the electron waves on tilted arrays of VD
with respect to the current direction. VD are lens-like potentials
that can reflect, trap and re-emit electrons depending on their
incident angle, width and height of energy barrier and serves a
double role as interesting objects of study, as well as potentially
useful and simple electron optics components with naturally hard
p–n junctions and no need for a gate dielectric.

Figure 4 shows simulated current density plots for three
different spherical potentials: p–n junctions with w¼ 2.5 nm and
w¼ 40 nm, as well as a fully reflective disc-shaped potential. At
certain magnetic fields, the focused beam leads to pronounced,

internal scattering patterns and narrow emission jets at the
reflection points, which can be thought of as classical counter-
parts of jets in optical cavities61. For glancing incident angles, the
w¼ 40 nm VD reflects all trajectories, whereas for the w¼ 2.5 nm
VD, high-order polynomial closed trajectories appear inside the
boundary. The caustic emission jets lead to local transmission
maxima (red dots) at the electrode opposing the main reflection
direction (blue dots). These distinct signatures of the scattering
profile depends strongly on the width w, shape and height of VD,
and can be used to analyse the properties of p–n junctions down
to very small widths59. Supplementary Movie 2 shows the
development of current density corresponding to Fig. 4.

Scanning DFM microscopy with multiple emitters. For a
coherent electron system, such as high-quality graphene at
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Figure 4 | Imaging of VDs. (a) Focused electron beam directed towards a circular p–n junction, a so-called VD, using the DFM configuration in Fig. 3c. The

transmission into the VD depends on the angle of the incoming beam with respect to the junction wall. At zero incidence angle (along the centre line), the

beam is nearly fully transmitted through the dot, before hitting the back electrode (2, black). (b) shows the current density for two different p–n junction

width, w¼ 2.5 nm (close to hard-wall limit) and w¼40 nm. Hexagonal boron nitride layers thickness is typically in the range 10–100 nm34,47. Colour scales

ranging from 0% (zero current density) to 100% (high current density) are used to visualize zones (p,n) with different carrier polarity. (c) The calculated

transmission coefficients, T12 (black curve), T13 (red curve) and T14 (blue curve), for the three drain electrodes as a function of magnetic field, plotted for

two VD with w¼40 nm and w¼ 2.5 nm, as well as a reflecting disc. The magnetic field values of 0, 2 mT and 8 mT are marked as black, red and blue dots.

At 2 mT, the current jet emitted towards electrode 3 for the w¼ 2.5 nm VD is shown as a large peak (red curve) in the transmission image. At w¼40 nm

the jet is much weaker.
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cryogenic temperatures22,62,63, classical periodic orbits are
directly related to bound quantum states and can be used to
predict the energy level spectrum64 and transport properties65,66.
For an open or semi-open quantum billiard62—a constant
confinement potential with hard or soft sidewalls—electrons are
injected via point contacts at the edge of the potential, which
makes stable periodic orbits classically inaccessible without
scattering66. The injection point contact itself will scatter any
polygonal orbit on the first roundtrip. For the VD, the situation is
entirely different; the semitransparent p–n junction will indeed
allow carriers to be injected directly into a periodic orbit, as
shown in Fig. 4.

In Fig. 5a, we introduce a microscope configuration that
mimics the nearly parallel electron beam of a conventional SEM,
allowing the beam to pass through the target area without
changing focus or angle. The aperture is placed at the focus of the
parabolic lens and the single emitter is replaced by an array of N
point emitters. The beam will be aligned parallel to the centre axis
by passage across the parabolic p–n junction and the slight
divergent beam can optionally be refocused using a symmetric
Veselago lens, as in Fig. 3a. The result is a narrow beam that can
be moved in coarse steps between N positions, corresponding to
the N emitter electrodes. The beam position can be further fine-
tuned by the magnetic field, leading to seamless coverage of the
image plane, as indicated with the dashed line. Full-range
scanning requires stitching of the regions defined by the selected
emitter electrodes by fine-tuning of the magnetic field. Together,
the emitter array, the aperture and the parabolic lens constitute a
composite electron optics electron gun with a low aberration,
near-parallel beam and a large scan range.

Figure 5b depicts the transmission image profile of circular and
triangular reflective targets similar to those imaged in Fig. 3, with
the T12, T13 and T14 curves shown both before (dashed lines) and
after (full lines) compensation for the unavoidable current
decrease at large offsets, where the collimated beam intersects
the parabolic lens at oblique angles.

The lower panel shows the position of the beam at the
electrode depending on emitter electrode and magnetic field
between ca. � 1 and 1 mT, with the white marker indicating the
sequence of emitter position (1–9) and B-field used to achieve a
continuous scan. This strategy is similar to the separate deflector
systems for coarse and fine alignment in an electron beam
lithography system, where small regions are stitched together into
large continuous regions, to avoid large beam deflections and
image distortions. After correction, the transmission image of the
circular potential is symmetric, whereas the image of the
triangular potential shows a pronounced flat part (red curve),
corresponding to the flat part of the triangle, facing right.

Figure 5c shows a wide-angle distribution of trajectories being
co-aligned by a parabolic lens and directed at a circular p–n
junction with w¼ 2.5 nm. A clear pattern of caustics is visible,
which agrees exactly with those predicted by differential geometry
(see Supplementary Note 2 and Supplementary Fig. 3). In
Fig. 5d,e, a focused beam is directed at the injection points for the
triangular and square polygonal closed orbits60, leading to strong
caustic resonances and collimated emission jets at the corners.

Figure 6 shows transmission images of 200 nm-wide VD
structures, with effective width of the p-n junction ranging from
w¼ 2.5 nm to w¼ 40 nm (see Fig. 2b). Figure 6a shows current
density for four selected magnetic fields, indicated with arrows on
the transmission image (Fig. 5b). Although the forward
transmission peak in the coefficient T12 (black curve) due to
Mie-like scattering59,67 is relatively insensitive to w, T13 (red
curve) and T14 (blue curve) show distinct features related to the
intensity of the caustic jets, with a clear dependence on w. This
shows that the spatial mapping can indeed provide detailed

information of the nanoscopic properties of the scattering
potentials.

In Supplementary Note 3 we discuss how a DFM may be
fabricated using van der Waals assembly37. In Supplementary
Fig. 5 we show that the transmission images are robust towards
increasing the aperture size, which can be advantageous to reduce
diffraction effects for low carrier densities, large Fermi wavelength
and narrow apertures47. Supplementary Movie 3 illustrates
current density variations during imaging of two different VDs
and a reflecting disc, and Supplementary Movie 4 shows imaging
and caustic jets of a large VD using multiple emitter Dirac
fermion microscopy.

Discussion
We have described a class of devices that through control and
scanning of a beam of relativistic carriers allows a form of in-plane
scanning microscopy in two dimensions, and show examples of
how imaging of different types of objects could be carried out and
how different beam profiles and behaviour can result from the
interplay of the electron optics components. Obviously, these can
be combined in far more ways than shown here.

There are several issues that should be addressed. First, the
question of whether the graphene can provide the disorder free
vacuum chamber at low temperatures. As of now, the highest
reported elastic mean free path in graphene is 28 mm12; however,
so far no fundamental upper limit has been reported. It appears
that the cleanliness of the interfaces, quality of the materials and
strain inhomogeneities are the limiting factors, as the intrinsic
electron–phonon scattering processes freeze out at cryogenic
temperatures. For III–V heterostructures, mean free paths in
excess of 100 mm have been reported68. The mean free paths in
cryogenic graphene could be even longer.

One potential problem with narrow beams that are guided
across long distances by small magnetic fields, is that the
sensitivity to weak disorder potentials and variations in the
carrier density could lead to signal noise and beam broadening
effects. Even with ballistic mean free paths extending beyond the
sample size, the beam may still follow irregular paths, as reported
in III–V heterostructure 2D electron gas by Jura et al.69. Second,
it is pertinent to consider whether the state of the art of device
fabrication can deliver the precision and reliability to make actual
electron optics instruments feasible. Although strain
inhomogeneities and interfacial contamination present some of
the more challenging issues for van der Waals heterostructure
assembly37, the field is developing rapidly. The key techniques for
high-quality van der Waals heterostructure assembly1,2,37,70, edge
contacts2 and patterned layers37,71 were introduced and
developed just a few years ago, and there is a significant effort
in developing methods for scaling up the processes that presently
rely on exfoliated materials. A suggestion for a possible
fabrication scheme based on published techniques can be found
in Supplementary Note 4.

Third, we consider the question regarding how quantum
coherence will influence the operation of the microscope, beyond
setting a limit for the image resolution in the tens of nanometre
through diffraction effects. Coherence will for instance influence
the angular distribution of electron beams passing through
narrow apertures47, leading to a broader beam according to the
Huygens principle34. This can, however, be countered by
increasing of the aperture size and the carrier density to reduce
the Fermi wavelength. Our semiclassical simulations indicate that
the image formation is robust towards increasing the aperture
size, as we show in Supplementary Fig. 6. As pointed out above,
our simulations represent the mesoscopic limit, where electron
currents are well approximated by classical trajectories/ray
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tracing35,56. Upscaling of the lateral dimensions as a route to
diminish diffraction and coherence effects will benefit directly
from continued development of sample quality2,12. One exception
is the scattering of Dirac fermion beams on small objects, where
quantum coherence effects may cause significant deviations from
the transmission signatures found from our semiclassical
trajectory simulations. In Supplementary Note 3 we show maps

of the atomistic bond current from atomistic tight-binding
calculations, for collimated Dirac fermion beams generated by
parabolic lenses and narrow apertures. Three cases are presented,
to illustrate the main concepts of this work: a caustic pattern
corresponding to Fig. 5c, a triangular closed orbit in a circular
p–n junction with jet currents corresponding to Fig. 5e and
scanning of a focused beam using the magnetic field across a
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for emission current variations of the nine emitters. The lower panel shows the switching between emitter electrode (9,8,7,y,1) and magnetic field (y axis)

needed to produce a continuous coaligned scan. (c) Parallel beam of electrons scattering on a circular p–n junction (w¼ 2.5 nm), producing the well-known

caustic pattern of trajectories in a circular potential (see Supplementary Note 2). (d,e) Injection of current directly into square and triangular closed orbits.

The carriers are transmitted out at the three corners, producing well-collimated jets. Colour scales ranging from 0% (zero current density) to 100% (high

current density) are used to visualize zones (p1, n1, p2, n2) with different carrier polarity in c–e. The inset in e shows the bond current results from an

atomistic transport calculation of a graphene VD with a similar ratio between diameter and lF as used in the semiclassical simulation, resulting in a current

density resembling the triangular closed orbit and a current jet emission pattern qualitatively in agreement with the semiclassical simulation. The quantum

transport calculations are detailed in Supplementary Note 3.

NATURE COMMUNICATIONS | DOI: 10.1038/ncomms15783 ARTICLE

NATURE COMMUNICATIONS | 8:15783 | DOI: 10.1038/ncomms15783 | www.nature.com/naturecommunications 9



small circular VD, as in Figs 4 and 6. As expected, the simulations
show that current density of structures which are large compared
to the Fermi wavelength, reasonably resembles the classical
calculations, but also that quantum coherence leads to bond
current patterns with a richer emission and reflection structure,
which may be utilized to extract more detailed information of
targets than possible with semiclassical calculations.

In that sense, we anticipate that quantum coherence is indeed
an opportunity for developing more advanced functionality of the
DFM. With phase-coherent beams, interferometric and even
holographic microscopy could give new insight in conductance
fluctuations and weak localization, as now individual or sets of
trajectories can be selected without the need for permanent wires,
instead of ensemble averaged.

Along the same lines, we envision utilizing spin and valley
degrees of freedom of graphene’s charge carriers. For example,
the long spin-life times in graphene72,73 may enable the use of
spin-polarized electron beams to study magnetic edge
terminations, magnetic molecules or local proximity-induced
spin–orbit interaction. For this, ferromagnetic contacts can
provide for spin-polarized injection and detection. A step
further one could also imagine to make use of point contact-
based spin and valley filters74 for increasing the functionality of
the DFM. An interesting target for a spin polarized DFM would
be strained nanobubbles75 that exhibit huge pseudomagnetic
fields and can act as spin filters and beam splitters76. Focused
beams could possibly also be used to investigate interactions
between layers in more complex, multilayered heterostructures71.
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Although the image resolution of a DFM can never rival those of
established electron or scanning probe microscopies, the DFM
could provide new insight in the details of microscopic scattering
processes67 and interactions with the environment, disorder,
adsorbed molecules, quantum dots, which are crucial for sensing,
electrons and optoelectronics applications.

In a broader perspective, the DFM embodies a wireless electron
transport measurement system, where carriers can be injected,
directed and focused onto objects of interest to perform a form of
transport measurements without edge scattering, inflexibility and
limitations of a permanent, hardwired physical wires.

Methods
Semiclassical and quantum calculations. The Monte Carlo simulations use a
variable time step Verlet numerical integration algorithm, with optional disorder
and possibility of mixing numerical potential energy maps with coordinate-based,
analytical geometrical boundaries to generate complex scattering landscapes. The
target objects in Figs 3 and 5b are modelled as nearly hard-walled potentials
obtained by convoluting a step potential with a Gaussian function of o10 nm. In
the simulation, the point contacts emit trajectories with uniform angular dis-
tribution (corresponding to a metallic contact), however, to optimize the calcula-
tion speed in certain configurations the distribution is artificially narrowed before
passage through an aperture, see, for example, Fig. 5d. This only affects the
computation time, as less time is spent on trajectories that will anyway hit the
absorptive walls of the aperture enclosure. The transmissions between the elec-
trodes are calculated by dividing the number of exiting trajectories with the
number of emitted trajectories; we do not take into account the variations in
ballistic contact resistance for the different electron gun configurations, as the
relative change in transmission with position or magnetic field is sufficient for
image generation. The p–n junctions are modelled using the Cayssol approxima-
tion formula77 with width w¼ 10 nm, unless stated otherwise, with the carrier
density kept fixed at 1012 cm� 2, for both p- and n-doped regions; these are typical
values for electrostatically gated graphene. Although the simulation was carried out
in 4 mm� 2 mm or 4.5 mm� 1 mm area in all simulations, the dimensions of our
proposed devices can immediately be scaled up. Increasing all dimensions by a
factor of S will yield identical results by corresponding scaling of the cyclotron
radius, that is, by changing the magnetic field or the carrier density by a factor of
S� 1 or S1/2, respectively. In a practical device, scaling the system up will reduce
issues with diffraction, that is, through narrow apertures47, but makes higher
demands with respect to the mean free path and presence of small angle-scattering
effects69; for fabrication of a real device, this is an important trade-off and a strong
motivation to push device quality in a similar manner as for III–V 2D electron
systems68. Atomistic tight-binding calculations were performed to examine the
scattering of focused, collimated Dirac fermion beams on circular p–n junctions
and provide a basis for comparison with the semiclassical calculations. The
methodology and results of these calculations are described in Supplementary Note
3 and Supplementary Fig. 4.

Data availability. All relevant data as well as the computer code for the
semiclassical Monte Carlo simulations are available from the authors.
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Supplementary Note 1 – Beam characteristics for 3 different microscope configurations. 

In SI Fig. 1a-c, the three DFM configurations from Fig 3 in the main text are compared. The panel 

(a) shows the current density for configuration a conventional Veselago lens arrangement for five 

different magnetic fields (0, 7.5 mT  and 15 mT ). Despite the wide injection distribution from 

the injection contact, the Veselago lensing results in strong caustics at the backplane electrode 

(which is also the focal plane), even at non-zero magnetic fields. The beam profile in (d), however, 

is increasingly asymmetric and distorted at high magnetic fields. The angular spread for trajectories 

exiting at the back electrode is nearly 1 radian for all B-fields, see panel (g). Clearly, even without 

collimative filtering, the Veselago lens can create a narrow, focused beam of electrons, with some 

broadening at non-zero magnetic fields, but also with very short focal depth. Despite the 

asymmetric beam profile, the position of the maximal beam intensity is nearly perfectly linear in 

magnetic field, see panel (j). 

In SI Fig. 1b and 1c, an aperture is used to limit the beam divergence. In (b) a Veselago lens 

halfway from the source to the backplane, focus the beam, while in (c) there is none. For both (b) 

and (c), configurations with and without parabolic lenses were investigated, marked in panel (d-l) as 

red curves (aperture), and blue curves (aperture + parabolic lens).  

Panels (d-f) show the distribution of exit positions, which gives an indication of the beam shape and 

diameter. Panels (g-i) show the exit angle as a function of position. Panels (j-h) show the beam 

position as well as the beam diameter, as a function of magnetic field, however, with the axes 

switched to be compatible with the other panels, and shows how linearly the position depends on 

magnetic field.  

The results differ slightly, with the sharpest beams obtained for configuration (b) without parabolic 

lens  and configuration (c) with a parabolic lens, as in (b) the parabolic lens interferes with the 

focusing effect of the Veselago lens. Overall, the parabolic lens provides instead of strong focusing, 

a parallel, collimated beam. For configuration (c) the divergence is strongly reduced, see panel (f) 

and (i). In configuration (b), a small spread in angle (red) is changed to a spread in position (blue), 

see panel h and inset in panel (h). Both configuration (b) and (c) are close to having a linear 

dependence between magnetic field and position.  
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Supplementary Figure 1. Beam characteristics for 5 different microscope configurations. 

Trajectory current density, and beam profile, angular distribution and position linearity as a function 

of magnetic field for the five configurations: Veselago (a), Aperture/Veselago (b), 

Aperture/Parabolic lens/Veselago (not shown), Aperture (not shown), Aperture/Parabolic (c).  (d-f) 

Distribution of exit positions at back electrode. In (e) and (f) angular distributions for aperture 

without (blue) and with (red) a parabolic pn-junction after the aperture are shown. (g-i) Angle vs 

position of exiting trajectories at back electrode. (j-l) Position vs angle for different configurations 

with (blue) and without (red) a parabolic lens as a function of magnetic field. 
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Supplementary Figure 2. Imaging roughness of edges by multiterminal magnetic focusing. An 

array of 5 collector electrodes can give information on the local specularity of a scattering edge. (a) 

and (b) show a configuration with an aperture and a parabolic lens, where the beam is scanning 

across a surface with roughness variations of up to 20 nm in amplitude. The magnetic focusing 

trajectories are seen to be nearly free from divergence in this semiclassical limit. (c) Image of edge 

roughness where the envelope of the curves is the total (accumulated) transmission, 

tot 12 13 14 15 16T T T T T T     , and the individual contributions are shown as different colors indicated  

on the graphs. Local edge roughness show up as increased transmission to neighbouring detectors, 

while specular scattering leads to only one transmission coefficient being non-zero at a time. The 

largest mixing of transmission currents occurs when the magnetic focusing beam pass by the largest 

protrusion, which is located at around 0.183 T) for the aperture/parabolic lens configuration and at 

around 0.195 T for the aperture configuration without the parabolic lens. The current is more 

constant and the features more distinct for the gun without parabolic lens. In SI Movie 4, the current 

density map evolution for configuration (b) is shown for apertures 25 nm and 50 nm. (d) Image of 

edge roughness, using an aperture without a parabolic lens. While the image is qualitatively similar 

to (c) the total (accumulated) transmission is more constant, with a larger impact on the 

transmission values ( 0.195 TB  ), compared to (b).  
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Supplementary Note 2. Caustics in circular scatterers 

Circular potential barriers of different sizes in graphene are well-studied scatterering objects in 

literature not only analytically but also experimentally. On one side, depending on the ratio between 

their radius and Fermi wavelength, they exhibit a diverse range of exotic transport phenomena, such 

as resonant scattering, quasi-bound states, caustics, rainbow and critical scattering effects1-5. In 

addition, as a first approximation circular dots and voids have been used to model scattering in 

graphene caused by impurities, point defects, or metallic clusters placed on the graphene sheet 6-10. 

As explained in the main text, the semiclassical Monte Carlo simulations operates in the electron-

optics regime, where the size of the scatterers is large in comparison with the Fermi wavelength1. 

Therefore, the evaluation of our simulations will be based on circular potentials with large size 

ratio, F R  . In particular, we perform direct comparisons between electron motion simulations 

obtained from our simulation and analytical approximations calculated in this optical regime for the 

electron motion inside circular potentials1-3,6,8. 

By considering the elastic scattering on plane electron waves in the low energy approximation, 

Cserti et al 1 show how the intensity maximum in graphene wavefunctions inside circular potentials 

form caustics which can be interpreted in the framework of geometrical optics using a negative 

refractive index, in out( / ) sin / sinn k k      where  ink  and outk  are the wavevectors inside and 

outside the circular potential (positive values)1 and ,   are the angle of incidence and refraction, 

respectively (see SI Fig. 3, Inset).  Here we show how the maximum current density calculated via 

our simulation perfectly follows these caustics, too. By doing so we demonstrate how our developed 

simulator is able to reproduce the complex interference patterns existing in these circular potentials, 

thus, ultimately checking its validity in a practical case which has been well-examined 

theoretically1-3,6 and experimentally4. 

 

The envelope of the family of curves classified by impact parameter  sinb R  , where R b R    

( R  is the radius of the circular potential) results in a caustic for each number of chords p inside the 

circle (corresponding to p-1 internal reflections). The curves of the caustic of the pth cord are then 

given in Cartesian coordinates 
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SI Figure 5 shows the corresponding caustics for the three first chords ( p =1,2,3) for the case of 

1n   , assuming 1R  . Along these caustics, the intensity maximum is located at a point called 

cusp which can be extracted by setting 0    in Eq. 1. Importantly, it can be seen (SI Fig 3b) the 

formation of these caustics and cusps inside the circular dot is perfectly reflected in our montecarlo 

DMS when a circular scatterer is simultaneously impacted by a parallel beam of electrons, see Figure 

5c, main text. We note how the caustics formed for larger chords p >3, are less observable since in 

each internal reflection the intensity of the rays is decreased.  

  

Supplementary Figure 3. Caustics inside circular scatterers due to negative refraction index. 

(a) Caustics formed for the three first cords, p =1,2,3 for an unit circle in the case of n  = - 1. Inset 

shows the ray path inside a circular pn -junction for an impact parameter b . (b) Current density  

calculated from Monte Carlo simulation with a parallel beam of electrons a symmetric, circular pn-

junction with smoothness 2.5 nmw  . The maximum current densities perfectly follow the caustics 

from SI Eq. 1, in support of the usage of our simulations in the F << R regime. 
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Supplementary note 3. Atomistic quantum transport calculations.  

We perform quantum transport simulations based on the non-equilibrium Green’s function 

formalism within a nearest-neighbour tight-binding model, as implemented in the software package 

TBtrans11. The SISL toolbox12 has been used to set up a two-probe device Hamiltonian where a 2 

nm wide zigzag graphene nanoribbon acts as a source contact at the edge of a 100 nm 100 nm  

graphene flake (395.940 sites), with carbon-carbon bond length 0 0.142 nma   and hopping 

parameter 0 2.7 eVt  . A drain electrode is placed on the graphene edge opposite of the source, 

while all other graphene edges are equipped with a complex absorbing potential13 to prevent 

artificial reflections. To ensure isotropic injection from the source we place an absorptive aperture14 

with an opening of 1.5 nm at a distance of 3 nm from the ribbon/flake interface, which here plays 

the role of an isotropic point source. A symmetric p-n junction with a width of 2 nmw   is 

introduced by gradually modifying the on-site terms of the tight-binding.  As in Liu et al. 15, a 

parabolic junction with focal point located at the pinhole is used to collimate the electron beam 

from the source. A transverse magnetic field is accounted for using the Peierls substitution16,17. 

In order to study electron transport in our device we calculate bond-currents at FE E .   

Instead of representing the individual bond current as a vector we plot the  segmentof length 0 / 2a  

corresponding to the positive bond current only and with  segment thickness and color scaled 

according to  its magnitude The same color range is used for all simulations, however, the 

maximum values have been adjusted for contrast. Areas with low to zero bond current appear white 

rather than dark, because the bond width is reduced to  zero.    

The area available for the quantum simulations is smaller than many of the structures considered in 

the main text. This can to some extent be dealt with by increasing the energy and using the scaling 

approximation valid for slowly varying potentials18 19.  

The bond current pattern for a small diameter d  at a high energy, resembles the bond current 

pattern of a larger structure at low energy, provided they have similar ratio F/d    of diameter d  

and Fermi wavelength F  . For instance, the 700 nmd   diameter VD-potential as shown in Fig. 

5(d) and Fig(e), will have F20d   at 12 210 cmn  , which corresponds to a 75 nm diameter VD 
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with F 3.75 nm  and a Fermi energy of 1.1 eV. The 75 nm VD can be said to have a rescaled 

diameter of scaled 20 35.4 nm = 708 nmd   , i.e. equivalent diameter at 12 210  cmn   .  

SI Figure 4a and 4b show the caustic bond current patterns for two VD with  (a) diameter d=50 nm 

and (b) d=40 nm, and E = 0.4 eV and 0.5 eV, respectively, both with F/ 4.9d   , corresponding to 

the rescaled diameter scaled 178 nmd  . As seen, the bond current patterns are virtually 

indistinguishable, which supports rescaling the calculations in this way, to compare with the 

semiclassical calculations in the main text. 

SI Figure 4c-e show the caustic patterns at different energy, 1.0, 0.6 and 0.2 eV, , which 

corresponds to the rescaled diameters scaled 428 nmd  , 257 nm and 86 nm, respectively. The caustic 

pattern from SI Fig. 3 superposed on SI Fig. 4d, are in  reasonable agreement and very similar to the 

caustic patterns shown in Fig. 1 in Agrawal et al 20.  

SI Figure 4f-h shows a focused, collimated electron beam scattering on a 75 nm diameter circular 

pn-junction for different energies around 1 eV. The rescaled diameters mind  are in the range 707 nm 

to 578 nm. SI Figure 4i is 60 nm in diameter and an energy of F 0.9 eVE  , which results in a 

scaled 578 nmd  . The F/d   ratio is nearly the same, 16.0 and 16.4, in the two cases, (h) and (i), and 

the bond current patterns are indeed very similar. The SI Fig. 4f has the same scaled diameter  

scaled 707 nmd   as the VD simulated in Fig. 5e (main text), and similar current patterns both with 

respect to emission jets and the internal, triangularly shaped current structure. SI Fig. 4j-m show the 

bond currents for different magnetic fields, which are in rough qualitative agreement with Fig. 3 

and Fig. 5 in the main text.  
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Supplementary Figure 4. Quantum transport calculations of DFM scattering from circular 

VD. (a-b) Comparison of bond current caustic pattern of two VD with different size and energy, but 

same F/ 4.9d   . (c-e) Bond current caustic patterns for a 50 nm VD with

F 1.0 eV, 0.6 eV and 0.2 eVE  . These energies correspond to VDs with diameters scaledd = 428 nm, 
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257 nm and 86 nm for 12 210 cmn  ( F 0.117 eVE  ),  used in the main text. The classical caustics 

from SI Fig. 3 are superposed on panel (d). (f-h) A focused DF beam is impinging on a large 

circular VD with a diameter of 75 nm and energies F 1.1 eV, 1.0 eV and 0.9 eVE  . The bond 

current distribution for E=1.1 eV ( scaled 707 nmd  ) is in agreement with the semiclassical current 

density of the 700 nm dot diameter in Fig 5h, main text. Comparison of (h) and (i) confirms that 

structures with similar F/ 16d    have very similar bond current distribution. (j-m) Collimated DF 

beam scanning across a small VD ( scaled28 nm, d 239 nmd   ) with an energy F 1.0 eVE  . The 

bond current scattering patterns roughly resemble the semiclassical simulations shown in Fig. 4, and 

Fig. 6, main text.  
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Supplementary Figure 5. DFM with increasing aperture. (a) Current density plots for the 

aperture being increased in steps of 25 nm from 25 nm to 100 nm, with a 200 nm diameter circular 

pn-junction (smoothness w = 10 nm) as the target. (b) The transmission images at the three 

electrodes 2, 3 and 4 are similar except for a scaling factor due to the higher currents passing 

through the larger aperture. The current stitching errors are increasing (i.e. at 350 nm and 660 nm)  

as the current calibration for the smallest aperture was used for all four curves. (c) The magnetic 

field and emitters are shown versus beam position to illustrate the stitching scheme, with the 

changes from emitter 3 through 7.  
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Supplementary Note 4. Suggested process flow for DFM. 

We provide here one possible solution to fabricate the Dirac fermion microscope (DFM) 

configuration with the coaligned beam and multiple emitters, which is the most complex of our 

devices. The process flow is a suggestion for a starting point for fabricating the conceptual device, 

and will most likely require further adaption and optimization. The fabrication process is based on 

the hot-pickup van der Waals method, Pizzocchero et al, Nat. Comm (2016), Ref. 21. 

SI Figure 6 shows in panel (a) an illustration of the DFM and (b) a Monte Carlo simulation  of a 4.5 

µm x 1 µm DFM with 9 emitters. The 100 nm resolution requirement to define the emitter array as 

well as the narrow aperture can be demanding, so scaling the device by a factor of 5-10 (as 

discussed in the main text) will make it far easier to fabricate with standard electron beam 

lithography systems (typical : 30 keV), as well as reduce diffraction through the narrow aperture. SI 

Figure 6(c) illustrates a piece of few-layer graphite (below 10 layers) for the backgate that defines 

both the parabolic and the flat Veselago lens (see Fig. 5 in main text). SI Figure 6 (d) shows the 

graphite blockpatterned with a positive, high resolution resist (e.g PMMA, ZEP-520A or CSAR), 

and etched in an oxygen plasma. Four alignment marks are left to enable correct aligning of the 

subsequent lithography patterns (SI Fig. 6(e)). A large clean stack is prepared by self-cleaning (hot-

pickup method) and dropped down on the graphite gate, shown in top view in SI Fig. 6(f). The 

bottom hBN should be around 10 nm or less, for the electron lenses to work optimally.  SI Fig. 6(g) 

illustrates the second lithography step which defines the stack as well as the emitter leads. In SI Fig. 

6(h) the resist is here used as an etch mask directly; alternatively, an Al etch mask can be used to 

achieve better etch resistance and definition of the finest structures. After etching of the three layers 

by a SF6 etch (hBN), a brief oxygen plasms (graphene) followed by a second SF6 etch (hBN) as 

described in Ref 21, the device is ready for metal contacts. SI Fig. 6 (i) illustrates a third lithography 

step , followed by SF6/O2/SF6 etch to open the stack for electrical contacts(SI Fig. 6 (j)), as well as 

to the graphite back gate. Cr/Au or Cr/Pd/Au contacts deposition and lift-off, concludes the process.  

12 
 

 

Supplementary Figure 6. Possible process flow to fabricate DFM devices.  The process is based 

on the hot-pickup technique21  and previous methods mentioned herein, and is intended as a starting 

point. See SI Note 4, for description of the individual steps. 
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1. Introduction

Graphene has proven to be the scene of unprecedented meso-
scopic effects, hosting massless Dirac quasiparticles that 
travel with little scattering. These relativistic charge carriers 
can move ballistically across μm-long distances at room 
temperature [1], so far reaching mean free paths of the order 
30 μm at low temperatures [2]. They can undergo negative 
refraction when passing p-n junctions [3] and can be manipu-
lated by external electromagnetic fields [4], thus being easily 
emitted, collimated, steered or focused like rays of light. As a 
result a new type of 2D electronics complying with the prin-
ciples of optics is rapidly finding its way in the 2D materials 

community, supported by the relentless progress towards 
large-scale production of high-quality graphene.

One example, recently brough up by Bøggild et al [5], is 
to combine different graphene-based electron-optics comp-
onents in a ‘2D Dirac fermion microscope’ (DFM) as in 
figure  1. Here electron emitters/guns, collimating apertures 
[6], tunable lenses, deflectors, and detectors are imagined to 
be incorporated in a graphene ‘vacuum chamber’ to image 
different types of targets, such as metal-graphene inter-
faces, grain boundaries, edges, defects, adsorbed molecules, 
nanoparticles, quantum dots, or plasmonic superstructures. 
The authors provide a perspective view on how such a tool 
can be realistically implemented and operated, proposing 
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Abstract
Graphene has proven to host outstanding mesoscopic effects involving massless Dirac 
quasiparticles travelling ballistically resulting in the current flow exhibiting light-like 
behaviour. A new branch of 2D electronics inspired by the standard principles of optics is 
rapidly evolving, calling for a deeper understanding of transport in large-scale devices at a 
quantum level. Here we perform large-scale quantum transport calculations based on a tight-
binding model of graphene and the non-equilibrium Green’s function method and include 
the effects of p-n junctions of different shape, magnetic field, and absorptive regions acting 
as drains for current. We stress the importance of choosing absorbing boundary conditions 
in the calculations to correctly capture how current flows in the limit of infinite devices. As 
a specific application we present a fully quantum-mechanical framework for the ‘2D Dirac 
fermion microscope’ recently proposed by Bøggild et al (2017 Nat. Commun. 8 10.1038), 
tackling several key electron-optical effects therein predicted via semiclassical trajectory 
simulations, such as electron beam collimation, deflection and scattering off Veselago dots. 
Our results confirm that a semiclassical approach to a large extend is sufficient to capture the 
main transport features in the mesoscopic limit and the optical regime, but also that a richer 
electron-optical landscape is to be expected when coherence or other purely quantum effects 
are accounted for in the simulations.

Keywords: graphene, NEGF, large-scale, tight-binding, quantum transport,  
Dirac fermion microscope
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practical architectures and design rules for all of its 2D comp-
onents, based on state-of-the-art achievements in graphene 
technology.

The approach used by Bøggild et al for large-scale electron 
transport simulations is purely semiclassical and belongs to a 
broadly used class of simulation known as billiard models. In 
the last few years these models have proven to successfully 
provide insights on the overall magneto-transport characteris-
tics of graphene [7–10] and other large-scale ballistic devices 
in the mesoscopic limit [11].

However, despite allowing computation with little time 
and memory consumption, semiclassical transport simula-
tions always need to be calibrated with measured macro-
scopic parameters, such as mobility or diffusion coefficients. 
Most importantly, quantum effects such as coherence are 
not naturally included in semiclassical simulations, despite 
their importance for describing phenomena such as magnetic 
focusing, chiral tunneling in the ballistic regime or conduct-
ance fluctuations in the diffusive regime [12, 13]. Diffraction 
is also expected to have major implications in devices where 
Dirac fermions pass through apertures smaller than their Fermi 
wavelength λF or scatter off small objects. Future realization 
and operation of complex relativistic electron-optics graphene 
systems thus calls for a deeper understanding of transport at 
the quantum level, where the full quantum nature of Dirac fer-
mions is accounted for.

Along this line it is also decisive to be able to access simu-
lations at the scale of experimental devices, which often range 
from hundreds of nano-meters to a few microns. At the same 

time it is crucial to provide reliable benchmarks to measure-
ments in the presence of defects, interfaces, or disorder, where 
details matter on the atomic scale. The huge number of atoms 
contained in the typical experimental systems prohibits the 
application of usual ab initio electronic structure techniques 
like density functional theory (DFT), where the detailed 
quantum-chemical structure of every atom is taken into 
account. Hence, the development of novel high-performance 
computational methods to enable quantum transport simula-
tions at experimentally relevant device dimensions is essential.

Here we perform quantum transport calculations of large 
tight-binding (TB) models of graphene using the non-equilib-
rium Green’s function method (NEGF). We will report on the 
multi-functionality and performance of our tools while stud-
ying transport in large graphene flakes on the scale of hun-
dreds of nm in the presence of p-n junctions, magnetic field 
and/or absorptive regions. Our main focus will be to reproduce 
from a fully atomistic perspective some key features of elec-
tron transport in a DFM, such as electron beam collimation, 
deflection, and scattering off circular Veselago dots (VD) [3]. 
We will emphasize how different choices of boundary con-
ditions lead to different density patterns, providing a simple 
computational solution to minimize the occurrence of artifi-
cial features in the current, e.g. using hard-wall or periodic 
boundaries. The manuscript is organized as follows. We will 
first briefly review the state of the art of the computational 
methods that can be used for transport simulations of large-
scale graphene devices. This is followed by an overview of 
the used methods, the code, and the setup we use to carry out 

Figure 1. (a) Schematics of a typical electron microscope, where electrons are injected, collimated, deflected and detected inside a 3D vacuum 
chamber. (b) Schematics of a 2D Dirac fermion microscope, where electrons move in straight trajectories within 2D graphene in analogy to 
electrons traveling inside a 3D vacuum chamber. By using p-n junctions as tunable lenses and magnetic fields for deflection, electrons can 
be injected, collimated, directed and focused onto various targets. (c) Snapshots of simulated semiclassical trajectories of electrons, showing 
injection into graphene, collimation via a grounded aperture and a parabolic p-n junction, scattering of the collimated beam off a Veselago dot. 
Figures are adapted from Bøggild et al [5], to which the reader can refer for further details. Reproduced from [5]. CC BY 4.0.
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our calculations. We will then discuss the effects of adopting 
different boundary conditions in the device. To conclude we 
will present a direct comparison between our results and 
those reported in [5], highlighting similarities and differences 
between the semiclassical and quantum simulations.

1.1. Methods for large-scale graphene transport simulations

For any quantum transport technique to efficiently address 
realistic graphene devices, it is vital to describe the under-
lying electronic structure in a computationally efficient 
manner. A broadly adopted solution is to model the electronic 
structure of graphene using the tight-binding approximation 
[14–16]. This approximation is in its ‘cheapest’ textbook ver-
sion, where the Hamiltonian is orthogonal and includes only 
interactions between nearest-neighbor π (pz) orbitals, able to 
capture the main qualitative features of the graphene band 
structure. Due to its versatility, this method has often been at 
the center of new improvements and developments. In par-
ticular we point out the simple scaling approach proposed by 
Liu et al [17, 18], who provide a simple condition to obtain 
band structure invariance, while simultaneously adjusting the 
lattice constant and the hopping parameter in tight-binding 
models of graphene. A similar approach is the one suggested 
by Beconcini et al [19], who manage to achieve band structure 
invariance by using the Fermi energy as key scaling param-
eter, thus accessing simulations of multi-terminal devices and 
nonlocal transport measurements. In more detail, they show 
that a geometrical downward scaling of the system size can 
be accompanied by an upward scaling of the Fermi energy in 
such a way that the number of electronic states responsible for 
transport is kept constant. Both of these scaling approaches 
have proven to be very efficient tools to interpret magnetic 
focusing experiments involving micron-size multi-terminal 
devices [20, 21], where factors such as edges, chemical func-
tionalization, structural disorder or contact with metal do not 
disrupt the relevant transport features.

Electron transport for very large system dimensions can 
then be achieved by coupling a TB Hamiltonian with different 
quantum transport formalisms [22]. For example, hybrid Monte 
Carlo algorithms on lattice [23] or wave-packet dynamics 
[24–27] have been used to study large-scale transport in gra-
phene. The latter in particular is a very intuitive method which 
has the advantage of giving direct access to the real-space and 
real-time electron wave-packet propagation over a graphene 
lattice. Here energy resolution can be obtained by Fourier 
transforming in time domain, at the cost of including a very 
fine time discretization. The majority of the other transport 
formalisms are based on the Landauer–Büttiker theory. The 
Kubo–Greenwood formalism is a very popular example [28–
32], which turns out to be an ideal choice when studying diffu-
sive large-scale graphene systems described by a mobility or 
conductivity. Along similar lines the patched Green’s function 
technique can be used to introduce open-boundary self-energy 
terms in the device Hamiltonian to describe its connection to 
an infinite sample [33]. Complementary to this the TB-NEGF 
method is a popular choice for ballistic transport [34] where 

the target is most often conductance including explicit descrip-
tions of multiple electrodes, rather than conductivity. It allows 
for self-consistent mean-field description of the potential, e.g. 
using a Hubbard-type model [35] including the possibility to 
study the effect of spin-polarization. Many simulation pack-
ages are now implementing the NEGF scheme as a standard 
feature to calculate electron transport in nanostructures, ena-
bling its application to tight-binding Hamiltonians as well as 
other electronic structure models with higher level of accuracy 
such as DFT [36] which can scale linearly with length of the 
system in the transport direction using recursive Green’s func-
tion methods.

2. Computational tools

Our quantum transport simulations are based on the NEGF 
method and a nearest-neighbour TB Hamiltonian using the 
standard expressions of transmission in terms of the retarded 
Green’s function [34, 37]. For the particular implementation 
we use the open-source TBtrans and sisl [38, 39] tools 
distributed with the TranSiesta software package [38]. 
TranSiesta is a tool for high-performance DFT+NEGF 
self-consistent calculations. It relies on advanced matrix inver-
sion algorithms to efficiently obtain the Green’s functions for 
large, multi-terminal systems at various electrostatic condi-
tions (e.g. gating [40]), while the charge-density is obtained 
using contour integration of the spectral densities.

TBtrans is a ‘post-processing’ NEGF code which pro-
vides a flexible interface to DFT as well as user-defined tight-
binding Hamiltonians, using Python as back-end. It enables 
large-scale tight-binding transport calculations of spectral 
physical quantities, interpolated I–V  curves, transmission 
eigenchannels [38] and/or orbital/bond-currents for setups that 
can easily exceed millions of orbitals on few-core machines. 
The possibility of using Bloch expansion for electrodes with 
periodicity transverse to the transport direction and custom-
izing the effective shape of the device region makes it possible 
to increase the scale of transmission calculations even further 
[41]. Complementary to TBtrans sisl was developed as a 
Python package to create and manipulate large-scale (non-)
orthogonal tight-binding models for arbitrary geometries, 
with any number of orbitals and any periodicity. It allows to 
read external Hamiltonians and real-space grids from various 
DFT programs (e.g. Siesta [42] or Wannier90 [43]), pro-
viding user-friendly routines for post-processing and output 
of electronic structure and transport calculations. To include 
the effects of doping, magnetic field or absorptive potentials 
in our system we exploit the TBtrans capability of cus-
tomizing the device Green’s function via real (complex) k- 
(energy-) dependent δH(E, k) perturbative terms:

G(E, k) =

[
S0(k)(E + iη)− H0(E, k)−

∑

i

Σi(E, k)− δH(E, k)

]−1

.

 (1)
Here S0 and H0 are the unperturbed overlap and Hamiltonian 
in the device region, while Σi  is the self-energy for each 
semi-infinite electrode i. If we call δHp−n, δHCAP  and δHB the 

J. Phys.: Condens. Matter 30 (2018) 364001



G Calogero et al

4

k- and energy independent perturbations to the Hamiltonian 
caused by p-n junctions, absorptive regions (like those simu-
lated using complex absorbing potential (CAP) [44, 45]) and 
magnetic field B, respectively, we can incorporate the effects 
of these mechanisms in the expression for δH as:

δH = δHp−n + δHCAP + δHB. (2)

In the following sections  we provide details on the physics 
behind the terms in equation (2) and how we construct them 
in the TB calculation.

We use sisl to set up a nearest-neighbor orthogonal TB 
Hamiltonian for a two-probe graphene device, with carbon–
carbon bond length a0 = 0.142 nm and hopping parameter 
t0 = 2.7 eV. Our supercell, inspired by the hetero-dimen-
sional graphene junctions studied in [46], consists of a 2 nm  
wide zigzag graphene nanoribbon acting as point-like source 
electrode at the edge of a 100 nm × 100 nm  graphene flake 
with 395.940 atoms (sites).

2.1. p-n junctions

In an orthogonal tight-binding model doping is straightfor-
ward to introduce via a global or local adjustment of the diag-
onal (on-site) elements of the Hamiltonian. In our calculations 
we generate smooth symmetric p-n junctions using:

δHp−n =



∆E/2 · δij 0 0

0 Eon(r) · δij 0
0 0 −∆E/2 · δij


 (3)

where the junction potential profile is given by

Eon(r) =
∆E
2

[
2

1 + exp[−α(r − rp−n)/w]
− 1

]
 (4)

and the junction thickness w is set to w ≈ 2 nm. The junction 
profile rp−n can be chosen to be linear or can conveniently be 
shaped to achieve Veselago lensing of electrons [4]. In par-
ticular, as suggested by Liu et al [47], electrons can be focused 
into a sharp collimated beam using a parabolic p-n junction 
with focal point located at the point source. In our model for 
the DFM source we thus make use of such shape, placing 
the parabola at a focal distance f ≈ 4 nm from the injec-
tion point, as illustrated in figures 2(a) and (b). In the same 
figure we show that this method also can be used to construct 
circular p-n juctions, or Veselago dots (VD) [48], here used as 
targets for the collimated beam of electrons.

2.2. Complex absorbing potential (CAP)

In standard NEGF transport problems one usually deals with 
infinite open systems, where semi-infinite leads are included 
in the calculation of the Green’s function via a self-energy in 
the device Hamiltonian. For large geometries a major compu-
tational limitation is the number and the size of semi-infinite 
leads. This limitation can be efficiently overcome by replacing 
the Hamiltonian of the leads with complex absorbing poten-
tials (CAP) that completely absorb the incident wave-function 

[44, 45]. This method allows reduction of the original open 
system to a finite closed system without disrupting cur rent 
conservation. For example, the Hamiltonian matrix for a two-
probe system where CAP is used to replace the electrode self-
energies can be written as the sum of the standard two-probe 
Hamiltonian matrix plus a purely imaginary δHCAP  term 
added to the diagonal matrix elements:

δHCAP =



−iWL(r) · δij 0 0

0 0 0
0 0 −iWR(r) · δij.


 . (5)

Here we assume transport to occur along the r direction, and 
define WL(r) and WR(r) as

WL/R(r) =
�2

2m

(
2π
∆r

)2

f (r) (6)

where f (r) is a smooth function of the form

f (r) =
4
c2

[(
∆r

rf − 2ri + r

)2

+

(
∆r

rf − r

)2

− 2

]
. (7)

Here ri and rf are the starting and ending points of the CAP 
region in the device, respectively, ∆r = rf − ri is its length 
and c is a constant numerical parameter set to be equal to 
2.62 [45]. Note how f (r) diverges as r tends to rf, turning 
the semi-infinite lead into a finite lead. The CAP expression 
in equation  (6) is based on purely semiclassical arguments, 
and may lead to reflection at rf, which reduces the final trans-
mission. However this can be mitigated by increasing the 
length ∆r  of the CAP region, until the spectra are in agree-
ment with those obtained in the original open system. In order 
to estimate a suitable value for the thickness of CAP regions 
in our device configuration, we have calculated transmission 
using semi-infinite source and drain electrodes along  ±y and 
applying periodic boundary conditions (PBC) along the trans-
verse direction x. We then compared this with the transmission 
obtained by setting CAP rather than PBC on the cell bound-
aries along x. We find that an almost exact overlap between the 
two spectra is achieved by setting ∆r � 0.3 nm .

CAP can also be used to design narrow absorbing areas 
such as those generated by contacts with grounded elec-
trodes [6]. A proper comparison with simulations of a DFM 
reported in [5] requires an isotropic point-like source of 
electrons. However, a hetero-dimensional graphene junc-
tion, such as the ribbon considered here, is known to produce 
isotropic injection only for electron energies very close to 
the Dirac point, whereas preferential injection takes over at 
higher energies, with angles depending on the ribbon sym-
metry [46]. In order to ensure isotropic injection we there-
fore place an absorptive pinhole with an opening of 1.5 nm 
at a distance of 3 nm  from the ribbon/flake interface, mim-
icking apertures generated by grounded electrodes [6]. In 
figure 2(c) we highlight in red the areas of our model where 
a CAP is used, indicating with a yellow line the points where 
f (r) diverges from both sides. Notice how CAP is set sepa-
rately on front- and back-side of the pinhole, labeled A+ and 
A−, respectively.
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2.3. Magnetic field

A transverse magnetic field in a graphene device can be 
included in the off-diagonal elements of the Hamiltonian via 
Peierls substitution [49, 50]. We can formally write this as an 
additive term to the unperturbed Hamiltonian,

δHB = H0 · eiφ(R,R′) − H0 (8)

where the phase factor is multiplied on each matrix element 
of H0, in a coordinate system where the x axis is aligned with 
graphene armchair direction. The phase can be written as

φ(R, R′) =
π

2
B
Φ0

(x + x′)(y′ − y), (9)

with Φ0 = 2.07 · 105 T · Å
2
 being the quantum magnetic flux.

We implement this approach in sisl/TBtrans and as a 
benchmark we have compared to the popular quantum trans-
port code kwant [51], finding good agreement.

2.4. Visualization of bond-currents

Bond currents allow imaging of spatial profiles of non-
equilibrium charge and current densities in solid-state [34, 
52] as well as molecular-scale systems [53]. They repre-
sent local current flowing in the inter-atomic bonds and are 
defined as the sum over all orbital (indices α,β) currents, 
Jαβ =

∑
ν∈α

∑
µ∈β Jνµ. After being generalized for use in 

honeycomb lattices [54] direct insights could be provided 
into how the massless Dirac fermions propagate between two 
neighboring lattice sites in graphene and other carbon nano-
structures. There is still no well established way of visualizing 
bond-currents. In general they can be visualized as flow lines 
mapped on the network of lattice bonds. Arrow vectors are 
typically used, whose thickness or length is proportional to 
the magnitude of the current flowing between each pair of 
neighbouring atoms [55–58]. This approach provides useful 
information about both magnitude and direction of the current 

Figure 2. (a) Geometry of the graphene device considered here where p-doped (red) parabolic and circular regions are created on a 
n-doped (grey) graphene flake. (b) General Fermi-like profile of the smooth parabolic p-n junction. On-site energy along an axis passing 
through the parabola’s vertex is shown as a function of distance between the ribbon/flake interface and the junction average position. Red 
(grey) sites in the overlaid ribbon/flake geometry have Eon = +0.05 eV (Eon = −0.05 eV), whereas all other sites have gradually varying 
Eon according to equation (4). (c) Sites in geometry equipped with complex absorbing potential (CAP) are shown in red. Absorption occurs 
gradually starting from ∆z ≈ 30 Å from the yellow lines, where maximum absorption takes place due to the singularity in equation (7).
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flowing through the system. However if large geometries are 
considered it is not feasible due to the overwhelming number 
of connections to be visualized. A solution to this is to visu-
alize bond-currents on a coarse grained grid, where only a 
proper average of bond-currents within each cluster is shown 
as a single arrow [33]. In this case the final result will of course 
depend on the cluster size and on the way the average is car-
ried out, but nevertheless it allows to scale the dimensions of 
the image at wish enabling access to useful current maps for 
very large system dimensions.

Here we visualize bond-currents as line segments of length 
a0/2 aligned along a line connecting each pair of neighbour 
sites, as illustrated in figure 3. We select only positive bond 
currents and for each of them we draw a segment having one 
extremity at the lattice site from which the relative current 
originates. We scale the segment thickness and color in pro-
portion to the current magnitude, so that areas with low to zero 
current will appear white because the bond width is reduced to 
zero. This approach allows us to access graphene geometries 
with arbitrary large size, retaining full information about cur-
rent directionality without a need for user-defined post-pro-
cessing of the data. The same color map is adopted and color 
and thickness are always normalized to the maximum value 
of bond-current in the system. Sometimes the color range is 
adjusted in order to enhance contrast. If not stated otherwise, 
bond currents are always computed at E = EF.

2.4.1. Performance of TBtrans and sisl. The calcul ations 
are performed using TBtrans which implements a highly 
advanced block-tri-diagonal inversion algorithm which mini-
mises calculations [38]. The main difficulty in calculating 
very large systems is the calculation of bond-currents and 
orbital-resolved DOS, which requires the spectral function 
(Ai) for a given electrode i. In figure 4 we show the memory 
requirements of TBtrans for the very large nearest-neigh-
bour graphene devices with periodic boundary conditions. In 
both (a) and (b) vertical lines indicate system sizes of square 
unit cells of noted area. Lines are ascending together with cell 
width, the narrowest cell being 2.5 nm and the widest 245 nm 

(see (a)). In figure 4(a) the total memory requirements is plot-
ted when calculating physical quantities for the full system in 
one calculation. This is scaling linearly with respect to sys-
tem size. Since TBtrans has been implemented with 4-byte 
integers, there is an upper limit to the size of the allocated 
block tri-diagonal matrix. I.e. the lines stop due to integer 
overflow in the code. Figure 4(b) shows memory requirements 
when only calculating quantities for a selected region in the 
device, here chosen to include 4 lines of carbon atoms. Clearly 
the memory requirements drastically reduces and becomes 
feasible on laptop computers. Here the gray dots indicate 
the memory requirements for the square unit cells of given 
area. The transparent lines represent the memory usage of the 
block tri-diagonal matrices, which become constant for large 
systems. Thus, the only memory increase is due to the sparse 
matrices used to retain the Hamiltonian and bond currents etc.

TBtrans is parallelized using both MPI and OpenMP 
enabling high-performance calculations with large throughput. 
In these calculations (400.000 nearest neighbour atoms) we 
use 24 OpenMP threads and runs in roughly 1 min per energy 
point using XeonE5-2650 machines.

A full setup, transmission calculation and post-processing 
using sisl and TBtrans takes approximately 40 min, with a 
similar amount of time spent on setting up input and plotting.

We have shown how large scale calculations can efficiently 
be calculated and post-processed. Further information about 
sisl may be found in [39].

3. Results

We use the methods presented in the previous sections  to 
create a tight-binding model of a DFM. In figure 5 we illus-
trate the definitive model that we use to generate collimated 
beams of electrons in our calculations. Electrons are injected 
by a ribbon, filtered by an absorptive pinhole and further col-
limated by a parabolic p-n junction. As reported in [46], injec-
tion at the interface between the ribbon and the large flake 
is largely anisotropic and can be made isotropic by using a 
CAP region as an absorptive pinhole. The result is in good 

Figure 3. Positive valued bond-currents plotted as line segments of length a0/2 connecting nearest neighbor sites. Each segment is 
anchored to the atom from which the corresponding current originates. Thickness and color is scaled with current magnitude so that areas 
with low to zero current appear white.
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agreement with both the semiclassical calculations reported in 
[5] and the tight-binding calculations by Liu [47].

3.1. Boundary conditions

Choosing the correct boundary conditions is essential in 
reproducing the wanted physical pictures. The goal of the 
DFM example discussed below is the analysis of collimated 
beams injected into large graphene samples. Here we empha-
size the importance of selecting appropriate boundary condi-
tions to simulate such device in its limit of infinite extension. 
Figure 2(c) is used in the following where we call L (R) the left 
(right) boundary of the large flake, A+ the CAP region that acts 
as pin-hole injector and A− the pinhole side that faces oppo-
site to the source. On the opposite side of injection a regular 
lead is placed. In figure 6 we analyze bond-currents in the area 

beyond the parabolic lens at different applied magnetic fields 
and various boundary conditions, progressively switching on 
the CAP regions at L, R and A−. In the following CAP at A+ 
is always used to ensure a collimated pin-hole injector.

The most straightforward approach here would be to use 
periodic boundary conditions at L and R, as considered in 
figure 6(a). In general this represents a very popular choice 
for electronic structure calculations, where even the presence 
of local perturbations in the system, e.g. defects or adsorbed 
molecules, can be accurately dealt with by increasing the cell 
size and thus minimizing the periodic interactions. However it 
is known that often periodicity is not able to correctly describe 
the relevant features in non-equilibrium transport calculations 
[21]. As shown in figure 6(a), despite the very large cell used 
(≈ 100 nm), interaction between periodic repetitions of the 
source give rise to significant interference in the currents pat-
tern. At B  =  0 the collimated beam is still visible behind the 
interference fringes, while it gets progressively suppressed 
as the magnetic field increases. The situation is somewhat 
similar when periodicity in L and R is replaced with hard-
wall high potentials acting as barriers (figure 6(b)), except that 
in this case much more interference occurs at high B fields. 
An effective solution to this problem is to use CAP at L and 
R, similar to what Lagasse and coauthors suggest in [21]. In 
figure  6(c) the interference is indeed reduced, especially at 
higher B fields, where the beam is now clearly visible beyond 
the fringes. Nevertheless one can notice that the electron beam 
is still not very well collimated: already at B  =  0 it splits into 
several narrow beams after crossing the parabolic lens. This 
is due to internal reflections occurring between the parabolic 
junction and the region A− of the pinhole, which in figure 6(c) 
is not equipped with CAP. This is an artificial effect, since 
realistic grounded electrodes contacting graphene to create 
apertures would at least partly [6] absorb electrons impinging 
onto them from all possible directions. In figure 6(d) we dem-
onstrate that this backscattering effect can be eliminated by 
switching on CAP at the A− region. The combined applica-
tion of CAP in L, R, A− eventually allows us to get rid of 
most interference effects for all magnetic fields considered, 
see figure 6(e).

We conclude that investigating an injected beam in the limit 
of infinite graphene devices requires a specific and an elabo-
rate set of boundary conditions to filter out artificial backscat-
tering processes. Importantly a A−-side CAP is necessary to 
absorb backscattered electrons from the p-n junction as well 
as beam-bending from the magnetic field.

3.2. Comparison with semiclassical simulations of DFM

In order to gain a deeper insight on the role of quantum coher-
ence effects in the DFM, we consider some of the systems 
studied in [5] where collimated electron beams are focused 
onto circular Veselago dots (VD) of various size. We con-
centrate on the mesoscopic limit, lmfp > L � λF, where the 
mean free path lmfp of electrons is larger than the characteristic 
length L of the system, which in turn is much larger compared 
to the Fermi wavelength λF. In the following we consider 

Figure 4. (a) Memory requirements for varying system sizes and 
their memory usage when calculating orbital currents and orbital 
resolved quantities. Each line correspond to a different width of 
the system in ascending width. Increasing the width of the system 
is the main cause of memory usage since each block has to be as 
large as the orbital width. The curves terminate at around 40–50 GB 
because of integer overflows. Vertical lines indicate the number of 
atoms in a square unit cell of noted area. (b) Equivalent calculations 
as in (a) while reducing the region of interest to a specific set of 
atoms. In this case the memory requirements are drastically reduced 
because the full Green’s function is not needed. In this case the 
allowed range of calculated system sizes is considerably increased. 
The inserted dots indicate the memory requirements for square 
unit cells. The transparent lines are the memory used for the block 
tri-diagonal matrices which becomes constant. I.e. the memory 
requirements are solely determined by the sparse matrices.

J. Phys.: Condens. Matter 30 (2018) 364001



G Calogero et al

8

Figure 5. (a) Schematic setup of pin-hole injection with collimation p-n junction. (b) Semiclassical calculation of schematic setup. (c) Bond-
currents in proximity of the device source. Electrons are injected by a ribbon, filtered by an absorptive aperture and collimated by a parabolic 
p-n junction, in agreement with [5, 47]. CAP walls are shown in yellow. The color scale is normalized differently before and after passing 
across the absorptive aperture to compensate for the current density loss. (a) and (b) are adapted from [5]. Reproduced from [5]. CC BY 4.0.

Figure 6. Bond-currents at different applied magnetic fields and various boundary conditions, showing a collimated beam scanning 
across a 100 nm × 100 nm  graphene cell with an energy EF = 1.0 eV. Electrons are injected from the top side of the device, source 
and collimating lens are not shown so as to enhance beam contrast. All simulations have CAP at A+ of the pinhole injector. (a) Periodic 
boundary conditions at L/R lead to a high degree of scattering, similar to (b) where hard-wall potentials on L/R regions confine electrons. 
(c) Adding CAP on L/R drastically reduces scattering from neighbouring cells but does not retain a collimated beam from a pin-hole 
injection. (d) Introduces the entire pin-hole effect by absorbing backscattering from the p-n junction. (e) Final model with CAP on L/R and 
A−. This model correctly retains a collimated beam while showing the beam in the limit of infinite graphene.
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explicitly the situation that the phase coherence length is infi-
nite, i.e. that the system is fully coherent.

We note that the area available for the quantum simula-
tions is smaller than the structures considered in realistic 
setups such as those in [5]. We deal with this by effectively 
scaling the graphene bond-length while retaining the number 
of atoms in our TB model via a scaling parameter s  =  d0/d, 
defined as the ratio between the real diameter d0 of the full, 
non-scaled VD that we would like to simulate and the actual 
diameter d of the VD designed in our geometry. We assume 
n0 = 1012 cm−2 to be the electron density in the non-scaled 
pristine graphene system, which (in the linear band approx-
imation) corresponds to EF0 = �vF

√
πn0 = 0.113 eV and 

λF0 = 2π/
√
πn = 35.4 nm . A qualitatively correct electron 

flow around the VD of diameter d in our bond-currents calcul-
ations can thus be captured by simply dividing the Fermi 
wavelength by the scaling factor s, yielding λF = λF0/s and 
EF = s EF0. The key step of the scaling procedure is to keep 
the diameter versus Fermi-wavelength ratio constant [12, 13, 
59]. This approach can be thought as a particular case of the 
more general scaling method presented in [19], hence we refer 
readers to this for further details.

Our scaling method is exemplified in figure 7. Let us assume 
that the VD on the left with d0 = 50 nm is the original non-
scaled VD that we want to study (s  =  1). In figure 7(b) we dem-
onstrate that by applying the scaling procedure with s  =  1.25 we 
are able to reduce the VD size and produce bond-currents inside 
and outside the VD which are indistinguishable from figure 7(a). 
In general, this approach enables us to effectively simulate sys-
tems that are s times larger than the actual 100 nm × 100 nm  
geometry considered in our calcul ations. Using s  =  2, for 
example, is equivalent to analyze a 200 nm × 200 nm gra-
phene system with an equivalent number of atoms.

In the following we will always indicate above every 
figure the full, non-scaled diameter d0 of the VD, while below 
we will provide the diameter versus Fermi-wavelength ratio 
d/λF considered and the value of s used to scale the system 
down to our  ∼400.000-orbitals TB model.

Figure 8 shows caustic patterns inside VD with different 
scaled diameters, namely d0 = 428 nm, 257 nm and 86 nm , 
generated by scattering of a wide beam of electrons collimated 

with a f ≈ 10 nm parabolic lens in front of a 1.5 nm aperture. 
These diameters correspond to scaling parameters s  =  8.56, 
5.14 and 1.72, respectively, allowing us to compare to some 
of the systems studied by semi-classical simulations in [5]. 
We focus on the area inside the dot and observe characteristic 
caustic patterns at all energies which are in reasonable agree-
ment with the results reported in [5] and by Agrawal [60]. This 
is especially true with regard to the position of the main cusp 
in the first caustic line.

A better description of the higher order caustics while 
keeping Fermi energies (<1 eV) within the limits of the linear 
band approximation would require creation of VD with scaled 
diameters at least 2–3 times larger than the ones consid-
ered here, i.e. d � 200 nm, which is not possible within our 
100 nm × 100 nm  graphene flake. For similar dot dimensions 
quantum mechanical calculations using plane waves have 
indeed proven to reproduce reliable optical geometrical fea-
tures such as peaks in forward scattering [12].

Figure 9 shows a sharper electron beam, focused and col-
limated by combining a 1.5 nm aperture and a f = 4 nm 
parabolic lens, scattering on a VD with various non-scaled 
diameters d0 and similar ratio d/λF. In particular figure 9(a) 
has the same scaled diameter d0 = 707 nm as the VD simu-
lated in many of the structures considered in [5], thus com-
paring well both with respect to the emission jets and the 
internal, polygonal current resonances. Clearly interference 
effects are of higher importance in the quantum mechanical 
calculations, which are seen as beam broadening inside and 
outside the VD.

In figure 10 we show the bond-currents obtained by scan-
ning the beam using different magnetic fields, ranging from 
B = 0 T to B = 32 T. Also in this case we find a good quali-
tative agreement with the semi-classical studies [5], cap-
turing both emitted jets and whispering channels within the 
circular p-n junctions. The beam size difference as well as 
the interference in- and outside the VD are the main differ-
ences that amount to the leaking of electrons in the VD. We 
point out that when we model a large physical system such 
as that in figure  10(b) with a scaled-down model we have 
to scale the magnetic field such that the flux is the same. 
This is done by using the relation B = s2 B0, where B0 is 

Figure 7. Comparison of bond-current pattern of two VDs with different size and energy but same diameter versus Fermi-wavelength 
d/λF = 4.9. Both maps show a 100 nm × 75 nm  area of the device in front of the collimation area. The scaling method is used in (b) 
showing that the electron flow inside and outside the VD in (a) can be qualitatively reproduced by using appropriate scaling parameters.
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Figure 8. Bond current caustic patterns around VD with (a) d0 = 428 nm, (b) 257 nm and (c) 86 nm  non-scaled diameter, in comparison with 
(d) current density obtained in [5] via semiclassical simulations. The classical caustics from [48] are superposed in (b) and (d). The source and 
collimation area comprising ribbon emitter, absorptive pinhole and parabolic lens is not shown. Reproduced from [5]. CC BY 4.0.

Figure 9. A focused DF beam is impinging on a large circular VD with different non-scaled diameters d0 and similar ratio d/λF. The bond 
currents for d0 = 707 nm is in agreement with (e) the semiclassical current density of the 700 nm dot diameter from [5]. Comparison of  
(a-d) confirms that structures with similar d/λF ≈ 16 have very similar bond current distribution. Reproduced from [5]. CC BY 4.0.
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the original non-scaled magnetic field [19]. In addition to 
this scaling we make use of larger magnetic fields compared 
to the semiclassical simulations in [5], in order to access 
beam scattering off-axis with respect to the VD center. By 
doing this we compensate the small source/VD distance in 
our 100 nm × 100 nm  geometry, which could not be further 
extended due to limits of applicability of the scaling proce-
dure (e.g. see figure 2 in [19]).

4. Conclusions

In conclusion, we carry out large-scale quantum transport 
calculations based on simple tight-binding models of gra-
phene and the non-equilibrium Green’s function method. We 
report on how to include the effects of p-n junctions, magn-
etic field and complex absorptive potentials into the calcul-
ations, as simple perturbative terms to the Hamiltonian. We 
show how different choices of boundary conditions lead to 
different current features in the system, setting up local CAP 
regions in order to minimize artificial interference in the 
current patterns. We reproduce, from a fully atomistic per-
spective, some key features of electron transport in a DFM, 
such as electron beam collimation, deflection and scattering 
off circular Veselago dots, presenting a direct comparison 
with the semi-classical results reported in [5]. As expected, 
the quantum transport simulations show that current den-
sity of structures, which are large compared to the Fermi 
wavelength, show reasonable resemblance with the classical 
calculations. On the other hand, it is evident that quantum 
coherence leads to bond current patterns with richer emis-
sion and reflection structures, which may be utilized to 
extract more detailed information of targets than possible 
with semi-classical calculations.
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ABSTRACT: We show that polar molecules (water, ammonia, and nitrogen dioxide) adsorbed solely at the exposed edges of
an encapsulated graphene sheet exhibit ferroelectricity, collectively orienting and switching reproducibly between two available
states in response to an external electric field. This ferroelectric molecular switching introduces drastic modifications to the
graphene bulk conductivity and produces a large and ambipolar charge bistability in micrometer-size graphene devices. This
system comprises an experimental realization of envisioned memory capacitive (“memcapacitive”) devices whose capacitance is
a function of their charging history, here conceived via confined and correlated polar molecules at the one-dimensional edge of a
two-dimensional crystal.

KEYWORDS: graphene edges, polar molecules, ferroelectricity, memcapacitor, hysteresis, molecular switch

Molecular switches comprise a new range of solid-state
electronic systems able to reversibly shift molecules

between two or more states.1,2 In recent years, several switches
based on single molecules have been created on solid surfaces
implementing simple functionalities such as transistors or
tunable photoconductors.1,2 The development of more
advanced architectures and electronic capabilities at a
molecular level requires, however, the understanding and
control of collective interactions between molecules compos-
ing these systems.3 Such a scenario may be created in
molecules possessing long-range dipolar interactions confined
to surfaces of reduced dimensionality,4 enabling the generation
of correlated, ferroelectric systems with a switchable response.
In the present work, we demonstrate that these novel
functionalities can be achieved by confining polar molecules
at the edge of a graphene sheet. Specifically, we show large,
ambipolar charge bistabilities in the electrical characteristics of
encapsulated, gated graphene devices with oxygenated edges
exposed to gas environments containing different polar
molecules. It is important to note that this ambipolar behavior

does not occur in two distinct cases: (i) when the polar gas
surrounding the oxygenated edges of graphene devices is
replaced by a nonpolar gas, and (ii) when the edges of the
encapsulated devices are fluorinated, regardless whether the
environment contains polar gases or not. Both of these
observations clearly point out that graphene edges and polar
molecules are the key contributors to the observed
phenomenon, indicating that polar molecules adsorbed at
oxidized graphene edges become polarized, which we find
affects the graphene bulk conductivity via capacitive coupling.
In other words, the aforementioned observations cannot be
ascribed to other device components such as the hexagonal
boron nitride (hBN) and SiO2 dielectrics or the metal
contacts.
We provide a simplified atomistic model of the system based

on Density Functional Theory (DFT) calculations, which is
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able to capture the alignment of a single chain of polar
molecules adsorbed at edges of gated graphene devices with
oxygen termination. Combining these results with a phenom-
enological device model, we are able to reproduce our
experiments in qualitative and quantitative terms. This overall
ferroelectric system comprises an experimental instance of
newly envisioned memory capacitive (memcapacitive) devi-
ces,5,6 here undertaken at a molecular level and with promising
perspectives in terms of developing efficient circuitry for
artificial neural computing.6,7

■ RESULTS AND DISCUSSION
The adsorption of molecular species on graphene has been
extensively studied as an efficient approach to modify its
electronic properties and can result in both reversible insertion
of charge carriers in the monolayer8−10 and the modification of
its electronic band structure.11,12 To date, the focus has largely
been on adsorption on the graphene basal plane, assuming a
negligible contribution from edge adsorbed species. The
behavior of molecules adsorbed exclusively at the graphene
edge remains relatively unexplored despite their critical role in
determining the physical and chemical properties of this 2D
crystal.13−16 Following published techniques for the exfoliation
and van der Waals assembly of 2D materials,17−19 we have
fabricated micrometer-size, encapsulated, graphene field-effect
devices where only the graphene edges are exposed to the
ambient environment in order to evaluate the adsorption of
polar molecules at these locations (Figure 1a,b). We note that
edges of these graphene devices are exposed to fluorine- and
oxygen-based plasma treatments during and after fabrication,
which induces their fluorination or oxidation, respectively
(details in Methods).

Figure 1c shows the measured resistance R = V/I of one of
our devices (Device 1) treated with oxygen plasma as a
function of the gate-voltage Vg under three different environ-
mental conditions: vacuum (<10−3 mbar, red), dry air (blue),
and dry air mixed with 1% water vapor (black). In each of
these cases, we have performed two gate-voltage sweeps in
opposite directions, either starting from a positive or negative
maximum gate-voltage Vg

max. Results for each of the three
environmental conditions are shown with the negative sweep
direction +Vg

max → −Vg
max as continuous lines and the positive

sweep direction −Vg
max → +Vg

max as dashed-dotted lines. For
both the vacuum and dry air curves, the resistance R(Vg) is
independent of the sweep direction, with a charge neutrality
point VCNP located at −4 V (VCNP

0 ) due to residual dopants
near the graphene layer.17−19

Strikingly, the charge neutrality point in R(Vg) under 1%
water vapor is shifted symmetrically around VCNP

0 by ΔVCNP ≈
+7 V or −7 V when starting the gate-sweep from +Vg

max or
−Vg

max, respectively. In other words, our graphene device with
oxygen-plasma-treated edges exhibits large, symmetric, and
switchable episodes of homogeneous p- or n- doping
depending on the respective starting point of the sweep
sequence. This hysteretic doping behavior is almost completely
quenched (ΔVCNP ≈ 0.5 V) in the same encapsulated device
after the fluorine-based plasma treatment, as shown in Figure
1d. The residual ΔVCNP = 0.5 V can be accounted for by
imperfect fluorine functionalization of the graphene edges.20

The observation of symmetrical (gate voltage history
dependent) doping in devices with oxygen-treated graphene
edges in the presence of water vapor indicates that interactions
between water molecules and the oxidized graphene edge are
responsible for the observed charge bistability, while other

Figure 1. Polar molecules at graphene edges in micrometer-scaled gated devices. (a) Schematic of the squared graphene device encapsulated by
hexagonal boron nitride (hBN) with water molecules at edges. Inset shows the two collectively aligned molecular configurations existing at
graphene edges: above and below the graphene plane as further described below in Figure 3. (b) Scanning electron micrograph (SEM) of one of
our devices. Scale bar is 5 μm. (c) Resistance R = V/I measured across one of our devices (Device 1) with oxidized edges immersed in three
different environments: vacuum (red), dry air (blue), and dry air with 1% water vapor (black). The resistance is measured following two sweep
sequences: +Vg

max → −Vg
max (continuous line) and −Vg

max → +Vg
max (dashed-dotted lines). (d) Resistance R = V/I measured across the same device

(Device 1) after fluorine (violet) and oxygen (black) edge treatments in an environment composed of dry air with 1% water vapor.
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parts of the device, such as the hBN and SiO2 dielectrics or the
metal contacts, are not. Specifically, this symmetric doping
behavior show that water molecules adsorbed at graphene
edges become somehow polarized in two macroscopic,
preferential configurations (schematic in Figure 1a, inset, and
discussion below) when conducting gate sweeps in our devices.
Additional reasoning regarding why this charge bistability
phenomenon cannot be accounted for by commonly reported
hysteretic effects in literature are described in the Supporting
Information, Note 1. We have confirmed the appearance of
this phenomenon in multiple encapsulated devices with
oxidized graphene edges and water molecules (Figure 2 and
Supporting Information, Note 1). In addition, we have carried
out three additional experiments in order to clarify the nature
of this effect.
First, we show that ΔVCNP increases by increasing the

magnitude of the maximum gate voltage Vg
max in the sweep

(Figure 2a). This observation shows that the applied gate
voltage (or correspondingly, the electric field existing at
graphene edges Eloc,

21,22 see Supporting Information, Note 2)
impacts the actual microscopic structure and alignment of the
adsorbed water molecules at graphene edges, suggesting that a
larger applied electric field results in a higher degree of
molecular polarization of water at the edges.
Second, we observe that the initial application of a gate

voltage (electric field) from Vg = 0 V does in effect polarize and
align water molecules adsorbed at edges, as found from
consecutive gate voltage sweeps 0 → +Vg

max → 0. Figure 2b
shows that at t = 0, when sweeping Vg from 0 → +Vg

max, the
VCNP of the device is close to Vg = 0 V (corresponding to the
value measured in vacuum VCNP

0 for this device). When
sweeping from + Vg

max → 0 the VCNP of the device has shifted
substantially to ≈ 20 V (VCNP* ). These trends are consistent
with molecules becoming polarized at graphene edges. After
waiting 30 s at Vg = 0 V, we repeat the sweep 0 → Vg

max. The
VCNP of the device is seen to remain at Vg ≈ 20 V (VCNP* )
instead of returning to VCNP

0 , clearly indicating a stable
polarization of the water molecules at the graphene edge.
Third, we underpin that this phenomenon also occurs for

other polar molecules. To test this, we consecutively expose
one device to three individual environments composed of one
of the following polar substances: water vapor H2O, ammonia
NH3 or nitrogen dioxide NO2, at a concentration of 1% in dry
air. Prior to and between measurements in each of the three
environments, the chamber was evacuated to <10−3 mbar to
avoid cross-contamination, and the return of the VCNP to the
original position of VCNP

0 was confirmed. Figure 2c shows that
exposure to these three different polar molecules all exhibit the
same previously observed episodes of symmetric and
ambipolar doping, although to different degrees. This strongly
indicates that the mechanism responsible of this phenomenon
is general for polar molecules and effectively rules out exclusive
interactions occurring within water molecules,23 oxygen−water
or even carbon−water interactions, as causing this effect. More
importantly, this observation clearly implies Coulomb
interactions between polar molecules and between polar
molecules and the (chemistry-dependent) graphene edge
potential13 as the relevant microscopic causes of the observed
two-state macroscopic polarization of polar molecules
adsorbed at the oxidized edges of encapsulated graphene
devices.
We note that ferroelectricity is predicted24,25 and claimed26

to occur in confined systems with ordered polar molecules as a

result of enhanced dipolar interactions appearing in systems
with reduced dimensionality.25,26 Figure 2c shows how ΔVCNP
progressively increases for the NO2, NH3, and H2O cases,
respectivelya behavior that is readily explained as a direct
consequence of the different dipole moment μd of these
molecules: μd

NO2 (0.4D) < μd
NH3 (1.74D) < μd

H2O (1.85D) (see
eq 1 and the analytical model proposed below).
The experimentally observed charge bistability is seen only

for oxygen-plasma-treated graphene edges exposed to polar

Figure 2. Electrical measurements of micrometer-size gated graphene
devices in different conditions. (a) R measured across one of our
devices (Device 2) with oxygen edge-treatment immersed in dry air
with 1% water vapor following two sweep sequences: +Vg

max → −Vg
max

(continuous line) and −Vg
max → +Vg

max (dashed-dotted lines). Here we
took two values for |Vg

max|: 20 V (black) and 40 V (red). (b) Change
of charge neutrality point in one of our devices (Device 3) with
oxygen edge-treatment immersed in dry air with 1% water vapor when
sweeping Vg following the sequence 0 → Vg

max → 0 two consecutive
times. During the first sweep, the charge neutrality point changed
from VCNP

0 ≈ 0.5 V to VCNP* ≈ 20 V, indicating that molecules became
polarized. After waiting 30 s at Vg = 0 V, a second sweep 0→ Vg

max was
undertaken. The charge neutrality point clearly remained at the
position VCNP* ; that is, molecules stay polarized (albeit a small shift
due to depolarization effects occurring at room temperature). (c) R
measured across one of our devices (Device 4) with oxygen edge-
treatment immersed in dry air with 1% water vapor (black), dry air
with 1% nitrogen dioxide (green), and dry air with 1% ammonia
(blue). Vertical dashed lines in panels (a) and (c) indicate the
position of the charge neutrality point when devices are measured in
vacuum.
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species. For ferroelectric ordering of polar edge molecules to
appear and cause a measurable change in the electrical
response of encapsulated graphene devices, we require two
conditions to be met: (i) a stable (but not necessarily
complete) alignment of polar molecules as obtained upon
application of an external electric field to the device, and (ii)
interactions between the polar molecular ensemble and the
chemistry-dependent graphene edge as well as intermolecular
Coulomb interactions.
Alignment of Polar Molecules at Graphene Edges.We

use a simple atomistic model in order to understand the
binding energy εb of polar molecules adsorbed at the edges of a
finite-size graphene sheet for different edge passivation using
Density Functional Theory (DFT) with an incorporated gate
field (Methods). This model, Figure 3a, includes the key
elements of the experimental system, comprising the gating of
a finite-size graphene sheet modeled here as a nanoribbon with
oxidized or fluorinated edges and the presence of polar
molecules in the proximity of these edges (see Methods).
Complete details of the equilibrium positions and the
calculation of the binding energies of all combinations of
polar molecules (H2O, NH3, NO2) and graphene terminations
(oxygen, fluorine) considered in our experiments can be found
in Supporting Information, Notes 3 and 4. Numerical values
for the binding energies of all the tested cases are presented in
Table 1. In general, values of εb between 0.5 and 1 eV are
obtained for all three polar molecules adsorbed at oxidized
graphene edges, close to those reported in literature.14,15

Instead εb is more than 3 times smaller for the calculated case
of H2O adsorbed at fluorinated graphene edges. This behavior

agrees with the fact that C−O bonds at the edges enhance the
adsorption strength of polar molecules at those positions.14,15

Figure 3b shows that at Vg = 0 V, after relaxing the structure,
individual polar molecules are randomly trapped in one of only
two allowed equilibrium positions. These positions are
symmetrically oriented with respect to the graphene basal
plane, a behavior that has already been reported in previous
studies.15 Importantly, this equally probable trapping is broken
for devices with oxygenated edges when Vg ≠ 0 V, i.e., in the
presence of the local electric field Eloc existing at the edge of
finite-size graphene devices.21,22 We demonstrate this by
calculating (Figure 3c) the total energy difference of the
system (εtot

(z<0) − εtot
(z>0)) when the polar molecules are placed

below εtot
(z<0) and above εtot

(z<0) the graphene plane (z = 0), for
different averaged carrier densities in the device navg (or
equivalently Vg or Eloc). The energy difference εtot

(z<0) − εtot
(z<0)

increases linearly with navg (or Vg, Eloc), crosses the origin, and
changes sign with navg (or Vg, Eloc). First, this behavior
indicates that one of the two available configurations is favored
for Vg ≠ 0 V for oxygenated graphene edges. Second, a larger
fraction of the population of polar molecules are positioned in
the more favorable configuration for larger navg, with the final
occupation depending ultimately on the maximum value of
carrier density reached navg

max (equivalently Eloc
max or Vg

max). Finally,
the more favorable position for an individual molecule flips
upon changing the sign of navg; i.e., the system is ambipolar.
These behaviors are qualitatively identical irrespective of the
studied polar species, but quantitative differences in εtot

(z<0) −
εtot
(z<0) between different molecules at any fixed navg are observed
(i.e., different slopes) and are present even for a full edge
coverage (Figure 3c, lower inset).
These simulations agree with our experimental trends. In

particular, the favoring of one of two available positions for the
polar molecules at the graphene edge when Vg ≠ 0 V is
consistent with the observed bistable macroscopic charge
states in our gated device. Furthermore, the population of
these two molecular states in the system (i.e., molecular
alignment) is indeed regulated by the external field Eloc and
depends quantitatively on the actual dipole moment of the

Figure 3. Atomistic DFT calculations of gated nanoribbons with adsorption of molecules at graphene edges. (a) Simulated graphene ribbon
(periodic in the y direction) of width W (3, 13, and 23 nm) with a gate electrode underneath at a distance b. (b) Two stable configurations
(“above” and “below” the graphene plane w.r.t. the gate) of water molecules at graphene edges (passivated with oxygen) and preferential placement
depending on Vg. Graphs below show an schematic of the total energy εtot (represented as a double well with two minimum positions below εtot

(z<0)

and above εtot
(z>0) the graphene plane w.r.t. the gate electrode) and its evolution with Vg. (c) Total energy difference between the two minimums

(stable molecular position), at several averaged carrier densities navg for three different types of polar molecule: water (H2O), nitrogen dioxide
(NO2), and ammonia (NH3). εtot

(z<0) − εtot
(z>0) shows additional dependencies on edge termination (upper inset, simulation done with H2O), type of

polar molecule at the edge, and edge coverage (lower inset, simulation done with H2O).

Table 1. Calculated Binding Energies of Different Molecules
Adsorbed at Graphene Edges with Different Terminations

edge termination polar molecule εb (eV)

oxygen water (H2O) 0.508
oxygen nitrogen dioxide (NO2) 0.937
oxygen ammonia (NH3) 0.534
fluorine water (H2O) 0.159
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polar molecule, as observed in experiments (Figure 2a,c).
Moreover, the preferential trapping in any of the two
calculated possible configurations observed in devices with
oxygenated edges does not exist in the case of fluorinated
edges for any Vg. Figure 3c (upper inset) clearly shows that the
energy difference εtot

(z<0) − εtot
(z<0) does not change with navg (Vg

or Eloc) in devices with fluorine passivated edges. This indicates
that in this case, the population of the two states is not
controlled by an external field, in perfect agreement with the
quenched charge bistability observed in our encapsulated
graphene devices after a fluorine-based plasma treatment
(Figure 1d).
Finally, we note that the DFT results are robust upon

variations of the choice of functional (Methods), the width of
our simulated graphene nanoribbon (Methods) and the edge
chirality of the device: zigzag or armchair (Supporting
Information, Note 5). The latter fact provides a compelling
reason for the charge bistability phenomenon being present in
our experimental graphene devices, having edge roughness ∼1
nm22 and thus likely composed of a mixture of both edge
chiralities. We also note that despite not accounting for
temperature and pressure in our DFT calculations, we predict
complete (1:1) edge coverage of polar molecules in our
devices under the given experimental conditions by statistical
mechanics calculations (Supporting Information, Note 6).
Such calculations explicitly account for the effect of molecular
mobility (rotation, vibration) and the possible adsorption and
desorption of polar species from graphene edges at the given
temperature and pressure of the experiments.
Capacitive Coupling of Aligned Polar Molecules to

Graphene Device Characteristics. Collectively oriented
and correlated polar molecules favoring either of the two
observed states at graphene edges would generate a net dipole
moment with a component perpendicular to the graphene
plane pz. We demonstrate below that pz has a measurable effect
on the electrical characteristics R(Vg,pz) of a micrometer-size
graphene device via capacitive coupling. Up to a first
approximation, pz will depend on27

p Nz dμ η= (1)

where μd is the dipole moment of a single polar molecule, N
the total number of adsorbed polar molecules at the edges
(corresponding in our case to the total number of available
binding sites, see above and Supporting Information, Note 6),
and η = (N(z>0) − N(z<0))N−1, the relative difference in the
number of molecules above (N(z>0)) and below (N(z<0)) the
graphene plane with respect to the gate electrode. Considering
μd and N as fixed parameters for a given system, −1 < η < 1
determines its current state and consequent behavior.
The resistance R of a micrometer-size, gated graphene

transistor is inversely proportional to the total charge Q that
exists in the monolayer:28

R
Q Q

1
2

res
2

∝
+ (2)

where Qres is a residual charge due to unwanted doping and/or
thermally activated carriers.28 In the present case, Q will
depend on both the back gate-voltage Vg and the net dipole
moment pz along the edge of graphene Q(Vg,pz) and can be
calculated electrostatically from the two contributions to the
total surface charge density σ = σB + σC. Here, σB represents
the bulk contribution (solely) due to the direct gate-induced

carrier injection in the system. Meanwhile, σC is the additional
contribution due to the aligned polar molecules, which have a
notable effect close to the edges of the device. The detailed
description of this electrostatic model appears in the
Supporting Information, Note 7. We note that σC and η are
the only free parameters of this electrostatic model and can be
extracted from the experimental data. Moreover, σC depends
on η, as we demonstrate below by a mean-field calculation
reflecting the molecular switching mechanism. Therefore, η is
the only independent parameter of the proposed phenomeno-
logical model.
Figure 4a shows the calculated resistance of a micrometer-

scale graphene device for three cases: absence of polar
molecules (pz = 0) and full edge occupancy of polar molecules
all oriented in one of the two possible orientations, (e.g., at
|ηmax| = 1 and |pz| = μdN). The experimentally observed
ambipolar resistance R(Vg,pz) is clearly reproduced by the
calculations.
Specifically, we took μd = 1.85 D as the dipole moment of

water while N is estimated for full coverage as N = 4L/ab,
where 4L is the perimeter of our device and ab is the mean
distance between binding sites at the graphene edge (given by
the second nearest neighbor distance in a graphene lattice,
∼0.25 nm). With these assumptions, the separation ΔVCNP
between resistance curves agrees quantitatively with our
experiments (Figure 1c) for σC

max = 0.08 C/m2 in this case.
The evolution of σC (or equivalently η) with respect to Vg
therefore describes the ferroelectricity of the system.

Molecular Switching Mechanism: Mean-Field Model.
We propose a ferroelectric model of molecular switching to
simultaneously estimate the fraction η(Vg,T) of polarized
molecules at a given Vg and temperature T, or equivalently the
charge distribution induced in our graphene device due to the
presence of polar molecules σC(Vg,T). The ferroelectric
switching model for an ensemble of molecules is based on
the observed charge bistability in our experiments and is
inspired by the mean-field Curie−Weiss model of magnetism.
Using Boltzmann statistics, at a temperature T and for a given
back-gate generated local electric field Eloc at the edge of the
device, the probability of molecules being either above or
below the graphene plane is

N Ne , ez k T z k T( 0) / ( 0) /B B= =ε ε> Δ < −Δ (3)

where the energy Δε = Eeffμd ≡ (Kη + bi)kBT represents the
energy to flip a single dipole μd in the effective electric field Eeff,
existing at the edge for Vg ≠ 0 and finite molecular
polarization. The term bi = Elocμd/kBT contains all the
interactions to which a single dipole is subjected given an
electric field Eloc, which is the electric field for η = 0 in the
device. Meanwhile, Kη = ΔEeffμd/kBT describes the response to
the local field at the edge ΔEeff = Eeff − Eloc when η ≠ 0. This
effective interaction parameter K depicts the charge induction
in the graphene device due to the molecular polarization at
edges, which, in turn, change the local field at the edge and
provide a feedback mechanism between local field and
polarization.
Given η = (N(z>0) − N(z<0))N−1, our problem is reduced to

solving numerically the transcendental equation η = tanh(Kη +
bi) (Figure 4b). Using eqs 1 and 2, R(Vg,pz) can be calculated;
the results are shown in Figure 4c.
Importantly, in this model K is the only free parameter

(since ΔEeff is related to σC(r), Supporting Information, Note
8) and takes into account the actual microscopic arrangement
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of the polar molecules, including, for instance, situations where
more than one row of molecules are present at the graphene
edge. Given the experimentally observed |ΔVCNP|, this mean-
field model enables independent determination of K, the
maximum polarization achieved in the system ηmax, and the
surface charge density σC

max of the corresponding device (see
Supporting Information, Note 8). For the specific case of our
experimental device in Figure 1c with |ΔVCNP| ≈ 7 V, these
values are ηmax ≈ 0.84, K ≈ 1.4, and σC

max ≈ 0.03 C/m2. The
values obtained for ηmax and σC are consistent with those
previously assumed (ηmax = 1) and estimated (σC

max ≈ 0.08 C/
m2) above from electrostatic calculations.

Therefore, K is the key parameter describing the observed
ferroelectric behavior of polar molecules at graphene edges:
ferroelectricity would not exist in the system for K < 1. At the
microscopic level, K is a result of molecular dipole−graphene
edge interactions as well as intricate intermolecular (dipole−
dipole) interactions. We note that, for polar molecules placed
in front of a graphene sheet, the effect of the screening
interaction (induced charge density in the monolayer) has
been predicted to align their dipole normal to the bulk
graphene basal plane, even at room temperature.29 However,
the effective potential energy is more complex at the edge
where it depends, e.g., on edge passivation.13 In consequence,
the nontrivial interplay between the molecular adsorption at
oxygen-passivated graphene edges (in the presence of an
external electric field), graphene−molecule interactions, and
molecule−molecule interactions determines both the equili-
brium configuration of polar molecules at graphene edges (see
examples in Supporting Information, Note 4) and the
appearance of ferroelectricity in our devices.

Memcapacitive Behavior. Using eq 2, the experimental
device capacitance C(Vg,pz) = Q(Vg,pz)/Vg is seen to be
hysteretic, ambipolar, and divergent (Figure 5). These are

three unique features of predicted memory-capacitive
systems.5,6 In our devices, this functionality arises at the
molecular level as a result of the ferroelectricity of confined
polar molecules at the graphene edges affecting the charge
transport in the monolayer. The gate sweeps shown in Figure
2b in effect demonstrate “write” and “read” operations for this
memcapacitive device. At t = 0, the VCNP of the device is close
to Vg = 0 V (VCNP

0 ) since the polar molecules trapped at
graphene edges are randomly distributed in the two available
states (pz = 0 since η = 0). An increasing degree of polarization
(corresponding to a “write” operation, gray line) occurs while
increasing Vg, with the stored state of the system observed as a
change of the VCNP to ≈ 20 V after returning to Vg = 0 V. Even
after 30 s at Vg = 0 V, VCNP remains at ≈ 20 V when
performing subsequent “read” operations (red sweep, 0 →
Vg
max), and thus the state of this memcapacitive device is

persistent at room temperature over unexpectedly long time
scales given its molecular origin.

Figure 4. Ferroelectricity of polar molecules at the edges of
micrometer-size graphene devices. (a) Electrostatic model, showing
the calculated resistance in the device for different net dipole
moments along the graphene edge: molecules above the graphene
plane (pz = +μdN), molecules below the graphene plane (pz = −μdN),
and absence of molecules (pz = 0) . A net dipole pz along a graphene
edge introduces a considerable ambipolar doping (shifts in VCNP) in a
micrometer size graphene device, symmetric for the two opposite
molecular orientations. (b) Calculated transcendental equation η =
tanh(Kη + bi), showing hysteretic behavior for cyclic gate-sweeps. (c)
Calculated resistance R(Vg,pz), including the η obtained in panel (b),
reflecting the observed hysteretic behavior in our experiments (Figure
1c). In our model of panels (b) and (c), we account for the VCNP

0 seen
in our experimental device (Device 1, Figure 1) as indicated by
vertical dashed lines.

Figure 5. Memcapacitive behavior in graphene based transistors with
polar molecules at edges for symmetric sweeps of Vg. Extracted
ambipolar, hysteretic, and diverging capacitance in one of our devices
(Device 1, Figure 1). This capacitance exhibits a typical behavior of
predicted polarizable memcapacitive systems.5,6 VCNP

0 in the device is
indicated by the vertical dashed line.
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In summary, we have demonstrated that polar molecules at
the edges of an encapsulated graphene device display a two-
state, switchable, and stable molecular dipole alignment in
response to an external electric field, leading to a net dipole
moment pz, which causes a pronounced macroscopic charge
bistability in gated graphene devices. This molecular system
represents an experimental instance of envisioned memcapa-
citive devices5,6 and can be exploited for the exploration of
correlated molecular systems4,24−26 and applications such as
neuromorphic hardware architectures.7

■ MATERIALS AND METHODS
Device Fabrication. The fabrication process19 is based on

the dry-pickup and encapsulation of graphene between
hexagonal boron nitride (hBN).17,18 We select hBN flakes
with thicknesses between 15 and 25 nm for our devices.
Stacked hBN/graphene/hBN heterostructures are placed on
top of a highly doped Si wafer with a 300 nm SiO2 on top.
Square devices are shaped from these heterostructures by
electron beam lithography (EBL) and reactive ion etch (RIE)
etching steps. The RIE process comprises an initial SF6 etch
(20 s) for the top hBN (power ≈ 30 W, 30 sccm), a brief
oxygen-based plasma etch (10 s) for graphene (power ≈ 40 W,
argon 40 sccm, oxygen 5 sccm) and a second SF6 etch (20 s)
for the bottom etch (power ≈ 30 W, 30 sccm). We emphasize
the usage of RIE etching as an effective way to reduce the edge
disorder in graphene devices.22,30

The contacting procedure19 comprises a second EBL step
performed to define the contacts of the device, followed by the
evaporation of Cr/Pd/Au (2, 15, and 25 nm, respectively) and
a lift-off.
The definition of the device perimeter by etching leaves only

the graphene edges exposed to the ambient environment.
Here, the edge termination is essential in our devices. We
expose the edge of graphene in our devices to both fluorine-
based (SF6) and oxygen (O) plasmas, in order to evaluate the
adsorption of polar molecules with respect to the edge
passivation of graphene. Fluorine decoration at the edge is
achieved by a plasma treatment at room temperature with SF6
as precursor gas.20,31 In other words, we have explicitly avoided
the usage of CF4 plasma due to its tendency to introduce
excessive disorder in graphene.20 Meanwhile, oxygen deco-
ration at the edge is achieved by a short (1 s) plasma ashing
(power ≈ 20 W) post-treatment, a gentle, chemical, and
undirected process.30

In practice, graphene is subjected to a fluorine edge
treatment while etching the bottom hBN with the fluorine-
based plasma (i.e., SF6), during the fabrication of hBN the
encapsulated graphene devices. We note here that this may
explain why the effect is previously unreported for encapsu-
lated devices, where fluorine-based etching is used.17−19

Instead, oxygen decoration of graphene edges is achieved
afterward by first annealing devices up to 400 °C in vacuum
(<10−5 mbar) for 2 h to eliminate32 residual fluorine existent
from the fabrication process, followed by exposure to 1 s of
oxygen plasma to facilitate the complete oxidation of graphene
edges.30

Electrical Measurements. Our measurements were
performed in a dark and environmentally controlled chamber.
Measurements of resistance were performed using a Stanford
SR830 lock-in amplifier with an excitation voltage of 200 μV at
a frequency of 17.77 Hz. The gate-voltage sweeps were carried
out at a rate of 0.2 V/s. We have confirmed the homogeneity33

of our fabricated devices by comparing the measurement in the
configuration shown in Figure 1b, with a measurement carried
out with the wiring configuration rotated by 90°.17,33 We
measure first devices where the edge of graphene is treated
with SF6 as a result of the entire device fabrication (finished by
etching the bottom hBN). We then measure devices after
being subjected to the vacuum annealing and the 1 s oxygen
plasma ashing processes, steps undertaken to remove fluorine
and promote a complete oxygenation of the graphene edges in
the device.

Atomistic Simulations. Our DFT calculations are
performed with the software ATOMISTIX TOOLKIT. The
wave functions are expanded in terms of a localized single-ζ-
polarized basis set and double-ζ-polarized basis set. We use
norm-conserving Troullier−Martins pseudopotentials with a
density mesh cutoff of 75 hartrees, the LSDA exchange-
correlation by Perdew and Zunger34 and a 1×5×1 (6×6×1) k-
point grid with origin at Γ for the ribbon calculations. We
represent the direction perpendicular to the graphene plane as
the z direction (Figure 3a). In order to assess the robustness of
the results with respect to intermolecular interactions, we
introduce 1, 2, or 4 polar molecules per unit cell. Due to
periodic boundary conditions in the y direction, this
corresponds to having an infinitely long edge with coverages
0.25, 0.5, and 1 of the bay sites.23 We place polar molecules
with the center of mass slightly out of the graphene plane and
then relax the structure. Geometry optimizations were
performed until all forces were below 0.01 eV/ Å. Binding
energies of all tested molecules adsorbed at the edge of
graphene and equilibrium configurations are shown in the
Supporting Information, Notes 3 and 4. We note that the
optimized configurations with both single- and double-ζ
polarized basis sets are in good agreement with other DFT
studies in the literature at zero gate voltage.14,23

To simulate finite electrostatic gating, we add a charge to the
graphene layer and solve the Poisson equation with Dirichlet
(Neumann) boundary condition at the gate electrode (vacuum
boundary).35

In our simplified model, the presence of the hBN dielectric
and the possible presence of water molecules assembled at its
edges are not explicitly accounted for; however, such effects
would be included in the effective interaction parameter K. We
do not expect dielectric screening effects to play a central role,
as the experiments show that edge termination (O or F) is the
main determinant for the amplitude of the hysteresis alongside
the adsorbant molecular dipole moment.
We calculate the total energy εtot of polar molecules

adsorbed at the edge of a graphene nanoribbon passivated
with fluorine or oxygen atoms, following experiments, and
hydrogen, a common reference element used to passivate
graphene edges.23

Although the simulated ribbon is much smaller than the
experimental micrometer-size devices, the total energy differ-
ence εtot

(z<0) − εtot
(z>0) is independent of the extent of the

graphene basal plane.14 We have checked this by simulating
ribbons of different widths W (3, 13, and 23 nm), obtaining
very similar results in all these cases.
Furthermore, we have undertaken an appropriate electro-

static scaling by choosing the ribbon width W and its distance
to the gate electrode b (Figure 3a). This is clearly seen in the
generated carrier densities in the device, navg (Figure 3c),
having values similar to those observed in experiments. Thus,
Eloc and the electrostatic energy of interaction μdEloc (playing a

Nano Letters Letter

DOI: 10.1021/acs.nanolett.8b00797
Nano Lett. 2018, 18, 4675−4683

4681



role in εtot) are similar for simulated ribbons and experimental
micrometer-size devices.
Finally, our DFT results show the same behavior for both

zigzag and armchair termination of the graphene nanoribbon
(Supporting Information, Note 5), providing a compelling
reason for a robust charge bistability phenomenon to be
present in experimental graphene devices, even with borders
composed of a mixture of both edge chiralities.
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Supporting Note 1.  Origin of hysteresis in our devices for cyclic gate sweeps 

Measurement of hysteresis in our devices 

As aforementioned in the main text, our graphene devices exhibit symmetric and homogeneous p- or 

n-doping (around 0

CNPV ),  depending on the starting point of the sweep sequence max

gV . These doping 

episodes can be hysteretic when gate-sweeps are symmetric and cyclic: 00 maxmax  gg VV  

(Figure S1). A specific and important resistance value in our sweeps is  VVR g 0  from both starting 

and finishing points of a cyclic gate-sweep. Figure S1(a) shows the first hysteretic sweep (black line) 

with non-coincident initial and final points  VVR g 0 . Nevertheless, the initial resistance value of 

this first cyclic gate-sweep coincides with  VVR g 0  when the device is measured in vacuum (grey 

dashed line), and the final resistance value coincides with the initial resistance value of the second 

gate-sweep (red, started after waiting 5 secs). This behavior agrees with the explanation carried out in 

the main text. First, polar molecules at graphene edges are randomly positioned before starting the 

initial sweep at VVg 0 (here, zp =0, since 0  , see Eq.1 in main text). Then, during this first gate-

sweep and for additional sweeps, molecules are already aligned in one of the two possible 

configurations at VVg 0  ( 0zp ), thus, the initial and final values of  VVR g 0  coincide in further 

consecutive gate-cycles.  

This explanation is also observed in devices with a positive residual charge neutrality point in 

vacuum of 0

CNPV ~13V. When starting the first gate-sweep in dry air with 1% water vapor (Figure 

S1(b)), the maximum in resistance does occur at 0

CNPV ~13V, too. After VVg 60max  , molecules are 

positioned in one of our the two possible locations at the edge and the 
CNPV  shifts towards larger 

values (~32V). Then, after VVg 60max   molecules are positioned in the opposite configuration at the 

edge and 
CNPV  shifts towards smaller values (~ -10V).  
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Figure S1. Hysteretic behaviour in our devices when performing cyclic gate sweeps 

00 maxmax  gg VV . Arrows indicate the starting voltage and direction of the corresponding gate-

sweep. (a)  
gVR  of Device 1 immersed in dry air with 1% of water vapor for three consecutive 

cyclic gate sweeps with VVg 20max  . Beforehand, a sweep of the device was performed in vacuum 

(dashed grey line). 0

CNPV ~  - 4 V in this device.  (b)  
gVR  of  Device 4 immersed in dry air with 1% 

of water vapor for one cyclic gate sweeps with VVg 60max  . 0

CNPV ~ 13 V in this device.  

 

Unique hysteresis mechanism due to polar molecules at graphene edges 

The appearance of hysteresis is a common trait occurring in the gate-dependent resistance  gVR  of 

non-encapsulated graphene transistors in cyclic gate-sweeps
1-5

. This well-known macroscopic feature 

is ascribed, however, to four main individual microscopic mechanisms (or a combination of them
1-4

): 

(i) charge transfer from adsorbed molecules
1
 including dissociation of by-products

4
, (ii) charge 

injection from the graphene basal plane to traps or defects present in the substrate
1,3

, (iii) capacitive 

gating from polar or ionic media affecting the electrostatic potential around graphene
1-4 

and (iv) 

dissociation of chemisorbed molecules at the interface between graphene and ferroelectric 

substrates
4,5

. The purpose of this sub-section is to analyse, single out and understand the microscopic 

mechanism responsible of the hysteretic behaviour observed in our hBN encapsulated graphene 

devices.  

First, hysteresis in our study exclusively appears when our devices are immersed in atmospheres 

containing polar molecules. This observation excludes the possibility that the here introduced 

hysteretic behaviour could be substrate related (points (ii) and (iv)): these two causes would induce 

4 

 

hysteresis in our graphene devices regardless of the atmosphere where they are immersed, contrary to 

our observations. 

Therefore, only charge transfer (point (i)) or capacitive gating (point (iii)) effects (both coming from 

polar molecules) could be the actual cause of the hysteretic mechanism observed in our encapsulated, 

micron-size system. This is an important observation, as it already proves the uniqueness of the here 

observed hysteresis: any of these two remaining causes do occur right at the edge of the graphene, 

since our graphene is encapsulated between hBN. 

We note that point (iii), variations of the capacitive gating due to polar molecules placed at graphene 

edges, corresponds to the mechanism already described in the main text.   

Here, we demonstrate that mechanism (i), charge transfer from polar molecules or dissociated by-

products at edges, cannot reproduce our experiments. To do so, first, we note that any localized and 

static charge transfer in graphene leads to the formation of p-n junctions
6
, making the device 

inhomogeneous, a behaviour which is manifested electrically by the appearance of two peaks in 

 
gVR  when sweeping (increasing or decreasing) 

gV . In our system, a possible charge transfer at the 

edges of our encapsulated graphene devices would be localized and static, too (molecules cannot 

freely move on the graphene basal plane). However, we only observe a single resistance peak when 

increasing or decreasing 
gV (our peak only shifts in the abscissa axis), signature of a homogeneous 

doping taking place in the device. As such, a significant charge transfer does not occur at the edges of 

our hBN encapsulated graphene devices.  

Second, if polar molecules are not dissociated, a possible charge transferred to the graphene would be 

of one sign (either electrons or holes) and only induce either n or p doping in the device. This 

scenario does not either explain the observed ambipolarity in our system: we observe symmetric 

episodes of p and n doping in our devices (positive and negative shifts of the charge neutrality point 

with respect to 0

CNPV , depending on the initial point of the gate-sweep). 

Third, the dissociation of adsorbed polar molecules at graphene edges when sweeping the gate-

voltage, leading to a possible ambipolar charge transfer, is not realistic in our system: for example, 

the H–OH  bond dissociation energy is ~5.11eV
7
, while the maximum magnitude of the electrostatic 

energy 
locd E  achieved in our device is well below 50 meV. 

We nevertheless give a conservative estimation of the charge transfer magnitude that could occur in 

our device. We calculate the maximum total number of polar molecules at the edge to be 
ba

L
N

4
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~8×10
4
 in our squared devices with side L = 5 µm, where 

ba is the distance between binding sites at 

the graphene edge (approximately given by the second nearest neighbor distance in a graphene lattice 

~0.25 nm). If each polar molecule (for example water) or its products of dissociation (–H or –OH) 

could transfer a charge with a magnitude equal or smaller than the elementary charge e at the edge of 

graphene
8
, the additional charge introduced by these N molecules present at graphene edges would 

correspond to a maximum overall residual charge density in the 5 µm sided square device of  

11

2
102.3 

L

N
nres

cm
-2

. This estimated value corresponds to a maximum shift of the charge 

neutrality point of CNPV  =  4V, a voltage 5 times smaller than some of our experimentally observed 

shifts  ( CNPV  ~22V in some cases, see Figure 2).  

Based on these four observations, we can reasonably exclude the charge transfer mechanism from 

polar molecules at graphene edges of being the main cause of our observed hysteresis. 

Finally, we note that mechanisms such as photo-doping effects
9
 or distant surface effects occurring 

on the top hBN layer cannot cause the observed hysteresis either. First, photo-doping effects can be 

excluded since our measurements were done in a dark chamber (Methods). Then, distant surface 

mechanisms would imply that hysteresis in our graphene devices is somehow produced by a layer of 

polar molecules placed on the surface of the top hBN layer of the device (rather than due to an edge-

driven mechanism as proposed in the main text). Although hysteresis in graphene devices has been 

reported to arise due to different distant top/bottom surface effects such as charge-trapping layers
10

, 

we can reasonably exclude distant surface mechanisms from polar molecules on the top hBN layer to 

occur in the present case. First, such hysteretic effects are shown in ultra-thin hBN layers ≤ 10 nm
10

 

and exhibit a clear dependence on the thickness of the hBN layer
10

. Our devices, instead, are 

fabricated using thicker hBN flakes with thicknesses varying between 15 - 25 nm (Methods and 

Figure S2). More importantly, for a given gate-sweep range, the shown hysteresis ( CNPV ) is very 

similar in devices which have top hBN layers with different thicknesses. For example, despite the top 

hBN layer of Device 1 having a thickness of 17 nm and the one for Device 2 being 24 nm;  CNPV  ∼ 

7 V in both devices for a gate-voltage sweep of ± 20 V (Figures 1c and 2a in the main text, 

respectively). Finally, hysteresis also appears in our devices if one measures the device just after the 

thermal annealing step used to remove fluorine
11

 at edges (see Figure S3), i.e. before undertaking the 

1 sec oxygen plasma ashing. This important fact clearly excludes distant surface mechanisms of 

polar molecules on the top hBN layer being the responsible of the here reported hysteresis: whereas 

the top hBN surface could be altered by the last oxygen plasma treatment
12,13 

 consequently 

6 

 

modifying the affinity of the hBN surface for polar molecules (a fact which could somehow affect 

the electrical features of the device), hBN remains unchanged even up to temperatures much larger 

than the ones used in this study
14

. In other words, fluorinated graphene edges are responsible of 

quenching the hysteresis in our system. Removal of the fluorine termination immediately activates 

the hysteresis, whereas the last 1 sec oxygen plasma ashing only facilitates the complete oxidation of 

graphene edges. As such, the reported hysteresis in our devices must be an edge driven mechanism.  

We note that after thermal annealing in vacuum to remove fluorine atoms, graphene edges could 

naturally oxidized upon exposure of the device to atmospheric conditions
15,16

. If not oxygen, other 

atmospheric species could passivate graphene edges. For example, hydrogen would also induce 

hysteresis as demonstrated by the similar qualitative behavior exhibited by the total energy difference 

between the two stable molecular positions for both oxygen and hydrogen passivated edges in a 

gated graphene device (Figure S4). 

 

 

Figure S2. (a) Optical images of one of our hBN/graphene/hBN stacks where top and bottom hBN 

are marked. (b) Enhanced contrast optical image showing the graphene flake and the device area. 
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Figure S3. Resistance measured across a device (Device 5) in dry air with 1% of water vapor after 

the following sequential steps: (a) fluorine (violet) based treatment (after etching the bottom hBN 

with SF6), (b) vacuum annealing at 400 °C (red) and (c) vacuum annealing and 1sec oxygen plasma 

ashing (black). Hysteresis occurs after the vacuum annealing at 400 degrees, step undertaken to 

remove
11

 fluorine from the graphene edges. 

 

 

Fig. S4. Total energy difference 
)0()0(   z

tot

z

tot   between the two stable molecular positions, at 

different average carrier densities avgn  for water (H2O) molecules. 
)0()0(   z

tot

z

tot  does not 

depend on avgn  for the case of F- terminated graphene. 
)0()0(   z

tot

z

tot   behaves qualitatively 

similar for H- and O- terminated graphene edges. 
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Supporting Note 2. Local electric field at the edges of gated, finite-size graphene devices 

A strong and unscreened electric field occurs at the sharp-edges of finite-size, gated graphene 

devices
17,18

. The presence of this electric field entails that the two available configurations to adsorb 

polar molecules at the graphene edges are no longer equally probable; as shown in the main text. 

Figure S5 shows the simulated
18

 electric field at the graphene edge in such devices, having a 

magnitude of 
locE ~ 5×10

8
 V/m  for VVg 40  and a main component along the z axis (perpendicular 

to the graphene plane). This magnitude is ~3.6 times larger than the value expected for a plane 

capacitor dVE g /0   ~1.3×10
8
 V/m. 

 

Figure S5. Simulated local electric field 
locE  close to the edge of a micrometer-size graphene 

squared devices for VVg 40 . 

 

Furthermore, we have calculated 
locE  for other different 

gV  at a distance < 1nm from the graphene 

edge (see Table S1), obtaining an approximated analytical expression
0~ 3.6 3.6× /loc gE E V b  (b is the 

dielectric thickness).   All these simulations are obtained for a square device geometry with the 

dimensions of our experimental devices; solving the Poisson equation
17,18

 by using a finite-element 

method solver. 
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gV  [V] 
0 /gE V b   [V/m] 

locE  [V/m] 

10 3.3×10
7
 1.2×10

8
 

20 6.6×10
7
 2.4×10

8
 

30 1×10
8
 3.6×10

8
 

40 1.3×10
8
 4.8×10

8
 

 

Table S1. Local electric field 
locE  close to the edge (distance < 1nm) of graphene squared devices for 

different 
gV . 

 

Supporting Note 3. Estimation of binding energies of the adsorbed molecules from atomistic 

simulations. 

Density functional theory (DFT) is employed in the calculation of the binding energies of the polar 

molecules adsorbed at the edge of a passivated zigzag graphene ribbon (zzGNR). We calculate these 

values in the LDA approximation, here including the Basis Set Superposition Error (BSSE) 

correction in order to avoid overestimated values when comparing LDA and experimental results
19

. 

We define the binding energy 
b of the molecule M adsorbed on graphene edges as 

zzGNRMzzGNRMb     (S1) 

where M , 
zzGNR , and 

zzGNRM   are the energies of an isolated molecule, the graphene supercell and 

the molecule-graphene system, respectively. 

b  values for the different combination of edge passivation of graphene and polar molecules 

considered through this study are shown in Table S2 (Table 1 in the main text). 
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Edge termination Polar molecule 
b  (eV) 

Oxygen (O) Water (H2O) 0.508 

Oxygen (O) Nitrogen dioxide (NO2) 0.937 

Oxygen (O) Ammonia (NH3) 0.534 

Fluorine (F) Water (H2O) 0.159 

 

Table S2. Binding energies of different adsorbed molecules from atomistic calculations 

 

Supporting Note 4. Symmetric positioning of different polar molecules at graphene edges 

In the absence of an external electric field, individual polar molecules adsorbed at graphene edges 

exhibit two stable, equally probable and symmetric configurations above  0z  or below  0z the 

graphene plane
19

  0z  w.r.t. the gate electrode. Figure S6 visualizes the (DFT calculated, 

Methods) equilibrium position of all combinations (polar molecule and element passivating the 

graphene edge) covered in the present study (Table S2). Here, the two equilibrium and equidistant 

configurations are obtained depending on a slightly different initial positioning of their center of 

mass around z = 0 before relaxation.  

We note that the observation of two stable positions above or below the graphene is robust upon 

variation of the used DFT functional. However, minor differences are found in the actual orientation 

of the molecules at those two equilibrium positions. The latter fact (accounted in our 

phenomenological model by the parameter K, see Supporting Note 8) emphasizes the complex 

interplay taking place in the system between the molecules adsorbed and the passivated graphene 

edges (including molecule-molecule interactions). 
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Figure S6. DFT calculated (Methods) equilibrium position of H2O (top-left panel), NO2 (top-right 

panel), and NH3 (bottom-left panel) at graphene edges passivated with oxygen (red). Bottom-right 

panel shows the relaxed structure of H2O at graphene edges passivated with fluorine (fluorescent 

green) 
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Supporting Note 5. DFT calculations on graphene nanoribbons with armchair edges 

 

 

 

Figure S7. Total energy difference between the two minimums (stable molecular positions), at 

different averaged carrier densities avgn  in a graphene nanoribbon with zigzag (black) and armchair 

(red) chirality. Calculations are done for water (H2O) as the polar molecule. The preferential 

orientation of water molecules above or below the graphene plane for different gate voltages behaves 

qualitatively the same for both edge chiralities. 

 

Supporting Note 6. Molecular occupation at graphene edges: statistical analysis 

We show that, within the realm of the Langmuir adsorption model, all the available binding sites 

along the graphene edge are fully occupied with polar molecules for our experimental conditions. We 

note that since the model does not depend on the dimensionality of the system in consideration, it can 

be used in our one-dimensional case. The procedure is analogous to that used to obtain the Langmuir 

isotherm equation from statistical arguments
20

. 

We consider dipolar molecules attaching to an edge. We take the total number of molecules, i.e. 

those present in the atmosphere and those that have attached to the edge, to be given by . The 

number of attached molecules is taken to be n, thus, the number of free molecules is  -n. If the 

number of binding sites is given by Nb, then n ≤ min (Nb,  ). The attached molecules can bind with 
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energy
b , where 

b is the binding energy to the edge for the studied molecules, obtained from DFT 

calculations (Table S2). 

One obtains the overall statistical weight of any configuration with a fixed Nb due to the binding 

process, and contributing to the grand canonical potential, as 
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where ),( TVz  is the single-molecule partition function,   is the gas chemical potential and 

TkB/1 . 

The resulting sum can be written as the combination of two different terms  
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where we have separated the sum over   into terms of which 
bN and terms for which 

bN . 

We can now invert the limits of the sums over   and n in the first term and combine the two terms 

again, obtaining 
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The sum over   can now be trivially performed by a simple shift of variable. We obtain 
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This sum can also be performed using the binomial theorem. The final result is 

    b
b

Nz

b eeN
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1
 

 . (S6) 

Thus, we obtain for the grand canonical potential )(ln bBG NTk  , the expression 

 )(
1ln

 
 beTkNTzek BbBG

. (S7) 
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The first term of Eq. S7 is the contribution of the molecules present in the atmosphere to the partition 

function, while the second term, in contrast, contains the information related to the thermodynamics 

of the bound molecules. 

The single molecule partition function, ),(),(),(),( TVzTVzTVzTVz vibrottr  , is the product of 

three terms, where ),( TVztr
is the contribution due to the translational degrees of freedom of the 

molecules, ),( TVzrot
is the contribution due to the rotational degrees of freedom and ),( TVzvib

is the 

contribution due to the vibrational degrees of freedom.  

At high temperatures (well above the boiling point of the substance at a given partial pressure), the 

contribution due to translational degrees of freedom is given by 

2/3

2
2

3

3
3

2)2(
),(

2













   


Tmk

Ve
pd

xdTVz Bm

p

tr
, (S8) 

being p and m the momentum and mass of the single molecule, respectively. 

Also at high temperatures, and for a non-linear molecule ),( TVzrot
is given by 

321

23

)(
rotrotrot

rot
TTT

T
Tz




 , (S9) 

where 
1rotT , 

2rotT and 
3rotT  are the so-called rotational temperatures of the molecule, while  is the 

rotational symmetry number of the molecule (equal to two for the case of water).  

Finally, ),( TVzvib
is given, for a free molecule with three vibrational degrees by 
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where 
Bivibi kT  are the three vibrational temperatures and 

i are the corresponding frequencies 

of the vibrational modes of the molecule. 

If we perform the derivation of 
G with respect to V, we will obtain the partial pressure of the gas in 

the atmosphere, i.e. 
V

P G




 . The result is 

e
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If we perform the derivation of 
G with respect to  , we obtain the total number of molecules   in 

the system 

)(

)(

1











b

b

e

eN

Tk

PV b

B

.  (S12) 

 

The first term of Eq. S12 represents the number of molecules of the gas in the atmosphere, as given 

by the ideal gas law, whereas the second is equal to the number of binding sites nb, with molecules 

attached to them. The fraction of binding sites with a molecule bound to them 
bb NnTf ),(  , is 

given by 

)(

)(
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If we substitute Eqs. S8,S9 and S10 in Eq. S11, we are able to express the chemical potential in terms 

of P and T. Substituting such expression in Eq.S13, we obtain the said fraction ),( PTf in terms of 

temperature and the partial pressure of the molecules of the gas in the atmosphere, which are 

measurable quantities. We get 

PTAe
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b )(

)(
),(





,     (S14) 

where the function A(T) is given by 
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.     (S15) 

Eq. S14 is the Langmuir isotherm result of a molecule with three distinct rotational degrees of 

freedom and three distinct vibrational degrees of freedom. Note that for all our experimental cases 

(room temperature, atmospheric pressure in a gas mixture containing 1% of polar molecules), 

1b (especially for the case of oxygen passivated edges, see Table S2) and 1),( PTf . 

Therefore, all the binding sites at the edges of our graphene devices are occupied in all the cases 

studied and the number of attached molecules N is equal to the number of available binding sites Nb. 

On the other hand, the measurements undertaken in vacuum (room temperature, total pressure < 10
-3

 

mbar) ( , ) 0f T P  , in agreement with the experimental absence of charge bistability in this case (no 

molecules at graphene edges). 
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Supporting Note 7. Electrostatic calculations of total charge in micron-size graphene devices 

surrounding by oriented dipoles at the edge 

Here, we first estimate the effect of aligned dipoles placed at graphene edges in micron-size devices. 

This is done by computing the charge distribution across a circular metal disk (which will serve here 

as a model for graphene
17

) of radius R  = 1 µm, kept at a certain potential V  with oriented dipoles at 

the edge, forming a “crown”. Then, we provide an estimation of the total charge injected by the gate 

in a square graphene field-effect transistor in the presence of polar molecules at its edges in order to 

model the behavior observed in our experimental devices. 

Charge redistribution in a graphene disk with oriented dipoles at the edge. 

Given the cylindrical symmetry of the considered geometry, the surface charge density in the disk 

will not depend on the azimuthal angle, and thus the problem only depends on the polar coordinates r 

and z. The disk is surrounded by a crown of dipoles oriented along the z axis, perpendicular to the 

graphene plane. This crown has a dipole moment per unit length given by: 

b

ddz

aR

N

R

p
P










22
,    (S16) 

where N is the total number of dipoles at the edge (estimated as 
ba

R
N

2
 in the fully occupied case), 

d is the dipolar moment of the molecule and 
ba is the distance between binding sites at the graphene 

edge. For the present calculation, we took into consideration that 
ba is approximately given by the 

second nearest neighbor distance in a graphene lattice (~0.25 nm). 

The electrostatic problem can be then solved using the superposition principle
21

. In particular, the 

overall potential is given by  

( , ) ( , ) ( , )B Cr z r z r z    .    (S17) 



17 

 

In the former expression ( , )B r z is the potential for the bulk graphene (metal) disk at a potential V

and ( , )C r z is the potential created by an uniform dipole crown. 

( , )B r z , given by: 

2 2 2 20

1 ' 2 '
( , ) ' ( ')

( ') ( ')

R

B

r rr
r z dr K r

z r r z r r
 



 
 
     

   (S18) 

where  xK , 1x is the complete elliptical integral of first kind,   is the dielectric function of the 

surrounding medium and )(r is the surface charge density in the device. 

Meanwhile, ( , )C r z  can be calculated as a superposition of two parallel crowns of uniform charge 

density
22

 bd aqdP //  , separated by a distance d such as 
dd dq  (

dq is the effective charge 

of the dipole). In more detail, in the case of aligned dipoles with a net dipole moment oriented 

towards the direction z > 0, a positive charge density   resides at z = d; meanwhile a negative 

charge density  resides at  z = 0. On the other hand, in the case of aligned dipoles with a net 

moment oriented towards z < 0, a positive charge density   resides at z = -d; meanwhile a 

negative charge density  resides at  z = 0 . We obtain: 

         
2 2 222 2

4 4
( , )

1 /
C

rR rR
r z K K

R r z R r z dr R z R






    
      
              

 (S19) 

 

The surface charge density )(r in this system is determined from Eq.S17 with the condition that the 

disk is at a fixed potential V. Thus, ( ,0)r V   if Rr  : 

2 2 2 20
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   (S20) 
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The above integral equation has a known solution
23

, which is given by: 
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Eqs. S21 show how in the presence of oriented dipoles at the edge of a metal plate, the surface charge 

density has two contributions ( ( ) ( ) ( )B Cr r r    ) with opposite sign: i) the surface charge density 

created in the metal at constant potential in the absence of dipoles, ( )B r , and ii) the surface charge 

density induced by the considered crown of dipoles, )(rC . The specific expressions for both 

contributions are: 
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Eqs. S22 have an analytical solution:  

2 2

4 1
( )B

V
r

R r








  (S24) 

with an inverse square root edge singularity characteristic from finite-size, gated graphene 

devices
17,18

. To obtain )(rC , (Eqs. S23)  are solved numerically due to the complexity of the 

expression for ( , )C r z  (Eq.S19) and is shown in Figure S8. A notable contribution exists at the 

border of the device, at positions separated < 5nm from the physical edge. Importantly, due to the 

presence of )(rC , the overall charge existent in the ambipolar, micron-size (graphene) electrode 

,)(2),(
0
R

g drrrpVQ   does not vanish at 0gV  in the presence of oriented molecules at the edge. 

The latter is the origin of the observed charge neutrality point shifts in our devices.  
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Figure S8. Surface charge density due to polar molecules placed at the edges of a micrometer size 

graphene device )(rC . )(rC  is large at positions < 5nm from the edge of the device, diverging at 

the actual border. Although we have chosen a disk in order to solve our calculations only depending 

on the polar coordinate r , equivalent conclusions can be extended to other geometries.  

Total charge estimated in squared graphene field-effect transistor. 

We provide an estimation of the total charge existing in our experimental squared graphene 

transistors (Figure 4(a), main text). The solution to the full electrostatic problem of gated graphene 

devices with aligned dipoles at the graphene edge can be precisely solved by using the image 

method
17

, ensuring the potential evaluated at the metal gate ( z b  ) is exactly zero. Here, for 

simplicity, we undertake the following approximations:  

i) The injected (bulk) charge density in our device in the absence of molecules ( B ) is 

assumed to be similar to the case of an infinite plane capacitor, thus,  

2CmB ne      with g
ox V
e

C
n     (S25) 
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(
oxC  is the gate oxide capacitance per unit area for an infinite plane capacitor,  1.13×10

-4
 Fm

-2
 for an 

overall b = 315 nm thick dielectric; 300nm thick SiO2 and 15nm thick bottom hBN). The use of this 

approximation can be justified by the fact that our device size is much larger than the overall 

dielectric thickness
17

. 

ii) Following previous calculations (Figure S8), the charge density due to the dipoles )(rC is 

considerably large close (below 5 nm) to the border of the device. In our estimation, we approximate

C  for our square devices of side L  as: 

max

-2 0.08 , 0.005
( , ) Cm

0 , 0.005

C

C

x y L
x y

x y L




   
      

 

Here, we choose a cutoff charge density of max

C = 0.08 Cm
-2

. This value is needed to shift the charge 

neutrality point V10~ , similar to the experimental case seen in Figure 1(c). We note that the above 

approximation has considered fully aligned polar molecules (
max 1   ). In general, C will 

depend on  ,gV T  as explained in the next section (mean-field model, Section 8 of this Supplement).    

iii) We neglect the image charge generated by the aligned dipoles separated at a distance b

with respect to the gate electrode ( 2b with respect to the graphene plane). Only the real charge 

density (
C ) is considered since it is much closer to the monolayer. 

 

Using these assumptions, we calculate the total charge Q  existent in the device and  zg pVR ,  

following Eq.2, main text. This is shown in Figure 4a for the case of water molecules, taking
d

=1.85D and 
dq =0.8 e .  

Finally, we note that having a notable contribution close (< 5 nm) to the graphene edge (Figure S8), 

the appearance of )(rC  in experimental devices will depend on achieving a lower edge roughness 
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of the graphene sheet. For our devices, this edge roughness is measured to be < 1nm
18

 (over edge 

lengths > 30 nm). 

 

Supporting Note 8. Molecular switching model  

We derive simple expressions for 
ib  and K  in our system, in order to solve the transcendental  

equation  

 tanh iK b     (S26) 

in our ferroelectric model. On the one hand, loc d
i

B

E
b

k T


 contains all the interactions to which a single 

dipole is subjected at an electric field 
locE (electric field existing at the edge of the device when   = 

0). The latter field can be calculated via finite-element calculations and approximated in our device 

(Supporting Note 2) as ~ 3.6× /loc gE V b .  

Eq. S26 predicts abrupt changes in polarization at the critical values 
,i cb ,  playing a similar role to 

the one that coercitivity does in magnetic systems. These values correspond in our experiments to the 

observed shifts in the charge neutrality point 
CNPV . For example , in the experimental case shown 

in Figure 1(c), main text (sweep range max

gV ~20V, the measured is VVCNP 7~ ):  

,

3.6
~ 0.12CNP d

i c

B

V
b

k Tb

 
    (S27). 

Since 
,i cb is given by   
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   (S28), 

one can estimate K in this case to be ~1.4 and (Eq.S26)   ~ 0.84.  

On the other hand, the term 

Tk

E
K

B

deff 



  (S29) 
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describes the response to the field variation 
loceffeff EEE   occurring when 0 . According to its 

definition, this term is proportional to the change in surface charge density occurring at the edge due 

to the presence of aligned dipoles, ( )C r . In particular, assuming a plane capacitor where 

 /)(rE Ceff  , this surface charge density can be estimated in our system to be ~ 0.03 C/m
2
. 

Despite being a very rough estimation, this value is consistent in order of magnitude with the cutoff 

charge density previously estimated for the experimental case from electrostatic calculations ( max

C

~0.08 C/m
2
, assuming 

max 1     see Section S7 of this supplement). 
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Multi-scale computational approaches are important for studies of novel, low-dimensional elec-
tronic devices since they are able to capture the different length-scales involved in the device oper-
ation, and at the same time describe critical parts such as surfaces, defects, interfaces, gates, and
applied bias, on a atomistic, quantum-chemical level. Here we present a multi-scale method which
enables calculations of electronic currents in two-dimensional devices larger than 100nm × 100nm,
where multiple perturbed regions described by density functional theory (DFT) are embedded into
an extended unperturbed region described by a DFT-parametrized tight-binding (TB) model. We
explain the details of the method, provide examples, and point out the main challenges regarding
its practical implementation. Finally we apply it to study current propagation in pristine, defected
and nanoporous graphene devices, injected by chemically accurate contacts simulating scanning
tunneling microscopy (STM) probes.

INTRODUCTION

Developing high-performance computational strategies
to simulate electronic devices is a fundamental asset
for prototype design and research planning in basically
any technological context [1–3]. Being able to model
nanometer-scale devices with atomic resolution has be-
come particularly crucial for e.g. novel low-dimensional
materials, molecular junctions, or, generally, ballistic
quantum systems which have appeared on the electron-
ics horizon in the last decades[4–12]. Quantum-chemical
details are often critical for describing local electronic
structure, chemical contacts (e.g. electrodes [13, 14]) and
electrostatics in realistic nano-electronic devices. This
is especially clear in a context of one-atom-thick two-
dimensional (2D) devices [7, 15, 16], where details on
the atomic scale govern the electronic behavior [17–21].
These details can be accessed using various ab-initio
methods [3, 22, 23], in particular density functional the-
ory (DFT) [24, 25], which can be used to simulate up to
tens thousand atoms in the most optimized cases [26–28].
This is typically enough to simulate isolated portions of
a realistic device, such as bulk regions, interfaces or lo-
cally perturbed areas, but it is not suitable to simulate
all the different length-scales involved in the operation of
realistic devices.

A promising solution which is rapidly growing along
many lines of research is to perform hybrid multi-scale
simulations [1, 29–37]. In this context an interesting ap-
proach is to treat crucial parts of a relatively large de-
vice using full quantum-chemical detail, while reducing
the number of degrees of freedom to the bare essentials
elsewhere [1, 29–33, 38, 39]. A very popular example,
coming from a biomolecular context, is the quantum me-
chanics/molecular mechanics (QM/MM) technique [40],
which has been also generalized to study solid-state sur-

faces and interfaces [29]. The key problem of multi-scale
approaches is to partition the system into a number of
subregions and, most importantly, to ensure a smooth,
physically sound, transition among them [1].

Electronic structure methods employing linear com-
binations of atomic orbitals (LCAO) provides an intu-
itive route for elaborating multi-scale approaches anal-
ogous to QM/MM for simulating electron transport, as
the accuracy and scalability of LCAO-based approaches
can be “tuned” via clever approximations of the Hamil-
tonian. One common case is the Density Functional
Tight-Binding (DFTB), which is based on a Taylor se-
ries expansion of the Kohn-Sham DFT total energy
[41, 42]. Once a reliable element or compound-specific
parametrization has been obtained, either comparing to
experiments or higher-level ab-initio calculations, DFTB
can be two to three orders of magnitude faster than
DFT [43], overall enabling simulations with several thou-
sand atoms without need for any massive paralleliza-
tion [42]. Another useful approximation is the Wannier
Tight-Binding (WTB), where maximally localized Wan-
nier functions (MLWF) are constructed ad-hoc to repro-
duce electronic bands from plane-wave DFT within op-
timized energy windows [44–49]. Once a system-specific
parameterization is found, and good initial trial orbitals
are defined [50], one can use WTB to access samples
containing hundreds thousand atoms [51]. The latter
two tight-binding (TB) like approximations can be ul-
timately simplified by reducing the number of orbitals
per atom to a minimum, and limiting the interaction
range to only a few nearest neighbors in the lattice, fit-
ting parameters by hand to experiments or ab-initio cal-
culations [52–56]. Multi-scale approaches for electron
transport based on these models have been proposed
and include combination of Classical Molecular Dynam-
ics (CMD) and DFT with Langevin Dynamics [30], com-
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2

bination of CMD, DFTB, and wave function propagation
[31], or combination of TB models with patched Green’s
function techniques [57].

In this article we present a multi-scale scheme based on
seamless integration of a number of perturbed regions de-
scribed by DFT and an unperturbed extended region rep-
resented by a simple representative LCAO model, namely
TB. We parametrize the TB Hamiltonian directly from
DFT, such that the resulting multi-scale model is defined
without any fitting parameter or by hand adjustments.
The obtained models can be combined with the non-
equilibrium Green’s function (NEGF) formalism [58–61]
to enable current simulations of over 100nm × 100nm
large devices with local quantum-chemical detail. The
manuscript is divided into two main sections. In the first
section we develop the general formalism, didactically
providing concrete examples based on simple graphene
two-electrode devices. In the second section we apply
the multi-scale approach for imaging real-space “far-field”
currents (i.e. far from the source) in pristine, defected
and nanoporous graphene, injected by chemically ac-
curate contacts simulating Scanning Tunnel Microscopy
(STM) probes.

METHOD

TB models from orbital-projected DFT

Our starting point is a pristine structure of a periodi-
cally repeated unit cell, illustrated in Fig. 1, and a DFT
Hamiltonian describing this system with a localized basis.
We will here consider a LCAO basis for the DFT calcu-
lation, φα, but it could equally well be a basis obtained
from e.g. maximally localized Wannier states. We will
from this construct a smaller TB-like basis, which only
describe the bands in a region around the Fermi energy,
EF , set via a projection P ,

{φ̄α} = P{φα} . (1)

In the simplest case, which we will consider here, this
will just involve selecting a particular subset of the orig-
inal DFT basis function, however one may imagine more
involved projections. Our prime example is shown in
Fig. 1b, where we consider the well known bandstruc-
ture of graphene obtained with DFT and a LCAO ba-
sis with a single orbital for each s, p and d states (so-
called single-ζ plus polarization basis). A TB-like model
can be readily constructed by projecting on to the pz
orbitals of the DFT LCAO Hamiltonian (and overlap),
by extracting all rows and columns associated to pz or-
bitals. This cheaper model is sufficient to capture the π
bands of graphene (Fig. 1c). Likewise, the σ bands fur-
ther away from the Dirac point energy can be captured
using a TB model parametrized from s, px and py DFT

(a) 

(b) 

V V

…

V

…

VTB VTBVTB

… …Orbital projection

𝐻 
DFT 𝐻 

TB 
(c) (d)

FIG. 1. (a) Schematic illustration of the orbital-projection
method to create TB models out of DFT Hamiltonians. The
red/white pattern indicates regions defined by a subset of
the original DFT basis. (b) Orbital-resolved graphene band-
structure from a DFT calculation with a single-ζ polarized
(SZP) basis set (9 orbitals per C atom). Contributions from
pz (s+px+py) orbitals are highlighted in blue (red). Orbital
weights are normalized to the total contribution given by all
orbitals (grey). (c) Graphene π bands from a 1-orbital TB
model generated by projecting the DFT Hamiltonian onto all
pz orbitals in the system (solid), in comparison with those
from a standard 1st nearest neighbor orthogonal TB model
with hopping t = −2.7 eV (dotted). Dashed-dotted is DFT
subset and limiting to 1st couplings. (d) Graphene σ bands
from a 3-orbital TB model generated by projecting the DFT
Hamiltonian onto all s, px and py orbitals in the system.

orbitals (Fig. 1d). Importantly, as highlighted (dashed
lines) in Fig. 1c, a partial pz-projection where only cou-
plings among nearest neighbors are retained results in sig-
nificant band-misalignment and rescaling. Analogous but
less dramatic deviations are observed when using a stan-
dard nearest neighbor model with hopping t = 2.7 eV.

Multi-scale approach

In the following we omit energy and k dependence,
highlighting it only where necessary.

The multi-scale method presented in this work is based
on the Non-Equilibrium Green’s Function (NEGF) trans-
port formalism [58–61]. In the NEGF framework trans-
mission between any two leads i and j of a N -electrode
device with Hamiltonian H and overlap S is given by

Tij = Tr
[
GDΓiG

†
DΓj

]
(2)

Γj = i
(
Σj −Σ†j

)
(3)
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where the device Green’s function GD is given by

GD =

[
S (E + iη)−H−

N∑

i

Σi

]−1
(4)

and Σ are the so-called self-energies of the semi-infinite
electrodes.

It is precisely these self-energies that will play a piv-
oting role in connecting TB and DFT models. The self-
energy is nothing but the effect of degrees of freedom not
accounted explicitly for in the equation but have been
eliminated as can be done for variables in linear equa-
tions. The self-energies can represent the semi-infinite
electrodes as well as a finite number of degrees of freedom
in the case of a finite region. In the following we show
that it is in practice possible to locally replace small per-
turbed regions of a large TB device with DFT-precision
models by simply including one or more “special” self-
energies in the sum of Eq. (4).

Self-energy for a partitioned system

To understand the construction of these special self-
energies it is instructive to recall the definition of self-
energy connecting two subregions of a generic binary sys-
tem. We do this by simply generalizing the derivation of
self-energy for a simple system divided into two parts
[62].

Let us consider the system in Fig. 2a, with Hamilto-
nian H, and overlap S ≡ 1 (we use an orthogonal basis
without loss of generality),

H + V =

[
H1,1 0

0 H2,2

]
+

[
0 V1,2

V2,1 0

]
, . (5)

Here we have explicitly indicated with V the coupling of
region 1 (H1,1) to the neighboring region 2 (H2,2). In the
following we are only interested in the Green’s function
in region G1,1, and thus a derivation of this matrix is
required. The full Green’s function is

[z1−H−V] G(z) = 1, (6)

with z = E + iη and η → 0+. By using the Dyson
equation

G = G0 + G0VG, (7)

we can express the Green’s function in only one region

G1,1 = G0
1,1 + G0

1,1V1,2G2,1, (8)

G0
1,1 = [z1−H1,1]−1, (9)

G2,1 = G0
2,2V2,1G1,1, (10)

and thus

G1,1 = G0
1,1 + G0

1,1V1,2G
0
2,2V2,1G1,1 (11)

=
[
zI−H1,1 −V1,2G

0
2,2V2,1

]−1 (12)

=
[
zI−H1,1 −Σ′(z)

]−1
, (13)

Here the term

Σ′(z) = V1,2G
0
2,2(z)V2,1 , (14)

is the self-energy describing how region 1 is perturbed
by the coupling to the degrees of freedom in region 2.
The real part of the self-energy is a energy renomarl-
ization/shift, while the, possibly finite, imaginary part
corresponds to a finite life-time or broadening of the en-
ergy levels in region 1. Additionally the self-energy Σ′ is
independent of H1,1 and may thus be used in any other
system Hext so long as the coupling matrix is unchanged,
i.e. V1,2 = Vext,2.

In Fig. 2a, we see the above exemplified using an ex-
tended system with a hole perturbing the local potential
(dark colors). After two layers the perturbation goes to
zero and the coupling between neighbouring cells turns
to the bulk value(V). At this point one can calculate
Σ′ for region 2, insert it into an external pristine system
(equal to region 1 in Fig. 2b) and, in turn, reproduce the
correct Green’s function in region 1, as though the new
system was connected with the hole.

Example: graphene device with DFT-DFT connection

In the following we illustrate with a concrete example
where the two models, connected by Σ′, are constructed
using the same method (here DFT), then effects of the
perturbation can be propagated from one model to the
other with 100% accuracy. Consider the basic DFT two-
electrode graphene device illustrated in Fig. 2c (upper
inset). This has periodic boundary conditions along y,
semi-infinite electrodes L and R along ±x and a hole
in the scattering region. Total transmission TLR across
the device can easily be computed by using Eq. (2) and
is plotted in Fig. 2c. One can choose to split this de-
vice into two sections, a bulk part (region 1) and a per-
turbed region 2 (hole). Since the potential of the hole
is fully screened in region 1, we have that the coupling
between V2,1 equals the bulk coupling, V. Hence one
can construct the self-energy Σ′R′ which contains the ef-
fects of region 2 propagated into region 1 using Eq. (14).
This can then be incorporated as a new electrode on
the right side of an external DFT device which has no
holes in the scattering region (lower inset) and verify that
TLR′(E) = TLR(E) for all E within the numerical accu-
racy.
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𝚺′𝑅′  𝐕12  

FIG. 2. (Color online) (a) Illustration of a system divided into a pristine region 1, consisting of a repeated unitcell, and a
perturbed region 2 having a hole in its structure. The potential V′′ (red) in proximity of the hole is screened far from it (pink),
saturating to a constant value V. (b) Illustration of an unperturbed system where the hole is substituted by a self-energy
Σ′. (c) Comparison between transmission across a DFT two-electrode graphene device with a hole (TLR) and a DFT device
with pristine scattering region and a self-energy Σ′R substituting the hole (TLR′). Geometries are shown in the inset with the
electrodes highlighted in red. The opaque area on the right side of the lower panel indicates the region which is replaced by Σ′.

Self-energy for DFT-TB connections

We now turn to the more interesting situation where
the perturbation and the external unperturbed system
hosting its self-energy Σ′ are modelled using different ba-
sis sets, e.g. DFT and TB. We have already anticipated
with the example in Fig. 1 that the electronic structure
of a DFT system within a particular energy window of-
ten can be reproduced by a small TB model obtained as
an projection of the DFT Hamiltonian. The drastically
reduced number of parameters in a TB model makes it
potentially very convenient for generating unperturbed
external host systems with large dimensions, normally
unaccessible by DFT calculations. By generalizing the
definition of the self-energy, Σ′, it becomes possible to
incorporate DFT-precision perturbations in TB models.
However determining a self-energy for a DFT-TB connec-
tion is not as trivial as for the basic DFT-DFT connection
described in the previous section.

Consider now the system as shown in Fig. 3a. Instead
of having both regions (1 and 2) using the same basis set,
we change the basis set in region 1 to be a TB parame-
terized basis set, P{φα} = {φ̄α}, as discussed in Fig. 1.
Here the approximation lies in VDFT−TB. By the same
arguments outlined in the theory section, we create the
subset of VDFT−TB such that the rows correspond to the
full basis set {φα} and the columns correspond to the
projection orbitals P{φα}. Using VDFT−TB in Eq. (14)
results in a projection of the self-energy onto the param-
eterized orbitals. Importantly, the fact that some ele-
ments of the original DFT coupling, V, are now missing
in VDFT−TB = PV inevitably leads to some scattering

at the DFT-TB boundary.

Example: graphene device with DFT-TB connection

We have demonstrated that a TB model fully
parametrized from DFT can reproduce the π bands of
graphene with only minimal deviations (Fig. 1c). As a
result DFT results can be reproduced, within accuracy,
using the multi-scale DFT-TB approach. Let us con-
sider again the graphene device with a hole, as shown
in Fig. 3a. The only difference between DFT-DFT and
DFT-TB is that here V1,2, in Eq. (14), is chosen such
that the columns of V1,2 project onto the parameterized
pz orbitals. This yields a self-energy only existing on the
pz orbitals in the TB model. However, one may addi-
tionally play with the number of neighbors each atom
connects with, e.g. 1, 2, 3 or all neighbors (with “all”
defined by the DFT basis).

In Fig. 3c the transmission for the hole system is shown
at four levels of precision compared to the full DFT cal-
culation. We find that if the TB parametrization con-
tains only DFT couplings among nearest neighbors then
the transmission spectrum undergoes significant scatter-
ing ∼0.1 eV away from the Dirac point. When the range
of interaction is extended to 2,3 or 4 neighbors the trans-
mission spectrum becomes comparable to DFT in a wider
energy range, except for a shift at positive energies. As
soon as couplings among 5 nearest neighbors are included
we obtain an almost perfect agreement with DFT.
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FIG. 3. (a) Generic DFT model for a binary system. Region 1 is defined using a subset P{φα} = {φ̄α} of orbitals from the
original DFT basis set {φα}. Region 2 has a hole in its structure and is defined using {φα}. The hole potential V′′ (red) is
screened to the bulk value V far from it (pink), and is reduced to VTB in region 1 using orbital pruning (red/white pattern).
VDFT−TB connects the selected orbitals in region 1 to all orbitals in region 2. (b) An external unperturbed TB model, where the
DFT-modeled hole from (a) is replaced by a self-energy Σ′. (c) Comparison between transmission across a DFT two-electrode
graphene device with a hole (TLR) and across a TB device with pristine scattering region and a self-energy Σ′ substituting the
DFT hole (TLR′). The TB model is parameterized from pz orbitals of an unperturbed DFT calculation with SZP basis set.
Four cases are shown where all the pz couplings from DFT, or only those up to 1st, 2nd and 5rd nearest neighbors, are retained
in the TB parameterization. Insets shows schematically the procedure to calculate Σ′R′ . Electrodes are highlighted in red and
the opaque area shows the geometry which is replaced by Σ′R′ .

Self-energy of isolated perturbations

In all the examples considered so far periodic bound-
ary conditions was employed in the DFT calculations
from which the connecting self-energy Σ′DFT−TB was con-
structed. This means that the perturbation, e.g. the
hole, is periodically repeated along the transverse di-
rection y. However, if the potential is screened to the
bulk value one may replace the surrounding periodic im-
ages by other environments with the same potential and
Hamiltonian. In this way one may effectively change the
boundary conditions.

The origin of this versatility lies in the fact that the
two regions in which the perturbed DFT model is divided
can have arbitrary size, shape and periodicity. For exam-
ple, with reference to Fig. 3, one could choose to define
the pristine DFT region 1 as the outermost frame-shaped
area of the cell surrounding the perturbation, while treat-
ing all the orbitals enclosed by it as region 2. The same
formalism discussed above can be readily applied to this
case, with the only difference that periodic boundary con-
ditions are removed from DFT Hamiltonian before con-
structing the self-energy Σ′DFT−TB.

An example is illustrated in Fig. 4. The top geometry
is the DFT region which is used in calculating Σ′DFT−TB.
The bottom geometry is the TB parameterization and

the red atoms indicate the overlay region where the self-
energy is transferred from region 1 (DFT) to region 2
(TB). We point out that this particular approach pro-
vides the basis for “modular” multi-scale simulations,
where multiple DFT-precision perturbations, modules,
are incorporated into the same large TB device. We will
present concrete applications of this in the second part
of the work.

Challenges and implementation

Despite reflecting a conceptually simple theory, the
general protocol to embed DFT-precision perturbations
locally into an unperturbed TB region parametrized from
DFT implies a number of critical issues when it comes to
its practical implementation. Let us briefly go through
the procedure to include non-periodic DFT perturbations
into large TB models step-by-step:

1. Generate a DFT model of the perturbation. This
can be represented by either a bulk (periodic) or
device (semi-infinite electrodes) setup and must be
large enough to ensure the potential turns constant
in its outermost areas;

2. Define two regions in the DFT system, one contain-
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FIG. 4. Illustration of non-periodic calculation of Σ′DFT−TB

enabling studies of far-field effects. Top geometry is the DFT
simulation cell, while the bottom is the extended parameter-
ized TB model. The DFT region is split into two regions,
1 and 2 as indicated via Hi,i, with the first region only re-
taining the parameterized orbitals. The projected self-energy
is calculated on the marked atoms in the DFT system and
transferred as an electrode into the TB model, thus retaining
DFT accuracy of the electronic structure between the tip and
graphene.

ing all orbitals involved in the perturbation and the
other involving the projection orbitals. The latter
needs to be as far as possible from the perturbation
so as to ensure VDFT−TB = constant;

3. Represent the DFT Hamiltonian and overlap in
real-space (without periodic boundary conditions);

4. Compute the self-energy Σ′ using equation
Eq. (14);

5. Generate a DFT model of the same system, but
without the perturbation;

6. Construct a large TB model using parameters from
the projection of the unperturbed DFT calculation.

7. Incorporate the self-energy Σ′ locally into the TB
model using Eq. (4).

To begin with, most of the described steps require flex-
ible manipulation of the DFT Hamiltonian and overlap
matrices. Extraction of selected on- and off-diagonal el-
ements exclusively associated to a subset of orbitals is
crucial to compute G2,2, extract VDFT−TB or to create
TB models parametrized from DFT. Secondly, to ensure
the correct couplings at the DFT-TB interface when in-
corporating Σ′ into the TB model, it is important that

region/atoms selected to host Σ′ in the large TB geom-
etry have a one-to-one correspondence with those in re-
gion 1 of the DFT geometry. User-friendly tools to access
and compare lattice coordinates of the various involved
geometries are therefore highly desirable.

Furthermore, the self-energy, Σ′, needs to be stored
into external files with general and compact format, read-
ily accessible for usage in NEGF calculations. Being
able to flexibly input/output self-energies into external
host models is especially crucial to carry out multi-scale
calculations where several DFT-precision regions are ac-
counted for in the same large TB device.

Overall, the computation of Σ′ through Eq. (14) and
NEGF transmissions needs to be optimized both time
and memory-wise, so as to efficiently handle dense DFT
matrices and large sparse TB ones, as well as calculation
of the self-energy for a fine k grids and several energy
values.
Computational tools We tackle all the issues de-

scribed in the previous section with open-source tools
TBtrans and sisl [61, 63]. TBtrans is distributed
with the Siesta/TranSiesta software package [61, 64].
TranSiesta enables high-performance DFT+NEGF
self-consistent calculations of large, multi-terminal sys-
tems under various electrostatic conditions (e.g. gating
[65]). TBtrans is a post-processing NEGF code which
provides a flexible interface to DFT or TB Hamiltonians
and enables large-scale calculations of spectral physical
quantities, interpolated I-V curves and/or orbital/bond-
currents for systems easily exceeding millions of orbitals
on few-core machines. sisl is a Python package used
to create and/or manipulate DFT and TB models for
arbitrary geometries, with any number of orbitals and
any periodicity [56]. The device Green’s function in TB-
trans is generally implemented as:

GD =

[
S (E + iη)−H−

∑

i

Σi − δΣ
]−1

(15)

where S and H are DFT or TB-modeled overlap and
Hamiltonian, Σi are the electrodes self-energies and δΣ
is a user-defined, optional, perturbative term. The flex-
ibility of using sisl and TBtrans is appreciated since
no code extension of TBtrans is required as everything
being done is added using δΣ and Σi terms. Implementa-
tion of these two terms in Eq. (15) is done only in Python
and is thus much simpler than a full fortran implemen-
tation. Secondly, both sisl and TBtrans are scaling
easily to millions of orbitals in the TB method.

APPLICATIONS

In the second part of this work we show how the multi-
scale approach can be used to study the far-field behav-
ior of electrons injected from atomic-scale contacts into
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large-scale graphene-based devices.
Being able to interpret and predict the behavior of

electrons over large-scale devices is of importance for
graphene-based electronics, especially in the exploding
field of electron optics. Real-space visualization of charge
(or spin) transport can be achieved experimentally us-
ing various quantum imaging techniques, including probe
microscopy [66, 67], superconducting interferometry [68]
and magnetometry with diamond-NV centers [69]. It has
been shown that defects and contacts with tips at the
atomic scale yield strong spatial variations of current flow
in graphene devices [70, 71].

Modeling realistic atomic-scale contacts to inject cur-
rent in graphene devices, while simultaneously access-
ing current flow far away from them, is a challenge for
state-of-the-art atomistic transport calculations. Large
graphene devices can be accessed using the TB approx-
imation. Despite allowing for good scalability, in this
context the complex chemical nature of defects or tip
contacts is often subject to drastic simplifications. For in-
stance a STM probe is usually modeled as a constant, on-
site, level broadening (iΓ) self-energy term in the Green’s
function [4, 72], a localized effective force or electrostatic
field [73, 74], or even as a narrow semi-infinite in-plane
electrode [56]. On the other hand, DFT-based mod-
els have often demonstrated to successfully corroborate
probe microscopy measurements on graphene, even when
involving complex tip functionalizations or inelastic ef-
fects [75–78]. This is due to an accurate description of
tip structure and orbital symmetries, as well as charge
and potential variations in the sampled regions.

The essential need for both scalability and accuracy
in this problem calls for the multi-scale approach de-
scribed above. In the following we will provide a bird’s
eye view on carrier injection from point sources into pris-
tine, defected and nano-porous graphene (NPG). Fur-
thermore, In order to further emphasize the versatility
of the method, we will show an example where multiple
DFT-precision regions from various DFT calculations are
included in the same large-scale TB transport calcula-
tion.

Far-field currents in graphene

Here we use the multi-scale approach to predict the
far-field behavior of electrons injected by a DFT-precision
gold tip into a large-scale TB model of pristine graphene.
Using wave-packet dynamics simulations to inject cur-
rents from an effective electrostatic field model of STM
tip, Mark et al. reported anisotropic electron current in
graphene [79]. The authors predicted that a well-defined
six-fold asymmetry current pattern occurs when the wave
packet is injected in the middle of a hexagon in the
graphene lattice [79]. Below we confirm this anisotropic
signature by looking at the far-field currents flowing up

𝐻2,2 | {𝛷𝛼}

𝐻1,1 | {𝛷 𝛼}

z 

y 
x 

FIG. 5. DFT model of our three-probe graphene-based de-
vice in contact to a model STM tip. The cell is periodic along
x. Atoms defining the two graphene electrodes (semi-infinite
along y) and the tip electrode (semi-infinite along z) are indi-
cated with red bonds. The red underlying area indicates re-
gion 1 only retaining the parameterized orbitals, while the rest
of the device represents region 2, whose degrees of freedom will
effectively be replaced with the self-energy ΣDFT−TB. Green
bonds in the tip indicate “buffer” atoms [61].

to 10 nm away from the injection. The system is modeled
by TB and is coupled to a small DFT-precision injection
region through a self-energy ΣDFT−TB. We will limit our
focus to a single representative energy value where this
six-fold anisotropy is clearly visible. A full study of trans-
port over the full energy spectrum is beyond the scope of
this article.

We start by setting up a three-electrode DFT model
device (see Fig. 5) consisting of a semi-infinite gold tip
placed ≈ 2.0Å above the center of a graphene hexagon
and two semi-infinite graphene electrodes along y. The
tip structure is chosen so as to ensure a flat local den-
sity of states on the tip apex over a wide energy interval,
namely [−0.75, 1] eV. We optimize the tip apex atom
and the nearest ∼ 20 C atoms in Siesta until forces
are less than 0.01 eV/Å, using periodic boundary condi-
tions along x and y, a 3× 3× 1 k-point Monkhorst-Pack
grid, the GGA-PBE exchange-correlation functional [80],
a SZP basis set and an energy cutoff of 300 Ry. We
then calculate bond-currents flowing across the three-
electrodes device using the tip as a source, using 30 k-
points to sample the x direction in TBtrans. In order
to avoid artificial crosstalk with periodic images of the
tip when computing the injected bond-currents, we sub-
stitute the self-energies for the two graphene electrodes
with a new self-energy term Σavg in Eq. (4),

Σavg = 〈S〉k(E + iη)− 〈H〉k − 〈G〉−1k , (16)

where 〈·〉k represents an average over all k-points along
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FIG. 6. (a) DFT geometry of a model gold tip in contact to
pristine graphene. Real and imaginary part of the anisotropic
transmission eigenchannel, existing at E − EF = 0.8 eV be-
tween the tip and two graphene electrodes along y, are shown
in red and blue. (b) Bond-currents injected by the tip at
E − EF = 0.8 eV, calculated using a real-space self-energy
in the outermost DFT region. (c) Far-field bond-currents in-
jected by the DFT-precision tip into a large-scale TB model
of graphene parameterized from DFT.

x, i.e. the quantities in the principal unit cell in real-
space. In effect, this is equivalent to setting up a new
drain electrode in the border region of the cell.

The results for E − EF = 0.8 eV are summarized in
Fig. 6. We find that there are mainly three transmis-
sion eigenchannels[81] which contribute to transmission
from tip to drain. While the two with largest contri-
bution are mostly delocalized over the whole graphene
structure, the third one exhibits preferential propagation
along the six armchair lattice directions departing from
the probed graphene hexagon (Fig. 6a). We find that
this six-fold anisotropy is dominating the bond-current
pattern injected by the tip at the same energy (Fig. 6b).

Then, using the approach discussed in Fig. 4, we in-
sert the DFT-precision injection region inside a larger TB
model parameterized from DFT, using a complex absorb-
ing potential (CAP) [56, 82] to absorb currents at the cell
boundaries. As shown in Fig. 6c we find that the six-fold
anisotropic propagation can still be observed far away
from the source, although collimation is rapidly lost. As

(a) (b) 

𝐸𝑝𝑧

𝑡1 

𝑡2 

𝑡3 
(e

V
) 

r - rtip (Å) 

(c)

FIG. 7. (a) Far-field bond-currents injected at E − EF =
0.8 eV by a model STM tip into a large-scale TB+DFT
model of graphene, obtained using a circularly shaped out-
ermost DFT region to compute ΣDFT−TB. (b) Far-field
bond-currents injected by the tip at the same energy into
a TB+DFT model of N-substitutional dopant in graphene,
where the N dopant sits on one of the sites contacted by the
tip. (c) On-site potential and couplings among C−pz orbitals
in the DFT model of STM contacted N-doped graphene as a
function of xy-distance from the tip. Beyond ≈ 17Å the cou-
plings are approximately constant, and different from the av-
erage ones expected from a DFT calculation of non-contacted
pristine graphene (dashed). The y axis is chosen to empha-
size this difference at large distance (hence some of the data
at small r − rtip are out of the y-axis range).

a check we estimate transmission outgoing from the tip
by summing over positive bond-currents which cross a
circle of radius R centered at the tip (x, y) coordinates.
The result, T = 0.558, is only slightly larger than the
value found for the smaller all-DFT system, T = 0.551,
regardless the choice of radius R.

Importantly, we find that the result does not change
if the shape of the DFT region in which ΣDFT−TB is
computed is modified from a rectangular to a circular
one (Fig. 7a).
Effects of single N dopant on far-field currents One

major advantage of the multi-scale approach is that com-
plex situations, e.g. where different perturbations simul-
taneously affect the same region, can be described with
chemical accuracy. An illustrative example is depicted
in Fig. 7b, where the multi-scale method has been used
to study how a N substitutional dopant, in proximity of
the Au tip contact, affects the far-field currents. We find
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FIG. 8. (a) DFT geometry of a model STM tip in contact
to NPG. The system has periodic boundary conditions along
x and two semi-infinite electrodes along y. The density of
states injected from the tip electrode and reaching the two
NPG electrodes is shown in orange. (b) Bond-currents in-
jected by the tip into one of the ribbons making up the NPG
at E − EF = 0.2 eV. (c) Far-field bond-currents injected by
the DFT-precision tip into a large-scale TB model of NPG
parameterized from DFT. The figure is adapted with permis-
sions from Ref. [21].

that, due to the local doping induced by the N atom, elec-
trons injected by the tip are prevented from propagating
towards the defect (Fig. 7c).
TB parameterization We point out that, compared

to the simple case discussed in Fig. 3, the presence of a
metal contact in these systems alters the graphene work-
function, and hence its potential and couplings far from
the tip. As a result, parameterizing the TB model di-
rectly from a DFT calculation of pristine graphene would
induce some degree of coupling mismatch at the interface
between the two models. The solution we adopt here to
ensure constant coupling VDFT−TB is to parameterize
the TB model from the pristine-like DFT elements asso-
ciated to the atoms far away from the tip, namely those
further than ≈ 17Å from it (Fig. 7c).

Far-field currents in nanoporous graphene

The principles behind the multi-scale method are gen-
eral and not limited to the basic graphene systems
presented above. For instance, let us now consider

nanoporous graphene (NPG), which is inherently semi-
conducting and anisotropic [83]. In particular we con-
sider the NPG structure shown in Fig. 8a, which has re-
cently been fabricated through bottom-up synthesis with
unprecedented sample sizes and quality [10]. In this sys-
tem an electron wave is forced to channel into coupled
1D parallel pathways, in analogy to light waves prop-
agating through an array of optical wave-guides. In a
recent work [21] we have exploited the capabilities of the
multi-scale approach to tackle two essential questions in
this context, namely whether these transmission chan-
nels interfere with each other and how the wave profile
can be tuned and controlled over long propagation dis-
tances. We have demonstrated that an electron wave in-
jected into NPG from a model STM tip spreads over the
nanomesh according to the same equations which govern
the so-called Talbot optical interference effect (Fig. 8b-c).
Further information can be found in Ref. [21].

Application of the multi-scale method in this context
was vital, as the typical distances accessible by DFT are
not long enough to capture the characteristic interfer-
ence fringes (see Fig. 8b). Importantly, contrary to the
graphene systems considered in the previous section, in
this study we have ensured constant coupling VDFT−TB

by introducing doping via an electrostatic gate 15Å be-
low the NPG plane, such that ±1013 e−/cm2 carriers are
induced in the NPG [65]. This indeed allows to pin the
Fermi level throughout the whole DFT+TB device, effec-
tively avoiding any possible artificial mismatch between
the models involved in the calculation of ΣDFT−TB.

Large-scale TB with N>1 DFT-precision regions

Another advantage of the multi-scale method is that
one can accommodate any number of perturbed regions
in the TB model, by simply including a corresponding
number of self-energy terms in Eq. (4). This is exem-
plified in Fig. 9, where we show results from multi-scale
TB+DFT calculations where multiple DFT-precision re-
gions have been set up within a single large-scale TB
model. Fig. 9a illustrates far-field currents from a multi-
scale transport calculation of a 55×35 nm2 TB graphene
device with seven self-energy terms. Two of these model
regular graphene electrodes semi-infinite along y. The
third one simulates a CAP in the outermost 5 nm of
the cell along x. The remaining N = 4 represent
DFT-precision regions, namely two Au tips in contact
to graphene (≈ 2Å above an hexagon) and two epoxy
groups, which preserve the sp2 nature of graphene [84]
and are of particular interest for e.g. engineering the
thermal conductivity [85] or catalytic activity [86] of
carbon/graphene-based systems. Both DFT systems are
described using a SZP basis set and have been optimized
with force threshold 0.01 eV/Å. Self-energies are com-
puted once for each of the two systems, while a bot-
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(a) (b) 

FIG. 9. (a) Far-field currents from a multi-scale calculation of a TB graphene device parameterized from a DFT calculation
of gated graphene, with N = 4 DFT-precision regions, i.e. two STM tip contacts (solid red rectangles) and two epoxy
defects (dotted red rectangles). We use two semi-infinite electrodes along y and CAP along x. Bond currents are injected at
E − EF = 0.8 eV from the upper tip. Colors are scaled to enhance contrast. (b) Transmission at E − EF = 0.2 eV (green)
measured by a 2nd DFT-precision tip scanning over a gated NPG along the white line shown in inset, in comparison to bond-
currents flowing in absence of the 2nd tip (red). These are obtained on a “per ribbon” basis by summing all bond-currents
passing through the white line, without distinction between ribbon and bridge sites, and then scaling by a factor 1/16. The
inset shows currents scattering off the 2nd tip in one of the scanned positions. Figure adapted with permissions from Ref. [21].

tom gate induces −1013 e−/cm2 into graphene. Bond-
currents injected at E − EF = 0.8 eV by the upper Au
tip into the large TB model clearly show how the six-fold
anisotropic electron wave scatters off the defects and the
second tip. We point out that, once the corresponding
self-energies have been computed and stored, the DFT-
precision regions can be moved around the large-scale TB
model very efficiently. In the Supplementary Material we
show how the bond-currents landscape looks like for dif-
ferent positions of an epoxy defect relative to two STM
tip contacts.

Another interesting situation, already discussed in
Ref. [21] is depicted in Fig. 9b, with regard to the Talbot
interference pattern discussed in the previous section. By
inserting a second STM tip into the large-scale TB model
it is possible [21] to map out the interference pattern ob-
served in the bond-currents by performing a dual-probe
experiment where a second STM tip is scanned over the
NPG structure.

CONCLUSIONS

In conclusion, we have presented a multi-scale method
which enables currents calculations in devices longer than

100 nm, by linking a perturbed region described by DFT
to an unperturbed large-scale region described by an ef-
fective TB model parametrized from DFT. We have in-
troduced the theory behind the method using basic con-
cepts in the Green’s function framework, provided nu-
merous didactic examples and pointed out the main dif-
ficulties connected with its implementation. By applying
the method to study realistic current injection by STM
probes into pristine, defected and nanoporous graphene
devices we have highlighted versatility, efficiency and
generality of the method. Similar to hybrid QM/MM
techniques, combining the advantages of DFT and TB
methodologies using this scheme provides an adequate
framework for embedding regions where accuracy is nec-
essary into regions where size matters more. We have
illustrated the method in the simple case where the map-
ping from DFT to TB is a simple projection. However,
this could be other mappings. The important point is to
define the TB to be computationally manageable, along
with a coupling between the pristine TB and DFT re-
gions, such that the interface scattering is much smaller
than the scattering mechanisms under study. We fur-
ther anticipate that the basic concepts of this method
can be readily generalized to investigate thermal trans-
port, where multiscale approaches are often crucial [87–
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89]. For this purpose the open-source PHtrans package
[62] may turn out to be very helpful.
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ABSTRACT: Electrons in graphene can show diffraction and interference
phenomena fully analogous to light thanks to their Dirac-like energy dispersion.
However, it is not clear how this optical analogy persists in nanostructured
graphene, for example, with pores. Nanoporous graphene (NPG) consisting of
linked graphene nanoribbons has recently been fabricated using molecular
precursors and bottom-up assembly (Moreno et al. Science 2018, 360, 199). We
predict that electrons propagating in NPG exhibit the interference Talbot effect,
analogous to photons in coupled waveguides. Our results are obtained by parameter-
free atomistic calculations of real-sized NPG samples based on seamlessly integrated
density functional theory and tight-binding regions. We link the origins of this
interference phenomenon to the band structure of the NPG. Most importantly, we demonstrate how the Talbot effect may be
detected experimentally using dual-probe scanning tunneling microscopy. Talbot interference of electron waves in NPG or
other related materials may open up new opportunities for future quantum electronics, computing, or sensing.

KEYWORDS: Nanoporous graphene, Talbot interference, electron transport, scanning probe microscopy, multiscale modeling

Controlling electron waves by harnessing phase-coherence
and interference effects is a cornerstone for future

nanoelectronics,1,2 quantum computing,3 sensing,4 or electron
beam splitting.5 To this end, design of platforms with well-
defined, narrow, and low-loss propagation channels is essential.
Nanoporous graphene (NPG) holds great potential for

distributing and controlling currents on the nanoscale.6,7 By
achieving bottom-up synthesis and transfer of atomically
precise NPGs, Moreno et al.8 have recently paved the way
for the fabrication of high-quality NPG-based devices. Further
functionalization or engineering of the pore edges could offer
additional opportunities to manipulate electron transport.9 The
particular edge topology of the linked graphene nanoribbons
(GNRs) making up the NPG results in a pronounced in-plane
anisotropy, which is reflected in the electronic structure as a
peculiar energy-dependent 1D localization of electron states
near the conduction band. Two-terminal electrical measure-
ments and simulations successfully proved the semiconducting
nature of NPG and the anisotropic electron propagation within
the mesh.8 However, the fixed electrode setup did not answer
the question of how transmitted electrons are confined in a
single GNR and whether 1D directed electron flow is possible.
Moreover, it is unclear to what extent the typical optics analogy
used for electron transport in pristine graphene devices10−13

can work for devices based on NPG.

Visualizing current flow in NPG represents the most direct
route to tackle these questions in an experiment. Several
techniques based on superconducting interferometry,14,15

scanning gate microscopy,16 or diamond nitrogen-vacancy
centers17 have demonstrated how imaging real-space current
flow in graphene structures can profitably underpin standard
electrical measurements for classical or quantum-transport
phenomena, whereas scanning probe spectroscopies are now
proving to be able to probe these currents on the atomic
scale.18

In this Letter, we theoretically investigate to what extent one
can inject currents along individual GNR channels in gated
NPG-based devices contacted chemically to a scanning
tunneling microscope (STM) probe. We develop a multiscale
method based on density functional theory (DFT) and non-
equilibrium Green’s functions (NEGF), enabling current
calculations with devices longer than 100 nm, relevant for
experiments. This is accomplished by linking a perturbed
contact region described by DFT to an unperturbed large-scale
region described by an effective tight-binding (TB) model
parametrized from DFT. We find that the inter-GNR coupling
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disrupts the longitudinal electron confinement into individual
channels, giving rise to the Talbot effect, a fascinating
interference phenomenon predicted to occur in discrete
optical waveguide systems.19−24 The fine detail of Talbot
wave interference is the origin of various technological
applications, ranging from lithography25 to phase-contrast
interferometry.26 Besides, it was predicted to occur for
massless Dirac Fermions in graphene23 as well as plasmons
in single-mode GNRs arrays.24 We prove the robustness of the
electronic Talbot effect in NPG by injecting current from the
STM tip into various NPG sites and under various gating
conditions. Using proof-of-principle calculations, we also
predict how this effect can be detected using a second STM
tip.

We carry out transport calculations based on NEGF27−29

applied to DFT or TB models using TranSIESTA,30,31

TBtrans,31 and SISL.32 Whereas parameter-free DFT models
limit the accessible device sizes to only a few nanometers,
parametrized TB can capture basic transport features of large
systems with minor chemical perturbations (e.g., metal contact
or chemical hybridization). The DFT model for the NPG
device, shown in Figure 1a, covers an area of 6.5 × 5.5 nm2

(1449 atoms), and it is defined on a single-ζ polarized basis set.
This choice guarantees enough accuracy over an energy range
of ∼±2 eV from EF. A better basis would be needed to capture
superatom bands at E − EF > 2 eV.8,33 We use the GGA-PBE
exchange-correlation functional34 and open (periodic) boun-
dary conditions along y (x) while sampling the x direction with

Figure 1. DFT model of NPG. (a) DFT model of gated NPG-based device with contact to STM tip. Electrodes are highlighted in red. Insets show
the optimized contact regions for ribbon and bridge positions. The shaded area delimits the device region. (b) Band structure of the NPG unit cell
under two gated conditions inducing either n-type (blue, ng = +1013 e− cm−2) or p-type (red, ng = −1013 e− cm−2) doping. States with energies in
the shaded areas, that is, up to ∼0.7 eV above (below) the conduction (valence) band, disperse more along Γ−Y than along Γ−X, hence defining
predominantly longitudinal transport channels. (c) On-site potential of C pz orbitals in a p-doped NPG. Values are relative to the average potential
Epz
0 in the bulk of ribbons ∼0.5 nm away from the tip. Beyond this distance, the perturbation from the tip is effectively screened. (d) Transmission

between the two NPG electrodes, with and without tip contact, for the two different tip positions in panel a and gated conditions in panel b.
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5 k-points. Pores are passivated with H atoms, and a model Au
tip is in chemical contact with the NPG. The tip structure is
chosen so as to ensure a flat local density of states on the tip
apex over the range [−0.75, 1 eV], relevant for our study. The
coordinates of the tip apex and up to 20 C atoms nearby are
optimized until forces are <0.01 eV/Å. After the optimization,
the Au−C bond length is ∼2.0 Å. To describe a more realistic
experimental environment, we self-consistently include a
bottom gate in the calculations. This is done by fixing spatial
charge in a gate-layer placed 15 Å beneath the NPG, so as to
dope it by ng= ±1013 e− cm−2.35 The device Green’s function is
calculated as

Ä

Ç

ÅÅÅÅÅÅÅÅÅÅÅ

É

Ö

ÑÑÑÑÑÑÑÑÑÑÑ
E iG S H( )

i
i

1

∑η Σ= + − −
−

(1)

where S and H are the model overlap and Hamiltonian and Σi,
called self-energy, connects the device to semi-infinite regions
along x (electrodes). A self-energy allows us to seamlessly
connect different regions, be it infinite bulk or localized
perturbations. We exploit this to embed one or more DFT-
precision regions inside much larger TB models, which are

needed to reach experimental relevant dimensions and observe
interference. The central idea of this multiscale approach is to
construct the self-energy connecting pz orbitals of the
outermost unperturbed DFT atoms (shaded frame in Figure
1a) to a larger pz TB model. We obtain TB parameters from a
DFT calculation of unperturbed NPG such that the resulting
model retains the interaction range of the DFT basis set, is
nonorthogonal, and takes the self-consistent effects of gates or
bias into account. Therefore, besides introducing local DFT
precision in the TB model, this method enables TB-based N-
electrode transport calculations without any fitting parameters.
We refer to the Supporting Information for details of the DFT
calculations and the multiscale method.
We consider two different positions of the tip, namely, on

top of a C atom in the middle of a ribbon or at a bridge
between two C atoms linking two ribbons (see the inset to
Figure 1a). In the former case, the C atoms below the tip are
pushed ∼0.3 Å below the NPG plane, whereas at the bridge
site the tip binds to two aromatic rings, causing a slight torsion.
The main effect of gating on the NPG electronic structure is

a rigid band shift of ±0.35 eV for n- and p-type doping,
respectively (Figure 1b). We find in both cases a band gap of

Figure 2. Talbot effect from multiscale calculations of n-doped NPG. (a) DFT geometry and density of states injected by the tip, (b) bond currents
at E − EF = 0.2 eV obtained with the DFT model, (c) a large-scale TB model with DFT-precision injection region, and (d) the best-fit to the Talbot
effect equations. In panel d, the local spectral density of states (ADOS) from the tip is shown in yellow, scaled by y − ytip to compensate damping
occurring far from the tip. The fitted equations ψn are plotted in blue underneath the ADOS. The integers n ∈ [−26,26] index the 53 GNR rows
along the y direction (covering a width of 100 nm across the x axis).
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∼0.7 eV between symmetric valence and conduction bands, in
good agreement with results obtained for nongated NPG.8

Bands with predominant longitudinal character are clearly
visible at energies up to 0.7 to 0.8 eV above (below) the
conduction (valence) band (shaded areas), where states along
Γ−Y indeed disperse more than those along Γ−X. The contact
with the tip causes local variation of the C pz potential, which
is screened at ∼0.5 nm from the tip (Figure 1c). This degrades
transmission between the two NPG electrodes along the y
direction (Figure 1d). For all energies in the longitudinal
regime, transport is essentially 1D along the GNRs due to the
weak inter-ribbon coupling. The onset at E ≈ 0.9 eV of bands
with dominant transverse character disrupts the 1D confine-
ment, and conductance quantization is lost.
For both n- and p-type NPG and both tip positions, we find

qualitatively similar electronic and transport features (see
Figures S1 and S2). Therefore, without loss of generality, we
focus in the following on the n-doped NPG case probed at the
ribbon site.
We visualize the electron flow near the contact through the

injected density of states (injected density of states is
calculated by summing the absolute modules of the three
eigenchannels,36 which contribute the most to transmission
from the tip to the NPG electrodes) and bond currents from
the tip (bond currents are defined as Jαβ =∑ν∈α∑μ∈βJνμ, where
ν (μ) indicates a basis orbital centered on atom α (β)), as
shown in Figure 2a,b. These clearly demonstrate electron
confinement inside the probed ribbon up to distances
comparable to the DFT cell size for all energies ranging
from the conduction band up to ∼0.7 eV above it (see Figure
S2). We study the distribution of electronic current in the far-
field, that is, far from the source, by performing transport
calculations where the DFT “injection region” is embedded
into a larger TB NPG model. We benchmark the applicability
of this method by embedding the DFT-precision injection
region in a TB region that has the same boundary conditions
and size of the DFT transport setup (see Figure S4). The
results show that we can reproduce the DFT transmission
spectra in the longitudinal regime (Figure 1b, shaded) by the
combined DFT+TB model.
Next, we embed the DFT injection region as an electrode in

a large 100 nm × 120 nm TB model of a device with two NPG
electrodes along y and a complex absorbing potential37,38 along
x. This larger model reveals that at distances beyond the DFT
cell size, transversal losses significantly affect the far-field
behavior (Figure 2c). Current splits into neighboring ribbons
with a certain periodicity of ∼7 to 8 nm. The resulting “beams”
diverge from the y direction with a maximum angle that varies
slightly with energy (see Figure S5). In particular, when the tip
injects into a ribbon site, this angle decreases from ∼30° for E
− EF < 0.3 eV to ∼20° for 0.4 < E − EF < 0.8 eV. We observe
similar results for injection into a bridge site, although the
interference in this case is more blurred because the injected
currents start out by propagation in the two bridged ribbons
(see Figure S2). We also find that the application of a finite
bias voltage between the tip and the NPG does not disrupt the
interference pattern (see Figure S6).
The Talbot interference generally refers to repeated self-

imaging of a diffraction grating.20 In this context, the wave
amplitude, ψn, inside the nth element of an infinite array of
weakly coupled discrete channels aligned along y obeys the
following discrete differential equation21,39−41

i
y

y y y
d

d
( ) ( ) ( ) 0n

n nc 1 1

ψ
κ ψ ψ+ [ + ] =− +

(2)

where κc represents the interchannel coupling coefficient. The
coefficient κc can be regarded as a figure-of-merit for the degree
of 1D confinement in the elements of the array: The lower the
value of κc, the lower the spread into the weakly coupled
adjacent channels. In the particular case when only a single
channel is initially excited, that is, ψn=0 = ψ0, the solutions for
eq 2 can be written as24,39,41

y i J y( ) (2 )n
n

n0 cψ ψ κ= (3)

where Jn is the Bessel function of the nth order.
We find that the square modulus of eq 3 can be fitted to the

far-field spectral density of states originating from the tip. The
best fit on a set of 53 channels of a 100 nm × 120 nm n-doped
NPG is illustrated in Figure 2d. The fitted values at E = 0.2 eV
are ψ0 = 0.037 and κc = 0.012 Å−1. The latter varies slightly
within the energy range spanned by the first two longitudinal
bands, as shown in Figure 3a,b.

The Talbot effect originates due to interference of the two
longitudinal Bloch states ψ1 and ψ2. From the momentum
difference, one can estimate the coupling strength as κc = Δk/4
= |k2 − k1|/4.

23,24 In Figure 3c, we plot |ψ1 + ψ2| for the NPG
without tip contact, showing the regular interference pattern
expected when all GNRs are simultaneously excited.23

The latest developments in STM have enabled measure-
ments with up to four tips42 and control over tip−tip distance
down to tens of nanometers.18 Within this context, we propose
to use dual-probe STM to reveal the electronic Talbot effect
experimentally. One probe can be used to inject current into
the NPG at a fixed position, as discussed above, whereas the
second probe is used to map out the interference pattern. The
tips are in chemical contact with the NPG rather than in the
tunneling regime to maximize the current, important for the
experimental feasibility. We use the modular capability of the
multiscale approach to embed two DFT-precision tips in the
large TB model. Both tips are located ∼2 Å above NPG, and
we fix the probe-tip distance to ∼30 nm from the source. The
probe-tip is moved between the bridge and ribbon positions

Figure 3. Origin of Talbot effect. (a) Longitudinal bands from a pz
TB model of n-doped NPG parametrized from DFT. (b) Energy
dependence of inter-GNR coupling κc from fit to the Talbot eq 3 in
comparison with Δk/4 = |k2 − k1|/4. (c) Amplitude of ψ1 + ψ2 at E −
EF = 0.2 eV, showing the interference underlying the Talbot effect.
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along the white line shown in the inset in Figure 4a. The
calculated transmission between the two tips, injecting

electrons at E − EF = 0.2 eV into n-doped NPG, is shown in
Figure 4a. The maxima of transmission reproduce the maxima
of bond currents injected from the source in the absence of the
second tip within 5%. This proves that the signal in electric
current detected by the second tip can map out the Talbot
interference pattern. This also indicates that modifications of
the NPG atomic structure and electron density due to the
chemical contact with the tip do not suppress the effect. That
being said, we speculate that evidence of the Talbot effect in
NPG may be obtained by devising other types of experiments.
In conclusion, we have explored how electrons injected by

an STM probe in chemical contact to gated NPG-based
devices behave in near- and far-field. By performing multiscale
parameter-free calculations of large-scale TB models of NPG
with DFT-precision regions, we found a clear signature of
phase-coherent electron waves, manifested in the far field as a
Talbot interference effect. The origin of this phenomenon is
the cross-talk between longitudinal 1D channels (GNRs)
making up the NPG. Using proof-of-principle multiprobe
calculations, we have shown that this interference effect may be
observed in a dual-probe STM experiment.
Further investigations could potentially shed light on the

important impact of defects, substrate, or pore functionaliza-
tion on the current flow. Importantly, the chemical design of
the inter-ribbon bridges could allow fine-tuning of the coupling
strength, κc, to improve 1D transport confinement. We also
speculate that the Talbot effect could be observed in other
structures featuring weakly coupled quasi-1D channels, such as
other anisotropic 2D materials43−47 or crystals hosting surface
states.48 This effect in elastic, phase-coherent transport may be
used to gain insights into the phase-breaking length in these
structures due to various scattering mechanisms such as
electron−phonon coupling. Finally, since topologically non-
trivial states were found at the edges of chiral GNRs,49,50

further studies may potentially reveal whether topological
signatures could emerge in NPGs.
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Computational details

The DFT electronic structure and optimized geometry for the NPG unit cell, with alternate

A−B and B−A bridge environment as in Moreno et al.,1 are obtained using theTranSiesta

code.2,3 The unit cell is orthogonal and contains 100 atoms (80 C + 20 H). We use a

SZP basis set with 0.01 Ry energy shift. This choice neglects the existence of high-energy

SAMO states, usually captured by more accurate basis sets.1 However, since the Talbot

e�ect occurs at much lower energies, the computationally more e�cient SZP basis guarantees

su�cient accuracy. We use norm-conserving Troullier-Martins pseudopotentials with a mesh
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cuto� of 400 Ry and the PBE4 �avour of the generalized gradient approximation (GGA)

for the exchange-correlation functional. The Brillouin zone is sampled using a 15 × 51 × 1

Monkhorst-Pack k-point mesh. Structural optimization is performed using a force threshold

of 0.01 eV/Å. The geometry of the tip has been optimized so as to ensure a �at local density

of states on the tip apex over the range [−0.75 eV, 1 eV], relevant for our study.

We run zero-bias DFT+NEGF5�7 calculations with TranSiesta
3 for a three-probe de-

vice where the model tip, semi-in�nite along the out-of-plane direction z, is placed ∼ 2Å

above the NPG, in atomic contact with it above a �ribbon� or �bridge� site. We use a 2× 7

NPG supercell (1449 atoms, 6.5×5.5 nm2), periodic along the transverse direction x and with

two semi-in�nite electrodes (top and bottom) along the longitudinal direction y. Contrary

to the device setup reported in [1], here we use semiconducting NPG electrodes rather than

metallic pristine graphene ones. We use 5×5×1 k-points to run the NPG+tip self-consistent

calculation with TranSiesta and use 71× 1× 1 k-points to compute transmission among

the three electrodes with TBtrans. We set up a gate by placing a �xed charged layer 15Å

below NPG such as to induce an electron density ng = ±1013 e−cm−2 in it. This is important

to pin the Fermi level in NPG electrodes and device DFT calculations. In this way we avoid

arti�cial potential o�set at the interfaces between scattering region and electrodes, which

would otherwise occur due to the tip-induced change in the NPG work-function. Coordinates

of the tip apex and up to 20 C atoms nearby are optimized, without gate, until forces are

less than 0.01 eV/Å.

For the large TB+NEGF we generate NPG supercells containing up to 356.160 atoms

and covering areas up to 100 × 120 nm2. No periodic boundary conditions are used (i.e.

TBtrans k-points grid includes only Γ). Injected currents are drained into semi-in�nite

electrodes along y and absorbed along x using complex absorbing potentials (CAP).8,9

We visualize current �ow in the devices plotting 2D bond-current maps, summing all

bond-currents values �owing out of each atom (only positive-valued bond currents are con-

sidered). The color map is scaled in proportion to the current magnitude, so that areas
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with low to zero current appear in blue. Color range is normalized to the maximum value

of current in the device and is often adjusted to enhance contrast.

DFT potential and charge distributions in gated NPG+tip

systems
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Figure S1: (a) Di�erence in electrostatic Hartree potential ∆VH = VH(ng > 0)−VH(ng < 0)
between the systems with positive and negative values of gate-induced electron density ng.
(b) The resulting change in charge density distribution ∆ρ = ρ(ng > 0)−ρ(ng < 0). (c) On-
site pz potential for all C atoms in the three-probe device, relative to the average potential
E0
pz of the most internal atoms in the GNRs, showing how the gold tip dopes the NPG for

ng = −1013 e−cm−2. The regions where the maximum p-type and n-type potential shift
occur are indicated in yellow and blue, respectively, for ribbon and bridge positions of the
tip. (d) Di�erence ∆Epz = Epz(ng > 0) − Epz(ng < 0) between the on-site pz potential for
the n-doped and p-doped devices, for the two di�erent tip positions.

The electrostatic potential and charge distribution in the NPG are a�ected by application

of a gate voltage as illustrated in Fig. S1a-b. Potential varies more rapidly in proximity of

the narrower sections of the 7-13 GNRs. The doping charge density distribution re�ects this

variation, with a tendency to polarize in proximity of the regions where the potential varies

the most.

Carbon pz levels are doped locally in the mesh when the gold STM tip is in contact

with the NPG, as shown in Fig. S1c for ng = −1013 e−cm−2. A maximum local n-doping of
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≈ −1.7 eV and ≈ −1.3 eV is reached depending on contact position. For ng = +1013 e−cm−2

the maps are very similar but the n-type doping is reduced by ≈ 0.34 eV and ≈ 0.24 eV for

the two tip positions. This is due to a higher electron population in the NPG which makes

it less favorable for electrons to transfer from the tip to the NPG. As further illustrated in

Fig. S1d, regardless of the tip position or the gating we always �nd that the doped region

in proximity of the contact region extends with a radius ∼ 0.5 nm. This proves that the

supercell we use is large enough to ensure an unperturbed potential in its outermost regions.

Transmission and near-�eld bond-currents from tip to DFT-

modeled NPG
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Figure S2: (a) Bond-currents in the n-doped NPG scattering region, injected by the tip
while positioned at ribbon and bridge sites, for ng = +1013 e−cm−2. Currents are shown for
electrons injected at E = EF or 0.77 eV above it in the unoccupied bands. (b) Transmission
spectra for electrons injected by the tip and reaching top and bottom NPG electrodes, for
the two tip positions under the two gated conditions. No signi�cant di�erences between
transport towards top and bottom NPG electrodes are observed, so we plot the sum of
transmissions towards the two NPG electrodes.

In order to visualize the current �ow in the 2D mesh we calculate bond-currents among

the NPG atoms while injecting electrons with various energies from the tip, as illustrated
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in Fig. S2a. We �nd that, at least up to distances comparable to the cell size, electron

injected at the Fermi level or up to ∼ 0.7 eV above it will �ow within the same ribbon where

they are injected. When the tip is at bridge site the situation is similar but the injected

currents propagate in both the two ribbons connected by the probed bridge. At around

0.77 eV currents start to spread across the bridges and propagate in the neighbor ribbons, as

suggested by the marked spike in the transmission of Fig. S2b. At higher energies crosstalk

between neighbor periodic images of the tip makes it hard to visualize the correct current

�ow in the system.

In Fig. S2b we plot the transmission spectra for electrons traveling from the gold tip to

the two NPG electrodes. For all energies up to 0.7 − 0.8 eV above the lowest unoccupied

band transmission is quite constant if the tip lies in the middle of a ribbon, whereas it slowly

increases when it lies at a bridge site. The onset of transversal bands at higher energies

complicates the spectra signi�cantly.

Multi-scale method applied to NPG+tip systems

Below we just highlight a few additional aspects of the multi-scale DFT+TB method applied

in the context of this work.

The main idea of the approach is to transfer relevant information about electron transport

between two di�erent models by constructing a special self-energy term which connects them.

The typical protocol applied to study NPG+tip systems, relying on the versatility of

sisl, is: i) setup a DFT model of the contact between NPG and a STM tip; ii) compute the

self-energy which connects all C pz orbitals in the outermost unperturbed area of the DFT

cell to all the other orbitals in it; iii) construct a large TB model by projecting a pristine

DFT Hamiltonian onto the C pz orbitals; iv) incorporate the self-energy locally into this TB

model as an extra electrode.

One important requirement is that the DFT cell containing NPG and tip is large enough
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Figure S3: (a) Fat bands from the DFT model of NPG, showing a predominant contribu-
tion of carbons pz orbitals to the longitudinal bands. (b) Comparison between the NPG
bandstructure obtained using DFT, a TB model fully parametrized using pz orbitals from
DFT and a nearest neighbor TB model with hopping t = −2.7 eV. (c) Comparison between
the NPG bandstructure obtained using DFT and the TB model fully parametrized using
pz, Pdyz and Pdyz orbitals from DFT. (d) Comparison between the NPG bandstructure
obtained using DFT and the TB model fully parametrized using pz orbitals from DFT, for
di�erent gated conditions. (e) Bands velocity vectors at sampled k-points, con�rming the
predominantly longitudinal or transversal nature of the electronic states within di�erent en-
ergy ranges. (f) Velocity-angle-resolved density of states for the unit cell of NPG, obtained
using the DFT model and the TB model fully parametrized using pz orbitals from DFT.
Maps resolution is converged using a �ne grid of k-points.
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a) b) 
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Figure S4: (a) Schematics of the multi-scale method applied to a setup with same size
and boundary conditions of the DFT model. The perturbed area in the �guest� DFT model
illustrated on the top is e�ectively embedded in the TB model at the bottom using a self-
energy projected on the unperturbed sites around the tip contact region. The red frame-
shaped area in the middle contains the self-energy coupling DFT and TB, whereas the two
red regions at the top and bottom sides contain the self-energies of two semi-in�nite NPG
electrodes. The cell has been elongated a little along the semi-in�nite direction to ensure
no connections among the three electrode regions. (b) Transmissions among the two NPG
electrodes obtained using the multi-method approach, in comparison to the ones obtained
by DFT, for di�erent gates and tip positions. We shift the original curves from DFT+TB
by −0.15 eV to compensate the orbital-pruning induced o�set discussed in Fig. S3d. The
best agreement is found at energies in the shaded range. (c) Same as (b) but comparing
transmissions from the DFT region to the two NPG electrodes. In this case the original
curves from DFT+TB have not been shifted.
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to have an unperturbed potential in its outermost regions, which is where the self-energy

needs to be projected. Another important requirement is that the TB model is as compatible

as possible to the DFTmodel. This is accomplished by de�ning the TB parameters directly as

the elements in the DFT Hamiltonian and overlap associated to the main orbitals governing

transport in the energy range of interest. For the NPG case, analysis of the various orbital

contributions to the DFT bandstructure reveals that longitudinal bands are predominantly

dominated by carbons pz orbitals (Fig. S3a). The NPG bandstructure obtained with this

parametrized TB model is similar to that from DFT, short of some rescaling (Fig. S3b). For

example the TB �rst unoccupied band is shifted almost rigidly 0.15 eV above the DFT one.

Compared to a typical nearest-neighbor TB model for graphene with hopping t = −2.7 eV,

the parametrized model used here is non-orthogonal and the range of interaction between

TB sites extends as much as in the DFT basis set. Nevertheless such a simpli�ed model also

yields bands which compare qualitatively to DFT (Fig. S3b). Such similarity, although not

good enough for embedding a DFT-precision region via a self-energy (which is intrinsically

non-orthogonal), suggests that it can be used a simple toy-model for NPG. The di�erences

between parametrized TB model and DFT can be entirely attributed to pruning of the DFT

basis set. In fact, although pz orbitals almost entirely de�ne DFT bands and govern transport

across the system, there are other orbitals in the basis which have a similar symmetry to pz,

such as the polarized dxz and dyz. These would normally hybridize to some extent and give

rise to deviations in the bands. These deviations can be accounted for by incorporating these

few extra orbitals into a multi-orbital TB model (Fig. S3c). Application of a gate a�ects the

TB bands the same way as the DFT ones (Fig. S3d).

Analysis of the bands velocity vectors (Fig. S3e) con�rms the predominantly longitudinal

or transversal nature of the electronic states as a function of energy, both for the DFT and TB

models. Like the current maps reported in Fig. S2a this seems to corroborate the hypothesis

of complete electron con�nement within individual ribbons. However a closer look at the

density of states in the NPG (see Fig. S3f) reveals that states in the longitudinal regime
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do not all propagate along the longitudinal direction, but rather their angle of propagation

distributed over ±20◦ (regardless the particular DFT or TB nature of the model used to

describe them). Such �nite angular distribution impacts on the far-�eld behavior of electrons

in NPG.

We benchmark the applicability of the multi-scale method by inserting the DFT preci-

sion injection region inside a geometry which has the same size and boundary conditions

of the DFT setup (open along the longitudinal direction and periodic along the transverse)

(Fig. S4a). The results in Fig. S4b-c show that we can reproduce the DFT transmission

among the three electrodes over most of the longitudinal energy range by the combined

DFT+TB model within accuracy. In general we �nd smaller deviations between DFT and

DFT+TB when NPG is n-doped and when the STM tip is located at a ribbon site. This

trend can be attributed to the fact that the bridge site probed by the tip is too close to the

outermost region where the connecting self-energy is projected (see Fig. S1c), thus prevent-

ing an optimal match between the outermost DFT potential and the external TB regions.

Deviations are expected to be smaller for larger DFT supercell cell sizes. Conclusively

the comparison presented here con�rms that the electronic structure of DFT+TB are in

very good agreement with the DFT ones, both in terms of bands shape and velocities (see

Fig. S1c), despite the band-misalignment and rescaling caused by orbital-projection of the

DFT Hamiltonian (see Fig. S3).

We point out that, despite not accounting for modi�cations of the NPG induced by its

contact with the STM tip, a full tight-binding framework (without embedded DFT regions)

would be su�cient to obtain the main qualitative features of the Talbot e�ect.

S9

a) 

b) 

c)

Figure S5: (a) Schematics of our multi-method multi-scale approach, showing a DFT region
with local contact to a gold tip incorporated into a 65 nm×80 nm TB modeled 2-probe device
by means of a coupling self-energy. (b) Total transmission from tip to the two large NPG
electrodes obtained using our multi-method multi-scale approach, in comparison to the one
obtained by DFT, for the two di�erent gated situations and a tip located at a ribbon site. (c)
Dependence of the interference pattern on energy and tip position, for ng = +1013 e−cm−2.
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Transmission and far-�eld bond-currents from DFT-precision

tip to TB-modeled NPG

We introduce the DFT injection region into a larger 65 nm × 80 nm TB model of a device

with 2 bulk NPG electrodes (Fig. S5a). The transmission spectra from tip to the two large

NPG electrodes compare well to DFT (Fig. S5b), regardless the particular gated conditions

or tip position (only ribbon tip position is shown). Deviations can be attributed to the

aforementioned pruning-induced bands rescaling.

We �nd that the interference pattern maximum divergence angle varies slightly with

energy (Fig. S5c). For n-doped NPG and tip located on a ribbon, for example, it decreases

from ≈ 30 deg for E − EF < 0.3 eV to ≈ 20 deg for 0.4 eV < E − EF < 0.8 eV. This is in

agreement with the angle-resolved density of states (Fig. S3f) and the energy dependence of

the Talbot coupling strength reported in the main text. At around 0.6 − 0.7 eV electrons

wavelength becomes comparable to the ribbons width (w ≈ 1 nm) hence a �ner structure

appears. Similar results are observed when the injection occurs in proximity of a bridge

connecting two neighboring ribbons, although the interference pattern in this case is more

blurred. Based on the bond currents of Fig. S2b, we interpret this as an overlap between

currents which are almost equally injected into the two ribbons connected by the two probed

bridge atoms.
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Persistence of Talbot e�ect in biased conditions
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Figure S6: Transmission (a) between the two NPG electrodes and (b) from the tip to the two
NPG electrodes, for zero bias and under a bias V = 0.5V (Vtip = −0.25V , VNPG = +0.25V ).
The tip is contacting one of the ribbons of the p-doped NPG (ng = −1013 e−cm−2). Despite
the expected additional bias-induced energy shift, we �nd that the spectra are in qualitative
good agreement. In particular the quasi-1D nature of the spectrum in (a) is preserved.
(c) Near-�eld and (d) far-�eld bond-currents for the biased case, injected by the tip at
E −EF = 0.005 eV (the maps are very similar for all energies within the bias window). The
far-�eld bond-currents clearly show the Talbot interference pattern.
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Bond-current maps from dual-probe calculations

Figure S7: Bond-currents in a 100 nm× 120 nm NPG with two DFT-precision tips, showing
how the second tip, besides detecting, also acts as a signi�cantly strong scattering source.
Currents are plotted for E − EF = 0.2 eV for di�erent positions of the probe tip. Both tips
are on top of a ribbon. When the probe tip is on bridges the scattered currents look very
similar.
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The bandstructure of graphene around the Fermi level is a text-
book example of the tight-binding model using just a single 
pz-orbital (z ⊥ graphene) per carbon atom and nearest neigh-
bour interaction [1]. Therefore it is not surprising that it can 
be reproduced quite well by a simple linear combination of 
atomic orbitals (LCAO) with a single orbital per valence state 
per carbon atom corresponding to one s and three p orbitals 
(M  =  4). It is generally of great interest to keep the basis-set 
size (M) as small and simple as possible to keep the compu-
tational cost down, and to enable calculations based on den-
sity functional theory (DFT) of larger systems, for example 
electronic transport calculations of graphene-based devices 
using non-equilibrium Greens functions [2, 3]. An accurate 
description of all the occupied bands, comparable to the result 
of calcul ations based on plane-waves (PW) basis sets, calls 
for the use of a larger LCAO basis set f.ex. using M  =  13 (two 
sets of s, p and one set of d) atom-centered basis functions 
based on the atomic orbitals. This size is generally believed to 
be a good compromise between accuracy and computational 

cost and is a standard choice in LCAO-DFT codes such as 
Siesta [4], OpenMX [5], or FHI-aims [6]. However, as 
pointed out by Stewart [7], this choice yields a wrong descrip-
tion of the first unoccupied bands, which start about 3.25 eV 
above the Fermi level and are parabolic around the Brillouin 
zone center, Γ. These bands correspond to diffuse states with 
long tails into the vacuum, and are the first in a quasi-contin-
uum of free electron-like bands in a double Rydberg series 
of image-potential-like states [8] with even and odd mirror 
symmetry in the graphene plane. In particular, the first two 
unoccupied states (1±) are important for e.g. the description 
of interlayer states, reactivity, intercalation [9, 10], and tun-
neling into graphene, where the inelastic phonon scattering 
plays a dominant role [11, 12]. States of similar origin has 
been found for the finite C60-molecule, representing another 
extreme compared to the flat, infinite graphene [13, 14]. The 
diffuse molecular orbitals, dubbed Super Atom Molecular 
Orbitals (SAMOs) were observed in STM experiments [15], 
and are located  ∼4 eV above the Fermi level.
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Abstract
We present a simple way to describe the lowest unoccupied diffuse states in carbon 
nanostructures in density functional theory calculations using a minimal LCAO (linear 
combination of atomic orbitals) basis set. By comparing plane wave basis calculations, we 
show how these states can be captured by adding long-range orbitals to the standard LCAO 
basis sets for the extreme cases of planar sp2 (graphene) and curved carbon (C60). In particular, 
using Bessel functions with a long range as additional basis functions retain a minimal basis 
size. This provides a smaller and simpler atom-centered basis set compared to the standard 
pseudo-atomic orbitals (PAOs) with multiple polarization orbitals or by adding non-atom-
centered states to the basis.
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Here we propose a simple, long-ranged, atomic-centered 
basis set, which can capture the lowest unoccupied bands of 
graphene and the SAMO states of C60 in DFT-LCAO elec-
tronic structure calculations. Its construction is based on a 
straightforward extension of standard basis sets, and yield a 
level of accuracy comparable to PW calculations for the first 
two unoccupied, diffuse bands (states) for graphene (C60).

Quantum chemists traditionally use Gaussian-type orbitals 
(GTO) as bases. Another approach is to use solutions to the 
free atoms, e.g. described by pseudo-potentials, and to con-
fine these within maximum range [16]. These pseudo-atomic 
orbitals (PAO) can be used as a LCAO basis—a so-called 
single-ζ (SZ) basis corresponding to M  =  4 for carbon. The 
basis set can be improved by splitting each PAO into a part 
representing the center and another part representing its tail, 
doubling the number of ζ-functions describing each valence 
orbital (double-ζ or DZ) [17]. To improve further one can add 
orbitals with higher angular momentum (l) than present in the 
valence shell, which for carbon amounts to the d-shell, l  =  2. 
These additional basis functions are termed ‘polarization’ 
and can be generated by applying a perturbing polarizing 
electric field to the free atom [17]. The double-ζ plus polari-
zation (DZP) is thus amounting to M = 2 × 4 + 5 = 13 basis 
functions for carbon and comprise a standard LCAO basis set 
in Siesta [4], which is the DFT-LCAO code we use in this 
study. However, one may use the splitting procedure [17] to 
generate more refined bases such as triple-ζ or double-polar-
ization. Importantly, however these are all basis functions 
originating from an atomic problem and thus have a decay 
away from the atomic core controlled by the atomic poten-
tial. We will return to this point later, additionally our main 
discussion covers graphene while C60 SAMOs are detailed 
in the end.

Let us consider the electronic bandstructure of graphene 
in figure 1, calculated using a PW basis set from VASP [18] 
(left) and the DFT-LCAO code Siesta [4, 19] (right) for a 
selected choice of LCAO basis sets. We have employed the 
PBE [20] functional for exchange-correlation, k-point sam-
pling of 42 × 42 (96 × 96, LCAO), and a carbon-carbon dis-
tance of a = 1.42 Å. In the PW bandstructure the expected 
quasi-continuum of free electron-like vacuum states appears 
at the Γ-point above 3.25 eV. We focus on the first (1+ ) and 
second (1−) lowest unoccupied eigenstates, marked by a cir-
cle and square, respectively, and compare them to the LCAO 
bandstructures. We consider three different atom-centered 
bases, namely the standard DZP (M  =  13), a double-polari-
zation DZDP (M  =  18) where the polarization d-orbitals are 
doubled, and a DZP basis extended by two Bessel functions 
(Jl) with angular momentum l ∈ {0, 1} (M  =  13  +  4  =  17), 
in the following J1 implicitly includes J0 orbitals. The used 
basis sets are detailed in the supplementary material (available 
online at stacks.iop.org/JPhysCM/30/25LT01/mmedia).

First we note that while all LCAO bases yield a good 
description of the occupied bands, the standard DZP basis set 
fails completely in reproducing the lowest unoccupied states, 
showing a non-parabolic 1+ band around  ∼5.8 eV at Γ. The 
results suggests that the discrepancy is due to the limited 
DZP basis size, which cannot supply linear combinations to 

account for the free electron-like bands. As shown by Silkin 
[8] the 1± bands have s and pz characters which are already 
the predominant part of the valence bands. Therefore the DZP 
basis can not account for both the free electron-like bands and 
the valence bands. The easiest procedure towards correcting 
the shape and position of the lowest unoccupied band is to 
double the polarization orbitals, DZDP (or TZDP [10]). In this 
case it is the tail polarization d-orbitals that accounts for the 
missing linear combinations. Subsequent tuning of the range 
of the basis is necessary in order to obtain a better agreement 
with the PW results. This is done in the inset of figure 1 which 
shows the convergence of the DZDP (gray) lowest band at Γ 
(εΓ) with respect to the basis orbital cutoff radius.

We can obtain better and more economical results by using 
custom basis orbitals based on spherical Bessel functions [21]. 
The Bessel functions are solutions to the spherical ‘particle-
in-a-box’ problem with hard-wall cutoff [22]. Importantly, 
these orbitals are not constrained by a core potential, and thus 
have a well defined shape depending only on the chosen radial 
cut-off and angular momentum l. An atomic orbital does not 
necessarily increase weight for large r due to confinement 
potentials. Effectively this means that basis orbitals originat-
ing from atomic pseudopotentials tend to have a small cutoff 
radius regardless of user defined ranges. The first band can be 
described by a single long range J0 Bessel function (s), while 
the second band also requires J1 (s  +  p). The Γ–K bandstruc-
ture in figure  1(right) shows the DZP+J1 which is in good 
agreement with the PW calculation for the first two bands. An 
improved energy alignment with respect to the PW calcul ation 
can be achieved by extending the basis orbitals to as much 
as rmax ∼ 7.5 Å which was used above. The inset in figure 1 
shows the convergence of the first band energy at the Γ-point 
for increasing rmax for the DZDP and DZP+J1 basis sets.
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Figure 1. Bandstructure of graphene along Γ–K obtained from a 
PW basis set (left) in comparison with the equivalent bandstructure 
from three different LCAO basis sets (right): a standard DZP (grey 
dotted) with an orbital-confining radii cutoff δE = 0.0025 eV, a 
DZDP (grey solid) with the same δE , and a DZP with δE = 0.1 eV 
combined with two Bessel functions Jl∈{0,1} and hard-wall potential 
range rmax = 7.5 Å (red solid). The eigenvalues at Γ for the first 
(1+ ) and second (1−) lowest unoccupied bands are marked by a 
red circle and a blue square, respectively. The insert shows the 
convergence of the 1+ eigenvalue at Γ as a function of the basis (Jl) 
range for the DZDP (DZP+J1) basis set. The maximum available 
DZDP range was constrained to  ∼4.6 Å because of limitations in 
the choice of δE .
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Remark that DZ+J0/DZ+J1/DZP+ J0/DZP+J1 all repro-
duce the first band with a band onset between 3.42 eV and 
3.35 eV, respectively. In table 1 we list the two first unoccu-
pied band-onsets at Γ for the prominent DZ variants tested. 
All SZ variants yield ε1+ > 5 eV, while the TZ variants are 
comparable to DZ.

We note in passing that one could include the unoccupied 
band (only close to Γ) in the nearest neighbour tight-binding 
pz-model [1] by adding an orbital with s-symmetry to each 
atom, thus yielding orbitals orthogonal to the π-system. The 
hopping parameter γ+ can be approximated by the regular pz 
hopping parameter since the two bands have nearly identical 
parabolic curvature close to Γ, effectively setting γ+ ≈ 2.7 eV 
and on-site ε1+ + 3γ+. Further discussion of tight-binding 
models of the bands may be found elsewhere [23].

In figure 2(a) we compare the wavefunctions through a car-
bon atom along z obtained by PW and LCAO, respectively. 
These also show a reasonable agreement with the PW results. 
Note how the LCAO tails are forced zero for r > 7.5 Å. The 
symmetric lowest state 1+ (bottom) is accurately described 
by LCAO although the tail for PW extends farther into vac-
uum. The anti-symmetric second lowest state 1− (top) is more 
extended in PW compared to LCAO, as expected.

The density of states (DOS) is shown in figure 2(b) com-
paring the PW calculation with the four selected basis sizes. 
k-point sampling was converged. A large improvement in the 
description of the unoccupied bands accompanies the appro-
priate choice of basis size. Clearly, DZP+J0/J1 reproduce 
the DOS to a satisfactory level. The difference between PW 
and LCAO DOS shapes are mainly due to different smear-
ing methods. In figure 2(c) the projected DOS onto the basis 
functions for DZP+J1 highlights how the unoccupied bands 
indeed are of s- (1+ ) and p-character (1−). Thus the 1+ -state 
consists of s with a negative px( y ) where the band starts (at Γ), 
while the 1−-state has pz odd character symmetry.

Along similar lines Agapito and co-workers [10] consid-
ered projections of different LCAO basis-sets onto plane-
wave Bloch states as well as DFT-LCAO calculations. They 
found that a TZDP (M  =  22) basis set with a cutoff range of 
4 Å did not reproduce the 1±-bands and had to use a DZP sup-
plemented with long-ranged (cutoff 6.9 Å) empty-atom (EA) 
basis-functions located 2.8 Å outside the graphene plane to get 
a reasonable description of these. Besides being costly to use 
a DZP+EA basis, it also makes calculations conceptually and 
practically more difficult for systems where one e.g. adsorb 
or bind molecules to graphene. A large overlap between the 
EA-basis and the adsorbates may lead to spurious effects.

As outlined above Bessel functions are advantageous in 
the graphene case. Another approach uses long range 3s and 

3p carbon atomic orbitals, which also correctly describes 
the graphene unoccupied states and with equivalent preci-
sion and basis size M as J1. However, for SAMO states of 
the C60-molecule we could only reproduce the s-character 
SAMO using the Bessel basis (further fine tuning of 3s/3p 
orbitals may be able to capture the SAMOs). In figure 3 we 
show the wavefunctions of the s and p SAMOs (produced by 
DZP+J0) along with the DOS in the respective energy range, 
PW calcul ations using (40 Å)3 cell. The shape of the wave-
functions compare well with those obtained with PW calcul-
ations [15]. Comparing DOS shows that the s SAMO for PW 
and J0 are separated by  ∼0.1 eV, while the 3s+3p could not 
reproduce the s state. Note that the PW LUMO+4 position 
is not in this energy range. These states are highly dependent 
on the cell (vacuum) size. The PW s SAMO state is fixed in 
energy for 30 Å and 40 Å cell sizes.

In conclusion we have shown that the two lowest unoc-
cupied diffuse states for graphene and C60 can adequately 
be described within the DFT-LCAO framework by adopting 

Table 1. Positions of band energies at the Γ-point for the first (1+ ) and second (1−) unoccupied bands for different LCAO basis sets with 
size M and maximal cut-off. PW shows the planewave benchmark calculation.

(eV) DZ DZ+J0 DZ+J1 DZP DZP+J0 DZP+J1 DZDP PW

9.03 3.42 3.35 5.81 3.41 3.35 3.64 3.25
9.33 9.34 4.07 8.24 8.30 4.15 8.27 4.01
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Figure 2. (a) Comparison of normalized wavefunctions at Γ 
obtained with PW basis (dashed), and LCAO with the DZP+J1 
basis (full). The wavefunctions at Γ are projected on a line 
through a carbon atom. The  +1/ −  1 states are plotted in bottom/
top parts, respectively. (b) Total DOS from PW in comparison 
with DZP, DZDP and DZP+J0/J1 basis sets. The onsets of 1± at 
Γ are highlighted on the energy axis. (c) Orbital resolved highest 
contributions to the DOS from DZP+J1 in correspondence of the 
two lowest unoccupied bands.
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a conceptually and computationally simple atomic-centered 
basis set where Bessel functions with a long extension are sup-
plementing the standard DZP-basis. The presented basis set 
provides a good compromise with respect to efficiency, due to 
the relatively small number of orbitals required, while ensur-
ing a level of accuracy which is comparable to DFT calcul-
ations based on the planewave basis. The Bessel basis sets may 
be relevant in other 2D materials and/or surface calcul ations 
[24, 25]. The first two bands of graphene may be selected 
by choosing the symmetry of the basis function (J0 or J1),  
while for C60 J0 is enough. Consequently only adding 1 
basis orbital per atom to the DZ/DZP basis set will correctly 
describe the first unoccupied band of graphene.
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