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Summary

The thesis deals with frames in infinite-dimensional Hilbert spaces. The key
aspects are to analyze frames that can be represented via iterates of a bounded
operator and to develop the theory for generalized shift-invariant frames. The
generalized shift-invariant systems provide a general framework to analyze large
classes of structured function systems, e.g., shift-invariant systems, Gabor sys-
tems, wavelet systems, wave packet systems, etc.

The thesis consists of five published research papers, three of which devoted
to operator representations of frames. The desire of representing a frame as
iterated actions of a bounded operator is motivated by the recent research topic
“dynamical sampling” and has roots in as well linear dynamics as applied har-
monic analysis. We will consider two versions of iterated systems, namely, sys-
tems indexed by N ∪ {0} respectively Z. The indexing by N ∪ {0} comes up
naturally in dynamical sampling, and the indexing by Z is motivated by several
classical examples in applied harmonic analysis. A further motivation is that
several natural structured function systems in applications, e.g., Gabor systems
and wavelet systems, are countable unions of iterated systems. One of the key
contributions consists in a detailed analysis of frames for which an operator
representation is available, in particular, with a bounded operator.

The last two papers deal with various aspects of structured function systems.
Motivated by the fact that linear independency turned out to be one of the
key conditions in the analysis of iterated systems, we consider discrete Gabor
systems generated by a finite sequence and characterize linear independency in
terms of the involved parameters and the support size. Finally, we consider
generalized shift-invariant systems and derive a condition that is necessary and
sufficient for the so-called Calderón sum to be bounded below. We also provide a
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construction of dual pairs of generalized shift-invariant frames. The construction
generalizes the known results for Gabor frames and wavelet frames and also
apply to other classes of frames, e.g., wave packet frames.



Resumé

Afhandlingen handler om frames på uendeligdimensionale Hilbertrum. De vig-
tigste aspekter er at analysere frames som kan repræsenteres via iterationer af
en begrænset operator, samt at udvikle teorien for frames der udgøres af et ge-
neraliseret translationsinvariant system. Disse systemer giver en generel ramme
indenfor hvilken man kan studere en række klassiske funktionssystemer, f.eks.
translationsinvariante systemer, Gabor systemer, waveletsystemer, etc.

Afhandlingen består af fem publicerede artikler, hvoraf tre handler om opera-
torrepræsentationer af frames. Ønsket om at repræsentere en frame via iteratio-
ner af en begrænset operator er motiveret af problemstillinger indenfor forsk-
ningsområdet “dynamisk sampling”, og har rødder i lineær dynamik og anvendt
harmonisk analyse. I afhandlingen betragtes to udgaver af itererede systemer,
indiceret af henholdsvis N∪{0} og Z. Indiceringen via N∪{0} optræder naturligt
i dynamisk sampling, og indiceringen via Z motiveres af at adskillige eksempler
på funktionssystemer i anvendt harmonisk analyse har denne form. Endvidere
kan mere avancerede systemer som f.eks. Gabor systemer og waveletsystemer
opfattes som tællelige foreninger af itererede systemer. Et af de centrale bidrag
i afhandlingen er en detaljeret analyse af frames der kan repræsenteres via et
itereret system, herunder en karakterisering af de frames for hvilke man kan
benytte en begrænset operator.

De sidste to artikler handler om forskellige aspekter af teorien for strukturerede
funktionssystemer. Motiveret af den kendsgerning at lineær uafhængighed viste
sig at være en af de centrale betingelser i analysen af itererede systemer, betrag-
ter vi nu diskrete Gabor systemer genereret af en endelig følge og karakteriserer
lineær uafhængighed i termer af de involverede parametre og længden af den
pågældende følge. Endvidere undersøger vi generaliserede translationsinvariante
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systemer og analyserer os frem til en nødvendig og tilstrækkelig betingelse for at
den såkaldte Calderon-sum er nedadtil begrænset. Til slut udvikles et generelt
setup for konstruktion af duale frames; konstruktionen generaliserer de kendte
resultater for Gabor frames og waveletframes, og kan endvidere anvendes på en
række andre systemer.



Preface

This thesis is submitted in partial fulfilment of the requirements for acquiring
the Ph.D. degree. The work has been carried out at DTU Compute at the Tech-
nical University of Denmark from December 2015 to November 2018 under the
supervision of Professor Ole Christensen and Associate Professor Jakob Lemvig.

Overview

The thesis deals with frames in general Hilbert spaces and structured function
systems in L2(R). It connects frames and operator theory. The thesis consists
of an introductory chapter followed by five published research papers. In the
following, the highlights of the papers in the thesis are presented.

Paper I: (Joint work with Ole Christensen), Frame properties of sys-
tems arising via iterative actions of operators, to appear in Applied and
Computational Harmonic Analysis, 2018.

In this paper it is shown that every linearly independent frame {fk}∞k=1 can be
written as an orbit of a linear (and not necessarily bounded) operator T : H →
H, i.e., in the form

{fk}∞k=1 = {Tnf1}∞n=0. (0.0.1)

It is proved that if {fk}∞k=1 is a Riesz basis, the operator T in (0.0.1) is bounded;
also, that boundedness of the operator T is problematic for overcomplete frames,
e.g., if the frame {fk}∞k=1 has positive and finite excess, the operator T in the
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representation (0.0.1) is necessarily unbounded. As a way to circumvent this
problem, it is proved that every frame which is norm-bounded below has a
representation as a finite union of iterated systems, each generated by a bounded
operator. An example shows that in general these iterated systems cannot be
generated by the same operator.

Paper II: (Joint work with Ole Christensen and Ehsan Rashidi), Dynam-
ical sampling and frame representations with bounded operators, Journal
of Mathematical Analysis and application, 463 (2018): 634–644.

Analyzing frames {fk}∞k=1 that have the form {Tnf1}∞n=0 is the target in this
paper. A characterisation for boundedness of T in terms of a dual frame of
{fk}∞k=1 is given. This result immediately confirms that every Riesz basis has
a representation via a bounded operator and that frames with finite excess do
not have such a representation; thus, for the rest of the paper the focus is on
overcomplete frames with infinite excess. We prove that overcomplete frames in
the form {Tnf1}∞n=0 have the very special property that there exists some N ∈ N
such that the collection {Tnf1}N−1

n=0 ∪ {Tnf1}∞n=N+` is a frame for any ` ∈ N0.
Another consequence of the characterization theorem is that boundedness of the
operator representing a given overcomplete frame is very sensitive to the ordering
of the frame elements. It is also shown that the representation {Tnϕ}∞n=0 is very
sensitive to perturbation of both the operator T and the generator ϕ. Finally,
it is proved that a finite union of iterated systems based on a compact operator
cannot be a frame.

Paper III: (Joint work with Ole Christensen), Operator representations
of frames: boundedness, duality, and stability, Integral Equation and Op-
erator Theory 88 no.4 (2017): 483–499.

We continue the analysis of frames represented by iterated systems, but in con-
trast to the setting in Papers I & II, negative powers of T are included, i.e.,
we aim at representations of the form {T kf0}k∈Z via a linear and bounded op-
erator T : span{fk}k∈Z → span{fk}k∈Z. The structure of the representation
is motivated from frames in applied harmonic analysis that are “naturally” in
the form of an iterated system, e.g., single generator shift-invariant frames, and
the Fourier orthonormal basis {e2πikx}k∈Z. We will see that there are many
similarities between frames that can be represented in the form {Tnf1}∞n=0, re-
spectively, {T kf0}k∈Z, but also important differences. First we characterize the
frames that can be represented in the form {T kf0}k∈Z via a linear operator and
then we provide a necessary and sufficient condition for boundedness of the op-
erators T : span{fk}k∈Z → H in terms of shift-invariance of a certain subspace
of `2(Z). The characterization has many important consequences. First of all it
shows that all Riesz bases {fk}k∈Z can be represented in the form {T kf0}k∈Z.
Secondly it implies that if an overcomplete frame is represented via bi-infinite
iterated actions of a bounded operator, then it has infinite excess. In the case
that T is a bijection, all the dual frames of {T kf0}k∈Z that are in the form of
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iterated actions of a bounded operator are studied. It is shown that the rep-
resenting operator for all these dual frames is (T ∗)−1. We also examine the
stability of the representation {T kf0}k∈Z towards perturbations. It turns out
that even though the frame property is preserved under small perturbations,
the perturbed frames might no longer be representable by a linear vs. bounded
operator.

Paper IV: (Joint work with Ole Christensen), Gabor frames in `2(Z) and
linear dependence, to appear in Journal of Fourier Analysis and Applica-
tions, 2018.

Linear independency is one of the crucial conditions in the analysis of frames
in Papers I, II & III. In Paper IV we consider separately the question of lin-
ear independence of Gabor frames in `2(Z). It is proved that overcomplete
Gabor frames generated by finite sequences are always linearly dependent; fur-
thermore, we show that one can construct a Gabor frame generated by a finite
sequence for any choice of translation and modulation parameters satisfying the
standing assumptions for discrete Gabor frames. Finally, we characterize all
the parameters for which the Gabor system generated by a finite sequence is
linearly independent.

Paper V: (Joint work with Ole Christensen and Jakob Lemvig), Ex-
plicit constructions and properties of generalized shift-invariant systems
in L2(R) , Advances in Computational Mathematics 43 no.2 (2017): 443–
472.

The purpose of this paper is to analyze three aspects concerning generalized
shift-invariant systems (GSI-systems) in L2(R). Firstly, we find a condition
under which the Calderón sum of a given GSI-system is bounded below by the
lower frame bound. Secondly, we make an explicit construction of a pair of dual
GSI-frames. The technical challenge is to formulate a construction that unifies
the known constructions of dual Gabor frames and dual wavelet frames. As a
new example we apply the construction to wave packet systems. The third goal
is to provide insight into the local integrability condition; we prove, e.g., that
in many cases we can replace it by a condition that is much easier to verify.

Lyngby, 01-November-2018

Marzieh Hasannasab
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Chapter 1

Introduction

The purpose of this chapter is to provide a short survey of the results in the
literature that will be essential throughout the thesis, and to present the new
results in a unifying way. There are three introductory sections containing the
necessary information regarding frame theory, structured function systems and
dynamical sampling. In Section 1.4 the new results in Papers I–V are presented.

1.1 Frame theory

Frames were defined in 1952 by Duffin and Schaeffer [22] in the context of
nonharmonic Fourier series. Frames got more attention due to Young’s book [34]
and the work by Daubechies, Grossmann and Meyer [20,21] which used frames
in the context of wavelets. These papers and the survey paper by Heil and
Walnut [25] show the important role of frames in Gabor and wavelet analysis.
Nowadays, the number of research papers about frames is numerous due to their
mathematical richness and importance in signal processing, image processing,
etc. For comprehensive information about classical and modern frame theory
we refer to the book [10] by Christensen.

Throughout the thesis,H denotes a separable and infinite-dimensional Hilbert
space. A sequence {fk}∞k=1 inH is a frame forH if there exist constants A,B > 0
such that

A ‖f‖2 ≤
∞∑

k=1

|〈f, fk〉|2 ≤ B ‖f‖2 for all f ∈ H;
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it is a frame sequence if the stated inequalities hold for all f ∈ span{fk}∞k=1.
The sequence {fk}∞k=1 is a Bessel sequence if at least the upper frame condition
holds. Also, {fk}∞k=1 is called a Riesz sequence if there exist constants A,B > 0
such that

A
∑
|ck|2 ≤ ‖

∑
ckfk‖2 ≤ B

∑
|ck|2 (1.1.1)

for all finite scalar sequences {ck}∞k=1. A Riesz basis is a Riesz sequence {fk}∞k=1

for which span{fk}∞k=1 = H.
It is well-known [10] that all the above concepts have characterizations in

terms of the synthesis operator of {fk}∞k=1, i.e., the mapping

U : Dom(U) ⊆ `2(N)→ H, U{ck}∞k=1 =

∞∑

k=1

ckfk. (1.1.2)

Theorem 1.1.1 Consider a sequence {fk}∞k=1 in a separable Hilbert space H
and the mapping U in (1.1.2). Then the following hold:

(i) {fk}∞k=1 is a Bessel sequence if and only if U is well-defined from `2(N) to
H; in the affirmative case the operator U is bounded.

(ii) {fk}∞k=1 is a frame if and only if U is well-defined from `2(N) to H and
surjective.

(iii) {fk}∞k=1 is a Riesz basis if and only if U is well-defined from `2(N) to H
and bijective.

Theorem 1.1.1 implies that if {fk}∞k=1 is a Bessel sequence, then the synthesis
operator U : `2(N) → H in (1.1.2) is well-defined and bounded. The kernel of
the operator U is

NU =

{
{ck}∞k=1 ∈ `2(N)

∣∣∣∣
∞∑

k=1

ckfk = 0

}
. (1.1.3)

The next lemma gives another characterization of frames in terms of the syn-
thesis operator. It is similar to the characterization inequality for Riesz bases in
(1.1.1), except that the inequalities must hold only for the sequences in N(U)⊥,
i.e., the orthogonal complement of the kernel of U .

Lemma 1.1 A sequence {fk}∞k=1 in H is a frame for H with bounds A,B if
and only if the following conditions are satisfied:

(i) {fk}∞k=1 is complete in H.
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(ii) The synthesis operator U is well defined on `2(N) and

A

∞∑

k=1

|ck|2 ≤ ‖U{ck}∞k=1‖2 ≤ B
∞∑

k=1

|ck|2, for all {ck}∞k=1 ∈ N⊥U .

A frame is called overcomplete if it is not a basis. The excess of a frame is
the maximum number of elements that can be removed yet leaving a frame. It
was proved by Balan [8] that the excess of a frame equals dim(NU ).

For a Bessel sequence {fk}∞k=1, the frame operator is defined by

S : H → H, Sf := UU∗f =

∞∑

k=1

〈f, fk〉fk.

It is well-known that if {fk}∞k=1 is a frame, then the frame operator is bounded,
bijective, and self-adjoint; this leads to the important frame decomposition

f =

∞∑

k=1

〈f, S−1fk〉fk for all f ∈ H.

The sequence {S−1fk}∞k=1 is also a frame and is called the canonical dual frame.
If {fk}∞k=1 is overcomplete, then there exists {gk}∞k=1 6= {S−1fk}∞k=1 such

that

f =

∞∑

k=1

〈f, gk〉fk for all f ∈ H. (1.1.4)

Any Bessel sequence {gk}∞k=1 satisfying (1.1.4) is also a frame and is called a
dual frame of {fk}∞k=1. Note that (1.1.4) can be written in terms of synthesis
operators: if {fk}∞k=1 and {gk}∞k=1 are Bessel sequences with synthesis operators
U, respectively, V , then (1.1.4) holds if and only if

UV ∗ = I.

1.2 Structured function systems
In the definitions of the structured function systems we need the following op-
erators:

(i) For a ∈ R, define the translation operator

Ta : L2(R)→ L2(R), Taf(x) := f(x− a).

(ii) For b ∈ R, define the modulation operator

Eb : L2(R)→ L2(R), Ebf(x) := e2πibxf(x).
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(iii) For c > 0, define the dilation operator

Dc : L2(R)→ L2(R), Dcf(x) := c1/2f(x/c).

All these operators are unitary. We also need the Fourier transform. The
Fourier transform of f ∈ L1(R) is defined by

f̂(γ) = Ff(γ) :=

∫ ∞

−∞
f(x)e−2πiγxdx

and extended in the standard way to a unitary operator on L2(R). It is easy to
show that

TaEb = e−2πibaEbTa, TaDc = DcTa/c,

and

FTa = E−aF , FEb = TbF , FDc = D1/cF .

We will now introduce the three structured function systems that play the most
important roles in the thesis.

1.2.1 Shift-invariant systems
The translation operator plays a fundamental role in several branches of science.
In mathematics it leads to the standard group representation of the group R on
the Hilbert space L2(R). In engineering, Shannon’s Sampling Theorem forms the
starting point of modern signal processing; it states that the integer-translates
of the sinc function, i.e., {Tk sinc}k∈Z, forms an orthonormal basis for the Paley-
Wiener space.

Given a function ϕ ∈ L2(R) and some b > 0, the associated shift-invariant
system is given by {Tkbϕ}k∈Z; a frame of this form is called a frame of translates.
The frame properties of such systems are well understood. Some of the main
results are collected in the following proposition. Given ϕ ∈ L2(R) and some
b > 0, consider the function

Φ(γ) :=
∑

k∈Z

∣∣∣∣ϕ̂(
γ + k

b
)

∣∣∣∣
2

, γ ∈ R.

Proposition 1.2.1 Let ϕ ∈ L2(R) \ {0} and b > 0 be given. Then the
following hold:

(i) {Tkbϕ}k∈Z is linearly independent.

(ii) [6] {Tkbϕ}k∈Z is a Riesz basis if and only if there exist A,B > 0 such that
A ≤ Φ(γ) ≤ B for almost all γ ∈ [0, 1].
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(iii) [6] {Tkbϕ}k∈Z is a frame sequence if and only if there exist A,B > 0 such
that A ≤ Φ(γ) ≤ B for almost all γ ∈ [0, 1] \ {γ ∈ [0, 1]

∣∣ Φ(γ) = 0}.

(iv) [12] {Tkbϕ}k∈Z can at most be a frame for a proper subspace of L2(R).

(v) [8, 14] If {Tkbϕ}k∈Z is an overcomplete frame sequence, it has infinite
excess.

1.2.2 Gabor systems

Gabor analysis is motivated by the desire to obtain efficient time-frequency
representations of signals. While the classical Fourier transform only provides
information about the frequency content of a given signal, the so-called Gabor
transform also gives information about the time at which the various frequencies
appear. We will not define the Gabor transform formally, but it naturally leads
to the (discrete) Gabor systems to be defined next; we refer to [24] for more
information.

Given two constants a, b > 0 and a function g ∈ L2(R), the collection of
functions

{EmbTnag}m,n∈Z = {e2πimbxg(x− na)}m,n∈Z,

is called aGabor system. The theory of Gabor systems has roots in the paper [23]
and started to be developed as an independent research topic with the papers
by Janssen around 1981. Nowadays the theory is well-developed; for a detailed
account see [24]. Here we collect some of the important properties that are
needed throughout the thesis.

Proposition 1.2.2 Let g ∈ L2(R) \ {0} and a, b > 0 be given. Then the
following hold:

(i) [29] {EmbTnag}m,n∈Z is linearly independent.

(ii) [24] If {EmbTnag}m,n∈Z is a frame for L2(R), then ab ≤ 1.

(iii) [24] If {EmbTnag}m,n∈Z is a frame for L2(R), then {EmbTnag}m,n∈Z is a
Riesz basis if and only if ab = 1.

(iv) [7] If {EmbTnag}m,n∈Z is an overcomplete frame for L2(R), then it has
infinite excess.

1.2.3 Generalized shift-invariant systems

Generalized shift-invariant systems were introduced by Hernández, Labate and
Weiss [26] and Ron and Shen [33] to provide a general framework to study large
classes of structured function systems simultaneously. Letting J be a finite
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countable set, a generalized shift-invariant system (GSI-system) has the form
{Tcjkgj}k∈Z,j∈J , where {cj}j∈J is a set in R+ and gj ∈ L2(R), j ∈ J.

Both Gabor systems and wavelet systems can be analyzed within the setting
of GSI-systems. Indeed, using that

EmbTnag = e2πimnabTnaEmbg,

and ignoring the irrelevant factor e2πimnab, the Gabor system {EmbTnag}m,n∈Z
corresponds to the generalized shift-invariant system {TnaEmbg}m,n∈Z. Also,
since

DajTkbψ = TkajbDajψ,

the wavelet system {DajTkbψ}j,k∈Z can be considered as a GSI-system {Tcjkgj}k∈Z,j∈J
with cj = ajb and gj = Dajψ for j ∈ J = Z.

Many results that have previously been proved separately for Gabor systems
and wavelet systems can be unified and proved in the general setting of GSI-
systems. We refer to [10] for more information. In the discussion of Paper V we
will encounter one more type of GSI-systems, the so-called wave packet systems.

1.3 Dynamical sampling

Dynamical sampling deals with frame properties of sequences in the form {Tnϕ}∞n=0,
where ϕ ∈ H and T : H → H is a linear and bounded operator. Dynamical sam-
pling was introduced by Aldroubi, Davis, Krishtal [4], motivated by the work of
Lu, Vetterli et. al. [27,30,32]. It has roots in operator theory, harmonic analysis,
and complex analysis. It is currently a very active topic of research and it has
already attracted the attention of many researchers; for a recent account of the
theory we refer to [1–3, 5, 9, 31]. Typical questions in dynamical sampling, for-
mulated in mathematical terms are: how do we choose an operator T : H → H,
a finite set Ω ⊂ N, {Lj}j∈Ω ⊂ N ∪ {∞}, and elements {ϕj}j∈Ω ⊂ H, such that
the family {Tnϕj}n=0,...,Lj ,j∈Ω is a Bessel sequence, a complete sequence or a
frame?

In this thesis we will exclusively consider the case Lj = ∞. Let us collect
some of the main results in the literature for the case where the set Ω is a
singleton. The sequence {Tnϕ}∞n=0, is called the orbit of ϕ under the operator
T . The first result below shows that several large and natural classes of operators
are excluded in the context of dynamical sampling, at least concerning the frame
property:

Theorem 1.3.1 Consider a bounded operator T : H → H, and let ϕ ∈ H.
Then the following hold:

(i) [3] The orbit of a normal operator cannot be a basis;
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(ii) [5] The orbit of a unitary operator cannot be a frame;

(iii) [16] The orbit of a compact operator cannot be a frame.

The first construction of a frame in the form {Tnϕ}∞n=0 was obtained in [2]
and further discussed in [3, 5]. Since the construction deals with a class of
diagonal operators, it is natural to formulate it for the Hilbert space `2(N),
where the operator T can be considered as a matrix.

Theorem 1.3.2 Consider a diagonal matrix T = [ajk]j,k∈N given by akk =
λk, ajk = 0, j 6= k, and a sequence ϕ = {ϕ(k)}k∈N ∈ `2(N). Then the system
{Tnϕ}∞n=0 is a frame for `2(N) if and only if

(i) |λk| < 1 for all k ∈ N;

(ii) |λk| → 1 as k →∞;

(iii) The sequence {λk}∞k=1 satisfies the Carleson condition, i.e.,

inf
n

∏

n 6=k

∣∣∣∣
λk − λn
1− λkλn

∣∣∣∣ > 0;

(iv) ϕ(k) = mk

√
1− |λk|2 for a scalar-sequence {mk}∞k=1 that is bounded below

away from zero and above.

In the affirmative case {Tnϕ}∞n=0 is overcomplete, i.e., not a basis.

Theorem 1.3.2 is based on interpolation theory in the space of analytic functions
on the unit disk. A self-contained proof of the theorem is provided in [17]. Note
that if {Tnϕ}∞n=0 is a frame, for any invertible bounded operator V : H → H,
the sequence {(V TV −1)nV ϕ}∞n=0 is also a frame. Therefore, as stated in [2],
Theorem 1.3.2 can be generalized to all diagonalizable operators, i.e., all the
bounded operators that can be written as V TV −1, where V is bounded and
invertible and T is diagonal.

Note that in dynamical sampling the operator T : H → H and the element
ϕ ∈ H are in the central spot and the question is when the orbit of ϕ under T
is a frame or a basis. In the thesis we do the opposite; we will let the frame be
the given object and ask for the existence of a representation in the form

{fk}∞k=1 = {Tnf1}∞n=0,

where T : span{fk}∞k=1 → H is a bounded linear operator. In Papers I–III we
provide various characterizations of the frames having such a representation and
give a detailed analysis of several other aspects of the frames and the associated
operators T .
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1.4 Key contributions of the thesis

We will now present a summary of the new results in Papers I–V. We refer to
the papers for more details and proofs. The papers are numbered as we did in
the preface.

1.4.1 Paper I

In this paper we ask for operator representations of a given frame {fk}∞k=1 as
the orbit of f1 under a linear and possibly bounded operator T . First we show
that all linear independent frames have a representation via a linear operator T
and that linear independence is a necessary condition.

Proposition 1.4.1 (Proposition 2.3 in Paper I) Consider any sequence
{fk}∞k=1 in H for which span{fk}∞k=1 is infinite-dimensional. Then the following
are equivalent:

(i) {fk}∞k=1 is linearly independent.

(ii) There exists a linear operator T : span{fk}∞k=1 → H and ϕ ∈ H such that
{fk}∞k=1 = {Tnϕ}∞n=0.

It is easy to show that if {ek}∞k=1 is an orthonormal basis, then {ek}∞k=1 =
{Tne1}∞n=0 for a bounded operator T :

Example 1.4.2 (Example 1.2 in Paper I) Let {ek}∞k=1 denote an or-
thonormal basis for H. Define the operator T by Tek := ek+1, k ∈ N. Then
{ek}∞k=1 = {Tne1}∞n=0, and T extends by linearity and continuity to a bounded
operator on H. In the concrete case of the Hilbert space L2(R), we can thus
obtain an orthonormal basis of the form {Tnϕ}n∈Z by taking any Gabor or-
thonormal basis {EmbTnag}m,n∈Z or wavelet orthonormal basis {DjTkψ}j,k∈Z,
reindex it as {ek}∞k=1, and apply the result directly. �

The following result generalizes Example 1.4.2.

Proposition 1.4.3 (Proposition 2.5 in Paper I) Any Riesz sequence
{fk}∞k=1 in H has the form {Tnf1}∞n=0 for some bounded operator T : H → H.

It turns out that as soon as we leave the class of Riesz bases, we encounter
problems concerning the boundedness of T , e.g., an overcomplete frame that
consists of a Riesz basis to which we have added finitely many elements cannot
be represented as iterated actions of a bounded operator:
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Proposition 1.4.4 (Proposition 2.6 in Paper I) Assume that the frame
{fk}∞k=1 is linearly independent, contains a Riesz basis and has finite and strictly
positive excess. If T is a linear operator and {fk}∞k=1 = {Tnf1}∞n=0, then T is
unbounded.

With a certain ordering of the elements, Proposition 1.4.4 can be extended to
any frame that contains a Riesz basis and has infinite excess; in Paper II we go
into a more detailed discussion of the importance of the ordering of the elements
in a frame.

Corollary 1.4.5 (Corollary 2.7 in Paper I) Assume that the frame
{fk}∞k=1 is linearly independent, contains a Riesz basis and has infinite ex-
cess. Order the frame elements such that {f1+2k}∞k=1 is a Riesz basis. Then, if
{fk}∞k=1 = {Tnf1}∞n=0, the operator T is unbounded.

In the next example a frame is designed to have the following particular
features: it has infinite excess, it is linear independent and it is not norm-
bounded below. Moreover, it can be represented as the iterated actions of a
linear operator, but for any ordering, the operator is unbounded.

Example 1.4.6 (Example 2.10 in Paper I) Let {ek}∞k=1 denote an or-
thonormal basis for H. Choose recursively infinite sets In and Jn, n ∈ N, such
that N = I1 ∪ J1 and Jn−1 = In ∪ Jn. Defining ϕn := n−1

∑
`∈In

1√
2
` e`, it is

shown that the sequence {ek}∞k=1 ∪ {ϕk}∞k=1 is a linearly independent frame for
H; since ‖ϕn‖ → 0 as n → ∞, it is not norm-bounded below. Furthermore, it
is proved that for any permutation σ : N→ N, there exists a linear operator T
such that {fσ(k)}∞k=1 = {Tnfσ(1)}∞n=0 but independent of ordering, T is always
unbounded. �

Compared with frames having a representation as an orbit of a single operator,
additional flexibility is obtained by considering frames that can be represented
as a finite union of iterated operator systems. Indeed, the next result shows
that every frame that is norm-bounded below has such a representation; thus
we no longer need to assume linear independence of the given frame.

Theorem 1.4.7 (Theorem 2.1 in Paper I) Consider a frame {fk}∞k=1

which is norm-bounded below. Then there is a finite collection of vectors from
{fk}∞k=1, to be called ϕ1, . . . , ϕJ , and corresponding bounded operators Tj : H →
H with closed range, such that

{fk}∞k=1 =

J⋃

j=1

{Tnj ϕj}∞n=0.
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Theorem 1.4.7 applies to all the standard frames in applied harmonic analysis,
e.g., frames of translates, Gabor frames, wavelet frames, and generalized shift-
invariant frames. The following example shows that the condition of {fk}∞k=1

being norm-bounded below cannot be removed.

Example 1.4.8 (Example 2.2 in Paper I) Let {ek}∞k=1 denote an or-
thonormal basis for H. It is easy to verify that the sequence

{fk}∞k=1 = {e1,
1√
2
e2,

1√
2
e2,

1√
3
e3,

1√
3
e3,

1√
3
e3, . . . }

is a tight frame. The decomposition in Theorem 1.4.7 is impossible for this
frame as it cannot be written as a finite union of linearly independent sets. This
shows that the assumption of {fk}∞k=1 being norm-bounded below cannot be
removed from Theorem 1.4.7. �

The following example shows that the operators Tj in Theorem 1.4.7, in general
cannot be chosen to be independent of j ∈ J .

Example 1.4.9 (Example 2.9 in Paper I) Let {ek}∞k=1 be an orthonormal
bases for H and define f1 = e1 and fk = ek−1 + 1

kek, k ≥ 2. Then the frame
{fk}∞k=1 is norm-bounded below and therefore by Theorem 1.4.7, there is a
finite collection of vectors ϕ1, . . . , ϕJ , and corresponding bounded operators
Tj : H → H, such that{fk}∞k=1 =

⋃J
j=1{Tnj ϕj}∞n=0. In the example we proved

that the operators Tj cannot be chosen to be independent of j. �

1.4.2 Paper II

The paper continues the topic in Paper I. The following result characterizes the
frames {fk}∞k=1 that can be represented in the form {Tnf1}∞n=0 for a bounded
operator T ; the unique candidate for T is also identified. Let T denote the
right-shift operator on `2(N), defined by

T (c1, c2, . . . ) = (0, c1, c2, . . . ), {ck}∞k=1 ∈ `2(N).

Theorem 1.4.10 (Theorem 2.1 in Paper II) Consider a frame {fk}∞k=1

with frame bounds A,B. Then the following are equivalent:

(i) The frame has a representation {fk}∞k=1 = {Tnf1}∞n=0 for some bounded
operator T : H → H.

(ii) The kernel N(U) of the synthesis operator U is invariant under the right-
shift operator T .
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(iii) For some dual frame {gk}∞k=1 (and hence all),

fj+1 =

∞∑

k=1

〈fj , gk〉fk+1, for all j ∈ N.

In the affirmative case, letting {gk}∞k=1 denote an arbitrary dual frame of {fk}∞k=1,
the operator T has the form

Tf =

∞∑

k=1

〈f, gk〉fk+1, for all f ∈ H,

and 1 ≤ ‖T‖ ≤
√
BA−1.

From Theorem 1.4.10 we can recover some of the results in Paper I; indeed,
if {fk}∞k=1 is a Riesz basis the synthesis operator U is injective and therefore
(ii) holds, i.e., {fk}∞k=1 can be represented via a bounded operator. This also
easily follows from condition (iii): indeed it is known that a Riesz basis {fk}∞k=1

and its unique dual frame {S−1fk}∞k=1 are biorthogonal. Thus condition (iii) is
satisfied.

Furthermore, if {fk}∞k=1 is a frame with finite and positive excess, then
0 < dim N(U) < ∞. Hence, if c = {ck}∞k=1 is a nonzero element in the
kernel, then the family {T nc}∞n=0 is linearly independent, see Proposition 1.2.1.
Therefore {T nc}∞n=0 cannot belong to the finite-dimensional subspace N(U),
i.e., N(U) is not invariant under the right-shift operator. Thus Theorem 1.4.10
implies that {fk}∞k=1 does not have a representation via a bounded operator.

One of the key questions in frame theory is to construct frames that are ro-
bust towards erasures. Frames having a representation {Tnϕ}∞n=0 for a bounded
operator are surprisingly stable towards removal of elements:

Proposition 1.4.11 (Proposition 2.5 in Paper II) Assume that {fk}∞k=1

is an overcomplete frame and that {fk}∞k=1 = {Tnϕ}∞n=0 for some bounded linear
operator T : H → H. Then there exists an N ∈ N such that

{fk}Nk=1 ∪ {fk}∞k=N+` (1.4.1)

is a frame for H for all ` ∈ N.

The next example illustrates that in (1.4.1), it is necessary to keep the ele-
ments {fk}Nk=1, since the elements {fk}∞k=N+` might not span the Hilbert space
H.

Example 1.4.12 (Example 2.8 in Paper II) Let {ek}∞k=1 be an orthonor-
mal basis for H. Assume that {hk}∞k=1 is a frame for span{ek}∞k=N+1 and has a
representation in terms of a bounded operator. Consider the sequence

{fk}∞k=1 = {e1, e2, . . . , eN , h1, h2, . . . }.
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Assertion (iii) in Theorem 1.4.10 implies that there exists a bounded operator
T : H → H such that {fk}∞k=1 = {Tnf1}∞n=0; we refer to the paper for the proof.
However in this example we clearly get an incomplete family if we delete any of
the elements e1, . . . , eN . �

As another consequence of Theorem 1.4.10, one can prove that the ordering
of a frame plays a crucial role for the question of representability via a bounded
operator:

Corollary 1.4.13 (Corollary 2.9 in Paper II) Assume that the over-
complete frame {fk}∞k=1 has a representation {Tnf1}∞n=0, where T : H → H is
bounded. Choose ` 6= `′ such that

span{fk}k/∈{`−1,`,`′−1,`′} = H,

and let {f̃k}∞k=1 denote the sequence consisting of the same elements as {fk}∞k=1

but with f` and f`′ interchanged. Then {f̃k}∞k=1 is not representable by a bounded
operator.

The final part of Paper II deals with perturbation questions. First it is shown
that a frame {Tnϕ}∞n=0 in general is unstable towards perturbation of as well
the operator T as the generator ϕ.

Example 1.4.14 (Example 2.3 in Paper II) (i) The set

{T ∈ B(H)
∣∣ there exists ϕ ∈ H such that {Tnϕ}∞n=0 is a frame }

is not open in B(H).
(ii) Given a bounded operator T : H → H with ‖T‖ = 1, the set

{ϕ ∈ H
∣∣ {Tnϕ}∞n=0 is a frame }

is not open. �

Example 1.4.14 (ii) highlights that for a given frame {Tnϕ}∞n=0 it is a delicate
issue to perturb the element ϕ. The next result shows that for a very specific
perturbation of the element ϕ, the new iterated system also has the frame
property.

Proposition 1.4.15 (Proposition 3.3 in Paper II) Assume that {Tnϕ}∞n=0

is a frame for H for some bounded operator T : H → H and some ϕ ∈ H, and
let A denote a lower frame bound. Assume that V ⊂ H is invariant under T
and that there exists µ ∈ [0, 1[ such that ‖T ϕ̃‖ ≤ µ ‖ϕ̃‖ for all ϕ̃ ∈ V. Then the
following hold:

(i) {Tn(ϕ+ ϕ̃)}∞n=0 is a frame sequence for all ϕ̃ ∈ V .

(ii) {Tn(ϕ+ϕ̃)}∞n=0 is a frame for H for all ϕ̃ ∈ V for which ‖ϕ̃‖ <
√
A(1− µ2).
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1.4.3 Paper III
We continue analyzing frames having a representation as an iterated system but
instead of indexing the system with N, we include all the negative powers as
well and index the iterated system with Z. The motivation for considering such
systems is that a large class of frames in applied harmonic analysis indeed has
the form {T kf0}k∈Z:

Example 1.4.16 (Example 1 in Paper III) Consider a function ϕ ∈
L2(R) \ {0} and the shift-invariant system {Tkϕ}k∈Z. We can write the sys-
tem in the form {Tkϕ}k∈Z = {(T1)kϕ}k∈Z, i.e., as the iterated system arising
by letting all integer powers of the bounded operator T1 act on the function
ϕ. The conditions on ϕ to form a frame for a subspace of L2(R) are stated in
Proposition 1.2.1. �

Recall from Theorem 1.3.1 that if T is a unitary operator on H then {Tnϕ}∞n=0

is not a frame sequence for any choice of ϕ ∈ H. The above example shows that
on the other hand there exist frames of the form {T kf0}k∈Z where T is unitary.
Thus there is a big difference between the class of operators that generate a
frame via iterates indexed by Z, compared with the ones indexed by N.

For the system {T kf0}k∈Z to be well-defined, it is enough that T is a lin-
ear bijection on span{fk}k∈Z. The following result characterizes frames with a
representation in the form {T kf0}k∈Z.

Proposition 1.4.17 (Proposition 2.1 in Paper III) Consider a frame
sequence {fk}k∈Z in a Hilbert space H which spans an infinite dimensional sub-
space. The following are equivalent:

(i) {fk}k∈Z is linearly independent.

(ii) The map Tfk := fk+1, k ∈ Z, is well-defined, and extends to a linear and
invertible operator T : span{fk}k∈Z → span{fk}k∈Z.

In the affirmative case, {fk}k∈Z = {T kf0}k∈Z.
The statement below is the analogue of Theorem 1.4.10 in Paper II, but was

actually proved first.

Theorem 1.4.18 (Theorem 2.3 in Paper III) Consider a frame having
the form {fk}k∈Z = {T kf0}k∈Z for some linear operator T : span{fk}k∈Z →
span{fk}k∈Z, and let A,B > 0 denote some frame bounds. Then the following
hold:

(i) The operator T is bounded if and only if the kernel NU of the synthesis
operator U is invariant under right-shifts; in the affirmative case,

1 ≤ ‖T‖ ≤
√
BA−1.
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(ii) The operator T−1 : span{fk}k∈Z → span{fk}k∈Z is bounded if and only if
NU is invariant under left-shifts; in the affirmative case,

1 ≤ ‖T−1‖ ≤
√
BA−1.

(iii) Assume that NU is invariant under right and left-shifts. Then the operator
T has an extension to a bounded bijective operator T̃ : H → H.

As a consequence of the similarities between Theorem 1.4.10 and Theo-
rem 1.4.18, frames in the form {T kf0}k∈Z share many properties of the sys-
tems {Tnf1}∞n=0, but as we have seen above there are also differences in the
properties of these two systems. Furthermore, it is proved in [15] that if T is
bounded and {Tnf1}∞n=0 is a frame for H, then Tnf → 0 for all f ∈ H, while
if {T kf0}k∈Z is a frame, then ‖Tnf0‖ ≥ C for some C > 0. The result shows
that if a given frame {fk} is norm-bounded below, one must aim at representing
it in the form {T kf0}k∈Z instead of {Tnf1}∞n=0. Also note that there are only
few known examples of overcomplete frames in the form {Tnf1}∞n=0, namely,
the frames considered in Theorem 1.3.2 and Example 1.4.12; on the other hand
there are important classes of frames that are naturally in the form {T kf0}k∈Z,
as we have seen in Example 1.4.16.

Theorem 1.4.18 implies that if a frame has a representation {T kf0}k∈Z with
a bounded operator T , then it is either a Riesz basis or has infinite excess:

Corollary 1.4.19 (Corollary 2.4 & 2.5 in Paper III)

(i) Any Riesz sequence {fk}k∈Z has a representation {T kf0}k∈Z for a bounded
and bijective operator T : span{fk}k∈Z → span{fk}k∈Z.

(ii) Assume that an overcomplete frame has the form {fk}k∈Z = {T kf0}k∈Z
for a bounded operator T : span{fk}k∈Z → span{fk}k∈Z. Then {fk}k∈Z
has infinite excess.

Theorem 1.4.18 also gives insight into the frames that are generated via a group
representation.

Corollary 1.4.20 (Corollary 2.6 in Paper III) Let G denote a locally
compact group, and π a group representation of G on a Hilbert space H. Given
any x0 ∈ G and any f0 ∈ H, assume that the family {π(xk0)f0}k∈Z = {π(x0)kf0}k∈Z
is a frame sequence. Then either the family is a Riesz sequence, or it has infinite
excess.

It is natural to ask if the representability of a frame as an iterated system
is inherited by the dual frames. The next result shows that if a frame is in the
form {T kf0}k∈Z where T is invertible and bounded, then the canonical dual
frame is also representable as an iterated system.
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Proposition 1.4.21 (Proposition 3.2 in Paper III) Consider a frame
{fk}k∈Z = {T kf0}k∈Z, where T ∈ B(H) is invertible. Let f̃0 = S−1f0. Then
{S−1fk}k∈Z = {(T ∗)−kf̃0}k∈Z.

Recall that if {T kf0}k∈Z is a Riesz basis, it has a unique dual Riesz basis, namely
the canonical dual frame which by Proposition 1.4.21 is again an iterated system.
On the other hand, if {T kf0}k∈Z is an overcomplete frame, it has infinitely
many dual frames. Among these duals there are many frames which are not
linearly independent and therefore are not representable via a linear operator.
The following theorem characterizes the duals which are representable via a
bounded operator.

Theorem 1.4.22 (Theorem 3.4 in Paper III) Consider a frame {fk}k∈Z =
{T kf0}k∈Z, where T ∈ B(H) is invertible. Then the dual frames given as iter-
ates of a bounded operator are precisely the families of the form {(T ∗)−kg0}k∈Z
for which

g0 = S−1f0 + h0 −
∑

j∈Z
〈S−1f0, T

jf0〉(T ∗)−jh0

for some h0 ∈ H such that {(T ∗)−kh0}k∈Z is a Bessel sequence. In par-
ticular, this condition is satisfied when h0 is taken from the dense subspace
span{(T ∗)−kf̃0}k∈Z.

The last part of Paper III is devoted to the stability of the representation
{T kf0}k∈Z. The next proposition states a perturbation condition that preserves
the representability of a frame as an iterated system.

Proposition 1.4.23 (Proposition 4.1 in Paper III) Assume that
{fk}k∈Z = {T kf0}k∈Z is a frame for H and let {gk}k∈Z be a sequence in H.
Assume that there exist constants λ1, λ2 ∈ [0, 1[ such that

‖
∑

ck(fk − gk)‖ ≤ λ1‖
∑

ckfk‖+ λ2‖
∑

ckgk‖ (1.4.2)

for all finite sequences {ck}. Then {gk}k∈Z is a frame for H; furthermore {gk}k∈Z
can be represented as {gk}k∈Z = {V kg0}k∈Z for a linear operator

V : span{gk}k∈Z → span{gk}k∈Z.

If T is bounded, then V is also bounded.

The condition (1.4.2) is a special case of the general perturbation condition:

∥∥∥
∑

ck(fk − gk)
∥∥∥ ≤ λ1

∥∥∥
∑

ckfk

∥∥∥+ λ2

∥∥∥
∑

ckgk

∥∥∥+ µ(
∑
|ck|2)1/2. (1.4.3)
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Unfortunately, Example 6 in Paper III shows that if µ > 0, condition (1.4.3)
does not preserve linear independence and therefore it does not preserve the
property of being representable via a linear operator. Furthermore, if we con-
sider a frame {T kf0}k∈Z where T is bounded and a linearly independent se-
quence {gk}k∈Z = {V ng0}∞n=0 that satisfy (1.4.3), then it cannot be concluded
that V is also bounded. This is discussed in Example 7 of Paper III.

Under certain conditions the desired representability of a frame is preserved
under perturbation. In the following result we consider a frame which is a finite
union of iterated systems, as we also did in Theorem 1.4.7.

Theorem 1.4.24 (Theorem 4.2 in Paper III) Assume that the frame
{fk}k∈Z is norm-bounded below, and consider a representation on the form
∪Jj=1{Tnj ϕj}n∈Z, where the operators Tj are bounded and {Tnj ϕj}n∈Z is a Riesz
sequence for all j = 1, . . . , J . Let A denote a common lower frame bound for
the frame {fk}∞k=1 and all the Riesz sequences {Tnj ϕj}n∈Z, j = 1, . . . , J. Let
{gk}k∈Z be a sequence in H such that for some µ <

√
A,

∥∥∥
∑

ck(fk − gk)
∥∥∥ ≤ µ(

∑
|ck|2)1/2,

for all finite scalar sequences {ck}. Then there is a finite collection of vectors
φ1, . . . , φJ from {gk}k∈Z and corresponding bounded operators Wj : H → H,
such that {Wn

j φj}n∈Z is a Riesz sequence, and

{gk}k∈Z =

J⋃

j=1

{Wn
j φj}n∈Z.

1.4.4 Paper IV
In Papers I–III, linear independence of frames was one of the key conditions. In
Paper IV, we analyze linear independence of Gabor frames in `2(Z). For a fixed
g ∈ `2(Z) and some M,N ∈ N, we let Em/MTnNg denote the sequence in `2(Z)

whose jth coordinate is Em/MTnNg(j) = e2πijm/Mg(j − nN). The collection of
sequences {Em/MTnNg}n∈Z,m=0,...,M−1 is called the Gabor system generated by
the window g and the parameters M,N ; in the following we leave out the index
and just denote the system by {Em/MTnNg}.

It is well-known [19] that {Em/MTnNg} can only be a frame for `2(Z) if
N/M ≤ 1. We will now characterize Gabor frames {Em/MTnNg} where the
window g ∈ `2(Z) has a given support size K > 0.

Theorem 1.4.25 (Theorem 2.1 in Paper IV) Let M,N,K ∈ N. Then
the following hold:

(i) There exists a Gabor frame {Em/MTnNg} for `2(Z) generated by a window
g with |supp g| = K if and only if N ≤M and K ≥ N .
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(ii) There exists a Riesz sequence {Em/MTnNg} in `2(Z) generated by a win-
dow g with |supp g| = K if and only if N ≥M and K ≥M .

In Paper IV we apply various methods to construct Gabor frames in `2(Z) with
desired parameter M,N,K, e.g., the duality principle, perturbation methods
and sampling of Gabor frames in L2(R). The following example is based on the
sampling approach.

Example 1.4.26 (Example 2.2 in Paper IV) Assume that N < M and
consider the B-spline BN+1 defined recursively by B1 = χ[0,1] and BN+1(x) =∫ 1

0
BN (x − t) dt. Defining the discrete sequence BDN+1 = {BN+1(j)}j∈Z, the

discrete Gabor system {Em/MTnNBDN+1} is a frame for `2(Z); for the techni-
cal details we refer to the paper. Note that suppBDN+1 = {1, 2, . . . , N}, i.e.,
|supp BDN+1| = N . �

We now state a full characterization of linear independent Gabor systems in
terms of the parameters M,N ; we will see that for this particular statement
the frame property is irrelevant. The result shows that for some choices of
the parameters, the associated Gabor systems are always linearly dependent,
while for other parameters there exist as well linearly dependent as linearly
independent Gabor systems.

Theorem 1.4.27 (Theorem 2.3 in Paper IV) Let M,N ∈ N and
g ∈ `2(N). Then the following hold:

(i) If M = 1, the system {Em/MTnNg} is linearly independent for all
g ∈ `2(Z) \ {0}.

(ii) If M > |supp g| the Gabor system {Em/MTnNg} is linearly dependent.

(iii) If N < M, the Gabor system {Em/MTnNg} is linearly dependent for
any finitely supported g ∈ `2(Z).

(iv) For all M,N,K ∈ N there exists a linearly dependent Gabor system
{Em/MTnNg} with K = |supp g|.

(v) If N ≥M, then there exists for any K ≥M a linearly independent
Gabor system {Em/MTnNg} with K = |supp g|.

The next result is the second main result in Paper IV. It shows that there is a
big difference in terms of linear dependency between the overcomplete Gabor
frames generated by compactly supported functions {EmbTnag}m,n∈Z in L2(R)
and the analog version in `2(Z). In fact, we prove that an overcomplete Gabor
frame in `2(Z) generated by a finite sequence is automatically linearly depen-
dent; on the other hand, as we have seen in Proposition 1.2.1, a Gabor frame
{EmbTnag}m,n∈Z in L2(R) is always linearly independent.
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Corollary 1.4.28 (Corollary 2.4 in Paper IV) Any overcomplete Ga-
bor frame {Em/MTnNg} with a finitely supported window g ∈ `2(Z) is linearly
dependent.

Finally, we prove that linearly independent Gabor frames in `2(Z) actually exist,
if we allow infinitely supported generators.

Proposition 1.4.29 (Proposition 2.5 in Paper IV) Define g ∈ `2(Z) by
g(j) = e−j

2

. Then {Em/MTnNg} is linearly independent for all M,N ∈ N and
a frame for `2(Z) if N < M .

1.4.5 Paper V

In Papers I–IV, almost all examples have been based on systems of functions or
sequences having a particular structure, e.g., shift-invariant systems or Gabor
systems. In Paper V, we analyze a very general class of structured function
systems, the generalized shift-invariant systems, which contain the mentioned
systems as special cases. To connect to the theme in Papers I–III, we note that
all such systems actually are countable unions of iterated operator systems;
however this perspective is not reflected in Paper V.

In the study of GSI-frames, we often relies on the so-called local integrability
condition. To state this condition, we need to introduce some notations. Let
E denote the set of measurable subsets of R whose closure has measure zero.
Depending on the given GSI-system, we will fix a measurable set E ∈ E and
define the subspace DE by

DE :=
{
f ∈ L2(R) : suppf̂ ⊂ R \ E is compact and f̂ ∈ L∞(R)

}
.

The set E is introduced in order for the setup to be as general as possible; we
can ignore E for Gabor frames and take E = {0} for wavelet frames. For any
E ∈ E , one can prove that the set DE is dense in L2(R).

Given a GSI-system {Tcjkgj}k∈Z,j∈J and a set E ∈ E , we say that {Tcjkgj}k∈Z,j∈J
satisfies the local integrability condition (LIC) with respect to the set E if

∑

j∈J

∑

m∈Z

1

cj

∫

suppf̂
|f̂(γ + c−1

j m)ĝj(γ)|2 dγ <∞ (1.4.4)

for all f ∈ DE .
After these technicalities we are now ready to state the main contributions

of Paper V. Considering a GSI-system {Tcjkgj}k∈Z,j∈J in L2(R), the associated
Calderón sum is the function given by

Φ(γ) =
∑

j∈J
c−1
j |ĝj(γ)|2, γ ∈ R.
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It is known that the Calderón sum for Gabor frames and wavelet frames is
bounded below and above by the respective frame bounds [18,25]. In the general
case of a GSI-frame, it is proved in [26] that the Calderón sum is bounded
above. The following example shows that there are GSI-frames {Tcjkgj}k∈Z,j∈J
for which the Calderón sum is not bounded below by the lower frame bound.

Example 1.4.30 (Example 1 in Paper V) Consider the GSI-system
{Tc(j,m)k

g(j,m)}(j,m)∈N×Z,k∈Z defined by

c(j,m) = N j and g(j,m) = TtjEmF−1χ[0,1[, for (j,m) ∈ J = N× Z.

As shown in the paper, this system is an orthonormal basis and therefore, in
particular, a Parseval frame. Since a direct calculation shows that

∞∑

j=1

∑

m∈Z

1

c(j,m)

∣∣ĝ(j,m)(γ)
∣∣2 =

1

N − 1
,

we conclude that the Calderón sum is not bounded below by the lower frame
bound A = 1 whenever N ≥ 3. �

One of the main contributions in Paper V is a technical condition that guarantees
a lower bound for the Calderón sum of a GSI-frame.

Theorem 1.4.31 (Theorem 3.1 in Paper V) Assume that
∑

j∈J
|ĝj(·)|2 ∈ L1

loc(R \ E), (1.4.5)

for some E ∈ E . If the GSI-system {Tcjkgj}k∈Z,j∈J is a frame with lower bound
A, then

A ≤
∑

j∈J

1

cj
|ĝj(γ)|2 a.e. γ ∈ R. (1.4.6)

Theorem 1.4.31 implies that under some conditions on the sequence {cj}j∈Z,
the Calderón sum is bounded below for a GSI-frame {Tcjkgj}k∈Z,j∈J .

Corollary 1.4.32 (Corollary 4.5 in Paper V) Assume that {Tcjkgj}k∈Z,j∈J
is a frame with lower bound A > 0. If the sequence {cj}j∈Z is bounded above,
then

A ≤
∑

j∈J

1

cj
|ĝj(γ)|2 for a.e. γ ∈ R.
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Condition (1.4.5) is much easier to verify than the LIC. On the other hand,
as we will see next, condition (1.4.5) is equivalent with the LIC with respect to
the set E if the Calderón sum is locally integrable on R \ E; in particular, this
applies if the GSI-system is a Bessel sequence [26].

Proposition 1.4.33 (Proposition 3.3 in Paper V) Let E ∈ E and sup-
pose that the Calderón sum for {Tcjkgj}k∈Z,j∈J is locally integrable on R \ E,
i.e., ∑

j∈J

1

cj
|ĝj(·)|2 ∈ L1

loc(R \ E),

Then the GSI-system {Tcjkgj}k∈Z,j∈J satisfies the LIC with respect to the set E
if and only if (1.4.5) holds.

As a consequence of Theorem 1.4.31 and Proposition 1.4.33, it follows that if a
GSI-frame {Tcjkgj}k∈Z,j∈J satisfies the LIC with respect to some E ∈ E , then
(1.4.6) is satisfied:

Corollary 1.4.34 (Corollary 3.4 in Paper V) Assume that the LIC
with respect to some set E ∈ E holds for the GSI-system {Tcjkgj}k∈Z,j∈J . If
{Tcjkgj}k∈Z,j∈J is a frame for L2(R) with lower bound A, then (1.4.6) holds.

A special case of a GSI-system is formed by the so-called wave packet systems
{DajTbkEdmψ}j∈J,m,k∈Z where ψ ∈ L2(R) and a > 1, b > 0 and {dm}m∈Z ⊂ R.
These systems tend to be too redundant in the sense that it is non-trivial to find
parameters a, b and a sequence {dm}m∈Z such the system is a Bessel sequence.
However, in Paper V we were indeed able to overcome this problem and construct
a pair of dual wave packet frames. We furthermore showed the rather surprising
result that if a wave packet system is a Bessel sequence, then it does not satisfy
the LIC.

Proposition 1.4.35 (Corollary 6.4 in Paper V) If {DajTbkEdmψ}j∈J,m,k∈Z
is a Bessel sequence, then the LIC is not satisfied.

The above discussion actually only gives a glimpse of the content of Paper V.
A large part of the paper is devoted to a fairly general construction of pairs
of dual GSI-frames that unifies the results for large classes of structured func-
tion systems, e.g., the results on Gabor frames [11], and on wavelet frames [28];
for a more detailed discussion we refer to Corollary 5.2 and Theorem 5.3. As
mentioned before, GSI-frames can be considered as unions of iterated operator
systems, and in that sense the result connects to the discussion of duality in
Paper III. However, due to the generality of the setup in Paper V, the formula-
tions of the exact results are notationally complex and for that reason we will
not go into details here.
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Motivated by recent progress in dynamical sampling we prove that every frame 
which is norm-bounded below can be represented as a finite union of sequences 
{(Tj)nϕj}∞n=0, j = 1, . . . , J for some bounded operators Tj and elements ϕj in the 
underlying Hilbert space. The result is optimal, in the sense that it turns out to 
be problematic to replace the collection of generators ϕ1, . . . , ϕJ by a singleton: 
indeed, for linearly independent frames we prove that we can represent the frame 
in terms of just one system {T nϕ}∞n=0, but unfortunately this representation often 
forces the operator T to be unbounded. Several examples illustrate the connection 
of the results to typical frames like Gabor frames and wavelet frames, as well as 
generic constructions in arbitrary separable Hilbert spaces.

© 2018 Elsevier Inc. All rights reserved.

1. Introduction

The topic of dynamical sampling has recently attracted considerably attention, see, e.g., the papers 
[2,1,3,19]. The topic is motivated from concrete applications; from the pure mathematical point of view one 
of the key issues is to analyze frame properties for families of vectors arising by iterated actions of a class 
of operators on a family of generators. Thus, the main ingredients are a Hilbert space H, and a class of 
operators Tj : H → H and corresponding vectors ϕj ∈ H, for j belonging to an index set I. Typically the 
Hilbert space is infinite-dimensional and the index set I is finite.

Several of the results in the mentioned papers deal with properties of the resulting system
⋃

j∈I

{Tn
j ϕj}∞

n=0 (1.1)

under various assumptions on the operators Tj. In this paper we will look at the issue from another angle. 
Indeed, we will take a given frame {fk}∞

k=1 as the starting point, and ask for conditions such that {fk}∞
k=1
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E-mail addresses: ochr @dtu .dk (O. Christensen), mhas @dtu .dk (M. Hasannasab).
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can be decomposed into the form (1.1) with a finite index set I. We will show that such a decomposition 
is possible with certain bounded operators Tj if {fk}∞

k=1 is norm-bounded below; this makes the result 
applicable to most of the standard frames in applied harmonic analysis, e.g., Gabor frames, wavelet frames, 
generalized shift-invariant systems, etc. Technically our main tool is the Feichtinger Conjecture, which has 
been confirmed in [18] and therefore now is a theorem.

It is natural to ask for conditions under which a decomposition of the form (1.1) is possible for a sin-
gleton I, i.e., with just a single generator ϕ; or, if multi-generators ϕ1, . . . , ϕJ are necessary, whether all 
the operators Tj can be chosen to be identical. Both issues turn out to be problematic: while we indeed 
can give a simple characterization of the case where a frame can be written in the form {Tnϕ}∞

n=0 for 
some ϕ ∈ H and an operator T , this representation might force T to be unbounded even for very simple 
overcomplete frames. The same remark applies to the multi-generator case. This result justifies some of the 
no-go results in the papers [2,1,3], typically of the form that certain conditions on the involved operators 
(including boundedness) would imply that the iterated system can not be a frame. Other papers dealing 
with iterated actions of operators include [11,12].

Along the way we will relate the results to the frames appearing in applied harmonic analysis. For example, 
the results imply that any Gabor frame {EmbTnag}m,n∈Z (see the definition below) in L2(R) indeed has the 
form {Tnϕ}∞

n=0 for some ϕ ∈ L2(R) and a certain operator T : L2(R) → L2(R); if a representation using 
bounded operators is desired, we can obtain this as in (1.1) using multi-generators.

The paper is organized as follows. We will collect the main results and key examples in Section 2, and 
Section 3 is devoted to the technical proof of how to obtain the decomposition (1.1) for a frame that is 
norm-bounded below. In the rest of this section we will collect the necessary background from frame theory 
and motivate the problem via introductory examples and results. In the entire paper we let H denote an 
infinite-dimensional and separable Hilbert space.

A sequence {fk}∞
k=1 in H is a frame for H if there exist constants A, B > 0 such that

A ||f ||2 ≤
∞∑

k=1
|〈f, fk〉|2 ≤ B ||f ||2, ∀f ∈ H. (1.2)

Frames are important because they lead to expansions of the elements in the underlying Hilbert space, 
similarly to what is known for orthonormal bases. Indeed, if {fk}∞

k=1 is a frame for H, the frame operator
S : H → H, Sf :=

∑∞
k=1〈f, fk〉fk is bounded and invertible, and each f ∈ H has the unconditionally 

convergent expansion

f =
∞∑

k=1
〈f, S−1fk〉fk.

The sequence {fk}∞
k=1 is a frame sequence if the inequalities (1.2) hold for all f ∈ span{fk}∞

k=1. The sequence 
{fk}∞

k=1 is a Bessel sequence if at least the upper condition in (1.2) holds. Also, {fk}∞
k=1 is called a Riesz 

sequence if there exist constants A, B > 0 such that A 
∑ |ck|2 ≤ ||∑ ckfk||2 ≤ B

∑ |ck|2 for all finite scalar 
sequences c1, . . . , cN , N ∈ N. A Riesz sequence is a Riesz basis if span{fk}∞

k=1 = H; furthermore, the class of 
Riesz bases is precisely the class of frames {fk}∞

k=1 for which the equation 
∑∞

k=1 ckfk = 0, {ck}∞
k=1 ∈ �2(N), 

forces that ck = 0 for all k ∈ N. Frequently the latter condition is expressed by saying that {fk}∞
k=1 is 

ω-independent. This is a much stronger condition than {fk}∞
k=1 being linearly independent, which means 

that if a finite linear combination of vectors from {fk}∞
k=1 is zero, all the coefficients must be zero.

A frame which is not a Riesz basis is said to be redundant or overcomplete. Certain frames (but not all) 
contain a Riesz basis as a subset. In this case the excess of the frame is defined as the number of elements 
that must be removed from the frame such that the remaining set is a Riesz basis. Note that the excess 
might be finite or infinite.
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Gabor systems and wavelet systems are defined in terms of certain classes of operators on L2(R): (i) trans-
lation by a ∈ R, Taf(x) = f(x − a), (ii) modulation by b ∈ R, Ebf(x) = e2πibxf(x), and (iii) dyadic scaling, 
Df(x) := 21/2f(2x). In terms of these operators, a Gabor system on L2(R) has the form

{EmbTnag}m,n∈Z = {e2πimbxg(x − na)}m,n∈Z,

for some a, b > 0 and a fixed function g ∈ L2(R). Similarly, the dyadic wavelet system generated by a 
function ψ ∈ L2(R) is the collection of functions

{DjTkψ}j,k∈Z = {2j/2ψ(2jx − k)}j,k∈Z.

For Gabor systems as well as wavelet systems there is a huge literature on construction of frames and their 
properties. We refer to [10,13,6] and the references therein.

As already mentioned, our goal is to consider representations of frames as finite unions of systems of 
vectors each arising via the iterated action of an operator on certain elements. In the simplest case of 
single-generated systems this means that we consider frames for H in the form {Tnϕ}∞

n=0 for some linear 
operator T and some ϕ ∈ H. Let us first consider such systems for the translation operators on �2(Z) and 
L2(R), for this particular example with the index set {0} ∪ N replaced by Z:

Example 1.1.

(i) Consider the Hilbert space �2(Z). The shift operator T : �2(Z) → �2(Z), T{xk}k∈Z := {xk+1}k∈Z, is 
linear, bounded, and invertible. Furthermore, letting δ = {δk}k∈Z ∈ �2(Z) denote the sequence for which 
δ0 = 1 and δk = 0 for k 	= 0, clearly {Tnδ}n∈Z is an orthonormal basis for �2(Z).

(ii) Now consider the Hilbert space L2(R). The analogue of the shift operator on �2(Z) is the translation 
operators Taf(x) := f(x − a), a ∈ R. However, it is known [7] that {Tnaϕ}n∈Z can not be a frame for 
L2(R), regardless of the choice of the parameter a ∈ R and the function ϕ ∈ L2(R). Formulated in the 
current setting, this means that the powers {Tn

a ϕ}n∈Z can not form a frame for L2(R).

Note that the results in [7] even show that if we replace the single function ϕ ∈ L2(R) by a finite collection 
of functions {ϕj}J

j=1, the set ∪J
j=1{Tn

a ϕj}n∈Z can not be a frame for L2(R). On the other hand, if we allow 
infinite index sets, such constructions exist: for example, the system ∪j∈Z{Tn

1 Ejχ[0,1]}n∈Z is an orthonormal 
basis for L2(R). �

Despite the result in Example 1.1 it is indeed possible to construct an orthonormal basis {Tnϕ}n∈Z or 
{Tnϕ}∞

n=0 for L2(R) for certain choices of the operator T and ϕ ∈ L2(R). This follows from the following 
observation which in fact works in any separable Hilbert space. The result is a special case of Proposition 2.5.

Example 1.2. Let {ek}∞
k=1 denote an orthonormal basis for H. Define the operator T by Tek := ek+1, k ∈ N. 

Then {ek}∞
k=1 = {Tne1}∞

n=0, and T extends by linearity and continuity to a bounded operator on H.
In the concrete case in the Hilbert space L2(R), we can thus obtain an orthonormal basis of the 

form {Tne1}∞
n=0 by taking any Gabor orthonormal basis {EmbTnag}m,n∈Z or wavelet orthonormal basis 

{DjTkψ}j,k∈Z, reindex it as {ek}∞
k=1, and apply the result directly. �

2. The results

Our first result shows that any frame which is norm-bounded below is a finite union of iterated operator 
actions on certain elements:
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Theorem 2.1. Consider a frame {fk}∞
k=1 which is norm-bounded below. Then the following hold:

(i) The frame {fk}∞
k=1 can be decomposed as a finite union

{fk}∞
k=1 =

J⋃

j=1
{f (j)

k }k∈Ij
,

where each of the sequences {f (j)
k }k∈Ij

is an infinite Riesz sequence.
(ii) There is a finite collection of vectors from {fk}∞

k=1, to be called ϕ1, . . . , ϕJ , and corresponding bounded 
operators Tj : H → H with closed range, such that

{fk}∞
k=1 =

J⋃

j=1
{Tn

j ϕj}∞
n=0. (2.1)

The proof of Theorem 2.1 needs some preparation, and will be given in Section 3. Since Gabor frames 
and wavelet frames (and any generalized shift-invariant system) are norm-bounded below, the result applies 
directly to these cases. Note that the assumption of {fk}∞

k=1 being norm-bounded below can not be removed 
in Theorem 2.1:

Example 2.2. Letting {ek}∞
k=1 denote an orthonormal basis for H, it is well-known that the sequence 

{fk}∞
k=1 = {e1, 1√

2e2, 1√
2e2, 1√

3e3, 1√
3e3, 1√

3e3, . . . } is a tight frame. The decomposition (2.1) in Theorem 2.1
is clearly impossible for this frame, showing that the assumption of {fk}∞

k=1 being norm-bounded below can 
not be removed. �

Theorem 2.1 leads to a couple of natural questions concerning possible simplifications of the structure 
of the decomposition (2.1). For example, what are the conditions such that a decomposition as in (2.1) is 
possible with J = 1, i.e., a single generator? And if it is necessary to apply multi-generators ϕ1, . . . , ϕJ , can 
the corresponding operators Tj be chosen to be independent of j?

In order to answer these questions we will first provide a characterization of the frames {fk}∞
k=1 that have 

the form {fk}∞
k=1 = {Tnϕ}∞

n=0 for some linear operator T on (a subspace of) H and some ϕ ∈ H. In fact, 
we can state the result under a weaker assumption. Recall that when we consider {fk}∞

k=1 as a sequence, we 
have determined a certain ordering on the elements. Due to the ordering, the condition {fk}∞

k=1 = {Tnϕ}∞
n=0

actually implies that ϕ = f1.

Proposition 2.3. Consider any sequence {fk}∞
k=1 in H for which span{fk}∞

k=1 is infinite-dimensional. Then 
the following are equivalent:

(i) {fk}∞
k=1 is linearly independent.

(ii) There exists a linear operator T : span{fk}∞
k=1 → H such that {fk}∞

k=1 = {Tnf1}∞
n=0.

Proof. In order to prove (i) ⇒ (ii), assume that {fk}∞
k=1 is linearly independent. Let Tfk := fk+1, k ∈ N, 

and extend T to an operator on span{fk}∞
k=1 by linearity; then (ii) holds. In order to prove (ii) ⇒ (i), 

assume on the contrary that (ii) holds and that {fk}∞
k=1 is linearly dependent. Clearly we have that f1 	= 0. 

The linear dependence of {fk}∞
k=1 shows that for some N > 1 and some coefficients {ck}N

k=1 	= 0 we have ∑N
k=1 ckfk = 0. We can assume that cN 	= 0, which implies that fN =

∑N−1
k=1 dkfk for some coefficients dk. 

Now let V := span{fk}N−1
k=1 = span{Tnf1}N−2

n=0 . Then fN ∈ span{fk}N−1
k=1 = V . The space V is invariant 

under T ; indeed for any coefficients ak ∈ C,
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T

N−1∑

k=1
akfk =

N−2∑

k=1
akfk+1 + aN−1TfN−1 =

N−2∑

k=1
akfk+1 + aN−1fN ∈ V.

Thus (ii) implies that span{fk}∞
k=1 = V , which is a contradiction. We conclude that {fk}∞

k=1 is linearly 
independent if (ii) holds. �

Note that Proposition 2.3 implies that the question of the existence of an operator T : span{fk}∞
k=1 → H

such that a given frame {fk}∞
k=1 can be represented in the form {Tnϕ}∞

n=0 for some ϕ ∈ H is independent 
of the ordering of the elements in {fk}∞

k=1.
Proposition 2.3 has immediate consequences for Gabor systems in L2(R):

Example 2.4. It was conjectured in [15] and finally proved in [17] that for any a, b > 0 and any nonzero 
g ∈ L2(R) the Gabor system {EmbTnag}m,n∈Z is linearly independent. Proposition 2.3 therefore implies that 
there is a (possibly unbounded) operator T such that {EmbTnag}m,n∈Z = {Tnϕ}∞

n=0 for some ϕ ∈ L2(R); 
one choice could be ϕ = g.

Note that [15] even conjectured that any Gabor system {Ebm
Tam

g}m∈I with g 	= 0 and distinct 
points {(am, bm)}m∈I is linearly independent. Thus, if this is true, we would again obtain a representa-
tion {Ebm

Tam
g}m∈I = {Tnϕ}∞

n=0 for some ϕ ∈ L2(R), under the assumption that I is countable and 
infinite. The conjecture has been verified in several cases, but the full conjecture is still open. See [14] for a 
detailed discussion. �

Note that in the case of a wavelet system, certain technical conditions for linear independence can be 
found in the papers [9] and [4].

In the rest of this section we will relate Proposition 2.3 and Theorem 2.1. First, in Theorem 2.1 we know 
that the operators Tj can be chosen to be bounded. For Riesz sequences {fk}∞

k=1 we now prove that also the 
operator T in Proposition 2.3 can be chosen to be bounded, but we will soon see that this is not necessarily 
the case if {fk}∞

k=1 is redundant. Thus, the reduction from multi-generators to a singleton is in general not 
desirable.

Proposition 2.5.

(i) Any Riesz sequence {ek}∞
k=1 in H has the form {ek}∞

k=1 = {Tne1}∞
n=0 for some operator T ∈ B(H)

with closed range.
(ii) If {Tnϕ}∞

n=0 is a frame for some operator T ∈ B(H) and some ϕ ∈ H, then T has closed range.

Proof. Assume that {ek}∞
k=1 is a Riesz sequence. By Lemma 3.6.5 in [6] applied on the Hilbert space 

span{ek}∞
k=1, the mapping Tek := ek+1, k ∈ N, extends to a bounded linear operator T : span{ek}∞

k=1 → H. 
Clearly the range of T is RT = span{ek}∞

k=2, and by construction {ek}∞
k=1 = {Tne1}∞

n=0. This proves (i). 
In order to prove (ii), assume that {Tnϕ}∞

n=0 is a frame; then {Tnϕ}∞
n=1 is a frame sequence. Thus, the 

operator U : �2(N) → H, U{ck}∞
k=1 =

∑∞
k=1 ckT

kϕ has closed range, namely, span{Tnϕ}∞
n=1. Now, for any 

{ck}∞
k=1 ∈ �2(N), we have 

∑∞
k=1 ckT

kϕ = T
∑∞

k=1 ckT
k−1ϕ; this implies that RT = span{Tnϕ}∞

n=1. �
Note that the result in Proposition 2.5 (ii) does not extend to multiple generators. Indeed, if 

∪J
j=1{Tn

j ϕ}∞
n=0 is a frame and one of the involved sequences {Tn

j ϕ}∞
n=0 already is a frame by itself, nothing 

can be concluded about the range of the remaining operators Tj′ , j′ 	= j.
Due to Proposition 2.3 and Proposition 2.5 we will now devote our attention to linearly independent 

and redundant frames {fk}∞
k=1. Such frames appear at several occasions in the literature. For example, any 

Gabor frame {EmbTnag}m,n∈Z with ab < 1 is redundant and linearly independent.
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We will first prove a general result, showing that if a frame {fk}∞
k=1 with finite excess has a representation 

{fk}∞
k=1 = {Tnf1}∞

n=0, the operator T is forced to be unbounded.

Proposition 2.6. Assume that the frame {fk}∞
k=1 is linearly independent, contains a Riesz basis and has 

finite and strictly positive excess. If T is a linear operator and {fk}∞
k=1 = {Tnf1}∞

n=0, then T is unbounded.

Proof. By assumption there exists K ∈ N such that {fk}∞
k=K+1 is a Riesz basis for H̃ := span{fk}∞

k=K+1
and {fk}∞

k=K is an overcomplete frame for H̃ (with excess 1). For N ∈ N, let AN denote the optimal 
lower Riesz basis bound for the finite sequence {fk}K+N−1

k=K , and let A denote a lower Riesz basis bound for 
{fk}∞

k=K+1. Since {fk}∞
k=K is an overcomplete and linearly independent frame it is known that AN → 0 as 

N → ∞; see, e.g., [16] or Proposition 7.1.2 in [6]. Now, for N ∈ N, take a nonzero sequence {c(N)
k }K+N−1

k=K

such that

∣∣∣∣∣

∣∣∣∣∣
K+N−1∑

k=K

c
(N)
k fk

∣∣∣∣∣

∣∣∣∣∣

2

= AN

K+N−1∑

k=K

|c(N)
k |2.

Then

∣∣∣∣∣

∣∣∣∣∣T
K+N−1∑

k=K

c
(N)
k fk

∣∣∣∣∣

∣∣∣∣∣

2

=
∣∣∣∣∣

∣∣∣∣∣
K+N−1∑

k=K

c
(N)
k fk+1

∣∣∣∣∣

∣∣∣∣∣

2

=
∣∣∣∣∣

∣∣∣∣∣
K+N∑

k=K+1
c
(N)
k−1fk

∣∣∣∣∣

∣∣∣∣∣

2

≥ A
K+N∑

k=K+1
|c(N)

k−1|2 = A
K+N−1∑

k=K

|c(N)
k |2

= A

AN

∣∣∣∣∣

∣∣∣∣∣
K+N−1∑

k=K

c
(N)
k fk

∣∣∣∣∣

∣∣∣∣∣

2

.

Since A
AN

→ ∞ as N → ∞, it follows that the operator T is unbounded. �
The result in Proposition 2.6 can immediately be extended to certain frames with infinite excess, ordered 

in a special way. See the comment after Example 2.8 for a more general result.

Corollary 2.7. Assume that the frame {fk}∞
k=1 is linearly independent, contains a Riesz basis and has infinite 

excess. Order the frame elements such that {f1+2k}∞
k=1 is a Riesz basis. Then, if {fk}∞

k=1 = {Tnf1}∞
n=0, the 

operator T is unbounded.

Proof. Note that {(T 2)nf1}∞
n=0 = {T 2nf1}∞

n=0 = {f1} ∪ {f1+2k}∞
k=1. It now follows from Proposition 2.6

that the operator T 2 is unbounded. Hence also T is unbounded, as desired. �
Example 2.8. Consider a Gabor Riesz basis {EmbTnag}m,n∈Z for L2(R). Then, for any p, q ∈ N with pq > 1
the oversampled Gabor system {Ema/pTnb/qg}m,n∈Z is an overcomplete and linearly independent frame for 
L2(R). Thus, with the ordering of the system in Corollary 2.7, an operator T such that {EmbTnag}m,n∈Z =
{Tnϕ}∞

n=0 for some ϕ ∈ L2(R) is necessarily unbounded. �
Note that after submission of the current manuscript, a more general result than Corollary 2.7 has been 

obtained in [8] using more advanced operator theory. Indeed, for a frame containing a Riesz basis and 
having positive excess, a representation {fk}∞

k=1 = {Tnf1}∞
n=0 is not possible with a bounded operator T , 

regardless of the ordering of the frame elements. The results in [8] also have the consequence that an 



JID:YACHA AID:1261 /COR [m3L; v1.235; Prn:23/04/2018; 10:53] P.7 (1-10)
O. Christensen, M. Hasannasab / Appl. Comput. Harmon. Anal. ••• (••••) •••–••• 7

overcomplete Gabor frame never has a representation of the form {EmbTnag}m,n∈Z = {Tnϕ}∞
n=0 with a 

bounded operator T .
Returning to the setup of Theorem 2.1, the above results show that in general it is problematic to aim at 

a reduction of the number of generators in (2.1) to J = 1. Via an example we will now show that also the 
question of choosing the operators Tj in (2.1) to be independent of j ∈ J (while keeping the boundedness) 
has a negative answer in general.

Example 2.9. Let {ek}∞
k=1 denote an orthonormal basis for H, and let

f1 := e1, fk := ek−1 + 1
k
ek, k ≥ 2.

Then {fk}∞
k=1 is a frame [6]; it is linearly independent, and its excess is 1. Assume that {fk}∞

k=1 =⋃J
j=1{Tnϕj}∞

n=0 for a linear operator T : H → H and some elements ϕ1, . . . , ϕJ from {fk}∞
k=1. With 

the purpose of showing that T is unbounded, we will consider the action of T on the elements

gN =
N∑

k=1

(−1)k−1

(k − 1)! fk = (−1)N−1

N ! eN (2.2)

for N ∈ N. The idea of the following proof is to show that ||TgN || is bounded below, independently of 
N ∈ N; by (2.2) this implies that T must be unbounded. Technically, the proof is done by analyzing certain 
subcases separately.

First, since f1 = e1 we know that Tf1 	= e1, so Tf1 = e� + 1
�+1e�+1 for some � ∈ N. Thus

TgN =
N∑

k=1

(−1)k−1

(k − 1)! Tfk = e� + 1
� + 1e�+1 +

N∑

k=2

(−1)k−1

(k − 1)! Tfk. (2.3)

We now split the analysis into some subcases, depending on whether � = 1 or � ≥ 2.

1) If � ≥ 2, then the sum on the right-hand side of (2.3) can only have a component in the direction 
e� if Tfk = e�−1 + 1

� e� for some k ≥ 2. The smallest component in direction of e� appears if this 
happens for k = 2, which implies that in any case ||TgN || ≥ ||(1 − 1

2 )e�|| = 1
2 . Via (2.2) it follows that 

||TeN || ≥ 1
2N ! → ∞ asN → ∞. Thus the operator T is unbounded in this case.

2) We now assume that � = 1, in which case (2.3) takes the form

TgN = e1 + 1
2e2 +

N∑

k=2

(−1)k−1

(k − 1)! Tfk. (2.4)

The technical complication is now that it is possible that Tf2 = e1, in which case TgN does not have a 
component in direction of e1 and the above argument breaks down. Again we handle this by splitting 
into certain subcases:
2a) If Tf2 = e1, (2.4) takes the form

TgN = 1
2e2 +

N∑

k=3

(−1)k−1

(k − 1)! Tfk. (2.5)

Hence we will now focus on the possible components of Tfk in direction of e2 for k ≥ 3. Since 
Tf1 = e1 + 1

2e2 by assumption, the only possibility for such a component is that Tfk = e2 + 1
3e3 for 
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some k ≥ 3. In this case (2.5) implies that the component of TgN in direction of e2 is 12e2+ (−1)k−1

(k−1)! e2

hence ||TgN || ≥ 1
2 − 1

6 = 1
3 . Via the same argument as in 1) we conclude that T is unbounded.

2b) Finally, if Tf2 	= e1, (2.4) implies that the component of TgN in direction of e1 is at least e1 − 1
6e1 =

5
6e1; thus ||TgN || ≥ 5

6 , and T is also unbounded in this case. �
It is natural to ask whether the condition of linear independence of a frame in Proposition 2.3 implies 

that the frame is norm-bounded below (the condition in Theorem 2.1). For frames with finite excess the 
answer is yes; however, the following example shows that in any separable Hilbert space we can construct 
linearly independent frames with infinite excess, which are not norm-bounded below.

Example 2.10. Let {ek}∞
k=1 denote an orthonormal basis for H. We will describe a recursive procedure which 

yields a sequence {ϕk}∞
k=1 such that {fk}∞

k=1 := {ek}∞
k=1 ∪ {ϕk}∞

k=1 is a linearly independent frame which 
is not norm-bounded below. In the first step, choose infinite and disjoint index sets I1 and J1 such that 
N = I1 ∪ J1. Letting ϕ1 :=

∑
�∈I1

1√
2� e�, the set {ek}k∈I1 ∪ {ϕ1} is a linearly independent frame sequence 

with excess one. We now continue this procedure in a recursive way starting with the orthonormal sequence 
{ek}k∈J1 . To be more precise, in the nth step we choose infinite and disjoint sets In and Jn such that 
Jn−1 = In ∪Jn. Defining ϕn := n−1∑

�∈In

1√
2� e�, we then see that {ek}k∈In

∪{ϕn} is a linearly independent 
frame sequence with excess one. By construction the spaces spanned by these frame sequences form an 
orthogonal decomposition of H. It follows that the sequence {ek}∞

k=1 ∪ {ϕk}∞
k=1 =

⋃∞
n=1 ({ek}k∈In

∪ {ϕn})
is a linearly independent frame for H; and since ||ϕn|| → 0 as n → ∞, it is not norm-bounded below.

Note that for each ε ∈]0, 1[ the frame {fk}∞
k=1 consists of

• Infinitely many elements with norm 1;
• Infinitely many elements with norm at most ε;
• Finitely many elements with norm between ε and 1.

Reordering the frame as {fk}∞
k=1 and defining the operator T : span{fk}∞

k=1 → H by Tfk = fk+1, this 
implies that for any ε ∈]0, 1[ there exists some j ∈ N such that ||fj || ≤ ε and ||fj+1|| = 1. Thus ||T fj

||fj || || =
||fj+1||

||fj || ≥ 1
ε , i.e., T is unbounded. �

3. Proof of Theorem 2.1

We will need some preparation before we prove Theorem 2.1.

Lemma 3.1. Fix N ∈ N. Assume that {fk}N
k=1 ∪ {gk}∞

k=1 is a Bessel sequence in H and let P denote the 
orthogonal projection onto span{fk}N

k=1. Then, for any ε > 0 there is some j ∈ N such that ||Pgj || ≤ ε.

Proof. The proof is by contradiction, so assume that ||Pgk|| > ε > 0 for all k ∈ N. Since {gk}∞
k=1 is a Bessel 

sequence it is norm-bounded above, and therefore also {Pgk}∞
k=1 is norm-bounded. Thus, for some R > 0

it belongs to the ball B(0, R) := {f ∈ span{fk}N
k=1
∣∣ ||f || ≤ R} in the finite-dimensional space span{fk}N

k=1. 
By compactness of the ball, the sequence thus has a convergent subsequence, say Pgk�

→ h for � → ∞. 
Clearly ||h|| ≥ ε and h ∈ span{fk}N

k=1. However, since

∞∑

k=1
|〈h, gk〉|2 =

∞∑

k=1
|〈Ph, gk〉|2 =

∞∑

k=1
|〈h, Pgk〉|2 ≥

∞∑

�=1
|〈h, Pgk�

〉|2 = ∞,

this contradicts {gk}∞
k=1 being a Bessel sequence. Thus we conclude that there indeed exists j ∈ N such 

that ||Pgj || ≤ ε. �
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Lemma 3.2. Let N ∈ N be fixed. Assume that {fk}N
k=1 and {gk}∞

k=1 are Riesz sequences, let C :=
infj,k∈N{||fk||, ||gj ||}, and let A < C denote a common lower Riesz bound for {fk}N

k=1 and {gk}∞
k=1. Given 

any δ ∈]0, A[, choose j ∈ N as in Lemma 3.1 with ε < min{C −A, 
√

A−
√

A − δ}. Then {fk}N
k=1 ∪ {gk}∞

k=1
is a Riesz sequence with lower bound A − δ.

Proof. Let P denote the orthogonal projection onto span{fk}N
k=1, and choose j ∈ N such that ||Pgj || ≤ ε. 

Then ||(I − P )gj || ≥ C − ε > A. For notational convenience and just for this step of the proof, let us put 
fN+1 := (I − P )gj . Noting that fN+1 is perpendicular to all fk, k = 1, . . . , N , for any sequence of scalar 
coefficients c1, . . . , cN+1 we have

∣∣∣∣∣

∣∣∣∣∣
N+1∑

k=1
ckfk

∣∣∣∣∣

∣∣∣∣∣

2

=
∣∣∣∣∣

∣∣∣∣∣
N∑

k=1
ckfk

∣∣∣∣∣

∣∣∣∣∣

2

+ |cN+1|2 ||fN+1||2

≥ A

N∑

k=1
|ck|2 + A |cN+1|2 = A

N+1∑

k=1
|ck|2.

Thus {fk}N+1
k=1 is a Riesz sequence with lower bound A. Now, letting {hk}N+1

k=1 := {f1, . . . , fN , gj}, we see 
that for any scalar coefficients c1, . . . , cN+1,

∣∣∣∣∣

∣∣∣∣∣
N+1∑

k=1
ck(fk − hk)

∣∣∣∣∣

∣∣∣∣∣

2

= |cN+1|2 ||fN+1 − hN+1||2 = |cN+1|2 ||Pgj ||2 ≤ ε2
N+1∑

k=1
|ck|2.

By assumption, ε <
√

A−
√

A − δ <
√

A; thus, classical perturbation results (see, e.g., [6], Theorem 22.3.2) 
imply that {hk}N+1

k=1 is a Riesz sequence with lower bound

A(1 − ε√
A

)2 ≥ A(1 −
√

A −
√

A − δ√
A

)2 = A − δ,

as desired. �
Proof of Theorem 2.1. The Feichtinger conjecture (which has been confirmed in [18] in 2013 based on the 
equivalent formulations in [5] and therefore now is a theorem) implies that the frame can be partitioned 
into a finite union of Riesz sequences,

{fk}∞
k=1 =

J⋃

j=1
{f (j)

k }k∈Ij
(3.1)

for certain index sets Ij, j = 1, . . . , J . We will first argue that all of these Riesz sequences can be chosen 
to contain infinitely many elements. Let A denote a common lower frame bound for each of the Riesz 
sequences {f (j)

k }k∈Ij
, j = 1, . . . , J , chosen such that A < infk∈N ||fk||. At least one of these Riesz sequences, 

say, {f (α)
k }k∈Iα

will contain infinitely many elements. Now assume that another one of the Riesz sequences, 
say, {f (β)

k }k∈Iβ
, only contains finitely many elements. Now, applying Lemma 3.2 with δ := A2−�1 for some 

�1 ≥ 2 we can find an element f (α)
k1

, k1 ∈ Iα, such that {f (β)
k }k∈Iβ

∪ {f (α)
k1

} is a Riesz sequence with lower 
bound A −A2−�1 . We will now apply this procedure in an inductive way, in the next step starting with the 
Riesz sequence {f (β)

k }k∈Iβ
∪ {f (α)

k1
} and choosing δ = A2−�2 for some �2 > �1 + 1. Since the Riesz sequence 

property (see (3.29) in [6]) holds if it just holds on arbitrary finite sequences, this procedure will yield an 
infinite Riesz sequence

{f (β)
k }k∈Iβ

∪ {f (α)
k1

} ∪ {f (α)
k2

} ∪ · · · ,
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with lower bound A −A(2−�1 +2−�2 + . . . ) ≥ A(1 −2−�1+1). Performing this procedure on each of the finite 
Riesz sequences in the decomposition (3.1) now proves that all of the Riesz sequences can be chosen to be 
infinite. Finally, since the described procedure involves a “gap” between the removed elements (due to the 
choice �2 > �1 + 1) the remaining part of {f (α)

k }k∈Iα
is still an infinite sequence. The desired result is thus 

a consequence of Proposition 2.5. �
Remark. The proof of Theorem 2.1 shows that by choosing the integer �1 sufficiently large, we can obtain 
that the Riesz sequences in (2.1) have a lower Riesz bound that is arbitrarily close to the considered joint 
lower Riesz bound for the sequences in (3.1).
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The purpose of this paper is to study frames for a Hilbert space H, having the 
form {T nϕ}∞

n=0 for some ϕ ∈ H and an operator T : H → H. We characterize 
the frames that have such a representation for a bounded operator T , and discuss 
the properties of this operator. In particular, we prove that the image chain of T
has finite length N in the overcomplete case; furthermore {T nϕ}∞

n=0 has the very 
particular property that {T nϕ}N−1

n=0 ∪ {T nϕ}∞
n=N+� is a frame for H for all � ∈ N0. 

We also prove that frames of the form {T nϕ}∞
n=0 are sensitive to the ordering of 

the elements and to norm-perturbations of the generator ϕ and the operator T . On 
the other hand positive stability results are obtained by considering perturbations 
of the generator ϕ belonging to an invariant subspace on which T is a contraction.

© 2018 Elsevier Inc. All rights reserved.

1. Introduction

Let H denote a separable Hilbert space. A frame is a collection of vectors in H that allows each f ∈ H to 
be expanded as an (infinite) linear combination of the frame elements. Dynamical sampling, as introduced 
in [3] by Aldroubi et al., deals with frame properties of sequences of the form {Tnϕ}∞

n=0, where T : H → H
belongs to certain classes of linear operators and ϕ ∈ H; for example, the diagonalizable normal operators 
T that lead to a frame for a certain choice of ϕ are characterized. Further references to dynamical sampling 
include [3,2,4,5,13,1,7,8].

In this paper we consider the general question of characterizing the frames {fk}∞
k=1 for which a rep-

resentation of the form {Tnϕ}∞
n=0 with a bounded operator T : H → H exists. While a representation 

{Tnϕ}∞
n=0 is available for all linearly independent frames, it is more restrictive to obtain boundedness of the 

representing operator. In Section 2 we give various characterizations of the case where T can be chosen to 
be bounded: one of them is in terms of a certain invariance property of the kernel of the synthesis operator 
and another one in terms of a number of equations that must be satisfied. The result also identifies the 

* Corresponding author.
E-mail addresses: ochr @dtu .dk (O. Christensen), mhas @dtu .dk (M. Hasannasab), erashidi @uma .ac .ir (E. Rashidi).
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unique candidate for the operator T . Several applications are presented; we prove, e.g., that frames of the 
form {Tnϕ}∞

n=0 are sensitive to perturbation of the operator T and the generator ϕ, and that reorderings 
of the elements in a frame has a significant influence on the question of being representable by a bounded 
operator.

The frames having a representation of the form {Tnϕ}∞
n=0 for a bounded operator naturally split into two 

classes: the Riesz bases, and certain overcomplete frames. The operators T appearing for these two classes 
have very different properties. In the overcomplete case we prove that there exists some N ∈ N0 such that 
{Tnϕ}N−1

n=0 ∪ {Tnϕ}∞
n=N+� is a frame for H for all � ∈ N0.

Section 3 collects a number of auxiliary results related to dynamical sampling. The characterization in 
Section 2 of operators T for which {Tnϕ}∞

n=0 is a frame identifies T on the form of a mixed frame operator. 
We show that there exist frames {Tnϕ}∞

n=0 for which the operator T is in fact a frame operator. We also 
prove that if {Tnϕ}∞

n=0 is a frame and we perturb the generator ϕ with an element ϕ̃ in a T -invariant 
subspace of H on which T acts as a contraction, then we obtain a frame {Tn(ϕ + ϕ̃)}∞

n=0 if the norm of ϕ̃
is sufficiently small, and otherwise a frame sequence. Finally, we prove that iterates of a compact operator 
acting on a finite collection of vectors can not generate a frame. This generalizes a result from [3].

In the rest of this introduction we will collect the necessary background from frame theory and operator 
theory.

1.1. Frames and operators

A sequence {fk}∞
k=1 in a Hilbert space H is a frame for H if there exist constants A, B > 0 such that

A ‖f‖2 ≤
∞∑

k=1
|〈f, fk〉|2 ≤ B ‖f‖2, ∀f ∈ H.

The sequence {fk}∞
k=1 is a Bessel sequence if at least the upper frame condition holds. Also, it is well-known 

that for any frame {fk}∞
k=1 there exists at least one dual frame, i.e., a frame {gk}∞

k=1 such that

f =
∞∑

k=1
〈f, gk〉fk, ∀f ∈ H.

A sequence {fk}∞
k=1 in H is a Riesz basis if span{fk}∞

k=1 = H and there exist constants A, B > 0 such 
that

A

∞∑

k=1
|ck|2 ≤

∥∥∥∥∥
∞∑

k=1
ckfk

∥∥∥∥∥

2

≤ B

∞∑

k=1
|ck|2

for all finite scalar sequences {ck}∞
k=1, i.e., sequences where only a finite number of entries are nonzero. 

A Riesz basis is automatically a frame; and a frame is a Riesz basis if and only if it is ω-independent, 
meaning that 

∑∞
k=1 ckfk only vanishes if ck = 0, ∀k ∈ N.

Throughout the paper we also need to consider linearly independent frames; here linear independence 
should be understood in the classical linear algebra sense, i.e., that a finite linear combination of frame 
elements only vanishes if all coefficients vanish.

If {fk}∞
k=1 is a Bessel sequence, the synthesis operator is defined by

U : �2(N) → H, U{ck}∞
k=1 :=

∞∑

k=1
ckfk; (1.1)
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it is well known that U is well-defined and bounded. A central role will be played by the kernel of the 
operator U , i.e., the subset of �2(N) given by

N (U) =
{

{ck}∞
k=1 ∈ �2(N)

∣∣∣∣
∞∑

k=1
ckfk = 0

}
. (1.2)

Let us state an example of a frame that indeed has the form {Tnϕ}∞
n=0 for a bounded operator T : H → H. 

We will refer to this example at several places in the sequel.

Example 1.1. Based on interpolation sequences in the Hardy space on the unit disc, Aldroubi et al. [2]
have constructed frames {Tnϕ}∞

n=0 for �2(N). We will formulate the result in the setting of a separable 
infinite-dimensional Hilbert space H. Consider an operator T of the form T =

∑∞
k=1 λkPk, where Pk, k ∈ N, 

are rank 1 orthogonal projections such that PjPk = 0, j 
= k, 
∑∞

k=1 Pk = I, and |λk| < 1 for all k ∈ N. 
Then there exist unit vectors ek such that Pkf = 〈f, ek〉ek. The condition PjPk = 0 implies that 〈ej , ek〉 = 0
for j 
= k; since 

∑∞
k=1 Pk = I, it follows that {ek}∞

k=1 is an orthonormal basis for H. Assume that {λk}∞
k=1

satisfies the so-called Carleson condition, i.e.,

inf
k

∏

j �=k

|λj − λk|
|1 − λjλk|

> 0. (1.3)

Then, letting ϕ :=
∑∞

k=1
√

1 − |λk|2ek, the family {Tnϕ}∞
n=0 is a frame for H. A concrete example of a 

sequence satisfying the Carleson condition is {λk}∞
k=1 = {1 − α−k}∞

k=1 for some α > 1. �
For more information about frames we refer to the monographs [11,6].
Finally, we will need the right-shift operator on �2(N), defined by

T : �2(N) → �2(N), T {ck}∞
k=1 = {0, c1, c2, . . . }. (1.4)

For any operator T : H → H, the null spaces of Tn, n ∈ N0, form an increasing sequence N (T 0) ⊆ N (T ) ⊆
N (T 2) ⊆ · · · . We say that the null chain is finite if there is an N ∈ N0 such that N (TN ) = N (TN+1); in 
that case the smallest such N is called the length of the null chain. The image chain of T is the decreasing 
sequence R(T 0) ⊇ R(T 1) ⊇ R(T 2) ⊇ · · · . The image chain of T is finite if there is an N ∈ N0 such that 
R(TN ) = R(TN+1); in that case the smallest such N is called the length of the image chain, and is denoted 
by q(T ).

2. Boundedness of the operator T

In the entire section H denotes an infinite-dimensional separable Hilbert space. In [7] it is proved that a 
frame {fk}∞

k=1 for H has a representation {fk}∞
k=1 = {Tnf1}∞

n=0 for some operator T : H → H if and only if 
{fk}∞

k=1 is linearly independent. In the following Theorem 2.1 we give various characterizations of the case 
where such a representation is possible with a bounded operator T . Note that in the affirmative case, the 
operator T is unique; the result also identifies the only possible candidate for the operator T , see (2.2). The 
flavour of the characterizations in Theorem 2.1 are quite different. Indeed, the characterization in (iii) deals 
with an invariance property of the kernel of the synthesis operator. On the other hand, (ii) is an “intrinsic 
characterization” that is formulated directly in terms of the elements in the given frame {fk}∞

k=1: if we have 
access to a dual frame, it allows to check the existence of a bounded operator T by verifying a number of 
equations. We illustrate both characterizations in Example 2.8.
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Theorem 2.1. Consider a frame {fk}∞
k=1 with frame bounds A, B. Then the following are equivalent:

(i) The frame has a representation {fk}∞
k=1 = {Tnf1}∞

n=0 for some bounded operator T : H → H.
(ii) For some dual frame {gk}∞

k=1 (and hence all),

fj+1 =
∞∑

k=1
〈fj , gk〉fk+1, ∀j ∈ N. (2.1)

(iii) The kernel N (U) of the synthesis operator U is invariant under the right-shift operator T .

In the affirmative case, letting {gk}∞
k=1 denote an arbitrary dual frame of {fk}∞

k=1, the operator T has the 
form

Tf =
∞∑

k=1
〈f, gk〉fk+1, ∀f ∈ H, (2.2)

and 1 ≤ ‖T‖ ≤
√

BA−1.

Proof. We first note that the only possible candidate for a bounded operator T representing the frame 
{fk}∞

k=1 indeed is the one given in (2.2); in fact, if {fk}∞
k=1 = {Tnf1}∞

n=0 and T is bounded, just apply the 
operator T on the decomposition f =

∑∞
k=1〈f, gk〉fk.

(i) ⇒ (ii). This follows directly from the observation above by applying (2.2) on f = fj .
(ii) ⇒ (i). The only possible choice of a representing operator T is given in (2.2), and (2.1) is expressing 

precisely that Tfj = fj+1 for all j ∈ N, i.e., that {fk}∞
k=1 = {Tnf1}∞

n=0.
(i) ⇒ (iii). Assume that {ck}∞

k=1 ∈ N (U). Using the boundedness of T , a direct calculation shows that 
UT {ck}∞

k=1 = TU{ck}∞
k=1 = T0 = 0, which means that T {ck}∞

k=1 ∈ N (U).
(iii) ⇒ (i). We will first show that the condition (iii) implies that {fk}∞

k=1 is linearly independent. 
Assume that 

∑N
k=1 ckfk = 0 for some N ∈ N, and that cN 
= 0. Then fN ∈ span{f1, . . . , fN−1}. Then, using 

the T -invariance of N (U), we have that 
∑N

k=1 ckfk+1 = 0, which implies that fN+1 ∈ span{f1, . . . , fN} =
span{f1, . . . , fN−1}. By induction, it follows that fN+� ∈ span{f1, . . . , fN} for all � ∈ N, but this contradicts 
that {fk}∞

k=1 is a frame for an infinite-dimensional space. Thus cN = 0, which by iteration implies that 
0 = cN = cN−1 = · · · = c1. Thus {fk}∞

k=1 is linearly independent, as claimed.
The linear independence of {fk}∞

k=1 implies that we can define a linear operator T : span{fk}∞
k=1 →

span{fk}∞
k=1 by Tfk = fk+1. We now show that T is bounded if N (U) is invariant under right-shifts. 

Let f =
∑N

k=1 ckfk for some {ck}∞
k=1 ∈ �2(N) with ck = 0 for k ≥ N + 1. Let us decompose {ck}∞

k=1 as 
{ck}∞

k=1 = {dk}∞
k=1 + {rk}∞

k=1, with {dk}∞
k=1 ∈ N (U) and {rk}∞

k=1 ∈ N (U)⊥. Since N (U) is invariant under 
right-shifts, we have 

∑∞
k=1 dkfk+1 = 0. Since {fk}∞

k=1 is a Bessel sequence, it follows that

‖Tf‖2 =
∥∥

N∑

k=1
ckfk+1

∥∥2 =
∥∥

∞∑

k=1
rkfk+1

∥∥2 ≤ B
∞∑

k=1
|rk|2.

Using Lemma 5.5.5 in [6], since {rk}∞
k=1 ∈ N (U)⊥ and {fk}∞

k=1 is a frame with lower bound A, we have 
A 
∑∞

k=1 |rk|2 ≤ ‖ 
∑∞

k=1 rkfk‖2. It follows that

‖Tf‖2 ≤ BA−1∥∥
∞∑

k=1
rkfk

∥∥2 = BA−1∥∥
∞∑

k=1
(dk + rk)fk

∥∥2

= BA−1∥∥
∞∑

k=1
ckfk

∥∥2 = BA−1 ‖f‖2
.
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Therefore T can be extended to a bounded operator on H, as claimed. The proof shows that ‖T‖ ≤
√

BA−1; 
the inequality ‖T‖ ≥ 1 is proved in [4]. �

Theorem 2.1 gives an easy proof of a result from [7]:

Example 2.2. Let {fk}∞
k=1 be a Riesz basis for H, with dual Riesz basis {gk}∞

k=1. Then the condition (2.1) is 
trivially satisfied. Thus {fk}∞

k=1 has a representation on the form {Tnf1}∞
n=0 for a bounded operator T . �

In the next example we give one more application of Theorem 2.1. We show that (i): the set of bounded 
operators T : H → H for which {Tnϕ}∞

n=0 is a frame for some ϕ ∈ H does not form an open set in B(H), 
and (ii): the set of ϕ ∈ H for which {Tnϕ}∞

n=0 is a frame for a fixed bounded operator T does not form an 
open set in H. In a certain sense these results explain the fact that the known frames of the form {Tnϕ}∞

n=0
with a bounded operator T are very particular.

Example 2.3. (i) Consider any frame {Tnϕ}∞
n=0 for which T : H → H is bounded and ‖T‖ = 1. Now, given 

any ε ∈ (0, 1), define the operator W : H → H by W := (1 − ε)T . Then ‖T − W‖ = ‖εT‖ = ε. However, 
‖W‖ = 1 − ε < 1, which by Theorem 2.1 implies that {Wnψ}∞

n=0 is not a frame for any ψ ∈ H. This proves 
that the set

{T ∈ B(H)
∣∣ there exists ϕ ∈ H such that {Tnϕ}∞

n=0 is a frame}

is not open in B(H).
(ii) Given a bounded operator T : H → H, the set {ϕ ∈ H | {Tnϕ}∞

n=0 is a frame} is not open in general. 
In order to illustrate this, consider the frame {Tnϕ}∞

n=0 in Example 1.1. Given any ε > 0, choose � ∈ N such 
that 

√
1 − |λ�|2 < ε, and let ψ :=

∑
k �=�

√
1 − |λk|2ek = ϕ −

√
1 − |λ�|2e�. Then ‖ϕ −ψ‖ < ε, but {Tnψ}∞

n=0
is not a frame. Thus, the set of functions ϕ generating a frame for a fixed operator T is not open. �

In general, the operator T in (2.2) depends on the choice of the dual frame {gk}∞
k=1; however, in the 

case where the frame {fk}∞
k=1 indeed has the desired representation in terms of a bounded operator, the 

operators in (2.2) become independent of the choice of {gk}∞
k=1. In other words: we can falsify the existence 

of a bounded operator representing the frame by calculating the operator in (2.2) for two different dual 
frames, and show that they are not equal.

Example 2.4. Let {ek}∞
k=1 denote an orthonormal basis for H and consider the frame {fk}∞

k=1 =
{e1, e1, e2, e3, . . . }. Considering the dual frame {0, e1, e2, e3, . . . }, the operator T in (2.2) takes the form 
T1f =

∑∞
k=1〈f, ek〉ek+1; for the dual frame {e1, 0, e2, e3, . . . }, we obtain T2f = 〈f, e1〉e1 +

∑∞
k=2〈f, ek〉ek+1. 

Since T1 
= T2, this shows that {fk}∞
k=1 does not have a representation in terms of a bounded operator. �

We will give another application of Theorem 2.1 in Example 2.8, but let us first state a rather surprising 
result about frames of the form {Tnϕ}∞

n=0.
It is well-known that if a family {fk}∞

k=1 is a frame for H, then the subfamily {fk}∞
k=N is a frame for the 

subspace VN := span{fk}∞
k=N for all N ∈ N. When we increase N it corresponds to remove more elements 

from the original frame {fk}∞
k=1, so in general we expect the spaces VN to become smaller. However, for 

overcomplete frames having a representation of the form {Tnϕ}∞
n=0 with a bounded operator T , the spaces 

Vk stabilizes at some point, and the sequence {Tnϕ}∞
n=N remains a frame for the same space, no matter how 

large N is chosen to be. Intuitively, this can be formulated by saying that the frame {fk}∞
k=1 has infinite 

excess in “almost all directions”. The result is based on the proof of the following proposition which is of 
independent interest.
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Proposition 2.5. Assume that {fk}∞
k=1 is an overcomplete frame and that {fk}∞

k=1 = {Tnϕ}∞
n=0 for some 

bounded linear operator T : H → H. Then there exists an N ∈ N such that

{fk}N
k=1 ∪ {fk}∞

k=N+� (2.3)

is a frame for H for all � ∈ N.

Proof. Choose some coefficients {ck}∞
k=1 ∈ �2(N) such that 

∑∞
k=1 ckfk = 0. Letting N := min{k ∈ N |

ck 
= 0}, we have that

−cNfN =
∞∑

k=N+1
ckfk, (2.4)

so fN ∈ span{fk}∞
k=N+1. Thus {fk}∞

k=N+1 is a frame for span{fk}∞
k=N . Applying the operator T on (2.4)

shows that fN+1 ∈ span{fk}∞
k=N+2. By iterated application of the operator T this proves that for any � ∈ N, 

the family {fk}∞
k=N+� is a frame for span{fk}∞

k=N , which leads to the desired result. �
Theorem 2.6. Assume that {Tnϕ}∞

n=0 is an overcomplete frame for some ϕ ∈ H and some bounded operator 
T : H → H. Then the following hold:

(i) The image chain for the operator T has finite length q(T ).
(ii) If N ∈ N0, then TNϕ ∈ span{Tnϕ}∞

n=N+1 ⇔ N ≥ q(T ).

For any N ≥ q(T ), let V := span{Tnϕ}∞
n=N . Then the following hold:

(iii) The space V is independent of N and has finite codimension.
(iv) The sequence {Tnϕ}∞

n=N+� is a frame for V for all � ∈ N0.
(v) V is invariant under T , and T : V → V is surjective.
(vi) If the null chain of T has finite length then T : V → V is injective; in particular this is the case if T

is normal.

Proof. (i) For k ∈ N0, let Vk := span{Tnϕ}∞
n=k. Then Vk+1 ⊆ Vk for all k ∈ N0. By the proof of Proposi-

tion 2.5 there exists an N ∈ N0 such that VN = VN+� for all � ∈ N. Since

R(T k) =
{
T kf

∣∣ f ∈ H
}

=
{

T k
∞∑

n=0
cnTnϕ

∣∣ {cn}∞
n=0 ∈ �2(N0)

}

=
{ ∞∑

n=0
cnT k+nϕ

∣∣ {cn}∞
n=0 ∈ �2(N0)

}
= Vk,

it follows immediately that the image chain of T has finite length.
(ii) If TNϕ ∈ span{Tnϕ}∞

n=N+1 = VN+1 for some N ∈ N0, then VN = VN+1. Similarly to the proof of 
Proposition 2.5 it follows that VN = VN+� for all � ∈ N0, and hence R(TN ) = R(TN+�) for all � ∈ N0; 
in particular, N ≥ q(T ). On the other hand, if N ≥ q(T ), then the fact that R(T k) = Vk implies that 
VN = VN+1; thus TNϕ ∈ span{Tnϕ}∞

n=N+1, as desired.
(iii) That the space V is independent of N as long as N ≥ q(T ) was proved in (ii); furthermore the 

definition of V shows that it has finite codimension.
(iv) We already saw this in the proof of Proposition 2.5.
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(v) The definition of V shows that it is invariant under T . Using that V = VN+1, we can write any f ∈ V

on the form

f =
∞∑

n=N+1
cnTnϕ =

∞∑

n=N

cn+1T
n+1ϕ = T

∞∑

n=N

cn+1T
nϕ

for some {ck}∞
k=1 ∈ �2(N); thus T : V → V is surjective.

(vi) By assumption the null chain of T has finite length; since the image chain also has finite length by (i), 
the lengths are equal by Proposition 3.8 in [12]. It follows that N (TN ) = N (TN+1) whenever N ≥ q(T ). 
Now assume that Tf = 0 for some f ∈ V . Since {TN+nϕ}∞

n=0 is a frame for V , there exists a sequence 
{cn}∞

n=0 ∈ �2(N0) such that f =
∑∞

n=0 cnTN+nϕ. Therefore TN+1(
∑∞

n=0 cnTnϕ) = Tf = 0 which means 
that 

∑∞
n=0 cnTnϕ ∈ N (TN+1) = N (TN ). This implies that

f =
∞∑

n=0
cnTN+nϕ = TN

∞∑

n=0
cnTnϕ = 0.

Thus T is injective, as claimed. Assuming now that T is normal, the sequence {(T ∗)nϕ}∞
n=0 is also a frame 

by [5] and since T ∗ is normal, it is overcomplete by [2]. Applying the result in (i) to T ∗ shows that there is 
some M ∈ N such that R((T ∗)M ) = R((T ∗)M+1). Therefore N (TM ) = N (TM+1). By the first part of (v) 
it now follows that T is injective on V . �

The following example shows a case where the assumptions in Theorem 2.6 do not imply that T is 
injective considered as an operator on H, even though it is bijective on the invariant subspace V .

Example 2.7. Let us return to the setup in Example 1.1. If a sequence {λk}∞
k=1 in the unit disc satisfies the 

Carleson condition and consists of nonzero numbers, then also {0} ∪{λk}∞
k=1 satisfies the Carleson condition. 

Thus, without loss of generality we can assume that there is some K ∈ N such that λK = 0. Then clearly 
the operator T is not injective on H but it is bijective on the subspace V = span{Tnϕ}∞

n=K+1. �
The following example illustrates Theorem 2.1 and also provides insight in Theorem 2.6. We will state a 

number of consequences after the example itself.

Example 2.8. Let H1 denote a finite-dimensional Hilbert space and H2 an infinite-dimensional separable 
Hilbert space. Let {ek}N

k=1 denote a (Riesz) basis for H1, let {hk}∞
k=1 be a frame for H2, and consider the 

sequence {fk}∞
k=1 in H := H1 ⊕ H2 given by

{fk}∞
k=1 = {e1, e2, . . . , eN , h1, h2, . . . }.

Assuming that {hk}∞
k=1 has a representation in terms of a bounded operator as in Theorem 2.1, we want 

to show that there exists a bounded operator T : H → H such that {fk}∞
k=1 = {Tnf1}∞

n=0.
Let us first do so by verifying the condition (2.1) in Theorem 2.1. Letting {ẽk}N

k=1 denote the dual Riesz 
basis for {ek}N

k=1 and {h̃k}∞
k=1 a dual frame for {hk}∞

k=1, the sequence {gk}∞
k=1 = {ẽ1, ̃e2, . . . , ̃eN , ̃h1, ̃h2, · · · }

is a dual frame for the frame {fk}∞
k=1. Now, for j = 1, . . . , N , using that {ek}N

k=1 and {ẽk}N
k=1 are biorthog-

onal and that H1⊥H2, it follows that (2.1) holds for j = 1, · · · , N . For j > N , we have fj = hj−N , which is 
perpendicular to the first N elements of {gk}∞

k=1. Using Theorem 2.1 (ii) on the frame {hk}∞
k=1, it follows 

that



O. Christensen et al. / J. Math. Anal. Appl. 463 (2018) 634–644 641

∞∑

k=1
〈fj , gk〉fk+1 =

∞∑

k=1
〈hj−N , h̃k〉hk+1 = hj−N+1 = fj+1;

thus we have also verified (2.1) for j > N , as desired.
Let us give an alternative proof using the condition in Theorem 2.1 (iii). We first note that since {ek}N

k=1
and {hk}∞

k=1 are linearly independent sequences in orthogonal spaces, {fk}∞
k=1 is linearly independent, and 

hence representable on the form {fk}∞
k=1 = {Tnf1}∞

n=0 for a linear operator T : span{fk}∞
k=1 → H. In order 

to show that T can be extended to a bounded operator on H, consider a sequence {ck}∞
k=1 ∈ N (U); then

0 =
∞∑

k=1
ckfk =

N∑

k=1
ckek +

∞∑

k=N+1
ckhk−N .

Since H1⊥H2, this implies that 
∑N

k=1 ckek =
∑∞

k=N+1 ckhk−N = 0. It immediately follows that c1 =
c2 = · · · = cN = 0. Also, applying Theorem 2.1 (iii) on the sequence {hk}∞

k=1, we conclude that ∑∞
k=N+1 ckhk−N+1 = 0, i.e., 

∑∞
k=N+1 ckfk+1 = 0. It follows that 

∑∞
k=1 ckfk+1 = 0, i.e., that N (U) is 

invariant under right-shifts, as desired. �
The construction in Example 2.8 is useful for various purposes.

• Example 2.8 illustrates that in the setup of Proposition 2.5 it is necessary to include the vectors {fk}N
k=1

in (2.3); indeed, letting {hk}∞
k=1 in Example 2.8 be an overcomplete frame for H2, the frame {fk}∞

k=1
is overcomplete in H, but the vectors {ek}N

k=1 are not redundant and can not be removed if we want to 
keep the frame property.

• Example 2.8 shows that there exist overcomplete frames {fk}∞
k=1 that are represented by an operator 

T for which ‖T‖ > 1; such a construction is obtained, e.g., by letting {hk}∞
k=1 in Example 2.8 be an

overcomplete frame for H2, and choosing the Riesz basis {ek}N
k=1 such that it is represented by an 

operator with norm strictly larger than one.

We will give yet another application of Theorem 2.1, showing that the ordering of the elements in 
a frame is very important for the question of being representable by a bounded operator. Indeed, if 
{fk}∞

k=1 has such a representation, a simple reordering of two elements f� and f�′ destroys this prop-
erty if span{fk}k/∈{�−1,�,�′−1,�′} = H. Notice that by Theorem 2.6 this assumption on �, �′ is very weak and 
only excludes a finite number of choices of the elements f� and f�′ . However, Example 2.8 also demonstrates 
that the assumption is necessary, in the sense that the result does not hold in general: in that example we 
can clearly change the order of any of the vectors {e1, . . . , eN} without affecting the boundedness of the 
representing operator.

Corollary 2.9. Assume that the frame {fk}∞
k=1 has a representation {Tnf1}∞

n=0, where T : H → H is bounded. 
Choose � 
= �′ such that span{fk}k/∈{�−1,�,�′−1,�′} = H, and let {f̃k}∞

k=1 denote the sequence consisting of the 
same elements as {fk}∞

k=1 but with f� and f�′ interchanged. Then {f̃k}∞
k=1 is not representable by a bounded 

operator.

Proof. Let us apply the characterization of boundedness in Theorem 2.1 (ii) with {gk}∞
k=1 being the canon-

ical dual frame of {fk}∞
k=1. Then, by the assumption on the frame {fk}∞

k=1,

fj+1 =
∞∑

k=1
〈fj , gk〉fk+1 =

∑

k/∈{�−1,�,�′−1,�′}
〈fj , gk〉fk+1 (2.5)

+ 〈fj , g�−1〉f� + 〈fj , g�〉f�+1 + 〈fj , g�′−1〉f�′ + 〈fj , g�′〉f�′+1.
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Now consider the sequence {f̃k}∞
k=1; its canonical dual frame {g̃k}∞

k=1 consists of the same elements as 
{gk}∞

k=1, but with the order of g� and g�′ interchanged. In order to reach a contradiction, assume that 
{f̃k}∞

k=1 is also representable by a bounded operator. Then, for j /∈ {� − 1, �, �′ − 1, �′}, a new application of 
Theorem 2.1 (ii) yields that

fj+1 = f̃j+1 =
∞∑

k=1
〈f̃j , g̃k〉f̃k+1 =

∑

k/∈{�−1,�,�′−1,�′}
〈fj , gk〉fk+1 (2.6)

+ 〈fj , g�−1〉f�′ + 〈fj , g�′〉f�+1 + 〈fj , g�′−1〉f� + 〈fj , g�〉f�′+1.

Comparing (2.5) and (2.6) shows that for j /∈ {� − 1, �, �′ − 1, �′},

〈fj , g�−1〉f� + 〈fj , g�〉f�+1 + 〈fj , g�′−1〉f�′ + 〈fj , g�′〉f�′+1

= 〈fj , g�−1〉f�′ + 〈fj , g�′〉f�+1 + 〈fj , g�′−1〉f� + 〈fj , g�〉f�′+1.

Without loss of generality, assume that � > �′; by the linear independence of the elements in {fk}∞
k=1

this in particular implies that 〈fj , g�〉 = 〈fj , g�′〉. Using that span{fk}k/∈{�−1,�,�′−1,�′} = H, we conclude 
that g� = g�′ and therefore, by applying the frame operator, f� = f�′ . However, this contradicts the linear 
independence of the elements in {fk}∞

k=1; thus, we conclude that {f̃k}∞
k=1 is not representable by a bounded 

operator. �
3. Auxiliary results

In this short section we provide a few more results related to the results in Section 2.

3.1. Tight frames

Corollary 3.1. Consider a frame {Tnϕ}∞
n=0, where T : H → H is bounded. Then the following hold:

(i) If {Tnϕ}∞
n=0 is a tight frame, then ‖T‖ = 1.

(ii) The canonical tight frame associated with {Tnϕ}∞
n=0 is {S−1/2Tnϕ}∞

n=0 = {(S−1/2TS1/2)nS−1/2ϕ}∞
n=0, 

where S : H → H is the frame operator; in particular, 
∥∥S−1/2TS1/2∥∥ = 1.

(iii) If ‖Tf‖ = c ‖f‖ for all f ∈ H, then c = 1, i.e., T is isometric.

Proof. (i) and the fact that c ≥ 1 in (iii) follow immediately from the norm-estimate in Theorem 2.1; the 
proof of (iii) is completed by noticing that if c > 1, then ‖Tnϕ‖ = cn ‖ϕ‖ → ∞ as n → ∞, which violates 
the frame property. The result in (ii) follows by direct calculation and an application of (i). �
3.2. Iterated systems and the frame operator

Returning to Theorem 2.1, we note that (2.2) identifies the only possible candidate for an operator 
T representing a frame {fk}∞

k=1 in form of a mixed frame operator. Certain frames {fk}∞
k=1 are indeed 

represented by a frame operator:

Example 3.2. In Example 1.1 we considered frames {Tnϕ}∞
n=0 for operators of the form T =

∑
λkPk, where 

Pk are rank 1 projections such that PjPk = 0 for j 
= k and 
∑∞

k=1 Pk = I. Choosing the orthonormal basis 
{ek}∞

k=1 such that Pkf = 〈f, ek〉ek, and considering the case where λk ≥ 0 for all k ∈ N, it is clear that T
is the frame operator for the sequence {

√
λkek}∞

k=1. �
In general, a bounded operator T : H → H is a frame operator if and only if T is positive and invertible.
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3.3. Perturbation of a frame {Tnϕ}∞
n=0

We have already seen in Example 2.3 that frames of the form {Tnϕ}∞
n=0 are quite sensitive to perturba-

tions. If we restrict ourself to perturb a frame {Tnϕ}∞
n=0 with elements from a subspace on which T acts 

as a contraction, a useful stability result can be obtained:

Proposition 3.3. Assume that {Tnϕ}∞
n=0 is a frame for some bounded linear operator T : H → H and some 

ϕ ∈ H, and let A denote a lower frame bound. Assume that V ⊂ H is invariant under T and that there 
exists μ ∈ [0, 1[ such that ‖T ϕ̃‖ ≤ μ ‖ϕ̃‖ for all ϕ̃ ∈ V . Then the following hold:

(i) {Tn(ϕ + ϕ̃)}∞
n=0 is a frame sequence for all ϕ̃ ∈ V .

(ii) {Tn(ϕ + ϕ̃)}∞
n=0 is a frame for all ϕ̃ ∈ V for which ‖ϕ̃‖ <

√
A(1 − μ2).

Proof. For the proof of (i), by [9] (or Theorem 22.2.1 in [6]) it is sufficient to show that the operator

K : �2(N0) −→ H, K{cn}∞
n=0 =

∞∑

n=0
cn

(
Tnϕ − Tn(ϕ + ϕ̃)

)
=

∞∑

n=0
cnTnϕ̃

is a well-defined and compact operator whenever ϕ̃ ∈ V . The assumption on ϕ̃ implies that {Tnϕ̃} is a Bessel 
sequence, so K is well defined. Now, for N ∈ N, consider the finite-dimensional operator KN : �2(N0) −→ H
given by KN{cn}∞

n=0 :=
∑N

n=0 cnTnϕ̃. Then

‖K − KN‖ = sup
‖{cn}‖=1

‖(K − KN ){cn}∞
n=0‖ ≤ ‖ϕ̃‖

( ∞∑

n=N+1
μ2n

)1/2

,

which implies that ‖K − KN‖ → 0 as N −→ ∞. Thus the operator K is indeed compact, as desired.
For the proof of (ii), considering any ϕ̃ ∈ V , we have

∞∑

n=0
‖Tn(ϕ + ϕ̃) − Tnϕ‖2 =

∞∑

n=0
‖Tnϕ̃‖2 ≤

∞∑

n=0
μ2n ‖ϕ̃‖2 = ‖ϕ̃‖2

1 − μ2 .

Thus, letting A denote a lower frame bound for {Tnϕ}∞
n=0, we have that 

∑∞
n=0 ‖Tn(ϕ + ϕ̃) − Tnϕ‖2

<

A whenever ‖ϕ̃‖ <
√

A(1 − μ2). The result now follows from the perturbation results in [9,10] (or [6], 
page 565). �
Example 3.4. Let us return to Example 1.1. For any N ∈ N, let V := span{ek}N

k=1. Then V is invariant 
under T , and ‖T ϕ̃‖ ≤ λN‖ϕ̃‖ for all ϕ̃ ∈ V . Thus, by Proposition 3.3 {Tn(ϕ + ϕ̃)}∞

n=0 is a frame for all 
ϕ̃ ∈ V with sufficiently small norm. �
3.4. A no-go result for compact operators

It was proved by Aldroubi et al. [3] that if the operator T : H → H is compact and self-adjoint, then 
∪J

j=1{Tnϕj}∞
n=0 can not be a frame for H for any finite collection of vectors ϕ1, . . . , ϕJ ∈ H. We will now 

generalize this result, and show that the same conclusion holds for all compact operators.

Proposition 3.5. Let H be an infinite-dimensional Hilbert space, assume that T : H → H is compact, and 
let ϕ1, . . . , ϕJ ∈ H. Then ∪J

j=1{Tnϕj}∞
n=0 can not be a frame for H.
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Proof. Assume that ∪J
j=1{Tnϕj}∞

n=0 is a frame for H. Then, by removal of the finitely many elements 
ϕ1, . . . , ϕJ , the remaining vectors ∪J

j=1{Tnϕj}∞
n=1 form a frame for the infinite-dimensional space V :=

span{Tnϕj}j=1,...,J,n∈N. In particular, for any f ∈ V there exist some coefficients {cn,j}j=1,...,J,n∈N ∈
�2({1, . . . , J} × N) such that

f =
J∑

j=1

∞∑

n=1
cn,jT

nϕj = T

⎛
⎝

J∑

j=1

∞∑

n=1
cn,jT

n−1ϕj

⎞
⎠ .

Thus the range of T equals the space V ; in particular RT is closed. In order to arrive at a contradiction, 
assume that T is compact. Since H is infinite-dimensional and spanned by the vectors ϕj, Tϕj , T 2ϕj , · · · , 
j = 1, . . . , J , the range RT is infinite-dimensional. Consider now the restriction of T to the orthogonal 
complement of the kernel of T , i.e., T̃ : N (T )⊥ → RT . Now T̃ is a bijection; the assumption that T is 
compact implies that T̃ is also compact, but this leads to a contradiction. Let us prove this. In fact, since 
T̃ is a bijection between Hilbert spaces, we know that T̃−1 is bounded; it follows that for any f ∈ H, ‖f‖ =
‖T̃ −1T̃ f‖ ≤ ‖T̃−1‖ ‖T̃ f‖. Thus, letting {ek}∞

k=1 denote an orthonormal basis for N (T )⊥ and considering 
any k 
= �,

‖T̃ ek − T̃ e�‖ ≥ 1
‖T̃−1‖

‖ek − e�‖ =
√

2
‖T̃ −1‖

.

It follows that {T̃ ek}∞
k=1 does not have a convergent subsequence, contradicting the compactness of T̃ . �
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Abstract. The purpose of the paper is to analyze frames {fk}k∈Z hav-
ing the form {T kf0}k∈Z for some linear operator T : span{fk}k∈Z →
span{fk}k∈Z. A key result characterizes boundedness of the operator
T in terms of shift-invariance of a certain sequence space. One of the
consequences is a characterization of the case where the representation
{fk}k∈Z = {T kf0}k∈Z can be achieved for an operator T that has an

extension to a bounded bijective operator T̃ : H → H. In this case we
also characterize all the dual frames that are representable in terms of
iterations of an operator V ; in particular we prove that the only possible

operator is V = (T̃ ∗)−1. Finally, we consider stability of the represen-
tation {T kf0}k∈Z; rather surprisingly, it turns out that the possibility
to represent a frame on this form is sensitive towards some of the clas-
sical perturbation conditions in frame theory. Various ways of avoiding
this problem will be discussed. Throughout the paper the results will be
connected with the operators and function systems appearing in applied
harmonic analysis, as well as with general group representations.
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1. Introduction

In this paper we consider frames {fk}k∈Z in a Hilbert space H arising via
iterated action of a linear operator T : span{fk}k∈Z → span{fk}k∈Z, i.e., on
the form

{fk}k∈Z = {T kf0}k∈Z. (1.1)

We say that the frame {fk}k∈Z is represented via the operator T . The moti-
vation to consider frames of this form comes from several directions:

• The (Fourier) orthonormal basis {e2πikx}k∈Z for L2(0, 1) has the form
(1.1), where (Tf)(x) = e2πixf(x) and f = χ[0,1].

• Single-generated shift-invariant systems (Example 1) and Gabor sys-
tems (Example 3) have the form (1.1).
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• A group representation acting on a cyclic (sub)group indexed by Z
(Example 2) leads to a system of vectors on the from (1.1).

The idea of representing frames on the form (1.1) is also closely related
with dynamical sampling, see, e.g., [2,3]. However, the indexing of a frame in
the context of dynamical sampling is different from the one used in (1.1), and
we will show that a re-indexing might change the properties of the operator
T drastically.

In Sect. 2 we first classify the frames having the form {fk}k∈Z =
{T kf0}k∈Z, where T is a linear (not necessarily bounded) operator defined
on span{fk}k∈Z. One of the main results characterizes the frames that can be
represented in terms of a bounded operator T, in terms of shift-invariance of
a certain subspace of �2(Z). Various consequences of this result are derived,
e.g., that if an overcomplete frame with finite excess has a representation of
the form (1.1), then T is necessarily unbounded.

Section 3 deals with the properties of the dual frames associated with
a frame on the form {fk}k∈Z = {T kf0}k∈Z. For the important case where
T is bounded and bijective, we characterize the dual frames that can be
represented in terms of a bounded operator V ; in particular, we show that the
only possibility of the representing operator for the dual frame is V = (T ∗)−1.

In Sect. 4 we consider stability of a representation (1.1) under various
perturbation conditions. Rather surprisingly, it turns out that a representa-
tion of such a type is unstable under the classical perturbation conditions in
frame theory, e.g., the Paley–Wiener type conditions [8,9]. That is, a per-
turbation of a frame {fk}k∈Z = {T kf0}k∈Z might not be representable in
terms of an operator; or, if the operator T is bounded, a perturbation might
turn the frame {fk}k∈Z into a frame that is only representable in terms of an
unbounded operator. We prove, however, that under certain restrictions on
the perturbation condition, stability and boundedness is preserved. Finally,
for frames {fk}k∈Z that are norm-bounded below we prove that the type of
perturbation condition that is used most frequently in the literature leads to
frames {gk}k∈Z that can be represented via iterations of a finite collection of
bounded operators.

The paper closes with an appendix, containing some operator theoretic
considerations. We show, e.g., that the chosen indexing is important for the
properties of the operator representing a given frame.

In the rest of the introduction, we will collect some definitions and
standard results from frame theory. A sequence {fk}k∈Z in a Hilbert space
H is a frame for H if there exist constants A,B > 0 such that A ||f ||2 ≤∑

k∈Z |〈f, fk〉|2 ≤ B ||f ||2, ∀f ∈ H. The sequence {fk}k∈Z is a Bessel sequence
if at least the upper frame condition holds. Also, {fk}k∈Z is called a Riesz

sequence if there exist constants A,B > 0 such that A
∑ |ck|2 ≤ ||∑ ckfk||2 ≤

B
∑ |ck|2 for all finite scalar sequences {ck}.

If {fk}k∈Z is a Bessel sequence, the synthesis operator is defined by

U : �2(Z) → H, U{ck}k∈Z :=
∑

k∈Z
ckfk; (1.2)
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it is well known that U is well-defined and bounded. A central role will be
played by the kernel of the operator U, i.e., the subset of �2(Z) given by

NU =

{
{ck}k∈Z ∈ �2(Z)

∣∣∣∣
∑

k∈Z
ckfk = 0

}
. (1.3)

The excess of a frame is the number of elements that can be removed yet
leaving a frame. It is well-known that the excess equals dim(NU ); see [5].

Given a Bessel sequence {fk}k∈Z, the frame operator S : H → H is
defined by S := UU∗. For a frame {fk}k∈Z, the frame operator is invertible
and f =

∑
k∈Z〈f, S−1fk〉fk, ∀f ∈ H. The sequence {S−1fk}k∈Z is also a

frame; it is called the canonical dual frame.
For a frame {fk}k∈Z that is not a Riesz basis, it is known that there

exists infinitely many dual frames, i.e., frames {gk}k∈Z such that

f =
∑

k∈Z
〈f, gk〉fk, ∀f ∈ H.

The class of dual frames have been characterized by Li [14].
Throughout the paper we will illustrate the results with applications to

frames appearing in applied harmonic analysis, e.g., shift-invariant systems
and Gabor systems. First, for a ∈ R, define the translation operator Ta acting
on L2(R) by Taf(x) := f(x−a) and the modulation operator Ea by Eaf(x) :=
e2πiaxf(x). Both operators are unitary. Furthermore, defining the Fourier

transform of f ∈ L1(R) by f̂(γ) = Ff(γ) =
∫ ∞

−∞ f(x)e−2πiγxdx and extend

it in the standard way to a unitary operator on L2(R), we have FTa = E−aF .
The following example will inspire us throughout the paper.

Example 1. Consider a function ϕ ∈ L2(R)\{0}. Then the shift-invariant
system {Tkϕ}k∈Z is linearly independent. Letting Φ(γ) :=

∑
k∈Z |ϕ̂(γ + k)|2,

it was proved in [7] (or see Theorem 9.2.5 in [10]) that {Tkϕ}k∈Z is a frame
sequence if and only if there exist A,B > 0 such that A ≤ Φ(γ) ≤ B for
almost all γ ∈ [0, 1]\N, where N =: {γ ∈ [0, 1]

∣∣ ∑
k∈Z |ϕ̂(γ + k)|2 = 0}.

Furthermore, the special case where {Tkϕ}k∈Z is a Riesz sequence corresponds
to the case where the set N has measure zero. Note that regardless of the
frame properties of the shift-invariant system, we can write it on the form
{Tkϕ}k∈Z = {(T1)

kϕ}k∈Z, i.e., as the iterated system arising by letting the
powers of the bounded operator T1 act on the function ϕ.

More generally, iterated systems {T kf0}k∈Z naturally shows up in the
context of group representations. This topic is well connected with frame
theory; see, e.g., the paper [6] and the references therein.

Example 2. Let G denote a locally compact group, and π a group represen-
tation of G on a Hilbert space H; that is π is a mapping from G into the
space of bounded invertible operators on H, satisfying that π(xy) = π(x)π(y)
for all x, y ∈ G. Now, fix some x0 ∈ G. Considering the cyclic subgroup of
G generated by the element x0, i.e., the set {xk}k∈Z = {xk

0}k∈Z ⊂ G, the
group representation acting on a fixed f0 ∈ H generates the family of vectors
{π(xk

0)f0}k∈Z = {[π(x0)]
kf0}k∈Z. This system has the structure (1.1) with
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T = π(x0). Note that Example 1 is a special case of this; indeed, the left-
regular representation of the group R with the composition “+” on L2(R) is
precisely (π(x)f)(t) = f(t − x), f ∈ L2(R), t, x ∈ R. The general setting of
group representations covers this example and its discrete variant in �2(Z)
(whose frame properties are analyzed in [13]) in a unifying way.

Note that the structure of systems arising from a group representation is
very rigid: arbitrary small perturbations might destroy the special structure,
so it is important that such cases can still be handled within the frame work
of the more general systems (1.1).

2. The Representation {fk}k∈Z = {T kf0}k∈Z

In this section we want to consider representation of a frame {fk}k∈Z on
the form {T kf0}k∈Z for some linear operator T defined on an appropriate
subspace of H. The starting point must be a clarification of the exact meaning
of {T kf0}k∈Z. For k ≥ 0, this is clear. For k = −1 we will require that T
is invertible as a map from span{fk}k∈Z into itself. This guarantees that
T−1f0 is well-defined, and hence also T kf0 = (T−1)−kf0 is well-defined for
k = −2,−3, . . .. In the following result, we characterize the availability of
the representation {fk}k∈Z = {T kf0}k∈Z. The proof is a modification of the
corresponding result for sequences indexed by N, so we only sketch it.

Proposition 2.1. Consider a frame sequence {fk}k∈Z in a Hilbert space H
which spans an infinite dimensional subspace. The following are equivalent:

(i) {fk}k∈Z is linearly independent.
(ii) The map Tfk := fk+1 is well-defined, and extends to a linear and in-

vertible operator T : span{fk}k∈Z → span{fk}k∈Z.

In the affirmative case, {fk}k∈Z = {T kf0}k∈Z.

Proof. The proof that (i) ⇒ (ii) is exact the same as for sequences indexed
by N, see [11]. Now assume that (ii) holds. It is easy to see that fk �= 0, for all

k ∈ Z. Now in order to reach a contradiction, assume that
∑N

k=M ckfk = 0.
For some coefficient ck, k = M, . . . , N not all of which are zero. We can
choose M,N ∈ Z such that cM �= 0, cN �= 0. Then, the same proof as in [11]
shows that the vector space V := span{fk}N

k=M is invariant under the action
of T . Now, a similar calculation shows that V is invariant under the action
of T−1. Thus span{fk}k∈Z = span{T kf0}k∈Z = span{fk}N

k=M = V , which is
a contradiction because span{fk}k∈Z is assumed to be infinite-dimensional.
Thus {fk}k∈Z is linearly independent, as desired. �

If{fk}k∈Z is a frame sequence and the operator T in Proposition 2.1 is

bounded, it has a unique extension to a bounded operator T̃ : span{fk}k∈Z →
span{fk}k∈Z, given by

T̃
∑

k∈Z
ckfk =

∑

k∈Z
ckfk+1, {ck}k∈Z ∈ �2(Z).

We first state a necessary condition in order for a frame {fk}k∈Z to have a
representation on the form {T kf0}k∈Z for a given bounded operator T.
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Proposition 2.2. Consider a frame on the form {fk}k∈Z = {T kf0}k∈Z for
some bounded linear operator T : span{fk}k∈Z → span{fk}k∈Z. Then the
following hold:

(i) ‖T‖ ≥ 1.
(ii) If T−1 : span{fk}k∈Z → span{fk}k∈Z is bounded, then ‖T−1‖ ≥ 1.

Proof. Let A,B denote some frame bounds and fix any n ∈ N. Using the
frame inequalities for any f �= 0, we have

A‖f‖2 ≤
∑

k∈Z
|〈f, T kf0〉|2 =

∑

k∈Z
|〈(Tn)∗f, T k−nf0〉|2

=
∑

k∈Z
|〈(Tn)∗f, T kf0〉|2 ≤ B‖(Tn)∗f‖2 ≤ B‖T‖2n‖f‖2. (2.1)

Therefore A ≤ B‖T‖2n for all n ∈ N, which implies that ‖T‖ ≥ 1. The result
in (ii) follows by replacing T by T−1 and noticing that these two operators
represent the same frame. �

Assuming that a frame {fk}k∈Z has a representation on the form
{T kf0}k∈Z, we will now characterize boundedness of the operator T in terms
of the kernel of the synthesis operator, see (1.3); in particular, this leads to
a characterization of the case where the operator T has an extension to a
bounded bijective operator on H.

For this purpose we need the analogue of the translation operator, acting
on the sequence space �2(Z). Define the right-shift operator on �2(Z) by

T : �2(Z) → �2(Z), T {ck}k∈Z = {ck−1}k∈Z. (2.2)

Clearly T is a unitary operator on �2(Z). We say that a subspace V ⊆ �2(Z)
is invariant under right-shifts (respectively, left-shifts) if T (V ) ⊆ V (respec-
tively, if T −1(V ) ⊆ V ).

Theorem 2.3. Consider a frame having the form {fk}k∈Z = {T kf0}k∈Z for
some linear operator T : span{fk}k∈Z → span{fk}k∈Z, and let A,B > 0
denote some frame bounds. Then the following hold:

(i) The operator T is bounded if and only if the kernel NU of the synthesis
operator U is invariant under right-shifts; in the affirmative case,

1 ≤ ‖T‖ ≤
√

BA−1.

(ii) The operator T−1 : span{fk}k∈Z → span{fk}k∈Z is bounded if and only
if NU is invariant under left-shifts; in the affirmative case,

1 ≤ ‖T−1‖ ≤
√

BA−1.

(iii) Assume that NU is invariant under right and left-shifts. Then the oper-

ator T has an extension to a bounded bijective operator T̃ : H → H.

Proof. In order to prove (i), assume that {fk}k∈Z = {T kf0}k∈Z for a bounded
operator T : span{fk}k∈Z → span{fk}k∈Z. Then T can be extended to a

bounded operator T̃ : H → H. For any {ck}k∈Z ∈ NU , we have
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UT {ck}k∈Z =

∞∑

k=−∞
ck−1fk =

∞∑

k=−∞
ckfk+1 = T̃

∞∑

k=−∞
ckfk = T0 = 0.

Therefore T (NU ) ⊆ NU , as claimed.
Conversely, assume that NU is invariant under right-shifts. Assume that

f ∈ span{fk}k∈Z, i.e., f =
∑N

k=M ckfk for some M,N ∈ Z, ck ∈ C. One
can consider {ck}N

k=M as a sequence {ck}k∈Z in �2(Z) where ck = 0 for
k > N and k < M . Thus we can write {ck}k∈Z = {dk}k∈Z + {rk}k∈Z, where
{dk}k∈Z ∈ NU and {rk}k∈Z ∈ N⊥

U . Since NU is invariant under right-shifts,
we have

∑
k∈Z dkfk+1 = 0. Using the splitting of {ck}k∈Z and that {fk}k∈Z

is a Bessel sequence, we get that

‖Tf‖2
=

∥∥∥∥∥
N∑

k=M

ckfk+1

∥∥∥∥∥

2

=

∥∥∥∥∥
∞∑

k=−∞
(dk + rk)fk+1

∥∥∥∥∥

2

=

∥∥∥∥∥
∞∑

k=−∞
rkfk+1

∥∥∥∥∥

2

≤ B

∞∑

k=−∞
|rk|2.

Recall (see Lemma 5.5.5 in [10]) that since {fk}k∈Z is a frame with lower
bound A, we have A

∑
k∈Z |ck|2 ≤ ||U{ck}k∈Z||2, ∀{ck}k∈Z ∈ N⊥

U . It follows
that

‖Tf‖2 ≤ B

A

∥∥∥∥∥
∑

k∈Z
rkfk

∥∥∥∥∥

2

=
B

A

∥∥∥∥∥
∑

k∈Z
ckfk

∥∥∥∥∥

2

=
B

A
‖f‖2

,

i.e., T is bounded as desired. The above calculations also confirm the
claimed upper bound on the norm of T. The lower bound in the estimate in
(i) was proved in Proposition 2.2; this completes the proof of (i). The result
(ii) is a consequence of (i). Indeed, since {fk}k∈Z = {T kf0}k∈Z, we can write
{f−k}k∈Z = {(T−1)kf0}k∈Z. Denoting the synthesis operator for {f−k}k∈Z
by V, Theorem 2.3 shows that T−1 is bounded if and only if the kernel NV

is right-shifts invariant. It is easy to see that {ck}k∈Z ∈ NU if and only if
{c−k}k∈Z ∈ NV . Hence the left-shifts invariance of NU is equivalent with the
right-shift invariance of NV .

For the proof of (iii), if NU is invariant under right and left-shifts, then
the operators T, T−1 : span{fk}k∈Z → span{fk}k∈Z are bounded. Hence they

can be extended to bounded operators T̃ , T̃−1 on H. Since

T−1Tf = TT−1f = f, f ∈ span{fk}k∈Z,

it follows that T̃ T̃−1 = T̃−1T̃ =I, i.e., T̃ is invertible on H. �

Throughout the paper it will be crucial to distinguish carefully be-
tween a bounded operator T : span{fk}k∈Z → span{fk}k∈Z and its extension

T̃ : H → H. Indeed, our setup implies that T is invertible, but the extension
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to an operator on H might no longer be injective (for the convenience of the
interested reader we include such an example in the “Appendix”).

Note that the biimplications in Theorem 2.3 uses the full strength
of the frame assumption. Indeed, one can construct examples of sequences
{fk}k∈Z = {T kf0}k∈Z satisfying only the upper frame condition (resp. the
lower frame condition), and such that T is unbounded while the kernel NU

is invariant under right-shifts.
Let us demonstrate the power of Theorem 2.3 by some consequences

and examples; another application will be given in Proposition 4.1. Let us
first consider the special case of a Riesz sequence.

Corollary 2.4. Any Riesz sequence {fk}k∈Z has a representation {T kf0}k∈Z
for a bounded and bijective operator T : span{fk}k∈Z → span{fk}k∈Z.

Corollary 2.4 follows immediately from Theorem 2.3 and the fact that
the synthesis operator for a Riesz sequence is injective. We therefore now
turn to the setting of an overcomplete frame.

Corollary 2.5. Consider an overcomplete frame on the form {fk}k∈Z =
{T kf0}k∈Z. If T ∈ B(H), then dim(NU ) = ∞.

Proof. If there is a nonzero element c = {ck}k∈Z in NU , then by Theorem
2.3, the boundedness of T implies that T jc ∈ NU for all j ∈ N. We will
now show that the sequence {T jc}∞

j=1 is linearly independent; this implies
that NU is infinite-dimensional and concludes the proof. Now consider the
operator F : �2(Z) �→ L2[0, 1], Fc =

∑
k∈Z ckek, where ek(x) = e−2πikx. The

operator F is unitary, and FT c = e1Fc. Now assume that for some N ∈ N
and d1, d2, . . . , dN ∈ C, we have

∑N
j=1 djT jc = 0. Let ϕ = Fc. Then

0 = F

⎛
⎝

N∑

j=1

djT jc

⎞
⎠ =

N∑

j=1

djejFc =

⎛
⎝

N∑

j=1

djej

⎞
⎠ ϕ.

This means that (
∑N

j=1 djej(x))ϕ(x) = 0, for a.e. x ∈ [0, 1]. Since ϕ �= 0, the

support of ϕ has positive measure. Thus we have
∑N

j=1 djej(x) = 0 for all
x ∈ supp ϕ which implies that dj = 0 for j = 1, 2, . . . , N . Thus the sequence
{T jc}∞

j=1 is linearly independent, as desired. �
Corollary 2.5 leads to a general result about arbitrary group represen-

tations and the operators generated by cyclic subgroups indexed by Z:

Corollary 2.6. Let G denote a locally compact group, and π a group repre-
sentation of G on a Hilbert space H. Given any x0 ∈ G and any f0 ∈ H, and
assume that the family {π(xk

0)f0}k∈Z = {π(x0)
kf0}k∈Z is a frame sequence.

Then either the family is a Riesz sequence, or it has infinite excess.

The result in Corollary 2.6 is known in certain special cases, e.g., for
the case of a shift-invariant system considered in Example 1.

Note that the opposite implication in Corollary 2.5 does not hold; that
is, the operator T is not necessarily bounded even if {fk}k∈Z = {T kf0}k∈Z
is an overcomplete frame and dim(NU ) = ∞. This is demonstrated by the
following example.
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Example 3. A collection of functions in L2(R) of the form {EmbTnag}m,n∈Z
for some a, b > 0 and some g ∈ L2(R) is called a Gabor system. It is known
that if g �= 0, then the Gabor system {EmbTnag}m,n∈Z is automatically
linearly independent, see [12,15]; thus it can be represented on the form
{T kf0}k∈Z. Now, consider the Gabor frame {Em/3Tnχ[0,1]}m,n∈Z, which is
the union of the three orthonormal bases {Ek/3EmTnχ[0,1]}m,n∈Z, k = 0, 1, 2.
The Gabor frame {Em/3Tnχ[0,1]}m,n∈Z is linearly independent and has in-
finite excess; in particular dim(NU ) = ∞. Re-order the frame as {fk}k∈Z
in such a way that the elements {f2k+1}k∈Z corresponds to the orthonor-
mal basis {EmTnχ[0,1]}m,n∈Z. The elements {f2k}k∈Z now forms an over-
complete frame. By Proposition 2.1, there is an operator T : span{fk}k∈Z →
span{fk}k∈Z such that {fk}k∈Z = {T kf0}k∈Z. Since the subsequence {f2k}k∈Z
is an overcomplete frame, there is a non-zero sequence {c2k}k∈Z ∈ �2(Z)
such that

∑
k∈Z c2kf2k = 0. Defining ck = 0 for k ∈ 2Z + 1, we have∑

k∈Z ckfk =
∑

k∈Z c2kf2k = 0. On the other hand, since {f2k+1}k∈Z is a
Riesz basis and {ck}k∈Z is non-zero,

∑
k∈Z ckfk+1 =

∑
k∈Z c2kf2k+1 �= 0.

This shows that NU is not invariant under right-shifts; thus, T is unbounded
by Theorem 2.3.

If {fk}k∈Z is a Riesz basis on the form = {T kf0}k∈Z, then the extension
of the bounded operator T : span{fk}k∈Z → span{fk}k∈Z to H is injective.
On the other hand, if a given frame has the form {fk}k∈Z = {T kf0}k∈Z for a
bounded and injective operator on H, we can not conclude that {fk}k∈Z is a
Riesz basis:

Example 4. Using the characterization in Example 1, it is easy to construct
an overcomplete frame sequence {Tkϕ}k∈Z = {(T1)

kϕ}k∈Z in L2(R); in other
words, letting H := span{Tkϕ}k∈Z the sequence {Tkϕ}k∈Z is an overcomplete
frame for H. Clearly T1 is a bounded and injective operator on H, but by
construction {Tkϕ}k∈Z is not a Riesz basis for H.

Corollary 2.7. Consider a tight frame having a representation {fk}k∈Z =
{T kf0}k∈Z for some invertible operator T ∈ B(H). Then T is an isometry.

Proof. Since the frame bounds are A = B, using Theorem 2.3, we have
‖T‖ = ‖T−1‖ = 1. Therefore ‖f‖ = ‖T−1Tf‖ ≤ ‖Tf‖ ≤ ‖f‖, which implies
that T is in isometry. �

3. Duality

In this section we will analyze certain aspects of the duality theory for a
frame having the form {fk}k∈Z = {T kf0}k∈Z for some bounded linear and
invertible operator T : span{fk}k∈Z → span{fk}k∈Z. In particular we will
identify a class of dual frames (including the canonical dual frame) that is
also given by iteration of a bounded operator. On the other hand, we also
give an example of a frame for which not all dual frames have this form.

In the entire section we denote the synthesis operator by U ; then the
frame operator is S = UU∗. We first prove that the synthesis operator U
is an intertwining operator for the right-shift operator T on �2(Z) and the
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operator T , as well as an immediate consequence for the frame operator. Let
c00 ⊂ �2(Z) denote the subspace consisting of finite sequences.

Lemma 3.1. Consider a Bessel sequence having the form {fk}k∈Z = {T kf0}k∈Z
for a linear operator T : span{fk}k∈Z → span{fk}k∈Z. Then TU = UT on

c00. Assuming that T has an extension to a bounded operator T̃ : H → H,
the following hold:

(i) T̃U = UT on �2(Z).

(ii) If {T kf0}k∈Z is a frame and T̃ is invertible, then T̃ S = S(T̃ ∗)−1; in

particular, ST̃ = T̃ S if and only if T̃ is unitary.

Proof. For {ck}k∈Z ∈ c00, there is an N ∈ N such that ck = 0 for |k| ≥ N .
Therefore

TU{ck}k∈Z = T

N∑

k=−N

ckfk =

N∑

k=−N

ckfk+1 =

N+1∑

k=−N+1

ck−1fk

= U{ck−1}k∈Z = UT {ck}k∈Z. (3.1)

In the case that T̃ is bounded, the equality (3.1) holds on �2(Z) because c00

is dense in �2(Z); this proves (i). For the proof of (ii), using (3.1) and that
S = UU∗,

T̃ ST̃ ∗ = T̃UU∗T̃ ∗ = T̃U(T̃U)∗ = UT (UT )∗ = UT T ∗U∗ = UU∗ = S.

Therefore T̃ S = S(T̃ ∗)−1, as desired. �

For a frame {fk}k∈Z = {T kf0}k∈Z, the operator S−1TS is invertible
considered from span{S−1fk}k∈Z into itself, and the canonical dual frame
is {S−1fk}k∈Z = {(S−1TS)kS−1f0}k∈Z. This was already observed in the
finite-dimensional setting in [1]. In the case where T has an extension to
a bounded and invertible operator on H (see the appropriate conditions in
Theorem 2.3), we will now derive an alternative description of the canonical
dual frame, directly in terms of the operator T and its adjoint. Since the rest
of the results in the current section will use the same assumptions on the

operator T, we will drop the distinction between the operator T and T̃ , and
simply denote the operator by T.

Proposition 3.2. Consider a frame {fk}k∈Z = {T kf0}k∈Z, where T ∈ B(H)

is invertible. Let f̃0 = S−1f0. Then {S−1fk}k∈Z = {(T ∗)−kf̃0}k∈Z.

Proof. Lemma 3.1 (ii) implies that TS = S(T ∗)−1. Thus S−1T = (T ∗)−1S−1

and therefore S−1T k = (T ∗)−kS−1 for k ∈ N. We also have that S−1T−1 =
T ∗S−1 and thus S−1T−k = (T ∗)kS−1 for k ∈ N. It follows that

{S−1fk}k∈Z = {S−1T kf0}k∈Z = {(T ∗)−kS−1f0}k∈Z = {(T ∗)−kf̃0}k∈Z,

as desired. �

Since the translation operators on L2(R) are unitary, Proposition 3.2
generalizes the well-known result that the canonical dual of a shift-invariant
frame {Tkϕ}k∈Z in L2(R) has the form {Tkϕ̃}k∈Z for some ϕ̃ ∈ L2(R)
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It is important to notice that Proposition 3.2 only shows that the canon-
ical dual frame has the form of an iterated system. Indeed, the next example
exhibits a frame satisfying the conditions in Proposition 3.2 and having a
dual frame that is not representable by an operator:

Example 5. Let us return to Example 1 and consider an overcomplete frame
sequence {Tkϕ}k∈Z in L2(R). Then there exists an element Tk′ϕ, k′ ∈ Z,
that can be removed from the frame sequence, leaving a frame sequence for
the same space; due to the special structure of the frame we can even take
k′ = 0. Letting {gk}−1

k=−∞ ∪ {gk}∞
k=1 denote a dual frame for the resulting

frame sequence {Tkϕ}−1
k=−∞∪{Tkϕ}∞

k=1 this implies that the frame {Tkϕ}k∈Z
has the non-canonical dual {gk}−1

k=−∞ ∪ {0} ∪ {gk}∞
k=1; this family is clearly

linearly dependent. Hence, by Theorem 2.1 the system is not representable
by an operator.

We will now show that despite the obstruction in Example 5 we can
actually characterize the class of dual frames that arise through iterated
actions of a bounded operator. We first show that the only candidate for
this operator indeed is the operator (T ∗)−1 arising in Proposition 3.2. In
particular, this shows that for a frame {fk}k∈Z = {T kf0}k∈Z given in terms
of a unitary operator T, the dual frames having the form of an iterated
operator system must be generated by the same operator.

Lemma 3.3. Consider a frame {fk}k∈Z = {T kf0}k∈Z, where T ∈ B(H) is
invertible. Assume that {gk}k∈Z = {V kg0}k∈Z is a dual frame and that V is
bounded. Then V = (T ∗)−1.

Proof. For any f ∈ B(H), two applications of the frame decomposition yield
that

f =
∑

k∈Z
〈f, T kf0〉V kg0 = V

∑

k∈Z
〈f, T kf0〉V k−1g0

= V
∑

k∈Z
〈T ∗f, T k−1f0〉V k−1g0 = V

∑

k∈Z
〈T ∗f, T kf0〉V kg0 = V T ∗f.

Therefore V T ∗ = I. Since T is invertible it follows that V = (T ∗)−1. �

We will now give the full characterization of dual frames of {fk}k∈Z =
{T kf0}k∈Z that are given in terms of iterations of a bounded operator.

Theorem 3.4. Consider a frame {fk}k∈Z = {T kf0}k∈Z, where T ∈ B(H) is
invertible. Then the dual frames given as iterates of a bounded operator are
precisely the families of the form {(T ∗)−kg0}k∈Z for which

g0 = S−1f0 + h0 −
∑

j∈Z
〈S−1f0, T

jf0〉(T ∗)−jh0 (3.2)

for some h0 ∈ H such that {(T ∗)−kh0}k∈Z is a Bessel sequence. In partic-
ular, this condition is satisfied when h0 is taken from the dense subspace

span{(T ∗)−kf̃0}k∈Z.
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Proof. First, note that by Lemma 3.3 we know that the only operator that
might be applicable in the desired representation of the dual frame is (T ∗)−1.
Now, assume that {(T ∗)−kϕ}k∈Z is a dual frame of {T kf0}k∈Z for some
ϕ ∈ H. Then {(T ∗)−kϕ}k∈Z is a Bessel sequence, and taking h0 := ϕ
in (3.2) yields that g0 = ϕ. On the other hand, assume that h0 ∈ H is
chosen such that the sequence {(T ∗)−kh0}k∈Z is a Bessel sequence, and
choose g0 as in (3.2). Denote the synthesis operator of {(T ∗)−kh0}k∈Z by
W . Letting {δj}j∈Z denote the canonical orthonormal basis for �2(Z) and
V := S−1U + W (I − U∗S−1U), it follows from [14] (alternatively, see Lem-
mas 6.3.5 and 6.3.6 in [10]) that the sequence {V δj}j∈Z is a dual frame of
{T kf0}k∈Z. Furthermore, by direct calculation,

V δ0 =
(
S−1U + W (I − U∗S−1U)

)
δ0 = g0.

We first show that this frame indeed has the form {(T ∗)−kg0}k∈Z. We will
now show that V is an intertwining operator between T and (T ∗)−1. Apply-
ing Lemma 3.1 (i) on {(T ∗)−kh0}k∈Z, we know that WT = (T ∗)−1W and
TU = UT . Also since T is bounded and invertible, Lemma 3.1 (ii) shows
that S−1T = (T ∗)−1S−1. Hence we get

V T = (S−1U + W (I − U∗S−1U))T
= S−1UT + WT − WU∗S−1UT
= S−1TU + (T ∗)−1W − WU∗S−1TU

= (T ∗)−1S−1U + (T ∗)−1W − WU∗(T ∗)−1S−1U.

Similarly to the proof of Lemma 3.1, T−1U = UT −1. Therefore U∗(T ∗)−1 =
(T−1U)∗ = (UT −1)∗ = T U∗; thus,

V T = (T ∗)−1(S−1U + W − WU∗S−1U) = (T ∗)−1V.

This implies that V δj = V T jδ0 = (T ∗)−jV δ0 = (T ∗)−jg0, as desired.

Finally, we note that if h0 ∈ span{(T ∗)−kf̃0}k∈Z, the sequence {(T ∗)−k

h0}k∈Z is a finite sum of frame sequences and hence a Bessel sequence. �

In order to apply Proposition 3.2 and Theorem 3.4 we must calculate the
adjoint of the operator T arising in the representation {fk}k∈Z = {T kf0}k∈Z.
In general this can only be done with specific knowledge of the operator T at
hand. An additional condition on the frame {fk}k∈Z implies that the operator
T is unitary, and allows us to find it explicitly in terms of {fk}k∈Z; the result
generalizes the observations for shift-invariant systems in Example 1, and
also applies to some of the other systems obtained via group representations
in Example 2.

Proposition 3.5. Consider a frame having the form {fk}k∈Z = {T kf0}k∈Z for
some operator T ∈ B(H). Assume that for a function θ : Z �→ R, we have

〈fj , fk〉 = θ(j − k), j, k ∈ Z. Then T̃ ∗ ∑
k∈Z ckfk =

∑
k∈Z ckfk−1 for all

{ck}k∈Z ∈ �2(Z). In particular, T̃ is unitary.

Proof. Consider arbitrary j, k ∈ Z. Then

〈T̃ fj , fk〉 = 〈fj+1, fk〉 = θ(j + 1 − k) = 〈fj , fk−1〉 = 〈fj , T̃
∗fk〉.
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It follows that T̃ ∗fk = fk−1. Therefore T̃ T̃ ∗ = T̃ ∗T̃ = I, i.e., T̃ is unitary
and

T̃ ∗ ∑

k∈Z
ckfk =

∑

k∈Z
ckfk−1

for all {ck}k∈Z ∈ �2(Z). �

4. Stability of the Representation {fk}k∈Z = {T kf0}k∈Z

For applications of frames it is important that key properties are kept under
perturbations. We will now state a perturbation condition that preserves the
existence of a representation {fk}k∈Z = {T kf0}k∈Z. The condition was first
used in connection with frames in the paper [8].

Proposition 4.1. Assume that {fk}k∈Z = {T kf0}k∈Z is a frame for H and let
{gk}k∈Z be a sequence in H. Assume that there exist constants λ1, λ2 ∈ [0, 1[
such that ∣∣∣

∣∣∣
∑

ck(fk − gk)
∣∣∣
∣∣∣ ≤ λ1

∣∣∣
∣∣∣
∑

ckfk

∣∣∣
∣∣∣ + λ2

∣∣∣
∣∣∣
∑

ckgk

∣∣∣
∣∣∣ (4.1)

for all finite sequences {ck}. Then {gk}k∈Z is a frame for H; furthermore
{gk}k∈Z can be represented as {gk}k∈Z = {V kg0}k∈Z for a linear operator

V : span{gk}k∈Z → span{gk}k∈Z.

If T is bounded, then V is also bounded.

Proof. By Theorem 2 in [8] the perturbation condition implies that {gk}k∈Z
is a frame. Also, since max(λ1, λ2) < 1, it follows from (4.1) that

∑

k∈Z
ckfk = 0 ⇔

∑

k∈Z
ckgk = 0, ∀{ck}k∈Z ∈ �2(Z). (4.2)

Since {fk}k∈Z is linearly independent, (4.2) implies that the sequence {gk}k∈Z
also is linear independent. Therefore by Proposition 2.1, there is a linear
operator V : span{gk}k∈Z → span{gk}k∈Z such that {gk}k∈Z = {V kg0}k∈Z.
Now assume that the operator T is bounded; We want to show that then V
is also bounded. Let W : �2(Z) → H be the synthesis operator for {gk}k∈Z,
and consider some {ck}k∈Z ∈ NW . Then by (4.2), {ck}k∈Z ∈ NU , where U is
the synthesis operator for {fk}k∈Z. Since T is bounded, Theorem 2.3 implies
that NU is invariant under right-shifts, i.e.,

∑
k∈Z ck−1fk = 0. Using again

(4.2), we conclude that
∑

k∈Z ck−1gk = 0, which shows that T {ck}k∈Z ∈ NW .
Applying Theorem 2.3 again shows that V is bounded. �

Note that (4.1) is a special case of the perturbation condition
∣∣∣
∣∣∣
∑

ck(fk − gk)
∣∣∣
∣∣∣ ≤ λ1

∣∣∣
∣∣∣
∑

ckfk

∣∣∣
∣∣∣ + λ2

∣∣∣
∣∣∣
∑

ckgk

∣∣∣
∣∣∣ + μ(

∑
|ck|2)1/2, (4.3)

appearing in [8]. If {fk}k∈Z is a frame for H with lower bound A, {gk}k∈Z
is a sequence in H, and (4.3) holds for all finite sequences {ck} and some

parameters λ1, λ2, μ ≥ 0 such that max
(
λ2, λ1 + μ√

A

)
< 1, then by [8] also

{gk}k∈Z is a frame for H. This perturbation condition has been used in many
different contexts in frame theory, typically for the case μ > 0. However, the
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case μ > 0 turns out to be problematic if we want the perturbation {gk}k∈Z
of a frame {fk}k∈Z = {T kf0}k∈Z to be represented on the form {gk}k∈Z =
{W kg0}k∈Z. The first obstacle is that if μ > 0, the perturbation condition
(4.3) does not preserve the property of being representable by an operator:

Example 6. Consider an orthonormal basis {ek}k∈Z for a Hilbert space H.
Then the family {fk}k∈I := {ek}k∈Z ∪ {α ∑∞

j=1
1
2j ej} is a linearly indepen-

dent frame for any choice of α > 0, with lower frame bound A = 1. For
α < 1, the family {gk}k∈I := {ek}k∈Z ∪ {0} is a perturbation of {fk}k∈I in
the sense of (4.3), with λ1 = λ2 = 0 and μ = α. However, regardless how
small we choose α, the family {gk}k∈I is not linearly independent. Hence,
by Proposition 2.1 the sequence {gk}k∈I can not be represented on the form
{W kϕ}k∈Z.

The following example shows that even if we assume that the perturba-
tion {gk}k∈Z of a frame {fk}k∈Z = {T kf0}k∈Z is linearly independent (and
hence representable on the form {gk}k∈Z = {V kg0}k∈Z), the condition (4.3)
does not imply that V is bounded if T is bounded.

Example 7. Let us first explain the idea of the construction in the setting of
a general Hilbert space H. Assume that {fk}k∈Z = {T kf0}k∈Z is an overcom-
plete frame for H, with lower bound A, and that the operator T is bounded.
We further assume that

(a) The sequence {fk}k∈Z\{−1,0} is complete in H.

We will then search for some g0 ∈ H such that the sequence

{gk}k∈Z := {fk}−1
k=−∞ ∪ {g0} ∪ {fk}∞

k=1

satisfy the following requirements:

(b) The condition (4.3) is satisfied with max
(
λ2, λ1 + μ√

A

)
< 1;

(c) {gk}k∈Z is linearly independent.

We will now explain how this setup leads to the desired conclusion; after that
we provide a concrete construction satisfying all the requirements.

First, the condition (b) implies that {gk}k∈Z is a frame for H; by (c) it
has the form {gk}k∈Z = {W kg0}k∈Z for some operator

W : span{gk}k∈Z → span{gk}k∈Z.

By the definition of the sequence {gk}k∈Z it follows that
⎧
⎪⎪⎨
⎪⎪⎩

Wfk = fk+1, k = −2,−3, . . .
Wf−1 = g0,
Wg0 = f1,
Wfk = fk+1, k = 1, 2, . . .

(4.4)

We note that the operators T and W act in an identical way on the vectors
{fk}k∈Z\{−1,0}; thus, if W is bounded it follows by (a) that W = T. But then
(4.4) implies that g0 = Wf−1 = Tf−1 = f0, i.e., that {fk}k∈Z = {gk}k∈Z. In
other words: for a perturbation satisfying the stated conditions, the operator
W in the representation {gk}k∈Z = {W kg0}k∈Z will not be bounded when
g0 �= f0.
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We now proceed to a concrete construction satisfying (a)–(c). In order
to do so, we return to the shift-invariant systems considered in Example

1. First, it is well-known that the function sinc(x) := sin(πx)
πx generates an

orthonormal basis {Tksinc}k∈Z for the Paley–Wiener space

H := {f ∈ L2(R)
∣∣ supp f̂ ⊆ [−1/2, 1/2]}.

It follows that the oversampled family {fk}k∈Z := {Tk/3sinc}k∈Z =

{T k
1/3sinc}k∈Z can be considered as a union of three orthonormal bases, and

hence form a tight frame for H; we note that by the carefully chosen over-
sampling, the condition (a) is satisfied. The operator T := T1/3 is clearly
bounded.

Now, consider a constant c ≥ 0 and let g0 := Tcf0; then g0 ∈ H, and for
any finite scalar sequence {ck} we have∣∣∣

∣∣∣
∑

ck(fk − gk)
∣∣∣
∣∣∣ = ||c0(f0 − Tcf0)|| ≤ ||f0 − Tcf0|| (

∑
|ck|2)1/2.

By continuity of the translation operator there exists some δ > 0 such that
||f0 − Tcf0|| <

√
A whenever c ∈ [0, δ[; it now follows from the perturbation

condition that {gk}k∈Z is a frame for H for c belonging to this range, i.e.,
the condition (b) is satisfied. Furthermore, for c < 1/3 all the translation
parameters appearing in the sequence {gk}k∈Z are pairwise different; thus
{gk}k∈Z is linearly independent and condition (c) is fulfilled.

Many concrete applications of perturbation results in frame theory deals
with the special case of the condition (4.3) corresponding to λ1 = λ2 = 0.
Even in this case, Example 7 shows that the perturbation condition does
not preserve boundedness of the representing operator. In applications where
stability is an important issue, one can alternatively represent a frame using
iterated operator systems based on a finite collection of operators instead of
a singleton. Consider a frame {fk}k∈Z which is norm-bounded below. It is
proved in [11] that then there is a finite collection of vectors from {fk}k∈Z,
to be called ϕ1, . . . , ϕJ , and corresponding bounded operators Tj : H → H,
such that {Tn

j ϕj}n∈Z is a Riesz sequence, and {fk}k∈Z = ∪J
j=1{Tn

j ϕj}n∈Z.
The proof uses the Feichtinger theorem (which was a conjecture for several
years and finally got confirmed in [16]). We will now show that the stated
representation is stable with respect to the central perturbation condition
(4.3) with λ1 = λ2 = 0.

Theorem 4.2. Assume that the frame {fk}k∈Z is norm-bounded below, and
consider a representation on the form ∪J

j=1{Tn
j ϕj}n∈Z, where the operators

Tj are bounded and {Tn
j ϕj}n∈Z is a Riesz sequence. Let A denote a com-

mon lower frame bound for the frame {fk}∞
k=1 and all the Riesz sequences

{Tn
j ϕj}n∈Z, j = 1, . . . , J. Let {gk}k∈Z be a sequence in H such that for some

μ <
√

A, ∣∣∣
∣∣∣
∑

ck(fk − gk)
∣∣∣
∣∣∣ ≤ μ(

∑
|ck|2)1/2, (4.5)

for all finite scalar sequences {ck}. Then there is a finite collection of vectors
φ1, . . . , φJ from {gk}k∈Z and corresponding bounded operators Wj : H → H,
such that {Wn

j φj}n∈Z is a Riesz sequence, and
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{gk}k∈Z =

J⋃

j=1

{Wn
j φj}n∈Z. (4.6)

Proof. The perturbation condition (4.5) is a special case of (4.3); thus the
family {gk}∞

k=1 is a frame for H. Furthermore, partitioning {gk}k∈Z accord-
ing to the splitting {fk}k∈Z = ∪J

j=1{Tn
j ϕj}n∈Z, i.e., writing {gk}k∈Z =

⋃J
j=1{g

(n)
j }n∈Z, it follows from (4.5) that for any fixed j ∈ {1, . . . , J} and

any finite scalar sequence {cn}n∈Z,
∣∣∣
∣∣∣
∑

cn(Tn
j ϕj − g

(n)
j )

∣∣∣
∣∣∣ ≤ μ(

∑
|cn|2)1/2.

Therefore, for each fixed j ∈ {1, . . . , J} the sequence {g
(n)
j }n∈Z is a Riesz

sequence, and hence representable on the form {Wn
j φj}n∈Z for some bounded

operator Wj and some φj ∈ H.
Note that an alternative way of proving the result would be to show

directly that (4.5) implies that {gk}k∈Z is norm-bounded below and then
refer to the stated result in [11]. However, this argument would not yield
that the splitting of the indexing of the frame {fk}k∈Z is preserved for the
perturbed family {gk}k∈Z, as in (4.6). �
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Appendix: Auxiliary Examples

We will close the paper with a few operator-theoretical considerations, to
which we have referred throughout the paper.
(1) Instead of representing a frame on the form {T kf0}k∈Z, one could also
consider representations on the form {Tnf0}∞

n=0; this indexing occur, e.g.,
in dynamical sampling [2,4]. The chosen indexing actually has a serious in-
fluence on the properties of the operator T. For example, there exist frames
{fk}k∈Z = {T kf0}k∈Z where T is a unitary operator (Example 1); but if we
reindex the frame as {fk}∞

k=0 it can not be represented on the form {Unf0}∞
n=0

for a unitary operator U, see [4].
Let us demonstrate the sensibility to the indexing by one more case.

First, it is well-known that the function sinc(x) := sin(πx)
πx generates an or-

thonormal basis {Tksinc}k∈Z for the Paley–Wiener space

H := {f ∈ L2(R)
∣∣ supp f̂ ⊆ [−1/2, 1/2]}.

It follows that the oversampled family {Tk/2sinc}k∈Z = {T k
1/2sinc}k∈Z is a

tight frame for H; the representing operator T1/2 is clearly bounded.
On the other hand, the following lemma shows that considering

{Tk/2sinc}k∈Z as a union of the two orthonormal bases {Tksinc}k∈Z and
{T1/2Tksinc}k∈Z, re-indexing in a natural fashion as {Tnf0}∞

n=0 always leads
to an unbounded operator T.
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Lemma 4.3. Consider two orthonormal bases {fk}∞
k=1 and {ek}∞

k=1 for a
Hilbert space H and assume that the set {fk}∞

k=1 ∪ {ek}∞
k=1 is linearly in-

dependent. Then a linear operator T : span ({fk}∞
k=1 ∪ {ek}∞

k=1) → H such
that

{ϕk}∞
k=0 := {f1, e1, f2, e2, . . . } = {T kϕ0}∞

k=0, (4.7)

is necessarily unbounded.

Proof. The ordering in (4.7) implies that Tfk = ek for all k ∈ N; thus, if
the operator T is bounded, it has a unique extension to a bounded linear

operator T̃ : H → H, given by T̃
∑∞

k=1 ckfk =
∑∞

k=1 ckek, {ck}∞
k=1 ∈ �2(N).

Clearly T̃ is a surjective mapping. On the other hand, (4.7) also implies that

T̃ ek = fk+1; since {ek}∞
k=1 is an orthonormal basis for H this implies that the

range of T equals the space span{fk}∞
k=2, which excludes that T̃ is surjective.

This contradiction shows that the operator T can not be bounded. �
(2) Let V denote a dense subspace of a Hilbert space H, and consider a
bounded and bijective operator T : V → V. Then T has a unique extension

to a bounded operator T̃ : H → H. The following example demonstrates that

the extension T̃ might no longer be injective.

Example 8. Let {ek}∞
k=1 denote an orthonormal basis for a Hilbert space,

and consider the sequence {fk}∞
k=1 := {e1}∪{ek−1 + 1

k ek}∞
k=2. Then {fk}∞

k=1

is a frame (see [10]), and it is easy to see that the elements are linearly
independent. Let V := span{fk}∞

k=1, and consider the operator

T : V → V, Tf :=

∞∑

k=1

〈f, ek〉fk.

Then T is linear and bounded, its extension to a bounded operator on H
is given by the same expression, i.e., T̃ : H → H, T̃ f =

∑∞
k=1〈f, ek〉fk.

The operator T : V → V is bijective. Injectivity follows from the fact that
the sequence {〈f, ek〉}∞

k=1 is finite for all f ∈ V ; hence, due to the linear
independence of {fk}∞

k=1 we can only have Tf = 0 if 〈f, ek〉 = 0 for all k ∈ N,
which implies that f = 0. So show that T is surjective, let g ∈ V. Then

g =
∑N

k=1 ckfk for some N ∈ N and some ck ∈ C. Then f :=
∑N

k=1 ckek ∈ V
and Tf = g.

However, the bounded extension T̃ : H → H is not injective. In-
deed, since {fk}∞

k=1 is an overcomplete frame, there exist scalar coefficients
{ck}∞

k=1 ∈ �2(N)\{0} such that
∑∞

k=1 ckfk = 0; taking f :=
∑∞

k=1 ckek �= 0
we have Tf = 0.
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Abstract Weprove that an overcomplete Gabor frame in �2(Z) generated by a finitely
supported sequence is always linearly dependent. This is a particular case of a general
result about linear dependence versus independence for Gabor systems in �2(Z) with
modulation parameter 1/M and translation parameter N for some M, N ∈ N, and
generated by a finite sequence g in �2(Z) with K nonzero entries.

Keywords Frames · Gabor system in �2(Z) · Linear dependency of Gabor systems

Mathematics Subject Classification 42C15

1 Introduction

Linear dependence versus linear independence is a well-studied topic in Gabor anal-
ysis. In particular Linnell [11] proved that any Gabor system in L2(R) generated
by a nonzero function and a time-frequency lattice aZ × bZ is linearly indepen-
dent, hereby confirming a conjecture by Heil et al. [4]. The analogous problem based
on time-frequency shifts on a general locally compact abelian group was studied by
Kutyniok in [9] and Gabor systems on finite groups were analyzed in the paper [10] by

Communicated by A.J.E.M. Janssen.

B Ole Christensen
ochr@dtu.dk

Marzieh Hasannasab
mhas@dtu.dk

1 DTU Compute, Technical University of Denmark, Building 303, 2800 Lyngby, Denmark



J Fourier Anal Appl

Lawrence, Pfander, and Walnut. Results by Jitomirskaya [8] imply that the conjecture
would fail on �2(Z), as explained by Demeter and Gautam [3].

The purpose of this short note is to give a more detailed discussion of frame prop-
erties and linear independence versus linear dependence for Gabor systems in �2(Z).

In particular we prove that an overcomplete Gabor frame in �2(Z) generated by a
finite sequence is always linearly dependent. Furthermore we collect and apply vari-
ous methods for analysis of such frames, e.g., the duality principle, sampling of Gabor
frames for L2(R), and perturbation methods. For g ∈ �2(Z)we denote the j th coordi-
nate by g( j). For M ∈ N, define themodulation operators Em/M , m = 0, . . . , M −1,
acting on �2(Z) by Em/M g( j) := e2π i jm/M g( j); also, define the translation operators
Tn, n ∈ Z, by Tng( j) = g( j − n). The Gabor system generated by a fixed g ∈ �2(Z)

and some M, N ∈ N is {Em/M TnN g}n∈Z,m=0,...,M−1; specifically, Em/M TnN g is the
sequence in �2(Z) whose j th coordinate is

Em/M TnN g( j) = e2π i jm/M g( j − nN ).

In the rest of this note we will write {Em/M TnN g} instead of {Em/M

TnN g}n∈Z,m=0,...,M−1. It is well-known [2] that {Em/M TnN g} can only be a frame
for �2(Z) if N/M ≤ 1. We prove that if N/M < 1, such frames can be constructed
with windows g having any number K ≥ N of nonzero entries; in contrast to the case
of Gabor frames in L2(R) these frames are always linearly dependent. Similarly, for
M = N we can construct Riesz bases for �2(Z) with windows g having any number
K ≥ N of nonzero entries; however, for exactly the same parameter choices there also
exist linearly dependent Gabor systems. More generally, we characterize the parame-
ters M, N , K for which the Gabor system is automatically linearly independent, linear
dependent, resp. that both cases can occur depending on the choice of g ∈ �2(Z).

2 Gabor Systems in �2(Z)

For a finitely supported sequence g ∈ �2(Z), let |supp g| denote the number of nonzero
entries of g. For illustrations and concrete examples we will often use the sequences
δk ∈ �2(Z), k ∈ Z, given by

δk( j) =
{
1 if j = k,

0 if j �= k.

It was observed already by Lopez & Han [12] that for any M, N ∈ N with N ≤ M
there exist frames {Em/M TnN g} for �2(Z) generated by windows with N nonzero
elements. We will need the following extension, characterizing the existence of Gabor
frames {Em/M TnN g} for �2(Z) with a given support size K .

Theorem 2.1 Let M, N , K ∈ N. Then the following hold:

(i) There exists a Gabor frame {Em/M TnN g} for �2(Z) generated by a window g with
|supp g| = K if and only if N ≤ M and K ≥ N.
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(ii) There exists a Riesz sequence {Em/M TnN g} in �2(Z) generated by a window g
with |supp g| = K if and only if N ≥ M and K ≥ M.

Proof For the proof of (i), the necessity of the condition N ≤ M is obvious. We
will now show that if K < N then {Em/M TnN g} can not be complete in �2(Z). We
do this by identifying some k ∈ Z such that Em/M TnN g(k) = 0 for all n ∈ Z and
m ∈ {0, . . . , M − 1}. Consider I := {1, . . . , N }; then, for any j ∈ Z, there exists
exactly one value of n ∈ Z such that j + nN ∈ I . Since g( j) �= 0 only occur for
K < N values of j , there exists some k ∈ I such that j + nN �= k for all n ∈ Z and
all j ∈ Z such that g( j) �= 0. That is, k − nN �= j for all n ∈ Z and all j ∈ Z such
that g( j) �= 0. Thus for all n ∈ Z, we have that g(k − nN ) = 0. This proves that
Em/M TnN g(k) = 0 for all n ∈ Z and m ∈ {0, . . . , M − 1} and thus {Em/M TnN g} can
not be complete if K < N ; in other words, K ≥ N is necessary for {Em/M TnN g} to
be a frame for �2(Z).

Now assume that N ≤ M and consider any g ∈ �2(Z) for which

g( j) �= 0 for j ∈ {1, . . . , N } and g( j) = 0 for j /∈ {1, . . . , N }. (2.1)

All the vectors in {Em/M g}m=0,...,M−1 have support in {1, . . . , N }. Writing the coor-
dinates for these vectors for j ∈ {1, . . . , N } as rows in an M × N matrix, we get

A =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

g(1) g(2) · · g(N )

e
2π i
M g(1) e

2π i
M 2g(2) · · e

2π i
M N g(N )

e
2π i
M 2g(1) e

2π i
M 2·2g(2) · · e

2π i
M 2·N g(N )

· · · · ·
· · · · ·

e
2π i
M (M−1)g(1) e

2π i
M (M−1)2g(2) · · e

2π i
M (M−1)N g(N )

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

.

Thus, letting ω := e
2π i
M ,

A =
[
w(k−1) j

]
k=1,...,M, j=1,...,N

Diag(g(1), . . . , g(N )). (2.2)

Proposition 1.4.3 in [1] shows that the rows in the matrix A form a frame for
span{δk}N

k=1 if and only if the columns in A are linearly independent; since g( j) �= 0
for j = 1, . . . , N the linear independence of the columns follows from (2.2). Applying
the translation operators TnN it now follows that {Em/M TnN g}n∈Z,m=0,...,M−1 is a
frame for �2(Z), with K = N .

Now, consider any K > N and any ε > 0 and let g̃ := g + ε
∑K

k=N+1 δk . It is easy
to see that {Em/M TnN δk} is a Bessel sequence with bound M; it follows that for any
finite sequence {cm,n} ∈ �2({1, . . . , M − 1} × Z),

∣∣∣∣∣∣∑ cm,n Em/M TnN (g̃ − g)

∣∣∣∣∣∣ =
∣∣∣∣∣
∣∣∣∣∣ε

K∑
k=N+1

∑
cm,n Em/M TnN δk

∣∣∣∣∣
∣∣∣∣∣
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≤ ε

K∑
k=N+1

∣∣∣∣∣∣∑ cm,n Em/M TnN δk

∣∣∣∣∣∣
≤ ε(K − N )

√
M

(∑
|cm,n|2

)1/2
.

Let A denote a lower frame bound for {Em/M TnN g}n∈Z,m=0,...,M−1. If we choose
ε > 0 such that ε(K − N )

√
M < A, it follows from Theorem 22.1.1 in [1] that

{Em/M TnN g̃}m=0,...,M−1,n∈Z is a frame for �2(Z). By construction, K = |supp g|.
The result in (ii) is a consequence of the duality principle [7], stating that a

Bessel sequence {Em/M TnN g} is a frame for �2(Z) if and only if the Gabor sys-
tem {Em/N TnM g} is a Riesz sequence; in particular the finitely supported windows g
generating frames in (i) are precisely the ones that generate Riesz sequences in (ii).
A direct proof of the existence can be given along the lines of the proof of (i), as
follows. Assume that M ≤ N and consider any g ∈ �2(Z) for which g( j) �= 0 for j ∈
{1, . . . , M} and g( j) = 0for j /∈ {1, . . . , M}. Then {Em/M g}m=0,...,M−1 is a basis
for span{δk}M

k=1; since N ≥ M this implies that {Em/M TnN g} is a Riesz sequence in
�2(Z). A similar perturbation argument as in (i) now yields the conclusion. ��

Let us mention yet another way of proving the existence of Gabor frames
{Em/M TnN g} for N/M < 1, using sampling of B-spline generated Gabor frames
for L2(R). Recall that the B-splines BK , K ∈ N, are defined recursively by convolu-
tions, B1 := χ[0,1], BK+1(x) := (BK ∗ B1)(x) = ∫ 1

0 BK (x − t) dt, x ∈ R.

Example 2.2 Assume that N < M and consider the B-spline BN+1. Since 1/M ≤
1/(N +1), the system {e2π imx/M BN+1(x −nN )}n,m∈Z is a Gabor frame for L2(R) by
Corollary 11.7.1 in [1]. Define the discrete sequence B D

N+1 = {BN+1( j)} j∈Z. Since
BN+1 is a continuous function with compact support, the sampling results in [6] imply
that the discrete Gabor system {Em/M TnN B D

N+1}n∈Z,m=0,...,M−1 is a frame for �2(Z).
Note that supp B D

N+1 = {1, 2, . . . , N }, i.e., |supp B D
N+1| = N . ��

The main body of Gabor analysis in L2(R) has a completely parallel version in
�2(Z), but with regard to linear dependence the two cases are very different. In
fact, certain choices of the parameters M, N , K ∈ N imply that the Gabor system
{Em/M TnN g} is linearly dependent for all windows g ∈ �2(Z) with |supp g| = K ;
for other choices of the parameters there exist linearly dependent as well as linearly
independent Gabor systems. The precise statement is as follows.

Theorem 2.3 Let M, N ∈ N. Then the following hold:

(i) If M = 1, the system {Em/M TnN g} is linearly independent for all g ∈ �2(Z)\{0}.
(ii) If M > |supp g| the Gabor system {Em/M TnN g} is linearly dependent.
(iii) If N < M, the Gabor system {Em/M TnN g} is linearly dependent for any finitely

supported g ∈ �2(Z).
(iv) For all M, N , K ∈ N there exists a linearly dependent Gabor system

{Em/M TnN g} with K = |supp g|.
(v) If N ≥ M, then there exists for any K ≥ M a linearly independent Gabor system

{Em/M TnN g} with K = |supp g|.
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Proof For M = 1 the system {Em/M TnN g} equals the shift-invariant system
{TnN g}n∈Z and is thus linearly independent whenever g ∈ �2(Z) \ {0}; this proves (i).
For the proof of (ii), the vectors {Em/M g}m=1,...,M−1 can be considered as M vectors
in a space of dimension |supp g|; thus they are linearly dependent if M > |supp g|,
and hence {Em/M TnN g} is linearly dependent.

For the proof of (iii), consider any finitely supported g ∈ �2(Z). Without loss of
generality, assume that g( j) = 0 for j /∈ {1, 2, . . . L}. Now, if L < M , then the
finite collection of vectors {Em/M g}m=0,...,M−1 is clearly linear dependent. Thus, we
now consider the case M ≤ L . Considering a finite number of translates of g, i.e.,
{TnN g}n=0,...,� for some � ∈ N, there are atmost L+�N coordinateswhere one ormore
of the vectors are nonzero; thus the system {TnN g}n=0,...,� belongs to an (L + �N )-
dimensional space. Therefore the collection {Em/M TnN g}m=0,...,M−1,n=0,...,� consists
of (� + 1)M vectors in an (L + �N )-dimensional space. Clearly they are linearly
dependent if we choose � ∈ N such that (� + 1)M > L + �N , i.e., � > L−M

M−N . Thus
the Gabor system {Em/M TnN g} is linearly dependent, as claimed.

For the proof of (iv), given M ∈ N, let g := ∑K
k=1 δk M ; then for any m′ ∈ N,

Em′/M g( j) = e2π im′ j/M
K∑

k=1

δk M ( j) =
K∑

k=1

δk M ( j) = g( j), ∀ j ∈ Z,

i.e., Em′/M g = g; thus the Gabor system {Em/M TnN g} is linearly dependent. The
result in (v) is a consequence of Theorem 2.1(ii). ��

Let us single out the particular result that indeed motivated us to write this short
note. Recall that a frame that is not a basis is said to be overcomplete; for a frame
{Em/M TnN g} in �2(Z) this is the case if and only if N < M [2].

Corollary 2.4 Any overcomplete Gabor frame {Em/M TnN g} with a finitely supported
window g ∈ �2(Z) is linearly dependent.

Proof The result follows immediately from Theorem 2.3(iii). ��
The picture changes if we allowwindowswith infinite support: linearly independent

and overcomplete Gabor frames with infinitely supported windows exist, as we show
now. Our construction is inspired by a calculation for Hermite functions in L2(R)

given in [4].

Proposition 2.5 Define g ∈ �2(Z) by g( j) = e− j2 . Then {Em/M TnN g} is linearly
independent for all M, N ∈ N and a frame for �2(Z) if N < M.

Proof It is well-known that a Gabor system {e2π ibxϕ(x − na)}m,n∈Z in L2(R) is a

Gabor frame for L2(R) whenever ϕ(x) = e−x2 and 0 < ab < 1. Applying the
sampling results by Janssen (see Proposition 2 in [6]) it follows that the sequence g
generates a Gabor frame {Em/M TnN g} for �2(Z) whenever N/M < 1. Note that this
argument uses that the Gaussian satisfies the so-called condition R; we refer to [6] for
details.
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Now consider any M, N ∈ N. In order to show that {Em/M TnN g} is linearly
independent, assume that there is a finite scalar sequence {cn,m}n=−L...,L ,m=0,...,M−1

such that
∑L

n=−L
∑M−1

m=0 cn,m Em/M TnN g = 0. Thus, for all j ∈ Z,

0 =
L∑

n=−L

M−1∑
m=0

cn,me2π i jm/M e−( j−nN )2 = e− j2
L∑

n=−L

(

M−1∑
m=0

cn,me2π i jm/M )e2nN j−(nN )2

For n= − L , . . . , L , defining the functions En on Z by En( j)=∑M−1
m=0 cn,me2π i jm/M ,

j ∈ Z, we thus have

L∑
n=−L

En( j)e2nN j−(nN )2 = 0, ∀ j ∈ Z. (2.3)

Note that En is a bounded and M-periodic function on �2(Z). We will first prove that
En = 0 for all n = −L , . . . , L . Assume that there is some n > 0 such that En( j) �= 0
for some j ∈ Z. Then take the largest such n and a corresponding j0 ∈ {1, . . . , M −1}
such that En( j0) �= 0. Then

L∑
n=−L

En( j0 + �M)e−(nN )2e2nN ( j0+�M) → ∞ as � → ∞

which is contradicting (2.3). Therefore for all 0 < n ≤ L , En = 0. A similar argument
shows that for all −L ≤ n < 0, we have En = 0. Now (2.3) implies that also E0 = 0,
as claimed.

Considering now any n = −L . . . , L , we thus have
∑M−1

m=0 cn,me2π i jm/M = 0
for all j = 0, . . . , M − 1. Writing this set of equations in matrix form, the matrix
describing the system is a Vandermonde matrix and thus invertible; it follows that
cn,m = 0 for m = 0, . . . , M − 1. Since n ∈ {−L , . . . , L} was arbitrary, this proves
that the Gabor system is linearly independent. ��

Let us also give a construction of a linearly dependent Gabor frame for �2(Z) with
an infinitely supported window.

Example 2.6 Assume that N < M and consider the sequence g ∈ �2(Z) given by
g( j) = 1 for j ∈ {1, . . . , N } and g( j) = 0 for j /∈ {1, . . . , N }. As we have seen
in the proof of Theorem 2.1(i), the system {Em/M TnN g} is a frame for �2(Z). For
ε > 0, let g̃ = g + ∑∞

�=1
ε
2� δ�M+1. Then g̃ has infinite support and a similar cal-

culation as in the proof of Theorem 2.1(i) shows that for any finite sequence {cm,n},
‖∑

cm,n Em/M TnN (g − g̃)‖ ≤ ε
√

M(
∑ |cm,n|2)1/2. Applying again the perturbation

results for frames (Theorem 22.1.1 in [1]), it follows that for sufficiently small ε, the
system {Em/M TnN g̃} is a frame for �2(Z). Now, since N < M and the support of
g has length N , the system {Em/M g}m=0,...,M−1 is linearly dependent; thus, we can
choose a nonzero scalar sequence {cm}M−1

m=0 such that
∑M−1

m=0 cm Em/M g = 0, i.e.,∑M−1
m=0 cme2π i jm/M = 0 for j = 1, . . . , N . It follows that for any � ∈ N,
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M−1∑
m=0

cm Em/Mδ�M+1(�M + 1) =
M−1∑
m=0

cme2π i(�M+1)m/M =
M−1∑
m=0

cme2π im/M = 0,

and thus
∑M−1

m=0 cm Em/Mδ�M+1 = 0. The construction of the sequence g̃ now shows
that

∑M−1
m=0 cm Em/M g̃ = 0; it follows that the Gabor system {Em/M TnN g̃} is linearly

dependent, as claimed. ��
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Hernández et al. and Ron and Shen, provide a common frame work for analysis
of Gabor systems, wavelet systems, wave packet systems, and other types of struc-
tured function systems. In this paper we analyze three important aspects of such
systems. First, in contrast to the known cases of Gabor frames and wavelet frames,
we show that for a GSI system forming a frame, the Calderón sum is not necessar-
ily bounded by the lower frame bound. We identify a technical condition implying
that the Calderón sum is bounded by the lower frame bound and show that under
a weak assumption the condition is equivalent with the local integrability condition
introduced by Hernández et al. Second, we provide explicit and general constructions
of frames and dual pairs of frames having the GSI-structure. In particular, the setup
applies to wave packet systems and in contrast to the constructions in the literature,
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1 Introduction

Generalized shift-invariant systems provide a common framework for analysis of a
large class of function systems in L2(R). Defining the translation operators Tc, c ∈
R, by Tcf (x) = f (x − c), a generalized shift-invariant (GSI) system has the form
{Tcj kgj }k∈Z,j∈J

, where
{
cj

}
j∈J

is a countable set in R+ and gj ∈ L2(R). GSI
systems were introduced by Hernández et al. [14], and Ron and Shen [21].

In the analysis of a GSI system, the function
∑

j∈J c−1
j |ĝj (·)|2, which we will

call the Calderón sum in analogue with the standard terminology used in the spe-
cial case of a wavelet system, plays an important role. Intuitively, the Calderón
sum measures the total energy concentration of the generators gj in the frequency
domain. Hence, whenever a GSI system has the frame property, one would expect
the Calderón sum to be bounded from below since the GSI frame can reproduce all
frequencies in a stable way. Indeed, whenever a Gabor frame or a wavelet frame is
considered as a GSI system in the natural way (see the details below), it is known
that the Calderón sum is bounded above and below by the upper and lower frame
bounds, respectively. In the general case of a GSI system the Calderón sum is known
to be bounded above by the upper frame bound. In this paper we prove by an exam-
ple that the Calderón sum is not always bounded below by the lower frame bound.
On the other hand, we identify a technical condition implying that the Calderón
sum is bounded by the lower frame bound. Under a weak assumption, this condi-
tion is proved to be equivalent with the local integrability condition introduced by
Hernández et al. [14].

Our second main contribution is to provide constructions of pairs of dual frames
having the GSI structure. The construction procedure allows for smooth and well-
localized generators, and it unifies several known constructions of dual frames with
Gabor, wavelet, and so-called Fourier-like structure [6, 7, 9, 19, 20]. Due to its gen-
erality the setup is technical, but nevertheless it is possible to extract attractive new
constructions, as we will explain below.

We will apply our results for GSI systems on the important special case of wave
packet systems. We consider necessary and sufficient conditions for frame properties
of wave packet systems. In particular, by the just mentioned construction procedure,
we obtain dual pairs of wave packet frames that are not based on characteristic func-
tions in the Fourier domain. Recall that a wave packet system is a the collection of
functions that arises by letting a class of translation, modulation, and scaling opera-
tors act on a fixed function ψ ∈ L2(R). The precise setup is as follows. Given a ∈ R,
we define the modulation operator (Eaf )(x) = e2πiax f (x), and (for a > 0) the scal-
ing operator (Daf )(x) = a−1/2f (x/a); these operators are unitary on L2(R). Let
b > 0 and {(aj , dj )}j∈J be a countable set in “scale/frequency” space R+ × R. The
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wave packet system generated by a function ψ ∈ L2(R) is the collection of functions
{Daj

TbkEdj
ψ}

k∈Z,j∈J
.

The key feature of wave packet system is that it allows us to combine the
Gabor structure and the wavelet structure into one system that yields a very flexi-
ble analysis of signals. For the particular parameter choice (aj , dj ) := (aj , 1) for
j ∈ J = Z and some a �= 0, the wave packet system {Daj

TbkEdj
ψ}

k∈Z,j∈J

simply becomes the wavelet system {Daj Tkbψ}j,k∈Z generated by the function
ψ ∈ L2(R). On the other hand, for the choice (aj , dj ) := (1, aj) for j ∈ J =
Z and some a > 0, we recover the system

{
TbkEajψ

}
j,k∈Z which is unitarily

equivalent with the Gabor system
{
EajTbkψ

}
j,k∈Z. Hence, we can consider both

wavelet and Gabor systems as special cases of wave packet systems. Furthermore,
other choices of the parameters {(aj , dj )}j∈J , which intuitively control how the
scale/frequency information of a signal is analyzed, combine Gabor and wavelet
structure. Finally, the translations by bZ allow for time localization of the wave
packet atom.

The generality of GSI systems is known to lead to some technical issues. Indeed,
local integrability conditions play an important role in the theory of GSI systems as a
mean to control the interplay between the translation lattices cjZ and the generators
gj , j ∈ J . Our third main contribution is new insight into the role of local inte-
grability conditions. In particular, we will see that local integrability conditions also
play an important role for wave packet systems, and that it is important to distinguish
between the so-called local integrability condition (LIC) and the weaker α-LIC. This
is in sharp contrast to the case of Gabor and wavelet systems in L2(R), where one
largely can ignore local integrability conditions.

The paper is organized as follows. In Section 2, we introduce the theory of GSI
systems and extend the well-known duality conditions to certain subspaces of L2(R).

In Section 3 we discuss various technical conditions under which the Calderón sum
for a GSI frame is bounded below by the lower frame bound; applications to wavelet
systems and Gabor systems are considered in Section 4. In Section 5 we provide
explicit constructions of dual GSI frames for certain subspaces ofL2(R). The general
version of the result is technical, but we are nevertheless able to provide concrete
realizations of the results. Finally, Section 6 applies the key results of the paper to
wave packet systems. In particular we show that a successful analysis of such systems
must be based on the α-LIC rather than the LIC. Furthermore, we provide explicit
constructions of dual pairs of wave packet frames.

We end this introduction by putting our work in a perspective with other known
results. Córdoba and Fefferman [11] considered continuous wave packet transforms
in L2(Rn) generated by the gaussian which is well localized in time and frequency.
The results in [11] yield approximate reproducing formulas. In [15, 18] the authors
constructs frequency localized wave packet systems associated with exact repro-
ducing formulas in terms of Parseval frames. However, these generators are poorly
localized in time as the generators are characteristic functions in the frequency
space. In this work we construct wave packet dual frames well localized in time and
frequency.

For an introduction to frame theory we refer to the books [4, 12, 13].
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2 Preliminary results on GSI systems

To set the stage, we will recall and extend some of the most important results on
GSI systems. Let J be a finite or a countable index set. As already mentioned in the
introduction, analysis of GSI systems {Tcj kgj }k∈Z,j∈J

cover several of the cases con-
sidered in the literature. In case cj = c > 0 for all j ∈ J , the system {Tckgj }k∈Z,j∈J

is a shift invariant (SI) system; if one further takes gj = Eajg, j ∈ J := Z for
some a > 0 and g ∈ L2(R), we recover the Gabor case. The wavelet system
{Daj Tbkψ}j,k∈Z with a > 0 and b > 0 can naturally be represented as a GSI system
via

{Daj Tbkψ}j,k∈Z = {Tcj kgj }k∈Z,j∈J
with cj = ajb, gj = Daj ψ, for j ∈ J = Z.

(2.1)
Note that this representation is non-unique, hence unless it is clear from the

context, we will always specify the choice of cj and gj , j ∈ J .
The upper bound of the Calderón sum for GSI systems obtained by Hernández,

Labate, and Weiss [14] only relies on the Bessel property. The precise statement is as
follows.

Theorem 2.1 [14] Suppose the GSI system {Tcj kgj }k∈Z,j∈J
is a Bessel sequence

with bound B. Then
∑

j∈J

1

cj

|ĝj (γ )|2 ≤ B for a.e. γ ∈ R. (2.2)

Here, for f ∈ L1(R), the Fourier transform is defined as

f̂ (γ ) =
∫

R

f (x) e−2πiγ x dx

with the usual extension to L2(R).
In the special cases where {Tcj kgj }k∈Z,j∈J

is a Gabor frame or a wavelet frame
with lower frame bound A, it is known that A is also a lower bound on the sum in
Eq. 2.2. For instance, for a wavelet frame {Daj Tbkψ}j,k∈Z = {Taj bkDaj ψ}j,k∈Z with
bounds A and B, Chui and Shi [10] proved that

A ≤
∑

j∈J

1

b
|ψ̂(aj γ )|2 ≤ B for a.e. γ ∈ R. (2.3)

2.1 Frame theory for GSI systems

We will consider GSI frames {Tcj kgj }k∈Z,j∈J
for certain closed subspaces of L2(R).

To this end, for a measurable subset S of R we define

Ľ2(S) :=
{
f ∈ L2(R) : supp f̂ ⊂ S

}
.

The set S is usually some collection of frequency bands that are of interest. In
case one is not interested in subspaces of L2(R), simply set S = R. If S is chosen
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to be a finite, symmetric interval around the origin, we obtain the important special
case of Paley-Wiener spaces. We will always assume that the generators gj satisfy
that supp ĝj ⊂ S for every j ∈ J . Note that this guarantees that the GSI system
{Tcj kgj }k∈Z,j∈J

belongs to Ľ2(S).

In order to check that a GSI system is a frame for Ľ2(S) it is enough to check the
frame condition on a dense set in Ľ2(S). Depending on the given GSI system, we will
fix a measurable set E ⊂ S whose closure has measure zero and define the subspace
DE by

DE :=
{
f ∈ L2(R) : supp f̂ ⊂ S \ E is compact and f̂ ∈ L∞(R)

}
.

For example, for a Gabor system {EmbTnag}m,n∈Z we can take E to be the empty
set, and for a wavelet system {Daj Tbkψ}j,k∈Z we take E = {0}.

In order to consider frame properties for GSI systems we will need a local
integrability condition, introduced in [14] and generalized in [16].

Definition 2.2 Consider a GSI system {Tcj kgj }k∈Z,j∈J
and let E ∈ E , where E

denotes the set of measurable subsets of S ⊂ R whose closure has measure zero.

(i) If

L(f ) :=
∑

j∈J

∑

m∈Z

1

cj

∫

supp f̂

|f̂ (γ + c−1
j m)ĝj (γ )|2 dγ < ∞ (2.4)

for all f ∈ DE , we say that {Tcj kgj }k∈Z,j∈J
satisfies the local integrability

condition (LIC) with respect to the set E.
(ii) {Tcj kgj }k∈Z,j∈J

and {Tcj khj }k∈Z,j∈J
satisfy the dual α-LIC with respect to E

if

L′(f ) :=
∑

j∈J

∑

m∈Z

1

cj

∫

R

|f̂ (γ )f̂ (γ + c−1
j m)ĝj (γ )ĥj (γ + c−1

j m)| dγ < ∞
(2.5)

for all f ∈ DE . We say that {Tcj kgj }k∈Z,j∈J
satisfies the α-LIC with respect to

E, if Eq. 2.5 holds with gj = hj , j ∈ J .

By an application of the Cauchy-Schwarz inequality, we see that if the local inte-
grability condition holds, then the α-local integrability condition also holds. Clearly,
if a local integrability condition holds with respect to E = ∅, it holds with respect to
any E ∈ E .

In [14] it is shown that any Gabor system satisfies the LIC for E = ∅. To arrive at
the same conclusion for SI systems, it suffices to assume that the system is a Bessel
sequence, see [16]. In fact, it is not difficult to show the following more general
result.
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Lemma 2.3 Consider the SI system {Tckgj }k∈Z,j∈J
, and let E ∈ E . Then

{Tckgj }k∈Z,j∈J
satisfies the LIC with respect to E if and only if the Calderón sum for

{Tckgj }k∈Z,j∈J
is locally integrable on R \ E, i.e.,

∑

j∈J

1

c

∣∣ĝj (·)
∣∣2 ∈ L1

loc(R \ E). (2.6)

Of course, one can leave out the factor 1
c
in the Calderón sum in Eq. 2.6. Note

that if {Tckgj }k∈Z,j∈J
is a Bessel sequence, then, by Theorem 2.1, the Calderón sum

satisfies (2.6) for any E ∈ E . Similarly, it was shown in [2] that a wavelet system
{Daj Tkbψ}j,k∈Z satisfies the LIC with respect to E = {0} if and only if

∑

j∈Z
|ψ̂(aj ·)|2 ∈ L1

loc(R \ {0}).

Hernández et al. [14] characterized duality for two GSI systems satisfying the LIC.
In [16] Jakobsen and Lemvig generalized this to not necessarily discrete GSI systems
defined on a locally compact abelian group and satisfying the weaker α-LIC. The
following generalization to discrete GSI system in Ľ2(S) follows the original proofs
closely, so we only sketch the proof.

Theorem 2.4 Let S ⊂ R. Suppose that {Tcj kgj }k∈Z,j∈J
and {Tcj khj }k∈Z,j∈J

are

Bessel sequences in Ľ2(S) satisfying the dual α-LIC for some E ∈ E . Then
{Tcj kgj }k∈Z,j∈J

and {Tcj khj }k∈Z,j∈J
are dual frames for Ľ2(S) if and only if

∑

j∈J :α∈c−1
j Z

1

cj

ĝj (γ ) ĥj (γ + α) = δα,0 χS(γ ) a.e. γ ∈ R (2.7)

for all α ∈ ⋃

j∈J

c−1
j Z.

Proof For simplicity assume that E = ∅; the case of general E only requires few
modifications of the following proof. For f ∈ DE define the function wf : R → C

by

wf (x) =
∑

j∈J

∑

k∈Z

〈
Txf, Tcj kgj

〉〈
Tcj khj , Txf

〉
. (2.8)

By [14, Proposition 9.4] (the given proof also hold with the α-LIC replacing
the LIC) we know that wf is a continuous, almost periodic function that coincides
pointwise with its absolutely convergent Fourier series

wf (x) =
∑

α∈⋃
j∈J

c−1
j Z

dα e
2πiαx, (2.9)

where

dα =
∫

R

f̂ (γ )f̂ (γ + α) tα(γ )dγ. (2.10)
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and tα(γ ) denotes the left hand side of Eq. 2.7.
Assume that (2.7) holds. Inserting tα(γ ) = δα,0 χS(γ ) into (2.9) for x = 0 yields

∑

j∈J

∑

k∈Z

〈
f, Tcj kgj

〉〈
Tcj khj , f

〉= wf (0) =
∫

S

∣∣f̂ (γ )
∣∣2dγ = ‖f ‖2.

By a standard density argument, this completes the proof of the “if”-direction.
Assume now that {Tcj kgj }k∈Z,j∈J

and {Tcj khj }k∈Z,j∈J
are dual frames for Ľ2(S).

Then wf (x) = ‖f ‖2 for all f ∈ DE and all x ∈ R. By uniqueness of Fourier
coefficients of almost periodic functions, this only happens if, for α ∈ ⋃

j∈J

c−1
j Z,

d0 = ‖f ‖2 and dα = 0 for α �= 0. (2.11)

Since DE is dense in Ľ2(S), it follows from d0 = ‖f ‖2 that t0(γ ) = 1 for a.e.
γ ∈ S.

Assume that α = c−1
j k for some j ∈ J and k ∈ Z \ {0}. For each � ∈ Z, take

f̂ (γ ) =

⎧
⎪⎪⎨

⎪⎪⎩

1 for γ ∈
[
c−1
j �, c−1

j (� + 1)
]

∩ S,

tα(γ ) for γ ∈
[
c−1
j � − α, c−1

j (� + 1) − α
]

∩ S,

0 otherwise.

Then f ∈ DE and

0 =
∫

R

f̂ (γ )f̂ (γ + α) tα(γ ) dγ =
∫
[
c−1
j �,c−1

j (�+1)
]
∩S

|tα(γ )|2dγ.

Since � ∈ Z was arbitrarily chosen, we deduce that tα(γ ) vanishes almost
everywhere for γ ∈ S.

For a.e. γ /∈ S the assumption supp ĝj ⊂ S implies that tα(γ ) = 0 for any α.
Summarizing, we have shown that tα(γ ) = δα,0 χS(γ ) for a.e. γ ∈ R.

In the characterization of tight frames, we can leave out the Bessel condition.

Theorem 2.5 Let S ⊂ R and A > 0. Suppose that the GSI system {Tcj kgj }k∈Z,j∈J

satisfies the α-LIC condition for some E ∈ E . Then {Tcj kgj }k∈Z,j∈J
is a tight frame

for Ľ2(S) with frame bound A if and only if

∑

j∈J :α∈c−1
j Z

1

cj

ĝj (γ ) ĝj (γ + α) = Aδα,0 χS(γ ) a.e. γ ∈ R

for all α ∈ ⋃

j∈J

c−1
j Z.
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For tight frames, Theorem 2.5 gives information about the Calderón sum. Indeed,
it follows immediately from Theorem 2.5 that if {Tcj kgj }k∈Z,j∈J

is a tight frame with
constant A satisfying the α-local integrability condition, then

∑

j∈J

1

cj

|ĝj (γ )|2 = A a.e. γ ∈ S.

Finally, the following result allows us to construct frames without worrying about
technical local integrability conditions. In fact, the condition (2.12) below implies
that the α-LIC with respect to any set E ∈ E is satisfied.

Theorem 2.6 Consider the generalized shift invariant system {Tcj kgj }k∈Z,j∈J
.

(i) If

B := ess sup
γ∈S

∑

j∈J

∑

m∈Z

1

cj

∣∣ĝj (γ )ĝj (γ + c−1
j m)

∣∣ < ∞, (2.12)

then {Tcj kgj }k∈Z,j∈J
is a Bessel sequence in Ľ2(S) with bound B.

(ii) Furthermore, if also

A := ess inf
γ∈S

(∑

j∈J

1

cj

∣∣ĝj (γ )
∣∣2 −

∑

j∈J

∑

0�=m∈Z

1

cj

∣∣∣ĝj (γ )ĝj (γ + c−1
j m)

∣∣∣
)

> 0,

then {Tcj kgj }k∈Z,j∈J
is a frame for Ľ2(S) with bounds A and B.

The proof of Theorem 2.6 is a straightforward modification of the standard proof
for L2(R) (see, e.g., [5, 8, 16]).

3 A lower bound of the Calderón sum for GSI systems

Following a construction by Bownik and Rzeszotnik [3] and Kutyniok and
Labate [17], we first show that the Calderón sum for arbitrary GSI frames is not
necessarily bounded from below by the lower frame bound.

Example 1 Consider the orthonormal basis {EkTmχ[0,1[}k,m∈Z, an integer N ≥ 3,
and the lattices 	j = Nj

Z, j ∈ N. There exists a sequence {ti}∞i=1 such that

∞⋃

i=1

(ti + 	i) = Z, (ti + 	i) ∩ (tj + 	j ) = ∅ for i �= j,

i.e., Z can be decomposed into translates of the sparser lattices 	j . It follows that

{F−1EkTmχ[0,1[}k,m∈Z = {TkEmF−1χ[0,1[}k,m∈Z = {TNj kTtj EmF−1χ[0,1[}k,m∈Z,j∈N.

Hence, the GSI system defined by

c(j,m) = Nj and g(j,m) = Ttj EmF−1χ[0,1[, for (j, m) ∈ J = N × Z,
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is an orthonormal basis and therefore, in particular, a Parseval frame. Since

∞∑

j=1

∑

m∈Z

1

c(j,m)

∣∣ĝ(j,m)(γ )
∣∣2 =

∞∑

j=1

∑

m∈Z

1

Nj
|FTtj EmF−1χ[0,1[(γ )|2

=
∞∑

j=1

∑

m∈Z

1

Nj
|Etj χ[m,m+1)(γ )|2

=
∞∑

j=1

1

Nj
|χR(γ )|2 = 1

N − 1
,

we conclude that the Calderón sum (2.2) is not bounded below by the lower frame
bound A = 1 whenever N ≥ 3. On the other hand, we see that the Calderón
sum is indeed bounded from above by the (upper) frame bound 1 as guaranteed by
Theorem 2.1.

We will now provide a technical condition on a frame {Tcj kgj }k∈Z,j∈J
that implies

that the Calderón sum in Eq. 2.2 is bounded by the lower frame bound. The proof
generalizes the argument in [10].

Theorem 3.1 Assume that
∑

j∈J

|ĝj (·)|2 ∈ L1
loc(R \ E). (3.1)

If the GSI system {Tcj kgj }k∈Z,j∈J
is a frame for L2(R) with lower bound A, then

A ≤
∑

j∈J

1

cj

|ĝj (γ )|2 a.e. γ ∈ R. (3.2)

Proof The assumption that the function
∑

j∈J |ĝj (·)|2 is locally integrable in R \ E

implies, by the Lebesgue differentiation theorem, that the set of its Lebesgue point
is dense in R \ E. Let ω0 ∈ R \ E be a Lebesgue point. Choose ε′ > 0 such that
[ω0 − ε′, ω0 + ε′] ⊆ R \ E. By assumption, we have

∫ ω0+ε′

ω0−ε′

∑

j∈J

|ĝj (γ )|2 dγ < ∞.

This means that for every η > 0, there exists a finite set J ′ ⊂ J such that

∑

j∈J\J ′

∫ ω0+ε′

ω0−ε′
|ĝj (γ )|2 dγ < η. (3.3)

Now define M := maxj∈J ′ cj . Let 0 < ε < min{ε′, M−1

2 }. It is clear that (3.3)
also holds for every ε > 0 with ε < ε′.
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Using Lemma 20.2.3 of [4], we have, for f ∈ DE ,

A‖f ‖2 ≤
∑

j∈J

∑

k∈Z

1

cj

∫

R

f̂ (γ )f̂ (γ + c−1
j k)ĝj (γ )ĝj (γ + c−1

j k) dγ. (3.4)

Consider f̂ = 1√
2ε

χK , where K = [ω0 − ε, ω0 + ε]. Since f ∈ DE , by

inequality (3.4), we have

A ≤
∑

j∈J

∑

k∈Z

1

2εcj

∫

K∩(K−c−1
j k)

ĝj (γ )ĝj (γ + c−1
j k) dγ

=
∑

j∈J ′

∑

k∈Z

1

2εcj

∫

K∩(K−c−1
j k)

ĝj (γ )ĝj (γ + c−1
j k)dγ

+
∑

j∈J\J ′

∑

k∈Z

1

2εcj

∫

K∩(K−c−1
j k)

ĝj (γ )ĝj (γ + c−1
j k) dγ

=: S1 + S2.

For j ∈ J ′, we have 2ε < M−1 ≤ c−1
j |k| for all k ∈ Z \ {0}. Hence

K ∩ (K − c−1
j k) = ∅, k ∈ Z \ {0}, j ∈ J ′.

Therefore

S1 =
∑

j∈J ′

1

2εcj

∫

K

|ĝj (γ )|2 dγ. (3.5)

In particular, S1 is a non-negative number. For j ∈ J \ J ′, K ∩ (K − c−1
j k) = ∅

if |k| > 2εcj . Therefore,

S2 ≤
∑

j∈J\J ′

∑

|k|≤2εcj

1

2εcj

∫

K∩(K−c−1
j k)

|ĝj (γ )ĝj (γ + c−1
j k)| dγ.

Now by the Cauchy-Schwarz inequality, we have

S2 ≤
∑

j∈J\J ′

∑

|k|≤2εcj

1

2εcj

(∫

K∩(K−c−1
j k)

|ĝj (γ )|2 dγ
) 1

2
(∫

(K+c−1
j k)∩K

|ĝj (γ )|2 dγ
) 1

2

≤
∑

j∈J\J ′
(4εcj + 1)

1

2εcj

∫

K

|ĝj (γ )|2 dγ

= 2
∑

j∈J\J ′

∫

K

|ĝj (γ )|2 dγ +
∑

j∈J\J ′

1

2εcj

∫

K

|ĝj (γ )|2 dγ

≤ 2η +
∑

j∈J\J ′

1

2εcj

∫

K

|ĝj (γ )|2 dγ. (3.6)
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Since A ≤ S1 + S2, it follows from Eqs. 3.5 and 3.6 that

A ≤
∑

j∈J ′

1

2εcj

∫

K

|ĝj (γ )|2 dγ + 2η +
∑

j∈J\J ′

1

2εcj

∫

K

|ĝj (γ )|2 dγ

=
∑

j∈J

1

2εcj

∫

K

|ĝj (γ )|2 dγ + 2η

= 1

2ε

∫ ω0+ε

ω0−ε

∑

j∈J

1

cj

|ĝj (γ )|2 dγ + 2η.

Letting ε → 0, we arrive at

A ≤
∑

j∈J

1

cj

|ĝj (ω0)|2 + 2η.

Since η > 0 is arbitrary, the proof is complete.

In order to check the condition (3.1), it is enough to consider the partial sum over
the j ∈ J for which cj > M for some M > 0:

Proposition 3.2 Suppose that {Tcj kgj }k∈Z,j∈J
is a Bessel sequence with bound B.

Then (3.1) holds if and only if there exist some M > 0 such that
∑

{j :cj >M}

∣∣ĝj (·)
∣∣2 ∈ L1

loc(R \ E). (3.7)

Proof To see this, consider any M > 0. Then
∑

{j :cj >M}
|ĝj (γ )|2 ≤

∑

j∈J

|ĝj (γ )|2 =
∑

{j :cj ≤M}
|ĝj (γ )|2 +

∑

{j :cj >M}
|ĝj (γ )|2

≤ M
∑

{j :cj ≤M}

1

cj

|ĝj (γ )|2 +
∑

{j :cj >M}
|ĝj (γ )|2

≤ MB +
∑

{j :cj >M}
|ĝj (γ )|2.

Let us take a closer look at the essential condition (3.1). First we note that in
Example 1 this condition is indeed violated: in fact, a slight modification of the cal-
culation in Example 1 shows that the infinite series in Eq. 3.1 is divergent for all
γ ∈ R. The next result shows that under mild regularity conditions on cj and gj , con-
dition (3.1) is equivalent to the LIC. However, in practice, condition (3.1), or rather
condition (3.7), is often much easier to work with than the LIC.
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Proposition 3.3 Let E ∈ E . Suppose that the Calderón sum for {Tcj kgj }k∈Z,j∈J
is

locally integrable on R \ E, i.e.,

∑

j∈J

1

cj

|ĝj (·)|2 ∈ L1
loc(R \ E),

Then the GSI system {Tcj kgj }k∈Z,j∈J
satisfies the LIC with respect to the set E if

and only if Eq. 3.1 holds.

Proof Assume that

L(f ) =
∑

j∈J

∑

m∈Z

1

cj

∫

supp f̂

|f̂ (γ + c−1
j m)ĝj (γ )|2 dγ < ∞ (3.8)

for every f ∈ DE . Let K be a compact set in R \ E, i.e., K ⊂ [c, d] \ E, and let
f̂ = χK in Eq. 3.8. Then for each j ∈ J , the set K ∩ (K − c−1

j m) can only be
nonempty if |m| ≤ cj (d − c). Hence for the inner sum in Eq. 3.8, we have

∑

m∈Z

1

cj

∫

K∩(K−c−1
j m)

|ĝj (γ )|2 dγ =
∑

|m|≤cj (d−c)

1

cj

∫

K∩(K−c−1
j m)

|ĝj (γ )|2 dγ

≥ [cj (d − c)]
cj

∫

K

|ĝj (γ )|2 dγ

≥ (d − c)

∫

K

|ĝj (γ )|2dγ − 1

cj

∫

K

|ĝj (γ )|2 dγ,

where we for the first inequality use that the union of the sets K ∩ (K − c−1
j m),

|m| ≤ [cj (d − c)], contains [cj (d − c)] copies of K . Hence,

(d − c)
∑

j∈J

∫

K

|ĝj (γ )|2 dγ ≤ L(f ) +
∑

j∈J

1

cj

∫

K

|ĝj (γ )|2 dγ < ∞.

Thus Eq. 3.1 holds. Conversely, assume that Eq. 3.1 holds. For f ∈ DE , let R > 0
such that supp f̂ ⊆ {γ : |γ | ≤ R}. Therefore the inner sum in Eq. 3.8 has at most
4Rcj + 1 terms. By splitting the sum into two terms, we have

L(f ) ≤ ‖f̂ ‖2∞
∑

j∈J

∑

|m|≤2Rcj

1

cj

∫

supp f̂

|ĝj (γ )|2 dγ

≤ 4R‖f̂ ‖2∞
∑

j∈J

∫

supp f̂

|ĝj (γ )|2 dγ + ‖f̂ ‖2∞
∑

j∈J

1

cj

∫

supp f̂

|ĝj (γ )|2 dγ < ∞.

Using Proposition 3.3, the following result is now just a reformulation of
Theorem 3.1.
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Corollary 3.4 Assume that the LIC with respect to some set E ∈ E holds for the GSI
system {Tcj kgj }k∈Z,j∈J

. If {Tcj kgj }k∈Z,j∈J
is a frame for L2(R) with lower bound

A, then (3.2) holds.

Remark 1 Corollary 3.4 also holds for GSI frames for Ľ2(S) in which case the
Calderón sum is bounded from below by A on S and zero otherwise.

The next example shows that the Calderón sum might be bounded from below by
the lower frame bound, even if neither the technical condition (3.1) nor the LIC is
satisfied.

Example 2 Consider the GSI system {TNj kgj,p,�}k,�∈Z,j∈N,p∈Pj
, where

Pj = {1, . . . , Nj − 1}, ĝj,p,� = (N − 1)1/2T�χ[ p

Nj ,
p+1
Nj ], cj,p,� = Nj .

This system satisfies the α-LIC. To see this, fix f ∈ D∅. We then have

L′(f ) =
∑

j∈N

∑

p∈Pj

∑

�∈Z

∑

m∈Z

1

Nj

∫

R

|f̂ (γ )f̂ (γ + m

Nj
)ĝj,p,�(γ )ĝj,p,�(γ − m

Nj
)| dγ

≤ (N − 1)‖f̂ ‖2∞
∑

j∈N

∑

p∈Pj

∑

�∈Z

∑

m∈Z

1

Nj
×
∫

supp f̂

χ[ p

Nj ,
p+1
Nj ](γ − �)χ[ p

Nj ,
p+1
Nj ](γ −� − m

Nj
) dγ

= (N − 1)‖f̂ ‖2∞
∑

j∈N

∑

p∈Pj

∑

�∈Z

1

Nj

∫

supp f̂

χ[ p

Nj ,
p+1
Nj ](γ − �) dγ

= (N − 1)‖f̂ ‖2∞
∑

j∈N

1

Nj

∫

supp f̂

χR(γ ) dγ

= ‖f̂ ‖2∞
∫

supp f̂

χR(γ ) dγ < ∞.

The considered GSI system is also a Parseval frame. To see this, using Proposi-
tion 2.5, it is sufficient to show that

∑

j∈Jα

∑

p∈Pj

∑

�∈Z

1

Nj
ĝj,p,�(γ )ĝj,p,�(γ + α) = δα,0 a.e. γ ∈ R. (3.9)

Let  = {N−j n : j ∈ J, n ∈ Z}; and, for α ∈ , let

Jα = {j ∈ J : ∃n ∈ Z such that α = N−j n}.

Assume that 0 �= α = n

Nj0
and n ≤ Nj0 . Then Jα ⊆ {j : j ≥ j0}. But for each

j ≥ j0 and γ ∈ R we have

χ[ p

Nj ,
p+1
Nj ](γ − �)χ[ p

Nj ,
p+1
Nj ](γ − � − n

Nj0
) = 0.
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Hence, Eq. 3.9 is satisfied for α �= 0. Now, consider (3.9) with α = 0:

∑

j∈N

∑

p∈Pj

∑

�∈Z

1

Nj
|ĝj,p,�(γ )|2 = (N − 1)

∑

j∈N

∑

p∈Pj

∑

�∈Z

1

Nj
χ[ p

Nj ,
p+1
Nj ](γ − �)

= (N − 1)
∑

j∈N

1

Nj
χR(γ ) = 1.

One can easily show that this Parseval frame does not satisfies condition (3.1), and
consequently by Proposition 3.3, it cannot satisfy the LIC for any E ∈ E , while the
inequality (3.2) holds with A = 1.

4 Special cases of GSI systems

We will now show that Theorem 3.1 indeed generalizes the known results for wavelet
and Gabor systems. First, for regular wavelet systems the condition (3.7) is always
satisfied for E = {0}:

Lemma 4.1 Let ψ ∈ L2(R) and a > 1, b > 0. Consider the wavelet system{
Daj Tbkψ

}
, written on the form Eq. 2.1. Then there exists M ∈ R such that (3.7)

holds for E = {0}, i.e.,
∑

{j :cj >M}
|ĝj (·)|2 ∈ L1

loc(R \ {0}). (4.1)

Proof Assume that K is a compact subset of R \ {0}. Let M = ab; then ajb > M if
and only if j > 0. Now,

∑

j>0

∫

K

|ĝj (γ )|2 dγ =
∑

j>0

∫

K

|Da−j ψ̂(γ )|2 dγ

=
∑

j>0

∫

K

aj |ψ̂(aj γ )|2 dγ

=
∑

j>0

∫

aj K

|ψ̂(γ )|2 dγ.

Since K is a compact subset of R \ {0}, one can find L,R > 0 such that
K ⊂ {γ : 1

R
< |γ | < R} and aL > R2. Hence if j − j0 ≥ L, then aj0K ∩ ajK = ∅.

Thus the family of subsets {ajK}j>0 can be considered as a finite union of mutually
disjoint sets,

{ajK}j>0 =
L⋃

i=1

{ai+kLK}∞k=0,
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Therefore,
∑

j>0

∫

K

|ĝj (γ )|2 dγ =
∑

j>0

∫

aj K

|ψ̂(γ )|2 dγ ≤ L

∫

R

|ψ̂(γ )|2 dγ < ∞,

which implies that (4.1) holds.

From Theorem 3.1 we can now recover the lower bound in Eq. 2.3 for wavelet
frames. Assume that

{
Daj Tbkψ

}
j,k∈Z is a frame for L2(R) with bounds A and B. By

Lemma 4.1 and Proposition 3.2, the wavelet system satisfies (3.1); thus (2.3) holds
by Theorem 3.1.

To establish the lower bound of the Calderón sum for irregular wavelet systems
{Daj

Tbkψ}j,k∈Z, first obtained by Yang and Zhou [22], we have to work a little
harder. We mention that the result by Yang and Zhou covers the more general set-
ting of irregular dilations and translations. Recall that a sequence {aj }j∈Z of positive
numbers is said to be logarithmically separated by λ > 0 if

aj+1
aj

≥ λ for each j ∈ Z.

Lemma 4.2 If a sequence {aj }j∈Z of positive numbers is logarithmically separated
by λ > 0, then for each ψ ∈ L2(R) and every compact subset K ⊂ R \ {0}, we have

∑

j∈Z

∫

aj K

|ψ̂(γ )|2 dγ < ∞.

Proof Without loss of generality, assume that {aj }j∈Z is an increasing sequence and
K ⊂ R+ \ {0}. There exist positive number c, d such that K ⊂ [c, d]. Take r ∈ N

such that λr−1 > d
c
; then

aj+r

aj

= aj+r

aj+r−1

aj+r−1

aj+r−2
· · · aj+1

aj

≥ λr−1 >
d

c
.

Hence aj+rc > ajd . This shows that ajK ∩ aj+rK = ∅ for all j ∈ Z. By a
similar argument, ajK ∩ aj−rK = ∅. Therefore

∑

j∈Z

∫

aj K

|ψ̂(γ )|2 d ≤ 2r
∫

R

|ψ̂(γ )|2 dγ < ∞.

We will now show that any wavelet system (with regular translates) that form a
Bessel sequence automatically satisfies the LIC:

Proposition 4.3 Let ψ ∈ L2(R) and {aj }j∈Z be a sequence in R+. If
{Daj

Tbkψ}j,k∈Z is a Bessel sequence, then it satisfies the LIC with respect to E =
{0}.

Proof Define In = (2n− 1
2 , 2n+ 1

2 ], for n ∈ Z. By Lemma 1 in [22], there exists
M > 0 such that for each n ∈ Z, the number of j which aj belongs to In is less than
M . On the other hand, each point of I2n is logarithmically separated with points from
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the interval I2m for m, n ∈ Z and m �= n. Similarly a point of I2n+1 is logarithmically
separated with points from the interval I2m+1 for m, n ∈ Z and m �= n. Hence we
can consider {aj }j∈Z as a disjoint union of finitely many logarithmically separated
subsets {aj }j∈Ji

, i = 1, · · · , N . Let K ⊂ R \ {0} be a compact set. By Lemma 4.2,
we know that

∑
j∈Ji

∫
aj K

|ψ̂(γ )|2 < ∞ for each i = 1, · · · , N ; it follows that

∑

j∈Z

∫

K

|a
1
2
j ψ̂(aj γ )|2dγ =

∑

j∈Z

∫

aj K

|ψ̂(γ )|2dγ =
N∑

i=1

∑

j∈Ji

∫

aj K

|ψ̂(γ )|2dγ < ∞,

as desired.

Corollary 4.4 Suppose that {Daj
Tbkψ}j,k∈Z is a frame with lower bounds A > 0.

Then {Daj
Tbkψ}j,k∈Z satisfies the LIC with respect to E = {0} and

A ≤
∑

j∈Z

1

b
|ψ̂(aj γ )|2 for a.e. γ ∈ R.

For other variants of GSI systems, covering the Gabor case, we also have the
desired bounds of the Calderón sum immediately from the frame property.

Corollary 4.5 Assume that {Tcj kgj }k∈Z,j∈J
is a frame with lower bound A > 0. If

the sequence {cj }j∈Z is bounded above, then

A ≤
∑

j∈J

1

cj

|ĝj (γ )|2 for a.e. γ ∈ R.

Proof Assume that there exists M > 0 such that 0 < cj ≤ M , for all j ∈ Z. Using
the proof of Theorem 3.1, we have I1 = Z and I2 = ∅. Hence by letting ε → 0
in Eq. 3.5, we have the result.

5 Constructing dual GSI frames

We now turn to the question of how to obtain dual pairs of frames. Indeed, we present
a flexible construction procedure that yields dual GSI frames for Ľ2(S), where S ⊂ R

is any countable collection of frequency bands. The precise choice of S depends
on the application; we refer to [1] for an implementation and applications of GSI
systems within audio signal processing. Our construction relies on a certain partition
of unity, closely related to the Calderón sum, and unifies similar constructions of dual
frames with Gabor, wavelet, and Fourier-like structure in [6, 7, 9, 19, 20]. Due to its
generality the method will be technically involved; however, we will show that we
nevertheless are able to extract the interesting cases from the general setup.

Methods in wavelet theory and Gabor analysis, respectively, share many common
features. However, the decomposition into frequency bands is very different for the
two approaches. To handle these differences in one unified construction procedure,



Explicit constructions and properties of generalized shift-invariant... 459

we need a very flexible setup. In order to motivate the setup, we first consider the
Gabor case and the wavelet case more closely in the following example.

Example 3 For a GSI system {Tcj kgj }k∈Z,j∈J
to be a frame for Ľ2(S) it is nec-

essary that the union of the sets supp ĝj , j ∈ J , covers the frequency domain S.
This is an easy consequence of Remark 1 and the fact that the Fourier transform of
{Tcj kgj }k∈Z,j∈J

is {Ecj kĝj }k∈Z,j∈J
. For simplicity we here consider only S = R.

As we later want to apply the construction procedure for wave packet systems, it is
necessary that the setup covers as well constructions of bandlimited dual wavelet as
dual Gabor frames. For wavelet systems take the dyadic Shannon wavelet for L2(R)

as an example. In this case, we split the frequency domain S = R in two sets S0 =
(−∞, 0] and S1 = (0, ∞). The support of the dilates of the Shannon wavelet is
supp ĝj = suppD2−j ψ̂ = [−2−j , −2−j−1

] ∪ [2−j−1, 2−j
]
. To control the support

of ĝj we will define certain knots at the dyadic fractions
{±2j

}
j∈Z. Observe that

{
supp ĝj : j ∈ J

}
covers the frequency line R. However, in addition, we also need

to control in which order this covering is done. On S0 the support of ĝj is moved to
the left with increasing j ∈ Z, while supp ĝj on S1 is moved to the right. To handle
S0 and S1 in the same setup, we introduce auxiliary functions ϕi , i = 0, 1, to allow
for a change of how we cover the frequency set Si with supp ĝj . If we consider knots

ξ
(0)
j = −2−j and ξ

(1)
j = 2j−1 for j ∈ Z and define two bijective functions on Z,

ϕ0 = id and ϕ1 = −id, then we have

supp ĝj ⊂
[
ξ

(0)
ϕ0(j), ξ

(0)
ϕ0(j)+1

]
∪
[
ξ

(1)
ϕ1(j), ξ

(1)
ϕ1(j)+1

]
(5.1)

The key point is that, for both i = 0 and i = 1, the contribution of supp ĝj in Si

can be written uniformly as [ξ (i)
ϕi (j), ξ

(i)
ϕi (j)+1].

For Gabor systems the situation is simpler. Consider the Gabor-like orthonormal
basis {Tkgj }j,k∈Z, where gj = Ejg, j ∈ Z, with g ∈ L2(R) defined by ĝ = χ[0,1].
Hence, we only need one set S0 = R with knots Z. Here, ϕ0 is the identity on Z.

We remark that, in most applications, each ϕi will be an affine map of the form
z �→ az + b, a, b ∈ Z. The choice of the knots ξ

(i)
k is usually not unique, but is

simply chosen to match the support of ĝj .

Motivated by the concrete cases in Example 3 we now formulate the general setup
as follows:

I) Let S ⊂ R be an at most countable collection of disjoint intervals

S =
⋃

i∈I

Si,

where I ⊂ Z. We write Si = (αi, βi] with the convention that αi = −∞ if
Si = (−∞, βi], βi = ∞ if Si = (αi, ∞], and αi = −∞ and βi = ∞ if
Si = R. We assume an ordering of {Si}i∈I so that βi ≤ αj whenever i < j .
For each i ∈ I we consider a sequence of knots

{ξ (i)
k }

k∈Z ⊂ Si, (5.2)
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such that

lim
k→−∞ ξ

(i)
k = αi, lim

k→∞ ξ
(i)
k = βi, ξ

(i)
k ≤ ξ

(i)
k+1, k ∈ Z.

II) Let cj > 0. For each j ∈ J we take gj ∈ L2(R) such that ĝj is a bounded, real
function with compact support in a finite union of the sets Si , i ∈ I . We further
assume that {c−1/2

j ĝj }j∈J are uniformly bounded, i.e., supj ‖c−1/2
j ĝj‖∞ < ∞.

III) For each j ∈ J , define the index set Ij by

Ij = {
i ∈ I : ĝj �= 0 on Si

}
.

On the other hand, for each i ∈ I , we fix an index set Ji ⊂ J such that

{
j ∈ J : ĝj �= 0 on Si

} ⊂ Ji.

Note that i ∈ Ij implies that j ∈ Ji . Assume further that there is a bijective
mapping ϕi : Ji → Z such that, for each j ∈ J ,

supp ĝj ⊂
⋃

i∈Ij

[
ξ

(i)
ϕi (j), ξ

(i)
ϕi (j)+N

]
(5.3)

for some N ∈ N. Often, we take Ji to be equal to the index set of the “active”
generators gj on the interval Si , that is, Ji = {

j ∈ J : ĝj �= 0 on Si

}
, but this

need not be the case, e.g., if
{
j ∈ J : ĝj �= 0 on Si

}
is a finite set.

In the final step of our setup we have only left to define the dual generators.

IV) Let hj ∈ Ľ2(S) be given by

ĥj (γ ) =
{∑N−1

n=−N+1 a
(i)
ϕi (j),n ĝ

ϕ−1
i (ϕi (j)+n)

(γ ) for γ ∈ Si, i ∈ Ij

0 for γ ∈ Si, i /∈ Ij

(5.4)

where {a(i)
k,n}i∈I,k∈Z,n∈{−N+1,...,N−1} will be specified later.

Example 3 (continuation) For a rigorous introduction of ϕi in Example 3 above, we
need to specify the sets Ji . In the wavelet case, as all dilates D2−j ψ̂ have support
intersecting both S0 and S1, the active sets Ji , i = 0, 1, correspond to all dilations,
that is, Z. In the Gabor case, one easily also verifies that the active set J0 is Z.

We are now ready to present the construction of dual GSI frames. Recall from
Eq. 5.2 that the superscript (i) on the points ξ

(i)
k refer to the set Si.

Theorem 5.1 Assume the general setup I–IV. Suppose that

∑

j∈J

c
−1/2
j ĝj (γ ) = χS(γ ) for a.e. γ ∈ R. (5.5)
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Suppose further that cj ≤ 1/Mj , where

Mj = max

{
ξ

(maxIj )

ϕmaxIj (j)+2N − ξ
(minIj )

ϕminIj (j), ξ
(maxIj )

ϕmaxIj (j)+N − ξ
(minIj )

ϕminIj (j)−N

}
, (5.6)

and that {a(i)
k,n}k∈Z,n∈{−N+1,...,N−1},i∈I is a bounded sequence satisfying

a
(i)
ϕi (j),0 = 1 and

(c
ϕ−1

i (ϕi (j)+n)

cj

)1/2

a
(i)
ϕi (j),n+

(
cj

c
ϕ−1

i (ϕi (j)+n)

)1/2

a
(i)
ϕi (j)+n,−n = 2,

(5.7)
for n ∈ {1, . . . , N − 1}, j ∈ Ji , and i ∈ I . Then {Tcj kgj }k∈Z,j∈Z and

{Tcj khj }k∈Z,j∈Z are a pair of dual frames for Ľ2(S).

Proof First, note that for each j ∈ J , we have j ∈ JmaxIj
∩ JminIj

and therefore that
Mj in Eq. 5.6 is well-defined.

Now, note that by assumption (5.3) and the definition in Eq. 5.4,

supp ĝj ⊂
[
ξ

(minIj )

ϕminIj (j), ξ
(maxIj )

ϕmaxIj (j)+N

]

and

supp ĥj ⊂
[
ξ

(minIj )

ϕminIj (j)−N, ξ
(maxIj )

ϕmaxIj (j)+2N

]
,

where the constant N is given by assumption III. Thus, if j ∈ J and 0 �= m ∈ Z, then
ĝj (γ )ĥj (γ + c−1

j m) = 0 for a.e. γ ∈ R since c−1
j ≥ Mj for each j ∈ J . Therefore,

by Theorem 2.4, we only need to show that {Tcj kgj }k∈Z,j∈J
and {Tcj khj }k∈Z,j∈J

are
Bessel sequences, satisfy the dual α-LIC and that

∑

j∈J

c−1
j ĝj (γ )ĥj (γ ) = χS(γ ) for a.e. γ ∈ R. (5.8)

holds.
Choose K > 0 so that 1√

cj

∣∣ĝj (γ )
∣∣ ≤ K for all j ∈ J and a.e. γ ∈ S. For a.e.

γ ∈ S we have

∑

j∈J

∑

m∈Z

1

cj

∣∣ĝj (γ )ĝj (γ + c−1
j m)

∣∣ =
∑

j∈J

1

cj

∣∣ĝj (γ )
∣∣2 ≤ K

∑

j∈J

1

c
1/2
j

∣∣ĝj (γ )
∣∣ ≤ NK2,

where the last inequality follows from the fact that at most N functions from
{ĝj : j ∈ J } can be nonzero on a given interval [ξ (i)

k , ξ
(i)
k+1]. It now follows from

Theorem 2.6(i) that {Tcj kgj }k∈Z,j∈J
is a Bessel sequence in Ľ2(S) with bound NK2.

A simple argument shows that if {a(i)
k,n}k∈Z,n∈{−N+1,...,N−1},i∈I is a bounded

sequence, then each term on the left-hand side of Eq. 5.7 must be bounded with
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respect to i ∈ I, j ∈ Ji and n = −N + 1, · · · , N − 1. Let M > 0 be such a bound.
Then, for each i ∈ I and γ ∈ Si , we have

c
−1/2
j |ĥj (γ )| ≤

N−1∑

n=−N+1

|c−1/2
j a

(i)
ϕi (j),n ĝ

ϕ−1
i (ϕi (j)+n)

(γ )|

≤ K

N−1∑

n=−N+1

∣∣∣∣
c
ϕ−1

i (ϕi (j)+n)

cj

∣∣∣∣

1/2∣∣∣a(i)
ϕi (j),n

∣∣∣ ≤ KM(2N − 1) =: L.

Hence, the sequence of functions {c−1/2
j ĥj }j∈J is uniformly bounded by L.

For the remainder of the proof, we let i ∈ I and j ∈ Ji be fixed, but arbi-
trary. Note that the functions ĝ

ϕ−1
i (ϕi (j)+n)

, n = 0, 1, . . . , N − 1, are the only

nonzero generators
{
ĝk

}
k∈J

on [ξ (i)
ϕi (j)+N−1, ξ

(i)
ϕi (j)+N ]. Hence, for ĥ

ϕ−1
i (ϕi (j)+l)

only

l = −N + 1, · · · , 2N − 2 can be nonzero on [ξ (i)
ϕi (j)+N−1, ξ

(i)
ϕi (j)+N ]. Thus, for

γ ∈ [ξ (i)
ϕi (j)+N−1, ξ

(i)
ϕi (j)+N ], we have

∑

j∈J

∑

m∈Z
c−1
k

∣∣ĥj (γ )ĥj (γ + c−1
j m)

∣∣ =
∑

j∈J

1∑

m=−1

c−1
j

∣∣ĥj (γ )ĥj (γ + c−1
j m)

∣∣

≤ 3L
∑

j∈J

c
−1/2
j

∣∣ĥj (γ )
∣∣

= 3L
2N−2∑

�=−N+1

c
−1/2

ϕ−1
i (ϕi (j)+�)

∣∣ĥ
ϕ−1

i (ϕi (j)+�)
(γ )

∣∣

≤ 3L2(3N − 2).

It follows from Theorem 2.6(i) that {Tcj khj }k∈Z,j∈J
is also a Bessel sequence.

Similar computations show that the α-LIC holds:

∑

j∈J

∑

m∈Z

1

cj

∣∣ĝj (γ )ĥj (γ + c−1
j m)

∣∣ =
∑

j∈J

1

cj

∣∣ĝj (γ )ĥj (γ )
∣∣

≤
⎛

⎝
∑

j∈J

1

cj

∣∣ĝj (γ )
∣∣2
⎞

⎠

1/2⎛

⎝
∑

j∈J

1

cj

∣∣ĥj (γ )
∣∣2
⎞

⎠

1/2

≤ N1/2KB1/2,

where B is a Bessel bound for {Tcj khj }k∈Z,j∈J
.
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Finally, we need to show that (5.8) holds. Set g̃k = c
−1/2
k gk , k ∈ J , and �n =

ϕ−1
i (ϕi(j) + n). Then, for a.e. γ ∈ [ξ (i)

ϕi (j), ξ
(i)
ϕi (j)+1].

1 =
(
∑

k∈J

ˆ̃gk(γ )

)2

=
(

N−1∑

n=0

ˆ̃g�n(γ )

)2

= ˆ̃g�0(γ )
[ ˆ̃g�0(γ ) + 2 ˆ̃g�1(γ ) + 2 ˆ̃g�2(γ ) + · · · + 2 ˆ̃g�N−1(γ )

]

+ ˆ̃g�1(γ )
[ ˆ̃g�1(γ ) + 2 ˆ̃g�2(γ ) + · · · + 2 ˆ̃g�N−1(γ )

]

+ · · ·
+ ˆ̃g�N−1(γ )

[ ˆ̃g�N−1(γ )
]
.

Clearly, each mixed term in this sum has coefficient 2, e.g., 2 ˆ̃g�n(γ ) ˆ̃g�m(γ ) when-

ever n �= m. Replacing ˆ̃g�n with c
−1/2
�n

ĝ�n yields a mixed term with coefficient

2c−1/2
�n

c
−1/2
�m

ĝ�n(γ )ĝ�m(γ ). By Eq. 5.7, we have

aϕi(j),0 = 1 and c−1
j a

(i)
ϕi (j),n + c−1

ϕ−1
i (ϕi (j)+n)

a
(i)
ϕi (j)+n,−n = 2c−1/2

j c
−1/2

ϕ−1
i (ϕi (j)+n)

,

for � = 1, . . . , N − 1, j ∈ J . Hence, we can factor the sum in the following way:

1 = c−1
�0

ĝ�0(γ )
[
a�0,0 ĝ�0(γ ) + a�0,1 ĝ�1(γ ) + · · · + a�0,N−1 ĝ�N−1(γ )

]

+c−1
�1

ĝ�1(γ )
[
a�1,−1 ĝ�0(γ ) + a�1,0 ĝ�1(γ ) + · · · + a�1,N−2 ĝ�N−1(γ )

]

+ · · ·
+c−1

�N−1
ĝ�N−1(γ )

[
a�N−1,−N+1 ĝ�0(γ ) + · · · + a�N−1,0 ĝ�N−1(γ )

]

=
N−1∑

n=0

c−1
ϕ−1

i (ϕi (j)+n)
ĝ

ϕ−1
i (ϕi (j)+n)

(γ )ĥ
ϕ−1

i (ϕi (j)+n)
(γ ) =

∑

k∈J

c−1
k ĝk(γ )ĥk(γ )

for a.e. γ ∈ [ξ (i)
j , ξ

(i)
j+1]. Since i ∈ I and j ∈ Ji were arbitrary, the proof is complete.

Remark 2 A few comments on the definition of Mj are in place. Firstly, the only
feature of Mj is to guarantee that ĝj and ĥj (· + c−1

j k) has non-overlapping supports
for all k ∈ Z \ {0}.

Secondly, it is possible to make a sharper choice of Mj in Theorem 5.1. Indeed, let

nj,max = max {n : a
(maxIj )

ϕmaxIj (j),n �= 0} and let nj,min = min {n : a
(minIj )

ϕminIj (j),n �= 0}. We

then take:

Mj = max

{
ξ

(maxIj )

ϕmaxIj (j)+nj,max+N − ξ
(minIj )

ϕminIj (j), ξ
(maxIj )

ϕmaxIj (j)+N − ξ
(minIj )

ϕminIj (j)+nj,min

}
. (5.9)

For wavelet systems Theorem 5.1 reduces to the construction from [19, 20] of dual
wavelet frames in L2(R).
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Corollary 5.2 Let a > 1 and ψ ∈ L2(R). Suppose that ψ̂ is real-valued, that
supp ψ̂ ⊆ [−aM, −aM−N

] ∪ [aM−N, aM
]
for some M ∈ Z, N ∈ N and that

∑

j∈Z
ψ̂(aj γ ) = 1 for a.e. γ ∈ R. (5.10)

Take bn ∈ C, n = −N + 1, . . . , N − 1, satisfying

b0 = 1, b−n + bn = 2, n = 1, 2, . . . , N − 1,

and set � := max {n : bn �= 0}. Let b ∈ (
0, a−M(1 + a�)−1

]
. Then the function ψ

and the function ψ̃ ∈ L2(R) defined by

ˆ̃
ψ(γ ) = b

N−1∑

n=−N+1

bn ψ̂(a−nγ ) for a.e. γ ∈ R (5.11)

generate dual frames {Daj Tbkψ}j,k∈Z and {Daj Tbkψ̃}j,k∈Z for L2(R).

Proof Let φ = √
bψ . We consider the wavelet system {Daj Tbkφ}j,k∈Z as a GSI

system with cj = ajb and gj = Daj φ for j ∈ J = Z. We apply Theorem 5.1 with

S0 = (−∞, 0] and S1 = (0, +∞), ξ (0)
j = −aM−j and ξ

(1)
j = aM−N+j for j ∈ Z.

The assumption (5.5) corresponds to
∑

j∈Z
φ̂(aj γ ) = √

b for γ ∈ R

which is satisfied by Eq. 5.10. Let a
(0)
j,n = a−n/2bn and a

(1)
j,n = an/2b−n for n =

−N + 1, . . . , N − 1 and j ∈ Z and define ϕ0, ϕ1 : Z → Z with ϕ0(j) = j and
ϕ1(j) = −j . The definition of hj in Eq. 5.4 reads

ĥj (γ ) =
⎧
⎨

⎩

∑N−1
n=−N+1 a

(0)
j,n a(j+n)/2φ̂(a(j+n)γ ) for γ ∈ S0,

∑N−1
n=−N+1 a

(1)
−j,−n a(j+n)/2φ̂(a(j+n)γ ) for γ ∈ S1.

Setting ˆ̃
φ = Da−j hj yields

ˆ̃
φ(γ ) =

N−1∑

n=−N+1

bn φ̂(anγ ) γ ∈ R.

For all j ∈ Z, we have Ij = {0, 1} and thus minIj = 0 and maxIj = 1. Note also
that � = nj,max = −nj,min for all j ∈ Z. Hence, condition (5.9) reads

Mj = max
{
ξ

(1)
−j+nj,max+N − ξ

(0)
j , ξ

(1)
−j+N − ξ

(0)
j+nj,min

}

= max
{
aM−j+nj,max + aM−j , aM−j + aM−j−nj,min

}

= aM−j (a� + 1).

From Theorem 5.1 we have that {Daj Tbkφ}j,k∈Z and {Daj Tbkφ̃}j,k∈Z are dual
frames for b ∈ (

0, a−M(1 + a�)−1
]
. By setting ψ̃ = √

bφ̃, we therefore have that
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{Daj Tbkψ}j,k∈Z and {Daj Tbkψ̃}j,k∈Z are dual frames; it is clear that ˆ̃
ψ is given by

the formula in Eq. 5.11.

Using the Fourier transform we can move the construction in Theorem 5.1 to
the time domain. In this setting we obtain dual frames

{
Ebpmgp

}
m∈Z,p∈Z and

{
Ebpmhp

}
m∈Z,p∈Z with compactly supported generators gp and hp. A simplified

version of this result, useful for application in Gabor analysis, is as follows.

Theorem 5.3 Let
{
xp : p ∈ Z

} ⊂ R be a sequence such that

lim
p→±∞ xp = ±∞, xp−1 ≤ xp, and xp+2N−1 − xp ≤ M, p ∈ Z,

for some constants N ∈ N and M > 0. Let gp ∈ L2(R), p ∈ Z, be real-

valued functions with such that {b−1/2
p gp}p∈Z are uniformly bounded functions with

supp gp ⊂ [
xp, xp+N

]
. Assume that

∑
p∈Z b

−1/2
p gp(x) = 1 for a.e. x ∈ R. Let

hp(x) =
N−1∑

n=−N+1

ap,n gp+n(x), for x ∈ R,

where {ap,n}p∈Z,n∈{−N+1,...,N−1} is a bounded sequence in C. Suppose that
0 < bp < 1/M and that

ap,0 = 1 and

(
bp+n

bp

)1/2

ap,n +
(

bp

bp+n

)1/2

ap+n,−n = 2, (5.12)

for p ∈ Z and n = 1, . . . , N − 1. Then
{
Ebpmgp

}
m∈Z,p∈Z and

{
Ebpmhp

}
m∈Z,p∈Z

are a pair of dual frames for L2(R).

Theorem 5.3 generalizes results on SI systems by Christensen and Sun [9] and
Christensen and Kim [6] in the following way: Taking bp = b for all p ∈ Z, Theo-
rem 5.3 reduces to [7, Theorem 2.2] and to [9, Theorem 2.5] when further choosing
ap,n = 0 for n = 1, . . . , N − 1 and p ∈ Z and to Theorem 3.1 in [6] when choosing
gp = Tpg for some g ∈ L2(R).

6 Wave packet systems

Let b > 1, and let {(aj , dj )}j∈J be a countable set in R
+ × R. The wave packet

system {Daj
TbkEdj

ψ}
k∈Z,j∈J

is a GSI system with

gj = Daj
Edj

ψ and cj = ajb, j ∈ J.

It is of course possible to apply the dilation, modulation and translation operator
in a different order than in {Daj

TbkEdj
ψ}

k∈Z,j∈J
. Indeed, we will also consider the
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collection of functions {TbkDaj
Edj

ψ}
k∈Z,j∈J

, which is a shift-invariant version of
the wave packet system. It takes the form of a GSI system with

gj = Daj
Edj

ψ and cj = b, j ∈ J,

and it contains the Gabor-like system
{
TbkEajψ

}
j,k∈Z, but not the wavelet system,

as a special case.
There are four more ordering of the dilation, modulation and translation

operators; however, the study of these systems reduces to either the study of
{Daj

TbkEdj
ψ}

k∈Z,j∈J
or {TbkDaj

Edj
ψ}

k∈Z,j∈J
. This is clear from the commutator

relations:

Daj
TbkEdj

= e−2πidj bk Daj
Edj

Tbk = e−2πidj bk E
a−1
j dj

Daj
Tbk

and

TbkDaj
Edj

= TbkEa−1
j dj

Daj
= e−2πia−1

j dj bk
E

a−1
j dj

TbkDaj
.

The following result is a special case of Theorem 2.6 for the case of wave packet
systems of the form {Daj

TbkEdj
ψ}

k∈Z,j∈J
; a direct proof was given in [8].

Theorem 6.1 Let b > 1, and let {(aj , dj )}j∈J be a countable set in R \ {0} × R.
Assume that

B := 1

b
sup
γ∈R

∑

j∈J

∑

k∈Z
|ψ̂(aj γ − dj )ψ̂(aj γ − dj − k/b)| < ∞. (6.1)

Then {Daj
TbkEdj

ψ}
k∈Z,j∈J

is a Bessel sequence with bound B. Further, if also

A := 1

b
inf
γ∈R

(∑

j∈J

|ψ̂(aj γ−dj )|2−
∑

j∈J

∑

0�=k∈Z
|ψ̂(aj γ−dj )ψ̂(aj γ−dj−k/b)|

)
> 0,

then {Daj
TbkEdj

ψ}
k∈Z,j∈J

is a frame for L2(R) with bounds A and B.

A similar result holds for the shift-invariant wave packet system
{TbkDaj

Edj
ψ}

k∈Z,j∈J
.

6.1 Local integrability conditions and a lower bound for the Calderón sum

Theorem 6.1 allows us to construct frames, even tight frames, without worrying about
technical local integrability conditions; in fact, the condition (6.1) implies that the
α-LIC is satisfied.

Lemma 6.2 [16] If Eq. 6.1 holds, then the α-LIC for wave packet systems holds with
respect to some set E ∈ E , i.e.,

L′(f ) =
∑

j∈J

∑

k∈Z

∫

R

|f̂ (γ )f̂ (γ− k/(ajb))ψ̂(aj γ − dj )ψ̂(aj γ − dj − k/b)| dγ < ∞

for all f ∈ DE .



Explicit constructions and properties of generalized shift-invariant... 467

On the other hand, as we will see in Example 4, condition (6.1) does not imply
the LIC. Indeed, for wave packet system, if possible, one should work with α-LIC
instead of the LIC. We will see further results supporting this claim in the following.
We continue our study of local integrability conditions with a special case of the wave
packet system {Daj

TbkEdj
ψ}

k∈Z,j∈J
that is highly redundant. Given a > 1 and a

sequence {dm}m∈Z in R, we consider the collection of functions

{Daj TbkEdmψ}j,m,k∈Z. (6.2)

which can be considered as GSI systems with c(j,m) = ajb and gj,m = Daj Edmψ .
For wave packet systems of this form the point set {(aj , dj )}j∈J ⊂ R

+ × R is a
separable set of the form {(aj , dm)}j,m∈Z . For each fixedm ∈ Z in Eq. 6.2 the system
{Daj TbkEdmψ}j,k∈Z is a wavelet system (with generator Edmψ).

The first obvious constraint is that if the system {Daj TbkEdmψ}j∈J,m,k∈Z is a
frame, then the sequence {dm}m∈Z cannot be bounded. In fact, in that case the
sequence {dm}m∈Z has an accumulation point and thus {Daj TbkEdmψ}j∈J,m,k∈Z can-
not be a Bessel sequence, see [8, Lemma 2.3]. We will now show that a wave packet
system on the form Eq. 6.2 cannot satisfy condition (3.1).

Lemma 6.3 Assume that {dm}m∈Z is unbounded and ψ �= 0. Then
∑

{j :aj b>M}

∑

m∈Z
|a j

2 ψ̂(aj · −dm)|2 /∈ L1
loc(R \ E), (6.3)

for all M > 0 and all E ∈ E .

Proof Let M > 0 and let E ∈ E . Assume that {dm}m∈Z is not bounded below.
Note that {j : ajb > M} = {j : j ≥ M ′} where M ′ = [ lnM−ln b

ln a
] + 1. Taking

K = [1, a] \ E, we have

IM :=
∑

m∈Z

∞∑

j=M ′

∫

K

aj |ψ̂(aj γ + dm)|2dγ =
∑

m∈Z

∞∑

j=M ′

∫

aj K

|ψ̂(γ + dm)|2dγ

=
∑

m∈Z

∞∑

j=M ′

∫

aj [1,a]
|ψ̂(γ + dm)|2dγ ≥

∑

m∈Z

∫ ∞

aM′ |ψ̂(γ + dm)|2dγ. (6.4)

Since {dm}m∈Z is not bounded below, there exists a subsequence {dml
}∞l=1 of

{dm}m∈Z such that dml
→ −∞. Hence, for each N ∈ R there exists L ∈ N such that

dml
< N − aM ′

for l ≥ L. Thus
∫ ∞

aM′+dml

|ψ̂(γ )|2 >

∫ ∞

N

|ψ̂(γ )|2 dγ,

for all l ≥ L. But in this case, using inequality (6.4) and choosing N small enough,
we have

IM ≥
∑

l≥L

∫ ∞

N

|ψ̂(γ )|2 dγ = ∞.
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A similar argument shows that if {dm}m∈Z is not bounded above, then IM = ∞.
Therefore Eq. 6.3 holds.

Thus, for the case where {dm}m∈Z is unbounded, it is impossible for a wave packet
system {Daj TbkEdmψ}j∈J,m,k∈Z to satisfy the LIC-condition. On the other hand, if
{dm}m∈Z is bounded, we know that it is impossible for such a system to form a
Bessel sequence. Hence, the wave packet system {Daj TbkEdmψ}j∈J,m,k∈Z cannot
simultaneously be a Bessel sequence and satisfy the LIC.

Corollary 6.4 If the system {Daj TbkEdmψ}j∈J,m,k∈Z is a Bessel sequence, then this
system does not satisfies the LIC.

The following example introduces a family of wave packet tight frames of the form
{Daj TbkEdmψ}j∈Z,k∈Z,m∈Z\{0} that satisfies (6.1) and thus the α-LIC by Lemma 6.2,
but not the LIC.

Example 4 Let ψ ∈ L2(R) be a Shannon-type scaling function defined by ψ̂ =
χ[−1/4,1/4]. Let a = 2, b = 1, and define dm = sgn(m)(2|m| − 3

4 ) for m ∈ Z \ {0}.
We will first argue that the wave packet system {Daj TbkEdmψ}j∈Z,k∈Z,m∈Z\{0} is a
tight frame for L2(R) with bound 1. To see this, we will simply verify the conditions
in Theorem 6.1. All we need to do is to prove that

∑

j∈Z

∑

m∈Z\{0}
|ψ̂(2j γ − dm)|2 = 1 for a.e. γ ∈ R. (6.5)

With our definition of ψ , this amounts to verifying that the sets

Im,j := 2−j
[
− 1

4 + dm, 1
4 + dm

)
, j ∈ Z, m ∈ Z \ {0}, (6.6)

form a disjoint covering of R. To see this, let m ∈ N and k ∈ Z, then

Im,m−k = 2−m+k
[
−1 + 2m, − 1

2 + 2m
)

= 2k
(
1 + 2−m

[
−1, − 1

2

))
.

The sets 1+2−m
[
−1, − 1

2

)
, m ∈ N, form a disjoint covering of

[
1
2 , 1

)
. Hence the

sets 2k(1 + 2−m
[
−1, − 1

2

)
), k ∈ Z, m ∈ N, form a disjoint covering of (0, ∞).

A similar argument for m< 0 shows that {Im,j }j∈Z,m∈−N is a disjoint
covering of (−∞, 0). We conclude that (6.5) holds. Thus, the system
{D2j TkEdmψ}j∈Z,k∈Z,m∈Z\{0} is a tight frame.

Since {D2j TkEdmψ}j∈Z,k∈Z,m∈Z\{0} satisfies (6.1), it satisfies the α-LIC by
Lemma 6.2. On the other hand, by Corollary 6.4 the wave packet system does not
satisfy the LIC.

We finally consider lower bounds of the Calderón sum for wave packet systems.
From Corollary 3.4 we know that any GSI frame that satisfies the LIC will have a
lower bounded Calderón sum. A first result utilizing this observation is the following
result for the shift-invariant version of the wave packet systems.
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Theorem 6.5 Let ψ ∈ L2(R). If {TbkDaj
Edj

ψ}
k∈Z,j∈J

is a frame with lower bound
A, then

A ≤
∑

j∈J

aj

b
|ψ̂(aj γ − dj )|2 a.e. γ ∈ R. (6.7)

Proof Any SI system satisfies the LIC. Hence, in particular, the system
{TbkDaj

Edj
ψ}

k∈Z,j∈J
satisfies the LIC. The result is now immediate from Corol-

lary 3.4.

On the other hand, Example 4 shows that, in general, we cannot expect wave
packet frames {Daj

TbkEdj
ψ}

k∈Z,j∈J
, even tight frames, to satisfy the LIC. Hence,

in general, we can only say that if the wave packet system {Daj
TbkEdj

ψ}
k∈Z,j∈J

is
a frame with lower bound A and if it satisfies the LIC, then

A ≤
∑

j∈J

1

b
|ψ̂(aj γ − dj )|2 a.e. γ ∈ R. (6.8)

6.2 Constructing dual wave packet frames

We now want to apply the general construction of dual GSI frames in Theorem 5.1 to
the case of wave packet systems.We first consider how to construct suitable partitions
of the unity.

Example 5 Let f : [aj0 , aj0+1] → R be a continuous function such that f (aj0) = 0,
f (aj0+1) = 1 and f (−γ + aj0+1 + aj0) + f (γ ) = 1. Define

ψ̂(γ ) :=
⎧
⎨

⎩

f (|γ |) a.e. |γ | ∈ [aj0, aj0+1],
1 − f (

|γ |
a

) a.e. |γ | ∈ [aj0+1, aj0+2],
0 otherwise.

For almost every γ ∈ [−aj0+1, aj0+1] there is exactly one j ∈ J such that aj |γ | ∈
[aj0 , aj0+1]. Hence ψ̂(aj γ ) = f (|ajγ |), ψ̂(aj+1γ ) = 1 − f (

aj+1|γ |
a

). Then for
J = N ∪ {0}, we have

∑

j∈J

ψ̂(aj γ ) =
⎧
⎨

⎩

1 a.e. γ ∈ [−aj0+1, aj0+1],
1 − f (

|γ |
a

) a.e. |γ | ∈ [aj0+1, aj0+2],
0 otherwise.

By shifting this function along dZ, where d = aj0+1(a + 1), we have
∑

m∈Z

∑

j∈J

ψ̂(aj (γ − dm)) =
∑

m∈Z

∑

j∈J

ψ̂(aj γ − ajdm) = 1 a.e. γ ∈ R.

In the remainder of this section we let ψ be defined as in Example 5. Note that
depending on the choice of f , we can make ψ̂ as smooth as we like. Hence, we can
construct generators ψ that are band-limited functions with arbitrarily fast decay in
time domain and that have a partition of unity property.
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Note that if f (γ ) ∈ [0, 1] for all γ ∈ [aj0 , aj0+1
]
, the function ψ̂ is non-negative.

In this case we can use the partition of unity to construct tight frames. Indeed, for
the parameter choice b < 2aj0+2 the sums over k ∈ Z in Theorem 6.1 only have
non-zero terms for k = 0. Define φ̂ = ψ̂1/2. Since

∑

m∈Z

∑

j∈J

|φ̂(aj γ − ajdm)|2 = 1,

it follows from Theorem 6.1 that {Daj TbkEaj dmφ}k,m∈Z,j∈J is a 1-tight wave packet
frame for L2(R).

However, taking the square root of ψ̂ might destroy desirable properties of the
generator, e.g., if f is a polynomial, then ψ̂ is piecewise polynomial, but this prop-
erty is not necessarily inherited by φ̂ := ψ̂1/2. By constructing dual frames from
Theorem 5.1, we can circumvent this issue.

Example 6 In order to apply Theorem 5.1 we need to setup notation. Let ψ̃ = √
bψ

and consider the wave packet system {Daj TbkEaj dmψ̃}k,m∈Z,j∈N0 as a GSI-system
{Tc(j,m)kg(j,m)}j∈N0,m,k∈Z, where g(j,m) = Daj Eaj dmψ̃ and c(j,m) = ajb for all
j ∈ N0 and m ∈ Z.

For i ∈ I , define Si = (di, d(i + 1)]. Since ĝ(j,m) = Da−j Taj dm
ˆ̃
ψ , we have

I(j,m) = {m,m − 1}, Ji = {(j, i), (j, i + 1) : j ∈ N0}.

Define the knots {ξ (i)
k }

k,i∈Z by

ξ
(i)
k =

{−aj0+3−k + d(i + 1) k > 0,
aj0+k + di k ≤ 0.

Then the sequence {ξ (i)
k }

k,i∈Z fulfills the properties in I in the setup from Section 5.
For each i ∈ Z, we define the bijective mapping ϕi : Ji �→ Z by ϕi(j, i) = −j and
ϕi(j, i + 1) = 1 + j for all j ∈ N0. Then

supp ĝ(j,m) ⊂
⋃

i∈I(j,m)

[
ξ

(i)
ϕi (j,m), ξ

(i)
ϕi (j,m)+2

]

The definition of h(j,m) for j ∈ N and m ∈ Z, is

ĥ(j,m) =

⎧
⎪⎨

⎪⎩

∑1
n=−1 am−j,nĝ(j−n,m)(γ ) γ ∈ Sm,

∑1
n=−1 am−1

j+1,nĝ(j+n,m−1)(γ ) γ ∈ Sm−1,

0 γ ∈ R \ (Sm ∪ Sm−1),

and, for j = 0, we have

ĥ(0,m) =
⎧
⎨

⎩

am
0,−1ĝ(1,m)(γ ) + ĝ(0,m)(γ ) + am

0,1ĝ(0,m+1)(γ ) γ ∈ Sm,

am−1
1,−1ĝ(0,m−1)(γ ) + ĝ(0,m)(γ ) + am−1

1,1 ĝ(1,m)(γ ) γ ∈ Sm−1,

0 γ ∈ R \ (Sm ∪ Sm−1).
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Hence, if we define φ̂1 = T−aj dmDaj ĥ(j,m) and φ̂0 = T−dmĥ(0,m). Take any two
numbers b1, b−1 in R with b1 + b−1 = 2 and set am

k+1,−n = am−k,n = an/2bn for all
k ∈ N and m ∈ Z. We then have

φ̂1(γ ) = b−1
ˆ̃
ψ(aγ ) + ˆ̃

ψ(γ ) + b1
ˆ̃
ψ(a−1γ ) γ ∈ R. (6.9)

For j = 0, based on Theorem 5.1, we should set am
0,−1 = am

1,1 = a−1/2b−1, also
we set c−1 = am

1,−1 and c1 = am
0,1 for allm ∈ Z, where c−1, c1 ∈ R and c−1+c1 = 2.

In this case, we have

φ̂0 = b−1
ˆ̃
ψ(aγ ) + ˆ̃

ψ(γ ) + c1
ˆ̃
ψ(γ − d) + c−1

ˆ̃
ψ(γ + d) γ ∈ R. (6.10)

By Theorem 5.1, we conclude that the systems

{TbkEaj dmψ}k,m∈Z ∪ {Daj TbkEaj dmψ}k,m∈Z,j∈N
and

{b1/2 TbkEdmφ0}k,m∈Z ∪ {b1/2 Daj TbkEaj dmφ1}k,m∈Z,j∈N
are dual wave packet frames for L2(R). Note that in the definitions of φ0 and φ1 in
Eqs. 6.10 and 6.9, respectively, we are free to choose any set of coefficients satisfying
b1 + b−1 = 2 and c−1 + c1 = 2.

In Example 6 we constructed dual wave packet frames with two generators, akin
to the case of scaling and wavelet functions for non-homogeneous wavelet systems.
By a special choice of the coefficients b1, b−1, c−1, c1, we can reduce the number of
generators to one.

Example 7 Take b1 = b−1 = c−1 = c1 = 1 in Eqs. 6.9 and 6.10. Note that ˆ̃
ψ(a−1γ )

is equal to ˆ̃
ψ(γ − d) + ˆ̃

ψ(γ + d) on the support of ψ̂ . Thus, φ̂0 and φ̂1 agree on
supp ψ̂ . Hence if we set

φ̂(γ ) = bψ̂(aγ ) + bψ̂(γ ) + bψ̂(γ − d) + bψ̂(γ + d), γ ∈ R,

then the wave packet systems {Daj TbkEaj dmψ}k,m∈Z,j∈J and
{Daj TbkEaj dmφ}k,m∈Z,j∈J are dual frames for L2(R) for b < a−j0(2a2 + a − 1)−1.
Alternatively, we can take

φ̂(γ ) = bψ̂(aγ ) + bψ̂(γ ) + bψ̂(a−1γ ), γ ∈ R,

in which case we need to take b < a−j0−2(a + 1)−1 to obtain dual frames.
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